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Abstract

Ultracold atoms are used to study various fundamental physics, including many-body

system, nonequilibrium dynamics, and find many applications in quantum computing

and quantum sensing. In this thesis, we studied the dynamics of ultracold atom gases

with controllable two-body interactions. One of the major concerns is to manipulate the

atomic states with electromagnetic fields. Here, we will show four projects associated

with this topic.

The first project is about the Sagnac interferometer based on trapped Bose-Einstein

condensate. We explored the dynamics of the atoms and their relation to the sensitivity.

We came up with an optimised driving field, and the performance is examined with

interactions taken into consideration.

The second project is about the quantum dynamics of bosonic atoms in an optical lat-

tice with long-range interactions by Rydberg-dressing. It has been widely studied due

to its controllable strength, length and anisotropy, which paves the new approach to

engineering exotic quantum states and improving the performance of quantum devices.

We found that phase transitions of Mott-insulator, superfluid supersolid, and density

wave during a quench process. The correlation of the atoms is studied which reveals

the properties of long-range interactions.

The third project shows new designs of the magneto-optical trap for atom cooling. They

are proposed to be manufactured by 3D printing technology. We simulated their per-

formance and optimised the geometric parameters. The time-response and impedance

have also been analysed.

The fourth project studies the ground state of Rydberg-dressed fermions from the per-

spective of Fermi surface deformation. We calculated the deformation manifested by

the aspect ratio and the appearance of Cooper pairs. The power-law scaling relations

have been found with respect to the laser field, atom density and the quantum number

of Rydberg states.
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Chapter 1

Introduction

Ultracold atoms are of great interest to physicists for their extraordinary properties.
With the lowest temperature ever achieved, it is ideal for engineering many-body quan-
tum states in a sizeable parametric space. This is not only an attractive feature for the
studying of fundamental physics but also gives birth to numerous applications in quan-
tum computing and quantum sensing. This thesis aims to probe the nature of interacting
ultracold atoms by focusing on their dynamics.
The ultracold atoms can be loaded in a single or double well trap, a ring-shaped trap,
or a periodic trap. The single-well harmonic trap is the simplest case but is suitable to
unveil the interactions between atoms. The ring trap can be used for measuring external
rotation by the Sagnac effect. The periodic trap realised by optical lattices is widely ap-
plied to mimic many-body physics in solid-state materials. The interactions are usually
divided into short-range and long-range types. The former may come from the collision
and scattering process. The latter can be caused by the dipole-dipole interactions, or
excitation to Rydberg states.
Rydberg states are highly excited states with large orbital radius. Their use in ex-
periments represents a significant advantage because both the interaction strength and
length are controllable. One can also engineer the anisotropy of the interactions, which
leads to exotic quantum states with angular dependency. It widely broadens the domain
of ultracold atom-based quantum technologies.
In Chapter 2, I will present a review of some basic theories of Bose-Einstein conden-
sates (BEC). I will focus on the interactions and dynamics of BECs and calculate the dy-
namics with the Gross-Pitaevskii equation. A BEC loaded on a standing wave of lasers
gives rise to an optical lattice, which can be described by the Bose-Hubbard model.
Its most important feature is the quantum phase transition between Mott-insulator and
superfluid.
In Chapter 3, I will give a short review of Rydberg atoms and their interactions. The
wave functions of Rydberg states are solved with the model potential, and various scal-
ing relations can be derived. The interactions between a pair of Rydberg atoms, known
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2

as the Rydberg pair interaction, are solved via diagonalisation and perturbation meth-
ods. Another type of interactions by Rydberg-dressing is also introduced, where the
atoms are prepared in Rydberg-dressed states.
Chapter 4 is based on Ref. [1]. We investigated the dynamical scale factor of a Sagnac
interferometer using trapped BECs. The dynamical scale factor is a key element of the
sensitivity, and is determined by the motions of the atoms. We explored the dynamics
analytically and numerically. The solutions inspired us to optimise the driving field for
maximising the interference signal. We also examined the effects of interactions that
potentially inhibit the best performance of the interferometer.
Chapter 5 is based on Ref. [2]. We explored the quantum dynamics of bosonic atoms
in an optical lattice with long-range interactions obtained by Rydberg-dressing. The
equilibrium phases include Mott-insulator, density wave, superfluid and supersolid. By
quenching the lattice depth from the Mott-insulator phase, we found that the evolution
of the system satisfies the Kibble-Zurek mechanism, and the emergence of superfluidity
and supersolidity can be observed. The correlation in the system is also studied in the
scenario of time-of-flight interference, which connects to the long-range interaction
properties.
Chapter 6 is based on Ref. [3, 4]. We presented three designs of magneto-optical traps
for atom cooling experiments, which can be realised by 3D printing technology. The
idea starts with the skeleton structures followed by 3D modelling. The performance has
been verified using finite element analysis with the optimised geometric parameters.
One of the designs, capable of trapping ∼ 108 atoms, has been printed and tested. The
time-response and impedance under AC current have been analysed as well.
Chapter 7 is an ongoing project, where we explored the Fermi surface deformation of
cold fermions with Rydberg-dressed interactions. Based on Hartree-Fock-Bogoliubov
approximation, we found the deformation of the Fermi sphere and the appearance of
Cooper pairs. The power-law scaling relations between the aspect ratio and density
variance have been achieved numerically. Deeper understanding from the perturbative
perspective will be carried out in our future work.



Chapter 2

Bose-Einstein Condensate of Ultracold
Atoms

In this chapter, we will start with the concept of BEC, which plays a central role in cold
atom physics. It is a novel state of matter which can be achieved at extremely low tem-
peratures. It exhibits significant quantum coherence, so it is particularly valuable for the
study of fundamental physical principles and manifests great potential to applications
in quantum technology. It has been shown that BEC can help to study exotic behaviours
in quantum optics [5, 6] and many-body physics [7, 8]. BEC-based matter-wave inter-
ferometers can be applied to create the next-generation of sensors for high-precision
measurement [9, 10], or used for quantum information and computation [11]. There-
fore, it is now a critical issue to understand the dynamics of BECs, how it is affected by
the atomic interactions and how to control them.
This chapter is organised as follows. Section 2.1 will give a brief overview of BEC from
a historical perspective, from the theoretical prediction in 1925 [12] to the realisation in
ultracold atoms in 1995 [13–15]. Section 2.2 will introduce the role of short-range inter-
actions in BEC, and then the mean-field description based on Gross-Pitaevskii equation.
We will also mention the Feshbach resonance, which enables the scattering length to be
tuned from −∞ to +∞ [16]. Section 2.3 will introduce optical lattices. They are very
important platforms to mimic condensed matter physics and study quantum dynamics.
Section 2.4 will introduce several methods beyond the mean-field approximation.

2.1 From Bose statistics to ultracold atoms

The BEC is one of the most fascinating phenomena in physics. It was predicted by
Albert Einstein in calculating the statistical distribution of a monoatomic gas [12, 17,
18] following Nath Bose’s new approach to the Planck’s law of photons [19]. The BEC
is a state of matter where a large fraction of bosons in an N-particle system occupy one
of the single particle state at extremely low temperature. In the ultracold atoms, the
BEC is on the premise that the off-diagonal long-range order (ODLRO) exists.

3



2.1. From Bose statistics to ultracold atoms 4

The underlying requirement to get a BEC is that the particles are identical and allowed
to occupy the same states. This kind of particle is called boson. According to quan-
tum mechanics, the wave function of a system of bosons must be symmetric. As a
comparison, the particle with antisymmetric wave function is called fermion, which
cannot occupy any single-state with two or more particles. The major difference be-
tween whether the multiplicative occupation is allowed or not plays an important role
in their statistical behaviours, and the forbidden case is called the Pauli exclusion prin-
ciple. The bosons follow Bose-Einstein statistics, and the fermions follow Fermi-Dirac
statistics.
For thermal equilibrium states, the statistical observables can be all generated from
the partition function Z [20]. For bosons in the grand canonical ensemble, where the
system is connected to a heat bath with fixed temperature T and a particle bath with
fixed chemical potential µ , Z reads

Z = ∏
s

∞

∑
ns=0

e−βns(εs−µ) = ∏
s

1
1− e−β (εs−µ)

, (2.1)

where s denotes all the available states whose energy is εs, β = 1/(kBT ) and ns is the
occupation in equilibrium. The Bose-Einstein distribution of a non-degenerate gas can
be acquired by ns =−1/β∂ lnZ/∂εs, which yields

ns =
1

eβ (εs−µ)−1
. (2.2)

For free bosons 1, we can replace s by momentum k, and the dispersion relation ε(k) =
h̄2 |k|2 /(2m), where m is the mass of the particle, gives rise to energetic degeneracy,
or density of states, aε = Ωdkd−1(∂ε/∂k)−1. Here d is the dimension of the gas and
Ωd is the total solid angle. Specifically, Ω1 = 2, Ω2 = 2π , Ω3 = 4π , and generally
Ωd = 2πd/2/Γ(d/2). In the normal phase, the particle number conservation determines
the chemical potential such that

N =
∫

∞

0
nεaεdε =

V
λ d

th
gd/2

(
e

µ

kBT
)
, (2.3)

where V is the mode volume, λth = h/
√

2πmkBT is the thermal wavelength, d is the
dimension and gν(z) is the Bose-Einstein function which is defined as

gν(z) =
1

Γ(ν)

∫
∞

0

xν−1dx
z−1ex−1

= z+
z2

2ν
+

z3

3ν
+ · · · . (2.4)

To resolve Eq. (2.3), one can notice that µ is a monotonic function of T . The zero

1Here ”free bosons” means that we ignore the external trapping potential, and assume that the density
of gas is homogeneous in real space. This represent an approximation for a system of N bosons contained
in a certain volume V .



2.1. From Bose statistics to ultracold atoms 5

point of µ is the critical temperature Tc, below which µ vanishes and Bose-Einstein
condensation occurs. This happens at the special value z = 1 with gν(1) = ζ (ν) being
the Riemann Zeta function. Accordingly, the critical temperature for a 3D gas is

Tc =
h2

2mkB

(
N/V

ζ (3/2)

)2/3

. (2.5)

For a 2D gas, Tc is equal to 0, and in 1D it does not exist, which means that a free
gas does not have BEC in low dimensions. Furthermore, other thermal quantities can
be generated by Z as well. For a 3D gas, the internal energy is continuous around
the critical temperature, but the specific heat is discontinuous, which suggests that the
phase transition to BEC is of the second order.
Besides, we make a comparison with the case in which bosons are trapped in a harmonic
trap V (x,y,z) = 1

2 h̄2
ω2

x x2 + 1
2 h̄2

ω2
y y2 + 1

2 h̄2
ω2

z z2, where ωx, ωy, ωz are the trapping fre-
quencies along with the three directions. The density of states is not strictly analytical,
but has an asymptotic approximation for large energies aε ≈ ε2/(2h̄3

ωxωyωz). The
critical temperature can be obtained via the same method, and the result is [21]

Tc =
h̄ω0

kB

(
N

ζ (3)

)1/3

, (2.6)

where ω0 = 3
√

ωxωyωz. Note that it is different from that in free space, most notably
the exponent. Similar critical temperatures exist in 2D, where Tc = h̄ω0/kB[N/ζ (2)]1/2,
and in 1D, where Tc = 0.
To directly observe an atomic BEC had been a difficult task. After 70 years from its
theoretical prediction, it has first been realised with laser cooling technology [22]. The
main challenge is that Tc is extremely low. To have a qualitative impression, one can
consider the air at room temperature and 1 atm pressure. Its density is approximately
1019 cm−3, and according to Eq. (2.5), the critical temperature is ∼ 1 mK, which is
far below the boiling point of nitrogen gas (77 K). In practice, a dilute gas of alkali
atoms under laser cooling can reach sub-micro Kelvin, but the density also drops to
∼ 1013 cm−3. In this case, we can find that Tc ∼ 0.1 µK, which is the temperature to
realise the first atomic BEC [13].
The techniques and theories of laser cooling and trapping are many and varied [23, 24].
Here cooling refers to reducing the speed of atoms, and trapping refers to confining
atoms in real space. The velocity-dependent interactions between light and atoms can
slow down the motions of atoms due to the Doppler effect, and the cooling mechanism
bounded by the balance of Doppler effect and recoils is known as Doppler cooling.
However, the cooling limit can go below the Doppler limit when the details of the spa-
tial properties of the light field are taken into consideration, as it happens for instance in
the Sisyphus cooling (also called the polarisation gradient cooling). The overall cool-
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ing mechanism can be summarised in the context of optical molasses. In the standard
recipe, six orthogonal laser beams create a molasses area where atoms can be cooled
down to mK or µK. The laser beams can also trap atoms due to the dipole force created
by the gradient of the laser intensity. However, more efficient trapping can be acquired
by a magnetic field via the Zeeman effect. The combination of a magnetic field and op-
tical molasses gives birth to magneto-optical trap (MOT), which finally confines atoms
in both real and momentum space. In Chapter 6, I will show some recent progress in
designing new devices of MOT using 3D printing technology. It offers more possibility
to transfer the laboratory experiments to industrial use.
However, MOT is still not enough to get a BEC. In order to hit the lowest temperature
required for a BEC, usually one more step, known as evaporative cooling, is imple-
mented. Here, the hot atoms, i.e., atoms in the highest energetic states, are released by
lowering the height of the trap. This will also reduce the density of atoms along with
Tc. Therefore, the evaporating process eventually makes only a few atoms prepared in
a BEC state.
The idea of BEC had also been applied to explain other important phenomena. For ex-
ample, the condensation of 4He atoms gives rise to superfluidity, and the condensation
of paired electrons (Cooper pair) gives rise to superconductivity [25]. This does not
imply that BEC must lead to superfluidity or superconductivity. For example, ideal free
bosons can be a BEC but not a superfluid. However, in general, quantum coherence
in cold matter dominates various exotic many-body phenomena. The importance of
studying cold atoms becomes thereby conspicuous: it bridges the gap of physics be-
tween few-body and many-body systems in the quantum world and paves the way to
state-of-the-art applications in quantum technology.

2.2 Interacting Bose gas

The previous section provides a bird’s-eye view of BEC from the perspective of an
ideal gas, where interactions are ignored. In this section, I will give an overview of
some essential features of an interacting Bose gas at zero temperature. I will focus on
the short-range interaction and the corresponding dynamics which are related to my
projects.

2.2.1 Gross-Pitaevskii equation

First of all, we consider the atomic gas being very dilute, such that the average spacing
between particles, or mean free path, is much larger than any long-range interaction
length scales of, e.g., van der Waals interaction. However, interactions may still exist
when two atoms collide. Under this scenario, we can impose a model potential for
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on-site (short-range) interactions, which reads [26]

V (r,r′) = gδ (r− r′), (2.7)

where g is the interaction strength. This will provide a (total) scattering cross-section σ

together with scattering length a, and σ = 4πa2 (for attractive interaction, σ < 0, and
define a < 0). The relation between g and a can be derived from scattering theory and
is given by

g =
4π h̄2

m
a. (2.8)

The dynamics of non-interacting bosons is governed by the single-body Schrödinger
equation. For interacting bosons with a δ -type model potential, we still look for
a single-body evolution equation, which is known as the Gross-Pitaevskii equation
(GPE). To derive the GPE, we start from the original Hamiltonian of the many-body
system,

Ĥ =
∫

d3rψ̂
†(r)Ĥ0(r)ψ̂(r)+

1
2

∫
d3r

∫
d3r′ψ̂†(r)ψ̂†(r′)Vint(r− r′)ψ̂(r′)ψ̂(r)

=
∫

d3rψ̂
†(r)Ĥ0(r)ψ̂(r)+

g
2

∫
d3rψ̂

†(r)ψ̂†(r)ψ̂(r)ψ̂(r), (2.9)

where Ĥ0(r) = −(h̄2/2m)∇2 +Vext(r) is the kinetic energy plus the external potential,
ψ̂(r) is the bosonic field operator, whose commutation relation reads[

ψ̂(r), ψ̂†(r′)
]
= δ (r− r′),[

ψ̂(r), ψ̂(r′)
]
=
[
ψ̂

†(r), ψ̂†(r′)
]
= 0.

Then we use the Heisenberg equation to derive the equation of motion of ψ̂(r)

ih̄
∂

∂ t
ψ̂(r) =

[
ψ̂(r), Ĥ

]
=
∫

d3r′
{

ψ̂
†(r′)

[
ψ̂(r), Ĥ0(r′)ψ̂(r′)

]
+
[
ψ̂(r), ψ̂†(r′)

]
Ĥ0(r′)ψ̂(r′)

}
+

g
2

∫
d3r′

{
ψ̂

†(r′)ψ̂†(r′)
[
ψ̂(r), ψ̂(r′)ψ̂(r′)

]
+
[
ψ̂(r), ψ̂†(r′)ψ̂†(r′)

]
ψ̂(r′)ψ̂(r′)

}
=
∫

d3r′
{

δ (r− r′)Ĥ0(r′)ψ̂(r′)+gδ (r− r′)ψ̂†(r′)ψ̂(r′)ψ̂(r′)
}

=
(

Ĥ0(r)+gψ̂
†(r)ψ̂(r)

)
ψ̂(r). (2.10)

Finally, one can neglect the correlation of the last three-operator term and achieve the
equation for the order parameter φ(r) = 〈ψ̂(r)〉, which leads to the mean-field GPE,

ih̄
∂

∂ t
φ(r) =

(
− h̄2

2m
∇

2 +Vext(r)+g |φ(r)|2
)

φ(r). (2.11)
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Here the order parameter is normalised to the total number of atoms, i.e.,
∫
|φ(r)|2 d3r=

N. If φ(r) is normalised to 1 like an ordinary wave function, the interaction strength g

should be multiplied by N, such that g→ gN, which reveals the bosonic enhancement
of two-body interactions in a BEC.

2.2.2 Thomas-Fermi approximation

In general, the ground state of the GPE is different from that of the Schrödinger equation
of non-interacting particles. The former can be obtained via a functional approach
with the Gaussian ansatz [27]. However, if the interaction strength is strong enough,
the Gaussian ansatz will fail as the shape of the ground state wave function deviates
from the Gaussian function. In such a strongly interacting limit, the Thomas-Fermi
approximation (TFA) is usually applied.
If the scattering interaction strength g is much larger than the kinetic energy, the deriva-
tive terms in Eq. (2.11) can be eliminated. Then the ground state can be obtained ap-
proximately from the identity

Vext(r)+gn(r) = µn(r), (2.12)

where n(r) = |φ(r)|2 is the atom density. To avoid negative values, the solution outside
the classical boundary µ <Vext(r) is trimmed off, and the final solution reads

n(r) =

{
1
g [µ−Vext(r)] Vext(r)6 µ

0 Vext(r)> µ
. (2.13)

Eq. (2.13) is known as the TFA [28, 29]. As an example, the density distributions of
the ground states of an infinite square potential and a harmonic potential are plotted in
Fig. 2.1. In the square potential case, the density n(x) of non-interacting particles is
a cosine function, but is a constant for strongly interacting particles. In the harmonic
potential case, n(x) is a Gaussian function for non-interacting particles but becomes
parabolic in the strongly interacting case. Generally, the TFA captures the main feature
that the repulsive interactions can flatten the BEC distribution in real space.

2.2.3 Feshbach resonance

In order to control the interactions between the atoms, one commonly used technique
is based on the Feshbach resonance (FR, or Feshbach-Fano resonance) [16]. It can
alter the scattering length from negative infinity to positive infinity by applying a static
magnetic field. FR is a resonance of a scattering state of an open channel and a bound
state (molecular state) of a closed channel, where the two channels refer to two spin
configurations. Usually, both the two channels have Lennard-Jones interaction profile,
but their gap can be tuned by a magnetic field via the Zeeman effect. For cold atoms,
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Figure 2.1: Illustration of ground states of BEC without (blue) and with strong (red) in-
teractions. (a) In an infinite square potential, the Thomas-Fermi approximation (TFA)
results in a homogeneous distribution. (b) In harmonic trap, the TFA results in a
parabolic density distribution.

the far separated atoms are usually in the open channel configuration with nearly-zero
energy, compared to the gap between the two channels.

 

Figure 2.2: Scattering length as a function of the magnetic field near the Feshbach
resonance.

Near the resonance point B0, the scattering length is approximately

a(B) = abg

(
1− ∆

B−B0

)
, (2.14)

where ∆ is the width of the FR, B0 is the resonant field strength, and abg is the back-
ground scattering length.
The value of B0 is determined by the Zeeman shift that makes the bound state energy Ec

equal to zero plus the coupling between the two channels. The width ∆ mainly depends
on the spontaneous decay from the bound state. The biased background abg is domi-
nated by the open channel, and the resonance is due to the narrow scattering process
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embedded in the continuum. The scattering phase will flip by π across the resonance.
This results in the breaking of the scattering length in two diverging branches.

2.2.4 Length scales of correlation and coherence

To quantitatively describe the spatial correlation and coherence of BEC, there are
mainly two length scales.
The first one is the correlation length ξcorr. Generally, it describes how fast a correlation
function exponentially decays in space. As for BEC, we can consider the correlation
function C(r,r′) = 〈ψ̂†(r)ψ̂(r′)〉, and in the long-range limit,

lim
|r−r′|→∞

C(r,r′)∼ e−|r−r′|/ξcorr. (2.15)

The correlation length is important in phase transitions. As Laudau’s mean-field theory
suggests, it diverges in the vicinity of the phase boundary.
The second one is the coherence length, or the healing length, ξcoh. For highly repulsive
BEC, the wave function is flat in the centre, or in other words, the density is relatively
homogeneous and equal to the bulk value. Under the effects of local perturbations or of
boundaries, the density of BEC becomes inhomogeneous. ξcoh is a characteristic length
that denotes the turning point where the density begins to return to the bulk value. So
the wave function is healed in a distance ξcoh away from the perturbed centre or the hard
boundary. Phenomenologically, ξcoh is estimated by comparing the interaction strength
and the kinetic energy according to h̄2/(2mξ 2

coh) ≡ ng, where n is the average density.
Then we have

ξcoh =
h̄√

2mng
. (2.16)

This formula tells that when the repulsive interaction is stronger, the global wave func-
tion is more resistant against local perturbations. For example, if a vortex is formed
in a BEC, the density vanishes at the vortex centre and grows to the bulk value over a
distance of ξcoh. Therefore, ξcoh can be used to estimate the size of vortices, and they
are expected to be smaller in BECs with stronger repulsive interactions.

2.2.5 Elementary excitation

In the linear Schrödinger equation, the full excitation spectrum can be achieved by
diagonalising the Hamiltonian. In the GPE, however, the linearity is broken by the
interaction term. One of the basic solutions to this problem is to linearise the non-linear
equation in the perturbation regime. This offers a picture of the elementary excitation
spectrum, which usually accounts for the collective modes and that can be observed in
experiments.
Here we show an example of elementary excitations in free space, where Vext(r) = 0
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which results in the Bogoliubov spectrum. We assume φ0 to be the (unperturbed) ground
state of the GPE, and we substitute φ = φ0+δφ into Eq. (2.11). Keeping the linear term
of δφ , we get

i
∂

∂ t
δφ = HGPδφ +g |φ0|2 δφ +gφ

2
0 δφ

∗, (2.17)

where HGP = − h̄2

2m∇2 +Vext + g |φ0|2. As there is a dependence from δφ∗, we can
take the conjugation of both sides and derive the equation of motion for the spinor
(δφ ,δφ∗)>, which reads

i
∂

∂ t

(
δφ

δφ∗

)
=

(
HGP +g |φ0|2 gφ 2

0

−gφ∗20 −HGP−g |φ0|2

)(
δφ

δφ∗

)
. (2.18)

Now we consider the non-trapped gas (Vext = 0) with homogeneous density. We can
try to substitute the plane wave solution (δφ ,δφ∗)> = exp [i(k · r−ωkt)] (uk,vk)

> into
Eq. (2.18), where uk and vk are the amplitude of the plane waves where we get

ωk

(
uk

vk

)
=

 h̄2|k|2
2m +2g |φ0|2 gφ 2

0

−gφ∗20 − h̄2|k|2
2m −2g |φ0|2

(uk

vk

)
. (2.19)

Finally, we get the dispersion relation for the elementary excitation which reads

ωk =

√
h̄2k2

2m

(
h̄2k2

2m
+4g |φ0|2

)
. (2.20)

This is the Bogoliubov spectrum, and we will see it again in optical lattices in the next
section.

2.3 Bosons trapped in optical lattices

The motion of particles in periodic potentials is a fascinating subject in physics. An
optical lattice is a system in which atoms are trapped in the standing wave of lasers,
and their motion can be precisely controlled. It provides a nearly ideal environment
to engineer exotic quantum states of many-body physics. Thus, the atoms in optical
lattices can mimic the electrons in solid-state materials, and be used to realise the effects
that are difficult to be observed in solid-state systems.
In this work, we will focus on the bosonic atoms trapped in optical lattices. We will
start to explain how the atoms are trapped, and how to describe their dynamics with
the Bose-Hubbard model (BHM). Then we will introduce the most important phase
transition of the BHM, namely the Mott insulator-superfluid transition, followed by the
comparison to other models as a universal class. The modification of the BHM with
long-range interactions assisted with Rydberg-dressing leads to richer physics, and its
dynamics under a quantum quench consists of the project discussed in Chapter 5.
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2.3.1 Optical lattice

Similar to the electrons in crystals, it is convenient to depict the atoms either in Bloch
representation (momentum space) or Wannier representation (real space). The Wannier
representation is suitable for deep lattices, where the dynamics of atoms can be de-
scribed by their occupation and tunnelling between the lattice sites. But unlike systems
in which a single atom occupies a single state, the atoms in the lattice share their wave
function

 

Figure 2.3: Illustrative wave functions (blue curves) for (a) the discrete eigenstates of a
single well, (b) the Wannier states of a lattice. The black curve represents the trapping
potential. The Wannier states are derived by orthogonalisation of the bound states of a
single well, and keep the locality around the lattice points.

In the spirit of the tight-binding model, we can start with an array of isolated sites
whose eigenstates are ψn,Ri(r), where n is the orbital quantum number and Ri is
the position of the i-th lattice site. In general, one has

〈
ψn1,Ri

∣∣ψn2,Ri

〉
= δn1,n2 , but〈

ψn,Ri

∣∣ψn,R j

〉
6= δRi,R j . Wannier wave function wn,R(r) can be regarded as a set of

orthogonalised states, such that
〈
wn1,Ri

∣∣wn2,R j

〉
= δn1,n2δRi,R j . By doing so, the wave

functions of the energetic eigenstates of individual sites will be broadened. In quantum
field theory, the connection between the field operator of atoms ψ̂(r) and the Wannier
states b̂n,i reads

ψ̂(r) = ∑
n,i

wn,Ri(r−Ri)b̂n,i. (2.21)

In this work, we consider the lowest band only, and we omit the quantum number index
n. The Wannier function is highly localised in real space, and its Fourier transform is
thereby flat. In theory, we will treat wR(r) ≈ δ (r−R), but in experiment, it can be
retrieved by the Gaussian envelope wR(r)∼ exp

[
−|r−R|2 /(2r2

0)
]
.

There are two energy scales in an optical lattice, the lattice depth V0 and the recoil
energy Er =

h̄2

2m

(2π

d

)2
. The width of the Wannier function is approximately

r0 =
h̄√

2m
√

V0Er
. (2.22)
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When r0� d, the Wannier envelope is highly localised and thereby the picture of occu-
pation and tunnelling is valid. Intuitively, the tunnelling, or hopping, reflects the kinetic
term and multiplicative occupations lead to on-site interaction. One can use the Hamil-
tonian which is known as the Bose-Hubbard model (BHM) to describe the dynamics of
the Wannier particles,

H =−J ∑
〈i, j〉

b̂†
i b̂ j +

U
2 ∑

i
n̂i(n̂i−1)−µ ∑

i
n̂i, (2.23)

where µ is the chemical potential. The hopping and interaction parameters J and U can
also be derived from V0 and Er. We quote the results for the deep lattice [8], which
reads

J =
4√
π

(
V0

Er

)3/4

e−2
√

V0/ErEr, (2.24a)

U = 4
√

2π
as

d

(
V0

Er

)3/4

Er, (2.24b)

where as is the scattering length. Therefore

J/U =

√
2

2π

d
as

e−2
√

V0/Er , (2.25)

and

r0 = h̄

(
mEr ln

√
2

2π

U
J

d
as

)−1/2

. (2.26)

To flatten the Wannier envelope with fixed J/U and lattice constant d, one needs to
deepen the lattice depth V0. But meanwhile, the tunnelling J will also be suppressed,
and therefore, the scattering length as shall be tuned lower as well. This can be achieved
by the aforementioned Feshbach resonance. To conclude, an ideal BHM should be
expected in the presence of a deep optical lattice, created by a high-power laser, and
relatively weakly interacting atoms.

2.3.2 Mott-insulator-superfluid transition

The most novel physics of the BHM is the phase transition between the Mott-insulator
phase (MI) and the superfluid phase (SF). The order parameter for the MI-SF transition
is φi := 〈b̂i〉 (locally defined). In the MI phase, 〈φi〉= 0, but in the SF phase 〈φi〉 6= 0.
A more subtle definition of the superfluid fraction, however, is derived from the per-
spective of a two-fluid model. The idea comes from a thought experiment [30], that a
moving microtube can make the normal phase fluid stick to it and move at the same
speed, but the superfluid component remains at rest in the lab frame. In the microtube
frame, on the contrary, the normal phase is at rest whilst the superfluid is moving. As
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an analogue in optical lattices, one can introduce a small twisting phase which acts as
a microtube creating a moving reference frame. The phase will be added to the hop-
ping term such that J→ Jeiφ . The result is that the total energy of the ground state (in
SF phase) will be lifted, and the amount of the change leads to the fraction of SF. To
summarise, the definition of the SF fraction reads [31, 32]

ρs =
1
M ∑
〈i, j〉

φ
∗
i φ j. (2.27)

The factor φ∗i φ j is associated with the flow operator, literally referring to the flux of par-
ticles. Apparently, the mean value of |φi| being non-zero is necessary for the occurrence
of ρs, but insufficient. In a chequerboard lattices, for example, one can have non-zero
SF order in the A-sublattice and zero SF order in the B-sublattice. Thus, ∑i |φi| 6= 0 but
ρs = 0, where the latter is a more preferred quantity to signify the superfluidity strictly.
In the MI phase, the atoms are localised in their sites, and the tunnelling is suppressed.
The ground state wave function can be expressed as |MI〉= ∏i(b̂

†
i )

n̄ |0〉, where n̄ is the
mean occupation number. The SF phase is coherent, and its wave function is |SF〉 =
(∑i b̂†

i )
n̄ |0〉. The difference appears as the local U(1) symmetry breaking. Let there be

a twisted phase applied to a local operator b̂†
i → eiϕ b̂†

i , the change of |MI〉 is a global
phase modulation, but the change of |SF〉 is not. This leads to the possibility to choose a
proper gauge in which the local wave functions, if applicable, of |SF〉 are in-phase, but
are out-of-phase for |MI〉. Under the Gutzwiller ansatz [33], we shall expect |MI〉 to be
a product of local Fock states with random phase, and |SF〉 to be a product of coherent
states with the same phase.
For simplicity, we use the perturbation method to show the phase diagram of the BHM
with the mean-field approximation. We assume the ground state to be homogeneous,
and simplify the many-body Hamiltonian to a single-body one. By doing that, the
product of creation/annihilation operators is simplified by b̂†

i b̂ j ≈ φ∗i b̂ j +φ jb̂
†
i −φ∗i φ j.

The sum of the nearest neighbour for the hopping term ends up with a coordination
number z, which for example, is equal to 4 for a 2D square lattice. Then the single-
body Hamiltonian reads

H =−zJφ

(
b̂† + b̂

)
+ zJφ

2 +
U
2

n(n−1)−µn. (2.28)

We have assumed φ to be real, which can always be done by applying a global phase
without impairing the generality. If we start with the MI state with mean occupation n̄

as the unperturbed state, the Hamiltonian can be separated as H = H0 +H1 where

H0 =
U
2

n̂(n̂−1)−µ n̂ (2.29a)

H1 =−zJφ

(
b̂† + b̂

)
+ zJφ

2. (2.29b)
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It is easy to find that the Fock state |n̄〉 is an eigenstate of H0 with energy E0 =
U
2 n̄(n̄−

1)−µ n̄, and the perturbed energy can be worked out to be

E1 = ∑
m

|〈n̄|H1|m〉|2

Em−E0
=

[
zJ+(zJ)2

(
n̄U

(n̄−1)U−µ
− (n̄+1)U

n̄U−µ

)]
φ

2. (2.30)

According to Landau’s mean-field theory, the total energy is E = E0 +E1 = a0 +a2φ 2,
where the flip of the sign of a2 determines the phase transition. For different unper-
turbed occupation n̄, we can get the corresponding phase boundaries

zJ/U =

(
n̄

n̄−1−µ/U
− n̄+1

n̄−µ/U

)−1

. (2.31)

The phase diagram with the lowest three lobes of the MI states is shown in Fig.2.4.

 

Figure 2.4: The phase diagram of the BHM within perturbation theory. The three lobes
stand for the Mott-insulator phases where the occupation varies from 1 to 3 for each
lobe. The superfluid phase applies to the large J regime, where the occupation grows
smoothly with increasing µ .

Here, we make a few remarks about the perturbation method. First, it is based on mean-
field theory, which is expected to be true for z→ ∞, or high-dimensional space. Other
methods like density-matrix renormalisation group (DMRG) show that the lobes are not
round in their tips, which, however, is not much different for a 2D square lattice [34]
Second, the unperturbed state is assumed to be homogeneous, which is valid for the
ordinary BHM. However, if long-range interactions are taken into consideration, the
assumption may fail. If the long-range part is presumed to be nearest-neighbour-only,
the assumption is that an A-B lattice can be adopted to reveal the emergence of density
modulation, and is relatively consistent with the numerical results from the general case.
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However, if longer-range interactions are considered, most pre-assumptions will fail.
This will be discussed further in Chapter 5. The realisation of long-range interactions
can be introduced by Rydberg-dressing, which is presented in Chapter 3.
Third, the phase diagram in Fig. 2.4 is obtained within the grand canonical ensemble,
where µ can be controlled to change the total number of particles. In the quantum
quench experiments, however, the dynamics of an optical lattice is usually depicted by
a closed system, where the total number of atoms is fixed. Therefore, if one wants to
see a phase diagram in n̄− J parametric space, µ becomes floating. One can still use,
e.g., imaginary time evolution, plus Nelder-Mead algorithm [35].

2.3.3 Universal class

The BHM has been frequently compared with spin models, in the regime where that
only a few Fock states are occupied. For example, if we project the full Hilbert space
to only two states |0〉 and |1〉, which is suitable for strongly repulsive bosons, or known
as hard-core bosons, then we can introduce the spin operators

b̂ = Ŝ+ = Ŝx + iŜy, (2.32a)

b̂† = Ŝ− = Ŝx− iŜy, (2.32b)

n̂ = b̂†b̂ =
1
2
− Ŝz, (2.32c)

where Ŝx,y,z = 1
2 σ̂ x,y,z and σ̂ are Pauli matrices. It can be found that the creation and

annihilation operators can be translated as spin flips, such as b̂ |1〉= |0〉 → Ŝ+(0,1)> =

(1,0)>, b̂† |0〉 = |1〉 → Ŝ−(1,0)> = (0,1)>, n̂ |0〉 = 0 |0〉 → (1/2 − Ŝz)(1,0)> =

0(1,0)>, n̂ |1〉 = |1〉 → (1/2− Ŝz)(0,1)> = (0,1)>. By substituting the spin operators
into the Hamiltonian (2.23), we can get a new Hamiltonian

Hspin =−J ∑
〈i, j〉

(
Ŝx

i Ŝx
j + Ŝy

i Ŝy
j

)
+µ ∑

i
Ŝz

i . (2.33)

A constant value µM/2 has been dropped out. Here, due to the fact that the contribution
of the selected Fock states |0〉 and |1〉 to the interaction energy is zero, the on-site
interaction term disappears.
Often we consider the addition of long-range interactions given by the interacting
Hamiltonian HLR =V ∑〈i, j〉 n̂in̂ j to Eq 2.33, which, in the spin representation, reads

Hspin
LR =V ∑

〈i, j〉
Ŝz

i Ŝ
z
j−2V ∑

i
Ŝz

i . (2.34)

This leads to the whole Hamiltonian H tot =Hspin+Hspin
LR equal to that of an XXZ model.

It is heuristic to build up a connection between the BHM and XXZ models or other
equivalent spin models, because they share the universal critical behaviours in the vicin-
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ity of the phase transitions. Landau pointed out that various physical observables have
a power-law dependence to the parameter for continuous phase transitions [20]. For ex-
ample, if we find that the critical point for the MI-SF transition is Jc, then the distance
parameter is ε = J/Jc−1 (|ε| � 1). In the literature [36], we focus on the (mean) order
parameter φ , the correlation length ξ , and the relaxation time τ , which scale as

φ ∼ |ε|−α , ξ ∼ |ε|−ν , τ ∼ |ν |−zν (2.35)

where α , ν , z are the critical exponents. In general, the exponents may also depend on
the sign of ε , but this is not important in our case.

2.3.4 Extended Bose-Hubbard model

Lattice bosons have many features beyond the BHM. For example, if the optical lattice
has disordered local chemical potential and hopping parameter [37, 38], the ground
state will not be homogeneous.
Another significant change is the long-range (density-density) interaction, which trans-
forms the BHM to the extended Bose-Hubbard model (eBHM) [39],

H =−J ∑
〈i, j〉

b̂†
i b̂ j +

U
2 ∑

i
n̂i(n̂i−1)−µ ∑

i
n̂i +∑

i, j
Vi jn̂in̂ j. (2.36)

There are two major consequences when Vi j is relatively larger than J and U . For the
ground state, the translational symmetry may be broken with density waves or super-
solid phases [40]. For the elementary excitation, it can make the dispersion relation
non-monotonic with roton minima [41]. We will discuss this in detail in chapter 5.

2.4 Beyond mean-field approximation

The interests in the quantum nature of a BEC in free space, harmonic trap or optical
lattice requires more advanced methods beyond the mean-field approximation. The
numerical methods include, for instance, exact diagonalisation [42], quantum Monte-
Carlo methods [43], dynamical mean-field theory [44], density-matrix renormalisation
group [34] and phase space methods [45]. Under the scope of phase space, one popular
method is called the truncated Wigner approximation (TWA) [46]. It is not only suitable
for calculating the ground states, but it is also powerful in solving the dynamics.
The idea of TWA starts from the Fokker-Planck equation (FPE) of the Wigner function,
which is a pseudo-probability distribution function in the phase space. By eliminating
the high-order time-derivative terms of the Wigner function, one can find that the FPE
becomes classical. Hence, we get the TWA which contains two ingredients. First, the
evolution of physical variables follows a classical equation. Second, the initial states of
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the system is randomly chosen with the probability described by the Wigner function.
Then one needs to cast a large number of trajectories from different initial states, and
their average derives the mean values of the observables. The detailed connection be-
tween TWA and the Gutzwiller ansatz will be discussed in Chapter 5. It is particularly
suited to simulate the dynamics of the eBHM.



Chapter 3

Rydberg Interactions

The realisation of various exotic many-body quantum states, such as supersolid,
anisotropic Fermi liquid, squeezing [8], requires strong and tunable atom-atom inter-
actions. In this chapter, we will present a popular approach from the last decade that is
based on the Rydberg atoms [47]. It has outstanding controllability, in term of interac-
tion strength and length along with the coherence time.
In Section 3.1, we will show some basic properties of Rydberg atoms. In Section 3.2,
we will discuss the interaction between two Rydberg atoms. In Section 3.3, we will
introduce the interactions induced by Rydberg-dressing. It inherits the advantages of
strong interaction strength, and also resolves the problem of its relatively short life-
time. Therefore, Rydberg-dressed ultracold gas can be used to study spatially correlated
many-body states.

3.1 Rydberg atom

Rydberg atoms are highly excited atoms. In 1885, Johann Balmer noticed a novel rela-
tion of the fluorescence spectra of hydrogen atoms [48]. The positions of the spectral
peaks are marked with two integers which are now known as the quantum numbers.
In 1913, Niels Bohr came up with a primitive model to explain those integers n by
quantising the orbital angular momentum of the electrons [49]. The model successfully
describes the energy levels and orbital radii of a sequence of quantum states, such that

En =−
Z2

n2 Ry, (3.1a)

rn =
n2

Z
a0, (3.1b)

where Z is the charge of the atomic core and is equal to 1 for hydrogen or hydrogen-
like atoms, Ry = e4me

8ε2
0 h2 is the Rydberg energy unit, and a0 =

4πε0h̄2

e2me
is the Bohr radius.

Eq. (3.1) can be further corrected by replacing the electron mass me by the reduced
mass mred = memc/(me +mc), where mc is the mass of the atomic core.

19
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The states with n� 1 are called Rydberg states. These scaling relations in Eq. (3.1) can
be applied to alkali atoms including lithium, sodium, potassium, rubidium and caesium.
As for other atoms and ions with single valence electron, these formulae are also valid.
Nevertheless, due to the effect of core electrons, there should be a slight change in the
scenario of the quantum defect by replacing n→ n∗ = n− δn,l, j, which was initially
suggested by Johannes Rydberg in 1890 [50]. The defect factor δn,l, j is dependent to
the angular momentum l and total spin j including the spin-orbit coupling.
In the following, we will first show a more rigorous approach to getting the wave func-
tions and energies of Rydberg states with model potentials. Then we will show the
scaling relationship between various physical quantities and the quantum number n∗.

3.1.1 Alkali atom model

The energy spectra and ground state wave functions of alkali atoms can be obtained by
the time-independent Schrödinger equation[

− h̄2

2m
∇

2 +V (r)
]

ψ(r) = Eψ(r), (3.2)

where ∇ is the Laplace operator, E is the energy and h̄ is the reduced Planck con-
stant. Eq. (3.2) can be simplified by separating the radial and angular parts. If V (r) is
isotropic, one can let ψ(r) = R(r)Y m

l (θ ,φ) with Y m
l being the spherical harmonics and

reduce Eq. (3.2) to a one-dimensional equation[
− h̄2

2m

(
d2

dr2 +
2
r

d
dr

+
l(l +1)

r2

)
+V (r)

]
R(r) = ER(r). (3.3)

The model potential V (r) is slightly different from the Coulomb force VC ∼ 1/r, which
reveals the effect of the core electrons. It is widely accepted to use the following para-
metric function [51]

V (r) =− e2

4πε0

[
Znl(r)

r
+

αc

2r4

(
1− e−(r/rc)

6
)]

. (3.4)

Znl(r) = 1+(Z− 1)e−a1r− r(a3 + a4r)e−a2r. Compared to the hydrogen model, the
effective charge deviating from 1 is due to the screening of the core electrons and the
penetration of the valance electron into the atomic core. The static polarisability of the
atomic core, αc, is also included, and its contribution is set to zero in the vicinity of the
atom centre. The parameters a1,a2,a3,a4,αc,rc are usually acquired from experiments,
and are dependent on the orbital quantum number l [51]. We made a comparison of
the model potential for 87Rb atoms at 40S1/2 state and the that for hydrogen model
(Coulomb potential) as shown in Fig. 3.1(a). It can be found that the model potential
is deeper, due to the valance electron penetrating into the atom core which feels more
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positive charge from the nuclei. The wave function of 87Rb [Fig. 3.1(b)] is also more
squeezed towards the centre compared to the hydrogen model, although their oscillatory
shapes are very similar.

Figure 3.1: Comparison between 87Rb atoms at 40S1/2 state (solid red line), and the
hydrogen model (dotted blue line). (a) The model potential in the unit of Ry. (b) The
corresponding radial probability distribution manifesting the wave function.

If the spin of the valance electron is taken into consideration, one needs to insert a
spin-orbit coupling (SOC) term, Hso(r) = 1

4πε0m2
ec2

e2

2r3 L̂ · Ŝ, to Eq. (3.2) where L is the
angular momentum operator of the valence electron, and S is its spin. The wave func-
tion becomes a spinor with two components standing for the electron spin ms = ±1

2 .
After the diagonalisation of the electron-spin part, one gets the representation under
the total spin operator Ĵ = L̂ + Ŝ, whose eigenvalue is Ĵ2

∣∣ j,m j
〉
= j( j + 1)

∣∣ j,m j
〉
,

and its z-component Ĵz
∣∣ j,m j

〉
= m j

∣∣ j,m j
〉
. Here j = |l− s| , |l− s|+ 1, ..., l + s, and

m j = − j,− j + 1, ..., j, s = 1/2. For nS1/2 state, where l = 0, j has a unique choice
equal to 1/2, and SOC can be eliminated.
Eq. (3.2) can be numerically solved by exact diagonalisation [52] or by using the Nu-
merov method [53]. The latter has been integrated with the Alkali Rydberg Calculator

(ARC) package for python [54, 55], together with the solvers for Rydberg interactions.
In this thesis, the parameters related to Rydberg atoms are all carried out with the ARC

package.

3.1.2 Novel scaling relations

As the principal quantum number of the Rydberg states grows, one can find various
quantities follow power-law relations with respect to n∗. We conclude some crucial
results for S and P Rydberg states as in Table 3.1 [56, 57].
The energy and radius are the same as that of Bohr model as shown in Eq. (3.1) with n

simply replaced by n∗. The level spacing is approximately ∼ n∗−2− (n+1)∗−2, whose
leading term gives rise to n∗−3.
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energy n∗−2

level spacing n∗−3

orbital radius n∗2

dipole moment with ground state n∗−1.5

dipole moment with (n∗+1) state n∗2

lifetime (0 K) n∗3

polarisability n∗7

van der Waals coefficient (C6) n∗11

dipole-dipole coupling coefficient (C3) n∗4

Table 3.1: Scaling of several atomic quantities with respect to n∗ for Rydberg states
with low orbital angular momentum, l = 0,1.

The lifetime of Rydberg atoms at 0 K is only dominated by spontaneous emission. This
process consists of many channels because multiple states below the Rydberg state can
serve as the final state for the spontaneous decay. The decay rate can be calculated with
Fermi’s golden rule [58]

Γ f =
ω3

r f

12π h̄c3ε0

∣∣〈 f
∣∣d̂∣∣r〉∣∣2 , (3.5)

where h̄ωr f = Er−E f is the energy gap between the Rydberg state and the final state,
d̂ = (−e)r is the dipole operator and this formula has already considered the polar-
isation of the emitted photons. The total decay rate involving all possible | f 〉 reads
Γ = ∑ f Γ f . From Fig. 3.2, we can find that the major contributor to spontaneous decay
is the channel directly from the Rydberg state to the ground state (if it is forbidden by
the selection rule, the preferred state should be the lowest excited state that is allowed).
In this case, 0≈ |Er|�

∣∣E f
∣∣ and ωr f ≈

∣∣E f
∣∣/h̄ which is independent of n∗. Then Γ only

relies on the dipole moment, which is dominated by the overlap of the wave function
of the Rydberg state and the ground state. Although the relation between the dipole
moment and n∗ is not obvious, the analytical solutions to hydrogen model do reveal the
leading term∼ n∗−3/2 holds for S and P states. Then the lifetime becomes τ ∼ n∗3. Fur-
thermore, we note that the dipole moment between n and n+1 Rydberg states follows
the scaling n∗2 for low-l ones.
The polarisability is also dominated by the neighbouring coupling. According to the
perturbation theory, the polarisability α ∼∑ f

∣∣〈 f
∣∣d̂∣∣r〉∣∣2 /(E f −Er). For | f 〉 being low-

n states, the contribution is equal to ∼ n∗−3, which decays for growing n∗. But for | f 〉
being the neighbouring Rydberg states, the contribution to α is ∼ n∗4/n∗−3 = n∗7 [59].
Therefore, the transitions to neighbouring Rydberg states dominate the total polarisabil-
ity, which follows n∗7.
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Figure 3.2: The decay rates of 87Rb atoms from 40S1/2 to nP1/2, 3/2 states. The blue
bars are via spontaneous decay, and the orange for black-body-radiation induced decay
at 300 K.

In addition, we need to mention that the scaling relationships are different for circular
Rydberg states (l, m . n). First, the large l suppresses the transitions from circular Ry-
dberg states to small n states, and only the neighbouring Rydberg states are important.
Second, the transitions between neighbouring circular Rydberg states depend on the
polarisation. For example, from |n, l,m〉 state to |n+1, l +1,m′〉, the scaling relation is
n∗, n∗3/2, n∗2 for m′ = m−1, m, m+1, respectively. To |n+1, l−1,m−1〉, the scaling
is n∗2, and to |n, l−1,m−1〉, the scaling is n∗3/2. Then considering the level spacing
∼ n∗−3, one finally gets the transition rate Γ ∼ (n∗−3)3(n∗2)2 = n∗−5 and the lifetime
τ ∼ n∗5 [56].
In Fig. 3.2, we can also find the influence of black body radiation (BBR), which induce
the decay from the Rydberg states to their neighbouring states. This part will be sub-
stantially suppressed under low temperature, and we can usually ignore the BBR effect
only in cryogenic environments.

3.2 Rydberg pair interaction

In classical electrodynamics, we know that the interaction between two separated elec-
tric dipoles is given by [60]

V (R) =
1

4πε0

(
p1 ·p2

R3 − 3(p1 ·R)(p2 ·R)

R5

)
. (3.6)

In quantum mechanics, the classical interaction should be replaced by an operator.
The interaction operator V̂ (R) is similar to Eq. (3.6) with pi → p̂i = (−e)r |ki〉〈 ji|
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where i = 1,2 and | ji〉, |ki〉 are the eigenstates of a single atom. When the atom
has a dipole moment, we can calculate their dipole-dipole interaction by inserting
the two-atom basis V̂12 = ∑ j1, j2 ∑k1,k2

| j1, j2〉〈 j1, j2|V̂ (R) |k1,k2〉〈k1,k2|. The matrix
elements

〈
j1, j2

∣∣V̂ (R)
∣∣k1,k2

〉
determines the coupling strength. In Rydberg states,

the dipole-dipole interaction couples the neighbouring Rydberg states strongly, where〈
j1, j2

∣∣V̂ (R)
∣∣k1,k2

〉
∝ n4 with n being the principal quantum number.

3.2.1 Diagonalisation method

Without the external fields, an electronic state typically does not possess permanent
dipole moment. Hence, the dipole-dipole interaction between two atoms vanishes.
The van der Waals interactions, however, can not be neglected. The van der Waals
interaction can be obtained by diagonalising the Hamiltonian Ĥ. In the Hilbert space
based on {| j1, j2〉}, the diagonal terms are the sum of the eigenenergies of | j1〉 and
| j2〉, H j1 j2, j1 j2 = E j1 +E j2 , and the off-diagonal terms are the matrix elements of the
interaction Hk1k2, j1 j2 =

〈
j1, j2

∣∣V̂ (R)
∣∣k1,k2

〉
.

In Fig. 3.3, we show a diagonalisation result of 40K atoms around 50S1/2 state. In the
long-range regime, the energy shift perfectly fits a scaling relation V ∼ R−6. At short-
ranges, however, it deviates from the R−6 relation, and more importantly, 50S1/2 state
intersects with other states and the Rydberg atoms are no longer stable.

Figure 3.3: The Rydberg pair interaction of 40K by diagonalisation method. The redness
of the scatters is the population of 50S1/2 state. The dashed blue curve is calculated via
perturbation method with C6 =−10.75 GHz µm6.

The R−6 scaling relation can be acquired via a simplified model. We can reduce the
complicated interaction matrix to a simple 2-by-2 matrix, such that only one channel
is considered. Suppose the target Rydberg pair state is |rr〉, which is coupled to |r′r′′〉,
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their energy gap being ∆, interaction strength V (R), the Hamiltonian reads

H =

(
0 V (R)

V (R) ∆

)
. (3.7)

The eigenenergies are

E =
1
2

(
∆±

√
∆2 +4V (R)2

)
, (3.8)

and we should take the minus sign for the |rr〉 branch. According to Eq. (3.6), the
leading term of V (R) is ∼ R−3. Then we can find that (a) in the long-range limit,
V (R)� ∆, the energy shift is approximately E ≈ −V (R)2/∆ = −C6/R6, (b) in the
short-range limit, V (R)� ∆, and E ≈−V (R) =−C3/R3.
The long-range limit is also known as van der Waals regime, and the difference com-
pared to the conventional van der Waals interaction of ground state atoms is mainly due
to the large polarisability of Rydberg states.

3.2.2 Perturbation method

The diagonalisation method is often costly for computation. So it is important to intro-
duce the perturbation method such that we can get the interaction parameters approxi-
mately. However, its accuracy is not always guaranteed in the short-range regime.
According to the second-order perturbation theory, the energy shift is given by ∆E =

∑ j
∣∣〈 j
∣∣V̂ ∣∣i〉∣∣2 /(Ei− E j), where |i〉 is the unperturbed state, | j〉 is the coupled state.

According to Eq. (3.6), V̂ ∝ R−3, which must lead to ∆E ∝ R−6. Then we can get the
C6 parameter

C6 = ∑
r′r′′

R6
∣∣〈r′r′′∣∣V̂ (R)

∣∣rr
〉∣∣2

Er′+Er′′−2Er
. (3.9)

The length of R has been cancelled, but its direction is still important. If the wave
function of |rr〉 is not isotropic, C6 may be angular dependent. In Fig. 3.3, we show the
results of the energy spectrum of 40K atom around 50S1/2 state. In short-range regime,
we can find a lot of anti-crossing patterns. In long-range regime, the energy shift fits
well with the R−6 law.

3.2.3 Anisotropic interactions

The previous example for nS1/2 state is isotropic, which is not valid for other Rydberg
states in general. Here we will just show some examples, and more details can be found
in Chapter 7.
In Fig. 3.4, we made a comparison between 50S1/2 and 50P3/2 state, where we let
m j = j for the maximal dipole moment. In spherical coordinate where the 3D angle
with respect to the quantum axis is (θ ,φ), one can find that the azimuthal symmetry is
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always guaranteed. Therefore, we plot the C6 parameter versus the polar angle θ . The
result of S state is indeed isotropic, but the P state shows a nearly “8”-shaped profile.
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Figure 3.4: The C6 parameter versus polar angle θ for 40K pairs in nS and nP states. (a)
n = 50, l = 0, j = 1

2 , m j =
1
2 , (b) n = 50, l = 1, j = 3

2 , m j =
3
2 . unit: GHz µm6.

3.3 Rydberg dressing

The Rydberg atoms are strongly interacting particles but are also unstable for various
reasons. First, the Rydberg pair interaction is so strong that usually only one atom
within the interaction length can be excited, which is known as the blockade, and it
limits the density of the interacting atoms. Second, the lifetimes of Rydberg states are
usually in the order of microseconds to milliseconds, which is not sufficiently long for
many quantum operations. Third, the collisions between Rydberg atoms and local fluc-
tuations of electromagnetic fields can easily ionise the valence electron, which destroys
the Rydberg states. Therefore, another type of interaction, called Rydberg-dressing,
attracts lots of attention which resolves many problems.
The Rydberg-dressing means weakly pumping the atom from its ground state to the
Rydberg state with a minuscule probability, such that the internal state of the atom is a
superposition |Ψ〉 ≈ |g〉+η |r〉, where |η | � 1. The advantage lies on that all the atoms
in the gas can be dressed. Their interaction lengths are dominated by both the Rydberg
states |r〉 and the driving lasers, which are in the order of micrometres. The lifetimes
of such dressed states are also significantly longer than the bare Rydberg states. De-
spite the relatively smaller interaction strengths when compared to the Rydberg-pair
interactions, the former is still stronger than most other interactions in neutral atoms.
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3.3.1 Rydberg-dressing schemes

Here we show two schemes to prepare Rydberg-dressed atoms with one-photon and
two-photon approaches, respectively. However, later we will also simplify the two-
photon scheme to an equivalent one-photon scheme for convenience.

(a) (b)

Figure 3.5: (a) One-photon dressing (b) Two-photon dressing

For the one-photon dressing scheme [Fig. 3.5(a)], the Hamiltonian under rotating wave
approximation (RWA) reads [61, 62]

H1 =

(
0 Ω/2

Ω/2 δ

)
. (3.10)

The eigenenergies are E = 1
2(δ ±

√
δ 2 +Ω2), which results in the ground state |g′〉 ≈[

1,(δ −
√

δ 2 +Ω2)/Ω

]>
. Under weak-coupling approximation, Ω� |δ |, the ground

state wave function becomes |g′〉 ≈ [1,Ω/(2δ )]>, and the occupation of Rydberg state
is P(|r〉) = |η |2 ≈Ω2/(4δ 2).
Another common scheme is two-photon dressing, or referred to as electromagnetically
induced transparency (EIT) scheme [Fig. 3.5(b)]. It is necessary for dressing atoms
from their ground S-state (l = 0) to Rydberg D-states (l = 2), and the use of two photons
are usually in the visible light regime, unlike one-photon scheme where the coupling
laser is ultraviolet. Here we write down the three-level RWA Hamiltonian

H2 =

 0 Ωp/2 0
Ωp/2 δp Ωc/2

0 Ωc/2 δp

 . (3.11)

The lifetime of the intermediate excited state is 2 to 3 orders smaller than Rydberg
states, and its occupation is very small under large detuning condition, so we will try to
remove it and reduce H2 to an effective H1. We find the eigenstate |g′〉 up to the leading
terms of |Ω| is approximately∣∣g′〉≈ |g〉− Ωp

2δp
|e〉+

ΩcΩp

4δ 2
p
|r〉 . (3.12)
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Dropping the intermediate state |e〉, we can find the effective Rabi frequency coupling
|g〉 and |r〉 is Ωeff = ΩcΩp/(2δp), and the effective detuning is equal to the two-photon
detuning δp [63, 64].
The lifetime of Rydberg-dressed state, γ ′, is longer than the Rydberg states, γ . Accord-
ing to Fermi’s golden rule, the transition rate for Rydberg-dressed state to the ground
state is γ ′ ∼

∣∣〈g′∣∣d̂∣∣g〉∣∣2 = |η |2 ∣∣〈r∣∣d̂∣∣g〉∣∣2. Therefore, γ ′/γ ≈ |η |−2 ≈ 4δ 2/Ω2.

3.3.2 Rydberg-dressed interaction

Now we turn to the interaction between two Rydberg-dressed atoms. For simplicity,
we assume the two atoms are identical and dressed via (effective) one-photon scheme.
Using two atom basis, {|gg〉, |gr〉, |rg〉, |rr〉}, the Hamiltonian reads

H =


0 Ω/2 Ω/2 0

Ω/2 δ 0 Ω/2
Ω/2 0 δ Ω/2

0 Ω/2 Ω/2 2δ +Vrr(R)

 . (3.13)

(a) (b)

Figure 3.6: (a) Level diagram for two Rydberg-dressed atoms. (b) Level diagram under
transformation from {|gr〉 , |rg〉} to {|+〉 , |−〉}.

It is found that this Hamiltonian can be partitioned by transforming the basis to an-
other set {|gg〉, |+〉, |−〉, |rr〉}, where the symmetric (antisymmetric) state |±〉 =
1/
√

2(|gr〉± |rg〉). The new Hamiltonian is

H =


0 Ω/

√
2 0 0

Ω/
√

2 δ 0 Ω/
√

2
0 0 δ 0
0 Ω/

√
2 0 2δ +Vrr(R)

 . (3.14)
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Then one can find that the subset basis, {|gg〉, |+〉, |rr〉}, is uncoupled with the anti-
symmetric state |−〉. The difference lies on that the effective coupling in the two-atom
basis is enhanced by a factor of

√
2 compared to the original basis.

Then we consider the ground state and energy spectrum of the Hamiltonian exclu-
sive for |−〉, which tells us the interaction strength. One can expect a perturba-
tive solution such that the occupation in |+〉 and |rr〉 states is relatively small. For
the non-interacting case Vrr(R) = 0, the exact eigenenergies are Eg = δ −

√
δ 2 +Ω2,

E+ = δ , Er = δ +
√

δ 2 +Ω2. Here we can see that the energy of |+〉 is unchanged,
but |gg〉 and |rr〉 are shifted by the AC Stark effect. On top of that, as we intro-
duce Vrr(R), the energy Eg is further shifted. Under the condition that |δ | � Ω,
one can find Eg ≈ δ −

√
δ 2 +Ω2 +Ω4/(8δ 3)Vrr(R)/[2δ +Vrr(R)]. By substituting

Vrr(R) =−C6/R6, the Rydberg-dressed interaction finally reads

VRDI(R) =
Ω4

8δ 3
r6

B

R6 + r6
B
, (3.15)

where rB = 6
√
−C6/(2δ ). This result can be straightforwardly extended to anisotropic

cases where C6(θ ,φ) is angular dependent that results in anisotropic rB(θ ,φ).

 

Figure 3.7: Profile of the Rydberg-dressed interaction.

In order to ensure that rB is real, the sign of C6 and δ should be opposite, which means
the attractive interaction requires blue detuned dressing laser whilst the repulsive inter-
action needs red detuned laser. On the other hand, the sign of VRDI also depends on
δ , such that the attractive (repulsive) pair interaction is expected to produce attractive
(repulsive) dressed interaction.



Chapter 4

Project: Trapped Atomic Sagnac
Interferometer

The nature that atoms, electrons and other massive particles can propagate like waves
leads to the presence of matter-wave interferometers. Despite playing as an analogy
to the light interferometer, a matter-wave interferometer also has broad applications to
high precision measurements. The most common outcomes include the linear acceler-
ation and rotation [9, 65–68], the gravitation force and its gradient [69–73] as well as
the magnetic field [74–76]. It is also applied to fundamental physics research, including
measuring Newtonian gravity constant [77–80], relativity effects [81–84], fine structure
constant [85, 86], etc. The astonishing high precision is achieved using Ramsey fringes,
which shares the same principles as that in the atomic clocks [87–90].
In this work, we focus on the atomic Sagnac interferometer (ASI), which measures the
external rotation. With the development of laser optics, vacuum technologies and nano
fabrications, the apparatus of ASIs have been created in various architectures. For ex-
ample, in the 1990s, ASIs are performed mainly in atom beams. The split methods
include mechanical double-slit [91], optical gratings [92], two-photon Raman transi-
tions [88, 89], etc. However, the trapped ultracold atom is becoming more appealing
for better control of velocity, longer lifetime, and higher compatibility [93]. The newest
protocols of guided ASI using time-averaged-adiabatic potential (TAAP) traps [94–99]
have great prospect to compete with the state-of-the-art beam interferometers and con-
ventional optical sensors. We will study the dynamics of Bose-Einstein condensate
(BEC) in TAAP and the optimal sensitivities of ASI. The interactions between atoms
are also analysed with numerical methods.
In Section 4.1, we will give a brief overview of the general principles of the Sagnac
effect. In Section 4.2, we will introduce the ASI based on BEC and the mathematical
models. We will show the basic procedure to operate an ASI, and the corresponding
formalism for each step. In Section 4.3, we will show the analytical solutions to the
ASI with non-interacting particles. These results inspire us to optimise the driving

30
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function. In Section 4.4, we offer some numerical results for interacting particles. The
influences of the atomic interactions are studied quantitatively.

4.1 Sagnac effect

The general view of the Sagnac effect can be understood by a Mach-Zehnder interfer-
ometer (MZI), as shown in Fig. 4.1. A wave (either optical or atomic) is split into two
paths and interfere for detection. If the MZI is rotating, the phase accumulation on the
two paths will differ and results in a shift of the interference fringes. This corresponding
phase is called the Sagnac phase φs.

source
spliter

detectors

ωs

Figure 4.1: Sketch of a Mach-Zehnder interferometer for measuring the Sagnac effect.

For point-wise particles, the interference phase is given by

φ =
1
h̄

(∫
C1

p1 ·dr−
∫

C2

p2 ·dr
)
, (4.1)

where C1 +C2 forms a closed loop with area A. In the laboratory frame, the Sagnac
effect takes place by altering the momentum p1→ p1+mωs×r, and p2→ p2−mωs×r,
where m is the mass of the particles. The Sagnac phase is thereby achieved using
Stokes’ theorem [100]

φs =
1
h̄

∮
C1+C2

m(ωs× r) ·dr =
m
h̄

∫∫
A

∇× (ωs× r) ·dA =
2m
h̄

ωsA. (4.2)

One can also revisit the interferometry in the rotating frame of the MZI, where the phase
difference becomes the frequency shift under the concept of heterodyne interferometry.
For optical Saganc interferometer, regardless of the relativity effects, the leading term of
φs can be simply achieved by substituting the relativistic mass m = h̄ν/c2 into Eq. (4.2),
and φs = 4π/(λc)ωsA [101] (some other literature may show 8π because they let the
light travels the whole loop for each path).
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4.2 BEC-based atomic Sagnac interferometer

The atomic versions of Sagnac interferometers have evolved for a few generations. For
example, the earliest demonstration was accomplished with atom beams [89]. The use
of confined BECs is attracting more attention for higher sensitivity. It may appear to
be two BECs in a double-well, or a ring trap, or, in this work, trapped atoms on a ring
path. We illustrate the geometric set-up in Fig.4.2(a).
The basic idea consists of three steps. First, start with a BEC in a harmonic trap at
θp = 0 and then split into two hyperfine states |1〉 and |2〉. Second, drive the two parts
of atoms separately along the ring whose radius is Rp. Third, recombine the two cloud
on the other side of the ring for measurement. Under the lab frame, if the apparatus is
rotating at angular frequency ωs, and the integration driving time is T , one can expect
the path difference of the two components to be 2ωsT , which is our target.
For measurement, the favoured quantity is the occupation of the atoms in a particular
atomic state, or the population difference between the state |1〉 and |2〉. In the first
step, we split the atoms into equal probability. In the third step, we generate a popula-
tion difference which encodes the Sagnac effect. Another critical issue is the external

state of the atoms. Just like a cup of coffee which sloshes around when moved, the
BECs will also vibrate during the transport. Here, the vibration of BECs is a collective
phenomenon, and should be described by a dynamical equation.

y

x

σz

σx

(a) (b)

Figure 4.2: (a) Geometry of Sagnac interferometer. The two-component BEC are cou-
pled by Rabi frequency Ω, and driven along the ring paths separately. Under the labo-
ratory frame of reference, the lengths of the two paths differ by 2RpωsT . (b) Mapped
internal state of the two-component BEC after the interference.

4.2.1 Pseudospin model

To model the ASI, we assume the quantum state of the atoms is a product of spacial
wave function in 2D space (external state) and pseudospin state encoded by the hy-
perfine levels (internal state). By doing that, only the condensate atoms are taken into
consideration.
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The model of the interferometer is described by a two-component wave function and is
written as a spinor |Ψ〉 = [ψ1(r),ψ2(r)]>. By integrating the spacial part, the system
can be mapped to a two-state model with its state vector located in the Bloch sphere.
By integrating the spatial part, we can get the expectation value of the Pauli matrices by
〈σi〉=

∫∫
〈Ψ(r)|σi|Ψ(r)〉d2r which yields

〈σx〉=
∫∫

Re [ψ∗1 (r)ψ2(r)]d2r (4.3a)

〈σy〉=
∫∫

Im [ψ∗1 (r)ψ2(r)]d2r (4.3b)

〈σz〉=
∫∫ [
|ψ1(r)|2−|ψ2(r)|2

]
d2r (4.3c)

The length of the Bloch vector unveils the overlap of the two wave packets in real space,
which is equal to 1 if they are fully overlapped.
The procedure to operate the Sagnac interferometer is summarised below:

1. Prepare a ground state in |1〉 state |Ψ〉= [ψg(r),0]>.

2. A π/2-pulse transfers the system to a coherent superposition state |Ψ〉 =
1√
2
[ψg(r),ψg(r)]>.

3. Let the two components of atoms propagate and recombine at t = T .

4. Apply another π/2-pulse to tilt the Bloch vector and generate population differ-
ence between the two spin-states.

The manipulation of the external states of the two-component BECs can be described by
coupled Gross-Pitaevskii equations. In the pseudospin picture, the Hamiltonian reads

H =

(
h1 +g11 |ψ1|2 +g12 |ψ2|2 Ω/2

Ω∗/2 h2 +g21 |ψ1|2 +g22 |ψ2|2

)
, (4.4)

where hi =− h̄2

2m∇2 +Vi(r; t), i = 1,2. Ω is the Rabi frequency of the laser pulse which
flips the internal state, and is applied to the aforementioned second and fourth steps. We
assume they are sufficiently short and will not affect the spatial (external) dynamics. gi j

are spin-dependent short-range interaction parameters caused by s-wave scattering. In
3D, gi j = 4π h̄2Nai j/m, where ai j is the scattering length and N is the particle numbers.
In 2D, however, gi j is scaled by a factor of 1/

√
2πl2

z presuming the confinement along
z-direction is harmonic and the trapping length is lz [102, 103]. The external trap Vi(r; t)
is achieved by expanding around trapping centre to the second order, which will be
discussed in the next section. As a model, we have

Vi(r; t) =
1
2

mωr r̃i(t)2 +
1
2

mωτ τ̃i(t)2, (4.5)
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where (r̃i, τ̃i) are local coordinates shown in Fig.4.2a, and

r̃i(t) = (x−Rp cosΘi)cosΘi− (y−Rp sinΘi)sinΘi (4.6a)

τ̃i(t) = (x−Rp cosΘi)sinΘi +(y−Rp sinΘi)cosΘi (4.6b)

Θi(t) =±θp(t)+ωst (+ : i = 1, − : i = 2) (4.6c)

θp(t) is driving function which satisfies θp(0) = 0 and θp(T ) = π , such that the trap
centres will travel from one point on the ring to the opposite side.

4.2.2 Manipulating the internal state

To maximise the sensitivity of the Sagnac interferometer, one shall expect the polar-
isations of the pulses in Step 2 and 4 to be perpendicular. For example, if the first
π/2-pulse is along the σx direction, the second one should be along σy direction.
Let the direction of the pulse be denoted by (θr,φr). Generally, the generator of a pulse
is defined as

X̂ =
Ω

2
(sinθr cosφrσx + sinθr sinφrσy + cosθrσz) . (4.7)

The rotation angle is given by Θr = ΩTr, which is equal to π/2 in our cases. The
rotation operator R̂ is the matrix exponential of the generator, then applies to the spinor
yielding the rotated state. It reads

R̂θr,φr(Θr) = e−iTrX̂ =

(
cos Θr

2 − i sin Θr
2 cosθr −i sin Θr

2 sinθre−iφr

i sin Θr
2 sinθreiφr cos Θr

2 + i sin Θr
2 cosθr

)
. (4.8)

Without loss of generality, let the first π/2-pulse points along the σy direction, its rota-
tion operator reads

R̂π/2,π/2(π/2) =
1√
2

(
1 −1
1 1

)
, (4.9)

which maps the spin-polarised ground state [ψg(r),0]> to the equipartition state
|Ψ(0)〉= [ψg(r),ψg(r)]> /

√
2 as we desired.

After Step 3, we find the state becomes |Ψ(T )〉 = [ψ1(r),ψ2(r)]>. It is also
expected that

∫∫
〈Ψ(T )|σz|Ψ(T )〉d2r = 0, and if ωs = 0, one can also have∫∫ 〈

Ψ(T )
∣∣σy
∣∣Ψ(T )

〉
d2r = 0. The optimal measurement should be achieved by max-

imising the output of 〈σz〉, i.e., to maximise
∫∫ 〈

R̂Ψ(T )
∣∣σz
∣∣R̂Ψ(T )

〉
d2r. The integrand

yields

〈σ(r)〉= 1
2

cos2
θr

(
|ψ1(r)|2−|ψ2(r)|2

)
+Re

[
(1− i cosθr)(i sinθreiφr)ψ1(r)ψ∗2 (r)

]
.

(4.10)
Considering

∫∫
|ψ1(r)|2 d2r =

∫∫
|ψ2(r)|2 d2r, The final measurement of 〈σz〉 reads

〈σz〉= ρ sinθr [cosθr cos(φr−φ)− sin(φr−φ)] , (4.11)
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where ρ and φ are both real, and defined by the overlap∫∫
ψ1(r)ψ∗2 (r)d

2r !
= ρe−iφ . (4.12)

The importance lies in that ρ tells the overlap and the contrast of the two atom clouds,
and it is expected to have ρ = 1 for best interference. φ is close to the Sagnac phase
φs = 2(m/h̄)Aωs, but there are still some small differences which will be discussed later.

4.2.3 Dynamical scale factor and sensitivity

Eq. (4.11) should be optimised for proper (θr,φr). As for an interferometer, our target
is to maximise its sensitivity, which is defined as [104]

S =

√
T√

NΣ(ωs)
. (4.13)

For correlated atoms, the sensitivity can be improved to the Heisenberg limit which
reads SHL =

√
T/ [NΣ(ωs)]. For the sake of high precision measurement by minimising

S, we expect to have large Σ, N, and short interrogation time T . Here Σ is called the
dynamical scale factor, defined as

Σ =
∂

∂ωs
〈σz〉=

〈σz〉
ρ

∂ρ

∂ωs
+ρ sinθr [cosθr sin(φr−φ)+ cos(φr−φ)]

∂φ

ωs
. (4.14)

Considering the symmetry of ωs →−ωs, 〈σz〉 → −〈σz〉, we have ∂ρ

∂ωs
= 0 and φ = 0

for ωs = 0. Therefore, to maximise Σ, (θr,φr) should be chosen to be (π/2,0), and the
dynamical scale factor is

Σ = ρ cosφ
∂φ

∂ωs
. (4.15)

4.3 Non-interacting BEC

In Eq. (4.12), to let φ = φs = 2(m/h̄)Aωs, one should assume that the trajectories of
atoms exactly follow the centre of the trap. This will be violated when the driving speed
is so fast that the atoms are dragged away from the centre. To correct the enclosed area
of the interferometer, we introduced a quasi-static condition balancing centrifugal force
and the restoration force of the trap, such that

mω
2
pr = mω

2 (r−Rp)

⇒ A = R2
p

∫ T

0
ωp(t)

(
1

1− [ωp(t)/ω]2

)2

dt. (4.16)

When ωp→ 0, the integral yields A∞ = πR2
p as expected.
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4.3.1 Analytical solution to the 1D model

The analytical solution is important to capture the main features of a system. Con-
ventionally the 1D model on a circle is applied, which goes well when the ring trap
geometry is large, atoms are tightly confined, and the driving speed is slow. We start
with the 1D model, and its solution inspires us to get the solution to the 2D model
shown in the next section.
We start from the simplified the 1D Schrödinger equation

i
∂

∂ t
ψ1,2(t,θ) =

[
− 1

2R2
p

∂ 2

∂θ 2 +
R2

p

2
(θ −Θ1,2(t))

2

]
ψ1,2(t,θ), (4.17)

where Θ1,2(t) = ωst±θp(t)∓π and we let h̄ = m = ω ≡ 1. Here the ∓π in Θ1,2(t) is
manually introduced to make the atom clouds move from θ =∓π to θ = 0 and interfere.
As the centre of trap is moving, it is not easy to calculate the ground state before the
BECs are splitted. To get rid of this, we need a rotation transformation by introducing
unitary operator Û1,2(t) = exp

[
ωst ∂

∂θ

]
. The wavefunction and Hamiltonian will be

transformed into

ψ
′
1,2(t,θ) = Û1,2(t)ψ1,2(t,θ), (4.18)

Ĥ ′1,2(t) = Û1,2(t)Ĥ1,2(t)Û
†
1,2(t)+ i

(
∂

∂ t
Û1,2(t)

)
Û†

1,2(t). (4.19)

This leads to the Hamiltonian in a rotating frame

Ĥ ′1,2 =−
1

2R2
p

∂ 2

∂θ 2 +
R2

p

2
θ

2∓R2
p (θp(t)−π)θ +

1
2
(θp(t)−π)2 + iωs

∂

∂θ
. (4.20)

Then we introduce the creation and annihilation operators

â =
1√
2

(
Rpθ +

∂

Rp∂θ

)
, â† =

1√
2

(
Rpθ − ∂

Rp∂θ

)
, (4.21)

which simplifies Eq. (4.20) to

Ĥ ′1,2 = â†â+λ1,2(t)â† +λ
∗
1,2(t)â+ξ (t), (4.22)

where

λ (t) =
Rp√

2
[∓(θp(t)−π)− iωs] ,

ξ (t) =
1
2

R2
p [θp(t)−π]2 +

1
2
.

We can find that Eq.4.22 generates a coherent state |α〉 always coherent through-
out the quench of λ (t), ξ (t). Therefore, we can let the temporal state be

∣∣ψ1,2
〉
=
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eiφ1,2(t)
∣∣α1,2(t)

〉
, and the E.O.M.s of α and φ read

d
dt

α1,2(t) =−iα1,2(t)− iλ1,2(t), (4.23a)

d
dt

φ1,2(t) = ξ (t)+Re
[
α1,2(t)λ ∗1,2(t)

]
. (4.23b)

The ground state at t = 0 is α1,2(0) = −λ1,2(0) = Rp/
√

2(∓π + iωs) and φ1,2(0) = 0,
where iωs refers to the initial speed in the rotating frame. At final time t = T , the
solution yields

α1,2(T ) = e−iT
[
−λ1,2(0)− i

∫ T

0
λ1,2(t ′)eit ′dt ′

]
, (4.24a)

φ1,2(T ) =
∫ T

0
ξ (t ′)dt ′+

∫ T

0
Re
[
α1,2(t ′)λ ∗1,2(t

′)
]

dt ′. (4.24b)

The overlap integral is therefore
∫

ψ∗(r)ψ(r)dr = ei(φ1(T )−φ2(T ))α∗2 (T )α1(T ).

4.3.2 Analytical solution to the 2D model

A more rigorous analysis must be proposed if the atom cloud width is not far smaller
than the ring path, and the driving speed is fast enough that the centrifugal force be-
comes important. Therefore, we developed a 2D model to fully answer these issues.
Different from Eq.4.17, we consider the 2D Hamiltonian with symmetric trap ωr =

ωτ = ω ≡ 1,

i
∂

∂ t
ψ1,2(t,r) =

[
−1

2
∇

2 +
1
2

∣∣r−Rp[Θ1,2(t)]
∣∣2]ψ1,2(t,r), (4.25)

where Rp[Θ] = Rp(cosΘ,sinΘ) and Θ1,2(t) = ωst±θp(t).
Similar to the 1D case, we need to transform the reference frame to a rotating frame
whose angular speed is ωs to symmetrise and simplify the Hamiltonian. Therefore,
we use the unitary operator Û1,2(t) = exp

[
iωstL̂z

]
= exp

[
ωst
(

x ∂

∂y − y ∂

∂x

)]
, and the

transformed Hamiltonian is

Ĥ ′1,2 = Û1,2Ĥ1,2Û†
1,2 + iÛ†

1,2
∂

∂ t
Û1,2

=−1
2

(
∂ 2

∂x2 +
∂ 2

∂y2

)
+

1
2
(
x2 + y2 +R2

p
)

−Rpxcosθp(t)∓Rpysinθp(t)+ iωs

(
x

∂

∂y
− y

∂

∂x

)
. (4.26)

Then we introduce the creation and annihilation operators

â =
1
2

(
x+ iy+

∂

∂x
+ i

∂

∂y

)
, â† =

1
2

(
x− iy− ∂

∂x
+ i

∂

∂y

)
,
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b̂ =
1
2

(
x− iy+

∂

∂x
− i

∂

∂y

)
, b̂† =

1
2

(
x+ iy− ∂

∂x
− i

∂

∂y

)
,

which simplify Eq. (4.26) to

Ĥ ′1,2 = (1+ωs) â†â+(1−ωs) b̂†b̂+1+
R2

p

2
−

Rp

2

(
âe∓iθp + b̂e±iθp +H.c.

)
. (4.27)

We also found the solution in coherent state basis eiφ |α,β 〉, where α and β correspond
to â and b̂. The E.O.M.s of α , β , and the global phase φ read

d
dt

α1,2 =−i(1+ωs)α1,2 + i
Rp

2
e±iθp, (4.28a)

d
dt

β1,2 =−i(1−ωs)β1,2 + i
Rp

2
e∓iθp , (4.28b)

d
dt

φ1,2 =
Rp

2
Re
[
α1,2e∓iθp +β1,2e±iθp

]
. (4.28c)

By directly integrating these equations, where initial states are ground states with θp =

0, one will get the analytical solution

α1,2(T ) =
Rp

2(1+ωs)

[
1− i

∫ T

0
θ̇p(t ′)ei(1+ωs)(t ′−t)±iθp(t ′)dt ′

]
, (4.29a)

β1,2(T ) =
Rp

2(1−ωs)

[
1+ i

∫ T

0
θ̇p(t ′)ei(1−ωs)(t ′−t)∓iθp(t ′)dt ′

]
, (4.29b)

φ1,2(T ) =
Rp

2
Re
[∫ T

0
α1,2(t ′)e∓iθp(t ′)+β1,2(t ′)e±iθp(t ′)dt ′

]
. (4.29c)

Thus the overlap becomes∫
ψ1(r)ψ∗2 (r)dr = ei(φ1−φ2) 〈α2 | α1〉〈β2 | β1〉

= ei
[

φ1−φ2+Im(α∗2 α1+β ∗2 β1)
]
e−

1
2 (|α1−α2|2+|β1−β2|2) (4.30)

with all quantities evaluated at t = T . The parameters ρ and φ are respectively

ρ = exp

[
−

R2
p

2

(∣∣∣∣∫ T

0
sinθp(t ′)ei(1+ωs)(t ′−T )dt ′

∣∣∣∣2 + ∣∣∣∣∫ T

0
sinθp(t ′)ei(1−ωs)(t ′−T )dt ′

∣∣∣∣2
)]

,

(4.31a)

φ = R2
p

∫ T

0

(
sin(1−ωs)t ′

1−ωs
− sin(1+ωs)t ′

1+ωs

)
sinθp(t ′)dt ′

+R2
p

∫ T

0

∫ t ′

0
sin
[
θp(t ′′)−θ(t ′)

]
sinωs(t ′′− t ′)sin(t ′′− t ′)dt ′′dt ′. (4.31b)

To make a benchmark, we first consider the driving function is linear θp(t) = (π/T )×
t, and the radius of the ring path is Rp = 10. ρ has a dramatic oscillation in small
interrogation time T < 40 from 0 to 1. The derivative of interference phase φ has a
descending trend that saturates to 2A∞ for large T , where A∞ = πR2

p. Consequently, the
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Figure 4.3: (a) The dynamical scale factor for linear (blue solid) and nonlinear (red
dashed) driving. (b) The driving function for the linear and nonlinear profile. (c) The
interference phase φ . (d) Benchmark of the interference phase for a wide range of ωs
under linear driving and T = 100. The radius of the ASI path is Rp = 10.

dynamical scale factor has a comb profile over interrogation time, and finally reach the
classical limit Σc = 2A∞ [Fig.4.3a].
Eq. (4.31) is also suitable for arbitrary driving function θp(t). We propose a nonlinear
driving function θp∼ t4(1−t/T )4 as shown in Fig. 4.3(b), and the results are compared
with the linear driving as shown in Fig. 4.3(a,b). The dynamical scale factor is clearly
smoothed as the overlap ρ reaches 1 nearly at T ≈ 30. The phase φ is also descending,
but its peak is larger than the linear driving.
Before we go to the detailed optimisation of θp(t), we verify the linearity of φ as a
function of ωs. In Fig. 4.3(d), we show the interference phase φ at a large range of ωs

from 0 to 0.3. The phase has accumulated to ∼ 36× 2π for ωs = 0.3. Nevertheless,
if we restrict the working condition φ < 2π to avoid multiple turns of interference, the
linear relation between φ and ωs is a good approximation.
In addition, we present some experimental parameters relevant to this study. Using
87Rb as an example, the TAAP traps [99] can confine the atoms in the radial direction
at frequency ωr ≈ 2π × 127 Hz and ωz ≈ 2π × 206 Hz in the z-direction. The unit
time, length, and energy under such condition are ts = 1.26 ms, ls = 1.70 µm, and Es =

8.35× 10−32 J, respectively. The scattering length of 87Rb is as ≈ 98 a0, a0 being the
Bohr radius, for both |F = 1〉 and |F = 2〉 states and their interstate interactions [103].
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In the 2D model, the effective interaction strength is gi j = N
√

mωz/2π h̄(4π h̄2/m)ai j,
where N is the number of atoms [102]. Using Es and ls as the units, we obtain g= 4.39×
10−3 NEsl2

s . The number of atoms in the BECs can change the relative interaction
strength. For example, the dimensionless interaction strength will be g = 43.9 for 104

atoms.

4.3.3 Optimisation of the driving field

According to Eq. (4.31), the maximal sensitivities can be reached when the driving
function θp(t) satisfies

∫ T
0 sin[θp(t)]eitdt = 0, such that ρ = 1 for ωs = 0. Here we note

that the optimal condition is different for 1D model where
∫ T

0 ωp(t)eitdt = 0. They will
result in different maximal interrogation times [105]. As aforementioned, we introduce
a trial driving function with a form

θp(t) =
π

B(a+1,b+1)

∫ t

0

(
t ′

T

)a(
1− t ′

T

)b

dt ′, (4.32)

where B(a,b) is the Beta function to satisfy the boundary condition θp(T ) = π and a, b

are optimising parameters. This function has been applied to other optimisation prob-
lems, e.g., conformal antenna array [106]. With this choice, ωp(t)θ̇p(t) has a single
peak, whose width is characterised by a+ b, and the central position by a− b. This
means that the BECs will experience smooth acceleration and deceleration at the begin-
ning and the end of driving. This function is also normalised to π such that the BECs
will travel a half of the ring during the interrogation time. In principle, a and b should be
chosen carefully for each interrogation time to satisfy the optimal condition. However,
we will show that ρ can be achieved very close to 1 for a wide range of interrogation
time by a single choice of a and b.
To measure qualities of the optimisation quantitatively, we introduce a cost function

ξ = ln(1−ρ), (4.33)

which approximately has ξ (0) ≈ R2
p

∣∣∣∫ T
0 sinθp(t ′)eit ′dt ′

∣∣∣2 for ωs = 0 and ρ ≈ 1. The
smaller the value of ξ is, the better the optimisation will be. The cost function is pro-
portional to R2

p, which means the same driving function will work less good as the
radius of path increases. In Fig. 4.4, we show three examples of the cost function with
T = 20,50,100. As shown in Fig. 4.4(a), the optimisation can not improve sensitivities
much when T is small, except for a small region around a = b = 2. The optimisation
works particularly well with larger interrogation time, as shown in the example with
T = 50,100 [Fig. 4.4(b,c)]. In these cases, the cost function shows multiple minimal
regions. For example, we find five such areas (green dots) in Fig. 4.4(b), and even
more and wider area in Fig. 4.4(c). We also show a contour of ξ =−6.9 which means
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Figure 4.4: The cost function ξ = ln(1−ρ) for various parameters a and b. The path
radius Rp = 10, and the interrogate time T is (a) 20, (b) 50, (c) 100. The contour lines
enclose the area for ρ > 99.9%.

ρ > 99.9% in Fig. 4.4, and it can be found that its enclosed area is growing for a longer
T .

4.4 Interacting BEC

So far, we have focused on the non-interacting BEC. The effects of atomic interactions
are still unclear. In this section, we will numerically solve the nonlinear GPE and
make a comparison with the non-interacting cases. We will show the different influence
of the inter- and intra-state interactions, as well as the effects of anisotropic trapping
potentials.

4.4.1 Numerical solver for GPE

In this work, we solve GPE by time-splitting spectral method (TSSP) [107, 108].
For linear time-independent Schrödinger equation, one can obtain the wave function
by ψ(t) = exp

(
−iĤt

)
ψ(0). However, as our Hamiltonian is nonlinear and time-

dependent, we need to update the Hamiltonian at each time step. We summarise this
method as below.
First, we need to split the Hamiltonian by part. According to the simplest Strang split-
ting approach, the Hamiltonian reads

Ĥ =
1
2

V̂ + T̂ +
1
2

V̂ , (4.34)

where T̂ = − h̄2

2m∇2 is the kinetic energy, V̂ = V (r)+ g |ψ(r)|2 is the external trapping
potential plus the nonlinear interaction term. Then we can calculate the evolution of the
wave function over one time-step, dt, from ψi(r) to ψ f (r) as

ψ j(r) = e−i 1
2V̂ dt

ψi(r),
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ψ̃ j(k) = F
[
ψ j(r)

]
,

ψ̃ j(k) = e−iT̂kdt
ψ̃ j(k),

ψk(r) = F−1 [
ψ̃ j(k)

]
,

ψ f (r) = e−i 1
2V̂ dt

ψk(r),

where T̂k = h̄2

2m |k|
2, F refers to the Fourier transformation. The advantage appears as

follows. Although the matrix exponential of the Hamiltonian is time-consuming, in
this method, we only need to calculate the matrix exponential of V̂ (r) and T̂k, which
are diagonal in real and momentum space, respectively. Then the matrix exponential is
thereby reduced to the element-wise exponential, and speeds up the calculation signifi-
cantly.
In our work, the matrix of T̂k can be pre-stored, the Fourier transformation is powered
by Fast Fourier Transformation [109], but V̂ needs to be updated step-by-step. In order
to reduce the cost of memory, our solving domain is only a few times of the size of the
wave packet, and moving alongside the motion of the trapping centre.
Furthermore, we also quote that the TSSP method can be improved by involving the
adaptive time step [110] and high-order slitting [111, 112], which is similar to Runge-
Kutta methods. For the special cases of harmonic oscillators, it is also feasible to apply
Hermite spectral instead of Fourier spectral method by replacing T̂ = 1

2m p2 to T̂ =
1

2m p2 + 1
2 h̄2

ω2x2 [112].
As a demonstration, we show the wave functions of the two BEC components of the
ASI at the end of transport t = T , with comparison before and after the second π/2-
pulse applied for the conversion of particle numbers. We plotted the column density,
I, projected to the tangent direction, τ̃ , in Fig. 4.5. We let Rp = 10, T = 100, and
ωs = 10−3.
Before the second π/2-pulse is applied, the wave functions of non-interacting BECs
are close to the Gaussian function. If the intra-state interaction (g11, g22) is triggered-
on [Fig. 4.5(b,c)], and whatever the inter-state interaction g12 is zero or not, the wave
functions are more flattened. But if g11 = g22 = 0 and g12 6= 0 [Fig. 4.5(d)], the wave
functions are sharper than where g11,g22 6= 0.
After the second π/2-pulse, the atom population is converted, in this case, from |2〉
to |1〉. As the wave functions of the two components are shifted oppositely from the
trap centre, the conversion is incomplete. With the existence of atomic interactions
[Fig. 4.5(b,c,d)], we can find that the conversion is suppressed. Comparing the effects
of intra- [Fig. 4.5(c)] and inter-state [Fig. 4.5(d)] interactions, we can find the latter has
more influence on the dynamics and recombination of the two atom clouds. This will
be shown in more details in the next section.
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Figure 4.5: Column densities of the BEC components projected on the τ̃ direction. Den-
sity snapshots of the states |1〉 (upper row) and |2〉 (lower row) immediately before and
after the second (recombination) π/2 pulse are shown in each panel. Panels correspond
to different interaction strengths: (a) g11 = g22 = g12 = 0, (b) g11 = g22 = g12 = 30, (c)
g11 = g22 = 30, g12 = 0, and (d) g11 = g22 = 0, g12 = 30. The parameters used in the
calculations are ωr = ωτ = 1, T = 100. The trapping potential (solid) and trap center
(dashed) along the τ̃ axis are shown.

4.4.2 Effects of interactions and asymmetric trap

Having discussed the interaction-free cases, we now move our focus to the interacting
BECs. In particular, we will show that the optimisation used in Eq.4.32 also works for
the latter. We choose the parameters a = b = 4. In Fig. 4.6, numerical examples of the
dynamical scale factors, Σ, and the gradient of interference phase, ∂ωsφ , are presented
for different interaction strengths when the trap is symmetric or anisotropic. According
to the correction of centrifugal force by Eq. (4.16), we plotted the reference values
for ∂ωsφ = 2A as the solid line. It can be seen that they are very close to the results
of numerical simulations. For further improvement, we calculated the area swept by
the wave packet, where r in Eq. (4.16) should be treated as r = 〈r̂〉. As plotted with the
dashed lines, this is closer to the numerical results. We can also find that the interference
phase φ has little dependency on the interactions or trapping potentials.
In the isotropic trap and with symmetric interaction (g11 = g22 = g12 = g) as shown
in Fig. 4.6(a), we find the dynamical scale factor is similar to the non-interacting case
when T < 20 or T > 100. In the former range, ρ rises from 0 to 1, and saturate to 1 in
the latter. In the intermediate range 20 < T < 70, however, the dynamical scale factor
oscillates between a maximal and minimal value, which is obviously different from the
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non-interacting case. The amplitudes of the oscillation also increase as g increases. This
suggests that the collective motions are excited during the transport, which inhibits the
two-component BECs fully overlap for interference.

(a) (b)

(c) (d)

(e) (f)

Figure 4.6: Role of trap anisotropy and interactions. Dynamical scale factors, nor-
malised to the static value (left column) and phase gradient (right column), as a func-
tion of interrogation time T for the driving function parameters a = b = 4. We consider
three cases: (a), (b) symmetric interactions g11 = g22 = g12 = g and isotropic traps
ωr = ωτ = 1; (c), (d) symmetric interactions g11 = g22 = g12 = g and anisotropic traps
ωr = 1, ωτ = 0.5; (e), (f) asymmetric interactions g11 = g22 = 10, g12 = g and isotropic
traps ωr = ωτ = 1. Insets in the left panels show the overlap ρ . The phase gradients are
displayed together with numerical calculations of the path-enclosed area for a classical
pointlike particle (black solid lines) and an average over the BEC wave packets (dashed
lines).

Then we show two different situations. First, we break the trapping symmetry. In
particular, we focus on a shallower trap along the tangent direction, such that ωτ =
1
2ωr =

1
2ω . The corresponding dynamical scale factors, Σ, are shown in Fig. 4.6(c).

Compared to the isotropic trap, the deduction of the Σ with finite atomic interaction is
more significant, and the minimum interrogate time T for saturated ρ is slightly bigger.
Second, we also examined the changes when the interactions are not symmetric, and
we fix g11 = g22 = 10, vary g12 from 0 to 30. Such situations can be realised, for
example, through Feshbach resonance [16]. As shown in Fig. 4.6(e), the dynamical
scale factor behaves similar to the symmetric interaction configuration for g12 6 20, but



4.4. Interacting BEC 45

the oscillation of Σ is drastic for g12 = 30. Here we recall the observation in Fig. 4.3,
where the dominating g12 can significantly change the dynamics of BECs, and the full
spatial overlap is inhibited, even at very large interrogate time T ≈ 100.
Therefore, we conclude that the inter-state interaction is the main reason for the drop in
the dynamical scale factor of ASI. Increasing the intra-state interaction over the inter-
state interaction can sufficiently suppress the effects caused by the latter. To maintain
the isotropy of the trap is also crucial for the robustness of the interference.



Chapter 5

Project: Quench Dynamics of
Extended Bose-Hubbard Model

With optical lattices, it is possible to simulate quantum many-body physics that are
encountered in condensed matter systems. Due to the high controllability, it is even
more interesting that some exotic physical states can be observed and engineered be-
yond ordinary solid-state systems [113–115]. For example, the well-known superfluid-
Mott insulator (SF-MI) transition was observed in optical lattice [116, 117]. Recently,
the use of long-range interactions (LRI) made it possible to study the Supersolid (SS)
and density wave (DW) phases, which are hard to be found directly in solid-state sys-
tems [118–127]. There are many studies on the dynamics of atoms in optical lattices,
including Landau-Zener transitions [128–130], Kibble-Zurek mechanism (KZM) [131–
137], transport [138–140], excitations of Higgs and Goldstone modes [141, 142].
In this chapter, we will explore the dynamics of bosonic atoms in a 2D square optical
lattice under the quench of the lattice depth, such that the system evolves from MI to
SF through KZM. The long-range interactions are triggered using Rydberg-dressing
(Chapter 3). The SS and DW phases may then appear during the dynamics.

J(t)
U

MI quench imaging

TOF

time

probe0

Vlatt

V0

lattice depth

tunneling rate

Rydberg-dressing

Figure 5.1: Quench Scheme. (1) prepare an ideal Mott-insulator phase with unit filling
in a deep lattice (2) reduce the lattice depth to ramp up the tunnelling rate as J(t)/U =
aQt, meanwhile turn on the LRI (3) remove all the external fields for time-of-flight
interference and imaging.

46
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As introduced in Chapter 2, we describe atoms on optical lattices with the extended
Bose-Hubbard Model (eBHM). The Hamiltonian reads

H =−J(t) ∑
〈i, j〉

b̂†
i b̂ j +∑

i

[
U
2

n̂i(n̂i−1)−µ n̂i

]
+∑

i< j
Vi jn̂in̂ j, (5.1)

where 〈i, j〉 restricts the hopping between sites i and j to the nearest-neighbouring only.
The LRI term Vi j depicts the tail of Rydberg-dressing which reads

Vi j =V0
2

(ri j/rc)6 +1
. (5.2)

Here the factor 2 in the numerator is manually introduced, such that it is more compa-
rable to the box-type potential approximation:

Vi j =V0Θ(rc− ri j), (5.3)

where Θ is the Heaviside function [Θ(0) = 1]. When rc is equal to the lattice constant,
the box-type potential is the same as the nearest-neighbour interaction, and its phase
transitions and dynamics have been discussed in many papers, for example [40, 122,
135, 136].
As shown in Fig. 5.1, the depth of the optical lattice can be subtly reduced, and the
hopping parameter J is ramped up from (near) zero linearly to a sufficiently large value,
where the final state is expected in SF phase. The Rydberg-dressing strength is turned
on and keep constant during the quench.
In Section 5.1, we will introduce the Gutzwiller ansatz, which enables us to simulate
the dynamics numerically. In Section 5.2, we show the phase diagrams of eBHM. In
Section 5.3, we introduce the Kibble-Zurek mechanism (KZM). Finally, in Section 5.4,
we show our main results of the dynamics. We will focus on the evolution of superfluid
density and the particle density modulation. We also take advantage of the time-of-
flight (TOF) interference, which leads to the possible experimental observables for these
quantities.

5.1 Gutzwiller ansatz

Gutzwiller ansatz (or Gutzwiller approximation, GA) refers to a variational approach
to solving molecular and many-body systems, typically the Hubbard model [143, 144],
Haldane-Shastry model [145, 146] and Landau’s Fermi-liquid theory [147]. The idea
of introducing Gutzwiller wave function (GWF) is to interpolate the ground state from
non-interacting limit to highly interacting limit. Formally, let Ψ0 be the ground state of
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free particle, the GWF is created by finding a projector such that ΨG = P̂GΨ0, and

P̂G = ∏
i

∑
Γi

λΓi |Γi〉〈Γi| , (5.4)

where {|Γi〉} is a set of local states on the i-th lattice point, and λΓi is the variational
coefficient. It is expected that the highly interacting states, such as doubly or multiply
occupation, are less weighted to minimise the total energy.
As for BHM, |Γi〉 can be chosen to be the Fock state, and we can replace λΓi by f i

m,
which results in the GWF being [36, 148]

|Ψ〉G '∏
i

∑
m

f i
m |i,m〉 . (5.5)

The coefficients f i
m must follow the local normalisation condition ∑m

∣∣ f i
m
∣∣2 = 1. The

E.O.M. of f i
m can be derived from the Schrödinger equation [Appendix. B.1]:

i ḟ i
m =−JΦi

√
m f i

m−1− JΦ
∗
i
√

m+1 f i
m+1 +

[
U
2

m(m−1)+m

(
∑

j
Vi jn j−µ

)]
f i
m.

(5.6)
where Φi = ∑〈 j〉i φ j is the sum of the superfluid (SF) orders of the nearest sites around
i. The SF order is defined by φ j =

〈
ψ j
∣∣b̂ j
∣∣ψ j
〉
, and n j =

〈
ψ j
∣∣n̂ j
∣∣ψ j
〉

is the occupation
number. From then on, we will let U ≡ 1 for convenience.
For real-time simulation of the quench process, our initial state is unit-filled Mott insu-
lator, i.e., f i

1 = 1 and f i
m = 0 for m 6= 0. To take the random phase into consideration,

we let f i
1 = eiθ i

0 , where θ i
0 ∈ [0,2π) is random for each site. We also applied a small

fluctuation to other terms with m 6= 1 to trigger the initial evolution. Finally, multiple
(∼ 40 in this work) trajectories were launched and the physical variables were obtained
by averaging all trajectories.
Besides, Eq. (5.6) can also be derived from the mean-field theory by decoupling the
operators, such as b̂†

i b̂ j ≈ φ∗i b̂ j + φ jb̂
†
i − φ∗i φ j [149]. Therefore, GA is also known as

Gutzwiller mean-field theory.
The ground state can be achieved by the imaginary time evolution method. Replacing
i =
√
−1 on the LHS of Eq. (5.6) to −1, and renormalising the wave function for each

imaginary time step, such as |ψi(t +∆t)〉 = |ψi(t +∆t)〉/〈ψi(t +∆t)|ψi(t +∆t)〉, one
can eventually reach the ground state of the system. For canonical ensemble, the total
occupation is fixed to be a constant and the chemical potential µ is undetermined. One
needs to modify µ for searching the desired filling factor. This can be realised by the
bisection method or, more generally, the Nelder-Mead algorithm.
Furthermore, we note that the particle number during the real-time evolution is automat-
ically conserved in the complete Fock state basis, analytically. In numerical simulation,
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the particle number conservation is also valid when the upper bound of occupation is
large enough.

5.2 Phase diagram of the extended Bose-Hubbard
model

In Sec. 2.3, we have presented the MI-SF phase transition in the BHM. In the language
of spontaneous symmetry breaking, SF appears when the U(1) symmetry is broken and
the SF order φ 6= 0. In the eBHM, it is crucial to consider the breaking of the spatial
translational symmetry (STS). Generally, the STS breaking leads to the density mod-
ulation, and the density-modulated insulating phase is called the density wave (DW)
phase. As for the coexistence of non-zero SF order and density modulation, the state of
matter is called the supersolid (SS) phase.
Following Chapter 2, we use the superfluid fraction ρs = (1/M)∑〈i, j〉φ

∗
i φ j (Eq. (2.27))

to characterise the superfluidity. The density wave is generally depicted by the structure
factor

S(k) =
1
M ∑

i
eik·rini, (5.7)

which is essentially the Fourier transform of the density from real space to momentum
space. Usually, there are only a few discrete points in the momentum space where S(k)
is non-zero. For example, when the interaction is applied to the nearest sites only, the
structure factor only peaks at k = π/d(±1,±1), which creates the checkerboard pattern
in real space. The peak at the original point k = 0 is trivial in all cases. However, if the
interaction length grows, the positions of the peaks will change, and generally hard to
predict. Before we discuss this in the next section from the roton instability perspective,
we first introduce the mean density variance

σ =
√
〈n̂2〉−〈n̂〉2, (5.8)

where 〈·〉 is the quantum expectation value of each site then averaged for the whole real
space. This allows us to include any kind of density wave and signifies the boundaries
between MI and SF, or DW and SS.
We examined the ground-state phase diagrams for the box interaction by a similar
method to Ref. [40]. It was shown that the ground state exhibits MI, DW, SS and
SF phases by varying hopping, on-site and LRI. We calculate the phase diagram with
average particle number in each site ni = 1. One example of the box-type interaction
with rc = d is shown in Fig. 5.2(a). d is the lattice constant. When the tunnelling and
V0 are weak, the ground state is a MI. Starting from the MI, the system undergoes an
MI-SF phase transition when J increases. With larger V0, the ground state enters DW
phases when the hopping is small. We find a DW-SS and then SS-SF transition by
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increasing hopping J [150]. More cases and discussions of the phase diagram can be
found in [40]. In the case of soft-core interactions, the phase diagram has a similar
profile. In Fig. 5.2(b), we give one example for rc = 2.5d. In this case, the SS phase
region becomes larger in the parameter space due to the longer-range interaction.

(a) (b)

Figure 5.2: Phase diagrams of the extended BHM: (a) for box-type interaction with
rc = d, (b) for soft-core interaction with rc = 2.5d. The filling factor is 1.

5.2.1 Roton instability

The emergence of the SS phase can be further analyzed using the Bogoliubov theory. In
the SF region, the ground state is a homogeneous condensate, while SS leads to spatial
modulations in the condensate. When this happens, the Bogoliubov spectrum of the
homogeneous SF phase [151, 152],

E(k) =
√

ε(k)2 +ρ0ε(k)
(
U +Ṽ (k)

)
, (5.9)

becomes unstable. Here ε(k) = 2J
[
2 − cos(kxd) − cos(kyd)

]
is the kinetic en-

ergy term, ρ0 is the condensate density and Ṽ (k) = 1
M ∑i6= j Vi j exp(ik · ri j), is

the Fourier transform of the LRI. In free space, Ṽ (k) is calculated analyti-
cally, which yields Ṽ (k) = V0

2πrc
|k| J1(|k|rc) for the box interaction and Ṽ (k) =

V0
4πr2

c
3 ∑m=0,±1 ei2mπ/3K0(eimπ/3|k|rc) for the soft-core interaction, where Jn(x) is

the first kind of Bessel function and Kn(x) is the second kind of modified Bessel
function [153].
When the LRI is strong, the negative components of Ṽ (k) cause a roton instability. Here
the Bogoliubov spectra E(k) becomes imaginary. The critical hopping (i.e. the lower
bound) to observe the roton instability is Jl =−min[Σ(k)], where

Σ(k) = ρ0
U +Ṽ (k)

2− cos(kxd)− cos(kyd)
. (5.10)

A typical Σ(k) for the soft-core interaction with rc = d and V0 = 0.6U is shown in
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o

Figure 5.3: (a) The function Σ(k) as defined in Eq. (5.10). The valleys signify the
momentums where roton instability appears. (b) Bogoliubov spectrum for elementary
excitations. The white areas are roton instability. The interaction for (a,b) are set to be
soft-core shaped with rc = d and V0 = 0.6U . (c) The critical value of V0 for observing
roton instability Jl =−min [Σ(k)]. Black lines represent for the box-type and red lines
for the soft-core interactions, whose interaction lengths are 1, 2, 3, increasing following
the arrow. (d) The position of the roton instability versus the interaction lengths. Blue
squares are for the box-type red triangles for soft-core interactions. The orange line is
a linear fitting krot = 3π/(2rc).

Fig. 5.3(a). When J = 0.5U , the roton instabilities are triggered and shown in the white
area in the Bogoliubov spectrum [Fig. 5.3(b)].
Through numerically fitting Jl versus V0, its slope for the soft-core interaction becomes
larger than that of the box interaction when increasing rc [Fig. 5.3(c)]. On the other
hand, momentum krot corresponding to the onset of roton instabilities varies with rc.
From the numerical data, we found that |krot| ≈ 3π/2rc when rc� d [Fig. 5.3(d)].

5.3 Kibble-Zurek mechanism

In 1976, Tom Kibble discovered that phase transition leads to disparate choices of bro-
ken local symmetry and as a result, topological defects are generated, also known as
cosmic strings [154]. Later, Wojciech Zurek applied this theory to condensed mat-
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ter physics and achieved success in describing the emergence of vortices in superfluid
phase transition in liquid helium [155].

distance parameter

relaxation rate

relative quench rate

frozen adiabatic

0

KZM

Figure 5.4: Kibble-Zurek Mechanism. The competition between the instantaneous re-
laxation rate and the relative quench rate determines the Kibble-Zurek time and sepa-
rates the quench process to frozen and adiabatic stages.

The basic idea of KZM is illustrated in Fig. 5.4. For second-order thermal phase tran-
sition, one can quench the temperature T through the critical temperature Tc, and for
quantum phase transition, one can instead change one parameter λ in the Hamiltonian
through the critical value λc. In this work, for example, we choose λ = J. For con-
venience, we introduce a distance parameter ε = 1− λ/λc, which tells the distance
between λ to the phase transition point. On the one hand, Landau’s mean-field theory
unveils that the relaxation of the system in the vicinity of λc is infinitely slow, and the
relaxation rate increases from 0 at ε = 0. On the other hand, we can find the relative
quench rate, defined as |ε̇/ε|, diverges at ε = 0, so there must be a cross point, ε̂ , be-
tween the two rates, and corresponds to the Kibble-Zurek time t̂. Within the cross point,
|ε| < ε̂ , the relaxation rate is lower than the quench, and the system is expected to be
frozen. Beyond the cross point, |ε| > ε̂ , the relaxation is fast enough that the system
should evolve adiabatically according to the manipulation of the parameter λ .

5.3.1 Novel power-law scalings

KZM not only separates the dynamics into two stages, and also provides several impor-
tant scaling laws [133]. According to Landau’s mean-field theory [20], there are two
scaling laws for correlation length ξ and relaxation time τ for equilibrium states

ξ (ε) = ξ0 |ε|−ν , (5.11a)

τ(ε) = τ0 |ε|−zν , (5.11b)
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where ν and z are universal exponents only depend on the class of systems. KZM can
be understood via a linear quench dynamics where ε is tuned from −1 to +1

ε(t) =


−1 (t <−τQ)

t/τQ (−τQ 6 t 6 τQ)

1 (t > τQ)

. (5.12)

Meanwhile, λ (t) changes from 2λc to 0, and order parameter changes from non-zero to
zero. The system will pass the critic point at t = 0, and τ

−1
Q determines the quench rate,

which can vary from adiabatic to impulse limit.
To estimate the KZM time t̂ as shown in Fig. 5.4, we find the instantaneous relaxation
time is τ(t) = τ0 |t/τQ|−zν , and the relative quench rate is |ε̇/ε|= |t|−1. Without break-
ing generality, we consider t > 0 only. Then we shall expect that τ−1(t̂) = t̂−1, and

t̂ =
(

τ0τ
zν

Q

) 1
1+zν

∝ τ
1− 1

1+zν

Q . (5.13)

One can also check the evolution of an arbitrary physical variable α(t), whose instan-
taneous relaxation rate it τ−1(t), such that

dα(t)
dt

=−α(t)
τ(t)

⇒ α(t) = α0 exp

[
−

τQ

(1+ zν)τ0

(
t

τQ

)1+zν
]

(5.14)

If we write α(t) in the form of ∼ exp
[
−(t/t̂)1+zν

]
, we can also find that t̂ ∝ τ

1− 1
1+zν

Q .
Similarly, the correlation length at time t̂ is

ξ̂ = ξ (t̂) = ξ0

(
τQ

τ0

) ν

1+zν

∝ τ

ν

1+zν

Q . (5.15)

Another important scaling is applied to the vortex nucleation, or topological defects.
The density of vortices, nv, can be phenomenologically estimated by ξ̂ def−dim, such
that

nv = ξ̂
def−dim

∝ τ
(def−dim) ν

1−zν

Q , (5.16)

where def is the dimension of the topological defects, e.g., def = 0 for vortices in 2D
space. dim is the dimension of the system.
This method can also be extended to the phase transition beyond mean-field theory.
For example, we consider Kosterliz-Thouless phase transition class [156], where the
correlation length and instantaneous relaxation time follow the power-law relations

ξ (ε) = ξ0 exp
[
a/
√

ε
]
, (5.17a)

τ(ε) = τ0 exp
[
za/
√

ε
]
. (5.17b)



5.3. Kibble-Zurek mechanism 54

The solution of KZM time t̂ is given by τ(ε̂) = t̂ and yields [133]

t̂ = τQ

(
za/2

W
[
za/2

√
τQ/τ0

])2

, (5.18)

where W [x] is Lambert W function. The asymptotic behaviour is

t̂ ≈

{
τ0 , τQ� τ0( za

2

)2 τQ
lnτQ/τ0−ln lnτQ/τ0

, τQ� τ0
(5.19)

5.3.2 Dynamics of superfluid fraction and density variance

The studies of quenched BHM have already shown the KZM in the MI-SF transi-
tion [134]. With Rydberg-dressing, the first question we need to answer is whether
the dynamics are different from the BHM. Therefore, we show the evolution of the
SF fraction ρs and density variance σn as plotted in Fig. 5.5. We let the quench rate
aQ = 10−2U , the interaction is box-type with rc = d, 2d, 3d. The interaction strength
is V0 = 0.1U for Fig. 5.5(a,b) and V0 = 0.5U for Fig. 5.5(c,d).
As shown in Fig. 5.5(a,b), when the interaction strength is weak, the dynamics is very
similar to that of BHM. The LRI behaves as a weak perturbation. The lower panels of
Fig. 5.5(a,b) show the difference between V0 6= 0 and V0 = 0, where the change of both
ρs and σn is one order smaller than the upper panel. Both ρs and σn increase from 0 as
J(t) ramps up. The tunnelling is negligible until J(t) increases to ∼ 0.17U . This forms
the early stage of evolution. After J(t)> 0.17U , ρs and σn increase rapidly.
Dynamics change drastically with strong LRI, as illustrated in Fig. 5.5(c,d). At the
early stage, ρs(t) is the same as BHM and universal for different LRI lengths. However,
ρs decrease with increasing rc at later times. σn is more sensitive to rc. Different
curves depart from each other when J(t) > 0.17U . From a mean-field level, we can
understand these curves by noting that the density-density interaction at a given site
becomes stronger due to the LRI (i.e., with multiple sites). Eventually, the local SF
order parameter is reduced with larger soft-core radius [Fig. 5.5(c)]. At the same time,
the density variance is enhanced [Fig. 5.5(d)], as density waves are excited during the
quench.
KZM time is a turning point where the system leaves the frozen regime, so we use the
time where d2

ρs/dt2 is maximised, pointed out with black arrows as shown in Fig. 5.5
for J ≈ 0.17U . At this stage, the LRI has little influence on the emergence of SF order
and ρs, so we conclude the KZM is universal in our system for various LRI based on
our initial state.
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Figure 5.5: Dynamics of the superfluid fraction ρs and density variance σn. (a,b),
Weak interacting case with V0 = 0 (dashed black) and V0 = 0.1U (colored). The
lower panel shows the difference between ρs and σn between interacting and non-
interacting cases. (c,d) In strong interacting cases with V0 = 0.5U , the evolution de-
pends on the strength and length of the LRI. In the simulation, aQ = 10−2U and
rc = d(blue),2d(green),3d(orange). Arrows indicate the Kibble-Zurek time. Dot-
ted lines indicate probe times for time-of-flight (TOF) interference. The first line
J(t) = 0.175U is for Fig. 5.9 and the second J(t) = 0.28U is for Fig. 5.10.

5.3.3 Vortex nucleation and Kibble-Zurek scaling

We now turn to the dynamics of the vortex nucleation. When J(t) is increasing, topo-
logical defects (vortices) can be created in the many-body system. Using the GWF, in
a 2D square lattice, nv is evaluated according to

nv =
1

2πM ∑
i

∣∣arg(φ∗i+x̂φi)+ arg(φ∗i+x̂+ŷφi+x̂)+ arg(φ∗i+ŷφi+x̂+ŷ)+ arg(φ∗i φi+ŷ)
∣∣ ,
(5.20)

The development of the topological defects in the vicinity of the phase transition point is
related to various quantities, such as the healing length and the density variance, which
has been studies in BHM [132] and eBHM with dipolar interactions [120, 157].
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Figure 5.6: Demonstration of the vortex nucleation. The LRI is set to be box-type with
V0 = 0.5U , rc = d. (a) Evolution of superfluid vortex density with quench rate aQ/U
is 10−3 (black), 10−2 (red). (b,c) The snapshots of local phase of SF order parameter
at the points labelled as magenta triangle and blue circle in (a), and specifically (b)
J(t)/U = 0.25, (c) J(t)/U = 0.5

Figure 5.7: (a) Distance parameter and (b) density of vortices at KZ time. The density
variance evolution under different quench rate for (c) box-type and (d) soft-core inter-
action with rc = d, V0 = 0.6U . (e) Snapshots of density distribution as labelled in (c).

In our system, we demonstrate the evolution of vortex density in Fig. 5.6(a). We let
the LRI to be box-type and V0 = 0.5U , rc = d. Since the local phase of SF order
parameters, φ , have random values, we plotted the multiplication of SF density and the
vortex density, ρsnv. The quench rate aQ is set to be 10−2U and 10−3U for comparison.
For intermediate quench rate aQ = 10−2U , ρsnv increases rapidly around J(t) = 0.17U .
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In this case, there will be some vortices remained even when J(t) is deeply in the SF
phase region. When the quench rate is low, aQ = 10−3U , ρsnv increases quickly when
J(t) > 0.071U . This comes from the fact that low-energy modes are excited during
the slow quench, which creates many vortices. Subsequently, the SF vortex density
decreases with increasing J(t). When J(t) is large, vortex-antivortex pairs recombine at
a higher rate, which speeds up the relaxation of the system to a homogeneous SF with
nearly homogeneous phases [Fig. 5.6(c)].
To find the universal behaviours in ρs, we change the quench rate from 10−3 to 10−1,
and find the KZM time for non-interacting, box and soft-core interactions with V0 =

0.6U , rc = d, and 2d, respectively. The corresponding frozen parameter ε̂ is shown in
Fig. 5.7(a). Apparently, t̂ and ε̂ are independent to the interaction types. ε̂ is fitted by

ε̂ =

(
aQτ0

Js/U

) 1
1+zν

. (5.21)

The fitting parameters yield Js = 0.0449U , zν = 0.442 and Uτ0 = 21.0. The result-
ing Js is close to the ground-state phase transition point for MI-SF. According to the
decoupling approach, Js = 0.0429U [158] and our calculation Js = 0.0415U (Fig. 5.2).
The vortex density nv ∝ ξ def/ξ dim ∝ a(dim−def)ν/(1+zν)

Q , where ξ is the correlation
length, and dim = 2 is the dimension of the lattice, def is that of topological de-
fects. Here we argue that def = 1 because the vortices are always created in pairs
(e.g., Fig. 5.6c). Using the same interaction configuration as aforementioned, the scal-
ing exponent (dim−def)ν/(1+ zν) = 0.359, as shown in Fig. 5.7(b). Compared to the
fitting results of ε̂ , we obtain ν = 0.518, z = 0.854, Here we make a comparison with
the mean-field results where ν = 0.5, z = 2, and 3D XY model, which is frequently
compared with 2D BHM, where ν = 2/3 and z = 1 [37, 159, 160]. In Ref. [134], it
was found that the vortex density has anomalous behaviours in the slow quench regime
(aQ < 10−2U). In our simulations, nv shows larger fluctuation as aQ decreases due to
the finite size effect, but the average values still fit well with the universal scaling.
The dynamics of σn for box-type [Fig.5.7(c)] and soft-core [Fig.5.7(d)] are qualitatively
the same. We compared the values of MI-SF transition point of BHM Js, the critical
point for roton instability Jl , and the hopping parameter at KZM time J(t̂). Only the
last one is related to aQ. The breakdown of the universal dynamics is more outstanding
for the slow quenches, where J(t̂)< Jl . For fast quenches when J(t̂)> Jl , however, the
system will not fully respond to the roton mode, where dynamics is still universal. σn

develops a maximal value around J(t)∼ Jl when the quench rate is low. In this region,
the system suffers significantly from the roton instability, exhibiting apparent density
patterns [Fig. 5.7(e3)]. When J(t̂) > Jl , the density variance σn increases slowly with
time.
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5.4 Correlations in the quench process

The correlation functions characterise various features of many-body systems. Here,
I present a summary of the relations between the correlation functions and the time-
of-flight interference (TOF). The former can be derived from theoretical models and
signifies the novel quantum many-body phases. The latter is one of the essential exper-
imental techniques in cold atom systems.
TOF is an analogue to light interference for the matter waves of atoms. The realisation
of interference is based on the atoms being prepared in a degenerate state, or specifi-
cally, a condensed phase. For BEC on an optical lattice, the TOF can also be analogised
with the grating diffraction. Furthermore, similar to optics, the fringes of the interfer-
ence pattern are associated with the first-order correlation, and unveils the density of
atoms in their momentum space. The second-order correlation has more in-depth in-
sight, which can be implemented as the Hanbury Brown and Twiss (HBT) effect. As
of TOF, it reflects the density modulations, or density wave, embedded in the optical
lattice. The combination of the two correlation functions makes it possible to probe the
instantaneous phase of the system dynamically during the quench.

5.4.1 Correlation measurement and time-of-flight interference

Generally, the l-th order correlation function G(l) is defined as the expectation of the
field operators in their normal order

G(l)(x1,x2, · · · ,xl) = 〈â†(x1)â†(x2) · · · â†(xl)â(xl) · · · â(x2)â(x1)〉e, (5.22)

where 〈..〉e = ∑i Pi 〈i|..|i〉 is the ensemble average. For pure state, it is equal to the
quantum expectation value. Another widely used definition is by its normalisation

g(l)(x1,x2, · · · ,xl) =
G(l)(x1,x2, · · · ,xl)

〈n̂(x1)〉e〈n̂(x2)〉e · · · 〈n̂(xl)〉e
. (5.23)

Furthermore, it is also important to consider the covariance C(x1,x2), which is based
on the number operators n̂ = â†â, and reads

C(x1,x2) = 〈n̂(x1)n̂(x2)〉e−〈n̂(x1)〉e〈n̂(x2)〉e. (5.24)

In experiment, C(x1,x2) can be measured by coincidence counting and plays a similar
role to the second-order correlation G(2)(x1,x2) [161].
In this work, under Gutzwiller ansatz, the original field operators are decoupled, and
the wave function is factorisable, such as 〈b̂†

1b̂2〉 = 〈b̂†
1〉〈b̂2〉 = φ∗1 φ2, where b̂†

i is the
operator creating particles in the i-th lattice point. This results in the covariance al-
ways being zero and the correlation functions being trivial. TOF, however, can lead to
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another set of field operators â(x) as a superposition of b̂i, whose covariance or high-
order correlations can be calculated theoretically. Following this idea, we will show the
construction of â(x) by a linear combination of b̂i in the ballistic expansion approxima-
tion, and successively the first and second-order correlation functions and covariance
are derived.

Ballistic Expansion

Figure 5.8: Schematic diagram of the time-of-flight expansion. The atoms are released
from the lattice and interfere. The image of real space (labelled by x) reflects the distri-
bution in the reciprocal space of the lattice. The dashed box illustrates the first Brillouin
zone.

Presuming the optical lattice is described by Wannier operators b̂i at time t = 0, the field
operator reads ψ̂(r) = ∑i w(r− ri)b̂i. When the external fields, including trapping and
cooling, are removed, the atoms will be released and fly, and the corresponding operator
evolves according to

â(x) =
∫

d3rexp
[

i
m
h̄

x− r
t
· (x− r)

]
ψ̂(r) =

∫
d3rexp

[
i
m |x− r|2

h̄t

]
∑

i
w(r− ri)âi.

(5.25)
Here the phase factor is applied by Wentzel–Kramers–Brillouin (WKB) approximation.
We have to bear in mind that the beginning of the expansion is nonlinear to time, and
the ballistic momentum mx/t is an approximation. Then we apply the Fourier transfor-
mation to the Wannier function, which results in

∫
d3rexp

[
i
m |x− r|2

h̄t

]
w(r− ri) =

∫
d3rexp

[
i
m |x− r|2

h̄t

]∫ d3k
(2π)3 eik·(r−ri)w̃(k)

∼ e−ik·riw̃(k), (5.26)

where
k =

mx
h̄t

, (5.27)



5.4. Correlations in the quench process 60

and one can absorb the constant produced by Gaussian integral into w̃(k). Finally, we
have

â(x) = w̃(k)∑
i

e−ik·ri b̂i, (5.28)

and
n̂(x) = |w̃(k)|2 ∑

i, j
eik·(ri−r j)b̂†

i b̂ j. (5.29)

As discussed in Sec. 2.3, the Wannier function is localised in real space as the lattice
is deep. Thereby, its Fourier transform is delocalised and has a flat profile in the mo-
mentum space. One can crudely approximate w̃(k)≈ const. and simplify the following
calculation. In experiment, the Wannier envelope can be seen as large as 2 to 3 Brillouin
zones [162, 163].

5.4.2 First-order correlation

The snapshot of TOF is equivalent to measure the quantum expectation values of the
density operator, such that

W (1)(x) = 〈n̂(x)〉. (5.30)

This is the first-order correlation, which can be obtained by substituting Eq. (5.29).
Then

〈n̂(x)〉= |w̃(k)|2 ∑
i, j

eik·(ri−r j)〈b̂†
i b̂ j〉. (5.31)

The field operators can be decoupled, which ends up with

〈b̂†
i b̂ j〉= φ

∗
i φ j(1−δi j)+niδi j, (5.32)

and finally

n(x) = M |w̃(k)|2
[
|S(φ ;k)|2 + 1

M ∑
i

(
ni−|φi|2

)]
, (5.33)

where S(φ ;k) !
= 1/
√

M ∑i eik·riφi is the Fourier transformation of φ , M is the total num-
ber of sites. The relationship between x and k is based on the ballistic approximation,
x = (h̄t/m)k. We notice that the profile of n(k) is the same as |S(φ ;k)|2, except for
a constant term which guarantees the conservation of the number of particles. If φi is
homogeneous and non-zero, one can expect n(k) become a δ -function with a peak at
k = 0, which indicates that the initial state is a superfluid. If there is a modulation of
φi in the lattice space, one can also expect some other peaks in n(k). As will be shown
later, the second-order correlation better describes these features.
Regarding that our initial state is Mott-insulator, one needs to do multiple trajectories
to show the effects of the initial random phase and get rid of the symmetry breaking
caused by the formation of domain walls. However, as the size of the lattice grows,
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the randomness can also be retrieved in the sense of thermal limit. This results in a
trade-off between the size of the lattice and the number of trajectories. In this work, we
use & 100×100 lattice points and ∼ 10 trajectories for simulation.

5.4.3 Second-order correlation

Inheriting from the first-order correlation, we can extend the same procedure to the
second-order correlation. This can be implemented by two-point coincidence measure-
ment of TOF imaging. Let the separation of the two points be u, corresponding to
the momentum difference q, and we have the scattering amplitude ∼ 〈â(x+u)â(x)〉,
resulting in the two-point joint intensity

W (2)(x,x+u) = 〈â†(x)â†(x+d)â(x+d)â(x)〉, (5.34)

It is straightforward to work out the covariance:

C(k,k+q) = 〈â†(x)â(x)â†(x+u)â(x+u)〉−〈â†(x)â(x)〉〈â†(x+u)â(x+u)〉

= |w̃(k)|2 |w̃(k+q)|2
[

∑
i, j,m,n

eik·(ri−r j)+i(k+q)·(rm−rn)〈b̂†
i b̂ jb̂†

mb̂n〉

−

(
∑
i, j

eik·(ri−r j)〈b̂†
i b̂ j〉

)(
∑
i, j

ei(k+q)·(ri−r j)〈b̂†
i b̂ j〉

)]
= |w̃(k)|2 |w̃(k+q)|2

{∣∣S(n−|φ |2;q)
∣∣2 + ∣∣S(η∗−φ

∗2;Q)
∣∣2 +C0

+∆(q)S(n−|φ |2;q)−4X (φ∗;(n−|φ |2)φ)+2X (φ∗;γ−ηφ
∗)

+
√

M∆(q)S(φ∗;k)S̃(φ ;k′)+2
√

M
[
Y (φ ,φ ,η∗−φ

∗2;k,k′)

+Y (n−|φ |2,φ ,φ∗;q,k)
]}

, (5.35)

where

ηi = 〈b̂ib̂i〉, γi = 〈b̂†
i b̂ib̂i〉, λi = 〈b̂†

i b̂†
i b̂ib̂i〉,

∆(q) =
1√
M ∑

i
eiq·ri, X ( f ,g) = Re

[
S( f ;k)S̃(g;k)+S( f ;k′)S̃(g;k′)

]
,

Y ( f ,g,h;k1,k2) = Re
[
S( f ;k1)S(g;k2)S̃(h;k1 +k2)

]
,

C0 =
1
M ∑

i

(
8ni |φi|2−2n2

i −|ηi|2 +λi−6 |φi|4−4Re
[
γ
∗
i φi−η

∗
i φ

2
i
])

,

and Q = 2k+q. We notice that the Wannier envelope of the two points, k and k+q,
can be picked out. As of deep lattice, we assume w̃(k) = const. as mentioned before.
One can also define a covariance as a function of a single argument, q, by integrating
k, such that C(q) =

∫
C(k,k+q)d2k.
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In Mott insulator regime, φ = η = γ = 0. The covariance is reduced to

Cins.(q)≈ N |S(n;q)|2 +N∆(q)S(n;q)+∑
i

(
〈n̂in̂i〉−ni−2n2

i
)
. (5.36)

The first term indicates that the profile of C(k,k+ q) mainly depends on the Fourier
transform of the density in lattice space. The second term is a sharp peak at the centre
of Brillouin zone q = 0. The last term is a constant shift. Therefore, the density mod-
ulation, also known as the structure factor shown in Eq. (5.7), S(n,q), is well depicted
by the covariance.

5.4.4 Emergence of the density wave and supersolidity

Based on TOF interference, we make a comparison between the early and late stages
of dynamical evolution. As shown in Fig. 5.5, we took the snapshots at Ut = 17.5
and 28 with aQ = 10−2U , which are plotted in Fig. 5.9 and Fig. 5.10, respectively.
The former is within the universal regime where the system just leaves MI into SF,
and the latter represents for the state where the system leaves the oscillatory regime
and begins to relax. In Fig. 5.9, we plotted the cases without LRI and with box-type
interaction V0 = 0.66U , rc = d. Since the early stage is insensitive to the LRI, the
difference between those two cases is not obvious. In Fig. 5.10, we show the cases
without LRI and box-type interaction with various interaction length rc = d, 2d, 3d, 4d.
The interaction strengths are V0 = 0.66U , 0.50U , 0.36U , 0.24U , respectively.

Figure 5.9: TOF snapshots at time Ut = 17.5, aQ = 10−2U , for TOF density n(k)
and covariance C(q), as well as the Fourier transform of order parameter |S(φ ,k)|2

and density |S(n,q)|2. (a1-d1) The results without LRI, (a2-d2) for box-type LRI with
interaction length rc = d, strength V0 = 0.66U .
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Figure 5.10: TOF snapshots at time Ut = 28, aQ = 10−2U , for TOF density n(k) and
covariance C(q), as well as the Fourier transform of order parameter |S(φ ,k)|2 and
density |S(n,q)|2. (a1-d1) The results without LRI, (a2-d5) for box-type LRI with in-
teraction lengths being rc = d, 2d, 3d, 4d, strengths V0 = 0.66U , 0.50U , 0.36U , 0.24U ,
respectively.

Figure 5.11: Ring integrals of (a1-a4) n(k) and (b1-b4) C(q) at Ut = 28 and aQ =
10−2U . The LRI is box-type and rc = (a1,b1) d, (a2,b2) 2d, (a3,b3) 3d, (a4,b4) 4d.
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At the early stage, Ut = 17.5, |S(φ ,k)|2 and n(k) are almost uniform except for a
small peak area centred at k = 0. Such a feature is hardly visible in the distribution
of |S(n,q)|2 and C(q). Note that all these distributions are flat in the initial state. At a
later time, Ut = 28, n(k) has a higher peak around k = 0, about 20 times larger than that
at Ut = 17.5, signifying the appearance of the SF fraction. Comparing different LRI,
we find that the SF fraction decreases as rc grows. The most important feature happens
to the covariance C(q), which has multiple peaks as LRI exists. The profile of S(n,q)
and C(q) are very similar, except for a constant bias. We can also find some weak peaks
in n(k) and S(φ ,k) which are at the same position. For the sake of high contrast in the
experiments, C(q) is a better choice than n(k). The structure factor appears to have
peaks at π/d(±1,±1) for box-type interaction with rc = d [Fig. 5.10(c2-d2)], which
refers to a chequerboard density distribution, and is consistent with the ground state of
eBHM with nearest-neighbour interactions [40]. When rc > d, however, the featuring
peaks become more complicated. The smallest momentum |q| of the peaks also de-
creases as rc increases. This suggests that the periodicity in real lattice space is growing
with rc. We have also noticed the second-order peaks for rc = 3d and 4d [Fig. 5.10(c4-
d4, c5-d5)]. They correspond to the multiple periodic density modulations appear in SS
phase, and the density in real space goes far beyond the chequerboard assumption.
To further present the effects of LRI to the TOF results, we calculate the ring in-
tegrals of n(k) and C(q), which, for n(k) as an example, are defined as n(k) !

=∫
n(k′)δ (k−|k′|)dk′. We show n(k) and C(q) at Ut = 28 for box-type LRI with rc = d,

2d, 3d, 4d and V0 varying from 0 to 1 in Fig. 5.11.
We find that when the V0 is small, both n(k) and C(q) change slightly. When V0 in-
creases to a certain value, which is smaller as rc increases, the distribution of n(k)

is broadened, and C(q) also begins to have peaks at q 6= 0. This corresponds to the
transition to SS phase. As for rc = d [Fig. 5.11(a1,b1)], the peak of C(q) appears at
k =
√

2π/rc, and its position for rc > d is consistent with the position of roton minima
as predicted in Fig. 5.3(d), krot ≈ 3π/(2rc). When V0 keeps growing, the peak values
of n(k) at k = 0 decrease. We can expect that the strong LRI will suppress the SF order
parameter and even lead to the insulating phase.



Chapter 6

Project: Trapping Atoms with 3D
Printing Technology

In this chapter, I will give a summary of our earlier work on the 3D atom chip project [3].
A major topic in the community of cold atom physics is to transfer the experiments from
the laboratory to industrial use and create commercial values. The cold atom system
have excellent properties, such as high sensitivity and controllability, which unveil great
potential for next-generation devices superior to conventional ones, e.g., semiconductor
materials. However, a compact and reliable facility to acquire the cold atom resource
remains a challenge and requires a systematic redesign.
From the perspective of physics, trapping and controlling atoms always require elec-
tromagnetic fields including lasers, radio frequency (rf) waves, static fields. For static
magnetic fields, as an example, its strengths decay quickly in vacuum and usually re-
sults in the demand for huge coils and high energy consumptions in experiment. As
for laboratory demonstrations, massive coils are acceptable for convenient installation.
A practicable device, however, expects those heavy parts to be more integrated and
delicate. Therefore, the concept of atom chip has been put forward and gained great
success [164].
Conventional atom chips are designed on printed circuit board (PCB) where current-
carrying wires generate magnetic fields. There are two major disadvantages. First, the
geometry of the wires is restricted to a 2D surface, which wastes a lot of space in the
vacuum chamber and reduces the efficiency of the utility of electricity. Second, the
material and manufacture of PCB restrict the maximal current density, which limits the
lifespan of the device. To overcome these drawbacks, we tried to extrude the designs
of the wires from a 2D surface to a 3D space. This can be realised by the new rising
technology of additive manufacture by 3D printing.
In the chapter, we will first introduce the physical background of the magneto-optical
trap (MOT) in Sec. 6.1, which is a basic technique to trapping neutral atoms. Next, we
will show three different designs of 3D printed MOT in Sec. 6.2. The generated mag-
netic fields and electrical currents are simulated by COMSOL Multiphysics. Afterwards,
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we will show the time response performance of the 3D MOTs in Sec. 6.3. Lastly, we
will quote some experimental results carried out by our collaborators in Sec. 6.4 [4].

6.1 Magneto-optical trap

MOT is one of the most conventional approaches to getting a large number (107 ∼
1010) of cold (∼ µK) atoms. The trapping and cooling processes are featured by the
restoration of atoms towards the trapping centre via the state-selective forces between
light and atoms. The precise control of the restoring force can be significantly promoted
by applying an appropriate magnetic field and monochromatic laser with very narrow
linewidth at a certain frequency. The most popular set-ups, e.g., the anti-Helmholtz coils
and the Ioffe-Pritchard trap are presented in Fig. 6.1(a), and the trapping mechanism is
illustrated in Fig. 6.1(b).

σ+

m
1
0
-1

0

B B

s

p

E

x
0

Eg
e

(a)

z
y

x

(b)

σ－

m
-1
0
1

0

Figure 6.1: Magneto-optical trap. (a) The conventional anti-Helmholtz coil and Ioffe-
Pritchard trap. The white arrows show the directions of the electric current. (b)
Schematic diagram showing the operation of a MOT for atomic motion along the x-
axis (a similar picture holds along the y and z directions): The strength of the magnetic
field is proportional to x, and its direction is shown by the blue arrows. The Zeeman
effect splits the energy of atoms by an amount proportional to m. An s-state atom mov-
ing leftwards from x = 0 will interact with the right-going circularly polarised light
whose energy is slightly below ∆E, and triggers the σ+ transition by exciting the atom
to the m = 1 state. In order to maintain the momentum conservation, the atoms are
slowed by the photon absorption. The de-excitation process emits photons randomly
in all directions so that, on average, the atom slows. A similar deceleration occurs for
right-moving atoms that absorb left-moving photons which excites the σ− transition.

For simplicity, we can show this kind of restoring light force by considering the two-
level atoms projected to a ground s-state and an excited p-state. This is also generally
true for alkali atoms neglecting their fine structures. A static magnetic field can split
p-state into three substates via the Zeeman effect [Fig. 6.1(b)]. The splitting energy
is ∆E = −mgµBB, where m is the magnetic quantum number, and m = 0 for s-state,
m = 0,±1 for p-state. g is the Landé g-factor, and µB is the Bohr magneton. In MOTs,
the strength of the magnetic field is approximately proportional to the distance from the
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trapping centre, such that B = (αxx,αyy,αzz). The excited-state energy consequently
splits as the atoms move away from the trap centre, and the energy diagram (along x-
axis as an example) is shown in Fig. 6.1(b). The flux conservation of the magnetic field
requires that αx +αy +αz = 0. For anti-Helmholtz coils, the azimuthal symmetry with
respect to z-axis results in αx : αy : αz = 1 : 1 :−2.
The laser beams are usually cast towards the centre from six orthogonal directions.
Their frequencies are red detuned, i.e., slightly lower than the transition frequency from
the ground state to the excited state, Ege. For atoms, the absorption efficiency of photons
that excite electrons reaches the peak when the frequency matches, i.e., hν = Ege +

∆E, where hν is the energy of one photon. Therefore, it preferentially occurs that the
atoms moving away from the trap centre can resonantly absorb more photons than those
precisely at the centre. This process confines the atoms.
As has been illustrated in Fig. 6.1(b), we let the trapping lasers be circularly polarised,
such that the right-going laser can trigger the σ+ transition, and the left-going laser
σ− transition. This configuration makes the atoms moving to x < 0 regime be excited
to m = 1 state, and x > 0 regime to m = −1 state. After that, in nanoseconds, the
atoms will quickly decay and emit photons isotropically. This process will contribute
to a momentum change in all directions with equal probability. For the whole atom
ensemble, the net total momentum change is zero, but its variation is non-zero. This
is thereby against the cooling mechanism, and will result in a finite temperature at
equilibrium.
The width of the laser beams for MOT can be as large as centimetres, which enables
a large number of atoms to be trapped and pre-cooled. Usually, MOT is the first step
to get the cold atom resources, and other cooling techniques, such as Doppler cooling,
Sisyphus cooling and evaporative cooling [22, 23] can be applied for further reduction
of temperature and get degenerate gas. The low temperature and large atom number
are more or less a pair of contradiction, especially for evaporation. Therefore, it is
crucial to get a sufficient number of atoms from the beginning to ensure the successive
experiments. The demand for high efficient MOT is thereby of great importance.
The conventional anti-Helmholtz coils in laboratories consist of multiple turns (usually
> 100) of copper wires held outside of the ultra-high-vacuum (UHV) chamber. This
makes it require huge currents (∼ 100 A) in the wires because they are far from the atom
cloud. To utilise the space between the coils, and thus achieve more power-efficient
trapping, the inside-UHV apparatus are necessary. For example, Ioffe and Pritchard
independently designed a magnetic trap to generate the field whose x,y components are
quadrupole as shown in Fig.6.1(a,lower) [165, 166]. The four parallel wires generate
the quadrupole magnetic field along with the x and y directions, and an additional pair
of coils provide the magnetic field for z-directional trapping. The straight electrodes
can be integrated inside the chamber and reduce the demand for electric current.
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Our primitive design consists of bent metallic bars, which construct the backbone of
the new structures by illustrating the main flow of the field-generating electric current.
Their topology is inspired by both the Ioffe-Pritchard trap and anti-Helmholtz coils.
To further reduce the heat dissipation resulting from the currents, we have investigated
compact conductor geometries based on the primitive design. They wrap closely around
the atomic cloud, and are suitable for manufacturing by using 3D printing technology.
Our designs comprise either 2 or 4 separate conducting parts and 4 current terminals.
The streams of the electric current in the bulky metals are similar to that in the twisted
bars, but the broader cross-sections allow lower resistance and reduce the power con-
sumption.

6.2 New designs for 3D printing manufacture

First of all, it is important to emphasis on the key relations between the magnetic fields
and the geometry of conducting parts under the restriction of the heat dissipation. The
fundamental physical laws lead the directions of new designs and ensure their perfor-
mance.
The static magnetic field provided by the steady electric current is governed by the
Biot-Savart law:

B(r) =
µ0

4π

∫∫∫
Ω

J(r′)× (r− r′)
|r− r′|3

d3r′, (6.1)

where Ω is the domain of the current-carrying conductor and d3r′ is its differential
element.
The working temperature is another fact to be considered. The accumulated electrical
heat gives the rise of temperature and, in the long-term, can distort the material and
worsen the performance. The electrical heat follows the Joule’s law,

QW =
1
2

σ

∫∫∫
Ω

|J(r)|2 d3r, (6.2)

where σ is the conductivity, and is assumed to be homogeneous in the entire device.
In the vacuum chamber, the conducting parts only have two ways to release the heat.
One is to radiate to the vacuum, which is negligible in comparison to QW at ∼ 300 K.
Another is to transfer the heat along the electrodes following Newton’s cooling law,

QC = κA(T −T0), (6.3)

where κ is the empirical cooling coefficient, A is the area of the cross-section of the
electrode and T0 is the temperature of the environment. The balance of QW = QC pro-
vides the temperature T in equilibrium.
Then we will show a dimensional analysis which reveals the importance of shrinking
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the size of the trap for the sake of high performance. We define l to be the linear
scale as we resize the whole geometry along with all directions pro-rata. The conductor
volume is proportional to the cubic of l, VΩ ∝ l3, and the cross-section area A depends
on the square of l, A ∝ l2. The current density under the fixed terminal current is
|J| ∝ I/A ∝ Il−2. According to Eq. 6.2, the Joule’s heat QW ∝ I2l−1. From Eq. 6.3,
the leaking heat QC ∝ A× (T −T0) ∝ l2. To achieve QW = QC, one can find I ∝ l3/2.
According to the Biot-Savart law (Eq. 6.1), the magnetic field B ∝ I/l ∝ l1/2, and the
gradient ∇B ∝ l−1/2. Therefore, under the constraint of heat dissipation, it is efficient
to pursue a smaller size of MOT for the desired gradient magnetic field.
The magnitude of the magnetic field decays according to∼ R−2, where R is the distance
from the atom cloud to the current source. The use of multiple parts can enhance the
field by constructively adding up their contributions. Therefore, we found that a high-
performance MOT should follow several key design criteria:

• Conductors should wrap the optical molasses region tightly and fill as much space
as possible around it;

• The trap conductors should be as compact as possible;

• Each bar/conducting volume should always wind in the same direction either
clockwise or anticlockwise to maximise its contribution to the magnetic field.

The primitive twisted bar design in Fig.6.2(a) does not need to satisfy all of those crite-
ria. It only reflects the idea of new traps but not make full use of the space to be efficient.
The improved designs with more bulky structures should agree with those criteria and
guarantee the ratio of the field gradient being 1:1:-2 at the same time.
We achieve the other two improved designs by thickening the conductors to fulfil more
space. However, the thickness cannot be arbitrarily large, due to the current far from
the trap centre generating a lower magnetic field, and the distribution of the current
density is always concentrated in the inner side of a bulky material which make the outer
side of the material wasted. Another critical issue is to maintain the ratio of the field
gradient, which involves some subtle adjustments to the size of the trap. The dimensions
mentioned in this work should be treated as part of the design, as any modification may
cause the generated magnetic field out of expectation.

6.2.1 Twisted metal bars design

A primitive design of curvilinear current paths was first demonstrated to illustrate how
MOT can be produced without neither straight nor circular structures. Our start point
is to modify the Ioffe-Pritchard trap by twisting the four metal bars consistently, which
ends up with a cage profile as shown in Fig.6.2(a). The trap is built-up using 3D CAD
software Solidworks. The cross-section of the bars is circular with a diameter equal
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Figure 6.2: Twisted Metal Bars Design. (a) A MOT design using twisted metal bars to
achieve 3D trapping. The grey discs are dielectric mounts, and the purple parts are the
conductive bars. The white arrows show the current flow in each bar. (b) Calculation of
the magnetic field magnitude, B, versus position along the x,y and z directions (black,
blue and red curves respectively). The gradients near the trap centre along the x,y and z
directions are 15.1, 6.5 and -22.1 G/cm (black, blue and red dashed lines).

to 10 mm. The shape of the bars is guided by the parametric equations in spherical
coordinates {r,θ ,φ}:

r(θ) =


h
4

(
2−
√

1−
(4θ

π
−1
)2
)

0 < θ 6 π/4

l
4 π/4 < θ 6 3π/4

h
4

(
2−
√

1−
(4θ

π
−3
)2
)

3π/4 < θ 6 π

(6.4a)

φ(θ) =


π

3

(
1+ e−10(θ− π

3 )
)−1

0 < θ 6 π/4 and 3π/4 < θ 6 π

π

3

(
1+ e−10(θ− 2π

3 )
)−1

π/4 < θ 6 3π/4
(6.4b)

where h = 110 mm is the height of the whole structure. r = 0 is the trapping centre.
The outer width is designed to be 55 mm in order to generate the desired magnetic field.
These parameters allow the access to 15 mm diameter orthogonal laser beams from the
holes in the bottom and top insulating mounts (grey), and the gap between the twisted
wires.
We can decompose the shape of the bars to several segments for better understanding
of how to generate the magnetic fields. The current in adjacent bars flows in the op-
posite directions (white arrows). According to the Biot-Savart law, the vertical current
component contributes to the horizontal magnetic field, whilst the horizontally twisted
current generates the vertical field. The twisted parts intuitively create the vertical com-
ponent of the magnetic field which is absent in the Ioffe-Pritchard trap, and make up the
MOT field in all direction. Due to the anti-symmetric current flow configuration in the
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four bars, the strength of the magnetic field vanishes at the centre and increase linearly
around it. This scheme can provide the magnetic field required for a MOT.
The physical fields are simulated by COMSOL Multiphysics. We first simulate the elec-
tric current in the metal bars with the boundary conditions of fixed electric potential on
the ends of the wires. Then we calculate the magnetic field in a box at least 3 times
larger than the whole structure using the stationary Maxwell’s equations. The bound-
ary condition of the shell of the box is perfect magnetic conductor, which is however
insensitive as we simulate the stationary field. As mentioned before, the linearity of
Maxwell’s equations allows us to scale the solutions of the strength of the magnetic
field and current density proportionally with the voltage in the boundary conditions,
such that the desired field gradient can be achieved.
In Fig.6.2(b), we plot the field along three axes through the trap centre where the field
gradients have approximately constant values of 15.1, 6.5 and -22.1 G/cm along the x,y

and z-axes respectively. To generate such a magnetic field, we found the current needed
to make the trap is 100 A, and the total electric power dissipation via Joule heating is
14.9 W for copper.
It is still distant from our goal. Although this design illustratively works, there is still
much unfilled space between the conductors and the trap centre, making the trap power
consumption unnecessarily high. The gradient slope and linear region along z-axis are
also less satisfying than those of x, y-axes.

6.2.2 Compact conductor design

Our first improvement, as shown in Fig.6.3, inherits the same topology of the current
paths as shown in Fig.6.2. In this case, the total height of the trap is only 45 mm,
and its outer width is 24 mm. The holes for the laser beams access are still 15 mm in
diameter. We left a gap between the four conductors to be ∼ 0.5 mm, which can be
filled with dielectric materials for installation and is adjustable to fit the stability in a
UHV environment. The design also requires four pairs of voltage contacts to run the
trap and control the current in each conducting part. Fig. 6.3(b) shows the exploded
image of the design and illustrates the directions of electric current.
Compared to the twisted bar design in Fig.6.2, this structure better satisfies the three
aforementioned design criteria. It is 60% smaller and makes better use of space around
the atom cloud. The current in the twisted parts is more effective to generate the desired
field than the previous design. The current in the conductors can be divided approxi-
mately into vertical and horizontal components, with the former creating the magnetic
field in the xz-plane and the latter generating the field along the z-axis. The currents
in adjacent conductors are anti-parallel at the contacts and, at the trap centre, provide a
linear magnetic gradient along the x,y and z-axes.
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Figure 6.3: Compact Conductor Design. (a) Design for a 3D-printed version of the
current topology shown in Fig.6.2(b). The four conducting parts are electrically iso-
lated, and the gaps between them can be filled with dielectric materials (not shown).
(b) An exploded view of the trap. Red and blue arrows indicate the current input and
outflow.

To change the gradient ratio in the three directions, one may easily adjust the length of
the conducting prongs. To produce the field gradients close to the 1:1:-2 ratio typically
used for MOTs, we choose the height of the device to be larger than its width. To further
reduce the resistance and power consumption, one may further increase the thickness
of the volumetric conductors.
In Fig.6.4(a), we show a colour map of the current density on the surface of the conduc-
tors. In Fig.6.4(b), we show the corresponding magnetic field components Bx, By, Bz

along the x,y and z-axes and linear fits at the trap centre. The field variations across the
xz,xy and zy-planes through the trap centre are shown in Fig.6.4(c-e), where the colour
scale shows the field magnitude.
In general, the current flow does not always follow the deigned paths, but goes through
the shortest-cut. Its density is the highest at sharp bends in the conductors and less
concentrated on the outer side. To avoid current hot spots, we thereby fill the bend
regions with curving surfaces, which is possible to realise by 3D printing. The current
on the inner conductor surfaces is higher than that at the outer ones, which is suitable
for producing the magnetic field in the trap. The decaying profile of the electric current
density from the inner surface to the outer also unveils that it is not always necessary
to increase its thickness, as long as the total resistance is acceptable. In Fig.6.4(b), the
linear fitted slopes near the centre along the x,y and z-axes are 11.5, 11.9 and -22.5
G/cm respectively. The linear fit regime is about 10 mm in diameter, slightly smaller
than the size of the holes. The linearity is visually very promising in this regime. The
total Joule’s heat in the trap is 0.4 W for copper conductors.
The significant improvements compared to the twisted-bars design are based on the
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Figure 6.4: (a) Current density distribution calculated for the MOT shown in Fig.6.3,
with each conductor carrying 40 A. (b) Calculation of the magnetic field magnitude
versus position along the x,y and z-axes (black, blue and red solid lines). The gradients
along the x,y and z-axes at the trap centre are 11.5, 11.9 and -22.5 G/cm respectively
(black, blue and red dashed lines). (c-e) The magnetic field magnitude in the xz,xy
and zy-planes through the centre of the MOT. In each plane, there is a minimum at
the centre. The gaps between the four conductors are just large enough for a 1.5 cm
diameter laser beam to pass through.

compactness. The twisted parts in this design are almost horizontal, which ensures the
generated field being vertical, and the gradient along the z-axis can be strengthened.
The vertical parts are also nearly parallel to the z-axis, which makes the generation of
the quadrupole field in the xy-plane more efficient than the previous design. Therefore,
the compact design not only reduces the space and consumption, but can also improve
the performance of the yielding fields.
A shortcoming of this design is that we need to print four parts (Fig.6.3) and either fix
them separately, or print dielectric material between each part to maintain the integrity
of the structure. Such an arrangement is possible, but still a challenge for current Ad-
ditive Manufacturing techniques. Another problem is the need of 8 terminals to drive
the trap, which is also complicated for in-chamber experiments. In the next section,
we consider further simplification of the design to remove this issue by reducing the
number of separate conductors.
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6.2.3 Two-piece conductor design

In this section, we will propose a further improvement with only two pieces of conduc-
tor parts and four terminals for current supply.
The idea is still to create the desired field with the combination of quadrupole bars and
rings. Here, we start from a cylinder and cut it into two pieces. First, we produce three
orthogonal laser-access holes with circular cross-sections, then separate that conductor
into two parts as shown in Fig. 6.5(a). The gaps can also be filled with dielectric ma-
terials for installation, and we keep it to be 0.5 mm the same as the previous design.
The electric current will flow in and out of the straight arms through a roughly circular
path in between [Fig. 6.5(b)]. The parallel straight arms will provide a quadrupole field
in the trap centre in the xy-plane, and the approximately circular current will create the
field pointing towards the trap centre along the y-axis.
This geometry takes advantage of filling almost the whole volume surrounding the laser
beams with the conductor, thereby reducing the resistance of the current paths. The size
of the trap is also manually modified for the best performance mainly regarding the
ratio of the field gradient. The diameters of the holes are fixed to be 15 mm as for the
laser access. We did the independent simulations for various parameters and finally
found out that when the height is 38 mm, outer diameter is 26 mm, and the thickness
of the arm is 3.1 mm, the ratio of the magnetic field gradient can be 1.0:1.0:-1.9 as we
expected.
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Figure 6.5: (a)A 3D-printed MOT design with conductors that have a cylindrical outer
curved surface. The shape is inspired by the Ioffe-Pritchard trap. (b) An exploded
view of this model showing the two conductors. The pink lines and arrows show the
directions of the current. Gaps between the conductors appear white.

From the current density plot, we found that the current is significantly concentrated in
the straight arms. This is due to the geometry that the cross-sections in the straight arms
are smaller and become more expansive in the ring parts. Despite the difference in the
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current density, the total currents are still the same, which contribute the straight parts
being equivalent to that in the rings. This design does not have reflection symmetry with
respect to the zx-plane, but the resulting magnetic field still shows superior performance.

Figure 6.6: (a) Current density distribution calculated for the MOT shown in Fig.6.5,
with each conductor carrying 25 A in total. (b) Calculation of the magnetic field mag-
nitude versus position along the x,y and z-axes (black, blue and red solid lines). The
gradients along the x,y and z-axes at the trap centre are 8.98, 9.20 and -17.6 G/cm re-
spectively (black, blue and red dashed lines). (c-e) The magnetic field magnitude in the
xz,xy and zy-planes through the centre of the MOT. In each plane, there is a minimum
at the centre. The circular holes in the trap are just large enough for a 1.5 cm diameter
laser beam to pass through.

We set the current to be 25 A in each conductor, and simulated the electromagnetic field
in the same way as mentioned in other designs. The current density and magnetic field
are plotted in Fig. 6.6. The current density in each arm is ∼5 A/mm2. In the ring-like
regions, by contrast, the current density is significantly smaller, below 1 A/mm2. By
design, there is no hot spot in the current density so the trap will be heated uniformly.
The total Joule heat in the trap is ∼ 0.2 W for copper.
Fig.6.6(b) shows the magnetic field components Bx, By, Bz along the x,y and z-axes and
linear fits (dashed lines) near the trap centre. The ratio of their gradients is close to
1 : 1 : −2 along x,y and z-axes, specifically, 9.0, 9.2 and -17.6 G/cm respectively with
an uncertainty of ∼ 0.03 G/cm in each case under our simulation conditions.
Here we should bear in mind that the material in simulation is set to be copper, whose
conductivity is 5.96×107 S/m. The most common materials for 3D printing, however,
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are usually titanium and nickel alloys, which have ∼ 10 times larger resistance than
copper. Thus, to provide the same magnetic field using these materials will require
about 2 W in power dissipation in the conductors. Nevertheless, this is not a fixed
value, and the real results depend on the printing technologies, which is still rapidly
growing. For example, we will show that a quenching process applied to the material
can significantly increase its conductivity. The details are shown in the last section.
As the only way for heat dissipation is that through the ends of the arms, we estimate
the transfer coefficient for the device. Considering the total power dissipation is ∼ 0.2
W for copper, and the transfer area is ∼ 4× 10−5m2 in total, in order to maintain the
temperature increase below an experimentally-tolerable limit of 200 K, the heat transfer
coefficient should be around 25 W/m2K. This is practical for experimental set-ups and,
if additional external cooling can be applied to the trap, the operating temperature can
be made lower than 470 K.

6.3 Time response

A significant concern in MOT-based quantum devices is the switching time of the atom
trap. In order to minimise the current flow and power dissipation, coils with multiple
turns are preferred, which leads to high inductance. Since the relaxation time, or LR
constant, of an inductor is τ = L/R, a high inductance will slow the switching process
which may limit experiments. One solution may be to increase the resistance, R, which
will reduce the relaxation time, but increase the power consumption and the local tem-
perature of conductors. Therefore, balancing the inductance and the resistance becomes
a crucial problem for structural design.
To make a comparison with anti-Helmholtz coils, we found coil parameters that gener-
ate the same magnetic field gradient as the 3D printed structure shown in Fig.6.6 with
the same electric current. The inner diameter of the coils, and their separation, is 15
mm. The outer radius and height of the coil are respectively 3.8 mm and 4.5 mm. We
also extrude the electrode arms in our design 20 cm longer to touch the boundary of the
simulation box, such that AC field can be applied for inductance analysis.
Here we propose two methods to estimate the time response of the coils. First, we
consider the DC regime. Here we can use the energy of stationary magnetic field stored
in the coil using the relation for lumped inductor EH = 1

2LI2, where EH can be acquired
by integration according to EH =

∫
d3r 1

2µ0
|B|2. This idea holds on that the magnitude of

the magnetic field decays quickly towards the solution domain and nearly vanishes on
its boundary. The resistance can be calculated by Joule’s heat W according to W = I2R

as expected in the DC field. For the anti-Helmoholz coil, the results yield L = 83.6
nH, R = 0.206 mΩ, and τ = 405 µs. In comparison, the designed one shows L = 122
nH, R = 0.630 mΩ, and τ = 193 µs. Although the inductance and the resistance of
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the 3D printed structure are both higher than the traditional anti-Helmholtz coil, their
ratio is lower which makes the switching time almost twice as fast. However, we note
that the inductance depends on the whole electric circuit, especially the connecting
leads, which are not considered here, and the distributed capacitance will also slow the
response. And the gap between conductors is assumed to be large enough such that
there is no free charge accumulation.

A/mm2

Current density
freq = 10 kHz

(a) (b)

(d)(c)

Figure 6.7: Inductance, resistance, and LR constant for anti-Helmholz coil (blue) and
our designed 3D coil (pink). The markers are simulation results and lines are fitting
curves.

Second, we applied AC current to the coils and evaluated the LR constants by the built-
in coil analyser in COMSOL [167, 168]. The frequency-domain analysis helps us to
understand the temporal performance of AC-MOT. Because of the large skin effects in
high-frequency regime above MHz, we swept the frequency f from 1 Hz to 100 kHz
in the 3D model. For f = 104 Hz (Fig.6.7a), the current density shows noticeable skin
effects, and the skin depth is already in the same order of our mesh finesse. However,
for anti-Helmohz coil, we simplified the geometry to a 2D model using the rotational
symmetry, such that finer mesh can be utilised to push up the frequency to 100 MHz.
We present the simulation results in Fig.6.7b (inductance), c (resistance), d (LR con-
stant). Both the anti-Helmholz coil and design 3D coil have a similar dependency to
frequency. The inductance has different asymptotic values in both low-frequency and
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high-frequency regime, and there is a transition zone between 1∼100 kHz. The re-
sistance is almost constant when f < 1 kHz, but increases dramatically after that. In
contrast, LR constant changes slowly when f < 1 kHz but decreases dramatically after-
wards. The inductance and resistance can be fitted by empirical equations as studied in
transmission lines [169, 170]

L =

(
L0 +L∞

(
f
fL

)βL
)/(

1+
(

f
fL

)βL
)

, (6.5)

R = R0

1+
(

f
fR

) βR
2

 1
βR

. (6.6)

In the low-frequency limit, L→ L0 and R→ R0. We found that for anti-Helholz coil,
L0 = 83.8 nH, R0 = 0.205 mΩ, and τ = 409 µs. For designed 3D coil, L0 = 122 nH,
R0 = 0.633 mΩ, and τ = 193 µs. They agree with the stationary calculation results
with little difference. In the high-frequency limit, we show that the inductance relaxes
to asymptotic value L∞ which is still in the same order of L0, the decrease is only
15% to 30%. The resistance, however, will increase with frequency according to R ∼
√

f . This scaling originates from the skin depth δ = 1/
√

π f µ0σ , and 1/δ signifies
the conducting cross area at high-frequency. Therefore, the LR constant will decrease
as τ ∼ 1/

√
f solely due to the resistance. We note that although the decrease of LR

constant may lead to faster response, the increasing impedance caused by R will inhibit
the realisation of high-frequency AC-MOT due to Joule’s heat.
Finally, we make a comparison between the anti-Helmholz coil and our design. Notic-
ing the logarithm scale in Fig.6.7, the LR constant is always 50% smaller for our design
at any frequency. This is the primary advantage of our design. However, considering the
total impedance Z = R+ j2π f L, and L, R are both larger in our design, the dissipation
loss is greater, which should be taken into consideration for high-frequency use.

6.4 Experimental test

The experimental test of the two-piece conductor design has been carried out by our
collaborator P. Krüger and R. Wildman’s group (details can be found in [4]).
The design has been modified with four arms for connecting terminals to fit in the
vacuum chamber. The sample was printed by selective laser melting (SLM) machine
with Al-Si10-Mg alloy. The resistance has been measured to be (800± 20) µΩ. It
can be reduced by a baking and quenching process, and finally results in (640±4) µΩ

[Fig. 6.8(a)]. This is merely 1% from our simulation, and suggests that the Al-Si10-Mg
alloy can be as conductive as copper after the baking and quench process.
The magnetic field in the MOT has been measured under 14 A current supply as shown
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Figure 6.8: Experiment outcome of the 3D printed MOT. (a) 3D-printed atom chip
structure. (b) Measured magnetic field magnitude along each axial direction with mark-
ers. The ideal linear field with 1 : 1 :−2 ratio is plotted as the dashed lines. The linearity
maintains throughout the cylinder aperture. (c) The maximum number of trapped atoms
as a function of the electrical power consumption (or electric current) for beam diame-
ters of 9,12 and 15 mm.

in Fig. 6.8(b). The resulting gradient reached 10 G/cm (weak direction) under the op-
eration current being 14 A, and the total energy dissipation was about 100 mW. When
the current was increased to 50 A, the gradient increased to 37 G/cm. The numerical
simulation and measurement results were also highly consistent.
The inductance of the printed device has been measured and yields (0.49± 0.05) µH,
about 4 times larger than the L0 in theory. This is measured by connecting the device
with a capacitor for a series LC circuit. The resonance frequency is given by fres =

1/(2π
√

LC). Then we change the value of the external capacitor for different resonance
frequency. The inductance can be extracted from the fitting results. However, as the
operating frequency has been seen above ∼ 100 MHz, the resulting inductance is valid
for high-frequency limit. Besides, the experiment showed that the decay time of the
magnetic field in MOT was 13.0±2.3 µs, one order faster than simulation. This can be
a result of the surface defects. The roughness of the surface can enormously increase the
resistance in high-frequency limit due to skin effect, and thereby reduce the LR constant



6.5. Conclusion and discussions 80

significantly. The faster response requires higher energy consumption, which is also a
trade-off for practice. So far, the heat dissipation is acceptable in our experiments.
To test the trapping performance, we trapped 87Rb atoms via the D2 line. We used
three types of laser beams with different diameters, and its peak intensity is 4 mW/cm2.
The power of the MOT was modified by varying the current from 4 to 50 A, and the
power consumption ranged from 10 mW to 1.6 W. The detuning of the cooling light
was always optimised for the maximal trapping. As shown in Fig. 6.8(c), the increasing
diameter of the beams from 9 to 15 mm helps to trap more atoms, with the maximum
value close to 108 for the power between 100 and 200 mW, referring to the current
ranging from 12 to 17 A as expected. Apparently, larger beam width will trap more
atoms, and making full use of the holes in our device is important.

6.5 Conclusion and discussions

We have made a prototype of the new design of MOT with 3D printing technology.
From theory to experiment, our design paves the way to miniaturisation and portability
of the next-generation of atom-based quantum devices. The scaling of the dimensions
of new designs has been manifested by physical laws, which guarantees the production
of cold atom resource under the restricted energy dissipation and time response.
The ongoing problems remain on the flexibility of the specific structures to be adapted
to further quantum operations, e.g., the access to the probe beams, the RF fields for
vapour cooling, and the pathways for atom interference. One can also expect the 3D
printing technique help to replicate small apparatus to the extended system, such that
numerous experiments can be carried out simultaneously as well as the realisation of
the entanglement of multiple quantum systems.



Chapter 7

Project: Fermi Surface Deformation of
Rydberg-Dressed Atoms

Recent experiments and theories have shown that Rydberg-dressing offers a promis-
ing approach to engineering the long-range interactions in cold atom systems for the
studies of many-body physics. Apart from traditional Fermi liquid and superconductor
theories in solid-state materials, a large variety of quantum states such as the nematic
phase [171], FFLO phase [172], charge density wave and supersolid [173]., have been
explored or demonstrated in ultracold atom systems. The interaction has played an es-
sential role in these aspects. In this chapter, we will present the possibility to achieve
the anisotropic quantum states with Rydberg-dressing, which broadens the utility of
ultracold atoms as quantum simulators.
The anisotropic interactions in ultracold Fermi gas have been realised with dipole-
dipole interactions, which result in the deformation of Fermi surface and anisotropic
zeroth sound [174, 175]. A weak elliptical deformed Fermi surface has been observed in
the experiment reported in Ref. [176]. Here, we focus on the Rydberg-dressing, which
provides a wider range of the controllability of the interaction strength, anisotropy, etc.
We explored the interaction profiles of different Rydberg states for 6Li and 40K atoms,
and picked up the most anisotropic ones. We calculated the Fermi surface deformation
numerically, and found several scaling relations about the interaction strength.
In Section 7.1, we introduce the Hartree-Fock-Bogoliubov approximation for the
ground state of interacting fermions. In Section 7.2, we show the different interaction
parameters in 6Li and 40K atoms. In Section 7.3, we show the Fermi surface deforma-
tion of 6Li with numerical methods.

7.1 Hartree-Fock-Bogoliubov approximation

To begin with, we consider a system of atoms trapped in the electromagnetic fields with
their occupation fully polarised to one single hyperfine state, such that the spin degree
of freedom is neglected. We start with the Hamiltonian of spinless fermions with two-
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body interaction at zero temperature, which reads

H =
∫

d3r ψ̂
†(r)

[
− h̄2

2m
∇

2 +Vext(r)−µ

]
ψ̂(r)

+
∫∫

d3rd3r′ ψ̂†(r)ψ̂†(r′)V (r,r′)ψ̂(r′)ψ̂(r). (7.1)

The first part consists of the kinetic energy, external trapping potential Vext and the
chemical potential µ , which determines the number of atoms. The second part is the
two-body atom interaction. V (r,r′) is dominated by Rydberg-dressing as introduced in
Section 3.3.
We assume the density in real space is homogeneous, which can be achieved by ap-
plying a shallow trapping potential or even put the atoms in a box potential, and Vext

is dropped out. However, despite the presence of Vext, the translational symmetry in
real space is still breakable under strong interactions. This may lead to density waves
and is beyond the scope of this work [177]. However, if we restrict ourselves in weak
interaction regime, it is known that the fermions are in the so-called Fermi liquid phase
for repulsive interaction, and BCS phase for attractive interaction [178]. Both cases can
be well described in momentum space.
The Hamiltonian in momentum space, or reciprocal space, is attained by Fourier
transformation of field operator ψ̂(r) to âk = ∑r eik·rψ̂(r). Under the Hartree-Fock-
Bogoliubov (HFB) approximation, the Hamiltonian reads (Appendix C, [179])

H = ∑
k

[
|k|2

2m
+UH +UF(k)

](
â†

kâk + â†
−kâ−k

)
+∆(k)â†

kâ†
−k +∆

∗(k)â−kâk, (7.2)

with

Hartree direct energy UH = ρṼ (0), (7.3a)

Fock exchange energy UF(k) =−∑
k′

′Ṽ (k−k′)〈â†
k′ âk′〉, (7.3b)

Bogoliubov order parameter ∆(k) = ∑
k′

′Ṽ (k−k′)〈â−k′ âk′〉, (7.3c)

and ρ is the density of particles ρ = 〈â†
kâk〉. ∑

′ refers to the summation of a half of the
momentum space in order to get rid of the duplication of k and −k.
For homogeneous gas, the Hartree term can be absorbed into the chemical potential as
a constant energy shift. The Fermi surface deformation is dominated by the Fock term
and Bogoliubov term, but by two different implications. The Fock exchange energy will
change the shape of the Fermi surface. For example, the ground state of non-interacting
fermions is described by a Fermi sphere in the momentum space, but becomes an el-
lipsoid with anisotropic interactions. The Bogoliubov term does not change the shape
of the Fermi sphere, but will smooth out the density distribution in the vicinity of the
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Fermi level due to the formation of the Cooper pairs. The pair density can be evaluated
by ρp ≡Np/V = ∑k |uk|2|vk|2 = ∑k nk(1−nk), where uk, vk are the parameters in BCS
wave function |BCS〉 = ∏k

(
uk + vkâ†

kâ†
−k

)
|0〉. Furthermore, if ∆(k) is 0, the HFB

approximation will be reduced to the HF approximation.

7.2 Anisotropic Rydberg-dressed interaction

As we have discussed in Chapter 3, atoms dressed to Rydberg |n, l > 0〉 states will lead
to anisotropic interactions. There are two questions: First, what is the shape of the
dispersion coefficient C6 with respect to (θ ,φ)? Second, does anisotropy depends on
the principal quantum number n?
Here, we evaluated the C6 coefficients for 6Li and 40K atoms for their nS, nP and nD

states, respectively. In the absence of a transverse field, the atomic interactions have
azimuthal symmetry, such that φ is irrelevant in our case. We show the results in Fig: 7.1
for n = 60.
Here we notice several features. First, the nS states are indeed isotropically repulsive.
Second, the anisotropy of nP, nD states are well captured by the ratio of C6(0)/C6(π/2),
as C6(θ) is monotonic from θ = 0 to θ = π/2. Third, not all states are suitable for
Rydberg-dressing. As we have shown in Chapter 3, the sign of C6 is better to be main-
tained the same for all directions, which is not true for 40K at nD states with m j > 1/2.
Comparing all the states in Fig. 7.1, we found that 6Li achieves the maximal anisotropy
at nD5/2 (m j = 5/2) state, and 40K prefers to nP3/2 (m j = 3/2). To further confirm
these observations with n taken into consideration, we plot C6(0)/C6(π/2) in Fig. 7.2.
For 6Li, the ratio C6(0)/C6(π/2) is insensitive to n, which means the maximum
anisotropic interaction can be realised at any n. The most anisotropic state is indeed
nD5/2 (m j = 5/2) state. For 40K, the ratio C6(0)/C6(π/2) has resonant behaviour for
nP1/2 (m j = 1/2), nP3/2 (m j = 3/2) and nD3/2 (m j = 1/2) states. To be more specific,
we plot the ratio C6(θ)/C6(0) in Fig. 7.2(d) for 40K at nP3/2 (m j = 3/2) state. We can
find that there is a lobe for n < 44 where the ratio is negative, which means the sign
of the interaction is different at θ = 0 and θ = π/2. However, if one expects to have
an interaction with C6 having the same sign at all directions, it is a better choice to use
44P3/2 (m j = 3/2) state for maximum anisotropy. As a comparison, 6Li does not have
this problem, as the ratio C6(θ)/C6(π/2) plotted in Fig. 7.2(c) is independent to n for
nD5/2 (m j = 5/2).

7.3 Ground state of ultracold 6Li gas

In the previous section, we have found two optimal states with the maximum anisotropy
for ultracold atom experiments. For 6Li, nD5/2 (m j = 5/2) state offers highly
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Figure 7.1: C6(θ) parameters for 40K and 6Li with in (z,x) for n = 60. The orbital and
spin configuration for the first row: S1/2 (m j = 1/2), P1/2 (m j = 1/2), P3/2 (m j = 1/2),
P3/2 (m j = 1/2), the second row: D3/2 (m j = 1/2), D3/2 (m j = 3/2), D5/2 (m j = 1/2),
D5/2 (m j = 3/2), D5/2 (m j = 5/2). Blue is negative value for repulsive force, and red
is positive for attractive force. Unit: GHz µm6.

anisotropic attractive interaction, and for 40K, nP3/2 (m j = 3/2) (n > 44) offers re-
pulsive interaction. Here we will only focus on the 6Li, because both Fock term and
Bogoliubov term are present, and we can see both the Fermi surface deformation and
the formation of Cooper pairs.

7.3.1 Self-consistent approach

The ground state of Eq. (7.2) can be solved by self-iteration. We derive the particle
distribution in the momentum space with the order parameter. The Bogoliubov theory
shows that

〈â†
kâk〉=

1
2

1− ξk√
ξ 2

k + |∆(k)|2

 , (7.4a)
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(a) (b)

(c) (d)

Figure 7.2: Ratio of the C6 parameters at θ = 0 and π/2 for S, P, D states and (a) for
6Li, (b) for 40K. (c) C6(θ)/C6(π/2) for 6Li at D5/2 (m j = 5/2). (d) C6(θ)/C6(0) for
40K at P3/2 (m j = 3/2).

〈âkâ−k〉=
ξk

2
√

ξ 2
k + |∆(k)|2

, (7.4b)

ξk =
h̄2

2m
|k|2−µ +UF(k). (7.4c)

But here is an unfixed chemical potential µ , which should guarantee the conservation
of the total number of particles. Therefore, we adopt the Nelder-Mead algorithm to find
µ of each step. The pseudo-code of the whole self-consistent method is listed below:
As a demonstration, we calculated the deformation of the Fermi surface for 6Li at
nD5/2 (m j = 5/2) with n = 35 and 45, respectively, in Fig. 7.3. We let the Rabi fre-
quency of the dressing laser be Ω = 2π × 10 MHz, detuning δ = −2π × 50 MHz, the
original Fermi vector kF = 2 µm−2, and the density ρ = 1.35× 1011 cm−3. We have
shown the distribution in the momentum space n(k), the difference compared to the
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Algorithm 1 Hartree-Fock-Bogoliubov Self-consistent Method
1: Initial conditions: . Start from free Fermi gas
2: chemical potential: µ = EF0 (µ1 = µ)
3: occupation: v2

k = Θ(kF0−|k|)
4: gap: ∆(k) = rand. . To avoid postulated symmetry

5: total number of particles N0 =
1

6π2k3
F0

(N1 = N0) . To be fixed

6: repeat
7: Update UF(k)
8: Find another µ2, calculate total number of particles N2
9: repeat . Use Nelder-Mead algorithm

10: Reorder (µ1,N1) and (µ2,N2), such that |N1−N0|< |N2−N0|
11: if (N1−N0)(N2−N0)> 0 then
12: µ2 = µ1 +α(µ1−µ2) . Reflect and expand µ2, α > 1
13: else
14: µ2 = µ2 +β (µ1−µ2) . Shrink µ2, β < 1
15: end if
16: Update N2
17: until N converges, return µ , N, nk
18: Calculate ξk, ∆(k), nk, etc.
19: until µ converges

non-interacting Fermi gas n(k)−n0(k), where n0(k) = Θ(kF −|k|), and the order pa-
rameter ∆(k).
The ground state has shown great anisotropic behaviour for Rydberg-dressed atoms. In
term of the deformation of the Fermi sphere due to the exchange energy, one can use
the aspect ratio

α = k′F(0)/k′F(π/2) (7.5)

to measure the deformation [176]. Generally, for the smoothed n(k), k′F(θk) can be
evaluated by the half-height of n(k), such that n[k′F(θk)] := 1

2 max[n(k)]. In the cases
shown in Fig. 7.3, the value of |α−1| is in the order of 1% ∼ 0.1%. However, the
smoothness of n(k) in the vicinity of the Fermi surface due to the pairing is more sig-
nificant. We introduce the variance to signify the change of n(k) which reads

σ
2 =

1
ρ

∫ d3k
(2π)3 [n(k)−n0(k)]2 , (7.6)

where n0(k) = Θ(kF − |k|). Both n0(k) and n(k) satisfy the normalisation condition
that their integrals are equal to ρ , and they can be measured by the standard time-of-
flight imaging. The link between BCS theory under HFB model and FL theory under
HF model can be established by defining the aspect ratio. Though the Fermi surface
is blurred in BCS due to the Cooper pairs, we can find out the half-height contour of
n(k), i.e., n[k′F(θk)]

!
= 1

2 max[n(k)], to substitute the Fermi surface as well-defined in HF
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Figure 7.3: Ground state of Rydberg-dressed 6Li atom gas in the momentum space. The
target Rydberg state is nD5/2 (m j = 5/2) and (a,c,d) n = 35, (c,d,f) n = 45. (a,b) Show
the density distribution n(k). (c,d) Show the difference between the dressed ground
state and that of non-interacting Fermi gas n(k)−n0(k). (e,f) Show the order parameter.

model. This allows us to use α = k′F(0)/k′F(π/2) as the aspect ratio which is compared
with the variance.
Dressing to n = 35 and n = 45 states does not change the maximal interaction strength,
as it is determined by Ω and δ . The anisotropic shapes of the interaction potentials
are also similar, which can be found in Fig. 7.2(c). The difference mainly lies on the
interaction length. We define Rm as the largest blockade radius in all directions, such
that Rm := max

[
6
√
−C6(θ)/(2δ )

]
. Then Rm = 1.47 µm for n = 35, and Rm = 2.34 µm

for n = 45.
When Rm is small, the deformation appears to be elliptical, and the most deformed
points apply to θk = 0 or π . By increasing the interaction length, Rm, however, the most
deformed point moves to θk = ±π/4, which generates non-elliptical deformation. We
also find that the smoothness of n(k) is consistent with the order parameter ∆(k), which
suggests that the observation of the Fermi surface also leads to the superconducting
order.
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7.3.2 Scaling relations of the Fermi surface deformation

In this part, we show the relations of anisotropy and various variables. We evaluated
the aspect ratio α and the variance σ under different dressing laser with Rabi frequency
Ω and detuning δ , as well as the atom density ρ and the quantum number n of the
Rydberg states. The parameters are based on Ω = 2π×10 MHz, δ =−2π×50 MHz,
ρ = 1.35× 1011 cm−3 (kF = 2 µm−2), n = 32, and we sweep each of them with the
other three fixed. The results are plotted in Fig.7.4.

Figure 7.4: Blue dots for aspect ratio (1−α), red triangles for the variance σ . (a)
kF = 2 µm−1, |δ | = 2π × 50 MHz, n = 32. The black line is fitted with ∼ Ω4. (b)
Ω= 2π×10 MHz, kF = 2 µm−1, n= 32, δ < 0. The black line is fitted with∼ |δ |−10/3

(c) |δ | = 2π×50 MHz, Ω = 2π×10 MHz, n = 32. The black line is fitted with ∼ ρ .
(d) |δ |= 2π×50 MHz, Ω = 2π×10 MHz, kF = 2 µm−1. The black line is fitted with
∼ n11/3.

We found that 1−α and σ show power-law scalings in the weak coupling condition
(Ω� |δ |), dilute limit (kFRm � 1), and relatively short-range regime determined by
small n. According to our calculation, we fit 1−α with other parameters such that
1−α ∼ Ω4 ∼ |δ |−10/3 ∼ ρ ∼ n11/3. The exponents can be partly understood from the
perturbation scope [179]. The relative change of the Fermi vector is approximately

∆kF

kF
=

1
2EF

∫ d3k′

(2π)3 Ṽ (kF −k′)n0(k′), (7.7)

where Ṽ (k) is the Fourier transform of RDI. Since the strength of RDI is proportional
to Ω4/δ 3, we expect 1−α ∼ Ω4. However, the other three exponents are not very
obvious, and requires the expansion of the convolution in Eq. (7.7).
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The standard variance σ has similar behaviour to 1−α when the power-law relations
are satisfied. This suggests that the pairing of the fermions is closely related to the Fermi
surface deformation. However, as the interaction length is considerable, by dressing to
high n Rydberg states [Fig. 7.4(d)], σ deviates 1−α dramatically. This is consistent
with the data in Fig.7.3, where a quadrupole deformation occurs. Under quadrupole
deformation, the change of kF at θk = 0 and π/2 are in the same direction, but the
deformation still exists. Thereby, on needs to generalise the definition of α to capture
the arbitrary shapes of the deformation.

7.4 Discussions and outlook

In this work, we have applied the conventional HFB approximation to solve the ground
state of Rydberg-dressed fermions, and studied the anisotropic density distribution
caused by the anisotropic interactions.
The perturbation method to compute the Fermi surface deformation is still ongoing.
We would expect to find some scaling functions for generalising the scaling relations to
high-order deformations.



Chapter 8

Summary

In this thesis, we discussed four topics about the dynamics and interactions of ultracold
atoms. First, the interference of guided BECs leads to the atomic Sagnac interferometer.
Second, the non-equilibrium dynamics was studied in an optical lattice with Rydberg-
dressing interactions. Third, we show the new prototype of magneto-optical traps for 3D
printing technology. Fourth, we explored the ground state of Rydberg-dressed fermions
from the perspective of Fermi surface deformation.
In Chapter 4, we studied the dynamics of atomic Sagnac interferometer under mean-
field approximation. The performance of the interferometer has been evaluated using
the dynamical scale factor. Based on the analytical solutions to the non-interacting
and isotropic trapping case, we employed Bernstein polynomial function for the driv-
ing field to achieve the maximal sensitivities at moderate interrogation times. With the
numerical simulations of interacting cases using the Gross-Pitaevskii equation, we ver-
ified the optimisation is robust for various configurations. We also changed the isotropy
of intra- and inter-state interactions strength, and found that the inter-state interaction is
the principal cause of the reduction of the sensitivity. Furthermore, the symmetric trap
behaves better than the asymmetric trap.
Our study has so far, focused on the ideal case. The number of the atoms are equal
for both hyperfine states, the confinement of the two components is the same, and no
thermal fluctuation is considered. The future theoretical study may be in demand with
further consideration of the particle number and phase fluctuation. As for experiments,
the engineering of stable traps based on atom chips is also of great importance.
In Chapter 5, we explored the non-equilibrium dynamics of quenched extended Bose-
Hubbard model with Rydberg-dressing. The phase diagrams have been presented in-
cluding superfluid, supersolid, Mott-insulator and density waves. The emergence of the
supersolid and density waves has been implemented with the roton instability. We found
that, by quenching the hopping parameter, the evolution from a Mott-insulator state ex-
periences a universal regime at the early stage following the Kibble-Zurek mechanism.
The long-term evolution is affected by the long-range interaction, and the density struc-
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ture is characterised by the interaction length. The correlation of the system can be
measured by time-of-flight interference, which manifests the quantum state and can be
realised in experiment.
In this work, we have quenched the hopping parameter by reducing the lattice depth.
Another interesting topic is to explore the adiabatic or abrupt quench of long-range in-
teractions. This can be realised experimentally by tuning the Rydberg-dressing laser.
Moreover, the initial states chosen to be superfluid or half-filled Mott-insulator (density
wave) may lead to different dynamics which is so far unexplored. Apart from the corre-
lation, the entanglement and entropy have been studied in many other systems, but their
connection to Rydberg-dressed interactions needs further study.
In Chapter 6, we presented three designs of magneto-optical traps. They can be realised
by 3D printing technology, and one of them has already been printed and tested. In
theory, we simulated the electromagnetic field generated by the devices. They all satisfy
the demand for atom trapping and cooling. The AC simulation also predicts that the
new designs may have better performance for fast time-response and high-frequency
experiments.
However, the compact apparatus of ultracold atoms is a systematic project, where our
designs only consist part of that. The further optimisation for a particular use is needed
if the device is adapted to, e.g., atomic clock or interferometers. The complete roadmap
of the 3D printed quantum device also involves the vacuum chamber, antenna and elec-
tronics. It is critical, and yet challenging, to synthesise different parts as a whole for the
next-generation quantum sensors.
In Chapter 7, we have explored the anisotropic Fermi surface deformation of Rydberg-
dressed fermions. The shape deformation and pairing have been worked out and result
in the power-law scaling relations with the parameters of the laser field, density of atoms
and principal quantum number of Rydberg states.
It will be shown in our following work to explain the scaling relations using perturba-
tion theory. However, it is also important to understand the elementary excitations in
the Rydberg-dressed systems. Our current study has been focused on the homogeneous
atom gas, but density modulation is expected to occur with strongly repulsive inter-
actions. Our future work may extend to the optical lattice, and find out more phases
associated with anisotropy.



Appendix A

Atomic Sagnac Interferometer

In this section, we will show three things. First, the rotation transformation of the
Hamiltonian, which results in Eq. 4.22 for 1D and Eq. 4.27 for 2D case. Second, the
derivation of the equations of motion in the coherent state basis. For 1D case, we
achieve Eq. 4.23 and, in 2D case, we have Eq. 4.28. Third, the solutions to the E.O.M.s
by integral.
To begin with, we need to introduce two results in linear algebra. First, we consider two
matrices A, B, and

eABe−A = B+[A,B]+
1
2!

[A, [A,B]]+
1
3!

[A, [A, [A,B]]]+ · · · . (A.1)

The second, also known as the Baker-Campbell-Hausdorff formula, shows

eAeB = exp
(

A+B+
1
2
[A,B]+

1
12

[A, [A,B]]− 1
12

[B, [A,B]]+ · · ·
)
. (A.2)

If [A, [A,B]] = [B, [A,B]] = 0, we can truncate the right hand side at [A,B].

A.1 1D case

For 1D case, the Hamiltonian in the laboratory frame is

Ĥ1,2 =−
1

2R2
p

∂ 2

∂θ 2 +
R2

p

2
[θ −Θ1,2(t)]

2 . (A.3)

To transform into rotating frame, we choose Û1,2(t) = exp
[
ωst ∂

∂θ

]
, and the rotated

Hamiltonian is

Ĥ ′1,2(t) = Û1,2(t)Ĥ1,2(t)Û
†
1,2(t)+ i

(
∂

∂ t
Û1,2(t)

)
Û†

1,2(t). (A.4)
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Using Eq. A.1, we find the first two terms are[
ωst

∂

∂θ
, Ĥ1,2

]
=

R2
p

2
ωst
[

∂

∂θ
,(θ −Θ1,2)

2
]
= R2

pωst (θ −Θ1,2) ,[
ωst

∂

∂θ
,

[
ωst

∂

∂θ
, Ĥ1,2

]]
=

[
ωst

∂

∂θ
,R2

pωst (θ −Θ1,2)

]
= R2

pω
2
s t2.

The higher orders are equal to zero. We also find that i
(

∂

∂ tÛ1,2(t)
)

Û†
1,2(t) = iωs

∂

∂θ
.

Finally, the rotated Hamiltonian yields

Ĥ ′1,2 =−
1

2R2
p

∂ 2

∂θ 2 +
R2

p

2
θ

2∓R2
p [θp(t)−π]θ +

1
2
[θp(t)−π]2 + iωs

∂

∂θ
. (A.5)

Using the creation and annihilation operators, we finally get Eq. 4.22,

Ĥ ′1,2 = â†â+λ1,2(t)â† +λ
∗
1,2(t)â+ξ (t), (A.6)

where

λ (t) =
Rp√

2
[∓(θp(t)−π)− iωs] ,

ξ (t) =
1
2

R2
p [θp(t)−π]2 +

1
2
.

The Hamiltonian only consists of the linear term â, â†, and the number term â†â, so
the evolution of a coherent state will stay coherent. We consider a small time evolution
during dt, such that

e−idtĤ ′1,2(t) = e−idtâ†â+[−iλ1,2(t)dtâ†−H.c.]−idtξ (t)

= e−idtâ†âe[−iλ1,2(t)dtâ†−H.c.]e−idt2([â†â,λ1,2(t)â†−H.c.])e−idtξ (t)

= R̂(−idt) D̂(−iλ1,2(t)dt)eO(dt2)e−idtξ (t)

≈ R̂(−idt) D̂(−iλ1,2(t)dt)e−idtξ (t). (A.7)

Here R̂ is the rotation operator, D̂ is the displacement operator. They both act on the
coherent state |α〉 as

R̂(β ) |α〉=
∣∣∣αeβ

〉
, (A.8)

D̂(β ) |α〉= e
1
2 (αβ ∗−α∗β ) |α +β 〉 . (A.9)

Therefore,as aforementioned, a coherent state or vacuum state will always stay coher-
ent. The quantum state in the coherent phase space will rotate around the origin at the
frequency ωr ≡ 1, and displaced by λ (t). ξ (t) offers a shift of the global phase. Pre-
suming that at time t, the wavefunction is ψ ′1,2(t) = eiφ1,2(t)

∣∣α1,2(t)
〉
, the wavefunction
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of next time step t +dt will be

ψ
′
1,2(t +dt) = R̂(−idt) D̂(−iλ1,2(t)dt)e−iξ (t)dteiφ1,2(t)

∣∣α1,2(t)
〉

= eiφ1,2(t)−iξ (t)dt R̂(−idt)eiIm[iα1,2(t)λ ∗1,2(t)dt] ∣∣α1,2(t)− iλ1,2(t)dt
〉

= eiφ1,2(t)−iξ (t)dt+iRe[α1,2(t)λ ∗1,2(t)dt]
∣∣∣(α1,2(t)− iλ1,2(t)dt)e−idt

〉
= eiφ1,2(t)−iξ (t)dt+iRe[α1,2(t)λ ∗1,2(t)dt] ∣∣α1,2(t)− iα1,2(t)dt− iλ1,2(t)dt +O(dt2)

〉
.

Then we can find the E.O.M.s of α1,2(t) and φ1,2(t) which result in Eq. 4.23,

d
dt

α1,2(t) =−iα1,2(t)− iλ1,2(t), (A.10)

d
dt

φ1,2(t) = ξ (t)+Re
[
α1,2(t)λ ∗1,2(t)

]
. (A.11)

The initial states are

α1,2(0) =−λ1,2(0) =
Rp√

2
(∓π + iωs) . (A.12)

The phase φ1,2(0) is arbitrary and can be set to be zero. The real parts of α1,2(0) denote
the initial positions ∼ ±π , and the imaginary parts denote the initial speed ∼ iωs. At
t = T , the two wave packets are expected to meet about the origin. α1,2(t) and φ1,2(t)

can be evaluated by integration

α1,2(t) = e−it
[
−λ1,2(0)− i

∫ t

0
λ1,2(t ′)eit ′dt ′

]
=
√

2Rp (∓π + iωs)e−it +
Rp√

2
[∓θp(t)±π− iωs]± i

Rp√
2

∫ t

0
ωp(t ′)ei(t ′−t)dt ′,

(A.13)

φ1,2(t) =
∫ t

0
ξ (t ′)dt ′+

∫ t

0
Re
[
α1,2(t ′)λ ∗1,2(t

′)
]

dt ′. (A.14)

A.2 2D case

The 2D case is similar. The Hamiltonian before rotation transformation is

Ĥ1,2 =−
1
2

(
∂ 2

∂x2 +
∂ 2

∂y2

)
+

1
2
[x−Rp cosΘ1,2(t)]

2 +
1
2
[y−Rp sinΘ1,2(t)]

2 . (A.15)

Transforming with the unitary operator Û1,2(t)= exp
[
iωstL̂z

]
= exp

[
ωst
(

x ∂

∂y − y ∂

∂x

)]
,

one have [
ωst
(

x
∂

∂y
− y

∂

∂x

)
,
1
2
(x−Rp cosΘ1,2(t))

2 +
1
2
(y−Rp sinΘ1,2(t))

2
]

= ωst
([

x
∂

∂y
,−RpysinΘ1,2

]
+

[
−y

∂

∂x
,−RpxcosΘ1,2

])
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= ωstRp (−xsinΘ1,2 + ycosΘ1,2) ,[
ωst
(

x
∂

∂y
− y

∂

∂x

)
,ωstRp (−xsinΘ1,2 + ycosΘ1,2)

]
= ω

2
s t2Rp

([
x

∂

∂y
,ycosΘ1,2

]
+

[
−y

∂

∂x
,−xsinΘ1,2

])
= ω

2
s t2Rp (xcosΘ1,2 + ysinΘ1,2) ,[

ωst
(

x
∂

∂y
− y

∂

∂x

)
,ω2

s t2Rp (xcosΘ1,2 + ysinΘ1,2)

]
= ω

3
s t3Rp

([
x

∂

∂y
,ysinΘ1,2

]
+

[
−y

∂

∂x
,xcosΘ1,2

])
= ω

3
s t3Rp (xsinΘ1,2− ycosΘ1,2) ,

· · · .

As
[
L̂z,∇

2]= 0, we have

Û1,2Ĥ1,2Û†
1,2

=−RpxsinΘ1,2

(
ωst−

1
3!

ω
3
s t3 + · · ·

)
−RpxcosΘ1,2

(
− 1

2!
ω

2
s t2 +

1
4!

ω
4
s t4−·· ·

)
+RpycosΘ1,2

(
ωst−

1
3!

ω
3
s t3 + · · ·

)
−RpysinΘ1,2

(
− 1

2!
ω

2
s t2 +

1
4!

ω
4
s t4−·· ·

)
=−RpxsinΘ1,2 sinωst−RpxcosΘ1,2 (cosωst−1)

+RpycosΘ1,2 sinωst−RpysinΘ1,2 (cosωst−1)

=−Rpxcosθp(t)∓Rpysinθp(t)+RpxcosΘ1,2 +RpysinΘ1,2. (A.16)

And since
i
(

∂

∂ t
Û1,2

)
Û†

1,2 = iωs

(
x

∂

∂y
− y

∂

∂x

)
, (A.17)

the transformed Hamiltonian becomes

Ĥ ′1,2 =−
1
2

(
∂ 2

∂x2 +
∂ 2

∂y2

)
+

1
2
(
x2 + y2 +R2

p
)
−Rpxcosθp(t)∓Rpysinθp(t)

+ iωs

(
x

∂

∂y
− y

∂

∂x

)
. (A.18)

As there are two variables x, y, we need to introduce two sets of creation and annihilation
operators such that

â =
1
2

(
x+ iy+

∂

∂x
+ i

∂

∂y

)
, â† =

1
2

(
x− iy− ∂

∂x
+ i

∂

∂y

)
,

b̂ =
1
2

(
x− iy+

∂

∂x
− i

∂

∂y

)
, b̂† =

1
2

(
x+ iy− ∂

∂x
− i

∂

∂y

)
,
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which simplify the Hamiltonian to Eq. 4.27,

Ĥ ′1,2 = (1+ωs) â†â+(1−ωs) b̂†b̂+1+
R2

p

2
−

Rp

2

(
âe∓iθp + b̂e±iθp +H.c.

)
. (A.19)

The constant 1 + R2
p/2 can be eliminated as it only produces the same phase shift

to the two components. The wave function is now a product of two coherent states
ψ1,2 = eiφ1,2

∣∣α1,2
〉
⊗
∣∣β1,2

〉
. Similar to the 1D solution, we also use the rotation and

displacement operators to generate the E.O.M.s. Using |α〉 as an example,

R̂(−idt (1+ωs)) D̂
(

idt
Rp

2
e±iθp

)∣∣α1,2
〉

= R̂(−idt (1+ωs))eidt Rp
4 (α1,2e∓iθp+α∗1,2e±iθp)

∣∣∣∣α1,2 + idt
Rp

2
e±iθp

〉
= eidt Rp

2 Re[α1,2e∓iθp]
∣∣∣∣(α1,2 + idt

Rp

2
e±iθp

)
e−idt(1+ωs)

〉
≈ eidt Rp

2 Re[α1,2e∓iθp]
∣∣∣∣α1,2− idt (1+ωs)α1,2 + idt

Rp

2
e±iθp

〉
,

and the evolution of |β 〉 is similar. Finally, we get the E.O.M.s as shown in Eq. 4.28,

d
dt

α1,2 =−i(1+ω)α1,2 + i
Rp

2
e±iθp, (A.20)

d
dt

β1,2 =−i(1−ω)β1,2 + i
Rp

2
e∓iθp, (A.21)

d
dt

φ1,2 =
Rp

2
Re
[
α1,2e∓iθp +β1,2e±iθp

]
. (A.22)

The initial states, letting φ1,2 = 0, are

α1,2(0) =
Rp

2(1+ω)
, (A.23)

β1,2(0) =
Rp

2(1−ω)
, (A.24)

which means the initial position x = Rp/(1−ω2
s ), y = 0, and momentum px = 0, py =

ωsRp/(1−ω2
s ). The centrifugal effect has already been seen by the factor 1/(1−ω2

s ).
The dynamical solutions can be achieved by integration similar to the 1D case, which
result in

α1,2(t) =
Rp

2(1+ωs)
e−i(1+ωs)t

(
1+ i(1+ωs)

∫ t

0
dt ′e±iθp(t ′)ei(1+ωs)t ′

)
, (A.25)

β1,2(t) =
Rp

2(1−ωs)
e−i(1−ωs)t

(
1+ i(1−ωs)

∫ t

0
dt ′e∓iθp(t ′)ei(1−ωs)t ′

)
, (A.26)

φ1,2(t) =−
Rp

2
Re
[∫ t

0
dt ′
(

e∓iθp(t ′)α1,2(t ′)+ e±iθp(t ′)β1,2(t ′)
)]

. (A.27)



Appendix B

Quenched Bose-Hubbard Model

B.1 Derivations for the E.O.M. of the coefficients of
GWF

The E.O.M. of f i
m in Eq. 5.6 is derived below. The wave function is factorized to the

direct product
Ψ = ∏

i

⊗ |ψi〉= ∏
i

⊗
∑
m

f i
m |i,m〉 . (B.1)

Inserting to Schrödinger equation ıi ∂

∂ t |Ψ〉= H |Ψ〉with the Hamiltonian of Eq. 5.1, one
has

i∑
i

∂

∂ t
|ψi〉⊗∏

j 6=i

∣∣ψ j
〉
=−J ∑

i
∑
〈 j〉i

(
b̂†

i b̂ j + b̂†
j b̂i

)
|Ψ〉

+∑
i

(
U
2

n̂i(n̂i +1)−µ n̂i

)
|Ψ〉+∑

i j
Vi jn̂in̂ j |Ψ〉 ,

i∑
i,m

∂

∂ t
f i
m |i,m〉⊗∏

j 6=i

∣∣ψ j
〉
=−J ∑

i,〈 j〉i

(
b̂†

i b̂ j + b̂†
j b̂i

)(
∑
m

f i
m |k,m〉

)
⊗∏

k 6=i
|ψk〉+

+∑
i

(
U
2

n̂i(n̂i +1)−µ n̂i

)(
∑
m

f i
m |k,m〉

)
⊗∏

k 6=i
|ψk〉

+∑
i j

Vi jn̂i

(
∑
m

f i
m |i,m〉

)
⊗∏

k 6=i
n̂ j |ψk〉 ,

i∑
i,m

∂

∂ t
f i
m |i,m〉⊗∏

j 6=i

∣∣ψ j
〉
=−J ∑

i,〈 j〉i

[(
∑
m

f i
m
√

m+1 |i,m+1〉
)
⊗b j

∣∣ψ j
〉

+
(
∑
m

f i
m
√

m |i,m−1〉
)
⊗b†

j

∣∣ψ j
〉]
⊗ ∏

k 6=i,〈 j〉i
|ψk〉

+∑
i

∑
m

(
U
2

m(m+1)−µm
)(

f i
m |k,m〉

)
⊗∏

k 6=i
|ψk〉 ,

+∑
i j

Vi j

[(
∑
m

m f i
m |i,m〉

)
⊗ n̂ j

∣∣ψ j
〉]
⊗ ∏

k 6=i, j
|ψk〉 .
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The E.O.M. of f i
m can be achieved by sandwiching the both sides by 〈i,m|⊗Π j 6=i

〈
ψ j
∣∣

i
∂

∂ t
f i
m =− J

(
√

m f i
m−1 ∑

〈 j〉i

〈
ψ j
∣∣b̂ j
∣∣ψ j
〉
+
√

m+1 f i
m+1 ∑

〈 j〉i

〈
ψ j

∣∣∣b†
j

∣∣∣ψ j

〉)

+

(
U
2

m(m−1)−µm+m∑
j

Vi j
〈
ψ j
∣∣n̂ j
∣∣ψ j
〉)

f i
m, (B.2)

where
〈
ψ j
∣∣b̂ j
∣∣ψ j
〉
= φ j is the local superfluid order parameter, and

〈
ψ j
∣∣n̂ j
∣∣ψ j
〉
= n j is

the occupation on the j-th site. This results in the Eq. 5.6.

B.2 Derivations for correlation functions under GWF

In this section, we show the derivation of the correlation functions in Eq. 5.33 and
Eq. 5.35 under the Gutzwiller ansatz. The expectation value of multiple operators
〈ÂiB̂ j〉 can be decomposed if i 6= j, but cannot if i = j. Therefore, we need to con-
sider all of the situations under GWF.
The first-order correlation, for example, only needs to consider two operators as shown
in Eq. 5.31. Regardless the Wannier envelope, we have

n(x) = ∑
i, j

eik·(ri−r j)〈b̂†
i b̂ j〉

= ∑
i, j

eik·(ri−r j)〈b̂†
i 〉〈b̂ j〉−∑

i
eik·(ri−ri)〈b̂†

i 〉〈b̂i〉+∑
i

eik·(ri−ri)〈b̂†
i b̂i〉

= ∑
i, j

eik·(ri−r j)φ∗i φ j−∑
i
|φi|2 +∑

i
ni

=

∣∣∣∣∣∑i
e−ik·riφi

∣∣∣∣∣
2

−∑
i
|φi|2 +∑

i
ni.

The first term is the discrete Fourier transformation of φi, which can be written as
Eq. 5.33.
The covariance is more complicated. As defined in Eq. 5.35, we need to calculate

C(k,k+q) = ∑
i, j,m,n

eik·(ri−r j)+i(k+q)·(rm−rn)
(
〈b̂†

i b̂ jb̂†
mb̂n〉−〈b̂†

i b̂ j〉〈b̂†
mb̂n〉

)
. (B.3)

Let N = ∑i ni and ηi = 〈b̂ib̂i〉, γi = 〈b̂†
i b̂ib̂i〉. Here, we show the segregation of the

four-operator terms as following

i = j = m = n⇒∑
i
〈b̂†

i b̂ib̂
†
i b̂i〉= ∑

i
〈n̂2

i 〉

i 6= j = m = n⇒∑
i6= j

eik·(ri−r j)φ
∗
i (γ j +φ j)
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= MS(φ∗;k)S−1(γ +φ ;k)−∑
i

φ
∗
i γi−∑

i
|φi|2

j 6= i = m = n⇒∑
i6= j

eik·(ri−r j)γ
∗
i φ j = MS(γ∗;k)S−1(φ ;k)−∑

i
φiγ
∗
i

m 6= i = j = n⇒∑
i6= j

ei(k+q)·(ri−r j)φ
∗
i γ j = MS(φ∗;k+q)S−1(γ;k+q)−∑

i
φ
∗
i γi

n 6= i = j = m⇒∑
i6= j

ei(k+q)·(ri−r j)(γ∗i +φ
∗
i )φ j

= MS(γ∗+φ
∗;k+q)S−1(φ ;k+q)−∑

i
φiγ
∗
i −∑

i
|φi|2

i = j 6= m = n⇒∑
i 6= j
〈b̂†

i b̂i〉〈b̂†
j b̂ j〉= N2−∑

i
n2

i

i = m 6= j = n⇒∑
i 6= j

ei(2k+q)·(ri−r j)〈b̂†
i b̂†

i 〉〈b̂ jb̂ j〉

= MS(η∗;2k+q)S−1(η ;2k+q)−∑
i
|ηi|2

i = n 6= j = m⇒∑
i 6= j

eiq·(ri−r j)〈b̂ib̂
†
i 〉〈b̂

†
j b̂ j〉

= M
(
S(n;q)S−1(n;q)+F(q)S−1(n;q)

)
−∑

i

(
n2

i +ni
)

i = j 6= m 6= n⇒ ∑
i 6= j 6=m

ei(k+q)·(ri−r j)nmφ
∗
i φ j

= MNS(φ∗;k+q)S−1(φ ;k+q)−N ∑
i
|φi|2 +2∑

i
ni |φi|2

−2MRe
[
S(φ∗;k+q)S−1(nφ ;k+q)

]
m = n 6= i 6= j⇒ ∑

i 6= j 6=m
eik·(ri−r j)nmφ

∗
i φ j

= MNS(φ∗;k)S−1(φ ;k)−2MRe
[
S(φ∗;k)S−1(nφ ;k)

]
−N ∑

i
|φi|2 +2∑

i
ni |φi|2

i = m 6= j 6= n⇒ ∑
i 6= j 6=m

ei(2k+q)·rm−ik·ri−i(k+q)·r jη
∗
mφiφ j

= M3/2S(η∗;2k+q)S−1(φ ;k)S−1(φ ;k+q)+2∑
i

η
∗
i φ

2
i

−M
[
S(η∗;2k+q)S−1(φ 2;2k+q)+S(η∗φ ;k)S−1(φ ;k)

+S(η∗φ ;k+q)S−1(φ ;k+q)
]

j = n 6= i 6= m⇒ ∑
i 6= j 6=m

e−i(2k+q)·rm+ik·ri+i(k+q)·r jηmφ
∗
i φ
∗
j

= (i = m 6= j 6= n)∗

i = n 6= j 6= m⇒ ∑
i 6= j 6=m

e−iq·rm−ik·ri+i(k+q)·r jnmφiφ
∗
j
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= M3/2S(φ∗;k+q)S−1(n;q)S−1(φ ;k)+2∑
i

ni |φi|2−

−M
[
S(|φ |2 ;q)S−1(n;q)+S(φ∗;k+q)S−1(nφ ;k+q)

+S(nφ
∗;k)S−1(φ ;k)

]
j = m 6= i 6= n⇒ ∑

i 6= j 6=m
eiq·rm+ik·ri−i(k+q)·r j(nm +1)φ∗i φ j

= (i = n 6= j 6= m)∗+M3/2F(q)S(φ∗;k)S−1(φ ;k+q)+2∑
i
|φi|2

−M
[
F(q)S−1(|φ |2 ;q)+S(φ∗;k)S−1(φ ;k)

+S(φ∗;k+q)S−1(φ ;k+q)
]

i 6= j 6= m 6= n⇒ ∑
i 6= j 6=m 6=n

eik·(ri−r j)+i(k+q)·(rm−rn)φ
∗
i φ jφ

∗
mφn

=

(
MS(φ∗;k)S−1(φ ;k)−∑

i
|φi|2

)
×(

MS(φ∗;k+q)S−1(φ ;k+q)−∑
i
|φi|2

)
−6∑

i
|φi|4

−2M3/2Re
[
S(φ∗;k)S(|φ |2 ;q)S−1(φ ;k+q)

+S(φ∗;k)S(φ∗;k+q)S−1(φ 2;2k+q)
]

+4MRe
[
S(φ∗;k)S−1(|φ |2 φ ;k)+S(φ∗;k+q)S−1(|φ |2 φ ;k+q)

]
+M

[
S(|φ |2 ;q)S−1(|φ |2 ;q)+S(φ∗2;2k+q)S−1(φ 2;2k+q)

]
The rest two-operator term shows

∑
i, j

eik·(ri−r j)〈b̂†
i b̂ j〉∑

i, j
ei(k+q)·(ri−r j)〈b̂†

i b̂ j〉

=

[(
MS(φ∗;k)S−1(φ ;k)−∑

i
|φi|2

)(
MS(φ∗;k+q)S−1(φ ;k+q)−∑

i
|φi|2

)

+MNS(φ∗;k)S−1(φ ;k)+MNS(φ∗;k+q)S−1(φ ;k+q)−2N ∑
i
|φi|2 +N2

]
.

(B.4)

Therefore, the covariance shows

C(k,k+q) = ∑
i

(
8ni |φi|2−2n2

i −ni−|ηi|2 + 〈n̂in̂i〉−6 |φi|4 +4Re
[
η
∗
φ

2
i − γ

∗
i φi
])

+M

(∣∣∣S(n−|φ |2 ;q)
∣∣∣2 +F(q)S(n−|φ |2 ;q)+

∣∣S(η∗−φ
∗2;2k+q)

∣∣2
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+2χ(φ∗;γ−ηφ
∗)−4χ(φ∗;(n−|φ |2)φ)

)
+M3/2F(q)S(φ∗;k)S−1(φ ;k+q)

+2M3/2Re
[
S(η∗−φ

∗2;2k+q)S−1(φ ;k)S−1(φ ;k+q)

+S(φ∗;k+q)S−1(φ ;k)S−1(n−|φ |2 ;q)
]
. (B.5)

For simplicity, χ(A,B) = Re
[
S(A;k)S−1(B;k)+S(A;k+q)S−1(B;k+q)

]
.

In Mott insulator regime, φ = 0, η = 0, γ = 0. The covariance is reduced to

CMott(k,k+q)∼∑
i

(
〈n̂2

i 〉−ni−2n2
i
)
+M |S(n;q)|2 +MF(q)S(n;q). (B.6)



Appendix C

Hartree-Fock-Bogoliubov
Approximation

In this section, we will show the Hartree-Fock-Bogoliubiv (HFB) approximation to
simplify the two-body Hamiltonian in Eq. 7.1 to HFB Hamiltonian in Eq. 7.2.
First of all, we need to Fourier transform Eq. 7.1 into the momentum representation.
The results read

H = ∑
k

(
h̄2 |k|2

2m
+Ṽext(k)−µ

)
â†

kâk + ∑
k,k′,q

Ṽ (q)â†
k+qâ†

k′−qâk′ âk. (C.1)

The four-operator term can be simplified using Weiss mean field approximation, such
that

â†
k+qâ†

k′−qâk′ âk ' 〈â†
k+qâk〉â†

k′−qâk′+ 〈â†
k′−qâk′〉â†

k+qâk (Hartree)

−〈â†
k+qâk′〉â†

k′−qâk−〈â†
k′−qâk〉â†

k+qâk′ (Fock)

+ 〈â†
k+qâ†

k′−q〉âk′ âk + 〈âk′ âk〉â†
k+qâ†

k′−q (Bogoliubov),

(C.2)

The expectation of 〈â†
kâk′〉 = nkδkk′ , and the superconductor order exists when

〈â−kâk〉 6= 0. Therefore, the Hartree terms requires q = 0, the Fock term requires
k+ q = k′ and the Bogoliubov term requires k = −k′. Thus we have the simplified
Hamiltonian

H =∑
k

(
h̄2 |k|2

2m
+Ṽext(k)−µ +UH +UF(k)

)
â†

kâk+∑
k

′
(

∆(k)â†
kâ†
−k +∆

∗(k)â−kâk

)
,

(C.3)
where ∑

′ is the sum over half of the momentum space to avoid repeating, and

UH = ρṼ (0), (C.4a)

UF(k) =−∑
k′

′Ṽ (k−k′)〈â†
k′ âk′〉, (C.4b)

∆(k) = ∑
k′

′Ṽ (k−k′)〈â−k′ âk′〉. (C.4c)
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In our work, we assume the density in real space is homogeneous, UH = const., and
thereby, the Hartree energy and the external field are absorbed into the chemical poten-
tial.
The HFB Hamiltonian can be diagonalised by Bardeen–Cooper–Schrieffer (BCS) the-
ory. It is expected to achieve a new particle ĉk from the superposition of âk and â†

−k
such that

ĉk = ukâk + vkâ†
−k, ĉ†

k = v∗kâ−k +u∗kâ†
k. (C.5)

In order to maintain ĉk being fermionic, i.e.,
{

ĉk, ĉ
†
k

}
= 1, there is a constraint

|uk|2 + |vk|2 = 1. (C.6)

We also impose that uk = u−k, vk = −v−k. The minus sign comes from the anti-
symmetry of the wave function. Substituting the new operator back to the Hamiltonian,
one has

H = ∑
k

(
h̄2 |k|2

2m
−µ +UF(k)

)(
|uk|2 ĉ†

kĉk + |vk|2 ĉ−kĉ†
−k−u∗kv∗kĉ−kĉk−ukvkĉ†

kĉ†
−k

)
+∑

k

′
[
∆(k)ukv∗k−∆

∗(k)u∗kvk

](
ĉ†

kĉk− ĉ−kĉ†
−k

)
+∑

k

′
[
∆(k)

(
uk

2ĉ†
kĉ†
−k− v∗k

2ĉ−kĉk

)
−∆

∗(k)
(

vk
2ĉ†

kĉ†
−k−u∗k

2ĉ−kĉk

)]
.

(C.7)
To diagonalise the Hamiltonian, we need to let the coefficients in front of ĉĉ and ĉ†ĉ†

vanish. Therefore, we get

2

(
h̄2 |k|2

2m
−µ +UF(k)

)
ukvk +∆(k)uk

2−∆
∗(k)vk

2 = 0. (C.8)

Let ξ (k) = h̄2 |k|2 /(2m)−µ +UF(k), we can get the solution to uk and vk

|vk|2 =
1
2

1− ξ (k)√
ξ (k)2 + |∆(k)|2

 , |uk|2 =
1
2

1+
ξ (k)√

ξ (k)2 + |∆(k)|2

 . (C.9)

Furthermore, it can be verified that the density distribution nk = 〈â†
kâk〉 = |vk|2,

and the order parameter ∆(k) = ∑
′
k′ Ṽ (k− k′)ukvk. The ground state is |BCS〉 =

∏k

(
uk + vkâ†

kâ†
−k

)
|0〉, where γk denotes the quasi-particles excited from the Fermi

sea that minimize the thermal potential.
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86. Cadoret, M., de Mirandes, E., Cladé, P., et al. Combination of Bloch Oscillations
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141. Léonard, J., Morales, A., Zupancic, P., et al. Monitoring and manipulating Higgs
and Goldstone modes in a supersolid quantum gas. Science 358, 1415 (2017).

142. Di Liberto, M., Recati, A., Trivedi, N., et al. Particle-Hole Character of the Higgs
and Goldstone Modes in Strongly Interacting Lattice Bosons. Phys. Rev. Lett.
120, 073201 (2018).

143. Gutzwiller, M. C. Effect of Correlation on the Ferromagnetism of Transition
Metals. Phys. Rev. Lett. 10, 159 (1963).

144. Gutzwiller, M. C. Correlation of Electrons in a Narrow s Band. Phys. Rev. 137,
A1726 (1965).



BIBLIOGRAPHY 112

145. Haldane, F. D. M. Exact Jastrow-Gutzwiller resonating-valence-bond ground
state of the spin-1

2 antiferromagnetic Heisenberg chain with 1/r2 exchange. Phys.
Rev. Lett. 60, 635 (1988).

146. Shastry, B. S. Exact solution of an S =1/2 Heisenberg antiferromagnetic chain
with long-ranged interactions. Phys. Rev. Lett. 60, 639 (1988).

147. Bünemann, J., Gebhard, F. & Thul, R. Landau-Gutzwiller quasiparticles. Phys.
Rev. B 67, 075103 (2003).

148. Krauth, W., Caffarel, M. & Bouchaud, J.-P. Gutzwiller wave function for a model
of strongly interacting bosons. Phys. Rev. B 45, 3137 (1992).

149. Sheshadri, K, Krishnamurthy, H. R, Pandit, R, et al. Superfluid and Insulating
Phases in an Interacting-Boson Model: Mean-Field Theory and the RPA. Euro-
phys. Lett. 22, 257 (1993).

150. Bandyopadhyay, S., Bai, R., Pal, S., et al. Quantum phases of canted dipolar
bosons in a two-dimensional square optical lattice. Phys. Rev. A 100, 053623
(2019).

151. Rey, A. M., Burnett, K., Roth, R., et al. Bogoliubov approach to superfluidity of
atoms in an optical lattice. J. Phys. B 36, 825 (2003).

152. Macrı̀, T., Maucher, F., Cinti, F., et al. Elementary excitations of ultracold soft-
core bosons across the superfluid-supersolid phase transition. Phys. Rev. A 87,
061602 (2013).

153. Hsueh, C.-H., Lin, T.-C., Horng, T.-L., et al. Quantum crystals in a trapped
Rydberg-dressed Bose-Einstein condensate. Phys. Rev. A 86, 013619 (2012).

154. Kibble, T. W. B. Topology of cosmic domains and strings. J. Phys. A. Math. Gen.
9, 1387 (1976).

155. Zurek, W. H. Cosmological experiments in superfluid helium? Nature 317, 505
(1985).

156. Dziarmaga, J. & Zurek, W. H. Quench in the 1D Bose-Hubbard model: Topo-
logical defects and excitations from the Kosterlitz-Thouless phase transition dy-
namics. Sci. Rep. 4, 5950 (2015).

157. Baier, S., Mark, M. J., Petter, D., et al. Extended Bose-Hubbard models with
ultracold magnetic atoms. Science 352, 201 (2016).

158. Van Oosten, D., van der Straten, P. & Stoof, H. T. C. Quantum phases in an
optical lattice. Phys. Rev. A 63, 053601 (2001).

159. Elstner, N & Monien, H. Dynamics and thermodynamics of the Bose-Hubbard
model. Phys. Rev. B 59, 12184 (1999).

160. Hohenadler, M, Aichhorn, M, Schmidt, S, et al. Dynamical critical exponent of
the Jaynes-Cummings-Hubbard model. Phys. Rev. A 84, 041608 (2011).

161. Toth, E, Rey, A. M. & Blakie, P. B. Theory of correlations between ultracold
bosons released from an optical lattice. Phys. Rev. A 78, 013627 (2008).

162. Fölling, S., Gerbier, F., Widera, A., et al. Spatial quantum noise interferometry
in expanding ultracold atom clouds. Nature 434, 481 (2005).



BIBLIOGRAPHY 113

163. Rom, T, Best, T., Van Oosten, D., et al. Free fermion antibunching in a degener-
ate atomic Fermi gas released from an optical lattice. Nature 444, 733 (2006).

164. Keil, M., Amit, O., Zhou, S., et al. Fifteen years of cold matter on the atom chip:
promise, realizations, and prospects. J. Mod. Opt. 63, 1840 (2016).

165. Pritchard, D. E. Cooling neutral atoms in a magnetic trap for precision spec-
troscopy. Phys. Rev. Lett. 51, 1336 (1983).

166. Helmerson, K., Martin, A. & Pritchard, D. E. Laser cooling of magnetically
trapped neutral atoms. J. Opt. Soc. Am. B 9, 1988 (1992).
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