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Abstract

This thesis investigates class field theory for one dimensional fields and

higher dimensional fields. For one dimensional fields we cover the cases

of local fields and global fields of positive characteristic. For higher dimen-

sional fields we study the case of higher local fields of positive characteristic.

The main content of the thesis is divided into two parts.

The first part solves several problems directly related to Neukirch’s ax-

iomatic class field theory method. We first prove the famous Hilbert 90

Theorem in the case of tamely ramified extensions of local fields in an ex-

plicit way. This approach can be of use in understanding the role of the ring

structure as opposed to the role of multiplication only in local class field

theory. Next, we prove that for every local field, its ‘class field theory’ is

unique. Lastly, we establish the Neukirch axiom for global fields of positive

characteristic, which leads to a new approach to class field theory for such

fields, an approach that has not appeared in the previous literature.

There are two main successful directions in higher local class field theory,

one by Kato and another by Fesenko. While Kato used a technical coho-

mological method, Fesenko generalised the Neukirch method and gave the

first proof of the existence theorem. In the second part of the thesis we deal

with the third method in class field theory that works in positive character-

istic only, the Kawada-Satake method. We generalise the classical Kawada-

Satake method to higher local fields of positive characteristic. We correct

substantial mistakes in a paper of Parshin on such class field theory. We de-

velop the first complete presentation of the theory based on the generalised

Kawada-Satake method using advanced properties of topological Milnor
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K-groups. These advanced properties include Fesenko’s theorem about re-

lations of topological and algebraic properties of Milnor K-groups.
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1
I N T R O D U C T I O N

1.1 overview of class field theory

One of the greatest tasks of number theory is a complete understanding

of the absolute Galois group of the rationals. This fundamental problem is

extraordinarily difficult and we cannot expect to answer it anytime soon. At

the same time, we have a comprehensive answer in the case of the maximal

abelian quotient of this absolute Galois group. This answer is provided by

class field theory which is the top achievement of algebraic number theory

in the 20th century. Comparing with other parts of algebraic number theory,

class field theory has had by far the largest number of applications which

include those in the study of class numbers, cyclotomic fields and Iwasawa

theory. Objects used in class field theory1 play central role in Iwasawa–Tate

theory of zeta integral and their study of fundamental properties of the

Dedekind zeta function. This theory played a key role in the development

of the Langlands program.

Class field theory has its roots in Gauss’ quadratic reciprocity law. Class

field theory studies abelian extensions of global fields such as number fields

(characteristic 0) and the function field of a smooth projective curve over a

finite field and number fields (positive characteristic). Contributions from

Kronecker, Weber, Hilbert, Takagi, Artin, Hasse, Chevalley lead to proofs

of its main theorems by the end of the 1930s. One of the key objects in

1adeles and ideles
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1.1 overview of class field theory

class field theory is the reciprocity map ΨK : G(Kab/K) → CK where CK is

the idele class group of the global field K.2 The reciprocity map induces

an isomorphism CK/NL/KCL
∼= G(L/K)ab for any finite Galois extension

L/K. It was understood in the 1930s that in order to have a comprehensive

class field theory it was important to study abelian extensions of local fields,

i.e. the completion of global fields with respect to its places. Even though

certain parts of global class field theory were derived before the emergence

of local class field theory, it became standard to develop the local theory first

and then to use it to construct the global theory. If K is a global field, then for

each place P there is a corresponding local field KP. For each local field KP

one has a local reciprocity map ΨP : K×P → G(LP/KP)
ab for Galois extension

LP/KP. The idele group IK = ∏′P K×P naturally contains the multiplicative

group of the original global field K× so the idele class group CK := IK/K×

is well-defined. Then the global reciprocity map ΨK : CK → G(Kab/K) is

defined as product of the local reciprocity maps ΨP. Artin’s reciprocity law

says that the product vanishes on the diagonal image of the global elements

K×.

Another crucial part of class field theory is the existence theorem, which

provides a one-to-one correspondence between finite abelian extensions of

the ground field and open subgroups of finite index in the idele class group

(in the case of global fields) and in the multiplicative group of the field (in

the case of local fields).

The cohomological method in class field theory was developed in the

1950s. It was a cohomological rephrasing of the Hasse method to use the

Brauer group. This method uses Tate cohomology groups Ĥi(G, F) for

each i ∈ Z, which are slightly different from the usual Galois cohomol-

ogy groups. The (inexplicit) cup product with 2nd cocycle gives a map

Ĥi(G, F) → Ĥi+2(G, F). One of the key steps in the proof is that there is

an isomorphism H2(Ksep/K) ∼= Br(K) ∼= Q/Z. This method can be found

2The map is called the reciprocity map since it is a far reaching generalisation of the

Gauss reciprocity law.
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1.1 overview of class field theory

in many texts including [4, Ch 6]. However, it hides fundamental arith-

metic features of number fields behind cohomological computations. One

of its key drawbacks is its lack of explicitness: it remains a mystery what

is the Galois automorphism to which an element of the idele class group is

mapped to via the global reciprocity map.

Generations of number theorists were interested to deduce main results

of class field theory from as few axioms as possible. Among such ap-

proaches three are very famous: cohomological class formations (Artin–

Tate), the Kawada–Satake class formations in positive characteristic, the

Neukirch class field theory axioms. These three axiomatic approaches will

be reviewed in this thesis (sect. 2.1, 4.1, 3.1 resp.). The advantage of

Kawada–Satake’s approach to class field theory in positive characteristic

is that it is much more explicit and more elementary. Kawada and Sa-

take proved in [20] that class formations exist for general characteristic p

fields. The key aspect of this approach is to work with B(K)∧ where B(K) =

lim−→n
(Wn(K)/PWn(K)) for any characteristic p field K and to use Witt du-

ality which gives a continuous and non-degenerate pairing Gab,p × B(K)→

Q/Z. This method also works for local fields of positive characteristic. It is

interesting that no paper in geometric Langlands correspondence in positive

characteristic uses generalisations of the Kawada–Satake method.

A general axiomatic approach to class field theory, in all characteristics,

was developed by Neukirch. His method can be viewed as a culmina-

tion of efforts of many mathematicians (Hasse, Artin, Tate, Kawada, Sa-

take, Hazewinkel, Iwasawa) to clarify and simplify class field theory and

make it very explicit. Neukirch proposed a very compact group theoretic

axiom which implies the reciprocity map for the fields under investigation.

More specifically, given a field k, he proves that if a G(ksep/k)-module A

satisfies very simple properties then we immediately get a reciprocity map

AK := AG(K/k) → G(Kab/K) satisfying the desired properties. The key to

this theory is the existence of a Ẑ-extension of the ground field (such as the

maximal unramified extension of a local field) and of a so called henselian
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1.1 overview of class field theory

valuation (which is not necessarily ‘henselian’ in the usual sense) with re-

spect to this extension. One advantage of this method is that it gives a

very explicit map between the domain of the reciprocity map and the Ga-

lois group. In his several famous Springer books Neukirch checked that his

axiomatic approach works well for local fields and global fields of character-

istic zero. However, he did not publish a proof in the case of global function

fields. This will be discussed in Ch 3. In the same chapter we will also

discuss certain twisted local class field theories and tame local class field

theories.

There are various generalisations of class field theory. Perhaps, the three

most important generalisations are the Langlands program, higher class

field theory, anabelian geometry. All of them are approximately 50 years

old.

The Langlands program came from the point of view of representation

theory. One of its main conjectures says that for a number field K there

is a certain correspondence between a certain class of representations of

GLn(AK) and n-dimensional complex linear representation of the abso-

lute Galois group of K. However, the Langlands correspondence does not

include any generalisation of the existence theorem. While fundamental

achievements have been attained in positive characteristic, most fundamen-

tal problems remain open in the case of number fields. Perhaps, the main

achievement for number fields so far has been the very partial case of the

modularity of elliptic curves over rationals established by Wiles and Taylor.

Later, Breuli, Conrad, Diamond and Taylor proved the full Modularity the-

orem as well. There is also a local version of the Langlands program, but

this was not developed by Langlands. There is also a generalisation of lo-

cal class field theory which works for (generally non-abelian) arithmetically

pro-finite extensions of a local field; this was developed by Fesenko and

then extended by Ikeda and Serbest. 3

3See [8],[10] and part II Ch 9 of [13] for Fesenko’s work and [17] for Ikeda and Serbest’s

generalisation.
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1.1 overview of class field theory

Anabelian geometry is another generalisation of class field theory. It stud-

ies rigidities of number fields in the sense of how the knowledge of the ab-

solute Galois group of a number field restores the number field. Here the

main result is the Neukirch–Ikeda–Uchida theorem (see [28, Ch 12]) which

says that an isomorphism of a number field K corresponds to an outer au-

tomorphism of the absolute Galois group of K. Anabelian geometry also

studies a similar problem (posed by Grothedieck) for hyperbolic projective

curves over number fields, here the main theorem was proved by Mochizuki

using some p-adic Hodge theory. A version of anabelian geometry called

mono-anabelian geometry was developed by Mochizuki. One of key con-

cepts is mono-analytic structure, when one starts with a ring and then for-

gets addition, working with the multiplicative structure only, and eventu-

ally restoring the ring from the knowledge of the multiplicative structure.

One of the developments in modern mathematics is a recent inter-universal

Teichmüller theory(IUT) of Mochizuki, which is based on mono-anabelian

geometry. The development of anabelian geometry helped to clarify the

meaning of axiomatic approaches to class field theory. In the first approx-

imation, the way how one deduces main results of class field theory from

class field theory axioms depends on the multiplicative structure only, not

on the ring structure. However, to establish the axioms of class field theory

one has to use the ring structure of the global and local fields. Fesenko’s

talk on this issue was given at the RIMS IUT Summit workshop in 2016.4.

This issue will be discussed in Ch 3.2.

Another generalisation of class field theory is higher class field theory. It

studies abelian extensions of the higher dimensional global and local fields

such as the function fields of an integral schemes of finite type over Z or

higher local fields. When the dimension is one, this is just the classical

class field theory. This theory was contributed to, in chronological order,

by Lang, Ihara, Parshin, Kato, Saito, Fesenko and other researchers. Higher

class field theory is a very non-trivial generalisation of class field theory,

4See [12] which is the power point presentation from the workshop
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1.1 overview of class field theory

since various properties in the classical theory do not hold any more. For

n-dimensional fields, instead of the multiplicative group of the field or the

idele class group one uses the Milnor Kn-groups or topological Milnor Kn-

groups or their adelic versions (for more detail see 2.3). We still do not have

a full knowledge of the structure of the Milnor Kn-groups or topological Mil-

nor Kn-groups. In fact, some of the information about them, such as Hilbert

Theorem 90 comes from the famous theorem of Voevodsky5 However, we

know much more in positive characteristic. The Galois descent, which plays

the fundamental role in dimension one, does not hold for higher dimen-

sional fields : for a finite Galois extension L/F of n-dimensional fields, Ga-

lois invariant elements of Kn(L) are not isomorphic to Kn(F). One can define

adeles for higher global fields, and in dimension two there are two types of

adeles: geometric adeles and analytic adeles. See [11] for the details.

Higher local class field theory started with Kato’s papers published in

1979 and 1980 ([18]). Independently, Parshin proposed a simpler way to

deduce higher local class field theory in positive characteristic in [30] and

[31]. At the same time, Fesenko constructed an alternative higher local class

field theory of more explicit nature [5] and [6]. Objects used in higher class

field theory (and in adelic approach to it developed by Fesenko) play central

role in Fesenko–Iwasawa–Tate theory of zeta integral of two dimensional

arithmetic schemes and his study of fundamental properties of the zeta and

L-function of the schemes and their generic fibre. This theory is expected to

play a key role in the development of a two dimensional generalisation of

the Langlands program.

These three approaches to higher class field theory correspond to the

three aforementioned methods in one dimensional class field theory. The

cohomological approach is generalised by Kato, which remains to be the

only method which has been extended to higher global structures fully. For

each i ∈ Z>0, Kato defines higher cohomology groups Hi(F) for a higher

5The theorem which was originally known as (motivic) Bloch-Kato conjecture before

its proof by Voevodsky and many other mathematicians.
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1.2 summary

local field F, which have the property that if the dimension of F is d, then

Hd+1(F) ∼= Q/Z. These groups generalise the Brauer group, but unlike the

Brauer group, they do not share the same central role in algebra. However

the calculation involved in the proofs of Kato’s theory are very complicated

and the reciprocity map constructed by this method is not explicit, simi-

lar to the one dimensional cohomological approach. Fesenko generalised

Neukirch’s method. He uses topological Milnor K-group (Ktop
n -group) in-

stead which is a quotient group of the Milnor K-group. Neukirch’s axiom

does not work directly since the natural map Ktop
n (F)→ Ktop

n (L) is not neces-

sarily injective when L is an extension field of F. Fesenko’s axiom takes care

of this and as in Neukirch’s axiom, an explicit reciprocity map is developed.

He also proves the existence theorem using sequentially saturated topology.

[5] and [6] contain the first published results on existence theorem for higher

local fields. Parshin in [30] proposed an approach to higher local class field

theory for characteristic p fields, by working with Witt vectors and gener-

alising Kawada and Satake’s method. His contributions included the first

definition of the topological Milnor K-group, however, his definition was

wrong for topological reasons and it was corrected in Fesenko’s papers ([9]).

Unfortunately, there were other fundamental flaws in Parshin’s approach

such as a serious gap in the use of his norm map and incorrect topology.

Chapter 4 contains the first detailed presentation of a corrected version of

Parhin’s approach to higher local class field theory in positive characteris-

tic. Previously, Syder developed local-global class field theory in the case of

characteristic p and dimension 2 in [33].

1.2 summary

The main contents of this thesis is divided into two chapters. The first

part (Ch 3) mainly investigates various central open questions related to

Neukirch’s abstract class field theory and to explicit class field theory in

general. We start by giving a detailed exposition of his theory.

7



1.2 summary

We note that Neukirch’s abstract class field theory does not use ring struc-

tures. Thus, the class field theory mechanism (i.e. deriving the reciprociy

map and its properties from class field theory axioms) could be considered

to be mono-anabelian in the sense of mono-anabelian geometry. However,

in order to verify the class field theory axioms for local fields, one needs

to use the ring structure. It is an open question to find exactly how much

ring structure is needed. On the example of proving Hilbert Theorem 90

explicitly in the case of tamely ramified extension of local fields we demon-

strate some of key aspects. We answer a question Neukirch himself asked

around 1995. There are two Ẑ-extensions of Qp and he asked whether it is

possible to develop explicit class field theory using the Ẑ-extension which is

not unramified, in particular whether it is possible to construct a henselian

valuation with respect to this other Ẑ-extension. We prove that this is not

possible. Then we finish the first chapter by establishing class field theory

in global fields of positive characteristic using Neukirch’s axiomatic method.

All of this has never been published before.

The next chapter (Ch 4) is dedicated to higher local class field theory of

characteristic p using a generalisation of Kawada-Satake’s method. We note

that the first section of this second chapter is basically the contents from

[20]. In order to develop this theory we had to modify several proofs and

at times to take a different approach to previously published results. We

fix all the gaps and mistakes in Parshin’s approach. We note that [13, Ch

9] suggested how one could fix them but we use our original method and

deviate from some of those suggestions.

One of the problems with Parshin’s work is that he assumed that the

usual topology for higher local fields can be used in higher class field theory.

However, as was observed by Fesenko, we need to work with the sequen-

tial saturation topology instead. One of key fundamental results we use is

Fesenko’s theorem that the quotient of topological K-group can be defined

algebraically (Theorem 4.2.5), see [9] . The proof of this theorem uses p-adic

Hodge theory. Using this theorem one immediately proves that the norm

8



1.2 summary

map in the usual Milnor K-theory induces a norm map on Ktop
n -groups. In

order to prove a crucial property of the reciprocity map (Theorem 4.2.12),

we need the fact that Parshin’s definition of the norm map coincides with

the one induced from Milnor K-group. Parshin also overlooked that this

fact was required in his proof in [31]. We fix all these mistakes.

9



2
P R E R E Q U I S I T E S

This thesis contains results from several papers and surveys on class field

theory on various types of fields. In this chapter we collect some back-

ground knowledges. We note that we will usually use the letter k or K for

one dimensional fields, F for higher local fields and L for any extension

fields. Also for whole of this thesis we will denote the Galois group of L/K

as G(L/K).

2.1 general class formation

Let k0 be a field, which we will call the ground field, Ω a fixed infinite

separable algebraic extension of k0 and t = t(k/k0) the set of all subfields

k of Ω containing k0 such that [k : k0] < ∞. We emphasise that Ω does not

have to be the separable closure of k0. For k ∈ t, let E(k) be an abelian group

satisfying the following three axioms:

1. For each pair k, K ∈ t with k ⊂ K there is an injective homomorphism

φk,K of E(k) into E(K). Moreover if k ⊂ K ⊂ L, φK,L ◦ φk,K = φk,L.

2. If K/k is a Galois extension then G = G(K/k) acts on E(K) and

φk,K(E(k)) = E(K)G. Moreover, if k ⊂ K ⊂ L and L/k and K/k are Ga-

lois then for all σ ∈ G(L/k) and f ∈ E(K)

σ · φK,L( f ) = φK,L(σ|K · f ).

10



2.1 general class formation

3. Let k, K ∈ t, K/k be a Galois extension of degree n with G(K/k) = G.

Then

H1(G, E(K)) = 0, H2(G, E(K)) ∼= Z/nZ.

We refer to these three axioms as the Class Formation Axiom. We note

that axioms for class formation were initially developed by Artin and Tate

but they are quite different from the one presented here.1 Kawada in [19]

develops the above axioms and proves that the two class formation axioms

are equivalent.

Definition. Suppose that E(k) satisfies the axioms above. Then we call {E(k)|k ∈

t} a class formation for t and each group E(k), the class module associated to t.

Define NG : E(K) → E(k) to be the usual trace map defined by a 7→ ∑σ∈G σa for

a ∈ E(K). We may also write NK/k for NG(K/k) when K/k is a Galois extension.

We state Theorem of Tate which can be found in [1, Ch. 14]. Note that

this proof is based on Tate’s class formation axiom. Here, Ĥi is the Tate

cohomology group. See [1] and [28] for the definition.

Theorem 2.1.1. Suppose that {E(k) : k ∈ t} is a class formation for some t.

Let k, K ∈ t and K/k be a Galois extension with G(K/k) = G. Let uK/k be a

generator of H2(G, E(K)). Then for each i ∈ Z, the map α 7→ αuK/k given by the

cup-product is an isomorphism of groups

Ĥi(G(K/k), Z) ∼= Ĥi+2(G, E(k)).

Proof. Omitted.

Using this Theorem (by letting i = −2) we obtain the main Theorem of

Class Formation:

Theorem 2.1.2. Let {E(k)|k ∈ t} be a class formation for t. Let k, K ∈ t and K/k

be a Galois extension with G(K/k) = G. Then there is a natural isomorphism

G/[G, G] ∼= E(k)/NG(E(K)) given by the cup-product.

1See [1] for their axioms.
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2.1 general class formation

This isomorphism can be described. For this, we define canonical coho-

mology class. Rest of the content (including the proof) in this section can be

found in [19, Ch. 1]. We consider two cases.

• Case 1. k ⊂ L ⊂ K, K/k Galois, G = G(K/k) and H = G(K/L)

• Case 2. We assume further that L/k is a Galois extension and F =

G(L/k).

In Case 1, ResG/H : H2(G, E(K))→ H2(H, E(K)) is surjective and CorH/G :

H2(H, (E(K))→ H2(G, E(K)) is injective. In Case 2 InfF/G : H2(F, E(L))→

H2(G, E(K)) is injective. Then we can choose a generator ξK/k of H2(G, E(K))

for each Galois extension K/k such that ResG/HξK/k = ξK/L in Case 1 and

InfF/GξL/k = [L : k]ξK/k in Case 2 hold. We call ξK/k the canonical cohomol-

ogy class of K/k. We note that despite its name this is not unique. Then the

isomorphism of Theorem 2.1.2 (see [19]) is given by

σ mod [G, G] 7→ ∏
τ∈G

fK/k(τ, σ)−1 mod NGE(K)

where fK/k is an arbitrary 2-cocycle in the canonical cohomology class and

the map does not depend on the choice of fK/k.

The inverse of the isomorphism of Theorem 2.1.2 yields a surjective ho-

momorphism

( , K/k) : E(k)→ Gab

with kernel NGE(K). This map satisfies the below functoriality condition:

Proposition 2.1.3. Let K′/k′ and K/k be finite Galois extensions such that K ⊂ K′

and k ⊂ k′. Then we have the commutative diagram:

E(k′) G(K′/k′)ab

E(k) G(K/k)ab

NG(k′/k)

( , K′/k′)

( , K/k)

12



2.2 witt vectors

Let Ωab(k) be the maximal abelian extension of k in Ω. Then we can

define a symbol

(a, k) = lim←−
K/k

(a, K/k) for a ∈ E(k).

The map a→ (a, k) gives a homomorphism Φk called the Generalised Norm

Residue map. The image of Φk in G(Ωab(k)/k) is dense, since for any finite

extension K/k, G(K/k) ⊂ im(Φk) but the kernel is not necessarily 0. Again

for the details see [19]. We will use these extensively in Ch 4 of this thesis.

2.2 witt vectors

Here we define and state basic properties of Witt vectors. By Witt vectors

we mean p-Witt vectors which is the original object defined by Witt. There

has been generalisation of this, which is often denoted the big Witt vectors

and this will not be used in this thesis. Contents in this section is taken

from [14, Ch 1] unless stated otherwise. See Harder’s text [15] for another

presentation which gives more motivation.

2.2.1 Construction of Witt Vectors

Let k be a field and let p be a prime number. A Witt vector over k is

a sequence (x0, x1, x2, · · · ) of elements in k. We aim to put a ring struc-

ture on the set of Witt vectors W(k). First we define a Witt Polynomial

Wn(X0, X1, X2, · · · , Xn) for each n ≥ 0 by the formula

Wn(X0, · · · , Xn) =
n

∑
i=0

piXpn−i

i .

Then (W0(x0),W1(x0, x1),W2(x0, x1, x2), · · · ) is called the ghost component

of the Witt vector and will be denoted (x(0), x(1), x(2), · · · ). Roughly speak-

ing we will obtain the ring structure on W(k) from the ring structure of the

ghost component.
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2.2 witt vectors

To construct Witt vectors more formally, let R be an arbitrary ring and let

p be a prime. We define (R)∞
0 as the set of all sequences (ai)i≥0 where ai ∈ R.

Then similarly to the case where k is a field we can define a map from (R)∞
0

to (R)∞
0 given by (ai) 7→ (a(i)) where a(i) is given as above. This map is a

bijection if p is invertible in R. Now we state a technical Proposition which

is the key for the construction of W(R) for a general integral domain R. Let

A = Z[X0, · · · , Xn, Y0, · · · , Yn].

Proposition 2.2.1. There exist unique polynomials

ω
(∗)
n (X0, · · · , Xn, Y0, · · · , Yn) ∈ A, n ≥ 0

satisfying the equations

Wn(X0, · · · , Xn) ∗Wn(Y0, · · · , Yn) =Wn(ω
∗
0 , · · · , ω∗n)

for n ≥ 0, where ∗ = + or ∗ = ×. Moreover the polynomial

ω
(∗)
n (X0, · · · , Xn, Y0, · · · , Yn)

p −ω
(∗)
n (Xp

0 , · · · , Xp
n , Yp

0 , · · · , Yp
n )

belongs to pA.

Proof. Can be found in [14, Ch 1]. Note that ω
(+)
0 = X0 + Y0 and ω

(×)
0 =

X0Y0 and we can construct the rest inductively but the details will be omit-

ted.

Using this we can give a ring structure on (R)∞
0 by the following rule:

(ai) ∗ (bi) = (ω
(∗)
0 (a0, b0), ω

(∗)
1 (a0, a1, b0, b1), · · · )

where ω
(∗)
i is the image of the polynomial ω

(∗)
i ∈ A under the canonical

homomorphism Z→ R.

If p is invertible in R, then the set of Witt vectors form a ring and the

ghost map which sends Witt vector to the ghost component is a bijection.

In general, when p is not invertible in R, the property of the set (R)∞
0 of

being a commutative ring under the operation +, × defined above can

be expressed via certain equations for the coefficients of the polynomials

14



2.2 witt vectors

ω
(∗)
i ∈ R[X0, X1, · · · , Y0, Y1 · · · ]. This implies that if a ring R satisfies these

conditions, then same is true for its subrings, quotient rings and any poly-

nomial ring over R. Note that every ring can be obtained this way from a

ring R in which p is invertible. Thus, we can deduce that under the im-

age in R of the above operations for R the set (R)∞
0 is a commutative ring

with unity (1, 0, 0, · · · ). Then this ring is called the Witt ring of R which we

will denote by W(R). Now we define the ghost component of Witt vector

X ∈ W(R) in this case. Let X̃ be an element of W(R) such that its image

in W(R) is X, where R is the appropriate ring of characteristic 0. Then the

ghost component of X is defined to be the image of the ghost component of

X̃ in (R)∞
0 .

2.2.2 Properties and Operations on Witt Vectors

From now on we assume that R = k where k is a field of characteristic p > 0.

Lemma 2.2.2. Define the maps V : W(k) → W(k), F : W(k) → W(k) by the

formulas

V(x0, x1, · · · ) = (0, x0, x1, · · · )

F(x0, x1, · · · ) = (xp
0 , xp

1 , · · · )

We denote F− id = P and let X, Y ∈ W(k). Then F(XY) = F(X)F(Y), V(X +

Y) = V(X) + V(Y), p · X = FV(X) = VF(X) = V(X) +PV(X) and

pn · X = Vn(X) +PX0

for some suitable X0.

Proof. All these properties follow from properties of ω
(∗)
i .

Put Wn(k) = W(k)/Vn(W(k)). This is a ring consisting of finite sequences

(a0, · · · , an−1). The maps V, P , F can all be defined over Wn(k) in an obvi-

ous way. Now we define a surjective ring homomorphism A : Wn(k) →

Wn−1(k) by the formula

A(x0, x1, · · · , xn−1) = (x0, x1, · · · , xn−2)

15



2.2 witt vectors

whose kernel is Vn−1(W1(k)). It can be deduced that on Wn(k)

P ◦V = V ◦P , P ◦ A = A ◦P , V ◦ A ◦PX = p · X.

Now we state a fundamental result on Witt Vectors which constructs local

field of characteristic 0 from a finite field.

Proposition 2.2.3. Let k = Fpn . For a Witt vector X = (x0, x1, · · · ) ∈W(k) put

v(X) = min{i : xi 6= 0} if α 6= 0, v(0) = ∞.

Let F be the field of fractions of W(k) and v : F× → Z the extension of v from

W(k). Then v is a discrete valuation on F and F is a complete discrete valuation

field of characteristic 0 with ring of integers W(k) and residue field isomorphic to

k. In fact F is isomorphic to the unramified extension of Qp of degree n.

Topology on W(Fq) is defined by taking

{Vn(W(Fq)) : n = 1, 2, · · · }

as the fundamental system of neighbourhoods of 0. Then W(Fq) is a com-

pact group, and its topology coincides with the usual topology if we identify

W(Fq) with the ring of integers of the appropriate local field.

Now we finish by stating a Theorem of Witt which classifies cyclic p-

extensions of k.

Theorem 2.2.4. Let K be a cyclic extension of degree pn. Then K is given by

K = k(y0, y1, · · · , yn−1) where

P(y0, y1, · · · , yn−1) = (x0, x1, · · · , xn−1) xi ∈ k (i = 0, 1, · · · , n− 1).

Conversely all such extensions are cyclic of degree pn if x0 6∈Pk.

We often write K = k(P−1Xn) if Xn = (x0, · · · , xn−1).

Proof. Can be found in [34].
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2.2 witt vectors

Remark. We finish by making two remarks. The generator of the Galois group can

be explicitly written down. Namely the group G(K/k) is generated by σ which

acts as follows:

σ(y0, y1, · · · , yn−1) = (y0, y1, · · · , yn−1) + (1, 0, 0, · · · , 0).

Second remark is that we can generalise Theorem 2.2.4. Generally, let Cn be

a finite submodule of Wn(k)/PWn(k). Then K = k(P−1an : an ∈ Cn) is

an abelian p-extension of k and G(K/k) ∼= Cn. The proof of this more general

statement can be found in [23].
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2.3 higher local fields and milnor k-groups

2.3 higher local fields and milnor k-groups

Here we provide basic information about higher local fields and their Mil-

nor K-groups. We note that merely reading this section cannot possibly

replace the proper study of higher local fields since we only state the min-

imal information which is required in this thesis. Good introductory texts

include [25], which gives a lot of details and [13, Ch 1], which provides

more insight.

2.3.1 Higher Local Fields

We begin by giving a definition of (non-archimedean) local field of higher

dimension.

Definition. Any finite field is a local field of dimension 0. A complete discrete

valuation field F is a local field of dimension n > 0 if its residue field F is a local

field of dimension n− 1.

Since a higher local field is more complicated than a usual local field, it

has more structure. We recall that a prime in a complete discrete valuation

field is an element with valuation 1. In a higher local field we have a se-

quence of local parameters. Let F be a higher local field and as usual let

OF = {α ∈ F : vF(α) ≥ 0} be the ring of integers of F where vF is the

discrete valuation of F.

Definition. Let F be an n-dimensional local field. A sequence of local parameters

t1, · · · , tn ∈ F is a sequence of elements with the following (recursively defined)

properties:

1. tn is a prime of F;

2. t1, · · · , tn−1 ∈ O×F , and their reduction t1, · · · , tn−1 form a sequence of local

parameters for the field F.
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2.3 higher local fields and milnor k-groups

Then we can state the classification Theorem of higher local fields. Defi-

nition of K{{t}} for a complete discrete valuation field K can be found in

any introductory texts on Higher local fields.

Theorem 2.3.1. Let F be an n-dimensional local field. Then F is isomorphic to a

field of one of the following types:

1. Fq((t1))..((tn)) where t1, · · · , tn is a sequence of local parameters

2. K((t1))...((tn−1)) where K is a finite extension of Qp

3. A finite extension of Qp{{t1}} · · · {{tr−1}}((tr+1)) · · · ((tn−1)).

The proof is well known and for this see [25]. We shall only work with the

first type since Kawada-Satake’s method only works in positive characteris-

tic. In this case we say Fq is the last residue field of F. We now recall some

elementary facts about higher rank ring of integers of higher local fields.

Definition. Let F be a local field of dimension ≥ n. Then the rank n ring of

integers O(n)
F is defined recursively as follows: if n = 0 then O(0)

F = F, and if

n > 0 then

O(n)
F := {x ∈ OF : x ∈ O(n−1)

F
},

where O(n−1)
F

is the rank n − 1 ring of integers of F. If F is of dimension n we

denote O(n)
F =: OF.

Each O(n)
F is a valuation ring and hence it has a unique maximum ideal

p(n)F . We write pF for the maximum ideal of OF. Then we can define the

higher group of principal units VF of higher local field of dimension n to be

VF := 1 + pF. We can decompose F× further than the usual decomposition

F× = tZ ×O×F where t is any prime of F. Using the sequence of local pa-

rameters we can obtain further decomposition for local fields of dimension

greater than 1.

Proposition 2.3.2. Let F be an n-dimensional local field and let t1, · · · , tn be a

sequence of local parameters of F. Then

F× ∼= tZ
1 × · · · × tZ

n ×F×q ×VF.
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2.3 higher local fields and milnor k-groups

Proof. For this, one could prove that O(n−1−i)
F [t−1

i ] = O(n−i)
F and (O(n−i)

F )× ∼=
(O(n−1−i)

F )× × tZ
i . These statements can be proved via induction using the

minimum non-zero prime ideal pF = p(1)F of all O(i)
F . Again, see [25] for the

details.

2.3.2 Properties of Milnor K-groups of Higher Local Fields

We begin by defining the Milnor K-group and introducing some basic and

essential maps on Km(F). We mainly follow the presentations of [14, Ch 9].

The n-th Milnor K group of a field F, Kn(F) is defined as follows:

Definition. We let K0(F) = Z and K1(F) = F×. For higher n let In = 〈{α1 ⊗

· · · ⊗ αn ∈ (F×)⊗n : αi + αj = 1, for some 1 ≤ i, j ≤ n and i 6= j}〉. Then

Kn(F) := (F×)⊗n/In.

We write {α1, · · · , αn} for elements of Kn(F) and let φ : (F×)n → Kn(F)

be the symbol map. This map is not surjective in general. It is conventional

to write multiplication in Kn(F) additively when n > 1.

All Milnor K-groups have the following property:

Lemma 2.3.3. 1. {α1, · · · , αn} = 0 if αi + αj = 0 for some i 6= j.

2. {· · · , αi, · · · , αj, · · · } = −{· · · , αj, · · · , αi, · · · }; Kn(F) is anti-commutative.

This elementary result will be very useful for calculations in K-groups

later on. Immediately we obtain that {x, x} = {−1, x}. Also with the help

of this Lemma we can prove that Kn(Fq) = 0 for n > 1.

Now let F be a complete discrete valuation ring with a prime t and F be its

residue field. Then there is a unique homomorphism δ : Kn(F) → Kn−1(F)

such that δ{ε1, · · · , εn−1, t} = {ε1, · · · , εn−1} and δ{ε1, · · · , εn} = 0 for εi ∈

O×F and εi its image in F. We call δ the boundary map. For n = 1, δ is

defined to be the same as discrete valuation of F. The explicit definition can

be found in [14, Ch 9].
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2.3 higher local fields and milnor k-groups

We briefly recall the definition of a norm map for Milnor K-groups. Write

E = F(X) and let v be a non-trivial discrete valuation on E, trivial on F.

Define F(v) to be the residue field of E with respect to v. Recall that (for

instance see [32]) these valuations are in one-to-one correspondence with

monic irreducible polynomials of positive degree over F and 1/X. The latter

corresponds to the valuation v∞ which is defined as v∞( f (X)/g(X)) =

deg( f (X))− deg(g(X)) for f , g ∈ E[X].

Let jF/E be the map Kn(F)→ Kn(E) induced by natural injection of fields

F ↪→ E. Then we have an exact sequence

0→ Kn(F)
jF/E→ Kn(E) ⊕δv→ ⊕v 6=v∞ Kn−1(F(v))→ 0.

The exactness is proved by Bass and Tate. To define the norm map we have

to consider slightly varied sequence 0→ Kn(F)
jF/E→ Kn(E) ⊕δv→ ⊕vKn−1(F(v)).

This sequence is not exact in the terms ⊕vKn−1(F(v)) but exact everywhere

else since δv∞ jF/E(Kn(F)) = 0.

Now introduce the homomorphism

N = ⊕Nv : ⊕Kn−1(F(v))→ Kn−1(F).

First, let Nv∞ be the identity map of Kn(Fv∞) = Kn(F). For all other v let Nv

be the map such that the composition

Kn(E)/jF/EKn(F) ∼→ ⊕v 6=v∞ Kn−1(F(v)) ⊕Nv→ Kn−1(F)

coincides with

−δv∞ : Kn(E)/jF/EKn(F)→ Kn−1(F).

Such homomorphisms Nv exist and are uniquely determined. Then Nv :

K(F(v))→ K(F) is a homomorphism of K(F)-modules, namely,

Nv(jF/F(v)(x) · y) = x · Nv(y) for x ∈ Kn(F), y ∈ Km(F(v)).

Then we obtain the exact sequence

0→ Kn(F)
jF/E→ Kn(E) ⊕δv→ ⊕vKn−1(F(v)) N→ Kn−1(F)→ 0.
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2.3 higher local fields and milnor k-groups

So for any finite primitive extension F(α)/F, we have a norm map since

in this case there exists a monic irreducible polynomial f ∈ F[X] ⊂ E

such that f (α) = 0. To define the norm map for a general finite exten-

sion L = F(α1, · · · , αn) we put F0 = F, Fi = Fi−1(αi). Then there is the

homomorphism Nvi : Kn(Fi) → Kn(Fi−1), where vi is the discrete valuation

of the field Fi−1(X) which corresponds to αi. We now denote this map by

Nαi . Then we may define NL/F = Nα1 ◦ · · ·Nαn : Kn(L) → Kn(F). This map

is well-defined; it does not depend on the choice of α1, · · · , αn. To prove this,

one needs to go through some elementary but lengthy arguments which can

be found in [14, Ch 9]. We state some properties of the norm maps which

can be found in the same text.

Theorem 2.3.4 (Bass-Tate-Kato). Let L/F be a finite extension. Then the norm

map NL/F : Kn(L)→ Kn(F) defined above has the following properties:

1. NL/F coincides with Nα1 ◦ · · ·Nαn for any α1, · · · αn ∈ L such that L =

F(α1, · · · αn).

2. For every subextension M/F in L/F

NL/F = NM/F ◦ NL/M.

3. The map NL/F acts on K0(L) as the multiplication by [L : F] and on K1(L) as

the norm map of fields NL/F : L× → F×.

4. The composition NL/F ◦ jF/L coincides with multiplication by [L : F].

5. If L1/F is a normal finite extension with L1 ⊃ L, then the composition jF/L1 ◦

NL/F coincides with m ∑i σi, where m is the degree of inseparability of L/F and

σi : K(L)→ K(L1) are induced by distinct embeddings of L in L1 over F.

6. If σ is F-automorphism of L, then NL/F ◦ σ = NL/F, where σ : Kn(L)→ Kn(L)

is induced by σ.

We have the following commutative diagram for all complete discrete

valuation field F and its finite normal extension L.

22



2.3 higher local fields and milnor k-groups

Kn(L) Kn−1(L)

Kn(F) Kn−1(F)

NL/F

δL

δF

NL/F

This diagram is commutative since the images of {ε1, · · · , εn−1, tL} and

{ε1, · · · , εn} under δF ◦ NL/F and NL/F ◦ δL coincide.
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3
E X P L I C I T C L A S S F I E L D T H E O RY I N O N E D I M E N S I O N

Neukirch’s abstract and axiomatic class field is important for numerous rea-

sons. Class field theory always admits a canonical isomorphism G(L/K) ∼=
AK/NL/K AL for each finite abelian extension L/K, where AK is some appro-

priate domain depending on K, giving a description of the Galois group of

abelian extensions in terms of the arithmetic of the field itself. This map is

given explicitly in Neukirch’s method unlike most other methods available.

Also with cohomological approaches we have to prove many results which

at times seem irrelevant. On the other hand Neukirch’s method is concep-

tually easy to understand and it is clear what each step means to the theory.

Lastly we mention that the class field theory mechanism of Neukirch is

completely group theoretical. We shall discuss this in more detail in Ch 3.2.

3.1 neukirch’s abstract class field theory axiom

Here we recall the main idea behind Neukirch’s method on Class field the-

ory. We shall briefly outline the abstract class field theory Neukirch con-

structs and how this applies to local fields. But before this, we first define

and prove some results on H0 and H−1. Any omitted proof in this section

can be found in [27].
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3.1 neukirch’s abstract class field theory axiom

3.1.1 H0 and H−1

In this section we define groups H0 and H−1 which are essential objects for

Neukirch’s abstract class field theory method. They are existing objects in

cohomological method1 but we define them explicitly so that we do not use

cohomology.

Let G be a group and let A be a G-module. If G is finite then every

G-module A contains the norm group

NG A = {NGa := ∑
σ∈G

σa|a ∈ A}.

Since τNGa = ∑σ∈G τσa = NGa, we have NG A ⊂ AG. Then we define the

norm residue group

H0(G, A) = AG/NG A.

Now let G be a cyclic group with a generator σ. If A is a G-module, then,

in addition to H0(G, A) we consider the group

H−1(G, A) = NG A/IG A

where NG A = {a ∈ A|NGa = 0} and IG A = {σa − a|a ∈ A}. Those two

objects are essential in class field theory and the objects Hi(G, A) can be

defined more abstractly for all i ∈ Z. See [4] for the full definition.

Another concept which will be very useful is the Herbrand quotient. For

G, a finite cyclic group and a G-module A, we define the Herbrand quotient

of A to be

h(G, A) =
#H0(G, A)

#H−1(G, A)

provided that both these orders are finite. Here we state two properties of

the Herbrand quotient:

Proposition 3.1.1. Let G be a finite cyclic group and let 0 → A → B → C → 0

be an exact sequence of G-modules. Then

h(G, B) = h(G, A) · h(G, C),
1Tate cohomology group; see for instance [28]
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3.1 neukirch’s abstract class field theory axiom

in the sense that when two of these quotients are defined, so is the third and the

equality holds. If A is a finite G-module, then h(G, A) = 1.

Now we introduce semilocal theory which will be useful for the transition

between local and global class field theory. The rest of content in this section

is taken from [21, p. 183−185].

We consider a finite group G acting on an abelian group A. Assume that

A is direct product of subgroups,

A =
s

∏
i=1

Ai,

and that G permutes these groups Ai transitively. Let G1 be the decomposi-

tion group of A1, i.e. subgroup of elements which fix A1. We call (G1, A1)

its local component. For each a ∈ A we can uniquely write a = ∑s
i=1 ai

where ai ∈ Ai. For each i we choose σi such that σi A1 = Ai. Then we have

left coset decomposition

G = ∪s
i=1σiG1.

We note that each ai ∈ Ai can be written as σia′i for a uniquely determined

element a′i ∈ A1.

Lemma 3.1.2. The projection π : A → A1 induces an isomorphism H0(G, A) ∼=
H0(G1, A1).

Proof. We first observe that AG consists of all elements of the form

s

∑
i=1

σia1

with a1 ∈ AG1
1 . It is clear that such an element is fixed under G. On the other

hand if a = ∑s
i=1 σia′i where a′i ∈ A1 for each i, is fixed under G, then for a

fixed index j we apply σ−1
j and see that a′j = σ−1

j σja′j is the A1-component

of σ−1
j a = a. Hence a′j = a′1 for all j. In particular, an element of AG is

uniquely determined by its first component, and thus the projection gives

an isomorphism

AG ∼= AG1
1 .
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3.1 neukirch’s abstract class field theory axiom

On the other hand, for a fixed j and a1 ∈ A1 we have

NG(σja1) = ∑
σ∈G

σa1 =
s

∑
i=1

σiNG1(a1).

This shows that NG(A) consists precisely of those elements of the form

s

∑
i=1

σiNG1(a1)

and thus it is clear that AG/NG(A) ∼= AG1/NG1(A1).

Lemma 3.1.3. There is an isomorphism H−1(G, A) ∼= H−1(G1, A1).

Proof. Let a = ∑s
i=1 σia′i where a′i ∈ A1. If we denote α = ∑s

i=1 a′i we obtain

NG(a) =
s

∑
j=1

σjNG1(α).

Thus it is easy to see that NG(a) = 0 if and only if NG1(α) = 0. Therefore

the map

a 7→ α

is a homomorphism

λ : KerNG → KerNG1 ,

which is obviously surjective. We now show that λ maps IG A into IG1 A1. If

σ ∈ G, then there is a permutation g of the indices i such that

σσi = σg(i)τg(i)

with some τg(i) ∈ G1. Hence

λ(σa− a) =
s

∑
i=1

(τg(i)a
′
i − a′i)

thus proving our assertion. To conclude the proof, it will suffice to show

that if λ(a) = 0 then a ∈ IG(A). However, if α = a′1 + · · ·+ a′s = 0 we can

write

a =
s

∑
i=1

(σia′i − a′i),

and so a ∈ IG A.
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Finally, note that if L/K is a finite Galois extension of fields with Galois

group G = G(L/K) then H1(G, L×) = 1. This result is commonly known as

Hilbert 90 theorem and is of huge importance in local class field theory. We

will discuss about this theorem in detail in Ch 3.2.

3.1.2 Abstract Class Field Theory Mechanism

Let k0 be a field and G = G(ksep
0 /k0) be its absolute Galois group. For each

finite separable extension K/k0, denote GK = G(ksep
0 /K). Assume that there

is a Ẑ-extension k̃0/k0 and fix the isomorphism deg : G(k̃0/k0) ∼= Ẑ.

For every finite extension K/k0 we set K̃ = K · k̃0 and fK = [K ∩ k̃0 : k0].

Then the map deg induces another isomorphism

degK =
1
fK

deg : G(K̃/K) ∼= Ẑ.

Definition. The element ϕK ∈ G(K̃/K) with degK(ϕK) = 1 is called the Frobe-

nius over K.

For every finite extension L/K we set L0 = L ∩ K̃, fL/K = [L0 : K] = fL
fK

,

ϕL0/K = ϕK|L0 . We have ϕL|K̃ = ϕ
fL/K
K . Let L̃ = L · K̃. Then degK : G(K̃/K) ∼=

Ẑ induces a surjective homomorphism

degK : G(L̃/K)→ Ẑ,

and we set

φ(L̃/K) = {σ̃ ∈ G(L̃/K) : degK(σ̃) ∈ Z>0}.

It can easily be proved that the map

φ(L̃/K)→ G(L/K), σ̃ 7→ σ̃|L,

is surjective. If σ = σ̃|L, then we call σ̃ a Frobenius lift of σ.

Let A be G-module. We use multiplicative notation on A since it will be

more natural to apply it later on. For each field k0 ⊂ K ⊂ ksep
0 let AK = AGK .
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3.1 neukirch’s abstract class field theory axiom

If L/K is a finite extension, then AK ⊂ AL and we have the norm map

NL/K : AL → AK defined by

NL/K(a) = ∏
σ

aσ

where σ runs through a system of right representatives of GK/GL. Similarly

to the usual field norm, it can be checked that this norm map is transitive on

towers of field extensions. If L/K is a Galois extension, then AL is a G(L/K)

module and AK = AG(L/K)
L .

Definition. A henselian valuation of Ak0 with respect to deg is a homomorphism

v : Ak0 → Ẑ

with the properties

i) v(Ak0) = Z ⊃ Z and Z/nZ ∼= Z/nZ for all n ∈ Z>0.

ii) v(NK/k0 AK) = fKZ for all fields K.

Note that the definition does not imply that v is a discrete valuation, and

that what we call “henselian valuation" in this thesis is very different, in

general, from what is called “henselian valuation" in valuation theory.

For every field K, the henselian valuation v : Ak0 → Ẑ yields the homo-

morphism

vK =
1
fK

v ◦ NK/k0 : AK → Ẑ

with image Z. We say πK ∈ AK with valuation 1 is a prime of AK.

Furthermore, we now assume that G-module A satisfies the following

axiomatic condition:

Class Field Theory Axiom. For every finite cyclic extension L/K

#Hi(G(L/K), A) =

[L : K] for i = 0

1 for i = −1

Then, for each finite Galois extension L/K we define the reciprocity map

rL/K : G(L/K)→ AK/NL/K AL
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3.1 neukirch’s abstract class field theory axiom

given by

rL/K(σ) = NΣ/K(πΣ) mod NL/K AL,

where Σ is the fixed field of a Frobenius lift σ̃ ∈ φ(L̃/K) of σ ∈ G(L/K) and

πΣ ∈ AΣ is a prime element. Neukirch proves that this map is well-defined

and is a homomorphism.

Remark. We observe that the Class field theory axiom is similar to the 3rd con-

dition of the class formation axiom in Ch 2.1. However they are quite different

in two regards. One difference is that we do not need to calculate the group

Hi(G(L/K), A) but instead it suffices to only consider its cardinality. This means

verification process is a lot simpler. Another difference is that we only need to check

the axioms in the case of cyclic extensions.2 However, class formation can be ap-

plied in more general way. In particular we shall see in the next chapter that we

can define class formation even when the ‘maximal extension’ does not contain any

Ẑ-extension.

We define a class field theory for such a G-module to be a pair of homo-

morphisms

(deg : G(k̃0/k0)→ Ẑ, v : k×0 → Ẑ)

where deg is continuous and bijective and v is a henselian valuation with

respect to deg. Now we are ready to state the main theorem of Class Field

Theory:

Theorem 3.1.4. If L/K is a finite Galois extension, then

rL/K : G(L/K)ab → AK/NL/K AL

is an isomorphism.

The inverse map of rL/K yields a surjective homomorphism ( , L/K) :

AK → G(L/K)ab with kernel NL/K AL. This map is called the norm residue

symbol of L/K. The norm residue symbol satisfies certain functoriality

conditions. In particular we have the commutative diagram below (for L ⊂

L′ and K ⊂ K′).
2In fact it suffices to check in the case of cyclic extensions of prime degree.
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3.1 neukirch’s abstract class field theory axiom

AK′ G(L′/K′)

AK G(L/K)

NK′/K

( , L′/K′)

( , L/K)

Passing to projective limits, the norm residue symbol extends to any infinite

Galois extensions since we have the above commutative diagram. In the

particular case of the extension K̃/K we have

Proposition 3.1.5. degK ◦ ( , K̃/K) = vK. In particular (a, K̃/K) = ϕ
vK(a)
K .

An another important feature of classical class field theory is the Existence

Theorem. For every field K we introduce a topology in AK as follows. For

each a ∈ AK we take the cosets aNL/K AL as a basis of open neighbourhoods

of a, where L/K runs through all finite Galois extensions of K. We call this

topology the norm topology of AK. Note that vK and NL/K are continuous if

L/K is a finite extension. Then we can classify the finite abelian extensions.

Theorem 3.1.6 (Existence Theorem). The map L 7→ NL = NL/K AK yields

a 1 − 1 correspondence between the finite abelian extensions L/K and the open

subgroups N of AK. Moreover

L1 ⊂ L2 ⇐⇒ NL1 ⊃ NL2 , NL1·L2 = NL1 ∩NL2 , NL1∩L2 = NL1 ·NL2 .

If L is associated to the open subgroup N of AK, then L is called the class

field of N .

3.1.3 Local Class Field Theory

We shall briefly recall results from [27] without proof.

Let k0 = Fp((T)) or Qp and A = (ksep
0 )×. Thus A×K = K× for any finite

separable extension K/k0. Let v be the usual normalised discrete valuation

of k0 and k̃0 = kur
0 . Note that in the characteristic p case kur

0 = F
sep
p · k0

and in the characteristic 0 case kur
0 is obtained by adjoining all roots of unity
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3.1 neukirch’s abstract class field theory axiom

coprime to p. Then there is a canonical isomorphism deg : G(kur
0 /k0) ∼= Ẑ.

Let K be a finite extension of k0. Then one can prove the following:

Theorem 3.1.7. The pair (deg : G(kur
0 /k0) → Ẑ, v : k×0 → Ẑ) is a class field

theory and A = (ksep
0 )× satisfies the Class Field Theory Axiom. Therefore, for each

Galois extension L/K of local fields we obtain a canonical isomorphism

rL/K : G(L/K)ab → K×/NL/KL×.

Also the Existence Theorem holds.

Note that the only part which requires work is the proof of the class field

theory axiom. In fact, by Hilbert 90, it suffices to calculate the Herbrand

quotient only. By the exact sequence

0→ UL → L×
vL−→ Z→ 0

it suffices to prove the following:

Lemma 3.1.8. Let L/K be a finite extension of local field and UL be unit group of

L. Then we have h(G(L/K), UL) = 1.

Proof. See Ch 5 of [27].

As before, the inverse of rL/K gives the local norm residue symbol

( , L/K) : K× → G(L/K)ab

with kernel NL/KL×.
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3.2 tame local class field theory-mono-anabelian style

One of the themes of anabelian geometry is trying to work with group

structures only, even when the object has more underlying-structure. In

particular when the object is a field, we try to work with its multiplicative

structure only, forgetting about the addition. The classical proof of Hilbert

90 would be an example where this strictly does not apply in that we need

the ring structure of the field even though it is a result about the multiplica-

tive structure only. Thus, the original proof of Neukirch local class field

theory is not done in the mono-anabelian way. In fact this simply would

not be possible in general since the interpretation of the norm map requires

the ring structure of the base field if the extension is wildly ramified. It is

known that the when L/F is a totally ramified extension of degree p, the

interpretation of the norm map on Us
3 is very complicated. In particular

addition is essential for this interpretation. (See (1.5) of [14, Ch 3] for a de-

tailed exposition.) However, if we restrict to the tamely ramified extensions,

it might be possible to prove it without much use of additive structure. This

is especially important since the proof of Neukirch-Ikeda-Uchida theorem

requires Local class field theory.

In the last section, Neukirch’s abstract theory was presented in a way

which is conceptually easiest to see in the form of Galois group of fields.

Nonetheless the theory in fact, only requires the group structure; ring or

field structure is not needed to present the axioms of Neukirch. The orig-

inal presentation of Neukirch’s theory makes it clear that this assertion is

true. Instead of the absolute Galois group of a field k0, he uses an abstract

profinite group G and we can think of GK as a closed subgroup of G where

K is just an index. See [26] for the detail.

3s is the smallest integer such that σ(πL)
πL
∈ Us for a prime L and id 6= σ ∈ G(L/F)
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3.2 tame local class field theory-mono-anabelian style

3.2.1 Calculation of the Norm group

Now we show that for a local field K, A = (Ksep)× satisfies the class field

axiom in an explicit way. First we show that #K×/NL/KL× = [L : K] for

a cyclic tamely ramified extension of L/K. Of course this is classical but

we include it in here for completeness. The commutative diagrams can be

found in Ch 3.1 and the calculation of norm groups can be found in Ch 4.1

of [14].

Here Ui,K is defined to be 1 + pi
K and similarly for Ui,L where pK is the

unique maximum ideal of OK. λK : UK → K× is defined to be the residue

homomorphism given by ε 7→ ε and λi,K : Ui,K → K is defined by 1 +

∑k≥i aktk
F 7→ ai.

Proposition 3.2.1. Let L/K be an unramified extension of local fields of degree n.

Then we have commutative diagrams

L× Z

K× Z

NL/K

vL

vK

×n

UL F×qn

UK F×q

NL/K

λL

λK

NFqn /Fq

Ui,L Fqn

Ui,K Fq

NL/K

λi,L

λi,K

TrFqn /Fq

The proof is simple (in [14, Ch 3]) but requires the use of additive struc-

ture of field. Since the norm map and trace map are surjective in finite fields,

NL/KL× = tn ×UK. Thus, we immediately obtain that #K×/NL/KL× = n.
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Proposition 3.2.2. Let L/K be a totally and tamely ramified cyclic extension of

local fields of degree n. Then we have commutative diagrams

L× Z

K× Z

NL/K

vL

vK

id

UL F×q

UK F×q

NL/K

λL

λK

↑ n

Uni,L Fq

Ui,K Fq.

NL/K

λni,L

λi,K

×n̄

Moreover NL/FUi,L = NL/FUi+1,L unless n 6 | i.

Here ↑ n is n-power map and ×n̄ is the multiplication by n ∈ K. The dia-

grams easily give the description of NL/KL× thus we obtain that #K×/NL/KL×

= n if L/K is a cyclic tamely ramified extension.

Similar diagram exists when n = p. However this diagram is a lot more

complicated and involves explicit use of addition in one crucial case. Thus,

it is fundamentally impossible to analyse the norm map without the use of

the addition in this case.4

4Other diagrams also use addition, for instance in order to define λ∗ maps we need

to use the fact that all elements of Ui can be written in the from 1 + ∑i aiti. Nonetheless

the maps on the RHS of the diagrams in Proposition 3.2.1 and 3.2.2 are all multiplicative

except for the Trace map of finite field which seems to be necessary.
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3.2.2 Explicit Proof of Hilbert 90 for Local Fields

Theorem 3.2.3 (Hilbert 90). Let L/K be a cyclic extension of fields with Galois

group G = G(L/K) with generator sigma. If NL/Kx = 1 then there exists z ∈ L×

such that y/σy = x.

We recall the usual proof of Hilbert 90.

Proof. Let L/K be cyclic extension of degree n with σ being the generator

of the Galois group. If x ∈ ker(NL/K) then we consider the map z 7→

z + xσ(z) + · · · + xσ(x) · · · σn−2(x)σn−1(z) =: y. Then one confirms that

xσ(y) = y. Since σi are linearly independent there exists z such that y is

non zero.

This proof is somewhat unsatisfactory from the point of view of mono-

anabelian geometry due to the reason we explained earlier.5 This is an issue

for mono-anabelian geometry since one wants to forget about the additive

structure. Here we prove Hilbert 90 for tamely ramified extensions of local

field in an explicit way. By no means is this proof mono-abelian since we

still make use of addition. We shall denote the map y 7→ y/σ(y) as (1/σ)

instead of the usual notation (1− σ) in this proof only. This is because in

this proof we make use of the map y 7→ y − σy as well which would be

more appropriate to have that notation.

Explicit proof of Hilbert 90 for tamely ramified extensions of local fields. Let L/K

be a cyclic extension which is tamely ramified. We recall that the multi-

plicative group of a local field K has a decomposition K× ∼= tZ ×F×q ×U1,K

and elements of U1,K can be written uniquely by the following convergent

product ∏i≥0(1 + aiti) where ai ∈ µK
∼= F×q .

Let L/K be an unramified extension of degree n and let t be a prime

element of L which is also a prime of K. Suppose that x ∈ ker(NL/K) where

5We also note that the additive version of this theorem relies on the multiplicative

structure, similarly as in the multiplicative Hilbert 90.

36



3.2 tame local class field theory-mono-anabelian style

x = tk× a× u (a ∈ µL and u ∈ U1,L). Then this necessarily means that k = 0,

NL/Ka = 1 = NL/Ku. We note that Hilbert 90 for finite fields follows easily

from looking at the cardinality. Thus we may assume that x ∈ U1,L. We

observe that

(1/σ)(1+ aiti) = (1+ aiti)(1−σ(ai)ti +σ(a2
i )t

2i + · · ·+(−1)mσ(am
i )t

mi)+ · · ·

= 1 + ∑
m>0

(−1)m(σ(ai)− ai)(σ(ai))
m−1tmi.

Now we suppose that NL/K(x) = 1 where x = 1 + ajtj + · · · and aj 6= 0.

Then by explicit calculation6 we see that aj ∈ ker(TrFqn /Fq) = (1− σ)Fqn .

Thus, there exists b ∈ F×q such that (1/σ)(1 + btj) = 1 + ajtj + · · · . So

x = ((1/σ)(1 + btj)(1 + ∑i>j biti) for some bi, and since this step can be

done iteratively we obtain Hilbert 90 in this case.

Now suppose that L/K is a totally ramified extension of degree n. Recall

that in this case n|q − 1 and thus group of n-th root of unity is contained

in K×. Also there exists a prime element t of L such that L = K(t) and

tn =: T is a prime of K. Then σ(t) = ξt where ξ is a primitive n-th root of

unity. Again consider the decomposition L× = tZ ×F×q ×U1,L. An element

a ∈ F×q is in ker(NL/K) if and only if a is a power of ξ since the norm map

restricted to F×q is simply ×n̄ map. Since (1/σ)t = ξ−1, it remains to prove

that any element x ∈ U1,L such that NL/Kx = 1 is in the image of (1/σ).

Similarly as the unramified case, we make use of the calculation

(1/σ)(1 + atm) = 1 +
∞

∑
i=1

(−1)i(ξm − 1)ξm(i−1)aitmi.

Suppose that x ∈ ker(NL/K) and that x = 1 + ajtj + · · · ∈ Uj,L\Uj+1,L for

some j > 0. If j is not a multiple of n then we can find bj such that

(1/σ)(1 + bjtj) = 1 + ajtj mod tj+1.7 Using the same argument as in un-

ramified case, we obtain that x ∈ im(1/σ). It now suffices to prove that

6Or we could use the commutative diagram in Proposition 3.2.1. Either way this argu-

ment is not free of addition.
7bj = aj(1− ξ j)−1
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x ∈ Ukn,L\Ukn+1,L cannot be in the kernel of NL/K.8 We write x = (1 +

akntkn)×∏i>kn(1+ aiti) = (1+ aknTk)×∏i>kn(1+ aiti). Then NL/Kx = (1+

aknTk)n × NL/K ∏i>kn(1 + aiti). We observe that NL/K(∏i>kn(1 + aiti)) ∈

Ukn+1,F and (1 + aknTk)n ∈ Ukn,K\Ukn+1,K. Thus we conclude that NL/Kx 6=

1.

Remark. Here we presented an explicit proof of Hilbert 90 of local fields when the

extension is not wildly ramified. Initially we had hoped to find a completely group

theoretical proof or at least a proof with two parts where one part is addition-free.

However, clearly the proof presented here is very far from it. In fact, after this

investigation, I believe that it is not possible to separate the role of addition, at least

with this ‘naive’9 approach. This is because to do any calculation we need to use the

explicit form of the elements of local field and role of addition is essential in order

to obtain this form.

8In fact this follows immediately by considering properties of λL,n and the commutative

diagrams in Proposition 3.2.2. Here we spell out the argument more explicitly.
9by naive I mean this kind of approach which is simply brute force calculation
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3.3 uniqueness of class field theory in local fields

The class field theory Neukirch develops has Ẑ-extension of base field as the

main object in the theory. We recall that the maximal unramified extension

Kun of a local field K is a Ẑ extension. However any p-adic fields have

more than one of them so a natural question one could ask is whether a

similar theory can be developed with these other Ẑ-extensions. In fact, I

was informed that Neukirch asked this question to several mathematicians

around 1995. The answer is negative and we present the simple calculation

showing the impossibility.

We recall that a class field theory used in the abstract class field theory

of Neukirch is defined to be a pair of homomorphisms deg : G(K̂/K) → Ẑ

which is continuous and bijective (for some K̂ ⊃ K) and v : K× → Ẑ is

a henselian valuation with respect to deg. We recall that v is a henselian

valuation if im(v) = Z ⊂ Ẑ contains Z and for any finite extension L/K,

v(NL/KL×) = fL/KZ

where fL/K = [L ∩ K̂ : K].

Theorem 3.3.1. Let K be a local field. Suppose that (deg : G(K̂/K) ∼= Ẑ, v :

K× → Ẑ) is a class field theory. Then K̂ = Kun and v is the usual discrete

valuation on K.

Proof. Let π be a prime of K and suppose that the residue field of K is

Fq. We write Kn for the unique unramified extension of degree n of K for

each n, namely the extension field of K obtained by adjoining a primitive

(qn − 1)th root of unity. Then we have NKn/KK×n = πnZ × UK. We recall

that UK = µK ×U1 and this implies that v(µK) = 0 for any homomorphism

v : K× → Ẑ since Ẑ does not have any non-trivial zero divisor. We now

consider two cases:

Case 1. K̂ ⊃ Kp (i.e. fKp/K = p)

We suppose that there exists a prime l 6= p such that Kl 6⊂ K̂. Then fKl = 1
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so v(NKl/KK×l ) = Z. By the description of the norm group of Kl defined

above we observe that there exist m ∈ Z and x ∈ U1 such that v(πmlx) = 1.

We see that p cannot divide m since if it did, πmlx ∈ Nkp/k, contradicting

the assumption fKp/K = p. Thus, U1 is ml-divisible and there exists x′ such

that x′ml = x. Then ml × v(πx′) = 1 which is a contradiction. Therefore if

K̂ ⊃ Kp then K̂ is the maximal unramified extension of K.

Case 2. K̂ 6⊃ Kp (i.e. fKp/K = 1)

Since Kp is not in K̂, there exist n ∈ Z>0 and x′ ∈ U1 such that v(πnpx′) = 1.

We suppose that p does not divide n. Then v(πpx′1/n) = 1/n, which is not

possible. We can repeat this argument to obtain that n must be a power

of p, say pm−1. Clearly Kpm+1 ∩ K̂ = K as well so we can use the same

method as above to conclude that there exist m1 > m and x′′ ∈ U1 such that

v(πpm1 x′′) = 1. This means v(πpm1−pm
x) = 0 for x = x′−1x′′ which in turn

implies that v(U1) ⊃ v(NKi/KK×i ) ⊃ iZ where i = (pm1 − pm).

Now let l be a prime larger than i. Then v(NKl/KK×l ) = v(πlZ ×U1) = Z

since it contains both iZ and lZ. Since p does not divide l, U1 is l-divisible

so the argument used in case 1 can be used again to show an existence of

element in NKl/KK×, say y such that v(yl) = lv(y) = 1.

Thus we conclude that K̂ = Kun.

Remark. As we have mentioned earlier, a local field K necessarily has at least two

Ẑ-extensions. Let K̂ be a Ẑ extension not equal to Kur. Then one may wonder why

the obvious candidate (deg : G(K̂/K) ∼= Ẑ, v := deg ◦ ( , K̂/K)) is not a class

field theory where ( , K̂/K) is the local norm residue symbol which was defined at

the end of chapter 3.1.

We show what happens when K = Qp. It is well-known that the abelian part of

the absolute Galois group of Qp is isomorphic to Ẑ×Z×p and that Z×p
∼= F×p ×Zp.

So we can construct the second Ẑ extension Q̂p of Qp. However v does not satisfy

the axioms of henselian valuation. This map has image Z×Zp where we consider

Z ⊂ ∏q 6=p Zq. If we write v explicitly (using the explicit description of local

residue symbol which can be found in [27]) we obtain that for x = piξu where ξ

is a (p− 1)th root of unity and u a principal unit, v(x) = (i, log(u)) where we
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view Ẑ = ∏q 6=p Zq ×Zp. Now consider Kp, the unique unramified extension of

degree p of Qp. By construction KP 6⊂ Qp so fKp/Qp = 110. As shown earlier,

NKp/Qp K×p = ppZ × UK. However the image of this norm group under v is

pZ×Zp which is not the same as fKp/QpZ×Zp = Z×Zp.

10with respect to the second Ẑ extension Q̂p
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3.4 characteristic p global class field theory

3.4.1 Idele Class Group

Let k0 = Fp(T) and let K be a finite extension of k0. Then we define IK, the

group of ideles over K to be

∏′

P
K×P

the restricted product of localisation of K at each place P with respect to

their units UP. K× is naturally diagonally embedded into IK and therefore

we can define CK = IK/K×, the Idele class group. It is well known that the

Idele class group for global fields satisfies the Galois descent condition, that

is to say if L/K is a Galois extension, we have CG(L/K)
L = CK.

Define an Idelic norm | · |K : IK → R+ by

|a|K = ∏
P

q−vP(a)
P

where qP = qdeg(P), in another words, the size of the residue field of KP.

This is a homomorphism where the image is qZ ⊂ R+. We denote the

kernel of this map by I0
K. By the product formula, K× ∈ I0

K and therefore

we can define subgroup C0
K of CK by I0

K/K×. In exactly the same way as the

number field case it can be shown that C0
K is compact.

Proposition 3.4.1. CK
∼= C0

K ×Z.

For the proof of this proposition we introduce new notation/map. For

every place P of K we have the canonical injection

[ ]P : K×P → CK

which associates to each aP ∈ K×P the class of the Idele

[aP]P = (· · · , 1, 1, 1, aP, 1, 1, 1, · · · ).

Proof. Let P be a rational place11 of K, for instance the infinite place, and

let TP be the prime element of KP. We now define ΓK to be the image of
11a place of degree 1
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the subgroup generated by [TP]P in CK. Then we observe that ΓK
∼= Z. By

construction ΓK is mapped isomorphically onto qZ ⊂ R+ by the Idelic norm

and hence we obtain CK = C0
K × ΓK.

We recall that the norm map NL/K : IL → IK for Galois extension L/K is

defined as follows12.

NL/K(α) = ∏
σ

α

for α ∈ IL. Clearly τNL/K(α) = NL/K(α) for τ ∈ G(L/K), NL/Kα ∈ IK.

Proposition 3.4.2. Let L/K be a finite extension and α ∈ IL, then the local com-

ponents of NL/K(α) is given by

NL/K(α)P = ∏
P|P

NLβ/KP(αP).

Proof. Same as number field case. See [26, p. 82]

3.4.2 Class Field Theory Axiom

Proving the class field theory axiom for the Idele class group is a central

step of Class field theory. There have been many different proofs of it in the

case of global fields and they were classically called the first and the second

inequality and we write them explicitly. Let K be a function field over Fq.

Then we have the following two results.

Theorem 3.4.3 (First inequality). Let L/K be a cyclic extension of degree n with

Galois group G = G(L/K). Then h(G(L/K), CL) = n. In particular

#H0(G, CL) = (CK : NL/KCL) ≥ n.

Note the proof is a lot easier than the number field case as there is no

archimedian place. For this proof only we write h(B) := h(G(L/K), B) for

each G(L/K) module B.

12See [26, p. 82] for the definition for general extension
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Proof. Let U = ∏P UP be the unit ideles of L. Clearly U ⊂ I0
L so UL ⊂ I0

L.

The multiplicity of herbrand quotient gives

h(IL/L×) = h(IL/I0
L)h(I0

L/UL)h(UL/L).

Using Proposition 3.4.1 and third isomorphism theorem we obtain h(IL/I0
L) =

h(Z) = n. Number of divisor classes of degree zero is finite so I0
L/UL is a

finite group and hence h(I0
L/UL) = 1.

UL/L is isomorphic to U/(U ∩ L) as a G-module and hence

h(UL/L) = h(U/(U ∩ L)) = h(U)h(U ∩ L)−1.

U ∩ L is the multiplicative group of the constant field of L so is finite. Hence

h(U ∩ L) = 1. We can express U as a direct product

U = ∏
P
(∏
P|p

UP).

Let UP denote any of UP for P|P then we have for i = 0,−1,

Hi(G, ∏
P|P

UP) ∼= Hi(GP, UP)

for i = 0,−1 by semilocal theory and hence

Hi(U) ∼= ∏
P

Hi(GP, UP).

Recall that by Lemma 3.1.8, for each finite cyclic extension of local fields

LP/KP we have h(G(LP/KP), ULP
) = 1 and hence h(GP, UP) = 1 for all P.

Therefore h(U) = ∏P h(GP, UP) = 1 and h(CL) = n.

Theorem 3.4.4 (Second Inequality). #H0(G, CL)|n. In particular #H0(G, CL) ≤

n and hence equal to n.

We omit the full proof in this thesis as this is classically known and very

long unlike the proof of the First inequality. The main reference for this is

[1, Ch. 6.4]. We note that in the case when n is coprime to p, same argument

as the number field can be used. For the case n = p it requires a different

argument. Also see [35] for the rearranged version.

44



3.4 characteristic p global class field theory

3.4.3 Valuation and Deg

Let k̃0 = F
sep
p · Fp(T). Then G(k̃0/k0) is topologically generated by the

map x 7→ xp, namely the Frobenius, which we shall denote by ϕ, and is

isomorphic to Ẑ via the map ϕ 7→ 1. Denote this isomorphism deg.

Then as in the abstract case for each finite extension K of k0 we can define

an isomorphism

degK =
1
fK

deg : G(K̃/K)→ Ẑ

where fK = [K ∩ k̃0 : k0].

Now we define the map [ , L/K] for every abelian extension L/K by

[α, L/K] = ∏
P
(αP, LP/KP)

where ( , LP/KP) is the local norm residue symbol. Note that for each

α = (αP) ∈ IK , (αP, LP/KP) are equal to 1 for almost all P as almost all αP

are units and almost all extensions LP/KP are unramified.

Proposition 3.4.5. If L/K and L′/K′ are two abelian extensions such that K ⊂ K′

and L ⊂ L′ then we have the commutative diagram

IK′ G(L′/K′)

IK G(L/K)

NK′/K

[ , L′/K′]

[ , L/K]

Proof. Exactly same as the number field case.

In the same way as characteristic 0 case, we can define [ , L/K] for an

infinite extension L of K by taking projective limit. It is clear that Proposition

3.4.5 holds for infinite extension as well.

We define homomorphism

vK : IK → Ẑ

to be the composite of [ , K̃/K] and degK.
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3.4 characteristic p global class field theory

Proposition 3.4.6. For all a ∈ K× we have

[a, K̃/K] = 1.

Proof. Since [NK/k0(a), k̃0/k0] = [a, K̃/K]|k̃0
, we may assume that K = Fp(T).

It suffices to prove [a, Fpn(T)/Fp(T)] = 1. View Fpn as Fp(ζn) where ζn is a

primitive (pn − 1)th root of unity. Then for each place Q of K and a ∈ K

(a, KQ(ζn)/KQ)ζn = ζ
pvQ(a)

n

by Proposition 3.1.5. So

[a, K(ζn)/K]ζn = ∏
P
((a, KP(ζn)/KP)ζn) = ∏

P
ζ

pDeg(P)vQ(a)

n = ζn.

Therefore vK : IK → Ẑ induces a homomorphism

vK : CK → Ẑ.

Corollary 3.4.7. vK(C0
K) = 1. More precisely ker(vK) = C0

K.

Proof. First we prove that NK/k0 I0
K ⊂ I0

k0
. Proposition 3.4.2 says for α ∈ IK,

NK/k0(α)P = ∏P|P NKP/(k0)P
(αP). So using ∏P |αP|P = 1 and |αP|P =

|NK/k0αP|P we obtain NK/k0α ∈ I0
k0

.

So as in Proposition 3.4.6 we can assume that K = Fp(T). Let α ∈ I0
K. At

the end of the proof of Proposition 3.4.6, we obtained that (α, K(ζn)/K) = 1

if and only if ∑P Deg(P)vP(αP) = 0. This condition is equivalent to α ∈ C0
k .

Proposition 3.4.8. The map vK : CK → Ẑ has image Z and v is a henselian

valuation with respect to deg.

Proof. Recall that in Proposition 3.4.1 we obtained decomposition CK =

C0
K × TZ

p where TP = [πP]P and πP is a prime element for some rational

place P. Using Proposition 3.1.5 we know that [TP, K̃/K] = (πP, K̃P/KP) =
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3.4 characteristic p global class field theory

ϕKP . As P is a rational place ϕKP = ϕK. This automatically implies the first

assertion as

vK(CK) = vK(ΓK) = vK(TZ
p ) = degK(ϕZ

K ) = Z ⊂ Ẑ.

Then the first condition for vK being the henselian valuation is satisfied

since vK(CK) = Z. By Proposition 3.4.5, the second condition is also satis-

fied as for every finite extension L/K we have

vK(NL/KCL) = degK[NL/K IL, K̃/K] = fL/KdegL[IL, L̃/L] = fL/KvL(CL).

Since vL(CL) = Z we obtain the Proposition.

Recall that the Idele class groups CK satisfy the class field theory axiom

of Neukirch and hence we get the following result.

Theorem 3.4.9. For every Galois extension L/K of function field over a finite field

we have a canonical isomorphism

rL/K : G(L/K)ab ∼= CK/NL/KCL.

Also the Existence Theorem holds.

The inverse of rL/K yields the surjective homomorphism

( , L/K) : CK → G(L/K)ab.

with kernel NL/KCL.

Proposition 3.4.10. If L/K is an abelian extension and P a prime of K, then the

diagram

K×P G(LP/KP)

CK G(L/K)

[ ]P

( , LP/KP)

( , L/K)

is commutative.
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3.4 characteristic p global class field theory

Proof. Exactly same as number field case.

As in the abstract case, we can take inverse limit of the global norm

residue symbol to obtain map

( , Kab/K) : CK → G(Kab/K).

The image of this map is not surjective unlike the number field case (for

instance ( , K̃/K) is not surjective since the image is isomorphic to Z). Also

the kernel of this map is clearly given as the intersection of all NL/KCL

which can be proved to be connected component of 1 ([1]). This is non-

trivial for number fields but not for global function fields. So ( , Kab/K) :

CK → G(Kab/K) is injective.
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4
C H A R A C T E R I S T I C p H I G H E R C L A S S F I E L D T H E O RY

In this chapter we generalise Kawada-Satake’s approach to higher local

fields.

4.1 kawada-satake revisited

The paper ‘Class Formation II’ by Kawada and Satake started a new view

on class field theory and motivated many people’s work. However, since it

was written such a long time ago, the notation, style of writing and even

some fundamental terminologies are unusual by modern standards. As this

paper is of such importance it would make sense to rewrite it.

It turns out that for any characteristic p fields, it is possible to define a

class formation using Witt vectors. This class formation deals with the p-

extensions of k. Then we can use this to obtain characteristic p Local and

Global class field theory restricted to p-extensions only. Here we claim no

originality, and unless otherwise stated, the proof in this section was given

in [20].

4.1.1 Class Formation in Characteristic p

We start by fixing some notations. Let k be any field of characteristic p where

p > 0. Fix a separable closure ksep of k. We emphasise that we will only be
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4.1 kawada-satake revisited

dealing with fields of characteristic p and p-extensions of such fields. So let

ksep,p be the maximal separable p-extension of k and kab,p be the maximal

abelian p-extension of k inside ksep. We will also write Gab,p(k) = G(kab,p/k)

which we may shorten to Gab,p if there is no confusion as to which field

extension we are referring to. Also by ⊗ we shall always mean the tensor

product of Z-modules. Consider the group

B(k) = (W(k)/PW(k))⊗Z[p−1]/Z

where P := F− id is defined earlier in Lemma 2.2.2. All elements of Z[p−1]

can be written uniquely of a/pn where a ∈ Z, n ∈ Z>0. We also observe that

Z[p−1]/Z ∼= Qp/Zp. The subsets Bn(k) = (W(k)/PW(k)) ⊗ (p−nZ/Z)

are submodules of B(k) and Bi(k) ⊂ Bi+1(k) for all i > 0. We can also see

that B(k) = ∪∞
n=1Bn(k). So B(k) can be seen as the direct limit group of

Bn(k) with respect to the canonical injective maps ln : Bn(k)→ Bn+1(k).

On the other hand we also have the isomorphism

φn : Wn(k)/PWn(k) ∼= Bn(k)

defined by

(x0, x1, . . . , xn−1)+PWn(k) 7→ ((x0, x1, . . . , xn−1, 0, 0, . . . )+PW(k))⊗ (1/pn).

First we prove that that every element in Bn(k) can be uniquely represented

by elements of the form

((x0, x1, · · · , xn−1, 0, 0, · · · ) +PW(k)⊗ (a/pn)

where 0 ≤ a ≤ pn − 1.

Let X = ((x0, x1, · · · ) +PW(k))⊗ (a/pn). Then

X = ((x0, x1, · · · , xn−1, 0, 0, · · · ) +PW(k))⊗ (a/pn)

+(pn(xn, xn+1, · · · ) +PW(k))⊗ (a/pn)

by Lemma 2.2.2. Since multiplication by pn annihilates elements in Bn(k),

we obtain that every element can be represented in this way. This represen-

tation is unique as multiplication by pn does not affect the first n compo-

nents of X. Then it follows that φn is a well-defined homomorphism and is

bijective.
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4.1 kawada-satake revisited

Now we can define ψn : Wn(k)/PWn(k)→Wn+1(k)/PWn+1(k) by

ψn = φ−1
n+1 ◦ ln ◦ φn

for each n > 0.

Lemma 4.1.1. ψn coincides with V : Wn(k)/PWn(k)→Wn+1(k)/PWn+1(k).

Proof. The proof is obtained via the following relatively simple calculations:

ψn((x0, x1, . . . , xn−1) +PWn(k))

= φ−1
n+1 ◦ ln((x0, x1, . . . , xn−1, 0, · · · ) +PWn(k))⊗ (1/pn)

= φ−1
n+1((x0, x1, . . . , xn−1, 0, · · · ) +PWn(k)⊗ (1/pn))

= φ−1
n+1(p(x0, x1, . . . , xn−1, 0, · · · ) +PWn(k)⊗ (1/pn+1))

= φ−1
n+1((0, xp

0 , · · · , xp
n−1, 0, · · · ) +PW(k)⊗ (1/pn+1))

= (0, xp
0 , · · · , xp

n−1) +PWn+1(k)

and this is exactly same as V((x0, x1, . . . , xn−1) +PWn(k)) by Lemma 2.2.2.

With this we obtain the following commutative diagram:

B1 B2 · · · Bn · · ·

W1/PW1 W2/PW2 · · · Wn/PWn · · ·

φ1 φ2 φn

l1 l2 ln−1 ln

ψ1 ψ2 ψn−1 ψn

Thus, we can consider B(k) as the direct limit group of (Wn(k)/PWn(k))

with respect to the group homomorphisms ψn. Furthermore we denote by

ψ∗n for the injective map Wn(k)/PWn(k)→ B(k) which satisfies the relation

ψ∗n+1 = ψn ◦ ψ∗n.

Let σ ∈ Gsep,p. Then σ acts on W(ksep,p) by

σ · (x0, x1, . . . , xn, . . . ) = (σx0, σx1, . . . , σxn, . . . ).
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4.1 kawada-satake revisited

It is clear that σ commutes with V and P .

We let R(W(k)) = {X ∈W(kab,p) : PX ∈W(k)}. Our aim is to prove the

following:

Proposition 4.1.2. To each X ∈ R(W(k)) we associate a function

φX : Gab,p →W(k)

defined by φX(σ) = (σ − 1)X. Then in fact, φX(σ) ∈ W(Fp) for all σ and X.

Furthermore the map Θ given by X 7→ φX induces the isomorphism

R(W(k))/W(k) ∼= Homcont(Gab,p, W(Fp)).

The first part of the Proposition follows from the equation P ◦ (σ− 1)X =

(σ − 1) ◦PX = 0. Before proving the rest of the Proposition we state a

Theorem of Witt on cohomology. We note that in the original text, this

statement was given in several Lemmas.

Theorem 4.1.3. Let K/k be a finite Galois p-extension. Then the r-cohomology

groups of the Galois group G = G(K/k) over W(K) and Wn(K) (n ∈ Z>0),

namely Hr(G, W(K)) and Hr(G, Wn(K)) are all trivial.

Proof. By a well known Theorem in cohomology theory (for instance in [3,

Ch 6.8]) it suffices to prove the assertion for positive r and for arbitrary

subgroup H of G. So let fr be an r-cocycle of H over W(K). Let v be a vector

in W(K) such that TrHv is a unit vector in W(k). Then fr = δgr−1 where

gr−1(σ1, · · · , σr−1) is defined as

(−1)r(( ∑
τ∈H

fr(σ1, · · · , · · · , σr−1, τ) · σ1 · · · σr−1 · τv) · (TrH(v)))−1.

The result for Wn(K) can be proved in a similar way.

Proof of Proposition 4.1.2. We first show that φX is a continuous homomor-

phism. The map φX is a group homomorphism as

φX(στ) = (στ − 1)X = σ(τ − 1)X + (σ− 1)X = φX(σ) + φX(τ).
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4.1 kawada-satake revisited

To show continuity let X = (x0, x1, . . . , xn, . . . ) and take a neighbourhood

Vn(W(Fp)) of 0 in W(Fp). Since PX ∈ W(k), field K = k(x0, x1, . . . , xn−1)

is a cyclic extension of k of degree at most pn. Thus, G(kab,p/K) is an open

subgroup of Gab,p and φX(σ) ∈ Vn(W(Fp)) for all σ ∈ G(kab,p/K). This is

exactly the definition of φX being continuous at IdGab,p .

Let f ∈ Homcont(Gab,p, W(Fp)). Recall that Gab,p acts trivially on W(Fp).

Thus, f is a continuous 1-cocyle over W(Fp). To prove the existence of an

element X = (x0, x1, . . . , xn, . . . ) ∈ W(kab,p) such that φX = f , we choose

x0, x1, . . . recursively as follows. Let h1 be a canonical homomorphism from

W(Fp) to W(Fp)/V(W(Fp)) ∼= Fp. Then f1 = h1 ◦ f is a continuous homo-

morphism of Gab,p into Fp. The kernel of f1 is an open subgroup U(1) of

Gab,p of finite index. This means that there is a field K1 with Galois group

G1 = Gab,p/U(1). Using Theorem 4.1.3 we obtain f1(σ) = (σ− 1)x0 for σ ∈

G1 for some x0 ∈ kab,p. Now put X0 = (x0, 0, . . . ) and φ(1)(σ) = (σ− 1)X0.

By the choice of x0 we have ( f − φ(1))(σ) ∈ V(W(Fp)).

Assume we have chosen x0, . . . , xn−1 such that ( f − φ(n)) ∈ Vn(W(Fp))

where φ(n) = (σ− 1)Xn and Xn = (x0, x1, . . . , xn−1, 0, 0, . . . ). Then we put

φ(n+1)(σ) = ( f − φ(n))(σ) mod Vn+1(W(Fp)).

Let U(n+1) be the kernel of φn+1. This is an open subgroup of Gab,p of

finite index. Then φn+1 induces a homomorphism fn+1 of a finite group

Gab,p/U(n+1) into Fp by taking its (n + 1)th component. Just as before there

exists xn ∈ kab,p such that fn+1(σ) = (σ− 1)xn. Then put

φ(n+1)(σ) = (σ− 1)(x0, x1, · · · , xn, 0, 0, · · · ).

This gives ( f − φ(n+1))(σ) ∈ Vn+1(W(Fp)). In this way, we can choose in-

ductively x0, x1, · · · and for X = (x0, x1, . . . , xn, . . . ) ∈ W(kab,p) we have

f (σ) = (σ− 1)X. We observe that X ∈ R(B(k)) since P( f (σ)) = 0.

Finally we prove that Θ is injective. The kernel of Θ is precisely the subset

of X such that (σ− 1)X = 0 for all σ ∈ Gab,p. This condition is equivalent

to X ∈W(k).
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Proposition 4.1.4. The map P : R(W(k))→W(k) induces an isomorphism

R(W(k))/W(k) ∼= W(k)/PW(k)

Proof. Consider the equation PX = r for r ∈ W(k). We observe that there

exists X ∈W(kab,p) which satisfies the equation so the map is surjective. The

inverse image of PW(k) by P is W(k) +P−1(0) = W(k) so P induces the

required isomorphism.

For f ∈ Homcont(Gab,p, W(Fp)) we define

gn(σ) = η ◦ f (σ)(mod pn)

where η is a canonical isomorphism W(Fp) → Zp. So gn is a group homo-

morphism of Gab,p into Z/pnZ.

Proposition 4.1.5. Consider the map f ⊗ (s/pn) 7→ χ where χ ∈ Homcont(Gab,p, R/Z)

is defined by

χ(σ) := s · gn(σ)/pn(mod Z) ( f ∈ Homcont(Gab,p, W(Fp)), σ ∈ Gab,p).

This map is an isomorphism, i.e.

Homcont(Gab,p, W(Fp))⊗ (Q(p)/Z) ∼= Homcont(Gab,p, R/Z).

Proof. Firsts we suppose that f ⊗ (s/pn) = f ′ ⊗ (s′/pm) where n ≤ m and

f , f ′ ∈ Homcont(Gab,p, W(Fp)). Hence, s · pm−n · f = s′ · f ′ in W(Fp). More

specifically, this is same as saying

s · pm−n(η ◦ f )(σ) = η(s · pm−n · f (σ)) = η(s′ · f ′(σ)) = s′(η ◦ f ′)(σ).

Therefore we have (η ◦ f )(σ) · (s/pn) ≡ (η · f ′)(σ) · (s′/pm) (mod Z) and

this map is well-defined. By simply working backwards, we obtain the

injectivity.

Let f1⊗ (s1/pn1) and f2⊗ (s2/pn2) be elements of Homcont(Gab,p, W(Fp))⊗

(Q(p)/Z) and let χ1 and χ2 be elements in Homcont(Gab,p, R/Z) which

corresponds to them. Furthermore we assume that n1 = n2 = n and
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we write gi,n = η ◦ fi. Then χi(σ) = si · gi,n(σ)/pn (mod Z) so χ1χ2 =

(s1 · g1,n(σ) + s2 · g2,n(σ))/pn (mod Z). On the other hand

( f1 ⊗ (s1/pn)) · ( f2 ⊗ (s2/pn)) = (s1 f1 + s2 f2 ⊗ (1/pn))

so we obtain that the map is a homomorphism.

We now show that χ is continuous. For f ∈ Homcont(Gab,p, W(Fp)) we

can choose an open subgroup U(n) of Gab,p such that f (U(n)) ⊂ Vn(W(Fp)).

Then gn(σ) ≡ 0 (mod pn) holds for σ ∈ U(n) which implies χ(σ) = 0 for

σ ∈ U(n) hence we obtain the continuity of χ.

Now we prove that this map is surjective. Any element χ1 ∈ Homcont(Gab,p,

R/Z) is of a finite order, since Gab,p is totally disconnected. So if χ1 has

order pm we may write

χ1(σ) = (a0(σ) + a1(σ)p + · · ·+ am1(σ)pm−1)/pm (mod Z).

Then there exists fm ∈ Homcont(Gab,p, W(Fp)/Vm(W(Fp)) such that η ◦

fm(σ) ≡ χ(σ) (mod pm). We can extend fm(σ) to f (σ) = φX(σ)

∈ Homcont(Gab,p, W(Fp)) by choosing X ∈ kab,p suitably. Hence we get that

χ1 is the image of f ⊗ (1/pm).

By combining these results we obtain:

Theorem 4.1.6. The continuous character group (Gab,p)∧ of the compact abelian

group Gab,p is canonically isomorphic to B(k) = (W(k)/PW(k))⊗ (Q(p)/Z):

Fk : (Gab,p)∧ ∼= (W(k)/PW(k))⊗ (Q(p)/Z)

where the isomorphism is given for χ ∈ (Gab,p)∧ :

χ(σ) = gm(σ)/pm(mod Z)

gm(σ) ≡ η ◦ f (σ)(mod pm) f ∈ Homcont(Gab,p, W(Fp))

f (σ) = (σ− 1)X, X ∈W(kab,p) determined

PX = r ∈W(k) uniquely up to mod PW(k)

and

Fk : χ→ (r +PW(k))⊗ (1/pm).
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Verification of the Class Formation Axioms

Fix a field k0 of characteristic p > 0. Let t = {K : k0 ⊂ K ⊂ ksep,p
0 , [K : k0] <

∞}. For each K ∈ t put E(K) = B(K)∧. Let k ⊂ K with k, K ∈ t. Then the

trace map TrK/k : W(K)→W(k) commutes with P so it induces the map

Tr : W(K)/PW(K)→W(k)/PW(k).

Thus we can define the map Tr=Tr⊗1 : B(K) → B(k) and its adjoint map

(cotrace map)

CotrK/k : E(k)→ E(K).

Now we define φk,K = CotrK/k.

We are ready to verify that E(K) satisfies the axioms of Class Formation.

The first two axioms consists of four conditions below:

C1. For k ⊂ K ⊂ L with k, K, L ∈ t, the chain relation φK,L ◦ φk,K = φk,L

holds.

C2. φk,K is an injective homomorphism of E(k) into E(K).

C3. Let K/k be Galois. Then the Galois group G = G(K/k) acts on E(K)

and we have φk,KE(k) = E(K)G.

C4. For k ⊂ K ⊂ L with k, K, L ∈ t and also assume that both L/k and K/k

be Galois. Then for all σ ∈ G(L/k) and f ∈ E(K)

σ · φK,L( f ) = φK,L(σ|K · f ).

Proof. Field trace map is transitive so C1 follows. To verify C2 it suffices to

check that Tr⊗1 is surjective. From now on we write X = X + PW(k) for

X ∈W(k). If [K : k] = pr and X ∈W(k)/PW(k) then

(Tr⊗ 1)(X⊗ (1/pn+r)) = (prX)⊗ (1/pn+r) = X⊗ (1/pn).

C3 is the trickiest one to prove. By definition for χK ∈ B(K)∧ and for X ∈

W(K)/PW(K), (χK)
σ(X⊗ (1/pn)) = χK(σ

−1X⊗ (1/pn)) where σ ∈ G. So

the condition that χK ∈ E(K)G is equivalent to

χK((σ− 1) · B(K)) = 0 for all σ ∈ G.
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On the other hand χK = φk,KE(k) means that χK(X⊗ (1/pn)) = χk((TrX)⊗

(1/pn)) for X ∈W(K)/PW(K). Now we prove the sequence

0→ ∑
σ∈G

(σ− 1)B(K) i→ B(K)
j→ B(k)→ 0

is exact where i is the inclusion map and j=Tr⊗1. If this sequence is exact

then we obtain C3. Namely, each χK ∈ B(K)∧ which annihilates ∑σ∈G(σ−

1)B(K) can be expressed as χK = χk ◦ j and conversely, which implies C3 by

the above equivalence.

Now we prove the exactness. It is clear that i is injective and j ◦ i = 0.

Surjectivity of j was already proved when proving C2. So it only remains to

prove that ker(j)⊂im(i). Suppose that X⊗ (1/pn) ∈ ker(j). That is to say (Tr

X)⊗ (1/pn) = 0. Now let X ∈ W(K)/PW(K). Then Tr X ∈ pna +PW(k)

holds for some a ∈ W(k). Since H0(G, W(K)) = 0 by Theorem 4.1.3 we

can take X1 ∈ W(K) such that a =Tr(X1). So put X2 = X − pnX1, then

TrX2 ∈ PW(k). Let [K : k] = pr, then pr · X2 ∈ −∑σ∈G(σ− 1)X2 + PWK

holds. Take the classes mod PW(K), i.e. X2 = X2 +PW(K), then we have

X⊗ (1/pn) = X2 ⊗ (1/pn) = − ∑
σ∈G

(σ− 1)X2 ⊗ (1/pn+r)

= ∑
σ∈G

(σ− 1)(−X2)⊗ (1/pn+r).

This exactly says ker(j) ⊂im(j).

Following from this C4 is easily verified.

We state the final condition for the set {E(k) : k ∈ t} with respect to the

cotrace map being a Class Formation:

Theorem 4.1.7. Let k, K ∈ t and K/k be a finite Galois extension of degree pn.

Then the Galois group G = G(K/k) acts on E(K) and we can define the cohomol-

ogy groups Hi(G, E(K)) for all i ∈ Z. Then

Hi(G, E(K)) ∼= Hi−2(G, Z) for all i ∈ Z

where G acts on trivially on Z.
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If we assume this then we obtain the following result:

Theorem 4.1.8. Assume that if [K : k] = pn that H0(G, E(K)) ∼= Z/pnZ and

H1(G, E(K)) ∼= 0. Then E(K) and φk,K defined above satisfy all class formation

axioms. Consequently E(k)/NG(E(K)) is isomorphic to G(K/k)ab.

The proof of Theorem 4.1.7 will take a bit of work. We prove two simple

lemmas first. Note that brief proofs were given in the original text([20]) but

we give more details here.

Lemma 4.1.9. W(K)/PW(K) has no element of finite order pn for each n ∈ Z>0.

Proof. From Lemma 2.2.2 it follows that pnX ∈ PW(K) is equivalent to

VnX = PY for some Y ∈ W(K). Let Y = (y0, y1, · · · , yn−1, · · · ) We may

rewrite Y = (y0, y1, · · · , yn−1, 0, 0, · · · ) + VnY1. Then PY = VnX implies

P(y0, y1, · · · , yn−1, 0, 0, · · · ) = 0 and so we have VnX = PY = P ◦VnY1 =

Vn ◦PY1. Since V is injective, we obtain the result.

Lemma 4.1.10. (W(K)/PW(K)) ⊗Q(p) and Zp/Z are uniquely pn-divisible

for each n.

Proof. Every element of (W(K)/PW(K))⊗Q(p) can be represented in the

form X⊗ (1/pr) by some X ∈W(K) and r ∈ Z>0. Then pn ·X⊗ (1/pn+r) =

X⊗ (1/pr) so (W(K)/PW(K))⊗Q(p) is p-divisible. By Lemma 4.1.9 there

is no pn torsion in (W(K)/PW(K))⊗Q(p) so it’s also uniquely p-divisible.

Let α = (a0 + a1p + · · · an pn · · · ) + Z be an element of Zp/Z. Then (a0 +

a1p + · · · an pn + an+1pn+1 + · · · ) + Z = (an pn + an+1pn+1 + · · · ) + Z. Then

α = pnβ where β = (an + an+1p + · · · ) + Z ∈ Zp/Z. Observing that pn

torsion element does not exist in Zp/Z we obtain the pn-unique divisibility.

Now we are ready to prove Theorem 4.1.7.

Proof of Theorem 4.1.7. We first consider four exact sequences:

0→W(K)/PW(K) i→ (W(K)/PW(K)⊗Q(p) j→ B(K)
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0→PW(K) i→W(K)
j→W(K)/PW(K)→ 0

0→PW(Fp)
i→W(K) P→PW(K)→ 0

0→ Z
i→W(Fp)

j→W(Fp)/Z→ 0.

The exactness of the first sequence follows from Lemma 4.1.9 and the others

are obviously exact. By Theorem 4.1.3 and Lemma 4.1.10 we know that

Hn(G, W(K)) = Hn(G, (W(K)/PW(K))⊗Q(p)) = Hn(G, W(Fp)/Z) = 0

for all n ∈ Z. So taking cohomology of each sequence, we obtain four

isomorphisms

Hn−1(G, PW(K) ∼= Hn(G, W(Fp)), Hn(G, Z) ∼= Hn(G, W(Fp)),

Hn−2(G, W(K)/PW(K) ∼= Hn−1(G, PW(K)),

Hn−3(G, B(K)) ∼= Hn−2(G, W(K)/PW(K)).

From this it follows that

Hn−3(G, B(K)) ∼= Hn(G, Z)

for all n. We now recall the Duality Theorem of Tate (See [28, Ch 3.1]) which

states

Hn(G, M)∧ ∼= H−n−1(G, M∧)

for discrete G-module M and its character group M∧. By applying this the-

orem we get Hn(G, Z)∧ ∼= H−n−1(G, Z∧). Again using the exact sequence

0→ Z→ R→ R/Z→ 0

and noting that Hn(G, R) = 0, we obtain

H−n−1(G, R/Z) ∼= H−n(G, Z).

But Z∧ ∼= R/Z, so combining the two we get Hn(G, Z)∧ ∼= H−n(G, Z).

Therefore,

Hn(G, E(K)) = Hn(G, B(K)∧) ∼= H−n−1(G, B(K))∧

∼= H−n+2(G, Z)∧ ∼= Hn−2(G, Z).
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Existence Theorem

Let k ∈ t and consider the set

M (E(k)) = {A(K/k) = φ−1
k/K ◦ TrK/kE(k) : K ∈ t}.

We know that this set has one to one correspondence with all abelian p-

extensions of k. Now we aim to determine this set explicitly. Let M be a

finite subgroup of B(k). Then M = {a⊗ (1/pn) : a ∈ S} for some positive

integer n and a finite subset S of W(k)/PW(k). Take

Cn = {a +PW(k)(mod Vn(W(k)) : a ∈ S}

which is a submodule of Wn(k) and Cn/PWn(k) ∼= M. Let K = k(P−1an :

an ∈ Cn). As mentioned earlier in the remark in Ch 2.2, we know that K/k

is abelian and G(K/k) ∼= Cn/PWn(k).

Lemma 4.1.11. For the above extension K/k we have

ann(M) = φ−1
k/K(TrK/kE(k)).

Proof. For convenience denote the right hand side of the above expression

by M∗. By the main Theorem of Class Formation in Ch 2.1, E(k)/M∗ ∼=
G(K/k). However, we also know that E(k)/ann(M) ∼= G(K/k). Hence to

prove the equality, it suffices to prove the inclusion relation ann(M) ⊂ M∗,

i.e. TrK/kE(K) ⊂ φk,K(ann(M)). Let χ = TrK/kχ1 for some χ1 ∈ E(K). Then

we consider the natural homomorphism

ψk/K : B(k)→ B(K)

induced by the injection W(k) → W(K). Put χ0 = χ1 ◦ ψk/K (which is an

element in E(k)). Then we have χ = φk,K(χ0). This is because φk,K ◦χ0(A) =

φk,K ◦ χ1 ◦ ψk/K(A) = χ1(TrA) = Tr ◦ χ1(A) = χ(A) for any A ∈ B(K).

By the construction of K, it follow that ψk/K(M) = 0 and therefore χ0 ∈

ann(M).
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It also follows that A(K/k) = ann(M) is an open subgroup of the compact

group E(k) of finite index. Conversely, let A be an open subgroup of E(k)

of finite index. Then the annihilator M = ann(A) is a finite submodule

of B(k). We construct the abelian p-extension K/k as above and see that

ann(M) = A(K/k) is the group A. So we conclude:

Theorem 4.1.12. M (E(k)) is the set of all open subgroups of E(k) of finite indices

pn for n ∈ Z>0.

We have considered the isomorphism FK : (Gab,p(K))∧ ∼= B(K) explicitly.

Now we want to construct its dual isomorphism

F∗K : Gab,p(K) ∼= B(K)∧.

Let α ∈ G(Kab,p/K). Then F∗K(α) = χ ∈ B(K)∧ is defined by the relations:χ(X) = ηn ◦ (α− 1) ◦P−1X

X = (X +PW(K))⊗ (1/pn) ∈ B(K), P−1X ∈ R(W(K))

where ηn is the canonical injection W(Fp)→ Z/pnZ→ R/Z.

Let K/k be a finite Galois p-extension with the Galois group G = G(K/k).

We recall that σ ∈ G acts on χK ∈ B(K)∧ via the rule χσ
K(X) = χk(σ

−1X) for

X ∈ B(K). On the other hand, let G = G(Kab,p/k). Then we have

G = ∪σ∈GGab,p(K) · uσ, uσ · uτ = ρσ,τuστ, ρσ,τ ∈ Gab,p(K)

where uσ is a representative of the class σ ∈ G by the canonical isomor-

phism G/Gab,p(K) ∼= G. Hence G acts on Gab,p(K) via the rule ασ =

uσ · α · u−1
σ .

Lemma 4.1.13. F∗k is a G-isomorphism of Gab,p onto B(K)∧.

Proof. Let F∗K(α) = χ and F∗k (uσ · α · u−1
σ ) = χ1. Then

χ1(X) = ηn ◦ (uσ(α− 1) · u−1
σ ) ◦P−1X = ηn ◦ ((α− 1)u−1

σ ) ◦P−1X

= ηn ◦ (α− 1) ◦P−1(σ−1X) = χ(σ−1X) = (χσ)(X).

61



4.1 kawada-satake revisited

Now we consider the transfer map VerG/Gab,p(K): G/[G,G] = Gab,p(k) →

Gab,p(K). Recall that the transfer map is defined by (in this specific case)

α mod [G,G] 7→ ∏σ∈G ασ =: NGα.

Lemma 4.1.14. The transfer map VerG/Gab,p(K) coincides with (F∗K)
−1 ◦ φk,K ◦ F∗k .

Proof. We compare (F∗K)◦VerG/Gab,p(K) and φk,K ◦ F∗K on Gab,p(k). Let α ∈

Gab,p(K), F∗K(NG(α)) = χ ∈ B(K)∧ and X = (X +PW(K))⊗ (1/pn) ∈ B(K)

as before. Then

χ(X) = ηn ◦ (NGα− 1)P−1X = ηn ◦ ∑
σ∈G

(ασ − 1)(P−1X) = χ( ∑
σ∈G

σX)

=: χ(TrGX)

where the last equality follows from the above Lemma.

On the other hand for α′ = α mod [G,G], (φk,K ◦ F∗K)(α
′) = χ′ is defined

by

χ′(A) = F∗K(α
′)(Tr A) = ηn(α

′ − 1) ◦P−1(TrX)

= ηn(α− 1) ◦ TrG ◦P−1X = χ(TrG A).

This means this Lemma holds on Gab,p(K). Let γ ∈ G. Then there exists

some m such that γm ∈ Gab,p(K). So we have

(F∗K) ◦VerG/Gab,p(K)(γ)
m = (F∗K) ◦VerG/Gab,p(K)(γ

m)

= φk,K ◦ F∗k (γ
m) = φk,K ◦ F∗k (γ)

m.

Recall that Gab,p(K) does not have a torsion element so we obtain the result

for a general γ ∈ G.

In Ch 2.1, we defined the norm residue symbol

a→ (a, k) ∈ Gab,p(k) for a ∈ E(k)

which is a homomorphism from E(k) to Gab,p(k). We compare this homo-

morphism with our isomorphism

(F∗k )
−1 : E(k) = B(k)∧ → Gab,p(k).
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Let K/k be a finite Galois p-extension with the Galois group G. By the

general theory of class formation we know that as the canonical 2-cocyle of

G over E(k) we can take

fK/k(σ, τ) = F∗K(ρσ,τ) for σ, τ ∈ G

where ρσ,τ was defined earlier in this chapter. Then the norm residue sym-

bol is given for σ ∈ G by

(σ, K/k)−1 = φ−1
K/k(∏

ρ∈G
fK/k(ρ, σ)) (mod φ−1

k,K(TrGE(K)))

= φ−1
k/K ◦ F∗K(∏

ρ

uρ · uσ · u−1
ρσ ) = φ−1

k/K ◦ F∗K ◦VerG/Gab,p(K)(uσ)

= F∗K(uσ) (mod A(K/k))

where the last equality follows from Lemma 4.1.14. This value is indepen-

dent of choice of the representatives uσ of G mod Gab,p(K). Now take the

inverse limit with respect to all finite abelian p-extensions K of k such that

∪K = kab,p. Then ∩K A(K/k) = 0 by Theorem 4.1.12. Now let σ ∈ Gab,p(k)

and λK(σ) its image in G(K/k) then

lim
←−

(λK(σ), K/k)−1 = F∗k (σ) ∈ E(k).

By the definition of the generalised norm residue symbol we obtain the

formula

(χ, k) = (F∗k )
−1(χ) ∈ Gab,p(k)

for χ ∈ E(k).
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4.1.2 Formal Power Series Fields

Here we consider the case where the ground field k0 is a formal power

series field in one variable over a finite field; i.e. when the k0 is a local field

of finite characteristic p.

Let t = t(k0) be a set containing the finite subextensions of ksep,p
0 as before

and let k ∈ t. Then k is also a formal power series field in one variable T over

a finite field Fq where q = p f for some f > 0 by classification of local fields.

As usual we denote by Ok its ring of integers and mk its unique maximum

ideal. We also denote by Uk the group of units of Ok and Un,k = 1 + TnOk

or Un if the field we are referring to is clear.

Inner product

Let {α1, . . . , α f } be a basis of Fq over Fp and let {β1, . . . , β f } be a comple-

mentary basis of {α1, . . . , α f } such that

Tr(αiβ j) = δij

for i, j ∈ {1, . . . , f } (Recall that δij = 1 if i = j and 0 otherwise.) In particular

we choose α1 = 1 so that Trβ1 = 1, Trβi = 0 (i 6= 1) hold.

Note that (k×)pn
for each n are closed subgroups of k× and the factor

groups kn := k×/(k×)pn
are compact groups. The fundamental system of

neighbourhoods of unity in kn are {Um · (k×)pn
: m > 0}. Also consider

the natural continuous homomorphism φn+1 : kn+1 → kn for each n > 0

defined by

a · (k×)pn+1 7→ a · (k×)pn
.

Then we can define the projective limit group k with respect to {φn}. k is a

compact abelian group and we denote by φ∗n the continuous homomorphism

k→ kn such that φ∗n = φn+1 ◦ φ∗n+1 holds for all n > 0.

We deduce that ∩∞
n=1(k

×)pn
= F×q using the decomposition k× = TZ ⊕

F×q ⊕U1. Hence we have a natural injection

l : k×/F×q → k.
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It is easy to see that l is continuous and the image of l is dense in k. In fact

the decomposition of k× gives kn ∼= (Z/pn)⊕ (U1/Upn

1 )1. Since ∩∞
n=1Upn

1 =

1 we get k ∼= Zp ⊕U1. So we obtain two exact sequences:

1→ F×q → k× → k×/F×q → 1

1→ k×/F×q
l→ k→ Zp/Z→ 1

Now we intend to establish group pairings of kn and Wn(k)/PWn(k) for

each n > 0 as well as k and B(k) explicitly.

Let us recall some facts. The multiplicative group k1 is the infinite product

group of a countable set of cyclic groups of order p. According to [14, Ch

1.6] we can choose a minimal set of (topological) generatorst

1 + αitm i = 1, . . . , f ; m > 0, (m, p) = 1

Furthermore the additive group k/Pk2 is the direct sum of a countable set

of cyclic groups of order p. As a set of minimal generators we can chooseβ1 (mod Pk)

β jt−m (mod Pk), j = 1, . . . , f ; m > 0, (m, p) = 1
.

We recall that residue function on F((T)) (for a general field F) is de-

fined as the coefficient of T−1. More precisely, if z = ∑∞
i=n aiTi with n ∈

Z and ai ∈ F then res(z) = a−1. We can extend this to differential one form

just by defining res(zdT) to be res(z) for z ∈ F((T)). It is well known that

the residue on F((T)) does not depend on the choice its prime element T.

We state a result which is of fundamental importance to this chapter.

Theorem 4.1.15. Let res be the residue function in Fq((T)) as defined above and

let Tr=TrFq/Fp . Then

1k× ∼= Z⊕U1 ⊗ µk but µk is p-divisible.
2k = W1(k)
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

Tr ◦ res(β1dt/t) = 1

Tr ◦ res(β jt−mdt/t) = 0 m > 0

Tr ◦ res(β1d(1 + αitm)/(1 + αitm)) = 0 m > 0

Tr ◦ res(β jt−m′d(1 + αitm)/(1 + αitm)) =

mδij for m = m′

0 for m′ < m

Now consider k f = Qp(ζp f−1), the unramified extension field of degree f

of Qp. Then its ring of integers has a unique prime ideal P = pOP and the

residue field is Fq (q = p f ). Fix the unique homomorphism ψ : F×q → O×P
and put ψ(0) = 0.

We recall that W(Fq) is canonically isomorphic to OP. In fact the isomor-

phism is given by

Ψ : a = (a0, a1, . . . , an−1, . . . )→
∞

∑
n=0

ψ(an)
p−n · pn.

So the Frobenius automorphism F(a) = ap of W(Fq) induces the automor-

phism σ = Ψ ◦ F ◦ Ψ−1 of k f /Qp. So we can show that Trk f /Qp ◦ Ψ(a) =

η ◦ Tr(a) for a ∈ W(Fq) where η : W(Fp) ∼= Zp is the canonical iso-

morphism. This can be proved by simply writing down the explicit ex-

pression for both sides and comparing. Recall that Tr commutes with P

and action of p on W(Fq) and on Wn(Fq). Recall that for each n we

defined ηn : W(Fp) → R/Z given as composition of two natural maps

W(Fp) → Zp/pn ∼= Z/pn and Z/pn → R/Z. Then ηn maps Vn(W(Fp))

to 0 so ηn induces

ηn : Wn(Fp)→ R/Z.

From the definition we can deduce that for X ∈Wn(Fp),

ηn−1(A(X)) = ηn(pX), ηn+1(V(X)) = ηn(X)3.

3Recall that A : Wn(k) → Wn−1(k) is the natural restriction map discarding the last

entry.

66



4.1 kawada-satake revisited

Furthermore, we introduce the notations:

Wn(Ok) = {X(n) = (x0, x1, · · · , xn−1) ∈Wn(k) : xi ∈ Ok, i ∈ {0, 1, · · · , n− 1}}

Wn(mk) = {X(n) = (x0, x1, · · · , xn−1) ∈Wn(k) : xi ∈ mk, i ∈ {0, 1, · · · , n− 1}}

Wn(mk)
(m) = {X(n) = (x0, x1, · · · , xn−1) ∈Wn(k) :

v(xi) ≥ m/pn−1−i, i ∈ {0, 1, · · · , n− 1}}

where v is the discrete valuation of k.

For a ∈ k× and X ∈ Wn(k) we define a generalisation of the residue map.

We recall that every Witt vector X = (x0, x1, · · · , xn−1) ∈ Wn(k) has the

ghost component (x(0), x(1), · · · , x(n−1)). To define this ghost component,

we need to use characteristic 0 ring. Let k̃ be the field of fractions of W(Fq),

namely the unramified extension of degree l of Qp if q = pl. Then k̃((t)) =

R is an appropriate ring which we can do the process that was mentioned

in Ch 2.2. Then res(n)(Xda/a) ∈ Wn(Fq) is defined to be the Witt vector

which has the ghost component

(res(x(0)da/a), res(x(1)da/a), · · · , res(x(n−1)da/a)).

This map was first introduced in [34] but with different notation. To define

res(n) more explicitly, let x̃ ∈ k̃((t)) denote the lift of x ∈ k, namely an

element such that x̃ mod p = x. Also we define maps Pn : Rn+1 → R for

each n such that Pn(x(0), x(1), · · · , x(n)) = xn. One can prove that such Pn

exists and Pn(X0, X1, · · · , Xn) is a polynomial in Z[p−1][X0][X1] · · · [Xn]. In

this case

res(n)(Xda/a) = (w0, · · · , wn−1)

where wi is the image of Pi(res(x̃(0)da/a), · · · , res(x̃(i)da/a))under the natu-

ral map k̃(t)→ k. We now state some properties of res(n).

Theorem 4.1.16. The symbol introduced above has the following properties: let

a, a1, a2 ∈ K×, X, X1, X2 ∈Wn(k), then

R1. res(n)(X d(a1·a2)
(a1·a2)

) = res(n)(X da1
a1
) + res(n)(X da2

a2
)

R2. res(n)((X1 + X2)
da
a ) = res(n)(X1

da
a ) + res(n)(X2

da
a )
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R3. res(n)(X d(λa)
λa ) = res(n)(X da

a ) for λ ∈ F×q

R4. res(n)(YX da
a ) = Yres(n)(X da

a ) for Y ∈Wn(Fq)

R5. res(n)(Xp da
a ) = (res(n)(X da

a ))
p

R6. res(n)(PX da
a ) = Pres(n)(X da

a )

R7. res(n−1)(AX da
a ) = A ◦ res(n)(X da

a )

R8. res(n+1)(VX da
a ) = V ◦ res(n)(X da

a )

R9. res(n)(X dt
t ) = (res(x0

dt
t ), res(x1

dt
t ), . . . , res(xn−1

dt
t )), for X = (x0, x1, . . . ,

xn−1)

in particular,

R9′. res(n)(Y dt
t ) = Y for Y ∈Wn(Fq)

R9′′. res(n)(X dt
t ) = 0 for X ∈Wn(mk)

R10. res(n)(X da
a ) = 0 for a ∈ Um and X ∈Wn(mk)

(−m)

All properties but R9 follow easily from the definition. We can obtain R9

by checking the ghost component for (res(x0
dt
t ), res(x1

dt
t ), . . . , res(xn−1

dt
t ))

is indeed

(res(x(0)dt/t), res(x(1)dt/t), · · · , res(x(n−1)dt/t))

as res commutes with operations on polynomials.

Consequently we can define an inner product on k× ⊕Wn(k) by

(a, X]n = ηn ◦ Tr(res(n)(X
da
a )) ∈ R/Z

for a ∈ k×, X ∈ Wn(k) and Tr denotes the trace from Wn(Fq) to Wn(Fp).

Then the inner product has following properties which are easy conse-

quences of Theorem 4.1.16.

R∗1. (a1a2, X]n = (a1, X]n(a2, X]n

R∗2. (a, X1X2]n = (a, X1]n(a, X2]n

R∗3. (λa, X]n = (a, X]n for λ ∈ Fq

R∗4. (apn
, X]n = 0

R∗5. (a, PX]n = 0

R∗6. (a, AX]n−1 = (ap, X]n

R∗7. (a, VX]n+1 = (a, X]n.
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We are ready to prove the following result:

Proposition 4.1.17. By the inner product (a, X]n defined on k× ⊕Wn(k), Um ·

(k×)pn
and Wn(mk)

(−m) + PWn(k) are mutually annihilators of the others for

integers m = pn, 2pn, · · · .

Proof. The fact that each of these subgroups annihilate each other follows

from R∗4, 5 and R10.

Now we prove by induction on n that ann(Um) = Wn(mk)
(−m) +PWn(k)

and ann(Wn(mk)
(−m)) = Um · (k×)pn

for m = m′pn. For n = 1, this follows

from the explicit description on generators of k×/(k×)p and k/Pk and The-

orem 4.1.15.

Assume the result holds for n and for all suitable m′. Let X ∈Wn+1(k) be

in ann(Um). Since a′p ∈ Um for a′ ∈ Um/p, we have by R∗6

(a′, AX]n = (a′p, X]n+1 = 0.

By our assumption AX ∈ Wn(mk)
(−m/p) + PWn(k). Let AX = X1 + PY1

with X1 ∈ Wn(mk)
(−m/p) and Y1 ∈ Wn(k). Then for X1∗ := (X1, 0) ∈

Wn+1(mk)
(−m), there is the equality

X = X1 +P(Y1, 0) + VnX∗,

for some X∗ ∈W1(k). So from R∗7 we can deduce that

0 = (a, X]n+1 = (a, X∗1 ]n+1 + (a, P(Y1, 0)]n+1 + (a, Vnx∗]n+1

= (a, Vnx∗]n+1 = (a, x∗]1

Following on from the n = 1 case, we have x∗ = x′ +Py where x′ ∈ m−m
k .

Moreover we obtain

X = (X1, x′) +P(Y1, y) ∈Wn+1(mk)
(−m) +PWn+1(k).

Let a ∈ ann(Wn+1(mk)
(−m)). For X(n)

1 ∈Wn+1(mk)
(−m), VX(n)

1 ∈Wn+1(mk)
(−m).

From R∗7 it follows that (a, X1]n = 0. So by our induction assumption we

obtain a = a1bpn

1 for some a1 ∈ Um and b1 ∈ k×. Put X0 = (x0, 0, · · · , 0)
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for x0 ∈ m−m′p
k and m = m′pn. Then X0 belongs to Wn+1(mk)

(−m). It now

follows from R10 and R∗6 that

0 = (a, X0]n+1 = (a1, X0]n+1 + (bpn

1 , X0]n+1 = (b1, x0]1

By n = 1 case b1 = a2 · b
p
2 for some a2 ∈ Um′p and b2 ∈ k×. Hence we finally

obtain a = (a1 · a
pn

2 ) · bpn+1

2 ∈ Um · (k×)pn+1
.

Using R∗4 and R∗5 we can actually define an inner product on kn ⊕

Wn(k)/PWn(k). We shall denote the inner product in the same fashion.

For a ∈ k× and X ∈ Wn(k) we write a = a + (k×)pn ∈ kn and X = X +

PWn(k) ∈Wn(k)/PWn(k).

Theorem 4.1.18. By the inner product on kn ⊕Wn(k)/PWn(k) defined above,

the compact multiplicative group kn and the additive abelian group Wn(k)/PWn(k)

are orthogonally paired to R/Z. Hence by Pontryagin Duality, kn is the compact

character group of the discrete abelian group Wn(k)/PWn(k).

We recall that for topological groups G1, G2 and G3, an inner product (·, ·)

on G1 ⊕ G2 is orthogonally paired to G3 if

1. ( , ) is continuous on G1 ⊕ G2

2. (g1, G2) = 0 if and only if g1 = 1G1

3. (G1, g2) = 0 if and only if g2 = 1G2 .

Proof. To prove the continuity of the paring (a, X]n, it suffices to show that

for any given X there exists a neighbourhood U of the unity in kn such that

(U, X) = 1. Now for any given X there exists a positive integer m such that

X ∈ Wn(mk)
(−m). Then for this value m we have (Um, X]n = 1 by Theorem

4.1.16 where Um is the image of Um in kn.

The second property follows from the observation that ann(Wn(k)) in k×

is equal to ∩mUm · (k×)pn
= (k×)pn

. This is true as Wn(k) = ∪mWn(mk)
(−m).

For the last property it suffices to prove

ann(k×) = PWn(k) in Wn(k).
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We prove by induction on n. For n = 1 this follows from classical results

on generators of k1 and k/Pk. So suppose the assertion is true for n. Take

X ∈ ann(k×) in Wn+1(k). Then for an arbitrary a′ ∈ k× we have

(a′, AX]n = (a′p, X]n+1 = 0.

Hence AX ∈PWn(k) holds by our assumption. So we write X = P(X1, 0)+

Vnx∗ by some elements X1 ∈Wn(k), x∗ ∈ k×. Then by the relation

(a, x∗]1 = (a, Vnx∗]n+1 = (a, X]n+1 = 0 ∀a ∈ k×

we can conclude that x∗ = Px for some x ∈ k×. This means Vnx∗ =

P(0, · · · , 0, x) ∈PWn(k) so the result holds for n + 1.

Now consider the sequence {Wn(k)/PWn(k)} and its direct limit group

with respect to the homomorphism V, and the sequence of compact groups

{kn} and its projective limit group k with respect to continuous map φn as

shown earlier. Let a ∈ kn and Xn ∈ Wn(k). Now we write Xn−1 = AXn.

Then we have

(a, VXn−1]n = (φna, Xn−1]n−1.

This follows easily from R∗7 and definitions. Hence we can define a pairing

on k and B(k) as follows. Let a ∈ k and X ∈ B(k). By the definition of B(k)

there exists an integer n such that X = ψ∗nXn for some Xn ∈Wn(k)/PWn(k)

where ψ∗n : Wn(k)/PWn(k) → B(k) is the injective map defined earlier. We

can then define

(a, X]k = (φ∗n(a)), Xn]n

which is independent of choice of n by the above equation. Thus we get:

Theorem 4.1.19. The groups k = lim
←−

kn and B(k) = lim
−→

Wn(k)/PWn(k) are

orthogonally paired by the inner product defined above. Hence k is topologically

isomorphic to the compact character group of the discrete additive group B(k).

Recall that we defined l : k×/F×q → k at the beginning of this section.

Using this and the inner product (·, ·]k we can define the inner product

between k× and B(k). It can be verified that this is well-defined and it is a

continuous homomorphism of k× × B(k) into R/Z
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Local Class Field Theory

In here, we shall establish classical characteristic p local class field theory

under the restriction that we only consider p-extensions.

Let k0 and t be defined as before and take E∗(K) = K× for K ∈ t. For

k ⊂ K with k, K both in t we define φ∗k,K to be the inclusion map k× =

E∗(k) ↪→ E∗(K) = K×. Then it is clear that C1, C2, C3, C4 in p.56 of this

thesis holds.

Now we consider the map lk : E(k)∗ → E(k) = B(k)∧ defined by compos-

ing l with the isomorphism k ∼= B(k)∧ as in Theorem 4.1.19.

Proposition 4.1.20. i) The diagram

E∗(k)
lk−−−→ E(k)yφ∗k/K

yφk,K

E∗(K)
lK−−−→ E(K)

is commutative for k ⊂ K.

ii) For a Galois extension K/k the map lK is a G(K/k)-homomorphism.

Proof. Recall that residue field of k is Fq for this proof only we assume that

residue field of K is Fql .

i) Since φk,K = CotrK/k the assertion is equivalent to (a, X]K = (a, TrK/kX]k

for a ∈ k× and X ∈ B(K), where (·, ·]k and (·, ·]K are inner product functions

defined on k and K respectively. So let

X = ((x0, x1, · · · , ) +PW(K)⊗ (1/pn).

Write Xn = (x0, · · · , xn−1). Then the above equality translates to

ηn ◦ TrFql /Fp(res(n)K (X
da
a
)) = ηn ◦ TrFq/Fp(res(n)k TrK/k(X

da
a
)).

This equality was proved for n = 1 case by Hasse ([16, Ch 5]) and the other

cases follow easily by definition.

ii) can be proved in the similar manner.
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Now we prove the last condition of class formation using the above Propo-

sition. Namely,

Theorem 4.1.21. Hn(G, E∗(K)) ∼= Hn(G, E(K)) ∼= Hn−2(G, Z) for all n ∈ Z

where K/k is a Galois extension (k, K ∈ t) with Galois group G.

Proof. Suppose the constant field of K is Fq. Then we have exact sequences

1→ F×q → K× → K×/F×q → 1

1→ K×/F×q
l→ K→ Zp/Z→ 1

where K = lim←− (K×/(K×)m). By the previous Proposition, the homomor-

phisms in these sequences are G-homomorphisms. Recall that Fq and Zp/Z

are both uniquely pn-divisible for all n. So we get that Hn(G, Fq) = Hn(G,

Zp/Z) = 0 for all n ∈ Z. By taking cohomology in the two exact sequences

and using Theorem 4.1.19 we obtain the result.

Therefore we have proved that for our ground field k0 and for the maxi-

mal Galois p-extension ksep,p
0

{E∗(k) = k×, φ∗k/K = inclusion}

defines a Class Formation.

Existence Theorem

Existence Theorem is an important feature of class field theory since it

gives one to one correspondence between abelian extensions and appro-

priate groups depending on fields.

Proposition 4.1.22. The set

M (E∗(k)) = {A∗(K/k) = φ∗−1
k/K NK/k(E∗(K)) : K/k abelian p-extensions}

is the set of all open subgroups of E∗(k) of finite indices pn (n ∈ Z+).
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Proof. Each A∗(K/k) is an open subgroup of E∗(k) as φ∗ is continuous and

NK/k is an open map. The index follows from the isomorphism theorem in

class formation theory.

By Proposition 4.1.20 we also have

lk A∗(K/k) = lk ◦ φ∗−1
k/K ◦ NK/kE∗(K) = φ−1

k,K ◦ lK ◦ NK/kE∗(K)

= φ−1
k,K ◦ TrK/k ◦ lK ◦ E∗(K) ⊂ A(K/k).

Moreover, since lKE∗(K) is dense in E(K) and TrK/k and φ−1
k,K are closed

maps, we have closure of lk A∗(K/k) in E(k) is A(K/k). Since [E(k) : A(K/k)] =

[E∗(k) : A∗(K/k)] = [K : k], we also have

lk A∗(K/k) = A(K/k) ∩ lkE∗(k).

Now let A∗ be an open subgroup of E∗(k) of index pn and A the closure

of lk A∗ in E(k). Then we have [E(k) : A] = [E∗(k) : A∗] = pn and lk A∗ =

A ∩ lkE∗(k). From the general theory of existence theorem proved earlier in

Ch 4.1, we know that M (E(k)) = {A(K/k) : K/k abelian p-extensions } is

the set of all open subgroups of E(k) of finite indices pn for each n ∈ Z+.

Hence there exists an abelian p-extension K of k with [K : k] = pn such that

A(K/k) = A. Then we have

A∗(K/k) = l−1
k (A(K/k) ∩ lkE(k)) = l−1

k (A ∩ lkE∗(k)) = A∗.

This proves the Proposition.

Now we give an explicit description of A∗(K/k) if K is given by

K = k(P−1(Cn))

where Cn is a submodule of Wn(k). We recall that if S = (Cn + PWn(k))

/PWn(k)) and M = L⊗ 1/pn then G(K/k) ∼= M ∼= L. Then we have:

Proposition 4.1.23. If a finite abelian p-extension K/k is given by above then

A∗(K/k) is the set of all a’s in E(k)∗ such that (a, Cn]n = 0.

Proof. Follows from Lemma 4.1.11 and Proposition 4.1.20.
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4.1.3 Algebraic Function Fields

Kawada and Satake prove the same result for an algebraic function field

over a finite field, namely the global field of characteristic p in [20] as well.

Since global theory in this perspective is not of much interest in this thesis,

we summarise it very briefly.

Let K be a global field of characteristic p and KP be the completion of K

for each place P. Since KP is a local field, by Theorem 4.1.19 we have that

KP := lim←−(k
×
P /(k×P )

pi
) is dual to B(FP). Using this we obtain that IK/Ipn

K

and Wn(AF) are mutually dual as locally compact groups. Then we follow

the exactly same pattern as the local case to obtain global class field theory

as well.

75



4.2 higher dimension

4.2 higher dimension

Here we extend the approach by Kawada-Satake we presented in the previ-

ous section to develop characteristic p higher local class field theory. Parshin

made an attempt to do this in [30] and [31] but this contains several errors

and we fix those mistakes in this exposition.

We first give topology on higher local fields. We note that one of the

problems with Parshin’s paper was that he used incorrect topology. The

topology defined by Madunts and Zhukov is suitable for most purposes

for study of higher local fields but for class field theory we need to use

its sequential saturation instead which Parshin overlooked. The definitions

and properties of topology on Higher local fields can be found in many

texts and papers but we follow the presentation of [13, Ch. 1].

4.2.1 Topology on Higher Local Fields

Since higher local fields are complete discrete valuation fields, they have

natural rank 1 discrete valuation topology. However, this does not take

account of the topology of the residue fields so it is rather unsatisfactory. So

we now define a more refined topology on higher local fields F of positive

characteristic by introducing a way of ‘lifting’ topology from the residue

fields. Namely we deploy technique to lift topology from K to F = K((t)).

We note that it is also possible to do this for the mixed characteristic cases

but is more complicated. This topology was first introduced in [24].

Let the basic open neighbourhoods of 0 to be

∑
i

Uiti := {∑
i

aiti ∈ F : ai ∈ Ui for all i}

where (Ui)
∞
i=−∞ are open neighbourhoods of 0 in K with the property that

Ui = K for i � 0. Then this defines the topology τ on F and thus for

all characteristic p higher local fields. This topology does not depend on

the choice of local parameter t. We can now define the topology on F× as
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follows. Recall that F× = tZ
1 × · · · × tZ

n × F×q × VF. Then we put discrete

topology on tZ
1 × · · · × tZ

n ×F×q and give the topology of VF induced from F.

Then take product topology of the two components. This topology also does

not depend on the choice of the sequence of the local parameters t1, t2, · · · tn.

See [24] for detailed explanation and proof of the property of this topology.

The topology τ is sufficient for most purposes for study of higher local

fields but for class field theory it is not quite correct. Instead we need to

take its sequential saturation.

Definition. Let X be a topological space with topology τ. Define its sequential

saturation λ :

a subset U of X is open with respect to λ if for all α ∈ U and a sequence (αi) which

converges to α (with respect to τ), almost all αi belong to U. We say that topology

τ is sequentially saturated if it coincides with its sequential saturation.

These two topologies have the same converging sequences. In fact the se-

quential saturation is the strongest topology which has the same convergent

sequences and their limit as the original one.

Let λ be sequential saturation of τ. We note that the product topology of

sequential saturated topology is not necessarily sequentially saturated. So

the topology we give for (F×)m is the sequential saturation of the product

topology of λ.

Proposition 4.2.1. Topology λ has the following properties:

1. A Cauchy sequence with respect to the topology τ converges in F×.

2. Multiplication by a fixed element is continuous.

3. Multiplication in F is sequentially continuous but not continuous if (complete

discrete) dimension of F is greater than 2. In particular, in general F× is not a

topological group.

4. For any sequence ai ∈ VF, the sequence api

i converges to 1.

5. VF and (F×)m are closed subgroups of F× for every m ≥ 1.

Here we stress that τ coincides with the topology which is defined and

used in [30] and this is not equal to λ. To see this let F = Fq(t1))((t2))
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and W = F\{ta
2t−c

1 + t−a
2 tc

1 : a, c ≥ 1}. Then this set is only open in λ. We

conclude this section with the following Lemma.

A set Ω ⊂ Zn is called admissible if for every 1 ⊂ l ⊂ n and every

jl+1, · · · , jn there exists i = (jl+1, · · · , jn) ∈ Z such that

(i1, · · · , in) ∈ Ω, il+1 = jl+1, · · · , in = jn =⇒ il ≥ i

Lemma 4.2.2. Let ε ∈ VF. Then ε is uniquely expanded in a convergent product

ε = ∏(1 + θin,··· ,i1tin
n · · · t

i1
1 ), θin,··· ,i1 ∈ Fq

such that Ω = {(in, · · · , i1) : θin,··· ,i1 6= 0} is an admissible set and for all J ∈ Ω,

J > 0 (with colexicographic ordering) and p 6 | J.4

The proof involves using induction and elementary tools which were used

in one dimensional local field which can be found in [14, Ch 1].

4 p 6 | J = (in, · · · , i1) if p 6 | gcd(in, · · · , i1)
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4.2.2 Topological Milnor K-group

Milnor K-group is a fundamental object in higher class field theory since we

can construct a reciprocity map ΨF : Kn(F) → Gab(F) for all n-dimensional

local field F which is functorial with respect to the maps to the residue

field (Theorem 4.2.16). So far it is the unique object (along with topological

Milnor K-group which we will define) which has this property.

Let F be an n-dimensional local field. Let λm be the finest topology on

Km(F) such that subtraction in Km(F) and the natural symbol map

φF : (F×)m → Km(F)

are sequentially continuous. Then λm and its sequential saturation coincide.

Define Λm(F) ⊂ Km(F) to be an intersection of all open neighbourhoods

of 0 with respect to λm. Then a constant sequence αi = α converges to 0 iff

α ∈ Λm(F). Hence Λm(F) is a subgroup of Km(F). We also note that Λm is

closed.

Definition. Set

Ktop
m (F) = Km(F)/Λm(F)

and endow it with the quotient topology of λm which we will denote the same way.

This definition was first given by Parshin ([30])5 and Fesenko clarified

some confusion and proved several properties of this group in [9] and

[7]. Let VKm(F) = 〈{VF} · Km−1(F)〉 and VKtop
m (F) its image of VKm(F)

in Ktop
m (F). We observe that Λm(F) ⊂ VKm(F) since the topology with

VKm(F) and its shifts as a system of fundamental neighbourhoods satisfies

the two conditions of the definition. Thus the definition of VKtop
m (F) makes

sense and for most results which we prove for VKtop
m (F), the same holds for

VKm(F).

We have the following decomposition of Ktop
m (F) (and similarly for Km(F).)

This result is taken from [13, Ch. 6]
5As mentioned before, the topology is different but the intersection of all neighbour-

hoods of 0 with respect to both topology coincide thus obtaining same topological K-group.
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Proposition 4.2.3. We have

Ktop
m (F) ∼= Za(m) × (F×q )

b(m) ×VKtop
m (F)

where a(m) corresponds to number of different (tj1 , · · · , tjm) where 1 ≤ j1 <

· · · < jm ≤ n and b(m) corresponds to number of different (tj2 , · · · , tjm) where

1 ≤ j2 < · · · < jm ≤ n and respectively.

Proof. Recall that F× = tZ
1 × · · · × tZ

n × F×q × VF where t1, · · · , tn is a se-

quence of local parameters and VF is the group of principal units. By noting

that Kn(Fq) = 0 for n > 1 ([14, Ch 9]) and that VF is q − 1 divisible we

obtain the decomposition.

Out of the direct summands in the Proposition, clearly the only object

which is hard to study is VKtop
m (F). We can find topological generators of

VKtop
m (F) as we did in F.

Proposition 4.2.4. An element x ∈ VKtop
m (F) is a convergent sum of symbols

∑
Ω
{1 + θin,··· ,i1tin

n · · · t
i1
1 , tj1 , · · · , tjm−1},

where Ω is defined as in Lemma 4.2.2, j1 < · · · < jm−1, and k = k(i1, · · · , in) 6∈

(j1, · · · , jm−1) where k = min(l : p 6 | il).

This result is taken from [7]. The proof is given in the same text but we

give more details here.

Proof. We observe that {1− α, 1− β} = {α, 1 + αβ
1−α}+ {1− β, 1 + αβ

1−α}.

Let ε ∈ 1 + pl1
F and η ∈ 1 + pl2

F Then using the above calculation we

can show that {ε, η} = {ε′, η}∑n
i=1{ρi, ti} where ρi ∈ 1 + pl1

F and ε′ ∈

1+ pl1+l2
F . Using topological convergence we obtain the result except for the

last condition. For this we consider the equality

1 = {1+ θtin
n · · · t

i1
1 ,−θtin

n · · · t
i1
1 } =

n

∑
i=1
{1+ θtin

n · · · t
i1
1 , ti}+ {1+ θtin

n · · · t
i1
1 ,−θ}

=
n

∑
i=1
{1 + θtin

n · · · t
i1
1 , ti}
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since VF is q− 1 divisible. Then we may rewrite the factor i = k as ∑i 6=k{(1+

θtin
n · · · ti1

1 )
−1, ti}. By applying the calculation (1 + k)−1 = ∏i≥1(1 + (−1)iki2

to (1 + θtin
n · · · ti1

1 )
−1, we have the result.

Using the two Propositions above we can see that Ktop
m (F) = 0 if m > n+ 1

and Ktop
n+1(F) ∼= F×q .

Fesenko in [9] proves that Λm has an algebraic description which means

that Ktop
n (F) can be defined without using topology. Parshin did not know

this and consequently, he believed that the norm map from the original K-

group cannot be extended to the topological K-group. We discuss this issue

further at the end of this section.

Theorem 4.2.5. Let F be an n-dimensional local field. Then

Λm(F) =
⋂
l≥1

lKm(F).

One inclusion is straightforward. Since ∩l≥1lKn(F) ∈ VKn(F) write x ∈

∩l≥1lKn(F) as ∑J{αJ , tj1 , · · · , tjn−1} mod Λn(F). So

prx = ∑{αpr

J , tj1 , · · · , tjn−1}+ yr

where yr ∈ Λn. Then by Proposition 4.2.1.4, prx → y where y ∈ Λ(F).

By the definition of sequential saturated topology, there exists k ≥ 0 such

that pkx ∈ Λ(F). There must be the least k with such property and this is

necessarily 0 by the definition of the topology on Kn(F).

The other inclusion is slightly tricky to prove and for this we need to do

some background work for it. Let k be a field of characteristic p and denote

ν = ν(k) = Hn(k, Z/p(n)) = ker(P : Ωn
k → Ωn

k /dΩn−1
k );

P : (a
db1

b1
∧ · · · ∧ dbn

bn
) 7→ (ap − a)

db1

b1
∧ · · · ∧ dbn

bn
+ dΩn−1

k .

Then we have the following result.

Theorem 4.2.6 (Bloch-Kato-Gabber). The differential symbol

dk : Km(k)/p→ ν(k), {a1, · · · , am} →
da1

a1
∧ · · · ∧ dam

am

is an isomorphism.
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We do not give proof of this since the tools used in this proof are too

different from the other ingredients which are used in this thesis. Kato’s

proof can be found in [13, A.2].

We state a result originally stated in [30]. As mentioned earlier, he was

using different topology so we present a proof which uses ‘correct’ topology.

The idea of the proof is very similar to the original work of Parshin and was

proved by Fesenko in [9].

Theorem 4.2.7. Let J = {j1, · · · , jm−1} run over all (m − 1) elements subsets

of {1, · · · , n} where m ≤ n + 1. Let EJ be the subgroup of VF generated by

1 + θtin
n · · · ti1

1 (θ ∈ µq−1) such that p 6 | gcd(i1, · · · , in) and min{l : p 6 | il} ∈ J.

Then the homomorphism

h : ∑
J
EJ → VKtop

m (F), (εJ) 7→ ∑
J={j1,··· ,jm−1}

{εJ , tj1 , · · · , tjm−1}

is a homeomorphism.

Again the topology on ∑J EJ is given as the sequential saturation of the

product topology.

Proof. From Proposition 4.2.4 we obtain that h is a surjective homomor-

phism. Injectivity follows from Proposition 4.2.11 (this result would be

proved without using the algebraic description of Λm). There exists a se-

quentially continuous map, say f : VF × (F×)m−1 → ∏J EJ such that its

composition with h coincides with the restriction of the symbol map φF :

(F×)m → Ktop
m (F). So the topology on ∏J EJ is weaker than λm by the def-

inition of sequentially saturated topology. We suppose that h−1(U) is not

open for some open set U ∈ Ktop
n (F). Then there exists a sequence (α

(i)
J )

all outside h−1(U) which converges to αJ ∈ h−1(U). Then the sequence

φF(α
(i)
J ) 6∈ U converges to an element in U which is a contradiction.

Proof of Theorem 4.2.5. By Bloch-Kato-Gabber Theorem, dF : Km(F)/p→ Ωm
F

is injective.

Ωm
F is a finite dimensional vector space over F/Fp, so the intersection of all
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4.2 higher dimension

neighbourhoods of zero in Ωm
F with respect to the topology induced by λ is

trivial. Since dF is continuous, injectivity implies Λm(F) ⊂ pKm(F).

So now it remains to prove that Λm(F) is p-divisible since all elements of

VKn(F) is l-divisible for all l which are coprime to p. By Theorem 4.2.7 we

know that VKm(F)/Λm(F) ∼= ∏ EJ does not have a p-torsion. So we obtain

pΛm(F) = Λm(F) and the Theorem.

Definition. A finite separable extension L/F of n-dimensional local fields is called

purely ramified if the degree of the extension of L/F equals the degree of the ex-

tension of the final residue fields of L and F. In other words, F has a system of local

parameters tn, · · · , t1 which is also a system of local parameters of L.

A finite separable extension L/F is called tamely ramified if its degree divided by

the degree of the last residue field extensions is relatively prime to p, the character-

istic of the final residue field of F.

We note that the definition of tamely ramified given here is different from

the usual definition (for instance the one given in [14]) used for a general

complete discrete valuation field. Nonetheless this terminology is standard

for the study of higher class field theory.

We conclude this chapter by making some remarks about the Norm maps

on topological Milnor K-groups. Norm maps on topological K groups can

be defined in two different ways. First way would be to use the norm map

induced from the original Milnor K-group. One could gather that the norm

map from Km(F) factorises through the quotient Λm(F) by considering its

algebraic description as in Theorem 4.2.5. Namely, the homomorphic image

of a divisible element is still divisible.

The second definition of the norm map is originally due to Parshin. Let

L/F be a cyclic extension of prime degree. Then Ktop
m (L) is generated by

symbols of the form {a, α2, · · · , αm} where a ∈ L× and αi ∈ F×. For a

purely unramified extension this is obvious. For other extensions we use

the fact that system of local parameters of L could be chosen so that it

is the same as F except for one. Then using similar argument as the last
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part of the proof of Proposition 4.2.4 we obtain the validity of the genera-

tors given above. So we can define N′L/F : Ktop
m (L) → Ktop

m (F) by defining

N′L/F{NL/Fa, α2, · · · , αm} = {a, α2, · · · , αm} for the generators given above

and extend linearly. For a general extension we find a tower of cyclic exten-

sions and take the compositions of these norm maps for each cyclic exten-

sions. To prove the well-definedness, Parshin uses Proposition 4.2.13 of this

thesis but the simpler way of deducing this would be to compare the image

of NL/F{a, α2, · · · , αm} and N′L/F{a, α2, · · · , αm}. By Theorem 2.3.4, they are

equal when L/F is a cyclic extension of prime degree. Recall that the norm

map in Milnor K-group is well-defined and they are transitive. Thus, we

obtain that it is also true for N′L/F and they are in fact equal.
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4.2.3 Pairing

We need to make use of several pairings to study the structure of Ktop-

groups. Maximal abelian extension of a higher local field F is compositum

of three extensions of F. Namely the maximal purely unramified extension

Fpur, the maximal totally tamely ramified extension Ftr, and a maximal p-

extension F(p). We define three maps/pairings which correspond to these

extensions.

In this chapter we will always assume that F is a n-dimensional local field

with the last residue field Fq.

Definition of pairings

Let δ : Km(F) → Km−1(F) be the boundary map for Milnor K-group. This

map factors through the quotient Λm(F) by Theorem 4.2.5 so we shall de-

note the boundary map in the same way for Ktop-groups. We define

υF : Ktop
n (F)→ Z

by υF(x) = δn(x) where this means δ composed n times. This map takes the

role of the usual valuation map in the case of one dimensional local field.

The higher tame symbol TF : Ktop
n+1(F) → F×q is defined as TF(x) = δn(x).

We note that the tame symbol can be defined explicitly and this can be found

in [13, Ch 6.4]. Let m > 0 and l be a positive integer coprime to p. We recall

that the primitive lth root of unity is in F if and only if l|q− 1 so for such l

we can define a map Ktop
n+1(F)→ Z/l by x 7→ (TF(x))(q−1)/l. Then this gives

the Kummer pairing which would be related to Fq(( q−1
√

t1)) · · · (( q−1
√

tn))

which is the maximal tamely ramified extension which is linearly disjoint to

Fpur.

Proposition 4.2.8. The map above defines a continuous and non-degenerate pair-

ing

(·, ·)F : Ktop
n (F)/l × F×/l → Z/l.
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Proof. We start by analysing the generators of F×/l and Ktop
n (F)/l. The

generators of F×/l are t1, · · · , tn and θ where θ is a generator of F×q as

the cyclic group. Since VKtop
n is l-divisible, we can see that Ktop

n (F)/l is

generated by {t1, · · · , tn} and {θ, t1, · · · , t̂i, · · · , tn} for each i. One can check

that they are linearly independent by looking at their values under δ, and

their compositions up to n times. Thus we obtain that the pairing is non-

degenerate.

We note that this result can easily be generalised for

Ktop
m (F)/l × Ktop

n+1−m(F)/l.

Proposition 4.2.9. Let L/F be a finite Galois extension. Then (NL/F(x), y)F =

(x, y)L for x ∈ Ktop
n (L), y ∈ F× and (x, NL/F(y))F = (x, y)L for x ∈ Ktop

n (F), y ∈

L×.

Proof. The Proposition follows immediately if L and F has the same last

residue fields, by considering the commutative diagram in Ch 2.3.2. So

it suffices to prove result when L/F is purely unramified. Suppose that

[L : F] = n and let α = TL(x, y). Then, again using this diagram, we see

that the LHS of the relation is equal to (NFn
q /Fq α)

q−1
l . On the other hand the

RHS of the relation is α
qn−1

l and by the explicit description of norm map of

finite fields we have the result.

Now we define the Artin-Schreier-Witt pairing : Ktop
n (F)× B(F) → Q/Z

which would enable us to define the p-part reciprocity map Ψ(p). This

pairing generalises the pairing (·, ·]n that was used in Ch 4.1. We now use

the bold notation y and (y0, y1, · · · , yn) for Witt vectors to avoid confusion.

Let W(F) be ring of Witt vectors over F and for each (y0, · · · , yn, · · · ) in

W(F), let y(i) denote its i-th ghost component. We also recall that Wm(F) =

W(F)/VmW(F) where V : Wm(F)→Wm(F) is the ‘shift’ map.

Then we can define the pairing (·, ·]m : (F×)n ×Wm(F)→ Z/pm by

(x0, x1, · · · , xn, y0, · · · , ym−1]m = TrFq/Fp(w0, · · · , wm−1)
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where the i-th ghost component w(i) is given by resF(y(i)x−1
1 dx1 ∧ · · · ∧

x−1
n dxn). For the details of the definition of residue map on the differential

forms, see [22]. When n = 1 this is the pairing defined and used in Ch 4.1.

Similarly to the usual local field case, we need to do most of the calculations

in characteristic 0 fields and for this we use k̃((t1))((t2)) · · · ((tn)) where k̃

is the unramified extension of Qp of degree l if q = pl.

Then we have the following result (for brevity we denote the argument

x1, · · · , xn by x and y0, · · · , ym−1 by y ):

Proposition 4.2.10. The symbol (x1, · · · , xn, y0, · · · , ym−1]m is independent of

the choice of the local parameters of the n-dimensional local field F and has the fol-

lowing properties:

1. (x1, · · · , xix′i, · · · , xn, y]m = (x1, · · · , xi, · · · , xn, y]m +(x1, · · · , x′i, · · · , xn, y]m

2. (x, y0, · · · , yi + y′i, · · · , ym−1]m

= (x, y0, · · · , yi, · · · , ym−1]m + (x, y0, · · · , y′i, · · · , ym−1]m

3. (x1, · · · , xn, y]m = 0 if there exists i < j such that xi = 1− xj

4. (x1, · · · , xn, y]m = 0 if xi ∈ (F×)pm
for some i

5. (x, y0
p, · · · , ym−1

p]m = (w0
p, · · · , wm−1

p), if (x, y0, · · · , ym−1]m

= (w0, · · · , wm−1).

6. The pairing is continuous in each argument.

7. (x, 0, y1, · · · , ym−1]m = (0, (x, y1, · · · , ym−1]m−1)

8. (x, y0, · · · , ym−2]m−1 = (w0, · · · , wm−1) if (x, y0, · · · , ym−1]m = (w0, · · · ,

wm)

Proof. The residue is independent of the choice of t1, · · · , tn and thus so is

the pairing.

Properties 1, 2, 3 are obvious. One simply needs to use that d(xix′i) =

x′idxi + xidx′i. Property 7 and 8 follows from definition of ghost compo-

nent of Witt vectors. We obtain property 4 by considering the calculation

res(yi
dx1
x1
∧ · · · ∧ dxi−1

xi−1
∧ dxpm

i

xpm
i

∧ dxi+1
xi+1
∧ · · · ∧ dxn

xn
) = pmres(yi

dx1
x1
∧ · · · ∧ dxn

xn
).

Property 5 can be proved via induction. In [29], Parshin proved the result

in the case when n = 2 and m = 1 and this can be generalised to higher
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n. By property 8, we immediately obtain the result for higher m as well by

induction.

Continuity of (·, ·]m follows from the fact that this map is essentially a

polynomial map with coefficients which comes from xi.

Now we can prove the following:

Proposition 4.2.11. Let F be an n-dimensional local field. Then the symbol

(x0, x1, · · · , xn, (y0, · · · , ym−1)]m

defines a continuous and non-degenerate pairing

(·, ·]m : Ktop
n (F)/pm ×Wm(F)/PWm(F)→ Z/pm.

Proof. It remains to prove the non-degeneracy of (·, ·]m. We first prove

that the pairing is non-degenerate for m = 1. To do this we calculate

the image under the pairing on the generators of the group Ktop
n (F)/p

and F/PF. The generators of Ktop
n (F)/p are symbols {t1, · · · , tn} and

{1 + θti1
1 · · · t

in
n , t1, · · · , t̂k, · · · , tn} (where the latter element is as in Proposi-

tion 4.2.4) and the generators of F/PF are b0 ∈ Fq such that TrFq/Fp(b0) = 1,

and θ′ti′1
1 · · · t

i′n
n where (i′1, · · · , i′n) < 0 and gcd(i′1, · · · , i′n) 6 | p. We may also

assume that θ, θ′ which are the bases of Fq over Fp, are dual to each other

with respect to the bilinear form TrFq/Fp on Fq.

Then we obtain that

({t1, · · · , tn}, b0]1 = 1,

({t1, · · · , tn}, btb1
1 · · · tbn

n ]1 = 0 = ({1 + ata1
1 · · · t

an
n , t1, · · · , t̂k, · · · , tn}, b0]1

and

({1 + ata1
1 · · · t

an
n , t1, · · · , t̂k, · · · , tn}, btb1

1 · · · tbn
n ]1 = 0

unless (a1, · · · , an) = (−b1, · · · − bn). If (a1, · · · , an) = (−b1, · · · − bn), then

by simple calculation of exterior products we obtain that the value of the

pairing is TrFq/Fp(abak). This is non-zero for a 6= b but zero otherwise.

Thus the pairing is non-degenerate.

88



4.2 higher dimension

Now let m > 1 and suppose that

(x, (y0, · · · , ym−1)]m = 0

for any (y0, · · · , ym−1) ∈Wm(F)

Let

(x, (y0, · · · , ym−1)]m = 0

for any (y0, · · · , ym−1) ∈ Wm(F). Then by property 8 of Proposition 4.2.10

and non-degeneracy at m = 1 implies that x = px′. Then

0 = (x, y0, · · · , ym−1]m = p(x′, y0, · · · , ym−1]m = (0, (w0
p, · · · , wm−2

p)]m−1

if (x′, y0, · · · , ym−1]m = (w0
p, · · · , wm−1

p)]m. Thus by induction we obtain

that x ∈ pmKtop
n (F).

Now suppose that

(x, (y0, · · · , ym−1)]m = 0

for all x ∈ Ktop
n (F). By induction principle we can assume that (y0, · · · , ym−2)

∈PWm−1(F) and ym ∈ F/P(F). Thus we obtain that y ∈PWm(F).

Now we consider the inductive limit B(F) of the groups Wm(F)/PWm(F)

with respect to V which sends (y0, · · · , ym−1) to (0, y0, · · · , ym−1).

Kawada and Satake in [20] defines a pairing F× × B(F) → Gab,p for all

characteristic p fields induced by isomorphism

Gab,p ∼= B(F)∧ = Homcts(B(F), Q/Z) := E(F).

Hence we obtain p-part reciprocity map Ψ
(p)
F : Ktop

n (F)→ Gab,p(F) as well as

ΨL/F : Ktop
n (F)→ G(L/F)ab for any Galois p-extension L/F. ΨL/F is defined

by composing ΨF with the natural restriction map G(Fab/F) → G(L/F)ab.

Now we study the properties of Ψ
(p)
F .
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4.2.4 Study of p-extension

The aim of this section is to prove this result:

Theorem 4.2.12. Let L/F be a cyclic extension of degree pm. Then we have exact

sequence

Ktop
n (L) N→ Ktop

n (F)
ΨL/F→ G(L/F)→ 1

For the proof of this Theorem, the following result is crucial.

Proposition 4.2.13. Let L/F be a finite Galois extension. Then the following

relations are valid:

1. (NL/F(x), y]F,m = (x, jF/Ly]L,m for x ∈ Ktop
n (L), y ∈Wm(F),

2. (x, Tr(y)]L,m = (x, y]F,m for x ∈ Ktop
n (F), y ∈Wm(L).

Proof of Theorem 4.2.12. Consider the exact sequence

ker(i)→Wm(F)/PWm(F) i→Wm(L)/PWm(L)

where i is induced by the injection Wm(F)→Wm(L).

Take the dual exact sequence from Proposition 4.2.11 and use results from

[19] to obtain

Ktop
n (L)

j1→ Ktop
n (F)

j2→ G(L/F).

We note that Pontryagin duality can be valid since ker(i) is a finite group

so the quotient group Wm(F)/PWm(F) + ker(i) is a closed subgroup of

Wm(L)/PWm(L) by [2, Ch 3].

Then by Proposition 4.2.13 we obtain that j1 = NL/F and j2 = ΨL/F. To

put it more precisely we have the commutative diagram below and via di-

agram chasing we obtain that j1(x) = NL/F(x) for all x ∈ Ktop
n (L). Similar

calculation shows that j2 = ΨL/F.

The rest of section will be dedicated for the proof of Proposition 4.2.13.

Lemma 4.2.14. Let L/F be finite separable extension of an n-dimensional local

field, l be the last residue fields of L and ω ∈ Ωn
L/l. Then

Trl/Fq(resL(ω)) = resF(Trω)
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where Tr : Ωn
L/l → Ωn

F/Fq
is the trace.

Proof. The proof of this can be found in [22] and also in the original paper

of Parshin ([30]). It suffices to prove this result assuming L/F is a cyclic

extension of a prime degree.

Note that we already used this Lemma in the case of n = 1 when proving

Proposition 4.1.20. Since the residue fields L and F are subsets of L and F

respectively, we can apply induction to prove this lemma in general L/F

is a separable extension. We shall leave out the case when L/F is purely

inseparable but note that this can be done by explicit calculation.

Using this we obtain the following:

Lemma 4.2.15. Let L/F be a finite separable extension. Then the diagram

K2(L) Ω2
L

K2(F) Ω2
F

NL/F

ζ

ζ

Tr

is commutative where Tate map ζ : Kn(F)→ Ωn
F is defined by

ζ({x1, · · · , xn}) =
dx1

x1
∧ · · · ∧ dxn

xn
∈ Ωn

F.

We note that this result is the reason why we needed to prove the norm

map on the Topological K-group coincides with the norm map on the origi-

nal Milnor K-group.

Proof. Let M/F be a finite separable normal extension containing L. Then

one could prove that for any y ∈ K2(L),

∑
σ∈HomF(L,M)

iL/M(y)σ′ = iF/M(NL/F(y))

where σ′ ∈ G(M/F) is any continuation of σ to M.

We write jF/L for the natural embedding Ω2
F → Ω2

L and similarly for

other fields. Then ζ(∑ iL/M(y)σ′) = ∑σ ζ ◦ iL/M(y)σ′ = ∑σ jL/M(ζ(y)σ′) =
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jL/M ◦ jF/M(Tr(ζ(y))). But this is also equal to ζ ◦ (iF/M(NL/Fy)) = jL/M ◦

ζ ◦ iF/L(NL/Fy) = jF/M ◦ ζ(NL/Fy). Since jF/M is an embedding we obtain

the diagram.

We recall that Tr(yω) = yTr(ω) for y ∈ F and ω ∈ Ωn
L/F. Now we have

obtained all the ingredients to prove Proposition 4.2.13.

Proof of Proposition 4.2.13. We start by proving that it suffices to show the

result in the case of cyclic extensions of prime degree. We suppose that the

equality is true for the extensions L/M and M/F. Then

(NL/Fx, y]F,m = (NL/Mx, iF/My]M,m = (x, iF/Ly]L,m.

We first prove both relations when m = 1. The first relation is proved by

the following

(NL/F(x), y]F,1 = TrFq/FpresF(y · ζ(NL/F(x))) = TrFq/FpresF(Tr(y(ζ(x)))

= Trl/FpresF(y(ζ(x))) = (x, y]L,1.

The second relation has been proved for one dimensional local field in

Proposition 4.1.20 and this can be easily generalised.

For higher m, both relations follow by induction using 7 and 8 of Propo-

sition 4.2.10.
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4.2.5 Higher Local Class Field Theory in Positive Characteristic

Theorem 4.2.16. Let F be an n-dimensional local field of positive characteristic.

Then there exists a canonical map ΨF : Ktop
n (F)→ G(Fab/F) such that

1. For any finite abelian extension L/F the sequence

Ktop
n (L)

NL/F→ Ktop
n (F)

ΨL/F→ G(L/F)→ 1

is exact.

2. For any finite separable extension L/F the natural diagram

Ktop
n (L) G(Lab/L)

Ktop
n (F) G(Fab/F)

NL/F

ΨL

ΨF

commutes.

3. The diagram

Ktop
n (F) G(Fab/F)

Ktop
n−1(F) G(Fab/F)

δ

ΨF

ΨF

is commutative.

4. ΨF is injective and its image is dense in G(Fab/F).

Proof. Let F be a local field of dimension n. Then F ∼= Fq((t1)) · · · ((tn))

where t1, · · · , tn are sequence of local parameters. We consider three sub-

fields of F. Let L1 = F · Fsep
q , L2 = F(t1/(q−1)

1 , · · · , t1/(q−1)
n ), and L3 be the

maximal abelian p-extension of F. Let G1, G2, and G3 be the corresponding

Galois groups for these fields. Clearly G1
∼= Ẑ and the Frobenius auto-

morphism Frob is the canonical topological generator of G1. Then the reci-

procity map Ψ1 : Ktop
n (F) → G1 is defined by (x1, · · · , xn) 7→ FrobυF(x1,··· ,xn).
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Reciprocity maps in the latter two cases have been defined earlier and let

Ψ2 : Ktop
n (F)→ G2 and Ψ3 : Ktop

n (F)→ G3 be those maps.

Since elements of G1, G2 and G3 generate whole of Gab = G(Fsep/F)ab, we

can merge the reciprocity maps on these groups to obtain ΨF : Kn(F) →

Gab if each reciprocity maps coincide on the intersections. We observe

that L1 ∩ L2 = L2 ∩ L3 = F and L1 ∩ L3 is the maximal purely unram-

ified p-extension of F. We have that Ψ1{t1, · · · , tn} = Frob|G1∩G3 . On

the other hand Ψ3(t1, · · · , tn) = f ◦ lim−→m
(t1, · · · , tn, ·]m where f is the iso-

morphism B(F)∧ ∼= Gab,p(F).6 We note that (t1, · · · , tn, x0, x1, · · · xm−1]m =

TrFq/Fp(res(x0), · · · , res(xm−1)). Thus Ψ3(t1, · · · , tn) coincides with the Frobe-

nius, if we restrict it to G1 ∩ G3. So we obtain that ΨF : Ktop
n (F)→ G(Fab/F).

The non-degeneracy of the pairings gives 4.

We now prove the first property of the Theorem. It suffices to prove that

the sequence is exact for all cyclic extensions. We suppose that we have

exact sequences

Ktop
n (L1)

NL1/F→ Ktop
n (F)

ΨF→ G(L1/F)→ 1

Ktop
n (L2)

NL2/F→ Ktop
n (F)

ΨF→ G(L2/F)→ 1

where L1 and L2 are abelian extension of F such that L1 ∩ L2 = F. Let L =

L1 · L2. Then NL1/FKtop
n (L1) ∩ NL2/FKtop

n (L2) = NL/FKtop
n (L) and G(L/F) =

G(L1/F) × G(L2/F) by considering them as subgroups of G(Fab/F). So

ker(ΨL/F) = NL/FKtop
n (L) and ΨL/F is surjective.

The exactness of property 1 for purely unramified extensions are obvious

and for cyclic p-extensions we have Theorem 4.2.12. So it remains to prove

this result for cyclic Kummer extensions. Consider the exact sequence

(L×)l ∩ F×/(F×)l = ker(i)→ F×/(F×)l i→ L×/(L×)l.

If we take the dual sequence with respect to the pairing in Proposition 4.2.8

we obtain

Kn(L)→ Kn(F)→ G(L/F)

6This is the inverse of the isomorphism F∗F : Gab,p → B(F)∧ defined in Ch 4.1.

94



4.2 higher dimension

and by Proposition 4.2.9 we obtain that the maps in the sequence is the one

required. The same arguments yield property 2.

To prove property 3 we consider an abelian unramified extension L/F

and verify the commutativity of the diagram

Ktop
n (F) G(L/F)

Ktop
n−1(F) G(L/F).

δ

ΨF

ΨF

Viewing F as a subfield of F and choosing a sequence of local parameters

compatibly, we see that Kummer extensions are generated by l
√

a, a ∈ F×,

and Artin-Schreir extensions are generated by an element x with xp − x =

b ∈ F. The diagram can easily be calculated if we use the explicit form of

the duality for extensions Lα such that a or b is a “generator" of the group

F×/l or F/PF, respectively. Since ∩αker[G(L/F) → G(Lα/F)] = 1, if L is

the maximal abelian extension, we obtain the required property.
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