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Abstract 

The geometrical complexity enabled by additive manufacturing (AM) provides new functionalities that 

have not previously been possible because of tool access limits in machining processes. Structure with 

low or tailorable coefficients of thermal expansion (CTE) are a growing research topic, with 

applications identified in aerospace, optical measurement systems, and precision instruments. In this 

thesis, I propose a new and practicable design method for tessellating cellular (or lattice) structures 

which provide low planar CTE, with an emphasis on meeting the performance requirements of a 

precision instrument support frame. The research presents the low planar CTE bi-material structural 

design concept, based on a repeating AM unit cell and high-CTE inserts. The design is an assembly of 

two parts: a lattice outer part and a cylindrical inner part, made of homogenous materials with 

different positive CTEs. To study thermal expansion, finite element modelling is used on thirteen 

lattice designs. The numerical models show that one lattice design (the final variation) using Nylon 12 

and ultra-high molecular weight polyethylene (UHMWPE) yielded an effective in-plane CTE of 1 × 10−9 

K−1 (cf. 109 × 10−6 K−1 for solid Nylon 12). Moreover, the numerical models also show that planar 

tailored thermal expansion can be achieved by controlling the internal AM lattice geometry and by 

suitable selection of fabrication materials. To investigate the CTE of the structures, a thermal 

expansion experiment is developed and conducted using an interferometric dilatometer with a plane 

mirror technique and a hot plate. Steel gauge blocks with linear CTEs of 11.5 × 10−6 K−1 are used as 

reference materials to verify the experiment, measured in the range of 30 °C to 34 °C. The total 

uncertainty of the measurement is evaluated following the Guide to the expression of uncertainty in 

measurement (GUM), and estimated from measurements of three different lengths of specimens (40 

mm, 50 mm and 60 mm) to be 2.4 to 3.3 × 10−6 K−1 on the steel gauge material. The percentage errors 

of the measured CTEs of the steel gauge materials compared to the data sheet are approximately ± 

2%. The thermal expansion experiment is used to measure the CTEs of the Nylon 12 lattice outer part, 

the UHMWPE cylindrical inner part, and two selected lattice structures. The percentage errors of the 

measured CTEs of the Nylon 12 lattice outer part and the UHMWPE cylindrical inner part materials 

compared to the data sheet are approximately 2% and 12%, respectively. However, for the two 

selected lattice structures, the CTEs obtained from the experimental results show significant 

differences from the simulated results. These results highlight that thermal expansion experiments 

can be improved to achieve more accurate CTE results from measuring all specimens. Factors leading 

to CTE uncertainties are also determined, by using one lattice structure to demonstrate the key 

parameters in terms of configurations and material properties. Finally, I demonstrate the use of the 

final iteration of the low planar CTE bi-material structural design concept in this PhD including the 
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restrictions for implementation, elastic modulus determination, and deformation mechanism 

determination. The final iteration is implemented into a lattice structure for a metrology frame of an 

optical vertical dilatometer. In this study, I discuss the outcomes of the thesis as a whole, showing that 

the combination of design optimisation and additive manufacturing can be used to achieve low CTE 

structures and, therefore, low thermal expansion machine frames of a few tens of centimetres in 

height. These results are essential for engineering structures for low or tailorable CTE within the 

macro-scale of materials. In future work, thermal and mechanical performances can be improved by 

exploring new unit cell designs and new materials for additive manufacturing. 
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1 Introduction 

1.1 Background to the project 

Numerous applications require precise dimensional measurements, however, the obtention of such 

measurements with high accuracy requires an understanding of potential interferences in the 

measurement system, especially those resulting from the equipment itself or from the surrounding 

environment. The primary interfering sources include vibration and thermal effects. This PhD research 

focuses on one of the main problems in precision measurement: thermal expansion. 

The thermal expansion of solids is a fundamental property representing dimensional changes induced 

by temperature changes in a solid [1]. A temperature rise generally enlarges the object size, while a 

temperature drop reduces the object size. There are material-specific relationships connecting 

material relative expansions and changes in temperature, called coefficients of thermal expansion 

(CTE). Changes in length can be expressed as in equation 1.1: 

∆𝐿 = 𝛼𝐿𝐿𝑜∆𝑇 1.1 

where ∆𝐿 is the change in length of the material, 𝐿𝑜 is the original length of the material, 𝛼𝐿 is the 

linear coefficient of thermal expansion of the material, and ∆𝑇 is the change in temperature between 

the initial and final temperatures. 

One of the important factors in accurate dimensional metrology is accurate temperature 

measurement [2]. The reference temperature for industrial length measurement is defined to be 20 

°C by the International Organization for Standardization (ISO) [3]. This reference temperature is used 

for standards and has been adopted as the temperature at which the dimensions of components are 

given in engineering drawings. Significant length changes can occur if measurements are made at 

temperatures other than 20 °C. For example, a 100 mm steel component (with CTE of 11.5 × 10−6 K−1 

taken from the Good Practice Guide No. 149 by the National Physical Laboratory (NPL) [4]) would have 

expanded by 1.15 × 10−6 m at 21 °C. In low precision engineering, this may be of no consequence. 

However, this thermal expansion must be considered in higher precision engineering fields, such as 

the calibration of secondary length standards or higher precision engineering measurements with 

optical instruments (camera, fringe projection, etc.), where uncertainties in the region of optical 

wavelengths can be significant. The thermal expansion should not be greater than the resolution of 

the precision measurement equipment [5], so that it does not dominate the measurement uncertainty 
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of the instrument. Additionally, the resolutions of point optical probe, laser line probe, and machine 

vision sensors are approximately in ranges of (1−3) × 10−6 m, (10−50) × 10−6 m and (5−100) × 10−6 m, 

respectively [5]. 

The performance of precision mechanical systems is often dictated by thermal sensitivity and stability 

[6]. The mechanical properties of the various materials and mechanical joints found in a mechanical 

design can generate stress distributions as the system reacts to temperature changes. As the 

temperature fluctuates over time, the mechanism can potentially expand or contract, leading to 

distortion. The general heat transfer mechanisms related to precision machine design are conduction, 

convection and radiation [7], as illustrated in Figure 1.1. Conduction is the thermal transfer of heat 

through a solid or stationary fluid and fundamentally occurs as a result of the atomic motion inside 

the material increasing with an increase in its energy state. Convection is the transfer of temperature 

by a fluid moving over and around a solid. Radiation is thermal transfer resulting from interactions 

between electromagnetic waves within a given medium. 

 

Figure 1.1 Illustration of an example of heat transfer mechanisms, from the Zippy Facts website [8]. 

The three thermal transfer mechanisms are present in all machine and instrument designs, especially 

in precision systems where sensitivity to small variations in the environment can cause significant 

impacts on the system’s overall functionalities [6]. For example, conductive heat transfer is prevalent 

where heat sources (such as optical instruments, motors, pumps, and hot plates) are attached to 

frames and structures, resulting in a temperature gradient within the structure which can create 

unwanted expansion and motion of the machine over time. Convective heat transfer can be often 

found in electrical circuits, such as electrical cabinets or computer cases, where heat is generated at a 

constant rate to the ambient air, and this heat needs to be removed to maintain the system operating 

at its optimal performance. Finally, radiative heat transfer can be found in some heat sources, such as 

lights and people working within the area, resulting in a temperature gradient within the environment. 
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Generally, As a natural insulator, trapped air makes it difficult for convection currents to form. 

Convection and conduction heat transfer are thus lessened by confined air [9]. As for radiative heat 

transfer can be reduced by insulating the heat for the heat sources [10].  

One typical example of measurement machine system problems is manifest in a coordinate measuring 

machine (CMM), as shown in Figure 1.2. A CMM is a common device that utilises discrete points on 

an object’s surface to measure geometry. In the constant ambient temperature (20 °C), temperature 

in the CMM structure can be changes up to ± 1.1 °C [11], resulting in errors in the position 

measurement. Additionally, the CMM frame is subjected to heated loads from both internal and 

external sources. Externally, the air circulation and heat generated by humans in close proximity to 

the system are potential heat sources. Internally, expansions from air-bearing, heated motors and 

electronic devices and friction from moving surfaces can generate head loads. These sources are 

capable of causing a gradient in the frame’s temperature, which leads to thermal expansion in the 

frame. The thermal expansion can result in angular rotations and frame shape distortions that affect 

relative positions between an end effector (e.g. a touch probe and an optical sensor) and a measurable 

object [12], which can cause errors in the position measurement. 

 

Figure 1.2 Schematic representation of a CMM. 

Another simple example of measurement machine system problems is present in an optical 

dilatometer, as shown in Figure 1.3. An optical dilatometer is a non-contact device for measuring the 

thermal expansions of a specimen. The specimen is illuminated by a laser, creating optical interference 

fringes. The interference fringes’ proportionate movement is used to determine the thermal 

expansion of the specimen, which is measured by a camera system. Heated loads from external 

sources are the air circulation and heat generated by humans in close proximity to the system. Heated 
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loads from internal sources are the heating unit and electronic devices such as the laser source and 

the camera system. These sources create a temperature gradient to the base frame, which can lead 

to frame shape distortions, resulting in errors in the position measurement. 

 

Figure 1.3 Schematic representation of a horizontal optical dilatometer. 

One standard to reduce thermal interference is to control the ambient temperature around the 

measurement system. According to the UKAS accreditation for laboratories [13], the standard 

temperature is defined at 20 °C. For general gauge work, the temperature of working volume should 

be maintained within 20 ± 2 °C, and the temperature variation at any position should not exceed 2 °C 

per day and 1 °C per hour. In this case, the temperature in the laboratory can be controlled by using a 

set of sensors, air conditioners and heaters. The sensors are used to measure the ambient 

temperature in the room and send data to the central controller. The controller controls the air 

conditioners and heaters, referring to the set temperature. 

Unfortunately, even in controlled laboratory environments, temperature fluctuations can still cause 

alignment drift in high-precision measuring machines, as their support frames undergo thermal 

expansion and contraction [14]. Haitjema [15] demonstrated that temperature fluctuations can lead 

to significant measurement uncertainties and represent a significant precision engineering problem in 

dimensional metrology applications such as length measurement with different materials and 

temperatures, displacement measurement using a laser interferometer, screw thread measurement, 

polygon measurement and many others. 

Therefore, precision engineers are attempting to reduce thermal expansion in measurement systems 

by designing machines following accredited design guidelines for the reduction of thermal 

disturbances in instruments and machines, such as Basics of Precision Engineering, Chapter 11 [14], 

which provides design guidelines for optimal behaviour of force loops. This includes, for example, 

matching the CTEs of the different materials used in machine components and structures, 

implementing geometrical and thermal symmetry (heat transfer, thermal capacity and CTEs) to the 
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structure, establishing the thermal centre point to create zero thermal expansion in a single point, and 

optimising between thermal stability and structural dynamics of the structure. These guidelines for 

the design of measurement machines will be detailed in Chapter 2. 

Material selection is one of the factors that precision engineers consider for designing measurement 

machines. It is desirable to use materials with low (ideally zero) CTE, such as composite materials. 

However, low-CTE materials are challenging to design and fabricate. For example, Invar is a low-CTE 

material which is difficult to machine. Particularly when annealed, it is malleable and highly ductile. 

The removal of burrs left over from cutting Invar presents a major difficulty. Each part machined 

requires its own deburring method. Alternatively for material selection, the geometrical complexity 

enabled by additive manufacturing (AM) provides new opportunities for low-CTE structures for 

precision measurement machines but, to the authors’ knowledge, there is no established design route 

to achieve this. Lattice structures that can be considered a material and produced by AM are seen as 

a potential for designing precision measurement machine frames. 

Lattice structures (as seen in Figure 1.4) are seen as a potential replacement for solid materials, giving 

advantages including decreased part production time and weight reduction [16, 17]. Additional 

characteristics of these structures that have drawn interest are the absorption of energy in different 

types of loading [16-18], incrementing thermal dissipation in designed parts [19] and reducing noise 

and vibration [20-22]. Besides, designing structures with low or tailorable CTE is a growing research 

topic, with applications identified in aerospace, optical measurement systems, and precision 

instruments [23-25]. This is an available opportunity to obtain machine frames with low-CTE lattice 

structures. 

 

 

Figure 1.4 Example of lattice structures from 3D Printing [26]. 
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Motivated by the aforementioned (given examples in [14, 15]), this research aims at designing a 

machine frame of a few tens of centimetres in height to support precision measurement equipment 

(e.g., cameras and optical projection systems). Such a frame would ultimately be created using lattice 

structures, used in a temperature-controlled metrology laboratory, with a temperature range 

between 19 °C and 23 °C. The thermal expansion of the frame over this temperature range should not 

be greater than the resolution of the precision measurement equipment [5], so that it does not 

dominate the instrument’s measurement uncertainty. 

1.2 Research questions 

This research focuses on design of lattice structures with optimised and intrinsic thermomechanical 

isolation. The following research questions arise: 

1. How can lattice structures be designed, analysed and manufactured for controlling thermal 

expansion to achieve zero thermal expansion? 

2. How can the thermal expansion of lattice structures with the size of (50 × 50 × 50) mm be 

measured? 

3. How can tunable thermal expansions lattice strutures be implemented? 

1.3 Thesis structure 

To answer the research questions in Subchapter 1.2, the thesis is structured as follows: 

 Chapter 2 presents an overview of the topic of “Design Of Lattice Structures With Optimised 

And Intrinsic Thermomechanical Isolation” as an introduction to this PhD project. The chapter 

details the design of machine frames, general lattice structures, lattice structures for a 

tailorable coefficient of thermal expansion, the manufacture of lattice structures for tailorable 

CTE and relevant testing on lattice structures, including finite element testing and 

experimentation. 

 Chapter 3 identifies the knowledge gap related to this project, provides an overview of the 

general methodology, presents flowcharts for all project stages and encountered challenges 

and describes the experimental methods conducted to manufacture the lattices. 

 Chapter 4 describes the general concepts used in all designs, the experimental methods 

conducted to design the lattices, an evolution of the designs with an emphasis on the designs, 

and the CTE results of the lattice structures for a low CTE. Additionally, one of the designs 

discussed demonstrates the determination of the main influential factors on CTE results. 
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 Chapter 5 presents the experimental methods conducted to perform finite element, the effect 

of finite element parameters on thermal expansion simulation results and explains how the 

parameters were selected, including procedure type, boundary conditions, partitions for 

contacts partitions for reducing mesh density, and mesh type. 

 Chapter 6 describes the experimental methods conducted to perform thermal expansion 

experimentation, the final thermal expansion experimentation, including the selected 

experimental hardware, the experimental correction used and its uncertainty, the 

experimental validation, and thermal expansion results from the experiment. 

 Chapter 7 describes the implementation of the lattice structures into a metrology frame. The 

construction of the final metrology frame design is presented. 

 Chapter 8 constitutes the main discussion of this PhD project, the overall conclusions attained 

and suggestions for future work. 
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2. A review of low thermal expansion machine frame designs using 

lattice structures 

This chapter described all reviews related to this PhD. First, connections between the different topics 

of this chapter are described. Second, the considered principles in precision machine frame design are 

detailed. Third, general information about the designed lattice structure is presented, followed by 

previously designed lattice structures for controlling lattice structure’s coefficients of thermal 

expansion (CTE). Then, the technologies employed to fabricate the lattices are described, and available 

testing methods to evaluate their performance are delivered. Finally, conclusion is drawn. 

2.1. Introduction to low thermal expansion machine frame design using lattice 

structures 

Many techniques can reduce thermal expansion in machine frames. Since thermal expansion is 

proportional to the difference in temperature, controlling the ambient temperature in the 

surrounding environment of the machine is a suitable solution. This can be implemented by applying 

thermal insulators or using a set of sensors with an air conditioner or a heater in the controlled room. 

Another solution is to design the machine frame, with thermal symmetry and applying thermal centre 

principles. This research proposes an alternative solution using a low-CTE structure to design precision 

machine frames. Additive manufacturing (AM) techniques enable engineers to design parts that are 

highly complex and impossible to manufacture using conventional methods. Lattice structures are 

seen as a potential replacement for solid volumes manufactured using AM techniques. In this 

research, tailorable thermal expansion lattice structures are proposed as a replacement for precision 

machine frame materials. Designed lattice structures are studied to obtain a low CTE. Before the 

implementation of such structures in AM, tailorable thermal expansion lattice structures must be 

designed and fabricated, followed by a computational evaluation and physical testing for their thermal 

expansion which are the focus of this thesis. 

2.2. Design of precision machine frames 

The structure of a machine provides mechanical support for all of its components. Slocum [27] 

suggested that the main design considerations for a machine frame are stiffness, structural 

configuration and structural connectivity. Each of these is related to the design strategy. Attaining 

measurement repeatability is the primary aim in the design development of a precision machine 

frame. Repeatability can be achieved by performing measurements using the same procedure, device 



31 

or instrument, testing conditions and location, with the measurements being well grouped. The 

primary purpose of designing a machine frame is to ensure accuracy and precision while performing 

an operation or measurement. Accuracy is the ability to determine the true measurement quantity of 

a reference, while precision is the ability to obtain the same measured quantity value over multiple 

measurements [28]. In this subchapter, the considered factors for the precision machine frame design 

are described. 

2.2.1. Loops 

Loops are close paths across the assembly chain from one machine element to another. The purposes 

of loops are mainly to keep elements stiff, keep forces small and moments smaller, maintain stable 

temperatures, avoid temperature gradients in the machine frame, and ensure that resonant 

frequencies are high while loops are kept small [29]. In this thesis, loops can be implemented in 

designing the thermal expansion experimental frame in Chapter 6. In order to design the precision 

machine frame, four typical types of loops are considered with an account for relevant design factors: 

 Force loops 

Force loop is the assembly chain from one machine element to another directs the forces producing 

motion throughout the machine as a closed path. The closed path starts from the tip of the end 

effector through multiple machine elements to the effective point on the workpiece, where the 

effective point is the point machined by a tool or measured with a probe, as illustrated in Figure 1.2, 

Chapter 1. The forces entering the force loop can be process forces, forces resulting from machine 

dynamics, or forces created by thermal stresses. These forces will deform machine elements around 

the force loop, which cause errors of the measurement to the position of the end effector and the 

workpiece [14]. 

In order to control the aforementioned forces, Kroll [30] introduced the functional independence 

design principle. The functional independence design principle can be achieved by developing 

functions that perform only one task. This design principle can be divided into two sub-functions: 

minimising deformation due to process forces and minimising deformation due to thermal loads. 

Deformation due to cutting forces can be minimised by ensuring solid cross-sections in machine 

frames. Positioning errors are usually minimal in stiff frames with solid cross-sections. Deformation 

due to inertia forces can be minimised by selecting hollow cross-sections in machine frames. Frames 

with hollow cross-sections can typically reduce mass and dynamic errors. The precision engineer's task 
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is to fabricate a precision machine frame with an optimal trade-off. Deformation due to thermal loads 

can be minimised by applying solid cross-sections with low-CTE materials in the machine frame [14]. 

 Structural loops 

A structural loop is a path across the assembly chain from one machine element to another which 

provides physical support and maintains relative position between specific elements. A machine may 

contain one or more structural loops. The function of a structural loop is to keep the following errors 

minimal: kinematic errors, thermomechanical errors, errors due to loads, dynamic errors, and errors 

in motion control and control software [31]. 

 Metrology loops 

A metrology loop is a path across the assembly chain from one machine element to another that 

provides a machine's positioning reference. A metrology loop should remain rigid and as small as 

possible to avoid environmental effects and eliminate measurement errors. In optical instruments, 

much of the metrology loop consists of the air path through which the beam travels, due to the 

instruments' reliability on the wavelengths of their sources for length traceability. Fluctuations in the 

air temperature, barometric pressure, humidity and chemical composition of air paths cause changes 

in the refractive index and subsequent changes in the wavelength of the light [31]. 

 Thermal loops 

A thermal loop is a path across the assembly chain from one machine element to another that 

determines the relative position between specific objects under changing temperatures. Thermal 

loads can originate from internal heat disturbances such as motors, friction, gas expansion in air-

bearings, manufacturing processes, sensors and electronics, or from external disturbances such as 

ambient temperature changes or operator heat [14]. Following the linear coefficient of thermal 

expansion equation [14], the thermal expansion of components in a thermal loop changes the relative 

position between two objects in one direction. The equation used to calculate thermal expansion is: 

∆𝐿 = ∑𝐿𝑖𝛼𝑖∆𝑇𝑖 − ∑𝐿𝑗𝛼𝑗∆𝑇𝑗
𝑗𝑖

 2.1 

such that components 𝑖 cause the two components to drift apart in the considered direction under 

the temperature change ∆𝑇, components 𝑗 cause the two components to approach in the considered 

direction under the temperature change ∆𝑇, 𝐿𝑖 is the original length of components 𝑖, 𝐿𝑗 is the original 
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length of components 𝑗, 𝛼𝑖 is the linear coefficients of thermal expansion of components 𝑖 and 𝛼𝑗 is 

the linear coefficients of thermal expansion of components 𝑗. 

Leach et al. [32] proposed design guidelines in Basics of Precision Engineering that can eliminate 

thermal interferences in a precision machine frame: 

 Matching CTEs in a metrology loop by choosing the right 𝛼𝑖, 𝛼𝑗, 𝐿𝑖and 𝐿𝑗 into Equation 

2.1, resulting in ∆𝐿 = 0. 

 Designing a symmetric machine structure in terms of geometry, heat transfer, thermal 

capacity and CTEs 

 Creating an intersection at the thermal centre: zero thermal expansion at one point 

between components 

 Optimising the machine structure using thermal stability versus dynamics 

2.2.2. Stiffness 

Stiffness is the resistance to a force causing a structural member to deform and is a direct measure of 

the ability of a machine to maintain precision while performing an operation or a measurement. For 

many precision applications, high-stiffness structures are required within the force loop components, 

and strength is typically not considered [33]. 

2.2.3. Structural Configurations 

Configuration design is an important stage in machine frame design. The frames are commonly built 

by convectional manufacturing, such as milling, boring, slotting, deburring, grinding, drilling, and so 

on [33]. Liang et al [34] suggested that an optimal configuration can improve the stiffness of the 

machine frame and minimise the deformation caused by thermal effects and gravity. There are two 

typical configurations used in designing a metrology frame: 

 Open section (C or G) frames 

Open section frames are commonly used in small machines, and are compact, easy to assemble, and 

facilitate working area access for fixturing and part handling, as seen in Figure 2.1a. Examples of this 

type are BW-D500 by Nikon (non-contact measurement) and Form Talysurf Intra by Taylor Hobson 

(contact measurement). Machines can be designed to operate in either the horizontal or vertical 

direction. However, open section frames are more sensitive to thermal and mechanical deformation 

than closed sections, and the lack of geometrical symmetry leads to uncontrollable thermal gradients 
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and moments. Therefore, great care is required when designing a precision machine with an open 

frame [27]. 

    

(a)      (b) 

Figure 2.1 Illustration of frame configurations (a) open section frame and (b) closed section frame, taken from 

Precision Machine Design [27]. 

 Closed section (bridge or portal) frames 

Closed section frames are commonly used in large machines, as seen in Figure 2.1b. The symmetrical 

structure frame can improve the rigidity of the machine tool and reduce thermal deformation. This 

type can be found in commercial markets, e.g., InfiniteFocus G5 by Alicona, Nexview™ NX2 by Zygo 

(non-contact measurement) and CRYSTA-Apex S by Mitutoyo (contact measurement). It is impossible 

to isolate all heat sources from the machine structure, but it is possible to create equal thermal 

expansion in all paths of the metrology loop [14]. Thermal symmetry can be efficiently designed in this 

type of frame. For example, centring heat sources around the machine frame provide a stiffer 

structural loop between the tip of the end effector and the workpiece. 

2.2.4. Kinematics in the design of a precision machine 

In structural connectivity, all components are connected to create a machine. The principles of 

kinematic design are introduced to assemble all components appropriately. Karim et al. [35] stated 

that kinematic design is used to determine (1) the functional relationships between the pieces of a 

mechanism, machine, or other mechanical system; (2) how these parts are interrelated; and (3) how 

these parts move relative to one another in the design of a machine, mechanism, or any moving 

mechanical system. These three elements are the foundational and fundamental concerns in the 

design process. Mason [36] suggested that before considering other factors like materials, 

manufacturing processes and costs, decisions about kinematic design in a machine must be made. 
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Failure of the kinematics of a mechanism, machine, or other mechanical system can lead to poor 

choices in other design factors in the design process, such as bearing types and manufacturing 

tolerances, resulting in high design costs, substandard performance, or unsatisfactory reliability. 

In general, kinematic design is an essential factor in achieving accurate movements. Whitehouse [37] 

asserted that the other main use of kinematics is relocation, and it is necessary to reposition a 

specimen or instrument in its original position after being removed. 

Two of the most commonly used kinematic clamp designs are the type I Kelvin clamp and the type II 

Kelvin clamp [38], as seen in Figure 2.2. Type I Kelvin clamp was designed with three balls on the upper 

part of the coupling. The balls rest inside a trihedral hole, in a V-groove, and on a flat surface of the 

lower part of the coupling. The geometry of the type I clamp provides a well-defined translational 

location depending on the trihedral hole’s position. However, it is asymmetric. As for the type II Kelvin 

clamp, the three balls on the upper part of the coupling rest in three V-grooves on the opposing part. 

For this type, V-grooves in the lower part of the coupling are arranged at 120° so that the three balls 

meet their centroids. This design also has independent thermal expansion effects. Type II Kelvin clamp 

geometry is less complicated to manufacture than type I geometry is. Type I Kelvin clamp and type II 

Kelvin clamp designs are commonly used for mounting specimens or instruments. Williamson et al. 

[39] studied the deformations which occur when two surfaces touch. He claims that Type I Kelvin 

clamp and type II Kelvin clamp designs can be removed from an instrument and accurately relocated. 

An extra force to secure connections is ensured by gravity, magnets, or springs upon applications. 

 

 
Figure 2.2 Common types of kinematic couplings: type I Kelvin clamp (left), type II Kelvin clamp (right), taken 

from Basics of Precision Engineering [32]. 
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In addition to geometrical stability, the stability and overall stiffness of a kinematic coupling are 

maximised when the three coupling ball and groove centerlines (angle bisectors) and the normals to 

the planes containing pairs of contact force vectors, intersect at the coupling centroid of the coupling 

triangle [35], as shown in Figure 2.3. 

 

Figure 2.3 Geometrical parameters for a ball-groove kinematic coupling (the illustration was taken from Basics 

of Precision Engineering [32]). 

Moreover, static stability can be ensured by applying a sufficient preload to hold the coupling 

together. A preload must be high, repeatable, and not alter the remainder of the structure to achieve 

appropriate coupling stiffness. The coupling layout can affect the stiffness of the kinematic coupling. 

When all contact force vectors cross the coupling plane at 45° angles, stiffness is equal in all directions. 

The inside angles of the coupling triangle can be changed to adjust coupling stiffness. In this thesis, 

kinematic design can be found in designing the laser interferometer system in Subchapter 7.1.2 and 

Subchapter 8.1.3. 

2.2.5. Material selection 

The material selection criteria for precision machine frames are not necessarily the same as for other 

uses. The primary considerations are characteristics such as stiffness and thermal properties [37]. As 

far as mechanical and thermal properties are concerned, material selection is dependent on the 

application of the machine frame. In most selections, the material properties considered are: specific 
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stiffness (or specific modulus) 𝐸 𝜌⁄ , thermal conductivity over the linear coefficient of thermal 

expansion λ 𝛼⁄ , and thermal conductivity over thermal diffusivity λ 𝖺⁄ , where 𝐸 is the elastic modulus, 

𝜌 is the density, λ is thermal conductivity, 𝛼 is the linear coefficient of thermal expansion and 𝖺 is 

thermal diffusivity. These properties can be plotted on a logarithmic scale, where high values are 

favoured. Three graphs are referred to for material selection, as shown in Figure 2.4, Figure 2.5 and 

Figure 2.6. 

 

 

Figure 2.4 Elastic modulus 𝐸 plotted against density 𝜌, taken from Materials Selection in Mechanical Design 5th 

Edition [40]. 
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Figure 2.5 The linear thermal expansion coefficient 𝛼 plotted against thermal conductivity 𝜆, taken from 

Materials Selection in Mechanical Design 5th Edition [40]. 

 

Figure 2.6 Thermal conductivity 𝜆 plotted against thermal diffusivity 𝘢, taken from Materials Selection in 

Mechanical Design 5th Edition [40]. 
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The ratio 𝐸 𝜌⁄  is a critical criterion to consider. This ratio represents self-weight deflection, which can 

be minimised by choosing a material with high stiffness and low mass. A high 𝐸 𝜌⁄  ratio can also 

increase stability and reduce dynamic errors in the system. Figure 2.4 is a plot used to select materials 

for designs with limited stiffness, at minimum weights. Ceramics are very stiff, metals a little less, but 

both have elastic moduli greater than 10 GPa. Conversely, polymers are more flexible with elastic 

moduli between 0.8 and 8 GPa. 

Almost all materials expand upon heating. Thermal expansion in structural precision machine frames 

can cause errors in the operation or measurement. In precision machine frame design, selecting 

structural materials with low CTEs can minimise thermal expansion issues in the system. The other 

considered parameter is thermal conductivity 𝜆: the ability of a material to govern heat flow at steady 

state. Figure 2.5 is a plot used to select materials for designs with minimise thermal error. Figure 2.5 

also shows that polymers have a very high CTE value, approximately 10 times greater than that of 

metals and a 100 times greater than that of ceramics. Choosing a high 𝜆 𝛼⁄  ratio can reduce distortion 

in the precision machine frame when the temperature changes. 

The other ratio considered is thermal conductivity over thermal diffusivity 𝜆 𝘢⁄ . Thermal conductivity 

𝘢 is the ability of a material to govern heat flow at a transient. In the design, choosing a high value of 

the ratio 𝜆 𝘢⁄  means that the material may not transmit much heat, but it can quickly reach a steady 

state that helps protect the precision machine frame from sudden temperature changes. Figure 2.6 

shows thermal conductivity plotted against thermal diffusivity. 

By the aforementioned, these three material properties are important factors to consider for 

designing precision measuring machine frames. The appropriate material selections can increase 

stability and reduce dynamic errors in the system, reduce distortion in the precision machine frame 

when the temperature changes, and protect the precision machine frame from sudden temperature 

changes, resulting in minimising errors in position measurement. 

Another field that are significantly grown is additive manufacturing (AM) technologies, such as binder 

jetting, material extrusion and powder bed fusion (PBF). Instead of using conventional manufacturing 

technologies to manufacture complex shapes, it is now possible to stack layers of different materials 

on top of one another, creating a crystal-like structure that does not grow naturally to obtain unique 

characteristics. Numerous advanced materials are now in the process of being developed using AM 

technologies. A metamaterial is any material engineered to exhibit a property not found in naturally 

occurring materials. A lattice structure is one such example, as it is composed of interconnected 

networks of solid struts or plates that form parts into cells and are made from repeating cell units. 
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Lattice structures offer unusual properties which cannot be obtained from natural materials, such as 

a negative Poisson's ratio [41-46], negative stiffness [45], significantly high specific stiffness [16, 18, 

41, 47, 48], and other unique properties. Lattice structures are the focus of this PhD research and will 

be explored in detail in Subchapter 2.3. 

2.3. Lattice structure 

A cellular solid is a material with interconnected networks of solid struts or plates that form a 

structure. Typical examples of cellular solid structures are cancellous bones, foams, and honeycombs, 

as shown in Figure 2.7. An interesting metamaterial where structural designs in three-dimensional 

(3D) printing and AM technologies are used is lattice structures, making them a non-stochastic type 

of cellular solid structures [48, 49]. Lattice structures can reduce the mass of workpieces by reducing 

the amount of material [50]. Figure 2.8 shows real-life examples such as bone segments [51, 52], car 

seats [53], shoe midsoles [54] and helmets [55]. 

 

           

(a)    (b)    (c) 

Figure 2.7 Examples of cellular solids. (a) a cancellous bone [56], (b) a foam [57], and (c) a honeycomb [58]. 
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(a)     (b) 

      

(c)     (d) 

Figure 2.8 Examples of lattice structures. (a) a bone segment [52], (b) a car seat [53], (c) a shoe midsole [54] 

and (d) a helmet [55]. 

The benefits of lattice structures beyond solid volumes [50] are manifest in several fields. Such 

benefits include a reduction in weight, leading to a decreased material use and lower manufacturing 

times [16-18], in addition to the absorption of energy under different types of loading [16-18], 

incrementing thermal dissipation in designed parts [19] and reducing noise and vibration [20-22, 59, 

60]. Using AM processes, lattices can be made from a wide range of materials, from biocompatible 

polymers [61] to metal alloys [17, 62]. 

Lattices are made from repeating cell units. A unit cell is the smallest repeating element in a lattice 

structure [49]. The major characteristic of a lattice structure is symmetry, either translational 

symmetry, rotation symmetry, or both. Three typical factors that influence the displacement and von 

Mises stress of a lattice structure are material properties, patterns of geometry, and density of the 

structure [63]. Contour plots of von Mises stress of a lattice structure determine whether the structure 

will yield or fracture. A lattice structure can be considered both a structure and a material [64]. As a 

regular structure, it can be analysed using finite element (FE) testing, and as a material, its properties 

can be analysed and compared with equivalent fully-dense (solid volume) materials. There are 

numerous considerations to account for when fabricating lattice structures. These include the shapes 
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of composed structures (strut-based and surface-based structures, as shown in Figure 2.9), 

geometrical dimensions (2D and 3D lattice structures, as shown in Figure 2.10), the number of tailored 

thermal expansion dimensions (as shown in Figure 2.11), applications, and others. 

 

                     

(a)      (b) 

Figure 2.9 Examples of shapes of composed structures. (a) strut-based [18] (b) surface-based structures [17]. 

 

  

(a)      (b) 

Figure 2.10 Examples of geometrical dimensions. (a) 2D [65] and (b) 3D lattice structures [66]. 

  

(a)     (b) 

Figure 2.11 Examples of tailored thermal expansion dimensions (a) 2D [67] and (b) 3D [68]. 

Gibson and Ashby investigated and reviewed cellular structures and provided a relationship relating 

the characteristics of cellular structures to their elastic modulus and density. The applied formulas 

were based on the Gibson-Ashby model of deformation [50], obtained from the experimental results 
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of honeycomb and foam structures. The relative elastic modulus of the lattice and relative density of 

the lattice equations are presented in Equations 2.2 and 2.3: 

𝐸∗ =
𝐸𝑙𝑎𝑡𝑡.

𝐸𝑠𝑜𝑙.
 2.2 

𝜌∗ =
𝜌𝑙𝑎𝑡𝑡.

𝜌𝑠𝑜𝑙.
 2.3 

where Elatt. is the elastic modulus of the lattice, Esol. is the elastic modulus of the lattice material, E∗ 

is the relative elastic modulus of the lattice, ρlatt. is the density of the lattice, ρsol. is the density of the 

lattice material and ρ∗ is the relative density of the lattice. 

Equations 2.2 and 2.3 define the relationship between the mechanical properties of lattice structures 

and their fully-dense material. The mechanical properties (e.g., the elastic modulus and Poisson’s 

ratio) of each lattice structure perform differently, even when made from the same material. Each 

lattice structure has its own material properties, microstructure and geometry, internal and external, 

which are not the same throughout the entire lattice. Therefore, some lattices are not considered 

isotropic, but are anisotropic materials with regards to their mechanical properties [69, 70]. 

As for CTE, Gibson et al. [50] stated that almost all lattice structures conserve the same CTEs of their 

solid forms (homogenous material), as described in Chapter 1 in the equation of the coefficient of 

thermal expansion. In lattice structures, void spaces are placed within the internal geometry without 

changing global dimensions. In other words, void spaces are spaces which do not contain any material 

in the structural design domain [71]. Lattice structures expand equally in every direction; therefore, 

their thermal expansion is considered isotropic. Since there is less material in lattice structures than 

in other similar geometries due to the presence of voids, their elastic modulus is lower. The thermal 

stresses generated by the temperature gradient of lattice structures is also smaller due to the low 

values of the elastic modulus compared to other solids. The relationship between stress and a 

temperature changes can be expressed as in Equation 2.4, which leads to lattice structures obtaining 

good thermal-shock resistance [50]. Since the areas of contact between surfaces are small, the heat 

that transfers to lattice structures is insignificant, causing low thermal conductivity in lattices and 

enabling them to be good candidates for thermal insulation [72-76]. The normal stress due to 

temperature changes can be written as: 

𝜎 = −𝐸𝛼𝐿∆𝑇 2.4 
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where σ is the normal stress of the lattice structure, E is the elastic modulus of the lattice structure, 

αL is the linear coefficient of thermal expansion of the lattice material, and ∆T is the change in 

temperature between the initial and final temperatures. 

2.4. Designed lattice structure for thermal expansion  

As described in Subchapter 2.3, the CTE of any material has the same value as that of its solid form. In 

nature, materials with a positive CTE expand when heated, while those with a negative CTE contract 

upon heating. There are uncommon negative thermal expansion (NTE) materials, such as glasses in 

the titania-silica family, silicon, and germanium, including Kevlar, carbon fibres, and plastically 

deformed Invar [77]. Although zero thermal expansion cannot be proven in nature, Invar and other 

similar alloys show extremely low (close to zero) CTE values. These have been used for some thermal 

expansion control applications. 

The design of structures with low or tailorable CTEs is a growing research field, with applications in 

aerospace, optical measurement systems, and precision instruments [23, 24, 78]. Many researchers 

employed the topology optimisation (TO) procedure, a mathematical method to optimise the layout 

of a design in a given condition, such as void spaces, loads, and boundary constraints, to create suitable 

lattice structures with maximised thermomechanical performance. The primary shapes of the internal 

geometries are designed within a unit square. This method takes advantage of the thermal 

deformation mechanisms of a composite material's internal geometry for controlling CTEs. In 1996, 

Sigmund et al. [77] proposed three-phase composites (Invar, nickel and voids) using TO to design 

structures with positive, zero, and negative CTEs, as seen in Figure 2.12. The composites consisted of 

two different material phases and void phases. In the early simulating stage of this research, materials 

with the same elastic modulus and varied only for CTEs were assumed in the analysis. Akihiro et al. 

[79] and Takezawa et al. [80] applied the same approach to the internal geometry of porous 

composites, resulting in planar negative CTE structures. Takezawa et al. [80] concluded that topology 

optimisation is the most effective structural design method for minimising thermally induced stress 

and maximising structural stiffness. Their structures had CTEs in the range of 300% to 1000% of those 

of the constituent materials, thus demonstrating that advanced computer design techniques can be 

used to create tailorable CTE structures. 
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Figure 2.12 Examples of lattice structures using TO (a unit cell boundary is presented in the dashed square 

box), where red regions represent high-CTE phases, blue regions represent low-CTE phases, and white regions 

represent voids [77]. 

Following another novel design route, Lake [81] based their tailorable CTE structure on a repeating 

hexagonal lattice with bi-material ribs, as shown in Figure 2.13a. The ribs were made of two bonded 

layers with different CTEs, resulting in unequal thermal expansion. One material expanded higher than 

the other, bending under increasing temperature. From this concept, Lakes [82] also proposed a 

tetrakaidecahedral foam cell, a 3D lattice containing curved bi-material rib elements (as seen in Figure 

2.13b), resulting in large positive, zero, and large negative CTE structures. A lattice structure consisting 

of equilateral triangular cells made of curved bi-material rib elements called ‘Lehman-Lakes lattice’ 

was also proposed, resulting in zero thermal expansion with a considerable stiffness [83, 84]. Likewise, 

Zhang et al. [85] proposed a modified Lehman-Lakes lattice through combining the lattice with a 

single-material layer to obtain higher stiffness (34% higher) and lower weight (17% less) compared to 

the optimal Lehman-Lakes lattice. Wu et al. [86] similarly proposed 2D and 3D lattices with bi-material 

elements. Their 2D lattices had aluminium and copper as constituent materials (with CTE = 23 × 10−6 

K−1 and 18.5 × 10−6 K−1, respectively), resulting in an effective CTE of −68.1 × 10−6 K−1 between the 

operating temperatures of 303.15 K and 773.15 K. The 3D lattices showed negative thermal 

expansions and inaccurate results, due to dimensional deviations in geometries manufactured using 

an AM machine. Yu et al. [87] similarly proposed lattices combining the bending mechanism of the bi-

material beam and the unique deformation mechanism of chiral lattice structures. Five sets of chiral 

lattice composite structures with tailorable CTEs were proposed. The research found that the CTEs of 

the lattice structures based on the bi-material ribs concept are dependent on the geometry and 

number of constituent unit cells: changing the number of unit cells can tailor the CTEs of the lattice 

structures. 
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(a)      (b) 

Figure 2.13 Lakes lattice. (a) a hexagonal lattice cell with curved bi-material ribs and (b) a tetrakaidecahedral 

foam cell [82]. 

In another novel design approach, Hopkins et al. [88] proposed Polytope Sector-Based Synthesis (PSS) 

that helped arrange symmetric sectors within a periodic unit cell for 2D and 3D microstructural 

architectures. PSS was applied to a triangular sector of strut-based lattices using synthesised sectors, 

achieving the desired CTE, as shown in Figure 2.14. Hopkins et al. stated that lattice structures for 

controlled thermal expansion should have low thermal expansion but high thermal conductivity, since 

low-CTE lattice structures facilitate contraction. Besides, lattice structures with high thermal 

conductivity can rapidly conduct heat generated from several sources throughout the entire lattice. 

Hence, the dimensions of the lattice would uniformly change, which could minimise the thermal drift 

error. 

 

Figure 2.14 An example of a 2D microstructural architecture achieving tunable thermal expansion [88]. 

The metamaterials mentioned in the previous subchapter are used in controlled thermal expansion 

lattice structures. In general, metamaterial geometries consist of several struts made of two or more 

materials with dissimilar CTEs, as shown in Figure 2.11. CTEs of metamaterials are mainly influenced 

by the relationship of internal geometry parameters such as the angle between two struts, the length 

of struts, the thickness of struts, the diameter of struts, and the lattice structure's relative density. 2D 

[66, 67] and 3D structures [68] were designed and analysed by varying parameters such as length, 
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angle, and material properties, resulting in positive results, near-zero results, and negative PR and 

CTE. However, 2D [66, 67] and 3D structures [68] were only simulated using FEA. Other researcher 

[24] proposed the use of cellular metal composites via combining planar honeycomb and hexagonal 

layers in the internal geometry, as shown in Figure 2.15. Although planar honeycomb layers gave 

positive PRs while the hexagonal layers gave negative PRs, the thermal expansion of these lattice 

structures could be controlled by the thickness of each layer, resulting in zero thermal expansion. Jin 

[89] stated that the lattice members deformed mechanically and thermally when the temperature 

changed. The members should not fail thermomechanically under thermomechanical loads, such as 

exceeding the limits of the allowable stress or the melting temperature during the design process. 

 

Figure 2.15 Illustration of hexagonal lattice material designed for zero thermal expansion and maximum 

specific stiffness in bending by Parsons [24]. 

Steeves et al. [90] introduced stretch-dominated planar lattices, as shown in Figure 2.16. The 

structures are known as UCSB lattices and can provide a unique combination of low CTE with high 

stiffness. The lattices were composed of laser cut metallic sheets, namely titanium (with CTE = 10.3 × 

10−6 K−1) and an aluminium alloy (with CTE = 25.6 × 10−6 K−1). Using suitable parameters, the lattice 

structures could provide near-zero thermal expansion (less than 2 × 10−6 K−1) within a temperature 

range of 50 °C to 250 °C. The concept was recently explored in thin films of approximately 1 µm 

thickness by Yamamoto et al. [91], resulting in an experimental CTE of −0.6 × 10−6 K−1, significantly 

lower than the designed CTE (1.1 × 10−6 K−1) between room temperature and 185 °C. A different 

approach was proposed by Berger et al. (2011) who used joints in stretch-dominated planar lattices. 

The bonded joints were substituted by pin joints with slender members, achieving lower densities with 

a high stiffness. Furthermore, the mechanical properties of stretch-dominated planar lattices were 

analysed [92], resulting in a high PR, including zero PR. As such, lattice structures were proven to be 

suitable structures for use in functionally graded structures where mechanical properties differ locally 

in CTE, stiffness, strength, and PR. This concept additionally offers opportunities to implement auxetic 

lattice designs for controlled thermal expansion, such as chiral lattice structures [87]. 
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Figure 2.16 UCSB lattices: stretch-dominated planar lattices (grey is a high-CTE phase and black is a low-CTE 

phase) [90]. 

Another type of controllable thermal expansion lattices is tailorable thermal expansion structures 

presented by Jefferson et al. [93], as shown in Figure 2.17. Jefferson et al. proposed a lattice with two 

dissimilar materials and an assembly step in which the voids of a continuous honeycomb structure 

were filled with ‘inserts’ of a higher-CTE material. This formed a hybrid structure with a predicted CTE 

close to zero. However, this concept has not been conducted in physical experiments. Examples that 

required such assembly processes were octet lattice bi-materials using the pretension snap-fit 

technique for connecting aluminium panels and titanium inserts [66], as shown in Figure 2.10b. 

Additional examples include multi-stable mechanical metamaterials using the interlocking assembly 

method with multi-materials [94]. 

 

Figure 2.17 Lattice proposed by Jefferson et al.: a planar hexagonal grid thermally stable structure (grey is high 

expansion phase, yellow is low expansion phase, and white is void) [93]. 

In summary, several concepts of lattice structures were proposed to tailor thermal expansion, such as 

TO lattice, Lakes lattice, AFRL lattice, Lehman-Lakes lattice and UCSB lattice. Bi-material solutions for 

low and tailorable CTE structures were thoroughly examined, and summarised in Table 2.1. Based on 

Table 2.1, previous bi-material lattice designs have been fabricated in a wide range of techniques such 

as cutting, drilling, laser cutting, laser welding, electro-discharge machining, photolithography, 

material jetting, including fused deposition modelling [95] with a variety of metals and polymers such 
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as Invar, nickel, steel, aluminium, copper, stainless steel, titanium, VeroWhitePlus and 

TangoBlackPlus, and have shown effective CTEs in the range of −4 × 10−4 K−1 to 1 × 10−3 K−1. Additionally, 

it can be noticed that selected materials were restricted by the limited material selection associated 

with their machine, e.g., VeroWhitePlus and TangoBlackPlus (taken from polymers), aluminium and 

copper (taken from metals), Ti–6Al–4V and Al6061 (taken from metals) or matching metal with Invar; 

however, that is a challenge to manufacture Invar, as discussed in Subchapter 1.1. 
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Table 2.1 Summary of current tailored thermal expansion lattice structures. 

Paper Title 
(Published year) 

Design lattice 
Structure 

Type 
Selected Materials 

Manufacturing 
Technique 

Measurement 
Technique 

Effective CTE/ 
× 10−6 K−1 

Composites with extremal 
thermal expansion coefficients 

(1996) 
 

Composites 
with extremal 

CTEs using 
topology 

optimisation 

Invar (with CTE = 
0.8 × 10−6 K−1) and 
nickel (with CTE = 

13.4 × 10−6 K−1) 

- Analysis: FEA −4.97 to 35.0 

Porous composite with 
negative thermal expansion 
obtained by photopolymer 

additive manufacturing 
(2015) 

 

A porous 
material with 

planar 
negative CTE 

VeroWhitePlus and 
TangoBlackPlus 

Material jetting; 
Objet Connex 500 

(Stratasys Ltd., USA) 

Analysis: FEA 
Experiment: laser 

scanning dilatometer 
−434 to 396 

Design methodology for 
porous composites with 

tunable thermal expansion 
produced by multi-material 
topology optimization and 

additive manufacturing 
(2017) 

 

Porous 
composites 

with tunable 
CTE 

VeroWhitePlus and 
TangoBlackPlus 

Material jetting; 
Objet Connex 500 

(Stratasys Ltd., USA) 

Analysis: FEA 
Experiment: laser 
scanner; SL-1600A 

(Shinagawa 
Refractories Co.,Ltd) 

−300 to 1000 

Cellular solids with tunable 
positive or negative thermal 

expansion of unbounded 
magnitude 

(2007) 

 

A repeating 
hexagonal 

lattice with bi-
material ribs 
(called ‘Lakes 

lattice’) 

Two materials with 
a CTE difference of 

10−5 K−1 
- 

Analysis: Calculation 
from the equations 

in the research 

Large positive, 
zero, and large 

negative 
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Table 2.1 Summary of current tailored thermal expansion lattice structures (continued). 

Title 
(Published year) 

Design lattice Structure Type Selected Materials 
Manufacturing 

technique 
Measurement 

Technique 
Effective CTE 
/ × 10−6 K−1 

Stiff lattices with zero 
thermal expansion 

(2012) 

 

Triangular lattice 
metamaterials 

composed of bi-
layer curved rib 

elements 
developed from 

Lakes lattice. 
(called ‘Lehman-

Lakes lattice’) 

Invar (with CTE = 1 × 10−6 K−1 
and modulus = 140GPa) and 

steel (with CTE = 12 × 10−6 K−1 
and modulus = 200GPa) 

- 

Analysis: 
calculation from 

the research's 
equations 

Zero 

Isotropic negative 
thermal expansion 

metamaterials 
(2016) 

 

 

2D and 3D lattices 
with bi-material 

elements 

 2D design: Aluminium (with 
CTE = 23 × 10−6 K−1) and 

copper (with CTE = 18.5 × 
10−6 K−1) 

 3D: VeroWhitePlus (with CTE 
= 38 12 × 10−6 K−1) and 

TangoPlus (with CTE = 62.12 
× 10−6 K−1) 

 2D design: 
cutting 

machine, 
drilling process 

 3D design: 
material jetting 

(Objet350 
connex2, 

Stratasys Ltd.) 

Analysis: FEA 
Experiment: 

material test-a 
dilatometer  

Lattice test- DIC 
with CCD camera 

 2D design: 
−68.1 

 3D design: 
−80 to −10 

A new design of dual-
constituent triangular 
lattice metamaterial 

with unbounded 
thermal expansion 

(2018)  

Dual-constituent 
triangular lattice 

metamaterial 
developed from 
Lehman–Lakes 
lattice (called 

‘DTLM lattice’) 

Steel (with CTE = 12 × 10−6 K−1) 
and Invar (with CTE = 1 × 10−6 

K−1) 
- 

Analysis: 
calculation from 
the equations in 
the research and 

FEA 

−2580 
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Table 2.1 Summary of current tailored thermal expansion lattice structures (continued). 

Title 
(Published year) 

Design lattice Structure Type Selected Materials 
Manufacturing 

technique 
Measurement 

Technique 
Effective CTE 
/ × 10−6 K−1 

Drastic tailorable 
thermal expansion 
chiral planar and 
cylindrical shell 

structures explored 
with finite element 

simulation 
(2019) 

 

Planar chiral 
lattices and 

cylindrical shells 

Stainless steel 431 or Al7075, 
and Invar 

- Analysis: FEA 
−65.77 to 

91.64 

Tailorable thermal 
expansion hybrid 

structures 
(2009) 

 

A continuous 
honeycomb 

structure with 
inserts (called 
‘AFRL lattice’) 

Two different CTE materials - Analysis: FEA Near-zero 

Structurally efficient 
three-dimensional 

metamaterials with 
controllable thermal 

expansion 
(2016)  

The octet lattice bi-
materials) 

 

Ti–6Al–4V (with CTE = 11.5 × 
10−6 K−1) and Al6061 (with CTE 

= 23 × 10−6 K−1) 

Conventional 
technique; a laser 

cutting 

Analysis: FEA 
Experiment: DIC 
with CCD camera 

0.17 

Metamaterials with 
negative Poisson’s ratio 

and non-positive 
thermal expansion 

(2017)  

2D metamaterials 
using bi-material 
re-entrant planar 
lattice structures 

Stainless steel 431 (with CTE = 
10.3 × 10−6 K−1) or Al7075 

(with CTE = 23 × 10−6 K−1), and 
Invar (with CTE = 1,1 × 10−6 

K−1) 

- Analysis: FEA −3 to 2.5 
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Table 2.1 Summary of current tailored thermal expansion lattice structures (continued). 

Title 
(Published year) 

Design lattice Structure Type Selected Materials 
Manufacturing 

technique 
Measurement 

Technique 
Effective CTE 
/ × 10−6 K−1 

Design and analysis of 
lattice cylindrical shells 
with tailorable axial and 

radial thermal 
expansion 

(2018) 
 

Lattice cylindrical 
shells with 

tailorable axial and 
radial CTE 

Stainless steel 431 or 
Al7075, and Invar 

- Analysis: FEA −64.6 to 88.0 

Three-dimensional 
metamaterials with a 

negative Poisson’s ratio 
and a non-positive 

coefficient of thermal 
expansion 

(2018) 
 

3D metamaterials 
using bi-material 
re-entrant planar 
lattice structures 

Stainless steel 431 (with CTE 
= 10.3 × 10−6 K−1) or Al7075 
(with CTE = 23 × 10−6 K−1), 

and Invar (with CTE = 1.1 × 
10−6 K−1) 

- Analysis: FEA 
−8.69 to 

−5.22 

Lightweight cellular 
metal composites with 

zero and tunable 
thermal expansion 

enabled by ultrasonic 
additive manufacturing, 

modeling, 
manufacturing, and 

testing 
(2019) 

 

Lightweight cellular 
metal composites 

 Titanium (with CTE = 8.6 × 
10−6 K−1) and Aluminium 

alloy (with CTE = 23.6 × 10−6 
K−1) 

Ultrasonic AM 
and EDM 

Analysis: FEA 
Experiment: DIC 

with CMOS 
camera 

−14 to 17.1 
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Table 2.1 Summary of current tailored thermal expansion lattice structures (continued). 

Title 
(Published year) 

Design lattice Structure Type Selected Materials 
Manufacturing 

technique 
Measurement 

Technique 
Effective CTE 
/ × 10−6 K−1 

Concepts for 
structurally robust 

materials that combine 
low thermal expansion 

with high stiffness 
(2007)  

Stretch-dominated 
planar lattices with 
low CTE with high 

stiffness (called 
‘UCSB lattice’) 

Al7075 (with CTE = 25.6 × 10−6 
K−1) and Ti–6Al–4V (with CTE = 

10.3 × 10−6 K−1) 

Laser cutting and 
laser welding 

Analysis: FEA 
Experiment: a 
scanning laser 
extensometer. 

Zero with 
high stiffness 

The design of bonded 
bimaterial lattices that 
combine low thermal 
expansion with high 

stiffness 
(2011) 

 

UCSB lattice with 
space-filling design 

Ti–6Al–4V (with CTE = 9.4 × 
10−6 K−1) and Aluminium alloy 

(with CTE = 24.3 × 10−6 K−1) 

Electro discharge 
machining (EDM) 

Analysis: FEA 
Experiment: 
Digital Image 

Correlation (DIC) 
with CCD camera 

−0.9 

Thin films with ultra-low 
thermal expansion 

(2014) 

 

Stretch-dominated 
planar lattices in 
the micro-scale 

(thin film) 
developed from 
the UCSB lattice 

Ti–6Al–4V (with CTE = 9.4 × 
10−6 K−1) and Aluminium alloy 

(with CTE = 24.3 × 10−6 K−1) 

Photolithography, 
electron-beam 

evaporation, and 
metal lift-off 
processes. 

Analysis: FEA 
Experiment: DIC 
with CCD camera 

−0.6 

1D to 3D multi-stable 
architected materials 

with zero Poisson’s ratio 
and controllable 

thermal expansion 
(2020)  

1D to 3D multi-
stable architected 

materials with zero 
Poisson’s ratio and 

controllable CTE 

Polyamide 12 and glass beads 
reinforced polyamide 12 

Multi Jet Fusion 
(MJF) technology 
by HP Jet Fusion 
3D 4200 printing 

machine 

Analysis: 
Calculation from 

the research’s 
equations 

Large 
positive, 
zero, and 

large 
negative 
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Table 2.1 Summary of current tailored thermal expansion lattice structures (continued). 

Title 
(Published year) 

Design lattice Structure Type Selected Materials 
Manufacturing 

technique 
Measurement 

Technique 
Effective CTE 
/ × 10−6 K−1 

Hoberman-sphere-
inspired lattice 

metamaterials with 
tunable negative 

thermal expansion 
(2018)  

Hoberman-sphere-
inspired lattice 
metamaterials 

Teflon with acrylic, aluminium 
with titanium, and aluminium 

with Invar 
- Analysis: FEA −1040 to 10 

Experimental 
demonstration of 
lightweight lattice 

metamaterials with 
controllable low 

thermal expansion 
(2021) 

 

Hoberman-sphere-
inspired lattice 
metamaterials 

Epoxy acrylate and epoxy 
acrylate doped with 20% 

Zirconium tungstate 
Photolithography 

Analysis: FEA 
Experiment: DIC 
with CCD camera 

10 
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2.5. Manufacturing of lattice structures for thermal performance 

Manufacturing is a family of processes that transform conceptual designs into physical parts that can 

be implemented in numerous applications. Advanced concepts can be produced using available 

techniques and machinery. Many factors need to be considered for the manufacturing of physical 

workpieces, such as the degree of complexity that can be handled by the manufacturing machine, the 

machine's available materials, the manufacturing costs and others. Lattice structures can be produced 

either using conventional or additive manufacturing (AM) processes. Non-AM methods (such as 

turning, drilling, milling, slotting, and grinding) can produce honeycombs, thin sandwich panels, and 

foams, however, AM is generally prefered for the manufacturing of lattice structures. 

AM technologies have been used in industrial sectors such as aerospace manufacturing, the 

automobile industry, the health care industry, the food industry, the electronics industry, and even 

the entertainment industry. They are alternative manufacturing techniques that offer opportunities 

for engineers to think outside the box. AM starts from a CAD model that is horizontally sliced into 

several layers. These layers are produced in sequence and bonded to fabricate a consolidated 

component, as seen in Figure 2.19. AM technologies allow for the achievement of higher degrees of 

geometrical complexity, even internally. 

 

Figure 2.18 Workflow of additive manufacturing processes [96]. 

According to ASTM F2792 Standards [97], AM techniques are classified into seven categories: VAT 

Photopolymerisation, Material Jetting, Binder Jetting, Material Extrusion, Powder Bed Fusion, and 

Sheet Lamination. Three categories have been used to manufacture lattice structures for to improve 

thermal performance: VAT Photopolymerisation, Material Jetting, and Powder Bed Fusion [25] and 

Fused Deposition Modeling (FDM) [95]. However, only VAT Photopolymerisation, Material Jetting, and 

Powder Bed Fusion will be explained in this review. 

Stereolithography (SLA) is a method that uses a process called VAT photopolymerisation [98]. 

Ultraviolet (UV) light is projected onto a photocurable resin (either acrylic or epoxy) which cures 

surfaces into solids, as shown in Figure 2.19. The process starts with a UV laser projected onto the top 
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surface (layer) of a reservoir of liquid photopolymer via an adjustable mirror. The laser travels across 

the entire targeted surface to create a cross-sectional pattern. Then, a platform submerged into the 

reservoir moves down between 0.05 and 0.15 mm (depending on the initial setup) from its initial 

position. A repetition of this cycle enables the the manufacture of the part layer by layer. The 

advantage of this method over the other 3D printing techniques is that it results in in high resolution 

printing (25 microns in Formlabs Form3 [99]). Another great advantage is that there are no clogging 

problems, since the SLA mechanism does not use a nozzle. However, high degrees of complexity 

require support structures that are made of the same material as the part and entail additional post-

processing steps to be removed. 

 

Figure 2.19 Stereolithography setup [100]. 

PolyJet or material jetting is another technique that uses drop-on-demand technology and is widely 

employed due to its ability to produce highly accurate parts with a smooth surface, as shown in Figure 

2.20. Liquid material is sprayed onto a build platform through multiple print nozzles. The droplets from 

the nozzles are instantly cured by UV light and become solid, creating a thin layer. This process cycle 

is repeated many times until the part is finished. Parts with a high degree of complexity require 

support structures, which need to be removed using post-processing steps. The advantage of PolyJet 

is that it enables high resolution printing (14 microns in J735 Stratasys [101]) using full-colour multi-

materials. However, parts manufactured using this technique are usually weak compared to other 

techniques such as Powder Bed Fusion (PBF) techniques. 
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Figure 2.20 PolyJet technology setup [102]. 

Selective Laser Sintering (SLS) and Selective Laser Melting (SLM) are part of the family of Powder Bed 

Fusion (PBF) techniques, as illustrated in Figure 2.21. The principles of both techniques are similar 

except for the used materials; SLS uses resin for partial sintering, whereas SLM uses metal for full 

melting by using a high-power heating source that melts powder, which eventually transforms into a 

solidified layer. The SLS setup is composed of two chambers: a printing chamber and a powder reserve 

chamber heated to a temperature below the material melting point. The heating source is an XY-axis 

laser beam applied to the top powder layer on the printing chamber to sinter a predetermined 

pattern. After the sintering of each layer, the printing chamber moves down along the Z-axis to a 

predefined depth, and the powder reserve chamber moves up to expose material on the printing 

chamber using levelling drum rolls. This process cycle is repeated until the part is completed. After 

that, the unsintered powder (powder cake) is removed from the part. An advantage of this technique 

is that it does not require the use of support structures, enabling complex parts to be fabricated. Parts 

built using SLS shower a degree of smoothness lower than that found in parts built using SLA. However, 

only thermoplastic polymers can be printed using this technique. A recent study by Tasch et al. [103] 

suggested that SLS enables the manufacturing of features of sizes equal to or greater than 1 mm with 

a minimal compromise of mechanical properties, such as losses in stiffness, ultimate tensile strength, 

and elongation at necking, compared to smaller features of sizes less than 1 mm. When compared 

with large samples with minimal faults, small features either could not be built or were manufactured 

with a significant compromise of mechanical capabilities. [103]. 
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Figure 2.21 Selective Laser Sintering setup [100]. 

Although AM processes are advanced technologies that can produce lattice structures, lattices are still 

being manufactured using conventional manufacturing techniques. Hang et al. [66] manufactured a 

lattice structure with a few millimetres cell size using cutting for metallic sheets, then assembled it 

and finally bonded members using laser welding, as illustrated in Figure 2.22. Another example called 

UCSB lattices was presented by Berger et al. [65]. UCSB lattices were manufactured using electrical 

discharge machining (EDM), where 3-mm-thick sheets of Ti–6Al–4V lattice were cut and 7075-T6 

aluminium alloy hexagonal units were milled. Following that, hexagonal units were press-fitted into 

the lattice centre. Another example was presented by Wu et al. [86] who produced 2D lattice 

structures using bi-material elements and a bimetal plate with aluminium and copper, as shown in 

Figure 2.23. A cutting machine was employed to cut aluminium and copper plates into strips of 1 mm 

thickness. Rings with grooved ears (circular nodes) and bimetal strips were drilled, and screws were 

used to firmly tighten them. Some drawbacks of these techniques are that they cannot achieve the 

high degree of complexity expected in lattice structures and require multiple processes to 

manufacture them. 

   

Figure 2.22 Examples of 3D metamaterials produced by cutting metallic sheets, then assembled and bonded 

using either brazing or laser welding [66]. 
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Figure 2.23 An example of bimetal antichiral metamaterials with ligaments and nodes [86]. 

AM machines are the primary machines employed for the production of highly complex lattice 

structures. Without AM technologies, certain lattice structures are impossible to be manufactured. 

For example, Invar-nickel lattices from TO [77] are built using SLA or surface micromachining 

techniques. Similarly, the TO lattices presented by Akihiro et al. [79] and Takezawa et al. [80] were 

produced using multi-material jetting with a mixture of photopolymeric materials (VeroWhitePlus and 

TangoBlackPlus). Material jetting was additionally used by Abueidda et al. [104] to fabricate surface-

based lattices and investigate thermal expansion interrelationships between several materials, 

namely 934 epoxy, ZrW2O8 Zirconium tungstate, PMR15 polyimide, 2024 aluminium, borosilicate glass 

and Invar. However, dimensional deviations were noted in the lattices produced using material jetting, 

due to the limited precision of multi-material additive manufacturing processes [86]. 

A single manufacturing technique may not be sufficient to produce high-quality lattice structures, and 

a combination of AM techniques with conventional manufacturing processes is possible. Yamamoto 

et al. [91] manufactured stretch-dominated planar lattices in the micro-scale (thin film) using 

conventional and AM techniques. Aluminium and titanium were micro-fabricated to produce 1 µm-

thick structured films using a conventional micro-fabrication technique. The aluminium hexagonal 

plates and the titanium frame were then deposited on a substrate using a combination of 

photolithography, electron-beam evaporation, and metal lift-off processes, then bonded by lap joints. 

Parsons introduced hexagonal lattice materials, and triangular lattice structures were manufactured 

using AM and computer numerical control (CNC) EDM (Parsons, 2019). Eight alternating layers of 

titanium and aluminium were consolidated using ultrasonic AM to create a composite plate. The plate 

was then cut into hexagonal cells or triangular cells using automated EDM. 

High mechanical performances can be reached using either SLS or SLM machines to fabricate single-

material lattice structures [17, 18, 21, 41, 42, 45, 49, 59, 60, 75, 76, 100, 105, 106]. Numerous materials 
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are available for these techniques, such as nylon 12 for SLS, aluminium (Al-Si10-Mg) and titanium (Ti-

6Al-4V) for SLM. 

From the aforementioned publications, it is clear that the designer of a low-CTE bi-material lattice 

needs to consider both the complexity and manufacturability of the lattice and the challenge of 

assembly. Our proposed approach is to simplify design requirements as much as possible to obtain a 

low-CTE lattice, by utilising high-CTE inserts of a simple cylindrical geometry and made from a 

commonly available polymer. 

2.6. Testing the lattice structures 

Two types of testing were considered to examine the lattice structures: finite element (FE) analysis 

and experimentation. FE testing provides numerical results, while experimentation renders physical 

workpieces. Difference between numerical and experimental results can be noted due to several 

factors such as the uncertainty of temperature in the experiment, undetermined surface friction in FE 

analysis, the uncertainty of the material’s CTE obtained in FE analysis, including the general 

underestimation of displacement in FE analysis due to the reduce freedom of the FE and the 

approximations to strain inside elements – usually a linear or quadratic model, etc. To convert novel 

lattice structures with tunable thermomechanical properties into real applications, both thermal and 

mechanical analysis need to be carried out as lattice structures support different loads depending on 

the range of temperatures. Among many properties, it is noted that the primary property of interest 

is the coefficient of thermal expansion typically presented in most studies. 

FE analysis is widely used to simulate lattice structure properties. Simulation can focus on the analysis 

of a single unit cell with appropriate input parameters. All parameters in the initial and final steps of 

simulation, such as the type of analysis, material properties, boundary conditions, and temperature, 

are assigned explicitly in a CAE software, and then the input files are run via the software. Finally, 

results are given at the end of processing. Apart from material properties and boundary conditions 

that need to be assigned, the mesh is another parameter that must be considered. Several types of 

mesh elements can be selected for analysis in thermomechanical simulations. 

In previous research, some researchers used a low number of first degree elements, such as 1,000 

eight-node brick elements, with reduced integration (C3D8R) [90] and 4,096 C3D8R elements [107]. 

As technologies developed, large numbers of first degree and higher degree elements are available. 

Many studies proposed that one unit cell be meshed differently using various element numbers and 

types. Examples of the use of first-degree elements include the study of Y. C. Zhang et al. [85] who 
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used 139,264 C3D8R elements, as well as Berger et al. [65] who applied approximately 50,000 to 

70,000 C3D8R elements and Ai et al. [67, 68] who used 940 BEAM 189 elements. As for a higher degree 

of elements, Abueidda et al. [104] used 200,000 3D ten-node tetrahedral elements (C3D10), while 

others applied C3D10 elements [66, 91, 93]. Different combinations of numbers and types of elements 

were used for simulation, and the justification of numbers and elements depended on the researchers’ 

experiences. In addition, the use of FEA was essential to obtain accurate results by verifying the results 

using mesh convergence tests. 

As far as the tailorable thermal expansion lattice structures experiment is concerned, two processes 

are involved: heating and measuring. In some of the previous studies, lattice structures were simply 

slowly heated by heat sources such as a furnace [90], a laboratory hot plate [24, 65], an electrically 

heated oven [2], a vacuum drying oven [86, 108], or a heating chamber [66]. The testing temperature 

range depended on the melting temperature of the lattice structure materials, the heating source's 

limiting temperature, and the operating temperature of lattice structures in a specific application. 

Plenty of heating systems were used to uniformly heat specimens to their targeted temperatures. One 

such study [65] used a hot plate and slowly increased the temperature at 60 °C per hour, from room 

temperature to 220 °C. K-type thermocouples were placed in four specific locations all around a 

specimen, including its upper surface, with a glass plate on top to monitor the temperature change. 

Steeves et al. [90] used a furnace and placed thermocouples on the lattice structures. Another study 

[86] used two set-ups to perform different lattice structures. First, 2D (planar) tailored thermal 

expansion lattice structures were tested such that they were placed on a heating platform and covered 

with a quartz jar to prevent convection heat transfer to the surrounding environment. Second, 3D 

tailored thermal expansion lattice structures were placed in a vacuum drying oven with a rate of 4.5 

K per minute. In this research, an infrared camera was used to monitor the surface temperature of 

the lattices in real-time. 

In thermal expansion testing, the dimensional changes of lattice structures must be monitored. Non-

contact measurement systems are widely used to measure dimensional changes, according to 

previous research. One of the advantages of using non-contact measurement systems is to avoid 

thermal conduction from specimens to the measurement system. Steeves, dos Santos e Lucato [90] 

used a scanning laser extensometer to measure the displacement change between adjacent lattice 

nodes. Two other studies [79, 80] used laser scanning dilatometry to measure strains. Many others 

researchers [24, 65, 66, 86] used a CCD camera with a zoom lens and a 2D digital image correlation 

(DIC) system to measure the displacement change of specimens.  
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A different instrument used to measure displacement changes of specimens is the laser 

interferometer. Interferometry is a measurement method that exploits the interfering nature of 

superimposed waves. The Michelson-type interferometer is a basic optical interferometer utilised to 

measure the displacement of a specimen and to produce interference between two light beams. The 

construction of a Michelson-type interferometer with retroreflectors instead of flat mirrors is shown 

in Figure 2.24. Retroreflectors are made up of three plane mirrors positioned in the shape of a cube's 

corner. Following the configuration of retroreflectors, the return beam is always parallel to the 

incident beam. 

 

Figure 2.24 Illustration of the construction of a Michelson-type with retroreflectors. 

The Michelson interferometer works by splitting a spatially coherent beam into two equal amplitude 

beams, creating a reference path and a measurement path, as shown in Figure 2.24. One beam, known 

as the ‘reference beam’, hits a fixed retroreflector, while the other, known as the ‘measurement’ 

beam, hits a movable retroreflector that can be moved longitudinally to the incident light wave. Both 

beams are reflected in a beam splitter and combined into a single beam known as the interference 

signal. Then, a combined beam travels towards a fixed photodetector. The intensity of the interference 

signal converges on a photodetector which renders an interference pattern that can be converted to 

a difference in the length of the paths travelled by the two beams [109]. 

Figure 2.24 shows the linear interferometer configuration with retroreflectors that are suitable for 

single-axis motion applications. A typical plane mirror, rather than a retroreflector, is the preferred 

object for dual-axis motion and is required for an X-Y stage, as shown in Figure 2.25. The quarter-wave 
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plate (QWP) converts linear polarisation from a laser source to circular polarisation. After the beam 

has been reflected by the moveable mirror and gone back through the QWP, the beam is then 

converted to orthogonal linear polarisation. The movable mirror or object mirror can be freely moved 

orthogonally to the line of sight without interfering with the beam paths. An additional benefit of this 

double pass configuration is a more refined measurement resolution [110]. 

 

Figure 2.25 Illustration of the conceptual configuration of a plane mirror interferometer. 

Interferometry systems have been widely used in the literature. Okaji et al. [111] proposed an 

adaptive system measuring linear CTEs. The system was composed of a double-path optical 

heterodyne laser interferometer and a parallel spring strip supporting system. Optical misalignment 

self-compensation and excellent sensitivity in fringe detection were ensured. The total uncertainty of 

the measurement was estimated from measurements of twelve types of specimens to be 3 to 7 × 10−8 

K−1 on materials that had linear CTEs of −1 to 23 × 10−8 K−1. Wostenholm et al. [112] proposed an 

absolute interferometric technique where a microcomputer was used to analyse interference fringe 

patterns to determine length changes to an accuracy of 3 nm. Fused silica and copper were selected 

for the measurement the CTEs over the temperature range of 80 K to 800 K. Measurement accuracy 

above room temperature is limited by the stability of the interferometer temperature and the 

measurement is typically ± 0.1 × 10−6 K−1 or ± 4%. Another example of interferometer use was 

presented by the NPL, where Hughes [2] proposed an absolute interferometric dilatometer to 

measure the linear CTE of steel gauge blocks up to 125 mm long. Ten gauges were examined at 

temperatures between about 20 °C and 37 °C, resulting in ± 1 × 10−7 K−1 of the target uncertainty for 

the CTE of 100 mm steel gauge blocks. Okaji et al. [113] introduced an optical heterodyne 
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interferometric dilatometer for linear CTE measurements. In this study, ceramic and steel gauge blocks 

were measured in the range of –10 °C to 60 °C, resulting in uncertainty and reproducibility of the order 

of 1 × 10−9 K−1. Corsetti [114] developed an interferometer to measure both the CTE and temperature-

dependent refractive index coefficient 𝑑𝑛 𝑑𝑡 ⁄ simultaneously of optical materials. Preliminary 

measurements of the CTE of the steel gauge block of a sample show agreement with literature values 

made by manufacturers and other research institutions. The linear CTE was found to be 10.65 × 10−6 

K−1, with the maximum value of the error bars being 0.1 × 10−6 K−1. From these publications, it is clear 

that interferometry systems show excellent performance for the measurement of thermal expansion 

coefficients of solid materials, although there is no evidence that interferometers were used to 

measure the CTEs of lattice structures. 

2.7. Conclusion 

In this chapter, the considered principles in precision machine frame design were described. General 

information about the designed lattice structure was given, followed by the summary of previously 

designed lattice structures for controlling lattice structure’s CTE. Then, the available technologies 

employed to fabricate the lattices were described, and available testing methods to evaluate their 

performance were delivered. 
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3. Methodology and method 

This chapter explains the methodology and method followed to answer the research questions in 

Chapter 1 and provides an overview of the process flow. In the context of low thermal expansion 

machine frames using lattice structures, the gaps in knowledge related to design techniques, 

modelling methods, and thermal expansion experimentation are as follows: 

 The literature contains little information on low thermal expansion lattice structures using the 

combination of additive manufacturing and conventional manufacturing process for 

fabrication. 

 The literature contains little information on finite element simulations to investigate thermal 

expansion lattice structures. 

 The literature documents little research on thermal expansion experiments for measuring 

lattice structures. 

 The literature contains no information on low thermal expansion lattice structures for 

precision machine frames. 

To address these knowledge gaps, this PhD research is divided into five stages: design of the lattices, 

finite element (FE) simulation of the lattices, manufacture of the lattices, thermal expansion 

experimentation of the lattices, and implementation of the lattices in the test case of a metrology 

frame. 

Figure 3.1 illustrates the overall methodology employed in this PhD project. After identifying the 

problem (as described in Chapter 1), this project started by defining all the conditions related to the 

whole process. Then, the project was split into two paths that were worked on in parallel and later 

joined in the ‘Test the design and collect the data’ step. The sequence in the first path began with the 

design of the lattices stage, the finite element simulation of the lattices stage, and then the 

manufacture of the lattices stage. The second path started with designing, building and testing a 

thermal expansion measurement machine for the thermal expansion experimentation of the lattices. 

Then, manufactured lattices from the ‘Manufacture of the lattices’ stage were experimented with the 

‘Test the design and collect the data’ step in the thermal expansion experimentation of the lattices of 

the second path. Finally, the resulting lattices were implemented into a low thermal expansion 

machine frame. 
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Figure 3.1 Overall methodology of the project. 

The steps shown in Figure 3.1 were carried out repeatedly to achieve low thermal expansion lattices. 

After obtaining computational results from CAE software, the results were justified provided their 

analyses were completed with optimised computational resources. If this was not the case, the models 

were re-defined in the ‘Define the parameters for CAE software’ step. If their analyses were completed 

with optimised computational resources, they were justified again as to whether the models should 
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be improved or developed in the ‘Design of the lattices’ stage or forwarded to the next stage: the 

‘Manufacture of the lattices’ stage. In the ‘Manufacture of the lattices’ stage, the manufactured 

lattices were justified in the ‘Check the geometries of the design’ step. If the lattice geometries were 

within a range of acceptable dimensions, which will be described in Chapter 4, then they would be 

thermally experimented on in the verified experiment of the ‘Thermal expansion experiment of the 

lattices’ stage. If the coefficient of thermal expansion (CTE) results of the manufactured lattices were 

within a range of expected CTE, they were accepted and used for implementation in the low thermal 

expansion metrology frame, whilst any unacceptable lattices were discarded or remodelled in the 

‘Design of the lattices’ stage. 

In the following subchapters, the details of each stage will be described. First, a methodology for the 

design of lattice structures for low coefficient of thermal expansion is presented. Second, a 

methodology for FE simulation of lattice structures is described. Third, a methodology for the 

manufacture of the lattice structures is presented and followed by a methodology for the thermal 

expansion experimentation of the lattice structures. 

3.1. Methodology and method for the design of lattice structures for low coefficient 
of thermal expansion 

The ‘Design of the lattices’ stage is significant in this project as it refers to the specific occasions when 

the designs need to be changed, either in terms of improvement or development. One piece of 

technology that enables working with the modelling is CAD software; graphic user interface (GUI) 

software allows for creating models from a computer. Several CAD software are available in 

commercial markets; for example, NX by Siemens PLM Software, Autodesk Inventor by Autodesk, and 

SolidWorks by Dassault Systèmes, amongst others. Mathematical modelling techniques used in the 

software are similar in nature, meaning that any software can be used. 

The main challenge in designing the lattices relates to how to design lattice structures with low 

thermal expansion that are both manufacturable and meet the expected CTE. In the initial stage, 3D 

models of 1D tailorable thermal expansion lattices were developed to prove the design concept that 

the lattice structures’ thermal expansions were controlled either in X- or Z-axes, which will be 

discussed in Iteration 1, Subchapter 4.3.1. Then, 3D models of 2D (planar) tailorable thermal expansion 

lattices with targeted performance were developed and manufactured for physical thermal expansion 

experiments, which will first appear in Iteration 1.2, Subchapter 4.3.1. The expected outcomes from 

the ‘Design of the lattices’ stage were 3D models including all geometries of lattice structures which 

can then be used in the ‘Finite element simulation of the lattices’ stage and the ‘Manufacture of the 

lattices’ stage. 
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Before the models were created, design requirements were defined. Relevant knowledge about 

designs from previous research was reviewed and compared, as described in Chapter 2. Many factors 

were considered during the ‘Design of the lattices’ stage. These considered factors were listed within 

the seven steps of our ‘Design of the lattices’ stage (as shown in Figure 3.2), which are as follows: 
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Figure 3.2 Processes of the design of lattice structures for low coefficient of thermal expansion. 
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Step 1: Problem definition – The causes and effects of the thermal expansion problem in precision 

machine frames, due to internal and external sources, were studied. The problem statement was 

defined as described in Chapter 1. 

Step 2: Application definition – The application specifications to be applied to the machine frame were 

defined. These specifications included the target CTE, temperature range, isolation direction (for 

example, in 1D, 2D or 3D), static loads and loading directions. 

Step 3: Concept definition – The design tools and specifications that would enable the realisation of 

the machine frame for the particular application, as mentioned in Step 2, were defined. These tools 

and specifications included defining the lattice types, auxetic material, constituent material, 

manufacturing route and material composition (single- or multi-material). These concepts were used 

when exploring different possible designs and when upgrading from one design to another. In this 

PhD, lattice structure concepts (as described in Subchapter 2.3) were applied. The essential 

requirement for creating a unit cell is repeatable and connectable to other cells by merging its 

constituent material/s to become a larger structure, as illustrated in Figure 3.3. Additionally, details of 

the designing lattice structure for this PhD will be described in Chapter 4. 

 

Figure 3.3 Concept of a typical single unit cell (left) and a 4 × 4 lattice structure (right). 

Step 4: Designing a sketch – In this step, and based on the concepts defined in Step 3, the different 

designs and unit cell configurations were sketched. These were done with a combination of CAD 

software and conventional on-paper designs, and on-paper selected designs were then sketched in 

CAD.  

Step 5: Modelling the iteration – The designs sketched in Step 4 were modelled or remodelled in CAD 

with actual dimensions and features, such as feature size and shape and overall structure dimensions. 

The CAD model began with 2D primitive shapes such as lines, circles, arcs, splines, ellipses, rectangles, 

and polygons with modified techniques such as scaling, trimming, fillet, and merging. Then, the 2D 
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sketches were created for 3D modelling using geometry modelling techniques, for example, extrusion, 

sweeping and revolving with boolean operations; union, intersection, and difference. There were also 

3D primitive creation functions used to create models; however, a high complexity degree of the 

model was required for the 2D sketches. 

Step 6: Simulation and numerical analysis – The low thermal expansion lattice designs were simulated 

using a numerical analysis via a CAE software package. This PhD research used FE analysis to simulate 

the performance. The details of FE analysis are described in Subsection 3.3. The analysis examined 

whether or not the designs met the performance sought in Step 2. Using simulation and numerical 

analysis provided a relatively inexpensive tool for auditing performance compared to experimental 

examination. 

Step 7: Performance analyses and comparison – The simulated performance (i.e., CTE, maximum 

stress, and average displacement of interested nodes) obtained in Step 6 was analysed. The analyses 

included comparing the performance to previous iterations and the goal/target set in Step 2. This step 

revealed whether there was room for improvement of the tested design or not; when there was a 

structural limitation, then a new iteration was sought rather than improving the current iteration. 

When an iteration was improved, the target was to obtain lower CTE, enlarge or reduce geometrical 

sections/walls (to reduce stress or increase flexibility), and facilitate the manufacturing process. This 

also meant that some geometrical features were added or removed to achieve the goals set in Step 2. 

Additionally, the experimental method for the design of lattice structures for low coefficient of 

thermal expansion followed in this PhD research will be presented in Subchapter 4.2. 

3.2. Methodology and method for finite element simulation of lattice structures 

To justify the lattice structures’ improvement/development in the ‘Design of the lattices’ stage, CAE 

software was selected as it helped to decide whether the lattices should be experimented with, 

therefore, reducing the number of physical experiments. FE analysis is one of the techniques in CAE 

software used for simulation using numerical methods. The technique is widely used in a range of 

engineering fields to simulate the behaviour of an object or assembled objects under given conditions, 

thereby reducing the need for physical prototypes. Several FE analysis software are available in 

commercial markets; for example, NX by Siemens PLM Software, Abaqus FEA by Dassault Systèmes, 

and ANSYS by SpaceClaim Corporation. Most of the software mentioned has similar mathematical 

modelling techniques, meaning that any of them can be utilised. 
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The one challenge that FE analysis brought up was whether or not FEA predicted the performance of 

the lattice structures accurately and how input parameters could be optimised to achieve accurate 

results with fewer hardware resources used for computation, especially in larger structures (e.g., a 2 

× 1 × 1 lattice (two unit cells) and, a 2 × 2 × 1 lattice (four unit cells)). The computational cost scales 

with the size of FE meshes and the number of lattice cells in the model. 

In this research, the primary outcome of the ‘Finite element simulation’ stage was the average 

displacement on specific areas, which were analysed to achieve the target CTE of the lattices. The 

contour plot of von Mises stress was one of the outcomes used to locate areas of potential failure due 

to high local stress regions on the lattice and one that helped improve and develop the CAD models 

of lattice structures. Additionally, FE analysis validation/setup checks were performed for all designs 

(Iteration series 1, 2, 3 and 4), which will be presented in Chapter 5. 

Figure 3.2 shows that FE simulation was a step in the ‘Design of lattices’ stage. However, more details 

(e.g., material properties, boundary conditions, FE definitions) must be defined and examined. 

Following the process of FE analysis from FE Procedures [115], the considered factors were grouped 

within the six steps of this ‘Finite element simulation’ stage (as shown in Figure 3.4), which are as 

follows: 



74 

 

Figure 3.4 Processes of the finite element simulation of lattice structures. 

Step 1: Problem definition – This information was taken from Step 1 of the ‘Design of the lattices’ 

stage. However, it was necessary to include all assumptions in the simulations as any additional 

information in predicting physical phenomena than the information contained in the mathematical 

model can not be expected. 
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Step 2: Mathematical model definition – The concept of the physical problem was converted into a 

form that can be solved: a mathematical model. The software could generate the mathematical model 

by identifying all design elements such as geometry (designed lattices from CAD software), material 

definition, and the definition of loads and boundary conditions in both the initial and final steps of the 

CAE software. 

Step 3: FE parameter definition – The CAE software used FE analysis to solve the mathematical model 

described in Step 2. In this step, the geometry was divided into smaller and simpler shapes called finite 

elements by identifying the type of mesh elements and the number of elements in the software. This 

step was also used for refining the geometry when the numerical solution did not reach sufficient 

accuracy. 

Step 4: Simulation – This step was run by a computer processor. Step 4 was the first step in considering 

whether the simulation was completed with no error. However, in some cases, the first attempts can 

yield complete or incomplete simulations with errors due to inappropriate input parameters (e.g., 

type of mesh, boundary conditions, etc.). Then, input parameters would be changed to obtain 

successful results. Moreover, the amount of processing time depends on the complexity of the 

mathematical model. For example, the mesh element shape function could be linear (first-order) or 

quadratic (second-order). A higher-order mathematical model or a very fine mesh model could render 

higher accuracy results, but it would also lead to more costly resources.  

Step 5: Verification – In this step, the mathematical model and the results were examined as to 

whether they match assumptions with respect to the model and correctly reflect the physical problem 

and initial design. 

Step 6: Validation – Mesh refinement is the process used to obtain sufficiently accurate results while 

incurring the lowest cost possible and the least processing time and hardware resources. Mesh 

refinement in this research was performed in three steps. The first step involved starting with a mesh 

that was as coarse as possible (a small number of elements), followed by an analysis of the model. 

Solving a coarse mesh would require fewer computational resources, but it might yield inaccurate 

results. The second step was to refine the mesh (higher number of elements), re-analyse the model, 

and then compare the re-analysed results with the results from the previous mesh. The third step was 

repeated in the second step until the results were considered as converging. This research used the 

CTE in specific areas as outcome results for validation. 
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Additionally, the experimental method for the FE simulation conducted to analyse the lattice 

structures followed in this PhD research , so other researchers can duplicate it if needed, and clearly 

understand all the steps involved, will be presented in Subchapter 5.2. 

3.3. Methodology and method for the manufacture of the lattice structures 

In this PhD research, the fabrication methods of the lattice structures were divided into manufacturing 

and hand-assembly. There were two groups of components: lattice outer parts and cylindrical inner 

parts, as illustrated in Figure 3.5. The lattice outer parts were made using an additive manufacturing 

(AM) process, namely polymer laser powder bed fusion (LPBF), as described in Chapter 2. The 

cylindrical inner parts were selected from a range of conventional industrial materials, and then 

machined by a computer numerical control (CNC) machine, and were, therefore, not restricted by the 

limited material selection associated with LPBF. Polyamide 12 (Nylon 12) was chosen as a relatively 

low-CTE material for the lattice outer parts. This material is particularly well processed by LPBF to 

enable the manufacturing of complex parts with a good combination of geometrical accuracy and 

mechanical performance [116]. Ultra-high-molecular-weight polyethylene (UHMWPE) was chosen as 

a relatively high-CTE material for the cylindrical inner part as it provides a high-value CTE, good impact 

resistance, very low coefficient of friction, and self-lubricating performance [117], which is 

advantageous for the assembly and performance of the proposed two-material structure. Then, the 

two parts were hand assembled by inserting the cylindrical inner parts into the centre of the lattice 

outer part. Figure 3.5 shows how the 1 × 1 × 1 lattice (a unit cell) was assembled by inserting the 

cylindrical inner part (red) into the centre of the lattice outer part (blue). The manufactured lattices 

were then examined to ensure their quality and correspondence to the CAD geometries. Once the 

manufactured lattices were verified, they were then tested for their performance in the thermal 

expansion experiment. In this PhD, no focus was put on the improvement of the quality of the lattice 

structures manufactured by the AM machine. However, predictions of the in-plane CTE corresponding 

to the lattice geometry uncertainties were studied, as described in Chapter 6. 
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Figure 3.5 Example of how the cylindrical inner part (red) was inserted into the centre of the lattice outer part 

(blue). 

As for the experimental method for the manufacture of the lattice structures, after receiving the STL 

files from the “Design of the lattices” stage, the STL files were input to an LPBF machine (FORMIGA 

P100, EOS) and manufactured in Nylon 12 at the Centre for Additive Manufacturing (CfAM), University 

of Nottingham. The relevant LPBF parameters are provided, such as laser power, scan speed, scan 

spacing and layer thickness [18]. The manufacturing parameters are shown in Table 3.1. 

Table 3.1 LPBF manufacturing parameters used to manufacture the lattice structure [18]. 

Description Value 

Build chamber temperature set point 173 °C 

Laser Power 21 W 

Scan Speed 2500 mm/s 

Scan Spacing 0.25 mm 

Layer Thickness 0.1 mm 

After manufacturing completion, the specimens were post-processed, and their performance was 

tested in a thermal expansion experiment of the lattice structure. The post-processing process is listed 

as follows: 

 Careful removal of all un-sintered powder, especially the powder that remained stuck on the 

surfaces of the deformation mechanism geometry of the lattice outer parts of the specimens 

 Scaling of the external dimensions (length × width × height) of the lattice outer parts of 

specimens, using a vernier calliper 

 Scaling of the diameters of the cylindrical inner geometries of the lattice outer parts of the 

specimens, using a vernier calliper 
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 Scaling of the lengths and diameters of the cylindrical inner parts of the specimens using a 

vernier calliper 

The first batch of the specimens’ lattice outer parts (as shown in Figure 3.6) was manufactured in 

different sizes to verify the quality of the manufactured lattice structures and their correspondence 

to the nominal CAD design. After manufacturing, the specimens were weighed on a weighing scale to 

determine their mass and measured to evaluate dimensional deviations using a Vernier calliper, and 

an X-ray computed tomography (XCT) scanner (MCT225, Nikon X-ray). Table 3.2 shows the error 

percentages of the mass and diameters of the cylindrical inner geometries of the lattice outer parts of 

the specimens, compared to their nominal CAD designs. The results showed that the LPBF process 

yielded highly precise specimens with low error percentages with regards to mass, compared to 

measurements from the weighing scale and the CAD model (between −3.22 % and 1.45 %). Similarly, 

there were acceptably structures with low percentage of errors in the diameters of the cylindrical 

inner geometries of the lattice outer parts of the specimens, when compared to measurements from 

the vernier calliper and the CAD model (between −0.5 % and 2.17 %), and measurements from the 

XCT and the CAD model (between −0.22 % and 1.10 %). 

 

Figure 3.6 First batch of the specimens’ lattice outer parts (Iteration 2.4) in different sizes: (1) (18.96 × 18.96 × 

18.96) mm, (2) (23.69 × 23.69 × 23.69) mm, (3) (28.43 × 28.43 × 28.43) mm, (4) (37.91 × 37.91 × 37.91) mm and 

(5) (47.39 × 47.39 × 47.39) mm. 

 

 



79 

Table 3.2 The diameter of the cylindrical inner geometries of the specimens’ lattice outer parts in different 

sizes. 

# 

Mass 
From 
CAD/ 

g 

Diameter 
From 
CAD/ 
mm 

Mass 
From A 
Weighin
g Scale/ 

g 

Diameter 
From A 
Vernier 

Calliper/ 
mm 

Diameter 
From 

The XCT/ 
mm 

% Error Of 
The Mass 

When 
Comparin
g Between 

A 
Weighing 
Scale And 

CAD 

% Error Of 
The 

Diameter 
When 

Comparing 
Between A 

Vernier 
Calliper 

And CAD 

% Error Of 
The 

Diameter 
When 

Comparing 
Between 
The XCT 
and CAD 

1 1.68 12.70 1.7±0.1 12.96±0.06 12.72 0.93±0.00 2.05±0.01 0.16 

2 3.29 15.88 3.2±0.2 16.22±0.20 16.05 -2.73±0.09 2.17±0.03 1.10 

3 5.68 19.05 5.6±0.1 19.34±0.15 19.14 -1.49±0.03 1.52±0.01 0.47 

4 13.85 25.40 13.4±0.1 25.66±0.16 25.45 -3.22±0.02 1.02±0.01 0.20 

5 26.32 31.75 26.7±0.3 31.59±0.21 31.68 1.45±0.01 −0.50±0.00 −0.22 

Note: masses from the CAD were calculated from the density of Nylon 12 (0.93 g cm−3 from the 

datasheet [118]) and the volume was calculated from CAD models. 

After the verification of the first batch, the other batches were fabricated. The two parts were then 

hand-assembled by inserting the cylindrical inner part into the centre of the lattice outer part. 

Following that, the “Thermal expansion experimentation of lattice structures” stage was initiated. 

3.4. Methodology and method for the thermal expansion experimentation of the 
lattice structures 

The simulation described in Subchapter 3.2, based on FE analysis, yielded values for stress and 

displacement of lattice structures, and the illustration of each iteration under the defined conditions. 

However, the structure needed to be examined physically to ensure and compare the results achieved 

in the computational and experimental stages. 

The challenge mainly regards the unavailability of commercial thermal expansion testing machines 

that could measure the designed lattices with the size of (50 × 50 × 50) mm. Accordingly, such a 

machine had to be built and designed by the researcher to design the experimental procedure for this 

experimental set-up. 

To design the machine, there were no rigorous rules to follow. A textbook providing a guideline for a 

general procedure of machine design [119] was adapted to design the thermal expansion testing 

machine in this PhD research. The most influential factors for building the thermal expansion 

measurement machine for lattice structures comprised eleven steps (as shown in Figure 3.7): 
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Figure 3.7 Processes of thermal expansion experimentation for lattice structures. 
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Step 1: Identification of the need for the equipment or machine – The information contained in the 

problem statement was used to create a thermal expansion measuring machine for manufactured 

lattice structures. 

Step 2: Selection of a possible system and its mechanisms – To measure the thermal expansion of 

lattice structures, two main systems were needed: a heating system and a displacement measuring 

system (DMS). The heating system was used to heat the lattices from the bottom, while DMS 

measured the displacement change from the top of the lattices. In this research, two systems were 

appropriately selected for commercial markets and integrated into one system. The main part of the 

design was to combine and place all components in the appropriate position. 

Step 3: Analysis of forces – Finding forces occurring on each structural member of the structure could 

help select the appropriate materials and sizes. There were no moving mechanisms in this design, so 

the only forces were the weight of the measuring equipment and the structure itself. However, 

ensuring that the design frame could hold the DMS weight was necessary. 

Step 4: Selection of Materials – The appropriate material for each structural member of the machine 

can offer many benefits (for example, lower cost, higher availability of materials, and improved 

mechanical properties of materials). The heating system and DMS were selected from existing 

equipment. The maximum estimated weight of the DMS, including a measurement optics kit and a 

kinematic set-up, was approximately 4 kg. Aluminium was selected and constructed for the frame as 

it is an inexpensive material and nearly as strong as some metals, with about a third of the weight of 

steel (2.71 g/cm3). It is also widely used in manufacturing precision engineering equipment [120-122]. 

The minimum 0.2% yield strength of aluminium is 190 MPa, meaning that it can hold a weight of up 

to 19 kg/mm2, according to the datasheet from the manufacturer [121]. Therefore, there was no 

concern regarding the deformation of the frame structure. 

Step 5: Design of elements – The information in Steps 2 to 4 was considered for the selection of the 

size of each structural member of the machine frame. Each member in this design should not be 

deflected or deformed, in conformity with the permissible limit. The deflection or deformation can 

cause an asymmetry in the frame structure, resulting in misalignment in the installation of the DMS. 

Therefore, ensuring that the design frame could hold the DMS weight properly was necessary. In this 

step, kinematic design is relevant as the frame is designed for highly accurate and precise equipment. 

Step 6: Modification – Once Step 5 was completed, it was necessary to look for a range of available 

industrial materials and accordingly modify the dimensions of the designed parts in technical 

drawings, to fit with the sizes of industrial components (e.g., bolts and nuts). This step could reduce 
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the overall cost and production time. Detailed drawings were then produced, describing the assembly 

of all components and communicating the dimensions of the customised parts to engineers for 

manufacture. 

Step 7: Production – Some parts were ordered from suppliers, such as members and their joints, bolts, 

washers and nuts. Other parts that could not be found in regular shop stocks and thus were 

manufactured in a workshop, such as kinematic seat boards for the laser interferometer. All 

components were assembled into a single structure. 

Step 8: Experimental procedure design – Thermal expansion experimentation was carried out to test 

the dimensional changes of lattice specimens in response to temperature changes. To achieve 

accurate and precise results, temperature and displacement data were recorded during the whole 

period of the experiment. The temperature of the heating system was changed in at least three 

increments (e.g., incremental steps: 30 °C, 31 °C, 32 °C and 33 °C) to obtain an accurate trendline that 

reflected the relationship between displacement changes and temperature changes in the measured 

workpiece. The time duration of each increment must last long enough to reach the steady-state 

temperature, meaning that the measured temperature of the workpiece would not change even after 

a more extended period. Besides, there might be different temperatures in the measured workpiece 

at different locations, but the temperature at any given point would remain constant. 

Step 9: Experimental validation – Validation of the machine was done by measuring the thermal 

expansion of reference materials with known CTE values. It was possible to improve and develop the 

system at this step physically, however, it must be noted that other factors could affect the results 

through systematic and random errors. Nonetheless, measurement results were corrected using a 

mathematical model described in Chapter 7. In this research, the error acceptance in measurements 

was 10 %. 

Step 10: Accepting the experimental procedure – The machine has been accepted, and any uncertainty 

around the system was clarified. The machine could then be employed to test unknown CTE materials. 

Step 11: Testing specimens – This was the final step for the ‘Thermal expansion experimentation of 

the lattices’ stage. Specimens were carefully tested following the experimental procedure, as 

described in Step 8. 

Additionally, the experimental method followed to assess the thermal expansion of the lattice 

structures, will be described in Subchapter 6.1. 
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3.5. Conclusion 

This chapter describes the methodology followed to address the research questions in Chapter 1 and 

provides an overview of the process flow. The gaps in knowledge related to design techniques, 

modelling methods and thermal expansion experimentation were identified. To address these 

knowledge gaps, this PhD research was divided into five stages: design, FE simulation, manufacture, 

thermal expansion experimentation and implementation of the lattice structures. In each stage, steps, 

challenges, and expected outcomes were described. The results achieved in each stage will be 

presented in Chapters 4 to 7. 
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4. Design of lattice structures for low coefficient of thermal expansion 

This chapter describes details of the design of lattice structures for low coefficients of thermal 

expansion, implemented in thirteen iterations. First, an introduction addresses the general concepts 

used in all iterations. Second, method for design of lattice structures for low coefficient of thermal 

expansion is described. Third, the evolution of the designs is described. Fourth, results of the designs 

of the lattice structures for low coefficient of thermal expansion are presented. Then, the lattice 

structure results are discussed, and finally, a conclusion is drawn. The context of the general concepts 

used in the designs, notably iteration (4.1), have already been presented and published in Low Thermal 

Expansion Machine Frame Designs Using Lattice Structures [123, 124]. 

4.1. Introduction to the design of lattice structures for low coefficient of thermal 

expansion 

The goal of the design of lattice structures for low coefficient of thermal expansion was to create a 

lattice that yields a CTE as close as possible to zero for a metrology frame with minimal, or zero, 

sensitivity to thermal expansion. A single-material lattice will generally possess a similar CTE to a solid 

structure composed of the same material [50]. On this basis, we focused on multi-material design 

solutions to obtain tailorable thermal expansion. The principal challenge was the design of the internal 

lattice geometry to minimise the structure’s CTE using two different positive CTE materials with void 

spaces. When two materials with different CTEs are used, the structure could contract due to 

temperature increase, resulting from the unequal thermal expansion of the materials. We seized this 

opportunity from two materials with different CTEs to design tailorable thermal expansion lattice 

structures for a metrology frame. 

In this PhD, the control of the lattice CTE was enabled through choosing a structure composed of two 

different positive CTE materials and void spaces. The low-CTE lattice was designed as a single unit cell 

then tessellated into a lattice structure, as shown in Figure 3.3. Following Jefferson et al. [93], the unit 

cell was composed of a lattice outer part (marked ‘Low-CTE’ in Figure 3.3) and a cylindrical inner part 

(marked ‘High-CTE’). The lattice outer part was designed to be a complex part that incorporated the 

CTE-minimising mechanism. The cylindrical inner part was designed to be a source of compensating 

thermal expansion for CTE-minimisation. The two parts were manufactured separately then hand-

assembled by inserting the cylindrical inner part into the centre of the lattice outer part. The lattice 

outer and cylindrical inner parts were fabricated using a polymer laser powder bed fusion (LPBF) and 

computer numerical control (CNC), respectively, as described in Subchapter 3.3. A cylindrical shape 
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was chosen for the cylindrical inner part given its rotational symmetry. A cylindrical shape could 

equally expand from the centre with the same temperature change, resulting in equal planar 

deformation. It was additionally convenient to manufacture/resize using a conventional 

manufacturing process. 

 

Figure 4.1 Concept of a single unit cell (left) and a 4 × 4 lattice structure (right) of tailorable thermal expansion 

structure in this PhD. 

In this chapter, all lattice structures were created using a CAD software package. The lattices were 

tested as part of a thermal expansion simulation using CAE software, following the outlined 

methodology for the design of lattice structures with a low coefficient of thermal expansion and the 

finite element (FE) simulation of lattice structures, as described in Subchapters 3.1 and 3.2, 

respectively. Many iterations were created during the improvement and development stages. 

Additionally, the limitation that the tunable thermal expansion technique presented in this PhD is only 

relevant to temperature increase. Any reductions in temperature will achieve the same CTE as the 

lattice outer part material (the cylindrical inner part has no effect) 

4.2. Method for the design of lattice structures for low coefficient of thermal 

expansion 

The design of lattice structures for low coefficient of thermal expansion (CTE) was conducted following 

seven steps highlighted in Chapter 3, which are as follows: 

Step 1: Problem definition – Temperature fluctuations, even in controlled laboratory environments, 

can cause alignment drift in high-precision measuring machines, as their support frames undergo 
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thermal expansion and contraction [14]. This can lead to significant measurement uncertainty and, 

therefore, represent a significant issue in precision engineering [15]. 

Step 2: Application definition – This research aimed to design a machine frame to support precision 

measurement equipment (for example, cameras and optical projection systems). The thermal 

expansion of the frame was evaluated with respect to temperature fluctuations in the range of 19 °C 

to 23 °C, which represents the temperature variation in a typical temperature-controlled metrology 

laboratory. The thermal expansion of the frame over this temperature range should not be greater 

than the resolution of the precision measurement equipment [5], so it does not dominate 

measurement uncertainty for the instrument. 

Step 3: Concept definition – Based on the production facilities we had at our disposal, the LPBF 

technique was selected to fabricate all lattice structures for this research. The principal step for the 

fabrication of the lattice structures of the machine frame is to manufacture their smallest component 

called a ‘unit cell’. A unit cell represents the simplest and smallest part based on which the overall 

structure can be constructed, as described in Chapter 2. A unit cell is also a simple geometry that 

enables controlling the CTE of the machine frame via its mechanism, which will be described in more 

detail in Chapter 5. The CTEs of lattice structures were controlled by deformation mechanisms created 

in the unit cell using two homogenous materials with two different positive CTEs. The design was an 

assembly of two parts: a lattice outer part and a cylindrical inner part, as shown in Figure 3.4. All 

iterations were created into three-dimensional (3D) models with tailorable thermal expansion ability, 

either 1D or 2D. 

Step 4: Designing a sketch – From Step 3, the lattice outer parts were designed in several ways while 

the cylindrical inner parts were kept simple, using primitive shapes (cylinders) corresponding to the 

size of the designed cylindrical inner part in each iteration of the lattice outer parts. Numerous ideas 

for a controlled CTE unit cell were sketched on paper (as shown in Figure 4.2a), keeping in mind that 

all 2D and 3D designed shapes should fit in a square (10 × 10) mm and a cube (10 × 10 × 10) mm, 

respectively. It was convenient to rescale when the actual dimensions of the iterations were defined. 

All iterations were started by designing a 2D sketch (as seen in Figure 4.2a). This sketch was then 

transformed into a 3D model (as shown in Figure 4.2d) in Step 5. Some lattice outer parts were simply 

made of a number of ‘layers’. The complete design strategy for the lattice structures and the rationale 

of selecting a ‘layered ’ lattice structure will be given in Suchapter 4.3. 
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(a) 

 

(b) 

  

(c)    (d) 

Figure 4.2 Illustration of the creation of a model using lattice outer part of Iteration 3 as an example. (a) A 2D 

sketch of a layer, (b) a 2D model of a layer of the lattice outer part with examples of parametric constraints, (c) 

a 3D model of the four different orientational stacked layers and (d) a 3D model of the lattice outer part. 
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Step 5: Model the iteration – SolidWorks version 2018 was used to remodel all the iterations sketched 

in Step 4. In this step, the models were carefully designed such that dimensions of all geometries in 

the iterations were larger than the manufacturing layer thickness of the LPBF machine, which was 0.1 

mm [18], as seen in Figure 4.2d. All cylindrical inner parts of the iterations were modelled as cylinders 

with specific diameters and heights. As for the lattice outer parts of the iterations, a 2D sketch was 

first drawn before extruding a 3D model. Parametric constraints were applied in these models, forcing 

the geometric models to behave in the desired way. For example, the lines constructed for the wall 

sections were paralleled, and points of the line (representing the top edge) and the construction line 

were collinear (as seen in Figure 4.2b). Moreover, other parametric constraints were applied, mainly 

horizontal, vertical, intersection, coincident, perpendicular, equal, etc. 

The processes described above enabled the modelling of the designs of the 3D models of 1D tailorable 

thermal expansion lattices. As for the 3D models of 2D tailorable thermal expansion lattices, the 3D 

model of a layer was duplicated to obtain more layers and stacked on top of the previously generated 

layer with different orientations around the Y-axis. For example, Iteration 3 was composed of four 

layers stacked on top of the previous layer with different orientations around the Y-axis: 0° (original), 

180°, 90° and 270°, as shown in c. In the final process of modelling the lattice outer parts, all layers 

and their components were merged into a single part, as shown in Figure 4.2d. After the completion 

of the modelling process, the iterations were exported for further steps. 

Step 6: Simulation and numerical analysis – Details of all conditions and parameters will be presented 

in Chapter 6. Additionally, FE analysis validation/setup checks were performed for all designs (Iteration 

series 1, 2, 3 and 4), will be presented in Chapter 5. 

Step 7: Performance analysis and comparison – Computational results were compared to find the ones 

that can provide a low in-plane CTE. Details of the results and their comparison will be described. 

4.3. Evolution of designs  

To ensure that the designs were evolving, each configuration was created by either developing or 

improving the previous one, as shown in Figure 4.3, resulting in 13 iterations divided into four series. 

Each series of iterations represented a development in the designs. Within each series, the number 

after the decimal point represented an improvement in the designs. Decisions about whether a design 

required improvement or development were mainly based on CTE values. A lattice structure with a 

CTE value close to zero was preferred. The designs of lattice structures for low CTEs are described as 

follows: 
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Design evolution 

Iteration 1 series        
Iteration 1

 

• First 1D tailorable 
thermal expansion 
lattice 
• One layer controlled 
thermal expansion of 
two opposite edges 
• Diameter 𝐷/length 𝐿 
= 0.4 

 Iteration 1.1

 

• Creating small grips 
for holding the 
cylindrical inner part 
• Increase the size of 
the cylindrical inner 
part (𝐷/ 𝐿 = 0.45) 

 Iteration 1.2

 

• First 2D 
tailorable thermal 
expansion lattice 
• Two pieces 
(layers) of 
Iteration 1.1 were 
composed 

        
Iteration 2 series        

Iteration 2

 

• One layer controlled 
thermal expansion of 
one edge 
• Four layers were 
composed for a unit 
cell 
• Increase the size of 
the cylindrical inner 
part (𝐷/ 𝐿 = 0.5) 

 Iteration 2.1 to 2.4

 

• Optimising the unit 
cell’s configurations 
• Achieving unit cells 
with the CTEs of 17.1 
to 27.7 × 10−6 K−1 

• Increase the size of 
the cylindrical inner 
part (𝐷/ 𝐿 = 0.5-0.67) 

   

        
Iteration 3 series        

Iteration 3

 

• Replacing the hollow 
cuboid layers (wall 
sections) with the 
hollow cube composed 
of 12 struts 
• Reducing the 
thickness of layers 
• Increase the size of 
the cylindrical inner 
part (𝐷/ 𝐿 = 0.7) 

 Iteration 3.1 to 3.2

 

• Optimising the unit 
cell’s configurations 
• Achieving unit cells 
with the CTEs of −5.3 
to 2.5 × 10−6 K−1 

• Increase the size of 
the cylindrical inner 
part (𝐷/ 𝐿 = 0.72-0.73) 

   

        
Iteration 4 series        

Iteration 4

 

• Redesigning the 
deformation 
mechanism movement 
• Separating the 
deformation 
mechanism and the 
load-bearing pillars 
• Increase the size of 
the cylindrical inner 
part (𝐷/ 𝐿 = 0.73) 

 Iteration 4.1

 

• Relocating the 
deformation 
mechanism regions 
• Optimising the unit 
cell configurations 
• Achieving a unit cell 
with the in-plane CTE 
of 1 × 10−9 K−1 

   

Figure 4.3 Illustrations of the evolution of designs. 
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4.3.1. Iteration 1 series 

1. Iteration 1 

The simplest design conducted in this study is shown in Figure 4.4a. The design started with one 

dimensional (1D) tailorable thermal expansion (as described in Subchapter 3.1). The design concept 

was initiated at the unit cell level of a lattice structure. First, the boundary of the design materials and 

void spaces was designed as a simple square (the dash-dotted square). To control dimensions along 

an axis of the lattice structure, a fitted-diamond (a square turned 45 °) frame was designed. The frame 

included attached structures which met a circle at the centre of the lattice structure. The design 

boundary (as shown in Figure 5.3a) was designed to indicate the original dimensions of the lattice 

structure and guide in designing structural configurations. The fitted diamond represents the lattice 

outer part, while the circle represents the cylindrical inner part. Four vertices laid on the boundary of 

the design were used to indicate the dimensions of the lattice structure: two vertices for the horizontal 

dimension and two for the vertical dimension. Following a temperature increase, the lattice outer and 

cylindrical inner parts would expand with respect to their material CTEs, as shown in Figure 5.3b. A 

material with a high CTE was assigned to the cylindrical inner part, and another material with a low 

CTE was assigned to the lattice outer part. Due to the mismatch of the CTEs of the two parts, the 

cylindrical inner part would expand more than the lattice outer part and would push the attached 

structures horizontally (in the X+ and X− directions) while the vertices indicating the vertical dimension 

of the lattice would move closer (in the Z+ and Z− directions) towards the centre. This thermal 

expansion compensation mechanism concept was previously used in research with different 

configurations, such as UCSB lattices [90] and AFRL lattices [93], as described in Chapter 2. 
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(a)      (b) 

 

                      

(c)      (d) 

 

                    

(e)      (f) 

Figure 4.4 Configurational concept of the tailorable thermal expansion lattice structure: (a) the 1D lattice 

before the temperature rise, (b) the 1D lattice after the temperature rise, (c) the developing 2D lattice before 

the temperature rise, (d) the developing 2D lattice after the temperature rise, (e) the trimmed 2D lattice 

before the temperature rise, and (f) the trimmed 2D lattice after the temperature rise. 
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The 1D tailorable thermal expansion lattice was used to develop the 2D tailorable thermal expansion 

lattice by adding a similar 1D tailorable thermal expansion lattice in a different 90 ° orientation, as 

shown in Figure 4.4c. All configurations were kept within the boundary of the design. However, it can 

be noticed that the non-controlled vertices (highlighted in the circles in Figure 4.4d) expanded over 

the boundary of the design after the temperature rise, resulting in a large positive thermal expansion 

which did not meet the aim of the design. Four vertices of the lattice structure were trimmed to 

eliminate exceeding configurations (highlighted in the circles in Figure 4.4d): the two vertices in the 

horizontal direction of the 1st layer and the two vertices in the vertical direction of the 2nd layer (as 

shown in Figure 4.4e). With the trimmed 1st and 2nd layers combined, the lattice structure could yield 

2D tailorable thermal expansion. Figure 4.4f shows the expanded configurations of the 2D tailorable 

thermal expansion following the rise in temperature. Additionally, the rationale behind selecting a 

‘layered’ lattice structure instead of a more freeform 3D lattice was it could separately control for 

each axis or each edge. Adding a layer on the different axis can gain the number of controlled 

dimensions of the tailorable thermal expansion lattice structure. 

Iteration 1 was designed by modifying the configurations of the configurational concept of the 1D 

tailorable thermal expansion lattice structure, as shown in Figure 4.5a. The ratio of the original 

diameter of the cylindrical inner part 𝐷 over the original length of the lattice 𝐿 was 0.4. All corners 

were additionally rounded to reduce stress. 

               

(a)        (b) 

Figure 4.5 Illustrations of Iteration 1 (a) before temperature change (blue is the lattice outer part with low CTE 

and red is the cylindrical inner part with high CTE) and (b) a contour plot of strain in the Z-axis after 

temperature rise with the deformation factor of 5 (the black lines denote the undeformed configurations). 
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If the CTE of the cylindrical inner part material was high enough compared to the CTE of the lattice 

outer part material, the lattice structure could have contracted along the Z-axis during the 

temperature rise. Figure 4.5b shows a contour plot of strain in the Z-axis of Iteration 1 using the 

thermal expansion simulation described in Subchapter 4.2. By constraining the displacement of the 

XY(-Z) surface in the Z- direction to zero (as shown in Figure 4.5a), the XY(+Z) surface experienced a 

negative strain in the range of –1.2 × 10−3 to –6.5 × 10−4, as illustrated in Figure 4.5b. It is demonstrated 

that the lattice structure was able to provide a low controlled thermal expansion along the Z-axis. 

Iteration 1 achieved near zero thermal expansion during the thermal expansion simulation where the 

CTE of the cylindrical inner part material was approximately 3.8 higher than the CTE of the lattice outer 

part material. 

1. Iterations 1.1 and 1.2 

As the design was able to control the 1D thermal expansion lattice, it was improved to reduce the 

thermal expansion of the lattice. In Iteration 1.1 (as shown in Figure 4.6), the thickness of the attached 

structures was reduced, leaving small grips to hold the cylindrical inner part, and increasing the length 

of link c (as illustrated in Figure 4.6). The 𝐷 𝐿⁄  of Iteration 1.1 was increased from 0.4 (Iteration 1) to 

0.45, allowing the larger cylindrical inner part to expand more than it did in the previous iteration. 

 

Figure 4.6 Illustration of Iteration 1.1. 

Following the configurational concept of the 2D tailorable thermal expansion lattice structure (as 

shown in Figure 4.5e), Iteration 1.2 was designed for a novel 2D (planar) controllable thermal 

expansion lattice (as shown in Figure 4.7b) by combining one layer of Iteration 1.1 (as shown in Figure 

4.6) in its original position with a second layer of Iteration 1.1 in a 90 ° rotated position (see Figure 

4.7a). The two layers were connected using four small rods at the midpoint of each fitted-diamond 

edge, as shown in Figure 4.7b. Iteration 1.2 was able to control 2D thermal expansion, such that the 

original orientation of Iteration 1.1 (the bottom layer of the lattice shown in Figure 4.7b) controlled 
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thermal expansion along the Z-axis while the 90 ° rotated orientation (the top layer shown in Figure 

4.7b) controlled thermal expansion along the X-axis. 

            

(a) (b) 

 

(c) 

Figure 4.7 Illustration of Iteration 1.2: (a) the 90 ° rotated layer, (b) isometric view, and (c) a contour plot of 

von Mises Stress following temperature rise with a deformation factor of 3. 

A drawback of this design was the high stress and moment placed on the four small rods when the 

lattice structure moved and bent during the temperature rise (highlighted in the circles in Figure 4.7c), 

which led to the unexpected deformation of layers and damaged the four small rods. 

4.3.2. Iteration 2 series 

1. Iteration 2 

Iteration 2 was proposed using a hollow cuboid frame attached to the cylindrical inner part with 

internal geometry. Figure 4.8a shows the illustration of a layer of Iteration 2. The lattice outer part 
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was composed of a cylindrical inner region, controlled thermal expansion region, deformation 

mechanism region and hollow cuboid layer region, while the cylindrical inner part was located in the 

centre of the lattice outer part.  

One layer could control only the thermal expansion of a specified edge. For example, Figure 4.8a and 

Figure 4.8b show the layer that could control the thermal expansion in the bottom edge located on 

the design’s boundary. Two connected layers were required to make this deformation mechanism 

work in an axis; one layer with the original position (Figure 4.8b), and the other layer with the rotation 

of 180° around the Y-axis from the original position (Figure 4.8c). The hollow cuboid frames of two 

layers (Figure 4.8b and Figure 4.8c) were connected by the four connecting rods (Figure 4.8d), which 

enabled the deformation mechanism movement to control the controlled thermal expansion edges 

along an axis. This idea was developed by adding two opposite layers in the other axis (Figure 4.8e). 

Figure 4.8f shows a unit cell of Iteration 2, which could control the thermal expansion in the X- and Z- 

axes. 

 

(a) 
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(b)       (c) 

 

              

(d)       (e) 

 

 

(f) 

Figure 4.8 Illustration of Iteration 2 (a) top view of a layer with annotations, (b) top view of a layer coloured by 

parts, (c) top view of a pair of two opposite layers, (d) isometric view of a pair of two opposite layers 

controlled thermal expansion in the Z-axis, (e) isometric view of a pair of two opposite layers controlled 

thermal expansion in the X-axis and (f) isometric view of a unit cell. 
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The deformation mechanism region was intended to bend, while the hollow cuboid frame with four 

connecting rods was designed to be rigid when the cylindrical inner part expanded as result of the 

increased temperature. Figure 4.9 demonstrates the contour plot of von Mises Stress of one of 

Iteration 2 series (Iteration 2.4), following temperature increase. In the lattice outer part, high bending 

stresses occurred in the deformation mechanism regions (highlighted in the circles in Figure 4.9) and 

provoked a large distortion in the structure. The resultant bending produced a complementary 

deformation that minimised the structure’s planar CTE. Figure 4.10 shows the contour plots of the 

strain in the X- and Z-axes of Iteration 2.4, generated as part of the thermal expansion simulation using 

the same boundary conditions, which will be described in Subchapter 5.1. Stain in the YZ(+X) plane 

and the XY(+Z) plane ranged between –3.7 × 10−3 and 7.5 × 10−3, as illustrated in Figure 4.10a and 

Figure 4.10b, respectively. 

 

Figure 4.9 Contour plots of von Mises Stress after the temperature rise for Iteration 2.4 with a deformation 

factor of 1. 

 

         

(a)       (b) 

Figure 4.10 Contour plots of strain after the temperature rise for Iteration 2.4 with a deformation factor of 1: 

(a) the unit cell strain in the X-axis and (b) the unit cell strain in the Z-axis. 
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2. Iterations 2.1, 2.2, 2.3 and 2.4 

After the achievement of Iteration 2 (the simulated result achieved a zero thermal expansion in the X- 

and Z- axes when the CTE of the cylindrical inner part material was approximately 2.8 higher than the 

CTE of the lattice outer part material, which will be discussed in Subchapter 4.4), Iterations 2.1, 2.2, 

2.3 and 2.4 were improved from the previous iterations. These improvements aimed to create lattices 

that provided lower CTEs than the earlier iterations and to reduce unnecessary regions in the lattice 

outer parts. Figure 4.11 illustrates Iterations 2.1 - 2.4. 

    

(a)      (b) 

   

(c)      (d) 

 

(e) 

Figure 4.11 Illustration of Iteration 2 series (a) top view of Iteration 2.1, (b) top view of Iteration 2.2, (c) top 

view of Iteration 2.3, (d) top view of Iteration 2.4 and (e) isometric view of Iteration 2.4. 
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The five configurations considered for these improvements (as shown in Figure 4.12) were the ratio 

𝐷 𝐿⁄ , the ratio of the diameter of the connecting rod over 𝐿, the ratio of the thickness of the hollow 

cuboid frame over 𝐿, the ratio of the thickness of the thinnest section in deformation mechanism 

region over 𝐿 and the ratio of the thickness of the cylindrical inner region over 𝐿. The values of the 

configurational parameters in each iteration are shown in Table 4.1. The ratios 𝐷 𝐿⁄  were increased 

from 0.5 (Iteration 2) to 0.67 (Iterations 2.3 and 2.4), which reached the maximum size that could 

applied in this series, resulting in lower CTEs for Iterations 2.1, 2.2, 2.3 and 2.4. Thicknesses of the 

thinnest section in the deformation mechanism region over 𝐿 were reduced from 0.025 to 0.02, 

increasing the flexibility of that region when the cylindrical inner part expanded in response to 

increased temperature. Thicknesses of the hollow cuboid frame over 𝐿 and thicknesses of the 

cylindrical inner region over 𝐿 were decreased from 0.075 - 0.1 (Iteration 2) to 0.04 - 0.065 (Iteration 

2.3), minimising the overdesign in the regions and increasing void spaces for re-designing the larger 

size of the cylindrical inner parts. Additionally, the drawback of this series was it could not achieved 

near zero in-plane CTE, therefore, the next generations were proposed. 

 

Figure 4.12 Iteration 2 with the five configurations considered. 

 

Table 4.1 The configurational parameters of Iteration 2 series 

Iteration 2 2.1 2.2 2.3 2.4 

𝐷 𝐿⁄  0.5 0.5 0.60 0.67 0.67 

Diameter of the 
connected rod/𝐿 

0.1 0.1 0.1 0.1 0.1 

Thickness of the hollow 
cuboid frame/𝐿 

0.075 - 0.1 0.05 0.04 0.04 0.04 

Thickness of the thinnest 
section in deformation 
mechanism region/𝐿 

0.025 0.025 0.02 0.02 0.02 

Thickness of the 
cylindrical inner region/𝐿 

0.075 - 0.1 0.075 - 0.1125 0.06 - 0.1 0.04 - 0.065 0.055 - 0.065 
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4.3.3. Iteration 3 series 

These 2D (planar) controllable thermal expansion lattices were developed from Iteration 2 series. 

From the limitation of Iteration 2 series aforementioned, Iteration 3 series was developed to enlarge 

the limitation of the Iteration 2 series to achieve low-positive and low-negative thermal expansion. 

The main development of the Iteration 3 series compared to Iteration 2 series was removing the 

hollow cuboid layer regions, allowing more space for the cylindrical inner region. 

1. Iteration 3 

Iteration 3 (as seen in Figure 4.13) was proposed using a hollow cube composed of 12 strut rods to 

maintain the rigidity of the shape’s structure and act as load-bearing structures. The lattice outer part 

was composed of the four CTE-minimising layers with different orientations around the Y-axis: 0°, 90°, 

180°, and 270° connected by the hollow cube, as illustrated in Figure 4.13b. 
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(a) 

 

(b) 

Figure 4.13 Iteration 3 (a) top view of a layer with annotations and (b) isometric view of a unit cell with 

annotations. 

The deformation mechanism region was intended to bend, while the hollow cube composed of 12 

strut rods was intended to be rigid when the cylindrical inner part expanded due to the increased 

temperature. Figure 4.14 demonstrates the contour plot of von Mises Stress of one of Iteration 3 

series (Iteration 3.1), following temperature increase. In the lattice outer part, high bending stresses 

occurred in the deformation mechanism regions (highlighted in the circles in Figure 4.14) and 

provoked a large distortion in the structure. The resultant bending produced a complementary 

deformation that minimised the structure’s planar CTE. Figure 4.15 shows the contour plots of the 

strain in the X- and Z-axes of Iteration 3.1, generated as part of the thermal expansion simulation using 

the same boundary conditions, which will be described in Subchapter 5.1. Stain in the YZ(+X) plane 
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and the XY(+Z) plane ranged between –6.0 × 10−3 and 9.0 × 10−3, and between –5.5 × 10−3 and 8.5 × 

10−3 in the XY(+Z) plane, as illustrated in Figure 4.15a and Figure 4.15b, respectively. 

 

Figure 4.14 Contour plots of von Mises Stress after the temperature rise for Iteration 3.1 with a deformation 

factor of 1. 

 

        

(a)      (b) 

Figure 4.15 Contour plots of strain after the temperature rise for Iteration 3.1 with a deformation factor of 1: 

(a) the unit cell strain in the X-axis and (b) the unit cell strain in the Z-axis. 

2. Iterations 3.1 and 3.2 

Iterations 3.1 and 3.2 were the improved designs from Iteration 3. The five configurations considered 

for these improvements (as shown in Figure 4.16) were the ratio 𝐷 𝐿⁄ , the ratio of the diameter of the 

connecting rod over 𝐿, the ratio of the thickness of a layer over 𝐿, the ratio of the thickness of the 

thinnest section in the deformation mechanism region over 𝐿 and the ratio of the thickness of the 

cylindrical inner region over 𝐿. The values of the configurational parameters in each iteration are 

shown in Table 4.2. The ratio 𝐷 𝐿⁄  were increased from 0.7 (Iteration 3) to 0.73 (Iteration 3.1), which 

reached the maximum size applied in this series, resulting in negative CTE in Iteration 3.1. The 

diameter of the connecting rods over 𝐿 was reduced from 0.1 (Iteration 3) to 0.06 (Iteration 3.1) and 
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0.07 (Iteration 3.2), minimising the overdesign in the regions and increasing void space by re-designing 

the larger size of the cylindrical inner parts. The thickness of a layer over 𝐿 and thicknesses of the 

cylindrical inner region over 𝐿 were decreased from 0.14 and 0.07 - 0.085 to 0.15 and 0.07 - 0.11, 

respectively, increasing the rigidity in the regions. 

 

Figure 4.16 Iteration 3 with the five configurations considered. 

 

Table 4.2 Configurational parameters of Iteration 3 series 

Iteration 3 3.1 3.2 

𝐷 𝐿⁄  0.7 0.73 0.72 

Diameter of the connected rod/𝐿 0.1 0.06 0.07 

Thickness of a layer/𝐿 0.14 0.15 0.15 

The thickness of the thinnest in 
deformation mechanism region/𝐿 

0.02 0.02 0.02 

Thickness of cylindrical inner region/𝐿 0.07 - 0.085 0.07 - 0.105 0.07 - 0.11 

The drawback of this series was the high stress and moment placed on the four small rods (connecting 

to layers) when the lattice structure moved and bent during the temperature rise (highlighted in the 

circles in Figure 4.14), which led to the unexpected deformation of layers and damaged the four small 

rods. , therefore, the next generations were proposed. 

4.3.4. Iteration 4 series 

In the previous designs, the deformation mechanism movement was along the X- and Z- axes, and the 

four deformation mechanism edges were located in the middle of each face on the design boundary. 

The enlargement of the cylindrical inner part helped decrease the thermal expansion of the lattice 

structures, however, it led to a reduction in the design space of the lattice outer part. Figure 4.17a 

shows a unit cell with four design spaces. Each design space contained three regions: the controlled 
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thermal expansion region, the deformation mechanism region, and the allowance gap for the thermal 

expansion of the cylindrical inner part, as shown in Figure 4.17a. The design spaces were difficult to 

design as they were rectangular strips. Therefore, the deformation mechanism movement of the 

Iteration 4 series was designed to expand along diagonal directions, providing more space, as shown 

in Figure 4.17b. The design spaces of the Iteration 4 series were 0.2 times larger than the previous 

iteration, while the size of the cylindrical inner part and the boundary of the design remained the 

same. 

 

(a) 

  

(b) 

Figure 4.17 Designing spaces: (a) previous Iterations and (b) Iteration 4 series. 



105 

The design of this series introduced the separation of two main functions: the deformation mechanism 

and the load-bearing. The two functions were based on different geometrical designs: the 

deformation mechanism should be small enough to bend, while the load-bearing should be large 

enough to hold internal and external loads. Examples of the two functions will be discussed along the 

descriptions of Iterations 4 and 4.1 and their contour plots of von Mises Stress. 

1. Iteration 4 

The design of the lattice outer part in Iteration 4 is illustrated in Figure 4.18. The design comprised 

four CTE-minimising layers, each connected to a load-bearing pillar at one of design corners to control 

the expansion in specific corners. The four CTE-minimising layers had different orientations around 

the Y-axis: 0 °, 90 °, 180 °, and 270 °, connected to a hollow octagonal prism with eight connecting 

struts. The lattice outer part was composed of the lattice outer region, the controlled thermal 

expansion region, the deformation mechanism region, and the connected rod-layer region, while the 

cylindrical inner part was located in the centre of the lattice outer part (Figure 4.18a). 
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(a) 

 

(b) 

Figure 4.18 Iteration 4: (a) top view of a layer with annotations and (b) isometric view of a unit cell with 

annotations. 

The deformation mechanism region was intended to bend, while the hollow octagonal prism with 

eight connecting struts was intended to be rigid when the cylindrical inner part expanded as result of 

the increased temperature. Figure 4.19 shows a contour plot of von Mises Stress of Iteration 4, 

following temperature increase. In the lattice outer part, high bending stresses occurred in the 

deformation mechanism regions (highlighted in the circle in Figure 4.19b) and provoked a large 

distortion in the structure, while low stresses occurred in the four load-bearing pillars leading to a low 

distortion in the structure in accordance with the two design functions as mentioned previously. The 

resultant bending produced a complementary deformation that minimised the structure’s planar CTE. 

Figure 4.20 shows the contour plots of the strain in the X- and Z-axes of Iteration 4, generated as part 
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of the thermal expansion simulation using the same boundary conditions described in Subchapter 4.2. 

Stain in the YZ(+X) plane ranged between –4.3 × 10−4 and 1.5 × 10−4, and between –1.5 × 10−4 and 7.5 

× 10−3 in the XY(+Z) plane, as illustrated in Figure 4.20a and Figure 4.20b, respectively. In addition, the 

lattice was designed to expand along the diagonal directions, as shown in Figure 4.18b, providing 

additional space for the load-bearing pillars at the cell’s corners, which enabled them to be thicker 

and stiffer than they would if they were placed on the cell’s faces. 

     

(a)       (b) 

Figure 4.19 Contour plots of von Mises Stress after the temperature rise for Iteration 4 with a deformation 

factor of 2: (a) the unit cell with a plane for cross-section and (b) the unit cell with the cross-sectional area. 

 

               

(a)      (b) 

Figure 4.20 Contour plots of strain after the temperature rise for Iteration 4 with a deformation factor of 1: (a) 

the unit cell strain in the X-axis and (b) the unit cell strain in the Z-axis. 

2. Iteration 4.1 

This is the final design for this PhD. The main improvement in Iteration 4.1 was achieved through the 

inclusion of eight connecting struts in the deformation mechanism region (as shown in Figure 4.21b) 

instead of their previous locations (as shown in Figure 4.18a). This modification resulted in lower 

geometrical complexity and in fewer geometrical parameters to control. In this design iteration, the 
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unit cell of the lattice outer part can be divided into two sections according to their functions: the 

deformation mechanism and the load-bearing mechanism (see Figure 4.21b). The deformation 

mechanism section was designed as a hollow octagonal prism with eight connecting struts. The eight 

connecting struts were intended to bend when the cylindrical inner part expanded in response to 

increased temperature, as shown in Figure 4.22. This bending provided a complementary deformation 

that minimised the structure’s planar CTE. Figure 4.23 shows the contour plots of the strain in the X- 

and Z-axes of Iteration 4.1 generated through the thermal expansion simulation with the same 

boundary conditions described in Subchapter 4.2. The YZ(+X) plane experienced strain in the range of 

–7.0 × 10−3 to –7.0 × 10−4 while the XY(+Z) plane strain results were between 7.0 × 10−4 and 7.5 × 10−3, 

as illustrated in Figure 4.23a and Figure 4.23b, respectively. In addition, Figure 4.24 shows how 

Iteration 4.1 was tessellated in a 4 × 1 × 4 lattice, and suggests possible locations for the application 

of loads on the lattice. 
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(a) 

 

(b) 

Figure 4.21 Iteration 4.1: (a) top view of a layer with annotations and (b) isometric view of a unit cell with 

annotations. 
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(a) (b) 

Figure 4.22 Contour plots of von Mises Stress after temperature rise for Iteration 4.1 with a deformation factor 

of 2 (a) the unit cell with a plane for cross-section and (b) the unit cell with the cross-sectional area. 

 

             

(a)      (b) 

Figure 4.23 Contour plots of strain after temperature rise for Iteration 4.1 with a deformation factor of 1: (a) 

the unit cell strain in the X-axis and (b) the unit cell strain in the Z-axis. 

 

 

Figure 4.24 A 4 × 1 × 4 lattice of Iteration 4.1. 
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The tessellation of the unit cell of Iteration 4.1 was investigated for the construction of a lattice 

structure. This posed a challenge given that the unit cell was not rotationally symmetrical in the XZ 

plane, resulting in different CTEs in each direction. However, the design of a structure with isotropic 

planar CTE was prioritised, to facilitate the design of a metrology frame with low thermal expansion 

in the XZ plane. Using the unit cell design of Iteration 4.1, a lattice structure could be created by 

assembling unit cells following any orientation 0 °, 90 °, 180 °, or 270 ° around the Y-axis. In Figure 

4.25, the layers in the unit cell were numbered according to the position of the load-bearing pillar (top 

view of Figure 4.25a). Layers 1, 2, 3, and 4 (front view of Figure 4.25a) were the lowest layer, the 

second-lowest layer, etc., respectively. The symbol ‘P’ was used to represent the orientation of the 

unit cell, as shown in Figure 4.25b. Five potential patterns were selected and implemented by changing 

orientations around the Y-axis and combining them into 2 × 1 × 2 lattices, as shown in Figure 4.25b. 

The first pattern was examined to verify whether it could demonstrate CTEs of a tessellated lattice 

and the difference between mean CTEs in the X- and Z-axes of each composed lattice. Lattice 

structures from 1 × 1 × 1 up to 4 × 1 × 4 (Figure 4.26) were chosen for this evaluation. 

    

(a)        (b) 

Figure 4.25 Annotation and patterns of the lattices of Iteration 4.1: (a) top view and front view of the unit cell 

and (b) patterns of 2 × 1 × 2 lattices. 
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Figure 4.26 Illustration of 1 × 1 × 1, 2 × 1 × 2, 3 × 1 × 3 and 4 × 1 × 4 lattices of Iteration 4.1. 

Additionally, Iterations 2.4, 3.1 and 4.1 were selected for fabricating. Their engineering drawings were 

provided in Appendix, so other researchers can duplicate it if needed, and clearly understand all 

details. 

4.4. Results of the lattice structure for low coefficient of thermal expansion 

4.4.1. Low planar CTE lattice results 

The aim of the design presented in this research was to create a model that could yield a near-zero 

CTE. In the early stages, the lattice outer parts were modelled in Nylon 12 (CTE of 109 × 10−6 K−1), while 

the cylindrical inner part material of Iteration 1, Iteration 2, Iteration 2.1 and Iteration 2.2 had not 

been chosen yet. The thermal expansion simulation was applied to test the performance of the CTEs 

of the lattice structures (as described in Subchapter 3.2, Subchapter 4.2 and Chapter 6). For the 

cylindrical inner part, the mechanical properties of Nylon 12 were assumed, in addition to a range of 

CTEs. The CTEs of the cylindrical inner part varied from 109 × 10−6 K−1 to 545 × 10−6 K−1 (five times the 

CTE of Nylon 12). This CTE range was assigned to ensure coverage of sufficient CTE values for zero 

thermal expansion results in all lattice structures. Similar CTE determination techniques can be found 

in previous research [82, 93]. The comparison of each iteration performance was conducted based on 

the simulation results presented, specifically the relationship between ∆𝐿∗ (the change in length of 

the designed lattice over the change in length of the solid volume of the lattice outer part material 

∆𝐿𝐿𝑎𝑡𝑡𝑖𝑐𝑒 ∆𝐿𝑠𝑜𝑙𝑖𝑑 𝑚𝑎𝑡1⁄ ) and the ratio between the CTEs of the cylindrical inner part material and the 

lattice outer part material 𝛼2 𝛼1⁄ . The relative change in length (∆𝐿∗) equalled 1 when the 

displacement of the lattice equalled the displacement of its solid volume material, while it equalled 0 

when there was no change in length, and a negative value was rendered when the length of the lattice 

contracted. The changes in the lengths of Iteration 1, Iteration 2, Iteration 2.1 and Iteration 2.2 were 

found by subtracting the displacement of the initial stage from the maximum displacement of the final 

stage in each simulation. 
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Figure 4.27 shows the simulation results of Iterations 1, 1.1, 1.2, 2, 2.1 and 2.2. All iterations 

successfully achieved zero thermal expansion with different values for 𝛼2 𝛼1⁄  (3.8 for Iteration 1, 3.7 

for Iteration 1.1, 4.0 for Iteration 1.2, 2.8 for Iteration 2, 2.4 for Iteration 2,1 and 2.2 for Iteration 2.2). 

For example, Iteration 1 required the cylindrical inner part material to yield a CTE of 3.8 times 109 × 

10−6 K−1 equalling 414.2 × 10−6 K−1. However, in the commercial market, such a CTE value would be 

challenging to find. Therefore, the design of iterations aimed at achieving the lowest possible value of 

the 𝛼2 𝛼1⁄  ratio, while still achieving zero thermal expansion. 

 

Figure 4.27 Simulation results of Iterations 1, 1.1, 1.2, 2.1 and 2.2 using trend lines, where ∆𝐿∗is the relative 

change in the change in length, ∆𝐿𝐿𝑎𝑡𝑡𝑖𝑐𝑒  is the change in length of the designed lattice, ∆𝐿𝑠𝑜𝑙𝑖𝑑 𝑚𝑎𝑡1 is the 

change in length of the solid volume of the lattice outer part material, 𝛼1  is the CTE of the lattice outer part 

material, and 𝛼2 is the CTE of the cylindrical inner part material. 

It can be noted that Iteration 2.2 is the best iteration that provided the lowest ratio of 𝛼2 𝛼1⁄  and that 

could achieve zero thermal expansion. Thus, the first material selected for the cylindrical inner part 

was low-density polyethylene (LDPE) with a CTE of 220 × 10−6 K−1. However, as far as its material 

properties are concerned, LDPE is soft, flexible and difficult to machine compared to other types of 

polyethylene. Therefore, it was substituted with ultra-high-molecular-weight polyethylene 

(UHMWPE) which has a slightly lower CTE of 200 × 10−6 K−1. Subsequently, the iterations following 

Iteration 2.1 (Iterations 2.2 - 2.4, Iteration 3 series, and Iteration 4 series) showed significant 

improvement when simulated using the properties of the chosen materials (Nylon 12 for the lattice 

outer part and UHMWPE for the cylindrical inner part). Figure 4.28 shows the simulation results for 

Iterations 2.2 - 2.4 and the Iteration 3 series. With UHMWPE for the cylindrical inner part material, 

Iteration 2.4 yielded a larger CTE for the lattice (17.1  10−6 K−1), compared to the one achieved with 

LDPE (4.7  10−6 K−1). In general, there were numerous attempts to design a lattice with zero CTE, as 

shown in Figure 4.28, with Iteration 3.1 even obtaining a negative CTE (−5.3  10−6 K−1). All results 
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shown here were found by subtracting the displacement of the initial stage from the maximum 

displacement of the final stage in each simulation, to calculate the coefficient of thermal expansion. 

 

Figure 4.28 Effective CTE results for Iterations 2.2 - 2.4 and the Iteration 3 series. 

Starting Iteration 2.4, the in-plane CTE was introduced to decide whether to improve or develop 

iterations. The in-plane CTE (𝛼𝑋,𝑍) was found by averaging structure CTEs in the X- and Z-axes over 

four orientations around the Y-axis: 0 ° (origin), 90 °, 180 °, and 270 °. The in-plane CTE is more accurate 

than the CTE obtained from maximum displacement, as the in-plane CTE represents the average of 

the linear thermal expansion in a specific plane. Table 4.3 shows the in-plane CTE results of Iterations 

2.4, 3.1, 4 and 4.1. The final iteration, Iteration 4.1, yielded an extremely low CTE of 1  10−9 K−1. 

Table 4.3 In-plane CTEs of Iterations 2.4, 3.1, 4 and 4.1. 

Iteration In-Plane CTE/ 10−6 K−1 

2.4 8.2 

3.1 −23.6 

4 −0.8 

4.1 0.001 

4.4.2. Low planar CTE lattice results obtained by varying design parameters 

The conceptual design presented in Subchapter 5.2 had several design parameters that could be 

varied to control the resulting structure’s CTE. These parameters include the original length of the 

lattice 𝐿, the original diameter of the cylindrical inner part 𝐷, and the ratio between the CTEs of the 

cylindrical inner part material and the lattice outer part material 𝛼2 𝛼1⁄ . In this section, Iteration 4.1 

is investigated. The ratios 𝐷 𝐿⁄  and 𝛼2 𝛼1⁄  of Iteration 4.1 were varied from 0.30 to 0.73 (the maximum 
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ratio for which the lattice was designed) and from 1.10 to 2.20. Examples of the resulting lattice cells 

are shown in Figure 4.29. 

       

(a)    (b)    (c) 

Figure 4.29 Illustration of Iteration 4.1’s top view and side view of (a) the (𝐷 𝐿) = 0.30⁄  model, (b) the 

(𝐷 𝐿) = 0.50⁄  model, and (c) the (𝐷 𝐿) = 0.73⁄  model. 

Figure 4.30 demonstrates that the conceptual lattice unit cell yielded in-plane CTEs (𝛼𝑋,𝑍) ranging 

approximately between –62  10−6 K−1 and 96  10−6 K−1 by varying design parameters. 𝛼𝑋,𝑍 data were 

fitted with a first-order polynomial surface function of the form 

𝛼𝑋,𝑍 = 𝑎 + 𝑏 (
𝛼2

𝛼1
) + 𝑐 (

𝐷

𝐿
) 4.1 

which provides a guide allowing designers to customise the CTE of the proposed lattice structure. The 

fit provides an accurate description of the data (with R2 = 0.994) over the examined range of 𝐷 𝐿⁄  and 

𝛼2 𝛼1⁄ . 
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Figure 4.30 Low planar CTE lattice results of Iteration 4.1 obtained by varying the ratios 𝐷 𝐿⁄  and 𝛼2 𝛼1⁄  and its 

surface fit, where 𝐿 is the original length of the lattice, 𝐷 is the original diameter of the cylindrical inner part, 

and 𝛼2 𝛼1⁄  is the ratio of CTEs of the cylindrical inner part material and the lattice outer part material. 

The resulting fit parameters, with 95% confidence bounds, were found to be 𝑎 = (253 ± 10) × 10−6 K−1, 

𝑏 = (−132 ± 5) × 10−6 K−1, and 𝑐 = (−20 ± 10) × 10−6 K−1, which could be used to determine the 𝐷 𝐿⁄  and 

𝛼2 𝛼1⁄  parameters to achieve a pre-defined CTE. The CTEs of Nylon 12 and UHMWPE are 109 × 10−6 

K−1 and 200 × 10−6 K−1 [125], respectively. The ratio of 𝛼2/𝛼1 for our chosen materials was, therefore, 

approximately 1.83, meaning that a unit cell made of such materials can provide CTEs between 7.8  

10−6 K−1 and 1  10−9 K−1. A near-zero CTE of a unit cell of Iteration 4.1 can be achieved when 𝐷/𝐿 = 

0.73 and 𝛼2 𝛼1⁄  = 1.83. 

In practice, the manufacturer’s material properties might differ from the given datasheets. For 

Iteration 4.1, the elastic modulus and CTE were selected to demonstrate these uncertainties, which 

affect the resulting structure’s CTE. The relative changes in the elastic moduli of each of Nylon 12 𝐸1
∗ 

and UHMWPE 𝐸2
∗ were demonstrated as elastic modulus uncertainties. The relative change in the 

CTE of Nylon 12 𝛼1
∗ and the relative change in the CTE of UHMWPE 12 𝛼2

∗ were presented as 

uncertainties of material CTEs. These relative changes were presented in this chapter to express ratios 

between the original and final values of the studied material properties. For example, the relative 

change in the elastic modulus of Nylon 12 𝐸1
∗ was represented by a ratio between the changed value 

and the original value of the elastic modulus of Nylon 12, which could be written as ∆𝐸1 𝐸1⁄ . In this 

study, the relative changes in the elastic modulus of Nylon 12 and UHMWPE varied from −0.4 to 0.4. 
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The relative changes in the CTEs of Nylon 12 and UHMWPE varied between −0.4 and 0.4. This variation 

range was selected to ensure that the actual values would not exceed this range. 

Figure 4.31 shows that the unit cell of Iteration 4.1 yielded in-plane CTEs (𝛼𝑋,𝑍) between 

approximately –191  10−6 K−1 and 191  10−6 K−1 by varying the CTEs of the chosen materials. 𝛼𝑋,𝑍 

data were fitted to a first-order polynomial surface function of the form, as expressed in Equation 4.1. 

The fits provide an accurate description of the data (with R2 = 0.994) over the examined range. The 

resulting fit parameters for CTE variation, with 95% confidence bounds, were found to be 𝑎 = (0 ± 1) 

× 10−6 K−1, 𝑏 = (−239 ± 1) × 10−6 K−1, and 𝑐 = (−239 ± 1) × 10−6 K−1. 

 

Figure 4.31 Low planar CTE lattice results of Iteration 4.1 by varying 𝛼1 and 𝛼2, and its surface fit, where 𝛼1
∗ is 

the relative change in the CTE of Nylon 12, ∆𝛼1 is the change in the CTE of Nylon 12, 𝛼1 is the original value of 

the CTE of Nylon 12, 𝛼2
∗ is the relative change in the CTE of UHMWPE, ∆𝛼2 is the change in the CTE of 

UHMWPE, and 𝛼2 is the original value of the CTE of UHMWPE. 

Figure 4.32 shows that the concept lattice unit cell yielded in-plane CTEs (𝛼𝑋,𝑍) between 

approximately –1.6  10−6 K−1 and 1.3  10−6 K−1 by varying the elastic moduli of the selected materials. 

𝛼𝑋,𝑍 data of the plots were fitted to a first-order polynomial surface function described previously, as 

shown in Equation 4.1. The fits provide an accurate description of the data (with R2 = 1) over the varied 

range. The resulting fit parameters for the variation of the elastic moduli, with 95% confidence 

bounds, were found to be 𝑎 = (−0.1 ± 0.1) × 10−6 K−1, 𝑏 = (1.9 ± 0.1) × 10−6 K−1, and 𝑐 = (−1.7 ± 0.1) × 

10−6 K−1. 
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Figure 4.32 Low planar CTE lattice results of Iteration 4.1 by varying 𝐸1 and 𝐸2, and its surface fit, where 𝐸1
∗ is 

the relative change in the elastic modulus of Nylon 12, ∆𝐸1 is the change in the elastic modulus of Nylon 12, 𝐸1 

is the original value of the elastic modulus of Nylon 12 (1.8 × 109 Pa [126]), 𝐸2
∗ is the relative change in the 

elastic modulus of UHMWPE, ∆𝐸2 is the change in the elastic modulus of UHMWPE, and 𝐸2 is the original value 

of the elastic modulus of UHMWPE (7 × 108 Pa [127]). 

According to the plots in Figure 4.31 and Figure 4.32, the resulting structure’s CTE was considerably 

influenced by the in-plane CTE (over a range of –191  10−6 K−1 to 191  10−6 K−1) yet negligibly affected 

by the elastic modulus (over a range of –1.6  10−6 K−1 to 1.3  10−6 K−1). These results show that the 

CTEs of materials required careful consideration due to the uncertainties involved in the material 

selection process, which could lead to the selection of a large and/or inaccurate CTE. 

4.4.3. Pattern selection for low-CTE lattice design 

When a (20 × 20 × 20) mm single-unit cell was examined using the FE analysis described in Chapter 6, 

there were differences between CTEs in the X- and Z-axes. This anisotropic thermal expansion would 

be challenging for the end application of the precision machine frame, where a predictable thermal 

expansion response was paramount. One solution to decrease the differences between CTEs in the X- 

and Z-axes was to arrange the unit cells in a manner that could compensate for the anisotropy. The 

in-plane CTE of Iteration 4.1 (in the XZ plane) was investigated for five unique orientation patterns 

(see Figure 4.25). In the 1st pattern, the lattice yielded the lowest in-plane CTE (5.4 × 10−8 K−1), while 

the 4th pattern rendered the highest in-plane CTE (29.0 × 10−8 K−1), as shown in Table 4.4. 



119 

Table 4.4 In-plane CTEs of the designs of the 2 × 1 × 2 lattice. 

Pattern In-Plane CTE/ 10−8 K−1 

1 5.4 

2 12.8 

3 8.9 

4 29.0 

5 9.5 

Table 4.4 shows the in-plane CTE results of five unique orientation patterns. The lattice of the 1st 

pattern was composed of 0 °, 90 °, 180 °, and 270 ° counterclockwise orientated unit cells in the top 

left, top right, bottom right, and bottom left cells, respectively. The 1st pattern yielded the lowest in-

plane CTE, as it was the only pattern where layers were connected in a single plane (the XZ plane) (see 

Figure 4.33c). In other words, the displacement of unit cells would only occur in the XZ plane. The 

lattice deformation due to the thermal expansion of the inner cylindrical part was, therefore, 

constrained to a single plane. Patterns 2 to 5 yielded higher in-plane CTEs due to the arrangements of 

the connecting layers which were out of the XZ plane, resulting in displacements originating from the 

XZ plane (see Figure 4.33d). When the 1st pattern lattice was tessellated over a greater number of 

cells, it was observed that the even numbers of the unit cells yielded low CTE anisotropy (3 × 10−8 K−1 

for the 2 × 1 × 2 lattice and 1 × 10−8 K−1 for the 4 × 1 × 4 lattice), as shown in Table 4.5, given that the 

structures consisted of 2 × 1 × 2 lattices constraining deformation to a single plane (e.g., the 4 × 1 × 4 

lattice was composed of four sets of 2 × 1 × 2 lattices). On the other hand, the odd numbers of the 

unit cells (the 1 × 1 × 1 lattice and the 3 × 1 × 3 lattice) yielded a high CTE anisotropy due to the 

arrangements of the connecting layers, which were not at the same level as the layer (Layer 2). As 

such, there were always unit cells that were not included in the set of 2 × 1 × 2 lattices, resulting in 

displacements originating from the XZ plane. Such information helped in the design of a less 

anisotropic thermal expansion for the precision machine frame. However, this research focused on 

design concepts, instead of the design of large lattices with several cells, which typically requires 

considerably greater computational resources than could be employed here. 
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(a)     (b) 

     

(c)     (d) 

Figure 4.33 The effect of layer alignment on the deformation of the 2 × 1 × 2 lattice outer part of Iteration 4.1: 

(a) example of the 1st pattern, (b) example of the cross-section of the 1st pattern, (c) example of the cross-

section of the 1st pattern at Layer 2, and (d) any of the connecting layers of the other patterns. 

Table 4.5 In-plane CTEs of the designs. 

Lattice In-Plane CTE/ 10−8 K−1 In-Plane CTE Anisotropy/ 10−8 K−1 

1 × 1 × 1 0.1 1379 

2 × 1 × 2 5.4 3 

3 × 1 × 3 8.7 149 

4 × 1 × 4 0.03 1 

 

4.5. Discussion of lattice structures for low coefficient of thermal expansion 

The main purpose of the development of the lattice structures was to create lattice structures that 

yield zero CTE. The ratios 𝐷 𝐿⁄  and 𝛼2 𝛼1⁄  were the first two parameters that were improved and 

developed in the designs to control the CTEs. The selection of 𝐷 and 𝐿 was carried out by modifying 

the geometry of the structure using CAD software. The parameters 𝛼1 and 𝛼2 were varied through 

the selection of materials for the lattice outer part and the cylindrical inner part materials. From the 

first (Iteration 1) to the final iteration (Iteration 4.1), the ratio 𝐷 𝐿⁄  was increased from 0.4 to 0.73. 

This increase in the 𝐷 𝐿⁄  ratio was ensured by replacing the cylindrical inner part with larger sizes 

while maintaining the length of the lattice outer part. A larger size of the cylindrical inner part could 

yield a larger thermal expansion than the smaller one, according to the thermal expansion equation. 

The purpose of this increase in the 𝐷 𝐿⁄  ratio was to decrease the lattice structure’s CTE.  
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Despite increasing the 𝐷 𝐿⁄  ratio, certain iterations, such as Iteration 2.3 and Iteration 3.2, did not 

yield the expected results, as shown in Figure 4.28. The sizes of the cylindrical inner parts of Iteration 

2.3 and Iteration 3.2 were too large for the designs, resulting in higher CTEs than the previous versions, 

instead of yielding lower CTEs as expected. Such unexpected results led us to establish new conceptual 

designs to reflect a reconfiguration of the design geometries. The core principle of the achieved 

development from Iteration 1 series to Iteration 2 series was the replacement of two layers with four 

layers to eliminate high stresses in the connecting rods and increase their stability within the unit cell. 

The development from Iteration 2 series to Iteration 3 series mainly consisted of the removal of the 

four CTE-minimising layers wall sections, providing more space for the cylindrical inner part. The 

performed development from Iteration 3 series to Iteration 4 series resulted in the relocation of the 

deformation mechanism movements and allowed for more space along the movements. 

The CTE results of Iteration 4.1 showed that the CTE of the proposed lattice design could be tailored 

by changing the ratios 𝐷 𝐿⁄  and 𝛼2 𝛼1⁄ , as shown in Figure 4.30. The fitted surface provided a guide 

allowing designers to customise the CTE and simplified the modification of the material selection and 

geometry. Note that 𝛼2 should be greater than 𝛼1 for the deformation mechanism to function 

properly. 

Based on the relationship between the cylindrical inner part and the lattice outer part under 

parametric constraints, when the size of the cylindrical inner part is increased, the internal geometry 

of the outer part is likely to increase to maintain physical contact. Such a situation occurred, which 

required the variation of material quantities in each part, as shown in Figure 4.34. In turn, this would 

affect the manufacturing cost of the lattice structure, since AM processes were relatively costly, 

especially LPBF [128]. However, the overall cost could be reduced by designing a lattice structure with 

a large  𝐷 𝐿⁄  ratio. Nevertheless, to reach the target of zero CTE, restrictions were placed on the 

selected materials in terms of their CTE values. 
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Figure 4.34 The total volume of Iteration 4.1’s (10 × 10 × 10) mm unit cell by varying the 𝐷 𝐿⁄  ratio between 0.3 

and 0.73. 

The uncertainties of two material properties, namely the CTE and the elastic modulus, were examined 

in terms of their influence on the in-plane CTEs of the conceptual design of the lattice unit cell of 

Iteration 4.1. The parameters 𝐸1
∗ ,𝐸2

∗, 𝛼1
∗ and 𝛼2

∗ were varied in the same range of −0.4 to 0.4. The 

varied CTEs of the unit cell materials yielded a much more comprehensive range of in-plane CTEs (−191 

 10−6 K−1 to 191  10−6 K−1, as shown in Figure 4.31) than those yielded by the varied elastic modulus 

of unit cell materials (−1.6  10−6 K−1 to 1.3  10−6 K−1, as shown in Figure 4.32). Therefore, in 

comparison, in-plane CTEs were dominated by material CTEs, while the elastic moduli of materials 

could be neglected in the design. 

Using a similar assembly technique to that examined in this study, Jefferson et al. designed a structure 

Jefferson, Parthasarathy [93] that yielded a near-zero CTE. In comparison, Iteration 4.1 presented in 

this research could yield a broader range of CTEs including near-zero, achieved with 𝐷/𝐿 =  0.73 and 

𝛼2 𝛼1⁄ = 1.83. Although other polymer-based structures could provide wider ranges of CTEs than the 

lattice presented in this research (i.e., −434 × 10−6 K−1 to 396 × 10−6 K−1 from Akihiro et al. [79] and –

300 × 10−6 K−1 to 1000 × 10−6 K−1 from Takezawa and Kobashi [80] using admixture material of 

VeroWhitePlus and TangoBlackPlus), the internal geometries of such structures were more complex, 

required additional topology optimisation to model the structures, and required the use of advanced 

multi-material AM processes for fabrication. With the previously stated parameters, the structure of 

Iteration 4.1 could yield a CTE of 1 × 10−9 K−1, which is a much lower CTE than that achieved by several 

commercial instruments and functional surfaces in optical breadboards (CTE of 23 × 10−6 K−1 for 

aluminium 7075 and 10 × 10−6 K−1 for stainless steel 431 CTE [87]). 
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The tessellations of the 1st pattern cell, composed of even numbers in both the X- and Z-axes of 

Iteration 4.1, are recommended for low-CTE applications. However, further investigation is required 

to identify the rationale behind such suitability. An added advantage of charactering CTEs using the 

fitted surface, shown in Figure 4.30, is that adjustments can be made for variations in material 

properties or geometries with just a few calibration experiments. 

4.6. Conclusion 

The iterations introduced in this research aimed at the creation of a planar near-zero thermal 

expansion lattice structure. The designs demonstrated that the thermal expansion could be 

controlled, via the deformation mechanism of the internal geometry, using a combination of two 

positive homogenous materials. The design introduced the separation of load-bearing sections and 

deformation mechanism sections and introduced the optimised functions in the internal geometry 

whose performance was increased. It was shown that the CTE could theoretically be reduced to 1  

10−9 K−1 (For Iteration 4.1), which was the closest value to the near-zero CTE aimed for in this design. 

In summary, the designs illustrated the steps followed to create lattices that could enable a wide range 

of CTEs, through changing the ratios of the diameter of the cylindrical inner part over the length of 

the lattice, and the ratio between the CTEs of the cylindrical inner part material and the lattice outer 

part material. Pattern selection methods were additionally introduced to reduce differences between 

CTEs in the X- and Z-axes and compensate for anisotropy in the lattice. 
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5. Finite element simulation of lattice structures 

This chapter presents the effects of various finite element (FE) modelling parameters (element type, 

mesh density, etc.) on the thermal expansion of a newly proposed expansion-compensating lattice 

structure. First, an introduction to FE modelling of lattice structures is presented. Second, method for 

the finite element simulation of the lattice structures is described. Third, the parameters that affect 

simulated thermal expansion, including procedure type, boundary conditions, partitions for contact, 

partitions for reducing mesh density, and element type, are detailed. These are followed by a 

discussion and concluding remarks. Additionally, FE analysis validation/setup checks were performed 

for all designs (Iteration series 1, 2, 3 and 4). However, the lattice model known as ‘the final iteration’ 

(Iteration 4.1) is chosen to demonstrate the effects of the considered parameters for the purpose of 

this chapter. 

5.1. Introduction to finite element simulation of lattice structures 

Conceptual lattice designs were modelled in SolidWorks 2018 to obtain representative CAD models, 

and their performance was simulated using the FE analysis implemented in Abaqus 2018 and 2020. 

The initial lattice unit cell dimensions (i.e., in its unheated state) were (20 × 20 × 20) mm. The size was 

chosen in order to represent the minimum size with minimal loss in mechanical capabilities such as 

ultimate tensile strength and the elastic modulus, according to Tasch et al. [103], as described in 

Subchapter 2.5. The temperature of the elements in all models was raised from 19 to 23 °C, 

representing the temperature variation in a typical temperature-controlled metrology laboratory. All 

nodes on three of the lattice’s cubic edges were constrained in space (as seen in Figure 5.1) to enable 

the calculation of thermally induced expansion. The XSYMM (Symmetry about a plane X = constant 

(U1 = UR2 = UR3 = 0)), YSYMM (Symmetry about a plane Y = constant (U2 = UR1 = UR3 = 0)), and 

ZSYMM (Symmetry about a plane Z = constant (U3 = UR1 = UR2 = 0)) boundary conditions were applied 

to the nodes on the surfaces of the YZ plane in the –X direction (labelled ‘YZ (-X)’ in Figure 5.1), the XZ 

plane in the –Y direction (‘XZ (-Y)’), and the XY plane in the –Z direction (‘XY (-Z)’), where U1 is the 

translation in the X-direction, U2 is the translation in the Y-direction, U3 is the translation in the Z-

direction, UR1 is the rotation about the X-direction, UR2 is the rotation about the Y-direction, and UR3 

is the rotation about the Z-direction. The thermal expansion of the lattice was calculated by examining 

the displacement of the nodes on the surfaces opposite to those that were constrained. Figure 5.1 

shows a unit cell model meshed with over 440,000 elements. 
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More details on lattice thermal expansion, including a thorough explanation of Figure 6.1, can be 

found in the author’s published work [124] in Low Thermal Expansion Machine Frame Designs Using 

Lattice Structures. Other thermal expansion parameters will be discussed in Subchapter 6.2. 

 

Figure 5.1 Representative example of the converged mesh of the (20 × 20 × 20) mm low-CTE concept lattice 

unit cell and its boundary conditions applied on a lattice unit cell design [124]. 

5.2. Method for the finite element simulation of the lattice structures 

In this research, the performances of all lattice structures were examined using FE analysis. All models 

were tested in the same environmental conditions, such as boundary conditions. The simulations 

examined the structure’s CTE by increasing temperature in the entire lattice. In the simulation, high-

performance processors and a high memory capacity were required to analyse and restore the data. 

All simulations were analysed in Abaqus version 2018 and version 2021 (FE analysis software) through 

Augusta (High Performance Computer; HPC) of the University of Nottingham. Details of how the FE 

simulation was conducted step by step are described as follows: 

Step 1: Problem definition – The lattice models integrated into the machine frame will be placed in a 

temperature-controlled laboratory. The temperature in the laboratory slowly changes between 19 °C 

to 23 °C. In the simulations, the lattice structures were re-evaluated for all changing temperature 

values, with the displacement changes and resulting stresses measured. 
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Step 2: Mathematical model definition – The concept of the physical problem was interpreted into 

Abaqus. All parameters were classified into four categories: parts, material, assembly and step. Details 

of the parameters used in this research are described as follows: 

1. Parts 

The lattice structures were composed of the lattice outer part and the cylindrical inner part. Parts 

were individually imported via the “.igs” extension file. Materials of the lattice outer parts and the 

cylindrical inner parts were assigned in this step. Sections in the parts were predefined (as shown in 

Figure 4.2 and Figure 4.3) for matching the contacts and meshing. 

For the lattice outer part, three operations were performed as follows: 

 “Create surface” –The two cylindrical inner surfaces of the 1D tailorable thermal expansion 

lattices (Iterations 1 and 1.1) were individually defined as Surf-1 and Surf-2 (as shown in Figure 

5.2a). For 2D tailorable thermal expansion lattices (Iteration 2 series, Iteration 3 series and 

Iteration 4 series), the four cylindrical inner surfaces were individually defined (one surface 

for each layer) as Surf-1, Surf-2, Surf-3 and Surf-4, as demonstrated in Figure 5.3a. 

 “Create sets from geometry” – The deformation mechanism geometry on the lattice outer 

part was defined as Set-1 (as shown in Figure 5.3c). 

 “Assign section” – Nylon 12 was assigned as a material for the entire lattice outer part. 

For the cylindrical inner parts: 

 “Create surface” – The surface of the curved face of the cylindrical inner part was defined as 

Surf-1 (as shown in Figure 5.2a). 

 “Assign section” – Ultra-high-molecular-weight polyethylene (UHMWPE) was assigned for the 

whole of the cylindrical inner parts. 

 

(a)                                                                                     (b) 

Figure 5.2 Example of a 3D model of the 1D tailorable thermal expansion lattice (Iteration 1.1) with the 

predefined surfaces (highlighted in red): (a) the lattice outer part and (b) the cylindrical inner part. 
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(a)       (b) 

 

(c) 

Figure 5.3 An example of a 2D tailorable thermal expansion lattice (Iteration 2.4) with the predefined sections 

(highlighted in red): (a) the lattice outer part with the predefined surfaces, (b) the cylindrical inner part with 

the predefined surfaces and (c) the lattice outer part with the predefined set (Set-1). 

2. Materials 

Two homogenous materials were added to the software’s library database: Nylon 12 and UHMWPE. 

Table 5.1 shows the actual values of the properties of Nylon 12 [126, 129] and UHMWPE [127]. Once 

sections were assigned to parts, the properties of the chosen materials were entered as parameters 

in the simulations. 
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Table 5.1 Properties of Nylon 12 and UHMWPE. 

                                                               Material 
Property 

Nylon 12 [126, 
129] 

UHMWPE 
[127] 

Thermal conductivity, isotropic/ W/(m⋅K) 0.3 0.41 

Density, uniform/ kg/cm3 1020 930 

Elastic modulus, isotropic/ GPa 1.8 0.7 

Poisson’s Ratio, isotropic 0.393 0.11 

Thermal expansion, isotropic/ × 10−6 K−1 109 200 

Specific Heat, constant volume/ J/kg·K 2270 1840 

3. Assembly (instances) 

The lattice outer part and cylindrical inner part/s were assembled into one in this step. For the 1 × 1 × 

1 lattice (one unit cell), the cylindrical inner part was placed into the centre of the lattice outer part 

(as shown in Figure 5.4 Example of the position of parts in a lattice structure: (a) a 1 × 1 × 1 lattice of 

Iteration 3.1 and (b) a 2 × 1 × 2 lattice of Iteration 3.1.Figure 5.4a). For a larger lattice structure, the 

cylindrical inner parts were placed into the centre of each unit cell in the lattice outer part (as shown 

in Figure 5.4b). 

                                  

(a)      (b) 

Figure 5.4 Example of the position of parts in a lattice structure: (a) a 1 × 1 × 1 lattice of Iteration 3.1 and (b) a 

2 × 1 × 2 lattice of Iteration 3.1. 

4. Steps 

In the simulation, the starting point is always the initial condition (called ‘initial step’) and is then 

simulated to attain the condition that we define (called ‘analysis step’). Following ABAQUS/CAE User’s 

Manual [130] and similar studies from other studies [65, 68, 87, 93], four parameters (interaction, 

boundary conditions, predefined fields and field output request) were defined in the simulation as 

follows: 

 Interactions (using Surface-to-surface contact) – Initial step: A unit cell in a 1D tailorable 

thermal expansion lattice was characterised by two-pair contacts (1st pair and 2nd pair), while 
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one in a 2D tailorable thermal expansion lattice had four-pair contacts (1st pair, 2nd pair, 3rd 

pair and 4th pair). The cylindrical inner surfaces of the lattice outer part were defined as a 

master surface, and the surface of the cylindrical inner part was defined as a slave surface. 

These set-up parameters were applied separately for layers of the lattice outer part with one 

surface of the cylindrical inner part (as illustrated for the 2nd pair in Figure 5.5): 

o The 1st pair – The top surface of the cylindrical inner surfaces in the lattice outer part 

(outer.Surf-1) was defined as a master surface, and the surface of the cylindrical inner 

part (inner.Surf-1) was defined as a slave surface. 

o The 2nd pair – The second top surface of the cylindrical inner surfaces in the lattice 

outer part (outer.Surf-2) was defined as a master surface, and the surface of the 

cylindrical inner part (inner.Surf-1) was defined as a slave surface, as shown in Figure 

5.5. 

o The 3rd pair – The second bottom surface of the cylindrical inner surfaces in the lattice 

outer part (outer.Surf-3) was defined as a master surface, and the surface of the 

cylindrical inner part (inner.Surf-1) was defined as a slave surface. 

o The 4th pair – The bottom surface of the cylindrical inner surfaces in the lattice outer 

part (outer.Surf-4) was defined as a master surface, and the surface of the cylindrical 

inner part (inner.Surf-1) was defined as a slave surface. 

The described patterns were applied several times for larger lattice structures. For example, 

a 2 × 1 × 2 lattice of 2D tailorable thermal expansion would have four unit cells with 16 pairs 

of surface-to-surface contact. As for friction in the contacts, it was defined as ‘hard’ contact 

with the isotropic coefficient of friction of 0.1 for all contacts. Analysis step: none predefined. 

 

Figure 5.5 Illustration of defining a surface-to-surface contact for the lattice structure. The 2nd pair interaction 

(outer.Surf-2) was defined as a master surface and inner.Surf-1 was defined as a slave surface. 



130 

 Boundary conditions – Initial step: for all lattice structures, including the unit cell, the 

boundary conditions were applied (as shown in Figure 4.6) as follows: XSYMM (Symmetry 

about a plane X = constant (U1 = UR2 = UR3 = 0)) was applied on the nodes on the surfaces 

belonging to the YZ plane in the –X direction (labelled ‘YZ (-X)’), YSYMM (Symmetry about a 

plane Y = constant (U2 = UR1 = UR3 = 0)) was applied on the nodes on the surfaces belonging 

to the XZ plane in the –Y direction (labelled ‘XZ (-Y)’), and ZSYMM (Symmetry about a plane Z 

= constant (U3 = UR1 = UR2 = 0)) was applied on the nodes on the surfaces belonging to the 

XY plane in the –Z direction (labelled ‘XY (-Z)’), as summarised in Figure 5.6. Analysis step: 

none predefined. 

 

Figure 5.6 Summary of all the boundary conditions applied in the lattice structure. 

 Predefined Fields – Initial step: the temperature for the entire part was set to be 296.15 K. 

Analysis step: the temperature for the whole part was set to be 300.15 K. 

 Field output request – Initial step: none predefined. Analysis step: Stress (S) and displacement 

(U) were selected for the simulation outputs. 

Step 3: Finite element parameter definition – Two types of element shapes are commonly utilised for 

mesh generation: tetrahedral and hexahedral. Tadepalli et al. [131] stated that tetrahedral meshing 

could be easily automated, while hexahedral meshing commonly required user intervention and was 

labour intensive. Therefore, ten-node tetrahedral elements (C3D10) were chosen for mesh, given the 

high degree of complexity of the lattice outer part. Two geometries: the lattice outer part and the 
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cylindrical inner part, were meshed separately. The mesh density of the cylindrical inner part was 

assigned equally throughout the entire structure, while the meshing of the lattice outer part was 

performed using two different mesh densities. The lattice outer part was divided into two sections: 

global geometry and deformation mechanism geometry (Set-1), which was defined in Step 2 to assign 

the mesh densities of the elements. The mesh density of the elements in Set-1 was chosen to 

guarantee a higher mesh density than the global geometry. After meshing, the nodes indicated the 

displacement changes of the lattice structure, which were defined in the “Assembly” step as follows: 

 “Create sets from node” – Nodes on the surfaces of the YZ plane in the +X direction (YZ (+X) 

was defined as ‘xdata’ and nodes on the surfaces of the XY plane in the +Z direction (XY (+Z) 

were defined as ‘zdata’, as indicated in Figure 5.6. These two data sets were analysed to 

determine changes in the CTE of the examined lattice structure in the coming steps. 

Step 4: Computation – A prepared single input file can be submitted to a computer processor via GUI. 

Each iteration required a different minimum memory (RAM) allocation to minimise inputs/outputs 

(ROM), as shown in Table 5.2. The data shown in Table 5.2 are values of the required memories for 

each 1 × 1 × 1 lattice (a unit cell). For larger structures, more memory was required. In this research, 

many files were required for analysis, hence, HPC was used to accelerate computational time.  

Table 5.2 Summary of minimum memory requirements to analyse iterations. 

Iteration Required RAM/ MB Required ROM/ MB 

1 364 2,813 

1.1 127 797 

1.2 2,400 23,150 

2 1,295 10,953 

2.1 1,944 15,197 

2.2 3,829 39,957 

2.3 4,239 44,502 

2.4 4,151 42,550 

3 4,395 43,436 

3.1 3,189 28,112 

3.2 3,265 29,118 

4 1,902 14,967 

4.1 2,443 17,779 

Step 5: Verification – After the input files had been completely processed, the processors of the HPC 

produced output files (e.g., animated output files (ODB files), as shown in Figure 5.7 parameter 

definition files in a text (DAT files), and diagnostic or informative messages about the progress of the 

solution (MSG files). There are many ways to verify the reliability of the results. In this research, several 

factors were taken into account before analysing the data in the files. The conditions verified to ensure 

reliability included: 



132 

 In DAT files, the message “THE ANALYSIS HAS BEEN COMPLETED” was written with the step 

time completed equal to 1.00 

 In DAT files, the node results must have different values 

 In ODB files, the lattice structures must expand or contract from YZ (-X), XZ (-Y) and XY (-Z) 

toward YZ (+X), XZ (+Y) and XY (+Z), respectively 

 In ODB files, the lattice structure must consist of the lattice outer part and the cylindrical inner 

parts. The cylindrical inner parts were located in the centre of each unit cell at all times 

 In ODB files, the lattice outer part and the cylindrical inner parts would not overlap with each 

other at any time, except when the deformation factor was equal to 1 

 In ODB files, the highest stress was expected to appear in the deformation mechanism 

geometry of the contour plot of von Mises stress 

           

(a)      (b) 
Figure 5.7 Examples of results from the FEA simulation of the lattice: (a) a contour plot of von Mises stress and 

(b) a contour plot of the magnitude of displacement change. 

Step 6: Validation – Following the mesh refinement methodology presented in Chapter 3, we 

successfully reduced unnecessary elements and computational time. The mesh densities assigned in 

each iteration will be discussed in Chapter 6. 

5.3. Parameters affecting finite element results 

5.3.1. Method: procedure type 

The coefficients of thermal expansion (CTEs) of lattice structures have been determined through 

general static analysis simulations. This analysis procedure enables the determination of the object or 

assembled object behaviour, such as stress and strain under given conditions (from an initial condition 
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to the attained condition), and uses the Newton–Raphson method to obtain results which are a 

consequence of the applied constraints and loads [132]. In our case, the temperature change is treated 

as a load, ignoring time-dependent material effects such as creep, swelling, and viscoelasticity. 

5.3.2. Method: boundary conditions 

Before the selection of final boundary conditions (BCs) (as described in Subchapter 6.1), five different 

boundary condition sets were examined and compared. Boundary conditions were considered for 

application to the nodes on the surfaces; YZ (+X), YZ (-X), XY (+Z), XY (-Z), XZ (+Y) and XZ (-Y), as seen 

in Figure 5.1. Each surface was individually assigned constraints according to its movement. Six 

degrees of freedom refer to the freedom of movement of a rigid body in three-dimensional space: U1, 

U2, U3, UR1, UR2 and UR3, as described in Subchapter 6.1. 

Table 5.3 shows the boundary conditions applied on specific surfaces and the nodes measured to 

account for displacement change. BC1, BC2 and BC5 are the boundary conditions constrained at zero 

at the nodes on YZ (-X), XY (-Z) and XZ (-Y), to measure the displacement change of the nodes on YZ 

(+X) and XY (+Z). BC3 and BC4 are the boundary conditions that only constrained the nodes on XZ (-Y) 

and were employed to measure the displacement change of the nodes on YZ (+X), YZ (-X), XY (+Z) and 

XY (-Z). 

Table 5.3 Five sets of boundary conditions applied to the lattice structure. 

Boundary 
conditions 

BC1 BC2 BC3 BC4 BC5 

YZ (+X) - 
Fixed in UR2 

and UR3 
Fixed in UR2 

and UR3 
- - 

YZ (-X) 
Fixed in U1, 

UR2 and UR3 
Fixed in U1, UR2 

and UR3 
Fixed in UR1, 
UR2 and UR3 

Fixed in UR1, 
UR2 and UR3 

Fixed in U1 

XY (+Z) - 
Fixed in UR1 

and UR2 
Fixed in UR1 

and UR2 
- - 

XY (-Z) 
Fixed in U3, 

UR1 and UR2 
Fixed in U3, UR1 

and UR2 
Fixed in UR1 

and UR2 
Fixed in UR1 

and UR2 
Fixed in U3 

XZ (+Y) - 
Fixed in UR1 

and UR3 
Fixed in UR1 

and UR3 
- - 

XZ (-Y) 
Fixed in U2, 

UR1, and 
UR3 

Fixed in U2, 
UR1, and UR3 

Fixed in U2, 
UR1, and UR3 

Fixed in U2, 
UR1, and UR3 

Fixed in U2 

Measured 
nodes 

YZ(+X) for U1 
and XY(+Z) 

for U3 

YZ(+X) for U1 
and XY(+Z) for 

U3 

YZ(+X) for U1, 
YZ(−X) for U1, 
XY(+Z) for U3 
and XY(−Z) for 

U3 

YZ(+X) for U1, 
YZ(−X) for U1, 
XY(+Z) for U3 
and XY(−Z) for 

U3 

YZ(+X) for 
U1 and 

XY(+Z) for 
U3 
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Table 5.4 shows the in-plane CTEs of the five sets of boundary conditions and their differences 

compared to BC1. It is clear that similar results were noted in the lattice structures under BC1, BC2 

and BC5 when the nodes on YZ (−X), XY (−Z) and XZ (−Y) were fixed in U1, U3 and U2. Conversely, the 

lattice structures under BC3 and BC4 rendered different results due to the free movement of YZ (−X) 

and XY (−Z) in both BCs causing rigid body motion in the XZ plane. Therefore, BC3 and BC4 were not 

appropriate to determine CTE. Accordingly, BC1 was selected to conduct the thermal expansion 

simulation, the same as earlier studies [67, 68, 104]. 

Table 5.4 In-plane CTE of the boundary conditions and their percentage difference compared to BC1. 

Boundary 
Conditions 

In-Plane CTE/ 
× 10−9 K−1 

% Difference 
Compared To BC1 

BC1 1.40 0.0% 

BC2 1.40 0.0% 

BC3 0.31 -77.9% 

BC4 0.68 -51.2% 

BC5 1.40 0.0% 

5.3.3. Finite element mesh: creating partitions for contact  

Lattice structures in this study are composed of the lattice outer part and the cylindrical inner part. 

The two parts were put in contact: the innermost surface of the lattice outer part and the outermost 

surface of the cylindrical inner part, as seen in Figure 5.8. In FE analysis, the contact of the two parts 

was simulated by creating master and slave surfaces. To assign master-slave contacts, two principal 

rules must be followed to achieve the best possible contact simulation. First, the slave surface should 

be the one with the finer mesh. Second, the surface with the softer underlying material should be 

selected as the slave surface, assuming similar mesh densities [130]. To control the master and slave 

nodes on the surfaces in contact, small sections were created with equal mesh densities in both the 

innermost surfaces of the lattice outer part and the outermost surface of the cylindrical inner part, as 

seen in Figure 5.8. By creating equal mesh densities, the first rule of the master-slave contacts was 

ignored. Following the second rule, the contact surfaces on the lattice outer parts were set to be 

master surfaces, whereas the contact surfaces on the cylindrical inner parts were selected as slave 

surfaces due to the cylindrical inner part material (UHMWPE with an elastic modulus = 0.7 GPa) being 

softer than the lattice outer part material (Nylon 12 with an elastic modulus = 1.8 GPa). Figure 5.9 

shows a contour plot of contact pressure between the innermost surface of the lattice outer part and 

the outermost surface of the cylindrical inner part. 
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(a)       (b) 

Figure 5.8 Illustrations of (20 × 20 × 20) mm Iteration 4.1 with partitions for contact (a) the cylindrical inner 

part and (b) the lattice outer part. 

 

Figure 5.9 Contour plot of contact pressure between two surfaces of Iteration 4.1 when the temperature was 

raised. 

5.3.4. Finite element mesh: creating partitions for mesh density reduction 

Without partitions to reduce mesh densities, Iteration 4.1 needed approximately 2,468,572 

tetrahedral elements (123,091 elements for the cylindrical inner part and 2,345,481 elements for the 

lattice outer part), as seen in Figure 5.10a, to obtain a sufficient mesh density to determine the lattice 

structure’s CTE. Computing this meshed geometry entailed a lengthy computational time and many 

processors, which will be presented in Subchapter 6.3. Fortunately, the resources could be optimised 
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by reducing mesh densities in the regions where high stresses did not occur [115]. Figure 5.11 shows 

a contour plot of von Mises stress of Iteration 4.1 that indicated the regions where high stresses 

occurred (marked in the dashed boxes, as seen in Figure 5.11). Accordingly, eight partitions were 

created in the high stress regions with a high mesh density, while the other regions were meshed with 

a coarser mesh density. The steps of this partition creation were described in Subchapter 4.2. The 

mesh density in Iteration 4.1 was reduced to approximately 417,129 tetrahedral elements (123,091 

elements for the cylindrical inner part and 294,038 elements for the lattice outer part), as shown in 

Figure 5.10b, to obtain a sufficient mesh density to determine the lattice structure’s CTE. 

                 

(a) (b) 

 

(c) 

Figure 5.10 Illustrations of converged meshes of (20 × 20 × 20) mm Iteration 4.1: (a) without partitions and (b) 

with partitions in high stress regions and (c) with partitions and highlighted in high stress regions. 
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Figure 5.11 Contour plot of von Mises stress of Iteration 4.1 with the dashed boxes indicating high stress 

regions when the temperature was raised. 

5.3.5. Finite element mesh: mesh type 

Two types of element shapes are commonly utilised for mesh generation: tetrahedral and hexahedral, 

as illustrated in Figure 5.12. Tadepalli et al. [131] suggest that tetrahedral meshing can be easily 

automated, while hexahedral meshing commonly requires user intervention and is labour intensive. 

In addition, compared to hexagonal elements, tetrahedral elements generally provide a more accurate 

description of the complex lattice geometry, such as geometric curvature. However, the number of 

tetrahedral elements required is four to ten times higher than hexahedral elements for the same level 

of accuracy of results [133]. 

                 

(a)    (b)    (c) 

Figure 5.12 Illustrations of mesh element types: (a) the first-order hexahedral element C3D8, b) the first-order 

tetrahedral element C3D4 and (c) the second-order tetrahedral elements C3D10. 

In this research, several attempts were conducted to apply hexahedral elements, such as eight-node 

linear brick elements (C3D8) (as seen in Figure 5.12a) and twenty-node quadratic brick elements 
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(C3D20). These were relatively straightforward to apply on the cylindrical inner part due to its simple 

geometry and highly challenging and time-consuming for the lattice outer part given its complex 

internal geometry. Therefore, the meshing type will not be particularly discussed in this study. 

Two types of tetrahedral elements were applied: four-node linear tetrahedron elements (C3D4) and 

ten-node quadratic tetrahedron elements (C3D10), as shown in Figure 5.12b and Figure 5.12c, 

respectively. C3D4 elements are described as elements that only contain corner nodes (first-order), 

while CD10 are described as elements that contain both corner nodes and mid-side nodes (second-

order). The polynomial functions presented in Equations 5.1 and 5.2, describe the behaviour of the 

displacements of the first-order and second-order tetrahedron elements, respectively. 

𝑃(𝑥) = 𝑎𝑥 + 𝑏 5.1 

𝑃(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 5.2 

where, 𝑥 is the position of the node and 𝑎, 𝑏 and 𝑐 are constant. 

To investigate C3D4 and CD10 elements, the number of tetrahedral elements per unit cell was 

increased from 200,000 to 1,200,000 within a range of the in-plane CTE results (–15.0  10−6 K−1 to 

30.0  10−6 K−1), as shown in Figure 5.13a. For C3D10, a mesh density of 440,000 elements per unit cell 

was sufficient to determine the CTE of the lattice with a deviation of less than −0.4 % from the 

1,200,000 element result, indicating that the result is well converged, as seen in Figure 5.13b. As for 

C3D4, CTE determination required about 930,000 elements, with a deviation of −0.54 % from the 

1,200,000 element result, as shown in Figure 5.13a. 
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(a) 

 

(b) 

Figure 5.13 Finite element mesh density convergence for the low-CTE lattice cell: (a) comparison between 

C3D4 and C3D10, and (b) C3D10 and their deviations [124]. 

In accordance with the presented results, C3D10 elements were chosen for meshing due to the high 

degrees of complexity of the lattice outer part. Two geometries were meshed separately: the lattice 

outer part and the cylindrical inner part. A mesh density was assigned uniformly to the cylindrical inner 

part, while the outer part was assigned two different mesh densities. 
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5.4. Discussion of finite element simulation of lattice structures 

Defining surface-to-surface contact between the outer part and the cylindrical inner part of a lattice 

structure is the core deformation mechanism to control lattice structure’s CTE. By default, 

Abaqus/Standard contact pairings employ a pure master-slave contact algorithm, where nodes on the 

slave surface are unable to penetrate the segments on the master surface [130], as demonstrated in 

Figure 5.14. The algorithm places no restrictions on the master surface; it can penetrate the slave 

surface between slave nodes [134]. Since equal mesh densities were assigned to the innermost 

surfaces of the lattice outer part and the outermost surface of the cylindrical inner part, the second 

rule was applied by setting the lattice outer parts as master surfaces and the cylindrical inner part as 

the slave surface. In reality, this assignment helps prevent the following situation: when two materials 

crash, the softer one experiences damage first, UHMWPE (the slave). 

 

Figure 5.14 Illustration of contact properties between a master surface and a slave surface. 

Creating partitions for mesh density reduction can significantly decrease the mesh density of the 

lattice structure. In Iteration 4.1, mesh density was reduced from 2,468,572 tetrahedral elements to 

417,129 tetrahedral elements. This reduction in mesh density was predominantly observed in the 

lattice outer part, as seen in Figure 5.10. Compared to the lattice structure without partitions, the 

lattice structure with partitions showed a reduction in mesh density of about six times. Table 5.5 

shows that the required RAM and ROM to simulate the lattice structure without partitions were, 

respectively, about four times and seven times larger than the lattice structures with partitions. 

Moreover, the lattice structure without partitions took approximately nine times the required CPU 

period to simulate the one without partitions. 
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Table 5.5 The required RAM, ROM and total CPU time for Iteration 4.1 with and without partitions. 

Criteria Required RAM/ 
MB 

Required ROM/ 
MB 

Total CPU time/ hr 

Without the partitions 9,668 121,887 151.1 

With the partitions 2,378 17,588 16.0 

Various FE simulations were performed to study the effects of element type on the CTE of the lattice. 

Figure 5.13 shows that even at the lowest number of elements (about 200,000 elements), C3D10 

achieved a mesh density convergence with a deviation of only −10.3 %, compared to C3D4 results, 

which showed a much larger deviation. In addition, even with a mesh density two times coarser, 

C3D10 achieved comparative results to those attained by C3D4. According to Equations 5.1 and 5.2, 

second-order elements (C3D10) can have curved edges, whereas the edges of first-order elements 

(C3D4) must remain straight. Therefore, second-order elements were preferred over first-order 

elements due to their superior accuracy and efficiency. 

5.5. Conclusion 

In the thermal expansion simulation, BC1 boundary conditions were considered to be sufficiently 

appropriate to examine the lattice structure’s CTE, as they constrained all the nodes laying on three 

cubic edges of the lattice. In other words, the nodes on the surfaces of the YZ plane, XZ plane and XY 

plane have each become individually symmetrical about the following axes respectively: the -X 

direction, the -Y direction and the -Z direction, as seen in Figure 5.1. The CTE of the lattice structure 

was calculated by examining the displacement change of the nodes on the surfaces opposite to those 

constrained. 

Creating partitions with equal mesh densities to examine surface-to-surface contact could be 

employed to control the number of master and slave nodes to simulate thermal expansion and 

calculate mesh convergence. Creating partitions for mesh density reduction could help minimise 

computational cost and time. 

The type of the employed mesh is another critical parameter to consider. C3D10 were chosen as mesh 

elements in conformity with the high degrees of complexity of the lattice outer part. C3D10 were able 

to achieve satisfactory results with a mesh density nearly two times coarser than that utilised with 

C3D4 elements. 
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6. Lattice structure thermal expansion experiments 

This chapter describes the thermal expansion experiments that have been developed and conducted, 

regarding the flowchart of the thermal expansion experimentation processes for lattice structures (as 

defined in Subchapter 3.4). Lattice structures typically need to be bigger than solid material 

specimens. The unavailability of commercial thermal expansion testing machines that could measure 

the designed lattices with the size of (50 × 50 × 50) mm was found, resulting in inventing an in-house 

thermal expansion measuring machine using an interferometer. In this chapter, the final development 

of the thermal expansion experimentation will be presented. First, method for thermal expansion 

experimentation for lattice structures is described. Second, the selected experimental hardware, 

including the heating system, laser interferometer system and thermal expansion experimental frame, 

are introduced. Third, the experimental correction and uncertainty are discussed. Then, the 

experimental validation and thermal expansion results are presented. Finally, the thermal expansion 

results are discussed, and a conclusion is drawn. 

6.1. Method for thermal expansion experimentation for lattice structures 

This experiment took place at the Manufacturing Metrology Laboratory in the Advanced 

Manufacturing Building, University of Nottingham. In this subchapter, the steps of the creation of a 

thermal expansion measuring machine and its usage for experimentation, referring to Chapter 3, are 

described: 

Step 1: Identify the need for the equipment or machine – A thermal expansion measuring machine 

was needed to measure the thermal expansion of the lattice structures. The expected thermal 

expansion of reference materials and specimens in temperature changes of 4 °C is between 2 × 10−6  

m and 35 × 10−6 m. The required resolution of the displacement measuring system (DMS) was 1 × 10−8  

m, while the resolution of the heating source was one degree Celcius when operating between room 

temperature and 40 °C. 

Step 2: Select a possible system and its mechanisms – As described in Step 1, two main systems were 

needed: heating and displacement measuring systems. The heating system was used to heat the 

lattices from the bottom, while DMS measured the displacement change from the top of the lattices. 

The heating system was divided into two parts: a heat source and a temperature measurement 

system. A hot plate from Cole-Parmer was selected to be the heating source. The temperature 

measurement system consisted of two main parts: a set of thermocouples and a data logger. In this 

experiment, two units of TC-08 thermocouple data loggers were selected to measure a wide range of 
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temperatures with 16 units (channels) of RS PRO Type K thermocouples. Specifications of the hot 

plate, the data logger and the thermocouple are presented in Table 6.1, Table 6.2 and Table 6.3, 

respectively. 

Table 6.1 Specifications of Cole-Parmer StableTemp Ceramic Top Hot Plate [135]. 

Attribute Value 

Top Plate Length and Top Plate Width / cm 18.4  

Top Plate Width/ cm 18.4 

Top Plate Material Ceramic 

Min Temperature/ °C 30 

Max Temperature/ °C 540 

Temperature resolution/ °C 1 

Max Load Capacity/ kg 4 

Hot Plate Height/ cm 9.7 
 

Table 6.2 Specifications of Pico Technology USB TC-08 Temperature Data Logger [136]. 

Attribute Value 

Sensor Type B, E, J, K, N, R, S and T 

Number of Input Channels 8 

Maximum Temperature Measurement/ °C +1200 (J), +1300 (N), +1370 (K), +1760 (S), 
+1820 (B), +400 (T) and +910 (E) 

Temperature Measurement Resolution/ °C 0.025 

Model Number USB TC-08 
 

Table 6.3 Specifications of RS PRO Type K Thermocouple [137]. 

Attribute Value 

Materials Nickel Chromium and Nickel Aluminium 

Temperature range/ °C −75 to +250 

Thermocouple Type Type K 

Probe Diameter/ mm 1/0.2 
 

Regarding DMS, two systems were considered: a CCD camera and a laser interferometer. In general, 

interferometers offer a much higher resolution 1 × 10−9 m than CCD cameras 1 × 10−6 m [5]. 

Accordingly, a laser interferometer system was selected. The Renishaw XL-80 laser interferometer 

with its environmental compensator (XC-80) was selected to measure the thermal expansion of the 

specimens. The laser provides a linear resolution of 1 nm. The environmental compensator was used 

to measure the changes in the environment: air temperature, air pressure, air humidity and material 

temperature. Specifications of the Renishaw XL-80 laser system are shown in Table 6.4. 
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Table 6.4 Specifications of the Renishaw XL-80 laser system [138, 139]. 

Attribute Value 

XL-80 laser kit; laser frequency 
accuracy 

± 0.05 ppm over three years is achieved by thermal control of 
the laser tube’s length within nanometres. 

XL-80 laser kit; linear 
measurement accuracy 

± 0.5 ppm over the whole environmental range, i.e., from 0 °C 
− 40 °C and 650 mbar − 1150 mbar. Readings can be taken at 
up to 50 kHz, with a maximum linear measurement speed of 
4 m/s and a linear resolution of 1 nm, even at maximum 
speed. 

XL-80 laser kit; linear 
measurement range/ m 

0 – 80  

XL-80 laser kit; XL-80 laser 
dimensions/ mm × mm × mm 

214 × 120 × 70 

XL-80 laser kit; XL-80 laser 
weight/ kg 

1.85 

XC-80 compensator kit; 
compensating and operating 
range 

0 °C – 40 °C for air temperature, 650-1150 mbar air pressure, 
0 − 95% RH for air humidity and 0 °C – 55 °C for material 
temperature 

XC-80 compensator kit; accuracy ± 0.2 °C for air temperature, ± 1 mbar for air pressure, ± 6% 
RH for air humidity and ± 0.1 °C for material temperature 

XC-80 compensator kit; XC-80 
compensator weight/ kg 

0.49 

Step 3: Analysis of forces – As described in Subchapter 3.4 Step 3, the only occurring forces were the 

weight of the measuring equipment and the structure itself. The mass of the XL-80 laser 

interferometer was 1.85 kg, which resulted in a negligible force compared to the weight of the metal 

structure. Therefore, there was no need to account for the weight of the interferometer. 

Step 4: Selection of materials – Aluminium was selected for all components in the whole frame as well 

as for the fixtures in the experimental set-up, to avoid thermal misalignment in the system. Using the 

same material (same coefficient of thermal expansion) helped the researcher easily calculate the 

thermal expansion of the system, as presented in Subchapter 2.2.1. 

Step 5: Design of elements – The thermal expansion measuring machine and its mathematical model 

were developed gradually. In the final development stage, many principles were involved in achieving 

an acceptable thermal expansion state, such as a kinematic design for the interferometer, structural 

symmetry, etc. Details will be provided in Subchapter 6.2. 

Step 6: Modification – All structural members of the frame were commercial aluminium extrusions 

with a cross section of (30 x 30) mm, as shown in Figure 6.1. Brackets, screws and nuts were 

appropriately selected according to the size of the structural members and procured from an industrial 

supplier. Their detailed drawings were created using SolidWorks version 2018 and modified in the 

next step to create customised parts, such as kinematic design components. After selecting and 
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modifying components, a final assembly of the designed system was created using SolidWorks version 

2018, as shown in Figure 6.1. 

 

Figure 6.1 Final assembly of the thermal expansion experimental set-up using aluminium extrusions with a 

cross-section of (30 x 30) mm. 

Step 7: Production – Some parts were ordered from industrial suppliers, such as members and their 

joints, while some others, which could not be found in the market, were manufactured at the L2 

Engineering Applications Workshop, University of Nottingham. All components were hand assembled 

into one machine (as seen in Figure 6.2). 
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(a) 

 

 
(b) 

Figure 6.2 The thermal expansion experimental set-up: (a) the first development and (b) the final 
development. 

Step 8: Experimental procedure design – Hardware parts were designed, manufactured and 

assembled in the previous steps. This step involved using two pieces of software to record all 

temperature and displacement data during the entire period of the experiment. Details of the two 

software packages are as follows: 

 PicoLog 6 was the software used for the Pico Technology TC-08 data logger. It provides a 

visual, easy-to-use interface allowing a quick set-up, simple acquisitions, in addition to the 

possibility to record, view and analyse data. It can measure up to eight channels at a time, and 

it can also be combined with another TC-08 data logger to access more channels on the same 

personal computer (PC).  

 CARTO Capture was the software used to operate alongside the Renishaw XL-80 laser 

interferometer for displacement measurement. Displacement data can be measured and 
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automatically corrected when the environmental compensator is installed. The environmental 

compensator (XC-80) is used to correct the displacement data in real-time in response to 

changes in the environment (the air refractive index): air temperature, air pressure, air 

humidity and material temperature. 

In this research, the sampling rate for all software was 10 seconds, which was sufficient for all 

measurements. The temperature changes were measured in four increments (30 °C, 31 °C, 32 °C, 33 

°C and 34 °C) to obtain accurate trends. The final experimental procedures to measure specimen CTEs 

are listed as follows: 

Step 1: Switch on all devices: the PC, the hot plate and the Renishaw XL-80 laser 

interferometer. Run two software packages on the PC: PicoLog 6 and CARTO Capture. 

Step 2: Open the front door of the acrylic box. Then, install the thermocouples onto a 

specimen and place the specimen on top of the aluminium plate and under the 

interferometer’s laser beam, as shown in Figure 6.3. 

            

(a)      (b) 

              

(c)       (d) 

Figure 6.3 Illustration of the positions of the thermocouples and the mirror for (a) steel gauge blocks, (b) the 

nylon 12 lattice outer part, (c) the UHMWPE cylindrical inner part and (d) Iterations 2.4 and 3.1. 

Step 3: Place an optical mirror on top of the specimen. Then, align the laser beam, mirror and 

optic lens as shown in Figure 6.4. Close the acrylic box’s front door. Lights on the 
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interferometer indicated whether the components were aligned by four or five green lights, 

while red or yellow lights indicated a poor signal. In CARTO Capture, the sensor status bar also 

indicated the status of the interferometer: sensor connected and sending data (green), sensor 

not connected (grey), and sensor connected but a fault detected (red). 

           

(a)      (b) 

Figure 6.4 Plane mirror interferometer path set-up: (a) reference path and (b) measurement path, where R is 

the retroreflector, QWP is the quarter wave plate, PBS is the polarisation beam splitter, and M is the optical 

mirror. 

Step 4: This involved the preheating process of the experiment. The hot plate was heated up 

to 30 °C for at least an hour or until the temperature of the specimens reached steady state. 

Step 5: Measure and record all data (displacements and temperatures) via software packages. 

Manually change the hot plate temperature from 30 °C to 31 °C, 32 °C, 33 °C, then 34 °C, 

respectively. Figure 6.5 and Figure 6.6 show the interfaces of PicoLog 6 and CARTO Capture 

during the experiment, respectively. Each pattern duration coincided with the thermal steady 

state of the specimens, as shown in Table 6.5. Pattern 1 was followed for the 40 mm steel 

gauge blocks, 50 mm steel gauge blocks, 60 mm steel gauge blocks, the Nylon 12 lattice outer 

part and the UHMWPE cylindrical inner part. Pattern 2, with a longer duration, was used for 1 

× 2 × 1 lattices of (50 × 50 × 50) mm unit cells of Iterations 2.4 and 3.1. 
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Figure 6.5 Interface of PicoLog 6 during the experiment. 

 

 

Figure 6.6 Interface of CARTO Capture during the experiment. 
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Table 6.5 Duration of the thermal expansion experimentation of the specimens. 

Hot plate 
temperature/ °C 

Pattern 1 Pattern 2 

Time/ 
H:MM 

Duration/ 
minutes 

Time/ 
H:MM 

Duration/ 
minutes 

30 0:00 - 0:05 5 0:00 - 0:05 5 

31 0:05 - 0:45 40 0:05 - 1:20 75 

32 0:45 - 1:25 40 1:20 - 2:35 75 

33 1:25 - 2:05 40 2:35 - 3:50 75 

34 2:05 - 2:45 40 3:50 - 5:05 75 

Step 6: Analyse all data with reference to the equations of thermal expansion of each of the 

metrology frame, the hot plate and the measured unknown. Then, calculate the structure’s 

CTE. Details are described in Subchapter 6.3. 

Step 7: Open the front door of the acrylic box. Take out the mirror and the specimen, then put 

the specimen back on top of the aluminium plate. 

Step 8: Repeat Steps 3 through 7 (at least three times) to collect sufficient data to be plotted. 

Step 9: Experimental validation – Steel gauge blocks with highly precise dimensions were used as 

reference materials. The gauge blocks were selected for three different sizes (lengths): 40 mm, 50 mm 

and 60 mm. Results from the experiment showed that an error of about ± 2 % error was produced 

compared to the reference data (CTE of 11.5 × 10−6 [4]), which was acceptable. 

Step 10: Acceptation of the experimental procedure – The machine was accepted, and the uncertainty 

of the system was determined. The machine was then used to test lattice structures with unknown 

CTEs. 

Step 11: Test specimens – The specimens (the Nylon 12 lattice outer part, the UHMWPE cylindrical 

inner part, the 1 × 2 × 1 lattice of (50 × 50 × 50) mm unit cells of Iterations 2.4 and 3.1) were carefully 

tested following the experimental procedures from Step 8 onwards. Results will be discussed in 

Subchapter 6.5. 

6.2. Experimental hardware design 

The components of the thermal expansion experiment were divided into three main groups: the 

heating system, the displacement measurement system and the thermal expansion experimental 

frame. Other components, such as the vibration isolation table and the PC and its components (as 

shown in Figure 6.2), were excluded from these groups. The vibration isolation table was used to 

isolate vibration noise from the surrounding workspace. The PC and its components were used to 
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collect data from the interferometer system (displacement, air temperature, air pressure and air 

humidity) and from the data loggers (temperature). 

6.2.1. Heating system 

The Cole-Parmer StableTemp Ceramic Top Hot Plate was selected as a heating source in the 

experiment and placed on top of three hex head bolts installed on the vibration isolation table. The 

three bolts were used to adjust the height of the hot plate. An aluminium plate was placed on the top 

surface of the hot plate to stabilise the heat generated by the hot plate. A (200 × 200 × 200) mm acrylic 

box was placed and adhered to the top surface of the hot plate, as shown in Figure 6.7. The acrylic box 

was fitted with three layers of aluminium bubble insulation foil, two of which were placed outside and 

one was placed inside, to insulate the box from inside and outside air, and keep the temperature inside 

it constant. The environmental compensator (a device that is used to improve the measurement 

accuracy of the laser interferometer XL-80), including their air and material temperature sensors and 

a (40 × 40 × 10) mm axial fan, were placed inside the acrylic box. The environmental compensator and 

its sensors were used to compensate the wavelength of the laser beam for changes in air temperature, 

air pressure and relative humidity. The fan was used to stir the air inside the acrylic box to reduce 

temperature gradient due to the vertical air currents. Two holes and one door were manufactured on 

the acrylic box. One square hole was cut on top of the acrylic box to place the gimbal mount with an 

optical window and prevent air turbulence by separating the air inside and outside the acrylic box. A 

second hole was cut on the side of the acrylic box to drive cables outside the box. The front door of 

the acrylic box was used for placing specimens to be examined, specifically on top of the aluminium 

plate. 
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(a) 

 

(b) 

Figure 6.7 Experimental set-up of the heating system. 

6.2.2. Laser interferometer system 

The laser interferometer (Renishaw XL-80 laser), as illustrated in Figure 6.8, was placed above the 

heating system while the laser beam pointed down towards the mirror targeted at the specimen 

(single path technique), as shown in Figure 6.7. Kinematic design principles (as described in Subchapter 

2.2.4) were applied to improve the accuracy and stability of the laser interferometer. The kinematic 

design of this system consisted of three sets of kinematic seats (KBS98, Thorlabs) arranged in a 

triangular pattern on the customised kinematic seats boards, as seen in Figure 6.9. Each kinematic 

seat set was composed of two plates: bottom and top. The bottom plate had a V-groove slot mounted 
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on the bottom kinematic seat board. The top plate had an insert ball that sat on the V-groove of the 

bottom plate and was mounted on the top kinematic seat plate. The three axes defined by the V-

grooves intersected at a common point to maximise the system’s stability. Each kinematic seat has a 

magnet, providing a holding force of about 44.14 N (generated by a mass of 4.5 kg) [140]. The 

measurement optics kit was also mounted on the bottom kinematic seat board. The laser 

interferometer was installed on the top kinematic seat board while the bottom kinematic seats board 

was attached to the metrology frame. 

Additionally, a leaf spring was installed on the body of the interferometer using a fixture, to provide 

an extra holding force for the laser interferometer. The leaf spring acted as a flexure hinge [141], 

allowing the laser interferometer to move only along the Z-axis, as shown in Figure 6.8. All customised 

boards were made of aluminium, being the same material as the metrology frame and the body of the 

laser interferometer, which helped minimise thermal error sources [6]. 

 

Figure 6.8 Schematic representation of the laser interferometer system. 
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Figure 6.9 The bottom kinematic seat board. 

6.2.3. Thermal expansion experimental frame 

The metrology frame was constructed as a closed section frame (as discussed in Subchapter 2.2.3) 

with the concepts of high rigidity and symmetry, as shown in Figure 6.10. The heat sources of the 

thermal expansion measuring machine were the laser interferometer and the hot plate, and the heat 

sources were positioned at the machine’s centre following the thermal centre principle. The 

symmetrical concepts considered in this experiment included symmetry in geometry, heat transfer, 

thermal capacity, and coefficient of thermal expansion (CTE). These design concepts can reduce 

thermal deformation in the frame along the vertical axis [14]. However, temperature fluctuations, 

even in controlled laboratory environments, can cause alignment drift in high-precision measuring 

machines. Therefore, a mathematical model was applied to correct for unwanted thermal expansions 

during the experiment, which will be described in Subchapter 6.3. 

In addition, washers were included in all member connections to prevent any loosening between 

screws and nuts [142]. Levelling was required for the vibration isolation table, the hot plate, the 

metrology frame, and the laser interferometer. Levelling helped align the laser beam of the 

displacement measurement equipment during the course of the experiment. 
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(a) 

 

(b) 

Figure 6.10 Illustration of the thermal expansion measuring machine: (a) front view and (b) side view, which 

can be adjusted by the laser interferometer system in multi-movement: 𝑋 is the translation in the X-axis, 𝜃𝑋 is 

the rotation around the X-axis, 𝑍 is the translation in the Z-axis, 𝜃𝑍 is the rotation around the Z-axis and the 

dashed dotted lines represent lines of symmetry in the Y-axis. 

6.3. Experimental correction and uncertainty 

The results yielded by the thermal expansion measuring machine were the displacement and 

temperature changes of the specimens, which were used to calculate their CTEs. In this research, all 

uncertainty calculations followed internationally accepted guidelines founded in GUM: Guide to the 

Expression of Uncertainty in Measurement [143]. 

In measurement uncertainty, measurement errors can be classified into two types: random and 

systematic, as shown in Figure 6.11. Type A refers to measurement uncertainty evaluations from a 
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statistical analysis perspective, where measured data, such as the standard deviation in a series of 

measurements, are examined [143]. Type B refers to measurement uncertainty evaluations resulting 

from other sources, such as the calibration uncertainty of a used physical reference specimen and the 

published uncertainty of a physical constant [143]. Type B can be divided into two groups: known and 

unknown. The known systematic error can be used to correct measurement results, for example, 

changes in the refractive index of air or thermal effects on the metrology frame. However, 

uncertainties still exist despite these corrections, and unknown systematic errors are included in the 

measurement uncertainty as a standard deviation. 

 

Figure 6.11 Schematic representation of the measurement and its errors. 

To evaluate uncertainties in the thermal expansion measuring machine following the guide presented 

by Richard Leach [144], seven steps can be followed: 

Step 1: Specify the measurement process. 

Step 2: Identify the influencing quantities on the uncertainties. 

Step 3: List any simplifying assumptions and their impact on the measurement. 

Step 4: Form a mathematical model of the measurement in terms of the influencing quantities. 

Step 5: Evaluate the sensitivity coefficients of the influencing quantities. 
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Step 6: Evaluate the standard uncertainties and degrees of freedom of the influencing quantities. 

Step 7: Calculate the combined and expanded uncertainties and degrees of freedom for the overall 

process. 

In the measurement procedure, a specimen with a plane mirror on top was placed on the aluminium 

plate inside the acrylic box. The hot plate heated the specimen. The interferometer measured the 

displacement change of the plane mirror along the Y-axis (as seen in Figure 6.12). Figure 6.12 shows 

schematic representation of the experimental set-up of the thermal expansion measuring machine 

with thermal loop and annotations of all components involved in the thermal loop. The influencing 

quantities were grouped and considered as presented in Table 6.6. 

 

Figure 6.12 Schematic representation of the experimental set-up of the thermal expansion measuring 

machine. 
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Table 6.6 The influencing quantities considered in the experiment. 

Source Attribute 

Laser source • Short and long-term calibration 
• Frequency stability 
• Intensity stability 
• Intensity distribution 
• Wavefront characteristics 
• Polarisation 

Interferometer characteristics 
 

• Collimation/obliquity effects 
• Quality of the optical components  
• Stray beams 
• Diffraction effects 
• Dead path error 
• Air turbulence effects 
• Air refractive index 
• Interferometer noise 

Metrology frame 
 

• Thermal expansion  
• Coordinate orthogonality 
• Abbe error 
• Cosine error 

Hotplate and aluminium plate • Thermal expansion 

Plane mirror • Thermal expansion 

Detection system • Linearity of photodetectors 
• Electronic noise 
• Frequency response 
• Resolution 

Computing/software • Quality of mathematical fits and models 
• Timing errors 

By identifying the specific characteristics of the measurement procedure and considering laboratory 

conditions, some of these influencing quantities could be considered negligible if the effect of an 

influencing quantity was less than 1 × 10−12 m which was diffractometer precision or it had been 

measured to be negligible. Besides, the final uncertainty in length measurements was specific for a 

strict range of conditions and techniques. 

In an attempt to apply Step 3 to this experiment, there were no simplifying assumptions to be made 

with respect to the thermal expansion measuring machine. This experiment was conducted in an 

environment-controlled metrology laboratory, which meets the international standard: ISO/IEC 17025 

General Requirements for the Competence of Testing and Calibration Laboratories [13] and was 

operated by an operator who was applying best laboratory practices. 

The main influencing quantities taken into account are given in the schematic representation of the 

experimental set-up of the thermal expansion measuring machine, shown in Figure 6.12. The known 

systematic errors were the change in the refractive index of the air, thermal effects on the metrology 

frame, thermal effects on the hot plate (including the aluminium plate), thermal effects on the 
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experimental set-up, and dead path length. Random errors were the interferometer noise, the Cosine 

error and Abbe error. From these, the mathematical model of the measurement and its uncertainty 

can be formulated as presented in Subchapters 6.3.1 and 6.3.2: 

6.3.1. Mathematical model of the measurement 

The ideal measured value of displacement obtained by a Michelson interferometer is given by 

𝐿𝜙 =
𝜆

2𝜋
∆𝜙 6.1 

where 𝜆 is the wavelength of the laser source and ∆𝜙 is the difference in phase between the reference 

arm and measurement arm of the interferometer. The non-ideal measured value of displacement 

obtained by a Michelson interferometer is given by 

𝐿 = 𝐿𝜙 + 𝐿𝑛 + 𝐿𝑓 + 𝐿ℎ + 𝐿𝑢 + 𝐿𝑑 + 𝐿𝑖 6.2 

where 𝐿𝑛 is a correction due to a change in the refractive index of the air in which the laser operates, 

𝐿𝑓 is thermal effects on the metrology frame, 𝐿ℎ is thermal effects on the hot plate, 𝐿𝑢 is thermal 

effects on the experimental set-up, 𝐿𝑑 is the dead path length, and 𝐿𝑖 is the measurement set-up, i.e., 

Abbe and Cosine errors.  

Correction due to changes in the refractive index of the air in which the laser operates 

Air pressure, temperature and humidity, are the parameters that can change the refractive index of 

air, were determined throughout the duration of the experiment, using sensors of the XC-80 

environmental compensator located in the acrylic box. The laser interferometer system could then 

automatically compensate linear readings for the effects entailed by changes in local atmospheric 

conditions [138]. The length correction that accounts for the refractive index of air is given by 

𝐿𝑛 = −𝑛 6.3 

where 𝑛 is the refractive index of air and can be found using either the Updated Edlén [145, 146] or 

the Ciddor equation [147]. The equations are established from the relationship of vacuum wavelength, 

air temperature, air pressure, humidity and carbon dioxide content. 
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Correction due to thermal effects on the metrology frame 

During the experiment, the temperature of the metrology frame changed due to changes in the 

ambient temperature. To estimate the thermal expansion of the metrology frame in the vertical 

direction (the Y-axis shown in Figure 6.12), the average temperature change in the vertical structural 

member was measured and the length correction was calculated using  

𝐿𝑓 = 𝛼𝑚𝐿𝑚∆𝑇𝑚 6.4 

where 𝛼𝑚 is the CTE of the material of the metrology frame, 𝐿𝑚 is the length of the metrology frame 

between the vibration isolation table and the laser interferometer beam head in the vertical direction, 

and ∆𝑇𝑚 is the average temperature change of the vertical structural member. 

Correction due to thermal effects on the hot plate 

The effects of the thermal expansion of the hot plate and the aluminium plate were accounted for in 

the displacement measurement system. The hot plate was divided into two parts: the aluminium base 

and the ceramic plate, as shown in Figure 6.12. The temperature change in the ceramic plate was 

assumed to be approximately equivalent to the average temperature change in both the hot plate and 

the aluminium plate. The temperatures of the aluminium base of the hot plate and the aluminium 

plate were measured and the thermal effects were corrected using the length correction given by 

𝐿ℎ = −(𝛼𝑎𝑙𝐿𝑎𝑙∆𝑇𝑎𝑙 + (𝛼ℎ.𝑎𝑙𝐿ℎ.𝑎𝑙∆𝑇ℎ + 𝛼ℎ.𝑐𝑒𝐿ℎ.𝑐𝑒∆𝑇ℎ)) 6.5 

where 𝛼𝑎𝑙 is the CTE of the aluminium plate material, 𝐿𝑎𝑙 is the original length of the aluminium plate 

in the vertical direction, ∆𝑇𝑎𝑙 is the temperature change of the aluminium plate, 𝛼ℎ.𝑎𝑙 is the CTE of the 

aluminium base material, 𝐿ℎ.𝑎𝑙 is the original length of the aluminium base in the vertical direction, 

∆𝑇ℎ is the temperature change of the hot plate, 𝛼ℎ.𝑐𝑒 is the CTE of ceramic plate material and 𝐿ℎ.𝑐𝑒 is 

the original length of the ceramic plate in the vertical direction. 

Correction due to thermal effects on the experimental set-up 

The thermal expansions of each of the metrology frame, the hot plate, and the aluminium plate were 

corrected using the aforementioned equations. However, there are other materials, such as the 

components supported between the aluminium base and the ceramic plate, whose thermal expansion 

was not accounted for and cannot be included as part of the thermal effects on the metrology frame 
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and the hot plate. The thermal expansion of this experimental set-up was measured as a slope 

responding to the temperature change. The length correction is given by 

𝐿𝑢 = −𝑢∆𝑇𝑎𝑙 
6.6 

where 𝑢 is the CTE of a specific length of the experimental set-up, and ∆𝑇𝑎𝑙 is the temperature change 

of the aluminium plate. 

Correction due to the dead path length 

The dead path length is one of the error sources caused by installation. Dead path errors occur when 

a non-zero dead path and environmental conditions change during a measurement. The dead path 

length correction is given by [110] 

𝐿𝑑 = 𝑑
∆𝑛

𝑛2
 6.7 

where 𝑑 is the difference in distance in the air between the reference and measurement retroreflector 

and the beamsplitter, when the laser interferometer measurement is initiated, 𝑛1 is the refractive 

index at the start of the measurement, 𝑛2 is the refractive index at the end of the measurement, and 

∆𝑛 = 𝑛2 − 𝑛1. 

According to Equation 7.7, the interferometer was moved as close to the zero position of the target 

as possible to reduce the dead path length. The dead path will drift the measured displacement by a 

specific length. However, this dead path contribution can be resolved by pre-setting the phase meter 

to zero. 

Correction due to the measurement set-up 

The Abbe error is defined from the measurement axis of the linear interferometer that is offset from 

the mounting surface. A plane mirror was used in this experimental set-up and placed on top of the 

specimens. There was no offset from the mounting surface, and therefore, the abbe error was equal 

to zero.  

A Cosine error occurred in the experiment when the laser beam was not parallel to an axis measured 

by the interferometer. This misalignment error can cause by non-leveling of the interferometer and 

the plane mirror, due to the flatness of a specimen. Cosine errors cause interferometers to measure 
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shorter than the actual distance travelled. The length correction of the Cosine error for the plane 

mirror is given by [110] 

𝐿𝑖 = (1 − 𝑐𝑜𝑠(𝛼)𝑐𝑜𝑠(𝛽))𝐿 6.8 

where 𝛼 represents the angle between the unit vector along the direction of the incident beam 𝑖 ̂and 

the unit vector 𝑁̂ (normal vector describing the orientation of the mirror along the angle 𝛼), and 𝛽 

represents the angle between 𝑁̂ and the direction of motion 𝐷⃑⃑ , as shown in Figure 6.13. 

 

Figure 6.13 Misalignment parameters for a plane-mirror target from “Chapter 4 – Displacement Measuring 

Interferometry” of Handbook of Optical Dimensional Metrology [110]. 

From the experimental set-up in this thesis, 𝛼 could be found with the assumption that the incident 

beam and the reflected beam of the interferometer (with a beam diameter of 7 mm) did not overlap 

about 20 % within the range of displacement between the laser interferometer head and the plane 

mirror. In this case, 𝛼 was equal to 0.12° and 𝛽 was assumed to be the same value as 𝛼. Therefore, 𝐿𝑖 

was equal to 4 × 10−6 𝐿. This error had not been corrected in the non-ideal measured value of the 

displacement (Equation 6.2), therefore, it was included in the combined uncertainty of the 

displacement measurement system. However, it only had a minor effect on the measurement, due to 

the low expansions of the specimens’ measured range (from zero to 31 × 10−6 m). 

6.3.2. Standard uncertainties of the displacement measurement system 

The combined standard uncertainty 𝑢𝑐(𝐿) is used to estimate the standard deviation of the 

distribution of possible length values 𝐿, measured using an interferometer. This value of uncertainty 

is found by summing in quadrature the standard uncertainties 𝑢(𝑥𝑖) of all influencing factors 𝑥𝑖, 

weighted by sensitivity coefficients. According to Section 5.1.2 of the GUM [143], the combined 

standard uncertainty can be written as 
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𝑢𝑐
2(𝐿) = ∑𝑐𝑖

2 𝑢2(𝑥𝑖) + ∑∑[
1

2
𝑐𝑖𝑗

2 + 𝑐𝑖𝑐𝑖𝑗𝑗] 𝑢
2(𝑥𝑖)𝑢

2(𝑥𝑗)

𝑁

𝑗=1

𝑁

𝑖=1

𝑛

𝑖=1

 6.9 

where the sensitivity coefficients 

𝑐𝑖 =
𝜕𝐿

𝜕𝑥𝑖
, 𝑐𝑖𝑗 =

𝜕2𝐿

𝜕𝑥𝑖𝜕𝑥𝐽
, 𝑐𝑖𝑗𝑗 = 

𝜕3𝐿

𝜕𝑥𝑖𝜕𝑥𝑗
2 6.10 

are the partial derivatives of the mathematical model. Note that Equation 6.9 assumes that the input 

quantities are either independent or correlated. From Equation 6.9, the combined standard 

uncertainty is applied to the mathematical model, which is given by 

𝑢𝑐
2(𝐿) = 𝑐𝐿𝜙

2 𝑢𝑐
2(𝐿𝜙) + 𝑐𝐿𝑛

2 𝑢𝑐
2(𝐿𝑛) + 𝑐𝐿𝑚

2 𝑢𝑐
2(𝐿𝑚) + 𝑐𝐿ℎ

2 𝑢𝑐
2(𝐿ℎ) + 𝑐𝐿𝑢

2 𝑢𝑐
2(𝐿𝑢) + 𝑐𝐿𝑑

2 𝑢𝑐
2(𝐿𝑑)

+ 𝑐𝐿𝑖

2 𝑢𝑐
2(𝐿𝑖) + ℎ𝑖𝑔ℎ𝑒𝑟 𝑜𝑟𝑑𝑒𝑟 𝑡𝑒𝑟𝑚𝑠 

6.11 

where the sensitivity coefficients, 𝑐𝑖, for the first order terms are 

𝑐𝐿𝜙
=

𝜕𝐿

𝜕𝐿𝜙
, 𝑐𝐿𝑛

=
𝜕𝐿

𝜕𝐿𝑛
, 𝑐𝐿𝑚

=
𝜕𝐿

𝜕𝐿𝑚
, 𝑐𝐿ℎ

=
𝜕𝐿

𝜕𝐿ℎ
, 𝑐𝐿𝑢

=
𝜕𝐿

𝜕𝐿𝑢
, 𝑐𝐿𝑑

=
𝜕𝐿

𝜕𝐿𝑑
, 𝑐𝐿𝑖

=
𝜕𝐿

𝜕𝐿𝑖
 6.12 

To evaluate the uncertainty of input quantities, all input quantities need to be converted into standard 

uncertainties. In Type B uncertainty evaluation, data can commonly be represented as a rectangular 

distribution. Section 4.3.7 of the GUM [143] suggests that it may be possible to estimate the 

boundaries of an input quantity (with an upper limit of  +𝑎 and a lower limit of – 𝑎 for a range of 

equally probable values), if the data used to estimate the uncertainty distribution of an influencing 

parameter are limited. Following Section 4.3.7 of the GUM [143], the standard uncertainty of a given 

specification 𝑎 and a meter read-out of resolution 𝑏 can be found by integrating over the rectangular 

distribution to give 𝑎 √3⁄  and 𝑏 √12⁄ , respectively. 

Standard uncertainty due to the optical difference path 

The calibration of the laser interferometer was calibrated by comparison to a reference HeNe laser 

(routinely calibrated against an iodine-stabilised HeNe laser supplied by the National Physics 

Laboratory) using an optical beat frequency technique. The calibration was carried out by Renishaw 

and the uncertainty of the measurement (K = 2) was ± 1 × 10−8 m over 1 hour. Moreover, the laser 

interferometer noise was measured in an environment-controlled metrology laboratory by the 

operator, and the laser interferometer noise measured over 10 seconds was 9 × 10−9 m. This 
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uncertainty resembles Type A uncertainty. Therefore, the laser interferometer noise is not included in 

this analysis. 

Standard uncertainty due to the change in the refractive index of the air in which the laser 

operates 

As described Subchapter 6.3.1, air pressure, temperature, and humidity are the parameters that can 

change the refractive index of air. Fortunately, the complicated equations (the updated Edlén 

equation [145, 146] and Ciddor equation [147]) were evaluated under standard conditions (P = 

1013.25 hPa, T = 293.15 K, and H = 50 %RH) to yield the sensitivities  𝑇𝑎, 𝑝𝑎, and 𝐻 of the refractive 

index of air with respect to changes in temperature, pressure, and humidity. The values of the 

sensitivities are presented in Table 6.7. 

Table 6.7. Sensitivity of the measured length 𝐿 with respect to environmental (atmospheric) conditions on a 

laser interferometer system [15]. 

Environmental Condition Change Or Uncertainty 
Change Or Uncertainty In The 
Indicated Measured Length 𝑳 

Per Metre 

Air temperature 𝑇𝑎 1 °C 0.93 × 10−6 m 

Air pressure 𝑝𝑎 1 hPa −2.68 × 10−6 m 

Humidity 𝐻 1 %RH 0.009 × 10−6 m 
 

In this experimental set-up, an environmental compensator was used to real-time correct the change 

in the refractive index of the air during performing the experiment. Therefore, the uncertainties 

resulting from the change in the refractive index of air can only be found by the accuracy of the air 

temperature, the air pressure and the air humidity sensors (found in the Technical white paper: TE329 

[138]). Table 6.8 summarises the contributions of the measurement of the refractive index of air to 

the uncertainty. 
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Table 6.8 Summation of uncertainties due to the measurement of the refractive index of air. 

Source Size ÷ 
Standard 

Uncertainty 
Sensitivity 
Coefficient 

Sensitivity 
Description 

Contribution 

Accuracy of the 
air temperature 

sensor 
0.2 °C √3 0.12 °C 

9.30 × 
10−7𝐿/°C 

𝑇𝑎𝐿 1.07 × 10−7 𝐿 

Accuracy of the 
air pressure 

sensor 
1 hPa √3 0.58 Pa 

2.68 × 
10−7𝐿/hPa 

𝑝𝑎𝐿 1.56 × 10−7 𝐿 

Accuracy of the 
air humidity 

sensor 
6 %RH √3 3.46 %RH 

9.00 × 10−9 
 𝐿/%RH 

𝐻𝐿 3.12 × 10−8 𝐿 

Accuracy of the 
Edlén equation 

3 × 10−8 m 3.00 1 × 10−8 m 𝐿/m 𝐿 1.00 × 10−8 𝐿 

      1.92 × 10−7 𝐿 

Standard uncertainty due to thermal effects on the metrology frame 

The correction due to thermal effects on the metrology frame was calculated by applying the thermal 

expansion equation in the measuring direction (the Y-axis, as shown in Figure 6.12). It is worth 

mentioning, however, that additional uncertainties originated from measuring devices and tools, such 

as the thermocouple set and a tape meter used for measuring the length of the metrology frame in 

the Y-axis. The estimated difference in the CTE of the metrology frame was taken into account and 

deemed to be reliable by 10 % compared to 𝛼𝑚 (23.8 × 10−6 K−1 [121]). Table 6.9 summarises the 

contributions of the thermal effects on the metrology frame to the uncertainty. 

Table 6.9 Summation of uncertainties due to the thermal effects on the metrology frame. 

Source Size ÷ 
Standard 

Uncertainty 
Sensitivity 
Coefficient 

Sensitivity 
Description 

Contribution 

Thermocouple 
set resolution 

0.025 °C √12 
7.22 × 10−2 

°C 
3.53 × 

10−11 m/°C 
𝐿𝑚 × 𝛼𝑚 2.55 × 10−13 m 

Frame 
temperature 
fluctuation 

0.039 °C 1 
3.90 × 10−2 

°C 
3.53 × 

10−11 m/°C 
𝐿𝑚 × 𝛼𝑚 1.38 × 10−12 m 

Tape meter 
resolution 

1.00 × 
10−3 m 

√12 
2.89 × 10−4 

m 
9.28 × 10−6 

°C/°C 
∆𝑇𝑚 × 𝛼𝑚 2.68 × 10−10 m 

Difference in CTE 
of the frame 

2.38 × 
10−6 /°C 

√3 
1.37 × 10−6 

/°C 
5.79 × 10−8 

m·°C 
𝐿𝑚 × ∆𝑇𝑚 7.96 × 10−14 m 

      2.68 × 10−10 m 

Standard uncertainty due to thermal effects on the hot plate 

The uncertainties caused by thermal effects on the hot plate were divided into three parts according 

to the components: aluminium plate, ADC12 aluminium base and ceramic plate. The aluminium base 

and the ceramic plate lengths were measured using a calliper, while the aluminium plate length was 
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provided by the manufacturer [148]. 𝛼𝑎𝑙, 𝛼ℎ.𝑎𝑙 and 𝛼ℎ.𝑐𝑒 are assumed to be 23.8 × 10−6 K−1 [121], 21.1 

× 10−6 K−1 [149], and 3.32 × 10−6 K−1 [150], respectively. The difference in the CTEs of the components 

are taken into account and deemed to be reliable by 10 % of their CTEs. Table 6.10 summarises the 

contributions of the thermal effects on the hot plate in the uncertainty. 

Table 6.10 Summation of uncertainties due to the thermal effects on the hot plate. 

Source Size ÷ 
Standard 

Uncertainty 
Sensitivity 
Coefficient 

Sensitivity 
Description 

Contribution 

Thermocouple set 
measured 

aluminium plate 
resolution 

0.025 °C √12 
7.22 × 10−5 

°C 
2.93 × 10−11 

m/°C 
𝐿𝑎𝑙 × 𝛼𝑎𝑙 2.11 × 10−13 m 

Aluminium plate 
temperature 
fluctuation 

0.064 °C 1 
3.70 × 10−2 

°C 
2.93 × 10−11 

m/°C 
𝐿𝑎𝑙 × 𝛼𝑎𝑙 1.88 × 10−12 m 

The difference in 
the CTE of 

aluminium plate 

2.38 × 
10−6 /°C 

√3 
1.37 × 10−6 

/°C 
7.88 × 10−8 

m·°C 
𝐿𝑎𝑙 × ∆𝑇𝑎𝑙 1.08 × 10−13 m 

Thermocouple set 
measured 

aluminium base 
resolution 

0.025 °C √12 
7.22 × 10−3 

°C 
7.67 × 10−12 

m/°C 
𝐿ℎ.𝑎𝑙 × 𝛼ℎ.𝑎𝑙 5.54 × 10−14 m 

Aluminium base 
temperature 
fluctuation 

0.049 °C 1 
2.83 × 10−2 

°C 
7.67 × 10−12 

m/°C 
𝐿ℎ.𝑎𝑙 × 𝛼ℎ.𝑎𝑙 3.76 × 10−13 m 

Calliper measured 
aluminium base 

accuracy 

2.00 × 
10−5 m 

√3 5.77 × 10−6 m 
1.03 × 10−6 

°C/°C 
∆𝑇ℎ × 𝛼ℎ.𝑎𝑙 1.19 × 10−11 m 

Difference in the 
CTE of aluminium 

base 

2.11 × 
10−6 /°C 

√3 
1.22 × 10−6 

/°C 
1.78 × 10−8 

m·°C 
𝐿ℎ.𝑎𝑙 × ∆𝑇ℎ 2.17 × 10−14 m 

Thermocouple set 
measured 

ceramic plate 
resolution 

0.025 °C √12 
7.22 × 10−3 

°C 
4.50 × 10−14 

m/°C 
𝐿ℎ.𝑐𝑒 × 𝛼ℎ.𝑐𝑒 3.25 × 10−16 m 

Ceramic plate 
temperature 
fluctuation 

0.049 °C 1 
2.83 × 10−2 

°C 
4.50 × 10−14 

m/°C 
𝐿ℎ.𝑐𝑒 × 𝛼ℎ.𝑐𝑒 2.21 × 10−15 m 

Calliper measured 
ceramic plate 

accuracy 

2.00 × 
10−5 m 

√3 5.77 × 10−6 m 
1.63 × 10−7 

°C/°C 
∆𝑇ℎ × ∆ℎ.𝑐𝑒 1.88 × 10−12 m 

Difference in the 
CTE of ceramic 

base 

3.32 × 
10−7 /°C 

√3 
1.92 × 10−7 

/°C 
6.65 × 10−10 

m·°C 
𝐿ℎ.𝑐𝑒 × ∆𝑇ℎ 1.27 × 10−16 m 

      1.22 × 10−11 m 
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Standard uncertainty due to thermal effects on the experimental set-up 

Thermal expansion from the experimental set-up was measured as a slope that corresponded to the 

temperature change, for the purpose of correcting the measured length. A change in the measured 

𝑥0 was noticed following ∆𝑇𝑎𝑙, yielding a slope of 3.39 ± 0.57 × 10−7 m/ °C. Table 6.11 summarises the 

contributions of the thermal effects on the experimental set-up to the uncertainty. 

Table 6.11 Summation of uncertainties due to the thermal effects on the experimental set-up . 

Source Size ÷ 
Standard 

Uncertainty 
Sensitivity 
Coefficient 

Sensitivity 
Description 

Contribution 

Thermocouple 
set resolution 

0.025 °C √12 
7.22 × 10−3 

°C 
5.70 × 10−8 

m/°C 
𝑥0 ∆𝑇𝑎𝑙⁄  4.11 × 10−10 m 

Aluminium 
temperature 
fluctuation 

0.059 °C 1 
5.90 × 10−2 

°C 
5.70 × 10−8 

m/°C 
𝑥0 ∆𝑇𝑎𝑙⁄  3.36 × 10−9 m 

Slope 
5.70 × 

10−8 m/°C 
1 

5.7 × 10−8 
m/°C 

0.059 °C ∆𝑇𝑎𝑙 3.36 × 10−9 m 

      4.77 × 10−9 m 

Standard uncertainty due to the dead path length 

The corresponding uncertainty contributions from the dead path were caused by the devices and tools 

used to measure the reflective index, the difference in the air between the reference and 

measurement retroreflectors, and the beamsplitter. Table 6.12 summarises the contributions caused 

by the dead path length to the uncertainty. 

Table 6.12 Summation of uncertainties caused by the dead path length. 

Source Size ÷ 
Standard 

Uncertainty 
Sensitivity 
Coefficient 

Sensitivity 
Description 

Contribution 

Accuracy of air 
temperature 

sensor 
0.2 °C √3 0.12 °C 

5.20 × 10−13 
m/°C 

𝑇𝑎𝑑 6.00 × 10−14 m 

Accuracy of air 
pressure sensor 

1 hPa √3 0.58 hPa 
1.51 × 10−13 

m/hPa 
𝑝𝑎𝑑 8.71 × 10−14 m 

Accuracy of air 
humidity sensor 

6 %RH √3 3.46 %RH 
5.03 × 10−15 

m/%RH 
𝐻𝑑 1.74 × 10−14 m 

Tape meter 
resolution 

1.00 × 
10−3 m 

√12 2.89 × 10−4 m 2.50 × 10−6 
∆𝑛

𝑛2
 7.21 × 10−10 m 

      7.21 × 10−10 m 

Standard uncertainty due to the measurement set-up 

There will always be an angular misalignment between the measurement axis and the direction of the 

motion caused by the Cosine error. The contribution is proportional to the measurement. However, 
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the Cosine error has not been corrected for in the mathematics model (Equation 6.2). Therefore, it 

will be accounted for in the combined uncertainty instead. 

Expanded uncertainty 

The expanded uncertainty is used to express uncertainties provided by the measured value within the 

uncertainty range of the unknown true value. To calculate the expanded uncertainty for length 

measurement, the input quantities of all sources of measurement uncertainties need to be estimated 

with respect to their degrees of freedom. According to Section G.3.3 in the GUM [143], the degrees of 

freedom 𝑣 for Type A uncertainty evaluation are equal to the number of observations minus one (𝑛 − 

1) for a single quantity estimated by the arithmetic mean of 𝑛 independent observations. If 𝑛 are used 

to determine both the slope and intercept of a straight line using the least squares method, the 

degrees of freedom of their respective standard uncertainties are the number of observations minus 

two (𝑛 − 2). As for Type B uncertainty evaluation, the degrees of freedom can be estimated by the 

uncertainty of the uncertainty ∆𝑢 𝑢⁄  or via obtaining scientific judgement based on the available 

information (e.g., the value of 𝑢 is reliable to about 25 %, which makes ∆𝑢 𝑢⁄  equal to 0.25). The 

degrees of freedom of the estimation of uncertainty are given by (Section G.4.2 in the GUM [143]) 

𝑣𝑖 ≈
1

2
[
∆𝑢(𝑥𝑖)

𝑢(𝑥𝑖)
]

−2

 6.13 

Section G.4.3 in the GUM [143] states that the number of degrees of freedom of Type B evaluation of 

standard uncertainty, obtained from rectangular distributions, is assumed to be infinite, or implies 

that the probability of a measured value lying outside the bounds (within  ±𝑎) of the distribution is 

extremely small. 

As a result, the degrees of freedom of all influencing parameter uncertainties are combined to yield 

an overall uncertainty called the “effective degrees of freedom” 𝑣𝑒𝑓𝑓, obtained from the Welch-

Satterthwaite formula given by (Section G.4.1 in the GUM [143]) 

𝑣𝑒𝑓𝑓 =
𝑢𝑐

4(𝑥)

∑
𝑢𝑖

4(𝑥)
𝑣𝑖

𝑁
𝑖=1

 6.14 

By applying Equation 6.13 and Equation 6.14, the degrees of freedom of all uncertainties in the 

thermal expansion measuring system with their combined standard uncertainties are presented in 

Table 6.13 
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Table 6.13 Summation of sources of uncertainty and their associated degrees of freedom. 

Source Of Uncertainties Uncertainty/ nm Degree Of Freedom 

Air refractive index 0.19 𝐿 ∞ 

Thermal effects on the metrology frame 0.3 39 

Thermal effects on the hot plate (including the 
aluminium plate) 

0.01 42 

Thermal effects on the experimental set-up  4.8 10 

Dead path error 0.7 ∞ 

Abbe error 0 ∞ 

Cosine error 4 𝐿 ∞ 

After estimating all standard uncertainties and their degrees of freedom, the expanded uncertainty is 

next to be estimated. The expanded uncertainty 𝑈 is defined as the combined uncertainty 

𝑢𝑐(𝐿) multiplied by a coverage factor 𝑘 (Section 6.2.1 in the GUM [143]), which can be written as 

𝑈 = 𝑘𝑢𝑐(𝐿) 6.15 

where the value of 𝑘 is chosen based on the level of confidence that would facilitate the interpretation 

of the uncertainty and the number of degrees of freedom. Generally, 𝑘 is in the range of 2 to 3 (Section 

6.3.1 in the GUM [143]). 

From Table 6.13, the combined standard uncertainty and the effective degrees of freedom can be 

calculated using Equation 6.9 and Equation 6.14. The combined standard uncertainty is equal to 

√4.82 + (4𝐿)2 nm with effective degrees of freedom of 10. A level of confidence of 95 % is assumed, 

and the coverage factor of 𝑘 is equal to 2.23. 

For example, if 𝐿 were equal to (3.1 × 10−5) mm (the maximum measured value in this experiment), 

then 𝑢𝑐
2(𝐿) would equal 4.84 nm, and if 𝐿 were equal to (1 × 10−8) mm, then 𝑢𝑐

2(𝐿) would equal 4.84 

nm. It can be noticed that the length-dependent uncertainty contribution is negligible. The uncertainty 

in the thermal expansion measuring system is quoted as 4.84 nm at a coverage factor 𝑘 = 2.23 with 

10 degrees of freedom. This is fit for the purpose of measuring the CTE’s of the lattices based on 

predictions of their thermal expansion. This demonstration does not include Type A uncertainty of the 

measurement presented in Subchapter 6.4. 
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6.4. Experimental validation and results 

6.4.1. Experimental validation 

Throughout the course of its development, the heating system was improved several times via the 

modification of its components using temperature data in specific locations. The purpose was to 

eliminate heat dissipation in the acrylic box. 

Figure 6.14a shows the air temperature in the acrylic box, the aluminium plate, the outer surface of 

the acrylic box, and the metrology frame. To examine the temperature of all components, the surface 

temperature of the hot plate was increased by 1°C four times, each step lasting approximately 45 

minutes. When the temperature changed, a change was rapidly noticed in the temperature of the air 

in the acrylic box and the aluminium plate, while the temperature of the metrology frame was not 

affected. This occurrence of this phenomenon was expected. However, the temperature of the outer 

surface of the acrylic box slightly varied, meaning that heat in the acrylic box dissipated to the 

environment. Accordingly, three layers of the aluminium bubble insulation foil were applied, which 

prevented the temperature of the outer surface of the acrylic box from changing during the 

experiment, as shown in Figure 6.14b. 

       

(a)      (b) 

Figure 6.14 The air temperature in the acrylic box, the aluminium plate, the outer surface of the acrylic box, 

and the metrology frame (a) before installing the layers of the aluminium bubble insulation foil and (b) after 

installing the layers of the aluminium bubble insulation foil. 

After applying the aluminium bubble insulation foil, the average temperature of a specimen (50 mm 

steel gauge box) was examined. It can be noticed that the average temperature of the specimen and 

the temperature of the air in the acrylic box were increased, as shown in Figure 6.15b. However, the 
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air temperature in the acrylic box fluctuated considerably compared to other data. An axial fan was 

installed in the heating system to circulate the airflow inside the acrylic box, resulting in a low 

fluctuation in the air temperature in the acrylic box (as seen in Figure 6.15c). Moreover, the average 

temperature of the specimen and the air temperature in the acrylic box approached the temperature 

of the aluminium plate, which meant that the performance of the heating system was improved. 

        

(a)      (b) 

 

(c) 

Figure 6.15 Temperature of the air in the acrylic box, the aluminium plate, and the average temperature of the 

50 mm steel gauge box (a) before the installations, (b) after installing the layers of the aluminium bubble 

insulation foil, and (c) after installing the layers of the aluminium bubble insulation foil and the axial fan. 

Following the improvement of the heating system and the laser interferometer system through 

correcting the mathematical model, three sizes (lengths of 40 mm, 50 mm and 60 mm) of steel gauge 

blocks were selected as reference materials with a CTE of 11.5 × 10−6 K−1. This CTE value was taken 

from the Good Practice Guide No. 149 by NPL [4], however, it can vary by 10 % according to ISO 3650. 
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Figure 6.16 shows the CTE results of the three different sizes of the steel gauge blocks. Compared to 

the given datasheet, the percentage errors of the measured CTEs of the reference materials were 

approximately ± 2 %, which meets the requirement, as described in Chapter 3. 

 

Figure 6.16 CTE results of the three different sizes of the steel gauge blocks. 

6.4.2. Experimental results 

The Nylon 12 lattice outer part, the UHMWPE cylindrical inner part, Iteration 2.4 and Iteration 3.1 

were selected for manufacture and testing as part of the thermal expansion experimentation. The 

CTEs of the Nylon 12 lattice outer part and the UHMWPE cylindrical inner part were tested for yielding 

the CTS values indicated in their respective datasheets. The 1 × 2 × 1 lattices of Iterations 2.4 and 3.1 

were chosen to demonstrate whether the designed lattice could tailor the thermal expansion of their 

structures or not. A 1 × 2 × 1 lattice was selected instead a 1 × 1 × 1 lattice due to the inability of the 

former to be placed horizontally with two edges supported, as illustrated in Figure 6.17. 
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(a) 

 

(b) 

 

(c) 

Figure 6.17 Illustration of the lattice structures placed in the experimental set-up: (a) a 1 × 2 × 1 lattice with a 

plane mirror (b) a 1 × 1 × 1 lattice and (c) a 3D view of the 1 × 1 × 1 lattice (three axes indicate the object 

coordinates). 

The final iteration (4.1) was not selected as it could not be placed on the side, as illustrated for Iteration 

3.1’s position, as shown in Figure 6.17, due to the risk of separating design functions. The placement 

of a lattice of Iteration 4.1 along the X- and Z- axes (as illustrated in Figure 6.17) provided a more 

significant deformation, which was essential as the weight of the cylindrical inner part requires 
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support, especially around the deformation mechanism region of the structure. This could be resolved 

by measuring the lattice structure of Iteration 4.1 at the design position (as seen in Chapter 4) with a 

horizontal dilatometer. However, developing a horizontal dilatometer requires much more time than 

available for this PhD project. 

For each specimen, the average measured displacement (𝐿) and its standard deviation were calculated 

for the combined uncertainty, the expanded uncertainty, and the CTE computed from the expanded 

uncertainty, as shown in Table 6.14. Each individual specimen was assigned a set of values for the 

aforementioned quantities and calculations were made separately. Each combined uncertainty was 

quadratically summed from the standard deviation (Type A) and the Type B uncertainty value (as 

described in Subsection 7.2). The CTEs values, including the expanded uncertainties of all specimens, 

are presented in Table 6.15. The final results of the measurement can be stated as: 

For a 50 mm steel gauge block, the CTE equalled (11.5 ± 2.42) × 10−6 K−1, where the number following 

the symbol ± is the numerical value of the expanded uncertainty 𝑈 = 𝑘𝑢𝑐, with 𝑈 determined from a 

combined standard uncertainty 𝑢𝑐 = (1.05 × 10−6) K−1 and a coverage factor 𝑘 = 2.26 based on a 𝑡-

distribution for 𝑣 = 9 degrees of freedom, defining an interval estimated to have a level of confidence 

of 95 %. The corresponding relative expanded uncertainty is 𝑈 𝐶𝑇𝐸⁄  = 0.210. 

For the 1 × 2 × 1 lattice of Iteration 3.1, the CTE equalled (86.5 ± 5.70) × 10−6 K−1, where the number 

following the symbol ± is the numerical value of the expanded uncertainty 𝑈 = 𝑘𝑢𝑐, with 𝑈 

determined from a combined standard uncertainty 𝑢𝑐 = (2.59 × 10−6) K−1 and a coverage factor 𝑘 = 

2.20 based on a 𝑡-distribution for 𝑣 = 11 degrees of freedom, defining an interval estimated to have a 

level of confidence of 95 %. The corresponding relative expanded uncertainty is 𝑈 𝐶𝑇𝐸⁄  = 0.066. 
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Table 6.14 Summation of the expanded uncertainty of all specimens. 

Material 
Original 
Length/ 

mm 

Average Measured 
Displacement (𝑳)/ × 10−6 

m 

Average 
Measured 

Temperature 
Change On The 
Specimen (∆𝑻)/ 

°C 

𝒏 
𝒖𝒄(𝑳)/ × 

10−6 m 
𝒗𝒆𝒇𝒇(𝑳) 𝒌 

𝑼𝟗𝟓 / 
× 10−6 

m 

𝒖𝒄(𝑳) CTE/ × 
10−6 K−1 

Expanded 
Uncertainty CTE/ 

× 10−6 K−1 
Mean SD (Type A) 

Steel GB 40 4.81 0.16 3.825 5 0.16 4 2.78 0.44 1.05 2.90 

Steel GB 50 5.97 0.21 3.928 10 0.21 9 2.26 0.48 1.07 2.42 

Steel GB  60 5.62 0.26 3.717 5 0.26 4 2.78 0.72 1.17 3.24 

Nylon 12 45.3 20.52 0.24 3.352 5 0.24 4 2.78 0.67 1.58 4.39 

UHMWPE 50.1 30.43 1.59 2.876 5 1.59 4 2.78 4.41 11.0 30.6 

Iteration 
2.4 

49.9 17.27 0.93 2.799 6 0.93 5 2.57 2.39 6.66 17.1 

Iteration 
3.1 

49.9 15.94 0.38 2.943 12 0.38 11 2.20 0.84 2.59 5.70 

 

Table 6.15 Summation of the coefficients of thermal expansion of all specimens. 

Material 
Original 

Length/ mm 
CTE From Data Sheets Or 

Simulations/ × 10−6 K−1 
CTE From The 

Experiment/ × 10−6 K−1 
CTE Percentage Difference Between Data 

Sheets Or Simulations And The Experiment/ % 

Steel gauge block 40 11.5 11.3± 2.90 −1.7 

Steel gauge block 50 11.5 11.5± 2.42 0.0 

Steel gauge block 60 11.5 11.7± 3.24 1.7 

Nylon 12 45.3 109 111.1± 4.39 1.9 

UHMWPE 50.1 200 178.5± 30.60 −10.8 

Iteration 2.4 49.9 36.8 94.9± 17.10 157.9 

Iteration 3.1 49.9 12.5 86.5± 5.70 592.0 
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6.5. Determination of the main influencing factors on CTE results of Iteration 3.1 

Iteration 3.1 was selected to perform the thermal expansion experiment whether the designed lattice 

could tailor the thermal expansion of their structures while Iteration 4.1 was not selected as it could 

not be placed on the side, due to the risk of separating design functions, as described in Subchapter 

7.3.2. Referring to the difference in the CTE results of the thermal expansion experimentation and the 

thermal expansion simulation (as discussed in Subchapter 6.4), six potential key parameters were 

investigated for their influences on the lattice structure’s CTE using the thermal expansion simulation. 

The potential key parameters were grouped into two categories: physical geometries and material 

properties. Three physical geometries selected for the investigation were the ratio 𝐷 𝐿⁄ , the 

deformation mechanism region thickness and the connecting rod diameter, as shown in Figure 6.18b. 

The other category investigated was material properties, including the ratio 𝛼2 𝛼1⁄ , the ratio 𝐸2 𝐸1⁄  

and the coefficient of friction between two materials (COF). All potential key parameters varied from 

−0.2 to 0.2, except for the 𝐷 𝐿⁄ . The 𝐷 𝐿⁄  varied from −0.2 to 0.1 as it reached the maximum ratio 

(about 0.096) that the lattice was designed for. The examined range was selected with the assumption 

that the actual values would not exceed this range. A (20 × 20 × 20) mm unit cell of Iteration 3.1 was 

selected to demonstrate the main influencing factors on CTE results. The lattice outer and cylindrical 

inner parts were modelled with Nylon 12 and UHMWPE, respectively. 

      

(a)        (b) 

Figure 6.18 Illustration of Iteration 3.1 showing (a) a unit cell with the location of the cross-sectional area, and 

(b) the cross-section of the unit cell with annotations. 

To reflect CTEs as close as possible to the actual result, the CTEs from the thermal expansion 

experimentation (as explained in Subchapter 6.4) were used in the thermal expansion simulation. 

During the thermal expansion experimentation, the CTEs of the specimens in Nylon 12 and UHMWPE 

were measured to be 111 × 10−6 K−1 and 178.7 × 10−6 K−1, respectively. The ratio of 𝛼2 𝛼1⁄  was 
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approximately equal to 1.61. Material properties were kept unaltered during the thermal expansion 

simulation, with CTEs being the only redefined values, as mentioned in Subchapter 4.2. 

Figure 6.19 shows differences in the in-plane CTE results of Iteration 3.1 when potential key 

parameters were varied (from −0.2 to 0.2), compared to the original design (in-plane CTE of 11.9 × 

10−6 K−1). The 𝛼2 𝛼1⁄  parameter rendered the highest range of the in-plane CTE, being −80 × 10−6 K−1 

to 90 × 10−6 K−1. The second highest range was reached when 𝐷 𝐿⁄  was varied, such that the in-plane 

CTE ranged between −6 × 10−6 K−1 and 47 × 10−6 K−1. When the relative change of 𝐷 𝐿⁄   was greater 

than zero (the original design), the tailorable thermal expansion of its structure reached its limit, 

resulting in only a slight difference in CTE from the original design. The rest of the potential key 

parameters were considered less dominant, with the in-plane CTE ranging between −8 × 10−6 K−1 and 

10 × 10−6 K−1. To perform an in-depth analysis of the plots, a −0.1 relative change to all six potential 

key parameters was made to compare the effects of key parameters on the lattice structure’s CTE, as 

shown in Table 6.16. It is clear that the ratios 𝐷 𝐿⁄  and 𝛼2 𝛼1⁄  were the two major influencing factors 

that affected the lattice’s CTE for a −0.1 relative change, with the following CTE values respectively: 

27.33 × 10−6 K−1 and 37.83 × 10−6 K−1, respectively, for a −0.1 relative change in the parameter. 

 

Figure 6.19 Differences in the in-plane CTE of Iteration 3.1 when potential key parameters were varied from 

−0.2 to 0.2. 

 

 

 



178 

Table 6.16 The potential key parameter changed and their effects on the in-plane CTE of Iteration 3.1. 

Attribute Original Value 
Relative Change 

In The Parameter 

Parameter Changed 
Effects On The In-

Plane CTE/ × 10−6 K−1 

𝜶𝟐 𝜶𝟏⁄  1.61 −0.1 37.83 

𝑫 𝑳⁄  0.73 −0.1 27.33 

Deformation 
section thickness 

0.01𝐿 −0.1 −1.05 

Connecting rod 
diameter 

0.06𝐿 −0.1 −3.74 

𝑬𝟐 𝑬𝟏⁄  0.38 −0.1 −0.26 

Coefficient of 
friction (COF) 

0.1 −0.1 −0.08 

Note that the original values are: 𝛼2 = 178.7 × 10−6 K−1, 𝛼1= 111 × 10−6 K−1, 𝐷 = 14.6 mm, 𝐿 = 20 mm, 

deformation section thickness = 0.2 mm, connecting rod diameter = 1.2 mm, 𝐸2 = 0.7 GPa and 𝐸1 = 

1.8 GPa. 

6.6. Discussion of lattice structure thermal expansion experiments 

The described improvements and developments have been implemented in each of the hardware, the 

software and the experimental procedure. The hardware consisted of the heating system, the 

displacement measurement system and the thermal expansion experimental frame. During the 

experiment, software packages (PicoLog 6 and CARTO Capture) were used to record all data. The hot 

plate temperature increments were performed by manually turning the rotary switch on the hot plate 

panel at the setting time. During the improvement and development of the thermal expansion 

measuring machine, a number of challenges were encountered: 

 To analyse the CTE of the specimen, the average measured temperature change of the 

specimen during the experiment was taken into consideration and had a significant impact on 

the calculation. Therefore, obtaining an accurate CTE value required the measurement of a 

high average temperature change by attaching thermocouples on the specimen. Three 

thermocouples were installed at the top, middle and bottom of the front side of the steel 

gauge block specimens. In other larger specimens, six thermocouples were attached at the 

top, middle and bottom of both the front and back sides of the specimens. All thermocouples 

were attached using adhesive tape, to avoid damage from tape removal at the end of the 

experiment. 

 The use of adhesive materials to secure the component that the laser interferometer will 

directly measure was avoided, since adhesive materials can be an error source due to possible 

thermal effects. Dried adhesive glue can crack when the temperature changes due to the 
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different material CTEs, resulting in unexpected thermal expansion in the measurement. Such 

a temperature change can cause a displacement change in the adhesive glue adhered 

between the aluminium plate and the steel gauge block by 12.3 × 10−6 K−1. 

 Based on the author’s experience during the development of the laser interferometer system, 

air turbulence was a notable challenge. The light indicator on the interferometer suddenly 

changed from five green lights to a red light, stopping the laser interferometer recording 

software. This phenomenon occurred due to a change in the temperature along the path of 

the beam by about 10 to 14 °C. The temperature of the interferometer was approximately 

room temperature (20 °C), while the air temperature in the acrylic box was in the range of 30 

°C to 34 °C. To resolve this issue, a separation of the temperature along the path of the beams 

was required. 

In the research, the interferometric dilatometer was developed using the interferometer and a plane 

mirror technique. Steel gauge blocks were measured in a temperature range of 30 °C to 34 °C. The 

total uncertainty of the measurement was estimated from the measurement of three different lengths 

of specimens, to be 2.4 to 3.3 × 10−6 K−1 on the steel gauge material with a linear CTE of 11.5 × 10−6 

K−1, as shown in Table 6.15. Despite yielding results with significant uncertainties compared to 

previous studies [2, 111-113], the proposed interferometric dilatometer utilised a less complicated 

approach (single path) in addition to the implementation of uncertainty corrections, as described in 

Subchapter 6.3. It was demonstrated that a single path interferometer, with the correction equations, 

can yield accurate measurement results. 

To determine uncertainty sources that influence the displacement measurement, the ratio of each 

source with respect to the largest source was calculated by dividing the variance (square of the 

standard uncertainty) of the source by that of the largest source. Table 6.17 shows the ratios of 

different sources to the largest source (50 mm steel gauge block). This calculation indicates that the 

repeated measurement difference is only a significant source of uncertainty that is much higher 

among other sources. Therefore, further improvements should be implemented in repeated 

measurement differences. 
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Table 6.17 Summation of the ratios of uncertainty sources with respect to the largest source. 

Source of uncertainties 
Standard 

uncertainty/ nm 
Standard 

uncertainty squared 
Ratio to largest 

Air refractive index 0.01 0.00 0.00 

Thermal effects on the 
metrology frame 

0.27 0.07 0.00 

Thermal effects on the hot plate 
(including aluminium plate) 

0.01 0.00 0.00 

Thermal effects on the 
experimental set-up  

4.77 22.79 0.00 

Dead path error 0.72 0.52 0.00 

Abbe error 0.00 0.00 0.00 

Cosine error 0.2 0.00 0.00 

Repeated measurement 
difference 

2516.02 6330356.64 1 

From Table 6.15, it can be seen that the CTEs of the experiment ± their expanded uncertainty for the 

40 mm, 50 mm, 60 mm steel gauge blocks, 45.3 mm Nylon 12, and 50.1 mm UHMWPE, represented 

accurate CTE values close to the ones quoted in the components’ datasheets. However, the CTE of the 

expanded uncertainty of UHMWPE was quite large compared to the others. As for Iterations 2.4 and 

3.1, their experimental CTEs ± their expanded uncertainty did not match the CTEs from the simulation 

(157.9 % for Iteration 2.4 and 592.0 % for Iteration 3.1), as seen in CTE Percentage Difference Between 

Data Sheets Or Simulations And The Experiment, Table 6.15. There were two types of measurements 

in this experiment: temperature and displacement. The temperature data could have been affected 

by uncertainties of the temperature gradient in the specimens, the number of thermocouples 

measuring the specimens, and the positions of thermocouples on the specimens. Likewise, the 

displacement data might have been affected by the position of the specimens, the levelness of the 

top plane where the mirror was placed, and the uncertainties of the specimens. There are possible 

explanations for these uncertainties: 

 The temperature difference in the specimens could have originated from the hot plate which 

generated a constant conduction heat to the specimens, leading to a rise in their temperature. 

Different materials, however, have their own heat conductivity properties. The thermal 

conductivity of steel is 52 W/(m⋅K) [37], which is larger than that of Nylon 12 and UHMWPE 

by 173 times (0.3 W/(m⋅K)) and 127 times (0.41 W/(m⋅K)), respectively. During the 

experiment, the temperature differences of all specimens were measured from the maximum 

temperature difference among the thermocouples. The steel gauge blocks had a temperature 

difference of about 1.6 °C, while the Nylon 12 lattice outer part and the UHMWPE cylindrical 

inner part had temperature differences of 4.4 °C and 5.1 °C, respectively. As for the 1 × 2 × 1 

lattice of Iteration 2.4 and the 1 × 2 × 1 lattice of Iteration 3.1, the temperature difference 
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among the thermocouples located on the specimens was 2.8 °C and 2.9 °C, respectively. It can 

be noticed that the UHMWPE cylindrical inner part had a remarkable temperature difference, 

resulting in a more uncertain CTE. 

 The number of thermocouples measuring the specimens was the same for both the UHMWPE 

cylindrical inner part (three thermocouples) and the steel gauge blocks, despite differences in 

the thermal conductivities of the materials, to measure temperatures (top, middle and 

bottom of a side, as illustrated in Figure 6.3). Therefore, the number of thermocouple pads 

placed on the specimen could have been insufficient to represent the overall temperature 

change. Thermocouples were only measured on the specimens, not inside the specimens, 

especially for larger cylindrical inner parts such as Iteration 2.4 and Iteration 3.1, resulting in 

inaccurate temperature results. Figure 6.20 shows lattice unit cells provided difference in CTEs 

from zero to 52.0  10−6 K−1 by varying the average temperature change of the entire 

experiment from true value to 1 °C. For example, a variation of 0.1 °C of the average 

temperature could affect to the lattice structure’ CTEs by 3.5 × 10−6 K−1 for Iteration 2.4 and 

3.3 × 10−6 K−1 for Iteration 3.1. 

 

Figure 6.20 Low planar CTE lattice results of Iterations 2.4 and 3.1 by varying the average temperature change 

of the entire experiment. 

 The positions of the thermocouples on the specimens might have been different in each test 

due to the experimental procedure: the thermocouples were installed on the specimens and 

removed at the end of each test, resulting in inaccurate temperature results. 

 The position of the specimens might have changed. Each time the specimens were removed 

and replaced, the measurement point on the mirror placed at top of the specimens changed, 

resulting in differences in the measured CTEs. 
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 The flatness of the top plane where the plane mirror was placed is another potential source 

of uncertainty. Industrially manufactured parts, such as the Nylon 12 lattice outer part, the 

UHMWPE cylindrical inner part, the 1 × 2 × 1 lattice of Iteration 2.4 and the 1 × 2 × 1 lattice of 

Iteration 3.1, are generally produced without much attention to their flatness. Hypothetically, 

the mirror could have rotated from its original position during the experiment when the 

specimens were expanded by heat from the hot plate. Figure 6.21 shows lattice unit cells 

provided difference in CTEs from zero to 60.3  10−6 K−1 by varying the rotation of the plane-

mirror of the entire experiment from true value to 0.30 degrees. On the other hand, there 

was an extremely low chance that the mirror on the steel gauge blocks could have slipped, 

since these materials were manufactured for precision measurement. 

 

Figure 6.21 Low planar CTE lattice results of Iterations 2.4 and 3.1 by varying the rotations of the plane mirror 

of the entire experiment. 

 The uncertainties of the specimens affect the overall system’s CTE. These uncertainties 

include the specimens’ dimensional configurations (such as the size of cylindrical inner part 

and size of internal geometries of lattice outer part for Iterations 2.4 and 3.1), friction, and 

the elastic modulus of individual parts. A study of the uncertainties of geometric 

configurations, as presented in Subchapter 6.5. 

In light of the aforementioned issues, the system can be improved by: 

 Taking more measurements to increase measurement accuracy and compute CTEs from 

expanded uncertainty, with smaller uncertainty values. Taking a sufficient number of 

measurements will reduce the coverage factor 𝑘, which is multiplied by a combined standard 

uncertainty 𝑢𝑐 to compute the CTE from expanded uncertainty. 
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 Applying other temperature measurement systems such as thermal imaging cameras using 

infrared light to reflect the actual value of specimen temperature. The employment of such a 

system can also eliminate the procedure of installing and removing thermocouples on the 

specimens, which would make the experiment less tedious to carry out and significantly 

reduce human error. 

Moreover, the effects of varying the six key parameters (the ratio 𝐷 𝐿⁄ , the thickness of the region of 

the deformation mechanism, the connecting rod diameter, the ratio 𝛼2 𝛼1⁄ , the ratio 𝐸2 𝐸1⁄  and the 

coefficient of friction between two materials (COF) during the thermal expansion simulation) on the 

CTE of a unit cell of Iteration 3.1 were investigated, as described in Subchapter 6.5. From the 

simulation results, the ratios 𝐷 𝐿⁄  and 𝛼2 𝛼1⁄  were the two significant influencing factors that affected 

the lattice’s CTE resulting in 27.33 × 10−6 K−1 and 37.83 × 10−6 K−1, respectively, for a −0.1 relative 

parameter change. It can be seen that uncertainties in the values of the key parameters, especially 

𝐷 𝐿⁄  and 𝛼2 𝛼1⁄ , had significant impacts on the effective CTE of the lattice structure. As a result, 

selecting materials and manufacturing techniques must be prioritised for the fabrication of lattice 

structures with a low CTE. Alternative materials such as metallic and ceramic materials can preferably 

be choices because these materials can give a compromise of material properties with low 

uncertainties. Moreover, alternative manufacturing techniques can be considered for providing a high 

accuracy of manufacturing such as autonomous robot assembly and high-precision assembly. 

6.7. Conclusion 

Thermal expansion experiments have been developed and conducted using an interferometric 

dilatometer with a plane mirror technique that can measure the designed lattices with the size of (50 

× 50 × 50) mm. Steel gauge blocks were measured in the range of 30 °C to 34 °C. The total uncertainty 

of the measurement was estimated from measurements of three different lengths of specimens to be 

2.4 to 3.3 × 10−6 K−1 on the steel gauge material that had linear CTEs of 11.5 × 10−6 K−1. The percentage 

errors of the measured CTEs of the steel gauge materials compared to the datasheet were 

approximately ± 2 %. 

The thermal expansion experiments were used to measure the CTEs of the Nylon 12 lattice outer part, 

the UHMWPE cylindrical inner part, the 1 × 2 × 1 lattice of Iteration 2.4 and the 1 × 2 × 1 lattice of 

Iteration 3.1. It was found that thermal expansion experiments can be improved to achieve higher 

accuracy CTE results from measuring all specimens. 
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Finally, the effects of varying six key parameters (the ratio 𝐷 𝐿⁄ , the deformation mechanism region 

thickness, the connecting rod diameter, the ratio 𝛼2 𝛼1⁄ , the ratio 𝐸2 𝐸1⁄  and the coefficient of friction 

between two materials (COF) during the thermal expansion simulation) on the CTE of a unit cell of 

Iteration 3.1, were investigated. It can be concluded that the ratios 𝐷 𝐿⁄  and 𝛼2 𝛼1⁄  are the two major 

influencing factors that affect the lattice structure’s CTE. Therefore, the selection of materials and 

manufacturing techniques is of high importance in the fabrication of lattice structures with a low CTE. 
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7. Implementation of the lattice structures into a metrology frame 

This chapter describes the implementation of the lattice structures into a metrology frame. First, the 

implementation of the final iteration (Iteration 4.1) is presented, highlighting the three main 

restrictions faced in implementation: elastic modulus determination, deformation mechanism 

determination, and implementation of Iteration 4.1 into an optical vertical dilatometer. Then, results 

of the implementation of Iteration 4.1 are discussed. Finally, a conclusion is drawn. 

7.1. Implementation of Iteration 4.1 into a metrology frame 

Iteration 4.1 is the final version of the lattice structure design that was adopted for implementation 

inside a machine frame to support precision measurement equipment. The frame was designed to in 

a typical temperature-controlled metrology laboratory, with temperatures fluctuating between 19 °C 

and 23 °C. Iteration 4.1 was designed to tailor 2D (planar) thermal expansion in the XZ plane and 

support loading in the Y-axis, as shown in Figure 7.1. Figure 7.1 shows an example of the tessellation 

of Iteration 4.1: a 4 × 1 × 4 lattice and possible locations for the application of loadings on the lattice 

structure. 

 

Figure 7.1 A 4 × 1 × 4 lattice of Iteration 4.1 with the possible locations for loading application on the structure. 

There are three restrictions that need to be accounted for, for the implementation of Iteration 4.1, to 

guarantee a good performance of the lattice structure: 

1. Aside from achieving an effective CTE, ensuring that the lattice structure is capable of 

supporting applied loads in the Y-axis is a key requirement. Applied loads must only be placed 

at the centre of the top surface of the lattice structure’s load-bearing pillars, located inside 

the lattice structure (as shown in Figure 7.1). According to the elastic modulus determination 
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discussed in Subchapter 7.1.1, the stress corresponding to 0.1% strain of a (50 × 50 × 50) mm 

unit cell of Iteration 4.1 was 105.2 kPa. In other words, a unit cell of (50 × 50 × 50) mm can be 

deformed by a 0.1% strain along the Y-axis, when a loading of 26.81 kg is applied. 0.1% 

deformation has been chosen as a threshold to minimise the deformation caused by load 

application. 

2. Due to differences between the CTEs of the cylindrical inner parts and the lattice outer part, 

the thermal expansion when the temperature is increased is always uneven along the Y-axis, 

as shown in Figure 7.2a. With a higher CTE, the cylindrical inner part expands more than the 

lattice outer part, resulting in an uneven surface texture at the top of the lattice structure. To 

avoid the occurrence of uneven surfaces, the cylindrical inner parts were modified by reducing 

their height, as shown in Figure 7.2b. This modification did not disrupt the deformation 

mechanism of the structure, as the trimmed parts were not located in the interacting regions 

between the contacts of the cylindrical inner part and the lattice outer part, as seen in Figure 

7.2b. 

 

(a) 

 

(b) 

Figure 7.2 Illustration of a unit cell of Iteration 4.1: (a) contour plot of the strain along the Y-axis when the 

temperature was increased (with a deformation factor of 2) and (b) the reduced region to eliminate excess 

material in the parts along the Y-axis. 
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3. For the tessellation of Iteration 4.1’s unit cells, sets of the 1st pattern of the 2 × 1 × 2 lattice in 

Iteration 4.1 were required. These could be grouped to form various sets of different sizes. 

For example, a 4 × 1 × 2 lattice (composed of two sets of 2 × 1 × 2 lattices), a 6 × 3 × 4 lattice 

(composed of 18 sets of 2 × 1 × 2 lattices), an 8 × 4 × 6 lattice (composed of 48 sets of 2 × 1 × 

2 lattices), etc. The tessellation of the 1st pattern could help compensate for the anisotropy 

according to the thermal expansion results in Subchapter 4.4. 

7.1.1. Elastic modulus determination 

Elastic modulus determination refers to the computation of the ratio of stress to strain when a 

deformation is elastic in a finite element (FE) simulation. A methodology to determine the elastic 

modulus determination was presented by Maskery et al. [47], where a (50 × 50 × 50) mm unit cell was 

subjected to compressive displacements at the specific nodes of its top planes using the CAE software 

package Abaqus version 2021. The chosen size of the unit cell was the actual size fabricated and 

implemented into a precision machine frame. The lattice outer part was modelled with Nylon 12, while 

the cylindrical inner part was modelled with UHMWPE, as described in Chapter 4. All nodes were 

displaced by an equivalent 0.1 % of the height of the lattice structure, as illustrated in Figure 7.3. The 

0.1% strain corresponded to the allowed deformation computed by the engineer designing the lattice 

structure. The 0.1% strain was selected within the proportional limit, such that the elongation at yield 

of Nylon 12 was about 6% of the strain [151]. The YSYMM boundary condition was applied to the 

elements on the bottom surfaces of the lattice structure, constraining them to translation in the XZ 

plane only and rotation around the Y-axis only. 

 

Figure 7.3 A representation of Iteration 4.1, used for FE structural analysis. 
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The elastic modulus of the lattice structure was computed using: 

𝐸 =
𝐹𝐿

𝐴𝑢
 7.1 

where 𝐸 is the elastic modulus, 𝐹 is the total reaction force of the top plane’s nodes in the Y-axis, 𝐿 is 

the height of the lattice structure, 𝐴 is the cross-sectional area (𝐿2) of the structure, and 𝑢 is the 

displacement of the top surface after applying the load. 

Throughout the study presented by Maskery et al., the elastic modulus was assigned a value of 1.8 

GPa [47]. The elastic modulus of the lattice 𝐸𝑙𝑎𝑡𝑡. could be found by substituting the total reaction 

force of the top plane’s nodes in the Y-axis into Equation 7.1. 

The total reaction force was calculated using Equation 7.1, with the top surfaces of the load-bearing 

pillars considered as the principal load-bearing areas. An area of (1.44 × 10−4) m2 was attributed to a 

unit cell of (50 × 50 × 50) mm, as illustrated in Figure 7.3. The total reaction force for a 0.1% strain 

along the Y-axis was calculated to be 259 N. This means that a (50 × 50 × 50) mm unit cell was deformed 

by 0.1 % of its height along the Y-axis when a load of 26.42 kg was applied. The results from both the 

elastic modulus simulation and the hand calculation were quite similar, with less than a 2 % deviation. 

The results confirmed that the four load-bearing pillars can support the applied loads as outlined in 

design requirements. 

7.1.2. Determination of the deformation mechanism 

This investigation aimed at indicating the effects of a rise in temperature on the compressed lattice 

structure’s CTE and at determining the minimum applied load that could lead the deformation 

mechanism to fail. A (20 × 20 × 20) mm unit cell was chosen for the study, as this was the smallest size 

that can be produced without losing a minimal compromise of mechanical properties [103]. The lattice 

outer and cylindrical inner parts were modelled with Nylon 12 and UHMWPE. 

In this study, two sequential steps were required. The first step was the application of loads on the 

lattice structure, which was equivalent to inducing a strain between 0% to 5% along the Y-axis (as 

described in Subchapter 7.1.1) to obtain the changes in the X− and Z−dimension axes. The second step 

was the application of temperature changes on the compressed lattice structure to obtain dimensional 

changes in the X− and Z−axes. The boundary conditions applied were the same ones chosen in the 

thermal expansion simulation, as described in Subchapter 5.1. Finally, the compressed lattice 

structure’s CTE was found by: 
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𝛼𝑐 =
∆𝐿𝑐

𝐿𝑐∆𝑇
 7.2 

where 𝛼𝑐 is the linear coefficient of thermal expansion of the compressed lattice structure, ∆𝐿𝑐 is the 

change in length of the compressed lattice structure, 𝐿𝑐 is the original length of the compressed lattice 

structure (before temperature change), and ∆𝑇 is the change in temperature between the initial and 

final temperatures. 

Figure 7.4 shows the unit cell of Iteration 4.1, with in-plane CTEs (𝛼𝑋,𝑍) varying approximately between 

from approximately −4.4  10−6 K−1 and 1.4  10−9 K−1 due to changes in the applied loads causing a 

strain between 0 % and 5.0 % along the Y-axis. The magnitude of 𝛼𝑋,𝑍 increased (in contraction) when 

the strain was increased within a range of 0 % and 1.5 %. At 1.5% strain, the magnitude of 𝛼𝑋,𝑍 reached 

(in contraction) −4.4  10−6 K−1. Then, the magnitude of 𝛼𝑋,𝑍 began to decrease (in contraction) when 

the strain was greater than 1.5 %. From the data, it can be noted that the deformation mechanism 

was mostly active between 0 % and 1.5 % of the strain along the Y-axis. 

 

Figure 7.4 The in-plane CTE for a unit cell of Iteration 4.1 compressed by applied loads equivalent to a range of 

0 % to 5.0 % strain along the Y-axis. 

Figure 7.5 shows contour plots of the von Mises Stress after the temperature increase for the unit cell 

in Iteration 4.1 that was compressed by load application (strain along the Y-axis between 0.1 % and 

5.0 %). The increments of the contour plots of von Mises Stress were set to be the same in all plots to 

accurately compare the differences in the occurred stress. The highest stress in the plots was in a 

range of 1.2 × 107 Pa to 1.7 × 108 Pa, between 0.1 % strain and 5.0 % strain. 
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At 0.1 % strain (as shown in Figure 7.5a), it is clear that high stress (1.2 × 107 Pa) occurred only in the 

deformation mechanism regions. Similarly, at 0.4 % strain (as shown in Figure 7.5b), high stress (1.2 × 

107 Pa) occurred in the deformation mechanism regions, however, stress in the load-bearing sections 

was remarkably larger than the stress at 0.1 % strain. At 1.5 % strain (as shown in Figure 7.5c), high 

stress occurred in the load-bearing sections, while stress in the deformation mechanism regions 

remained the same (1.2 × 107 Pa). Stress in the connected regions between a CTE-minimising layer 

and a load-bearing pillar was notable. Moreover, the configuration of the deformation mechanism 

section started to distort notably. At 2.0 % strain and 5.0 % strain (as shown in Figure 7.5d and Figure 

7.5e, respectively), high stress occurred in the load-bearing sections (6.6 × 107 Pa for 2.0 % strain and 

1.7 × 108 Pa for 5.0 % strain). Nonetheless, the stress in the deformation mechanism regions remained 

the same (1.2 × 107 Pa). It can also be noted that stress occurred in the deformation mechanism 

sections and their configurations were distorted. 
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(a) 

 

(b) 

 

(c) 
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(d) 

 

(e) 

Figure 7.5 Contour plots of von Mises Stress after temperature increase (with a deformation factor of 1) for 

the unit cell of Iteration 4.1 compressed by applied loads equivalent to a value of strain along the Y-axis (a) 0.1 

% strain, (b) 0.4 % strain, (c) 1.5 % strain, (d) 2.0 % strain and (e) 5.0 % strain. 

7.1.3. Implementation of Iteration 4.1 for an optical vertical dilatometer 

Figure 7.6 shows an example of the use of the (40 × 20 × 30) cm lattice to house an optical vertical 

dilatometer. The optical vertical dilatometer was composed of a DMS and a heating system. Thermal 

symmetry was implemented in the metrology frame design, resulting in an opposite and equal thermal 

expansion in the two symmetric sides of the frame [14]. The heat sources of the system (a laser 

interferometer and a furnace) were placed in the middle of the metrology frame. 
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(a) 

 

(b) 

Figure 7.6 Illustration of precision measurement equipment with the 8 × 4 × 6 lattice; an optical vertical 

dilatometer (taken and modified from Juasiripukdee et al.’s work [124]). (a) A 3D view and (b) a top view. 

The estimated mass of the DMS, including an XL-80 laser interferometer, a measurement optics kit 

and a kinematic setup (interferometer holder), was approximately 4 kg. The DMS was mounted on the 

top level of the lattice (see Figure 7.6) with three sets of load-bearing pillars that could support a mass 

of up to 80.43 kg with 0.1 % strain. The heating system (a furnace) was placed on the bottom level of 

the lattice (see Figure 8.6) with nine sets of load-bearing pillars that could support a mass of up to 

241.29 kg with 0.1 % strain. The estimated mass of the furnace was not greater than 15 kg. Therefore, 

a mass of 2 kg, applied on each (50 × 50 × 50) mm unit cell, was assumed, and the total reaction force 

was computed to be 19.6 N, equivalent to approximately 0.0076 % strain along the Y-axis. From the 
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deformation mechanism simulation, the CTE of a (50 × 50 × 50) mm unit cell in Iteration 4 with 0.0076 

% strain along the Y-axis was found to be – 5.68 × 10−8 K−1. Results for the (40 × 20 × 30) cm lattice, 

however, require considerably greater computational resources than could be employed here. 

It can be noted that the lattice structure rendered an extremely low CTE in the XZ plane. However, 

since the lattice structure was not designed to control thermal expansion along the Y-axis, the 

metrology frame might thermally expand along this axis. For example, if the precision machine frame 

was made of Nylon 12 and the temperature increased by 1 °C, the thermal expansion of the structure 

would approximately be 2.18 × 10−5 m along the Y-axis. This thermal expansion was monitored by 

measuring the temperature of the structure, and minimised in the Y-axis by applying a thermal 

expansion correction, as described in the thermal expansion experimentation in Subchapter 6.4. 

7.2. Discussion of Implementation of the lattice structures into a metrology frame 

Iteration 4.1 was designed for implementation into a machine frame to support precision 

measurement equipment in a typical temperature-controlled metrology laboratory over the 

temperature fluctuation range of around 19 °C to 23 °C. With three restrictions, design a precision 

machine frame is simple, as discussed in the beginning of this chapter. 

The determination of the elastic modulus and the deformation mechanism were performed, with tests 

showing that the selected unit cell of Iteration 4.1 could support the applied loads along the Y-axis. 

Figure 7.5 illustrates contour plots of von Mises Stress of the unit cell of Iteration 4.1, following the 

temperature increase and during its compression by applied loads generating 0.1 % to 5 % strain along 

the Y-axis. From Figure 7.5, it can be seen that there are two types of loads that generate stress in the 

structure, which are the applied loads and the temperature increase caused by mismatching CTEs in 

the parts. The unit cell of (50 × 50 × 50) mm was deformed by a 0.1 % strain along the Y-axis when the 

weight produced by a 26.81 kg mass was applied. With the total force applied being equivalent to a 

0.1 % strain along the Y-axis, the unit cell yielded a CTE of −0.86 × 10−6 K−1. 

There are three methods to keep the in-plane CTE of a structure close to the original value it was 

designed for (1.4 × 10−9 K−1). The first method consists of reducing and optimising the equipment 

weight to minimise strain along the Y-axis which normally affects the structure CTE. However, this 

method is challenging as the equipment supplied by the manufacturer is typically difficult to modify. 

The second method involves increasing the areas where loads are applied (load-bearing pillar’s top 

surfaces, as shown in Figure 7.3) to reduce the strain along the Y-axis. In the design of Iteration 4.1, 

the top surfaces of the load-bearing pillar can be increased from 0.12 𝐿 up to 0.15 𝐿 (maximum value 
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that the lattice was designed for). A (50 × 50 × 50) mm unit cell with a load-bearing pillar’s top surface 

of 0.15 𝐿 will likely be able to support a weight of about 1.6 times (produced by a 41.28 kg mass) more 

than the weight that can be supported by a unit cell with a load-bearing pillar’s top surface of 0.12 𝐿. 

This can be easy to calculate, as demonstrated in Subchapter 7.1.2. The third method consists of 

changing the material of the outer part of the lattice structure to other materials with higher strength, 

such as metals, to reduce strain along the Y-axis. 

As described in Subchapter 7.1.3, the optical vertical dilatometer represents an example of the use of 

the (40 × 20 × 30) cm lattice as a precision metrology frame with several principles of precision 

machine frame design implemented. To increase measurement accuracy, the thermal expansion of 

the structure along the Y-axis is taken into account. This thermal expansion can be monitored and 

minimised by measuring the temperature of the structure and applying corrections with reference to 

its thermal expansion, as described in Subchapter 7.1.3. 

As previously mentioned, choosing other materials, such as metals, can reduce thermal expansion 

along the Y-axis. In manufacturing aspects, LPBF machines allow for the fabrication of metallic lattice 

structures conveniently and effectively [152]. Examples of metallic structures include Ti–6Al–4V (with 

CTE = 11.5 × 10−6 K−1) [66], which is about 0.1 times less than that of Nylon 12 and 0.2 times less than 

that of Al-Si10-Mg (with CTE = 20.5 × 10−6 K−1 [153]). If a precision machine frame is made of Ti–6Al–

4V and the temperature was raised by 1 °C, the structure will thermally expand by approximately 0.46 

× 10−6 m, which is relatively low compared to the expansion of a Nylon 12 structure in a similar 

scenario. Using Ti–6Al–4V as the structure’s material, the elastic modulus of the lattice structure can 

increase to 113.5 GPa [154], which is 63 times higher than the elastic modulus of Nylon 12 (1.8 GPa), 

resulting in a higher capability to support applied loads. Choosing other materials also allows for the 

modification of lattice outer part geometries, such that the ratio 𝛼2 𝛼1⁄  would increase and the size 

of the cylindrical inner part would not need to be as large it is if the original material was kept. A 

smaller size of the cylindrical inner part of the lattice may possibly lead to a zero CTE. 

7.3. Conclusion 

Iteration 4.1 was designed for implementation into a machine frame to support precision 

measurement equipment. With three restrictions in place, as discussed in Subchapter 7.1.1, the design 

of a precision machine frame is a simple task. The determination of both the elastic modulus and the 

deformation mechanism was performed. Tests have shown that a selected unit cell of Iteration 4.1 

can support applied loads along the Y-axis. The deformation mechanism fails when the strain along 

the Y-axis equals 1.5 %. 



196 

This chapter also described an example using the (40 × 20 × 30) cm lattice with the optical vertical 

dilatometer. The weight produced by a 2 kg mass was applied on each of the (50 × 50 × 50) mm unit 

cells, which was equivalent to approximately 0.0076 % of the strain along the Y-axis. Consequently, 

the CTE of a (50 × 50 × 50) mm unit cell of Iteration 4 with 0.0076 % strain along the Y-axis resulted to 

be – 5.68 × 10−8 K−1. 
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8. General discussion, conclusions and future work 

8.1. General discussion of the thesis 

In this subchapter, I will summarise the findings of my PhD, with reference to the main aim set out at 

the beginning of this thesis: to design a low thermal expansion machine frame to support precision 

measurement equipment. Such a frame would ultimately be used in a temperature-controlled 

metrology laboratory. The research objectives, as reflected in the research questions stated in Chapter 

1, are: 

 To design, analyse and manufacture a range of novel structures with tunable thermal 

expansions 

 To develop a thermal expansion measuring machine to experiment with a range of novel 

structures with tunable thermal expansions 

 To implement the newly designed structures, with tunable thermal expansions, to produce a 

low thermal expansion machine frame 

From the review conducted in Chapter 2, it is clear that, given the need for a low thermal expansion 

frame, designing a requirement compliant lattice structure is an evident solution. With reference to 

the literature, the existing studies on lattice structures with low coefficient of thermal expansion (CTE) 

are preliminary, and there is room for improvement as far as the development of lattice structures 

with low CTE is concerned. This aim was achieved by meeting the previously set objectives with the 

following research contributions: 

 Contribution 1: Design of lattice structures for low coefficient of thermal expansion and the 

effects of various finite element modelling parameters on the thermal expansion of a newly 

proposed expansion-compensating lattice structure 

 Contribution 2: In-house lattice structure thermal expansion experiments and their 

uncertainty analysis, and determining the main influencing factors on CTE results 

8.1.1. Contribution 1 

In Chapter 4, novel structures with tunable thermal expansion were proposed, and details of their 

design for low coefficients of thermal expansion were provided. The lattice outer and cylindrical inner 

parts were fabricated using an additive manufacturing (AM) process and a conventional 

manufacturing process, respectively, resulting in much higher differences in CTE between the two 
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materials compared to using a single AM process because there is no restriction by the limited material 

selection associated with AM. A combination of manufacturing processes provides a broader range of 

material selection and a lower price in a manufacturing process (conventional). The designed lattice 

structures yielded in-plane CTEs that were positive, negative and near zero. It was demonstrated that 

the CTE could be tailored by changing the ratio between the original diameter of the cylindrical inner 

part and the original length of the lattice, and the ratio between the CTEs of the cylindrical inner part 

material and the lattice outer part material. Additionally, pattern selection was introduced to reduce 

differences between CTEs in the X- and Z-axes of the lattices, which compensated for the anisotropy 

of the lattice. In the latter part of Chapter 4, the final design (Iteration 4.1) could yield a broader range 

of CTEs, including near-zero. Although other polymer-based structures could provide wider ranges of 

CTEs than the lattice presented in this research (i.e., −434 × 10−6 K−1 to 396 × 10−6 K−1 from Akihiro et 

al. [79] and –300 × 10−6 K−1 to 1000 × 10−6 K−1 from Takezawa and Kobashi [80]), the internal geometries 

of such structures were more complex, required additional topology optimisation to model the 

structures, and required the use of advanced multi-material AM processes for fabrication. The 

structure of Iteration 4.1 could yield a CTE of 1 × 10−9 K−1, which is a much lower CTE than that achieved 

by several commercial instruments and functional surfaces in optical breadboards (CTE of 23 × 10−6 

K−1 for aluminium 7075 and 10 × 10−6 K−1 for stainless steel 431 CTE [87]). 

In Chapter 5, an investigation was conducted on the effects of various finite element modelling 

parameters on the thermal expansion of the newly proposed expansion-compensating lattice 

structures. The parameters that affect simulated thermal expansion, including procedure type, 

boundary conditions, partitions for contact, partitions for reducing mesh density, and element type, 

were investigated and compared with previous studies. Procedure type and boundary conditions (as 

described in Chapter 5) were specifically selected and assigned to conduct the thermal expansion 

simulation, the same as earlier studies [67, 68, 104]. More details on lattice thermal expansion, can 

be found in the author’s published work [124] in Low Thermal Expansion Machine Frame Designs 

Using Lattice Structures. Additionally, finite element modelling provides a large number of design 

iterations possible, as well as options to extract lots of data that would be hard to measure. This work 

also represents an understanding of how thermal expansion simulations using finite element analysis 

can be optimised for novel structures. 

8.1.2. Contribution 2 

In Chapter 6, an in-house thermal expansion measuring machine and an interferometric dilatometer 

were constructed, based on the need for thermal expansion measurement system with large 

specimen size and small resolution, especially lattice structures. The thermal expansion measuring 
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machine was developed using a hot plate, a laser interferometer with a plane mirror technique, and 

a thermal expansion experimental frame. The machine could measure the designed lattices with the 

size of (50 × 50 × 50) mm. Kinematic design principles (as described in Subchapter 2.2) were applied 

to improve the accuracy and stability of the laser interferometer. The machine configurations were 

implemented following the design of precision machine frame methodologies, such as the thermal 

centre principle and the symmetrical concepts, as described in Subchapter 2.2. The mathematical 

model was applied to correct unwanted thermal expansions during the experiment. The research 

measured steel gauge blocks in a temperature range of 30 °C to 34 °C. The total uncertainty of the 

measurement was estimated from the measurement of three different lengths of specimens to be 2.4 

to 3.3 × 10−6 K−1 on the steel gauge material with a linear CTE of 11.5 × 10−6 K−1. All uncertainty 

calculations followed internationally accepted guidelines founded in GUM: Guide to the Expression of 

Uncertainty in Measurement [143]. Despite yielding results with significant uncertainties compared 

to previous studies [2, 111-113] (as described in Subchapter 2.6), the proposed interferometric 

dilatometer utilised a less complicated approach (single path). It was demonstrated that a single path 

interferometer, with the correction equations, can yield accurate measurement results which are 

capable of precise measurements. The proposed machine was successfully verified and evaluated to 

measure the coefficient of thermal expansion via comparing measured data with given data and 

employing the techniques discussed throughout this thesis. Additionally, the CTEs of the 

manufactured lattice structures (Iterations 2.4 and 3.1) were presented. Their experimental CTEs ± 

their expanded uncertainty did not match the CTEs from the simulation (157.9 % for Iteration 2.4 and 

592.0 % for Iteration 3.1), as seen in CTE Percentage Difference Between Data Sheets Or Simulations 

And The Experiment, Table 6.15. The possible explanations for these uncertainties are presented in 

Subchapter 6.6. Then, the experimental CTE results presented in Chapter 6 were elaborated on and 

explained, by assessing the effects of varying certain key parameters on the CTE of a selected structure 

(Iteration 3.1). It can be concluded that the ratios 𝐷 𝐿⁄  and 𝛼2 𝛼1⁄  are the two major influencing 

factors that affect the lattice structure’s CTE. Therefore, selecting materials and manufacturing 

techniques is essential in fabricating lattice structures with a low CTE. In terms of the contribution 

made to science, the developed in-house thermal expansion measuring machine represents an 

example of a new method for measuring thermal expansion, especially that of lattice structures. This 

work also represents a fundamental step towards determining the main influencing factors on CTE 

results. 

Additionally, Chapter 7 presented the lattice structures (final iteration) implementation into a 

metrology frame, including three restrictions for implementation (detailed in Chapter 7), elastic 

modulus and deformation mechanism determination, and the implementation of Iteration 4.1 into an 
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optical vertical dilatometer. This work also represents a fundamental step towards understanding the 

implementation of lattice structures into a metrology frame. 

8.2. Conclusions 

Several conclusions can be drawn from the work performed during this PhD. Primarily, I have 

demonstrated the implementation of a lattice structure into a metrology frame following well-defined 

steps. I began by proposing novel structures with tunable thermal expansion, composed of two 

different positive CTE materials and void spaces. The lattice outer parts were manufactured using an 

AM process, namely polymer laser powder bed fusion, and the cylindrical inner parts were selected 

from a range of conventional industrial materials. 

The thermal expansion of the lattice structures was tested in both simulation and experiment. Results 

showed deviations due to the uncertainties of many factors described in Chapter 6. Accordingly, the 

lattice structures were assigned theoretically computed in-plane CTEs that are positive, negative and 

near zero. Such results can be used as guidelines to achieve tailorable thermal expansion in lattice 

structures fabricated using AM. I have also developed an interferometric dilatometer, which was used 

alongside a laser interferometer and a plane mirror technique to experiment on the thermal expansion 

of lattice structures. 

Finally, I have demonstrated the implementation of a lattice structure with low thermal expansion 

into a low thermal expansion machine frame. Lattice structures designers can refer to these outcomes 

for assistance with designing parts for use in metrology and precision engineering applications. 

8.3. Future work 

8.3.1. Design of lattice structures for low coefficient of thermal expansion 

In general, lattice structures benefit from advances in the precision, accuracy, and optimised 

manufacturable properties of AM techniques. The results presented in this thesis could still be 

applicable when such technological progress is achieved. Lattice structures with low CTE can be 

implemented not only in metrology frames but also in any structure requiring low thermal expansion. 

To achieve alternative material properties, there is no need for a change of the entire unit cell as its 

features can be simply adjusted for variations in material properties, such as the CTE and the strength 

supported. The CTE results presented in this PhD can be used as guidelines to achieve a tailorable 
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property in lattice structures, and the strength-supported results can be easily calculated for their 

capacity. 

The proposed unit cell in this work can tailor the thermal expansion in only two planar dimensions in 

the XZ plane, as described in Chapter 4. Therefore, there is an opportunity to develop novel lattice 

structures with similar concepts into 2D controlled thermal expansion lattice structures controlled in 

different planes, such as the XY plane and YZ plane, as well as 3D controlled thermal expansion lattice 

structures. 

Additionally, these results open up prospects for the investigation of alternative materials, including 

new materials for AM, that can be utilised within structures for metrology and precision engineering 

applications. New hybrid materials could also be explored to design structures of enhanced load-

bearing and tailorable thermal expansion capabilities compared to existing technologies. 

8.3.2. Finite element simulation of lattice structures 

One limitation of the finite element simulation proposed in this PhD is the memory shortage of the 

employed processors. This limitation can be overcome by increasing the memory of the processor or 

reducing the used memory within the processor. Finding larger memory processors is a challenge, 

which will possibly increase the processing cost. Nonetheless, such memory reduction can be achieved 

in alternative ways, such as decreasing mesh density in unnecessary regions and reducing the 

complexity of the mathematical equations by using a simpler mesh element type. However, these 

solutions could take much more time to investigate and optimise. Once memory usage is optimised, 

larger structures can be investigated. 

8.3.3. Thermal expansion experiments for lattice structures 

The in-house thermal expansion measuring machine was developed using a laser interferometer with 

a plane mirror technique and an interferometric dilatometer. The CTE experimental results measured 

by the machine showed that it could perform an accurate measurement, as discussed in Chapter 6. 

However, the machine can still be improved by: 

 Increasing the number of components: increasing the number of heat sources can make the 

air temperature inside the box steadier, and increasing the number of axial fans can increase 

air circulation inside the box. The accuracy of these corrections can be enhanced by increasing 

the number of thermocouples mounted on the components and improving the accuracy of 
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the average temperature changes analysed in the mathematical model. However, all 

components must be carefully rearranged due to the limited space available within the box. 

 Implementing a new temperature measurement system: the usage of thermal imaging 

cameras in the infrared (IR) range can improve the accuracy of average temperature changes, 

since IR cameras can measure the temperature of the entire environment, notably the 

specimens. This system can also potentially eliminate some steps in the experimental 

procedure, i.e., removing and reinstalling thermocouples on specimens. 

The developed interferometric dilatometer can only be used for the measurement of lattice 

structures, including solid materials in the vertical direction. This is considered a drawback in the case 

where a lattice structure could be designed only for measurement in the horizontal direction, as 

discussed in Iteration 4.1 in Chapter 6. Therefore, there is room for improvement to enable the 

measurement of displacements in the horizontal direction. 

8.3.4. Implementation of the lattice structures into a metrology frame 

In this PhD, the designed lattice structure with low thermal expansion was implemented into a low 

thermal expansion machine frame. However, it was not possible to manufacture this implementation, 

due to the limited period of time allocated to carry out this research. This is, therefore, an opportunity 

for future researchers to fabricate the designed lattice structure and implement it in a physical 

application. Manufacturing and testing the structure can help verify the previous made assumptions 

and the computationally achieved results, in addition to aiding in the development of a better 

understanding of lattice structures. 
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Engineering drawing of Iteration 2.4 
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Engineering drawing of Iteration 3.1 
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Engineering drawing of Iteration 4.1 

 


