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Abstract

We study the L-values of an elliptic curve E twisted by an Artin representation

ρ. Specifically, we consider the case when ρ factors through the false Tate curve

extension QFT /Q, which is defined by

QFT :=
⋃
n≥1

Q
(
µpn ,

pn
√

∆
)
,

where p is an odd prime and ∆ is a p-power free integer.

First, we consider a semistable elliptic curve E; we construct an integral-valued

p-adic measure which interpolates the values L(E, ρ⊗ ψ, 1) for a family of characters

ψ. To do this, we exploit the fact that the value L(E, ρ, 1) may be written as the

Rankin convolution of two Hilbert modular forms, when ρ factors through the false

Tate curve extension. Recent developments in non-abelian Iwasawa theory predict

certain strong congruences between these p-adic L-functions, and we shall establish

weakened versions of these congruences.

Next, we prove analogous results for an elliptic curve E with complex multiplica-

tion; we do this using work of Hida and Tilouine on the p-adic interpolation of Hecke

L-functions over a CM-field. We go on to investigate the ratio of the automorphic

and motivic periods associated to E over the totally real field Q(µpn)+. We describe

how the p-valuation of this ratio may be explicitly calculated, and use the computer

package MAGMA to produce some numerical examples. We end by proving a for-

mula for the growth of this quantity in terms of the Iwasawa invariants associated

to the Z2
p-extension of the CM-field.
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Chapter 1

Introduction

Iwasawa theory is a central area of modern number theory, with many deep results

and tantalising conjectures. It provides links between the special values of motivic

L-functions, and important arithmetic invariants of the motives.

A key concept in Iwasawa theory is that of a p-adic L-function: a p-adic analytic

function which interpolates values of a complex Dirichlet series, for a given prime

number p. The first example was the p-adic Riemann zeta function, which has its

origins in Kummer’s famous congruences between the Bernoulli numbers. Kubota

and Leopoldt showed that these congruences were equivalent to the existence of a

continuous function ζp−adic(s, ωa) defined for s ∈ Zp, with the interpolation property

ζp−adic(1− k, ωk) = (1− pk−1)ζ(1− k)

for every integer k > 1. Here we must point out that ω denotes the Teichmüller

character modulo p, and the twist ωa represents a choice of one of p − 1 ‘branches’

of the p-adic zeta function. Each branch ζp−adic(s, ωa) is analytic, except for a ≡ 0

mod (p− 1); in this case there is a simple pole at s = 1, with residue 1− p−1.

Iwasawa showed that the p-adic zeta function may be naturally interpreted as an
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element Z of the completed group ring Zp[[G]], where

G = Gal
(
Q(µp∞)/Q

)
.

If we write χ : G−̃→Z×p for the cyclotomic character, then the interpolation property

can be expressed as

χk(Z) = (1− pk−1) ζ(1− k)

for all k > 1. This analytic p-adic zeta function is related to the algebraic invariants

of the cyclotomic fields by the main conjecture of Iwasawa theory. This conjecture

(which is now a theorem of Mazur and Wiles) asserts that Z is the characteristic

element of a particular Zp[[G]]-module, constructed from the ideal class groups of

the tower
(
Q(µpn)

)
n≥1

.

Much work has been done to generalise these ideas to the setting of elliptic curves.

The analytic side of the the theory is provided by the Hasse-Weil L-series L(E, s)

associated to an elliptic curve E. If the curve is defined over the rational numbers,

L(E, s) is known to have an analytic continuation to the whole complex plane and

satisfy a functional equation, thanks to the work of Wiles et al.

However, the algebraic side of the theory presents more problems: the appropriate

p-adic Lie extension in this case is Q(E[p∞])/Q, given by adjoining the co-ordinates

of all the p-power torsion points of E(Q). If E does not have complex multiplication,

Serre has shown that G = Gal
(
Q(E[p∞])/Q

)
is an open subgroup of GL2(Zp); in

particular it is not commutative. In this case it was less clear how to formulate the

main conjecture, as the definition of the characteristic ideal no longer works so well

for Zp[[G]]-modules.

Thankfully, recent progress has been made in the article [CFK+05] of Coates,

Fukaya, Kato, Sujatha and Venjakob: they present a new definition of character-

istic elements, lying in the group K1

(
Zp[[G]]

)
, and conjecture the existence of a

non-abelian p-adic L-function LE lying in this K1-group. The element LE may be

‘evaluated’ at any Artin representation ρ of Gal(Q(E[p∞])/Q), and should give the
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twisted L-value L(E, ρ, 1) multiplied by some explicit simple factors. According to

the GL2 main conjecture of [CFK+05], LE should be a characteristic element of the

Selmer group of E over Q(E[p∞]).

Even though we now know what form the non-abelian p-adic L-function should

take, constructing it appears very difficult. Instead, let us consider a less challenging

non-commutative p-adic Lie extension: we define

QFT := Q
(
µp∞ ,

p∞√∆
)
,

the so-called ‘false Tate curve extension’ of Q, whose Galois group is a semi-direct

product of Zp and Z×p . In this case, the conjectures of [CFK+05] predict an analogous

p-adic L-function LE/QFT , lying in a K1-group.

In his recent paper [Kat05], Kato has shown that the existence of LE/QFT is

equivalent to a set of explicit congruences between a family of abelian p-adic L-

functions {L(E, ρn) : n ≥ 1}. Each ρn is a fixed Artin representation of Gal(QFT /Q),

and the element L(E, ρn) satisfies an interpolation property

ψ
(
L(E, ρn)

)
= simple factors × L(E, ρn ⊗ ψ, 1)

complex period

at appropriate finite-order characters ψ : Z×p → C×. In this thesis, we will study the

non-abelian twisted L-values L(E, ρ, 1) for representations ρ which factor through

QFT /Q. Our aim is to establish a version of the ‘K1-congruences’ predicted by Kato.

In Chapter 2 we give the notation and background which we will need. We recall

the definition of the L-series attached to an elliptic curve, and how it may be twisted

by an Artin representation. We go on to give a very brief account of the GL2 main

conjecture, as set out by Coates et al in [CFK+05]. We explicitly describe the Artin

representations of QFT /Q, and give the congruences which are predicted by Kato in

this case.

In Chapter 3 we review the definitions and basic properties of Hilbert modular

forms, following Panchishkin [Pan91] and Shimura [Shi78]. In particular, we study
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the Rankin convolution L(f ,g, s) of two Hilbert modular forms f and g. This is

motivated by the following fact: if E/Q is an elliptic curve and ρ is an irreducible

Artin representation which factors through QFT /Q, one can write the twisted L-

function L(E, ρ, s) as a Rankin convolution L(fE ,gρ, s).

The material in Chapter 4 is original work, and it appears in the article [DW08].

We construct the abelian p-adic L-functions L(E, ρn) for a semistable elliptic curve

E, by studying the special values L(fE ,gρn⊗ψ, 1) for finite-order twists ψ : Z×p → C×.

Using the machinery of Hilbert modular forms, we then prove our first set of K1-

congruences (Theorem 4.6.7).

Next, we turn our attention to elliptic curves with complex multiplication. It is

well known that the L-series of a CM elliptic curve may be written as a product of

Hecke L-series, so in Chapter 5 we review some results on the p-adic interpolation

of Hecke L-functions over a CM-field. In particular, we are interested in the p-adic

L-function constructed by Hida in [Hid91], which interpolates another version of the

Rankin convolution.

In Chapter 6 we tackle the K1-congruences for the case of CM elliptic curves.

The result (Theorem 6.1.3) follows from making an appropriate specialisation of

Hida’s p-adic L-function. When comparing the motivic p-adic L-function L(E, ρn)

with its Rankin convolution counterpart, we encounter two error terms: one related

to a congruence module of fE , and another to the ratio of the Néron periods with

the Petersson inner product 〈fE , fE〉. We discuss how the p-part of these terms may

be explicitly calculated, and compute some numerical examples to show how fast it

grows as we climb the cyclotomic tower. Finally, we obtain a formula for the growth

of this error in terms of the Iwasawa invariants of the Z2
p-extension (Theorem 6.1.6).
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Chapter 2

Background

In this chapter we give some background on the material that will be studied in the

following chapters.

First, we recall the definition and basic properties of the L-series L(E, ρ, s) associ-

ated to an elliptic curve E twisted by an Artin representation ρ. We then briefly dis-

cuss the Iwasawa theory of elliptic curves, and in particular the GL2 main conjecture

which was formulated by Coates, Fukaya, Kato, Sujatha and Venjakob in [CFK+05].

The problem of constructing the (conjectural) non-abelian p-adic L-function LE pre-

dicted in their article is the motivation for this thesis.

Kato proves in [Kat05] that, in certain cases, the existence of LE is equivalent

to congruences between abelian p-adic L-values associated to twists E ⊗ ρ. We will

describe Kato’s results in a simple case: that of the false Tate curve extension of Q.

The material on Iwasawa theory is based on Venjakob’s survey [Ven], and the

reference for l-adic representations and L-series is Tate’s exposition [Tat79].
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2.1 Properties of l-adic Representations

Let K be a number field. Throughout we fix an algebraic closure Q of Q inside

which all our number fields lie, so we may define the absolute Galois group GK :=

Gal(Q/K). For a rational prime l, an l-adic representation ofGK will be a continuous

homomorphism

ρl : GK −→ GL(Vl)

where Vl is a finite dimensional vector space over Ql.

Suppose we have a set V = {Vl | l prime} of l-adic representations of GK . Given

a finite place v of K, if we choose any rational prime l such that v - l we may define

a local polynomial

Pv(V/K, T ) = det
(
1− ΦvT

∣∣V Iv
l

)
where Iv is the inertia subgroup and Φv ∈ Gal(Kv/Kv) is a geometric Frobenius

element at v (i.e. Φv is chosen so that its image modulo Iv is Frob−1
v ). We will say

that our set V is compatible if the definition of Pv(V/K, T ) is independent of the

choice of l (provided v - l). Assuming V is a compatible set of l-adic representations

of GK , we attach a complex L-series to V as an Euler product:

L(V/K, s) :=
∏
v

P
(
V/K, q−sv

)−1
.

where qv = #kv is the cardinality of the residue field at v. This L-series should

converge when Re(s) is sufficiently large, and for the particular examples of V we

will look at, it will have a meromorphic continuation to the whole complex plane.

2.2 Artin Representations

Let K be a number field as above, and let ρ be a finite-dimensional complex repre-

sentation of GK = Gal(Q/K). If there exists a finite extension M/K such that ρ

factors through the quotient map

Gal(Q/K) � Gal(M/K)
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then we call ρ an Artin representation over K. Such a representation may always

be realised over a finite extension of Q, so we may certainly write

ρ : GK −→ GLn(Q).

Given a rational prime l, we fix an embedding

Q ↪→ Ql

and we attach an l-adic representation to ρ by simply extending scalars from Q to

Ql:

Vl(ρ) := ρ⊗Ql.

One can check that {Vl(ρ)} is a compatible set of l-adic representations, so we may

define the Artin L-function L(ρ, s) to be the L-function associated to {Vl(ρ)} in the

sense of Section 2.1. To be precise,

L(ρ, s) =
∏
v

det
(
1− Φv q

−s
v

∣∣V Iv
l

)−1
.

Artin L-functions display a useful property known as Artin formalism: suppose

M and K are two number fields such that M ⊃ K, and ρ is an Artin representa-

tion over M . Then there is a representation IndKM (ρ) obtained by inducing ρ from

Gal(Q/M) to Gal(Q/K), and we have the identity

L(ρ/M, s) = L
(
IndKM (ρ)/K, s

)
.

The Artin L-function L(ρ/K, s) is known to have a meromorphic continuation

to the entire complex plane. Further, there is a certain product of Gamma factors

L∞(ρ, s) such that the completed L-function

L̃(ρ, s) = L∞(ρ, s) L(ρ, s)

satisfies the functional equation

L̃(ρ, s) = ε(ρ, s) L̃(ρ∨, 1− s)

7



where ρ∨ is the contragredient representation of ρ, and the epsilon factor ε(ρ, s) is

given by

ε(ρ, s) = w(ρ)
(
|DK |dim ρNK/Q(fρ)

)1/2−s

where w(ρ) is a complex number of absolute value 1, and fρ is the global conductor

of ρ over K (as defined in Chapter VI of [CF67]).

2.3 The L-function of an Elliptic Curve

Let E be an elliptic curve over a number field K. Let l be a rational prime, and

write E[ln] for the ln-torsion points in E(Q). This group is abstractly isomorphic to

(Z/lnZ)× (Z/lnZ), and has a natural Galois action of GK = Gal(Q/K), so we get a

representation

ρln : GK −→ Aut
(
E[ln]

) ∼= GL2

(
Z
lnZ

)
.

We can take the projective limit of these finite modules to obtain the l-adic Tate

module

Tl(E) := lim←−
n

E[ln]

and we obtain an action of GK :

ρl∞ : GK −→ Aut
(
Tl(E)

) ∼= GL2 (Zl) .

Then we define an l-adic representation of GK by extending scalars to Ql:

Vl(E) := Tl(E)⊗Zl Ql.

It can be checked that the set {Vl(E)} is a compatible set of l-adic representations,

so we may associate an L-series to {Vl(E)} in the sense of Section 2.1. This is the

Hasse-Weil L-series of E over K, and we denote it by L(E/K, s).

One may give a more explicit description of L(E/K, s). Let v be a finite place of

K at which E has good reduction, and let Ẽv be the reduced curve over the residue
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field kv. Define the integer av(E) by

av(E) := 1 + qv −#Ẽv(kv)

and then we can write the local polynomial as

Pv(E, T ) = 1− av(E)T + qv T
2.

If instead E has bad reduction at v, we put

Pv(E, T ) :=


1 + T if E has split multiplicative reduction at v

1− T if E has non-split multiplicative reduction at v

1 if E has additive reduction at v

Then the L-series L(E, s) is given by the following Euler product, which converges

for Re(s) > 3/2.

L(E, s) :=
∏
v

Pv(E, q−sv )−1

where v ranges over all finite places of K.

Further, given an Artin representation ρ over K, we can define the twisted L-

function L(E, ρ, s) as the L-function associated to the l-adic representations Vl(E)⊗

Vl(ρ).

Conjecture 2.3.1. Let E be an elliptic curve over a number field K, and ρ an Artin

representation of GK . Then the twisted L-function L(E, ρ, s) can be continued to an

analytic function on the entire complex plane. Further, if we write

ΓC(s) = π−s−1/2 Γ
(s

2

)
Γ
(
s+ 1

2

)
and define the completed L-function

L̃(E, ρ, s) = ΓC(s)[K:Q] dim ρ L(E, ρ, s),

we have a functional equation of the form

L̃(E, ρ, s) = εK(E, ρ, s) L̃(E, ρ∨, 2− s).
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Here we write εK(E, ρ, s) for the global epsilon factor associated to the twist

E ⊗ ρ, which is defined in [Tat79]. When K = Q it may be written

εQ(E, ρ, s) = w(E, ρ)N(E, ρ)1−s

where w(E, ρ) is a complex number of absolute value 1, and N(E, ρ) is the global

conductor of E ⊗ ρ.

If we set ρ to be the trivial representation of GK , we have a conjectural functional

equation for L(E/K, s) as a special case of Conjecture 2.3.1.

Suppose now that E is defined over Q by a fixed minimal Weierstrass equation,

and let ωE be the Néron differential on E. Choose generators γ+ and γ− of the sub-

spaces ofH1

(
E(C),Z

)
on which complex conjugation acts by +1 and −1 respectively.

We then have the transcendental Néron periods associated to E:

Ω+
E =

∫
γ+
ωE , Ω−E =

∫
γ−
ωE .

We will follow the usual convention that γ± are chosen so that Ω+
E and −iΩ−E are

positive real numbers.

Conjecture 2.3.2. Let E be an elliptic curve and ρ an Artin representation, both

defined over Q. Write d+(ρ) and d−(ρ) for the dimensions of the subspaces of V (ρ)

on which complex conjugation acts by +1 and −1 respectively. Then

L(E, ρ, 1)

Ω+ d+(ρ)
E Ω− d

−(ρ)
E

∈ Q.

This algebraicity conjecture is a consequence of Deligne’s period conjecture.

2.4 Modularity of Elliptic Curves

Let E be an elliptic curve over Q, with conductor NE and L-series

L(E, s) =
∞∑
n=1

an(E) n−s.
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We will say that the curve E is modular if there is a modular cusp form fE of weight

2 and level NE such that

fE(z) =
∞∑
n=1

an(E) exp(2πinz),

i.e. the Fourier coefficients of fE are the same as the Dirichlet coefficients of L(E, s).

This assertion is equivalent to the existence of a modular parametrisation of E, by

which we mean a surjective Q-rational morphism

ϕE : X0(NE) � E

where X0(N) is the usual compactified modular curve.

Theorem 2.4.1. All elliptic curves over Q are modular.

This very important result was proved for semistable elliptic curves by Wiles and

Taylor, and was extended to all elliptic curves over Q by Breuil, Conrad, Diamond

and Taylor (see [Wil95] and [BCDT01]).

Given any elliptic curve E over Q, it is a consequence of Theorem 2.4.1 that

Conjecture 2.3.1 holds for E; that is, the L-function L(E, s) has the claimed analytic

continuation and functional equation.

2.5 Selmer Groups

For an elliptic curve E over a number fieldK, the p-primary Selmer group SelK(E)p∞

is defined by the short exact sequence

0 −→ SelK(E)p∞ −→ H1 (K,E[p∞]) −→
∏
v

H1
(
Kv, E(Kv)

)
[p∞]

where the product is taken over all non-archimedean places v of K. Similarly, the

Tate-Shafarevich group XK(E) is defined by the exact sequence

0 −→ XK(E) −→ H1 (K,E) −→
∏
v

H1
(
Kv, E(Kv)

)
.
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These groups are connected to the Mordell-Weil group E(K) by the following exact

sequence:

0 −→ E(K)⊗Qp/Zp −→ SelK(E)p∞ −→ XK(E)[p∞] −→ 0.

We define the Pontryagin dual of the Selmer group to be

X(E/K) = SelK(E)∨p∞ := Hom
(
SelK(E)p∞ , Qp/Zp

)
.

When K is a p-adic Lie extension of Q, this module plays a key role in the Iwasawa

theory of elliptic curves.

2.6 Iwasawa Theory for Elliptic Curves

For the remainder of this chapter, we fix an elliptic curve E over Q and an odd prime

p at which E has good ordinary reduction.

Let Kn = Q(E[pn]) be the field generated over Q by the coordinates of the

pn-torsion points of E, and let

K∞ =
⋃
n≥1

Kn.

Then the representation ρpn from Section 2.3 factors through Kn/Q, and therefore

ρp∞ factors through K∞/Q. The Galois group G = Gal(K∞/Q) is a closed subgroup

of GL2(Zp), so G is a p-adic Lie group (i.e. a topological group with local coordinates

in a p-adic field, given by analytic charts).

We define the Iwasawa algebra of G:

Λ(G) := lim←−
U

Zp[G/U ],

where U runs over all open normal subgroups of G. In contrast to classical cyclotomic

Iwasawa theory, Λ(G) is not commutative.
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The group X(E/Kn) = Sel(E/Kn)∨ has a natural Galois action, which makes

it into a compact Zp[Gal(Kn/Q)]-module. Passing to the projective limit, we can

regard

X(E/K∞) = lim←−
n

Sel(E/Kn)∨

as a finitely generated Λ(G)-module. In the Iwasawa theory of elliptic curves, one

wants to formulate an appropriate main conjecture which relates this Λ-module to

an analytic p-adic L-function.

Suppose that E admits complex multiplication by an order in the ring OK , for

some imaginary quadratic fieldK. It can be shown that the group Gal
(
K(E[p∞])/K

)
has structure

Gal
(
K(E[p∞])/K

) ∼= Z2
p × finite abelian group ;

in particular it is abelian. In this case the theory is relatively well understood: a ver-

sion of the main conjecture can be formulated. It is known as the two variable main conjecture,

and has been proved by Rubin in many cases.

If the curve E does not admit complex multiplication, a theorem of Serre (see [Ser98])

implies that G = Gal
(
Q(E[p∞])/Q

)
is an open subgroup of GL2(Zp) (for this reason

it is referred to as the ‘GL2 case’). Here G is non-abelian, and the theory becomes

much more difficult; in particular the naive definition of characteristic elements for

Λ(G)-modules breaks down, and a new approach is required to formulate the main

conjecture.

2.7 The GL2 Main Conjecture

In the key paper [CFK+05], Coates, Fukaya, Kato, Sujatha and Venjakob establish

a new version of characteristic elements in the GL2 case, by using the K-group

K1(Λ(G)). This allows them to formulate a GL2 main conjecture, which we now

briefly summarise. We now must assume p ≥ 5 for technical reasons.

13



In [CFK+05], Coates et al first define a canonical Ore set S∗ of Λ(G) (the term

‘Ore set’ essentially means that the right localisation Λ(G)S∗ may be defined). They

consider the category MH(G) of all finitely generated Λ(G)-modules which are S∗-

torsion. The module X(E/K∞) is conjectured to lie in MH(G), and this can be

checked explicitly in certain cases.

There is a long exact sequence of K-groups containing the connecting map

∂G : K1 (Λ(G)S∗) −→ K0 (MH(G))

and it is proved in [CFK+05] that, under our assumptions on E and p, the map ∂G

is surjective. Therefore if M ∈ MH(G) one may define a characteristic element of

M to be any ξM ∈ K1(Λ(G)S∗) such that

∂G(ξM ) = [M ] ∈ K0 (MH(G)) .

This definition deals with the algebraic side of the main conjecture; now we

discuss the conjectural analytic p-adic L-function. Let ρ : G −→ GLn(F ) be an

Artin representation, where F is a finite extension of Q, and let ξ be an element

of K1(Λ(G)S∗). In [CFK+05], Coates et al outline a recipe which assigns to ξ and ρ

an element

ξ(ρ) ∈ F ∪ {∞},

so we may ‘evaluate’ ξ at the Artin representation ρ. The p-adic L-function is con-

jectured to be an element LE of K1(Λ(G)S∗) such that evaluating it at ρ yields

essentially the complex L-value L(E, ρ, 1). Let us state the exact interpolation for-

mula: we write

R = {p} ∪ { primes q : ordq(jE) < 0}

and define

LR(E, ρ, s) :=
∏
q /∈R

Pq(E, ρ, q−s)−1

to be the L-function of E ⊗ ρ with the Euler factors at the primes in R removed.

We let Nρ be the conductor of ρ, and put

fp(ρ) := ordp(Nρ).

14



As we assumed that E is ordinary at p, we may factorise the local polynomial

Pp(E, T ) as

1− ap(E)T + p T 2 = (1− αpT ) (1− α′pT )

where αp ∈ Z×p and α′p ∈ pZp.

We write ρ∨ for the contragredient representation of ρ, and εp(ρ) for the local

epsilon factor at p attached to ρ. In fact, this local epsilon factor depends on a

choice of additive character and Haar measure on Qp, and we adopt the standard

choices which are used in [CFK+05]. As before we write d+(ρ) and d−(ρ) for the

dimensions of the subspaces of V (ρ) on which complex conjugation acts by +1 and

−1 respectively. The periods Ω±E are the transcendental Néron periods as before.

Now we are able to state the following conjectures of Coates, Fukaya, Kato,

Sujatha and Venjakob from [CFK+05].

Conjecture 2.7.1. Assume that p ≥ 5 and that E has good ordinary reduction at

p. Then there exists LE ∈ K1(Λ(G)S∗) such that, for all Artin representations ρ of

G, we have LE(ρ) 6=∞ and

LE(ρ) = εp(ρ)
Pp(ρ∨, α−1

p )

Pp(ρ, α′−1
p )

α
−fp(ρ)
p

LR(E, ρ, 1)

Ω+ d+(ρ)
E Ω− d

−(ρ)
E

.

In fact, Conjecture 2.7.1 also makes sense in the case when E admits complex

multiplication. In this case the conjecture follows from the existence of the two-

variable p-adic L-function of E, which features in the two-variable main conjecture.

Conjecture 2.7.2. (GL2 Main Conjecture) Assume that p ≥ 5, that E has good

ordinary reduction at p, and that X(E/K∞) ∈MH(G). Then the p-adic L-function

LE ∈ K1(Λ(G)S∗) is a characteristic element of X(E/K∞).

Recently, Burns has shown that Conjecture 2.7.2 is equivalent to a family of

classical abelian versions of the main conjecture, and the assertion that LE exists

(see [Bur07]). The existence of LE has not yet been shown for any elliptic curve

without complex multiplication.
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2.8 The False Tate Curve Extension

To gain an insight into Conjecture 2.7.1 we could first try to prove a simpler version

of it: we could replace the extension Q(E[p∞])/Q by a more elementary non-abelian

p-adic Lie extension.

Let ∆ > 1 denote a p-power free integer which is prime to p. The so-called false

Tate curve extension of Q is defined as

QFT :=
⋃
n≥1

Q
(
µpn ,

pn
√

∆
)
.

It is easy to see that

Gal
(
Q
(
µpn ,

pn
√

∆
)
/Q
)
∼=
(

Z
pnZ

)
o
(

Z
pnZ

)×
so, by infinite Galois theory, Gal(QFT /Q) is the projective limit of these groups:

Gal(QFT /Q) ∼=

 Z×p Zp

0 1

 C GL2(Zp).

In other words, the Galois group is a semi-direct product of two p-adic Lie groups

of dimension one. In terms of a field diagram,

QFT

ZpoZ×p

Zp

Q(µp∞)

Z×p

Q

The Artin representations of GFT := Gal
(
QFT /Q

)
can be made very explicit: it

is proved in [Dok05] that GFT has a unique self-dual representation of dimension

φ(pn) = pn − pn−1, which we denote by ρn, for each n ≥ 1.

Further, it can be shown that each of these representations is induced from a

1-dimensional representation over a cyclotomic field. To be precise: if we write U (n)
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for the kernel of the quotient map Z×p � (Zp/pnZp)×, then we have

Gal
(
QFT /Q(µpn)

) ∼=
 U (n) Zp

0 1

 .

For each n ≥ 1 let ζpn ∈ Q be a pn-th root of unity, chosen so that ζ ppn = ζpn−1 for

all n. Then we may define a 1-dimensional representation

χn : Gal
(
QFT /Q(µpn)

)
−→ Q×

,

 a b

0 1

 7−→ ζbpn

and one can check that ρn is given by

ρn = IndQ
Q(µpn ) χn.

Writing ρ0 for the trivial representation, every irreducible representation of GFT has

the form ρn ⊗ ψ for some n ≥ 0, and some character

ψ : Gal
(
Q(µp∞)/Q

)
−→ Q×

.

Bouganis and V. Dokchitser [BD07] have established an important algebraicity

result for the representations of Gal(QFT /Q). For any Artin representation ρ, we

write Q(ρ) for the minimal field over which ρ can be realised.

Theorem 2.8.1. (Bouganis, V. Dokchitser) If E is an elliptic curve over Q and

ρ is an Artin representation which factors through QFT /Q, then Conjecture 2.3.2

holds for E and ρ. Further, we have

ε(ρ, 0)−1 L(E, ρ, 1)

Ω+ d+(ρ)
E Ω− d

−(ρ)
E

∈ Q(ρ)

where ε(ρ, s) is the epsilon factor appearing in the functional equation of L(ρ, s).

As part of a more general version of Conjecture 2.7.1, Coates et al predict the

existence of an element

LE/QFT
∈ K1

(
Λ(GFT )S∗

)
which satisfies the same interpolation formula as LE at all Artin representations of

GFT (except that we replace the set of primesR by the set {q prime : q divides p∆}).
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2.9 Kato’s Congruences

In his recent paper [Kat05], Kato proved that the existence of the p-adic L-function

LE/QFT
∈ K1

(
Λ(GFT )S∗

)
is equivalent to a set of explicit congruences. In this

section we review some of Kato’s results, following the notation from [Kat05] where

possible.

Kato’s article covers the structure of the K1-group K1(Zp[[G]]) for any open

subgroup G of

GFT =

 Z×p Zp

0 1


but for simplicity we will only discuss his results in the case G = GFT .

We recall the representation ρn from the previous section. Fixing an embedding

ιp : Q ↪→ Qp we can extend scalars to Qp to obtain a representation

ρn : G −→ GLφ(pn)(Qp)

which is induced from the character

χn :

 a b

0 1

 7−→ ζbpn .

For n ≥ 0, we write U (n) for the subgroup of Z×p given by

U (n) = ker

(
Z×p �

(
Zp
pnZp

)×)
.

We define another character χ̃n, taking values in Zp[ζpn ][[U (n)]], by

χ̃n :

 a b

0 1

 7−→ ζbpn 〈a〉 ,

where a 7→ 〈a〉 denotes the canonical embedding of Z×p into its group ring Zp[ζpn ][[Z×p ]].

Inducing χ̃n to G yields a representation

ρ̃n : G −→ GLφ(pn)

(
Zp[ζpn ][[U (n)]]

)
.
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It can be checked that ρ̃n induces a homomorphism

ΘG,n : K1(Zp[[G]]) −→ Zp[[U (n)]]

such that composing the canonical map Zp[[G]]× −→ K1(Zp[[G]]) with ΘG,n yields

the map f 7→ det
(
ρ̃n(f)

)
. Then we have a canonical map

ΘG :=
∏
n≥0

ΘG,n : K1(Zp[[G]]) −→
∏
n≥0

Zp[[U (n)]]×.

Kato’s main result is a description of the image of ΘG. Let us write

Ni,j : Zp[[U (i)]]× −→ Zp[[U (j)]]×

for the natural norm map, and

φ : Zp[[Z×p ]] −→ Zp[[Z×p ]]

for the ring homomorphism induced by the p-power map on Z×p . For an element

(an)n≥0 ∈
∏
n≥0

Zp[[U (n)]]×

we set

bn =
an

N0,n(a0)
and cn =

bn
φ(bn−1)

for all n ≥ 0, and we have the following theorem from [Kat05].

Theorem 2.9.1. (Kato) The image of the map ΘG consists precisely of those

(an)n≥0 ∈
∏
n≥0

Zp[[U (n)]]×

which satisfy the congruence∏
1≤i≤n

Ni,n(ci)p
i ≡ 1 mod p2n

for all n ≥ 1.

Because of this connection toK1(Zp[[G]]), we will sometimes refer to a congruence

of the above form as a ‘K1-congruence’.
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Remark 2.9.2. In [Kat05], Kato also proves a localised version of Theorem 2.9.1,

which describes the image of an analogous map

ΘG,S∗ : K1

(
Zp[[G]]S∗

)
−→

∏
n≥0

Quot
(
Zp[[U (n)]]

)×
.

Now we consider the elliptic curve E again. According to a general conjecture

(see Coates and Perrin-Riou [CPR89]), for each n ≥ 1 there exists a p-adic L-function

L(E, ρn) ∈ Zp[[U (n)]]⊗Q

with the following interpolation property: if ψ : Z×p → Q× is a character of finite

order, then the image of L(E, ρn) under the ring homomorphism Zp[[U (n)]]⊗Q→ Q

induced by ψ coincides with the complex L-value L(E, ρn⊗ψ, 1) up to certain simple

factors (which are essentially the factors from Conjecture 2.7.1).

The conjectures of the non-abelian theory imply that the abelian p-adic L-

functions L(E, ρn) for all n ≥ 0 should arise from the single non-abelian p-adic

L-function LE/QFT
∈ K1(Zp[[G]]S∗). For example, let us consider a special case:

when the p-primary part of SelQFT (E) is trivial, conjecturally L(E, ρn) ∈ Zp[[U (n)]]×

and LE/QFT
∈ K1(Zp[[G]]). Further, we should have

ΘG

(
LE/QFT

)
=
(
L(E, ρn)

)
n≥0

,

so the existence of LE/QFT
∈ K1(Zp[[G]]) is equivalent to a set of congruences between

the p-adic L-functions L(E, ρn).

To verify these congruences, it would suffice to check them for the special values

ψ
(
L(E, ρn)

)
for all characters ψ : Z×p → Q× of finite order. That is, we must

prove congruences between the twisted L-values L(E, ρn ⊗ ψ, 1) multiplied by the

prescribed period and other factors. In the following chapters we will attempt to do

this, by studying convolution L-series of Hilbert modular forms.
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Chapter 3

Hilbert Modular Forms

In this chapter we review the definitions and basic properties of Hilbert modular

forms. These adelic automorphic forms can be seen as a generalisation of classi-

cal modular forms; we will discuss Fourier expansions, Hecke operators, and the

Petersson inner product in the Hilbert modular setting.

Our motivation for studying Hilbert modular forms is the following: when E is

an elliptic curve over Q and ρ is an Artin representation factoring through the false

Tate curve extension QFT /Q, the twisted L-function L(E, ρ, s) can be written as the

Rankin convolution L(f ,g, s) of two Hilbert modular forms defined over the totally

real subfield of Q(µpn).

Our discussion follows Chapter 4 of Panchishkin’s book [Pan91]; a more detailed

account is given in Shimura’s article [Shi78].

3.1 Definitions of Hilbert modular forms

Let F be a totally real field. Throughout this section we write d = [F : Q], DF for the

discriminant of F and d for the different of F . We consider the group GL2(F ), which

may be regarded as the group GQ of Q-rational points on an algebraic subgroup G
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of GL2d.

We may identify the adelisation GA = G(A) with the group

GL2(FA) ∼= G∞ ×GbQ,

where G∞ = GL2(F∞) ∼= GL2(R)d, and GbQ = GL2(F̂ ). Here F̂ = OF ⊗Z Q̂, and

Q̂ = Ẑ⊗Z Q. We write G+
∞ for the identity component of G∞, which is given by

G+
∞
∼= GL+

2 (R)d =
{

(α1, ..., αd) ∈ GL2(R)d : detαν > 0 for all ν
}
.

Let H = {z ∈ C : Im(z) > 0} denote the complex upper half-plane. The group G+
∞

acts on Hd via

(α1, ..., αd) : (z1, ..., zd) 7−→ (α1(z1), ..., αd(zd))

where each copy of GL2(R) acts on H in the usual way: a b

c d

 : z 7−→ az + b

cz + d
.

Let f be a function f : Hd −→ C, and α an element of GL2(R). For k ∈ N we define

the weight k action of α on f by

(
f
∣∣
k
α
)
(z) = N (cz + d)−k N (detα)k/2 f(αz)

where N (z) = z1... zd.

Now we define our congruence subgroups in the Hilbert modular setting. Let c

be an integral ideal of OF , and p a prime ideal. We write cp = cOp for the p-part of

c, and dp = dOp for the local different at p. Then we define W (p) ⊂ GL2(Fp) by

W (p) :=


 a b

c d

 ∈ GL2(Fp) : b ∈ d−1
p ; c ∈ dpcp; a, d ∈ Op; ad− bc ∈ O×p


and W = Wc ⊂ GA by

W = G+
∞ ×

∏
all p

W (p).
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If ψ is a Hecke character, we extend ψ to Wc in the following way: let ψ0 :

(OF /c)× −→ C× be the c-part of ψ, then set

ψ : Wc −→ C×,

 a b

c d

 7−→ ψ0(ac mod c)

where ac is the c-part of a.

Let us fix a positive integer k, an integral ideal c and a Hecke character of finite

order ψ. We now state five conditions on a function f : GA −→ C that will be used

to define a Hilbert modular form of parallel weight k, level c and character ψ. We

denote by ι the involution of GA given by a b

c d

ι

=

 d −b

−c a

 .

Condition (Aut 1): If α ∈ GQ and s ∈ F×A = centre(GA), we have

f(sαx) = ψ(s) f(x)

for all x ∈ GA.

Condition (Aut 2): If w ∈Wc with w∞ = 1, we have

f(xw) = ψ(wι) f(x)

for all x ∈ GA.

Condition (Aut 3): If we write w(θ) = (w1(θ1), ... , wd(θd)) with

wν(θν) =

 cos θν − sin θν

sin θν cos θν

 ,

so that w(θ) ∈ SO2(R)d, we have

f
(
xw(θ)

)
= f(x) exp(−ik{θ})
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for all x ∈ GA, where {θ} = θ1 + · · ·+ θd.

Condition (Hol): For any x ∈ GA with x∞ = 1 there exists a holomorphic

function gx : Hd −→ C such that for all y ∈ G+
∞ we have

f(xy) =
(
gx
∣∣
k
y
)
(i)

where i = (
√
−1, . . . ,

√
−1) ∈ Hd. If F = Q we also require gx to be holomorphic at

the cusps in the usual sense.

Condition (Cusp): For every g ∈ GA,

∫
FA/F

f

g
 1 t

0 1

 dt = 0.

Definition 3.1.1. A Hilbert modular form of parallel weight k ∈ N, level c C OF

and Hecke character ψ is a function

f : GA −→ C

satisfying the automorphy conditions (Aut 1), (Aut 2) and (Aut 3) and the holo-

morphy condition (Hol). The complex vector space of all such forms is denoted by

Mk(c, ψ).

If f also satisfies the cuspidality condition (Cusp), we say that f is a Hilbert

cusp form. We write Sk(c, ψ) for the subspace of cusp forms in Mk(c, ψ).

Remark 3.1.2. In general, the weight k is in fact a vector (k1, . . . , kd) ∈ Nd, where

d = [F : Q]; the term ‘parallel weight’ refers to the special case in which all the kj ’s

are equal. In this thesis we will only use Hilbert modular forms of parallel weight,

so we restrict our definition to these alone. We refer the reader to Shimura [Shi78]

for the details of non-parallel weights.

The holomorphy condition allows us to describe f ∈Mk(c, ψ) more explicitly in

terms of modular forms on Hd. Let h = #C̃l(F ) be the narrow class number of F ,
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and choose ideles t1, ..., th ∈ F×A such that t̃λ COF (the ideals generated by the tλ)

are all prime to p, and form a complete set of representatives for C̃l(F ).

Given f ∈Mk(c, ψ) we set fλ = gx−ιλ
for λ = 1, . . . , h, where

x−ιλ =

 t−1
λ 0

0 1

 ∈ GA

and gx is the function defined in the statement of (Hol). One can check that fλ is

a modular form on Hd; to be precise fλ(z) ∈ Mk(Γλ(c), ψ0) where the congruence

subgroup Γλ(c) ⊂ G+
Q is given by

Γλ(c) := xλWc x
−1
λ

=


 a b

c d

 : b ∈ t̃−1
λ d−1

F ; c ∈ t̃λc dF ; a, d ∈ OF , ad− bc ∈ O×F

 .

We mean by this statement that

fλ
∣∣
k
γ = ψ(γ) fλ

for all γ ∈ Γλ(c). It can be checked that the λ-component decomposition provides

an isomorphism of vector spaces:

Mk(c, ψ) −̃→
h⊕
λ=1

Mk (Γλ(c), ψ) ,

f 7−→ (f1, . . . , fh).

3.2 Fourier Expansions

Let us write τ1, ..., τd for the embeddings F ↪→ R. We define the additive map

eF (ξz) = exp

(
2πi

d∑
a=1

ξτaza

)

where z = (z1, . . . , zd) ∈ Hd and ξ ∈ F . Also, we will refer to an element ξ ∈ F as

totally positive if τa(ξ) > 0 for a = 1, . . . , d (and we will sometimes denote this by

writing ξ � 0).
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If f ∈Mk(c, ψ), each component fλ has a Fourier expansion of the form

fλ(z) =
∑
ξ

aλ(ξ) eF (ξz),

where the sum ranges over all totally positive ξ ∈ t̃λ and ξ = 0. If f is a cusp form,

then aλ(0) = 0 for λ = 1, . . . , h.

Given any integral ideal m C OF , we may write m = ξt̃−1
λ for a unique λ, and

some totally positive ξ ∈ t̃λ. Then we define the coefficients C(m, f) by

C(m, f) =


aλ(ξ)NF/Q(t̃λ)−k/2 if the ideal m = ξt̃−1

λ is integral;

0 if m is not integral.

We observe that C(m, f) is well defined: if ξ and ξ′ satisfy m = ξt̃−1
λ = ξ′t̃−1

λ , we

must have ξ′ = ξε for a unit ε ∈ O×F . The automorphy properties of fλ imply that

fλ(z) = NF/Q(ε)k/2 fλ(εz)

but NF/Q(ε) = 1 since ε is a unit. Therefore fλ(z) = fλ(εz) which implies aλ(ξ) =

aλ(ξ′).

We have the Fourier expansion

f

 y x

0 1

 =
∑
ζ

C(ζỹ, f) |y|k/2 eF (ζiy∞) eF (ζx)

where the sum ranges over all totally positive ζ ∈ F and ζ = 0. In this formula eF

denotes both the additive character

eF : Cd −→ C

z 7−→ exp

(
2πi

d∑
a=1

zd

)

and the additive character of adeles eF : FA/F 7−→ C which agrees with the above

eF on the infinite component.
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3.3 Hecke Operators

We consider the semi-group Yc := GA∩
(
G+
∞ ×

∏
p Yc(p)

)
, where for each prime ideal

p we have

Yc(p) :=


 a b

c d

 ∈ GL2(Fp) : aOp + cp = Op, b ∈ d−1
p , c ∈ cpdp, d ∈ Op

 .

The Hecke algebra Hc is defined to be the set of formal finite sums
∑

y cyWyW with

y ∈ Yc and cy ∈ C, where W is as defined in Section 3.1. It is made into an algebra

with the obvious addition, and the standard multiplication given by decomposition

of double cosets into a union of left cosets (as in the classical case).

Let us define the action of Hc onMk(c, ψ). For y ∈ Yc, we decompose the double

coset WyW into a disjoint union of right cosets:

WyW =
⋃
j

Wyj .

Then for f ∈Mk(c, ψ) we define a function f |WyW on GA by(
f
∣∣WyW

)
(x) =

∑
j

ψ(yj) f(x yιj)

for all x ∈ GA, where ψ is extended to Y via setting

ψ :

 a b

c d

 7−→ ψ0(ac mod c).

It is easy to confirm that f |WyW is also an element of Mk(c, ψ).

For an integral ideal m C OF we then define the Hecke operator Tc(m) to be

the sum of all cosets WyW such that y ∈ Yc and d̃et y = m. We then define the

normalised Hecke operator T ′c(m) by

T ′c(m) := NF/Q(m)(k−2)/2 Tc(m).

One easily checks the following formula which describes the action of T ′c(m) on the

Fourier coefficients of f :

C
(
m, f

∣∣T ′c(n)
)

=
∑

a⊃m+n

ψ(a)N(a)k−1C(a−2mn, f).
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Let be f a newform of level c; if f is a common eigenfunction of all the Hecke operators

T ′c(m), and normalised by C(OF , f) = 1, then we refer to f as primitive of level c.

3.4 Linear Operators on Hilbert modular forms

We will use certain linear operators on the space of Hilbert modular forms. Let

q C OF be an integral ideal, and q ∈ F×A an idele such that q̃ = q. We define the

operators q and U(q) on f ∈Mk(c, ψ):

(f |q)(x) = NF/Q(q)−k/2 f

x
 q 0

0 1


(
f |U(q)

)
(x) = NF/Q(q)k/2−1

∑
v∈OF /q

f

x
 1 v

0 q

 .

These operators may also be described by their effect on the Fourier coefficients of

f , namely

C(m, f
∣∣q) = C(mq−1, f) and C(m, f |U(q)) = C(mq, f).

We will also need the involution Jc, which is defined by

(f |Jc)(x) = ψ(det(x)−1) f

x
 0 1

c0 0


where c0 is an idele such that c̃0 = cd2

F . Then, if f ∈ Mk(c, ψ), we have f |Jc ∈

Mk(c, ψ−1). One also checks from the definition that

f |Jmc = NF/Q(m)k/2
(
f
∣∣Jc

) ∣∣m.
Further, when f is a primitive form inMk(c, ψ), we have

f |Jc = Λ(f) f ι,

where the ‘pseudo-eigenvalue’ Λ(f) is a root of unity, and f ι ∈ Mk(c, ψ−1) is the

Hilbert modular form defined by C(m, f ι) = C(m, f).
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3.5 The Petersson Inner Product

We use Panchishkin’s normalisation of the Petersson inner product on Hilbert mod-

ular forms: for

f = (f1, . . . , fh) ∈ Sk(c, ψ) and g = (g1, . . . , gh) ∈ Mk(c, ψ)

this is defined to be

〈f ,g〉c :=
h∑
λ=1

∫
Γλ(c)\Hd

fλ(z)gλ(z)N(y)kdµ(z)

where the measure µ is given by

dµ(z) =
d∏
j=1

y−2
j dxjdyj .

The normalised Hecke operators T ′c(m) are ψ-Hermitian with respect to the Petersson

inner product: if

f
∣∣T ′c(m) = λ(m) f

for all m with m prime to c, then λ(m) = ψ(m)λ(m) and

ψ(m)
〈
f
∣∣T ′c(m), g

〉
=
〈
f , g

∣∣T ′c(m)
〉
.

3.6 The Trace Map

Let c and c′ be ideals of OF such that c divides c′. Then we have the trace map

Trc′
c : M2(c′, ψ) −→M2(c, ψ),

which is defined by

(
g
∣∣Trc′

c

)
(x) =

∑
v∈T

g

x
 1 0

c v 1

 .

where c is an idele such that c̃ = c, and T is a set of coset representatives for OF /m

where c′ = mc.
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This map has the property

〈f ,g〉c′ =
〈
f ,g
∣∣Trc′

c

〉
c

for any two Hilbert modular forms g ∈M2(c′, ψ), f ∈ S2(c, ψ). Further, from [Pan91]

equation (4.11) we have the following useful identity:

g
∣∣Trc′

c = g
∣∣Jc′ ◦ U(c′c−1) ◦ Jc.

This arises from the definitions of the operators U and J , and the matrix identity 1 0

c v 1

 = (cm)−1

 0 1

cm 0

 1 v

0 m

 0 1

c 0


which holds for any c,m and v.

3.7 Eisenstein Series

Let a, b be fractional ideals of OF , and ω a Hecke character of finite order defined

modulo an integral ideal c(ω). In Section 4 of [Pan91], Panchishkin defines a Hilbert

Eisenstein series Kq
m(s; a, b;ω) of parallel weight m. We will only require the partic-

ular case q = 0, m = 1, and in this case the Eisenstein series has λ-components

K0
1 (s; a, b;ω)λ(z) = NF/Q(t̃λ)1/2 N (y)

×
∑
c,d

sign(NF/Q(d))ω(dOF )N (cz + d)−1
∣∣N (cz + d)

∣∣−2s

for s > 1. Here N(z) = z1 . . . z[F :Q], and the sum is taken over the set of equivalence

classes

(c, d) ∈ t̃λda× b

∼

where the relation ∼ is defined by (c, d) ∼ (uc, ud) for all u ∈ O×F .

Remark 3.7.1. In general this Eisenstein series is a C∞-Hilbert modular form.

These are defined by replacing the holomorphy condition (Hol) from Section 3.1 by
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an analogous condition where we demand that the functions gx are C∞ rather than

holomorphic. To recover a holomorphic modular form, one can apply a holomorphic

projection operator, as Panchishkin does in Section 4.6 of [Pan91]. However for our

specific case, the Eisenstein series is already holomorphic and we avoid this step.

In the following chapter we will use the Eisenstein series K0
1 (s; c,OF ;ω) for a

particular integral ideal c. It is necessary to convert this to another Eisenstein series

which has a user-friendly Fourier expansion; we can do this via the involution Jc.

Using [Pan91] (4.6), one can show:

K0
1 (0; c,OF ;ω)

∣∣Jc =
(4πi)[F :Q]

D
1/2
F NF/Q(cd2

F )1/2
E1(0, ω).

Here E1 is the Eisenstein series defined in (4.13) of [Pan91], with λ-components

E1(0, ω)λ(z) =
NF/Q(t̃λ)−1/2D

1/2
F

(−4πi)[F :Q]

∑
c,d

sign(NF/Q(c))ω(cOF )NF/Q(cz + d)−1

such that ω is an ideal character modulo c, and the sum ranges over

(c, d) ∈
OF × t̃−1

λ d−1
F

∼
.

The Fourier expansion of each λ-component is computed in [Pan91] Prop 4.2:

E1(0, ω)λ(z) = NF/Q(t̃λ)−1/2
∑

0� ξ ∈ t̃λ

aλ(ξ) eF (ξz)

with

aλ(ξ) =
∑
c

ω−1(c̃) ,

where the sum ranges over all c ∈ OF such that there is a decomposition ξ̃ = b̃ c̃ for

some b ∈ t̃λ.

3.8 L-series

Given a Hilbert modular form f ∈ Mk(c, ψ) we may associate an L-series to f like

so:

L(f , s) :=
∑
m

C(m, f)NF/Q(m)−s.
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The series converges only when s > (k+1)/2, but may be continued to a holomorphic

function on the entire complex plane.

Further, if f ∈ Mk(c, ψ) is a common eigenfunction of all the Hecke operators,

we have an Euler product formula for L(f , s). To be precise, suppose

f
∣∣T ′c(m) = λ(m) f

for all m C OF , which means C(m, f) = λ(m)C(OF , f) for all m. If we normalise f

by setting C(OF , f) = 1, then

L(f , s) =
∑
m

λ(m)NF/Q(m)−s,

and we have the following Euler product:

L(f , s) =
∏
p

(
1 − λ(p)NF/Q(p)−s + ψ(p)NF/Q(p)k−1−2s

)−1

where p ranges over all prime ideals of OF .

3.9 Rankin Convolutions

Given two Hilbert modular forms f ∈ Sk(c(f), ψ) and g ∈Ml(c(g), ω) with k > l ≥ 1,

we can associate the Rankin convolution L-function L(f ,g, s) to them. The basic

convolution L-series is defined as follows:

L(f ,g, s) :=
∑

n

C(f , n)C(g, n)NF/Q(n)−s

where the sum is taken over all integral ideals of OF .

Suppose now that f and g are Hecke eigenforms, so that their L-series admit

Euler products. For each prime q of F we may factorise the Hecke polynomials like

so:

1− C(q, f)T + ψ(q)T 2 =
(
1− α(q)T

)(
1− α′(q)T

)
1− C(q,g)T + ω(q)T 2 =

(
1− β(q)T

)(
1− β′(q)T

)
.
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Then the Rankin convolution has the following Euler product decomposition, given

in Panchishkin [Pan91]:

Lc(2s+ 2− k − l, ψω) L(f ,g, s)

=
∏
q

(
1− α(q)β(q)NF/Q(q)−s

)−1 (1− α′(q)β(q)NF/Q(q)−s
)−1

×
(
1− α(q)β′(q)NF/Q(q)−s

)−1 (1− α′(q)β′(q)NF/Q(q)−s
)−1

where c = c(f)c(g) and

Lc(s, ψω) =
∑

n+c=OF

ψ(n)ω(n)NF/Q(n)−s

is the standard Hecke L-function of ψω with the Euler factors at the primes dividing

c removed. Further, if we define a completion factor

γd(s) = (2π)−2ds Γ(s)d Γ(s+ 1− l)d

then we have the completed Rankin convolution

Ψ(f ,g, s) := γd(s)Lc(2s+ 2− k − l, ψω)L(f ,g, s).

Then Ψ(f ,g, s) admits a holomolphic continuation to the entire complex plane, and

satisfies a certain functional equation (see Shimura [Shi78]). Further, it can be shown

that the value
Ψ(l + r, f ,g)

(2πi)d(1−l) 〈f , f〉c(f)
is algebraic for all integers r with 0 ≤ r ≤ k − l − 1 (see [Shi78] again).

3.10 Base Change

The theory of base change involves lifting cuspidal automorphic representations of

GLn from one field to another; but we will not discuss automorphic representations

in this thesis at all, so we state only a simple version of base change for Hilbert

modular forms.
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Let F ′/F be an abelian extension of totally real number fields, and f ∈Mk(c, ψ)

a Hilbert modular form over F . Then there exists a Hilbert modular form f/F ′ ∈

Mk(c′, ψ′) over F ′ whose L-series satisfies

L(f/F ′ , s) =
∏
η∈ bG

L(f , η, s)

where Ĝ denotes the character group of G = Gal(F ′/F ). We refer to f/F ′ as the

base change of f to the field F ′. Its existence is established in Langlands [Lan80].

In particular, consider an elliptic curve E over Q and its associated newform

fE ∈ Snew
2 (Γ0(NE)) which has the property

L(fE , s) = L(E, s).

Then if F is an abelian totally real number field, there exists a Hilbert modular form

fE ∈ S2(c(fE),1) which is the base change of fE to F , whose L-series satisfies

L(fE , s) =
∏

ψ∈dGal(F/Q)

L(E,ψ, s) = L(E/F, s).

3.11 Hilbert Modular Forms from Induced Representa-

tions

Let F be a totally real field as before, and K/F a totally imaginary quadratic

extension. We introduce the following notation: for a finite-order character χ :

Gal(Q/F ) → C×, we write χ† : IF → C× for the character of ideals obtained

by composing χ with the reciprocity map of class field theory. Specifically, χ† is

normalised by

χ†(q) = χ(Frob−1
q )

for almost all primes q of F , where Frobq denotes an arithmetic Frobenius element

at q.

We have the following theorem due to Serre:
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Theorem 3.11.1. If ρ is an Artin representation of Gal(Q/F ) which is induced

from a 1-dimensional representation χρ of Gal(Q/K), then there exists a Hilbert

modular form gρ over F such that gρ ∈ S1(c(gρ), (det ρ)†) and

L(gρ, s) = L(ρ, s).

Further, gρ is primitive if and only if χρ is a primitive character.

Comparing the L-series coefficients of L(gρ, s) and L(ρ, s), the theorem implies that

the Fourier coefficients of gρ are given by

C(m,gρ) =
∑

aCOK,
aā=m

χ†ρ(a).

The character (det ρ)† can be written as

(det ρ)†(a) = θK/F (a) χ†ρ(aOK)

where θK/F is the quadratic character of K/F , given on primes of OF by

θK/F (q) =


1 if q splits in K/F

−1 if q is inert in K/F

0 if q ramifies in K/F.

3.12 Hilbert Modular Forms from the False Tate Curve

Extension

As in the previous chapter, we consider the false Tate curve extension of Q: we write

QFT =
⋃
n≥0

Q(µpn ,
pn
√

∆)

and GFT = Gal(QFT /Q). Recall that GFT has a unique self-dual Artin represen-

tation of dimension φ(pn) for each n ≥ 0, which is induced from a character χn
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over the field Kn = Q(µpn). Setting Fn = K+
n , we define a 2-dimensional Artin

representation ρn over Fn by

ρn := IndFnKn χn.

Then, by Theorem 3.11.1 there exists a Hilbert modular form gρk lying inM1(c(gρk), (det ρk)†)

which satisfies L(gρk , s) = L(ρk, s).

For any n ≥ k, we have an abelian extension Fn/Fk, so we may consider the base

change gρk/Fn of gρk to Fn. The following lemma shows that this Hilbert modular

form is also associated to an induced representation.

Lemma 3.12.1. If ρk = IndFkKk(χρk), then

L(gρk/Fn , s) = L(ResFn ρk, s)

= L
(
IndFnKn(ResKn χρk), s

)
,

where ResKn χρk denotes the restriction of χρk from Gal(Q/Kk) to Gal(Q/Kn).

Proof. Firstly, by our definition of the base change

L(gρk/Fn , s) =
∏
ψ∈Ĝ

L(ρk ⊗ ψ, s) = L(ρk ⊗ RegFn/Fk , s)

where G = Gal(Fn/Fk), and RegFn/Fk = IndFkFn 1 denotes its regular representation.

However, the Artin formalism implies

L(ρ/M, s) = L(Ind ρ/L, s)

whenever ρ is an Artin representation over M , and L is a subfield of M . Therefore

L(ρk ⊗ RegFn/Fk , s) = L(ρk ⊗ IndFkFn 1, s) = L(ResFn ρk ⊗ 1, s)

and the result follows because ResFn ρk = IndFnKn(ResKn χρk).

In a slight abuse of notation, we will write ρk/Fn as shorthand for the Artin

representation ResFn ρk = IndFnKn(ResKn χρk). This emphasises the connection with

the base change of gρk .
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Now let E be an elliptic curve over Q, and fE its associated cusp form. We write

fE for the base change of fE to Fn, and compare the Rankin convolution

Lc(det ρk/Fn, 2s− 1) L(fE ,gρk/Fn , s)

with the twisted L-function L(E, ρk/Fn, s). Considering the Euler products of both,

it is clear they agree at each factor except possibly at the bad primes. In fact,

Dokchitser and Bouganis state in [BD07] that the Euler factors can only differ at

primes at which both H1
l (E) and ρk/Fn are ramified. Therefore, if we assume that

(NE , p∆) = 1 we have the equality

Lc(det ρk/Fn, 2s− 1) L(fE ,gρk/Fn , s) = L(E, ρk/Fn, s)

Therefore, we can study the twisted L-functions of E using results on Rankin con-

volutions of Hilbert modular forms.
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Chapter 4

Non-abelian Congruences

In this chapter we will prove a set of K1-congruences for the abelian p-adic L-

functions Lp(E, ρi), for Artin representations ρi factoring through a false Tate curve

extension of Q. Unfortunately, our congruences are not strong enough to prove the

existence of the non-abelian p-adic L-function LE/QFT .

The main reference for this chapter is the book [Pan91], in which Panchishkin con-

structs an algebraic-valued measure associated to the Rankin convolution L(f ,g, s)

of two Hilbert modular forms. However, Panchishkin’s results require the assump-

tion that p and c(g) are coprime, and additionally that C(c(g),g) 6= 0. Neither of

these conditions holds when g = gρn , so we must give the construction of the mea-

sure again in our case. Our results hold provided the elliptic curve E is semistable,

and are subject to two technical hypotheses.

The material in this chapter is joint work with my PhD supervisor, Daniel Del-

bourgo; a version of it appears in [DW08]. We thank Vladimir Dokchitser and

Thanasis Bouganis for their very helpful comments, and in particular thank Vladimir

for the argument which proves Claim (?) in Section 4.6.
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4.1 Main Results

Throughout we fix an odd prime p. Let ∆ > 1 denote a p-power free integer. We

suppose that ∆ is coprime to p, which ensures all the primes above ∆ are tamely

ramified in the false Tate curve tower.

Recall the false Tate curve extension:

QFT =
⋃
n≥1

Q
(
µpn ,

pn
√

∆
)
.

Basic Galois theory informs us that

Gal(QFT /Q) ∼=

 Z×p Zp

0 1

 C GL2(Zp).

In other words, the Galois group is a semi-direct product of two p-adic Lie groups

of dimension one.

Throughout this chapter we use the following notation: for each integer n ≥ 0,

we set Kn = Q(µpn) and write Fn = Q(µpn)+ for the maximal real subfield. When

the value of n is clear, we simply write p for the unique prime of Fn above p. In

terms of a field diagram,

ZpoZ×p

QFT

Q
(
µpn ,

pn
√

∆
)

pn Z/pnZ

Kn

2
qqqqqqqqqqqq

(Z/pnZ)×Fn

(pn−pn−1)/2

p

Q p

In this situation the representation theory is very well understood. It is proved

in [Dok05] that Gal(QFT /Q) has a unique self-dual representation of dimension
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pk − pk−1, which we denote by ρk,Q for each k ≥ 1. This may be written

ρk,Q = IndQ
Kk
χρk

for a character χρk of Gal(QFT /Kk). Putting ρ0,Q = 1, every irreducible represen-

tation of Gal(QFT /Q) has the form ρk,Q ⊗ ψ for some k ≥ 0, and some character

ψ : Gal
(
Q(µp∞)/Q

)
−→ C×.

For the rest of this section, we set G = Gal(QFT /Q).

Let E be an elliptic curve over Q. As part of the general GL2 main conjecture,

Coates et al [CFK+05] predict the existence of a non-abelian p-adic L-function

LE/QFT ∈ K1(Zp[[G]]S∗)

whose evaluation at an Artin representation ρ : G −→ GL(V ) yields essentially the

ρ-twisted L-value L(E, ρ, 1). Here Zp[[G]]S∗ is the localisation of Zp[[G]] at a certain

Ore set S∗ =
⋃
n≥0 p

nS.

We always assume that E has good ordinary reduction at p, and that ∆ and NE

are coprime. We also assume that E is semistable (otherwise our distributions turn

out to be identically zero).

Wiles et al have shown that all elliptic curves over Q are modular, so we may

write fE for the newform of weight two and conductor NE associated to E. In order

to state our full results, we are forced to impose two other hypotheses.

Hypothesis (I, n) For each integer 0 ≤ j ≤ n, the Conjecture IV of Stevens

[Ste89] §4 holds at all ρj⊗ψ-twists of the fE-isotypic component in H1

(
X1(NE),Z

)
.

Hypothesis (II) The (p − 1) branches of the Mazur-Tate-Teitelbaum p-adic L-

function of E/Q each have a trivial µ-invariant.

Condition (I, n) implies that the p-adic L-functions Lp(E, ρ0), Lp(E, ρ1), . . . Lp(E, ρn)
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(defined in Theorem 4.1.1 below) take p-integral values. Although we are unable to

verify it for any elliptic curves, it is expected to hold quite generally; for instance,

if the ρj-twisted main conjectures hold for j ∈ {0, . . . , n}, every Lp(E, ρj) is the

characteristic power series of a corresponding Selmer group, and Hypothesis (I, n)

follows.

The Mazur-Tate-Teitelbaum p-adic L-function mentioned in condition (II) es-

sentially interpolates the value L(E,χ, 1) at each finite order character χ : Z×p → C×p
(details are given in [MTT86]). Hypothesis (II) implies that the norm of Lp(E, ρ0)

has µ-invariant equal to zero, which ensures that the congruences we prove are non-

trivial. This condition is conjectured to hold true for all E and p, and one may be

able to verify it numerically by computing the L-values L(E,ωi, 1) for each branch

ωi. We have done this for a specific example in Section 4.7.

The first of our main results is an integral version of a theorem of Shai Ha-

ran from [Har87], concerning the existence of abelian p-adic L-functions which are

attached to the special values L(E, ρn ⊗ ψ, 1). To be precise, these are p-adic L-

functions associated to the motives h1(E)⊗ZM(ρn); but we will not discuss motives

at all in this thesis.

Theorem 4.1.1. Let p denote the unique prime of Fn above p, and let f denote the

base change of fE to the field Fn. We define the automorphic period

Ωaut
E/Fn

:= (2π)φ(pn)
〈
f/Fn , f/Fn

〉
c(f)

.

If there is no non-trivial congruence modulo p between f and another modular form

in M2(c(f)), then there exists a unique element Laut
p (E, ρn) of Zp[[U (n)]] such that

ψ
(
Laut
p (E, ρn)

)
=

εFn,p(ρn ⊗ ψ)

α
f(ρn⊗ψ,p)
p

×
Pp

(
ρn ⊗ ψ, α−[Fn:Q]

p

)
Pp

(
ρn ⊗ ψ−1, α

′−[Fn:Q]
p

)
× LS(E, ρn ⊗ ψ−1, 1)

Ωaut
E/Fn

for all finite characters ψ of U (n).
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Here, Pp(ρ, T ) is the local polynomial of ρ at p, and αp denotes the p-adic unit

root of

1− ap(E)T + pT 2

with α′p being the non-unit root. Also, S denotes the set of primes of Fn which divide

p∆, and εFn,p(ρn ⊗ ψ) denotes the local ε-factor at p. This ε-factor depends on the

choice of a local Haar measure and an additive character at p (see [Tat79] for details).

Over Q, we follow [CFK+05] and choose the Haar measure dx which gives Zp measure

1, and the additive character τ : (Qp,+)→ C× given by τ(ap−m) = exp(−2πia/pm)

with a ∈ Zp.

Recall from Chapter 2 that Kato’s paper [Kat05] reduces the existence of LE/QFT
to a set of congruences. We put an = Lp(E, ρn), and consider both

bn = an/N0,n(a0) and cn = bn/φ(bn−1).

As in Chapter 2,

Ni,j : Zp[[U (i)]]× −→ Zp[[U (j)]]×

denotes the homomorphism induced by the norm map, and

φ : Zp[[Z×p ]] −→ Zp[[Z×p ]]

is the ring homomorphism induced by the p-power map on Z×p . Kato’s calculations

of the image of K1 predict that

n∏
i=1

Ni,n(ci)p
i ≡ 1 mod p2n.

Theorem 4.1.2. Assume that both Hypotheses (I,n) and (II) are satisfied. Then

the non-abelian congruences

n∏
i=1

Ni,n(ci)p
i ≡ 1 mod pn+1

hold true.
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When n > 1 these congruences are conjecturally not the best possible. For

example, if n = 2 we expect a congruence modulo p4 not p3, if n = 3 we expect one

modulo p6 not p4, and so on. However when n = 1, we have proved the congruences

found numerically by Tim and Vladimir Dokchitser in [DD07].

Theorem 4.1.3. Under the same hypotheses, the congruences computed in [DD07]

always hold, i.e.

a1 ≡ N0,1(a0) mod p.

Remark 4.1.4. Theorem 4.1.3 was proved in the case p = 3 by A. Bouganis

in [Bou05], using properties of the 3-adic Eisenstein measure. Likewise, Bouganis

had a non-integral version of Theorem 4.1.1.

Remark 4.1.5. When proving these results, we encounter a period ratio

(2π)φ(pn)
〈
f/Fn , f/Fn

〉
c(f)

(Ω+
EΩ−E)φ(pn)/2

∈ Q

which measures the discrepancy between the motivic p-adic L-function associated to

E ⊗ ρn, and its automorphic counterpart. When we submitted our article [DW08],

we believed that the conjectures of Doi, Hida and Ishii from [DHI98] imply that this

ratio is a p-adic unit. We have since realised that this is possibly not true; however

this is not a problem, if one accepts Conjecture IV of Stevens [Ste89], which implies

that the p-adic L-functions Lp(E, ρi) are all p-integral.

Remark 4.1.6. In [Kat05], Kato formulates a more general set of congruences for

the case in which the Iwasawa algebra is localised (see Remark 2.9.2). We are

confident that the method we use to prove Theorem 4.1.2 could be adapted to prove

similar weakened versions of these congruences, provided Hypotheses (I, n) and (II)

hold.
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4.2 Integrality of Special Values

Let ρk := IndFkKk χρk denote the two-dimensional Artin representation of Gal(QFT /Fk),

and write ρk/Fn := ResFn ρk for its restriction to Gal(QFT /Fn). As before, we con-

sider the finite set of primes

S = {v : v is a prime of Fn, v|p∆} .

Our first goal in this chapter is to show that for every integer n ≥ k, there exists a

Q-valued distribution interpolating

simple factors × LS(E, ρk/Fn ⊗ ψ−1, 1)
a period

for a suitable family of Hecke characters ψ (see Theorem 4.5.2 for the precise state-

ment). To do this, we will study the value at s = 1 of the completed Rankin-Selberg

product

Ψ(f ,gρ, s) =
(

Γ(s)
(2π)s

)2[F :Q]

Lc(2s− 1, (det ρ)†)L(f ,gρ, s)

where c = c(f)c(gρ), and

L(f ,gρ, s) =
∑

a

C(a, f)C(a,gρ)NF/Q(a)−s.

In this section, our aim is to prove the following integrality result.

Theorem 4.2.1. Let F = Fn and let ρ be an Artin representation over Fn induced

from a character over Kn. Let g = gρ, and let f ∈ M2(c(f)) be a Hilbert modular

form with p-integral Fourier coefficients and level c(f) prime to c(g).

Let p denote the unique prime of F above p. If there exists no non-trivial congru-

ence modulo p between f and another modular form in M2(c(f)), then the algebraic

number

εF (ρ) .
Ψ(f ,gι, 1)
〈f , f〉c(f)

is p-integral, where we write εF (ρ) = εF (ρ, 0).
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Remark 4.2.2. In our paper [DW08], we required Theorem 4.2.1 to prove the inte-

grality of the motivic p-adic L-function Lp(E, ρn). Now that we assume Hypothesis

(I,n), we do not actually need it. However, we still include the result to show ex-

plicitly the connection between the integrality of the automorphic p-adic L-values,

and congruence properties of the Hilbert modular form f . One can compare this

to the appearance of the congruence module Hλ(P) in Chapter 5, in the integrality

statement for Hida’s p-adic L-function.

The proof of Theorem 4.2.1 is given at the end of this section; let us first con-

sider the epsilon factor εF (ρ, s). The Artin L-function L(ρ, s) is known to obey the

functional equation

Γ∞(s) L(ρ, s) = εF (ρ, s) Γ∞(1− s) L(ρ∨, 1− s)

where ρ∨ is the contragredient representation, and Γ∞(s) := ((2π)−sΓ(s))[F :Q]. The

global ε-factor at zero may be decomposed into an infinite product

εF (0, ρ) =
∏

all places v

εFv(ρv, τv, dxv).

Each local factor depends on the normalisation of additive characters τv of Fv, and

Haar measures dxv, however the product does not (see Tate [Tat79] for a summary

of local ε-factors).

Lemma 4.2.3. Setting εF (ρ) = εF (ρ, 0), we have

Λ(gρ) = i−[F :Q]NF/Q(cd2
F )−1/2 εF (ρ).

Proof. Following Shimura in [Shi78], we define

R(g, s) := NF/Q(cd2
F )s/2Γ∞(s)L(g, s)

where g is a Hilbert modular form of parallel weight 1 and conductor c. Then

from [Shi78] (2.48) there is a functional equation

R(g, s) = i[F :Q]R(g|Jc, 1− s).
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Supposing g is primitive, we have g|Jc = Λ(g)gι, so the functional equation becomes

R(g, s) = i[F :Q]Λ(g)R(gι, 1− s).

However, taking g = gρ we have L(ρ, s) = L(g, s) and L(ρ∨, s) = L(gι, s). Therefore

Γ∞(s)L(ρ, s) = εF (ρ, s)Γ∞(1− s)L(ρ∨, 1− s)

can be rewritten as

R(g, s) = εF (ρ, s)NF/Q(cd2
F )s−1/2R(gι, 1− s).

Substituting R(g, s) = i[F :Q]R(g|Jc, 1 − s) from the functional equation above, one

obtains an equality

i[F :Q]Λ(g) = εF (ρ, s)NF/Q(cd2
F )s−1/2

for all values of s such that R(1 − s,gι) 6= 0. The result follows from putting

s = 0.

We will need the following integral representation, a special case of [Shi78], (4.32).

Proposition 4.2.4.

Ψ(f ,gι, 1) = D
1/2
F π−[F :Q]

〈
f ι, V (0)

〉
c

where DF is the discriminant of F/Q and

V (0) = gι .K0
1

(
0; c,OF ; (det ρ)†−1

)
,

with K0
1 the Eisenstein series introduced in Chapter 3 (defined in (4.5) of [Pan91]).

Let us recall the results on Eisenstein series from Chapter 3: we can apply

the involution Jc to convert K0
1 to the Eisenstein series E1, for which the Fourier

exapnsion is known explicitly. To be precise, we have

K0
1

(
0; c,OF ; (det ρ)†−1

)∣∣∣Jc =
(4πi)[F :Q]

D
1/2
F NF/Q(cd2

F )1/2
E1

(
0, (det ρ)†−1

)
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where E1 is the Eisenstein series (4.13) in [Pan91], whose λ-components have the

Fourier expansion

E1

(
0, (det ρ)†−1

)
λ
(z) = NF/Q(t̃λ)−1/2

∑
0�ξ∈t̃λ

aλ(ξ)eF (ξz)

where

aλ(ξ) =
∑
ξ̃=b̃c̃,
c∈OF ,
b∈t̃λ

(det ρ)†−1(c̃).

We are now in a position to prove our integrality result.

Proof of Theorem 4.2.1. Let c = c(f)c(g). By Proposition 4.2.4,

Ψ(f ,gι, 1) = D
1/2
F π−[F :Q] 〈f ι, V (0)〉c

where V (0) = gι .K0
1 (0; c,OF ; (det ρ)†−1). Consider V (0)

∣∣Jc; by our earlier formula

for K0
1

∣∣Jc we have

V (0)|Jc = (gι
∣∣Jc) . (K0

1

∣∣Jc)

= Λ(gι)NF/Q(c(f))1/2(g
∣∣c(f)) . (K0

1

∣∣Jc)

= Λ(gι)(4πi)[F :Q]D
−1/2
F NF/Q(c(f))1/2NF/Q(c(g)d2

F )−1/2

× (g
∣∣c(f)) . E1(0, c, (det ρ)†−1).

Now, c = c(f)c(g), so we may employ the trace map

Trc
c(f) : M2(c, ψ) −→M2(c(f), ψ),

which was defined in Chapter 3. Recall that it satisfies

〈F,H〉c =
〈
F,H

∣∣Trc
c(f)

〉
c(f)

and the identity

H
∣∣Trc

c(f) = H
∣∣Jc ◦ U(c(g)) ◦ Jc(f).
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Setting Θ = (g|c(f)) . E1(0, (det ρ)†−1), we calculate

Ψ(f ,gι, 1) = D
1/2
F π−[F :Q] 〈f ι, V (0)〉c

= D
1/2
F π−[F :Q]

〈
f ι, V (0)

∣∣Trc
c(f)

〉
c(f)

= D
1/2
F π−[F :Q]

〈
f ι, V (0)

∣∣Jc ◦ U(c(g)) ◦ Jc(f)

〉
c(f)

= Λ(gι)(4i)[F :Q] NF/Q(c(f))1/2 NF/Q(c(g)d2
F )−1/2

×
〈
f ι,Θ

∣∣U(c(g)) ◦ Jc(f)

〉
c(f)

.

Observe that Λ(gι)(4i)[F :Q]NF/Q(c(f))1/2 is a p-adic unit, as Λ(gι) is a root of unity

and gcd(p, 4c(f)) = 1. Also, from Lemma 4.2.3 we know that ordp(NF/Q(c(g)d2
F )1/2) =

ordp(εF (ρ)). Therefore,

ordp

(
εF (ρ).

Ψ(f ,gι, 1)
〈f , f〉c(f)

)
= ordp

(〈
f ι,Θ

∣∣U(c(g)) ◦ Jc(f)

〉
c(f)

〈f , f〉c(f)

)

so it suffices to prove the p-integrality of the quantity on the right hand side. As the

operator J is an involution, we have

〈
F,H

∣∣Jc

〉
c

=
〈
F
∣∣Jc,H

〉
c

for any H ∈M2(c, ψ) and any F ∈ S2(c, ψ). Therefore

〈
f ι,Θ

∣∣U(c(g)) ◦ Jc(f)

〉
c(f)

=
〈
f ι
∣∣Jc(f),Θ|U(c(g))

〉
c(f)

= Λ(f ι)
〈
f ,Θ

∣∣U(c(g))
〉
c(f)

.

By choosing a basis for the finite dimensional vector spaceM2(c(f)) which includes

f , we may write

Θ
∣∣U(c(g)) = c f +

∑
fi 6=f

ci fi
∣∣bi

for algebraic numbers ci (which are almost all zero), where each form fi is primitive

of level ai, such that aibi divides c(f). We deduce that〈
f ι,Θ

∣∣U(c(g)) ◦ Jc(f)

〉
c(f)

〈f , f〉c(f)
= Λ(f ι)

c+
∑
fi 6=f

ci

〈
f , fi
∣∣bi〉c(f)

〈f , f〉c(f)

 .
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It is a simple consequence of Proposition 4.13 of Shimura [Shi78] that

〈
f , fi
∣∣bi〉c(f) =

L(f , f ιi |bi, s)
L(f , f ιi , s)

∣∣∣∣∣
s=2

× 〈f , fi〉c(f)

One may therefore write〈
f , fi
∣∣bi〉c(f)

〈f , f〉c(f)
=

L(f , f ιi |bi, s)
L(f , f ιi , s)

∣∣∣∣∣
s=2

×
〈f , fi〉c(f)
〈f , f〉c(f)

.

But 〈f , fi〉c(f) = 0 as f and fi are distinct primitive forms, whence〈
f , fi
∣∣bi〉c(f)

〈f , f〉c(f)
= 0

for each i. It follows that〈
f ι,Θ|U(c(g)) ◦ Jc(f)

〉
c(f)

〈f , f〉c(f)
= Λ(f ι) c.

Since Λ(f ι) is a root of unity, it suffices to prove that c is p-integral.

Suppose not; then c−1 ≡ 0 mod p. We have an explicit formula for the Fourier

coefficients of E1(0, (det ρ)†−1), and they are easily seen to be p-integral. Also, we

wrote down the Fourier coefficients of gρ in Chapter 3: they are p-integral too.

Therefore Θ = (gρ|c(f)) . E1(0, c, (det ρ)†−1) must have p-integral Fourier coeffi-

cients, implying

c−1 Θ
∣∣U ≡ 0 mod p,

by our assumption that c−1 ≡ 0 mod p. So,

f = c−1 Θ
∣∣U − ∑

fi 6=f

c−1ci fi
∣∣bi

≡ −
∑
fi 6=f

c−1ci fi
∣∣bi mod p.

It follows that f is congruent modulo p to a distinct modular form in M2(c(f)),

contradicting the hypothesis of the theorem. This completes the proof of Theorem

4.2.1. �
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4.3 Constructing the Distribution

Having established our integrality result, we go on to construct the distribution. We

continue to write F = Q(µpn)+, and we write f for the base change of fE to F ,

where E/Q is our semistable elliptic curve (this base change is guaranteed to exist

as the field F is abelian over Q).

For a finite place v 6= p of F , we label roots α(v), α′(v) of the polynomial

1− C(v, f)X +NF/Q(v)X2 = (1− α(v)X)(1− α′(v)X).

We also define α(p) and α′(p) to be the roots of

1− C(p, f)X + pX2 = (1− α(p)X)(1− α′(p)X).

where α(p) is the p-adic unit, and α′(p) is the non-unit root. From these definitions,

we extend the expressions α(m), α′(m) multiplicatively to all ideals m of OF .

Definition 4.3.1. Set l0 :=
∏

q|∆ q. Then the pl0-stabilisation of f is defined to be

f0 :=
∑
a|pl0

M(a)α′(a).f
∣∣a

where M is the Möbius function on ideals.

As Panchishkin points out in [Pan91], this definition is equivalent to the identity

L(f0, s) = L(f , s) ×
∏
q|pl0

(1− α′(q)NF/Q(q)−s)

i.e. we have removed the α′-part of the Euler factors at the primes dividing pl0. One

can check that the level of f0 is pl0c(f).

Lemma 4.3.2. Suppose m is an integral ideal dividing pl0. Then

f0
∣∣U(c(f)m) = α(m) C

(
c(f), f

)
f0.

Proof. This result follows easily from the definition of f0 and the effect of the oper-

ators
∣∣U(m) and

∣∣m on Fourier coefficients.
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Following (3.14) of [Pan91], we also define

gρ,pl0 :=
∑
n|pl0

M(n).gρ
∣∣U(n) ◦ n.

This definition is equivalent to the identity

L(gρ,pl0 , s) = L(g, s) ×
∏
q|pl0

(1− β(q)NF/Q(q)−s) (1− β′(q)NF/Q(q)−s)

i.e. we have completely removed the Euler factors at the primes dividing pl0. We

modify gρ in this way to ensure the Euler factor in our special value is the correct

one.

Set c0 = pl0c(f). We shall choose ideals m′ and l′ such that m′ is a power of p,

supp(l′) = supp(l0), and that c(gρ)p2l20|m′l′. We have

f0 ∈ S2(c0) ⊂ S2(c(f)m′l′)

and

gρ,pl0 ∈ M1(c(gρ)p2l20, (det ρ)†) ⊂ M1(c(f)m′l′, (det ρ)†).

Then the contragredient Euler factor is given by

Eulpl0(ρ
∨, s) :=

∏
v|pl0

(1− α′(v)β̂(v)N(v)−s)(1− α′(v)β̂′(v)N(v)−s)

× (1− α−1(v)β(v)N(v)s−1)(1− α−1(v)β′(v)N(v)s−1).

Here we have factorised the Hecke polynomial as

1− C(v,gρ)X + (det ρ)†(v)X2 = (1− β(v)X)(1− β′(v)X),

and the dual Hecke polynomial as

1− C(v,gρ)X + (det ρ)†
−1

(v)X2 = (1− β̂(v)X)(1− β̂′(v)X).

Remark 4.3.3. Since we assumed that E is semistable over Q, we have

C
(
c(f), f

)
= (−1)#T

ns
F

where T nsF denotes the set of finite places of F where E has non-split multiplicative

reduction. In particular, C
(
c(f), f

)
6= 0.
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Lemma 4.3.4. We have the following identity:

Ψ(f0,gρ,pl0

∣∣Jc(f)m′l′ , s) = NF/Q

(
c(f)m′l′

c(gρ)

)1/2−s
Λ(gρ) α

(
m′l′

c(gρ)

)
C
(
c(f), f

)
× Eulpl0(ρ

∨, s) Ψ(f ,gιρ, s).

Proof. Recall the formula f |Jmc = NF/Q(m)k/2(f
∣∣Jc)

∣∣m from Chapter 3. Since c(gρ,pl0) =

c(gρ)p2l20, it follows that

gρ,pl0

∣∣Jc(f)m′l′ = NF/Q

(
c(f)m′l′

c(gρ)p2l20

)1/2

.
(
gρ,pl0

∣∣Jc(gρ)p2l20

) ∣∣∣ c(f)m′l′

c(gρ)p2l20
.

For brevity, we will write

h = gρ,pl0

∣∣Jc(gρ)p2l20
.

Then

Ψ(f0,gρ,pl0

∣∣Jc(f)m′l′ , s) = NF/Q

(
c(f)m′l′

c(gρ)p2l20

)1/2

Ψ
(
f0,h

∣∣∣∣ c(f)m′l′

c(gρ)p2l20
, s

)

= NF/Q

(
c(f)m′l′

c(gρ)p2l20

)1/2−s
Ψ
(
f0

∣∣∣∣U ( c(f)m′l′

c(gρ)p2l20

)
,h, s

)

= NF/Q

(
c(f)m′l′

c(gρ)p2l20

)1/2−s
α

(
m′l′

c(gρ)p2l20

)
C
(
c(f), f

)
Ψ(f0,h, s) .

Here we have exploited the fact that

L
(
s, f0,gιρ|a

)
= NF/Q(a)−s L

(
s, f0|U(a),gιρ

)
for any ideal a (which is clear from the definition of the operators |a and |U(a)), and

also the formula

f0
∣∣U ( c(f)m′l′

c(gρ)p2l20

)
= α

(
m′l′

c(gρ)p2l20

)
C
(
c(f), f

)
f0

which follows from Lemma 4.3.2. Furthermore,

Ψ(f0,h, s) = NF/Q(p2l20)
1−2s α(p2l20) Λ(gρ) Eulpl0(ρ

∨, s) Ψ(f ,gιρ, s).

This is proved in [Pan91] Section 3.6. Combining the two equations together yields

the required result.
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Definition 4.3.5. We define the complex linear functional LF on the vector space

M2(c0) by

LF : Θ 7−→
〈
f0ι,Θ

∣∣Jc0

〉
c0

〈f , f〉c(f)
.

We shall now consider the modular form

Φ = Φ(ρ/F, c(f)m′l′) := gρ,pl0 . E1(0, c(f)m′l′, (det ρ)†−1)

where E1 refers to the Eisenstein series of Section 3.7.

Corollary 4.3.6. We have the formula

NF/Q(c(gρ)d2
F )1/2Λ(gρ)

α(c(gρ))
Eulpl0(ρ

∨, 1)
Ψ(f ,gιρ, 1)
〈f , f〉c(f)

=
(−4i)[F :Q]

α(m′l′)C
(
c(f), f

) LF
(
Φ
∣∣U(m′l′p

−1
l−1
0 )
)
.

Proof. Applying the integral representation from Proposition 4.2.4, then using the

trace map Trc(f)m′l′

c0 as we did to prove Theorem 4.2.1, we obtain

Ψ(f0,gρ,pl0

∣∣Jc(f)m′l′ , 1)
〈f , f〉c(f)

=
(−4i)[F :Q]

NF/Q(c(f)m′l′d2
F )1/2

LF
(
Φ
∣∣U(m′l′p

−1
l−1
0 )
)
.

Combining this formula with Lemma 4.3.4 gives the desired result.

This result implies an important distribution property: let us fix our represen-

tation ρ over F and consider the set of finite-order Hecke characters ψ such that

supp(c(ψ)) = supp(pl0c(f)). Then we set

µ̃m′l′(ψm′l′) =
(−4i)[F :Q]

NF/Q(dF )α(m′l′)C
(
c(f), f

)
× LF

(
Φ(ρ⊗ ψ/F, c(f)m′l′)

∣∣∣U(m′l′p
−1

l−1
0 )
)

for each ψ and each m′, l′ such that c(gρ⊗ψ) p2l20 |m′l′. However, Corollary 4.3.6

shows that the left-hand side does not depend on m′ or l′, so neither does the right

hand side. That is, µ̃m′l′(ψm′l′) is independent of the choice of m′l′. This condition
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is equivalent to the fact that the family of functions {µ̃m′l′ : m′l′} constitutes a

distribution on G = Gal(F ab
S /F ). We will proceed to show that this distribution

gives an integral-valued p-adic measure on G.

We now consider the Hilbert modular form gρk/Fn , the base change of gρk to Fn.

Recall from Chapter 3 that this modular form corresponds to the induced represen-

tation ResFn ρk = IndFnKn(ResKn χρk), for which we write ρk/Fn as a shorthand.

Let us denote by Gn the topological group Gal(F ab
n,S/Fn) where F ab

n,S is the maxi-

mal abelian extension of Fn unramified outside the set S = {v : v|pl0} and the infinite

places. For the remainder of this section, ψ : Gn −→ C× will be a continuous char-

acter with conductor fψ. We shall apply our earlier results to gρ = gρk/Fn⊗ψ, as the

representation ρk/Fn⊗ψ over Fn is clearly induced by the character ResKn(χρk⊗ψ)

over Kn. It is simple to check that

ResKn(χρk ⊗ ψ)† = (χ†ρk ⊗ ψ
†) ◦NKn/Kk .

Also, the character of gρk/Fn⊗ψ is (ResFn det ρk)† ⊗ ψ† 2, and we have

(ResFn(det ρk)⊗ ψ2)† = ((det ρk)† ◦NFn/Fk)⊗ ψ
† 2.

Definition 4.3.7. The parallel weight 2 Hilbert modular form Φn,k
ψ is given by

Φn,k
ψ = Φn,k

ψ (ρk/Fn ⊗ ψ, c(f/Fn)m
′l′)

:= (gρk/Fn⊗ψ,pl0
) . E1(0, c(f/Fn)m

′l′, (ResFn det ρk)−1 ⊗ ψ−2)

where we assume that m′ l′ is divisible by c(gρk/Fn)(pl0fψ)2.

Applying Corollary 4.3.6 directly to gρk/Fn⊗ψ, we deduce the following result.

Corollary 4.3.8. For all n ≥ k,

(−4i)φ(pn)/2

α(m′l′)C
(
c(f), f

) LFn (Φn,k
ψ

∣∣U(m′l′p
−1

l−1
0 )
)

=
NFn/Q(c(gρk/Fn⊗ψ)d2

Fn
)1/2

α(c(gρk/Fn⊗ψ))

× Λ(gρk/Fn⊗ψ) × Eulpl0(ρk/Fn ⊗ ψ−1, 1) ×
Ψ(f/Fn ,g

ι
ρk/Fn⊗ψ, 1)〈

f/Fn , f/Fn
〉
c(f)

.
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Furthermore, the Fourier coefficients of the λ-component of Φn,k
ψ are given by

φn,kψ,λ(ξ) =
∑

ξ=ξ1+ξ2

∑
aCOKn,

aā=ξ1 t̃
−1
λ

(χ†ρk ◦NKn/Kk)(a)ψ†(ξ1t̃−1
λ )

×
∑
ξ̃2=b̃c̃,
c∈OFn,
b∈t̃λ

(
(det ρk)† ◦NFn/Fk

)−1(c̃)ψ†(c̃)−2.

4.4 The Connection with Elliptic Curves

We need to interpret the values from Corollary 4.3.8 back in terms of the arithmetic

of E/Q.

First, we will find an expression for the α-term from the formula. Recall that

we already made a choice of α(q) for each q dividing pl0, in order to define the pl0-

stabilisation f0. For an Artin representation ρ over a field F , we denote its conductor

by fρ. This is an ideal of OF , and we write f(ρ, q) for the exponent of the prime q

in fρ.

Lemma 4.4.1. (i) For each prime q|p∆, there exists a root αq of the polynomial

1− aq(E)T + qT 2 such that

α(c(gρk/Fn ⊗ ψ)) = αf(ρk/Fn⊗ψ,p)
p .

∏
q|∆

α
ordq(Aχ̃)
q

where χ̃ = ResKn(χρk ⊗ ψ) and Aχ̃ = NKn/Q(fχ̃).

(ii) Furthermore, if we make the stronger assumption that ψ is a character of

Gal(F ab
n,{p}/Fn) i.e. ψ is ramified only at the prime above p, then

ordq(Aχ̃) = pn − pn−1 for all q|∆.

In particular, α(c(gρk/Fn ⊗ ψ)) is always a p-adic unit.

Proof. For q 6= p, α(q) is one of the eigenvalues of Frob−1
q acting on the Tate module

Tp(E). However, Frob−1
q = Frob−[fn,q:Fq ]

q where fn,q denotes the residue field of Fn
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at q. Therefore

α(q) = α
[fn,q:Fq ]
q

for one of the roots αq of 1− aq(E)T + qT 2.

For q = p, we instead consider Tp(Ẽ) where Ẽ denotes the reduction of E over

fn,p. In this case, rankZpTp(Ẽ) = 1 because we have assumed E has good ordinary

reduction at p, so α(p) is the unique eigenvalue of Frob−1
p acting on Tp(Ẽ). Applying

the same argument as above, α(p) = αp.

Set c = c(gρk/Fn ⊗ ψ) for brevity. Then α(c) is defined multiplicatively, so

α(c) =
∏

q∈Spec(OFn ),

q|c

α(q)ordq(c) =
∏

q|NFn/Q(c)

α
ordq(NFn/Q(c))
q .

Because ρk/Fn ⊗ ψ = IndFnKn χ̃, we have

c(gρk/Fn ⊗ ψ) = NKn/Fn(fχ̃) Disc(Kn/Fn)

by Shimura’s formula for the level of gρ from [Shi78] section 5. However Disc(Kn/Fn) =

p, which means

NFn/Q(c) = p.NKn/Q(fχ̃).

The primes dividing NKn/Q(fχ̃) are those dividing p∆, whence

α(c(gρk/Fn ⊗ ψ)) = α
1+ordp(Aχ̃)
p .

∏
q|∆

α
ordq(Aχ̃)
q .

Now, p is completely ramified in the extension Kn/Q, so if P denotes the unique

prime of Kn above p, we have NKn/Q(P) = p. From this we deduce

1 + ordp(Aχ̃) = 1 + ordP(fχ̃)

= f(ρk/Fn ⊗ ψ, p)

by the usual formula for the induced conductor, and this proves (i).
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It remains to prove assertion (ii). We now assume ψ is ramified only above p,

and that q|∆. We then obtain

ordq(NKn/Q(fχ̃)) =
∑
q|q

f(χ̃, q)[kn,q : Fq]

where the sum is taken over the primes of Kn above q, and kn,q denotes the residue

field of Kn at q. Under our additional assumption on ψ, we can say

f(χ̃, q) = f(ResKn χρk , q)

and the character ResKn χρk factors through the extensionKn(
pn
√

∆)/Kn. The prime

q is totally yet tamely ramified in this extension. Therefore ResKn χρk is non-trivial

on the inertia group, but is trivial on all the higher ramification groups. By definition

of the Artin conductor, this implies f(χ̃, q) = 1. Therefore,

ordq(NKn/Q(fχ̃)) =
∑
q|q

[kn,q : Fq]

= [kn,q : Fq] × number of primes of Kn above q

= [Kn : Q]

as q is unramified in Kn/Q. Observing that [Kn : Q] = pn − pn−1 completes the

demonstration of (ii).

Finally, as αp was chosen to be a p-adic unit and either choice of αq is a p-adic

unit when q 6= p, it is clear α(c(gρk/Fn ⊗ ψ)) is always a p-adic unit.

Now we can relate the Hilbert modular form Φn,k
ψ to Artin-twists of the L-function

of E/Fn . It is neccessary to use the following automorphic period:

Ωaut
E/Fn

:= (2π)φ(pn)
〈
f/Fn , f/Fn

〉
c(f)

.

Theorem 4.4.2. Let χ̃ = ResKn(χρk ⊗ ψ), and Aχ̃ = NKn/Q(fχ̃). Then

4φ(pn)/2

α(m′l′)C
(
c(f), f

) LFn (Φn,k
ψ

∣∣U(m′l′p
−1

l−1
0 )
)

=
εFn(ρk/Fn ⊗ ψ)

α
f(ρk/Fn⊗ψ,p)
p

∏
q|∆ α

ordq(Aχ̃)
q

×
∏
v|pl0

Pv(ρk/Fn ⊗ ψ, α
−[fn,v :Fqv ]
qv )

Pv(ρk/Fn ⊗ ψ−1, α
′−[fn,v :Fqv ]
qv )

× LS(1, E, ρk/Fn ⊗ ψ−1)
Ωaut
E/Fn

.
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Proof. By its very definition,

Pv
(
ρk/Fn ⊗ ψ,X

)
=
(
1− ψ†(v)βn(v)X

)(
1− ψ†(v)β′n(v)X

)
.

Since α(v), α′(v) are the roots of the polynomial 1−C(v, f)X+NFn/Q(v)X2, clearly

α′(v)NFn/Q(v)−1 = α(v)−1 and

Pv(ρk/Fn ⊗ ψ, α(v)−1) =(
1− ψ†(v)βn(v)α′(v)NFn/Q(v)−1

) (
1− ψ†(v)β′n(v)α′(v)NFn/Q(v)−1

)
.

Applying a similar formula for Pv(ρk/Fn ⊗ ψ, α′(v)−1), we obtain

Eulpl0(ρk/Fn ⊗ ψ−1, 1) =
∏
v|pl0

Pv(ρk/Fn ⊗ ψ, α(v)−1)Pv(ρk/Fn ⊗ ψ−1, α(v)−1).

The Euler factor of Ψ(f/Fn ,gρk/Fn ⊗ ψ, 1) at the primes in S is

∏
v|pl0

Pv(ρk/Fn ⊗ ψ, α(v)−1)−1 Pv(ρk/Fn ⊗ ψ, α′(v)−1)−1

therefore

Eulpl0(ρk/Fn ⊗ ψ−1, 1) . Ψ(f/Fn ,gρk/Fn ⊗ ψ
−1, 1) =∏

v|pl0

Pv(ρk/Fn ⊗ ψ, α(v))
Pv(ρk/Fn ⊗ ψ−1, α′(v))

× ΨS(f/Fn ,gρk/Fn ⊗ ψ
−1, 1).

We showed earlier that α(v) = α
[fn,v :Fq ]
qv and α′(v) = α

′ [fn,v :Fq ]
qv where qv denotes the

unique rational prime below v. This gives us the required factor

∏
v|pl0

Pv(ρk/Fn ⊗ ψ, α
−[fn,v :Fqv ]
qv )

Pv(ρk/Fn ⊗ ψ−1, α
′−[fn,v :Fqv ]
qv )

.

Further, as mentioned in Chapter 3 there is an equality

Lc(det ρk/Fn ⊗ ψ−1, 2s− 1) L(fE ,gρk/Fn⊗ψ−1 , s) = L(E, ρk/Fn ⊗ ψ−1, s),

and completing the convolution we obtain

ΨS(f/Fn , gρk/Fn⊗ψ−1 , 1) = (2π)−φ(pn) LS(E, ρk/Fn ⊗ ψ−1, 1).
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By the definition of our automorphic period Ωaut
E/Fn

, we have

ΨS(f/Fn , gρk/Fn⊗ψ−1 , 1)〈
f/Fn , f/Fn

〉
c(f)

=
LS(E, ρk/Fn ⊗ ψ−1, 1)

Ωaut
E/Fn

.

One concludes that

Eulpl0(ρk/Fn ⊗ ψ−1, 1) ×
Ψ(f/Fn ,gρk/Fn ⊗ ψ

−1, 1)〈
f/Fn , f/Fn

〉
c(f)

=
∏
v|pl0

Pv(ρk/Fn ⊗ ψ, α
−[fn,v :Fqv ]
qv )

Pv(ρk/Fn ⊗ ψ−1, α
′−[fn,v :Fqv ]
qv )

× LS(E, ρk/Fn ⊗ ψ−1, 1)
Ωaut
E/Fn

.

Applying Corollary 4.3.8 to this we obtain

(−4i)φ(pn)/2

α(m′l′)C
(
c(f), f

) LFn
(
Φn,k
ψ

∣∣U(m′l′p
−1

l−1
0 )
)

=
NFn/Q(c(gρk/Fn⊗ψ)d2

Fn
)1/2

α(c(gρk/Fn⊗ψ−1))
×

Λ(gρk/Fn⊗ψ−1) ×
∏
v|pl0

Pv(ρk/Fn ⊗ ψ, α
−[fn,v :Fqv ]
qv )

Pv(ρk/Fn ⊗ ψ−1, α
′−[fn,v :Fqv ]
qv )

× LS(E, ρk/Fn ⊗ ψ−1, 1)
Ωaut
E/Fn

.

Then using Lemmas 4.2.3 and 4.4.1 to convert the Λ(g) and α(c(g)) terms respec-

tively, we arrive at the desired result.

4.5 The Kummer Congruences

Let S = supp(pl0), and ψ be a character of Gn = Gal(F ab
n,S/Fn). Consider the

algebraic distribution on Gn given by∫
x∈Gn

ψ(x)dµ(x) :=
4φ(pn)/2

α(m′l′)C
(
c(f), f

) LFn
(
Φn,k
ψ

∣∣U(m′l′p
−1

l−1
0 )
)

where we put

Φn,k
ψ = Φn,k(ρk/Fn ⊗ ψ, c(f/Fn)m

′l′)

= (gρk/Fn⊗ψ)× E1

(
0, c(f/Fn)m

′l′, (ResFn det ρk)†−1 ⊗ ψ†−2
)

as in the previous section.

Proposition 4.5.1. The distribution µ is a bounded p-adic measure on Gn.
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Proof. To prove this, we need to show there exists a fixed constant B ∈ Z with the

following property: for any set of coefficients bψ ∈ Cp (with only finitely many bψ

non-zero) satisfying ∑
ψ

bψ ψ(x) ∈ pmOCp

for all x ∈ Gn, we have

∑
ψ

B bψ

∫
x∈Gn

ψ(x)dµ(x) ∈ pmOCp .

Here the sums range over all continuous characters ψ of Gn.

Using Atkin-Lehner theory, it can be shown that the linear functional LFn de-

composes into a finite linear combination of the Fourier coefficients. So there exist

finitely many ideals ni and fixed algebraic numbers l(ni) ∈ Q such that

LFn (Θ) =
∑
i

C(ni,Θ)l(ni)

for all Θ ∈M2(c0). Let us put

u =
4φ(pn)/2

C
(
c(f), f

)
α(m′l′)

which is a p-adic unit. Then for any B ∈ Z we have

∑
ψ

B bψ

∫
x∈Gn

ψ(x)dµ(x) = uB
∑
ψ

bψ LFn
(
Φn,k
ψ

∣∣U(m′l′p
−1

l−1
0 )
)

= uB
∑
ψ

bψ
∑
i

C(ni,Φ
n,k
ψ

∣∣U(m′l′p
−1

l−1
0 ))l(ni)

= u
∑
i

∑
ψ

bψ C(nipl0m
′−1

l′
−1
,Φn,k

ψ )

B l(ni).

So, if we choose B ∈ Z so that l(ni)B ∈ OCp for all i, we see that it suffices to prove∑
ψ bψ C(n,Φn,k

ψ ) ∈ pmOCp for all n.

From Corollary 4.3.8, we know that the λ-component of Φn,k
ψ has Fourier coeffi-
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cients

φn,kψ,λ(ξ) =
∑

ξ=ξ1+ξ2

∑
aCOK,

aā=ξ1 t̃
−1
λ

(χ†ρk ◦NKn/Kk)(a)ψ†(ξ1t̃−1
λ )

∑
ξ̃2=b̃c̃,
c∈OFn,
b∈t̃λ

(
(det ρk)† ◦NFn/Fk

)−1
(c̃)ψ†(c̃)−2.

Recall that C(n,Φn,k
ψ ) = NFn/Q(t̃λ)−1φn,kψ,λ(ξ) when n = ξt̃−1

λ . Therefore

∑
ψ

bψ C(n,Φn,k
ψ ) = NFn/Q(t̃λ)−1

∑
ψ

bψ
∑
ξ1,ξ2

∑
a

(χ†ρk ◦NKn/Kk)(a)ψ†(ξ1t̃−1
λ )

∑
c

(
(det ρk)† ◦NFn/Fk

)−1
(c̃)ψ†(c̃)−2

= NFn/Q(t̃λ)−1
∑
ξ1,ξ2

∑
a

(χ†ρk ◦NKn/Kk)(a)

∑
c

(
(det ρk)† ◦NFn/Fk

)−1
(c̃)

∑
ψ

bψ ψ
†(ξ1t̃−1

λ c̃−2)

 .

By assumption,
∑

ψ bψ ψ†(ξ1t̃−1
λ c̃−2) ∈ pmOCp , and tλ is always chosen so that

NFn/Q(t̃λ) is prime to p. Therefore
∑

ψ bψ C(n,Φn,k
ψ ) ∈ pmOCp .

Theorem 4.5.2. If the base change f/Fn of fE to the field Fn is not congruent

modulo p to a distinct element of M2(c(f/Fn)), then there exists an abelian p-adic

L-function Lp,∆(E, ρk/Fn,α) in OCp [[Gn]] interpolating the special values

εFn(ρk/Fn ⊗ ψ)

α
f(ρk/Fn⊗ψ,p)
p

∏
q|∆ α

ordq(Aχ̃)
q

×
∏
v|pl0

Pv(ρk/Fn ⊗ ψ, α
−[fn,v :Fqv ]
qv )

Pv(ρk/Fn ⊗ ψ−1, α
′−[fn,v :Fqv ]
qv )

× LS(1, E, ρk/Fn ⊗ ψ−1)
Ωaut
E/Fn

at all finite characters ψ of Gn = Gal(F ab
n,S/Fn).

Here χ̃ = ResKn(χρk ⊗ ψ), Aχ̃ = NKn/Q(fχ̃), and α = (αq1 , ..., αqr) denotes our

choice of αq for each prime q|∆.
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Proof. The measure µ on Gn corresponds to an element

Lp,∆(E, ρk/Fn,α) ∈ OCp [[Gn]]⊗Z Q

which has special values
∫
x∈Gn ψ(x)dµ(x) at all characters ψ of Gn. We will show

that these special values are in fact p-integral. We have∫
x∈Gn

ψ(x)dµ(x) =
4φ(pn)/2

C
(
c(f), f

)
α(m′l′)

LFn
(
Φn,k
ψ

∣∣U(m′l′p
−1

l−1
0 )
)

= ( p-adic unit ) × Eulpl0(ρk/Fn ⊗ ψ−1, 1)

× εFn(ρk/Fn ⊗ ψ) ×
Ψ(f/Fn , (gρk/Fn⊗ψ)ι, 1)〈

f/Fn , f/Fn
〉
c(f)

by Corollary 4.3.8. Recall that

Eulpl0(ρk/Fn ⊗ ψ−1, 1) =
∏
v|pl0

Pv(ρk/Fn ⊗ ψ, α
−[fn,v :Fqv ]
qv )

× Pv(ρk/Fn ⊗ ψ−1, α
−[fn,v :Fqv ]
qv ).

The polynomials Pq(ρk/Fn ⊗ ψ−1, X) all have p-integral coefficients, and αq is a

p-unit for any q 6= p, hence

Pq

(
ρk/Fn ⊗ ψ, α

−[fn,q:Fq ]
q

)
∈ OCp

when q 6= p. Also αp was chosen to be the unit root, thus we also have

Pp(ρk/Fn ⊗ ψ, α−1
p ) ∈ OCp .

The same applies when ψ is replaced by ψ−1, thus Eulpl0(ρk/Fn⊗ψ−1, 1) is p-integral.

Lastly, using Theorem 4.2.1 with ρ = (ρk/Fn)⊗ ψ yields

εFn(ρk/Fn ⊗ ψ)
Ψ(f/Fn , (gρk/Fn⊗ψ)ι, s)〈

f/Fn , f/Fn
〉
c(f)

∈ OCp .

Therefore, all the special values of our p-adic L-function lie inOCp , so Lp,∆(E, ρk/Fn,α) ∈

OCp [[Gn]].

62



4.6 The Weak Form of Kato’s Congruences

In this section we will use our distributions to prove a final set of congruences. We

do this as evidence for the stronger congruences from Kato’s paper [Kat05], which

imply the existence of a non-abelian p-adic L-function.

For all n ≥ 0, we write

an = Lp(E, ρn/Fn) ∈ Zp[[U (n)]]×

for the p-adic L-function defined in Theorem 4.1.1. It may be constructed from the

element Lp,∆(E, ρk/Fn,α) as we show in this section, and its integrality follows from

Hypothesis (I,n).

We then put bn = an/N0,n(a0) and cn = bn/φ(bn−1) as in Section 4.1. Ideally we

want to prove that
n∏
i=1

Ni,n(ci)p
i ≡ 1 mod p2n

for all n ≥ 1. We are unable to prove this congruence modulo p2n, but we will at least

prove it modulo pn+1; the result is a straightforward consequence of the following

lemma.

Lemma 4.6.1. Assume Hypothesess (I,n) and (II) hold true for an integer n ≥ 1.

For each 0 ≤ i ≤ n, we have

an ≡ Ni,n(ai) mod p Zp[[U (n)]].

Remark 4.6.2. In fact, Lemma 4.6.1 is true even if Hypothesis (II) is false, but in

this case both sides of the congruence are zero.

Recall that the ‘automorphic’ p-adic L-function Lp,∆(E, ρk/Fn,α) is an element

of OCp [[Gn]], but we abuse notation slightly and also write Lp,∆(E, ρi/Fn,α) for its

image under the projection

OCp [[Gn]] � OCp [[U
(n)]].
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We need to relate this to the motivic p-adic L-function ai = Lp(E, ρi). By defnition,

the element Ni,n(ai) ∈ OCp [[U
(n)]] has special values

ψ(Ni,n(ai)) =
εFn(ρi/Fn ⊗ ψ)p

α
f(ρi/Fn⊗ψ,p)
p

× Pp(ρi/Fn ⊗ ψ, α−[Fn:Q]
p )

Pp(ρi/Fn ⊗ ψ−1, α
′−[Fn:Q]
p )

× LS(1, E, ρi/Fn ⊗ ψ)
(Ω+

EΩ−E)φ(pn)/2

at all finite-order characters ψ of U (n). A formula for the special values of Lp,∆(E, ρk/Fn,α)

was given in Theorem 4.5.2, but now we have projected it down to OCp [[U
(n)]] we

may simplify it.

Lemma 4.6.3. Suppose ψ is a character of U (n), and v is a finite prime of Fn which

divides ∆. Then the local polynomial Pv(ρk/Fn ⊗ ψ, T ) is trivial unless k = 0.

Proof. The representation ρk/Fn ⊗ ψ factors through M/Fn for some field M that

depends on the character ψ. Let us write v̄ for a place of M dividing v and

Iv̄ ⊆ Gal(M/Fn)v̄ for the corresponding inertia subgroup. Then by definition

Pv(ρk/Fn ⊗ ψ,X) is the characteristic polynomial of Frob−1
v acting on the inertia

invariant subspace (ρk/Fn ⊗ ψ)Iv̄ .

However, ψ factors through U (n) and so ψ is only ramified above p. Since (v, p) =

1 we have ResIv̄ ψ = 1 and

(ρk/Fn ⊗ ψ)Iv̄ = (ρk/Fn)Iv̄ .

Because ρk/Fn is induced from a character χρk over Kn, and v is unramified in

Kn/Fn, one easily checks that ResIv̄ ρk/Fn decomposes into two copies of χρk . If

k > 0, χρk is non-trivial and thus χIv̄ρk = 0. This implies (ρk/Fn)Iv̄ = 0 which

completes the proof.

Having established Lemma 4.6.3, we can simplify our Euler factor when ψ is a

character of U (n):∏
v|pl0

Pv(ρk/Fn ⊗ ψ, α
−[fn,v :Fqv ]
qv )

Pv(ρk/Fn ⊗ ψ−1, α
′−[fn,v :Fqv ]
qv )

=
Pp(ρk/Fn ⊗ ψ, α

−[Fn:Q]
p )

Pp(ρk/Fn ⊗ ψ−1, α
′−[Fn:Q]
p )

.
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Comparing the special values of Ni,n(ai) and Lp,∆(E, ρi/Fn,α), one finds

Ni,n(ai) =
Ωaut
E/Fn

(Ω+
EΩ−E)φ(pn)/2

× γi,nE × Lp,∆(E, ρi/Fn,α)

where γi,nE ∈ OCp [[U
(n)]] satisfies

ψ(γi,nE ) =

∏
q|∆ α

pn−pn−1

q∏
v 6=p εFn,v(ρi/Fn ⊗ ψ−1)

.

Let MCp denote the maximal ideal of OCp .

Claim (?): γ0,n
E ≡ γ1,n

E ≡ ... ≡ γn,nE mod MCp [[U
(n)]] for each n ∈ N.

We will prove this claim at the end of this section (c.f. Lemma 4.6.8).

Remark 4.6.4. One can check easily that the element γ0,n
E is a unit of OCp [[U

(n)]],

so Claim (?) implies that each γi,nE is a unit. In particular we have an integral p-adic

L-function

Laut
p (E, ρi/Fn) := γi,nE × Lp,∆(E, ρi/Fn,α) ∈ OCp [[U

(n)]]

which has the interpolation property claimed in Theorem 4.1.1.

Definition 4.6.5. We define the period error term associated to E and the field

Fn = Q(µpn)+ to be

ErrFn(E) :=

(
Ω+
EΩ−E

)φ(pn)/2

Ωaut
E/Fn

∈ Q.

So we may write

ErrFn(E) × Ni,n

(
L(E, ρi)

)
= γi,nE × Lp,∆(E, ρi/Fn,α).

If Hypothesis (I, n) holds then the norm of the motivic p-adic L-function L(E, ρi) is

p-integral; further, under Hypothesis (II) the µ-invariant of N0,n

(
L(E, ρ0)

)
is trivial.

Since γ0,n
E is a unit, we have

ordp
(
ErrFn(E)

)
= µ-invariant of Lp,∆(E, ρ0/Fn,α).
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Lemma 4.6.6. For all n ∈ N and 0 ≤ i ≤ n,

Lp,∆(E, ρi/Fn,α) ≡ Lp,∆(E, ρn/Fn,α) mod ErrFn(E) .MCp [[U
(n)]].

Proof. Let us write Hn = Gal
(
Kn(

pn
√

∆)/Kn

)
, so that ResKn χρi factors through

Hn for each i. We claim that there is a bounded measure on the group Hn × U (n)

given by

(χ, ψ) 7−→ ψ
(
Lp,∆(E, IndFnKn χ,α)

)
for any pair of characters χ : Hn → C× and ψ : U (n) → C×.

If one accepts this claim, the result follows easily: we know that the µ-invariant of

this measure is at least ordp
(
ErrFn(E)

)
, meaning that all its power series coefficients

lie in ErrFn(E).OCp . Since each character ResKn χρi takes values in µp∞ , we have a

congruence

ResKn χρi ≡ χn mod MCp ;

so the values of this measure at (ResKn χρi , ψ) and (χρn , ψ) must be congruent

modulo ErrFn(E).MCp , i.e.

ψ
(
Lp,∆(E, ρi/Fn,α)

)
≡ ψ

(
Lp,∆(E, ρn,α)

)
mod ErrFn(E).MCp

for all ψ, which is precisely the assertion of the lemma.

Now we will prove the claim: we must check the appropriate Kummer congru-

ences for the values of this distribution. We have already checked them as ψ varies

(in the proof of Proposition 4.5.1), so it suffices to prove the following: for any

coefficients bχ ∈ Cp satisfying

∑
χ∈ bHn

bχ χ(h) ∈ pmOCp

for all h ∈ Hn, we have

∑
χ∈ bHn

B bχ ψ
(
Lp,∆(E, IndFnKn χ,α)

)
∈ pmOCp .
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for any character ψ of U (n), where B ∈ Z is fixed.

We prove this in the same way that we proved Proposition 4.5.1. By Pan-

chishkin’s Atkin-Lehner theory argument, we can write these values as linear com-

binations of the Fourier coefficients of a Hilbert modular form:

ψ
(
Lp,∆(E, IndFnKn χ,α)

)
=
∑
m

C(m,Φχ,ψ) l(m)

for algebraic numbers l(m), almost all zero. Therefore it suffices to prove the Kummer

congruence for the Fourier coefficients C(m,Φχ,ψ). The Hilbert modular form Φχ,ψ

is given by

Φχ,ψ := gρ⊗ψ × E1

(
0, c(f/Fn)m

′l′, (det ρ)†−1 ⊗ ψ†−2
)

where ρ = IndFnKn χ. From [Pan91] we know that that its Fourier coefficients are

C(m,Φχ,ψ) = NFn/Q(t̃λ)−1
∑

ξ=ξ1+ξ2

∑
aCOK,

aā = ξ1 t̃
−1
λ

χ†(a)ψ†(ξ1t̃−1
λ )

×
∑
ξ̃2=b̃c̃,
c∈OFn,
b∈t̃λ

(det ρ)†(c̃)−1 ψ†(c̃)−2.

where m = ξt̃−1
λ . Recall from Section 3.11 that the character det ρ is given on ideals

by

(det ρ)†(b) = θKn/Fn(b) χ†(bOKn),

so we may write

C(m,Φχ,ψ) = NFn/Q(t̃λ)−1
∑
ξ1,a,c

ψ†(ξ1t̃−1
λ c̃−2) θKn/Fn(c̃) χ

†(a(cOKn)−1
)
.

Therefore we have

∑
χ

bχC(m,Φχ,ψ) = NFn/Q(t̃λ)−1
∑
ξ1,a,c

ψ†(ξ1t̃−1
λ c̃−2) θKn/Fn(c̃)

×
∑
χ

bχ χ
†(a(cOKn)−1

)
.
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By assumption,
∑

χ bχ χ
†(a(cOKn)−1

)
lies in pmOCp , and NFn/Q(t̃λ) is always a

p-adic unit; so we conclude

∑
χ

bχC(m,Φχ,ψ) ∈ pmOCp .

for any choice of ψ. This implies the full Kummer congruences for this measure, and

proves the claim.

Now we are able to prove Lemma 4.6.1.

Proof of Lemma 4.6.1: Recall that we want to show

Ni,n(ai) ≡ an mod p Zp[[U (n)]].

for all 0 ≤ i ≤ n, and that Ni,n(ai) is related to Lp,∆(E, ρi/Fn,α) by

Ni,n(ai) = ErrFn(E)−1 × γi,nE × Lp,∆(E, ρi/Fn,α).

By Lemma 4.6.6 we know that

ErrFn(E)−1 Lp,∆(E, ρi/Fn,α) mod MCp [[U
(n)]]

is independent of i, and Claim (?) asserts that

γi,nE ≡ γn,nE mod MCp [[U
(n)]] ,

so we have

Ni,n(Lp(E, ρi)) ≡ Lp(E, ρn) mod MCp [[U
(n)]].

This is almost the congruence we require, except that we need it modulo p rather

than modulo MCp . To complete the proof we use the algebraicity result of Bouganis

and V. Dokchitser (Theorem 4.2 of [BD07]) which states that

εFn(ρ)
LS(1, E, ρ)

(Ω+
E)dim ρ+(Ω−E)dim ρ−

∈ Q(ρ)
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where Q(ρ) denotes the field of definition of the Artin representation ρ. However as

V. Dokchitser comments in [Dok05], the representations ρi may all be realised over

Q, so we have

Lp(E, ρi) ∈ Zp[[U (i)]]⊗Q for all i.

Further, our integrality result (Theorem 4.2.1) implies that the special values of

Lp(E, ρi) =
Ωaut
E/Fi

(Ω+
EΩ−E)φ(pi)/2

× γi,iE × Lp,∆(E, ρi,α)

are all p-integral; we deduce that

Lp(E, ρi) ∈ Zp[[U (i)]] for all i.

In conclusion

Ni,n(Lp(E, ρi)) ≡ Lp(E, ρn) mod
(
MCp [[U

(n)]] ∩ Zp[[U (n)]]
)
,

i.e.

Ni,n(Lp(E, ρi)) ≡ Lp(E, ρn) mod pZp[[U (n)]]

which is the desired congruence. �

Having finally proved Lemma 4.6.1, it is straightforward to prove the main result

of this section.

Theorem 4.6.7. Let an = Lp(E, ρn/Fn) for all n, and write

bn = an/N0,n(a0) and cn = bn/φ(bn−1).

Then the congruence
n∏
i=1

Ni,n(ci)p
i ≡ 1 mod pn+1

holds for all n ≥ 1.

Proof. From the definitions of ci and bi, this congruence can be rearranged into the

form
n∏
i=1

Ni,n(ai . φ ◦N0,i−1(a0))p
i ≡

n∏
i=1

Ni,n(φ(ai−1) . N0,i(a0))p
i

mod pn+1.
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We prove this result by induction on n.

Base Case: When n = 1 we need to prove

(φ(a0) . a1)p ≡ (φ(a0) . N0,1(a0))p mod p2.

First note that x ≡ y mod p implies xp ≡ yp mod p2, so it suffices to show

a1 ≡ N0,1(a0) mod p

which is a consequence of Lemma 4.6.1 (this also proves Theorem 4.1.3).

Induction Step: Our induction hypothesis is

n−1∏
i=1

Ni,n−1(ai . φ ◦N0,i−1(a0))p
i ≡

n−1∏
i=1

Ni,n−1(φ(ai−1) . N0,i(a0))p
i

mod pn.

Note that if xn ≡ yn mod pr for xn, yn ∈ Zp[[U (n)]], then

Nn−1,n(xn) ≡ Nn−1,n(yn) mod pr+1.

Therefore our induction hypothesis implies

Nn−1,n

(
n−1∏
i=1

Ni,n−1(ai . φ ◦N0,i−1(a0))p
i

)

≡ Nn−1,n

(
n−1∏
i=1

Ni,n−1(φ(ai−1) . N0,i(a0))p
i

)
mod pn+1

which can be rewritten as

(†)
n−1∏
i=1

Ni,n(ai . φ ◦N0,i−1(a0))p
i ≡

n−1∏
i=1

Ni,n(φ(ai−1) . N0,i(a0))p
i

mod pn+1.

Now, from Lemma 4.6.1 we know

an−1 ≡ N0,n−1(a0) mod p

implying that

φ(an−1) ≡ φ(N0,n−1(a0)) mod p.
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Combining this with the congruence

an ≡ N0,n(a0) mod p

(which also comes from Lemma 4.6.1), we obtain

N0,n(a0) φ(an−1) ≡ an φ(N0,n−1(a0)) mod p.

Finally, raising both sides to the pn-th power yields

(N0,n(a0) φ(an−1) )p
n ≡ ( an φ(N0,n−1(a0)) )p

n
mod pn+1.

This provides the factor at i = n; multiplying by the congruence (†) above we get

n∏
i=1

Ni,n(ai . φ ◦N0,i−1(a0))p
i ≡

n∏
i=1

Ni,n(φ(ai−1) . N0,i(a0))p
i

mod pn+1

which completes the induction step.

It remains to prove Claim (?).

Lemma 4.6.8. For each n ≥ 0,

γ0,n
E ≡ γ1,n

E ≡ ... ≡ γn,nE mod MCp [[U
(n)]]

where γk,nE ∈ OCp [[U
(n)]] takes special values

ψ(γk,nE ) =

∏
q|∆ α

pn−pn−1

q∏
v 6=p εFn,v(ρk/Fn ⊗ ψ−1)

.

Proof. We will show that the special values of these elements are congruent modulo

MCp . Let Mn = Kn(
pn
√

∆), so that the representation ρk/Fn factors through G =

Gal(Mn/Fn). We need to verify

εFn,v(ρk/Fn ⊗ ψ) ≡ εFn,v(ρn ⊗ ψ) mod MCp

for all places v of Fn such that v|∆. First we will show that suffices to prove the

congruence

εKn,w(ResKn χρk ⊗ ψ) ≡ εKn,w(χρn ⊗ ψ) mod MCp
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for all places w above v.

Case 1: v splits in Kn/Fn.

Let v̄ be a place of Mn above v; in this case, the decomposition group Gv̄ is contained

in Gal(Mn/Kn). Therefore, the representation splits:

ResGv̄(ρk/Fn ⊗ ψ) ∼= (ResGv̄ χρk ⊗ ψ) ⊕ (ResGv̄ χρk ⊗ ψ)−1.

Thus it suffices to check that the epsilon-factors of the characters themselves are

congruent.

Case 2: v is inert in Kn/Fn.

In this case we apply the inductivity of local epsilon factors in degree zero (see [Tat79]

(3.4.8)). This gives us

εFn,v(ρk/Fn ⊗ ψ)
εFn,v(1⊕ η)

=
εKn,w(ResKn χρk ⊗ ψ)

εKn,w(1)

where w is a prime of Kn above v, and η is the quadratic character of Kn/Fn, so in

fact IndFnKn 1 = 1⊕ η. It can be shown that the ratio εFn(1⊕ η)v/εKn(1)w is a p-adic

unit. Therefore we may write

εFn,v(ρk/Fn ⊗ ψ) =
εFn,v(1⊕ η)
εKn,w(1)

× εKn,w(ResKn χρk ⊗ ψ)w

= ( p-adic unit) × εKn,w(ResKn χρk ⊗ ψ) ,

and we are again reduced to proving the congruence for the epsilon factors of the

characters.

It will be enough to prove for each place w|q that

εKn,w(χ) ≡ εKn,w(χ′) mod MCp

where χ and χ′ are two characters over Kn, both tamely ramified at w and sat-

isfying χ ≡ χ′ mod MCp . Recall that these local ε-factors depend on a choice of
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Haar measure dx and a choice of additive character τ : (Kn,w,+) −→ C×. Then

εKn,w(χ) = εKn,w(χ, τ, dx) in the notation of Tate [Tat79], and we have the Gauss

sum expression

εKn,w(χ, τ, dx) = χ(πa(χ)+n(τ)) qn(τ)−δ/2
∑

u∈O×w mod πa(χ)

χ(u) τ
( u

πa(χ)+n(τ)

)
and similarly

εKn,w(χ′, τ, dx) = χ′(πa(χ
′)+n(τ)) qn(τ)−δ/2

∑
u∈O×w mod πa(χ

′)

χ(u)τ
( u

πa(χ′)+n(τ)

)
.

Here, π is a uniformiser for Kn,w, q is the number of elements in the residue field of

w, δ is the exponent of w in the different of Kn, a(χ) is the exponent of w in the

conductor of χ, and n(τ) is an integer depending on the additive character τ .

Since we assumed that χ and χ′ are both tamely ramified at w, we have a(χ) =

a(χ′). Therefore, since we also assume that χ and χ′ are congruent modulo MCp ,

the two sums are congruent term-by-term.

4.7 A Short Example

Consider the semistable elliptic curve

E : y2 + xy + y = x3 − x2 − x− 14

which is labelled 17A1 in Cremona’s tables; it possesses good ordinary reduction at

p = 7. In the paper [DD07], Tim and Vladimir Dokchitser compute the value

1
(
N0,1(a0)

)
= 5.70 + 2.71 + 2.72 + . . .

This implies that N0,1(a0) ∈ Z7[[U (1)]]×, confirming that Hypothesis (II) holds in

this case. If the conjecture of Stevens holds for E over Fn for some integer n ≥ 1,

Hypothesis (I,n) is also true, and our system of congruences

an ≡ N0,n(a0) mod 7
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confirms an ∈ Z7[[U (n)]]× for this example. Granted Stevens’ conjecture holds, one

obtains the K1-congruence

n∏
i=1

Ni,n(ci)7
i ≡ 1 mod 7n+1

by Theorem 4.1.2.
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Chapter 5

Hecke Characters and CM-fields

In this chapter, we review some results on the p-adic interpolation of Hecke L-

functions over a CM-field. These will be necessary to tackle the K1-congruences for

elliptic curves with complex multiplication in the next chapter.

We first recall the definition of a Hecke character, its L-series and its p-adic

avatar. Then we introduce two p-adic L-functions, the first constructed by Katz

in [Kat78] and the second by Hida in [Hid91]; the relation between these distributions

is explored in the key paper [HT93].

The material in these articles is lengthy and technical; since we will only use

the theory in a very specific case, we do not give the full details of all the objects

involved.

5.1 Hecke Characters

Let M be a number field, and let MA denote the adele ring of M . The multiplicative

group M× embeds diagonally into the idele group M×
A , and we call the quotient

M×
A /M

× the idele class group.
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Definition 5.1.1. A Hecke character is a continuous homomorphism

ψ :
M×

A
M× −→ C×

i.e. a continuous idele class character.

For an integer n ≥ 1 and a finite place p of M , we write U (n)
p for the n-th group

of higher units in O×p , so that U (n)
p = 1 + pn (we also put U (0)

p = Op). Then for an

integral ideal m of OM , we put

Jm =
∏
p

U
(np)
p ⊂ M×

A

where np = ordp(m) and the product is taken over all finite places. We say that

a Hecke character ψ has module of definition m if ψ(Jm) = {1}, and we define the

conductor fψ of ψ to be the smallest module of definition for ψ.

If x∞ denotes the infinite part of x ∈M×
A , we may write

ψ(x∞) =
∏

σ ∈Hom(M,Q)

xξσσ

for integers ξσ, where Hom(M,Q) is the set of field embeddings of M into Q. We

will refer to the linear combination

∑
σ

ξσ σ ∈ Z
[
Hom(M,Q)

]
as the infinity-type of ψ.

We can also view Hecke characters as characters of ideals. Let m be a non-zero

integral ideal of OM , and denote by IM (m) the multiplicative group of fractional

ideals of OM which are prime to m. We also write

Prin(m) =
{

principal ideals (α) of OM : α ≡ 1 mod m, α totally positive
}
.

Here we refer to an element of α ∈ M as totally positive if ασ > 0 for all real

embeddings σ : M ↪→ R (although M is not assumed to be a totally real field here).
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Definition 5.1.2. Let

T =
∑
σ

ησ σ ∈ Z
[
Hom(M,Q)

]
be a Z-linear combination of embeddings. An algebraic Grossencharacter modulo m

of infinity type T is defined to be a homomorphism

ϕ : IM (m) −→ Q×

such that for any (α) ∈ Prin(m) we have

ϕ
(
(α)
)

= α−T =
∏
σ

(ασ)−ησ .

If m′ is another ideal with m|m′, a Grossencharacter modulo m naturally gives rise

to another modulo m′ by restriction from IM (m) to IM (m′). If fϕ is the smallest ideal

such that ϕ extends to a Grossencharacter modulo fϕ, we call fϕ the conductor of ϕ.

If ϕ is a Grossencharacter modulo m such that m = fϕ we say that ϕ is primitive.

These Grossencharacters are equivalent to Hecke characters as defined above. If

ψ : M×
A /M

× −→ C× is a Hecke character with module of definition m, we can define

a Grossencharacter ϕψ modulo m by setting

ϕψ(p) = ψ($̂p)

for all prime ideals p such that (p,m) = 1, where

$̂p = ( . . . 1, $p, 1, . . . ) ∈ M×
A

and $p ∈ Mp is a uniformiser. One can check that ϕψ has the same conductor and

infinity type as ψ. We will usually identify ϕψ with ψ when there is no danger of

confusion.

5.2 Hecke L-series

If ψ is a Grossencharacter modulo m, we extend it to all of IM by setting ψ(a) = 0

for all ideals a with (a,m) 6= 1. Then we define the Hecke L-series associated to ψ
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to be

L(ψ, s) :=
∑

aCOM

ψ(a) NM/Q(a)−s.

This L-series is known to converge absolutely and uniformly on the domain Re(s) ≥

1 + δ for any δ > 0, and has the Euler product representation

L(ψ, s) =
∏
p

(
1− ψ(p) NM/Q(p)−s

)−1
,

where the product is taken over all prime ideals p of OM .

The Hecke L-function L(ψ, s) can be meromorphically continued to the entire

complex plane, and satsfies a functional equation of the following form: we define

the completed Hecke L-function

L̃(ψ, s) := c(ψ)s/2 L∞(ψ, s) L(ψ, s)

where L∞(s, ψ) is a prescribed gamma factor, and c(ψ) = |DM |NM/Q(fψ). Then we

have a functional equation

L̃(ψ, s) = W (ψ) L̃(ψ, 1− s),

where W (ψ) ∈ C is known as the root number of ψ, and has absolute value 1.

5.3 The p-adic Avatar of a Hecke Character

We choose an odd prime p, and fix two embeddings of Q:

ι∞ : Q ↪→ C and ιp : Q ↪→ Qp.

Given any embedding σ : M ↪→ Q, composing σ with ιp induces a p-adic place of

M . We will denote the corresponding prime ideal over p by Pσ.

Consider an algebraic Hecke character ψ : M×
A /M

× −→ C×, with infinite part

ψ(x∞) =
∏

σ∈Hom(M,Q)

xξσσ .
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We define a character ψ̂ : M×
Af /M

× −→ Q×
p by

ψ̂(x) = ψ(x)
∏

σ∈Hom(M,Q)

(xPσ)
ξσ

where M×
Af is the group of finite ideles. Following [HT93] we call ψ̂ the p-adic avatar

of ψ. By definition it has the property that ψ(x) = ψ̂(x) for any idele x ∈M×
A with

xp = x∞ = 1. Also, if y ∈M×
A has p-component sufficiently close to 1 (i.e. |yp − 1|p

is small enough) we have

ψ̂(yp) =
∏

σ∈Hom(M,Q)

(yPσ)
ξσ .

If ψ is defined modulo Cpn, then as a character of ideals ψ̂ is given by composing the

Grossencharacter ψ with the embedding ιp. The Artin map gives an isomorphism

IM (Cpn)
Prin(Cpn)

−̃→ Gal
(
M(Cpn)/M

)
,

so it allows us to regard ψ̂ as a character of Gal(M(Cpn)/M). In fact we can pass

to the projective limit over n and view ψ̂ as a continuous character

ψ̂ : Gal
(
M(Cp∞)/M

)
−→ Q×

p

where M(Cp∞) is the maximal ray class field modulo Cp∞ over M .

5.4 CM-fields

Let F be a totally real number field, and M/F a totally imaginary quadratic exten-

sion. Such a field M is called a CM-field.

As above, we fix an odd prime p and two embeddings of Q:

ι∞ : Q ↪→ C and ιp : Q ↪→ Qp.

Hypothesis: Throughout we assume that every prime of F above p splits in M/F .
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This hypothesis allows us to choose a set Σ of embeddings of M into Q such that:

(i) Σ ∩ Σ = ∅ and Σ ∪ Σ is the set of all embeddings σ : M ↪→ Q ;

(ii) the p-adic place induced by any element of Σ composed with ιp is distinct from

that induced by any element of Σ.

The set Σ is called a p-ordinary CM-type for M . We have the corresponding set

of primes over p:

S :=
{
P ∈ Spec(OM ) : P induced by some σ ∈ Σ

}
.

By definition of Σ, the set of prime factors of p in M may be written as the disjoint

union S ∪ S where P ∈ S if and only if P ∈ S.

We fix a prime-to-p ideal C, and write G∞(C) = Gal
(
M(Cp∞)/M

)
. We may

decompose this Galois group as a product

G∞(C) = Gtor(C)×W

where Gtor(C) is a finite group and W is a Zp-free module of finite rank. In fact, W

is determined independently of the prime-to-p conductor C (see [HT93]).

For the rest of this chapter, we will write O = OCp . We consider the completed

group ring

Λ = O[[W]] := lim←−
a
O
[
W/Wpa

]
.

By choosing a basis of W, we can make identifications

W ∼= Zrp and Λ ∼= O[[X1, . . . , Xr]].

We may also write O[[G∞(C)]] = Λ[Gtor(C)]. If we are given a character λ :
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Gtor(C) −→ O×, we have a natural projection

λ∗ : O[[G∞(C)]] −→ Λ

(g, w) 7−→ λ(g)[w]

where (g, w) ∈ Gtor(C)×W, and [w] is the image of w ∈W in Λ = O[[W]].

For G = G∞(C) or W, we write X(G) for the set of continuous characters

G −→ Q×
p . Any character P ∈ X(G) induces an O-algebra homomorphism P :

O[[G]] −→ Qp, such that P
∣∣
G

is the original character of G. This means we have an

isomorphism

X(G) ∼= HomO−alg

(
O[[G]], Qp

)
.

As stated in [HT93], the set X(G) can also be identified with the Qp-valued points

of Spec(O[[G]])).

An element Φ ∈ O[[G]] can be thought of as an analytic function on X(G) by

setting Φ(P) := P(Φ) for all P ∈ X(G). It can also be viewed as a measure on G by

setting ∫
G
P(g) dΦ(g) = P(Φ).

Recall our fixed projection λ∗ : O[[G∞(C)]] −→ Λ. For a point P ∈ X(W), we define

a specialisation

λP = P ◦ λ∗ : O[[G∞(C)]] −→ Qp,

so λP is a p-adic character of G∞(C). If there exists an algebraic Hecke character ψ

such that λP is equal to the p-adic avatar ψ̂, we say P is arithmetic.

5.5 The Katz Measure

Let M be a CM-field as before, with complex CM-type Σ. We are interested in

the p-adic interpolation of values of Hecke L-functions over M . In [Kat78], Katz
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constructs a measure µKatz on G∞(C) with the property∫
λ̂ dµKatz

p-adic period
= explicit factors × L(λ, 0)

complex period

for every Hecke character λ over M , whose conductor divides Cp∞ and which satisfies

a certain criticality condition. In fact, Katz’s original construction was only for

characters modulo p∞, but this was generalised by Hida and Tilouine in [HT93] to

the case of a non-trivial prime-to-p conductor C.

We will briefly state the interpolation properties of this measure, and we refer

the reader to [HT93] for the full details. We also follow the notation of [HT93] where

possible.

In [Kat78], Katz defines a complex period Ω∞ ∈ CΣ, and a p-adic period Ωp ∈

(O×Cp)
Σ. They are defined using differentials on Hilbert-Blumenthal abelian varieties,

but the details are beyond the scope of this thesis.

We denote by δ a purely imaginary element of M , which is a suitable generator

of the ideal CdM . We write eM for the standard additive character MA/M → C×

which is normalised by eM (x∞) = exp(2πiTrM/Q(x∞)). Then we define a local

factor:

Wp(λ) :=
∏
P∈S

NM/Q(P)−f λ($−f
P )

∑
u∈O×P mod Pf

λP(u) eM

(
u

dP $f
P

)

where $P is a uniformiser for MP, f = f(λ,P) is the power of P dividing the

conductor of λ, and dP ∈ OP generates the local different dM,P.

Now we can state the interpolation property of the Katz measure, as given in

Theorem II of [HT93].

Proposition 5.5.1. There exists an integral-valued measure µKatz on G∞(C) which
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has the property

1
Ωm0Σ+2d
p

∫
G∞(C)

λ̂ dµKatz = [O×M : O×F ] Wp(λ)
(−1)m0Σ πd ΓΣ(m0Σ + d)√

|DF | Im(δ)d

×
∏
L|C

(
1− λ(L)

)
×

∏
P∈S

(
1− λ(P)

)(
1− λ∗(P)

)
× L(λ, 0)

Ωm0Σ+2d
∞

for all Hecke characters λ modulo Cp∞ such that:

(i) the conductor of λ is divisible by all the prime factors of C which are split in

M/F ,

(ii) the infinity type of λ is m0Σ + d − d where d =
∑

σ∈Σ dσσ for integers

m0 and dσ satisfying either m0 > 0 and dσ ≥ 0 or m0 ≤ 1 and dσ ≥ 1−m0.

In the statement of Proposition 5.5.1, we use the following conventions: for an

element ξ ∈ Z[Σ ∪ Σ] and for x ∈ CΣ, we write

xξ =
∏
σ∈Σ

x ξσσ
∏
σ∈Σ

x ξσσ and ΓΣ(ξ) =
∏
σ∈Σ

Γ(ξσ) .

The set Σ is identified with the formal sum
∑

σ∈Σ σ, and a ∈M is considered to be

an element of CΣ via the diagonal embedding a 7→ (aσ)σ∈Σ. We consider π to be the

diagonal element (π)σ∈Σ ∈ CΣ. The L-function in the theorem is the one associated

with the primitive Hecke character.

5.6 Anti-cyclotomic Projection

As in Section 5.4, we consider a character λ : Gtor(C) −→ O×, and the projection

λ∗ : O[[G∞(C)]] −→ Λ where Λ = O[[W]]. Let us define another character by setting

λ−(x) = λ(x)−1λ(xc);

where c ∈ Gal(Q/F ) denotes complex conjugation. We assume λ− to be primitive

of conductor C− (as a character of G∞(C)/W), so that we may consider it as a
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character of Gtor(C−). We may decompose G∞(C−) as a product

G∞(C−) = Gtor(C−)×W

since W is determined independently of C. Then, we define the anti-cyclotomic

projection π−λ associated to λ:

π−λ : O[[G∞(C−)]] −→ Λ

(ζ, w) 7−→ λ−(ζ) w−1c−1wc.

for (ζ, w) ∈ Gtor(C−) ×W. By definition, π−λ takes values in the anti-cyclotomic

part O[[W−]] of Λ, which is defined by

W− :=
{
w ∈W : c−1wc = w−1

}
.

Recall the Katz measure µKatz from Section 5.5 above. This is an integral-valued

measure, and so it corresponds to a power series LKatz ∈ O[[G∞(C)]]. Therefore we

may define its anti-cyclotomic projection

L−(M,λ) := π−λ
(

LKatz

)
∈ O[[W−]].

Looking back at Proposition 5.5.1, one sees that L−(M,λ) will satisfy the interpolation

property
L−(M,λ)(P)

p-adic period
= explicit factors ×

L(λcPλ
−1
P , 0)

complex period
whenever P ∈ X(W) is arithmetic for λ, and the Hecke character λcPλ

−1
P is critical.

5.7 The Theta Measure

Let ϕ be an algebraic Hecke character over M , defined modulo Cp∞. It is known

that there exists a Hilbert automorphic form θ(ϕ) over the totally real field F with

the property

θ(ϕ)
∣∣T (q) =



(
ϕ(Q) + ϕ(Q)

)
θ(ϕ) if q splits as QQ in M/F

ϕ(Q) θ(ϕ) if q ramifies in M/F

0 if q is inert in M/F
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for each prime q of OF with (q,Cp) = 1. We call θ(ϕ) the theta series of ϕ. The

level of θ(ϕ) is

c
(
θ(ϕ)

)
= NM/F (fϕ) Disc(M/F ) p.

The weight of θ(ϕ) will not in general be parallel, but if the infinity type of λ can

be written in the form m0Σ + d(Σ − Σc) with m0, d ∈ Z then the theta series has

parallel weight m0 + 2d+ 1.

A Hecke eigenform of level Cp∞ may be viewed as a specialisation of the Hecke

algebra h(C;O), in which the Hecke operator T (q) is mapped to the corresponding

eigenvalue. Therefore, we can reinterpret the existence of theta series as an O[[W]]-

algebra homomorphism

θ∗ : h(C;O) −→ O[[G∞(C)]]

such that

θ∗
(
T (q)

)
=


[Q] + [Q] if q splits as QQ in M/F

[Q] if q ramifies in M/F

0 if q is inert in M/F

for all primes q satisfying (q,Cp) = 1. Here [Q] denotes the image of the prime ideal

Q under the Artin symbol.

We refer to the map θ∗ as the theta measure; by definition, the specialisation

ϕ̂ ◦ θ∗ : h(C;O) −→ Q×
p

corresponds to the theta series θ(ϕ).

Remark 5.7.1. Here we should point out that in h(C;O) is in fact the p-adic Hecke

algebra, and the specialisation ϕ̂ ◦ θ∗ corresponds to θ(ϕ) considered as a p-adic

Hilbert modular form. We will not define p-adic modular forms here, but refer the

reader to [HT89] and [HT93] for details. For our purposes, it is sufficient to consider

θ(ϕ) as a complex Hilbert modular form with an algebraic q-expansion.
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5.8 Congruence Modules

We now define a congruence module associated to λ∗, which is needed to ensure

Hida’s automorphic p-adic L-function is integral (see Theorem 5.9.2). Let Λ =

O[[W]] as before, and write L for the field of fractions of Λ. If h = h(C;O) there

exists a decomposition

h⊗Λ L = L⊕B

such that projection to the first factor is given by λ∗ ◦ θ∗.

Definition 5.8.1. The congruence module of λ∗ is defined to be

C(λ∗; Λ) :=
Λ

(h⊗Λ Λ) ∩ L
.

As its name suggests, this module is related to congruences between θ(λ) and

other Hilbert modular forms, but we will not discuss this. We simply quote that

C(λ∗; Λ) is a torsion Λ-module of finite type, and so it has a characteristic power

series Hλ := charΛC(λ∗; Λ). We will refer to Hλ as the congruence power series of

λ.

Theorem 5.8.2. [MT90, Til89, HT93] Under the condition C + Cc = OM , then up

to a p-adic unit we have

Hλ =
#Pic(OM )
#Pic(OM+)

× L−(M,λ)

where L−(M,λ) is the anti-cyclotomic projection of the Katz p-adic L-function as de-

fined in Section 5.6.

This deep result forms part of the ‘anti-cyclotomic main conjecture’. In the

context of our work, it provides a more explicit description of the valuation of Hλ

at weight two (i.e. for CM elliptic curves).
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5.9 Hida’s p-adic L-function

In [HT93] Section 7, Hida and Tilouine define a convolution L-series D(f ,g, s) for

Hilbert modular forms f ∈ Sk(c(f), ψ) and g ∈ Ml(c(g), η). This L-series can be

written as an Euler product, and is similar to the convolution

Lc(ψη, 2s+ 2− k − l)
∑

aCOF

C(a, f) C(a,g) NF/Q(a)−s

which we studied in Chapter 3, but is normalised differently. We will now introduce

a p-adic L-function constructed by Hida in [Hid91], which interpolates the special

values of D(θ(λP), θ(νQ), s).

We fix two prime-to-p conductors C,C′ COM , and two characters

λ : Gtor(C) −→ O× and ν : Gtor(C′) −→ O×.

Since the free part W of G∞(C) is determined independently of C, we can write

G∞(C) ∼= Gtor(C)×W and G∞(C′) ∼= Gtor(C′)×W.

Therefore, setting Λ = O[[W]], we have associated projections as in Section 5.4:

λ∗ : O[[G∞(C)]] −→ Λ and ν∗ : O[[G∞(C′)]] −→ Λ.

Suppose we have P,Q ∈ X(W) such that P is an arithmetic specialisation for λ∗,

and Q is an arithmetic specialisation for ν∗. Then the compositions λP = P ◦λ∗ and

νQ = Q ◦ ν∗ are the p-adic avatars of two algebraic Hecke characters.

For any Hecke character ψ we define the unitarisation ψu of ψ by

ψu(x) =
ψ(x)
|ψ(x)|∞

.

Lemma 5.9.1. Let Dp

(
θ(λP), θ(νQ)∨, s

)
denote Hida’s Rankin convolution with the

Euler factors at the primes above p removed. Then we have the identity

Dp

(
θ(λP), θ(νQ)∨, s

)
= E′(P,Q ; s) × Lp

(
λuP ν

cu
Q , s

)
× Lp

(
λuP ν

[c]u
Q , s

)
,

where ν[c](x) = ν(xc)c if xp = 1, and E′(P,Q; s) is the Euler factor defined in [HT93].

The Hecke L-functions in the equation above are always the primitive ones.
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Proof. See [HT93], equation (8.5 a).

Now let us also assume that

infinity type of λP = m0 Σ + d(Σ− Σc)

for some integers m0 and d, and similarly

infinity type of νQ = m′
0 Σ + d′(Σ− Σc)

for integers m′
0 and d′. Then, following [HT93] we write

m(P) = m0 − 1 and m(Q) = m′
0 − 1.

We can now quote the existence of the Rankin convolution p-adic L-function, which

is proved by Hida in [Hid91] Theorem 5.2. We write Λ⊗̂OΛ for the m-adic completion

of Λ⊗O Λ, where m is the unique maximal ideal of Λ⊗O Λ.

Theorem 5.9.2. There exists an element Dλ,ν ∈ Quot(Λ⊗̂OΛ) satisfying:

(i) We have

(Hλ ⊗ 1) . Dλ,ν ∈ Λ⊗̂OΛ,

where Hλ is the characteristic power series of the congruence module C(λ∗; Λ).

(ii) For all pairs (P,Q) which are critical for (λ, ν),

Dλ,ν(P,Q) =
C(P,Q) W (P,Q) E(P,Q)

S(P)

×
Dp

(
θ(λP), θ(νQ)∨, 1 + m(Q)−m(P)

2

)
〈
θ(λP)⊗ η′P , θ(λP)⊗ η′P

〉
for interpolation factors C(P,Q),W (P,Q), E(P,Q) and S(P) which are explicitly

given in [HT93] Section 8. Here the character η′P : O×p → Q× is defined by η′P(y) =

λ̂P(y)−1.
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The condition for (λP , νQ) to be critical is given in [Hid91] (5.3a); when all the

weights are parallel, it reduces to the assertion m(P)−m(Q) ≥ 1.

The definitions of the interpolation factors are complicated, and we will not give

them in full generality. Luckily, the following remark of Hida tells us what they are

in the case we are interested in.

Remark 5.9.3. In the preamble to [Hid91], Hida states that when (λP , νQ) is a

motivic pair, the ε-factors W (P,Q), the Γ-factors C(P,Q) and the Euler factors

E(P,Q)S(P)−1 coincide exactly with those given in the general recipe for p-adic L-

functions of motives given by Coates and Perrin-Riou in [CPR89]. Therefore, when

we specialise to the case of CM elliptic curves, these interpolation factors will agree

with those of Coates et al from [CFK+05].
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Chapter 6

Growth of CM Periods

In this chapter we prove weak forms of Kato’s K1-congruences for elliptic curves

with complex multiplication, subject to two technical hypotheses identical to those

imposed in Chapter 4.

As before, we encounter an error term measuring the failure of the Petersson

inner product to coincide with the Néron period. This period ratio grows as we climb

the tower of totally real fields, and we use symmetric square L-series to explicitly

compute it in some cases. Finally, we show how the growth-rate can be estimated

in the CM case using the arithmetic of the Z2
p-extension.

This chapter is joint work with my PhD supervisor, Daniel Delbourgo. We

thank Thanasis Bouganis for informing us of his approach to the Heisenberg type

congruences, and for many other suggestions. We are also very grateful to Neil

Dummigan for his advice on computing the special values of symmetric square L-

series.
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6.1 Main Results

Let E be an elliptic curve defined over Q admitting complex multiplication by an

order in the ring OK , where K = Q
(√
−D

)
denotes an imaginary quadratic field.

Fix a prime number p 6= 2 which splits into (p) = p×p∗ inside OK ; this is equivalent

to assuming that E possesses good ordinary reduction at p. We also pick an auxiliary

p-power-free integer ∆ > 1 which is coprime to p, and to the conductor NE of the

elliptic curve.

We consider a false Tate curve extension of the quadratic field K: setting

KFT =
⋃
n≥1

K
(
µpn ,

pn
√

∆
)

we have

G∞ := Gal(KFT /K) ∼=

 Z×p Zp

0 1

 ,

the same non-commutative p-adic Lie group of dimension 2 that we considered in

previous chapters.

The Artin representations of Gal(KFT /K) can be described in the same way as

those of Gal(QFT /Q): putting Kn = K(µpn) we write

ρn = IndKKn
(
χn
)

for the unique self-dual representation of G∞ of degree pn − pn−1. The irreducible

Artin representations of G∞ are all of the form ρn ⊗ ψ for some n ≥ 0, and some

finite order character ψ : Gal
(
K(µp∞)/K

)
→ C×.

Lastly, the Galois group of K(µp∞) over Kn will be abbreviated by U (n).

Definition 6.1.1. The ‘motivic’ p-adic L-function L(E, ρn) of E/K twisted by ρn is

the unique element of Zp[[U (n)]]⊗Q satisfying

ψ
(
L(E, ρn)

)
=

ε(ρn ⊗ ψ)p
α
fψ
p

× Euler factor ×
L{p∆}

(
E/K, ρn ⊗ ψ−1, 1

)(
Ω+
E Ω−E

)[Kn:K]
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at all Dirichlet characters ψ : U (n) → Q×
p of conductor fψ. Here αp is the p-adic

unit root of 1− ap(E)T + pT 2, and fψ is the power of p dividing fψ. Also ε(ρn⊗ψ)p

is the local ε-factor at p, normalised as in [CFK+05].

The existence of L(E, ρn) follows from interpolation properties of the Katz-Eisenstein

measure, which is discussed in the next section.

To make further progress, we now impose the same two assumptions that were

needed in Chapter 4.

Hypothesis (I, n) For each integer j ∈ {0, . . . , n}, Conjecture IV of Stevens [Ste89]

§4 holds at all ρj ⊗ ψ-twists of the fE-isotypic component in H1

(
X1(NE),Z

)
.

Hypothesis (II) Each analytic µ-invariant associated to the (p − 1) branches of

the Mazur-Tate-Teitelbaum p-adic L-function for E/K, vanishes.

As stated in Chapter 4, both of these hypotheses are expected to hold in general. Hy-

pothesis (I, n) would follow from the ρj-twisted main conjectures for j ∈ {0, . . . , n},

and Hypothesis (II) may be verified numerically in certain cases. For example, we

computed the value of Norm0,1(Lp(E, ρ0)) evaluated at the trivial character for some

examples of E, p and ∆ (see Tables 6.1, 6.2 and 6.3). For the cases in which this

value is a p-adic unit, Hypothesis (II) is confirmed.

Recall that for all positive integers j ≤ n, the norm map induces a homomorphism

Normj,n : Zp[[U (j)]] → Zp[[U (n)]] on the completed group rings. We now state the

first main theorem of this chapter.

Theorem 6.1.2. Assume that (I, n) holds for a given n ∈ N, and also (II) is true.

Then there is a family of congruences

L(E, ρn) ≡ Normn−1,n

(
L(E, ρn−1)

)
≡ . . . ≡ Norm0,n

(
L(E, ρ0)

)
mod p.

In particular, if ωi
(
L(E, ρ0)

)
∈ Z×p for all i ∈ {0, . . . , p− 2} then by Definition 6.1.1,
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clearly one has L(E/K1, 1) 6= 0. Moreover, from Theorem 6.1.2 it follows directly

L(E/K, ρj , 1) 6= 0 at every 1 ≤ j ≤ n.

Let ϕ : Zp[[U (j−1)]] −→ Zp[[U (j)]] be the homomorphism induced by the p-power

map on U (0) ∼= Z×p . Setting aj = L(E, ρj), one may then define

cj :=
aj × ϕ ◦Norm0,j−1(a0)
Norm0,j(a0) × ϕ(aj−1)

which belongs to the field of quotients Frac
(
Zp[[U (j)]]

)
.

Theorem 6.1.3. Under the same conditions as the previous result,
n∏
j=1

Normj,n(cj)p
j ≡ 1 mod pn+1.Zp

[[
U (n)

]]
.

These congruences are analagous to the ones we obtained in [DW08] for semi-

stable elliptic curves. As explained in Chapter 2, if these congruences hold modulo

p2n rather than modulo pn+1, then one would establish the existence of a non-abelian

p-adic L-function inside K1

(
Zp
[[
G∞

]]
S∗
)
, as explained by Kato in [Kat05] §1.

Remark 6.1.4. Theorem 6.1.3 is a straightforward consequence of Theorem 6.1.2,

courtesy of a strong induction argument. The details are identical to the proof of

Theorem 4.6.7 in Chapter 4 and we shall not reproduce them here. This leaves us

with the task of proving 6.1.2 in the next section.

Let us now consider Hida’s automorphic p-adic L-function (see Definition 6.2.2).

This object LHida(E, ρn) interpolates exactly the same data as L(E, ρn), except that

the period in its denominator is the Petersson self-product for the base-change of fE

to K+
n , and there is an extra factor arising from the congruence module. If

Ωmot
K+
n

(E) =
(
Ω+
E Ω−E

)[K+
n :Q] and Ωaut

K+
n
(E) = π[Kn:Q]

〈
f/K+

n
, f/K+

n

〉
,

where f/K+
n

denotes the base change of fE to K+
n , then one has the relationship

L(E, ρn) =
Ωaut
K+
n
(E)

Ωmot
K+
n

(E)
× Hλ(2)−1 × LHida(E, ρn) (up to a p-adic unit)
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where Hλ(2) denotes the value of the characteristic power series for the associated

congruence module C(λE,K+
n
; Λ), evaluated at parallel weight two (see §1 for details).

The p-adic L-function LHida(E, ρn) arises from the Rankin convolution approach, and

is heavily p-integral; but it appears to be the natural object to work with from an

automorphic point of view.

Remark 6.1.5. In order to prove the full K1-congruences of Kato, we first need to

understand the analytic invariants

pµ
Per
p,n(E) :=

∣∣∣∣∣Ω
mot
K+
n

(E)

Ωaut
K+
n
(E)

∣∣∣∣∣
−1

p

and pµ
anti
p,n (E) :=

∣∣∣Hλ

(
2, . . . , 2

)∣∣∣−1

p

and their rate of growth as the fields K+
n climb up the cyclotomic Zp-extension.

Henceforth we shall assume that the prime p is greater than 3, and does not

divide the degree of X0(NE)
ϕE
� E.

We now consider the two-variable Iwasawa module Gal
(
M∞

/
K(E[p∞])

)
with

M∞ the maximal abelian pro-p-extension of K
(
E[p∞]

)
unramified outside p. Let us

define non-negative integers

µcy
E :=

p−2∑
j=0

µωj
(
Z∞,+

)
and λcy

E :=
p−2∑
j=0

λωj
(
Z∞,+

)
where

(
µωj , λωj

)
refer to the Iwasawa µ- and λ-invariants for the ωjK-eigenspace

inside

Z∞,+ := H0

(
K
(
E[p]

)/
K1 ,

(
Gal
(
M∞

/
K(E[p∞])

)
⊗ Φ⊗−2

E,p

)
Γ−

)
.

Theorem 6.1.6. Assume the µωj
(
Z∞,+

)
-invariants vanish at each integer j ∈

{
0, . . . , p− 2

}
.

For n� 1, the p-adic valuation of the ratio of motivic with the automorphic periods

over K+
n is given by

µPer
p,n (E) = n

(
(p− 1).pn−1 − λcy

E + 1
)
−
(
pn−1 +∇Sym2E

K+
n

+ ordp
(
h−(Kn)

))
+ O(1)

where ∇Sym2E

K+
n

denotes the p-adic order of

∏
places ν|NE of K+

n

det
(

1−
(
NK+

n /Q(ν)
)−s

. Frobν
∣∣∣ (Sym2H1

p (E)
)Iν) ∣∣∣∣∣

s=2

.
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The demonstration of this result uses a version of the two-variable main conjecture,

proved by Karl Rubin in the case of complex multiplication.

It is not difficult to calculate the terms ∇Sym2E

K+
n

which arise from the bad Euler

factors of the symmetric square L-function. We give an algorithm for computing

them in Appendix A.

Lastly we recall from [HT93] §0 that the anti-cyclotomic main conjecture over

K+
n affirms that

Hλ = (a unit) × h−(Kn) × L−(Kn,λ) ,

where L−(Kn,λ) denotes the branch of the Katz p-adic L-function projected along the

anti-cyclotomic Zp-extension of K+
n , and h−(Kn) denotes the relative class number

which is defined by

h−(Kn) :=
h(Kn)
h(K+

n )
.

Therefore we have:

Corollary 6.1.7. For all integers n� 1,

ordp

(
LHida(E, ρn)
L(E, ρn)

)
= n

(
(p− 1).pn−1 − λcy

E + 1
)
−
(
pn−1 +∇Sym2E

K+
n

)
+ ordp

(
L−(Kn,λ)

(
2, . . . , 2

))
+ a fixed constant.

6.2 Elliptic Curves with Complex Multiplication

Let E/Q be an elliptic curve with complex multiplication by an order in the ring

of integers of an imaginary quadratic field K = Q(
√
−d). The following important

result from CM theory relates the Hasse-Weil L-series of such elliptic curves to Hecke

L-functions.

Proposition 6.2.1. If F is a number field containing K, then there exists a canon-

ical Hecke character

ΦE/F :
F×A
F×
−→ Q×
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attached to E/F , such that

L(E/F, s) = L(ΦE/F , s) L(ΦE/F , s) and L(E/F+, s) = L(ΦE/F , s).

Proof. See Rubin’s exposition [Rub99].

We refer to the Hecke character ΦE/F as the associated Grossencharacter of E/F .

Now, we recall our new false Tate curve tower from Section 6.1:

KFT

Z×p nZp

IndQ
Kn

(χn)

χn

K
(
µpn ,

pn
√

∆
)

pn

K(µpn)

2

K(µpn)+

rrrrrrrrrrr

K

2

Q

Remember that we always assume the prime p splits in K/Q, which means that E

has good ordinary reduction at p.

We want to specialise the results of Chapter 5 to the CM-field

M = Kn = Q
(√
−D, µpn

)
,

choosing the Hecke characters λP and νQ so that we obtain twisted L-values of E.

Let C = condKn(E) C OKn , and let us write G∞(C) = Gal(Kn(Cp∞)/Kn). As

before, we decompose this Galois group into a product of the torsion part and the

free part:

G∞(C) = Gtor(C)×W.
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The p-adic avatar of ΦE/Kn factors through G∞(C), so we may restrict it to Gtor(C);

we put η = ΦE/Kn

∣∣
Gtor(C)

and consider the projection

η∗ : OCp [[G∞(C)]] −→ Λ0 = OCp [[W]].

Then we have the homomorphism

λ = η∗ ◦ θN : h(N ;OCp) −→ Λ0

at level N = CCc Disc(Kn/K
+
n ), which corresponds by duality to the base-change of

fE ∈ S2

(
Γ0(NE)

)
over K+

n .

Let us take P : Λ0 → Qp to be the specialisation at weight k = (2, . . . , 2), and

put

λP = P ◦ η∗ : G∞(C) −→ Q×
p .

Then the Hilbert modular form θ(λP) will be the base-change of fE to K+
n , and its

L-series coincides with

L(E/K+
n , s) = L(ΦE/Kn , s).

Now recall that, for j in the range {0, . . . , n}, we have the anti-cyclotomic char-

acter

χj : Gal
(
Kj

(
pj
√

∆
)
/Kj

)
−→ µpj given by σ 7−→

σ
(
pj
√

∆
)

pj
√

∆

which induces the Artin representation ρj over the quadratic field K. Let us also fix

a character ψ : U (n) → Q× of finite order.

Suppose that C′ C OKn is divisible by the conductor of ResKn(χj) ⊗ ψ. This

character will factor through the group G∞(C′) = Gal(Kn(C′p∞)/Kn), which has

the same free part W as G∞(C). So, if we put

γ = ResKn(χj)⊗ ψ
∣∣∣
Gtor(C′)

we have a projection

γ∗ : O[[G∞(C′)]]
γ∗−→ Λ0 = OCp [[W]]
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and a morphism

ν = ν(j, n, ψ) : h(N ′;OCp)
γ∗◦θN′−→ Λ0

at levelN ′ = C′C′c Disc(Kn/K
+
n ). We compose this with the arithmetic specialisation

Q at weight k′ = (1, . . . , 1) with character ResKn(χj) ⊗ ψ
∣∣∣
W

, and we get a unique

Hecke character

νQ = Q ◦ γ∗ : G∞(C′) −→ Qp.

Clearly νQ is a unitary Hecke character, moreover θ
(
νQ(j, n, ψ)

)
is the primitive

Hilbert modular form associated to the Gal
(
Q/K+

n

)
-representation

IndK
+
n

Kn

(
ResKn(χj)

)
⊗ ψ

via the work of Serre (analogous to the form gρj/Kn from Chapter 3).

Now we ask the question: what L-value data does the pair (λP , νQ) interpolate?

Recall from Theorem 5.9.2 that the value of Hida’s p-adic L-function is given by

Dλ,ν(P,Q) =
Dp

(
θ(λP), θ(νQ)∨, 1 + m(Q)−m(P)

2

)
〈
θ(λP)⊗ η′P , θ(λP)⊗ η′P

〉 ,

up to certain interpolation factors defined in [HT93]. Applying standard properties

of the theta-lift given in Lemma 5.9.1, we get

Dp

(
θ(λP), θ(νQ)∨, 1/2

)
= Lp

(
λuPν

cu
Q , 1/2

)
. Lp

(
λuPν

[c]u
Q , 1/2

)
= Lp

(
(ΦE/Kn)

uνcQ, 1/2
)
. Lp

(
(ΦE/Kn)

uν
[c]
Q , 1/2

)
.

By definition of the unitarised Hecke character (ΦE/Kn)
u, we have

L
(
(ΦE/Kn)

u, 1/2
)

= L(ΦE/Kn , 1).

So, after unravelling the unitarisation and removing the Euler factor contribution

coming from the E(P,Q) term, we obtain the special value

L{p∆}
(
E/Kn, ResKn(χj)

c ⊗ ψ−1, 1
)

=
∏
β

L{p∆}
(
E/K, ρj ⊗ βψ−1, 1

)
,

where β ranges over all characters Gal(Kn/Kj)→ C×. This motivates the following

definition.
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Definition 6.2.2. We define the p-adic L-function LHida(E, ρj/K+
n ) to be the unique

element of OCp [[U
(n)]] such that for all finite-order characters ψ : U (n) → Q× we

have

ψ
(
LHida(E, ρj/K+

n )
)

= (Hλ(P)⊗ 1) . Dλ,ν(P,Q)

for the specialisations λP and νQ = νQ(j, n, ψ) defined above.

Note that we are forced to include the congruence power series term Hλ(P) to

ensure the p-adic L-function is integral (see Theorem 5.9.2).

Comparing this p-adic L-function to the one defined in 6.1.1, the calculation of

the special value above shows that

ψ
(
LHida(E, ρj/K+

n )
)

=

(
π−2 Ω+

E Ω−E
)[K+

n :Q]〈
θ(λP)⊗ η′P , θ(λP)⊗ η′P

〉 × Hλ(P)

× ψ
(
Normj,n

(
L(E, ρj)

))
.

We know that the interpolation factors agree by Remark 5.9.3.

The first two terms in the product are non-zero scalars - in particular, they do

not depend on how the character ψ is chosen, nor on the Artin representation ρj .

We will estimate the power of p occurring in these scalars later in this chapter.

Definition 6.2.3. We define the automorphic error term associated to E and the

field K+
n by

ErrK+
n
(E) :=

(
π−2 Ω+

E Ω−E
)[K+

n :Q]〈
θ(λP)⊗ η′P , θ(λP)⊗ η′P

〉 × ∣∣∣Hλ(P)
∣∣∣−1

p
.

This term measures the ratio of the ‘automorphic’ L-function LHida(E, ρj/K+
n ) with

its motivic counterpart Normj,n

(
L(E, ρj)

)
.

We are now in a position to prove the main result of this section.

Proof of Theorem 6.1.2.
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The family of automorphic L-functions

Dλ,ν(P,−)
∣∣∣
OCp [[U(n)]]

associated to γ = ResKn(χj)⊗ ψ
∣∣∣
Gtor(C′)

share a common µ-invariant, for all j ∈ {0, . . . , n} and fixed character ψ
∣∣
Gtor(C′)

(as

switching γ’s does not change the branch of the underlying ray-class measure). This

means that the elements

LHida(E, ρj/K+
n ) ∈ OCp [[U

(n)]]

have a common µ-invariant for 0 ≤ j ≤ n.

Hypothesis (I, n) implies that the norm of each motivic p-adic L-function L(E, ρj)

is p-integral. Moreover, under Hypothesis (II) the µ-invariant of Norm0,1

(
L(E, ρ0)

)
is trivial, hence the µ-invariant of Norm0,n

(
L(E, ρ0)

)
must also vanish for every

n ≥ 1. Since we have

LHida(E, ρ0/K
+
n ) = ErrK+

n
(E) × Norm0,n

(
L(E, ρ0)

)
,

it follows that the quantity ordp
(
ErrK+

n
(E)
)

coincides with the µ-invariant of

LHida(E, ρ0/K
+
n ). It will be equal to the common µ-invariant shared by LHida(E, ρj/K+

n )

for all j.

Because ResKn(χj) takes values in µp∞ , such characters are congruent to 1 mod-

ulo MCp , the maximal ideal of OCp . Thus each residual specialisation(
λP , νQ(j, n, ψ)

)
: h(N ;OCp) ⊗̂OCp h(N ′;OCp) //

++XXXXXXXXXXX
OCp

proj

��
OCp

/
ErrK+

n
(E) .MCp

whilst dependent on n and ψ, is independent of the choice of j ∈ {0, . . . , n}. This

implies that (
Hλ(P)⊗ 1

)
.Dλ,ν(P,Q) mod ErrK+

n
(E) .MCp

must also be independent of the choice of j ∈ {0, . . . , n}, for all finite order characters

ψ of U (n). Therefore,

LHida(E, ρj/K+
n ) mod ErrK+

n
(E) .MCp [[U

(n)]]
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is independent of j, and we obtain the congruence

L(E, ρn) ≡ Normj,n

(
L(E, ρj)

)
mod MCp [[U

(n)]].

Finally we apply the algebraicity result of Bouganis and Dokchitser ([BD07] Theorem

4.2) as we did in the semistable case. This result shows that the algebraic part of

L(E, ρ, 1) lies in the field of definition of E and ρ, when ρ factors through a false Tate

curve extension. The elliptic curve E and the self-dual representations IndQ
K(ρn) are

all realisable over Q, so the above congruence strengthens to one modulo

MCp [[U
(n)]] ∩ Qp[[U (n)]] = p .Zp[[U (n)]]

and this completes the proof of Theorem 6.1.2. �

6.3 Calculating the Ratio of Motivic and Automorphic

Periods

We now describe the numerical ratio of L(E, ρn) with its automorphic counterpart.

Under the hypotheses of Theorem 6.1.2, this ratio corresponds to the µ-invariant of

LHida(E, ρj/K+
n ) precisely. From Definition 6.2.3, it can be written as

ordp
(
ErrK+

n
(E)
)

= µanti
p,n (E) + µPer

p,n (E)

where

µanti
p,n (E) = ordp

(
Hλ(P)

)
= ordp

(
h(Kn)

)
− ordp

(
h(K+

n )
)

+ ordp
(
L−(Kn,λ)(P)

)
by Theorem 5.8.2, and secondly

µPer
p,n (E) = ordp

 (
π−2 Ω+

E Ω−E
)[K+

n :Q]〈
θ(λP)⊗ η′P , θ(λP)⊗ η′P

〉
 .
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Theorem 6.3.1. In the notation of [Kat78] §5.7.8-9, the value L−(Kn,λ)(P) is given

by

L−(Kn,λ)(P)

Ωm0Σ+2d
p

=
[
O×Kn : O×

K+
n

]
. Wp

(
(λ ◦ c) . λ−1

)
.

(−1)m0Σ√
Disc(K+

n )

×
Lp,p∗

((
λ ◦ c

)
P .λ

−1
P , 0

)
π−d Ωm0Σ+2d

∞

where λP = (ΦE/Kn)
u, Wp is a root number, and (Ω∞,Ωp) denote the Katz periods.

Proof. This follows directly from the interpolation formula given in Proposition 5.5.1.

From a computational perspective, most of these terms are straightforward to work

out. For example the index
[
O×Kn : O×

K+
n

]
is just a power of p, and the root number

Wp can be expressed as a Gauss sum. The p-adic period Ωp is always a p-adic unit.

Let us now concentrate on computing the quantity µPer
p,n (E) numerically. For

any Dirichlet character ψ whose conductor is coprime to that of E, we will write

Limp(Sym2E,ψ, s) for the imprimitive ψ-twisted symmetric square L-series. Recall

that the imprimitive symmetric square L-series may be defined by the Euler product

Limp(Sym2E, s) :=
∏
q

(
(1− α2

q q
−s)(1− αq α′q q−s)(1− α′ 2q q−s)

)−1

where as usual 1 − aq(E)T + q T 2 = (1 − αq T )(1 − α′q T ) for each rational prime

q. We write

τ(ψ) =
fψ∑
a=1

ψ(a)e2πia/fψ ,

for the standard Gauss sum of ψ, and define

ξ(E/K+
n ) :=

∏
ψ:Gal(K+

n /Q)→C×

τ(ψ−2)Limp(Sym2E,ψ, 2)
π3〈fE , fE〉NE

which is Aut(C)-invariant (and hence rational) due to results of Sturm [Stu80, Stu89].

102



Proposition 6.3.2. If the prime p 6= 2 does not divide the degree of the modular

parametrisation X0(NE)
ϕE
� E or the Manin constant of E, then〈

θ(λP)⊗ η′P , θ(λP)⊗ η′P
〉

(
π−2 Ω+

E Ω−E
)[K+

n :Q]
= ( p−adic unit) ×

∣∣Disc(K+
n )
∣∣
∞∣∣Disc(Q(µpn)+)
∣∣
∞
× ξ(E/K+

n ).

The demonstration of this result is given at the end of this section.

It is a basic exercise in the arithmetic of cyclotomic fields to show that

ordp
(
Disc(K+

n )
)

= pn−1(pn− n− 1)

and

ordp
(
Disc

(
Q(µpn)+

))
=
(
pn−1(pn− n− 1)− 1

)
/2.

The calculation of the period ratio therefore reduces to a computation of ψ-twisted

symmetric square L-series at s = 2. Using the computer package MAGMA (see

[BCP97]) and the subroutine LSeries, we attempted to compute these L-values and

obtain ξ(E/K+
n ) as a rational number; more details on the computations are given

in Appendix B.

Unfortunately, the conductors of the twists Sym2E ⊗ ψ get very large as n in-

creases, and we were forced to restrict ourselves to the layer n = 1. We focus on

the first three CM elliptic curves over Q of rank zero and minimal conductor; in

Cremona’s notation they are 27A(1), 32A(1) and 49A(1).

We also want to check numerically whether the p-primary Selmer group SelKFT (E)p∞

is trivial. For this we quote a result of Hachimori and Venjakob. First, if S is a p-

primary G∞-module (recall that G∞ = Gal(KFT /K)), one may define the Euler

characteristic

EC (G∞,S) :=
∞∏
j=0

#
(
Hj
(
G∞,S

))(−1)j

assuming that the Galois cohomology groups Hj(G∞,S) are finite for all j.

Proposition 6.3.3. Suppose the analytic rank of E/K(µp) is zero. The p-primary

Selmer group of E over the p-adic Lie extension KFT is trivial if and only if

EC
(
G∞,SelKFT

(E)p∞
)

= 1.
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Proof. See [HV03] Prop 4.12.

The latter Euler characteristic will coincide with the leading term of Norm0,1

(
Lp(E, ρ0)

)
up to a unit, provided the full Birch and Swinnerton-Dyer conjecture holds for E

over K(µp). Therefore we want to check whether Norm0,1

(
Lp(E, ρ0)

)
evaluated at

the trivial character is a p-adic unit.

Let us define the quantity

XE(ρ) := εp(ρ)×
Pp(ρ∨, α−1

p )
Pp(ρ, p−1αp)

× α
−fp(ρ)
p ×

L{p∆}(E, ρ, 1)

(Ω+
E)dim+ρ (Ω−E)dim−ρ

,

which is the conjectural p-adic L-value of LE/KFT evaluated at the Artin represen-

tation ρ. We want to check whether XE
(
RegK(µp)/Q

)
is a unit, but it is sufficient

to compute XE
(
RegQ(µp)/Q

)
because

1
(
Norm0,1

(
Lp(E, ρ0)

))
= XE

(
RegQ(

√
−D,µp)/Q

)
= XE

(
RegQ(µp)/Q

)2
,

as the quadratic twist E ⊗
(−D) is always Q-isogenous to the original elliptic curve.

Bearing in mind our formula for µPer
p,n (E) given in 6.1.6 when n � 1, we make the

following definition.

Definition 6.3.4. For each triple (E, p,∆) as before, we write

µnaive
p,1 (E) := (p− 1) − ∇Sym2E

K+
1

− ordp
(
h−(K1)

)
which is a naive estimate of the value µPer

p,n (E) at the bottom layer n = 1.

The following tables show the data we computed for our chosen elliptic curves.

For each case in which the analytic rank of E/K(µp) is zero, we have chosen a value

of ∆ in order to compute XE
(
RegQ(µp)/Q

)
. Note that we have chosen each ∆ so

that the removed Euler factor is a p-adic unit. Whenever µPer
p,1 and µnaive

p,1 differ in

value, we have highlighted the latter in boldface.
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Table 6.1: The elliptic curve E = 27A(1) : y2 + y = x3.

p ∆ XE(RegQ(µp)/Q) SelKFT (E)p∞ = 0? µPer
p,1 µnaive

p,1

7 2 1.70 + 3.71 + 1.72 +O(73) Yes 4 5

13 2 7.130 + 5.131 + 9.132 +O(133) Yes 10 10

19 - 0 No 17 17

31 - 0 No 29 29

37 - 0 No 33 33

43 7 24.430 + 20.431 + 1.432 +O(433) Yes 41 41

61 2 16.610 + 50.611 + 46.612 +O(613) Yes 53 54

67 17 53.670 + 21.671 + 52.672 +O(673) Yes 61 61

73 2 13.732 + 13.734 + 20.735 +O(736) No 64 66

79 2 50.790 + 77.791 + 55.792 +O(793) Yes 75 77

97 2 87.972 + 88.973 + 29.974 +O(975) No 94 94

103 2 79.1030 + 96.1031 +O(1032) Yes 97 97

109 - 0 No 104 106

127 - 0 No 125 125

139 5 12.1390 + 87.1391 +O(1392) Yes 136 136

151 2 5.1512 + 1.1513 +O(1514) No 143 147

157 2 3.1570 + 17.1571 +O(1572) Yes 152 152

163 13 119.1632 + 35.1633 +O(1634) No 161 161

181 - 0 No 176 178

193 2 1.1930 + 52.1931 +O(1932) Yes 180 180

199 2 32.1992 + 57.1993 +O(1994) No 194 196
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Table 6.2: The elliptic curve E = 32A(1) : y2 = x3 + 4x.

p ∆ XE(RegQ(µp)/Q) SelKFT (E)p∞ = 0? µPer
p,1 µnaive

p,1

5 - 0 No 3 3

13 - 0 No 11 11

17 - 0 No 14 14

29 - 0 No 27 27

37 - 0 No 34 34

41 - 0 No 38 38

53 - 0 No 51 51

61 - 0 No 56 58

73 3 35.730 + 26.731 + 61.732 +O(733) Yes 68 68

89 3 67.890 + 13.891 + 59.892 +O(893) Yes 82 84

97 3 9.970 + 2.971 + 29.972 +O(973) Yes 94 94

101 - 0 No 97 97

109 - 0 No 105 105

113 3 106.1132 + 20.1133 +O(1134) No 108 108

137 - 0 No 131 133

149 - 0 No 145 145

157 - 0 No 149 151

173 - 0 No 171 171

181 - 0 No 179 179

193 3 166.1932 + 178.1933 +O(1934) No 187 189
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Table 6.3: The elliptic curve E = 49A(1) : y2 + xy = x3 − x2 − 2x− 1.

p ∆ XE(RegQ(µp)/Q) SelKFT (E)p∞ = 0? µPer
p,1 µnaive

p,1

11 - 0 No 6 8

23 - 0 No 20 20

29 3 18.290 + 2.291 + 10.292 +O(293) Yes 25 25

37 5 32.370 + 10.371 + 22.373 +O(374) Yes 33 33

43 - 0 No 24 28

53 - 0 No 44 46

67 - 0 No 61 63

71 - 0 No 66 68

79 - 0 No 76 76

107 - 0 No 104 104

109 2 39.1092 + 34.1093 +O(1094) No 105 105

113 2 77.1130 + 46.1131 +O(1132) Yes 95 95

127 - 0 No 124 124

137 3 3.1372 + 54.1373 +O(1374) No 128 130

149 - 0 No 141 141

151 - 0 No 146 148

163 - 0 No 156 160
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After some thought, we verified numerically that in all cases our naive guess

coincides with the true value, if and only if the Katz-Yager L-values

LKatz

(
Φ2
E,p × ω

j
K

)
for all j ∈

{
0, . . . , p− 2

}
are simultaneously p-units. If this condition does not hold, one expects non-triviality

of either the µcy
E - or λcy

E -invariants, which will contribute to the final formula.

Conjecture 6.3.5. If this p-unit condition on the constant terms of LKatz is satis-

fied, then

µPer
p,1 (E) = µnaive

p,1 (E) := (p− 1)−∇Sym2E

K+
1

− ordp
(
h−(K1)

)
.

If this condition is not satisfied, we instead have µPer
p,1 (E) < µnaive

p,1 (E).

This prediction is true for all the examples we have calculated, and we are optimistic

that it holds more generally. If it does hold, it means that the O(1)-term occurring

in Theorem 6.1.6 is precisely the constant zero.

Proof of Proposition 6.3.2.

Our starting point is the formula from [HT93] §7 which relates the Petersson self-

product of a Hilbert modular form to the imprimitive adjoint L-function.

〈
θ(λP)⊗ η′P , θ(λP)⊗ η′P

〉
N

=
∣∣Disc(K+

n )
∣∣
∞ × NK+

n /Q(N)× 2−2{2}+1

× π−[K+
n :Q]−{2} × Limp

(
Ad(θ(λP)⊗ η′P), 1

)
where N = C × Cc × DKn/K

+
n

was the level of θ(λP) ⊗ η′P . We do not give the

definition of the adjoint L-function, as it can be identified with that of the symmetric

square for the base-change of fE/K+
n . Following renormalisation, one deduces that〈

θ(λP)⊗ η′P , θ(λP)⊗ η′P
〉
N

is equal to

∣∣Disc(K+
n )
∣∣
∞ π−[K+

n :Q]−{2} × Limp
(
Sym2E/K+

n , 2
)
,

up to a p-adic unit.
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The field K+
n is an abelian extension of Q, and so the L-function decomposes as

a product over the characters of G = Gal(K+
n /Q). As an immediate consequence

〈
θ(λP)⊗ η′P , θ(λP)⊗ η′P

〉
N
≈

∣∣Disc(K+
n )
∣∣
∞

∏
ψ:G→C×

π−3Limp(Sym2E,ψ, 2)

≈
∣∣Disc(K+

n )
∣∣
∞ ξ(E/K+

n )
∏

ψ:G→C×

〈fE , fE〉NE
τ(ψ−2)

where ‘≈’ denotes equality up to p-adic units. The proof will be finished, provided

we can show:

(a)
∏

ψ:G→C×
τ(ψ−2) =

∣∣∣Disc
(
Q(µpn)+

)∣∣∣
∞
,

(b) 〈fE , fE〉NE =
(
p-adic unit

)
× π−2 Ω+

E Ω−E .

Since we assume that both the degree of ϕE : X0(NE) � E and its Manin constant

cMan are integers coprime to p, then (b) follows from the well-known identity

8π3

NE
〈fE , fE〉NE = Limp(Sym2E, 2) =

deg(ϕE)
NE .c2Man

× πi
∫
E(C)

ωE ∧ ωE .

To show claim (a), clearly we must have

∏
ψ:G→C×

τ(ψ−2) =

( ∏
ψ:G2→C×

τ(ψ)

)2

.

If the automorphism σ ∈ Gal
(
Kn/Q(µpn)

)
sends

√
−D 7→ −

√
−D, then

Gal(Kn/Q) ∼= 〈σ〉 × F×p × Cpn−1 whence G ∼=
〈σ〉 × F×p〈
(σ,−1)

〉 × Cpn−1 .

Because p is odd, the field cut out by G2 ∼=
(
F×p
)2 × Cpn−1 has to be Q(µpn) ∩ R.

Via standard properties of Gauss sums and the conductor-discriminant formula, we

arrive at

∏
ψ:G2→C×

τ(ψ)2 =
∏

ψ:Gal(Q(µpn )+/Q)→C×
ψ(−1) fψ =

∣∣∣Disc
(
Q(µpn)+

)∣∣∣
∞

and the result follows.

109



6.4 The Connection with Λ-modules

In this section and the next, we will show how our error terms may be described in

terms of the Iwasawa invariants of the Z2
p-extension of K.

Since p.OK = p.p∗ is split over K, we choose our embedding ιp : Q ↪→ Cp so that

ΦE/K

(
p∗
)

becomes the unit. The Tate module Tp(E) of the curve breaks up into

Tp ⊕ Tp∗ over the CM-field K, with summands

Tp = lim←−
n

E[pn] and Tp∗ = lim←−
n

E[p∗n].

It is well-known that

Gal
(
K
(
E[p∞]

)
/K
)

= ∆(2) × Γ(2),

where #∆(2) = (p− 1)2 and Γ(2)
∼= Zp × Zp.

One can pick a decomposition Γ(2) = Γ+ × Γ− so that the action of complex

conjugation on Γ+ is trivial, and its action on Γ− is through inversion instead. The

Iwasawa algebra Zp
[[

Γ+×Γ−
]]

is (non-canonically) isomorphic to Zp[[S, T ]]; here one

distinguishes the variables S and T by a choice of topological generators γ+ ∈ Γ+

and γ− ∈ Γ− respectively.

Finally, we will writeM∞ for the maximal abelian pro-p-extension of K
(
E[p∞]

)
unramified outside the places lying over p, and we set

X∞ := Gal
(
M∞

/
K(E[p∞])

)
.

Proposition 6.4.1. For all integers n ≥ 1, we have

µPer
p,n (E) = pn−1

(
pn− n− 1

)
+ n − ordp

(
h−(Kn)

)
− ∇Sym2E

K+
n

+ ordp

(
#H0

(
Γp

n−1

+ , Z∞,+

)
#H1

(
Γp

n−1

+ , Z∞,+

)) + k(E, p)

where k = k(E, p) is a constant independent of n, and Z∞,+ is the compact Zp
[[

Γ+

]]
-

module defined by

Z∞,+ :=
p−2⊕
j=0

H1
(
Γ−, X∞ ⊗Zp T⊗−2

p

)∆(2)= ωjK
.
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The reader will notice the appearance of the
(
Γ+

)pn−1

-Euler characteristic for

the Φ⊗−2
E,p -twisted coinvariants Z∞,+. The long-term growth in this error function is

controlled by its (µ, λ)-invariants (discussed in Section 6.5).

Henceforth, we write ε for the real quadratic character
((−D) .ω)(p−1)/2. We now

claim that 6.4.1 is a direct consequence of the following two lemmas.

Lemma 6.4.2. Up to an element of O×Cp, the quantity ξ(E/K+
n ) equals

p
k′+∇Sym2E

K+
n ×

∣∣Disc(Q(µpn)+)
∣∣
∞∣∣Disc(K+

n )
∣∣2
∞

×
∏

ψ:Gal(K+
n /Q)→C×

ψ 6= 1, ψ 6=ε

τ(ψ)Lprim
(
Sym2E ⊗ ψ−1, 1

)
π 〈fE , fE〉NE

for some constant k′ independent of n.

Lemma 6.4.3. There exists another constant k′′ independent of n, such that

∏
ψ 6= 1,ε

τ(ψ)Lprim
(
Sym2E ⊗ ψ−1, 1

)
π × 〈fE , fE〉NE

≈ pk
′′
h−(Kn)

#Gm(Kn)tors
× XΦ−2

E

(
Γp

n−1

+

)−1

where we write XΦ−2
E

(
Γp

n−1

+

)
for the ratio

#H0
(
Γp
n−1

+ , Z∞,+
)

#H1
(
Γp
n−1

+ , Z∞,+
) .

To see why these two lemmas imply our principal result, we observe

pµ
Per
p,n(E) by 6.3.2

=
(
p-adic unit

)
×
∣∣Disc(Q(µpn)+)

∣∣
∞∣∣Disc(K+

n )
∣∣
∞

× ξ(E/K+
n )−1 .

Because K+
n has discriminant equal to pp

n−1(pn−n−1) × Disc(K)φ(pn)/2, and further

#Gm(Kn)tors = unit× pn, Proposition 6.4.1 follows upon taking k = −(k′ + k′′).

Proof of Lemma 6.4.2.

We begin with the trivial comment

ξ(E/K+
n ) =

Limp
(
Sym2E/K+

n , 2
)

Lprim
(
Sym2E/K+

n , 2
) × ∏

ψ

τ(ψ−2) Lprim(Sym2E ⊗ ψ, 2)
π3〈fE , fE〉NE

where ψ ranges over all characters Gal(K+
n /Q)→ C×; the first factor Limp/Lprim has

p-adic order equal to ∇Sym2E

K+
n

by its definition. If we fix a character ψ of Gal(K+
n /Q),

111



the functional equation for L(Sym2E ⊗ ψ, s) implies

τ(ψ−2)Lprim(Sym2E ⊗ ψ, 2)
π3〈fE , fE〉NE

=
τ(ψ−2).τ(ψ)2

uψ f 3
ψ

×
τ(ψ)Lprim

(
Sym2E ⊗ ψ−1, 1

)
π 〈fE , fE〉NE

where the algebraic number uψ = 1
2 ψ
(
fSym2E

)√
fSym2E is a p-adic unit.

A straightforward exercise (c.f. the proof of 6.3.2) shows that

∏
ψ:Gal(K+

n /Q)→C×

τ(ψ−2).τ(ψ)2

uψ f 3
ψ

≈
∣∣Disc(Q(µpn)+)

∣∣
∞∣∣Disc(K+

n )
∣∣ 2

∞

so putting

k′ =
∑
ψ= 1,ε

ordp

(
τ(ψ)Lprim(Sym2E ⊗ ψ−1, 1)

π 〈fE , fE〉NE

)
,

the result follows.

Proof of Lemma 6.4.3.

This statement is a lot deeper. The key point is that for ψ 6= 1, ε one has

ΦE/K

(
p∗
)−2fψp .

τ(ψ)Lprim
(
Sym2E ⊗ ψ−1, 1

)
π 〈fE , fE〉NE

=
∫

Gal(K+
∞/Q)

ψ(g) . dτSym2E(g)

where τSym2E denotes the p-adic measure attached to the symmetric square of E at

s = 1 (see [CS87]). Moreover the formal identity

Lprim
(
Sym2E ⊗ ψ−1, s

)
= L

(
ψ−1.

(−D)
, s− 1

)
L
(
Φ 2
E/K .

(
ψ−1 ◦NK/Q

)
, s
)

forces the distribution τSym2E to split into the convolution of a 1-dimensional and a

2-dimensional component.

Remark 6.4.4. It was shown by Coates and Schmidt in [CS87], Propositions 5.7

and 5.13 that∫
Gal(K+

∞/Q)
ψ . dτSym2E = Iϑ × uϑ

(
Res(ψ)(γ+)− 1

)
× Ω−2

p

× L

(
ψ.
(−D)

, 0
)
× charZp[[S]]

((
X∞,ϑ ⊗Zp T⊗−2

p

)
Γ−

)∣∣∣∣∣
S=Res(ψ)(γ+)−1

.
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Here ϑ = Φ 2
E,p.Res(ψ)

∣∣∣
∆(2)

, the power series uϑ(S) lies in Zp[[S]]×, and the algebraic

number Iϑ is given by

Iϑ =

(
π−1 Ω

)2
〈fE , fE〉NE

×

√
Disc(K) .NormK/Q

(
fΦ2
E/K

)
24 W

(
Φ2
E/K

) ,

where Ω is the complex period attached to the lattice of E in C, and W (Φ2
E/K) is

the root number which appears in the functional equation of L(Φ2
E/K , s).

One can check that Iϑ is a unit whenever p > 3 does not divide the degree of the

modular parametrisation. Also, the p-adic period Ωp always belongs to O×Cp in the

CM scenario.

In fact, Coates and Schmidt consider the Lie group Gal
(
Q(µp∞)/Q

)
instead

of Gal
(
K(µp∞)+/Q

)
, but the details are otherwise identical. Their proof of this

result relies on the two-variable main conjecture, which had not been proved at the

time their article [CS87] was published; however, thanks to the fundamental work of

Rubin [Rub99], this formula is now unconditional.

Consider the Iwasawa module

X′′∞ := H0
(
∆(2) ,

(
X∞ ⊕

(
X∞ ⊗ ω(p−1)/2

K

))
⊗Zp T⊗−2

p

)
.

The proof of 6.4.3 reduces to showing the following two statements:

Fact 1 :
∏

ψ 6= 1,ε

L

(
ψ.
(−D)

, 0
)
≈ h−(Kn)

#Gm(Kn)tors

× 1

L
((

−D
)
, 0
)
.L
(
ε.
(
−D
)
, 0
) ;

Fact 2 : XΦ−2
E

(
Γp

n−1

+

)
×
∏

ψ 6= 1,ε

charZp[[S]]

((
X∞,ϑ ⊗Zp T⊗−2

p

)
Γ−

)∣∣∣∣∣
S=ψK(γ+)−1

≈ #H0
(
Γ+,

(
X′′∞
)
Γ−

)/
#H1

(
Γ+,

(
X′′∞
)
Γ−

)
.

Granted we can prove these statements, Lemma 6.4.3 will hold for the constant

k′′ = ordp

(
#H0

(
Γ+,

(
X′′∞
)
Γ−

)
#H1

(
Γ+,

(
X′′∞
)
Γ−

))− ordp

(
L

((−D)
, 0
)
.L

(
ε.
(−D)

, 0
))

.
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To prove the first fact, we use the odd part of the analytic class number formula

∏
ψ:Gal(K+

n /Q)→C×
L

(
ψ.
(−D)

, 1
)

=
(2π)[K

+
n :Q] h−(Kn)

√∣∣Disc(K+
n )
∣∣
∞

QKn/K+
n

#Gm(Kn)tors
√∣∣Disc(Kn)

∣∣
∞

then apply the ψ.
(
−D
)
-twisted functional equation (e.g. see [Was96] Theorem 4.17).

The index QKn/K+
n

is either 1 or 2, hence it plays no role in the calculation.

Remark 6.4.5. To establish that Fact 2 is true, let’s assume W denotes some

compact finitely-generated Zp
[[

Γ+ × ∆(2)

]]
-torsion module. We shall write ω̃ to

denote the mapping ∆(2) → F×p given by the composition

∆(2) = Gal
(
K
(
E[p]

)
/K
)

� Gal
(
K(µp)/K

) ∼−→ F×p .

Then

∏
η=Res(ψ),

ψ:Gal(K+
n /Q)→C×p

charZp[[S]]

(
Wϑ′

)∣∣∣∣∣
S=η(γ+)−1

=
p−2∏
j=0

∏
η′

charZp[[S]]

(
Weωj

)∣∣∣
S=η′(γ+)−1

≈
p−2∏
j=0

#H1
(
Γp

n−1

+ , Weωj
)

#H0
(
Γp

n−1

+ , Weωj
)

where η′ ranges over all characters Γ+/Γ
pn−1

+ → C×p . This identity holds pro-

vided that each characteristic power series does not vanish at the points η(γ+) −

1. In the first product, the η’s are the restrictions to GK of all even characters

ψ : GQ � Gal(Kn/Q) −→ C×p , and the finite character ϑ′ = η
∣∣
∆(2)

again means ‘the

restriction of η’ to the torsion-subgroup in Gal
(
K(E[p∞])/K

)
.

If we now choose W =
(
X∞ ⊗Zp T⊗−2

p

)
Γ−

then it has been shown that

charZp[[S]]

(
Wϑ′

)(
ψK(γ+)− 1

)
6= 0

for every ψK-twist, as the special values L
(
Φ 2
E/K .ψ

−1
K , 1

)
are all non-vanishing (see
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[CS87] p.147 for an explanation). Consequently, the product becomes

∏
ψ:Gal(K+

n /Q)→C×p

charZp[[S]]

((
X∞,ϑ ⊗Zp T⊗−2

p

)
Γ−

)∣∣∣∣∣
S=Res(ψ)(γ+)−1

=
∏

η=Res(ψ)

charZp[[S]]

(
Wϑ′

)∣∣∣
S=η(γ+)−1

by 6.4.5
≈

p−2∏
j=0

#H1
(
Γp

n−1

+ , Weωj
)

#H0
(
Γp

n−1

+ , Weωj
)

which is none other than the inverse of XΦ−2
E

(
Γp

n−1

+

)
.

Lastly, it is an easy exercise to verify that when we omit the exceptional charac-

ters ψ = 1 and ψ = ε from the product above, one must adjust by the same factor

as in the statement of Fact 2.

6.5 Asymptotic Growth in the CM Periods

Recall that we are trying to derive a formula for the ratio of Ωmot
K+
n

(E) with Ωaut
K+
n
(E).

Using Proposition 6.4.1, we know its p-adic order µPer
p,n (E) is equal to

pn−1
(
p n− n− 1

)
+ n − ordp

(
h−(Kn)

)
− ∇Sym2E

K+
n

+ ordp
(
XΦ−2

E

(
Γp

n−1

+

))
up to some fixed constant k = k(E, p).

Therefore to complete the proof of Theorem 6.1.6, we must show

Proposition 6.5.1. If the µωj (Z∞,+)-invariants simultaneously vanish at every j,

one has the growth estimate

XΦ−2
E

(
Γp

n−1

+

)
=

(
a constant

)
×

p−2∏
j=0

p−n . λωj (Z∞,+) for integers n� 1.

Proof. Again we set W =
(
X∞ ⊗Zp T⊗−2

p

)
Γ−

, so from the precise definition of Z∞,+

XΦ−2
E

(
Γp

n−1

+

)
=

#H0
(
Γp

n−1

+ ,
⊕p−2

j=0Weωj
)

#H1
(
Γp

n−1

+ ,
⊕p−2

j=0Weωj
) =

p−2∏
j=0

#H0
(
Γp

n−1

+ ,Weωj
)

#H1
(
Γp

n−1

+ ,Weωj
) .
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Focussing first on the H1-term, for a given value j ∈
{
0, . . . , p− 2

}
#H1

(
Γp

n−1

+ ,Weωj
)

= #
(
Weωj

)
Γp
n−1

+

= pλωj .n + pn.µ
ωj

+ k′′′j with n� 1,

where the non-negative integer k′′′j is independent of n.

The proof relies on two important facts:

(i) The µ-invariants of the Zp[[Γ+]]-modules Weωj are assumed trivial;

(ii) All finite Zp[[Γ+]]-submodules of Weωj have universally bounded size.

The first statement clearly implies vanishing of the total µcy
E -invariant of W. To

see the reason why (i) implies (ii), there is an exact sequence of finitely-generated

compact Zp[[Γ+]]-modules

0 −→ finite −→ Weωj
Aj−→

tj⊕
m=1

Zp[[Γ+]]
F
ej,m
j,m

−→ finite −→ 0

where each element Fj,m maps to an irreducible distinguished polynomial via the

isomorphism Zp[[Γ+]] ∼−→Zp[[S]]. As a corollary, the size of any pseudo-null Zp[[Γ+]]-

submodule inside Weωj must be bounded above independently by #ker(Aj), as the

summands Zp[[Γ+]]
/
(Fj,m)ej,m are easily seen to be free of any p∞-torsion (which

establishes the second fact).

A nice consequence of (ii) is the boundedness of H0
(
Γp

n−1

+ ,Weωj
)

for n ≥ 1,

since this module is contained within its Gal
(
K+
n /K

+
1

)
-orbit (which is then a finite

Zp[[Γ+]]-submodule of Weωj ). It follows that

#H0
(
Γp

n−1

+ ,Weωj
)

= pk
′
j
′′′

for a fixed constant k′′′′j (when n is sufficiently large), so we have

XΦ−2
E

(
Γp

n−1

+

)
=

(
p
P
j k
′
j
′′′−k′′′j

)
×

p−2∏
j=0

p−n . λωj (Z∞,+)

as predicted by 6.5.1. The proof of the proposition is complete.
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Question: Does the vanishing of the total µcy
E -invariant occur frequently?

In answer to this, Greenberg provided us with the following reasoning: if we take

a two-variable power series (with trivial µ-invariant) and consider all of its one-

variable specialisations, then the subset of specialisations with positive µ-invariant

should have density zero. Therefore, intuitively we would expect the answer to be

‘Yes’.

Gillard [Gil85] Theorem 6.4.4 has shown vanishing of the cyclotomic µ-invariant

inside a two-variable deformation, but without extra twisting by the Grossencharac-

ter Φ−2
E . Similarly, some recent work of Hida confirms vanishing of the µ-invariant for

many anti-cyclotomic branches of the Katz p-adic L-function (which, unfortunately,

is no use here).

Tabulated below are a few numerical calculations of the µcy
E -invariant for our

three example elliptic curves: 27A(1), 32A(1) and 49A(1). Briefly, an upper bound

on µωj (Z∞,+) is given by the p-adic order at any special value, of the ω̃j-branch for

the Φ2
E,p-twisted Katz-Yager L-function (which hopefully might often be zero).
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Table 6.4: Numerical bounds on µcy
E for our three elliptic curves.

E = 27A(1) E = 32A(1) E = 49A(1)

p µcy
E p µcy

E p µcy
E

7 ≤ 2 5 0 11 ≤ 2

13 0 13 0 23 0

19 0 17 0 29 0

31 0 29 0 37 0

37 0 37 0 43 ≤ 4

43 0 41 0 53 ≤ 2

61 ≤ 2 53 0 67 ≤ 2

67 0 61 ≤ 2 71 ≤ 2

73 ≤ 2 73 0 79 0

79 ≤ 2 89 ≤ 2 107 0

97 0 97 0 109 0

103 0 101 0 113 ≤ 2

109 ≤ 2 109 0 127 0

127 0 113 0 137 ≤ 2

139 0 137 ≤ 2 149 0

151 ≤ 4 149 0 151 ≤ 2

157 0 157 ≤ 2 163 ≤ 4

163 0 173 0

181 ≤ 2 181 0

193 0 193 ≤ 2

199 ≤ 2
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6.6 Computational Difficulties at the Second Layer

Let us now outline the problems which arise when we look for congruences at the

higher layer n = 2. Shifting notation slightly, let Fn denote the extension Q(µpn).

Kato’s predicted congruence [Kat05] §3.10 over the field Q
(
µp2 ,

p2
√

∆
)

is precisely

N1,2

(
a1

N0,1(a0)

)p
×
(
a2 × ϕ ◦N0,1(a0)
N0,2(a0) × ϕ(a1)

)p2
??≡ 1 mod p4.Zp

[[
U (2)

]]
where the aj ’s denote the motivic p-adic L-functions L(E, ρj) for j = 0, 1, 2.

Evaluating the above at the trivial character ψ = 1 then exploiting the basic

identity 1 ◦ ϕ = 1p = 1, his prediction simplifies to become(
XE
(
ResF2(ρ1)

)
XE
(
ResF2

(
ρ0)
)1+p ×

(
XE(ρ2)×

XE
(
ResF1(ρ0)

)
XE(ρ1)

)p )p
??≡ 1 mod p4 .

Motivated by numerical work in [DD07], we pick a non-CM elliptic curve

E = X0(11) : y2 + y = x3 − x2 − 10x− 20,

making a choice of good ordinary prime p = 3 and auxiliary integer ∆ = 2. Using

MAGMA, we were able to calculate the values

XE(ResF2(ρ1)) = 1.30 + 2.31 + 2.32 + 1.33 + 2.34 +O(35)

XE(ResF2(ρ0)) = 1.30 + 2.31 + 1.32 +O(35)

XE(ResF1(ρ0)) = 1.30 + 2.32 + 2.33 + 1.34 +O(35)

XE(ρ1) = 1.30 + 1.32 + 1.33 + 1.34 +O(35);

however the computer failed to work out XE
(
ρ2

)
due to lack of available memory.

This is surprising given that X0(11) has least conductor amongst elliptic curves, and

likewise (p,∆) = (3, 2) is the smallest choice available. Nevertheless, granted the

K1-congruence holds over Q
(
µ9,

9
√

2
)
, then one can make an educated guess at the

value of XE
(
ρ2

)9 modulo 81 from the tabulated L-values.

Conjecture 6.6.1. For the elliptic curve E = X0(11), the prime p = 3 and ∆ = 2,

XE
(
ρ2

)32 ??≡ 28 mod 34 .
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This is equivalent to Kato’s second layer K1-congruence (at the trivial character),

and it’s easily confirmed that 28 is a 9th power modulo 34, e.g. 49 ≡ 28 mod 34.

We hope to pursue the second layer K1-congruences in future research.
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Appendix A

Computing Symmetric Square

Euler Factors

In this appendix we describe an algorithm to compute the error ∇Sym2E

K+
n

in the CM

case, which by definition is the p-adic order of the factor

∏
q|NE

Pq
(
Sym2E/K+

n , q
−2
)
.

Lemma A.0.2. Let V be an l-adic representation of Gal(Q/Q), and let M/Q be

a finite Galois extension. Write RM/Q for the regular representation of Gal(M/Q),

and V/M = V ⊗ RM/Q for the base-change of V to M . Let q be a prime different

from l, and Frobq a lift of the Frobenius element at q. We write the local polynomial

of q on V as

Pq(V, T ) := det
(
1− T.Frobq

∣∣∣V Iq
)

=
∏
i

(1− λiT )

Then, if q is unramified in M/Q, we have

Pq(V ⊗RM/Q, T ) =
∏
i

(
1− (λiT )f

)r
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where f is the residue class degree of q in M/Q, and r is the number of primes of

M over q.

Proof. Since q is unramified in M/Q, it is certainly true that

(V ⊗RM/Q)Iq = V Iq ⊗RIqM/Q,

so the characteristic polynomial of Frobq on (V/M)Iq is given by

Pq(V ⊗RM/Q, T ) =
∏
i,j

(1− λiµjT )

where Pq(RM/Q, T ) =
∏
j(1− µjT ). Then we observe that

Pq(RM/Q, T ) =
∏

places v|q of M

(
1− T f(v/q)

)
=

(
1− T f

)r
since M/Q is a Galois extension. The result follows.

We cannot apply Lemma A.0.2 directly to the case V = Sym2H1
l (E) and M =

K+
n , since the primes dividing NE ramify inK+

n /Q. However, the ramification occurs

only in the imaginary quadratic extension K/Q, so we can apply Lemma A.0.2 to the

representations Sym2H1
l (E) and Sym2H1

l (E)⊗ε separately, where ε is the non-trivial

character of K/Q.

Since E is assumed to have complex multiplication here, if q is a prime dividing

NE then E has additive reduction at q. Consulting [CS87] §1, we find that in this

case there are 3 possiblities for the Euler factor of L(Sym2E, s) at q:

Pq(Sym2E, T ) = 1− λ q T

for λ = 0, 1 or −1 (this λ may be calculated exactly following Watkins [Wat02]).

Proposition A.0.3. Fix a prime q with q
∣∣NE, and as above write

Pq(Sym2E, T ) = 1− λ q T
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for λ ∈ {0, 1,−1} . Let m be the multiplicative order of q modulo pn, and write

d = φ(pn). Then

Pq(Sym2E/K+
n , T ) =


(
1− (λqT )m

)d/m (1− (qT )m
)d/2m if m is odd(

1− (λqT )m
)d/m (1 + (qT )m/2

)d/m if m is even.

Proof. Let us write G = Gal(K+
n /Q) and H = Gal(Q(µpn)/Q). We consider the

character group of G:

Ĝ = {ψ ∈ Ĝal(Kn/Q) : ψ even }

= {χ : χ ∈ Ĥ, χ even } ∪ {χ′ε : χ′ ∈ Ĥ, χ′ odd }

where ε is the non-trivial character of Gal(K/Q), considered as a character of

Gal(Kn/Q). Therefore

Pq(Sym2E/K+
n , T ) =

∏
ψ∈ bG

Pq(Sym2E,ψ, T )

=
∏

χ∈ bH, χ even

Pq(Sym2E,χ, T )

×
∏

χ′∈ bH, χ′ odd

Pq(Sym2E,χ′ε, T ) .

We observe that ∏
χ∈ bH, χ even

Pq(Sym2E,χ, T ) = Pq(Sym2E/Q(µpn)+, T )

and also ∏
χ′∈ bH, χ′ odd

Pq(Sym2E,χ′ε, T ) =
∏
η∈ bH

Pq(Sym2E, ηε, T )

×
∏

χ∈ bH, χ even

Pq(Sym2E,χε, T )−1

=
Pq(Sym2E ⊗ ε/Q(µpn), T )
Pq(Sym2E ⊗ ε/Q(µpn)+, T )

.

The characteristic polynomials in these formulae are all of the form considered in

Theorem A.0.3. So, we can calculate them exactly using the following information:
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firstly

Pq(Sym2E, T ) = 1− λ q T,

and one can check that

Pq(Sym2E ⊗ ε, T ) = (1− λqT )(1− qT ).

by using the formula for L(Sym2E,χ, s) in terms of the Grossencharacter of E.

Further, the residue class degree of q in the extension Q(µpn)/Q is the order of

q in (Z/pnZ)×, which we labelled m here. It is also easy to check that

residue class degree of q in Q(µpn)+/Q =


m if m is odd

m/2 if m is even.

Putting all this information into Lemma A.0.2 and applying it to the above formu-

lae, we obtain an explicit expression for Pq(Sym2E/K+
n , T ), and after simplifying it

slightly we arrive at the desired result.

Corollary A.0.4. With λ and m as in Proposition A.0.3, we have

Pq
(
Sym2E/K+

n , q
−s)∣∣∣

s=2
=


(
1− λ q−m

)d/m (1− q−m)d/2m if m is odd(
1− |λ| q−m

)d/m(1 + q−m/2
)d/m if m is even.

Proof. This follows immediately from Proposition A.0.3 upon observing that λm = λ

when m is odd, and λm = |λ| when m is even (for any λ ∈ {0, 1,−1}).

Using Corollary A.0.4 we can easily compute the p-adic order of

∏
q|NE

Pq
(
Sym2H1

l (E)/K+
n , q

−s) ∣∣∣
s=2

which by definition is the quantity ∇Sym2E

K+
n

.
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Appendix B

Computing L-values with

MAGMA

Recall from Chapter 6 that we want to compute the p-adic order of the number

ξ(E/F ) :=
∏

χ∈dGal(F/Q)

τ(χ−2) L(Sym2E,χ, 2)
π Ω+

E Ω−E
.

for a totally real field F . To compute the twisted symmetric square L-values

L(Sym2E,χ, 2), we used the computer algebra package MAGMA [BCP97]. This

package has inbuilt functions for dealing with motivic L-series, based on Tim Dok-

chitser’s PARI program ComputeL, which uses the algorithm from his article [Dok04].

B.1 The ComputeL Package

Tim Dokchitser’s program can compute the values of an L-series

L(s) =
∞∑
n=1

an n
−s,

under two standard assumptions. Firstly, we assume L(s) may be continued to

a meromorphic function on the whole complex plane. Secondly, we assume there
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exists a weight κ ≥ 0, a sign w ∈ C with absolute value 1, a conductor N ∈ Z, and

a Gamma factor

γ(s) = Γ
(
s+ λ1

2

)
. . . Γ

(
s+ λd

2

)
such that the completed L-series

L∗(s) =

(
N

πd

)s/2
γ(s) L(s)

satisfies the functional equation

L∗(s) = w L̂∗(κ− s).

Here we write L̂(s) for the dual L-series which has complex conjugate coefficients:

L(s) =
∞∑
n=1

an n
−s.

To use the ComputeL routine, we must input κ,w,N, γ(s), and sufficiently many

Dirichlet series coefficients an. The number of coefficients required depends on the

conductor of the L-series and the precision of the output. If the conductor becomes

large, it may be computationally difficult to generate enough coefficients to get a

useful precision; this is the problem we encountered at the second layer of the false

Tate curve tower, as mentioned in Section 6.6.

B.2 Symmetric Square L-series

The primitive symmetric square L-series L(Sym2E, s) is the motivic L-function at-

tached to the l-adic representations
{
Sym2H1

l (E)
}
. It may be defined by the Euler

product

L(Sym2E, s) :=
∏

all primes q

Pq(Sym2E, q−s)−1.

If the prime q does not divide NE , the Euler factor at q is given by

Pq(Sym2E, T ) := (1− α2
q T ) (1− αq α′q T ) (1− α′ 2q T )
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where as usual we have written

1− aq(E)T + q T 2 = (1− αq T )(1− α′q T ).

The following lemma from [CS87] tells us the possible Euler factors at the bad primes.

Lemma B.2.1. If E has multiplicative reduction at the prime q, then the Euler

factor of Sym2E at q is

Pq(Sym2E, T ) = (1− α2
q T )(1− αq α

′
q T )(1− α′ 2q T ).

This is also the case when there exists a quadratic twist of E having good reduction

at q. If E has additive reduction at q (and there is no such quadratic twist) then

Pq(Sym2E, T ) = 1 or 1± qT.

For a given elliptic curve E, the results of Watkins [Wat02] can be used to

calculate exactly the Euler factor of Sym2E at the primes of additive reduction

(these are the primes q such that q2 divides NE).

We will now state the functional equation of the twisted L-function L(Sym2E,χ, s),

allowing us to compute its values using MAGMA. We write fχ for the conductor

of the Dirichlet character χ, and NSym2E for the conductor of the representation

Sym2H1
l (E). We also write

τ(χ) =
fχ∑
a=1

ψ(a) exp(2πia/fχ),

for the standard Gauss sum of χ, and put iχ = 0 or 1 so that χ(−1) = (−1)iχ .

We quote the following result from [CS87], although we have rewritten it in the

notation of Section B.1. Coates and Schmidt proved it under the assumption that E

is modular; thanks to the work of Wiles et al, we now know it applies to any elliptic

curve over Q.

Theorem B.2.2. Suppose that χ is a Dirichlet character such that (NE , fχ) = 1.

Define the conductor

N = NSym2E f
3
χ,
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the Gamma factor

γ(s) = Γ
(s

2

)
Γ
(
s+ 1

2

)
Γ
(
s− iχ

2

)
,

and the sign

w = χ(NSym2E)
√
χ(−1)fχ

τ(χ)
τ(χ)2

.

Then, for the completed L-function

L∗(Sym2E,χ, s) :=

(
N

π3

)s/2
γ(s) L(Sym2E,χ, s),

we have the functional equation

L∗(Sym2E,χ, s) = w L∗(Sym2E,χ, 3− s).

Let F be a finite abelian extension of Q, such that Disc(F ) is coprime to NE .

With the data from Theorem B.2.2, we can use MAGMA to compute the complex

numbers

ξ(E,χ) =
τ(χ−2) L(Sym2E,χ, 2)

π Ω+
E Ω−E

for each character χ of Gal(F/Q). Each ξ(E,χ) lies in the field Q(χ), but it may be

difficult to identify them numerically as algebraic numbers. However, it is proved in

[CS87] that

ξ(E,χ)σ = ξ(E,χσ)

for all σ ∈ Aut(C), therefore the product

ξ(E/Q(µpn)+) :=
∏

χ∈dGal(F/Q)

ξ(E,χ).

actually lies in Q. It is much easier to identify this rational number, as long the

values can be computed to sufficiently high precision.

B.3 The CM Case

Let E now be an elliptic curve over Q with complex multiplication by an order in

OK , where K = Q(
√
−d).
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In Chapter 6, we wanted to compute the quantity ξ(E/K+
n ), where K+

n is

the maximal real subfield of Q(
√
−d, µpn). In this case, we have characters χ :

Gal(K+
n /Q) → C× such that (fχ, NE) 6= 1, so we cannot apply Theorem B.2.2 di-

rectly to L(Sym2E,χ, s). To overcome this problem, we can exploit the fact that

the L-function L(Sym2E, s) splits into a product of Hecke L-functions.

We quote the following result from [CS87]; we have already used it heavily in

Chapter 6.

Theorem B.3.1. Suppose E has complex multiplication by the ring of integers of an

imaginary quadratic field K. Let ΦE/K be the Grossencharakter associated to E/K,

and Φ2
E/K the primitive character attached to its square. Then

L(Sym2E, s) = L(Φ2
E/K , s) L(ε, s− 1),

where ε is the non-trivial character of the quadratic extension K/Q. More generally,

if χ is a Dirichlet character,

L(Sym2E,χ, s) = L(Φ2
E/KχK , s) L(εχ, s− 1)

where χK = χ ◦NK/Q.

Theorem B.3.1 is only stated in [CS87] in the case when (NE , fχ) 6= 1, but in fact

it holds for arbitrary χ as long as the L-functions in the equation are the primitive

ones. For example, we can put χ = ε into the theorem to get

L(Sym2E, ε, s) = L(Φ2
E/KεK , s) L(ε2, s− 1).

One checks that ε2 is not primitive, and the associated primitive character is triv-

ial. Similarly, εK is a non-primitive Hecke character over K with trivial underlying

character, and the above equation becomes

L(Sym2E, ε, s) = L(Φ2
E/K , s) ζ(s− 1).
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As in Appendix A, let us write G = Gal(K+
n /Q) and H = Gal(Q(µpn)/Q). Consid-

ering the characters of G, we have:

Ĝ = {ψ ∈ Ĝal(Kn/Q) : ψ even }

= {χ : χ ∈ Ĥ, χ even } ∪ {ηε : η ∈ Ĥ, η odd }.

Suppose η is an odd character of H, so that ηε ∈ Ĝ. By the comment above, we

have

L(Sym2E, ηε, s) = L(Φ2
E/K ηK εK , s) L(ε2 η, s− 1)

= L(Φ2
E/K ηK , s) L(η, s− 1),

assuming all the L-series are primitive. Therefore, we may write

ξ(E/K+
n ) =

∏
χ∈ bH,even

τ(χ−2) L(Φ2
E/K χK , 2) L(χ ε, 1)

π Ω+
E Ω−E

×
∏

η∈ bH,odd

τ(η−2) L(Φ2
E/K ηK , 2) L(η, 1)

π Ω+
E Ω−E

.

The Hecke L-values L(Φ2
E/K χK , 2) for characters χ of H = Gal(Q(µpn)/Q) may

be easily computed; the functional equation of a Hecke L-function is well known

(see [Tat79] for example), and we will not reproduce it here. The Dirichlet L-values

L(χ, 1) are also simple to compute, and thus we have all the data needed to calculate

ξ(E/K+
n ) with MAGMA.
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de Leurs Extensions Abéliennes. Journal Reine Angew. Math., 358:76–91,

1985.

[Har87] Shai Haran. p-adic L-functions for modular forms. Compos. Math., 62:31–

46, 1987.

[Hid91] H. Hida. On p-adic L-functions of GL(2) × GL(2) Over Totally Real

Fields. Ann. Inst. Fourier, 41:311–391, 1991.

[HT89] H. Hida and J. Tilouine. Katz p-adic L-functions, Congruence Modules

and Deformation of Galois Representations. Proceedings of Durham Sym-

posium on Arithmetic of L-functions, 1989.

[HT93] H. Hida and J. Tilouine. Anti-cyclotomic Katz p-adic L-functions and
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