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Abstract

An empirical force-field based on the Murrell-Mottram potential is devel-

oped to model the vibrational spectroscopy of carbon nanomaterials. The

resultant potential accurately simulates the structure and vibrational fre-

quencies of carbon nanomaterials. When combined with the Empirical

Bond Polarisability model it is able to simulate the Raman spectroscopy of

single walled carbon nanotubes and graphene. A wide variety of systems

are studied including the Raman spectroscopy of carbon nanotube junc-

tions, nanocones and stone-wales defects. Three different approaches to

model carbon nanomaterials are investigated, namely finite, periodic and

tethered in simulations and their effect on computing the structure and vi-

brational properties of carbon nanomaterials is examined. The vibrational

spectroscopy and properties of carbon nanotubes under strain is then stud-

ied and frequency-strain relationships are determined.

This new potential is then extended to model multi-layer carbon nanoma-

terials through the inclusion of dispersion interaction. The new potential

is shown to accurately describe the structure and frequencies of few-layer

graphene and graphite, and subsequently, multi-walled carbon nanotubes,

carbon nanomotors and graphitic nanofibres are studied.
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Chapter 1

Introduction

In this section an overview of the main background and origins of nanotech-

nology is given, the theory of Raman spectroscopy as a tool for investigating

molecular and material properties is presented and an introduction to car-

bon nanomaterials focusing on their structure and vibrational spectroscopy.

1.1 Nanotechnology

Since Richard Feynman’s lecture in 1959, “There’s plenty of room at the

bottom: An invitation to enter a new field of physics”1 the idea of minia-

turisation he introduced has evolved into nanotechnology. The prefix nano

in the metric scale is 10−9 meters, a level at where we look at materials

from the atomic and molecular perspective. Today, nanotechnology has

become a leading scientific field in both academic research and industry.

This is because it combines knowledge from the fields of Physics, Chem-

istry, Biology, Medicine, Informatics, and Engineering.

Nanoscale science exploits and utilises phenomena, properties, and re-
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sponses of nanoscale objects and materials. The range of sizes generally lie

between 1 and 100 nm and at these scales, particularly below 5 nm, the

properties of matter can differ significantly from its bulk state owing to

quantum-scale effects, which can play an important role in its properties.

Hence the goals of nanotechnology include the design, manipulation, build-

ing and production as well as the development of nanoscale materials and

their applications through controlling the shape and size, response proper-

ties and functionality of these structures. The assembly of such materials

will allow us to form electronic and mechanical devices on the order of less

than 100 nm.

Nanotechnology is an emerging technology that has the possibility to

advance the existing base of well-established products. It presents the ca-

pability to create a plethora of new 21st century devices with totally new

characteristics and functions with enormous potential in a wide range of

applications. Advanced nanoscale materials are expected to have a huge

and long-term impact on human life in the future through not just sci-

entific breakthroughs, but also economical, ethical and societal aspects.

Nanotechnology research will likely continue into the future and lead to

new levels of knowledge of materials at such small scales. This new under-

standing will undoubtedly enable us to bridge the link between man-made

materials and nature. At the nanoscale, humans have only had the last

hundred years or so, whereas nature has had millions to master the art of

efficiency, functionality and operation at the nanoscale to fully exploit it.

Hence much of the inspiration and drive in nanotechnology comes from the

natural world around us.
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The future of nanotechnology is becoming more promising from its

various industrial uses, great innovations are foreseen in information and

communication technology, biology and biotechnology, medicine and med-

ical technology and metrology to name a few. Significant applications of

nanosciences and nanoengineering lie in the fields of pharmaceutics, cosmet-

ics, processed food, chemical engineering, high-performance materials, elec-

tronics, precision mechanics, optics, energy production, and environmental

sciences. It has the potential to revolutionise many commercial technolo-

gies including many day-to-day products like metals, ceramics, polymers,

smart textiles, cosmetics, sunscreens, electronics, paints and varnishes.2

Nanotechnology is clearly a science with huge potential and great ex-

pectations. Nanomaterials bring new possibilities for tailoring the opti-

cal, electronic, mechanical, chemical and magnetic properties. In order for

nanotechnology to reach its full potential, the capability to characterise

these complex nanosystems is required. Highly sophisticated nanoscale

precision metrology tools are required to achieve this. The advances in

nanomaterials necessitate parallel progress of the nanometrology tools and

techniques in both experimental and theoretical approaches. Examples of

important nanometrology tools include spectroscopic and microscopic tech-

niques such as Raman spectroscopy,3 X-ray photo-electron spectroscopy,4

scanning probe microscopy5 and transmission electron microscopy.6 The

continued development of these methods has led to better spectral and spa-

tial resolution, contrast and sensitivity for elements and molecular species,

with capabilities to work in situ, at ambient air and/or in liquid surround-
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ings.7–9 Alongside this, theoretical treatment of these techniques are es-

sential to enable in-depth interpretation and assignment of features and

processes observed in experimental spectra and micrographs.

The work presented in this thesis focuses on the theoretical treatment

and simulations of carbon nanomaterials. In particular, models to simulate

the Raman spectroscopy of carbon nanomaterials to aid in the characteri-

sation and understanding of this widely investigated class of nanomaterials.

These materials have many potential applications including conductive and

high-strength composites; energy storage and energy conversion devices;

sensors; field emission displays and radiation sources; hydrogen storage

media; and nanometer-sized semiconductor devices.10

1.2 Principles of Raman Spectroscopy

Raman spectroscopy11 is one of the most important and widely used ana-

lytical techniques in chemistry and materials science. It is primarily used

to obtain chemical information on the structure and bonding in materials.

It is a technique in which many forms of a sample can be studied from

solids, powders and surfaces to solutions, liquids and gases. It also has the

ability to interrogate materials under a range of conditions such as varying

temperature and pressure. Consequently, this technique has found a vari-

ety of uses across many scientific fields.

In Raman spectroscopy, an incident photon of a single colour (fre-

quency) is scattered by a material. Most of the light is elastically scattered

off with no change in colour (Rayleigh scattering), but a small fraction
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is inelastically scattered with a slightly different colour and this is known

as Raman scattering. This originates from either a decrease in frequency

called a Stokes Raman scattering (if the light loses energy to the material)

or from an increase in frequency (if the light gains energy from the mate-

rial) called an anti-Stokes Raman scattering. The process can be regarded

as taking place by an excitation of the material to a wide range of higher

energy virtual states and the subsequent return of the material to a lower

state; the net energy change is then carried away by the photon that is

scattered and observed.

At the atomic level, we can interpret the Raman effect as the interac-

tion of the electric field of the incident light, distorting and polarising a

molecule or material’s electron cloud, inducing a dipole moment, causing it

to undergo transitions to a higher energy “virtual state”. Raman scattering

results in the release of a scattered photon with a different energy to the

incident photon; the difference in energy is equal to the discrete vibrational

transitions a molecule or material can undergo. The transitions accompa-

nying Rayleigh and Raman scattering mechanisms are illustrated in figure

1.1. It is important to note in the Raman mechanism that light is scat-

tered not absorbed and the molecule is never excited to a higher electronic

state, and the “virtually excited” description is a misrepresentation of the

process. This can often lead to confusion between the difference between

fluorescence and Raman. The key difference can be easily proven experi-

mentally whereby fluorescence can be quenched whereas Raman scattering

cannot since a molecule never absorbed the light to be in an excited state.
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Figure 1.1: The different possibilities of light scattering: Rayleigh scat-

tering (no exchange of energy: incident and scattered photons have the

same energy), Stokes Raman scattering (atom or molecule absorbs energy:

scattered photon has less energy than the incident photon) and anti-Stokes

Raman scattering (atom or molecule loses energy: scattered photon has

more energy than the incident photon).

A Raman spectrum is usually measured as a function of frequency (or

Raman shift) with an associated intensity. The shifts in the frequencies of

the Raman scattered light is characteristic of the system being measured

and hence by plotting the intensity of this “shifted” light against frequency,

a Raman spectrum is generated (an example is shown in figure 1.2), pro-

viding a unique fingerprint enabling the characterisation of materials. At

room temperature, the thermal population of vibrationally excited states is
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Figure 1.2: An example Raman spectrum of a C60 film.12

normally low. Therefore, the initial state is usually the ground vibrational

state, and the scattered photon will have lower energy than the exciting

photon. This Stokes shifted scattering is what is usually observed in Ra-

man spectroscopy experiments.

The intensity of a Raman vibrational transition depends on the cor-

responding vibrational mode and the change in polarisability during its

vibrational mode coordinate. More quantitatively, the Raman intensity of

a mode is proportional to the square of the derivative of polarisability, α

with respect to the vibrational mode coordinate, q.

IRaman ∝
(
∂α

∂q

)2

(1.1)

Hence only vibrations with an associated change in polarisability will be

observed in Raman spectroscopy. Raman spectroscopy is a complemen-
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tary technique to infrared spectroscopy where vibrational modes associated

with a change in dipole moment are observed. Consequently, Raman spec-

troscopy can probe vibrational modes that are IR inactive. The frequency

of the vibrational transitions depends on the mass of the atoms involved

in the vibration and the strength of the bonds involved, providing insight

into structure and bonding in materials as well as information about the

environment and its effect on the system of interest.

1.3 Raman Spectroscopy of Carbon Nano-

materials

In recent years carbon nanomaterials have revolutionised the field of ma-

terial science and this has been recognised by Nobel prizes in two separate

fields. The first award was the Nobel prize in chemistry in 1996 for the

discovery of fullerenes,13 and more recently the 2010 Nobel prize in physics

for groundbreaking experiments regarding the two-dimensional material

graphene.14 Carbon occurs in many forms and the dependence of its prop-

erties on each form is linked to the special and unique structure it adopts,

making carbon a truly versatile building block for nanomaterials. The rea-

son carbon has this nature originates from its distinct types of valence

bonding modes it can take part in, referred to as hybridisation states from

a chemist’s perspective. For this reason, carbon has been investigated for

more than half a century without exhausting novel science and challenges.

With the dawn of nanoscience, the search for new properties for carbon

nanostructures tailored for modern applications has become increasingly

important. Individual carbon nanomaterials offer a wide range of useful

9



properties, for example, electrical conductance, thermal resistance, and ex-

ceptional strength, making them very interesting materials for use in a

broad range of industries and disciplines for applications in the physical

sciences and engineering.

The high-level of interest in the processing, modification, and customi-

sation of these carbon materials has created a strong demand for tech-

niques that can be used to characterise them. Raman spectroscopy is a

method well suited to characterise key elements of these materials. Ra-

man is very sensitive to highly symmetric covalent bonds with little or no

natural dipole moment. The carbon-carbon bonds that make up these ma-

terials fit this criterion perfectly and as a result, Raman spectroscopy is

highly sensitive to these materials and able to provide a wealth of infor-

mation about their structure, bonding and environments as well providing

non-equilibrium properties.

Raman spectroscopy has played an important role in the study and char-

acterisation of graphitic materials, historically it has been widely used over

the last four decades to characterise pyrolytic graphite, carbon fibres,15

glassy carbon, pitch-based graphitic foams,16,17 nanographite ribbons,18

fullerenes,19 carbon nanotubes20,21 and graphene.22 A major advantage of

Raman spectroscopy that has allowed its broad application is that it’s a

non-destructive and contactless measurement.

There are a wide variety of different carbon nanostructures possible,

all of these materials are made up of pure carbon and are referred to as

10



(a) Single layer graphene (b) Carbon nanotube

(c) Fullerene (d) Diamond

Figure 1.3: Representative structures of some carbon allotropes.

allotropes. The range of these structures starts with the well-known di-

amond and graphite, and continues on to encompass fullerenes, graphene

and carbon nanotubes (see figure 1.3) as well as their multi-layer (or few-

layer analogues) such as multi-wall carbon nanotubes (see figure 6.1).

The focus of this thesis is carbon materials comprised of sp2 nanocar-

bons such as graphene and carbon nanotubes. Raman spectroscopy can

give information about size, clustering of the sp2 phase, the presence of

sp2-sp3 hybridisation and the presence of chemical impurities, elastic con-

stants, defects and other crystal disorder properties, edge structure, strain,

11



number of graphene layers, nanotube diameter, chirality, curvature, and

finally determine the metallic vs semiconducting behaviour. Hence Raman

has become an indispensable and routinely used tool for the study of these

materials.

To understand the link between structure and the Raman spectroscopy

of sp2 carbon nanomaterials it is important to first define and understand

the geometrical properties and structures of these systems. Graphene is a

2-dimensional single carbon layer in a honeycomb lattice arrangement with

a planar hexagonal network of carbon atoms based on purely sp2 bonding.

If we stack up sheets of graphene, we get its bi-, tri-, few-layer analogues

and eventually 3-dimensional graphite are formed. Alternatively, rolling

up a single graphene sheet leads to the formation of 1-dimensional carbon

nanotubes which are seamless cylinders of graphene with nanometer-size

diameters and can consist of single or concentric multi-layers. The bonding

in carbon nanotubes has some sp3 character owing to the curvature in the

tubular structure. Subsequently, this leads to topological constraints in the

circumferential direction, and the small amount of sp3 bonding causes the

force constant in the circumferential direction to be slightly weaker than

along the nanotube axis.

Although the basic shape of a carbon nanotube is cylindrical, we need

two indices (n,m) to fully identify and characterise a carbon nanotube.

The rolling of a single graphene layer into an idealised single-walled carbon

nanotube can be viewed as being formed by rolling up a graphene sheet

along the chiral vector (n,m), where n and m are numbers of the two lattice

12



vectors a1 and a2 of graphene needed to construct the chiral vector, Ch, see

figure 1.4. The chiral vector, Ch, is given by,

Ch = na1 +ma2 (1.2)

The length of Ch equals the circumference of the resulting single walled

Figure 1.4: The chiral vector of a (6,2) single-walled carbon nanotube.

Rolling up the graphene sheet along this chiral vector forms the chiral

(6,2) nanotube. The translational vector, T, is perpendicular to the chiral

vector. The two lattice vectors of graphene, a1 and a2, are also shown. The

achiral nanotubes (n, n) and (n, 0) are commonly referred to as armchair

and zig-zag nanotubes, respectively.

carbon nanotube. Thus, the carbon nanotubes’s diameter d is given by:

d =
|Ch|
π

=
a0

π

√
n2 + nm+m2 (1.3)

Here, a0 = 2.46 Å, which is the lattice constant of the graphene honeycomb

13



lattice. All physical properties of a given carbon nanotube ultimately de-

pend on the two numbers n and m, and different atomic structural motifs

result from various choices. The translational vector (T ) is perpendicular

to the chiral vector and thus parallel to the tube axis. The two-dimensional

symmetry of graphene means that (n,m) is equivalent to (m,n), therefore

by convention n is always set larger than or equal to m. Depending on

the values of n and m, single wall carbon nanotubes can be achiral or chi-

ral: (n, n) have armchair edges and (n, 0) have zig-zag edges and both of

these nanotube types are achiral. General carbon nanotubes of the form

n > m > 0 are chiral, examples of these structures are shown in figure 1.5.

(a) Armchair (8, 8) (b) Zig-zag (0, 15) (c) Chiral (15, 3)

Figure 1.5: Example structures of achiral and chiral carbon nanotubes.

The (n,m) indices of a carbon nanotube, can be also used to charac-

terise their electronic structure, where for metallic tubes, the indices satisfy

(n − m = 3q) where q is integer values including 0 and for semiconduct-

ing, q, takes non-integer values. Likewise, the individual constituents of

multi-wall nanotubes or single-wall nanotube bundles can be metallic or

semiconducting as well.

Raman spectroscopy is an ideal probe to interrogate carbon nanoma-

terials in order to characterise the structural and electronic properties of

14



a carbon nanotube and graphene. Key modes in the Raman spectroscopy

of carbon nanotubes and graphene are the G-band, D-band and the radial

breathing mode (RBM) (only in carbon nanotubes). The G-band arises

from planar vibrations of the carbon atoms and is the most intense band,

and is present in both graphene and carbon nanotubes. For carbon nan-

otubes this band can split into the G+ and G− bands, which correspond

to in-plane movements along and perpendicular to the carbon nanotube

axis. The G-band can be used to determine whether a carbon nanotube

is metallic or semiconducting, and allows for the qualitative assignment of

the chiral indices of a carbon nanotube. The RBM corresponds to the co-

herent expansion and contraction of carbon atoms in the radial direction,

and the frequency of this mode is known to depend on the diameter of

the carbon nanotube. A further very weak band is the disorder-induced

D-band, which is associated with sp3 defects and its intensity can be linked

to defect disorder.23 The visual representations and details of these modes

are given in chapter 3.
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Chapter 2

Theoretical Methods

This chapter introduces the background to the theoretical and computa-

tional methods utilised and applied in this thesis. This includes a de-

scription of empirical potentials including existing carbon-carbon poten-

tials with a focus on the Murrell-Mottram Potential, the calculation of

vibrational frequencies, the empirical Bond Polarisabilty Model and den-

sity functional theory. The information in this chapter has been based on a

number of sources, including Introduction to Computational Chemistry by

F. Jensen24 and Essentials of Computational Chemistry by C. Cramer.25

Following this, a section detailing the implementation of these theories is

presented including the algorithms and software logistics.

2.1 Empirical Potentials

2.1.1 Force-Field Methods

In order to study the spectroscopy of molecules and materials, we need to

accurately describe how atoms in molecules and materials interact. This

is commonly achieved using quantum chemical methods. However, these
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types of methods are of high complexity are too computationally expen-

sive to be applied carbon nanomaterials due to the extremely large system

sizes in both time and computational requirements. Alternatively, in the

context of vibrational spectroscopy, we can purely describe the way atoms

interact using force-field methods with a simplified model, which enables

us to model these large systems at the fraction of the computational cost

and complexity in quantum chemical methods.

Force-field methods employ empirical potentials to provide a convenient

and computationally inexpensive route to model the energy of a given nu-

clear configuration. This provides access to the potential energy surface,

bypassing the need to solve the Schrödinger equation. This is achieved by

approximating the potential between atoms with parametric functions of

the nuclear coordinates and fitting the parameters to experimental or high-

level computational data. In these potential models, systems are made of

only atoms and electrons are not considered explicitly. Consequently, the

parameters chosen for the empirical potentials must explicitly describe the

bonding and behaviour between atoms as opposed to being a natural result

of solving the electronic Schrödinger equation.

Through the use of empirical potentials it is possible to computation-

ally study the structural and chemical phenomena of large complex sys-

tems. This includes the effects of finite temperature by means of statistical

mechanics allowing the exploration of the potential and hence thermody-

namics, which are currently inaccessible to large systems through quantum

mechanical methods. Most notably, three key simulation scenarios are en-
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abled:

• Static analysis of a potential energy surface by locating the minima

and saddle points. This corresponds to modelling the system at a

temperature of 0 K, where systems are in their ground electronic,

vibrational and rotational states. This allows “static” properties to

be analysed such as structural parameters, conformational energy

barriers and normal mode analysis.

• Molecular dynamics simulations, which enables us to predict the mo-

tion and study the time evolution of a large number of atoms in real

time. This method requires numerical integration of Newton’s equa-

tions of motion, enabling us to study materials and biological systems

for up to several nanoseconds, under a variety conditions.

• Monte-Carlo simulations, which generate random configurations with

a Metropolis selection procedure ensuring that a proper Boltzmann

ensemble is generated. This surveys the potential independently of

time. Indeed, it is not suitable for studying time-dependent phe-

nomena or properties depending on momentum but it overcomes the

issue of becoming trapped in energy wells within molecular dynamics

simulations.

2.1.2 Empirical Potentials for Modelling Carbon

Empirical potentials for describing carbon-carbon interactions are amongst

several of the most highly developed and most used across chemistry and

material science. The potentials developed for carbon followed two dis-

18



tinct strategies to describe its complex interactions. The first is through

many-body expansions of the potential by describing successive orders of

interactions (two-body, three-body,...) and secondly through the use of

bond order formalisms. Each of these methods has their own advantages

and disadvantages in simulation and accuracy and are suited to different

applications.

Currently, the most popular of potentials for carbon include firstly the

Reactive Bond Order Potential (REBO) developed by Brenner et al.26 and

its successor Adaptive Intermolecular REBO potential27 (AIREBO), and

secondly the Reactive Force-Field by Van Duin et al.28 These potentials

describe the hybridisation states of carbon as well as accounting for bond

formation and dissociation, subsequently, this allows for the modelling of

chemical reactions. The REBO interaction potential can be summarised

by the following equation:

Eb =
∑
i

∑
j>i

[VR(rij)− bijVA(rij)] (2.1)

VR(rij) and VA(rij) are pair-additive repulsive and attractive interactions

that represent all interatomic repulsion and attraction from valence elec-

trons, respectively. The quantity rij is the distance between pairs of nearest-

neighbour atoms i and j, and bij is the bond order between atoms i and j.

VR(rij), VA(rij), and bij take to the following form,

VR(rij) = f c(rij)
(

1 +
Q

rij

)
Ae(−αrij) (2.2)

VR(rij) = f c(rij)
∑
n=1,3

Bne
(−βnrij) (2.3)

and,

bij =
1

2
(bσ−πij + bσ−πji + ΠRC

ij + bDHij ) (2.4)
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bσ−πij =

(
1 +

∑
k 6=i,j

f cik(rik)gijk(θijk)

)− 1
2

(2.5)

Where f c(rij) is a cut-off function, Q, A and α are fitted parameters for

the pairwise repulsive interactions. Bn and βn are fitted parameters for

the pair wise attractive interaction from different hybridisation states i.e.

molecular triple, double and single bonds, and hence the sum of n = 1, 3.

bij is designed to describe changes in atomic hybridisation. gijk(θijk) is a

bond-bending spline function dependant on angle, θijk and the ΠRC
ij term is

relevant for radicals and is zero for closed shell systems. bDHij is a dihedral

bending function that depends on the local conjugation and involves the

third nearest neighbour atoms.

bDHij =
Tij
2

∑
k,l 6=i,j

f cik(rik)f
c
jl(rjl)(1− cos2[Θikjl]) (2.6)

Here Θijkl is the dihedral angle of four atoms and Tij describes the rotation

about the bonds and depends whether the atoms are conjugated. There are

many parameters incorporated in the REBO potential which are described

in more detail elsewhere.26

By adopting bond order formalisms, where the bond order is empiri-

cally determined from the interatomic distances, angles and torsions, the

parameterised bond order function is used to introduce many-body effects,

chemical bonding and hybridisation effects. Hence the interactions driving

chemical bonding are treated implicitly, enabling these methods to simu-

late reaction chemistry without explicit quantum mechanical calculation.

These potentials are primarily designed with specific types of applica-

tions in mind. Indeed the success in these applications comes from the
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ability to describe large-scale processes which involve reactions with bond

formation, dissociation and changes in hybridisation; properties dependant

on the accuracy of the forces and energetics. Such processes include frac-

ture stress in graphene sheets,29 radiation and thermal damage on carbon

nano-structures28 and as well simulating the effects of ion irradiation dam-

age.30

The second set of potentials are those based on many-body expansions

of the energy such as the TLHT potential of Takei et al.31 and the Murrell-

Mottram potential of Eggen et al.32 The form of these potentials includes

two-body and three-body interactions with higher-order contributions to

the energy being assumed to be negligible. These potentials have been

fitted to the experimental structural and energetic properties as well as

vibrational frequencies and elastic constants. Potentials of these form tend

to be much simpler and less sophisticated compared with their bond-order

counterparts. As a result, they are easier to fit to data and implement in

practice. These types of potentials have been used with the goal of sim-

ulating the structure and energetic properties as well as the vibrational

properties. The above potentials have been applied to simulate bulk prop-

erties of diamond and graphite, as well as small carbon clusters.32

2.1.3 Murrell-Mottram Potential

The Murrell-Mottram (MM) potential33 seeks to represent the interaction

between atoms through the sum of two-body and three-body contributions

to the energy. For a system of N atoms, the potential takes the following
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form:

E =
N∑
i

N∑
j=i+1

V
(2)
ij +

N∑
i

N∑
j=i+1

N∑
k=j+1

V
(3)
ijk (2.7)

where,

V
(2)
ij = −D(1 + a2ρij) exp(−a2ρij) (2.8)

V
(3)
ijk = DP (Q1, Q2, Q3) exp(−a3Q1) (2.9)

ρij = (rij − re)/re (2.10)

The two-body potential V
(2)
ij is represented by a Rydberg function,

where rij is the distance between atoms i and j. D and re are parame-

ters for describing the energy and ground state structures accurately. The

terms exp(−a2ρij) and exp(−a3Q1) are damping functions which are con-

trolled by parameters a2 and a3 and ensure the potential converges to zero

energy at infinite interatomic separation. P (Q1, Q2, Q3) is a quartic poly-

nomial made up of products and sums of symmetrical Qi coordinates to

describe the three-body interactions in monatomic solids:

Q1 =
1√
3

(ρij + ρik + ρjk) (2.11)

Q2 =
1√
2

(ρij + ρik) (2.12)

Q3 =
1√
6

(2ρij − ρik − ρjk). (2.13)

The term Q1 describes the perimeter of the interaction triangles and Q2

and Q3 describe the distortions of the triangles from being equilateral.

P (Q1, Q2, Q3) takes the form of:

P (Q1, Q2, Q3) = c0 + c1Q1 + c2Q
2
1 + c3(Q2

2 +Q2
3) + c4Q

3
1 + c5Q1(Q2

2 +Q2
3)

+ c6(Q3
3 − 3Q3Q

2
2) + c7Q

4
1 + c8Q

2
1(Q2

2 +Q2
3)

+ c9(Q2
2 +Q2

3) + c10Q1(Q3
3 − 3Q3Q

2
2) (2.14)
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with parameters c0 to c10 to be determined for the potential.

The MM potential has been widely applied, and parameters developed

to study a wide variety of materials including metallic and non-metallic

elements across the periodic table. Metallic elements include but not lim-

ited to aluminium, lithium, iron and gold and non-metallic include silicon,

carbon, germanium and tin. These have been applied to study several prop-

erties of solids including relative stabilities and phase transitions, further

studies have looked at surface phenomena such as relaxation and recon-

structions as well as the structure, dynamics and growth of clusters. A

comprehensive review can be found elsewhere by Murrell and Cox et al.34

The MM potential was chosen to be used in this work as opposed to

the more complex and popular bond order potentials like REBO, AiREBO

and Reaxxff. This is because of multiple reasons. The practicality of

calculating and implementing second derivatives of the MM potential is

much simpler, whereas for bond orders potentials like REBO a piecewise

derivative of splines need to be defined as an example. Secondly, fitting

coefficients is simpler compared to bond order potentials where they need

to be defined for bond order and hybridisation states as well as interaction

coefficients and cut-offs for neighbouring lists, to name a few. Thirdly, with

a simpler potential form, parallelism in computing energies and derivatives

can be easily implemented allowing larger scale simulations. Overall, the

MM potential provides an ideal framework with a balance of complexity

and practically to achieve the accuracy desired in this study. It enables

effective fitting of the potential, easy access to analytical derivatives and
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hence efficient calculations of properties.

2.2 Calculation of Vibrational Frequencies

within the Harmonic Approximation

To evaluate vibrational frequencies we adopt the quantum harmonic os-

cillator model, the quantum analogue of the classical harmonic oscillator.

Within the classical model, the total energy in the system changes between

potential and kinetic energies as the system vibrates. The total energy

in the system remains constant and depends only on the spring constant

(Hooke’s law). This same idea can be used in the context of molecules

since an arbitrary potential curve, V (x), (in this case the MM potential)

can usually be approximated as a harmonic potential in the vicinity of sta-

tionary points corresponding to stable molecular structures and the bonds

as harmonic springs. Furthermore, it is one of the few quantum-mechanical

systems for which an exact, analytical solution exists. Solving more com-

plex potentials typically requires either complex approximations or numer-

ical approaches to identify the corresponding eigenstates and eigenvalues

(i.e., wavefunctions and energies or normal mode vibrations and vibrational

frequencies).

The simplest case to demonstrate the model is through a diatomic

molecule, where a general potential energy curve can be expanded as a

Taylor series in the vicinity of the equilibrium structure where x0 is the
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equilibrium bond length:

V (x) = V (x0) +
dV (x)

dx

∣∣∣∣x
x0

(x− x0) +
1

2!

d2V (x)

dx2

∣∣∣∣x
x0

(x− x0)2 (2.15)

+ ...+
1

n!

dnV (x)

dxn

∣∣∣∣x
x0

(x− x0)n

Within the harmonic approximation we truncate this expansion at the

quadratic term or second order, leaving:

V (x) = V (x0) +
dV (x)

dx

∣∣∣∣x
x0

(x− x0) +
1

2!

d2V (x)

dx2

∣∣∣∣x
x0

(x− x0)2 (2.16)

Where the term V (x0) is constant, and dV (x)
dx

∣∣∣∣x
x0

(x

− x0) is equal to zero since we assume we are at an equilibrium structure

where the forces equal zero. Consequently, V (x) becomes,

V (x) =
1

2!

d2V (x)

dx2

∣∣∣∣x
x0

(x− x0)2 (2.17)

The energy constant V (x0) = 0 and displacement x = x−x0 and hence the

harmonic force constant with respect to cartesian nuclear displacement x,

where k = d2V (x)
dx2

, we can simply write:

V (x) =
1

2
kx2 (2.18)

It is important to note that this approximation is most valid for areas in

the vicinity of x0. This is suitable since we consider that most chemical

systems of interest are at sufficiently low temperatures that their lowest

vibrational levels are occupied where the harmonic approximation is most

applicable. The harmonic approximation represents a vast simplification

and neglects the true anharmonic nature of bonds. In reality, chemical

bonds dissociate as they are stretched longer and the spacing between vi-

brational levels decreases with increasing quantum number, whereas the

harmonic oscillator has an infinite number of levels which are all equally
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spaced.

Once the harmonic potential in equation 2.18 is obtained we then utilise

this potential to solve the nuclear Schrödinger equation assuming the Born-

Oppenheimer approximation (in a.u.):[
− 1

2µ

∂2

∂x2
+

1

2
kx2

]
Ξ(x) = EΞ(x) (2.19)

Where µ is the reduced mass, Ξ the wavefunction and E is the total energy.

The solutions to this equation allow us to calculate vibrational energy levels

and the associated wavefunctions which are products of Hermite polyno-

mials and Gaussian functions. The vibrational energy levels are given by,

En = (n+
1

2
)hω (2.20)

where n is the vibrational quantum number and the vibrational frequency,

ω are related to the force-constant by

ω =
1

2π

√
k

µ
(2.21)

In the harmonic oscillator model transitions are only allowed for ∆n =

±1 and as indicated by equation 2.20, all energy levels are equally spaced.

Hence all that is needed to evaluate the harmonic frequencies is the second

derivatives of the potential energy with respect to the nuclear displacement,

k.

For the case of polyatomic molecules of N atoms, the multi-dimensional

Taylor series is truncated in a similar way leading to the multi-dimensional

analogue of 2.15,[
−

3N∑
i

1

2mi

∂2

∂x2
i

+
1

2
(x− xeq)H(x− xeq)

]
Ξ(x) = EΞ(x) (2.22)
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where x is the matrix of the atomic co-ordinates, xeq defines the equilibrium

structure and H is the Hessian matrix containing force constants with

respect to all 3N nuclear cartesian displacements.

Hij =
∂2V

∂xi∂xj
=



∂2V

∂x1∂x1

∂2V

∂x1∂x2

∂2V

∂x1∂x3

. . .
∂2V

∂x1∂x3N

∂2V

∂x2∂x1

∂2V

∂x2∂x2

∂2V

∂x2∂x3

. . .
∂2V

∂x2∂x3N

∂2V

∂x3∂x1

∂2V

∂x3∂x2

∂2V

∂x3∂x3

. . .
∂2V

∂x2∂x3N

...
...

...
. . .

...

∂2V

∂x3N∂x1

∂2V

∂x3N∂x2

∂2V

∂x3N∂x3

. . .
∂2V

∂x3N∂x3N


(2.23)

Equation 2.22 can be solved through a matrix transformation into a

unique set of mass dependent spatial coordinates, it is then possible to sep-

arate this 3N -dimensional equation into 3N one-dimensional Schrödinger

equations which are identical to equation 2.19. To do this we must first

mass-weight the Hessian, Hij, obtaining the mass-weighted Hessian matrix

Gij,

Gij =
1

√
mimj

Hij (2.24)

This matrix is transformed through diagonalisation to obtain, matrix P

and K.

Gij = PKP−1 (2.25)

Where,

P =



x1,1 x1,2 x1,3 . . . x1,3N

x2,1 x2,2 x2,3 . . . x2,3N

x3,1 x3,2 x3,3 . . . x3,3N

...
...

...
. . .

...

x3N,1 x3N,2 x3N,3 . . . x3N,3N


(2.26)
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and,

K =



λ1 0 0 . . . 0

0 λ2 0 . . . 0

0 0 λ3 . . . 0

...
...

...
. . .

...

0 0 0 . . . λ3N


(2.27)

Each column of matrix P corresponds to a molecular vibration known as

a vibrational normal mode of the system, each associated with its harmonic

oscillator wave function. Matrix K is a diagonal matrix of the square root

of the force constants (or eigenvalues) λi corresponding to each normal

mode. Since λi = k
µ
, the vibrational frequencies can be calculated from:

νi =

√
λi

2π
=

1

2π

√
ki
µ

(2.28)

Since equation 2.22 is over 3N degrees of freedom there will be three trans-

lational and three rotational modes, in the case of linear molecules there are

only two rotational modes. The eigenvalues associated with these modes

should be close to zero and their closeness to zero can be used as a diag-

nostic of how well optimised a structure is. The remaining 3N − 6 modes

correspond to vibrations and all positive frequencies indicate a minimum

stationary point has been found and one or more imaginary frequencies

indicate a transition state structure has been found.

It is common to apply scaling factors to the computed harmonic fre-

quencies. This is for the following two reasons. Firstly is the neglect of

the true anharmonic nature of bonds in molecules which leads to a lower-

ing of frequencies and secondly errors in the model force-field used in the

calculation of the harmonic potential. The application of scaling factors
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corrects for these errors leading to experimentally comparable frequencies,

and compensates for these approximations in a computationally inexpen-

sive way.

2.3 The Empirical Bond Polarisability Model

The empirical Bond Polarisability Model35 (BPM) provides a convenient

and computationally inexpensive framework for the calculation of non-

resonant Raman spectra intensities.

Within the BPM, the first assumption is that the total polarisability of

a molecule can be modelled in terms of single bond contributions, which

are assumed to be independent of the chemical environment and hence

transferable between compounds. Each particular bond is assigned a po-

larisation parallel to the bond, α‖, and a polarisation perpendicular to the

bond, α⊥. Thus, the polarisabilty contribution of a bond, b, is given by,

Πb
αβ,

Πb
αβ = 1

3
(α‖ + 2α⊥) + (α‖ − α⊥)

(
RαRβ

R2
− 1

3
δαβ

)
(2.29)

where α and β are cartesian coordinates and R is the vector connecting

two atoms. The second key assumption in this model is cylindrical sym-

metry around the bond’s axis and that any perturbation from cylindrical

symmetry arises from the effects of the chemical environment of the bond.

The third final assumption is that the polarisabilty of bond, depends only

on its length R.
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The mean static polarisability of a molecule, which is defined as, α,

α =
1

3
(αxx + αyy + αzz) (2.30)

can then be calculated by summing up the mean of the individual bond

polarisabilities, Π̄,

Π̄ = Πxx + Πyy + Πzz ≡ 1
3
(α‖ + 2α⊥) (2.31)

for all the bonds in a molecule. Hence the mean static polarisability of a

molecule with K bonds can be calculated as:

α =
K∑
b=1

Πxx + Πyy + Πzz (2.32)

Using this model, the contribution of a bond’s derivative to the the

polarisability derivative with respect to atomic displacement can be calcu-

lated as,
∂Πb

αβ

∂u`γ
, where u`γ is the γth cartesian component of the ` atom.

This is dependant on only 4 parameters, α‖(B), α⊥(B), α′⊥(B) and α′‖(B)

for a bond, B. The use of one perpendicular parameter implicitly assumes

the cylindrical symmetry of the bond.

The BPM can then be extended for the empirical calculation of the

non-resonant Raman scattering intensities since derivatives of the polaris-

ability can then be evaluated. For an N atom harmonic system, the Raman

intensities calculated through the BPM are given by,

Iη′η(ω) = CωLω
3
S

3N∑
f=1

〈n(ωf )〉+ 1

ωf

∣∣∣∣∣∑
αβ

η
′

αηβPα,β,f

∣∣∣∣∣
2

× δ(ω − ωf ) (2.33)

where C is a frequency independent constant; ωL and ωS are the incident

and scattered light frequencies; ω ≡ ωL − ωS is the Raman shift; η
′
α and

ηβ are unit vectors along the incident and scattered polarisation directions;
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〈n(ωf )〉 ≡ [exp(βh̄ωf ) − 1]−1 is the Boltzmanns distribution function of

vibrational mode f at temperature T = (kbβ)−1. The subscripts α and

β represent cartesian components of the vectors or tensor and Pα,β,f is

the derivative of the polarisability tensor along vibrational normal mode

coordinate f , and is given by

Pα,β,f =
∑
`γ

[
∂Pαβ
∂uγ(`)

]
0

χγ(`|f) (2.34)

(γ = x, y, z, ` = 1, ...., N, f = 1, ...., 3N)

where Pαβ is the electronic polarisation and the derivative is performed

with respect to the γth cartesian displacement, uγ(`), for `th atom. The

term χγ(`|f) is the γth component of the unit vectors of the fth normal

mode of the `th atom.

The term Pα,β,f is approximated by a sum of the bond polarisation

contributions as follows,

(2.35)

Pα,β =
1

2

[
−
∑
`B

{
α′‖(B) + 2α′⊥

3

}
δαβ

+
{

(α‖(B)− α⊥(B)
}(Rα(`, B)Rβ(`, B)

R(`, B)2
− 1

3
δαβ

)]

where is B is the bond which is connected to the `th atom and R(`, B) is

the corresponding vector from atom ` to the neighbouring atom `′ specified

by B. The quantities Rα(`, B) and Rβ(`, B), are the α and β components

of the length R(`, B). α‖(B) and α⊥(B) are the static molecular bond po-

larisabilities for the bond, B, in the directions perpendicular and parallel

to the bond, it is assumed that α‖(B) and α⊥(B) are only a function of

bond length R(`, B).

31



Within the BPM, the polarisability derivatives with respect to a normal

mode −→χf are evaluated via,

Pαβ,f = −
∑

`,B

[
R0(`|B)·−→χ (f |`)

R0(`,B)2

]
(2.36)

×
{(

α′
‖(B)+2α′

⊥
3

)
δαβ + (α′‖(B)− α′⊥(B))×

(
R0α(`,B)R0β(`,B)

R0(`,B)2
− 1

3
δαβ

)}
+

(
α‖(B)−α⊥(B)

R0(`,B)

)
×

{
R0α(`,B)χβ(`|f)−R0β(`,B)χα(`|f)

R0(`,B)
− R0(`,B)·−→χ (f |`)

R0(`,B)
× 2R0α(`,B)R0β(`,B)

R0(`,B)2

}
If equation 2.36 is expanded, the first term would represent the change

in the isotropic part of the polarisability induced by bond stretching, the

second term would represent the corresponding change in the anisotropic

part of the polarisabilty and the third term would be the change in the

poloarisabilty from bond rotation.

where α′‖(B) and α′⊥(B), the radial derivatives of α‖(B) and α⊥(B), are:

α′‖(B) =
∂α‖(B)

∂R(`, B)
, and α′⊥(B) =

∂α⊥(B)

∂R(`, B)
(2.37)

The values of α‖(B), α⊥(B) , α′‖(B) and α′⊥(B) in this study are given as a

function of the bond length between carbon-carbon atoms. The following

values for flat graphite36 are utilised: α‖ − α⊥ = 0.32 Å
3
, α′‖(B) + 2α′⊥ =

7.55 Å
2

and α′‖(B)− α′⊥ = 2.60 Å
2

and for carbon nanotubes37 α‖ − α⊥ =

0.04 Å
3
, α′‖(B) + 2α′⊥ = 4.70 Å

2
and α′‖(B)− α′⊥ = 4.00 Å

2
.

2.4 Kohn-Sham Density Functional Theory

The strategies for developing empirical potentials usually follow two main

approaches. The first is fitting parameters to experimental data such as

bond lengths from crystallography or thermochemistry data, and the sec-

ond is using ab initio data. Although throughout this thesis the use of
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empirical potentials is the focus, we use density functional theory to gener-

ate reference data used for fitting the MM potential in the parameterisation

with the goal of producing a force-field to simulate accurate vibrational fre-

quencies using the MM potential.

Two strategies could be taken to achieve this using DFT. The first is

directly fitting to frequencies produced by DFT and minimising the er-

ror. This method is convenient but inherently flawed, since directly fitting

to frequencies does not allow for vibrational mode reordering to happen

during fitting. This is because it requires the assumption that vibrational

modes are already correctly ordered for the empirical potentials parame-

ters before fitting. This leads to a small proportion of vibrational modes

being correctly fitted to its DFT counterpart and others fitted to the wrong

modes. The second method is fitting to the hessian matrix, which avoids

the aforementioned issue of assuming vibrational modes are correctly or-

dered before fitting. This is because the hessian matrix takes into account

all modes and there dependencies on each other with no a priori of order-

ing, hence all modes are simultaneously fitted by minimising the error in

the hessian matrix between DFT and an empirical potential. This method

is utilised in chapter 3.2 to fit the MM potential and further explained.

Density functional theory (DFT) provides a computationally low-cost

ground state electronic structure method in which the energy is completely

determined by the electron density, ρ. The basis for DFT comes from the

Hohenberg-Kohn theorems38 which state that there exists a one to one

correspondence between the electron density of the system and the energy,
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and the ground state energy can be determined variationally. A more

intuitive view of DFT comes from the following arguments:24

1. The integral of the density defines the number of electrons.

2. The cusps in the density define the position of nuclei.

3. The heights of the cusps define the corresponding nuclear charges.

The significance of the Hohenberg-Kohn theorems is best illustrated

by comparison to wavefunction methods. The wavefunction, Ψ, for a N

electron system is dependent on 4N variables, three spatial (rN) plus one

spin coordinate (sN) for each electron. The electron density is the square

of the wavefunction integrated over N − 1 electron coordinates and each

spin coordinates (where xN = rN , sN).

ρ = N

∫
|Ψ(x1, x2, x3, .., xN)|2ds1dx2...dxN (2.38)

It is dependent on three spatial coordinates regardless of the system of

interest. Accordingly, while the complexity of the wavefunction increases

with system size DFT remains dependent on only its three spatial coordi-

nates of the density.

The problem with DFT is that although it has been proven that dif-

ferent densities yield different ground state energies, the functional that

connect these two quantities are not fully known. Hence the challenge for

DFT is the design of functionals to connect accurately the electron density

with the energy.

Within DFT under the Born-Oppenheimer approximation the total en-

ergy functional, E[ρ] is divided into three parts:
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1. The kinetic energy, T [ρ].

2. The nuclei-electron interaction, Vne[ρ].

3. The electron-electron interaction, Vee[ρ].

The Vee[ρ] term may be further divided into the Coulomb and exchange

contributions to the energy, J [ρ] and K[ρ], implicitly including the corre-

lation energy across all terms.

In this formulation of DFT, the Hohenberg-Kohn theorem provides the

framework to calculate the energy using the electron density of an atomic

or molecular system, however, only the form of the Vne[ρ] and J [ρ] are

known through their classical expressions. Attempts to approximate the

rest of these terms in an orbital-free formulation have not shown sufficient

accuracy for applications.39,40 If such functionals were found, the full po-

tential of DFT would be recognised.

To overcome this issue, Kohn-Sham re-introduced orbitals,41 since the

inaccuracy of orbital free models comes from the poor representation of the

kinetic energy functional, where φi is an orbital.

ρ =

Nelec∑
i=1

|φi|2 (2.39)

In the Kohn-Sham formalism, the kinetic energy is split into two parts, the

non-interacting kinetic energy, Tni[ρ] and a correction to the kinetic energy,

taking into account the interacting nature of electrons. Consequently, E[ρ]

becomes,

E[ρ] = Tni[ρ] + Vne[ρ] + J [ρ] + Exc[ρ] (2.40)
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where,

Exc[ρ] = (T [ρ]− Tni[ρ]) + (Vee[ρ]− J [ρ]) (2.41)

Exc[ρ] is known as the exchange-correlation functional and this contains

all the terms that are unknown. The first parentheses is the correction to

the non-interacting kinetic energy and can be considered the kinetic cor-

relation energy resulting from the interacting nature of electrons. The last

term contains all non classical contributions to the electron-electron inter-

action including the exchange energy. The challenge of Kohn-Sham DFT

is finding accurate approximations for this exchange-correlation functional.

Although Exc[ρ] contains a small contribution to the energy, it is essential

for this to be approximated well to obtain chemical accuracy.

Several approximations of the Exc[ρ] exist, the simplest functional is

known as the local density approximation (LDA), which was proposed by

Kohn and Sham.41 ELDA
xc [ρ] depends purely on the electron density ρ and

it is assumed that the density can be treated as a uniform electron gas.

Consequently, the LDA exchange-correlation functional, ELDA[ρ], is local,

and only depends on the density at the position r and can be summarised

as,

ELDA
xc [ρ] =

∫
ρ(r)εxc[ρ(r)]dr (2.42)

where εxc[ρ(r)] is the exchange-correlation energy per particle of a uniform

electron gas and its energy per particle is weighted with the probability

ρ(r) that there is an electron at this position in space. Writing Exc[ρ] in

this way defines the LDA, the quantity εxc[ρ(r)] can be further split into
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exchange and correlation contributions,

εxc[ρ(r)] = εx[ρ(r)] + εc[ρ(r)] (2.43)

where εx[ρ(r)] represents the exchange energy and εc[ρ(r)] the correlation

energy.

The next class of exchange-correlation functional are the generalised

gradient approximation (GGA) functionals which improve on LDA. These

functionals depend upon both the electron density and the gradient of the

electron density,∇ρ. Including a dependence on the gradient of the electron

density aims to account for the inhomogeneity of electron density and these

functionals can be summarised as,

EGGA
xc [ρ] =

∫
ρ(r)εxc[ρ(r),∇ρ]dr (2.44)

GGA functionals are usually based on LDA functionals, with an additional

correction that relies on the electron density gradient. An example of a

GGA functional is the BLYP functional.42,43

Meta-GGA (mGGA) functionals take this one step further. These are

potentially more accurate then GGA functionals and introduce a depen-

dence on the second derivatives of the density (the laplacian), ∇2ρ or the

related orbital kinetic energy density τ(r) = 1
2

∑occ
i=1|∇φi|2 and are sum-

marised as,

EmGGA
xc [ρ] =

∫
ρ(r)εxc[ρ(r),∇ρ,∇2ρ(r)]dr (2.45)

Common examples of meta-GGA functionals include TPSS44, M06-L45 and

M11-L.46

37



Table 2.1: A table of exchange-correlation functionals.

Level Name Variables Examples

1 Local density ρ LDA, LSDA

2 GGA ρ,∇ρ BLYP, OLYP, PBE

3 Meta-GGA ρ,∇ρ,∇2ρ or τ TPSS, M06-L,KT1

4 Hybrid-GGA ρ,∇ρ,∇2ρ or τ , HF exchange B3LYP,M06,PBE0

5 Generalised RPA ρ,∇ρ,∇2ρ or τ HF exchange and virtual orbitals OEP2

A further class of exchange-correlation functional are hybrid functionals.

These functionals incorporate a combination of contributions from Hartree-

Fock exchange, which is exact, in addition to exchange and correlation from

DFT, a general example could be:

Ehybrid
xc [ρ] = EDFT

c [ρ] + (1− a)EDFT
x [ρ] + aEHF

x [ρ] (2.46)

The weighting of each of these sources by variable, a, can be fitted to ex-

perimental or high-level ab initio data.

Each of these approximations aims to build on the former and gen-

erally increases in chemical accuracy and complexity. The improvements

achieved through GGA and hybrid functionals have had a large impact in

DFT since they enabled high enough accuracy for chemical applications.

Table 2.1 shows commonly used functionals and their level on Jacob’s lad-

der of classification as well as their dependencies.

As shown, a result of Kohn-Sham’s formulation of DFT head lead to

a plethora of models for the Exc[ρ] being developed at all of the levels

of Jacob’s ladder. Many of these functionals included empirical param-

eters such as the range and proportion of Hartree-Fock exchange energy
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and hence enabled us to fit the functionals to experimental and ab initio

datasets for optimal accuracy. This has resulted in many functionals be-

ing optimised for there specific purposes, for example, the range separated

functionals such as CAM-B3LYP47 has been designed for the accurate de-

scription of charge transfer in TDDFT, Van der Waals functionals, such

as VV10,48 have been designed to accurately account for dispersion inter-

actions which are not described by local DFT functionals, moreover many

others have been fitted to high accuracy to replicate large data sets and

properties including structure, thermochemistry, ionisation potentials etc...

In practice, to use Kohn-Sham DFT we must first find a representation

of the orbitals in equation 2.39. This is achieved through the use of ba-

sis sets. Commonly used basis sets are made of either Slater-type orbitals

(STOs), which have a function with a radial dependence of form e−αr, or

Gaussian-type orbitals (GTOs), which have a radial dependence of the form

e−αr
2
. STOs accurately represent the features of hydrogen atomic orbitals,

with a cusp at r = 0 and exponential decay, however they are computa-

tionally expensive to use for molecular systems. A single GTOs does not

closely represent the features of a STO due to the wrong behaviour at r = 0

and shows slow exponential decay, they are much simpler to use and hence

faster. Contracted basis functions of these GTOs provide a practical solu-

tion to this problem. These functions use a linear combination of GTOs to

reproduce the features of the STO, at a much lower computational cost.

In this study, the Split Valence (Pople) basis sets are used.49 These take

into account that Chemistry is primarily concerned with valence electrons
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and so it is most important to obtain a flexible description of these elec-

trons. This is addressed by the basis sets through the use of more functions

to describe the valence orbitals than core orbitals.

In order to compute energies and hence properties, we must use our

basis sets to find the orbitals, φi, which minimise the energy, E, recasting

equation 2.40 as an orbital expression for the density we have:

E[ρ(r)] =
N∑
i

(〈
φi|−

1

2
∇2
i |φi
〉
−

〈
φi|

nuclei∑
k

Zk
|ri − rk|

|φi

〉)
(2.47)

+
N∑
i

〈
φi|

1

2

∫
ρ(r

′
)

|ri − r′ |
dr

′|φi
〉

+ Exc[ρ(r)]

where N is the number of electrons, and the density is constructed from

orbitals from a Slater determinant wavefunction, which leads to a set of

one-electron Kohn-Sham secular equations. These can be iteratively solved

to find the ground state density of system by minimising the Kohn-Sham

orbitals using the self-consistent field procedure to find the ground state

energy. Derivatives of the Kohn-Sham energy can be used to calculate

properties such as harmonic frequencies using second derivatives of the en-

ergy.

One of the most popular exchange-correlation functionals in Kohn-

Sham DFT is the hybrid B3LYP functional50–53 which has shown to be

one of the most successful in overall performance with wide applicability.

The functional is expressed as,

EB3LY P
xc = (1− a)ELSDA

x + aEHF
x + bEB88

x (2.48)

+ (1− c)ELSDA
c + cELY P

c

where a, b and c are free parameters which were optimised to 0.20, 0.72
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and 0.81. EHF
x is Hartree-Fock is exchange, ELSDA

x is the local spin den-

sity approximation exchange (LSDA),52 bEB88
x is the B88 exchange func-

tional,50 ELSDA
c the local correlation functional of Vosko, Wilk, and Nu-

sair (VWN)52 and ELY P
c the correlation functional of Lee, Yang and Parr

(LYP).51 In particular with relevance to this study, the combination of

the B3LYP functional and 6-31G(d) Pople split valence basis set is one of

the recommended levels of theory for predicting vibrational frequencies of

molecular systems in terms of accuracy and computational cost when using

electronic structure methods has been utilised here.54,55

Calculations using DFT in this thesis were performed in the Q-Chem

software package.56 The structures were optimised and frequencies evalu-

ated at the B3LYP/6-31G* level of theory with the standard quadrature

grid, 50 point Euler-Maclaurin radial grid with a 194 point Lebedev angular

grid.

2.5 Software Implementation

In this thesis, all MM simulations were carried out within a newly devel-

oped in-house code in Fortran90. The code has three principle functions,

firstly geometry optimisation to find the equilibrium structure, secondly

vibrational analysis within the harmonic approximation to evaluate vibra-

tional frequencies and associated normal modes, and lastly, Raman spectra

simulations utilising the BPM.

The calculations presented are based upon the MM potential. To en-

able efficiency and speed with the geometry optimisation and vibrational
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analysis, analytical first derivatives of the MM potential were derived for

the rapid evaluation of forces to allow quick geometry optimisation and sec-

ond derivatives for the Hessian matrix for vibrational analysis. Analytical

derivatives are much faster than numerical derivatives based upon energies,

and this difference grows rapidly as the system size increases. Furthermore,

ambiguity regarding the step size within the numerical derivative methods

is removed. The percentage speedup in evaluating the Hessian with an-

alytical derivatives is demonstrated in figure 2.1 (performed in serial on

an Intel core i7-3635QM processor), showing the percentage speedup for a

series of Fullerenes, where for example, C26 is 1200 % faster.
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Figure 2.1: Percentage speedup in the vibrational analysis for increasing

sized Fullerenes from numerical to analytical second derivatives.

Furthermore, a cut-off in the potential was implemented after param-

eterisation in chapter 3.2, via benchmarking errors in frequencies. Figure
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2.2 shows the percentage speed up for frequency analysis and the root mean

square error (RMSE) in frequencies from a fully interacting system with

varying cut-off lengths. The cut-off does significantly reduce the computa-

tion time for the Hessian, however, it is only possible to implement spatial

cut-offs in a consistent manner for off-diagonal elements, therefore diago-

nal elements gain no speed up. Although figure 2.2 does show no error in

the frequencies up to very small distances, the cut-off was chosen to be at

least 8 Å for consistent treatment of this parameter when the additional

dispersion interaction term was included.
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Figure 2.2: Percentage speedup (blue) and RMSE in frequencies (red) in

vibrational analysis with increasing cut-off size relative to a fully interacting

system (no cut-off).

To further allow larger scale modelling, the code was then optimised and

parallelised. This required profiling CPU time which revealed as expected,
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the first and second derivative routines as the most expensive parts of the

calculations. Subsequently, these routines were made parallel to accelerate

the code using OpenMP threading, enabling multi-core architectures to be

exploited by the code and hence allow larger systems to be studied with

the MM potential.

The geometry optimisation utilises the iterative conjugate gradient al-

gorithm to minimise the energy, E, and find the equilibrium structure as a

function of the atomic coordinates, xi = (x1, x2, x3, ..., x3N). In this tech-

nique the search direction given by gradient information from both current,

i, and previous, i− 1, iterations.

The first step in this algorithm utilises the steepest descent method

providing the initial direction i.e. using x0 and g0 = ∇E(x0) and is given

by,

xi+1 = xi − kigi (2.49)

The conjugate gradient method is then invoked for the subsequent steps

for the above formula, where gi is given by,

gi = ∇E(xi) + βngi−1 (2.50)

The implementation here uses the Fletcher-Reeves formula57 to calculate

the value of β,

βi =
|∇E(xi)|2

|∇E(xi−1)|2
=

gtigi
gti−1gi−1

(2.51)

The algorithm is then iterated until the displacement and gradient thresh-

old criteria is met.
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Following geometry optimisation with energy gradient convergence of

10−8 Eh Å−1, vibrational analysis is performed. The 3N ×3N Hessian ma-

trix calculated using analytical second derivatives and then mass-weighted

and diagonalised using the math kernel library (MKL). The vibrational

modes and frequencies are then used to simulate Raman spectra, where

polarisability derivatives are calculated in order to evaluate Raman in-

tensities. This generates a stick spectrum which is then normalised and

convoluted with Lorentzian functions. Additionally, these modes and fre-

quencies are also binned to evaluate the vibrational density of states. The

vibrational modes are then formatted and printed to enable visualisation

in mainstream software such as IQmol and Visual Molecular Dynamics

(VMD).

In order to study infinite systems, periodic boundary conditions were

implemented. This implementation used the minimum image convention,

with a potential cut-off distance that always is always less than or equal

to half the box length. Isotopic effects of including 13C in naturally occur-

ring abundances were explored and showed to have negligible effects on the

computed spectra. The MM potential was further extended with the addi-

tion of dispersion interaction and more details of this are given in chapter

6. All calculations utilising the MM potential in chapters 3, 4, 5 and 6

were performed on a desktop computer with a quad core Intel Xeon CPU

E5-1620 processor with 32GB of RAM.
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Chapter 3

An Empirical Force Field for

the Simulation of the

Vibrational Spectroscopy of

Carbon Nanomaterials

In this chapter, an empirical force field for carbon based upon the Murrell-

Mottram potential is developed for the calculation of the vibrational fre-

quencies of carbon nanomaterials. The potential is parameterised using

data from density functional theory calculations through a Monte-Carlo

Hessian-matching approach, and when used in conjunction with the em-

pirical bond polarisability model it provides an accurate description of

the non-resonant Raman spectroscopy of carbon nanotubes and graphene.

With the availability of analytical first and second derivatives, the compu-

tational cost of evaluating harmonic vibrational frequencies is a fraction of

the cost of corresponding quantum chemical calculations, and makes the

accurate atomistic vibrational analysis of systems with thousands of atoms
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possible. Subsequently, the non-resonant Raman spectroscopy of carbon

nanotubes and graphene, including the role of defects, carbon nanotube

junctions and carbon nanocones is explored.

3.1 Introduction

Although Raman spectroscopy is used routinely to study carbon nanotubes

and graphene based materials, the prediction of the Raman spectroscopy

of these systems is a challenge for computational methods. The accu-

rate calculation of the vibrational frequencies and associated spectroscopy

of carbon nanomaterials can potentially aid the interpretation of exper-

imental measurements and allow the relationship between the molecular

structure and the observed features to be explored. Simulation of vibra-

tional spectroscopy using quantum chemical methods, such as density func-

tional theory, is well established. However, the computational cost of these

methods makes them impractical for the study of large systems such as

carbon nanotubes. This can be overcome for the simulation of pristine

nanotubes through the use of periodic boundary conditions, but the use of

periodic boundary conditions to study realistic carbon nanotubes that are

non-uniform and contain vacancies and defects is limited since such cal-

culations would require large unit cells. Furthermore, periodic boundary

conditions are not suitable for studying systems such as nanotube junctions

which are inherently non-periodic.

Several groups have reported DFT based harmonic frequency calcu-

lations of the infrared and Raman spectroscopy of fullerenes, including
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C60 and C70.58–62 Further calculations have also been performed for re-

lated systems such as [n]cycloparaphenylene63,64 and a nanotorus.65 DFT

calculations have been used to study the Raman spectroscopy of zig-zag

nanotubes of varying diameter,66 accurately reproducing the diameter de-

pendence of the RBM, although these calculations only considered one unit

cell capped with hydrogen atoms. Such small model systems would not be

expected to describe other bands such as the G-band accurately. Another

study employed DFT to study the vibrational spectroscopy of ultra-small

diameter nanotubes67 and Yumura et al. reported DFT calculations of

the vibrational frequencies of relatively large nanotubes, consisting of up

to 120 carbon atoms, and studied the effects of the end caps on the spec-

tra.68 Recently the Raman spectroscopy of zig-zag nanotubes with lengths

of up to 2.15 nm were studied using DFT, with larger tubes studied using

a Cartesian coordinate transfer technique.69 The calculations reproduced

the dependence of the frequency of the RBM with the tube diameter, but

larger tubes were required to describe the G-band modes accurately. It was

found that the G-band was more sensitive to the presence of defects, and

there was a reduction in the intensity of the RBM on the introduction of

a Stone-Wales (SW) defect. These studies represent the current limit of

what can be achieved through direct non-periodic DFT calculations.

The Raman spectroscopy of nanotubes including the effect of Stone-

Wales and di-vacancy defects on the spectra has also been studied,70 using

plane-wave based periodic DFT with the Raman intensities computed us-

ing the empirical BPM.71 Other related approaches have been reported and

used to study the Raman spectra of liquids.72 Other work has studied the
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effect of the Raman excitation profile for carbon nanotubes under torsion

or uniaxial strain.73 Computationally less expensive methods that have

been applied to study the vibrational spectroscopy of carbon nanotubes in-

clude tight-binding DFT, which has been applied to study the vibrational

spectra of fullerenes,74,75 and force constant based methods.37,76–78 Calcu-

lations of the resonant Raman spectroscopy of carbon nanotubes using a

non-orthogonal tight-binding model have been reported, and the influence

of point defects on the spectra studied.79,80

Ideally, it would be possible to model the vibrational spectroscopy of

these systems efficiently without the constraints of periodicity, providing

an accurate description of experiment and opening the opportunity for the

role of edges and defects to be explored. Empirical potentials provide a

solution to this problem. The attraction of this approach for studying the

vibrational spectroscopy of these systems is evident by comparing the asso-

ciated computational cost with a DFT calculation. On a single processor,

a B3LYP/6-31G* calculation of the harmonic frequencies of C60 and C70

requires over 40,000 and 60,000 seconds, respectively. Similar calculations

using the empirical MM potential take two and three seconds, represent-

ing a many thousand-fold decrease in computational time. Furthermore,

the use of empirical potentials alleviates the memory requirements of using

quantum chemical methods, allowing systems of thousands of atoms to be

studied routinely. However, for empirical potentials to be a viable method

for simulating the vibrational spectroscopy of these systems, the accuracy

of quantum chemical methods needs to be retained.
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In this work we study the vibrational spectroscopy of carbon based

materials using an empirical potential. The parameterisation of the well-

known potentials, such as the REBO26 potential, focuses on energetics and

structure and does not consider the vibrational properties. As a conse-

quence of this, its been shown in a recent study that the REBO potential

performed poorly in describing the vibrational frequencies of C60 and car-

bon nanotubes.81 It was found that to achieve an adequate description of

the IR spectrum of C70 and the RBM and G-band of carbon nanotubes, it

was necessary to treat high and low-frequency modes separately through

two parameter sets. The calculation of vibrational frequencies has impli-

cations beyond simulating IR and Raman spectra. Vibrational frequen-

cies provide an indirect probe of the potential energy surface, providing a

measure of the curvature of the surface, and it is an open question as to

whether empirical potentials which do not produce satisfactory agreement

with experimental frequencies can provide accurate molecular dynamics.

Vibrational analysis normally takes place at stable structures, as such vi-

brational frequencies provide a way of assessing how well the force field

models the energy around the minimum energy structure.

Here we develop an empirical potential based upon the MM potential

that is designed to predict the vibrational frequencies of carbon based ma-

terials. Analytical first and second derivatives of the MM potential have

been implemented and the potential parameterised via a Monte-Carlo based

Hessian matching approach. When combined with the empirical BPM it

provides a fully empirical method for modelling the Raman spectroscopy

of carbon nanotubes and graphene. The implementation of analytical first
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and second derivatives allows accurate atomistic vibrational analysis and

simulation of the Raman spectroscopy of systems with greater than 10,000

atoms. Subsequently, the Raman spectroscopy of graphene and carbon

nanotubes with defects, junctions and nanocones is explored.

3.2 Development of Force-Field, Random Search

Parameterisation

The MM potential has been used extensively to study the structure of

metal clusters, as such several parameter sets already exist.82–88 A param-

eterisation for carbon has been reported by Eggen et al.,32 wherein the

potential was fitted to the vibrational frequencies and elastic constants of

diamond, to the cohesive energy and intra-layer spacing of graphite in ad-

dition to other structural data. The potential was then applied to study

the structure of a wide range of carbon clusters and fullerenes. Vibrational

frequencies for selected carbon clusters including C60 were computed, and

it was found that low frequencies were underestimated and higher frequen-

cies overestimated.

As was noted in the work of Eggen et al., small carbon clusters and

fullerenes will both have π-bonding electronic effects, which are missing in

diamond which has only sp3 carbons. Consequently, in order to describe the

vibrational spectroscopy of carbon nanotubes and graphene-based materi-

als correctly, it is necessary to revisit the parameterisation of the potential.

The work of Hands et al.89 is illustrative of force field based studies, and
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assessed several existing force fields and developed a new force field wherein

the 13 force constants contained within the force field were fitted to the

experimental values for the Raman active vibrational modes. This type of

model will naturally reproduce the data to which it was fitted (the optically

accessible modes) and was able to account for the full spectrum, but what

about the hundreds of other optically silent modes? What about taking

into account that harmonic frequencies should be naturally overestimated

by theory and shouldn’t directly reproduce the experimental frequencies?

In order to construct a new set of parameters for the MM potential

designed to accurately model the structure and vibrational frequencies of

sp2 based carbon materials, we have used a Monte-Carlo structure and

Hessian-matching approach. The Hessian matrix is the key component for

the computation of accurate vibrational frequencies and normal modes,

and contains all the information required for vibrational analysis within

the harmonic approximation. This approach provides a more rigorous fit-

ting methodology than mentioned previously since it goes beyond Hands

et al., by considering the entire vibrational behaviour by including all

modes rather than just those that can be seen experimentally. This is

a similar idea to force-matching approaches, where an empirical potential

is parameterised to replicate forces computed from quantum chemical cal-

culations by a Monte-Carlo minimisation of the root mean square deviation

(RMSD) between the forces.90,91 Recently, the use of Hessian data in the

parameterisation of force fields has been exploited by Grimme92 with the

aim of an accurate and specific potential for a single molecule in a partic-

ular electronic state with little transferability. The key advantages of this
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approach is that we avoid any bias being introduced with respect to any

specific vibrational modes being fitted, furthermore the mode re-ordering

is allowed easily during the change in parameters during the fitting.

New parameters for the MM potential were determined by a Monte-

Carlo based minimisation of the RMSD of the unscaled Hessian matrix

for C60, computed using DFT with the B3LYP exchange-correlation func-

tional and 6-31G* basis set within the constraint that a low RMSD for the

structure is also achieved. RMSDHessian and RMSDStructure are computed

by:

RMSDHessian =

√√√√ 1

3N × 3N

3N∑
i

3N∑
j

(HDFT
ij −HMM

ij )2 (3.1)

and

RMSDStructure =

√√√√ 1

3N

3N∑
i

(xDFTi − xMM
i )2 (3.2)

C60 was chosen since it captures many of the structural elements present

in sp2-based carbon materials, and it is sufficiently small for the calcula-

tion of the Hessian matrix using DFT. Previous studies have shown that

the B3LYP/6-31G* level of theory provides a good description of the struc-

ture and vibrational frequencies of fullerenes.93

In the fitting, the parameter D in equations 2.9 and 2.10 was not var-

ied from the value of 6.298 eV from the work of Eggen et al. Where

this value corresponds to the typical bond energy of a carbon-carbon dou-

ble bond. The ci parameters were confined to the range −200 to +200,
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the ai parameters between 1.5 and 10.0, re was allowed to vary between

1.1 and 1.5 Å since this range contains acceptable values for the bond

lengths of C60. 10,000 sets of randomly chosen initial parameters were gen-

erated, and then for each of these sets of parameters, the RMSDstructure and

RMSDHessian were minimised using the following procedure: Each param-

eter is perturbed randomly by an amount between −5 and +5 for the ci

coefficients and between −0.05 and 0.05 for the remaining parameters, and

the change is accepted if both the RMSDstructure and RMSDHessian decrease.

This was continued until there was no further decrease in RMSDstructure

and RMSDHessian, and was repeated three times for each starting condi-

tion. The 1200 sets of parameters with lowest RMSDHessian that satisfied

the condition RMSDstructure < 0.03 Å were refined further using a similar

procedure with the magnitude of the variation in the parameters reduced

by a factor of 100. The final results showed several sets of parameters with

similarly low RMSDstructure and RMSDHessian. These parameters were then

tested in the simulation of a Raman spectrum for a nanotube. The final

parameters chosen are shown in table 3.1, and correspond to RMSDstructure

= 0.014 Å and RMSDHessian = 0.37 Eh Å
−2

. It is currently difficult to judge

the magnitude of RMSDHessian with no other reference data to compare to

in the literature unlike the RMSDstructure.

With regards to the new parameters shown in table 3.1 with the new

potential referred to as MMV ib, there is a significant reduction in the value

of re between the original Murrell-Mottram potential for carbon and the

new parameters reflecting the change from sp3 to sp2 carbons and the

presence of carbon-carbon double bonds. Some of the ci coefficients change
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Table 3.1: Parameters for the Murrell-Mottram potential from the work of

Eggen et al. (MMEggen) and the new parameters determined in this work

(MMV ib).

Parameter MMEggen MMV ib

D/ eV 6.298 6.298

re/Å 1.570 1.313

a2 8.200 7.428

a3 8.200 8.072

c0 8.087 7.788

c1 -13.334 3.917

c2 26.882 -17.503

c3 51.646 51.427

c4 12.164 99.263

c5 51.629 39.772

c6 25.697 70.505

c7 5.964 73.262

c8 7.306 3.831

c9 2.208 65.696

c10 13.707 85.307

significantly, however, the potential depends on the cumulative effect of

these parameters and it is difficult to determine any physical relevance

from the change in any one of these coefficients. The RMSD in the Hessian

is significant, but as shown later it is sufficiently low to provide an ac-

curate description of the vibrational frequencies of carbon nanotubes and

graphene. The vibrational frequencies are computed within the harmonic
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approximation, and it is well known that this leads to an overestimation of

the vibrational frequencies. Consequently, it is customary to apply a linear

scaling to computed harmonic frequencies. For B3LYP/6-31G* a scaling

factor of about 0.96 is optimal,55 for the frequencies computed with the

re-parameterised MMV ib potential we find a scaling factor of 0.90 to be

suitable which is closer to the scaling factors used for Hartree-Fock theory

calculations. We note that overestimating the experimental frequencies at

the harmonic level is to be expected since if the calculations were extended

to anharmonic frequencies, for example via vibrational perturbation theory,

this would lead to a decrease in the computed frequencies.

3.3 Results

3.3.1 Structure

The new parameters from MMV ib find carbon nanotubes and graphene to

be stable structures as demonstrated by the absence of imaginary frequen-

cies. The previous parameterisation of the MM potential for carbon did not

produce sp2 carbon as stable structures, but rather tetrahedrally distorted

coordination of carbon atoms in a tubular arrangement. This is unsurpris-

ing since the parameters were fitted to the properties of diamond and its

tendency to produce diamond is evident. For nanotubes with diameters

greater than that of a (10,10) nanotube, the predicted C-C bond lengths

are 1.43 Å, consistent with a value of approximately 1.427 Å observed in

experiment. For small diameter nanotubes the strain arising from the high

curvature results in a greater deviation in the bond lengths. For graphene

the new potential gives bond lengths of 1.42 Å at the centre of a model
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5 nm by 5 nm flake, again this compares well to literature values. At the

edges of the flake, bonds lengths deviate from 1.42 Å with edge effects

becoming more prominent and differentiation between the bond lengths of

double and single bonds is evident. Overall, this shows that the parame-

ters fitted to C60 are able to provide a reliable description of the minimum

energy structures of large carbon nanotubes and graphene.

3.3.2 Experiment Vs Theoretical

The most important consideration for the empirical methodology presented

here is whether it can successfully reproduce experimental results. Figure

3.1 shows the Raman spectrum computed with the empirical model along

with a typical experimental spectrum of a carbon nanotube reported by

Sanchez et al.94 The experimental data is compared with a calculation us-

ing a pristine finite (6,6) 8 nm long nanotube consistent with experiment.

The spectrum reported shows no evidence of a D-band (expected at ∼1300

cm−1) since it is an essentially defect-free carbon nanotube as noted in the

report. Firstly, the RBM is predicted accurately in comparison with the

experimental RBM. The calculated frequency is at 301 cm−1 close to the

experiment value at 295 cm−1. In experiment the two G-band peaks lie at

1518 and 1591 cm−1 with a splitting ∆ωG = 73 cm−1 compared with calcu-

lation at 1523 and 1610 cm−1 with a splitting of ∆ωG = 83 cm−1. Overtone

bands at higher frequency than the G-band observed in experiment are not

present in the fundamental harmonic frequency analysis presented here.

The RBM and G-bands will be looked at in further detail in sections 3.3.3

and 3.3.4.
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Figure 3.1: A comparison of a typical experimental Raman spectrum of

a (6,6) carbon nanotube (red) compared with a simulated spectrum using

MMV ib and the BPM (blue).

Overall the relative intensities between the calculated bands match ex-

periment quite well, even though the BPM parameters were designed for

periodic systems. The calculated spectrum shows a potential intermedi-

ate frequency mode (IFM)95–97 at 621 cm−1 with low intensity that is not

observed in the experimental spectrum, IFMs are usually found between

between 400-1100 cm−1 but are only seen under special circumstances, for

example when surface enhanced Raman spectroscopy is used. There is a

band seen at 1050 cm−1 in experiment. In the simulated spectra, there are

bands with very low intensity nearby this band which could potentially be

associated with modes that are perturbed by the platinum surface. In the

experiment their intensities are being enhanced, which not considered in

these calculations.
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Another experimental comparison with the work of Souza et al.98 is

shown in figure 3.2. These Raman spectra were assigned to a sample made

up of predominantly (12,9) and (10,9) semiconducting carbon nanotubes

and are compared with there corresponding spectra simulated using MMV ib

with tube lengths of 8 nm. The RBMs of the (10,9) and (12,9) were assigned

to 172 cm−1 and 190 cm−1, and MMV ib predicts frequencies of 175 cm−1 and

191 cm−1 in very good agreement. The experimental G-band frequencies

for G− and G+ lie at 1567 and 1595 cm−1, with a splitting of ∆ωG = 28

cm−1. MMV ib for (12,9) nanotube predicts a G− and G+ at 1609 and 1638

cm−1 with a splitting of ∆ωG = 29 cm−1 and for (10,9) predicts G− and

G+ at 1599 and 1635 cm−1 with a splitting of ∆ωG = 36 cm−1. Overall the

relative intensities between the calculated bands match experiment quite

well with a small overestimation of the G-band but accurate splittings.

Overall the model successfully provides Raman spectra comparable with

experiment. The model nanotubes used were 792 atoms ((6,6) 8 nm), 1491

atoms ((10,9) 8 nm) and 1332 atoms ((12,9) 8 nm), which wouldn’t be pos-

sible by quantum mechanical calculations such as DFT. The errors seen in

the bands were on the order of ∼15 cm−1 which is similar to what is usually

expected with DFT methods. One noticeable feature of the RBM for finite

nanotubes is that there is some distortion to the perfect radial expansion

at the ends of the tube, while within a periodic (infinite) tube framework,

the displacements of the atoms are perfectly radial and symmetrical, this

is revisited later in section 4.2. A consequence of this is that the Raman

intensities associated with the spectra for the finite tubes could lead to
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Figure 3.2: A comparison of a typical experimental Raman spectrum from

a mixture of (12,9) and (10,9) carbon nanotubes (red) compared with the

simulated spectra using MMV ib and the BPM of (12,9) (blue) and (10,9)

(green) nanotubes.

over/underestimations of the intensities by the BPM parameters that were

parameterised based upon periodic (infinite tube) calculations.

An important aspect of experiment to comment here is that often reso-

nant Raman is often employed.23,99 In resonant Raman, the incident laser

in experiment has a beam energy that coincides with that of an electronic

transition of the carbon nanotube, this provides both an enhancement in

intensities of particular modes such as the RBM and also allows specific

indices of tubes to be chosen to target in a sample. The intensities may

differ from those which are calculated using the BPM since it is a non-

resonant theory, however, it does provide a good comparison regardless for
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identifying and gaining insight into Raman active modes.

3.3.3 Radial Breathing Mode

The RBM is one of the most important modes in the Raman spectroscopy

of carbon nanotubes. The RBM corresponds to the coherent expansion

and contraction of carbon atoms in the radial direction as illustrated in

figure 3.3, and the frequency of this mode is known to depend on the

diameter of the carbon nanotube. This dependence comes from the fact

Figure 3.3: Representation of the radial breathing mode.

that the mass of all the carbon atoms along the circumferential direction is

proportional to the diameter.20 The RBM is commonly used to determine

carbon nanotube diameters and their distributions in experimental samples.

The frequency of the RBM is known to follow an inverse relationship with

the diameter (dt), the following empirical relationships are commonly used
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in the literature:100,101

ωRBM =
A

dt
(3.3)

ωRBM =
A

dt
+B (3.4)

For ωRBM in cm−1 and dt in nm, A is known to lie between 220 and 260

nm cm−1 , and B typically has values 0-20 cm−1.100–102 Figure 3.4 shows

the variation of the RBM frequency computed using MMV ib with diameters

for a set of nanotubes including both armchair and zig-zag motifs. Fitting
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Figure 3.4: Variation of the ωRBM with nanotube diameter. Triangles:

calculated frequencies with MMV ib, blue line: ωRBM = 222.0
dt

+ 21.5, red

line: ωRBM = 223.5
dt

+ 12.5.

of these frequencies to equation 3.3 gives a value of 264 nm cm−1 for A

and to equation 3.4 gives values of A = 222 nm cm−1 and B = 21 cm−1.

Also shown are the RBM frequencies given by a commonly used empirical

formula ωRBM = 223.5
dt

+ 12.5. This shows that the potential accurately de-

scribes the diameter dependence of the RBM mode observed in experiment,
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although the frequencies are a little too high, it provides a good indication

that the new potential is modelling the interactions accurately. The cal-

culations also show that the frequency of the RBM converges rapidly with

the length of the tube and for nanotubes longer than 10 nm there is little

change in the computed RBM frequency.
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Table 3.2: A table of RBM frequencies (cm−1) calculated from MMV ib com-

pared with experimentally measured values of assigned carbon nanotubes

with index (n,m).103

(n,m) MMV ib Exp

(18,6) 147 144

(21,0) 151 148

(12,12) 153 151

(16,7) 155 154

(17,5) 158 156

(13,10) 158 156

(18,3) 161 158

(19,1) 162 160

(14,8) 164 161

(11,11) 167 164

(15,6) 169 165

(16,4) 173 169

(17,2) 175 174

(18,0) 176 176

(14,1) 216 210

(11,4) 233 229

(10,5) 238 237

(8,7) 241 239

Table 3.2 shows a comparison of RBM frequencies computed using

MMV ib and measured experimentally including a variety of chiral and non-

chiral carbon nanotubes. Generally there is good agreement with the high-
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est error being 6 cm−1 and a mean absolute error between experimental

and calculated frequencies of 2.6 cm−1.

3.3.4 G-Band Modes

As mentioned previously the G-band in carbon nanotubes has two distinct

bands in the 1550 and 1590 cm−1 region, these are often called G− and

G+, where the G+ corresponds to the higher frequency band and G− to

the lower. The vibrational modes for these bands are associated with in-

plane carbon motions. These modes are polarised along the axis and along

the tube circumference and are often, respectively, referred to as the longi-

tudinal optical mode, LO, and tangential optical mode, TO. The G+ peak

is usually more intense than the G−, and its position is largely independent

of the tube’s diameter, whereas the position of the G− peak decreases with

decreasing tube diameters.

The splitting of the G-band into LO and TO is a result of the different

force constants of the chemical bonds along the tube axis and the tube cir-

cumference. Consequently, this leads to two different vibrational frequen-

cies for modes polarised along these two directions. From the perspective

of rolling graphene to a cylindrical carbon nanotube, the geometrical dis-

tortion leads to a change in atomic separation, loss of C-C bond planarity

and mixing of σ and π states. The Raman spectra of carbon nanotubes

can be characterised by the presence of these two distinct features.

For semiconducting tubes, the G− corresponds the TO and the G+ to

the LO. The splitting between these two modes is usually explained to
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be a result of curvature mentioned previously, where σ - π mixing of C-C

bonds along the circumference results in softening of the TO mode relative

to the LO mode.23

For metallic tubes the G− corresponds to the LO mode, and the G+

corresponds the TO mode, the opposite to semiconducting tubes. The split-

ting between these modes tends to be larger than semiconducting tubes.

The reason the LO mode is at a lower frequency is a result of electronic

structure effects (or more specifically confinement resulting quantization

of the electronic wavefunction due to the curvature) with electron-phonon

coupling becoming the dominant effects on the G-band modes, not the me-

chanical affect of curvature like in semiconducting tubes.104 This case will

be a challenge for the potential developed here since no electronic struc-

ture effects are accounted for, apart from its implicit effect from the initial

fitting to DFT calculations and the potential is technically fitted to C60

which is not metallic.
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Figure 3.5: Computed G-band spectra of a metallic and semiconducting

carbon nanotube and their relevant G-band vibrational modes.
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Figure 3.5 shows the computed G-band and corresponding vibrational

modes for two nanotubes of different indices, metallic (18,3) and semicon-

ducting (15,4). The semiconducting case shows the correct mode ordering

that we expect, when the TO mode is lower in energy than the LO mode.

However, in the case of the metallic tube, we can see incorrect ordering,

the TO mode is lower than the LO mode. This is most likely a result of

the fact the empirical potential is simply incapable of modelling electronic

structure effects like the electron-phonon coupling, which has been ratio-

nalised as the origin of the lower LO mode relative to the TO. The use of

more complex models by inclusion of hybridisation affects in the potential

may alleviate this effect, but since this effect is quantum mechanical, tight

binding methods may be more appropriate for this case. In contrast, the

semiconducting tube’s G-bands are simpler and purely dependent on the

curvature/mechanical properties which are captured easily by the potential.

The frequency of both G-bands for semiconducting components changes

with the diameter of the nanotube, and this is illustrated in figure 3.6 which

shows the variation of the frequency of the G− and G+ modes with nan-

otube diameter for a semiconducting tube. The G− mode is more sensitive

to diameter as expected from curvature softening due to its structure, and

as the tube diameter increases the two components of the G-band become

closer in frequency. This convergence is observed experimentally, however

the small variation in the G+ frequency could be an artefact of the finite

size effects since normally it is observed to be constant in experimental

studies.104
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Figure 3.6: Variation of the frequency of the G+ (red) and G− (blue) bands

with nanotube diameter.

3.3.5 Vibrational Density of States

Calculations of Raman spectra only probe the small number of vibrational

modes that have significant intensity. In contrast, the vibrational density

of states (VDOS) provides a measure of the complete vibrational spectrum.

Unfortunately, experimentally it is a highly challenging measurement and

as a consequence scarcely reported in the literature. For finite nanotubes

of sufficient length, the calculated VDOS can approach bulk behaviour (see

chapter 4.2), hence we have used an extremely long tube of 60 nm here.

Figure 3.7 shows the computed VDOS for a (10,10) nanotube with length

60 nm that has 9720 atoms, and a broadening using Lorentzian functions

of 20 cm−1 is applied. This can be compared with the VDOS measured

in experiment from the work of Dresselhaus and Eklund105 which also cor-

responds to (10,10) nanotubes. We note that the calculations represent a
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Figure 3.7: The computed VDOS of (10,10) Carbon Nanotubes compared

with experimental VDOS by Ekland et al.105

single pristine carbon nanotube while the experiments are for a nanotube

bundle. In general, the calculations qualitatively reproduce the VDOS pro-

file observed in experiment. In some regions of the spectrum, some notable

differences are revealed. In particular, the two distinct peaks in the 600

cm−1 to 900 cm−1 region are predicted to lie at a lower frequency. There

are also differences in the 1400 cm−1 to 1600 cm−1 region. However, the

potential is performing reasonably well over the frequency range, although

some features are slightly shifted. This may be due to interactions between

nanotubes in the bundles changing the frequencies. More importantly,

however, it should be noted that this is a metallic tube, and as shown in

section 3.3.4 electronic effects can be significant for these tubes. There is

currently lack of ab initio data of VDOS analysing the overall affects of
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electronic structure on vibrational properties on carbon nanotubes, most

efforts have focused primarily on rationalising the ordering of the LO and

TO modes.104

3.3.6 Graphene

Figure 3.8 shows the comparison of Raman spectra computed using MMV ib

and a typical experimental spectrum for graphene. The calculations cor-

respond to a finite 5 nm x 5 nm graphene sheet. There are much fewer

features in Raman spectra for graphene, and the spectra are dominated by

the G-band. The calculations predict a spectrum in agreement with exper-

 0

 0.2

 0.4

 0.6

 0.8

 1

 1200  1400  1600  1800

In
te

ns
ity

 (
a.

u.
)

Frequency (cm-1)

 0

 0.2

 0.4

 0.6

 0.8

 1

 1200  1400  1600  1800

Figure 3.8: A comparison of a typical experimental Raman spectrum of

graphene99 (blue) compared with a simulated spectrum using MMV ib and

the BPM (red).

iment, the frequency of the G-band is calculated to be about 1650 cm−1

compared with 1585 cm−1 in experiment. The agreement with experiment
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for this band is not as accurate as found for the carbon nanotubes and may

reflect the nature of the fitting of the potential to C60, which is a more

appropriate model for nanotubes due to its curved nature than for a flat

graphene sheet. However, this does demonstrate a level of transferability. It

is also important to note that graphene Raman spectra are often measured

on a substrate like silicon dioxide. Often graphene-substrate interaction

can lead to changes in its electron structure and distortion of its planar

hexagonal geometry including bond lengths with can lead to perturbations

in its Raman spectrum.106,107

3.3.7 Stone-Wales Defects

The Stone-Wales (SW) rearrangement is 90◦ rotation of a single carbon-

carbon bond (see figure 3.9) which can lead to the formation of two 5-

membered rings and two 7-membered rings.108

Figure 3.9: A Stone-Wales defect from the 90◦ rotation of a C-C bond.

The SW rearrangement is a common defect found in carbon nanomate-
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rials and it has been proposed that a localised vibrational mode associated

with the defect may form the basis for monitoring the formation of these

defects in nanotube growth/formation.109 Consequently, it is of interest to

study how the presence of these defects is reflected in Raman spectroscopy.

For carbon nanotubes, the inclusion of a single SW defect leads to some

distinct highly localised modes based purely around the defect area. These

defects are illustrated in figure 3.10.

(a) Localised Stone-Wales mode.

(b) Stone-Wales C-C stretching mode.

Figure 3.10: Example localised vibrational modes around a Stone-Wales

defect in a (10,10) carbon nanotube.
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The computed Raman spectra for (10,10) nanotube are shown in figures

3.11 and 3.14. The first type of vibrational mode lies at ∼1610 cm−1 and
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Figure 3.11: Raman spectra of (10,10) nanotube G-band with increasing

number of Stone-Wales defects from red being pristine to blue containing

5 defects.

∼1665 cm−1 around the G-band in a (10,10) nanotube and is associated

with stretching modes of the pentagon defect and these modes correspond

local vibrations which just like the G-band vibrate along the carbon nan-

otube axis and perpendicular to it and as such have been labelled as SW−

and SW+, respectively, and are shown in figure 3.12. These modes lead to

broadening of the G-band as the intensity of SW− and SW+ increases as

more SW defects are included in the nanotube. The second most distinct

mode corresponds to the C-C stretching mode between the two pentagon

defects and is calculated to lie at 1931 cm−1 in a (10,10) nanotube. The

computed frequency of this mode is consistent with previous work109 where
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the C-C stretching mode between the pentagon defects was computed to

lie at 1962 cm−1 in DFT based calculations on a narrower diameter (3,3)

nanotube. The computed spectra show the effect of the presence of the SW

defect on the computed Raman spectra.

Figure 3.12: Corresponding vibrational localised modes of SW+ and SW−

bands.

The frequency of the RBM is not affected by the inclusion of the SW

defect at low concentration, and we find that the variation of the RBM fre-

quency with diameter is relatively unaffected as shown in figure 3.13. The

most significant effect is a small change in A in its diameter relationship,

but the 1/dt dependence is still observed. The small variance of the RBM

frequency to the presence of a SW defect was also observed in periodic tight

binding density functional theory based calculations on a (7,0) nanotube.80

However, the Raman intensity of this mode is broadened significantly with
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higher concentrations of the defect, and the single RBM becomes a collec-

tion of Raman active modes in the position of the original RBM (see figure

3.14), these modes are not well resolved after the Lorentzian broadening,

reflecting what is likely to be observed experimentally.

 60

 80

 100

 120

 140

 160

 180

 200

 220

 240

 260

 1  2  3  4  5

R
B

M
 F

re
q

u
e

n
c
y
 (

c
m

−
1
)

Nanotube Diameter (nm)

 60

 80

 100

 120

 140

 160

 180

 200

 220

 240

 260

 1  2  3  4  5

Figure 3.13: Variation of the ωRBM with nanotube diameter. Green trian-

gles: pristine nanotube RBM frequencies, black triangles: calculated SW

defect carbon nanotube psuedo-RBM frequencies, blue line: ωpsuedo−RBM =

249.6
dt

+ 25.1, red line: ωRBM = 223.5
dt

+ 12.5.

.

For graphene, the inclusion of a SW defect leads to long-range buckling

in a graphene sheet as shown in figure 3.15. This long-range relaxation

effect has been noted and seen in previous investigations110 where semi-

empirical potentials were employed to study SW defects and rationalised

to be a mechanism for reducing strain. It was found in these calculations
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Figure 3.14: Raman spectra of a (10,10) carbon nanotube RBM with in-

creasing number of Stone-Wales defects from red being pristine to blue

containing 5 defects.

Figure 3.15: The buckling effect of a single Stone-Wales defect in graphene.

that this buckling range can be over 30 Å with periodic boundaries. The

simulations here use a finite model showing a similar effect. The pentagon
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defects lead to an additional band at higher energy than the G-band as

shown in figure 3.16, although the separation is 15 cm−1 which is smaller

than for the nanotube and so this band is less distinct from the G-band.

The C-C stretching mode between the pentagons lies at 1922 cm−1 which

is lower than calculated for the nanotube. The presence of these new bands

in the Raman spectroscopy of nanotubes can provide evidence for the pres-

ence of SW defects in graphene samples.111 Further details can be found

elsewhere in Carbon, 2017, 113, 299-308.112
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Figure 3.16: Raman spectra of pristine graphene (blue) and graphene with

a Stone-Wales defect (red).

3.3.8 Carbon Nanotube Junctions

Junctions are points where two carbon nanotubes of two different chi-

ralities or diameters meet. The connection between two or more differ-

ent carbon nanotubes is an important step in the development of carbon
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nanotube-based electronic devices and nano-scale circuits with new syn-

thetic approaches being developed to produced these structures in a con-

trolled way.113 Here we look at the Raman spectroscopy of these systems

and to see how the presence of a junction manifests itself in its Raman

spectrum.

Figure 3.17: A (10,10) to (5,5) non-concentric nanotube junction.

The junction modelled here, shown in figure 3.17, is non-concentric be-

tween a (10,10) and (5,5) nanotube, and was generated via the ConTub

v1.0 program.114 Figure 3.18 also shows the computed Raman spectra for

the junction system in addition to the Raman spectra for the individual

nanotubes. For this junction, the separate nanotubes have distinct RBMs

and G-bands, and the resulting Raman spectrum is very similar to a super-

position of the Raman spectra for the individual tubes. This indicates that

there is little coupling between the vibrational modes of the two nanotubes

and they simply act as two independent nanotubes. Vibrational modes as-

sociated with the join region between the two carbon nanotubes lie between

1640 and 1670 cm−1 which corresponds to the tail of the G-band, however it

is difficult to differentiate them from the G-band. The join region between

the two nanotubes is constructed from hexagons and no pentagon defects

are introduced. Consequently, bands associated with pentagon defects are

not observed in this case. The most notable change however in the G-band

region is the emergence of a weak band at 1555 cm−1 which corresponds

to the TO mode which has been shifted up by ∼80 cm−1, the weak band
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at 1471 cm−1 corresponds to a collection of planar modes which have a

mixture of TO and LO character.

Other combinations of junctions were also considered including (10,10)

to (10,0), with a pentagonal defect for the junction. The same result of a

superposition of spectra on the component nanotubes was also seen with

a pentagonal mode being indistinguishable owing to its low intensity and

overlap with the G-band. Furthermore, modes associated with the join

region appeared between 1640 and 1670 cm−1. However, no significant

shifts in the G-band were observed.
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(b) Raman spectra in 1400-1800 cm−1.

Figure 3.18: Computed Raman spectra of (10,10) to (5,5) non-concentric

junction (black) and its component nanotubes (10,10)(red) and (5,5)(blue).
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3.3.9 Carbon Nanocones

Carbon nanocones are conical carbon nanostructures, which can be thought

as curved graphite sheets formed as open cones. These cones are con-

structed by cutting out sections of graphene at n×60◦ (n = 1 - 5) intervals

and connecting the resultant edges (shown in figure 3.19). The strain at

the cone apex results in n pentagons with apex angles(χ) of 112.9◦, 83.6◦,

60.0◦, 38.9◦ and 19.2◦.115 Recent research in nanocones has been in the

application of these structures for field emission devices exploiting their

electronic properties116,117 and as tips in atomic force microscopy.118

There are currently very few studies into the Raman spectroscopy of

these systems, however a study by Jorio et al.119 utilised the shift in G-

band of these systems to map out the strain over a nanocone through Ra-

man imaging. In this study of nanocones, we examine the lower end of the

Raman spectrum to investigate the changes with respect to the apex angle.
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(a) n = 1, χ = 112.9◦ (b) n = 2, χ = 83.6◦

(c) n = 4, χ = 60.0◦ (d) n = 4, χ = 38.9◦

(e) n = 5, χ = 19.2◦

Figure 3.19: Carbon nanocone structures with apex pentagon number, n

and apex angle, χ.

Figure 3.20, shows the Raman spectra of nanocones in the 0 - 400 cm−1

region. Here the highest intensity mode in this region corresponds to a

conical breathing mode (CBM) in the case of 19.2◦ (n = 1) this is a pure

breathing mode as shown in figure 3.21a, or a pseudo-CBM for χ = 38.9

- 112.9◦ (n = 2 - 5), an example is shown in figure 3.21b for apex angle

38.9◦ (n = 2). The likely reason that n = 1 has a pure CBM comes from

the fact its tight apex makes this structure very similar to a cylinder like
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a carbon nanotube, so the mode is almost an RBM.
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Figure 3.20: Computed Raman spectra of carbon nanocone for χ = 19.2 -

112.9◦.

(a) n = 1, χ = 19.2◦ (b) n = 2, χ = 38.9◦

Figure 3.21: Carbon nanocone CBMs where a) χ = 19.2◦ and b) χ = 38.9◦.

Figure 3.22, shows the CBM as a function of apex angle, χ. The fre-

quency of this mode has a linear relationship with apex angle and a linear

fitting easily describes this with following equation ωCBM = −1.41χ +
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289.54. Such a relationship could allow for the assignment of carbon

nanocones in experiment and determination of distributions.
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Figure 3.22: Variation of the ωCBM with nanocone apex angle. Triangles:

calculated frequencies with MMV ib, blue line: ωCBM = −1.41χ+ 289.54

The G-band positions also shifts with angle, with it varying between

1613 cm−1 for χ = 19.2◦ and quickly converges to 1648 cm−1 for χ = 19.2◦.

This is unsurprising as we found from MMV ib previously that a typical

nanotubes G-band (G+) sits at 1610 cm−1 as such small angle cones have

structures that are closer to a cylinder have a G-band frequency like that

of carbon nanotubes, whereas those with wider angles tend to have much

flatter structure close to that of graphene. The relative intensities of the

CBM to G-Band is similar to that of a carbon nanotube’s RBM to G-band.
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3.3.10 Conclusions

The Murrell-Mottram potential has been parameterised to model the vi-

brational spectroscopy of carbon-based materials such as carbon nanotubes

and graphene via a Monte-Carlo based minimisation of the RMSD of the

DFT Hessian matrix of C60 fullerene. When combined with the bond po-

larisability model the resulting potential provides a method to simulate

the non-resonant Raman spectroscopy that can be applied to systems with

thousands of atoms. For carbon nanotubes, the computed Raman spectra

accurately reproduce experimental observations. The known dependence

of the RBM with the diameter of the nanotube and the nature of the vi-

brational modes corresponding to the G-band are reproduced, although

ordering is incorrect for metallic tubes where electronic structure effects

become significant, and a satisfactory approximation to the VDOS is ob-

tained. The effect of Stone-Wales defects on the Raman spectroscopy of

carbon nanotubes and graphene has been explored, and new bands are

observed that arise from new localised vibrational modes associated with

the defect. Carbon nanotube junctions have also been studied and it is

shown that the resulting Raman spectra correspond to a superposition of

the spectra for the individual nanotubes. Carbon nanocones were shown

to have a Raman active conical breathing mode which depends linearly on

the apex angle of the nanocone. Overall we have demonstrated that is it

possible to simulate the vibrational spectroscopy of carbon nanomaterials

using a fully empirical method, allowing accurate spectra to be calculated

quickly for large systems which are not affordable with current quantum

chemical based methods.
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Chapter 4

Modelling Methods: Periodic,

Finite or Tethered?

In this chapter we investigate three different approaches to model carbon

nanomaterials, namely finite, periodic and tethered in simulations when

using empirical potentials. This can be a critical decision and can often

depend on what is being modelled with each method having its own advan-

tages and disadvantages. Usually, these decisions are based on the com-

putational cost, the effect of edges and whether bulk or surface properties

are desired (or need inclusion). Here we examine these scenarios and their

affect on computing the vibrational properties of carbon nanomaterials as

well inferring their effect on the overall dynamics of a system.

4.1 Introduction

There are several approaches that can be used to model carbon nanoma-

terials and each method can potentially impact the results depending on
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what is being studied. At the highest level, there is a choice between con-

tinuum models and atomistic models. Continuum models are attractive for

their low simulation cost of mechanical properties, however, they lack the

detailed instrinsic properties of nanotube chirality, and don’t account for

forces acting on the individual atoms.120 In this work, we focus on the use

of atomistic models in the context of computing vibrational spectroscopy.

Here the key choice for carbon nanomaterials is how the edges or ends of

the system are treated. The first which was used in the preceding chapter

is finite modelling, when the entire system is modelled in a simulation with

its edges being present and all atoms are free to move around in space. A

second approach is tethered modelling, which is the same as finite except

that edge atoms are assigned infinite mass, which effectively fixes the nan-

otubes/graphene in place in free space. Lastly is periodic modelling, where

the entire material is approximated by using a small repetitive representa-

tive part called the unit cell using periodic boundary conditions (PBCs).

PBCs allow us to approximate an infinite number of unit cells and each

cell interacts with its neighbour, this allows us to model carbon nanomate-

rials as “bulk” giving a better macroscopic representation of its properties.

Most notably the biggest difference between periodic and finite method is

the absence of edges and the question of how well the finite represents the

bulk.

Although here we focus primarily on vibrational spectroscopy and dy-

namics, these effects can potentially be significant for other simulation

objectives. Such as modelling defects, encapsulation and the reactions of

inorganic and organic molecules in carbon nanotubes.121 Numerous ques-
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tions arise for each of these scenarios: What is the interaction of defects

in periodic simulation and is the unit cell big enough to eliminate this?

How different is the stacking order (or angles) of molecules when periodic

conditions are used rather than a finite nanotube? Is there a significant

difference in energetics in a periodic tube vs finite? Do the properties of

a finite simulation approach the periodic at large enough scale whilst pre-

serving any significant effects of edges?

The effect of finite system size is often assessed by performing several

calculations with successively larger systems sizes and checking the conver-

gence with respect to the properties of interest. Another factor that re-

quires consideration is highlighted by a recent study by Kotakoski et al.122

is that electronic and mechanical effects can give rise to long-range inter-

actions between single vacancies in carbon nanotubes, which may govern

the migration of vacancies. This raises further questions of how these types

of interactions manifest in periodically repeated infinite (usually assumed

to be non-interacting) and finite models. Furthermore, studies by Ding

et al.123 proposed that defects in single wall carbon nanotubes have bet-

ter stability towards the ends of single wall carbon nanotubes something

that is completely neglected in periodic simulation. Similarly, other studies

which looked at the monovacancy in graphene have also focused purely on

edge effects and found the position of vacancy at the edge was found to

be energetically more favourable, and is linked to graphene’s self-healing

diffusion mechanism to the edge.124

With the previous examples in mind, it is very desirable to understand
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the effect of the different simulations scenarios on the vibrational spec-

troscopy of carbon nanomaterial systems. Periodic simulations can provide

computational savings but it’s important to be able to understand both the

advantages and disadvantages as well as when they are appropriate to use.

It’s evident from previous studies that consideration of these effects can

have a large effect on the outcome of the results and conclusions made.

4.2 Nanotubes

In the case of carbon nanotubes, the predominant difference which affects

the modelling scenarios described in the previous section relates to the size

of system, more specifically the length of the model nanotube used in sim-

ulation. It is important to note at this point that the smallest unit cell for

a carbon nanotube is not the same as those used in the electronic structure

methods. This is due to the form and the range of the MMV ib potential

requiring at least 4 Å. Here we first investigate the effects and convergence

of the main Raman bands with respect to nanotube length using each of

the modelling methods.

Figures 4.1 and 4.2 show the variation of the G-band frequency with

respect to length using the three modelling methods. The frequency of the

G-band does not show a strong dependence on the length of the carbon

nanotube and converges very quickly at 5 nm for each of the three different

modelling methods. As expected the periodic modelling is already con-

verged irrespective of length but in the finite and tethered case, the (18,0)

tube seems to show a much larger deviation than the (10,10).
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Figure 4.1: A plot of the variation of the G-band frequency of a (10,10)

carbon nanotube with length. The three modelling approximations are

shown: finite (black), periodic (crimson) and tethered (violet). The G+

(TO) bands are in solid line and G− (LO) are in dashed lines.

When comparing the converged values of the G+ and G− (or the split-

ting between the two) we see in all three case it converges to the same

value for both the (10,10) and (18,0) tubes. Furthermore, at 5 nm length,

these modes are almost converged, moreover we could say the nanotubes

vibrational behaviour which relates to in-plane motions is converged across

all methods. The G+ (LO) in the (10,10) tube and the G+ (LO) in (18,0)

have been shifted by 14 cm−1 using the approximate linear relations arising

from strain (to be discussed in chapter 5), due to strain in the unit cell.

The G-band mode is common across a wide range of carbon nanomate-
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Figure 4.2: A plot of the variation of the G-band frequencies of an (18,0)

carbon nanotube with length. The three modelling approximations are

shown: finite (black), periodic (crimson) and tethered (violet). The G+

(LO) bands are in solid line and G− (TO) are in dashed lines.

rials, hence we should expect its properties to be relatively independent of

large-scale structural differences such as that between a carbon nanotube’s

tubular structure and graphene’s planar structure, and more specifically,

in this case, the length of the nanotube. Hence quick convergence should

be expected since it’s a property that mainly derives from the motion of

the planar atomic arrangement of hexagons as oppose to the macroscopic

tubular structure.

Figures 4.3 and 4.4 show the convergence of the RBM with respect to

length. We see in both cases that the RBMs all converge to the same

values in all three modelling methods but at a much larger length of 16 nm
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Figure 4.3: A plot of the variation of the RBM frequency with the length

of a (10,10) carbon nanotube. The three modelling approximations are

shown: finite (black), periodic (crimson) and tethered (violet).

compared to the G-band. In comparison to the G-bands, the RBM requires

much longer lengths to converge especially in the finite/tethered case com-

pared to the periodic modelling which is converged at 4 nm. This may be

due to the cylindrical structure not being prominent at short lengths to

form a true carbon nanotube. Using similar (but opposite) arguments used

for the G-band, the RBM is not a result of the hexagonal atomic arrange-

ment but rather its tubular structure that results from rolling up the 1-D

graphene lattice. Consequently, this could suggest that simulations utilis-

ing short length carbon nanotubes simply are not representative of its true

structure. Primarily, this is because its main dynamical features are not

fully represented, unless one is interested in in-plane features which arise

from the hexagonal lattice that forms a carbon nanotube.
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Figure 4.4: A plot of the variation of the RBM frequency with the length

of an (18,0) carbon nanotube. The three modelling approximations are

shown: finite (black), periodic (crimson) and tethered (violet).

Interestingly, if we look closely at the Raman spectra of the RBM bands

of the (10,10) carbon nanotube shown in figure 4.5, we see that for both

the periodic and finite cases, we observe a single RBM band as expected.

However, in the case of the tethered tube, there is a splitting of this mode.

If we look at the RBM normal modes shown in figure 4.6 from each of the

different modelling scenarios we see that they are similar in that they are

all almost purely radial but also have subtle differences.

In the case of periodic modelling, the normal mode vectors for the RBM

are purely radial with no axial components. This is a result of the tube

being an infinitely long cylinder with same radii entirely along its structure
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Figure 4.5: Raman spectrum of RBM region of a (10,10) carbon nanotube

using different modelling methods.

due to the absence of edges. In the case of a finite tube, the RBM still has

predominantly radial components but now also small axial contributions

which are centred exactly halfway along the carbon nanotube, introducing

a small amount of disorder. This can be argued in similar (but opposite)

manner to the periodic case where the tube no longer has a perfectly uni-

form force at every length. This is due to the presence of edges resulting

in the tube’s diameters also increasing to towards the open ends gradually

as shown in figure 4.7. In the case of tethered edges its clear that the two

corresponding modes which make up the RBM band are not true RBMs.
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(a) Finite RBM

(b) Periodic RBM

(c) Tethered RBM 1

(d) Tethered RBM 2

Figure 4.6: Vibrational normal modes of the RBM’s using different mod-

elling methods.

Experimental studies have measured the Raman spectra of tubes of dif-

ferent lengths and showed no variation in the bands for tubes of length
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50 nm, 70 nm and 100 nm tubes. Although these lengths have not been

calculated, the calculations presented are converged at 15 nm fitting in line

with experimental observations.125

Normal mode analysis is often used as an indicator of the overall dy-

namics of a system, and based on the previous analysis it’s clear that the

dynamics observed for the three previous RBMs are very different. This

shows that such approximations can significantly perturb the way a nan-

otube moves. It is therefore important that these considerations are made

especially for molecular dynamics simulations since the different models

could lead to different results.
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Figure 4.7: A plot of the variation of 16 nm (10,10) carbon nanotubes

diameter with length with finite (black) and periodic (red) modelling.

Next, we examine the effect of the different modelling strategies on the

vibrational density of states. Figure 4.8 compares the VDOS of a 20 nm
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carbon nanotubes using all three modelling methods. It’s clear that they

all match with the VDOS for periodic calculation being slightly shifted

this is likely be a result of a small amount of strain in the unit cell. This

convergence is beneficial since it indicates that information such as ther-

modynamic properties which derive from vibrational behaviour will be in-

dependent of the modelling method used.
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Figure 4.8: The computed VDOS of a 20 nm (10,10) carbon nanotube with

periodic (red) and finite (blue).

Figure 4.9 and 4.10 shows the change in the VDOS with respect to

length up to 20 nm for a finite and periodic tube. We see that the VDOS

is converged at approximately 10 nm and 6 nm, for finite and periodic

modelling, respectively. This value for finite is different to the case of the

G-band at 6 nm and RBM at 16 nm. Although the VDOS gives an idea

of the overall set of modes, it’s clear that it can be slightly misleading as
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to whether all vibrational properties are converged since finer details are

clearly overlooked.

 0  400  800  1200  1600  2000

Frequency (cm-1)

 0  400  800  1200  1600  2000

Figure 4.9: The computed VDOS of a (10,10) carbon nanotube with finite

modelling with increasing length of nanotube from red to blue.
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Figure 4.10: The computed VDOS of a (10,10) carbon nanotube with pe-

riodic modelling with increasing length of nanotube from red to blue.

Figures 4.11 to 4.12 show heat capacities computed using different
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length nanotubes calculated using the different modelling methods at 100K

and 200K. Using heat capacities can give a better indication of convergence

in the VDOS since it represents the entire sets of modes in a single value.

The heat capacities, Cv (constant volume) are calculated using the following

formula as used in previous studies of carbon nanotube heat capacity.126

Cv =
3N−4∑
i=1

( h̄ωi
kbT

)2 exp(h̄ωi/kbT)

[exp(h̄ωi/kbT)− 1]2
(4.1)

Where h̄ is the reduced Plancks constant, kb is the Boltzmann constant,

T is temperature and ω is the frequency of mode, i. In both cases of a

(10,10) and (18,0) carbon nanotube, we see that the heat capacities are

almost converged at approximately 16 nm similar to the RBM frequency.
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(b) 200 K

Figure 4.11: A plot of the variation of the heat capacity of a (10,10) carbon

nanotube with length at 100 K and 200 K. The three modelling approxi-

mations are shown: finite (black), periodic (crimson) and tethered (violet).
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(a) 100 K
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(b) 200 K

Figure 4.12: A plot of the variation of the heat capacity of a (18,0) carbon

nanotube with length at 100 K and 200 K. The three modelling approxi-

mations are shown: finite (black), periodic (crimson) and tethered (violet).

4.3 Graphene

Graphene like nanotubes can be expected to exhibit variation in properties

depending on the modelling method used. Figure 4.13 is a comparison of

the Raman spectra of graphene modelled using finite, periodic and tether-

ing methods.

The most significant difference is seen for the finite model of graphene.

Here we see a progression of bands which correspond to intra-layer breath-

ing modes (ILBs), the first 2 bands centred at 98.00 cm−1 and 234.50 cm−1

of the progression correspond to breathing modes with a node in the cen-

tre of the graphene sheet (examples are shown in figures 4.14a and 4.14b).

The rest of the bands upward from this progression correspond to in-plane

modes of increasingly higher sequential orders with nodal planes. This part

of the progression is made of modes which go along the bond axis and those
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Figure 4.13: A comparison of computed Raman spectra of graphene using

finite (red), tethered (blue) and periodic (green) models.

which go against the bond axis (examples shown in figures 4.14c, 4.14d and

4.14e). The higher energy bands correspond to those along the bond axis,

and this can be rationalised since stretching co-ordinates are higher in en-

ergy than bending modes. This is similar to the case of the splitting of the

G-band of carbon nanotubes but has led to significantly smaller splitting

in this case of 8 cm−1.

This progression is not seen experimentally and this can be explained

when we consider how Raman measurements of graphene are normally

made. Usually in experimental measurements, graphene samples are on

some form of substrate, usually supported on a silicon surface or samples

are “free standing” but are mounted on top of meshed gold grids such

that the sides are actually tethered down. Consequently, within the exper-
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(a) ILB1 (72.16 cm−1) (b) ILB2 (99.90 cm−1)

(c) 3 nodes (377.54 cm−1) (d) 4 nodes (513.87 cm−1)

(e) 5 nodes (635.90 cm−1)

Figure 4.14: Raman spectrum of RBM region of (10,10) using different

modelling methods.

imental frame, the area of the Raman laser would be dominated by signals

without edges and also are under the influence of them being tethered

down. This could likely lead to the complete dampening of such modes.

This is more accurately described by periodic or tethered models.
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In chapter 3.3.7, we examined the effect of a Stone-Wales defect on

graphene in its Raman spectra and structure, here we re-visit this and

look at the resultant effects of modelling method on the structure. The

calculated Raman spectra showed similar differences to those for pristine

graphene sheets. In the case of a finite structure of graphene with a Stone-

Wales defect, the entire system is able to relax and “ripple” as far as it

needs to fully relax down to its minimum structure. However when we

compare to the case of a periodic structure, a different picture emerges

where neighbouring unit cells begin to interact. This is not a result of the

range of the potential, but rather the induced ripples from the Stone-Wales

defect do not relax fully before the next unit cell. Thus artificial strain is

induced in the structure. Although the RMSD of the periodic unit with

the finite flake is 0.719 Å, the consequence is best shown when considering

the longer range affect of the rippling of the periodic cell as shown in fig-

ure 4.15. The induced ripples (z-direction) cause channels to form in the

structure since they are not fully relaxed.

However, although we observed this affect structurally, the frequency

of the Stone-Wales C-C stretching mode remains the same at 1922 cm−1,

showing its insensitivity to it’s wider rippling. Several calculations in the

literature, utilise small units cells when modelling defects like the Stone-

Wales defect, as such non-physical stresses can be induced as a result which

could cause perturbed results.
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Figure 4.15: A plot of 5 nm x 5 nm graphene unit cell (centre), with re-

peating units in the 2-D directions, each atom is coloured by the magnitude

of its z vector (out of plane) component, positive regions are in blue and

negative are in red.

4.4 Conclusion

In this chapter we examined three different modelling scenarios for sim-

ulating the vibrational spectroscopy of carbon nanotubes and graphene.

Each scenario can result in different structure, normal modes and Raman

spectra for both graphene and nanotubes. It was shown that finite mod-

elling at a large enough system size, the frequencies converge to the values

of the periodic calculations. However, in the case of finite simulation, it

is clear that the presence of edges can influence different bands in Raman

spectra and their normal modes. In particular, the rate of convergence for

frequencies is dependent on the particular vibrational mode of interest, and
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that some of these modes although corresponding to the same band, can

look very different depending on the method used. Therefore the size of

system should undergo careful consideration depending on the property of

interest.
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Chapter 5

Strained Nanotubes

In this chapter, we apply MMV ib to study the response of vibrational prop-

erties of carbon nanotubes under the influence of uniaxial strain. The

dependence on armchair vs zig-zag, diameter and chirality are studied, and

no significant differences are found between any of these different types

of nanotubes in the shift rates of the Raman active LO band. This is

contrary to experimental observations. Further examination of vibrational

modes and VDOS show that modes with normal mode vectors along the

tube axis in the direction of the applied strain have their frequencies shifted

under strain whilst those with normal modes that are perpendicular to the

tube axis such as the RBM, remain unchanged.

5.1 Introduction

Raman spectroscopy of carbon nanotubes under strain127–129 has attracted

much attention during the past several years. The Raman response includ-

ing the shifts in the bands and change in intensities can provide information

on the geometric and electronic structure of strained carbon nanotubes,130
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which has important implications for the application of nanotubes to sens-

ing applications like nano-electromechanical systems (NEMS). Hence un-

derstanding their underlying properties and potential for device application

is of considerable value. Investigation of the Raman response of different

vibrational modes to strain via theoretical methods allows us to explore

the physical origin and dependence on tube geometry. Most importantly,

the changes observed in Raman spectra from the strain dependence of the

molecule to any macroscopic deformation can reveal what the deformation

is doing to a material at a molecular level.

In atomic force microscopy (AFM) it is challenging to control the de-

formation of nanotubes under different forms of strain (such as torsion), as

such it has been only been applied in a limited way. Furthermore, the pos-

sible types deformations of the nanotubes from AFM manipulation include

tube bending, buckling or radial squashing under the AFM tip. To compli-

cate matters further, the use of bundles (or ensembles) which are made up

from a distribution of chiralities and diameters often leads to difficulty in

characterising the intrinsic behaviour of Raman modes under strain.131 For

example, the expected different responses to strain of different high-energy

tangential modes (G-band) or low-frequency modes, which correspond to

distinct atomic displacement patterns from different nanotube structures.

The main results in the literature generally find that in single-wall nan-

otubes, the RBM and G-band spectra respond differently to the various

forms of strain listed above.

Work by Kong et al.,131 has shown that for nanotubes under uniaxial
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strain, the RBM and TO do not have a noticeable response but the other

observed LO frequencies are downshifted with the resulting changes in elec-

tronic structure being reflected in the Raman intensity changes. However,

limitations which affected these measurements were noted, such as deforma-

tions of the nanotubes from the AFM manipulation include tube bending,

buckling or radial squashing under the AFM tip as well as possible radial

compression caused by AFM tip dragging and pressing on the SWNT in ad-

dition to the uniaxial strain, as well as substrate interaction. Furthermore,

alternative methods by Gao132 employed crude estimation of relating uni-

axial strain and G-band frequency shift rates via nanotubes tethered down

by metal electrodes. Although a wide spread of tube structures were stud-

ied with respect to the diameters and chiral angle, the dependence of the

shift rates are unclear. The results from this study are contrary to that of

ab initio calculations and other experiments, this may be a result of differ-

ent experimental strategies employed and difficulty in applying strain in a

controlled manner.

Ab initio studies of uniaxial strain on a variety of nanotubes by Dong

et al.,77 found 4 key results:

• The frequencies of the low-frequency Raman active modes almost do

not change, while the high-frequency part of the Raman spectra is

shifted downward, and was found to be consistent with the available

experimental and theoretical results.133–135

• The deformation does not change the number of the Raman-active

vibrations.

• The rate at which the Raman modes shift is linear and almost the
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same for the nanotubes with different radii.

• For any nanotube, those modes with large tangential atomic displace-

ments parallel to the tube axis show largest shifts than tangential with

atomic displacements perpendicular to the tube axis (these will have

a small elongation/compression upon strain application).

The work here follows the same theoretical procedure for strain sim-

ulation as Dong et al.77 Where strain is applied by gradually shrinking

and extending unit cell size in the directions of the carbon nanotubes axis,

then the carbon nanotube geometries structures are fully optimised before

performing further frequency analysis and Raman simulation.

The use of MMV ib enables us to look at specific modes directly for

specific single nanotubes free from practical issues and make comparisons

between different nanotube types. We can also use this to examine the

applicability of the potential in non-equilibrium scenarios. Henceforth in

this work, we study the effects of uniaxial strain (shown in figure 5.1) in

carbon nanotube systems to rationalise and find links between its structure

and vibrational properties. Firstly we compare its effects and relationships

Figure 5.1: A diagram showing the application of uniaxial strain on a

carbon nanotube.
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with radii and compare zig-zag and armchair nanotubes. Secondly, we look

at the dependence of chirality on strain effects, and lastly its effects on the

VDOS.

5.2 Zig-Zag and Armchair Nanotubes

Firstly we compare the application of the strain to a non-chiral armchair

and zig-zag carbon nanotube. In figures 5.2 and 5.3 the variation of the

G-bands and the RBMs of a (10,10) and (18,0) are shown, these are two

carbon nanotubes of similar diameter (similar RBMs as well).
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Figure 5.2: A plot of the variation of the G-band frequencies of a (10,10)

(black) and (18,0) (blue) carbon nanotube with the application of uniaxial

strain.

Positive strain corresponds to stretching of the unit cell and negative to
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Figure 5.3: A plot of the variation of the RBM frequencies of a (10,10)

(black) and (18,0) (blue) carbon nanotube with the application of uniaxial

strain.

compression of the unit cell. Focusing on the RBM (figure 5.3), we see no

significant variations of this mode with the application of strain and no

new modes become Raman active. This is in agreement with experiment

since there are no changes of symmetry to the structure. Furthermore,

vibrational modes like the RBM which do not have vector contributions

along the bond axis parallel to the applied uniaxial strain are unaffected

and remain at the same frequency. In contrast, the G-band component

with the tangential modes parallel to the nanotube axis, LO, varies signif-

icantly in both cases with strain showing both positive and negative shifts

in frequency (figure 5.2), consistent with experimental observation. This is

rationalised by the fact that the normal modes lie in the direction of the ap-

plied strain, and that the compression or extension of bonds leads to large

changes in the force constants and frequencies. The G-band component in

both cases with the tangential modes perpendicular to the nanotube axis,
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TO, show little change or dependence. The shift rate of the G-band, LO

with strain for the (10,10) armchair is 53.83 cm−1%−1 and zig-zag (18,0)

52.77−1%−1 which are very similar considering the differences in the struc-

ture of the two systems.

Next, we take a look at the effect of radii on the strain response on car-

bon nanotubes. Figures 5.4 and 5.5 shows the variation of the G-band, LO

mode, with uniaxial strain of different diameter nanotubes. Here we see no

significant change in the shift rate between any of the tubes regardless of

being armchair or zig-zag with a change in diameter.
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Figure 5.4: A plot of the variation of the G-band, LO, with the applica-

tion of uniaxial strain of three armchair nanotubes of increasing diameter,

(10,10) (crimson), (15,15) (blue) and (20,20) (black).
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Figure 5.5: A plot of the variation of the G-band, LO, with application of

uniaxial strain of three armchair nanotubes of increasing diameter, (18,0)

(crimson), (27,0) (blue) and (36,0) (black).

5.3 Chirality

Another factor that could affect the response of uniaxial strain is the chi-

rality of the carbon nanotube. Here we examine the strain response when

varying the chiral angles whilst keeping nanotube radii’s similar. Chiral

nanotubes are particularly challenging calculations for electronic structure

methods due to the unit cell containing very large numbers of atoms com-

pared to its non-chiral counter-parts. Similar to non-chiral tubes, the G-

band mode parallel to the carbon nanotube axis is most sensitive to strain.

The results for the variation in the G-band, LO, frequency shift rate for

varying chiral angles of the tubes are shown in table 5.1. Nanotubes of sim-

ilar radii have been chosen. The results show that there is no significant
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Table 5.1: Variation of LO mode frequency shift rates of 7 nanotubes with

chirality.

Indices Chiral angle( ◦) LO (cm−1%−1)

(17,0) 0.00◦ 54.63

(16,2) 5.88◦ 54.63

(15,4) 11.52◦ 53.74

(14,5) 14.70◦ N/A

(13,7) 20.17◦ 53.49

(11,9) 26.69◦ 53.13

(10,10) 30.00◦ 53.49

dependence on the chiral angle. This is in contrast to experiment where

large variations are seen for different chiralities.132 This may be due to

electronic structure effects, which are neglected by empirical models. The

variation in the shift rates may possibly be a result of the strain induc-

ing large-scale changes in the electronic structure, hence changing bonding

modes especially considering that experimentally values vary between 0

and 30 cm−1%−1. Moreover, different chirality tubes may lead to different

elongations of bonds in experiments hence will affect the frequencies. The

subtle differences of these elongations may not be captured by MMV ib and

be a result of changes in hybridisation state.

Within the literature, it has been noted that the intensity of the RBM

was found to be very sensitive to strain for metallic carbon nanotubes

in contrast to that of the semiconducting nanotubes, whose RBMs were

not observed to change at all with strain.128 Furthermore, none showed
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a change in the relative intensity of the G-bands. Although not shown,

metallic tubes showed no appreciative change in intensity during the appli-

cation of strain, whereas semiconducting tubes did show variations, how-

ever, the changes of intensity showed no clear pattern or link with the

application of strain. Within experimental measurements, normally reso-

nant enhancement (coupled electronic and vibrational Raman transition)

is used to amplify signals, which is often chosen to enhance the RBM signal

hence experimentally these intensity differences may be exaggerated and

not seen here within a non-resonant framework.

5.4 Vibrational Density of States

If we examine changes in the VDOS with the application of strain, we see

two distinct regions become apparent as shown in figures 5.6 and 5.7. In

both cases for (10,10) and (18,0) nanotubes below 1000 cm−1, there is a re-

gion of modes which are generally insensitive to the application strain both

negative and positive. In contrast, above 1200 cm−1 we see a larger por-

tion of vibrational modes are significantly perturbed upon strain. Based on

the previous analysis of the RBM and G-band, in particular, the LO mode,

which was vibrating along the direction of the strain, a similar rationale for

the effect can be made. Whereby vibrational modes which have a signifi-

cant contribution of its vector against the direction of the applied strain are

shifted more than those that are not. This can indicate a possible method

of mechanical control of the vibrational modes and hence properties like

heat capacity.
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Figure 5.6: A plot of the variation of the VDOS with the application of

uniaxial strain of a (10,10) armchair nanotubes with 0 % strain (red), -2%

strain (green) and +2% strain (blue).
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Figure 5.7: A plot of the variation of the VDOS with the application of

uniaxial strain of a (18,0) armchair nanotubes with 0 % strain (red), -2%

strain (green) and +2% strain (blue).
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5.5 Conclusions

The effect of uniaxial strain on the vibrational spectroscopy of carbon nan-

otubes has been investigated. We find that as found in previous theoretical

work, the LO mode is sensitive to the uniaxial strain and shifts linearly in

response.77 MMV ib showed no significant differences to the rate of change

of the LO (or intensities) in response to the applied strain in different di-

ameter and chirality nanotubes as found in previous theoretical work. It is

difficult to make an exact comparison of the results here with experiment

due to the large spread of results and methodologies in the literature but

the comparison of findings with ab initio data shows that MMV ib is per-

forming well.
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Chapter 6

Modelling of Multi-Layer

Carbon Nanomaterials

So far in this thesis, studies have focused on single-layer/walled forms of

carbon nanomaterials and will be referred to as single layer graphene (SLG)

and single wall carbon nanotubes (SWNTs) from this point onwards. Here

we will extend the Murrell-Mottram potential to enable the capability for

it to model the vibrational spectroscopy of few-layer graphene (FLG) and

multi-wall carbon nanotubes (MWCNTs), and further multi-layer systems

such as bundles and graphitic nanofibres. Using this capability we study

the vibrational spectroscopy of the aforementioned multi-layered carbon

nanomaterials with focus on Van der Waals based vibrational modes.

6.1 Introduction

Multi-layer carbon nanomaterials are of considerable interest with numer-

ous studies found in the literature spanning MWCNT’s made up of multi-

ple concentric single walled nanotubes inside one another,136–138 nanotube
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(a) Few-layer graphene (b) Multi-Wall carbon nanotube

(c) Carbon nanotube bundle

Figure 6.1: Representative structures of some multi-layer carbon nanoma-

terials.

bundles which are made up of collections of nanotubes held together by

dispersion139–141 and also FLG made up of Bi-, Tri-,... layers of graphene

sheets. The high interest in these multi-layer systems comes from the

unique electrical, mechanical and optical properties they exhibit compared

to their single layer analogues with lower aspect ratios (length/diameter) as

well as in some cases bypassing the limitations in processing and assembly

of single layer systems.10

Here we extend the MMV ib potential to include dispersion interaction

to model these multi-layer carbon nanomaterials. We focus on the mod-
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elling of vibrational frequencies and properties derived from the multi-layer

structure hence the interlayer Van der Waals vibrational modes. Using this

new dispersion interaction we derive parameters by fitting to experimen-

tal data via a random search. The resultant potential is then applied to

model the vibrational spectroscopy of MWCNTs, FLGs, carbon nanotube

bundles illustrated in figure 6.1 and further exotic structures.

6.2 Modelling Dispersion Interaction

In order to model multi-layer materials, we need to account for dispersion

interaction within the MMV ib potential, which has not been considered pre-

viously. Dispersion interactions are the main driving force and dominant

interaction for the formation of a MWCNT via encapsulation and the in-

teraction between layers of graphite.

The most common function form for modelling dispersion interaction

in a simulation is the well known 6-12 Lennard-Jones potential,142

VLJ = 4ε
[(σ
r

)12

−
(σ
r

)6]
(6.1)

where, r, is the distance between particles, ε is the depth of the potential

well, σ is the collision diameter; the finite distance where the inter-atomic

potential is zero.

In this study, we use the function form of Grimme et al.143 This function

form is most often employed as a dispersion correction in DFT calculations.

The form of this potential provides a convenient way to extend the MMV ib

potential due to its mathematical simplicity and intuitive form for practical
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implementation and speed in codes.

Utilising this function form for modelling dispersion interactions, the

total energy, E, using the potential is now modelled as,143

E =
N∑
i

N∑
j=i+1

V
(2)
ij +

N∑
i

N∑
j=i+1

N∑
k=j+1

V
(3)
ijk +

N∑
i

N∑
j=i+1

V
(Disp)
ij (6.2)

where V
(2)
ij and V

(3)
ij are the two body and three body contributions from

the Murrell-Mottram potential and V
(Disp)
ij is the dispersion interaction.

V
(Disp)
ij takes the following form:

V
(Disp)
ij = −s6

N−1∑
i

N∑
j=i+1

Cij
6

R6
ij

fdmp(Rij) (6.3)

Here, N is the number of atoms in the system, Cij
6 is the dispersion co-

efficient for atom pair ij, s6 is a global scaling factor to account for the

different behaviour of the intermolecular potential especially at intermedi-

ate distances, α is a damping parameter and Rij is the inter-atomic distance

between atoms ij. fdmp(Rij) takes the form,

fdmp(Rij) =
1

1 + e−α(Rij/R0−1)
(6.4)

where R0 is the sum of atomic Van der Waals radii. This function is chosen

because it decays at small R fast enough to zero such that the dispersion

corrections between atoms well below typical Van der Waals distances are

negligible and thus covalent bonds are being modelled by the MMV ib part

are not significantly affected by the correction.

The V
(Disp)
ij term should ideally have the correct R−6 behaviour up to

typical Van der Waals distances between carbon atoms (about 3.3 - 3.4 Å

in graphite). It should also have significant interactions in regions down to
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about 2.7 - 2.8 Å where the overlap of the electron densities would be small,

while there is a negligible contribution for distances below 2.5 Å where the

Murrell-Mottram potential will start to account for chemical bonding be-

tween carbon atoms.

It is important to note that V
(Disp)
ij is a model-dependent quantity with

no real physical meaning, the atomic Cij
6 coefficients are scaled by the

factor s6 to account for the different behaviour of the intermolecular po-

tential especially at intermediate distances, whereas previously mentioned

the Murrell-Mottram chemical bonding becomes dominant.

The existing BPM used in chapter 3 was only applicable to covalent

bonds and with the addition of dispersion this model needs to be modified

to account for Van der Waals type bonding. In this section, the focus is to

analyse the particular set of interlayer modes which result from this type

of bonding and so we use the same method of SuYing et al.144 In this

approach Van der Waals interactions are treated as weak covalent bonds

between layers and that the BPM now becomes a sum over all interlayer

bonds as opposed to intralayer bonds. With this separate treatment, it

allows the Raman spectrum to be decomposed to analyse purely Van der

Waals interlayer modes and covalent modes. Here we employ the same set

of parameters used previously since the focus of this work is on whether

these modes are Raman active and their trends. We also utilise polarisation

dependencies to assist in the identification of shear modes, such as XY

polarisation configuration to enhance modes in the xy plane such as the

shear modes in FLG in section 6.4.
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6.3 Development of Dispersion Parameters,

Random Search Parametrisation

Before considering how to develop parameters for this dispersion interac-

tion, we must consider the previous development of MMV ib. Here we did

a random search fitting the data to the Hessian of C60 from DFT with the

B3LYP exchange-correlation functional. It is important to note that this

DFT data lacked a significant dispersion component and hence dispersion

interactions were not accounted for in the fitting. As a consequence, the

dispersion interactions can be included as an additive term to the original

potential. However, obtaining an equivalent Hessian for dispersion data

will be difficult due to the computational cost of accurate methods to ob-

tain one. Consequently, we have fitted the dispersion to experimental data

of bilayer graphene, and fit the data to the frequency of the doubly degener-

ate shear mode (31 cm−1) shown in figure 6.3 and the structural interlayer

spacing of 3.35 Å.

As with the previous search method we do a random search for param-

eters. It is important to note that the existing B3LYP parameters were

tested for dispersion and found to be unsuitable since a shear frequency of

11.1 cm−1 was obtained and an interlayer spacing of 3.16 Å. In the fitting,

the parameter C6 is not varied but values of 1.65 J nm6 mol−1 143 or 1.75 J

nm6 mol−1 145 were used since these are intrinsic coefficients and two com-

monly used values in the literature. The parameter, α, was varied between

23 and 28, R0 between 1.45 and 1.80 Å since this value is related to the Van

der Waals radii, the value employed by Grimme at 1.452 Å, for the B3LYP
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exchange-correlation functional deviates a lot from the experimental value

of 1.70 Å146 and s6 was varied between 1 and 3. The goal of this random

search was to minimise the error in the frequency of the shear mode and

the interlayer spacing of bilayer graphene.

Two sets of parameters denoted MMV ib+D1 and MMV ib+D2 were found

after the search, and are shown table 6.1. With MMV ib+D1 an interlayer

spacing of 3.33 Å and a shear mode frequency of 35.8 cm−1 is obtained and

with MMV ib+D2 an interlayer spacing of 3.35 Å and a shear mode frequency

of 31.0 cm−1 is obtained replicating the experimental values. Figure 6.2

shows the new potentials interactions for two carbon atoms, it shows that

MMV ib+D1 is almost a shift of the existing B3LYP dispersion and that

MMV ib+D2 is the same but the magnitude of the interaction is lower. Since

the focus of this potential is in the modelling of structure and vibrational

frequencies, MMV ib+D2 is chosen since it better matches experimental data

and will be referred to as MMV ib+D from this point onward.
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Figure 6.2: A plot of equation 6.3 using Grimme et al.’s145 existing param-

eters (blue), MMV ib+D1 (crimson) and MMV ib+D2 (violet) for two carbon

atoms.

Table 6.1: Dispersion parameters for B3LYP by Grimme et al.145 and

MMV ib with corresponding shear mode frequency and interlayer spacing

(Å)

Parameter B3LYP MMV ib+D1 MMV ib+D2

s6 1.05 3.02 2.06

Cij
6 (J nm6 mol−1) 1.75 1.75 1.75

R0 (Å) 1.452 1.75 1.75

α 23.00 27.72 28.00

Shear frequency (cm−1) 11.1 35.8 31.0

Interlayer spacing (Å) 3.16 3.33 3.35
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6.4 Few-Layer Graphene

Few-layer graphene is a model system for new emerging 2D layered ma-

terials, primarily with each layer thickness leading to unique properties

related to its electronic structure147 and optical activity148 as well the abil-

ity to tune chemical reactivity.149 Therefore, the characterisation of this

class of graphitic material is essential in its study and development of its

applications. Raman spectroscopy can provide a direct probe of interlayer

interactions and determination of stacking sequence and layer number (Nl),

all of which are essential for its characterisation.

The determination of interlayer coupling and the number of graphene

layers (Nl) in FLG samples via Raman spectroscopy has been of large inter-

est using a variety of specific vibrational modes. Ferrari et al.150 recently

carried out Raman measurement of FLGs from bi-, tri- to 10- layers re-

vealing the Raman active interlayer shear mode which involves the relative

motion of adjacent planes of carbon as shown in figure 6.3. The bulk shear

Figure 6.3: The normal mode displacement of the doubly degnerate E2g

shear mode (31.0 cm−1) in bilayer graphene.

mode of graphite sits between 43.0 - 44.0 cm−1. It was found in this study

that the shearing frequency is linked to the number of layers and addi-
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tionally also allows for the measure of interlayer coupling. Heinz et al.151

extended this work to characterised layers (Nl) by utilising the frequencies

of the overtones of different interlayer breathing modes up to 20 layers.

The work of Ferrari et al. showed that while the G-band of a Nl layered

FLG system remained constant the interlayer shear mode between layers

of graphene increases according to the following (in cm−1) with layers, Nl,

ωN =
1√
2πc

√
α

µ

√
1 + cos

( π
N

)
(6.5)

where α is the interlayer coupling strength which was found to be 12.8×1018

N m−1 , µ = 7.6× 10−27 kg Å−2 and c is the speed of light cm s−1. In the

case of graphite, N → ∞ and ω = 1
πc

√
α
µ
. Figure 6.4 shows the relation-

ship of graphene layers Nl with the shear mode frequency computed using

MMV ib+D with PBC (unit cell 5 nm by 5 nm) for Nl up to 8 layers and for

bulk with the experimental fit. A good match between the theoretical curve

and the experimental is found suggesting the potential is performing well.

Fitting the theoretical data to equation 6.5 we get an interlayer coupling

value of 13.1 × 1018 N m−1 in excellent agreement with the experimental

value. Furthermore, the G-band was found to be constant with increasing

layers.

Figure 6.5 shows the shear modes for 2LG to 5LG and bulk graphite.

For a given Nl number of layers there will always be Nl − 1 shear modes.

These additional shear modes display different displacement patterns and

hence frequencies compared to the highest intensity (and frequency) shear

mode which produces the relationship shown in figure 6.4. These modes

can be either Raman active, IR active or both, however, experiments have
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Figure 6.4: The variation in the shear mode frequency as a function of the

number of layers, Nl, of graphene computed using MMV ib+D (triangles) and

its fitting to equation 6.5 (red) and experimental fitting (blue).150

not yet been able to probe these modes due to their low intensities. Figure

6.5 shows a comparison of the frequencies from MMV ib+D with DFT-LDA

results,150 there is close agreement with the DFT frequencies, showing the

potential is working well.

6.5 Multi-Wall Carbon Nanotubes

MWCNTs have inner diameters which range from 1 nm to about 20 nm,

the interlayer distance between concentric tubes is reported to be approx-

imately 3.4 Å measured by transmission electron microscopy.153 As such

the successive tube circumferences need to increase by about 21 Å which is
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not easily possible for zig-zag tubes without dislocations.154 For armchair

tubes, concentric tubes are much easier since successive tubes are able to

meet very close to the required 21 Å, allowing multi-walled structures with

an ABAB graphitic like stacking order possible, and an interlayer spacing

close to 3.4 Å. MWCNTs are much more commercially available, and hence

cost favours the use of MWCNTs. MWCNTs exhibit a variety of unique

mechanical and electronic properties with potential applications in spin-

tronics and field emission devices.155

Double walled carbon nanotubes (DWCNT) are the simplest class of

MWCNTs that have received a lot of attention in the literature. This is

primarily because they are prototypical systems of MWCNT’s whilst also

showing very unique properties at the same time, such as the fact that

DWCNT bundles can adsorb twice as much H2 compared with a close-

packed SWNT bundles.156 Additionally DWCNT, unlike a SWNT, can

have one of four possible electronic configurations with each wall being

either semiconductor (S) or metallic (M): S@S, M@S, M@M, and S@M

(inner-tube@outer-tube), which has been investigated using resonance Ra-

man spectroscopy.157 DWCNTs have higher mechanical strength and better

thermal and chemical stability compared to SWNTs. The unique double

wall structure allows the outer wall to be selectively functionalised while

maintaining an intact inner-tube.

Several studies have measured the Raman spectra of MWCNTs in aid of

the characterisation of samples. In purified samples, low-frequency modes

which are related to RBMs are revealed.158–160 As with SWNTs, MWCNTs

131



RBMs are of large interest since they can allow for the characterisation of

MWCNT structures, in particular, the diameters of the concentric tubes.

However, the situation for MWCNTs is more complex since the RBMs of

the concentric tubes will not act as independent oscillators since the Van

der Waals interaction between the tubes is large enough that the individ-

ual vibrations will couple together. Here we investigate the RBMs modes

of armchair MWCNTs and examine the effects on the RBMs relative to

its single wall counterparts. Furthermore, we study the shearing modes of

these systems and compare them with the shearing modes of FLG.

Here we use MMV ib+D to investigate the following set of prototype arm-

chair double wall tubes: (10,10)@(15,15), (15,15)@(20,20), (20,20)@(25,25),

(10,10)@(15,15)@(20,20) and (10,10)@(15,15)@(20,20)@(25,25). These were

modelled with PBCs with a 4 nm unit cell. Structurally, the interlayer sep-

aration of these tubes lies between ∼3.37-3.45 Å consistent with what is

seen experimentally.161 Non-chiral tubes MWCNTs are not studied here

since they cannot be studied periodically and need to be studied using a

finite modelling framework which is also possible with MMV ib+D.

In MWCNTs two types of shear modes are seen as a result of its rolled

structure, a linear set as shown in figure 6.6 and a rotational set shown in

figure 6.7 computed from MMV ib+D. Like FLG, for a given Nw number of

walls, there will always be Nw−1 rotational and linear shear modes. These

two sets of modes show two very different sets of frequencies with different

magnitudes. The frequencies of the linear shear modes tend to be much

larger in magnitude, with an analogous progression to the modes seen in
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FLG. The same can be said for the rotational modes, but the shearing fre-

quencies tend to be much lower with these modes. These lower frequencies

relate to the lower energy of rotation in the direction perpendicular to the

nanotube axis. No reliable comments can be made about the intensity of

these modes since no parameters for BPM for VDW bonds are developed,

therefore the BPM has only been used to identify them.

The work of Popov et al.162 utilised a fixed force constant model to

study RBMs of MWCNTs, with a Lennard-Jones potential between con-

centric tubes, with this model structural optimisation of the layers isn’t

possible due to the fixed bonds and only interwall distance was optimised.

Furthermore, tubes of greater than 3 layers were treated using continuum

models. In this study, it was identified that the RBMs in MWCNTs with

frequencies that are nearly equal to each other interact, leading to vibra-

tional modes of strongly mixed character, i.e. the closer in frequency the

modes are, the more strongly coupled the breathing mode. These modes

are known as Coupled Radial Breathing modes (CRBM). Hence MWC-

NTs with large layer radii have RBMs that are the motion of many walls

mixed in-phase and out of phase, an example is shown in figure 6.8. Figure

6.9 shows the CRBMs computed using MMV ib+D for a series of armchair

MWCNTS with the corresponding SWNT RBM, the contributing tubes to

the normal mode shown with arrows and the phases of the CRBMs cat-

egorised. It can be seen that as we increase the number of walls in the

tube the degree of mixing of the RBM tends to increase. This is reflected

in the frequencies of the vibrational modes even for the double wall case

where there is a small mixing, the hardening of both RBMs is seen, with
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a shift of 16.9 cm−1 for the (15,15) and an even larger shift of 38.7 cm−1

for the (10,10), this is unsurprising since it has become fully restrained by

the outer (15,15) tube. Similarly, for the triple wall case, we see an even

larger increase in the (15,15) RBM of 58.4 cm−1, which becomes completely

restrained from the inner direction by the (10,10) tube and from the outer

by the (20,20) tube. Additionally, in all cases the in-phase mode is always

the lowest frequency CRBM, the out of phase mode is always the highest

frequency CRBM and all CRBMs between are a mixture of in-phase and

out of phase motions. The energy ordering can be rationalised simply by

the energy barriers of motion being lower for 100 % in-phase motions and

the barriers for the counter-phase motions being higher.

Figure 6.8: Representation of a coupled radial breathing mode in a

TWCNT.
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Figure 6.9: RBMs and CRBMs of SWNT ((10,10), (15,15) and (20,20)) and

their MWCNT counterparts ((10,10)@(15,15), (10,10)@(15,15)@(20,20)

and (10,10)@(15,15)@(20,20)@(25,25)) with the contributing SWNTs

shown with arrows and phases of motions.
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If we examine the change in the CRBMs for the DWCNT series (5,5)@(10,10),

(10,10)@(15,15), (15,15)@(20,20) and (20,20)@(25,25). Figure 6.10 shows

the CRBMs of the aforementioned DWCNTs with their normal modes.

Generally, we see that the in-phase CRBMs originate from the outer tube,

which can be identified from its frequency since it will have the lowest RBM

frequency, corresponding to the wider diameter outer tube. Complimen-

tary to this, the out of phase motioned CRBMs which originate from the

inner tube can also be identified from its frequency since it will have the

lowest RBM frequency, corresponding to the narrow diameter inner tube.

For (20,20)@(25,25) we get a small amount of graphitisation between the

walls of the tubes which results in the structure becoming a polygonal

shape resulting in the CRBM becoming perturbed and difficult to assign

but frequencies for an equivalent CRBM modes (polygonal-CRBM) could

be found to be (with SWNT frequency in parentheses) 91.7 (81.8) cm−1

(in-phase) and 145.7 (102.2) cm−1 (out of phase).

Furthermore, as mentioned previously in work of Popov et al.,162 we

see that for small DWCNTs where the difference in frequencies are very

large, there is no coupling in CRBMs. This can be seen from the normal

mode displacement of the (5,5)@(10,10) DWCNT in figure 6.10, where the

characteristic features of the RBM remain the same with negligible mixing.

For larger DWCNTs (10,10)@(15,15) and (15,15)@(20,20), we see increas-

ing coupling which is reflected in the normal mode displacements where

significant coupling between the constituent walls is observed.

DWCNTS show only one rotational and one linear shear mode as we
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In phase Out of phase

(10,10)@(15,15)

(15,15)@(20,20)

154.5 (136.6)  cm-1 243.3 (204.0) cm-1

115.7 (102.2) cm-1 198.1 (136.6) cm-1

(5,5)@(10,10)

222.6 (204.0) cm-1 424.8 (405.1) cm-1

Figure 6.10: CRBM frequencies and normal modes of DWCNT. Con-

stituent SWNT frequencies are given in parentheses.
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saw in figures 6.6 and 6.7. Here we examine these shear modes of the

DWCNTs as a function of inner diameter as shown in figure 6.11. It is

clear that the linear shear mode is independent of the DWCNT diameter

and stays constant at ∼20.5 cm−1. In contrast, the rotational shear mode

rapidly decreases in frequency with increasing diameter converging very

close to zero. This indicates that the barrier to rotation decreases with

diameter as well.
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Figure 6.11: DWCNT rotational (purple) and linear (crimson) shear modes

as a function of DWCNT inner diameter.

6.6 Coaxial Nanomotor

An area of current interest in the literature is the possibility of utilising

DWCNTs as molecular motors. This can be achieved by exploiting the

small interwall resistance of DWCNTs, in which a rotation or slide between
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the inner and outer shells of DWCNTs can be easily performed, examples

shown by Zettl et al.163 include repeated extension and retraction of tele-

scoping MWCNT segments, studied by transmission electron microscopy.

The low friction interaction between inner and outer walls also makes it

possible for the fabrication of a possible gigahertz oscillators, in which the

repeated extension and retraction can be performed by the Van der Waals

interactions between two concentric tubes.164 Furthermore Zettl et al. has

utilised DWNTs as a mass sensor, exploiting its increased rigidity to mea-

sure the resonant frequency change, which is proportional to the mass of

the atom or molecule adsorbed, therefore they were able to measure the

mass of gold atoms.165

In the spirit of the work by Zettl et al.,163 we look at a DWNT system,

where we have a mismatch in lengths as shown in figure 6.12. This nanomo-

tor should allow for linear or rotational motion using carbon nanotubes as

the primary components. The nanomotor system in which one short car-

bon nanotube moves relative to another coaxial nanotube has been studied

by Bachtold et al.166 The motion in this study was initiated by imposing a

thermal gradient along the nanotube allowing for subnanometer displace-

ments of the outer tube. These systems also represent interesting structures

since they are similar to the junctions that were studied in section 3.3.8 and

are prototypical components of molecular machines and could be thought

as a macromolecular rotaxane analogue since they are threaded systems.167

Here we investigate a coaxial system of a 14 nm in lenght (10,10)

SWNT with an outer 5 nm in length (15,15) SWNT (denoted as (10,10)-
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(a) Coaxial 1

(b) Coaxial 2

Figure 6.12: The structures of a (10,10)-14nm@(15,15)-5nm coaxial nan-

otube.

14nm@(15,15)-5nm) shown in figure 6.12 and examine the affect of moving

the outer (15,15) component on key vibrational modes as shown in figures

6.12a and 6.12b, these structure will be referred to as coaxial 1 and coaxial

2, respectively.

Firstly, we examine the RBMs of the coaxial systems. The RBM fre-

quencies of the component tubes are 182.8 cm−1 for the inner (10,10)-14nm

and 133.5 cm−1 for the outer (15,15)-5nm. Upon forming coaxial 1 (figure

6.12a), there is a shift of the (10,10)-14nm RBM from 182.8 cm−1 to 185.8

cm−1, a small increase, which likely results from the movement constraints

imposed at the edge of the inner (10,10)’s RBM due to the outer tube,

this mode also doesn’t couple to the outer tube. For the (15,15)-5nm RBM

there is a shift from 133.5 cm−1 to 146.7 cm−1 a large increase in frequency,
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a result of becoming a CRBM. This however is localised to the 5 nm dou-

ble walled portion of coaxial 1 with no normal mode components on the

exposed single wall (10,10) section.

For coaxial 2 with the outer (15,15) positioned in the middle (figure

6.12b), there is a shift of the (10,10)-14nm RBM from 182.8 cm−1 to 192.6

cm−1, a larger increase compared to coaxial 1, which is due to its cen-

tral position allowing maximum Van der Waals interactions (and coupling)

and constraint of movement on the inner tube at central position. For the

(15,15)-5nm CRBM there is a shift of 133.5 cm−1 to 146.2 cm−1 showing

no difference compared to the coaxial 1. As with coaxial 1, the CRBM is

localised to 5 nm double walled portion of the tube, with no normal mode

components on the exposed single wall (10,10) section on either side of the

double walled section.

In figure 4.6a we saw that the RBM in finite tubes centre’s in the middle

of the tube, however upon becoming a coaxial DWCNT this may no longer

be possible. Figure 6.15b and 6.14b show the normal modes of the inner

(10,10) in coaxial 1 and coaxial 2, respectively. It can be seen that the

(15,15) outer section essentially acts as a node on the RBM. In coaxial 1

the centre of the RBM mode is shifted along the tube to the centre between

the end of the outer tube (15,15) and end of the inner (10,10). In contrast,

with the placement of the outer tube to the middle in coaxial 2, we see

there are 2 RBM centres on either side of the outer (15,15) on the (10,10)

tube.
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(a) Coaxial 1

(b) Coaxial 2

Figure 6.13: Representation of the RBM of the inner (10,10) tube in a

(10,10)-14nm@(15,15)-5nm coaxial nanotube.

As with MWCNTs, we see an axial and rotational shear mode. Upon

moving the outer (15,15) tube from the side to the middle, the rotational

shear mode shifts from 1.3 cm−1 to 1.9 cm−1 and the axial shear mode

shifts from 10.3 cm−1 to 14.8 cm−1. The larger increase in the axial shear

mode can be attributed to the increase in the Van der Waals interactions

in the longitudinal direction upon being placed in the middle.

For the G-band modes, we see that there is an overall shift of the fre-

quency of these modes of by approximately 30 cm−1 upon threading. How-

ever, there are few significant differences seen upon comparison of coaxial

1 and coaxial 2 structures.

The work by Bachtold et al.166 aimed to utilise the shearing motions of
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(a) Coaxial 1

(b) Coaxial 2

Figure 6.14: Representation of the axial shear mode of a (10,10)-

14nm@(15,15)-5nm coaxial nanotube.

the outer tube to ship molecular cargo along a carbon nanotube rail. Al-

though temperature gradient was used to induce motion, a possible solution

was suggested to selectively excite specific vibrational modes in particularly

exciting the breathing modes. Using MMV ib+D could provide potential tar-

get modes to excite for such an approach, such as the combination of the

RBM in 6.15b and exciting the axial shear mode to provide an effective

route in transferring momentum to move the outer cargo tube. Further-

more, the shifts in frequencies of RBMs could potentially provide a method

for locating the cargo’s positions along the carbon nanotube rail.

6.7 Graphitic Nanofibres

A more recent class of carbon nanomaterials are graphitic nanofibres. They

are fibres that comprise of layers of graphite planes/nanocones stacked par-
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allel or at a certain angle from the fibre axis. In this section, we focus our

attention to the simulation of the vibrational spectroscopy of cup stacked

graphitic nanofibres (or hat stacked carbon nanofibres). This material can

be thought of as the multi-layer analogues of the nanocones studied in sec-

tion 3.3.9. The attraction of this material is for its applications in polymer

conductive composites, which are materials that exhibit superior electrical

and thermal properties compared to conventional conductive polymer com-

posites.168 Furthermore its application as a support for metal nanoparticle

catalysts is being explored as well as its use as an electrochemical capaci-

tor.169–172

The nanofibre has been observed in TEM to be either solid or have a

hollow core surrounded by concentric cup stacked planes, and their struc-

ture is shown in figure 6.15. These types of structures have a large number

of reactive edges both inside and outside the nanofibre making it a versa-

tile material.173,174 The spacing between these cups are similar to that of

graphene sheets and are reported to be 0.34 nm.

The vibrational spectroscopy of graphitic nanofibres is not as well es-

tablished as its carbon nanotube counterparts, hence here the explore the

relationship between structure and Raman spectra of graphitic nanofibres.

To study a nanofibre we require a unit nanocone to build its structure,

here the model fibre is finite and built from n = 4, χ = 60.0◦ nanocone with

either 3 or 4 units. As shown earlier, the graphitic nanofibre can either have

a solid or hollow core. Naturally, we draw the question of whether this can
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(a) Hollow core graphitic nanofibre

(b) Solid core graphitic nanofibre

Figure 6.15: Representation of the structure of a solid and hollow cup

stacked graphitic nanofibre built from a n = 4, χ = 60.0◦.
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be identified to aid in its characterisation. More specifically, we ask the

question of how can we check if a graphitic nanofibre has a hollow or solid

core. Additionally, how can the diameter, dt, of a hollow core graphitic

nanofibre be identified just as the diameter of a carbon nanotube can be

determined.

Since the graphitic nanofibres modelled here are made up of n = 4, χ =

60.0◦ nanocones, their hollow core is no longer a perfect circle but rather

an ellipse. To define the diameter dt of this ellipse we use the major axis

as shown in figure 6.16. Figure 6.17 and 6.18 show the change in frequency

of two Raman active modes from a Raman spectrum simulated using a

covalent BPM in the low-frequency region. These are sensitive to the hollow

core diameter with the first being a disordered bending mode (DBM), and

the second being a disordered RBM (d-RBM). Both of these show an inverse

relationship with the elliptical diameter of the hollow core. In comparison

with carbon nanotubes where the RBM decreases with increasing diameter,

we find that both these modes increase with increasing elliptical diameter.

Both these modes can be fitted to an inverse equation of the form:

ω =
A

dt −B
+ C (6.6)

For the d-RBM, we get following coefficients after fitting, A = -1203.8 cm−1

Å, B = 3.4 Å and C = 114.6 cm−1. For the DBM we get following coeffi-

cients after fitting, A =-10363.2 cm−1 Å , B = 24.4 Å and C = 11.5 cm−1.

The values of A show that the frequencies vary at largely different rates

between the two modes. This variation overall shows that these modes

could potentially be utilised to identify diameters (or diameter distribu-

tions) of graphitic nanofibres. One thing to note is that these values may
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show specificity depending on the graphitic fibre of interest since there are

numerous nanocone units that could be used to build its structure. There-

fore these values are unique to a nanofibre built from n = 4, χ = 60.0◦

nanocones.

Figure 6.16: Diameter, dt, of a graphitic nanofibre hollow core taken as the

major axis.

Figure 6.19 shows the variation in the G-band from a solid graphitic

nanofibre to a hollow fibre with a diameter of 20 Å. As with carbon nan-

otubes, these are in-plane vibrations of carbon atoms. We see a similar

splitting of the G-band up to a dt = 12.9 Å, however, this splitting is

merely an artifact of the finite structure of the simulation, where the lower

band is associated with the end nanocone unit as such we should actually

expect a single band that is continuous, a larger number of units would

be more appropriate to get a better representation of this band. Nonethe-
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Figure 6.17: Change in DBM frequency of a graphitic nanofibre with in-

creasing core diameter.

less, the inset line shown marks the G-band position, where the intensity

is made up of both tangential and longitudinal in-plane modes, generally

with increasing diameter we see the G-band broadens which can be associ-

ated with decreasing graphitic planes as the hollow core diameter increases.

The modes investigated here are identified on the Raman activity based

on a covalent BPM hence some VDW modes maybe under represented.

A consistent set of combined parameters need to be developed for both

VDW and covalent bonds to allow for a balance treatment to produce more

representative spectra. However, it has still been shown that the vibrational

modes and Raman of these systems are sensitive to their structure and

could be used for the extraction of a key geometrical parameter like the

hollow core diameter.
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Figure 6.18: Change in d-RBM frequency of a graphitic nanofibre with

increasing core diameter.

6.8 Conclusions

MMV ib has been extended to study multi-layer carbon nanomaterials by the

addition of dispersion, MMV ib+D. The new parameters for the dispersion

model have been developed and accurately describe the shearing modes of

FLG, comparing well with experiment. This potential was then applied

to study MWCNTs, and a set of linear and rotational shear modes were

identified similar to that of FLG. The CRBMs of a MWCNT were inves-

tigated showing coupling increases with increasing number of layers and

that the highest frequency CRBM is out of phase and the lowest CRBM

is in-phase. DWCNTs were also shown to have a rotational shear mode

which varied with diameter and a linear shear mode which remained con-

stant regardless of diameter. The coupling of CRBMs of the DWCNTs
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Figure 6.19: Change in G-band of a graphitic nanofibre with increasing

core diameter.

was shown to increase with the DWCNT inner diameter as the frequencies

of constituent SWNTs get close in energy. MMV ib+D was then applied to

study solid and hollow graphitic nanofibres. A set of possible Raman active

modes were identified and found to vary with an inverse relationship with

the hollow core diameter, allowing an analogues method of characterising

the structure of these materials like nanotube diameter.
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Chapter 7

Concluding Remarks and

Future Directions

This thesis has covered several projects focusing on the main aim of study-

ing the vibrational spectroscopy of carbon nanomaterials using an empiri-

cal potential. The Murrell-Mottram potential was parameterised and com-

bined with the bond polarisability model to simulate both single and multi-

layer carbon systems.

In chapter 3, we developed the potential using a random search Hessian-

matching approach which successfully produced a set of good parameters

which yielded good structures for both graphene and carbon nanotubes.

For vibrational spectroscopy, we found that for nanotubes the potential

worked well giving experimentally comparable Raman spectra and proper-

ties like RBM-diameter relations. However, limitations were found when

considering nanotubes where quantum mechanical effects are dominant on

its vibrational modes, in particular, metallic tubes. For graphene, we found

the potential worked reasonably well with an overestimation in frequencies
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and was attributed to the potential being parameterised with a curved

structure. The potential was then applied to study the effects of the inclu-

sion of Stone-Wales defects showing new bands and modes. Furthermore,

carbon nanotube junctions were studied showing that the Raman spectra

are a superposition of the component nanotubes and carbon nanocones

were shown to have a Raman band which could be used to assign cone

apex angles.

In chapter 4, we used the potential to compare the various types of

modelling methods exploring how vibrational properties compare when do-

ing simulations within a periodic, finite and tethered framework. It was

clear that the logical outcome of the periodic results matching the finite at

larger enough system sizes was shown. However, it was demonstrated that

different modes/properties converge at very different rates. In particular,

when comparing the key Raman active modes, the G-band and RBM in

carbon nanotubes, it was shown that all methods lead to different normal

mode vectors for some modes, most interestingly was the RBM. In the case

of graphene these difference’s lead to different sets of modes in particular

in the case when graphene edges are present in finite simulations and are

free to move. Here we saw a large progression of Raman active modes from

these free edges “flapping” which was not present in experiment since free

graphene is not a good approximation to graphene’s form in experimental

setups where it’s supported on some form of substrate or grid.

In chapter 5, we applied the potential to model the vibrational spec-

troscopy of carbon nanotubes under strain. Here we found that consistent
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with experimental studies, the LO band is shifted under strain. However,

the shift rates were found to be almost constant regardless of chirality or

diameter of nanotubes which was found in ab initio studies but not ob-

served in experiment. Overall the potential reproduced qualitative effects

of strain, but with limitations and difficulty in experiment, a quantitative

comparison isn’t possible.

In chapter 6, we extended the Murrell-Mottram potential to include

dispersion interactions. A variety of multi-layer systems were studied in-

cluding few-layer graphene, MWCNTs, a coaxial nanomotor and graphitic

nanofibres. A set of new parameters to model dispersion yielded good in-

terlayer distances for FLG and MWCNTs. The new dispersion interaction

accurately modelled the frequencies of FLG’s shearing mode and was sub-

sequently applied to study the linear and rotation shear modes of a series of

armchair MWCNTs and DWCNTS. Furthermore, it was found for armchair

MWCNTs the lowest CRBM is always in-phase and the highest CRBM is

out of phase. Lastly, the potential was applied to study a new emerging

carbon nanomaterial, graphitic nanofibres. In particular cup stacked fibres

were studied and modes sensitive to the hollow core diameter were found

and an inverse relationship was identified.

Looking into the future for this work, there are several possible direc-

tions to take. The first is utilising the potential in molecular dynamics

and simulating vibrational spectra through the use of the Fourier trans-

form of auto-correlation functions of velocity for VDOS and polarisability

for Raman spectra. These approaches are known to take account of anhar-
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monicity in vibrational modes and hence provides a route to more accurate

spectra without the use of scaling factors and a chance to actually examine

the anharmonic effects in carbon nanotubes.

Secondly would be extending the potential to include further elements

such as hydrogen for modelling hydrogen terminated tubes, carbon nanorib-

bons and poly-aromatic hydrocarbons. This could be implemented through

the addition of a single two-body interaction term for hydrogen with car-

bon since they are always sp2 terminating atoms. Additionally would be

to include inorganic species which are popularly encapsulated into carbon

nanotubes and studying the effects on encapsulations on a nanotube vibra-

tional properties.

Thirdly would be investigating the use of nanotubes as mass sensors

utilising the shift in vibrational frequencies which can be easily studied

using the current MM potential at a low computational cost. This is by

incrementally increasing the mass of atoms in particular regions such as end

of a nanotube or the middle and repeated diagonalisation of the hessian

matrix with increasing (or decreasing) atomic mass of carbon atoms. This

will allow for mass-frequency relationships to be determined, but also can

be further be extended to the relationship of the dependence of frequency,

on the spread on mass over increasingly large areas on a nanotube.

Lastly would be attempting to simulate Raman images. Spectroscopic

imaging techniques have become a popular tool in materials characterisa-

tion and Raman is no exception. With the capability to simulate many

thousands of atoms it may be possible to attempt to simulate Raman im-
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ages based on shifts in frequency, intensity ratios or changes. Examples

include image simulation of stepped edges in FLG samples using the fre-

quency changes in shears modes or using the RBM of a tube to simulate a

large networked carbon nanotube junction to map out its structure. Such

capability would provide a complementary approach to experiment and

deeper insights.
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