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Abstract

We study the motion of vortices in a superconductor subject to a perturbed
background potential. Such a potential models the presence of pinning sites in
the superconductor which the vortices are attracted to. The pinning potential
is scaled such that the intervortex interactions also play a role in the vortex
dynamics. We use the time-dependent Ginzburg-Landau model to relate the
vortex velocities to forces in the system; namely, the gradient of the renormalized
energy which accounts for intervortex interactions and the gradient of the
pinning potential. We make an effort to include the gauge terms at every step.
Additionally, we include both parabolic motion and Schrodinger flow from the

outset which results in a mixed-flow dynamical law.

In the second part of the thesis we shift to the Maxwell-Klein-Gordon model
with a pinned Ginzburg-Landau potential to model the motion of vortices in a
different mathematical framework. The equations are now second-order in time
(compared to the first-order in time Ginzburg-Landau equations) so proves that
the methods applied in the first part of the thesis are robust and can be adapted
to a model with greater complexity. We derive a dynamical law for vortices
exposed to the critically scaled pinning potential and experiencing interactions

from other vortices in the system.



Notation and definitions

Functions of superconductor theory and pinning
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material constant which we study in the limit ¢ — 0
order parameter

limit of order parameter as € — 0

magnetic vector potential

limit of magnetic vector potential as € — 0

electric scalar potential

phase of order parameter according to u. = |u.|e'
induced magnetic field in superconductor: h, := curl A,
limit of magnetic field as € — 0

externally applied magnetic field

induced electric field in superconductor: E. := —0;A, — V&,
conductivity of material inn its normal state

0. = 0o/|loge|

relaxation rate parameter

parabolic motion relaxation rate

a. = ap/|loge|

conservative/Schrodinger motion relaxation rate
pinning potential

pseudo-pinning potential

normalized order parameter: w. = u. /7.

qe
[loge]

pinning function: p? =1 +

Qe
|loge|

pseudo-pinning function: 7 =1+
limit of Q. as e — 0

covariant derivative: V4 w. := Vw, — 1A w.
covariant Laplacian (see page 3)

covariant derivative: Ogp_w. := w. + 1P w.

second order covariant derivative (see page 12)



G, Ginzburg-Landau energy functional

gr Ginzburg-Landau energy functional with pinning
G Ginzburg-Landau energy functional with pseudo-pinning potential
M energy density (see page 30)
el (w,) energy density without gauge
e (we) energy density without magnetic field terms
Ja.(we) supercurrent
Ja. (wy) limiting supercurrent
Ja.(we) gauge-invariant Jacobian determinant of w,
Se upper bound for distance of Jacobian from its limiting value (Thm
Vs (we) gauge-invariant space-time Jacobian determinant of w,
T time for which vortex motion obeys our derived ODEs (see Chb & Ch7)
T7e stress-energy tensor in GL model with pinning (see page 70)
w(t) difference between solutions to ODE and vortex positions: £(t) — a(t)

Vortex parameters

n number of vortices in the system

& position of i*" vortex

E=(&,..,&) vector of vortex positions

d; degree of i*" vortex

d=(dy,...,dp) vector of vortex degrees

de, delta function located at position &;

a; ith solution to equation of motion ODE
a=(ag,..,a,) vector of solutions to ODEs

W(a,d) renormalized energy (see page 5 & 37)

W€(a,d) renormalized energy with pinning component (see page 37)
I(r,e) energy contained within vortex balls (see page 38)
Yo constant: lim, o (I(r,e) — mlog %) (see page 38)

D, excess energy (see page 39)



Domains

Q region of superconducting material

Qim small region occupied by impurities

Q Qs U Qi

0N boundary of

r radius of vortex ball

Ta minimum distance between vortices or vortex and 0f)
B.(a;) vortex ball of radius r centred at a;

Q,(a) perforated domain: Q,(a) := Q\ U, B,(a;)

Qn space of vector of positions: a = (ay, ...,a,) € Q"
Qe {a e Q™| r, >0}

v outward pointing unit normal vector

T unit tangent vector

Ty optimized radius of vortex balls in Theorem

Maxwell-Klein-Gordon parameters

c speed of light
m mass of particle in Klein-Gordon model
h reduced Planck’s constant

1 c/\/loge|

He Hamiltonian (see page 95)

He Hamiltonian density (see page 95)

T stress-energy tensor in MKG-pGL model (see page 102)
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Chapter 1

Introduction

There are two models we use in this thesis: the time-dependent Ginzburg-
Landau (TDGL) model and the Maxwell-Klein-Gordon model supplemented
with a Ginzburg-Landau potential (MKG-GL). The aim is to derive the limiting

dynamical law for vortices which occur in both cases.

From the outset we would like to make clear some of the notation which is
used throughout the thesis. B,(z) denotes a ball (always in two dimensions)
which is centred at x and has radius r, o.(1) represents a quantity which is
vanishingly small as ¢ — 0, and C' represents a constant which may vary from
line to line. More notation specific to our problem is introduced when it’s

necessary.

1.1 Ginzburg-Landau model

For certain metals cooled to low enough temperatures, a phase transition
occurs in which the material switches from its normal state to its superconducting
state, and with the transition the material develops an array of interesting and
counter-intuitive properties. The resistivity of the material vanishes, allowing
the flow of electric current without any energy dissipation, and weak magnetic
fields are forbidden from entering the material. However, a strong magnetic

field can penetrate the material, destroying the superconductivity and forcing



the system back into its normal state. These properties lend themselves to an
array of useful real-world devices and machines, so there is much interest in
the ability to harness these superconducting powers. Examples of applications
include strong electromagnets used in MRI machines, particle accelerators and

the anticipated maglev trains of the future.

Suppose we have a superconductor subjected to an externally applied magnetic
field, and as the strength of the field increases, the material suddenly transitions
into the normal state. This transition is characteristic of a type-I superconductor
[58]. However, if we increase the strength of the magnetic field and observe an
intermediate state in the material in which only some of the magnetic field
penetrates, we have a type-II superconductor [5§]. The intermediate state
exists for a certain rage of magnetic field strengths and if the magnetic field
strength is further increased, the material again transitions into its normal
state. This intermediate state has garnered much interest over the years and it

is this regime we study here.

The theory describing the superconducting state from microscopic principles
is given by the BCS theory [5]. The Ginzburg-Landau (GL) model of supercond-
uctivity can be derived from phenomenological considerations but has recently
been shown to arise from the BCS theory on the macroscopic scale, under strict

constraints [19].

Suppose the superconductor is an infinitely long cylinder about the z-axis.
The domain € C R? is the cross-section of this cylinder perpendicular to the
z-axis and represents the region of superconductivity. The GL model defines
the energy functional of the superconductor in terms of two quantities - an
order parameter u : Q — C and the vector potential A : Q) — R? associated the
magnetic field induced in the material - and derives further information about
the system from this energy. The order parameter is essentially a wave function

for superconducting particles (Ju|? is the local density of superconducting part-



icles) and the magnetic vector potential provides the magnetic field h induced
in the material according to h := curl A = 0;A; —0,A;. We find it enlightening
to introduce the mathematics of the model alongside the physical description,

so without further ado, the Ginzburg-Landau energy is
1 1
G.(u, A) = _/ |Vu — iAul* + == (1 — |ul*)? + |h — hey|*. (1.1)
2 Jq 2e?

The covariant derivative accounting for the Dirichelet part of the energy is

ubiquitous in GL theory and so it is useful to use the abbreviation
Vau := Vu — iAu,

and later use

Ayu = Au—2iA - Vu —iu div A — |A*u

where Auw is the Laplacian of u such that if Vu, = (0ju., Osu,), then
Au, =V - Vu, = ?u. + 3u,

and div A = 0; A1 + 02 A>. We make use of an inner product between complex
functions. Suppose a,b € C, Re(a) is the real part of a and I'm(a) is the

imaginary part of a, then
(a,b) = Re(a)Re(b) + Im(a)Im(b).
If there is some A € R, then
(Aa,b) = (a, \b) = Xa,b).

If there are vectors with complex components X = (X;,X,) € C? and YV =
(¥1,Yz) € C?, then
<CL7 Xl>

<a7X> = )
<CL, X2>

which is a vector in R?, and

X1 Yy
<X7Y>: < ) >_<X17}/1>+<X27}/2>
X Y,



Note that the inner product (-,-) always produces a real-valued function.

If Vu = (Ou,0u), A = (A, As) and - represents the standard scalar

product between two real vectors, then we have that

|V qul? := (V qu, V 4u)

= (Vu — iAu, Vu — iAu)

= (Vu, Vu) + |A]*(iu, iu) — 2A - (iu, Vu)
Ay (1u, Oyu)
Ay ' (iu, Oau)

= (Oyu, Oru) + (Opu, Oou) + (AT + A3)(u,u) — 2

= (Oyu, Oyu) + (Ogu, Do) + (AT + A3)(u, u) — 2A; (iu, Oyu) — 2A5(iu, Oyu),

where we have used the property (iu,iu) = (u,u).

Ge(u, A) is actually the energy per length, but we always just refer to it
as the energy of the superconductor. h..Zz is the externally applied magnetic
field, which we take to be a constant. The quantity £ > 0 is real-valued and
represents a material constant. It is the quantity which distinguishes a type-I
superconductor from a type-II superconductor. If ¢ < v/2 (see [32, 49]), the
superconductor is type-II, which is exclusively the type of superconductor we
consider in this thesis, so henceforth we take £ to be small. We ultimately
consider the behaviour of the superconducting quantities in the limit ¢ — 0.
With this in mind we work with sequences of functions (u., A.), where ¢ will
be used to denote any fixed sequence ¢, — 0, and we take subsequences of
this sequence and still denote these as ¢ — 0. We endeavour to include the
subscript € on the necessary quantities when the e-dependence plays a role, but

sometimes we will simply write (u, A) to avoid notational clutter.

It is natural to consider the form of (u., A.) which minimizes the energy. To

this end, the Euler-Lagrange equations associated to the functional (1.1)) give



the Ginzburg-Landau equations:

¢

Apu.+%(1—|ul?) =0 inQ

Vihe + (i, Vau) =0 inQ
(1.2)

v-Vyu =0 on 0f2

\ha = hey on 0f).

The symbol V* := (—0,,0;) denotes the gradient rotated by 7 anticlockwise in
the plane and v is the outward pointing normal vector to €. Taking R(a) to be
the real part of a € C, and I(a) its imaginary part, (a,b) = R(a)R(b)+1(a)l(b)
is an inner product producing a real value. If V = (V,V,) € C?, then

(a,V) = ((a, 1), (a, V2)).

The GL equations have the special property that they are unchanged if

(u, A) both change in a special way know as a gauge transformation [49].

Definition 1.1. Consider any v : Q@ — C and any A : Q — R%  For any
(smooth) function f : Q — R define v = ueé and B = A+ Vf. We say
the transformation from (u, A) to (v, B) is a gauge transformation and that a

quantity unchanged by a gauge transformation is gauge invariant.

For solutions to ([1.2)) to be unique, we must eliminate the gauge invariance

by choosing the form of f we want to work with. This is done in Section [2.4

We note that two trivial solutions to (|1.2)) exist. If u =1 and A = 0 we call
it the superconducting solution. A zero vector potential forbids the presence of
an induced magnetic field in the superconductor. If u = 0 and curl A = h,, we

call it the normal solution. We see in the next section that there exists another,

more interesting solution to (|1.2)).

1.1.1 Vortices

Since the work of Abrikosov [1], it is known that for a certain range of

magnetic field strengths and small €, (1.2) admits a periodic solution with

>



small regions where |u| = 0, but the phase of u around these regions has
a nonzero winding number. That is to say, normal-state (Ju| = 0) regions
are interspersed with superconducting (|u| = 1) regions. The points where u
vanishes are called vortices and the nonzero winding number of a vortex is
called its degree. Suppose a superconductor has n vortices located at a; € €2
(¢ = 1,...,n). Following [49], if we write the order parameter in the form
ue () = |u(z)]e’=®) | where ¢, is a single-valued function, then the degree of a

vortex is the integer
1

di -
2w OB,.(

Vo, -, (1.3)
ai)

where 7 is is the tangent vector to the ball. In the units of our model ¢

approximates the size of the vortex core.

It turns out that at a vortex the induced magnetic field A has a local
maximum [49]. A supercurrent (flow of superconducting particles) encircles the
regions where a magnetic field is induced, acting to shield the superconducting
regions from it, but a strong magnetic field permeates the sample and forces it

into its normal state.

Abrikosov found that the zeros of u arrange themselves in a hexagonal lattice
in order to minimise the energy, which indicates the presence of vortex-vortex
repulsion. Studying a simpler GL energy without magnetic field terms, Bethuel,
Brezis and Hélein [7] determined the role of vortices in minimising the energy.
They introduced a function called the renormalized energy which describes the
behaviour of vortex-vortex interactions in terms of the positions of the vortices

and their degrees:

W(a,d) = —m Z d;djlog |a; — a;| + boundary terms.
1#]
Serfaty [51] then confirmed such a function plays a role in minimising the full

GL energy with magnetic field. We discuss the renormalized energy further in

Chapter 2.



1.1.2 Time-dependence

As written in (L.2), the GL equations provide the form of (u., A.) in the
superconductor when the energy is at a critical point and the system is not
exposed to external forces. If the superconductor is driven out of equilibrium, it
becomes necessary to incorporate time-dependence in the model to accommodate
relaxation processes. The equations can be somewhat generalized to incorporate
nonstationary processes from the assumption that if the superconductor is
driven out of equilibrium, the order parameter should relax back to its equilibrium
value, i.e. the solution to . It is assumed the rate of relaxation of wu. is

proportional to the deviation of G. from equilibrium, given by the functional
0G.

derivative i

where u? is the complex conjugate of wu.:

du.  OG
ue _0Ge 1.4
ot T ouw (14)

where 7. is positive valued and characterises the relaxation time of the system

to equilibrium. More on 7. shortly and in the text following Definition [2.3]

These phenomenological assumptions can be justified microscopically in a
more detailed discussion of superconductor theory [12) 32], and they find that

(1.4]) is only valid if the excitations are very small and the system is not shifted

9Ge
ou}

the left-hand side of the first GL equation in ([1.2)), hence, we have that

much from its equilibrium state. The functional derivative — actually gives

Ue
YO = Ay us + 5_2(1 — Ju|?). (1.5)

Recall Definition and note that equation isn’t gauge invariant. There
must be a quantity we are missing which cancels with the time-derivative of
the gauge transformation of u.. For a time-dependent system, the definition
of a gauge transformation must be extended to include the scalar potential

O, : QxRT > R.

Definition 1.2. Consider any u : Q x Rt — C, A : Q x Rt — R? and
®: Q xRt = R. For any (smooth) function f :Q x RT — R, define

v =uel, B=A+Vf and 0= —0,f.

7



We say the transformation from (u, A, ®) to (v, B, 0) is a gauge transformation
and that a quantity which is unchanged by a gauge transformation is gauge

mvariant.

In light of this definition, we modify (|1.5)) such that
. Uge 2
Ve (O + 1P )u. = Ay u. + 6—2(1 — |uel?).

In time-dependent GL theory, the covariant time-derivative appears frequently

so we find it useful to make the abbreviation
Op_Ue := Oyue + 1P u,

in what follows.

We can justify the introduction of ® by considering that excitations in
the system naturally cause electrons to move, and so we must include the
description of the electric field in the model. The theory of electromagnetism

states that the electric field can be written in the form
E.=—-0,A. — V..

Appealing to the theory of electrodynamics (specifically Ampere’s law), we see

that including the electric field in a gauge-invariant way leads to the second

equation of (|1.2)) becoming
0B, = —V*h, — {iu., V 4.u.), (1.6)

where o the conductivity of the material in its normal state.

The time-dependent equations in this form with v, a real positive constant
were first derived by Schmid [50] and by Gorkov and Eliashberg [21]. However,
since the work of Dorsey [17] and Kopnin et al [31], it has been known that
the relaxation rate 7. should be complex. This accounts for the fluz-flow Hall
effect (Ch12, [32]) which is observed in type-II superconductors. The physically

relevant relaxation rate is of the form 7. = a. +1if., with a., 5. € R, and is the



coefficient we adopt in this work. Hence, our time-dependent Ginzburg-Landau

(TDGL) equations are

(
(e +18:) 0. ue = Ap ue + % (1 — |u.]?) in Q
oE. = —V*h, — (iu., VA u.) in
(1.7)
v-Vyu. =0 on 0f)
\hs = Ry on 0f).

The equations are ill-posed if the gauge is not fixed. Choosing f in
Definition such that the system obeys the Coulomb gauge conditions (see
Definition , then the global existence of solutions (ue, A., ®.) is established
and for sufficiently smooth initial data, which follows in Ch. 2, the solutions are

highly regular (Remark 1.3, [35]). We treat (u., A, ®.) as classical solutions to

7).

The forces which cause these nonstationary processes may pass to the vortices
and in general the positions and degrees of the vortices have a time-dependence:
a; = a;(t), d; = d;(t) for i = 1,...,n if there are n vortices in the system. It is
the dynamics of the vortices which is our main interest in this work. The aim
is to be able to derive a dynamical law for the vortex positions, starting with

the TDGL equations.

1.1.3 Pinning

Suppose we have a type-II superconductor in the mixed state and wish
to pass an electric current through it. We will find that the current does
not flow freely through the system in the resistance-free manner we expect
from a superconductor, but that the current forces the magnetic vortices into
motion, causing dissipation in the system. Since the vortex motion causes
energy loses in the system, it is of interest to understand ways in which one can
restrict the motion of the magnetic vortices. To suppress such movement, it is

common to introduce impurities in the material which act to locally lower the



background potential, causing the vortices to be attracted to these sites and
become “pinned”. The impurity, which may be in its normal or superconducting
state, is a different material to the main superconductor. It is effective as a
pinning site as long as it provides a small region where the superconducting
particle density is lower than what appears in the bulk superconductor [30]. The
smaller density of superconducting particles acts to lower the energy penalty
associated with the vortex core; thus it is energetically favourable for a vortex

to lie through an impurity [10].

Modelling pinning effects requires a modification to the GL model. The new
model has a new energy functional GP(u., A.) which incorporates a function
p(z) which describes the superconducting particle density at a pinning site. It
appears in the penalty term of the energy [39)]:

1 1
G2 (ue, Ac) = _/ |VAEU€|2 + —2(])2 - |u€|2)2 + |he — hew’2- (1.8)
2 Jq 2e

Here the domain is for the superconducting sample €2, and the small regions of

the impurities €2;,, are taken together:
Q= QU Qi

The energy written in this way was first presented by Likharev [39] (after a
rescaling of the parameters). Chapman et al [9] provided a more thorough
discussion and justification for including the pinning in this way, and since then
many authors have accepted it as the correct way to incorporate pinning into the
model [2, 10), B0, B4, 37, 52]. Chapman et al [9] argue that the key difference
between the superconducting region and the impurity region is the value of
the coefficient of the |u.|? term in the energy functional, and accounting for the

difference in the coefficient of the |u.|* term amounts to a “minor perturbation”.

The early works on the GL model with pinning considered a simplified GL
energy; one without gauge terms:
Ri) = [ 3IVP + 507~ ) (19)
Q2 4e?

10



Here . is not necessarily a solution to TDGL equations. André and Shafrir [3]
introduce the normalized order parameter
Ue
T

in order to simplify the analysis in determining the minimizer to F.. The
novelty in making this change of variables is that the energy functional can be
written in the form
Fo(a.) = ég(wa) +0(1)

where

= P’ 2 p* 232

GP(w:) == | =|Vw|"+ -1 —|w .

) = [ BVl + 50 )

André and Shafrir deem this energy functional to be easier to work with and the

problem of determining the minimizers is closer to previously existing problems

for which there are results in the literature.

Some time later, Lassoued and Mironescu [37] observed that the change of
variables given by (|1.10]) is not valid if p is discontinuous. Instead, they suggest
working with

uE

w, = = 1.11
o (L11)

where 7. is the minimizer of the energy F.(7.) for 7. € H'. Tt follows that 7.
satisfies the elliptic PDE

An.+%L(p*—n3) =0 inQ
C ) (1.12)
v-Vn.=0 on 0.
7. acts a sort of pseudo-pinning potential and it can be shown that it is close

to p in the limit of € — 0. The main observation by Lassoued and Mironescu

[37] is that the energy functional can be slit in two:
Fe(newe) = Fe(n:) + égs (we)-

In this way, the two problems

i) determining the minimizers of the energy functional F_

ii) accounting for a discontinuous p(x)

11



can now be treated separately, for we have that

i) u. is a minimizer of F, <= wu. = n.w. and w, is a minimizer of G

ii) 7. may be seen as a regularization of p(z).

Since these works, the method of using a normalized order parameter has
become standard in the study of the GL functional with pinning. The change
of variables allows authors to model quite regular inhomogeneous background
potentials [26] 34], discontinuous pinning potentials [30}[37], and periodic pinning
sites [16], to name just a few. Some authors take p(z) to be a constant [9} 0],

whilst some allow it to have an e-dependence [2], 34]. In our work, we consider

pe().

Kachmar [30] has since shown that a similar splitting of the energy occurs

for the full (with gauge) GL energy functional:

gr- (ue, Ac) = G (we, Ae) + Fo(ne) (1.13)
where
G (we, A.) == / n—‘g]VA w5|2 + 77_;4(1 — \w€\2)2 + l(hs — hex)Q. (1.14)
€ ’ qQ 2 c 4g? 2

Thus, the problem of minimising G (u., A.) amounts to minimising G (w., A.).

Determining the Euler-Lagrange equations for G?< (w., A.) leads to the TDGL
equations with pinning. The the main difference is the addition of an interaction
term of the form Vlogn? - V4 w. in the equation for the evolution of the
(normalized) order parameter. See Chapter 2 for the derivation of the TDGL

equations with pinning.

We are interested in how a system of vortices evolves under the influence
of the pinning potential but also under the repulsive influence of the other
vortices. The vortex-vortex interaction is actually quite weak and any strong

forces in the system cause its effects to become negligible. In order to retain

12



both pinning and vortex interaction forces in the dynamical law for the vortices,
we must scale the pinning potential so it is on the order of the vortex-vortex

interaction. We set p.(z) and 7.(z) to be

2 qg(:C) 2 QE(@
=1 d =1
which ensures that
[1—p?| < and |1 —7?| < :
|log £ | log |

We assume p.(z) € H*(Q), k > 2 and n. € HY(Q), although the regularity can
be improved away from the boundary such that 1. € H**2(2) (see Appendix
A, [34] for details). Since our pinning isn’t discontinuous we may have followed
André and Shafrir [3] by working with p. and dispensed with the normalised
order parameter and 7.. However, as previously mentioned, it has become
standard practice to work with a normalized order parameter and we hope by
doing so it is instructive to the reader who may want to follow our scheme with a
discontinuous pinning potential. This critical scaling, first discussed by Kurzke
et al [34], allows the interplay between the vortex-vortex interaction and the
vortex-pinning interaction in the limiting dynamical law for the vortices. We
will show that both ¢. and (). converge to a quantity ()9 as ¢ — 0, and to

recover the situation without pinning we may set ¢. = Q). = 0.

1.2 Maxwell-Klein-Gordon

Following the TDGL equations, some authors [23,[55] then considered dynamics

for w which are second-order in time:

02y = AAqug%(l — Jup), (1.15)

where

Such equations describe different physical phenomena than the previous TDGL
equations of superconductivity; (L.15]) is one of the equations known as the
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Mazwell-Higgs equations which are familiar in the theory of particle physics
[23]. Building on this and inspired by the recent work of Yu [60], in the later
part of the thesis we work with the equation

m2c?

&I)u—l— 2 u—AAu+ (1—|u|) (1.16)

where m,c and A are the mass of a particle, speed of light and the reduced
Planck’s constant (all real numbers), respectively. The mathematical interest
in such an equation is that it is a generalization of the Maxwell-Higgs equations
through the use of a different operator applied to u on the left-hand side of the
equations, but it turns out that the equation has physical significance. ({1.16))
is one of the Mazwell-Klein-Gordon equations which bring together relativistic
and quantum effects to describe the motion of particles with spin-0. In what

follows we provide some background to the equations to motivate our studies.

The Standard Model of physics describes the fundamental particles and
forces of nature, except gravity. It is a theory described by a Lagrangian
formulation, and the fundamental quantities are described by fields. Since the
Lagrangian is invariant under continuous local gauge transformations (rotations
in the phase space where the fundamental fields live), the theory is sometimes
called a gauge field theory. The Lagrangian in the Standard Model gives rise to
evolution equations of the gauge fields, called the Yang-Mills equations [111, [15].
The Maxwell-Klein-Gordon equation is a special instance of the Yang-Mills

equation, and hence is within the framework of the gauge field theory.

To begin with the mathematical description, we start with the presentation
of the Klein-Gordon equation, which itself is of huge physical importance.
Suppose that u : Q@ x RT — C is a field whose quanta are spinless particles, the
norm squared of u being charge density. Suppose V (z, |u|) is a potential energy

density of the fields, then we may consider the following Lagrangian density:

1 1
L1(u) = =510l + 5| Vul* + WP Vi ). (117)

277,2
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Such a Lagrangian admits the Klein-Gordon equation supplemented by a potential

energy V' := g—‘;:

m2c?

72
When V' = 0, (1.18) is the typical Klein-Gordon equation for a free particle.

1
0_28t2u + u=Au+V'(x,u). (1.18)

Using the ansatz u(z,t) = v(x,t) exp (imc®t/h) leads to the equation
1 2im
gafv + Tﬁtv = Av+V'(z,v). (1.19)

The KG equation is a relativistically-invariant version of the Schrodinger equation.
The terms A and ¢ makes the connection between quantum mechanics and

relativity, and the KG equation emerges as a prominent equation of quantum

field theory.

To incorporate the effects of electromagnetism, it is necessary to modify the

Lagrangian density:

m2c?
2h?

1 1
Lo(u, A, @) = —@|8¢u|2+§|VAu]2+ Jul® + V(z, |u])

1 1
~|h]* = Z|E]®. (1.20
+5IhP — SIB (1.20)
Here the derivatives from ((1.17)) become covariant derivatives to preserve gauge

invariance and the Maxwell Lagrangian density has been added. The resulting

Maxwell-Klein-Gordon equations are the Euler-Lagrange equations of L,:

C%&%u + m;cQu = Aqu+V'(z,u)
S0 E = =V*h — (iu, V 4u) (1.21)

divE = —(iu, Opu,).

(

We see that because the Lagrangian includes time-dependent quantities,
the evolution of u and A is naturally present. This is in contrast to the GL
model were additional arguments were necessary to justify the time-derivatives.
It is clear that the key difference between the MKG equations and the TDGL

equations is the second order time-derivative compared to just first-order before.
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1.2.1 MKG with pinned GL potential

Our interest lies in the specific problem of when the potential energy V in

(1.20)) is of the form of the GL penalty term. Specifically, we set

Vi, [u]) = 4%2(?92 — [ul?)?, (1.22)

where p is the pinning potential we introduced in Section [1.1.3]

Based on the discussion in Section[I.1.1] we know that if the potential energy
is of the form of the GL energy, the Euler-Lagrange equations admit solutions
which describe an array of vortices. Hence, although the MKG equations
describe spin-0 particles, in the limit ¢ — 0 our equations will have vortex

solutions. Indeed, the equation of motion we derive is a vortex dynamical law.

Part of the scope of this thesis is to study how the methods in deriving
the vortex dynamical law for TDGL adapt to the MKG setting. The model
itself is interesting to look at because it is more general than the TDGL
model and more naturally includes the electromagnetic fields (equations for
electromagnetic fields are closer to Maxwell’s equations), so is more physically
relevant, but beyond the physical relevance of the model, we use MKG as a
framework for testing the adaptability of the mathematics we use in the TDGL
model to a more complicated setting. The benefit of supplementing the MKG
equation with a GL potential is that we can call on some results from the first
part of the thesis, but we will see that some changes to the calculations will be
necessary. We postpone more in depth discussion and the presentation of the

MKG equations with pinning to Chapter 6.

1.3 Previous work

1.3.1 TDGL

Formally, (1.4)) shows that the relaxation of u is proportional to the negative

derivative of G. More rigorously we know this to be true for the negative L?
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gradient of G with respect to u. Additionally, the right-hand side of the second
equation in ([1.7) is the negative L? gradient of the energy with respect to

variations in A. Hence, the TDGL equations can be written

((a +iB)(0; +iP)u = —VEG.(u, A) in Q
0(BA+ VD) = —VEG.(u, A) in Q
v-(V—id)u=0 on 0f)

kcu1rl A= he, on 0f).

The coefficients « and [ determine the relaxation time of u, and it is clear
that they both describe different types of low. When o # 0 and § = 0 the
equations are parabolic and we have a purely dissipative gradient flow. When
a = 0 and B # 0, the motion is conservative. We call it “Schrodinger flow”

since the equation resembles a gauged Schrodinger equation.

Much of the work on vortex dynamics considers one type of flow and only
very few with the presence of pinning sites. The dynamical law for the vortices
derived from the gradient flow equation for u was studied by Spirn [54] and
Sandier and Serfaty [48]. Neither consider the role of pinning. Spirn set the
external magnetic field to be he, = O(1) and finds that the position a;(t) of the
i'" vortex satisfies the ODE

dai
dt

1
= ;= ——Vo,W(a,d).
m

Sandier and Serfaty study the system with a stronger external field, h., =
O(|logel), and find that the vortices follow the gradient flow of a function of
the field rather than the renormalized energy. In a bounded domain the external
magnetic field on the boundary decays into the material, creating a background
potential felt by the vortices. The stronger field dominates the dynamics and

the intervortex interactions don’t appear in the vortex motion law.

The Schrodinger flow was studied by Spirn [55]. Spirn found that it is

necessary for the initial energy in the system to be precisely bounded with very
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little excess energy. The gradient-flow requires much less stringent control on
the initial data. A further difference discovered by Spirn is the movement of
vortices in the O(1) timescale. Gradient-flow motion only occurs on a |loge|
timescale and so in those works time must be accelerated to observe vortex

dynamics. The resulting dynamical law from the Schrédinger flow equations is

a;i-(t) = Vo, W(a,d).

The first work to study the role of pinning in the dynamics was by Lin [41]
in a setting without gauge terms. The vortex dynamics were derived from the
equation

1. u
Oyu = }—)dlv(qu) + 5—2(1 — |ul?).

Here the pinning potential p is independent of e, is strong enough to cause
vortex motion in the O(1) timescale and is incorporated in a different way to

what we consider. It leads to a vortex motion law of the form

a;(t) = =Vlog p(a;(t)).

Notice that the strong pinning force dominates the vortex motion law in which

the much weaker intervortex-interactions don’t play a role.

The first work in the setting of the critically scaled pinning potential is by
Kurzke, Marzuola and Spirn [34]. They consider each type of flow separately
but set A = ® = 0. They find that both the pinning potential and intervortex-

interactions influence the vortex dynamics.

Only recently has the case of mixed-flow been considered. At fist, the
mixed-flow equation with A = ® = 0 was studied. Kurzke et al [33] presented
the vortex motion law for a bounded domain and Miot [44] for the whole plane.
The result is a dynamical law with a component of vortex velocity parallel and
perpendicular to the gradient of the renormalized energy. Kurzke and Spirn

[35] then include the gauge terms (A, ®) with the mixed-flow to find that in a
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bounded domain, the position a;(t) of a given vortex satisfies the ODE
. 1 1
aa; + d;fa; = ==V, Wi(a,d).
T

The vortex exhibits a combination of gradient descent motion and conservative

Schrodinger motion.

Serfaty and Tice [52] consider the situation of mixed-flow and strong pinning
but with the added complication of an externally applied electric current on the
boundary of the domain. Their electric current and pinning forces are so strong
that the intervortex- interactions have no effect on the dynamics. This work
provides a novel way to treat gauge terms and identified a special structure
in the vortex-current interaction term. They find that the electric current
produces a force orthogonal to the velocity of the vortex. This is consistent
with the Lorentz force one would expect in this situation. We are slightly wary
about the applicability of the TDGL model to a superconductor subject to
such large forces, since the model’s validity is for only small deviations from

equilibrium. Indeed, the authors state that the results are valid for a short time.

Chapman et al [9] provide some numerical simulation results which show
that a vortex near an impurity will be attracted to the pinning site, and that this
will cause the additional effect of reorganising the other vortices in the sample
due to the repulsive forces between vortices. For this reason we expect the
physically relevant model of pinning in a superconductor should also account

for the effect of vortex-vortex interactions.

The novelty of the work in this thesis is that it brings together the concept of
mixed-flow in the setting of a critically-scaled pinning potential and includes the
gauge terms in every step. This leads to a number of extra terms involving the
pinning or electric/magnetic fields which we must deal with. We set h., = O(1)
so that the magnetic field doesn’t dominate the dynamics of the vortices, but it

is nevertheless considered in the analysis. Additionally, because our interest is
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in the interplay of the pinning and the remormalized energy, we don’t consider

the role of an applied electric current.

1.3.2 MKG

Whilst some authors considered the time-derivative of the order parameter
equal to the critical point of the energy (see ), others studied the consequences
of setting the second-order time-derivative equal to the critical point of the
energy. We briefly mention a few works which focus on the wave equation
analogue of the TDGL equation. Lin [42] and Jerrard [25] consider the equation

1 d*u
|log | Ot?

u
= Au+ g(l — |ul?). (1.23)

The second-order time derivative carries over to the dynamical law for the

vortices and Lin finds that the vortex positions satisfy the following ODE:
.. 1
a;(t) = ==V, W(a,d). (1.24)
T

Continuous motion is seen on the O(4/|logel|) timescale and the requirement
on the initial data is that the velocities of the vortices are zero and the vortex

configuration is of almost minimal energy with given locations of vortices.

Including gauge terms to allow the interaction with the electromagnetic
fields, the so-called Mazwell-Higgs equations take the following form:

Ogu = Aqu+ %(1 — |ul?) (1.25)

OE = —V*+h — (iu, V zu).
Such equations describe the U(1)-gauge Higgs model of particle physics [23].
The equation for the electromagnetic potentials is the more familiar form of
Ampere’s law from electrodynamics. The equation from ([1.6)) is a more heuristic
equation of motion for the potentials. Spirn [55] records that the limiting
dynamical law from the Maxwell-Higgs equations is . Gustafson

and Sigal [23] achieve the same dynamical law and record that it desribes the
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motion of Nielsen-Olesen vortices or Nambu strings in the Abelian Higgs model

of particle physics.

A vortex motion law from the Klein-Gordon equation with a Ginzburg-Landau
potential is derived by Yu [59]. The Klein-Gordon equation does not include

gauge terms so has the form

CQ

1 U

gafu +u=Au+t ;(1 — |ul?) (1.26)
1
2

v(z,t) exp(ic*t/2), then (1.26)) reduces to

for the choice h = 1 and m = 5 which Yu makes. If one assumes that u(z,t) =

1
S0fv+i0w = Av+ %(1 —Jo)?). (1.27)

Hence, the KG equation with GL potential defines a mixed flow combining the
GL wave equation and Schrodinger flow equation. This allows one to use the
information obtained about wave and Schrédinger flows from previous works to
determine the vortex motion law. In this spirit, Yu uses the initial data from

[25, 42], allows ¢ = p?|loge| and arrives at

1 1
Pdi(t) + dyai-(t) = —%VaiW(a,d). (1.28)

For discussion of the various limits (¢ — oo, h — 0, ¢ = h~* for a > 0) of the

KG equation see [43].

Building on his previous work, Yu [60] then considered the gauged version
of the Klein-Gordon equation; the Maxwell-Klein-Gordon equations. Again the
GL potential was included:

2

1 5 c u 9
1
S0E = —V*h — (iu, V qu). (1.30)

Here Yu has set ¢ch = 1 and m = 1 for simplicity. Unfortunately, this equation

can’t be reduced to a simpler form from a simple ansatz and so it is necessary
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to derive the vortex dynamics from the equation as it is written - we can’t
use the known information about GL wave equation or the parabolic/Schrodinger
flows. An added complication to this work is the consideration of an applied
electric field on the boundary of the domain. This has the effect of inducing an
additional form in the vortex dynamical law. If ¢* = p?|loge|, then the vortex

dynamical law is

1 1 1

Eaz(t) = _;vaiw(a? d) - ;dzf<az)af_(t) (131)
where f(a;) is determined by the electric field felt from the boundary. The
MKG model admits an equation of motion more familiar with Newton’s second

law.

To our knowledge, no work has been done with the Maxwell-Klein-Gordon

equations with a pinned GL potential.

1.4 Plan for the thesis

The thesis is essentially split into two parts; results for (u, A, ®) satisfying
the time-dependent Ginzburg-Landau equations and then for (u, A, ®) satisfying
the Maxwell-Klein-Gordon equations. In each case the equations are generalized

to include the effects of a perturbed background potential.

After setting out some definitions and preliminary results in Chapter 2, we
present our first key result in Chapter 3. Here, we show an upper bound on the
energy in what we call the “coercivity estimate”, which is the first of its kind
to include both gauge and pinning terms. Such an estimate on the energy is
important in its own right, but proves useful in the later chapters. In Chapter
4 we prove control on the energy and dissipation for some finite time and in
Chapter 5 we go about deriving the dynamical law for vortices in the TDGL
framework. Chapters 6 and 7 follow the procedure set out previously to derive

the vortex motion law in the MKG framework. At any stage, by setting the
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pinning potential to 1 so that it is uniform, we immediately recover results for
the Ginzburg-Landau model without pinning or Maxwell-Klein-Gordon without

pinning, which may be of interest.
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Chapter 2

Ginzburg-Landau theory with

pinning

Now we get further into the mathematics. As well as introducing the
key quantities, we establish some notation and definitions which will be used
throughout the sequel. The aims of the chapter are to present how we incorporate
the pinning potential in to the Ginzburg-Landau model and to establish all the
quantities which play a role in deriving the dynamical law of the vortices. We

present some preliminary lemmas.

2.1 Notation & definitions

Suppose that Q C R? is bounded, simply connected and has C! boundary.

For pairwise distinct points in the domain a = (ay, ..., a,) € Q", we define

1
roi=7 min{r&m |a; — a;|, min dist(a;, Q) }. (2.1)
1#£] ?

For r < r,, we define the perforated domain

Q(a) :== O\ UBr(ai),

but often just write €2, if the positions of the balls is clear from context. Due
to the two-dimensional nature of the system, we first record that the curl of a

vector V = (V1,V3) € R? produces a scalar: curl V = 9,V, — 9,V;. Conversely,
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the curl of a scalar h : R?> — R produces a vector: curl h = (9yh,d1h). The
divergence of vectors and scalars works in the normal way. Rotation of a vector
anticlockwise in the plane by /2 is denoted V+ = (=V5,, V}), and for a rotated
gradient we write V+h = (Vh)*. Tt is worth noting that curlV+h = Ah. For
a,b € C, the quantity

(a,b) = R(a)R(b) + I(a)I(b)

denotes the scalar product, which is always real. We sometimes refer to it as an
inner product although it should not be confused with the standard Hermitian
form of an inner product on C". See Appendix [A] for some properties of the

inner product in the sense we use it. If X = (X, X,) € C?, then
<a’ X> = (<(Z, X1>7 <CL, X2>)

is a vector in R2.

The order parameter of our superconductor is u, : QxR™ — C, the magnetic
vector potential is A, : Q x RT — R? and the electric scalar potential is ®, :
QO xR*T — R, as they were in (1.7]). Throughout the thesis, we use the covariant
derivatives

V. ue := Vu, —iAcu.
Ay ue = Au, — 2iA, - Vu, — iu, div A, — |A.Pu,
Op Ue = O + 1P u,,
where, if Vu, = (0yu., Osu,), then

Au, =V - Vu, = 0?u. + du,.

We endeavour to include the subscript ¢ in the key places but often simply
write (u, A, ®) for brevity and ease of reading. Limiting values as ¢ — 0 are

always denoted with a subscript *: (u,, A, ®.). The magnetic field is

he := curl A, (2.2)
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whilst the electric field is
E.:=—-0A. —Vo.. (2.3)

The flow of superconducting particles is referred to as the supercurrent and has

the following mathematical structure

Ja.(ue) = (iue, Va_ue). (2.4)

H; denotes the closure of smooth functions with compact support in € in
the H' norm |u|> = |Jull3> 4 ||Vul/3,. Similarly W,” denotes the closure of
smooth functions with compact support in © in the W norm while W, L7 g
the dual of W19 where 1/p+ 1/q = 1. The norm defined next is ubiquitous in
the results and proofs in the following sections. It is a weak norm on the dual
of WyP(Q)

1 1
Iilhi-ro = sup {1(0) | 0 € WeP(@), Vol 1}, 4 =1,

Suppose X is a Banach space with norm ||-||y. The space LP([0,T7]; X)

consists of all measurable functions f : [0,7] — X with

1

T 1
oo = ([ 1A )" <00 (1<p<oc) @5

and

11| 2o o,73,30) = esssup || f(£) ]| < oo (2.6)
te[0,T

2.2 Ginzburg-Landau energy with pinning

Following the approach laid out in the previous chapter we derive the TDGL
equations with pinning. In Section we justified including the pinning
potential p.(z) inside the penalty term of the GL energy, like so [2, [34]:

1 1
4_52 _|h/5 - h6m|2' (27)

(12 = [ue)? +

1
E‘VAEUEF +

gfs <u57 AE) = /

Q
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Following Lassoued and Mironescu [37] we work with the normalized order
parameter w, : Q x Rt — C which satisfies

ue(z,t)
n-() ’

we(v,t) = (2.8)

where 7. is a background potential which is the unique, positive solution of the
following minimization problem [34]:
N, = arg  min / l|V77€|2 + L()D2 —i?)? du.
ieH(QR) Jq 2 4e2 ¢ ¢

It follows that 7. satisfies the elliptic PDE

0=An+%5(p2-n2) inQ

= (2.9)

v-Vn.=0 on 0f)

where v is the unit outward normal vector to the boundary and - denotes the

usual dot product between vectors.

We will see in Proposition that (2.9)) ensures 7. is close to p.. First we
show that (2.8)) leads to a useful splitting of the energy functional. Kachmar
[30] provides this result but we include it here for convenience and provide the

extra details in our proof which are omitted from that article.

Lemma 2.1. If u. = n.w. and n. satisfies , then the energy functional

becomes

G (ue, Ae) = G¥ (w., Ac) + Fe(n.), (2.10)

where

1
~|he — hea|? (2.11)

772 2 774 212
e 1=
B a0 + 5 (1 el + 5

G (we, A.) == /

Q

and

1 1
Fn) = [ 51902 + 0 = 2 (212)
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Proof. Replace u. by n.w,. in (2.7):
2
13

G (nw., A.) = / e

1 1
9 ’vAEwe‘z + 5‘w6|2|vn€’2 + 5775V77€ : V’wsP
Q

I 2 o, 1 2
—(pz — R —lhe — hex|®. (2.13
+/Q4€2(p5 2 wel)? + 5| o 2)
Note that

2
(P2 — n2lw:*)* = ((p2 — n2) + n2(1 — |w:|*))

(P2 = m2)” + 2 (1 — |we)* + 2n2(p2 — 2) (1 — |w.|?).

Thus, (2.13) becomes
2
3

U U 1
02 (e A) = [ Va4 = w2+ b bl
Q

4e? 2|
1 1
SV 4+ — (p? — n?)?
+/92| e | +4€2(p5 n:)
1 2 1 2 2 773 2 2 2
+ §Usvﬁs ’ v|w€| - 5(1 - |w€‘ )|Vﬁe’ + ﬁ(ps - 7]5)(1 - |ws| ) (214)
Q €

Since 7. satisfies (2.9), we multiply the first equation of (2.9) by $7.(1 — |w.|?)

and integrate over €:

/Q 22—52 (pg - 77?)(1 — |w8|2) _ —/Q%(Ane)na(l _ |wa|2)

1 1 n.
:/ §|V77€|2(1_|ws|2)_§nevne'v|ws|2_/ 5(1— ’w5|2) V'Vng. (2.15)
Q o0

The boundary integral vanishes due to v - Vr. = 0 in (2.9)), and so ({2.15))

provides
1 o 1 2 2 773 2 2 2
NV - Vwe]” = S (1 = w: ) [Vne|” + 55 (02 = n2) (1 — |we[7) = 0. (2.16)
Q2 2 2e

Using (2.16)) in (2.14)) provides the result. ]

Since 7. is defined to minimise F., the problem of minimising G**(u., A.)

amounts to minimising G (w,, A.). We now find the Euler-Lagrange equations

for the energy functional (2.11]).
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Proposition 2.2. Ifn. satisfies , the Fuler-Lagrange equations associated
to the enerqy functional with pinning are

(

0= Agw. + L1 — [w.f?) + Viegn? - Vaw. inQ
0= V+h, +n2ja (w,) in
(2.17)
v-Vyw: =0 on 002
he = hey in R2\Q.
\

Proof. Suppose t € R and v € H*(2,C). Applying the minimisation procedure

to G (w., Ac) in its first variable leads to

d 4
—Gr (w + tv,A)‘ = / n?(VAw,VAU) - 77_5(1 — |w|2)(w,v>. (2.18)
dt t=0 Q €

By Lemmal[A.1] we have (V qw, V 4v) = div(V qw, v)— (A w, v), where (V qw, v) =
(((0h = iAD)w,v), (D2 — iAs)w, v)). Thus,

/nf(VAw,VAw :—/ns(AAw,v>+/7752 div(V 2w, v)
Q Q 0

= _/n3<AAw»U>+V7752‘<VA7~U7U>+/ n2 (v - Vaw, v).
Q oN

Collecting everything together in (2.18]) gives

d
EGZE (w + tU, A)

— [ - awo)
o0

2
- [+ Vo Vaw + (1= ), o)
Q

t=0

Since this is true for any v € H'(Q,C), we find that the energy is at a critical

point if
niw
0= A w+ Vogn? - Vaw + 22 (1— |w]?) in Q

and v - V4 w. = 0 on 0f.

Suppose B € H*(Q, R?). Applying the minimising procedure to G (w., A.)

for the second variable gives

d
—GF(w,A+tB
dt GE (w’ + )

= / 02 (V 4w, —iBw) + (h — he,)curl B.
t=0 Q
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We want to integrate by parts on the last term so that we have something

multiplied by just B. Note that
(h — heg)curl B = curl((h — heg)B) — VE(h — hey) - B,
and then

d
—@G"e A+tB
o GI (w, A+ tB)

— _/Q (2 (iw, Vaw) + V= (h — he,)) - B

t=0
+/ (h—he)B - T
a0

where 7 is the unit tangent vector to the boundary.

Since this is true for any B € H'(2,R?), we find the energy is at a critical
point if
0=V*(h—he) + 02w, Vaw)  in Q
and h = h,, on 0€). O

Incorporating the time-dependence of (u., A., ®.) in the equations in the

manner of (1.4 leads to

Definition 2.3. The TDGL equations with pinning are

((Ofe +180)0s. we = A g w: + 7@;2”5 (1 — |we|?) + Viogn? - Vaw. in
o.E. = —V1th, —n2ja (w.) in Q
v-Vaw.=0 on 0f2

\ha = Ney on 0.

(2.19)

The well-posedness of the problem is discussed in Remark 2.6, We allow

the coefficients to have an e-dependence such that

Qo 0o
and o, =

<1 (2.20)

Qe = |log €] |log €|

where g and o( are constants independent of . We note that this is a

completely natural assumption to have on o.. As the size of the vortices
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decreases, the normal conductivity in the system decreases. This scaling for
o is necessary for sufficient control over the electric field to be able to derive
continuous motion of vortices. This is consistent with [48, 54] where this is
implicitly used. The precise value of o, is irrelevant for the vortex motion here
and in those works. In a more detailed analysis, we expect o to be visible
in higher order terms. Dorsey [I7] manages to show some o-dependence in
the coefficients of @ and @+ under a certain rescaling of parameters and for
an approximate to ®. It is difficult to reconcile Dorsey’s equations with the
equations we present here for those reasons. Our upper bound for o ensures

that the limiting magnetic field is determined by the vortex positions alone.

As Tice [57] records, vortices do not move until after an amount of time
7. = |loge|/ f-, where f. is the dominant force in the system. In the work by
Spirn [54], f. = he, and is independent of . This means that in the limit
e — 0, 7. — oo and the vortices don’t move. In the work by Serfaty [4§],
fe = hee(g) = Cylloge|, so 7. = C5* and the vortices move in the original time
scale. However, such strong forces which cause vortex motion in this time scale
dominate the vortex dynamics and the vortex-vortex interaction is negligible
by comparison. Since we wish to determine the role of the vortex-vortex
interactions in the dynamics, it is necessary for the other forces in the system
to not scale with ¢, hence 7. — oo. In order to see vortex motion, we rescale
the coefficients of the time-derivatives such that our approach is capable of
describing slow processes. See Theorem 3 from Tice’s work [57] for a description
of the various coefficients one can expect in the dynamical law for different
strengths of forcing. We let 3y be independent of €. This choice of scaling for o

and [ is the only one where a mixed motion law can be expected for our choice

of heyg = O(1) and p? = 1+ |1g§a\ . This logarithmic choice of .. which speeds up

the motion is the same logarithmic time scale at which vortex motion becomes

apparent in the gradient flow for the ungauged problem [27, [40].

Instead of the full GL energy functional, it is often convenient to work with
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the energy density with pinning given by

n?

4g2?

2
1
g7 (we, A.) 1= %mgwﬁ o (= Jwe?)? + Flewr] Ac — el

Additionally, we make the following definitions:

Ui 2 774 212

e (w,) = —=|Vw.|* + 452(1 — |w.|?)

and ,
jAa(wg)

|ws|

2

erg(wf-:) = el (|we|) + 5

If w, = |w.|e’®:, then the energy density includes the terms
Vawe* = [V]w|* + [w*| Ve — AP

Since ja. (w.) = |we|?| V¢ — Ac| (see Appendix [A]), it follows that

2

jAs(wE) _ |w5|2|V¢5—A5|2,

|we ]

and the energy density with pinning can be written compactly as

1
—|he = heo|*.

g2 (we, Ae) = 62155 (we) + 5

2.3 Pinning regime

Here we outline what it means mathematically for the pinning potential to
be critically scaled. The properties for our pinning potential are taken from
[34]. Although the perturbation to the background potential comes from p.(x),
we essentially work with 7.(z) which we have greater control of but require to
be close to p.(x). Let

Q:(7)
| loge]

4 q-(x)
|log £

and n?(z) =1+

€

pi(r) =1 (2.21)

and assume that ¢. — qo(z) in H*(Q) with k& made precise in Proposition [2.4}

The following proposition shows that p. and 7. are indeed close.
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Proposition 2.4. (Proposition 1.6 of [3])]). Let q. satisfy the following

(
lge(x) — QO($)||Hk(Q) — 0 as e — 0,

V. is compactly supported in € for all e, (2.22)

\ H52q5||Hk+1(Q) — 0 as € — 0.

If . satisfies and ; then ||Qe — qoll ey — 0 as € — 0 for integer
k>4.

Proof. The proof is substantial and can be found in the Appendix of [34]. O

Assuming that the limit of ()., Q, is bounded above by a constant, it follows

from (2.21)) that

Hl _USHLOO(Q) S (2.23)

= Tlogel’
We sometimes claim that for e sufficiently small, n. > % In every instance, the

quantities without pinning can be recovered by setting ¢. = Q. = 0.

2.4 Choosing a gauge and well-posedness

Now we must make a choice for the gauge we use in the sequel. Our results
on the vortex motion are gauge invariant, so valid no matter which gauge we
choose, but we must make some sort of choice in order to estimate quantities
such as A, and ®.. If we don’t make a choice for the gauge, then these quantities

remain so general that we struggle to estimate them.

Definition 2.5. Let Q C R? be a smooth bounded domain. We say
A, 1 Q x RT — R? satisfies the Coulomb gauge condition if

;

div A, =0 in
v-A. =0 on 0f) (2.24)

A (0) =0 initially,

\

where v is the outward pointing unit normal to OS).
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Remark 2.6. In the Coulomb gauge, the Cauchy problem for equation
is well posed. (w., Ac, ®.) are reqular enough to be treated as classical solutions,
and specifically, they allow the calculation in the proof of Lemma to pass
through without any problems. This high level of reqularity follows from Remark
1.3 in [35] and noting that the equations from that paper are equivalent to those
mn after the substitution of u. for n.w., where n. is a highly regular
function. See [3])] for the proof of reqularity of 1.

As a result of A satisfying the Coulomb gauge, we immediately have the

following estimates:

Proposition 2.7. (Proposition 3.3 of [£9]). Let 2 C R? be a smooth, bounded,
simply connected domain. There ezists a constant C > 0 such that if A; : Q2 —

R? satisfies the Coulomb gauge condition, then
2 2
||A€||H1(Q,]R2) < C|curl AEHL?(Q) (2.25)

and

||A8||§{2(Q7]R2) < C'|curl A5||§{1(Q) (2.26)

2.5 Jacobian

We recall that there are two quantities which describe a vortex; the position
of its centre a,;(t) and its degree d;(t). We would like to be able to relate
the positions and degrees of the vortices to the Ginzburg-Landau quantities
(we, A, @.).  Fortunately such a result exists, but first let us make some

definitions necessary to make the connection.
Definition 2.8. The gauge-invariant Jacobian determinant of w. is

Ja.(we) := %curl((z’wg, Vaw) + A). (2.27)
We simply refer to this as the Jacobian.

It is well established in the literature that J4_(w.) is close in certain norms to
the limiting vorticity measure %, d;0,, [49], and that a; satisfies an ODE

determined by the forces in the system. Additionally,
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Definition 2.9. The gauge-invariant space-time Jacobian determinant of w. s
, 1
Vs (we) i= (Op we, 1V g, we) — 5(1 — |we*) (0, As + V®,). (2.28)
We simply refer to this as the space-time Jacobian.

The space-time Jacobian is close in certain norms to 7Y i, d;a;-d0,, [52], which

encodes information about the transport of vortices.

Remark 2.10. Simply writing J(w.) or V(w.) signifies setting A = ® =0 in
12.271) or (2.28).

Lemma 2.11. For V{(w) as defined in (2.28), we have that

VI (w) = (@, iVu) — SV(B(1~ ) ~ (A0~ ). (229)

Proof. Notice from Appendix [A| that (iw,w) = 0 and so a term such as
(iPw, Aw) = PA(iw,w) vanishes. Expanding out the inner product in ([2.28])

gives

(Oyw + 1w, iVw + Aw) = (Qyw,iVw) + ®(w, Vw) + A(Ow, w)

1 1
= (Oyw, iVw) + §¢V(\w\2 - 1)+ §A8t(]w]2 —1).

Using this in ([2.28)) leads to the result. O

The next lemma shows that if we have control of the energy functional, the
gauge terms in the Jacobian and space-time Jacobian are vanishingly small as
e — 0. In other words, the limiting value of V{*(w.) coincides with the limit

of V(w,) and similar for J4_(w.) and J(w.).

Lemma 2.12. If G¥(t) < C|loge| and [, |E(t)]* < C|loge| for all t € [0,T],
then
Ja0) ) gy € 0o1) Ve € [0.T] 2:30)

and

V2 (w) = V()| 1 pozyy < 0=(1): (2.31)
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Proof. First consider the Jacobian from (2.27). We have that (iw,V w) =
(iw, Vw) — |w|?A, and so

1 1
Ja(w) = §curl((iw, Vw) + (1 — [w[*)A) = J(w) + écurl((l —|w*A).
Thus, by the Cauchy-Schwarz inequality, for any ¢ € W, *°(Q) with |V(¢| < 1,

9aw) = Ty = sup | C(Talw) = I(w)

GIvEI<1

= sup —/Q(curl((l—|w|2)A)

GIV¢I<1

= swp 5 [ VEC (P - 14
Q

¢,|V¢EIL1
gc( / <1—|w|2>2) ( / |A|2)
Q Q
Cov/GE (| Al ey - (2.32)

By (2.25) and the Sobolev embedding theorem we have ||All;. < ||A|l;n <
C (G +4he,)' /2. Therefore, (2.32) is bounded by Ce(G+h2,). Our assumptions

on the energy functional mean we have ([2.30)).

Now consider the space-time Jacobian. By Lemma [2.11]

/OTLC(Vf(w) —V(w)) = %/OT/Q(VQ)(I)(l— lw[?)

+%[/QgA(wa - 1)]OT. (2.33)

Consider that

(VO 1-|w)|<C

(L) ([

/0 1B 200 m{

From the Proof of Lemma 3.1 in [60] we have that [, |®.(t)]* < C|loge| for all

< (Ce

t > 0, and so in conjunction with the energy bound G < C|loge|, we deduce

0 / (VOR(1— [wf)

36
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Next,

1

[eawimwinr - <e( f1aor)( fo-mor)

< Ce Al g2y VGE (1) (2.35)

Arguing as we did after (2.32)), we have that (2.35)) is o.(1). Therefore, the
right-hand side of (2.33)) is 0.(1) and in the next step we have (2.31]). O

2.6 Equation for magnetic field
Without pinning, the magnetic field is related to u. through the equation
0:0the — Ahe + he = 2J4_(u.). (2.36)

To derive a similar equation for the situation with pinning, take the curl of the

second equation in (2.19) and add h. to both sides:
0.0the — Ahe + he = 2J4_(w.) + curl((ng —1)ja. (we)). (2.37)

In the next lemma we show that if the energy is bounded, the extra term

resulting from pinning is vanishingly small as ¢ — 0, hence (2.36) and (2.37)

both coincide in the limit.
Lemma 2.13. Suppose (w., A;) satisfy
G (we, A.) < Cllogel. (2.38)

Then
|curl((n2 = 1)ja. (w.)) ||W*1v1(Q) — 0 as € — 0. (2.39)

Proof. For any ¢ € Wy ™°(Q) with IVl oo () < 1 we have
IV ooy Jewrl (2 = 1)ja. (we)) [[yi-1n () = P /Q ¢ curl (2 — 1)ja. (w))
=sup [ V(1= )i )
Q

< V¢l 11—~ ng”LOO(Q) 174 (we) | 1@ -
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Therefore, by (2.23)),

lenrd(( = Diac(we)) iy < 1o e (w00l g ey - (2.40)

|log €|

, 2
]A(w)‘ < |Vaw|? and [1—|w|| <

To estimate the supercurrent term we use that o]

11 — |wl|?| like so:

/ mw)' <[ | o |
< (L[S} (fo-mee) <o ([ ])
<(/ |vAw|2)é (fa- |w|2>2)% v mwﬁf

< CeG™ + CV/ G (2.41)

B = ol + [

|w]

Ja(w) ‘

We have used that n? > 1/2 for ¢ sufficiently small, and so non-pinning terms

can be bounded by the pinned energy. The energy bound (2.38) and ([2.41))
mean that the inequality (2.40) provides the result of the lemma. O

2.7 Excess energy D,

Recall from the start of the Chapter that a = (ay,...,a,) € " and the
definition of r,. Set Q™ := {a € Q" | r, > 0}. For a € Q™ and d € Z", the
canonical harmonic map w, = w.(a,d) is defined as the S'-valued map (after

choosing a gauge) that solves

(

div j(w,) =0 in
§ curl j(w,) =27 3" did,, in Q (2.42)
v-jlw) =0 on OS2

\
Here j is just j4 with setting A = 0. In terms of u,, we may recast (1.3)) into

the form

/ (1, Oruy) = 27d,;. (2.43)
OB, (a;)
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Similarly, the limiting magnetic field h, is defined as the solution (again

after choosing a gauge) to the London equation [35], 149]:

—Ah, + h, =273 " did,, inQ
2im (2.44)
he = hey on 0f),

and A, is defined as the solution to

h, = curl A,. (2.45)

2.7.1 Renormalized energy

We saw in Chapter 1 that there exists a function which describes the
interaction between vortices; the renormalized energy. Although the renormalized
energy ultimately depends on the positions a = (ay,..,a,) and degrees d =

(dy, ...,d,) of the vortices, it can be written in terms of (u., As, h.) [35]:

Definition 2.14. We define the renormalized energy to be

r—0 2

1 1
W(a,d) := lim (—/ IV 4, u.)? + 0w logr) + —/ |hy — hee|?. (2.46)
O (a) 2 Ja

It is clear that the renormalized energy depends on the domain € but we
omit this from our notation of W (a,d). We immediately state a result which

estimates the rate of convergence of the limit in (2.46)).

Lemma 2.15. (Lemma 5.6 in [35]). For alln > 1, a € Q™, d € {£1}" and

r < rq, there exists a constant C' depending only on €2 such that

1 1
W(a,d)—é/ﬂ()]VA*u*|2—n7Tlogr—§/Q|h*—h6$|2

< C’n((@>2 + r(ﬁ + h6x>2>. (2.47)

Ta Ta

2.7.2 Self-energy

For a system of vortices in a superconductor and external forces absent,
we know that the renormalized energy accounts for some of the energy in the

system, but now we ask if the vortices themselves contribute an amount of
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energy. To answer this question we should consider the energy in the balls

which contain the vortex cores. By (1.30) in [35]

I(r,e) :=inf {/ e (u) ‘ u € HY(B,;C), u=¢e" on 8BT}

r

which defines the constant

7 = lim <[(7’, ) — mlog g) (2.48)

r—00

We have a lemma which estimates the rate of convergence.

Lemma 2.16. (Lemma 16 in [28]). There exists a constant C' such that
r €\?
"yo - (I(r,s) —7r10g—>’ <C (—) .
€ r

We claim that the self-energy of a vortex is v9 + 7log % Thought about
in a simple way, the renormalized energy provides the energy in €2, and the
self-energy gives the energy in the balls. We will see in the next chapter that
when we must estimate the energy in the balls, I(r, e) provides a lower bound

(Theorem 5 of [2§]).

2.7.3 Excess energy and well-preparedness

Intuitively, we expect that the minimum energy in the system we study
should be close to the sum of self-energies of the vortices, the renormalised
energy and the pinning potential energy. Indeed, we want any excess energy
to be the energy left in the system for vortex motion, i.e. the energy left in
the system when the energy due to vortices, renormalised energy and pinning

is taken away, and for it to not be too large. Using the notation
Qola) =3 Qofa) (2.49)
i=1
and furthermore, that
W9(a,d) := W(a,d) + 7Qo(a), (2.50)

then we have
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Definition 2.17. The excess energy is
D. = D.(w, A.,a,d; hey) = G (we, A) —n(yo +7|loge|) — W%(a, d). (2.51)

The final definition of this section sets out the initial conditions we use in
the sequel. As should be expected, the choice we make here has a massive

influence in how the system evolves in time.

Definition 2.18. A solution is well-prepared if (w-(0), Ac(0)) satisfy

;

d;(0) € {—1,1}
‘]As (wa)(O) — T Z?:l dz(o)éal(o) (252)

limsup,_,, D-(0) = 0.

\
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Chapter 3

Coercivity estimate

In this chapter we prove a ['-stability result, which we call the coercivity
estimate. It shows that if the Jacobian is localised around the vortices, the
difference between the configurations (w., A.) and (w,, A,) is bounded by the
excess energy in the system. This proves to be useful in deriving the dynamical
law for vortices in the later chapters. The coercivity estimate presented here
builds on what has appeared in [34] and [35] by bringing together gauge and
pinning terms. In some places, elements of the proofs presented in those papers
are simplified (see later how supercurrent terms are treated as opposed to in
[35]). The proof of Theorem [3.9]is long and requires estimating many different
terms, so before attempting it we present a series of lemmas which provide

fundamental estimates of some key quantities.

3.1 Fundamental estimates

Here we mainly quote results from the literature. We saw in Chapter 2 that
the gauge terms (A., ®.) are unaffected by the introduction of pinning into the
system, and so any estimates required on the fields or gauge potentials can be

taken from works which don’t consider pinning.

Lemma 3.1. (Theorem 5 of [28]). There exists a constant C' > 0 such that if
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u € HY(B,; C) satisfies
o
17 (w) £ 7ol lyir-11(5,) < T

then
o C [ o

P)/O+7r log _+05(1) é / €5<w5)+_(5 log ——|—HJ<U) + 7”50HW—1,1(BU) ) (31)
19 Bo ag 19

Lemma 3.2. For any a < % with 2 < p < oo and for A. satisfying the
Coulomb gauge, we have the following estimates for vector potential A. and

order parameter w. (not necessarily solutions)
1
1Al 10y < C(GE + hZ,)2 (32)

1= el oy < €G22 (33)

Here C' depends on o and p.

Proof. Following the proof of Lemma 4.6 of [35], we note that if A. satisfies
the Coulomb gauge condition, it implies the existence of a potential =, which
satisfies A, = V4=, in Q and Z. = 0 on 0. Therefore, A=, = curl A, =

he — hey + hey, and since ||he — heg||;2 is bounded above by G7¢, we have

£

|AE||,. < C(G™ + h2,)z (see [35] for details). This leads to 1Zell 2 () <

C(G™ + h2)2, which in turn implies (3.2). In this way we don’t directly
estimate any quantities purely with the Coulomb gauge condition but instead

use it to relate [|Ac[| ;1 q) to [Jcurl Ac|[;2q), which is estimated by G-

To prove the second inequality of the lemma, follow [35] and use that for

sufficiently small e, n? > 1/2, and so
[ tepy < [ 220 jupy < ceer
Q Q
O

Recall from (2.1]) that r, := 3 min{min,4; |a; — a;|, min; dist(a;, dQ2)}. Then

we have

43



Lemma 3.3. (Lemma 5.2 of [37]). Let h. satisfy . Then for any p < 2,

n
1oclloey < € (2 + her) (3.4)

a

n
[ A2y < C<r_ + hegc> (3.5)

a

where C' depends on ) and p.

Lemma 3.4. (Lemma 5.3 of [35]). For any r <r, and any q < 2

. 1+g 229 p
”]A* (w*)HLQ(Q) S C’(n q T’aq + 7”_ + hex)- (36)
Additionally,
. n
lia. @)l =0y < (5 +hes). (3.7)

Proof. Estimate (3.6]) is given in Lemma 5.3 of [35]. To derive (3.7) we first
note that j4, = j(ws) — A.. Thus,

174 2o,y < 5wl oo,y + 1A Lo (@ - (3.8)

Lemma 5.3 of [35] provides
2n

17wl gy < == (3.9)
for all r <r,, and (3.5)) implies
n
[Asll o) < C(; + h8x>' (3.10)

We use the two previous inequalities in (3.8) and note that == < = to arrive at

(8.7). O

The final lemma of this section is necessary to treat the pinned energy on

the vortex ball. It’s a gauged version of Proposition 0.1 of [14].

Lemma 3.5. Suppose (w., A;) satisfy

1 1 1
/ L+ L = e 4+ Lhe < nmllogel + 00 (3.11)
U; Br(a;) 2 45 2

Then there exists a constant M such that

1
/B( Bl v (3.12)
Ui Br(a;

44



Proof. By Theorem 1.1 of [49], for sufficiently small ¢ there exists a K > 0 such
that, for all v,

1 1
2 (1 - 2\2 - 2' 1
T R XONCRES

1 1
nﬂlog——Kg/ —|Vav
€ Ui Br(as) 2

Replace € with 2¢ in (3.13)) and let v = uy,:

1
162

1 1 1
nm log % K < / SV a0 P+ (1 — |uge®)* + = |hoe®. (3.14)
g U; Br(a;) 2 2

Add & iBo(a:) % (1 — |wac|*)? to both sides of (3.14)) and then after combining

with the upper bound (3.11]) it follows that

3 1
— —(1 = |wae|?)? < C + K + nmlog 2. (3.15)
16 U; Br(aq) e?

]

3.2 Compactness results

Now we state some compactness results which will be used in the following
sections. In the next proposition the Jacobian converges to a collection of points

independent of time.

Proposition 3.6. (Proposition 2.1 of [35]). Let (w., A.) and some K; > 0
satisfy the energy bound G.(w., A.) < Ki|loge|, where he, = O(1). Then, for

a subsequence,

—0
(Co ()

JAS (’U}g) - i diéai

i=1

where v >0, d; € Z and a; € Q).

Proof. See Chapters 6 and 7 of [49]. O

Proposition 3.7. (Theorem 2.2 of [35]). Let (w., A:) and some Ky > 0 satisfy
the energy bound
Ge(we, Ac) < nr|loge| + Ko (3.16)
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and suppose the vortices are localized as

— 0 (3.17)
W-11Q)

J(UJE) — T i diéai
=1

where a € Q™ and d; € {—1,1}. Then this convergence also holds in W= for

1<p<?2.

Proof. The convergence of the vorticity in the larger space comes from the

fact that W11 convergence implies (08’7)* convergence, and the compact
embedding (C;7)* € W', 1 < p < 2, implies that the compactness also

holds in negative Sobolev spaces. O

Remark 3.8. In the previous two propositions the requirement was that the
unpinned energy was bounded. The pinned and unpinned energies are actually
quite close to each other in value, and thanks to , we have that if the
pinned enerqy is bounded by C|loge|, it implies that the unpinned energy is

too.

3.3 Coercivity estimate

We are now in a position to present the main result:

Theorem 3.9. Let Q C R? be bounded, open, simply connected and have
Ct boundary. Suppose n > 0, & = (£&1,...,&,) € Q¥ and d; € {£1} for all

i =1,..,n. Define w, = w.(-;&,d) via (249), he = h.(:;€,d) via and
A, = A,(€,d) via (2.48). Further suppose there is a w, € H'(Q,C) and a

divergence-free A. € H' (2, R?) (not necessarily solutions) satisfying
Ge(we, Ae) < nr|loge| + Ko (3.18)
for some Ky > 0 and

< s (3.19)
W-11(Q)

JAE (wg) — T Z d26§1

=1
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for some s. € [ey/log(re/e), /4] which satisfies s.|logels — 0 as e — 0.

Suppose also that, as ¢ — 0,
logel? [ Ae = Al iy > 0 forp>2. (3.20)

Let 0 < v < 1 and then there exists a constant C' such that

1

m
Se
r, = C <GQ€ . h§x> : (3.21)

then the excess energy as defined in satisfies

2

. Ne

| e+
Q"‘* (6)

where

jAs(wE) o *(w*)

2
1
+ —/ |he — h*\Q < D, + error,
2 Jg
(3.22)

e

2.(6) = B @

and

_1
error, = C’n(s;’(GZ‘f + n27“§_2 + hgz)) 7+ 0. (1).

Proof. Allow us to simply write j4 in place of j4_(w.) and j4, in place of ja, (wy)

in the following. By (B.1) we immediately note that (3.18]) implies
G’ (we, A.) < nr|loge| + K. (3.23)

We use this bound repeatedly in estimates involving G later on.

Counsider that
2

: Ja
= e (Jwe]) +

|we

n2
2

Ja

|we

n:
2

2 2
. n . o
e (Jwe])+ — |we|ja, +?€|ws|2’]A*|2_n§]A*']A

2 2
. U] . . . ) n:, .
= e (we) + 3 (Jwe]* = D]ja.® + nZja, - (ja, — ja) — ) ja.)?

2+ n2ja, - (Ja, — ja). (3.24)

2
. . 1 .
= e () — €l (w) + E (= D,

Separately, we have that
C2
JA

|we]

n?

2

Jja

|wel

n?

2

n? 2 2 2 Jja
+ 5€|w€| lja.” — 775|w5|.]A* : |w_

el
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2 . 2 2 2 . .
e | JA Tl 2 o2 ey 2 2 - JA 2 JA
== + 5 (we[ = D)|ja. "+ < 1A, We| = 1)ja, - T —nZjA. -
e T = Dl P P =] = Dy =
n Ja ton ja
5 —ja.| + 5w = Dlja = n2(jwe| = Vja. - 7. (3.25)
|wa| 2 |we|
Combining ((3.24)) with ( gives
. 2 :
JA _JA

772
e (ju)) + =

—ja.| =€k (we) — e (w) +nZ(Jwe] = 1)ja.

|wel

+n2ja. - (Ja. —ja). (3.26)

|we

For any 0 < r < r¢, recalling Definition for excess energy and (12.47)), we

have
DEZ/ 67455(’(1) —€A / |h eg:‘2_ |h*_hex’2
Qr(8)
+Z [/ e (we) — (0 + mlog - +7TQ0(§Z))] +errors. (3.27)
i—1 =~/ Br(&)
where
nry 2 n 2
errors = O(Cn<E> ) + O(C’nr(a + hegC) )
Using that

/|h' ea:|2 |h _hex|2 / |h _h |2 /(h*—hex)(h*—hg), (328)
Q
we combine (3.26]), (3.27) and (3.28)) to arrive at

2 . 2 5
1
[ ettt | = g 5 [ el = D> Lerrors, (329
2 | |we| 2 :
r(€) Q =
where
r
L = Z [fyo +7rlogg + 1Q0(&) —/ efg(wg)}
i=1 By (&)

L= / ea(ws) — €% (w,)
Q- (&)

. JA
I, = / (e — 1)ja. -
Q.-(8) ’wa!

I = / n2ja, - (ja. — ja)
Q- (€)
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I = /Q(h* — hea)(he — he).

We estimate the terms I;-I5. In what follows we ask for the radius of the balls

to be

1 11
= loge| ™3, /52 h that — = min < |loge|s . (330
r = max{|loge|75,y/s.} such tha . m1n{| 0g5|3,\/8_} (3.30)

3
This allows us to control terms where 1/r is multiplied by 1/|log ¢|, for instance.

Let us consider each term in turn.

We rewrite I; such that

n

L=) [70+7T10g£+7TQ0(&)—/

2
SUSR R e i)
im1 B (&) By (&)

(3.31)

The reason for tearing apart the energy density in this way is that because we

have s. < & we are free to apply Lemma [3.1] to deduce that

C
Yo+ log = S/ ea(wa)+—(€\/logi+sa> +o:(1) Vi

Since we assumed that s. > e4/log(r¢/¢), we have

C
Yo + 7T10g C < / ea(we) + =S+ 06(1)' (332)
¢ B "

Whilst this is an estimate for e.(w.), we require an estimate for the energy

density with pinning e (w.). Specifically, we would like to show that

/ nPe.(w,) g/ el (w.) + error. (3.33)

Consider that

2(02
—1
nec(uw) + =D 0 )R = e ). (3.34)

If n? > 1 then (3.33) immediately follows from (3.34). However, if 2 < 1 then

M2A=12) (1 _ (o [2)2
we must show that =" (1 — |w.|*)? can be controlled by an small error term.

By using 1| < C, (223) and 312),

2 2
/ B 4y < S ) (3.35)

42 |log £ -
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Hence, we have (3.33]) with the error term being o.(1).

Let q.(r, o) = infiep, (zy) @=(x). By (3.32) and (3.33) we can say
e\l Qi C i
(1 el O) (’Yo +mlogt — —s. — 05(1)) < inf (77?(:6)>/ ee(we)
15 r By (&)

‘ 10g8’ T z€Br(&)

/ 77366 (we)
/ e (w2) + 0.(1). (3.36)

IN

IA

Hence,

”
Yo + mlog — + Qo (&) — / el (w,)
€ B, (&)

<%+ ﬂlogg +1Qo(&) — <1 + 2(r &)) (70 + ﬂlogg - gse — 05(1)>

| log g
logr C
< W(Qo(fi) — qe(r, fz)) - C| loge]| + 735 +0.(1)
log|loge| C C
< - J— = — . .
<C oz e + rss—l—oe(l) Tse+og(1) (3.37)

To estimate [; it remains to estimate the gauge contribution in (3.31)). For

any p > 2, let v <1— %, then using Lemma and 1} we have

' C
<clifi A, W,

U
|w]

772
Pia- Ae+ Dl P42

LY(By)
C
+ 5 H772A2(|U)|2 - 1)HL1(BT)

L*(Br)

A Alw] = 1)

+C
|wl

L'(Br)

< CPVaw]| o Al 7% + Cr |02, IAlZ

+ C |V awl| o 1Al 11 = Juwlll 22, + C AN [[0*(1 = [w)]]

< C(GT+ h2)r + C(GT + h2)r + C((GT)? + h2,)e" + C((GD)2 + hi,)e

< O(G"™ + h2)r" +o.(1). (3.38)
Inequalities (3.37) and ({3.38]) together provide
Cn 5
Il < 785 + CTZT’Y(GZE + hem) + 05(1). (339)
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We now consider I,. By definition,

b= [ (G-mlaf
Q- (¢)

Combining the pinning estimate ([2.23|) with the limiting supercurrent estimate

(3.7) gives

C
L< Ol = i < “Ogd( the).  (340)

We use (3.30) to conclude that Io = o4 (1).

Next, since (1 — |w,|) < |1 — |w.|?|, Cauchy-Schwarz implies

Jja

< Ces(2

r

13 < H7752(1 - |w€|2)HL2(Q) ”]A* Lo°(Q,) + hw)G?&k,

[welll 20

having used (3.7)). Using the condition on r (3.30) and the condition on G
(3.23]), we have that I3 = o.(1).

To estimate I, requires some work. Proposition shows that I, = o.(1).

Finally, we estimate I5. After integration by parts on I5 we have
Is = —/ Vth, - (A, — AL).
Q
Using (3.4) and (3.20) we have, for p > 2,
I <0(= +hw) 1A = Al oy = 0-(1):

Bringing the estimates for the five terms together in (3.29)) gives

77
|oerun+d e
Q- ()

<D.+ C’—SE + Cnr? (G + h2,) + errors + o.(1).
r

]A

Consider the error term
n 9 nr 2 n 2
error = C—s. + Cnr?(GF + hZ,) + Cn<—> + C’Tw"(— + hez) + 0:(1).
r ’I"g 7’5
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Since (£)? < Z and r < 77, we have that
e re

2
error < C’Esg + Cnr? (GQE + h2, + n_2> + o.(1).
r r
3
If we optimise the error over r we find the optimum radius is r,, given by (3.21]),

and yields an error term given by error;. Hence we have (3.22)). O

Before treating the supercurrent integral Iy, it is necessary to state a lemma
from [7]. The method we use to estimate I circumvents complications involving
the domain of integration in [35] and is in fact closer to what appears in
[48], although the proof of their Lemma 3.7 is for a gauge-free system. We
show the necessary convergences through weak-convergence arguments based

on compactness, rather than the explicit argument of [35].

Lemma 3.10. (Lemma 1.3 in [7]). Let Q2 be a smooth bounded domain in
R2, and let w;, i = 1,....,n, be smooth disjoint subdomains of §), such that
Q, = Q\U., @; is connected. Let v be a function satisfying

p

Av =20 m €,
o Qv =0 Vi (3.41)
\(f)yv =0 on 0f2.
Then .
S;E)U - %lfv < ; (Salijli)v - 1815 v) : (3.42)

Proposition 3.11. Suppose (we, Az, w., Ay) are defined as in Theorem .

Then we have that for every small r > 0,

L= / i - Ga. — ja) = 0.(1). (3.43)
Qr-(§)

Proof. Take € — 0 such that

L4 (ex)| — limsup [14(g)].

e—0
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To begin, we use that

4] < ||773HL00(Q) G4, - Ga. =3l e,y < Cllia - Ga, — )l (3:44)

so that we can focus on just estimating the supercurrent terms. Rather than
estimating the supercurrent terms directly, we employ a function which is close
to the limiting supercurrent as r — 0 and has useful integration properties. Let
Ty be defined such that

ATy =275 diby — hy in Q)
’ 2in (3.45)

TO =0 on 0f).
The second condition is a Dirichlet boundary condition (see [48]). The subscript
0 indicates that Y does not depend on the radius of the balls, r. It follows that
T, satisfies j4, = V+T( in Q. Now consider a function ¥, which satisfies the

following

;

—AV, = h, in Q,(¢)

v, = constant = ¢; on 9B, (§;)
(3.46)

f@Br(ai) oV, +7-A, =2nd; Vi

\\IJT:O on 0f).

If we can show U, is a good approximation for Yy as r — 0, we will use V4,

to replace ja, in I;. We seek to use Lemma [3.10, Notice that if v = W, — Ty,
the criteria (3.41)) are satisfied. Hence, by (3.42))

n

sup(V¥, —To) —inf (¥, —Ty) < sup (V,—Ty)— inf (¥,—Yy)). (3.47
AP, =) ~ipf(¥=T0) <3 sup (¥,=T0)= fnf (¥, ~To)). (347

Since W, is a constant on each 0B, (a;), we have for a C' independent of on r

that

sup (U, — Tg) — inf (U, — 7T ): (su Y, — inf T)g(}r.
il(aBr(%)< 0) aBr(éi)< o) 121 aBT(IZ.) O oBre)

Here, we have used that sup(—f) = —inf(f) and —inf(—f) = sup(f) and the

last inequality follows due to Lemma [3.12]
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Since ¥, — Ty = 0 on 02, we deduce from (3.47)) that (again C' independent
onr)

It follows via standard interior gradient bounds for harmonic functions that for
every compact subset K of Q\{¢;}, one has

19, — Yollow ey < CLE)r (3.49)

for all sufficiently small r.

We estimate an approximation to I, using W, with the intention of passing
to the limit » — 0 to recover the original integral for I, we wish to estimate.

Consider
L;:/ VU, - (VA — ja). (3.50)
Qr

Integration by parts gives

I = _/Q U, (AT, — curl j4) _Z/a RACEAEEN
:2/ \IITJA(w)—/ W, (he + A,) Z/ w7 Vaw)).
I 83?" Ez

The first integral on the right-hand side can be estimated by [|.Ja|[yj;-1.1(q,) < s-
and that ||[VV,| = [[ja. ]| < C(® + hee). By (3.30) and the condition in the
3 — 0 as e — 0, the first integral is o.(1). Use the

hypothesis that s.|loge
properties of W, from (3.46) to write

L;:os_/ \Ifr(he—h*)—ichi[—Qﬂdﬂr/ T.A*+<m,7.vAw>]. (3.51)
Qr i=1 9Br(&i)
Consider that the integral involving magnetic field is
—/ U, (he—h.) = VL\IJ (A.—A) +Z/ (A.—AL). (3.52)
T aBr(§1
Thus, using (3.52)) in (3.51)) gives

Iy=o0.+ [ VU, (A —A,)

Qr

+Zci[—27rdi+/ T (A= A) + 7 A+ (iw, 7 Vaw) .
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= o, +/ VI, - (A — Ay)
Qr

+Zci[—27rdi+/

i=1 9By (&)

= 0€+/ VL\PT<A€_A*>+X7Z: C7,|:_27Td1+/

i=1 837'(51’)

7 A+ (iw, 7 - Vw) — 7 - ]wEIQAE]

<iw,87w>—|—7'~(1—]w€]2)A€].

(3.53)
Using with the fact that [[VW,| = ||ja,]| < C(* + hey) means that the
first integral on the right hand side of is 0-(1).

Now we want to show that the boundary integral is o.(1). First recall that

from the estimate for I; (3.39) we have that

1 n
nr|loge| — / e ey (we) < nwlog ST E Qo(&) + errory + o-(1).
Ui Br (& 1=1

(3.54)
Using this with the upper bound on the energy (3.23) we deduce that
GIF (we, As; Q) < K3 + nm|loge| — / ei’fg(wg) < Ky(r). (3.55)
U; Br(&:)

In light of (3.55) and [[72|| () < €, we have that ||VAsw€||iQ(QT) < CKy(r) <

K5(r), where K3 is a constant independent of €. Since
|Vaw)? = |[Vw]? + [w|?| A — 24, - (iw., Vw,),

we deduce that

/ V] < / Vw12 / ALl (3.56)
Qr Qr Q.
By (8.9) and (3.10), (B-56) implies

limsup/ |Vuw.|* < Ks(r) + %(ﬁ + hex> < Kg(r).
Qr

e—0 Tq
We deduce from this that there exists a subsequence of £ — 0 such that Vw,

converges weakly in L*(Q,.).

Additionally, from (3.55) we have that ||1(1 — |w.|?

e, < C2Ka(r) <

K+(r) where K7 is a constant independent of . Subsequently, we have that
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there exists an S'-valued map w, which w, converges to. The convergence of

w, and its gradient in combination implies w, — wu, in H'(Q,).

Now, inspired by the proof of Theorem VI.1 in [7] (see their (14) in Chapter
VI), we have that Fubini’s theorem implies there exists a radius s such that

r < s < ry, where r; > 0, which satisfies

/ (1 —|w.|?)* < Ce*. (3.57)

Thus, because A. is bounded in LP(0B,(&;)) due to (3.2) and trace theory,
(3.57) implies that
/ (1= w2 A, = 0. (3.58)

Following [48], we claim that u, has the same degrees d; on 0B,(;) as w.

has. As a consequence, we have that (see (2.43))), as € — 0,
/ (iwe, Oyw.) — (1, Oruy) = 2md,;. (3.59)
OB () 9B (&)
Using (3.58) and (3.59) in (3.53)) shows I} — 0 as ¢ — 0.

Taking ro to be fixed and using that V¥, — V1Y, uniformly in every
compact subset of Q\{;}; passing to the limit » — 0 in (3.50)) yields

/Q ja, - (Ja. —ja) = 0:(1),

70

which means Iy = o.(1) due to (3.44)). O

Lemma 3.12. Suppose T satisfies . Then

Y sup To— inf Yo) <Cr. (3.60)
> )

=1 \0Br(ai) 9Br(ai)

Proof. For the position z € Q let A =3""  d;log|z — a;|. Then due to (3.45)),
we have that A(YTg — A) = —h,. By (3.4),

n
cllyragey < C (= + b )
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so by standard elliptic estimates we deduce that

10 = Ml < C (5 + her)

Taq

which, by Sobolev embedding for p = 1 (W?! < C° so W3 — C1), implies

1To = Allcrg) < C(% + hex)-

Since
Ty = A(r) 4+ smooth function
and
A(r) =dilog|z — ai| + Y djlog|z — ayl, (3.61)
I#

we see that Y is smooth on 0B, (a;) because the first term on the right-hand
side of is constant on 0B, (a;), and the last term, which describes the
influence from the other vortices, is smooth on 9B, (a;). The smoothness of Tg
on the boundary of the balls implies that |é5- VY| = [205To| < C on 9B, (a;),

which in turn implies the result. O

We make a few comments about the significance of the coercivity estimate.
The functions (w., A.) determine the position of the Jacobian, whilst the “optimal
functions” (w,, A.) determine the vortex locations. The coercivity estimate tells
us the distance to the set of optimal configurations is approximately the amount
of excess energy in the system - Theorem shows we have L? convergence of
Vw. — Vw, and h, — h, to zero merely from W~1* convergence and control of
the excess energy. In fact, we see that the rate of convergence of the magnetic
field goes like the excess energy. We will see that the statement in Theorem
is general enough that the conclusions hold for solutions to the TDGL equations
and in a slightly weaker form for the MKG-pGL equations, and so the coercivity
estimate proves to be a key ingredient for estimating energy and supercurrent

terms later in the thesis on our way to deriving the limiting dynamical laws.

As the final action of this chapter, we state a result on the supercurrent

which follows from the coercivity estimate and is used in Chapter 5.
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Corollary 3.13. If the hypothesis of Theorem[3.9 hold, then

174, (we) = Ja. (W) passq) < CV/ De + errors (3.62)

where

errory < C\/error, + Cni\/ﬁ(\/GE + Cn%) + o-(1).

Proof. The proof is essentially the same as in the proof of Theorem 2 of [29]. We
reproduce it here for convenience and show how to treat the pinning potential.

We start with the observation that

Ja
T — JA.

lja —ja

|

JjA
o < HW'”' 1)

LA/3(Q) LY3(Qr,)

(3.63)

H — JA.
L4/3 (UiBT‘* )

We estimate each term on the right hand side in turn. Firstly,
Ja
—(lw[=1)

|

Next, by applying Holder’s inequality, assuming that % < n? for sufficiently

< IVawll gy 11 = |wlll gy < VEGE = 0.(1). (3.64)

LA/3(Q)

small € and then using the coercivity estimate we have

‘ Jja H
— JA.
|w| a3, L2(Q,)
S C ‘]_A — ]A*
2 |’lU| L2(Qr*)
< C+vD.+errory. (3.65)
Now consider that
JA . Ja
T "
|w| L4/3(U7,‘Br*) |w| L4/3(UiBr*)

Applying Holder’s inequality we have

Ja
|w

< Cn'*/r,.G.. (3.66)

Finally, to estimate the limiting supercurrent we use the co-area formula

< (nmr?)V4

‘ Ja
|w]

LA/3(UiBr,) L2(U;B,,)

|74,

LB, (a) S Z/ — rdr gCn%\/r_*. (3.67)
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Collecting together (3.64)-(3.67) in (3.63) gives

) < C\/D. + error; + Cn'*\/r,G. + C’ng\/r_* + 0-(1).

|74 — ja.
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Chapter 4

Energy analysis for TDGL

solutions

The aim of the next chapter is to show the vortices follow well-defined
trajectories and derive the equation of motion these trajectories satisfy. However,
before we can say anything about vortex trajectories it is necessary to show we
have control on the energy and dissipation in the system, at least for a finite
period of time. If the energy is under control then we know that the vortices
don’t jump around chaotically and can define a smooth vortex trajectory.
Furthermore, if the energy in the system is too large we struggle to control
other terms when we derive the dynamical law. The aim is to show that many
terms are small as ¢ — 0 and only a few prominent terms survive in the limiting

dynamical law.

To establish the necessary control, we require a prerequisite bound and an
equation involving the energy which we refer to as the I'-convergence result and

the conservation of energy equation.

4.1 TI'-convergence result

The I'-convergence result provides a lower bound on the energy based on

the compactness of the vorticity. We use the coercivity estimate of Theorem
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to obtain a lower bound on the energy which depends on the relative vortex

positions and pinning potential.
Proposition 4.1. Let (w., A.) and some Ky > 0 satisfy the energy bound
GI (w., Ac) < nmlloge| + Ko (4.1)

and suppose the vortices are localized as

J(we) —m Z d;i0q, —0 (4.2)
i=1 W-11(Q)
where a € Q™ and d; € {—1,1}. Then ase — 0,
G™ (w,, A.) > nr|loge| + nyo + W9 (a,d) — o.(1). (4.3)

Proof. To establish a lower bound on the energy we note that we can lower
the energy by minimising over A.. If A. minimises G (w.,-), it satisfies the

Euler-Lagrange equation

n%jz (we) + Viewl A. =0 in Q

curl fle = Ry on 0f).
Taking the curl of the first equation here leads to the corresponding London
equation for h. = curl A,:

— Ah. + he = 2J5_(w.) + curl (2 — 1)jz (w.)). (4.4)

Lemma shows that the last term here is 0.(1). Lemma shows that
J;_(w.) converges to the same limit as J(w,) if A, is in the Coulomb gauge,

and so by (4.2) the limiting London equation is
— Ahy 4+ h, =27 did,,. (4.5)
i=1

Take the difference between equations (4.4) and (4.5)) and apply elliptic estimates

to achieve WP convergence of the magnetic field:

|he = hillypre < C -0 as € — 0.

W-1lp

24 (w) — 21 " did,

=1
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It follows that ||A. — A.|ly2, — 0 (p < 2), and by Sobolev embedding, ||A. — A||;, —
0 for 1 < ¢ < co. We use this in the coercivity estimate in Theorem [3.9] As
the left-hand side of (3.22)) is nonnegative, after applying the definition of the

excess energy (2.51)), the estimate (4.3)) follows. ]

4.2 Conservation of energy

The next step to show that the energy and dissipation in the system are
bounded up to a finite time is to derive an equation for the evolution of the
energy in time. To derive such an equation, we first compute the time derivative
of the energy density and then integrate it over (2. We see that our choice of
boundary conditions for solutions to the TDGL equations leads to the

vanishing of the more complicated terms in the equation for energy evolution.

Recall that the pinned energy density is
U5 UK 1
97 (we, Ae) := EEWAEUJE\Q + L (1 — JwP)? + §|curl Ar — he|?, (4.6)

4e2

then we have

Lemma 4.2. For any triple (w, A, ®) (not necessarily solutions), the energy

density given by satisfies

4

g™ = n2div(dpw, V.aw) — (Dew, f2Aw + 77;;“” (1 — w]?))

— (h — heg)eurl E+n2E - ja(w). (4.7)

Proof. Directly computing the derivative of (4.6]) gives

Orgls = 20,V aw, V qw) — —=(1- lw]?) (Oyw, w) + (b — hey)Oth

= 72(0aV 4w, Vaw) = (1 = |0 @w,w) + (h = he)Oph. (48)

To rewrite the first term on the right-hand side consider that from Lemmas

and [A 3],
div{(Opw, V qw) = (V 40w, V qw) + (Opw, A qw),
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and

OV qw — V 40w = twkE,
SO
diV<a¢w, VAw> = <aq>VAw, VAw> + <aq>w, AAw> - F- jA(w).

Use this, and that from the definition of E we have curl E = —0;h, so that

becomes . O

Now we consider the form of d,¢7 for when (w., A, ®.) satisfy the TDGL
equations and derive the conservation of energy equation (|4.10]), which will be

used in the next section.

Lemma 4.3. If (w., A., ®.) are solutions to then

g (we, Ae) = _0457752|a‘1>5w8|2 - ‘7€|E€’2
+ div (773(8%10&, VAEw£>) — curl((h(E — hex)Eg). (4.9)

Consequently,

0,G” (we, Ae) + / 04877§|&1>5w5\2 + UEIEE\Z =0. (4.10)
Q

Proof. Starting with (4.7), we can rewrite the second term on the right-hand
side as well as the last two terms by using the TDGL equations (2.19)). Recall
that the first TDGL equation is

2
N We

(e +16)0p. we = A g w. + = (1 —|w.*) + Vlogn? - V4w, (4.11)

and the second is

n2ja.(we) = —0. B, — V'he. (4.12)

Inserting (4.11)) into the second term on the right-hand side of (4.7]) gives

(Opw, n? (ce +1iB0)Opw — V2 - V 4w) = a.n?|0ew|?* — V2 - (Oew, V 4w). (4.13)
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To treat the terms involving electric and magnetic fields in (4.7)), apply (4.12))
like so
—(h = heg)eurl E+n?E - ja(w) = —(h — hep)eurl E — o |E|> — E-V*h

— —0.|E)? — curl((h — hes) E). (4.14)

Inserting (4.13) and (4.14) into (4.7) leads to (4.9).

To compute 0,G, integrate (4.9) over €2 and use that

/ dlv(ng <8¢'8w5’ vAsw5>) = / n§<a¢sw57 v vAsw5>
Q o0
and

/chrl((hg — heo) E2) = /89(h5 — hes) T - EL.

After applying the boundary conditions which the solutions satisfy,
v-Vaw:.=0 on o)
he = hey on 02,

we have (|4.10)). [

4.3 Energy bounds

In this section we prove estimates on the energy and dissipation which are
valid for a time Ty > 0 which is independent of €. Such bounds prove to be
useful in the next chapter where we derive the dynamical law since so many

quantities can themselves be bounded by the energy.

The final result needed to prove the boundedness of energy is a “product
estimate” on the limiting value of the space-time Jacobian. The first result
of this kind appeared in [47] but has been generalized to include gauge and
pinning terms in more recent works [48],[52]. The first statement of Proposition
[4.4] which says that if the energy and dissipation is under good enough control
then the Jacobian of w. converges to a measure, isn’t necessary to bound G,

but is useful in Chapter 5 so we include it.
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Proposition 4.4. For any (w., A, ®.) defined on the time interval [0,T] which
satisfy the energy bounds

G (we, Ae)(t) < nw|logel + o(|loge|) Vit e [0,T] (4.15)
and

T
/ /a0n§|6¢ew5|2 +0'0|E5|2 < Cllogel; (4.16)
0o Jo

the following hold, up to extraction of a subsequence.

1. There exist J, € L>([0,T]; M(Q)) and V., € L*([0,T); M(2)?) such that
OJ +carl Vi = 0 and as € — 0, Ja (w:) — Ju(t) and V= (w.) — Vi(t) in
(COY(Q x [0,T)))*. Here we have written M(Q) = (C°(Q))* for the space of

bounded Radon measures.

2. For any [t1,t2] C[0,T], Y € C°(Q x [t1,t2]; R?) and ¢ € CO(Q x [t1,ts]), we
have the bound

@DY‘ < lim inf (/ /|VA5wa Y| / /|¢8<I>sws|)
e—0 |og€|

17)

3. The mapping t — (J.(t),€) is in H([0,T]) for any & € CX(Q), and

(.06 = (0.0 < OB = tmigt o ([ \a%wsw)

for any [t1,ts] C [0,T].

Proof. See Proposition 4.3 of [48] and Proposition 4.4 of [52]. Recall from
Lemma m that the gauge terms in Ju, (w.) and V' (w.) vanish in the limit

e — 0 and hence we can replace J(w.) and V' (w.) with their gauged counterparts.

O

We are now in a position to show that the energy and dissipation in our
system indeed satisfy (4.15) and (4.16)). We follow what is done in the proof of
Lemma 3.4 of [48] but include the gauge and pinning terms.
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Theorem 4.5. Let (w., A.,®.) solve and suppose the initial data are
well-prepared, i.e. (w:(0), A:(0)) satisfy (2.59). Then there exists a constant

Ty > 0 such that, as € — 0,
G (we, Ac)(t) < Clloge| vt € [0, Tp] (4.18)

and

To
/ / a0n§|8¢5w6|2 + 00|E5|2 < Clloge|. (4.19)
0o Jo

Proof. Integrating (4.10)) in time between t; and t,, we have

to
G (w2, A)(ts) — G (we, A) (1) +/ /a8n3|3¢5w6|2 bo B =0
t1 Q

It follows that G (w., A.)(t) is decreasing. Due to (2.52)) we deduce that (4.18])

is satisfied.

Now we show that (4.19) is also satisfied. Rescale in time such that v.(z, |loge|t) =
we(x,t), Be(x,|logelt) = A.(x,t) and @‘95(% |logelt) = ®.(x,t). In these

new variables the TDGL equations (2.19)) become (we drop the e subscript)

n*v

(a + i5o|loge|)Opv = Apv + €—2(1 — |v*) + Vlogn? - Vv (4.20)

0o = —V+teurl B — n*(iv, V) (4.21)

where £ = —0,B—V0. Assume by contradiction that there exists a A. < |loge|
such that

Ae
/ / o’ |0gv]* + ool €* = 1. (4.22)
0 Q

Multiply (4.20) by n?0gv such that

4
v
aon?|0pv|? = (Bpv, P Apv + ”8—2(1 — [0]?) + Vi - Vo). (4.23)

By (7) and (21), (E:23) becomes

aon’|0pv]* + 0o|E|* = —0ig" (v, B) + div(n*(9pv, Vpv)) — curl((curl B — he,)E).
(4.24)
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Integrate (4.24) over Q x [0, A\.] and use the boundary conditions v - Vgv = 0

and curl B = h,, on 02 to arrive at
Ae
/ / aon?|9gv]? + ao|E* = G"(v(0), B(0)) — G"(v()\.), B(A)). (4.25)
o Ja
Due to (4.22), (4.25) implies

1= G"(w(0), B(0)) = G"(v(Ae), B(A:)). (4.26)

However, rescaling in time again such that y.(x,t) = v.(x, A1), X (x,t) =

B(x, A\:t) and U (z,t) = /\%QE(L Act), we have that

1 Ae
| [awtlous + ool =x [ [ aotionl + ol = x. < logel.
0o Ja 0o Ja
(4.27)
where & = -9, X — VVU. Due to (4.18) we have that

/ IV xyl> < G (y, X) < C|logel, (4.28)
Q

and since (4.15) and (4.16)) are satisfied for (y, X, ¥) we can apply Proposition

4.3.1. Specifically, using (4.27) and (4.28) in the bound (4.17) leads to the
conclusion that V,(t) = 0 for ¢ € [0, 1]. Since 9;J, + curl V, = 0, then J,(1) =

J«(0); i.e the vortices don’t move. Here J,(¢) is the limit of curl({(iy., Vx.ve) +
X:)(t). Thus,

Jo(t) = J.(0) =27 ) dida,(0)-
=1

Returning to the previous time scaling, we find that curl({iv., Vg v.) +
B.)(t) — J.(0) for every t € [0, A.]. Thus, (4.2)) is satisfied and we can apply
Proposition . By (4.3), we deduce that

G(v, B)(\) > | log e + 0 + W2(a(0), d(0)) — 0-(1) = G2(v, B)(0) — 0x(1).
Plugging this in to (4.26]),

1+ G7(v(\.), B(\.)) = G"(v(0), B(0))

£

< GI(v(Ae), B(A:)) +0c(1)
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which leads to 1+ o-(1) < 0; a contradiction. We thus deduce the existence of
a Ty > 0 such that

Tp|loge|
/ /060772’@9’0‘2 +0o0lE? < 1,
0 0

which rescales to (4.19)) for all . O
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Chapter 5

Dynamical law in TDGL setting

In this chapter we determine the dynamical law for vortices. We show
that if (w., A., ®.) are solutions to , then the Jacobian converges to
time-dependent points which we call the vortex positions. We proceed to show
that the energy density converges to the same points and these positions satisfy

an ODE.

Determining the form of the ODE the vortex positions satisfy amounts
to relating the time-derivative of the energy density, curl of the space-time
Jacobian (which is related to the evolution of the Jacobian in time) and the
forces in the system. The renormalized energy is brought in through a quantity
called the stress-energy tensor which we define in Section Finally, we
must pass to the limit € — 0 in the equation relating the stress-energy tensor,
energy density and space-time Jacobian such that the vortex positions become
apparent and only the dominant limiting forces remain. We employ a Gronwall
argument to show that the excess energy in the system is vanishingly small in

the limit and therefore the vortices obey a well-defined ODE.

5.1 Vortex trajectories &;(t)

Having established control on the energy in Theorem we see that the
results of Proposition hold and that namely, the Jacobian and space-time
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Jacobian converge to measures. As we determine the form of these measures
the vortex positions become apparent. We find that the Jacobian of w,, as well
as the energy density, converge to measures which depend purely on the degrees

and positions of the vortices.

Proposition 5.1. Suppose (w, Ac, ®.) satisfy and that the initial data
are well-prepared (2.53). Let n := n(0) and d; := d;(0). Then there exist n
vortex paths &(t) € HY([0,Tp];Q)) (i = 1,...,n) such that, for t € [0,Tp], as

e—0
Ta.(w) =7 die, -0 (5.1)
=1 Wfl,l(Q)
and
Vi (we) =Y dide, & (1) — 0. (5.2)
i=1 W=11(Qx[0,T])

Proof. By (4.18), (4.19) and (B.2)), we have

To
G.(t) < Cl|loge| Vte[0,Ty] and / /a0n§|6¢5w5|2+00|E5|2 < Cllogel.
o Ja

Hence, the hypothesis of Propositions|3.6{and [4.4] are satisfied so we deduce that
Ja.(we) = 7 di()0e, 0 in (CO1(Q))* for all t € [0,Tp]. Since (CO(€2))* is
W-11(Q), we also have convergence in this space. By Proposition 3.3 of [4§],
n(t) = n(0) and d;(t) = d;(0), hence we have ({5.1)). The structure of V. comes
by using the relation 0;J, + curl V, = 0 and our newfound J,. O]

Next, consider the role of the vortex trajectories in the limit of the normalized
energy density. The proof follows Proposition 4.4 of [57] but is altered to include
the effects of pinning.

Proposition 5.2. If the hypothesis of Lemma|3.1| are satisfied and
G (we(t), Ac(t)) < nm|loge| + o(|logel) Vvt € [0,T],

then there exists a subsequence such that

g2 (w=(1), A ()
|log €|

Ty G VEE0,T). (5.3)
=1
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Proof. The proof of Proposition 4.4 of [57] shows that the normalised energy

density converges to a measure. We continue the proof from this point.

Note that the energy functional can be split into the energy in the balls

centred at the vortex positions and the energy outside the balls:
G¥(we, Ae; Q) = G (we, Acs ) + G (we, A; Ui B (&)
Recall . The energy in the balls has a large lower bound:
nrllog | < GIF (U, B(&) + ol logel). (5.4)
Using with the upper bound on the total energy implies that
GF(Q,) < nr|loge| — GIF(U;B.(&)) + o(| loge|) < of|logel).
Hence,

1
G (Q,.) = 0-(1).
Tog O (@) = ()

Meanwhile, (5.4) also implies that

> (we, A)(¢
7w < lim inf/ M (5.5)
=0 Jp.ey  |logel

This shows that, although the normalized energy outside of the balls is vanishingly
small as € — 0, the energy in the balls in nonzero and so the energy must
concentrate in the balls. Since r can be arbitrarily small, the above implies

that the limiting measure has a structure of the form

g2 (we, A)(1) -
= - § Ai(t) 0 (1)-
|10g€‘ — ( ) &(t)

The task is to calculate the value of \;(t). We already know from ({5.5)) that

N(t) > 7. (5.6)

Now we seek an upper bound for \;(t). Fix r < r,/4 for each i and choose
G € CY(Q) satistying supp(G;) = Ba(&i(t)), G = 1 on B,(&(t)), and 0 < ¢ < 1.

From the assumed upper bound on the energy,

- g (t) _ . g2 ()
Ai(t) = lim /CZE— < hmsup/ -
Z *) 5%(); o |logel o |loge]

e—0

G (t;
< lim sup max SAlGIY) =nm. (5.7)
emo  te[0,7] |loge|
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Combining (5.6) and (5.7) means \;(¢) = « for all ¢ = 1,....,n and all ¢ €
[0, T7. O

Remark 5.3. Well-prepared solutions to satisfy the hypothesis of Proposition

(2.2

5.2 Stress-energy tensor

The previous subsection shows that the limiting Jacobian, limiting space-time
Jacobian and limiting normalized energy density are given by the positions
of the vortices. Our goal is to relate these positions to the forces in the
system; namely the gradient of the renormalized energy and the gradient of the
pinning potential. In order to bring in the renormalized energy we introduce

the following quantity:

Definition 5.4. Writing T in place of T (w., A.) and for T the 2 x 2 identity

matriz, the stress-energy tensor with pinning is

1 4
TP =02V a,we © Vg, we — §I(W§’VAEUJ5\2 + %(1 — |we?)? = [hf?). (5.8)

When taking the divergence of 77, the terms multiplied by the identity matrix

are just a gradient, so then taking the curl of div 77 leaves us with
curl div 77 = curl div(n?Vaw ® Vw). (5.9)

The relationship between the stress-energy tensor and the renormalized

energy becomes apparent in the next lemma. First, we define some notation

Definition 5.5. If X and Y are rank-2 tensors, then

X:Y = ZXlkm.
lk
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Lemma 5.6. (Lemma 5.1 of [35]). Let £ € Q™ and d € {£1}". Then w, =
wi (€, d), Ax = Au(+&,d) and the renormalized energy W (€, d) satisfy

[ 99 ) 9 (0)) = -V VW e D) (510)
Q
where ¢ € C*(Q)) and A has support in the neighbourhood of the &s.

With Lemma [5.6|in hand and after integrating (5.9)) against a test function we

have

/ ¢ curl div T = / ¢ curl div(n?(VAw RV w — Ja, ®jA*))
Q Q
+ [ Ceurl div(( ~ Dja. ©a) ~ VA VeW(Q). (.11
Q

In order to relate the stress-energy tensor to the energy density and Jacobian,

we consider more closely the divergence of T7%-.

Lemma 5.7. If (w., A.) satisfy then
div T = a.n?{0p, we, V.4, w.) — BoanA; (we) + %773(1 — |w.|?) E.

4
1
+ 0eheBX — Viogn? (g7 + 4’7—;2(1 —[w.)? = Slhe = heaf?) (5.12)

Proof. Due to Remark[2.6] (w., A., ®.) are classical solutions and so the following
calculations be performed without any issues. Writing the tensor from (/5.8)) in

component form, we have

1 n?
(1), = n2(0{'w, 8w) — 55@ (n2(0w, 0 w) + 2—62(1 — [w[?)? — [h|?).

In the calculations which follow we use the identity from Lemma [AT}
8i<a'7 b> = <81Aaa b> + <(I, azAb>

We compute the divergence componentwise:

(div T2); = 0:(T0)i; = (D) (0w, 97 w)

2
200w, 0 w) — (D)0, 0w — 030w, 0w

1 nt 1
= O (1= P = 50,1~ [wP)? + 50,lhP

73



= (0m2)(0;'w, 07w) +12((07")*w, O'w)

(0w, 00 w) — SO 05w, 0Mw) — (0w, 00 w)

1 e 1
= 01— 0P + (1~ wP)w, hw) + S0, A

2
= (0w + (1~ [w])w + (9 log n?) 0w, O w)

62
1
+ 020w, 80w — 970 w) — 5 (0m2)(0]w, 0'w)
1 1
- 4—82(93'773)(1 — |w|*)? + §aj!h!2-

Now we use the commutator relation from Lemma [A 4]

where J is the symplectic matrix

which just rotates a vector Z anticlockwise in the plane (Jv = v*). Using this
we have
2
. i Nz
(div 72); = n2((9)w + (1 = |w[*)w + (9 log n2) 9w, O'w)
1
— 2h(iw, 07 w) — S (9;m2)(07 w, 0 w)

2
— O~ 0P+ Loy
452 3775 2 J :
Using J;; = —J;; we may write
nzw
div T = n2 (A w + Viogn? - V aw + 22 (1 — |w|?), Vaw)
. Vg2 Ve
= Wk = Vh) = <SEVawl - 51— o) (5.13)

The final step is to note that the energy density satisfies

V2 s Vit 212 2( ne n: 2o 1 2
— eIV awf = e (1= fwf?)? = ~Vlogn2 (g2 + 15 (1= [w]*)2 = S Ih—hesf?).

(5.14)
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Inserting this in to (5.13]) provides

2
div T = n2(Aaw + Viogn? - Vaw + 17;_210(1 — |w[?), V 2w)

. : 1
+h(Vh —125x) — ViognZ (g2 + %(1 = [w*)? = Slh = hea?). (5.15)

The first equation from ([2.19) is

2
N We
o2

(aa + Z'60)8<I>gwa = AAewe + (1 - |w8|2) + Vlog 7752 : VAswaa

and the second equation from (2.19) gives Vh. — n2jz = o0.E>. Use these
relations in ([5.15)) to arrive at

div T:E = 0557]3<8<I>5w57 VAEws> + 60773 <ia¢‘5w€7 VA5w6> + UshsEj_

4
: 1
— Vlog 7752 (ggE + 482(1 - ]w€]2)2 - §|h€ - hexlz) (5.16)

By (2.28) we have

1
(i0p, we, Vawe) = =V (w.) + 5(1 — |w. P E.. (5.17)

Use (5.17)) in (5.16) to arrive at (5.12)). O

Equation (5.12)) is the basis for the dynamical law for the vortices. We
observe that the term n?(9p_w., V a_w.) appears in the equation for the evolution
of the energy density (4.9), and so it is a simple matter to incorporate the

time-derivative of g’ (w., A:) in the equation for div T7%.

5.3 Limiting dynamical law

This final section of the chapter is split into three parts. The first uses
the stress-energy tensor to relate the evolution of the energy density and the
evolution of the Jacobian (which we write in terms of the curl of the space-time
Jacobian) to the gradient of the pinning potential and the gradient of the
renormalized energy. We bring these together in what we call the evolution

inequality. Then we proceed to estimate the extra quantities which appear in
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this inequality.

The final act is to determine the limiting dynamical law for the vortex
positions. We expect this dynamical law to be an ODE relating the evolution
of £(t) to forces from the pinning and renormalized energy. In fact, consider

a(t) = (ay(t), ..., an(t)) to be the solutions to following the ODEs:
magi; + 7hodja; = —Va,W(a,d) — 7V Qo(ay). (5.18)

These a(t) aren’t necessary the vortex positions £(t) = (&(¢), ..., &,(t)) found
in Lemma [5.1], but by letting the difference in positions be

w(t) = &(t) — alt), (5.19)

we seek to apply a Gronwall argument to show that w(t) = 0 for a finite time,

hence the vortices do indeed obey ([5.18]).

The evolution identity which we are about to present is a key component in
setting up the Gronwall inequality we need. However, to relate the stress-energy
tensor with the evolution of the energy density g., we require a pair of test
functions with a special property. We introduce them now and they will be

used throughout the rest of the chapter.

Definition 5.8. Suppose we have the test functions qﬁ,gj), ,ij) € WOQ’OO(Q) where
Jj =1,...,n identifies a given vortex and k = 1,2 identifies the (basis) coordinate

in the plane. The form of the functions is as follows:

) = b wxe(@ — a;(0))
o) = - ax (@ — a;(0))
where (é1,€2) are unit vectors and x, is a characteristic function introduced in

Appendiz @ Often we simply write (¢, ¢) in place of ( ,ij), ,(gj)),

Using the abbreviations

BY := B,(a;(0)) and QY= Q\BY,



Lemma establishes that V¢ = V+¢ in BY and the nature of x, ensures
that ¢ = ¢ =01in Q9 .
Here we present an inequality which relates all of the key quantities.

Proposition 5.9. (Evolution inequality.) Suppose (we, Ae, ®.) are solutions to
and (¢, ) are the test functions from Definition . Then the following

relation holds:
P
L] [ (acvouge + 5vto- Vi) + V4o Dogrd)ar
o 'Jo

1
+ VG VW ()| <Dk (5.20)
i=1

where

I =

/VVL (N2(Vaw @ Vaw — ja. @ ja, )))

/ \AVA —1)ja. @ ja,)

IgZOé

/ (e 0, wel? + 02| B[
Q

0
0
]42045/
0

5
Is = 50/0 /QVLCb' (1— U?)VAS(U’e)

4
[6:@/
2 0

[7205

/Q Vi - (he — heo) B

[ vio - e,
Q

0
/ Vlﬁb ’ hsEj_
Q

) 4
L= [ | [ Vo Vtoga - uy
Q 4e
1 )
=1 / V46 V(logn?) he — hel?
Q

0
0
]1020-/6/
0

/ (V6 — Vi) - 720,10, V aws)] .
Q9
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Proof. Take (5.12)), multiply by the test function V+¢ and integrate over 2:
/v%-div T :aE/v%.nS(a@Ewe,VAst —BO/V%-nSVf(w)
Q Q Q
L b / Vie-n2(1 — |w)?)E + 05/ Vi -hE- - / V4o - V(logn?)gk

S ARDICTE I (1 P +3 | VEo Vo lh — bl

(5.21)
Integrate by parts on the term on the left-hand side such that we have

- / ¢ curl div T2,
Q

then we can write the left-hand side in terms of the renormalised energy using

G.11).

Next, consider the first term on the right-hand side of (5.21]). Allow us to
write P’ in place of 7?(9p_w., V a.w.) for the next few lines. Since V¢ = Vi

in BY, we have that

as/v%wgf —a. [ Vie-PEta. [ VP
Q Q0

B
= aa/ (V¢ — V) - P + ag/ Vi - Pl (5.22)
Q0 Q
The justification for working with such test functions comes when we integrate

by parts on the last integral in (5.22)) such that we have

—Oés/2/)diV(77€2<a¢6w5,VAsw€>).
Q

We use (4.9)) to write this in terms of 9,g7-.

So (521) is
—/ ¢ curl div T = —a, / P div(n§<3¢5w5, VAEw€>)—6O/ VEo-n?VE(w)
Q

+oz€/ (Vo — V) - 02 {Op, We, V 4,0, —|——/VL¢ (1 —|wl*)E

4
/ Vi B / Ve V(log?)g / V46 Vlloga?) 15 (1~ )

/Ws Y (log 72) he — hel?,
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which becomes

- [ w0+ [ Vo VI + [ V6 llogr)gr + Vo Ve W
= /QVVLﬁb F (R (Vaw @ Vaw — ja, @ ja,)) + /Q VV*¢: (2 —1)ja. ®ja,)
—a. [ wlatlon 4o EP) +a. [ T4 (h =),
T 6o /Q V6 (1 VI )+ a. [ (V40 - Ve) 02 Ohw, Vo)

o

+%/VL¢-773(1—|w|2)E+05/VL¢~h€E€L
Q Q

4
€

— / Vg - V(logn?)--
Q

1
462 (1 - ‘w€‘2>2 + 5 /Q VJ_(b ' V(logng)|h€ - hex’2'

Take absolute values and integrate in time between 0 and § to get (5.20). [

To facilitate passing to the limit in the terms of the evolution inequality
we first estimate some of the quantities. In the next series of propositions and
lemmas we record the estimates which are used in the final part of this chapter.
The reader may choose to skip to the work which proceeds Lemma [5.14] and

refer back to these estimates when necessary.

We would like to use the coercivity estimate from Theorem [3.9 However,
we must show that [[A. — A.[[ ;) — 0 (¢ > 2) as € — 0 for the hypotheses of
that Theorem to be satisfied. This is the object of the next proposition.

Proposition 5.10. Suppose (w., A., ®.) are solutions to , A, 1s defined

by and both A. and A, satisfy the Coulomb gauge. Then, if 1 < p < 2,
it follows that

T
/ 1he(t) = hu®) oy dt =0 as =0, (5.23)
0

and if ¢ > 2,

T
/ JALE) = Al oy dt =0 as 0. (5.24)
0
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Proof. The fact that Lemma [2.13| provides

2 .
Jewrl (2 = 1)ga. () 1000 = 0:(1)
means we can follow Section 2.3 of [35] to achieve the results. O]
We require a result on the compactness of the supercurrent in order to
establish convergence in later propositions.

Proposition 5.11. Suppose (w., A, ) are solutions to . Then for any
X € Wa (2 x (0,0)), there holds

5
; /QVX Ja(we)| £C ”XHW&"‘(Qx(U,&)) (\/a_s—i— € Gék) : (5.25)

Proof. Multiply the first equation of (2.19) by inw. and use identities from
Appendix A to get

Qe <Zw€> Dp.we) + Bonsat(’U)s’Q - 1) = le(ngJA (wf-:))

Testing against y € Wy (Q x (0,0)) provides the following estimate

/ / v div(ija. (w.)) / / e e, B 2) — o2 — 1)

S Ve HUeHLoo(Q) ||X||L4(Qx(o,5)) ||we||L4(Qx(o,5)) ||\/Oés7le|a<1>5we‘”L2(Qx(0,5))

+ CPBo [|[2(1 = 1w )| 20w 0.5 19X 1 0.0))

< O Xl s@xiosy (vVas +=VGE)

where we have used the dissipation bound H\/a_sne\(%g we | H ;2 < C from 1)
We have that

| V2 (we)] < C g anosy (VAR +eVEE)

and so by using that ||77§||LOO(Q) < C, we have the result. O

Recall from (2.1]) that r, := 3 min{min,4; |a; — a;|, min; dist(a;, dQ2)}. Then

we have
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Proposition 5.12. Suppose (w., Ac, ®.) are solutions to , W, satisfies
(249), A. satisfies and the initial data is well-prepared (see (2.53)).
Additionally, suppose that both A, and A, satisfy the Coulomb gauge condition.
Let rg < ira(o) and 6 > 0 satisfy
sup |w(t)] + 9 sup |a(t)| < ro, (5.26)
te(0,d] te(0,d] 4
Then there exists a constant C' > 0 with the following property: for any ¢ €
Wo™(Q) that is affine in |, By, (a:(0)) and satisfies HD2¢HL°°(Q) < C/r2, the

following estimate holds:

’

4
/ VVJ‘¢ : 773 (VAEUJ8 @V w: — ja, (U)*) & JA, (w*))‘ < C/ Ds(t)—l—os(l).
Q 0
(5.27)

Proof. Well-prepared solutions of imply the results of Theorem [4.5]
Lemmal5.TJand Proposition[5.10] which satisfy the requirements for the coercivity
estimate of Theorem to hold. Lemma |5.1{implies that s. from Theorem
converges to 0 as € — 0. In turn, this implies that r, — 0ase — 0. Let rq > ry,

where 7 is independent of . The coercivity estimate (3.22]) now implies that

91 - 2

We .
/ ex (we]) + % Jawe) )| <Dy to.1). (528)
vy (€(1)) |we |

Condition (5.26)) ensures that the vortex balls don’t overlap for up to time §,
meaning the domain of integration covers the same area for all ¢ € [0, 0] despite

the vortex positions changing in time. In fact, the balls don’t move much from

their initial positions. In other words, ([5.28) holds for all ¢ € [0, J].

We can now follow the proof of Proposition 3.5 of [35] with the key difference

involving the treatment of the pinning potential in estimating
|99 A=) .
Consider that if ||77§||LOO(Q) < C then
|9V s la = ia) da £C [ VYR G a) .
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Since our (3.62) and Proposition match (4.8) and Proposition 3.6 from

[35], we can follow their proof without making any changes.

]

Proposition 5.13. Let ¢ € WOZ’OO(Q) satisfy the properties in Proposition .

If w, is defined by and A, s defined by , then

r

/Q VYL - (L= )ja (w2) ® . (w)| < 0:(1).

Proof. Recall that [|[1 — 72|, < C|loge|™, and using the property that ¢ is

affine on the balls allows us to write

C
Lo ((1—n?)j X ' <)) < 50— 117
From (3.7) we have

. n
lia. ()l =gy < € (5 + hea)

which leads to the desired result when in combination with ([5.29)).

Lemma 5.14. For I3-1,q defined as in Lemma ng I; < o.(1).

Proof. We choose test functions (¢, ¢) such that

C
Pl+16l<C  and |94+ VYl < =
For ¢ sufficiently small, we have that

It
Q

We recall from (4.19)) that the dissipation is bounded like so

5
/ /aenf|8¢ewg|2+aa|Ea|2§C.
0o Ja

Using (5.31) with the fact that a. — 0, we have that I3 < o-(1).

VO: ).

<C and Vn? = Toge] =

82

2
(w*)HLoo(QTO (a;(0))) -

(5.29)

(5.30)

(5.31)



From (5.24)), h.(t) is uniformly bounded in L*(Q) for all ¢; we can therefore
use (5.31)) and the Cauchy-Schwarz inequality to write

s e (- h“'Q) ([ [ ) < e

Thus, Iy < o.(1).

To estimate [5 we note that V(n2—1) — 0 and so [V (12 — 1) corquios) =
0. Using this with the fact that V'(w.) converges in (C%'(Q x [0,4]))* (see
Lemma [5.1]), we have I5 < o.(1).

The bound [, n2(1 — |w.|*)? < 4e*G? < Ce?|loge| and Holder’s inequality,
together with (5.31)), show Is < o.(1). Arguing as we did when estimating Iy,
we have that I; < o.(1). We note that (3.12)) and (3.55)) imply that

| qm-tery <c

1
4e2

Thus,

IVQell o< ()

Iy<C
|log €|

<
L1(2x[0,5)) | loge]

(1= [wf*)?

Finally, knowing that (h — he;) is bounded for all ¢ from (5.24]),

||VQE||L°°(Q) 2 C
Iy <C———2||h — hep < < o.(1
9 = Hog&_' || ||L2(Q><[0,5]) = ’10g€| >0 ( )
It remains to show
h)
fo=a. [ | [ (V56=V0) 00w, Taw)| < o0.01)
0o |Jao

The Cauchy-Schwarz inequality implies that

1) 0 1 0 1
o [ [ it Vo < var( [ [ ationwd) ([ [ wawp)
0 Jao 0o Ja 0 Jao

By the dissipation bound we have

) ) 1
o / / P (Oo.02, Y a.) < O/ / / PIVawl) (532
o Jao 0 Jao
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Using the decomposition |V w|? = |V]w||* + , it follows that

/ IV awnl? < / e (Jus]) +
Q0 Qo

T

and by (.28) (for r > ro)

2

Ja.(we) .
: + 2] g, (wa) |,

|wel

— ja. (wy)

[iaat < [ lia () + €Dt + 0.1

From (3.7) we deduce that

[ aElin ()P < Cliogr
Q

T

which means that ultimately (5.32) becomes

5 5
ag/ / 02 (0p.we, VA, we) < C\/Oés/ D.(t) + |logr| + C.
0o Jao 0

Provided D.(t) stays bounded, I1o < o-(1) and the proof is completed. ]

We almost have everything we need to determine the limiting dynamical

law. Recall (5.18)) and (5.19) and consider the difference in ODEs

R; = magw; + mPod;wy (5.33)

= 1ad; + hd;Ef + Vo, W (a(t), d) + 7V Qo(ay). (5.34)

The aim of this subsection is to show that #; = 0 for a sufficiently long time,
meaning that the vortices follow trajectories determined by (5.18). As a first
step, we have the following relation between %;, D.(t) and w(?):

Proposition 5.15. For 0 < t; < ty < Tg, where Ty is the time found in
Theorem [[.5, the excess energy satisfies

to M
D.(t2) + |w(t2)| < Do(t1) + |w(t1)] + C ZL@ |+ 0.(1 (5.35)

t1 _

where C' only depends on mingep, 1) Ta(r)-
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Proof. Using the notation from (2.50), by (5.18) we have that

d n
%WQ(CL d) = Zaj Vo, W(a,d) = —a07T2|aj| (5.36)

j=1
We calculate the difference in energy loses using (4.10]) and obtain by means of
(15.36))

D.(t2) = G¥(t2) — n(yo + | loge|) — W(a(t2))
= G (t2) = G (1) + W9(a(th)) = W (altz)) + D:(t)

to M
/ / (|0, w.? + 0. E.?) —i—ozmr/ Zw b D.(t).

Apply the vortex mobility bound (see (2.8) in [35]),

to to T
liminf/ /04577?|&1>5w5|2 > 0407r/ E

e—0
t1 Q t1 =1

and drop the electric field term, such that we have

.12
&

Y

D.(ts) — Do(tr) < —aom / 22 (&2 = 1502) + 0-(1)
- / SOE — ) - (€ + i) + o0.(1)

J=1

to M
= —ozmr/ ij (& + 2a5) + 0.(1)

t1 j=1

<0+C’Z sup |a;(t |/ |w;| + 0-(1)

t1 t2

We see from (5.36) that |a;(¢)| can be controlled by |V, W¢(a,d)|. Equation
(5.5) from [35] provides the bound

V., W (a,d)| < 0( + hegC) (5.37)

Use (5.37) and the a priori assumptions that V@ is bounded to write

D.(t) — /2 Z ;] + 0. (1 (5.38)

t1
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Now we use that |w;| = C|%;| (this comes from (5.33) - see the proof of

Proposition 3.1 in [35]) to arrive at
Dc(t) = Do(t)) <C | > 12| + o:(1). (5.39)

Additionally, we have that

to d to ' tg M
)l -l = [ Sl < [Tel<e (a6
1 t j=1

t1 t 1

Adding (5.39)) to (5.40]) gives the desired result. ]

Now if we can show that ) |%;| is bounded above by D.(t) + w(t), then
can apply a Gronwall inequality argument (see Appendix to show #Z; = 0
for all 5. To facilitate this we introduce

X; = Taok; + mhod;€r + Ve, W(E(t),d) + TVQo(&)), (5.41)

which leads to the bound

— [V, WOa(t), d) — Ve, WO(E(H), d)| < T%\wj@)\. (5.42)

‘%y ~ %,

Notice that by using the reverse triangle inequality and then ([5.42), we have

_ . C
\Z;| < |%;| + |5 — %;| < | %] + rz—lel- (5.43)
a(t)

The next proposition parleys the estimates of the previous subsection together

to estimate g?;

Proposition 5.16. For the test functions of Definition[5.8 we have the following

oy L
Ji 1
0

Proof. From the results of the previous subsection we have that ([5.20)) is bounded

bound:

é
<C /0 lim inf D, (t). (5.44)

like so
0
|| [ (acvtugre + uvto- viswe) + 940 - Vitog2)gr)
0 Q

LV Ve WE d)‘ < /0(S D.(t) +0.(1). (5.45)
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We now want to understand the behaviour of the left-hand side as ¢ — 0. By

Lemmas and [5.2] we obtain the weak convergence
/ ay gt + By / V) - Vi (we) = maody)) (&) + mhod, Vi (€) - &
0

= Wv%(gj)(ﬁj) : (Oéofj + ﬂodjff)-
(5.46)
We note that V@/J,(Cj) = Vlgb,(j) = Oixe; for k = 1,2 (see Lemma ; hence,
the right-hand side of (5.46)) just consists of the two components of the vector
w(aofj + ﬁgdjéjl). Applying Lemma once more, we have that

() . 2y me _ (J 96 g 1
/QV%c V(lognZ)g? _/vak VQE /V% VQ€|10g5! n2
— vy (g) - VQo(fj)-

Noting the previous convergences, from ([5.45) we have that

6 ~
/ ‘%AS/ llmlnf’/ aogl + (BOVA (w.) + V(logn2)g) - Vzb)
0

+ V-V WE d)

5
< C’/ liminf D.(¢).
0 e—0

Now we present the main result.

Theorem 5.17. Choose Ty < min{d, Ty} where 0 is as in Proposition
and Ty as in Theorem [{.5 Then the vortex positions &(t) = a;(t) satisfy the
limiting ODE’s

i (£) + Bodsit (t) = —%VMW(@, Q) —VQola) Vte[0,T)].  (547)

Proof. Recall that limsup,_,, D.(0) = 0 for well-prepared data and the assumption
that w(0) = 0. Using this in Proposition with t; = 0 and ¢, = ¢ leads to
the inequality

lim sup D.(£) + [w(t)| < C / Z|@| (5.48)

e—0
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By Proposition and ((5.43) we have
t ¢
%] gc/ (hminfD |w )ds (5.49)
I ELINCTIEIEE oo

Due to the condition ([5.26]), the vortex balls don’t overlap during the time [0, 4].
This means that r,(t) > C for all ¢t € [0, J]. Hence, using (5.49) in (5.48)) gives

lim sup D.(t) + |w(t)] < C /0 (ligiglfDa(s) + C|w(s)|>ds. (5.50)

e—0
It follows from Gronwall’s inequality (see Appendix [E|) that D.(t) — 0 for all
t € [0,71] and that w(t) = 0, meaning £(¢) = a(t). Using this information in
(5.49) provides #; =0 for all t € [0,7}] and all j =1, .., n. O

The limiting dynamical law given by contains both gradient descent
motion and conservative motion. Ostensibly, the first order time derivative of
the order parameter from the TDGL equation has become the vortex velocity
in the limit. Interestingly, the conservative motion term depends on the degree
of the vortex and so vortices with opposite degrees travel in opposite directions

to each other.

Another interesting feature of the limiting dynamical law in comparison
to what exists in the literature is that our critically scaled pinning potential
manifests itself as VQo(a;), whereas elsewhere in the literature we find terms
of the form Vlogn(a;), if lim. ,on? = n2. We would like to comment that
our result is actually consistent with this logarithmic form of the pinning force

since the critically scaled pinning potential satisfies

Viegn? = QVns
2
1 1
VQ.

~ 2 loge]

1 11— 1
= VQ. + —E———VQ.
| log €| nz  |loge|

and since |1 — n?| < C'/|loge|, we have that

C
1— 775 |logs\ C

n? 1+

\1oga| C + |loge|
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Since the last term is O(|log e|~?) it is negligible in the limiting quantities (recall
that the O(|loge|™!) is part of the normalized energy density which converges
to vortex positions). All of this is to say that in the limit ¢ — 0, Vlogn? is
actually presented as V@, when 7? is critically scaled, so our results are closer
to the pinning forced dynamical laws which currently exist in the literature

[10, 411, [52] than it first appears.
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Chapter 6

Maxwell-Klein-Gordon with
pinned Ginzburg-Landau

potential

Now we study a different type of dynamics for (u., A.). The preceding
chapters have set out the program for deriving the dynamical law for vortices
starting from the TDGL equations and now we seek to follow the same program
but from a different starting point; namely, the Maxwell-Klein-Gordon equations
supplemented with a pinned Ginzburg-Landau potential (MKG-pGL for short).
The key difference is that the MKG-pGL equations are second order in time.
However, because the equations contain a lot of the structure of the GL equations
we can appeal to the estimates and convergences of quantities in the TDGL
model and apply them in this new environment. The aim of the rest of the thesis
is to determine if the methods of TDGL readily adapt to the new framework
and ultimately arrive at an equation of motion for vortices from these different

starting equations.
In what follows, the domains (€2, ©2,.), potentials (A, ®.), fields (E., h.) and

covariant derivatives (V 4, 0s) are defined as they were in Section 2.1 Again,
u(x,t) : Q@ x RY — C is an order parameter but in the MKG setting, |u|?
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describes the charge-density of the particles rather than their number-density,
as was the case in the TDGL model. Where the TDGL equations are used to
describe phenomenon in superconductors, the MKG equations have relevance
in the theory of particle physics, so we shift to a new physical setting for
the next chapters. However, our interest is in the structure of the equations
rather than their physical significance, so the fact that the Ginzburg-Landau (or
“Abrikosov”) wvortices become Klein-Gordon vortices is just a technical point

which we do not become preoccupied with.

6.1 Derivation of the equations

The MKG-pGL equations can be derived from the following Lagrangian:

e 1 2 ,  mic? Lo 2\2
=5 [ ~Flnl 1Vl + Tl + 507 )
T

1
- he — hex|* — < |E. — E..|.
w3 | [l - S1E - B
The constants m and A are the mass of a particle and the reduced Planck

constant, respectively. We see the Lagrangian contains much of the structure

of the GL energy functional and in fact we can write

T T 2.2
1 1 mec 1
o= [ oy [ [ = Glau+ T - B~ Bl (6.)
0 o ¢ ¢

0
where G?< is defined in (2.7). The extra terms given by the last integral are
what take us in to the regime of MKG. To simplify the calculations which follow

we set m =1,

ch=1 (6.2)

and

c = py/|loge| (6.3)

where 1 > 0 is a constant. The condition given by (/6.2)) is referred to as the
nonrelativistic-semiclassical limit in the physics literature [43]. Condition (6.3))

proves to be the required relaxation rate to see vortex dynamics on the O(1)
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time-scale.

In order to model the effects of a perturbed background potential we include
the parameter p. in the GL potential. We still refer to the trapping effects of
the perturbed background potential as “pinning” although technically we are
no longer in the setting of a superconductor with impurities. For the reasons
set out in Chapter 1 we work with a normalized order parameter
ue(z, t)

ne(z)

where the pseudo-pinning potential 7. is the unique, positive minimizer of the

we(x,t) =

following functional:
Fg(ﬁs) — / 1|Vﬁ6’2_'_ L(pZ _ﬁ2)2 dr
a2 4e2e
for 7. € H'(Q;R). Tt follows that 7. satisfies the elliptic PDE
Ane+ %(pZ—n2) =0 inQ
v-Vn.=0 on Of).

We again ask for 7). to be critically scaled so that the renormalized energy plays

a role in the limiting vortex dynamics.

We seek to write down the MKG-pGL equations in terms of the quantities
(Ne, we, A, @.). The next proposition shows that the Lagrangian can be split

in a convenient way to facilitate this.
Proposition 6.1. If u. = n.w. and T > 0, then

LPs (uea A67 CDE) =L (waa As» q)a) + TFE(T]E)

where
2 C4T]2
Ve A= [ / L 0v el + L1V + S e
(= )2+ S — b = B B2 (6.4
42 IS 2 £ exr 262 IS exr .
and

Fe(ns):/ Z|Vne? + i(p —n2)%.
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Proof. Take the Lagrangian (6.1)) and set m = 1, ch = 1. Since the Lagrangian
contains the Ginzburg-Landau energy G?¢, we use Proposition to know how

the first integral transforms under the change of variables u. — w,:

g Ui 2 4 1 2
pe eWe, EV € 1- € _he_he:c
[ e eve g = [ [ B+ 0 P+ gl hd

+/OTF8(775)~

Then by direct substitution it is a simple matter to deduce that the last integral

in (6.1]) becomes
1 [T 2
3 | [ Bl + ol - S1B - Bl
2Jo Ja

]

From the Lagrangian we can derive the MKG-pGL equations. This is the

objective of the next proposition.

Proposition 6.2. The Fuler-Lagrange equations of L' are

e

503 w. + cfw. = Ay w. + Viogn? - Va w. + 775?2”5(1 — |we]?) in Q x [0,T]
FOE: = =Vthe —n2ja, (we) in Q x [0,7]
div E. = —n?(iw., 0p_w.) in Q x [0,7T]
v-Vaw:. =0 on 082 x [0,T]
v-E.=v-E, on 092 x [0,T]
he = he, on 9 x [0, T].

Proof. Let k € R and v € C*(Q2 x [0,7],C). Minimising in the first variable
of L"(w, A, ®) from (6.4) gives

%L”(w+kv A, <I> k ; / / &pw dav) + 02 (V aw, V 40)

+@m—%u+m»Ww»
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By Lemmas [A.T] and [A.2] we have
(Opw, Opv) = 0y (0w, v)— (03w, v) and (V w, V 4v) = div(V 4w, v)— (A w, v).

Thus,

d

dk

2| = [ S (0w0.0)0) ~ o)1)

c2

2

T
1
[0 (Vo) 0~ A (¢ = (1= ), v)
0 Q

Note that

/773 div(V w, v) = —/VT]E (Vaw,v) +/ (v - Vaw,v).
Q Q o0
Hence,

d

dk

n

v, = [ (0 )0) ~ @u, )T / /77 vV aw,0)

//77E 8%11) Ajw — Vlogn(E VAw—i-(c ——(1—|w| ))w ).

Let v satisfy v(0) = v(T") = 0 but otherwise be arbitrary. If (w, A, ®) represent

a critical point then d%L"|k:0 = 0; we must have that

03w+ cfw = A yw + Viogn? - Vaw + 7’;—;”(1 — |w|*) in Q x[0,T]

v-Vaiw =0 on 092 x [0, 7.

Let B € C*(Q x [0,T],R?). Minimising in the second variable gives

d T
n — — 92 . —
L7 (w, A+ kB, c1> k:o /0 /Q< n2(iw, V aw) - B+ (h — heg)eurl B
1

+5(E-E.)- atB>.

After integration by parts on the terms containing derivatives of B we have

iLﬁ

T
1
o —/0 /Q (124, V.aw) + Y (h — hee) + 50U ~ o)) - B

+/OT/89(h—hex)B.r+/Q(E.B)<T>_(E_B)(O)_
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Let B satisfy B(0) = B(T) = 0 but otherwise be arbitrary. The Lagrangian
attains a critical point if the triple (w, A, ®) satisfy

0=V*th+ 50,E +n2ja(w) inQx[0,7T]

h = heg on 082 x [0, 7]

which is just Ampere’s law of electrodynamics.

Let 6 € C*°(Q x [0, T],R). Minimising in the third variable gives

d;dkLnOU A (I)+k?0 k / /—— 1w 8<1>U}>9+ ! (E Eez) -Vo
0

n?
/ / —6 (tw, Dpw) + dlv(E Eex 9+/ / (E— Ee) v
Q o0 C

The system is at a critical point if

div E + n2(iw,0ew) =0 in Q x [0, 7]
E-v=FE, v on 092 x [0, T].

[]

Since we are interested in the interaction of the vortices with each other and
the pinning potential we set E., = 0. A nonzero external electric field signifies
the presence of an electric current entering the system. We refer the reader to
[52, 57, [60] for results concerning the dynamics of vortices interacting with an

externally applied electric current. Henceforth, the MKG-pGL equations we

use are
(C%agswg +ctwe = A we + Viogn? - Vawe + 82 (1 — |w.]?) in Qx[0,7]
L0E. = =V he — n?ja. (we) in Q x [0, 7]
div E. = —n?(iw., Op_w.) in Q x [0,7]
v-Vaiw.=0 on 092 x [0, 7T
v-E.=0 on 02 x [0, T
\ha = heg on 09 x [0,7.
(6.5)
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6.2 (Gauge choice and well-posedness

The MKG-GL equations are

;

203 ue + e = A uc + % (1 — |u?) in Qx[0,7]

LO,(VO, + 0A) = Vihe 4+ ja(u)  in Qx[0,7]

div(V®, + 0,Ac) = (iue, Op_ue) in Q x[0,7] (66)
v-Vau. =0 on 082 x [0, 7]
v-E. =0 on 09 x [0, T
he = heg on 09 x [0, 7.

There are not many results in the literature on the regularity of solutions to
the MKG-GL equations, however, regularity of solutions to MKG and KG-GL
with A, = ®. = 0; a specific occurrence of the more general nonlinear
Klein-Gordon equation) considered separately is well established. Moncrief [45]
showed global well-posedness for MKG in the Lorentz gauge (see Definition [6.3)
for data in H?. Czubak and Pikula [I3] showed local well-posedness for MKG
in the Coulomb gauge for initial data A. € H* and u. € H®, with i <s <1
and % < s < 1. The same results should hold for s’, s > 1 and actually be easier

to prove.

For nonlinear KG equations with initial conditions, the local well-posedness
of the Cauchy problem in the space H'(RY) x L2(R") (N < 4) is established
by Ginibre and Velo [20]. Building on this, Cazenave and Naumkin [8] prove
that there exists a local, highly-regular, non-vanishing solution of nonlinear KG

in every dimension N > 1.

For our case, short time existence and regularity at fixed e follows by
adapting the work of [8, 45], and then H'! solutions should exist globally
due to energy conservation. Furthermore, Yu [60] works with the MKG-GL

equations and this level of regularity is implicitly used in their lemmas and
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should pass over to our situation because there is no reason to expect that
our introduction of the pinning terms creates any serious issues; the pinning is
sufficiently regular. Specifically, our solutions (w., A, ®.) to are regular
enough to allow the calculation in the proof of Proposition to pass through
without any problems; in fact a similar calculation is done by Yu in their paper
[60], but without the pinning terms. The pinning terms present for us don’t
cause any serious complications because our pinning term has a high level of

regularity (see [34]).

The following choice of gauge is more suited to the MKG problem:

Definition 6.3. Let Q C R? be a smooth bounded domain. We say
A:QxRY =+ R? and ® : Q x Rt — R satisfy the Lorenz gauge condition if

(

d=—-divA inQxRt

v-A=0 on 00 x Rt (6.7)

®(0)=0 initially,

\

where v is the outward pointing unit normal to 0S).

6.3 Energy analysis for MKG-pGL solutions

Following the program set out for the TDGL model, we seek to show that
the energy in the system is bounded for at least a finite time. Starting out in

this direction, we have

Definition 6.4. The Hamiltonian is
Hgs<w67A€7(I)€) :/%gs(wsaAsa(I)e)y (68)
Q
where the Hamiltonian density is
1 1 7]2 7]2 774
1 = | B+ = |he—heo|* + 25 |0p we >+ = P+ (1=|we]?)?. (6.9
MY = o Bt S e o5 O P T a4 15 (1= P2 (69)

The Hamiltonian contains the GL energy G (u, A) + the kinetic energy

(previously known as “dissipation”). We will see that by including both terms
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on the same footing (recall that it was the time-derivative of G’ which equalled

the dissipation in (4.10])), the task of controlling the total energy in the system
is simplified. See Propositions [6.9] and [6.10]

We define the Jacobian and space-time Jacobian as in (2.27) and ([2.28]).

The optimum quantities (wy, h., A,) satisfy (2.42), (2.44) and (2.45). The
renormalized energy is again defined by (12.46]).

Definition 6.5. The initial data is said to be well-prepared if for some a(0) =
(a1(0),...,a,(0)) € Q" and d = (dy,....,d,) € {£1}", (w:(0), A-(0), P.(0))
satisfies

. (we)(0) = 27 3 didao)| |10y = 0 ase =0 (6.10)

HE= (w2, Ao, ®.)(0) = nr log ] +ny + W2(a(0), d) + 0.(1).

In the next couple of propositions we determine the evolution of the Hamiltonian
density for solutions to the MKG-pGL equations. This constitutes a conservation

law for the system, from which, the evolution of the Hamiltonian follows.

Proposition 6.6. For any (w, A, ®) we have that

2

. 1 :
aﬁgs:7gmvgku@vAw>+<aﬁmng;;ﬁup-AAw-Zf%1-|wﬁn>

1
+E- (;@E +n2ja(w)) — (h — heg)ewrl E. (6.11)

Proof. Recognising that H? = ;5 |E.|* + %W@Eweﬁ + g7 (we, A.), we can use
Lemma [4.2] which states that

4
. W
Orgl = 77€2d1V<a<bw7VAw> - <a¢>w77)§AAw + 778—2(1 - |w|2)>

— (h = hep)eurl E +n?E - ja(w).

Using this with

1
2c2

provides (6.11]). O
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Proposition 6.7. For (w., A., ®.) satisfying we have

2.4
0, (H2 + %w?) = div(n2(Dp.we, Vaws) + (he — hep) EL). (6.12)

Consequently,
nzc!

O,H (1) = / a1 (1)), (6.13)

Proof. Using the relations from (6.5)) in (6.11)) gives

OH = n2div(dew, Vaw) + (Dew, Vn? - V aw — nZctw)

— E-V*(h = hey) — (h — heg)eurl E. (6.14)
Recall that (Jpw,w) = 30;|w|*. Use this in (6.14) and note that
—cwrl((h — hex)E) = div((h — hey) E™)

then we have (6.12)).

To derive (6.13)), first integrate (6.12)) over the domain 2 such that
et
Oy / HI + ET\w\Q = / div(n2(Gpw, Vaw) + (h — hez) ET)
Q Q
= / 02 (0w, v - Vqw) + (b — hep)v - E*. (6.15)
o9

Then due to the boundary conditions in (6.5)), the right-hand side of (6.15) is

Zero. L]

Remark 6.8. Since div B+ = —curl E = 0,h, adding h.,div E+ to both sides
of gives

2.4

0, (M + %W + hea(h — hey)) = div(n2(dw, Vaw) + hEY).  (6.16)

With (6.13) in hand it is possible to make a statement on the value of the

Hamiltonian for a period of time.
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Proposition 6.9. Suppose er/HX(t) — 0 as e — 0 for all t € [0,T]. If
(we, Ae, @) are solutions to and satisfy the well-preparedness condition

, then

H™(t) = nr|loge| + nyo + W9(a(0),d) + o.(1). (6.17)

Proof. As a first order of business we record that by Cauchy-Schwarz,

[Za-ppio| < ([ Za- |w|2>2<t>>é ([1) <cevimm.

Due to the assumption on the Hamiltonian this implies that

/%(1 - |w|2)(t)‘ —o0.(1) Wtelo,T]. (6.18)
Q

Now consider integrating (6.13)) in time from 0 to ¢, such that

T eP) - [ B wPo). (619)

Hit) - 1) = | :

Q 2

By (6.18)), (6.19) implies that H(t) — H(0) = 0.(1), and using the
well-preparedness condition (6.10]) allows us to replace the H(0) term and arrive

at (6:17). O

Now we show that the kinetic energy is bounded by a constant for all time.

Proposition 6.10. If the hypotheses of Proposition are satisfied, then for
allt € [0,T]
/L|E(t)|2+"—3|a w.(t))? < C (6.20)
o2c° 221 % E - '

Proof. By (6.17) we have

/92—;]E€(t)]2—|—2n—52\8¢6w5(t)|2 = nr|log e|[+ny0+ W2 (a(0), d)+0.(1)— G (w., A.).
(6.21)

If d; = £1 for all i = 1,...,n, then Theorem 1.1 of [49] provides the following

estimate for the GL energy on the vortex balls:

nr|loge| < Go(U; B, (a;)) + Ch. (6.22)
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As a result of Appendix B} (6.22) becomes

2
nr|loge| < (1+ ) G (Q) + .

| log £|
This leads to
2

K K
1 —Gr(Q) < G (Q) 4+ ——=G*=(Q) + C4.
7’L7T| oge\ a( )—’10g€’ 5( )+“Og€‘2 5( )+ 1

Since the hypotheses of Proposition are satisfied, we know that
GI(we, Ag; ) < HI(we, A5 Q) < Clloge],
and so becomes
nr|loge| — G (w., Ac; ) < Cy + 0.(1).

Using ((6.26)) in (6.21]) provides the result.
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Chapter 7

Dynamical law in MKG-pGL
setting

Following the procedure laid out in Chapter 5, we will show that if (w., A, ®.)
are solutions to the MKG-pGL equations , then the Jacobian and Hamiltonian
converge to a collection of time-dependent points in €2, which we call the vortex
positions. We then determine an equation which relates the evolution of the
Hamiltonian to the stress-energy tensor. After passing to the limit in this
equation and employing a Gronwall argument, we determine the ODE which

the vortex positions satisfy.

7.1 Vortex trajectories &;(t)

In this section we show that the vortex positions become apparent in the
limit ¢ — 0. The next propositions show that the Jacobian, space-time Jacobian
and normalized Hamiltonian all concentrate on the vortex locations. This
is one stage in our calculations where we benefit from our choice of pinned
GL potential in the MKG equations, since we can piggyback on the results of

previous chapters to determine the convergences in the new setting.

Proposition 7.1. Suppose (w., A., D.) satisfy and the initial data satisfy
. Let n := n(0) and d; := d;(0) for all i = 1,...,n. Then there exist n
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trajectories &;(t) € H'([0,Ty], Q) such that, for all t € [0, Ty, ase — 0

— 0. (7.1)

— 0. (7.2)
W*lvl(Qx[O,To})

Ve (w.) deamg

Proof. Take and (| and invoke such that we have
T

G.(t) < Clloge| Vie[0,7] and / /n§|a¢gw€|2 FIEP < Clloge].
0o Jao

The remainder of the proof is the same as the proof of Proposition [5.1} O

Proposition 7.2. Suppose (w., A, ®.) are solutions to (6.5), and (Ag, Ay)

are in the Coulomb gauge. Then

Hns
“Ogg’ S Ge (7.3)

Proof. Recall that H(w., A, P.) = ggs(wa,AE) + 2L2|E |2 + 262|8¢5wa| If
(we, Ae, @) are well-prepared solutions to , we have and (| and

so the convergence from Proposition can be used, since we also have the

necessary Coulomb gauge condition. Using (6.20) shows the extra terms are
small and so we have (7.2)). O

7.2 Stress-energy tensor

Continuing to follow the program set out in Chapter 5, we now define the
stress-energy tensor, this time in the MKG-pGL setting. We will see that the
stress-energy tensor we state here contains the one from Chapter 5, so we are
again in a position to call on previous results. The reason for introducing the
stress-energy tensor becomes clear in the next section when we use it to relate
the evolution of the energy density to the renormalised energy and pinning

potential.
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Definition 7.3. IfZ is the 2 x 2 identity matrix, then the stress-energy tensor

18

1 2 4
T = nfVaw. ® Vaw. + 5B © BE —T(E|Vaw? + 51— fuf)?
1

2 1 C4 2
_n_6|a¢gwe|2+@|Ee|2_§|h5_hem’2+ Tz

2c2

lwel?). (7.4)

Furthermore, recall the following definition for our tensor product notation

Definition 7.4. If X and Y are rank-2 tensors, then

X:Y = ZXlksz.
lk

We seek to use Lemma [5.6] which has the relation

/Q VYL () @ . (wn)) = V46 - VeW(E,d),  (75)

to relate the stress-energy tensor 7T to the renormalized energy. Consider that
/Q¢ curl div 7 = /QVVLQS : (anAw ® Vaw + C—leL ® El>
_ C%/viab (Bre B+ /viw o (Vaw ® Vaw = ja, ©ja,)
+ [ VYR 62 = 1) (ia. @ a) = V6 VW6 (70
We study more closely the form of the divergence of T .

Proposition 7.5. For (w., A., ®.) satisfying (6.5),

1
divT = C_Qat (n2 (0w, Vaw.) + hE™)

4 2 4,2

. N 1 n c'n

~ Vg (g2 + 151~ w) = Slhe = hal? ~ 5 0wl + )
(7.7)

Proof. Recall from Section[6.2]that the solutions (w., A., ®.) to (6.5)) are sufficiently

regular for the following calculations to be performed without any issues. If 77

is the stress-energy tensor from ([5.8)), we have that

V2

2¢2

2 4 4,2
U 2 € 29,2 C7 2
+ ﬁV|8¢w| - §|w| Vs — T€V|w| . (7.8)

[l

1 1
div T =div T + —2(1iV(EL ® Bt — §|E|QI) +
¢
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We recall from ([5.15)) that

2
div T = 2 (A s w. + %(1 — we|*) + Viogn? - Va,w., Vaw,)
1
. n; 1
+W(Vh =n2ja) = ViegnZ (g2 + 5 (1 = [we)* = 5lhe = heal).

Use (6.5)) to write the divergence of T in terms of solutions:

2
. 2 1
div 77 = —7672 (03w, V g.w.) + c*n(w, V 4w) + = ho, B+

4
i 1
— Viogn2 (g2 + 15 (1 — [wel?)? = 5lhe = heaf?). (7.9)

4e?
We can rewrite the first term on the right-hand side. By Appendix A, we have
(03w, V qw) = 0,{0pw, V qw) — (Opw, 0V 4w)
and the commutator identity 0pVaw = V 40w + iwE. Together they provide
(03w, V qw) = 0, {Dpw, V gw) — (Opw, V 40sw) — E{Opw,iw).
From (6.5) we have div E = —n?(iw, dsw), and so

1
N2 (02w, Vqw) = n20,(0w, V q4w) — n* (0w, V 40w) + §V|E|2.

We now use that (Jpw, Va9sw) = 3V|dew|? to rewrite the second to last term

and insert the result in to ([7.9)) to arrive at

div T = 0 (77—3@ w,Vaw.)) — 77—3V|a w]? + iV|E|2 + ﬁVW
1 I 2( me 77_? _ e L 2
+ Zhd B — Vg (g2 + 482(1 lwe|?) zlhs hes|?). (7.10)
To deal with the electric field terms in (7.8)), by Appendix |[C| we have that
1 1 1
div(E+ ® B+ — 5|Ey2f) = —Etcurl E — 5V|Ey2 = E+0,h — §V|E]2.

Insert this and ([7.10]) into ([7.8)), and after some cancellations we have

2 1 1
div T = 0,(E (Ogw, Vaw.)) + hd,EX + < E*0,h
c c c
4 2 4.2
2/ e e oo 1 2 YA 2, CMz 19
— Vlog? (g2 + 5 (1~ )~ Sfhe — heal? = 2ol + S ),
which is ((7.7)). O
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7.3 Limiting dynamical law

In this final section we relate the stress-energy tensor to the evolution of
the Hamiltonian to determine what we call the evolution equation for the key
quantities. After estimating the extra quantities which appear in this relation,

we pass to the limit € — 0 in all terms.

Recall the notation from (2.50) and suppose there are points a;(t) € 2
(1 =1,...,n) which satisfy the ODEs

(

() = Vo, W(a,d)
a:(0) = £(0) (7.11)

a;(0) = 0.

\

This is the form of the ODE we expect the vortex positions &;(t) to satisfy.
Weakly, a; satisfies

o (T T
= / Cai(t) = — / (Vo W9(a(t),d) (7.12)
K= Jo 0
for ¢ any function in C°(0, 7). If a(t) = (a1(t), ..., a,(t)) and £(t) = (&1(2), ..., &n(l)),
we set
w(t) = (1) — alt), (7.13)
and the aim of the final subsection is to use the limiting evolution equation,

the ODE for a;(t) given above, and apply Gronwall’s inequality to show that

w(t) = 0 for all ¢ € [0, 7], and thus the vortex motion law has been determined.

In the following we again use the notation BY := B,(a;(0)) and Q2 := Q\BY.

Here we present the equation which relates all the key quantities.

Proposition 7.6. (Evolution equation.) Suppose (w., Ac, ®.) are solutions to

(6.9), w, = w.(§) is defined by ([2.49), A = A.(§) is defined by (2.49), ¢ €
C2([0,T]) and (,p) € We™(Q) are the test functions from Definition .

Then we have the following relation:

c2

T . e 10
/0 (/Q(WHQ +CVw-V(log773)9§€)+va-V5iW(5,d)) =1, (7.14)
=1
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where

T
. / ¢ / UV (Vo we © Vawe — ja. () ® ja. (w,)
0 Q

12:%/T</vvl¢:(E;®Ei)

I = / ¢ / V4 (1 = 1)(ja. (w.) @ . ()
=—/ </wn2at|w€|2
=——/ c/q/;hm = her)

[ [ vt vt
=3 [0 Vgt -
1 T
b= | ¢ V0 TiRlonP

C4 T
h=-5 [ ¢ [ Vo ittuf
0 Q

1 (7.
Lo =5 / ¢ | (V56— Ve) - (12 (B0, w2, Va,we) + hoELD).
0 Q0

Proof. Take the curl of (7.7)), multiply by the test functions ¢ and ¢ and
integrate by parts:

/ /Vvlqﬁ T=—= / /quﬁ ns(acpw VA w€>+hEJ_)
Jr/o C/Qv%.v(bgﬁ)ggs +/0 C/QVW'V(logﬁf)Z;(l— Jwe[*)?

e 5
_5/0 g/ﬂw).vaogng)(\hg—hmmgm@w\? cRlul?). (7.15)
Allow us to write P := n?(Jsw, Vaw) + hE* in the following. Notice that
because Vi) = V46 in BY we have

Slefvore=g [ Razs vy [ [ vopr

=—/<QOVL¢ R Y AT
(7.16)
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Hence, using (|7.6)) to rewrite the left-hand side of ([7.15]) in terms of the renormalized
energy and (/6.16) to rewrite the last integral of (7.16]) in terms of O,H!<, we

have (7.14)). O

Knowing that the Hamiltonian converges to the vortex positions, the aim
is to pass to the limit in . In the next series of propositions we estimate
the terms which appear on the right-hand side of , some of which contain
the magnetic field. From , the equation for the magnetic field is

1
c—zafhg — Ah + he = 24 (w:) + curl((n? — 1)ja (we)). (7.17)

In the TDGL case, h. satisfied a parabolic equation and its convergence could
be deduced directly through the use of parabolic estimates and information we
have about J_(w.). In the case of the hyperbolic equation , the regularity
of the right-hand side doesn’t necessarily propagate to the solution and we do
not have a good convergence for the magnetic field directly. However, we now
show that we can establish a weak™® in time convergence of the magnetic field.

The last term in ((7.17) converges weakly to zero as € — 0.

Proposition 7.7. If (w., A., ®.) are solutions to (6.5), then

Proof. Take the curl of the 2nd MKG-pGL equation such that we have
1
— Ahe + he = 2J4 (w;) + curl O E; + curl(n? — 1)ja. (w.)). (7.19)
c

Multiply by the test function A € C%!(0,T) and integrate:

T T T 1 (T
- A/ Ah, +/ Ahe = 2/ A g (we) — —2/ O\ curl E.
0 0 0 " Jo

+ [ 3 cun(@ =i (w). (720

Since h, satisfies the London equation (2.44]), then

T T n T
—A/ )\h*+/ A, :QWZ@-/ Ade, 1)- (7.21)
0 0 i1 0
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Subtract ((7.21) from ((7.20) to get
T T T n
_ A/ A(he — hy) +/ Ahe — hy) = 2/ M Ja (we) — WZdi(S&.(t))
0 0 0 i=1

1 /7 T .
— E/O O\ curl E, +/0 Acurl((? = 1)ja.(we)). (7.22)

We estimate the final integral. For any function ¢ € C2°(£2) with ||V¢||Loo(ﬂ) <
C, note that

T
19601120 / A curl((f — 1))

T
e vtz
W—l,Q(Q) (o) 0

=—/OTA/QVL¢-<173—1MA

T
<NVl ooy |72 — 1HL00(Q) HjAHLOO([O,T};Ll(Q))/O Al

By the proof of Lemma [2.13] this implies that

< ¢ sup (CeGQE(t)—l—C’\/G?E(t))/O |\l

’WI,Z(Q) o “Og5| te[0,T]

/0 A curl (7 — 1)j)

and the GL energy is bounded by H?:, which by Proposition is bounded
by CT|loge| for all t € [0,7], and so

/0 A curl((n? — 1)ja)

‘ = 0.(1). (7.23)
W—l,z(Q)

The remainder of the proof follows the proof of Proposition 4.3 in [60], which

we present here for convenience. Lemma 4.4 of [60] records that, for p > 1,

A(Ja(we) =7 diben))

=1 W*l,p(ﬂ)
< I 2oy || Jac (we) = 7 ) dideyqo (7.24)
i=1 120, (@)
Meanwhile, Lemma 4.5 of [60] has
I 1 g
—2/ o curl EH < —2||E|1Lw([OVT];L2(Q))/ oM. (7.25)
¢ Jo w-t2@) € 0
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By (7.22)-([7.25]), one can show that

/T M he — hy) € WH2(Q),

<
W12(Q)
1

T
T ||E||L°°([0,T];L2(Q)))/O O] + 0-(1).  (7.26)

and

\/OTth—h*)

Ja (we) —m Z didg, (t)
1

1=

L2([0,T];W=12(2))

In the Coulomb gauge, there exist ¢, and 1, such that
A =) =he—h, and Vi —1)=A.—A, inQ
and v, = ¥, = ¥, on 0f), with A, = h.,. Hence,

/T MA. — A,) € W22(Q) = CO(00).

<
Leo(Q)

Moreover, by ((7.26)),

‘/OTMAE—A*)

Ja(we) —m Z dide,(t)
=1

L2([0,T|;W~1:2(Q2))
1 T
+ 2 ||E||Loo([o,T];L2(Q)) / |OpA| + 0:(1).
0

That is,

Ta.(w) = dibe,

i=1

1
+ E ||E||LOO([0,T];L2(Q)) -+ 05(1). (727)

14 = Aull poo (ri 10 0.1y) <

L2([0,T];W ~12(Q))

In light of Propositions and [7.1] (7.27)) implies the result. O

As a result of the previous proposition we have that the magnetic field

converges weak™ in time to the solution of the limiting London equation.

Corollary 7.8. Suppose h, satisfies . For all ¢ € CY>Y(0,T), ase — 0,
T
/ C/(h* — hey)(he — ) = 0. (7.28)
0 Q
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Proof. The proof is the same as the proof to Corollary 4.6 of [60] if one replaces
Ve by (Vs — Yea). u

We now go about estimating the extra quantities which appear in the
evolution equation ([7.14). The first relies on applying an updated version of

the coercivity estimate in the MKG setting.

Proposition 7.9. Suppose (w., A, ®.) are solutions to (6.5), w, satisfies (2.43),
A, satisfies and the initial data is well-prepared (see ) Additionally,
suppose that both A. and A, satisfy the Coulomb gauge condition. Let ro <
%ﬂ"a(o) and T > 0 satisfy

sup Jw(®)| + T sup |a(t)] < 2. (7.29)
t€[0,T] t€[0.7] 4

Then there exists a constant K > 0 with the following property: for any ¢ €
W2(Q) that is affine in \J; By, (ai(0)) and satisfies ||D2gb|\Loo < K/r3, the

following estimate holds:

C/VV%? N2 (Vawe ® Vawe = ja,(w.) ® ja, (w ))‘

<2 [ D0+ 0.1). (730

0o JO

Proof. Our first action is to note that

T
/ ¢ / UV (Ve ® Vo we — . (w2) ® ja, () = Jy + Ty + T+ Ji,
0 Q
(7.31)

where

= /OTc/viw 2Vl © Vol
n= [ [vvror( i) e (L)
/ C/VVl m_]A>®jA*+(jA_jA*)®jA*]
J4=/0 C/Slvvlcﬁiﬂ?[jf\*@(ﬂu—ﬂ—jfx) "‘jA*@(jA_jA*)}
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The coercivity estimate of Theorem estimates these integrals, however,
the estimate is not immediately applicable in the MKG framework. As stated,
Theorem requires the convergence of (A, — A,) in L) (¢ > 2). In the
MKG framework, the best we have is weak convergence of the vector potential

(see Proposition . Relaxing the requirement for [[A. — Al — 0 in
2

| erun+ % e
Qe (6)

< D5+/(h* —hex)(hg—h*)—l—/ ja, - (A. — A,) +error.
Q 2 (&)

Proposition implies that s, from Theorem converges to 0 as ¢ — 0. In

Theorem [3.9] the coercivity estimate reads

ja.(we)

|wel

- A* ’LU*

turn, this implies that r, — 0 as ¢ — 0. Let ro > r,, where rq is independent

of e. The coercivity estimate (3.22)) implies that

2
. 2 1
[ eun+ 2 [inenr
o (E(1) 0

<D.+ /Q(h* ~ heg)(he — By) +/ ja. - (A — A) +o.(1). (7.32)

T

Condition ([7.29)) ensures that (7.32) holds for all ¢ € [0,T].

Ja (we) ja. (w.)

el

Multiply ((7.32)) through by the test function ¢ € C*°([0,T]) and integrate
in time:

[ef e+ [ [
g/OTgDE(t)Jr/OTC/Q(h*—hez)(hs—h*)

T
s o[ - a) o). (73
0 Q,
By (3.6)), the limiting supercurrent is bounded by a constant for all time, hence,
Proposition and Corollary imply that ((7.33) is

2 1 T
+_/ </|h€—h*|2
2 0 Q

< [[cp. +or). a0

Jja.(w;)

|we ]

— Jja.(w.

T 2 -
Lol eru+Z|ltd
0o Jaem) 2

| | — JA. (w*)

112



This “new coercivity estimate” in the MKG setting implies (compare with

(B3.:62))
T
/ Cllja — Ja.
0

We make the following estimate using ((7.34)

psy < C /0 /D) + 0.(1). (7.35)

K [T 2 w, . 2
nn<® [ ene () + T P40 g
75 Jo Qo (£(1)) 2| |w
K T
< _2/ CID-(8) + o.(1). (7.36)
o Jo

Finally, by symmetry, it suffices to treat one of either J; or J;. Using
H77§||Loo(9) < C with (3.23) from [35] and (7.35)) implies J3 = o-(1). Using this
with (7.36]) in (7.31)) provides the result. O

Now we show that when combining I; and s, the excess energy and electric
field produces a nice cancellation and the remaining terms are small. This is the
most technical estimate and calls on Proposition [7.9, a kinetic energy estimate

from [60] and a relationship between the renormalized energy evolution and the

a;’s from [7.11]

Proposition 7.10. For I, and I, defined as in Pmposz’tion and ¢ € Wy (Q)
satisfying the properties in Proposition[7.9, there exists a constant M > 0 such

that
limsup(ly + 1) < M / (Cm(#) + 0x(1), (7.37)
where
m(t) == [E(t) — a(t)| + |€(t) — a(t)]. (7.38)

o < 2K T
Proof. Proposition [7.9|states that I; < 2 Jo |€ID<(t) + 0:(1). Recall from the
definition of the excess energy, ([2.51)), that

Dc(t) = GZ(t) — n(vo + 7| loge|) = WO(&(1), d)
= HX(t) - L/Q (12100 we|* + | E|*) = n(yo + | logel) = W2(&(#), d).

2c2

(7.39)
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Using (6.17) in (7.39) gives

De(t) - _L 0 (ng’a®5w6|2 + |Es’2> + WQ(&(())? d) - WQ(£<t)7 d) + Os(l)'

2c2
(7.40)

With this in hand, we can make the following estimate:

bt < |<| / B - |<| / (210wl + | E-[?)

+E |<|(WQ< <0>,d>—WQ<§<t>,d>)+oe<1>' (7.41)

By Proposition 4.2 of [60], we have for all 0 <7} < T and all ( € C*°[0,T],
o 02 2o 7 n S 12
lim inf / 1C)"E g, wa? > —/ CIER i=1,.n  (7.42)
=0 Jo Jeoy ¢ 1 Jo
Thus, using (7.42)) in (7.41]) provides (let Cy := K/r? in the following)

C
limsup(f; + 1) < —u |C|Z|€z

e—0

20, / C|(WR(E(0),d) — WRE(t), d)) + 0.(1). (7.43)

Recall from (7.11)) that &(0) = a;(0). Thus, W?(£(0),d) = W?(a(0),d).
We now do some work using the ODE ((7.11)) in order to replace W?(a(0), d)
with W®(a(t),d) and a term containing the positions a;(t).

Note that
d T —
Q Q _
W Z Vo W@ a(t),d) - a;(t) = —— Zal Q. (7.44)
Since d; - 4; = 3%|a;[?, (7.44) implies

t

Wa(0)) = Woa(t) = - [ LWa(s).d
0



By (7.11)), a;(0) = 0 for all 7, so using ((7.45)) in (7.43)) provides

limsup(/; + I) < W—C’O \C! Z s (t)[* — |€:(t))| ?)

20, / CHWalt),d) — WOE(R), d)) + o.(1). (7.46)

Allow us to write (|a(t)[> — |£(¢)[?) in place of 327, (Jai(t)* = |§Z(t)|2) Note
that

[ s -1éor = [(@-éa+
:/OT—w(erza)
§0+C£B%\a(zﬁ)\/j

From (7.11)), it follows that |a(t)| can be controlled by |V,,W®(a, d)|, which in
turn is bounded by a constant due to (5.37)) and our a priori assumptions on
the boundedness of VQ,. Hence, (7.46]) becomes

T
imsup(F-+12) < € 161 (1000 +1V°(alt). ) - WOE(D), )) +o.(1). (747
e— 0
We now use that (again by (5.37))

[We(a,d) = WO d)| = [Vo,W(a,d) = Ve, WOE, d)||a — €] < Clul,

and the result follows. O

In the propositions which follow, we proceed to show that all other quantities

on the right-hand side of ([7.14) are vanishingly small in the limit ¢ — 0.

Proposition 7.11. Let ¢ € W™ (Q) satisfy the properties in Proposition .
If w, is defined by and A, s defined by , then

¢ / VY6 (1 - mP)ia () ® . (w.)] < 0:(1).
0 Q
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Proof. Recall that ||1 — ngHLOO(Q) < C/|logel, and using the affine property of

¢ in the balls allows us to write

C T
L 1 * * <—/ ‘ * 200 .
[ ¢ [990 (mminwin0) < o [ I ) i

(7.48)
From (3.7) we have
i, ()l gy < € (5 + hea)
which leads to the desired result when in combination with ([7.48]). O

Proposition 7.12. For the I; defined in Propositz'on S L= o0.(1).

Proof. Consider that

:_/ g/wrfat jw* = 1) I—%Z/OTC/QW?(’“”Q_U

Using that [|¢[| gy < C,

T T
1) < Cltogel [ 18] [l = 1)l s < Cllogel [ [€leV/AE
0 0

Since (6.17)) implies H’ < C'|loge|, and we assume fOT I¢] isn’t too large, we

have that I, — 0 as € — 0.

To estimate [5, apply Cauchy-Schwarz and use that he, = O(1):

=S [ [mnae) ([n-nae) =S [NV

Since H < Clloge| we have that I5 = o-(1).

Arguing as in the proof of Lemma we have |I| + |I7| < 0-(1). Next, by
6.20) and Vlogn? < O~

|logel’

L OV
] log €|

T
18<C’HV10g77€HLOO(Q / |C| < o.(1).

116



Finally,

|| =

/ ¢ / V2 curl(juwf? —1>‘

5/0 g/ﬁviqb-V(logn?)nf(|w|2—1)’

T 1 1
< Ot 212 2 40,02 1)2) 2
<cet [T1al( [ wiomnl) ([ atihuf - 12)
T
< Cellogel[VQ.| [ I VA
0

Thus, Iy = o0.(1).

It remains to show
LT (o) o .
= [ C (V0= V) (R0, Taw) + hE) < 0c(1),
0 Qo
By the Cauchy-Schwarz inequality

[ e <1 ([7¢ [ Bawer) ([ ¢ [ o)

The bound on dgw given by (6.20)) leads to

1 (T
— 15) \V4 — \V4 7.49
¢ roww. Vaw) < /c/ IV ) (7.49)

Using the decomposition |V w|?* = |V]w||* +

T T
/ E PIVawp < / E e ()
0 o 0 Qo

and by (7.34) (for r > ro)

T T T
/ E PVl < / ¢ / lia. (w2 + C / (D.(t) + 0.(1),
0 Qo 0 Qo 0

From (3.7) we deduce that

““5‘”) ’, it follows that

2

ja.(we) .
- +7752|]A*(w*)|27

|we]

— Jja,(w.)

[ iflia.w ) < Cllogr
QT'

which means that ultimately (7.49) becomes

C/ 2 {Opw, V aw) < \// +|logr|+C’>




Using Cauchy-Schwarz once more,

e ([ SRy ([ ¢ fne)’

The bound given in (6.20)) provides [, ¢ ?|E|* < C and Proposition 3.5 in [60)]
has [, |h|* < C. Hence,

! Tg' hE* < 0.(1)
— o-(1).
Jo 7 Jao B
Provided D.(t) stays bounded, Iy < 0.(1) and the proof is completed. O

We now use the previous results to arrive at the limiting dynamical law. We
seek to use a Gronwall argument to show that our vortex positions &;(t) (the
ones found in Proposition actually coincide with the a;(t) from for
all t € [0, 7.

Proposition 7.13. The vortex positions &(t) = a;(t), 1 = 1,...,n, satisfy the
ODFEs

—i(t) = v W (a,d) — ZVQO a;) Yt e[o,T], (7.50)

where T satisfies Propositions[6.17 and [7.9,

Proof. Using Propositions [7.10} [7.11] and [7.12]in ((7.14) gives

| (] @l +cvu-Dtogitiar) + (Vo Vew(ew. )
<M [ lcm(®) 0.0 (751

We let ¢ be any function in C2°(0,7") such that fOT I{| < C and recall that
the definition of (1, ¢) ensures that || + |[¢| + |Vo| + |V¢| < C, which was

used when estimating quantities in the previous subsection.

By Proposition [7.2] we have that

Te T .
—/ / \lt[;d — %/ ¢& as £ — 0. (7.52)
0
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Next, use Proposition [5.2] to deduce that

/ | ¢v4o- Viogr) g?f=/ [ v =

|loge]

[ <vaie. (753
From and we see that passing to the limit ¢ — 0 in (7.51]) provides
% /OT &g < / ¢ Ve WOE(t), d) + M/ 0 (7.54)
Subtract from such that
[ da-a < —/OTC(V&WQ(é() 0~ TGt 0) + M [ iy

which implies

= [ a6 - )

By (5.42)), the gradient of the renormalized energies and pinning potentials can

< / ¢V WRE), d) — Vo, WO(a(t), d)|

+M/ Clm(t). (7.55)

be bounded by C|w(t)| and so absorbed into the integral involving m(t).

Since ( is arbitrary, we have that

d2

(€0 a)] < Cmto) (7.50
Note that
dm d
R A 1]
d
'—|§ -
Using that | 4|f(t H < ‘dt | we have
d d 2 d?
— < |2 —a)|+ |5 —a)| Sm+ | Z5(E—a),
and then by ,
%m(t) < Cm(t). (7.57)

Notice Proposition below. Since £(0) = 0, by (7.57) and Gronwall’s
inequality (see Appendix [E]), we have that £(¢) = a(t) for all ¢ € [0,7] and
that the vortex positions satisfy the ODE ([7.50)). O]
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Proposition 7.14. (Proposition 4.7 of [60]). The vortex paths &(t), i =
1,...,n, satisfy &(0) =0 for anyi=1,...,n

Proof. The proof is the same as in [60] by replacing W (a,d) with W%(a,d). O

Our final results concern the limiting behaviour of a several quantities in
the model. These results rely on the kinetic energy bound from [60] and our

recently discovered ODE ([7.50).

Proposition 7.15. (Proposition 4.8 of [60]). Ase — 0,

T 1 T
/ D.(t) — 0, —2/ /|ng|2 -0 (7.58)
0 ¢ Jo Ja
T 2 T n
Te 2 m . 2
—|Op we | — —/ a;(t 7.59
[ st 5 73w (7.59)

Proof. Say ( =1 on [0, T]. Then Proposition 4.2 of [60] states

/ZM |2<hm1nf// 2 |0, we|*.

T 1 T
2 2
?1 |ai(t)) +l§% ; Da(t)+202/0 /Q|Ea|]
T 1 /7
glim[ De(t)+—2/ /|E€|2—0—7782|8q>5w€|2
0 2¢ )y Ja

e—0

and

Thus,

By (7.40) we then have
1 T
Z a0 + lim | b 2/ / E.]
=1 =0 2c 0 Q
T
s/vwmwm—w%wmw
0
And then by (7.45)), we have
1 /7
Z a0 + lim | Y 2/ / E.I]
=1 =0 2c 0 Q
ZI

_2/,L =1
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This allows us to deduce (7.58]). With these newfound convergences, ([7.40) now

ggg) [ [t = [ woao) - wea)

And then ) leads to

. 2 _ ™
i [ onf =55z [ 3t

implies

]

We see that the second order time-derivative in the MKG-pGL equation
for the order parameter carries forward to the limiting dynamical law for the
vortex positions. This second-order ODE is reminiscent of Newton’s second
law, so perhaps more physically realistic than the first-order ODE derived in
the TDGL setting. The equation there is closer to a transport equation. The
chief difference in deriving the limiting motion laws in the two settings is in
how the excess energy is used. In the TDGL setting, the excess energy forms
part of the quantity to be estimated using the Gronwall inequality, whereas
in the MKG setting we were required to use the form of the excess energy
to induce a cancellation with the electric field term which appears as part of
the stress-energy tensor. This leads to a Gronwall inequality applied to terms
containing just the difference in positions and velocities of the vortices and the
ideal points a;(t). Both methods are otherwise very similar and we don’t deem
there to be much difference in the difficulty in applying our methods to either
setting.
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Chapter 8

Conclusion

Chapters 3-5 saw us derive the limiting dynamical law as € — 0 for vortex
positions in a superconductor with pinning sites. The result is an ODE with
vortex motion having components both parallel and perpendicular to the gradient
of the renormalized energy and pinning potential. One may interpret the results
from this work in a mathematical context or a physical context. Mathematically,
the novelty of the work presented here is that it combines the mixed-flow
dynamics with the critically-scaled pinning potential whilst keeping all the
gauge terms throughout the calculations. Hence, the results presented here are

among some of the most general available in the literature on vortex dynamics.

The significance of the work in this thesis is as much about the method
as it is about the results. The first major result is the coercivity estimate of
Chapter 3. It is the first estimate of its kind to combine the pinning potential
and gauge terms. It allows one to obtain information about the closeness of
the energy to the energy of the optimal configuration. The proof required us
to show that the integral of the difference between supercurrent and limiting
supercurrent is small in the limit ¢ — 0. The method of showing this relied on
the weak-convergence of the order parameter in the space outside of the vortex
balls. Our method builds on that which appears in [4§] by including the pinning
and gauge terms, and circumvents the quite involved explicit estimates of [35],

where a similar coercivity estimate is presented. In that work they integrate
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over a domain which may vary in size and compensate with some additional

estimates on the size of the domain in their calculations.

The derivation of the dynamical law is done in a modern way by using the
space-time Jacobian and known information about its convergence properties.
This circumvents the need to manipulate the evolution equation of Chapter 5
to bring about a certain cancellation in terms containing (i0p_ w., V 4_w.) which
is necessary for the proof of the limiting dynamical law in [35], where a similar
dynamical law is derived. In all, you could say that this work builds on that of

[35], making modifications to certain elements of their proofs.

In terms of the physics, the work presented here allows for greater understand-
ing of the intermediate state of type-II superconductors. Any applications
of superconductors with pinning sites may find our work to be of interest.
However, a reward for such generality in our results is that we may easily
recover the analogous vortex dynamics for systems without pinning sites, mixed-
flow or gauge. For instance, we may recover the Gross-Pitaevskii equation by
removing the pinning and gauge and setting ay = 0. The Gross-Pitaevskii
equation describes the behaviour of superfluids, Bose-Einstein condensates and

is applicable in the field of nonlinear optics, among other things [4l, 53].

In Chapters 6 and 7 we derived results in the framework of the Maxwell-Klein-
Gordon model supplemented with a Ginzburg-Landau potential containing a
pinning parameter. Chapter 6 contains energy considerations and Chapter 7
presents the vortex motion law. The vortices follow the gradient descent of the
renormalized energy and pinning potential in an equation representing Newton’s
second law. The results of this thesis are the first of their kind to contain the
critically-scaled pinning potential with MKG, and generalises the previous work

done by authors studying the GL wave equation.

Ostensibly, we have shown that the methods of Chapter 5 to derive the
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limiting dynamical law in the TDGL model can be employed to derive the
limiting dynamical law in the more complex MKG model. In fact, by suppleme-
nting the equations with a GL potential, we benefited from being able to call
on results from the first part of the thesis. However, some adaptations need to
be made to account for the fact that the kinetic energy (formally known as the
“dissipation”) is now included in the Hamiltonian, but we claim that these are
in fact simplifications to the process of proving that the energy in the system
is bounded for finite time. Other differences between the methods included the
space in which the magnetic field converges and the form of the stress-energy
tensor, which leads to a slight change in the approach to using the Gronwall
inequality. As with TDGL, the equations presented at every step are general
in the sense that they contain all of the gauge terms and pinning terms and it

is a simple matter to recover the dynamics for systems without gauge or pinning.

Physically, the MKG equations describe the interaction of a spinless particle
with the electromagnetic field. However, the GL potential ensures that this
“particle” is in fact a point-vortex in the limit of ¢ — 0. Hence, our results
may be more applicable to the setting of a type-1I superconductor than a general

space.

Future work

The study of pinning in superconductors remains an active area of research
[24, 46]. A natural extension to the work we have presented is to include the
effects of an applied electric current on the boundary of the system. This
amounts to modifying the boundary conditions we have used. The expectation
is that the electric current causes an additional forcing term which causes vortex
motion chiefly in the direction perpendicular to the flow of current. This force
is known as the Lorentz force. However, the inclusion of both types of flow in
the mixed flow (i.e. ap # 0 and 5y # 0) allows one to identify the anomalous

Hall effect observed in superconductors.
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Serfaty and Tice [52] have studied the system with a strong electric current
applied in addition to strong pinning forces in the TDGL setting and they lose
the intervortex-interaction in their limiting dynamical law. A critically-scaled
electric current should allow the renormalized energy to still play a role in
the vortex dynamics. Yu [60] considers such a system with applied current
in the MKG setting. We claim that it should be a simple matter to combine
Yu’s results with our own to deduce a mixed-flow dynamical law for vortices
exposed to electric current, intervortex interactions and a pinning potential.

The perpendicular flow allows for conservative motion.

One could consider the MKG-pGL equations with different pinning regimes
and how the limiting law is affected. The expectation is that for a stronger
pinning potential the effects of the intervortex interactions are lost in the

limiting dynamical law.

Although the dynamics of vortices controls almost all the magnetic properties
of type-II superconductors, especially those of high-temperature superconductors
(see page vi of [32]), it should be appropriate to accommodate the effects of a
non-negligible temperature. The expectation is that it produces a stochastic
force on the vortex dynamics. Some homogenization arguments may be necessary.
If one is interested in a system with large numbers of vortices (unbounded as
¢ — 0), one requires a completely different method for extracting the limiting
dynamical law. See [I8] for the most complete work on the dynamics of large

numbers of vortices.

In the MKG setting, we would like to know if one can trivially recover the
dynamics from the Maxwell-Higgs system by including a general mass term m
throughout (we set m = 1) and then considering m — 0, or whether a more
refined analysis is necessary. One may also consider the non-relativistic limit

¢ — oo or the semiclassical limit & — 0 as in [43].
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It would be pleasing to see numerical and experimental validation of our
results. Since this is the first work bringing together a perturbed background
potential and MKG, we know of no results in this direction, but there are some
results for the numerical and experimental study of GL equations with pinning.
See [56] for numerical results for a stronger pinning potential and [34] for the

critically-scaled pinning.

An interesting different direction one can take is to reconstruct the features
of the pinning potential from the motion of the vortices. Such an inverse
problem is studied by Lai et al [36] for the Gross-Pitaevskii equation (no gauge
and a = 0).

We observe that when the pinning and gauge terms are neglected, our
equations are similar to the Landau-Lifshitz-Gilbert equations which describe
the dynamics of vortices in a ferromagnetic thin film with a strong in-plane
anisotropy [33]. It would be interesting to see where else our equations have

physical relevance.
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Appendix A

Inner-product identities

We record some inner product identities which appear in this work. Let
u(z,t) and v(z,t) be complex valued functions, A(x,t) a vector valued function
and ®(x,t) a scalar valued function. Allow u(z,t) = p(z,t)e’?®@! . The following

inner products are satisfied:

(i) = 0 (A1)

(i, iv) = (u, ) (A.2)

(u, i) = —(iu, v) (A.3)

(11, Dot} = {u, Dpu) — % (WD + u D) = poup (A4)
(1, V a) = (u, Vt) = % (WY +u"Vau) = pVp (A.5)

(u, Aqu) = (u, Au) + 2A - (i, Vu) — |A]|ul?

_ % (WAG + u*Aw) +iA - (Ve — 0 V) — [AP]uf?

= pAp — p* (V¢ — A)? (A.6)
(iu, Dpu) = % (udu* — u*Opu) + @lul* = p* (00 + ) (A.7)
(tu, V qu) = % (uVu* — u'Vu) — Alul* = p* (Ve — A) (A.8)

(iu, Aqu) = (iu, Au) — 24 - (u, Vu) — (div A)|ul?
= % (uAu* —u*Au) — A - (uVu* + u*Vu) — (div A)|ul?
= div(p*(Veo — A)) (A.9)
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Lemma A.1. Let Q C R? be some domain. If u,v € H'(Q;C), then
V{u,v) = (Vau,v) + (u, Vav).
Proof. Let 02 = 0y —iA;. Then

Ok (u, v) = (Opu, v) + (u, Ov)

{
= (Opu,v) + (u, Ogv) + (—iAgu, v) + (1Agu, v)

= (Ogu, v) + (—1Agu, v) + (u, Opv) + (u, —iAxv)
=

Ot u, v) + (u, 0fv).

O
Lemma A.2. Let I C R be some interval. If u,v € H'(I;C), then
O(u,v) = (Opu, v) + (u, Opv).
Proof. The proof is similar to that of the previous lemma. O

Lemma A.3. For A, ® and E defined in Chapter 1, the following commutator
tdentity holds
06V 4 — Va0 =1iF.

Proof. The result follows by direct calculation:
(O +1iD)(V —iA)u — (V — 1A)(0: + iP)u
= 0,Vu +i®Vu + Adu — i0;(Au) — Vowu — iV (Pu) — APu + iAdyu
= —i(VP + 9, A)u.
[

Lemma A.4. Let h = curl A. The commutator between two covariant derivatives
18

8{‘8}4 — 8}48;4 = —i(0;A; — 0;A;).
In particular,

D05 — o7 =
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Proof. By direct calculation we have
(0705 = 070 )u = (8 — i4:)(9; — iA;)u — (9; — iA;)(0; — 1A )u

= &@u — zAﬁ]u — Z@Z(A]U) + AlA] — (@Qu — zA]@u — 28] (A,U) + A]AZ)
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Appendix B

Comparing pinned energy to

unpinned energy

Suppose G. is the traditional Ginzburg-Landau energy without pinning, i.e.
G. = G when 7. = 1, where G is defined in Chapter 2. Consider the

following

U= U 1
Gr = [ EITawl + {50~ [0l P + 5l hof
Q £ 2

2 4
B n: — 1 o M. —1 212
=Gt [Vl + 1 uf)
2

1 1 i
=G 2 _ v/ 2 - 1 22 | e 11 212

< Ge +sup (n(x) — 1)Ge + sup (n2(z) (n2(x) — 1)) Ge.

€N

Suppose there exists C7 > 0 and C5 > 0 such that

2 . . Cl 2 2 N o C’2
21615 (773(90) 1) ~ |loge| and ilelg (778 (x)(na (z) 1)) ~ |loge|’
then
Cl 02 CS
MNe
G < <1+ | log €| i |10g5\>GE = (1+ |10g5|)GE' (B-1)

Now we call on an observation made in [34] (see the proof of their Theorem

4.4). Note that for any sequence of f. € L*(2) we have, for K > 0,

K -1 K
1 Pdr < | n2|fPPde < (1 / .|*dz.  (B.2
(1+mmgz) [ lkae< [ inpir< (1452 [ 1fPar (B2
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In particular,

/lfa’ dx < m)/@fa\zd"’?-

Furthermore, we claim that

K 2
[irpar< (14 o) [ ol
0 o1/ Js

As a result of (B.3)) and (B.4), we have that

<
G (we, A) < (1 + Tog T
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Appendix C

Tensor product

Lemma C.1. Let A € R? be some vector. If we have the tensor
Lo
T:A®A—§|A| Z, (C.1)
where L 1s the 2 X 2 identity matriz, then

div T = A(div A) + At (curl A). (C.2)

Proof. 1f we have the rank-2 tensor

T — Tll T12 ’
T21 T22

then the divergence of the tensor gives a vector

O/ T + 0T
div T = T 2 ) (C.3)
Ty + 0215

If we have the vector A = (A, Az), the tensor product produces a matrix:

A2 AA,
AA, A2

AR A=

Thus, for the T' given by (C.1)),

%A% - %A% A1A2
AA,  1A3 143

T =
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And so by (C.3])

A181A1 — A281A2 + A102A2 + A282A1
A181A2 + A281A1 + AQagAg — A182A1

divT =

A1 (01 A1 + 02 A5) N —Ay(O1 Ay — 02 A1)
Asy(01 A1 + 02 A9) A1(01Ay — 0L Ay)

= A(div A) + At (curl A)

O
Lemma C.2. If E is the electric field and we have the tensor
L I
T'=E"QF —§|E|I7
where L 1s the 2 X 2 identity matriz, then
1
div T = —E*(curl E) — 5V|E|2. (C.4)
Proof. Replacing A by E+ in (C.2)) gives
div T = E*(div E*) — E(curl EF). (C.5)
By using the following relations for a general vector A € R?
curl At =div A
(C.6)
div A+ = —curl A,
we have that ((C.5)) becomes
1
div T = —E*(curl E) — E(div E) = —E*(curl E) — 5V|E|2.
O
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Appendix D

Test functions

Suppose we have a characteristic function x g, (o) (z) € C5°(R?) which satisfies

XBy(0)(T) =
0 ifxeQ\By(0).

If xr(7) = XB,(0)(%), then we have that

1 if z € B,(0)
Xr(z) =
0 if o € Q\Buy(0).

It follows that

1 if = € B,.(a;(0))
Xr(z —a;(0)) =
0 if z € Q\Bzr(aj (0))
Now consider the test functions qb,(j ), ,gj ) e W™ (Q) where j = 1, ..., n identifies

a given vortex and k = 1,2 identifies the (basis) coordinate in the plane. We

specify the form of gb,(j ), @D,(cj );

9 =& -y, (x — a(0)) (D.1)
&) = &ty (x — a;(0)) (D.2)

where € is a unit vector. Written explicitly, we have

W =z (e —a;(0) and oY = zax. (@ — a;(0))
07 = —zox,(x — a;(0)) and @Y = z1x,(z — a;(0)).
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Lemma D.1. [If w,(f),gb,(cj) are defined by and , then they satisfy
Vl/),ij) = VLQS,E{) in B,(a;(0)) for k=1,2.

Proof. Note that x,(z — a;(0)) =1 in B,(a;(0)). Hence, by direct calculation
for k=1

. 1 )
V) = ; and Vol = 1

Thus, V@ng) and VLngj) coincide. And for k =2

) 0 .
vy = and Vg =
1
Thus, V¢§j ) and VLgbgj ) coincide. [
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Appendix E

Gronwall inequality

Here we state the two versions of Gronwall’s inequality which we used to

determine the vortex motion law in Chapters 5 and 7.

Lemma E.1. (Differential form [22].) Take the interval I : [ty,ts] € R, where
ty < ta. Let B(t) and f(t) be real-valued continuous functions defined on I. If
f(t) is differentiable in the interior I of I and satisfies the differential inequality

d
SIO<BWIW,  tel
then f(t) satisfies the bound
t
f0 < sew ([ 56 ds),  wier.
t1
Lemma E.2. (Integral form [6].) Take the interval I : [t1,ts] € R, where
ty < ty. Let a(t), B(t) and f(t) be real-valued continuous functions defined
on I. Assume that B and [ are continuous and that the negative part of « is
integrable on every closed and bounded subinterval of I.
(i) If B is non-negative and if [ satisfies the integral inequality

() < alt) + / Bs)f(s)ds, Vel

then f(t) satisfies the bound

t1

f@) <a(t)+ /t&(s)ﬂ(s) exp (/:B(r) dr)ds, Vt e 1.
6

13



(i) If, in addition, the function « is non-decreasing, then

£(t) < a(t) exp (/ttﬁ(s) ds), vt eI
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