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Abstract

Magnetoencephalography (MEG) is a neuroimaging method for mapping

brain activity based on magnetic field recordings. The inverse problem as-

sociated with MEG is severely ill-posed and is complicated by the presence of

high collinearity in the forward (leadfield) matrix. This means that accurate

source localisation can be challenging. The most commonly used methods for

solving the MEG problem do not employ sparsity to help reduce the dimen-

sions of the problem. In this thesis we review a number of the sparse regression

methods that are widely used in statistics, as well as some more recent meth-

ods, and assess their performance in the context of MEG data. Due to the

complexity of the forward model in MEG, the presence of measurement-error

in the leadfield matrix can create issues in the spatial resolution of the data.

Therefore we investigate the impact of measurement-error on sparse regression

methods as well as how we can correct for it. We adapt the conditional score

and simulation extrapolation (SIMEX) methods for use with sparse regression

methods and build on an existing corrected lasso method to cover the elastic

net penalty. These methods are demonstrated using a number of simulations

for different types of measurement-error and are also tested with real MEG

data. The measurement-error methods perform well in simulations, including

high dimensional examples, where they are able to correct for attenuation bias

in the true covariates. However the extent of their correction is much more re-

stricted in the more complex MEG data where covariates are highly correlated

and there is uncertainty over the distribution of the error.
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1
INTRODUCTION TO MEG

This thesis looks at the statistical methods and models used in various aspects

of a neuroimaging technique known as Magnetoencephalography (MEG) (Vrba,

2002; Herdman and Cheyne, 2009; Brookes et al., 2014). Whereas the well

known procedure of fMRI measures the blood oxygenation levels of the area

being scanned, MEG focuses on the small magnetic fields resulting from the

naturally occurring electrical currents during brain activity. By recording the

brain’s magnetic fields at a number of reference points around the head over

a given time interval, the desire is to then reconstruct the activity and more

particularly, establish a localisation of active brain areas. The recovered time

courses from active areas then allow us to study the temporal behaviour of the

activity at various intervals in relation to some stimulus or action. One of the

reasons why source localisation is so important is that MEG has a temporal

resolution that cannot be matched by other neuroimaging techniques (Papani-

colaou, 1998). Currently fMRI (function magnetic resonance imaging) has the

advantage in terms of spatial resolution, however it is unable to compete with

the sub-millisecond temporal resolution of MEG. Furthermore, MEG directly

measures the actual activity itself rather than the secondary effects of brain

activity such as blood oxygenation levels. This obviously makes MEG very use-
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1.1 what is meg?

ful for stimulus-response type experiments as it allows researchers to determine

which brain areas are important in certain tasks. However it also allows the

possibility of investigating the complex connectivity of neural activity.

The primary challenge with MEG is localising the sources of activity. A

common approach is to estimate the strength of activity in each voxel of a 3D

grid of voxels of width 8mm using current MEG machines which have nearly

300 sensor locations. This means that the number of potential locations of

activity is substantially greater than the number of recording locations. For

example, in the grid system described above, the head coordinate model will

have many thousands of points. Therefore, it follows that the model represents

a severely ill-posed inverse problem (see Hadamard, 1952). Constructing an

estimate for the solution to the inverse problem requires a formulation of the

forward solution in the form of the leadfield matrix. This requires knowledge of

the position at which we are estimating relative to the external sensors and how

the magnetic field from a theoretical source with given strength and orientation

will behave in the head before it is recorded at each of the sensors. We model the

sources as equivalent current dipoles (ECD) which group together the current

from many neurons with the same direction as one dipole. A current dipole is a

current with location, direction and magnitude which gives off a magnetic field

according to the right hand rule. We represent current dipoles as vectors with

a strength and orientation.

1.1 what is meg?

Magnetoencephalogy (MEG) is a non-invasive neuroimaging method that mea-

sures the naturally occurring magnetic fields that result from synaptic activity

2



1.1 what is meg?

in the brain. The brain’s magnetic activity is considerably weaker than that of

environmental noise, other human biomagnetic rhythms and even the earth’s

magnetic field, therefore MEG requires both magnetic shielding of the envi-

ronment and incredibly sensitive detectors. The most commonly used MEG

systems deploy an array of SQUIDs (superconducting quantum interference de-

vices) that broadly follow the contours of the scalp in order to measure the dis-

ruption in magnetic fields at various positions around the head. This recorded

activity can often be attributed to the pyramidal cells in the cortex that are

oriented tangentially to the scalp. These sources of activity are represented as

current dipoles, with a location, orientation and magnitude. The orientation

of these sources with respect to the scalp is important as, following the right

hand law, the magnetic field of a dipole points around its direction (see Fig. 2).

In other words, a sensor that is radially oriented to a dipole will be unable to

recover the magnetic field.

Ultimately, the goal in MEG is to use the sensor recordings of induced mag-

netic fields from the SQUID array in order to reconstruct the activity within

the brain itself. This requires us to be able to solve the inverse problem (see

section 1.3).

3



1.1 what is meg?

Figure 1: MEG scanner at Sir Peter Mansfield Magnetic Imaging Centre (SP-

MMIC), University of Nottingham. Patient undergoing an experiment, scan-

ner can be used in horizontal or vertical position. Source: https://www.

nottingham.ac.uk/magres/facilities/meg.aspx

Figure 2: Representation of brain activity as current dipole. Magnetic field

given by source in relation to scanner location. Source: https://www.

humanconnectome.org/about/project/MEG-and-EEG.html
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1.2 meg experiments

1.2 meg experiments

MEG is primarily used to research brain functionality and connectivity. Conse-

quently, MEG experimental paradigms typically present the subject with some

stimulus from which we look to investigate the change in the recorded activ-

ity over its duration. This activity generally falls into one of two categories;

evoked or induced responses. Broadly, evoked responses are phase locked and

so we can expect some ‘average’ activity to exist over multiple repetitions of

the same experiment. Conversely, induced responses have no temporal phase

locking and so any averaged response will likely flatten out the activity. The

type of activity will dictate the approach that we take to processing the data

(Salmelin and Parkkonen, 2010).

Images of the recorded activity can be produced by integrating information

from magnetic resonance imaging (MRI). During the recording session of the

experiment, the subject will have a set of fiducial points (typically the nasion

and the left/right pre-auricular) marked with electrified coils. These points

can then be co-registered with similar markers in the MRI image. Note, the

MRI image is recorded in a separate session and with a different machine, so

it is important that the markers are set up correctly. From this we are able to

represent the head as a 3-dimensional object made up of appropriately sized

voxels. Each of these voxels then represents a location at which we want to

estimate the neuronal activity. From the markers we are also able to set up

a coordinate system so that the voxels in the head model correspond with

particular areas in the MRI images, and hence we can interpret the results in

terms of the head anatomy.
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1.2 meg experiments

If we recall from the representation of sources as current dipoles, the orien-

tation of the source is also important for determining the measured magnetic

field. Therefore MEG modelling also incorporates the source’s orientation into

the estimation. This is represented through the coordinate system of the head

model. For each voxel we can construct a plane tangent to the location vector,

over which we can optimise to find the orientation (see Fig. 3). Note that the

orientation is optimised on a two dimensional plane due to the insensitivity to

radial contributions of the source. In practice, the orientation is usually deter-

mined in one of two ways; either we estimate the source for each of 180 angles

and then choose the direction that maximises the source power, or we estimate

in two orthogonal directions from which we are able to extract the magnitude

and orientation information.

Figure 3: Representation of coordinate system in the head. Vector r is the posi-

tion of the source in the system. The tangential plane over which we optimise

the orientation of q is defined by the unit vectors uθ,uψ. Note in MEG we are

unable to obtain the radial contribution of the source, so we ignore the radial

unit vector up. (Adapted from image in Dogandzic and Nehorai, 2000).

This approach, where we reconstruct the activity at each location in our

coordinate grid is known as the distributed source approach. The alternative

6



1.2 meg experiments

current dipole framework models the current as a small set of sources. These

sources are represented as dipoles with location, orientation and strength pa-

rameters. Under this approach the model is now over-determined, however in

practice, the estimation of the source parameters is often more complex than

estimating the entire vector field since the model is non-linearly related to the

dipole locations (Mosher et al., 1992). In addition, the number of sources must

be estimated from the data. Methods under this approach make common use of

Bayesian schemes for likelihood maximisation (e.g. Kiebel et al., 2008). An im-

portant consideration in dipole modelling is how to allow the activity to evolve

over time. For example, it is preferable to keep the number of dipoles small,

but allow new dipoles to appear and existing dipoles to disappear. Rather than

allow movement of dipoles, the neurophysiology dictates that dipole locations

should remain fixed. The static dipole method (Sorrentino et al., 2013) models

the evolution of the dipoles over time through a transition density, which in-

cludes the possibility of a new dipole appearing, an existing dipole disappearing

and remaining dipoles moving in moment (strength and orientation).

There are advantages for both distributed source and current dipole mod-

els. The former can be modelled linearly and as such are usually easier to

solve, however dipole models are often able to explain the data through a small

number of parameters and consequently, can be easier to interpret. In this the-

sis though, we will primarily focus on distributed source approaches for MEG

source localisation.
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1.3 meg model

1.3 meg model

The MEG model for n sensors, T time points and p locations/orientations of

interest, is as follows:

d = Ls

where d is an n× T matrix of the measured potentials outside the head, L

is the n× p matrix of the forward solutions (leadfield matrix) where the i, jth

element represents the recorded activity at the ith sensor resulting from a unit

source at the jth location/orientation, and the p× T source matrix s is the

current amplitude from the source in p orientations and locations at each time

point (Hauk, 2004). Given our recorded d and the leadfield determined by the

location of the source and the spherical head model, we want to estimate s,

the source amplitude. In reality, the recordings will contain some error ε which

represents noise and outside interference. So the model is given by:

d = Ls + ε, (1.1)

where E(ε) = 0. Since the magnetic fields in the brain are very small, this

error becomes more dominant the further we go into the brain itself. This is

represented by the fact that the variance of the leadfield columns corresponding

to deeper, more central, locations is smaller than those related to shallower

regions. This means that, assuming the sensor noise is not related to the source

location, the signal-to-noise ratio reduces as we go further into the brain.
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1.4 leadfields

1.4 leadfields

The estimation of source activity in MEG studies is based on the forward solu-

tion contained in the matrix L. This matrix is known as the “leadfield” matrix

and each column Lθ represents the magnetic field that is measured at each

sensor as a response to a unit dipole at location/orientation θ. In practice, for

a given dipole with known location and orientation, the calculation of the lead-

field matrix involves solving Maxwell’s equations to give the resulting magnetic

fields (Mosher et al., 1999). We can then determine the magnetic potentials that

would be measured at a number of sensor locations. Each column of the lead-

field matrix then represents the values of the magnetic potential at a number

of sensors resulting from a single dipole. An example of a leadfield matrix for a

single location with 180 orientations and 270 sensors is found in Fig. 4. As we

can see, at any particular sensor, the forward solutions across the orientations

form a smooth curve.

Obviously, the accuracy of the estimation is hugely dependent on how well

we are able to model the theoretical recordings of a source. In reality, the

forward solution is quite complex and requires knowledge of biomagnetism, the

behaviour of magnetic fields and their permeability through different tissues in

the human head. We also need some idea of the geometry of the head. There

are a number of different ways that we can bring the geometry of the head into

the calculation of the leadfields, but a common approach is to approximate the

shape of the head using spheres. Obviously a single sphere is a far too simplistic

approximation for a shape as complex (and varied) as the human head, however

an alternative is to use multiple overlapping local spheres (Lalancette et al.,

2011). This approach fits an optimal sphere for each sensor in the array such

9



1.4 leadfields

that the sensor is oriented tangentially to the chosen sphere. Although the

multiple spheres approach is a vast improvement on using a single spherical

head model, there is still some element of abstraction. This opens up the

possibility of some error being introduced into the model. Additionally, since

the leadfield model assumes a fixed position of the head, any head movement

by the subject in the scanner will be problematic. Despite the best efforts of

experimenters to reduce head movement (Meyer et al., 2017), movement of the

head will result in spatial blurring and localisation errors (Stolk et al., 2013).

Therefore, there is some motivation for investigating the effects of measurement-

error in the leadfield matrix on MEG data.

We will now introduce the two methods that are most commonly used to

solve the MEG inverse problem, namely the beamformer and minimum norm.

Figure 4: Typical leadfield for a location; Image of leadfield for 270 sensors and

180 orientations, plot for first sensor, plot for first orientation (left, top right,

bottom right).
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1.5 minimum norm

The minimum norm (Hamalainen and Ilmoniemi, 1984; Wang et al., 1993; Dale

and Sereno, 1993) looks to produce a linear estimator G such that we can

produce an estimate of the source amplitude,

ŝ = Gd = GLs = Rs

where the matrix R can be seen as the distortion of the true measured source

amplitude. Ideally, we would be able to find the estimate of source amplitude

ŝ such that Lŝ = d. However, in reality this will not often be the case and

instead we will look to minimise the squared difference between the LHS and

RHS. i.e at each time point i = 1, 2, ...,T .,

min
ŝi

(di −Lŝi)T (di −Lŝi) = min
ŝi

||di −Lŝi||22

or equivalently find ŝi such that,

min
ŝi

‖di −Lŝi‖2.

Hence, this is known as the “minimum norm" approach. The solution to this is

then found using standard techniques and is given by,

ŝ = (LTL)−1LTd. (1.2)

Note this is equivalent to the least squares solution. This solution corresponds

to the case when we have no prior knowledge about the distribution. In reality,

the matrix LTL is singular and regularisation will be required to invert it, i.e

ŝ = (LTL + λI)−1LTd

where λ is the regularisation parameter and I is the identity matrix. Hence ŝ is

the same as the ridge regression estimator (Hoerl and Kennard, 1970a,b), also

11



1.6 beamformer

known as Tikhonov regularisation (Tikhonov, 1943). This unconstrained form

of the minimum norm will only be of real use if our p locations/orientations of

estimation includes the true location of the source. In other locations, it will

attempt to fit the data to the location of interest and will give a solution that

does not really fit the problem. A more general form of the minimum norm can

be gained by incorporating weighting matrices into the solution. First a matrix

inversion lemma is applied to equation (1.2) to give,

ŝ = LT (LLT )−1d

(Sekihara and Nagarajan, 2015). Then taking Cs to be a weight matrix rep-

resenting our prior knowledge of the source locations and covariances, and Cr

to be a sensor noise covariance matrix, then we have a general form of the

weighted minimum norm,

ŝ = C−1
s LT

(
LCs

−1LT + λCr

)−1
d (1.3)

(Hauk, 2004). Setting the weighting matrices both to the identity matrix and

thereby applying equal regard to all sensors and source locations, we arrive at

the previous form of the minimum norm.

1.6 beamformer

One of the popular methods of solving the MEG model is beamforming. Beam-

forming is a technique that was originally applied to radar data and was adapted

for brain data (Van Veen et al., 1997; Robinson and Vrba, 1998). The formula-

tion that follows is based on the outline of beamforming in Brookes et al. (2008).

Rather than solve equation (1.1) by a standard regression approach, beamform-

ing produces an estimate of the source amplitude at some location and orienta-

12



1.6 beamformer

tion. We take θ = (r, δ) to represent a particular location/orientation where r

is the location of interest and δ is an orientation on the plane given by uθ,uψ

as in Fig. 3. The beamformer estimate for a given θ, denoted Q̂θ, therefore

represents an estimate for the corresponding row in s from equation (1.1), and

is based on a weighted sum of the measured sensor outputs. i.e.

Q̂θ = wθ
Td, (1.4)

where the recorded sensor data d is mean centred over time. Proceeding, a

subscript θ denotes the row or column of a matrix that corresponds to a given

location/orientation θ.

The beamforming approach of a weighted sum can also be seen to be a spatial

filter of the recorded data with the filter specified by wθ. In order to obtain

the beamformer weight for a particular location wθ, we minimise the expected

source power with the constraint that the power from location/orientation θ

remains in the estimate i.e.

E
[
Q̂2
θ

]
= wθ

TE
[
ddT

]
wθ

subject to wθ
TLθ = 1. Since the Lθ’s represent the forward solution given

a unit dipole for the particular location/orientation θ the weighted sum for

θ must be equal to one. However, where possible, we want to minimise the

weighted sums for different locations/orientations i.e block the contributions of

other sources. Mathematically, we would ideally want the matrix WTL that

is constructed from the individual weighted sums to be equal to the order n

identity matrix, however in reality we have a matrix that is only restricted to

have 1’s on the lead diagonal. We minimise the above using the method of

Lagrange multipliers as follows: If we write C = E
[
ddT

]
and with our linear

constraint set,

f (wθ,λ) = wθ
TCwθ + λ

(
1−wθ

TLθ
)

.

13



1.6 beamformer

Then differentiating with respect to wθ and setting equal to zero,

∂f

∂wθ
= 2wθ

TC− λLθT = 0,

⇒ ŵT
θ =

λ

2 LθTC−1. (1.5)

Now differentiating with respect to λ and setting equal to zero,

∂f

∂λ
= 1−wθ

TLθ = 0,

⇒ wθ
TLθ = 1.

Then substituting (1.5) in for wT
θ ,

λ

2 LθTC−1Lθ = 1

⇒ λ̂ = 2
(
LθTC−1Lθ

)−1
.

Finally, substituting λ̂ back into (1.5) we obtain,

ŵT
θ =

(
LθTC−1Lθ

)−1
LθTC−1. (1.6)

Hence Q̂θ is a weighted least squares estimate with weight matrix C and overall

we have,

Q̂θ =
(
LθTC−1Lθ

)−1
LθTC−1d = ŵT

θ d.

Note that if E(d) = 0 then the beamformer is the same as a generalised least

squares where Var(d) = C. Hence, it is important that the data d is mean

centred over time.

1.6.1 Weights normalisation

One issue with MEG is that the signal-to-noise ratio reduces as we go deeper

into the brain. Consequently, at the centre of the brain, the noise power begins
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1.6 beamformer

to dominate that of the genuine source activity. In order to account for the

depth of the location of interest and the effect it has on the beamformer estimate

it is common for the estimate to be divided by some normalisation factor. One

such method, known as weights normalisation is to divide the beamformer

estimate by D =
√

wT
θ wθ, which is chosen to give unbiased noise variance

estimates across all the voxels in the model (Luckhoo et al., 2014). Using the

weights derived above,

D =
[(

LθTC−1Lθ
)−1

LθTC−1C−1Lθ
(
LθTC−1Lθ

)−1] 1
2

=
(
LθTC−1Lθ

)−1√
LθTC−2Lθ

since
(
LθTC−1Lθ

)−1
is just a scalar. Then dividing our beamformer estimate

by D we get,

Q̂wn
θ =

LθTC−1d√
LθTC−2Lθ

. (1.7)

Similarly, we can produce a noise normalised form of the minimum norm.

Recalling the weighted minimum norm estimate from equation 1.3, let ŝmn =

ŵmnd, where ŵmn = C−1
s LT

(
LCs

−1LT + λCr

)−1
. Then for the kth loca-

tion/orientation, the noise-normalised minimum norm estimate is,

ŝnn−mn,k =
ŝmn,k
wk

, (1.8)

where wk is a weighting constant. A common choice of wk is the dynamic

statistical parametric mapping (dSPM), where w2
k = (ŵmnCrŵT

mn)kk (Dale

et al., 2000). Hence, when Cr = I the weighting is similar to the beamformer

weight D. An alternative noise-normalised minimum norm estimate is obtained

using the sLORETA weight, w2
k = (ŵmn(Cr + LCs

−1LT )ŵT
mn)kk (Pascual-

Marqui, 2002). Statistical maps such as the dSPM and sLORETA introduced

above represent a common framework for brain imaging. There are a number

of different approaches to statistical mapping of brain activity. While many
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1.6 beamformer

of these methods will regard each time point as independent, there are also

approaches that look to include temporal information. For example Kilner

and Friston (2010) used random fields theory to produce a mapping that is

continuous in time.

Additionally, for the standard beamformer, we can produce a whole head

image of the electrical activity using the estimated source power. Let Pθ be the

source power for location/orientation θ, then,

Pθ = E
[
Q̂2
θ

]
= wT

θ Cwθ =
(
LθTC−1Lθ

)−1

but again, we require some normalisation in order to account for the depth. In

this case we use an estimate of the noise power at the given location, represented

by ρθ = wT
θ Σεwθ, where Σε is the channel noise variance. Therefore ρθ has the

same form as the source power estimate. Assuming the noise is uncorrelated

and approximately equal across channels, we can use Σε = σ2I where σ2 is

the noise variance and I is the n dimensional identity matrix. Normalising the

source power we have what is known as the “pseudo Z statistic”,

Zθ =
Pθ
ρθ

=
wT
θ Cwθ

wT
θ Σεwθ

.

The pseudo Z statistic is also known as the neural activity index and can be

calculated at each location in the brain in order to give an image of brain

activity. At each location r, we can use the neural activity index to determine

the orientation of the source activity. Since MEG is insensitive to radial sources,

the optimisation of the source orientation reduces to determining the angle on

a plane tangential to the radial direction. To do this we calculate,

Zopt = max
δ
Zr,δ, 0

◦
≤ δ ≤ 180

◦
.

In practice, we calculate Zθ for each of our orientations at location r and then

choose the δ that gives the maximum value. For some datasets, we may want
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1.6 beamformer

to measure the change in power during some task. In particular, if we have an

active and control period we might want to determine the significance of any

power change between the periods. In a similar way to the pseudo Z-statistic,

we can construct a “pseudo T-statistic”,

Tθ =
P
(act)
θ − P (con)

θ

ρ
(act)
θ + ρ

(con)
θ

where the superscripts (act), (con) refer to the active and control periods respec-

tively. Naturally, this requires that a separate covariance matrix be calculated

for each window.

1.6.2 Covariance matrix

If we assume that the forward solution is accurate, then the accuracy of the

beamformer depends entirely on the estimate of the covariance matrix C. For

a single source Q1 with forward solution L1, analytically the covariance matrix

is

C =E
(
ddT

)
= E

(
(L1Q1 + σε)(L1Q1 + σε)T

)
=E

(
L1Q1QT

1 LT1 + σ2εεT + 2σL1Q1ε
T
)

=Q2
1L1LT1 + σ2I.

In reality, the matrix C is not known and it therefore must be estimated from

the data d1, ..., dT over time. We estimate C using Cd as follows for the time

centred di’s. Each entry Cd,(i,j) is the following sum,

Cd,(i,j) =
1
T

T∑
t=1

di(t)dj(t)

where t = 1, 2, ...,T is the time step. The covariance matrix is an important part

of the beamformer as the beamformer estimate and the source power estimate

17



1.6 beamformer

are actually based on the variance of the source rather than its strength. The

accuracy of the covariance matrix Cd, can be studied as follows. Firstly, we

can write the data at time t as,

d(t) = d0(t) + ε(t)

where d0(t) is the true measurement of the magnetic field at time t, and ε(t)

is the sensor noise. Substituting into the previous expression for the covariance

we have

Cd,(i,j) =
1
T

T∑
t=1

(d0,i(t) + εi(t))(d0,j(t) + εj(t)).

Expanding out we have,

Cd,(i,j) =
1
T

T∑
t=1

d0,i(t)d0,j(t) +
1
T

T∑
t=1

d0,i(t)εj(t) +
1
T

T∑
t=1

εi(t)d0,j(t)

+
1
T

T∑
t=1

εi(t)εj(t)

=
1
T

T∑
t=1

d0,i(t)d0,j(t) + c1 + c2 + c3

= C0,(i,j) + ∆Ci,j

where ∆C = c1 + c2 + c3 is the error in the covariance matrix and C0 is the

noiseless data covariance matrix (Brookes et al., 2008). Over an infinite limit of

integration, the error ∆Ci,j will tend towards zero. In finite integration limits,

the error will be finite and c1, c2 are uncorrelated, however the pairs (c1, c3)

and (c2, c3) will be weakly correlated as long as ε does not dominate d0. If this

is the case, then an upper bound on the variance of ∆Ci,j can be expressed as,

Var(∆Ci,j) = Var(c1) + Var(c2) + Var(c3) where,

sd(c1) = sd(d0,i)σ√
T

sd(c2) = sd(d0,j)σ√
T
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1.7 meg example

sd(c3) =


σ2
√
T

if i 6= j√
2
T σ

2 if i = j

Hence the variance of the random process can be expressed,

Var(∆Ci,j) =
σ2

T
{sd(d0,i)

2 + sd(d0,j)
2 + [1 + 1(i = j)]σ2}.

1.7 meg example

To demonstrate the performance of the minimum norm and beamformer for

some typical MEG data we present a simple MEG simulation. For 100 trials,

each of 500 time points, a single source was simulated with each trial consisting

of a variation of a damped cosine waveform (with random shifting and scaling).

Normally distributed noise was added to the data with mean 0 and variance

100. The minimum norm was performed on the data averaged over trials and

the beamformer was applied to the full data (some discussion on trial averaging

and the differing approaches for the minimum norm and beamformer can be

found in section 2.2).

Figure 5: (l-r) True source, minimum norm, beamformer.

Fig.5 shows the truth, along with the minimum norm and beamformer esti-

mates when the source is at its maximum strength. The minimum norm esti-
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1.7 meg example

mate is shown to spread out the activity of the source to nearby locations, an

issue known as signal leakage (Wens et al., 2015). The peak in the beamformer

estimate is much sharper and there is good recovery of the source strength

and location. However, despite the good performance of the beamformer at

the true source location, weak activity is also placed throughout the rest of

the brain. Furthermore, when correlated sources are present, the beamformer

often has trouble reconstructing the activity correctly (Brookes et al., 2007). A

commonality in both the minimum norm and the beamformer is that neither

method is able to set covariates corresponding to inactive locations to be zero.

A common approach to high dimensional problems in statistics is to reduce the

number of predictors involved in the model through the use of sparse models.

Sparse models are able to employ selection techniques to identify unimportant

covariates that can be dropped from the model. This is usually done through

an `1 penalty, however use of the traditional `1 penalised lasso in MEG has

been shown to produce estimates that are spatially unstable and temporally

spiky (Uutela et al., 1999). Due to these issues there have been a number of

approaches that have looked to apply different penalisations to the spatial and

temporal aspects of MEG data. For example, Ou et al. (2009) approached the

problem using a group norm and Tian et al. (2012) proposed a two way regu-

larisation method that iteratively optimises an `1 penalty on the spatial aspect

of the problem and a smoothing penalty on the temporal dimension. Similarly,

Solin et al. (2016) used a Gaussian process model to regularise the solution in

space and time. For the beamformer, Zhang et al. (2014) proposed a covariance

thresholding approach that also introduces sparsity into the estimates.

Many of these methods require us to simultaneously (or recursively) optimise

over the spatial and temporal dimensions, which can be quite demanding. How-
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ever there are a number of extensions to the standard lasso that have not been

applied to MEG. These methods usually combine the `1 and `2 penalties in or-

der to improve the stability of the estimates in the presence of highly correlated

predictors.

1.8 thesis outline

The outline of this thesis is as follows, in Chapter 2 we review a number of sparse

regression methods and discuss their application in the context of MEG data,

before assessing their performance in some real data in comparison to the mini-

mum norm and beamformer methods. Since MEG estimation is based primarily

on the model leadfield matrix, it is of interest to investigate measurement-error

in the MEG model context. The measurement-error approach will be used in

an attempt to allow for an incorrect leadfield matrix. This error in the leadfield

could arise from modelling errors or through experimental factors such as head

movement and incorrect co-registration (Lopez et al., 2012; Akalin Acar and

Makeig, 2013). Therefore, in Chapter 3 the concept of measurement-error is

introduced along with the conditional score correction method and the effect of

measurement-error on MEG source estimation is investigated. The conditional

score is then adapted for use with penalised regression methods in Chapter

4. Continuing with measurement-error, Chapter 5 focuses on the simulation

extrapolation (SIMEX) method applied to sparse methods for additive and

multiplicative error, and in Chapter 6 we extend a corrected lasso estimate to

cover the elastic net method along with results for the theoretical performance.
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1.8 thesis outline

The measurement-error corrections for sparse methods are compared in the

context of Monte Carlo simulations in Chapter 7, and finally they are applied

to real data and final conclusions are made in Chapter 8.
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2
SPARSE MODELS

introduction

Magnetoencephalography (MEG) data presents a number of difficulties in terms

of source localisation. The primary complication is the dimensionality of the

data. In MEG problems the number of potential locations of interest is far

greater than the number of observations at each time point, which is typically

around 275 (Vrba, 2002). Furthermore there is frequently a high presence of

collinearity amongst predictors due to the spatial proximity of the locations of

interest represented in the leadfield matrix. These characteristics make tradi-

tional regression techniques either computationally infeasible or at least fairly

unsuitable (Hoerl and Kennard, 1970b). A fairly modern statistical approach

to such ill-posed problems is to use sparse regression techniques so that a num-

ber of the coefficients are set to be zero. The advantage of the sparse regression

approach is that we get a form of dimension reduction via variable selection

(Tibshirani, 1996). These methods typically require the optimisation of a pe-

nalisation term controlling the sparsity, however a suitable choice of penalty

parameter will significantly reduce the model complexity and from a theoreti-

cal point of view they seem to be appropriate for MEG data.
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sparse models

Despite this, sparse regression methods have seen limited implementation

to the MEG problem due to the non-convex nature of the `1 norm and the

comparative slowness in optimisation compared to the `2 norm (Uutela et al.,

1999, has some implementation of `1 norm regression, Ou et al., 2009). Some

work has been done on producing sparse estimates for MEG data, but this has

mostly been approached from a Bayesian perspective with sparsity introduced

through modelling of the source distribution via components of the covariance

matrix. For example the multiple sparse priors method (MSP) (Friston et al.,

2008) aims to model the covariance matrix of the true sources by a linear combi-

nation of different proposed component covariance matrices that are controlled

by hyperparameters. Each of these covariance components represents the co-

variance resulting from a particular patch in the cortex. The hyperparameters

have priors applied to them and they are then updated to convergence using

Restricted Maximum Likelihood (REML). Sparsity is therefore introduced by

the removal of hyperparameters near zero through the REML process.

Due to the severely ill-posed nature of the MEG inverse problem, the em-

pirical Bayesian approach can be computationally intensive. Specifying a large

number of hyperparameters adds extra complexity to the model and conse-

quently the search for an optimal solution can be slow to converge using realistic

leadfields (Ramirez et al., 2007). On the other hand, there has been little use

of the linear regression based sparse methods described here for source locali-

sation. These methods do not require any Bayesian prior modelling and some

of the methods have particularly good qualities with regards to noise invari-

ance (Belloni et al., 2011). In this thesis we will focus on these non-Bayesian

methods.
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2.1 sparsity in the regression model

In this chapter, we introduce a number of sparse regression methods that have

been applied to similar high dimensional ill-posed problems, along with a more

recently developed method, before applying them to basic MEG simulations

and then moving on to some typical real data.

2.1 sparsity in the regression model

We begin with the standard linear regression model, for n observations and p

predictors,

y = Xβ+ σε (2.1)

where the data vector y has length n, the unknown parameter vector β is length

p, the model matrix X has dimensions n× p, σ2 is some unknown noise variance

and ε follows a multivariate standard normal distribution. We want to estimate

the parameter vector β. Assuming the errors ε have conditional mean zero, are

spherical (with no homoscedasticity or autocorrelation) and the matrix X is of

full column rank, under the ordinary least squares (OLS) solution, we minimise

the sum of squares of the residuals for this model which leads to the well known

least squares estimate,

β̂ = (XTX)−1XTy. (2.2)

For low dimensional problems this estimator can be implemented without major

issues and will return unbiased, efficient and consistent estimates (Rao, 1973).

However high dimensional problems, especially those where n < p, prove some-

what problematic. The main issue with the OLS in these situations is that the

matrix XTX is no longer invertible. This means that the OLS estimator is

computationally infeasible without some modification. One way to solve this

issue is by employing methods of selection, whereby the number of parame-
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2.1 sparsity in the regression model

ters is reduced to only those that are important. Another approach is to use

shrinkage, where parameters are shrunk towards zero by penalising the sum of

squares of the residuals. Ridge regression is one example of shrinkage.

2.1.1 Ridge regression

We have seen that when the matrix XTX is singular (or near singular) the OLS

solution does not exist (or is unstable). These problems can be addressed by the

introduction of the ridge penalty. Ridge regression is a shrinkage method that

penalises the sum of the squared beta estimates (Hoerl and Kennard, 1970a,b).

The level of penalisation determines the amount of shrinkage displayed in the

model fitting. So, for example a small ridge penalty will allow larger coefficients

as it is less restrictive on their size. Mathematically, ridge regression can be

summarised as follows,

β̂RR = arg min
β∈Rp
||y−Xβ||22 + λ||β||22. (2.3)

where λ is a regularisation constant. The estimator can then be shown to be

β̂RR = (XTX + λI)−1XTy (2.4)

where I is the p×p identity matrix. With the addition of the penalty, the matrix

(XTX + λI) is now invertible and the regression coefficients shrink towards

zero. Of course, the shrinkage employed in ridge regression is never able to set

parameter estimates exactly to zero, so for models with large p the dimension

problems are not really addressed. The lasso (Least Absolute Shrinkage and

Selection Operator, Tibshirani, 1996) and similar sparse regression methods

however, are able to ensure that some parameters have the value of exactly

zero.
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2.1 sparsity in the regression model

Sparse regression methods work by introducing a penalisation into the model

as in ridge regression, but rather than constrain the squared coefficients (via

the `2 norm) the absolute size of the chosen beta values is usually constrained

to be below some value λ instead. The various sparse methods therefore employ

some combination of the `1 norm and the `2 norm, where the `1 norm of the

beta values is ||β||1 =
∑p
j=1 |βj | and the `2 norm is ||β||2 =

√∑p
j=1 β

2
j .

2.1.2 Considerations for sparse methods

When dealing with ill-posed problems there are a number of things to consider

in order to help inform our choice of sparse models. Below, we will present the

estimators for some of the sparse regression methods that we have used, along

with some of the theoretical properties of the given methods. Beforehand, it is

worth briefly covering some of the more attractive features that we look for in

sparse regression methods.

One of the most important things to consider in large dimensional problems is

the selection of variables. All the sparse methods essentially look to reduce the

number of ‘important’ variables that are included in a model; it is this property

that gives them their name. Of course, the choice of which parameters to set

to zero, or more importantly which parameters contribute to the model, is a

crucial factor in the performance of a given model. For a sparse model with

true parameter vector β0 let us define the “active set” S0 as,

S0 = {j : β0,j 6= 0},

i.e. the set of the non-zero parameters. Now let s0 = |S0|, where |.| here denotes

the cardinality of a set, be the sparsity index and essentially represents the

level of sparsity when compared to the dimensions of the full model. Naturally,
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2.1 sparsity in the regression model

the true S0 is unknown and therefore, the selection of non-zero coefficients in

penalised regression looks to estimate this set. A useful property for a sparse

method to have is therefore the oracle property (Fan and Li, 2001). The oracle

property states that the estimator is asymptotically equivalent to the ideal

estimator (under no regularisation) with only the true parameters. In other

words, there exists a particular value of the regularisation parameter λ where,

P(β̂ = β0)→ 1.

An alternative way of looking at oracle performance in an estimator is, under

suitable choice of regularisation (i.e. λ→ 0 as n→∞), the difference between

the estimator and the true parameters is below some value that tends to zero

as n increases. i.e.

||β̂−β0||2 = O(n−1/2 + an),

where an depends on λ and an → 0 with increasing n (Fan and Li, 2001).

This is the way that oracle (or near-oracle) performance of a method is often

expressed. This property obviously depends on the choice of λ and whilst we

can sometimes derive an ideal value of the regularisation from the theory, in

practice it is not always trivial to determine the most appropriate theoretical

value.

2.1.3 The lasso

The lasso (Tibshirani, 1996) differs from ridge regression in the use of the `1

penalty in place of the ridge’s `2 norm,

β̂Las = arg min
β∈Rp
||y−Xβ||22 + λ||β||1. (2.5)
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2.1 sparsity in the regression model

Therefore, both the lasso and ridge regression seek to find the β that minimizes

the residual sum of squares (RSS) subject to some penalty. The two norms can

be visualised graphically in the case of two dimensions. In ridge regression, the

plot for the curve ||β||2 = 1 results in a circle centred on zero, whereas the

plot of ||β||1 = 1 from the lasso gives a diamond. It is possible therefore to

see the sparsity properties of the lasso. The minimising beta solution of the

lasso is therefore very likely to lie on one of the corners of the diamond. The

corners represent sparse solutions where one (or more in larger dimensions) of

the parameters is equal to zero. Some discussion of penalty geometry is given

in section 2.1.7. As with all sparse methods, the choice of λ value is very

important as each value of λ will give a different β solution.

The choice of λ is informed by the theory, more particularly a value that

gives a consistent estimator. Under fairly mild assumptions on the errors, for

suitable λ it can be shown that,

||X(β̂Las −β0)||22/n ≤ 3
2λ||β0||1

and furthermore that λ is of order
√

log(p)
n (Bühlmann and van de Geer, 2011).

Then the estimator is consistent if ||β0||1 = o{
√
n/log(p)} (Bühlmann and

van de Geer, 2011). In order to achieve optimality in the convergence of the

parameter vector, we require some design conditions to hold. Examples of

these are the restricted eigenvalue assumption (Bickel et al., 2009) and the

compatibility condition (van de Geer, 2007; van de Geer and Bühlmann, 2009).

When the restricted eigenvalue assumption holds and under normal noise, if we

take the regularisation parameter to be

λ = σc2n1/2Φ−1
(

1− α

2p

)
(2.6)
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2.1 sparsity in the regression model

for constant c > 1, we have the near-oracle performance of the estimator. That

is with probability greater than 1− α,

||β̂Las −β0||2 . σ

√
s0

log(2p/α)
n

,

(Belloni et al., 2011). The lasso has the benefit of being a convex optimisa-

tion problem that can be easily solved computationally through a variety of

approaches, however it also has some drawbacks. When the coefficients are

large, the lasso has been shown to show some bias. It is also worth noting that

the λ used in order to gain near oracle performance requires knowledge of the

noise standard deviation σ. In problems when p >> n, estimating the noise

becomes rather challenging and the performance of the lasso may be affected.

2.1.4 Elastic net

The strength of the lasso is its ability to perform both shrinkage and variable

selection simultaneously. However some features of the lasso make it unsuitable

for certain situations. In situations where p > n the lasso will select at most

n variables. Also, the lasso is not well defined (i.e. not unique) unless the `1

norm bound is below some value. Furthermore, in situations where variables are

pairwise highly correlated the lasso will choose one of the correlated variables

without distinction (Zou and Hastie, 2005). These properties mean that in

problems where the number of parameters is much larger than the number of

observations and when many of these parameters are highly correlated with

each other, the lasso is no longer equipped to provide the best solutions. The

elastic net was devised to overcome these limitations, by taking advantage of

the strengths of both the lasso and ridge regression. The elastic net provides a
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versatile method that combines the `1 norm penalty and the `2 norm penalty

from the lasso and ridge regression. The elastic net solution is

β̂EN = arg min
β∈Rp
||y−Xβ||22 + λ1||β||1 + λ2||β||22. (2.7)

Therefore, the elastic net can be seen as a generalisation of both methods. i.e.

λ2 = 0 gives the special case of the lasso and λ1 = 0 gives ridge regression.

The challenge of choosing the level of the constraints (i.e. λ1 and λ2) is now

further complicated by the fact that there are now two lambda values to be

chosen. This can be done by pre-specifying some choices of values for the ridge

penalty and then solving the lasso path for each of them via a method such as

the LARS algorithm (Efron et al., 2004). i.e. Set λ2 ∈ {λ2,1,λ2,2....,λ2,K} and

then for each λ2,k, where k = 1, 2, ...,K, solve over the lasso solution path.

An alternative way of formulating the elastic net is to introduce a parameter

that defines the ratio between the two penalties. If we take a = λ2
λ1+λ2

, then an

equivalent optimisation is

β̂EN = arg min
β∈Rp
||y−Xβ||22 + λ

{
(1− a)||β||1 + a||β||22

}
.

The elastic net can be shown to be an augmented version of the lasso optimi-

sation using the following formulation (Zou and Hastie, 2005). Let γ = λ1√
1+λ2

,

β∗ =
√

1 + λ2β, and then construct the data (y∗, X∗), where

X∗
1√

1 + λ2
=

 X
√
λ2I

 , y∗ =

y

0

 .

The elastic net problem can then be written in the form of a lasso objective

function,

β̂∗ = arg min
β∗∈Rp

||y∗ −X∗β∗||22 + γ||β∗||1.

Then β̂EN = 1√
1+λ2

β̂∗. It is important to note that the dimensions of the

design X∗ are (n+ p) × p, and so the matrix has rank p. This means that
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the elastic net estimate is able to select more than n important predictors

and is no longer constrained by the sample size as in the lasso. Furthermore,

due to the strict convexity of the elastic net penalty when λ2 > 0, the elastic

net possesses a grouping property, namely that the difference between highly

correlated predictors will be small. These two points contribute to the good

performance of the elastic net in the area of variable selection. In practice, the

elastic net often works better if it is close to the lasso or ridge penalties (i.e. a

is close to 0 or 1 respectively) and as such the formulation above is sometime

known as the “naive elastic net” (Zou and Hastie, 2005). It also seems to suffer

from double shrinkage due to the use of two penalties. We can correct for the

extra shrinkage in the naive elastic net. Using the augmented data as above,

the rescaled elastic net estimate is defined

β̂EN−res =
√

1 + λ2β̂
∗,

however recall that β̂EN = 1√
1+λ2

β̂∗ and so

β̂EN−res = (1 + λ2)β̂EN .

Scaling the estimate reduces the effect of shrinkage on the elastic net, whilst

preserving the important properties.

2.1.5 Square root lasso

The square root lasso (SRL) is a modification of the lasso that looks to minimise

the square root of the residual sum of squares subject to the `1 norm constraint

(Belloni et al., 2011). i.e.

β̂SRL = arg min
β∈Rp
||y−Xβ||2 +

λ

n
||β||1. (2.8)
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2.1 sparsity in the regression model

The method has the advantage of being pivotal, that is it requires no knowledge

of the value of the noise variance σ2. Furthermore, the method remains valid

even in situations with non-Gaussian noise as long as E(ε) = 0 and E(ε2) =

1. The estimation of the noise standard deviation σ which is required in the

lasso is non-trivial when the number of parameters is especially large, so by

dispensing of the need to estimate σ, the square root lasso has particularly

good theoretical properties with respect to the solution of the optimisation

problem. The dependence of the lasso on the noise variance estimate can be

seen in the presence of σ in the optimal choice of the penalty (see equation 2.6).

In the square root lasso, it can be shown that by using the penalty

λ = cn1/2Φ−1
(

1− α

2p

)
(2.9)

where the constant c > 1 (the choice of c = 1.1 is recommended by Belloni

et al., 2011), the near oracle performance is returned i.e.

||β̂SRL −β0||2 . σ

√
s0

log(2p/α)
n

.

This means that under certain design conditions the square root lasso will

attain similar performance to the lasso even without any knowledge of the

noise variance. The absence of σ in 2.9 means that the square root lasso is a

pivotal method with respect to λ. Additionally, this remains the case under non-

Gaussian noise as mentioned earlier. These properties are a great advantage

over the standard lasso.

2.1.6 Penalised Euclidean distance

Penalised Euclidean distance regression (PED) resembles the elastic net in that

it combines the use of both the lasso and ridge penalties (Vasiliu et al., 2014).
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2.1 sparsity in the regression model

However, in contrast to the elastic net, there is only one λ value used. The

PED constraint employs a geometric mean of the `1 and `2 norms,

β̂PED = arg min
β∈Rp
||y−Xβ||2 + λ

√
||β||2.||β||1. (2.10)

The `2 norm is introduced in order to add some consideration of correlated

variables to the useful properties seen in the square root lasso. Therefore,

the PED estimate looks to combine the attractive aspects of both the square

root lasso and the elastic net. The grouping property of the geometric mean

penalisation
√
||β||2.||β||1 comes from the fact that when f , g are norms,

√
f .g

is itself a norm (Vasiliu et al., 2014). Then the grouping properties can be

shown as follows. Firstly, identical columns of the design will give estimates

that are also equivalent, or mathematically,

coli(X) = colj(X)⇒ β̂PED,i = β̂PED,j .

Secondly, if we define the relative difference between the estimates of two pa-

rameters as D(i,j) =
1

||β̂P ED||2
|β̂PED,i − β̂PED,j | then it can be show that

D(i,j) ≤
2
√

1− ρij
λ

≤ 2θi,j
λ

,

where ρij is the sample correlation and 0 ≤ θi,j ≤ π
2 is the angle between the

i’th and j’th columns of X (Vasiliu et al., 2014). Hence for highly correlated

variables, the difference between the PED estimates will be small. Also, as we

introduce more penalisation into the PED model by increasing λ the estimates

become more sensitive to any correlation between variables. We can therefore

see that the PED method displays a grouping property.

In addition to the grouping property we also have sparsity in the model thanks

to the use of the `1 norm. In situations where the true model is very sparse, the

PED method will display similar performance to the square root lasso. This
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2.1 sparsity in the regression model

can be seen by considering the geometric interpretation of the penalties (see

next section). An important measure of the sparsity of the PED estimate is,

k̂ =

√√√√ ||β̂PED||2
||β̂PED||1

where 1
4√p ≤ k̂ ≤ 1 as long as β̂PED 6= 0. The performance of the PED estimate

in general can be assessed in terms of its oracle inequality as with the other

methods. Under restricted eigenvalue conditions, where κ is one such restricted

eigenvalue defined in Vasiliu et al. (2014) and 0 < ρ < 1, for a suitable choice

of λ, the recovered parameter estimates can be shown to satisfy the following

oracle inequality,

κ||β̂PED −β0||2 ≤
const.

√
p∗ log(2p/α)L(β0)

n(1− ρ2)

where L(β0) is the Euclidean loss ||Y−Xβ0||2 and p∗ is the cardinality of β0.

So as n grows, the estimate approaches the true parameter values. As a corollary

to this main result, let 0 < ξ < 1, and suppose the restricted eigenvalues under

ξ are bounded away from zero, then taking λ =
c 4√p
n Φ−1

(
1− α

2p

)
with c > 1

we can check that,√√√√ ||β̂PED||2
||β̂PED||1

−
√
n

c 4
√
p
= k̂−

√
n

c 4
√
p
≥ ξ > 0. (2.11)

Then with probability 1− α we have the oracle property

||β̂PED −β0||2 ≤
const.

√
p∗ log(2p/α)
√
n

.

The theory above can be used to inform our choice of which parameter esti-

mates are useful. The theoretical basis tells us that at parameters that have no

signal, βj = 0, |β̂PED,j | < ||β̂PED − β0||2 ≤
const.

√
p∗ log(2p/α)√
n

. Then as long

as ||β̂PED||2 6= 0, we can divide by ||β̂PED||2 to give,

|β̂PED,j |
||β̂PED||2

<
const.

√
p∗ log(2p/α)

√
n||β̂PED||2

<
C√
n

,
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2.1 sparsity in the regression model

where C ∝
√
p∗ log(2p/α) > 0 is a constant that can be determined by

AIC/BIC or chosen to provide a certain sparsity level. This inequality is used

to produce a threshold by which we infer which βj ’s are irrelevant. Parame-

ters with estimates below this threshold value will simply be dropped from the

model and the optimisation problem is considered again with the remaining

parameters, hence sparsity is introduced into the model. Evidently, the choice

of the thresholding constant C becomes very important as increasing its value

will reduce the number of parameters chosen. It is often a case of finding a

value that works for the problem of interest through some information criterion

or similar method. A sequence of values is specified for both C and λ. Then a

grid search is employed to find the combination of C,λ that gives the smallest

value of BIC.

Computationally, the PED algorithm involves performing convex optimisa-

tion on the objective function with some initial value of λ before coefficients

that fall below the threshold are removed. This is then repeated for a sequence

of λ values and the best fitting model is chosen using BIC or another criteria.

Finally, using the λ from the best model, the optimisation is repeated using only

the parameters that were chosen beforehand. An alternative to using BIC to

choose the best value of λ is to employ the theoretical oracle properties from the

corollary. Equation 2.11 motivates the maximisation of the sparsity measure k̂

as a method for choosing the parameters. We will refer to this maximisation of

k̂ as the ξ method.
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2.1 sparsity in the regression model

2.1.7 Geometry of penalties

We now briefly discuss the geometric interpretation of the various penalties.

The geometry can be useful for understanding why a particular penalty pro-

motes certain behaviour in the estimation. The plots below give an indication

of the behaviour of the different penalties by looking at the 2 dimensional case.

Fig. 6 shows the contour plot for the various penalties for the unit penalty

level.

Figure 6: Contour of solutions for penalty=1, ridge (black), lasso (red), elastic

net (a = 0.5), (green), PED (blue).

From Fig. 6, we can see how the elastic net penalty and the PED’s geometric

mean norm lie between the lasso and ridge contours. The elastic net penalty

will vary depending on the ratio of the two penalties employed. For the 2

dimensional example given the PED and elastic net contours look very similar
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2.1 sparsity in the regression model

and there will be a mixing level of the elastic net that is very close to the PED

penalty, however this is not generally the case.

Fig. 7 represents the cross section of the penalties along the line b2 = 0. We

plot the penalty level for b1 ∈ [−1.5, 1.5] to show how the different penalties

behave along the axes when the covariates grow. We can see that along the

axes, the PED penalty equates to the `1 norm. i.e. the function is linear along

the axes. Hence, when the problem is very sparse and there is only one non-zero

parameter, the PED obtains the square root lasso estimate.

Figure 7: Cross section along axis for varied b1, b2 = 0 fixed. Ridge (black),

elastic net (a = 0.5), (green), PED/ lasso (blue).

The penalties intersect at 1, but the ridge (and naturally the elastic net)

penalty is quadratic along the axes. Again the elastic net becomes closer to the

lasso/ridge penalty depending on the level of mixing. We can also see that for

a penalty level of greater than 1, the ridge penalty becomes more restrictive on

the size the estimated parameters can take. In contrast, the penalties involving
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2.2 challenges in meg

the `1 norm are less restrictive around the axes (i.e. when models are sparse).

This can be seen more clearly when we consider the contour plots for larger

values of the penalty (Fig. 8).

Figure 8: Contour plots: penalty=1.5, penalty=2, ridge (black), lasso (red),

elastic net (a = 0.5), (green), PED (blue).

2.2 challenges in meg

One of the more established source localisation methods used for MEG data is

the minimum norm which in its unconstrained form reduces to ridge regression.

Of course under this minimum norm setting, every location will have a non-zero

signal estimate, whilst the shrinkage property means that for any source that

is located, the activity will be spread across a number of spatially correlated

locations— something known as ‘signal leakage’ (Wens et al., 2015). Therefore,

given the basis of the minimum norm in ridge regression, sparse regression

methods provide a natural extension to the existing methods.
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It is worth spending some time to give more detail to MEG data and the types

of activity that we are often trying to identify. In MEG data analysis we are

typically trying to detect small electromagnetic signals in the brain against a

background of potentially significantly higher noise levels (Vrba, 2002). Whilst

some of the noisier artefacts of the data can be accounted for by employing

magnetic shielding and factoring for the underlying magnetic rhythms of the

body, we are still left with data that is considerably noisy. One of the ways to

reduce the noise level of the data is to average over trials. Assuming the noise is

not temporally correlated between trials, averaging increases the signal-to-noise

ratio by
√
N when N is the number of trials (Gonzalez-Moreno et al., 2014).

However, averaging is not always the best approach to take with MEG data.

Generally there are two different types of signals that can be detected in

MEG data. When we average data we are assuming there is something that

resembles an average response that we will be able to detect. This is the case

for evoked responses, where under a particular stimulus the observed response

will typically be similar each time. Such responses are relatively simple to time

lock so we can be confident that the activity will occur in roughly the same

area temporally. This means that averaging trials with such a response will

reduce the noise in the data whilst maintaining the important spikes in activity.

However, this approach becomes less appropriate for data where the time or

phase of the response is not locked over time. Induced responses characterise

activity which is temporally connected to a stimulus, but where the phase in-

formation is not fixed (David et al., 2006). In oscillatory signals (a typical form

of induced response) if the max/min occur at slightly different times over trials

then averaging may cancel out any increase in signal. The focus for induced

response data is thus on the relationship between the power and time. There-
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2.2 challenges in meg

fore amplitude sensitive and time-frequency analyses are frequently employed

for induced response data (Litvak et al., 2013).

Given the different types of data that can be observed, it is worth noting that

certain methods are more appropriate to certain types of data. Beamforming re-

lies on the covariance information of the data and the resulting variance change

between areas of activity and inactivity. However, the accuracy of the beam-

former estimate is dependent on the length of the covariance window. Therefore,

since averaging naturally reduces the number of time points in the data and re-

moves any induced activity it actually inhibits the beamformer (Brookes et al.,

2010). For this reason, beamformer methods for evoked responses tend to com-

pute the covariance matrix over all trials in order to construct the estimate

(Robinson, 2004; Cheyne et al., 2007). These properties mean that beamform-

ing is quite computationally expensive for evoked response data and it is more

suited to induced activity. On the other hand with the sparse regression meth-

ods we will essentially treat each time point as an independent observation,

therefore averaging over trials for evoked responses seems the most appropriate

area for their application.

Of course one of the disadvantages of this type of data is the need to record

multiple trials. As we have already noted, the larger the number of trials we

use the greater the SNR becomes, however ideally we would also like to keep

the number trials small in order to reduce the time and cost of experiments.

Therefore, we would like to find a method that is robust to the larger noise found

when using a smaller number of trials. With this in mind, one interesting aspect

to investigate is how the estimates for the implemented methods change as we

reduce the number of trials over which we average.
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2.3 simulations

2.3 simulations

We base our simulation on a typical MEG neuroimaging experiment. We con-

sider a single slice of the head where each location is a potential source that

needs to be estimated and, to begin with, a single source is simulated over 500

time points (the second 250 time points were a negative version of the first 250

in order to have the zero mean over time that is necessary for beamforming).

We then add additional sources nearby and adjust the level of noise involved.

In order to assess the accuracy of the different methods we want to look at the

number of true positives and the number of false positives. The true positives

represent the number of locations of true activity that have non-zero estimates

and false positives are the number of non-zero estimates that are zero in the

true model. For these sparse models we want a small number of false positives.

Additionally we look at the root mean square error (RMSE) as it includes both

variance and bias into its measure.

In the following simulation, we use a single slice from a typical head dataset

to represent a section of the head that we are interested in. This slice consisted

of 278 locations of interest— each a 8mm by 8mm voxel. At each of these

locations we have a leadfield matrix of dimensions 270 × 2 which gives the

forward solution for 270 sensors from the contributions of the location’s activity

in two orthogonal orientations. By using two orientations we would be able to

reconstruct both the source strength and direction information. Therefore, we

have 556 parameters that we need to construct.
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2.3 simulations

2.3.1 Single source simulations

A single source was simulated with strength 5. Then random noise was added

with variance σ2 = 2 for 500 time points. The minimum norm (ridge), elastic

net and lasso were fitted via the glmnet R package (Friedman et al., 2010) with

the penalty value chosen by cross validation.

The square root lasso used the asymptotic value of λ and was implemented

using the slim function in R package flare (Li et al., 2014). The asymptotic

penalty, λ = 1.1n1/2Φ−1
(
1− α

2p

)
, is chosen to give near-oracle performance in

the square root lasso and, due to the pivotal nature of the square root lasso,

the penalty is independent of the noise variance σ2 (Belloni et al., 2011).

Two methods of penalty choice are included for the PED; BIC and the ξ

method of maximising k̂ =
√
||β̂P ED||2
||β̂P ED||1

. The value of the thresholding constant

C and the penalty level λ in the PED method was determined by a grid search

(using C ∈ {0.5, 0.75, 1, 1.25, 1.5, 1.75, 2, 2.2} and 50 values of λ equally spaced

between 0.001 and 1.5), where the chosen pair C,λ corresponded to the smallest

value of BIC or the largest value of k̂ respectively. This combination of threshold

and penalty level was then used across the data to determine when a parameter

should be set to zero. To save computational time, we only looked at the first

50 time points. Fig. 9 shows the true source distribution and the means of

each estimate across the first 50 time points. We also include the beamformer

and the modulus of the beamformer estimate.

43



2.3 simulations

Figure 9: Means for single source, σ2 = 2

Table 1 contains the mean number of false positives for each method across

the time points as well as the root mean square error. In Table 1 the RMSE

was calculated by

RMSE(β̂) =
1
50

50∑
t=1
||β0 − β̂t||2,

where β0 is the true source vector (note this was unchanged over the time

points) and β̂t is the vector of source estimates for time point t. The mean

square error is a useful measure of how accurate an estimate is as it combines

both the bias and variance of an estimate. However, it may not be as suitable

for the beamformer, which bases its estimation on the variance of the data.
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In Table 1, despite the relatively accurate mean, the beamformer RMSE is

the highest due to its variability. This could partly be attributed to the short

covariance window used.

Method Mean TP’s Mean FP’s Sum RMSE

MN 1 277.00 11.80

Lasso 1 11.26 2.20

EN 1 20.8 9.15

SRL 1 28.38 9.43

PED-BIC 1 30.66 10.07

PED-ξ 1 36.38 10.73

BF 1 277.00 12.93

Table 1: Summary— True and False positives, and RMSE for single source.

In the single source example the lasso performs very well in both the num-

ber of false positives and RMSE. Its deficiencies in terms of the treatment of

correlated variables are less relevant in this case as it was only required to iden-

tify a single source. However we would expect issues if we wanted to identify

multiple sources from spatially correlated locations. The other sparse methods

produce more spread out estimates, however all of the sparse methods show an

improvement over the ridge estimate. In terms of accuracy, there is very little

separating the elastic net, square root lasso and penalised Euclidean distance.

The primary regions of activity are roughly equivalent across these methods

and with the exception of the SRL (which places the peak one pixel away) the

peak is consistently placed in the correct location. The number of false positive

locations of activity is perhaps a little high, with the ξ selection method of
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PED performing the worst, however as we can see from the plots, the majority

of these false positives are also very close to zero.

Figure 10: Means for group of sources, σ2 = 2

2.3.2 Group of close sources

In the same way as the previous simulation, we now simulate a group of sources.

The methods are implemented as before. Additionally, we perform the simula-

tion under different levels of noise; σ2 = 2, 5, 15, 100, 400. Figs. 10-11 show

the mean estimates for a number of these noise levels.
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Figure 11: Means for group of sources, σ2 = 400
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Noise MN Lasso EN SRL PEDb PEDξ BF

σ2 = 2

TP - 4.86 5 5 5 5 -

FP - 10.5 13 16.1 9.26 22.02 -

RMSE 39.03 20.22 15.71 18.56 16.93 21.28 27.42

σ2 = 5

TP - 4.62 5 5 5 5 -

FP - 9.94 13 17.38 9.98 28.32 -

RMSE 39.04 21.12 15.90 19.21 18.64 22.92 35.07

σ2 = 15

TP - 4.08 5 5 4.78 5 -

FP - 11.66 15 19.86 9.80 33.18 -

RMSE 39.09 21.66 16.80 19.84 14.43 25.58 43.82

σ2 = 100

TP - 3.78 5 5 4 5 -

FP - 12.22 22 22.58 10.48 43.04 -

RMSE 39.54 26.13 21.93 21.42 15.11 30.67 89.37

σ2 = 400

TP - 3.34 5 5 4.06 5 -

FP - 9.32 23 24.52 10.04 55.84 -

RMSE 41.21 34.32 28.80 22.92 22.44 38.93 157.41

Table 2: Summary-Mean true positive locations, mean false positive locations

and sum(RMSE) for group of sources under various noise levels.
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As we expect, the lasso gives very sparse solutions and tends to attribute the

source strength to one location. Although it does seem to have chosen most of

the correct locations, as evidenced by the number of true positives, the absence

of a grouping property in the lasso means that almost all of the activity from

the cluster of sources is assigned to a single location. The PED under BIC and

the elastic net seem to perform the best in terms of sparsity and accuracy over

the different noise levels. The PED (BIC) method is the most resilient to the

changes in noise variance as both the RMSE and the number of false positives

remain fairly consistent. The elastic net, PED (BIC) and the square root lasso

seem to give the best performance in terms of RMSE, with the PED estimate

being particularly consistent in this regard.

Note the beamformer seems to have performed poorly, although the scale of

the estimates improves as we increase the noise variance. The reason for the

first point is that the beamformer is noted to struggle with highly temporally-

correlated sources and looks for a single location for which to attribute the

source. Therefore it will find the 5 perfectly correlated sources in this example

challenging. Secondly, as a covariance based spatial filter, the beamformer

requires a certain level of variance in the data in order to construct the estimates.

This is confounded by having a short window over which the covariance is

estimated. For a similar reason, we tend not to pre-average the data over trials

for the beamformer as it can mask certain features when it comes to producing

the beamformer estimates.
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2.3.3 Two distant sources

The beamformer’s issues with time correlated sources become more evident

when we consider more spatially defined sources. In the following simulation

two perfectly correlated sources were simulated; one in the left and one in the

right of the brain. The sources were simulated with a strength of 5 on a single

slice of the brain for 2000 time points and random noise was added to the

data with a standard deviation of 10. The mean estimates for the minimum

norm, beamformer and sparse regression methods are found in Fig. 12, with

the corresponding variances in Fig.13.

Figure 12: Mean estimates of two correlated sources over 2000 time points.

Cross-hairs denote locations of true sources.

The mean estimates for the sparse regression methods generally perform well

in identifying the correct areas of activity, although interestingly they seem

to place a stronger right source. The square root lasso’s placement is a little

erroneous for both sources and the minimum norm displays some characteristic
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leakage between the sources, but each of the regression methods has clearly

identified two sources. The failure of the beamformer in these circumstances

is evident as it places a single source slightly right of centre. Furthermore, the

strength of the activity is extremely low, even compared to the very spread out

minimum norm.

Figure 13: Variance of estimates of two correlated sources over 2000 time points.

Cross-hairs denote locations of true sources. Note on legend scales: since the

variances from the sparse MEG estimates vary so widely, I have chosen not

to apply the same scale across MEG variance plots for different methods as

to do so may hide features of how the variance is distributed according to the

location.

The variance plots show that despite the mean estimate being low in the

beamformer, the variance is comparatively high around the location of the

placed source. Nevertheless, the largest areas of variability in the beamformer

estimates are mainly found around the central areas of the slice rather than the

true source locations. In contrast, the sparse methods have regions of higher
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variance that correspond to their placed sources, which are much closer to the

true locations. Therefore, sparse regression methods perform much better than

the beamformer when there are highly temporally-correlated sources, with the

lasso and elastic net in particular giving good results.

2.4 real data

To test our methods with some real data we have a dataset of median nerve

stimulation evoked response recordings. We have 1132 trials each of time 0.5

seconds with a sample rate of 2400 Hz. In each trial the left median nerve

was stimulated via a small electric shock. So we have a trial length of 1200

time points and 1132 trials. Each of the methods are implemented for the full

number of trials over suitable sections of the brain. They are then considered

again using reduced number of trials. Fig. 14 shows the trial averaged data

from the 270 MEG sensors around the head.

Figure 14: Data recordings from all 270 sensors when averaged over 1132 trials.
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The assessment of the model estimates in the real data case is more prob-

lematic than in the simulations as in general we are less confident of where

the sources are. However, the cortical response to this type of stimulus is well

studied and we would expect the activity to be centred around the left hand

somatosensory cortex on the postcentral gyrus (roughly the centre right edge of

our slices) (Waziri et al., 2005). However, from a statistical point of view there

are no established measures of accuracy for the fit of the models under this real

data. In terms of assessing the change in the models over varying number of

trials we can examine the change in mean estimate compared to the fit under

the full number of trials.

2.4.1 Single slice

To begin with a single slice in the head was chosen to compare our methods.

For all the penalised methods the data was averaged over all 1132 trials and

the estimates for each method were then computed for the primary window

of activity (window between red vertical lines in Fig. 14). Subsequently, this

process was repeated for a reduced number of trials (1000, 500, 250, 100, 50,

25, 10, and 5) in order to assess how the methods changed under fewer trials

(and thereby greater noise). All analysis was performed in R. We included

two methods of choosing the sparsity parameter for PED (BIC and ξ), the

elastic net, minimum norm and lasso penalties were chosen according to cross

validation using the glmnet package and the square root lasso was fitted with

the slim function using its asymptotic lambda value as noted in section 2.1.5.

Fig. 15 presents the mean estimate over the 125 time point window for reducing

number of trials using the PED (BIC) method.
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The principal area of activity in the first image is roughly where we would

expect to see signal in this dataset, however, it gradually changes as we reduce

the number of trials. By about 50 trials, a new area of activity is present in

the estimate and for less than 25 trials the estimate has changed considerably.

Figure 15: PED (BIC) estimate for 1132, 1000, 500, 250, 100, 50, 25, 10 and 5

trials respectively (left to right, top to bottom).

The most consistent method was the lasso, which remained largely similar in

its placement of activity even at 25 trials. However even this estimate begins

to introduce more spurious sources when we get as low as 10 trials. In order to

summarise the change in the estimate when the number of trials was changed,

we look at the mean difference between the estimates for the full and reduced

trials. Fig. 16 shows plots of the mean difference for each method normalised

using the strength of signal estimated under the full number of trials. i.e. if
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β̂f , β̂r are the estimates using the full and reduced number of trials respectively,

in Fig. 16 we plot ||β̂f−β̂r||1
||β̂f ||1

for each method and number of trials.

Figure 16: Normalised mean difference between 1132 trials and 1000, 500, 250,

100, 50, 25, 10, and 5 trials.

We can see that the square root lasso is the most consistent over fewer trials

in terms of mean difference. The lasso seems to be the worst performing in

this regard, despite being very consistent in the general area of activity placed.

This is due to the peak of the lasso jumping between a clump of locations, so

whilst the general area remains consistent, the exact pixel of the peak changes

from the original estimate. What is evident is that the penalised regression

methods all give fairly consistent estimates down to around 100 trials, and that

for less than 50 trials the estimates begin to diverge considerably. We now

extend the implementation of the sparse methods to cover a larger area of the

brain, thereby increasing the number of parameters.
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2.4.2 Larger scale analysis

We up-scaled the number of locations of interest to include a much larger sec-

tion of the brain. The estimates were now computed over 5 brain slices totalling

1367 locations of interest and 2734 parameters. Again the activity was expected

in the mid/low right hand corner of the images, however since our area of in-

terest was now 3-dimensional, the lowest slice was considered to be too deep

to be the source of activity. The estimates were computed for the entire 1200

time point recording using all 1132 trials. In all methods with the exception

of the beamformer, where the data covariance over the entire data recording

is required in the computation, the data was averaged over trials beforehand.

The beamformer estimate was weighted according to its depth/location by di-

viding the estimated time course at each location θ by
√

wT
θ Σwθ, where wθ is

the corresponding weight for the location as defined in the beamformer theory

(section 1.6, equation 1.6) and Σ is the diagonal estimated noise covariance ma-

trix. Figs. 17-18 present the mean estimates for each method over the primary

active period (time points 76-200).

From the images below, we can see that the placement of sources in the active

period seems to be consistent across all the methods, however the distinction

between the methods comes in the distribution of the activity. The lasso is

considerably more sparse than the other methods in its distribution of the

activity. This can be seen in the very small sharp peaks of activity. At the

other end of the scale, the minimum norm spreads out the activity across a

very large area.
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Figure 17: Means for (top-bottom) beamformer, minimum norm, lasso and PED

(BIC)— Active window (pts 76-200). Columns from L-R lowest slice to highest

slice in head.

The elastic net, PED and SRL methods produce estimates that are more

spread out than the lasso but much more localised than the minimum norm

and even the beamformer.
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Figure 18: Means for (top-bottom) PED (ξ), elastic net and square root lasso—

Active window (pts 76-200). Columns from L-R lowest slice to highest slice in

head.

Less encouraging however, is that all the methods seem to place sources of

activity in the lowest slice (first column in Figs. 17-18). This is particularly

evident in the PED, minimum norm and square root lasso methods. This sec-

tion of the brain is too deep to expect activity directly related to our stimulus.

Therefore the activity either has another source, or there is bias present. Com-

paring the active and the control windows, it seems that the estimates in the

control window (where there is no direct stimulus active) are much larger for
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the lowest slice than the others across all methods (save the depth weighted

beamformer).

Method Slice 1 Slice 2 Slice 3 Slice 4 Slice 5

BF* 22.1 22.6 22.0 19.2 14

PED-BIC 80.7 11.9 2.2 2.7 2.5

PED-ξ 88.1 3.2 2.3 1.4 4.9

SRL 92.6 4.0 1.4 0.7 1.3

Lasso 94.6 2.2 0.7 0.6 1.9

EN 90.2 3.4 2.1 1.5 2.8

MN 70.9 16.3 5.8 4.2 2.8

Table 3: Percentage variance covered by slice (1 is lowest, 5 highest) for control

window (time points 901-1200). *Note beamformer has had depth weighting

applied. The number of locations in each slice is as follows (322, 314, 278, 249,

204).

In fact the higher four slices display virtually no activity at all. Furthermore,

the variance over the control window for the lowest slice is roughly 4 times the

variance in the other slices (see Table 3). This suggests that at least some of the

activity in the deeper sections presented may be partly due to other underlying

activity (or noise) in combination with the true activity from shallower locations.

Therefore, this is most likely a feature of the data rather than an error in the

estimation across the methods. The variance over the control window could be

used to inform a depth weight correction to be applied over the estimates. We

will give some thoughts to how this could be done in the discussion section at

the end of this chapter.
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Figure 19: Time courses for beamformer, square root lasso, PED (BIC), elastic

net and lasso.

Another thing to consider is the temporal aspect of the sparse methods. Fig.

19 shows the reconstructed time courses at location (20, 12) in the uppermost

slice for the beamformer along with the square root lasso, PED, elastic net and

lasso sparse methods.
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As we can see the general shapes of the time courses are consistent across the

methods, however it is evident that the sparse methods suffer from a lack of

smoothness in some parts and the curves are relatively spiky (this is particularly

the case in the lasso). This is naturally a downside of sparsity in that when

we treat each time point in isolation the selection of covariates will vary, even

for neighbouring time points. In the PED example, there is also an evident

sign change in the time course that is due to the sign changing in one of the

components of the source.

2.5 discussion

Sparse methods provide an alternative approach to the minimum norm that

reduces the dimensions of the problem by returning parameter estimates that

are equal to zero. The minimum norm estimates tend to be much too smooth

for giving precise source localisation. The sparse methods all provide an im-

provement in estimation over the ridge (minimum norm) method in MEG data.

In the simulations, under various noise levels, the methods are generally quite

successful at locating the true location of the sources. The lasso performs the

best for very sparse examples, but fails to accurately reflect the topography

of the signal when we have multiple highly correlated sources. For these ex-

amples the elastic net, square root lasso and penalised Euclidean distance are

more suitable. The PED under BIC performs especially well in terms of both

number of false positives and RMSE. These results support the findings in the

original paper (Vasiliu et al., 2014) where, when compared to the elastic net

and lasso in simulations, the PED had fewer false positives. However the lasso

and EN occasionally perform better in terms of true positives.
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The sparse methods have generally attributed activity to sensible areas, but

the estimates are not without their problems. As well as locating activity in

the areas we would expect, all the methods tend to place a strong source of

activity much deeper towards the centre of the head. This issue is not reserved

to these sparse methods as the minimum norm displays similar behaviour. This

is somewhat surprising since the standard minimum norm estimate has a well

documented issue with placing superficial sources (Lin et al., 2006). Addition-

ally, Uutela et al. (1999) suggests that this issue may also be present in `1 norm

situations. This suggests that our initial assumptions about the noise of the

data may be simplistic. These assumptions fall down when we consider the

possibility that the noise is also dependent on either the sensor location, or the

variability of the sources themselves through, say depth in the head. The larger

variance in the deeper slices demonstrated in the analysis above seems to lend

some weight to this hypothesis.

One potential way of addressing this issue is to employ some sort of depth

weighting in order to normalise the estimates. This is frequently employed

in beamforming by normalising the estimate using the relevant weight vectors

and the estimated noise covariance in order to account for greater variability

in deeper areas of the brain. When this was employed in the real data analysis

earlier, it seemed to go some way to reducing the variance originating from

deeper locations, as the variance estimates were comparable across all slices.

Furthermore, the deeper activity appears to be much less prominent in the

weighted beamformer than the other methods. The approaches to weighting

in the beamformer and minimum norm are outlined in chapter 1. Since the

solutions for the minimum norm and beamformer are available analytically, the

weighted estimates are usually obtained by dividing the existing solution by
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some weight. For the sparse methods, the estimate is obtained by numerical

optimisation, therefore producing a weighted estimate is much more problem-

atic. For the weights normalised beamformer, the weights were chosen to give

unbiased noise variance estimates (Luckhoo et al., 2014) and it seems reason-

able that the same objective would be applied to a weighted estimate for the

sparse methods. Therefore, for a weight matrix W, taking

ŝ = (WTW)−1/2WTd,

gives

Var(ŝ) = σ2(WTW)−1/2WT IW(WTW)−1/2 = σ2I.

In the objective function for the sparse regression method we then replace ŝ

with ŴT

||Ŵ||2
d. i.e. for the lasso the objective function is,

∥∥∥∥∥d−L
ŴT

||Ŵ||2
d
∥∥∥∥∥

2
+ λ||ŝ||1.

Of course we are now optimising for the weights rather than the parameter

vector ŝ, therefore since W is a matrix it is not clear how we would solve this

for the lasso and other sparse methods. Furthermore, it is likely that this new

objective function would not result in sparse solutions.

In addition to the deep sources, the sparse methods also have some issues

with producing smooth solutions. The use of the `1 norm means that due

to inconsistencies in the selection over time, we naturally recover estimates

that are temporally spiky. This is especially true for the lasso, where due to

its issues with correlated covariates, the chosen location of activity may jump

around considerably. One simple way to address this would be to employ some

form of averaging (for example a weighted moving average) to provide better

temporal smoothness, however doing so also has a detrimental effect on MEG’s

strong temporal resolution (Uutela et al., 1999).
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Within the MEG literature there have been a number of attempts to address

this problem and to develop methods that provide the advantages of sparseness

from the `1 norm whilst preserving some level of smoothness in the spatial and

temporal aspects. Gramfort and Kowalski (2009), proposed a method using a

mixed norm with multiple experimental conditions, which may relate to differ-

ent cortical regions. The `1 norm is applied to the conditions while `2 norms

are employed over space and time to give smooth solutions. This has some rela-

tion to the group lasso, where we ensure that groups of covariates are selected

together (Yuan and Lin, 2006). Another approach utilising `1 minimisation is

VESTAL/Fast-VESTAL (Huang et al., 2006, 2014). The VESTAL approach

begins by applying singular value decomposition to the leadfield matrix. i.e.

L = UΣVT , then VESTAL first looks to solve

min(wT ||s||1) subject to ΣnlVT
nls ∼= UT

nld,

where w is an n× 1 weight vector and the subscript nl refers to the nl largest

singular values and corresponding singular vectors. In order to remove the `1

norm whilst satisfying the non-negative requirements, the p× p diagonal sign

matrix Ω is introduced containing the signs for each dipole component,

min(wT s+) s.t ΣnlVT
nlΩs+ ∼= UT

nld,

where s+ is the non-negative strength vector. VESTAL then uses the fact that

the recorded magnetic fields are linear functions of distributed sources in or-

der to provide smooth time courses. Taking the singular value decomposition

of the data matrix, d = UdΣdVT
d , the estimated time courses are then pro-

jected towards the right singular vectors to ensure that the recorded data and

reconstructed source time courses share the same temporal information. The

VESTAL solution is then,

ŝV ESTAL = ŝP,
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where the projection matrix P = VdVT
d (Huang et al., 2006). The Fast-

VESTAL method (Huang et al., 2014) looks to speed up the procedure by

removing the time dependency at the beginning of the method.

These methods will not be implemented in this thesis, however they have

been shown to perform well in MEG simulations and real data. The VESTAL

method produced much smoother estimates than the conventional `1 norm ap-

proach with none of the spikiness of the lasso time courses (Huang et al., 2006).

Furthermore, the Fast-VESTAL modification was able to correctly reconstruct

the correlation structure between multiple correlated sources and provide much

more spatially exact source estimation than the beamformer (Huang et al.,

2014). The mixed norm approach of Gramfort and Kowalski (2009) overcame a

number of the limitations of the standard `1 or `2 approaches as the method was

less affected by the signal-to-noise ratio than the lasso, and lacked the spatial

blurring of the minimum norm. In terms of Bayesian methods, the multiple

sparse priors approach (Friston et al., 2008) was able to account for a much

larger proportion of the variance of the data than either the unconstrained min-

imum norm or a more realistic alternative. Furthermore, it was superior in

both spatial and temporal reconstruction.

In the chapters that follow, we will focus on measurement-error in MEG and

methods for correcting sparse estimates from such error. Many of these meth-

ods are designed for use with linear regression and can be modified to include

penalisation. There are a number of Bayesian approaches to measurement-error

correction, however these tend to be computationally intensive and we are re-

quired to specify the full likelihood including the distribution of the forward

model (which in our case is the leadfield, L)(Carroll et al., 2006). Therefore,
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2.5 discussion

going forward we will focus on approaches that are suitable for the sparse re-

gression methods outlined in this chapter.
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3
MEASUREMENT-ERROR AND THE CONDIT IONAL

SCORE

Consistent estimation of parameters in both linear and non-linear models is

hugely dependent on the accuracy of the predictors. Regressing on an error

contaminated model design matrix can have dramatic effects on a model’s per-

formance with respect to bias. Depending on the model construction and dis-

tribution of the covariates among other factors, measurement-error can result

in biasing estimates towards zero (also known as attenuation), hiding true fea-

tures, changing the signs of parameter estimates or exhibiting erroneous rela-

tionships between covariates (Fuller, 1987; Carroll et al., 2006). For example,

in nutritional epidemiology, measurement-error in dietary measures results in

attenuation in the estimated relative risk and severely affects the statistical

power of such studies, which may obscure genuine relationships between diet

and disease (Kipnis et al., 2003). Therefore, it is important that the predictors

used are accurate.

Unsurprisingly, in many applications of statistical modelling, we cannot al-

ways guarantee precision in the specification of model predictors. This can

occur either through measurement inaccuracies or in problems when modelling

the forward solution is non-trivial. In such cases, given the estimation con-
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sequences of measurement-error, it is important that we give some thought

to model correction. This can then inform which features of the parameter

space are actually important to the model and which are merely a result of

measurement-error. This obviously has important implications for MEG prob-

lems, where measurement-error can be introduced into the leadfield matrix

from a number of sources, either modelling or experimental (Lopez et al., 2012;

Akalin Acar and Makeig, 2013). In the MEG setting, measurement-error mod-

els will allow us to account for an erroneous leadfield matrix. Therefore we now

look to introduce methods for tackling measurement-error in linear models that

we can adapt for MEG (and similar large dimensional) problems.

There are a number of possible approaches to take in measurement-error

modelling, with parametric, non parametric, frequentist and Bayesian models

all being employed to some extent (examples of these can be found in Carroll

et al., 2006). The method that we will focus on in this chapter is a score function

method known as conditional score. It has the advantage of being fairly simple

in both programming and implementation as well as being consistent in its

estimation without making assumptions about the distribution of the model

design X.

3.1 measurement-error in the linear model

We begin by outlining the linear model with the presence of measurement-error

and explain how naive estimation under these circumstances results in biased

estimates. We then look to introduce the conditional score method, which

attempts to account for the measurement-error within the estimation.

The additive measurement-error model for linear regression is as follows;
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3.2 naive estimate

Yi = β0 + β
TXi + εi

Wi = Xi + Ui, for i = 1, ...,n. (3.1)

For the 1 × n observation vector Y, the 1 × p parameter vector βT and

the p× n model matrix X = (X1, ..., Xn)T , the model has mean E(Y|X) =

β0 + βTX, and variance Var(Y|X) = σ2In, i.e. ε ∼ N(0,σ2In). The observed

model matrix with measurement-error is W = X + U, where U ∼ N(0, Σu).

The measurement-error covariance matrix is assumed to be known (or at least

able to be estimated), for example, say Σu = σ2
uIp (note: Σu is not required to

be diagonal). The unknown parameters are summarised by Θ = (β0,β,σ2)T .

Note, we usually assume that X is independent of both the measurement-error

and the additive model noise. We also assume that the two sources of error

have no dependence on each other.

3.2 naive estimate

Therefore, our only knowledge of the true model matrix X is through the error

contaminated version W. If we ignore the error in the matrix W and perform

standard regression methods using the contaminated model matrix we obtain,

what is known as, the naive estimate. It can be shown that the naive estimate

suffers from bias (Fuller, 1987). For example in the case of the simple linear

model with p = 1, with measurement-error variance σ2
u and predictor variance

σ2
x, for n→∞ the naive estimate β̂naive has expectation,

E(β̂naive) =
σ2
x

σ2
x + σ2

u
β.
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3.2 naive estimate

The standard OLS estimator of Y regressed on X can be shown to be,

β̂ =
SXY
SXX

where SAB denotes the sample covariance between A and B. Now for the naive

estimate we regress Y on W rather than X. Hence,

β̂naive =
SWY

SWW

=
SXY + SUY

SXX + 2SUX + SUU
.

Now, as n → ∞, E(SUY ) → 0, E(SUX) → 0, E(SXX) → σ2
x and E(SUU ) →

σ2
u. Therefore, for large n,

E(β̂naive) = E

(
SXY

SXX + SUU

)
=

1
σ2
x + σ2

u
E

(
SXXSXY
SXX

)
=

σ2
x

σ2
x + σ2

u
E(β̂).

Hence, using the fact that the OLS estimator β̂ is unbiased,

E(β̂naive) =
σ2
x

σ2
x + σ2

u
β.

We call the ratio σ2
x

σ2
x+σ2

u
the reliability ratio which is denoted λRR. The relia-

bility ratio naturally lies in [0,1] and its value depends on the variance of the

measurement-error. When σ2
u is small in comparison to σ2

x the bias will natu-

rally also be small, however larger values will have a more dramatic impact on

the accuracy of the naive estimator. Nevertheless in general, the naive estima-

tor is a biased estimator in the presence of measurement-error. By comparison,

the conditional score method looks to construct a consistent estimator for β

under measurement-error.

Before reviewing the conditional score method in section 3.4 we will perform

some simulation studies in order to assess the impact of measurement-error on

sparse regression methods.

70



3.3 effect of measurement-error on sparse regression

3.3 effect of measurement-error on sparse regression

3.3.1 Monte Carlo simulations

We now investigate the effect of measurement-error on the sparse methods

outlined in chapter 2. In particular we are interested in the effect on covariate

selection when we increase the measurement-error. In the first simulation, we

perform a Monte Carlo study for 250 repetitions.

At each repetition, we begin by simulating 500 parameters. All but 5 of

these are equal to zero, the remaining 5 are simulated from N(0, 22). The

model matrix X, for 100 observations is simulated from a standard normal and

the noise, ε, from N(0, 0.1). The measurement-error is then simulated from

Np(0p,σ2
uIp), where σ2

u is the measurement-error variance. In this simulation we

use σ2
u = 0, 0.1, 0.2, 0.4, and 0.6. These measurement-error levels correspond to

reliability ratios of 1, 0.91, 0.83, 0.71 and 0.63 respectively. In each simulation,

we calculate the naive estimate for ridge, lasso, elastic net, square root lasso

and PED as defined in section 2.1 (Note; going forward the “naive elastic net”

refers to the elastic net estimate using the measurement-error contaminated W,

this differs from the previous term usage in section 2.1.4). The cross validated

glmnet function was used to calculate the ridge, lasso and elastic net solutions,

the square root lasso was fitted with the asymptotic penalty level using the slim

function and PED was fitted with the sparsity threshold and penalisation level

chosen via BIC from a grid of values with C ∈ {0.5, 0.75, 1, 1.25, 1.5, 1.7, 2, 2.2}

and 50 λ’s between 0.001 and 1.5. Table 4 gives the means for the absolute

sum of the bias, the number of true positives and the number of false positives
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3.3 effect of measurement-error on sparse regression

over the 250 Monte Carlo repetitions. The standard deviations are given in

parenthesis.

Method σ2
u Bias True + False +

Min norm

0 18.49 (6.56) - -

0.1 18.17 (6.48) - -

0.2 17.90 (6.49) - -

0.4 17.10 (6.40) - -

0.6 16.03 (6.41) - -

E-Net

0 1.10 (0.34) 4.78 (0.48) 36.38 (13.33)

0.1 4.61 (2.17) 4.30 (0.77) 37.26 (19.62)

0.2 5.84 (2.78) 4.11 (0.79) 34.30 (19.98)

0.4 7.26 (3.65) 3.86 (0.86) 31.63 (22.12)

0.6 7.79 (3.62) 3.60 (0.92) 28.30 (21.33)

Lasso

0 0.72 (0.26) 4.78 (0.46) 22.88 (13.08)

0.1 3.44 (1.70) 4.29 (0.76) 24.55 (17.41)

0.2 4.71 (2.31) 4.07 (0.81) 23.16 (16.67)

0.4 6.21 (3.08) 3.79 (0.89) 22.72 (19.64)

0.6 6.65 (2.93) 3.50 (0.93) 18.26 (14.82)

SRL

0 4.44 (2.70) 3.32 (0.80) 0 (0.06)

0.1 5.49 (2.54) 2.70 (0.69) 0 (0)

0.2 6.03 (2.59) 2.31 (0.68) 0 (0.06)

0.4 6.62 (2.64) 1.86 (0.63) 0.01 (0.09)

0.6 6.96 (2.71) 1.57 (0.67) 0 (0.06)

PED

0 0.61 (0.63) 4.18 (0.75) 4.22 (7.51)

0.1 6.29 (2.49) 3.87 (0.84) 22.36 (6.80)

0.2 9.72 (3.70) 3.81 (0.84) 29.10 (5.73)

0.4 12.91 (4.75) 3.73 (0.87) 35.84 (5.16)

0.6 14.61 (5.30) 3.55 (0.84) 40.34 (5.38)

Table 4: Bias, true positives and false positives. Standard deviation in paren-

thesis. 250 Monte Carlo simulations.
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3.3 effect of measurement-error on sparse regression

Table 5 summarises the proportion of the signal correctly attributed to the

true locations. This was calculated by |β̂S0 |1
|β0

S0
|1

where β̂ is the estimated param-

eters and β0 is the vector of the true parameters. The subscript S0 indicates

the subset containing only the true parameters.

Method σ2
u 0 0.1 0.2 0.4 0.6

Min norm
Mean 0.08 0.07 0.07 0.06 0.05

Sd 0.01 0.01 0.01 0.02 0.02

E-net
Mean 0.94 0.70 0.58 0.43 0.33

Sd 0.07 0.07 0.07 0.07 0.07

Lasso
Mean 0.95 0.75 0.63 0.47 0.37

Sd 0.06 0.07 0.069 0.07 0.07

SRL
Mean 0.45 0.30 0.23 0.15 0.10

Sd 0.22 0.14 0.12 0.08 0.07

PED
Mean 0.95 0.68 0.54 0.40 0.31

Sd 0.08 0.08 0.08 0.07 0.06

Table 5: Proportion of signal detected at true locations, |β̂S0 |1
|β0

S0
|1
.

From Table 4, the lasso appears to give the best performance as it has the

lowest bias once measurement-error is introduced and has a good number of true

positives. The elastic net gives very similar results to the lasso, but does have far

more false positives. Given the nature of the simulation, this is fairly expected

as the addition of the ridge penalty in the elastic net will result in more non-

zero covariates. When the covariates are uncorrelated, the grouping property is

redundant and we can get additional false positives included. The square root

lasso is obviously too sparse at the level chosen as it has a relatively low average
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3.3 effect of measurement-error on sparse regression

number of true positives. On the other hand, the identification of unimportant

covariates is very strong as there are no false positives. The performance of the

square root lasso is poor even in the absence of measurement-error, therefore

the asymptotic penalty value is not appropriate for the values of n and p in

these simulations. In future simulations it will be preferable to choose from a

series of penalty values using BIC or cross validation.

PED gives very good results when there is no measurement-error, performing

well in terms of bias and both true and false positives. However, the perfor-

mance is affected dramatically when measurement-error is introduced. The true

positive rate remains on a similar level to the lasso, although the other measures

of the performance suffer. Closer analysis shows that as the measurement-error

increases we get more extraneous variables included, the magnitude of which

also increase. Hence the estimates are much noisier, resulting in larger bias.

The effect on the true covariates is investigated more in the next table as we

look at the proportion of signal correctly attributed to the true parameters.

Table 5 shows that in the absence of measurement-error the lasso, elastic net

and PED have similarly low bias for the true positives. Since the square root

lasso with asymptotic penalty has chosen too sparse a model, its performance

is much weaker. For the lower levels of measurement-error, the proportion of

signal at the true covariates is still fairly good, with the lasso performing the

best. Under larger measurement-error the estimates are much weaker. These

results also support the earlier conclusions about the affect on PED estimates;

that the degeneration of the estimate as measurement-error is introduced is

more due to the inclusion of extraneous variables than the impact on the true

covariates.
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3.3 effect of measurement-error on sparse regression

Unfortunately, some of the standard deviations in Tables 4-5 are very high.

This is particularly the case for the bias and false positives. This means there

is a large amount of uncertainty about these results. The amount of variability

is mainly due to the number of Monte Carlo samples included. Performing 250

Monte Carlo repetitions for 5 methods at 5 different measurement-error levels

took around a day and a half to calculate. The square root lasso and PED

were by far the slowest methods and the bulk of the calculation time was spent

on these methods. Although the calculation time for the naive estimates is

high, it is not particularly extreme. However, we want to be able to compare

the naive results with the estimates from measurement-error methods. These

can be much slower to calculate, therefore increasing the number of samples

significantly would be prohibitive. Further discussion of this is found at the

end of section 7.1.

3.3.2 MEG simulations

We also want to look at the effect of measurement-error on our methods in the

context of an MEG problem. The next simulation follows a similar form to

the single source MEG simulations in section 2.3. We have a single, strength

5, source and a noise variance of 5. Here 500 time samples are simulated. The

number of observations is equal to n = 270 and there are p = 556 parameters.

We calculate the measurement-error free estimates and simulate measurement-

error with variance σ2
u=0.5, 1, 2, 5 and 10. The naive estimates are then

calculated with the simulated error added to the original leadfield matrix.
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3.3 effect of measurement-error on sparse regression

Figure 20: Effect of measurement-error on min-norm estimate, σ2
u = 0 (i.e. no

measurement-error), σ2
u = 0.5, σ2

u = 1, σ2
u = 2, σ2

u = 5, σ2
u = 10. Images

centred around zero (baseline = -max(pixel value)).

Table 6 gives the sum of the bias, standard deviation and root mean square

error respectively for each method and each level of measurement-error. Figs.

20 - 24 show the change in the mean estimates as we increase the measurement-

error.
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Method σ2
u 0 0.5 1 2 5 10

Min norm

Bias 11.62 11.42 11.37 11.07 10.88 10.22

Sd 0.73 1.26 1.36 1.52 1.51 1.44

RMSE 11.85 11.92 11.87 11.67 11.43 10.76

E-Net

Bias 8.81 10.68 10.31 10.35 10.63 9.88

Sd 2.37 7.31 6.54 6.13 5.17 4.34

RMSE 10.04 14.93 14.07 13.75 13.29 12.07

Lasso

Bias 2.16 10.87 10.41 10.44 10.71 9.92

Sd 3.26 8.35 7.26 6.74 5.53 4.58

RMSE 4.26 15.78 14.64 14.24 13.61 12.25

SRL

Bias 9.21 9.20 9.27 8.78 9.92 8.09

Sd 0.81 2.52 2.69 2.79 2.39 1.58

RMSE 9.34 9.96 10.11 9.76 10.00 8.60

PED

Bias 9.71 14.88 13.60 13.32 12.43 14.03

Sd 1.57 22.81 19.37 16.11 11.53 13.21

RMSE 10.33 31.12 27.38 24.25 19.80 21.97

Table 6: Bias, standard deviation and RMSE for sparse methods under

measurement-error.
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3.3 effect of measurement-error on sparse regression

Figure 21: Effect of measurement-error on elastic net estimate, σ2
u = 0 (no

measurement-error), σ2
u = 0.5, σ2

u = 1, σ2
u = 2, σ2

u = 5, σ2
u = 10.

Figure 22: Effect of measurement-error on lasso estimate, σ2
u = 0 (no

measurement-error), σ2
u = 0.5, σ2

u = 1, σ2
u = 2, σ2

u = 5, σ2
u = 10.

78



3.3 effect of measurement-error on sparse regression

Figure 23: Effect of measurement-error on SRL estimate, σ2
u = 0 (no

measurement-error), σ2
u = 0.5, σ2

u = 1, σ2
u = 2, σ2

u = 5, σ2
u = 10.

Figure 24: Effect of measurement-error on PED estimate, σ2
u = 0 (no

measurement-error), σ2
u = 0.5, σ2

u = 1, σ2
u = 2, σ2

u = 5, σ2
u = 10.

The minimum norm estimate is fairly robust, even to the larger measurement-

error levels. The main area of activity shows very little difference from the

measurement-error free estimate. The non-source locations (green and light

blue areas) do become noisier though. The elastic net sees some dispersal
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3.4 conditional score overview

of the source activity and for the higher measurement-error it places more

activity on the edge of the slice. The same can be seen for the lasso, in fact

when measurement-error is introduced, there is very little to separate the lasso

and elastic net estimates. The square root lasso performs well and is largely

unchanged for σ2
u ≤ 2. The PED estimate is perhaps the most drastically

affected and it becomes very noisy even for lower measurement-error. Whilst

it still manages to identify the important areas of activity, the strength of the

activity also drops considerably.

3.4 conditional score overview

3.4.1 The score function

Before we describe the conditional score method, we must introduce the idea

of the score function (see Pflug, 2002). A score function is defined as the first

derivative of the log likelihood. Suppose we have a multiple linear regression

model with mean β0 +βX and variance σ2. To begin with, we assume there is

no measurement-error and we write (β0,β)T = Θ. The log likelihood is then,

l(Θ,σ2|Xi,Yi) = −
1
2 log σ2 − 1

2σ2

(
Yi −

(
1, XT

i

)
Θ
)(

Yi −
(

1, XT
i

)
Θ
)T

= − log σ− 1
2σ2

Y 2
i −

(
1, XT

i

)
ΘΘT

 1

Xi

− 2YiΘT

 1

Xi



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3.4 conditional score overview

differentiating with respect to Θ,

∂l

∂Θ
= − 1

2σ2

2
(

1, XT
i

)
Θ

 1

Xi

− 2Yi

 1

Xi




∝
(
Yi −

(
1, XT

i

)
Θ
) 1

Xi

 .

Similarly for σ2,

∂l

∂σ2 = − 1
2σ2 +

1
2σ4

(
Yi −

(
1, XT

i

)
Θ
)2

setting to zero and rearranging, we have,

0 = σ2 −
(
Yi −

(
1, XT

i

)
Θ
)2

.

The score function with no measurement-error is therefore,

Ψls(Yi, Xi, Θ) =



{
Yi −

(
1, XT

i

)
Θ
} 1

Xi


(n−pn )σ2 −

{
Yi −

(
1, XT

i

)
Θ
}2

 ,

where n−p
n is a degrees of freedom correction, where n is the number of obser-

vations and p is the number of parameters in Θ (Carroll et al., 2006). We then

use the score function to estimate Θ by solving the estimating equations,

n∑
i=1

Ψls(Yi, Xi, Θ) = 0.

3.4.2 Conditional scores

Under measurement-error, we obviously do not know the true value of the

matrix X. Treating the Xi’s as additional parameters to maximise via func-

tional maximum likelihood estimation is infeasible due to the shear number of
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3.4 conditional score overview

unknowns (Neyman and Scott, 1948). Furthermore, even when feasible, the

estimators are not generally consistent (Stefanski and Carroll, 1987). There-

fore, we base our inference on the conditional likelihood whereby we are able

to derive a consistent estimator for the unknown, measurement-error free, pre-

dictor matrix in order to remove any dependence on X. The conditional score

method builds on the work of Anderson (1970) into the consistency of condi-

tional maximum likelihood estimators. The idea behind the method is that we

can introduce a parameter-dependent sufficient statistic for the unknown true

regressors, so that the conditional distribution no longer depends on X. From

this we can derive unbiased estimators of the parameters. The solutions to

the conditional score functions are then the conditional maximum likelihood

estimators. This sufficient statistic we denote ∆ and is defined as,

∆i = Wi + YiΣuβ/σ2.

This is derived by considering the distributions of Y and W. We have,

f(Yi|Xi, Θ) = (2πσ2)−
1
2 exp

{
− 1

2σ2 (Yi − β0 −βTXi)
T (Yi − β0 −βTXi)

}
f(Wi|Xi) = ((2π)p|Σu|)−

1
2 exp

{
−1

2(Wi −Xi)
TΣ−1

u (Wi −Xi)
}

.

The joint density function is therefore,

f(Yi, Wi|Xi, Θ) =
(
(2π)p+1σ2|Σu|

)− 1
2 exp

{
− 1

2σ2 (Yi − β0 −βTXi)
2

−1
2(Wi −Xi)

TΣ−1
u (Wi −Xi)

}
∝ exp

{
− 1

2σ2 (Yi − β0)
2 − 1

2WT
i Σ−1

u Wi

}
× exp

{
XT
i Σ−1

u (ΣuβYi/σ2 + Wi)
}

× exp
{
−1

2
(
βTXiXT

i β/σ2 + XT
i Σ−1

u Xi + 2β0β
TXi/σ2

)}
∝ g1(Yi, Wi)× g2(Yi, Wi, Xi)× g3(Xi).
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3.4 conditional score overview

The joint conditional density can therefore be expressed as the product of three

functions, where g1 depends only on the known data Y, W; g3 is a function only

of the unknown X and g2 is a function that depends on X and also the data

through ∆i = Wi+YiΣuβ/σ2. Therefore, by the Fisher-Neyman Factorisation

theorem, treating Θ as known, ∆i is a sufficient statistic for Xi (Stefanski and

Carroll, 1987; Du, 2012).

Given Xi, the random variables Yi and ∆i are jointly normally distributed

conditional on Xi. It then follows that the conditional distribution f(Yi|Xi, ∆i)

is also normal and the conditional expectation and variance can be derived from

the density. Given the Jacobian of the transformation to the joint density of

(Yi, ∆i) is equal to one and given

Yi ∼ N(β0 + β
TXi,σ2)

∆i ∼ N(Xi + YiΣuβ/σ2, Σu),

we can find the joint density function,

f(Yi, ∆i|Xi) =
(
(2π)p+1σ2|Σu|

)− 1
2 exp

{
− 1

2σ2 (Yi − β0 −βTXi)
2
}

× exp
{
−1

2
(

∆i − YiΣuβ/σ2 −Xi

)T
Σ−1
u

(
∆i − YiΣuβ/σ2 −Xi

)}
.

Now, we want the conditional distribution of Yi dependent on ∆i. We can

calculate this using,

f(Yi|∆i) =
f(Yi, ∆i|Xi)

f(∆i|Xi)
.

Therefore, we need the distribution f(∆i|Xi) which we can calculate by inte-

grating Yi out of the joint density,

f(∆i|Xi) =
∫ ∞
−∞

f(Yi, ∆i|Xi)dYi

∝
(
(2π)pσ2|Σu|

)− 1
2 (1 + βTΣuβ/σ2)−

1
2 exp{− 1

2σ2 (β0 + β
TXi)

2}

× exp{−1
2(∆iΣ

−1
u ∆i + XT

i Σ−1
u Xi + XT

i Σ−1
u ∆i)}.
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3.4 conditional score overview

Then the ratio of the density functions is,

f(Yi|∆i) =
f(Yi, ∆i|Xi)

f(∆i|Xi)

=

√
1 + βTΣuβ/σ2
√

2πσ
exp

{
− 1

2σ2

(
Y 2
i (1 + βTΣuβ/σ2)

− 2Yi(β0 + β
T∆i)

)}

∝

√
1 + βTΣuβ/σ2
√

2πσ
exp

−1 + βTΣuβ/σ2

2σ2

(
Yi −

β0 + βT∆i

1 + βTΣuβ/σ2

)2 .

Therefore we have the conditional expectation and variance,

E(Yi|Xi, ∆i) = E(Yi|∆i) =
β0 + βT∆i

1 + βTΣuβ/σ2 ,

Var(Yi|Xi, ∆i) = Var(Yi|∆i) =
σ2

1 + βTΣuβ/σ2 .

From Stefanski and Carroll (1987), the conditional score under measurement-

error is then,

Ψcond(Yi, Wi, Θ) =


{Yi −E(Yi|∆i)}

 1

∆i


σ2 − {Yi−E(Yi|∆i)}2

Var(Yi|∆i)/σ2


and it can be seen that E {Ψcond(Yi, Wi, Θ)} = 0. Hence, from the condi-

tional score, when Σu is assumed known, we can form the unbiased estimating

equations to be solved for Θ,

n∑
i=1

Ψcond(Yi, Wi, Θ) = 0.
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3.5 asymptotic properties

3.5 asymptotic properties

The conditional score estimate for the parameters solves the estimating equa-

tion,
n∑
i=1

Ψcond(Yi, Wi, Θ) = 0.

As such, the conditional score estimate is an M-estimator and from the proper-

ties of M-estimators we can infer the large sample distribution. M-estimators

can be defined as the minima obtained from a sum of functions of the data

(Huber, 1964).

Provided that E{Ψcond(Yi, Wi, Θ)} = 0, under certain regularity conditions

(see Huber, 1967), the estimator Θ̂ asymptotically follows a normal distribution

with mean Θ and covariance,

n−1A−1
n (Θ)Bn(Θ){A−1

n (Θ)}T

where An(Θ) and Bn(Θ) are defined as,

An(Θ) =
1
n

n∑
i=1

E

{
∂

∂ΘT
Ψcond(Yi, Wi, Θ)

}

Bn(Θ) =
1
n

n∑
i=1

E
{

Ψcond(Yi, Wi, Θ)ΨT
cond(Yi, Wi, Θ)

}
.

3.6 derivatives

3.6.1 Beta

In order to solve the estimating equation for β we look to minimise the following;

argmin
β

f(β) =
(

n∑
i=1

Ψcond(Yi, Wi, Θ)

)2 .
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3.6 derivatives

For the optimisation process it is therefore helpful to have the derivatives of

f(β). For brevity let us denote Ψi = Ψcond(Yi, Wi, Θ), the derivative is then

∂f

∂β
= 2

(∑
Ψi

)(∑ ∂Ψi

∂β

)
.

It is easy to see that, for the case where the intercept β0 = 0, the conditional

score (with E(Yi|Xi, ∆i) substituted in) is Ψi = Yi∆i
T − βT ∆i∆i

T

1+βT Σuβ/σ2 and the

sufficient statistic ∆i = Wi+ YiΣuβ/σ2. The derivative is therefore, using the

quotient rule,

∂Ψi

∂β
= Y 2

i Σu/σ2 −


(
1 + βTΣuβ/σ2

) (
∂(βT ∆i∆i

T )
∂β

)
−
(
2Σuβ/σ2) (βT∆i∆i

T
)

(1 + βTΣuβ/σ2)2

 .

We therefore need the derivative of the product βT∆i∆i
T . Since

βT∆i∆i
T =βTWiWi

T +
(
(βTWiYi)β

TΣu + β
TΣuβYiWi

T
)

/σ2

+
(
βTΣuβY

2
i

)
βTΣu/

(
σ2
)2

,

the derivative is then,

∂
(
βT∆i∆i

T
)

∂β
=WiWi

T +
(
βTWiYi × IΣu + WiYiβ

TΣu
)

/σ2

+ 2
(

ΣuβYiWi
T
)

/σ2 +
Y 2
i

(σ2)2

(
2Σuββ

TΣu + β
TΣuβ× IΣu

)
=D. (3.2)

Overall, we have

∂f

∂β
= 2

(
n∑
i=1

(
Yi∆i

T − βT∆i∆i
T

1 + βTΣuβ/σ2

))
 n∑
i=1

Y 2
i Σu/σ2 −

(
1 + βTΣuβ/σ2

)
D−

(
2Σuβ/σ2

) (
βT∆i∆i

T
)

(1 + βTΣuβ/σ2)
2


 . (3.3)
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3.7 alternative formulation

3.6.2 Sigma squared

We also need to use the conditional score in order to estimate the noise variance

σ2. If we let φ = σ2, then we are looking to minimise,

argmin
φ

f(φ) =
(

n∑
i=1

(
φ− {Yi −E(Yi|∆i)}2

Var(Yi|∆i)/φ

))2 .

Substituting in E(Yi|∆i) and Var(Yi|∆i),

f(φ) =

nφ− n∑
i=1

(
Yi −

βT (Wi + ΣuβYi/φ)
1 + βTΣuβ/φ

)2 (
1 + βTΣuβ/φ

)2

,

the derivative is then,

∂f(φ)

∂φ
= 2

nφ− n∑
i=1

(
Yi −

βT (Wi + ΣuβYi/φ)
1 + βTΣuβ/φ

)2 (
1 + βTΣuβ/φ

)(∂Ψφ

∂φ

)

where,

∂Ψφ

∂φ
=

n∑
i=1

1−
(
Yi −

βT (Wi + ΣuβYi/φ)
1 + βTΣuβ/φ

)2 (
−βTΣuβ/φ2

)

− 2
(
Yi −

βT (Wi + ΣuβYi/φ)
1 + βTΣuβ/φ

)(
1 + βTΣuβ/φ

)

×

(
1 + βTΣuβ/φ

)
βT

(
ΣuβYi/φ2)−βT (Wi + ΣuβYi/φ)

(
βTΣuβ/φ2

)
(1 + βTΣuβ/φ)2


is the derivative of the second conditional score equation with respect to the

noise variance φ = σ2.

3.7 alternative formulation

For the conditional score method we require foreknowledge of the variance of

the measurement-error Σu. In many cases, it may be more realistic to assume

that the ratio of the error variances Σ = Σu/σ2 is known (or at least viable
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3.7 alternative formulation

to estimate beforehand). This formulation was considered by Stefanski and

Carroll (1987). Under this assumption the estimating equation becomes,

f(φ) =

nφ− n∑
i=1

(
Yi −

βT (Wi + ΣβYi)

1 + βTΣβ

)2 (
1 + βTΣβ

)2

. (3.4)

It is often useful to divide the conditional score through by σ2 in order to

give a steeper curve close to zero and thereby ensure the optimisation does not

underestimate the variance. This can be seen in Fig. 25. When this is done

the estimating equation becomes

f(φ) =

n− n∑
i=1

(
Yi −

βT (Wi + ΣβYi)

1 + βTΣβ

)2 (
1 + βTΣβ

)
/φ

2

, (3.5)

and the derivative is now

∂f(φ)

∂φ
=2

−n+ n∑
i=1

(
Yi −

βT (Wi + ΣβYi)

1 + βTΣβ

)2 (
1 + βTΣβ

)
/φ


×

 n∑
i=1

(
Yi −

βT (Wi + ΣβYi)

1 + βTΣβ

)2 (
1 + βTΣβ

)
/φ2

 .

We know from the conditional score that for the optimal φ, f(φ) from 3.4

is equal to zero. Furthermore, we know that φ > 0. Therefore, we can divide

the conditional score estimating equation for φ through and obtain the same

optimal φ in 3.5. An example of this is shown in Fig.25.
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3.8 example-simulation

Figure 25: Conditional score estimating function plots for noise variance σ2,

with true value of σ2 = 1. Estimating function from equation 3.4 (black) and

equation 3.5 (red). Both curves have the same minimising value of σ.

3.8 example-simulation

To demonstrate the conditional score method we perform a simple simulation.

We simulate p = 25 parameters between -1 and 1 (15 of which were equal

to zero) and simulate n = 100 observations. The model matrix is simulated

from a standard normal distribution, X ∼ Np(0p, Ip) and the additive noise

also followed a normal distribution with noise variance σ2 = 0.5. For 500

Monte Carlo repetitions (here we can increase the size of our simulations over

section 3.3 as the number of parameters is much smaller and we only need

to calculate the naive and conditional score estimates for the ordinary least

squares), measurement-error was added to the model matrix, W = X + U

with U ∼ Np(0p, Σu = 0.3Ip) and the naive estimate was calculated by regress-

ing the data on the measurement-error contaminated design, W. Assuming

that the ratio Σ = Σu/σ2 was known, but the noise variance was otherwise un-
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3.8 example-simulation

known, the conditional score corrected estimate was obtained by successively

optimising for the parameters and the estimated noise variance σ̂2 until conver-

gence. The naive estimates were used as the starting point for this estimation.

The reliability ratio equated to λRR = 0.77.

Figs. 26 and 27 show the means for both naive and conditional score es-

timates along with the true values of the parameters. The bias of the naive

estimate can be seen, particularly in the larger parameters where we get a

shrinkage type effect. The conditional score estimate is a clear improvement on

the naive estimate and a number of the parameters have been almost perfectly

corrected. The second plot however, shows that the variance of the conditional

score estimates is larger than the naive case.

Figure 26: True parameter values (black) and mean estimates for naive (red)

and conditional score (green) after Monte Carlo study.
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Figure 27: Mean estimates +/— 2 standard deviations for naive (red) and

conditional score (green) after Monte Carlo study.

We can therefore see the trade off between bias and variance when estimating

under measurement-error. This is further emphasised in Table 7, as despite the

significant reduction in bias, the naive estimate does better in terms of the

root mean square error. The variance can be reduced a little by increasing

the number of observations n (usually to around 10 × p), but this will also

improve the naive estimate (to a point). To some extent, higher variance in the

measurement-error corrected estimate is unfortunately inescapable.

Estimate sum( |Bias| ) sum(var) sum(RMSE)

Naive 2.174 0.241 3.524

CS 1.458 0.702 4.485

Table 7: Summary of results for naive and conditional score estimates.

In the next chapter we will extend the conditional score method to cover

penalised regression methods.
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4
MEASUREMENT-ERROR : PENAL ISED CONDIT IONAL

SCORE

The conditional score method provides a way to correct the ordinary least

squares naive estimate under measurement-error. However, in many cases the

OLS method is no longer the most appropriate regression method to use. This

becomes particularly important when we have a large number of parameters

involved and we want to induce some sparsity or shrinkage in our estimates

through the use of penalisation. In the previous chapter we have already noted

that measurement-error affects sparse regression methods by introducing bias

and confounding the selection. Therefore we want to look at applying the proce-

dure of the conditional score to regression methods outside of the simple uncon-

strained linear models. In particular, we want to look to apply measurement-

error methods to the ridge (minimum norm) and sparse regression methods.

This will involve a modification of the conditional score method, which we will

call penalised conditional score, to include the penalty term from the relevant

penalised method. Before exploring these new methods, we first investigate the

properties of the regression methods under measurement-error.
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4.1 naive ridge estimate

4.1 naive ridge estimate

Ridge regression makes use of the `2 norm penalisation to shrink the coefficient

estimates. This means that unlike the OLS estimate, the ridge estimate suffers

from bias even in the case of no measurement-error. However, this is traded off

by a reduction in variance. Recall the ridge estimate is;

β̂ridge = argmin
β
||Y−Xβ||22 + λ||β||22

Differentiating the likelihood for the ridge estimate and setting equal to zero

we have,

∂Lridge

∂β
= 2(−XT )(Y−Xβ) + 2λIβ

=⇒ −XTY + (XTX + λI)β = 0

We then solve for β and arrange in terms of the ordinary least squares estimate

β̂ols,

β̂ridge = (XTX + λI)−1XTY

= (XTX + λI)−1(XTX)(XTX)−1XTY

= (XTX + λI)−1(XTX)β̂ols

= (I + λI(XTX)−1)−1β̂ols

= Zxβ̂ols,

where Zx = (I+ λI(XTX)−1)−1 and assuming that XTX is invertible. If X is

orthogonal then β̂ridge = 1
1+λ β̂

ols. Now considering the ridge estimate under

measurement-error, following the same reasoning as above,
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4.1 naive ridge estimate

β̂ridgenaive = (WTW + λI)−1WTY

= (WTW + λI)−1(WTW)(WTW)−1WTY

= (I + λI(WTW)−1)−1β̂olsnaive

= Zwβ̂olsnaive,

which implies that,

E(β̂ridgenaive) =
σ2
x

σ2
x + σ2

u
ZwE(β̂ols)

using the result for β̂olsnaive from section 3.2 and letting

Zw = (I + λI(WTW)−1)−1.

In order to derive the variance of the naive estimates, we write the estimators

in terms of the unbiased least squares estimate. First recall that Var(β̂ols) =

σ2(XTX)−1 (Greene, 2008). The variance of the naive least squares estimate

can be derived,

β̂olsnaive = λRRβ̂
ols

=⇒ Var(β̂olsnaive) = λ2
RRVar(β̂ols)

= σ2λ2
RR(XTX)−1.

Therefore for the ridge estimate,

β̂ridge = Zxβ̂ols

=⇒ Var(β̂ridge) = σ2Zx(XTX)−1ZTx

=⇒ Var(β̂ridgenaive) = Var(λRRZwβ̂ols)

= σ2λ2
RRZw(XTX)−1ZTw

where λRR is the reliability ratio as defined in section 3.2.
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4.2 penalised conditional score

4.2 penalised conditional score

We now look to generalise the conditional score method from section 3.4.2 for

when we have penalisation on the β estimates. We might want to do this in

order to constrain the parameter estimates by promoting sparsity or shrink

them towards zero. Let g(β,λ) denote the penalisation— a function of beta

that only depends on the regularisation constant λ. Since the score function is

defined as the derivative of the log-likelihood, it follows that in our penalised

conditional score we will require the derivative of the penalty rather than the

penalty itself. In this context, the penalty can be seen as a prior function on

β (for example consider that the `2 norm penalty can be represented with the

Gaussian prior β ∼ N(0,λ−1I)). The penalised conditional score function will

then be the standard conditional score with the addition of the first derivative

of the penalty i.e,

Ψpen.cond(Yi, Wi, Θ) = Ψcond(Yi, Wi, Θ)− ∂g(β,λ)
∂β

= {Yi −E(Yi|∆i)}

 1

∆i

− ∂g(β,λ)
∂β

.

The penalised optimising equation is then,

argmin
β

fpen(β) =
(

n∑
i=1

Ψcond(Yi, Wi, Θ)− ∂g(β,λ)
∂β

)2 .

Therefore, the derivative of fpen(β) is,

∂fpen
∂β

=2
(

n∑
i=1

(
Yi∆i

T − βT∆i∆i
T

1 + βTΣuβ/σ2

)
− ∂g(β,λ)

∂β

)

×
(

n∑
i=1

{
Y 2
i Σu/σ2 − (1 + βTΣuβ/σ2)D− (2Σuβ/σ2)(βT∆i∆i

T )

(1 + βTΣuβ/σ2)2

}

−∂
2g(β,λ)
∂ββT

)
,

where D is defined in equation 3.2.
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4.2 penalised conditional score

4.2.1 Ridge regression

For the case of the ridge penalty g(β,λ) = λ||β||22 = λ
∑p
j=1 β

2
j . The conditional

score penalisation is therefore

∂g(β,λ)
∂β

= 2λβ

and the derivative is
∂2g(β,λ)
∂ββT

= 2λ1T .

4.2.2 PED

For the penalised Euclidean distance, we have a geometric mean of the `1 and

`2 norms, g(β,λ) = λ
√
||β||1||β||2.

The derivatives of the penalty become problematic when βj = 0 since the

derivative of the `1 norm penalty is undefined at zero. However, since the PED

regression algorithm artificially sets parameters to zero after the model fitting,

this should not be a problem. Therefore, for βj 6= 0,

∂g(β,λ)
∂β

=
λ

2

β
||β||2 ||β||1√
||β||1||β||2

+
λ

2
sgn(β)||β||2√
||β||1||β||2

.

For the second derivative, we split the first derivative into two quotients. Let

U1 = β
||β||2 ||β||1, U2 = sgn(β)||β||2 and V =

√
||β||1||β||2. Then the second

derivative is equal to

∂2g(β,λ)
∂ββT

=
λ

2

(
V U ′1 −U1V ′

V 2 +
V U ′2 −U2V ′

V 2

)
.

The derivatives V ′, U ′1 and U ′2 are;

V ′ =
1
2

β
||β||2 ||β||1√
||β||1||β||2

+
1
2
sgn(β)||β||2√
||β||1||β||2

,
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4.2 penalised conditional score

U ′1 =
||β||2 (||β||1 + sgn(β)β)−β||β||1 β

||β||2
||β||22

,

U ′2 = 2δ(β)||β||2 + sgn(β)
β

||β||2
,

where δ(β) is the Dirac delta function, taking the value 0 everywhere except

at βj = 0, where its value is infinite. Since we specified that β 6= 0 we get

U ′2 = sgn(β) β
||β||2 .

Since the PED objective function involves the minimisation of the Euclidean

distance between the data Y and the fitted values Xβ rather than the squared

distance, the derivative of the first term in the PED conditional score will be

divided by the normalising factor ||Yi −E(Yi|∆i)||2 i.e.,

Ψcond(Yi, Wi, Θ) =
{Yi −E(Yi|∆i)}∆Ti
||Yi −E(Yi|∆i)||2

− λ

2

β
||β||2 ||β||1√
||β||1||β||2

− λ

2
sgn(β)||β||2√
||β||1||β||2

.

(4.1)

4.2.3 Elastic net, lasso and square-root lasso

The elastic net, lasso and square-root lasso all involve the `1 norm penalisa-

tion in the objective function. This feature gives these methods the important

sparsity property. However because of the discontinuity in the derivative, the

`1 norm is not differentiable at zero. This presents problems for our penalised

conditional score method, especially as the very value at which the derivative

is not defined happens to be to be the value we expect many of the βj ’s to be.

In order to overcome this problem, we will have to restrict our solutions to

non-zero estimates (where the functions are differentiable) and enforce sparsity

through thresholding in a similar way to PED. This takes the assumption that
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for covariates that are equal to zero, the estimates are below some small value.

Therefore for the elastic net penalty, with βj 6= 0,

∂g(β,λ, a)
∂β

= λ {(1− a)sign(β) + 2aβ}

where a ∈ [0, 1] is the mixing between the `1 and `2 terms. The lasso penalty

is obtained by setting a = 0. Additionally,

∂2g(β,λ, a)
∂ββT

= 2λa1T

so for the lasso penalty the second derivative is 0 for βj 6= 0. It is worth noting

that for the square-root lasso, the first term in the conditional score will be of

the same form as PED (i.e. in equation 4.1) since it has the minimisation of a

Euclidean distance in common.

4.3 simulations

4.3.1 Monte Carlo simulations

Returning to the Monte Carlo simulations from section 3.3, we apply penalised

conditional score to the naive PED estimates. The simulations were comprised

of 500 Monte Carlo repetitions, each with n = 100 observations, p = 500 pa-

rameters and 5 non-zero parameters. Using the naive estimates as the starting

point and the previously chosen value of the regularisation we optimise the con-

ditional scores for β and σ2 recursively until convergence. Since the conditional

score algorithm is unable to set covariates to zero automatically, we threshold

the estimates after the optimisation using the standard PED thresholding de-

tailed in section 2.1.6. i.e.,
|β̂j |
||β̂||2

<
C√
n
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are set to zero, where C is a predetermined thresholding constant.

As we can see from the table below, the bias and number of false positives is

hugely dependent on the value of C. We set the thresholding constant at 0.75

(the value originally obtained by BIC for the naive estimate), as well as 0.85

and 1 to investigate the effect on the corrected estimate.

σ2
u

C 0.1 0.2 0.4 0.6

0.75

Bias 7.28 (4.21) 10.98 (4.11) 14.47 (4.49) 16.56 (4.60)

TP 3.74 (0.88) 3.60 (0.94) 3.44 (0.90) 3.23 (0.94)

FP 13.00 (10.68) 19.61 (9.23) 26.60 (8.01) 30.56 (6.70)

Prop true 0.76 (0.11) 0.60 (0.11) 0.44 (0.10) 0.35 (0.08)

0.85

Bias 5.27 (2.71) 8.84 (3.11) 12.30 (4.04) 14.37 (4.27)

TP 3.69 (0.90) 3.51 (0.95) 3.37 (0.92) 3.17 (0.97)

FP 7.34 (6.07) 13.06 (5.37) 19.16 (5.05) 22.88 (4.19)

Prop true 0.75 (0.12) 0.60 (0.12) 0.44 (0.10) 0.34 (0.08)

1

Bias 3.51 (1.64) 6.67 (2.61) 10.06 (3.88) 12.06 (4.44)

TP 3.61 (0.94) 3.43 (0.98) 3.24 (0.98) 2.98 (0.97)

FP 2.96 (2.63) 7.17 (3.15) 12.35 (4.52) 15.55 (5.20)

Prop true 0.75 (0.12) 0.59 (0.12) 0.43 (0.10) 0.33 (0.09)

Table 8: Results for PED conditional score estimates for different measurement-

error levels and using different threshold levels. Bias, true positives, false posi-

tives and proportion of signal detected at true locations. Simulations involved

n = 100 observations and p = 500 parameters, of which 5 are non-zero.

Note that the values of the estimates β̂i are otherwise unchanged for values

above the threshold.
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From the results it is evident that the penalised conditional score estimate

has primarily rescaled the estimates. Both the true positives and false positives

have increased in magnitude in the corrected fit. This can be seen by the fact

that the proportion at the true locations and the bias have both increased in

the lower threshold level. Increasing the threshold removes a number of the

extraneous variables and reduces the bias to give better performance than the

naive estimate. For the smaller levels of measurement-error the correction at

the true locations is fairly significant, however even under the larger thresholds

the bias and proportional strength are only on a par with the naive lasso.

4.3.2 MEG simulations

We simulated a group of 5 sources on a single slice as before for 500 time points.

A group of sources was chosen in order to assess whether the selection of close

locations is affected by measurement-error and the conditional score correction.

Random noise was added to the data with variance 3 and the data was centred

over time. Measurement-error was then simulated with mean 0 and variance

σ2
u = 3. This was then added to the leadfield matrix to give the measurement-

error contaminated leadfield. The naive estimates were then calculated using

the erroneous leadfield. For the minimum norm, cross validation was used to

choose the penalisation level. We used two methods to choose the relevant

penalty and threshold levels for PED; BIC and the theoretical driven ξ method.

We then implemented the penalised conditional score methods using the naive

estimates and penalisation levels as our starting point in each case. Figs. 28 and

29 give the means and standard deviations of the naive and corrected estimates

respectively.
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4.3 simulations

Figure 28: Mean of naive and conditional score corrected estimates for minimum-

norm (ridge) and PED (bic and ξ).
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Figure 29: Standard deviation of naive and conditional score corrected estimates

for minimum-norm (ridge) and PED (bic and ξ).

From Fig. 28 we see that for the ridge estimate the conditional score has

primarily rescaled the naive estimate. The general pattern of the naive and

conditional score estimates remain the same save for a few peripheral points

of the main block of activity that have moved towards zero. We see a greater

impact on the mean of the PED estimates where a number of false positives

have seemingly been removed (or at least suppressed) and the activity in the

conditional score estimates is generally less spread out. Unfortunately, in the

case of the PED (BIC) conditional score estimate, a number of true positives

have also been excluded. Therefore, the conditional score may have trouble

selecting groups of closely located sources. Fig. 29 shows particularly high
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4.4 post sparse approach

variance on a number of the pixels that have been reduced by the conditional

score estimate. This may indicate that there has been some sign change on one

of the estimated components of the pixel strength.

4.4 post sparse approach

The conditional score as it stands is somewhat limited when it comes to sparse

methods. To start with, the increased dimensionality that we almost inevitably

see when discussing sparsity drastically complicates the optimisation required

in the conditional score method. More specific to the sparse methods, however,

the non-differentiability of the `1 norm is problematic. Since the derivative of

the `1 norm is undefined at zero, the very value that the sparse methods set

many of the parameters to, the penalised conditional score framework that we

detailed above is no longer appropriate. For the PED we were able to work

around this limitation as the sparsity is informed through a threshold after the

model fitting, however the other sparse methods return truly sparse estimates.

An alternative method for adapting the conditional score for the sparse meth-

ods is to apply the conditional score only on the chosen non-zero parameters.

In essence then, this post sparse application of the measurement-error correc-

tion uses the sparse fitting itself as a variable selection tool. Procedurally this

means;

1. Fit the sparse method.

2. Perform ordinary least squares (OLS) or ridge regression on chosen non-

zero predictors.
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4.4 post sparse approach

3. Using the chosen model from (2) as the starting “naive” estimate, apply

conditional score method.

The use of a retrospective OLS fit over a sparse method is not without precedent.

Belloni et al. (2011), employed an OLS fit over both the lasso and square root

lasso. In both these cases the post fit performed well in comparison to the

standard methods for a range of noise variances. Furthermore, the two-step

method in the PED (Vasiliu et al., 2014), whereby we refit the method over the

reduced parameter space, can be seen as a variation of this principle.

There are a number of advantages of this approach. Since the reduced prob-

lem is frequently no longer ill-posed, we have the advantage of easier compu-

tation in the conditional score. In addition, since OLS is now feasible, the

subsequent estimate will not suffer from the bias present in penalised meth-

ods. The computational improvements translate into much quicker evaluating

algorithms. However, from the measurement-error perspective, there are also a

number of limitations. Primarily, since this approach only inputs the reduced

parameter space into the conditional score step, parameters that are set to zero

in the initial sparse fit will remain as zero throughout. When the number of

true positives and true negatives are high there are no issues, however false

negatives are particularly problematic. Therefore we need to be sure that the

sparse methods are able to select the important parameters, even under signifi-

cant measurement-error, as they will not be “corrected” into the model by the

conditional score.
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4.5 conclusions

We have seen in chapter 3 that the inclusion of measurement-error in the

model affects the performance of sparse regression methods. In the presence

of measurement-error, sparse estimates suffer from attenuation bias and a dete-

rioration in selection ability. In MEG type simulations, the estimates become

increasingly noisy and more dispersed. The conditional score method repre-

sents one approach to the correction for the effects of measurement-error and

in the n > p case reduces the attenuation in the naive estimate considerably.

In this chapter we introduced penalisation into the conditional score method

in order to extend the approach to cover larger dimensional problems and al-

low us to produce sparse conditional score estimates. The implementation of

the PED conditional score in simulations shows that the amount of attenua-

tion bias is reduced in the corrected estimate. However, investigation into the

thresholding of the parameter estimates suggests that the false positives are also

rescaled, which results in an increase of the overall bias. Additionally, for large

dimensional problems the optimisation of the conditional score will become

increasingly difficult. Therefore, we proposed the idea of reducing the dimen-

sions by only using parameters that were selected by the naive estimate and

fitting the ridge penalised conditional score on the remaining parameters. This

process has some relation to thresholding functions like the smoothly clipped

absolute deviation (SCAD) (Fan and Li, 2001), as the smaller parameters are

thresholded according to an `1 penalty and the larger parameters have a re-

laxed penalisation applied. The “post sparse” conditional score is applied to

simulations in chapter 7.
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S IMEX

Another method for measurement-error correction comes in the form of the

SIMEX method. Cook and Stefanski (1994) (also see Stefanski and Cook, 1995),

developed a simulation based method that looks to relate the covariate estimate

with the level of measurement-error. It involves a two stage procedure, from

which the method gets its name. The method begins with a simulation step

involving model fitting, and is concluded with extrapolation. Hence we have the

simulation-extrapolation or SIMEX algorithm.

5.1 method

Suppose our estimation is based on the data X and we are only able to observe

the measurement-error contaminated data matrix,

Wi = Xi + Ui

for i = 1, ...,n and Ui ∼ N(0p,σ2
uIp). We assume that the measurement-error

variance, σ2
u, is known, or is at least able to be well estimated.

The simulation step of SIMEX relies on the basis that, whilst we are not able

to reduce the variance of W through additional noise, we are able to study the
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way the estimation is affected by increasing the measurement-error. With this

in mind, the simulation step of SIMEX begins by simulating a number of new

datasets that have increasing measurement-error,

Wi,b = Wi +
√
ζUi,b

where b = 1, ...,B. B is the number of simulation samples and ζ ≥0 controls

the level of additional measurement-error. Each Ui,b is an iid simulation from

the same distribution as the original measurement-error. The process of in-

creasing the measurement-error may seem counter-intuitive when we are trying

to remove the error from the model, however the motivation for this procedure

can be seen when we consider the variance of the data matrices. It is easy to

see that;

Var(Wi|Xi) = σ2
uIp

and

Var(Wi,b(ζ)|Xi) = (1 + ζ)σ2
uIp.

We can therefore conclude that we will be able to recover the uncontaminated

Xi when we have a value of ζ = −1. Of course we are unable to produce

simulations with a negative variance, however we can use simulations with

increasing error to model the estimate as a function of ζ from which we can

extrapolate to −1.

With the re-measurements of the data matrix Wi,b the naive estimates are

then computed. One of the advantages of the SIMEX method is that we are

free to choose the estimation method at this point. The naive estimates for

sample b and error level ζ are denoted β̂b(ζ). For each level of ζ, the mean

estimate across B is calculated,

β̂(ζ) =
1
B

B∑
b=1

β̂b(ζ).
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The mean β̂(ζ) is then the sample mean of the estimates over a number of

experiments where we have the measurement-error level controlled by ζ. When

this is calculated for increasing measurement-error we are able to plot ζ against

β̂(ζ). Note that the original naive estimate using the observed data W corre-

sponds to ζ = 0. Using this relationship between ζ and β̂(ζ) we are then able

to use a suitable extrapolation in order to estimate the value of β̂(−1).

Figure 30: Example of SIMEX extrapolation using a quadratic extrapolant

function. Increasing the value of ζ results in more biased estimates. The

subsequent estimates for ζ ≥ 0 are used to produce an extrapolation to ζ = −1

(dashed line).

Therefore, SIMEX uses the averages over the simulations to estimate the

bias that occurs from increasing the measurement-error. The extrapolation is

usually performed by using a suitable extrapolant function. A few common

choices for the extrapolant function are,

Linear

β̂(ζ) = γ0 + γ1ζ
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Quadratic

β̂(ζ) = γ0 + γ1ζ + γ2ζ
2

Non-linear (rational linear)

β̂(ζ) = γ0 +
γ1

γ2 + ζ
.

The non-linear case can be solved by considering the three points (β̂(ζ0), ζ0),

(β̂(ζ1), ζ1) and (β̂(ζ2), ζ2), where ζ0 = 0, ζ1 = 1 and ζ2 = 2 (Carroll et al.,

2006). The covariates of the non-linear extrapolant are then given as,

γ̂0 =
β̂(ζ0)

(
β̂(ζ2)− β̂(ζ1)

)
− β̂(ζ2)

(
β̂(ζ1)− β̂(ζ0)

)
β̂(ζ2)− 2β̂(ζ1) + β̂(ζ0)

γ̂1 = 2

(
β̂(ζ1)− β̂(ζ0)

) (
β̂(ζ0)− β̂(ζ2)

) (
β̂(ζ2)− β̂(ζ1)

)
(
β̂(ζ2)− 2β̂(ζ1) + β̂(ζ0)

)2

γ̂2 = 2 β̂(ζ1)− β̂(ζ2)

β̂(ζ2)− 2β̂(ζ1) + β̂(ζ0)
.

The extrapolation is then obtained by substituting these values and ζ = −1

into the non-linear function. This extrapolant function is only really suitable

under certain circumstances. For example, for parameters where the estimate

does not change with increased measurement-error, it becomes obvious that

the denominators of γ0, γ1, γ2 approach zero and so they become undefined.

Therefore for the non-linear function to be well defined we require some gradient

in the line comparing ζ and β̂(ζ). We can also see that there are problems

when 0 < γ̂2 < 1 as this coincides with a singularity in the region that we are

extrapolating.

The first of these issues is of particular note for us, as the chances of pa-

rameters that are set to zero by our sparse methods being largely unaffected

by measurement-error is fairly high. Of course if there is no gradient (as for

a covariate that is set to zero at all measurement-error levels) then this will
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imply that we have a situation where the measurement-error does not affect

the particular covariate and β̂(−1) = β̂(0).

SIMEX is an unusual method and at first it can appear to be counter-intuitive.

However, the method has been shown to yield approximately unbiased and con-

sistent estimates under the “correct” extrapolation and in the case of linear

measurement-error modelling SIMEX is equivalent (or asymptotically equiva-

lent) to the method-of-moments estimator (Cook and Stefanski, 1994). It is

easy to see that the simulation stage of the method gives useful insight into

the relationship between the measurement-error variance and the level of atten-

uation bias, however the subsequent extrapolation may be viewed with more

wariness. Despite this, the method is not without some basis as the SIMEX

method is actually related to the widely accepted jackknife method (Quenouille,

1956; Efron, 1982). Viewed under this framework, the extrapolation to ζ = −1

is a modification of the reduced bias jackknife estimate (Stefanski and Cook,

1995).

5.1.1 Simulations

To test the SIMEX method we return to the simulation from chapter 3. For each

of the sparse methods tested on the original dataset (lasso, elastic net, square-

root lasso and PED) we use ζ ∈ {0.5, 1, 1.5, 2} and use B = 100 repetitions.

The extrapolation step is then performed by fitting a quadratic model. The

results from the 250 Monte Carlo simulations are summarised in Table 9. The

naive equivalents are in Tables 4-5 in chapter 3. Comparing the tables, we can

see that in all cases other than the square root lasso, the bias has increased.

Additionally, the number of false positives has increased dramatically. On the
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other hand, the number of true positives has remained largely unchanged or has

improved. Another improvement has been in the proportion of signal attributed

to the true positives.

Method σ2
u 0.1 0.2 0.4 0.6

Lasso

Bias 4.89 (3.34) 6.45 (4.38) 8.40 (6.25) 8.46 (5.24)

TP 4.38 (0.74) 4.22 (0.77) 4.07 (0.84) 3.86 (0.88)

FP 50.97 (24.43) 66.78 (26.64) 69.87 (27.81) 69.09 (29.80)

Prop true 0.90 (0.10) 0.83 (0.10) 0.72 (0.13) 0.61 (0.13)

EN

Bias 6.76 (4.21) 8.35 (5.18) 10.47 (7.58) 10.95 (7.00)

TP 4.40 (0.71) 4.31 (0.76) 4.10 (0.79) 3.89 (0.89)

FP 87.41 (28.55) 92.91 (30.33) 94.88 (32.62) 94.23 (35.74)

Prop true 0.86 (0.10) 0.78 (0.10) 0.66 (0.14) 0.55 (0.13)

SRL

Bias 4.81 (2.59) 5.21 (2.57) 5.81 (2.60) 6.25 (2.70)

TP 2.94 (0.71) 2.64 (0.72) 2.32 (0.74) 1.98 (0.72)

FP 0.11 (0.32) 0.20 (0.45) 0.33 (0.56) 0.33 (0.61)

Prop true 0.40 (0.19) 0.34 (0.16) 0.26 (0.14) 0.20 (0.12)

PED

Bias 11.46 (4.10) 19.52 (6.96) 28.38 (10.27) 32.95 (12.04)

TP 4.20 (0.79) 4.25 (0.80) 4.35 (0.70) 4.35 (0.74)

FP 92.51 (16.03) 142.48 (22.76) 200.07 (32.11) 231.94 (37.62)

Prop true 0.87 (0.13) 0.75 (0.13) 0.61 (0.13) 0.50 (0.12)

Table 9: Results for SIMEX estimates for different measurement-error levels.

Bias, true positives, false positives and proportion of signal detected at true

locations. Standard deviations in parenthesis.

Closer inspection reveals that the bias at the true locations has reduced in

the SIMEX estimate, whereas the overall bias increase has come from the pro-

liferation of small but non-zero parameter estimates. This is why the square

root lasso with asymptotic penalty, which averages less than one false positive,

has seen a reduction in the bias. The increase in false positives is an obvious
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limitation in the SIMEX method coming from the extrapolation stage. For a

covariate to be set to zero by the SIMEX estimate, it will require average values

of zero at each level of ζ. The result is lots of small false positives that when

summed result in a more substantial effect on the bias. Fig. 31 shows an ex-

ample of this. Displayed are the true values, naive lasso estimates and SIMEX

lasso estimates for one of the Monte Carlo simulations with measurement-error

at σ2
u = 0.1. As demonstrated, the SIMEX correction for the important covari-

ates is a major improvement over the naive equivalent. Unfortunately, there

are a greater number of small extraneous variables and the false positives from

the naive model have also become stronger.

Figure 31: Naive (red) and SIMEX (green) estimates for the lasso when, σ2
u =

0.1. True values in black.

Therefore the main limitation of the SIMEX method for sparse models is

that it relies on good selection in the naive estimates as it is unable to remove

false positives or add false negatives back to the model. SIMEX is mostly able
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to give some correction for attenuation, that is the shrinkage like effect that

results from measurement-error. With this in mind we can either employ a

thresholding to reduce the contribution of the extraneous variables, or we can

apply SIMEX on the reduced problem by only using the covariates chosen by

the naive estimate.

It is worth noting from the simulations that the naive estimates at the true

positives are always closer to zero and there are no examples where the naive

estimates returned are larger than the true values. The reason for this comes

back to attenuation bias and the reliability ratio. If we recall, the reliability

ratio for additive error is λRR = σ2
x

σ2
x+σ2

u
and since σ2

u > 0, the attenuation factor

will be less than 1. Therefore, naive parameter estimates are shrunk towards

zero.

5.2 multiplicative error

We now look at how the SIMEX method can be adjusted for nonadditive

measurement-error (Carroll et al., 2006; Biewen et al., 2008). In particular

we are interested in the circumstances of multiplicative error. That is, the

case when the observed model design is the true design multiplied by some

measurement-error. Using the same notation as before,

Wi = Xi �Ui

where � denotes element-wise multiplication and the error is now log-normally

distributed with log(Ui) ∼ Np(0p,σ2
uIp). The log-normal distribution has prob-

ability density

f(u) =
1

uσ
√

2π
exp

{
−(log(u)− µ)2

2σ2

}
,
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5.2 multiplicative error

where µ is the log-mean and σ2 is the log-variance. Then for a log-normally

distributed random variable, U ∼ lnN(µ,σ2) the expectation and variance

respectively will be,

E(U) = eµ+
1
2σ

2
, Var(U) = (eσ

2
− 1)e2µ+σ2

,

or for the multivariate case, if U ∼ lnN(µp, Σu),

E(U)i = eµi+
1
2 Σu,ii , Var(U)u,ij = eµi+µj+

1
2 (Σu,ii+Σu,jj)

(
eΣu,ij − 1

)
.

This means that the expectation of the measurement-error contaminated design

Wi, is Xi and the errors are scaled according to the size of the original elements.

In many cases this is more realistic than simple additive measurement-error as

the relative scaling of the design is preserved. In MEG examples this can be

reasoned that the forward model for locations closer to a sensor will likely be

more affected by error than those for more distant locations.

There are two ways that we can apply the simulation extrapolation method

to multiplicative measurement-error.

5.2.1 Log transformed SIMEX

In non-linear problems the first instinct is often to find a transformation that

will linearise the problem. Indeed many measurement-error models can be

transformed to the simple additive case (Eckert et al., 1997). The easiest way

to view the multiplicative problem under the SIMEX framework is therefore to

linearise the simulation step through a log transform. Under this transformation

we simulate new samples of the model design as follows,

Wi,b = exp{log(Wi) +
√
ζ log(Ui,b)}
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5.2 multiplicative error

b = 1, ...,B. The rest of the SIMEX method is followed as before and the same

extrapolant functions can be used as before. The downside of this approach

is that in order for us to be able to use the log transform, we require all the

values of the covariate design to be positive. This restriction can be overcome

by a simple modification of the simulation step as detailed in the next section.

5.2.2 Multiplicative SIMEX

In the multiplicative SIMEX approach (Nolte, 2007) we multiply the measurement-

error contaminated variables by additional error. Therefore for error level con-

trolling parameter ζ, we simulate B new observations of the covariates,

Wi,b = Wi �Uζ
i,b

where each Ui,b is simulated from a log-normal distribution with E(Ui,b) = 1p

and Var(log(Ui,b)) = σ2
uIp. The averaging and extrapolation steps remain the

same as the standard linear SIMEX method. This can be seen by again con-

sidering the variance of the simulated measurement-error contaminated matrix,

Wi,b. Assuming that Ui has mean 1p, and is independent of Xi,

Var(Wi,b) = Var
(
Wi �Uζ

i,b
)
= Var

(
(Xi �Ui)�Uζ

i,b
)
= Var

(
Xi �Uζ+1

i,b
)

= E(Xi)
2Var

(
Uζ+1
i,b

)
+Var(Xi)E

(
Uζ+1
i,b

)2
+Var(Xi)Var

(
Uζ+1
i,b

)
= Var

(
Uζ+1
i,b

) (
E(Xi)

2 +Var(Xi)
)
+Var(Xi)

= E

((
Uζ+1
i,b

)2)
E(X2

i )−E
(
Uζ+1
i,b

)2
E(X2

i ) +Var(Xi)

= E

((
Uζ+1
i,b

)2)
E(X2

i )−E(Xi)
2.

Hence, the extrapolation ζ = −1 is again required for Var(Wi,b) = Var(Xi).
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5.2 multiplicative error

5.2.3 Simulations

In order to look at the effect of multiplicative measurement-error on sparse

methods and apply the multiplicative SIMEX we perform a similar simulation

to the additive error from chapter 3. For each of 250 Monte Carlo repetitions,

100 observations are simulated from 500 parameters (5 of which are non-zero

and sampled from N(0, 22)), a design matrix Xi ∼ N(0, I), and additive noise

εi ∼ N(0, 0.1). The measurement-error is then simulated from a log-normal

distribution with expectation 1, i.e. Ui ∼ lnN(−σ
2
u
2 × 1,σ2

uI). Four levels of

measurement-error are used, σ2
u ∈ {0.01, 0.04, 0.16, 0.25}, and for each level the

design matrix is component wise multiplied by the simulated measurement-error

matrix in order to give the error contaminated design. The naive estimates for

each of the methods (min-norm, lasso, elastic net, square root lasso and PED)

are then computed with the measurement-error contaminated design matrix.

Since the asymptotic penalty in the square root lasso produced estimates that

were too sparse in the additive simulations, BIC was used to choose the penalty

level instead. For each method the estimate under no measurement-error is

also calculated and the estimates for each error level are assessed for bias, the

number of true positives and false positives, as well as the proportion of signal

detected at the true positives. The results for the naive estimates are found in

Table 10.
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5.2 multiplicative error

Method σ2
u Bias True + False + Prop-tr

Ridge

0 18.58 (6.73) 5 (0) 495 (0) 0.07 (0.01)

0.01 18.61 (6.67) 5 (0) 495 (0) 0.07 (0.01)

0.04 18.56 (6.77) 5 (0) 495 (0) 0.07 (0.01)

0.16 18.25 (6.77) 5 (0) 495 (0) 0.07 (0.01)

0.25 17.71 (6.75) 5 (0) 495 (0) 0.06 (0.02)

Lasso

0 0.78 (0.27) 4.83 (0.43) 25.52 (13.86) 0.95 (0.03)

0.01 1.33 (0.53) 4.76 (0.51) 25.59 (15.37) 0.91 (0.03)

0.04 2.32 (1.22) 4.57 (0.66) 24.56 (16.23) 0.83 (0.05)

0.16 4.47 (2.13) 4.20 (0.82) 23.87 (17.63) 0.65 (0.07)

0.25 5.41 (2.68) 4.12 (0.82) 24.30 (19.69) 0.57 (0.08)

E-net

0 1.18 (0.34) 4.84 (0.43) 37.99 (13.53) 0.93 (0.03)

0.01 1.96 (0.69) 4.75 (0.51) 38.34 (14.73) 0.88 (0.03)

0.04 3.33 (1.57) 4.58 (0.64) 39.15 (18.60) 0.80 (0.05)

0.16 5.72 (2.62) 4.26 (0.80) 35.77 (19.79) 0.61 (0.07)

0.25 6.52 (3.10) 4.13 (0.85) 33.50 (21.55) 0.52 (0.08)

SRL

0 0.76 (0.58) 4.81 (0.45) 16.38 (3.88) 0.93 (0.04)

0.01 1.24 (0.73) 4.74 (0.53) 15.96 (3.98) 0.89 (0.04)

0.04 2.14 (1.07) 4.56 (0.65) 16.84 (4.57) 0.81 (0.05)

0.16 4.09 (1.78) 4.24 (0.78) 16.85 (4.11) 0.62 (0.07)

0.25 4.86 (2.03) 4.06 (0.83) 16.90 (4.55) 0.54 (0.08)

PED

0 0.81 (0.98) 4.23 (0.75) 6.08 (8.52) 0.93 (0.06)

0.01 1.53 (1.34) 4.14 (0.79) 8.99 (9.36) 0.89 (0.07)

0.04 3.57 (1.94) 4.00 (0.85) 16.07 (8.34) 0.79 (0.09)

0.16 9.15 (3.72) 3.85 (0.90) 27.72 (5.95) 0.56 (0.09)

0.25 11.29 (4.23) 3.78 (0.90) 32.30 (5.90) 0.48 (0.09)

Table 10: Naive estimates: bias, true positives, false positives and proportion

of signal at true positives. Standard deviation in parenthesis. 250 Monte Carlo

simulations.
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5.2 multiplicative error

The ridge (minimum norm) method is unsuitable for the level of sparsity

displayed in the data and as such performs badly in terms of both bias, false

positives and signal at the true positives. The sparse methods perform well

in the lower levels of measurement-error, with the lasso giving the best per-

formance due to the uncorrelated nature of the simulated covariates. As we

increase the measurement-error the bias increases, and the mean number of

true positives, as well as the signal at those true positives, reduces.

The introduction of measurement-error is especially detrimental to the per-

formance of the PED estimate. For the lower levels of measurement-error,

PED performs quite well with respect to false positives. Surprisingly, it even

performs better than the square root lasso in this regard, although this is prob-

ably due to the chosen threshold level. However, the number of false positives

and the overall bias both increase significantly as we introduce higher levels of

measurement-error to the PED estimate.

We now perform the multiplicative SIMEXmethod as detailed in section 5.2.2

for each of the methods in Table 10. For each Monte Carlo repetition from the

original simulation we have B = 50 repeated samples of Ui,b in the simulation

step and estimate for ζ ∈ {0.5, 1, 1.5, 2}. A quadratic model is then employed in

the extrapolation step in order to give the SIMEX estimate. Since the SIMEX

method requires zeroes at each repetition and level of the simulation step in

order to give a zero estimate in the extrapolation, we often get a large number

of small, but otherwise non-zero parameter estimates. Therefore thresholding

was employed in order to remove some of the smallest estimates from the model.

This was achieved by employing the same approach as for PED (Vasiliu et al.,

2014) and setting to zero the β̂j ’s where |β̂j |
||β̂||2

< C√
n
, with C = 0.2.
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5.2 multiplicative error

Method σ2
u Bias True + False + Prop-tr

Ridge

0.01 42.84 (15.81) 5 (0) 495 (0) 0.22 (0.04)

0.04 42.66 (15.46) 5 (0) 495 (0) 0.22 (0.04)

0.16 41.31 (15.93) 5 (0) 495 (0) 0.20 (0.04)

0.25 39.29 (15.68) 5 (0) 495 (0) 0.18 (0.05)

Lasso

0.01 1.35 (0.72) 4.66 (0.57) 4.92 (6.32) 0.89 (0.04)

0.04 2.93 (2.06) 4.51 (0.68) 9.74 (9.04) 0.80 (0.06)

0.16 5.98 (3.67) 4.18 (0.81) 19.60 (10.68) 0.69 (0.10)

0.25 7.10 (5.32) 4.03 (0.84) 21.20 (12.64) 0.70 (0.12)

E-net

0.01 1.74 (0.77) 4.68 (0.56) 7.07 (6.40) 0.87 (0.04)

0.04 3.89 (2.33) 4.51 (0.68) 15.89 (11.22) 0.78 (0.06)

0.16 7.57 (4.53) 4.17 (0.82) 27.92 (12.41) 0.66 (0.10)

0.25 8.53 (5.50) 4.04 (0.85) 28.87 (13.53) 0.64 (0.13)

SRL

0.01 1.16 (0.68) 4.66 (0.56) 1.90 (1.58) 0.87 (0.04)

0.04 2.25 (1.01) 4.49 (0.67) 5.14 (2.49) 0.79 (0.05)

0.16 4.20 (1.88) 4.16 (0.78) 10.81 (3.37) 0.67 (0.08)

0.25 4.88 (2.10) 3.95 (0.86) 13.37 (3.80) 0.65 (0.11)

PED

0.01 2.14 (1.67) 4.19 (0.77) 6.35 (6.49) 0.87 (0.10)

0.04 4.96 (2.35) 4.10 (0.85) 19.05 (7.08) 0.79 (0.11)

0.16 15.75 (6.39) 4.06 (0.85) 56.69 (8.11) 0.65 (0.14)

0.25 20.87 (8.05) 4.05 (0.83) 68.66 (7.98) 0.59 (0.15)

Table 11: SIMEX estimates with sparse thresholding: bias, true positives, false

positives and proportion of signal at true positives. Standard deviation in

parenthesis. 250 Monte Carlo simulations.

For the lower measurement-error levels, the SIMEX estimates offer little im-

provement over the naive estimates. In fact the increase in bias suggests that
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5.2 multiplicative error

SIMEX performs worse than the naive methods. However for the larger error

levels the SIMEX estimates give an improvement in the estimates at the true

positives. The increase in bias also suggests that the false positives that have

not been removed with the thresholding also increase in magnitude. Fig. 32

represents the true values, naive estimates and SIMEX corrections for the lasso

from a single Monte Carlo repetition at each of the four measurement-error

levels.

Figure 32: Naive (red) and SIMEX (green) estimates for the lasso when, σ2
u =

0.01, 0.04, 0.16 and 0.25. True values in black.

We can see from the plots in Fig. 32 that both the true and false positives are

increased in the SIMEX estimate. However it is also evident that the SIMEX

correction gives a greater improvement over the naive estimate under larger
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5.2 multiplicative error

values of measurement-error. Despite this, as we see in the plot for σ2
u = 0.25

the SIMEX method is still dependent on the selection abilities of the naive

estimate and it appears from the empirical evidence that SIMEX is unable to

correct for covariates that are erroneously excluded.

In conclusion the simulation extrapolation method in general gives an im-

provement over the naive estimates in both the additive and multiplicative

measurement-error settings. However it is generally restricted to rescaling cor-

rection and is unable to correct poor selection. The basis of SIMEX in simu-

lation means that it is naturally computationally expensive. When we include

the naive estimate, SIMEX requires us to produce B× nζ + 1 estimates, where

nζ is the number of levels of ζ used. In addition to this we have to find an

average solution for each level and then extrapolate the SIMEX estimate. As

we scale up the dimensions of our data, SIMEX will become slower and will re-

quire more computation to employ. For the large number of locations involved

in the MEG problem it may be worth reducing the dimensions before SIMEX

is used. The application of SIMEX to real data will be studied in chapter 8.
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6
THE CORRECTED ELAST IC NET

So far two methods have been considered for the correction of measurement-

error in sparse regression methods. The conditional score method involves

solving score functions that include a sufficient statistic for the error free design

matrix, and in SIMEX we use the estimation performance under increasing

error to extrapolate an estimate for the error free case. Loh and Wainwright

(2012) proposed a simple correction method for the lasso to help deal with noisy

or missing data. The corrected lasso takes the expected value of the squared

loss in the presence of measurement-error as its starting point, from which a

correction is determined. Further work on the corrected lasso has been done

by Sørensen et al. (2015) who investigated the impact of measurement-error

on the naive lasso and the circumstances under which the naive estimate gives

good results. In this chapter we extend this work to cover the elastic net.

This corrected elastic net has advantages over the measurement-error methods

previously covered in that it is specifically developed for sparse methods, where

the number of covariates may be large.
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6.1 corrected lasso

6.1 corrected lasso

The corrected lasso can be arrived at by assessing the performance of the stan-

dard (naive) lasso in the presence of measurement-error. We begin by consid-

ering the expected loss function under measurement-error,

E

( 1
n
||y−Wβ||22|X, y

)
=

1
n

E
(
||y− (X + U)β||22

)
=

1
n

(
yTy + βTXTXβ− 2yTXβ

+E
(
βTUTUβ+ 2βTXTUβ− 2yTUβ

))
=

1
n
||y−Xβ||22 + βTΣuβ.

The expected loss function is therefore biased. This motivates a measurement-

error corrected version of the lasso

βCL = arg min
β∈Rp

{ 1
n
||y−Wβ||22 −βTΣuβ+ λ||β||1

}
.

We can alternatively view this problem as an M-estimator of the form

βCL = arg min
β:||β||1≤κ

{
βT

( 1
n

WTW− Σu

)
β− 2

n
yTWβ

}
.

6.2 performance of elastic net under measurement-error

We now investigate the performance of the elastic net under additive measurement-

error and extend the idea of the corrected lasso to incorporate an additional

`2 norm term. The following theoretical work is generalised for the elastic net.

The corresponding results for the lasso as previously given by Sørensen et al.

(2015) can be arrived at by simply setting λ2 = 0. Let y = Xβ0, where β0 is
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6.2 performance of elastic net under measurement-error

the vector of the true covariate values. In the presence of measurement-error,

the naive solution of the elastic net is defined as

β̂Naive−EN = arg min
β∈Rp

{ 1
n
||y−Wβ||22 + λ2||β||22 + λ1||β||1

}
.

Define the active set of the elastic net estimate for a chosen λ1 as S(λ1) =

{j : β̂j 6= 0}. Given β0, we then order the covariates according to relevant

and non-relevant covariates, i.e. S0 = {1, ..., s0}, Sc0 = {s0 + 1, ..., p} where

s0 << p is the cardinality of S.

We use these orderings to partition the matrices W, X and U, such as W =(
WS0 , WSc

0

)
. We then denote covariances by C where the subscripts show

which covariates are involved. Using W as an example, Cww = 1
nWTW. The

covariance matrix can also be partitioned according to the covariate relevance

as follows,

Cww =

Cww(S0,S0) Cww(S0,Sc0)

Cww(Sc0,S0) Cww(Sc0,Sc0)

 .

Population covariance matrices follow the same indexing but are denoted by Σ.

6.2.1 Selection

We now assess the ability of the elastic net for recovering the correct signs of the

covariates. For the following section we have adapted the work of Sørensen et al.

(2015) in an obvious way, extending their results to the elastic net. In practice

this involves replacing Cw,w and Cw,u with (Cw,w + λ2I) and (Cw,u + λ2I)

respectively. For completeness we repeat Sørensen et al.’s results with the

changes for the elastic net implemented.

Selection and sign consistency are important aspects of sparse modelling for

high dimensional problems. In cases without measurement-error the lasso re-
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6.2 performance of elastic net under measurement-error

quires an Irrepresentable Condition (IC) in order to provide sign consistent

selection (Meinshausen and Bühlmann, 2006; Zhao and Yu, 2006). The Ir-

representable Condition was extended for elastic net models with the Elastic

Irrepresentable Condition (EIC) (Jia and Yu, 2010). In the measurement-error

model, the EIC is,

Definition 6.2.1. Elastic Irrepresentable Condition with measurement-error

(EIC-ME). There exists a constant θ ∈ [0, 1) such that,
∥∥∥∥∥Cww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1

(
sign(β0

S0) + 2λ2
λ1
β0
S0

)∥∥∥∥∥
∞
≤ θ.

As with the lasso, in the presence of measurement-error we additionally re-

quire a Measurement-Error Condition in order to give a high probability of sign

consistency (Sørensen et al., 2015).

Definition 6.2.2. Measurement-Error Condition (MEC). The MEC is satisfied

if

Σww(S
c
0,S0)Σww(S0,S0)

−1Σuu(S0,S0)− Σuu(S
c
0,S0) = 0.

The MEC is a condition on the population covariance matrices rather than

sample covariances. In the following result, the EIC-ME is used to bound the

probability of sign consistent selection for the naive elastic net. The MEC

is a sufficient condition which enables the probability of sign consistency to

asymptotically approach 1.

Lemma 1. If we assume the EIC-ME holds for constant θ, then

P
(
sign

(
β̂
)
= sign

(
β0
))
≥ P(A∩B)

where the events A and B are defined as,

A =

{
|Z1ε−Z2β

0
S0 | <

√
n

(
|β0
S0 | −

λ1
2

∣∣∣(Cww(S0,S0) + λ2I)−1
(
sign(β0

S0)
)∣∣∣)} ,
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B =

{
|Z3ε−Z4β

0
S0| <

λ1
2 (1− θ)1

}
,

where,

Z1 = (Cww(S0,S0) + λ2I)−1 WT
S0√
n

Z2 =
√
n (Cww(S0,S0) + λ2I)−1

(Cwu(S0,S0) + λ2I)

Z3 = Cww(S
c
0,S0) (Cww(S0,S0) + λ2I)−1 WT

S0√
n
−

WT
Sc

0√
n

Z4 =
√
n
(
Cww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1 Cwu(S0,S0)−Cwu(S

c
0,S0)

)
.

Proof. We start by deriving the Karush-Kuhn-Tucker (KKT) conditions

(Karush, 1939; Kuhn and Tucker, 1951). Introduce a new coefficient γ = β −

β0, then the naive elastic net under measurement-error is equivalent to

γ̂ = argmin
γ

(
− 2
n
εTWγ + γT (Cww + λ2I)γ + 2γT (Cwu + λ2I)β0 + λ1||γ + β0||1

)

where we include only those terms that depend on γ. We arrive at the KKT

conditions by differentiating with respect to γ.

Therefore by the KKT conditions, γ̂ is an optimal solution if and only if,

− 2
n
εTW + 2(Cww + λ2I)γ̂ + 2(Cwu + λ2I)β0 + λ1τ̂ = 0,

where

τ̂j =


sign(β̂j), β̂j 6= 0

Real number ∈ [−1, 1], β̂j = 0.

The rest of the proof then follows by considering the KKT conditions under

the partitions defined earlier. The structure follows that of Zhao and Yu (2006)

and Sørensen et al. (2015) who proved the similar results for the lasso and the

lasso under measurement-error respectively.
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By the KKT conditions, the naive elastic net will give sign consistent se-

lection, i.e. sign(β̂S0) = sign(β0
S0) and β̂Sc

0
= 0, if there exists a γ̂ and the

following hold,

−
WT

S0√
n
ε+
√
n
(
(Cww(S0,S0) + λ2I)γ̂S0 + (Cwu(S0,S0) + λ2I)β0

S0

)
= −λ1

√
n

2 sign(β0
S0)

(6.1)

|γ̂S0 | < |β
0
S0 | (6.2)∣∣∣∣∣−WT

Sc
0√
n
ε+
√
nCww(S

c
0,S0)γ̂S0 +

√
nCwu(S

c
0,S0)β

0
S0

∣∣∣∣∣ ≤ λ1
√
n

2 1. (6.3)

Note, in the third condition the λ2 terms drop from the inequality as the parti-

tion (Sc0,S0) when applied to the identity matrix is simply a matrix of zeroes.

We show that if the events A and B hold then the three KKT conditions above

are satisfied. Starting with event A,

|Z1ε−Z2β
0
S0| <

√
n

(
|β0
S0| −

λ1
2
∣∣∣(Cww(S0,S0) + λ2I)−1 (sign(β0

S0)
)∣∣∣) ,

we can say that there exists |γ̂S0 | < |β0
S0 | so that

|Z1ε−Z2β
0
S0 | =

√
n

(
|γ̂S0| −

λ1
2
∣∣∣(Cww(S0,S0) + λ2I)−1 (sign(β0

S0)
)∣∣∣) .

There also must exist |γ̂S0 | < |β0
S0 | such that

Z1ε−Z2β
0
S0 =

√
n

(
γ̂S0 −

λ1
2 (Cww(S0,S0) + λ2I)−1 (sign(β0

S0)
))

,

choosing the appropriate sign for the elements of γ̂S0 . We can also have |γ̂S0| <

|β0
S0| such that

−(Z1ε−Z2β
0
S0) =

√
n

(
−γ̂S0 −

λ1
2 (Cww(S0,S0) + λ2I)−1 (sign(β0

S0)
))

.

Multiplying this by (Cww(S0,S0) + λ2I) and rearranging the terms we get to

the first condition. Hence, event A satisfies the first two conditions. Now we

add and subtract
√
nCww(Sc0,S0)γ̂S0 from the LHS of B and use the triangle

inequality to give,
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∣∣∣∣∣∣
Cww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1 WT

S0√
n
−

WT
Sc

0√
n

 ε+√nCww(S
c
0,S0)γ̂S0

−
√
n
(
Cww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1 Cwu(S0,S0)−Cwu(S

c
0,S0)

)
β0
S0

−
√
nCww(S

c
0,S0)γ̂S0

∣∣∣∣∣< λ1
2 (1− θ)1

which implies,∣∣∣∣∣∣−
WT

Sc
0√
n
ε+
√
nCww(S

c
0,S0)γ̂S0 +

√
nCwu(S

c
0,S0)β

0
S0

∣∣∣∣∣∣−∣∣∣∣∣∣−Cww(S
c
0,S0) (Cww(S0,S0) + λ2I)−1 WT

S0√
n
ε+
√
nCww(S

c
0,S0)γ̂S0

+
√
nCww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1 Cwu(S0,S0)β

0
S0

∣∣∣∣∣≤ λ1
2 (1− θ)1 .

Rearranging the first condition gives,

√
nγ̂ =(Cww(S0,S0) + λ2I)−1 WT

S0√
n
ε−
√
n(Cww(S0,S0) + λ2I)−1Cwu(S0,S0)β

0
S0

−
√
n
λ1
2 (Cww(S0,S0) + λ2I)−1

(
sign(β0

S0) + 2λ2
λ1
β0
S0

)
.

Now substituting this into the second term on the LHS we have∣∣∣∣∣−WT
Sc

0√
n
ε+
√
nCww(S

c
0,S0)γ̂S0 +

√
nCwu(S

c
0,S0)β

0
S0

∣∣∣∣∣−∣∣∣∣∣λ1
√
n

2 Cww(S
c
0,S0) (Cww(S0,S0) + λ2I)−1

(
sign(β0

S0) + 2λ2
λ1
β0
S0

)∣∣∣∣∣ ≤ λ1
√
n

2 (1− θ).

The second term on the LHS is now equal to λ
√
n

2 times the EIC-ME condition.

Hence, adding λ
√
n

2 θ to both sides we have∣∣∣∣∣∣−
WT

Sc
0√
n
ε+
√
nCww(S

c
0,S0)γ̂S0 +

√
nCwu(S

c
0,S0)β

0
S0

∣∣∣∣∣∣ ≤ λ1
√
n

2 1,

which is condition three. Hence given A, B satisfies the third condition.

The events A and B|A correspond to the correct sign being chosen on the true

coefficients and the non-relevant coefficients being set to zero respectively. Due
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6.2 performance of elastic net under measurement-error

to the presence of measurement-error, the left hand sides of the events involve

β0
S0 terms as well as the noise ε. This means that the selection performance

is also dependent on the product of the measurement-error and the true values

of the covariates. Also implicit in the events is a trade off in the choice of the

lambdas (particularly λ1), such that we select the relevant βj ’s but provide a

sparsity level that is able to discard irrelevant covariates.

Theorem 1 provides an asymptotic bound on the probability of the events A

and B from Lemma 1 being satisfied and hence sign consistency.

Theorem 1. Suppose that the MEC is satisfied and

|β0
S0| > |Σww(S0,S0)

−1Σuu(S0,S0)β
0
S0 |.

We also assume the following regularity conditions; Given fixed p and q, we

assume
1
n

XTX = Cxx → Σxx, as n→∞

and

max
1≤i≤n

(xTi xi)
1
n
→ 0, as n→∞.

Similarly, Cuu → Σuu, Cww → Σww, max
1≤i≤n

(uTi ui) 1
n → 0 and max

1≤i≤n
(wT

i wi)
1
n →

0 as n→∞. Finally
√
n(Cuu−Σuu) and

√
n(Cww−Σww) converge to normal

distributions with mean zero and finite covariances. Therefore we have assumed

that the sample covariance matrices will approach the population covariances

and that the central limit theorem is appropriate. Similar conditions have been

assumed by Knight and Fu (2000) and Zhao and Yu (2006).

Now if λ1,λ2 → 0 and λ1n(1−c)/2 →∞ as n→∞ for some c ∈ [0, 1), then

P
(
sign(β̂) = sign(β0)

)
= 1− o(e−n

c

).
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6.2 performance of elastic net under measurement-error

Proof.

1−P(A∩B) ≤ P(Ac) + P(Bc) ≤∑
j∈S0

P

(∣∣(Z1ε)j
∣∣ ≥ √n(aj −

λ1
2 bj

))
+
∑
j∈Sc

0

P

(∣∣∣(Z3ε)j −
(
Z4β

0
S0

)
j

∣∣∣ ≥ λ1
√
n

2 (1− θ)
)

where,

a = |β0
S0| −

∣∣∣(Cww(S0,S0) + λ2I)−1
(Cwu(S0,S0) + λ2I)β0

S0

∣∣∣ (6.4)

b = (Cww(S0,S0) + λ2I)−1 (sign(β0
S0)
)

(6.5)

Clearly, Z1ε converges in distribution to a normal distribution with mean 0

and covariance σ2 (Cww(S0,S0) + λ2I)−1 Cww(S0,S0) (Cww(S0,S0) + λ2I)−1.

Therefore, for j ∈ S0, there exists a finite κ such that E((Z1ε)j)2 < κ2.

If our assumptions about λ2 and the regularity conditions hold,

a→ |β0
S0| −

∣∣∣Σww(S0,S0)
−1Σuu(S0,S0)β

0
S0

∣∣∣ ,
and

b→ Σww(S0,S0)
−1sign(β0), as n→∞.

Then, assuming λ1 = o(1) and using 1−Φ(t) < t−1e
−t2

2 ,

P(Ac) ≤
∑
j∈S0

(
1−P

(
|(Z1ε)j |

κ
<

√
naj
2κ (1 + o(1))

))

≤ (1 + o(1))
∑
j∈S0

(
1−Φ

(√
naj
2κ (1 + o(1))

))

= o(e−n
c

).

Now moving onto Bc, Z3ε converges in distribution to a normal distribution

with mean 0 and covariance,

σ2(Σww(S
c
0,Sc0)− Σww(S

c
0,S0)Σww(S0,S0)

−1Σww(S0,Sc0)).

Using the fact that
√
nCwu is normally distributed with mean

√
nΣwu =

√
nΣuu (Anderson, 2003),

Z4β
0
S0 →

√
n(Σww(S

c
0,S0)Σww(S0,S0)

−1Σwu(S0,S0)− Σwu(S
c
0,S0))β

0
S0
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6.2 performance of elastic net under measurement-error

as n → ∞. However, if the MEC holds then this term is equal to zero and

hence Z4β0
S0 is normally distributed with finite covariance.

We can therefore say that there exists κ such that E((Z3ε)j − (Z4β0
S0)j)

2 <

κ2 for j ∈ Sc0. Then, so long as λ1n(1−c)/2 →∞ for 0 ≤ c < 1,

P(Bc) ≤
∑
j∈Sc

0

(
1−P

(
|(Z3ε)j − (Z4β0

S0)j |
κ

<

√
nλ1
2κ (1− θ)

))

≤ (1 + o(1))
∑
j∈Sc

0

(
1−Φ

(√
nλ1
2κ (1− θ)

))

= o
(
e−n

c)
.

From these bounds on the events Ac, Bc, using Lemma 1 we can conclude that

the probability of sign consistent selection for the naive elastic net when all

stated assumptions hold is,

P(A∩B) = 1− o
(
e−n

c)
.

Therefore the MEC implies that the elastic net is asymptotically sign con-

sistent. We note that the MEC holds if Σxx(Sc0,S0) = Σuu(Sc0,S0) = 0. This

corresponds to the relevant and non-relevant covariates being uncorrelated. In

reality this is unlikely to be true in most situations. Alternatively, the MEC

will also hold if the measurement-error covariance is of the same form as the

covariance of the true covariates, i.e. Σuu = cΣxx for constant c.

The above theorem shows that MEC is sufficient for asymptotic sign con-

sistency, however it does not imply that the inverse is true. We can obtain a

better idea about the necessary and sufficient conditions for sign consistency

by considering the elastic net in the absence of model error i.e. ε = 0. In the

finite sample measurement-error free situation with ε = 0, the elastic net/lasso
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6.2 performance of elastic net under measurement-error

estimate is sign consistent if and only if the corresponding Irrepresentable Con-

dition holds. We now consider the necessary and sufficient conditions for sign

consistency in the noise free model with measurement-error.

Theorem 2. Consider the naive elastic net when there is no model error, ε = 0.

Let the detectable set be defined as Sdet0 =j : |β0
j | >

λ1
2

 sup
||τS0 ||∞≤1

∥∥∥∥(Cww(S0,S0) + λ2I)−1
(
τS0 +

2λ2
λ1
β0
S0

)∥∥∥∥
∞

+ |vj |


where v = (Cww(S0,S0) + λ2I)−1Cwu(S0,S0)β0

S0 .

1. If the EIC-ME is satisfied and

(
Cww(S

c
0,S0)(Cww(S0,S0) + λ2I)−1Cwu(S0,S0)−Cwu(S

c
0,S0)

)
β0
S0 = 0,

then Sdet0 ⊆ Ŝ(λ1,λ2) ⊆ S0, where Ŝ(λ1,λ2) is the active set of the

estimate under λ1,λ2.

2. Suppose Ŝ(λ1,λ2) = S0 = Sdet0 . Then∥∥∥∥Cww(S
c
0,S0)(Cww(S0,S0) + λ2I)−1

(
sign(β0

S0) +
2λ2
λ1
β0
S0

)
+

2
λ1

(
Cww(S

c
0,S0)(Cww(S0,S0) + λ2I)−1Cwu(S0,S0)−Cwu(S

c
0,S0)

)
β0
S0

∥∥∥∥
∞
≤ 1.

Proof. We consider the elastic net with ε = 0. Then y = Xβ0 and hence the

elastic net is

β̂Naive−EN = arg min
β∈Rp

{ 1
n
||Wβ−Xβ0||22 + λ2||β||22 + λ1||β||1

}
.

Part 1. From the KKT conditions we have,

2 (Cww(S0,S0) + λ2I) (β̂S0 −β
0
S0) + 2Cww(S0,Sc0)β̂Sc

0

+2 (Cwu(S0,S0) + λ2I)β0
S0 = −λ1τ̂S0

2Cww(S
c
0,S0)(β̂S0 −β

0
S0) + 2Cww(S

c
0,Sc0)β̂Sc

0
+ 2Cwu(S

c
0,S0)β

0
S0 = −λ1τ̂Sc

0
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6.2 performance of elastic net under measurement-error

where ||τ̂ ||∞ ≤ 1 and τ̂j = sign
(
β̂j
)
if β0

j 6= 0. Multiplying the first equation by

β̂TSc
0
Cww(Sc0,S0) (Cww(S0,S0) + λ2I)−1 and the second equation by β̂TSc

0
gives,

2β̂TSc
0
Cww(S

c
0,S0)(β̂S0 −β

0
S0) + 2β̂TSc

0
Cww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1 Cww(S0,Sc0)β̂Sc

0

+2β̂TSc
0
Cww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1 (Cwu(S0,S0) + λ2I)β0

S0

= −λ1β̂
T
Sc

0
Cww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1 τ̂S0 ,

2β̂TSc
0
Cww(S

c
0,S0)(β̂S0 −β

0
S0) + 2β̂TSc

0
Cww(S

c
0,Sc0)β̂Sc

0
+ 2β̂TSc

0
Cwu(S

c
0,S0)β

0
S0 = −λ1β̂

T
Sc

0
τ̂Sc

0
.

Now subtracting the first of these equations from the second and re-arranging

we get,

2β̂TSc
0

(
Cww(S

c
0,Sc0)−Cww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1 Cww(S0,Sc0)

)
β̂Sc

0

+2β̂TSc
0

(
Cwu(S

c
0,S0)−Cww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1 Cwu(S0,S0)

)
β0
S0

= λ1

(
β̂TSc

0
Cww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1 (τ̂S0 +

2λ2
λ1
β0
S0)− β̂Sc

0
τ̂Sc

0

)
.

The first term on the LHS is a positive semi-definite matrix. On the RHS,

β̂TSc
0
Cww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1

(
τ̂S0 +

2λ2
λ1
β0
S0

)
− ||β̂Sc

0
||1 ≤(∥∥∥∥Cww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1

(
τ̂S0 +

2λ2
λ1
β0
S0

)∥∥∥∥
∞
− 1

)
||β̂Sc

0
||1 ≤ 0

due to the EIC-ME condition. Finally,

Cwu(S
c
0,S0)−Cww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1 Cwu(S0,S0)

is assumed to be zero. Therefore, if ||β̂Sc
0
||1 6= 0 then the LHS must be negative,

which gives a contradiction. Hence, β̂Sc
0
= 0 which means the KKT conditions

become,

2 (Cww(S0,S0) + λ2I) (β̂S0 −β
0
S0) + 2(Cwu(S0,S0) + λ2I)β0

S0 = −λ1τ̂S0

(6.6)

2Cww(S
c
0,S0)(β̂S0 −β

0
S0) + 2Cwu(S

c
0,S0)β

0
S0 = −λ1τ̂Sc

0
.

(6.7)
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6.2 performance of elastic net under measurement-error

From the first of these we get,

|β̂S0 −β0
S0 | =

∣∣∣∣λ1
2 (Cww(S0,S0) + λ2I)−1

(
τ̂S0 +

2λ2
λ1
β0
S0

)
+ (Cww(S0,S0) + λ2I)−1 Cwu(S0,S0)β

0
S0

∣∣∣
≤ λ1

2

(
sup
||τ ||∞≤1

∥∥∥∥(Cww(S0,S0) + λ2I)−1
(
τS0 +

2λ2
λ1
β0
S0

)∥∥∥∥
∞

)
1

+ |(Cww(S0,S0) + λ2I)−1Cwu(S0,S0)β
0
S0 |.

Now if j ∈ Sdet0 and β̂j = 0, then we have

|β̂j − β0
j | = |β0

j | >
λ1
2

(
sup
||τ ||∞≤1

∥∥∥∥(Cww(S0,S0) + λ2I)−1
(
τS0 +

2λ2
λ1
β0
S0

)∥∥∥∥
∞

)
+ |vj |,

where v = (Cww(S0,S0) + λ2I)−1Cwu(S0,S0)β0
S0 . This is a contradiction, so

β̂j 6= 0 for j ∈ Sdet0 .

Part 2. Now suppose Ŝ = S0 = Sdet0 . Then we can assume sign(β̂) = sign(β0).

Now from the KKT conditions we have,

(β̂S0 −β0
S0) =−

λ1
2 (Cww(S0,S0) + λ2I)−1

(
τ̂S0 +

2λ2
λ1
β0
S0

)
− (Cww(S0,S0) + λ2I)−1Cwu(S0,S0)β

0
S0

and substituting into (6.7) gives us,

− λ1Cww(S
c
0,S0) (Cww(S0,S0) + λ2I)−1

(
τ̂S0 +

2λ2
λ1
β0
S0

)
− 2Cww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1 Cwu(S0,S0)β

0
S0 + 2Cwu(S

c
0,S0)β

0
S0 = −λ1τ̂Sc

0

=⇒

Cww(S
c
0,S0) (Cww(S0,S0) + λ2I)−1

(
τ̂S0 +

2λ2
λ1
β0
S0

)
+

2
λ1

(
Cww(S

c
0,S0) (Cww(S0,S0) + λ2I)−1 Cwu(S0,S0)−Cwu(S

c
0,S0)

)
β0
S0 = τ̂Sc

0
.

Bounding this gives the result in the second part of the theorem.

Hence the EIC-ME on its own is no longer a necessary condition for sign con-

sistency in the presence of measurement-error. The vector v in Theorem 2 in-
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6.3 the corrected elastic net

volves the measurement-error and β0 and hence in the presence of measurement-

error the elastic net will struggle to identify arbitrarily small coefficients. There-

fore, in order for the naive elastic net to be sign consistent we also require the

much stricter MEC condition to hold. We therefore need to adapt the elastic

net to correct for the measurement-error.

6.3 the corrected elastic net

The corrected elastic net employs the same reasoning as the lasso with measurement-

error correction and is based on the fact that the expectation of the loss function

is biased. The objective function of the corrected elastic net is

β̂C−EN = argmin
β

{ 1
n
||y−Wβ||22 −βTΣuuβ+ λ2||β||22 + λ1||β||1

}
.

Note, if the covariance matrix of the measurement-error is diagonal, i.e. Σuu =

σ2
uI then this reduces to

β̂C−EN = argmin
β

{ 1
n
||y−Wβ||22 + (λ2 − σ2

u)β
Tβ+ λ1||β||1

}
,

which, provided λ2 > σ2
u is simply the elastic net with (λ2 − σ2

u) replacing the

usual `2 norm regularisation parameter. In cases where the loss function is

non-convex (such as for the lasso when λ2 = 0 and p > n) we need to restrict

the parameter space of β to β : ||β||1 ≤ R where R is some finite radius. This

is done to avoid trivial solutions.

As with section 6.2.1 we now repeat the results from Sørensen et al. (2015)

for the corrected lasso, with the relevant extensions to the elastic net. i.e.

we now replace (Cw,w − Σu,u) and (Cw,u − Σu,u) with (Cw,w − Σu,u + λ2I)

and (Cw,u − Σu,u + λ2I) respectively. We now require a new Irrepresentable

condition for the measurement-error corrected elastic net.
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6.3 the corrected elastic net

Definition 6.3.1. Elastic Irrepresentable Condition for the corrected elastic

net (EIC-CEN). There exists a constant θ ∈ [0, 1) such that,∥∥∥∥(Cww(S
c
0,S0)− Σuu(S

c
0,S0)) (Cww(S0,S0)− Σuu(S0,S0) + λ2I)−1

×
(

sign(β0
S0) + 2λ2

λ1
β0
S0

)∥∥∥∥
∞
≤ θ.

We can now assess the conditions for sign consistency in the measurement-

error corrected elastic net.

Lemma 2. If we assume the EIC-CEN holds for constant θ, and, if required,

the optimum estimate β̂ lies in the `1 ball with some finite radius R, then

P
(
sign(β̂) = sign(β0)

)
≥ P(C ∩D)

where the events C and D are defined as,

C =

{
|Z5ε−Z6β

0
S0 | <

√
n

(
|β0
S0 | −

λ1
2
∣∣∣(Cww(S0,S0)− Σuu(S0,S0) + λ2I)−1 sign(β0

S0)
∣∣∣)} ,

D =

{
|Z7ε−Z8β

0
S0| <

λ1
2 (1− θ)1

}
,

where,

Z5 = (Cww(S0,S0)− Σuu(S0,S0) + λ2I)−1 WT
S0√
n

Z6 =
√
n (Cww(S0,S0)− Σuu(S0,S0) + λ2I)−1 (Cwu(S0,S0)− Σuu(S0,S0) + λ2I)

Z7 = (Cww(S
c
0,S0)− Σuu(S

c
0,S0)) (Cww(S0,S0)− Σuu(S0,S0) + λ2I)−1 WT

S0√
n
−

WT
Sc

0√
n

Z8 =
√
n
(
(Cww(S

c
0,S0)− Σuu(S

c
0,S0)) (Cww(S0,S0)− Σuu(S0,S0) + λ2I)−1

(Cwu(S0,S0)− Σuu(S0,S0))− (Cwu(S
c
0,S0)− Σuu(S

c
0,S0))) .

Proof. Again, as with Lemma 1, take γ̂ = β̂−β0. The KKT conditions for the

corrected elastic net are satisfied if there exists an optimal γ̂. If the solution

lies in the feasible set i.e. ||γ̂ + β0||1 < R, then

− 2
n
εTW + 2(Cww − Σuu + λ2I)γ̂ + 2(Cwu − Σuu + λ2I)β0 + λ1τ̂ = 0,
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6.3 the corrected elastic net

where τ̂ is defined as in the proof of Lemma 1. By the KKT conditions, the cor-

rected elastic net will give sign consistent selection, i.e. sign(β̂S0) = sign(β0
S0)

and β̂Sc
0
= 0, if there exists a γ̂ and the following hold,

−
WT

S0√
n
ε+
√
n(Cww(S0,S0)− Σuu(S0,S0) + λ2I)γ̂S0

+
√
n(Cwu(S0,S0)− Σuu(S0,S0) + λ2I)β0

S0 = −λ1
√
n

2 sign(β0
S0)

(6.8)

|γ̂S0| < |β
0
S0| (6.9)∣∣∣∣∣∣−

WT
Sc

0√
n
ε+
√
n (Cww(S

c
0,S0)− Σuu(S

c
0,S0)) γ̂S0

+
√
n (Cwu(S

c
0,S0)− Σuu(S

c
0,S0))β

0
S0

∣∣∣∣∣∣ ≤ λ1
√
n

2 1. (6.10)

Again in the third condition the λ2 terms drop from the inequality. The rest

of the proof then follows the same reasoning as that of Lemma 1.

We now investigate the probability of asymptotic sign consistency for the

corrected elastic net.

Theorem 3. Assume suitable regularity conditions, if λ1,λ2 → 0 and

λ1n(1−c)/2 →∞ as n→∞ for some c ∈ [0, 1), then

P
(
sign(β̂) = sign(β0)

)
= 1− o(e−n

c

).

Proof. Again, assume the regularity conditions from Theorem 1.

1−P(C ∩D) ≤ P(Cc) + P(Dc) ≤∑
j∈S0

P

(
|(Z5ε)j | ≥

√
n

(
cj −

λ1
2 dj

))
+
∑
j∈Sc

0

P

(
|(Z7ε)j − (Z8β

0
S0)j | ≥

λ1
√
n

2 (1− θ)
)
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where,

c = |β0
S0 |

−
∣∣∣(Cww(S0,S0)− Σuu(S0,S0) + λ2I)−1 (Cwu(S0,S0)− Σuu(S0,S0) + λ2I)β0

S0

∣∣∣
d = (Cww(S0,S0)− Σuu(S0,S0) + λ2I)−1

(
sign(β0

S0)
)

.

Clearly, Z5ε converges in distribution to a normal distribution with mean 0

and covariance σ2Σxx(S0,S0)−1Σww(S0,S0)Σxx(S0,S0)−1, as n → ∞. There-

fore, for j ∈ S0, there exists a finite κ such that E((Z5ε)j)2 < κ2.

If our assumptions about λ2 and the regularity conditions hold,

c→ |β0
S0|,

and

d→ Σxx(S0,S0)
−1sign(β0

S0), as n→∞.

Also, Z7ε converges in distribution to a normal distribution with mean 0 and

covariance,

σ2(Σxx(S
c
0,Sc0)− Σxx(S

c
0,S0)Σxx(S0,S0)

−1Σxx(S0,Sc0)).

The rest of the proof closely follows that of Theorem 1. The key exception

uses the fact that
√
nCwu is normally distributed with mean

√
nΣwu =

√
nΣuu

(Anderson, 2003) and Cww − Σuu → Σxx to show that, as n→∞, then

Z8 =
√
n
(
(Cww(S

c
0,S0)− Σuu(S

c
0,S0)) (Cww(S0,S0)− Σuu(S0,S0) + λ2I)−1

(Cwu(S0,S0)− Σuu(S0,S0))− (Cwu(S
c
0,S0)− Σuu(S

c
0,S0))

)
(6.11)

is normally distributed with mean zero and finite variance. Therefore, Z8β0
S0 is

also normally distributed with mean zero and finite variance without the need

for the MEC condition.
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6.4 multiplicative measurement-error

Therefore, assuming the EIC-CEN holds the corrected elastic net can give

sign consistent selection without the need for the strict MEC condition. If the

loss function of the corrected elastic net is non-convex, we require a strict con-

dition of the parameter space ||β||1 < R since the boundary of the `1 ball with

radius R may represent a local optimum if the objective function is decreasing

as we cross the boundary (Sørensen et al., 2015). However, Loh and Wain-

wright (2012) demonstrated that the optimisation error for a local optimum is

O
(
s0
√
p/n

)
and any local optima are contained in a small `1 ball around β0

when n is of sufficient size.

6.4 multiplicative measurement-error

We now consider the lasso and the elastic net in the presence of multiplicative

measurement-error. Let W = X�U where U is the measurement-error, and

� denotes the element-wise multiplication operator. We can expand out the

expected loss in a similar way to the additive measurement-error case.

E

( 1
n
||y−Wβ||22|X, y

)
=

1
n

E
(
||y− (X�U)β||22

)
=

1
n

E
(
yTy + βT (X�U)T (X�U)β− 2βT (X�U)Ty

)
=

1
n

yTy +
1
n
βTXTX�E

(
UTU

)
β− 2

n
βT (X�E(U))Ty.

The lasso and elastic net minimisations can be expressed as M-estimators in

the form,

β̂ ∈ arg min
β∈Rp

{
βT Γ̂β− 2βT Λ̂ + λ1||β||1

}
,

where Γ̂, Λ̂ depend on the type of measurement-error and whether we implement

a lasso or elastic net. For example, Γ̂Lass = 1
nXTX and Λ̂Lass =

1
nXTy for the
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6.4 multiplicative measurement-error

lasso with no measurement-error. In the additive measurement-error case the

lasso takes

Γ̂L−Ad =
1
n

WTW− Σu, Λ̂L−Ad =
1
n

WTy,

and the elastic net has

Γ̂EN−Ad =
1
n

WTW− Σu + λ2I, Λ̂EN−Ad =
1
n

WTy.

Using the expansion of the loss function it is simple to see that a correction for

the multiplicative measurement-error in the lasso can be obtained by setting,

Γ̂L−Mult =
1
n

WTW�E
(
UTU

)
, Λ̂L−Mult =

1
n

WTy�E(U),

where � denotes the element-wise division. If we instead want the correspond-

ing elastic net formulation then we set

Γ̂EN−Mult =
1
n

WTW�E
(
UTU

)
+ λ2I,

with Λ̂EN−Mult remaining the same as Λ̂L−Mult. It is easy to see that Γ̂ and

Λ̂ are set to be unbiased estimators of Σxx and Σxxβ respectively.

6.4.1 Log-normal measurement-error

For multiplicative measurement-error we will commonly assume that the error

follows a log-normal distribution (see section 5.2). For log-normal measurement-

error, U ∼ lnN(µp, Σu), it seems reasonable that we will often assume µp = 0p

and Σu = σ2
uIp for small σ2

u (i.e. 0 < σ2
u < 1). Therefore assuming each row, k,

of the multiplicative measurement-error matrix U is drawn from distribution

uk ∼ lnN(0p,σ2
uIp), the expectation of U will be

E(U)i = e
1
2σ

2
u
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6.4 multiplicative measurement-error

which is close to 1 when σ2
u is small. As well as the E(U) we also require the

value of E
(
UTU

)
for the correction method. Rearranging the variance formula

gives,

E
(
UTU

)
ij
= Var(U)ij + (E(U))2

ij

= e
1
2 (Σu,ii+Σu,jj)

(
eΣu,ij − 1

)
+ e

1
2 (Σu,ii+Σu,jj)

= eσ
2
u
(
eΣu,ij − 1

)
+ eσ

2
u = eσ

2
u+Σu,ij .

Hence, on the lead diagonal, when i = j, E
(
UTU

)
ii
= e2σ2

u and at the off-

diagonals, E
(
UTU

)
ij
= eσ

2
u .

For example assume each row uk, k = 1, ...,n is distributed

uk = (uk,1,uk,2, ...,uk,p) ∼ exp (N(0p, Σu)), where Σu is a diagonal p × p

matrix with the lead diagonal taking values (σ2
u,1,σ2

u,2, ...,σ2
u,p). If W = X�U

is the measurement-error contaminated matrix then,

W =



x1,1u1,1 x1,2u1,2 · · · x1,pu1,p

x2,1u2,1 x2,2u2,2 · · ·
...

... · · · . . . ...

xn,1un,1 · · · · · · xn,pun,p


.

Taking the transpose and multiplying by itself, we then have

WTW =



∑n
k=1 x

2
k,1u

2
k,1

∑n
k=1 xk,1xk,2uk,1uk,2 · · ·

∑n
k=1 xk,1xk,puk,1uk,p∑n

k=1 xk,2xk,1uk,2uk,1
∑n
k=1 x

2
k,2u

2
k,2 · · ·

...
... · · ·

. . .
...∑n

k=1 xk,pxk,1uk,puk,1 · · · · · ·
∑n
k=1 x

2
k,pu

2
k,p


.

Now taking expectations, using the fact that

E(u1,i) = E(u2,i) = · · · = E(un,i),
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6.4 multiplicative measurement-error

E
(

WTW
)
=

(∑n
k=1 x

2
k,1

)
E
(
u2

1
) (∑n

k=1 xk,1xk,2
)

E(u1u2) · · ·
(∑n

k=1 xk,1xk,p
)

E(u1up)(∑n
k=1 xk,2xk,1

)
E(u2u1)

(∑n
k=1 x

2
k,2

)
E (u2)

2 · · ·
...

... · · ·
. . .

...(∑n
k=1 xk,pxk,1

)
E(upu1) · · · · · ·

(∑n
k=1 x

2
k,p

)
E
(
u2
p

)


.

Using the expectation and variance formulae for the log-normal distribution

above,

E
(
u2
i

)
= Var(ui) + E(ui)

2

= eσ
2
u,i
(
eσ

2
u,i − 1

)
+
(
e

1
2σ

2
u,i
)2

= e2σ2
u,i

E(uiuj) = Cov(ui,uj) + E(ui)E(uj)

= 0 + e
1
2σ

2
u,ie

1
2σ

2
u,j = e

1
2 (σ

2
u,i+σ

2
u,j),

and hence

E
(
WTW

)
=
(
XTX

)
�Euu,

where

Euu =



e2σ2
u,1 e

1
2 (σ

2
u,1+σ

2
u,2) · · · e

1
2 (σ

2
u,1+σ

2
u,p)

e
1
2 (σ

2
u,1+σ

2
u,2) e2σ2

u,2 · · · ...
... · · · . . . ...

e
1
2 (σ

2
u,1+σ

2
u,p) · · · · · · e2σ2

u,p


.

Similarly,

WTy =



∑n
k=1 xk,1uk1yk∑n
k=1 xk,2uk2yk

...∑n
k=1 xk,pukpyk


,
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and

E
(
WTy

)
=



(
∑n
k=1 xk,1yk)E(u1)

(
∑n
k=1 xk,2yk)E(u2)

...

(
∑n
k=1 xk,pyk)E(up)


=
(
XTy

)
�Eu

where Eu =
(
e

1
2σ

2
u,1 , e

1
2σ

2
u,2 , · · · , e 1

2σ
2
u,p
)T

is simply the column vector of the

expected values of ui, i = 1, · · · , p.

6.5 simulations

6.5.1 Additive measurement-error

The corrected lasso was tested on the measurement-error Monte Carlo dataset

used in section 3.3. The objective function was optimised for a range of penalty

levels and small covariates were set to zero using a threshold previously chosen

by BIC. The best value of lambda was then chosen by BIC, before the model

was refitted using only the non-zero covariates.

Tables 12-13 record the mean and standard deviation for the bias, true

and false positives, and the proportion of true signal detected. The corrected

lasso/elastic net estimates show a considerable drop in false positives compared

to the naive estimates but also a small reduction in average true positives. For

the lower measurement-error levels the bias is lower and across all measurement-

error levels, the strength at the true locations is stronger. The larger bias for

higher measurement-error is due to the false positives becoming stronger along

with the true positives.
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6.5 simulations

σ2
u Method Bias True + False + prop true

0 Lasso 0.72 (0.26) 4.78 (0.46) 22.88 (13.08) 0.95 (0.06)

0.1
Naive 3.44 (1.70) 4.29 (0.76) 24.55 (17.41) 0.75 (0.07)

CorLass 1.44 (0.76) 3.96 (0.84) 1.54 (1.81) 0.89 (0.08)

0.2
Naive 4.71 (2.31) 4.07 (0.81) 23.16 (16.67) 0.63 (0.07)

CorLass 3.68 (1.77) 3.64 (0.90) 5.53 (2.93) 0.78 (0.11)

0.4
Naive 6.21 (3.08) 3.79 (0.89) 22.72 (19.64) 0.47 (0.07)

CorLass 6.55 (3.01) 3.47 (0.86) 8.84 (3.08) 0.64 (0.10)

0.6
Naive 6.65 (2.93) 3.50 (0.93) 18.26 (14.82) 0.37 (0.07)

CorLass 9.35 (4.16) 3.18 (0.89) 12.75 (3.64) 0.53 (0.10)

Table 12: Results for naive and corrected lasso estimates for different

measurement-error levels (standard deviation in brackets). Bias, true positives,

false positives and proportion of signal detected at true locations. The number

of true positives in the model is 5.
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σ2
u Method Bias True + False + prop true

0 E-net 1.10 (0.34) 4.78 (0.48) 36.38 (13.33) 0.94 (0.07)

0.1
Naive 4.61 (2.17) 4.30 (0.77) 37.26 (19.62) 0.70 (0.07)

CorEN 1.85 (0.94) 3.96 (0.84) 2.60 (2.31) 0.87 (0.08)

0.2
Naive 5.84 (2.78) 4.11 (0.79) 34.30 (19.98) 0.58 (0.07)

CorEN 3.76 (2.04) 3.67 (0.88) 5.70 (4.11) 0.78 (0.10)

0.4
Naive 7.26 (3.65) 3.86 (0.86) 31.63 (22.12) 0.43 (0.07)

CorEN 7.18 (3.17) 3.49 (0.90) 10.64 (4.35) 0.60 (0.11)

0.6
Naive 7.79 (3.62) 3.60 (0.92) 28.30 (21.33) 0.33 (0.07)

CorEN 10.00 (4.17) 3.16 (0.93) 14.75 (4.41) 0.47 (0.10)

Table 13: Results for naive and corrected elastic net estimates for different

measurement-error levels (standard deviation in brackets). Bias, true positives,

false positives and proportion of signal detected at true locations. The number

of true positives in the model is 5.

6.5.2 Multiplicative measurement-error

Moving on to multiplicative noise for each of the four levels of error variance

(σ2
u ∈ {0.01, 0.04, 0.16, 0.25}), the measurement-error was simulated from a

log-normal distribution with mean 1. i.e. U ∼ lnN
(
−σ

2
u
2 1p,σ2

uIp
)
. The cor-

rected estimate was fitted for both the elastic net and lasso cases, with the naive

estimate used as a starting point for the optimisation. The procedure was the

same as the additive case in that the objective function was optimised twice,

the second time being with just the non-zero covariates. Table 14 records the
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bias, true positives, false positives and proportion of signal detected at the true

positives for both the naive and corrected estimates. For each, the standard

deviation is in parenthesis.

Method σ2
u 0.01 0.04 0.16 0.25

Lass (Naive)

Bias 1.33 (0.53) 2.32 (1.22) 4.47 (2.13) 5.41 (2.68)

TP 4.76 (0.51) 4.57 (0.66) 4.20 (0.82) 4.12 (0.82)

FP 25.59 (15.37) 24.56 (16.23) 23.87 (17.63) 24.30 (19.69)

Prop true 0.91 (0.03) 0.83 (0.05) 0.65 (0.07) 0.57 (0.08)

Lass (Cor)

Bias 0.49 (0.23) 1.46 (1.11) 5.41 (3.36) 6.81 (3.27)

TP 4.67 (0.58) 4.44 (0.71) 4.12 (0.84) 4.01 (0.85)

FP 1.85 (2.38) 4.14 (4.04) 14.34 (8.76) 17.80 (8.64)

Prop true 0.99 (0.02) 0.95 (0.06) 0.95 (0.24) 0.85 (0.21)

EN (Naive)

Bias 1.96 (0.69) 3.33 (1.57) 5.72 (2.62) 6.52 (3.10)

TP 4.75 (0.51) 4.58 (0.64) 4.26 (0.80) 4.13 (0.85)

FP 38.34 (14.73) 39.15 (18.60) 35.77 (19.79) 33.50 (21.55)

Prop true 0.88 (0.03) 0.80 (0.05) 0.61 (0.07) 0.52 (0.08)

EN (Cor)

Bias 0.57 (0.29) 2.25 (1.19) 6.33 (3.17) 8.57 (4.39)

TP 4.64 (0.60) 4.50 (0.68) 4.12 (0.83) 4.04 (0.85)

FP 2.40 (3.92) 9.49 (4.28) 19.63 (8.54) 25.02 (9.40)

Prop true 0.98 (0.02) 0.94 (0.05) 0.91 (0.20) 0.86 (0.25)

Table 14: Results for naive and corrected lasso/elastic net estimates for different

multiplicative measurement-error levels. Bias, true positives, false positives and

proportion of signal detected at true locations.

From Table 14 there are a number of trends that can be identified. Firstly,

the bias and number of false positives both increase significantly for the higher

measurement-error levels. On the other hand, the mean number of true posi-

tives shows a slight decrease as we increase the measurement-error. The affect

on the selection of true positives is one factor in the higher bias of the larger
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measurement-error cases. The increase in both the number and strength of the

false positives will also contribute to the deviation from the true model.

Possibly the most interesting results in the table correspond to the perfor-

mance of the corrected estimate at the true, non-zero, parameters as seen in

the “prop true” rows.

For the lower levels of measurement-error the corrected estimates show con-

sistently good results as the method has reliably managed to reconstruct the

majority of the true signal. For the higher levels of measurement-error, the

mean remains high, but the variability shows a significant increase. Closer

inspection of this increase in variability shows that in some cases we get signifi-

cant overcorrection, where one or more of the true parameters will be assigned

a value that is up to twice its actual value. This will of course also contribute

to the bias.

Figure 33: Proportion of signal detected at true positives in the naive (red) and

corrected (black) estimates for the elastic net when σ2
u = 0.25 for 250 Monte

Carlo simulations.
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This overcorrection is actually linked to the level of penalisation included in

the corrected model. Investigation into the effect of the penalty level in the

scaling of the parameters shows that for the larger measurement-error levels,

more penalisation was required to get the corrected estimates to closer match

the true parameters, whereas for the lower measurement-error levels a small

amount of penalisation usually gives good results. Despite the presence of

overcorrection in some cases, instances of significant overestimation are usually

outliers (see Fig. 33).

Figure 34: Naive (red) and corrected (green) estimates for the elastic net when,

σ2
u = 0.01, 0.04, 0.16 and 0.25. True values in black. Note: only non-zero

parameter estimates are plotted for the naive and corrected estimates.

Indeed the performance of the corrected lasso and elastic net in this simula-

tion is usually a significant improvement over its naive counterpart. One such

example of the naive and corrected estimates for the elastic net is shown in Fig.
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34. For the lower measurement-error levels the corrected elastic net almost per-

fectly corrects its naive counterpart (table 14). For the more noisy cases, we

see more influential false positives, however at the true positives, the effect of

the correction is particularly evident.

In the simulations in this chapter we have seen that the corrected elastic net

is an improvement on the naive estimate when the parameters are independent.

The selection of the corrected elastic net under these circumstances appears to

be good, with the exception that small covariates can sometimes be excluded.

The case of the highly correlated MEG covariates will provide a greater chal-

lenge however. The corrected elastic net will be applied to real MEG data in

chapter 8.

Our conclusions from the Monte Carlo studies must be tempered with the

knowledge that, due to the relatively small number of samples included, the

standard deviations on a number of the results are very high. Despite the ap-

pearance that the corrected estimates represent an improvement over the naive,

the standard error levels are such that we cannot be certain that the difference

is statistically significant. Therefore, in order to verify that a difference between

the naive and corrected estimates exits, we would have to increase the sample

size (and hence the computation time) substantially.
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7
MEASUREMENT-ERROR S IMULATION RESULTS

In chapters 3-6 we have outlined a number of methods to correct for measurement-

error in sparse regression methods. In order to test these methods against the

naive estimate for a variety of measurement-error levels, Monte Carlo simula-

tions were performed consisting of 500 parameters with 5 non-zero parameters.

In order to compare how the measurement-error methods perform in relation

to each other we now collect the results from the simulations according to the

relevant sparse method. For each sparse method, we include the results from

250 Monte Carlo simulations with additive measurement-error for the naive es-

timate along with the SIMEX estimate, conditional score method, and where

appropriate (for the lasso and elastic net) the corrected elastic net.

For comparison, the sparse estimate in the measurement-error free case will

be included in order to demonstrate the performance under ideal conditions. In

addition, for ease of reference, the best performing measurement-error method

in terms of bias, true positives, false positives and the proportion of true activity

detected will be indicated by bold font.
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7.1 additive

Table 15 contains the information for all the measurement-error corrections for

the lasso. The best performing method for each level of measurement-error and

category of performance is identified by emboldened font. From this we can

identify recurring pattens in the performance of each method. It is also evident

that there is a divide between the lower and higher levels of measurement-error.

σ2
u Method Bias True + False + prop true

0 Lasso 0.72 (0.26) 4.78 (0.46) 22.88 (13.08) 0.95 (0.06)

0.1

Naive 3.44 (1.70) 4.29 (0.76) 24.55 (17.41) 0.75 (0.07)

SIMEX 4.89 (3.34) 4.38 (0.74) 50.97 (24.43) 0.90 (0.10)

CorLass 1.44 (0.76) 3.96 (0.84) 1.54 (1.81) 0.89 (0.08)

Sparse CS 4.27 (2.34) 4.29 (0.76) 24.55 (17.41) 0.86 (0.08)

0.2

Naive 4.71 (2.31) 4.07 (0.81) 23.16 (16.67) 0.63 (0.07)

SIMEX 6.45 (4.38) 4.22 (0.77) 66.78 (26.64) 0.83 (0.10)

CorLass 3.68 (1.77) 3.64 (0.90) 5.53 (2.93) 0.78 (0.11)

Sparse CS 5.44 (3.02) 4.07 (0.81) 23.16 (16.67) 0.80 (0.10)

0.4

Naive 6.21 (3.08) 3.79 (0.89) 22.72 (19.64) 0.47 (0.07)

SIMEX 8.40 (6.25) 4.07 (0.84) 69.87 (27.81) 0.72 (0.13)

CorLass 6.55 (3.01) 3.47 (0.86) 8.84 (3.08) 0.64 (0.10)

Sparse CS 6.59 (3.81) 3.80 (0.89) 22.80 (19.65) 0.72 (0.11)

0.6

Naive 6.65 (2.93) 3.50 (0.93) 18.26 (14.82) 0.37 (0.07)

SIMEX 8.46 (5.24) 3.86 (0.88) 69.09 (29.80) 0.61 (0.13)

CorLass 9.35 (4.16) 3.18 (0.89) 12.75 (3.64) 0.53 (0.10)

Sparse CS 6.75 (3.61) 3.50 (0.93) 18.22 (14.82) 0.67 (0.12)

Table 15: Results summary for Lasso on 250 Monte Carlo simulations.
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For low measurement-error the corrected lasso gives the lowest bias, however

when the measurement-error increases the naive estimate is the least biased.

This is because the corrected estimates tend to give greater signal weight to

the false positives as well as the true positives. There is very little to separate

the various estimates in the true positives as the means all fall within one

standard deviation of the others. The corrected lasso easily performs the best

in terms of false positives, whereas SIMEX introduces a large number of false

positives to the model. However SIMEX does perform the best in correcting the

estimates at the true covariates. Plotting the bias and true proportion against

the measurement-error variance for each of the methods in the figures below we

can obtain some other interesting conclusions. Firstly, from the bias plot (Fig.

35) it appears that the corrected lasso has an almost linear relationship with the

bias as it deteriorates much more dramatically that the other estimates, where

the bias curves begin to flatten out much sooner. Yet, for low measurement-

error it is the best performing. This suggests that when we increase the error

the estimate lends greater weight to the (increasing) false positives.

From the second figure, the corrected estimates all produce a significant im-

provement to the strength at the true locations. For the lower values of the

measurement-error especially, there is little to separate the corrected estimates

at the true covariates. As the lasso is a special case of the elastic net, we unsur-

prisingly see the same patterns for the elastic net estimates in Table 16 and Figs.

37-38. The performance of the elastic net is remarkably similar, yet not quite

equal to the lasso. Across the measurement-error levels, the lasso has lower

bias and fewer false positives. Therefore the elastic net’s grouping property

adds very little for data with uncorrelated covariates. In fact, for independent

covariates the `2 norm term results in poorer selection performance.
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Figure 35: Bias of the lasso estimates and its corrections.

Figure 36: Strength at true locations for the lasso estimates and its corrections.
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σ2
u Method Bias True + False + prop true

0 E-net 1.10 (0.34) 4.78 (0.48) 36.38 (13.33) 0.94 (0.07)

0.1

Naive 4.61 (2.17) 4.30 (0.77) 37.26 (19.62) 0.70 (0.07)

SIMEX 6.76 (4.21) 4.40 (0.71) 87.41 (28.55) 0.86 (0.10)

CorEN 1.85 (0.94) 3.96 (0.84) 2.60 (2.31) 0.87 (0.08)

Sparse CS 5.70 (2.56) 4.30 (0.76) 37.36 (19.60) 0.82 (0.08)

0.2

Naive 5.84 (2.78) 4.11 (0.79) 34.30 (19.98) 0.58 (0.07)

SIMEX 8.35 (5.18) 4.31 (0.76) 92.91 (30.33) 0.78 (0.10)

CorEN 3.76 (2.04) 3.67 (0.88) 5.70 (4.11) 0.78 (0.10)

Sparse CS 6.88 (3.28) 4.11 (0.79) 34.35 (20.00) 0.75 (0.10)

0.4

Naive 7.26 (3.65) 3.86 (0.86) 31.63 (22.12) 0.43 (0.07)

SIMEX 10.47 (7.58) 4.10 (0.79) 94.88 (32.62) 0.66 (0.14)

CorEN 7.18 (3.17) 3.49 (0.90) 10.64 (4.35) 0.60 (0.11)

Sparse CS 8.18 (5.51) 3.86 (0.86) 31.71 (22.13) 0.67 (0.12)

0.6

Naive 7.79 (3.62) 3.60 (0.92) 28.30 (21.33) 0.33 (0.07)

SIMEX 10.95 (7.00) 3.89 (0.89) 94.23 (35.74) 0.55 (0.13)

CorEN 10.00 (4.17) 3.16 (0.93) 14.75 (4.41) 0.47 (0.10)

Sparse CS 8.50 (4.52) 3.59 (0.92) 28.35 (21.39) 0.62 (0.14)

Table 16: Results summary for elastic net on 250 Monte Carlo simulations.

154



7.1 additive

Figure 37: Bias of the elastic net estimates and its corrections.

Figure 38: Strength at true locations for the elastic net estimates and its cor-

rections.
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σ2
u Method Bias True + False + prop true

0 SRL 4.44 (2.70) 3.32 (0.80) 0 (0.06) 0.45 (0.22)

0.1

Naive 5.49 (2.54) 2.70 (0.69) 0 (0) 0.30 (0.14)

SIMEX 4.81 (2.59) 2.94 (0.71) 0.11 (0.32) 0.40 (0.19)

Sparse CS 3.22 (2.67) 2.70 (0.69) 0.04 (0.28) 0.81 (0.19)

0.2

Naive 6.03 (2.59) 2.31 (0.68) 0 (0.06) 0.23 (0.12)

SIMEX 5.21 (2.57) 2.64 (0.72) 0.20 (0.45) 0.34 (0.16)

Sparse CS 4.00 (3.00) 2.32 (0.68) 0.20 (0.60) 0.75 (0.24)

0.4

Naive 6.62 (2.64) 1.86 (0.63) 0.01 (0.09) 0.15 (0.08)

SIMEX 5.81 (2.60) 2.32 (0.74) 0.33 (0.56) 0.26 (0.14)

Sparse CS 5.18 (3.36) 1.86 (0.63) 0.54 (0.88) 0.68 (0.28)

0.6

Naive 6.96 (2.71) 1.57 (0.67) 0 (0.06) 0.10 (0.07)

SIMEX 6.25 (2.70) 1.98 (0.72) 0.33 (0.61) 0.20 (0.12)

Sparse CS 5.99 (4.33) 1.58 (0.67) 0.87 (0.99) 0.60 (0.31)

Table 17: Results summary for Square root lasso on 250 Monte Carlo simula-

tions.

The SIMEX estimate for the SRL gives a marginally higher average number

of true positives, but it is not significantly better than the other methods and

still averages less than 3 (out of 5) for even the smallest level of measurement-

error. The sparse conditional score gives the best results in terms of bias and

strength of the true covariates. The increase in the true strength (i.e. the

proportion of signal at true, non-zero values, ||β̂S0 ||1
||β0

S0
||1
) suggests that even though

the true positives are low, the strongest covariates have been correctly selected.
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Figure 39: Bias of the square root lasso estimates and its corrections.

Figure 40: Strength at true locations for the square root lasso estimates and its

corrections.

The plots of bias/true proportion confirm that the sparse conditional score

performs much better than the naive and SIMEX correction for the SRL. Nev-
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ertheless, at the sparsity level chosen for these Monte Carlo simulations, the

SRL estimates compare poorly with the other methods.

The stand out methods from the PED correction appear to be SIMEX and

the PED conditional score (using all the covariates as opposed to the Sparse

CS, where the reduced problem was used). The SIMEX again performs best in

terms of the true positives and the strength at the true locations. On the other

hand though, the bias and the number of false positives are particularly bad.

The conditional score methods give better performance in these areas but do

not give the same level of correction at the true locations.

Figure 41: Bias of the PED estimates and its corrections.

It is worth noting that while the reduced, post-sparse version of the condi-

tional score (Sparse CS in tables, using the covariate selection from the naive

estimate, see section 4.4) does not perform best in any category, it probably

gives the best compromise overall, falling as it does between SIMEX and PED
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CS in its performance. It also has the advantage of being much less computa-

tionally expensive.

Figure 42: Strength at true locations for the PED estimates and its corrections.

On the note of computational expense, it is important that we consider the

practicality of the correction methods alongside their performance. The SIMEX

estimates consistently perform well in terms of the correction of the true covari-

ates, yet it is also the most computationally expensive. For each time point it

requires us to calculate at least 500 naive estimates depending on the number

of iterations and values of the scaling factor ζ that we use. Then we have to

compute a quadratic model for each of the covariates to give the corrected es-

timate. Likewise, the optimisation required in the conditional score methods

mean that for larger dimensional problems, it will become more difficult to find

an optimal solution.

The calculation of the naive estimates over the 250 Monte Carlo simulations

took around one and a half days in R. It is easy to see that the SIMEX
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estimates will take many times that period of calculation. The calculation

time can be reduced by using the same penalty level from the naive estimates

across the SIMEX stage, however even then the calculation of the SIMEX

estimates in these simulations for all the sparse methods at each of four levels

of measurement-error took a little over two weeks in R.

σ2
u Method Bias True + False + prop true

0 PED 0.61 (0.63) 4.18 (0.75) 4.22 (7.51) 0.95 (0.08)

0.1

Naive 6.29 (2.49) 3.87 (0.84) 22.36 (6.80) 0.68 (0.08)

SIMEX 11.46 (4.10) 4.20 (0.79) 92.51 (16.03) 0.87 (0.13)

PEDCS 5.27 (2.71) 3.69 (0.90) 7.34 (6.07) 0.75 (0.12)

SparseCS 5.81 (2.50) 3.87 (0.84) 22.36 (6.80) 0.78 (0.09)

0.2

Naive 9.72 (3.70) 3.81 (0.84) 29.10 (5.73) 0.54 (0.08)

SIMEX 19.52 (6.96) 4.25 (0.80) 142.48 (22.76) 0.75 (0.13)

PEDCS 8.84 (3.11) 3.51 (0.95) 13.06 (5.37) 0.60 (0.12)

SparseCS 9.73 (3.80) 3.81 (0.84) 29.10 (5.73) 0.64 (0.09)

0.4

Naive 12.91 (4.75) 3.73 (0.87) 35.84 (5.16) 0.40 (0.07)

SIMEX 28.38 (10.27) 4.35 (0.70) 200.07 (32.11) 0.61 (0.13)

PEDCS 12.30 (4.04) 3.37 (0.92) 19.16 (5.05) 0.44 (0.10)

SparseCS 13.76 (4.97) 3.73 (0.87) 35.84 (5.16) 0.48 (0.09)

0.6

Naive 14.61 (5.30) 3.55 (0.84) 40.34 (5.38) 0.31 (0.06)

SIMEX 32.95 (12.04) 4.35 (0.74) 231.94 (37.62) 0.50 (0.12)

PEDCS 14.37 (4.27) 3.17 (0.97) 22.88 (4.19) 0.34 (0.08)

SparseCS 15.80 (5.48) 3.55 (0.84) 40.34 (5.38) 0.37 (0.08)

Table 18: Results summary for PED on 250 Monte Carlo simulations.
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Therefore, for higher dimensional problems, it may be preferable to use a

reduced version of the problem by using the selection from the naive estimate

for reasons of computational expediency.

7.2 multiplicative

For multiplicative measurement-error the conditional score method is no longer

appropriate and therefore our comparisons are restricted to SIMEX and the

corrected elastic net. Furthermore, the corrected elastic net is obviously only

suitable for the lasso, elastic net and ridge regression. Tables 19 and 20 com-

pare the naive, SIMEX and corrected estimates for the lasso and elastic net

respectively. For the square root lasso and PED, refer to Tables 10 and 11 in

chapter 5 for the naive and SIMEX estimates respectively.

σ2
u Method Bias True + False + Prop-tr

0 Lasso 0.78 (0.27) 4.83 (0.43) 25.52 (13.86) 0.95 (0.03)

0.01

Naive 1.33 (0.53) 4.76 (0.51) 25.59 (15.37) 0.91 (0.03)

SIMEX 1.35 (0.72) 4.66 (0.57) 4.92 (6.32) 0.89 (0.04)

CorLass 0.49 (0.23) 4.67 (0.58) 1.85 (2.38) 0.99 (0.02)

0.04

Naive 2.32 (1.22) 4.57 (0.66) 24.56 (16.23) 0.83 (0.05)

SIMEX 2.93 (2.06) 4.51 (0.68) 9.74 (9.04) 0.80 (0.06)

CorLass 1.46 (1.11) 4.44 (0.71) 4.14 (4.04) 0.95 (0.06)

0.16

Naive 4.47 (2.13) 4.20 (0.82) 23.87 (17.63) 0.65 (0.07)

SIMEX 5.98 (3.67) 4.18 (0.81) 19.60 (10.68) 0.69 (0.10)

CorLass 5.409 (3.36) 4.12 (0.84) 14.34 (8.76) 0.95 (0.24)

0.25

Naive 5.41 (2.68) 4.12 (0.82) 24.30 (19.69) 0.57 (0.08)

SIMEX 7.10 (5.32) 4.03 (0.84) 21.20 (12.64) 0.70 (0.12)

CorLass 6.81 (3.27) 4.01 (0.85) 17.80 (8.64) 0.85 (0.21)

Table 19: Results summary for lasso with multiplicative error.
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σ2
u Method Bias True + False + Prop-tr

0 EN 1.18 (0.34) 4.84 (0.43) 37.99 (13.53) 0.93 (0.03)

0.01

Naive 1.96 (0.69) 4.75 (0.51) 38.34 (14.73) 0.88 (0.03)

SIMEX 1.74 (0.77) 4.68 (0.56) 7.07 (6.40) 0.87 (0.04)

CorEN 0.57 (0.29) 4.64 (0.60) 2.40 (3.92) 0.98 (0.02)

0.04

Naive 3.33 (1.57) 4.58 (0.64) 39.15 (18.60) 0.80 (0.05)

SIMEX 3.89 (2.33) 4.51 (0.68) 15.89 (11.22) 0.78 (0.06)

CorEN 2.25 (1.19) 4.50 (0.68) 9.49 (4.28) 0.94 (0.05)

0.16

Naive 5.72 (2.62) 4.26 (0.80) 35.77 (19.79) 0.61 (0.07)

SIMEX 7.57 (4.532) 4.17 (0.82) 27.92 (12.41) 0.66 (0.10)

CorEN 6.33 (3.17) 4.124 (0.83) 19.63 (8.54) 0.91 (0.20)

0.25

Naive 6.52 (3.10) 4.13 (0.85) 33.50 (21.55) 0.52 (0.08)

SIMEX 8.53 (5.50) 4.04 (0.85) 28.87 (13.53) 0.64 (0.13)

CorEN 8.565 (4.39) 4.04 (0.85) 25.02 (9.40) 0.86 (0.25)

Table 20: Results summary for elastic net with multiplicative error.

From Tables 19-20 the corrected elastic net/lasso consistently performs the

best in the Monte Carlo simulations. The number of true positives is fairly

consistent for the naive, SIMEX and corrected estimates with the naive estimate

being marginally higher on average. Otherwise, the corrected estimate has a

lower average number of false positives and an increase in the proportion of

true activity detected, albeit along with greater variance as discussed in section

6.5.2.

The multiplicative measurement-error seems to have had a lesser effect com-

pared to the additive data. It seems that the measurement-error level used is rel-

atively smaller for the multiplicative case. Due to the nature of the log-normal

distribution we get more extreme values for the multiplicative measurement-

error, but a greater concentration of the error values are around smaller values.

162



7.2 multiplicative

In Fig. 43 we have plotted some random normal predictors, X, along with ex-

amples of additive (W1 = X + U1) and multiplicative (W2 = X ∗U2) error. In

these 50 points, the variances of W1 and W2 are comparable, however the sum

of the absolute difference from X is much larger for the additive case (roughly

27 compared with 12). As we can see from Fig. 43 the multiplicative error con-

taminated green points are generally much closer to the original, black points

(with some notable extreme exceptions). In fact for 35 out of the 50 points, W2

is closer to X than W1.

Figure 43: RandomX ∼ N(0, 1) (black), additive measurement-errorW1 = X+

U1 where U1 ∼ N(0, 0.5) (red), multiplicative measurement-error W2 = X ∗U2

where U2 ∼ lnN(0, 0.2) (green).
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Figure 44: Bias of the lasso estimates and its corrections for multiplicative error.

Fig. 44 shows that the bias follows a similar pattern to the additive measurement-

error case, with the corrected lasso displaying the smallest bias for the lower

measurement-error levels. At the true locations, the corrected lasso is consis-

tently stronger than the naive lasso and SIMEX estimates. This is particularly

evident in Fig. 45. The naive estimate is fairly good at the true source loca-

tions for low measurement-error and consequently the SIMEX estimate is only

an improvement when we increase the error. However even then the corrected

lasso performs much better, although there is the aforementioned issues with

the increasing variance of the estimates.

As with the additive case, the elastic net estimate is very similar to the

lasso and the grouping property does not seem to improve the performance for

uncorrelated covariates.
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Figure 45: Strength at true locations for the lasso estimates and its corrections

for multiplicative error.

7.3 additive meg simulations

Thus far the measurement-error correction methods have shown good perfor-

mance in Monte Carlo studies for both additive and multiplicative error. In

each of these cases however, the simulations have dealt with independent,

non-correlated parameters. Therefore, the highly structured nature of the

leadfield matrix and the naturally correlated covariates in MEG data will

present a much more challenging environment for the measurement-error meth-

ods. Furthermore, the aforementioned properties will be reflected in the type

of measurement-error we would expect in MEG experiments. It is likely that

assuming constant error variance across all locations/orientations represented

in the leadfield matrix is far too simplistic. Instead we will have to deal
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with different error variances for each location as well as potentially correlated

measurement-error for nearby locations.

Before moving to some real data, the measurement-error methods are applied

to some single slice MEG simulations. Starting with additive error, a single

source of strength 5 is simulated for 100 time points. Noise is added to the

data from a normal distribution with mean 0 and variance 3 (the variance level

was chosen to represent data where the signal-to-noise ratio had been increased

through trial averaging). Treating the calculated leadfield matrix as the true

forward model, error is added from a multivariate normal distribution with

mean vector 0p. In order for the variance to differ according to the location,

the error covariance matrix used is a diagonal matrix where each element of the

lead diagonal is the standard deviation of the relative column of the leadfield

matrix. For the minimum norm and sparse regression methods, an estimate

is obtained under no measurement (using the original leadfield) along with

the naive estimate (using the contaminated leadfield) and the corresponding

measurement-error corrected estimate for the conditional score, SIMEX (with

both a linear and quadratic extrapolation function) and corrected elastic net

(including the special cases of the minimum norm and lasso). Under the single

slice simulation we have n = 270 observations and p = 556 covariates. The

plots that follow give the mean estimates for the measurement-error free case,

the naive estimate and the estimate after employing the measurement-error

methods.
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Figure 46: Estimates under no measurement-error, naive estimates and cor-

rected estimates as detailed in chapter 6 (l-r) for minimum norm, lasso and

elastic net (top to bottom). Additive measurement-error.
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Figure 47: Estimates under no measurement-error, naive estimates and condi-

tional score estimates (l-r). Additive measurement-error.
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Figure 48: Estimates under no measurement-error, naive estimates and SIMEX

estimates using a linear and quadratic extrapolation function (l-r). Additive

measurement-error.
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The corrected estimates in Fig. 46 show that the minimum norm remains

relatively unchanged under the additive error. The corrected minimum norm

method is much noisier than either the estimate with the true leadfield or the

naive estimate, although interestingly the strongest pixel is approximately in

the correct location. The main difference between the naive and corrected

estimates is the placement of a stronger peak one pixel away from the true

source location in the corrected case. The elastic net and lasso methods display

much more deterioration in their naive counterparts as the placement of activity

is much wider. In these cases, the corrected method seems to place a single

stronger source among the weaker activity rather than the group of darker

pixels seen in the naive estimate. Unfortunately, the placement of this source

is more peripheral than the naive estimate.

The conditional score method seems to give stronger sources than the naive

estimate as displayed in Fig. 47. For the minimum norm case the conditional

score estimate is noisy, but the peak is almost twice the strength of the naive

equivalent and is placed fairly sensibly. For the sparse methods, where only

the naive selected locations are used, the conditional score rescales and re-

concentrates the estimates a little. This second point is demonstrated by the

assignment of a small number of strong pixels in the conditional score estimate

rather than the larger clump of strong sources in the naive estimates.

Finally, the SIMEX estimates from Fig. 48 seem to show the biggest variation

in performance. The minimum norm SIMEX method gives a slightly rescaled

estimate for both linear and quadratic extrapolations, but is essentially un-

changed otherwise. Given the gentility of the change between the original and

naive estimates, this is not necessarily a bad thing. The SIMEX estimates for

the sparse methods are more varied. For the lasso, elastic net, and to a lesser
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extent PED, SIMEX removes a number of the weaker yellow pixels but also

sees a number of negative sources. The linear extrapolation for the lasso and

elastic net in particular places strong negative sources. In these cases, one of

the components of the pixels source has evidently been over-corrected resulting

in a sign change. As a result, the estimates seem much noisier than those in Fig.

47. The quadratic extrapolation seems more appropriate in these cases and we

end up with much sharper peaks than in the conditional score estimates, but

the placement of the main source peak is a little lower than it should be. The

square root lasso gives the best results from the SIMEX estimates. A number

of the false positives are reduced, the strength of the peak is increased and its

size is more localised.

7.4 multiplicative meg simulations

Moving on to multiplicative measurement-error, the true signal remains un-

changed from the additive case and our new model error is simulated from

a log-normal distribution. Once again, we want the measurement-error vari-

ance to vary according to the location of the corresponding parameter in the

head, therefore each row, Ui, i = 1, 2, ...,n, of the measurement-error matrix,

U, is simulated from lnN(0p, Σu), where Σu is the p× p diagonal matrix with

the elements of the lead diagonal represented by Σu,(i,i) = log(Var(L,i))/4.

i.e. each diagonal element is proportional to the natural log of the variance of

the corresponding column in the leadfield matrix. The multiplicative forms of

SIMEX and the corrected elastic net are performed on the data, whereas the

conditional score is no longer appropriate. Again we compare the measurement-

error method with the naive and uncontaminated estimates.
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Figure 49: Estimates under no measurement-error, naive estimates and multi-

plicative SIMEX estimates using linear extrapolation (l-r).

172



7.4 multiplicative meg simulations

Figure 50: Estimates under no measurement-error, naive estimates and multi-

plicative corrected elastic net estimates (l-r).

From Fig. 49 the SIMEX estimate for the minimum norm has undergone a

rescaling, but otherwise shows little change from the naive. Again though, as

with the additive error, the naive estimate is so close to the standard minimum

norm without measurement-error that it is questionable whether a correction

is needed. The sparse regression methods display a greater need for a correc-

tion as the placement of activity disperses under their naive implementations.

PED shows the most dramatic change as the number of obvious false positives

increases drastically. Some of these points are removed after SIMEX has been

performed, however the most significant change that SIMEX achieved is the

placement of a source at the true location. The naive estimates for the lasso,
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elastic net and square root lasso are very similar and this resemblance is re-

tained with the SIMEX correction. In each of these cases the SIMEX estimate

has a stronger peak and has condensed the main peak of activity to one (or two

in the case of SRL) pixel(s) adjacent to the true source.

Of course, when we move into real data the ground truth is unknown, there-

fore the ‘true location’ is no longer useful as a measure of the performance of

the sparse methods. We can use a numerical metric like the mean square error

to measure how close the fitted values are to the recorded data, however this

will not give us information about the spatial layout of the estimated sources.

Therefore the location of the distributed sources can only be assessed in com-

parison to other methods and our knowledge about the functionality of brain

regions.

The corrected elastic net shows similar properties to SIMEX under multiplica-

tive measurement-error as it places a single stronger peak one pixel above the

true location in both the elastic net and lasso. However there is also an intro-

duction of a number of false positives on the right hand edge of the slice. This

is particularly evident in the minimum norm correction where the strongest

sources have been dragged to the edge. The columns of the leadfield asso-

ciated with these locations have some of the highest variances due to their

proximity to the sensors. Furthermore, given the chosen distribution of the

measurement-error, the correction at these points will be larger. Under multi-

plicative measurement-error, the minimum norm (ridge) case of the corrected

elastic net does not seem appropriate, especially given that the introduction of

measurement-error seems to have very little impact on the performance.

Again the effect of the multiplicative error appears to much less dramatic

than the additive noise. It is possible that the level of multiplicative error used
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works out to be lower than that of the additive measurement-error and from Fig.

51 the smaller values in the leadfield show less divergence in the multiplicative

error. However for larger values in the leadfield, the multiplicative error works

out be larger. Due to the nature of multiplicative error, further increases of

the error variance would result in some extreme values of error for the larger

elements in the leadfield.

Figure 51: Measurement-error contaminated leadfield for additive (top) and

multiplicative (bottom) error. Distributions of the error described in 7.3 and

7.4 respectively.
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7.5 conclusions

In the presence of measurement-error, there is an increase in the number and/or

magnitude of false positives in the estimates chosen by the sparse regression

methods. In single source MEG simulations the estimates were shown to lose

some spatial resolution and wider areas of activity were chosen over the more

precise estimates when there is no measurement-error present. This was par-

ticularly evident in the PED solutions, which became increasingly noisy with

the introduction of error into the model. The lack of precision in the minimum

norm means that the naive estimate shows very little deviation from the error

free estimate, even under substantial measurement-error. Because of this, the

application of measurement-error correction methods to the minimum norm

in MEG appears to achieve very little other than rescaling. Therefore, since

the method appears to be very robust to measurement-error, it seems fair to

conclude that measurement-error correction for the minimum norm is largely

unnecessary.

On the other hand, correction methods seem much more appropriate for the

sparse regression methods since they are more affected by measurement-error.

In simulations involving uncorrelated variables the conditional score (for addi-

tive error), SIMEX and corrected elastic net all show an improvement over the

naive estimate. The latter is particularly effective for multiplicative error but

is obviously restricted to use with the lasso, elastic net and ridge (at a stretch).

The performance of the measurement-error corrections in the highly correlated,

more structured MEG data is much more modest. In these circumstances the

measurement-error methods give a slightly more refined peak with a stronger

source, we also see some adjustment to some of the false positives.
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Therefore it seems like SIMEX, despite the computational issues, is the most

appropriate method as it performs well in the simulations and can be used for

all the sparse methods. The main issue as we move into real data is that the

dimensions dramatically increase. However, using the selection from the naive

estimate and only performing SIMEX on the selected parameters can greatly

alleviate some of the computational burden. The corrected elastic net often

displayed better performance than SIMEX in the simulations, but is restricted

in only being valid for the lasso and elastic net.

If we now consider the use of measurement-error methods for real MEG

data, from the MEG simulations in this chapter it seems reasonable to assume

that multiplicative error is more appropriate than additive error. Due to the

structured nature of the leadfield matrix, an incorrect scaling in the modelling

stage of the forward calculations seems a likely source of error. Furthermore, it

is a reasonable assumption that the error variance will depend on the location

of the parameter in the head. Therefore, for the real data we will continue to

use the variance of the leadfield columns to help infer the measurement-error.
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MEASUREMENT-ERROR IN REAL MEG DATA

Real data brings extra complexity to the measurement-error methods. Along

with the increasing dimensions of the data in MEG we also have to determine

the distribution that the measurement-error follows. Indeed, considering the

form that the measurement-error takes is important to the performance of the

corrections. The methods thus far have assumed that the measurement-error

variance is known, or at least able to be estimated. However, in some cases

knowledge of the data will have to be used to inform the choice of the estimated

measurement-error level.

In the applications to the real MEG data, a multiplicative model is a sensible

choice for the measurement-error, i.e. lnN(0, Σu). The multiplicative model

allows us to introduce error into the leadfield that is proportional to the size of

the original elements of the matrix. Since the size of the elements of the leadfield

matrix vary massively according to their location, the addition of uniformly

variable errors makes little sense. The log-covariance matrix Σu was chosen to

be a diagonal matrix with lead diagonal elements, Σu,(i,i) = log(Var(L,i)+ 1)/5

in a similar way to the previous MEG simulations (the addition of the +1 was

added to ensure the column variances of L were > 1). From the analysis

in section 2.4.2 we can see that the estimates from the sparse methods are

178



measurement-error in real meg data

fairly smooth. This suggests that any error in the leadfield is fairly moderate.

Increasing the values in Σu significantly leads to some rather extreme values

when sampling from the log-normal distribution. Therefore, the matrix Σu was

chosen to be able to account for fairly modest measurement-error in our real

data.

The main computational challenge for the measurement-error methods when

moving to real data is the increase in dimensions involved in the data. For

the five slices chosen for source localisation in our data there are 2734 po-

tential locations/orientations of interest. Under ideal circumstances with no

measurement-error, dramatic increases in the number of covariates will result

in slower estimation. However, for the measurement-error methods the issues

of estimation time will be more acute. For example in our SIMEX estima-

tion we use 50 repetitions at each of 4 levels of increasing measurement-error,

meaning that we are required to make 200 estimates in addition to the original

naive estimate. For that reason, the corrections for the sparse methods will be

performed using the chosen locations from the original estimates. The multi-

plicative forms of the corrected elastic net and SIMEX methods are applied to

the data previously used in chapter 2. Our analysis is restricted to the primary

period of activity in the data between time points 76 and 200.
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Figure 52: Top to bottom; naive MN, corrected MN, naive lasso, corrected lasso,

naive EN, corrected EN. Columns from L-R lowest slice to highest slice in head.

180



measurement-error in real meg data

Figure 53: Top to bottom; naive MN, SIMEX MN, naive lasso, SIMEX lasso,

naive EN, SIMEX EN. Columns from L-R lowest slice to highest slice in head.
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Figure 54: Top to bottom; naive SRL, SIMEX SRL, naive PED, SIMEX PED.

Columns from L-R lowest slice to highest slice in head.

The SIMEX estimates for the real data are very much a continuation of the

results shown in simulations. As we have come to expect there is a rescaling

of parameter estimates and whilst that is the only noticeable difference in the

minimum norm estimates, there are a few subtle changes in some of the sparse

methods. The SIMEX elastic net estimate has removed the dark blue patch

of activity in the lowest slice and has a much more defined peak in the top

slice. The SRL SIMEX estimate also places a little less activity in the lowest

slice. Additionally, the sparse SIMEX estimates (with perhaps the exception
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of PED) assign less noticeable activity in the middle slices, demonstrated by

fewer yellow pixels.

The corrected elastic net and lasso display similar minor changes to the

SIMEX estimates, with the elastic net again removing the darker blue activity

placed in the lowest slice and assigning the primary activity in the upper slice.

The most evident change is in the corrected minimum norm which brings the

distribution of activity much more into line with the sparse methods. However,

the placement of activity at the very edge of the top slice does reinforce the sug-

gestion from the MEG simulations previously in this chapter that the corrected

minimum norm is somewhat biased towards the edge locations.

Comparing the two measurement-error approaches, the estimates for the

SIMEX and corrected forms of the lasso and elastic net are very similar, al-

though the differences from the naive estimate are very limited. The corrected

lasso/elastic net estimates are a little sparser than the SIMEX equivalents, al-

though that is probably to be expected from the nature of the SIMEX method.

Although the impact of the measurement-error methods was limited in the sim-

ulations, there was some re-distribution of the estimated sources either in a

more localised peak or the removal of some peripheral locations from the esti-

mate. The lack of significant change between the measurement-error methods’

estimates and the naive does highlight the choice of the measurement-error vari-

ance. The measurement-error level was chosen to be moderate in comparison

to the size of the leadfield elements, but still a significant size for log-normal

error. Therefore, either the original estimates were close to optimal even ac-

counting for measurement-error, or the error level chosen was too conservative.

The difficulty of choosing the correct level of measurement-error for the data

will be discussed in the next section.
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8.1 conclusions

MEG data presents a very challenging set of circumstances for traditional meth-

ods of statistical estimation. The dimensions involved in the data far exceed

the number of observation channels that are feasible, and the spatial nature

of the covariate information naturally translates into high correlation between

locations in the brain. Therefore, it is important that any methods applied to

MEG data are able to deal with high dimensions, the potential for correlation

and large amounts of noise. The sparse regression methods generally showed

good results when applied to some real MEG data and the placement of activity

was consistent with the widely used beamformer and minimum norm methods.

The signal leakage found in the minimum norm is certainly not as evident, as

the estimates of activity from sparse methods are much more localised. The

best performing sparse methods seem to be the square root lasso, and those

that have a grouping property, namely the elastic net and PED. These methods

seem to go some way to addressing the issues that the standard lasso has in

MEG problems. As we discussed in section 2.5 we often get spiky, discontin-

uous time courses from sparse methods due to treating each time point as an

independent observation. This is a particular problem in the case of the lasso

due to the spatial instability that results from its treatment of correlated vari-

ables (Huang et al., 2006; Zou and Hastie, 2005). The inclusion of a grouping

property ensures that some consideration is given to the correlation structure

of the variables and seems to give smoother results. Interestingly, the square

root lasso seems to perform much better than the standard lasso in this regard

despite having the same penalty.
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Interpreting the results for real data brings other challenges. Along with

the dimensions involved in real MEG data, whereby methods such as SIMEX

become increasingly expensive forcing us to work with a reduced parameter

space, we also have unknowns that naturally accompany non-simulated data.

Determining the levels of measurement-error that are appropriate for a given

dataset, or indeed whether there is measurement-error present, represents the

primary challenge. This does pose interesting questions over the suitability of

even multiplicative measurement-error for MEG. Due to the structural com-

plexity of the leadfield matrix it is very possible that the measurement-error

associated with it is also structured in some way. Two of the most likely sources

of error are leadfield modelling inaccuracies and movement of the head in the

scanner, which results in co-registration errors. Indeed, recent work on physical

measures to restrict this type of head movement has been undertaken in order

to address a source of model error (Meyer et al., 2017). Consideration of head

movement for the framework of measurement-error would require some inves-

tigation of the effect of rotational movement on the forward model. Therefore

normal or log-normal measurement-error would perhaps be too simple for mod-

elling this situation. Pursuing this line of investigation would also bring the

challenge of adapting the existing measurement-error framework and methods

to cover a more structured error.

One way of assessing the impact of measurement-error on MEG estimation

would be to employ sensitivity analysis. Sensitivity analysis allows us to test

how robust our model is to uncertainty and identify which inputs in the model

are the most sensitive to error (Chatterjee and Hadi, 2009). From sensitivity

analysis we should also be able to make some inference about the suitability of

different levels of measurement-error to the data. Such approaches have been
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used for a variety of data types where measurement-error is common(Levine,

1985; Willemsen et al., 1991; Greenland, 1996; Agogo et al., 2016).
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In this thesis we have focused on bringing together the statistical concepts of

sparsity and measurement-error in the context of MEG data. These two areas

of investigation have particularly interesting applications to MEG due to the

size of the datasets involved and the importance of forward modelling accuracy

in the estimation process.

Sparse regression methods are widely used in statistics for situations where

the dimensions of the data are large or when a number of the covariates in a

model should be set to zero. Nevertheless the use of sparse regression in MEG

has been limited. The `1 penalised lasso, which is known as the minimum cur-

rent estimate in the MEG literature, has been shown to suffer from a number

of issues when it comes to MEG data (Uutela et al., 1999). Chief among these

is an insensitivity to the source location which results in a lack of smoothness

in the lasso estimate over both spatial and temporal planes. Consequently the

MEG community have developed some alternative methods for employing the

`1 norm minimisation whilst retaining smooth solutions. These methods fre-

quently make use of the singular value decomposition of the data. For example

VESTAL (Huang et al., 2006, 2014) involves a projection of the minimisation

onto a subspace defined by the most important singular vectors of the data,
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resulting in smoother time courses (we briefly outline this method at the end

of section 2.5). Another approach was taken by Ou et al. (2009), who applied

a group norm to the problem. The sources were expressed using a linear combi-

nation of orthogonal basis functions over which the `2 norm was applied. The

`1 norm was then used to give spatial sparsity (Hamalainen et al., 2010).

Similarly, Tian et al. (2012) proposed a method that produces a raw estimate

of the source time courses and then refines the estimate with a two-way reg-

ularisation. This involves iteratively optimising with a penalty on the spatial

coefficients (typically an `1 norm) and a smoothing penalty of the temporal

features. Considerations for including temporal information into MEG inverse

modelling extend beyond producing spatially sparse but temporally smooth

solutions. It is a reasonable assumption that a sources current state will de-

pend to some extent on its previous evolution, therefore a significant area of

MEG modelling looks at reflecting this through statistical models. Two exam-

ples of recent statistical approaches that include temporal dependent sources

are Yao and Eddy (2014) and Solin et al. (2016). The former assumes that the

sources (and therefore the data that depends on the sources) follow a first order

Markov process to produce a probabilistic time-varying source model. Solving

the inverse problem then involves using importance sampling methods to find

the posterior source model. Solin et al. (2016) used Gaussian process priors

with separable covariance functions for the spatial and temporal components

of the model. This results in spatio-temporal regularised solutions. Both these

approaches employ Bayesian methods to give a predictive distribution for a

source at a particular location and point in time.

The issues with the lasso in MEG lie in its dealing of correlated covariates,

however we found that the sparse methods that give some consideration to the
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spatial correlation give much smoother solutions. The elastic net, PED and

SRL all give some balance between sparsity and smoothness. In this regard,

the elastic net is the most flexible as it allows different mixing ratios between

the two penalties.

Studies into measurement-error have largely focused on devising methods of

correction under the standard n > p regression framework. The performance

of the lasso under measurement-error has been investigated by Loh and Wain-

wright (2012), and Sørensen et al. (2015), with the latter also giving some dis-

cussion to a conditional scores lasso, but generally investigation into the effects

of measurement-error in high dimensional data has been limited. We found

that, whilst the smooth ridge estimate was largely unaffected by measurement-

error in MEG problems, the naive forms of the sparse regression methods suffer

from selection issues when measurement-error is introduced. This results in at-

tenuation bias and the introduction of an increasing number of false positives.

The PED estimate is particularly affected by false positives.

In regards to the measurement-error correction methods, we found that the

conditional score, SIMEX and corrected estimates were an improvement over

the naive sparse estimates in simulations with uncorrelated covariates. Our ex-

tension of the corrected lasso to the elastic net was found to give performance

in line with the results of Sørensen et al. (2015), although the corrected lasso

remains the better choice for uncorrelated covariates. Despite the general im-

provement, the correction capabilities of the measurement-error methods are

largely restricted to addressing attenuation bias and are limited when it comes

to selection adjustment. The main issue when correcting sparse estimates is

that the measurement-error correction methods tend to increase the magnitude

of the false positives in addition to the true positives. Thresholding can be used
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to remove some of these false positives, but there is also the risk of removing

important covariates and further work needs to be done to address the issues

with selection under measurement-error.

Whilst the measurement-error methods provide good correction in uncorre-

lated covariates, the improvement for correlated variables is much less evident.

The complexity of MEG data provides a major challenge to the measurement-

error methods and the evidence of improvement over the naive estimate in MEG

simulations is limited. In real data studies the correction methods rescaled the

estimates and some of the deeper placed activity was removed, but the distri-

bution of activity was largely unchanged. This may mean that the original

estimates were close to the truth, or the correlation structure of the MEG data

may be too challenging for the methods to provide meaningful corrections.

Going forward one of the areas for further study would be looking at more

structured, complex forms of measurement-error. As we mentioned in section

8.1 it is likely that the key sources of error in the MEG models are not ade-

quately modelled by normally or log-normally distributed error. The important

question for MEG error investigation would be how to represent the modelling

uncertainty of the leadfield matrix. Of course there is always going to be some

element of abstraction in the modelling of something as complex as the be-

haviour of magnetic fields in the human brain, but being able to account for

this modelling uncertainty during the estimation process could lead to more

accurate solutions.

The focus of our work on measurement-error was on its interaction with

the sparse methods. In particular we looked at how the sparse methods were

affected by measurement-error and how we could correct any effects. Conse-

quently we have given little attention to the performance of the beamformer
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under these circumstances. We briefly investigated the theoretical performance

of the beamformer at the true location/orientation (see Appendix A), but

this work could be extended to look at non-source locations or to include

measurement-error in the beamformer. Also, as the beamformer can be viewed

as a special case of a weighted least squares, it seems reasonable that we could

modify our measurement-error methods so that they are suitable for beam-

former correcting. In general, there is a lack of statistical theory around the

beamformer. This is particularly important for multiple sources, where the im-

pact of spatio-temporal factors on the beamforming performance is of interest.

Zhang et al. (2014) (see also Zhang, 2015; Zhang and Liu, 2015) introduced a

beamformer based on covariance thresholding and developed asymptotic the-

ory for the relationship between beamformer performance and the spatial and

temporal dimensions. Furthermore, Zhang (2015) proposed a threshold on the

beamformer normalised power that was shown to have the sure screening prop-

erty (Fan and Lv, 2008).

Finally, our implementation of the sparse methods in real MEG data raised

the question of how to include depth/noise weighting into our methods. Since

the sparse methods require linear programming schemes in order to arrive at

a solution, the problem of introducing a weighting into the sparse estimates is

not necessarily trivial. As we discussed in section 2.5, using a similar reasoning

to the weighted beamformer/minimum norm leads to requiring an optimised

weight matrix. An alternative approach is to only weight the penalty term, so

that certain locations are more heavily penalised than others. An example of

this is already present in the VESTAL method in the minimisation of a weighted

`1 norm (Huang et al., 2006). This is a similar approach to the adaptive lasso
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(Zou, 2006), which would probably be a good starting point for developing

weighted sparse methods.
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A
APPENDIX : BEAMFORMER DISTR IBUT IONAL THEORY

Since the beamformer method takes a very different approach to many, more fre-

quently used statistical methods, it is of interest to investigate some theoretical

performance of the method. Therefore, we now look to examine the distribu-

tional properties of the beamformer estimate. We will focus on the derivation

of the approximate distribution at the true location/orientation, however the

same reasoning can be followed to investigate non-source locations. We use the

Taylor series expansion for the distribution approximation. If we consider the

MEG model, we can write it as

d = Ls + ε = µ+ ση

so that µ = Ls, σ is the standard deviation of ε and η is standard normally

distributed. We want to find a Taylor approximation of

Q̂θ =
(
LTθ Cd

−1Lθ
)−1

LTθ Cd
−1(µ+ ση) = wT

θ (µ+ ση)

where Cd =
1
T

∑T
i=1 didTi . In the following expansion we will drop the subscript

θ from vectors/matrices Q̂, w, L for the sake of brevity. Nevertheless the expan-

sion represents the approximate distribution for a given location/orientation θ.
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Starting with the matrix Cd,

Cd =
1
T

T∑
i=1

didTi =
1
T

T∑
i=1

(µ+ σηi)(µ+ σηi)
T

= µµT + σ(µη̄T + η̄µT ) +
σ2

T

T∑
i=1
ηiη

T
i ,

and η̄ = 1
T

∑T
i=1 ηi. Taking B = µµT , although in reality this will also be

regularised, we now write Cd = B + σ(µη̄T + η̄µT ) + σ2

T

∑T
i=1 ηiη

T
i . We can

then take out a factor of B and subsequently use a power series expansion (up

to terms of order σ2) to expand the inverse of Cd,

C−1
d =

B

I + σB−1(µη̄T + η̄µT ) +
σ2

T
B−1

T∑
i=1
ηiη

T
i

−1

= B−1 − σB−1(µη̄T + η̄µT )B−1 − σ2

T
B−1

(
t∑
i=1
ηiη

T
i

)
B−1

+ σ2B−1(µη̄T + η̄µT )B−1(µη̄T + η̄µT )B−1.

We then write this as (B−1 + σD), where

D =−B−1(µη̄T + η̄µT )B−1 − σ

T
B−1

(
t∑
i=1
ηiη

T
i

)
B−1

+ σB−1(µη̄T + η̄µT )B−1(µη̄T + η̄µT )B−1.

Then LTC−1
d L = (E + σLTDL), where E = LTB−1L. Then using the same

procedure as before, the inverse of (LTC−1
d L) is expanded,

(LTC−1
d L)−1 = (E + σLTDL)−1 =

[
E(I + σE−1LTDL)

]−1

= E−1 − σE−1LTDLE−1 + σ2E−1LTDLE−1LTDLE−1.

Consequently,

wT = (E−1 − σE−1LTDLE−1 + σ2E−1LTDLE−1LTDLE−1)

×LT (B−1 + σD)

= E−1LTB−1 + σ
[
E−1LTD−E−1LTDLE−1LTB−1

]
+ σ2

[
E−1LTDLE−1LTDLE−1LTB−1 −E−1LTDLE−1LTD

]
.
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The beamformer estimate for the ith time point is then

Q̂i = (LTC−1
d L)−1LTC−1

d di

=
(
E−1LTB−1 + σ

[
E−1LTD−E−1LTDLE−1LTB−1

]
+σ2

[
E−1LTDLE−1LTDLE−1LTB−1 −E−1LTDLE−1LTD

])
(Lsi + σηi)

= E−1LTB−1Lsi + σ
[
E−1LTB−1ηi + E−1LTDLsi

−E−1LTDLE−1LTB−1Lsi
]

+ σ2
[
E−1LTDηi + E−1LTDLE−1LTDLE−1LTB−1Lsi

−E−1LTDLE−1LTB−1ηi −E−1LTDLE−1LTDLsi
]

.

Recalling that E = LTB−1L, the first term will simplify, the second and

third terms of σ and second and fourth terms of σ2 will cancel. We are then

left with,

Q̂i = si + σE−1LTB−1ηi + σ2
[
E−1LTDηi −E−1LTDLE−1LTB−1ηi

]
.

We now need to substitute D back into the expansion. However, since we are

only working up to terms of order σ2, the only term we need to be concerned

with is −B−1(µη̄T + η̄µT )B−1. Substituting this in, and using the fact that

µ = Ls, gives

{Q̂i;O(σ2)} = E−1LTB−1(µη̄T + η̄µT )B−1LE−1LTB−1ηi

−E−1LTB−1(µη̄T + η̄µT )B−1ηi

= E−1LTB−1(µη̄T + η̄µT )B−1[LE−1LTB−1 − I]ηi

= sη̄TB−1LE−1LTB−1ηi − sη̄TB−1ηi

+ E−1LTB−1η̄sT (LTB−1LE−1LTB−1 −LTB−1)ηi

= sη̄TB−1[LE−1LTB−1 − I]ηi,

using E = LTB−1L.
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Therefore, the final expansion of the beamformer estimate up to σ2 order

terms is;

Q̂i = si + σE−1LTB−1ηi + σ2sη̄TB−1[LE−1LTB−1 − I]ηi,

where B = Ls(Ls)T and E = LTB−1L. Note, that these two matrices are the

only two objects that need to be inverted through the process of the expansion.

This therefore means that we require the matrix B to be invertible. In prac-

tice, this matrix will also incorporate any regularisation that is included in the

covariance matrix.

The σ2 term depends on the number of time points T through the sample

mean η̄. Therefore for sufficiently large T , η̄ → 0 and hence the σ2 term will

approach zero. Furthermore, any terms of higher order of σ will be divided by

powers of T and will also approach zero as our sample length increases.

The first order expansion then informs our approximate distribution,

Q̂ ∼ N(s,σ2E−1LTB−1B−1LE−1).
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