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Abstract

We study the L-values of an elliptic curve E twisted by an Artin representation
p. Specifically, we consider the case when p factors through the false Tate curve
extension Qpr/Q, which is defined by

Qrr == [JQ (Hp", pﬁ) ;

n>1

where p is an odd prime and A is a p-power free integer.

First, we consider a semistable elliptic curve E; we construct an integral-valued
p-adic measure which interpolates the values L(E, p ® 1, 1) for a family of characters
1. To do this, we exploit the fact that the value L(FE,p,1) may be written as the
Rankin convolution of two Hilbert modular forms, when p factors through the false
Tate curve extension. Recent developments in non-abelian Iwasawa theory predict
certain strong congruences between these p-adic L-functions, and we shall establish

weakened versions of these congruences.

Next, we prove analogous results for an elliptic curve E with complex multiplica-
tion; we do this using work of Hida and Tilouine on the p-adic interpolation of Hecke
L-functions over a CM-field. We go on to investigate the ratio of the automorphic
and motivic periods associated to E over the totally real field Q(un)". We describe
how the p-valuation of this ratio may be explicitly calculated, and use the computer
package MAGMA to produce some numerical examples. We end by proving a for-
mula for the growth of this quantity in terms of the Iwasawa invariants associated

to the Zf,—extension of the CM-field.
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Chapter 1

Introduction

Iwasawa theory is a central area of modern number theory, with many deep results
and tantalising conjectures. It provides links between the special values of motivic

L-functions, and important arithmetic invariants of the motives.

A key concept in Iwasawa theory is that of a p-adic L-function: a p-adic analytic
function which interpolates values of a complex Dirichlet series, for a given prime
number p. The first example was the p-adic Riemann zeta function, which has its
origins in Kummer’s famous congruences between the Bernoulli numbers. Kubota
and Leopoldt showed that these congruences were equivalent to the existence of a

continuous function ,_agic(s,w*) defined for s € Z,, with the interpolation property

Cp-adic(1 — k,w*) = (1 =p" 1)1~ k)

for every integer k£ > 1. Here we must point out that w denotes the Teichmiiller
character modulo p, and the twist w® represents a choice of one of p — 1 ‘branches’
of the p-adic zeta function. Each branch (,_,qic(s,w®) is analytic, except for a = 0

mod (p — 1); in this case there is a simple pole at s = 1, with residue 1 — p~1.

Iwasawa showed that the p-adic zeta function may be naturally interpreted as an



element Z of the completed group ring Z,[[G]], where

G = Gal (Quy=)/Q).

If we write x : G—Z, for the cyclotomic character, then the interpolation property

can be expressed as
X(2) = 1=-p" ¢l —k)

for all £ > 1. This analytic p-adic zeta function is related to the algebraic invariants
of the cyclotomic fields by the main conjecture of Iwasawa theory. This conjecture
(which is now a theorem of Mazur and Wiles) asserts that Z is the characteristic

element of a particular Zy[[G]]-module, constructed from the ideal class groups of

the tower (Q(upn))nZI.

Much work has been done to generalise these ideas to the setting of elliptic curves.
The analytic side of the the theory is provided by the Hasse-Weil L-series L(E, s)
associated to an elliptic curve E. If the curve is defined over the rational numbers,
L(E, s) is known to have an analytic continuation to the whole complex plane and

satisfy a functional equation, thanks to the work of Wiles et al.

However, the algebraic side of the theory presents more problems: the appropriate
p-adic Lie extension in this case is Q(E[p*>])/Q, given by adjoining the co-ordinates
of all the p-power torsion points of F(Q). If E does not have complex multiplication,
Serre has shown that G = Gal (Q(E[p™])/Q) is an open subgroup of GLy(Z,); in
particular it is not commutative. In this case it was less clear how to formulate the

main conjecture, as the definition of the characteristic ideal no longer works so well

for Z,[[G]]-modules.

Thankfully, recent progress has been made in the article [CFK05] of Coates,
Fukaya, Kato, Sujatha and Venjakob: they present a new definition of character-
istic elements, lying in the group Ki(Zy[[G]]), and conjecture the existence of a
non-abelian p-adic L-function Lg lying in this Kj-group. The element Lr may be

‘evaluated’ at any Artin representation p of Gal(Q(E[p™>])/Q), and should give the



twisted L-value L(F, p,1) multiplied by some explicit simple factors. According to
the GL2 main conjecture of [CFK*05], Lg should be a characteristic element of the

Selmer group of E over Q(E[p>]).

Even though we now know what form the non-abelian p-adic L-function should
take, constructing it appears very difficult. Instead, let us consider a less challenging

non-commutative p-adic Lie extension: we define
QFT = Q(upoo, ? \% A),

the so-called ‘false Tate curve extension’ of QQ, whose Galois group is a semi-direct
product of Zy, and Z,;. In this case, the conjectures of [CFKT05] predict an analogous

p-adic L-function Lg/q,.,., lying in a Kj-group.

In his recent paper [Kat05], Kato has shown that the existence of Lp /Qpr 18
equivalent to a set of explicit congruences between a family of abelian p-adic L-
functions {L(E, pn) : n > 1}. Each p,, is a fixed Artin representation of Gal(Qrr/Q),
and the element L(F, p,) satisfies an interpolation property

L(E, pn ®¢,1)
complex period

@Z)(E(E,pn)) = simple factors x

at appropriate finite-order characters 1 : Z; — C*. In this thesis, we will study the
non-abelian twisted L-values L(E, p,1) for representations p which factor through

Qrr/Q. Our aim is to establish a version of the ‘Kj-congruences’ predicted by Kato.

In Chapter 2 we give the notation and background which we will need. We recall
the definition of the L-series attached to an elliptic curve, and how it may be twisted
by an Artin representation. We go on to give a very brief account of the GL2 main
conjecture, as set out by Coates et al in [CFK*05]. We explicitly describe the Artin
representations of Qpr/Q, and give the congruences which are predicted by Kato in

this case.

In Chapter 3 we review the definitions and basic properties of Hilbert modular

forms, following Panchishkin [Pan91] and Shimura [Shi78]. In particular, we study



the Rankin convolution L(f,g,s) of two Hilbert modular forms f and g. This is
motivated by the following fact: if F/Q is an elliptic curve and p is an irreducible
Artin representation which factors through Qpr/Q, one can write the twisted L-

function L(F, p,s) as a Rankin convolution L(fg,g,, s).

The material in Chapter 4 is original work, and it appears in the article [DWO08].
We construct the abelian p-adic L-functions L£(E, p,) for a semistable elliptic curve
E, by studying the special values L(fg, ),y 1) for finite-order twists ¢ : Z — C*.
Using the machinery of Hilbert modular forms, we then prove our first set of K-

congruences (Theorem 4.6.7).

Next, we turn our attention to elliptic curves with complex multiplication. It is
well known that the L-series of a CM elliptic curve may be written as a product of
Hecke L-series, so in Chapter 5 we review some results on the p-adic interpolation
of Hecke L-functions over a CM-field. In particular, we are interested in the p-adic
L-function constructed by Hida in [Hid91], which interpolates another version of the

Rankin convolution.

In Chapter 6 we tackle the Kj-congruences for the case of CM elliptic curves.
The result (Theorem 6.1.3) follows from making an appropriate specialisation of
Hida’s p-adic L-function. When comparing the motivic p-adic L-function L£(E, py,)
with its Rankin convolution counterpart, we encounter two error terms: one related
to a congruence module of fr, and another to the ratio of the Néron periods with
the Petersson inner product (fg,fr). We discuss how the p-part of these terms may
be explicitly calculated, and compute some numerical examples to show how fast it
grows as we climb the cyclotomic tower. Finally, we obtain a formula for the growth

of this error in terms of the Iwasawa invariants of the Z2-extension (Theorem 6.1.6).



Chapter 2

Background

In this chapter we give some background on the material that will be studied in the

following chapters.

First, we recall the definition and basic properties of the L-series L(E, p, s) associ-
ated to an elliptic curve F twisted by an Artin representation p. We then briefly dis-
cuss the Iwasawa theory of elliptic curves, and in particular the GLo main conjecture
which was formulated by Coates, Fukaya, Kato, Sujatha and Venjakob in [CFK*05].
The problem of constructing the (conjectural) non-abelian p-adic L-function Lg pre-

dicted in their article is the motivation for this thesis.

Kato proves in [Kat05] that, in certain cases, the existence of Lg is equivalent
to congruences between abelian p-adic L-values associated to twists £ ® p. We will

describe Kato’s results in a simple case: that of the false Tate curve extension of Q.

The material on Iwasawa theory is based on Venjakob’s survey [Ven], and the

reference for [-adic representations and L-series is Tate’s exposition [Tat79].



2.1 Properties of [-adic Representations

Let K be a number field. Throughout we fix an algebraic closure Q of Q inside
which all our number fields lie, so we may define the absolute Galois group Gk :=
Gal(Q/K). For arational prime I, an [-adic representation of Gx will be a continuous
homomorphism

Pl GK — GL(Vl)

where V; is a finite dimensional vector space over ;.

Suppose we have a set V' = {V; | [ prime} of [-adic representations of G. Given
a finite place v of K, if we choose any rational prime [ such that v { [ we may define
a local polynomial

P,(V/K,T) = det (1 - ®,T|V;")

where I, is the inertia subgroup and ®, € Gal(K,/K,) is a geometric Frobenius
element at v (i.e. @, is chosen so that its image modulo I, is Frob, ). We will say
that our set V is compatible if the definition of P,(V/K,T) is independent of the
choice of I (provided v {1). Assuming V' is a compatible set of l-adic representations
of Gk, we attach a complex L-series to V as an Euler product:

L(V/K,s) = [[P (V/K, ¢,°)"

where g, = #k, is the cardinality of the residue field at v. This L-series should
converge when Re(s) is sufficiently large, and for the particular examples of V' we

will look at, it will have a meromorphic continuation to the whole complex plane.

2.2 Artin Representations

Let K be a number field as above, and let p be a finite-dimensional complex repre-
sentation of G = Gal(Q/K). If there exists a finite extension M/K such that p

factors through the quotient map

Gal(Q/K) — Gal(M/K)



then we call p an Artin representation over K. Such a representation may always

be realised over a finite extension of QQ, so we may certainly write
p : Gg — GL,(Q).

Given a rational prime [, we fix an embedding

Q —

and we attach an [-adic representation to p by simply extending scalars from Q to

Qi:
Vilp) = p2 Q.
One can check that {V;(p)} is a compatible set of [-adic representations, so we may

define the Artin L-function L(p,s) to be the L-function associated to {Vi(p)} in the

sense of Section 2.1. To be precise,
-1
Lip,s) = []det (1 — B, g V/v) .

v

Artin L-functions display a useful property known as Artin formalism: suppose
M and K are two number fields such that M D K, and p is an Artin representa-
tion over M. Then there is a representation Ind%(p) obtained by inducing p from

Gal(Q/M) to Gal(Q/K), and we have the identity

L(p/M,s) = L(Ind]\K/[(p)/K, s).

The Artin L-function L(p/K, s) is known to have a meromorphic continuation
to the entire complex plane. Further, there is a certain product of Gamma factors

Lo (p, s) such that the completed L-function

L(p,s) = Loo(p,s) L(p,s)

satisfies the functional equation

E(pa S) = E(p, 3) E(p\/?l - S)



where p" is the contragredient representation of p, and the epsilon factor €(p, s) is
given by
dim p 1/2—s
e(p,5) = w(p) (IDK"™ "Ny (fy) )

where w(p) is a complex number of absolute value 1, and f, is the global conductor

of p over K (as defined in Chapter VI of [CF67]).

2.3 The L-function of an Elliptic Curve

Let E be an elliptic curve over a number field K. Let [ be a rational prime, and
write E[I"] for the ["-torsion points in E(Q). This group is abstractly isomorphic to
(ZJI"Z) x (ZJI"Z), and has a natural Galois action of G = Gal(Q/K), so we get a

representation

Z

We can take the projective limit of these finite modules to obtain the l-adic Tate
module

T(E) = lim B

and we obtain an action of Gg:
pre + Gg — Aut(T)(E)) = GLg(Z) .
Then we define an l-adic representation of Gx by extending scalars to Q;:
VI(E) = Ti(E) @z, Q.

It can be checked that the set {V;(E)} is a compatible set of l-adic representations,
so we may associate an L-series to {V;(E)} in the sense of Section 2.1. This is the

Hasse-Weil L-series of E over K, and we denote it by L(E/K, s).

One may give a more explicit description of L(E/K,s). Let v be a finite place of

K at which F has good reduction, and let E, be the reduced curve over the residue



field k,. Define the integer a,(F) by
ay(E) = 1+ qy — #E,(ky)
and then we can write the local polynomial as
Py(E,T) = 1—ay(E)T + ¢, T
If instead E has bad reduction at v, we put

1+ 7T if F has split multiplicative reduction at v
Py(E,T) :=q1—T if E has non-split multiplicative reduction at v
1 if £ has additive reduction at v
Then the L-series L(FE,s) is given by the following Euler product, which converges
for Re(s) > 3/2.
L(E,s) = [[P(Eg;*)
v

where v ranges over all finite places of K.

Further, given an Artin representation p over K, we can define the twisted L-
function L(E, p, s) as the L-function associated to the l-adic representations Vi(E) ®
Vi(p)-

Conjecture 2.3.1. Let E be an elliptic curve over a number field K, and p an Artin
representation of Gg. Then the twisted L-function L(E, p,s) can be continued to an

analytic function on the entire complex plane. Further, if we write

Te(s) = n—="V21 (g) T (S JQF 1>

and define the completed L-function

L(E,p,5) = Te(s)F Um0 L(E, p,5),
we have a functional equation of the form

E(Enoas) = ex(E,p,s) i(E,pV,2—S).



Here we write ex(F, p,s) for the global epsilon factor associated to the twist

E ® p, which is defined in [Tat79]. When K = Q it may be written
EQ(E’ p;s) = w(E,p) N(E, p)l—s

where w(E, p) is a complex number of absolute value 1, and N(FE, p) is the global
conductor of F¥ ® p.

If we set p to be the trivial representation of G, we have a conjectural functional

equation for L(F/K,s) as a special case of Conjecture 2.3.1.

Suppose now that F is defined over Q by a fixed minimal Weierstrass equation,
and let wg be the Néron differential on E. Choose generators v and vy_ of the sub-
spaces of Hy (E (C), Z) on which complex conjugation acts by 4+1 and —1 respectively.

We then have the transcendental Néron periods associated to E:

QE = /+wE, QE :/ WE.
v —

We will follow the usual convention that v4 are chosen so that QJEC and —if)y, are

positive real numbers.

Conjecture 2.3.2. Let E be an elliptic curve and p an Artin representation, both
defined over Q. Write d*(p) and d~(p) for the dimensions of the subspaces of V(p)

on which complex conjugation acts by +1 and —1 respectively. Then

L(E,p,1) —
— € Q.
+dt+ —d
QE (P)QE (p)

This algebraicity conjecture is a consequence of Deligne’s period conjecture.

2.4 Modularity of Elliptic Curves

Let E be an elliptic curve over QQ, with conductor Ng and L-series
o0
L(E,s) = Y an(E)n*.
n=1

10



We will say that the curve F is modular if there is a modular cusp form fr of weight

2 and level Ng such that
fe(z) = Zan(E) exp(2minz),
n=1

i.e. the Fourier coefficients of fg are the same as the Dirichlet coefficients of L(E, s).
This assertion is equivalent to the existence of a modular parametrisation of E, by

which we mean a surjective Q-rational morphism
YE XO(NE) —-» K
where X((N) is the usual compactified modular curve.

Theorem 2.4.1. All elliptic curves over Q are modular.

This very important result was proved for semistable elliptic curves by Wiles and
Taylor, and was extended to all elliptic curves over Q by Breuil, Conrad, Diamond

and Taylor (see [Wil95] and [BCDTO01]).

Given any elliptic curve E over Q, it is a consequence of Theorem 2.4.1 that
Conjecture 2.3.1 holds for E; that is, the L-function L(F, s) has the claimed analytic

continuation and functional equation.

2.5 Selmer Groups

For an elliptic curve E over a number field K, the p-primary Selmer group Selg (E)peo

is defined by the short exact sequence
0 — Selg(E)p= — H'(K,E[p™]) — HHl (Ku, E(Ky)) [p™]

where the product is taken over all non-archimedean places v of K. Similarly, the

Tate-Shafarevich group Ik (F) is defined by the exact sequence

0 — Uig(E) — H'(K,E) — [[H' (K., E(EK,)).

11



These groups are connected to the Mordell-Weil group E(K) by the following exact

sequence:
0 — E(K)®Qy/Z, — Selg(E)pe — Wg(E)p>] — 0.
We define the Pontryagin dual of the Selmer group to be
X(E/K) = Selg(E)je := Hom (Selg (E)p~, Qp/Zy).

When K is a p-adic Lie extension of QQ, this module plays a key role in the Iwasawa

theory of elliptic curves.

2.6 Iwasawa Theory for Elliptic Curves

For the remainder of this chapter, we fix an elliptic curve E over Q and an odd prime

p at which E has good ordinary reduction.

Let K, = Q(E[p"]) be the field generated over Q by the coordinates of the
p"-torsion points of F, and let
Ko = | Kn.
n>1
Then the representation py» from Section 2.3 factors through K,,/Q, and therefore
ppe factors through K, /Q. The Galois group G = Gal(K/Q) is a closed subgroup
of GLa(Zy), so G is a p-adic Lie group (i.e. a topological group with local coordinates

in a p-adic field, given by analytic charts).

We define the Iwasawa algebra of G:

AG) = lim Z,[G/U],
U

where U runs over all open normal subgroups of G. In contrast to classical cyclotomic

Iwasawa theory, A(G) is not commutative.

12



The group X (E/K,) = Sel(E/K,)" has a natural Galois action, which makes
it into a compact Z,|Gal(K,/Q)]-module. Passing to the projective limit, we can
regard

X(E/Koo) = (h_m Sel(E/Kn)v

as a finitely generated A(G)-module. In the Iwasawa theory of elliptic curves, one
wants to formulate an appropriate main conjecture which relates this A-module to

an analytic p-adic L-function.

Suppose that F admits complex multiplication by an order in the ring Ok, for
some imaginary quadratic field K. It can be shown that the group Gal (K (E[p™])/K)

has structure

Gal (K(E[p™))/K) = ZIQ) x finite abelian group;

in particular it is abelian. In this case the theory is relatively well understood: a ver-
sion of the main conjecture can be formulated. It is known as the two variable main conjecture,

and has been proved by Rubin in many cases.

If the curve E does not admit complex multiplication, a theorem of Serre (see [Ser98])
implies that G = Gal (Q(E[p*])/Q) is an open subgroup of GL3(Zj) (for this reason
it is referred to as the ‘GLg case’). Here G is non-abelian, and the theory becomes
much more difficult; in particular the naive definition of characteristic elements for
A(G)-modules breaks down, and a new approach is required to formulate the main

conjecture.

2.7 The GL; Main Conjecture

In the key paper [CFK'05], Coates, Fukaya, Kato, Sujatha and Venjakob establish
a new version of characteristic elements in the GLy case, by using the K-group
K1(A(G)). This allows them to formulate a GLy main conjecture, which we now

briefly summarise. We now must assume p > 5 for technical reasons.

13



In [CFK05], Coates et al first define a canonical Ore set S* of A(G) (the term
‘Ore set’ essentially means that the right localisation A(G)s+ may be defined). They
consider the category My (G) of all finitely generated A(G)-modules which are S*-
torsion. The module X(E/K) is conjectured to lie in My (G), and this can be

checked explicitly in certain cases.

There is a long exact sequence of K-groups containing the connecting map
Jg = K1 (A(G)s+) — Ko (Mu(G))

and it is proved in [CFKT05] that, under our assumptions on E and p, the map dg
is surjective. Therefore if M € My (G) one may define a characteristic element of

M to be any &y € K1(A(G)s+) such that
da(Em) = [M] € Ko (Mu(G)).

This definition deals with the algebraic side of the main conjecture; now we
discuss the conjectural analytic p-adic L-function. Let p: G — GL,(F) be an
Artin representation, where F' is a finite extension of QQ, and let ¢ be an element
of K1(A(G)s+). In [CFKT05], Coates et al outline a recipe which assigns to £ and p
an element

§(p) € FU{oc},

so we may ‘evaluate’ £ at the Artin representation p. The p-adic L-function is con-
jectured to be an element Lg of Ki(A(G)s+) such that evaluating it at p yields
essentially the complex L-value L(E,p,1). Let us state the exact interpolation for-
mula: we write

R = {p} U { primes ¢ : ord,(jg) <0}
and define

LR(EJ P, 3) = H Pq(E7 P, q*S)*l
q¢R
to be the L-function of £ ® p with the Euler factors at the primes in R removed.

We let N, be the conductor of p, and put
fo(p) = ordy(Ny).

14



As we assumed that F is ordinary at p, we may factorise the local polynomial
P,(E,T) as
1—ap(E)T+pT? = (1—0apT) (1 —a)7T)

/
where oy, € Z, and «a;, € pZy.

We write p¥ for the contragredient representation of p, and €,(p) for the local
epsilon factor at p attached to p. In fact, this local epsilon factor depends on a
choice of additive character and Haar measure on Q,, and we adopt the standard
choices which are used in [CFKT05]. As before we write d*(p) and d~(p) for the
dimensions of the subspaces of V(p) on which complex conjugation acts by +1 and

—1 respectively. The periods Qﬁ are the transcendental Néron periods as before.

Now we are able to state the following conjectures of Coates, Fukaya, Kato,

Sujatha and Venjakob from [CFKT05].

Conjecture 2.7.1. Assume that p > 5 and that E has good ordinary reduction at
p. Then there exists Lg € K1(A(G)s+) such that, for all Artin representations p of
G, we have Lg(p) # oo and

Pp(pvvag;l) a—fp(p) LR(Ea pvl)

Lr(p) = &(p) - .
P Py(p, o) P QJErcH(p)QEd (p)

In fact, Conjecture 2.7.1 also makes sense in the case when F admits complex
multiplication. In this case the conjecture follows from the existence of the two-

variable p-adic L-function of F, which features in the two-variable main conjecture.

Conjecture 2.7.2. (GLy Main Conjecture) Assume that p > 5, that E has good
ordinary reduction at p, and that X (E/K) € My (G). Then the p-adic L-function
Lp € K1(A(G)s+) is a characteristic element of X (E/Kx).

Recently, Burns has shown that Conjecture 2.7.2 is equivalent to a family of
classical abelian versions of the main conjecture, and the assertion that Lp exists
(see [Bur07]). The existence of Lr has not yet been shown for any elliptic curve

without complex multiplication.
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2.8 The False Tate Curve Extension

To gain an insight into Conjecture 2.7.1 we could first try to prove a simpler version
of it: we could replace the extension Q(E[p™])/Q by a more elementary non-abelian

p-adic Lie extension.

Let A > 1 denote a p-power free integer which is prime to p. The so-called false

Tate curve extension of QQ is defined as

Qrr = U Q (Mp"7 pm) .

n>1

It is easy to see that

(@ o 05) 10

12

Z Z \"
—_— >q —_—
Pz Pz
so, by infinite Galois theory, Gal(Qpr/Q) is the projective limit of these groups:
X

7X 17,
Gal(QFT/Q) = 0 ) < GLQ(ZP).

In other words, the Galois group is a semi-direct product of two p-adic Lie groups

of dimension one. In terms of a field diagram,

The Artin representations of Gpp := Gal (QFT /@) can be made very explicit: it
is proved in [Dok05] that Grr has a unique self-dual representation of dimension

#(p") = p™ — p"~ !, which we denote by py, for each n > 1.

Further, it can be shown that each of these representations is induced from a

1-dimensional representation over a cyclotomic field. To be precise: if we write U™
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for the kernel of the quotient map Z; —» (Z,/p"Zy)*, then we have

um oz,
0 1

Gal (Qrr/Qpyn)) =

For each n > 1 let (,n € Q be a p"-th root of unity, chosen so that Cpﬁ = (pn—1 for

all n. Then we may define a 1-dimensional representation

a b
0 1

Xn ¢ Gal (Qrr/Q(um)) — Q7

and one can check that p, is given by

— Q
pn = Indg(y,, ) Xn:

Writing pg for the trivial representation, every irreducible representation of Gpr has

the form p, ® ¢ for some n > 0, and some character
¥ Gal (Q(up~)/Q) — Q.

Bouganis and V. Dokchitser [BD07] have established an important algebraicity
result for the representations of Gal(Qpr/Q). For any Artin representation p, we

write Q(p) for the minimal field over which p can be realised.

Theorem 2.8.1. (Bouganis, V. Dokchitser) If E is an elliptic curve over Q and
p is an Artin representation which factors through Qpr/Q, then Conjecture 2.3.2
holds for E and p. Further, we have

L(E,p,1)
+dt+ —d—
QE (p) QE (p)

e(p,0)~ € Q(p)

where €(p, s) is the epsilon factor appearing in the functional equation of L(p,s).

As part of a more general version of Conjecture 2.7.1, Coates et al predict the

existence of an element
EE/QFT € K (A(GFT)S*)

which satisfies the same interpolation formula as Lg at all Artin representations of

G pr (except that we replace the set of primes R by the set {¢g prime : ¢ divides pA}).
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2.9 Kato’s Congruences

In his recent paper [Kat05], Kato proved that the existence of the p-adic L-function
Lgiger € Ka (A(G FT)S*) is equivalent to a set of explicit congruences. In this
section we review some of Kato’s results, following the notation from [Kat05] where

possible.

Kato’s article covers the structure of the Ki-group K;i(Zy[[G]]) for any open

subgroup G of

77X 7
Grr = PP
0 1

but for simplicity we will only discuss his results in the case G = Gpr.

We recall the representation p,, from the previous section. Fixing an embedding

lp Q— @p we can extend scalars to @p to obtain a representation

Pn - G —_— GL¢(pn)(@p)

which is induced from the character
a b

Xn ° ’—>C£n.
0 1

For n > 0, we write U™ for the subgroup of Z, given by

x
U™ :ker(Z?—»( ?2) )
b Ly

We define another character ¥y, taking values in Z,[¢][[U™)]], by

~ a b b
Xn — G (),
01

where a +— (a) denotes the canonical embedding of Z) into its group ring Z, [(pn][[Z,;]]-

Inducing ¥, to G yields a representation
pu = G — GLygm) (ZolGn)IU™)]).
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It can be checked that p,, induces a homomorphism
O + Ki(Z[[G]]) — Z,[[U™)]

such that composing the canonical map Z,[[G]]* — Ki(Zy[|G]]) with O, yields
the map [ — det (ﬁn( f )) Then we have a canonical map
O¢ = [[©cn : KiZ[Gl) — []ZllO™]"
n>0 n>0

Kato’s main result is a description of the image of Og. Let us write
Nig + ZIUO)* — Z,[U0])"
for the natural norm map, and

¢ 1 LpllZy]] — Zp[[Z,)])

for the ring homomorphism induced by the p-power map on Z;. For an element

(an)n>0 € HZPHU(n)”X

n>0

we set
an b,

~ Non(ao) ¢(bn_1)

for all n > 0, and we have the following theorem from [Kat05].

bn,

and Cp =

Theorem 2.9.1. (Kato) The image of the map O¢g consists precisely of those

(an)nzo € [] Zp[lU™)
n>0
which satisfy the congruence
H Nm(ci)pi =1 mod p*
1<i<n

for allm > 1.

Because of this connection to K1(Z,[[G]]), we will sometimes refer to a congruence

of the above form as a ‘Kj-congruence’.

19



Remark 2.9.2. In [Kat05], Kato also proves a localised version of Theorem 2.9.1,
which describes the image of an analogous map
X
Ocs : Ki(2]G)s) — ] Quot (z,[U™])".
n>0

Now we consider the elliptic curve E again. According to a general conjecture

(see Coates and Perrin-Riou [CPR&9)]), for each n > 1 there exists a p-adic L-function
L(E,pn) € Zy[UM] ®Q

with the following interpolation property: if ¢ : Z; — @X is a character of finite
order, then the image of L(E, p,) under the ring homomorphism Z,[[U™]]@Q — Q
induced by 1 coincides with the complex L-value L(FE, p, @1, 1) up to certain simple

factors (which are essentially the factors from Conjecture 2.7.1).

The conjectures of the non-abelian theory imply that the abelian p-adic L-
functions L£(E, p,) for all n > 0 should arise from the single non-abelian p-adic
L-function Lgqu, € Ki(Zp[[G]]s+). For example, let us consider a special case:
when the p-primary part of Selg,.,.(E) is trivial, conjecturally £(E, p,) € Z,[[U™]]*
and Lg/gp, € K1(Zy[[G]]). Further, we should have

9G(‘CE/QFT) = ([’(E7p"))n20’

so the existence of L /g, € K1(Zp[[G]]) is equivalent to a set of congruences between

the p-adic L-functions L(E, py,).

To verify these congruences, it would suffice to check them for the special values
w(E(E,pn)) for all characters ¢ : Z) — Q" of finite order. That is, we must
prove congruences between the twisted L-values L(E, p, ® 1, 1) multiplied by the
prescribed period and other factors. In the following chapters we will attempt to do

this, by studying convolution L-series of Hilbert modular forms.
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Chapter 3

Hilbert Modular Forms

In this chapter we review the definitions and basic properties of Hilbert modular
forms. These adelic automorphic forms can be seen as a generalisation of classi-
cal modular forms; we will discuss Fourier expansions, Hecke operators, and the

Petersson inner product in the Hilbert modular setting.

Our motivation for studying Hilbert modular forms is the following: when FE is
an elliptic curve over Q and p is an Artin representation factoring through the false
Tate curve extension Qpr/Q, the twisted L-function L(E), p, s) can be written as the
Rankin convolution L(f, g, s) of two Hilbert modular forms defined over the totally

real subfield of Q(ppn ).

Our discussion follows Chapter 4 of Panchishkin’s book [Pan91]; a more detailed

account is given in Shimura’s article [Shi78].

3.1 Definitions of Hilbert modular forms

Let F be a totally real field. Throughout this section we write d = [F' : Q], D for the
discriminant of F' and 0 for the different of F'. We consider the group GLa(F'), which

may be regarded as the group Gg of Q-rational points on an algebraic subgroup G
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of GLQd.
We may identify the adelisation Gy = G(A) with the group
GLy(Fy) 2 G X G@,

where Goo = GLy(Fx) = GLy(R)?, and Gy = GLy(F). Here F' = Op ©7 Q, and
@ =7 ®z Q. We write G, for the identity component of G+, which is given by

G, = GLI(R)? = {(al,...,ad) € GLy(R)? : detay, >0 for all 1/}.

Let H = {z € C: Im(z) > 0} denote the complex upper half-plane. The group G

acts on H¢ via
(Oél,...,Oéd) : (Z17"'7Zd) — (al('zl)a"-aad(’zd))
where each copy of GLy(R) acts on H in the usual way:

a b az+b
. — .
d cz+d

Let f be a function f : H¢ — C, and « an element of GLz(R). For k € N we define

the weight k action of o on f by
(flp) (2) = N(cz+d)™" N(det a)*? flaz)

where N (z) = z1... 24.

Now we define our congruence subgroups in the Hilbert modular setting. Let ¢
be an integral ideal of O, and p a prime ideal. We write ¢, = ¢O, for the p-part of

¢, and 9, = 00, for the local different at p. Then we define W (p) C GLa(F}) by

a b

W(p) = € GLa(Fy) : b e Ogl; c € 0pcp; a,d € Op; ad — be € OPX
c d

and W =W, C Gy by

W= GL x [[W).
all p
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If ¢ is a Hecke character, we extend @ to W, in the following way: let g :
(OF/c¢)* — C* be the c-part of 1, then set

a b
Y W, — C*, — o(a. mod ¢)
d

where a is the c-part of a.

Let us fix a positive integer k, an integral ideal ¢ and a Hecke character of finite
order ¢. We now state five conditions on a function f : G4 — C that will be used
to define a Hilbert modular form of parallel weight k, level ¢ and character ¢. We

denote by ¢ the involution of G given by

L

Condition (Aut 1): If o € Gg and s € F;* = centre(Gy), we have
f(sax) = ¥(s) f(z)

for all z € G,.

Condition (Aut 2): If w € W, with we = 1, we have
flzw) = ¢(w') f(z)

for all z € Gj.

Condition (Aut 3): If we write w(0) = (w1(61), ..., wq(64)) with

cosf, —sind,
Wy (01/) = 5

sinf, cosf,

so that w(f) € SO2(R)?, we have
f(zw(9)) = f(z) exp(—ik{6})
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for all z € G, where {0} =601 +--- + 04.

Condition (Hol): For any z € G with zo = 1 there exists a holomorphic

function g, : HY — C such that for all y € G we have

f(zy) = (9:,9) (D)

where i = (v—1,...,v/—1) € HL If F = Q we also require g, to be holomorphic at

the cusps in the usual sense.

Condition (Cusp): For every g € Gy,

1t
/ flg dt = 0.
Fy/F 0 1

Definition 3.1.1. A Hilbert modular form of parallel weight k € N, level ¢ < Op

and Hecke character v is a function
f: Gy—C

satisfying the automorphy conditions (Aut 1), (Aut 2) and (Aut 3) and the holo-

morphy condition (Hol). The complex vector space of all such forms is denoted by

M (e, ).

If £ also satisfies the cuspidality condition (Cusp), we say that f is a Hilbert
cusp form. We write Si(c, ) for the subspace of cusp forms in My/(c, ).

Remark 3.1.2. In general, the weight & is in fact a vector (ki,...,kq) € N?, where
d = [F : QJ; the term ‘parallel weight’ refers to the special case in which all the k;’s
are equal. In this thesis we will only use Hilbert modular forms of parallel weight,
so we restrict our definition to these alone. We refer the reader to Shimura [Shi78§]

for the details of non-parallel weights.

The holomorphy condition allows us to describe f € M(c, ) more explicitly in

terms of modular forms on H?. Let h = #GI(F ) be the narrow class number of F,
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and choose ideles t1,...,t, € F such that ty <1 O (the ideals generated by the t))

are all prime to p, and form a complete set of representatives for CNI( ).

Given f € My(c, ) we set f\ = Gt for A\=1,...,h, where

and g, is the function defined in the statement of (Hol). One can check that f) is

a modular form on H?; to be precise fy(z) € My (T'x(c), o) where the congruence

subgroup I'\(¢) C Gé is given by

Lx(c) = xn ch;1
_ a b} o P X
= cbety 0p; cetredp; a,d € O, ad —be € O
c d

We mean by this statement that
My = ¢() fa
for all v € T'y(¢). It can be checked that the A-component decomposition provides

an isomorphism of vector spaces:

3.2 Fourier Expansions

Let us write 74, ..., 74 for the embeddings F' — R. We define the additive map

d
er(£2) = exp <2m’ Z 5“%)
a=1
where z = (21,...,24) € H% and ¢ € F. Also, we will refer to an element ¢ € F as
totally positive if 7,(§) > 0 for a = 1,...,d (and we will sometimes denote this by

writing £ > 0).
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If f € Mg(c,1), each component fy has a Fourier expansion of the form
z) =) ax)er(2),
§

where the sum ranges over all totally positive £ € £y and £ = 0. If f is a cusp form,

then a)(0) =0for A\=1,...,h.

Given any integral ideal m <1 O, we may write m = 51?;1 for a unique A, and

some totally positive & € £y. Then we define the coefficients C(m, f) by

ax(§) NF/@(fA)_k/z if the ideal m = &£, " is integral;
C(m,f) =

0 if m is not integral.

We observe that C'(m,f) is well defined: if £ and &' satisfy m = §t~;1 = f’f;l, we

must have & = e for a unit € € Of. The automorphy properties of fy imply that

fr(z) = Nejg()*/? falez)
but Np/g(e) = 1 since € is a unit. Therefore fi(z) = fr(ez) which implies a)(§) =
ax(§").

We have the Fourier expansion

' ‘3 ? = 3" C(0.0) [u*"? er(Giso) (o)
¢

where the sum ranges over all totally positive ( € F and ( = 0. In this formula ep

denotes both the additive character

ep : C¢ — C

d
z +—— exp <27ri2zd>
a=1

and the additive character of adeles e : Fy/F' — C which agrees with the above

er on the infinite component.
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3.3 Hecke Operators

We consider the semi-group Y, := GxN (GjO X Hp Yc(p)), where for each prime ideal
p we have
Ye(p) = ¢ Z € GLa(Fy) : aOp + ¢y = Op, b€ 0,1 c € ¢pdp, d € Oy
c
The Hecke algebra H, is defined to be the set of formal finite sums >, ¢, WyW with
y € Y. and ¢y € C, where W is as defined in Section 3.1. It is made into an algebra
with the obvious addition, and the standard multiplication given by decomposition

of double cosets into a union of left cosets (as in the classical case).

Let us define the action of H, on My(c, ). For y € Y., we decompose the double

coset WyW into a disjoint union of right cosets:

wyw = | wy;.
J
Then for f € My(c, ) we define a function f|WyW on G4 by

(EWyW)(a) = 3 vw) t )

for all z € G, where 9 is extended to Y via setting

a b
c d

— o(a, mod ¢).

It is easy to confirm that f|WyW is also an element of My/(c, ).

For an integral ideal m <« Op we then define the Hecke operator T.(m) to be
the sum of all cosets WyW such that y € Y, and agt/y = m. We then define the
normalised Hecke operator T!(m) by

Ti(m) = Npjg(m)* =272 T (m).

One easily checks the following formula which describes the action of T7(m) on the

Fourier coefficients of f:

C(m, f]T{(n)) = > ¥(a)N(@)* ' Cla*mn,f).

aom+n
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Let be f a newform of level ¢; if f is a common eigenfunction of all the Hecke operators

T!(m), and normalised by C(Op,f) = 1, then we refer to f as primitive of level c.

3.4 Linear Operators on Hilbert modular forms

We will use certain linear operators on the space of Hilbert modular forms. Let
q < Of be an integral ideal, and ¢ € F; an idele such that ¢ = q. We define the
operators q and U(q) on £ € Mg(c,):

(Fl0)@) = Nl *2f (o ©°

0 1
(V@)@ = Neg@ 2 S £l L
vEOF/q 0 ¢q

These operators may also be described by their effect on the Fourier coefficients of

f, namely
We will also need the involution .J¢, which is defined by

(1)) = vdet@) e (o O

COO

where co is an idele such that & = cd%. Then, if f € My(c,1), we have f|J. €
M.(c,7b~1). One also checks from the definition that

f|Jme = Npjg(m)*? (£]Jc) |m.
Further, when f is a primitive form in Myg(c, 1)), we have
f|J. = A(f) £,

where the ‘pseudo-eigenvalue’ A(f) is a root of unity, and f* € My(c,%p™1) is the
Hilbert modular form defined by C(m,f*) = C(m,f).
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3.5 The Petersson Inner Product

We use Panchishkin’s normalisation of the Petersson inner product on Hilbert mod-

ular forms: for

f=(f1,.--,fn) € Sk(c,v) and g=(g1,...,9n) € Mg(c,?)

this is defined to be

h
= z z k z
= [ BEmEN W e

where the measure p is given by

d
du(z) = Hyj_Qda:jdyj.
j=1

The normalised Hecke operators T/ (m) are 1)-Hermitian with respect to the Petersson
inner product: if

f|T/(m) = A(m)f

for all m with m prime to ¢, then A(m) = ¢»(m)A\(m) and

P(m) (£|T{(m), g) = (f, g|T/(m)).

3.6 The Trace Map

Let ¢ and ¢ be ideals of O such that ¢ divides ¢/. Then we have the trace map
TrEl : M?(c,7¢) I M2(Ca¢)7
which is defined by

/ 1 0
(gm) @) =Yg =
veT cv 1
where ¢ is an idele such that ¢ = ¢, and T is a set of coset representatives for Op/m

where ¢ = mc.

29



This map has the property

(f,g)e = <f7g\TrE/>c

for any two Hilbert modular forms g € Ma(¢', ), f € Sa(c, ). Further, from [Pan91]

equation (4.11) we have the following useful identity:
g|Tr! = g|Jo o U(dc™!) o Je.

This arises from the definitions of the operators U and J, and the matrix identity

cv 1 cm 0 0 m c 0

which holds for any ¢, m and v.

3.7 Eisenstein Series

Let a,b be fractional ideals of O, and w a Hecke character of finite order defined
modulo an integral ideal ¢(w). In Section 4 of [Pan91], Panchishkin defines a Hilbert
Eisenstein series Kj,(s;a,b;w) of parallel weight m. We will only require the partic-

ular case ¢ = 0, m = 1, and in this case the Eisenstein series has A-components

K{(s;a,b;w)x(2) = Npo@)? N(y)
X Z sign(NF/@(d))w(dOF)N(cz+d)71 ‘./\/'(cz—l-d)r%

c,d
for s > 1. Here N(2) = 2z1...2[rq], and the sum is taken over the set of equivalence

classes
t\0a x b

~

(c,d) €

where the relation ~ is defined by (c,d) ~ (uc, ud) for all u € OF.

Remark 3.7.1. In general this Eisenstein series is a C'°°-Hilbert modular form.

These are defined by replacing the holomorphy condition (Hol) from Section 3.1 by
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an analogous condition where we demand that the functions g, are C*° rather than
holomorphic. To recover a holomorphic modular form, one can apply a holomorphic
projection operator, as Panchishkin does in Section 4.6 of [Pan91]. However for our

specific case, the Eisenstein series is already holomorphic and we avoid this step.

In the following chapter we will use the Eisenstein series K (s;c, Op;w) for a
particular integral ideal ¢. It is necessary to convert this to another Eisenstein series
which has a user-friendly Fourier expansion; we can do this via the involution J..

Using [Pan91] (4.6), one can show:
(430

KY(0;¢,0p;0)|Jc =
D};v/2 NF/Q(CO%)I/Q

Here E; is the Eisenstein series defined in (4.13) of [Pan91], with A-components

B NF/Q(f)\)_lﬂD}:/Q
 (—4m)Pa

E1(0, w)a(2) ) " sign(Npg(e) w(c OF) Npjglez + d)

c,d
such that w is an ideal character modulo ¢, and the sum ranges over
OF x £, o5t

~

(c,d) €
The Fourier expansion of each A-component is computed in [Pan91] Prop 4.2:

E1(0,w)A(2) = Npig(t) ™2 Y ax(§) er(2)
0K ety
with

a,\(f) = Zw_l(é)v

where the sum ranges over all ¢ € O such that there is a decomposition 5 =bé for

some b € t).

3.8 L-series

Given a Hilbert modular form £ € My(¢, 1) we may associate an L-series to f like

SO:

L(f,s) = > C(m,f) Npjp(m)~*.
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The series converges only when s > (k+1)/2, but may be continued to a holomorphic

function on the entire complex plane.

Further, if f € My(c,) is a common eigenfunction of all the Hecke operators,

we have an Euler product formula for L(f, s). To be precise, suppose
£|T/(m) = A(m)f

for all m <9 O, which means C(m,f) = \(m)C(Op, ) for all m. If we normalise f
by setting C(Op,f) =1, then

L(f,s) = ) A(m)Npg(m)™,

m

and we have the following Euler product:

L(t5) = TT (1~ AG) Nejoe) ™ + 0(0) N 0 %)
p

where p ranges over all prime ideals of Op.

3.9 Rankin Convolutions

Given two Hilbert modular forms f € Si(c(f),v) and g € M;(¢(g),w) with k > 1 > 1,
we can associate the Rankin convolution L-function L(f,g,s) to them. The basic

convolution L-series is defined as follows:
L(f,g,5) := Y C(f,n)C(g,n) Npjg(n)~*
n

where the sum is taken over all integral ideals of Op.

Suppose now that f and g are Hecke eigenforms, so that their L-series admit
Euler products. For each prime q of F' we may factorise the Hecke polynomials like

SO:

1-C(q,0)T+¢(@)T° = 1—al@)T)(1-ad(a)7)

1-Cla.g)T+u@T> = (1-T)(1-F@T).
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Then the Rankin convolution has the following Euler product decomposition, given

in Panchishkin [Pan91]:

Le(2s+2—k—1,0w) L(f,g,s)

-1

= J] (0 - a@B@Nrg@) ™)~ (1 -/ (@)B(a) Nejgla) ™)
q

x (1= a(@B'(@Ngg@) )" (1 —a'(@)8 (@) Negla) )

where ¢ = ¢(f)c¢(g) and
L(s,gw) = > ¢(mwm)Npgn)™*
n+c=0p
is the standard Hecke L-function of ¢yw with the Euler factors at the primes dividing

¢ removed. Further, if we define a completion factor
va(s) = (2m) 2P T(s)'T(s + 1 - 1)
then we have the completed Rankin convolution
U(f,g,s) := va(s) Le(25 +2 — k — I,9w) L(f, g, 5).

Then U(f, g, s) admits a holomolphic continuation to the entire complex plane, and
satisfies a certain functional equation (see Shimura [Shi78]). Further, it can be shown

that the value
U(l+rf g)
(2mi) 410 (f, f>c(f)

is algebraic for all integers  with 0 <r <k — [ —1 (see [Shi78] again).

3.10 Base Change

The theory of base change involves lifting cuspidal automorphic representations of
GL,, from one field to another; but we will not discuss automorphic representations
in this thesis at all, so we state only a simple version of base change for Hilbert

modular forms.
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Let F'/F be an abelian extension of totally real number fields, and f € M(c, )
a Hilbert modular form over F. Then there exists a Hilbert modular form f,p €

M (¢, ¢") over F’ whose L-series satisfies

L(f/F/7S) - HL(f77773)

neG
where G denotes the character group of G = Gal(F'/F). We refer to f/p as the

base change of f to the field F’. Its existence is established in Langlands [Lan80].

In particular, consider an elliptic curve E over Q and its associated newform

fe € S5V (T'o(Ng)) which has the property
L(fr,s) = L(E,s).

Then if F' is an abelian totally real number field, there exists a Hilbert modular form

fr € Sa(c(fr),1) which is the base change of fr to F', whose L-series satisfies

L(tg,s) = ] L(E.¢,s) = L(E/F,s).
veGal(F/Q)

3.11 Hilbert Modular Forms from Induced Representa-

tions

Let F be a totally real field as before, and K/F a totally imaginary quadratic
extension. We introduce the following notation: for a finite-order character x :
Gal(Q/F) — C*, we write x' : Tr — C* for the character of ideals obtained
by composing x with the reciprocity map of class field theory. Specifically, ' is

normalised by
x'(a) = x(Frobg™)

for almost all primes q of F', where Froby denotes an arithmetic Frobenius element

at q.
We have the following theorem due to Serre:
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Theorem 3.11.1. If p is an Artin representation of Gal(Q/F) which is induced
from a 1-dimensional representation x, of Gal(Q/K), then there exists a Hilbert
modular form g, over F such that g, € S1(c(g,), (det p)T) and

L(gp, s) = L(p, s).

Further, g, is primitive if and only if x, is a primitive character.

Comparing the L-series coefficients of L(g,, s) and L(p, s), the theorem implies that

the Fourier coefficients of g, are given by

C(m,gp) = Z X;r;(a)-

The character (det p)! can be written as

(detp)¥(a) = Ox/r (a) x}(aOK)
where 0/ is the quadratic character of K/F, given on primes of O by
1 if g splits in K/F

Ok r(a) = —1 if q is inert in K/F

0  if q ramifies in K/F.

3.12 Hilbert Modular Forms from the False Tate Curve

Extension

As in the previous chapter, we consider the false Tate curve extension of Q: we write

Qrr = |J Qlupr, VA)

n>0

and Gpr = Gal(Qpr/Q). Recall that Gpr has a unique self-dual Artin represen-

tation of dimension ¢(p™) for each n > 0, which is induced from a character y,
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over the field K, = Q(upn). Setting F,, = K,', we define a 2-dimensional Artin

n

representation p,, over Fj, by
Pn = Indf(’; Xn-

Then, by Theorem 3.11.1 there exists a Hilbert modular form g, lying in M (c(g,, ), (det px)")
which satisfies L(g,,,s) = L(pk, ).

For any n > k, we have an abelian extension F,/F}, so we may consider the base
change g, /i, of gy, to Fy,. The following lemma shows that this Hilbert modular

form is also associated to an induced representation.
Lemma 3.12.1. If py = Indf{’l(ka), then
L(gpk/ans) = L(ReSFn pkas)
= L(Indfg; (Resk, Xpx ) s),

where Resk, X,, denotes the restriction of x,, from Gal(Q/Ky) to Gal(Q/K,,).

Proof. Firstly, by our definition of the base change

L(gpk/Fnas) = H L(Pk®¢75) = L(Iok®Rean/Fk78)
el

where G = Gal(F,/Fy), and Regp, /p, = Ind?ﬁ 1 denotes its regular representation.

However, the Artin formalism implies
L(p/M,s) = L(Ind p/L, s)
whenever p is an Artin representation over M, and L is a subfield of M. Therefore
L(pr ® Regp, /p,,8) = L(pr ® Ind?’; 1,s5) = L(Resp, pr ®1,5)
and the result follows because Resg, pp = Ind?; (Resk, Xpp)- O
In a slight abuse of notation, we will write py/F,, as shorthand for the Artin

representation Resp, pr, = Indf(’;(Res K, Xpi,)- This emphasises the connection with

the base change of g, .

36



Now let E be an elliptic curve over Q, and fg its associated cusp form. We write

fr for the base change of fr to F,,, and compare the Rankin convolution
Lc(det Iok/Fna 25 — 1) L(va o/ Fns 5)

with the twisted L-function L(E, px/F), s). Considering the Euler products of both,
it is clear they agree at each factor except possibly at the bad primes. In fact,
Dokchitser and Bouganis state in [BDO07] that the Euler factors can only differ at
primes at which both H}(E) and py/F, are ramified. Therefore, if we assume that
(Ng,pA) = 1 we have the equality

Lc(det pk/Fn72S - 1) L(fE7gpk/Fn78) = L(Eapk/ans)

Therefore, we can study the twisted L-functions of F using results on Rankin con-

volutions of Hilbert modular forms.
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Chapter 4

Non-abelian Congruences

In this chapter we will prove a set of Kj-congruences for the abelian p-adic L-
functions £,(FE, p;), for Artin representations p; factoring through a false Tate curve
extension of Q. Unfortunately, our congruences are not strong enough to prove the

existence of the non-abelian p-adic L-function Lg/q,.,-

The main reference for this chapter is the book [Pan91], in which Panchishkin con-
structs an algebraic-valued measure associated to the Rankin convolution L(f,g, s)
of two Hilbert modular forms. However, Panchishkin’s results require the assump-
tion that p and c(g) are coprime, and additionally that C(¢(g),g) # 0. Neither of
these conditions holds when g = g, , so we must give the construction of the mea-
sure again in our case. Our results hold provided the elliptic curve E is semistable,

and are subject to two technical hypotheses.

The material in this chapter is joint work with my PhD supervisor, Daniel Del-
bourgo; a version of it appears in [DWO08]. We thank Vladimir Dokchitser and
Thanasis Bouganis for their very helpful comments, and in particular thank Vladimir

for the argument which proves Claim (%) in Section 4.6.
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4.1 Main Results

Throughout we fix an odd prime p. Let A > 1 denote a p-power free integer. We
suppose that A is coprime to p, which ensures all the primes above A are tamely

ramified in the false Tate curve tower.

Recall the false Tate curve extension:
QFT = U Q(Mpn’ P\/Z)
n>1

Basic Galois theory informs us that

7 17,
Gal(QFT/Q) = 0 . < GLQ(ZP).

In other words, the Galois group is a semi-direct product of two p-adic Lie groups

of dimension one.

Throughout this chapter we use the following notation: for each integer n > 0,
we set K, = Q(upn) and write F,, = Q(upn )t for the maximal real subfield. When
the value of n is clear, we simply write p for the unique prime of F,, above p. In

terms of a field diagram,

AN
! o /\ Z/vz
ARV : K,

a
\ / \

F, p | /)

I /
Q p

In this situation the representation theory is very well understood. It is proved

in [Dok05] that Gal(Qpr/Q) has a unique self-dual representation of dimension
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pF — p#~1, which we denote by pr,@ for each k£ > 1. This may be written

Pk,Q = Ind%k ka

for a character x,, of Gal(Qpr/K}). Putting pgg = 1, every irreducible represen-

tation of Gal(Qpr/Q) has the form pp g ® ¢ for some k£ > 0, and some character

¥ : Gal (Qup=)/Q) — C*.
For the rest of this section, we set G = Gal(Qpr/Q).

Let E be an elliptic curve over Q. As part of the general GLy main conjecture,

Coates et al [CFKT05] predict the existence of a non-abelian p-adic L-function

[’E/QFT € Ky (Zp[[GHS*)

whose evaluation at an Artin representation p : G — GL(V) yields essentially the
p-twisted L-value L(E, p,1). Here Z,[[G]]s- is the localisation of Z,[[G]] at a certain
Ore set §* =5 P"S.

We always assume that F has good ordinary reduction at p, and that A and Ng
are coprime. We also assume that E is semistable (otherwise our distributions turn

out to be identically zero).

Wiles et al have shown that all elliptic curves over Q are modular, so we may
write fg for the newform of weight two and conductor Ng associated to E. In order

to state our full results, we are forced to impose two other hypotheses.

Hypothesis (I, n) For each integer 0 < j < n, the Conjecture IV of Stevens
[Ste89] §4 holds at all p; ® 1-twists of the fg-isotypic component in H; (Xl(N ), Z).

Hypothesis (II) The (p — 1) branches of the Mazur-Tate-Teitelbaum p-adic L-

function of E/Q each have a trivial p-invariant.

Condition (I, n) implies that the p-adic L-functions £,(E, po), Ly(E, p1),... Lp(E, pn)
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(defined in Theorem 4.1.1 below) take p-integral values. Although we are unable to
verify it for any elliptic curves, it is expected to hold quite generally; for instance,
if the p;-twisted main conjectures hold for j € {0,...,n}, every L,(E,p;) is the
characteristic power series of a corresponding Selmer group, and Hypothesis (I, n)

follows.

The Mazur-Tate-Teitelbaum p-adic L-function mentioned in condition (II) es-
sentially interpolates the value L(E, x, 1) at each finite order character x : Zy — Cy
(details are given in [MTTS86]). Hypothesis (II) implies that the norm of £,(E, po)
has p-invariant equal to zero, which ensures that the congruences we prove are non-
trivial. This condition is conjectured to hold true for all F and p, and one may be
able to verify it numerically by computing the L-values L(E,w?, 1) for each branch

w'. We have done this for a specific example in Section 4.7.

The first of our main results is an integral version of a theorem of Shai Ha-
ran from [Har87], concerning the existence of abelian p-adic L-functions which are
attached to the special values L(E,p, ® ¥,1). To be precise, these are p-adic L-
functions associated to the motives h!(E) ®z M (p,); but we will not discuss motives

at all in this thesis.

Theorem 4.1.1. Let p denote the unique prime of F, above p, and let f denote the
base change of fg to the field F,,. We define the automorphic period

O, = 2m)*P) (Ep, >c(f) '

If there is mo non-trivial congruence modulo p between £ and another modular form

in Ma(c(f)), then there exists a unique element L3 (E, pn) of Z,[[UM™]] such that

rautp _ €F,, (pn & 1/)) Pp (pn ® 1/)7 a;[Fn:Q})
w( p ( 7pn>) 7 f(ﬂn@lﬂ,p) X - ,_[Fn:Q}
ap Pp(ﬂn@d} Loy )
% LS(E7pn®’¢_1,1)
%,

for all finite characters ¢ of U™ .
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Here, Py(p,T') is the local polynomial of p at p, and o, denotes the p-adic unit
root of

1 — a,(E)T + pT?

with oz;) being the non-unit root. Also, S denotes the set of primes of F,, which divide
pA, and €g, , (pn ® 1) denotes the local e-factor at p. This e-factor depends on the
choice of a local Haar measure and an additive character at p (see [Tat79] for details).
Over Q, we follow [CFK*05] and choose the Haar measure dz which gives Z,, measure
1, and the additive character 7 : (Qp,4+) — C* given by 7(ap™") = exp(—2mia/p™)

with a € Z,.

Recall from Chapter 2 that Kato’s paper [Kat05] reduces the existence of Lg/q,.,.

to a set of congruences. We put a,, = L,(E, py,), and consider both

by, = an/Non(ag) and ¢, = by/P(bp_1).
As in Chapter 2,
Nij : Zp[[UP]]* — Z,[[U9))

denotes the homomorphism induced by the norm map, and

¢: Lpl[Z,]) — Zp[[Z,))

is the ring homomorphism induced by the p-power map on Z;. Kato’s calculations

of the image of K; predict that

n

HNi,n(ci)pi =1 mod p*".
=1

Theorem 4.1.2. Assume that both Hypotheses (I,n) and (II) are satisfied. Then

the non-abelian congruences
HNLn(ci)pi =1 mod p"*!

hold true.

42



When n > 1 these congruences are conjecturally not the best possible. For
example, if n = 2 we expect a congruence modulo p* not p?, if n = 3 we expect one
modulo p® not p*, and so on. However when n = 1, we have proved the congruences

found numerically by Tim and Vladimir Dokchitser in [DDO07].

Theorem 4.1.3. Under the same hypotheses, the congruences computed in [DDOT]
always hold, i.e.

a; = Noi(ap) mod p.

Remark 4.1.4. Theorem 4.1.3 was proved in the case p = 3 by A. Bouganis
in [Bou05|, using properties of the 3-adic Eisenstein measure. Likewise, Bouganis

had a non-integral version of Theorem 4.1.1.

Remark 4.1.5. When proving these results, we encounter a period ratio

(27r)¢(pn) <f/Fn7f/Fn>c(f) —
(QEQE)MP")/?

which measures the discrepancy between the motivic p-adic L-function associated to
E ® pn, and its automorphic counterpart. When we submitted our article [DW0S],
we believed that the conjectures of Doi, Hida and Ishii from [DHI98] imply that this
ratio is a p-adic unit. We have since realised that this is possibly not true; however
this is not a problem, if one accepts Conjecture IV of Stevens [Ste89], which implies

that the p-adic L-functions £,(E, p;) are all p-integral.

Remark 4.1.6. In [Kat05], Kato formulates a more general set of congruences for
the case in which the Iwasawa algebra is localised (see Remark 2.9.2). We are
confident that the method we use to prove Theorem 4.1.2 could be adapted to prove
similar weakened versions of these congruences, provided Hypotheses (I, n) and (II)

hold.
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4.2 Integrality of Special Values

Let py := Ind% X, denote the two-dimensional Artin representation of Gal(Qpr/Fy),
and write p/F,, := Resp, py for its restriction to Gal(Qpr/F,,). As before, we con-

sider the finite set of primes
S ={v : visaprime of F,, v|pA}.

Our first goal in this chapter is to show that for every integer n > k, there exists a

Q-valued distribution interpolating

Ls(E, pr/F @y~ 1,1)
a period

simple factors x

for a suitable family of Hecke characters ¢ (see Theorem 4.5.2 for the precise state-
ment). To do this, we will study the value at s = 1 of the completed Rankin-Selberg
product

o)\ 2FQ
U(f, gy s) = <(F25T))8> L.(2s — 1, (det p)T) L(f,g,,s)

where ¢ = ¢(f)c(g,), and
L(f.gp,s) = »_C(a,f)C(a,8p) Npjo(a) >
a
In this section, our aim is to prove the following integrality result.

Theorem 4.2.1. Let F = F,, and let p be an Artin representation over F, induced
from a character over K,,. Let g = g,, and let f € Ma(c(f)) be a Hilbert modular

form with p-integral Fourier coefficients and level ¢(f) prime to ¢(g).

Let p denote the unique prime of F' above p. If there exists no non-trivial congru-
ence modulo p between f and another modular form in Ma(c(f)), then the algebraic

number

~—

is p-integral, where we write ep(p) = ep(p,0
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Remark 4.2.2. In our paper [DWO08], we required Theorem 4.2.1 to prove the inte-
grality of the motivic p-adic L-function £,(E, p,). Now that we assume Hypothesis
(I,n), we do not actually need it. However, we still include the result to show ex-
plicitly the connection between the integrality of the automorphic p-adic L-values,
and congruence properties of the Hilbert modular form f. One can compare this
to the appearance of the congruence module Hy(P) in Chapter 5, in the integrality

statement for Hida’s p-adic L-function.

The proof of Theorem 4.2.1 is given at the end of this section; let us first con-
sider the epsilon factor ep(p, s). The Artin L-function L(p, s) is known to obey the

functional equation
Pao(s) L(p,s) = €xlp,s) Too(1—5) L(p",1— s)

where pV is the contragredient representation, and 'y (s) := ((27)~*T'(s))F*@. The

global e-factor at zero may be decomposed into an infinite product

er(0,p) = H €r, (pv, To, dy).

all places v
Each local factor depends on the normalisation of additive characters 7, of F,, and
Haar measures dx,, however the product does not (see Tate [Tat79] for a summary

of local e-factors).

Lemma 4.2.3. Setting ep(p) = er(p,0), we have
A(gy) = ~ 1) NF/Q(CD%“)ilm er(p)-
Proof. Following Shimura in [Shi78], we define

R(g,5) := Np/o(c0h)**Too () L(g, 5)

where g is a Hilbert modular form of parallel weight 1 and conductor ¢. Then

from [Shi78] (2.48) there is a functional equation
R(g,s) = i"UR(g|J, 1 - s).
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Supposing g is primitive, we have g|J. = A(g)g", so the functional equation becomes
R(g,s) = i UA(g)R(g", 1 - 5).
However, taking g = g, we have L(p, s) = L(g, s) and L(p", s) = L(g", s). Therefore
Loo(s)L(pss) = er(p,s)Too(l — 5)L(p*, 1 — 5)
can be rewritten as

R(g.s) = r(p, 5)Nijo(h)* /2 R(g", 1 s).

Substituting R(g,s) = iF"UR(g|J.,1 — s) from the functional equation above, one
obtains an equality

i"UA(g) = er(p, s)Npjo(dF) '/
for all values of s such that R(1 — s,g*) # 0. The result follows from putting

s=0. O

We will need the following integral representation, a special case of [Shi78], (4.32).

Proposition 4.2.4.

U(f, g, 1) = DY 7 U v (0))

[

where Dp is the discriminant of F/Q and
V(0) = g". KV(05¢,Op: (det p)' ),

with KY the Eisenstein series introduced in Chapter 3 (defined in (4.5) of [Pan91]).

Let us recall the results on Eisenstein series from Chapter 3: we can apply
the involution J; to convert K? to the Eisenstein series F4, for which the Fourier
exapnsion is known explicitly. To be precise, we have

(473 [F-Q
D1/2N 2\1/2
r Nrjg(g)

K?(05¢, Op; (det p)T 1) E1(0, (det p)' 1)

Jc:
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where Ej is the Eisenstein series (4.13) in [Pan91], whose A-components have the

Fourier expansion
E1(0, (det p)t 1), (2) = NpjE)™? Y ax(@er(2)
0<<£€1?)\

where

ax(€) = Y (detp)'7'(@).
£=bé,

We are now in a position to prove our integrality result.

Proof of Theorem 4.2.1. Let ¢ = ¢(f)c(g). By Proposition 4.2.4,

U(f, g, 1) = D> U (g v (0))

C

where V(0) = g*. K9(0; ¢, Op; (det p)T ~1). Consider V(O)!Jc; by our earlier formula
for K9|.J we have
V(0)J. = (gL|Jc) . (K?‘Jc)
= A8 )Npjale(£)(gle(t)) . (K7|J)
= Ag)Am) " UD 2 Ny (e(£) /2N p g (c(g)oF) 2

X (g]e(f)) - E1(0; <, (det p) ™).
Now, ¢ = ¢(f)c(g), so we may employ the trace map
Trigy = Ma(c, ¢p) — Moa(c(f), ¢),

which was defined in Chapter 3. Recall that it satisfies

(F,H), = <F,H}Tr$(f)>c(f)

and the identity
H‘Tri(f) = H‘Jc o U(c(g)) o Jes)-
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Setting © = (g|c(f)) . E1(0, (det p)T 1), we calculate

U(f,g"1) = DL a U v(0),

_ Dllw/2ﬂ_*[F:Q] <fL’ V(O)|Trﬁ(f)>

«(f)

= D U V()] e o Ule() © Jin) o,

= Ag") (4" Npyg(e(£)'? Npjo(e(g)or) ™72
X <fL7®‘U(C(g)) o Jc(f)>c(f) .
Observe that A(gb)(4i)[F:Q}NF/Q(c(f))1/2 is a p-adic unit, as A(g") is a root of unity

and ged(p,4c(f)) = 1. Also, from Lemma 4.2.3 we know that ordp(NF/@(c(g)D%)l/Q) =

ordy(er(p)). Therefore,

\I/(f,gL,l) — ord <fL7@‘U(c(g)) © Jc(f)>c(f)
(£, ) ¢ P (£ B )

so it suffices to prove the p-integrality of the quantity on the right hand side. As the

ord, <6F(p).

operator J is an involution, we have
(F,H|J.) = (F|J,H)_
for any H € Ms(c, %) and any F € Sa(c, ). Therefore

(£,0[U(c(8) © Ju) ) = (E'|Tect), OIU(e(2))) )
= A(f")(£,0]U(c(g))) ) -

By choosing a basis for the finite dimensional vector space Ma(c(f)) which includes
f, we may write

£,4f

for algebraic numbers ¢; (which are almost all zero), where each form f; is primitive

of level a;, such that a;b; divides ¢(f). We deduce that

<fL,@‘U(C(g)) 0 C(f)>c(f) _ . <f’ fl’b1>c(f)
<f’ f>c(f) a A(f) ot ZCi <fv f>c(f) '




It is a simple consequence of Proposition 4.13 of Shimura [Shi78| that

L(f7f;|[‘],“ 5)
<f7 fi}bi>c(f) - L(f, £, s)

IR

x (£, £5) e

One may therefore write

(£, fi] bi>c(f) _ L(f, f!|b;, s)
(£ ) ) L(f. £, 5)

But (f,f;) ¢ = 0 as f and f; are distinct primitive forms, whence

<f’ fz}bz>c(f) -0
<f7f>c(f)

for each 7. It follows that

<fL7 @‘U(C(g)) © Jc(f)>c(f)
<f? f> c(f)

= A(f") c.

Since A(f*) is a root of unity, it suffices to prove that ¢ is p-integral.

Suppose not; then ¢! = 0 mod p. We have an explicit formula for the Fourier
coefficients of F1(0, (det p)T 1), and they are easily seen to be p-integral. Also, we
wrote down the Fourier coefficients of g, in Chapter 3: they are p-integral too.
Therefore © = (g,|c(f)). E1(0, ¢, (det p)T ~1) must have p-integral Fourier coeffi-
cients, implying

¢! @|U =0 mod p,

by our assumption that ¢! = 0 mod p. So,

f = C_l@‘U — Zc_lciﬂ"bi
f;#Af

—Zc_lci fi‘bi mod p.
£, Af

It follows that f is congruent modulo p to a distinct modular form in May(¢(f)),
contradicting the hypothesis of the theorem. This completes the proof of Theorem
4.2.1. O
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4.3 Constructing the Distribution

Having established our integrality result, we go on to construct the distribution. We
continue to write F' = Q(upn)*, and we write f for the base change of fg to F,

where Eq is our semistable elliptic curve (this base change is guaranteed to exist

as the field F' is abelian over Q).
For a finite place v # p of F, we label roots a(v), o/(v) of the polynomial
1-C(v,H)X + NF/Q(U)X2 = (1-a@X)(1-dw)X).
We also define a(p) and o/(p) to be the roots of
1= Cp, )X +pX? = (1— a(p)X)(1 — a/(p)X).

where a(p) is the p-adic unit, and o/(p) is the non-unit root. From these definitions,

we extend the expressions a(m), o/(m) multiplicatively to all ideals m of Op.

Definition 4.3.1. Set [y := quA q. Then the ply-stabilisation of £ is defined to be

fo = > M(a)o/(a) f|a

alplo

where M is the Mébius function on ideals.

As Panchishkin points out in [Pan91], this definition is equivalent to the identity

L(fy,s) = L(f,s) x [](1=a'(@)Npsq(a)™)
qlply

i.e. we have removed the o/-part of the Euler factors at the primes dividing pl,. One

can check that the level of fy is ploc(f).

Lemma 4.3.2. Suppose m is an integral ideal dividing ply. Then

f|U(c(f)m) = a(m) C(c(f),f) fo.

Proof. This result follows easily from the definition of fy and the effect of the oper-

ators |U(m) and |m on Fourier coefficients. O
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Following (3.14) of [Pan91], we also define

Zo.ply i= Z M(n). gp}U(n) on.
n|ply

This definition is equivalent to the identity

L(gppty,s) = Llg,s) x [[@ = B@)Nrgla)™) (1—8(a)Npjgla) )
alply

i.e. we have completely removed the Euler factors at the primes dividing pl,. We
modify g, in this way to ensure the Euler factor in our special value is the correct

one.

Set ¢g = ploc(f). We shall choose ideals m’ and [’ such that m’ is a power of p,

supp(l') = supp(lp), and that c(g,)p?Z|m’l'. We have
fo € Sa(co) C Sa2(c(F)m'r)

and
Sopt, € Mi(c(gy)p?Z, (det p)T) © My(c(F)m', (det p)T).

Then the contragredient Euler factor is given by

Buly(p”,5) = [[(1 =/ (0)B0)N(0)~*)(1 = o/ (v)F (0)N(v) )
vlply
x (1= a ' (v)B)N(©)* (1~ o™ (v)5' (0)N(v)* ™).

Here we have factorised the Hecke polynomial as
1= C(v,8p)X + (det p)T (1) X* = (1= B(v)X)(1 - '(v)X),
and the dual Hecke polynomial as
1—C(v,g,)X + (detp)! " ()X2 = (1-B(0)X)(1 - F'(v)X).
Remark 4.3.3. Since we assumed that E is semistable over Q, we have

C(e().£) = (~)FTF

where 7% denotes the set of finite places of F' where E has non-split multiplicative

reduction. In particular, C’(c(f), f) #0.
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Lemma 4.3.4. We have the following identity:

N\ 1/2—s 1
U (fo, €p.pty | Jeeymrs ) = Npjg (c(ct;)gn:)[ > A(gy) <c(mgi)> C(c(f), )

X Eulplo(pv,s) \Il(f,g;,s).

Proof. Recall the formula f|Jy = NF/Q(m)k/2 (F]Jc) }m from Chapter 3. Since ¢(g, p(,) =
c(g,)p?13, it follows that

c(f)ym'l’ 1/2 c(f)ym'l’
J v =N, — . J ‘7 .
Bowol o = Nrjo <c<gp>p2% (ot e |, o
For brevity, we will write
h = gpm[o }Jc(gp)pQ% .
Then
c(f)ym't 1/2 c(f)m'l
U (f J, 16 = N VG v f >h T N9
s smere) = Mora R EFAr

e(fym'C )1/“ ( ' < e(f)m'C > >
pr— N —_— W f U Y\ ’h78
(e "7 \eleo 2R
c(f)m'l )1/2_5 < w1 )
= Ve (g, a| ——=5 ) C(c(f),f) ¥ (fo,h,s).
F/Q <C(gp)p2[(2) c(g,)p212 (c(f),£) ¥ (fo )
Here we have exploited the fact that

L (s fo,gyla) = Npsg(a)™® L (s, fo|U(a), g),)

for any ideal a (which is clear from the definition of the operators |a and |U(a)), and

also the formula

£o|U (;(DM) = o (c(m/[/> C(c(f),£)

(2,)p2(5 g,)p%13

which follows from Lemma 4.3.2. Furthermore,

U(fo,h,s) = Npj(p?0)'™™ a(p’) Agy) Eulpy(p”,5) ¥(£, g}, 5).

This is proved in [Pan91] Section 3.6. Combining the two equations together yields

the required result. O
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Definition 4.3.5. We define the complez linear functional Lr on the vector space

Mz(to) by

0

<f7 f> c(f)

Lp: © S

We shall now consider the modular form
O = B(p/F, c(E)m'V) = g, - E1(0, c(H)m'l, (det p)i )

where F; refers to the Eisenstein series of Section 3.7.

Corollary 4.3.6. We have the formula

Npgle(gp)0%) /2 A(g,) I U(f, gl 1)
olc(g,)) Bl (050 2y
(—4i)FQ

It —1—
a(m'I")C(c(f), f) Lr (@‘U(m ol 1)> '

Proof. Applying the integral representation from Proposition 4.2.4, then using the

o(f)ym’r

o as we did to prove Theorem 4.2.1, we obtain

trace map Tr

U (fo, gp,p1, }Jc(f)m’[’a 1) _ (_4¢)[F:Q}
() Npjo(c(f)m'1o%)

Combining this formula with Lemma 4.3.4 gives the desired result. O

5 Lr(@UmTeh).

This result implies an important distribution property: let us fix our represen-
tation p over F' and consider the set of finite-order Hecke characters 1 such that
supp(c(v))) = supp(plpc(f)). Then we set

(—4i)lF-Q
NF/Q(DF)a(m’[’)C(c(f),f)
Lr ((p@ v/F, c(Bm'l)

ﬂm’ v (wm’ [’)

X

U(m'[’p‘ltgl))

for each ¢ and each m’,l' such that c¢(g,gy)p?3 |m'I'. However, Corollary 4.3.6
shows that the left-hand side does not depend on m’ or ', so neither does the right

hand side. That is, figy(¥my) is independent of the choice of m'l’. This condition
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is equivalent to the fact that the family of functions {jigr : m’l'} constitutes a
distribution on G = Gal(F2P/F). We will proceed to show that this distribution

gives an integral-valued p-adic measure on G.

We now consider the Hilbert modular form g, /r, , the base change of g,, to F),.
Recall from Chapter 3 that this modular form corresponds to the induced represen-

tation Resp, pi = Indfg; (Resk, Xp, ), for which we write p/F), as a shorthand.

Let us denote by G, the topological group Gal(Fj}’S /F,) where Ffjbs is the maxi-
mal abelian extension of F), unramified outside the set S = {v : v|plp} and the infinite
places. For the remainder of this section, v : G, — C* will be a continuous char-
acter with conductor f. We shall apply our earlier results to g, = g, /5,y as the
representation py/F,, ® over F, is clearly induced by the character Resg,, (x,, ® )

over K,. It is simple to check that

Resk, (Xp, ® )1 = (X}, @ 1) o Ng, /re, -

Also, the character of g, /, gy is (Resy, det pr)f @12, and we have

(Resr, (det pr) © 42)1 = ((det py)T 0 Ni ) @ 612

Definition 4.3.7. The parallel weight 2 Hilbert modular form @Z’k s given by

et = M (pr/ @ 0, <y, mT)

(&py/Fasipty) - B1(0, (£, )M, (Resp, det pp) ™' @ 92)

where we assume that w' U is divisible by c(g,, /r,)(Plofy)>.

Applying Corollary 4.3.6 directly to g, /5, @y, We deduce the following result.

Corollary 4.3.8. For alln > k,

(—47)9®™)/2 2

a(m'l)C (c(f), f) Uy

*1[71)) _ Npyole(gp/rep)dF,)"

0 a(c(gpk/Fn®¢))

‘I/(f/Fny g:,k/Fn®¢7 1)
<f/Fn’f/Fn>c(f)

n,k
Lr. <<1> "

X Mgy /rape) * Bulpy(pr/Fo @™ 1) X
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Furthermore, the Fourier coefficients of the A-component of @Z’k are given by

a0 = > X e Niym (@ Gh)
E=61+E€2 <9k,
ad=¢£1ty
—1,~ _— —
x> ((detpr)t o Npyym) @i 2
§a=b¢,
ceOp,
bety

4.4 The Connection with Elliptic Curves

We need to interpret the values from Corollary 4.3.8 back in terms of the arithmetic

First, we will find an expression for the a-term from the formula. Recall that
we already made a choice of a(q) for each q dividing ply, in order to define the ply-
stabilisation fy. For an Artin representation p over a field F', we denote its conductor
by f,. This is an ideal of O, and we write f(p,q) for the exponent of the prime q
in f,.

Lemma 4.4.1. (i) For each prime q|pA, there exists a root aq of the polynomial

1 —aq(E)T 4 qT? such that

ordg(As
a(c(gp,/p, ®Y)) = aIJ:(PIc/Fn@i/J:P) ) Haq 1(4%)
qlA

where X = Resk,, (Xp, ® V) and Ay = NKH/@(f;().

(ii) Furthermore, if we make the stronger assumption that v is a character of

Gal(Fsb{p}/Fn) i.e. ¥ is ramified only at the prime above p, then
ordg(Ay) =p" — pt for all q|A.

In particular, a(c(g,,/r, ®V)) is always a p-adic unit.

Proof. For q # p, a(q) is one of the eigenvalues of Frobq_1 acting on the Tate module

T,(E). However, Frobq_1 = Frob, Ura el where fn,q denotes the residue field of F,
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at gq. Therefore

for one of the roots ay of 1 — ay(E)T + qT2.

For q = p, we instead consider Tp(E) where E denotes the reduction of E over
Jnp- In this case, ranky T, p(E) = 1 because we have assumed FE has good ordinary
reduction at p, so a(p) is the unique eigenvalue of Frob,, L acting on Tp(E ). Applying

the same argument as above, a(p) = «,.

Set ¢ = ¢(g,,/F, ®¢) for brevity. Then a(c) is defined multiplicatively, so

a(c) _ H a(q)ordq(c) _ H agrdq(NFn/@(C)).

q€Spec(OF,, ), q‘NFn/Q(C)
qle

Because py/F, @ ¥ = Ind?; X, we have

«(8p,/F, ®Y) = Nk, /F, (fz) Disc(K,/Fy)

by Shimura’s formula for the level of g, from [Shi78] section 5. However Disc(K,/F,) =

p, which means
Ng,j0(c) = p-Ng, 0(fx)-

The primes dividing N, /o(fz) are those dividing pA, whence

1+ordp (Ay rdg (As
a(c(gy 5, ® 1)) = aptorUD T ag o),

qlA

Now, p is completely ramified in the extension K, /Q, so if P8 denotes the unique

prime of K, above p, we have Nk, /o(B) = p. From this we deduce

1+ OI‘dp(A;() = 1+ Ol"dcp(f)z)

by the usual formula for the induced conductor, and this proves (i).
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It remains to prove assertion (ii). We now assume 1) is ramified only above p,
and that ¢|A. We then obtain

ordy(Ng, j0(fx)) = Zf(f(a A)[Fn,q : Fy
alg

where the sum is taken over the primes of K, above ¢, and k, q denotes the residue

field of K, at q. Under our additional assumption on 1, we can say

f(x,q) = f(Resk, Xp>9)

and the character Resg, x,, factors through the extension K, (” VA)/K,. The prime
q is totally yet tamely ramified in this extension. Therefore Resk,, x,, is non-trivial
on the inertia group, but is trivial on all the higher ramification groups. By definition

of the Artin conductor, this implies f(x,q) = 1. Therefore,

ordy(Ng, o(fg)) = Z[kn,q5Fq]

alg
= [kn,q:F4 x number of primes of K, above ¢
= [Kn:Q

as q is unramified in K, /Q. Observing that [K, : Q] = p" — p"~! completes the

demonstration of (ii).
Finally, as oy, was chosen to be a p-adic unit and either choice of ¢ is a p-adic

unit when g # p, it is clear a(c(g,, /r, ® 1)) is always a p-adic unit. O

Now we can relate the Hilbert modular form @Z’k to Artin-twists of the L-function

of E/p,. It is neccessary to use the following automorphic period:

O, = @m0 (5, 5, ) -

Theorem 4.4.2. Let Y = Resk,, (xp, ® ¥), and Ay = Ng, j0(fz). Then

40w/ k -1 €F, (Pr/Fn ® )

Lr, (@5 [UMTp 1Y) = ” " -
a(m'1)C(c(f), f) ( J 0 ) o (r/Fn@.p) quagrdq(AX)
y Pulpu/Fo © 0,00, ") Ls(L B, pu/Fy 007"

—[frnwiFq, aut .
i Polpi/ B @ 91, ag Vi) ),
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Proof. By its very definition,
Pv (pk/Fn & 1% X) = (1 - W(U)ﬁn(’v)X) (1 - W(U)ﬁZ(U)X)

Since a(v), o/ (v) are the roots of the polynomial 1 —C(v,f)X 4+ N, jg(v)X?, clearly
1

o/ (v)Np, jg(v) ™t = a(v)~! and

Py(pr/Fp @ ¥, a(v)™h) =

(1= 9" (0)Ba(v)a’ () NE, jo(v) 1) (1 =91 (v)8, () (V) NE, jo(0) 7).

Applying a similar formula for P,(py/F, ® v,/ (v)~!), we obtain

Eulp[o(pk/Fn & 7/}717 1) = H Pv(pk/Fn & 1% O‘(v)il) Pv(pk/Fn & 7/}717 a(v)il)'
vlply

The Euler factor of ¥(f/r,,8,, /r, ®¥,1) at the primes in S is

1 Polor/Fn @ aw) ™)™ Pulpr/Fu @0’ (0) ")~

vlply
therefore
Eulp[o(pk/Fn@?wilvl) . \Il(f/anng/Fn ®¢7171) =
Pv(Pk/Fn®¢,a(U ) -1
We(f 1).
I Po(on/Fn @ 01,0/ (v)) s 8 /m, @V 1)
VPl
We showed earlier that a(v) = aq[f"‘”:F‘Z] and o/ (v) = a;Lf Tl where g, denotes the

unique rational prime below v. This gives us the required factor

Pv(Pk:/Fn ® w7 a(;}[fn,vlﬂrqv])
- n’U:F v )
olplo Po(pr/Fn @ iﬂ_laa;v[f e })

Further, as mentioned in Chapter 3 there is an equality
Lc(det ,Ok:/Fn @ w_lv 25 — 1) L(va gpk/Fn®w*178) = L(E7 pk?/Fn ® d)_lv S)a

and completing the convolution we obtain

Us(f/k,s 8py/rasp-t, 1) = (2m) P Lg(E, pp/F, @971 1).
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By the definition of our automorphic period Q%u/tFn, we have

\I"S(f/Fn’ o1/ Fr@yp—1s 1) N Ls(E, pi/Fn ® w_la 1)

<f/Fn’f/Fn>c(f) QaEEI/tFn

One concludes that
(5, 8 p, @1, 1)
<f/Fn’f/Fn>c(f)
Py(pr/ Fn © 1, g™ o)) Ls(E, p/Fa ® 1, 1)
—[frnv:Fqy aut
v|plo Pv(pk/Fn(X)z/)_l,a;U[f o }) QE/Fn

Eulpy, (or/Fn @71, 1)

Applying Corollary 4.3.8 to this we obtain
(—47)9@™)/2 1/2

a(m'l)C (c(f), f)

- N 07
Ch ((I)n,klU(m/[/p 1[61)) _ Nejolc(8o/raov)0k,)
" a(e(&py/Puov))

—[fnuF v —
Pu(pr/Fn ® b, 03, ) Ls(E,pi/Fy 091 1)

A(g Fn®1/1*1) X _ . au
pk/ H Py(pk/Fn®w—1’a;v[f"’”']F‘Zv]) QE/tF”l

v|plo

Then using Lemmas 4.2.3 and 4.4.1 to convert the A(g) and a(c(g)) terms respec-

tively, we arrive at the desired result. O

4.5 The Kummer Congruences

Let S = supp(plp), and ¢ be a character of G, = Gal(FS%/Fn). Consider the

algebraic distribution on G,, given by

p 4¢(pn)/2 ﬁ q)nk U /[/ —1[—1
e v@dulz) = a(m'l')C (e(f), f) Fn( VI )>
where we put

ot = "R (p/Fy @9, o(f)p,)ml)

(8py/Foiy) X En (0, ¢(f/p,)m'l, (Resp, det pi)' ' ® W_Q)
as in the previous section.

Proposition 4.5.1. The distribution pu is a bounded p-adic measure on G,.
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Proof. To prove this, we need to show there exists a fixed constant B € Z with the
following property: for any set of coefficients by, € C, (with only finitely many by,
non-zero) satisfying

Y by i(x) € pOc,
P

for all x € G,,, we have

ZB by . Y(x)dpu(z) € p™Oc,.
x€Un

Here the sums range over all continuous characters ¥ of G,,.
Using Atkin-Lehner theory, it can be shown that the linear functional L, de-

composes into a finite linear combination of the Fourier coefficients. So there exist

finitely many ideals n; and fixed algebraic numbers I(n;) € Q such that

@):ZC(W,@M

for all ©® € Ma(cp). Let us put

4¢(P™)/2
—C(c(f), f)a(m'V)

which is a p-adic unit. Then for any B € Z we have

ZBbw (z)dp(z) = uB wa £F,L( v (m’l’p‘llal))

xegn
= uB Zb¢ZC n,

U(m'tp 15 ")l(n,)

— uz > by Clugplom’ (7 @7F) | Bl(ny).

So, if we choose B € Z so that [(n;) B € Oc, for all i, we see that it suffices to prove
Yoy by C(n, @) € pOg, for all n.

From Corollary 4.3.8, we know that the A-component of CIJZ’k has Fourier coeffi-
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cients

OO = D D (o Nk )@ ei(Gi")
§=61+& <90k,
aﬁ:&lt;\
t Lo a2
> ((@etpn) o Ngym) (@010
&=be,
CEOFn,
bety

Recall that C(n, <I>Zk) = NFn/Q(fA)_quZ:I;(f) when n = ¢£, 1. Therefore

wa C(n, ®)*) = Np,jg(in)” wa ST S0, 0 Ny ) (@) o (685
51752 a

S (et )1 o Niy )~ (@ 1(@)2
= Np,o) ™D D (b, 0 Nk, yw,) (@)

£1,62 @

5™ ((det py)f o N, /Fk)_l(e) S by ol (ady e )
P

c

By assumption, Zw by, WL(fltA1~ Y e p™Oc,, and t, is always chosen so that
NF,L/Q(t)\) is prime to p. Therefore Zw by, C(n, @Zk) € p"Oc,. O

Theorem 4.5.2. If the base change f/r, of fg to the field F, is not congruent
modulo p to a distinct element of Ma(c(f/,)), then there exists an abelian p-adic
L-function L, A(E, pr/Fn, c) in Oc,[[Gn]] interpolating the special values

a}}g‘(pk/an,p) qu ordq(Ax)

Py(pi/Fy ®w,aqu“”%]> . Ls(LBp/Fuoy!)
v(pk/Fn ® 1[)71’ a;v [fn,leFqU]> Q%u/tFn

v|p[0

at all finite characters v of G, = Gal(FabS/F ).

Here X = Resk,, (Xp, ® V), Ay = Nk, jo(fz), and o = (g, ..., aq,) denotes our

choice of ag for each prime g|A.
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Proof. The measure p on G, corresponds to an element

£p,A(E7 pk/Fn7 O() € O(Cp[[gn]] Kz Q

which has special values fxegn Y(z)du(z) at all characters ¢ of G,. We will show

that these special values are in fact p-integral. We have

p B 49(0™)/2
e, W)= G E), ()

= ( p-adic unit ) x Bulyy(px/Fn @ ¢~ 1)
‘Ij(f/Fn’ (gpk/Fn®¢)L’ 1)
<f/Fn’f/Fn>c(f)

L, (OpH Uy Gh)

x er, (Pr/F, @) X
by Corollary 4.3.8. Recall that

- - 'n,'U:IF,U
Eulysy(ps/Fn @0 1) = T Polpu/Fn @,
vlply

X Py(p/Fn @0t agmefel),

The polynomials Py(pi/F, ® ¢!, X) all have p-integral coefficients, and «y is a
p-unit for any ¢ # p, hence

—[fn.q:F
Pq(pk/Fn ®¢7aq [Froa q]) € O(Cp
when g # p. Also a;, was chosen to be the unit root, thus we also have
Po(pr/ Fn @1, 0,") € O,

The same applies when 1 is replaced by /~1, thus Eulyy, (pr/Fn®v =1 1) is p-integral.
Lastly, using Theorem 4.2.1 with p = (pi/F,) ® ¥ yields

\Ij(f/Fna (gpk/Fn(X)w)L? S)
<f/Fn’ f/Fn>c(f)

€r, (Pr/F, ® ) € Oc

P

Therefore, all the special values of our p-adic L-function lie in Oc,, so L, A(E, p/Fy, ct) €

Oc, [[Gn]]- O
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4.6 The Weak Form of Kato’s Congruences

In this section we will use our distributions to prove a final set of congruences. We
do this as evidence for the stronger congruences from Kato’s paper [Kat05], which

imply the existence of a non-abelian p-adic L-function.

For all n > 0, we write
an = Ly(E, pn/Fn) € Zp[[U(n)HX

for the p-adic L-function defined in Theorem 4.1.1. It may be constructed from the
element £, A(E, pi/Fy, ) as we show in this section, and its integrality follows from

Hypothesis (I,n).

We then put by, = a,/Non(ao) and ¢, = b, /¢p(by—1) as in Section 4.1. Ideally we

want to prove that
n

[T Nin(e)”

=1

i

=1 mod p*"

for all n > 1. We are unable to prove this congruence modulo p**, but we will at least
prove it modulo p™*1; the result is a straightforward consequence of the following

lemma.

Lemma 4.6.1. Assume Hypothesess (I,n) and (II) hold true for an integer n > 1.

For each 0 < i < n, we have
an = Njp(a;) mod p Zp[[U(")]].

Remark 4.6.2. In fact, Lemma 4.6.1 is true even if Hypothesis (II) is false, but in

this case both sides of the congruence are zero.

Recall that the ‘automorphic’ p-adic L-function £, A (E, pi/Fy, o) is an element
of Oc,[[Gn]], but we abuse notation slightly and also write £, A(E, p;/Fy, ) for its

image under the projection
Oc, [[Ga]] = Oc, [[U™]].
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We need to relate this to the motivic p-adic L-function a; = £,(E, p;). By defnition,

the element N; ,,(a;) € (’)@p[[U(”)]] has special values

R P/ Fn @)y Pylpi/ o ® 05 )
ag(pi/m@w,p) Py(pi/Fp @91, apf[Fn:@})
(QEQy)o@™)/2

Y(Nin(a;)) =

at all finite-order characters 1 of U(™. A formula for the special values of £, A (E, pr/Fy, @)
was given in Theorem 4.5.2, but now we have projected it down to Oc, [[U™]] we

may simplify it.

Lemma 4.6.3. Suppose ¥ is a character of U™, and v is a finite prime of F,, which
divides A. Then the local polynomial P,(py/F, @1, T) is trivial unless k = 0.

Proof. The representation py/F, ® ¢ factors through M/F, for some field M that
depends on the character . Let us write v for a place of M dividing v and
Iy C Gal(M/F,)s for the corresponding inertia subgroup. Then by definition
Py(pr/Fn ® 1b, X) is the characteristic polynomial of Frob, ! acting on the inertia

invariant subspace (p/Fy, ® ¥)%.

However, 1) factors through U™ and so 1 is only ramified above p. Since (v, p) =
1 we have Resr, ¢ =1 and

(pk/Fn & w)[{) = (pk/Fn)I{)'

Because pi/F, is induced from a character x,, over K, and v is unramified in
K, /F,, one easily checks that Resy, pi/F, decomposes into two copies of x,,. If
kE > 0, xp, is non-trivial and thus Xf;,i = 0. This implies (pg/F,)’® = 0 which
completes the proof. ]

Having established Lemma 4.6.3, we can simplify our Euler factor when ¢ is a

character of U(™):

Pype/Fu @ ¥, 05" Polpn/Fu ® 9,0

—[frwFq _ ' —[Fp: '
oo Polon/ Fo @ 0= ag, Vool Py /Ry @ =t gy )
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Comparing the special values of N; ,,(a;) and L, A(E, pi/Fp, o), one finds

aut
QE/Fn

Nin 1) = AL~ ln\ /o
n(ai) (QEQE)Qﬁ(p")/?

X " % Ly (B, pif F, o)
where fyfg’n € Oc,[[U (")]] satisfies

n n—1

Hq\A Qg
Hv?fp €p,, (pi/Fn @ P71) '

Let Mc, denote the maximal ideal of Oc,,.

Claim (x): 29" = 75" =... = 75" mod M, [[UM]]  for each n € N.

We will prove this claim at the end of this section (c.f. Lemma 4.6.8).

Remark 4.6.4. One can check easily that the element 'y%’" is a unit of OCP[[U(”)]],
so Claim (%) implies that each 'yiE’n is a unit. In particular we have an integral p-adic

L-function
LB, pifFa) = 75" X Lya(E.pi/Fu,a) € Oc,[[U™]
which has the interpolation property claimed in Theorem 4.1.1.

Definition 4.6.5. We define the period error term associated to E and the field
F, = Q(upn)™ to be

OtO- o(p")/2 L
Errp, (F) = % € Q.

aut
QE /Fn

So we may write
Errp, (E) x Nin(L(E,p)) = 75" x Lya(E, pi/Fn, ).

If Hypothesis (I, n) holds then the norm of the motivic p-adic L-function L(E, p;) is
p-integral; further, under Hypothesis (II) the p-invariant of Non (L(E, po)) is trivial.

. 0 . .
Since vz" is a unit, we have

ord,(Errg, (E)) = p-invariant of £, a(E, po/Fy, ).
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Lemma 4.6.6. For alln € N and 0 <i <n,

Ly A(E,pi)Fr ) = Lya(E,pn/Fy,a) mod Errg, (E).Mc, [U™)]].

Proof. Let us write H, = Gal (K,( p:/Z)/Kn), so that Resg, x,, factors through
H, for each i. We claim that there is a bounded measure on the group H, x U
given by

(08) — ¥ (Lpa(Bndff x, @)

for any pair of characters x : H, — C* and ¢ : U™ — C*.

If one accepts this claim, the result follows easily: we know that the u-invariant of
this measure is at least ord, (Err F, (E)), meaning that all its power series coefficients
lie in Errg, (E).Oc,. Since each character Resk,, x,, takes values in jiyec, we have a
congruence

Resk, Xp; = Xn mod Mc,;

so the values of this measure at (Resg, X,,,%) and (xp,,t¢) must be congruent

modulo Errg, (E)Mc,, i.e.

O(LpalBopi/Fue) = ¢(LpalBipna)) mod Brrp, (E) M,
for all ¢, which is precisely the assertion of the lemma.

Now we will prove the claim: we must check the appropriate Kummer congru-
ences for the values of this distribution. We have already checked them as 1 varies
(in the proof of Proposition 4.5.1), so it suffices to prove the following: for any

coefficients b, € C,, satisfying

Z by x(h) € p"Oc,
Xeﬁn

for all h € H,,, we have

S Bbyw (EPA(E,Ind%L X,a)) € p"Oc,.
x€Hn
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for any character ¥ of U™, where B € Z is fixed.

We prove this in the same way that we proved Proposition 4.5.1. By Pan-
chishkin’s Atkin-Lehner theory argument, we can write these values as linear com-

binations of the Fourier coefficients of a Hilbert modular form:
6 (Lpa(B,Indfy x.0)) = 3 Clm, @y ) Um)
m

for algebraic numbers [(m), almost all zero. Therefore it suffices to prove the Kummer
congruence for the Fourier coefficients C(m, ®, ). The Hilbert modular form ®,

is given by

where p = Indfg; x- From [Pan91] we know that that its Fourier coefficients are

Cm, @) =  Npgo@)™ D, > X&)
§=61+62 990k,
352515;1
xS (detp)l(@ 7 oi(e)2
£o="0¢,
CEOFn,
bety

where m = 52?;1. Recall from Section 3.11 that the character det p is given on ideals
by
(det p)T(b) = Ok, /r, (b) X' (60k,),

So we may write

C(m, @yy) = Np o)™ Y (& ) bk, /m, (&) X' (a(cOK,) 7).
51,ac
Therefore we have

D b Cm®yy) = Npyo)™' Y ¢H(&i"e?) Ok, /p,(9)
X

&1,0,c

X be XT(a(c(/)Kn)fl).
X
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By assumption, Ex by X! (a(cOKn)_l) lies in p™Oc,, and NFn/Q(f,\) is always a

p-adic unit; so we conclude

> b C(m, @y y) € p"Og,.
X

for any choice of 1. This implies the full Kummer congruences for this measure, and

proves the claim. O

Now we are able to prove Lemma 4.6.1.

Proof of Lemma 4.6.1:  Recall that we want to show

Nin(ai) = an mod p Z,[[U™]].
for all 0 < ¢ < n, and that N;,(a;) is related to L, A(E, pi/Fn, o) by

Nin(a;)) = Errg, (E)™0 x 45" x Lya(E, pi) Fp, ).
By Lemma 4.6.6 we know that
Errp, (B)™' L, a(E, pi/Fo, @) mod Mc, [[U™)]]

is independent of 7, and Claim (x) asserts that

vt = " mod M, [UM]],

so we have

Nin(L(E,p)) = Ly(B.py) mod e, [U]).

This is almost the congruence we require, except that we need it modulo p rather
than modulo Mc,. To complete the proof we use the algebraicity result of Bouganis
and V. Dokchitser (Theorem 4.2 of [BD07]) which states that

LS(lv E7 p)
Qg)dlm pt (QE)dlm p-

er,(p) ( € Q(p)
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where Q(p) denotes the field of definition of the Artin representation p. However as
V. Dokchitser comments in [Dok05], the representations p; may all be realised over
Q, so we have

Ly(E,p) € Z[UD))©Q for all i.

Further, our integrality result (Theorem 4.2.1) implies that the special values of

Qaut
N E/F; iy A
[’P(Eﬂ Pz) - (QEQE)MPQ/Q X f)/E X [’P7A(E71027a)

are all p-integral; we deduce that
Ly(E,pi) € Z,[[UY]] for all i.
In conclusion
Nin(Ly(E,p)) = £p(E,pa) mod (Me, [0 N2, [[U]).
ie.
Nin(Lyp(E, pi)) = Ly(E, pn)  mod pZy[[U™]
which is the desired congruence. U

Having finally proved Lemma 4.6.1, it is straightforward to prove the main result

of this section.

Theorem 4.6.7. Let a,, = L,(E, pn/Fy,) for all n, and write

by, = an/Non(ag) and ¢, =bp/P(bp—1).

Then the congruence
n

HNL,L(ci)pi =1 mod p"*!
i=1
holds for allm > 1.

Proof. From the definitions of ¢; and b;, this congruence can be rearranged into the

form

n n

H Ni,n(ai . ¢ o N()ﬂ‘_l(ao))pi = H Ni’n(¢(ai_1) . Ngﬂ'(ao))pi HlOd pn'H.
i=1 =1

69



We prove this result by induction on n.

Base Case: When n = 1 we need to prove
(¢(ap).a1)? = (¢(ap) . No(ap))’ mod P2
First note that =y mod p implies 2P = y? mod p?, so it suffices to show
a1 = Noy,1(ag) mod p

which is a consequence of Lemma 4.6.1 (this also proves Theorem 4.1.3).

Induction Step: Our induction hypothesis is
n—1 ) n—1 )
I Nin-1(ai . ¢ 0 Noi—1(a0))*" = [ Nim-1(¢(ai1) . No,i(a))”"  mod p".
i=1 i=1
Note that if x,, =y, mod p" for z,,y, € Zp[[U(”)]], then
Nn—l,n(xn) = Nn—l,n(yn) mod prJrl.

Therefore our induction hypothesis implies
n—1
Np—1n (H Nin-1(a;. ¢ o Noi-1(ao))” )
i=1

n—1
= Npoin (H Nin-1(¢(ai-1). No,i(ao))pl> mod p" T
=1

which can be rewritten as

n—1 ) n—1 .
(1) ] Ninlai. ¢ o Noi-1(ao))” = [ Nin(é(ai-1) . Noi(ag))”  mod p™*.
i=1 =1

Now, from Lemma 4.6.1 we know
an—1 = Nopn—1(ap) mod p

implying that
P(an—1) = ¢(Non-1(ao)) mod p.
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Combining this with the congruence
an = Nop(ap) mod p
(which also comes from Lemma 4.6.1), we obtain

Non(ao) dlan-1) = an ¢(Non-1(ag)) mod p.

Finally, raising both sides to the p”-th power yields

n

(Non(ao) ¢(an—1) )" = (an ¢(Non-1(ag)))”" mod p"*.

This provides the factor at i = n; multiplying by the congruence (}) above we get

n n

[1 Ninlai-é 0 Noii(a0)y”" =[] Nim(é(ai-1) . Noi(ao))”"  mod p"*!
i=1 i=1
which completes the induction step. ]

It remains to prove Claim ().

Lemma 4.6.8. For each n > 0,
vt =gt == A" mod M, [UM)]]

where fyg’n € Oc,[[U ()] takes special values

n n—1

Hq|A ag
H’U;ﬁp EFn,U(pk/FTL@T/}_l) '

Yy =

Proof. We will show that the special values of these elements are congruent modulo
Mc,. Let M, = K, ( "/AA), so that the representation py/F, factors through G =
Gal(M,,/F,,). We need to verify

€70 (Pk/Fn @) = €F,,(pn ®9) mod Mc,

for all places v of F,, such that v|A. First we will show that suffices to prove the

congruence

€K, (Resi, Xp, @) = €k, ., (Xp, ®¢) mod M,
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for all places w above v.

Case 1: v splits in K,,/F,.
Let v be a place of M,, above v; in this case, the decomposition group G5 is contained

in Gal(M,,/K,,). Therefore, the representation splits:

Resq, (pr/Fn @ ¥) = (Resg, Xp, @ ¥) & (Resa, Xp, ® 1)

Thus it suffices to check that the epsilon-factors of the characters themselves are

congruent.

Case 2: v is inert in K,/ F,.
In this case we apply the inductivity of local epsilon factors in degree zero (see [Tat79]

(3.4.8)). This gives us

EFn,v (pk/Fn ® /(/)) eKn,w (R’eSKn ka ® ,l/})

er,(1®n) €Ky (1)

where w is a prime of K,, above v, and 7 is the quadratic character of K,,/F,, so in
fact Indf;’; 1 =1®n. It can be shown that the ratio ex, (1 ®n),/€x, (1)w is a p-adic

unit. Therefore we may write

€r,,(1®n)
€r, ., (pk/Fn @) = W X €x, ., (Resk, Xp, ® V)w

= (p-adic unit) x eg, , (Resgk, xp, @),

and we are again reduced to proving the congruence for the epsilon factors of the

characters.

It will be enough to prove for each place w|q that

€Knw(X) = €K, (X") mod Mc,

where y and X’ are two characters over K, both tamely ramified at w and sat-

isfying x = x’ mod Mc,. Recall that these local e-factors depend on a choice of
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Haar measure dz and a choice of additive character 7 : (K, 4,+) — C*. Then
€Knw(X) = €K, ., (X, T,dr) in the notation of Tate [Tat79], and we have the Gauss

sum expression

a n(t ni7t)— u
€ (T ) = (@ 0F) D=2 N ) 7 ()
u€O;5 mod wa(x)

and similarly

’ u
Ko (V7 ) = X (0T 02 STy ().

u€O,s mod ma(x’)
Here, 7 is a uniformiser for K, ,,, ¢ is the number of elements in the residue field of
w, ¢ is the exponent of w in the different of K, a(x) is the exponent of w in the

conductor of x, and n(7) is an integer depending on the additive character .

Since we assumed that y and x' are both tamely ramified at w, we have a(x) =
a(x’). Therefore, since we also assume that y and y’ are congruent modulo Mc,,

the two sums are congruent term-by-term. O

4.7 A Short Example

Consider the semistable elliptic curve
E:y’+aoy+y=2>—22—2—14

which is labelled 17A1 in Cremona’s tables; it possesses good ordinary reduction at

p = 7. In the paper [DDO07], Tim and Vladimir Dokchitser compute the value
1(Noi(ap)) = 5.7° +2.7" +2.7% + ...

This implies that No1(ao) € Z7[[UM]]*, confirming that Hypothesis (IT) holds in
this case. If the conjecture of Stevens holds for E over F,, for some integer n > 1,

Hypothesis (I,n) is also true, and our system of congruences
an = Nopn(ap) mod 7
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confirms a, € Z7[[U™]]* for this example. Granted Stevens’ conjecture holds, one

obtains the Kj-congruence

n
HN@n(ci)?l =1 mod 77!
i=1

by Theorem 4.1.2.

74



Chapter 5

Hecke Characters and CM-fields

In this chapter, we review some results on the p-adic interpolation of Hecke L-
functions over a CM-field. These will be necessary to tackle the Kj-congruences for

elliptic curves with complex multiplication in the next chapter.

We first recall the definition of a Hecke character, its L-series and its p-adic
avatar. Then we introduce two p-adic L-functions, the first constructed by Katz
in [Kat78] and the second by Hida in [Hid91]; the relation between these distributions

is explored in the key paper [HT93].

The material in these articles is lengthy and technical; since we will only use
the theory in a very specific case, we do not give the full details of all the objects

involved.

5.1 Hecke Characters

Let M be a number field, and let My denote the adele ring of M. The multiplicative
group M* embeds diagonally into the idele group M., and we call the quotient
M /M* the idele class group.
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Definition 5.1.1. A Hecke character is a continuous homomorphism

X

MA
R U — C~

i.e. a continuous idele class character.

For an integer n > 1 and a finite place p of M, we write Uén) for the n-th group
of higher units in Oy, so that Ué”) =1+ p" (we also put Uéo) = O,). Then for an

integral ideal m of Oys, we put
g = JJod™ <
p

where n, = ordy(m) and the product is taken over all finite places. We say that
a Hecke character ¢ has module of definition m if ¢)(J™) = {1}, and we define the

conductor fy of 1 to be the smallest module of definition for .

If 2, denotes the infinite part of x € M\, we may write

Y(To0) = H g

o € Hom(M,Q)

for integers &,, where Hom(M, Q) is the set of field embeddings of M into Q. We

will refer to the linear combination
Y & o € Z[Hom(M,Q)]

as the infinity-type of 1.

We can also view Hecke characters as characters of ideals. Let m be a non-zero
integral ideal of Oy, and denote by Zp;(m) the multiplicative group of fractional

ideals of Qs which are prime to m. We also write
Prin(m) = {principal ideals («) of Oy : a =1 mod m, « totally positive}.

Here we refer to an element of &« € M as totally positive if a” > 0 for all real

embeddings o : M — R (although M is not assumed to be a totally real field here).
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Definition 5.1.2. Let
T = 1,0 € Z[Hom(M,Q)]
g

be a Z-linear combination of embeddings. An algebraic Grossencharacter modulo m

of infinity type T is defined to be a homomorphism
¢ Tu(m) — Q"

such that for any () € Prin(m) we have

If m’ is another ideal with m|m’, a Grossencharacter modulo m naturally gives rise
to another modulo m’ by restriction from Zys(m) to Zps(m’). If f,, is the smallest ideal
such that ¢ extends to a Grossencharacter modulo f,, we call f, the conductor of ¢.

If ¢ is a Grossencharacter modulo m such that m = §, we say that ¢ is primitive.

These Grossencharacters are equivalent to Hecke characters as defined above. If
¥ M /M* — C* is a Hecke character with module of definition m, we can define

a Grossencharacter ¢, modulo m by setting
ey(p) = ¥(wp)
for all prime ideals p such that (p,m) = 1, where
wp = (...1L,wp,1,...) € MS

and w, € M, is a uniformiser. One can check that ¢, has the same conductor and
infinity type as ¢. We will usually identify ¢, with ¢) when there is no danger of

confusion.

5.2 Hecke L-series

If ¢ is a Grossencharacter modulo m, we extend it to all of Zp; by setting ¢(a) = 0

for all ideals a with (a,m) # 1. Then we define the Hecke L-series associated to v
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to be
Lis) = Y $(a) Naygla) ™.

a0y

This L-series is known to converge absolutely and uniformly on the domain Re(s) >

14 6 for any § > 0, and has the Euler product representation

L(p,s) = [T (1~ () Najge) )",

p

where the product is taken over all prime ideals p of Oj;.

The Hecke L-function L(%),s) can be meromorphically continued to the entire
complex plane, and satsfies a functional equation of the following form: we define

the completed Hecke L-function

L(,s) = c(¥)*? Loo(¥, 5) L(, 5)

where Loo(s,1) is a prescribed gamma factor, and c(¢) = [Das| Npr/g(fy). Then we

have a functional equation

‘Z(vas) = W(T/J) i(@,l—s),

where W (1) € C is known as the root number of 1, and has absolute value 1.

5.3 The p-adic Avatar of a Hecke Character

We choose an odd prime p, and fix two embeddings of Q:
loo : Q= C and tp: Q= Q.

Given any embedding o : M < Q, composing o with tp induces a p-adic place of

M. We will denote the corresponding prime ideal over p by B,.

Consider an algebraic Hecke character ¢ : M /M* — C*, with infinite part

P(re0) = H Ty



We define a character ¢ : M gf JM* — @; by

da) =P [ ()™

o€Hom(M,Q)

where M gf is the group of finite ideles. Following [HT93] we call 1& the p-adic avatar
of 1. By definition it has the property that ¢ (z) = (z) for any idele x € M with
T, = Too = 1. Also, if y € M has p-component sufficiently close to 1 (i.e. |y, — 1,

is small enough) we have

b)) = I ()™

o€Hom(M,Q)

If ¢ is defined modulo €p”, then as a character of ideals 1[1 is given by composing the

Grossencharacter ¢ with the embedding ¢,. The Artin map gives an isomorphism

IM(Q:pn) ~ n
W - Gal(M(Q:p )/M),

so it allows us to regard v as a character of Gal(M (¢p™)/M). In fact we can pass

to the projective limit over n and view @@ as a continuous character
- =X
¢ : Gal (M(ep™)/M) — Q,

where M (€p>) is the maximal ray class field modulo €p> over M.

5.4 CM-fields

Let F be a totally real number field, and M/F a totally imaginary quadratic exten-
sion. Such a field M is called a CM-field.

As above, we fix an odd prime p and two embeddings of Q:

loo : Q = C and Lp:@C—N@p.

Hypothesis: Throughout we assume that every prime of F' above p splits in M/F' .
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This hypothesis allows us to choose a set ¥ of embeddings of M into Q such that:
(i) 2NE =0 and S UX is the set of all embeddings o : M — Q ;

(ii) the p-adic place induced by any element of ¥ composed with v, is distinct from

that induced by any element of X.

The set X is called a p-ordinary CM-type for M. We have the corresponding set

of primes over p:
S = {‘B € Spec(Ojpr) : P induced by some 0 € & }

By definition of ¥, the set of prime factors of p in M may be written as the disjoint
union S U S where P € S if and only if P € S.

We fix a prime-to-p ideal €, and write Goo(€) = Gal (M (€p™)/M). We may
decompose this Galois group as a product

Go(€) = Gir(€) x W

where Gyor(€) is a finite group and W is a Z,-free module of finite rank. In fact, W
is determined independently of the prime-to-p conductor € (see [HT93]).

For the rest of this chapter, we will write O = O¢,. We consider the completed
group ring

A = O[[W]] := lim O [W/W"].

By choosing a basis of W, we can make identifications
w = 7 and A = O[Xy,..., X, ]].

P

We may also write O[[Goo(€)]] = AlGior(€)]. If we are given a character \ :
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Gior(€) — O, we have a natural projection

A O[Ge(®)] — A

(g,w) — Ag)[w]
where (g, w) € Gior(€) x W, and [w] is the image of w € W in A = O[[W]].

For G = G« (€) or W, we write X(G) for the set of continuous characters
G — @; . Any character P € X(G) induces an O-algebra homomorphism P :
O[[G]] — Q,, such that P| o is the original character of G. This means we have an
isomorphism
X(G) = Homo_a (O[[G]], Q).
As stated in [HT93], the set X(G) can also be identified with the Q,-valued points
of Spec(O[[G]))-

An element ® € OJ[G]] can be thought of as an analytic function on X(G) by
setting ®(P) := P(®P) for all P € X(G). It can also be viewed as a measure on G by

setting
| P avig) = o).
Recall our fixed projection Ay : O[[Goo(€)]] — A. For a point P € X(W), we define

a specialisation

Ap =Po : O[Gu(®)]] — G,

s0 Ap is a p-adic character of Goo(€). If there exists an algebraic Hecke character v

such that Ap is equal to the p-adic avatar 1&, we say P is arithmetic.

5.5 The Katz Measure

Let M be a CM-field as before, with complex CM-type ¥. We are interested in

the p-adic interpolation of values of Hecke L-functions over M. In [Kat78], Katz
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constructs a measure fik,,, on G (€) with the property

/Ad‘““"‘“ . L(),0)
————— = explicit factors X .
p-adic period complex period

for every Hecke character A over M, whose conductor divides €p> and which satisfies
a certain criticality condition. In fact, Katz’s original construction was only for
characters modulo p™, but this was generalised by Hida and Tilouine in [HT93] to

the case of a non-trivial prime-to-p conductor €.

We will briefly state the interpolation properties of this measure, and we refer
the reader to [HT93] for the full details. We also follow the notation of [HT93] where

possible.

In [Kat78], Katz defines a complex period ., € C*, and a p-adic period Q, €
((’)ép)z. They are defined using differentials on Hilbert-Blumenthal abelian varieties,

but the details are beyond the scope of this thesis.

We denote by § a purely imaginary element of M, which is a suitable generator
of the ideal €dy;. We write ey for the standard additive character My /M — C*
which is normalised by ep(z0) = exp(27mi Try;/g(T0)). Then we define a local

factor:

Wo(N) = [ M@ Meg) YD Apw) eM( . )

)
RUSH) uEO% mod Pf dqg “p

where wsg is a uniformiser for Mg, f = f(A,B) is the power of P dividing the
conductor of A, and dyz € Og generates the local different 9,/ gp.

Now we can state the interpolation property of the Katz measure, as given in

Theorem II of [HT93].

Proposition 5.5.1. There exists an integral-valued measure fix,., on Goo(€) which
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has the property

1 3 _ X . X (_1>m02 m Fz(moz + d)
o oo e = 108 O
CTLO-a@) LA @) -x@®) « 200

gle Pes

for all Hecke characters A\ modulo €p™> such that:

(i) the conductor of \ is divisible by all the prime factors of € which are split in
M/F,

(ii) the infinity type of \ is moX + d — d where d = Y oex doo for integers

mo and d, satisfying either mg > 0 and dy >0 or mg <1 and d, > 1 —my.

In the statement of Proposition 5.5.1, we use the following conventions: for an
element ¢ € Z[X UY] and for x € C*, we write
ot = J[«5 [[z&  and T = [[T&) .
oey > oey
The set ¥ is identified with the formal sum )° s, 0, and a € M is considered to be
an element of C* via the diagonal embedding a +— (a”),cx. We consider 7 to be the
diagonal element (7),ex € C*. The L-function in the theorem is the one associated

with the primitive Hecke character.

5.6 Anti-cyclotomic Projection

As in Section 5.4, we consider a character A\ : G (€) — O, and the projection

As : O[[Goo(€)]] — A where A = O[[W]]. Let us define another character by setting
A7(z) = M) A@);

where ¢ € Gal(Q/F) denotes complex conjugation. We assume A\~ to be primitive

of conductor €~ (as a character of Goo(€)/W), so that we may consider it as a
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character of Gior(€7). We may decompose G, (€7) as a product
Go(€7) = G (CT) x W

since W is determined independently of €. Then, we define the anti-cyclotomic

projection 7y associated to A:
o OlGw(€)] — A
(Cw) — A (O) wlc twe.

for (¢, w) € Gior(€7) x W. By definition, 7, takes values in the anti-cyclotomic
part O[[W~]] of A, which is defined by

W = {wEW : c_lwc:w_l}.

Recall the Katz measure pix,,, from Section 5.5 above. This is an integral-valued
measure, and so it corresponds to a power series Lkat, € O[[Goo(€)]]. Therefore we

may define its anti-cyclotomic projection

L(_M,)\) = W;(LKatz) € 0[[W7”

(M) will satisfy the interpolation

Looking back at Proposition 5.5.1, one sees that L.

property

L (P) LSS0
L M explicit factors x (ApAp',0)

p-adic period complex period

whenever P € X(W) is arithmetic for A, and the Hecke character )\%)\7;1 is critical.

5.7 The Theta Measure

Let ¢ be an algebraic Hecke character over M, defined modulo €p*°. It is known
that there exists a Hilbert automorphic form 6(y) over the totally real field F' with

the property
(p(Q) +¢(Q)) 0(p) if q splits as QQ in M/F
() | T(a) = ©(Q) 0(p) if q ramifies in M/F

0 if q is inert in M/F
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for each prime q of Op with (q,&p) = 1. We call 0(p) the theta series of p. The
level of 0(¢p) is

c(0(¢)) = Nuyp(f,) Disc(M/F) p.

The weight of §(¢) will not in general be parallel, but if the infinity type of A can
be written in the form myX + d(X — Xc¢) with mg,d € Z then the theta series has

parallel weight mg + 2d + 1.

A Hecke eigenform of level €p*> may be viewed as a specialisation of the Hecke
algebra h(¢; O), in which the Hecke operator T'(q) is mapped to the corresponding
eigenvalue. Therefore, we can reinterpret the existence of theta series as an O[[W]]-

algebra homomorphism
0" : h(&0) — O[[Goo(¢)]]
such that
[Q] +[Q] if qsplits as QQ in M/F
0" (T(a)) = [Q] if q ramifies in M/F
0 if q is inert in M/F

for all primes q satisfying (q, €p) = 1. Here [Q] denotes the image of the prime ideal
Q under the Artin symbol.

We refer to the map 6* as the theta measure; by definition, the specialisation
pob* : h(¢;0) —>@;
corresponds to the theta series 6(¢p).

Remark 5.7.1. Here we should point out that in h(¢€; O) is in fact the p-adic Hecke
algebra, and the specialisation ¢ o 8* corresponds to 6(¢) considered as a p-adic
Hilbert modular form. We will not define p-adic modular forms here, but refer the
reader to [HT89] and [HT93] for details. For our purposes, it is sufficient to consider

0(p) as a complex Hilbert modular form with an algebraic g-expansion.

85



5.8 Congruence Modules

We now define a congruence module associated to A4, which is needed to ensure
Hida’s automorphic p-adic L-function is integral (see Theorem 5.9.2). Let A =
O[[W]] as before, and write L for the field of fractions of A. If h = h(€; O) there
exists a decomposition

hoaL = LB

such that projection to the first factor is given by A, o 6*.

Definition 5.8.1. The congruence module of Ay is defined to be

A

C(AA) = CENNGIR

As its name suggests, this module is related to congruences between 6(\) and
other Hilbert modular forms, but we will not discuss this. We simply quote that
C(As;A) is a torsion A-module of finite type, and so it has a characteristic power
series Hy := charpC(\; A). We will refer to H)y as the congruence power series of

A

Theorem 5.8.2. [MT90, Til89, HT93| Under the condition € + €¢ = Oy, then up

to a p-adic unit we have

_ #Pic(On) _
O P LY

where L(_M’A) is the anti-cyclotomic projection of the Katz p-adic L-function as de-

fined in Section 5.6.

This deep result forms part of the ‘anti-cyclotomic main conjecture’. In the
context of our work, it provides a more explicit description of the valuation of H)

at weight two (i.e. for CM elliptic curves).
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5.9 Hida’s p-adic L-function

In [HT93] Section 7, Hida and Tilouine define a convolution L-series D(f, g, s) for
Hilbert modular forms f € Si(c(f),?) and g € M;(c(g),n). This L-series can be

written as an Euler product, and is similar to the convolution

Le(yn,2s+2—k—1) > C(a,f) C(a,8) Npjg(a)™*
a<O0p

which we studied in Chapter 3, but is normalised differently. We will now introduce
a p-adic L-function constructed by Hida in [Hid91], which interpolates the special
values of D(0(Ap),0(vg),s).

We fix two prime-to-p conductors €, € <1 Oy, and two characters
A G (€) — OF and v 1 Gy (€) — O*.
Since the free part W of G (€) is determined independently of €, we can write
Go(€) = G (€) x W and Goo(€) & Gy (€) x W.
Therefore, setting A = O[[W]], we have associated projections as in Section 5.4:
A @ O[[Gao(®)]] — A and vi © O[[Goo(€)]] — A.

Suppose we have P, Q € X(W) such that P is an arithmetic specialisation for \,,
and @ is an arithmetic specialisation for v,. Then the compositions Ap = Po A, and

vg = Q o, are the p-adic avatars of two algebraic Hecke characters.

For any Hecke character ¢ we define the unitarisation ¥* of ¥ by

@)
0 = B

Lemma 5.9.1. Let ©,(0(\p),0(rg)Y,s) denote Hida’s Rankin convolution with the

Euler factors at the primes above p removed. Then we have the identity
D, (003p), 0(v0)",s) = E'(P.Q;s) x L,(\svd,s) x L,(\pvks),

where V¥ (x) = v(x°)® if z, = 1, and E'(P, Q; s) is the Euler factor defined in [HT93].

The Hecke L-functions in the equation above are always the primitive ones.
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Proof. See [HT93], equation (8.5 a). O

Now let us also assume that
infinity type of Ap = mpX + d(X — Xe¢)
for some integers mg and d, and similarly
infinity type of vg = m( % + d'(X — Zc¢)
for integers my and d’. Then, following [HT93] we write
m(P) = mo—1 and m(Q) = mj— 1.

We can now quote the existence of the Rankin convolution p-adic L-function, which
is proved by Hida in [Hid91] Theorem 5.2. We write A®oA for the m-adic completion

of A ®» A, where m is the unique maximal ideal of A ®p A.

Theorem 5.9.2. There exists an element D), € Quot(ARoA) satisfying:

(i) We have
(Hy®1). Dy, € AROA,

where Hy is the characteristic power series of the congruence module C(\y; A).

(ii) For all pairs (P, Q) which are critical for (A, v),

C(P,Q) W(P,Q) E(P, Q)
S(P)

0, (0(vp). O(g)”, 1+ ML m(P))
(60w) © 1, 00p) @115 )

for interpolation factors C(P,Q),W(P,Q), E(P,Q) and S(P) which are explicitly

9)\,11(7)7 Q) =

X

given in [HT93] Section 8. Here the character np : O — Q" s defined by np(y) =
Ap(y) .
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The condition for (Ap,rg) to be critical is given in [Hid91] (5.3a); when all the

weights are parallel, it reduces to the assertion m(P) — m(Q) > 1.

The definitions of the interpolation factors are complicated, and we will not give
them in full generality. Luckily, the following remark of Hida tells us what they are

in the case we are interested in.

Remark 5.9.3. In the preamble to [Hid91], Hida states that when (Ap,vg) is a
motivic pair, the e-factors W (P, Q), the I'-factors C(P, Q) and the Euler factors
E(P, Q) S(P)~! coincide exactly with those given in the general recipe for p-adic L-
functions of motives given by Coates and Perrin-Riou in [CPR89]. Therefore, when
we specialise to the case of CM elliptic curves, these interpolation factors will agree

with those of Coates et al from [CFKT05].
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Chapter 6

Growth of CM Periods

In this chapter we prove weak forms of Kato’s Kj-congruences for elliptic curves
with complex multiplication, subject to two technical hypotheses identical to those

imposed in Chapter 4.

As before, we encounter an error term measuring the failure of the Petersson
inner product to coincide with the Néron period. This period ratio grows as we climb
the tower of totally real fields, and we use symmetric square L-series to explicitly
compute it in some cases. Finally, we show how the growth-rate can be estimated

in the CM case using the arithmetic of the Zg—extension.

This chapter is joint work with my PhD supervisor, Daniel Delbourgo. We
thank Thanasis Bouganis for informing us of his approach to the Heisenberg type
congruences, and for many other suggestions. We are also very grateful to Neil
Dummigan for his advice on computing the special values of symmetric square L-

series.
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6.1 Main Results

Let E be an elliptic curve defined over Q admitting complex multiplication by an
order in the ring O, where K = Q (\/j) denotes an imaginary quadratic field.
Fix a prime number p # 2 which splits into (p) = p x p* inside O; this is equivalent
to assuming that E possesses good ordinary reduction at p. We also pick an auxiliary
p-power-free integer A > 1 which is coprime to p, and to the conductor Ng of the

elliptic curve.

We consider a false Tate curve extension of the quadratic field K: setting

Kpr = U K (upn, pn\/g)

n>1

we have
L,
Goo = Gal(KFT/K) = s
0
the same non-commutative p-adic Lie group of dimension 2 that we considered in

previous chapters.

The Artin representations of Gal(Kpr/K) can be described in the same way as

those of Gal(Qrr/Q): putting K,, = K (uyn) we write

pn = Indg, (xn)

for the unique self-dual representation of G, of degree p™ — p"~!. The irreducible
Artin representations of GG, are all of the form p, ® ¥ for some n > 0, and some

finite order character 1) : Gal(K([Lpoo)/K) — C*.
Lastly, the Galois group of K (pu,~) over K, will be abbreviated by UM,

Definition 6.1.1. The ‘motivic’ p-adic L-function L(E, p,) of £, twisted by py, is
the unique element of Zp[[U(")]] ® Q satisfying

Lipa (E/K, pn @ 9711
Y(L(E,pn)) = on ® )y x Euler factor x way (B/K.p ®.¢ )
ke T o KniK]
o (2% Q)
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at all Dirichlet characters ¢ : U™ — @; of conductor fy,. Here oy, is the p-adic
unit root of 1 — ap(E)T +pT?, and fy is the power of p dividing fy. Also €(pn, @),

is the local e-factor at p, normalised as in [CFKT05].

The existence of L(E, py,) follows from interpolation properties of the Katz-Eisenstein

measure, which is discussed in the next section.

To make further progress, we now impose the same two assumptions that were

needed in Chapter 4.

Hypothesis (I, n) For each integer j € {0,...,n}, Conjecture IV of Stevens [Ste89]
64 holds at all p; ® 1-twists of the fg-isotypic component in H; (X 1(Ng), Z).

Hypothesis (II) Each analytic p-invariant associated to the (p — 1) branches of
the Mazur-Tate-Teitelbaum p-adic L-function for F/K, vanishes.

As stated in Chapter 4, both of these hypotheses are expected to hold in general. Hy-
pothesis (I, n) would follow from the p;-twisted main conjectures for j € {0,...,n},
and Hypothesis (IT) may be verified numerically in certain cases. For example, we
computed the value of Normy 1 (£,(E, po)) evaluated at the trivial character for some
examples of F,p and A (see Tables 6.1, 6.2 and 6.3). For the cases in which this

value is a p-adic unit, Hypothesis (II) is confirmed.

Recall that for all positive integers j < n, the norm map induces a homomorphism
Norm;,, : Zp[[UD]] — Z,[[U™]] on the completed group rings. We now state the

first main theorem of this chapter.

Theorem 6.1.2. Assume that (I, n) holds for a givenn € N, and also (II) is true.

Then there is a family of congruences

L(E, p,) = Normn,l,n(E(E,pn,l)) = ... = Normo,n(E(E,po)) mod p.

In particular, if w? (E(E, pg)) € Z, for all i € {0,...,p—2} then by Definition 6.1.1,
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clearly one has L(F/K,1) # 0. Moreover, from Theorem 6.1.2 it follows directly
L(E/K,pj,1) # 0 at every 1 < j <n.

Let ¢ : Z,[[UV™Y]] — Z,[[UY]] be the homomorphism induced by the p-power
map on U0 = Zy . Setting aj = L(E, p;), one may then define

a; X (pONOI“mOJ‘_l(ao)
Normyg j(ao) x ¢(a;-1)

¢j
which belongs to the field of quotients Frac (Z,[U()]).

Theorem 6.1.3. Under the same conditions as the previous result,

n
H Norm;,(¢;)’ = 1 mod p"™.Z, [[U(”)ﬂ.
j=1
These congruences are analagous to the ones we obtained in [DWO08] for semi-
stable elliptic curves. As explained in Chapter 2, if these congruences hold modulo

n+1

p?™ rather than modulo p™*?!, then one would establish the existence of a non-abelian

p-adic L-function inside K (Zp [[Goo]] , as explained by Kato in [Kat05] §1.

5+)

Remark 6.1.4. Theorem 6.1.3 is a straightforward consequence of Theorem 6.1.2,
courtesy of a strong induction argument. The details are identical to the proof of
Theorem 4.6.7 in Chapter 4 and we shall not reproduce them here. This leaves us

with the task of proving 6.1.2 in the next section.

Let us now consider Hida’s automorphic p-adic L-function (see Definition 6.2.2).
This object £LH92(E. p,) interpolates exactly the same data as L(E, p,,), except that
the period in its denominator is the Petersson self-product for the base-change of fg

to K,I, and there is an extra factor arising from the congruence module. If
\[KT:Q :
n(B) = (f )Y and () = 2l ),
where f Jies denotes the base change of fg to K, then one has the relationship
ot (B)

L(E,py) = am (B x Hy(2) 7! x £M9(E p.)  (up to a p-adic unit)
Ky
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where H,(2) denotes the value of the characteristic power series for the associated
congruence module C'(Ap j-+;A), evaluated at parallel weight two (see §1 for details).
The p-adic L-function £Hida(E , Pn) arises from the Rankin convolution approach, and
is heavily p-integral; but it appears to be the natural object to work with from an

automorphic point of view.

Remark 6.1.5. In order to prove the full Ki-congruences of Kato, we first need to

understand the analytic invariants

Qne(E) |~

Qaut E
Kj{( ) P

-1

anti

b (B) and p“fo,n

p.“p,n

e )|

and their rate of growth as the fields K, climb up the cyclotomic Z,-extension.

Henceforth we shall assume that the prime p is greater than 3, and does not

divide the degree of Xo(Ng) “ZE

We now consider the two-variable Iwasawa module Gal (Mo /K (E[p™])) with
M, the maximal abelian pro-p-extension of K(E [poo}) unramified outside p. Let us

define non-negative integers
p—2 p—2
py = Z,uwj (Zoo,+) and Y = Z Awi (Zoo’+)
§=0 j=0

where (/,ij,)\wj) refer to the Iwasawa p- and A-invariants for the wi(—eigenspace
inside

Zooy = H° <K(E[p])/K1 | (Gal( Moo/ K (Ep™))) & @%j)F).
Theorem 6.1.6. Assume the p,; (Zoo’_l,_) -tnvariants vanish at each integer j € {0, e
For n > 1, the p-adic valuation of the ratio of motivic with the automorphic periods
over K.© is given by
pret(B) = n((p = 1"t =2 + 1) = (97 + I 4 ordy (h7(K)) ) + O(1)

2
where Viyfrn E denotes the p-adic order of

n

I1 det <1 — (M /Q(y))_s. Frob, | (Sym? H;(E))I”)

places v|Ng of K;F

s=2
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The demonstration of this result uses a version of the two-variable main conjecture,

proved by Karl Rubin in the case of complex multiplication.

2
It is not difficult to calculate the terms Vi(yfl E which arise from the bad Euler
factors of the symmetric square L-function. We give an algorithm for computing

them in Appendix A.

Lastly we recall from [HT93] §0 that the anti-cyclotomic main conjecture over
K, affirms that

H), = (aunit) x h™(K,) X H"(_Kn)‘)’

where L,

(Kn ) denotes the branch of the Katz p-adic L-function projected along the

anti-cyclotomic Z,-extension of K;I', and h™ (K,,) denotes the relative class number

which is defined by

_ h(Ky)
h (K,) =
Therefore we have:
Corollary 6.1.7. For all integers n > 1,
[:Hida(E p ) Svm?
d, (T 2P S oY 11 —(”—1 ym )
< L(E, pn) ) =1 pH1) = (Ve

+ ord, (L(Kn,A) (2, e ,2)) + a fixed constant.

6.2 Elliptic Curves with Complex Multiplication

Let E,g be an elliptic curve with complex multiplication by an order in the ring
of integers of an imaginary quadratic field K = Q(v/—d). The following important
result from CM theory relates the Hasse-Weil L-series of such elliptic curves to Hecke

L-functions.

Proposition 6.2.1. If F' is a number field containing K, then there exists a canon-

ical Hecke character
Fr _
A X

‘I)E/F : ﬁ%(@
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attached to E,p, such that

L(E/F,s) = L(®p/p,s) L(®g/p,s) and L(E/FT,s) = L(®gp,s).
Proof. See Rubin’s exposition [Rub99]. O

We refer to the Hecke character @ p as the associated Grossencharacter of E/F.

Now, we recall our new false Tate curve tower from Section 6.1:

Kpr

/
Xn Q p" 4
K(:up") | Ly X
| 2

|
Ind%n (xn) :
\ K

2
Q

e

Remember that we always assume the prime p splits in K/Q, which means that FE

has good ordinary reduction at p.

We want to specialise the results of Chapter 5 to the CM-field
M = Kn = Q(\/ —D, I[,Lpn)’

choosing the Hecke characters Ap and vg so that we obtain twisted L-values of E.

Let € = condg, (F) < Ok, and let us write Goo(€) = Gal(K,,(€p>*)/K,,). As
before, we decompose this Galois group into a product of the torsion part and the

free part:

Goo(€) = Gior(€) x W.
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The p-adic avatar of @, factors through G (€), so we may restrict it to Gior(€);

we put n = Pp/K, ‘Gm (@ and consider the projection
N+ O, [[Goo(€)]] — Ao = Oc, [[W]].
Then we have the homomorphism
A=mn.00n : h(N;Oc,) — Ao

at level N = €€°Disc(K,/K,"), which corresponds by duality to the base-change of
fE €8s (TO(NE)) over Kt

Let us take P : Ay — @p to be the specialisation at weight &k = (2,...,2), and
put
Ap=Pon : Gy(€) —>@;

Then the Hilbert modular form §(Ap) will be the base-change of fg to K, and its
L-series coincides with

L(E/K:,S) = L(@E/Knvs)

Now recall that, for j in the range {0,...,n}, we have the anti-cyclotomic char-
acter
o(VA)
p{/&

which induces the Artin representation p; over the quadratic field K. Let us also fix

x; : Gal (Kj(pj\/x)/Kj> — fly given by o —

a character ¢ : U™ — @X of finite order.

Suppose that ¢’ < Ok, is divisible by the conductor of Resg, (x;) ® 1. This
character will factor through the group G (€') = Gal(K,(¢'p>)/K,), which has

the same free part W as G (€). So, if we put

= R j
~y esr, (Xj) ® ¢ Gior(€)

we have a projection
%+ Ol[Goo(€)]] = Ag = O, [[W]]
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and a morphism
«00 np
v=v(jn¥)  h(N;0c,) = Ag
at level N/ = ¢'€’“ Disc(K,,/K,I"). We compose this with the arithmetic specialisation
Q at weight k' = (1,...,1) with character Resg, (x;) ® w‘w, and we get a unique

Hecke character

vg= Qo7 : Go(¢) — Q.

Clearly vg is a unitary Hecke character, moreover H(Vg(j, n, w)) is the primitive

Hilbert modular form associated to the Gal (@/ K;r )—representation

+
Indllgz (Resk, (x;)) ® ¢
via the work of Serre (analogous to the form g, /x, from Chapter 3).

Now we ask the question: what L-value data does the pair (Ap, vg) interpolate?

Recall from Theorem 5.9.2 that the value of Hida’s p-adic L-function is given by

D, (600p), Brg)¥, 1+ ML)
(O(Xp) @ nfp, O(Ap) @11y ’
up to certain interpolation factors defined in [HT93]. Applying standard properties

Dav(P,Q) =

of the theta-lift given in Lemma 5.9.1, we get
D,(000p),0(v0)",1/2) = L,(\svd,1/2) . Ly(NevS", 1/2)
= Lp((®ryr,)"v0:1/2) - Lp((Pryx,) "5 1/2).

By definition of the unitarised Hecke character (®g/x, )", we have

L((®p/x,)",1/2) = L(®g/k,.1).
So, after unravelling the unitarisation and removing the Euler factor contribution
coming from the E(P, Q) term, we obtain the special value

L{pA}(E/Knv ReSKn(Xj)c®¢_171) = HL{pA}(E/Kan ®ﬁ1/)_171) 5
B

where (3 ranges over all characters Gal(K,/K;) — C*. This motivates the following

definition.
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Definition 6.2.2. We define the p-adic L-function L9 (B, p; /K;¥) to be the unique
element of O(Cp[[U(”)H such that for all finite-order characters ¢ : U™ — Q" we

have

¥ (LB, p/KF)) = (HA(P)©1) . Dau(P, Q)

for the specialisations Ap and vg = vg(j,n,v) defined above.

Note that we are forced to include the congruence power series term Hy(P) to

ensure the p-adic L-function is integral (see Theorem 5.9.2).

Comparing this p-adic L-function to the one defined in 6.1.1, the calculation of

the special value above shows that
_ _ Kﬁ:
(7r 2 Qf QE)[ Ql
(0(\p) @115, 0(Ap) ® 1)
X @Z)(Normj,n (L(E,pj))) .

v (LB, py/ K)) x Hy(P)

We know that the interpolation factors agree by Remark 5.9.3.

The first two terms in the product are non-zero scalars - in particular, they do
not depend on how the character 9 is chosen, nor on the Artin representation p;.

We will estimate the power of p occurring in these scalars later in this chapter.

Definition 6.2.3. We define the automorphic error term associated to E and the

field K by

_ —\[K:Q]
(71' 2 QE QE) -1

E FE) = H

I‘I'Ki( ) <9(/\79)®77f/p,9()\73)®77;3> X ‘ )\(’P)‘

p

This term measures the ratio of the ‘automorphic’ L-function £H42(E, p; /K ) with

its motivic counterpart Norm; , (E(E ; pj)).

We are now in a position to prove the main result of this section.

Proof of Theorem 6.1.2.
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The family of automorphic L-functions

D5, (P, ) Oc, ] associated to vy = Resg, (x;) ® w‘

Gtor(e,)
share a common p-invariant, for all j € {0,...,n} and fixed character w}Gt (@) (as
switching +’s does not change the branch of the underlying ray-class measure). This

means that the elements
LU(E, pj /KY) € Oc,[[U™)]
have a common p-invariant for 0 < 5 < n.
Hypothesis (I, n) implies that the norm of each motivic p-adic L-function L(E, p;)
is p-integral. Moreover, under Hypothesis (II) the p-invariant of Normg 1 (£(E, po))

is trivial, hence the p-invariant of Normg, (L(E,po)) must also vanish for every

n > 1. Since we have
£ g0 /KT = Err,+(E) x Normg , (L(E, po)),

it follows that the quantity ord, (Err KF (E )) coincides with the p-invariant of
cHda (B po /K;F). Tt will be equal to the common p-invariant shared by £H9%( B p,; /KF)

for all j.

Because Resg, () takes values in ji,, such characters are congruent to 1 mod-

ulo Mc,,, the maximal ideal of Oc,. Thus each residual specialisation

(A, vo(j,n,9)) : h(N;Oc,) Bo,, h(N'; Oc,) Oc,

(;(CP/ErrK:lr (E).Mc,
whilst dependent on n and 1), is independent of the choice of j € {0,...,n}. This
implies that

(HA(P)®1) .Dx,(P,Q) mod Err+(E). M,

must also be independent of the choice of j € {0,...,n}, for all finite order characters

¥ of UM, Therefore,
£ (g KF) mod Err.. (E) .E)JT(CP[[U(")]]
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is independent of j, and we obtain the congruence
L(E, pn) = Normj,(L(E,p;)) mod M, [UM]].

Finally we apply the algebraicity result of Bouganis and Dokchitser ([BD07] Theorem
4.2) as we did in the semistable case. This result shows that the algebraic part of
L(E, p, 1) lies in the field of definition of E and p, when p factors through a false Tate
curve extension. The elliptic curve E and the self-dual representations Ind%(pn) are

all realisable over @, so the above congruence strengthens to one modulo

Me, [V N QUM = p.Z,[[U™]

and this completes the proof of Theorem 6.1.2. O

6.3 Calculating the Ratio of Motivic and Automorphic

Periods

We now describe the numerical ratio of L(E, p,) with its automorphic counterpart.
Under the hypotheses of Theorem 6.1.2, this ratio corresponds to the u-invariant of
cHida(p p. /K. F) precisely. From Definition 6.2.3, it can be written as

ordp(ErrK;(E)) = uznﬁl(E) + /L;er(E)
where

Hpm (B) = ord, (HA(P))
= ord,(h(K,)) — ordy(h(K;)) + ord,(L K A)(79))

by Theorem 5.8.2, and secondly

( ) Q+Q )[K Q]
<9 ®77737 O(\p) ®777>>

,uf;,er (E) = ord,
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Theorem 6.3.1. In the notation of [Kat78] §5.7.8-9, the value Lix, )\)(73) is given
by

Lk, (P)

(_1)m02
inoE+2d

X . X —1
[OKn : OKi] Wp((Aoe) . A7) . o

Loy (A0 €)p251,0)
a—d Q&02+2d

where Ap = (®g/k, )", Wp is a root number, and (s, €2p) denote the Katz periods.

Proof. This follows directly from the interpolation formula given in Proposition 5.5.1.

O]

From a computational perspective, most of these terms are straightforward to work
out. For example the index [O[X(n : OIX{ ;] is just a power of p, and the root number

W), can be expressed as a Gauss sum. The p-adic period €2, is always a p-adic unit.

Per

por (F) numerically. For

Let us now concentrate on computing the quantity w
any Dirichlet character ¥ whose conductor is coprime to that of E, we will write
L'™P(Sym?2E, 1, s) for the imprimitive 1-twisted symmetric square L-series. Recall
that the imprimitive symmetric square L-series may be defined by the Euler product

. —1
L (Sym?B,s) = []((1-a2q™)(1 - agafa™)(1 - a? ™))
q

where as usual 1 — ag(E)T +qT? = (1 —ayT)(1 — ) T) for each rational prime
q. We write

fy
T(¢) — Z ¢(a)62m“/fw,
a=1
for the standard Gauss sum of 1, and define

11 ()L (Sym? B, ¢, 2)

§E/KS) = T (Fm, Fo)ne

:Gal(K;F /Q)—Cx

which is Aut(C)-invariant (and hence rational) due to results of Sturm [Stu80, Stu89)].
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Proposition 6.3.2. If the prime p # 2 does not divide the degree of the modular

parametrisation Xo(Ng) 22 E or the Manin constant of E, then
(0(3p) @ 1, O (Ap) ® 1) |Disc(K,})|,
(r2 O, QJ_E)[KI:Q} ’Disc(@(lupn)ﬂ}oo

= (p —adic unit) x x §(E/Ky).

The demonstration of this result is given at the end of this section.

It is a basic exercise in the arithmetic of cyclotomic fields to show that
ord,, (Disc(Kf{)) = p" Hpn—n—-1)
and
ord, (Disc(@(upn)Jr)) = (" pn—n—1)—1)/2.
The calculation of the period ratio therefore reduces to a computation of 1-twisted
symmetric square L-series at s = 2. Using the computer package MAGMA (see
[BCP97]) and the subroutine LSeries, we attempted to compute these L-values and

obtain £(E/K;}) as a rational number; more details on the computations are given

in Appendix B.

Unfortunately, the conductors of the twists Sym?FE @ ¢ get very large as n in-
creases, and we were forced to restrict ourselves to the layer n = 1. We focus on
the first three CM elliptic curves over Q of rank zero and minimal conductor; in

Cremona’s notation they are 27A(1), 32A(1) and 49A(1).

We also want to check numerically whether the p-primary Selmer group Selg,.,. (E)pe
is trivial. For this we quote a result of Hachimori and Venjakob. First, if S is a p-
primary Goo-module (recall that Goc = Gal(Kprr/K)), one may define the Euler

characteristic

EC (Gu,S) = ﬁ #(Hf(Goo,s)) c

j=0
assuming that the Galois cohomology groups H’(Gw,S) are finite for all j.

Proposition 6.3.3. Suppose the analytic rank of E/K (pp) is zero. The p-primary

Selmer group of E over the p-adic Lie extension Kpp is trivial if and only if

EC(Goo, Selgr (E)pe) = 1.
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Proof. See [HV03] Prop 4.12. O

The latter Euler characteristic will coincide with the leading term of Normg 1 (£,(E, po))
up to a unit, provided the full Birch and Swinnerton-Dyer conjecture holds for E
over K (pip). Therefore we want to check whether Normo; (£,(E, po)) evaluated at

the trivial character is a p-adic unit.

Let us define the quantity

Pp(Pvaagl) affp(p) % L{pA}(E7p71)
Pylp,p~tap) © 7 (f)dim* e (Q)dim™p

Xe(p) = &l(p) X

)

which is the conjectural p-adic L-value of Lk, evaluated at the Artin represen-
tation p. We want to check whether Xg (Reg K (up) /@> is a unit, but it is sufficient

to compute Xg (Reg@( 1) /Q> because

2
1(Normg,1 (£,(E,po))) = X& (RegQ(\/j,up)/Q> = Ap (RegQ(up)/Q) ’

as the quadratic twist £ ® (i) is always Q-isogenous to the original elliptic curve.
Bearing in mind our formula for ugfjf(E) given in 6.1.6 when n > 1, we make the

following definition.

Definition 6.3.4. For each triple (E,p, A) as before, we write
maive gy . (p—1) — VIY™E _ o (b (K
Hp,1 (E) : (p ) K or p( ( 1))

which is a naive estimate of the value ui’i{(E) at the bottom layer n = 1.

The following tables show the data we computed for our chosen elliptic curves.
For each case in which the analytic rank of £/K (1) is zero, we have chosen a value

of A in order to compute Xpg (Reg(@(#p) /@>. Note that we have chosen each A so

Per

that the removed Euler factor is a p-adic unit. Whenever (1,9

and 4,3 differ in

value, we have highlighted the latter in boldface.
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Table 6.1: The elliptic curve E = 27A(1) : y* +y = 2°.

p|A Xp(Regg(,)/0) Selicpr (E)pe = 07 | i, | 153"
702 179 + 3.7 + 1.7 + O(7) Yes 4 5
13 | 2| 713%° +5.13! +9.132 +0(13?) Yes 10 10
19 | - 0 No 17 | 17
31 | - 0 No 29 | 29
37 | - 0 No 33 | 33
43 | 7 | 24.43° +20.43' +1.432 +0(43?) Yes 41 41
61 | 2 | 16.61° +50.61 4 46.61%2 + O(613) Yes 53 | b4
67 | 17 | 53.67° + 21.67' + 52.672 + O(673) Yes 61 61
73 | 2 | 13.73%2 +13.73* +20.73°% + O(73%) No 64 | 66
79 | 2 | 50.79° 4 77.79' + 55.79%2 4+ O(79?) Yes 75 77
97 | 2 | 87.97% 4+ 88.97% 4 29.97* 4+ O(97%) No 94 94
103 | 2 79.103° + 96.103! + O(1032) Yes 97 | 97
109 | - 0 No 104 | 106
127 | - 0 No 125 | 125
139 | 5 12.139° 4 87.139! + 0O(139?) Yes 136 | 136
151 | 2 5.151%2 4+ 1.151% + O(151%) No 143 | 147
157 | 2 3.157°% +17.157" + O(157?) Yes 152 | 152
163 | 13 119.1632 + 35.163% 4+ O(163%) No 161 | 161
181 | - 0 No 176 | 178
193 | 2 1.193% +52.193! + 0O(193?) Yes 180 | 180
199 | 2 32.199% + 57.199% + 0(199%) No 194 | 196
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Table 6.2: The elliptic curve E = 32A(1) : y? = 23 + 4.

p | A Xe(Regg(u,)/0) Selk oy (E)pes = 07 u}?ﬁr Mgiive
5 | - 0 No 3 3
13 | - 0 No 11 11
17 | - 0 No 14 14
29 | - 0 No 27 | 27
37 | - 0 No 34 | 34
41 | - 0 No 38 | 38
53 | - 0 No 51 51
61 | - 0 No 56 | 58
73 | 3 | 35.73% +26.73" 4 61.73% 4+ O(73%) Yes 68 68
89 | 3 | 67.89° +13.89' +59.892 + O(893) Yes 82 | 84
97 | 3| 9.97° +2.97' +29.97% + 0O(973) Yes 94 94
101 | - 0 No 97 | 97
109 | - 0 No 105 | 105
113 | 3 106.113% +20.113% + O(113%) No 108 | 108
137 | - 0 No 131 | 133
149 | - 0 No 145 | 145
157 | - 0 No 149 | 151
173 | - 0 No 171 | 171
181 | - 0 No 179 | 179
193 | 3 | 166.193% +178.193% + O(193%) No 187 | 189
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Table 6.3: The elliptic curve E = 49A(1) : y? + oy = 2% — 2% — 22 — 1.

Per

naive

p | A Xi(Regg(y,)/0) Selgpp (E)pe = 07 |, 5 | pp3

1| - 0 No 6 8

23 | - 0 No 20 | 20

29 | 3 | 18.29° +2.29' +10.29% + O(29%) Yes 25 25
37 | 5 132370 +10.37" +22.37% + O(37%) Yes 33 33
43 | - 0 No 24 | 28
53 | - 0 No 44 | 46
67 | - 0 No 61 | 63
71| - 0 No 66 | 68
79 | - 0 No 7% | 76
107 | - 0 No 104 | 104
109 | 2 39.109% + 34.109% + O(109%) No 105 | 105
113 | 2 77.113% +46.113' + O(113?) Yes 95 95
127 | - 0 No 124 | 124
137 | 3 3.137% +54.137% + O(137%) No 128 | 130
149 | - 0 No 141 | 141
151 | - 0 No 146 | 148
163 | - 0 No 156 | 160
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After some thought, we verified numerically that in all cases our naive guess

coincides with the true value, if and only if the Katz-Yager L-values
Lkatz <<I>%7p X Wl ) forall je {0, N 2}

are simultaneously p-units. If this condition does not hold, one expects non-triviality

of either the p - or A3 -invariants, which will contribute to the final formula.

Conjecture 6.3.5. If this p-unit condition on the constant terms of LLxat, 1S satis-

fied, then

er naive Sym?E -
H§,1 (B) = ppi(E) = (P_l)_valJr —ordy (h™ (K1) -

If this condition is not satisfied, we instead have ugﬁr(E) < u;}f‘f"e(E).

This prediction is true for all the examples we have calculated, and we are optimistic
that it holds more generally. If it does hold, it means that the O(1)-term occurring

in Theorem 6.1.6 is precisely the constant zero.

Proof of Proposition 6.3.2.
Our starting point is the formula from [HT93] §7 which relates the Petersson self-

product of a Hilbert modular form to the imprimitive adjoint L-function.

(0(p) @1p,000p) @ mp) = [Disc(K7)| X Nyr o (N) x 272211

x T2 o pime(Ad(O(Ap) @ ), 1)

where N = € x € x Dy -+ was the level of 6(Ap) ® np. We do not give the
definition of the adjoint L-function, as it can be identified with that of the symmetric

square for the base-change of fr/K;. Following renormalisation, one deduces that

<‘9()\7>) ® 779:, O(\p) ® 774;>N is equal to
[Disc(£5)|, wHU=ET s P (Sym® /K, 2),
up to a p-adic unit.
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The field K, is an abelian extension of Q, and so the L-function decomposes as

a product over the characters of G = Gal(K,  /Q). As an immediate consequence
(O0p) @1 00) @ up)y ~ [Disc(;)]. [ 7 L™ (Sym?E, ,2)
P:G—CX*

~ ‘Disc(K:{)‘oof(E/Krer) H
P:G—CX

(fE, [E)Ng
T(¢~2)

where ‘~’ denotes equality up to p-adic units. The proof will be finished, provided

we can show:
(a) [I @™ = |pise(@um))]|_,
P:G—CX*
(b)  (fe,fE)Ny = (p-adicunit) x 72 QF Q.
Since we assume that both the degree of g : Xo(Ng) — E and its Manin constant
CMan are integers coprime to p, then (b) follows from the well-known identity

i
Ng

: d
<fE?fE>NE = L‘mp(SymZE,Q) = ﬁfE) X 7TZ/ Wwp \NWE .
NE'cMan E(C)

To show claim (a), clearly we must have
2
I o= ( I o)
P:G—CX P:G2—CX
If the automorphism o € Gal(K,/Q(y)) sends /=D +— —v/=D, then

I n GD = X X n— wine — X n—1Ll .

Because p is odd, the field cut out by G? =2 (F;)2 x Cpn-1 has to be Q(upn) NR.
Via standard properties of Gauss sums and the conductor-discriminant formula, we

arrive at

[ 02 = [I  wenf = |pise@u)?)|_

P:G2—CX ¥:Gal(Q(ppn ) T /Q)—CX

and the result follows.
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6.4 The Connection with A-modules

In this section and the next, we will show how our error terms may be described in

terms of the Iwasawa invariants of the Zg—extension of K.

Since p.Of = p.p* is split over K, we choose our embedding ¢, : Q— C, so that
Qp/K (p*) becomes the unit. The Tate module T),(E) of the curve breaks up into
Ty @ Ty« over the CM-field K, with summands

It is well-known that
Gal(K (Ep™))/K) = Ap) x T,
where #A(Q) = (p - 1)2 and P(Q) = Zp X Zp.

One can pick a decomposition I') = 'y X I'_ so that the action of complex
conjugation on ['y is trivial, and its action on I'_ is through inversion instead. The
Iwasawa algebra Z, [[I'1 x I'_]] is (non-canonically) isomorphic to Z,[S, T]; here one
distinguishes the variables S and T' by a choice of topological generators v; € ',

and y_ € I'_ respectively.

Finally, we will write Mo for the maximal abelian pro-p-extension of K (E[p™])

unramified outside the places lying over p, and we set
X = Gal (Mo /K(E[p™))).
Proposition 6.4.1. For all integers n > 1, we have

ugﬁf(E) = pi! (pn—n— 1) + n — ordp(h_(Kn))
Sym?i HHOTY ) 20 1)
SV L o, ( + ) Zeo ) + k(B p)
n #H! (FZ_)F ) Zoo7+)
where k = k(E,p) is a constant independent of n, and Z 4 is the compact Z,, [[F+]] -

module defined by

A= wi

Zoo + = Hl (1—‘77 xoo ®Zp T?_2>
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n—1
The reader will notice the appearance of the (F+)p -Euler characteristic for
the @%;Q—twisted coinvariants Z., . The long-term growth in this error function is

controlled by its (i, A)-invariants (discussed in Section 6.5).

)(p—l)/2

Henceforth, we write € for the real quadratic character ((i) W . We now

claim that 6.4.1 is a direct consequence of the following two lemmas.

Lemma 6.4.2. Up to an element of (’)Xp, the quantity E(E/K,") equals

pvn®® - [Dise(@ur )t ()L (Sym?E @ ¢, 1)
! : ’DiSC(KﬁF)‘Q - H 7 (fe, fE)Ng

0o ¥:Gal(K;T /Q)—CX

Y# 1, he
for some constant k' independent of n.
Lemma 6.4.3. There exists another constant k" independent of n, such that

(W)L (Sym’E@ ¢!, 1) " b (Ky) N1
H T X (fE, [E)Ng ~ G’m(Kn)tors X X2 (Fﬁ )

Y# Le

$0 (" 2)
Fir (0 2)

where we write X g2 (F]_D:il) for the ratio
E

To see why these two lemmas imply our principal result, we observe

‘Disc(@(upn)ﬂ!oo y
|Disc(K;)]|

plhei(E) by 832

(p-adic unit) x §E/KNHT!

Because K. has discriminant equal to pP"  #=7=1) x Disc(K)?®")/2 and further

#G (K )tors = unit x p™, Proposition 6.4.1 follows upon taking k = — (k' + k).

Proof of Lemma 6.4.2.

We begin with the trivial comment

Lmp(Sym*E/K;F, 2) y HT ) LPPm(Sym?E @ 1, 2)

o
g(E/KTL) - Lprlm(smeE/K;[7 7T3 fE fE>NE

P

where 1) ranges over all characters Gal(K," /Q) — C*; the first factor L™P/LP'™ has
p-adic order equal to Viyin “F by its definition. If we fix a character 1 of Gal(K,f/Q),
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the functional equation for L(Sym2E ® 1, s) implies

T APSyE ©$,2) _ r@ )o@’ )P (SymE eyl 1)

m™(fE, fE)Ng - uy f,) : T ([, fE)Ng

where the algebraic number u, = % ¢ (fsymz E) \/fsym2g 1s a p-adic unit.

A straightforward exercise (c.f. the proof of 6.3.2) shows that

M et | e,
Uz fd? |Disc(K:7)| 2

:Gal(K; /Q)—Cx )

so putting

rim 2 -
K = Z ord, <T(¢)Lp (Sym*E ® ¢ 171)> )

Pl T (fE, fE)Ng

the result follows.

Proof of Lemma 6.4.3.
This statement is a lot deeper. The key point is that for ¢ # 1, € one has

—op,, TP (Sym*E @ ¢ 1) /
Gal(KZ

¥(9) - dTgym2(9)

liiJ p*
E/K( ) %/Q)

T (fE, fE)Ng
where TSym2E denotes the p-adic measure attached to the symmetric square of F at

s =1 (see [CS87]). Moreover the formal identity

P (Sym2E @l s) = L <¢—1.(_D),s . 1> L(@EQ/K.(w—l o Ni/q), s)

forces the distribution 7g,,,2 to split into the convolution of a 1-dimensional and a

2-dimensional component.

Remark 6.4.4. It was shown by Coates and Schmidt in [CS87], Propositions 5.7
and 5.13 that

/ Y. drgym2g = Iy X ug(Res(¥)(v4) — 1) x Q;Q
Gal(K&/Q)

% L (w.(_D),o>

X

chanz, is) (o0 @2, T ), )

S=Res(t) (7)1
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Here ¥ = QJJ%JJ. Res(w)‘ , the power series uy(S) lies in Z,[[S]]*, and the algebraic

A(2)
number Iy is given by

(v 1Q)? \/DiSC(K) -Normpg (f‘b%E/K>
Iy = X =2 ’
(fE, fE)Ng 24 W (®p/x)

where €2 is the complex period attached to the lattice of E in C, and W(@% / %) s

the root number which appears in the functional equation of L(@QE K> S)-

One can check that Iy is a unit whenever p > 3 does not divide the degree of the
modular parametrisation. Also, the p-adic period 2, always belongs to (’)Ep in the

CM scenario.

In fact, Coates and Schmidt consider the Lie group Gal (Q(up~)/Q) instead
of Gal (K (pp=)"/Q), but the details are otherwise identical. Their proof of this
result relies on the two-variable main conjecture, which had not been proved at the
time their article [CS87] was published; however, thanks to the fundamental work of

Rubin [Rub99], this formula is now unconditional.
Consider the Iwasawa module
2= H (A, (X ® (R @0l V7)) 2, Ty 2).

The proof of 6.4.3 reduces to showing the following two statements:

-D h_(Kn)
Fact 1 : L <w. — ,O) N —
¢7l;£€ < ) #Gm(Kn)tors
1

() 0) () 0)

Fact 2:  X,o(T7 ) x [ charg, i) ((Xooo @2, T3 7))
Qp# 176

X

S=thr(v+)—1

~ 0T (X)) ! (T (32 )

Granted we can prove these statements, Lemma 6.4.3 will hold for the constant
HHO(T,, (XL, D D
k' = ord, AN ord, (L (()0) L (e.(>,0>> .
#H (T, (X))
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To prove the first fact, we use the odd part of the analytic class number formula

“py o) /D]
11 L<¢'< )1> Qi #Cm(K wiors /| Dise(Kn)]

then apply the . ( ) twisted functional equation (e.g. see [Was96] Theorem 4.17).

:Gal(K;T /Q)—Cx

The index Q KoK is either 1 or 2, hence it plays no role in the calculation.

Remark 6.4.5. To establish that Fact 2 is true, let’s assume / denotes some
compact finitely-generated Z [[F+ X A(z)ﬂ orsion module. We shall write @ to

denote the mapping Ay — F}' given by the composition
Ap) = Gal(K(E]p])/K) - Gal(K(up)/K) — F.

Then

[I  charg,i5 (W) -
n=Res(¥), S=n(y+)—1
¢:Gal(K;t /Q)—Cp

||":]|

char Wg,
1;[ il 2 S=n'(7+)-1

n—1

4H! (FP : Waj)
#HO(TF ", W)

%

p—2
§=0
where 7' ranges over all characters I'| /F]f:_n_1 — C;. This identity holds pro-
vided that each characteristic power series does not vanish at the points n(vy) —
1. In the first product, the n’s are the restrictions to G of all even characters

Y : Gg — Gal(K,/Q) — C, and the finite character ¢’ = U‘A@) again means ‘the
restriction of 7’ to the torsion-subgroup in Gal (K(E[p™])/K).

If we now choose W = (%Oo Rz, TEQ*Q)F_ then it has been shown that

charg, 151 We) (¥rc(v4) —1) # 0

for every 1 x-twist, as the special values L(CIJ E2 / K.wl_(l, 1) are all non-vanishing (see
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[CS87] p.147 for an explanation). Consequently, the product becomes

H Charzp[[s]] ((}:00’19 ®Zp T(§72)1“ )

:Gal(K /Q)—C 7 ls=Res(y) (1)1

n—1
by 645 P2 #HH! (Fﬁ » Wa )
— H Chaer [[S]] (Wﬁ/) S=77('y+)—1 ~ L. #HO (Fpn71 W~ )
n=Res(y) j=0 + wJ

n—1
which is none other than the inverse of X -2 (Fﬁ )
E

Lastly, it is an easy exercise to verify that when we omit the exceptional charac-
ters ¢ = 1 and ¥ = € from the product above, one must adjust by the same factor

as in the statement of Fact 2.

6.5 Asymptotic Growth in the CM Periods

Recall that we are trying to derive a formula for the ratio of Q??(E) with Q?} (E).

Using Proposition 6.4.1, we know its p-adic order pre

oo (B) is equal to

p”_l(pn—n— 1) +n — ordp(h_(Kn)) - V?;QE + ordy, (ang? <F1—D:71))

up to some fixed constant k = k(E, p).

Therefore to complete the proof of Theorem 6.1.6, we must show

Proposition 6.5.1. If the i (2,4 )-invariants simultaneously vanish at every j,

one has the growth estimate
1 p_2
Xp-2 (F]_’F ) = (a constant) X H p*"')‘wj(z‘”*) for integers n > 1.
E
=0

Proof. Again we set W = (%OO ®z, T?Q)Fi, so from the precise definition of Z, 1

1

7Wm>
,Ww') '

n—1 _9 _ n—
(rpnfl) _ H <Fﬁ D W’”) _ T HD (Fﬂ
+ - n—1

XCI)_Q n—1 -2 -
4 H! <rﬁ e W;j) o #H! (r{;

E
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Focussing first on the H'-term, for a given value j € {0, ceyp— 2}

n—1 ) n ) 1" .
#H' (F’i 7Waf> = #(Ww‘)ppm = Pl TP TR with no> 1,
+

where the non-negative integer £’ is independent of n.
The proof relies on two important facts:
(i) The p-invariants of the Zp[I'y]-modules Wx; are assumed trivial;
(ii) All finite Z,[I'; J-submodules of Wg; have universally bounded size.

The first statement clearly implies vanishing of the total u}-invariant of W. To
see the reason why (i) implies (ii), there is an exact sequence of finitely-generated
compact Zp[I'y]-modules

t

EIR: NEA)

0 — finite — Wy e —— fnite — 0

m=1 Jm
where each element Fj,, maps to an irreducible distinguished polynomial via the
isomorphism Z,[I'+] —Z,[S]. As a corollary, the size of any pseudo-null Z,[I']-
submodule inside W;; must be bounded above independently by #ker(.A;), as the
summands Z,[I'1] /(F}m)%™ are easily seen to be free of any p™-torsion (which

establishes the second fact).

A nice consequence of (ii) is the boundedness of H° (Fﬁn_l,W&jj) for n > 1,
since this module is contained within its Gal(K, /K{")-orbit (which is then a finite

Zp[I'4]-submodule of Wg;). It follows that
n—1 m
#HO(TY Wgi) = p

for a fixed constant k" (when n is sufficiently large), so we have

p—2
erQ (Fﬂn_1> _ (pzjk;_w,k;//> y H p—n.)\uj(Zoo,Jr)
E
Jj=0

as predicted by 6.5.1. The proof of the proposition is complete. O
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Question: Does the vanishing of the total p$ -invariant occur frequently?

In answer to this, Greenberg provided us with the following reasoning: if we take
a two-variable power series (with trivial p-invariant) and consider all of its one-
variable specialisations, then the subset of specialisations with positive p-invariant
should have density zero. Therefore, intuitively we would expect the answer to be

‘Yes’.

Gillard [Gil85] Theorem 6.4.4 has shown vanishing of the cyclotomic u-invariant
inside a two-variable deformation, but without extra twisting by the Grossencharac-
ter <I>;32. Similarly, some recent work of Hida confirms vanishing of the y-invariant for
many anti-cyclotomic branches of the Katz p-adic L-function (which, unfortunately,

is no use here).

Tabulated below are a few numerical calculations of the p3-invariant for our
three example elliptic curves: 27A(1), 32A(1) and 49A(1). Briefly, an upper bound
on f1,,;(Z00.+) is given by the p-adic order at any special value, of the &/-branch for

the @%m—twisted Katz-Yager L-function (which hopefully might often be zero).

117



Table 6.4: Numerical bounds on y(g for our three elliptic curves.

E = 27A(1) E = 32A(1) E = 49A(1)
p 1y p 1y p 0
7 <2 5 0 11 <2
13 0 13 0 23 0
19 0 17 0 29 0
31 0 29 0 37 0
37 0 37 0 43 <4
43 0 41 0 53 <2
61 <2 53 0 67 <2
67 0 61 <2 71 <2
73 <2 73 0 79 0
79 <2 89 <2 107 0
97 0 97 0 109 0
103 0 101 0 113 <2
109 <2 109 0 127 0
127 0 113 0 137 <2
139 0 137 <2 149 0
151 <4 149 0 151 <2
157 0 157 <2 163 <4
163 0 173 0
181 <2 181 0
193 0 193 <2
199 <2
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6.6 Computational Difficulties at the Second Layer

Let us now outline the problems which arise when we look for congruences at the
higher layer n = 2. Shifting notation slightly, let F;, denote the extension Q(upn).
Kato’s predicted congruence [Kat05] §3.10 over the field Q (,upz, pQ\/K> is precisely

p 2
ay as X @ o Ny 1(a0)> ?? A @)

N §ay) ’ =1 dp*.z,[[U
e <N0,1(QO)) <N0,2(ao) x p(ay) mod p*.Zy [[U™]

where the a;’s denote the motivic p-adic L-functions L(E, p;) for j =0,1,2.

~J

Evaluating the above at the trivial character 1» = 1 then exploiting the basic
identity 1 0 = 1P = 1, his prediction simplifies to become
P\ P
XE ResF P1 XE ResF £0o 77
( 2( )2+p « XE(pQ) > ( 1( )) = 1 mod p4 )
XE(RGSFQ (po)) XE(/H)

Motivated by numerical work in [DDO07], we pick a non-CM elliptic curve

~)

E=Xo(11) : y*+y = 2% — 22 — 10z — 20,

making a choice of good ordinary prime p = 3 and auxiliary integer A = 2. Using

MAGMA, we were able to calculate the values

Xp(Resp,(p1)) = 1.3°+2.3'+2.3%241.3% + 2.3 + O(3%)
Xg(Resp, (po)) = 1.3°+2.31 +1.32 0(3%)
Xg(Resp, (po)) = 1.3° +232+233+134+O(35)

Xp(p) = 1.3° +1.3%2 4+ 1.3% + 1.3 + 0(3°);

however the computer failed to work out Xg (pQ) due to lack of available memory.
This is surprising given that X((11) has least conductor amongst elliptic curves, and
likewise (p, A) = (3,2) is the smallest choice available. Nevertheless, granted the
Ki-congruence holds over Q(,u9a 9\/5), then one can make an educated guess at the

value of Xg (pg)g modulo 81 from the tabulated L-values.

Conjecture 6.6.1. For the elliptic curve E = Xo(11), the prime p =3 and A = 2,

327

Xe(p2)” = 28 mod 3*.

~
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This is equivalent to Kato’s second layer Kj-congruence (at the trivial character),
and it’s easily confirmed that 28 is a 9th power modulo 3%, e.g. 4° = 28 mod 3%.

We hope to pursue the second layer Kj-congruences in future research.
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Appendix A

Computing Symmetric Square

Euler Factors

2
In this appendix we describe an algorithm to compute the error Vi(yfl E'in the CM

n

case, which by definition is the p-adic order of the factor
I1 P.(sym’E/EK},q72).
q|Ng

Lemma A.0.2. Let V be an l-adic representation of Gal(Q/Q), and let M/Q be
a finite Galois extension. Write Ryr/q for the regular representation of Gal(M/Q),
and V/IM =V ® Ry for the base-change of V' to M. Let q be a prime different
from 1, and Froby a lift of the Frobenius element at q. We write the local polynomial

of q on'V as

By(V,T) = det (1 - T.Frobq‘VIq)
= JJa-x1)

)

Then, if q is unramified in M /Q, we have

Py(V ® Ry, T) = [ (1 - (WT)7)"

i
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where f is the residue class degree of q in M/Q, and r is the number of primes of

M over q.

Proof. Since ¢ is unramified in M/Q, it is certainly true that

Iy

1 1
(V@RM/Q) 1 = Vi ®RM/Q’

so the characteristic polynomial of Frob, on (V/M)% is given by

Py(V @ Ry, T) = H(l — AipiT)

1,J

where Py(Rpr/q.T) = [[;(1 — p;T). Then we observe that

Py(Ryyp T) = 11 (1 —T/0/)
places v|q of M
- -y
since M/Q is a Galois extension. The result follows. O]

We cannot apply Lemma A.0.2 directly to the case V = SymzHll(E) and M =
K}, since the primes dividing Ng ramify in K, /Q. However, the ramification occurs
only in the imaginary quadratic extension K/Q, so we can apply Lemma A.0.2 to the
representations Sym? H} (E) and Sym? H}' (E) ®e separately, where € is the non-trivial

character of K/Q.

Since E is assumed to have complex multiplication here, if ¢ is a prime dividing
Ng then E has additive reduction at q. Consulting [CS87] §1, we find that in this

case there are 3 possiblities for the Euler factor of L(Sym?2FE, s) at g¢:
P,(Sym?*E,T) = 1-\qT

for A =10,1 or —1 (this A may be calculated exactly following Watkins [Wat02]).

Proposition A.0.3. Fiz a prime q with q‘NE, and as above write
P,(Sym*E,T) = 1—\qT
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for A € {0,1,—1} . Let m be the multiplicative order of ¢ modulo p™, and write
d = ¢(p"). Then
d/m d/2m . .
1— (g™ 1— (¢T)™ if m is odd
pssmtsiczy — | 07 G0 G-
(1- ()\qT)m)d/m (1+ (qT)m/2)d/m if m is even.

Proof. Let us write G = Gal(K;/Q) and H = Gal(Q(upn)/Q). We consider the

character group of G:

G = {¢ € Gal(K,/Q) : ¢ even }

= {x: Xeﬁ,xeven} U {xe : v € H, X odd }

where € is the non-trivial character of Gal(K/Q), considered as a character of

Gal(K,,/Q). Therefore

Py(Sym’E/K}T) = [ Py(Sym®E, ¢, T)
»el

= H Pq(sym2E7X>T)
Xéﬁ, X even

X H P,(Sym*E, ¢, T).
x'€H, x’ odd

We observe that

[[ PuSym’E.x,T) = Py(Sym’E/Qupn)*, T)

Xefl, X even
and also
H P,(Sym?E, \'e,T) = H P,(Sym?E, ne, T)
X/GI?[, x’ odd nefl
X H Pq(Sysz, xe, T) 7t
Xeﬁ, X even

Pq(Sysz ® €/Q(upn), T')
Py(Syn?E @ ¢/Qppn) H, T)

The characteristic polynomials in these formulae are all of the form considered in

Theorem A.0.3. So, we can calculate them exactly using the following information:
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firstly
P,(Sym*E,T) = 1—\qT,

and one can check that
P,(Sym*E®¢,T) = (1—\qgT)(1— qT).

by using the formula for L(Sym?E, x, s) in terms of the Grossencharacter of E.
Further, the residue class degree of ¢ in the extension Q(up~)/Q is the order of
q in (Z/p™Z)*, which we labelled m here. It is also easy to check that

m if m is odd
residue class degree of ¢ in Q(upn)+ /Q =

m/2 if m is even.

Putting all this information into Lemma A.0.2 and applying it to the above formu-
lae, we obtain an explicit expression for P,(Sym?E/K;",T), and after simplifying it

slightly we arrive at the desired result. O

Corollary A.0.4. With A\ and m as in Proposition A.0.3, we have

—m\d/m —m\d/2m . .
Py(Sym?E/K;f,q~) (L=2q™) ™ (L= g™ ifm s odd
q n

=2 (1—1Al q*m)d/m(l + qu/Q)d/m if m is even.

Proof. This follows immediately from Proposition A.0.3 upon observing that A™ = A
when m is odd, and A" = |A| when m is even (for any A € {0,1,—1}). O

Using Corollary A.0.4 we can easily compute the p-adic order of

H Py (Sym*H}(E)/K},q™°)
q|Ng

s=2

Sym?E

which by definition is the quantity V ot
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Appendix B

Computing L-values with

MAGMA

Recall from Chapter 6 that we want to compute the p-adic order of the number

T(x?) L(Sym*E, x, 2)
T QJEr QE

«e/F) = ]

x€Gal(F/Q)
for a totally real field F. To compute the twisted symmetric square L-values
L(Sym?E, x,2), we used the computer algebra package MAGMA [BCP97]. This
package has inbuilt functions for dealing with motivic L-series, based on Tim Dok-

chitser’s PARI program ComputeL, which uses the algorithm from his article [Dok04].

B.1 The Computel Package

Tim Dokchitser’s program can compute the values of an L-series

oo
L(s) = Z anpn”®,
n=1

under two standard assumptions. Firstly, we assume L(s) may be continued to

a meromorphic function on the whole complex plane. Secondly, we assume there
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exists a weight k > 0, a sign w € C with absolute value 1, a conductor N € Z, and

A(s) = F<8+2)\1> ...F(S—;)\d>

such that the completed L-series

a Gamma factor

Here we write f/(s) for the dual L-series which has complex conjugate coeflicients:

L(s) = iﬁnnfs.
n=1

To use the ComputeL routine, we must input s, w, N,~(s), and sufficiently many
Dirichlet series coefficients a,. The number of coefficients required depends on the
conductor of the L-series and the precision of the output. If the conductor becomes
large, it may be computationally difficult to generate enough coefficients to get a
useful precision; this is the problem we encountered at the second layer of the false

Tate curve tower, as mentioned in Section 6.6.

B.2 Symmetric Square L-series

The primitive symmetric square L-series L(Sym?2E, s) is the motivic L-function at-
tached to the [-adic representations {Sym2Hll(E)}. It may be defined by the Euler

product
L(Sym’E,s) := H P,(Sym?E,q—*)"".
all primes ¢
If the prime ¢ does not divide Ng, the Euler factor at g is given by

P,(Sym?E,T) := (1 — ag T) (1—-aga,T) (1- a;Q T)
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where as usual we have written
1—ag(E)T+qT* = (1—agT)(1—a,T).
The following lemma from [CS87] tells us the possible Euler factors at the bad primes.

Lemma B.2.1. If E has multiplicative reduction at the prime q, then the Euler
factor of Sym%E at q is

P,(Sym?E,T) = (1— ozg T)(1— ago, T)(1 - 0412 T).

This is also the case when there exists a quadratic twist of E having good reduction

at q. If E has additive reduction at q (and there is no such quadratic twist) then

P,(Sym?E,T) = 1 or 144T.

For a given elliptic curve E, the results of Watkins [Wat02] can be used to
calculate exactly the Euler factor of Sym?E at the primes of additive reduction

(these are the primes ¢ such that ¢? divides Ng).

We will now state the functional equation of the twisted L-function L(Sym?E, x, s),
allowing us to compute its values using MAGMA. We write f, for the conductor
of the Dirichlet character x, and Ngy,2p for the conductor of the representation

Sym?H} (E). We also write

Ix
() = 3 (a) exp(2mial fy),
a=1

for the standard Gauss sum of y, and put i, = 0 or 1 so that y(—1) = (—1)%.
We quote the following result from [CS87], although we have rewritten it in the
notation of Section B.1. Coates and Schmidt proved it under the assumption that £
is modular; thanks to the work of Wiles et al, we now know it applies to any elliptic

curve over Q.

Theorem B.2.2. Suppose that x is a Dirichlet character such that (Ng, fy) = 1.
Define the conductor
N = Ngym2p [y,

127



the Gamma factor

and the sign

w = X(NSmeE) X(_l)fx T(X)Q'

Then, for the completed L-function

s/2
N
L*(Sym2E7X7 3) = <) ’7(8) L(SmeE,X, 8)7
we have the functional equation

L*(Sym®E, x,s) = w L*(Sym?E,X,3 — s).

Let F be a finite abelian extension of Q, such that Disc(F’) is coprime to Ng.
With the data from Theorem B.2.2, we can use MAGMA to compute the complex

numbers
-2 2
T(x L(Sym“FE, x,2
§(E,x) = ( ) (+ - )
WQEQE

for each character x of Gal(F/Q). Each £(E, x) lies in the field Q(x), but it may be

difficult to identify them numerically as algebraic numbers. However, it is proved in
[CS87] that
§(E,x)7 = &(E,X7)

for all o € Aut(C), therefore the product

EQum)T) = ] &Ex.
x€Gal(F/Q)
actually lies in Q. It is much easier to identify this rational number, as long the

values can be computed to sufficiently high precision.

B.3 The CM Case

Let E now be an elliptic curve over Q with complex multiplication by an order in

Ok, where K = Q(v/—d).
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In Chapter 6, we wanted to compute the quantity ¢(E/K, ), where K, is
the maximal real subfield of Q(v/—d, piyn). In this case, we have characters x :
Gal(K,f/Q) — C* such that (fy, Ng) # 1, so we cannot apply Theorem B.2.2 di-
rectly to L(Sym2E, y,s). To overcome this problem, we can exploit the fact that

the L-function L(Sym?2E, s) splits into a product of Hecke L-functions.

We quote the following result from [CS87]; we have already used it heavily in
Chapter 6.

Theorem B.3.1. Suppose E has complex multiplication by the ring of integers of an
imaginary quadratic field K. Let @ i be the Grossencharakter associated to E/K,

and <I>2E/K the primitive character attached to its square. Then
L(Sym®E,s) = L(®%/,s) L(e,s — 1),

where € is the non-trivial character of the quadratic extension K/Q. More generally,

if x is a Dirichlet character,
L(Sym?E, x,s) = L(@QE/KXK,S) L(ex,s—1)
where X = X ° Ng/q-

Theorem B.3.1 is only stated in [CS87] in the case when (Ng, fy) # 1, but in fact
it holds for arbitrary y as long as the L-functions in the equation are the primitive

ones. For example, we can put y = € into the theorem to get
L(Sym®E,¢,s) = L(@QE/KGK,S) L(*, s —1).

One checks that €? is not primitive, and the associated primitive character is triv-
ial. Similarly, ey is a non-primitive Hecke character over K with trivial underlying

character, and the above equation becomes

L(Sym®E,¢,s) = L(@%/st) C(s—1).
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As in Appendix A, let us write G = Gal(K,  /Q) and H = Gal(Q(upn)/Q). Consid-

ering the characters of G, we have:

G = {1/16(/};1(](”/@) : 1 even }

= {x: Xeﬁ,xeven} U {ne : neﬁ,nodd}.

Suppose 1 is an odd character of H, so that ne € G. By the comment above, we

have

LSynlE,ne,s) = L@ i excrs) L@ n,s— 1)
= L((I)%/K 77K73) L(?],S—l),

assuming all the L-series are primitive. Therefore, we may write

T(x7?) L(®%/k Xk+2) L(xe 1)

e/ = ] e
xeﬁ,even T EE
T(n~?) L(‘I’%/K nk,2) L(n,1)
< 1 QL O '
neH,odd EE

The Hecke L-values L(@%/K XK,2) for characters x of H = Gal(Q(up»)/Q) may
be easily computed; the functional equation of a Hecke L-function is well known
(see [Tat79] for example), and we will not reproduce it here. The Dirichlet L-values

L(x, 1) are also simple to compute, and thus we have all the data needed to calculate

¢(E/K;F) with MAGMA.

130



Bibliography

[BCDTO01] C. Breuil, B. Conrad, F. Diamond, and R. Taylor. On the Modularity of

[BCP97]

[BDO7]

[Bou05]

[Bur07]

[CF67]

[CFKT05]

[CPRSY]

Elliptic Curves over Q. J. A. M. S., 14:843-939, 2001.

W. Bosma, J. Cannon, and C. Playoust. The MAGMA algebra system I:
the user language. J. Symb. Comput., 24(3-4):235-265, 1997.

A. Bouganis and V. Dokchitser. Algebraicity of L-values for Elliptic
Curves in a False Tate Curve Tower. Math. Proc. Camb. Phil. Soc.,
142:193-204, 2007.

A. Bouganis. L-functions of Elliptic Curves and False Tate Curve Exten-
sions. PhD thesis, University of Cambridge, 2005.

D. Burns. On Main Conjectures in Non-Commutative Iwasawa Theory

and Related Conjectures. 2007.

J. W. S. Cassels and A. Frohlich, editors. Algebraic Number Theory.
Academic Press, 1967.

J. Coates, T. Fukaya, K. Kato, R. Sujatha, and O. Venjakob. The GLso
Main Conjecture for Elliptic Curves without Complex Multiplication.

Publ. Math. THES., 101:163-208, 2005.

J. Coates and B. Perrin-Riou. On p-adic L-functions Attached to Motives
Over Q. Adv. Stud. Pure Math., 17:23-54, 1989.

131



[CS87]

[DDO7]

[DHIYS]

[Dok04]

[Dok05]

[DWO08]

[Gil85)

[Har87]

[Hid91]

[HT89]

[HT93]

J. Coates and C.-G. Schmidt. Iwasawa Theory for the Symmetric Square
of an Elliptic Curve. J. Reine Angew. Math., 375/376:104—156, 1987.

T. Dokchitser and V. Dokchitser. Computations in Non-Commutative

Iwasawa Theory. Proc. London Math. Soc., (3) 94:211-272, 2007.

K. Doi, H. Hida, and H. Ishii. Discriminant of Hecke Fields and Twisted
Adjoint L-values for GLo. Invent. Math., 134:547-577, 1998.

T. Dokchitser. Computing Special Values of Motivic L-functions. Fxper-
iment. Math., 13(2):137-150, 2004.

V. Dokchitser. Root Numbers of Non-Abelian Twists of Elliptic Curves.
Proc. London Math. Soc., 91(2):300-324, 2005.

D. Delbourgo and T. Ward. Non-Abelian Congruences Between L-values
of Elliptic Curves. Ann. Inst. Fourier, 58(3):1023-1055, 2008.

R. Gillard. Fonctions L p-adiques des Corps Quadratiques Imaginaires et
de Leurs Extensions Abéliennes. Journal Reine Angew. Math., 358:76-91,
1985.

Shai Haran. p-adic L-functions for modular forms. Compos. Math., 62:31—
46, 1987.

H. Hida. On p-adic L-functions of GL(2) x GL(2) Over Totally Real
Fields. Ann. Inst. Fourier, 41:311-391, 1991.

H. Hida and J. Tilouine. Katz p-adic L-functions, Congruence Modules
and Deformation of Galois Representations. Proceedings of Durham Sym-

posium on Arithmetic of L-functions, 19809.

H. Hida and J. Tilouine. Anti-cyclotomic Katz p-adic L-functions and
Congruence Modules. Ann. Sci. Ecole Norm. Sup., 26(4):189-259, 1993.

132



[HV03]

[Kat78]

[Kat05]

[Lan80]

[MT90]

[MTTS6]

[Pan91]

[Rub99]

[Ser98]

[Shi78]

[Sted9]

Y. Hachimori and O. Venjakob. Completely Faithful Selmer Groups Over
Kummer Extensions. Documenta Mathematica: Extra volume in honour

of Kazuya Kato’s fiftieth birthday, pages 443-478, 2003.

N. M. Katz. p-adic L-functions for CM Fields. Invent. Math., 49:199-297,
1978.

K. Kato. Kj of Some Non-Commutative Completed Group Rings. K-
theory, 34(2):99-140, 2005.

R. P. Langlands. Base Change for GLs. Annals of Math. Studies 96,

Princeton University Press, 1980.

B. Mazur and J. Tilouine. Représentations Galoisiennes, Différentielles de

Kahler et Conjectures Principales. Publ. Math. IHES., 71:65-100, 1990.

B. Mazur, J. Tate, and J. Teitelbaum. On p-adic Analogues of the Con-
jectures of Birch and Swinnerton-Dyer. Invent. Math., 84:1-48, 1986.

A. A. Panchishkin. Non-Archimedean L-functions of Siegel and Hilbert
Modular Forms. Springer-Verlag, Lecture Notes in Mathematics 1471,
1991.

K. Rubin. Elliptic Curves with Complex Multiplication and the Conjec-
ture of Birch and Swinnerton-Dyer. Arithmetic Theory of Elliptic Curves,
Lecture Notes in Mathematics 1716, pages 167-234, 1999.

J.-P. Serre. Abelian l-adic Representations and Elliptic Curves. Research

Notes in Mathematics 7, A. K. Peters Ltd., 1998.

G. Shimura. Special Values of the Zeta Functions Associated with Hilbert
Modular Forms. Duke Mathematical Journal, 45(3), 1978.

G. Stevens. Stickelberger Elements and the Modular Parametrizations of

Elliptic Curves. Inventiones Math., 98(1):75-106, 1989.

133



[Stu80]

[Stusg)]

[Tat79]

[Til89]

[Ven]

[Was96]

[Wat02]

[Wil95]

J. Sturm. Special Values of Zeta Functions and Eisenstein Series of Half-

Integral Weight. American J. Math., 102:219-240, 1980.

J. Sturm. Evaluation of the Symmetric Square at the Near Center Point.

American J. Math., 111:585-598, 1989.

J. Tate. Number Theoretic Background. Proceedings of Symposia in Pure
Mathematics, 33(2):3-26, 1979.

J. Tilouine. Sur la Conjecture Principale Anticyclotomique. Duke Math-

ematical Journal, 59:629—673, 1989.

O. Venjakob. From Classical to Non-Commutative Iwasawa Theory: An

Introduction to the GLs Main Conjecture.
L. Washington. Introduction to Cyclotomic Fields. Springer, 1996.

M. Watkins. Computing the Modular Degree of an Elliptic Curve. FEz-
periment. Math., 11(4):487-502, 2002.

A. Wiles. Modular Elliptic Curves and Fermat’s Last Theorem. Annals
of Math., 141:443-551, 1995.

134



