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Abstract

This thesis is a collection of theorems which say something about the fol-
lowing question:

if we know that a bounded operator on a commutative unital Banach algebra
is a unital endomorphism, what can we say about its other properties?

More specifically, the majority of results say something about how the spec-
trum of a commutative unital Banach algebra endomorphism is dependent
upon the properties of the algebra on which it acts. The main result of
the thesis (the subject of Chapter 3) reveals that primary ideals (that is,
ideals with single point hulls) can sometimes be particularly important in
questions of this type.

The thesis also contains some contributions to the Fredholm theory for
bounded operators on an arbitrary complex Banach space. The second ma-
jor result of the thesis is in this direction, and concerns the relationship
between the essential spectrum of a bounded operator on a Banach space
and those of its restrictions and quotients - ‘to” and ‘by’ - closed invariant
subspaces.
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Foreword

Given the nature of this document, I will assume that the reader has at least
some experience in the following three areas:

e commutative Banach algebras;
e operator theory; and

e the theory of functions of several real variables.

Good references in these areas are the books, [13], [1], and [2] respectively.
The reader unfamiliar with multi-index notation can also look to page 2 of
[2] for a helpful summary.

On the subject of notation: I strongly suggest that the reader consults my
list of standard symbols before reading Chapter 1. More specialised symbols
will be introduced as we go along.

Kokskkok



CHAPTER 1

Endomorphisms of commutative unital
Banach algebras: an introduction

§1.1. Overview

Let S be a compact Hausdorff space, and let A be a point-separating unital
Banach algebra of continuous complex valued functions on S such that every
nonzero multiplicative linear functional ¢ : A — C satisfies

o(f) = flx) (feA) (1.1.1)

for some x € S; the functional § for which (1.1.1) holds will be denoted
using the symbol 4.

In this document, a unital endomorphism of A is a bounded linear op-
erator mapping A into itself which is multiplicative and preserves the mul-
tiplicative identity; such operators respect the structure of A both as a
Banach space, and as a unital algebra. This thesis is about how the need to
respect this second structure affects the properties of an endomorphism as
a bounded linear operator.

The traditional way to investigate matters of this type is through the ob-
servation that we have an injective unital semigroup (anti-)homomorphism

o : End(A) — CSM(S) (1.1.2)

mapping the semigroup End(A) of all unital endomorphisms of A into the
semigroup CSM(S) of all continuous self-maps of S.



1.1 Overview

To see this, we have to note only that (for any 7" € End(A) and z € 5), the
composition 7%, = d, o T is a nonzero multiplicative linear functional on
A. Having assumed that all of these are of the form J, for some y € S, we
must therefore have

T70, = dg(a)

for some ¢(z) € S. The self-map ¢ : S — S obtained in this way is easily
seen to be continuous, and we clearly have

(Tf)(x) = f((x))

for each f € Aand x € S.

With this observation in mind, we are immediately presented with the
following possible lines of enquiry; the reader is reminded that a Banach
space operator is meromorphic if its nonzero spectrum consists entirely of
poles of the resolvent.

(1) For a particular choice of A, identify o(End(A)), the set of all maps
¢ € CSM(S) which correspond to endomorphisms of A. If this has
been done, try to describe the subsets of o(End(A)) which arise as self
maps of unital endomorphisms of A with particular operator theoretic
properties.

(2) For some choice of A, try to describe the spectra of the meromorphic
elements of End(A) in terms of their self-maps.

Investigative efforts in these two directions are quite common (see, to give
just a small sample, any of [33], [29], [34], [37], [50], [42], [43], [26] or [28]),
and a great deal is known in particular cases. It is known, for example, that:

e 0(T)={0,1}U{A\" : n € N} for some A € C when T is a meromorphic
unital endomorphism of any one among several Banach algebras of
infinitely-differentiable functions;

e unital Banach algebras functions admitting coarser behaviour (such as
C(S), C*([0,1]) and some algebras of Lipschitz functions) generally
do not have compact unital endomorphisms besides those of the form
[ >0 f(z;)p;, where (p;)I, is some system of idempotents;



1.1 Overview

e meromorphic unital endomorphisms of algebras in this second category
tend to have very simple spectra (typically, o(T") = {0, 1});

e for endomorphisms of many algebras of differentiable functions, a great
deal of useful information can be recovered by examining the behaviour
of self-maps near any of their fixed points; this is particularly true when
the iterates of ¢ shrink S down to a single point.

We will focus mainly on the first, third and fourth of these phenomena over
the coming pages (although I am hopeful that parts of the argument used
in Section 5.5 may one day shed some light on the second).

Two important differences between this tract and the majority of other
works in this area are as follows. First, I place much greater emphasis on
the idea that the study of Banach algebra endomorphisms is a branch of
operator theory; although self-map arguments still play an important role
in some of our discussion, these are used to complement (rather than replace)
a more conventional arsenal of operator theoretic tools.

The second significant difference between this and the majority of related
works is the level of generality of many of the results. With the exception
of Chapter 5 (I have a favourite algebra) very little of what we discuss is
limited to any single function algebra. Instead, I have (in most cases) made
an attempt to identify exactly which ingredients are needed to make certain
arguments work, and have chosen hypotheses for theorems accordingly.

The following Chapter summaries will hopefully give the reader a rough
idea of what is to follow.

e Chapter 2 begins with some preliminary results, but quickly moves on
to discuss, inter alia, the implications of the fact that unital Banach
algebra homomorphisms out of C'(S) always have closed range. The
two sections which follow contain some general observations concerning
the spectra of commutative unital Banach algebras with particular
properties, and it is here that the reader will find the chapter’s most
interesting results. The chapter concludes with a brief exploration of
the relationship between an endomorphism of a function algebra and
its extension to an associated Lipschitz algebra.

e Chapter 3 is loosely based on my paper, [46], and explores a hitherto
unnoticed link between the outer spectrum of a unital endomorphism
of semi-prime commutative unital Banach algebra and the primary
ideal structure of the algebra on which it acts.



1.2 Conventions

The main result of this Chapter (and arguably of the whole thesis) is
Theorem 3.3.3. The remainder of the chapter is devoted to examining
a selection of its more immediate implications.

e Chapter 4 contains the other main result of the thesis. Namely, that
the polynomially convex hull of the essential spectrum of a Banach
space operator always contains the essential spectra of all its restric-
tions to closed invariant subspaces. This result is then generalised
considerably, and some of its consequences for the study of function
algebra endomorphisms are briefly explored.

e Chapter 5 contains results about C™(£2), where 2 is a bounded do-
main in R?. The primary focus here is the interaction between unital
endomorphisms of C™(€)) and the operators they induce on certain
spaces of multilinear-map-valued functions on €. The main results of
this chapter can be found in sections 5.4 and 5.5, after which can be
found a short exploration of the idea that C1(£2) can be realised as a

quotient of a uniform algebra.

In the interests of presenting something resembling a cohesive narrative, I
have been deliberately quite selective in the choice of material presented.
Omitted, for example, is any discussion of my joint work with J.F. Fein-
stein on quasi-compact unital endomorphisms on non-commutative Banach
algebras, or anything approaching the subject of my conference proceedings
paper, [45].

§1.2. Conventions

A few conventions, standard results, and pieces of notation are described
below. A list of standard symbols can also be found on page 117.

Quotients of normed spaces. Let X be a normed space, let F' be a closed
subspace of X, and let Qr : X — X/F be the quotient map. Unless ex-
plicitly indicated otherwise, the quotient space X/F will always be equipped
with the norm which satisfies |Qpu| = inf{||v]| : v —v € F} for u € X,
even in situations where other natural norms are available. For u € X, the
symbol [|u + F|| will always mean ||Qpul. When X is a normed space of
functions and X contains the constant functions, the symbol X/C is used
to denote “X modulo the constants”. In this situation, ||u+ C|| denotes the
quantity inf{||v|| : v — v is constant} for each u € X.



1.2 Conventions

Quotients of operators. Let E and F' be closed subspaces of normed spaces
X and Y, and let T : X — Y be a bounded operator with T'(E) C F.
Writing Qp : X — X/E and QF : Y — Y/ F for the appropriate quotient
maps, we write T/ p for the (uniquely determined) bounded operator from
X/E into Y/F for which

QrT = (Typ,r)QE-

The symbol T'/F will be used in place of Typp when X =Y and £ = F. In
this situation, 7'/ F will be referred to as the quotient of 7" by F'.

Restrictions and birestrictions. Let X be a set, let FF C X, and let ir be
the inclusion map sending F' into X. For a function 7" with domain X, the
restriction of T" to I is clearly just the composition T o ip.

There is another natural notion of ‘restriction’ available when 7" maps
F into a proper subset G of the codomain of 7. The map obtained by
‘considering 7" as a map from F into G’ will generally be referred to as
the birestriction (of T to F' and G) in this text, in acknowledgement of the
fact that its codomain is not the same as that of 7. The birestriction of
a function T to an invariant set F' is denoted T'|F. For consistency with
the literature we shall often refer to T|F simply as the ‘restriction’ of T to
F when T is a linear operator and F' is a closed invariant subspace, even
though it is really a birestriction.

Spectra and norms of restrictions and quotients. Let F be a closed subspace
of a Banach space X, and let T" be a bounded linear operator on X which
preserves F. It is known (and proved in [30], Section 3.11) that the invert-
ibility of any two of {T,T|F,T/F} implies that of the third. This leads to
the standard inclusions

o(T) C o(T/F)Uo(T|F) , o(T|F)C o(T)Uo(T/F)

and o(T/F) Co(T)Uo(T|F).

Banach algebras. In this document, a Banach algebra is a Banach space
(B, ||-||) equipped with a continuous bilinear multiplication; we do not insist
that

lab]l < Ellall{|bl] (a,b < B)

holds with k£ = 1, only that it does so for some k£ > 0.
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1.2 Conventions

Function algebras. Let A be a commutative unital Banach algebra, and let
a € A. The Gel'fand transform @ of a is, as usual, the function on ®, (the
character space of A) given by

a(z) =z(a) (ze€ Dy).

The mapping
Asar—aecC® (1.2.1)

gives rise to an algebra A = {a : a € A} of functions on ® 4. This will always
be equipped with the norm

fr—=inf{{la]} : f(z) =a(z) (z € Pa)},

so is always isomorphic as a unital Banach algebra to the quotient A/Rad(A)
of A by its Jacobson radical. It is standard that A is contained in both
C(®4), and the algebra of all functions which are Lipschitz continuous with
respect to the ‘Gleason’ metric given by

pale, ) = [lo — 2'l| = sup{[a(z) —a()] : a € A, [lal] = 1}

for z,2" € ®,. When A is semisimple, we shall omit all ‘hats’ on Gel’fand
transforms, and make no distinction between A and A. Semi-simple com-
mutative unital Banach algebras will be called function algebras; function
algebras which are closed under uniform convergence will be called uniform
algebras. The reader is warned that some authors also use the term ‘function
algebras’ to refer to what we call uniform algebras.

Notation for character space maps. As we will be working mostly in the cate-
gory of unital Banach algebras and bounded unital algebra homomorphisms,
it is convenient to set

Hom(A,B) ={T € L(A,B) : T(1) =1 and T'(ab) = T(a)T'(b)}

for each pair (A, B) of unital Banach algebras. Let A and B be unital Banach
algebras for which ®4 and ®p are non-empty, and let 7' € Hom(A, B). In
this situation, the adjoint 7™ of T' descends to give a continuous map

TV : &g — Oy, x+— T,

this is the character space map associated with T'.

11



1.2 Conventions

With this notation in place, one evidently has
Ta(z) = a(T"(x))

for each a € A and =z € ®p.

The category Ban;. The symbol Ban; is very occasionally used in the text
to denote the category of complex Banach spaces and bounded operators of
norm < 1.

Two special subspace types. Let X be a Banach space, and let S be a
(not necessarily w*-closed) subset of X*. In this situation M (S) = Mx(S)
denotes the closed subspace

{feX:u(f)=0VuesSt

This will be shortened to M (u) when S = {u} for some p € X*.

Let A be commutative unital Banach algebra, let S C ® 4, and let B(5)
be the set of all Gel’fand open subsets of ®,4 which contain S. In this
document, Jo(S) = Jo 4(S) is the smallest subspace of A containing every
MA(U) with U € B(5); its norm closure is denoted J(S) or J4(5). The
reader is warned that some authors (c.f. [13]), prefer to write J(S) for the
ideal we call Jy(.5).

Hulls. Let A be a commutative unital Banach algebra, and let I be a closed
ideal in A. Then the hull of I is, as usual, the closed subset

ba(l) = (){z € ®4:d(z) =0}

ael

of ®4. The subscript A will be omitted when the algebra is clear. It is
standard that S —— ha(M(5)) is a closure operator on ®4. The algebra A
is said to be Shilov reqular (or just regular) if the induced topology (the hull-
kernel topology) on ® 4 is the same as the Gel'fand (relativised w*) topology.
For us, I is primary as soon as h4(I) reduces to a single point.

Iterates of self-maps. Let S be a set. For a self-map ¢ of S and n € N, let

6" =o0go- 0.
—_——

n times

We shall refer to ¢°" as the n-th iterate of ¢.

12



1.2 Conventions

The set .

m ¢on(s>

n=1
will play an important role in some of our discussion, and will be denoted
¢°>°(S). It is common to refer to ¢°>°(.S) as the fized set of ¢.

Standard isomorphisms. Let X be a Banach space, let F' be a closed sub-
space, and let T' be a bounded operator on X which preserves F'. The stan-
dard isometric isomorphism between (X/F)* and F* induces an isometric
isomorphism

L((X/F)") — L(F)
which sends (T/F)* to T*|F*. This means, among other things, that

IT/FIl = |(T/F)|| = | T*| F.

Now suppose that X is a Banach space of functions on a set S, and let
E C S. In this situation, it is standard that the quotient space

X/M(E)=X/{feX:f=0onE)}

can be regarded as the space of restrictions to E of functions belonging to
X. Given the remarks above regarding norm conventions, the norm we take
on X/M(FE) is always that given by

If1] = nf{[Jul| : v € X, u = f on E}

for u € X.

Complements. We will only ever be interested in topological complements
of subspaces of normed spaces; the word ‘complement’ should henceforth be
read as ‘topological complement’.

Semi-prime algebras. Since we will only deal with commutative algebras
in this thesis, semi-prime can simply be read as ‘without nonzero nilpotent
elements’.

13



CHAPTER 2

Preparatory results

§2.1. Introduction

The way in which a unital endomorphism responds to the algebraic structure
of its environment can sometimes tell us quite a lot about its properties as an
operator. My aim in this chapter is simply to point out a few circumstances
in which this is particularly true, and to assemble some of the tools we will
need for the more specialised chapters which follow.

After a smattering of introductory material and a short note about some
properties of homomorphisms out of C'(S), the first main set of results fo-
cusses on two topics: ‘endomorphisms and involutions’ and ‘endomorphisms
and point derivations’. This is followed by a collection of theorems describing
aspects of the relationship between a unital endomorphism and its so-called
fized set. To finish, I have included a short section examining the relationship
between an endomorphism of a function algebra and the Lipschitz algebra
of its underlying Gleason metric space.

§2.2. Some simple observations

This first section is largely introductory in nature, and is intended to equip
the reader with the fundamental examples and observations needed in order
to derive the fullest enjoyment from the subject matter of later sections.
Nearly all the material in this section will be known to specialists in one
form or another. However, this may be the first time all the information has
appeared together in one place, and I am not sure whether the few proofs
that I give are the usual ones.

14



2.2 Some simple observations

It is probably sensible to begin by making a note of some of the more im-
mediate observations one can make about the interaction between a unital
Banach algebra homomorphism and the various algebraic structures of its
domain and codomain. It is, for example, easy to see that for any unital
Banach algebras A and B, any T' € Hom(A, B) and any a € A,

o(Ta) C o(a). (2.2.1)

The following results for the commutative case are also well known; the
proofs are routine, and can mostly be recovered using standard theory and
results from Rickart’s book, [51].

Lemma 2.2.1. Let A and B be commutative unital Banach algebras, let
T € Hom(A, B), and let ¢ = T'. Then

(a) o(Ta) = o(a) for every a € A if ¢ is surjective;
(b) T7'(Rad(B)) = M(4(®p));

(c) the inclusion T7'(Rad(B)) C Rad(A) holds precisely when ¢(®p) is
hull-kernel dense in ® 4;

(d) T is surjective only if ¢ injective;
(e) T is bijective only if ¢ is a homeomorphism.

In the special case where A and B are semisimple and A is regular, we also
have

(f) T is injective if and only if ¢ is surjective.
The following standard consequence of (2.2.1) will be needed later, and is

an important ingredient in the proof (not given here) of Theorem 3.1.2; I
am grateful to Joel Feinstein for pointing this out to me.

Lemma 2.2.2. Let A be a unital Banach algebra, and let T': A — A be a
bounded unital endomorphism. Then, subject to the natural identification
of C with the set of all multiples of the identity,

Im(1—T)NC = {0}.

15



2.2 Some simple observations

Proof. Let a € Im(1 —7') N C. Then there is a z € C and some ag € A for
which ag — T'ag = a = z - 1. This leads to the equation

ag — 2z = Tay,

which in turn implies that we have ag — nz = T"aq for all n € N. Choose
any Ao € o(ap). Then since

{A=nz:X€oa(ap)} =0c(ag —nz) =c(T"ay) C o(ap),

every point of the (usually unbounded) sequence (Ag — nz),en belongs to
o(ap); unless z = 0, this contradicts the fact that o(ag) is bounded. O

Given Banach spaces X and Y and closed subspaces M C X and N C Y, a
bounded operator 7' : X — Y maps M into N if and only if

T*(N+) € M*. (2.2.2)

The following comments concern some analogues of this fact which are avail-
able in our more specific setting. Letting A and B be commutative unital
Banach algebras, choosing some T' € Hom(A, B) and letting ¢ = T, it is
clear that for closed subsets £ C &4 and F C &p,

VFCE = { T(Ma(E)) € Mp(F');and (223)
T(Ja(E)) C Jp(F).

The following result handles the converse situation.

Proposition 2.2.3. Let A and B be commutative unital Banach algebras,
let T € Hom(A,B), let ¢ = T7, and let I C A and J C B be arbitrary
closed ideals. Suppose that T'(/) C J. Then:

(i) Ty1.; € Hom(A/I,B/J);

(ii) ¢(hs(J)) € ha([); and

(iii) (Ty7,5)" ‘is’ the birestriction of ¢ to hp(I) and ha(I), subject to the
standard identification of ® 4,5 with h4(/) and ®5,; with hg(J).

16



2.3 Homomorphisms out of C(S)

Proof. Statement (i) is obvious. Before tackling (ii), let us first note that a
function f : X — Y between sets X and Y satisfies f5; C S| and fS; C 5}
for subsets 51,59 C X and S, S5 C Y only if

f(S1NSy) C S NS, (2.2.4)

In our situation, the fact that T*(J+) C It is clear. Since we also have
T*(®p) C 4, (ii) follows simply by setting f = ¢, S; = $p, S; = Dy,
Sy =J+ and S = It in (2.2.4).

To prove (iii), we need to appreciate that what we are really doing by
‘identifying’ h4(/) with ®,4/; is pretending that the (injective) character
space map ®4/; — ®,4 induced by the quotient homomorphism (sending A
onto A/I) is just a straightforward inclusion. Provided we are willing to
accept this slight aberration, (iii) follows from combining the equation

QT = (T)1,7)Q1

with the fact that (T1Ty)7 = T2T o Tf for any compositionally compatible
homomorphisms 7} and T5 O

Corollary 2.2.4. Let A and B be commutative unital Banach algebras, and
let T € Hom(A, B). Let E C &4, FF C &g be closed subsets and suppose
that A is regular. Then T(M4(E)) C Mg(F) if and only if TT(F) C E.

§2.3. Homomorphisms out of C'(.S)

This section is a short selection of results and examples which illustrate how
homomorphisms out of C(S) algebras differ from homomorphisms out of
other function algebras. Many of the special properties of these operators
occur in connection with the following theorem of Kaplansky, which appears
below alongside one of its immediate corollaries.

Theorem 2.3.1 (Kaplansky’s theorem, c.f. [13], Theorem 4.2.3). Let S
be a compact Hausdorff space, and let ||.|| be a submultiplicative norm on
C(S). Then |f|s < || f|l for every f € C(S).

Corollary 2.3.2 (c.f. [13], Corollary 4.2.4). Let S be a compact Hausdorff
space, let T' be a unital Banach algebra homomorphism mapping C(.S) into
another unital Banach algebra. Then T has closed range.

17



2.3 Homomorphisms out of C(S)

Corollary 2.3.2 implies, in particular, that every endomorphism of C(S) has
closed range. As the following example illustrates, the same is not true of
every endomorphism of C([0, 1]).

Example 2.3.3. Consider the endomorphism T of C' ([0, 1]) given by setting

for each f € C1([0,1]) and = € [0,1]. Now consider the (C') functions
(fu)ue(o,1) given by setting

fo(x) = % (‘/;Jr %) for x € [0,v); and

VT for z € [v,1]
Using the standard norm ||| : f = || flleo + ||/"]lec on C([0,1]), straight-
forward calculations give
1
ISl =1+ 5—= and [T [ =2

2\/v
for each v € (0,1). Considering the difference quotients

ITh 4w
I~ T2

we see that T is not bounded below. Since T' is injective, this implies that
T cannot have closed range.

The endomorphism induced on C*([0,1]) by the map ¢ : x — 22 also pro-
vides us with an example of an endomorphism of a semisimple commutative
unital Banach algebra for which ¢ is injective but T is not surjective. One of
the consequences of Corollary 2.3.2 is that this situation can never occur for
bounded unital homomorphisms between C(.S) spaces; the following result
does not seem to be in the literature, but must be known to specialists.

Proposition 2.3.4. Let S and S’ be compact Hausdorff spaces, and let ¢
be a continuous map sending S’ into S. Then ¢ is injective if and only if
the homomorphism 7" : C(S) — C(S’) , fr+— f o ¢ is surjective.

18



2.3 Homomorphisms out of C(S)

Proof. That ¢ is injective whenever T is surjective is clear from part (d) of
Lemma 2.2.1. The converse statement is proved as follows.

Suppose that ¢ is injective, and let A = Im(7"). It is clear that A is
self-adjoint and contains the constant functions. The fact that ¢ is injective
means that A also separates points of S/, so it follows from the Stone Weier-
strass theorem that A is dense in C'(S”). Applying Corollary 2.3.2, we see
that A is closed, hence that A = C(S’), since a proper subspace cannot be
both closed and dense. O

In his 1980 paper, [35], Kamowitz observed that when S is a connected
compact Hausdorff space, the only compact endomorphisms of C(S) are
those of the form

P,:C(S)—C(S), fr— f(z)-1.
However, the following more general result seems to have been overlooked.

Proposition 2.3.5. Let S be a connected compact Hausdorff space, and let
B be a unital Banach algebra. Then every compact unital algebra homo-
morphism T : C(S) — B has finite rank. If, in addition, B has no nonzero
nilpotents and no nonzero idempotents besides 1, then there is some x € S
for which

Tf=/fz)-1

for every f € C(S), where 1 is the multiplicative identity in B.

Proof. The first part of the proof is completed at a single stroke: as a
compact operator with closed range, T has finite rank. Now suppose that
B has no nonzero nilpotents and no nonzero idempotents besides 1. Then
Im(7T) is a commutative unital Banach algebra with no nonzero nilpotents
and no nonzero idempotents besides 1. Since Im(T) is finite dimensional,
its lack of nilpotents makes it semisimple. It follows that Im(7") is, up to
isomorphism, just C™ (with entry-wise multiplication) for some n € N; the
lack of non-trivial idempotents then forces n = 1, and the result follows
(since every character on C(S) is given by evaluation at a point of S). [

This result also fails to hold for function algebras more generally. To see
this, we have only to consider the inclusion map of C'([0,1]) into C([0,1]);
this is compact, but is certainly not of finite rank.
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2.3 Homomorphisms out of C(S)

Corollary 2.3.2 also has an interesting application in connection with de-
termining whether or not endomorphisms of certain function algebras have
closed range. The following theorem is a small step in this direction.

Theorem 2.3.6. Let (S,p) be a compact metric space, and let ¢ be a
Lipschitz continuous self-map of S. Suppose that there is some v > 0 with
the following property: given any two distinct points y,3" € ¢(S), one can
select points = € ¢~ ({y}) and 2’ € ¢~ ({¢/'}) for which

pla,a') < v ply,y).
Then B={fo¢: f e Lip(S,p)} is a closed subspace of Lip(S, p).
Proof. Let g € B, and choose a sequence (f,)nen in Lip(S, p) for which

1}220 ||fn O ¢ - g”Lip(S,p) =0. (231)

Writing 7 for the endomorphism f —— f o ¢ of C(S5), (2.3.1) certainly
implies that
Jim [T fr = glloo = 0.

Invoking Corollary 2.3.2, we see that there is some f € C(S) such that
Tf = g. Our next move is to show that f is Lipschitz continuous on ¢(.9); if
we can prove this, we can take a u € Lip(S, p) which agrees with f on ¢(S)
and have uo ¢ = fo ¢ = g. Fix any v,y € ¢(5), and let M be a Lipschitz
constant for g. Taking any z € ¢~ *({y}) and 2/ € $~'({y/}), we have

F(y) = FW)l = [f(o(x)) = fo(2))]

< Mp(z,a').

Choosing, as we may, points x and 2’ for which p(x,z") < ~v-p(y,y’), we are
therefore guaranteed that

1fy) = FW) < M-~ ply, ).

Since we can argue similarly for every pair of distinct points y,y" € ¢(95),
we see that f is Lipschitz continuous on ¢(.5).
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2.4 The spectrum of an endomorphism.

It is, of course, not necessarily the case that f is Lipschitz continuous on
all of S. However, the existence of a bounded linear extension operator
Lip(¢(S), p) — Lip(S,p) ([55], Theorem 1.5.6) means we can modify f
outside ¢(5) to recover some u € Lip(S, p) which agrees with f on ¢(S). O

§2.4. The spectrum of an endomorphism.
Let A be a unital Banach algebra, and let T' be a bounded linear operator
mapping A into itself. In this section, we examine what the condition

T € End(A) = Hom(A, A)

means for the the spectrum o(7") of T"in L(A) when A has various properties.
For a linear operator 1" mapping a vector space X into itself, let us agree
that n(T) and d(T') will denote, respectively, the dimensions of Ker(7T') and
X/Im(T'). We can then consider the sets

op(T) = {AeC:n(A-T) # 0},

ou(T) = {AeC:d(A—T)#0},and

0o(T) = {X € C:at least one of n(A —T') or d(A — T) is not finite}
of parameter values A\ for which A — T fails to be bijective in each of the
ways considered. These sets are referred to as the point spectrum, surjectivity

spectrum and essential spectrum respectively. If X is equipped with a norm,
one can also consider the approzimate point spectrum

0ap(T) = {X € C: X =T is not bounded below}.

We write
ro(T) =inf{r > 0: |\ <rforall X € 0.(T)}

for the ‘radius’ of 0.(7"). When X is an infinite dimensional Banach space,
the punctured neighbourhood theorem (c.f. [47], page 171, Theorem 7)
implies that

o(T) N {z 1 |2] > re(T)} C 0y(T) (2.4.1)

for every T' € L(X).

21



2.4 The spectrum of an endomorphism.

In this setting, any A € o(T) \ 05, (T") is necessarily the centre of an open
disk D C 0,(T") (see Theorem 6.20 of [1]). These two observations will be
useful later. For the time being, it seems best to begin with the following
well-known result; its consequences will be with us throughout this thesis.

Proposition 2.4.1. Let A be a unital Banach algebra with no nonzero
nilpotent elements. Let T € L(A) be an operator for which T'(a?) = T'(a)?
for every a € A. Then

(\:neN e o, (T)} Coy(T).

In particular, o,(T") is a subset of the closed unit disk. If, in addition, A
is an integral domain (so that the product of any two nonzero elements is
nonzero), o,(7") is a unital semigroup.

A proof can be found in, for example, Gamelin’s paper, [24]. Although this
result is well known, the same cannot be said for the following corollary; this
makes use of the remark immediately preceding Proposition 2.4.1.

Corollary 2.4.2. Let A be an infinite dimensional unital Banach algebra
with no nonzero nilpotent elements, and let 7' € End(A). Then o(7T")\ osu(T")
is a subset of the open unit disk.

The following corollary is also interesting.

Corollary 2.4.3. Let A be an infinite dimensional unital Banach algebra
with no nonzero nilpotent elements, and let 7" € End(A) be an endomor-
phism for which 7.(7") > 1. Then r(T") = r.(T"). In particular, we have

r(T)=r(T/F)

for every finite dimensional T-invariant subspace F' of A.

Proof. That r(T') = r.(T) follows from combining Proposition 2.4.1 with
inclusion (2.4.1). Thus r(T/F) < r(T) = ro(T) = r(T/F) < r(T/F) for
each T-invariant finite dimensional subspace F' of A. Here, I have used the
fact (c.f. [41], Proposition 3.7.1) that o.(T) = 0.(T/F) when F is a finite
dimensional T-invariant subspace. O
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2.4 The spectrum of an endomorphism.

The remaining results in this section all pertain to endomorphisms of com-
mutative unital Banach algebras with particular special properties. The fol-
lowing observation should perhaps be attributed to F. V. Atkinson (author
of the eponymous theorem concerning Fredholm operators), who noticed
something similar as part of his work on so-called Baxter operators; this
result is obviously quite similar in structure to Proposition 2.4.1.

Proposition 2.4.4. Let A be a unital uniform algebra, and let 7' € End(A).
Then we have

{N'":neN, A€ 0g,(T)} Coup(T), (2.4.2)

and o(T') is a subset of the closed unit disk.

Proof. Since A is a uniform algebra, we may assume that the norm in A
is just the uniform norm ||.|| = ||.||e. Inclusion (2.4.2) is established by a
simple argument using the fact that [|f2|| = ||f]|* for every f € A. The
second assertion is obvious, since

ITfll = sup |f(¢(z)] < sup [f(z)] = [|f]

€Dy
for every f € A (where, as usual ¢ = TT). O

The following result is established by similarly elementary means, but ap-
pears to be new; the reader will recall that an algebra of functions A is

self-adjoint if, given any element f € A, the function 7(f) : © — f(x) is
also an element of A.

Proposition 2.4.5. Let A be a semisimple commutative unital Banach
algebra, regarded as a subalgebra of C'(®4) in the usual way. Suppose that
A is self-adjoint, and let 7' € End(A). Then the sets

0p(T),06u(T),00(T) and (T are symmetric about the real axis.

If, in addition, [|7(f)|| = || f|| for every f € A, then the approximate point
spectrum o,,(7") is symmetric about the real axis also.
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2.4 The spectrum of an endomorphism.

Proof. Our first step is to show that T is necessarily a x-homomorphism,
in the sense that we have T'(7(f)) = 7(Tf) for every f € A. This is actually
rather straightforward. Let ¢ = T7. Then for f € A and 7 € ® 4,

T(Tf)(x) = f(o(x)) = (7)(6(x)) = T(r(f))(=),

” TA=T)=(\-T)7

for A € C. Using this, it is easy to see that 7 maps Ker(A—T) into Ker(A—T)
and Im(A — T') into Im(\ — T'). Combining this with the fact that elements
Ui, ...,u, of A are linearly independent only if this is true of Tuq, ..., Tu,,
we must clearly have

nA=T)=nA=T)
and dA—T)=d(\—T)

whenever the right hand sides are finite. This is enough for us to be able to
conclude that o,(7T), 0s,(T") and o.(7") are all symmetric about the real axis.
It remains only to show that the same is true of 0,,(7") when 7 is isometric.
To see this, first choose any A € C for which A — T" is bounded below, and
take some ¢ > 0 for which

tlvll < |(A =T)o]]

for every v € A. Now fix any u € A. Then, setting v = Tu, we have

tull = ol <A =Tl = fIr(A=T)vl|
= (A= T)u].

Concluding from this inequality that A — 7 is bounded below whenever A\—T
is bounded below, we see that Z(c,.,(1)) C 0.5(1'), as asserted. O

Similar arguments to those employed above work when 7 : A — A is an
arbitrary involution on A satisfying the conditions on page 56 of [25]; any
such involution extends to give us an involution 7' — T, = 777 on L(A)
which preserves End(A). In the simple case considered above, we evidently
have T, = T for each T' € End(A).
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2.4 The spectrum of an endomorphism.

Example 2.4.6. Let A be the disk algebra and suppose that, instead of
being simple complex conjugation, we let f —— 7(f) be the self-map of A
given by setting

T(f)=foz

for every f € A. Just as before, 7T is involutive, additive and preserves linear
independence. However, it is clearly no longer the case that T, =T for each
T € End(A). Fixing T' € End(A), and letting ¢ be the associated self-map

of D, we actually have
(T:1)(C) = (fozodoz)(C)

for ( € D and f € A. Combining the fact that 7 is bijective with the identity

TAN=T)r =\=T,,
it is clear that we have o(T') = zZ(o(T,)) for each T € End(A).

Having seen that sets belonging to the collection
€¢(A)={o(T):T € End(A)}

have to be symmetric about the real axis when A is self-adjoint, it is now
time to see what additional constraints are placed on €(A) when A has
non-trivial bounded point derivations. Our focus, for the remainder of this
section, will be an abstraction of the popular ‘repeated’ differentiation trick
used by Kamowitz (any many others since) to prove statements about the
point spectra of endomorphisms of algebras of highly differentiable functions.
This trick essentially just relies on the fact that, when f and ¢ are sufficiently
smooth functions of a single variable and x is a fixed point of ¢, we have

terms containing a factor of
9 (xq) for some j < k

(f 0 ) (20) = (o) £ (o) + ( ) (2.4.3)

for each k € N. Our first move will be to rephrase this observation in terms
of (higher order, bounded) point derivations.
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2.4 The spectrum of an endomorphism.

Remark 2.4.7. The reader is reminded at this point that a (k + 1)-tuple
(d;)k_, of linear functionals on a commutative unital algebra A constitutes
a k-th order point derivation if dy is a character and we have

d;(ab) = Z di(a)d;—i(b)

for each a,b € A and j < k. When k = 1, this definition means that we
have a product rule dy(ab) = dy(a)dy(b) + di(a)dy(b) for a,b € A.

The following proposition is an abstraction of the so-called Faa-di-Bruno
formula for computing higher derivatives of composite functions; it will
be crucial in transferring the ‘repeated differentiation trick’ to a more ab-
stract setting. The following notation will be helpful; for a multi-index
a=(ay,...,q) € Zk, we shall write

k

k k
al = Hai! ol = Zai and (a) = Ziai.
i=1 i=1

=1

Proposition 2.4.8. Let A be a commutative unital Banach algebra, let
x € &4, and suppose that there are linearly independent bounded linear
functionals dy = z,d;,ds, . ..,d; on A for which (z,dy,ds,. .., d;) is a k-th
order point derivation. Let

I = M(z)nKer(dy) N---NKer(dy),

and let T be a bounded unital endomorphism of A such that T(I) C I.
Then there are complex numbers I'y, ..., I", for which the equation

k
dj(Ta) = {%dw(a) [[reaezt (o) = j} (2.4.4)

holds for every a € A and j € N with j < k.

Proof. Our linear independence assumption implies that there is a gy € A
such that dy(go) = 1 and d;(go) = 0 for @ # 1. This ensures, in particular,
that the homomorphism 6, : A — Clz]<) , a — Zf:o d;(a)z" is surjective
(here and throughout, C[z]<, is the algebra of all polynomials in a single
indeterminate z, with multiplication carried out modulo 2**1).
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2.4 The spectrum of an endomorphism.

Letting di, ..., d}, be the functionals on A/ for which d;(a) = d’(a +1) for
a € A, themap 6 : A/ — C[z]<; given for u € A/I by 0(u) = ZZ o di(u)2"
is clearly an isomorphism with 6(go+1) = 2. Setting g = go+ 1, we therefore
have u = Y% d(u)g' for each u € A/I. As a homomorphic image of z in
C[z]<k, ¢ is nilpotent, so the same is clearly true of ¢ = (7'/1)g. This means,
in particular, that djy(¢) = 0, so

(T/Tu =3 di{w)¢' =3 _di(u) (Z d;<¢>gf) .

Using the multinomial formula (see, for example, [18], page 42), this simpli-
fies to

k

(/1 = deu)Z{;—!, d;<¢>argmvaezi,|a|=i}

r=1

= Z{M o (1 Hd' )*rg e a ez {a >§k‘}~

Let j € N with j < k. Then, as the coefficient of ¢/ in the expansion above,
d;((T'/I)u) is given by the formula

Z{'O“ i (u Hd’ ar aez’;,<a>:j}.

Let a € A. Then since d;j(Ta) = dj(Ta+I) = d;((T/I)(a+ I)), we have

o o TT e () .
(T = z{ ) [T 0 € 25 (0} =5}
r=1
Setting I', = d.(¢) for r € {1,...,k}, the proof is complete. O

It is probably worth making explicit the fact that the numbers I'y, ..., T
appearing in this result depend both on (d;)¥_, and T and (loosely speakmg)
encode the interaction between these two entities. With this result at our
disposal, we now have all we need to demonstrate the use of the ‘repeated
differentiation trick’ in a very general setting.
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2.4 The spectrum of an endomorphism.

Proposition 2.4.9. Let A be a commutative unital Banach algebra, and
suppose that there is a sequence (d;)$°, of linearly independent elements of
A* such that (d;)%_, is a point derivation of order k for each fixed k € N.
Let T be a unital endomorphism of A such that T'(Ker(d,)) C Ker(d;) and

k k
T (ﬂ Ker(di)> - ﬂKer(di)

for each k € Z,. Suppose that (2, Ker(d;) = {0}. Then
op(T) C {1} U{TY :n € N},

where I'y is uniquely specified by the equation T*d; = I'1d;.

Proof. Since T" maps Ker(d;) into itself for i € {0,1}, there are unique
complex numbers I'y and I'y for which

T*do = Fodo and T*dl = Fldl.

The requirement that 7*dy be a character forces I'y = 1, but there is no
corresponding restriction on I';. Let A be a complex number which is neither
1 nor any positive integer power of I'y, and let a € Ker(A — 7). Then since
Ihy=1,

0 = do(Aa—Ta) = (A—1)do(a)

and 0 = di(Aa—Ta) = (A—T1)di(a).

Our assumption about A therefore forces do(a) = 0 = dy(a). Now take k € N
such that d;(a) = 0 for all j < k. Then, by the previous result, there are
complex numbers 'y, ..., 'y such that (2.4.4) holds for every j € N with
J < k. In particular,

de(Ta) = {‘Z—l!d|a(a) [[re i aeZt (o) = k} .

Our induction hypothesis ensures that dj,(a) = 0 for |a| < k, so we have
only to consider terms for which |o| = k. Fortunately, it is easy to see that
the condition |a] = k = («) actually forces ay = k and a; = 0 for i > 1.
Our induction hypothesis therefore actually means that di(Ta) = dy(a)T¥.
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2.4 The spectrum of an endomorphism.

It follows that
dp(Aa —Ta) = (A —TH)dy(a),

so dy(a) = 0 (since A # T'¥). By induction, d;(a) = 0 for every i € Z,.
Having assumed that 0 is the only element of A with this property, a = 0.
The result follows. O

Corollary 2.4.10. Assume that, in addition to the hypotheses of the pre-
vious result, A is infinite dimensional, T is compact, and that A has no
nonzero nilpotents. Then

o(T) = {0,1} U{I" : n € N}.

Proof. Since a compact operator on an infinite dimensional Banach space
is never invertible, 0 € o(T"). That 1 € ¢(T') is also immediate from the fact
that 7" is unital. Given that T*d; = I'1d;, we certainly have I'y € o(T'). As
T is compact, this means that either I'y = 0 or I'y € 0,(T). In the latter
case, the absence of nonzero nilpotent elements means that I'} € o(T') for
every n € N. Having shown that

{0,1} U{l'? :n € N} C o(T),
it remains to establish the reverse inclusion. Since T is a compact operator,
o(T) = {0} Uo,(T).
Proposition 2.4.9 does the rest. O

The word compact can be replaced by the words meromorphic and non-
invertible in this result without affecting its validity, since we only need
the fact that 0 € o(7T) and that nonzero points of the spectrum are all
eigenvalues. The reader may wish to observe that the subspaces

m Ker(d;)

appearing in Proposition (2.4.9) are closed primary ideals of finite codi-
mension in A; we will see later that (in a suitably restricted setting) the
availability of such ideals is crucial for Riesz endomorphisms to have spectra
larger than {0, 1}.
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2.5 Spectra and fixed sets

§2.5. Spectra and fixed sets

The results of this section all concern the set

\{EC®4: T"E = E} (2.5.1)

when A is a commutative unital Banach algebra, and 7' € End(A). The
strongest of these (Proposition 2.5.5) goes some way to explaining some of
the links observed in the literature between o(T') and the behaviour of T'f
near its fixed points. The following lemma provides us with an important
alternative description of the set in (2.5.1), and explains why (from now on)
we shall denote it using the symbol T*°® 4.

Lemma 2.5.1. Let S be a compact Hausdorff space, and let ¢ be a contin-
uous self-map of S. Then

U{E C5:6(E) = B} = ¢°(5).

Proof. That the left hand side is contained in the right is obvious, and
holds independently of any topological considerations. A standard finite-
intersection-property argument involving sets of the form

En,:r = (bil({l)}) N (bon(s)

shows that ¢ maps () —, ¢°*(S) onto itself; this is clearly enough for the
reverse inclusion. O]

The following theorem tells us something rather interesting about the point
spectrum of T/M (T**® ). I suspect from the proof of Lemma 1.4 of [35]
that Kamowitz was aware of this result, but I have included a proof anyway.

Proposition 2.5.2. Let A be a commutative unital Banach algebra, and
let T € End(A). Then

J{Ker(A =T): A € C\ T} C M(T**®,).

In particular,
op(T/M(T*®,4)) CT. (2.5.2)

Proof. It is clearly enough to show that (2.5.2) holds. To do this, take
A€ C\Tand a € Asuch that \a —Ta € M(T*°®,).
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2.5 Spectra and fixed sets

Then, letting ¢ = 77, the functions A\a and @ o ¢ agree on T**® 4. Since ¢
maps 1%, onto itself, we must therefore have

Al sup [a(z)|= sup [a(¢(z))]= sup [a(z)].
TET*XD 4 TET*XP 4 TET*XD 4

As |A| # 1, this forces @ to vanish on T**°® 4. This puts a in M (T*°®,),
and the result follows. O

Corollary 2.5.3. Let A be a regular semisimple commutative unital Banach
algebra, and let 7' € End(A) be injective. Then o,(7") C T.

Corollary 2.5.4. Let A be a commutative unital Banach algebra, and let
T € End(A). Then o,(T)ND = o, (T|M(T*°d4)) N D.

Although the three results considered so far speak of a link between T*>*°® 4
and the eigenvalues and eigenvectors of a unital endomorphism, I have yet
to make the case that the same is true of the spectrum more generally. The
next result is an important step in this direction. Loosely speaking, it says
that all the important information about ¢(7") can be recovered by looking
what happens near T*°® 4.

Proposition 2.5.5. Let A be a semisimple commutative unital Banach
algebra, let 7' € End(A), and let V' be any open T*-invariant (Gel'fand)
neighbourhood of T**® 4 in ®4. Then

o(T) U{0} = o(T/M(V)) U {0}.

This is also true when V = T*"® 4 for some n € N.

Proof. Let V be either T""®,4 for some n € N or some T*-invariant

(Gel'fand) neighbourhood of T**® 4. In either case, M (V') is a T-invariant
closed subspace of A. The standard 3-space spectral inclusions now give

o(T)

and o(T/M(V))

o(TIM(V)) Ua(T/M(V))

C
C o(T)Uo(T|M((V)).

The result will clearly follow if we can demonstrate that o(T|M(V)) = {0}
when M (V') # {0}.
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Assume that M (V) # {0}. Let us show that T is actually nilpotent on
M (V). This is immediate when V' = T*"® 4, since

Ker(T") = M(T""®4).

Supposing, instead, that V' is a T™-invariant open neighbourhood of T*>*® 4,
a standard compactness argument tells us that there is necessarily some
m € N for which

TP, CT"P, C V.
Since this gives M (V) C M(T*™® 4) = Ker(7™), the result follows. O

Whilst 7//M (V') and T have the same nonzero spectrum when V' is any 7%-
invariant neighbourhood of T**°® 4 in ® 4, the same is not always true when
V' is T**® 4 itself. To see this, it suffices to consider the case where T' is a
compact endomorphism of the disc algebra; in this case, T**® 4 is always a
singleton, but ¢(7") need not be equal to {0, 1}.

Corollary 2.5.6. For i € {1,2}, let B; be a semisimple commutative unital
Banach algebra, let T; € End(B;), let ¢; = Tl-T, and let V; be a closed
¢i-invariant neighbourhood of ¢$>°(®p,). Suppose that there is a bijection
1 : Vi — V5 such that ¢9 09 =1 o ¢y on Vp, and:

(i) for every g € By, g 01 is the restriction to V; of some f € By;
(ii) for every f € By, fo1~! is the restriction to V4 of some g € Bs.
Then o(T1) U{0} = o(T3) U {0}.

Proof. Let ¥ : By/M(Vy) — By/M(V,) be the homomorphism given
by Wf = fo™! for each f € B;/M(V;) (identified with the algebra of
restrictions to V; of functions in By). It is clear that ¥ is an isomorphism.
Since our assumption that ¢, 01 =1 o ¢; on V; gives

V(T /M(W)) = (T2/M(V2)) ¥,

this means the operators T1/M (Vy) and Ty /M (V,) are similar; the result
now follows from the previous one. O
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The next result records an interesting link between of T**°® 4, and the spectra
of elements of the algebra Ker(1 — 7).

Theorem 2.5.7. Let A be a commutative unital Banach algebra, and let
T € End(A). Then:

(i) B = Ker(I —T) is a closed inverse-closed unital subalgebra of A, so
oa(b) = op(b) for b € B;

(i) for b € B, ga(b) = b(T*°®,);

(iii) if T7*°d 4 is a singleton and A is semisimple then B=C-1and 1 —T
has ascent 1 (in the sense that the kernel of (1 — T)? is the same as
that of 1 —T).

Proof. Item (i) is immediate. To prove (ii), first let b € B and choose any
A € ga(b). Since A € g4(b), there is some x € ® 4 such that xz(b) = A. Since
A—b=T(\—b), we then have

-~

O0=z(A=0b)=z(T"(A=0)) = (A=b)(T"™z)
for every n € N. This implies, in particular, that the sets
Zpn={y€P4:ylb)=A}NT"P, (neN)

are all nonempty. It follows that the collection (Z,)°, has the finite inter-
section property (since every finite intersection of Z,s is another Z,). As
every Z, is closed in ® 4, compactness gives us

{ye@a:y(d) =NINT0y = () Z. # 2,
n=1

from which (ii) obviously follows.

The assumption that A be semisimple for part (iii) is actually slightly
more than we need; its role is simply to ensure that any element of A with
a one point spectrum is a multiple of the identity. With this restriction in
place, part (ii) ensures that B = Ker(1 —7T) = C - 1 when T**°®, has only
one point. Recalling Lemma 2.2.2, we then have

Im(1-T)NnKer(l1-T)=Im(1 -T)Nn(C-1) = {0}.
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That 1 — T has ascent 1 now follows from the (standard) fact that

Ker(A?)/Ker(A) = Im(A) N Ker(A),
for any linear self-map A of a vector space. O

Our final result of this section shows that ‘fixed sets’ of the type we have
been considering are also important for weighted composition operators. The
simple argument used in its proof will be exploited again (in a slightly more
complicated setting) in Chapter 5. It would surprise me if the following
proposition were not known to specialists, but I have not managed to locate
it in the literature.

Proposition 2.5.8. Let S be a compact Hausdorff space, let w € C(S),
and let ¢ be a continuous self-map of S. Let T be the operator on C(S5)
given by

Tf(x) = w(x)f(¢(x))

for each f € C(S) and x € S. Then r(T) is no greater than the maximum
value attained by |w| on ¢°*(S).

Proof. For each n € Z,, let |.|,, be the seminorm on C(S) given by

[fln = sup{|f(2)| - z € ¢**(S)}

for each f € C(S), with the convention that ¢°° is the identity on S. An
easy computation gives

n—1
17" < I lwlm (2.5.3)
m=0

for each n. Since T is clearly nilpotent if some |w], is 0, we need only deal
with the case where |w|,, > 0 for every n. However, we clearly have

n—o0

n—1 1/n
lim sup (H ]w|m> = 7};1120 (|, = sup{|w(z)| : 2 € $°*(S)}

m=0

by, for example, the Stoltz-Cesaro theorem (c.f. [48], page 87). The result
now follows from (2.5.3) and the spectral radius formula. O
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2.6 Lipschitz estimates

§2.6. Lipschitz estimates

Let A be a semisimple commutative unital Banach algebra, let 7' € End(A),
and let ¢ = TT. Tt is easy to see that

C(®a) > fr— fogp e C(Pa)

is an endomorphism of C'(® 4), and that this endomorphism may be regarded
as an extension of T'. In general, it is rather difficult to say anything par-
ticularly interesting about any relationship which may exist between 7" and
its extension to all of C'(®4). In this section, we consider an extension of T
with slightly more favourable properties.

Letting p4 be the Gleason metric on ¢4 and noting that

pa(o(x), o(y)) = 1T (x = y)|| < Tz = yll = [[Tpalz,y),

it is clear that ¢ is a actually a Lipschitz continuous self-map of the metric
space (P4, pa). This means, in particular, that in setting

Tf=foo

for each f € Lip(®4, pa), we recover an endomorphism TP of Lip(® 4, pa).
Our aim, for much of this section, will be to show that

IT-*/C|| < 3||T/C].

where T/C and T™P/C are the operators induced by T and T™P on the
quotient spaces A/C and Lip(® 4, pa)/C (these are both spaces of functions
modulo the constants). For convenience, we shall assume (in this section
only) that we have equipped A with a submultiplicative norm. This imposes
no essential restriction, but explains where the factor of 3 comes from in some
inequalities; with this assumption in place, it is well known that the Gleason
metric space ($4, pa) has diameter < 2.

We begin by introducing some notation. For any Lipschitz continuous
map [ : S — S’ between metric spaces (S, p) and (5, p'), let us write L(f)
for the infimum of the set of positive numbers ¢ for which

p'(f(x), f(y) < cpl,y)

for every x,y € S.
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2.6 Lipschitz estimates

It is standard that when f : S — S" and g : S — S” are Lipschitz
continuous maps between the metric spaces (5, p), (S, p') and (S”, p"), we
have the estimate

L(go f) < L(g)L(f)-
In this thesis, we will always equip Lip(S, p) with the norm which satisfies

1A= 11flloo + L(S)

for f € Lip(S, p), and define dual and operator norms accordingly. However,
there is another norm (or rather, a family of norms) on Lip(S, p) which is
useful when (S, p) is a metric space of finite diameter. Let (S, p) be such a
metric space. Then for each p € S, the norm .|/, given by

£l = 1f )|+ L(f)

for each f € Lip(S, p) is equivalent to the standard norm. Writing cg for
the quantity 1 + diam,(S), we have

s IFIF< 1 gy < 111
for f € Lip(S, p). Since it is easy to see that
L(f) = inf{|| f + h||¢p) : h € C¥ is a constant function},
for f € Lip(S, p) and each p € S, we have
¢s'If +Cll < L(H < |If +Cll,

where || f+C|| = inf{||f+h| : h € C% is a constant function}. The following
lemma is now elementary.

Lemma 2.6.1. Let (5, p) be a metric space of finite diameter, and let ¢ be
a Lipschitz continuous self-map of S. Let T}, be the operator on Lip(S, p)
given by setting T, f = f o ¢ for every f € Lip(S, p). Then

1T5/Cl| < cs - L(9).
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2.6 Lipschitz estimates

Proof. Let f € Lip(S, p). Then
¢s' 1 Tof +Cll < L(f 0 6) < L(HL(9) < L) f + C.
Since T, f + C = (T3/C)(f + C), this is all we needed to show. O

This lemma implies that we have
IT"?/C| < 3L(9)

whenever T € End(A), ¢ = T, and A is any commutative unital Banach
algebra. Our next step is to show that, in the same circumstances, we also
have L(¢) < ||T/C]|.

Lemma 2.6.2. Let A be a commutative unital Banach algebra, let T" be an
element of End(A), and let ¢ = TT. Then

L(¢) < [|T/Cl,

where L(¢) is the Lipschitz constant with respect to the Gleason metric py.

Proof. We will need the following two standard facts:

(i) the norm of a Banach space operator is the same as that of its adjoint;

(ii) for a closed subspace F' of a Banach space X, (X/F)* is isometrically
isomorphic to F'*.

Combining these two facts, we see that | T/C|| = |[|T*|Y||, where

Y = {u € A" : ;1 annihilates multiples of the identity}.

Keeping this in mind, let us choose any two points x,y € ®4. Then, clearly,
x —1y €Y. We therefore have

pa(@(x), d(y)) = IT*(x = y)| < [TV |[llz =yl < [IT/Cllpalz,y),

from which the desired inequality follows. O
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2.6 Lipschitz estimates

Corollary 2.6.3. Let A be a commutative unital Banach algebra (not nec-
essarily semisimple), and let 7' € End(A). Then | T%?/C|| < 3||T/C||.

Lemma 2.6.2 also gives us a lower bound for 7(7'/C) in terms of the iterates of
¢; this is one among several occasions on which the spectral radius formula
serves to ‘purify’ an estimate by neutralising an unsightly multiplicative
constant.

Corollary 2.6.4. Let A be a commutative unital Banach algebra, and let
T be an element of End(A). Let ¢ = TT. Then

(TP /C) < limsup L(¢°™)V/™ < r(T/C).

n—0o0

As an example of how this estimate can be used, let us again consider the
endomorphism T of C*([0, 1]) induced by the map ¢ : z — x*. Obviously,

n

¢on(x) _ 1’2
for each n € N and = € [0,1]. Since each ¢°" belongs to C'([0,1]), we have
L(¢") = 1(¢°") [loe = 2"

so that L(¢°")/™ = 2 for each n € N. Corollary 2.6.4 now tells us that
r(T/C) > 2. For this example, one can show that 7(7'/C) = 2 by combining
Corollary 2.4.3 with the results of Section 5.5.

Remarks.

e The reader may have noticed that the word ‘semisimple’ has disap-
peared from our discussion, even though it was definitely present at
the beginning of this section. Actually, none of the estimates con-
sidered in this section requires A to be semisimple; this additional
assumption is only required if we are to speak of T™P as an extension
of T'. Without semisimplicity, TP is better regarded as an extension
of T/Rad(A) than of T itself.
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2.6 Lipschitz estimates

e The condition considered in Theorem 2.3.6 is similar to that considered
by Tougeron, Allan, Kakiko, O’Farrell and Watson in connection with
the study of finitely generated algebras of C* functions. See, for
example, [4].

kkkkk
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CHAPTER 3

Quasi-compact endomorphisms and primary ideals

§3.1. Introduction

Let B be a semiprime commutative unital Banach algebra with connected
character space ®p. For each x € ®p, let mp(x) be the collection of all closed
primary ideals contained in the maximal ideal M(x) = z7'(0). The main
aim of this chapter is to illustrate how knowledge of the collection mg(x)
at each x € ®p can be used in describing the outer spectrum of certain
endomorphisms of B.

Let X be a complex Banach space. In this chapter, the essential spectrum
0e(T') of a bounded operator T': X — X is the set of all complex numbers
A for which the difference A—T is not a Fredholm operator (this is consistent
with our use of the symbol o(T") in Section 2.4). With this understood, we
shall say that T" is quasi-compact if

oo(T) C{X: |\ < 1},

and Rieszif o.(T) C {0}. It is perhaps worth pointing out that all compact,
power compact and strictly singular operators are Riesz, while all Riesz
operators are quasi-compact.

Quasi-compact operators have always been primarily studied in the Ban;
setting, and it is here that the most interesting results concerning them can
be found. Even so, it is well known that if X is a Banach space and T" € L(X)
then T is quasi-compact if and only if it satisfies one of the following two
equivalent conditions:

(1) T=5+4V forsome V € F(X) and S € L(X) with r(5) < 1;

(2) there is a sequence (K,,)%; in K(X) such that lim,_, ||7" — K| = 0.
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3.1 Introduction

Characterisation (1) was discovered by Brunel and Revuz in 1974; (2), which
follows more immediately from the definition, is proved in [40] (page 88).
It appears from the literature (c.f. [52], page 8) that some authors working
with quasi-compact operators have also realised that (1) can be strengthened
to

(17) there are closed T-invariant subspaces Y, Z C X with Y finite dimen-
sional, X =Y @& Z, and r(T|Z) < 1.

Returning to characterisation (2), the sequence (K,)5°, need not generally
be particularly well-behaved, and will generally not even be norm bounded.
The situation is slightly better for power bounded quasi-compact operators,
since here we have the famous uniform ergodic theorem of Yoshida and
Kakutani.

Theorem 3.1.1 (Yoshida & Kakutani, 1941). Let X be a Banach space,
and let T' € L(X) be power-bounded and quasi-compact. Then A = ¢(T)NT
is finite, and there are projections (P*)yecs with the following properties:

(i) Im(P?) = Ker(\ —T) for every \ € A;
(ii) each of the projections P* commutes with T; and

(iii) there is some S € L(X) with r(S) < 1 such that T" = ", _, A"P*+.5"
for every n € N.

As Feinstein and Kamowitz have observed, the situation is even more favourable
for quasi-compact endomorphisms of certain commutative Banach algebras.

Theorem 3.1.2 (Feinstein & Kamowitz, 2005). Let B be a semi-prime
commutative unital Banach algebra with connected character space ®5. Let
T be a quasi-compact endomorphism of B. Then:

(1) o(T) € DU{1};
(ii) the eigenvalue 1 has (algebraic) multiplicity 1 and eigenspace C - 1;

(iii) there is a character xy € ®p such that the sequence (7)., converges
in norm to the rank 1 projection b — x¢(b) - 1.
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3.1 Introduction

With this as our starting point, one of our main aims will be to prove the
following result.

Theorem 3.1.3. Let B be a semi-prime commutative unital Banach alge-
bra with connected character space ®5. Let T be a quasi-compact endo-
morphism of B, and suppose that T*xy = z for some xy € $5. Then there

is a family J of T-invariant closed primary ideals of finite codimension in
B and hull {z¢}, for which

o(T) N {X: A > re(T)} = | o(T/D). (3.1.1)
IeJg

The maximal ideal M (z¢) = {b € B : zo(b) = 0} always belongs to J.

The reader will recall that an ideal in a commutative Banach algebra is
said to be primary if it is simultaneously modular and contained in only
one maximal ideal. In the unital case, an ideal is primary if and only if
its hull reduces to a single point. We will later exploit the fact that, for
many algebras of differentiable functions, primary ideals are often of a very
particular form. For example, if 2 is a convex bounded domain in RY, every
closed primary ideal in C*(Q) contains an ideal of the form

{u € C*(Q) : (D*u)(z) = 0 for all |a| < k}

for some z € 2. We will see later that this implies that every Riesz endo-
morphism T' of C*(Q) satisfies o(T') = {0, 1}. This conclusion will, in fact,
be shown to apply to a large class of regular function algebras on the closed
unit ball in R%.

It should be stressed that Theorem 3.1.3 cannot generally be used to
predict which ideals will occur in the collection J associated with a par-
ticular quasi-compact endomorphism. Therefore, it is typically (though not
exclusively) in algebras where there is a paucity of closed primary ideals of
finite codimension that the theorem is most informative.

Remark 3.1.4. Quasi-compact endomorphisms of C*(Q) are studied in
more detail in Chapter 5; in this setting, one can combine Theorem 3.1.3
with direct methods to recover a description of o(T)N{A : |A| > 7.(T)} (see
Theorem 5.3.8).
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3.1 Introduction

Theorem 3.1.3 is also particularly effective when applied to Riesz endomor-
phisms of certain algebras of infinitely-differentiable functions (even though
such algebras generally have an abundance of suitable primary ideals). In
this direction, Theorem 3.1.3 can be used to reproduce a large proportion of
the results in the literature concerning the spectra of Riesz endomorphisms
on algebras of holomorphic functions on domains in C. Among these is the
following (now well-known) theorem of Kamowitz. Below, D is the open
unit disk, and z : D — C is the associated inclusion map.

Theorem 3.1.5 ([33], Theorem 9). Let T be a Riesz endomorphism of the

disk algebra A(D), and suppose that the function ¢ = Tz fixes a point
p = ¢(p) in the open unit disk. Then the spectrum of T is given by

o(T) ={0,1} U{¢'(p)* : k € N}.

As has been (rather comprehensively) established in the literature, a similar
conclusion applies for a large number of other algebras of holomorphic func-
tions on ID. Theorem 3.1.3 will allow us to prove a significant generalisation
of Theorem 3.1.5, one which subsumes a large number of existing results
in this area. In particular, we will show that the same conclusion applies
in every unital Banach algebra obtained by completing the algebra of poly-
nomials in z with respect to a norm for which the multiplication operators
f+— (2 —p)f are bounded below (for p € D).

The material in this chapter is organised as follows. After this brief
introduction, we begin with a review of some preliminary material. All
of this is standard, and is included mainly to provide the reader with an
opportunity to remind himself of a few operator theoretic preliminaries.
The machinery described is then used to prove a version of Theorem 3.1.3.

Recovery of this central result is followed by a brief examination of some
of its implications for the spectra of Riesz endomorphisms of algebras pos-
sessing particular primary ideal structures. The subsequent material is de-
voted to examining some of the implications of our results for Riesz en-
domorphisms in two rather different classes of function algebra: one class
contains only regular algebras, and the other consists solely of algebras of
functions which are holomorphic in the unit disk.

Remark 3.1.6. The results of this chapter are largely drawn from my paper
([46]) of the same title. This was submitted to the Journal of Functional
analysis in July 2014, accepted subject to minor revisions in November 2015,
and published in February 2016.
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3.2 Preliminaries

The final section of this chapter marks a slight departure from the other
material, and examines (among other things) the conditions under which
an endomorphism of a commutative unital Banach can be simultaneously
quasi-compact and invertible.

§3.2. Preliminaries

Let X be a non-zero complex Banach space, and let T € L(X). We continue
to use the notation

p(T) = {AeC:X—Tisinvertible in L(X)} , o(T)=C\ p(1),
pe(T) = {Ae€C:\—TisaFredholm operator} | o.(T)=C\ pe(T).

These are referred to as the resolvent, spectrum, essential resolvent, and
essential spectrum of T (respectively).

Suppose that X is infinite dimensional and, as above, let K(X) be the
closed, proper ideal in L(X) consisting of all 7" € L(X) which are com-
pact. It follows from Atkinson’s theorem (c.f. [1], Theorem 4.46, page 161)
that, for each T" € L(X), 0.(T) is precisely the spectrum of 7'+ K(X) in
the Calkin algebra €(X) = L(X)/K(X). As such, 0.(7) is a non-empty,
compact subset of C with 0.(7") C o(T'). An important connection between
the essential and actual spectra of an operator is provided by the so-called
punctured neighbourhood theorem, which we now quickly recall.

Theorem 3.2.1. [47, Section 19, Theorem 4, page 197]. Let X be a complex
Banach space, let T € L(X) and let U be a component of p.(7"). Then either
U Co(T)or UNo(T) is at most countable and each A € UNo(T) is isolated
in o(T).

Now let o be a non-empty compact subset of C. We write &(o) for the alge-
bra of germs of holomorphic functions over o, equipped with the inductive
compact open topology (c.f. [13], page 795). We use the symbol z, for the
germ over o of the complex co-ordinate functional z on C. Given disjoint
compact subsets o and o’ of C, we denote by 1, ,/, the germ over ¢ U ¢’ ob-
tained in the following manner. Let U, U’ be disjoint open neighbourhoods
of o and ¢’ respectively. Now let h be the holomorphic function on U U U’
which is 1 on U and 0 on U’ and let 1, , be the germ of h over o U ¢’
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3.2 Preliminaries

It is clear that 1,,s is an idempotent in & (o U ¢’) which does not depend
on the particular choice of U and U’.

For an element b € B of a unital Banach algebra B, the main single-
variable holomorphic functional calculus theorem (c.f. [13], Theorem 2.4.4)
asserts that there is a unique continuous unital algebra homomorphism
Oy : O(o(b)) — B satistying the condition ©(z,)) = b. It is standard
that elements of Im(©;,) commute with b. If 0 C ¢(b) and both ¢ and its
complement ¢’ = o(b) \ o are compact, we define P,(0) = ©(1,,/), and refer
to this as the spectral projection of b over 0. Each 1,, is an idempotent
in O(o(b)) and ©, is multiplicative, so each spectral projection P,(o) is an
idempotent in B which commutes with b.

The next lemma summarises some pertinent properties of these idempo-
tents when B = L(X) for a Banach space X. The three assertions made
therein can be more or less directly lifted from the results of Chapters 6 and
7 of [1].

Lemma 3.2.2 (c.f. [1], Theorems 6.34 and 7.44 and exercise 14 on page
270). Let X be a non-zero complex Banach space and let T € L(X). Let
o C o(T) and suppose that both ¢ and o(T")\ o are compact when considered
as subsets of C. Then Pr(o) has the following three properties:

(i) The subspaces Im(Pr(c0)) and Ker(Pr(0)) are T-invariant closed sub-
spaces of X such that X = Im(Pr(0)) @ Ker(Pr(c)). If o is a non-
empty proper subset of o(7") then the spectra of the restrictions of T'
to Im(Pr(0)) and Ker(Pr(o)) are o and o(T') \ o respectively. The
projection Pr(o) is zero if and only if o is empty and is the identity
operator if and only if o = o (7).

(i) If, for some t > 0, 0 and o(T) \ o lie respectively in the unbounded
and bounded components of the set {A € C : |\ # t}, Ker(Pr(0))
coincides with the subspace {x € X : ||T"z||/t" — 0 asn — oo}.

(iii) If o consists of a single isolated point A of ¢(7") and A —T" is Fredholm
then Pr(o) is a finite rank operator. In this case, there is a non-negative
integer k for which Im(Pr(0)) = Ker((A — T)).

It follows from (iii) that if o is a finite set of isolated points of o(7T") belonging
to pe(T) then Pr(o) is a finite rank operator; it is simply the sum of the
finite rank operators Pr({A}) for A\ € o.
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3.3 From Spectral projection to primary ideals

Assertion (ii) appears as an exercise in [1], and relies on considerations ap-
proaching so-called local spectral theory. The explicit description of Ker(Pr(o))
provided to us by (ii) in the circumstances described will be very useful later.

The following lemma is crucial for much of what follows, and records a
further interesting property of T**®pg.

Lemma 3.2.3. Let B be a commutative unital Banach algebra, and choose
any 7' € End(B). Let I C B be any T-invariant closed ideal for which 7'/
is invertible. Then

h(l) CT*dp. (3.2.1)
Assuming, in addition, that T**®p reduces to a point zy € ®p, the ideals
with this property all belong to wg(xg).

Proof. Recalling part (iii) of Proposition 2.2.3, we know that (T/I)" is, for
practical purposes, just T considered as a map of h(I) into itself. Using
part (e) of Lemma 2.2.1, we then see that 7™ necessarily maps h(I) onto
itself. Inclusion (3.2.1) now easily follows from the fact that

705 =| {E C ®4:T"E = E}.
With (3.2.1) established, the final assertion is obvious. ]

Theorem 3.1.3 gives us a set of circumstances in which T**®g certainly
reduces to a point, and leads us to the following lemma.

Lemma 3.2.4. Let B be a semi-prime commutative unital Banach algebra
with connected character space ®g. Let T" be a quasi-compact endomor-
phism of B, and suppose that T*xy = x¢ for some xq € ®p. Let I be any
closed T-invariant ideal for which T'/1 is invertible. Then I € mg(zy).

§3.3. From Spectral projection to primary ideals

The following lemma reveals the source of the ideals mentioned in Theorem
3.1.3; they will be the kernels of certain spectral projections.
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3.3 From Spectral projection to primary ideals

Lemma 3.3.1. Let B be a semi-prime commutative unital Banach algebra
with connected character space, and let T" be a quasi-compact endomorphism
of B. Let

o-=oc(T)N{X: |\ >r}

for any r.(T") < r < 1. Then o, is finite, and I, = Ker(Pr(o,)) is a closed
T-invariant ideal of finite codimension in B.

Proof. It is clear that o, is a compact subset of C. Applying Theorem
3.2.1 with U equal to the unbounded component of p.(7"), we observe that,
in addition, every A € o, is isolated in o(7). As a compact subset of C
with no accumulation points, o, is finite. It is clear from Lemma 3.2.2 (and
the remarks immediately following it) that [, = Ker(Pr(o,)) is a closed
T-invariant subspace of finite codimension in B.

We have not yet established that I, is an ideal. To do this, we first
observe that since o(T') is compact and every point of o, is isolated in o(T),
the complement o(7') \ o, is also a compact subset of C. This implies, in
particular, that there is a 0 < ¢(r) < r for which

o = o) N{A:|A>t(r)}
and o(T)\ o, = o(T)N{X: |\ <t(r)}.

Invoking part (ii) of Lemma 3.2.2; we see that
I, ={be B :||T"|/t(r)" — 0 as n — oo}. (3.3.1)

The fact that I, is an ideal now follows from Theorem 3.1.2 which ensures,
of course, that T" is power bounded. n

It is clear from part (i) of Theorem 3.1.2 that
Im(Pr(ov)) = Im(Pr({1})).

By part (ii) of the same theorem, this subspace has dimension 1. It follows
that I, = Ker(Pr(o1)) is a maximal ideal. It is already clear that the ideal
I, is contained in the maximal ideal I; for each ro(T") < r < 1. With Lemma
3.2.4 at our disposal, the following observation helps us show (among other
things) that [; is the only maximal ideal with this property.
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3.3 From Spectral projection to primary ideals

Lemma 3.3.2. Let B and T be as in Lemma 3.3.1 and define o, and I, as
before for r.(T) < r < 1. Then o(T/1,) = o, for all such r.

Proof. Let 7.(T) < r <1, and let

ir : Im(Pr(o,)) — B and Q,: B — B/I,

be the appropriate inclusion and quotient maps. Composing these in the
obvious fashion, we obtain a Banach space isomorphism

U, = Qi : Im(Pr(o,)) — B/I,.

Letting T, be the restriction of 7" to Im(Pr(o,)), we have the equations
w1, = Ti,
and Q,T = (T/IT)QT’

Taken together, these lead to the intertwining relation (7'/1,)U, = U,T,.
Since this implies that T, and T'/I,. have the same spectrum, the result now
follows from part (i) of Lemma 3.2.2. O

We have now assembled everything we need in order to prove Theorem
3.1.3. However, before we do so, it is perhaps worth making explicit the
respective roles of Lemmas 3.2.4, 3.3.1 and 3.3.2. Under the hypotheses of
Theorem 3.1.3, Lemma 3.3.1 provides us with a family of closed T-invariant
ideals of finite codimension in B; these are simply the kernels of the spec-
tral projections Pr(o,) for ro(T) < r < 1. Lemma 3.3.2 does two things.
Unsurprisingly, it tells us that

s(T)N{X: A >r(D}= |J oT/L)

re(T)<r<1

However, this is not its only role. At this stage in the proof, we do not yet
know anything about the hulls h(7,), except that they all contain xy. It is
here that Lemma 3.3.2 really comes to our rescue; the fact that 0 ¢ o, means
that each of the endomorphisms 7'/, is invertible, and it is this information
which (via Lemma 3.2.4) allows us to show that each I, belongs to mg(x).
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3.3 From Spectral projection to primary ideals

We now prove the following strong form of Theorem 3.1.3.

Theorem 3.3.3. Let B be a semi-prime commutative unital Banach al-
gebra with connected character space ®g, and let T" be a quasi-compact
endomorphism of B. Let xg € ®p satisfy T*xq = x¢. Then there is a family
J of closed T-invariant ideals with the following properties:

(1) o(T)O{A A > 7e(T)} = Ujey o (T/1);

(ii) J C mp(wo);

(iii) the maximal ideal M (x() always belongs to J;
)

(iv) each I € J is the kernel of a finite rank spectral projection associated
with T

(v) J is at-most-countable, and its elements form a chain, in the sense
that if 1,1’ € J then either I C ' or I' C I;

(vi) for 7o(T) < r < 1, there is some I € J for which o(T|I) is contained
in the disk {\: [A\| < r}.

Proof. Invoking Lemma 3.3.1, and setting
J = {Ker(Pr(o,)) : re(T) < r < 1}, (3.3.2)

we have immediately that J is a family of T-invariant closed ideals of finite
codimension in B. Assertions (i)-(vi) are now proved as follows.

(i) Since o(T) N {A:|A] > r(T)} is the union of the sets

o-=oc(T)N{X: |\ >7r}

for ro(T') < r <1, this part is clear from Lemma 3.3.2.

(ii) Making a second appeal to Lemma 3.3.2, we observe that for each
ideal I € J, the spectrum o(7'/I) consists solely of points of modulus
strictly larger than 0. This means, in particular, that each of the
operators (T'/1)rc7 is invertible. Lemma 3.2.4 therefore implies that
J C mp(wo).
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3.4

Some useful corollaries

(iii) Showing that I; = Ker(Pr(oy)) is a maximal ideal is achieved using the

(vi)

argument described in the comments before Lemma 3.3.2. Explicitly,
a combination of Theorem 3.1.2 and Lemma 3.2.2 gives us

B =1Im(Pr({1})) @ L.

Using part (ii) of Theorem 3.1.2, this implies that [; has codimension
1 in B. Having already shown that [; is an ideal, this gives us what
we need.

This is immediate from definition (3.3.2).

The fact that J is at-most-countable is a straightforward consequence
of the punctured neighbourhood theorem (Theorem 3.2.1). That J is
a chain in the sense indicated is easily proved using description (3.3.1)
from the proof of Lemma 3.3.1.

Let ro(T') < r < 1. Setting I = Ker(Pr(0,)), Lemma 3.2.2 tells us that

o(T|I)=0(T)\ o, =a(T)N{A: |\ <71}

The proof is now complete. O]

§3.4. Some useful corollaries

In this section (as above) a function algebra is a semisimple commutative
unital Banach algebra, considered as an algebra of continuous functions on
its character space. Let B be such an algebra. Then, as the reader will
recall, B is said to be:

e regular if for each closed subset F' C ®p and each point = € &g\ F,

there is some f € B satisfying f(z) = 1 and f(F) C {0}; and

o strongly reqular if wp(x) = {M(x)} for every z € ®p.

When B is regular and x € ®5, we write J(x) for the closure of the ideal

Jo(z) = {f € B: f7(0) is a neighbourhood of z}.
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3.4 Some useful corollaries

A celebrated result of Shilov ensures that when B is regular, J(z) is the
intersection of all the closed ideals I € mg(z). We exploit this to establish
the following consequence of Theorem 3.3.3.

Theorem 3.4.1. Let B be a regular function algebra with connected char-
acter space ®g. Let T be a Riesz endomorphism of B, and suppose that
T*zo = xg. Then J(x) is a T-invariant closed ideal, and

{0y Ua(T)={0}Ua(T/J(xy)).

Proof. Let ¢ = T7. Showing that J(z,) is T-invariant is straightforward,
and can be achieved by using the fact that T'f = f o ¢ for each f € B. Let
J C mp(xo) be the family of ideals supplied by Theorem 3.3.3, and fix any
e > 0. Then, by part (vi), there is some I € J such that

a(T|I) C{N: |\ <€l

As the restriction of a Riesz operator to a closed T-invariant subspace, T'|1 is
also a Riesz operator. This implies, in particular, that p(7'|I) is connected,
hence that o(T|N) C o(T|I) for every (T|I)-invariant closed subspace N of
I. Using Shilov’s result, we therefore see that

o(T|J(z0)) € {X: |\ <€}

Since an identical conclusion is available for every € > 0, T'|J(zg) is quasi-
nilpotent. The result now follows from the standard spectral inclusions
o(T) Co(T|N)Uo(T/N) and o(T/N) C o(T) U o(T|N), which hold for
any closed T-invariant subspace N of B. O]

The next result indicates, among other things, that a Riesz endomorphism
of a strongly regular function algebra can never have a nontrivial spectrum.
Its conclusions also apply to algebras such as C*(Q2) when k € N and Q is a
convex bounded open subset of R%.

Corollary 3.4.2. Let B be a regular function algebra with connected char-
acter space, and let T" be a Riesz endomorphism of B. Let zy be the element
of &g for which T*zy = xg, and suppose that J(xy) has finite codimension

in B. Then o(T") = {0, 1}.
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3.4 Some useful corollaries

Proof. By the previous result, the nonzero spectrum of T coincides with
that of 7'/ J(xo) (an operator on a finite dimensional space). This means
that o(T") is finite. Now choose any nonzero point A of ¢(7"). Since T is a
Riesz operator, A is necessarily an eigenvalue. It follows that A" € o(T") for
every n € N, which leads to a contradiction unless A = 1 (this uses part (i)
of Theorem 3.1.2). O

Although the class of algebras to which Corollary 3.4.2 applies is very large,
quite a number of standard regular function algebras lie entirely beyond its
reach. Examples include the ‘big’ Lipschitz algebras Lip(.S, p) over compact
metric spaces. However, even these algebras are not immune to the following
theorem.

Theorem 3.4.3. Let B be a semi-prime commutative unital Banach alge-
bra with connected character space ®g. Let T be a quasi-compact endo-
morphism of B, and let zy be a character for which T*xy = xg. Suppose
that

a(T)NA{X: A >7r.(T)}

contains a point other than 1. Then there is a bounded point derivation d
at xo such that T7*d # 0.

Proof. Our hypothesis on ¢(7T") means that there is some r > 0 for which
the set o, = o(T) N {A : |A\| > r} contains at least two points. The ideal
I, = Ker(Pr(o,)) therefore has codimension at least 2. As a non-trivial finite
dimensional commutative unital Banach algebra with exactly one maximal
ideal, the quotient algebra B/I, supports at least one nonzero bounded
point derivation; call this dy. Letting @) : B — B/I, be the quotient map,
set d = @Q*dy; it is straightforward to verify that this is a bounded point
derivation on B at xg with

T*d = Q*(T/1,)"dy.

The result follows, since @Q* is injective and (by Lemma 3.3.2), (T'/1)* is
invertible. [

This result complements an existing result of Udo Klein (c.f. [24], Theo-
rem 10), who proved an analogous assertion for compact endomorphisms of
uniform algebras by more direct methods.
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3.5 Applications for some concrete function algebras

§3.5. Applications for some concrete function algebras

It goes without saying that the results of Section 3.4 have some serious
consequences for Riesz endomorphisms of strongly regular algebras such as
C(Sp) and lip(S, p) (where Sy is any connected compact Hausdorff space
and (.5, p) is any connected compact metric space); it is immediate from
any of the three previous results that such operators all have spectra equal
to {0,1}. Our aim, at least for the first half of this section, is to describe
another large class of function algebras with this property. For simplicity,
we work with function algebras defined on (the closure of) the open ball 2
in R, However much of what we have to say applies equally to algebras on
T¢ and other connected compact smooth manifolds.

Following [2], we write C*(Q) for the algebra of k-times continuously-
differentiable functions v : €2 — C which, together with their partial
derivatives D®u of orders |a| < k, extend to be continuous on €. This
is a regular function algebra under the norm given by

1 o
lullkoon =D ~sup|(D%u)(@)]

la|<k - €

for every u € C*(Q). Setting C*(Q) = (51 C*(Q), we now recall a famous
result of Shilov; a particularly straightforward proof of this theorem can be
found on page 58 of Mirkil’s treatise, [44].

Theorem 3.5.1 (Shilov, 1950). Let B be a Banach space of functions on (2
(or any other compact smooth manifold), equipped with pointwise addition

and a topology stronger than that of pointwise convergence on . Then
C*>(Q) c B if and only if C*¥(Q2) C B for some k € N.

The following result is also due to Shilov, and can be found in the book,
[25], of Gel’fand, Raikov, and Shilov.

Theorem 3.5.2 (25|, Chapter VI, Theorem 39.1). Let B’ and B” be regular
function algebras with the same space X of maximal ideals; furthermore, let
B’ C B” with B’ dense in B”. If J' ¢ B’ and J” C B” are the minimal
primary ideals corresponding to the same point xy € X and the quotient
algebra B’/J' is finite dimensional then B”/J” is also finite dimensional,
and its dimension is no greater than that of B'/.J".
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3.5 Applications for some concrete function algebras

With these two results at our disposal, we can give the following application
of Corollary 3.4.2. The regularity of the domain ) means that the next
result applies, in particular, when B is one of the Sobolev algebras

WHP(Q) = {u € LP(Q) : D*u € LP(9) for |a] < s}

with 1 < p,s < 400 and sp > d.

Theorem 3.5.3. Let B be a Banach algebra of continuous functions on ¢

for which C*°(Q2) is dense in B. Let T be a Riesz endomorphism of B. Then
o(T)={0,1}.

Proof. It is clear from Theorem 3.5.1 that, under our hypotheses, there
is some k& € N for which C*() is dense in B. Since the inclusion maps
C*(Q) — B and B — C(f) are both continuous, there are constants C
and Cy such that

[ flloco.e < Cillfllz < Coll fllk,00.0

for every f € C*(). Since the spectral radius of any element of C*((2)
is therefore the same with respect to B as it is with respect to C*(Q), it
follows from Theorem 1 of [12] that these two algebras have ‘the same’ space
of maximal ideals. This latest assertion is, of course, to be understood in
the sense that the restriction map r — x|cr(q) is a homeomorphism of ®p
onto ®cr(g). Recalling that every minimal primary ideal in C*(Q) is of the
form

J = {uec C"Q): (D*)(z) = 0 for |a| <k},

for some x € Q, an application of Theorem 3.5.2 (with B’ = C*(Q) and
B" = B) indicates that B/J(z) is finite dimensional for every € ®5. The
result is now an obvious consequence of Corollary 3.4.2. O]

As the next result makes clear, double duality can sometimes come to our
rescue when dealing with algebras which are not immediately susceptible
to the results of Section 3.4. The following theorem has been obtained by
Golbaharan and Mahyar in [27] by more concrete methods.
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3.5 Applications for some concrete function algebras

Theorem 3.5.4. Let 0 < a < 1, and let (S, p*) be a connected compact
Holder metric space. Let T be a Riesz endomorphism of Lip(S, p*). Then

o(T) = {0,1}.

Proof. For each x € S, let §, denote the functional on lip(S, p*) given
by evaluation at x. Except for an appeal to Corollary 3.4.2, the proof of
Theorem 3.5.4 is a straightforward combination of the following standard
facts:

(a) there is a Banach space isomorphism © : lip(S, p®)™ — Lip(S, p%)
which satisfies

(Ow)(z) = w(d,) (3.5.1)

for every w € lip(S, p*)** and x € S;
(b) lip(S, p%) is strongly regular;

(c) every endomorphism of Lip(S, p%) is given by composition with a Lip-
schitz continuous self-map of S; such operators always have lip(S, p*)
among their closed invariant subspaces;

(d) the spectrum of a bounded operator on a Banach space is the same as
the spectrum of its adjoint (and double adjoint).

Assertions (a) and (b) are proved in [13], (c) appears in [37], and (d) can be
found in any good textbook on operator theory. In light of part (c), we are
free to set Ty = T|lip(S, p®); there is then a self-map ¢ of S for which

Tu=wuo¢ and Thv =vo ¢

for every u € Lip(S, p*) and v € lip(S, p®). Combining these two equations
with (3.5.1), we easily obtain the intertwining relation

o1} = TO.

As © is an isomorphism, this implies that o(7") = o(7¢*) which, by fact
(d), implies that o(T") = o(1p). As the restriction of a Riesz operator to a
closed invariant subspace, Tj is a Riesz endomorphism of lip(S, p®). That
o(Ty) = {0,1} is clear from (b) and Corollary 3.4.2. O
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3.5 Applications for some concrete function algebras

The isomorphism lip(.S, p®)** = Lip(.S, p®) is unfortunately not always avail-
able when oo = 1 (that is, when we have a compact metric space which is not
a Holder metric space). For more general compact metric spaces, we must
content ourselves with the following (weaker) result, derived from Theorem
3.4.3.

Theorem 3.5.5. Let (S, p) be a connected compact metric space, and let
¢ be a Lipschitz continuous self-map of S for which T': f —— fo ¢ is a
Riesz endomorphism of Lip(S, p). Let z¢ be the unique fixed-point of ¢, and
suppose that

égg L(¢|Ball(a}0,5)) =0. (352)

Then o(T) = {0, 1}.

Proof. With Theorem 3.4.3 at our disposal, it suffices to show that T*
annihilates every bounded point derivation on Lip(S,p) at zo. For each
z,y € S with x # y, let ¢, , be the functional on Lip(S, p) given by setting

o) L@ =)
p(e,y)

for each f € Lip(S,p). Let ¥,, be the set of all d € Lip(S, p)* which can
be realised as w*-cluster points of sequences of the form (1, . )52, where
Yn — To,2n, — T and y, # z, for every n € N; it is known (c.f. [55],
Theorem 4.7.3) that the linear span of ¥, is w*-dense in the space of all
bounded point derivations on Lip(S,p) at xo. To prove our theorem, it
therefore suffices to prove that 7™ annihilates U, .

Let d € U, and fix any € > 0. Take a sequence ((yn, 2,))5>; for which
d is a w*-cluster point of (¢, ..)o>y, Yn — To, 2n — To and y, # z, for all
n. We are obviously free to take a subnet, (¢ . )yep of (¥y, -,)s, which
converges w* to d. As subnets of nets which converge to o, both (y,)-ep
and (z,),ep converge to zy. Granted (3.5.2), we can take a § > 0 for
which L(¢gaii(zo,5)) < €. Taking some 7y € D for which y,, z, € Ball(zo, §)
whenever v > 7y, we have

Uy (T < L(PBati(ao.s)) L(f)

for v > vy and f € Lip(S, p).

56



3.5 Applications for some concrete function algebras

In the limit, we therefore have

(T*d)(f)| < L(Baigeo.s) L(f) < el fII;
so || T*d|| < €; the result follows. O

Since a supercontraction ¢ of a compact metric space (S, p) satisfies
inf L =0
(151>10 (¢\Bau(x,5))

for every x € S, our latest result actually subsumes the Kamowitz and
Scheinberg’s observation in [37] that o(T) = {0, 1} for every compact en-
domorphism of Lip(S, p). Although a great deal of attention has been paid
to endomorphisms of Lipschitz algebras, it does not appear to be known
whether (3.5.2) is guaranteed when 7" is a Riesz endomorphism of Lip(S, p).

Our final application demonstrates a little of what can be achieved when
we appeal to Theorem 3.3.3 more directly. For the remainder of this section,
B is a unital Banach algebra of functions which are continuous on the closed
unit disk and holomorphic on its interior. We will also assume that B
contains the inclusion map z : D — C. The only other restriction we will
impose is that

(z—p)B={feB:flp)=[f(p)=--=f*D(p) =0} (3.5.3)

for each p € D (the open disk) and each & € N. We note that this condition
is automatically satisfied when the polynomials (in z) are dense in B and
there is a ¢, > 0 for each p € D such that

LA < 6ll(z = p)fll

for each f € B. To see this, suppose that f € B vanishes to order k — 1
at some p € D, and take polynomials (f,,)7°, such that f, — f as n — oc.
Since the right hand side of (3.5.3) is topologically complemented in B, we
are free to assume that each f, also vanishes to order £k — 1 at p. This,
combined with the fact that each f, is a polynomial, means that there is
some g, € B for each f, such that f, = (2 — p)*g,. Since our assumption
makes the operator g — (2 — p)¥g bounded below, the rest is clear.
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3.5 Applications for some concrete function algebras

Our insistence that (3.5.3) holds is purely to give us access to the following
theorem of Domar from 1982.

Theorem 3.5.6 ([16], Theorem 4). Let A be a commutative unital Banach
algebra, let f € A, and suppose that, for each n € N, the principal ideal
M, = ™A has codimension n in A. Then the M,, are the only closed primary
ideals of finite-codimension with M,, C M;.

In light of our assumptions on B, this implies that the only closed primary
ideals at p of finite codimension are of the form (3.5.3). We can now prove the
following theorem; given the looseness of our assumptions on B, it subsumes
a large number of existing algebra-specific results already in the literature.

Theorem 3.5.7. Let ¢ be a continuous self-map of D for which fo¢ € B
for every f € B. Suppose that the operator defined by

Tf=foo (f€B)
is Riesz, and that ¢ has a fixed point p in D, the open unit disk. Then

o(T) ={0,1} U {¢'(p)* : k € N}.

Proof. Combining Domar’s theorem with assumption (3.5.3), we have
7TB<p) = {Mk ke N}, (354)

where My, = {f € B: f(p) = f'(p) = - - = f*Y(p) = 0} for each k € N. It
is clear that B cannot have any idempotents other than the functions f =0
and f = 1; an appeal to the Shilov idempotent theorem therefore tells us
that ®p is connected. Invoking Theorem 3.3.3, there is a family J C 7z(p)
of closed, primary ideals of finite codimension in B such that

o(T)\ {0} = |J o(T/1).

leg

We know, of course, that each I € J is equal to M} for some k& € N, and
this makes the problem of determining o(7") particularly tractable.
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3.5 Applications for some concrete function algebras

For k € N, let us consider the homomorphisms ¢, € Hom(B, C[¢]<) and
Ty € End(C[¢]<x) defined by the equations

Or(z—p)=¢&¢ and Ti(§) = Ok(p —p).

Clearly, Ty0r = 0,7 and M, = Ker(,_,) for each k. Using either formula
(2.4.4) or induction, it is straightforward to show that the matrix of Ty
with respect to the basis (%)% is lower triangular with (¢/(p)?)¥_, along the
diagonal. This implies, in particular, that

o(Ty) ={¢'(p) :i=0,...,k}.

for each k. Since every I € J is of the form M, = Ker(6y_;) for some k € N,
the intertwining relations 70 = 0, T (k € N) ensure that each T'/I (I € J)
is similar to T}, for some k, hence that

o(T) C {0,1} U {¢'(p)* : k € N}

That {0,1} C o(T) is obvious, so it only remains to show that ¢'(p)* € o(T')
for every k € N. If it were guaranteed that J = mg(p), this would already
be clear. However, this is not what Theorem 3.3.3 tells us. To complete the
proof, we consider the bounded linear functional on B given by

o,(f) = f'(p) (f€B).

The chain rule now gives 7%, = ¢'(p)d,. As T is Riesz, this means that
either ¢'(p) = 0, or ¢'(p) is an eigenvalue of T'. The result now follows from
the fact that the set of eigenvalues of T is closed under powers. m

The reader may wish to note that we have said nothing about the situation
when p € &5\ D. Here, the result is much more dependent on the algebra
under consideration. However, progress can still be made with the help of
Theorem 3.4.3; the situation is particularly straightforward when B has no
non-zero bounded point derivations at points of @5 \ D.

Remark. The argument used to prove Theorem 3.5.7 is also available in
quotients of the form L'(R,w)/{f : f(f) = 0 for £ € [0, 1]}, where the weight
w is given by w(z) = el (2 € R) for some 0 < a < 1, and f — f is the
usual Fourier transform.
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3.6 Quasi-compact automorphisms

In [15], Domar proves that these algebras have a similar ideal structure to
those considered above. However, there is a danger (in light of the existence
of theorems of Beurling-Helson type) that many of these algebras may not
support any non-trivial Riesz endomorphisms at all; this matter does not
seem to have been entirely settled.

§3.6. Quasi-compact automorphisms

In this section, we examine the circumstances under which an infinite-
dimensional commutative unital Banach algebra can support a quasi-compact
automorphism. Our goal will be to prove the following theorem.

Theorem 3.6.1. Let B be a commutative unital Banach algebra, and sup-
pose that B supports a quasi-compact automorphism. Then Rad(B) has
finite codimension in B.

Since the full proof of this result would take us too far afield, we shall rely
on the following lemma; this (and more) will be proved in the next chapter.

Lemma 3.6.2. Let X be a Banach space, let T € L(X), and let F' be any
closed T-invariant subspace of X. Then ro(T/F) < r.(T).

Theorem 3.6.1 is now easily obtained by combining this result with the
Kamowitz-Scheinberg automorphism theorem; nothing more is required.

Proof of Theorem 3.6.1. Suppose that some T € Aut(B) is quasi-
compact. Since both T" and 7! are necessarily endomorphisms of B, both
preserve Rad(B). It follows that 73 = T//Rad(B) is an automorphism of
B/Rad(B). As an automorphism of a semi-simple commutative unital Ba-
nach algebra, 77 is vulnerable to the Kamowitz-Scheinberg automorphism
theorem (c.f. [36], Theorem 3); this asserts that an automorphism of a semi-
simple commutative Banach algebra is either periodic (in the sense that one
of its powers is the identity), or its spectrum contains the entire unit circle.
We consider these two possibilities separately; in light of Lemma 3.6.2, T} is
quasi-compact.

Assuming that ¢(77) D T leads to an immediate contradiction of the
punctured-neighbourhood theorem; since 7.(7}) < 1, every point of the set

o(Ty) N{A:|A| > 1} must be isolated in o(7}).
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3.6 Quasi-compact automorphisms

With this first possibility excluded, there must be some n € N for which 77
is the identity. Now, since any power of a quasi-compact operator is also
quasi-compact, the identity of B/Rad(B) is quasi-compact. This implies
that B/Rad(B) is finite dimensional. O

Remarks.

e Lemma 3.6.2 can also be used in combination with Theorem 3.1.3 to
show that T*>*®p is a singleton when 7' is a quasi-compact endomor-
phism of any (not necessarily semi-prime) commutative unital Banach
algebra with connected character space.

e The conclusion of Theorem 3.5.4 also applies to Riesz endomorphisms
of algebras of the form C*7(Q), where k € Z,, 0 < v < 1 and Q is
a bounded domain in R? (and can be established in a similar way).
To prove this, one should consider the closure \*7(Q2) of C*(2) in
C*7(Q) in place of the little-Lipschitz space; it is shown in [23] that
defining © as in Theorem 3.5.4 gives an isomorphism of A\*7(Q)** onto
C*7(Q), and Theorem 3.5.3 does the rest.

e [t appears that versions of Theorems 3.5.4 and 3.5.5 may also be ob-
tainable using the lower bound for 7.(7") obtained by Behrouzi in [§]
using more direct methods.

Kokkkok
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CHAPTER 4

Some contributions to operator theory

§4.1. Introduction

Our aim for the first part of this chapter is to prove Lemma 3.6.2, the ingre-
dient we need to round off our proof of Theorem 3.6.1. This will require us
to examine the relationship between the essential spectrum of an operator
and the essential spectra of its quotients and restrictions to closed invariant
subspaces. Despite its obvious connections with much older and more estab-
lished theories, the literature on this subject is surprisingly limited, and the
majority of the most useful results in this direction have been discovered
only in the last few years. It will make our discussion considerably more
straightforward if we introduce some more notation. For a closed subspace
F' of a Banach space X, we write

Kp(X) = Lr(X)NK(X) , §r(X) = Lp(X)NF(X)
Cr(X) = Le(X)/Kp(X) , €H(X) = Lp(X)/Fr(X).

The algebra €%,(X) will play only the most minor réle in proceedings, so we
need not be particularly troubled by the fact that it doesn’t have a ‘canon-
ical’ topology (except when X is finite dimensional). Given any complex
unital algebra A and any element T' € A, we will write

o(T;A) ={X € C: X\ —T has no inverse in A},

for the spectrum of T' relative to A; we shall return to our previous notation
only when the algebra with respect to which the spectrum is being taken is
unambiguous. The polynomially convex hull of a compact subset o of C will
be denoted 7.
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4.1 Introduction

We will be concerned with relationships between the sets

0o(T) , oo(T|F) , oo(T/F) |, o(T+ Kp(X);Cp(X))
and o + §(X); €5(X)).

It is already known that:

(a) for any permutation (7%, T, T3) of (T, T|F,T/F'), we have the inclusion
0eo(T1) € 0e(T2) U 0e(T3); and

(b) o(T + Fr(X); €E(X)) = 0o(T) U oe(T|F)

whenever F is a closed subspace of a Banach space, and T' € Lg(X).

The first result can be found in the paper [14], of Djordjevi¢ and Duggal,
which builds on some of the results obtained by Barnes in [6]. Equation (b)
is proved in the monograph, [7], of Barnes, Murphy, Smyth and West. All
three of the references mentioned contain various improvements of (a) and
(b) in the presence of additional hypotheses on X, F' and 7. For example:

(¢) 0o(T) = 0o(T|F)Uoo(T/F) if F admits a T-invariant complement in X.

It is also easy to show that oo(T") = 0.(T'|F') when F' is of finite codimension
in X. The following example (suggested to me by J.R. Partington) illustrates
that the inclusion o.(T|F) C 0.(T) does not hold in general.

Example 4.1.1. Let T be the operator on X = L*(R) given by setting
(Tu)(z) =u(x — 1), (ue€ C(R),z € R)

and let F' be the image of L?*(R,) under the natural embedding of L*(R,)
into L?(R). Since T is an invertible isometry, it is clear that

0e(T) Co(T)CT.

However, it is also easy to see that 0 € o.(T|F), since (Tu|v) = 0 for every
u € F and every v € C.((0,1)).
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4.1 Introduction

One important feature of this example is that 0 € o.(T|F) is still contained

—

in 0,(T). By the end of this chapter, we will have shown that points of

0o(T|F) always lie in 0,(T'); our main result is the following theorem.

Theorem 4.1.2. Let X be a complex Banach space, and let F' be an arbi-
trary closed subspace of X. Then

0u(T|F) Uoo(T/F) C a(T)
for every T' € Lp(X). In particular, we always have
max{re(T|F), re(T/F)} < re(T)

in this situation.

This result generalises naturally to diagrams of the form

0 X1 X X3 0
0 Xl X2 X3 Oa

(4.1.1)

where:

(I) Xy, X5 and X3 are Banach spaces, and the arrows are all bounded
linear operators;

(IT) the upper and lower rows are the same Fredholm complex;

(III) the entire diagram commutes modulo the compact operators.

The reader is reminded that a Fredholm complex is a sequence

—>Xz—>X’L+1—+1>Xz+2—>

of Banach spaces and bounded linear operators for which the image of each
arrow has finite codimension in the kernel of the next.
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4.2 Preliminaries

Diagrams of the form (4.1.1) occur naturally when one begins to explore the
connections between weighted composition operators and endomorphisms of
algebras of smooth functions, and some interesting results can be obtained
(relatively cheaply) by developing the associated Fredholm theory.

The material in this chapter is organised as follows. After arming our-
selves with the appropriate tools in Section 4.2, we begin Section 4.3 with
a proof of Theorem 4.1.2. This result is then extended to diagrams of the
form (4.1.1), along with a few other results concerning operator ideals and
essential spectra. Section 4.4 contains two examples in which the theory
developed in this Chapter is applicable to the study of endomorphisms and
weighed composition operators on certain algebras of smooth functions.

§4.2. Preliminaries

Our first preliminary result is an easy consequence of Riesz’s lemma; it will
be very important in the next section.

Lemma 4.2.1. Let X and Y be Banach spaces, let F' be a closed subspace
of X, and let T' € L(X/F,Y). Then TQp is compact (or weakly compact)
if and only if 7" is compact (resp. weakly compact).

Proof. By Riesz’s lemma, the image under T'Q)r of the open unit ball of X
is the same as the image under 7" of the open unit ball of X/F. The result
is therefore immediate. ]

Some of the following discussion will require the reader to be familiar with
the notion of an operator ideal. This is a rule 2 which assigns a subspace

(X, Y) CcA(X,)Y) C L(X,Y)
to each pair of Banach spaces (X,Y’) in such a way that if

X, 35 x 5 x5 X,

is a sequence of Banach spaces and bounded operators, then UT'S € (X;, X4)
as soon as S € A(Xy, Xo), T € A(Xq, X3) or U € A(X3, X4). We shall say
that an operator ideal 21 is closed if A(X,Y") is a norm-closed subspace of
L(X,Y) for each pair of Banach spaces X and Y.
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4.2 Preliminaries

Although the notion of an operator ideal is clearly more general, each closed
operator ideal does give us a way to assign a closed ideal 2(X) C L(X)
to each Banach space X. The following proposition gives us, among other
things, a sufficient condition for two algebras of the form L(X)/2(X) to be
isomorphic (as unital Banach algebras); this result does not appear to be in
the literature, but I imagine that it is known to specialists.

Lemma 4.2.2. Let 2 be a closed operator ideal, and let A: X — Y be a
Fredholm operator between Banach spaces X and Y. Then there is a unital
Banach algebra isomorphism

Oa: L(X)/A(X) — L(Y)/AY)

such that 04(S +A(X)) = T+ A(Y) for all (S,7) € L(X) x L(Y) with
AS —TA e A(X,Y).

Proof. Since A is Fredholm, there is an operator A’ € L(Y, X)) for which
1 — AA" and 1 — A’A are finite rank operators. Setting

0(S) = ASA'

for S € L(X) gives us a bounded operator 6 : L(X) — L(Y'). Since 6 maps
2A(X) into A(Y'), it descends to give a bounded operator

Oa: L(X)/A(X) — L(Y)/A(Y)

such that 04(S +2A(X)) = 0(S) + A(Y) for each S € L(X). To show that
04 is multiplicative, we take S, Sy € L(X) and note that

0(51)9(82) - 0(8152) + ASl(AIA - 1)5’214/,

50 0(51)0(S2) —0(5152) € F(Y) C A(Y). Showing that 64 is unital is trivial,
since

0(1) = AA =1 + (AA' — 1)

and AA" —1 € §(Y). That 4 is a unital homomorphism is now clear.
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Letting ¢'(T) = A'T A for T € L(Y'), two easy calculations show that
(0'0)(S) — S eA(X) and (00)(T)—T € A(Y),
so 0" descends to L(L(Y)/A(Y), L(X)/A(X)) as an inverse for 64. To
complete the proof, take any (S,7") € L(X) x L(Y), and suppose that
C = AS — T A belongs to 2(X,Y). Then
0(S)=ASA' = (TA+C)A =T+ T(AA - 1)+ CA

so 6(S) and T belong to the same coset in L(Y)/A(Y). O

Corollary 4.2.3. Let X and Y be Banach spaces for which L(X,Y") contains
a Fredholm operator A : X — Y. Let (S,T) € L(X) x L(Y) be a pair of
operators for which AS —TA € 2A(X,Y). Then

(5 4+ A(X); LX) /A(X)) = o (T + A(Y); LY) /A(Y))

and S € A(X) if and only if 7" € A(Y).

The final ingredients needed to prove Theorem 4.1.2 are two standard facts
about spectral projections. Firstly:

Lemma 4.2.4. Let X be a Banach space, let T' € L(X), and let A\ be an
isolated point of o (7). Then

2mi Pr()\) = /BD(Z —T)'dz (4.2.1)

for any closed disk D containing A and no other point of o(7).
Secondly:
Theorem 4.2.5. Let X be a Banach space, let T' € L(X), and let A\ be

either an isolated point of ¢(T") or a point of C\ o(7T). Then Pr()\) has
finite rank if and only if A — T is a Fredholm operator.
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Remark 4.2.6. We have already used the ‘if’ part of Theorem 4.2.5 in
Chapter 3; our work in this chapter uses the ‘only if” implication as well.

§4.3. Main results

Our first order of business is the proof of Theorem 4.1.2. The reader is
reminded that, for a compact subset K of C, the set C \ K is just the
unbounded component of C \ K. It is standard that when F is a closed

—

subspace of a Banach space X, the inclusion o(T'|F) C o(T) holds for each
T € Lr(X); we will now show that the same is true with o replaced by oe.

Proof of Theorem 4.1.2. Fix any A € C\ a/e(?). By the punctured
neighbourhood theorem, there is a closed disk D containing A for which
D\ {\} belongs to C\ o(T).

Let us assume, for the moment, that D\{\} C C\@; this is actually al-
ways the case, but the proof can proceed more naturally if we leave Verifyi/n\g
this until we have finished everything else. The fact that D\ {\} C 9\\0(1’)

is important for two reasons. Firstly (remembering that o(T|F) C o(T)), it
guarantees that both z — T and z — T|F are invertible for z € D\ {\}; this
gives us access to the spectral projections

1 1
Pr(\) = 5 aD(z —T)"'dz and Prp(\) = %/az)(z —T|F)d.

However, it is not at all obvious at this point that these two operators have
any particular special relationship. In particular, it is not clear that Pr(\)
necessarily preserves F' or, even if it does, that Pr(\)|F is the same as
Prip(X). This is the second reason why it is so important that points of
D\ {\} belong to the unbounded component of C\ o(T).

To see how this helps, let ip € L(F, X) be the inclusion map, and note
that for |z| > r(T'), a Laurent series expansion gives

o) [ee]

_ _ ir(T|F)" T"ip .
ip(z=TIF)" =) == =2 = (1) i
n=0 n=0

The identity principle now ensures that ip(z — T|F)™' = (2 — T) L holds
for all z € C\ o(7T).
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We therefore have

. 1 . _
ZFPT|F()\> = % 8DZF(Z_T|F) 1dZ
—[ e-mytisde = A
= — z — ipdz = 15,
21 ) ap F TAARE

Letting Qr : X — X/F again be the quotient map, this gives
QrPr(N)ir = QpipPrr(A\) =0,

which is equivalent to saying that Pr(\)F C F. With this observed, the
fact that ipPrip(A) = Pr(A\)ip is enough for us to conclude that Ppg(A) is
the restriction to F' of Pr(\). Now we use Theorem 4.2.5: since A ¢ o.(T),
Pr()) is a finite rank operator; the fact that Ppp()) is a restriction of
Pr()\) means the same is therefore true of Ppjp()); however, this implies
that A\ ¢ oo(T|F).

It now remains only to show that the punctured disk D \ {\} can be
chosen so that D\ {\} is contained in the unbounded component of C\ o (7).
One way to do this is as follows. Since A lies in the unbounded component
of C\ 0(T), there is a continuous curve ¢ : [0,1] — C\ 0(T") connecting
Ato {z:|z| >r(T)}; let T' = ¢(]0,1]). As the numbers

{dist(z,a/e(?)) czel'},

are all positive, the punctured neighbourhood theorem ensures that o(7')NT
is either empty or consists solely of isolated points of ¢(7"); combined with
the manifest compactness of I', this ensures that ¢(7") NI is finite. Assuming
(as we may) that c is injective, let t1,...,t, € [0, 1] be the points for which
c(t;) € (o(T)NT)\ {\}. Then, choosing by, ...,b, € C([0,1]) with ||b;]|cc
small, b;(t;) # 0 and sufficiently small supports, the curve

t—c(t) +b1(t) + ba(t) + -+ - + bp(t)

connects A to {z : |z| > r(T")} without hitting o(T") \ {A\}. It is now clear
that A belongs to the unbounded component of p(T") U{A}. With our claim

—

verified, we have now proved that oo(T|F) C 0.(T). The corresponding
inclusion for o.(T/F) follows trivially by duality. O
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Remark 4.3.1. In the last line of the preceding proof, we have tacitly used
the fact that o.(T/F) = oo(T*|F*).

Although we have ostensibly established only that

0o(T)) U 0o(T3) C oo(T) (4.3.1)
holds for diagrams of the form
Ay Ay
0 X1 X5 X3 0
0 X X X, 0,
1 A 2 A 3

(4.3.2)

when the diagram commutes and A; and A, are (respectively) the inclusion
and quotient maps, this result extends immediately to the case where

O—>X1L>X2£>X3—>O

is an arbitrary short exact sequence of Banach spaces and bounded operators
(still assuming that the diagram commutes). To see this, set F' = Im(A)
and let Ay : X; — F and A, : X/F — X3 be the (uniquely determined,
bounded) operators which satisfy

Ay =ipAy and Ay = AyQp;
it is clear that both are Banach space isomorphisms. We have
QFTQZF = (Ag)ilAQTQZ‘F (by definition of Ag)

= (M) 1Ty Aygip (commutativity of the diagram)
= (Ay) ' T3A.Qpip =0

so To(F) C F. Similarly trivial computations give (T3|F)A; = AT, and

~

Tyhy = Ay (T5/F), so Ty and Ty are similar to T5|F and T/ F respectively.
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This means, in particular, that
0e(Th) = 0o(T2|F) and 0.(13) = 0o(T5/F).

The situation is slightly more complicated (though still eminently tractable)
if we assume that

0— X7 25 X, 22 X, — 0 (4.3.3)

is a (possibly non-exact) Fredholm complex. We proceed with the help of
the following lemma.

Lemma 4.3.2. Let A; and Ay be bounded operators for which (4.3.3) is a
Fredholm complex, and let /' = Im(A;). Then there are Fredholm operators
A:F — X; and B: X5/F — X3 such that

0 P, O
Al idl Bl

0 X X X 0
1 Al 2 A2 3

(4.3.4)

commutes modulo the finite rank operators.

Proof. As an operator range of finite codimension in the Banach space
Ker(Ay), F is clearly a closed subspace of X5. Let Ay again be the operator
from X, onto F such that Ay = ipA;. This (surjective) operator clearly has
the same (finite dimesional) kernel as A;. Since A; is therefore a Fredholm
operator, there is a bounded operator A : F — X, such that 1 — AA; and
1 — Ay A are finite rank operators.

Now let Ay : X5 /Ker(A2) — X3 be the injective operator which satisfies

A2 = A? QKer(Ag) .

Since A, is injective and has the same (finite codimensional) range as Aj,
A, is also a Fredholm operator. We will shortly define B to be Asa for a
suitable Fredholm operator a : Xo/F — X5 /Ker(As).
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Letting « be the (necessarily surjective) operator which satisfies
O'/QF - QKer(A2)7

applying the snake lemma to the diagram

0 F el Xo Qr Xy/F ——— 0
inc.l idl al
0 —— Ker(Ay) - X, Xy /Ker(Ay) —— 0,

TKer(Az) QKer(Az) (435)

gives us a linear bijection
d : Ker(a) — Ker(Ay)/F = Ker(Ag)/Im(Ay).

This implies, in particular, that Ker(a) is finite dimensional. Since « is
surjective, we see that (as a composition of two Fredholm operators),

B = AQO&
is a Fredholm operator. The rest is straightforward. O]

Combining this with Lemma 4.2.1, we have the following theorem.

Theorem 4.3.3. Let X, Xy and X3 be Banach spaces, and suppose that
T1,T5,Ts, Ay and Ay are bounded linear operators for which:

(i) 0 — X; 2% X, 2% X3 — 0is a Fredholm complex;
(ii) diagram (4.3.2) commutes modulo the compact operators; and

Then there are Fredholm operators A and B for which 77 A — A(T'|Im(A;))
and T3B — B(T3/Im(A,)) are both compact.
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Proof. Letting F' = Im(A;), Lemma 4.3.2 supplies us with Fredholm oper-
ators A and B for which the diagram

0 P, O r 0
A id B
Ay Aoy
0 X4 X5 X3 0
T1 T2 T3
Ay Ay
0 X, X X3 0
A id B
i Qr
0 F X2 X2/F — O,

(4.3.6)

commutes modulo the compact operators. The operator
BQrT, — T3BQr = [B(T3/F) — T3B]QF

is therefore compact. This implies, via Lemma 4.2.1, that B(T»/F) — T3B
is compact. Let A’ be an inverse for A modulo the compact (or finite rank)
operators. Then

iFA/TlA — TQiF = ’LF[A/TlA — (T2|F)]

is compact. Letting U be the standard isomorphism of X*/F+ onto F*, we
have UQpr = i}, and

Lemma 4.2.1 now implies that [A'T1 A — (T5|F)]*U is compact, hence that
A'T1A — (T3|F) is compact. The result follows. O

This result allows us (in the situation described in Theorem 4.3.3) to consider
T, as a restriction of T3, and 73 as a quotient of T, when considering the
relationships these operators have with closed operator ideals. The following
theorem makes this idea a little more precise; its proof is a straightforward
combination of Theorem 4.3.3 and Lemma 4.2.2.
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Theorem 4.3.4. Let X;, X5 and X3 be Banach spaces, and suppose that
A1, Ay, T1, Ty and T3 are bounded linear operators for which

Ay Ay
0 X4 X5 X3 0
Tll TQl Tgl
0 X X X 0
1 Al 2 AQ 3

(4.3.7)

commutes modulo the compact operators. Suppose, in addition, that T5
preserves ' = Im(A;), and that the top row of the diagram (and hence also
the second) is a Fredholm complex. Then, given any closed operator ideal
2l containing the compact operators:

(i) 71 € A(X,) if and only if T|F € A(F);
(i) T3 € A(X3) if and only if T/ F € A(X5/F);

(iii) the spectrum of T} + A(X;) in L(X;)/2(X;) is the same as that of
T|F in L(F)/A(F); and

(iv) the spectrum of T3 + A(X3) in L(X3)/A(X3) is the same as that of
T>/F in L(X/F) /JA(X2/F).

Specialising to the case where 21 is the compact operators this implies
(thanks to Theorem 4.1.2) that

o —

0e(T1) U 0o(T3) C 0o(T2)

and ro(Ty) = max{r.(T1),r.(13)}.

§4.4. Chain rules

In this section, we examine two (non-obvious) situations in which the ideas
developed in this chapter are applicable in investigations involving compo-
sition operators and their weighted counterparts (another will be covered in
more detail in the next Chapter). Both examples concern endomorphisms of
Holder algebras which preserve kernels of particular differential operators.
For what follows, €2 is the open unit disk in R?, and 0 < v < 1.
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4.4 Chain rules

Our first example concerns the sequence
0 — Ker(A) 2% ¢27(Q) -2 ¢97(Q) — 0,
where A is the Laplace operator given by

Au = < A 8—2) u o (ue CPQ)).

2 2
Oxi{  0z35

By Kellogg’s theorem, A is surjective. Letting J be the R-linear involution
of R? which satisfies

Jep =ey and Jey = —eq,
let ¢ = (¢1,¢2) be a self-map of Q for which ¢1, ¢ € C*7(Q) and
Do(x)J = JDp(x) (x € Q).
In this situation, we have a ‘chain rule’ for A, in the sense that
A(uo @) = det(Do)(Au) o ¢
for each u € C*(Q). For each u € C*7(Q) and f € C*7(Q), let
Tou=uo¢ and Tsf = det(Do)f o ¢.
It is easy to see that these formulae define operators T, € L(C?7(€)) and

Tz € L(C%(Q)). Letting T be the restriction of Ty to Ker(A), we obtain a
commutative diagram

0 — Ker(A) 2% c20(Q) A5 09(@) — 0

noon o om

0 — Ker(A) — C?*7(Q) — C"(Q) — 0
1nc. A (4‘4‘1)

suitable for an application of Theorem 4.3.4.
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In particular, this ‘reduces’ the problem of determining 7.(73) to that of
finding 7.(77) and r.(73). This observation would be more helpful if we
had more information about the properties of: (i) composition operators on
spaces of harmonic functions; (ii) weighted composition operators on Hélder
spaces. If the current fashion for this topic persists, it is only a matter of
time before such information becomes available in the literature (this is the
main reason I have stayed away from this topic myself).

Now for a slightly more satisfying example.

This time, let A be the d-bar operator from C*7(Q) into C%7(f2), so that

1[0 .0 LS
Au—2 <8m1+28x2>u (ue CH7(Q)).

It is clear that Ker(A) = AY(Q) = {u € CY(Q) : ug € O(Q)} is a
unital Banach algebra. Letting ¢ = (¢, ¢2) be a self-map of  for which

b1, 09 € C1(Q) and Dp(x)J = JDP(x) for z € Q, we have

(961 0¢s
Auoo)= (8_1’1 - 28_361) (Au) o ¢

for each u € C17(Q). Setting

Tivh=ho¢ , Toru=uo¢ and T3f = (%_i%)fogﬁ’
I X1

for each h € AY(Q),u € C(Q) and f € C%(Q), we obtain another
commutative diagram

0 — Al() 1€ a0y A o) — 0

Tll Tgl Tgl
00— AM(Q) — O (Q) — C%7(Q) — 0.
1mec. A (442)

Since the surjectivity of the Laplace operator (as considered in the previous
example) implies that of A, we again reach a situation in which we can
profitably apply Theorem 4.3.4.
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We will see that this is especially true when ¢ maps €2 into Q. The following
helpful lemma was pointed out to me by J.F. Feinstein; its proof is a nice
application of Montel’s theorem (combined with some standard properties
of the holomorphic functional calculus).

Lemma 4.4.1. Let S be a compact subset of C, let A C C'(S) be a unital
Banach algebra, and suppose that there is an open set U C S in which
every element of A is holomorphic. Suppose that ®4 = S (in the sense that
every character is given by evaluation at a point of S), and let ¢ € A be an
self-map of S which maps S into U. Then

A fr—foo

is a compact endomorphism of A.

The immediate impediment to applying this result with A = AY7(Q) is
removed by the following (possibly standard) proposition.

Proposition 4.4.2. Every character on AY(€) is of the form f +—— f(2)
for some z € Q.

Proof. It is standard that the assertion of the theorem is equivalent to the
following one: for every fi,..., fy € AY(Q) with f,1(0)N---Nfy'(0) = 2,
there exist g1,...,gn € AY(Q) for which fig; + -+ + fygy = 1. This can
be established using the following standard (‘corona’) argument, borrowed
from [22].

Choose fi, ..., fx € A(Q) with no common zeros, and set

hi = fi(lAP+ -+ [ fn])7

Since it is easy to see that C17(Q) is inverse closed and self-adjoint, each

h; belongs to C'7(€). This means, in particular, that each of the functions
h;Ah; belongs to C%7(Q). Using the surjectivity of A, we can therefore find
a matrix w € CY7(Q, My(C)) such that

Now set g; = h; + ;. (Wri — Wik) fx-
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It is immediately clear that each g; belongs to C17(2), and
N N
Zfigi = Zfihi =1
i=1 i=1

To finish the proof, it therefore remains to show that Ag; = 0 for each i.
However, this is a routine (and entirely standard) calculation. O

We can now prove the following theorem.

Theorem 4.4.3. Let ¢ = (¢1,¢2) be a self-map of Q for which ¢; and
¢2 both belong to C*7(Q), and let T be the associated endomorphism of
CY(€). Let

T = (G2 - i52) @)

for every f € C%7(Q) and x € Q, and suppose that
#(Q) € Q and Dé(x)J = JD¢(z) (x € Q).

Then oo(T) U {0} = 0(T") U {0}.

Proof. By one of the essential spectral inclusion results mentioned earlier
(one which pre-dates this work) we have

0e(T) C 0o(T|AY(Q)) U 0o(T/AM(Q))
and  oo(T/AY(Q)) C 0u(T) U oo(T|AM(Q)).

Since, by Lemma 4.4.1, T|AY(Q) is compact, this reduces to
oo(T)U {0} = 0.(T/A™(Q)) U {0}.

Since A is surjective, the identity AT = T'A means that 7" is (up to simi-
larity) just T/A(Q) in disguise. The result follows. O
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Remarks.

e It appears that the inequality r.(T|F) < r.(T) can also be obtained by
considering so-called measures of non-compactness; see, for example,
the papers [3] and [31]. This approach does not appear to be capable
of returning information about essential spectral inclusions.

e The following problem appears to be open: can a spectral projection
ever fail to preserve a closed invariant subspace of its parent operator?
Any counterexample must clearly involve an operator on an infinite
dimensional Banach space.

kR
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CHAPTER 5

Endomorphisms of algebras of C"™ functions

§5.1. Introduction.

This chapter marks something of a return to the theme established in Chap-
ters 2 and 3, as we explore another aspect of the relationship between the
operator theoretic properties of a commutative unital Banach algebra en-
domorphism and its interactions with various ambient algebraic structures.
Where self-maps, fixed sets, and primary ideals were the focus in Chapters 2
and 3, here it is derivations (of various kinds) which receive the lion’s share
of our attention.

Our primary objects of study will be the endomorphisms of C™ (), where
m is a positive integer, and € is a bounded domain in R?. For us, this is the
algebra of all complex-valued continuous functions on €2 which, together with
their partial derivatives of orders < m, extend to be continuous functions on
Q. Although, as a semi-simple commutative unital Banach algebra, C™(Q) is
certainly vulnerable to many of our existing results, the ambient m-th order
differentiable structure offers us some interesting alternative opportunities.

We will see, in particular, that it is possible to regard each endomorphism
T : C™(Q) — C™(Q) as a restriction of a corresponding operator on a
product space of the form

O(Q7E0) X O(Q7E1) X X O(Q7 Em)a

where each E} is a finite dimensional Banach space of symmetric multilinear

forms. Embedding C™(£2) into spaces of this form is a relatively standard
practice (see, for example, [11]).
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Our program for this chapter is as follows. After an extended preliminary
section (covering, among other things, some standard material on symmetric
powers) we begin, in Section 5.3, with some low level results concerning the
interaction between an endomorphism of C™ () and some related operators
on various symmetric powers of C%. This is followed by a selection of results
concerning essential norms and essential spectral radii of endomorphisms of
C™(€2); my efforts in this direction can be found in Sections 5.4 and 5.5.
The final section (Section 5.6) contains some supplementary results con-
cerning the relationship between certain endomorphisms and a construction

through which C*(Q) can be realised as a quotient of a uniform algebra.

§5.2. Preliminaries

For the entirety of this chapter, d,m and ¢ are positive integers, €2 is a
bounded domain in R?, and E is C? with the norm X —— max?_, |X;|.
The standard basis for R? is denoted éy,...,é,4, the letters eq,...,eq are
reserved for their complex counterparts, and we shall write x — z for the
inclusion map of R into C. Given any multi-linear map p : (R%)* — R,
the complexification ji. : E¥ — C? of 4 is obtained as follows: set

i —p. . 5. 5.
iy g, = €i lu(6]17 ce 7€Jk>
q

and then insist that pc(ej,,...,e;) = Zwél,.n,jk)cei
i=1

fori e {1,...,q} and j1,...,75x € {1,...,d}. Although any p. obtained in
this way is a complex multi-linear map, it is clearly determined entirely by
the behaviour of the corresponding p.

Given any sufficiently smooth map ¢ : Q@ — €y C RY it is standard
that the k-th Fréchet derivative gb(k)(x) at a point & € ) can be regarded as
a k-linear map

gb(k)(a:) : (]Rd)k — RY,

In this situation, we write D*¢(x) = ¢*)(z), for the complexification of
»*)(x). A similar notation will be used for complex valued functions: given
any u € C™(Q), we set D*u(z) = (Zu)® (2)c + i (Fu)®(2), for x € Q.
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This notation will be used alongside the standard D® notation for partial
derivatives but this should not cause any confusion: multi-indices will always
be denoted by Greek letters, integers by the usual Latin ones.

Although our Fréchet derivatives D*u(z) are all complex multi-linear
maps E¥ — C, it will actually be more convenient to regard them as linear
functionals on the k-th symmetric power S¥E of E = C?. The treatment of
symmetric powers given below is based on the one in Federer’s opus, [18],
but has some adjustments to notation and presentation in certain places. In
the following discussion: ¢, 7 and k are always non-negative integers, ¢ € N,
and ' = CY.

For us, the kth symmetric power S¥E of E is the dual of the space S*E*
of all symmetric k-linear maps p : E¥ — C. Since F is finite dimensional,
we are clearly free to regard S*E* as the dual of S¥E rather than the other
way around. Similarly, S*E* ® F can be thought of either as the space of
all F' valued symmetric forms on E* or as the space L(S¥E, F) of all linear
maps of S*E into F'; we will generally prefer the second interpretation.

Our next task is to describe the natural product

V:S'E*QFx S9E*®@ F — SHE*® S*°F

used to synthesise an element 0 V ¢ € S™E* @ S?F from two symmetric
forms § € S'E*®@ F and ¢ € S'E*® F. For X,Y € F, let X *Y denote
the element of S2F which sends any symmetric bilinear form u : F? — C
to the complex number p(X,Y"). The map (X,Y) — X %Y is, of course,
really just the natural bilinear map from F? into S%F.

Following Federer, we define the symmetric product of § € S'E ® F and
Y € SYE ® F as the element 0 V v of S E* @ S2F given by

OVYP)(Xy,..., Xipy) =

Z O(Xr(r)s - > Xa()) * V( Xn(it1), - - Xn(irs))
w€Sh(i,5)

for every X;,..., X;1; € E, where Sh(i, j) is the set of all permutations of
the numbers 1 to ¢ + j which are increasing on the intervals {1,...,i} and
{i+1,...,1+ 7} (these are the so-called (i, j)-shuffles). It is standard that
the ‘product’ defined by this formula is associative and commutative. The
reader may wish to check that the symmetric product above is (i +7)!/(i!5!)
times that obtained by ‘averaging over all permutations’.
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For § € S'E* @ F and k € N, we also write

SHO)=0v---Vvo

k times

for the k-th symmetric power of 0; this is an element of S*E* @ SkF
We will shortly need some additional notation for dealing with multi-
indices. As the reader may recall from Chapter 2, we have elected to set

m
=1

for each multi-index o € Z7'. It is clear that |a| < (a), with equality if and
only if oy = || and «o; = 0 for ¢ > 1; we have used this fact already in
Chapter 2.

The primary use of this ‘bra-ket’ notation is tied up with the following
definition. Let a be an m-fold multi-index, let

0=(0,....0,) cPSE"®F,
k=1

and set 0% = S (6,) V --- VvV S*(0,,). As a quick degree count reveals, 0
is an element of S E* ® SI®/F and, as such, may be regarded as a linear
operator from S E into S1* F'. This notation does not appear to be in the
literature, but does make Federer’s multivariable Faa-di-Bruno formula (c.f.
[18], page 222) considerably less cumbersome.

Let ©; and Qs be open subsets of R? and R?, and let ¢ : ; — Q5 and
u : 2y — C be C™ maps. Using our notation in Federer’s magic formula,
we have

D*(uo )(z Z Do) ()",

for z € Q and k < m, where ¢/ : Q; — @F | S'E* ® F is given by
o"(2) = (Dg(x), D*¢(x),..., D*(x))

for each x € Q1. The map ¢! is similar to what is sometimes referred to in
the literature as the k-jet prolongation of ¢.
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We will be particularly interested in the case where ¢ = 1, and this is a

setting in which we can make some important simplifications. Firstly, under
the natural identification of each S*C (k € N) with C, each D*u(¢(z)) is
really just the multiplication functional

2 — u®(g(x))z,

where u®) : (3 € R) — C is the ordinary kth derivative of u. In identify-
ing S*C with C, we also have

%S’f(Dqs(x))(Xl, LX) = U D(x)X;

whenever Xi,..., X, € E. The reader will also do well to note that, for
arbitrary ¢ € N, the difference

D" (w0 9)(r) — — D"u(o(x))S™ (D (x)

is a sum of terms of the form

1

al

Dlu(g(x)) ¢ (x)*,

with || < m; this fact can sometimes be very helpful, and is at the heart
of the ‘repeated differentiation’ arguments which permeate the literature in
this area.

Turning our attention to the subject of norms, let us start by equipping
Sk E* with the norm which satisfies

||l = supf{|u(Xy, ..., Xn)| : X; € E and || X;]| =1 for all i}

for each u € S™E*. Since we are regarding S*E* as the dual of S*E, we
can now norm S*E by setting

ISl = sup{l(Q)] - o € SYE", ull =1} (¢ € S*B),

and then give S¥E* @ F = L(S*E, F) the induced operator norm.
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With these norm conventions, it is known that
SISl =

whenever k € N and 1 € E* (see [18], page 47).

Whilst on the subject of norms, it is perhaps wise to say a little about
norms on C™ (). In general, we shall prefer the norms . ||m,c0,0 and [|.||7, o o
given by

1 «
[l = > = sup|D%u(z)
laj<m

1
and 00 = ) 77sup | D u(z)|
0 €N

for u € C™(Q). It is standard that ||.||;m.000 is a complete norm on C™ (),
and it is straightforward to show that

[l 000 < Nullmec < Bm)l|ull, 000

for u € C™(Q2) when 8(m) = max;’ >, k!/al.
Before we discuss endomorphisms of C™ (), let us pause briefly to in-
troduce some more notation: the symbols y1, ... x4 are henceforth reserved

for denoting the functions

Xi: Q—C , 2 (6 7).
These functions clearly belong to C™(Q) for every m, and each Dy; is con-

stant: its value Dy;(z) at any x € Q is the ith coordinate functional on E.
It is clear that

IDxi(2)|| = sup {[Dxi(x)X]: X € E, [|X]| = 1}

= sup{|X;|: X € E,max?_, |X;| =1} =1

j=1

and D¥y; = 0 for k > 1. A necessary condition for a composition operator

u — u o ¢ to preserve C™ () is therefore that each of the component

functions ¢; = x; o ¢ belongs to C™(f).
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It is easy to see that this condition is also sufficient: given any self-map

¢ : Q — Q for which ¢y,...,¢4 € C™(Q), we clearly have uo ¢ € C™(Q)
for every u € C™(Q). It is also not difficult to show that every unital
endomorphism of C™ () is given by composition with a self-map of {); this
is actually the main reason we insist that 2 be a bounded domain (this is
enough to guarantee that every character on C™ () is given by evaluation
at a point of ).

It would be unwise of me to proceed any further without first including
a reminder of the effects which certain geometric properties of {2 can have

on the properties of C™(2). We recall that:

o O is Whitney regular (or uniformly reqular) if there is some k > 0 with
the property that any two points p, p’ € ) can be joined by a rectifiable
path in Q of length at most k times the Euclidean distance |p — p'l;

o Qis locally regular if every point has a neighbourhood which is Whitney
regular;

e O has the strong local Lipschitz condition if ) can be everywhere
locally represented as the graph of a Lipschitz function (the precise

definition for unbounded domains can be found on page 181 of Stein’s
wonderful book, [53]).

It is straightforward to show Whitney regularity leads to the operators
DF . C™(Q) — C(Q, S*E™)

being compact for & < m. Local regularity is typically assumed when it is
important that

J(p) = {u € C™(Q) : D*u(p) = 0 for all k < m}

holds even when p € 0 (this notion is considered in Neumann and Laursen’s
book, [41]). Here, as in Chapter 3, J(p) is the closure of the ideal Jy(p)
consisting of all u € C™(Q) for which «~1(0) is a neighbourhood of p.

The strong local Lipschitz condition is important when one wishes to
ensure that the restriction map C™(R") — C™(Q) is surjective: the rele-
vant extension theorem (which is entirely distinct from Whitney’s extension

theorem) is discussed at length in Section 6.3 of Stein’s book, [53].
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§5.3. Basic results

Having assembled the necessary machinery, it is now time to see what we can
do with it. As well as being something of a ‘warm up’ for Section 5.4, this
section also presents us with an opportunity to avail ourselves of some low
hanging fruit. Our starting point is the following recent theorem of Tagaki,
Miura and Takahasi.

Theorem 5.3.1 ([54], Theorem 1). Let S be a compact Hausdorff space,
let f € C(9), and let ¢ be a continuous self-map of S. Let

Ulf) ={xeS:|f(z)] = ¢}

for each € > 0. Then || fCslle = inf{e > 0: ¢(U.(f)) is finite or empty}.

Let T be a unital endomorphism of C™([0,1]) with self-map ¢. Regarding
D™ as the usual m-th derivative operator from C™([0,1]) into C([0,1]),
it is not difficult to show that D™ is Fredholm, and that the difference
DT — (¢')™C, D™ is compact. It then follows from Theorem 4.3.4 that

re(T) = re((¢)"Cy),

regarding (¢')"Cy as an element of L(C([0,1])). Although the formula for
7e((¢)™Cy) one obtains from Theorem 5.3.1 is often not very helpful, there
is one case in which it does tell us something rather interesting. Suppose
that ¢ is non-constant and affine, so that

Pp(x) =p+ Mz —p) (zel0,1])

for some p € [0,1] and A € R\ {0} with (1 — N)p, (1 = A)p+ X € [0,1]. It
is clear in this simple case that ((¢')"Cy)"™ = A™"Cyen for every n € N, and
that

#([0,1]) for e < [A]™"; and

%) for e > |A\|™"

P(ULSf)) = {

when f is the constant function z — A\™". Since ¢([0, 1]) is always infinite,
Theorem 5.3.1 now tells us that H((¢’)mC¢)”Hé/n = |\|"™ for every n € N.
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Applying the spectral radius formula, we conclude that
re(T) = [AI" = |¢'(p)[™,

for the endomorphism 7" of C™([0,1]) induced by ¢. We can actually do
slightly better than this. Feinstein and Kamowitz have already proved a
stronger result than the one below in the m = 1 case (c.f. [20], Theorem

3.2).

Theorem 5.3.2. Let T be a unital endomorphism of C™([0,1]), and let
¢ be the associated self-map of [0,1]. Suppose that ¢°>([0,1]) = {p} for
some p € [0,1], and that ¢ is non-constant and affine in some ¢-invariant
neighbourhood of p. Then r.(T) = |¢'(p)|™.

Proof. By hypothesis, there are numbers a,b € [0,1] with a < p < b for
which the interval I = [a, b] is ¢-invariant, and

P(x) =p+ ¢ (p)(x —p)

for all x € I. Invoking Proposition 2.5.5, we are immediately granted that
T/M(I) has the same nonzero spectrum as 7; this means, in particular,
that it has the same essential spectral radius. The fact that the restriction
map C™([0,1]) — C™(I) is trivially surjective in this setting now means
that C™([0,1])/M(I) is isomorphic to C™(I) and T'/M(I) is similar to the
endomorphism 77 of C™(I) which satisfies

(Trf)(z) = f(p+ ¢ (p)(x —p))

for € I and f € C™(I); the result then follows by our existing argument
for non-constant affine self-maps. n

We will see, in the next section, that it is possible to achieve the same
conclusion even in the absence of the assumption that ¢ is affine near its
fixed set. However, this is proved using a completely different (and much
longer) method. The use of Proposition 2.5.5 as a localising tool will still
be helpful when we move to the higher dimensional setting.
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Moving on, let us now consider the relationship between an endomorphism

T :u+—— uo¢of C™(Q2) and the induced operators of the form

%Sk(ng(p)) . S"E — S*E

for pe Qand 1 < k < m. It is actually slightly easier to specify what these

do via their adjoints; for each symmetric k-linear map p : E¥ — C, we
have

(%Sk(DWP))*“) (X1, Xi) = u(Do(p) Xy, .., Do(p) Xy )

for X1,..., X € E. Another way to see these operators is as follows. For
k € N, let u — Poli(u) be the usual isomorphism of S*E* onto the space
Hy(FE) of all k-homogeneous polynomials on E. Then, observing that

Pol, (%Sk(ch(p))*u) (X) = Poly (1)) (D(p) X)

holds for each X € E and u € S¥E*, we see that (k!)~1S¥(D¢(p))* really
just effects a ‘linear change of variable’ on Hy(FE).

The main non-obvious property of these operators we will use is the
following (apparently standard) fact: if A\i,..., A\s are the eigenvalues of

D¢(p) then

o (%Sk(ng(p))) ={\": o] = k}. (5.3.1)

This is proved (under a different symmetric product convention) in the pa-
per, [10], of Blockhuis and Seidel, and is easy to check directly when D¢(p)
is diagonalisable (which is actually already enough).

Leaving the more complicated operators aside for a moment, let us first
focus our attention on the operators

(D¢<p) E— E)pEQ

when ¢ is the self-map of some endomorphism 7" of C™(£2).
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For p € Q, and X € E, let x,X be the element of C™(Q)* which satisfies
(rpX)u = Du(p)X
for every u € C™()). Then the operators

(kp: B —> Cm(Q)*)pEQ

provide us with a natural way to inject copies of E into C™(2)*. That

T Ky = Kgpy Do (p) (5.3.2)

is immediate from the chain rule so, since each &, is bounded below, D¢(p)
is ‘really’ just the restriction of T™ to the closed subspaces k,E and kg, E.
In particular, 7%|x, £ is similar to D¢(p) whenever ¢(p) = p. The following
proposition is now obvious.

Proposition 5.3.3. Let T be a unital endomorphism of C™(£2), and let ¢
be the associated self-map of Q. Then o(D¢(p)) C o(T/C) for every interior
fixed point p = ¢(p) € Q.

When () is Whitney regular, it is actually possible to show that the operators
(kp : E — CYQ)*)peq are ‘uniformly’ bounded below, in the sense that
there is some v > 0 for which

X < {lwp Xl

holds for all p € 2. Combining this information with (5.3.2), one can begin
to obtain useful information about the norms of endomorphisms of C().
Whilst this is not a topic on which I will dwell, I would like to point out
one result in this direction; it is probably ‘folklore’, but the first allusion to
it T have found is Kitover’s 1979 paper, [39], which contains the associated
equation for the spectral radius.

Proposition 5.3.4 (folklore). Let T be a unital endomorphism of C'(Q),
and let ¢ be the associated self-map of . Assume that {2 is Whitney regular.
Then there are numbers B, C' > 0 for which

sup || Dé(z)|| < B||T/C|| < C'sup [[Dg(z)]|.
e e
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The technique used to prove our next result also comes from the 1970s and
is a several variable version of Kamowitz’'s 1973 ‘repeated differentiation
argument’ (see, for example, [33], Lemma 3). This version of the argument
is similar to that used by Aron, Galindo and Lindstrom in [5].

Proposition 5.3.5. Let 7" be a unital endomorphism of C™((2), and let ¢
be the associated self-map of . Suppose that ¢ has an interior fixed point
p=¢(p) € 2, and that there is some A € o,(T)N{A: A\* # 1V n € Z,} for
which the operators

A — %Sk(l%b(p)) SPE — SFE (1 <k <m)

are all invertible. Then

Ker(A —T) C {u € C™(Q) : D*u(p) = 0 for k < m}. (5.3.3)

Proof. Let u € Ker(A — 7). Then since
u(p) = u(@*"(p)) = (T"u)(p) = A"u(p)

for every n € N, the fact that A is not a root of unity implies that u(p) = 0.
We also have

0= D(Au— Tu)(p) = Du(p)(A — Do(p))

so our assumption that A — D¢(p) is invertible also gives Du(p) = 0. Fixing
some 2 < k < m, suppose that we have already shown that Du(p) = 0 for
every j < k — 1. Then since

Do 6)(p) — 13 D*u(p)SH(Do(p)

is a sum of terms containing a D7u(p) with j < k —1 and these are all zero,
0= D*(hu— Tu)(p) = D*u(p)[X — (k) 7' S*(Do(p))].

Having assumed that A — (k!)~1S*(Dg(p)) is invertible, we therefore actually
have Diu(p) = 0 for every j < k.
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Letting
B = {v € Ker(A —T) : Div(p) =0 for j <k},

we have now established that Ker(A — T) = PB; and By_; = Pi for any
2 < k < m. We therefore have

Ker(A=T)=B1 =P2 = =P,
which is what we needed to show. O]

The following corollary is really just the previous result ‘dressed up’ a little,
but I have included a proof for the sake of transparency.

Corollary 5.3.6. Let T' be a unital endomorphism of C™(€2), let ¢ be the
associated self-map of Q, and suppose that ¢ has an interior fixed point
p = ¢(p) € Q. Then every point of

op(T) \ op(T]J ()

is either a root of unity or a monomial of order < m in the eigenvalues

)\1, C 7)\d of D¢(p)

Proof. Let A € 0,(T) \ 0,(T|J(p)). Then, by the previous result, either
Ker(A —T) C J(p), A is a root of unity, or there is some 1 < k < m for
which

reo (%S’“(pr))) -

In the first case, A would be an eigenvalue of T'|J(p). Having explicitly
assumed that this is not the case, the result follows from equation (5.3.1). [

Our main interest in this result will be in connection with what it can tell us
about the outer spectra of quasi-compact endomorphisms of C™(Q) whose
self-maps have interior fixed points. We have already (several times) used
the fact that, when T is a bounded operator on a Banach space, the set
o(T)N{X: |\ > re(T)} consists entirely of eigenvalues of T'.
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The next result should arguably have been included in Chapter 3, but I
think it fits in just as well here.

Proposition 5.3.7. Let B be a regular semisimple commutative unital Ba-
nach algebra with no non-zero idempotents besides 1, and let 7" be a quasi-
compact bounded unital endomorphism of B. Let zy be the fixed point
of T* in ®p. Then r(T) > r(T|J(xo)), with equality if B/J(z¢) is finite
dimensional.

Proof. Let r.(T) < r < 1. Then by part (vi) of Theorem 3.3.3, there is a
closed T-invariant primary ideal with hull {xy} for which

aT)N{r: N <r}=0a(T|I).

Since J(p) C I, this gives us 7(T|J(zo)) < r(T|I) < r. With an identical
conclusion available whenever r.(7T') < r < 1, the result follows. ]

Combining this with Theorem 5.3.6, we arrive at the following theorem.

Theorem 5.3.8. Let T' be a quasi-compact unital endomorphism of C™(£2)
for which ¢, the associated self-map of 2, has an interior fixed point p € €.
Then o(T) N {A : || > re(T)} consists of monomials of order < m in the
eigenvalues of D¢(p).

Although this latest result gives us some idea of what goes on beyond the es-
sential spectral radius of a quasi-compact (unital) endomorphism of C™ (),
this is of very little use unless we know what this radius is. In light of the
results with which I began this section, it does not seem unreasonable to

make the following conjecture.

Conjecture 5.3.9. Let T be a unital endomorphism of C™(Q), and let ¢
be the associated self-map of Q. Suppose that the fixed set

67(Q) = () ¢™(Q)

is a singleton {p} C Q. Then 7.(T) = r(D¢(p))™.
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Remark 5.3.10. I have concentrated on interior fixed points in this section
simply so that we are not distracted by too many unnecessary technical
considerations involving the shape of 2 and its boundary. The reader can
verify that Theorem 5.3.8 also holds when p is a boundary point, provided
that € is locally regular. Thanks to Proposition 2.5.5, some of the results
presented here will also generalise to the case where ) is a compact C™
manifold.

65.4. Lower bounds for ||T'||. and 7(T)

In this section, we examine how some particularly unruly bounded sequences

in C™(£2) can be used to establish lower bounds for the essential norms and
essential spectral radii of its unital endomorphisms. The approach used
is broadly similar to some of the arguments by Linxin Zheng in [56] and
Feinstein and Kamowitz in [20]; we have to work slightly harder than these
authors to get our special sequences, but are rewarded handsomely for our
efforts.

Lemma 5.4.1. Let I C R be a non-degenerate compact interval, and let
(Yn)nen be a convergent sequence in / with limit y. Suppose that y,, # y for
all n € N. Then there is a sequence (fy,)nen in C™(I) satisfying both

1 oo = £ (yn) = 1= —f"(y) (n €N) (5.4.1)

and lim max{[|f¥ || : 0 <k <m}=0.
n—oo
Proof. Let w be the ‘wavelet’ defined by setting w(z) = 0 for |z| > 1 and
w(z)=1—|z| for |z| < 1.

Setting w,,(z) = w(3z /|y — y,|) for n € N and x € R, we obtain a sequence
of continuous functions for which

Now set

fulz) = — 2 / (&= )" fnlt — yn) — wn(t — )] dt

(m —1)! 5 (un+y)

forx € [ and n € N.
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Fixing x and n, differentiating under the integral sign now gives
1 v I
1@ = g o 0 = ) = e = )
2

for kK < m — 1, and fém)(a;) = wy(r — yn) — wp(x — y). It is clear from
the integral formula that ||f\" . = O(||wn||L1(m)) as n — oo. Property
(5.4.1) follows from the fact that ||w,|« = 1 (for all n) and the support of
r — wy(x — y) is always disjoint from that of 2 — w,(z — y,). O

Lemma 5.4.2. Let T be a unital endomorphism of C™(1), let ¢ be the
associated self-map, and choose any i € {1,...,d}. Suppose that there is a
convergent sequence (py,)neny With limit p € Q such that ¢;(p,) # ¢i(p) for
each n € N. Then there is a sequence (u,)nen in C™(£2) such that

(D" T0,)(0n) = " (Dt | 0.

(D"Tw)(p) + %SWDW»H 0

and Z sup|| un) ()|l %%

as n — Q.

Proof. Applying the previous lemma with
I=xi(Q) , yo=¢i(pa) and y = ;(p),

we have access to a sequence (f,,)nen in C™ (1) satisfying lim,, ]|f7§k) loo =0
for 0 < k <m — 1 for which

@) " (i(pa)) = 1
(ii) ém)(Qbi(p)) = —1; and
(i) [|£™ [l =

for every n.
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Now let (uy,)nen be the sequence of functions given by
un(2) = fo(zi)
for each x € 2 and n € N. Then since u,, 0 ¢ = f,, o ¢;, we have
(D" Tup)(z) = D™(fno ¢i)()

= 3 A e e
(a)=m

= (628 (D6 () + -

for each n € N and = € €2, where the dots denote terms which contain a
factor of £ (¢;(x)) for some k < m. Having arranged it so that || £ || — 0
as n — oo for k < m, we now see that the numbers

Y := SUp
z€Q

1
(D"Tur) (o) = oy £, )™ (D)
tend to 0 as n — 0. Using properties (i) and (ii),

0" 0n) = 5o

and
[0+ s e

are just

(0" Tuw)@) - £ e)sm(D6 )|

with x = p, and z = p respectively; both quantities are clearly always
dominated by the corresponding ~,. It remains only to show that

| 1
Zg sup || (D uy, ) ()] = —
P =9 m!

as n — o0.
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Since ||S*(0)|| = k!||0]|* for § € E*, we see that

1D () whz ))SH(Dxi(a))

= 1 0a@)IIDxi(a)]1*
£ al)],

for each n € N, x € QQ and kK < m. That

m

;wm MW—ZMfM N

is now clear from property (iii) and the fact that lim,, . || ﬁ(f)||Oo = 0 for
0<k<m-—1. O

For what follows, all operator norms, essential norms etc. are computed
relative to the norm on C™(2) given by

A
/ _ k
e = 3 gy sup D" (o)

for u € C™(2), as this reduces the number of m!s which occur. To avoid the
profusion of subscripts which will otherwise result, this norm will henceforth
be denoted simply ||.||. With this understood, let us now make a note of
a certain ‘convergence obstruction’ associated with the special sequences
constructed above.

Lemma 5.4.3. Let T be a unital endomorphism of C™ () with self-map ¢.
Let p € Qand i € {1,...,d}. Then there is a sequence (u,)nen in C™(2)
with

, 1
Jim flun || = — (5.4.2)

and the following property: for any f € C™(Q) and any subsequence (us(n))nen;

1 .
—Dé:(p)I™ < limsup [[uginy © ¢ = f]- (5.4.3)
N n—oo
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Proof. We may assume that D¢;(p) # 0, as otherwise there is nothing to
prove. By considering the initial value problem

{7’(15) = Vai(y(t) (t>0)
7(0) = b

or otherwise, we can clearly obtain a sequence (p,)nen converging to p from

outside {x € Q : ¢;(x) = ¢;(p)} (that is, with ¢;(p,) # ¢i(p) for every n).
Invoking the previous lemma, we can therefore immediately arm ourselves

with a sequence (uy,)ney in C™(2) for which

(D" T0,)(0n) = "Dl | 0.

(D" T0)5) + 5D | 0.

|

1 _

and [ju,|| = — as n — oo. Now fix any f € C"™(Q), and let (ug())nen be
m!

any subsequence of (u,),en. Then for each n € N,

Dm<TUs(n) - f) (ps(n)) = (%Sm(Dqsz(ps(n))) - Dmf<ps(n))>

1
+ {(D”‘T Us(n)) (Ps(n)) — QSM(D@(MW)))} )
and

D" (T = ) =~ (S (Do) + D713 )

0T ) + Do)

Since the familiar square bracketed terms here converge to 0 in norm as
n — 0o, we have firstly

. m . 1 m m
i sup | D" (T = Do)l = Jim |57 (06,00)) ~ D" i)

n—00 n—oo || 1M

?

_ H%Sm(p@@)) — D" (p)
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5.4  Lower bounds for ||T||. and r.(T')

by continuity of f and ¢;, and also

i sup |07 (T = 1) = |55 (Do) + D" 10|

n—oo

Combining these two gives

|- (Do) = D" 0) | < imsup (sup 19" (T~ (@)

n—oo xeN
whence

5D < timsup (sup |0 (T~ 1))

n—00 €N

Since the quantity on the left of this inequality is ||D¢;(p)||™, we have

1 : 1 m
—IDeip)™ < limsup—g sup [ D" (Tusy — f)(2)]

n—oo MM zeQ

< limsup |[|[Tusmy — f]],

n—oo
and the proof is complete. O

This latest lemma gives us an alternative proof of the fact, established by
Kamowitz in the 1980s, that the only compact endomorphisms of C™({2) are
those with constant self-maps. To see this, let T be a compact endomorphism
of C™(Q), let i € {1,...,d} and p € Q. Then the lemma above gives us
access to a bounded sequence (u;,)nen for which (Tu; ,)nen cannot have a
convergent subsequence unless D¢;(p) = 0; the fact that T is compact means
it must, so D¢;(p) = 0. Applying this argument for each i € {1,...,d} and
p € ), we see that ¢ is constant on Q.

As the next result shows, the same idea can also be used to prove more
quantitative results. The argument here is based on that used in Zheng’s
paper, [56].

Theorem 5.4.4. Let T be a unital endomorphism of C™(Q) with self-map
¢. Then

sup | Do() [ < [T

e
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5.4  Lower bounds for ||T||. and r.(T')

Proof. Fix any ¢ € {1,...,d} and p € Q. By the previous lemma, we can

find a sequence (u;,,)nen in C™(Q) such that ||u;,|| — (m!)~! possessing the

following property: given any subsequence (u; sn))neny and f € C™(Q),

1 .
%HD@(P)HWL < limsup [|Tuis(m) — f1|- (5.4.4)

n—oo

Let K : C™(§2) — C™(€2) be any compact operator. Then, since (u; ,, )nen is
a bounded sequence, there is a subsequence (; s(n))nen for which (Ku; s(n))nen

converges in C™(£2). Letting

f = lim Kuiys(n),

n—o0

and noting that
[T sy = fI = (T = K )i smy + (Kt sy — £

for each n, we see immediately that
lmsup [T sy — fI < T = K| T fJug )|
n—00 n—00

1
< —IT-K].
m!
Using (5.4.4), we therefore see that
[Dei(p)|I™ < [T = K.

With this conclusion available irrespective of our initial choices of K and 1,
we have

(b Do) < T

Given that we have craftily chosen our norm on E = C¢ to be the ‘infinity
norm’ X — max{_, | X;|, the quantity in the brackets is actually just the
operator norm ||D¢(p)||. The result follows. O

Corollary 5.4.5. Under the assumptions of Theorem 5.4.4, we also have
the estimate r(Dg¢(p))™ < ro(T) for each fixed point p of ¢ in Q.
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5.5 Upper bounds for r.(T)

§5.5. Upper bounds for 7.(7")

Let © be a bounded domain in R?, let 7" be a unital endomorphism of C™ (),
and let ¢ be the associated self-map of Q. By Corollary 5.4.5, we have

7e(T) > r(D¢(p))™ when ¢°(Q) = {p}

for some p € €. In this section, we show that this inequality can be strength-
ened to an equality when (2 is Whitney regular (thereby obtaining partial
confirmation of Conjecture 5.3.9). The following two lemmas will be helpful.

Lemma 5.5.1 (Peetre-Tatar). Let X, Y and Z be a Banach spaces, and let
(K,L) e K(X,Y) x L(X, Z). Suppose that there is a C' > 0 for which

lullx < CUIKully +[|Lulz) (ue X).

Then L is upper semi-Fredholm.

Lemma 5.5.2 (c.f. [17], Corollary 4.11). Let X be an infinite dimensional
Banach space, let T" be a bounded operator on X, and let

ouwsr(T) ={A € C: A — T is not upper semi-Fredholm}.

Then 7(T) = sup{|\| : A € ousr(T)}.

In our application of Lemma 5.5.1, L will be the operator D™ of m-fold
differentiation, and K will be the inclusion map C™(Q) — C™ 1(Q); it
is easy to see that the latest is compact when Q is Whitney regular. Our
interest in Lemma 5.5.2 derives from the following immediate corollary; this
does not appear to be in the literature.

Corollary 5.5.3. Let X and Y be infinite dimensional Banach spaces, and
let L : X — Y be an upper semi-Fredholm operator. Let T' € L(X), let
U € L(Y), and suppose that LT — UL is compact. Then r.(T) < ro(U).

Proof. Let A € C\ 0.(U). Then, as the composition of two upper semi-
Fredholm operators, (A — U)L is upper semi-Fredholm.
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5.5 Upper bounds for r.(T)

As the sum of (A—U)L and the compact operator UL— LT, L(A—T) is upper
semi-Fredholm, hence so is A — 7. Having shown that o, (7T") C 0.(U), the
result follows from Lemma 5.5.2. O

Remark 5.5.4. This result can, of course, also be applied to render an
alternative proof of the fact that r.(T|F) < r(T) whenever T is a bounded
operator on a Banach space and F' is a closed T-invariant subspace.

The following lemma is a summary of our current position, and provides a
clue as to where we go next.

Lemma 5.5.5. Let € be a bounded Whitney regular domain in R?, let T'

be a unital endomorphism of C™(£2), and let ¢ be the associated self-map
of Q. Let U be a bounded operator on C(£, S™E*) for which D™T — UD™
is compact. Then 7.(T) < r.(U). In particular, r.(T) < r(U).

Unsurprisingly, our next move is to identify a suitable operator to play the
role of U. Fortunately, we need look no further than the natural pullback
operator defined (with ¢ as in the preceding lemma) by setting

(Uaf)(w) = - F(8())S™ (Do ()

for v € Q and f € C(Q,S™E"). This will be referred to as a ‘pullback
operator’ simply because

(Upf)(x), (X1, X)) = (f((2)), (DP(x) X1, ..., DP(x) X))

whenever X, ..., X,, € E (this matches the definition of the usual pullback
operation defined for exterior differential forms). Given our choice of norm

on C(€, S™E™), this formula also makes clear that

1Tl < sup{[|Dg(z)] : = € Q}™.

Given any z € () and n € N, expanding using the chain rule reveals that

[1D(¢™) ()] < Hsup{lchb(y)ll Ly € "))
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5.5 Upper bounds for r.(T)

Combining these last two inequalities (and assuming that ¢ is not constant),
we therefore find that

ITgI1M" < sup{| D(¢°")(2)]| : = € ™/

IN

n m/n
(H sup{[| Do (y)]| - y € ¢°(i_1)(9)}> :

for each n € N, so r(Uy) < sup{||Do(z)|| : z € ¢°=(Q)}™ by the spectral
radius formula. We are now ready to prove the following theorem.

Theorem 5.5.6. Let Q be a bounded Whitney regular domain in R?, let T

be a unital endomorphism of C™(£2), and let ¢ be the associated self-map
of 2. Then

re(T) < sup{[| De(z)| : = € §°(Q)}™.

Moreover, 7.(T) = r(D¢(p))™ when ¢°<(Q2) = {p} for some p € Q.

Proof. Let u € C™(Q) and x € Q. Then, once more using the fact that
(a) =m = |a| only when a; = m and o; = 0 for i > 1, we see that

(D"Tu—U,D™u)(w) = 32 (D) (o))" ()"
(a)y=m
loo|<m—1

It is clear from this formula that there are bounded operators (Sq)(a)=m for
which
D"T —UyD™ = Y S,D".
(a)y=m

|a|<m—1

As D!l is compact for all || < m — 1, the same is true of D™T — U,D™. In
light of Lemma 5.5.5 and our recent estimate for r(U,), this is enough for
us to be able to conclude that

re(T) < sup{[| De(z)| : = € §°(Q)}™

In the case where ¢°>°({) consists of a single point p € €, either ¢ is constant
or 7o(T) = re(T™)Y™ < ||D(¢°™)(p)||™™ for every n. The fact that p is a
fixed point of ¢ in this situation ensures that D(¢°™)(p) = Do (p)™ for every
n, so 1e(T) < r(D¢(p))™; Corollary 5.4.5 does the rest. O
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5.5 Upper bounds for r.(T)

The following result applies even to domains which are not Whitney regular.
However, this comes at the price of having to assume slightly more about
the behaviour of ¢.

Theorem 5.5.7. Let Q) be a bounded domain in R? let T be a unital
endomorphism of C™(Q), and let ¢ be the associated self-map of Q. Then
the conclusions of Theorem 5.5.6 also apply if ¢(£29) C €y for some convex

relatively-open neighbourhood Qg of ¢°>(Q2) in Q.

Proof. Since {2 is convex, it satisfies the strong local Lipschitz condition.
This ensures that the restriction map C™(Q2) —s C™(Qy) is onto, hence
that C™(€)) is isomorphic to C™(Q)/M (). Applying Proposition 2.5.5,
the nonzero spectrum of 7T is the same as that of the endomorphism Ty
induced by ¢ on C™(Q). In particular, these operators have the same
essential spectral radius. The result now follows from applying the previous
result to Tj. O

We end this section with some remarks about the relationship between an
endomorphism 7" : u — uo ¢ and the associated pullback operator U,. For
the purposes of this discussion, €2 is an arbitrary bounded domain in R?, T

is a unital endomorphism of C™(£2), ¢ is the associated self-map, and Uy is
the pullback operator it induces on C(Q2, S™E*). For 1 < 4,7 < m, define
operators

Ty : C(Q,STE*) — C(Q, S'E™)
by setting

(Tif)a) = 3~ (6()d () (551)
(

)=t
laf=4

for every f € C(Q,S7E*) and x € Q. Letting Ty be the composition
operator ¢ induces on C(€), and writing D° for the inclusion map of C™(£2)

into C'(£2), the Fda-di-Bruno formula gives

[ DT ] [ Ty O 0 0 0 1 [ D% ]

DTu 0 71 0 0 0 Du

DQT’LL 0 Tgl T22 0 0 D2U

D3Tw - 0 T31 T35 Tia 0 D3u (552>
DTu | | 0 T Twe Tws ... Tom | | D™u |

for each u € C™(£2).
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5.6 CYQ) as a Q-algebra

To write this formula more compactly, let us introduce an operator

D:C™(Q) — C(Q) x C(QE*) x -+ x C(Q, S™E") (5.5.3)

by insisting that D send any u € C™(2) to the column vector with entries
D%, ..., D™u. After setting

o 0 0 0 0
0 T1Th 0 0 0
f 0 1o Ty 0 0
T 0 T Ty s 0
| 0 Tou Toe Tws o0 T |

we can now write equation (5.5.2) simply as DT = TD. Since D is mani-
festly bounded below, we see that T is (up to similarity) just a restriction
of T', a bounded operator on

C(Q) x C(Q,E*) x---x C(Q,S"E™").

A brief inspection of formula (5.5.1) reveals that the operators along the
diagonal are all pullback operators, and that T, = Us.

§5.6. C1(Q) as a Q-algebra

Having spent a great deal of this chapter implicitly considering C™(£2) as
a closed subspace of a larger Banach space, we now examine a construction
which allows us to consider C'!(Q) explicitly as a quotient of a uniform alge-
bra by a closed ideal. Sufficient conditions for endomorphisms of C'*(Q) to
‘lift’ to this larger algebra are also discussed.

The algebra described below is the several variable case of a construction
of Kaisjer from [32]; some of the details for the one dimensional case can be
found on page 68 of Palmer’s book, [49]. Tt is clear that Kaisjer was aware
of the manner in which his construction generalises to the situation where
is replaced by a compact smooth manifold. However, I shall give the details
for the benefit of the reader.

105



5.6 CYQ) as a Q-algebra

Let Q be a bounded domain in R?, and let A be the closed unit polydisk in
C?. Let us write

C(Q) K A(A)

for the set of all f € C(Q2xA) for which all of the slices f, : A 3 z — f(z, 2)
belong to A(A). The operator

Q: CQRAA) — C(Q)

given by (Qf)(x) = f(z,0) for each f € C(Q) K A(A) and z € Q is clearly
a unital algebra homomorphism.

Given f € C(Q) X A(A), i € {1,...,d}, and a test function ¢ € 2(Q),
let

0:0(f) = / (QF) (@) (Dig) (@) + 9l)(D:£:) (0)] da. (5.6.1)

where 0; = 0/0z; is the i-th complex partial derivative operator on A(A).
With access to the Cauchy integral formula

00 = 5 [ HEEac

it is straightforward to show that x — (9;f,)(0) is a continuous function
on Q) for each f € C(Q) X A(A), and that the operator

Dl C(Q) B AA) —s C(Q)

defined by (D;f)(xz) = (0;f.)(0) is continuous. This means, in particular,

that each 6, , is a bounded linear functional on C'(£2) K A(A), and that

A(Q) = [ [{Ker(8,) : o € 2(Q),i=1,...,d}

is a closed subspace of C'(2) X A(A).

Our next task is to show that () is actually a closed subalgebra, and
that the restriction Qg of @ to A1(Q) maps A(Q) onto CH(Q). The key
to doing this is the observation that if 6, ,(f) = 0, then D;Qof = D;,f, as

distributions on §2.
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5.6 CYQ) as a Q-algebra

Having noted already that D;Qof = D}f and Dif € C(Q) for f € A(Q),
this implies that each of the distributions D;Q), f may actually be represented
by a continuous function on ©, hence that Qo maps A(2) into C*(Q). As
the intersection of the kernels of the derivations

DzQQ—D; (Zzl,,d),

it is now also clear that 2A'() is an algebra.
It now remains only to show that

Qo : A1(Q) — CHQ)

is surjective (as a unital homomorphism from the semi-simple commutative
Banach algebra 2'(€2) into the Banach algebra C(Q), Qo is automatically
continuous). To see this, consider the operator S : C*(Q) — C(Q) XK A(A)
given by

(Su)(z,2) = u(x) + Du(z)z

for each u € C1(Q) and (z,2) € Q x A. An easy calculation shows that
Im(S) C AY(Q), and that QS is the identity on C*(Q). The surjectivity of
(o is then immediate.

Having identified )y as a surjective unital algebra homomorphism from

AL(2) onto C1(2), we see that

AL(Q)/Ker(Q) = C1(Q)

as unital Banach algebras. Given the topic of this thesis, one question which
immediately presents itself is the following one: given a unital endomorphism
T of C'(Q), when is T similar to T'/Ker(Q,) for some unital endomorphism
T of A'(Q)? The following theorem contains a partial answer.

Theorem 5.6.1. Let T be a unital endomorphism of C'*(Q) for which the
associated self-map ¢ satisfies

r?élx IDg;(z)| <1 (z €Q). (5.6.2)

Then T = T /Ker(Q) for a unital endomorphism T of A (Q).
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5.6 CYQ) as a Q-algebra

Proof. Requirement (5.6.2) is really the requirement that D¢(z) maps A
into itself, hence setting

(T'f)(z,2) = f(o(x), Do(x)z)

gives us a unital endomorphism T of C(Q x A). Our first task is to show
that T restricts to give an endomorphism of 2A'(Q2). Fix f € 2AY(Q) and
z € Q. As () is a subalgebra of C'(Q) X A(A), the slice function

fo: A—C
belongs to A(A). Noting that
(Tf)a(2) = foww)(Do(x)2)
for z € A, we see that (Tf), is obtained by composing fs.) € A(A) with a

complex linear map; it is therefore certainly an element of A(A). We must
now show that

(DQTf)(w)es = O(Tf)a(0)
for v € Qand i € {1,...,d}. By the chain rule,

0i(Tf)2(0) = Dfow)(D(x)0)Dp()e;

(5.6.3)
= Dfyw)(0)D(x)e;,

where D f4(,) is the usual Fréchet derivative of fy,. Since f € A'(Q),
Df,(0) = DQf(y)
for each y € Q. In particular,
D fo@)(0) = (DQf)(¢(x)). (5.6.4)
For y € Q, we also have

QT f)(y) = f(o(y), DB(y)0) = (Qf)(d(y)). (5.6.5)
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5.6 CYQ) as a Q-algebra

Combining this observation with (5.6.4),
(DQTf)(w)e; = (DQS)(¢(2)) D(w)e; = D fo) (0)D()e:.
Comparing this with (5.6.3), we have
(DQTf)(@)ei = D foa)(0) D(x)ei = 0(Tf)a(0)

for each i, so Tf € A'(Q). That T is an endomorphism of 2A'(€) is now
clear. To see that T /Ker(Q)) is similar to 7', we have only to note that
(5.6.5) is really just the statement: QyT" = T'Qp. O

Since endomorphisms of 2(*(2) are power bounded, it is clear that the same
is true of any endomorphism of C(£2) which satisfies (5.6.2); it is not clear
to me whether (by replacing A with a T-dependent polydisk Ar), every
power bounded endomorphism of C*(€) can be realised as a quotient of an

endomorphism of an appropriate uniform algebra.

Remarks.

e In the paper, [54], mentioned at the beginning of this chapter, Tagaki,
Miura and Takahasi also show that the weighted composition operator
fCys : C(S) — C(9) has closed range if and only if there is some > 0
for which

o({z e S: f(z) #0}) =o({z € S: [f(z)| = r}).
With this result in hand, an easy similarity argument shows that an

endomorphism Ty : f — f o ¢ of C'(]0,1]) has closed range if and
only if

o({z €[0,1] : ¢'(x) # 0}) = o({w € [0,1] : |¢(2)| = 1})

for some r > 0.

kKR
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List of symbols

Some standard symbols, not explained in the text, appear below. Unless
otherwise stated, compact Hausdorff spaces and domains in R? are assumed

to be non-empty, and all vector spaces and algebras are assumed to have C
as their field of scalars.

)

Lip(X, p)

¢ ([0, 1)

cm(Q)

cm™(Q)

cmr(Q)

For a compact Hausdorff space S, this is the algebra
of all continuous complex-valued functions on S, with
the topology of uniform convergence. For f € C(S),

| flloc = |fls = supgeg | f(2)].

For a set X with a metric p: X x X — [0, 400), this
is the algebra of all bounded complex valued functions on
X for which there is an M > 0 satisfying

[f(x) = f(a")] < Mp(z,2") (2,2" € X).

For m € N, this is the algebra of all m-times continuously
differentiable complex valued functions on [0, 1], with the
topology of uniform convergence of derivatives of all orders
<m.

For an open subset 2 of R%, this is the set of all complex
valued functions on 2 with m-times continuously Fréchet
differentiable real and imaginary parts.

For a bounded domain 2 C R%, this is the algebra of all
f € C™(Q) which, together with their partial derivatives

of orders < m, have extensions in C'(2). Although the
domain  clearly determines C™ () uniquely, the same is
not generally true of its closure Q. The same is probably

true for the Holder algebras defined below.

For 0 < v < 1 and a bounded domain 2 C R?, this is the
algebra of all f € C™(£2) which, together with their partial
derivatives of orders < m, belong to Lip(Q, p?), where p,
is the restriction to  of the Euclidean metric.
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L(X,Y)

FJ_

K(X,Y)

3(X,Y)

17}

T*

For normed spaces X and Y, this is the space of all
bounded linear maps from X into Y, equipped with
the usual operator norm.

These are shorthand for L(X,C) and L(X, X)
respectively.

For a closed subspace F' of a Banach space X, this is
the closed unital subalgebra of L(X) consisting of all
T € L(X) such that T(F) C F.

For a subset F' of a normed space X, this is the space
of all p € X* for which pu(F) C {0}.

For Banach spaces X and Y, this is the space of all
compact operators mapping X into Y. The symbol
K(X) is used in place of K(X, X).

For normed spaces X and Y, this is the space of all
finite rank operators mapping X into Y. The symbol
§(X) is used in place of F(X, X).

For a bounded operator T': X — Y between Banach
spaces X and Y, this is the quantity

T+ K(X,Y)||=inf{|T+V]:VeK(X,Y)}

For normed spaces X and Y, and T' € L(X,Y) this is
the element of L(Y™*, X*) given by

(T*p)(z) = p(Tx) (re X,peY™).

For an open subset  of R?, this is the space of all C>®
functions on €2 with compact support.

For an open subset €2 of C", this is the algebra of all

complex valued holomorphic functions on €2, with the
topology of uniform convergence on compact subsets.
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CS

> A

D¢

For a compact subset o of C", this is the algebra of
germs of holomorphic functions over ¢ with the
inductive limit topology (the inductive limit being
taken in the category of locally convex spaces).

This is the algebra of all polynomials of degree < k in
the indeterminate ¢, with operations carried out modulo
tF*+1. Tt is assumed that ¢/ # 0 for j < k.

For a compact subset K of C, this is the polynomially
convex hull of K.

For a bounded operator 1" on a Banach space X, this is
the set of all complex A for which A\ — 7" has no inverse
in L(X). The symbol p(T') is used for the complement

of o(T') with respect to C.

Given X and T as above, this is the spectral radius of T'
relative to L(X).

For a commutative unital Banach algebra A, this is the
set Hom(A, C) of all characters on A, equipped with the
Gel’fand topology.

For a set S, this is the algebra of all C-valued functions
on S.

For a finite subset A = {ay,...,a,} of an Abelian group
(", +), this symbol denotes the element of I" given by the
‘sum’ aq + as + - -+ + a,. This ‘sum of a set’ notation

is used only in Section 2.4.

This symbol is used in two ways. In Chapter 4, it is used
to denote the usual Fréchet derivative ¢’ of a C! self-map
¢ = (¢1, ) of R?. Later, in Chapter 5, it denotes the
complezification of the usual Fréchet derivative of ¢. In
both cases, D¢ evaluates at = € Q) to give a linear map
whose (1, j)-th matrix entry with respect to the standard

basis is (D,;¢;)(z).
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Z.,N

Pol ()

C(S,E)

The first of these symbols denotes the set of all non-
negative integers; the second stands for Z, \ {0}.

For a symmetric k-form p on a vector space E, this is
the homogeneous polynomial of degree k given by
Poly(1)(X) = u(X, ..., X) for X € E.

For a normed space F and a compact Hausdorff
space S, this is the space of all continuous F-valued
functions on S, equipped with the norm given by

I/} = supses [1f () e for f € C(S, E).
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