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Abstract

A novel, non-coaxial soil model is developed in the contexperfect plasticity for
the plane strain condition whilst incorporating initialilsstrength anisotropy. The
anisotropic yield criterion is developed by generalisimg¢onventional isotropic Mohr-
Coulomb vyield criterion to account for the effects of initedil strength anisotropy
described by the variation of internal friction angles dtedent principal stress direc-
tions. The model is implemented into the commercial finiemednt (FE) software
ABAQUS via the user defined material subroutine (UMAT).

The proposed model is used to predict material non-co@xiaisimple shear tests.
The non-coincidence of the directions of principal stressm®d plastic strain rates can
be reproduced. A faster rate of approaching coaxiality seoled when soil yield

anisotropy is presented when compared to the model withcdwofsc yield criterion.

A semi-analytical solution of the bearing capacity for a sthostrip footing resting
on an anisotropic, weightless, cohesive-frictional seitieveloped based on the slip
line method. A good match of the bearing capacity can be ebtHbetween numerical
and semi-analytical results. The results show that thecatibad at plastic collapse
of a strip footing resting on an anisotropic soil is lowerrtlthat on an isotropic soil.
The settlement prior to collapse is larger when the non4debassumption is involved,;

however, no significant impacts can be observed on the ulifadure load.

In addition, the non-coaxial soil model is applied to inigste tunnelling induced
displacement. The results are compared with the results fihe centrifuge tests per-
formed by Zhou (2015). For equal volume loss, the normalssitlement trough
can be improved by adopting the soil anisotropic parame@tes compared to the ex-

perimental results. The maximum settlement is larger ihtlf larger non-coaxial



coefficient for the same degree of the stress reduction.

The cross-section of the anisotropic yield criterion depeld is a rotational ellipse.
Other types of the ellipse are possible. In addition, for@iaity we only consider the
effect of initial anisotropy without considering induceaisotropy, and only the simple
case of perfect plasticity is investigated. It is suggethedlin order to capture the soil
behaviours under more complex stress paths, the non-larehanisotropic elasticity
should be associated with the current model, and the deveppof hardening/soft-

ening rules is worth investigating.
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Chapter 1

Introduction

1.1 Overview

Extensive experimental and micromechanics-based ewdeinave proven that non-
coaxiality, which refers to the non-coincidence of the dlii@ns of the principal stress
and principal plastic strain rate, is an intrinsic charastie of granular materials. In
addition, these fundamental insights have been employgditte the development of
more realistic continuum material models. The fabric temss been incorporated in
the constitutive modelling of non-coaxial behaviour. Téesnstitutive models have
been successfully applied to study the bifurcation andrsteecalisation of granular

materials under different loading conditions.

However, very few studies have been made on the applicatinarecoaxiality in the
analysis of practical soil-structure problems. Subseytesearch has been made by
Yu (2006); Yu and Yuan (2006); and Yu (2008) to develop noaxta constitutive
models by using the conventional plasticity theory. Thesel@s were then numer-
ically applied in geotechnical applications, e.g. shall@undations, anchor plates
and silo problems. Conclusions were drawn that failure tamatfor non-coaxial
soil behaviour would result in an unsafe design in geotexdirapplications. This
raises the attention for further investigations on the iohpéignoring non-coaxial soil
behaviour in geotechnical modelling. No doubt that this ggeat step leading to ap-
plications of non-coaxiality in modelling geotechnicabplems. Nevertheless, work
of the above researchers is restricted to the frameworkibgsength isotropy. It is
generally accepted that the natural characteristic o s®ianisotropic and recent ex-

perimental observations have demonstrated that non-@ldgxs a significant aspect
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of soil anisotropy. Assuming non-coaxiality in the conteksoil isotropy may resultin

poor predictions of stability and serviceability problemsgyeotechnical engineering.
With particular emphasis on tunnel excavations, non-@affects are not addressed
sufficiently in the literature during the excavation proaex] where severe principal

stress rotations can be expected in a non-homogeneousahater

1.2 Aims and Objectives

The aim of this project is to develop a non-coaxial soil madking into account initial
soil strength anisotropy. The strength anisotropy is diesdrby assuming an elliptic
yield curve in the deviatoric space. The axis of the ellizsdependent on the peak
internal friction angles that are measured in differenbgpal stress directions. The
project will develop and implement the non-coaxial soil ralddto FE code ABAQUS
via the user-defined material subroutine (UMAT), and apipérton-coaxial soil model

to investigate geotechnical problems.

This will be achieved through the attainment of the follogvmbjectives:

e To develop a novel plane strain, elastic perfectly plastin-noaxial soil model
in which the isotropic Mohr-Coulomb yield criterion is geaksed by account-
ing for the effects of initial strength soil anisotropy. Tsieength anisotropy is
described by the variation of peak internal friction angleth the direction of

principal stresses.

e To develop a method for finite element implementation of teely proposed
non-coaxial soil model. Emphasis is drawn on the selectfama-linear algo-

rithms and integration methods.

e To numerically assess the non-coaxial soil model by usimgpks shear problems.
In particular, the effects of the initial stress state, thatiwn angle, degree of soil

anisotropy and non-coaxiality will be investigated.

e To develop a semi-analytical solution for strip footingstieg on an anisotropic

soll, including a special case for a purely cohesive mdteria
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e To numerically apply the non-coaxial soil model to analyissefical soil-structure

problems, e.g. strip footings and tunnel excavations.

e To verify the numerical predictions for strip footings witihose obtained from
the semi-analytical results as well as to compare the neadggsults of the sub-
surface settlement of tunnelling with centrifuge resuttsnf Zhou (2015). In
addition, the effects of the degree of soil anisotropy and-cmaxiality on the

soil behaviour of these geotechnical problems will be itigased.

1.3 Structure of the thesis

This thesis consists of seven chapters as outlined below:

Chapter 1 presents an overview of the research. The objectives anulttiee of the

research are introduced.

Chapter 2 reviews some of the voluminous literature on the subjectasf-coaxial
behaviour of granular soils. The definition of non-coaxyakxperimental and micro-
mechanical studies are provided, with a particular refezea finite element modelling

of non-coaxiality based on plasticity theory.

Chapter 3 concerns the development of a non-coaxial soil model in theext of
initial soil strength anisotropy, where the soil strengtiisatropy is described by the
variation of peak internal friction angles with the directiof principal stresses. In
addition, the commercial FE software ABAQUS is adopted aktqwm for the im-
plementation of the newly proposed non-coaxial model. Tress-strain increment is

integrated via the user-defined material subroutine (UMAT)

Chapter 4 assesses the model using a simple shear problem in lightpefiexental

observations under simple shear conditions.

Chapter 5introduces a semi-analytical solution for strip footingsting on an anisotropic
soil based on the slip line method with a particular refeeetca close form solu-
tion for a purely cohesive soil. A parametric study is parfed on the influence of

anisotropic coefficients. The verification of numericallésexcluding non-coaxiality
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with semi-analytical results, is provided. The effects efjicee of soil anisotropy and
non-coaxiality on the bearing capacity and displacemettépes of strip footings are

then investigated.

Chapter 6 provides a series of numerical simulations on tunnellingeims of the
stiffness reduction method and the stress reduction methodse study is conducted
and numerical results of the subsurface settlement are a@adwith centrifuge ex-

perimental and Gaussian empirical results.

Chapter 7 draws the conclusion of the research and highlights areasifther re-

search on this topic.



Chapter 2

Literature Review

2.1 Introduction

The foundation of classical plasticity theory can be dattktio the 1958and 1968.
One of the key concepts of the theory is the assumption ofiatigof principal axes
of stress and plastic strain rate tensors (reviewed by Y06 2However, more recent
research has found that soil behaviour is generally nomtabdNon-coaxiality refers
to the non-coincidence of the principal axes of stress aasdtipl strain rate tensors.
Extensive experimental (Roscoe et al., 1967; Drescher antbBselin de Jong, 1972,
Drescher, 1976; Arthur et al., 1977; 1980; Christofferseal.el981; Yang, 2013) and
micromechanics-based (Zhang, 2003; Jiang and Yu, 2006)d.iva, 2010) evidence
has demonstrated that non-coaxiality is distinctly obsérat the initial stage of the
shear stress level, and the degree of non-coaxiality deeseaith an increase in the

shear stress level. It is a significant aspect of anisotrgq@inular materials.

A literature review regarding soil anisotropy and non-gabty, particularly anisotropic
and non-coaxial plasticity theories is provided in thispiea Soil anisotropy is briefly
introduced in Section 2.2; a particular reference is drawthe anisotropic plasticity
theory described by the variation of strength parametetls l@ading directions in
Section 2.3. Previous studies of non-coaxiality are preeseim Section 2.4, includ-
ing experimental and micromechanics-based evidencespiposuof the non-coaxial
behaviour of granular soils. The plasticity theories agged with non-coaxial soil be-
haviour are compared and analysed in Section 2.5. Concludimgrks are presented

in Section 2.6.
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2.2 Soll anisotropy

It is generally accepted that soils are intrinsically atrigoic in nature. The term soil
anisotropy corresponds to any directional-dependenceewhamical properties such
as dilatancy, strength and stiffness of soil mass. It igaiied to the geological deposi-
tional process, grain, void characteristics, associatatbcts as well as external load-
ing. There are two main types of soil anisotropy by CasagramdeCarillo (1944);
namely: inherent anisotropy and induced anisotropy. Framaioscopic view, the
anisotropy of granular material is mainly due to the angaitr internal fabric. The
spatial arrangement of soil particles and the associatet$ weere firstly referred to
fabric by Brewer (1964). Popular concepts of fabric condigOdA et al., 1985):

¢ Orientation distributions of elongated particles;
e Contact normal distributions between interacting parsicle

e \oid distributions.

2.2.1 Inherent anisotropy

In nature, soil particles tend to be aligned in some prefedieections during deposi-
tion. This is treated as initial anisotropy and can affectanal properties of granular
soils (e.g. shear strength and deformation charactejsti€asagrande and Carillo
(1944) were among the first to model strength anisotropyiis aod gave a definition
of inherent anisotropy as ‘a physical characteristic ieheim the material and entirely

independent of the applied stresses and strains .

This geometrical anisotropy of grain orientation was sddand understood in the
laboratory. Phillips and May (1967) presented a speciallystructed shear box fitted
with removable sides and ends, in which the sample was altle pwured in each of
the corresponding three orthogonal directions. Conclgswere drawn that inherent
anisotropy affects shear strength by demonstrating ati@riaf approximately %in

the angle of shearing resistan«péwhen comparing the samples pour through a side
or end and the samples pour to the same porosity in the noraathwough the top

of the box. The difference of maximum shear stress ratio wa® 24%. Apart from
the shear box apparatus, Arthur and Menzies (1972) dewtlapebical, triaxial cell

apparatus to investigate the inherent anisotropy of ndresiwe granular materials.

6
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Samples were prepared in a tilting mould. The three prinaipasses were controlled
independently through flexible stress controlled bouredarirhey found that rotating
the directions of pouring through 9@ drained triaxial compression tests on rounded
Leighton Buzzard sand, led to aboutdf variance in the shearing resistance or 10% of
the maximum shear stress ratio. Parkin et al. (1968) peddranseries of hydrostatic
compression tests on triaxial samples and found that thalrstdain of the sample is
always much larger than the vertical strain. Following theork, Lade and Duncan
(1973) and Lade (1978) developed a cubical triaxial apparat/sing the developed
cubical triaxial apparatus with a number of modification®ekev and Lade (2003);
Lade and Abelev (2003) performed a series of true triaxgibten dense Santa Monica
beach sand on cubical specimens. It was apparent that tkeremal friction angle

is various with different sectors (different sectors cep@nded to different direction
of the principal stress) even when the intermediate praigfress ratios is constant.
More recently, the hollow cylinder apparatus has been widglplied to study soll
anisotropy of granular materials. Kumruzzaman and Yin @@krformed a series of
consolidated undrained tests on remoulded hollow cylisgecimens of completely
decomposed granite. A fixed principal stress direction &ithangle deviating from
the vertical direction was maintained. Results showed gtstrength anisotropy due

to material inherent anisotropy. There were significaniatems in the friction angle

/

Q.

In addition to such experimental works, other studies ha@nkbmade on the inher-
ent anisotropy based on micro-mechanics. The contact nialistebution of granular

materials is difficult to test in a laboratory. Hence, theriais represented by the pre-
ferred orientation of a non-spherical particle long axessuRe from the hydrostatic
compression tests conducted by Parkin et al. (1968), asrattioned, showed that
the long axes (fabric) of the grains tend to be aligned in thxézbntal plane and are
symmetrically disposed about the vertical axis after igpegion of the samples. Oda
et al. (1978) performed a series of plane strain tests on. sahey prepared natural
sand samples and fixed the particle arrangement by infiitygtolyester resin binder
into voids after oven-dried. Then the samples were cut int@réical section (V-

section) and a horizontal section (H-section). In suppb®da (1972), they found

that the preferred orientation of long axes of particleslmafound to be parallel to the
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horizontal direction in sands and the intensity of such &egored orientation of parti-
cles is closely related to the shape characteristic ofglastand gravitational force and
so forth. In addition, they also proved that particle aliggmhhas a vital influence on
shear strength. Numerical studies based on the DiscretedBieMethod (DEM) have
flourished to study micro-mechanics of inherent soil amggmt. DEM was first devel-
oped by Cundall and Strack (1979) to investigate micro-meichiaehaviour of rock
mass problems and then granular materials. Li and Yu (20@3ented a series of two
dimensional (2D) DEM modelling of granular materials sabgel to monotonic load-
ing condition. An initially anisotropic specimen was geated using the deposition
method. Results indicated evidence of the initial fabricsattopy produced during
particle depositions by showing differences in strengtind deformations when the
loading direction changes. Similar DEM conclusions wesm gdointed out by other
researchers that different preferred orientation of pkagiand contact normal can af-
fect the mechanical behaviour of soil mass. The initialitaBnisotropy demonstrates
significant effects on the shear strengths and deformafiing and Meachum, 1995;
Ng, 2004; Yang et al., 2008; Sazzad and Suzuki, 2010; Seyety).

2.2.2 Induced anisotropy

With an increase in the loading condition, particles maydtrrally rearrange which
may alter the fabric. In this case, induced anisotropy b&sodominant. It is gen-
erally accepted that defining induced anisotropy is an d¢iséqrart of the straining
process of a soil. Even an initially isotropic material cavelop induced anisotropy
when subjected to external loading. Casagrande and Card4{ldefined induced
anisotropy as ‘a physical characteristic due exclusiveye strain associated with an

applied stress .

Since induced anisotropy is directly related to the dicewl redistribution of particles
and inter-particle contacts during shearing and plasficrdetion, one pivotal feature
of the experimental study of induced anisotropy is the @t principal stress direc-
tions during shear. Early experiments (e.g. Bishop, 196&athesive soils achieved
principal stress rotations by cutting samples at chosemtations from larger blocks
of the soil. It was reviewed by Arthur et al. (1977) that thexest two special cases of

major principal stress rotations as reported in the literat

8
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e Arthur and Menzies (1972) controlled the rotation of majongipal stress in the
interchange of major and minor principal stress directionge axisymmetric

triaxial test;

e Roscoe et al. (1967) controlled the rotation of the princgia¢ss in a gradual

monotonic change in a Cambridge Simple Shear Apparatus.

Another challenge is to separate induced anisotropy frdrargnt anisotropy. Based
on these ideas, Arthur et al. (1977) developed a useful appgato study induced
soil anisotropy. In their tests, dense sand samples weresdeq in the direction of
the intermediate principal stress, conveniently elimiwathe influence of inherent
anisotropy. Then they were monotonically loaded to a hightfpilure stress ratio
before unloading to an isotropic stress state. Furtherlenptepared samples were
monotonically sheared at various principal stress stafbs.induced anisotropy was
found to have a large influence on the strain required to gehaegiven stress ratio.
The major principal strain and the stress ratio varied vhthrotation of the principal
stress direction. However, it showed negligible influenodle angle of shearing re-
sistancerp’ when compared with inherent anisotropy. This observas@upported by
the work of Oda (197@ from microscopic view. It was explained that the soil fab-
ric constantly changed and aligned in a new direction duttiegprocess of shearing.
As a result, particle contact normals and the voids betweerméarticles formed load
resisting columns. After achieving the peak stress, themnk consisting of contact

normals and the voids began to break down, resulting in anedgibn of the soil fabric.

Li and Yu (2009) presented 2D DEM simulations of the monatdrghaviour of gran-
ular materials with fixed strain increment directions tojie associated particle scale
information. The initially anisotropic specimen was sleebin the deposition direction
and unloaded to the isotropic stress state to prepare pedlcsamples. The samples
were monotonically sheared at different loading direciomhe loading directions
varied from vertical to horizontal at $5ntervals. It was argued that the directional
distributions of contact normal probability and normal tzart force are the main fab-
ric information to show the stress anisotropy. Microscopliservations from their
tests elaborated that the distribution of contact normadsged relative to the loading
direction upon shearing, which results in a slower decr@aske stress ratio. This

can be explained as the changes of soil fabric leading tacedlanisotropy in the soil
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structure to resist the loads applied.

The experimental results and micro-mechanical obsemnatshown above certainly
demonstrate inherent and induced anisotropy in real gagamoterials. These funda-
mental insights obtained from experimental and micromeitisabased investigations
have also been employed to guide the development of moristreabntinuum mate-

rial models.

2.3 Anisotropic plasticity theory

The plasticity theory has been introduced in the anisotrdigid in order to simu-
late the evolution of material anisotropy. The conventiauastitutive models have
been advanced by incorporating the influence of initial a6 aginduced anisotropy
for a more accurate description than what can be achieved isotropic theories
(Amerasinghe and Parry, 1975; Ko and Sture, 1981; Mitci&2). Perhaps there
are two most popular ways to achieve this: one is to rotatetlggnal well known
yield surface and plastic potential in the stress spacealpeevious anisotropic stress
history, e.g. the bounding surface constitutive model;dtieer is to introduce a ro-
tational hardening rule to model the evolution of streshioed anisotropy (Prevost,
1978; Hashiguchi, 1979). These methods are based on the+mawmhanic theory.
From the micromechanic view, Kavvadas (1983) introduceargnotropic tensor in
a non-associated kinematic hardening rule expressednstef the plastic volumet-
ric strain rate. Anandarajah and Dafalias (1986) develapednstitutive model in-
corporating both the initial anisotropy and the inducedsatmopy by combining the
rate-independent bounding surface soil plasticity anctthieal state concepts. More
recently, a number of constitutive models based on anigimtiglasticity theory have
been developed to investigate a various particular casgskKewalczyk and Gambin
(2004) developed a model of evolution of plastic anisotrdpg to crystallographic
texture development, describing metals subjected to ldef@mation processes. The
trend attempts to account for more effects into the modelakerthe model more ac-
curate and capable of predicting. On the other hand, the hbedemes more compli-
cated in terms of formulations and calibration for inputgraeters. Hence, we should

think of their usability as the purpose of constitutive mibidg is to apply it to solve

10
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boundary value problems.

Many papers reported in the literature (e.g. Duncan and,3&é6; Baker and Krizek,
1970) defined the anisotropy of cohesive and frictional migteas the change in
‘strength "on a plane as the orientation of this plane chdngee strength parameters
mainly refer to cohesion and friction angles. Reddy and @asan (1970) presented
a study of anisotropy on the ultimate bearing capacity ofjlostrip footings asso-
ciated with the slip line method. The soil was assumed to dpd plastic at failure.
The anisotropy was described by the variation of cohesiotgraling to Casagrande
and Carillo (1944). The cohesion was obtained corresportditige condition when a
major principal stress is coincident with and perpendictdahe horizontal direction.
Similarly, Yu and Sloan (1994) studied the influence of gjthranisotropy described
by the variation of cohesion with a direction based on a fieieanent formulation of
the bound theorems. Their expression of the cohesion wasllmasthe studies of Lo
(1965). Only cohesion on the horizontal and vertical plamexe accounted for in their
study. Their method can be readily applied to investigatebary value problems, e.g.
footing problems. However, it is obvious these methods ppi@able to clay other
than sand. Perhaps earlier shear tests to investigateeintrsoil anisotropy were per-
formed on specimens cut at different orientations. Moremsite studies have been
presented on the influence of anisotropy in clay than in sammuplane conditions.
It is understandable hence why the inherent anisotropesemted by the variation of

cohesion with direction, was much more pivotal than the erilze of friction angles.

However, more recent experimental observations perfooneshnd from the HCA in-
dicate that the friction angles show an apparent variatioim achange in the principal
stress directiom for different controlled (intermediate principal stress ratio) values.
The largest range of friction angtg occurs wherb = 1.0, which is¢, = 31° for the
minimum andg, = 45° for the maximum corresponding to= 75" anda = 0° respec-
tively. Therefore, there exists an increasing intereseisctdibing plastic anisotropy by
the variation of friction angles. Booker and Davis (1972)sgrged a class of slip
line equations for a plane strain plastic material havingaegal anisotropic Mohr-
Coulomb yield condition, in which the hydrostatic stress w@ssidered. For a special

case, Hill (1950) proposed a treatment for materials witbngjth independent of hy-

11
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drostatic pressure. Following their study, we will try teepent a general form of an
anisotropic yield criterion by treating a changing frictiangle with the direction of
principal stresses. Both clay and sand will be taken into idenation in our project.
The newly proposed anisotropic yield criterion is extenftedh the original isotropic
Mohr-Coulomb yield criterion, which demonstrated a goochhaé between the pre-
dictive ability and usability for various geotechnical plems. Obviously, only a few

material parameters will be introduced.

In the past decades, the study of soil anisotropy has enjayfeditful outcome in a
variety of fields. Non-coaxiality, as a particular signifitaspect of soil anisotropy, is

the main subject in our project and will be reviewed in thesagfuent section in detail.

2.4 Experimentinvestigations and DEM modelling of non-coaxiality

One of the earliest experimental investigations into noaxality was made by Roscoe
et al. (1967) and Roscoe (1970), where it was demonstratéddhacoaxiality is dis-
tinctly observed during the initial state of the shear sttegel in the simple shear tests.
The traditional preparation of samples to achieve the fpaistress rotation is to ro-
tate the materials themselves in a simple shear or direat sipparatus. Drescher and
De Josselin de Jong (1972) described an experimental meanical study per-
formed on an assembly of photo-elastic discs constitutitvgpadimensional analogue
of a granular material. Oda and Konishi (19)4erformed a series of simple shear
and direct shear tests respectively with an assembly afidgis made of photoelastic
material packed randomly in a two-dimensional simple slaggaratus. The results
indicated that a possible non-coaxiality of stress andrstate tensors was induced
and hence could be observed in actual practice as well. Thiaconormals tend to
concentrate towards the maximum principal stress aximdun increase in the shear
stress level. The preferred direction of the concentragi@adually rotated when the
shear stress was gradually applied up to the peak value hanbtation is due to the
rotation of the principal stress axes as described by Rodcale @967). In the past
twenty decades, the simple shear and direct shear appaeteseen improved and
a similar non-coaxial behaviour of granular materials whebjected to a rotation of
principal stresses (Arthur et al., 1977; 1980; Airey et H85).

12
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However, one of the limitations of the simple shear/diréas apparatus is that it is

practically difficult to impose a uniform normal and sheaess field on the shearing

plane. Arthur et al. (1977) tried to control the normal andaststresses on the plane

of deformation but also on the plane that is normal to thershg@lane to improve the

Cambridge simple shear apparatus. However, the rearramjefngranular materials

still remains unpredictable. More recently, there has kegnowing interest in ap-

plying DEM to study the non-coaxial behaviour of granulaseamblies (e.g. (Zhang,

2003)). Ai et al. (2014) developed a discretised-wall cadigranular cell in their

2D DEM study of quasi-static non-steady simple shear flowses€é modifications to

the boundary configuration allowed for synchronised diladi between the boundary

and the confined solid. Thus sufficient and uniform distidng of the stress-strain

across the whole assembly was achieved. Results from th&seate plotted in Fig-

ure 2.1 and indicate a similar evolution of orientations iwh@pal stress and principal

strain rate increment when compared with aforementionpdmmental studies (e.g.

Roscoe et al., 1967), where a significant non-coincidendesiptincipal directions of

stress and strain rate increment occurred at small valusisaair strain and decreased

with an increase in the shear stramy (refers to the initial stress ratio of deviatoric

stresgy over mean stregs). From a micro-mechanic view, the fabric and the direction

of the principal stress coincident at the limit stage of stheading.
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Another way to achieve the principal stress rotation is i@ and rotate the direction
of the principal stress itself, which can be achieved by thiéotv cylinder apparatus
(HCA) (Saada and Baah, 1967; Lade and Duncan, 1975; Hight,et93; Gutier-
rez et al., 1991). The apparatus makes it possible to maaitdrcontrol the principal
stresses and the direction of the major principal stresspeddently. It is capable of
controlling the relative magnitude of the intermediatepipal stress as well. In a very
significant paper, Gutierrez et al. (1991) investigatedetfect of the principal stress
rotation on the plastic behaviour of sand by using the hottgimder apparatus. Three
different stress paths were followed in his study, namelyatonic loading tests at
different fixed principal stress directions, pure rotat@principal stress directions
at constant mobilised angles of friction (i.e. at constadréss ratios) and combined
loading paths involving a simultaneous increase in thersttesss level and rotation of
the principal stress direction. The stress paths and tlsiplstrain rate vectors from
the above three types of tests are presented in Figure 2l i(Xt—Y) space. Both
the total strain increment and the plastic strain increrdeettions are plotted in these
figures. It is demonstrated that the difference betweenitieettbns of the total strain
increment and the plastic strain increment is minute andoeameglected. Figure 2.2
a shows details of monotonic loading tests. The directidritbe principal stress are
presented by straight lines, and are very close as compatkd tirection of the plas-
tic strain increment, i.e. the total strain increment diet Figures 2.2 b and 2.2 ¢
exhibit results from the pure rotation and combined loadésgs, where the combined
stress paths are plotted as spirals in tke-(Y) stress space. For both figures, it is
apparent that the degrees of non-coaxiality are exaggenatine initial stage of the

tests and decrease with an increase in the shear stress level

The HCA has been widely applied to investigate the non-cbaeiaaviour of granular
materials. Cai (2010) performed 24 tests on Portaway san@® dests on Leighton
Buzzard sand to study the non-coaxial soil behaviour of deanmaterials. Yang
(2013) performed a series of drained monotonic shear tedtdrained rotational shear
tests on Leighton Buzzard sand to investigate drained aa@otbehaviour of sand un-
der generalised stress conditions. The features that #iffeclegree of non-coaxiality
were proposed as the density of the specimen, the stres®ofiatied, the stress level

and the material particle properties. These test resslitsadlicated that non-coaxiality
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Is more significant in pure rotation tests that in monotooeding tests. However, as
our project is concerned with initial anisotropy, the raaél shear tests will not be

deeply reviewed.
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sample (Li and Yu, 2009).

In addition, DEM simulations have been performed on the HCArdviewed in the
previous section, Li and Yu (2009) performed 2D DEM simwas under monotonic
loading to explore the underlying mechanisms of non-cdiialwo samples were
tested; namely the initially anisotropic specimen and tiedgaded specimen, describ-
ing the behaviour of inherent anisotropy and induced aropgt The loadings were
monotonically applied in the strain-controlled mode. Resillustrating stress and
strain increment directions are shown in Figure 2d3represents the loading direc-
tions. The vertical straight lines represent the directibthe principal strain incre-
ment, whereas the lines with hollow symbols indicate thealion of the principal

stress. As shown in Figure 2.3 a, non-coincidence is smalthfe case of initial
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anisotropy. However, it is pronounced in Figure 2.3 b for¢hees when the loading
direction is further away from the previous loading direatin terms of the preloaded
specimen. It was argued by Li and Yu (2009) from the microima@ic view that
the direction of major principal stress was dependent orptirecipal directions of
contact normal and contact force, and also their relativgmtades. For the initially
anisotropic sample, the principal directions of anisatrdpbrics were vertical. The
principal direction of the contact normal was close to theqpal direction of the
contact force when the loading direction was closeoate- 90°. This time the non-
coaxiality was not obvious as indicated in Figure 2.3 a. Whensample was sub-
jected to loading, the resulted stress direction was closleet principal contact force
direction, i.e. the loading direction. This time, non-ci@dity was significant as in-
dicated in Figure 2.3 b. More analyses can be found in sonteduwork, e.g. Li
and Yu (2010) performed 2D DEM simulations in which the saasphere subjected
to different loading path (i.e. pure rotation); and Yangl2pextended 2D into a 3D

realm.

The conclusions drawn from the experimental and micro-raeichevidence, confirm

the non-coaxial nature of soil behaviour. These findingsheaassimilated to advance
current constitutive models. These models can then be osedestigate geotechnical
applications. In recent years, FE simulations have beeelwigsed to anaylse com-

plicated geotechnical problems.

2.5 Non-coaxial plasticity theories

The majority of existing constitutive models encompasgngnular materials have
been generalised based on continuum mechanics. A high pi@pof continuum

models for granular materials are based on plasticity thétmager and Drucker (1952)
established a continuum model of dilatant granular mdsewaich was then applied

by Shield (1953). Two useful assumptions were associatddtiweir model:

e The plastic potential is very similar to the formulation b&é&tCoulomb yield func-

tion;

e Itis assumed to be associated and coaxial with the prinonpahtations of stress

and plastic strain rate.
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This approach has found some success in geotechnical enigigie Over the past a
few decades and in most cases, the coincidence of the palrbrpctions of stress and
plastic strain rate during the period of plastic deformatibas been assumed when
predicting soil behaviour using these models. In other wpoiftese models have been
developed from the results of experiments subject to fix@tcyal stress directions.
Experiment results (e.g. Yang, 2013) indicated that a Bagmt plastic deformation
Is induced during rotational shear despite the magnitugeintipal stress remaining
constant. Cumulative permanent deformation may result gafendesign in geotech-
nical applications. It is thus required to improve the caotreonstitutive models to
include non-coaxial soil behaviour, which is a missing comgnmt to ensure more ac-

curate predictions of soil behaviour.

2.5.1 Liand Dafalias (2004)

Over the past a few decades, the fabric tensor has been adimle®n microme-
chanics and the continuum theory (e.g. (Cambou, 1993; Camtbaiy 2000)). The
macroscopic mechanical behaviour of granular materialseis directly related to the
evolution of the internal structure. Structural or multeke approaches based on mi-
cromechanics have been proposed to develop constitutatoreship accounting for
microscopic information. Recently, many constitutive medee modified by intro-
ducing the fabric tensor, in which the material parameteesdafined at the macro-
scopic scale. The fabric anisotropy is characterised abracfeensor. The effects
of the fabric anisotropy are considered in terms of makingenn parameters as a
function of the fabric tensor, or incorporating the fabeagsor into the yield surface
and flow law directly. Thereafter, a flow rule or a hardening la hypothesised or
obtained through the experimental data on the evolutiorabfi¢ tensor with stress,
strain etc (Li and Dafalias, 2002; Zhu et al., 2&(§). For example, Li and Dafalias
(2004) modified an existing platform model which is a doulégeening bounding
surface sand model with a state-dependent dilatancy bgduating the deviatoric
plastic modulus functions of a scalar-valued anisotrogitameter to make it capa-
ble to simulate anisotropic sand including non-proposdidoading. In their model,
the inherent anisotropy is described by making the soitalley a function of fab-
ric anisotropy. A new third loading mechanism, which can hbed the ’rotational

loading mechanism’ is associated with the dilatancy anstigl@otential. In this load-
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ing mechanism which produced additional plastic deforoamgtthe unit tensor which

defined the loading direction contained two mutually oritvog) parts, one coaxial
and the other in general non-coaxial with the principalsstraxes. Their model was
able to describe the response of sand subjected to monaipoiglic loading, pro-

portional or non-proportional paths. However, the incogtion of fabric anisotropy

into the plasticity model is highly complicated and integule, even the simplest of
them without any anisotropic features may already be carat@d, largely because of
their shear-dilatancy coupling. On the other hand, theseéetsaconsider the effects
of microstructure in indirect way where the micro inforneatiis estimated using on
phenomenological method, which may still be unrevealediorestructures. Hence,

these models haven't been widely applied to investigatéegbaical problems.

2.5.2 Tsutsumi and Hashiguchi (2005)

Tsutsumi (e.g (Hashiguchi, 1977; Hashiguchi and Tsutsk@il1; Tsutsumi and Hashiguchi,
2005)) and his group made a systemic study of constitutiveaisancorporating the
tangent (vertex) effect and the anisotropy of soils descritoncisely by the concept
of the rotation of the yield surface around the origin of thress space. Thereafter,
in a significant paper (Tsutsumi and Hashiguchi, 2005), Stsut and Hashiguchi
tried to examine the non-coaxial behaviour in the stresbetest subjected to non-
proportional loading paths. Four different plasticity retslto predict the measured
strain path were analysed by either incorporating the yreldex (tangent) effect or
the yield anisotropy described by the concept of the ratadicdthe yield surface. They
found that although it is possible to predict non-coaxyadit soils if the plastic po-
tential is assumed to be an anisotropic function of the stireissor; the plastic strain
rate which is dependent on the stress state that is tanbtntree yield surface, can-
not be modelled. The calibration of the model to predict tleasured strain path was
compared with the probe tests performed by Gutierrez el@0X). The model with
both the tangent effect and the anisotropy can simulate telldependence of the
strain path. Hence, both the tangent effect and the yielsbé&mipy incorporating the
subloading surface model should be incorporated into ¢atige equations for the
description of the general loading behaviour of materigliswever, we should notice
here that they were trying to propose a constitutive modéthvis capability of repro-

ducing the non-coaxiality of soil behaviour, they did notegany evidence to model
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the non-coincidence of the direction of the principal strasd principal plastic strain
rate. Perhaps as Tsusumi pointed out himself that their lm@ide mainly developed
to predict the plastic instability phenomena of geomakeri®©n the other hand, the

stress-strain response in the pre-failure range is stifitefest.

2.5.3  Yu (2008)

Yu (2008) and his group have made great efforts to study tlesssstrain behaviour
of granular materials under non-coaxial plasticity in tleatext of pre-failure defor-
mation. In particular, they developed a number of non-caasconstitutive models
based on the combined double shearing and plastic potémiaty (Yuan, 2005; Yu
and Yuan, 2006) and the yield vertex theory (Yang and Yu, BRO®he simple for-

mulations of these models made it possible to be numeriealbjied to geotechnical
applications (Yuan, 2005; Yang and Yu, 2@0@01(;a; Yang et al., 2011).

Double shearing theory

An early kinematic model for granular material flow was depeld by De Josselin de
Jong (1971), and is known as the ‘double-sliding, free rotatmodel. This model
assumes that shear flow occurs along two surfaces wherealialde shear resistance
has been exhausted. Based on the concept of the ‘doubleeslidee rotation’ model,
Spencer (1964) proposed a set of kinematic equations teasi&te double shearing
model’. He stated that ‘the double shearing theory is basethe Coulomb failure
criterion, supplemented by a kinematic constitutive agsion that the deformation
mechanism is by simultaneous shearing on the two familiesidaces on which the
critical shear stress is mobilised’. The kinematic modé&jioated by Spencer (1964)
was developed for incompressible, rigid-plastic plane ftdwgranular materials. Fur-
ther research has extended the theory in various ways, ambiotp) Mehrabadi and
Cowin (1978) established a ‘dilatant double-shearing tyiemveying the Butterfield
and Harkness (1972) hyperthesis by introducing a dilatpacgmetef. The two the-
ories have common basis that the deformation is postulateddur by shearing along
stress/velocity characteristics. However, the main diffiee lies in that the definition
of the rotation-rate is different. Harris (1993; 1995) pwepd a method that gives a uni-
fied derivation of the equations for the double sliding, fre&ating model; the double

shearing model and the plastic potential model for granmiaterials. He interpreted
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the rotation-rate as ‘the rate of rotation of the slidingweats’or ‘the local fabric’for
the double sliding, free rotating model; as ‘the rate oftiotaof principal stresses’for
the double shearing model and as zero for the plastic patantdel. However, the
rate of rotation of the local fabric was both unknown and wvkable in terms of the
model. This may explain why the double shearing theory isenpmpular in the fol-

lowing applications.

Following Spencer (1964) and Harris (1993; 1995), Yu andnY(2006) argued that
one significant part of the plastic strain rate was generited the plastic potential
theory. Another component was taken to be tangential to igdd gurface as shown

in Figure 2.4 (with tension positive notation in complyingmthe sign convention in
continuum mechanics). Taking small strain cases into denation, the Jaumann time
derivative oft was replaced by the material derivativby neglecting the spin tensor
wy2. In addition, they relaxed the original kinematic hypotikes the coincidence
of stress and velocity field, and gafea reasonable positive dimensionless scalar in
agreement with the findings from Savage and Lockner (199} pointed out that
slip lines in the velocity field do not generally coincide vihe Coulomb results in the

stress field. The model was developed under plane straintoorsl

As indicated in Figure 2.4, the yield criterioh was taken as the isotropic Mohr-
Coulomb criterion, of which the shape is taken as a circle endéviatoric plane. By
combining the double shearing theory and the plastic piatethieory, a formulation
of a class of non-coaxial models was proposed and took thenfiolg general form in

terms of plastic strain rates:

eP=e®r gAY (A if f=0 and f=0 2.1)
J J dUu
where f and g denote the yield function and the plastic potent?aland/\ denote
scalar functions and is dimensionless. The superscriptsandpnrefer to the coaxial
component normal to the yield curve and non-coaxial comptta@gential to the yield

curve respectively. The normal tensor can be expresse@ agthorT:

T = [c020,, —c0LOy, 0, 25iN20,]" (2.2)
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Figure 2.4 Mohr-Coulomb yield surface and plastic potéififa and Yuan, 2006).
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where®4 denotes the direction of the major principal stress.

It is obvious that; j can be rewritten in terms of planar stress:

1 .
tij = KHijkI Okl (2.3)

and the tensaijj, can be expressed in terms of matrx

a —-a 0 a
-4 a 0 -a
H=| &+ & 2 (2.4)
0 O 0 O

a —a O az |

where
VY Nox:
ay = al (2.5)
\/ (Oxx— ny)2 + 40)%,
AN -
ap = — Txy(Oxx — Oyy) (2.6)

\/ (Oxx— ny)2 + 4O'X2y
AN Oy — Oyy)?
ag=— (Gex— Oy (2.7)
\/ (Oxx— O'yy)2 + 40')(2y

The isotropic elasticity is assumed and the expressiorhielastic stiffness modulus

tensor is given as:

Ev 2E
A 2v) 2% T ) Bk + 1 0k) 2.8)

e _
Dij =

whereE is Young’s Modulus,v is Poisson’s ratio andjj is Kronecker’s delta, i.e.,
Gj =1fori=jandgj =0 fori# j.

The relationship between total strain rates and stressssgbbtained as:
Gij = DiejEI &l (2.9)

and the elasto-plastic modulus tensor is defined as:

e 9 e of
1jpd dopq ~ KIMNJomn
of Ne Jdg
do'uv UVSII(}'O'St

ep _ e
I:)ijkl - I:)ijkl -

(2.10)
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Whereﬁﬁ-k, is introduced as the modified elastic modulus tensor and eaelated to

the conventional elastic modulus tensor:

Dij = (lijk +Dfji Hijia ) Dfj (2.11)

wherel;j is the identity tensor.

The non-coaxial model based on the combined plastic palesmid double shearing
theory was then implemented in the finite element code ABAQi#Suser-defined
material subroutine UMAT. Figures 2.5 and 2.6 show the eiahs of orientations of
the principal stress and the principal plastic strain ratenbrmally consolidated soll
and over-consolidated soil respectiveli§y represents the lateral stress ratio, which is
defined asuyy/oyy. The results demonstrate a very good agreement with expetah

observations (e.g. Roscoe et al., 1967).
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Figure 2.5 Numerical results of principal directions oess and plastic strain rate for= 35°, ¢ = 0°
andKg = 0.43 (Yu and Yuan, 2006): (&) = 0.00; (b)A = 0.05.

This model made a plane strain, elastic perfectly plassomption. In addition, Yuan
(2005) have extended the previous model to axisymmetriblenes and strain hard-

ening problems.
Yield vertex (tangent) theory

The yield vertex (tangent) theory was initially proposed?wdnicki and Rice (1975).
The core of the yield vertex (tangent) theory states thatvthe stress state lies on
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Figure 2.6 Numerical results of principal directions otss and plastic strain rate fpr= 35°, ¢y = 0°
andKp = 3.0 (Yu and Yuan, 2006): (&) = 0.00; (b)/A = 0.05.

the current yield surface, plastic deformation is produegdboth components of the
normal and tangential stress rates. In other words, a sduamtning modulus that
governs the response to that part of a stress incrementatireangentially to the yield

surface, is proposed in addition to the plastic hardeninguhss governing ‘straight

ahead’ stressing in the conventional plasticity theory.

O3

A

)

Figure 2.7 The non-coaxial plastic flow rule (after Rudniakd Rice, 1975).

Yang and Yu (200B) proposed a general elastic-plastic formulation for impat-
ing the yield vertex theory proposed by Rudnicki and Rice ()9@5nvestigate non-
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coaxial modelling on stress-strain responses of granuddéemals. The total strain rate
includes the elastic strain rate derived by the classic lddkw as well as the plastic
strain rate. As shown in Figure 2.7, the plastic strain rateomposed of the coaxial
plastic strain raté and the non-coaxial strain raé@". The yield surface associated
with the non-coaxial theory is characterised by a conicaildRer-Prager yield surface

in general stress space.

Figures 2.8 and 2.9 illustrate the results of the coaxial mowkcoaxial predictions
of the shear stress ratio and principal directions of staessplastic strain rate with
different values of lateral stress rat = 0.4 andKg = 3.0. The evolutions of the
shear stress ratio are presented in Figures 2.8 and 2.9 agaghihe orientations of
the principal stress and the principal plastic strain rateshown in Figure 2.8 and 2.9
b. It is concluded that the use of the non-coaxial model gsge the hardening or
softening of shear stress ratio evolutions as comparedthaticoaxial model, and the
predictions by the coaxial and non-coaxial models tend talbetical at the end of
the shear stage. The coaxiality of the principal stress hagtincipal plastic strain
rate is observed in Figures 2.8 and 2.9 b (see solid line).dakéa lines show the non-
coincidence of the principal stress and principal pladtiaiis rate. As expected, the
degree of non-coaxiality is pronounced at the initial stalgéhe shear stress level and

diminishes with the increase in the shear stress level.
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Figure 2.8 Results of the coaxial and non-coaxial predistioith perfect plasticityo = 0.4; (a) shear
stress ratio; (b) orientations of the principal stress amacppal plastic strain rate (after Yang and
Yu, 2006).

The non-coaxial stress-strain relationship in terms ohthe circular yield surface was
then applied to the critical state model CASM (Yu, 1998). TheSBAs a unified clay
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Figure 2.9 Results of the coaxial and non-coaxial predictivith perfect plasticityko = 3.0; (a) shear
stress ratio; (b) orientations of the principal stress aiacppal plastic strain rate (after Yang and
Yu, 20060).

and sand model that can simulate the behaviour of both cldysand without los-
ing simplicity. The non-coaxial CASM can compensate for thevipus non-coaxial
Drucker-Prager model. The newly proposed non-coaxial ingde applied to analyse

simple shear problems.

The relationship between yield vertex and double shearing tories

Yu (2008) made a brief comparison between the yield verteixthe double shearing
theories. He concluded that at least in form, a constantaoaxial coefficient\ from
the double shearing theory may be equivalent to a presspendent plastic modulus

from the yield vertex theory (and vice versa).

Therefore, non-coaxiality can simply be described in threnfdation of plastic strain
which consists of two components, namely: the coaxial pamnal to the yield curve
that is generated by the conventional plastic potentialttadhon-coaxial part that is

tangential to the yield curve and is stress dependent.

2.5.4 Comments on current constitutive models

Generally, constitutive models that have been reviewethisigection can be classi-
fied as two groups. One group is developed from conventidaatip theory that the

elasto-plastic constitutive models for granular materake normally constructed us-
ing the following ingredients: the yield function or loadisurface, the hardening law,
the flow rule or plastic potentials usually derived from ttress-dilatancy relationship.

Another group is to use fabric tensor to link the micro-mexsian and macro behaviour
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of granular materials. Further, the numerical models basethany soil parameters
characterising many aspects of soil fabric would not bectlyeuseful for in-situ ori-
ented engineering design at the present. As we argued b#ferkatter group requires
a list of complicated mathematical formulations. For Taatsand Hashiguchi (2005),
they have shown the ability to capture the evolution of thaistpath. However, they
have introduced too many parameters without physical meganand are difficult to
be calibrated. In addition, The stress-strain responseasfudar materials under non-
coaxial plasticity hasn’'t been studied. And then, Yu (20@8) his group presented
a systemic study of non-coaxial behaviour in the contextretfpilure based on the
double shearing theory and yield vertex theory. The simpie@lations of these mod-
els made it possible for them to be applied into geotechmipplications. However,
these fond models are restricted to the framework of sahsfth isotropy. Therefore,
it should be interesting and necessary to extend their wodctount for the effects
of soil anisotropy as granular soils are intrinsically atvispic. In addition, intensive
numerical applications of non-coaxial models into geotécdd problems remain an

interesting research aspect. These are the main scopes miopect.

2.6 Chapter Summary

Previous research on the study of soil anisotropy and namtality of principal stresses
and principal plastic strain rates was outlined in this ¢bgmnd the relevant meth-
ods adopted in this research were presented in detail toder@n insight into non-

coaxiality and soil anisotropy. The literature review casimmarised as follows:

e It is generally acknowledged that the natural behaviourailf is anisotropic.
Soil anisotropy, in reference to the inherent soil anigptrand induced soll
anisotropy, has been reviewed in detail, using both experiat investigations

and micro-mechanic evidence.

e The anisotropic plasticity theory described by the vaoiabf strength parameters
with loading directions was briefly discussed in this settidt was identified
that more literature is found to investigate the strengiisaropy described by
the variation of cohesion with direction. However, recexperimental results
on sand indicated a significance of soil anisotropy desdriiyethe variation of

friction angles with the direction of principal stresses.
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e Non-coaxial behaviour has been extensively observed irréxents over the
decades. Some of the noted experimental apparatusese@poithe literature
are the simple shear device and the hollow cylinder appa(atGA). The simple
shear tests performed by Roscoe et al. (1967) and Roscoe @8mamong the
earliest experimental investigations that demonstrdtatirion-coaxiality is dis-
tinctly observed during the initial stage of shearing. Tegrée of non-coaxiality
decreased when the shear strain increased. Results froowloyllinder torsional
shear tests showed that non-coaxiality is pronounced mqmiational tests rather
than monotonic loading tests. Previous research on thecagiphs of DEM
to investigate non-coaxial behaviour of granular soils &is® presented. The
micromechanics-based evidence and those experimentaigsdould be used
to guide the development of more realistic continuum malkeniodels, through

which non-coaxiality can be applied into analysing sailisture interaction.

e Many plasticity theories have been extended to include nifleence of non-
coaxiality. Some phenomenological models and the soil isokbeorporated
the fabric/loading interaction theory were briefly revielyevith emphasis on the
yield vertex (tangent) theory and double shearing theovgld@ed by Yu (2008)
and his group. Despite many researchers having applieccoaxial models
based on these theories to investigate shear banding amad Isicalisation, the
roles of non-coaxial models in stress-strain responsegwanldtions of orienta-
tions of principal stress and principal plastic strain natre highlighted in this
section. For the reason that current non-coaxial modelimanisotropic regime
required a number of parameters without physical meaningsere difficult to
be calibrated, the development of a simple non-coaxialrthembe formulated
in an anisotropic framework was shown to be required for glaanmaterials.
More extensive, complicated numerical applications of-noaxial soil models
into geotechnical engineering were shown to be requiretiiasone of the pre-

liminary tools for the design of geotechnical projects.
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Chapter 3

Formulation and numerical
Implementation of the non-coaxial soill

model

3.1 Introduction

The literature review in Chapter 2 provided an overview ofvjes research on one
aspect of the fundamental mechanics of soils, non-coaritahlour; with a particu-
lar focus on constitutive modelling using plasticity thgoSeveral authors including
Bardet (1991); Hashiguchi and Tsutsumi (2003); Lashkarilaatdi (2008) have de-
veloped non-coaxial constitutive models that can be agpbestudy bifurcation and
strain localisation of granular materials. On the otherchafuan (2005); Yu (2006);
Yu and Yuan (2006); Yang and Yu (20@6); and Yu (2008) have made great efforts
to study the stress-strain behaviour of granular mateuniatker non-coaxial plasticity.
However, their work is restricted to the assumption of st#rsgth isotropy. Gen-
erally, the natural characteristics of soils are anisatrof his fact has been widely
accepted during recent studies of soil behaviour. Non4{eb@ehaviour of soils has
been proven to be an aspect of soil anisotropy by many réssar¢e.g. Yang, 2013).
Hence, we are facing a challenge to develop a non-coaxiahsoiel within the frame-
work of soil anisotropy, and the model should be simple amef land the parameters
should have clear physical meanings. Hence, it can be eaglgmented into numer-
ical platforms and applied to model complicated geotedimpooblems. Taking these

all into consideration, in this section, we present a pldredrs elastic-perfect-plastic
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non-coaxial soil model with an anisotropic Mohr-Coulomblgieriterion following
the general idea of Booker and Davis (1972). The out-of-ptresses and strains are
assumed irrelevant to the in-plane material responsesforimilation of non-coaxial
constitutive equations is described by a general form imseof plastic strain rates.
In this form, the plastic strain rate is divided into two garthe conventional compo-
nent that is derived from the plastic potential theory arelribn-coaxial component
that is assumed to be tangential to an anisotropic yieldasar{Yuan, 2005; Yu and
Yuan, 2006). The anisotropic yield criterion is developgdybneralising the conven-
tional isotropic Mohr-Coulomb yield criterion to account fine effects of inherent
soil anisotropy. The anisotropy is described by the vamadf internal friction angles
(angles of shearing resistance) with the direction of ppaicstresses. Two shape pa-
rameteran and B are introduced to define the yield curve in the deviatoricepdror
simplicity, we only consider an initial anisotropy whichmains unchanged through-
out the loading process. Both the associativity and noné&ssoty in the conventional
plastic flow rules are used. The signs of the stress (rate)larsen to be positive for
compression. The proposed model can be reduced to thengxigin-coaxial model
developed by Yuan (2005) and Yu and Yuan (2006) when the gbeaeneten = 1.0.

This chapter is concerned with the formulation and numénmmplementation of the
newly proposed non-coaxial soil model in the framework @faaisotropy. The model
is then numerically applied to predict the material nonxtality in simple shear tests.
The development of constitutive equations of the non-alamodel is detailed in Sec-
tion 3.2; followed by the numerical implementation of thenrmpaxial model presented
in Section 3.3. The model is then used to investigate thelsisipear problems in Sec-

tion 3.4. Section 3.5 is the conclusion to the key findingshefpirevious sections.

3.2 Constitutive equations of the non-coaxial model

The total strain rate includes the elastic strain rate ardpthstic strain rate, and is

shown as:
&ij = &5 + &) (3.1)
where the superscriptsand p denote the elastic and plastic strains respectively.
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The general rate equation for an elasto-plastic relatiprish
Gij = Dfjy (&1 — &) (3.2)

whereDf, denotes the elastic stiffness modulus tensor. In our mtueklastic com-
ponent is assumed to follow Hooke’s law under plane stramditmns. The isotropic

elastic stiffness modulus tensor is shown as:

Ev

(1+ v)(1—2v)‘j 1%+ 75y

Dij = (GO + i Ojk) (3.3)

2E
(1+v)
whereE is Young's Modulus,v is Poisson’s ratio andj is Kronecker’s delta, i.e.,
Gj =1fori=jandgj =0 fori# j.

3.2.1 Development of the anisotropic Mohr-Coulomb yield ctierion

Booker and Davis (1972) presented a general anisotropic 4@oktomb yield con-
dition in which they assumed that the curve in the deviatspace @,ny) was
a known function of the mean pressupeand the direction of the principal stress.
As shown in Figure 3.1Q, refers to the angle of deviation of the principal direc-
tion, where the only stresses are normal stresses, to-thgis. Stresses are denoted
(0x, 0y, 0x,), and it is impossible to attain states of stress lying oletshe yield sur-
face. The equation of the anisotropic Mohr-Coulomb yieldecton in Booker and

Davis (1972) can be written in the following general form:

f(aX7 a)h OXY) = R_ F(pvep) = 0 (34)
where
2
2\/ 412 (3.5)
1
B 20yy
tan(20,) = ox—0, (3.7)

Recalling that for the isotropic Mohr-Coulomb yield criteriche shape in the devi-

atoric space is a circle, where the radius of the circle dépem the value of mean
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Figure 3.1 Definition of stress orientation angle.

pressurep. However, for the anisotropic Mohr-Coulomb yield criterjighe shape in

the deviatoric space is assumed to be an ellipse for mathehabnvenience, where
the radius of the ellipse depends on the value of mean peeasdrthe direction of the
principal stress (see Figure 3.2). As aforementioned, raxye@ital evidence demon-
strated that the peak internal friction angle (angle of ehgaesistance) varies with
the direction of the principal stress. This will help to deyeclear expressions of the

anisotropic Mohr-Coulomb yield criterion by geometric cadétions.

As indicated in Figure 3.2, the cross section of the anipadrgield criterion with a
constanZ is assumed to be a rotational ellipse in the deviatoric sp&¢g,Y), with

X = (0x+0y)/2=p,Y = oxyandZ = (ox — 0gy)/2. The yield surface in theX,Y, Z)
space is a cone. The centre of the anisotropic ellipse isres$tio be located at the
base point 0ofO. The major axis of the ellipse rotate$ 2legree from the original
Cartesian coordinaté - Y to a new one&X' —Y'. Now consider a poind which lies on

the yield curve; the lengt®D is dependent on the mean pressure and the direction of
the principal stress. In addition, it changes due to theatian of peak internal friction
angles with the direction of the principal stress. Here wédlse half length value of

the major axis of the ellipse asand the minor axis aB. The angle of rotation of the

ellipse deviating from th&—axis is set as .
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ccot®max X

a) b)
Figure 3.2 The ellipse anisotropic Mohr-Coulomb yield aggf in: a) X,Y, Z) space; b)Z,Y) space.

(@nax and @min refer to the maximum and minimum peak internal friction angspec-
tively. The major A) and minor B) length of the ellipse depend on the maximum
and minimum magnitude of the peak internal friction angkpeztively. Two shape
parameters and 3 are added to the general isotropic Mohr-Coulomb yield adter

to form the anisotropic yield criterion:

1L.n=28= ::Q(I;‘”;;f‘x where the range ofi is between 0 and 1. In particular, the

isotropic Mohr-Coulomb yield criterion is retrieved whes= 1.0.

2. B refers to an angle when the major principal stress, corretipg to the case of
the maximum peak internal friction angle, is inclined to tieposition direction;

andp ranges from 0 td;.

As shown in Figure 3.2, the value Afcan be geometrically obtained as:

A = (p+ cCOt@nay) - SiN@nax (3.8)
wherec is the cohesion of materials.
Using parametric equations of an ellipse and assuming & poon the ellipse, we
have:

ODcog20, — 23) = Acox

S (3.9)
ODsin(20p — 23) = nAsimx
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wherea denotes the geometrically parametric angle of an ellipse.

By eliminating the parametric angte in Equation 3.9, the expression GD can be

obtained as:
_ nA
D= 3.10
\/NPcog (20, — 2P3) + sint (20, — 2B) (3.10)
The yield curve takes the form in terms qf, ©p) as follows:
nA
F(p,Op) (3.11)

~ /r2co2(20, — 2D) + Sir2(20, — 2D)
SubstitutingA from Equation 3.8 into Equation 3.11 gives us:

NSiNGinax

F(pv G)p) - \/nZCOSZ(ZG)p — 2[)’) + sin2(2®p - ZB)

- (p+ ccot@nax) (3.12)

Here we can also define friction angles with the directiorhefgrincipal stress as:

B NSIN@max
~ /n?co2(20, — 2B) + sir?(20, — 2B)

sing(Op) (3.13)

In summary, simple forms of the anisotropic Mohr-Coulombld/ieondition can be

defined as follows:

f(ox, 0y,0ry) = R—F(p,0p) =0 (3.14)
where

F(p,©p) = (P+ CCOt@nax) - SINQ(Op) (3.15)
and,

Sinp(Qy) = NSINnax (3.16)

\/N?cog (20, — 2f3) + sin(20, — 23)

36



Chapter 3 Formulation and numerical implementation of the-coaxial soil model

3.2.2 Discussion of the type of the ellipse

Oda (1972) mentioned that the void and contact normal columns bedimgak down
and the soil fabric is altered when the peak stress is adhieWe this situation, it
seems that induced anisotropy has a negligible effect omteenal friction angle of
the soil. In addition, Symes et al. (1984) performed a seri¢srsional shear tests on
medium-loose Ham River sand. They determined that thedrictingle is relatively
unaffected by previous stress rotation if the loading diogcis given; which corrob-
orated the findings from Oda (1982 Hence in this chapter, attention is drawn to
materials with an initial anisotropy which remains unchash¢ghroughout the loading

process. In other words, the perfect plasticity theory edus

As simplified from Booker and Davis (1972), the proposed s#lipnisotropic Mohr-
Coulomb yield criterion can be used to describe initial swérsgth anisotropy. More-
over, the additional two parameters demonstrate clearigddyseanings. However,
it should be noted that it is only a particular case to deteenthe yield curve in the
deviatoric space. It assumes that the centre of the angotetlipse to be located at
the base poinD. Recent experimental observations by using the HCA have stegje
that for a given value db (b = (02 — 03) /(01 — 03) is the intermediate principal stress
parameter), the friction angle reduces with an increase (ia is an orientation of the
minor principal compressive stress with respect to thezootal direction) and it has
a slight rebound atr = 90° (Oda et al., 1978; Van Dyck, 2012; Yang, 2013). Hence,
it seems in reality the maximum magnitude of the peak intdricion angle is ob-
tained when the orientation of the major principal stress (ihe minor compressive
stress) is parallel to the deposition direction. When thermediate principal stress
is taken into consideration, the maximum length from basetf to the failure en-
velope is observed for cases whens 60°. The above observation was presented by
Yang (2013) who carried out a series of drained monotoniarstests on a Buzzard
sand sample and Glass Ballotini with variams@ndb values in a HCA. Based on the
above findings, a rotational ellipse is insufficient in désog the yield curve since it
gives an equal length from the base pdnb the failure envelope for both cases when
the major principal stress is parallel (i.e.= 0°) and perpendicular (i.ea = 90°) to
the deposition direction respectively. Hence, other tygeke ellipse should be intro-

duced to complement the rotational type. We give an exanida @ccentric ellipse

37



Chapter 3 Formulation and numerical implementation of the-coaxial soil model

anisotropic Mohr-Coulomb vyield criterion in the Appendix.

3.2.3 Validation of the anisotropic yield criterion with experimental data

Experimental investigations from the laboratory can helfest the accuracy and lim-
itations of the proposed anisotropic Mohr-Coulomb yieldesion. Oda et al. (1978)
performed a series of plane strain tests to investigatehbarstrength of sand by tak-
Ing into account its initial fabric anisotropy. In their testhe specimens had different
values of tilting angle. o refers to the angle of the bedding plane with respect to the
maximum principal stress axis. Different values of thertgtangle led to significant
variations in the peak deviatoric stresg ¢ g3) when the cell pressures (i.e. the minor
principal stres3) were equal to 49 and 196 kPa. Subsequently the failure gpwel
in the deviatoric spaceq(;—ay, Oxy) Was plotted. The friction angles obtained with dif-
ferent tilting angles from Oda’s (1978) tests are presemtelhble 3.1. It should be
noted tha®p = 7 — 0.

Table 3.1 Experimental results from Oda et al. (1978) tabzompression tests of Toyoura sand.
tilting angle

5()
friction angle ()
(03 =49 kPa)
friction angle ¢)
(03 =196 kPa)

0 15 24 30 45 60 90

46.857 47.39 4859 48.622 49.337 50.496 51.534

44.3 4421 41847 42535 45.615 46.737 49.524

The correlations on the failure envelopes are performeddsst the anisotropic yield
criterion and the experimental results as illustrated guFe 3.3. The figures are plot-
ted in the deviatoric space witl (Y) normalised by the mean pressyxeAs indicated

in both of the figures, it is obvious that the anisotropic¢itgilure model shows satis-

factory agreement with the experimental data.

Table 3.2 Experimental results from Yang (2013) monotohias tests of Leighton Buzzard sand.
loading direction

- 0 15 30 45 60 90
__a()

f”C“(%”:aé‘g')e 0 40 39.15 38.693  37.712 34.837 35.163

f”C“(‘t’)”:a(;‘g')e 0 46.311  43.492 42639  39.098 38.246 37.918

Yang (2013) conducted a range of monotonic shear tests ghtog Buzzard sand

with the b value ranging from @ to 10 at different loading directions. The aim was
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v

Figure 3.3 Validation with results of triaxial compresstests carried out by Oda et al. (1978) when: a)
03 = 49 kPa; b)as = 196 kPa.

to investigate the influence bfon the frictional shear resistance of soils. As the plane
strain condition(b ~ 0.2 — 0.4) is taken into consideration, the peak internal friction
angle varies with different values af for a given value ob as presented in Table
3.2. The correlations on the failure envelopes are perfdrogween the anisotropic
yield criterion and the experimental results as illustlate Figure 3.4. The findings
are consistent with Oda et al. (1978). In general, it can beloded that the newly

proposed anisotropic Mohr-Coulomb yield criterion is a ceele hypothesis.

a) A v/p b) L v/
—0.8 ~ 0.8

— Anisotropic Mohr-Coulomb

o o
Z/p
L O 1 1 1 o | | | | L gL >
-0.8 -0.6 -04 -02 0 02 04 06 08 -0.8 -06 -04 -02 0 02 04 06 0.8
O Experimental data (Yang, 2013) O  Experimental data (Yang, 2013)

— Aunisotropic Mohr-Coulomb

Figure 3.4 Validation with results of laboratory monotofdading tests carried out by Yang (2013)
when: a)p =0.2; b)b=0.4.

3.2.4 Non-coaxial plastic flow rule

It has been argued by Hashiguchi and Tsutsumi (2003) thegpdssible to predict non-
coaxiality of soils if the plastic potential is assumed tabeanisotropic function of the
stress tensor. However, the plastic strain rate which isid@gnt on the stress state that
is tangential to the yield curve, cannot be modelled underabsumption. Hence in
our analysis, following Yu and Yuan (2006), the plastic istrate is divided into two
parts; where the coaxial component is generated by thegjasential theory and the

tangential non-coaxial component is assumed to be tarsgémthe anisotropic Mohr-
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Coulomb vyield surface proposed in the previous section. Asvehn Figure 3.5, the

general form of the plastic strain raiI§ Is shown as:

=&l if f=0 and f=0 (3.17)

where the superscriptsc and pt denote the conventional and tangential plastic strain

rates respectively, antidenotes the yield surface.

A Oxy
C Ox+0y
2
f@®
Ox-Oy
2
a) b)

Ox+0y

Figure 3.5 The non-coaxial plastic flow rule in: &%=, gy, 252) space; b) €52, oy,) space.

Conventional component of the plastic strain rate
The conventional part of the plastic strain rate is normahtyield curve, which is
derived from the classic plastic potential theory:

: - dg

pc

& =\ — 3.18

ij =A a0, (3.18)
where) denotes a positive scalar agdienotes the plastic potential.gf= f then the

associativity in the conventional plastic flow rule is usettherwise the nonassociativ-

ity in the plastic flow rule is used.

Nonassociativity in the conventional plastic flow rule

As shown in Figure 3.6f represents the anisotropic Mohr-Coulomb yield surface and
g represents the plastic potential. The plastic potenti@danto account the effect of
the dilation angle. The dilation angle is assumed to var #ie direction of principal

stresses. However, the flow direction in the deviatoric plsnassumed to be coinci-
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dent with the direction of principal stresses for the noonasgivity in the conventional
plastic flow rule. It should be noted this time the plasticgmbial is various corre-
sponding to different stress states as shown in Figure 8.6he meantime, the range
of the dilation angle drops between zero and the value ofrttegnal friction angle.

The plastic potential takes the following form:

A oy
S
/ C Oxt0y
2
>
g
GX-G::
2
a) b)

Figure 3.6 The illustration of plastic potential when thenassociativity is used in: a)(dyx —
GY)/Za O-Xya (GX+ Uy)/z); b) ((GX - GY)/Za GXY) space.

9= \/%(gy — 0x)2+03,— %(0X+ gy)siny(©p) = constant (3.19)
and,
sing(0p) = e (3.20)

-~ /n2-cog(26, — 2B) + sir?(20, — 2)
wheremax denotes the maximum dilation angle.
Tangential component of the plastic strain rate
We introduce a tensdy; normal to the yield curve in the deviatoric plane, and the

material derivative j can be expressed in terms of the stress rate temgor The
tangential non-coaxial plastic strain rate tensor can bigemrin terms of;; as:
Sipt =k-tj (3.21)

]

wherek is a dimensionless scalar.
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To simplify the mathematics, the variabiethat is geometrically illustrated in Figure

3.5, will be introduced using the following definition:

1 oF

tan(2m) =

whereF is as defined in Equation 3.15.

The orientation of the normal tensigrwith respect to the anisotropic Mohr-Coulomb

yield curve in the deviatoric space can be defined as follows:
2N =20, —2m (3.23)

where ©, is the angle between the direction of the major principatsstrand the

X—axis:
Ox — Oy
20p) = 3.24
cog20p) 2q ( )
Sin(20p) = %Xy (3.25)
and, the tensdy; can be expressed in terms of the vedtor
T
T=| co2n —cogn 0 sinn | (3.26)

Based on the above definition, the material derivat";vean be expressed in terms of

the vectorT as:
. S qT . . CaT
T=|tt & ty| =|co2n —cogn 0 2sir2n (3.27)

By combining Equations 3.27, 3.23, 3.24, 3.25 and 3.22, threghematical equations
can be solved and the derivatMecan be displayed in light of expressions of principal

stress increments. Hence:

1.
= 2A G (3.28)

The matrix/A\ can be defined as:
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a —-ao0 b
—-a a 0 —-b
N\ = (3.29)
0O 0O 0 O
| ¢ —c 0 d |

The expressions &, b, ¢, d are listed below:

=k-H-[— 3.30
2 [ 403+ (ox — ay)z] (3.30)

Ox— Oy

=k-H- 31

b [402 + (ox— oy)z] (3:31)

[ 4a§y+(ax—ay)2] (3.32)

Ox — Oy
d=k-1I- 3.33
[40)(2y+ (ox— ay)Z] (3.33)
where

H = —2(sin20pco2m+ coL20,sinZm) - (1+mg,) (3.34)

| = 2(co0pco2m— sin20psin2m) - (1+mg,) (3.35)

Recalling the anisotropic Mohr-Coulomb yield criterion, thefinition ofmg, is:

4(1—n?) - cog40,—4B) -C — 4D?

Me, = o (3.36)
where
C=2(n*—1)cog (20, —2B) +2 (3.37)
D = (1 n?)sin(40, — 4B) (3.38)
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Table 3.3 Summary of the parameters

Elastic model
Young’s modulus E
Possion’s ratio v
Plastic model Data obtained
_ SiNgin ratio regarding the minimum

Shape parameter sinmax  and maximum internal friction angle  simple/direct shear tests; HCA
rotation of the major length

B of the ellipse from the x-axis
non-coaxial coefficient K a positive scalar, following
Harris (1993; 1995) and Yuan (2005)
nonassociativity Ymax simple/direct shear tests; HCA
cohesion c

3.2.5 Stress-strain relationship in the incremental form

The general rate equation for an elasto-plastic relatipristshown as:

. ) . -0 )
0ij= Djjg &1 = Dfji (81— A aTi. — Niimn Omn) (3.39)

and the consistency condition equation for perfect plagts:

of

Substitutingo from Equation 3.39 into Equation 3.40, we can obtain the &sgion of

the scalar multiplieh as:

. D& of ¢
_ Zijkl 9gi 1
A= i peam (34D
dayy — Uvstgoy
in which a modified elasto-plastic matrix;,; is introduced as:
DE -1
Dfi = (lijuv + DijpgNpauy) Dl (3.42)
The non-coaxial elasto-plastic stress-strain matrix es\shas:
e _Jdg pe___Of
ep _ e ijqao—pq klmnaamn
Dik =Ofw = 3f ce— 09 | (3.43)

900y~ UVstaog

3.2.6 Summary of the parameters

In summary, there were two new shape parameters added tertbeadjisotropic Mohr-

Coulomb yield criterion to form the anisotropic yield critar. An additional non-
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coaxial plastic strain rate that due to the stress statestdia to the anisotropic yield
criterion was introduced with a non-coaxial coefficientatdsng its degree. All the

parameters that are used in this model are listed in theNoiptable.

3.3 Numerical implementation of the non-coaxial model

3.3.1 The FE computational software: ABAQUS

ABAQUS is a suite of software applications for finite anasyand computer-aided en-
gineering. It was originally written and maintained by HibjKarlsson and Sorensen,
Inc in 1978, and is employed to simulate the behaviour ofisadind structures under
externally applied load. The developers of ABAQUS dematstt a thorough under-
standing of continuum mechanics and thus ABAQUS is genekalbwn as a highly
sophisticated, general purpose finite element programméiis strength is that it is
satisfactory for non-linear calculations. The ABAQUS poticonsists of four core
software products. They are listed as ABAQUS/CAE, ABAQUS/CBRBAQUS/S-
tandard and ABAQUS/EXxplicit.

ABAQUS has a very extensive elemental library. It can pre\acsufficient amount of
material modelling capabilities. It was initially desighi® address non-linear physical
behaviour, and it currently allows for a user-defined ststssin law to be incorporated
with the user-defined material subroutine (UMAT), which denwritten in Fortran
language. Hence, it is chosen as the numerical platformh®omhplementation of the

newly proposed non-coaxial model.

The UMAT can be used to define the mechanical, constitutivatieur of a material.
It will be called at all material points at each iteration @€gy increment. At the start
of each increment, the material state (e.g. stress, soldipendent state variables
and predefined field variables) is transferred to UMAT fromA&BJS main program.
The material state should then be updated to its new valle artd of the increment.
In the meantime, the material Jacobian maéido /A€ must be returned to the main
program via UMAT. This matrix will be dependent on the int&izn scheme used if
the constitutive model is in rate form and is integrated nucadly in the subroutine.
It is worth noting that one major determinant of the convargeof the solution should

be the accuracy of determining the Jacobian matrix. In otlegds, the accuracy has
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a significant influence on computational efficiency. Themefdahe main task of the
following subsection is to determine the Jacobian matrtktae integration scheme of

the constitutive equations.

3.3.2 A hyperbolic anisotropic Mohr-Coulomb yield function

For the sake of implementation of geotechnical constitutaws into finite element
analysis, many technical problems must be taken into cerslidn. Great efforts must
be made for parametric control in finite element analysmatg the newly proposed

theory to run successfully in finite element codes.

For the plane strain assumption, the yield curve of the peganisotropic Mohr-
Coulomb yield condition is a cone. When it is used in displacanfiaite element
analysis, we should note that the yield surface presentpatational difficulties due
to the gradient discontinuities which occur at the tip wheeisecting with thgg—axis
(see poinfA in Figure 3.7 a). To avoid such difficulties, a hyperbolic apgmation at
the tip of the yield curve can be used to eliminate singylaiihe curve then becomes
both continuous and differentiable and can be fitted to th&o&mopic Mohr-Coulomb
yield locus by adjusting just one paramed€Abbo, 1997). A further advantage of this
type of approximation is that it asymptotes rapidly to thesammopic Mohr-Coulomb

yield surface when the compressive hydrostatic stressases.

When the tangential part of the plastic strain due to non-ieditys is perpendicular to
the p—axis at the tip when cutting thp—axis, careful attention must be paid. Under
this situation, the direction of the plastic strain is ndtutictly determined. Hence, for
simplicity, we treat the non-coaxial plastic strain to beozat this very special point

(see poinBin Figure 3.7 a).

The expression of the straight line can be determined dir&cim Equation 3.15 and
the slope of the straight line is given Bingo,. As shown in Figure 3.7 a, the straight
line intercepts thgg—axis atp = —ccot@nax Following Zienkiewicz and Pande (1977)
and Abbo (1997), a close straight line which defines the MobitHomb yield surface

can be obtained by using an asymptotic hyperbola. The geeguation of such a
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Figure 3.7 a) Hyperbolic approximation of the anisotropiolivtCoulomb yield curve; b) Parametric
study ofa.

hyperbola, in(p,R) space, is shown as follows:

(p—d)? R

wherea, b andd are distances shown in Figure 3.7 a.

Equating the slope, the intercept of the anisotropic Moht@mb yield surface to the

slope and the intercept of the hyperbolic asymptote yidldg¢lation as:
b .
e Sing@y, d = —CcCot@nax (3.45)

Then substituting Equation 3.45 into Equation 3.44 givesytield criterion as:

f= \/(y’)2 + 0%+ asirt@s — (P -+ CCOtgax)sings = 0 (3.46)

where the positive branch of the hyperbola has been chosénfuhction can be made
to model the anisotropic Mohr-Coulomb yield function as elgsas desired by adjust-
ing the parametea. Moreover, the anisotropic Mohr-Coulomb yield functionesov-
ered ifais set as zero. As indicated in Figure 3.7 b, the asymptofpetyola is al-
most identical to the anisotropic Mohr-Coulomb straight iwmhen|a| = 0.05ccot@ax.
Abbo (1997) pointed out that fda| < 0.25ccotg, the hyperbolic surface closely rep-

resents the isotropic Mohr-Coulomb surface.
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3.3.3 Numerical integration scheme

The stress-strain behaviour at each numerical integraioont is generally nonlinear
in elastoplastic problems. To determine the stresses atritieof a given displace-
ment increment, it is necessary to integrate the streasistlationships over a known
strain interval. One method for doing this is to integrate ¢bnstitutive law by auto-
matically dividing the strain increment into a number of isidbements. The number
of sub-steps required for each iteration point is usuallegeined by an empirical
rule, whereas the determination of the size of the sub-stépund dependent on local
non-linearity of the yield surface and the hardening law: éach of the above cases,
the governing equations are formulated as a system of ayddiffierential equations
and are solved using adaptive integration procedures.idixahd implicit methods
are two approaches used in numerical analysis for obtainumgerical solutions of
time-dependent ordinary and partial differential equajoas required in computa-

tional simulations of physical processes.

Perhaps one of the main advantages of the explicit methadroydicit method is that
this algorithm only requires first derivatives (in terms tesses) of the yield surface
and plastic potential. This makes the explicit method senfa implement for complex
constitutive laws. However, the implicit method requires@nd derivatives, which are
both difficult and expensive to compute for many geotechmuadels. Abbo (1997)
concluded that the implicit schemes do not perform well micinity of the corners
of the Tresca and Mohr-Coulomb yield criteria, even when these rounded, through
analysing their results for footing problems. Under thesesterations, the explicit

method is used in our project.

The explicit forward Euler/modified Euler pair is a family explicit methods. It re-
guires determination of the intersection with the yieldface when the stresses ex-
perience a transition from an elastic state to a plastie stais usually invoked with
some form of sub-incrementation and stress correction poawe its accuracy and ef-
ficiency. Details of the integration algorithm used in thisjpct will be presented in

the subsequent sections.
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Yield surface intersection of elastic to plastic transitim

During a typical iteration or load increment of an elastiagtic analysis, the strain
increments at each Gauss point are found from the nodabdisgient increment using
the strain-displacement relations. The equation of theticeiship between the strain

increment and the displacement increment can be defined as:
Ae = BAp (3.47)

whereApu represents nodal displacement incremdBdgnotes the strain-displacement

matrix andAg is the vector of incremental strains.

After computing the strains, the corresponding elastiesstincrement can be defined

as:
Ao = DelAE (3.48)

whereDe is the elastic stress-strain matrix.

It should be noted that perfect plasticity is studied in thissis, for which the subse-
guent yield surface at any instant is assumed to be unchafgedhardening param-
eter is not included in the initial state. The initial strexg the yield functionf and

the subsequent stre@g + Ao are factors that should be taken into consideration when
deciding whether or not the stress increm@&atwill induce a change of the stress state
from elastic to plastic behaviour. As shown in Figure 3.8, ¢hange from elastic be-
haviour to plastic behaviour must occur@f, i.e. f(0g) < 0 andf(og+Ade) > 0.

We should further ascertain the fractionade which causes purely elastic behaviour.
Such a situation may arise several times during the couraa efastoplastic finite el-

ement analysis and needs to be handled efficiently and detura

Here we introduce a parameteil OL as the small positive yield surface tolerance.
Abbo (1997) has ascertained that suitable values for thd giaface tolerance typi-
cally range from 10° to 10°°. As indicated in Figure 3.8, the exact yield condition
f(g) = 0 has been replaced by the approximatj6fo)| < FTOL This allows for
the effects of finite precision arithmetic and modifies ttansition conditions shown
above tof (0g) < —FTOLandf(0g+A0e) > +FTOL.
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A problem now exists regarding the determination of whichipa of Ao lies inside
the yield surface. The onset of yielding when the stressesatithe yield surface
intersection point, allows foo,; to be determined. By introducing a scalar quantity

I, the condition of the non-linear equation below is satiséisdollows:
f(0o+TAGe) = f(Oint) =0 (3.49)

I = 0 indicates tha\ge induces purely plastic deformation, while= 1 indicates
that Age causes purely elastic deformation. Therefore, for a ttimmsfrom elastic

behaviour to plastic behaviour, the valuerofirops between 1 and O.

G.=0p+AC,

Oint—00 ['AG.

f=-FTOL f=0 f=+FTOL
0 >

Figure 3.8 Yield surface intersection: Elastic to plastisition.

The non-linear equation in light of variablecan be solved using several techniques.
Sloan (1987) introduced the secant and Newton-Raphson the#wause in practice
he found this algorithm typically converged within 4 to S&gons even with large load
increments and a tight error tolerance on the stresses. \owas argued by Abbo
(1997), the drawback of this algorithm is that it may divengesome circumstances
as it does not constrain the solution. The modified reguasocedure proposed by
Abbo (1997) demonstrates a suitable method to solve thdinear equation of the
yield surface intersection since it does not require theofiskerivatives, and typically

converges in four or five iterations even when used with gém values of the toler-
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anceF T OL. Hence, in this thesis, the modified regula-falsi intelisectcheme is used

and the procedure is shown below:

1. The stres@rg and the stress incremefAte are transferred from ABAQUS and
entered into the user-defined material subroutine (UMAT the meantime, ini-
tial values ofl o andll, are set to bound the intersection with the yield surface.

The maximum number of iterations is setM&X T S= 50.

2. The yield functions in terms of the three stress stateassigned as:

fsave= f(00) (3.50)
fo= f(0o+ToA0e) (3.51)
fi=f(0o+T1A0e) (3.52)

3. Obtaining the value df by solving the following non-linear equation:

M=ry— f (M1 — o) (3.53)
f1—fo
and set:

4. If | fhewd < FTOLthen go to step 8, else continue.

5. If frew- fo < O then:
setl1 =T andf; = frew
If fnewis of the same sign alavethen setfo = 2
else
setlg=pandfg = fhew

If fnew' fsave> O then Setfl - f_21

6. Setfsa\/e: fnevv.

7. Repeat steps 3 to 6 fMAXIT S= 50.
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8. If convergence is not achieved aftiAXIST S= 50, print error message and
stop; if convergence is achieved, exit with and the fraction ofAge that lies

within the yield surface is ascertained.

In the absence of better information, the algorithm is sthlty specifying o = 0 and
N1 =1. The loop is terminated until the stress satisfies the tiondif (g+TA0e)| <
FTOL

Negative plastic multiplier

An elastic to plastic transition may also occur if a stresmpanitially lying on the
yield surface, is subject to an unloading and reloading tmmd particularly if the
trial stress incremenkioe is large (Figure 3.9). This is indicated by a negative ptasti
multiplier which is defined in Equation 3.56 aridoe) > +FTOL. As indicated in
Figure 3.9, there are two points when the stress path cuysdliesurface. Because the
fraction of the stress that lies inside the yield surfacdaste, only the elastoplastic
constitutive law beyond the last intersection point (Baa Figure 3.9) is required to

be integrated.

In order to avoid the need to compui@ explicitly, Abbo (1997) gave a discriminant
of the negative plastic multiplier in terms of the cosine lué angle betweeay and

A0e, and the discriminant should be within a suitable tolerafi¢e equation is shown

below:
cos = 2A0¢ <LTOL (3.55)
|20 |2||A0e] |2 '
whereLTOL s the tolerance anay = %. Similarly,
T
aoAae
A = 3.56

whereby = g—g. They are evaluated at the initial stress stage
This time the stress increment may cross the yield surface t@eeA andB in Figure
3.9). The procedure is comparable to the modified regufa-flalersection scheme.
However, the only difference is that the starting valligsand 'y will be recalcu-

lated to guarantee th&iy andl™; bracket the second crossing. Age is large in this
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f=+FTOL
/=0
J=—FTOL

G.=0(+AG,

o) -

Figure 3.9 The illustration of the negative plastic mulgpl

situation, one way which is used to determine the startingegawhich bracket the
desired crossing, is based on dividing the trial stressementAde into a number

of smaller subincrement®fNSUB. Hence, in the first iteration, the subincrement size
is Age/NSUB which corresponds to subincrementslirof Al = 1/NSUB Since
the benefit gained from each subsequent restart diminigtidyg fapidly, these types
of iterations should be limited in number, nam@&hAXITS= 3 andNSUB= 10 in
our user subroutine. Details of determining the negatiastat multiplier are shown

below:

1. Firstly, the streseg and the stress incremehte are transferred from ABAQUS

and entered into the user-defined material subroutine (UMAT
2. Setlo=0,I1 =1, fo= f(00) and fsaye= fo.
3. Do steps 4 to MAXIT Stimes.
4. Find a suitable smaller size bf

_T1-To

AT NSUB (3.57)
5. Do steps 6 to 7 NSUB times.
6. Then calculate:

01=00+[A0e (3.58)
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and
[ =To+Ar (3.59)

7. If f(g1) > FTOL, then
setl1=T.
If fo<—FTOL,
setf; = f(0) and go to step 9.
else
setl'p = 0 andfy = fsaveand the loop is terminated over steps 6 and 7.
else

setlo =T andfp= f(01).
8. If the iteration fails, print error message and stop.
9. Exit with newl g andl ;.

10. Callthe modified regula-falsi algorithm with the nEwandTr ; to locate the yield

surface intersection.

The substepping scheme

As mentioned previously, the explicit method is advantagess compared to the im-
plicit method. This is because the former computes interatedtresses using the
elastoplastic stress-strain law instead of requiring teesa system of nonlinear equa-
tions at each Gauss point. For a given strain, if the streglsas integration point
cause plastic yielding at each stage in the solution protieszinknown stresses can
be found by solving Equation 3.60 (non-coaxial plasticgyricluded). The modified
Euler explicit sub-stepping scheme proposed by Sloan (1883 modified by Abbo
(1997) is used here. The aim of this approach is to computstthss-strain response
over each substep by integrating the elastic-plastic datige matrix Dep. It is worth
noting that the modified Euler scheme is accurate for verylidimee steps, and thus
smaller substeps are required by subdividhig(0 < AT < 1). The error is controlled
in the integration process of elastoplastic constitutaved by selecting the size of each
substep automatically over each time interval. This emotml| can be achieved by us-
ing a local error measure to automatically subincremenirtiposed strain increment
Ag. Obviously, the size of each subincrement may vary througtie integration pro-

cess instead of assuming substeps to an empirical standamaf $he same size. The
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stress-strain relationship in the incremental form is ghag:
0= Dep&=AOe— A Deb— DeN @ (3.60)

whereg denotes a vector of stress&sdenotes a vector of strainBe, denotes the
elasto-plastic stress strain matig denotes the elastic stress strain matixienotes
the tangential non-coaxial matrix which can be found in EigueB.29 and the superior
dot represents a derivative with respect to time.

And recalling that:

_a'DeAe  aTAde

M = a’Deb  aTDeb (3.61)

to begin with, the initial stresgg and the strain increme/ are used as inputs for the
user-defined subroutine. As explained previously, the fremtiregula-falsi intersec-
tion scheme is used to determine the intersection goinith the yield surface when
the stresses experience a transition from an elastic stadeptastic state (note that
the negative multiplieA should be checked at this stage). The stegs- Ao lies
within the yield surface which corresponds to the purelgttacomponent; whereas
the stress incremeiil — IN')Ade induces purely plastic stress behaviour. Consequently
(1-T)Ae causes purely plastic deformation. The elastoplastitnes matrixDep
will be integrated over the plastic strain stép—I')Ag. For the sake of obtaining
smaller substeps, the substep strain is sé&Tas(1— ') -Ag (0 < AT < 1). T is ini-
tially set as zero to ensure that only one substep is negesdisang computation while
AT is set as one to minimise the number of strain subincrementsach Gaussian

point.

With the above given substep strain, the first estimate ohts®ciated stress with a

first order Euler approximation can be calculated as:
AC1 = Dep(00)AT(1-T)Ag (3.62)

where,

n doy
Dep= | De——5r' oo (3.63)
Oo edO’o
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The second estimate of the associated stress can be edadabte end of the above

substep as:
AC2 = Dep(00+A01)AT (1-T)Ae (3.64)
where,
De29 (21)TD,
R e e
Dep= | De— —57-2 5 (3.65)
(0_01) €90,

By using the modified Euler procedure, a more accurate estiofdhe stresses at the

end of the time interval can be obtained as:

Ao = —(Ao1+A09) (3.66)

NI =

It was proposed by Sloan (1987) and Abbo (1997) that theréasad truncation error
in the Euler explicit procedure for a given strain increm&m{1— IN)Ag. The values
are O(AT?) and O(AT?3) for a Euler and a modified Euler solution respectively. We
can subtract Equation 3.64 from Equation 3.66 to providestimation of the local

error in terms ofo:
1
M =~ §<A02 —A0y) (3.67)

It should be noted that the estimation of the local truncaéoor is only accurate to
O(AT?). This error can be used to select each substé& oHere a suitable tolerance
STOLis introduced to bound the relative error (shown in EquaBdB). In other
words, if the local truncation errdRerror < ST OL the current strain subincrement is
accepted and the stress increments are updated using &q8436.

M|

S L L 3.68
G0+ AG] (3.68)

I:\>error =

Otherwise ifRgrror > ST OL, the local truncation error is rejected and a smaller size of

the substep is applied. Consider the next pseudo time step:

wheremis a scalar.
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As aforementioned, since the local error estimate is ateanray toO(AT?), the new

local truncation error can be expressed associated withtiequ3.69 as:

(Rerror )new~ mzRerror (3.70)

Since(Rerror )newis bounded byST OL, we can then obtain the rangerof

m

~ (219 (3.71)

" Rerror
Generally, local extrapolation may lose accuracy due wngtmon-linear behaviour,
and hence a conservative valuenois chosen to minimise the number of rejected strain
subincrements. Sloan (1987) introduced a factor.8f Rowever, Abbo (1997) found
that a factor of ® was reasonable and can reduce the computing time. TheJvalte
had been verified by multiple numerical experiments on a walgety of plasticity

problems.m can now be re-written as:

T
m~ 0921943 (3.72)
rror
where the range ah should be from @ to 1.1:
0.1<m<11 (3.73)
Thus:
0.1AT < AThew< 1.1AT (3.74)

Then the loop is terminated unfi,ew < ST OLand the process continues to the next

step. The stresses are updated according to:

O1.aT =01 +AC (3.75)

The newly updated stresses state should be checked whiegtydret within the yield

surface or diverge from the yield conditioff ()| > FOTL). Potts and Gens (1985)
found that it is necessary to apply some forms of stress ctiwrebecause a cumula-
tive effect does not satisfy the yield condition. They prego a consistent correction

method with a consistent total strain increment and subadésemployed this method
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to critical state soil models. The stress correction shoblely the expression as shown

below:
00 = —dA Deby (3.76)
fo
sl Debo

However, Abbo (1997) pointed out that for cases that ocasecto the vertices of the
Mohr-Coulomb surface for a material when the nonassocigtii the conventional
plastic flow rule is used, convergence may not be achieveis. Béhaviour is noticed
when the corrected stress state is further from the yielhsarthan that of the uncor-
rected one. Hence, for these situations, the consistergatmn method is abandoned
for one iteration and the normal correction method is used thie total applied strain

increment not preserved. Then Equation 3.76 is replaced by :

foag

00 = —
ajao

(3.78)

Once the above condition is satisfied, the process is passtdtbe next substep and
then repeated from the estimate of the associated streshenentire increment of

strain isy AT = 1.

The detailed procedure of the integration scheme is predenith the flow chart in
Figure 3.10.

3.4 Prediction of material non-coaxiality in simple shear tests

The constitutive soil model is advanced by crystallisingliings from laboratory tests.
The measurements of soil parameters obtained from the dtdygrare applied to
computer-based analyses. The observations and data fbmratary testing can be
used to check the validity of the proposed constitutive rhaahe verify its perfor-

mance under severe principal stress rotations.

We should be aware that the non-coaxial soil model propaséuis project is devel-

oped under plane strain assumptions. The simple sheamiglsttheir rigid confine-
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Figure 3.10 Flow chart of the explicit modified Euler algbnit.
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ment parallel to the shear direction, are similar to manytggmical problems that
occur due to failure under plane strain conditions. Heniteple shear tests will be

used to assess the proposed non-coaxial soil model.

A A
GOn
®
O3 \ ®($ 01 dgg \ € d8$
< . <

RN /\\”

a) b)

Figure 3.11 Definitions of directions of the principal s@sd principal plastic strain rate.

There are two main types of simple shear test devices. Thefiesswas initially de-
veloped by Kjellman (1951), who used a cylindrical specinf@® mm in diameter
and 20 mm in height). The system was laterally confined witkiaforced rubber
membrane and a bunch of thin and evenly spaced rings. A fsedcsimple shear
strain was then applied by displacing the top boundary.rl_tite device developed by
Kjellman (1951) was further refined by Bjerrum and Landva @)% the Norwegian
Geotechnical Institute (NGI). They replaced the thin ribgsvires embedded in rub-
ber membrane. The second device, as previously mentiorelokiginally proposed
by Roscoe (1953) for the development of critical state soitmaaics at Cambridge
University. The specimen tested by the device was a paialpeld, cylindrical spec-
imen having dimensions 100 mm 100 mmx 20 mm. The top and bottom of the
specimen were enclosed by two rigid platens. Two hinged apd fbcated on the two
sides of the device were used to constrain vertical disptacg. Simple shear strain
was applied by rotating the two hinged end flaps when the botioundary of the
device was displaced horizontally. The inner walls of thesé flaps were assumed

frictionless in order to avoid significant shear stresses.
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Researchers at both Cambridge University and the NGI have mpade efforts to
study simple shear experiments. Airey et al. (1985) prav@egeneral review of sim-
ple shear testing and highlighted both advantages andw@istajes of the test. They
hypothesised that one significant limitation of all diffietéechniques within the shear
test ambit was that imposing a uniform normal and shearssfrelsl on the shearing
plane is non-achievable. In addition, neither of the twonmgpes of simple shear
techniques allowed for the development of complementagaisktresses on the verti-
cal sides that were normal to the plane of deformation. Asalt,ghe shear and normal
stresses were consequently non-uniform correspondirgetexperimental procedure.
However, with respect to the simple shear apparatus dexelapCambridge Univer-
sity, certain middle sections of the sample have been obddry deform uniformly
(Budhu, 1984; Airey et al., 1985; Budhu and Britto, 1987).

One of the earliest simple shear investigations made by Rosta@l. (1967) and
Roscoe (1970) showed that the axes of the correspondinggairgtrain increment
did not coincide with the axes of the principal stress whdpjesti to principal stress
rotations. Their experimental results agree with Hil'9%0) elucidation that both of
these two principal axes are in general non-coincident iarasotropic material. Fig-
ure 3.11 illustrates the direction of the principal streé®g)(and the direction of the
principal plastic strain rateg;) in a Cartesian coordinate systerfx@y/). O refers to
the angle between the major principal stress angthaxis (or the loading direction),
wherea®; is expressed as the angle between the major principal pkistin rate and
they— axis. Figure 3.12 shows the typical non-coaxial behavidth® principal axes
of stress and strain rate tensors (after Roscoe et al., 196i8)evident from Figure
3.12 that non-coaxiality is distinctly observed during thitial stage of shear stress
level subject to simple shear deformations. The degree fcoaxiality then gradu-
ally reduces with an increasing shear strain. Finally theggpal axes of stress and
strain rate tensors become identical. Oda and Konishi (9)934idied simple shear
behaviour from a theoretical point of view. The relatiomsbéetween the granular fab-
ric, the orientation of principal stress axes and the meddistress ratiogg) in the
granular mass were obtained. They drew a conclusion th&aat before the peak

stress ratic(ain)peak, both the principal axes of stress and strain incremente wen-
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Figure 3.12 Experimental results showing orientationsrafgipal stress and plastic strain rate (after
Roscoe et al., 1967): @)y, = 135kPa; b)oy = 396kPa.

coincident. In parallel with Oda and Konishi (193j40da and Konishi (197 built
up a two-dimensional granular model using photoelastindgrs packed randomly in
a loading frame to simulate the shear deformation of sanch-d¢@xial behaviour of
this granular material was observed through their resedmaddition, as reviewed by
Yu (2006), other studies reported in the literature demrateti a similar non-coaxial
behaviour in simple shear tests (e.g. Airey et al., 1985hdwret al., 1977; Matsuoka
et al., 1988).

3.4.1 Model and parameters

For simplicity, a single isoparametric, eight-noded, platrain reduced eleme@PESR
is used. All of the sides remain linear, and the top and boticarkept parallel to their
original directions throughout loading. The bottom nodesfaed and both vertical
and horizontal movements are not allowed under this assompA prescribed shear
strain yy is employed and the@—direction is constrained to have zero direct strain
(&x = 0). Hence, the sample is subjected to a rotation of the pahatress caused by
the change in the induced shear strggs A constant surface surcharge pf= 100
kPa is applied throughout the simulation. Loading and bamdonditions are both
based on ideal assumptions since the objective is to valianerically the proposed
non-coaxial soil model. It should be noted here thats equal too; throughout the
shearing due to the adoption of plane strain conditionsamz-ttdirection and full con-
straining of the movement in the-direction. This follows the work by Yang and Yu
(20060). In addition, Hu (2015) in his constitutive modelling segted that for simple
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shear problems, it's more like thaj = g; for plane strain conditions. The prescribed

shear straiiyy is encountered in two sub-steps until it reaches 20% of itgraal value.

Since the directions of principal stresses and principairstate increments are dif-
ferent for a non-coaxial behaviour, the definition of thesgitastrain rate direction is

different from that of the principal stress direction (Fig8.11 b):

280
tan Zag - p—Xyp (379)

A cohesionless material is assumed in this section. A lbsémess ratio Ko = ox/oy)

is taken a¥{g = 0.5 for normally consolidated soil. With respect to over-calitated
soll, it is taken a¥{g = 2.0. In order to avoid the singularity problem for numerical
modelling in ABAQUS, the value of cohesion is set aB(l kPa to simulate a co-
hesionless material. One should note here that it has riggligffect on the results
whenc < 0.1 kPa. Hence, we choose a relative smaller value tof confirm the co-
hesionless of the soil. Typical elastic constants are avesgumed: Young’s modulus
E = 2.6 x 10" kPa, Poisson’s ratio® = 0.3. The maximum internal friction angle is
set asgnax= 30° for all cases of simulation. The Young’s modulus and intefrie:
tion angle are consistent with the same set of soil parasatethose used by Hansen
(1961) since the analytical results of Hansen (1961) wilubed to validate the nu-
merical results. When the associativity in the conventiguastic flow rule is used,
Y(Op) = @(Op); otherwisey(Op) = 0° as the nonassociativity in the conventional
plastic flow rule is used. The parametric study is perfornoadvestigate the influence
of the initial stress state, the degree of soil anisotrdpy,associativity/nonassociativ-
ity and the degree of non-coaxiality on the predictions ef $tress-strain behaviours
and principal stress and strain rate orientations undercoaial modelling. Material

properties for all cases are shown in Table 3.4.

The tests are classified into two categories of groups; teedioup presents the val-
idation of the proposed non-coaxial model with analytiedults of the stress ratio
when the isotropic Mohr-Coulomb yield criterion is recowk(ee. n = 1.0). The sec-
ond group investigates the influence of initial stress stédg), soil anisotropy 1t and

B) and non-coaxialityK) on the predictions of shear stress ratio and stress-digain
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Table 3.4 Material properties for all numerical simulagon
Anisotropic coefficient assomat!wt_y/_ Dilation Non-coaxial lateral stress
Cases nonassociativity . .
angle coefficient ratio
0-asso
n B(e) 1-non-asso  ¥er(©) k Ko
Test1 0 30
—Tesio 1.0 N/A 1 ) (0.0,0.02) (05,2.0)
Test 3 0 30
Test 4 45 1 0
—Tesis 0.85 555 1 ) (0.0,0.02) (05,2.0)
Test 6 0 1 0
Test7 0 30
Test8 45 1 0
Test9 0 30
—Test10 0.707 225 1 0 (0.0,0.02,0.05) (05,2.0)
Test 11 0 0 30
Test 12 1 0

Note: the maximum peak internal friction anglgax= 30°, c = 0.001kPa, and| = 100kPa.

haviour.

3.4.2 Results and discussion

Yuan (2005) in his thesis reviewed the ratio of shear str@s®tmal stress acting on
the slip line. Davis (1968) pointed out that for a purelytiooal soil on the slip line,
the Mohr-Coulomb failure criterion can be expressed in teofrthe following stress

ratio:

Oxy sinpcosy
(_)ultimate =

Oy 1— singsiny (3.80)

where@ denotes the friction angle anfl denotes the dilation angle.

In addition, the peak point of the stress ratio was defined &yddn (1961) as follows:

0,
() peak=tang (3.81)

Yy

Oda and Konishi (197&) hypothesised that the stress ra%;é on the horizontal plane
Is related to the inclination of the major stress directiorthie horizontal direction
based on their simple shear tests. However, Davis (1968jifckl that the horizontal
plane can be classified as velocity characteristic and iefithie inclined at an orienta-
tion of 45° +% to the direction of the major principal stress when the dtienfailure

(i.e. the start of plastic deformation) is reached.
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Shear stress ratio
The shear stress ratio is expressed as the shear sigsdiyided by the vertical stress
(ay). All the figures (Figures 3.13 - 3.19) below are plotted &sshear stress ratio ver-

sus the shear strain.
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Figure 3.13 The influence of anisotropic coefficients on tteeljgted shear stress ratio : a) associativity;
b) nonassociativity.

As indicated in Figure 3.13, the influence of the anisotragmefficients , §) on
the predictions of the shear stress ratio, is presentedhisncase, the non-coaxial
coefficientk is always set as zero. When the isotropic Mohr-Coulomb vyieid cr
terion is recovered, i.e.n equals 10, the ultimate value of the shear stress ratio
(%ny)ummatez 0.577 and(%xyy)ummate: 0.499 by assuming the associativity in the con-
ventional plastic flow rule and the nonassociativity respely, is irrespective of the
magnitude of the lateral stress rakg. If the lateral stress ratig = 2.0, a distinct
stress-strain softening tendency is observed when thessoogtivity in the conven-
tional plastic flow rule is invoked with botlax = 30° and Ymax = 0° as shown in
Figure 3.13 b. It is argued by Yuan (2005) that for the nonassweity wheny < @, it

Is possible that the coaxial material model can exhibit@stsoftening response with
the combination of a higkg value and a low value ap in simple shear problems. This
is consistent with the observation obtained in our anakygen if the perfect plasticity
is assumed. The reason can be explained that in our andlysiperfect plasticity is

only described in terms of that the yield surface do not egpamcontract. Hence,
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the peak shear stress ratio should be distinctly deternfmethe same value of in-
ternal friction angle following Equation 3.80. It is indeqkent of the dilation angle.
However, the ultimate stress ratio is determined by themalefriction angle and the
dilation angle following Equation 3.81. Here if the asstivity in the conventional
plastic flow rule is used(i.ep = ), hence, the peak stress ratio equals to the ultimate
stress ratio (i.e.%y)ummate: (%y)peak), there is no strain softening as shown in Figure
3.13 a. However, if the non-associativity in the converdiguiastic flow rule is used,
the ultimate stress ratio and the peak stress ratio are @sttime. The stress path may
pass the peak point to reach the ultimate point on the yiefdseg, which is dependent
on the starting point (the lateral stress rdfi). Hence the strain softening can be ob-
served. In our case, we can see th#tgf= 2.0, the material can exhibit a stress-strain
softening tendency even the perfect plasticity is assurRettalling the definition of
the ultimate shear stress ratio defined in Equation 3.8Qrtlagytical solutions should
be 0577 and (b for the associativity and nonassociativity in the conieral plastic
flow rules respectively. The analytical solution of the pealue is 0577 as calculated
from Equation 3.81. It is evident that the aforementionedhercal results shown in

Figure 3.13 are consistent with these analytical calcuati

The two shape parametarand 3 demonstrate a marked effect on numerical predic-
tions of the ultimate shear stress. Smaller valuesarid lower degrees @ result in

a lower shear stress ratio excluding a particular casen(ie1.0 andn = 0.85 for the
nonassociativity in the conventional plastic flow rule). wéwer, the two parameters
show negligible effect on the shape of the stress-straporese. In contrast, the initial
lateral stress rati#g affects the shape of the stress-strain curve by producith@gias

softening response.

Figures 3.14 - 3.19 present the influence of the non-coaxigtdficientk on the evo-
lutions of the stress-strain relationship in the framewairkoth soil isotropy and soil
anisotropy. In general, non-coaxial modelling leads to@maaent softening in stress-
strain response at the early stage of shearing. A largeewaluhe non-coaxial co-
efficient results in a softer response in the stress-stramaviour. However, with the
increase in the shear stress level, all of the predictedssstain curves tend to be

coincident at a limit state, irrespective of coaxial and+coaxial modelling. These
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Figure 3.14 The influence of non-coaxiality on the predictieear stress ratio witkp = 0.5 in: a) Test
1; b) Test 2.

findings are similar to conclusions drawn by Yuan (2005) anéid Yuan (2006) and
consistent with experimental observations that prove caaxiality is distinct when
the soil sample is subject to severe principal stress antatilt should be noted that for
cases when = 0.707 andB = 45°, the soil quickly develops plasticity. This is evident

from plots of the stress path in latter analyses.
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Figure 3.15 The influence of non-coaxiality on the predictidar stress ratio witlg = 2.0 in: a) Test
1; b) Test 2.

With respect to the effect of the lateral stress rdtip the shape of the stress-strain

evolution is different when the initial value of the latesttess ratidg is changed.

67



Chapter 3 Formulation and numerical implementation of the-coaxial soil model

0.7 . . : : : : . : : 0.7
0.6 1 0.6
Pl -

0.5 +,/ RS 0.5 et
-, Ks -t S e
© 4 A e PR
» 04 7 2 04 [ T e
© c |/ ST e
2 2
g 03 g 03
o 5
2 02 2 02
< <
%: k =0.0 asso % —— k =0.0 non-asso

0.1 -+ tiggg 801 0.1 —+- k =0.02 non-asso

—oboassof o B [ k =0.05 non-asso
o ¥ \ \ \ \ \ \ \ \ o F \ \ \ \ \ \ \ \
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
shear strain (%) shear strain (%)
a) b)

Figure 3.16 The influence of non-coaxiality on the predictiedar stress ratio witkg = 0.5 in: a) Test
7; b) Test 8.

However, no effects on the ultimate shear stress state asz\@u. For some particular
cases, i.eKg = 2.0 for over-consolidated soils; there is negligible diffeze between
the shear stress ratios for coaxial and non-coaxial modeWhenn = 1.0 (Figure
3.15a) anch=0.707,3 = 0° (Figure 3.19 a) for the associativity in the conventional
plastic flow rule. In other words, it can be expected thatdtsee few principal stress
rotations under this circumstance, which may result in tieadence of the direction
of the principal stress and principal plastic strain ratds interesting to see that for
over-consolidated soil&g = 2.0) using the nonassociativity in the conventional plas-
tic flow rule, a strain softening behaviour is observed, drultimate stress ratios
tend to be larger with larger valueskaf This numerical observation recommends fur-

ther studying as it has not yet been discussed in other @sear

Orientations of the principal stress and principal plastic strain rate

Figures 3.20 and 3.21 show the pattern of orientations gptimeipal stress and prin-
cipal plastic strain rate versus the shear strain when tisotopic yield surface is
reduced to its isotropic counterpart (i.e.= 1.0). When the nonassociativity in the
conventional plastic flow rule is used, the dilation angjlgsx is set to be zero. With
coaxial plasticity, the direction of the correspondingipipal plastic strain rate always
follows the change in the direction of the principal stresse(Figure 3.20 a and Figure
3.21 a). The ultimate orientations of the principal stres$rincipal plastic strain rate

approach 60when the associativity in the conventional plastic flow nslesed, and
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Figure 3.17 The influence of non-coaxiality on the predicidar stress ratio withy = 2.0 in: a) Test
7; b) Test 8.
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Figure 3.18 The influence of non-coaxiality on the predictidar stress ratio witlg = 0.5 in: a) Test
11; b) Test 12.
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Figure 3.19 The influence of non-coaxiality on the predictbdar stress ratio witkg = 2.0 : a) Test
11; b) Test 12.

45° when the nonassociativity in the plastic flow rule is usedsThin agreement with
the study of Davis (1968), who pointed out that at the ultarfatlure, any horizontal

plane is always inclined at 45- .

Figures 3.22 - 3.26 present numerical results in the framlewbsoil anisotropy. It is
interesting to see in Figures 3.22 a and 3.25 a that the dinscof the principal stress
and the principal plastic strain rate are not identical ef/#me tangential non-coaxial
plasticity is assumed to be zero with the associativity eplastic flow rule. This is
because the function of the plastic potential for the asdivdy in the conventional
plastic flow rule follows the same pattern as the functiorhefyield surface, which is
an anisotropic function of the stress tensors. It is possipredict non-coaxiality of
soils if the plastic potential is assumed to be an anisatrapiction of the stress ten-
sors as mentioned by Tsutsumi and Hashiguchi (2005). Hawéhesnon-coincidence
continues throughout the shear loading, which has not bkeewrsin experimental
observations. The reason may be the limitations of the m@epgield criterion as it
is just one particular type of the ellipse. Results from theeetric yield criterion are
presented in the Appendix. It is obvious that the eccentligse performs relatively
better as the directions of the principal stress and praigjastic strain rate are al-
most identical for coaxial modelling when the associatiiitthe conventional plastic
flow rule is assumed. However, as aforementioned, the fatoul is complicated for

the eccentric ellipse. Therefore, we would not go in detisn the eccentric ellipse
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Figure 3.20 Numerical results of principal orientationsstiess and plastic strain increment for the
recovered isotropic Mohr-Coulomb yield condition in Testd) k = 0.0; b) k = 0.02.

performs better in this particular situation. In additignshould be noticed that the
model only accounts for initial soil anisotropy; strain ¢d@ning and strain softening
which are induced by induced soil anisotropy, are negledtedther words, we only
consider the elastic perfectly plastic material behawodihe yield cannot expand or
contract. Hence, there always exists a deviation betweewlitlection of the princi-
pal stress and the direction that is normal to the yield serfae. the gradient of the
plastic potential). Generally, since the direction of tha&spc strain rate follows the
gradient of the plastic potential, the direction of the pijral stress and the direction
of the plastic strain rate may not coincident even at a litaitesswhen the deformation
is plastic. In order to overcome the drawbacks of the praposa-coaxial model to
simulate simple shear tests, the nonassociativity in theaxttional plastic flow rule is
developed. The nonassociativity theory allows the diogctif the principal stress and
the gradient of the plastic potential to be identical. Asvehin Figures 3.23 a, 3.24 a
and 3.26 a, the directions of the principal stress and tteetiom of the principal plas-

tic strain rate are coincident when the tangential non-iebd@kasticity is negligible.

In general, when the tangential non-coaxial coefficientosagual to zero, a distinct
non-coincidence of the direction of the principal stresd @nincipal plastic strain

rate is observed during initial shear stress levels. Nbetss, the degree of non-
coincidence decreases with the increase in the shear.stfam orientations tend to

be identical at the limit state approaching the end of thashe loading (see Figures
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Figure 3.21 Numerical results of principal orientationsstriess and plastic strain increment for the
recovered isotropic Mohr-Coulomb yield condition in Test&® k = 0.0; b) k = 0.02.
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Figure 3.22 Numerical results of principal orientationstss and plastic strain increment in Test 7 :
a)k=0.0; b)k=0.02.
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Figure 3.23 Numerical results of principal orientationswess and plastic strain increment in Test 8 :
a)k=0.0; b)k=0.02.
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Figure 3.24 Numerical results of principal orientationswéss and plastic strain increment in Test 10 :
a)k=0.0; b)k=0.02.
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3.23 b, 3.24 b and 3.26 b, ¢). The angle of the direction is eetw0 and 45 +%
for normally consolidated soil witKg < 1.0; whereas for over-consolidated soil with
Ko > 1.0, the angle is between 215% and 90 as expected. In addition, the degree of
non-coaxiality increases with a larger value of the nonx@daoefficient when com-
paring Figures 3.26 b and 3.26 c. It is interesting to seethteatiltimate orientation of
the principal stress goes beyond that of the principal jplastain rate for cases when
assumptions of an anisotropic soil and the associativitigeérconventional plastic flow
rule hold true, and when the non-coaxial coefficikns equal to zero (Figure 3.25
a). This phenomenon can be caused by the diverse angle lmetihe®ector of the
principal stress and the principal plastic strain rate ¢gtigl to the yield loci in the
deviatoric space. The angle is strongly dependent on thialisiress state and the

stress path.
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Figure 3.25 Numerical results of principal orientationswéss and plastic strain increment in Test 11 :
a)k=0.0; b)k=0.02.
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Figure 3.26 Numerical results of principal orientationswéss and plastic strain increment in Test 12 :
a)k=0.0; b)k=0.02; c)k = 0.05.
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Stress path

Plastic stress paths may move along the yield surface siaedeqp plasticity is as-
sumed. The onset of plastic strain may affect the relativections of the principal
stress and the principal plastic strain rate when the aasaty in the conventional
plastic flow rule is used. In addition, the ultimate positajrthe stress path determines
the ultimate orientations of the principal stress and ppiaicplastic strain rates when
the nonassociativity in the conventional plastic flow rglesed. Hence, the stress path

Is a vital factor providing insight into how the stress aniotations develop.

It is interesting to identify that the ultimate orientataf the principal stress and the
principal plastic strain rate tend to be identical, irretpe of the values of the non-
coaxial coefficient and the lateral stress ratio. This camwdent in the following
figures (Figures 3.27 - 3.29) in which the stress paths rdaekdame final position on
the yield curve for each case with the same flow rules. It iSais/that the anisotropic
coefficients demonstrate a pivotal effect on the time spand®n the start of loading
and the onset of plastic deformation. In addition, by conmggFigures 3.29 and 3.28,
the plastic stress path for the case winea 0.707 andp = 0° travels a lot longer in
the elastic region than the case whes 0.707 andB = 45°. This affects non-coaxial

behaviour by increasing the time span for reaching codyiali

3.5 Chapter Summary

Since experimental observations have shown that non-alitseds an aspect of soil
anisotropy, a non-coaxial soil model was developed in timé&work of soil anisotropy.
The anisotropic Mohr-Coulomb yield criterion was generditech the original isotropic
Mohr-Coulomb yield criterion by assuming that the peak iméfriction angle varies
with the direction of principal stresses. Two shape pararsaetand3 were added to
the general isotropic Mohr-Coulomb yield criterion to forn@tanisotropic yield crite-
rion. The non-coaxial plastic strain was assumed to be edlby the combination of
the normal component generated from the plastic potent@itangential component
to an anisotropic Mohr-Coulomb yield surface. Both the asgiviy and nonassocia-
tivity in the conventional plastic flow rule were used. Coratis of plane strain and

perfect plasticity were firstly investigated for simplicit
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Figure 3.27 Stress path for the recovered isotropic Mohul@ub yield surface in: a) Test 1; b) Test 2.
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Figure 3.28 Stress path for the case when0.707,3 = 45° in ; a) Test 7; b) Test 8.
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Figure 3.29 Stress path for the case when0.707,3 = 0° in: a) Test 11; b) Test 12.

For the sake of validating the proposed non-coaxial soilehdte finite element soft-
ware ABAQUS was chosen as the platform. ABAQUS has the chpatu integrate
complex constitutive models via the user-defined mateubicutine (UMAT). A hy-
perbolic approximation was introduced to remove the tiphaf yield surface. The
explicit modified Euler integration scheme with stress ection during each substep
was employed to integrate the constitutive law. The intrge point while transit-
ing from the elastic state to the plastic state, was foundheymodified regula-falsi
method. The negative plastic multiplier was also inveséida This explicit scheme

was robust and demonstrated high efficiency.

Numerical simulations have been performed on simple shests using the newly
proposed non-coaxial soil model. Numerical results olethifrom recovering the
isotropic Mohr-Coulomb yield condition were in good agreaineith analytical cal-

culations, and the patterns were similar to experimentatstigations and results
drawn by Yuan (2005). This testifies the correctness of theefelement implementa-
tion procedures of the newly proposed model. The ultimagasktress ratio predicted
by anisotropic modelling, was lower than that predicted dmtriopic modelling. A

faster rate of approaching coaxiality was observed wheso#oipic coefficients were
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not equal to zero. In addition, the angle of non-coaxialgpended on the initial stress

state, the dilation angle and the stress path.

The model has its limitations when modelling coaxial bebawof soils when the asso-
ciativity in the conventional plastic flow rule is assumedtHhe future, strain-hardening
and strain softening should be associated with the curreateinto overcome these

limitations.
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Chapter 4

Analysis of smooth strip footing

problems

4.1 Introduction

4.1.1 General study of footings

It is generally acknowledged that there are two categofié@umdations, namely shal-
low foundations and deep foundations. Shallow foundatammsist of pads (isolated)
footings, strip footings and rafts; whereas deep foundatamnsist of piles, pile walls
etc. The study of foundations has enjoyed a fruitful outcawer the course of pre-
vious decades of research. Both conventional design methastd on stress field
solutions and limit analysis have been combined with ermoglirtorrelations and the
finite-element method in parallel to study the bearing capa€foundations. It should

also be noted that a complete analysis of elastic-plastiblems is only possible for
basic cases where loading and geometry are simple. In piarti@ strip footing that

refers to a continuous foundation in which all loads occua straight line, is always

treated as a benchmark for other complicated footings.

Most of the research regarding footing problems is undeagisemption of soil isotropy
and coaxiality of the principal stress and plastic strata tansors. Studies carried out
by a number of researchers have further built upon the aspsttength soil anisotropy
by introducing a variation of cohesion with direction, faradysing the bearing capac-
ity of footings (Lo, 1965; Reddy and Srinivasan, 1970; Dawvisl &hristian, 1971;
Chen, 1975; Yu and Sloan, 1994). Surprisingly though, vetie lwork has been
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done on the bearing capacity including soil anisotropy thatescribed by a variety
of friction angles. Yu and Sloan (1994) pointed out that itynb@ partly due to the
fact that more extensive studies focused on the influencaisbgiopy in clays rather
than in sands. Experimental investigations using hollolndgr tests conducted by
Yang (2013) however demonstrated that internal frictiogles vary significantly with

a change in the direction of principal stress. On the othedhiais generally accepted
that soils in the vicinity of footing corners experiencee®@vprincipal stress rotations;

hence, itis necessary to investigate its material respamger non-coaxial modellings.

Work has been seldom performed on analysing footing prablemnthe framework
of non-coaxial behaviour of granular soils. It is still gealey accepted though that
the soil mass underneath a footing, especially in the \ticiofi footing edges, experi-
ences a large amount of stress rotations under loading. diheass can be expected
to exhibit non-coaxial behaviour in general. Yu and othdahars (Yuan, 2005; Yu,
2006; Yu and Yuan, 2006; Yang and Yu, 2008 Yu, 2008; Yang and Yu, 201)
numerically applied their non-coaxial constitutive madehich are in the framework
of soil strength isotropy assumptions, to investigateif@psettiement and stability.
In their work, the application of non-coaxial models coutddtict a higher settlement
prior to collapse in comparison with conventional coaxialdels. The ultimate failure
stress was still not significantly affected in the above nogreid cases. The conclu-
sions drawn from this study clearly stated that without actimg for the non-coaxial

behaviour of soil, a high chance for unsafe design existeoterhnical applications.

Hence, it remains a key issue to provide an insight into wiiféérdnt aspects may
be introduced to strip footing problems that are modellechdy-coaxial plasticity in
the framework of soil anisotropy when compared to coaxiastity. In this chapter,
the numerical results are compared with the developed upperd analytical results.
However, the validations of the numerical results with Iabory tests and in-situ ob-
servations are highly recommended in the future work. Likewthe signs of the stress

(rate) are chosen to be positive for compression.
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4.1.2 Chapter structure

The chapter begins with the development of a semi-analyd@ation for the bear-
ing capacity of a rigid smooth strip footing that is assumedeist on an anisotropic,
weightless, cohesive-frictional soil based on the slig Imethod (Section 4.2). The
following Section 4.3 considers the numerical applicaiohthe newly proposed non-
coaxial soil model to investigate the bearing capacity amdsure-displacement re-
lationship of smooth strip footing problems. In additiohetinfluence of the initial
stress state, the dilation angle, the degree of soil aogp@nd non-coaxiality will be

evaluated, followed by concluding remarks in 4.4.

4.2 Semi-analytical solutions for a weightless frictional-cohesive

soil based on the slip line method

It is necessary to validate the results obtained from a neeWeloped model with an-
alytical solutions in order to ascertain usability in preak, large scale applications. In
order to achieve this, semi-analytical solutions of theringacapacity of a strip foot-
ing resting on an anisotropic soil mass, are developed basele slip line method.
The initial soil strength anisotropy is considered and@spnted by the change in the
friction angles with the direction of the principal stredsurthermore, a parametric
study in terms of the anisotropic coefficiemtsand 3 is performed and results from
numerical simulations and semi-analytical calculatiorss@mpared. For simplicity,

a cohesive-frictional, weightless soil is considered fbanalyses.

4.2.1 Governing equations of stresses

For many practical geotechnical problems, the elastic @rapt of the strain is not
the major concern as the failure load is not sensitive todbmmponent of the strain.
Therefore, the elastic strain in the plastic region may motdiken into consideration
since a complete elastic-plastic treatment is very comgtex the sake of consistency,
the elastic strain in the non-plastic zone is also disreghr@onsidering soil as a rigid-
plastic body under the plain strain assumption, the proldéthe plane strain plastic

flow rule becomes statically determined since that therkbeithree stress equations
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for three unknown stress components provided that thesstsesre prescribed on the
boundary. It should be noted here that the rigid-plastit rebers to a material that
is rigid when the stress is below the yield stress and pdyfetdstic when the stress
reaches the yield stress. In order to solve these stresti@igjahe stress characteris-
tics (velocity field) are assumed to be along potential slifaces. Thus, this type of
approach is named as the slip line analysis or the theorymlisé fields (Hill, 1951,
Yu, 2006).

In the literature, slip line analysis is best used to anatysgerials obeying Tresca’s
yield criterion since a simple form of slip line can be ob&drwhen the friction angle
@ equals zero. Yu (2006) provided a thorough investigatioslipf line analysis, in

which cohesive materials, frictional material, axisymrnueproblems and anisotropic

problems are presented and analysed in detail.

In this section, equations will be presented in terms ofsstfeelds which must be sat-
isfied in the plastic region of a rigid, plastic body. In thase, the magnitude of elastic
strains is disregarded. The rigid, plastic body is modeligidg the anisotropic Mohr-

Coulomb failure criterion.

\/

X

\/

Figure 4.1 The coordinate system and stress charactsristianisotropic plasticity (Yu, 2006).

Figure 4.1 shows a rectangular Cartesian coordinate systginand stress charac-
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teristics for anisotropic plasticity under plane straimditions. © refers to the angle
between the direction of the major principal stress) @nd thex— axis. a and are
two stress characteristic curves and the angleas a simple geometric interpretation
as defined in Section 3.

Referring to the coordinate system shown in Figure 4.1, twaggns of equilibrium

under plane strain conditions can be obtained:

00y 00y B
x| ay =0 (4.1)
00xy 00y

x oy (4.2)

wherey is the unit weight of the material in thedirection.

Assuming there exists a point in the plastic region wherettess Mohr circle touches
the failure envelope, it proves useful to express the steegsing Mohr’s stress repre-
sentation as shown in Figure 4.2 a:

Oy = p+ Rcox0 4.3)
Oy = p—Rcog0 (4.4)

wherep = %(O'x—f— oy) is the mean stress amftl= (p+ cCotgmax)Sing(©) is the radius

of the Mohr stress circle.

If the values of stress from Equations 4.3 - 4.5 are substitutto Equations 4.1 and
4.2, it can be found that the resultant equations are hyperiponature. Booker and

Davis (1972) pointed out that the characteristics of thaltast equations are:

dy _ _ —m—
4~ [n€a) =tan(©—m—v) (4.6)
%(/:tan(fﬁ) =tan(©@ —m+v) (4.7)

It should be noted here that the variabidas a simple geometric interpretation and is

introduced purely to ensure simplicity of the mathematis®ived (shown in Figure
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A

ccotd o, R 5 6,0y
o, 20 - 5o 2

2 IERRYL
Gy
a) b)
Figure 4.2 a) Stress state at failure; b) anisotropic yiehye in (% %) , Oxy) Space.
4.2 b).mandv are defined by:
1 oF
4.
tan(2m) = o=~ (4.8)
F
coq2v) = cos(2m)a— (4.9)

ap
The two characteristic linesar—lines andf—lines, as illustrated in Figure 4.1, are
integrals of Equations 4.6 and 4.7 respectively. Hencecaimenical form of the equi-

librium equations can be written as follows:

sin2(m—v)] % +2F Z—S + ycog2m) [sin(ZV)g—:{ + cos(Zv)g—Z] =0 (4.10)
sin2(m+v)] Z—E +2F Z_(; + ycog2m)[— S|n(2v)ﬁ +cogq2v) gﬁ] 0 (4.11)

Here for a cohesive-frictional soil with no self-weightis neglected. Then the Equa-

tions 4.10 and 4.11 are reduced to the definitions shown below

sin2(m— v)| gp +2Fg—§ —0 (4.12)
sin2(m+ v)]Z—EJrZFg—(; =0 (4.13)

which are hyperbolic if the characteristics defined in Eounst4.6 and 4.7 are real and

distinct.
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In previous chapters, a general form of an anisotropic yeeigerion in terms of in-
herent anisotropy for plane strain conditions is presentidler this assumption, the

variation of the stress state in a plastic region can be sta@wvn

2singp(©

dp+(p+ CCOt(ﬂnax)Wr(fl(_\)})de =0 (4.14)
2sinp(©

dp+(p+ ccot(nnax)wfrﬁ?/)d@ =0 (4.15)

The subsequent equationsrmfandv for the above are:
oF .
coq2v) = cos(2m)d—Io = cog2m)sin(¢(©)) (4.16)

sin(2v) = 1/1—co(2v) (4.17)

1 0F  dsing(O)
tan(2m = 5 56 ~ 2sing(©)do

where the calculations afsing(©), sin(2m) and cog2m) will be presented in Ap-

(4.18)

pendix 1.

4.2.2 Stress boundary conditions

The solutions to the governing stress Equations 4.1 andefj@ire sufficient stress
boundary conditions in terms of the mean stress and thetidineof the principal
stress , ©). It is useful to consider a boundary (see the bold line) asvehn Figure
4.3. As indicated in Figure 4.3, the normal direction of tloeinhdary deviates from
they direction with an angle od. g, andt, denote the normal stress and shear stress

respectively.

The normal and shear stresses at the boundary must be on tireciviide that touches

the failure envelope. As shown in Figure 4.4, these stresme®e geometrically cal-

culated as:
On = p+Rcog(d—0) (4.19)
Thn = Rsi2(d — ©) (4.20)
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y
Figure 4.3 The stress conditions on a boundary.
AT
Tn
2(5-9)
>
On
a

Figure 4.4 The stress conditions on a boundary.
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Based on the equations shown above, the mean gir@ss the radiu® can be solved

and expressed in terms of the given valuespand1,:
(On — P)? + T2 = (P+ CCOlghnax) *SIFQ(O) (4.21)

Once the mean stress is determined, the valu® o&n be calculated by combining

Equation 4.21 with either Equation 4.19 or Equation 4.20.

In particular, for a strip footing problem, Equation 4.2Indae simplified since the
shear stress acting on the boundary is zero. Hence:

@:(—1)”-n-7—2T+6 (4.22)

In Equation 4.22n assumes the value 1 or 2 depending upon the conditions irea giv
problem (i.e. determining whethex, is the major principal stress or not). Thus the
mean stresp can be solved as:

_ OnF CCOlgmaSing(©)
B 1+ sing(©)

(4.23)

with the first signn = 1.0 is for the case wheda,, is the major principal stress, and the

second sigm = 2.0 is for the case whea,, is the minor principal stress.

4.2.3 Ultimate vertical pressure for a strip footing resting on an anisotropic

weightless cohesive-frictional soil

The illustration of the bearing capacity of a smooth striptiieg is shown in Figure
4.5. 1t should be noted that only a symmetrical footing peoblis presentedAO is
half of the strip footing. The material immediately beneatidl adjacent to the footing
(area bounded by the curdDCB) is in a state of plastic failure. The plastic region is
supposed to extend as far Bs AB is a non-characteristic line on which the traction
is specified, and it hence defines a Cauchy problem. Theresex®irface surcharge
of g applied onOB. Based on the corollary of Hencky’s theory, al- lines in this
field must be straight lines; and all these lines must passigir the edge point of the
footing atO. The family of straighto — lines are the characteristics within the region

OCD, which demonstrate an angle ®f The extent of the regio®CD is governed by
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A ‘ ‘ H D llllllfllll |B
B -line

Figure 4.5 Plastic stress field of strip footing with surgjgaonOB.

the condition thaDA is smooth. In other word$) = 0° on OA. This implies that the
angleCODis a right angle.

Following Equation 4.23, the mean stress@Bwhere© = 7 can be calculated as:
o= (4.24)

g+ CCOt@nasSing(©1)
1—sing(®1)

P1= (425)

and the mean stress @A can be obtained as:
0,=0 (4.26)

Ot — CCOt@nasSing(©O2)
1+ sing(O7)

P2 = (4.27)

The families ofa—lines andB—lines are illustrated in Figure 4.5. For tifie-lines,
the two stress variablgg;,©1) and(p2,©2) at two points along the same family of

stress characteristics can be linked by the following eqnat

2sing(O)

sin2(m+ u ))d@+|n(p1+ccot<nnax) (4.28)

In(p2 + CCOtnay) = /

Thus the mean stress p can be solved as:

fo Zsm(p

) d
P2 = sin2(m+- e) (p1+ cCOt@nax) — CCOtPnax (4.29)
Then substituting fop, from Equation 4.29 into Equation 4.27 provides us with the
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value of vertical pressure at plastic collapse as:

2sinp(©)

G = (1—sinp(0,)) (ef‘? (Sizimro) de) (P1+ CCOtGnax) — CCOtnax) — CCOtaSINg(O2)
(4.30)

The above solution can be further expressed in terms ofibatitns from cohesion

and surcharge as follows:

whereN. denotes the bearing capacity factor contribution from sareandNy de-

notes the bearing capacity factor contribution from surgba

4.2.4 Special cases

For the rotational anisotropic Mohr-Coulomb vyield criterjdhe expression cfingy

is shown as:

N - SiN@nax

sing(®) = /n2-co2(20 — 2B) + Sir?(20 — 2B)

(4.32)

Then substituting fosingy into Equation 4.30, we can readily obtain solutions for the

vertical pressure at plastic collapse:

G =(1+4/ %nsingqu) (elo’ G(©)do. QM+ \/Mccotqqnax) — cCOtgnax  (4.33)

VM — v/2nsingmax
and:
Ge) = \/énSirmnaxDZC\/fn\/Sicr;(gTX[()cz:é: —Dzzc):4(nsirmnax)2 (4.34)
C = 2[(1—n?)sir?(20 — 2B) +n?] (4.35)
D = (n? —1)sin(4@ — 4pB) (4.36)
M = 2[(1—n?)sir?(28) +n?] (4.37)

Further on, the bearing capacity factor contribution framcharge can be expressed
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as:

3 2 VM
Ny = elo” G@)dO (1 4\ [ L ng; : 4.38
g (14 4/ 1 NSiNFna N /oS, (4.38)

and the bearing capacity factor contribution from cohesimbe expressed as:

It should be noted here that whan= 1.0, Prandtl’s solution will be recovered from

Equation 4.33, namely:

0t = (q-+ ccotg)tar?( 77: - q_; )€™ _ ccotp (4.40)
likewise,

Ot = NcC+ Ny (4.41)
and,

Ny = tan2(7ZT + g)e’“a”‘l’ (4.42)

Ne = (Ng — 1)cotg. (4.43)

in which the friction angle is constant as soil isotropy iswased; henc@max is re-

placed byg.

4.2.5 Close-form solutions for a particular case of a purelyohesive material

As shown in Section 4.2.1, a semi-analytical solutiondiousing numerical methods
Is obtained since direct integration is highly complicatétbwever, for a particular
case of a purely cohesive material when the yield critersomdependent of hydro-
static pressure, i.ez = 7, it is obvious that in the regio®CD, the 3— characteristics
are circles. In this particular case, the yield surface iglader generated by straight
lines parallel to the line correspondingdp= 0y, Txy = 0. The solution becomes much

simpler and can readily be obtained analytically.
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Booker and Davis (1972) and Yu (2006) provided a general isoludf the ultimate
failure load of a smooth strip footing in purely cohesivel snass without surface
surcharge and modelled on a general anisotropic yield&irféhe authors suggested

that the ultimate bearing capacity could be simply exprsseollows:
o =PQ+S (4.44)

whereSis the minimum arc length between poilt@ndQ (see Figure 4.2 b).

In previous sections, an expressiongpffor a general, cohesive-frictional soil is ob-
tained in terms op, and the maximum internal friction angi®,ax The failure loady
in this case under the assumption that the limit valuengf is approaching zero, can

be obtained as follows:

O = limg, .00k (4.45)

The close-form solutions in this case can be obtained bygusidospitals rule, and

details of the calculations can be found in Appendix 1.

With respect to the rotational anisotropic Mohr-Coulombdieriterion, the solution

can be obtained as:

gt = Mc+2(1—n)c+2nc (4.46)

&‘

2
M

whereM = 2[(1—n?)sir?(2B) +n?].

In addition, for a special case of an anisotropic Tresca inoetdle ¢ = 0, the solution

can be expressed by the following well-known form:
G =(2+m)-C (4.47)

It should be noted that this is consistent with Equation 4f46e isotropic Mohr-

Coulomb yield criterion is recovered (i.a= 1.0).
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4.2.6 Parametric study of semi-analytical solutions

Mathematical integration of Equation 4.33 is too compkchto achieve a complete
analytical solution; however, part of the integration cardbne numerically. By com-
bining numerical and integral methods, semi-analyticdlitsuns of a smooth strip
footing on a weightless frictional-cohesive soil can beagidd. It is necessary to
perform a parametric study to verify the semi-analyticdlisons and investigate the

influence of the anisotropic coefficients.

Two separate categories of loading conditions are solvethfthis section. The first
case involves a footing resting on an anisotropic frictlarahesive soil without sur-
face surcharge, where= 30 kPa andy = 0 kPa. The second case involves a footing
resting on a cohesion-less soil with surface loadjtaken as 100 kPa amd= 0.01 kPa

in order to avoid the singularity problem for numerical mitidg in ABAQUS. Results

of the ultimate bearing capacity factor expressed in terht®otributions from cohe-
sion (N¢) and surchargelN;) have been plotted versus different values of anisotropic
coefficientsn and 3. The maximum peak internal friction angle is always set &s 30
unless otherwise specified frori & 40° for the parametric study of bearing capacity

factors in terms of peak internal friction angles.

Results from semi-analytical solutions are presented befogure 4.6 shows the in-
fluence of the anisotropic coefficiemisand 8 on the bearing capacity factdf; cor-
responding to different values of friction angles. The béinds without markers are
obtained from Prandtl’s solution as shown in Equation 4.A8.indicated in Figure
4.6 a, the line obtained from Prandtl’s solution is idertw#h the line obtained when
n = 1.0 because the isotropic Mohr-Coulomb yield criterion willfeeovered if the
anisotropic coefficient is equal to 10. With respect to the influence of(Figure 4.6
a), the bearing capacity is lower when soil anisotropy issaered and the difference
between the isotropic and anisotropic condition is draenatth a larger value of the
maximum peak internal friction anglgnax. With respect to the influence @f (Figure
4.6 b), the same conclusion can be drawn when compared tofthence ofn, i.e.
the bearing capacity is lower when soil anisotropy is inedhand much smaller with
a higher value of the friction angle. In addition, a largeluesof n and a lower value

of B result in a larger bearing capacity factdy. Comparing the two bearing capacity
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factorsNc andNg; the value of\; is larger than the value dfy for smaller values of

friction angles (e.g@nax < 30°). For larger values of friction angles, the difference is

insignificant.
a) 140 ——— b) 140
Prandtl's solution
120} | 97 710 ot o B
—— n=0.932 —o— p=22.5°
—A— n=0.85 —— p=45°
100 } | ~8— n=0.707 100

80

Prandtl's solution

60

40

20

0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45
Dmax (c) Pmax (0)

Figure 4.6 The influence of the anisotropic coefficient onliharing capacity factdx; with various
friction angles : an; b) B (n=0.707).

Figure 4.7 presents the influence of the anisotropic coefftsn and 3 on the bear-
ing capacity factoNg with various magnitudes of the maximum peak internal foiati
angle@gnax. Likewise, the bond lines without markers are obtained ffenandtl’s so-
lution, and are coincident with the line results from semlgtical solutions when
n= 1.0. Similar conclusions such as the influence of anisotropéffcients on the

bearing capacitiN;, can be drawn in this regard.

Figure 4.8 plots the bearing capacity factbksandNg versusf with different values
of n. The bond lines without markers are obtained from Prandtlstion. It shows
that the line of results obtained from semi-analytical 8ohs and the bond lines ob-
tained from Prandtl’s solution are the same as expectegspective of the values of
B. Itis self-evident from the two figures that the predictesutes of bearing capacity

decrease with an increasefin however, they increase with an increas@.n

From the above analysis, it can be concluded that the prdpsemi-analytical solu-

tions can be applied to investigate smooth strip footind@ms. Soil anisotropy is a
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a) 140 —_——————————— b) 140 ———
— Prandtl's solution
—6— n=1.0 —— p=0°
120 120 .
—+ n=0.932 —6— p=22.5
—&— n=0.85 —+— p=4s°
100 | | 8 n=0.707 100
N
80 N, 80
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60 Prandtl's solution 60
40 1 40
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Pimax (°) & max (°)
Figure 4.7 The influence of the anisotropic coefficient ontibaring capacity factdyy with various

friction angles: apn; b) B8 (h=0.707).
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Figure 4.8 The bearing capacity factors verfusith different values oh : a) N; b) Ny.
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significant addition to the overall calculations and shcaddtaken into consideration

for the bearing capacity of strip footing problems.

4.2.7 Restrictions of the proposed solutions

The solutions shown above are under the assumption thastueiated flow rule is
valid. In this case, the stress characteristics and vglobiaracteristics are coincident
so the determination of a velocity field is not essential. Ewsv, for problems that
involve both kinematic and static boundary conditions, stress field must be com-
patible with some form of movement and this aspect must bekeakinitially. Booker
and Davis (1972) argued that in most die indentation prob)etre failure load will
be rarely affected by the nature of the flow rule; however,risbfems where the ve-
locity boundary conditions are more constrictive, theuialload for a material with
a non-associated flow rule may demonstrate a drasticallgrl@alue as compared to
the corresponding material with an associated flow rule. ddefurther work can be
carried out to take into consideration boundary conditesgvell as to analyse the ve-

locity field. The cases involving the non-associated flove kdn then be investigated.

As noticed by Bishop (1953), the stresses in the plasticst@sitions have only been
demonstrated to satisfy the yield condition and equilioriequations in the plastic
zone; and these stresses are termed as a partial stressrfistbmplete solutions.
Such incomplete solutions are termed as an upper boundmoluthe upper bound
solution is defined if sufficient assumptions are made tordete the stress field, and
these assumptions can be validated by showing that a wefogd involving no neg-
ative plastic work can be found. If, the partial stress figtisfies the equilibrium
equations, yield criterion and the stress boundary caditiand can be extended to
the entire body, it is termed as a lower bound solution. Ifgbkeition is proved to be
both an upper bound and a lower bound solution, an exacti@olaan then be ob-
tained. Since the solution proposed in our research maygaeded as an upper bound

solution, further steps can be taken to develop a lower bgohdion.

Nevertheless, the upper bound solution for the bearingotya strip footings is very
close to the exact solution in practice. Hence, it can bestrittly speaking, used to

represent the exact solution for the sake of simplicity.
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4.3 Numerical verification of the non-coaxial model with semi-analytical

solutions

4.3.1 Model and parameters

In this section, the non-coaxial soil model is applied testgate smooth strip footing
problems. Firstly, the numerical results using the nonx@aoil model are verified
using the previous semi-analytical solutions of verticald at plastic collapse devel-
oped from the theory of the slip line method. Then the infl@eoicthe degree of soil
anisotropy, the initial stress state and the degree of wamiality will be analysed in
detail. Both the associativity in the conventional plastwfirule and the nonassocia-

tivity in the conventional plastic flow rule will be used.

Perfect plasticity and plane strain conditions are assuordtlis case. The model size
for half of the base soil is assumed to be 60 m in length and 30 depth, with the
half width B of the footing setting as 1 m (Figure 4.9). This negates thmaghof the
boundary conditions. Model size has been tested that thedaoy conditions have
negligible effects on the numerical modelling even if th¥ heodel size is set as 20 m
in length and 10 m in depth. The mesh density follows the aptiomof Yang and Yu
(2006). The material of the base soil is discretised with first o&l@ode plane strain
reduced elements (element typPESR). The left-hand boundary represents a vertical
symmetry axis, whereas the far-field condition on the rigdatd side boundary allows
for vertical movement. The condition on the bottom boundarfjxed in both vertical
and horizontal directions. The nodes immediately undemtee footing are tied to
the top node on the left edge to guarantee identical downmarement. These nodes
are then applied in a gradually increasing, downward vardsplacement to simulate
the movement of the footing. The downward movement is agpfierementally until

it reaches 10 - 15 cm. The horizontal movements of these ravdasgstricted although
they are subject to the same vertical downward displacenkéarice, there should be
no relative displacements and strains in the footing, aedidbting is regarded as a
rigid strip footing. This setting can reduce the stresslisation which will occur ad-

jacent to the edge of the footing, which may cause conveggprablem.
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Figure 4.9 Geometry and finite element discretization ofsthie footing.

The average value of the vertical stress®s)(obtained from the Gauss points of the

elements just underneath the footing, is used to repreiseriboting pressure.

Two categories of simulations are performed: the first witfo@ting located on a
weightless, cohesive soil without surface surcharge;entié second involves a foot-
ing located on a weightless, cohesive soil with 100 kPa sarfrcharge. It should
be noted here that in order to avoid the singularity problemniumerical modelling

in ABAQUS, especially for cases with small friction angleshesion is always set as
30 kPa, otherwise = 0.01 kPa. Typical elastic constants are fixed; such as Youngs
moduluskE = 10.0 x 10* kPa and Poissons ratio= 0.3.

The computation oN; is performed. The contributions of other bearing capacity f
tors are not taken into consideration. The footing is disptaincrementally immedi-
ately before numerical convergence fal&.is expressed by the ultimate vertical load

at plastic collapse normalised by cohesion:

NC:

G
< (4.48)
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The semi-analytical solution of thé; value is then expressed as:

Another bearing capacity factd is evaluated, and in this situation, contributions
from other bearing capacity factors are ignored e.g.0.01 kPa.N is defined as the

ultimate failure load normalised by surface surcharge:

Ng = (4.50)

G
q
It should be noted here that the semi-analytical solutidrisearing capacityNg and

N¢ are expressed in Equations 4.38-64.

Special attention should be paid to the cases of paramétdy ®f bearing capacity
factors with various friction angles, where singularitplplems may occur for small
values of the friction angle. Cohesion is set as 30 kPa, evethéacomputation of ul-
timate failure normalised by surface surcharge. Attergioould be paid to those cases
where severe nonassociativity in the conventional pldktie rule is applied. For
these situations, negative eigenvalues may be obtainde isaiution of global finite-
element equations. This scenario is especially prevateriodting problems in which
severe discontinuity of the stress field occurs in the Vigiof footing corners. Thus in
order to solve or relax non-convergence problems in ABAQU@ese situations, the
default force residual toleran@, = 5 x 102 and the default displacement correction
toleranceC, = 1 x 10~2 are adjusted to some larger number (&Rg=5x 102 and
Cn = 4 x 10~2), which may reduce accuracy; however within a tolerablgearThe
default time incremented parametégs= 4 andlr = 8, which have a direct effect on
convergence, are increased to some acceptable valuek(e.§.andlr = 10) as well.
The parametric study has been done in the author’s first ggart; in which it showed
that such modifications of these parameters would not dfiedinal numerical results;

however, can improve the convergence of simulations.

4.3.2 Verification with semi-analytical solutions

In this section, the non-coaxial coefficidat always set as zero. Verification of results

from numerical simulations and semi-analytical solutiailsbe presented. As shown
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in Tables 4.1 - 2, the investigation is classified into twoegaties, each encompass-
ing seven separate cases of simulation during which difterglues of the anisotropic
coefficientsn and3 are investigated. The maximum peak internal friction aryglg«

is varied from 5 to 40°, and different values of anisotropic coefficiemtand 3 are
shown in Tables 4.2 and 2 for the parametric study of beampgcity factors. The lat-
eral stress rati€g is always set as.B, and the associativity in the conventional plastic

flow rule is used.

Table 4.1 Typical material constants and loading condition
Young's Poisson'sratio Cohesion Surface surcharge Lateral staées

Scenario
Modulus
E (kPa) % c (kPa) q (kPa) Ko
Category 1 0 N/A
~Category 2 10.0 x 10* 0.3 30 100 a5
Table 4.2 Cases of simulations for rotational ellipse
The maximum friction Anisotropic coefficient Direction of the
Cases o .
angle principal loading
corresponding t@max
@nax(°) n B(o)
Test 1 (4035,30,25,20,15,10,5) 10 N/A
Test 2 (4035,30,25,20,15,10,5) 0.85 0
Test 3 45
Test 4 (40,35,30,25,20,15,10,5) 0.707 22.5
Test5 0

Note: coefficient of earth pressure at régt= 0.5, n = :i'g(‘gn“;"x and the associativity

in the conventional plastic flow rule is used

Ultimate failure pressure

The comparison of the ultimate failure pressure normalisedohesion{¢) obtained
from semi-analytical solutions and numerical simulatitorsa rotational ellipse yield
curve, is illustrated in Figures 4.10 and 4.11. The maximtation angle@maxis var-
iled from O to 40°. A good match of the predicted bearing capacity fatdprcan be
observed between numerical simulations and semi-analytatculations for all cases
with different values of anisotropic coefficiemtsand 3. In particular, for a special
case whem = 1.0, which reduces to Prandtl’s solution as shown in Equatid,4he
numerical results of the bearing capacity fadtgrare close to the analytical results.
With the increase in friction angles, the numerical resdégiate further from the an-

alytical results.
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Figure 4.11 Bearing capacity factg versus various friction angles: a) Test 3; b) Test 4; ¢) Test 5
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Figure 4.10 Bearing capacity factig versus various friction angles: a) Test 1; b) Test 2.
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Figure 4.12 Ultimate failure pressure normalised by swrfagrchargec/q) versus various friction
angles: a) Test 1; b) Test 2.

The comparison of the ultimate failure pressure normalisethe surface surcharge
(ar/q) obtained from semi-analytical solutions and numericalusations for a rota-
tional ellipse yield curve, is illustrated in Figures 4.1ida4.13. As shown in Table
4.1, the contribution of the cohesion is not neglected asdtias = 30 kPa for compu-
tational convergence with smaller values of friction angigyx. This time the uniform
surface surcharge is set@s- 100 kPa. A good match of the predicted ultimate failure
pressure normalised by the surface surchaygg can be observed between numerical
simulations and semi-analytical calculations for all sage presented in Figures 4.12
and 4.13.

In summary, the proposed non-coaxial soil model is robusinialysing strip footing

problems when the tangential non-coaxial plastic part tsmmlved.

The pressure-displacement curve
Figures 4.14 - 4.15 show the load displacement curve oldtdipepplying a rotational
ellipse yield criterion for the simulations in each catggaspectively. The maximum

friction angle@naxis varied from 5 to 30°.

They-axis represents the footing pressure normalised by coh@gic, and thex-axis
represents the vertical displacemefi} formalised by the half-length of the footing
B. The soil is stiffer with larger values @& andn. In addition, the influence of the

anisotropic coefficien8 is much more significant than that of
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Figure 4.13 Ultimate failure pressure normalised by swrfagrchargec/q) versus various friction
angles : a) Test 3; b) Test 4; ¢) Test 5.
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Figure 4.14 Load displacement curve of bearing capacityfad; in Test 1.

Figures 4.16 - 4.17 show the load displacement curve olatdyeapplying a rota-

tional ellipse yield criterion for the simulations in eacategory respectively. The
maximum friction anglegnaxis varied from 5 to 30°. They-axis represents the pres-
sure normalised by the surface surchapgg , and thex — axisrepresents the vertical
displacementX) normalised by the half-length of footind8Y. Similar patterns can

be observed as those from the investigationslofThe soil is stiffer with an increase
in B. The anisotropic coefficiemnt significantly influences the ultimate failure load,

which has been proven in previous analyses.

The velocity field

Figures 4.18 - 4.19 show the velocity field obtained wiggpax = 30°. The veloc-
ity pattern for the isotropic Mohr-Coulomb vyield criterianpresented in Figure 4.18,
whereas the velocity patterns for the anisotropic Mohr-God yield criterion are pre-
sented in Figures 4.19. The directions of the arrows repteke flow of the velocity
and the length and colour of the arrows represents the mamdf the displacement.
The aim is to verify the velocity field as illustrated by thgdine method. Hence, the
exact magnitude of the displacement is not the main coneewh,is thus not shown

in the figures. The flow pattern of the velocity field can be agpnately represented
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Figure 4.15 Load displacement curve of bearing capacityfad; in Test 3.
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Figure 4.16 Load displacement curve of ultimate failuresptee normalised by surface surchaggéy
in Test 1.
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Figure 4.17 Load displacement curve of ultimate failuresptee normalised by surface surchaggé
in Test 3.

by the black dash curves as shown in the figures. When compatfedure 4.5, the
black dash curves can be referred to asfihelines. They are consistent with the the-
oretic pattern predicted by the slip line method. In additithe failure zones indicated
by the anisotropic Mohr-Coulomb yield criterion are wideanhthose indicated by its

isotropic counterpart. The horizontal displacements angell visually larger.
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Figure 4.18 The velocity field for the case of isotropic M&wulomb yield criterion.
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£2090 N DNIEEN ISRRTIREnRiTRe R %

Figure 4.19 The velocity field whem= 0.707,3 = 45°.

4.3.3 Results and discussion

4.3.3.1 The computation of bearing capacity due to the contoution of cohesion

Ne

In this subsection, a thorough investigatiorNgfis presented using the newly proposed
non-coaxial soil model. For the computation of bearing cépa\., contributions of
other bearing capacity factors are neglected. The soil med¢h the footing is as-
sumed purely frictional-cohesive. In particular, the iefige of soil anisotropy, the
initial stress state and non-coaxiality on the bearing cidypaf a smooth strip footing

Is analysed. Load-displacement curves are presented.b€lmdisplacement is nor-
malised by the half width of footing. Details of the material properties for numerical

simulations under these conditions are shown in Table 4.3.

Table 4.3 Material properties for all numerical simulagon
Anisotropic coefficient  Flow rule  Dilation angle  Non-coakcoefficient

Cases

0-asso
n B(o) 1-non-asso Wmax(©) k
Test 8 0 30
—Test9 1.0 N/A 1 20 (0.0,0.02,0.2)
Test 10 0.85 45 0 30 (0,0.020.1)
Test 11 45 0 30
Test 12 1 20
Test 13 0 30
— Testid 0.707 2%.5 0 30 (0.0,0.02,0.1)
Test 15 1 20

Note: the maximum friction angl@nax= 30°, ¢ = 30 kPa, and] = 0 kPa.

Figures 4.20 and 4.21 show the evolution of the resultedspresnormalised by co-

hesion versus the normalised footing displacement wheratigotropic coefficient
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n=1.0. In other words, the isotropic Mohr-Coulomb vyield criteriis retrieved. Re-
sults by using the associativity and nonassociativity & ¢bnventional plastic flow
rules respectively are compared. The dilation angle is S@tax= 20° for compu-
tational convenience. As shown in Figure 4.20, the maximufferdnce of the nor-
malised pressure between coaxia 0.0) and non-coaxial prediction& & 0.1) is

R =124% R = No(k= ﬁcl(l)(_'g‘?ék 00) ) when the associativity in the conventional plas-

tic flow rule is used, while the maximum difference of the nalised displacement

A(k=0.1)—A(k=0.0)
A(k=0.0)

in Figures 4.20, iRs = 26.9%. In Figure 4.21 however, the maximum difference of

corresponding to the maximum normalised presslage:( ) as shown
the normalised pressure % = 13.1% when the nonassociativity in the conventional
plastic flow rule is employed, which isT% larger than the value calculated for the
previous case. The maximum difference of the displacensd®{+ 34.3%, which is
7.4% larger than the associativity one. In Figure 4.20, théifigareaches the ultimate
failure at§ = 0.5, and at§ = 0.6 in Figure 4.21. It shows that the material with a
greater dilation angle shows a greater volume increasettigamaterial with a smaller
dilation angle. This makes the soil with the associativitythe conventional plastic

flow rule slightly stiffer than the non-dilatant material.
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Figure 4.20 Load displacement curve of bearing capadjty Test 8.

Then the investigation of the non-coaxial theory with arsatropic yield criterion is

analysed in Figures 4.22 - 4.27. The influences of differahies of anisotropic coef-
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Figure 4.21 Load displacement curve of bearing capaditiyn Test 9.
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Figure 4.22 Load displacement curve of bearing capadjtn Test 10.
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ficientsn andf and flow rules on the pressure-displacement curves arexasoiged.
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Figure 4.23 Load displacement curve of bearing capadityn Test 11.

Generally, the settlement prior to collapse is larger winemion-coaxial coefficient is
unequal to zero. However, the ultimate bearing capa¢iig not significantly affected.

Its values virtually tend to be identical, irrespectivelué values of the anisotropic co-
efficient and flow rules. The predicted prior settlementeases with the increase in
non-coaxial coefficienk. This indicates that the soil is softened when non-coaxial
plasticity is applied. For particular cases (as shown irufgg 4.26 and 4.27), non-

coaxial modelling results witk = 0.1 match closely with those &= 0.0.

With respect to the maximum differené® betweenk = 0.0 andk = 0.1, it seems
that the anisotropic coefficientsand 8 highly affect the influence of non-coaxiality
on the bearing capacitid;. As indicated in Figure 4.23, the maximum difference
R, = 13.5%. However, the difference decreases with a reductioraind3. For cases
whenn=0.707 and3 = 0°, R, is as low as £%. In other words, non-coaxiality rarely

affects the settlement and ultimate failure load for thiscspl case.

Figures 4.24 and 4.27 present results by using the nonassdyiin the conventional
plastic flow rule. The maximum difference between non-calgoefficientk = 0.0

andk = 0.1 is not obviously affected by using the associativity andassociativity
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Figure 4.24 Load displacement curve of bearing capadityn Test 12.
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Figure 4.25 Load displacement curve of bearing capadityn Test 13.
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Figure 4.26 Load displacement curve of bearing capadity Test 14.

in the conventional plastic flow rule respectively. As shawrFigures 4.23 - 4.27,
the differenceR, = 10.9%, R, = 6.8% andR, = 4.6% by using the associativity in the

conventional plastic flow rule, as comparedo= 10.0% andR, = 4.9% by using the

nonassociativity in the conventional plastic flow rule restvely.

All the values of the maximum difference of the normaliseelgsure and the displace-

ment for the computation df; are shown in Table 4.4.

Table 4.4 Material properties for all numerical simulagon

Anisotropic coefficient

Cases o B(o) R R

Test 8 12.4% 269%
Test9 1.0 N/A 13.1% 343%
Test 10 0.85 45 15% 346%
Test 11 45 10.9% 317%
Test 12 10.0% 275%
Test 13 0.707 25 6.8% 176%
Test 14 ’ 0 4.6% 125%
Test 15 4.9% 105%

Figures 4.28 and 4.29 show the principal stress rotatiomslyfthose elements at the

corner of the footing (see red elements in the model). Thelbimes are obtained

from cases when non-coaxial coefficidnt= 0.02; whereas the dash lines represent

results obtained when non-coaxial coefficikrt 0.0. The influence of the anisotropic
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Figure 4.27 Load displacement curve of bearing capadjty Test 15.

coefficient and the dilation angle on non-coaxial modellggresented and analysed.
In Figure 4.28, the variation of the principal stress rata{®) from —6° to 8 is much
less significant for the case whai= 0.707 andB = 0° (see blue lines) as compared to
the other two cases (see red lines and black lines); the elefrehich approximately
ranges from-13 to 12°. This results in the lessened effect of non-coaxiality aarpr
settlements, which has been proven in Figure 4.26 $fee4.6%. As shown in Fig-
ure 4.29, the change in the principal stress rotat®nhkly using the nonassociativity
in the conventional plastic flow rule is less obvious (seelirees) as compared to the
change by using the associativity in the conventional distv rule (see black lines).
Likewise, this leads to a less influence of non-coaxialitypdor settlements, of which
evidence can be found in Figure 4.2 & 10.9%) and Figure 4.24R; = 10.0%).

4.3.3.2 The computation of bearing capacity due to the contbution of surface

surchargeNq

In this subsection, a thorough investigatiorNgfis presented using the newly proposed
non-coaxial model. The footing is located on a weightlesbgsionless frictional soil.
A uniform surface surcharge of 100 kPa is applied. The catmn of Ny is performed

to include the contribution of surface surcharge. Contrdmg from other bearing ca-

pacity factors are eliminated in this situation. The coedffic of earth pressure at rest
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Figure 4.28 Principal stress rotation regarding differaities of the anisotropic coefficient.
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Figure 4.29 Principal stress rotation with regarding aisgivity and nonassociativity in the conventional
plastic flow rule 6= 0.707,8 = 45°).
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Ko is assumed as B for normally consolidated soil ari¢h = 2.0 for over-consolidated
soil. Both the associativity and nonassociativity in thevesional plastic flow rule
are used in this instance. The maximum peak internal fricéingle is always set as

@nax= 30°. Details of material properties for all cases are shown é&4.5.

Table 4.5 Material properties for all numerical simulaton
Anisotropic coefficient  Flowrule Dilation angle Lateratets Non-coaxial

Cases

ratio coefficient
0-asso
n B(o) l-non-asso  Wmax(©) Ko k
Test 17 0 30 0.5
Test18 1.0 N/A 2.0 (0.0,0.02,0.1)
Test 19 1 20 &
Test20 085 45 0 30 ® (0.0,0.02,0.1)
Test 21 0.5
—_— 0 30 _—
Test 22 45 2.0
“Test23 0.707 1 20 ® (0.0,0.02,0.1)
Test 24 25 0 30 05
Test 25 0 0 30 ®

Note: the maximum friction angl@yax= 30°, ¢ = 0.001kPa, and] = 100kPa.

Figures 4.30 - 4.32 illustrate the load displacement cuftheresulted pressure nor-
malised by surface surcharge with different initial stretsges and flow rules when the
isotropic Mohr-Coulomb yield criterion is recoverat=£ 1.0). Generally, the ultimate
value of the bearing capacityy is rarely affected by non-coaxial plasticity. All lines
tend to be identical with the increase in the stress leveln-Blmaxial modelling af-
fects the settlement prior to collapse. The maximum diffeeebetween coaxial and
non-coaxial predictions iB; = 7.0% when using the associativity in the conventional
plastic flow rule, which is slightly larger than thatigf = 6.6% when using the nonas-
sociativity in the conventional plastic flow rule. This iodies that the non-coaxial
effect is not highly affected by flow rules. Similar concluss drawn with the com-
putation ofN. that the soil is stiffer when using the associativity in tleenentional

plastic flow rule, are also suitable to the computatiolgf

Figures 4.33 - 4.38 present the influence of non-coaxialityhe bearing capacityy

in the context of soil anisotropy. For all cases, non-cdéayifas negligible influ-
ence on the ultimate value of the bearing capabily however, the settlement prior
to collapse is relatively largely affected by non-coaxialdualling. The influence of
non-coaxiality is pronounced in test numbers 20, 21 and 2&rnvithe anisotropic co-
efficientsn = 0.85, 3 = 45° andn = 0.707 andB = 45° for both the associativity and
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Figure 4.30 Load displacement curve of bearing capadjtin Test 17.
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Figure 4.31 Load displacement curve of bearing capadjtin Test 18.
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Figure 4.32 Load displacement curve of bearing capadjtin Test 19.
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Figure 4.33 Load displacement curve of bearing capajtin Test 20.
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nonassociativity in the conventional plastic flow rule.

It is apparent that the maximum differenRe between modelling whek = 0.0 and

k = 0.1 is highly affected by the values of anisotropic coefficsamind 3. As indi-
cated in Figure 4.33R; = 20.0%) and 4.34 R, = 28.3%), the value oR; increases
with a decrease in the value of. However, when comparing Figure 4.34, 4.37 and
4.38, the differenc®; sharply decreases with smaller valueg3ofThe values drops

from R = 28.3% toR, = 3.4% for such a scenario.

Figures 4.34 and 4.35 show the influence of the dilation a(ftgev rules) on non-
coaxial modelling. When the associativity in the converdigniastic flow rule is ap-
plied to soil, the medium is stiffer than a non-dilatant miade The differenceR; is
small, withR, = 28.3% and 244% when using the associativity and nonassociativity

in the conventional plastic flow rule respectively.
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Figure 4.34 Load displacement curve of bearing capadjtyn Test 21.

It seems that the initial stress state in terms of laterakstratiokqg has a severe ef-
fect on non-coaxial modelling, which can be seen in Figur84 4nd 4.37. For nor-
mally consolidated soil, the differené® is as high as 28%. For over-consolidated

soil, there is little difference between coaxial and noasgal predictions, for which

119



Chapter 4 Analysis of smooth strip footing problems

15 . : : : , . . |
12 - |
9 :e— S A e
p/q
6 -
k =0.0 non-asso
3 k =0.02 non-asso|
k =0.1 non-asso
O L 1 L 1 N 1 X |
0 3 6 9 12 15
A/B (%)

Figure 4.35 Load displacement curve of bearing capadjtin Test 23.
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Figure 4.36 Load displacement curve of bearing capajtin Test 22.
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Figure 4.37 Load displacement curve of bearing capajtin Test 24.
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Figure 4.38 Load displacement curve of bearing capadjtin Test 25.
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R = 4.6%.

All the values of the maximum difference of the normaliseelgsure and the displace-

ment for the computation d, are shown in Table 4.6.

Table 4.6 Material properties for all numerical simulagon
Anisotropic coefficient Lateral stress

Cases ratio R R
n B(o) Ko
Test 17 0.5 7.0% 142%
Test 18 1.0 N/A 2.0 61% 17.2%
Test 19 0.5 66% 136%
Test 20 0.85 45 0.5 20% 433%
Test 21 0.5 283% 730%
Test 22 45 2.0 46% 163%
Test 23 0.707 0.5 244% 538%
Test 24 225 0.5 5% 141%
Test 25 0 0.5 A% 6.5%

Figures 4.39 and 4.40 show the principal stress rotatiorenbf those elements at
the corner of the footing under the respective conditiortge ififluence of anisotropic
coefficientsn andf and the initial stress state on the change of principal st@ation
are analysed, which in return provide mechanism evideratenibn-coaxial behaviour
in some cases is apparent. As shown in Figure 4.39, the hlaekinhdicate the most
severe principal stress rotations that have a range betwé&@rb° and 125°. This
results in the highest differend& = 28.3% for cases when = 0.707 and = 45°,
which is demonstrated in Figure 4.40. The variation of ppatstress rotations for
blue lines corresponding to= 1.0 is from approximately-7.5° to 7.5°, whereas that
for red lines corresponding to= 0.707 andf = 0° is from approximately-7.5° to
4.8°. Hence the value oR; for these two conditions is.0% and 34% respectively.
Taking the influence of the initial stress state into consitien, it is illustrated in
Figure 4.40 that when the anisotropic coefficieat 0.707 and3 = 45°, there are few
fluctuations in red lines which represent over-consolidateil. This results iR, =
4.6% for this case, which is much lower as compareRte- 28.3% corresponding to
black lines that represent normally consolidated soik ttancluded that the values of
initial stress state and the anisotropic coefficients hawstt effects on non-coaxial

modelling.
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Figure 4.39 Principal stress rotation with different valwé the anisotropic coefficient.
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Figure 4.40 Principal stress rotation with different valwd the anisotropic coefficienh& 0.707 3 =
45°).
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4.3.3.3 Displacement patterns

Figures 4.41 - 4.44 demonstrate the displacement patterristh coaxial and non-
coaxial plasticity in terms of the isotropic and anisotopiohr-Coulomb yield crite-
rion respectively. The orientation of these vectors ingisahe direction of movement
and their lengths and colours indicate the magnitude of meve. The patterns are
obtained at each st%) in terms of the maximum differend®. The two categories
shown in Table 4.1 are examined. In these figures, red arrmisate the largest mag-
nitude of displacement. It is obvious that the failure zaore concentrated adjacent

to or at the edge of the footing when non-coaxial behavioinviglved.
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Figure 4.41 Displacement patterns of the soil mass with 0.85 8 = 45° n=0.0) at4 = 0.4.
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Figure 4.42 Displacement patterns of the soil mass with 0.858 = 45° n=0.1) at4 = 0.4.
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Figure 4.43 Displacement patterns of the soil mass with 0.707 8 = 45° n=0.0) at4 = 0.6.
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Figure 4.44 Displacement patterns of the soil mass with 0.7078 =45 n=0.1) at4 = 0.6.
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4.4 Chapter Summary

The proposed non-coaxial soil model was applied to invattigmooth strip footing
problems. Semi-analytical solutions of the bearing cédpdor a strip footing resting
on an anisotropic, weightless, cohesive-frictional saeidd on the slip line method
were developed. In particular, close-form solutions foueety cohesive material were
presented, followed by a parametric study of the influencanigotropic coefficients.
It is shown that the predicted bearing capacity was lowernvwl anisotropy was

involved.

Verification of the numerical results excluding non-coéitgawith semi-analytical
solutions, was illustrated and the results highlighteddhpability of the numerical
procedures. The effect of initial stress state, soil anigyt dilation angle and non-
coaxiality was also analysed. Conclusions were drawn tleatftimate bearing capac-
ity factorsN; and Ng were not significantly affected by non-coaxiality. Theitues
virtually tended to be identical, irrespective of the valud anisotropic coefficients
and dilation angles. The settlement prior to collapse wagelavhen the non-coaxial
coefficient was unequal to zero, which indicated that thévgas softened when the
non-coaxial plasticity was applied. The effect of non-aahty was more significant
on the computation dfl; than that orlNc. The differenceR; for non-coaxial modelling
betweenk = 0.0 andk = 0.1 was pronounced with a combination of smaller values
of n and larger values o8 in terms ofN.. R, was highly influenced by the lateral
stress ratid<op. It was found thaR; is relatively small for over-consolidated soil with
Ko =2.0.

Despite the encouraging results for smooth strip footimgsious kinds of shallow
foundations should be investigated using the proposedconarial model in further

work.
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Chapter 5

Applications of the non-coaxial model

In tunnelling

5.1 Introduction

5.1.1 Tunnelling induced ground deformations

The construction of tunnels can induce the relaxation dfitn-ground stresses and
result in the movement of soils into the created openings Ehivhere the deformation
of the surrounding ground and the ground pressure on tummiebs$ is generated.
Typical greenfield surface settlement troughs associatgdtuwnnelling are presented
in Figure 5.1. It should be noted here that the greenfield itondrefers to the case
where ground deformations are only induced by tunnellirglowing Mair and Taylor

(1997), the components of ground movement can be listedlas/fo

1. Deformations of the ground towards the face caused bysstetief.
2. Radial ground movements caused by over-cutting and pinggh

3. Tail void, i.e. the gap between the tailskin of the TBMs (telboring machines)

and the installed lining.

4. Deflection of the lining with the development of grounddoey. Consolidation
settlements due to the changes of water pressure in thedjtouheir long-term

equilibrium values.

It is obvious that tunnelling is a three-dimensional profleHowever, it is useful

to consider a plane-strain condition for both analyticall @umerical convenience.
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tunnel

advance -

Figure 5.1 Ground movements induced by tunnelling (Attéetehl., 1986).

As shown in Figure 5.1, the— z plane is referred to as the transverse plane under
a plane-strain assumption. Ground loss in xhez direction is seen as a transverse
settlement trough throughout the depth of the soil aboveuimeel. The analysis of this
ground loss is one of the main objectives of this sectionk PE@69) first proposed an
empirical Gaussian distribution curve to describe thidesaent trough. It is described

by the following error function (geometrical details of tharameters are shown in
Figure 5.2):

2

S(X) = Sumax eXP(— ) (5.1)

whereS, is the vertical displacemer®,maxis the maximum vertical soil settlement at
the centreline of the tunnel,is the horizontal offset from the tunnel centreline amsl

the horizontal distance from the centre line to the locatibtine inflexion point.

The area within the curv&/{) can be obtained by integrating equation 5.1 with respect

tox:
Vs = Svmax\/ 2mi (5-2)

Clough and Schmidt (1981) analysed a huge amount of caseiéstnd laboratory

model tests and gave an approximation of the trough widtarpater from the equa-
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vmax
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Transverse settlement trough i4—
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! Excavated tunnel volume At
Final tunnel lining
Ground loss Vs

Figure 5.2 Settlement troughs defined by Gaussian disimibaurve after Peck (1969).
tion:
. 2H.08
I/a=(=—=)" 5.3
Ja=(52) (5:3)

wherea is the radius of the excavated tunnel agds the depth of the tunnel centre to

the ground along the tunnel centreline.

Over the years, the Gaussian curve has been proven to hawd &itgo many field tun-
nel settlement trough data. Recent research has also intptimgedistribution curve
to a modified Gaussian curve, where an additional pararmeteast gives an additional
degree of freedom to the location of the inflexion point iduded. The details can be
found in Grant and Taylor (2000).

5.1.2 Lining forces

The function of the lining is to withstand ground pressurd smmaintain sufficient
safety of the structures during tunnelling. The effectivesses on the lining are highly
dependent on installation procedures. Mair and Taylor 7). 8¢ated that the stress can
be up to 50% of the overburden stress; whereas Craig and Moih{@®78) pointed
out that the average stresses can amount up to between 50P0%naf the equivalent

overburden stress during the first few months.

Figure 5.3 illustrates various structural models withetiént distributions of primary
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ground pressure on the tunnel lining. The stress distobushown in Figure 5.3 a
refers to a shallow tunnel, whereas Figure 5.3 b refers teep tennel. When the lat-
eral stress rati&g is larger than 5, the numerical results of a subsurface settlement
trough are strange when compared with field and experimeb&drvations. Hence,
Potts et al. (2001) proposed an approach to reduce the htalziresses with depth
(Figure 5.3 c); however, the reason for this is not explaived in most of the litera-

ture.

Ov Gy (2%

Il

a) b) )

Figure 5.3 Different distributions of ground loads on tuhiméngs: a) Hewett et al. (1964); b)Windels
(1967); c) Fleck and Sklivanos (1978).

The assessment of bending moments and normal forces shsaldeataken into con-

sideration for the design of a tunnel.

5.1.3 Installation procedures associated wit2D tunnelling

The magnitudes of tunnelling induced ground deformationdiaing forces are highly
dependent on the method of excavation and support sequéltcedoubt, tunnel in-
duced stress redistribution and deformations can be maneepy simulated using
three-dimensional numerical models. However, three-dsimmal FE analyses are too
complicated and time consuming. In many cases, e.g. lamgetprojects with a
long excavation path and various cross-sections, threefmsional simulations cannot
be used as a design tool. Hence, two-dimensional plana $tiaianalysis is useful
with the effect of the missing third dimension included imsoway. Two-dimensional
numerical models will be used to analyse tunnel problemsiim@search. A few popu-
lar installation procedures, namely the stress reductiethad, the stiffness reduction
method and the gap reduction method will be briefly revievegghrding the aspects of

two-dimensional approximations.
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Figure 5.4 Display of the stress reduction method.

The stress reduction method

The stress reduction method is perhaps the most populaoth&dlsimulate the tunnel
excavation sequence. As indicated in Figure 5.4, it canladseeferred to as the—
method. In a two-dimensional plane strain tunnelling pealblan initial radial pressure
po is applied on the tunnel periphery, and then reduces dowh tepp). In the case
of no support, the ground pressure will eventually decréagero; otherwise, a lining
is installed and the remaining loadl ¢ po) is divided over the lining and the ground.

HereA is the load reduction factor, and the range\adrops between 0 and 1.

The stiffness reduction method

As proposed by Swoboda (1979), the stiffness reduction odeititroduces a support
core and reduces the modulus of elasticity (stiffness)®ttre material by a factor of
a. Thus this method is also named as the method. An initial value of the modulus

of elasticity Ep) is reduced down t&s by a factor ofa before the activation of the
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lining. The procedure is shown in Figure 5.5, where the patanu is the reduction
amount in the original modulus of elasticity. In a review bylir (2006), it was sug-
gested that the values afcan have a range betwee@nd 05 for partial excavations

without an immediate closure of the lining ring.

__________________ OSSRy ——
¢ Py Pa
Y
/ A

Figure 5.5 Display of the stiffness reduction method.

The gap method

The gap method, especially applied for closed shield tdimgelvas first proposed by
Rowe et al. (1983) and developed by Lee and Rowe (1991). Asatetidn Figure

5.6, the gap is composed of three parts where two physica gagpdenoted by the
geometric clearance between the initial position of then&icrown and the lining,

and the third physical gap corresponds to the ground lossecHoy the workmanship

effect. The expression is shown below:
GAP=U + (2A+9) (5.4)

U=Ujp+w (5.5)

wherew is the ground losd);, is the amount of over excavation resulting from 3D
effects,A is the thickness of the tail piece adds the space allowance for installation

of the lining.

Several other excavation methods have also been used ilogsexears; namely the
Hypothetical Modulus of Elasticity (HME) soft lining metdgproposed by Powell
et al. (1997); the Disk calculation method applied by Scrakand Ostermeier (1988);
the Volume loss control method proposed by Addenbrooke atid F2001) and Potts
et al. (2001) and so forth.
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Figure 5.6 lllustration of the gap method parameters (&ttaxe et al., 1983).

5.1.4 Numerical difficulties of modelling subsurface setdment troughs

As first summarised by Peck (1969) and developed by Ward anddP¢1981), the
three most significant requirements that satisfy the ssfgkedesign and construction
of a tunnel are stability, ground movements and their effactd performance of lin-
ings. Over the decades, different design methods have lssehiiengineering prac-
tice; namely simple empirical, analytical and finite eletnamalyses. Finite element
analysis has been widely adopted over recent years. Withst@f computer capac-
ity, complex geometries, excavation procedures and stppiallation sequences of
tunnelling can be simulated more realistically. These athges made the FE method
attractive in the realm of tunnelling design practice. Hegre notable literature has
shown that the numerical results of the subsurface settletreugh induced by tun-
nelling are too wide when compared with field data if a sanchélims investigated
or a high value of the earth coefficient at relsp) is involved. Several studies have
focused on the reasons that could account for this discoypad the parameters that
may lead to the discrepancy have to be thoroughly investibas the major concern
in constructing such tunnels in urban areas is to reduce anttat the subsurface

settlements. These studies can be classified into two aédsgo
1. The selection of proper constitutive models;
2. The excavation and support sequence.

Gunn (1993) identified the reason why finite element caladatwere much shallower
and wider than those obtained from model tests or obsensta site by investigat-

ing through a tunnelling research programme at Cambridgeddsity in the late 1979
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and early 1988 The reason was quickly identified as the elastic part of amgttu-
tive model which was used to represent the stress-strasvimir of soil, was assumed
to be linear and isotropic. Lee and Rowe (1989) made the fiestngtt to incorporate
the influence of cross-anisotropic parameters in theialimdastic-perfect-plastic con-
stitutive equations. They concluded that the ratio of tliependent shear modulus to
the vertical modulus has a great impact on predicting saréattlement. Their study
was restricted to a soil with a coefficient of earth presstirestKo < 1.0. However,
Gunn (1993) provided a contrary conclusion that the tumgelinduced ground set-
tlements are not influenced by the anisotropic shear modi8umapson et al. (1996)
found out that the finite-element calculations of tunnellinduced subsurface settle-
ments are remarkably influenced by cross-anisotropic petes pre-failure, but in-

fluenced minutely by non-linearity.

As these findings are contradictory, Addenbrooke and P28 in referring to those
models mentioned above, re-evaluated aspects of all thelsyadcluding isotropic
and anisotropic, linear and non-linear pre-failure defation behaviour as well as
loading reversals. Their study was concerned with plar@stonditions in stiff clay.
They pointed out that introducing anisotropic parametp@@priate to London Clay
into a non-linear model has few improvements on the isotrogsults. Only unreal-
istic solil stiffness, a very soft independent shear modurdube anisotropic stiffness
matrix, can improve predictions of surface settlement al®greenfield tunnel exca-
vation with a high coefficient of the lateral earth pressureeat Ko > 1.5). In order
to investigate the influences of soil anisotropy adon ground movements induced
by tunnelling, Franzius et al. (2005) presented a suite ¢ @D and 3D FE anal-
yses of tunnel construction in London Clay. They concludedhftheir comparison
between 3D and 2D results that 3D modelling and soil anipgtiave little improve-
ments on the shape of the transverse surface settlemeghtnebich remains too wide
when compared with field data. Similar conclusions were drawGuedes and San-
tos Pereira (2000), who performed a suite of FE studies auppah elastic soil model.
Their results showed that 3D predictions have a negligifieceon the shape of the
surface settlement trough for bdtly = 0.5 andKg = 1.5. Dolezalova (2002) also sup-
ported these findings from his FE studies using both a linkestie perfectly plastic

and a non-linear elastic perfectly plastic constitutivededo Parallel to the studies of
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pre-failure parameters, Oettl et al. (1998) presented gednison of elastic-plastic soll
models for 2D FE analyses of tunnelling concluding thatfad turrent assumptions

of constitutive models cannot describe the response ofsthila desired accuracy.

To obtain a good fit with numerically model testing resultsl daboratory tests or
field data through numerical investigations of tunnellinguced settlement troughs,
remains an attractive research aspect. Both constitutieele@nd excavation proce-
dures are significant. In this chapter, we mainly focus onitifgacts of constitutive
models. Itis generally identified that there exist sevenesstrotations when the tunnel
is excavated in non-homogeneous soils. Hence, non-caaridélling can have some
effects on the material response under this case. Numexigaications of the non-

coaxial model to analyse tunnel excavations are presemted following subsections.

5.1.5 Chapter structure

This chapter begins with the numerical application of the-noaxial soil model to
investigate the subsurface displacement of a general imergsional tunnel. Results
from the stiffness reduction method, also known asithemethod, are first detailed in
Section 5.3. Subsequently, results from the stress redugtethod, which also refers
to theA — method, are presented in Section 5.4. The discussion ohetethods is
presented in Section 5.5. Then a case study is performed ansZtentrifuge tests in
the subsequent Section 5.6, before the chapter is conclmdadsummary of the ad-

vantages and disadvantages of applying non-coaxialitytuninelling in Section 5.7.

5.2 Model and parameters

Practical geotechnical problems usually demonstrate eettliimensional condition
and involve a complex sequence of construction steps. Thstiuwtion details de-
termine the appropriate analysis method that can be usexptesent these steps ac-
curately. However, the aim of this chapter is to find out winapriovements may be
achieved by introducing non-coaxiality in the context ofl amisotropy as compared
to the original isotropic coaxial modelling. Constructicgtails have been avoided for

the sake of simplifying the illustration and a two-dimem&bcondition is taken into

135



Chapter 5 Applications of the non-coaxial model in tunnelling

consideration in this regard.

Generally, since numerical excavation procedures sigmifig affect results induced
by tunnelling, two simple and popular excavation methodseanployed: the stiffness
reduction methodd— method) and the stress reduction methbe (method). As in-
dicated in Figure 5.7, half of the model size is assumed toCbm 6n length and 60
m in width to avoid boundary influence. The diameter of thenins 8 m, and the
tunnel is located 16 m down below the ground surface. Thedlusrassumed to be
excavated in clay, with a Young’s modulus of 200 MPa and adeoi's ratio of 03.
The cohesion of the material= 30 kPa. The maximum peak internal friction angle
for all cases is assumed to gax= 30° (¢ = 30° for the Mohr-Coulomb yield model
in ABAQUS). The material surrounding the excavation (imthg the excavation zone
for the stiffness reduction method) is discretised with farsler 4-node plane strain el-
ements (element tyg@PE4). The left-hand boundary represents a vertical symmetry
axis, whereas the far-field condition on the right-hanedidundary allows for verti-
cal displacement. The condition on the bottom boundary edfix both the vertical

and horizontal directions.

An initial stress field due to gravitational and tectoniccies exists throughout the
depth of the soil. It is assumed that this stress variestipedth depth and that the
ratio between the horizontal and vertical stress companénis 0.5. The self weight
of the clay is 200 kPa.

The 150-mm-thick liner is discretised with one layer of ingmatible node elements
(element typeCPE4l). These elements are recommended in regions where the bend-
ing response must be modelled accurately. The dimensiah&aations of the liner

are shown in Figure 5.8.

Since our aim is to look at what difference the non-coaxiatielling may introduce,
the model size and model mesh are assumed simple. It folleevagsumption of Fei
and Zhang (2009). In addition, the elastic material pararsedre generally selected.

In other words, they are just particular cases within thalogue of clay.
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5.3 Stiffness reduction method

The stiffness reduction method is detailed in Section 5.In3his section, the exca-
vation of the tunnel material is accomplished by reducirgittitial value of Young's
modulus Ep) inside the excavation core. The initial value of Young’sdulus should
be reduced down to an empirical valugs) by a factor ofa before the activation of
the lining. The value ofx is assumed to be.D. The results of this parameter set
can be seen as an extreme example of how soil anisotropy andaaxiality affects
tunnel-induced settlement predictions. The tunnel malterside the excavation core
will be removed after the activation of the lining. The latestress ratio is always set
asKg = 0.5.
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Figure 5.7 Geometry and finite element discretisation oftin@el model.

137



Chapter 5 Applications of the non-coaxial model in tunnelling
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Figure 5.8 The installation of the liner.

5.3.1 Subsurface settlements

Figures 5.9 and 5.10 present the subsurface settlememghsadn a lowKg regime
(Ko = 0.5). The influence of anisotropic coefficiemsand 8 and the influence of
non-coaxial coefficienk are detailed in Figure 5.9 and Figure 5.10 respectively. As
indicated in Figure 5.9, the shape pattern of the settletmeagh obtained by using
the Mohr-Coulomb model of ABAQUS (see black line with circlaurkers) is almost
consistent with that (see black line) obtained by using tiep@sed non-coaxial model
when the isotropic Mohr-Coulomb yield criterion is recovea = 1.0). It testifies
the user-developed computational procedures. Theresex¢formation heave along
the surface soil. This can be caused by the large stiffnegediner, which results in
uplifting of the unloading force at the bottom of the tunraladdition, the constitutive
model can be a reason. It shows that the reductianleads to an increase in the tun-
nelling induced maximum vertical displacement. The cash ®i= 45° predicts the
largest magnitude of the maximum vertical displacememalbe centre line. Gen-
erally, non-coaxiality results in a slightly larger magmiée of the maximum vertical

displacement.
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Figure 5.9 Vertical displacement with the influencesiaindg (a = 0.1).
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Figure 5.10 Vertical displacement with the influencé&dér = 0.1).
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5.3.2 Horizontal displacement

It is generally accepted that horizontal displacement eanlt in damage of buildings
when tunnels in urban areas are constructed. Figures 5d13. 42 show the horizontal
displacement with respect to various magnitudes of ampatrcoefficients and non-
coaxial coefficient. As indicated in Figure 5.11, the hontab displacement curve
obtained by using the Mohr-Coulomb model is consistent vii#t bbtained when soil
isotropy is recovered using the proposed non-coaxial mdded maximum magnitude
of horizontal displacement decreases with a reduction enathisotropic coefficient
n. The anisotropic coefficienft shows a pronounced influence on the magnitude of
the maximum horizontal displacement. Conclusions can berdthat the case with
n=0.707 andB = 45° gives the largest maximum horizontal displacement. Howeve
the shape of the curve is not improved by introducing soisamopy. As shown in
Figure 5.12, a larger value of non-coaxial coefficieneads to a larger value of the

maximum horizontal displacement.

x-Coordinate (offset from centre line) : m

0 10 20 30 40 50 60
0.5 . T T T T

-1.0 t

Mohr-Coulomb

Horizontal displacement : m

n=1.0
n=0.85 p=0°
LS5y n=0.707 p=0 I

n=0.707 p=22.5°
n=0.707 B =45°

titltl

-2.0

Figure 5.11 Horizontal displacement with the influences ahdf (a = 0.1).
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Figure 5.12 Horizontal displacement with the influencé ¢dr = 0.1).

5.4 Stress reduction method

For the stress reduction method, which is also named a thenethod, two stages
of excavation procedure are applied. In the first step, aepgaddent analysis will be
observed to obtain the nodal forces applied on the periméthae tunnel. These forces
are required to maintain equilibrium with the initial stsetate in the surrounding ma-
terial. In the second step, the applied nodal force will lduoed by an unloading
factor of A = 0.1. Then the lining will be activated and the remaining foreaé be

reduced to zero in the end.

5.4.1 Subsurface settlements

Figures 5.13 and 5.14 present the subsurface settlemegthisan terms of various
values of anisotropic coefficients and non-coaxial coeffiti The result obtained from
the Mohr-Coulomb model in ABAQUS is plotted in Figure 5.13q$ke black line). It
is coincident with the result obtained from the proposed-ooaxial model withn =
1.0 andk = 0.0, in which soil isotropy is recovered. This validates therectness of
the numerical procedure. It is obvious from Figure 5.13 thatmaximum magnitude
of the surface settlement increases with the decrease ianisetropic coefficienh.

The anisotropic coefficierl also has a great impact on the magnitude of the settlement
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and it demonstrates that the case wth= 0° results in the largest magnitude. This
result is different from that obtained by using the stiffnesduction method, which
demonstrates that the case with= 45° gives the maximum magnitude. In Figure 5.14,
the influence of non-coaxiality on the prediction of settgrtroughs is pronounced.
For the case withh=0.707 and3 = 0°, the maximum magnitude of surface settlement
S/max= 58.1 mm with non-coaxial coefficiert = 0.1, which is over twice that of

S/imax= 24.8 mm when the non-coaxial coefficiehequals to zero.
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Figure 5.13 Vertical displacement with the influencesahdf (A = 0.1).

5.4.2 Horizontal displacement

The horizontal displacement curves with respect to the enites of anisotropic co-
efficients and non-coaxial coefficient are illustrated igufes 5.15 and 5.16. Like-
wise, the horizontal displacement curve obtained by usiegMohr-Coulomb model

in ABAQUS is consistent with that obtained by using the pisgzbnon-coaxial model
with n= 1.0 andk = 0.0 as shown in Figure 5.15. Similar conclusions can be drawn
that the magnitude of the maximum horizontal displacemeateases with the de-
crease im. And it increases with the increase in the non-coaxial caefiik, exclud-

ing a special case when= 0.707 and3 = 0°. In this case, the horizontal displacement
curve is wider and narrower far= 0.1 as compared tk = 0.0. The maximum hori-

zontal displacement is highly affected by the valugoft is interesting to see that the
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Figure 5.14 Vertical displacement with the influence of moaxiality @ = 0.1).

shape of the curve is slightly different as compared to athvithn=0.707 and3 = 0°.
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n=1.0

n=0.85 p=0°
n=0.707 B=0°
n=0.707 p=22.5°
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Horizontal displacement : m
A

Figure 5.15 Horizontal displacement with the influences ahdf3 (A = 0.1).

5.5 Discussion

The application of the proposed non-coaxial model to thdyaigof tunnelling in-

duced settlements was presented in this section. Two ei@ayarocedures, namely
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Figure 5.16 Horizontal displacement with the influence af+woaxiality @ = 0.1).

the stiffness reduction method (tleemethod) and the stress reduction method (the
A-method) were employed. The influences of anisotropic aoeffisn and and the
non-coaxial coefficiert on the subsurface settlement troughs, the horizontalatispl

ment curves; were analysed.

In general, both vertical displacement and horizontal ldsgment were larger with
a larger magnitude of anisotropic coefficienaind non-coaxial coefficierk in spite
of some particular cases. The maximum vertical and hor&atisplacement were
relatively pronounced when comparing the stress reductiethod and stiffness re-
duction method. This is due to more severe stress rotattwhged by the reduction
of stresses. The shape of the subsurface settlement treagiparently influenced by
the magnitude of the anisotropic coefficigdit however, irrespective of the value of
non-coaxial coefficient. The reason can be that tunnel etwavis highly affected by
the elasticity of materials; however, non-coaxial behavis assumed to have an effect
only when the material reaches plasticity. In future worbn+inear and anisotropic

elasticity can be incorporated to advance the proposedoaxial soil model.
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5.6 Case study compared with centrifuge tests

5.6.1 Assumption

Testing scaled models of actual prototype structures gesva controlled method of
studying geotechnical problems. However for this case, aresider a model of a
geotechnical structure scaled down by a factoNainder normal gravity conditions
(19). Therefore, the model should be accelerated so that grgistincreasedN times
(Ng), to make sure the stress conditions in the model match tbbsee prototype.

This is how the centrifuge works.

Zhou (2015) performed a series of greenfield tunnellingridfeige tests on Fraction
E Leighton Buzzard silica dense sand with a density aD3&g/m?. Zhao (2008)

performed a series of traxial tests on the E silica sand tateesaterial properties.
He concluded that the value of the Young’s modulus drops twéen 30 - 50 MPa.
Hence in the presented numerical modelling, an average wld0 MPa is selected.
The results of subsurface settlement troughs from ceggifasts will be used to vali-

date the numerical results using the proposed non-coaxidem

As shown in Figure 5.17, the model dimensions are half of ¢atunnel dimensions
designed for centrifuge tests, of which the length i528 and height is 38 m. This
set of model dimensions is exactly consistent with Bo’s ¢krge tests. The tunnel
is assumed to have been excavated in sand. Hence, the golseagsumed to be@
kPa in order to avoid the singularity problem. The maximuittiivn angle associated
with the proposed non-coaxial modelggax= 30°. Typical elastic constants are set
as Young’s modulug = 40 MPa and Poisson’s ratw = 0.25. The diameter of the
tunnel is 72 m, and the tunnel is excavated.44n below the ground surface. The
material surrounding the excavation is discretised witstfirder 4-node plane strain
elements (element tyg@PE4). On the right-side boundary, the infinite extent of the
soil is represented by a Zsm-wide mesh that extends offset from the centre-line to
a length of 512 m. On the bottom boundary, the infinite extent of the soileisre-
sented by a 18-m-wide mesh that extends from the surfacedpta df 488 m below
the surface. The left-hand boundary represents a vertycaimetry axis. Far-field

conditions on the bottom and right-hand-side boundariesrardelled by infinite ele-
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ments (element typ€INPE4). No mesh convergence studies have been performed to

establish if these boundary conditions are placed far @maugy from the excavation.

An initial stress field due to gravitational and tectoniccks exists throughout the
depth of the soil. This stress is assumed to vary linearly dépth and the ratio be-
tween the horizontal and vertical stress componenkgis- 0.5. The self-weight of
the sand is LO3KN/m?.

25.6m 25.6m

Wiyl

LWL

w6

Wyl

Figure 5.17 Geometry and finite element discretisation:siea with Zhou's centrifuge tests.

The nodal forces that are required to maintain equilibriuith ¥he initial stress state in
the surrounding material as loads on the perimeter of theeiyare obtained from an
independent analysis where the displacements on the tpaneleter are constrained.

In all cases, an initial stress regime wKg = 0.5 is adopted.

The stress reduction type of approach, which was first stuggdsy Wood (1975),
seems to be most popular. An appropriate stress reduciitor fédoeing referred to as

the unloading oA factor, is applied in combination with the stress reductizethod.

146



Chapter 5 Applications of the non-coaxial model in tunnelling

Two calculation phases are introduced under this circumssta Starting from initial

stresses, the stresses inside the tunnel are reduced stapwai first calculation phase
and the resulting volume loss (also known as ground loss psmeopressure is consid-
ered) is calculated after each increment. In a second edicnlphase, the simulation
is terminated immediately after the prescribed ground maldoss is reached at the
corresponding pressure. The corresponding pressure caratobed by applying an

appropriate stress reduction facfar

5.6.2 \olume loss

No pore pressure is taken into consideration in our numencadelling. In other
words, fully drained conditions are assumed. Hence for bty the resulting vol-
ume loss around the crown due to the reduction in the stréssiele the tunnel core,
represents the ground volume loss as well. The value of theneloss is calculated

as:

Vs
Vi [%]| = —=-100 5.6
| [%] A (5.6)
whereVs is the resulting volume around the crowR,= er§/4 andDg is the tunnel

diameter.

The approximate calculation of the resulting volume losshiswn in Figure 5.18. It
should be noted that only a 2D condition is considered. Agatdd in Figure 5.18,
the black curve refers to the original size of the tunnel eroWhe green lines represent
the deformable shape of the tunnel after excavation. Thercdiameter iDs, and the
area covering the red dash lines is equal to the resultinghnweVs. Vs is required to
be calculated in order to obtain the volume 18ssThe approximate value & can
be calculated geometrically by dividing the zone into aoeabkle numbem) of small

rectangles, having an aréa. ThenVs can be defined by the following equation:

Vs=5 As (5.7)
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Undeformed tunnel i

Figure 5.18 The illustration of volume loss calculation.

5.6.3 Subsurface settlement troughs

In the centrifuge tests conducted by Zhou (2015), four degyd volume loss have
been investigated, namely = 0.86%, V| = 2.0%, V| = 3.23%, andV; = 5.16% re-
spectively. Numerical simulation is also performed using Mohr-Coulomb model
provided in ABAQUS. When the proposed non-coaxial model ipleyed, the maxi-
mum friction angle is always set gkax= 30° (¢ = 30° for the Mohr-Coulomb yield
criterion in ABAQUS). Only a rotational ellipse yield curiginvestigated for simplic-
ity. The anisotropic coefficient is equal to 0707 andg varies as 0, 225° and 45.
The value of non-coaxial coefficiekt= 0.0, k = 0.02, andk = 0.1 for the same case.
As mentioned previously, an appropriate stress reductiotofA should be selected
to reach a corresponding pressure, which results in a dessame loss in numerical

simulations.

Figures 5.19 - 5.26 present settlement profiles normaligathat the maximum set-
tlementS;max corresponding to a desired volume loss, and compare thésaegth

centrifuge test data from Zhou (2015). Figures 5.28 and #HiBrate the vertical dis-
placement troughs under the same value of stress redueittorA (the same incre-
ment) with various values of anisotropic coefficients arel nion-coaxial coefficient.

The influences of soil anisotropy and non-coaxiality on ellimg induced displace-
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ment are detailed in these figures.
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Figure 5.19 Normalised settlement profiles in term¥jof 0.86%.

Figures 5.19 and 5.20 show the normalised ground settletraarghs for these anal-
yses taken from increments that achieved a volume loss obajppatelyV, = 0.86%
andV, = 2.0% respectively. In these figures, the non-coaxial coefficie set as
k = 0.0. This amount of volume loss is obtained from the centriftegt of Zhou
(2015). The figures also list the Gaussian curve fitted toasiedlata and the normalised
settlement curve obtained by using the isotropic Mohr-Cailanodel in ABAQUS.
The stress reduction factor in which the desired volume i®sghieved, and values
of maximum settlement are listed in these figures as well. nigcated in these two
figures, different values ok are applied in order to achieve the same volume loss.
Normally, the desired value df for the Mohr-Coulomb model in ABAQUS is lower
than that for the proposed non-coaxial model. This may t@sldrger maximum ver-
tical displacement for the proposed non-coaxial modellnkg soil anisotropy than
the isotropic Mohr-Coulomb model in ABAQUS. The predictettlsenent curves lie
close to each other by using the Mohr-Coulomb model in ABAQU®& the proposed
non-coaxial model. In addition, the general shape of thempicsettlement curve is

similar for both the Gaussian settlement curve which fithé&otest data and numerical
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Figure 5.20 Normalised settlement profiles in term¥jcf 2.0%.

analyses.

Figures 5.21 and 5.22 present the normalised ground settigmoughs for these anal-
yses taken from increments that achieved a volume loss obzippatelyV, = 3.23%
andV, = 5.16% respectively. Comparing the settlement curves for thes§an settle-
ment trough with those for the numerical analyses, showisttigasurface settlement
trough becomes wider when obtained from numerical simuiati However, adopting

the anisotropic coefficier@ improves the settlement curve further.

As indicated in both Figure 5.21 and Figure 5.22, the contlmnaof anisotropic co-
efficientsn = 0.707 andB = 0° leads to a much narrower normalised subsurface set-
tlement trough (see red line with triangular marker). Thisve is almost the same as
the Gaussian curve, and fits to the field data. The reasonifobémaviour is that the
influence of anisotropic coefficients is pronounced for dhbigtress unloading factor

that results in a wider plastic zone.
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Figure 5.21 Normalised settlement profiles in term¥jof 3.23%.
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Figure 5.22 Normalised settlement profiles in term¥jof 5.16%.
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The influence of the non-coaxial coefficiekton the normalised ground settlement
troughs in terms of a desired volume los3/pf 3.23% andv, = 5.16%, is illustrated

in the following four figures (Figures 5.23 - 5.26). As anagreviously, the case
with n=0.707 andp = 0° leads to a close match of the normalised settlement curve
to a Gaussian curve and field data; and similar observatiande found in Figure
5.23 and Figure 5.25. In contrast, the case with 0.707 andB = 45° results in a
wider normalised settlement curve as shown in Figures 5n245a26. It is interest-

ing to see that the inclusion of non-coaxial behaviour iskehy to affect the shape of
the normalised ground settlement troughs. Further dismussin be found in Figure
5.30. The figures demonstrate that only adoption of the &igic coefficient3 can

improve the normalised settlement trough.
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Figure 5.23 Normalised settlement profiles in term$jof 3.23% in terms of non-coaxial effects when
n=0.7073 =0°.

As analysed previously, the value af in which the same desired volume loss is
achieved is always lower for the Mohr-Coulomb model in ABAQtW&n for the pro-
posed non-coaxial model. However, the relative magnitadelting from the influence
of anisotropic coefficienf varies. It is necessary to investigate the subsurfacesettl

ment shape with various values of anisotropic coefficientsreon-coaxial coefficient
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Figure 5.24 Normalised settlement profiles in term$jcf 3.23% in terms of non-coaxial effects when

n=0.707B = 45.

0
0.1
. 0.2
g
%03
.
. 04
E
o 05
2
2 06
2
= 07
E
2 08
0.9
1

x-Coordinate (offset from centre): m

10 20 30 40 50 60
T Im T T 1

B

A A\ Svmax
Zhou (2015) O *  5.16% 54.49mm
Gaussian curve *  5.16% 51.6mm
nc =0.0 —— 0.56 5.16% 48.3mm
nc =0.02 —— 0.58 5.16% 48.5mm
nc=0.1 —¢— 0.59 5.16% 48.5mm
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Figure 5.26 Normalised settlement profiles in term$jof 5.16% in terms of non-coaxial effects when
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Figure 5.27 Vertical displacement with the influencengdA = 0.92).
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at the same excavation step (the same value)ofor the sake of argument, two ex-
cavation steps are investigated, with unloading fagter 0.92 andA = 0.6. Figures
5.28 and 5.27 present the influence of anisotropic coefticiem the subsurface set-
tlement profile; whereas Figures 5.30 and 5.29 present theenrces of anisotropic
coefficient3 and non-coaxial coefficierk on the settlement curve. The maximum
vertical displacement is slightly larger with a lower magde ofn when unloading
factorA equals ®2. Evidence can be reinforced from Figures 5.19 and 5.2Cettra
hibit a similar normalised settlement curve with a loweeabfA, irrespective of soll
anisotropy and non-coaxiality. As indicated in Figure 5i2& obvious that a smaller
value of anisotropic coefficient leads to a narrower and steeper settlement trough
when the unloading factor equals 06. With respect to Figure 5.30, it is consistent
with the conclusions drawn from the figures illustrating tleemalised settlement pro-
files in which the settlement trough is narrower and steeperfcase with3 = 0°

for a smaller magnitude of unloading factdr(A = 0.6). For a larger magnitude of
unloading factoR (A = 0.92), the maximum vertical displacement obtained from the
case with3 = 45 is higher than that witls = 0°; however, the pattern of the curve is
similar. Non-coaxiality is unlikely to affect the shape bétsettlement curve; however,

it results in higher magnitudes of the maximum vertical fispment along the centre
line. In addition, the magnitude of the anisotropic coediti3 shows a strong effect

on the maximum vertical displacement.
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5.7 Chapter Summary

The numerical application of the proposed non-coaxial rhiotie tunnelling presented
in this chapter provided an investigation of soil anisoyremd non-coaxiality on the
tunnelling induced displacement. Both the stiffness radaaxcavation method and
the stress reduction excavation method were applied angisaga Conclusions can
be drawn that the influence of non-coaxiality was pronourimedsing the stress re-
duction method as compared to the stiffness reduction rdetiiie anisotropic co-
efficientsn and 8 and the non-coaxial coefficiektaffected the maximum magnitude
of the vertical displacement and the horizontal displacggmelowever, the shape of
the settlement trough and the horizontal displacementecumsre only affected by
the value of the anisotropic coefficieit Normalised subsurface settlement troughs
(S//Simay Were presented corresponding to a desired volume losshamdsults were
compared with centrifuge test data from Zhou (2015). Nuoaresults became much
wider when compared to test data and fitted Gaussian curtesigher volume loss.
Adopting the anisotropic coefficierft resulted in an improvement of the settlement

curve.
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Chapter 6

Conclusions and recommendations for

future work

A plane strain, elastic perfectly plastic non-coaxial snddel was developed in the
framework of inherent soil anisotropy. The anisotropic Maoulomb yield criterion
was developed by generalising the conventional isotropptiMCoulomb yield crite-
rion to include the effects of inherent soil anisotropy. Tifgerent soil anisotropy was
described by the variation of internal friction angles viltle direction of the principal
stress. For mathematical simplicity, the shape of the ygalgte in the deviatoric space
(@, Oxy) Was assumed to be either a rotational ellipse or an eccegilipse. The
nonassociativity in the conventional plastic flow rule wesoaleveloped to overcome
the drawbacks while simulating simple shear tests. Theyewiposed soil model
was then implemented in a commercial numerical software @B& via UMAT. A
hyperbolic approximation of the yield function was used limmate the computa-
tional difficulties due to the gradient discontinuitiesttioacur at the tip of the yield
surface. The explicit modified Euler scheme was used to iateghe constitutive
law. Simple shear problems were selected to validate theenoat implementation
of the non-coaxial soil model. Further on, numerical agilans were performed on
smooth strip footings and tunnel excavations using the n@ndposed non-coaxial
soil model. This chapter presents the main conclusionsmfemm each part of the
research in Section 6.1, and provides recommendationsiftivelr possible areas of

research on this topic in Section 6.2.
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6.1 Conclusions

6.1.1 On simple shear problems

Numerical simulations have been performed on simple shesis using the newly
proposed non-coaxial soil model. Numerical results of theas stress ratio and non-
coaxial orientations of the principal stress and princjgaktic strain rate were anal-

ysed. The evolutions of stress paths in the deviatoric plere also presented.

e The analytical expressions of the ultimate stress r@%?yé)ummate proposed by
Davis (1968) and the peak point of the stress ré\%%)) peak Proposed by Hansen
(1961) were used to verify the numerical results obtainethfthe simple shear
tests by using the non-coaxial soil model, neglecting sois@ropy and non-
coaxiality. It showed that the numerical results were cstesit with the analytical
solutions for both the rotational and eccentric ellipsddygziterion. This in turn
testifies the correctness of the finite element implementgtrocedures of the

newly proposed non-coaxial soil model.

e The numerical predictions of the shear stress ratio in tesfrsoil anisotropy
were lower than those in terms of soil isotropy. The anigptr@oefficientsn
and B had a great effect on the magnitudes of the ultimate sheassstatio.
The initial lateral stress ratiliy indicated negligible effect on the ultimate shear
stress ratio; however, it affected the shape of the stteasr€urve by producing
a strain-softening response after reaching its peak vauever-consolidated
soil (Ko > 1.0), when the nonassociativity in the plastic flow rule waslaed.
The non-coaxial coefficierk had few effects on the ultimate shear stress ratio.
A larger value of the non-coaxial coefficient resulted in &esung response of
stress-strain evolutions for normally-consolidatedss{t < 1.0). Nevertheless,
in some special cases for over-consolidated sKis= 3.0), the numerical results
of the shear stress ratio remained the same, irrespectiveirg a different non-
coaxial coefficienk when using the associativity in the conventional plastiwflo

rule.

e The ultimate orientations of the principal stress and ppalcplastic strain rate
were verified by the study of Davis (1968), who pointed out Hray horizontal

plane was always inclined at ﬂ%% at the ultimate failure. With respect to the
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rotational ellipse yield criterion, there existed nonrmdence of the direction of
the principal stress and principal plastic strain rateugfeut the loading proce-
dure withk = 0.0 when the associativity in the conventional plastic floverwhs
involved, which violated experimental investigations.nde, a nonassociativity
in the conventional plastic flow rule was introduced to oweme this drawback.
It showed that the directions of the principal stress andqgipal plastic strain
increment were coincident witk= 0.0 for the nonassociativity in the conven-
tional plastic flow rule. When the non-coaxial coefficient waequal to zero,
a distinct non-coincidence of the direction of the printigaess and principal
plastic strain rate was observed at the initial stage in tigaisstress level. The
degree of non-coaxiality decreased with the increase islibar stress level. The
non-coincidence vanished when achieving large sheanstdhe limit state. In
addition, a larger value of the non-coaxial coefficigresulted in a higher de-
gree of non-coaxiality at the beginning of the loading pchae. With respect to
the eccentric ellipse yield criterion, similar conclusaran be drawn when com-
pared with the rotational ellipse yield criterion. Moregvihe eccentric ellipse
yield criterion can ideally model the coaxiality of the diten of the principal
stress and plastic strain rate even for the associativitg@rconventional plastic
flow rule. For the particular case of over-consolidatedssfih = 3.0) modelled
by an eccentric ellipse yield criterion with the associftivn the conventional
plastic flow rule, the orientations were coincident. Thesogacan be that the
sample was subjected to few principal stress rotations alysed before under
this circumstance. The pattern of the orientations was wdgagreement with
previous experimental observations (e.g. (Roscoe et &.7)1%nd numerical

investigations (e.g. (Yuan, 2005)).

¢ It should be noted that an elastic perfectly plastic conditivas assumed, and
hence the stress paths may move along the yield surface testéc meforma-
tions develop. The anisotropic coefficiemtsand 3 affected the shapes of the
yield curve in the deviatoric space, which resulted in défe distances that the
stress paths travelled in the purely elastic regime befaelring the plastic state.
Hence, the time span for reaching coaxiality of the directbthe principal stress
and principal plastic strain rate was affected. The stresisspreached the same

final position on the yield curve, independent of the inilédéral stress rati&,
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and anisotropic coefficientsand3 and non-coaxial coefficiert

6.1.2 On strip footing problems

The non-coaxial soil model has been applied to investigatsosh strip footing prob-

lems, drawing particular emphasis on the influence of saslropy and non-coaxiality
on the bearing capacity of the strip footing. Semi-anaJtgolutions of the bearing
capacity for a smooth strip footing resting on an anisotrppieightless, cohesive-
frictional soil were developed based on the slip line methbdparticular, a close-
form solution for a purely cohesive material was also presskn Prandtl’s solution

was recovered when the anisotropic Mohr-Coulomb yield watewas reduced to the

conventional isotropic Mohr-Coulomb yield criterion.

e Parametric studies in terms of the anisotropic coefficiardsd 8 with various
magnitudes of the maximum peak internal friction anglgxwere performed on
the computations of bearing capacity factbtsandNg. The bearing capacity
factorsN; andNg were lower when the soil was resting on an anisotropic soil as
compared to their isotropic counterpart. For smaller \&lofagnax (i.€. @nax <
30°), the anisotropic predictions and isotropic predictioregevclose for botiNe
andNg; however, the difference between the anisotropic preafistand isotropic
predictions was pronounced with larger magnitudeg.@f. A smaller value oh
and larger value of resulted in lower values of bearing capacity factdgsand
Ng-

e Without accounting for non-coaxial plasticity (i.e= 0.0), the numerical appli-
cation of the non-coaxial soil model on the analyses of ébaping problems was
conducted in two scenarios: with and without surface logdin order to avoid
the singularity problem for numerical simulations whgtyywas relatively small,
the cohesiort of the soil was always set as 30kPa. Hence, two bearing dgpaci
factorsN. andq;/q were computed. Several numerical tests were conducted in
light of various values of anisotropic coefficiemt&nd . The numerical results
were slightly larger when compared with the semi-analytstdutions in each
test, but within a tolerable range. The results highlighhedcapability of numer-
ical procedures. With respect to the rotational ellipsédyagiterion, the soil was

stiffer with an increase i in the load displacement curve.
e The numerical computations of bearing capacity factdysand Ny were per-
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formed in terms of a rotational ellipse yield criterion toéstigate the influence
of soil anisotropy, non-coaxiality, the initial stresstetand the dilation angle.
The numerical results showed that the initial lateral stregio Kg, the dilation
angle Yo and the non-coaxial coefficiektrarely affected the ultimate bearing
capacity of the strip footing. However, the settlementpraocollapse was larger
with a larger value ok, which indicated that the soil softened when the non-
coaxial coefficient was unequal to zero. Paramea®eiandRs were introduced as
the maximum difference of the normalised pressure and threg@onding settle-
ment prior to collapse between coaxial and non-coaxial tiadewith k = 0.0
andk = 0.1. There parameters can be used to describe the effect aforaality
on the numerical modelling of the bearing capacity. The misakpredictions of
Rr andRs for both N andNg were close for different values &fby using the as-
sociativity and nonassociativity in the conventional ptaow rule respectively.
The values of anisotropic coefficiemsand 3 and the lateral stress ratiG had
a significant influence oR.. Generally, a smaller value ofand a larger value
of B resulted in a pronounced value &f. For the computation d¥, the influ-
ence of non-coaxiality on the bearing capacity was mostfsignt for the case
with n = 0.85 andf = 45°, whereR; = 13.5%. For the computation dfly, the
influence of non-coaxiality was most significant for the cagt n= 0.707 and
B =45°, whereR, = 28.3%. This can be up to 4 times the valuRpi(R, = 7.0%)
for the case with the recovered isotropic Mohr-Coulomb yezlterion (1= 1.0).
This data highlighted the importance of modelling non-¢aklzehaviour of the
soil in the content of soil anisotropy. The effect of nonxiahplasticity was
negligible for over-consolidated soKg¢ = 2.0) with a small value oR; = 4.6%.
The variation of principal stress rotations obtained fronlydhose elements at
the corner of the footing proved the influence of non-coayialt showed that a
severe range of principal stress rotations was betwek85° and 125°, which
corresponded to the casero&= 0.707 andB = 45° with R, = 28.3%.

e The displacement patterns were plotted at the %tMen the maximum differ-
enceR; was obtained. It was concluded that the failure zone was mmeen-
trated adjacent to or at the edge of the footing when noniabbghaviour was
involved. The reason can be that these areas experiencedsigoificant stress

rotations when compared to other areas.
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6.1.3 On tunnelling

The non-coaxial soil model was also applied to analyse tlingenduced displace-
ment and lining forces. Both the stiffness reduction methmd (method) and the
stress reduction method ¢ method) were employed. In particular, a case study was
presented and the results were compared with centrifugeld¢s from Zhou (2015).
The lateral stress ratio was always selKgs= 0.5. The rotational ellipse yield criterion

was used.

e With respect to the stiffness reduction method, the initedlie of Young’s mod-
ulusEg was reduced down to an empirical valueegfoy a factor ofa before the
activation of the lining, andr = 0.9. The material inside the excavation core was
then removed. The subsurface settlement troughs obtajnegglying the non-
coaxial soil model witm = 1.0 and the troughs obtained from the Mohr-Coulomb
model in ABAQUS were consistent, which testifies the useretiged computa-
tional procedures. A smaller magnitude of the anisotropifficientn led to a
larger maximum vertical settlement along the centre lifee Tase witl3 = 45°
predicted the largest value of the maximum vertical disgaent. In addition, the
magnitude of the maximum vertical displacement was skghigher when com-
pared to the results from non-coaxial modelling wkite 0.0 andk = 0.1. For the
horizontal displacement curves, the maximum magnitudeoazbntal displace-
ment decreased with a reduction in the anisotropic coefficie Similarly, the
case with3 = 45° gave the maximum horizontal displacement. A larger value of
non-coaxial coefficient resulted in a larger magnitude of the maximum horizon-
tal displacement. The inclusion of soil anisotropy and roaxiality predicted

larger axial forces on the lining.

e With respect to the stress reduction method, the initialealf the nodal forces
applied on the perimeter of the tunnel were reduced by anadimg factorA,
whereA = 0.9. The lining was activated afterwards and the remaininge®r
were reduced to zero in the end. The subsurface settlenwemfis obtained by
applying the non-coaxial soil model with= 1.0 and the troughs obtained from
the Mohr-Coulomb model in ABAQUS were consistent, whichifiest the user-
developed computational procedures. The anisotropidicmeftsn and 8 and

the non-coaxial coefficietkhad a pronounced effect on the subsurface settlement
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troughs. A smaller value af and a larger value df resulted in the maximum
magnitude of the maximum subsurface vertical displaceméntaddition, the
case withf = 45° gave the maximum magnitude of the maximum subsurface
vertical displacement for all cases. Similar conclusioesaxound in the plots of
horizontal displacement curves. In addition, the influeoiceon-coaxiality and
soil anisotropy on the tunnelling induced displacementmrasounced using the

stress reduction method when compared with the stiffneksction method.

e A case study of numerical simulation was performed baseti®céntrifuge test
from Zhou (2015). The nodal forces applied on the perimédtdretunnel was re-
duced by a factor ok and the resulting volume loss was calculated after each in-
crement. The simulation was terminated immediately affterprescribed ground
volume loss was reached at the corresponding pressure. diisech settlement
troughs were obtained by the Gaussian settlement trougiistbe maximum
settlementS;max Results showed that for smaller volume loss With= 0.86%
andV, = 2.0%, the normalised subsurface settlement curves obtaipersing
the isotropic Mohr-Coulomb model in ABAQUS and the proposed-noaxial
model, were close to those curves obtained from centrifageand fitted Gaus-
sian curves. for a larger volume loss with= 3.23% anadVv, = 5.13%, the nor-
malised settlement curves obtained from numerical sinaratwere wider as
compared with the centrifuge results and the fitted Gaussiaves. However,
adopting the anisotropic coefficie@timproved the normalised settlement curves
further. It was concluded that for the case with= 0.707 andf = 0°, the nor-
malised settlement curves fitted well to the centrifugeltegnd fitted Gaussian
curves. The non-coaxial plasticity had a negligible eftecthe normalised settle-
ment curves; however, a larger value of anisotropic coeffici and non-coaxial
coefficientk resulted in a higher magnitude of the maximum vertical dispt

ment along the centre line at the same excavation step.

Overall, a plain strain, perfect plasticity, non-coaxiail snodel has been developed
in the context of soil yield anisotropy. The advantage ofghgposed model was that
there were only two shape parameters added to the origmabgc Mohr-Coulomb
yield criterion, both of which had clear physical meaninflse formulation of the con-
stitutive model was simple and can be easily implementexfinite element software.

The finite element implementation procedures have beedatali using the single
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element simple shear test. The proposed model can reprol@cen-coaxiality of
principal stresses and principal plastic strain rates. Sdtdement prior to failure in
the strip footing simulation was larger under non-coaxiadelling. In addition, the
soil yield anisotropy contributed to the difference betwé#®e coaxial and non-coaxial
modelling. Both the maximum settlement and horizontal dispinent were larger
with larger values of the non-coaxial coefficient. Hencevas concluded that failure
to account for non-coaxiality may result in unsafe desiggantechnical engineering,

especially the problems where severe principal stresiontawere induced.

6.2 Recommendations for further work

Based on the development of a non-coaxial soil model in thedveork of inherent
soil anisotropy, there are several aspects where furteeareh on advancing the model

and numerical applications in geotechnical problems camidertaken.

e The current model is concerned with the plane strain, elgsifectly plastic con-
dition. Further steps can be taken to advance the propodedatel to include
strain hardening. The soil anisotropy is described by theatran of the peak
internal friction angles with the direction of the princigdress. On the other
hand, the soil anisotropy can be presented by the variafitileocohesion with
direction. Non-linear elasticity and cross elastic anigog can be incorporated

into the model.

e The semi-analytical solutions were developed in the stiieg$ at the state of
plastic failure. Further steps can be taken to find a satmfawelocity field that
exhibits associativity with such a stress field and alscBas the displacement
boundary conditions. Hence, the semi-analytical solgtioan be improved to
analyse problems using nonassociativity in the conveatiptastic flow rules.
Different shapes of the shallow foundation should be amr@lysNon-coaxial
plastic modelling should be applied to other complicateotgehnical problems
which may be subject to severe stress rotations, e.g. Slagms, anchor prob-

lems and so forth.

e Fabric tensors, which link the micro-mechanics and the titoigse modelling,

can be used to develop the non-coaxial soil model. The sesatt be compared
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to ours to gain more information regarding non-coaxiality.

e The newly developed model can be widely applied to invetgiaundary value
problems, e.g., silo, pile penetration to look insight ha gield anisotropy and

non-coaxiality can affect the stress-strain responseaseiproblems.
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A.1 Eccentric ellipse

As indicated in Figure 1, another assumption is made thaamigotropic yield crite-
rion with a constank is suggested to be an eccentric ellipse in the deviatorssstr
space(Z,Y). Likewise, the lengttOD changes due to the variation of peak internal
friction angles with the direction of the principal stre§he maximum peak internal
friction angle is assumed to be obtained when the major jpahstress is parallel to
the deposition direction. In other words, tiie-axis of the original Cartesian coordi-
nateX - Y moves to a neX’ - Y’ coordinate by a positive lengéalong the horizontal
axis. TheX—axis remains unchanged in the new Cartesian coordinaterstef a

geometrical expression.

It is not difficult to assess that the length@f depends on the maximum peak internal
friction angle@nax This case refers to the condition when the major principalss

is parallel to the deposition directio®f = 0°). Now we can obtain a peak internal
friction angle gn by assuming that the major principal stress is perpendic¢alshe
deposition direction®, = 7); hence, the lengti®P is a function of¢. A shape
parametem is introduced as the since ratio of the minor axis divided hwy major
axis of the ellipse. This parameter is empirical and need® tdetermined for a given
material, e.g. the simple shear test can be used to deteth@nesalue by comparing
numerical investigations with experimental results. Taege ofn is between 0 and
1. On this occasion, the isotropic Mohr-Coulomb yield crd@rrcan be retrieved when

@nax= @o andn = 1.0.

When compared to the rotational ellipse anisotropic Mohri@Quob yield criterion,
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ccotd C X .
max > 20, 7 (Z")
e
D

a) b)

Figure 1 The eccentric ellipse anisotropic Mohr-Coulomddd/isurface in: a)X,Y, Z) space; b)Z,Y)
space.

only the formulation of the peak internal friction angle ifetent, as:

N?(Sin@nax— Sing)co20, + B

Sing(Gp) = 2n2c02(20,) + 2sir?(20)) @
where
B= \/n4(sinqanax+ singn )2cog(20p) + 4n?sir(20,) Singhmaxsingy (2)

In addition, for the eccentric ellipse anisotropic Mohr-@oub vyield criterion, the

definition ofmg, is:

CYYWYZETT2 - (YY2 4+ TT?)YY

Mo 2c092m) - (YY2+TT12) ®)
where

YY =2n®.e-(—sin(20,))-BB-CC

+ (n’DD? - n?e? — n*DD?) - sin(40p) @

— (2—2n%)sin(40y) - (DD 4 BB) - BB

TT=CC-(DD+BB)?-BB (5)
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DD = n?-e-cog20)) (6)
BB = /A%C0%(20,) — n2(e2 — A2)Sir?(20)) )
CC = n*cog(20p) + sirf(20,) (8)
e= 2 (- CCOfhna) (S~ Singt) ©

A.1.1 Numerical results on simple shear tests with an eccent ellipse yield cri-

terion

In this section, results from a non-coaxial soil model witle E£ccentric anisotropic
Mohr-Coulomb yield criterion are presented. The laterassiratidko = 0.5 for nor-
mally consolidated soil anlg = 3.0 for over-consolidated soil respectively. The in-
ternal friction angles corresponding to various directiaf the principal stress are
obtained from the experimental results presented by Oda @t978) (03 = 196 kPa).
o3 refers to the consolidation pressure. A higher valuepfesults in a more stable
Ko. This is the reason why we selegt = 196 kPa instead of3 = 49 kPa. Details
of the material properties used in the numerical simulatiare shown in Table 1. In
this circumstance, the isotropic Mohr-Coulomb yield coioditwill be retrieved when

@nax= @o = 49.5° andn = 1.0.

Table 1 Material properties for all numerical simulations

Anisotropic parameters Flow rule Dilation Non- lateral stress
Cases . .
angle coaxial ratio
coefficient
0-asso
ae) () : 1-non-asso ¥e»(®) k Ko
Test 13 0 30
~Test1d 495 495 10 1 0 (0.0,0.02) (05,3.0)
Test 15 0 30
“Test16 495 443 0.92 1 0 (0.0,0.02,0.05) (05,3.0)
Test 17 0 30
—Tesiis 495 443 0.877 1 0 (0.0,0.02,0.05) (05,3.0)

Note: the maximum peak internal friction anghgax= 30°, ¢ = 0.001kPa, and| = 100kPa.
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A.1.1.1 Shear stress ratio
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Figure 2 Shear stress ratio obtained from various valuesisbtopic coefficienh: a) associativity in
the conventional plastic flow rule; b) nonassociativityhiie tonventional plastic flow rule.

As indicated in Figure 2, soil anisotropy exhibits a sigmifit effect on the ultimate
shear stress ratio as expected. A smaller value of the amsotcoefficientn results
in a lower ultimate plastic shear stress at failure. To th&rewy, the non-coaxial co-
efficientk and the initial lateral stress ratiky demonstrate a negligible effect on the
ultimate plastic shear stress at failure. This can be etduliny Figures 2 b and 3 which
show that the predicted shear stress tends to be identiegpective of the magnitudes
of k andKg. However, the two coefficients show a great influence on tapeiof the
stress-strain evolution. In Figure 2 b by invoking a nonasgwity in the conventional
plastic flow rule, the shear stress is softened after regadtsrpeak value. The non-
coaxial behaviour softens the shear stress-strain evaluthmediately after the soil

enters the plastic shearing phase.

A.1.1.2 Orientations of the principal stress and principalplastic strain rate

The influence of soil anisotropy, non-coaxiality, the ddatangle and the initial stress
state on the orientations of the principal stress and palglastic strain increment

are investigated.

When compared to the results from a rotational ellipse yialfiase, similar conclu-
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Figure 3 Shear stress ratio obtained from various valueswfonaxial coefficienk with Ko = 0.51in:
a) Test 15; b) Test 16.
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Figure 4 Shear stress ratio obtained from various value®wfaoaxial coefficienk with Ko = 3.0 in:
a) Test 15; b) Test 16.
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Figure 5 Numerical results of principal orientations oess and plastic strain increment in Test 15 : a)
k=0.0; b)k=0.02; ck = 0.05.
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Figure 6 Numerical results of principal orientations oess and plastic strain increment in Test 16: a)
k=0.0; b)k=0.02; ck = 0.05.
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sions can be drawn that non-coaxiality is pronounced atrthiali stage of the shear
stress level and decreases with the increase in the shaar wtien the non-coaxial
coefficientk is not equal to zero. It should be noted here that due to theecgance
problem the substeps for the elastic part are given as 120a résult, there would
be some fluctuations at the very beginning loading stage (Eigures 5 b and c).
The degree of non-coaxiality demonstrates an increaselavigler values of the non-
coaxial coefficienk. However, the eccentric ellipse yield surface can idealbgel the
coaxiality of the direction of the principal stress and pijpal plastic strain increment
when using the associativity in the conventional plastie/ftale as shown in Figure
5 a. Recalling that there is no change in shear stress foramreselidated soil with
different values of the non-coaxial coefficidnas shown in Figure 4 a, negligible non-
coincidence should thus be expected. This is evident fragurEi5. The directions of
the principal stress and principal plastic strain rate #ihatrepresented by red lines are

almost coincident, irrespective of values of the non-calecoefficientk.

A.2 Strip footings

A.2.1 Calculations ofmfor Rotational ellipse

The yield function:
F(p,®) = (p+ CCOtgnay) - SINQ(O) o
where
_ NSiNGnax
o 11
sing(©) \/N2cog(20 — 23) +sir?(20 — 23) (11)
sin2m = L .
~ J/C? D2
com= _° .
- /o2
where,
C=2(n*—1)cog(20—2B)+2 ¢
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D = (1—n?)sin(4@ — 4pB) (15)

so,
D = (1—n?)sin(4@ — 4pB) (16)
sin2(m+ v) = sin(2m)cog2v) + cog2m)sin(2v) 17)
2sing(O) 2v/25iN¢@naxC? + D?) 18)

sin2(m+v) V2nSiNgnaxDC 4 1/C5 4 D2C3 — 2C4(NSinginax)2

A.2.2 Calculations ofmfor Eccentric ellipse

The yield function:
F(p,©) = (p+ ccotginay) - Sinp(O) (19)
where
Sing(O) — (B;A@ (20)
and,
E; = sin(@nax) + sin(@n) (21)
E1 = sin(@gmax) — sin(¢x ) (22)
A = nco(20) + sir?(20) (23)
B = n’E,cog20) (24)
C = n*E2cog(20) (25)
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D = n?(E? — E3)sir?(20) (26)
Q=+/(C+D) (27)

where
tan(2m) = %Z—g (28)

B B +Q)A— (B+ QA

and,

A = 2(1—n?)sin(40) (30)

B’ = —2n’E,sin(20) (31)

C' = —4n*E?c0g20)sin(20) = —2n*E2sin(40) (32)

D’ = 2n?(E? — E3)sin(40) (33)

Q =(C+D)'/2Q (34)
SO,

_ (B+Q)A-(B+QA

tan(2m) = 2ABTQ) (35)
denote:

XX = (B'+Q)A— (B+Q)A (36)

YY=2A(B+Q) (37)
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hence,
) XX
YY
ORI = Uxxe v ve %)

A.2.3 Close-form solutions for a rotational ellipse anisabpic Mohr-Coulomb

yield criterion

The failure loadq; in this case under the assumption that the limit valueggdy is

approaching zero, can be obtained as follows:

G = limg, .00k (40)
G = (1—sing(©2)) - p2 — CCOlghax- SINP(O2) (41)
where®, = 0.

Hence, for a rotational ellipse Mohr-Coulomb yield criterio

[2 . /2
g =(1+ Mnswmmx) P2+ Mncosﬂnax (42)

. . /2
G = limg 00 = limg. . op2+ M (43)
Substituting forp, from Equation 4.29 into Equation 43 gives us:
. /2
G = limg, . s0P2+ Mnc (44)

qvM - eo® G40 L\ /onccogpmay €0 G©@90 11+ \/Mccospax

lim —lim +
Pnax—0P2 Gnax—0( VM — \/2nSiNginax (v'M — v/25in¢@inax) SiNgnax
(45)

The subsequent derivation fG&(©) whenv = T is:

~ 2/2nV/C?+D?
= e

G(©) (46)
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where:
C =2[(1—n?)sir?(20 — 2B) +n?| (47)
D = (n® — 1)sin(4@ — 4B) (48)

The Equation 45 can be solved using ospitals rule by assuming that:

liMg s0P2 = qelo’ 6@ (efoj G(@)doy'c \/ %nc (49)

By solving Equation 49, the ultimate failure load can be olsdias:
2 2 /C2+ D2
G :q+2nc,/m+2fznc/o e 9o (50)

In Equation 50¢ refers to surface surcharge. The most simple gas® is taken (i.e.

no surface loading is accounted for in the equation).

Booker and Davis (1972) and Yu (2006) provided a general isoludf the ultimate
failure load of a smooth strip footing in purely cohesivel snass without surface
surcharge and modelled on a general anisotropic yieldirféhe authors suggested

that the ultimate bearing capacity could be simply exprsseollows:

whereSis the minimum arc length between poit&ndQ (see Figure 4.2 b).

As indicated in Figure 4.2 b, the two componentsyatan be calculated geometrically.
The length ofS equals to half the circumference of the ellipse, and theesgion for

PQis given as:
PQ=R;+R; (52)

When a rotational ellipse yield criterion is taken into calesation, the definitions of

R; andR, are shown as:

L nsinnnax(p1+c09tmnax) o= T (53)
\/N2coL(2B) + sin?(2P)

N |
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,— NSinga(P2 +CCOn) o _ (54)
\/N2cog(2pB) + sir?(2B)

If the limit value of gnaxapproaches zero, then:

2
Rl(nnax—>0 = MI’IC (55)

2 ' 2
Rognar—0 = |/ 151C ele® G@)4do _ | e (56)

Then the expression #Qis:

PQ= 2nc\/% (57)

The length ofS can be calculated by the integration method of a series ainpeairic

equations:
5./C71 D2
S=2v2nc / PV e 58
o %/C (58)

By comparing Equation 50, Equations 57 and 58, it is obvioasttie two equations

are equal when no subsurface surcharge is applied.

In addition, it is generally acknowledged that the half eirderence of an ellipse is:
L=rmb+2(a—Db) (59)

wherea is the length of the major axis arnds the length of the minor axis.

In summary, the close-form solution for the ultimate fa@ldorce for a smooth strip

footing in a purely cohesive soil mass can be obtained as:

G = nnc+2(1—n)c+2nc\/$ (60)

A.2.4 Semi-analytical solutions for an eccentric ellipserasotropic Mohr-Coulomb

yield criterion

For an eccentric ellipse anisotropic Mohr-Coulomb yieldesion, recalling that the

definition of singy corresponding to the eccentric anisotropic Mohr-Coulondddyi
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criterion is presented as:

N2 (SiNgmax— Singy ) - COLO

Sing(©) = 2n2.co%(20) + 2-sir(20)

N (N*- (SiNgInax+ Singg)? - COL(20) + 4’ - Sir?(20) - SiNgnax- SiNg ) 2 (o1
2n? - co(20) + 2-sin?(20)
Then the vertical pressure at plastic collapse is shown as:
(1+ SiNGinay) - e

o = g - (Q+ CCOnay) — CCOnax (62)
The bearing capacity factdy is:

N = %ﬁﬁ”&i‘” s (63)
while the bearing capacity factdl; is presented as:

Ne = (Ng — 1)cOt@inax (64)

This time Prandtl’s solution can be retrievecdhif= 1.0 andsin@nax= Singy.

A.2.5 Close form solutions for a purely cohesive soil with th eccentric ellipse

yield criterion

substituting for® = 7 into Equation 61 gives us:

Ry = (P1 -+ CCOtnay) - SiNghy (65)
and substituting fo® = 0° into Equation 61 gives us:

R> = (P2 + CCOWnay) - SiNghnax (66)

Likewise, if the limit value ofgnaxapproaches zero, théfHospitalsrule can be used

to solve Equations 65 and 66:

(R]_ + RZ)(Pmax—>0 =2C (67)
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In addition, the half circumference of an elliplsés:

L=rmb+2(a—b) (68)
where,
1 ) .
a= §(p+ccotcpmax) (SiN@ax+ Singy) (69)
b=na (70)

Hence, the close-form solution for the ultimate failurecefor a smooth strip footing

in a purely cohesive soil mass can be obtained as:

g = (1m—2)nc+4c (71)

Likewise, for a special case of an anisotropic Tresca modhlg~—= 0, the solution can
be expressed by the same well-known form as shown in Equ&tdahif the anisotropic

yield criterion reduces to the existing isotropic Mohr-Gmub yield criterion.

A.2.6
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Figure 7 The bearing capacity factors versus friction anglg, with different values o (eccentric
ellipse): a)Nc; b) Ng.

The bearing capacity factol andNg versus different values of the maximum peak
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internal friction angle @nax Obtained from an eccentric ellipse are shown in Figure
7. Various values of the anisotropic coefficientare evaluated for the parametric
study of bearing capacity factors. Prandtl’s solution isokered whem = 1.0 and
Sin@nax = Singy. For cases whem is not equal to zerosing, is assumed to be
singg = arcsin0.95sin@gnax). Similar conclusions can be drawn since the numerical
results of two bearing capacity factors are lower when sagatropy is involved as
compared to those obtained from Prandtl’s solution. Thesefactors show a reduc-

tion with a decrease in the anisotropic coefficient

A.2.7 Validation of numerical results and analytical resuts

Table 2 Cases of simulations for eccentric ellipse

Cases The maximum friction The friction angle Anisotropic coefficient
angle
(Pmax(o> (Kz(o) n
Test6  (4035,30,25,20,15,10,5)  (40,35,30,25,20,15,10,5) 10

Test 7 (4035,30,25,20,15,10,5) (3329,25,21,17,125,8.5,4.2) 0.932
Note: coefficient of earth pressure at régt= 0.5 and the associativity
in the conventional plastic flow rule is used

Figure 8 illustrates results obtained when an eccentrigsellyield curve is taken into
consideration. Figure 8 a reduces to the isotropic Mohr-Quoblyield condition when

n=1.0. The anisotropic coefficiemtand friction anglex, have been detailed in Table
2. The maximum friction angl@maxis varied from O to 40°, and the results from nu-

merical simulations and those from semi-analytical sohsiare close for these values.

a) 80 : : : : : ‘ b 45

70 —6— Numerical results 40 —6— Numerical results
—— Semi-analytical results —— Semi-analytical results

60

50

30

20

10

5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40
¢l’l‘la)( (0) ¢max (0)

Figure 8 Bearing capacity factdf; versus various friction angles: a) Test 6; b) Test 7.
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Figure 9 Ultimate failure pressure normalised by surfacetsarge §;/q) versus various friction angles:
a) Test 6; b) Test 7.

Figure 9 shows the results from the eccentric ellipse yidleémon in Test 7 in Table

2. It should be noted that Prandtl’s solution can only be veced whem = 1.0 and

Singmax = Singn. It seems that the numerical results are slightly closehéosemi-

analytical results in this case than those obtained fromarasgy a rotational ellipse

yield criterion.
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A.2.8 pressure-displacement curve

Figures 10 - 15 presents the pressure-displacement redatpfor the computation of

N. andNq regarding a rotational ellipse yield criterion.
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Figure 10 Load displacement curve of bearing capacity fadfan Test 2.

Figures 16 and 17 indicates the pressure-displacemetibredhip for the computation

of Nc andNq regarding an eccentric ellipse yield criterion ang 0.932 respectively.

A.2.9 velocity field

Figure 18 shows the velocity field for the non-coaxial modihwan eccentric ellipse

anisotropic yield criterion.
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Figure 11 Load displacement curve of bearing capacity fadfon Test 4.
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Figure 13 Load displacement curve of ultimate failure foncemalised by surface surcharge/q in
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Figure 14 Load displacement curve of ultimate failure foncemalised by surface surchargeg/q in
Test 4.
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Figure 17 Load displacement curve of ultimate failure puessiormalised by surface surchagggq in
Test 7.

Figure 18 The velocity field for the case of eccentric ellipdghr-Coulomb vyield criterion when =
0.932.
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