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ABSTRACT

This thesis investigates class field theory for one dimensional fields and
higher dimensional fields. For one dimensional fields we cover the cases
of local fields and global fields of positive characteristic. For higher dimen-
sional fields we study the case of higher local fields of positive characteristic.

The main content of the thesis is divided into two parts.

The first part solves several problems directly related to Neukirch’s ax-
iomatic class field theory method. We first prove the famous Hilbert go
Theorem in the case of tamely ramified extensions of local fields in an ex-
plicit way. This approach can be of use in understanding the role of the ring
structure as opposed to the role of multiplication only in local class field
theory. Next, we prove that for every local field, its ‘class field theory’ is
unique. Lastly, we establish the Neukirch axiom for global fields of positive
characteristic, which leads to a new approach to class field theory for such

tields, an approach that has not appeared in the previous literature.

There are two main successful directions in higher local class field theory,
one by Kato and another by Fesenko. While Kato used a technical coho-
mological method, Fesenko generalised the Neukirch method and gave the
tirst proof of the existence theorem. In the second part of the thesis we deal
with the third method in class field theory that works in positive character-
istic only, the Kawada-Satake method. We generalise the classical Kawada-
Satake method to higher local fields of positive characteristic. We correct
substantial mistakes in a paper of Parshin on such class field theory. We de-
velop the first complete presentation of the theory based on the generalised

Kawada-Satake method using advanced properties of topological Milnor



K-groups. These advanced properties include Fesenko’s theorem about re-

lations of topological and algebraic properties of Milnor K-groups.
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INTRODUCTION

1.1 OVERVIEW OF CLASS FIELD THEORY

One of the greatest tasks of number theory is a complete understanding
of the absolute Galois group of the rationals. This fundamental problem is
extraordinarily difficult and we cannot expect to answer it anytime soon. At
the same time, we have a comprehensive answer in the case of the maximal
abelian quotient of this absolute Galois group. This answer is provided by
class field theory which is the top achievement of algebraic number theory
in the 20th century. Comparing with other parts of algebraic number theory,
class field theory has had by far the largest number of applications which
include those in the study of class numbers, cyclotomic fields and Iwasawa
theory. Objects used in class field theory[| play central role in Iwasawa-Tate
theory of zeta integral and their study of fundamental properties of the
Dedekind zeta function. This theory played a key role in the development
of the Langlands program.

Class field theory has its roots in Gauss’ quadratic reciprocity law. Class
tield theory studies abelian extensions of global fields such as number fields
(characteristic 0) and the function field of a smooth projective curve over a
finite field and number fields (positive characteristic). Contributions from
Kronecker, Weber, Hilbert, Takagi, Artin, Hasse, Chevalley lead to proofs
of its main theorems by the end of the 1930s. One of the key objects in

Tadeles and ideles



1.1 OVERVIEW OF CLASS FIELD THEORY

class field theory is the reciprocity map ¥x: G(K"/K) — Cx where Ck is
the idele class group of the global field K| The reciprocity map induces
an isomorphism Cx/N;,xCr = G(L/K)® for any finite Galois extension
L/K. It was understood in the 1930s that in order to have a comprehensive
class field theory it was important to study abelian extensions of local fields,
i.e. the completion of global fields with respect to its places. Even though
certain parts of global class field theory were derived before the emergence
of local class field theory, it became standard to develop the local theory first
and then to use it to construct the global theory. If K is a global field, then for
each place P there is a corresponding local field Kp. For each local field Kp
one has a local reciprocity map ¥p : Kj — G(Lyp/K p)? for Galois extension
Ly/Kp. The idele group Ix = []p Kj naturally contains the multiplicative
group of the original global field K* so the idele class group Ck := Ix/K*
is well-defined. Then the global reciprocity map ¥x : Cx — G(K*/K) is
defined as product of the local reciprocity maps ¥p. Artin’s reciprocity law
says that the product vanishes on the diagonal image of the global elements
K*.

Another crucial part of class field theory is the existence theorem, which
provides a one-to-one correspondence between finite abelian extensions of
the ground field and open subgroups of finite index in the idele class group
(in the case of global fields) and in the multiplicative group of the field (in
the case of local fields).

The cohomological method in class field theory was developed in the
1950s. It was a cohomological rephrasing of the Hasse method to use the
Brauer group. This method uses Tate cohomology groups H'(G,F) for
each i € Z, which are slightly different from the usual Galois cohomol-
ogy groups. The (inexplicit) cup product with 2nd cocycle gives a map
HA'(G,F) — H'™?(G,F). One of the key steps in the proof is that there is
an isomorphism H?(K*?/K) = Br(K) & Q/Z. This method can be found

2The map is called the reciprocity map since it is a far reaching generalisation of the

Gauss reciprocity law.



1.1 OVERVIEW OF CLASS FIELD THEORY

in many texts including [4, Ch 6]. However, it hides fundamental arith-
metic features of number fields behind cohomological computations. One
of its key drawbacks is its lack of explicitness: it remains a mystery what
is the Galois automorphism to which an element of the idele class group is
mapped to via the global reciprocity map.

Generations of number theorists were interested to deduce main results
of class field theory from as few axioms as possible. Among such ap-
proaches three are very famous: cohomological class formations (Artin—
Tate), the Kawada—Satake class formations in positive characteristic, the
Neukirch class field theory axioms. These three axiomatic approaches will
be reviewed in this thesis (sect. 2.1, 4.1, 3.1 resp.). The advantage of
Kawada—-Satake’s approach to class field theory in positive characteristic
is that it is much more explicit and more elementary. Kawada and Sa-
take proved in [20] that class formations exist for general characteristic p
fields. The key aspect of this approach is to work with B(K)”" where B(K) =
lim (W, (K)/ZW,(K)) for any characteristic p field K and to use Witt du-
ality which gives a continuous and non-degenerate pairing G*? x B(K) —
Q/Z. This method also works for local fields of positive characteristic. It is
interesting that no paper in geometric Langlands correspondence in positive
characteristic uses generalisations of the Kawada-Satake method.

A general axiomatic approach to class field theory, in all characteristics,
was developed by Neukirch. His method can be viewed as a culmina-
tion of efforts of many mathematicians (Hasse, Artin, Tate, Kawada, Sa-
take, Hazewinkel, Iwasawa) to clarify and simplify class field theory and
make it very explicit. Neukirch proposed a very compact group theoretic
axiom which implies the reciprocity map for the fields under investigation.
More specifically, given a field k, he proves that if a G(k*F /k)-module A
satisfies very simple properties then we immediately get a reciprocity map
Ag := ACK/K) 5 G(K®/K) satisfying the desired properties. The key to
this theory is the existence of a Z-extension of the ground field (such as the

maximal unramified extension of a local field) and of a so called henselian



1.1 OVERVIEW OF CLASS FIELD THEORY

valuation (which is not necessarily ‘henselian” in the usual sense) with re-
spect to this extension. One advantage of this method is that it gives a
very explicit map between the domain of the reciprocity map and the Ga-
lois group. In his several famous Springer books Neukirch checked that his
axiomatic approach works well for local fields and global fields of character-
istic zero. However, he did not publish a proof in the case of global function
tields. This will be discussed in Ch 3. In the same chapter we will also
discuss certain twisted local class field theories and tame local class field
theories.

There are various generalisations of class field theory. Perhaps, the three
most important generalisations are the Langlands program, higher class
tield theory, anabelian geometry. All of them are approximately 50 years
old.

The Langlands program came from the point of view of representation
theory. One of its main conjectures says that for a number field K there
is a certain correspondence between a certain class of representations of
GL,(Ag) and n-dimensional complex linear representation of the abso-
lute Galois group of K. However, the Langlands correspondence does not
include any generalisation of the existence theorem. While fundamental
achievements have been attained in positive characteristic, most fundamen-
tal problems remain open in the case of number fields. Perhaps, the main
achievement for number fields so far has been the very partial case of the
modularity of elliptic curves over rationals established by Wiles and Taylor.
Later, Breuli, Conrad, Diamond and Taylor proved the full Modularity the-
orem as well. There is also a local version of the Langlands program, but
this was not developed by Langlands. There is also a generalisation of lo-
cal class field theory which works for (generally non-abelian) arithmetically
pro-finite extensions of a local field; this was developed by Fesenko and

then extended by Ikeda and Serbest. [}

3See [8],[z0] and part II Ch 9 of [13] for Fesenko’s work and [17] for Ikeda and Serbest’s

generalisation.



1.1 OVERVIEW OF CLASS FIELD THEORY

Anabelian geometry is another generalisation of class field theory. It stud-
ies rigidities of number fields in the sense of how the knowledge of the ab-
solute Galois group of a number field restores the number field. Here the
main result is the Neukirch-Ikeda—Uchida theorem (see [28, Ch 12]) which
says that an isomorphism of a number field K corresponds to an outer au-
tomorphism of the absolute Galois group of K. Anabelian geometry also
studies a similar problem (posed by Grothedieck) for hyperbolic projective
curves over number fields, here the main theorem was proved by Mochizuki
using some p-adic Hodge theory. A version of anabelian geometry called
mono-anabelian geometry was developed by Mochizuki. One of key con-
cepts is mono-analytic structure, when one starts with a ring and then for-
gets addition, working with the multiplicative structure only, and eventu-
ally restoring the ring from the knowledge of the multiplicative structure.
One of the developments in modern mathematics is a recent inter-universal
Teichmiiller theory(IUT) of Mochizuki, which is based on mono-anabelian
geometry. The development of anabelian geometry helped to clarify the
meaning of axiomatic approaches to class field theory. In the first approx-
imation, the way how one deduces main results of class field theory from
class field theory axioms depends on the multiplicative structure only, not
on the ring structure. However, to establish the axioms of class field theory
one has to use the ring structure of the global and local fields. Fesenko’s
talk on this issue was given at the RIMS TUT Summit workshop in 2016/
This issue will be discussed in Ch 3.2.

Another generalisation of class field theory is higher class field theory. It
studies abelian extensions of the higher dimensional global and local fields
such as the function fields of an integral schemes of finite type over Z or
higher local fields. When the dimension is one, this is just the classical
class field theory. This theory was contributed to, in chronological order,
by Lang, Ihara, Parshin, Kato, Saito, Fesenko and other researchers. Higher

class field theory is a very non-trivial generalisation of class field theory,

4See [12] which is the power point presentation from the workshop



1.1 OVERVIEW OF CLASS FIELD THEORY

since various properties in the classical theory do not hold any more. For
n-dimensional fields, instead of the multiplicative group of the field or the
idele class group one uses the Milnor K;-groups or topological Milnor K-
groups or their adelic versions (for more detail see 2.3). We still do not have
a full knowledge of the structure of the Milnor Kj-groups or topological Mil-
nor K,-groups. In fact, some of the information about them, such as Hilbert
Theorem go comes from the famous theorem of VoevodskyP| However, we
know much more in positive characteristic. The Galois descent, which plays
the fundamental role in dimension one, does not hold for higher dimen-
sional fields : for a finite Galois extension L/F of n-dimensional fields, Ga-
lois invariant elements of K;, (L) are not isomorphic to K;,(F). One can define
adeles for higher global fields, and in dimension two there are two types of
adeles: geometric adeles and analytic adeles. See [11] for the details.

Higher local class field theory started with Kato’s papers published in
1979 and 1980 ([18]). Independently, Parshin proposed a simpler way to
deduce higher local class field theory in positive characteristic in [30] and
[31]. At the same time, Fesenko constructed an alternative higher local class
tield theory of more explicit nature [5] and [6]. Objects used in higher class
tield theory (and in adelic approach to it developed by Fesenko) play central
role in Fesenko-Iwasawa-Tate theory of zeta integral of two dimensional
arithmetic schemes and his study of fundamental properties of the zeta and
L-function of the schemes and their generic fibre. This theory is expected to
play a key role in the development of a two dimensional generalisation of
the Langlands program.

These three approaches to higher class field theory correspond to the
three aforementioned methods in one dimensional class field theory. The
cohomological approach is generalised by Kato, which remains to be the
only method which has been extended to higher global structures fully. For
each i € Z-o, Kato defines higher cohomology groups H'(F) for a higher

5The theorem which was originally known as (motivic) Bloch-Kato conjecture before

its proof by Voevodsky and many other mathematicians.



1.2 SUMMARY

local field F, which have the property that if the dimension of F is d, then
H*1(F) = Q/Z. These groups generalise the Brauer group, but unlike the
Brauer group, they do not share the same central role in algebra. However
the calculation involved in the proofs of Kato’s theory are very complicated
and the reciprocity map constructed by this method is not explicit, simi-
lar to the one dimensional cohomological approach. Fesenko generalised
Neukirch’s method. He uses topological Milnor K-group (K" -group) in-
stead which is a quotient group of the Milnor K-group. Neukirch’s axiom
does not work directly since the natural map K,” (F) — K" (L) is not neces-
sarily injective when L is an extension field of F. Fesenko’s axiom takes care
of this and as in Neukirch’s axiom, an explicit reciprocity map is developed.
He also proves the existence theorem using sequentially saturated topology.
[5] and [6] contain the first published results on existence theorem for higher
local fields. Parshin in [30] proposed an approach to higher local class field
theory for characteristic p fields, by working with Witt vectors and gener-
alising Kawada and Satake’s method. His contributions included the first
definition of the topological Milnor K-group, however, his definition was
wrong for topological reasons and it was corrected in Fesenko’s papers ([9]).
Unfortunately, there were other fundamental flaws in Parshin’s approach
such as a serious gap in the use of his norm map and incorrect topology.
Chapter 4 contains the first detailed presentation of a corrected version of
Parhin’s approach to higher local class field theory in positive characteris-
tic. Previously, Syder developed local-global class field theory in the case of

characteristic p and dimension 2 in [33].

1.2 SUMMARY

The main contents of this thesis is divided into two chapters. The first
part (Ch 3) mainly investigates various central open questions related to
Neukirch’s abstract class field theory and to explicit class field theory in

general. We start by giving a detailed exposition of his theory.
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We note that Neukirch’s abstract class field theory does not use ring struc-
tures. Thus, the class field theory mechanism (i.e. deriving the reciprociy
map and its properties from class field theory axioms) could be considered
to be mono-anabelian in the sense of mono-anabelian geometry. However,
in order to verify the class field theory axioms for local fields, one needs
to use the ring structure. It is an open question to find exactly how much
ring structure is needed. On the example of proving Hilbert Theorem 9o
explicitly in the case of tamely ramified extension of local fields we demon-
strate some of key aspects. We answer a question Neukirch himself asked
around 1995. There are two Z-extensions of Qp and he asked whether it is
possible to develop explicit class field theory using the Z-extension which is
not unramified, in particular whether it is possible to construct a henselian
valuation with respect to this other Z-extension. We prove that this is not
possible. Then we finish the first chapter by establishing class field theory
in global fields of positive characteristic using Neukirch’s axiomatic method.
All of this has never been published before.

The next chapter (Ch 4) is dedicated to higher local class field theory of
characteristic p using a generalisation of Kawada-Satake’s method. We note
that the first section of this second chapter is basically the contents from
[20]. In order to develop this theory we had to modify several proofs and
at times to take a different approach to previously published results. We
tix all the gaps and mistakes in Parshin’s approach. We note that [13, Ch
9] suggested how one could fix them but we use our original method and
deviate from some of those suggestions.

One of the problems with Parshin’s work is that he assumed that the
usual topology for higher local fields can be used in higher class field theory.
However, as was observed by Fesenko, we need to work with the sequen-
tial saturation topology instead. One of key fundamental results we use is
Fesenko’s theorem that the quotient of topological K-group can be defined
algebraically (Theorem [4.2.5), see [9] . The proof of this theorem uses p-adic

Hodge theory. Using this theorem one immediately proves that the norm
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map in the usual Milnor K-theory induces a norm map on K,tfp-groups. In
order to prove a crucial property of the reciprocity map (Theorem [4.2.12),
we need the fact that Parshin’s definition of the norm map coincides with
the one induced from Milnor K-group. Parshin also overlooked that this

fact was required in his proof in [31]. We fix all these mistakes.



PREREQUISITES

This thesis contains results from several papers and surveys on class field
theory on various types of fields. In this chapter we collect some back-
ground knowledges. We note that we will usually use the letter k or K for
one dimensional fields, F for higher local fields and L for any extension
tields. Also for whole of this thesis we will denote the Galois group of L/K
as G(L/K).

2.1 GENERAL CLASS FORMATION

Let ko be a field, which we will call the ground field, () a fixed infinite
separable algebraic extension of kg and t = t(k/ko) the set of all subfields
k of Q) containing ko such that [k : ko] < co. We emphasise that Q) does not
have to be the separable closure of kg. For k € t, let E(k) be an abelian group
satisfying the following three axioms:

1. For each pair k, K € t with k C K there is an injective homomorphism
¢r x of E(k) into E(K). Moreover if k C K C L, ¢k 0 prx = P L-

2. If K/k is a Galois extension then G = G(K/k) acts on E(K) and
¢rx(E(k)) = E(K)®. Moreover, if k C K C L and L/k and K/k are Ga-
lois then for all ¢ € G(L/k) and f € E(K)

o ¢k,L(f) = pxL(olk- f)

10



2.1 GENERAL CLASS FORMATION

3. Let k,K € t, K/k be a Galois extension of degree n with G(K/k) = G.
Then
HY(G,E(K)) =0, H%(G,E(K)) = Z/nZ.

We refer to these three axioms as the Class Formation Axiom. We note
that axioms for class formation were initially developed by Artin and Tate
but they are quite different from the one presented here[f| Kawada in [19]
develops the above axioms and proves that the two class formation axioms

are equivalent.

Definition. Suppose that E(k) satisfies the axioms above. Then we call {E(k)|k €
t} a class formation for t and each group E(k), the class module associated to t.
Define Ng : E(K) — E(k) to be the usual trace map defined by a — Y_,cc oa for
a € E(K). We may also write Ny for Nk /x) when K/k is a Galois extension.

We state Theorem of Tate which can be found in [1, Ch. 14]. Note that
this proof is based on Tate’s class formation axiom. Here, H' is the Tate

cohomology group. See [1] and [28] for the definition.

Theorem 2.1.1. Suppose that {E(k) : k € t} is a class formation for some t.
Let k,K € t and K/k be a Galois extension with G(K/k) = G. Let ug s be a
generator of H>(G, E(K)). Then for each i € Z, the map a — auy . given by the

cup-product is an isomorphism of groups
A (G(K/k),Z) = A"*2(G,E(k)).
Proof. Omitted. O

Using this Theorem (by letting i = —2) we obtain the main Theorem of

Class Formation:

Theorem 2.1.2. Let {E(k)|k € t} be a class formation for t. Let k,K € t and K/k
be a Galois extension with G(K/k) = G. Then there is a natural isomorphism

G/|[G,G] = E(k)/Ng(E(K)) given by the cup-product.

1See [m] for their axioms.

11



2.1 GENERAL CLASS FORMATION

This isomorphism can be described. For this, we define canonical coho-
mology class. Rest of the content (including the proof) in this section can be

found in [19, Ch. 1]. We consider two cases.
e Case 1. k C L C K, K/k Galois, G = G(K/k) and H = G(K/L)

o Case 2. We assume further that L/k is a Galois extension and F =

G(L/k).

In Case 1, Resg,p; : H2(G, E(K)) — H?(H, E(K)) is surjective and Cory /g :
H?(H, (E(K)) — H?(G, E(K)) is injective. In Case 2 Infr,; : H*(F,E(L)) —
H?(G, E(K)) is injective. Then we can choose a generator &g /i of H*(G, E(K))
for each Galois extension K/k such that Res;,yCk/x = k1 in Case 1 and
Infr /¢ k = [L : k]Ck x in Case 2 hold. We call {k /x the canonical cohomol-
ogy class of K/k. We note that despite its name this is not unique. Then the
isomorphism of Theorem (see [19]) is given by

o mod [G,G] — [] frs(t,o) ' mod NGE(K)
TeG
where fg /i is an arbitrary 2-cocycle in the canonical cohomology class and
the map does not depend on the choice of fg /.
The inverse of the isomorphism of Theorem yields a surjective ho-

momorphism

(,K/k): E(k) — G%
with kernel NgE(K). This map satisfies the below functoriality condition:

Proposition 2.1.3. Let K’ /k’ and K/ k be finite Galois extensions such that K C K’

and k C k. Then we have the commutative diagram:

E(K) ( K /k) G(K' /K
Nc(k//k)[ ‘
E(k) (K70 G(K/k)®

12



2.2 WITT VECTORS

Let Q% (k) be the maximal abelian extension of k in Q). Then we can
define a symbol

(a,k) = lim(a,K/k) for a € E(k).
K/k

The map a — (a, k) gives a homomorphism @y called the Generalised Norm
Residue map. The image of ®; in G(Q“? (k) /k) is dense, since for any finite
extension K/k, G(K/k) C im(®y) but the kernel is not necessarily 0. Again

for the details see [19]. We will use these extensively in Ch 4 of this thesis.

2.2 WITT VECTORS

Here we define and state basic properties of Witt vectors. By Witt vectors
we mean p-Witt vectors which is the original object defined by Witt. There
has been generalisation of this, which is often denoted the big Witt vectors
and this will not be used in this thesis. Contents in this section is taken
from [14, Ch 1] unless stated otherwise. See Harder’s text [15] for another

presentation which gives more motivation.

2.2.1  Construction of Witt Vectors

Let k be a field and let p be a prime number. A Witt vector over k is
a sequence (xg,x1,x,---) of elements in k. We aim to put a ring struc-
ture on the set of Witt vectors W(k). First we define a Witt Polynomial
Wh(Xo, X1, X2, -+, Xn) for each n > 0 by the formula

n . n—i
Wi(Xo, -+, Xn) = Y_p'XP .
i=0
Then (Wp(x0), Wi (x0, x1), Wa(xo0, X1, x2), - - - ) is called the ghost component
of the Witt vector and will be denoted (x(9), x(1),x(2),...). Roughly speak-
ing we will obtain the ring structure on W (k) from the ring structure of the

ghost component.

13
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To construct Witt vectors more formally, let R be an arbitrary ring and let
p be a prime. We define (R){ as the set of all sequences (a;);>o where a; € R.
Then similarly to the case where k is a field we can define a map from (R)’
to (R)Y given by (a;) ~ (al)) where al!) is given as above. This map is a
bijection if p is invertible in R. Now we state a technical Proposition which

is the key for the construction of W(R) for a general integral domain R. Let

A=ZXo,-, Xun, Yo, -, Yu]
Proposition 2.2.1. There exist unique polynomials
WS (KXo, X, Yo, -+ Yu) €A, n >0
satisfying the equations
Wa(Xo, -+, Xu) # Wa(Yo, -+, Yu) = Walwg, -+, w})
for n > 0, where * = + or * = x. Moreover the polynomial
wr(z*)(XO/ e X, Yo, Y — w,(q*)(Xg,- .. lxﬁ,yé’,. .. ,Yf;)

belongs to pA.

Proof. Can be found in [14, Ch 1]. Note that wéﬂ = Xop+ Yo and w(()x) =

XpYp and we can construct the rest inductively but the details will be omit-

ted. O

Using this we can give a ring structure on (R)’ by the following rule:

(a;) * (b)) = (w0 (a0, bo), '™ (ag, a1, by, br), - - - )

(%)

where w*) is the image of the polynomial w;’ € A under the canonical

i
homomorphism Z — R.
If p is invertible in R, then the set of Witt vectors form a ring and the
ghost map which sends Witt vector to the ghost component is a bijection.
In general, when p is not invertible in R, the property of the set (R)§ of

being a commutative ring under the operation +, x defined above can

be expressed via certain equations for the coefficients of the polynomials
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2.2 WITT VECTORS

wl.(*) € R[Xo, X1, -+ ,Yo,Y1---]. This implies that if a ring R satisfies these
conditions, then same is true for its subrings, quotient rings and any poly-
nomial ring over R. Note that every ring can be obtained this way from a
ring R in which p is invertible. Thus, we can deduce that under the im-
age in R of the above operations for R the set (R){’ is a commutative ring
with unity (1,0,0, - - - ). Then this ring is called the Witt ring of R which we
will denote by W(R). Now we define the ghost component of Witt vector
X € W(R) in this case. Let X be an element of W(R) such that its image
in W(R) is X, where R is the appropriate ring of characteristic 0. Then the
ghost component of X is defined to be the image of the ghost component of

X in (R)g.
2.2.2  Properties and Operations on Witt Vectors

From now on we assume that R = k where k is a field of characteristic p > 0.
Lemma 2.2.2. Define the maps V : W(k) — W(k), F : W(k) — W(k) by the
formulas
V(xo,xll. ) = (O/xO/xll"‘)
F(xo,x,-+-) = (20, )
We denote F —id = &7 and let X,Y € W(k). Then F(XY) = F(X)F(Y), V(X +
Y)=V(X)+V(Y), p-X=FV(X)=VF(X) =V(X)+ 2V (X) and
pt- X =V"(X)+ 2Xo
for some suitable X.

Proof. All these properties follow from properties of wl.(*). O

Put W, (k) = W(k)/V"(W(k)). This is a ring consisting of finite sequences
(ao,- - ,a,-1). The maps V, Z, F can all be defined over W, (k) in an obvi-
ous way. Now we define a surjective ring homomorphism A : W,(k) —

W,,_1(k) by the formula

A(x()/ X1, /xn—l) - (xOI X1, ,xn—z)

15



2.2 WITT VECTORS
whose kernel is V"1 (W (k)). It can be deduced that on W,, (k)
PoV=VoA, PoA=A0oP, VoAo XX =p- X.

Now we state a fundamental result on Witt Vectors which constructs local

field of characteristic 0 from a finite field.

Proposition 2.2.3. Let k = Fn. For a Witt vector X = (xg, x1,---) € W(k) put
o(X) =min{i:x; #0}ifa #0, v(0) = oo.

Let F be the field of fractions of W(k) and v : F* — Z the extension of v from
W (k). Then v is a discrete valuation on F and F is a complete discrete valuation
field of characteristic 0 with ring of integers W (k) and residue field isomorphic to

k. In fact F is isomorphic to the unramified extension of Q, of degree n.
Topology on W(IF;) is defined by taking
{(V'(W(F;)):n=1,2,---}

as the fundamental system of neighbourhoods of 0. Then W(IF;) is a com-
pact group, and its topology coincides with the usual topology if we identify
W(IF;) with the ring of integers of the appropriate local field.

Now we finish by stating a Theorem of Witt which classifies cyclic p-

extensions of k.

Theorem 2.2.4. Let K be a cyclic extension of degree p". Then K is given by
K= k(yOIyll o /yn—l) where

f@(yO/ylz e /]/n—l) - (x01x1/' o /xi’l—l) X; € k(l - 0/1/' N — 1)
Conwversely all such extensions are cyclic of degree p" if xo ¢ k.
We often write K = k(2271X,,) if X, = (xo,*++ , Xn_1)-

Proof. Can be found in [34]. O
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2.2 WITT VECTORS

Remark. We finish by making two remarks. The generator of the Galois group can
be explicitly written down. Namely the group G(K/k) is generated by o which

acts as follows:

o(Yo, Y1, Yn-1) = Wo, Y1, ,Yn—1) +(1,0,0,---,0).

Second remark is that we can generalise Theorem Generally, let C, be
a finite submodule of Wy (k)/ PW, (k). Then K = k(2 'a, : a, € Cy) is
an abelian p-extension of k and G(K/k) = C,. The proof of this more general

statement can be found in [23].
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2.3 HIGHER LOCAL FIELDS AND MILNOR K-GROUPS

2.3 HIGHER LOCAL FIELDS AND MILNOR K-GROUPS

Here we provide basic information about higher local fields and their Mil-
nor K-groups. We note that merely reading this section cannot possibly
replace the proper study of higher local fields since we only state the min-
imal information which is required in this thesis. Good introductory texts
include [25], which gives a lot of details and [13, Ch 1], which provides

more insight.

2.3.1 Higher Local Fields

We begin by giving a definition of (non-archimedean) local field of higher

dimension.

Definition. Any finite field is a local field of dimension o. A complete discrete
valuation field F is a local field of dimension n > 0 if its residue field F is a local
field of dimension n — 1.

Since a higher local field is more complicated than a usual local field, it
has more structure. We recall that a prime in a complete discrete valuation
tield is an element with valuation 1. In a higher local field we have a se-
quence of local parameters. Let F be a higher local field and as usual let
Or = {a € F : vp(a) > 0} be the ring of integers of F where vr is the

discrete valuation of F.

Definition. Let F be an n-dimensional local field. A sequence of local parameters
t1,--- ,ty € F is a sequence of elements with the following (recursively defined)
properties:

1. t, is a prime of F;

2. ty,- - ,ty—1 € OF, and their reduction t1, -, ty_1 form a sequence of local

parameters for the field F.
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2.3 HIGHER LOCAL FIELDS AND MILNOR K-GROUPS

Then we can state the classification Theorem of higher local fields. Defi-
nition of K{{t}} for a complete discrete valuation field K can be found in

any introductory texts on Higher local fields.

Theorem 2.3.1. Let F be an n-dimensional local field. Then F is isomorphic to a
field of one of the following types:
L. IF;((t1))..((tn)) where ty,- - -, t, is a sequence of local parameters

2. K((t1))---((tn—1)) where K is a finite extension of Q,
3. A finite extension of Qp{{t1}} - - - {{t—1} } ((tr41)) - - - ((ta=1)).

The proof is well known and for this see [25]. We shall only work with the
tirst type since Kawada-Satake’s method only works in positive characteris-
tic. In this case we say IF, is the last residue field of F. We now recall some

elementary facts about higher rank ring of integers of higher local fields.

Definition. Let F be a local field of dimension > n. Then the rank n ring of

integers Ol(jn) is defined recursively as follows: if n = 0 then OI(EO) = F, and if

n > 0 then
Ol(gn) ={xeOr:x¢€ O(fn_l)},
where O(;_l) is the rank n — 1 ring of integers of F. If F is of dimension n we

denote OI(:”) =: Of.

Each Ol(;n) is a valuation ring and hence it has a unique maximum ideal
p%n). We write pr for the maximum ideal of Or. Then we can define the
higher group of principal units Vr of higher local field of dimension 7 to be
Vr := 1+ pr. We can decompose F* further than the usual decomposition
F* = t2 x OF where t is any prime of F. Using the sequence of local pa-

rameters we can obtain further decomposition for local fields of dimension

greater than 1.

Proposition 2.3.2. Let F be an n-dimensional local field and let t1,--- ,t, be a

sequence of local parameters of F. Then

Fx%t‘lzx---xtnzx]F;xVF.
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2.3 HIGHER LOCAL FIELDS AND MILNOR K-GROUPS

Proof. For this, one could prove that O(anlfi) [t = Oénii) and (Ol(gnfi))>< =

(Ol(cn_l_i))X x tZ. These statements can be proved via induction using the
minimum non-zero prime ideal pr = pg) of all Og). Again, see [25] for the

details. 0

2.3.2  Properties of Milnor K-groups of Higher Local Fields

We begin by defining the Milnor K-group and introducing some basic and
essential maps on K, (F). We mainly follow the presentations of [14, Ch 9].

The n-th Milnor K group of a field F, K, (F) is defined as follows:

Definition. We let Ko(F) = Z and Ky(F) = F*. For higher n let I, = ({a1 ®
e Qay € (PX)®”:txi+zx]~:1,forsome1 <i,j<mnandi#j}). Then

K, (F) :== (F*)®"/I,.

We write {aq,- -+ ,a,} for elements of K,(F) and let ¢ : (F*)" — K,(F)
be the symbol map. This map is not surjective in general. It is conventional
to write multiplication in K,,(F) additively when n > 1.

All Milnor K-groups have the following property:

Lemma 2.3.3. 1. {ay, -+ ,an} = 0 if a; +aj = O for some i # j.

2. g, b == g, 0,00} Ky(F) is anti-commutative.

This elementary result will be very useful for calculations in K-groups
later on. Immediately we obtain that {x,x} = {—1,x}. Also with the help
of this Lemma we can prove that K, (IF;) = 0 for n > 1.

Now let F be a complete discrete valuation ring with a prime ¢ and F be its
residue field. Then there is a unique homomorphism 6 : K, (F) — K,,_1(F)
such that 6{ey, -+ ,ey_1,t} = {€1,--- ,€,-1} and 6{€1,--- ,en} =0 fore¢; €
OF and € its image in F. We call § the boundary map. For n = 1, J is

defined to be the same as discrete valuation of F. The explicit definition can

be found in [14, Ch 9].
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2.3 HIGHER LOCAL FIELDS AND MILNOR K-GROUPS

We briefly recall the definition of a norm map for Milnor K-groups. Write
E = F(X) and let v be a non-trivial discrete valuation on E, trivial on F.
Define F(v) to be the residue field of E with respect to v. Recall that (for
instance see [32]) these valuations are in one-to-one correspondence with
monic irreducible polynomials of positive degree over F and 1/X. The latter
corresponds to the valuation v which is defined as v (f(X)/g(X)) =
deg(f(X)) —deg(g(X)) for f, g € E[X].

Let jr,g be the map K, (F) — K,(E) induced by natural injection of fields

F — E. Then we have an exact sequence

] Dy

0 — Ku(F) ™5 Kn(E) =¥ @yso. Kn_1(F(v)) — 0.

The exactness is proved by Bass and Tate. To define the norm map we have
to consider slightly varied sequence 0 — K, (F) Jeig Ky (E) o ®uKy,—1(F(0)).
This sequence is not exact in the terms &,K;,,_1(F(v)) but exact everywhere
else since dy.jr/e(Kn(F)) = 0.

Now introduce the homomorphism
N = &Ny : @Kn—l(F(U)) - Kn—l(F)'

First, let Ny be the identity map of K, (F,,) = K, (F). For all other v let N,

be the map such that the composition
. ~ No
Ku(E)/jE/EKn(F) 5 @o0 Ku-1(F(0) S Ky 1 (F)

coincides with

—0ve,  Kn(E)/jr/eKn(F) = Ky—1(F).

Such homomorphisms N, exist and are uniquely determined. Then N, :

K(F(v)) — K(F) is a homomorphism of K(F)-modules, namely,

No(jr/p(0) (%) - y) = x - No(y) for x € Ku(F),y € Ku(F(0)).
Then we obtain the exact sequence

0
0 = Kn(F) "™ Ky(E) & @K1 (F(0)) X K,_1(F) — 0.
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2.3 HIGHER LOCAL FIELDS AND MILNOR K-GROUPS

So for any finite primitive extension F(«)/F, we have a norm map since
in this case there exists a monic irreducible polynomial f € F[X] C E
such that f(a) = 0. To define the norm map for a general finite exten-
sion L = F(ay,---,an) we put Fyp = F, F; = F;_1(a;). Then there is the
homomorphism Ny, : K, (F;) = Ky(Fi_1), where v; is the discrete valuation
of the field F;_1(X) which corresponds to «;. We now denote this map by
N,,. Then we may define N; ;p = Ny, 0--- Ny, : K;(L) = K, (F). This map
is well-defined; it does not depend on the choice of «y, - - - , a;,. To prove this,
one needs to go through some elementary but lengthy arguments which can
be found in [14, Ch 9]. We state some properties of the norm maps which

can be found in the same text.

Theorem 2.3.4 (Bass-Tate-Kato). Let L/F be a finite extension. Then the norm
map N ,r : Ky (L) — Ky, (F) defined above has the following properties:

1. Np,r coincides with Ny, o -+ Ny, for any «ay,---a, € L such that L =
Flaq, - ap).

2. For every subextension M/F in L/F

Ni;r = Npyro Npym-

3. The map Ny acts on Ko(L) as the multiplication by [L : F] and on K1(L) as
the norm map of fields Ny jp : L* — F*.

4. The composition N ,p o jp,1 coincides with multiplication by [L : F].

5. If L1/ F is a normal finite extension with Ly D L, then the composition jp,r, o
Ny /r coincides with my_; o;, where m is the degree of inseparability of L/F and
0; : K(L) — K(Ly) are induced by distinct embeddings of L in Ly over F.

6. If o is F-automorphism of L, then Ny ;p o0 = Ny /p, where 0 : K,,(L) — K, (L)

is induced by o.

We have the following commutative diagram for all complete discrete

valuation field F and its finite normal extension L.
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2.3 HIGHER LOCAL FIELDS AND MILNOR K-GROUPS

Kn(L) 5L Kn—l(z)
NL/F[ [NL/F
Kn (F) (SF Kn—l (F)

This diagram is commutative since the images of {e,

{€1, -+, €} under df o N ;r and N Fo d; coincide.
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EXPLICIT CLASS FIELD THEORY IN ONE DIMENSION

Neukirch’s abstract and axiomatic class field is important for numerous rea-
sons. Class field theory always admits a canonical isomorphism G(L/K) =
Ak/ N kAL for each finite abelian extension L/ K, where Ak is some appro-
priate domain depending on K, giving a description of the Galois group of
abelian extensions in terms of the arithmetic of the field itself. This map is
given explicitly in Neukirch’s method unlike most other methods available.
Also with cohomological approaches we have to prove many results which
at times seem irrelevant. On the other hand Neukirch’s method is concep-
tually easy to understand and it is clear what each step means to the theory.
Lastly we mention that the class field theory mechanism of Neukirch is

completely group theoretical. We shall discuss this in more detail in Ch 3.2.

3.1 NEUKIRCH’S ABSTRACT CLASS FIELD THEORY AXIOM

Here we recall the main idea behind Neukirch’s method on Class field the-
ory. We shall briefly outline the abstract class field theory Neukirch con-
structs and how this applies to local fields. But before this, we first define
and prove some results on H? and H~!. Any omitted proof in this section

can be found in [27].
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3.1 NEUKIRCH’S ABSTRACT CLASS FIELD THEORY AXIOM

311 H%and H!

In this section we define groups H? and H~! which are essential objects for
Neukirch’s abstract class field theory method. They are existing objects in
cohomological method[|but we define them explicitly so that we do not use
cohomology.

Let G be a group and let A be a G-module. If G is finite then every
G-module A contains the norm group

NGgA = {Nga:= ) _ vala € A}.
ceG

Since TNga = Y ,cg T0a = Nga, we have NgcA C AC. Then we define the
norm residue group

H°(G,A) = A®/NGA.

Now let G be a cyclic group with a generator o. If A is a G-module, then,

in addition to H°(G, A) we consider the group
H (G, A) = N A/IGA

where A = {a € A|Nga = 0} and IcA = {0a —ala € A}. Those two
objects are essential in class field theory and the objects H(G, A) can be
defined more abstractly for all i € Z. See [4] for the full definition.
Another concept which will be very useful is the Herbrand quotient. For
G, a finite cyclic group and a G-module A, we define the Herbrand quotient

of A to be
#H°(G, A)
#H-1(G,A)

provided that both these orders are finite. Here we state two properties of

(G, A) =

the Herbrand quotient:

Proposition 3.1.1. Let G be a finite cyclic group and let 0 -+ A - B — C — 0

be an exact sequence of G-modules. Then

1(G,B) = h(G, A) - h(G,C),

'Tate cohomology group; see for instance [28]
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3.1 NEUKIRCH’S ABSTRACT CLASS FIELD THEORY AXIOM

in the sense that when two of these quotients are defined, so is the third and the

equality holds. If A is a finite G-module, then h(G, A) = 1.

Now we introduce semilocal theory which will be useful for the transition
between local and global class field theory. The rest of content in this section
is taken from [21, p. 183—185].

We consider a finite group G acting on an abelian group A. Assume that

A is direct product of subgroups,

and that G permutes these groups A; transitively. Let G; be the decomposi-
tion group of Aj, i.e. subgroup of elements which fix A;. We call (Gy, A1)
its local component. For each 2 € A we can uniquely write a = Y} ;4;
where a; € A;. For each i we choose 0; such that 0;A; = A;. Then we have
left coset decomposition

We note that each a; € A; can be written as ;4. for a uniquely determined

element a; € Aj.

>~

Lemma 3.1.2. The projection 7w : A — A induces an isomorphism H°(G, A)

HO(Gll Al)

Proof. We first observe that A® consists of all elements of the form
S
Z o;aq
i=1

with a; € Alcl. It is clear that such an element is fixed under G. On the other

hand if a = Y}, 0;a; where a; € A; for each i, is fixed under G, then for a

fixed index j we apply (7]71 and see that a;- = (7]71

11’1 for all j. In particular, an element of AC is

0ja; is the A;-component
of aj_la = a. Hence a} =
uniquely determined by its first component, and thus the projection gives
an isomorphism

G ~ 7G
AC = Af1,
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On the other hand, for a fixed j and a; € A; we have

clojar) =Y ooy = ZUzNQ (a1).
ceG i=1

This shows that Ng(A) consists precisely of those elements of the form

S
Y oiNg, (a1)
i

and thus it is clear that A /Ng(A) = A% /Ng, (A1). O
Lemma 3.1.3. There is an isomorphism H=1(G, A) = H~1(Gy, Ay).

Proof. Leta = Y;_, 0;a; where a; € A;. If we denote a = }7;_; a} we obtain

2) =Y oiNg, (@)
j=1

Thus it is easy to see that Ng(a) = 0 if and only if Ng, () = 0. Therefore
the map

am—«

is a homomorphism

A : KerNg — KerNg,,

which is obviously surjective. We now show that A maps IgA into Ig, A;. If

o € G, then there is a permutation g of the indices i such that
T01 = Og(i) Ts(i)

with some T, (i) € Gq. Hence

AMoa —a) = Z(Tg(i)af —al)

thus proving our assertion. To conclude the proof, it will suffice to show
that if A(a) = 0 then a € Ig(A). However, if &« = a] +--- 4+ a, = 0 we can

write

S
a= Z(O’ia; —al),

i=1
and so a € [GA. O
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Finally, note that if L/K is a finite Galois extension of fields with Galois
group G = G(L/K) then H'(G,L*) = 1. This result is commonly known as
Hilbert 9o theorem and is of huge importance in local class field theory. We

will discuss about this theorem in detail in Ch 3.2.

3.1.2  Abstract Class Field Theory Mechanism

Let kg be a field and G = G(kgep /ko) be its absolute Galois group. For each
finite separable extension K/kg, denote Gx = G(kggp /K). Assume that there
is a Z-extension ko /ko and fix the isomorphism deg : G(ko/ko) = Z.

For every finite extension K/ky we set K = K - ko and fx = [K Nk : kol.

Then the map deg induces another isomorphism

degy = ideg : G(K/K) =2 Z.
fx

Definition. The element gx € G(K/K) with degx(¢x) = 1 is called the Frobe-

nius over K.

For every finite extension L/K we set L = LNK, f; ,x = [L° : K] = ;—;,

@r0/x = ¢k|p0. We have ¢r|g = quIZL/K. Let L = L-K. Then degk : G(K/K) =

Z. induces a surjective homomorphism
degx : G(L/K) = Z,

and we set

¢(L/K) = {7 € G(L/K) : degx(F) € Z~o}.
It can easily be proved that the map
¢(L/K) — G(L/K), &+ 7|y,

is surjective. If o = |, then we call & a Frobenius lift of ¢.
Let A be G-module. We use multiplicative notation on A since it will be

more natural to apply it later on. For each field kg C K C k" let Ax = A®k.
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If L/K is a finite extension, then Ax C A; and we have the norm map
N,k : AL — Ak defined by

Np/k(a) =]]a"

(%
where ¢ runs through a system of right representatives of Gx/Gr. Similarly
to the usual field norm, it can be checked that this norm map is transitive on
towers of field extensions. If L/K is a Galois extension, then A} is a G(L/K)

module and Ax = AS(L/K).

Definition. A henselian valuation of Ay, with respect to deg is a homomorphism
0. Ako -7

with the properties
)v(Ay,) =2ZDZand Z/nZ = Z/nZ for all n € Z,.
ii) v(Ng /k,Ax) = fxZ for all fields K.

Note that the definition does not imply that v is a discrete valuation, and
that what we call “henselian valuation" in this thesis is very different, in
general, from what is called “henselian valuation" in valuation theory.

For every field K, the henselian valuation v : Ay, — Z yields the homo-
morphism

1 N
Z)K:f—KUONK/kO:AK—)Z

with image Z. We say rrx € Ak with valuation 1 is a prime of Ag.
Furthermore, we now assume that G-module A satisfies the following

axiomatic condition:

Class Field Theory Axiom. For every finite cyclic extension L/K

[L:K] fori=0

#H'(G(L/K),A) =
1 fori=—1

Then, for each finite Galois extension L/K we define the reciprocity map

rL/K : G(L/K) — AK/NL/KAL

29



3.1 NEUKIRCH’S ABSTRACT CLASS FIELD THEORY AXIOM

given by

r1/k(0) = Ny k(ms) mod Ny kAL,
where ¥ is the fixed field of a Frobenius lift & € ¢(L/K) of o € G(L/K) and
mty, € Ay is a prime element. Neukirch proves that this map is well-defined

and is a homomorphism.

Remark. We observe that the Class field theory axiom is similar to the 3rd con-
dition of the class formation axiom in Ch 2.1. However they are quite different
in two regards. One difference is that we do not need to calculate the group
H(G(L/K), A) but instead it suffices to only consider its cardinality. This means
verification process is a lot simpler. Another difference is that we only need to check
the axioms in the case of cyclic extensions | However, class formation can be ap-
plied in more general way. In particular we shall see in the next chapter that we
can define class formation even when the ‘maximal extension’ does not contain any

Z-extension.

We define a class field theory for such a G-module to be a pair of homo-
morphisms
(deg : G(ko/ko) = Z, v: k§ — Z)
where deg is continuous and bijective and v is a henselian valuation with
respect to deg. Now we are ready to state the main theorem of Class Field

Theory:

Theorem 3.1.4. If L/K is a finite Galois extension, then
rL/K : G(L/K)ab — AK/NL/KAL
is an isomorphism.

The inverse map of rp,x yields a surjective homomorphism (,L/K) :
Ax — G(L/K)™ with kernel Ny /xAr. This map is called the norm residue
symbol of L/K. The norm residue symbol satisfies certain functoriality
conditions. In particular we have the commutative diagram below (for L C

L’ and K C K').

2In fact it suffices to check in the case of cyclic extensions of prime degree.
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,L'/K’
o ) 6wk
Ny /k l
,L/K
Ak ( L/K) G(L/K)

Passing to projective limits, the norm residue symbol extends to any infinite
Galois extensions since we have the above commutative diagram. In the

particular case of the extension K/K we have

Proposition 3.1.5. degx o (, K/K) = vk. In particular (a,K/K) = (PIZQK(Q)-

An another important feature of classical class field theory is the Existence
Theorem. For every field K we introduce a topology in Ak as follows. For
each a € Ak we take the cosets aN} ,x A as a basis of open neighbourhoods
of a, where L/K runs through all finite Galois extensions of K. We call this
topology the norm topology of Ag. Note that vg and Np g are continuous if

L/K is a finite extension. Then we can classify the finite abelian extensions.

Theorem 3.1.6 (Existence Theorem). The map L — A7 = Np,xAk yields
a 1 —1 correspondence between the finite abelian extensions L/K and the open

subgroups N of Ax. Moreover
Li C Ly = M, D My Moty = My N My Moty = M,y - M.

If L is associated to the open subgroup .4 of Ak, then L is called the class
field of A"

3.1.3 Local Class Field Theory

We shall briefly recall results from [27] without proof.

Let ko = F,((T)) or Qy and A = (kj”)*. Thus A{ = K* for any finite
separable extension K/ky. Let v be the usual normalised discrete valuation
of kg and kg = ky". Note that in the characteristic p case ki = lFifp - ko

and in the characteristic 0 case kjj" is obtained by adjoining all roots of unity
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coprime to p. Then there is a canonical isomorphism deg : G (ki /ko) = Z.

Let K be a finite extension of kg. Then one can prove the following:

Theorem 3.1.7. The pair (deg : G(ki" /ko) — Z, v : k§ — Z) is a class field
theory and A = (k" )* satisfies the Class Field Theory Axiom. Therefore, for each

Galois extension L/K of local fields we obtain a canonical isomorphism
rrsk : G(L/K)™ — K* /Np/xL*.
Also the Existence Theorem holds.

Note that the only part which requires work is the proof of the class field
theory axiom. In fact, by Hilbert 9o, it suffices to calculate the Herbrand

quotient only. By the exact sequence
0= U, =L 5 Z—0
it suffices to prove the following:

Lemma 3.1.8. Let L/K be a finite extension of local field and U be unit group of
L. Then we have h(G(L/K),Uy) = 1.

Proof. See Ch 5 of [27]. O

As before, the inverse of 71,k gives the local norm residue symbol
(,L/K):K* — G(L/K)®

with kernel Ny g L*.
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3.2 TAME LOCAL CLASS FIELD THEORY-MONO-ANABELIAN STYLE

One of the themes of anabelian geometry is trying to work with group
structures only, even when the object has more underlying-structure. In
particular when the object is a field, we try to work with its multiplicative
structure only, forgetting about the addition. The classical proof of Hilbert
90 would be an example where this strictly does not apply in that we need
the ring structure of the field even though it is a result about the multiplica-
tive structure only. Thus, the original proof of Neukirch local class field
theory is not done in the mono-anabelian way. In fact this simply would
not be possible in general since the interpretation of the norm map requires
the ring structure of the base field if the extension is wildly ramified. It is
known that the when L/F is a totally ramified extension of degree p, the
interpretation of the norm map on Uf]is very complicated. In particular
addition is essential for this interpretation. (See (1.5) of [14, Ch 3] for a de-
tailed exposition.) However, if we restrict to the tamely ramified extensions,
it might be possible to prove it without much use of additive structure. This
is especially important since the proof of Neukirch-Ikeda-Uchida theorem
requires Local class field theory.

In the last section, Neukirch’s abstract theory was presented in a way
which is conceptually easiest to see in the form of Galois group of fields.
Nonetheless the theory in fact, only requires the group structure; ring or
field structure is not needed to present the axioms of Neukirch. The orig-
inal presentation of Neukirch’s theory makes it clear that this assertion is
true. Instead of the absolute Galois group of a field kg, he uses an abstract
profinite group G and we can think of Gk as a closed subgroup of G where

K is just an index. See [26] for the detail.

35 is the smallest integer such that LHLL) € U; for a prime L and id # o € G(L/F)

us
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3.2.1  Calculation of the Norm group

Now we show that for a local field K, A = (K°)* satisfies the class field
axiom in an explicit way. First we show that #K* /Ny ,xL* = [L : K] for
a cyclic tamely ramified extension of L/K. Of course this is classical but
we include it in here for completeness. The commutative diagrams can be
found in Ch 3.1 and the calculation of norm groups can be found in Ch 4.1
of [14].

Here U; k is defined to be 1 + p% and similarly for U;; where pg is the
unique maximum ideal of Ok. Ak : Ux — K™ is defined to be the residue
homomorphism given by € — € and A;x : U;x — K is defined by 1+
Ysi ath — a;.

Proposition 3.2.1. Let L/K be an unramified extension of local fields of degree n.

Then we have commutative diagrams

UL
L* Z
Np/k k X1
UK
K* Z
A
u, —-—Fj
NL/k Fyn /F,
A
Uy ——— F}
AL
ui,L l qu”
NL/x Tre,. /¥,
AiK
Ujx —— F,

The proof is simple (in [14, Ch 3]) but requires the use of additive struc-
ture of field. Since the norm map and trace map are surjective in finite fields,

NpxkL* = t" x Uk. Thus, we immediately obtain that #K* /Ny ;xL* = n.
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Proposition 3.2.2. Let L/K be a totally and tamely ramified cyclic extension of

local fields of degree n. Then we have commutative diagrams

oL
L* Z.
N1 /x {id
UK
K* Z.
A
u, ——+— F}
Np/k T n
A
Uy ——~— F}
L
uni,L " q
Nr/k X 7
Aik
U; x : F,

Moreover Np,pU; 1 = Np/pUjq 1 unless n ) i.

Here 1 1 is n-power map and X7 is the multiplication by 77 € K. The dia-
grams easily give the description of Ny ;xL* thus we obtain that #K* /Ny /g L*
= n if L/K is a cyclic tamely ramified extension.

Similar diagram exists when n = p. However this diagram is a lot more
complicated and involves explicit use of addition in one crucial case. Thus,
it is fundamentally impossible to analyse the norm map without the use of

the addition in this case|

4Other diagrams also use addition, for instance in order to define A, maps we need
to use the fact that all elements of U; can be written in the from 1+ }; a;t.. Nonetheless
the maps on the RHS of the diagrams in Proposition and are all multiplicative

except for the Trace map of finite field which seems to be necessary.
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3.2.2  Explicit Proof of Hilbert go for Local Fields

Theorem 3.2.3 (Hilbert 9o0). Let L/K be a cyclic extension of fields with Galois
group G = G(L/K) with generator sigma. If N ;xx = 1 then there exists z € L*
such that y/oy = x.

We recall the usual proof of Hilbert go.

Proof. Let L/K be cyclic extension of degree n with ¢ being the generator
of the Galois group. If x € ker(Np,k) then we consider the map z
z+x0(z) + -+ +x0(x) -+ 0" 2(x)0"1(z) =: y. Then one confirms that
xo(y) = y. Since ¢’ are linearly independent there exists z such that y is

non zero. O

This proof is somewhat unsatisfactory from the point of view of mono-
anabelian geometry due to the reason we explained earlier| This is an issue
for mono-anabelian geometry since one wants to forget about the additive
structure. Here we prove Hilbert go for tamely ramified extensions of local
field in an explicit way. By no means is this proof mono-abelian since we
still make use of addition. We shall denote the map y — y/c(y) as (1/0)
instead of the usual notation (1 — ¢) in this proof only. This is because in
this proof we make use of the map y — y — oy as well which would be

more appropriate to have that notation.

Explicit proof of Hilbert 9o for tamely ramified extensions of local fields. Let L/K
be a cyclic extension which is tamely ramified. We recall that the multi-
plicative group of a local field K has a decomposition K* = tZ x Fj x Uk
and elements of Uj x can be written uniquely by the following convergent
product [T;-o(1 + a;t') where a; € pg = F.

Let L/K be an unramified extension of degree n and let ¢ be a prime

element of L which is also a prime of K. Suppose that x € ker(Np i) where

5We also note that the additive version of this theorem relies on the multiplicative

structure, similarly as in the multiplicative Hilbert go.
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x=txaxu@e prp and u € Uy ;). Then this necessarily means that k = 0,
Np,xa =1 = Npxu. We note that Hilbert 90 for finite fields follows easily
from looking at the cardinality. Thus we may assume that x € U; ;. We

observe that
(1/0)(1+ait') = (L+ait) (1 — o (a)t +o(af)t* +- -+ (=1)"o(a]" ) ") + - - -

— 1+ Y (~1)" (@) — ag) (o a) "

Now we suppose that N x(x) = 1 where x = 1+a;t/ +--- and a; # 0.
Then by explicit Calculatiorﬂ we see that a; € ker(TrIFqn /E,) = (1—0)Fg.
Thus, there exists b € F; such that (1/0)(1+0bt/) = 1+a;t/ +---. So
x = ((1/0)(1 + bt (1 + Yis b;t') for some b;, and since this step can be
done iteratively we obtain Hilbert 9o in this case.

Now suppose that L/K is a totally ramified extension of degree 1. Recall
that in this case n|q — 1 and thus group of n-th root of unity is contained
in K*. Also there exists a prime element f of L such that L = K(t) and
t" =: T is a prime of K. Then o(t) = ¢t where ¢ is a primitive n-th root of
unity. Again consider the decomposition L* = % x F; x Uy, An element
a € F is in ker(Np /) if and only if a is a power of ¢ since the norm map
restricted to IF;‘ is simply x7 map. Since (1/0)t =¢ ~1, it remains to prove
that any element x € U such that Ny ,xx = 1 is in the image of (1/0).
Similarly as the unramified case, we make use of the calculation

o0

(1/0)(1+at™) =1+ Y (=1)I(g™ — 1)gmi-Valmi,
i=1
Suppose that x € ker(Np k) and that x = 1+ ajtj + -+ € Ujp\Ujyq, for
some j > 0. If j is not a multiple of n then we can find b; such that
(1/0)(1 + bjt/) = 1+ a;t/ mod t7+1 Using the same argument as in un-

ramified case, we obtain that x € im(1/c0). It now suffices to prove that

®0r we could use the commutative diagram in Proposition Either way this argu-

ment is not free of addition.
7b] = llj(l — 61)71
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x € Uy \Uky+1 cannot be in the kernel of Ny, /K We write x =
Q) X TTisgen (1 + ait) = (14 a5, TF) X [Tisgn (1 + a;t)). Then Ny jgx =
A T % Np sk Tiskn (1 + a;t'). We observe that Ny /g (TTjska(1 + ait))
Uy i1 r and (14 ag,, T € Uy, \Ugpy1 k- Thus we conclude that Ny /xx #
1. O

1+
1+
€

Remark. Here we presented an explicit proof of Hilbert 9o of local fields when the
extension is not wildly ramified. Initially we had hoped to find a completely group
theoretical proof or at least a proof with two parts where one part is addition-free.
However, clearly the proof presented here is very far from it. In fact, after this
investigation, I believe that it is not possible to separate the role of addition, at least
with this ‘naiveP|approach. This is because to do any calculation we need to use the
explicit form of the elements of local field and role of addition is essential in order

to obtain this form.

81n fact this follows immediately by considering properties of A , and the commutative

diagrams in Proposition Here we spell out the argument more explicitly.
9by naive I mean this kind of approach which is simply brute force calculation
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3.3 UNIQUENESS OF CLASS FIELD THEORY IN LOCAL FIELDS

The class field theory Neukirch develops has Z-extension of base field as the
main object in the theory. We recall that the maximal unramified extension
K" of a local field K is a Z extension. However any p-adic fields have
more than one of them so a natural question one could ask is whether a
similar theory can be developed with these other Z-extensions. In fact, I
was informed that Neukirch asked this question to several mathematicians
around 1995. The answer is negative and we present the simple calculation
showing the impossibility.

We recall that a class field theory used in the abstract class field theory
of Neukirch is defined to be a pair of homomorphisms deg : G(K/K) — Z
which is continuous and bijective (for some K> Kandv: KX = Zis
a henselian valuation with respect to deg. We recall that v is a henselian

valuation if im(v) = Z C Z contains Z and for any finite extension L/K,

o(Np/kL™) = fr/xZ
where f; /x = [LNK: K].

Theorem 3.3.1. Let K be a local field. Suppose that (deg : G(K/K) = Z,v :
K* — Z) is a class field theory. Then K = K“* and v is the usual discrete

valuation on K.

Proof. Let 7w be a prime of K and suppose that the residue field of K is
F;. We write K;, for the unique unramified extension of degree n of K for
each 1, namely the extension field of K obtained by adjoining a primitive
(4" — 1)th root of unity. Then we have Ng, kK< = n"% x Uk. We recall
that Ug = ux x Uj and this implies that v(pg) = 0 for any homomorphism
v : K* — Z since Z does not have any non-trivial zero divisor. We now
consider two cases:

Case 1. KD Ky (ie. pr/K =p)

We suppose that there exists a prime ! # p such that K; ¢ K. Then fx, = 1
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so v(Nk,/kK[) = Z. By the description of the norm group of K; defined
above we observe that there exist m € Z and x € Uj such that v(71"x) = 1.
We see that p cannot divide m since if it did, 7"x € Nk, /k, contradicting
the assumption fg,/x = p. Thus, U; is ml-divisible and there exists x" such
that x = x. Then ml x v(7x’) = 1 which is a contradiction. Therefore if
K> Ky then K is the maximal unramified extension of K.

Case 2. K 7 Ky (ie. fx,/xk=1)

Since Kj, is not in K, there exist n € Z~¢ and x’ € U such that v(7"Px’) = 1.
We suppose that p does not divide n. Then v(7tPx''/") = 1/n, which is not
possible. We can repeat this argument to obtain that n must be a power
m—1

of p, say p" . Clearly Kni1 N K = K as well so we can use the same

method as above to conclude that there exist m; > m and x” € U; such that

=13 which in turn

o(tP" x"") = 1. This means v(7t?"' " x) = 0 for x = x
implies that v(U;) D v(Nk,/xK;*) D iZ where i = (p™ — p™).

Now let [ be a prime larger than i. Then v(Ng,,kK) = v(n'4 x Uy) = Z
since it contains both iZ and IZ. Since p does not divide /, U is [-divisible
so the argument used in case 1 can be used again to show an existence of

element in Nx,,xK*, say y such that o(y') = Iv(y) = 1.
Thus we conclude that K = K" O

Remark. As we have mentioned earlier, a local field K necessarily has at least two
Z-extensions. Let K be a Z. extension not equal to K*". Then one may wonder why
the obvious candidate (deg : G(K/K) = Z, v := deg o (,K/K)) is not a class
field theory where ( ,K/K) is the local norm residue symbol which was defined at
the end of chapter 3.1.

We show what happens when K = Q. It is well-known that the abelian part of
the absolute Galois group of Q,, is isomorphic to Z x Zy andthat Z; =, X Zp.
So we can construct the second Z. extension Qp of Qp. However v does not satisfy
the axioms of henselian valuation. This map has image Z. x Z.,, where we consider
Z C [lgzpZy. If we write v explicitly (using the explicit description of local
residue symbol which can be found in [27]) we obtain that for x = p'Cu where &

is a (p — 1)th root of unity and u a principal unit, v(x) = (i,log(u)) where we
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view 7. = [1gp Zq X Zp. Now consider Ky, the unique unramified extension of
degree p of Qp. By construction Kp ¢ Qp so fx,/q, = As shown earlier,
Nk,/q,K; = pP% x Ug. However the image of this norm group under v is

pZ x Zp which is not the same as fx,/q,Z X Ly = Z X Zp.

owith respect to the second Z extension Q,
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3.4 CHARACTERISTIC p GLOBAL CLASS FIELD THEORY
3.4.1 Idele Class Group

Let kg = IF»(T) and let K be a finite extension of kg. Then we define I, the
group of ideles over K to be
[T
P
the restricted product of localisation of K at each place P with respect to
their units Up. K* is naturally diagonally embedded into Ix and therefore
we can define Cx = Ix/K*, the Idele class group. It is well known that the
Idele class group for global fields satisfies the Galois descent condition, that
is to say if L/K is a Galois extension, we have CE(L/ K — Ck.

Define an Idelic norm | - | : Ix — Ry by
alx = [Tqp""
P

where gp = ¢%8(F), in another words, the size of the residue field of Kp.
This is a homomorphism where the image is g2 C R.. We denote the
kernel of this map by I%. By the product formula, K* € IJ and therefore
we can define subgroup CY% of Ck by I$/K*. In exactly the same way as the

number field case it can be shown that CY is compact.
Proposition 3.4.1. Cx = C% x Z.

For the proof of this proposition we introduce new notation/map. For

every place P of K we have the canonical injection
[]p:Kp — Ck
which associates to each ap € K the class of the Idele
aplp=(--,1,1,1,ap,1,1,1,- - -).

Proof. Let P be a rational placd™] of K, for instance the infinite place, and

let Tp be the prime element of Kp. We now define I'x to be the image of

a place of degree 1
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the subgroup generated by [Tp|p in Ck. Then we observe that I'x = Z. By
construction I'g is mapped isomorphically onto g2 C R by the Idelic norm

and hence we obtain Cx = CIO< x I'k. O

We recall that the norm map Np g : I1 — Ix for Galois extension L/K is
defined as followd™?

Np/x(a) =] Ja

for w € Ir. Clearly TNy k() = Ny /() for T € G(L/K), N /g« € Ix.

Proposition 3.4.2. Let L/K be a finite extension and « € Iy, then the local com-
ponents of Ny /i («) is given by
Np/k(a)p = HNLﬁ/Kp(“‘B)-
P

Proof. Same as number field case. See [26, p. 82] H

3.4.2 Class Field Theory Axiom

Proving the class field theory axiom for the Idele class group is a central
step of Class field theory. There have been many different proofs of it in the
case of global fields and they were classically called the first and the second
inequality and we write them explicitly. Let K be a function field over IF,.

Then we have the following two results.

Theorem 3.4.3 (First inequality). Let L/K be a cyclic extension of degree n with
Galois group G = G(L/K). Then h(G(L/K),Cr) = n. In particular

#HO(G, CL) = (CK : NL/KCL) 2 n.

Note the proof is a lot easier than the number field case as there is no
archimedian place. For this proof only we write h(B) := h(G(L/K), B) for
each G(L/K) module B.

2See [26, p. 82] for the definition for general extension
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Proof. Let U = []yp Uy be the unit ideles of L. Clearly U C I{ so UL C I.
The multiplicity of herbrand quotient gives

h(Ip/L*) = h(Iy/I)k(I? /UL)R(UL/L).

Using Proposition and third isomorphism theorem we obtain h(I; /1Y) =
h(Z) = n. Number of divisor classes of degree zero is finite so I? /UL is a
finite group and hence h(I?/UL) = 1.

UL/L is isomorphic to U/ (U N L) as a G-module and hence

W(UL/L) = h(U/(UNL)) =hU)hUNL)".

U N L is the multiplicative group of the constant field of L so is finite. Hence
h(UNL)=1. We can express U as a direct product
u =TT ).
P RBlp
Let Up denote any of Uy for | P then we have for i =0, -1,
H'(G, [T Uy) = H(Gp, Up)
P

for i = 0, —1 by semilocal theory and hence
H'(U) = [ H (Gp, Up).
P

Recall that by Lemma for each finite cyclic extension of local fields
Ly /Kp we have h(G(Ly/Kp), UL,) = 1 and hence h(Gp, Up) = 1 for all P.
Therefore h(U) = [[p h(Gp,Up) = 1 and h(Cy) = n. O

Theorem 3.4.4 (Second Inequality). #H°(G, Cp)|n. In particular #H°(G,Cr) <

n and hence equal to n.

We omit the full proof in this thesis as this is classically known and very
long unlike the proof of the First inequality. The main reference for this is
[1, Ch. 6.4]. We note that in the case when 7 is coprime to p, same argument
as the number field can be used. For the case n = p it requires a different

argument. Also see [35] for the rearranged version.
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3.4.3 Valuation and Deg

Let kg = F,” - F,(T). Then G(ko/ko) is topologically generated by the
map x — x¥, namely the Frobenius, which we shall denote by ¢, and is
isomorphic to Z via the map ¢ — 1. Denote this isomorphism deg.

Then as in the abstract case for each finite extension K of ky we can define
an isomorphism

degx = ideg :G(K/K) = Z
fx

where fx = [KNkg : ko).
Now we define the map [, L/K] for every abelian extension L/K by
[a, L/K] = J(ap, Lp/Kp)
P
where ( , Lp/Kp) is the local norm residue symbol. Note that for each
a = (ap) € Ix, (wp, Lp/Kp) are equal to 1 for almost all P as almost all ap

are units and almost all extensions Lp/Kp are unramified.

Proposition 3.4.5. If L/K and L' /K’ are two abelian extensions such that K C K’

and L C L' then we have the commutative diagram

[, L'/K)
Igs G(L'/K')
Nk /x [ k
,L/K
Ik s G(L/K)
Proof. Exactly same as the number field case. O

In the same way as characteristic 0 case, we can define [ , L/K] for an
infinite extension L of K by taking projective limit. It is clear that Proposition
[3.4.5/ holds for infinite extension as well.

We define homomorphism
vk - Ix — Z

to be the composite of [, K/K] and degk.
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Proposition 3.4.6. For all a € K* we have
[a,K/K] = 1.

Proof. Since [Nk, (a), ko/ko] = [a, K/K] |¢,» we may assume that K = IFp(T).
It suffices to prove [a,IFy:(T)/F,(T)] = 1. View F,n as IF,({,) where {, is a
primitive (p" — 1)th root of unity. Then for each place Q of K and a € K

pUQ(ﬂ)
(a,Kq(8n)/KQ)ln = Cn
by Proposition [3.1.5/ So

(0, K(Zn) /K1 = TT((a Kp(Zn) /Kp) ) Hcfeg =

P

Therefore vk : [x — Z induces a homomorphism
UK : CK — Z

Corollary 3.4.7. vx(C%) = 1. More precisely ker(vg) = CY.

Proof. First we prove that N/ I3 C 1190' Proposition 3.4.2| says for a € Ik,

Ni/ko(@)p = Tlg1p Ny / (ko) (4p)- S0 using Jly |aplp = 1 and [aply =
| Nk/kott5p|p we obtain Ni/x,a € I .

So as in Proposition we can assume that K = F,(T). Let « € I3. At
the end of the proof of Proposition we obtained that («, K({,)/K) =1
if and only if }_p Deg(P)vp(ap) = 0. This condition is equivalent to & € C}.

[]

Proposition 3.4.8. The map vk : Cx — Z has image Z and v is a henselian

valuation with respect to deg.

Proof. Recall that in Proposition we obtained decomposition Cx =
CIO< X TpZ where Tp = [7rp|p and 7p is a prime element for some rational

place P. Using Proposition we know that [Tp, K/K] = (7tp, Kp/Kp) =
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@kp- As P is a rational place ¢k, = ¢k. This automatically implies the first

assertion as

A

Z)K(CK) = UK(FK) = Z)K(TPZ) = degK((p%) =Z CXZ.

Then the first condition for vk being the henselian valuation is satisfied
since vx(Ck) = Z. By Proposition the second condition is also satis-

tied as for every finite extension L/K we have
vk(NL/kCr) = degk [Ny kI, K/K] = fr/xdegr[Ir, L/L] = fr/kvr(Cr).
Since v (CL) = Z we obtain the Proposition. O

Recall that the Idele class groups Ck satisfy the class field theory axiom

of Neukirch and hence we get the following result.

Theorem 3.4.9. For every Galois extension L/ K of function field over a finite field

we have a canonical isomorphism
ri/k : G(L/K)™ = Cx /Ny kCr.
Also the Existence Theorem holds.

The inverse of 11 /g yields the surjective homomorphism
(,L/K):Cx — G(L/K)™.
with kernel Ny ,xCr.

Proposition 3.4.10. If L/K is an abelian extension and P a prime of K, then the

diagram
,Lp/K
K;( r P)G(Lp/Kp)
o
, L/K
Ck L L7K) G(L/K)

is commutative.
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Proof. Exactly same as number field case. O

As in the abstract case, we can take inverse limit of the global norm

residue symbol to obtain map
(,K"/K): Cx — G(K*/K).

The image of this map is not surjective unlike the number field case (for
instance (, K/K) is not surjective since the image is isomorphic to Z). Also
the kernel of this map is clearly given as the intersection of all Ny ,xCr
which can be proved to be connected component of 1 ([1]). This is non-
trivial for number fields but not for global function fields. So (,K"/K) :
Cx — G(K®/K) is injective.
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In this chapter we generalise Kawada-Satake’s approach to higher local

fields.

4.1 KAWADA-SATAKE REVISITED

The paper ‘Class Formation II’ by Kawada and Satake started a new view
on class field theory and motivated many people’s work. However, since it
was written such a long time ago, the notation, style of writing and even
some fundamental terminologies are unusual by modern standards. As this
paper is of such importance it would make sense to rewrite it.

It turns out that for any characteristic p fields, it is possible to define a
class formation using Witt vectors. This class formation deals with the p-
extensions of k. Then we can use this to obtain characteristic p Local and
Global class field theory restricted to p-extensions only. Here we claim no
originality, and unless otherwise stated, the proof in this section was given

in [20].

4.1.1  Class Formation in Characteristic p

We start by fixing some notations. Let k be any field of characteristic p where

p > 0. Fix a separable closure k*? of k. We emphasise that we will only be
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dealing with fields of characteristic p and p-extensions of such fields. So let
k*eP'P be the maximal separable p-extension of k and k"F be the maximal
abelian p-extension of k inside k*P. We will also write G*? (k) = G (k™" /k)
which we may shorten to G*7 if there is no confusion as to which field
extension we are referring to. Also by ® we shall always mean the tensor

product of Z-modules. Consider the group
B(k) = (W(k)/ 2W (k) © Z[p~']/Z

where P := F — id is defined earlier in Lemma All elements of Z[p~!]
can be written uniquely of a/p" wherea € Z, n € Z~,. We also observe that
Zp~1/Z = Q,/Z,. The subsets B,(k) = (W(k)/2W(k)) @ (p™"Z/Z)
are submodules of B(k) and B;(k) C B;,1(k) for all i > 0. We can also see
that B(k) = US> ;B,(k). So B(k) can be seen as the direct limit group of
B, (k) with respect to the canonical injective maps I, : B,(k) — B;41(k).

On the other hand we also have the isomorphism
Pn s Wi (k) / PWo (k) = By ()
defined by
(x0,x1, ..., Xp—1) + PWy(k) — ((x0,x1,...,%,-1,0,0,...) + PW(k))® (1/p").

First we prove that that every element in B, (k) can be uniquely represented

by elements of the form
((x0,x1,-+ ,x,-1,0,0,- - )+ PW(k) ® (a/p")
where 0 <a < p" —1.
Let X = ((xg,x1,- -+ ) + PW(k)) ® (a/p"). Then
X = ((x0,x1," - ,x,-1,0,0,--- )+ PW(k)) @ (a/p")
(" (X, X1, ) + PWK)) @ (a/p")

by Lemma Since multiplication by p" annihilates elements in By (k),
we obtain that every element can be represented in this way. This represen-
tation is unique as multiplication by p" does not affect the first n compo-

nents of X. Then it follows that ¢, is a well-defined homomorphism and is

bijective.
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Now we can define ¢, : Wy, (k) / ZPWy, (k) — Wy11(k)/ PW,41(k) by

Pn = 4’1;11 oly o pn
for each n > 0.
Lemma 4.1.1. §, coincides with V : Wy, (k) / ZWy (k) — Wy 1(k)/ P W11 (k).

Proof. The proof is obtained via the following relatively simple calculations:
wn((XO, X1, /xn—l) + WWn(k))

= ¢, 1y 0 ln((x0, %1, Xn-1,0,- ) + PWy (k) ® (1/p")
= ¢ ((x0, %1, ., xp—1,0,+ -+ ) + PWu (k) ® (1/p"))
= ¢, L (p(x0, %1, X1, 0, - ) + P W, (k) @ (1/p"H1))
= ¢, (0, x5, ,xh_,0,-- )+ 2W(k)® (1/p"t1))

= (O}, X)) + PWya(K)

n—1
and this is exactly same as V((xq, x1,...,x,-1) + PW,(k)) by Lemma
[l

With this we obtain the following commutative diagram:

[ [ L, l
1 $2 Pn
Wi/ PW; —— Wo/ PWy —— -+« — W,/ PW,, —— ---
1 1 lPl 2 2 QL’Z ll)n—l n n lpn

Thus, we can consider B(k) as the direct limit group of (W, (k)/ 2W,(k))
with respect to the group homomorphisms ;. Furthermore we denote by

Py for the injective map Wy, (k) / ZW,, (k) — B(k) which satisfies the relation

Vg1 = Pnoy.
Let o € G**PP. Then o acts on W(k**P'F) by

o (x0, %1, -, Xn, ... ) = (0X0,0X1,...,0Xy,...).
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It is clear that o commutes with V and £.
We let R(W(k)) = {X € W(k"P): X € W(k)}. Our aim is to prove the

following:

Proposition 4.1.2. To each X € R(W(k)) we associate a function
ox : G — W(k)

defined by ¢x(0) = (0 —1)X. Then in fact, px(c) € W(IF,) for all o and X.

Furthermore the map © given by X — ¢x induces the isomorphism
R(W(k))/W (k) = Homeont (G, W(Fp)).

The first part of the Proposition follows from the equation Zo (¢ —1)X =
(0 —1) o X = 0. Before proving the rest of the Proposition we state a
Theorem of Witt on cohomology. We note that in the original text, this

statement was given in several Lemmas.

Theorem 4.1.3. Let K/k be a finite Galois p-extension. Then the r-cohomology
groups of the Galois group G = G(K/k) over W(K) and Wy, (K) (n € Z~y),
namely H" (G, W(K)) and H"(G, Wy, (K)) are all trivial.

Proof. By a well known Theorem in cohomology theory (for instance in [3,
Ch 6.8]) it suffices to prove the assertion for positive r and for arbitrary
subgroup H of G. So let f, be an r-cocycle of H over W(K). Let v be a vector
in W(K) such that Tryv is a unit vector in W(k). Then f, = dg,_1 where

gr—1(0o, - -+ ,00_1) is defined as

(DY frlor,--- o1, T) 0101 - T0) - (Tew(0))) 7

T€EH

The result for W, (K) can be proved in a similar way. O

Proof of Proposition We first show that ¢x is a continuous homomor-

phism. The map ¢x is a group homomorphism as

px(ot) =(c1—1)X=0(t—1)X+ (0 — 1)X = ¢px(0) + ¢x (7).
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To show continuity let X = (xg,X1,...,%s,...) and take a neighbourhood
V*(W(IFp)) of 0 in W(IF,). Since #X € W(k), field K = k(xo,x1,...,X4—1)
is a cyclic extension of k of degree at most p". Thus, G(k?”/K) is an open
subgroup of G®* and ¢x(c) € V*(W(F,)) for all ¢ € G(k*P/K). This is
exactly the definition of ¢x being continuous at Id .

Let f € Homeont(G™P, W(FF,)). Recall that G acts trivially on W(F,).
Thus, f is a continuous 1-cocyle over W(IF,). To prove the existence of an
element X = (xg,x1,...,Xn,...) € W(k®P) such that ¢x = f, we choose
Xo, X1, . .. recursively as follows. Let h; be a canonical homomorphism from
W(IF,) to W(IE,)/V(W(IF,)) = IFp. Then f; = hy o f is a continuous homo-
morphism of G7 into IF,. The kernel of f; is an open subgroup u® of
GP of finite index. This means that there is a field K; with Galois group
G, = G®» /UM, Using Theoremwe obtain f1(0) = (¢ —1)xq for o €
G, for some xy € k%?. Now put Xy = (x0,0,...) and ¢V (0) = (¢ — 1) Xo.
By the choice of xo we have (f — ¢1))(0) € V(W(F,)).

Assume we have chosen X, ..., x,_1 such that (f —¢") € V'(W(F,))
where 4)(”) = (0 —1)X, and X, = (x0,x1,...,%,-1,0,0,...). Then we put

9" V(o) = (f — ¢")(0) mod V' (W(Ey)).

Let U1 be the kernel of ¢, 1. This is an open subgroup of G of
finite index. Then ¢, 1 induces a homomorphism f,; of a finite group
G®» /u"+1) into IF,, by taking its (n + 1)th component. Just as before there
exists x, € k% such that f,, . 1(c) = (¢ — 1)x,. Then put

4)(n+1)(0.) - (U - 1)(x0/x1/ T /xYZIOIO/ e )

This gives (f — ¢+ (c) € V" (W(F,)). In this way, we can choose in-
ductively xg, x1, --- and for X = (x9,x1,...,Xpn,...) € W(k”b"’) we have
f(o) = (¢ —1)X. We observe that X € R(B(k)) since Z(f(c)) = 0.

Finally we prove that © is injective. The kernel of © is precisely the subset
of X such that (¢ —1)X = 0 for all ¢ € G**. This condition is equivalent
to X € W(k). O
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Proposition 4.1.4. The map &7 : R(W(k)) — W (k) induces an isomorphism
R(W(k))/W(k) = W(k)/ ZW(k)

Proof. Consider the equation #X = r for r € W(k). We observe that there
exists X € W(k®?) which satisfies the equation so the map is surjective. The
inverse image of ZW (k) by & is W (k) + 2271(0) = W(k) so & induces the

required isomorphism. O

For f € Homeont(G™P, W(IF,)) we define

gn(0) =no f(o)(mod p")

where 7 is a canonical isomorphism W(IF,) — Z,. So g, is a group homo-

morphism of G.P into Z/ p'Z.

Proposition 4.1.5. Consider the map f @ (s/p") + x where x € Homeont(G"F, R/ Z)
is defined by

X(U) =5 gn(a)/p” (mOd Z) (f c Homcont(Gab/PIW(]P‘p)), = Gab,p)'
This map is an isomorphism, i.e.
Homeont(G*7, W(F,)) ® (Q(p)/z) > Hommeont(G7, R/ Z).

Proof. Firsts we suppose that f ® (s/p") = f' @ (s'/p™) where n < m and
f.f e Homcont(G”b'p,W(le)). Hence, s - p" ™" - f =s'- f' in W(FF,). More

specifically, this is same as saying

s-p" (o f)(e) =nl(s-p" " f(0) =n(s"- f(0)) =5'(no f) (o).

Therefore we have (70 f)(o) - (s/p") = (n- f')(o) - (s'/p™) (mod Z) and
this map is well-defined. By simply working backwards, we obtain the
injectivity.

Let f1 ® (s1/p™) and f, @ (s2/p") be elements of Hotmcont (G, W(FFp)) ®
(QP)/Z) and let x; and x» be elements in Honto(G™P,R/Z) which

corresponds to them. Furthermore we assume that n;y = n; = n and
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we write g, = 1o f;. Then x;(0) = s;-gi,(0)/p" (mod Z) so x1x2 =
(s1-810(0) +52-g24(0))/p" (mod Z). On the other hand

(fi®(s1/p") - (2@ (s2/pP")) = (s1f1 +52£2® (1/p"))

so we obtain that the map is a homomorphism.

We now show that x is continuous. For f € Homamt(G”b'V W(F,)) we
can choose an open subgroup U of G such that f(U")) VHW(Ep)).
Then g,(¢) = 0 (mod p") holds for ¢ € U™ which implies x(¢) = 0 for
o € U™ hence we obtain the continuity of x.

Now we prove that this map is surjective. Any element x; € Homc,mt(G“b'V,
R/Z) is of a finite order, since G**7 is totally disconnected. So if x; has

order p™ we may write
x1(0) = (ag(0) + a1 (a)p + -+ am, (@) p™ 1) /p™ (mod Z).

Then there exists f, € Homeont(G™P, W(IF,)/V™(W(F,)) such that 5 o

fm(0) = x(0) (mod p™). We can extend fy,,(0) to f(0) = ¢x(0)

€ Homeont(G**, W(F,)) by choosing X € k“ suitably. Hence we get that
(1/

X1 is the image of f @ (1/p™). O
By combining these results we obtain:
Theorem 4.1.6. The continuous character group (G**P)" of the compact abelian
group G is canonically isomorphic to B(k) = (W(k)/ 2W(k)) ® (QP) /Z):
Fe: (G™7) = (W(K)/ 2W(K)) © (Q)/Z)

where the isomorphism is given for x € (G*P)"

(

x(0) = gm(c)/p"(mod Z)
gm(0) =m0 f(o)(mod p™)  f € Homteont(G™P, W(IF,))
flo) =(c—-1)X, X € W (k) determined

| X =reW(k) uniquely up to mod W (k)

and

F:x— (r+2W(k)) (1/p™).
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Verification of the Class Formation Axioms

Fix a field ko of characteristic p > 0. Let t = {K : kg C K C ky""", [K: ko] <
oo}. For each K € t put E(K) = B(K)". Let k C K with k,K € t. Then the

trace map Trg x : W(K) — W(k) commutes with & so it induces the map
Tr: W(K)/ 2W(K) — W(k)/ PW(k).

Thus we can define the map Tr=Tr®1 : B(K) — B(k) and its adjoint map
(cotrace map)

COtI‘K/k : E(k) — E(K)

Now we define ¢ x = Cotrg /.

We are ready to verify that E(K) satisfies the axioms of Class Formation.
The first two axioms consists of four conditions below:
C1. For k C K C L with k, K, L € t, the chain relation ¢x 1 o P x = Pi 1
holds.
C2. ¢ g is an injective homomorphism of E(k) into E(K).
C3. Let K/k be Galois. Then the Galois group G = G(K/k) acts on E(K)
and we have ¢ xE(k) = E(K)©.
Cy. For k C K C L with k, K, L € t and also assume that both L/k and K/k
be Galois. Then for all ¢ € G(L/k) and f € E(K)

o xL(f) = pxL(olk- f)

Proof. Field trace map is transitive so C1 follows. To verify C2 it suffices to
check that Tr®1 is surjective. From now on we write X = X + ZW (k) for
XeW(k). If [K:k] = p"and X € W(k)/ ZW (k) then

(Tre)(Xe (1/p"™) = (p'X)e (1/p"") =X (1/p").

C3 is the trickiest one to prove. By definition for xx € B(K)" and for X €
W(K)/ 2W(K), (xx)"(X® (1/p")) = xx(c X ® (1/p")) where o € G. So
the condition that xx € E(K)C is equivalent to

xk((c—1)-B(K)) =0forall ¢ € G.
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On the other hand xx = ¢4 xE (k) means that xx (X ® (1/p")) = xx((TrX) ®
(1/p")) for X € W(K)/ 2W(K). Now we prove the sequence
0— Y (¢ —1)B(K) 5 B(K) & B(k) = 0
ceG

is exact where i is the inclusion map and j=Tr®1. If this sequence is exact
then we obtain C3. Namely, each xx € B(K)”" which annihilates ¥, (0 —
1)B(K) can be expressed as xx = xx © j and conversely, which implies C3 by
the above equivalence.

Now we prove the exactness. It is clear that i is injective and joi = 0.
Surjectivity of j was already proved when proving C2. So it only remains to
prove that ker(j)Cim(i). Suppose that X ® (1/p") € ker(j). That is to say (Tr
X) ® (1/p") = 0. Now let X € W(K)/ZW(K). Then Tr X € p"a+ PW (k)
holds for some a € W(k). Since H*(G,W(K)) = 0 by Theorem we
can take X; € W(K) such that a =Tr(Xj). So put X, = X — p"Xj, then
TrX; € PW(k). Let [K: k] = p', then p" - X € =Y ,cc(0c— 1) Xy + PWk
holds. Take the classes mod #W(K), i.e. X, = X, + #W(K), then we have

X@1/p") =X 1/p") == ) (c-1D)X2 @ (1/p"")
ceG

=) (e —-1)(=X2)® (1/p""").

ceG
This exactly says ker(j) Cim(j).

Following from this C4 is easily verified. O

We state the final condition for the set {E(k) : k € t} with respect to the

cotrace map being a Class Formation:

Theorem 4.1.7. Let k,K € t and K/k be a finite Galois extension of degree p".
Then the Galois group G = G(K/k) acts on E(K) and we can define the cohomol-
ogy groups H'(G,E(K)) for all i € Z. Then

H'(G,E(K)) 2 H'"%(G,Z) foralli € Z

where G acts on trivially on Z.
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If we assume this then we obtain the following result:

Theorem 4.1.8. Assume that if [K : k| = p" that H°(G,E(K)) & Z/p"Z and
HY(G,E(K)) = 0. Then E(K) and ¢y x defined above satisfy all class formation
axioms. Consequently E(k)/Ng(E(K)) is isomorphic to G(K/k)™.

The proof of Theorem will take a bit of work. We prove two simple
lemmas first. Note that brief proofs were given in the original text([20]) but

we give more details here.
Lemma 4.1.9. W(K)/ W (K) has no element of finite order p" for eachn € Z .

Proof. From Lemma it follows that p"X € ZW(K) is equivalent to
VX = 2Y for some Y € W(K). Let Y = (yo,y1," - ,¥u—1,--) We may
rewrite Y = (Yo, Y1, ,¥n-1,0,0,---) + V"Y;. Then &Y = V"X implies
(Yo, y1, 1 Yn-1,0,0,---) = 0 and so we have V"X = Y = P o V"Y] =

V"o 22Y;. Since V is injective, we obtain the result. O

Lemma 4.1.10. (W(K)/2W(K)) ® Q") and Z,/Z are uniquely p"-divisible

for each n.

Proof. Every element of (W(K)/2W(K)) ® QP) can be represented in the
form X ® (1/p") by some X € W(K) and r € Z~. Then p" - X @ (1/p""") =
X®(1/p") so (W(K)/ PW(K)) ®QP) is p-divisible. By Lemma there
is no p" torsion in (W(K)/ 2W(K)) ® QP so it’s also uniquely p-divisible.

Leta = (ap+ap+---anp"---) + Z be an element of Z,/Z. Then (ag +
ap+- - anp" + apap"tt + )+ Z = (aup" + apap"t + ) + Z. Then
a = p"B where B = (ay +app1p+---)+2Z € Z,/Z. Observing that p”
torsion element does not exist in Z,,/Z we obtain the p"-unique divisibility.

[]
Now we are ready to prove Theorem

Proof of Theorem We first consider four exact sequences:

0 = W(K)/PW(K) 25 (W(K)/2W(K) 2 QP % B(K)
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0 — PW(K) -5 W(K) & W(K)/ PW(K) = 0
0 — PW(F,) > W(K) 3 ZW(K) -0
0 Z 5 W(E,) L W(E,)/Z — 0.

The exactness of the first sequence follows from Lemma and the others
are obviously exact. By Theorem and Lemma we know that

H"(G,W(K)) = H"(G, (W(K)/ 2W(K)) @ Q")) = H"(G,W(F,)/Z) = 0

for all n € Z. So taking cohomology of each sequence, we obtain four

isomorphisms
H""Y(G, #W(K) = H"(G,W(F,)), H*(G,Z) = H"(G,W(F,)),
H"2(G,W(K)/ 2?W(K) = H" Y(G, ZW(K)),
H"73(G,B(K)) = H" 2(G,W(K)/ W (K)).
From this it follows that
H"3(G,B(K)) = H"(G, Z)

for all n. We now recall the Duality Theorem of Tate (See [28, Ch 3.1]) which
states

H"(G,M)" =2 H " (G,M")

for discrete G-module M and its character group M”". By applying this the-
orem we get H"(G,Z)" = H""1(G,Z"). Again using the exact sequence

0=+Z—+R—-R/Z—0
and noting that H"(G,R) = 0, we obtain
H " YG,R/Z) = H"(G,Z).

But Z" = R/Z, so combining the two we get H"(G,Z)" = H "(G,Z).

Therefore,
H"(G,E(K)) = H"(G,B(K)") = H ""!(G, B(K))"

~ {"2(G,z)" 2 H"2(G, Z).
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Existence Theorem

Let k € t and consider the set
M (E(k)) = {A(K/k) = ¢ )y o TrgkE(k) : K € t}.

We know that this set has one to one correspondence with all abelian p-
extensions of k. Now we aim to determine this set explicitly. Let M be a
finite subgroup of B(k). Then M = {a ® (1/p") : a € S} for some positive
integer n and a finite subset S of W(k)/ZW (k). Take

Cp = {a+ PW(k)(mod V*(W(k)) :a € S}

which is a submodule of W, (k) and C,,/ W, (k) = M. Let K = k(2 'a, :
a, € Cy). As mentioned earlier in the remark in Ch 2.2, we know that K/k
is abelian and G(K/k) = C,,/ W, (k).

Lemma 4.1.11. For the above extension K/k we have

ann(M) = ¢ i (Tr /kE (k).

Proof. For convenience denote the right hand side of the above expression
by M*. By the main Theorem of Class Formation in Ch 2.1, E(k)/M* =
G(K/k). However, we also know that E(k)/ann(M) = G(K/k). Hence to
prove the equality, it suffices to prove the inclusion relation ann(M) C M*,
ie. Trg/xE(K) C ¢ x(ann(M)). Let x = Trx xx1 for some x; € E(K). Then

we consider the natural homomorphism
wk/K : B(k) — B(K)

induced by the injection W(k) — W(K). Put xo = x1 © {/x (Which is an
element in E(k)). Then we have x = ¢ k(o). This is because ¢y x © xo(A) =
Pk © X1 0 Pr/k(A) = x1(TrA) = Tro x1(A) = x(A) for any A € B(K).
By the construction of K, it follow that ¢,k (M) = 0 and therefore xo €
ann(M). O
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It also follows that A(K/k) = ann(M) is an open subgroup of the compact
group E(k) of finite index. Conversely, let A be an open subgroup of E(k)
of finite index. Then the annihilator M = ann(A) is a finite submodule
of B(k). We construct the abelian p-extension K/k as above and see that

ann(M) = A(K/k) is the group A. So we conclude:

Theorem 4.1.12. .# (E(k)) is the set of all open subgroups of E(k) of finite indices
p" for n € Z~y.

We have considered the isomorphism Fy : (G*™7(K))" = B(K) explicitly.

Now we want to construct its dual isomorphism
Fj : G"P(K) = B(K)".
Let « € G(K" /K). Then F(x) = x € B(K)" is defined by the relations:
X(X) =tno(@a—-1) 02 X
X=(X+2WK))®(1/p") € B(K), 271X eR(W(K))

where 7, is the canonical injection W(IF,) — Z/p"Z — R/ Z.

Let K/k be a finite Galois p-extension with the Galois group G = G(K/k).
We recall that o € G acts on xx € B(K)" via the rule x%(X) = xx(c~!X) for
X € B(K). On the other hand, let G = G(K“* /k). Then we have

g = UUEGGab/p(K) “Ug, Ug - Ut = Po,rlUot, Por € GAbp (K)

where u, is a representative of the class ¢ € G by the canonical isomor-

phism G/G®?(K) = G. Hence G acts on G*P(K) via the rule a =

Up -0 UL

Lemma 4.1.13. F is a G-isomorphism of G onto B(K)".
Proof. Let Fii(a) = x and F; (ug - - u; ') = x1. Then

31 (X) = 10 (uola = 1) 1,1 0 271X = o (& — ) o 271X
— o (@—1)0 2 (07 1X) = x(01X) = (X*)(X).

61



4.1 KAWADA-SATAKE REVISITED

Now we consider the transfer map Verg /G (K): G/[G,G] = Gab,P(k) —
GP(K). Recall that the transfer map is defined by (in this specific case)
a mod [G,G] — [1yeca’ =: Nga.

Lemma 4.1.14. The transfer map Ver g ;ap g coincides with (Ff) Yoy oF.

Proof. We compare (Fy)oVerg JGabw(k) and ¢k o Fg on G™P(k). Leta €
G"P(K), Fi(Ng(a)) = x € B(K)" and X = (X + 2W(K)) ® (1/p") € B(K)

as before. Then

X(X) =1no(Nea = 1) 27X =npo ) (a7 =1)(27X) = x(} 0X)

ceG ceG
=: x(Tr¢X)
where the last equality follows from the above Lemma.

On the other hand for &' = a mod [G, G], (¢xx o Fi)(a') = x’ is defined

X' (A) = F(a)(Tr A) = a8 = 1) 0 27 H(TeX)
= (6 —1) o Trg 0o 71X = x(TrgA).

This means this Lemma holds on G*?(K). Let v € G. Then there exists

some m such that 9" € G*™7(K). So we have
(FG) o Verg cunn o (1) = (FL) 0 Verg, cann s (1)

= ¢k o B (V") = dx o B ()™
Recall that G*7(K) does not have a torsion element so we obtain the result

for a general ¢y € G. O

In Ch 2.1, we defined the norm residue symbol
a— (a,k) € G (k) for a € E(k)

which is a homomorphism from E(k) to G*? (k). We compare this homo-

morphism with our isomorphism

(F)~': E(k) = B(k)" — G™P (k).
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Let K/k be a finite Galois p-extension with the Galois group G. By the
general theory of class formation we know that as the canonical 2-cocyle of

G over E(k) we can take

fxk(o,T) = Fg(por) foro, Tt € G

where p, was defined earlier in this chapter. Then the norm residue sym-

bol is given for o € G by
(0, K/R) 71 = gy (TT fiesn(p, @) (mod ¢y (TrgE(K)))
peG
= ¢ o Fe([ Tup -1t - 1p0 ) = ¢ 0 Fi o Verg  ganp () (Ue)
0
= F¢(uy) (mod A(K/k))

where the last equality follows from Lemma This value is indepen-
dent of choice of the representatives u, of G mod G*7(K). Now take the
inverse limit with respect to all finite abelian p-extensions K of k such that

UK = k. Then NgA(K/k) = 0 by Theorem Now let o € G*P (k)
and Ag(0) its image in G(K/k) then

lim(Ak(0), K/K) ™! = F{(0) € E(k).

By the definition of the generalised norm residue symbol we obtain the

formula
(x k) = (F) ' (x) € G™P (k)

for x € E(k).
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4.1.2  Formal Power Series Fields

Here we consider the case where the ground field ko is a formal power
series field in one variable over a finite field; i.e. when the kg is a local field
of finite characteristic p.

Let t = t(ko) be a set containing the finite subextensions of k;ew as before
and let k € t. Then k is also a formal power series field in one variable T over
a finite field IF; where g = p/ for some f > 0 by classification of local fields.
As usual we denote by O its ring of integers and my its unique maximum
ideal. We also denote by U the group of units of Oy and U, = 1+ T"O

or U, if the field we are referring to is clear.

Inner product

Let {ay,...,ar} be a basis of IF; over [F, and let {B1,...,Bs} be a comple-
mentary basis of {ay,...,ar} such that

Tr(aifj) = 6ij
fori,j € {1,..., f} (Recall that ;j = 1if i = j and 0 otherwise.) In particular
we choose a1 = 1 so that Trf; = 1, Tr; = 0 (i # 1) hold.

Note that (k*)?" for each n are closed subgroups of k* and the factor
groups ky, := k*/(k*)?" are compact groups. The fundamental system of
neighbourhoods of unity in k, are {U,, - (k*)?" : m > 0}. Also consider
the natural continuous homomorphism ¢,41 : k;+1 — k;, for each n > 0
defined by

a- (K" s ()P
Then we can define the projective limit group k with respect to {¢,}. kis a
compact abelian group and we denote by ¢;, the continuous homomorphism
k — kj such that ¢;; = ¢, 11 0¢;_; holds for all n > 0.
We deduce that N, (k*)P" = F;* using the decomposition k* = TZ &

IF & U;. Hence we have a natural injection

l:kx/]F(;< — k.
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It is easy to see that | is continuous and the image of I is dense in k. In fact
the decomposition of k* gives k, = (Z/p") & (Uy/UY ' ) Since N°_, U7 =

1 we get k = Z,, @ U;. So we obtain two exact sequences:
1= F =k =k /F; —1
1=k /F Lk —2,/Z 1

Now we intend to establish group pairings of k, and W, (k)/ ZW,, (k) for
each n > 0 as well as k and B(k) explicitly.

Let us recall some facts. The multiplicative group k; is the infinite product
group of a countable set of cyclic groups of order p. According to [14, Ch

1.6] we can choose a minimal set of (topological) generators

t
1+at™ i=1,...,f;, m>0, (mp) =1

Furthermore the additive group k/ Z7Kf]is the direct sum of a countable set

of cyclic groups of order p. As a set of minimal generators we can choose

By (mod k)
Bjt™" (mod Zk), j=1,...,f;, m>0, (mp)=1

We recall that residue function on F((T)) (for a general field F) is de-
fined as the coefficient of T~!. More precisely, if z = ¥° 4, T" with n €
Z and a; € F then res(z) = a_1. We can extend this to differential one form
just by defining res(zdT) to be res(z) for z € F((T)). It is well known that
the residue on F((T)) does not depend on the choice its prime element T.

We state a result which is of fundamental importance to this chapter.

Theorem 4.1.15. Let res be the residue function in F,((T)) as defined above and

let Tr=Trg, /¥,- Then

kX = Z @ Uy @ py but py is p-divisible.
2k = Wy (k)

65



4.1 KAWADA-SATAKE REVISITED

(

Trores(Brdt/t) =1
Trores(B;t~"dt/t) =0 m >0
Trores(B1d(1 4 a;it™) /(1 + ajt™)) =0 m >0

) méo;;  for m = m'
Trores(Bjt ™ d(1+a;t™) /(1 +ait™)) =

0 form' <m
\

Now consider kf = Q,({ p f_1), the unramified extension field of degree f
of Q. Then its ring of integers has a unique prime ideal P = pOp and the
residue field is F, (9 = p/). Fix the unique homomorphism ¢ : F — Op
and put ¢(0) = 0.

We recall that W(IF,) is canonically isomorphic to Op. In fact the isomor-
phism is given by

[ee]
—n

Y:a=(ap,a1,...,8,-1,...) = Z P(an)f - p".
n=0

So the Frobenius automorphism F(a) = a? of W(IF,;) induces the automor-
phism ¢ = Yo Fo¥ ! of kf/Q,. So we can show that Try,/q, © ¥(a) =
noTr(a) for a € W(F;) where y : W(F,) = Z, is the canonical iso-
morphism. This can be proved by simply writing down the explicit ex-
pression for both sides and comparing. Recall that Tr commutes with &
and action of p on W(IF;) and on Wy(IF;). Recall that for each n we
defined 7, : W(F,) — IR/Z given as composition of two natural maps
W(E,) — Z,/p" = Z/p" and Z/p" — R/Z. Then 1, maps V"(W(F,))
to 0 so 77, induces

Mn : Wa(IF,) — R/Z.

From the definition we can deduce that for X € W, (IF,),

Mi-1(A(X)) = 10(pX), 1u31(V(X)) = 7(X )P}

3Recall that A : Wy, (k) — W,_1(k) is the natural restriction map discarding the last

entry.
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Furthermore, we introduce the notations:

Wn(mk)(m) = {X(I’Z) = (X(), X1, /xn—l) S Wn(k) :

o(x;) >m/p" 1, ie€{0,1,--- ,n—1}}

where v is the discrete valuation of k.

For a € k* and X € W, (k) we define a generalisation of the residue map.
We recall that every Witt vector X = (xg,x1,---,x,-1) € Wy(k) has the
ghost component (x(0,x(1), ... x("=1))  To define this ghost component,
we need to use characteristic 0 ring. Let k be the field of fractions of W (IF,),
namely the unramified extension of degree I of Q,, if g = p’. Then k((t)) =
R is an appropriate ring which we can do the process that was mentioned
in Ch 2.2. Then res\" (Xda/a) € W,(F,) is defined to be the Witt vector

which has the ghost component
(res(xVda/a),res(xVda/a),- - - ,res(x""Vda/a)).

This map was first introduced in [34] but with different notation. To define
res(™) more explicitly, let £ € k((t)) denote the lift of x € k, namely an
element such that # mod p = x. Also we define maps P, : R"*! — R for
each n such that Pn(x(o),x(l),- . ,x(”)) = x,. One can prove that such P,
exists and P, (Xo, X1, -+, Xy) is a polynomial in Z[p~!][Xo][X1] - - - [Xu]. In
this case

res"™ (Xda/a) = (wo, -+, wp_1)

where w; is the image of P;(res(£%da/a), - - - ,res(¥)da/a))under the natu-

ral map k(t) — k. We now state some properties of res(").

Theorem 4.1.16. The symbol introduced above has the following properties: let
a,a1,a € K*, X, X1, Xo € Wy(k), then
R1. res(”)(X—d((aalll;Zz))) = res(”)(X‘fl—?) + res(”)(X%)

R2. res™ ((Xy + X2) &) = res™ (X G) + res™ (X2 )
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R7. res" "1 (AX ) = A o res(m) (X a)
R8. res"™ (VX)) = V o res(™) (X 42)
R9. res™ (XU) = (res(xo4), res(x1%),..., res(xy—19)), for X = (x0,x1,. ..,

in particular,

RY. res™ (YL) =Y for Y € W, (IF,)

R9”. res™) (X)) = 0 for X € Wy (my)

R10. res™) X%) =0 for a € Uy, and X € W, ()=

All properties but R9 follow easily from the definition. We can obtain R9
by checking the ghost component for (res(xo4), res(x14t), ..., res(x,—19))

is indeed
(res(xOdt /1), res(xVdt/t), - - - res(xVdt /1))

as res commutes with operations on polynomials.

Consequently we can define an inner product on k* & W, (k) by
(4, X]n = 17 0 Te(res™ (X7)) € R/Z

for a € k¥, X € Wy(k) and Tr denotes the trace from W, (IF;) to W, (IF,).

Then the inner product has following properties which are easy conse-

quences of Theorem

R*1. (aya2, X]n = (a1, X]n(az, X]n

R*2. (a, X1X3]n = (a, X1]n(a, X2]u

R*3. (Aa, X], = (a, X], for A € F,

R*4. (a?", X], =
(
(a,
(

N

R*5. (a, Xy =0
R*6. (a, A
R*7. (a,V

]n 1—(ap X]

X
X]ps1 = (a, X]n.

a,
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We are ready to prove the following result:

Proposition 4.1.17. By the inner product (a, X], defined on k* & Wy, (k), Uy, -
(K)P" and Wy (my) =™ + 2W, (k) are mutually annihilators of the others for

integers m = p",2p",- - - .

Proof. The fact that each of these subgroups annihilate each other follows
from R*4, 5 and R10.

Now we prove by induction on # that ann(U,,) = Wy, (my) =™ 4+ 2W,, (k)
and ann(W,(m)=™) = Uy, - (k*)P" for m = m'p". For n = 1, this follows

from the explicit description on generators of k* /(k*)? and k/ %k and The-

orem[4.1.15,
Assume the result holds for n and for all suitable m'. Let X € W, 1(k) be

in ann(U,,). Since a’? € Uy, fora’ € U,/ p, we have by R*6
(d', AX], = (a'?,X],41 = 0.

By our assumption AX € W, (m)""/P) + 2W, (k). Let AX = X; + 2Y;
with X; € W, (m)="/P) and Y; € W, (k). Then for X;* := (X;,0) €
W 1(my) (=™, there is the equality

X = X1 + gz(Yl,O) + VnX*,
for some X* € Wy (k). So from R*7 we can deduce that
0= (4, X1 = (8, X{]uo1 + (0, 24, 0) 1 + (8, V'] 1

= (a,V"x*], 11 = (a,x"1

Following on from the n = 1 case, we have x* = x’ + &y where x" € m, ™.

Moreover we obtain
X = (X, %)+ 2(Y1,y) € Wyp1 (m) ™ + PW, 44 (k).

Leta € ann(W,1(mg)=™). For X;”) € Wypq (my) (=™, VX%”) € Wyp (my) ™),
From R*7 it follows that (a, Xi], = 0. So by our induction assumption we

obtain a = albfn for some a1 € U, and by € k*. Put Xo = (x0,0,---,0)
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for xg € m]:m/p and m = m'p". Then X, belongs to Wii1(m) =™ Tt now

follows from R10 and R*6 that
0= (a, Xoln+1 = (a1, Xolns1 + (0], Xolut1 = (b1, x0)1

Byn =1case by =ay- bg for some a; € Uy and b, € k*. Hence we finally

obtaina = (a1 -af ) -0 € Uy- ()7 =

Using R*4 and R*5 we can actually define an inner product on k, ®
Wy (k)/ ZWy (k). We shall denote the inner product in the same fashion.
For a € k* and X € W, (k) we write @ = a + (k*)P" € kyand X = X +
P Wi (k) € Wu(k)/ P Wy (k).

Theorem 4.1.18. By the inner product on k, & Wy, (k)/ Wy (k) defined above,

the compact multiplicative group k,, and the additive abelian group Wy, (k) / W, (k)
are orthogonally paired to R/Z. Hence by Pontryagin Duality, k,, is the compact

character group of the discrete abelian group Wy, (k) / Wy, (k).

We recall that for topological groups Gi, G, and G3, an inner product (-, -)
on G1 @ G, is orthogonally paired to Gz if
1. (, ) is continuous on G; @ G;
2. (81,G2) = 0if and only if g1 = 1¢,
3. (G1,82) = 0if and only if g, = 1¢,.

Proof. To prove the continuity of the paring (a, X],, it suffices to show that
for any given X there exists a neighbourhood U of the unity in k, such that
(U, X) = 1. Now for any given X there exists a positive integer m such that
X € W, (my)=™). Then for this value m we have (U, X], = 1 by Theorem
where U, is the image of Uy, in ky,.

The second property follows from the observation that ann (W, (k)) in k*
is equal to Ny Uy, - (k*)P" = (k*)P". This is true as Wy, (k) = U W, (m) (™).

For the last property it suffices to prove

ann(k™) = Wy (k) in Wy, (k).
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We prove by induction on n. For n = 1 this follows from classical results
on generators of k; and k/ Zk. So suppose the assertion is true for n. Take

X € ann(k*) in Wy, 1 (k). Then for an arbitrary a’ € k* we have
(d', AX], = (a'?,X],11 = 0.

Hence AX € W, (k) holds by our assumption. So we write X = #(X1,0) +
V"x* by some elements X; € Wy, (k), x* € k*. Then by the relation

(a,x*]y = (a,V"x*],11 = (a,X]ps1 =0Va € k*

we can conclude that x* = £x for some x € k*. This means V"x* =

2(0,---,0,x) € W, (k) so the result holds for n + 1. O

Now consider the sequence {W,(k)/ #W,(k)} and its direct limit group
with respect to the homomorphism V, and the sequence of compact groups
{kn} and its projective limit group k with respect to continuous map ¢, as
shown earlier. Leta € k, and X, € W,(k). Now we write X, 1 = AX,.
Then we have

(@, VXu-1]n = (¢nd, Xn-1]n-1.
This follows easily from R*7 and definitions. Hence we can define a pairing
on k and B(k) as follows. Let a € k and X € B(k). By the definition of B(k)
there exists an integer n such that X = ¢;; X,, for some X,, € W, (k)/ ZW, (k)
where ¢} : Wy, (k)/ 2W, (k) — B(k) is the injective map defined earlier. We
can then define

(@, X]x = (¢n(a)), Xuln
which is independent of choice of n by the above equation. Thus we get:
Theorem 4.1.19. The groups k = 11£1 ky, and B(k) = liLn Wy (k) / PWy (k) are
orthogonally paired by the inner product defined above. Hence k is topologically
isomorphic to the compact character group of the discrete additive group B(k).

Recall that we defined [ : k*/FF; — k at the beginning of this section.
Using this and the inner product (-, -] we can define the inner product
between k* and B(k). It can be verified that this is well-defined and it is a

continuous homomorphism of k* x B(k) into R/Z
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Local Class Field Theory

In here, we shall establish classical characteristic p local class field theory
under the restriction that we only consider p-extensions.

Let ko and t be defined as before and take E*(K) = K* for K € t. For
k C K with k, K both in t we define ¢ ; to be the inclusion map k* =
E*(k) — E*(K) = K*. Then it is clear that C;, Cy, C3, C4 in p.56 of this
thesis holds.

Now we consider the map I; : E(k)* — E(k) = B(k)" defined by compos-
ing ! with the isomorphism k = B(k)" as in Theorem

Proposition 4.1.20. i) The diagram

is commutative for k C K.

ii) For a Galois extension K/k the map lx is a G(K/k)-homomorphism.

Proof. Recall that residue field of k is IF; for this proof only we assume that
residue field of K'is IF,.

i) Since ¢ x = CotrK/k the assertion is equivalent to (a2, X|x = (a, Trg /x X]k
fora € k* and X € B(K), where (-, -]y and (-, -]k are inner product functions

defined on k and K respectively. So let
X = ((x0,x1,---,) + PW(K) @ (1/p").

Write X, = (xo,- -+, x,—1). Then the above equality translates to

n dll n dﬂ
i © Tr 5, (resil” (X=2)) = 1y © Trg, g, (res " Trg i (X=2)).

This equality was proved for n = 1 case by Hasse ([16, Ch 5]) and the other
cases follow easily by definition.

ii) can be proved in the similar manner.
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Now we prove the last condition of class formation using the above Propo-

sition. Namely,

Theorem 4.1.21. H"(G,E*(K)) = H"(G,E(K)) & H""2(G,Z) foralln € Z
where K/k is a Galois extension (k, K € t) with Galois group G.

Proof. Suppose the constant field of K is IF;. Then we have exact sequences
1= Ff - K= K*/F; —1
1= K*/F 5K 2Z,/Z 1

where K = lim (K*/(K*)™). By the previous Proposition, the homomor-
phisms in these sequences are G-homomorphisms. Recall that F; and Z,,/Z
are both uniquely p"-divisible for all n. So we get that H"(G,F;) = H"(G,
Z,/7Z) = 0 for all n € Z. By taking cohomology in the two exact sequences
and using Theorem we obtain the result. O

Therefore we have proved that for our ground field ky and for the maxi-
mal Galois p-extension kgep P

{E*(k) = k*, ¢;,x = inclusion}

defines a Class Formation.

Existence Theorem

Existence Theorem is an important feature of class field theory since it
gives one to one correspondence between abelian extensions and appro-

priate groups depending on fields.

Proposition 4.1.22. The set
M (E*(k)) = {A*(K/k) = (P;:;I}NK/]((E*(K)) : K/k abelian p-extensions}

is the set of all open subgroups of E*(k) of finite indices p" (n € Z.;).
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Proof. Each A*(K/k) is an open subgroup of E*(k) as ¢* is continuous and
Nk /k is an open map. The index follows from the isomorphism theorem in

class formation theory.

By Proposition we also have
R A*(K/K) = I o ¢ © NiseE*(K) = ¢y g 0 Ik © Nk E* (K)
= 4)];11( o TrK/k o lK o E*(K) - A(K/k)

Moreover, since IxE*(K) is dense in E(K) and Trg/x and ¢ + are closed
maps, we have closure of [, A*(K/k) in E(k) is A(K/k). Since [E(k) : A(K/k)] =
[E*(k) : A*(K/k)] = [K : k], we also have

L A*(K/k) = A(K/K) N IE* (k).

Now let A* be an open subgroup of E*(k) of index p" and A the closure
of [yA* in E(k). Then we have [E(k) : A] = [E*(k) : A*] = p" and A" =
ANIE*(k). From the general theory of existence theorem proved earlier in
Ch 4.1, we know that .# (E(k)) = {A(K/k) : K/k abelian p-extensions } is
the set of all open subgroups of E(k) of finite indices p" for each n € Z..
Hence there exists an abelian p-extension K of k with [K : k] = p" such that

A(K/k) = A. Then we have
A*(K/k) = I-Y(A(K/k) NIE(K)) = I_Y(ANE* (k) = A*
This proves the Proposition. O
Now we give an explicit description of A*(K/k) if K is given by
K=k(2 1(Cn))

where C, is a submodule of W, (k). We recall that if S = (C, + ZW,(k))
/ PWy(k)) and M = L® 1/p" then G(K/k) = M = L. Then we have:

Proposition 4.1.23. If a finite abelian p-extension K/k is given by above then

A*(K/k) is the set of all a’s in E(k)* such that (a,C,], = 0.

Proof. Follows from Lemma and Proposition O
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4.1.3 Algebraic Function Fields

Kawada and Satake prove the same result for an algebraic function field
over a finite field, namely the global field of characteristic p in [20] as well.
Since global theory in this perspective is not of much interest in this thesis,
we summarise it very briefly.

Let K be a global field of characteristic p and Kp be the completion of K
for each place P. Since Kp is a local field, by Theorem we have that
Kp := @(k;/(k;)pi) is dual to B(Fp). Using this we obtain that IK/II’ZW
and Wy, (Ar) are mutually dual as locally compact groups. Then we follow
the exactly same pattern as the local case to obtain global class field theory

as well.
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4.2 HIGHER DIMENSION

Here we extend the approach by Kawada-Satake we presented in the previ-
ous section to develop characteristic p higher local class field theory. Parshin
made an attempt to do this in [30] and [31] but this contains several errors
and we fix those mistakes in this exposition.

We first give topology on higher local fields. We note that one of the
problems with Parshin’s paper was that he used incorrect topology. The
topology defined by Madunts and Zhukov is suitable for most purposes
for study of higher local fields but for class field theory we need to use
its sequential saturation instead which Parshin overlooked. The definitions
and properties of topology on Higher local fields can be found in many

texts and papers but we follow the presentation of [13, Ch. 1].

4.2.1  Topology on Higher Local Fields

Since higher local fields are complete discrete valuation fields, they have
natural rank 1 discrete valuation topology. However, this does not take
account of the topology of the residue fields so it is rather unsatisfactory. So
we now define a more refined topology on higher local fields F of positive
characteristic by introducing a way of ‘lifting” topology from the residue
fields. Namely we deploy technique to lift topology from K to F = K((t)).
We note that it is also possible to do this for the mixed characteristic cases
but is more complicated. This topology was first introduced in [27].

Let the basic open neighbourhoods of 0 to be
Y Uit :={} ait' € F:a; € U; for all i}
i i

where (U;)2 ., are open neighbourhoods of 0 in K with the property that
U; = K for i > 0. Then this defines the topology T on F and thus for
all characteristic p higher local fields. This topology does not depend on

the choice of local parameter t. We can now define the topology on F* as
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follows. Recall that F* = tZ x --- x tZ x F7 x V. Then we put discrete
topology on tZ x - - - x tZ x [F;* and give the topology of Vr induced from F.
Then take product topology of the two components. This topology also does
not depend on the choice of the sequence of the local parameters tq, tp, - - - t,.
See [24] for detailed explanation and proof of the property of this topology.

The topology T is sufficient for most purposes for study of higher local
fields but for class field theory it is not quite correct. Instead we need to

take its sequential saturation.

Definition. Let X be a topological space with topology T. Define its sequential
saturation A :

a subset U of X is open with respect to A if for all « € U and a sequence («;) which
converges to a (with respect to T), almost all w; belong to U. We say that topology

T is sequentially saturated if it coincides with its sequential saturation.

These two topologies have the same converging sequences. In fact the se-
quential saturation is the strongest topology which has the same convergent
sequences and their limit as the original one.

Let A be sequential saturation of T. We note that the product topology of
sequential saturated topology is not necessarily sequentially saturated. So
the topology we give for (F*)™ is the sequential saturation of the product

topology of A.

Proposition 4.2.1. Topology A has the following properties:

1. A Cauchy sequence with respect to the topology T converges in F*.

2. Multiplication by a fixed element is continuous.

3. Multiplication in F is sequentially continuous but not continuous if (complete
discrete) dimension of F is greater than 2. In particular, in general F* is not a
topological group.

p

4. For any sequence a; € Vf, the sequence a; converges to 1.

5. Ve and (F*)™ are closed subgroups of F* for every m > 1.

Here we stress that T coincides with the topology which is defined and

used in [30] and this is not equal to A. To see this let F = Fy(t1))((f2))
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and W = F\{t§t;“ +t,t{ : a,c > 1}. Then this set is only open in A. We
conclude this section with the following Lemma.
A set O C Z" is called admissible if for every 1 C I C n and every

jis1, -, jn there exists i = (ji41,- -+ ,jn) € Z such that
(i, yin) €Q, i1 = Jigr, - in = jn = i1 >0
Lemma 4.2.2. Let € € V. Then € is uniquely expanded in a convergent product
e=T1+6;, . ity t1), 6, . i €F,

such that O = {(in,- -+ ,i1) : 0;,,... iy 7 0} is an admissible set and for all | € O,
J > 0 (with colexicographic ordering) and p f JF|

The proof involves using induction and elementary tools which were used

in one dimensional local field which can be found in [14, Ch 1].

Ap VT = (in,---,i1)if p)fged(in, - ,i1)
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4.2.2  Topological Milnor K-group

Milnor K-group is a fundamental object in higher class field theory since we
can construct a reciprocity map ¥r : K, (F) — G®(F) for all n-dimensional
local field F which is functorial with respect to the maps to the residue
field (Theorem [4.2.16). So far it is the unique object (along with topological
Milnor K-group which we will define) which has this property.

Let F be an n-dimensional local field. Let A, be the finest topology on
Ky (F) such that subtraction in K, (F) and the natural symbol map

¢F : (F*)"™ — Kin(F)

are sequentially continuous. Then A;, and its sequential saturation coincide.

Define Ay, (F) C Ky (F) to be an intersection of all open neighbourhoods
of 0 with respect to A;,. Then a constant sequence «; = a converges to 0 iff
a € Ay (F). Hence Ay, (F) is a subgroup of Ky, (F). We also note that A, is

closed.

Definition. Set
K" (F) = Ku(F)/ Au(F)

and endow it with the quotient topology of Ay, which we will denote the same way.

This definition was first given by Parshin ([30])f| and Fesenko clarified
some confusion and proved several properties of this group in [g] and
[7]. Let VKu(F) = ({V¢} - Kp_1(F)) and VKo¥(F) its image of VK,,(F)
in K}o"(F). We observe that A, (F) C VK,(F) since the topology with
VK, (F) and its shifts as a system of fundamental neighbourhoods satisfies
the two conditions of the definition. Thus the definition of VK,tﬁp (F) makes
sense and for most results which we prove for VKP (F), the same holds for
VK, (F).

We have the following decomposition of Ki? (F) (and similarly for K, (F).)
This result is taken from [13, Ch. 6]

5As mentioned before, the topology is different but the intersection of all neighbour-

hoods of 0 with respect to both topology coincide thus obtaining same topological K-group.
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Proposition 4.2.3. We have

KiP(F) =2 Z°0m x (FX)P0m) 5 VKIP (F)

q

where a(m) corresponds to number of different (t;

]1,~~~,t]~m) where 1 < j; <

+ < jm < nand b(m) corresponds to number of different (t;

s tjm) where

1 <jp <+ <jw < nand respectively.

Proof. Recall that F* = tZ x - x tZ x Fx x Vi where t;,--- ,t, is a se-
quence of local parameters and Vr is the group of principal units. By noting
that K,,(IF;) = 0 for n > 1 ([14, Ch 9]) and that Vf is g — 1 divisible we

obtain the decomposition. O

Out of the direct summands in the Proposition, clearly the only object
which is hard to study is VK,tﬁP(F ). We can find topological generators of
VK;?P (F) as we did in F.

Proposition 4.2.4. An element x € VKP (F) is a convergent sum of symbols

2{1 + Gln tln . 111’t]1’ ... ’tjm—l },
where () is defined as in Lemma[g.2.2} j1 < -+ < jyu_1, and k = k(i1, -+ ,in) &
(ji,* ,jm—1) where k = min(l : p }ij).

This result is taken from [7]. The proof is given in the same text but we

give more details here.

Proof. Weobservethat{l—oc1—,8}—{(x1+ }+{1—,81—}— }
Lete € 1+ pF and 7 € 1+ p Then using the above calculation we

can show that {¢,n7} = {€/,n} Y\ 1{pi t;} where p; € 1+ p and ¢ €

1+ pll+lz Using topological convergence we obtain the result except for the

last condition. For this we consider the equality

1={1+6ty -], =0t -]} = Z{1+9t;;1---tlll,ti}+{1+6t§;l---tlf,—e}

n . .
= .Z%{l + 0ty -t 1}
1=
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since Vr is g — 1 divisible. Then we may rewrite the factor i = k as }_; 4 { (1 +
otin ... t?)_l, t;}. By applying the calculation (1+k) ™! = [T;>1(1+ (—1)ik?
to (146t - - t?)’l, we have the result. O

Using the two Propositions above we can see that Ky? (F)=0ifm >n+1
and K, 7, (F) = F}.

Fesenko in [g] proves that A, has an algebraic description which means
that K,tfp(F ) can be defined without using topology. Parshin did not know
this and consequently, he believed that the norm map from the original K-

group cannot be extended to the topological K-group. We discuss this issue

further at the end of this section.

Theorem 4.2.5. Let F be an n-dimensional local field. Then
An(F) = () IKn(E).
I>1
One inclusion is straightforward. Since N;>1/K,(F) € VK, (F) write x €
N;>1IK, (F) as Z]{(x], tig o ,t]'nfl} mod A, (F). So

px = Z{“? AR ’tjn—l} +Yr

where y, € A,. Then by Proposition [4.2.1}4, p"x — y where y € A(F).
By the definition of sequential saturated topology, there exists k > 0 such
that p¥x € A(F). There must be the least k with such property and this is
necessarily 0 by the definition of the topology on K, (F).

The other inclusion is slightly tricky to prove and for this we need to do

some background work for it. Let k be a field of characteristic p and denote

v=uv(k)=H"(k,Z/p(n)) =ker(Z : Q) — Q}/dQ}™1);

) dbl dbn p dbl dbn n—1
,@.(abl/\ /\bn)n—>(a a)bl/\ /\bn+d0k .

Then we have the following result.

Theorem 4.2.6 (Bloch-Kato-Gabber). The differential symbol

A Kn(K)/p — v(k),  {ay,--,am} — da—‘TA---Ad”—m

am

is an isomorphism.
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We do not give proof of this since the tools used in this proof are too
different from the other ingredients which are used in this thesis. Kato’s
proof can be found in [13] A.2].

We state a result originally stated in [30]. As mentioned earlier, he was
using different topology so we present a proof which uses ‘correct’ topology.
The idea of the proof is very similar to the original work of Parshin and was

proved by Fesenko in [9].

Theorem 4.2.7. Let | = {j1, - ,jm—1} run over all (m — 1) elements subsets
of {1,---,n} where m < n+1. Let & be the subgroup of Vr generated by
1408y .. t? (0 € pg—1) such that p fged(iy, -+ ,in) and min{l : p f i} € ].

Then the homomorphism

h:Y & = VK (), ()= Y {eptp ot}
J J={ e dm—1}

is a homeomorphism.

Again the topology on }; £ is given as the sequential saturation of the
product topology.

Proof. From Proposition we obtain that / is a surjective homomor-
phism. Injectivity follows from Proposition (this result would be
proved without using the algebraic description of A;;). There exists a se-
quentially continuous map, say f : Vi x (F*)""1 — [];& such that its
composition with i coincides with the restriction of the symbol map ¢r :
(F*)m — KjoP (F). So the topology on []; £} is weaker than A, by the def-
inition of sequentially saturated topology. We suppose that 71 (U) is not
open for some open set U € K;P (F). Then there exists a sequence (chi))

all outside h~!(U) which converges to a; € h~!(U). Then the sequence

F g U converges to an element in U which is a contradiction. O]
Prla; &

Proof of Theorem By Bloch-Kato-Gabber Theorem, dr : K, (F)/p — QF
is injective.

OF isa finite dimensional vector space over F/FF, so the intersection of all
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neighbourhoods of zero in () with respect to the topology induced by A is
trivial. Since dF is continuous, injectivity implies A, (F) C pKy(F).

So now it remains to prove that A, (F) is p-divisible since all elements of
VK, (F) is [-divisible for all / which are coprime to p. By Theorem we
know that VK, (F)/ Ay (F) = [1&; does not have a p-torsion. So we obtain
pAm(F) = Ay (F) and the Theorem. O

Definition. A finite separable extension L/ F of n-dimensional local fields is called
purely ramified if the degree of the extension of L/F equals the degree of the ex-
tension of the final residue fields of L and F. In other words, F has a system of local
parameters ty, - - -, t1 which is also a system of local parameters of L.

A finite separable extension L/ F is called tamely ramified if its degree divided by
the degree of the last residue field extensions is relatively prime to p, the character-

istic of the final residue field of F.

We note that the definition of tamely ramified given here is different from
the usual definition (for instance the one given in [14]) used for a general
complete discrete valuation field. Nonetheless this terminology is standard
for the study of higher class field theory.

We conclude this chapter by making some remarks about the Norm maps
on topological Milnor K-groups. Norm maps on topological K groups can
be defined in two different ways. First way would be to use the norm map
induced from the original Milnor K-group. One could gather that the norm
map from K, (F) factorises through the quotient A,,(F) by considering its
algebraic description as in Theorem Namely, the homomorphic image
of a divisible element is still divisible.

The second definition of the norm map is originally due to Parshin. Let
L/F be a cyclic extension of prime degree. Then K? (L) is generated by
symbols of the form {a,ap,---,ay,} where a € L™ and «; € F*. For a
purely unramified extension this is obvious. For other extensions we use
the fact that system of local parameters of L could be chosen so that it

is the same as F except for one. Then using similar argument as the last
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part of the proof of Proposition we obtain the validity of the genera-
tors given above. So we can define Nj . : KyoP(L) — Kj2P(F) by defining
Ni/F{NL/Fa, ap, - ,0m} = {a,a, -+, ay} for the generators given above
and extend linearly. For a general extension we find a tower of cyclic exten-
sions and take the compositions of these norm maps for each cyclic exten-
sions. To prove the well-definedness, Parshin uses Proposition of this
thesis but the simpler way of deducing this would be to compare the image
of Np/p{a,ap,- -+, } and Ni/F{a, ay, -+ ,&m}. By Theorem they are
equal when L/F is a cyclic extension of prime degree. Recall that the norm
map in Milnor K-group is well-defined and they are transitive. Thus, we

obtain that it is also true for N i /F and they are in fact equal.
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4.2.3 Pairing

We need to make use of several pairings to study the structure of K'7-
groups. Maximal abelian extension of a higher local field F is compositum
of three extensions of F. Namely the maximal purely unramified extension
FPY" | the maximal totally tamely ramified extension F”, and a maximal p-
extension F(P). We define three maps/pairings which correspond to these
extensions.

In this chapter we will always assume that F is a n-dimensional local field

with the last residue field ]Fq.

Definition of pairings

Let 6 : Ky (F) — K,;_1(F) be the boundary map for Milnor K-group. This
map factors through the quotient A,,(F) by Theorem so we shall de-

note the boundary map in the same way for K"P-groups. We define
vr: KV (F) = Z

by vr(x) = 6" (x) where this means 6 composed 1 times. This map takes the
role of the usual valuation map in the case of one dimensional local field.
The higher tame symbol Tr : K;Ofl(F ) — F; is defined as Tr(x) = 6" (x).
We note that the tame symbol can be defined explicitly and this can be found
in [13, Ch 6.4]. Let m > 0 and [ be a positive integer coprime to p. We recall
that the primitive /th root of unity is in F if and only if /|g — 1 so for such /
we can define a map K;Ofl(l-") — Z/1by x + (Tp(x))7~ /!, Then this gives
the Kummer pairing which would be related to F,(( 7v/t1)) - (( "Vta))
which is the maximal tamely ramified extension which is linearly disjoint to

Fpur,

Proposition 4.2.8. The map above defines a continuous and non-degenerate pair-
ing
() Ky (B) /I x BX/1 - Z/1.
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Proof. We start by analysing the generators of F*/I and K;¥ (F)/1. The

generators of F* /I are ty,---,t, and 6 where 6 is a generator of IF; as
the cyclic group. Since VK" is I-divisible, we can see that K" (F)/1 is
generated by {t1,--- ,t,}and {0,t1,--- ,#;,--- ,t,} for each i. One can check
that they are linearly independent by looking at their values under 4, and

their compositions up to n times. Thus we obtain that the pairing is non-

degenerate. O

We note that this result can easily be generalised for

K (F)/1x K0y, (F)/1.

Proposition 4.2.9. Let L/F be a finite Galois extension. Then (Np,p(x),y)r =
(x,y)L forx € K;OP(L),y € F*and (x, NL/r(y))r = (x,y)r for x € K;OP(F),y €
L*.

Proof. The Proposition follows immediately if L and F has the same last
residue fields, by considering the commutative diagram in Ch 2.3.2. So
it suffices to prove result when L/F is purely unramified. Suppose that
[L: F] = nand let « = Tr(x,y). Then, again using this diagram, we see
that the LHS of the relation is equal to (Np; /]anc)#. On the other hand the

RHS of the relation is #" T and by the explicit description of norm map of

finite fields we have the result. O]

Now we define the Artin-Schreier-Witt pairing : K" (F) x B(F) — Q/Z
which would enable us to define the p-part reciprocity map ¥(?). This
pairing generalises the pairing (-, -], that was used in Ch 4.1. We now use
the bold notation y and (yo, y1, - - , yn) for Witt vectors to avoid confusion.

Let W(F) be ring of Witt vectors over F and for each (yo,- - ,yn, ) in
W(F), let y() denote its i-th ghost component. We also recall that W,,(F) =
W(F)/V™W(F) where V : Wy, (F) — W, (F) is the ‘shift’ map.

Then we can define the pairing (-, ‘| : (F*)" X Wiu(F) — Z/p™ by

(xOlel X, Yo IYm—l]m - TI']F /IE (WOI T /Wm—l)
q p
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where the i-th ghost component wii) is given by resF(y(i)xl_ Ydxy Ao A
x, 'dx,). For the details of the definition of residue map on the differential
forms, see [22]. When n = 1 this is the pairing defined and used in Ch 4.1.
Similarly to the usual local field case, we need to do most of the calculations
in characteristic 0 fields and for this we use k((t1))((t2)) - - - ((t,)) where k
is the unramified extension of Q, of degree [ if g = p'.

Then we have the following result (for brevity we denote the argument

X1, ,Xxp by xand yo,**+ , Yym—1 by v ):

Proposition 4.2.10. The symbol (x1,--- ,Xn, Yo, - ,Ym—1]m is independent of
the choice of the local parameters of the n-dimensional local field F and has the fol-
lowing properties:

L(x1,- XX X, Yl = (X1, Xi X, Yl (e, X X, Y]
2. (x,y0,  +,YitYi o Ym—1lm

= (5,50, Vi Ymoalm+ (LYo Yo Ymoalm

3. (%1, , xXn, y|m = O if there exists i < j such that x; =1 — X;

4. (x1,- -+, Xn, y)m = 0if x; € (FX)P" for some i

5. (%,70",  Ym_17]m = (WoP, -+, Wm_17), if (X, Yo, - , Ym_1]m

— (WO/ o /Wmfl)-

6. The pairing is continuous in each argument.

7.(%,0,y1, -, ym-lm = (0, (x,y1,- -, Ym-1lm-1)

8. (x;YO, . zYm—Z]m—l = (WO;' .. /Wm—l) if(xl)’O;' .. /Ym—l]m = (WO,‘ ..,
W)

Proof. The residue is independent of the choice of t,-- - ,t, and thus so is
the pairing.

Properties 1,2,3 are obvious. One simply needs to use that d(x;x!) =
xidx; + x;dx]. Property 7 and 8 follows from definition of ghost compo-

nent of Witt vectors. We obtain property 4 by considering the calculation

res(yi Tl Ao A B A B A B A ) e (g T B,
PrOperty 5 can be proved via 1nduct10n In [29], Parshin proved the result

in the case when n = 2 and m = 1 and this can be generalised to higher
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n. By property 8, we immediately obtain the result for higher m as well by
induction.
Continuity of (-, -], follows from the fact that this map is essentially a

polynomial map with coefficients which comes from x;. O
Now we can prove the following:

Proposition 4.2.11. Let F be an n-dimensional local field. Then the symbol
(x0, %1, -+, Xn, (Yo, -+, Ym—1)]m
defines a continuous and non-degenerate pairing
(- Jm : KuP(E)/ p™ % Wi(F)/ PWiu(E) — Z/ p™.

Proof. It remains to prove the non-degeneracy of (-, :],. We first prove
that the pairing is non-degenerate for m = 1. To do this we calculate
the image under the pairing on the generators of the group ;¥ (F)/p
and F/Z2F. The generators of KP(E)/ p are symbols {t1,---,t,} and
{1+ 91‘31 e ti{’, t1, -t -+, ta} (Where the latter element is as in Proposi-
tion and the generators of F/ #F are by € F, such that Trg, /g, (bo) = 1,
and 9’t11i .-t where (iy,---,1,) < 0and ged(#},--- ,i,) [ p. We may also
assume that 6,0’ which are the bases of IF; over [Fy, are dual to each other
with respect to the bilinear form Trg, /¥, on FFy.

Then we obtain that
({t]./ T /tl’l}/ bO]l - ]-/

({tlr"' ,tn},bt?"'tﬁn]l =0= ({1_{_at’;1...t2n,t1’... /fk/"' /tn}/bO]l
and
({1+ﬂt&111 "'tﬁnltll"' /fk/"' ’tn},btﬁl...tﬁﬂ]l =0

unless (a1, - ,a,) = (=by,---—by). If (ay,--- ,ay) = (=by,--- —by), then
by simple calculation of exterior products we obtain that the value of the
pairing is Trp, /]Fp(abak). This is non-zero for a # b but zero otherwise.

Thus the pairing is non-degenerate.
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Now let m > 1 and suppose that

(x, (Yo, ", Ym-1)]m =0

for any (yo, - ,Ym-1) € Wi (F)
Let

(x/ (YO/ T /Ym—l)]m = O
for any (yo, -+ ,Yym—1) € Wy (F). Then by property 8 of Proposition

and non-degeneracy at m = 1 implies that x = px’. Then

0= (x/ Yo, - Imel]m — p(xl/ Yo, - ;mel]m - (0/ (WOPI e /Wm—zp)]mfl

if (X',y0,"*,Ym-1lm = (Wo?, -+, Wm—_17)]m. Thus by induction we obtain
that x € p" K, (F).
Now suppose that
(x, (yo, -+, ¥m-1)lm =0

forall x € K7 (F). By induction principle we can assume that (yo, - - - , ym-2)

€ PWy_1(F) and ym € F/ P (F). Thus we obtain thaty € ZW,,(F). O

Now we consider the inductive limit B(F) of the groups Wy, (F)/ ZW,,(F)
with respect to V which sends (yo,- - ,ym-1) to (0,¥0," - -, Ym-1)-
Kawada and Satake in [20] defines a pairing F* x B(F) — G for all

characteristic p fields induced by isomorphism
G®P = B(F)\ = Homs(B(F),Q/Z) := E(F).

Hence we obtain p-part reciprocity map ‘Fép ) K (F) — G%P(F) as well as
Y F: KV (F) — G(L/F)% for any Galois p-extension L/F. ¥} ,r is defined
by composing ¥r with the natural restriction map G(F*/F) — G(L/F).
Now we study the properties of ‘I’F(p ),
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4.2.4 Study of p-extension

The aim of this section is to prove this result:

Theorem 4.2.12. Let L/F be a cyclic extension of degree p™. Then we have exact
sequence

KLy N kP (py " G(L/F) 1

For the proof of this Theorem, the following result is crucial.

Proposition 4.2.13. Let L/F be a finite Galois extension. Then the following
relations are valid:

L (Np/p(x), YlEm = (%, /LYl for x € K (L), y € Win(F),

2. (%, Tr(y)m = (X, y|em for x € KiP (F),y € Wy(L).

Proof of Theorem Consider the exact sequence
ker (i) — Wi (E)/ PWin(F) -5 Wy (L)/ P Wy (L)

where i is induced by the injection W, (F) — W, (L).

Take the dual exact sequence from Proposition [4.2.11]and use results from
[19] to obtain

K" (L) I8 K" (F) 3 G(L/F).

We note that Pontryagin duality can be valid since ker(i) is a finite group
so the quotient group W, (F)/ ZW,,(F) + ker(i) is a closed subgroup of
Wi (L)/ PWyu (L) by [2, Ch 3].

Then by Proposition we obtain that j; = Ny ,rand jo = ¥ ,r. To
put it more precisely we have the commutative diagram below and via di-
agram chasing we obtain that j1(x) = Ny p(x) for all x € KiP(L). Similar

calculation shows that j, = ¥} /r. H

The rest of section will be dedicated for the proof of Proposition

Lemma 4.2.14. Let L/F be finite separable extension of an n-dimensional local

field, 1 be the last residue fields of L and w € Q) ;. Then

Tr1/k, (resp(w)) = resp(Trw)
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where Tr : Q’i = Q’; /F, is the trace.

Proof. The proof of this can be found in [22] and also in the original paper
of Parshin ([30]). It suffices to prove this result assuming L/F is a cyclic
extension of a prime degree.

Note that we already used this Lemma in the case of n = 1 when proving
Proposition Since the residue fields L and F are subsets of L and F
respectively, we can apply induction to prove this lemma in general L/F
is a separable extension. We shall leave out the case when L/F is purely

inseparable but note that this can be done by explicit calculation. O
Using this we obtain the following:

Lemma 4.2.15. Let L/ F be a finite separable extension. Then the diagram

K> (L) ‘ 07
NL/FJ Tr
K>(F) ¢ 02

is commutative where Tate map { : K, (F) — QF is defined by

dx dx
C({xlf"'/x”}):_l/\"'/\x—nGQ?.
n

We note that this result is the reason why we needed to prove the norm
map on the Topological K-group coincides with the norm map on the origi-

nal Milnor K-group.

Proof. Let M/F be a finite separable normal extension containing L. Then

one could prove that for any y € Ky(L),

Y. Mm@ =irm(NLe(y))
c€Homp(L,M)

where ¢/ € G(M/F) is any continuation of ¢ to M.

We write jp,; for the natural embedding Q2 — Q2 and similarly for

other fields. Then J(Yir m(y)”) = Yol oinmy)” = Yo jrmCy)7) =
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jr/m o jr/m(Tr(Z(y))). But this is also equal to ¢ o (ip/pm(NL/ry)) = jL/m©
Coip/L(NL/ry) = jesm o C(NL/py). Since jp/p is an embedding we obtain
the diagram.

[

We recall that Tr(yw) = yTr(w) for y € F and w € QF ;. Now we have
obtained all the ingredients to prove Proposition

Proof of Proposition[4.2.13] We start by proving that it suffices to show the
result in the case of cyclic extensions of prime degree. We suppose that the

equality is true for the extensions L/M and M/F. Then

(NL/ex, ¥lrm = (Noym¥, ieymyImm = (X, ip/1Y)Lm-

We first prove both relations when m = 1. The first relation is proved by
the following

(NL/e(x),ylra = Tr, s, rese(y - C(NLye(x))) = Tri, s, rese(Tr(y(Z(x)))

— Trym, res (y(6(2))) = (x,y]1s.

The second relation has been proved for one dimensional local field in
Proposition and this can be easily generalised.

For higher m, both relations follow by induction using 7 and 8 of Propo-

sition
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4.2.5 Higher Local Class Field Theory in Positive Characteristic

Theorem 4.2.16. Let F be an n-dimensional local field of positive characteristic.
Then there exists a canonical map ¥r : Ky.¥ (F) — G(F /F) such that

1. For any finite abelian extension L/ F the sequence
tOp( ) 4[3 tOp( )YL/F (L/F)

is exact.

2. For any finite separable extension L/ F the natural diagram

b 43

KPP (L) G(L®/L)
NL/F[ l
K9P (F) — . G(peb /)
commutes.
3. The diagram
K9P (F) —— . G(F/F)
| |
K, (F) — T — G(F" /F)

is commutative.

4. Yr is injective and its image is dense in G(F*/F).

Proof. Let F be a local field of dimension n. Then F = F,((t1))--- ((tn))
where t1,--- ,t, are sequence of local parameters. We consider three sub-
fields of F. Let L; = F - lFsep L, = F(f /= 1) ,t;/(qfl)), and L3 be the
maximal abelian p-extension of F. Let G;, Gy, and G3 be the corresponding
Galois groups for these fields. Clearly G; = Z and the Frobenius auto-
morphism Frob is the canonical topological generator of G;. Then the reci-

procity map ¥, : K/¥ (F) — Gy is defined by (x1, - ,x,) — Frob?r(¥1n),
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4.2 HIGHER DIMENSION

Reciprocity maps in the latter two cases have been defined earlier and let
Y, : K;OP(F) — Gy and Y53 : K,tfp(F) — Gj3 be those maps.

Since elements of G1, G, and G generate whole of G* = G(F*? /F)*, we
can merge the reciprocity maps on these groups to obtain ¥r : K,(F) —
G if each reciprocity maps coincide on the intersections. We observe
that LN Ly = LpNL3 = F and L N L3 is the maximal purely unram-
ified p-extension of F. We have that ¥i{t;,---,t,} = Frob|g,nc,- On
the other hand ¥53(ty,--- ,ty) = fo ligm(tl,n- ,tn,-]m where f is the iso-
morphism B(F)" & G”b'p(F)ﬁ We note that (t, -, ty, X0, X1, Xp_1]m =
Trg, sk, (res(Xo), - - -, res(Xm—1)). Thus ¥5(ty, - - -, t,) coincides with the Frobe-
nius, if we restrict it to G; N G3. So we obtain that ¥ : K,tfp (F) — G(F/F).
The non-degeneracy of the pairings gives 4.

We now prove the first property of the Theorem. It suffices to prove that

the sequence is exact for all cyclic extensions. We suppose that we have

exact sequences

Ni,/F

KP(Ly) T KPP(F) 5 6Ly /F) — 1

KP(L,) Nig/e KP(F) &8 G(L,/F) — 1

where L and L, are abelian extension of F such that LN L, = F. Let L =
L1- Ly. Then Ny, ,¢Ky? (L1) N Np,/pKy P (Ly) = Np/pKy P (L) and G(L/F) =
G(L1/F) x G(L,/F) by considering them as subgroups of G(F*’/F). So
ker(¥L,p) = NL/FK,ZOP(L) and Y| /r is surjective.

The exactness of property 1 for purely unramified extensions are obvious
and for cyclic p-extensions we have Theorem So it remains to prove

this result for cyclic Kummer extensions. Consider the exact sequence
(L)' NE*/(F¥) = ker(i) — EX/(F*)! % L% /(L)

If we take the dual sequence with respect to the pairing in Proposition
we obtain

K, (L) — K,(F) = G(L/F)

®This is the inverse of the isomorphism F} : G? — B(F)" defined in Ch 4.1.
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4.2 HIGHER DIMENSION

and by Proposition we obtain that the maps in the sequence is the one
required. The same arguments yield property 2.
To prove property 3 we consider an abelian unramified extension L/F

and verify the commutativity of the diagram

K% (F) *r G(L/F)
(ﬂ ‘

Ktop ol IFF T
woq (F) G(L/F).

Viewing F as a subfield of F and choosing a sequence of local parameters
compatibly, we see that Kummer extensions are generated by \/a, a € F*,
and Artin-Schreir extensions are generated by an element x with x —x =
b € F. The diagram can easily be calculated if we use the explicit form of
the duality for extensions L, such that a or b is a “generator” of the group
F*/l or F/ ZF, respectively. Since Nyker[G(L/F) — G(Ly/F)] =1, if L is

the maximal abelian extension, we obtain the required property. O
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