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Abstract

Micro-Electro-Mechanical System (MEMS) ring-based Coriolis Vibrating Gyroscopes

(CVGs) are devices that use vibration of micro-engineered thin rings to sense the angular

rate of moving objects. High performance ring-based CVGs used in inertial navigation ap-

plications need to ensure the achievement of high sensitivity and improved signal-to-noise

ratio. To achieve improved signal-to-noise ratio, ring-based resonators are designed to ensure

low damping and mode-matching between drive and sense modes of vibration, and sensor

sensitivity is improved by exciting the drive mode into large amplitude vibration. Large

amplitude drive responses can cause the resonator to operate in a regime where geometrical

non-linearity effects (i.e. non-linear strain-displacement relations) arise which have potential

to alter sensor performance compared to a linear resonator operating at small amplitudes of

vibration.

This thesis investigates the effects of geometrical non-linearity on the performance of ring-

based resonators supported by a generic number of identical supports uniformly spaced

around the ring circumference. A mathematical model for the supported ring resonator is

developed including ring non-linear flexural vibration and non-linear support stiffness. The

equations of motion governing the dynamics of the drive and sense nθ modes of the resonator

are developed and used to investigate the non-linear drive and sense responses at large drive

amplitudes of vibration under practical operating conditions.
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The rotational symmetry of supported ring resonators operating at large amplitudes of vi-

bration is investigated. The numbers of supports that maintain the rotational symmetry of a

pair of nθ modes of vibration used to sense rotation are considered. This work illustrates that

8 supports maintain the rotational symmetry of practical ring-based resonators operating in

the 2θ modes when the resonator operates in the linear regime, but break the symmetry when

the ring is excited into large amplitudes. In contrast, 16 supports are shown to maintain the

rotational symmetry regardless of the amplitude of vibration.

The performance of ring-based CVGs having 8 and 16 supports are compared to investi-

gate the impact on sensor performance. The sense mode response is determined when the

ring is driven into large amplitudes of vibration, and the occurrence of quadrature errors

and non-linear zero-rate-output response are investigated. Comparisons are made with an

equivalent linear resonator in which ring and support geometrical non-linearity is neglected,

to investigate non-linear amplification effects. Results illustrate that if the rotational sym-

metry of the resonator is broken, quadrature errors and non-linear zero-rate-output arise,

which can adversely affect sensor performance by degrading the quality of rate measurement

and by reducing sensor sensitivity. This work demonstrates that use of 16 supports for ring

resonators operating in the 2θ modes mitigates non-linear effects and improves rate measure-

ment. Support geometries that linearise the overall dynamic behaviour of the resonator are

investigated and key results are validated against a non-linear Finite Element analysis.
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Chapter 1

Research background and aims

1.1 Introduction to MEMS Coriolis Vibrating Gyroscopes

Gyroscopes are devices for measuring the angular rate of a body around a fixed axis with

respect to an inertial space. The term “gyroscope” was introduced in 1852 by Jean Leon

Foucault. The rotation of the plane of swing of Foucault pendulum in Paris Pantheon is

known as the first experimental demonstration of Earth’s rotation about its axis. Earliest

gyroscopes (or gyros) made use of a rotating momentum wheel attached to a gimbal structure

to sense rotation. In the 1960s, Coriolis Vibrating Gyroscopes (CVGs, or simply vibrating

gyroscopes) were developed to solve issues associated with traditional gyros such as friction

in gimbal bearings, by replacing the spinning rotor with a vibrating structure and using the

rotational-induced Coriolis effect to sense rotation. In operation, one of the vibration modes

of the vibrating element is forced into vibration and is referred to as drive mode. As the gy-

roscope rotates with non-zero angular rate, the Coriolis force causes energy transfer from the

drive mode to its orthogonal companion mode, the sense mode, whose vibration amplitude

is measured to sense the angular rate [1–3].

CVGs are classified [2] based on the nature of the drive and sense motion of the vibrating el-
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ement (oscillatory, rotatory and their combination) and the type of mechanical element used

(lumped single mass, lumped multiple masses, continuous mechanical element). Tuning-Fork

Gyroscopes (TFGs) exploit flexural vibration of two tines of a so-called fork and torsional vi-

bration about the fork stem to detect the angular rate. Other CVGs are based on oscillatory

vibration of rotationally symmetric structures. Hemispherical Rotating Gyroscopes (HRGs)

use hemispheric or glass-wine shaped shells; other common symmetric structures used are

thin cylinders, disks and rings.

Directly mounted on a vehicle, inertial gyroscopes are key sensors for inertial navigation

systems. Due to their restrictive cost and size, in the early 1900s high performance rate sen-

sors were mainly used in aeronautical and maritime military applications only [1, 3]. In the

1980s, development of Micro-Electro-Mechanical System (MEMS) technologies which com-

bine electrical and mechanical systems at a micro-scale revolutionised the inertial sensors

market. Thanks to micromachining fabrications, it became possible to miniaturise inertial

rate sensors, so that their cost, size and weight have been dramatically reduced. MEMS in-

ertial gyroscopes captured the market of high performance inertial navigation and guidance

systems for sea, space, and air advanced vehicles, and made gyroscopes accessible to everyone

by use of smartphones and other electronic gadgets. Since the development of the first MEMS

gyroscopes, their applications have been constantly growing. MEMS inertial sensors are now

used in the automotive industry for advanced control and safety systems and guidance of

autonomous vehicles, and in consumer electronics industry (e.g. smartphones, tablets, dig-

ital cameras, mobile games) [1–3]. Medical engineering applications are also emerging, and

MEMS gyros find use in surgical robots, Magnetic Resonance Imaging (MRI) devices, an-

giography equipment and more [4].

Vibrating elements have developed excellent potential for miniaturisation so most MEMS

gyroscopes are Coriolis Vibrating Gyroscopes [1,3]. The first MEMS CVG was developed in
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1991 [1] and relied upon silicon bulk micromachining; this technology has developed signifi-

cantly in the last decades and is now used to produce multiple sensors from a single silicon

wafer [1, 3].

A fundamental requirement for high performance MEMS CVGs is the achievement high

sensitivity to improve signal-to-noise ratio (SNR) and reliability. The sensitivity of a CVG

is defined as the amplitude of the sense mode per unit angular rate [5] and is one of the

most important parameters characterising vibrating gyros performance [1, 3]. For CVGs the

SNR is defined as the ratio of sensor output containing noise to the desired output, and is

proportional to the angular rate.

To ensure robust sensor output during operation (i.e. sense mode vibration at constant ampli-

tude, phase and frequency), the drive mode is commonly driven into resonant vibration with

constant amplitude using phase lock and automatic gain control loops [1, 6, 7]. Under these

circumstances, matching the drive and sense modes resonance frequencies is fundamental to

maximising the sensitivity of the device to rotation [1,3,8] and reducing the impact of noises

(e.g. electrostatic, thermal) on angular rate detection [9]. If mode-matching is achieved, the

Coriolis mechanical response is increased by reducing the damping [3, 10] and exciting the

drive mode into large amplitude vibration [7, 11].

Damping in MEMS CVGs is typically defined by the quality factor (or Q-factor) i.e. the

energy stored over the energy lost per oscillation cycle [12]. MEMS devices make use of

vacuum packaging technologies to reduce fluid damping, and the main damping mechanism

for micromachined resonators is thermo-elastic damping (caused by the interaction between

mechanical strain and thermal effects in the resonator [13]). Another important energy loss is

caused by vibration transmission from the resonator to the supporting structure [13]. Exten-

sive research has been conducted to reduce damping in MEMS resonators, and state-of-the-art

High Q-factor gyroscopes are designed to have extremely low energy dissipation [14].
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Devices having reduced damping have reduced bandwidth and are susceptible to fabrication

imperfections and changes in operating condition (e.g. temperature variations) which can

induce frequency splits between the drive and sense modes [1]; for this reason, in gyroscope

designs where high robustness is preferred to high sensitivity, the device is operated in split-

mode, i.e. drive and sense resonance frequencies are intentionally designed to be slightly

shifted relative to each other [3].

For high performance sensors used in inertial navigation applications, achieving the high-

est sensitivity is one of the main drivers. Low damping, mode-matching and excitation of

the drive mode into large amplitude vibration are fundamental requirements to increase sen-

sitivity to angular rate and improve SNR. Vibration of the drive mode into large amplitude

can cause the resonator to operate in a regime where geometrical non-linearity effects (i.e.

non-linear strain-displacement relations) arise [5,9]. The work described in this thesis focuses

on the effects of geometric non-linearity on the performance of high performance sensors for

inertial navigation applications. Details on the origin and effects of geometrical non-linearity

will be provided in later sections.

1.2 Operating principle of a single proof mass CVG

This Section introduces the operating principle of the basic Coriolis Vibrating Gyroscope

shown in Figure 1.1 having a single proof mass as its vibrating element. The proof mass m

is free to oscillate in the x-y plane along the drive direction x and the sense direction y.
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Figure 1.1: Schematic diagram for a single proof mass MEMS CVG.

The proof mass m is supported by flexible linear suspensions and the dynamics of the

resonator are modelled as a 2 degrees-of-freedom mass-spring-damper system [1, 3]. The

stiffness of the linear suspensions along x and y are modelled as linear springs having stiffness

coefficients kx and ky, respectively. Coefficients kx and ky are assumed to be different from

each other to allow for the case when the flexible suspensions have slightly different stiffnesses

along x and y. Typically, for MEMS CVGs, the damping in the drive and sense directions

is approximately the same, so the damping is assumed to be equal along x and y and is

indicated as damping coefficient c.

The gyroscope is considered to be attached to a body rotating with angular rate Ωz about

the OZ-axis, perpendicular to the x-y plane. A harmonic force Fx(t) is applied to the mass

as shown in Figure 1.1; to ensure gyroscope sensitivity does not change during operation,

the frequency of the applied force matches the drive mode resonance frequency ωx =
√

kx
m

i.e. Fx(t) = Fx cosωxt [1, 6]. The motion of the mass along the x-direction is referred to

as primary motion or drive response. As the body rotates about the OZ-axis, the Coriolis

force acts causing the mass to move along the y-direction. This motion is referred to as the

secondary motion or sense response. Whilst the primary motion is caused by the external

force, the secondary motion is purely caused by the Coriolis action and, for ideal gyroscopes,

is zero in the absence of rotation.
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Equations of motion for the proof mass motion along the x and y directions are [1, 3]:

ẍ+
ωx
Q
ẋ+ ω2

xx =
Fx(t)

m
(1.1)

ÿ +
ωy
Q
ẏ + ω2

yy = −2Ωzẋ (1.2)

where ωx and ωy respectively are the natural resonance frequencies of the drive and sense

modes of the resonator, and Q is the quality factor. Equations (1.1)-(1.2) are valid under the

assumption that (i) the angular rate Ωz is constant and much smaller than the natural fre-

quencies of the resonator (so that Ω̇z = 0 and Ω2
z = 0) and (ii) the sense response amplitude

is much smaller than the drive vibration amplitude (so that the Coriolis term in the drive

mode equation, proportional to ẏ, is neglected).

These assumptions are acceptable for practical MEMS CVGs because their natural frequen-

cies are typically in the range of 10 - 100 kHz, and the angular velocities detected are normally

in the order of 1 rad
s [12]. Moreover, the drive mode is directly excited into vibration whilst

the sense mode is ideally only excited by the Coriolis force, so the drive response amplitude

is normally orders of magnitude larger than the sense response [1, 5].

In [1] and [3] the steady-state drive and sense oscillations are respectively described as:

x(t) = Ax sinωxt (1.3)

y(t) = Ay sin (ωxt+ φy) (1.4)

and drive and sense equations (1.1) and (1.2) are used to obtain the following expressions

for the drive vibration amplitude Ax, sense response amplitude Ay, and sense response phase

relative to the drive response φy:

Ax =
Fx
kx
Q (1.5)
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Ay =
2AxωxΩz√

(ω2
x − ω2

y)
2 +

ω2
xω

2
y

Q2

(1.6)

φy = tan−1

(
(ω2
y − ω2

x)

ωxωy
Q

)
(1.7)

Equation (1.6) indicates that the amplitude of the sense response is maximised by matching

the drive and sense resonance frequencies i.e. ωx = ωy.

If ωx = ωy = ω0, sense mode response amplitude (1.6) becomes:

Ay =
2AxQ

ω0
Ωz (1.8)

This indicates that if drive and sense modes resonance frequencies are matched, the sense

response amplitude is linearly proportional to Ωz and is zero in the absence of rotation. The

Coriolis coupling is weak [15] so the sense amplitude Ax is typically small and mechanical

amplification is required to increase sensor sensitivity and to reduce the effects of noise on the

angular rate detection (i.e. to improve the SNR). If ωx = ωy, the sense response amplitude

is (i) amplified by the quality factor Q [3, 10], and (ii) increased by exciting the drive mode

into large amplitude vibration [7, 11]. Moreover, it is noted that if ωx = ωy, then φy = 0,

so that the sense response is either in-phase or 180◦ out-of-phase relative to the drive response.

If drive and sense natural frequencies are split (i.e. ωx 6= ωy), then φy 6= 0. In this case,

the sense response consists of two components: an “in-phase response” which is in-phase

or 180◦ out-of-phase relative to the drive response, and a so-called “quadrature response”

which is 90◦ out-of-phase relative to the drive response. Whilst the amplitude of the in-phase

response is used to measure the angular rate, the quadrature response causes occurrence of

so-called quadrature errors that complicate the detection of the applied angular rate and have

potential to degrade the quality of the rate measurement [6, 7, 9]. Quadrature response and
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quadrature errors will be discussed in detail in later work.

1.3 Ring-based Coriolis Vibrating Gyroscopes

Extensive research has been conducted to design symmetric resonators providing mode

matching and reduced sensitivity to temperature fluctuations. Hemispherical Rotating Gy-

roscopes (HRGs), firstly developed in the 1960s, use two degenerate modes of hemispheric

shells to sense rotation. Other continuous and rotationally symmetric vibrating elements used

are disks, thin cylinders and rings. Modes of vibrations of rotationally symmetric resonators

occur in degenerate pairs having equal resonance frequencies, and are less susceptible to spu-

rious environmental vibrations [16,17] and to temperature variations, because the degenerate

modes are equally affected by temperature [11].

Thin rings are easier to miniaturise compared to other rotationally symmetric structures so

that many MEMS CVGs use thin rings as their vibrating element. MEMS ring-based CVGs

were firstly developed in 1994 and their performance improved incrementally since then. For

modern silicon MEMS ring-based resonators, the thin ring resonator is supported by a num-

ber of identical supports uniformly spaced around the ring circumference. Figure 1.2 shows

a modern ring-based MEMS CVG; a schematic diagram of its ring and supports (see red box

in Figure 1.2) is illustrated in Figure 1.3.
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Figure 1.2: A MEMS ring-based Coriolis Vibrating Gyroscope [18].

Figure 1.3: Diagram for a ring-based CVG where ring and supports are indicated [19].

Ring-based CVGs sense rotation using a pair of in-plane flexural modes of vibration of

a thin ring, which occur in degenerate and spatially orthogonal pairs, having indeterminate

angular position around the axis of symmetry [20,21]. Figure 1.4 illustrates the first four in-

plane modes of vibration of a perfect ring, where n indicates the number of nodal diameters

[22].
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Figure 1.4: First four pairs of in-plane modes of vibration of a perfect thin ring.

For n = 1 the ring remains rigid whilst for n ≥ 2 the ring deforms and flexes [23]. Ring-

based CVGs normally operate using in-plane flexural modes, for this reason in what follows

only modal numbers such that n ≥ 2 will be considered. For each pair of degenerate modes,

the nodes of the primary mode are at the anti-nodes of the secondary mode, and the mode

shapes are identical except they are oriented 180
2n degrees relative to each other. Most ring-

based CVGs operate using n = 2 in-plane flexural modes of the ring which are orientated 45

degrees relative to each other and are referred to as the 2θ modes.

In what follows, linear deflection of rings undergoing nθ vibration is described to introduce

the operating principle of a ring-based CVG. Timoshenko [24] analysed the linear in-plane

flexural vibration of thin rings having uniform cross sections. Under the assumption that

ring cross section dimensions are much smaller than ring radius, and that the elongation of
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the ring mid-line remains constant during vibration, Timoshenko found that the radial u

and tangential v displacements of the ring mid-line at circumferential coordinate θ can be

expressed in the form:

u (θ, t) =
inf∑
n=1

[Q1n (t) cosnθ +Q2n (t) sinnθ] (1.9)

v (θ, t) =
inf∑
n=1

[
− 1

n
Q1n (t) sinnθ +

1

n
Q2n (t) cosnθ

]
(1.10)

Coefficients Q1n and Q2n vary with time and represent the generalised coordinates; cosnθ

and sinnθ are the shapes of the nθ modes of vibration of the ring having n nodal diameters.

In CVG operation, harmonic forces having spatial nθ distribution and frequency equal to the

natural frequency of the nθ modes are applied to the ring to excite one of the degenerate nθ

modes into resonance. Commonly, cosnθ is considered to be the ring mode excited to vibrate

i.e. the drive mode. Under these circumstances, if the ring is perfect (i.e. in an ideal case)

and the angular rate is zero, ring radial displacement (1.9) becomes:

u (θ, t) = Q1(t) cosn (θ − α) (1.11)

where Q1 indicates the anti-node radial vibration amplitude of the drive mode at angle θ = α.

For a perfect ring, the drive mode orientation around the ring circumference is arbitrary.

Angle α in (1.11) is only used to specify the radial displacement at the drive axis location

which aligns with the principal direction of the applied radial driving force.

Similar to that described for a proof mass CVG in Section 1.2, as the device rotates (i.e.

when the gyroscope is attached to a body undergoing rotation), the Coriolis force excites the

orthogonal companion mode sinnθ, i.e. the sense mode. At this point, the ring undergoes a

combined cosnθ and sinnθ vibration and the radial displacement of the ring mid-line is:

u (θ, t) = Q1(t) cosn (θ − α) +Q2(t) sinn (θ − α) (1.12)
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where Q2 indicates the anti-node radial vibration amplitude of the sense mode at angle

θ = α+ π
2n . Q1 and Q2 are normally referred to as generalised coordinates. Figure 1.5 shows

a schematic representation of ring-based CVGs in operation for n = 2: driving forces are

applied to the ring to excite the drive cos 2θ mode and rotation-induced Coriolis forces excite

the sense sin 2θ mode so that the ring undergoes combined vibration of drive and sense 2θ

modes.

Figure 1.5: Schematic representation of a MEMS ring-based CVG in operation for n = 2.
(i) Driving forces are applied to the ring to excite the drive cos 2θ mode, (ii) the drive mode
vibrates, (iii) rotation-induced Coriolis forces excite the sense sin 2θ mode and (iv) the ring
undergoes combined vibration of drive and sense 2θ modes.

The described dynamics applies for ideal ring-based gyroscopes, where the ring is perfect

and the resonator is rotationally symmetric. The drive mode maximum diameter aligns with

the principal direction of the applied force and the sense response is caused by Coriolis action

only. In practice, fabrication imperfections, material inhomogeneity and/or ring supports can

12



break the rotational symmetry of supported ring resonators causing performance to degrade.

1.4 Effects of broken rotational symmetry on MEMS ring-

based CVGs

This Section describes known effects of broken rotational symmetry on the performance

of a ring-based CVG operating in the linear regime. In practical devices, fabrication imper-

fections, structural irregularities, use of non-uniform or anisotropic materials and asymmetric

ring support structures have potential to cause a non-uniform distribution of mass or stiffness

around the ring circumference, and break the rotational symmetry of supported ring-based

CVGs [9, 12, 25]. Imperfections fix the position of the primary and secondary nθ modes

around the ring circumference, eliminating the positional indeterminacy. The modes are no

longer degenerate and their resonance frequencies split [9, 20,21,23].

Many studies have been conducted to investigate the effect of imperfection on rings vibra-

tion. McWilliam et al. [20] considered frequency splits occurring for linear and perfect rings

having (i) variable cross sections, (ii) single point mass imperfections and (iii) point mass im-

perfections uniformly spaced around the ring circumference, using a Rayleigh-Ritz approach.

McWilliam et al. demonstrated that identical uniformly spaced point masses cause the nθ

natural frequencies to split only if the number of masses Nm is such that 2n
Nm

is an integer.

Eley et al. [25] investigated the effects of material anisotropy on the frequency split for ring

resonators made of crystalline silicon. Taking account of anisotropy effects in the strain en-

ergy formulation, Eley et al. found that frequency split occurs between pairs of modes that

would be degenerate if the ring was made of isotropic material.

Bisegna et al. [23] investigated the dynamics of imperfect rings modelling imperfections as

perturbations on the uniform density and bending stiffness of a perfect ring. Using a pertur-

bation expansion and spectral representation, Bisegna et al. obtained closed expressions for
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eigenfrequencies and mode shapes of the imperfect ring, and demonstrated that imperfections

cause the eigenfrequencies to split and eigenmodes to deviate from sinusoidal shapes.

To eliminate the frequency split for slightly imperfect rings, Fox [21] estimated the trimming

masses to be added or removed from a ring for a given pair of modes, using a Rayleigh-Ritz

approach. For ring-based CVGs, El-Sayed et al. [17] and Ayazi et al. [11] pointed out the

use of tuning electrodes located around the ring structure and electronic compensation to

achieve the frequency match.

The effects of the support structure on the rotational symmetry of a ring resonator have also

been considered. Weng et al. [26] observed that ring supports have potential to break the

resonator rotational symmetry. Based on geometrical considerations, Weng et al. concluded

that 8 identical supports uniformly spaced around the ring circumference maintain the fre-

quency match between the 2θ modes. This result was also obtained by Ayazi et al. [11] based

on symmetry considerations.

Extensive research has been conducted to investigate imperfection effects on the sense re-

sponse and hence sensor sensitivity. Wang et al. [6] investigated drive and sense modes

dynamics of imperfect HRGs, by including inhomogeneous damping and frequency split be-

tween drive and sense modes. Hu et al. [7] analysed the effects of damping and stiffness

imperfections on drive and sense dynamics of MEMS CVGs, developing drive and sense

equations of motion for the resonator with inclusion of damping and elastic coupling terms

between the equations. Nitzan et al. [9] studied imperfection effects on MEMS disk gyros,

including stiffness coupling terms between drive and sense governing equations.

The above research findings are relevant to the work conducted here and are summarised

below:

� Imperfections reduce sensitivity to rotation and SNR. The Coriolis coupling between

drive and sense modes is generally weak and a large sense response is desirable to reduce

the effect of sense detection noises and to increase sensitivity to rotation. In Section 1.2
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for a proof mass gyro, it was shown that if drive and sense resonance frequencies are

equal, the sense response amplitude can be amplified by increasing the Q-factor. Use of

large quality factors reduces the drive and sense response bandwidths. If imperfections

cause the drive and sense resonance frequencies to split, the sense response amplitude at

the drive mode resonance frequency reduces and the sensor output is weak and hardly

detectable from thermal or electrostatic noises.

� Imperfections degrade the quality of the rate measurement. As introduced in Section

1.2 for a proof mass gyro, the sense response can be demodulated as in-phase and

quadrature responses, relative to the drive response. The in-phase component of the

sense response is used to measure the angular rate Ωz. For an ideal gyro, the quadrature

response is zero and the in-phase response amplitude is linearly proportional to the

angular rate Ωz. Imperfections can cause occurrence of unwanted quadrature response

and so-called quadrature errors which are sensing errors that complicate the detection

of the angular rate from the sense response measurement. Moreover, imperfections can

cause the sense response to be non-zero in the absence of rotation (i.e. for Ωz = 0).

The in-phase response that is unrelated to the angular rate is commonly referred to as

“zero-rate-output” (or ZRO) [5]. If the rotational symmetry is broken, sensing errors

and ZRO have potential to degrade the quality of rate measurement.

In this work, the ring is assumed to be perfect and made of isotropic silicon, so that fabri-

cation imperfections or material anisotropy will not be considered. The rotational symmetry

of ring resonators operating in any pair of nθ in-plane ring flexural modes, and supported by

a generic number of p (identical and uniformly spaced) supports will be analysed. Although

it is known that 8 identical and uniformly spaced supports maintain the n = 2 rotational

symmetry for a ring resonator operating in the linear regime, the required number of supports

to maintain frequency matching for a generic pair of nθ flexural modes (and why) has not

been proposed yet. Moreover, geometrical non-linearity effects will be considered.
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1.5 Ring and supports geometrical non-linearity

Previous sections highlighted that high performance CVGs used in inertial navigation ap-

plications require the excitation of the drive mode into large amplitude vibration to enhance

gyro sensitivity to rotation and SNR. A consequence of this is that it is desirable to operate

at large vibration amplitudes at which non-linearity effects are important and have potential

to alter CVG performance compared to operating in the linear regime.

Non-linearity can arise from non-linear dissipative forces (i.e. damping non-linearity), non-

linear stress-strain response of the material (i.e. material non-linearity) or non-linear strain-

displacement relations (i.e. geometrical non-linearity). Another source of non-linearity re-

lates to non-linear electrostatic forces acting on the ring structure for capacitive devices.

Sieberer [27] investigated the shock-induced coupling between in-plane rigid and flexural

modes of the ring caused by non-linear electrostatics, and demonstrated that the non-linear

electrostatics causes the ring n = 2 modes to be excited by environmental shocks.

Electrostatic non-linearity is not considered in this work. Instead the work focuses on geo-

metrical non-linearity only and is applicable to devices similar to that shown in Figure 1.2,

for which the ring is driven into vibration using electromagnetic actuation, and the sense

vibration is detected by induction [28].

The resonator is made of isotropic silicon which is linearly elastic until failure [29], so material

non-linearity is not considered either. Analysis of non-linear damping effects is beyond the

scope of this work. This thesis focuses on the effects of ring and support structures geomet-

rical non-linearity on the performance of supported ring-based resonators.

This Section summarises and discusses relevant previous studies concerning the origins and

effects of geometrical non-linearity on supported ring-based CVGs. Section 1.5.1 provides a

literature review on ring non-linear vibration and its effect on unsupported ring-based res-

onators. Studies regarding supported ring resonators including ring and support geometrical
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non-linearity are presented in Section 1.5.2.

1.5.1 Ring geometrical non-linearity effects on unsupported ring resonators

A detailed description of the historical development of research on rings non-linear vi-

bration can be found in [30]. Reissner in the 1950s first dealt with non-linear vibration of

shells. Neglecting in-plane inertia, Reissner restricted the analysis to non-linear flexural shell

motion and developed a set of non-linear governing equations for shells.

In the 1960s, Evensen [31–33] adapted Reissner non-linear shell equations to thin circular

rings, by considering (i) the radial and tangential displacements of the ring mid-line to be

functions of circumferential coordinate and time only, (ii) the ring cross-section to be uniform

around the ring, (iii) the ring radius R to be much larger than ring radial thickness and (iv)

longitudinal in-plane force and shearing force to be zero throughout the ring.

Evensen found that at large amplitude vibration, ring deflections proposed by Timoshenko

[24] (i.e. equations (1.9)- (1.10)) involve elongation of the ring mid-line whilst in practice it

remains constant during flexural motion. Limiting the discussion to vibrations involving the

primary and secondary nθ modes only, Evensen suggested that a more realistic form for ring

deflection is given by:

u (θ, t) = Q1 cosnθ +Q2 sinnθ −
(
n2 − 1

)2
4Rn2

(
Q2

1 +Q2
2

)
(1.13)

v (θ, t) =− Q1

n
sinnθ +

Q2

n
cosnθ+

+

(
n2 − 1

)2
8Rn3

[(
Q2

1 −Q2
2

)
sin 2nθ − 2Q1Q2 cos 2nθ

] (1.14)

where Q1 and Q2 are functions of time, and an antisymmetric mode of vibration (n = 0 mode

or breathing mode [22]), consisting of a contraction of the ring (see Figure 1.6) is included

to satisfy the inextensibility condition.
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Figure 1.6: Breathing axisymmetric mode for a thin ring.

Equations (1.13)-(1.14) satisfy the continuity condition (i.e. the requirement that the

circumferential displacement is single valued around the ring mid-line circumference), the

inextensibility condition, and can be used as an approximate solution for the ring non-linear

equations.

Using a Galerkin method, Evensen used displacements (1.13)-(1.14) to determine a non-linear

differential equation for the vibration amplitude of the primary nθ mode, and approximated

its solution using the averaging method. Results indicated that the breathing mode causes

the primary mode to be resonant at smaller frequencies than the linear resonance frequency

as the vibration amplitude increases i.e. rings have softening dynamic behaviour.

This shift of the drive resonance frequency from the linear regime will influence the dy-

namics of ring-based resonators which normally operate at the drive mode natural frequency.

Evensen findings are known to researchers working on the high performance ring-based gy-

roscopes field and have been used to investigate ring resonators behaviour under large am-

plitude vibration. Polunin et al. [5] investigated the effects of geometrical and electrostatic

non-linearity on the dynamic behaviour of drive and sense 2θ modes of a perfect unsupported

ring resonator. Using Evensen’s non-linear expression for the radial displacement (1.13), Pol-

unin et al. used Lagrange’s method to obtain non-linear equations of motion in the drive

and sense generalised coordinates. Equations were developed considering (i) drive mode ex-
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cited by harmonic external force and (ii) ring undergoing constant rate rotation; action of

non-linear electrostatic forces was also included. Polunin et al. found that geometrical and

electrostatic non-linearity cause drive and sense equations to be parametrically coupled with

each other by non-linear inertial, stiffness and electrostatic terms. Polunin et al. used the av-

eraging method to determine the frequency backbone curve for the drive mode (which showed

the known softening behaviour), and to obtain an analytical expression for the steady-state

sense response amplitude. Frequency response curves for the sense mode were developed for

a number of magnitudes of the applied driving forces. Results indicated that, due to the

parametrical non-linear coupling, the sense response peak amplitude is larger compared to a

linear resonator. Moreover, as the vibration amplitude increases, the frequency at which the

sense amplitude peak occurs is shifted from the 2θ natural frequencies.

The shift of the drive and sense peak amplitudes from the 2θ natural frequencies, caused

by ring geometrical non-linearity, is relevant for ring-based resonators. The amplitude of

the sense response at the drive mode resonance frequency has potential to be significantly

smaller than the peak value, so that sensor sensitivity is reduced. Studies in [5] do not in-

dicate whether drive and sense non-linear peaks occur at the same frequency; moreover, the

influence of the support structure was not considered.

1.5.2 Ring and support geometrical non-linearity effects on supported ring

resonators

Sérandour [29,34] investigated the non-linear dynamic behaviour of perfect ring resonators

operating in the 2θ modes and supported by 8 identical supports uniformly spaced around

the ring circumference. Sérandour developed a mathematical model for ring and supports,

including ring non-linear vibration and non-linear strain-displacement relation for the sup-

ports. The model allowed any pair of n flexural modes to be considered; however, the analysis

was mainly restricted to the n = 2 modes. The model was based on the assumption that
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the ring structure is dominant compared to the support structure (so that expressions for an

unsupported ring non-linear deflection can still be used). The ring was modelled as a curved

beam having uniform cross-section, and supports were modelled as mass-spring elements act-

ing in the radial and tangential directions, having one extremity fully constrained to a rigid

frame and the other attached to the ring. Different mass and stiffness coefficients were used

for mass-spring elements in the radial and tangential directions. Sérandour took account of

supports geometrical non-linearity by using cubic non-linear stiffness for the springs, and used

ring non-linear radial and tangential displacements (1.13)-(1.14) (Evensen [31–33]) to take

account of ring geometrical non-linearity. Lagrange’s equation was used to obtain non-linear

equations of motion in the drive and sense generalised coordinates, assuming that the drive

mode is excited by applied external harmonic force.

The obtained drive and sense equations indicated that ring and support geometrical non-

linearity causes the drive and sense modes to be parametrically coupled with each other by

non-linear inertial, damping and stiffness terms (this result is similar to that in [5] for un-

supported rings). Moreover, non-linear supports were found to cause the sense mode to be

externally excited by inertia and stiffness non-linear terms associated with the drive response.

Focusing the analysis on the dynamic behaviour of the drive mode, Sérandour simplified drive

and sense non-linear equations under the assumption that the sense response amplitude is

much smaller than the drive response, and then negligible (i.e. Q2 = 0). Neglecting all terms

involving the sense response in the drive equation, Sérandour used the averaging method to

obtain an analytical expression for the drive mode frequency backbone curve.

By comparing drive frequency backbone curves for supported and unsupported ring res-

onators, Sérandour found that the dynamic behaviour of the drive mode is significantly

influenced by the non-linear supports and cannot be described by the ring alone. Moreover,

Sérandour demonstrated that supports behaviour depends on their geometry. In light of

this, Sérandour suggested that the dependency of the drive mode resonance frequencies on

the vibration amplitude could be eliminated by using hardening supports that neutralise the
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softening behaviour of the ring.

Sérandour work demonstrated that support non-linearity needs to be considered to accu-

rately analyse the dynamic behaviour of ring resonators. A relevant result of Sérandour

research is that support geometrical non-linearity causes the sense mode to be excited by

the drive response in the absence of rotation. For ring-based resonators, this has potential

to give rise to the so-called zero-rate-output, introduced in Section 1.4 as a measured sense

response that does not relate to the angular rate. Sérandour investigation focused on the

drive response and did not provide a detailed analysis for the sense response. Moreover, only

8 supports were considered. Additional research is needed to investigate the effects of using

a generic number of supports on the non-linear dynamics of ring-based resonators operating

at small (but non-zero) sense response amplitudes.

1.6 Research aims

The literature review presented highlighted that several aspects on the dynamic behaviour

of supported ring-based resonators are still open for research. The ultimate goal of this work

is to provide an understanding of the dynamic behaviour (drive response, sense response)

of supported ring-based CVGs undergoing large amplitude vibration. In particular, this

work will focus on the impact of ring and support geometrical non-linearity on ring-based

resonators performance. The proposed investigation is based on the mathematical model

developed by Sérandour [29,34] described in Section 1.5.2, which will be extended to include

a generic number p of identical uniformly spaced supports. Key aims for the research are

summarised below.

1. Determine the numbers of supports p that maintain the rotational symmetry of ring-

based resonators for any pair of nθ in-plane flexural modes in the linear regime.

2. Investigate the influence of ring and support geometrical non-linearity on the rotational
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symmetry of supported ring-based resonators. Determine the numbers of supports p

that maintain the nθ rotational symmetry at large vibration amplitude, and compare

against the numbers of support that maintain the symmetry in the linear regime.

3. Determine the equations governing the motion of drive and sense nθ modes of supported

ring-based resonators operating at large amplitude vibration under practical operating

conditions, including ring and support geometrical non-linearity. Non-linear equations

need to allow any number of supports p to be considered.

4. Investigate the influence of ring and support geometrical non-linearity on drive and sense

equations of motion. For example, investigate potential occurrence of parametrical non-

linear coupling between drive and sense modes.

5. For n = 2, investigate the steady-state drive response (amplitude, phase) for supported

ring resonators operating at large amplitude vibration, under practical CVGs operating

conditions. Compare against resonators operating in the linear regime to highlight ring

and support geometrical non-linearity effects on the drive mode dynamics. Investigate

the influence of non-linear support structure on the dynamic behaviour of the drive

mode, compared to an unsupported ring.

6. For n = 2, investigate the steady-state sense response (in-phase response, quadrature

response) for supported ring resonators undergoing large drive vibration amplitude.

Compare against resonators in which geometrical non-linearity is neglected, to inves-

tigate potential non-linear amplification effects. Investigate the impact of geometrical

non-linearity on sensor performance (i.e. investigate occurrence of sensing errors, zero-

rate-output, impact on sensor sentitivity).

7. Investigate support designs (supports numbers and geometries) that linearise the dy-

namic behaviour of supported ring resonators operating at large amplitude of vibration.
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Where possible, mathematical results obtained using the proposed mathematical model

will be verified against results obtained using non-linear Finite Element analyses.

1.7 Thesis outline

This Section presents an outline of each of the thesis chapters.

Chapter 2 The mathematical model for a supported ring-based CVG firstly developed

by Sérandour [29, 34] is extended to allow a generic number p of identical uniformly spaced

supports to be included. Ring flexural vibration and support stiffness are considered to be

linear. The model is used to determine analytical expressions for ring and support kinetic

and potential energies for ring resonators operating in the nθ modes. The obtained energy

expressions are used to investigate the numbers of supports that maintain the rotational

symmetry in the linear regime. Drive and sense equations of motion are developed for linear,

perfect and rotationally symmetric ring resonators, and a point mass imperfection is then

added on the ring mid-line to investigate the impact of breaking the rotational symmetry on

sensor performance.

Chapter 3 Ring non-linear flexural vibration and support non-linear stiffness are included

in the mathematical model developed for the supported ring resonator, to investigate CVGs

operation at large amplitude of vibration. Analytical expressions for ring and support kinetic

and potential energies are obtained and used to investigate the numbers of supports that

maintain the rotational symmetry at large amplitudes. The equations of motion governing

drive and sense nθ modes are developed for ring resonators having a generic number of sup-

ports p. The impact of geometrical non-linearity on the drive and sense governing equations

is discussed for (i) rotationally asymmetric and (ii) rotationally symmetric ring resonators.
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Chapter 4 The mathematical model is used to investigate the 2θ drive mode response for

ring resonators operating at large amplitudes, using the method of averaging. The effects

of ring and support geometrical non-linearity on the non-linear drive mode dynamics are

discussed. The frequency backbone curve for the drive mode of supported and unsupported

ring resonators are compared to investigate the influence of non-linear support. The impact

of the breaking of rotational symmetry on the drive mode dynamics is investigated. Key

results are verified against a non-linear Finite Element analysis.

Chapter 5 The mathematical model is used to investigate the 2θ in-phase and quadrature

sense responses for ring resonators operating at large drive amplitudes, using the method of

averaging. Comparisons are made against an equivalent ring resonator in which geometrical

non-linearity is neglected, to investigate potential non-linear amplification caused by non-

linearity. The effect of breaking the rotational symmetry on sensor performance is considered,

and the impact of geometrical non-linearity is investigated. Key results are verified against

a non-linear Finite Element analysis.

Chapter 6 The mathematical model is used to investigate support designs that linearise

the drive mode frequency backbone curve of supported ring resonators operating at large

amplitudes. For selected improved support designs, the results obtained using the mathe-

matical model are verified against a non-linear Finite Element analysis, and the accuracy of

the mathematical results is discussed.

Chapter 7 Main conclusions of this work are revised and suggestions for future work are

proposed.
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Chapter 2

Mathematical model for a

supported ring-based CVG

operating in the linear regime

2.1 Introduction

This Chapter deals with the dynamics of supported ring resonators operating in the linear

regime, and lays the foundation for later work which relates to non-linearity. Chapter 1 intro-

duced the importance of maintaining the rotational symmetry of ring resonators to achieve

higher sensitivity to rotation and SNR, and to avoid sensing errors which have potential to

degrade sensor performance. In this work, the ring is considered to be perfect and made of

isotropic silicon, and it is shown that asymmetric support structures can break the rotational

symmetry of the ring resonator. For rings undergoing linear vibration, references [11, 26]

indicated that 8 identical supports uniformly spaced around the ring circumference maintain

the rotational symmetry for n = 2.
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In this Chapter, a mathematical model for a supported ring resonator based on the model

introduced by Sérandour [29,34] is developed to include a generic number of supports p. The

proposed model is used to investigate the numbers of supports that maintain the rotational

symmetry in the linear regime, for any pair of nθ ring modes. The equation of motion of

the drive and sense nθ modes are developed for rotationally symmetric supported ring res-

onators. A point mass imperfection is then added to the ring mid-line and expressions for

the drive and sense responses are determined for the imperfect resonator. It will be shown

that high sensitivity to rotation and good angular rate detection can be achieved only if the

rotational symmetry of the supported ring resonator is maintained. In later work, ring and

support geometrical non-linearity will be considered, and it will be shown that in some cases

geometrical non-linearity effects on sensor performance are similar to those caused by a point

mass imperfection.

The structure of this Chapter is as follows. In Sections 2.2 and 2.3 a mathematical model is

developed for a linear ring resonator (i.e. ring linear vibration and linear support stiffness)

having a generic number of supports p. The model is used to determine kinetic and potential

energy expressions for a supported ring resonator. The obtained energy expressions are used

to investigate the numbers of supports that maintain the rotational symmetry in the linear

regime. In Section 2.4, Lagrange’s equation is used to determine the equations governing the

nθ drive and sense modes motion for a rotationally symmetric supported ring resonator. In

Section 2.5, a small point mass imperfection is added to the ring mid-line and breaks the

rotational symmetry of the previously symmetric supported resonator. Equations of motion

for the imperfect resonator are obtained and compared against those for a symmetric res-

onator. Analytical expressions for the drive and sense steady-state responses (amplitude and

phase) are investigated based on the excitation of the drive mode into resonance; performance

degradation caused by the breaking of rotational symmetry is demonstrated and discussed.

Section 2.6 summarises the work done in this Chapter and reiterates key conclusions.
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2.2 Mathematical model and energy expressions for a perfect

unsupported ring

This Section illustrates the mathematical model developed for a perfect ring undergoing

in-plane linear nθ vibration. The model is used to determine kinetic and potential energies

expressions for the unsupported ring.

2.2.1 Unsupported ring model and linear deflection

Figure 2.1 shows a schematic diagram for a perfect ring having uniform rectangular cross-

section, where R is the ring mid-line radius, h is the radial thickness and L the axial length.

(a) In-plane ring.

(b) Ring cross-section.

Figure 2.1: Diagram of the ring structure and in-plane displacements of the ring mid-line.

For a generic pair of in-plane flexural modes having n nodal diameters, ring deflection can

be described in terms of radial and tangential displacements u(θ, t) and v(θ, t), respectively,

where θ defines the circumferential coordinate of the location considered. For ring vibration

in the linear regime, radial and tangential deflections can be expressed as [24] (see equations

(1.9)-(1.10)):

u(θ, t) = Q1(t) cosn(θ − α) +Q2(t) sinn(θ − α) (2.1)

v(θ, t) = −Q1(t)

n
sinn(θ − α) +

Q2(t)

n
cosn(θ − α) (2.2)
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where Q1(t) and Q2(t) vary with time and are generalised coordinates, and cosnθ and sinnθ

are the shapes of the nθ modes of vibration, respectively indicated as drive mode and sense

mode. Angle α in equations (2.1) and (2.2) is used to define the set of generalised coordinates

considered. Figure 2.2 shows drive and sense 2θ modes (i.e. n = 2) for α = 22.5◦ and α = 45◦,

where reference circumferential coordinate θ = 0◦ is the horizontal.

(a) α = 22.5◦ (b) α = 45◦

Figure 2.2: Drive and sense 2θ modes orientation for α = 22.5◦ and α = 45◦. Drive and
sense generalised coordinates Q1 and Q2 are indicated. The drive axis location is defined by
α. Circumferential coordinate θ = 0◦ is the horizontal.

It is known that vibration modes of perfect rings have indeterminate position around the

axis of symmetry [20,21]. In practice, harmonic radial forces having cosnθ spatial distribution

and frequency equal to the drive mode natural frequency are applied to the ring to excite

the drive mode into resonance. In an ideal case, the drive axis will align with the principal

direction of the applied force. Different directions of the force principal axis will imply

different orientations of the drive axis around the ring circumference, and so a different α in

equations (2.1) and (2.2). In what follows, a generic angle α is used in the displacements

expressions.
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2.2.2 Kinetic energy for an unsupported ring

This Section determines the kinetic energy for a ring vibrating under linear nθ deflection

and rotating with constant angular rate Ωz around the ring polar axis. To determine the

kinetic energy stored in an infinitesimal ring mass element dm, centred at circumferential

coordinate θ, two frames of reference are defined: (i) a space-fixed frame of reference xF , yF

and (ii) a body-fixed frame of reference xR, yR that rotates with angular rate Ωz, as illustrated

in Figure 2.3.

Figure 2.3: Diagram illustrating the space-fixed frame of reference xF , yF , the body-fixed
frame of reference xR, yR rotating with angular rate Ωz, and radial and tangential displace-
ments of the infinitesimal ring mass element dm at circumferential coordinate θ.

The mass has mass dm = ρhLRdθ, where ρ is the material density. By defining r0 to

be the displacement vector of dm in the inertial frame of reference, the infinitesimal kinetic

energy dTLring is:

dTLring =
1

2
ρhLRdθ

(
∂r0

∂t

)2

(2.3)

The intention is to formulate the ring kinetic energy as function of radial and tangential ring
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displacements u(θ) and v(θ) in equations (2.1)-(2.2). Therefore, vector ∂r0
∂t in equation (2.3)

is expressed in terms of the displacement vector of dm in the rotating frame of reference

rΩrot , and the angular velocity vector Ωrot using:

∂r0

∂t
=
∂rΩrot

∂t
+ Ωrot × rΩrot (2.4)

Mass dm moves in the plane of the ring, and the ring has angular velocity Ωz about the

z-axis, so vectors rΩrot and Ωrot respectively are:

rΩrot =


u (θ) +R

v (θ)

0

 (2.5)

Ωrot =


0

0

Ωz

 (2.6)

The kinetic energy of the ring is obtained by substituting (2.4)-(2.6) into (2.3) and integrating

along the ring circumference. This gives:

TLring =
1

2
ρhLR

∫ 2π

0

[
u̇2 + v̇2 − 2u̇vΩz + 2v̇(u+R)Ωz + (u+R)2Ω2

z + v2Ω2
z

]
dθ (2.7)

The operation of ring-based resonators normally relies on the excitation of the 2θ modes

whose resonance frequencies are typically greater than 10 kHz, whilst the angular velocities

detected are normally in the order of 1 rad
s [12]. Under these circumstances, terms in Ω2

z can

be neglected from (2.7). Using expressions for u(θ) and v(θ) given by (2.1) and (2.2), and

evaluating the integral in (2.7), the kinetic energy of the unsupported ring is:

TLring =
1

2
ρhLRπ

(
n2 + 1

n2

)(
Q̇2

1 + Q̇2
2

)
+

2

n
ρhLRπΩz

(
−Q̇1Q2 +Q1Q̇2

)
(2.8)
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In this equation, the term involving Ωz is associated with the Coriolis effect and the other

term is independent of the angular rate and relates to the ring flexural vibration.

Kinetic energy expression (2.8) depends on the choice of generalised coordinates Q1 and Q2

which depend on α (see equations (2.1) and (2.2)). It can be shown that the form of TLring is

unaltered when different sets of generalised coordinates are used. For example, one can use

generalised coordinates Q1ψ and Q2ψ, rotated by an angle ψ from Q1 and Q2 as illustrated

in Figure 2.4.

Figure 2.4: Generalised coordinates Q1, Q2 and Q1ψ, Q2ψ, rotated by an angle ψ relative to
each other.

It can be shown that:

Q1 = Q1ψ cosψ +Q2ψ sinψ (2.9)

Q2 = −Q1ψ sinψ +Q2ψ cosψ (2.10)

and

TLring
∣∣
ψ

=
1

2
ρhLRπ

(
n2 + 1

n2

)(
Q̇2

1ψ + Q̇2
2ψ

)
+

2

n
ρhLRπΩz

(
−Q̇1ψQ2ψ +Q1ψQ̇2ψ

)
(2.11)

Comparing TLring

∣∣∣
ψ

in (2.11) to TLring in (2.8) it is clear that the kinetic energy is invariant to

selected generalised coordinates: the expressions are identical except Q1 and Q2 are replaced
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respectively by Q1ψ and Q2ψ. This is because a perfect ring is rotationally symmetric.

2.2.3 Potential energy for an unsupported ring

The potential energy V L
ring for a perfect ring undergoing linear nθ vibration is given by [29]:

V L
ring =

∫ 2π

0

1

2

(
EIrsχ

2
θ

)
Rdθ (2.12)

where E is the Young’s modulus, Irs = Lh3

12 is the second moment of area, and χθ represents

the change in the ring curvature from the undistorted to the distorted configuration caused

by the ring in-plane flexural vibration, and can be approximated as [23,29]:

χθ =
1

R2

(
∂2u(θ)

∂θ2
+ u(θ)

)
(2.13)

By substituting (2.13) in (2.12) and evaluating the integral, it can be shown that the potential

energy of the ring is:

V L
ring =

1

24

ELh3π

R3

(
1 + n4 − 2n2

) (
Q2

1 +Q2
2

)
(2.14)

Similar to the kinetic energy, it can be shown that potential energy expression (2.14) is unal-

tered when a different set of generalised coordinates is used, because the ring is rotationally

symmetric. Therefore, the sum of the kinetic and potential ring energies ELring = TLring+V L
ring

is rotationally symmetric.

2.3 Mathematical model and energy expressions for linear

supports

This Section illustrates the mathematical model used for modelling the support structure

and the assumptions made in its development. The support is considered to be attached to a

32



ring undergoing linear nθ vibration. Firstly, kinetic and potential energies are determined for

a single support. The energy for a generic number of supports p uniformly spaced around the

ring circumference is then obtained by summing the kinetic and potential energies of a single

support over p. Similar to that proposed in the previous Section for an unsupported ring,

the obtained support energy expressions are analysed to investigate whether the supports

maintain the rotational symmetry of the resonator.

2.3.1 Mathematical model for a linear support structure

Figure 2.5 shows a schematic representation of a support attached to the ring and anchored

to the substrate (i.e. fixed frame). Figure 2.6 shows the mathematical model used to model

the same support for resonators vibrating in the linear regime. This model was introduced

and initially developed by Sérandour [29,34]. The support inertia and stiffness are modelled

by equivalent mass-spring elements acting in the radial and tangential directions. The inertia

of the support in the radial and tangential directions are modelled by discrete masses mr

and mt, respectively, and the stiffness by linear springs having stiffness coefficients kr1 and

kt1 , respectively. Masses and stiffness coefficients for mass-spring elements in the radial and

tangential directions are allowed to be different from each other as the mechanical properties

of the supports are normally different along these directions.

Figure 2.5: In-plane schematic representation of a support attached to the ring.
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Figure 2.6: Diagram of the mathematical model proposed for representing the inertia and
stiffness of a support along the radial and tangential directions.

The support model is developed by assuming that the nθ vibration of the ring is unaltered

by the presence of the supports, so that the displacement of the ring-support attachment point

can be expressed in terms of the radial and tangential linear ring displacements (i.e. equations

(2.1) and (2.2)). Moreover, it is assumed that the local radial and tangential directions at

the ring-support attachment point are principal axes of stiffness for the support.

Mass and stiffness coefficients (mr, mt, kr1 , kt1) are determined using a Finite Element

analysis of a single support. The linear radial and tangential stiffness coefficients are found

by applying radial and tangential static forces at the support end that is attached to the ring,

and performing static analyses to calculate the radial and tangential displacements caused

by applied forces. Radial and tangential mass coefficients are obtained by applying radial

and tangential harmonic forces at the same point, where the applied frequency matches

the resonance frequency of the pair of nθ modes used in operation. Harmonic response

analyses are performed to obtain amplitude and phase of the radial and tangential responses

in steady-state. Under the assumption that the radial and tangential directions are principal

axes of stiffness for the support, the tangential displacement caused by forces applied in
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the radial direction is constrained to be zero; similarly, the radial displacement following

the application of tangential forces is set to zero. Moreover, having assumed that the ring

vibration is unaltered by the support, the rotation around the z-axis of the support end

attached to the ring is constrained to be identical to rotation of the unsupported ring at

the same point. Further details about the approach used to determine mass and stiffness

coefficients are described in Appendix A, where mass and stiffness coefficients used to model

practical ring-based MEMS CVGs supports are calculated and shown.

2.3.2 Kinetic energy for a single support

It is initially assumed that the support structure consists of one single support attached

to the ring at angular position θ = θS . The kinetic energy of the support TLS is given by:

TLS =
1

2
mru̇

2(θS) +
1

2
mtv̇

2(θS) (2.15)

where (under the assumption made of ring structure being dominant compared to the support

structure) u(θS) and v(θS) coincide with ring deflections in (2.1) and (2.2) calculated for θS .

The proposed kinetic energy expression does not include rotational contribution from the

applied angular rate. This simplification is made considering that typically the ring inertia

is much larger than the support inertia.

2.3.3 Potential energy for a single support

The potential strain energy of a single support V L
S can be expressed as:

V L
S =

1

2
uTKL

Su (2.16)

where u is the displacements vector u = [u(θS) v(θS)]T and KL
S the support stiffness matrix.

Under the assumption that the radial and tangential directions are principal axes of stiffness
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for the support, KL
S is the diagonal matrix below:

KL
S =

kr1 0

0 kt1

 (2.17)

and potential strain energy (2.16) can be re-written in the following scalar notation:

V L
S =

1

2
kr1u

2(θS) +
1

2
kt1v

2(θS) (2.18)

If radial and tangential displacements are not principal axes of stiffness for the support, matrix

KL
S is symmetric with non-zero off-diagonal terms indicating coupling between the radial and

tangential deflections. In this work, φPA defines the angle between the pair of orthogonal

coordinates xPA and yPA representing the principal axes of stiffness of the support, and the

radial and tangential directions. To determine φPA, the full matrix KL
S is calculated using a

Finite Element analysis in a similar way to that proposed to determine kr1 and kt1 , except the

ring-support attachment point is free to move in both the radial and tangential directions

when radial and tangential forces are applied. Full matrix KL
S is used in the eigenvalue

problem below:

KL
SzPA = ΛL

SzPA (2.19)

Solving (2.19), angle φPA can be identified from the eigenvector matrix zPA, and support

stiffness along the principal axes of stiffness are given by eigenvalue matrix ΛL
S . In later

work, when the mathematical model is used to obtain numerical results for the drive and

sense responses of practical supported ring-based CVGs geometries, angle φPA is calculated

to quantify the accuracy of approximating the full stiffness matrix KL
S with its simplified

diagonal version in (2.17). Further details on the procedure used to determine φPA using a

Finite Element analysis are provided in Appendix A.

36



2.3.4 Energy expressions for p supports

In previous sections, kinetic and potential energies have been calculated for a single sup-

port. Using (2.1) and (2.2) to describe u(θS) and v(θS) in kinetic and potential support

energies (2.15) and (2.18), the total energy of a single support ELS = TLS + V L
S can be ex-

pressed as:

ELS =
(mr

4
+
mt

4n2

)(
Q̇2

1 + Q̇2
2

)
+

(
kr1
4

+
kt1
4n2

)(
Q2

1 +Q2
2

)
+

+ cos 2n (θS − α)

[(mr

4
+
mt

4n2

)(
Q̇2

1 − Q̇2
2

)
+

(
kr1
4

+
kt1
4n2

)(
Q2

1 −Q2
2

)]
+

+ sin 2n (θS − α)

[(mr

2
+
mt

2n2

)
Q̇1Q̇2 +

(
kr1
2

+
kt1
2n2

)
Q1Q2

] (2.20)

Unlike the ring energy in Section 2.2 which was shown to be rotationally symmetric, it is

clear from (2.20) that the single support energy expression is not rotationally symmetric,

due to the presence of the α terms. This can be shown by expressing the support energy ELS

in terms of generalised coordinates Q1ψ and Q2ψ rotated by a generic angle ψ from Q1 and

Q2 (see Figure 2.4). Using transformations (2.9) and (2.10), terms
(
Q2

1 −Q2
2

)
and Q1Q2 are

re-written as:

(
Q2

1 −Q2
2

)∣∣
ψ

= Q2
1ψ

(
cos2 ψ − sin2 ψ

)
+Q2

2ψ

(
sin2 ψ − cos2 ψ

)
+ 4Q1ψQ2ψ cosψ sinψ

Q1Q2|ψ =
(
Q2

2ψ −Q2
1ψ

)
cosψ sinψ +Q1ψQ2ψ

(
cos2 ψ − sin2 ψ

)
implying that energy ELS

∣∣
ψ

in generalised coordinates Q1ψ and Q2ψ is different from ELS in

(2.20). Thus, the use of one support breaks the rotational symmetry of the ring resonator.

For practical CVG resonators, multiple identical supports are uniformly spaced around the

ring circumference i.e. if there are p supports they are located at an angular distance of 360
p

degrees from each other. In what follows it is assumed that one support is attached at the
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reference circumferential coordinate θ = 00 (i.e. the horizontal), as illustrated in Figure 2.7.

Figure 2.7: Schematic diagram for a ring having p supports. One support is attached at the
reference circumferential coordinate θ = 00. The generic jth support is attached to the ring
at θSj = j 2π

p .

The energy of the jth support attached to the ring at θSj = j 2π
p is given in equation

(2.20) with θS replaced by θSj . To calculate energy associated with p supports, kinetic and

potential energies (2.15) and (2.18) are summed over all supports to give:

TLS =

p−1∑
j=0

[(mr

4
+
mt

4n2

)(
Q̇2

1 + Q̇2
2

)]
+

p−1∑
j=0

cos 2n

(
j

2π

p
− α

)[(mr

4
− mt

4n2

)(
Q̇2

1 − Q̇2
2

)]
+

+

p−1∑
j=0

sin 2n

(
j

2π

p
− α

)[(mr

2
− mt

2n2

)
Q̇1Q̇2

]
(2.21)

V L
S =

p−1∑
j=0

[(
kr1
4

+
kt1
4n2

)(
Q2

1 +Q2
2

)]
+

p−1∑
j=0

cos 2n

(
j

2π

p
− α

)[(
kr1
4
− kt1

4n2

)(
Q2

1 −Q2
2

)]
+

+

p−1∑
j=0

sin 2n

(
j

2π

p
− α

)[(
kr1
2
− kt1

2n2

)
Q1Q2

]
(2.22)

Energies (2.21) and (2.22) consist of an invariant part (independent of α) that is rotationally
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symmetric, and another part that breaks the rotational symmetry of the supported ring

resonator. Depending on the pair of flexural n modes considered and the number of supports

p, it can be shown that:

p−1∑
j=0

cos 2n

(
j

2π

p
− α

)
=


0 if 2n

p is not an integer

p cos 2nα if 2n
p is an integer

(2.23)

p−1∑
j=0

sin 2n

(
j

2π

p
− α

)
=


0 if 2n

p is not an integer

p sin 2nα if 2n
p is an integer

(2.24)

Hence, if the number of supports p used is such that 2n
p is not an integer, all terms involving

α that break the rotational symmetry of support kinetic and potential energies TLS and V L
S

are zero. In such cases, kinetic and potential energy expressions reduce to the invariant

symmetric parts of equations (2.21) and (2.22).

The energy of the supported ring resonator ELR = ELring + ELS is obtained by summing ring

energies (2.8) and (2.14) and p supports energies (2.21) and (2.22), and using relations (2.23)

and (2.24). If the ratio 2n
p is not an integer, this gives:

ELR =
1

2
ρhLRπ

(
n2 + 1

n2

)(
Q̇2

1 + Q̇2
2

)
+

1

24

ELh3π

R3

(
1 + n4 − 2n2

) (
Q2

1 +Q2
2

)
+

+p

[(mr

4
+
mt

4n2

)(
Q̇2

1 + Q̇2
2

)
+

(
kr1
4

+
kt1
4n2

)(
Q2

1 +Q2
2

)]
+

+
2

n
ρhLRπΩz

(
−Q̇1Q2 +Q1Q̇2

) (2.25)

It can be shown that resonator energy ELR is symmetric and invariant to the choice of gener-

alised coordinates Q1 and Q2. In later work, it will be shown that invariant supported ring

resonator energies ensure drive and sense nθ modes have equal natural frequencies and are

decoupled from each other. Therefore, numbers of supports p such that 2n
p is not an integer

ensure good performance for ring resonators operating in the linear regime.
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The proposed approach used to determine the numbers of supports that maintain the rota-

tional symmetry of supported ring resonators is useful when designing symmetric resonators

operating in any nθ ring modes. Table 2.1 indicates some combinations of n and p that

maintain (“SYM”) or break (“ASY”) the rotational symmetry of supported ring resonators,

for CVGs operating in the linear regime.

Numbers of supports p

2 3 4 5 6 7 8 9 10 12 14 16

n = 2 ASY SYM ASY SYM SYM SYM SYM SYM SYM SYM SYM SYM

n = 3 ASY ASY SYM SYM ASY SYM SYM SYM SYM SYM SYM SYM

n = 4 ASY SYM ASY SYM SYM SYM ASY SYM SYM SYM SYM SYM

Table 2.1: Combinations of n and p that maintain (“SYM”) or break (“ASY”) the rotational
symmetry of the supported ring resonator in the linear regime.

For a given modal number n, “SYM” in Table 2.1 indicates the numbers of supports

p that maintain the rotational symmetry in the linear regime (i.e. 2n
p is not an integer).

Typically, ring-based CVGs operate based on the 2θ modes excitation i.e. n = 2, and Table

2.1 indicates that ring resonators having 8, 12 or 16 (and others) supports maintain the

rotational symmetry. For practical CVG devices, 8 and 16 supports are commonly used to

maintain the rotational symmetry of resonators based on the 2θ modes.

The combinations that break the rotational symmetry in the linear regime (indicated by

“ASY”) have no practical use as a CVG, so in what follows only numbers of supports that

maintain the rotational symmetry in the linear regime are considered.

In the next Chapter, non-linear effects will be considered, and a similar approach to that

shown in this Section will be used to determine the support numbers that maintain the

rotational symmetry of a supported resonator operating at large vibration amplitude.
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2.4 Drive and sense equations of motion for a symmetric lin-

ear supported ring resonator

In this Section, drive and sense governing equations are obtained for a symmetric ring

resonator operating in any pair of nθ ring modes and having a number of supports p such that

2n
p is not an integer. Drive and sense equations are determined using Lagrange’s equation in

generalised coordinates Q1 and Q2 as:

d

dt

∂T

∂Q̇k
− ∂T

∂Qk
+

∂V

∂Qk
+

∂D

∂Q̇k
= Gk (2.26)

(k = 1 for the drive, k = 2 for the sense) where T = TLring+TLS is the kinetic energy of ring and

p supports, respectively given by (2.8) and (2.21), and V = V L
ring+V L

S is the potential energy

of ring and p supports, respectively given by (2.14) and (2.22). Equations are developed for a

symmetric resonator, so that terms involving α in support energies (2.21) and (2.22) are zero

(using relations (2.23), (2.24) for 2n
p not an integer). Term D indicates the energy dissipation

due to viscous friction; damping in drive and sense generalised coordinates is considered to

be approximately the same, so in what follows it will be indicated by damping coefficient

c. Gk is the generalised force acting on generalised coordinate Qk. The drive mode only is

considered to be excited by modal harmonic driving force having magnitude FD and generic

frequency Ω. Under these circumstances, G2 = 0 and generalised force G1 is:

G1 = FD cos Ωt (2.27)

Lagrange’s equation for Q1 and Q2 gives the drive and sense equations of motion below:

MresQ̈1 + cQ̇1 +KresQ1 −
4n

(n2 + 1)
MringΩzQ̇2 = FD cos Ωt (2.28)

MresQ̈2 + cQ̇2 +KresQ2 +
4n

(n2 + 1)
MringΩzQ̇1 = 0 (2.29)
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where the modal mass Mres and stiffness Kres for the supported ring resonator are:

Mres = Mring + pMS (2.30)

Kres = Kring + pKS (2.31)

In these equations, Mring and Kring are the modal mass and stiffness of the unsupported

ring, and MS and KS are the modal mass and stiffness for a single support, where:

Mring =

(
n2 + 1

n2

)
ρhLRπ (2.32)

Kring =
ELh3π

12R3

(
n4 − 2n2 + 1

)
(2.33)

MS =
mr

2
+
mt

2n2
(2.34)

KS =
kr1
2

+
kt1
2n2

(2.35)

Dividing both drive and sense equations by Mres, (2.28) and (2.29) can be re-written as:

Q̈1 +
ω0

Q
Q̇1 + ω2

0Q1 −BΩzQ̇2 =
FD
Mres

cos Ωt (2.36)

Q̈2 +
ω0

Q
Q̇2 + ω2

0Q2 + BΩzQ̇1 = 0 (2.37)

where ω0 is the natural frequency of the nθ modes, and the damping is expressed using

quality factor Q (it can be shown that c
Mres

= ω0
Q ). Coefficient B is the gyroscopic coupling

factor (also known as Bryan factor [2]) and depends on the modal mass properties of the ring

resonator; in practice, for a ring B is approximatively:

B =
4n

(n2 + 1)
(2.38)
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From equations (2.36) and (2.37) it is clear when the rotational symmetry is maintained

there is no dependence on α, and drive and sense natural frequencies ω0 are equal. In these

equations, the Coriolis force only couples the drive and sense modes when angular rate is

applied. In the next Section, a small point mass imperfection is added on the ring mid-line

to investigate how the breaking of rotational symmetry affects drive and sense governing

equations.

2.5 Supported ring resonator having a point mass imperfec-

tion

This Section describes the dynamics of drive and sense nθ modes for a ring resonator

having a small point mass imperfection on the ring mid-line at circumferential coordinate

θm, as illustrated in Figure 2.8.

Figure 2.8: Diagram of in-plane ring having a point mass imperfection at circumferential
coordinate θm.

The ring is supported by p supports that maintain the rotational symmetry in the linear

regime (i.e. 2n
p is not an integer), so that the rotational symmetry is broken by the point

mass.
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2.5.1 Mathematical model and kinetic energy for a point mass imperfec-

tion

A simple mathematical model for a point mass imperfection is developed to obtain the

point mass kinetic energy. Similar to the mathematical model described in Section 2.3.1

to model a single support inertia, Figure 2.9 shows the equal concentrated masses m for

modelling the inertia of a point mass imperfection in the radial and tangential directions.

Figure 2.9: Model for representing a point mass imperfection.

The point mass is considered to be small so that ring nθ modes shapes are unchanged

compared to a perfect ring. Under these circumstances, the kinetic energy Tm for a small

mass imperfection is:

Tm =
1

2
mu̇2(θm) +

1

2
mv̇2(θm) (2.39)

where u(θm), v(θm) are the ring deflections. Using (2.1) and (2.2) for θ = θm in (2.39),

kinetic energy Tm can be expressed in terms of drive and sense generalised coordinates Q1

and Q2. Similar to the single support energy given by equation (2.20), it can be shown that

point mass energy Tm is not invariant to the choice of generalised coordinates and involves

terms in (θm − α) which break the rotational symmetry of resonator energy expression.

2.5.2 Drive and sense equations of motion

The equations of motion governing drive and sense nθ modes are determined using La-

grange’s equation as in Section 2.4. Kinetic energy Tm in (2.39) is considered in Lagrange’s
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equation (2.26) to take account of the mass imperfection. Drive and sense equations of motion

(2.28) and (2.29) become:

(
Mres +

m(n2 + 1)

2n2
+
m(n2 − 1)

2n2
cos 2n(θm − α)

)
Q̈1 +

m(n2 − 1)

2n2
sin 2n(θm − α)Q̈2+

+ cQ̇1 +KresQ1 −
4n

(n2 + 1)
MringΩzQ̇2 = FD cos Ωt

(2.40)(
Mres +

m(n2 + 1)

2n2
− m(n2 − 1)

2n2
cos 2n(θm − α)

)
Q̈2 +

m(n2 − 1)

2n2
sin 2n(θm − α)Q̈1+

+ cQ̇2 +KresQ2 +
4n

(n2 + 1)
MringΩzQ̇1 = 0

(2.41)

where Mres and Kres are given by (2.30) and (2.31), and Mring by (2.32). Obtained equa-

tions indicate that the point mass causes drive and sense modal masses to be different to each

other, due to cos 2n(θm − α) term which has opposite sign in the drive and sense equations.

This causes the resonance frequencies of drive and sense modes to split. Moreover, terms

in sin 2n(θm − α) couple drive and sense equations, causing inertial backwards coupling (i.e.

from the sense response to the drive response) in (2.40), and forwards coupling (i.e. from the

drive to the sense) in (2.41) which do not relate to rotation. Both drive and sense equations

involve α terms.

In practice, the drive mode response amplitude is typically orders of magnitude larger than

the sense mode response [1, 5], because the drive mode is directly excited into vibration by

harmonic driving force, whilst the sense mode is excited by the Coriolis force and the inertial

coupling term in Q̈1. It is then possible to approximate drive equation (2.40) by neglecting

the backwards coupling terms involving Q̈2 and Q̇2.

Dividing drive equation (2.40) by the resonator modal mass in the drive direction MD =

Mres + m(n2+1)
2n2 + m(n2−1)

2n2 cos 2n(θm − α), dividing sense equation (2.41) by the resonator

modal mass in the sense direction MS = Mres + m(n2+1)
2n2 − m(n2−1)

2n2 cos 2n(θm − α), and

neglecting terms in Q̈2 and Q̇2 from the drive equation, drive and sense equations can be
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re-written as:

Q̈1 +
ωD
Q
Q̇1 + ω2

DQ1 =
FD
MD

cos Ωt (2.42)

Q̈2 +
ωS
Q
Q̇2 + ω2

SQ2 +mcQ̈1 + BΩzQ̇1 = 0 (2.43)

where ωD and ωS are the drive and sense resonance frequencies, respectively, and mc is the

forward coupling term divided by MS i.e. mc = m(n2−1)
MS2n2 sin 2n(θm − α). Similar to the drive

and sense equations for the symmetric resonator in Section 2.4, the damping is indicated

using quality factor Q and the gyroscopic coupling factor is approximated by coefficient B

given by (2.38). Under the assumptions made, the drive response is independent of the sense

motion, whilst the sense mode is externally excited by the Coriolis force and by term in mc

involving the drive response.

2.5.3 Drive and sense responses

Drive and sense equations (2.42) and (2.43) are solved to determine the drive and sense

responses (amplitude, phase) for the supported ring resonator having a point mass imperfec-

tion. For a practical CVG, the drive mode is excited into resonance so that the drive modal

force has frequency Ω = ωD in (2.42). Under these circumstances, the steady-state drive

response is 90◦ out-of-phase relative to applied excitation, and can be expressed as:

Q1(t) = q1 sinωDt (2.44)

where q1 is the drive response amplitude. Using (2.44) in drive equation (2.42) it can be

shown that the amplitude of the drive response at resonance is:

q1 =
FD

MDω2
D

Q (2.45)

and can be maximised by increasing the Q-factor and by increasing the magnitude of applied

driving force, or reducing the modal mass.
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The sense response in steady-state motion can be expressed as:

Q2(t) = q2 sin (ωDt+ φSD) (2.46)

where q2 is the oscillation amplitude and φSD the phase of the sense response relative to

the drive response. Sense response (2.46) can be demodulated into an in-phase response q2I

(in-phase or 180◦ out-of-phase relative to the drive response) and quadrature response q2Q

(90◦ out-of-phase relative to the drive response):

Q2(t) = q2I sinωDt+ q2Q cosωDt (2.47)

where q2I = q2 cosφSD and q2Q = q2 sinφSD. Chapter 1 stated that the in-phase response

q2I is used to measure the angular rate whilst the quadrature response is zero for an ideal

gyro. Using (2.44) and (2.47) in sense equation (2.43) and manipulating, one can obtain the

following two equations governing the in-phase and quadrature sense responses:

(2∆ω0)q2Q +
ωDωS
Q

q2I = −BΩzq1ωD (2.48)

(2∆ω0)q2I −
ωDωS
Q

q2Q = mcq1ω
2
D (2.49)

where ∆ω0 ≈
(ω2

S−ω
2
D)

2 is the frequency split between drive and sense resonance frequencies.

From these equations, it is noted that inertial coupling term mc and frequency split ∆ω0 give

rise to non-zero quadrature response q2Q; moreover, frequency split ∆ω0 couples in-phase and

quadrature responses. It can be shown that the amplitudes of the in-phase and quadrature

responses respectively are:

q2I = −
BΩzq1ωD(ωDωS

Q ) +mcq1ω
2
D(2∆ω0)

4∆ω2
0 +

(
ωDωS
Q

)2 (2.50)
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q2Q = −
BΩzq1ωD(2∆ω0)−mcq1ω

2
D
ωDωS
Q

4∆ω2
0 +

(
ωDωS
Q

)2 (2.51)

Inertial coupling and frequency split cause the in-phase response to be non-zero in the ab-

sence of rotation (i.e. q2I 6= 0 for Ωz = 0), generating the so-called zero-rate-output (or ZRO)

introduced in Section 1.4. When the in-phase response q2I is measured to detect the angular

rate, terms in ∆ω0 and mc in equation (2.50) complicate the determination of Ωz.

If the resonator is perfect and rotationally symmetric (i.e. ∆ω0 = 0 so ωD = ωS = ω0,

and mc = 0 in equations (2.50) and (2.51)), the quadrature response is zero and the in-phase

sense response has amplitude:

q2 =
BΩzq1

ω0
Q (2.52)

In this case, angular rate Ωz is easily detectable by measuring the sense response as Ωz = q2ω0

Bq1Q
.

If the same approach is repeated for the imperfect resonator using the in-phase amplitude

q2I given by (2.50), the measured angular rate Ωz would not be the same as the actual an-

gular rate experienced by the device. This demonstrates how imperfections that break the

rotational symmetry of the resonator cause sensing errors (i.e. quadrature errors) that have

potential to degrade the quality of rate measurement.

In summary, the sense response in equation (2.52) applies to a perfect ring having a number

of supports p that maintain the rotational symmetry of the resonator (i.e. 2n
p is not an in-

teger). Rotationally symmetric expressions for ring and support energies ensure the angular

rate detection is not adversely affected by sensing errors, and the maximum sensitivity is

achieved. Otherwise, if ring and support energies are asymmetric and depend on the choice

of generalised coordinates, the drive and sense equations of motion are coupled by inertial (or

elastic) terms and drive and sense resonance frequencies are split. Under these circumstances,

the sense response amplitude reduces, and the rate measurement quality degrades.
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2.6 Summary and conclusions

This Chapter developed a mathematical model for a supported ring resonator operating

in a generic pair of nθ modes in the linear regime. The developed mathematical model for

ring and p supports was used to determine analytical expressions for the kinetic and poten-

tial energies of the resonator. It was noted that the ring energy is invariant to the choice

of generalised coordinates and independent of drive angle α as perfect rings are rotationally

symmetric. It was found that if the number of supports p is such that 2n
p is an integer,

support energy depends on the choice of generalised coordinates used and drive axis angle α.

In contrast, if 2n
p is not an integer, the support energy is rotationally symmetric, invariant to

generalised coordinates used, and independent of α. For the 2θ modes, this study validated

that 8 and 16 supports, commonly used for practical CVG devices, maintain the rotational

symmetry.

Numbers of supports that break the rotational symmetry in the linear regime have no use, so

drive and sense equations of motion were developed for a ring having a number of supports

p such that 2n
p is not an integer. It was demonstrated that if resonator energy is rotationally

symmetric, drive and sense equations are only coupled by the Coriolis force in the presence

of rotation, and drive and sense resonance frequencies are equal.

To investigate the impact of the breaking of rotational symmetry on supported ring res-

onators performance, a small point mass imperfection was added to the ring mid-line of a

previously rotationally symmetric resonator. It was shown that the point mass makes the res-

onator energy expression asymmetric and causes inertial mode coupling and frequency split.

Analytical expressions for the drive and sense responses in steady-state for the imperfect ring

resonator were obtained, and it was found that frequency split and inertial coupling cause

occurrence of non-zero quadrature response and zero-rate-output. It was concluded that only
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when the rotational symmetry of the resonator is maintained, high sensitivity and SNR and

good quality of the rate measurement are achieved.

In the next Chapter, the mathematical model for a linear resonator developed in this Chap-

ter will be extended to include ring and support geometrical non-linearity. In later work,

non-linear drive and sense dynamics will be investigated and it will be shown that, in some

cases, the effects of non-linearity on supported ring resonators performance are similar to

those caused by a point mass imperfection, investigated in this Chapter.
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Chapter 3

Governing equations for a

supported ring-based CVG

operating at large amplitudes

3.1 Introduction

Previous chapters highlighted that high performance CVGs used in inertial navigation

applications require high sensitivity and SNR, and discussed how this can be achieved by re-

ducing the damping and by exciting the ring into large amplitude of vibration. The purpose

of this Chapter is to develop an understanding of ring and support geometrical non-linearity

effects on the performance of supported ring resonators operating at large amplitude vibra-

tion, and provide some insight how to design devices having improved performance.

The mathematical model for the linear supported ring resonator developed in Chapter 2 is

extended to include ring non-linear flexural vibration and non-linear support stiffness. Fol-

lowing a similar investigation to that in Chapter 2, kinetic and potential energy expressions

for ring and support are obtained for the non-linear resonator, and analysed to investigate
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whether geometrical non-linearity influences the rotational symmetry of the resonator.

Ring and support energy expressions are used in Lagrange’s equation to develop drive and

sense equations of motion for supported ring resonator having p supports and operating in

the nθ modes. Resulting equations are discussed in detail for ring resonators operating in

the n = 2 modes having 8 and 16 supports which, in Chapter 2, were found to maintain the

rotational symmetry of the 2θ modes in the linear regime. In later chapters, the equations of

motion developed in this Chapter will be used to investigate the drive and sense responses

in steady-state for practical CVGs operating at large amplitude vibration, to demonstrate

non-linearity effects on supported ring resonators performance.

This Chapter is organised as follows. Section 3.2 develops the mathematical model for an

unsupported ring including ring non-linear flexural deflection, and determines the equations

of motion for the unsupported ring at large amplitude vibration. Section 3.3 develops the

mathematical model for modelling non-linear supports. Similar to the investigation proposed

in Chapter 2, support energy is obtained and analysed to investigate whether ring and sup-

port geometrical non-linearity have potential to break the rotational symmetry of supported

ring resonators. In Section 3.4 ring and support energies are used in Lagrange’s equation

to determine the equations governing the drive and sense nθ modes motion for a ring res-

onator having p supports. Drive and sense non-linear equations are discussed in details for

ring resonators operating in the 2θ modes and supported by 8 and 16 supports. Section 3.5

summarises the work done and key conclusions.
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3.2 Equations of motion for an unsupported ring exhibiting

large amplitude vibration

This Section develops the mathematical model for modelling an unsupported ring res-

onator when the ring is excited into large amplitude vibration. Kinetic and potential ener-

gies of the ring are obtained and used in Lagrange’s equation to determine the equations of

motion governing the drive and sense nθ modes for an unsupported ring.

3.2.1 Ring non-linear flexural deflections

A model similar to that presented in Section 2.2.1 for a linear ring is used to describe the

deflection of a ring driven into large amplitude. Studies conducted by Evensen [31–33] and

introduced in Section 1.5.1 suggest that to good approximation the ring mid-line remains

inextensible when the ring vibrates. Expressions for radial and tangential displacements u(θ)

and v(θ) in equations (2.1) and (2.2) do not satisfy the inextensibility condition when the ring

undergoes large amplitude vibration, and are enhanced by including the non-linear breathing

mode. The resulting radial u(θ) and tangential v(θ) displacements of the ring mid-line are:

u (θ) = Q1 cosn (θ − α) +Q2 sinn (θ − α)− γ
(
Q2

1 +Q2
2

)
(3.1)

v (θ) =− Q1

n
sinn (θ − α) +

Q2

n
cosn (θ − α) +

+
γ

2n

[(
Q2

1 −Q2
2

)
sin 2n (θ − α)− 2Q1Q2 cos 2n (θ − α)

] (3.2)

where

γ =

(
n2 − 1

)2
4Rn2

(3.3)

In the linear model, generalised coordinate Q1 is the anti-node radial vibration amplitude of

the drive mode at θ = α i.e. u(α) = Q1, while generalised coordinate Q2 is the anti-node

radial vibration amplitude of the sense mode at θ = α + π
2n i.e. u(α + π

2n) = Q2 (see radial
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deflection in equation (2.1)). In the non-linear model, this is only approximatively true. Due

to the breathing mode, the radial ring deflection at θ = α is given by u(α) = Q1−γ
(
Q2

1 +Q2
2

)
and similarly, the radial deflection at θ = α + π

2n is u(α + π
2n) = Q2 − γ

(
Q2

1 +Q2
2

)
. In later

work it will be shown that generalised coordinate Q1 can be obtained from the ring radial

displacements at θ = α and θ = α+ π
n , while Q2 can be obtained from u(α+ π

2n) and u(α+ 3π
2n).

It is noted that radial and tangential displacements are characterised by vibrations at twice

the frequency of the dominant flexural vibration. If the steady-state vibration of the drive

and sense modes has frequency ω, the radial and tangential displacements will experience 2ω

frequency vibrations, arising from the Q2
1, Q2

2 and Q1Q2 terms in equations (3.1) and (3.2).

Furthermore, the radial displacement is reduced by the presence of the non-linear breathing

mode term γ(Q2
1 + Q2

2) which is independent of the circumferential coordinate θ. The tan-

gential displacement includes 2n(θ−α) terms, indicating that the tangential displacement is

modified by non-linearity and includes a 2nθ component.

The ring is assumed to be perfect, so that the nθ in-plane flexural modes have no preferred

orientation, and a consequence of this is that angle α is arbitrary. Similar to the linear model

described in Chapter 2, angle α is included in equations (3.1) and (3.2) to specify the radial

displacement at the drive axis location which aligns with the principal direction of the applied

radial force.

3.2.2 Kinetic and potential energies for an unsupported ring

The kinetic and potential energies of the ring are determined by substituting radial and

tangential displacements (3.1) and (3.2) into (2.7) and (2.12) (via (2.13)) and calculating the

integrals. The kinetic energy Tring and potential energy Vring for a ring undergoing large
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amplitude vibrations can be expressed as:

Tring =
1

2
ρhLRπ

[(
Q̇2

1 + Q̇2
2

)((n2 + 1

n2

)
+
γ2

n2

(
Q2

1 +Q2
2

))
+ 8γ2

(
Q̇1Q1 + Q̇2Q2

)2
]

+

+
2

n
ρhLRπΩz

(
−Q̇1Q2 +Q1Q̇2

)
(3.4)

Vring =
ELh3π

24R3

(
Q2

1 +Q2
2

) (
1 + n4 − 2n2 + 2γ2

(
Q2

1 +Q2
2

))
(3.5)

The total energy of the ring Ering is given by the sum of Tring and Vring and can be formulated

as:

Ering =TLring + V L
ring +

γ2

2
ρhLRπ

[
1

n2

(
Q2

1 +Q2
2

) (
Q̇2

1 + Q̇2
2

)
+ 8

(
Q̇1Q1 + Q̇2Q2

)2
]

+

+γ2ELh
3π

12R3

(
Q2

1 +Q2
2

)2 (3.6)

where TLring and V L
ring are the kinetic and potential energy of the linear ring, respectively given

by equations (2.8) and (2.14). Equation (3.6) highlights the influence of ring geometrical non-

linearity on the energy expression. Using transformations (2.9) and (2.10) in Chapter 2, it

can be shown that the ring energy expression Ering is unaltered when generalised coordinates

Q1 and Q2 are rotated by an arbitrary angle ψ (as illustrated in Figure 2.4). This indicates

that the rotational symmetry of the ring is maintained at large amplitude deflections and that

ring geometrical non-linearity does not affect the rotational symmetry of the unsupported

ring resonator.

3.2.3 Drive and sense equations of motion for an unsupported ring

Non-linear ring energies (3.4) and (3.5) are used in Lagrange’s equation (2.26) to determine

the equations of motion governing drive and sense nθ modes of the unsupported ring. The

distribution of generalised radial forces applied to the ring to excite the nθ drive mode is

assumed to be of the type fD (θ, t) = FD cosn (θ − α) cos Ωt. By expressing the damping in

terms of the quality factor Q, and approximating the gyroscopic coupling factor as coefficient
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B given by (2.38), it can be shown that the equations of motion for the drive and sense modes

are:

Q̈1

[
1 +

(
Q2

1 +Q2
2

) γ2

(n2 + 1)

]
+ Q̇1

[
ω0

Q
+
(
Q̇1Q1 + Q̇2Q2

) 2γ2

(n2 + 1)

]
+

+Q1

[
ω2

0

(
1 +

(
Q2

1 +Q2
2

) 4γ2

(n4 − 2n2 + 1)

)
+
(
Q̇2

1 + Q̇2
2

) (8n2 − 1
)
γ2

(n2 + 1)
+

+
(
Q̈1Q1 + Q̈2Q2

) 8n2γ2

(n2 + 1)

]
−BΩzQ̇2 =

FD
Mring

cos Ωt

(3.7)

Q̈2

[
1 +

(
Q2

1 +Q2
2

) γ2

(n2 + 1)

]
+ Q̇2

[
ω0

Q
+
(
Q̇1Q1 + Q̇2Q2

) 2γ2

(n2 + 1)

]
+

+Q2

[
ω2

0

(
1 +

(
Q2

1 +Q2
2

) 4γ2

(n4 − 2n2 + 1)

)
+
(
Q̇2

1 + Q̇2
2

) (8n2 − 1
)
γ2

(n2 + 1)
+

+
(
Q̈1Q1 + Q̈2Q2

) 8n2γ2

(n2 + 1)

]
+ BΩzQ̇1 = 0

(3.8)

where Mring is given by (2.32) and ω0 is the natural frequency of the nθ modes of the

unsupported ring. It is noted that ring geometrical non-linearity is governed by γ and causes

the drive and sense modal mass, damping and stiffness to depend upon non-linear terms in Q1

and Q2 (and time derivatives) and vary parametrically. Previous studies [5,29,31] introduced

in Section 1.5 found that this parametric coupling causes the resonance frequency of the drive

and sense modes to shift from the linear resonance frequency ω0 as the ring is excited into

large amplitude vibration. This shift affects the performance of ring-based resonators which

normally operate at the drive mode resonance frequency. The dependence of the drive mode

resonance frequency on the drive response amplitude will be investigated in the next Chapter.

3.3 Mathematical model and energy expressions for a non-

linear support structure

This Section develops the mathematical model introduced by Sérandour [29] for modelling

the support structure including support non-linear stiffness. Ring geometrical non-linearity

is considered using non-linear radial and tangential ring deflections (3.1) and (3.2) to describe
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the displacements of ring-support attachment points. The model is used to determine kinetic

and potential energy expressions for p identical supports uniformly spaced around the ring

circumference. A similar approach to that in Section 2.3 for a linear support is used to inves-

tigate the influence of ring and support geometrical non-linearity on the rotational symmetry

of supported ring resonators when the ring is driven into large amplitudes.

3.3.1 Mathematical model for non-linear supports

Section 2.3 presented a model for p linear identical supports uniformly spaced around the

ring circumference. Figure 3.1 shows the mathematical model used for modelling a single

support including support non-linear stiffness.

Figure 3.1: Diagram of the mathematical model proposed for representing the support inertia
and non-linear stiffness in the radial and tangential directions.

Similar to the linear model shown in Figure 2.6, the inertia of the support in the radial

and tangential directions are modelled by discrete masses mr and mt. To take account of

non-linearity, the stiffness in the radial and tangential directions are modelled by non-linear

springs having cubic stiffness. The radial springs have linear, quadratic and cubic stiffness

coefficients kr1 , kr2 and kr3 ; and the tangential springs have linear, quadratic and cubic stiff-
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ness coefficients kt1 , kt2 and kt3 .

These stiffness coefficients are calculated using a Finite Element analysis for a single support,

in a similar way to that described in Section 2.3.1, used to determine coefficients kr1 and

kt1 for a linear support. In summary, radial and tangential forces are applied to the support

end that is attached to the ring mid-line, the radial and tangential directions are assumed to

be principal axes of stiffness for the support, and the in-plane rotation of the ring-support

attachment point is assumed to be the same as an unsupported ring undergoing linear vibra-

tion at that angular position. Large-deflection static analyses are performed to calculate the

radial and tangential displacements caused by the applied forces, and the process is repeated

by varying the magnitude of the applied forces to calculate the force-deflection curves in the

radial and tangential directions. These curves are interpolated using cubic fitting functions

and used to calculate the linear, quadratic and cubic stiffness coefficients. A more detailed

description of the procedure used for the determination of the non-linear stiffness coefficients

can be found in Appendix A, where the stiffness coefficients are calculated and shown for a

practical ring-based CVGs support geometry.

3.3.2 Kinetic energy of the support structure

In Section 2.3.4, the kinetic energy of p linear identical supports (uniformly spaced around

the ring) was determined by summing the kinetic energy of a single support given by (2.15)

over the total number of supports. A similar approach is followed here for the non-linear

supports. To take account of ring geometrical non-linearity, non-linear radial and tangential

ring displacements (3.1) and (3.2) are used to describe the displacement of support masses

mr and mt respectively. Substituting (3.1) and (3.2) into (2.15) and summing over the total
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number of supports, the kinetic energy TS of the support structure can be expressed as:

TS =T iS +

p−1∑
j=0

cosn

(
j

2π

p
− α

)
TC1 +

p−1∑
j=0

sinn

(
j

2π

p
− α

)
TS1 +

p−1∑
j=0

cos 2n

(
j

2π

p
− α

)
TC2+

+

p−1∑
j=0

sin 2n

(
j

2π

p
− α

)
TS2 +

p−1∑
j=0

cos 3n

(
j

2π

p
− α

)
TC3 +

p−1∑
j=0

sin 3n

(
j

2π

p
− α

)
TS3+

+

p−1∑
j=0

cos 4n

(
j

2π

p
− α

)
TC4 +

p−1∑
j=0

sin 4n

(
j

2π

p
− α

)
TS4

(3.9)

The invariant component of the kinetic energy T iS and terms TC1, ..., TS4 are:

T iS = p

[(mr

4
+
mt

4n2

)(
Q̇2

1 + Q̇2
2

)
+ γ2

(
2mr

(
Q̇1Q1 + Q̇2Q2

)2
+
mt

4n2

(
Q̇2

1 + Q̇2
2

) (
Q2

1 +Q2
2

))]
(3.10)

TC1 = γ
[
−2mrQ̇1

(
Q̇1Q1 + Q̇2Q2

)
− mt

2n2
Q1

(
Q̇2

1 + Q̇2
2

)]
(3.11)

TS1 = γ
[
−2mrQ̇2

(
Q̇1Q1 + Q̇2Q2

)
− mt

2n2
Q2

(
Q̇2

1 + Q̇2
2

)]
(3.12)

TC2 =
(mr

4
− mt

4n2

)(
Q̇2

1 − Q̇2
2

)
(3.13)

TS2 =
(mr

4
− mt

4n2

)
2Q̇1Q̇2 (3.14)

TC3 =
mt

2n2
γ
[
Q1

(
Q̇2

1 − Q̇2
2

)
−Q2

(
2Q̇1Q̇2

)]
(3.15)

TS3 =
mt

2n2
γ
[
Q2

(
Q̇2

1 − Q̇2
2

)
+Q1

(
2Q̇1Q̇2

)]
(3.16)

TC4 =
mt

2n2
γ2

[
1

2

(
Q̇2

1 − Q̇2
2

) (
Q2

2 −Q2
1

)
+ 2Q̇1Q̇2 (Q1Q2)

]
(3.17)

TS4 =
mt

2n2
γ2
[
Q̇1Q̇2

(
Q2

2 −Q2
1

)
+
(
Q̇2

2 − Q̇2
1

)
(Q1Q2)

]
(3.18)

In these equations, terms involving γ are associated with ring geometrical non-linearity. By

comparing TS in (3.9) against TLS for p linear supports given by equation (2.21), it is noted

that ring geometrical non-linearity:
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� Introduces multiple non-linear terms in Q1 and Q2 (including first time derivatives and

combinations) to the invariant part of the kinetic energy T iS .

� Gives rise to coefficients TCm, TSm with m = 1, 3, 4 which involve summations in

cosmn
(
j 2π
p − α

)
and sinmn

(
j 2π
p − α

)
and have potential to break the rotational

symmetry due to the dependence on α.

Using transformations (2.9) and (2.10) it can be shown that expressing kinetic energy TS

in (3.9) in terms of generalised coordinates Q1ψ and Q2ψ rotated by an angle ψ relative to

Q1 and Q2, the invariant component of the kinetic energy T iS is unchanged whilst terms

TCm, TSm (for m = 1, ..., 4) vary. This indicates that TCm, TSm terms break the rotational

symmetry of the support kinetic energy expression.

By generalising (2.23) and (2.24), it can be shown that:

p−1∑
j=0

cosmn

(
j

2π

p
− α

)
=


0 if mn

p is not an integer

p cosmnα if mn
p is an integer

(3.19)

p−1∑
j=0

sinmn

(
j

2π

p
− α

)
=


0 if mn

p is not an integer

p sinmnα if mn
p is an integer

(3.20)

where m, n and p are integers. When investigating the linear regime, it was found in Section

2.3.4 that the rotational symmetry was broken for p supports numbers when 2n
p is an integer.

In contrast, this analysis indicates that ring geometrical non-linearity causes the rotational

symmetry to break for numbers of support p such that n
p , 3n

p and/or 4n
p are integers. Only

if the ring is supported by p supports such that mn
p is not an integer (for m = 1, ..., 4) the

rotational symmetry is maintained and all α terms in the support kinetic energy (3.9) are

zero and TS reduces to the invariant part T iS given in (3.10).
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3.3.3 Potential energy of the support structure

In Section 2.3.4 the potential energy for p linear supports was determined by summing

the potential energy for a single support given in (2.18) over the total number of supports.

To take account of support geometrical non-linearity, contributions from the quadratic and

cubic radial and tangential stiffness are included in the potential energy expression for a

single support (2.18). Summing over the total number of supports, the potential energy VS

of the support structure can be expressed as:

VS =

p−1∑
j=0

[
1

2
kr1u

2

(
j

2π

p

)
+

1

3
kr2u

3

(
j

2π

p

)
+

1

4
kr3u

4

(
j

2π

p

)
+

+
1

2
kt1v

2

(
j

2π

p

)
+

1

3
kt2v

3

(
j

2π

p

)
+

1

4
kt3v

4

(
j

2π

p

)] (3.21)

Substituting non-linear radial and tangential ring displacements (3.1) and (3.2) into (3.21)

to determine the strain energy of the supports gives:

VS =V i
S +

p−1∑
j=0

[
cosn

(
j

2π

p
− α

)
VC1 + sinn

(
j

2π

p
− α

)
VS1 + cos 2n

(
j

2π

p
− α

)
VC2+

+ sin 2n

(
j

2π

p
− α

)
VS2 + cos 3n

(
j

2π

p
− α

)
VC3 + sin 3n

(
j

2π

p
− α

)
VS3+

+ cos 4n

(
j

2π

p
− α

)
VC4 + sin 4n

(
j

2π

p
− α

)
VS4 + cos 5n

(
j

2π

p
− α

)
VC5+

+ sin 5n

(
j

2π

p
− α

)
VS5 + cos 6n

(
j

2π

p
− α

)
VC6 + sin 6n

(
j

2π

p
− α

)
VS6

]
(3.22)

where the invariant component of the potential energy of the supports V i
S is given by:

V i
S =p

{(
kr1
4

+
kt1
4n2

)(
Q2

1 +Q2
2

)
+ γ2

(
kr1
2

+
kt1

16n2

)(
Q2

1 +Q2
2

)2
+

+
(
Q2

1 +Q2
2

)2 [−kr2
2
γ +

3kr3
32

(
1 + 8γ2

(
Q2

1 +Q2
2

))
+

3kt3
34n4

(
1 + γ2

(
Q2

1 +Q2
2

))]} (3.23)
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and coefficients VC1, ..., VS6 can be found in Appendix B in equations (B.1)-(B.12). Higher

powers of γ than the second order in potential energy expression (3.22) have been neglected

as they are multiplied by terms involving Q6
1, Q7

1, Q6
2 and/or Q7

2. For the range of response

amplitudes considered in this work, these terms are considered to be small and negligible.

By comparing VS against V L
S for p linear supports given by (2.22), it is noted that ring and

support geometrical non-linearity:

� Introduces non-linear terms into the invariant part of the potential energy V i
S . In

particular:

- Ring geometrical non-linearity gives rise to terms in γ multiplied by the linear

stiffness coefficients of the supports kr1 and kt1 .

- The combined effect of the ring and support geometrical non-linearity introduces

terms in the non-linear stiffness coefficients kr2 , kr3 , kt2 and kt3 which are multi-

plied by γ.

- Support geometrical non-linearity introduces terms involving the non-linear stiff-

ness coefficients which have no dependence on γ.

� Introduces non-linear terms into that part of potential energy multiplied by cos 2n
(
j 2π
p − α

)
and sin 2n

(
j 2π
p − α

)
(see expressions for VC2 and VS2 in (B.3) and (B.4)).

� Gives rise to coefficients VCm, VSm with m = 1, 3, ..., 6 which involve summations in

cosmn
(
j 2π
p − α

)
and sinmn

(
j 2π
p − α

)
and have potential to break the rotational

symmetry due to the dependence on α.

Using transformations (2.9) and (2.10) it can be shown the invariant part of the potential en-

ergy V i
S in (3.23) is unaltered when generalised coordinates are rotated by an arbitrary angle

ψ. In contrast, energies VCm, VSm (m = 1, ..., 6) respectively multiplied by cosmn
(
j 2π
p − α

)
and sinmn

(
j 2π
p − α

)
depend on the choice of generalised coordinates used and break the

rotational symmetry of the supported ring resonator.
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Using (3.19) and (3.20), it can be shown that if the ring is supported by p supports such that

mn
p is not an integer (m = 1, ..., 6) all α terms in the support potential energy (3.22) are zero,

and VS reduces to the invariant part V i
S given by (3.23).

3.3.4 Numbers of supports that break rotational symmetry for large am-

plitude vibrations

Section 2.3.4 for a linear resonator concluded that if the number of supports p ensures

2n
p is an integer, the rotational symmetry of the nθ modes breaks in the linear regime. For

resonators operating at large amplitude of vibration, it was found that:

� Ring geometrical non-linearity introduces rotational asymmetry in support kinetic en-

ergy expression TS in (3.9) for numbers of supports p when n
p , 3n

p and/or 4n
p is an

integer.

� Ring and support geometrical non-linearity causes support potential energy expression

VS in (3.22) to be rotationally asymmetric for numbers of supports p when n
p , 2n

p , 3n
p ,

4n
p , 5n

p and/or 6n
p is an integer.

One can conclude that for a given mode number n, at large amplitudes the rotational symme-

try is maintained only if the number of supports p ensures mn
p is not an integer for m = 1, ..., 6.

Using relations (3.19) and (3.20), if mn
p is not an integer (for m = 1, ..., 6), the kinetic energy

of the support (3.9) and potential energy of the support (3.22) reduce to the invariant parts

T iS and V i
S respectively given by (3.10) and (3.23). The supported ring resonator energy is:

ER = Tring + Vring + T iS + V i
S (3.24)

where Tring and Vring are respectively given by (3.4) and (3.5). It can be shown that energy

ER in (3.24) is independent of α and is invariant to the choice of generalised coordinates used.
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Table 3.1 summarises these results and indicates the combinations of mode number n and

number of regularly spaced supports p that maintain the rotational symmetry of the sup-

ported ring resonator (“SYM”) or not (“ASY”) as the ring is driven into large amplitudes

vibration.

Numbers of supports p

2 3 4 5 6 7 8 9 10 12 14 16

n = 2 ASY ASY ASY ASY ASY SYM ASY SYM ASY ASY SYM SYM

n = 3 ASY ASY ASY ASY ASY SYM SYM ASY SYM ASY SYM SYM

n = 4 ASY ASY ASY ASY ASY SYM ASY SYM ASY ASY SYM ASY

Table 3.1: Combinations of n and p that maintain (“SYM”) or break (“ASY”) the rotational
symmetry of the supported ring resonator as the ring is driven into large amplitudes vibration.

For a given modal number n, Table 3.1 indicates with “SYM” the support numbers p that

maintain the resonator rotational symmetry when the ring is excited into large amplitude

vibration, and with “ASY” the support numbers that break the rotational symmetry when

the ring is excited into large amplitude vibration.

It is interesting to compare Table 3.1 with Table 2.1 which was developed in Section 2.3.4

for supported ring resonators operating in the linear regime; the result is shown in Table 3.2.

Combinations of n and p indicated with “X” in Table 3.2 break the rotational symmetry in

the linear regime and have no practical use as a CVG, whilst all other combinations maintain

the rotational symmetry in the linear regime. Combinations indicated with “ASY” break the

rotational symmetry at large amplitude vibration, whilst combinations indicated with “SYM”

maintain the rotational symmetry when the ring undergoes large amplitude deflections.
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Numbers of supports p

2 3 4 5 6 7 8 9 10 12 14 16

n = 2 X ASY X ASY ASY SYM ASY SYM ASY ASY SYM SYM

n = 3 X X ASY ASY X SYM SYM ASY SYM ASY SYM SYM

n = 4 X ASY X ASY ASY SYM X SYM ASY ASY SYM ASY

Table 3.2: Combinations of n and p that (i) break the rotational symmetry in the linear
regime (“X”), (ii) maintain the rotational symmetry in the linear regime and break it at large
amplitude vibration (“ASY”), (iii) maintain the rotational symmetry in the linear regime and
at large amplitude vibration (“SYM”).

Results in Table 3.2 indicate that for a given modal number n, some numbers of supports

p indicated by “ASY” maintain the rotational symmetry when the ring resonator operates in

the linear regime, and break it when the ring is excited into large amplitude vibration. Other

supports numbers, indicated by “SYM”, maintain the rotational symmetry of supported ring

resonators regardless of the vibration amplitude. It is interesting to note that for CVGs

operating in the 2θ modes (i.e. n = 2), Table 3.2 indicates that 8 supports maintain the

rotational symmetry when the device operates in the linear regime, and break it at large am-

plitude vibration due to ring and support geometrical non-linearity. In contrast, 16 supports

maintain the rotational symmetry in the linear regime and for large amplitudes vibration.

3.3.5 Summary and interpretation

Chapter 2 for a linear resonator indicated that if the rotational symmetry is broken,

frequency split and mode coupling occur and cause the sense response amplitude in operation

to reduce and the quality of rate measurement to degrade. Practical high performance CVGs

used for inertial navigation applications typically rely on the excitation of the 2θ modes of the

ring, and are often supported by 8 or 16 supports so the actuation and sensing mechanisms

can be placed between supports. The non-linear results presented in this Section indicated

that 8 supports maintain the rotational symmetry of the 2θ modes in the linear regime
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and break it when the ring undergoes large amplitude vibration. This suggests that as the

amplitude of vibration is increased, the presence of geometric non-linearity degrades sensor

performance for ring resonators having 8 supports. In contrast, 16 supports are shown to

maintain the rotational symmetry at large amplitudes, so sensor performance are expected

to be maintained when 16 supports are used.

3.4 Equations of motion for supported ring resonators at large

vibration amplitudes

This Section develops the equations governing drive and sense nθ modes motion for a

resonantor having a generic number of supports p, using Lagrange’s method. Non-linear

kinetic and potential energies expressions for the ring (i.e. Tring (3.4), Vring (3.5)) and for

the support (i.e. TS (3.9), VS (3.22)) are used in Lagrange’s equation (2.26). As in Section

2.4 for a linear resonator, it is assumed that the drive mode is excited by applied harmonic

modal forces having frequency Ω and magnitude FD. The damping is expressed in terms

of the quality factor Q, and the gyroscopic coupling factor is approximated by coefficient B

given by (2.38). The obtained drive and sense equations are quite long and complex and are

given by (C.1) and (C.2) in Appendix C, respectively.

For practical CVGs, the governing equations of motion are simplified by noting that the

amplitude of the drive response is normally orders of magnitude larger than the amplitude

of the sense response [1, 5]. Under these circumstances, all non-linear terms in Q2, Q̇2, Q̈2

(including combinations) in the drive and sense equations are considered to be small and

negligible. Neglecting non-linear terms in Q2, drive and sense equations (C.1) and (C.2)
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respectively reduce to:

Q̈1

(
1 +Q2

1γ1

)
+ Q̇1

(
ω0

Q
+ Q̇1Q1γ2

)
+Q1

(
ω2

0 + Q̇2
1γ3 + Q̈1Q1γ4 +Q2

1γ5 +Q4
1γ6

)
+

+
1

Mres

p−1∑
j=0

[
CD1 cosn

(
j

2π

p
− α

)
+ SD1 sinn

(
j

2π

p
− α

)
+ CD2 cos 2n

(
j

2π

p
− α

)
+

+SD2 sin 2n

(
j

2π

p
− α

)
+ CD3 cos 3n

(
j

2π

p
− α

)
+ SD3 sin 3n

(
j

2π

p
− α

)
+

+CD4 cos 4n

(
j

2π

p
− α

)
+ SD4 sin 4n

(
j

2π

p
− α

)
+ CD5 cos 5n

(
j

2π

p
− α

)
+

+ SD5 sin 5n

(
j

2π

p
− α

)
+ CD6 cos 6n

(
j

2π

p
− α

)
+ SD6 sin 6n

(
j

2π

p
− α

)]
=

=BΩzQ̇2 +
FD
Mres

cos Ωt

(3.25)

Q̈2

(
1 +Q2

1γ1

)
+ Q̇2

(
ω0

Q
+ Q̇1Q1γ2

)
+Q2
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ω2

0 + Q̇2
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1γ5 +Q4
1γ6
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+
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1
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2π

p
− α

)
+ SS1 sinn

(
j

2π

p
− α

)
+ CS2 cos 2n

(
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2π

p
− α

)
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+SS2 sin 2n

(
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2π

p
− α

)
+ CS3 cos 3n

(
j

2π

p
− α

)
+ SS3 sin 3n

(
j

2π

p
− α

)
+

+CS4 cos 4n

(
j

2π

p
− α

)
+ SS4 sin 4n

(
j

2π

p
− α

)
+ CS5 cos 5n

(
j

2π

p
− α

)
+

+ SS5 sin 5n

(
j

2π

p
− α

)
+ CS6 cos 6n

(
j

2π

p
− α

)
+ SS6 sin 6n

(
j

2π

p
− α

)]
=

=−BΩzQ̇1

(3.26)

where Mres is the invariant component of the drive and sense modal mass, given in (2.30)

and ω0 is the natural resonance frequency of the nθ modes of the supported ring resonator.

Terms CDm and SDm in drive equation (3.25) and CSm and SSm in sense equation (3.26) (m =

1, ..., 6), multiplied by cosmn
(
j 2π
p − α

)
and sinmn

(
j 2π
p − α

)
, arise from ring and support

geometrical non-linearity. These terms are quite complex and can be found in equations

(C.29)-(C.40) and (C.41)-(C.52) in Appendix C.

Non-linear terms in the ring energy expression and in the invariant support energies T iS and
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V i
S produce a part of the drive and sense equations of motion which is symmetrical in terms

of generalised coordinates Q1 and Q2 and involves coefficients γ1, ..., γ6, where:

γ1 =
γ2

Mres

(
Mring

(n2 + 1)
+
pmt

2n2

)
(3.27)

γ2 = 2γ1 (3.28)

γ3 =
γ2

Mres

((
8n2 − 1

)
(n2 + 1)

Mring + p
(

4mr −
mt

2n2

))
(3.29)

γ4 = γ1 + γ3 (3.30)

γ5 =
1

Mres

(
4Kringγ

2

(n4 − 2n2 + 1)
+ p

(
2kr1γ

2 − 2kr2γ +
3kr3

8
+
kt1
4n2

γ2 +
3kt3
8n4

))
(3.31)

γ6 =
pγ2

Mres

(
9kt3
16n4

+
9kr3

2

)
(3.32)

Inertial coefficients γ1, ..., γ4 relate to ring geometrical non-linearity, and stiffness coefficients

γ5 and γ6 relate to ring geometrical non-linearity, support geometrical non-linearity and their

combination.

From drive and sense equations (3.25) and (3.26) it is noted that ring and support geo-

metrical non-linearity cause the drive and sense modal mass, damping and stiffness to be

non-linear in generalised coordinates Q1 and Q2. For an unsupported ring undergoing non-

linear flexural vibration a similar behaviour was found in Section 3.2 and it was said that,

based on previous studies [5,29,31], this parametric coupling has a potential to cause the res-

onance frequencies of the drive and sense modes to shift from the linear resonance frequency

ω0 as the ring is excited into large amplitude vibration.

It can be shown that γ1, ..., γ6 coefficients arising from ring energy and invariant support

energies T iS and V i
S ensure the system parts of the drive and sense equations are equal to each

68



other. In contrast, terms CDm , SDm and CSm, SSm (m = 1, ..., 6) involving cosmn
(
j 2π
p − α

)
and

sinmn
(
j 2π
p − α

)
have potential to cause asymmetry between the drive and sense equations

and to cause inertial, damping and elastic parametric coupling.

Terms cosmn
(
j 2π
p − α

)
and sinmn

(
j 2π
p − α

)
cause the drive and sense equations of mo-

tion to depend on α and so on the drive axis location around the ring circumference. For

a perfect ring, the drive axis location aligns with the principal direction of the generalised

forces applied to excite the drive mode. For n = 2, the distribution of generalised radial

forces applied to excite the drive mode is of the type fD (θ, t) = FD cos 2 (θ − α) cos Ωt. If

α = 0◦, the distribution of applied forces is shown in Figure 3.2 and the drive mode axis

aligns at θ = 0◦. If α = 22.5◦, the distribution of applied forces is shown in Figure 3.3 and

the drive mode axis aligns at θ = 22.5◦.

Figure 3.2: Schematic representation of the distribution of generalised forces applied to excite
the n = 2 drive mode. For α = 0◦ then fD (θ, t) = FD cos 2θ cos Ωt and the drive axis aligns
at θ = 0◦. The reference circumferential coordinate θ = 0◦ is the horizontal.
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Figure 3.3: Schematic representation of the distribution of generalised forces applied to excite
the n = 2 drive mode. For α = 22.5◦ then fD (θ, t) = FD cos 2

(
θ − π

8

)
cos Ωt and the drive

axis aligns at θ = 22.5◦. The reference circumferential coordinate θ = 0◦ is the horizontal.

For supported ring resonators, the dependence of the drive and sense equations of motion

on the drive axis location around the ring circumference implies that drive and sense equations

depend on the orientation of the drive axis relative to the supports location. When the

mathematical model for a linear support was developed in Section 2.3 it was said that one

support is attached to the ring at θ = 0◦ (as shown in Figure 2.7). If α = 0◦ the drive

mode axis aligns at θ = 0◦ and so aligns with one support as shown in Figure 3.4. If one

support is attached to the ring at θ = 0◦ and the adjacent support is attached to the ring at

θ = 45◦ (depending on the number of supports p), use of α = 22.5◦ aligns the drive mode axis

mid-way between two supports, as shown in Figure 3.5. Therefore, non-linear terms CDm , SDm

and CSm, SSm involving α in drive and sense equations (3.25) and (3.26) cause the dynamics

of the drive and sense modes to depend upon the orientation of the drive axis relative to the

supports.
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Figure 3.4: One support is attached to the ring at θ = 0◦. Use of α = 0◦ produces the
alignment of the drive axis with a support.

Figure 3.5: If one support is attached to the ring at θ = 0◦ and the adjacent support is
attached to the ring at θ = 45◦ (depending on the number of supports), use of α = 22.5◦

produces the alignment of the drive axis mid-way between two supports.

In what follows the drive and sense non-linear equations of motion are developed for

two case studies, both of which are representative of practical CVG devices. Case Study

I considers a ring resonator based on n = 2 having p = 8 supports, while Case Study II

considers a ring resonator based on n = 2 having p = 16 supports. For Case Study I, using

relations (3.19) and (3.20) most of the CDm , SDm and CSm, SSm terms in drive and sense equations

(3.25) and (3.26) are zero except for CD4 , SD4 and CS4 , SS4 because the ratio mn
p is an integer
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for n = 2, p = 8 and m = 4. In contrast, for Case Study II, all terms CDm , SDm and CSm, SSm

are zero because mn
p is not an integer for m = 1, ..., 6 and all terms involving α in the drive

and sense equations of motion are zero.

3.4.1 Case Study I : governing equations for the 2θ modes for CVG having

8 supports

This Section develops the governing equations of drive and sense 2θ modes for a ring

resonator having 8 supports such as that shown in Figure 3.6.

Figure 3.6: Schematic diagram of a ring-based resonator having 8 supports.

The equations are determined from (3.25) and (3.26) by selecting n = 2 and p = 8. The

drive and sense governing equations of motion respectively are:

Q̈1

(
1 +Q2

1γ1

)
+ Q̇1

(
ω0

Q
+ Q̇1Q1γ2

)
+Q1

(
ω2

0 + Q̇2
1γ3 + Q̈1Q1γ4 +Q2

1γ5 +Q4
1γ6

)
+

+CD4 cos 8α+ SD4 sin 8α = BΩzQ̇2 +
FD
Mres

cos Ωt

(3.33)

Q̈2

(
1 +Q2

1γ1

)
+ Q̇2

(
ω0

Q
+ Q̇1Q1γ2

)
+Q2

(
ω2

0 + Q̇2
1γ3 + Q̈1Q1γ4 +Q2

1γ5 +Q4
1γ6

)
+

+CS4 cos 8α+ SS4 sin 8α = −BΩzQ̇1

(3.34)
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where inertial and stiffness coefficients γ1, ..., γ6 are given in (3.27)-(3.32) and

CD4 = −Q̈1Q1I1 +Q1

(
−Q̇2

1I1 +Q2
1S1 + 6Q4

1S3

)
+ 3Q2Q

2
1S2 (3.35)

SD4 = −Q3
1S2 − Q̈2Q

2
1I1 − 2Q̇2Q̇1Q1I1 +Q2

(
−2Q̈1Q1I1 − Q̇2

1I1 + 3Q2
1S1 + 20Q4

1S3

)
(3.36)

CS4 = Q̈2Q
2
1I1 + 2Q̇2Q̇1Q1I1 +Q2

(
Q̇2

1I1 + 2Q̈1Q1I1 − 3Q2
1S1 − 10Q4

1S3

)
+Q3

1S2 (3.37)

SS4 = 3Q2Q
2
1S2 − Q̈1Q

2
1I1 +Q1

(
−Q̇2

1I1 +Q2
1S1 + 4Q4

1S3

)
(3.38)

In these equations, coefficients I1, S1, S2 and S3 relate to the inertia (I) and stiffness (S) of

the supports and are:

I1 =
1

Mres
mtγ

2 (3.39)

S1 =
1

Mres

(
kr3 −

kt1
2
γ2 +

kt3
16

)
(3.40)

S2 =
1

Mres

kt2
2
γ (3.41)

S3 = − 1

Mres

3kt3
64

γ2 (3.42)

Inertial coefficient I1 relates to the tangential support inertia and ring geometrical non-

linearity. Stiffness coefficient S1 relates to the non-linear cubic radial and tangential stiffness

of the support and ring geometrical non-linearity through kt1 which is multiplied by γ. Co-

efficients S2 and S3 are respectively related to the non-linear quadratic and cubic tangential

stiffness of the support and ring geometrical non-linearity.

By substituting terms (3.35)-(3.38) in drive and sense equations (3.33), (3.34) and rearrang-

ing, the drive and sense equations of motion for a ring resonator having 8 supports can be
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expressed as:

Q̈1

[
1 +Q2

1 (γ1 − I1 cos 8α)
]

+ Q̇1

(
ω0

Q
+ Q̇1Q1γ2

)
+Q1

[
ω2
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1 (γ3 − I1 cos 8α) +
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]
− Q̈2Q

2
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+ Q2
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1 (20S3 sin 8α)
]
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FD
Mres

cos Ωt

(3.43)

Q̈2

[
1 +Q2

1 (γ1 + I1 cos 8α)
]

+ Q̇2
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ω0

Q
+ Q̇1Q1 (γ2 + 2I1 cos 8α)

]
+Q2

[
ω2

0 +

+Q̇2
1 (γ3 + I1 cos 8α) + Q̈1Q1 (γ4 + 2I1 cos 8α) +Q2

1 (γ5 − 3S1 cos 8α+ 3S2 sin 8α) +

+ Q4
1 (γ6 − 10S3 cos 8α)

]
− Q̈1Q

2
1 (I1 sin 8α) +Q1

[
Q̇2

1 (−I1 sin 8α) +

+ Q2
1 (S1 sin 8α+ S2 cos 8α) +Q4

1 (4S3 sin 8α)
]

= −BΩzQ̇1

(3.44)

It is noted that terms I1, S1, S2 and S3 are all multiplied by either cos 8α or sin 8α and break

the symmetry between the system parts of the drive and sense equations of motion. Due to

the presence of α, the drive and sense mode non-linear equations depend on the orientation

of the drive axis relative to the supports. From equation (3.43) it is noted that I1, S1, S2 and

S3 terms cause the drive equation to parametrically depend on linear terms in Q2 producing

backwards coupling from the sense response to the drive response. From equation (3.44) one

can see that terms I1, S1, S2 and S3 cause the sense equation to have non-linear terms in-

volving the drive response which couple the sense motion to the drive response in the absence

of rotation.

For a linear resonator in Chapter 2 it was demonstrated that frequency split and mode

coupling in the absence of rotation cause sensing errors and reduce sensor sensitivity to ro-

tation and SNR. One can deduce that terms I1, S1, S2 and S3 cause a similar behaviour for

non-linear resonators having 8 supports. It is worth noting that whilst it is not feasible to

eliminate the tangential support inertial term I1, actions can be taken to mitigate against this
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coupling by reducing (ideally eliminating) stiffness coefficients S1, S2 and/or S3. Stiffness

coefficient S1 can be eliminated by designing supports ensuring −8kt1γ
2 + kt3 + 16kr3 = 0.

Similarly, S2 is eliminated when kt2 = 0 and S3 = 0 when kt3 = 0. In later work, a support

design having kt2 = 0 will be proposed.

Drive and sense equations (3.43) and (3.44) were developed under the assumption that

Q2 << Q1 so that all non-linear terms in Q2 in drive and sense equations were neglected. In

practice, if the sense response amplitude in operation is much smaller than the drive response,

linear terms involving Q2 in the drive equation can also be neglected. Moreover, for the range

of drive response amplitudes considered in this work, higher powers of Q1 than the cubic are

considered to be small and negligible. Under these circumstances, the backwards coupling

from the sense response to the drive response is neglected, and drive and sense equations

(3.43) and (3.44) become:

Q̈1

[
1 +Q2

1 (γ1 − I1 cos 8α)
]

+ Q̇1

(
ω0

Q
+ Q̇1Q1γ2

)
+Q1

[
ω2

0 + Q̇2
1 (γ3 − I1 cos 8α) +

+ Q̈1Q1γ4 +Q2
1 (γ5 + S1 cos 8α− S2 sin 8α)

]
=

FD
Mres

cos Ωt

(3.45)

Q̈2

[
1 +Q2

1 (γ1 + I1 cos 8α)
]

+ Q̇2

[
ω0

Q
+ Q̇1Q1 (γ2 + 2I1 cos 8α)

]
+

+Q2

[
ω2

0 + Q̇2
1 (γ3 + I1 cos 8α) + Q̈1Q1 (γ4 + 2I1 cos 8α) +

+ Q2
1 (γ5 − 3S1 cos 8α+ 3S2 sin 8α)

]
− Q̈1Q

2
1 (I1 sin 8α)−Q1Q̇2

1 (I1 sin 8α) +

+Q3
1 (S1 sin 8α+ S2 cos 8α) = −BΩzQ̇1

(3.46)

In later work, simplified equations (3.45) and (3.46) will be used to investigate the drive and

sense responses for ring resonators based on the 2θ modes having 8 supports, for practical

CVGs operation. The influence of higher powers of Q1 than the cubic and of the backwards

coupling on the drive and sense responses will be investigated to justify the assumptions

made. Furthermore, the drive response will be determined for drive axes aligned at the
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supports (i.e. α = 0◦) and mid-way between supports (i.e. α = 22.5◦) to evaluate the effect

of using a different angle α on the drive mode dynamics.

3.4.2 Case Study II : governing equations for the 2θ modes for CVG having

16 supports

This Section develops the equations of motion governing the dynamics of drive and sense

2θ modes for a ring resonator having 16 supports such as that shown in Figure 3.7.

Figure 3.7: Schematic diagram of a ring-based resonator having 16 supports.

The equations of motion are determined from (3.25) and (3.26) for n = 2 and p = 16. In

this case, all terms in CDm , SDm and CSm and SSm (for m = 1, ..., 6) are zero because mn
p is not

an integer for m = 1, ..., 6. The drive and sense equations of motion respectively are:

Q̈1

(
1 +Q2

1γ1

)
+ Q̇1

(
ω0

Q
+ Q̇1Q1γ2

)
+Q1

(
ω2

0 + Q̇2
1γ3 + Q̈1Q1γ4 +Q2

1γ5 +Q4
1γ6

)
=

=BΩzQ̇2 +
FD
Mres

cos Ωt

(3.47)

Q̈2

(
1 +Q2

1γ1

)
+ Q̇2

(
ω0

Q
+ Q̇1Q1γ2

)
+Q2

(
ω2

0 + Q̇2
1γ3 + Q̈1Q1γ4 +Q2

1γ5 +Q4
1γ6

)
=

=−BΩzQ̇1

(3.48)
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where γ1, ..., γ6 are given by (3.27)-(3.32). It is noted that when the rotational symmetry is

maintained, the system parts of the drive and sense equations are identical and the equations

are independent of the location of the drive axis relative to the supports. Similar to the 8

support case (Case Study I ), ring and support geometrical non-linearity causes the drive and

sense modal mass, stiffness and damping to be parametrically coupled to non-linear terms

in Q1. However, when the rotational symmetry is maintained, drive and sense responses are

only parametrically coupled with each other, and the sense equation is externally excited by

the Coriolis force only in the presence of angular rate. For a linear resonator in Chapter 2

it was demonstrated that if drive and sense resonance frequencies are matched and modes

are only coupled by the Coriolis action in the presence of rotation, sensor performance are

enhanced. Based on those results, similar good performance may be expected for a ring

resonator having 16 supports operating at large amplitude vibration.

Similar to the 8 support case, for the range of drive response amplitudes considered in this

work, higher powers of Q1 than the cubic in drive and sense equations (3.47) and (3.48), and

the Coriolis term in drive equation (3.47) are considered to be small and negligible. Under

these circumstances, drive and sense equations reduce to:

Q̈1

(
1 +Q2

1γ1

)
+ Q̇1

(
ω0

Q
+ Q̇1Q1γ2

)
+Q1

(
ω2

0 + Q̇2
1γ3 + Q̈1Q1γ4 +Q2

1γ5

)
=

=
FD
Mres

cos Ωt

(3.49)

Q̈2

(
1 +Q2

1γ1

)
+ Q̇2

(
ω0

Q
+ Q̇1Q1γ2

)
+Q2

(
ω2

0 + Q̇2
1γ3 + Q̈1Q1γ4 +Q2

1γ5

)
=

=−BΩzQ̇1

(3.50)

In later work, equations (3.49) and (3.50) will be used to investigate the drive and sense

responses for ring resonators based on the 2θ modes having 16 supports, for practical CVGs

operation. The independence of the drive response on angle α will be verified against a
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non-linear Finite Element analysis by investigating the drive response for different α angles.

3.4.3 Summary of Case Study I and Case Study II, comparison and in-

terpretation

Section 3.3 indicated that for practical ring resonators based on the 2θ modes 8 supports

break the rotational symmetry when the resonator is excited into large amplitude vibration;

in contrast, 16 supports maintain the symmetry. The equations governing the drive and sense

2θ modes for ring resonators having 8 and 16 supports were developed in Sections 3.4.1 and

3.4.2, respectively. It was found that:

� For ring resonators having 8 regularly spaced supports, ring and support non-linearity

causes the drive and sense modal mass, damping and stiffness to be different from

each other and to depend on the orientation of the drive axis relative to the supports.

Terms involving drive angle α couple the drive and sense equations in the absence of

rotation. Chapter 2 for a linear resonator demonstrated that frequency split and mode

coupling in the absence of rotation cause sensing errors and reduce sensor sensitivity.

Based on those results, 8 supports are expected to degrade sensor performance when

the resonator operates at large amplitudes.

� For ring resonators having 16 supports, the modal mass, damping and stiffness of the

drive and sense modes are identical to each other. The 2θ drive and sense modes are

only coupled by the Coriolis force in the presence of angular rate. In Chapter 2 for a

linear resonator, it was shown that if drive and sense resonance frequencies are equal,

and modes are coupled by the rotation-induced Coriolis force only, the angular rate

can be accurately detected by measuring the in-phase sense response. Therefore, 16

supports are expected to provide accurate sensor performance compared to 8 supports

when the ring is driven into large amplitude vibration.
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3.5 Summary and conclusions

This Chapter developed a mathematical model for modelling ring resonators having p

supports, operating in any pair of nθ modes at large vibration amplitudes. The mathemat-

ical model included ring and support geometrical non-linearity, and was used to determine

analytical expressions for the kinetic and potential energies of non-linear ring and support

structures. It was found that whilst p supports maintain the nθ rotational symmetry in the

linear regime when 2n
p is not an integer, ring and support geometrical non-linearity causes

the rotational symmetry to break for supports numbers p which ensure mn
p is an integer, for

m = 1, ..., 6. Therefore, some numbers of supports which maintain the rotational symmetry in

the linear regime, break the symmetry when the ring is driven into large amplitude vibration.

For practical CVGs based on the 2θ modes, 8 supports were found to break the rotational

symmetry at large amplitudes, whilst 16 supports were found to maintain the symmetry.

The equations of motion governing the drive and sense nθ modes were developed for ring

resonators having p supports. Under the assumption that the drive response amplitude is

much larger than the sense response, all non-linear terms in Q2 were neglected from the equa-

tions. The impact of the breaking of rotational symmetry was investigated by comparing the

equations of motion of the 2θ modes obtained for resonators having 8 and 16 supports.

It was found that for 8 supports, ring and support non-linearity causes the drive and sense

modal mass, damping and stiffness to be different from each other. Drive and sense equa-

tions depend on the orientation of the drive axis relative to the supports, and the 2θ modes

are coupled in the absence of rotation. Based on the results obtained for a linear resonator

having a point mass imperfection in Chapter 2, performance of resonators having 8 supports

are expected to degrade when the ring operates at large amplitudes.

In contrast, for 16 supports it was found that system parts of the drive and sense equations

are identical to each other. Drive and sense equations are coupled only by the rotation-
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induced Coriolis force in the presence of rotation. It was concluded that 16 supports which

maintain the rotational symmetry are expected to enhance sensor performance compared to

8 supports that break the symmetry, when the ring is driven into large amplitude vibration.
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Chapter 4

Investigating the drive response for

CVGs operating at large amplitude

4.1 Introduction

This Chapter investigates the drive 2θ response for a ring that is driven into large vibra-

tion amplitude, for ring resonators having 8 and 16 supports. In Chapter 3, drive and sense

equations of motion were developed, and it was found that ring and support geometrical

non-linearity causes the governing equation of the drive mode to parametrically depend on

non-linear terms in drive generalised coordinate Q1. Previous studies [5, 29, 31] indicated

that non-linear Q1 terms in the modal mass, damping and stiffness equations of the drive

mode have a potential to cause the drive mode resonance frequency to shift from the linear

resonance frequency for large drive amplitudes. This non-linear behaviour of the drive mode

is investigated in this Chapter. The averaging method is used to investigate the amplitude

and phase of the drive response in steady-state when the ring is driven into large ampli-

tude vibration. The drive mode frequency response curves are compared against those for a

linear resonator, to highlight the effect of ring and support geometrical non-linearity. The

frequency backbone curve for the drive mode is determined based on a drive response having
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phase of 90 degrees relative to the applied driving force. The frequency backbone curve for

the supported and unsupported ring resonators are compared to investigate the influence

of the support structure on the non-linear drive mode behaviour, for two different support

geometries. In later work, the influence of the support structure on the drive mode dynamic

behaviour investigated in this Chapter will be used to design improved support geometries

which mitigate non-linearity effects on the drive response.

In Chapter 3 it was found that 8 and 16 supports, respectively, break and maintain the

n = 2 rotational symmetry when the ring is driven into large amplitude vibration. It was

found that for the 8 support structure, the drive mode equation involves terms in drive angle

α causing the drive mode dynamics to depend upon the orientation of the drive axis relative

to the supports. In contrast, for the 16 support structure, the drive mode equation is inde-

pendent of α. In this Chapter, the dependence of the drive mode dynamics on the location of

the drive axis is investigated by calculating the drive mode frequency backbone curve for two

α angles, i.e. two different drive excitations. Finite Element non-linear transient analyses are

used to verify the results obtained using the averaging method.

This Chapter is structured as follows. Section 4.2 introduces the method of averaging, as

applied herewith, and describes in general terms how the method is used to determine the

steady-state amplitude and phase of the drive response when subjected to harmonic excita-

tion. Section 4.3 describes how a non-linear transient Finite Element (FE) analysis is used

to determine the frequency response curve for the drive mode, for the purpose of comparison

against the results obtained using the method of averaging. Sections 4.4 and 4.5 show results

obtained using the averaging method and a FE non-linear transient analysis for ring res-

onators having 8 and 16 supports, respectively. Section 4.6 discusses the comparison between

mathematical and Finite Element results, and Section 4.7 summarises the work done in this

Chapter and reiterates key conclusions.
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4.2 The method of averaging

In this work, the averaging method is used to determine the steady-state response of the

drive mode (amplitude and phase) when the drive mode is subjected to harmonic excitation

and driven into large amplitude. In this Section, the averaging method [35–37] is introduced to

determine the steady-state solution of a non-linear oscillator subjected to external harmonic

excitation. Consider the forced harmonic oscillation of a mass connected to a non-linear

spring, described by the damped Duffing’s equation below:

ẍ+ δẋ+ ω2
0x+ εx3 = F cosωt (4.1)

where δ is the damping coefficient, ω0 the natural resonance frequency of the oscillator, and ε

the stiffness coefficient of the cubic non-linear spring. One can assume that initial conditions

are x(0) = 0 and ẋ(0) = 0. For the equivalent linear system (i.e. ε = 0), the solution is

given by x(t) = A cos (ωt+ φ) where A is the oscillation amplitude and φ the phase of the

mass response relative to the applied harmonic force. For a linear system, amplitude A and

φ phase are constants. For the non-linear system (i.e. ε 6= 0), solution of the non-linear

equation (4.1) can be searched in the form:

x(t) = A(t) cosχ(t) (4.2)

where χ = ωt+φ(t) and amplitude A(t) and phase φ(t) are unknown functions of time. Using

the Krylov-Bogoliubov technique [35–37], solution (4.2) is subject to condition:

ẋ(t) = −ωA(t) sinχ(t) (4.3)
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implying that the velocity has the same form as ε = 0. Differentiating (4.2) with respect to

time, gives:

ẋ(t) = Ȧ cosχ−Aω sinχ−Aφ̇ sinχ (4.4)

Comparing (4.3) and (4.4) it is noted that amplitude A and phase φ satisfy the condition:

Ȧ cosχ−Aφ̇ sinχ = 0 (4.5)

Differentiating (4.3) with respect to time gives:

ẍ(t) = −ωȦ sinχ− ω2A cosχ− ωAφ̇ cosχ (4.6)

Equations for x(t), ẋ(t) and ẍ(t) respectively given by (4.2), (4.3) and (4.6) are used in

Duffing’s equation (4.1). This gives:

−ωȦ sinχ− ω2A cosχ− ωAφ̇ cosχ− δωA sinχ+ ω2
0A cosχ+ εA3 cos3 χ = F cosωt (4.7)

Equations (4.5) and (4.7) are solved for Ȧ and φ̇, giving:

ωAφ̇ =
(
−ω2A cosχ+ ω2

0A cosχ− δωA sinχ+ εA3 cos3 χ− F cosωt
)

cosχ (4.8)

ωȦ =
(
−ω2A cosχ+ ω2

0A cosχ− δωA sinχ+ εA3 cos3 χ− F cosωt
)

sinχ (4.9)

These first order equations for the amplitude A and phase φ are equivalent to the non-

linear second order differential equation (4.1) for x(t). An approximation is now introduced

by noting that right-hand sides of equations (4.8) and (4.9) are periodic with respect to

χ and have period of oscillation T = 2π
ω . It is assumed that amplitude A and phase φ

remain approximatively constant during the oscillation period T . Equations (4.8) and (4.9)

are averaged over the period T , considering Ȧ, φ̇, A and φ constant while performing the
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averaging. For steady-state solution (i.e. Ȧ = φ̇ = 0), this gives:

A
(
ω2

0 − ω2
)

+
3

4
εA3 = F cosφ (4.10)

δωA = −F sinφ (4.11)

In these equations, A and φ indicate the averaged quantities. Equations (4.10) and (4.11) can

be solved in A and φ to approximate the amplitude and phase of the steady-state solution

for the non-linear oscillator. It can be shown that equations (4.10) and (4.11) can also be

obtained by multiplying equation (4.7) by (i) cosχ and (ii) sinχ, and averaging the obtained

equations over the oscillation period, under equivalent assumptions, i.e. A and φ slowly vary

in T and are constant during the averaging.

In Sections 4.4 and 4.5, the averaging method is applied to determine the averaged am-

plitude and phase of the drive response in steady-state when the drive mode is subjected to

harmonic excitation. The drive response Q1(t) is expressed as:

Q1(t) = q1(t) cosχ (4.12)

where q1(t) is the oscillation amplitude and

χ = Ωt+ φD(t) (4.13)

In this equation, Ω is the frequency of the applied harmonic force and φD is the phase of the

drive response relative to the applied force. Solution (4.12) is subject to the condition:

Q̇1(t) = −Ωq1(t) sinχ (4.14)
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Differentiating (4.14) with respect to time, gives:

Q̈1(t) = −Ωq̇1 sinχ− Ω2q1 cosχ− Ωq1
˙φD cosχ (4.15)

Equations (4.12), (4.14) and (4.15) are respectively substituted to Q1, Q̇1 and Q̈1 in the

non-linear drive equation. The drive equation is then multiplied by (i) cosχ, and (ii) sinχ.

The obtained two equations in Ȧ(t), ˙φD(t), A(t) and φD(t) are averaged over the time period

2π
Ω . Amplitude q1(t) and phase φD(t) of the drive response vary little over the oscillation

period and can be substituted by their averaged values q1 and φD. The obtained equations

in averaged quantities q1 and φD are solved to approximate the steady-state response of the

drive mode.

4.3 Finite Element (FE) non-linear analysis to determine drive

mode frequency response curve

Finite Element (FE) analyses are used in Sections 4.4 and 4.5 to verify results obtained

using the averaging method for ring resonators having 8 and 16 supports, respectively. This

Section describes how the frequency backbone curve for the drive mode is determined using a

FE non-linear transient analysis (or time history analysis). The commercial software package

used is ANSYS Parametric Design Language (APDL). Appendix A describes the Finite

Element models developed for practical supported ring resonators having 8 and 16 supports.

In summary, ring and support structures have been modelled using uni-axial beam elements

BEAM3. Each element translates in the ring plane and rotates around the ring polar axis.

Each support is attached to the ring by one end and the other end is fully clamped. Figures

4.1a and 4.1b show Finite Element models developed for ring resonators having respectively

8 and 16 arched supports, where the ring structure and supports geometry are the same for

the 8 and 16 support structure. Geometrical data for the ring and support structures shown

86



in Figures 4.1a and 4.1b are provided in Section A.1 in Appendix A. In what follows, arched

supports such as those in Figure 4.1 will be referred to as nominal supports.

(a) p = 8 (b) p = 16

Figure 4.1: Finite Element models developed for practical ring-based CVGs having 8 and 16
nominal supports. Supports geometry and ring structure are equal for p = 8 and p = 16.

The drive mode frequency backbone curve is investigated performing Finite Element

structural non-linear transient analyses which calculate the dynamic response of a structure

under the action of time-varying loads, using the Newmark time-integration method [38].

The ring is excited in a pure 2θ mode by applying circumferential radial harmonic forces. For

the ring resonator having 8 nominal supports, Figures 4.2a and 4.2b illustrate the applied

forces distributed around the ring circumference to generate a 2θ force distribution aligned

with the supports (i.e. α = 00) and aligned mid-way between two supports (i.e. α = 22.50),

respectively.
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(a) α = 00

(b) α = 22.50

Figure 4.2: Radial applied forces distributed around the ring circumference to generate a
2θ force distribution aligned with the supports (i.e. α = 00) and aligned mid-way between
two supports (i.e. α = 22.50) for a ring resonator having 8 supports. The circumferential
reference coordinate θ = 00 is the horizontal.

A structural transient analysis is performed to obtain time histories of the radial displace-

ments of the ring nodes caused by applied harmonic forces, and ring and support geometric

non-linearity is considered by including large-deflections effects. The integration time step

and duration of the simulation are selected as to ensure the non-linear transient analysis cap-

tures the dynamics accurately. The structural damping coefficient is defined by selecting the

multiplication coefficient of the mass matrix, given by ω0Q
−1, where the value of the linear
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natural frequency ω0 is calculated using a FE modal analysis. For a Q-factor of 1000, a time

step of about 1
70f0

seconds (where f0 = ω0
2π ) was found to provide an accurate time response

for the radial oscillation. As f0 for the resonators considered is approximately 15 kHz, the

time step used for the simulations is 10−6 seconds. To determine if the time response is in

steady-state, the peak amplitudes are detected for each cycle, and the response is considered

to be in steady-state when the difference between the peak values of two consecutive cycles

is within 0.05%. Using a Q-factor of 1000, the steady-state condition is verified after about

0.20 seconds of simulation. Due to the high computational cost, all the FE simulations have

been performed for a Q-factor of 1000, and only key results obtained analytically have been

verified against FE simulations.

Steady-state radial displacements of ring nodes at α and α + 900 calculated using the FE

non-linear transient analysis are used to obtain the steady-state radial anti-node response

Q1. Based on non-linear equation (3.1), the radial displacements of the ring at θ = α and

θ = α+ 900 are:

u (α) = Q1 − γ
(
Q2

1 +Q2
2

)
(4.16)

u
(
α+ 900

)
= −Q1 − γ

(
Q2

1 +Q2
2

)
(4.17)

Using these equations it can be shown easily that generalised coordinate Q1 is:

Q1 (t) =
1

2

[
u (α)− u

(
α+ 900

)]
(4.18)

The steady-state response Q1 is post-processed to obtain the amplitude q1 and phase φD

of the drive response relative to the applied driving forces. The frequency backbone curve

for the drive mode is obtained by varying the frequency of the harmonic forces to identify

the frequency at which the drive response is 90◦ out-of-phase relative to applied force. This

is repeated for different levels of force magnitude. The dependency of the drive mode non-

linear dynamics on the position of the drive axis relative to the supports is investigated by
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calculating the drive mode frequency backbone curve for different α angles, applying forces

as shown in Figures 4.2a and 4.2b for a ring resonator having 8 supports.

4.4 Drive response for a ring having 8 supports

In this Section, the drive 2θ response is investigated for ring resonators having 8 supports.

The averaging method is applied to the non-linear drive equation to investigate the averaged

amplitude and phase of the drive response in steady-state, when the drive mode is subjected

to external harmonic excitation. Drive mode frequency backbone curves obtained using the

averaging method are verified against Finite Element simulations. Numerical results are

shown for the practical ring resonator having 8 nominal supports, shown in Figure 4.1a.

4.4.1 Drive response obtained using the averaging method

The 2θ drive mode equation of motion for ring resonators having 8 supports was developed

in Section 3.4.1 in Chapter 3 by considering that, in practice, the response amplitude of the

drive mode is much larger than the sense response amplitude, so that all non-linear terms

in Q2 in the drive equation were considered to be small and neglected. The resulting drive

equation (3.43) had linear terms in Q2 indicating backwards coupling from the sense to the

drive mode, including the rotation-induced Coriolis force. For the range of drive response

amplitudes condiered in this work, backwards coupling terms and powers of Q1 higher than

the cubic were considered to be small and neglected from equation (3.43) which reduced to

equation (3.45) here repeated below:

Q̈1

[
1 +Q2

1 (γ1 − I1 cos 8α)
]

+ Q̇1

(
ω0

Q
+ Q̇1Q1γ2

)
+Q1

[
ω2

0 + Q̇2
1 (γ3 − I1 cos 8α) +

+ Q̈1Q1γ4 +Q2
1 (γ5 + S1 cos 8α− S2 sin 8α)

]
=

FD
Mres

cos Ωt

(4.19)
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where coefficients γ1, ..., γ5 are defined in (3.27)-(3.31) and I1, S1 and S2, respectively, in

(3.39), (3.40) and (3.41).

To investigate the steady-state response of the drive mode, the averaging method is applied as

discussed in Section 4.2. The steady-state response of the drive mode (4.12) having amplitude

q1(t) and phase φD(t) relative to the exciting force is used in drive equation (4.19). The drive

equation is then multiplied by (i) cosχ and (ii) sinχ, where χ = Ωt+ φD(t). Averaging the

obtained equations over the oscillation period 2π
Ω gives the following equations in the averaged

amplitude q1 and averaged phase φD of the steady-state drive response:

q1

(
ω2

0 − Ω2
)

+ q3
1

[
−Ω2

(
3

4
γ1 −

1

4
γ2 −

1

4
γ3 +

3

4
γ4 −

1

2
I1 cos 8α

)
+

+
3

4
(γ5 + S1 cos 8α− S2 sin 8α)

]
=

FD
Mres

cosφD

(4.20)

−q1ω0Ω

Q
=

FD
Mres

sinφD (4.21)

These equations can be solved to determine q1 and φD. It can be shown that squaring and

adding equations (4.20) and (4.21) gives:

c6q
6
1 + c4q

4
1 + c2q

2
1 =

(
FD
Mres

)2

(4.22)

where

c2 =
(
ω2

0 − Ω2
)2

+

(
ω0

Q
Ω

)2

(4.23)

c4 =2
(
ω2

0 − Ω2
) [
−Ω2

(
3

4
γ1 −

1

4
γ2 −

1

4
γ3 +

3

4
γ4 −

1

2
I1 cos 8α

)
+

+
3

4
(γ5 + S1 cos 8α− S2 sin 8α)

] (4.24)

c6 =

[
Ω2

(
3

4
γ1 −

1

4
γ2 −

1

4
γ3 +

3

4
γ4 −

1

2
I1 cos 8α

)
− 3

4
(γ5 + S1 cos 8α− S2 sin 8α)

]2

(4.25)
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Real positive solutions of (4.22) give the amplitude q1 of the drive response for a given

external applied force.

Dividing (4.21) by (4.20) it can be shown that the phase φD of the drive response relative to

the applied force is:

φD = tan−1 −ω0ΩQ−1(
ω2

0 − Ω2
)
− Ω2q2

1

(
3

4
γ1 −

1

4
γ2 −

1

4
γ3 +

3

4
γ4 −

1

2
I1 cos 8α

)
+

+
3

4
q2

1 (γ5 + S1 cos 8α− S2 sin 8α)

(4.26)

Equations (4.22) and (4.26) describe the steady-state averaged amplitude and phase of the

drive response. It is clear from the equations that ring and support geometrical non-linearity

causes the amplitude and phase of the drive response to vary with drive amplitude. The

frequency of the external force causing the drive mode to respond in resonance with amplitude

q1 is obtained based on φD = −900 in equation (4.26). This gives:

Ω2
D (q1) =

ω2
0 + 3

4q
2
1 (γ5 + S1 cos 8α− S2 sin 8α)

1 + q2
1

(
3
4γ1 − 1

4γ2 − 1
4γ3 + 3

4γ4 − 1
2I1 cos 8α

) (4.27)

This equation describes the frequency backbone curve for the drive mode for ring resonators

having 8 supports, including ring and support geometrical non-linearity effect. For a given

drive amplitude q1, equation (4.27) gives the corresponding resonance frequency (or pseudo-

resonance frequency) ΩD. At large vibration amplitudes, the effect of non-linear terms

γ1, ..., γ5 and I1, S1 and S2 is significant and causes the resonance frequency ΩD to shift

from natural frequency ω0. To highlight ring and support non-linear terms which cause

the resonance frequency to shift, equation (4.27) can be re-written using (3.27)-(3.31) and
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(3.39)-(3.41), as:

Ω2
D − ω2

0 =
q2

1

Mres

[
−Ω2

D

(
33
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Mring +

1

2
mt (1− cos 8α) + 16mr

)
γ2+

+
1

3
Kringγ

2 + 12kr1γ
2 +

3

8
kt1γ

2 (1− cos 8α)− 12kr2γ −
3

8
kt2γ sin 8α+

+
3

4
kr3 (3 + cos 8α) +

3

64
kt3 (3 + cos 8α)

] (4.28)

In this equation, the left-hand term would be zero in the absence of frequency shift. Hence,

right-hand terms can be thought as responsible of the frequency shift occurrence. It can be

noticed that the frequency shift is caused by:

� Terms in Mringγ
2 and Kringγ

2 involving ring non-linear flexural vibration.

� Non-linear support stiffness coefficients kr3 and kt3 .

� Terms in mtγ
2, mrγ

2, kr1γ
2 and kt1γ

2 arising due to ring non-linear flexural vibrations

in the presence of the support structure.

� Terms in kr2γ and kt2γ due to the combined effect of ring and support geometrical

non-linearity.

From equation (4.28) it is noted that if the right-hand side has a negative value, then

(Ω2
D − ω2

0) < 0, so for large amplitudes of vibration the drive resonance frequency ΩD is

smaller than the linear resonance frequency ω0 (i.e. softening behaviour). In contrast, if the

right-hand side in equation (4.28) is positive, then (Ω2
D − ω2

0) > 0 so for large amplitudes

the drive mode is resonant at frequencies larger than the linear frequency ω0 (i.e. hardening

behaviour). For unsupported rings, it can be shown that non-linear inertial term Mringγ
2

multiplied by Ω2
D in (4.28) is much larger than non-linear stiffness term Kringγ

2. This causes

the known softening behaviour characterising ring structures. For supported ring resonators,

the dynamic behaviour of the drive mode is influenced by the support stiffness. The ring

inertia is normally much larger than support inertia, so the dynamic behaviour of supported
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ring resonators is softening or hardening essentially depending on the magnitude of the sup-

port stiffness terms in (4.28) compared to Mringγ
2Ω2

D. In Chapter 6 this result will be used

to investigate hardening support designs that neutralise the softening behaviour of the ring,

in order to achieve a pseudo-linear frequency backbone curve for the drive mode.

It is noted that when the rotational symmetry is broken, the frequency backbone curve

(equation (4.27)) depends on the position of the drive axis relative to the supports loca-

tion defined by α. This dependence is investigated in Section 4.4.2 and is mainly caused by

terms S1 cos 8α and S2 sin 8α which relate to support stiffness coefficients kt1 , kt2 , kt3 and

kr3 . Intuitively, a support structure having negligible stiffness compared to the ring inertia

has negligible influence on the dynamic behaviour of the drive mode, so that the dependence

of the frequency backbone curve on α is expected to be small. In contrast, more hardening

supports would cause less softening or even hardening dynamic behaviour for the drive mode

and the dependence of the frequency backbone curve on the drive axis position is expected

to be stronger.

4.4.2 Numerical results

This Section shows numerical results for the drive mode frequency response curves and

frequency backbone curve obtained using the averaging method and FE non-linear transient

analyses for the ring resonator having 8 nominal supports shown in Figure 4.1a. The material

properties and geometrical data of ring and support structures are based on a real ring-based

CVG design used for inertial navigation applications. The ring and supports are made of

isotropic silicon, having Young’s modulus E equal to 170 GPa and density ρ of 2330 kg/m3.

The ring radius is approximatively 3 mm, the axial thickness of ring and support structures

is approx. 100 µm. The radial thickness of ring and supports are approx. 125 µm and 10

µm, respectively. A detailed description of ring and support dimensions and results for the

mass and stiffness coefficients used for modelling the supports are provided in Appendix A.
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Frequency response curves and frequency backbone curve for a given angle α

The frequency response curves and the frequency backbone curve are firstly investigated

for drive excitations such that α = 22.50. For a given external harmonic force having mag-

nitude FD and frequency Ω, the drive amplitude q1 is calculated by solving (4.22), and the

phase φD relative to the applied force is calculated using (4.26). Figures 4.3 and 4.4 illustrate

amplitude and phase plots of the drive mode frequency response curves for five levels of force

magnitude FD. The lowest magnitude causes a drive response in the linear regime, while

the larger values cause the drive mode to respond in the non-linear regime. For each level of

force magnitude, the excitation frequency Ω is varied in a range of ±2 Hz around the natural

frequency f0 = ω0
2π . In the plots, ∆f is the frequency variation from the natural frequency in

Hertz (i.e. ∆f = f − f0 where f = Ω
2π ). The frequency response curves are compared against

those for an equivalent linear resonator in which geometrical non-linearity is neglected, calcu-

lated using equation (4.22) for q1 and equation (4.26) for φD, with γ1, ..., γ5 equal to zero and

I1 = S1 = S2 = 0 as there is no non-linearity. The drive mode frequency backbone curve for

the non-linear resonator is calculated using equation (4.27) and is indicated as “Drive FBC”

in Figure 4.3.

95



Figure 4.3: Frequency response curves and frequency backbone curve for the drive mode for
a ring resonator having 8 nominal supports. Comparison against linear resonator. Q=10000.
α = 22.50.

Figure 4.4: Phase plot for the drive mode response for a ring resonator having 8 nominal
supports. Comparison against linear resonator. Q=10000. α = 22.50.
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Results show that, at large amplitudes, the drive mode responds in resonance at frequen-

cies ΩD smaller than the natural frequency ω0, indicating a non-linear softening dynamic

behaviour. For larger magnitudes of the excitation, the amplitude of the drive response at

frequency ω0 (see q1(ω0) in Figure 4.3) is smaller than the amplitude of the linear resonator

at the same frequency, and the drive phase relative to the applied force (see φD(ω0) in Figure

4.4) is less than -90 degrees.

As stated in Chapter 1, practical CVGs normally operate at the drive mode resonance fre-

quency. Control feedback loops are used to achieve a drive response having constant ampli-

tude, frequency and phase as this ensures the amplitude, frequency and phase of the sense

response do not vary in operation. The obtained frequency backbone curve for the practical

supported ring resonator considered indicated a frequency shift of approx. -0.30 Hz from

the linear resonance frequency when the drive amplitude is 20 µm, demonstrating that ring

and support geometrical non-linearity causes the drive mode to be resonant at frequencies

different from the designed resonance frequency. This implies that the frequency of the ex-

citing force needs to be adjusted depending on the drive mode vibration amplitude in order

to maintain the drive mode resonant, when the resonator operates at large amplitudes.

In Appendix D, the Runge-Kutta time-integration scheme is applied to drive equation (3.43)

which includes backwards coupling from the sense response to the drive response and Q4
1

terms. Amplitude and phase of the drive response in steady-state are obtained using the

Runge-Kutta numerical method to develop the frequency response curves for the drive mode.

Results obtained using the Runge-Kutta method are compared against the frequency response

curves in Figures 4.3 and 4.4 obtained using the averaging method. Results obtained using

the Runge-Kutta method and the averaging method are found to be in good agreement, and

demonstrate that (for the range of drive response amplitudes considered) backwards coupling

and Q4
1 terms have a small influence on the drive mode dynamics and can be safely neglected.
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Dependency of the drive frequency backbone curve on drive angle α

In what follows, the drive mode frequency backbone curves obtained for α = 00 and

α = 22.50 are compared to investigate the effect of using different drive angles α on the non-

linear drive mode dynamics. For a ring resonator having 8 supports, α = 00 and α = 22.50,

respectively, indicate alignment of the drive mode maximum diameter with the supports and

mid-way between two supports.

Figure 4.5 shows the frequency backbone curves obtained using the averaging method and FE

non-linear transient analyses, and the frequency backbone curve for the unsupported ring.

Finite Element results are obtained as described in Section 4.3, by applying forces to the ring

as shown in Figures 4.2a and 4.2b. Pseudo-resonance frequencies obtained using FE transient

analyses have an accuracy of 0.001 Hz.

Figure 4.5: Frequency backbone curve for a ring resonator having 8 nominal supports for
α = 00 and α = 22.50 and for the unsupported ring. Analytical (AV) and Finite Element
(FE) results. Finite Element results for α = 0◦ and α = 22.5◦ are almost coincident. Q=1000.

The frequency backbone curves in Figure 4.5 show a softening non-linear dynamic be-

haviour for the supported ring resonator, just slightly less softening than the unsupported
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ring. For a drive amplitude of 20 µm, the frequency shift obtained using the averaging

method is -0.278 Hz and -0.288 Hz for α = 00 and α = 22.50, respectively. Therefore, results

obtained using the averaging method for α = 00 and α = 22.50 are very similar to each

other. This suggests that ring non-linearity is dominant compared to support non-linearity,

and that terms involving α associated with support non-linearity in the drive frequency back-

bone curve equation (4.27) are much smaller than the terms associated with ring geometrical

non-linearity.

Frequency backbone curves obtained using the FE analyses confirm the softening non-linear

dynamics for the supported ring resonator and indicate that drive angle α has a small influ-

ence on the non-linear dynamics of the resonator: results obtained for α = 00 and α = 22.50

are almost identical (for a drive amplitude of 20 µm, the frequency shift obtained for α = 00

and α = 22.50 only differ by 0.001 Hz which is the accuracy used to develop the Finite Element

frequency backbone curves). The frequency backbone curves obtained using the FE analyses

are less softening than those obtained using the averaging method. For a drive amplitude of

20 µm, the frequency shift obtained using the FE analyses is smaller than that obtained using

the mathematical model by 28% and 29% for α = 00 and α = 22.50, respectively. Section

4.6 summarises and discusses in detail the comparison between results obtained using the

mathematical model and Finite Element method.

To further investigate the effect of drive excitation angle α, the drive mode frequency back-

bone curves are investigated by increasing the thickness of the supports. Figure 4.6 illustrates

the frequency backbone curves calculated for the same ring but with the radial thickness of

the nominal supports increased from 10 µm to 30 µm.
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Figure 4.6: Frequency backbone curve for a ring resonator having 8 for nominal supports
30 µm thick, results for α = 00 and α = 22.50. Analytical (AV) and Finite Element (FE)
results. Q=1000.

Whilst the nominal supports produced a frequency shift for the supported ring resonator

which was essentially unaltered compared to the unsupported ring, the increase in support

thickness causes the overall dynamic behaviour of the supported ring resonator to harden.

The frequency shift for a drive amplitude of 20 µm is 0.228 Hz for α = 00 and 0.163 Hz for

α = 22.50 using the averaging method. These results indicate that supports with increased

thickness may be used to mitigate against non-linear drive dynamics. As thicker supports

have a more significant influence on the drive mode dynamics compared to thin supports,

the dependency on drive angle α is also more significant in Figure 4.6. This is explained by

noting that terms involving α in frequency backbone curve equation (4.27) are multiplied by

support stiffness coefficients kt1 , kt2 , kt3 and kr3 . Such stiffness coefficients for the proposed

thicker supports are orders of magnitude larger than those of the nominal supports.

The FE results in Figure 4.6 validate the hardening behaviour of the supported ring res-

onator and the stronger dependency of the frequency backbone curve on drive angle α. The
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frequency backbone curves obtained for α = 00 and α = 22.50 are different from each other,

validating that when the rotational symmetry is broken, the drive mode dynamics depends

on the drive axis location relative to the supports. The Finite Element results are in good

agreement with those obtained using the averaging method, and validate that 8 supports

break the 2θ rotational symmetry of ring resonators for large amplitude vibrations.

4.5 Drive response for a ring having 16 supports

Following a similar approach as the 8 support case considered in Section 4.4, the drive

response for a ring resonator having 16 supports is considered. The equation of motion

governing the drive response for the 16 support case was developed in Section 3.4.2 and given

by (3.47) were all non-linear terms in Q2 were neglected. Unlike the 8 support case, drive

equation (3.47) was coupled to the sense equation by the rotation-induced Coriolis force only.

By neglecting the Coriolis force and higher powers of Q1 than the cubic, drive equation (3.47)

reduced to equation (3.49) here repeated below:

Q̈1

(
1 +Q2

1γ1

)
+ Q̇1

(
ω0

Q
+ Q̇1Q1γ2

)
+Q1

(
ω2

0 + Q̇2
1γ3 + Q̈1Q1γ4 +Q2

1γ5

)
=

FD
Mres

cos Ωt

(4.29)

Expressing the steady-state drive response using equation (4.12) and applying the averaging

method, it can be shown that the averaged drive amplitude and the averaged drive phase

relative to the applied force can be calculated by solving (4.22) and (4.26), respectively, with

I1 = S1 = S2 = 0. The equation for the drive mode frequency backbone curve is:

Ω2
D (q1) =

ω2
0 + 3

4q
2
1γ5

1 + q2
1

(
3
4γ1 − 1

4γ2 − 1
4γ3 + 3

4γ4

) (4.30)
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Using (3.27)-(3.31), equation (4.30) can be re-written as:

Ω2
D (q1) =

ω2
0 +

q21
Mres

(
1
3Kringγ

2 + 24kr1γ
2 + 3

4kt1γ
2 − 24kr2γ + 9

2kr3 + 9
32kt3

)
1 +

q21
Mres

(
33
10Mringγ2 +mtγ2 + 32mrγ2

) (4.31)

Comparing (4.31) to (4.28) for the 8 supports case, it can be noted that the dependency of

the frequency backbone curve on drive angle α and on quadratic tangential support stiffness

coefficient kt2 is eliminated when 16 supports are used.

4.5.1 Numerical results

This Section shows the frequency backbone curves obtained for the practical ring resonator

design having 16 nominal supports shown in Figure 4.1b. The geometrical data and results of

mass and stiffness coefficients used to model the supports can be found in Appendix A. The

frequency response curves (amplitude and phase plots) obtained using the averaging method

are similar to those shown for the ring having 8 supports in Section 4.4.2 and comparisons

against the linear resonator lead to identical findings and will not be repeated in this Section.

Figure 4.7 illustrates the frequency backbone curves obtained using the averaging method

(i.e. equation (4.30)) and FE non-linear transient analyses for α = 00 and α = 11.250 which

respectively indicate alignment of the drive mode maximum diameter with the supports and

mid-way between two supports.
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Figure 4.7: Frequency backbone curve for a ring resonator having 16 nominal supports for
α = 00 and α = 11.250 and for the unsupported ring. Analytical (AV) and Finite Element
(FE) results. Q=1000.

The frequency backbone curve for the supported ring resonator shows a dynamic be-

haviour slightly less softening than the unsupported ring. When the drive mode vibrates

with an amplitude of 20 µm, the calculated frequency shift is -0.260 Hz using the averaging

method. The Finite Element simulations verify the non-linear softening dynamic behaviour

for the drive mode. For a drive amplitude of 20 µm the frequency shift obtained using the

FE analyses is smaller by 8% with respect to that calculated using the averaging method.

The frequency backbone curves calculated by the Finite Element simulations for α = 00 and

α = 11.250 are identical to each other for 0.001 Hz accuracy.

Similar to the 8 support case, the dependence of the drive mode frequency backbone curve

on α is further investigated by increasing the supports thickness. Figure 4.8 shows the fre-

quency backbone curves obtained for the same ring by increasing the thickness of the nominal

supports from 10 µm to 30 µm.
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Figure 4.8: Frequency backbone curve for a ring resonator having 16 nominal supports 30 µm
thick; results for α = 00 and α = 11.250. Analytical (AV) and Finite Element (FE) results.
Q=1000.

Similar to that observed for the 8 support case, the increase in support thickness causes

the dynamic behaviour of the supported ring resonator to be hardening. At 20 µm amplitude,

the frequency shift calculated using equation (4.30) is 0.519 Hz, which is approx. 3% larger

than that obtained using the Finite Element method. Unlike the 8 support structure, the FE

results obtained for α = 00 and α = 11.250 are identical to each other (for 0.001 Hz accuracy).

Therefore, the Finite Element simulations validate that when 16 supports are used, the drive

mode dynamics is independent of the drive axis position relative to the supports. This

demonstrates that the 16 support structure maintains the rotational symmetry of supported

ring resonators when the ring is driven into large amplitude vibration. If the dependence of

the drive mode resonance frequency on the vibration amplitude is eliminated by designing

supports that neutralise the softening nature of the ring, use of 16 supports would ensure

the drive dynamics is the same as a linear resonator, despite ring and support geometrical

non-linearity effects. This will be investigated in detail in Chapter 6.
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4.6 Comparing mathematical and Finite Element results

In Sections 4.4.2 and 4.5.1 the frequency backbone curves for the drive mode obtained

using the mathematical model and non-linear Finite Element transient analyses were com-

pared for ring resonators having 8 and 16 supports, respectively.

It was found that:

� For ring resonators having 8 supports:

– When the support thickness is 10 µm (i.e. nominal supports), the frequency

backbone curve obtained using the mathematical model is quite different to that

obtained using the Finite Element method. However, the Finite Element results

demonstrate that when the ring inertia is dominant compared to the support

stiffness, the dependence of the drive frequency backbone curve on α is non-zero

and small. Moreover, the frequency backbone curve obtained using both methods

is softening.

– For supports having 30 µm thickness, the drive mode frequency backbone curves

obtained using the mathematical and Finite Element analyses are in good agree-

ment (almost identical to each other). The frequency backbone curve calculated

using both methods is hardening. The Finite Element results demonstrate that

when 8 supports are used, the rotational symmetry is broken and the frequency

backbone curve for the drive mode depends on drive angle α.

� For ring resonators having 16 supports:

– The frequency backbone curves for nominal supports having 10 µm thickness ob-

tained using the mathematical model are quite different to those obtained using

the Finite Element analyses. However, Finite Element results demonstrate that

when 16 supports are used, the frequency backbone curve of the drive mode is inde-

pendent of drive angle α as the rotational symmetry is maintained. The frequency
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backbone curve obtained using both methods is softening.

– For 30 µm thick support, the drive mode frequency backbone curves obtained

using mathematical and Finite Element analyses are hardening and approximately

identical to each other. The Finite Element results demonstrate that 16 supports

maintain the rotational symmetry of the ring resonator.

One can conclude that although the agreement between the mathematical model and Finite

Element method is weak for the nominal support, the developed mathematical model still

provides a good qualitative description of the dynamic behaviour of the drive mode. The

computational time needed to obtain the frequency backbone curves using the mathematical

model is orders of magnitude smaller than that required to perform multiple Finite Element

non-linear transient analyses. Moreover, the developed mathematical model shows similar

characteristics to the Finite Element method. For example, the dependency of the drive mode

frequency backbone curve on the drive axis calculated using the Finite Element simulations

can be explained using the mathematical model noticing that 8 supports break the rotational

symmetry of the supported ring resonator.

Investigations have been conducted to understand the reasons for the discrepancies between

the results obtained using the mathematical model and the Finite Element model. The dis-

crepancies are believed to be associated with assumptions used to develop the mathematical

model described in Chapters 2 and 3 as:

� The stiffness and mass coefficients used to model the supports in the mathematical

model are calculated by assuming that the in-plane rotation of the ring-support at-

tachment points is the same as an unsupported ring undergoing 2θ linear vibration at

the same angular position. This approximation may not be accurate (i) when the sup-

port structure influences the ring vibration and (ii) when the ring is driven into large

amplitudes.
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� The support model is developed under the assumption that the radial and tangential

directions are principal axes of stiffness for the supports. As will be shown later in

Chapter 6, the accuracy of the results obtained using the mathematical model degrades

when the angle between the radial and tangential directions and the principal axes of

stiffness of the support is significantly large.

� The non-linear support stiffness is modelled using cubic non-linear springs. More accu-

rate results might be obtained using stiffness coefficients up to the fifth order to model

the support stiffness. However, doing so, the drive and sense equations of motions

would become significantly more complicated.

Investigations were also conducted to verify that, in the Finite Element simulations, forces

distributions such as shown in Figures 4.2a and 4.2b only excite the 2θ mode. The radial

displacements of the ring in steady-state were post-processed and it was found that in steady-

state the ring vibration has a 2θ shape.

Additional investigation aimed to understand the reasons for the discrepancies between the

results obtained using the mathematical model and Finite Element analysis is proposed as

area of further work in Section 7.5.

4.7 Summary and conclusions

This Chapter investigated the effect of ring and support geometrical non-linearity on the

2θ drive response when the drive mode is excited into large amplitude by harmonic external

forces. The investigation focused on practical ring resonators having 8 and 16 supports.

The averaging method was used to develop the frequency response curves for the drive mode,

and the drive mode frequency backbone curve was developed based on a drive response having

phase of 90◦ degrees relative to the applied excitation. Results showed that ring and support

geometrical non-linearity causes the drive mode resonance frequency to shift from the linear

resonance frequency when the drive amplitude becomes large. Whilst the dynamic behaviour
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of the drive mode is softening for unsupported rings, it was found to depend on the support

structure for supported ring resonators. If the support stiffness is small compared to the

ring inertia, the ring non-linearity is dominant compared to the non-linearity of the support

structure and the drive mode behaviour is softening. In contrast, more hardening supports

cause the behaviour of the drive mode to be less softening or even hardening.

Results obtained for resonators having 8 and 16 supports were compared to investigate the

impact of the breaking of rotational symmetry on the drive mode response. It was found

that for the 8 support structure, the drive mode frequency backbone curve depends on the

position of the drive axis relative to the supports location. The dependence of the drive

mode dynamics on drive axis angle α was found to be stronger when the thickness of the

support is increased, and the influence of the support structure on the resonator dynamics

is more significant. In contrast, for the 16 support structure, it was found that the drive

mode frequency backbone curve is independent of the drive excitation considered. Finite

Element non-linear transient analyses verified the dependence of the drive mode dynamics on

the drive axis for ring resonators having 8 supports, and verified that 16 supports maintain

the rotational symmetry.

In Chapter 6, the analytical expression for the drive mode frequency backbone curve obtained

in this Chapter will be used to investigate hardening support designs that linearise the drive

mode frequency backbone curve of the resonator by neutralising the softening behaviour of

the ring.
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Chapter 5

Investigating the sense response for

CVGs operating at large amplitude

5.1 Introduction

This Chapter investigates the 2θ sense response for supported ring resonators driven into

large drive amplitude vibration, to investigate the impact of ring and support geometrical

non-linearity on sensor performance. The investigation of the sense response is presented for

ring resonators having 8 and 16 supports. In Chapter 3 it was found that 8 supports cause the

sense equation to be coupled to the drive response in the absence of angular rate. In contrast,

when 16 supports are used, the equation of motion of the sense mode is coupled to the drive

response only by the rotation-induced Coriolis force. In Chapter 2 for a linear resonator, it

was found that mode coupling and frequency split cause the sense response amplitude in op-

eration to reduce, and cause the occurrence of zero-rate-output and quadrature errors which

degrade the rate measurement quality. In this Chapter, mode coupling effects on the sense re-

sponse are investigated for ring resonators operating in the large amplitude non-linear regime.

In the proposed investigation, the ring is assumed to rotate around its polar axis with con-
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stant angular rate Ωz so that the sense mode is excited by the Coriolis force. External

harmonic forces are applied to the ring to excite the drive mode. The sense response is

investigated using the averaging method in a similar way to that proposed for the drive re-

sponse in Chapter 4, using the non-linear equation of motion for the sense mode developed in

Chapter 3. Comparisons are made between results obtained for 8 and 16 support structures,

to understand if support structures which maintain the rotational symmetry are beneficial

for sensor performance. Numerical results are shown for the same devices with 8 and 16

nominal supports considered in Chapter 4 for the drive response, and Finite Element non-

linear transient analyses are used to verify key results obtained using the mathematical model.

The structure of this Chapter is as follows. Section 5.2 defines the in-phase and quadra-

ture sense mode responses. Sections 5.3 and 5.4 investigate the sense response for ring

resonators having 8 and 16 supports, respectively. Analytical expressions for the amplitudes

of the in-phase and quadrature sense responses are obtained using the averaging method.

Frequency response curves for the sense response are developed and compared against those

for an equivalent linear resonator, to highlight ring and support geometrical non-linearity ef-

fects on the sense mode dynamics. Numerical parametric studies are presented to investigate

the influence of the Q-factor on the sense response. Section 5.5 summarises the work done in

this Chapter and highlights key conclusions.

5.2 Definition and interpretation of in-phase and quadrature

sense responses

Similar to the drive response in Chapter 4, the sense response is expressed as:

Q2(t) = q2 cos (Ωt+ φD + φSD) (5.1)
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where q2 is the oscillation amplitude, φD is the phase of the drive response relative to the

applied drive force at frequency Ω, and φSD is the phase of the sense response relative to the

drive response. Amplitude q2 and phases φD and φSD in (5.1) vary with time.

Equation (5.1) can be re-written as:

Q2(t) = [−ASC cos (Ωt+ φD)]︸ ︷︷ ︸
In-phase

+ [−ASS sin (Ωt+ φD)]︸ ︷︷ ︸
Quadrature

(5.2)

where ASC(t) = −q2 cosφSD and ASS(t) = q2 sinφSD. Sense response (5.2) has two compo-

nents which are 900 out-of-phase with each other: (i) a component either in-phase or 1800

out-of-phase relative to the drive response having amplitude ASC , and (ii) a component ±900

out-of-phase relative to the drive response having amplitude ASS . In what follows, these com-

ponents of the sense response will be referred to as “in-phase” and “quadrature” responses,

respectively.

For a CVG having perfectly degenerate and mechanically decoupled modes of vibration, the

sense response is only caused by the rotation-induced Coriolis force which is 900 out-of-phase

relative to the drive response. Since the modes are degenerate, when the drive mode is ex-

cited into resonance at natural frequency ω0, the sense response phase is 900 out-of-phase

relative to the Coriolis force so the quadrature response is zero. A consequence of this is that

for ideal gyros, the in-phase component of the sense response is used to measure the angular

rate while a non-zero quadrature response is normally interpreted as an indication of mode

coupling and/or drive and sense responses which are not in resonance at the same frequency.

5.3 Sense response for a CVG having 8 supports

This Section investigates the sense response for a CVG having 8 supports when the

drive axis acts midway between two supports i.e. α = 22.50. Analytical expressions for the

amplitude of the in-phase and quadrature sense responses are obtained using the averaging
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method, and numerical results for the frequency response curves for the sense response are

shown and discussed.

5.3.1 Averaged sense response

The equation of motion for the sense mode for a CVG having 8 supports was determined

in Chapter 3 and given by equation (3.46), which is repeated below:

Q̈2

[
1 +Q2

1 (γ1 + I1 cos 8α)
]

+ Q̇2

[
ω0

Q
+ Q̇1Q1 (γ2 + 2I1 cos 8α)

]
+

+Q2

[
ω2

0 + Q̇2
1 (γ3 + I1 cos 8α) + Q̈1Q1 (γ4 + 2I1 cos 8α) +

+ Q2
1 (γ5 − 3S1 cos 8α+ 3S2 sin 8α)

]
= Q̈1Q

2
1 (I1 sin 8α) +Q1Q̇2

1 (I1 sin 8α)−

−Q3
1 (S1 sin 8α+ S2 cos 8α)−BΩzQ̇1

(5.3)

This equation was developed under the assumption that the drive response amplitude is

much larger than the sense response amplitude, so the non-linear terms in Q2 were neglected.

Moreover, higher powers of Q1 than cubic were neglected as considered to be small for the

range of response amplitudes considered in this work. As discussed in Section 3.4.1, for a

CVG having 8 supports the sense mode is non-linearly parametrically coupled to the drive

motion and is self-excited to vibrate by non-linear terms in Q̈1, Q̇1 and Q1 which are unrelated

to angular rate Ωz.

The averaging method is used to investigate the steady-state amplitudes of the in-phase and

quadrature components of the sense response, using a similar approach to that described for

the drive response in Section 4.2. The sense response in equation (5.2) and the drive response

in equation (4.12) are used in sense equation (5.3). The sense equation is then multiplied by

sin (Ωt+ φD) and cos (Ωt+ φD) and averaged over one cycle to obtain the following equations

for the averaged amplitudes of the in-phase component ASC and quadrature component ASS

112



of the sense response in steady-state:

ASC

[
Ω2 − ω2

0 + q2
1Ω2

(
3

4
γ1 −

1

4
γ2 −

1

4
γ3 +

3

4
γ4 +

3

2
I1 cos 8α

)
−

− 3

4
q2

1 (γ5 − 3S1 cos 8α+ 3S2 sin 8α)

]
− ω0Ω

Q
ASS =

=− 1

2
Ω2q3

1I1 sin 8α− 3

4
q3

1 (S1 sin 8α+ S2 cos 8α)

(5.4)

ASS

[
Ω2 − ω2

0 + q2
1Ω2

(
1

4
γ1 +

1

4
γ2 −

3

4
γ3 +

1

4
γ4 +

1

2
I1 cos 8α

)
−

− 1

4
q2

1 (γ5 − 3S1 cos 8α+ 3S2 sin 8α)

]
+
ω0Ω

Q
ASC = BΩzΩq1

(5.5)

Setting α = 22.50, equations (5.4) and (5.5) can be expressed as:

ASC

(
Ω2 − Ω2

SC

)
µSCΩ

−ASS = fS
Q

Ωω0
(5.6)

ASS

(
Ω2 − Ω2

SS

)
µSSΩ

+ASC = BΩzq1
Q

ω0
(5.7)

where

Ω2
SC =

ω2
0 + 3

4q
2
1 (γ5 + 3S1)

1 + q2
1

(
3
4γ1 − 1

4γ2 − 1
4γ3 + 3

4γ4 − 3
2I1

) (5.8)

µSC =

(
ω0
Q

)
1 + q2

1

(
3
4γ1 − 1

4γ2 − 1
4γ3 + 3

4γ4 − 3
2I1

) (5.9)

Ω2
SS =

ω2
0 + 1

4q
2
1 (γ5 + 3S1)

1 + q2
1

(
1
4γ1 + 1

4γ2 − 3
4γ3 + 1

4γ4 − 1
2I1

) (5.10)

µSS =

(
ω0
Q

)
1 + q2

1

(
1
4γ1 + 1

4γ2 − 3
4γ3 + 1

4γ4 − 1
2I1

) (5.11)

fS =
3

4
q3

1S2 (5.12)

Equations (5.6) and (5.7) indicate that the sense mode is self-excited to vibrate by non-linear

terms proportional to fS . This term is proportional to the non-linear tangential quadratic
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stiffness coefficient of the support kt2 (see expression for S2 (3.41)) and is zero only if kt2 = 0.

In later work, ring resonators having 8 supports arranged in-pairs will be considered as in

that case kt2 = 0 and fS = 0 in equations (5.6) and (5.7).

The in-phase amplitude ASC and quadrature amplitude ASS are obtained from equations

(5.6) and (5.7) and it can be shown that:

ASC =

(
Q

Ωω0

)[
BΩzq1Ω + fS

(Ω2−Ω2
SS)

µSSΩ

]
∆

(5.13)

ASS =

(
Q

Ωω0

)[
BΩzq1

(Ω2−Ω2
SC)

µSC
− fS

]
∆

(5.14)

where ∆ is:

∆ = 1 +

(
Ω2
SC − Ω2

) (
Ω2
SS − Ω2

)
µSCµSSΩ2

(5.15)

In Chapter 2 it was found that for perfect and rotationally symmetric resonators operating

in the linear regime, when the drive mode is excited into resonance at frequency ω0 the sense

response is in-phase relative to the drive response and has amplitude given by equation (2.52)

here repeated below:

q2 =
BΩzQ

ω0
q1 (5.16)

Sense response amplitude (5.16) is measured to detect Ωz. For the non-linear resonator hav-

ing 8 supports, equations (5.13) and (5.14) indicate that when the drive mode is excited into

resonance at large vibration amplitude at pseudo-resonance frequency ΩD (given by equation

(4.27) in Section 4.4.1), the sense response contains in-phase and quadrature components.

Comparing expressions for the sense response for the linear resonator (i.e. (5.16)) and the

non-linear resonator (i.e. (5.13) and (5.14) calculated for Ω = ΩD), it is clear that ring

and support geometrical non-linearity complicates the sense response amplitude expression
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compared to the equivalent linear resonator. The in-phase response (5.13) and quadrature re-

sponse (5.14) both include additional terms proportional to fS which indicate the occurrence

of zero-rate-output response when Ωz is zero. A similar result was found in Section 2.5 for

a linear resonator having a point mass imperfection on the ring mid-line. This preliminary

analysis suggests that ring and support geometrical non-linearity degrades the quality of the

rate measurement for ring resonators having 8 supports compared to the equivalent linear

resonator. In what follows, these effects will be investigated based on numerical examples.

5.3.2 Numerical Results

This Section presents numerical results for the practical device with 8 nominal supports

shown in Figure 4.1a, which was considered in Section 4.4.2 for the investigation of the drive

response. The numerical results and investigations are structured as follows:

� Frequency response curves for the sense response. The frequency response curves for

the sense response amplitude are developed using equations (5.13) and (5.14). In-phase

and quadrature components are shown to aid visualisation of the phase of the sense

response.

� Amplification of the sense response caused by non-linearity. The frequency response

curves for the sense response are compared against those for an equivalent linear ring

resonator having 8 supports in which geometrical non-linearity is neglected.

� Relationship between q2 and q1 in operation. For linear rotationally symmetric res-

onators, the sense response amplitude in operation is linearly proportional to the drive

response amplitude, and the angular rate Ωz is detected based on linear relation (5.16).

The relation between q2 and q1 is investigated for non-linear resonators when the drive

mode is excited into resonance at large vibration amplitude.

� Numerical parametric analysis for the Q-factor. The effect of using different levels of

damping on the sense response is investigated.
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� Finite Element verification of zero-rate-output. The occurrence of zero-rate-output is

verified using a Finite Element non-linear transient analysis.

To verify the results obtained using the averaging method (i.e. equations (5.13) and

(5.14)), comparisons are made with results obtained using the Runge-Kutta time-integration

scheme to solve sense equation (3.44) in Appendix D. Results obtained using averaging

method and Runge-Kutta method are shown to be in good agreement.

Frequency response curves for the sense response

The frequency response characteristics of the sense response are investigated when the

drive mode is excited by a harmonic force having magnitude FD and frequency Ω close to the

natural frequency of the 2θ modes ω0. The drive response for this applied external excitation

was considered in Section 4.4, and it was found that the amplitude of the drive response q1

can be calculated by solving (4.22). In this Section, drive response amplitude q1 is considered

to be known as previously calculated, and the sense response amplitude is calculated as

q2 =
√
A2
SC +A2

SS where ASC and ASS are given by (5.13) and (5.14), respectively.

Figure 5.1 shows the frequency response curves for drive and sense responses obtained for

seven different levels of magnitude of the applied force. For each level of magnitude, the

exciting frequency is varied in a range of ±1 Hz around the natural frequency f0 = ω0
2π of the

drive and sense 2θ modes. In the plot, ∆f is the frequency variation from f0 in Hertz.
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Figure 5.1: Frequency response curves for drive and sense modes for a CVG having 8 nominal
supports. Q=20000.

In Figure 5.1, q1(ΩD) and q2(ΩD) indicate the amplitudes of the drive and sense responses

at the drive mode pseudo-resonance frequencies, respectively. Results indicate that when the

drive mode is excited into large amplitudes, the amplitude of the sense response at the drive

mode non-linear resonance frequency is significantly smaller than the peak value. To identify

the frequency at which the sense response reaches its largest amplitude, it is necessary to

analyse equations (5.13) and (5.14) and notice that amplitudes ASC and ASS increase as

|∆| decreases towards zero. To a good approximation, the sense response reaches its maxi-

mum amplitude at that frequency corresponding to the minimum value of |∆|, indicated as

q2 (min|∆|) in Figure 5.1.

It is worth repeating that having a large sense response amplitude is fundamental to maximis-

ing sensor sensitivity to rotation and signal-to-noise ratio. For this reason, it is interesting

to investigate the frequencies which ensure |∆| reaches its minimum. The value of ∆ (see

equation (5.15)) depends on frequencies ΩSC and ΩSS given by equations (5.8) and (5.10),

respectively. Frequencies ΩSC and ΩSS depend on the inertia and stiffness characteristics of
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ring and support structures. For the considered CVG having 8 nominal supports, ΩSC and

ΩSS are calculated for a range of drive amplitudes from 0 to 20 µm and plotted in Figure

5.2, where they are compared against the non-linear resonance frequencies ΩD for the drive

mode.

Figure 5.2: Frequencies ΩD, ΩSC and ΩSS for a CVG having 8 nominal supports.

Figure 5.2 indicates that for the supported ring resonator considered, frequencies ΩSS

are greater than ΩSC for all amplitudes of the drive mode considered. Using this result in

equation (5.15), one can conclude that the minimum value of |∆| (and so the largest sense

response) occurs at frequencies between ΩSC and ΩSS which ensure |∆| < 1. Figure 5.2

indicates that for the ring resonator considered, the pseudo-resonance frequency of the drive

mode ΩD is smaller than ΩSC and so does not lie between ΩSC and ΩSS . This explains

why the sense response amplitude at the pseudo-resonance frequencies of the drive mode is

significantly smaller than the peak value.

This analysis demonstrates that unlike the linear regime where the sense response ampli-

tude reaches its peak at the drive mode resonance frequency, ring and support geometrical
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non-linearity causes the sense response amplitude to be significantly smaller than the peak

value when the resonator is excited into large drive amplitudes. Therefore, in the non-linear

regime, sensor sensitivity is not maximised when the drive mode is excited into resonance.

To aid visualisation of the phase of the sense response, Figures 5.3 and 5.4 show the am-

plitude of the in-phase (ASC) and quadrature (ASS) sense responses, respectively.

Figure 5.3: Amplitude of in-phase sense response ASC for a CVG having 8 nominal supports.
Q=20000.
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Figure 5.4: Amplitude of quadrature sense response ASS for a CVG having 8 nominal sup-
ports. Q=20000.

Figures 5.3 and 5.4 illustrate that for the largest magnitude of the applied external force,

the amplitude of the quadrature response at ΩD is about 0.3 µm which is significantly smaller

than the amplitude of the in-phase response, which is approximatively 6 µm. Using results

shown Figure 5.2, one can deduce that the quadrature response is small at ΩD because ΩD

and ΩSC are very close to each other and so term (ΩD − ΩSC) in equation (5.14) is very

small.

Amplification of the sense response caused by non-linearity

In what follows, the frequency response curves of the sense response for the non-linear

resonator are compared against the equivalent linear resonator having 8 nominal supports,

for which ring and support geometrical non-linearity is neglected. The purpose of this inves-

tigation is to determine the effect of ring and support non-linearity on the sense response.

Equation (5.16) describes the sense response amplitude for the linear resonator when the ap-

plied harmonic forces have frequency Ω = ω0. It can be easily shown that the sense response

amplitude for the linear resonator at the generic frequency Ω can be obtained from (5.13) and
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(5.14) by noting that for a linear resonator ΩSC and ΩSS are equal to the natural frequen-

cies of drive and sense modes ω0 (see (5.8) and (5.10)) and µSC = µSS = ω0
Q (see (5.9) and

(5.11)). Moreover, fS = 0 because there is no non-linearity (kt2 = 0). This gives the following

analytical expression for the amplitude of the sense response for the linear resonator:

qL2 =
BΩzq1Ω

|
(
Ω2 − ω2

0

)2
+
(
ω0
Q Ω
)2
|

√(
ω0

Q
Ω

)2

+
(
Ω2 − ω2

0

)2
(5.17)

Figure 5.5 shows the sense mode frequency response curves obtained for the non-linear and

linear resonators for different force magnitudes and exciting frequencies in a range of ±1 Hz

around the natural resonance frequency f0. The sense response amplitude q2 of the non-linear

resonator is calculated from (5.13) and (5.14), and the amplitude of the linear resonator qL2

is calculated using (5.17).

Figure 5.5: Sense mode frequency response curves for a linear and non-linear resonators
having 8 nominal supports. Q=20000.

Frequency response curves in Figure 5.5 show that as the drive mode is driven into large

amplitude vibration, the geometrical non-linearity of ring and support structures amplifies
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the sense response amplitude. The sense response amplitude of the non-linear resonator at

ω0 (i.e. q2(ω0)) is much larger than the amplitude of the linear resonator at the same fre-

quency (i.e. qL2 (ω0)). Considering that a larger sense response amplitude increases sensor

sensitivity to rotation and makes the sensor output more detectable from noise, the ampli-

fication of the sense response caused by ring and support geometrical non-linearity appears

appealing. However, it is fundamental to bear in mind that traditional CVGs operate at

the drive mode resonance frequency: phase lock control loops are used to constantly adjust

the frequency of the applied driving forces in order to maintain a drive response having 90◦

phase lag. Chapter 4 demonstrated that when the ring is excited into large amplitudes, ring

and support mechanical non-linearity cause the resonance frequency of the drive mode to

shift from ω0. Therefore, whilst for a linear resonator the operating frequency is ω0, for a

non-linear resonator vibrating at amplitude q1, the operating frequency is ΩD(q1) given by

equation (4.27). Results in Figure 5.5 indicate that the amplitude of the non-linear resonator

in operation i.e. q2(ΩD) is smaller than the amplitude of the linear resonator in operation i.e.

qL2 (ω0). A consequence of this is that although ring and support geometrical non-linearity do

amplify the amplitude of the sense response compared to the equivalent linear resonator, the

amplitude in operation is reduced. These results suggest that ring and support mechanical

non-linearity do not improve sensor performance but rather they cause sensor sensitivity to

rotation and SNR to be smaller compared to the equivalent linear resonator.

Relationship between q2 and q1 in operation

Traditional gyros detect the angular rate by measuring the amplitude of the sense response

which, for a linear and rotationally symmetric resonator, is linearly proportional to the drive

amplitude and given by (5.16). In what follows, the relationship between the sense response

amplitude q2 and the drive response amplitude q1 is investigated when the ring is excited into

large amplitude, and ring and support geometrical non-linearity is considered. Figure 5.6

shows the sense response amplitudes for non-linear and equivalent linear resonators obtained
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by exciting the drive mode into resonance (i.e. at frequency ΩD for the non-linear resonator

and ω0 for the linear) for drive amplitudes in the range 0 to 20 µm.

Figure 5.6: Sense response amplitude in operation for linear and non-linear resonators having
8 nominal supports. Q=20000.

It is noted that at small drive amplitudes, the non-linear resonator behaves as a linear

resonator and the sense response amplitude is proportional to q1. As the drive amplitude

increases, geometrical non-linearity effects become more significant and the sense amplitude

is reduced compared to the equivalent linear resonator. Referring back to equations (5.13)

and (5.14) for ASC and ASS , respectively, it can be seen that ΩSC , ΩSS , µSC and µSS vary

non-linearly with q1 and this causes the sense amplitude to non-linearly depend on q1. This

suggests that the linear relationship between q1 and q2 is not valid for ring resonators having

8 supports when the ring is excited into large amplitudes. If a standard q1-q2 linear relation is

used to detect the angular rate, the measured angular rate would be inaccurate and affected

by sensing errors.
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Numerical parametric analysis for the Q-factor

Practical CVGs operate at large Q-factors to maximise the sense response amplitude and

improve sensor sensitivity. It is then interesting to investigate the influence of the quality

factor on the sense response. Figures 5.7a and 5.7b show the drive and sense frequency

response curves, respectively, obtained for different levels of Q-factor i.e. 15000, 20000 and

25000. For each Q-factor considered, the drive mode is excited to vibrate so as to ensure its

amplitude at resonance is approx. 20 µm.

(a) Drive mode. (b) Sense mode.

Figure 5.7: Frequency response curves for drive and sense modes for a CVG having 8 nominal
supports for Q=15000, Q=20000 and Q=25000.

It is noted that the difference between the amplitude of the sense response at the drive

mode pseudo-resonance frequency and at the peak becomes larger as the Q-factor increases,

because the sense amplitude at frequencies corresponding to the minimum value of |∆| is

much more amplified by the Q-factor than the sense amplitude at frequency ΩD. In fact,

from ∆ equation (5.15), it can be seen that for frequencies between ΩSC and ΩSS (for which

|∆| < 1) larger values of the Q-factor reduce |∆| so that sense amplitude q2 significantly

increases for frequencies in that range.

Figure 5.8 illustrates the drive and sense frequency response curves obtained for Q=30000.
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Figure 5.8: Frequency response curves for drive and sense modes for a CVG having 8 nominal
supports for Q=30000.

Figure 5.8 shows that for Q=30000, when the drive mode is driven into large amplitude,

the amplitude peak of the sense response becomes larger than the amplitude peak of the

drive response. It can be shown that for even larger Q-factors the sense response is further

amplified. The proposed mathematical model for a supported resonator is based on the as-

sumption that the sense response amplitude is smaller than the drive amplitude (as it is in

practical CVGs), so only Q-factors ensuring the sense amplitude is smaller than the drive are

considered in this study.

Similar to Figure 5.6, Figure 5.9 illustrates the sense response amplitudes obtained for non-

linear and linear resonators by exciting the drive mode into resonance (i.e. at frequency ΩD

for the non-linear resonator and ω0 for the linear) for Q-factor values equal to 15000, 20000

and 25000.
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Figure 5.9: Sense response amplitude in operation for linear and non-linear resonators having
8 nominal supports for Q=15000, Q=20000 and Q=25000.

It can be noted that for larger Q-factors, the difference between the sense amplitude

of linear and non-linear resonators at large vibration amplitude increases. These results

suggest that when large values for the quality factor are used, the relationship between q2

and q1 becomes increasingly non-linear compared to the straight-line relationship for a linear

resonator. Practical CVGs use large Q-factors to increase sensor sensitivity to rotation.

Under these circumstances, the obtained results suggest that the measure of the angular rate

is affected even more significantly by sensing errors compared to CVGs operating with low

values of Q.

Finite Element verification of zero-rate-output

In what follows, the portion of the sense response caused by the non-linear mechanical

coupling to the drive response and unrelated to angular rate Ωz (i.e. zero-rate-output re-

sponse) is quantified using equations (5.13) and (5.14), and verified using a Finite Element

non-linear analysis. For Q=1000, when the drive mode is excited so as to ensure its amplitude
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at resonance is 20 µm, the sense response amplitude obtained using the averaging method is:

� q2(ΩD) ≈ 0.36 µm in the presence of angular rate Ωz in the range of 50-100 degrees per

second.

� q2(ΩD) ≈ 0.001 µm for Ωz = 0.

The obtained amplitude of the sense response in the absence of rotation is small; however, it

is fundamental to highlight again that what really adversely affects sensor performance is the

occurrence of the zero-rate-output response itself, regardless of its amplitude. As introduced

in previous sections, the zero-rate-output complicates the measurement of the angular rate.

In operation, it is difficult to distinguish between the in-phase sense response amplitude which

relates to Ωz (the so-called “useful” sense response, used for rate detection) and that part of

the in-phase sense response unrelated to Ωz.

The occurrence of the zero-rate-output is verified against a Finite Element non-linear tran-

sient analysis performed similar to that described in Section 4.3 for the drive response. In

this case, the amplitude of the steady-state sense response is obtained from the steady-state

radial displacements at α+ 45◦ and α+ 135◦, as:

Q2 (t) =
1

2
[u (α+ 45◦)− u (α+ 135◦)] (5.18)

Figure 5.10 shows a time history of the the steady-state sense response obtained by applying

harmonic drive forces to the ring as shown in Figure 4.2b to generate a resonant drive response

having 20 µm amplitude using a non-linear Finite Element analysis.
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Figure 5.10: Steady-state sense response obtained using a FE non-linear transient analysis
in absence of rotation for a CVG having 8 nominal supports. Q=1000.

Since rotation is not included in the Finite Element simulations, a non-zero response at

the sense anti-nodes indicates the presence of zero-rate-output. The amplitude of the zero-

rate-output is approx. 0.03 µm which is much larger than the 0.001 µm calculated by using

the mathematical model and averaging method. As discussed in Chapter 4 in Section 4.6,

possible explanations for the discrepancy between the results obtained using the mathemat-

ical model and the FE model may be associated with some of the approximations used to

develop the mathematical model. Considering these limitations, in this Section the Finite

Element simulations were used to validate the occurrence of zero-rate-output characterising

ring resonators having 8 supports. Although qualitatively the amplitude of the sense response

in the absence of rotation calculated using the mathematical model is not accurate, the Finite

Element simulations validate the occurrence of ZRO for ring resonators when the rotational

symmetry is broken.

5.3.3 Ring resonators having 8 supports arranged in pairs

Section 5.3.2 showed numerical results obtained for ring resonators having 8 single nominal

supports uniformly spaced around the ring circumference. This Section investigates the sense

response for a ring-based CVG having 8 nominal supports arranged in pairs around the ring
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circumference similar to that shown in Figure 5.11.

Figure 5.11: Finite Element model developed for a CVG having 8 nominal supports arranged
in pairs.

Two supports making a pair are attached to the ring at approximatively the same cir-

cumferential coordinate. A consequence of this is that although the number of supports is

16, the CVG has features similar to those of a CVG having 8 supports. In the mathematical

model, two supports making a pair are considered to share the same attachment point to

the ring, and are subjected to equal radial and tangential ring displacements. Each pair of

supports is modelled as one single support having doubled values of radial and tangential

mass coefficients, radial stiffness coefficients and linear and cubic tangential stiffness coeffi-

cients, compared to a single support. The quadratic tangential stiffness coefficients of two

supports making a pair are equal in absolute value and have opposite sign, so that the resul-

tant quadratic tangential stiffness coefficient kt2 for a pair of supports is zero.

As discussed in Section 5.3.1, when kt2 = 0 then fS = 0 in (5.13) and (5.14) and it can

be shown that the sense response amplitude is:

q2 =
BΩzq1(
ω0
Q

)
√(

1 +
(

Ω2−Ω2
SC

µSCΩ

)2
)

|∆|
(5.19)
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where ∆ is (5.15). This equation indicates that unlike the 8 single support structure, when

Ωz = 0 sense response (5.19) is zero, therefore the benefit of arranging supports in pairs

is that the zero-rate-output is zero. Similar to the 8 single supports in Section 5.3.2, this

result is investigated against a non-linear FE analysis. Figure 5.12 shows the steady-state

sense response obtained using a FE non-linear transient analysis for a CVG having 8 nominal

supports arranged in pairs.

Figure 5.12: Steady-state sense response obtained using a FE non-linear transient analysis
in absence of rotation for a CVG having 8 nominal supports arranged in pairs. Q=1000.

The Finite Element results indicate that in the absence of rotation the sense response

is approx. zero (its amplitude is smaller than 1×10−7 µm), and so confirm that arranging

supports in pairs eliminates the zero-rate-output response.

It can be shown that the frequency response curves (amplitude, phase) of the sense mode

for a ring having 8 supports in pairs are similar to those investigated in Section 5.3.2 for a

ring having 8 single supports, and comparisons against the linear resonator lead to identical

findings. For this reason, such analyses will not be repeated for this support configuration.

5.3.4 8 Supports: Summary of findings and interpretation

In what follows, main results of the investigation on the non-linear sense response for ring

resonators having 8 single supports are summarised. Results refer to the excitation of the
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drive mode into large amplitudes of vibration.

� When the drive response is excited in resonance (Ω = ΩD), the sense response has a

in-phase and quadrature components even when the ring is perfect.

� The sense response amplitude is not maximised when the drive mode is excited at its

pseudo-resonance frequency ΩD, and the amplitude peak occurs at different frequencies.

� Geometrical non-linearity amplifies the sense response compared to the equivalent linear

resonator. However, in operation at Ω = ΩD, the sense response amplitude is smaller

than that of the equivalent linear resonator at ω0.

� Using a standard linear model for the detection of Ωz (i.e. based on a linear q2-q1

relation), the rate measurement is affected by quadrature errors and zero-rate-output.

� Geometrical non-linearity causes occurrence of zero-rate-output. Finite Element results

verified the occurrence of non-zero sense response in the absence of rotation.

� For drive excitation α = 22.5◦, the ZRO can be eliminated by arranging the supports

in 8 pairs, ensuring kt2 = 0. Finite Element results confirmed that for this support

configuration the amplitude of the ZRO is approximately zero.

� By increasing the Q-factor, the amplitude of the sense response at ΩD reduces com-

pared to the peak value. The amplification of the sense response amplitude caused

by geometrical non-linearity becomes more significant, and the q2-q1 relation becomes

significantly different compared to the equivalent linear resonator.

5.4 Sense response for a CVG having 16 supports

This Section investigates the sense response for a CVG having 16 supports. Similar to

the 8 support structure in Section 5.3, analytical expressions for the in-phase and quadrature

131



sense responses are investigated using the averaging method, and numerical results for the

frequency response curves for the sense response are presented.

5.4.1 Averaged sense response

The equation of motion for the sense mode for a CVG having 16 supports was determined

in Chapter 3 and is given by equation (3.50), which is repeated below:

Q̈2

(
1 +Q2

1γ1

)
+ Q̇2

(
ω0

Q
+ Q̇1Q1γ2

)
+Q2

(
ω2

0 + Q̇2
1γ3 + Q̈1Q1γ4 +Q2

1γ5

)
= −BΩzQ̇1

(5.20)

In this equation, non-linear terms in Q2 and higher powers of Q1 than cubic are neglected.

As discussed in Section 3.4.2, for 16 supports the sense mode equation is independent of drive

angle α and is parametrically coupled to the drive response through non-linear terms in Q̈1,

Q̇1 and Q1; the sense mode is excited by the Coriolis force only in the presence of angular rate.

Using the same approach described for 8 supports in Section 5.3.1, the averaging method is

used to determine the sense response. Averaged equations for ASC and ASS given by (5.4)

and (5.5) for the 8 supports are valid for the 16 support case by setting I1 = S1 = S2 = 0.

This gives:
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ASS

[
Ω2 − ω2

0 + q2
1Ω2

(
1

4
γ1 +

1

4
γ2 −

3

4
γ3 +

1

4
γ4

)
− 1

4
q2

1γ5

]
+
ω0Ω

Q
ASC = BΩzΩq1 (5.22)

The in-phase and quadrature response amplitudes can be obtained from equations (5.21) and

(5.22), and can be expressed in terms of ΩSC , ΩSS , µSC and µSS given by (5.8)-(5.11) with

I1 = S1 = S2 = 0. It is noted that for a given drive amplitude q1, frequency ΩSC is equal to

the drive mode non-linear resonance frequency ΩD (given by (4.30)). It can be shown that

the amplitudes of the in-phase and quadrature sense responses for a CVG having 16 supports
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are:

ASC =

(
Q

Ωω0

)
(BΩzq1Ω)

∆
(5.23)

ASS =
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)
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(5.24)

where ∆ is:

∆ = 1 +

(
Ω2
D − Ω2

) (
Ω2
SS − Ω2

)
µSCµSSΩ2

(5.25)

And the sense response amplitude is:

q2 =
BΩzq1(
ω0
Q

)
√(

1 +
(

Ω2−Ω2
D

µSCΩ

)2
)

|∆|
(5.26)

Unlike the 8 support structure, it is noted that for a ring having 16 supports there is no zero-

rate-output response (i.e. q2 = 0 when Ωz = 0) because S2 = 0. Similar to the 8 support

case, the largest sense response occurs when |∆| is the smallest.

Equation (5.24) indicates that for Ω = ΩD the quadrature response is zero. This implies

that when the drive mode is excited into resonance at frequency ΩD, the sense mode re-

sponds with a phase of 90◦ relative to the Coriolis force (which has also frequency ΩD). This

implies that when 16 supports are used, drive and sense modes are resonant at the same

frequency.

From equation (5.26) it can be easily shown that in operation at Ω = ΩD the sense response

has amplitude:

q2(ΩD) = q1
BΩzQ

ω0
(5.27)

Comparing sense response amplitude (5.27) against that one for a linear and rotationally

symmetric resonator in (5.16), it is noted that the amplitude of the sense response in operation
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at large amplitude vibration is the same as the linear resonator. This result is important as

it suggests that when 16 supports are used, the angular rate Ωz can be detected based on

the standard linear relation between q2 and q1 given by (5.16). Unlike the 8 supports, the

measured angular rate detected based on a linear model is not affected by sensing errors

such as zero-rate-output and quadrature errors. This suggests that numbers of supports that

maintain the rotational symmetry in the non-linear regime dramatically improve the quality

of the rate measurement when the ring undergoes large amplitude vibration.

5.4.2 Numerical results

This Section presents numerical results for the practical device with 16 nominal supports

shown in Figure 4.1b, considered in Section 4.5.1 for the investigation of the drive response.

Figure 5.13 illustrates the frequency response curves for drive and sense modes. The drive

mode is excited by harmonic forces and its response amplitude, investigated in Section 4.5,

is considered to be known. The sense response amplitude is calculated using equation (5.26).

The frequency response curves are developed for seven magnitudes of applied external forces,

and exciting frequencies in a range of ±1 Hz around the natural frequency of the 2θ modes.
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Figure 5.13: Frequency response curves for drive and sense modes for a CVG having 16
nominal supports. Q=20000.

Similar to the 8 support structure, results indicate that when the ring is excited into large

amplitudes, the amplitude of the sense response at frequency ΩD is significantly smaller than

the peak value. To a good approximation, the sense response reaches its largest amplitude

at that frequency corresponding to the minimum value of |∆|. It can be shown that for the

device considered ΩSC = ΩD and ΩD is smaller than ΩSS , so that the frequency ensuring |∆|

reaches its minimum value is within frequencies ΩD and ΩSS .

Figure 5.14 shows the frequency response curves for the sense mode obtained for the non-

linear and linear resonators.
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Figure 5.14: Sense mode frequency response curves for linear and non-linear resonators having
16 nominal supports. Q=20000.

These results indicate that as the drive mode is driven into large amplitude vibration,

ring and support geometrical non-linearity amplifies the sense response amplitude. However,

as introduced in Section 5.4.1, the sense response amplitude at the drive non-linear resonance

frequency ΩD (given by equation (5.27)) is equal to that of the equivalent linear resonator at

ω0 (given that the damping is identical). Therefore, unlike the 8 support structure, geomet-

rical non-linearity amplifies the response of the sense mode but maintains the same response

amplitude in operation compared to a linear resonator.

Figure 5.15 shows the sense response amplitudes for non-linear and equivalent linear res-

onators obtained by exciting the drive mode into resonance (i.e. at frequency ΩD for the

non-linear resonator and ω0 for the linear) for drive amplitudes in the range 0 to 20 µm.
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Figure 5.15: Sense response amplitude in operation for linear and non-linear resonators having
16 nominal supports. Q=20000.

It is noted that the non-linear resonator behaves as a linear resonator and the sense re-

sponse amplitude is proportional to q1. Unlike the 8 support structure, the angular rate can

be detected based on the standard linear relationship between q2 and q1 in (5.16), even when

the ring is excited into large amplitudes.

Similar to the 8 supports and the 8 supports in pairs, the zero-rate-output response is inves-

tigated using a FE analysis. Figure 5.16 illustrates the steady-state sense response obtained

using a FE non-linear transient analysis for a CVG having 16 nominal supports.
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Figure 5.16: Steady-state sense response obtained using a FE non-linear transient analysis
in absence of rotation for a CVG having 16 nominal supports. Q=1000.

The amplitude of the sense response in the absence of rotation obtained using Finite El-

ement simulations is in the order of 1×10−4 µm. Therefore, whilst the mathematical model

predicts a zero sense response in the absence of angular rate, Finite Element simulations pre-

dict a very small sense response. Comparing Figure 5.16 to Figure 5.10 for a ring resonator

having 8 supports, one can notice that when 16 supports are used, the sense response obtained

using Finite Element simulations is two orders of magnitude smaller than that obtained for

the 8 single support case. Therefore, this Finite Element investigation indicates that when

the rotational symmetry is maintained (i.e. 16 supports), the ZRO can be considered to be

negligible as predicted using the mathematical model.

Numerical parametric analyses for the Q-factor for a ring having 16 supports lead to simi-

lar findings to those shown for the ring having 8 supports i.e. larger Q-factors increase the

difference between the sense response amplitude at ΩD and at the peak.

5.4.3 16 supports: Summary of findings and interpretation

Main results obtained from the investigation on the sense response for ring resonators

having 16 supports can be summarised as follows:
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� When the drive mode is excited in resonance (Ω = ΩD) at large amplitudes, the sense

response is in-phase relative to the drive response. It implies that drive and sense modes

respond with a phase lag of 90◦ to excitations having equal frequencies.

� The amplitude of the sense response is not maximised when the drive mode is excited

at its pseudo-resonance frequency ΩD. The largest sense response occurs at frequencies

different from ΩD.

� Ring and support geometrical non-linearity amplifies the sense response compared to

the equivalent linear resonator. However, in operation at Ω = ΩD, the sense response

amplitude is the same as the equivalent linear resonator at ω0, and is defined by the

damping used.

� When the drive mode is excited into resonance at large vibration amplitude, sense

response amplitude q2 is linearly proportional to drive amplitude q1. The angular rate

can be easily detected by using a standard linear q2-q1 relation, even when the resonator

undergoes large drive amplitudes.

� In the absence of rotation, the mathematical model predicts that the sense response

is zero so the zero-rate-output is zero. Finite Element results indicated that the sense

response for Ωz = 0 is two orders of magnitude smaller than that obtained for the 8

supports, and can be considered to be negligible.

5.5 Summary and conclusions

This Chapter investigated the sense response for supported ring resonators when the

ring is excited into large drive amplitudes. The effects of ring and support geometrical non-

linearity on the sense response were investigated for ring resonators having 8 and 16 supports.

Key results obtained using the mathematical model were verified qualitatively using a Finite

Element analysis.
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It was found that ring and support geometrical non-linearity causes the sense response am-

plitude to be smaller than the peak value when the drive mode is excited into its pseudo-

resonance frequency, so that sensor sensitivity is not maximised in operation. Ring and

support geometrical non-linearity was found to amplify the sense response compared to the

equivalent linear resonator in which non-linearity is neglected. This amplification becomes

more significant for larger values of Q-factor.

For ring resonators having 8 supports it was found that the sense response in operation at

drive mode pseudo-resonance frequency ΩD has in-phase and quadrature components relative

to the drive response. The amplitude of the sense response in operation is not linearly pro-

portional to the drive response amplitude, and zero-rate-output and quadrature errors were

found to complicate the angular rate detection. Moreover, the sense response amplitude in

operation was found to be smaller than that for the equivalent linear resonator, indicating

that non-linearity reduces the signal-to-noise ratio.

For ring resonators having 16 supports it was found that the sense response in operation at

ΩD is in-phase relative to the drive response, so drive and sense modes are resonant at the

same frequency. The sense response is negligible in the absence of angular rate, and the sense

response amplitude in operation is the same as the equivalent linear resonator. A standard

q2-q1 relation can be used to detect the angular rate even when the resonator undergoes large

drive amplitudes.

This investigation demonstrated that using a number of supports that maintains the rota-

tional symmetry in the non-linear regime is beneficial for sensor performance, and is strongly

recommended in order to avoid sensing errors, and to allow sensor operation to be described

by standard linear models, even when the ring experiences large vibration amplitudes.
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Chapter 6

Improved support design for a

CVG having 16 supports

6.1 Introduction

Previous investigations in Chapter 4 indicated that ring and support geometrical non-

linearity causes the drive mode frequency backbone curve to be non-linear. The support

structure was found to influence the non-linear dynamic behaviour of a supported CVG

compared to an unsupported ring: whilst the ring behaviour is softening, supported ring

resonators are hardening or softening depending on the support structure used.

In this Chapter, support geometry is modified whilst the ring remains unaltered to investi-

gate hardening support designs that neutralise the softening behaviour of the ring, in order

to achieve a pseudo-linear frequency backbone curve for the drive mode. Chapters 4 and

5 demonstrated that numbers of supports that maintain the rotational symmetry at large

amplitude vibration improve the CVG performance, so the proposed design investigation is

presented for ring resonators having 16 supports. A parametric analysis is conducted by

varying the geometry of the supports, and the developed mathematical model is used to de-

termine the shift of the drive mode resonance frequency at large amplitudes. The obtained

141



frequency shift is compared against that for a CVG having nominal support design. For

selected support designs that significantly reduce the frequency shift compared to nominal

supports, the drive mode frequency backbone curve is verified against a FE non-linear tran-

sient analysis.

This Chapter is structured as follows. Section 6.2 introduces the support geometries consid-

ered for the proposed design investigation. Two types of geometries are considered: arched

geometries and straight geometries. Section 6.3 illustrates how the mathematical model is

used to investigate support geometries that linearise the frequency backbone curve for the

drive mode. In Sections 6.4 and 6.5 arched and straight geometries are analysed, respectively.

Parametric analyses are conducted to investigate hardening supports, and the mathematical

model is used to determine the drive mode frequency shift at large vibration amplitude. For

selected supports that significantly reduce of the frequency shift compared to nominal sup-

ports, the drive mode frequency backbone curve is verified against a non-linear FE analysis.

Section 6.6 summarises the work done in this Chapter and highlights key conclusions.

6.2 Support geometries

Figure 6.1 provides a schematic of the nominal support geometry.

Figure 6.1: Schematic for nominal support geometry.

Each support has three segments. The segment attached to the ring has length L1 ≈0.8
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mm and is orientated in the radial direction. The segment attached to the substrate has

length L3 ≈0.3 mm and is similarly orientated in the radial direction. L1 and L3 are joined

by an arched middle segment parallel to the ring centre line. The radial distance between

the ring mid-line and the substrate is lmax ≈1.1 mm. In this study, two different types of

supports are investigated: (i) arched segment supports and (ii) straight segment supports.

For arched supports, the radial distance between the arched segment and the ring is varied as

shown in Figure 6.2a. For straight geometries, the middle segment is replaced by a straight

segment arbitrarily oriented with respect to L1 and L3 directions as shown in Figure 6.2b.

(a) Arched geometries. (b) Straight geometries.

Figure 6.2: Types of support geometries considered for the proposed design investigation.

For both arched and straight geometries, the radial distance between ring and substrate

lmax is maintained the same as the nominal geometry so that L1 < lmax and L3 < lmax.

The angle between directions associated with L1 and L3 is also maintained the same as the

nominal geometry. For arched geometries, the middle segment is maintained parallel to the

ring centre line and lengths L1 and L3 are designed so that L1 +L3 = lmax. A consequence of

this is that when the length of L1 is increased compared to the nominal geometry, the length

of L3 is reduced and vice versa. In contrast, for straight geometries L1 and L3 can be varied

independently of each other.
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6.3 Use of mathematical model to determine improved sup-

port geometries

The frequency backbone curve defining drive mode resonance for a CVG having 16 sup-

ports is given in equation (4.30), and can be expressed as:

Ω2
D = ω2

0 +
q2

1

Mres

(
St − Ω2

DIn
)

(6.1)

where inertial and stiffness terms In and St respectively are:

In =
33

10
Mringγ

2 +mtγ
2 + 32mrγ

2 (6.2)

St =
1

3
Kringγ

2 +
3

4
kt1γ

2 + 24kr1γ
2 − 24kr2γ +

9

2
kr3 +

9

32
kt3 (6.3)

These coefficients relate to the modal mass and stiffness of the ring and the radial and tan-

gential mass and stiffness of the support. For an unsupported ring it was shown in Section 4.4

that 1
3Kringγ

2 is smaller than Ω2
D

33
10Mringγ, and for the device investigated it can be shown

that support inertia is negligible compared to ring inertia. A consequence of this is that the

dynamic behaviour of the drive mode is essentially defined by the ring inertia and support

stiffness coefficients kr1 , kr2 , kr3 , kt1 and kt3 which appear in equation (6.3) for St.

The frequency backbone curve for the drive mode is more hardening for supports having a

larger St (see (6.1)) i.e. for supports having larger stiffness coefficients kr1 , kr3 , kt1 , kt3 (with

a positive sign) and kr2 (with a negative sign). Linear stiffness coefficients kr1 and kt1 in

(6.3) are multiplied by γ2 and are involved in non-linear stiffness coefficient St because of the

non-linear flexural vibration of the ring.

In what follows, a parametric analysis is conduced for arched and straight geometries by

varying lengths L1 and L3. Mass and stiffness coefficients to model the radial and tangential

144



inertia and stiffness of the supports are calculated using a FE analysis of a single support as

introduced in Section 3.3 (more details are provided in Appendix A). The frequency shift is

defined as ΩD − ω0 where ΩD is calculated using (6.1). For nominal supports, the frequency

shift for a drive amplitude of 20 µm was found to be -0.260 Hz (see Section 4.5.1). Sup-

port geometries producing a frequency shift significantly smaller than 0.260 Hz (in absolute

value) are considered to be “improved supports” as they reduce the dependency of the drive

mode resonance frequency on the amplitude vibration. For selected improved supports, the

frequency backbone curve for the drive mode is verified against a FE non-linear transient

analysis using the same approach described in Section 4.3. Due to high computational cost,

only a limited number of improved supports are considered for FE verification.

6.4 Arched geometries

Figure 6.3 shows the nominal geometry and the arched geometries considered for the

proposed support design investigation.

Figure 6.3: Arched geometries analysed.
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Length L1 is varied between 1
8 lmax and 7

8 lmax. For all arched geometries considered,

coefficients In and St are obtained using (6.2) and (6.3), respectively. Figure 6.4 shows how

terms Ω2
DIn and St vary when the length L1 is varied across the specified range.

Figure 6.4: Value of terms Ω2
DIn and St for geometries investigated (see equations (6.1)-(6.3)).

Frequencies ΩD are calculated using (6.1) for q1 equal to 20 µm.

Figure 6.4 illustrates that for all arched geometries considered, coefficient In is approx.

the same (as the ring inertia is much larger than support inertia), and Ω2
DIn is larger than

St. A consequence of this is that a CVG supported by any arched support has a softening

frequency backbone curve for the drive mode (see equation (6.1)).

Arched supports having L1 shorter than the nominal value have a larger stiffness coefficient

St (see “Nominal” value in Figure 6.4) so they have a more hardening dynamic behaviour

than nominal supports. The largest value of St is obtained for L1 ≈0.4 mm. Figures 6.5 and

6.6 show the calculated radial and tangential stiffness coefficients, respectively, when L1 is

varied.
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Figure 6.5: Radial linear, quadratic and cubic stiffness coefficients for geometries investigated.

Figure 6.6: Tangential linear, quadratic and cubic stiffness coefficients for geometries inves-
tigated.

Coefficient kr1 is positive and decreases as length L1 increases. Coefficient kr2 is negative

and is approximatively equal for supports having L1 between 0.14 mm and 0.4 mm. For

longer L1, its absolute value decreases. The largest coefficient kr3 is obtained for arched
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supports having L1 approx. 0.4 mm long. Coefficients kt1 and kt3 are approx. equal for

supports having L1 between 0.14 mm and 0.25 mm, and decrease for longer L1. Stiffness

coefficient kt2 does not appear in equation (6.1) hence does not contribute to the frequency

shift and is of no interest here. Comparing kr3 in Figure 6.5 to St in Figure 6.4, it is noted

that coefficient St is strongly influenced by the cubic radial stiffness coefficient of the support.

Figure 6.7 shows the frequency shift obtained for a drive amplitude of 20 µm for CVGs

having the considered arched supports. The pseudo-resonance frequency ΩD is obtained

using (6.1), and the frequency shift is calculated as ΩD − ω0.

Figure 6.7: Frequency shift for a drive amplitude of 20 µm for arched geometries considered.

The frequency shift is negative for all arched geometries considered, indicating a softening

drive mode frequency backbone curve. The smallest frequency shift obtained (in absolute

value) is 0.210 Hz, which is a 20% reduction compared to nominal supports. This reduction

is not considered to be significant, and this investigation concludes that support geometries

having a middle arched segment parallel to the ring centre line do not linearise the drive

mode frequency backbone curve for any practical length L1 considered. Different support

designs need to be investigated to linearise the frequency backbone curve for the drive mode.
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6.5 Straight geometries

Figure 6.8 shows a schematic diagram for a support having straight geometry.

Figure 6.8: Schematic diagram for a straight support.

As introduced in Section 6.2, lengths L1 and L3 are arbitrary varied by changing angles

β1 and β3. The only geometrical constraints considered are the radial distance between the

ring mid-line and the substrate (i.e. lmax) and the angle between the directions associated

with L1 and L3, which are maintained the same as the nominal geometry. The shortest and

the longest lengths considered for both L1 and L3 respectively are 1
6 lmax and 5

6 lmax.

Figure 6.9 shows how stiffness coefficient St varies by varying L1 and L3.
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Figure 6.9: Coefficient St for straight geometries considered.

The results indicate that stiffness coefficient St for a straight support having L1 = 1
6 lmax

and L3 = 1
6 lmax is significantly larger than that for a straight support having L1 = 5

6 lmax

and L3 = 5
6 lmax, so supports having shorter L1 and/or L3 are more hardening.

Figure 6.10 shows how radial linear, quadratic and cubic stiffness coefficients for a straight

support vary as L1 and L3 are changed. Similarly, Figure 6.11 illustrates the tangential linear

and cubic stiffness coefficients (kt2 is not illustrated as it is not of interest in this analysis).
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(a) Stiffness coefficient kr1 . (b) Stiffness coefficient kr2 .

(c) Stiffness coefficient kr3 .

Figure 6.10: Radial linear, quadratic and cubic stiffness coefficients for straight geometries
considered.
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(a) Stiffness coefficient kt1 . (b) Stiffness coefficient kt3 .

Figure 6.11: Tangential linear and cubic stiffness coefficients for straight geometries consid-
ered.

Figure 6.10 indicates that stiffness coefficients kr1 , kr3 and kt3 are positive for all L1 and

L3 lengths considered. Larger kr1 , kr3 and kt3 values are obtained for supports having shorter

L1 and/or L3. Quadratic radial stiffness coefficient kr2 is negative for most lengths of L1 and

L3 considered, except for L1 and L3 both longer than approx. 2
3 lmax. In absolute value,

a larger kr2 is obtained for shorter L1 and/or L3. Coefficient kt1 is positive and larger for

supports having shorter L1.

Comparing Figures 6.10c and 6.11b for kr3 and kt3 , respectively, against Figure 6.9 for St,

it can be noted that stiffness coefficient St is essentially defined by the cubic radial and tan-

gential stiffness coefficients of the support. Supports having shorter L1 and/or L3 are more

hardening than supports having longer L1 and/or L3 because their kr3 and kt3 are signifi-

cantly larger.

Equation (6.1) is used to determine the drive mode frequency backbone curve for CVGs

having straight supports. Figure 6.12 illustrates the frequency shift obtained for a drive

amplitude of 20 µm.
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Figure 6.12: Frequency shift for a drive amplitude of 20 µm for straight geometries considered.

The noticeable change in frequency shift by varying L1 and L3 demonstrates that the

performance of the resonator are significantly influenced by the support structure. For ex-

ample, a positive frequency shift is obtained for straight supports having both L1 and L3

shorter than approx. 1
3 lmax, indicating that the frequency backbone curve for the drive mode

is hardening. In contrast, supports having both L1 and L3 longer than approx. 2
3 lmax cause

the frequency shift to be negative and so the frequency backbone curve will be softening.

Figure 6.13 illustrates the percentage reduction of the frequency shift (in absolute value) with

respect to nominal supports.
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Figure 6.13: Reduction of the frequency shift in absolute value compared to that charac-
terising nominal geometry supports, for a drive amplitude of 20 µm. “No red.” indicates
that supports do not reduce the frequency shift (i.e. the frequency shift is equal or larger
compared to the nominal supports).

It is noted that straight supports having (i) both L1 and L3 shorter than approx. 1
3 lmax,

(ii) L1 >
2
3 lmax and (iii) L1 >

1
3 lmax and L3 >

1
2 lmax, cause the frequency shift to be equal

or larger than that for nominal supports. For all other lengths L1 and L3, straight supports

improve CVG performance as the frequency shift is reduced compared to that characterising

nominal supports.

For some straight supports, the frequency shift is reduced by over 60% compared to nominal

supports, demonstrating that support geometrical non-linearity can be used to linearise the

frequency backbone curve for the drive mode.

In what follows, the drive mode frequency backbone curve is verified against a Finite Element

analysis. As the computational time required to perform FE non-linear transient analyses is

very high, the drive mode frequency backbone curve is validated against FE method for only

three straight support geometries for which the mathematical model predicts a reduction of

the frequency shift between 30% and 75%.
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6.5.1 FE validation of frequency shift reduction for selected support ge-

ometries

Selected straight geometries considered for FE validation

Figure 6.14 shows the same plot as Figure 6.13 and indicates the straight geometries

selected for FE verification.

Figure 6.14: Straight support geometries selected for FE verification, indicated as SF 41, SG
105 and SB 20.

Figure 6.15 shows schematic diagrams for selected geometries and Figure 6.16 shows the

Finite Element models developed to perform the non-linear transient analyses. Lengths L1

and L3 are provided in Table 6.1.
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Figure 6.15: Diagram for nominal support and selected straight supports considered for FE
verification.

(a) Nominal (b) SF 41

(c) SG 105 (d) SB 20

Figure 6.16: Finite Element models for ring resonators having nominal supports and straight
supports selected for FE verification.
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Geometry ID L1 [mm] L3 [mm]

SF 41 0.51 0.51

SG 105 0.46 0.56

SB 20 0.37 0.56

Table 6.1: Lengths of L1 and L3 for selected straight geometries considered for FE verification.

Frequency backbone curves obtained using FE analysis

The drive mode frequency backbone curves obtained using a FE analysis for nominal

supports and straight supports SF 41, SG 105 and SB 20 are shown in Figure 6.17 and

compared against those obtained using the mathematical model (i.e. equation (6.1)). In the

plot, ∆f is the frequency variation from the natural resonance frequencies of the drive and

sense 2θ modes in Hertz. Numerical results refer to a Q-factor of 1000.
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Figure 6.17: Drive mode frequency backbone curves obtained using mathematical model and
FE analysis for ring-based resonators having nominal support and proposed straight supports.
Q=1000.

Accuracy of the mathematical model Figure 6.17 indicates that the frequency back-

bone curves calculated using a FE analysis are more hardening than those obtained using the

mathematical model, indicating limitations with accuracy of the mathematical model. As
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already mentioned in Section 4.6, possible explanation for these inaccuracies are associated

with the assumptions used to develop the mathematical model. Among these, the radial and

tangential directions are assumed to be principal axes of stiffness for the supports. Table

6.2 indicates the frequency shift in Hertz obtained using the mathematical model and the

FE analysis, the difference between the obtained values, and angle φPA between the princi-

pal axes of stiffness of the supports and the radial and tangential directions (calculated as

described in Appendix A), for each selected straight support.

Geometry ID Math. [Hz] FE [Hz] Difference [Hz] φPA

Nominal -0.260 -0.240 0.020 11.30

SF 41 -0.178 -0.009 0.169 11.90

SG 105 -0.167 0.004 0.171 12.30

SB 20 -0.067 0.105 0.172 14.70

Table 6.2: Frequency shift in Hertz for drive amplitude of 20 µm obtained using the mathe-
matical model (“Math.”), the FE analysis (“FE”), and the difference between obtained values
(“Difference”). Angle φPA calculated for selected straight supports is indicated.

From Table 6.2 it can be noted that the accuracy of the mathematical model decreases as

angle φPA increases. This suggests that the mathematical model is less accurate for increasing

φPA angles.

Achievement of pseudo-linear drive mode frequency backbone curves Figure 6.17

indicates that for a CVG having supports SG 105 and SF 41, the drive mode the frequency

backbone curve obtained using the FE analyses is approximatively linear (or pseudo-linear).

Table 6.3 indicates the percentage reduction of the absolute value of the frequency shift for

selected straight supports compared to a CVG having nominal supports, obtained using the

FE analyses for a drive amplitude of 20 µm.
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Geometry ID % red. FE

SF 41 96%

SG 105 98%

SB 20 56%

Table 6.3: Reduction of the frequency shift for selected straight supports compared to the
nominal supports obtained using a FE analysis.

It is noted that supports SG 105 and SF 41 significantly reduce the frequency shift by

98% and 96%, respectively. Finite Element results demonstrate that support geometrical non-

linearity can be used to linearise the frequency backbone curve for the drive mode. Hardening

supports that neutralise the softening behaviour of the ring provide with a pseudo-linear

frequency backbone curve for the drive mode and so reduce the dependency of the drive

mode resonance frequency on the drive amplitude. For a CVG having supports SG 105

or SF 41, the drive mode responds in resonance to excitations having frequencies approx.

equal to the natural frequency of the drive mode, also when the CVG operates at large

amplitude vibration and ring and support geometrical non-linearity effects are significant.

This simplifies the control system used to maintain the drive mode resonant and improves

sensor performance.

Use of the mathematical model to linearise the drive mode frequency backbone

curve The comparison between the drive frequency backbone curves obtained using the

mathematical model and the FE analyses (see Figure 6.17) indicates that the frequency

shift calculated using the mathematical model is not very accurate. However, the frequency

backbone curves for supports SF 41 and SG 105 obtained using a FE analysis are pseudo-

linear and significantly reduce the frequency shift compared to nominal supports (see Table

6.3). It is fundamental to highlight again that if the design investigation was based on a FE

analysis only, the computational cost would be extremely high. In fact, it would be needed to

160



modify the support geometry, calculate the drive mode frequency backbone curve using a FE

non-linear transient analysis and repeat this process until a support geometry that linearises

the drive mode frequency backbone curve is found. In view of this, it can be concluded

that the mathematical model aids identification of support geometries that have potential

to linearise the drive mode frequency backbone curve of supported ring resonators, at very

low computational cost. Once improved set of support geometries are identified using the

mathematical model, FE analyses need to be performed to verify the drive mode frequency

backbone curve obtained using the mathematical model, only for a selected (reduced) number

of support geometries.

6.6 Summary and conclusions

In this Chapter, the mathematical model was used to investigate hardening support ge-

ometries that neutralise the softening behaviour of the ring. The support design investigation

was presented for a CVG having 16 supports as previous chapters indicated that non-linear

performance of ring-based CVGs are improved for numbers of supports that maintain the

rotational symmetry. Two types of support geometries were considered i.e. arched supports

and straight supports. The mathematical model was used to determine the drive mode fre-

quency backbone curve so the frequency shift for large drive amplitudes.

It was shown that the arched supports considered cause the drive mode frequency back-

bone curve to be softening, and the frequency shift is not significantly reduced compared to

nominal supports. In contrast, selected straight supports were found to be hardening and to

linearise the drive mode frequency backbone curve.

Finite Element analyses were used to verify the drive frequency backbone curve for a num-

ber of selected straight supports for which the mathematical model predicts a pseudo-linear

dynamic behaviour. Comparison between mathematical and FE results indicated limitations
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with accuracy of the mathematical model, possibly due to assumptions used to develop the

mathematical model that may not be accurate. However, FE results verified that the drive

mode frequency backbone curve for selected straight supports is pseudo-linear, and demon-

strated that the developed mathematical model can be used to guide design of supported

ring resonators. Moreover, Finite Element results demonstrated that support non-linearity

can be used to mitigate ring geometrical non-linearity, ensuring the drive mode resonance

frequency of the resonator is approximatively equal to the linear resonance frequency even

when the CVG undergoes large amplitude vibration.
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Chapter 7

Conclusions and further work

7.1 Introduction

This thesis investigated the effects of ring and support structures geometrical non-linearity

on high performance MEMS ring-based resonators used for inertial navigation systems. Non-

linear drive and sense responses have been investigated by using a developed mathematical

model including ring non-linear flexural vibration and support non-linear stiffness. The fre-

quency backbone curve for the drive mode, the dependence of the drive mode dynamics on

the drive axis location relative to the supports, and the zero-rate-output in the absence of

angular rate have been verified using a Finite Element analysis. Support designs (support

geometry and number of supports) were suggested to improve ring resonators performance

at large amplitudes of vibration. This final Chapter summarises the work done and reviews

the aims of the thesis. The main conclusions and contributions are recalled, and areas for

further work are proposed.

7.2 Review of thesis aims and work done

This Section reviews the aims and objectives of the thesis presented in Chapter 1.
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1. Investigate the numbers of supports that maintain the rotational symmetry of ring-based

resonators for any pair of nθ in-plane flexural modes of the ring in the linear regime.

Chapter 2 developed a mathematical model for modelling ring and p supports for res-

onators operating in the nθ modes in the linear regime. The ring was modelled as a

curved beam and the support was modelled using radial and tangential mass and linear

spring elements. The model was used to determine the kinetic and potential energy

expressions for ring and support structures. The obtained energies expressions were

used to investigate the numbers of supports that maintain the rotational symmetry of

the resonator in the linear regime.

2. Investigate ring and support geometrical non-linearity effects on the rotational symme-

try of supported ring-based resonators.

In Chapter 3, ring non-linear flexural vibration and support non-linear stiffness were

included in the mathematical model developed in Chapter 2 to take account of ring

and support geometrical non-linearity. The breathing mode of the ring was included

in the ring mid-line deformation expressions, and the stiffness of the support was mod-

elled using cubic non-linear radial and tangential springs. Ring and support kinetic

and potential energy expressions were determined for ring resonators operating at large

amplitudes of vibration and analysed to investigate the numbers of supports that main-

tain the rotational symmetry in the non-linear regime. The numbers of supports that

maintain the rotational symmetry in the linear and non-linear regime were compared

to investigate the influence of geometrical non-linearity on the ring resonator rotational

symmetry.

3. Develop the non-linear governing equations of motion for the drive and sense nθ modes

for a ring resonator having p supports operating at large amplitudes of vibrations.

In Chapter 3 the mathematical model for modelling the non-linear supported ring

resonator was used to develop the equations of motion governing the drive and sense
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modes. The equations were determined using the Lagrange’s equation in the drive and

sense generalised coordinates, for the generic pair of nθ ring modes and number of

supports p. The equations were developed to represent the drive and sense dynamics

under practical operating conditions i.e. the drive mode is excited by harmonic external

forces and the ring resonator rotates around the ring polar axis with constant angular

rate, so that the sense mode is excited by the Coriolis force. The equations of motion

were then analysed in detail for practical CVGs ring resonators operating in the n = 2

modes and supported by 8 and 16 supports.

4. Investigate ring and support geometrical non-linearity effects on the drive and sense

governing equations of motion.

Non-linear drive and sense governing equations of motion developed in Chapter 3 were

compared against those in Chapter 2 for an equivalent linear ring resonator in which

ring and support geometrical non-linearity is neglected, to highlight ring and support

geometrical non-linearity effects on the drive and sense modes dynamics.

5. Investigate the steady-state 2θ drive response for a supported ring resonator when the

ring is driven into large amplitudes of vibration, under practical operating conditions.

In Chapter 4 the averaging method was applied to the equation of motion governing

the 2θ drive mode (developed in Chapter 3) to investigate amplitude and phase of the

drive response in steady-state, for ring resonators having 8 and 16 supports. The drive

mode was assumed to be excited by harmonic external force. The frequency backbone

curve for the drive mode was investigated based on a drive response having phase of 90

degrees relative to the applied external force.

6. Investigate the steady-state 2θ sense response for a supported ring resonator undergoing

large drive amplitude of vibration, under practical operating conditions.

Similar to the drive response in Chapter 4, in Chapter 5 the averaging method was

applied to the equation of motion governing the 2θ sense mode (developed in Chapter
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3) to investigate the in-phase and quadrature sense responses in steady-state, for ring

resonators having 8 and 16 supports. Ring and support geometrical non-linearity effects

on the sense response were investigated by comparing the non-linear sense response

against that for an equivalent linear resonator in which geometrical non-linearity is

neglected. The impact of non-linearity on sensor performance was investigated for

symmetric and asymmetric ring resonators, and comparison were made.

7. Investigate support designs that linearise the dynamic behaviour of resonators operating

at large amplitudes.

In Chapter 6 the mathematical model was used to investigate support designs that

linearise the dynamic behaviour of the drive mode at large amplitudes. The frequency

backbone curve for the drive mode was investigated using the mathematical model,

and verified using non-linear Finite Element analysis. Comparisons were made against

the frequency backbone curve obtained for nominal supports, to investigate if proposed

support designs reduce the frequency shift at large amplitudes. The accuracy of the

results obtained using the mathematical model was discussed based on the comparison

against Finite Element results.

7.3 Conclusions

Main conclusions of this work are summarised in the following points:

1. The rotational symmetry of the nθ modes of ring resonators operating in the linear

regime is maintained when the number of regularly spaced supports p is such that

2n
p is not an integer. Otherwise, the rotational symmetry is broken, and ring and

support energy expressions are not invariant to the choice of drive and sense generalised

coordinates. For practical CVGs operating in the 2θ modes, 8 and 16 supports maintain

the rotational symmetry in the linear regime.
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2. When the ring is driven into large amplitudes of vibration, the rotational symmetry of

ring resonators operating in the nθ modes is maintained when the number of regularly

spaced supports p is such that mn
p is not an integer for m = 1, ..., 6. Ring and support

geometrical non-linearity causes the rotational symmetry to break for some numbers of

supports that maintain the symmetry in the linear regime. For practical CVGs oper-

ating in the 2θ modes, 8 supports break the rotational symmetry of the ring resonator

when the ring is driven into large amplitudes. In contrast, 16 supports maintain the

rotational symmetry for large amplitudes of vibration.

3. Ring and support geometrical non-linearity causes the modal mass, stiffness and damp-

ing in drive and sense governing equations of motion to parametrically depend on

non-linear terms in drive and sense generalised coordinates. In practice, drive response

amplitude is much larger than the sense response, and dependency on non-linear terms

involving the sense response can be neglected.

If the rotational symmetry of the supported ring resonator is broken, drive and sense

equations of motion depend on the position of the drive axis relative to the supports

location, and have different system parts. Modes are coupled with each other in the

absence of rotation and the sense mode is self excited by non-linear terms involving the

drive response. These terms cause the sense response to be non-zero in the absence of

rotation and produce zero-rate-output response.

In contrast, if the rotational symmetry is maintained, drive and sense non-linear equa-

tions have identical system parts and are invariant to the drive axis angle. Modes are

only coupled in the presence of rotation by the Coriolis force, and the zero-rate-output

is negligible.

4. Ring and support geometrical non-linearity causes the drive mode resonance frequency

to shift from the linear resonance frequency for large drive amplitudes of vibration.

This frequency shift adversely affects the performance of ring-based gyroscopes that
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normally operate at the drive mode resonance frequency. Whilst the ring structure

is characterised by the known softening behaviour, the support structure significantly

influences the dynamic behaviour of the drive mode, and the drive mode frequency

backbone curve of supported ring resonators is softening or hardening depending on

the support. If the rotational symmetry is broken, the drive mode frequency backbone

curve varies depending on the drive mode axis location relative to the supports. In

contrast, if the rotational symmetry is maintained, the frequency backbone curve is

invariant to the drive axis angle.

5. Ring and support geometrical non-linearity causes the sense mode response to be am-

plified compared to the equivalent linear resonator in which geometrical non-linearity is

neglected. This amplification is stronger for larger quality factors. For large drive am-

plitudes, geometrical non-linearity causes the largest sense response amplitude to occur

at frequencies different than the drive mode pseudo-resonance frequencies, so sensor

sensitivity is not maximised when the drive mode is excited into pseudo-resonance.

If the rotational symmetry is broken, sense response at the drive mode pseudo-resonance

frequencies has in-phase and quadrature components. If the angular rate is detected

based on linear standard models, sensing errors degrade the quality of the rate mea-

surement, and the sense response in the absence of angular rate is non-zero.

In contrast, if rotational symmetry is maintained, the sense response at the drive mode

pseudo-resonance frequency is in-phase relative to the drive response, and the sense

response amplitude is the same as the equivalent linear resonator. A linear standard

model can be used to accurately detect the applied angular rate, and the sense response

is negligible in the absence of angular rate.

6. The frequency backbone curve for the drive mode can be linearised (or, pseudo-linearised)

by using a hardening support structure that neutralises the softening behaviour of the

ring. Selected straight support designs were found to pseudo-linearise the drive mode
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frequency backbone curve and to mitigate geometrical non-linearity effects compared

to nominal supports. Finite Element non-linear analyses indicated that the drive mode

frequency backbone curve obtained using the mathematical model is not very accurate,

but demonstrated that the mathematical model can be used to efficiently guide the

investigation of improved support designs.

7.4 Contributions

Main contributions of this work to the knowledge of supported ring-based MEMS CVGs

operating at large amplitude vibrations are summarised in the following.

� This work investigated the dynamics of the drive and sense modes including ring and

support geometrical non-linearity. The non-linear drive and sense responses have been

investigated to give an insight on the geometrical non-linearity effects which affect ring

resonators performance when the ring is driven into large amplitudes of vibration. It

was demonstrated that linear standard models cannot be used when the drive ampli-

tude is large, and ring and support geometrical non-linearity need to be considered to

accurately model the supported ring resonator dynamics.

� This thesis investigated the numbers of supports that maintain the rotational symme-

try of supported ring resonators when the ring is driven into large amplitudes of vi-

brations, taking account of ring and support geometrical non-linearity. Use of numbers

of supports that maintain the rotational symmetry are suggested in order to mitigate

geometrical non-linearity effects and improve sensor performance. For ring resonators

operating in the 2θ modes, 16 supports have shown to provide improved performance

compared to 8 supports.

� This work demonstrated that the dynamic behaviour of the drive mode can be linearised

using hardening support structures that mitigate the softening behaviour of the ring.
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This results was demonstrated using Finite Element non-linear transient analyses.

� This work developed a mathematical model that can be used to guide during support

designs investigation. The proposed model can be used to develop the frequency back-

bone curve for the drive mode at a computational cost that is orders of magnitude lower

compared to Finite Element non-linear analyses. Comparison against Finite Element

results indicated that the results obtained using the mathematical model are not very

accurate; however, mathematical results show similar characteristics to the Finite Ele-

ment method. Finite Element analyses can be performed for a detailed quantification

of the drive mode frequency backbone curve.

7.5 Further work

Further work is suggested in the following areas:

� Comparison between mathematical results and Finite Element results indicated limi-

tations with accuracy of the mathematical model. It was discussed that inaccuracies

may relate to assumptions considered for the mathematical model development. It is

suggested to improve the accuracy of the mathematical model by:

– Eliminating the assumption that the radial and tangential directions are principal

axes of stiffness for the support.

– Including higher stiffness coefficients to characterise the non-linear springs used to

model the support non-linear stiffness.

– Investigating the influence of the support structure on the modes of vibration of

the supported ring resonator.

� The proposed mathematical model was developed under the assumption that the ring is

perfect. In reality, fabrication imperfections are inevitable and the ring structure is not
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perfect for practical devices. It would be interesting to extend the developed non-linear

mathematical model by including the presence of small point mass imperfections on the

ring mid-line, and compare the effect of imperfection with non-linearity.
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Appendix A

Geometrical data and FE model for

the ring-based resonator

Chapters 4 and 5 showed numerical results for the drive and sense responses, respectively,

obtained based on ring resonators having nominal supports. This Appendix provides with

a description of the geometrical characteristics and material properties of ring and nominal

support structures. The Finite Element (FE) model for the supported ring resonator devel-

oped using the commercial software package ANSYS Parametric Design Language (APDL)

is described in this Appendix. The Finite Element model was used in Chapters 4, 5 and 6

to verify results obtained using the mathematical model. The procedure used to model the

support inertia and non-linear stiffness in the mathematical model, introduced in Chapter

3, is described in detail. Mass and stiffness coefficients to model the nominal support are

provided in this Appendix. Finally, the procedure used in Chapter 6 to determine angle φPA

between the radial and tangential directions and the principal axes of stiffness of the support

is described.
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A.1 Ring and nominal support dimensions

Figure A.1 illustrates a diagram for the ring structure; ring dimensions are provided in

Table A.1.

(a) In-plane ring.

(b) Ring cross-section.

Figure A.1: Diagram for the ring structure.

Ring geometrical data

R 3 mm

L 100 µm

h 125 µm

Table A.1: Ring dimensions.

Figure A.2 shows a diagram for a single nominal arched support. Support dimensions can

be found in Table A.2.
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(a) In-plane support.

(b) Angle θ2.

(c) Support cross-section.

Figure A.2: Diagram for a single nominal arched support.
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Geometrical data for a nominal support

L1 0.8 mm

L3 0.3 mm

LS 100 µm

hS 10 µm

θ2 20 deg.

Table A.2: Geometrical data for an arched nominal support

Ring and support are made of isotropic silicon, having Young’s modulus E equal to 170

GPa and density ρ of 2330 kg/m3.

A.2 Finite Element model for the supported ring resonator

Figures A.3 and A.4 show the FE models developed using the Finite Element software

ANSYS to model ring resonators having 8 and 16 nominal supports, respectively. These mod-

els have been used to verify the results obtained using the mathematical model in Chapters

4, 5 and 6.

Figure A.3: FE model for the ring resonator having 8 nominal supports.
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Figure A.4: FE model for the ring resonator having 16 nominal supports.

The ring-based resonator vibrates in the ring plane, so ring and support structures have

been modelled using uni-axial beam elements BEAM3 that can translate in the ring plane

and rotate around the z-axis orthogonal to the ring plane. Each support is attached to the

ring by one end and fully clamped by the other end.

A mesh convergence analysis is conducted to determine the number of beam elements NR

having identical length required to model the ring structure with sufficient accuracy. The

length of each beam element is ∆l = 2πR
NR

. The proposed mesh convergence analysis is based

on a FE modal analysis for the ring resonator having 16 supports, shown in Figure A.4. Fig-

ure A.5 shows the 2θ modes natural frequency obtained by modelling the ring using numbers

of beam elements NR indicated in abscissae.
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Figure A.5: Mesh convergence analysis based on a FE modal analysis.

Results indicate that for NR = 256 the natural frequency of the 2θ modes is larger than

the convergence value by only 0.007%. Therefore, 256 beam elements have been used to

model the ring structure, each beam element is long ∆l = 2πR
256 . This same length has been

used for support structure elements.

A.3 Determination of the mass and stiffness coefficients to

model the support

This Section describes the procedure used to determine the radial and tangential mass

coefficients mr and mt, the radial stiffness coefficients kr1 , kr2 and kr3 and tangential stiffness

coefficients kr1 , kr2 and kr3 to model the inertia and stiffness of the support, as described

in Chapter 3. The proposed procedure is based on a Finite Element analysis of a single

support. The mathematical model was developed assuming that the nθ vibration of the ring

is unaltered by the presence of the support. To take account of this assumption in the Finite

Element model, the displacement of the ring-support attachment point is constrained to be
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identical to that of the unsupported ring undergoing linear vibration at that angular position.

For an unsupported ring, it can be shown that the in-plane rotation φz at circumferential

coordinate θ can be expressed as [39]:

φz(θ) =
1

R

∂u(θ)

∂θ
− v(θ)

R
(A.1)

where u(θ) and v(θ) are the linear radial and tangential displacements (2.1) and (2.2). It can

be shown that:

∂u(θ)

∂θ
= n2v(θ) (A.2)

so the in-plane rotation φz(θ) can be expressed as a function of the tangential displacement

v(θ) at circumferential coordinate θ as:

φz (θ) =

(
n2 − 1

)
v (θ)

R
(A.3)

This relation is used in the Finite Element model to constrain the rotation around the z-axis

of the support end attached to the ring, while the other end of the support is fully constrained.

The radial and tangential linear, quadratic and cubic stiffness coefficients to model the sup-

port stiffness are obtained by applying radial and tangential forces at the ring-support at-

tachment point, respectively, and performing large-deflection FE static analyses to calculate

the radial and tangential displacements caused by the applied forces. Under the assump-

tion that the radial and tangential directions are principal axes of stiffness for the support,

the tangential displacement caused by forces applied in the radial direction is constrained

to be zero; similarly, the radial displacement following the application of tangential forces

is set to zero. This is repeated by varying the magnitude of applied forces to calculate the

non-linear force-deflection curves in the radial and tangential directions. The obtained force-

displacement curves obtained using a Finite Element analysis are interpolated using cubic
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fitting functions as shown in Figures A.6 and A.7 for the radial and tangential directions,

respectively.

Figure A.6: Force-displacement relation in the radial direction.

Figure A.7: Force-displacement relation in the tangential direction.

The linear, quadratic and cubic coefficients of the cubic fitting functions provide with the
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linear, quadratic and cubic stiffness coefficients to model the support stiffness using cubic

non-linear springs.

The radial and tangential mass coefficients to model the support inertia are obtained by ap-

plying harmonic radial and tangential forces at the ring-support attachment point. Similar to

that described for the stiffness coefficients determination, tangential displacement caused by

harmonic forces in the radial direction is set to zero, and the radial displacement caused by

tangential forces is set to zero. The frequency ω of the radial and tangential harmonic forces

matches the resonance frequency of the pair of nθ modes used in operation, in this example

n = 2. FE harmonic response analyses are performed to obtain amplitudes and phases of the

radial and tangential responses in steady-state. Mass coefficients mr and mt are calculated

based on linear undamped equations of motion for radial and tangential displacements below:

mrü+ kr1u = Fr cosω (A.4)

mtv̈ + kt1v = Ft cosω (A.5)

where u and v are the radial and tangential displacements, respectively, and Fr and Ft the

magnitudes of the applied radial and tangential harmonic forces.

Table A.3 provides the radial and tangential mass and stiffness coefficients obtained for the

nominal support:
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Mass coefficients

mR 3.07× 10−9 kg

mT 7.11× 10−10 kg

Stiffness coefficients

kr1 2.72 N/m

kr2 −2.76× 103 N/m2

kr3 4.82× 106 N/m3

kt1 4.54 N/m

kt2 5.83× 103 N/m2

kt3 9.68× 106 N/m3

Table A.3: Mass and stiffness coefficients to model a nominal support.

Mass and stiffness coefficients in Table A.3 are used in Chapters 4 and 5, respectively,

to investigate the drive and sense responses associated with ring resonators having nominal

supports using the developed mathematical model for the ring resonator.

A.4 Principal axes of stiffness for the support

This Section describes the procedure used in Chapter 6 to determine angle φPA describing

the orientation of the principal axes of stiffness for the straight supports, relative to the radial

and tangential directions. Angle φPA is obtained by calculating the full support stiffness

matrix KL
S and using equation (2.19) given in Chapter 2.

Full stiffness matrix KL
S is calculated using a Finite Element analysis of a single support.

Radial and tangential forces FR and FT and momentum MZ around the z-axis are applied

at the support end attached to the ring, and FE static analyses are performed to calculate

the radial and tangential displacements u(θ), v(θ) and rotation φz(θ) caused by the applied

loads. The ring-support attachment point is free to move in both the radial and tangential
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directions when the forces are applied, whilst the rotation around z-axis is assumed to be the

same as the unsupported ring at that location and constrained to the tangential displacement

as in equation (A.3). The displacements and rotation calculated using the FE static analysis

are used in the equation below to calculate the full 3× 3 stiffness matrix K3x3
S :

F = K3x3
S u (A.6)

where F = [FR FT MZ ]T and u =

[
u(θ) v(θ)

(n2−1)v(θ)

R

]T

. No torsional springs are

considered in the proposed support mathematical model, so the third row and the third

column of K3x3
S are neglected. The resulting matrix is the 2× 2 stiffness matrix KL

S that can

be used in the eigenvalue problem (2.19) to determine angle φPA.
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Appendix B

Potential energy for a non-linear

support structure

Section 3.3 in Chapter 3 developed analytical expressions for the kinetic and potential

energies for p non-linear supports. The potential energy associated with p cubic non-linear

springs in the radial and tangential directions was given by equation (3.22). In what fol-

lows, coefficients VCm, VSm (m = 1, ..., 6) respectively multiplied to cosmn
(
j 2π
p − α

)
and

sinmn
(
j 2π
p − α

)
in equation (3.22) are provided.

VC1 =
(
Q2

1 +Q2
2

){
−Q1

(
kr1 +

kt1
4n2

)
γ +Q1

[
1 + 4γ2

(
Q2

1 +Q2
2

)] kr2
4

+ Q2

[
2 + γ2

(
Q2

1 +Q2
2

)] kt2
8n3
−Q1

(
Q2

1 +Q2
2

)
γ

(
3kr3

4
+
kt3
8n4

)} (B.1)

VS1 =
(
Q2

1 +Q2
2

){
−Q2

(
kr1 +

kt1
4n2

)
γ +Q2

[
1 + 4γ2

(
Q2

1 +Q2
2

)] kr2
4

− Q1

[
2 + γ2

(
Q2

1 +Q2
2

)] kt2
8n3
−Q2

(
Q2

1 +Q2
2

)
γ

(
3kr3

4
+
kt3
8n4

)} (B.2)

VC2 =
(
Q2

1 −Q2
2

)(kr1
4
− kt1

4n2

)
−
(
Q4

1 −Q4
2

){kr2
2
γ − kr3

8

[
1 + 6γ2

(
Q2

1 +Q2
2

)]
+

kt3
64n4

[
8 + 3γ2

(
Q2

1 +Q2
2

)]}
−Q1Q2

(
Q2

1 +Q2
2

) kt2
2n3

γ

(B.3)
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VS2 = Q1Q2

(
kr1
2
− kt1

2n2

)
−Q1Q2

(
Q2

1 +Q2
2

){
kr2γ −

kr3
4

[
1 + 6γ2

(
Q2

1 +Q2
2

)]
+

kt3
32n4

[
8 + 3γ2

(
Q2

1 +Q2
2

)]}
+
(
Q4

1 −Q4
2

) kt2
4n3

γ

(B.4)

VC3 = Q1

(
Q2

1 − 3Q2
2

) [kr2
12

+
kt1
4n2

γ −
(
Q2

1 +Q2
2

)
γ

(
kr3
4
− 3kt3

16n4

)]
+Q2

(
Q2

2 − 3Q2
1

) kt2
48n3

[
4− 3γ2

(
Q2

1 +Q2
2

)] (B.5)

VS3 = Q2

(
3Q2

1 −Q2
2

) [kr2
12

+
kt1
4n2

γ −
(
Q2

1 +Q2
2

)
γ

(
kr3
4
− 3kt3

16n4

)]
+Q1

(
Q2

1 − 3Q2
2

) kt2
48n3

[
4− 3γ2

(
Q2

1 +Q2
2

)] (B.6)

VC4 = Q1Q2

(
Q2

1 −Q2
2

) kt2
2n3

γ+

+
(
Q4

1 +Q4
2 − 6Q2

1Q
2
2

){
− kt1

16n2
γ2 +

kr3
32

+
kt3

32n4

[
1− 3γ2

(
Q2

1 +Q2
2

)]} (B.7)

VS4 = −
(
Q4

1 +Q4
2 − 6Q2

1Q
2
2

) kt2
8n3

γ+

+Q1Q2

(
Q2

1 −Q2
2

){
− kt1

4n2
γ2 +

kr3
8

+
kt3
8n4

[
1− 3γ2

(
Q2

1 +Q2
2

)]} (B.8)

VC5 = −Q2

(
Q4

2 + 5Q4
1 − 10Q2

1Q
2
2

) kt2
16n3

γ2 −Q1

(
Q4

1 + 5Q4
2 − 10Q2

1Q
2
2

) kt3
16n4

γ (B.9)

VS5 = Q1

(
Q4

1 + 5Q4
2 − 10Q2

1Q
2
2

) kt2
16n3

γ2 −Q2

(
5Q4

1 +Q4
2 − 10Q2

1Q
2
2

) kt3
16n4

γ (B.10)

VC6 =
(
Q6

1 −Q6
2 + 15Q2

1Q
4
2 − 15Q4

1Q
2
2

) 3kt3
64n4

γ2 (B.11)

VS6 =
(
3Q5

1Q2 + 3Q1Q
5
2 − 10Q3

1Q
3
2

) 3kt3
32n4

γ2 (B.12)

These coefficients VCm, VSm (m = 1, ..., 6) are used in equation (3.22) to develop an

analytical expression for the potential energy of p non-linear supports.
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Appendix C

Equations of motion for supported

ring resonators operating at large

amplitudes

Chapter 3 developed the equations of motion governing the dynamics of the drive and

sense nθ modes when the ring is excited into large amplitude vibration, for ring resonator

having p identical supports uniformly spaced around the ring circumference. Section 3.4 in-

dicated that drive and sense equations of motion can be obtained using Lagrange’s equation

(2.26), where the non-linear kinetic and potential energies of the ring Tring and Vring are

given by (3.4) and (3.5), respectively, and the non-linear kinetic and potential energies of the

support TS and VS are given by (3.9) and (3.22), respectively.

This Appendix shows the obtained equations of motion for drive and sense mode. Drive

and sense equations are given by equations (C.1) and (C.2), respectively, in Section C.1.

Equations are based on the excitation of the drive mode by harmonic external force having

magnitude FD and frequency Ω, and are expressed in terms of generalised coordinates Q1
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and Q2. The modal mass and stiffness for the unsupported ring (i.e. Mring and Kring) and

for the supported ring resonator (i.e. Mres and Kres) were given in Chapter 2 in equations

(2.32), (2.33), (2.30) and (2.31), respectively.

As introduced in Section 3.4 in Chapter 3, for practical CVGs operation, the amplitude

of the sense response is commonly much smaller than the amplitude of the drive response.

Under these circumstances, non-linear terms in Q2, Q̇2, Q̈2 (and combinations) in equations

(C.1) and (C.2) are considered to be small and neglected. Neglecting non-linear terms in

Q2, equations (C.1) and (C.2) reduce to equations (C.27) and (C.28), respectively, given in

Section C.2. In Section 3.4, equations (C.27) and (C.28) were divided by Mres and given in

equations (3.25) and (3.26), respectively, expressed in terms of coefficients γ1, ..., γ6 given by

(3.27)-(3.32). In Sections 3.4.1 and 3.4.2, equations (C.27) and (C.28) were specified for the

case n = 2 and p = 8, and n = 2 and p = 16, respectively.

C.1 Drive and sense mode governing equations

The governing equations for the drive and sense modes are given in (C.1) and (C.2),

respectively.
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Q̈1

[
Mres +

(
Q2

1 +Q2
2

)( Mring

(n2 + 1)
γ2 + p

mt

2n2
γ2

)]
+

+Q̇1

[
Mres

ω0

Q
+
(
Q̇1Q1 + Q̇2Q2

)( 2Mring

(n2 + 1)
γ2 + 2p

mt

2n2
γ2

)]
+

+Q1

{
Kres +

(
Q̇2

1 + Q̇2
2

)[(8n2 − 1
)
Mring

(n2 + 1)
γ2 + p

(
4mrγ

2 − mt

2n2
γ2
)]

+

+
(
Q̈1Q1 + Q̈2Q2

)((8n2
)
Mring

(n2 + 1)
γ2 + p4mrγ

2

)
+
(
Q2

1 +Q2
2

)2
p

(
9kt3
16n4

γ2 +
9kr3

2
γ2

)
+

+
(
Q2

1 +Q2
2

) [ 4Kring

(n4 − 2n2 + 1)
γ2 + p

(
2kr1γ

2 − 2kr2γ +
3kr3

8
+
kt1
4n2

γ2 +
3kt3
8n4

)]}
+

+

p−1∑
j=0

[
CD1 cosn

(
j

2π

p
− α

)
+ SD1 sinn

(
j

2π

p
− α

)
+ CD2 cos 2n

(
j

2π

p
− α

)
+

+SD2 sin 2n

(
j

2π

p
− α

)
+ CD3 cos 3n

(
j

2π

p
− α

)
+ SD3 sin 3n

(
j

2π

p
− α

)
+

+CD4 cos 4n

(
j

2π

p
− α

)
+ SD4 sin 4n

(
j

2π

p
− α

)
+ CD5 cos 5n

(
j

2π

p
− α

)
+

+ SD5 sin 5n

(
j

2π

p
− α

)
+ CD6 cos 6n

(
j

2π

p
− α

)
+ SD6 sin 6n

(
j

2π

p
− α
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=

=FD cos Ωt+
4nMring

(n2 + 1)
ΩzQ̇2

(C.1)

C3



Q̈2

[
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(
Q2

1 +Q2
2
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(n2 + 1)
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2n2
γ2
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+
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(n2 + 1)
γ2 + 2p

mt

2n2
γ2

)]
+

+Q2
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Coefficients CDm , SDm (m = 1, ..., 6) for the drive equation (C.1) are:
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(
9kt3
32n4

γ2

)
+Q4

2

(
45kt3
32n4

γ2

)
+Q2

1Q
2
2

(
−45kt3

16n4
γ2

)]
(C.13)

SD6 = Q2

[
Q4

1

(
45kt3
32n4

γ2

)
+Q4

2

(
9kt3
32n4

γ2

)
+Q2

1Q
2
2

(
−45kt3

16n4
γ2

)]
(C.14)
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Coefficients CSm, SSm (m = 1, ..., 6) for the sense equation (C.2) are:

CS1 =Q̈2

[
Q1

(
−mt

n2
γ
)]

+ Q̇2

[
Q̇1

(
− mt

2n2
γ
)]

+

+Q2

[
Q1

(
− kt1

4n2
γ − kr1γ +

kr2
4

)
+Q2

(
3kt2
4n3

)
+Q3

1

(
− kt3

2n4
γ + 4kr2γ

2 − 3kr3γ

)
+

+ Q3
2

(
5kt2
8n3

γ2

)]
+ Q̈1 [Q2 (−2mrγ)] + Q̇1

[
Q̇2

(
− mt

2n2
γ
)]

+Q1

[
Q1

(
kt2
4n3

)
+

+ Q2

(
− kt1

4n2
γ − kr1γ +

kr2
4

)
+Q3

1

(
kt2
8n3

γ2

)
+Q3

2

(
− kt3

2n4
γ + 4kr2γ

2 − 3kr3γ

)]
+

+Q2
1Q

2
2

(
3kt2
4n3

γ2

)
(C.15)

SS1 =Q̈2

[
Q2

(
−4mrγ −

mt

n2
γ
)]

+ Q̇2

[
Q̇2

(
−2mrγ −

mt

2n2
γ
)]

+Q2

[
Q1

(
− kt2

4n3

)
+

+ Q2

(
−3kt1

4n2
γ − 3kr1γ +

3kr2
4

)
+Q3

1

(
− kt2

2n3
γ2

)
+Q3

2

(
−5kt3

8n4
γ + 5kr2γ

2 − 15kr3
4

γ

)]
+

+Q̈1 [Q1 (−2mrγ)] + Q̇1

[
Q̇1

(
−2mrγ +

mt

2n2
γ
)]

+Q1

[
Q1

(
− kt1

4n2
γ − kr1γ +

kr2
4

)
+

+ Q2

(
− kt2

4n3

)
+Q3

1

(
− kt3

8n4
γ + kr2γ

2 − 3kr3
4
γ

)
+Q3

2

(
− kt2

2n3
γ2

)]
+

+Q2
1Q

2
2

(
−3kt3

4n4
γ + 6kr2γ

2 − 9kr3
2
γ

)
(C.16)

CS2 =Q̈2

(
−mr

2
+
mt

2n2

)
+Q2

[(
kt1
2n2
− kr1

2

)
+Q2

2

(
kt3
2n4

+ 2kr2γ −
kr3
2

)
+

+ Q4
1

(
− 3kt3

32n4
γ2 +

3kr3
2
γ2

)
+Q4

2

(
9kt3
32n4

γ2 − 9kr3
2
γ2

)
+Q2

1Q
2
2

(
3kt3
16n4

γ2 − 3kr3γ
2

)]
+

+Q1

[
Q2

1

(
− kt2

2n3
γ

)
+Q2

2

(
−3kt2

2n3
γ

)]
(C.17)
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SS2 =Q̈1

(mr

2
− mt

2n2

)
+Q2

[
Q2

2

(
−kt2
n3
γ

)]
+Q1

[(
− kt1

2n2
+
kr1
2

)
+

+Q2
1

(
− kt3

4n4
− kr2γ +

kr3
4

)
+Q2

2

(
−3kt3

4n4
− 3kr2γ +

3kr3
4

)
+Q4

1

(
− 3kt3

32n4
γ2 +

3kr3
2
γ2

)
+

+ Q4
2

(
−15kt3

32n4
γ2 +

15kr3
2

γ2

)
+Q2

1Q
2
2

(
− 9kt3

16n4
γ2 + 9kr3γ

2

)]
(C.18)

CS3 =Q̈2

[
Q1

(
−mt

n2
γ
)]

+ Q̇2

[
Q̇1

(
− mt

2n2
γ
)]

+Q2

[
Q1

(
−3kt1

4n2
γ − kr2

4

)
+Q2

(
kt2
4n3

)
+

+ Q3
1

(
−3kt3

4n4
γ + kr3γ

)
+Q3

2

(
− 5kt2

16n3
γ2

)]
+ Q̈1

[
Q2

(
−mt

n2
γ
)]

+ Q̇1

[
Q̇2

(
− mt

2n2
γ
)]

+

+Q1

[
Q1

(
− kt2

4n3

)
+Q2

(
−3kt1

4n2
γ − kr2

4

)
+Q3

1

(
3kt2
16n3

γ2

)
+Q3

2

(
−9kt3

4n4
γ + 3kr3γ

)]
+

+Q2
1Q

2
2

(
3kt2
8n3

γ2

)
(C.19)

SS3 =Q̈2

[
Q2

(
−mt

n2
γ
)]

+ Q̇2

[
Q̇2

(
− mt

2n2
γ
)]

+Q2

[
Q1

(
− kt2

4n3

)
+Q2

(
−3kt1

4n2
γ − kr2

4

)
+

+ Q3
1

(
kt2
4n3

γ2

)
+Q3

2

(
−15kt3

16n4
γ +

5kr3
4
γ

)]
+ Q̈1

[
Q1

(mt

n2
γ
)]

+ Q̇1

[
Q̇1

( mt

2n2
γ
)]

+

+Q1

[
Q1

(
3kt1
4n2

γ +
kr2
4

)
+Q2

(
− kt2

4n3

)
+Q3

1

(
9kt3
16n4

γ − 3kr3
4
γ

)
+Q3

2

(
3kt2
4n3

γ2

)]
+

+Q2
1Q

2
2

(
9kt3
8n4

γ − 3kr3
2
γ

)
(C.20)
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CS4 =Q̈2

[
Q2

1

( mt

2n2
γ2
)

+Q2
2

(
− mt

2n2
γ2
)]

+Q2

[
Q̇2

1

( mt

2n2
γ2
)

+ Q̇2
2

(
− mt

2n2
γ2
)

+

+Q2
1

(
3kt1
4n2

γ2 − 3kt3
8n4
− 3kr3

8

)
+Q2

2

(
− kt1

4n2
γ2 +

kt3
8n4

+
kr3
8

)
+Q4

1

(
15kt3
16n4

γ2

)
+

+ Q4
2

(
− 9kt3

16n4
γ2

)
+Q2

1Q
2
2

(
15kt3
8n4

γ2

)]
+ Q̈1

[
Q1Q2

(mt

n2
γ2
)]

+

+Q1

[
Q̇1Q̇2

(mt

n2
γ2
)

+Q2
1

(
kt2
2n3

γ

)
+Q2

2

(
−3kt2

2n3
γ

)]
(C.21)

SS4 =Q̈2

[
Q1Q2

(mt

n2
γ2
)]

+Q2

[
Q̇1Q̇2

(mt

n2
γ2
)

+Q2
1

(
3kt2
2n3

γ

)
+Q2

2

(
− kt2

2n3
γ

)]
+

+Q̈1

[
Q2

1

(
− mt

2n2
γ2
)

+Q2
2

( mt

2n2
γ2
)]

+Q1

[
Q̇2

1

(
− mt

2n2
γ2
)

+ Q̇2
2

( mt

2n2
γ2
)

+

+Q2
1

(
− kt1

4n2
γ2 +

kt3
8n4

+
kr3
8

)
+Q2

2

(
3kt1
4n2

γ2 − 3kt3
8n4
− 3kr3

8

)
+

+ Q4
1

(
−3kt3

8n4
γ2

)
+Q4

2

(
15kt3
8n4

γ2

)]
(C.22)

CS5 =Q2

[
Q3

1

(
5kt3
4n4

γ

)
+Q3

2

(
− 5kt2

16n3
γ2

)]
+Q1

[
Q3

1

(
− 5kt2

16n3
γ2

)
+Q3

2

(
−5kt3

4n4
γ

)]
+

+Q2
1Q

2
2

(
15kt2
8n3

γ2

)
(C.23)

SS5 =Q2

[
Q3

1

(
−5kt2

4n3
γ2

)
+Q3

2

(
− 5kt3

16n4
γ

)]
+Q1

[
Q3

1

(
− 5kt3

16n4
γ

)
+Q3

2

(
5kt2
4n3

γ2

)]
+

+Q2
1Q

2
2

(
15kt3
8n4

γ

)
(C.24)

CS6 = Q2

[
Q4

1

(
−45kt3

32n4
γ2

)
+Q4

2

(
− 9kt3

32n4
γ2

)
+Q2

1Q
2
2

(
45kt3
16n4

γ2

)]
(C.25)
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SS6 = Q1

[
Q4

1

(
9kt3
32n4

γ2

)
+Q4

2

(
45kt3
32n4

γ2

)
+Q2

1Q
2
2

(
−45kt3

16n4
γ2

)]
(C.26)

In the next Section, drive and sense equations (C.1) and (C.2) are simplified for the case

Q2 << Q1.

C.2 Drive and sense equations for small sense response am-

plitudes

Under the assumption that the amplitude of the sense response is much smaller than

the drive amplitude, all non-linear terms in Q2, Q̇2, Q̈2 (and combinations) in equations of

motion for the drive and sense modes (C.1) and (C.2) are considered to be small and are

neglected. Under these circumstances, the governing equations for the drive and sense modes

(C.1) and (C.2) reduce to (C.27) and (C.28), respectively.

C11



Q̈1

[
Mres +Q2

1

(
Mring

(n2 + 1)
γ2 + p

mt

2n2
γ2

)]
+

+Q̇1

[
Mres

ω0

Q
+ Q̇1Q1

(
2Mring

(n2 + 1)
γ2 + 2p

mt

2n2
γ2

)]
+

+Q1

{
Kres + Q̇2

1

[(
8n2 − 1

)
Mring

(n2 + 1)
γ2 + p

(
4mrγ

2 − mt

2n2
γ2
)]

+

+Q̈1Q1

((
8n2
)
Mring

(n2 + 1)
γ2 + p4mrγ

2

)
+Q4

1p

(
9kt3
16n4

γ2 +
9kr3

2
γ2

)
+

+ Q2
1

[
4Kring

(n4 − 2n2 + 1)
γ2 + p

(
2kr1γ

2 − 2kr2γ +
3kr3

8
+
kt1
4n2

γ2 +
3kt3
8n4

)]}
+

+

p−1∑
j=0

[
CD1 cosn

(
j

2π

p
− α

)
+ SD1 sinn

(
j

2π

p
− α

)
+ CD2 cos 2n

(
j

2π

p
− α

)
+

+SD2 sin 2n

(
j

2π

p
− α

)
+ CD3 cos 3n

(
j

2π

p
− α

)
+ SD3 sin 3n

(
j

2π

p
− α

)
+

+CD4 cos 4n

(
j

2π

p
− α

)
+ SD4 sin 4n

(
j

2π

p
− α

)
+ CD5 cos 5n

(
j

2π

p
− α

)
+

+ SD5 sin 5n

(
j

2π

p
− α

)
+ CD6 cos 6n

(
j

2π

p
− α

)
+ SD6 sin 6n

(
j

2π

p
− α

)]
=

=FD cos Ωt+
4nMring

(n2 + 1)
ΩzQ̇2

(C.27)
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Q̈2

[
Mres +Q2

1

(
Mring

(n2 + 1)
γ2 + p

mt

2n2
γ2

)]
+

+Q̇2

[
Mres

ω0

Q
+ Q̇1Q1

(
2Mring

(n2 + 1)
γ2 + 2p

mt

2n2
γ2

)]
+

+Q2

{
Kres + Q̇2

1

[(
8n2 − 1

)
Mring

(n2 + 1)
γ2 + p

(
4mrγ

2 − mt

2n2
γ2
)]

+

+Q̈1Q1

((
8n2
)
Mring

(n2 + 1)
γ2 + p4mrγ

2

)
+Q4

1p

(
9kt3
16n4

γ2 +
9kr3

2
γ2

)
+

+ Q2
1

[
4Kring

(n4 − 2n2 + 1)
γ2 + p

(
2kr1γ

2 − 2kr2γ +
3kr3

8
+
kt1
4n2

γ2 +
3kt3
8n4

)]}
+

+

p−1∑
j=0

[
CS1 cosn

(
j

2π

p
− α

)
+ SS1 sinn

(
j

2π

p
− α

)
+ CS2 cos 2n

(
j

2π

p
− α

)
+

+SS2 sin 2n

(
j

2π

p
− α

)
+ CS3 cos 3n

(
j

2π

p
− α

)
+ SS3 sin 3n

(
j

2π

p
− α

)
+

+CS4 cos 4n

(
j

2π

p
− α

)
+ SS4 sin 4n

(
j

2π

p
− α

)
+ CS5 cos 5n

(
j

2π

p
− α

)
+

+ SS5 sin 5n

(
j

2π

p
− α

)
+ CS6 cos 6n

(
j

2π

p
− α

)
+ SS6 sin 6n

(
j

2π

p
− α

)]
=

= −4nMring

(n2 + 1)
ΩzQ̇1

(C.28)

Coefficients CDm , SDm (m = 1, ..., 6) for the drive equation (C.27) are:

CD1 =Q̈1

[
Q1

(
−4mrγ −

mt

n2
γ
)]

+ Q̇1

[
Q̇1

(
−2mrγ −

mt

2n2
γ
)]

+

+Q1

[
Q1

(
−3kt1

4n2
γ − 3kr1γ +

3kr2
4

)
+Q2

(
kt2
4n3

)
+Q3

1

(
−5kt3

8n4
γ + 5kr2γ

2 − 15kr3
4

γ

)]
+

+Q2

[
Q1

(
kt2
4n3

)
+Q3

1

(
kt2
2n3

γ2

)]
(C.29)
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SD1 =Q̈1

[
Q2

(
−mt

n2
γ
)]

+ Q̇1

[
Q̇2

(
− mt

2n2
γ
)]

+

+Q1

[
Q1

(
−3kt2

4n3

)
+Q2

(
− kt1

4n2
γ − kr1γ +

kr2
4

)
+Q3

1

(
−5kt2

8n3
γ2

)]
+ Q̈2 [Q1 (−2mrγ)] +

+Q̇2

[
Q̇1

(
− mt

2n2
γ
)]

+Q2

[
Q1

(
− kt1

4n2
γ − kr1γ +

kr2
4

)
+Q3

1

(
− kt3

2n4
γ + 4kr2γ

2 − 3kr3γ

)]
(C.30)

CD2 =Q̈1

(mr

2
− mt

2n2

)
+Q1

[(
− kt1

2n2
+
kr1
2

)
+Q2

1

(
− kt3

2n4
− 2kr2γ +

kr3
2

)
+

+ Q4
1

(
− 9kt3

32n4
γ2 +

9kr3
2
γ2

)]
+Q2

[
Q2

1

(
−3kt2

2n3
γ

)] (C.31)

SD2 =Q̈2

(mr

2
− mt

2n2

)
+Q1

[
Q2

1

(
kt2
n3
γ

)]
+

+Q2

[(
− kt1

2n2
+
kr1
2

)
+Q2

1

(
−3kt3

4n4
− 3kr2γ +

3kr3
4

)
+Q4

1

(
−15kt3

32n4
γ2 +

15kr3
2

γ2

)]
(C.32)

CD3 =Q̈1

[
Q1

(mt

n2
γ
)]

+ Q̇1

[
Q̇1

( mt

2n2
γ
)]

+

+Q1

[
Q1

(
3kt1
4n2

γ +
kr2
4

)
+Q2

(
− kt2

4n3

)
+Q3

1

(
15kt3
16n4

γ − 5kr3
4
γ

)]
+

+Q2

[
Q1

(
− kt2

4n3

)
+Q3

1

(
3kt2
4n3

γ2

)] (C.33)

SD3 =Q̈1

[
Q2

(mt

n2
γ
)]

+ Q̇1

[
Q̇2

( mt

2n2
γ
)]

+

+Q1

[
Q1

(
kt2
4n3

)
+Q2

(
3kt1
4n2

γ +
kr2
4

)
+Q3

1

(
− 5kt2

16n3
γ2

)]
+

+Q̈2

[
Q1

(mt

n2
γ
)]

+ Q̇2

[
Q̇1

( mt

2n2
γ
)]

+Q2

[
Q1

(
3kt1
4n2

γ +
kr2
4

)
+Q3

1

(
9kt3
4n4

γ − 3kr3γ

)]
(C.34)
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CD4 =Q̈1

[
Q2

1

(
− mt

2n2
γ2
)]

+Q2

[
Q2

1

(
3kt2
2n3

γ

)]
+

+Q1

[
Q̇2

1

(
− mt

2n2
γ2
)

+Q2
1

(
− kt1

4n2
γ2 +

kt3
8n4

+
kr3
8

)
+Q4

1

(
− 9kt3

16n4
γ2

)] (C.35)

SD4 =Q̈1

[
Q1Q2

(
−mt

n2
γ2
)]

+Q1

[
Q̇1Q̇2

(
−mt

n2
γ2
)

+Q2
1

(
− kt2

2n3
γ

)]
+ Q̈2

[
Q2

1

(
− mt

2n2
γ2
)]

+

+Q2

[
Q̇2

1

(
− mt

2n2
γ2
)

+Q2
1

(
−3kt1

4n2
γ2 +

3kt3
8n4

+
3kr3

8

)
+Q4

1

(
−15kt3

8n4
γ2

)]
(C.36)

CD5 = Q1

[
Q3

1

(
− 5kt3

16n4
γ

)]
+Q2

[
Q3

1

(
−5kt2

4n3
γ2

)]
(C.37)

SD5 = Q1

[
Q3

1

(
5kt2
16n3

γ2

)]
+Q2

[
Q3

1

(
−5kt3

4n4
γ

)]
(C.38)

CD6 = Q1

[
Q4

1

(
9kt3
32n4

γ2

)]
(C.39)

SD6 = Q2

[
Q4

1

(
45kt3
32n4

γ2

)]
(C.40)
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Coefficients CSm, SSm (m = 1, ..., 6) for the sense equation (C.28) are:

CS1 =Q̈2

[
Q1

(
−mt

n2
γ
)]

+ Q̇2

[
Q̇1

(
− mt

2n2
γ
)]

+ Q̈1 [Q2 (−2mrγ)] + Q̇1

[
Q̇2

(
− mt

2n2
γ
)]

+

+Q2

[
Q1

(
− kt1

4n2
γ − kr1γ +

kr2
4

)
+Q3

1

(
− kt3

2n4
γ + 4kr2γ

2 − 3kr3γ

)]
+

+Q1

[
Q1

(
kt2
4n3

)
+Q2

(
− kt1

4n2
γ − kr1γ +

kr2
4

)
+Q3

1

(
kt2
8n3

γ2

)]
(C.41)

SS1 =Q2

[
Q1

(
− kt2

4n3

)
+Q3

1

(
− kt2

2n3
γ2

)]
+ Q̈1 [Q1 (−2mrγ)] + Q̇1

[
Q̇1

(
−2mrγ +

mt

2n2
γ
)]

+

+Q1

[
Q1

(
− kt1

4n2
γ − kr1γ +

kr2
4

)
+Q2

(
− kt2

4n3

)
+Q3

1

(
− kt3

8n4
γ + kr2γ

2 − 3kr3
4
γ

)]
(C.42)

CS2 =Q̈2

(
−mr

2
+
mt

2n2

)
+Q1

[
Q2

1

(
− kt2

2n3
γ

)]
+

+Q2

[(
kt1
2n2
− kr1

2

)
+Q4

1

(
− 3kt3

32n4
γ2 +

3kr3
2
γ2

)] (C.43)

SS2 =Q̈1

(mr

2
− mt

2n2

)
+Q1

[(
− kt1

2n2
+
kr1
2

)
+Q2

1

(
− kt3

4n4
− kr2γ +

kr3
4

)
+

+ Q4
1

(
− 3kt3

32n4
γ2 +

3kr3
2
γ2

)] (C.44)
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Equations (C.27) and (C.28) have been specified in Section 3.4.1 for the case n = 2 and

p = 8, and in Section 3.4.1 for n = 2 and p = 16.
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Appendix D

Validation using Runge-Kutta

method

In Chapters 4 and 5 the averaging method was used to investigate the drive and sense

responses, respectively, for ring resonators operating at large drive amplitudes under practical

operating conditions. For ring resonators having 8 supports, the averaging method was

applied based on drive and sense governing equations (3.45) and (3.46) given in Section 3.4.1.

Equations (3.45) and (3.46) were obtained from equations (3.43) and (3.44), respectively,

by neglecting the backwards coupling from the sense response to the drive response, and

by neglecting higher powers of Q1 than the cubic. The obtained drive and sense frequency

response curves for ring resonators having 8 nominal supports were shown in Section 4.4.2

and Section 5.3, respectively.

In this Appendix, the frequency response curves for the drive and sense modes are obtained

using the fourth-order Runge-Kutta numerical time-integration scheme based on equations

(3.43) and (3.44). The results obtained using the averaging method are verified by comparing

the frequency response curves obtained using the averaging method against those obtained

using the Runge-Kutta method.
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D.1 Runge-Kutta time-integration method to determine the

drive and sense responses

The Runge-Kutta time-integration scheme is an iterative method to approximate the so-

lution of ordinary differential equations [40]. Given initial values for Q1, Q2, Q̇1 and Q̇2 at

t = t0, and rearranging the drive and sense equations to express Q̈1 and Q̈2 as functions of

time, Q1, Q2, Q̇1 and Q̇2, the Runge-Kutta method determines the radial anti-node ampli-

tudes Q1 and Q2 (and their first order time derivatives) at the time tn = t0 + n∆t where ∆t

is the time step considered for the numerical method.

Time step ∆t needs to ensure that the obtained solution is sufficiently accurate. It can be

shown that ∆t = 1
60f0

(where f0 is the natural frequency for the 2θ modes of the supported

ring resonator considered) ensures the obtained drive and sense responses are accurate. The

drive and sense responses are considered to be in steady-state when the difference between

the peak values of two consecutive cycles is within 0.01%. The amplitudes and phases of

the steady-state drive and sense responses to the applied external harmonic force are used to

develop the drive and sense frequency response curves.

D.2 Runge-Kutta method ad averaging method compared

Figures D.1 and D.2 respectively show the frequency response curves for the drive and

sense modes obtained using the averaging method and the Runge-Kutta method for the ring

resonator having 8 nominal supports shown in Figure 4.1a. The drive response amplitude and

phase relative to the applied force are q1 and φD, respectively. The sense response amplitude

and phase relative to the drive response are q2 and φSD, respectively.

The frequency response curves for the drive mode are obtained using the averaging method

as described in Section 4.4.1. The drive response amplitude is obtained by solving equation

(4.22) and the drive response phase is given by (4.26). The frequency backbone curve for the
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drive mode is obtained using equation (4.27). The frequency response curves for the sense

mode are obtained using the averaging method as described in Section 5.3.1, using equations

(5.13) and (5.14).

Drive and sense responses (amplitude and phase) are obtained applying the Runge-Kutta

method to equations (3.43) and (3.44) as described in Section D.1, for applied driving har-

monic force having frequencies f0, f0 ± 1 Hz and f0 ± 2 Hz, where f0 is the linear resonance

frequency of drive and sense 2θ modes. Results are shown for two levels of magnitude of

the applied force. Drive mode pseudo-resonance frequencies are calculated using the Runge-

Kutta method for four levels of drive response amplitudes, based on a drive response having

a phase of 90◦ degrees relative to the applied force.

(a) Amplitude.
(b) Phase.

Figure D.1: Drive mode frequency response curves and frequency backbone curve obtained
using averaging method (AV) and the Runge-Kutta method (RK) for the ring resonator
having 8 nominal supports. Q=10000. α = 22.5◦.

D3



(a) Amplitude.
(b) Phase.

Figure D.2: Sense mode frequency response curves obtained using averaging method (AV) and
the Runge-Kutta method (RK) for the ring resonator having 8 nominal supports. Q=10000.
α = 22.5◦.

Comparison between the frequency response curves obtained using the averaging method

and the Runge-Kutta time-integration method shows that the results obtained using both

methods are in good agreement. This demonstrates the validity of the assumptions made

for the application of the averaging method in Chapters 4 and 5 i.e. for the range of drive

response amplitudes considered in this work, the backwards coupling from the sense response

to the drive response and higher powers of Q1 than the cubic have negligible effect on the

drive and sense dynamics and can be safely neglected.
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