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Abstract

Nowadays, the research field of Machine Learning (ML) is undergoing a
rapid expansion. In addition, in the last decades, within the research area
of quantum computation, several quantum protocols and algorithms have
shown the ability to outperform their classical counterparts. In the light of
these twofold advances, a frontier field investigating the potentiality of quan-
tum implementations of ML architectures arose. Among the latter, many
efforts are concentrated on Artificial Neural Networks (ANNs), which rep-
resent a highly successful ML architecture.

This thesis focuses on characterizing and understanding the role of quan-
tum effects on the behavior of an instance of ANN, the so-called Hopfield
Neural Network (HNN). The HNN is an example of an associative mem-
ory model and it permits the recognition, or retrieval, of patterns, such as
letters of an alphabet. Formally, it can be described in terms of a classical
spin network with an all-to-all interaction, ruled by a stochastic dynamics.
Its relatively intuitive behavior, and its physical description make the HNN
being a good candidate for a theoretical investigation of its possible quantum
generalizations.

In the first part of our work we deal with the implementation of fully con-
nected Ising models, such as the HNN one, in terms of quantum systems. To
this end, we refer to the cases where the theory of Open Quantum System
(0OQS) is exploited for engineering steady states of out-of-equilibrium dy-
namics. This paradigm allows us to build a dissipative - yet quantum - dy-
namics which encodes in its stationary state the thermal state of the original
(classical) problem. Such a construction gives us the chance to address the
question as to whether the quantum description could lead to a speed-up in
reaching the shared stationary state with respect to the classical counterpart.
We show that a suitable choice of the parameters allows the system to switch
between a classical regime and a quantum one, the latter being characterized
by an accelerated approach towards the long-time limit state.

In the second part of our work we focus on practically relevant implemen-
tations of quantum systems that can show analogies with the HNN model.
To this end, we consider spin-boson models as described by the Dicke Hamil-

ii



tonian. Indeed, at strong spin-boson interaction couplings, and when the lat-
ter are additionally characterized by disorder, the equilibrium Dicke model
is able to reproduce the retrieval mechanism typical of HNNs. When dis-
sipation is included, the theoretical description becomes more challenging.
We analyze the open, disordered Dicke model by employing some pertur-
bative techniques in order to deal with the out-of-equilibrium dynamics at
strong coupling. As a result, we are able to highlight similarities and differ-
ences between the quantum model and HNN.
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Introduction

In the last decades several scientific research areas, ranging from computer
science to neurobiology, contributed to improve the development of theo-
retical and practical aspects of Machine Learning (ML). Moreover, recent
remarkable advances in data storage and processing have given rise to a sig-
nificant boost to the field. The interest towards building systems that, with-
out being explicitly programmed, can learn how to accomplish a task and
improve from experience is indeed increasing. At the heart of such a grow-
ing, beyond the purely scientific curiosity, it certainly lies the potentiality of
ML for many practical applications. Indeed, multiple sectors, such as med-
ical diagnosis, image processing and autonomous driving industry, among
the others, are exploiting the progress in such a field.

One of the most successful architectures in machine learning is repre-
sented by Artificial Neural Networks (ANNs). These are able to mimic, to
an extent, what we know about the inner workings of the brain. Amongst
the many instances of ANNs, in this thesis we consider the Hopfield Neural
Network (HNN), which is an associative memory model. The reason why
we focused on HNN is dual. First, it provides an intuitive and relatively sim-
ple description of an ANN example; second, it can be represented in terms
of a classical spin system subject to thermal fluctuations, and thus explained
by adopting concepts that are commonly used in the context of Statistical
Mechanics.

An instance of Artificial Neural Network: Hopfield Neural Network
HNNSs are among the simplest models of ANN, which are interconnected
group of units based on biological neurons’ models [1]. They have been used
to solve computational complex tasks such as speech recognition and pattern
recognition. A HNN displays the feature of associative memory, which is the
ability to retrieve from a set of stored network states the one which is closest
to the input pattern, allowing to compute incomplete input information. To
give an example, let the stored states coincide with the letters of an alpha-
bet. If the input state of the network is closest to the first letter, say "A", the
associative memory is able to recover it completely.

Formally, ANNSs such as the HNN can be modelled in terms of classical
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spin systems whose time evolution is ruled by a certain dynamical prescrip-
tion. The latter leads the network state into fixed points of the dynamics,
that represent the "target" states. Such a mechanism allows to make ANNs
accomplishing a specific task. Equivalently, one can associate an "energy
landscape" to the classical spin network: once the dynamics brings the ini-
tial state of the network into one of the valleys, the task of the NN is accom-
plished. In other words, these types of NN have a distinctive connection to
a thermodynamic potential. Here, when noise is taken into account, in the
form of a "temperature parameter"”, the dynamics is described in terms of a
stochastic process [1]. A key example is given by the HNN, whose behavior
can be described by an Ising model with all-to-all interactions: At finite tem-
perature, such a model undergoes a second order phase transition from a
high temperature phase, called "paramagnetic”, to a low temperature phase,
called "ferromagnetic" [1,2]. The retrieval of information of the HNN takes
place within the latter phase, that is indeed also referred to as the "retrieval”
phase.

The physical description that can be employed for dealing with HNN
makes the latter being an ideal testing ground for starting our investigation:
in this thesis we are interested in characterizing and understanding the role
of quantum effects on an ANN as given in terms of the HNN. In other words,
we are interested in finding meaningful ways and models for analyzing how
quantum implementations may affect the behavior of HNNs.

Hopfield Neural Networks and and (Open) Quantum Systems In the last
decades, the research area related to quantum simulation and computation
has received a significant boost. It has been proven that genuine quantum
features such as superposition of states and entanglement provide remark-
able advantages for solving many computational problems [3,4]. Additional
paradigms such as quantum annealing have shown that quantum fluctua-
tions can also be exploited for improving the effectiveness of classical opti-
mization algorithms [5-9].

In the light of these advances, many models have been proposed in or-
der to combine the striking properties of ANNs with quantum mechanics,
aiming at understanding if ANNs’ computing can take advantage of quan-
tum effects [10,11]. This field of investigation aims at building a satisfactory
framework that fully exploits both the advantages of quantum physics and
computing in ANNSs. The essential challenge is understanding how to com-
bine the dissipative dynamics of classical ANNs and the linear, unitary dy-
namics which characterizes quantum systems. In this thesis, the paradigm
that allows us to deal with this issue is to take into account a framework
based on Open Quantum Systems (OQSs) [11-14].



In the following we better illustrate the kind of quantum description that
we adopt for building HNNs with the tools that are provided by OQSs.

An open quantum proposal of Hopfield Neural Network Addressing the
question of whether quantum effects can yield some advantages to the HNN
problem of pattern retrieval can be split into two conceptual steps: providing
a quantum description of the HNN, and eventually finding a meaningful
way of comparison with its classical counterpart.

We consider a quantum generalization of the classical HNN that exploits
a relatively recent paradigm, based upon the idea that the theory of OQSs
may provide useful tools for engineering the long-time limit state of a given
out-of-equilibrium dynamics [15]. In this scenario, not only quantum coher-
ences, but also quantum dissipation is exploited to harness the OQS dynam-
ics towards a "desired" state, that may be for instance the result of a quantum
computation [16,17].

In our case, we aim at engineering an OQS dynamics whose long-time
limit state resembles the properties of the pattern retrieval typical of HNNS.
Bearing in mind that a HNN can be described in terms of the evolution of a
classical spin system, we formulate the NN dynamics in terms of a network
of interacting spins. Here each spin - which encodes the state of the neuron -
changes its state dynamically, depending on the configuration of the spins in
its neighborhood. Following the above described paradigm, this dynamics
can be modeled in terms of a master equation that takes in consideration the
presence of an environment.

As a first attempt, we describe such dynamical evolution by means of a
GKSL (Gorini-Kossakowsky-Susarshan-Lindblad ), commonly referred to as
Lindblad, master equation [12,13]. As a result, we deal with a well defined
way to include the presence of an environment, by adopting a time-local
master equation. We define the model so that the dynamical evolution leads
the OQS to a pure stationary state. In particular, the dissipation is engineered
so that the long-time limit state of the quantum spin system embodies the
classical configurations of the HNN. Yet, we deal with a quantum dynamics,
as it involves the generation of coherences.

This setting provides us with a meaningful way for highlighting similari-
ties and differences between the classical and the quantum model. In partic-
ular, we analyze the dynamical properties of fully connected Ising models,
and HNN models, showing that, under some specific choice of parameters,
the quantum model is characterized by an accelerated approach to the sta-
tionary state with respect to the classical one.



Spin-boson models for realizing Hopfield Neural Networks Our initial
theoretical investigation gives us some insights to progress onto considering
a physical characterization of the quantum systems that can possibly repro-
duce the behavior of HNN models. To this end, we consider once again that
HNNSs can be described in terms of all-to-all interacting classical spins. For
mimicking this kind of systems, we take in consideration spin-boson models,
i.e. ensembles of spin-1/2 particles interacting with a multi-mode bosonic
field. Indeed, as bosons mediate long-range interaction among the spins, we
can implement a dynamics that is HNN-like. In addition to this, spin-boson
models are relevant because they actually underlie possible experimental re-
alizations of a (quantum) HNN dynamics [18,19]. To take in consideration
this scenario, i.e. to reproduce a realistic system, the model we focus on is
an OQS, in contact with additional surroundings.

A fundamental model describing the interactions between an ensemble
of two-level systems (spins) with a bosonic mode (e.g. photons of a given
frequency) is the Dicke model [20]. It undergoes a second order phase tran-
sition when varying the spin-boson interaction coupling. Indeed, in the
weak coupling regime the system is in a so-called normal phase, where the
average number of bosons is sub-extensive (it grows slower than the number
of spins). Instead, at strong coupling the system is in a so-called superradi-
ant phase, where the average number of bosons is extensive, i.e. propor-
tional to the number of spins [21-23]. The Dicke model can be adapted for
modelling a variety of physical situations, such as circuit, cavity or waveg-
uide QED, and trapped ions systems [24-26]. However, the description of
these realistic scenarios commonly requires to take in consideration the ef-
fects of their environments. These surroundings, often taken into account
in the form of quantum dissipation, give rise to phenomena such as, for in-
stance, cavity loss and atomic decay. Remarkably, also the open Dicke model
undergoes the superradiant phase transition upon varying of the spin-boson
interaction coupling [27,28].

Furthermore, recent results show that, when considering interaction cou-
plings that are both spin and boson dependent, or "disordered", the superra-
diant phase transition shares fundamental features with the phase transition
characteristic of the HNN [18,19,29-31]. In other words, at equilibrium there
is an analogy between the disordered Dicke model at strong coupling and
the retrieval phase of the HNN. The question that we approach in our work
is whether a similar analogy holds when considering the out-of-equilibrium
dynamics that characterizes the open Dicke model.

Analyzing how a HNN-like dynamics may emerge in the open, disor-
dered Dicke model at strong coupling is technically challenging. In this the-
sis, we tackle this problem by employing a perturbative technique that is
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valid at strong coupling. We concentrate upon the spin system by tracing
over the bosons, deriving an effective spin dynamics. The latter is governed
by a classical master equation describing an out-of-equilibrium dynamics.
We show that there exists a parameter regime where such an effective model
is reminiscent of typical properties characterizing the HNN.

Thesis structure The structure of the thesis is as follows. PartI summarizes
the theoretical aspects that constitute the background of this work. In Chap-
ter 1 we give a brief introduction of the classical theory describing associa-
tive memories, with a particular focus on the HNN. In Chapter 2 we move to
the quantum theory, introducing the description of open quantum systems.
Finally, Chapter 3 analyzes some main results concerning the equilibrium
properties of spin-boson models described by the Dicke Hamiltonian.

The remaining Chapters are dedicated to present the original work that
has been carried out. Part II deals with the analysis of the quantum gen-
eralization of HNN. Here we explore the question as whether quantum ef-
fect may yield a speed-up in reaching a stationary state constructed having
in mind the classical counterpart of the model. Part III takes into account
the out of equilibrium dynamics of a spin-boson system, when disorder and
dissipation are present. In particular, in Chapter 5 and 6 we analyze the
single-mode Dicke model and the multi-mode one, respectively, highlight-
ing similarities and differences with the behavior of the HNN.



Part 1

Theoretical background



Chapter 1

Associative memories

1.1 Artificial neural networks

Artificial neural networks (ANNSs) are, at the most basic level, systems that
process information. They do so, as their name suggests, by analogy with
the microscopic structure of the brain, which can be regarded as a huge net-
work of interconnected neurons. Similarly, ANNs consist of a large number
of interconnected units (digital bits, circuit elements, spins, ...) [1,32]. In
general, ANNs have the ability to learn how to fulfill some tasks, by analyz-
ing examples, and without being programmed with rules that refer to the
specific task, i.e. without the need for a task-solving algorithm to be spelled
out by the programmer as in standard computation. For example, a typical
problem where ANNSs are employed is "image recognition”. In this case, an
ANN can be trained for distinguishing images that contain specific subjects,
e.g. cats, by first analyzing sample images that are labeled as "cat" or "non-
cat", and eventually exploiting such examples to identify cats in different
images. Here, no prior knowledge about the details of a cat, like fur, tails,
whiskers etc, is necessary for the ANN.

The elementary units of an ANN, referred to as artificial neurons, repre-
sent a logical description of the biological neurons that constitute the brain.
In general, the human nervous system is made of many types of neurons,
which play different roles, and additionally display slightly different struc-
tures. However, when neglecting these differences, a schematic representa-
tion of a biological neuron as a device divided in input signal, central pro-
cessing, and output signal, is adopted [1,32,33]. This coarse division is il-
lustrated in Fig. [1.1a] and it is as follows: A neuron receives signals from
other neurons through synapse connections. The combination of these mul-
tiple signals determines the new state of the neuron on the receiving end.
This is calculated by taking a weighted sum of the individual signals, with
the weights, also called synaptic efficacies, measuring how effective an emit-



ting neuron is at affecting a receiving one. If the weighted summation of the
input signals exceeds a certain threshold, which represents the value of the
membrane potential, the neuron sends out a signal through its own axon. In
this case the neuron is said to be "firing", otherwise is said to be "resting".

The interest for ANNSs arises in various research fields, each one model-
ing ANNs depending on their specific focuses. For instance, neuroscientists
aim to increase the knowledge on how the human brain works, i.e. to pro-
vide new insights on the connection between the microscopic processes that
occur in the brain and the higher levels of information processing we experi-
ence. For this reason, they need to model neural networks including several
biological details. At variance with this, both computational scientists and
physicists loosely model the way in which the brain is believed to work. The
first ones focus on implementing machines that feature high performances
in computational tasks such as pattern and speech recognition, attempting
to exploit human brain features as tolerance to faults, robustness to external
noise, capacity to deal with noisy and inconsistent information. The sec-
ond ones are mainly interested in analyzing the dynamics that occurs in the
highly interconnected number of units represented by ANNSs; they focus on
the fact that the connections determine, for each unit, which ones can influ-
ence its value in the course of the computation, thus leading to interesting
effects in the time evolution of ANNSs. In this thesis, ANNs are presented
following the latter point of view.

The simplest logical description of a neuron is given in terms of a binary
unit, say o, that can take two values, e.g. 0 = =£1, corresponding to the
states firing and resting, respectively [34]. An ANN made of N neurons is
described in terms of binary variables configurations, & = (o4, ..., 0 ~)T, with
0; = £1Vi. The synapse strength, or connection, of an input coming to the i-
th neuron from the j-th one is a real number identified by J;;. The activation
mechanism of the i-th unit can be formulated as follows: the configuration
o; at the time ¢ + At, due to the input of the others NV — 1 neurons in the state
0, Vj # 1, at the time ¢, is

N
oi(t + At) = sgn( Z Jijo;(t) — ,ui>, (1.1)
j=1j#i

where sgn(z) is the sign function, such that sgn(z) = +1(—1) if > (<)0.
The parameter y; is the threshold value that the weighted sum of inputs has
to exceed in order for the i-th neuron to fire. The process is schematically
reproduced in Fig. [1.1b] for the i = 1 neuron.

The choice of the connections J;; determines what task the ANN is ac-
tually solving. In the following, we will show a choice of synaptic strengths
which produces associative memory behavior.
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(a)

weighted
sum

output
.

threshold

Figure 1.1: From biological to logical neuron. (a) Coarse division of a neu-

(b)

ron in input signal, central processing, output signal. The input signal is
received by means of synapses, elaborated in the central body and a pos-
sible output signal is sent through the axon. Reproduced from [33]. (b)
Activation mechanism of the first neuron in an ANN. The first neuron re-
ceives inputs from the others NV — 1 neurons. The sum of the input signals is
weighted with the connection J;; and compared to the threshold value /.
Accordingly, an output signal can be sent.

1.2 Hopfield neural networks

The Hopfield neural network (HNN) [35] is the simplest model showing the
features of an associative memory. That is, the ability to store information
in the form of special configurations, or patterns, and to reconstruct them
dynamically when provided with a portion. To cite an example, the retrieval
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process characterizes our brain when it reconstructs an entire word from its
first half.

In a neural network made of N neurons, patterns are defined as set of
p network states, {g“ = (&, ..., =1, p, where the elements ¢ = +1
encode the information stored into the system. For instance, patterns can be
employed to encode images, by relating the value of each pattern element,
¢!, to a given outcome (black or white) of a pixel. In this way, the dynamical
retrieval of information can be easily represented as an image reconstruction,
as sketched in Fig. [1.2a]. Here, letters of an alphabet are converted into
pattern configurations, and the retrieval of the letter "A", when given with a
portion of it, is outlined.

From the physical viewpoint, when studying the dynamical retrieval of
information, it would be desirable that the latter was described be uncorre-
lated patterns, so as to have maximally distinguishable patterns. In order to
fulfill such requirement, it is a common choice to treat the pattern compo-
nents as independent, identically distributed random variables, with prob-
ability distribution

Ge) =3

being §(z) = 1 if z = 0 and 6(z) = 0 if x # 0. Indeed, in the thermodynamic
limit, N — +o0, and p/N — 0, patterns with probability distribution (1.2)

66— 1) +0(& + 1], (1.2)

are characterized by the following properties:
o (& =>".&/N =0, 1ie. patterns are unbiased;

o (gher) = Eu . g”/N =0, Vi # v, i.e. patterns are uncorrelated.

1.2.1 Deterministic Dynamics

The Hopfield model dynamics is constructed by considering that one wants
to dynamically retrieve the stored patterns in the long-time limit. For this
reason, the idea is to implement a dynamics where patterns behave as stable
fixed points or fixed point attractors, which are defined as follows:

Definition 1.2.1. Let f(t,-) be a function from the set of possible states to
itself. It specifies the dynamics of the system, with z; the initial state, such
that f(0,z;) = ;. An attractor is a close set S of the phase space with the
following properties:

e Sisan invariant set under f: Va, € S, f(t,z5) € S, Vt > 0;

e there exists an open set of the phase space containing .S, called basin
of attraction for S and denoted B(S), made of all points z, that enter S
under the dynamics in the limit ¢ — +o0;
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e Sis a minimal set: there is no proper subset of S that satisfies the first
two conditions.

Stable fixed points are attractor points that are mapped onto themselves by
the transformation f.

Thatis, as illustrated in Fig. [1.2b], constructing the HNN dynamics with
the patterns being the stable point attractors means that, given an input net-
work state, ¢y = (0¢1, ..., oo ), this is evolved into one of the pattern states,
say &". Once the pattern is reached the network state does not evolve further,
as patterns are mapped onto themselves by the HNN dynamics.

(b)

Figure 1.2: Pattern retrieval. (a) Letters of an alphabet as patterns to be
stored in a neural network and retrieval of the letter A. (b) Qualitative sketch
of the phase space structure. Patterns as stable fixed points. Lines delimiting
each pattern represents the boundary of their basin of attraction. If the inital
state of the network, &, is inside the basin of attraction of one of the pattern,
&" in figure, then it will evolve dynamically towards that pattern.

Formally, the Hopfield dynamics is defined by considering the update
rule defined in Eq. (1.1), and simplifying it to the special case of vanishing

11



threshold, p; = 0,Vi =1, ..., N, so that it reads

J=1

Moreover, the connections J;; are chosen as follows

p
Jij = %fofﬁﬂ Jii = 0. (1.4)
pu=1
The choice (1.4) is usually dubbed Hebb’s rule, because of the similiarity with
the Hebbian hypothesis about the learning mechanism in neural networks
[36]. Indeed, Hebb formulated the learning process as a dynamical adjust-
ment of the synapse strength J;; due to the past neuron activity. To better
clarify this point, a formal description of Hebbian learning is the following:
the past neuron activity modifies the synapse strength J;; as AJ;; ~ (0,0;),,
with (-), representing a time average over a time interval occurring before t.
It is worth noticing that this prescription gives the same result whether both
neurons are firing or non-firing: the connection J;; is in any case enhanced.
Instead, J;; is reduced only when any of the neurons is firing, and the other
one non-firing. Following the Hebb’s learning hypothesis, it has been even-
tually proposed as a storage prescription [37] such that, when a new pattern
¢" is added to the memory of a neural network, the synapse strengths are
modified by adding the term A.J;; = ££/¢¥ to the pre-existing connections.
In this framework, the Hebb’s rule defined by Eq. (1.4) can be understood
as a generalization of the storage prescription, for a N-network with p stored
patterns.
The connections J;; defined by the Hebb’s rule (1.4) show the following
properties:

e additivity, that originates from the Hebb’s learning hypothesis;

e locality, i.e. the fact that only the product of the components ¢; and ¢&;
contributes to the connection J;;;

o patterns symmetry, i.e. all the patterns are imprinted with the same am-
plitude.

A remarkable feature that characterizes the dynamical rule (1.3) is the
fact that it can be fulfilled either asynchronously, updating one o; at a time,
or synchronously, updating all the o; simultaneously. In the first case, ei-
ther the updated unit is picked at random, or an updating order is defined
at the very beginning. In the second case, a central clock to the system that
keeps the units synchronized is needed. It is worth noticing that, in order
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to compare the result of these two types of dynamics, an updating time step
At characterizing a synchronous process corresponds to a time N x ¢ for
the asynchronous dynamics, where ¢ identifies the updating time step of
the single unit. However, in a synchronized dynamics oscillation phenom-
ena can occur, and a stable network state may never be reached. In order
to avoid these possible outcomes, we will consider as a HNN model the one
defined by the Hebb’s rule (1.4) with discrete two-state units which are asyn-
chronously updated through Eq. (1.3).

Pattern stability considerations

The dynamical rule (1.3), together with the prescription (1.4), is formulated
with the stated intent that patterns behave as stable fixed point attractors. In
this Section, we analyze to what extent the patterns satisfy Def. (1.2.1), with
respect to the HNN dynamics.

From the definition (1.2.1) follows that a generic network state 7 is a fixed
point attractor with respect to the update rule (1.3) if the latter maps the state
into itself, i.e. if it is 0; = sgn (Z i Jijaj>. This relation is satisfied if the local
field acting on the i-th neuron, defined as

J

is of the same sign as the i-th neuron configuration, i.e.

Considering the network state as one of the pattern, say £, the condition
(1.6) reads

o<gh =g YN aey =1 LS S e (17)
A J#i ptv

The second term of the last step is usually referred to as the crosstalk term.
Under the assumption that both N and p are much larger than one, it is the
sum of about p x N independent random variables, each of them with pos-
sible values +1. Thus, its mean value fluctuates about zero and its mean
square displacement from the origin is proportional to p x N. Taking into
account the factor 1/N, in the limit N — oo it is

Ehin 14 /%. (1.8)

Therefore, if p is set smaller than N, such that \/(p/N) < 1, patterns are,
statistically speaking, fixed point attractors of the dynamics.
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In addition, patterns are stable attractors with respect to small perturba-
tions. Indeed, as it shown in Ref. [1], if a small fraction of the network state
is flipped with respect to one of the patterns, the network is still capable of
aligning with the pattern itself.

It is worth noticing that if the condition (1.6) holds for the pattern &, it
is valid also for the opposite pattern, —£”. Hence, given a set of p patterns
sents an ensemble of stable fixed point attractors with respect to the dynam-
ics defined by Egs. (1.3) and (1.4). This is a straightforward consequence of
the fact that the HNN dynamics is characterized by a Z, symmetry, i.e. it is
invariant under flipping all the binary variables, o, <+ —0o;, Vi.

Until now we have shown that patterns are stable fixed points of the dy-
namics, but not that they are unique. Indeed, the non-linear dynamics de-
fined by Egs. (1.3) and (1.4) generates additional attractors, that are referred
to as spurious states. For instance, certain combinations of an odd number of
patterns, called mixture states, turn out to be stable attractors [2,33]. The
network state

o — (€ £ € & £19) (19)

represents one of the simplest examples of a mixture state.

A reasonable question that may arise at this stage is if it possible to avoid
that the network configuration remains trapped in a solution that corre-
sponds to a spurious fixed point attractor. In order to fully answer this ques-
tion, it is useful to introduce the deterministic dynamics of a HNN as de-
scribed in Eq. (1.3) from the viewpoint of the Lyapunov function.

1.2.2 From the Lyapunov function to the all-to-all Ising model

Starting from the deterministic update rule (1.3), it is possible to construct
a function of the network configurations, whose value decreases along any
chosen dynamical trajectory. From the theory of dynamical systems, these
are effective potentials, referred to as Lyapunov functions, and their formal
definition can be formulated as follows:

Definition 1.2.2. Consider a dynamical system specified by the function f :
R™ — R", such that f : + — f(z), with a fixed point at zo. A continuously
differentiable, real-valued function V' : R — R is called a Lyapunov func-
tion if it satisfies the properties:

o V(x)>V(xgy),Vr # x0,

o V(f(z))—V(z) <0, Vz # x.
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Figure 1.3: Energy landscape. The minima represent stable fixed points of a
gradient descent dynamics. One of the basins of attraction has been delim-
ited by vertical dashed lines. All initial states within them will fall towards
the minimum in between in the course of the dynamics.

The asynchronous HNN dynamical process, specified by Egs. (1.3) and
(1.4), can be described in terms of the Lyapunov function

E(G) = —% > Jyoio;, (1.10)
1,5,17#]

whose value monotonically decreases as the neural network evolves dynami-
cally from a given initial network configuration to a final fixed point. Indeed,
we can express E(¢) in terms of the local field h;, defined by Eq. (1.5), as
E(0) = —1/23 . 0;h;. At each time step, a neuron o; gets aligned with the
direction of the local field h;, leading to a monotonic decrease of the func-
tion E(0). When the network state reaches one of the fixed point attractors,
the function (1.10) reaches one of many possible local minima. Hence, the
stable fixed points described in the previous Section, i.e. the p patterns, with
p < N and N — 400, as well as the spurious states, are all local minima of
the Lyapunov function (1.10). A sketch of the landscape of an energy func-
tion is displayed Fig. [1.3], with the local minima representing the stable
fixed points and the slopes surrounding them delimiting their the basins of
attraction.

Remarkably, it is straightforward to see that the landscape function (1.10)
is the energy of a classical spin model characterized by fully connected in-
teractions [33]. In other words, the HNN can be equivalently described in
terms of a system made of N classical spins that interact according to the
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all-to-all connected Ising model (1.10), with interaction couplings given by
the Hebb’s rule (1.4). In what follows, we will thus indistinctly refer to the
elementary units of a HNN as either "neurons" or "spins". Moreover, some
of the features of the HNN can be reformulated in terms of properties of the
energy function. First of all, the all-to-all Ising model displays a Z; symme-
try, i.e. itis invariant upon inversion of the spin configuration (o; <+ —o; Vi).
Due to this symmetry, any reversed pattern configuration, —&*, is virtually
indistinguishable from the original and must therefore behave as a memory
too, i.e. it corresponds to a local minimum of E. Secondly, the quantity h;,
that has been referred to as a local field, is the energy difference AE; due to
the flipping down of the i-th spin, i.e. it is

AE;=E(0i = —1) — E(o; =1) = Y _ Jjjo; = hi. (1.11)
JF#i
We point out that the sought stationary states of the HNN dynamics,
i.e. the pattern states, are global minima of the energy function. However,
due to the presence of spurious states, the dynamics may remain trapped
in these type of minima (if started in one of the corresponding basins of at-
traction). As we will see in the next Section, this problem may be tackled
via the introduction of a certain amount of noise in the system, which adds
energy-increasing dynamical processes, thus allowing the network state to
reach one of the deepest minima, despite the presence of energy barriers. In
order to fully characterize this situation, in the next Section we will describe
the HNN stochastic dynamics, analyzing the properties of the system at dif-
ferent levels of noise. To this end, the description of the HNN as an all-to-all
Ising model will play a crucial rule, as it allows us to exploit typical meth-
ods widely used in the analysis of the statistical mechanics of classical spin
models.

1.2.3 Stochastic dynamics

We have described the dynamical evolution of a HNN, via the Eq. (1.3), in
terms of a deterministic dynamics. However, and for the reasons explained
at the end of the previous Section, HNN dynamics can be generalized to the
case of stochastic processes. To this end, we introduce an inverse "temper-
ature" parameter, 5 = 1/(KpT'), which represents the inverse strength of
the source of noise in the system. Without loss of generality, we further set
Kp =1

A finite temperature induces spin flips which can increase the energy,
differently from the dynamical rule (1.3) that leads the i-th spin to align
with the local field h;. In this case, the deterministic time evolution (1.3) is
replaced by a Glauber dynamics [38], a stochastic process that describes the
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single spin flip dynamics of an Ising model interacting with a heat bath at
temperature 57! as follows. Whenever the i-th spin is updated, say after a
time step At, the probability that it takes one of the two possible value +1,
given all the N — 1 spins in a configuration {o; };—1 .~ jzi, is

1

Ploi(t+ At) = +1] = (o]

(1.12)

where AE; has been defined by Eq. (1.11) and depends on the {o;},-1. . v
configuration. It is worth noticing that the probabilistic update rule (1.12)
reduces to the deterministic one (1.3) in the limit of zero temperature, g —
00, as 0; = 1(—1) if AE; > 0(< 0). Conversely, at infinite temperature 5 = 0,
the network becomes perfectly random. Thus, the temperature 5! controls
the level of stochastic noise in the dynamics.

Similarly to the zero-temperature case, we want to understand if and to
what extent the retrieval of patterns occurs, given the probabilistic update
rule (1.12). Here, the concept of stable fixed points, that has been considered
for the deterministic dynamics, will be replaced by the one of the stationary
distributions peaked around one of the zero-temperature attractor states. In
the stochastic dynamics, this manifests in the state of the system fluctuating
around one of the zero-temperature fixed points.

Before going ahead, it is useful to point out some properties of the Glauber
dynamics. This describes an ergodic single-spin-flipping process that is a
Markov process: the probability distribution of each one of the spins after one
time step depends only on the configuration of all the other spins at the cur-
rent time. A Markov process can be fully characterized by the definition of
the transition probability mz_, of switching from a configuration & to a con-
figuration ¢’. In the case of the Glauber dynamics (1.12), ¢ and ¢’ differ by
a single spin flip only and the transition probability reads

1

T amaEn (1.13)

Tg—a =

where the index 7 denotes which one of the spins is being flipped. In general,
it is then possible to write a master equation describing the time evolution of
the probability for the HNN to be in a configuration & as

pa(t+ At) = ps(t) + O [Farsaper (t) — Tomsepz(t)] . (1.14)

F'£5
One could also derive a differential equation for the probability distribution
of the states, pz(t), from Eq. (1.14). However, for our purposes, it is sufficient
to say that it is possible to verify that the stochastic process (1.12) admits
an equilibrium probability distribution. That is, there exists a probability
distribution such that pz(t + At) = pz(t), V&, that we will denote by P.,(7),
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and call stationary distribution. A sufficient condition for the existence of
the latter is
Peq((?)ﬂg%(ﬂ/ = Peq(ay)ﬂ'c?’af“ (115)

which is referred to as detailed balance. By inserting the expression of the tran-
sition probability (1.13) into (1.15), it follows that the long-time limit distri-
bution of the network states approaches the equilibrium Gibbs-Boltzmann

distribution

P, 7) = BT
where Z(8) = 3 ¢ "#?) is the partition function.

(1.16)

The existence of the stationary distribution (1.16) implies that the pat-
tern retrieval problem of a stochastic HNN reduces to the equilibrium sta-
tistical mechanics of a fully connected Ising model with energy (1.10). In
order to better clarify this, it is useful to notice that the energy (1.10) can
be seen as a generalization of an Ising model with constant couplings J,
E(G) = —5J ), 0i0;. At equilibrium, the properties of this system are
described by the behavior of macroscopic variables such as the magnetiza-
tion M = + >, 0;. Indeed, this parameter signals the occurrence of a second
order phase transition between a high temperature disordered phase, called
paramagnetic phase, where the average magnetization is 0, and a low tem-
perature, ordered phase, called ferromagnetic phase, where the magnetiza-
tion takes a finite value.

In a similar way, an understanding of the extent to which the retrieval of
patterns occurs in the stationary distribution of a HNN can be derived by
analyzing macroscopic quantities, called overlaps, between the spin configu-
rations and the p patterns, which read

N
1
m = Zzlgg‘ai, (1.17)

Vu = 1,...,p. From this definition, we see that a vanishing value for all the
overlaps implies that none of the patterns is retrieved, as the network con-
figuration is not aligned with any of the p patterns. On the contrary, if one
of the p patterns, say the pu-th, takes a finite value, the spin configuration
is aligned with the pattern £*, with the value |m#| = 1 signaling a perfect
retrieval of the memory. The analysis of the behavior of the overlaps at sta-
tionarity, upon varying of the noise parameter /3, is performed in the next
Section.

Mean field theory

The equilibrium statistical properties of the model can be derived by ap-
plying the mean field (MF) approximation. A description of how the MF
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approximation is applied to HNNSs is explained in the following.

From the stochastic dynamical rule (1.12), the steady state probability for
the i-th spin to take the values +1is P(0; = +1) = 1/(1 + ¢72hi), so that the
average value reads

(0;) = (+1) X P(o; = 1) + (—1) x P(o; = —1) = tanh(5 (h;)). (1.18)

In the last step of Eq. (1.18) we exploited the MF approximation by consid-
ering (tanh(Sh;)) ~ tanh(/5 (h;)). Indeed, the local field ~; would in principle
fluctuate, due to the dependence on all the other the spin variables o, Vj # 1.
The MF approximation consists in replacing the fluctuating local field with
the average value of all the spins connected to the site i, h; ~ (h;). Thus, the
average field (h;) reads

N
1
=5 2 i {o) Zf*‘ > & o) (1.19)
JIF J#
where the couplings J;; have been written according to the Hebb’s rule. By
exploiting the expression of the overlaps (1.17), Eq. (1.19) reads
P
(my,) & — al). (1.20)
pn=1
In the thermodynamic limit, N — +o0, and for a finite number of patterns,
by plugging Eq. (1.18) and (1.20) in the mean value of the overlaps (1.17),
we get

N p
_ %fotanh (@Zg‘ <m“>>, (1.21)
i=1 p=1

In addition, as N — +oo and p/N — 0, the sum over i of a function of the p

values the various patterns take at site 4, say f({!'},=1...,), is equivalent to

.....

the average over the pattern distribution G({£*}), i.e.

%Z:f({ff})—> Y. GHENDFHe ) =27 Y FHE) = (FO))
i {er==+1} {gr==1}
(1.22)

which is referred to as self-averaging property [1,2], and can be also seen
as an instance of the law of large numbers. In Eq. (1.22), we introduced
the notation ((-)), which identifies the average over the pattern distribution.
For the sake of simplicity, we omit the spin average bracket, (-), and simply
replace (m) with m. Thus, the mean value of the overlaps reads

m = ((¢" tanh (B 7)) (1.23)
forp =1, ...,p,wherewehavedefinedg: (€., and m = (mt, ..., mP)T.
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More formal derivations of Eq. (1.23) can be found in Refs. [1, 2, 32].
Moreover, as shown in Ref. [33], in the thermodynamic limit, and as long
as p/N is kept small, the MF approximation captures the exact results when
applied to the all-to-all Ising model. As the number of patterns p increases,
the model may develop a glassy phase and more complex techniques have
to be employed. Furthermore, it can be shown that the various solutions of
the Eq. (1.23) correspond to the extrema of the free energy density FN ! =
—(BN) tlog Z(B) [2,39], and they can be classified depending on the type
of extrema, i.e. minima or maxima, they are related to, as described in the

following paragraphs.

Paramagnetic solution

Above the temperature 7. = 1, the MF Eq. (1.23) admits a unique solution,
corresponding to a unique minimum of the free energy. This solution shows
vanishing overlaps, i.e. it reads

i = (0,0, ..., 0). (1.24)

As a result, a high level of thermal noise implies that at equilibrium the net-
work state is not aligned with any of the p patterns, and no retrieval of infor-
mation is possible. This state is referred to as a paramagnetic solution. Here,
the average overlaps between the state of the network and the memories van-
ish as the dynamical behavior of the network is ergodic.

Retrieval solutions

Below the temperature 7, = 1, the paramagnetic solution becomes unstable,
while solutions with non-vanishing overlaps appear. In this regime, global
minima of the free energy are solutions with only a single non-zero over-
lap [1]. Considering the number p of overlap variables, and that each one of
them can assume both positive and negative values, there are in total 2p solu-
tions of this kind. Without loss of generality, we can choose the first overlap
to be the finite one, and a generic solution can be written as

i = (£m,0, ..., 0) (1.25)

with m some finite, positive value. Moreover, for vanishing temperature,
the attractor state (1.25) is characterized by m = 1, this corresponding to a
network state that is perfectly aligned (+) or anti-aligned (-) with the pat-
tern. Because of the described phenomenology, the solutions defined by Eq.
(1.25) are referred to as ferromagnetic or retrieval solutions.

At the critical point . = 1, the network undergoes a second order phase
transition [33]. The order parameter, i.e. the distinguishing variable be-
tween different phases, is the overlap variable m*. As displayed in Fig. [1.4],
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Figure 1.4: Phase diagram of the Hopfield neural network. Overlap vari-
ables as a function of the inverse temperature. At the critical point, 8. = 1,
a second order phase transition occurs. For 5 < f3. the network is in a para-
magnetic phase, where all overlaps vainish. For § > 3. the network is in a
retrieval phase, where one of the overlaps (the p-th in the figure) aquires a
finite value, meaning that the corresponding pattern is retrieved.

all overlaps vanish at high temperature (5 < f.), identifying a so-called
paramagnetic phase, and only one of the overlaps assumes a finite value be-
low the critical temperature (3 > f.), identifying a so-called retrieval phase.
When the system is in the latter phase, a spontaneous symmetry breaking
occurs, with the broken symmetries being the Z; one and the permutation
of different patterns. As a result, ergodicity breaking takes place: the net-
work configurations are dynamically led into restricted subspaces of states,
which are characterized by a macroscopic, or finite, overlap with one of the
memories.

Spurious solutions

In addition to the retrieval state, for 5 > (., more complicated solutions of
the Eq. (1.23) appear. These do not correspond to pure retrieval of memo-
ries, and are referred to as spurious solutions.

First of all, there are symmetric mixture states, which read

m = (m,m,...,m,0,0,..,0), (1.26)
— ——
n p—n

and they are a generalization of the mixture states introduced by Eq. (1.9).

It can be shown that the even mixture states, i.e. mixture states with an even
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n, correspond to unstable solutions. Conversely, odd mixture states are ex-
trema of the free energy landscape, corresponding to local minima for tem-
peratures lower than 75 = 0.46. More specifically, lower n mixture states
become stable at higher temperature, e.g. the n = 3 odd states at T' < T3, the
n = 5 odd states at T' < T5 = 0.385, etc.

Additionally, other spurious states, referred to as non-symmetric spurious
states, can be identified. The first one ever detected reads

m:(§,§,Z,Z,Z,O,O,O,...). (1.27)

At variance with the symmetric states, the non-symmetric ones have not
been fully classified nor counted. Nonetheless, none of them is stable above
the temperature 75. Therefore, when the noise level is raised just above the
latter temperature, but kept much lower than the critical one, the retrieval
quality, i.e. the absolute value of the overlap variable, is about m = 0.97.

1.2.4 Storage Capacity

In the previous Section, we treated the problem of pattern retrieval in the
limit p < N. Generalization of the MF analysis to the case in which p is of
the order of V can be found in Ref. [1,39,40]. This regime has not been con-
sidered in any of the research works described further below in this thesis,
so we shall only provide here a basic account.

When p is extensive, it is useful to define the load parameter o = p/N,
the ratio between the number of patterns to be stored and the number of
network components. It can be shown that, upon varying the parameter o,
the phase diagram of the Hopfield model becomes richer. In particular, at
T = 0 there exists a critical value,

a, ~ 0.138, (1.28)

above which all the non-trivial solutions m # 0 disappear. At finite tem-
perature, the critical load parameter depends on the temperature itself, and
around the critical value T, = 1itscalesas a.(T) — (1—T)% Atany tempera-
ture T' < 1, varying « across the threshold a. causes a first-order phase tran-
sition from a region with m # 0 towards one characterized by m = 0. Such a
transition becomes instead continuous at the critical temperature 7, = 1 [40].

1.3 Towards a generalization of Hopfield neural

networks via quantum systems

In this Chapter we have introduced HNNSs as classical spin systems that are

able to retrieve stored information, or patterns, in the long-time limit of a
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Glauber dynamics. HNNs are among the simplest models of ANNs and
lack many of the most advanced features which make ANNs capable of solv-
ing complex tasks. However, their intrinsic simplicity makes them the ideal
starting point to analyze how NNs may be affected by the introduction of
non-standard terms, such as quantum fluctuations.

In the last decades, an increasing theoretical and experimental control
on quantum systems and devices gave rise to thriving research on quantum
computation. In particular, it has been shown that genuine features of quan-
tum mechanics, such us superposition of states and entanglement, can result
in quantum protocols and algorithms that outperform their classical coun-
terpart [3,4], e.g. the prime number factorization algorithm. In this frame-
work, a relatively recent question, that is triggering interest in the scientific
community, is understanding whether quantum effects may be an advantage
for neural network computing [10,14].

With the aim of considering a quantum generalization of HNN, a natural
starting point is replacing the ensemble of classical spins that represent neu-
rons, with quantum spin-1/2 systems. The second, and less straightforward
aspect is translating the non-linear, stochastic dynamics typical of neural net-
works in the formalism typical of quantum mechanics. Indeed, the latter
describes the dynamical evolution by means of unitary operators. In fact,
a proposal for overcoming this conceptual problem consists in generalizing
HNN by means of Open Quantum Systems (OQS) [11,14], whose evolution
is in general non-unitary, due to their interaction with an environment. The
works that are presented in this thesis start from this strategy and develop an
analysis of proposals of HNN-like models realized via open quantum sys-
tem. First, we formulate the HNN dynamics in terms of a quantum master
equation that involves coherences, with the aim of comparing the quantum
model with the classical counterpart. Eventually, we consider a dynamics
realized via an open quantum system of strongly coupled spins and bosons,
analyzing similarities and differences with respect to a HNN model. Before
describing further such works, in the next Chapter we present the necessary
tools for the analysis of the OQS dynamics.

23



Chapter 2
Open Quantum Systems

In this Chapter we want to introduce the necessary tools for dealing with
quantum systems that interact with their quantum surroundings. We will
do so, in the spirit that any quantum system is never completely isolated, as
it always interacts with a physical environment. Of course, there exist some
physical settings where the phenomenology of the system is not severely
altered by this interaction: in these cases, the latter can thus be ignored.
However, we will neglect such scenarios. Indeed, we will focus on the more
general situation where a formalism for dealing with non-isolated quantum
systems has proved necessary, such as when considering macroscopic prop-
erties of many body systems.

A first approach for treating non-isolated quantum systems consists in
the introduction of time-dependent parameters of the Hamiltonian of the
system, e.g. oscillating external fields, or randomly fluctuating couplings.
Such kind of description is adopted when dealing with an environment that
can be regarded as classical, as the operators acting on the Hilbert space
of the latter are replaced by c-number parameters, reducing the interaction
Hamiltonian to an effectively local one for the sole non-isolated quantum
system. However, this case prevents one from taking into account genuine
quantum effects that may arise from the generation of entanglement with
the environment itself. Indeed, by definition, there cannot be entanglement
between a quantum system and a classical one. Here, the quantum system
is said to be closed, to signify that it is neither isolated, nor open, as further
described below.

A more general way to tackle non-isolated quantum systems is consid-
ering their interactions with equally quantum surrounding. Thus, we call
open quantum system (OQS) a non-isolated quantum system that interacts
with a quantum environment. The former is further dubbed principal system
and will be denoted by A in this Chapter, with B its environment. In the
next Sections, we will derive an effective evolution restricted to the princi-
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pal quantum system A from the higher one governing the evolution of the
whole composite one A U B, and we will focus on the particular dynamics
that arises in some relevant physical scenarios, e.g. a large environment that
weakly interacts with the principal system.

2.1 Composite quantum system

The states of any isolated, composite quantum system S = A U B belong
to the tensor product of the Hilbert spaces of its subsystems. If we denote
by #Hs the Hilbert space of S, any normalized vector |V) € Hg = Ha ® Hp
represents a state of the system S, and vice versa. A generic state |V) €
Hs can be generally written in terms of two orthonormal bases {|«) }3, and
{18) }2, on the Hilbert spaces H 4 and H j, respectively, as

U) =D capla)®1B), (2.1)
o.p

where the coefficients ¢, s have to satisfy >, ; [ca s> = 1. Any state describ-
ing an isolated quantum system is dubbed pure. From the tensor product
structure that is present in Eq. (2.1), we can see that there are some states
for which it is not possible to write |¥) as a factorized state, i.e. as a tensor
product of two pure states of the two subsystems, a vector in ‘H 4 and a vector
in ‘Hp. In this case, | V) is an entangled state.

When dealing with entangled states of S, the notion of physical state
for each of the two subsystems is provided in terms of the density opera-
tor formalism [41]. States of quantum systems can be in general described in
terms of positive, hermitian operators, p, acting on their Hilbert spaces, with
Tr(p) = 1. In the case of an isolated system S in the state | V), the density
operator is a projector, i.e. p = |¥) (¥|. Physical states of either subsystems
of S = AU B are described in terms of the reduced density operator, that for A
reads

pa = Trp(p), (2.2)

where Trp is the partial trace over the degrees of freedom of the system
B. For instance, by choosing the basis {|8) }4,, it is Trg(-) = >4 (8] - |B)-
The definition (2.2) assures that p4 is a hermitian positive operator, with
Tra(pa) = 1, and thus it defines a density operator. When the state p4 can-
not be written as a projector onto a single vector, it is said to be mixed. It is
worth noticing that one can equivalently define the reduced density oper-
ator of the subsystem B, and carry out a similar derivation with respect to
the two subsystems A and B. However, from now on we will consider A be-
ing the principal system and B its quantum environment and we thus shall
focus on characterizing the former.
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From the properties of a density operator, and the spectral theorem, it
follows that there exist an orthonormal basis {|«)}4, and a set of real, non
negative numbers {p, }, such that p4 can be written as

pa=pala) (al, (23)

where ) p, = 1. The number p, can be interpreted as the probabilities for
the principal system A to be in the state |«). It is worth mentioning that this
can be recognized as the density matrix often encountered in Statistical Me-
chanics. The latter deals usually with situations where a detailed description
of the environment cannot be known, as for instance it often occurs when
dimHp > dimHa. As a result, the quantum principal system A is usually
described in terms of a statistical ensemble {|a) , p,} which gives rise to a
density operator that has the form of Eq. (2.3). This kind of density opera-
tor, at variance with the reduced one, is not formally derived by tracing away
the degrees of freedom of the environment as in Eq. (2.2), being the global
state unknown. As a result, in this context may happen that the terms "open
system" and "environment" are understood.

When the principal system A is in turn a composite system, e.g. a bipar-
tite one A = A; U A,, its mixed state p4 is dubbed separable [42] if it can be
written as a convex combination

pa= pir} @ p) (2.4)

(@)
A1(2)
the mixed state p4 cannot be written as in Eq. (2.4), p4 is dubbed inseparable.

where p is a density operator for Ay and p; > 0 Vi, and ) . p; = 1. If

Despite not being factorized, a separable state is not entangled and yet, it can
display quantum correlations [43,44].

2.2 Dynamics of open quantum systems

Before introducing a description for the dynamics of OQSs, it is useful to re-
call some basic aspects of the unitary evolution characterizing isolated sys-
tems’” dynamics. Without loss of generality, we will set i = 1.

2.2.1 Dynamical maps for isolated quantum systems

The evolution of an isolated system is given in terms of a unitary evolu-
tion. Let us consider the isolated system S with Hamiltonian /1 in the state
p(to) = |U(to)) (¥(to)| at the time £,. It evolves according to the Liouville-von
Neumann equation, which reads

p=—ilH, p). (25)
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A formal solution of this equation reads

p(t) = U(t,to)p(t0>U(Tt7t0) (26)

where Uy ) is the time-dependent, unitary evolution operator, with Uy, 1,y =
1. The Eq. (2.6) can be also written as

p(t) = Ui [0(t0)]; (27)

where we have defined U 1) [-] = U1 [-]U, (TL 1o)- In order to be more precise,
given a Hilbert space H, we can identify the set of trace-class operators {O},
i.e. the set of operators such that Tr(OO?) is finite. This set is usually referred
to as the Liouville space, and it is indicated by L(#). The operator U, is a
linear map that acts on the Liouville space of the density operators, i/, :
L(Hs) — L(Hs), and it is said to be a dynamical map [12]. Let us consider
the following definition

Definition 2.2.1. A dynamical map is said to be a universal dynamical map
(UDM) if it is independent of the state it acts upon.

According to this definition, the dynamical map ¥, is a UDM. In gen-
eral, operators acting on a space of operators, like the dynamical map 4/ )
does, are dubbed superoperators.

2.2.2 Dynamical maps for open quantum systems

As we mentioned above, an OQS is a quantum system interacting with an
equally quantum environment. The starting point of our discussion will be
that the environment is as large as required to include everything which sig-
nificantly interacts with it, so that we can consider the larger system S =
AU B isolated.

Let us consider the system S, in the initial state p(to) = |U(t)) (¥ (o).
From Eq. (2.6), the reduced density matrix of the principal system A has
evolved at the time ¢ to

pa(t) = Trep[Uge i) p(to) U], - (2.8)

which defines a dynamical map, acting on L(# 4), that connects the states of
the subsystem A at times ¢, and t. We shall denote this map as

pa(t) = M) lpalto)]; (2.9)

where p4(to) = Trp[p(to)]. The main difference between the dynamical map
for an isolated system’s dynamics, as defined by Eq. (2.7), and the dynami-
cal map M, is that, in general, the latter depends also on the initial global
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state upon which it acts [12], i.e. it is not universal. In order to clarify better
this point, let us consider the initial state of the isolated system S as

p(to) = pa(to) ® pp(to) + peorr(to), (2.10)

where p..-(ty) contains all the correlations between the two subsystems A
and B and satisfies Tr 4 [pcorr(to)] = Trp[peorr(to)] = 0 [45]. By applying Eq.
(2.8), the reduced density operator p4(t) reads

pa(t) = Z Ky (t, to)palto) Ko(t, to)" + dp(t, to), (2.11)

with b = {8,5'}, Kg gy (tto) = /Pp (D8|Ut10)|dpr), and we have used the
spectral decomposition (2.3) for the state pp(t;). From Eq. (2.11), we can
see that p(t) is the sum of two terms. The first one, originating from the
separable part of the global initial state p(t), represents an action on p4(t)
independent of p4(%) itself. However, the second term, that reads ép(t,ty) =
Trp[Un) pcorr(to)U(Tmo)}, cannot be represented as an action of a UDM on
pa(to). This means thata dynamical map M, ), with some values of K;(t, %)
and dp(t, to), may describe a physical evolution for some states p4(tp) and a
non-physical one for others, as different initial states will evolve under dif-
ferent maps.

In general, it is possible to show that if and only if the initial global state
p(to) is factorized, [ peorr(to) = 0 in Eq. (2.10)], then the time evolution of A
from ¢, to t is given in terms of a UDM, &, 1) : pa(to) = pa(t) = Ewio)lpalto)),
such that

pa(t) = Z Ky (t, to) palto) Ka(t, to)', (2.12)
b

with the equality
D Kt to) Kyt o) =T, (2.13)
b

that has to be fulfilled to ensure that that Tr[p4(¢)] = 1 [12]. The set of oper-
ators { K} are called Kraus operators [12,41], and the expression of the UDM
map in terms of the Kraus operators (2.12) is dubbed Kraus decomposition.

The importance for a dynamical map of being universal is that UDMs
evolve unambiguously any principal system physical state into another phys-
ical state; the latter statement is mathematically expressed as follows. For
each (t,%p), a UDM & such that £q.) : pa(to) = pa(t) = Euro)lpalto)] satis-
fies [12,13,41]:

Property 1. Tr[€(p)] = 1, i.e. it is trace preserving;
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Property 2. £ is a convex linear map, so that £ (Zz piﬁi?) = > € (p(j)),
withp, >0and ) . p; = 1;

Property 3. £ is a completely positive (CP) map, i.e. the map (£ ® I,,), is a
positive map Vn > 1, where [, is the identity map on C".

In defining the last property one considers that the global isolated system is
made of a principal one, 4, and an inert n-dimensional ancilla. As the map
€ rules the dynamics of the system A, the time-evolution of the compound
system is given by £ ® I,,. The Property 3 prevents the possibility that the
latter map becomes non-positive, i.e. it prevents the non-physical situation
such that, if another system not interacting with A is brought into the picture,
the dynamics becomes non-physical.

If a linear map is a UDM, it is also completely positive and trace preserv-
ing (CPT). It has been proved that also the converse statement, i.e. that any
linear, completely positive and trace-preserving map is a UDM [12,46]. In-
deed, some textbooks define UDMs as trace preserving linear maps which
are completely positive (see for instance [13]).

To summarize, we have seen that, for a generic composite system evolu-
tion, the reduced density operator evolves in terms of a UDM if and only
if the initial global state is in a tensor product form, or, equivalently, if the
dynamical map can be written in terms of the Kraus decomposition (2.12).

2.2.3 Temporal continuity

Animportant problem of the reduced density operator evolution arises when
considering compositions of the reduced evolutions. This can be formulated
as follows: let us consider the initial global state of the composite system
S = AU B at the time t, as a factorized state. Thus, the principal system A
will evolve to a time ¢; by means of a UDM, &, ). Equivalently, the evolu-
tion from ¢, to a time ¢, > ¢, is ruled by a UDM, &, +,). One may expect that
the evolution from the time ¢, to the time ¢, would be given in terms of the
composition of the map &, 4,) with a second, UDM map between the times
ty and ty, i.e. that &y, 1) = Etat1) © €y 1o)- However, it is worth noticing that
even if the initial global state is factorized, due to the dynamical generation
of entanglement, the final state at ¢; will in general contain quantum corre-
lations. This situation prevents one to derive a UDM describing the reduced

evolution for some intermediate time, i.e. it is

Etarto) 7 Eltartr) © Eta o) (2.14)

with the reduced dynamics at the intermediate time ¢, given in terms of a
non-universal map, M, ;,) [12]. The condition (2.14) defines a non-markovian
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evolution, as it implies that the state of an OQS at a certain time ¢ depends on
the whole history of its past evolution and not just on the previous config-
uration at ¢t — §¢. As entanglement can be considered a key feature of states
characterizing OQSs, non-markovianity, which originates from the dynami-
cal generation of entanglement itself, is the key feature of OQSs dynamics.
As a consequence, in general it is not possible to define a differential equa-
tion for p4(t) that is local in time, namely a Master Equation for the evolution
of the principal system. In fact, there are some physical situations in which
one can introduce approximations such that markovianity is restored, as we

will see in the next Sections.

2.3 Markovian approximation for open quantum

system dynamics

Some remarkable approximations that are employed for describing the OQS
dynamics allows one to restore the property of markovianity, or divisibility
condition. A quantum system undergoes a markovian evolution if the compo-
sition law for UDMs is recovered,

Etag) = 5(t,s) 0 E(s,t0) (2.15)

i.e. if the set of maps {&) }, with t > s, is provided with a semigroup
structure, being &, ; = I the identity element.

We stress that, as the dynamics of an OQS is in general non-markovian,
the condition (2.15) can result only from an approximation performed on
the original dynamics. However, the advantage is the derivation of a differ-
ential equation for the dynamical evolution of the reduced density operator.
Indeed, let us assume that Eq. (2.15) holds, and consider, for ¢ > 0, the
following difference

pa(tte)=pa(t) = [Eitren)—Et0)]pa(0) = [Eren —1Ew0)pa(0) = [Eren—Tlpa(t).

(2.16)
Provided that the limit e — 0 is well defined, we can now derive a differential
equation for the reduced density operator, i.e. a master equation, as

- -1
oalt) = lim 2ACLED = pal) _pp Eren = 1)

e—0 € e—0 €

pa(t) = Lipa®)], (2.17)

where £; = lim._,0[E(4¢,) — I] /€ is dubbed generator of the evolution [12,13].
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2.3.1 GKSL master equation

The the most general form of a markovian master equation that follows the
assumption (2.15) on a UDM (i.e. CPT map) can be written as [12,13]

pa) = ~ilH( pa(0] + 308 [Va(Opa0V () = S0 OV0) a0}

' (2.18)
where H(t) and V() are time-dependent operators, with H(t) = H(t)" and
Y(t) > 0 for every k and t¢. This result is a generalization of the famous
Gorini, Kossakowski, Sudarshan and Lindblad (GKSL) master equation [47,
48], that has been derived in the case of time-homogeneity. That is, when
the family of UDMs &, satisfying the property (2.15) depends only on
the difference 7 = t — ty. In this case, it represents a one-parameter fam-
ily of dynamical maps that defines a semigroup, dubbed quantum dynamical
semigroup !, where the identity element is £, +,) = I. Under the continuity
assumption, the markovian UDM can be defined as &, [-] = ¢*7[], where the
generator L is time independent, and Eq. (2.18) reads

pa(t) = Llpa(t)] = —i[H, pa(t)] + Dlpa(t)], (2.19)

where we have defined
1
Dlpa(t)] = ; o [VkpA(t)VkT -5 {viv. pA(t)H (2.20)

that is usually referred to as dissipator. The operators V}, are also called Lind-
blad or jump operators.

The form of the generator £ does not uniquely fix the form of the opera-
tors H and V;. Indeed, it is invariant under the following transformations:

e unitary transformations on the Lindblad operators:
VIRV = VARV = 3w Vi (221)
J

*

where (u™"); = u}y;

e inhomogeneous transformations:
’
Vk — V;c = ‘/k + ¢k,

1 ) (2.22)
H—H =H+ % ;Wk <Cka - CkV;J> +d,

where ¢;, are complex numbers, and d is real.

'The quantum dynamical semigroup cannot be a group because in general the inverse
of a UDM is not a UDM.
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Steady state of GKSL equation

Let us now see what the long-time properties are of a homogeneous marko-

vian process defined by an equation in GKSL form.

LT

In general, a completely positive semigroup &£, = €7 is said to relax to a

steady state if there exists a unique state pg; such that

Er(pss) = pss VT (2.23)
TEI_POO ET(p) = Pss; VP (2'24)

From Eq. (2.24), it follows that a steady state py is an eigenoperator of the
UDM &, with eigenvalue one, and thus it is an eigenoperator of the generator
L with zero eigenvalue,

L(pss) = 0. (2.25)

It is worth noticing that if this equation admits more than one solution, the
semigroup & is not relaxing. To this regard, it is possible to show that neces-
sary and sufficient condition for a completely positive semigroup to relax is
that the generator has a non-degenerate zero eigenvalue, and the rest of the
eigenvalues has negative real part.

An important theorem that assures that the semigroup is relaxing, given
some conditions on the structure of the generator is the following [49]:

Theorem 2.3.1. Consider a completely positive semigroup £, = e“™ with generator

. 1
L) = —ill ]+ 3 5 {vk(»vg S (2.26)
kel
A sufficient condition for the map &, to relax is that the set {V},, k € I} is self-adjoint,
(the adjoint of every element of the set is inside of the set), and the only operators
commuting with all of them are proportional to the identity.

2.3.2 Microscopic derivation

Until now we have seen that if the initial state of a compound system is fac-
torized, its evolution is ruled by a UDM. Moreover, when a homogeneous
Markov process approximates such evolution, the most general form of the
dynamical map is given by the GKSL equation. However, it would be use-
ful to know, when the microscopic details of a quantum system are consid-
ered, if it is possible to derive a master equation of the type (2.19). To clarify
this point, in this Section we review the conditions for which a UDM can be
approximated by a quantum Markov process, when starting from a micro-
scopic description of a composite system.
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Nakajima-Zwanzig projection technique

Let us consider the compound system S = AUB, with A the principal system
and B playing the role of the environment, with the total Hamiltonian being

H=Hy+Hg+V, (2.27)

where H,4 (Hp) is the Hamiltonians of the subsystem A (B), and V encodes
their interaction.

In the following, we retrace the approach of Nakajima and Zwanzig |50,
51], that is explained in more detail in Refs. [12,13] among others. We intro-
duce the projection operators P, Q, withP? = P, Q> = Q,and PQ = QP =0
as

Plp] = Tra(p) @ pp, (2.28)
Qlp] = (I-"P)lpl, (2.29)

where p is the state of the total system, and pp, the environmental state,
is chosen to be, without loss of generality, the physical initial state of the
environment. This is further assumed to be a thermal state, pg = piy, =
e PHs [[Tr(e~PHB)]. Furthermore, we consider the interaction picture, that
will be identified by the notation (), e.g. j(t) = e/HaTHn)t p(p)e=i(HatHp)t for
the density operator. In the interaction picture, projecting the von Neumann
Eq. (2.5) by means of P and Q, it is

EPlpn) = —iP [V (0, 6] (230)

5210t = ~iQ [[7(2), (1)) 231)

By using the notation V(t)[-] = —i[V (t), -] and exploiting that P + Q = I, the
above equations can be written as

%P[ﬁ(t)] =PoV(t) o Plp(t)] +PoV(t) o Qlp(t)), (2.32)

%Q[ﬁ(ﬂ] = Qo V(1) o Pp(1)] + Qo V(t) 0 Qp(1)]. (2.33)

The solution of the second equation can be written formally as
t
QUp(t)] = (1,000 QO] + [ dsG(t.5)0 QoV(s) o Pl (234)
0

where G(t,s) = Tel: @2V js the propagator associated to the homoge-
neous equation £ Q[5(t)] = Qo V(t) o Q[p(t)]. Inserting the expression (2.34)
into (2.32), one gets the generalized Nakajima-Zwanzig equation, which

reads
SPID] =P o V(1) o PIA(D)] + P o V(1) 0 G(1,0) o Q[p(0)]
(2.35)

T / duP o V(t) o G(t,u) 0 Q 0 V(u) o Pi(u).
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Under the assumptions that the initial state is factorized, p(0) = pa(0) ®
p5(0), so that Q[p(0)] = 0, and assuming also P o V(t) o P = 0, one gets the
following integro-differential equation

%P[ﬁ(t)] = /0 dulC(t, u) o Plp(u)], (2.36)

where
K(t,u) =PoV(t)oG(t,u) o Qo V(u). (2.37)

In order to transform the integro-differential equation (2.36) in a markovian
master equation, one may intuitively ask that the kernel K behaves as a delta
function for the state j(u). That implies that the typical variation time 74 of
the projection of () has to be much larger than the time, say 7, character-
izing the speed at which the kernel is vanishing in the regime |t —u| > 1. For
this approximation to hold, some assumptions are made that involve the size
of the environment and the couplings of the Hamiltonian. In the next Section
we will give a brief account on one of the possible limiting procedures that
studies the case 74 /75 — 400 under some further conditions, and which is
referred to as the weak coupling limit [52,53].

Weak coupling limit

Let us consider the interaction term V of the Hamiltonian, and let us rewrite
it as
V = aV, (2.38)

where « accounts for the strength of the interaction, or interaction coupling.
The weak coupling limit relies on the fact that, for small values of the inter-
action coupling «, the variation of p(u) is going to be slow, and in the limit
a — 0 one would get 74 — 400, and thus 74/75 — +00, for every fixed 75.
As in the case @ = 0 there is no interaction, the time parameter has to be
rescaled appropriately before taking the limit. In the following, we review
the procedure that allows one to derive the GKSL Eq. (2.19), starting from
the integro-differential Eq. (2.36). A more detailed discussion can be found
in Refs. [12,13].

Firstly, we exploit the von Neumann equation for the whole state p(t)
in the interaction picture. This implies that a unitary solution connects the
whole state at the time t and w as 5(u) = U(u, t)[(t)]. Secondly, in Eq. (2.36) a
perturbative expansion of the superoperators G(t, u) and U (u, t) with respect
to the coupling « is performed. By substituting v — ¢ —u, at the order O(a?),
Eq. (2.36) becomes

balt) ~ —a? /0 ' duTry [V(t), [V(t — ), palt) ® pBH . (2.39)
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The dynamical map resulting from this equation, dubbed Redfield equation,
does not meet the requirement of a completely positive map. We thus pro-
ceed further in performing the limiting procedure. Let us first reformu-
late the above expression: The interaction Hamiltonian can be written as
V = >, Ax ® By, with 4, = AL and B, = B,Z. We also consider a dis-
crete spectrum for the Hamiltonian H 4, whose eigenstates and eigenenergies
are {|¢.)}, {¢}, respectively. Thus, the eigenoperators of H, read Aj(w) =
Yooy, V) (W] Ag |¥0er) (Y|, where the sum runs over all the possible en-
ergy differences ¢’ — ¢ = w of the system A. The interaction Hamiltonian
in the interaction picture can be written as V(t) = heo €T AR(W) @ Bi(t).
Thus, Eq. (2.39) can be reformulated as

palt) = a? D 3 eI () [Aw)pa0), AlW)] + hee (240)

w,w! k,l

where, exploiting the fact that pp commutes with 5, it is

I (w) = /Ot du ™" Trp [Bk(u)BlpB} : (2.41)

In order to obtain a markovian evolution, let us consider a rescaled time 7 =
o’t, and take the limit « — 0. In this way, it is possible to let the upper
limit of the integral (2.41) go to infinity. However, as it is shown in Ref. [12],
a necessary condition for making the resulting integral convergent, is that
the system B has to have infinite degrees of freedom, in such a way that
Hp has a continuous spectrum. The expression resulting from Eq. (2.40)
is sometimes obtained by applying a series of approximations named Born-
Markov approximation, that can be found in Ref. [13].

In order to obtain the form of the generator as in Eq. (2.19), a secular ap-
proximation is further applied, which consists in taking the oscillatory factors
in Eq. (2.40) to be vanishing. The underlying physical condition is that the
inverse frequency differences involved, |w —w’| !, are much smaller than the
typical relaxation time of the system. If this is the case, the final equation

reads

pa(r) = YD TR (W)AW)AA(T), ALw)] +hee. = Lpa(r)].  (242)

w kil

To see that the generator £ has the correct form of a markovian master equa-
tion (2.19), the terms I'}y(w) are decomposed in the sum of an Hermitian
and anti-Hermitian part,

(W) = T (w) + T (w),

(2.43)
Sule) = 5T ) = T3 (@),
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as I[7%(w) = 37m(w) 4 iSk(w). With these definitions, and going back to the
Schrodinger picture, the master equation reads

pa(t) = —i[Ha+ a*Hyg, pa(t)] + Dlpa(t)], (2.44)

where Hps is defined as Hrs = >, > Su (W) Al (w) Al (w). As it commutes
with Hy, it just produces a shift in the energy levels of A. For this reason,
it is usually dubbed Lamb shift Hamiltonian. However, it is worth pointing
out that the produced shift may not be the same for all levels, meaning that
in general this is not a constant term. The dissipator term reads

Dlpa(t)] = o Z Z%l(u}) [Al(w)pA(t)AZ(W) - % {AL(W)AI(W),PA(t)}} ;

w  kyl
(2.45)

and can be easily expressed in the form (2.20) by diagonalizing the matri-
ces vk (w). For the sake of clarity, we point out that, in order to prove that
the generator in Eq. (2.45) has the form of a markovian homogeneous evo-
lution, it is necessary that 7y, (w) are positive semidefinite matrices, Vw. As
explained in detail in Ref. [12], this can be shown by means of the Bochner
theorem.

To conclude this Chapter, we name here two of the most common cases
where the weak coupling limit procedure allows one to derive a GKSL equa-
tion. Let us consider a two-level system, playing the role of the principal
system A, damped by a bath of harmonic oscillators B, that represents the
quantum environment. The Hamiltonian of the system reads

H=Hi+Hp+V
(2.46)

:%az - / dwal a,, + / dwh(w)(ota, + o al),
0 0

where 0%, for a = z, v, 2, are the Pauli operators, with ¢* = (0" +i0?)/2, and
a,, al, are the annihilation and creation bosonic operators, with [a,,,a!,] =
d(w — w'). The frequency wy is the splitting of the two level system, w is the
frequency of each bosonic mode, with wy,.x being the maximum frequency
present in the bath. By following the weak coupling limiting procedure, the
time evolution of the system A is described by the master equation of the
type (2.19). By neglecting the Lamb shift Hamiltonian term Hg, it is
) [wo _ _ 1 _
patt) = =i [ pa)] 4T0() 11 (7 pa)o = 5 {0 pa(0})
1
+I'7(wp) (U+pA(t)a -3 {o70", pA(t)}> :
(2.47)

where I' = 27J (wp), being J(wy) = h*(wp) the spectral density of the bath at
frequency wy, and n(wy) is the mean number of bosons in thermal state pz of
the bath with frequency wy, i.e. fi(wp) = (e*°? — 1)~L.
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A similar case is the one of a principal system A made of an harmonic
oscillator at frequency w,, which is damped by a bath of harmonic oscillators,

with Hamiltonian
H=H,+Hg+V

Wmax Wmax 24:8
—wpa'a + / dwal a,, + / dwh(w)(atay, + aal). (248)
0 0

Here, by following the procedure of the weak coupling case, the master

equation reads

pa(t) = —i[woa'a, pa(t)] +T[7(wp) + 1] (apA(zf)cfr — % {aTa,pA(t)}>
(2.49)

#aen) (alpaltha — 5 fadl.pa(0}).

where, as in the previous case, we have neglected the Lamb shift Hamilto-

nian.
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Chapter 3

A spin-boson Hamiltonian: The
Dicke model

This Chapter introduces a physical model made of ensembles of two-level
systems interacting with bosonic degrees of freedom, described by a spin-
boson Hamiltonian widely known as the Dicke model.

In general, in the last few decades, the study of the spin-boson Hamilto-
nians received a significant boost, in relation to the study of quantum matter
in and out of equilibrium. Indeed, spin-boson Hamiltonians represent an
effective description for numerous quantum many-body systems, such as
atoms interacting with photons, or phonon modes in ion crystals. As a re-
sult, they are of particular relevance in modeling systems and phenomena
such as cavity, waveguide electrodynamics and trapped ion systems, which
are prominent platforms for implementing quantum simulations.

The end of this Chapter describes an important result which connects
the equilibrium properties of the Dicke model with those of an associative
memory as described by the Hopfield model. This result can be considered
as the starting point of our work and has indeed inspired its development.

3.1 Equilibrium Dicke model

One of the most fundamental spin-boson Hamiltonians is the so-called Dicke
model, that describes N spin-1/2 particles interacting with a multi-mode
bosonic field. The Hamiltonian of this model reads

Hpicke = Zwﬂa aH+QZS +QZZ —i—au s +s;), (3.1)

p=1 1=1

where s, with a = z,y, 2, are spin-1/2 operators referring to the i-th spin,

s°
i 5j

Civita symbol; a! 1, a,, are the annihilation and creation operator for the p-th

their commutation relations being [s¢', s'/| = i€43,5; 0;j, and €., is the Levi-
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bosonic mode, with [a,,, aL,] = 0,,r- The parameter w, is the frequency of
the p-th bosonic mode, €2 is the frequency of the splitting of the spin 1/2
levels, and § represents the interaction coupling. It is worth mentioning that
this Hamiltonian is invariant under the 7, transformation a, — —a, and
si¥ — —s7Y.

The model was first introduced by Dicke [20] for describing the emission
of light by a collection of N atoms that individually interact with a common
light field. Dicke showed that, if the separation of the atoms is kept much
smaller than the wavelength of the light, the individual emission process
interferes constructively, giving rise to an electromagnetic field with an am-
plitude proportional to N and an energy density proportional to N?. This re-
sult was surprising, given its significant difference with respect to the decay
process of an ensemble of NV independent atoms, where light is emitted inco-
herently and with an energy density proportional to N. The original work of
Dicke was followed by the two generalizations of Refs. [21,22], that analyzed
the macroscopic behavior of the system when the light field is treated as a
quantum system, i.e. described in terms of a bosonic field, as in Eq. (3.1). In
the next Section, we review the behavior of the Dicke model, following the
more recent presentation by Emary and Brandes [23]. A general review of
the Dicke model, that goes beyond the goals of this Chapter, can be found in
Refs. [54,55].

3.1.1 Superradiant phase transition

In this Section we will see that the Dicke model undergoes a zero-temperature
phase transition upon varying the interaction coupling. In general, a zero-
temperature phase transition is characterized by a qualitative change in the
properties of the ground state(s) of the system, as a result of the variation
of a non-thermal control parameter. In analogy with the phase transition
at finite temperature, one can identify an operator whose expectation value
on the ground state is the order parameter, as its value varies when mov-
ing between different phases: it is typically zero in the disordered phase
and finite in the ordered one. Since at zero temperature there are no ther-
mal fluctuations, the order can be destroyed solely by quantum fluctuations,
arising from the Heisenberg uncertainty principle. For this reason, this kind
of phase transition is referred to as quantum phase transition (QPT).

Without loss of generality, we restrict the following analysis to the single
mode case, p = 1, of the spin-boson Hamiltonian (3.1). However, the results
presented in this Section can be generalized to the multi-mode case. Let us
then consider the single-mode Dicke Hamiltonian, which reads

H=wa'a+ Q5" + j(a' +a)(ST+57), (3.2)
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where we have further introduced the total spin operators S* = ) . s? and
S* = Y~ s7, which satisfy the commutation relations [S%, S*] = £S5, and
[S*,57] = 257%. The 2V-dimensional Hilbert space spanned by the algebra
of the total spin operator can be decomposed into sectors spanned by the
eigenstates of the commuting operators S? and S%, {|S, M) ; M = —S, -5 +
1,...,8 — 1,5}, which are known as the Dicke states and satisfy 5% |S, M) =
M |S, M) and S?|S, M) = S(S + 1)|S, M). As the Hamiltonian (3.2) com-
mutes with the total spin operator S, one can, without loss of generality,
keep its eigenvalue to a fixed value. Let us denote, in the following, such an
eigenvalue as S(S + 1). In terms of these quantities, we can define an opera-
tor representing a conserved parity, i.e. an operator that commutes with the
Hamiltonian (3.2). This reads

IT = exp (inN), (3.3)

where N = a'a + 5% + S is the operator counting the total number of excita-
tions in the spin-boson system.

In the thermodynamic limit N — +o0, the single mode Dicke model (3.1)
undergoes a second order phase transition at the critical value

1 —

where g = v/Nj. The ratio (a'a),q /N, can be taken as an order parameter
for distinguishing between different phases, (a'a),q being the expectation
value the bosonic occupation number on the ground state. The behavior of
the latter quantity as a function of g is represented in Fig. [3.1]. Here we can
see that below the critical point, i.e. in the weak coupling regime g < g, the
average number of bosons does not grow with IV, meaning that the bosonic
degrees of freedom are not extensively excited. This is referred to as normal
phase. Instead, above the critical point, i.e. in the strong coupling regime
g > ¢., the bosonic occupation number grows with N, and the system is
macroscopically excited. This phase is referred to as superradiant phase. The
normal phase corresponds to a disordered phase, while the superradiant one
is an ordered, symmetry-broken phase, where the broken symmetry is the
one associated with the conserved parity (3.3). This is highlighted by the
behavior of the total magnetization (S*) .y /N which is zero in the normal
phase, and finite in the superradiant phase, i.e. not invariant upon inversion.

The model (3.2) undergoes a second order phase transition also at a finite
temperature /3, where the critical point reads

1 B8O
gc = 5\/WQ coth (7) (3.5)
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Figure 3.1: Superradiant phase transition. Average bosonic number as a
function of the coupling strength. At the critical value g. a second order
phase transition occurs. At weak coupling the system is in a normal phase,
where the average number of boson is a sub-extensive quantity with respect
to the number of spins, N. At strong coupling the average number of boson
grows with V.

The order parameter, (a'a) /N, which is now an average on the thermal state,
shows the same phenomenology described for the QPT. For this reason, the
phase transition at finite temperature is still referred to as superradiant phase
transition. However, there are some differences between the two regimes,
B — +00 and a finite f3.

Firstly, it is possible to show that near the critical temperature quantum
effects can be neglected. In this regime, thermal fluctuations, quantified by
71, are larger than the typical energy of the relevant order parameter fluc-
tuations, say ¢, being the latter a vanishing quantity as ¢ — ¢g.. In other
words, the gap closes at the critical point and any finite temperature will be
sufficient to populate states beyond the ground level. As a consequence, a
classical description can be adopted in the neighborhood of the critical point
g. at finite temperature. For this reason, we will refer to this kind of super-
radiant phase transition as a classical phase transition (CPT).

Secondly, from the general theory of phase transitions, it is known that as
g approaches the critical point g, all the relevant macroscopic observables
depend on the external parameter difference |g — g.| via power laws, whose
corresponding exponents are the so-called critical ones. Because of the scal-
ing hypothesis, i.e. that systems at a critical point display scale-invariant
properties, universality holds, meaning that critical exponents are indepen-
dent of microscopic details, and many different systems share the same ones.
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Such systems show the same critical behavior and are said to belong to the
same universality class. It turns out that the critical exponents of the su-
perradiant QPT and the ones of the superradiant CPT take different val-
ues [21,23,54]. As a consequence, the finite-temperature system and the
zero-temperature one belong to different universality classes.

The theoretical investigation of the superradiant phase transition has been
followed only in relatively recent times by experimental realizations. The
major difficulty encountered by the latter has been the fact that a strong in-
teraction coupling between spin and boson is required for the phase tran-
sition to occur. Among the experimental proposals, we name here a few,
such as optical cavity QED schemes [24,56], gases of thermal atoms inside
cavities [57,58], which was later extend to the case of a Bose-Einstein con-
densate [25], and trapped ion scenarios [26]. In many of the cited proposals,
however, the system that has been taken into account cannot be regarded as
an isolated quantum system. Indeed, processes such as spontaneous emis-
sion or photon losses often cannot be neglected, and imply an additional
role played by dissipation in the system. In the next Section, we give a brief
account for these scenarios.

3.2 Out-of-equilibrium phase transition

Initially motivated by the dissipation arising from the experimental settings
for realizing the Dicke model, non-isolated generalizations of the latter have
been taken into account. In what follows we consider the more common dis-
sipative processes affecting the above mentioned physical scenarios, focus-
ing, for the sake of simplicity, on the single mode Hamiltonian (3.2). More-
over, with such kind of dissipative processes, a phenomenological equation
that effectively describes the evolution of the state p of the spin-boson Dicke
model is a GKSL equation of the type (2.19). It reads

p= _i[H7 p] + D[p], (36)

where H is the Hamiltonian (3.2), and D|-| has the form of a dissipative term
(2.20).

First of all, we consider "collective" effects, i.e. dissipative effects affecting
the boson and the total spin. The first one is the bosonic decay into a contin-
uum of modes. This can represent photon losses in cavity realizations [24],
or a cooling of the phonon degrees of freedom in trapped ion scenarios [59].
Such a process is modeled via the introduction of a jump operator L = , /7a,
so that the dissipator reads

Dyl = (apal - Sfala,p}). (37)
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The second effect is the total spin decay that can represent collective decay
of atoms. This is modeled by the jump operator L = +/T'S~, giving rise to a
dissipator of the form

Delp =T (S—ps+ “lsrs p}) . (38)

It can be shown [28] that the Dicke model (3.2) in the presence of boson
decay and total spin decay still undergoes a superradiant phase transition at
the critical point

1 \/ w4202 +17?
9e = o Q
The critical exponents characterizing such a dissipative system are the same

. (3.9)

of the CPT of the isolated system. As a result, the open quantum Dicke
model with boson and total spin decay belongs to the same universality class
of the finite-temperature Dicke model (3.2).

Besides collective effects, there are also single spin dissipative processes
that can be taken into account, such as single decay and dephasing. These
are modeled via the introduction of the jump operators L; = /T;s; and
L; = \/Ts;, respectively, and give rise to the dissipative terms

N
_ 1 _
DJ/ = Zri (Si ij - §{Szr5i 7p}) ) (310)
=1
N
Dy =Y Ty(sipsi—p). (3.11)
=1

It has been shown that, while adding any dephasing to the model prevents
the occurrence of the superradiant phase transition, the latter survives in
the presence of spin decay [27]. If this is the case, and when adding also
the single boson decay, the critical point of the superradiant phase transition

1 (w2 +T7)
e = 5\/ Y FRY R (3.12)

reads

where I'r =T') +T'y and (s.) is the expectation value in the stationary state.

3.3 Disordered Dicke model

We will now consider a generalization of the multi-mode Dicke model (3.1)
that takes into account the role of disorder, the latter being defined in terms
of spin-boson dependent coupling strengths. The Hamiltonian reads

P N p N
H=Y wiaa, + QY si+> > Giulal +a,)(s) +57), (3.13)
pn=1 =1

p=1 i=1
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where the interaction coupling g;, can be further written as gi,, = Gg;,/vV' N
where G is an overall coupling strength, and the parameters g, are treated
as indepentent identically distributed random variables, with mean value
Jo and variance J2. This model, initially introduced in the context of BEC in
multi-mode cavities [18,60], was later investigated in relation to the super-
radiant phase transition of the original Dicke model [19,29,30]. In general,
it is possible to show that in the weak disordered regime, i.e. for large values
of the ratio J;/J, the model (3.13) undergoes a superradiant phase transi-
tion both at zero temperature [29] and at finite temperature [30], between
a normal phase, that occurs at weak coupling and high temperature, and a
superradiant phase occurring at strong coupling and low temperature.

3.3.1 From the equilibrium disordered Dicke model to the
Hopfield neural network

The central focus of this Section is on the fact that there exists a relation be-
tween the above described superradiant phase transition occurring in the
multi-mode, disordered Dicke model and the second order phase transition
that describes the retrieval of memories in a stochastic HNN as described in
Ch. 1. Such a result is explained in detail in Ref. [31] for the general case of
the Hamiltonian (3.13) at finite temperature.

First of all, in the fully-commuting case €2 = 0, the partition function takes
the form Z = ZppZ;, being Zpp the partition function of a free boson, and
Zr the partition function of an Ising model with all-to-all interactions,

Z; = Tr[e PH1] = Tr[ef 2 Jiaoiod), (3.14)

Here, H; is the Ising model for the classical spins {o;}, and the interaction
couplings J;; read

5@ Zp: GinGin (3.15)
YN o w ' '

On the one hand, this result implies that, when tracing away the bosonic
field, the latter mediates a long-range interaction among the spins that is
modeled via an effective fully connected Ising model. On the other hand,
when comparing the Ising model (3.14) with the energy function (1.10) and
the interaction couplings (3.15) with the Hebb’s storage prescription (1.4),
the disordered couplings g¢;, may take a form reminiscent of memory pat-
terns. Indeed, this similarity emerges when the couplings g¢;, are chosen so
that they take the values +1, since patterns are special configurations and,
as such, N-uples of £1s.

Remarkably this analogy between the HNN and the effective spin model
derived from the Dicke Hamiltonian remains unaltered even in the case of
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a non-vanishing 2. In this case, one can estimate the partition function and
thus the free energy density of the spin-boson model with Hamiltonian (3.13).
Such calculation becomes exact in the thermodynamic limit and if the num-
ber of patterns is sub-extensive, p/N — 0. By introducing the vector m =

L ...,mP)T, where m" represents the average number of bosons for the

(m
p-th mode, normalized by N, the free energy density is minimized by the

solutions of the equation

= (% v () ). (3.16)

where 11(7) = (92 + G2( - m)%)z, and ((-)) represents the average over the
disorder distribution of the couplings, and we have fixed, without loss of
generality, w = 1. In the limit Q@ — 0, Eq. (3.16) resembles the MF equations
obtained for the Hopfield model (1.23), provided that the disordered cou-
plings g;,, play the role of the patterns ;,,. Such similarity is made more man-
ifest by taking the disorder distribution of the couplings to be the bimodal
distribution as defined by Eq. (1.2). In the normal phase, the only solution
of Eq. (3.16) is a "paramagnetic" state, where m* = 0 Vu. The superradiant
phase corresponds to a broken symmetry phase where, in resemblance with
the retrieval phase of the HNN, there are 2p non-vanishing solutions of Eq.
(3.16), of the type
g = (0,0, ...,0,£m,0, .., 0), (3.17)

NGRS N Ry A A

p—1times p—p+1times
forpu=1,...,p.

The above described result shows the relation between the multimodal
disordered Dicke model and the stochastic HNN at equilibrium. Starting
from this work, our interest is in analyzing the out-of-equilibrium proper-
ties of a disordered Dicke model, with particular focus on the dynamical
evolution towards a steady state. This investigation will be the central topic
of Part III of this thesis.
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Part 11

An open quantum generalization
of classical spin models
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Chapter 4

Quantum accelerated approach to
the thermal state of classical spin
systems with applications to
pattern-retrieval in the Hopfield

neural network

A fundamental question that is currently triggering much attention in the
quantum information, quantum many-body and computer science commu-
nities is whether quantum effects may lead to advantages in solving com-
putational problems [10, 61-65]. Several quantum algorithms have been
proposed which can outperform their best classical counterparts, such as in
the paradigmatic examples of integer factorization [3] and database search
problems [4]. Fluctuations due to quantum effects can moreover be em-
ployed to improve the performance of classical optimization algorithms by
opening “tunnelling” paths through high potential barriers that could other-
wise trap a classical system in configurations potentially very different from
the sought solution. This is the case, for instance, of quantum annealing [5]
which seeks to find the state of minimum energy within the energy land-
scape of e.g. a highly-connected spin system with random couplings [6-9].
More recently, a further paradigm emerged seeking to exploit the intrinsic
open nature of quantum systems for quantum computing [13]. Its underly-
ing idea is to encode the result of a computation in the stationary state of a
suitably engineered [16,17] quantum dissipative evolution of a many-body
(spin) system [15].

Starting from these considerations, in this Chapter we explore the ques-
tion of whether quantum effects in a purely dissipative dynamics can be ad-
vantageous for an accelerated approach to the thermal state of an interacting

47



system. For defining the latter, we will mainly focus our attention on a fully
connected Ising model, and secondarily on the HNN that has been treated in
Ch. 1. Analogously to the above-mentioned annealing or quantum compu-
tation protocols, the equilibrium state of the dynamics may encode the so-
lution of a computational problem or the result of an optimization protocol.
Our construction is based on a dissipative — yet quantum — generalization
of a classical equilibrium Markov process. The corresponding dynamics has
a pure stationary state which yields expectation values for classical observ-
ables that are identical to those of a thermal ensemble [66]. We show that
the stationary state is invariant under a set of unitary transformations which,
however, affect the dynamics in a non-trivial way [67,68]. This freedom per-
mits a (quantum) speedup of the approach towards stationarity in compar-
ison with the classical dynamics. We illustrate this in the case of a fully con-
nected Ising model and show that similar results hold for a HNN [14, 35],
which hints at the possibility of using quantum effects for the accelerated
retrieval of patterns.
The work discussed in this Chapter appears in the publication:

“Quantum accelerated approach to the thermal state of classical spin
systems with applications to pattern-retrieval in the Hopfield neural
network”

E. Fiorelli, M. Marcuzzi, P. Rotondo, J.P. Garrahan, I. Lesanovsky
Physical Review A 99, 032126 (2019).

4.1 Quantum generalization of classical stochastic

processes

In the following we will focus for simplicity on equilibrium spin models. In
this Section, starting from classical descriptions of the latter, we will build
a quantum generalization with the aim of comparing the possibly different
dynamical approach to the stationary state.

At the classical level, a spin model is described by a set of configurations
{0} ={01,09,...,0n } with N the number of classical spins, o; = £1 being
an Ising spin variable. An instance of an equilibrium classical spin model is
given in Sec. 1.2 of Ch. 1, for describing the finite-temperature HNN. Simi-
larly to the introduction of the energy function (1.10), each equlibrium clas-
sical spin model is defined in terms of an energy (or “cost”) function E(7).
In hard optimization problems [69], these functions are typically defined so
that their global minima correspond to the sought solutions in configura-
tion space. Similarly to what has been illustrated in Sec. 1.2.3 of Ch. 1 for
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Figure 4.1: Quantum accelerated approach towards stationarity. We con-
sider a purely dissipative open quantum evolution which reproduces the
stationary state properties of an equilibrium stochastic dynamics (with gen-
erator £.). The quantum dynamics (generated by the operator L) will re-
sult generally in different dynamical timescales and may lead to an acceler-
ated approach of the order parameter towards stationarity with respect to
the classical evolution. The acceleration emerges from the unitary transfor-
mation of the dynamics that leaves the stationary states invariant but may
change the structure of their basins of attraction.

the HNN dynamics, it can be shown that under any single-spin-flipping (or,
more generally, ergodic) dynamics which satisfies the detailed balance con-
dition (1.15), the probability P(7,t) of being in a given configuration ¢ at
time ¢ will approach, in the limit ¢ — oo, the Gibbs distribution. This reads

Pey(3) = e PP 1 2(B), (4.1)

where [ is the inverse temperature and Z(/3) the partition function.

In order to define a quantum generalization of such a classical spin pro-
cess, we first promote the classical variables o, to quantum spins ¢} and
encode the corresponding configurations in quantum states |&) such that
07 |d) = 0;|0). In the following, we shall refer to this as the “classical ba-
sis” and to observables diagonal in this basis as “classical observables”. Sec-
ondly, we will focus on an open quantum system, so that its state is described
by a density operator p that is, in general, a mixed one. Among the possible
open dynamics, we restrict for simplicity to a markovian and purely dissi-
pative one. That is, the state p evolves according to a GKSL equation (2.19)

p=Lp=>_ (Lij} - % {L;Ljap}) , (4.2)

J

which reads
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where £ denotes the generator of the time evolution and the operators L; are
jump operators. In order to fully specify the dynamics (4.2), we need to fix
the form of the jump operators. To this end, we define the pure state

Vi) =D\ Pea@)[3) (4.3)
{7}

and require it to be a so-called dark state of the dynamics, i.e. a state such
that L; V) = 0Vj. As a result, the density operator ps = |Vy) (U] is a
stationary state of Eq. (4.2), and its matrix representation on the classical
basis {|¢) } reproduces on its diagonal the equilibrium thermal distribution
of the corresponding classical spin model. In other words, any expectation
value of a classical observable on the stationary state py corresponds to the
(classical) thermal average

(Oa) = Tr(pssOa) = Z e PHE) (7|0ala) /Z(B). (44)
{a}

As a consequence of the above construction, any classical property can be
equivalently retrieved from the stationary state of the open quantum sys-
tem. Conversely, quantum fluctuations can affect the typical timescales of
the dynamics. It is worth noticing that, by imposing the dark state property
L;|Vy) = 0V, the “global” stationary state property Lps = 0 is “locally”
satisfied by each jump operator. This is reminiscent of the frustration-free
property typically associated to special (Rokhsar-Kivelson) systems [70].

On the one hand we have seen that the dark-state property allows us to
fix the stationary state. On the other hand, it does not uniquely fix the jump
operators. Indeed, let us consider a given set of L; and second one, L}, de-
rived from the former set by applying a set of unitary transformations u;,
ie. L) =u;L; with u;uj = [. The dynamics generated by £’, which is given
in terms of the set of jump operators L}, would still have pg as a stationary
state, since L |Vys) = 0 Vj. Itis worth noticing that it is the “frustration-free”
property of the dark state that allows one to choose different unitary oper-
ators u; for different j. In the following we will exploit the freedom in the
choice of the unitary transformations: as illustrated in Fig. [4.1], it allows us
to construct and explore different dynamics, all sharing the same stationary
state(s). Generically, the typical timescales of the dynamics will change for
different u;, yielding in some cases a faster, in others a slower approach to
stationarity.

In order to go ahead with the characterization of the quantum Markov
process (4.2), let us outline the construction of a set of jump operators. The
technical details of this derivation can be found in Appendix A.1. Firstly,
we define 7, as the list of Ising variables excluding the i-th one. Further-
more, we denote by D;(0';}) = [E(d(;},0 = —1) — E(d(iy,0 = +1)]/2 half
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the energy cost for flipping the i-th spin down, leaving the configuration of
the remaining spins fixed. From D, we define an operator AE; obtained by
taking the functional form of D; and replacing every o; (j # ¢) with the
corresponding Pauli matrix o3. For example, for D; = (1/N)}_.,;0; one
would get AE; = (1/N) >, ,,07. The N jump operators (one per site) are
then constructed according to

8
oTSAE;

2 cosh (BAE;)]?

Li=a;n;—a o, with of =

where 0 = (07 + io?)/2 are the Pauli raising and lowering operators, n; =
(07+15)/2, and the dependence of A E; on all spins but the i-th one is implicit.
This particular form of the jump operators is convenient, because it will allow
us, in the examples discussed further below, to directly relate the purely-
dissipative quantum dynamics (4.2) to the corresponding classical Glauber
dynamics with energy function £(¢).

To conclude the construction of the jump operators we use the freedom
given by the unitaries ;. For the sake of simplicity we choose local unitaries
parametrized by the two angles ¢ and ¢ as

z
%

u;(0,¢) = eitF il =it (4.6)

4.2 Fully connected quadratic models

In this Section, we study the dependence of the relaxation timescales un-
der the angles (0, ¢), focusing on classical fully connected models, which are
generically described by the energy function

E(E) = _Zjij0i0j7 (47)
1,7

with J;; being a symmetric real N x N matrix. This will allow us to study
the dynamics in terms of semi-classical collective variables. The equations
of motion for the local operators o; ¥ generated by the dynamics (4.2) with
jump operators (4.5) read (see Appendix A.2)

2 . B sech(BAE;)
of = —A7 — 5 ; Jyisech(BAEy)olo! + —
o) = —A! + gz Jrisech(BAEg)o}of,
ki
1
o7 = —AZ + 5 tanh(BAE;). (4.8)

Here we have defined A® = {f, [sech(BAE;)o? + tanh(BAE;)o7 — 1] +0}/2
(o = x,y,2), which depends on the angles (0, ¢) through the functions
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fz(0,¢0) = —sin(26) cos(¢), f,(0,¢) = sin(20)sin(¢), f.(0) = cos(20). It is
worth noticing that for § = 7/4 [i.e. f.,(nw/4) = 0] the last equation is de-
fined entirely in terms of combinations of ¢ matrices. Further below, we
shall use this choice (together with ¢ = 7/2) as a classical reference case,
as it will yield, for the z-component of spin operator, the same dynamics
one would derive from a purely-classical Glauber dynamics. We stress that
this particular choice, although reproducing the same equations of motions
for the order parameter of the classical case, is not strictly equivalent to it.
Away from this classical limit the dynamics of o becomes coupled to the
quantum coherences (represented by ¢* and ¢¥), and this coupling is con-
trolled by the angles 6 and ¢. In this sense these two parameters control the
"quantumness” of the dynamics.

4.2.1 Fully connected Ising model

As a first example we consider the fully connected Ising model, i.e. we
choose spin-independent couplings J;; = 1/N. The first step is constructing
a set of semiclassical collective variables that allow to reduce the problem
to a system of 3NV coupled ordinary differential equations. Indeed, we con-
sider the variables s* = (1/N) SV, 0% (o« = x,y, 2). Furthermore, since their
commutator reads [s, 5’| = 2ie,5,57/N, it vanishes in the thermodynamic
limit N — oo. Thus, we can effectively replace them with their expectation

values s* ~ (s*) = m®. The equations of motion read

m® = —A, + %sech(ﬁmz) - gSGCh(ﬁmz)(my>27
mY=—A,+ gsech(ﬁmz)mymgg,
m=—A, + %tanh(ﬁmz), (4.9)

where A, = {f.[m*sech(Bm?*) + m?tanh(Sm?) — 1] + m*}/2 (o = z,vy, 2).
As in the case of Eqgs. (4.8), the choice § = 7/4 decouples the third equa-
tion from the others, implying that the dynamics of m* proceeds indepen-
dently from the one of m*?. Furthermore, the equation for m? is equivalent
to the mean-field evolution equation of the order parameter of a classical
Ising model under a continuous-time Glauber dynamics. We thereby con-
sider this angle § = /4 our classical reference point (the specific choice of ¢
will not affect the evolution of m?).

The stationary state structure can be extracted by setting the Lh.s. of
Egs. (4.9) to zero. As a result, we obtain that in the high temperature regime
B < 1, the equations admit a single solution m* = m? = 0, m* = 1. We
will refer to this case as the paramagnetic one. In the low temperature regime
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B > 1, the paramagnetic solution becomes unstable. Here, two stable solu-
tions satisfying m* # 0 appear, obeying m* = tanh(8m?*). We will refer to
this case as the ferromagnetic one.

The aim of the next paragraphs is comparing the timescales of the quan-
tum dynamics with the one of our classical reference point. To this end, in
Fig. [4.2a] we show the “quantum” (red square and red dashed lines) and
“classical” (blue circle) evolution of the order parameter m*(¢) in the ferro-
magnetic phase for a specific choice of # and ¢ and fixed initial conditions.
Here, it is worth noticing that the observed acceleration away from the clas-
sical limit arises in the early stages of the dynamics, whereas the long-time,
asymptotic behavior is exponential with the same rate for both curves [ panel
(b)]. The onset of this exponential decay is thus shifted in time, leading to
a speedup.

To quantify this accelerated approach to stationarity, we define the relax-
ation time ¢ as the time it takes the order parameter to approach its stationary
value within the threshold e = 1073. The choice of this threshold is arbitrary;
however, for most values of 6 and ¢ the asymptotic approach to stationarity
is exponential with the same rate for both quantum and classical dynamics
(see A.3 for more details), as in Fig. [4.2b]. Hence, the specific value of ¢
is not relevant to determine the presence of a speedup. Some small regions
where the quantum dynamics is asymptotically slower than the classical one
exist, but they are included within regions where the early-time dynamics is
slowed down as well. In Fig. [4.2c] we show ¢/t. — which is the relaxation
time normalized by the classical relaxation time ¢. (at = /4 and ¢ = 7/2)
— in the (0, ¢)-plane for a given choice of very small initial conditions. The
plot shows large regions of accelerated relaxation separated by two narrow
strips, close to the “classical” regime, where the quantum dynamics expe-
riences instead a slowdown. The shape of these strips shows only a weak
dependence on the initial conditions.

This robustness is a consequence of the fact that, while the stationary
states are independent of the angles ¢ and ¢, their respective basins of at-
traction change (see sketch in Fig. [4.1]). As can be gleaned from Eqgs. (4.9),
m?* = 0 identifies an invariant subspace under the classical dynamics (i.e.,
m? = 0 = m* = 0). Hence, by choosing the initial conditions |m®| < 1 the
initial dynamics in the z-direction will necessarily be slow (due to the al-
most vanishing derivative). By changing the angles (and thereby the shape
of the attraction basins), the same initial condition will generically not be
close to such an invariant manifold and the quantum dynamics will start
faster, leading to the observed accelerated early-time dynamics. Indeed, the
instances in which it is slower [bright regions in panel (c)] correspond to
regions where the dynamics swaps from reaching one ferromagnetic sta-
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Figure 4.2: Comparison between the “classical” and “quantum” dynamics
of a fully connected Ising model. (a) Magnetization m* as a function of
time ¢. (b) Logarithmic plot of m*(t)—m?(t — oo) displaying the exponential
approach towards the stationary value of the magnetization. The equal slope
of all curves highlights that the asymptotic rate is the same for all choices of
the angles (0, ¢). (c) Density plot of the ratio ¢/t. in the (6, ¢)-plane. Here
t is the relaxation time at given 6, ¢-values and ¢, is the relaxation time in
the classical limit (at § = 7/4). (d) Magnetization m* for selected angles
[see panel (c)]. In panels (a) and (b) blue circle denotes the classical case
6 = 7/4; dashed line and red square correspond to the choices (¢, ¢) = (3,0)
(dashed) and (0,¢) = (0.3,4) (square). In all panels, 37! = 0.8 and the
initial conditions are randomly chosen such that |m*(0)| < 1 (a = z,y, 2).

tionary state to its opposite [panel (d)]. Hence, for most choices of § and ¢
the quantum dynamics will be faster than the classical one independently of
the initial conditions as long as |m®(0)| < 1.

4.2.2 Application to the Hopfield neural network

In this Section, we focus on the HNN that has been considered in Ch. 1. Re-
ferring to the energy funciton (4.7), the coupling matrix reads .J;; = (1/N)
h-1&1€), where ' are the patterns defined in Sec. 1.2. as independent,
identically distributed random variables, with a certain probability distribu-
tion. To make a brief recap, we have seen that the energy function of the
HNN is minimized by choosing configurations o; = &' Vi for any fixed p.
Hence, a stochastic Glauber dynamics has the patterns as stationary states,
as long as the number of patterns obeys p/N < 1 [2,39]. More generally,
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as seen in Sec. 1.2.3, at finite temperature two phases emerge: for 5 < 1 the
system is in a paramagnetic phase where the typical configurations have no
extensive overlap with any of the patterns, limy_,(1/N) >, & (0;) = 0Vp.
Instead, 8 > 1 identifies a retrieval phase where the system picks one of
the patterns (say, the v-th) and acquires a non-vanishing overlap with it,
imyo0(1/N) 32, & (03) # 0.

In the corresponding quantum model, this overlap is generalized to

1 N
my = )& (o) (4.10)
i=1

with (-) = Tr {()p(t)} representing the quantum expectation value at time ¢,
and a = z,y, z. However, in contrast to the fully connected Ising model, the
equations of motion do not straightforwardly close in the collective variables
(overlaps) mj; and further approximations are required: since the stationary
state should yield the same expectation values as a classical HNN, it is natu-
ral to think that, at least not too far from the stationary points, the dynamics
will be mostly determined by the properties of the overlaps mj;. We thus
perform the approximation (of) ~ ¢/'m{,. Moreover, we exploit the self-
averaging property defined by Eq. (1.22): for large NV we can perform the
substitution (1/N) >, F (&) — F(€), where () denotes the average over the
disorder distribution of the patterns. This reduces the equations of motion
(see Appendix A.4) to

Ay — _Az,y(ﬁ),

o

i = —A7(6) + %5# tanh B¢ - m=, (4.11)

where A% = [famﬁsech(ﬁg- mZ) + mfj] /2 (o = z,y,2). These equations
close in the 3p variables m;;¥* and can be solved numerically, the averages be-
ing calculated according to their definition F'(£) = = Dol gt F(E).

As for the example of the fully connected Ising model treated in Sec. 4.2.1,
the choice § = /4 decouples the equations for the z-component and makes
them equivalent to the classical (mean-field) dynamics. Unlike in the previ-
ous case, however, the order parameters |the overlaps m®(t)] are not neces-
sarily known (one would have to know the patterns ¢ to derive them from
the spin configurations) and therefore an averaging over initial conditions is
required.

We focus on initial conditions representing “corrupted memories”, i.e.,
we pick the initial (random) overlaps m,(0) uniformly over a small interval
[—0.01,0.01] with the exception of a single one (without loss of generality,
we fix u = p) m?(0) = Z, & 0.01, which is instead centered around a non-

vanishing value 7, # 0. This mimics a case where a classical memory en-

55



" Zy=05 Zo =025  Zy=0.125 21
0.9
¢
0.8
0 0 /40 0 /4 0 0 /4

Figure 4.3: Comparison between the “classical” and “quantum” dynam-
ics of a HNN. Density plot of the ratio ¢/t., averaged over 200 realizations
(for protocol see text). The initial conditions are fixed such that [m,(0)] is
uniformly distributed in the interval [-0.01,0.01] Vi = 1,...,p — 1, whereas
m3(0) € [Zo — 0.01, Zy + 0.01] with Z; = 0.5, 0.25 and 0.125. The remaining
components m”(0) and m¥(0) are randomly chosen in [-0.01,0.01]. For the
“quantum” case the rotation m?*(0) — m*(0), m*(0) — —m?*(0) is performed
before running the dynamics. The remaining parameters, common to all
panels, are p = 3 (number of patterns), 5! = 0.8. These plots display one
eighth of the entire (6, ¢)-plane (corresponding to the bottom-left corner of
Fig. [4.2c]), but the remainder can be reconstructed by symmetry arguments
via the transformations ¢ — 27 — ¢, 0 — /2 —60 and (0,¢) — (71 — 0,6 + )
(see Appendix A.4.2 for more details).

codes a portion of a given pattern and the task of the neural network is to
reconstruct the remainder.

Notably, merely changing ¢ and ¢ does not lead to any speedup as in the
Ising case. To find a regime where quantum acceleration occurs, a possible
protocol is the following:

(i) for each random choice of the initial conditions a spin rotation is per-
formed which maps the overlaps” z-components in z-components and vice
versa [mg,(0) — —m7,(0), m¥%(0) — m¥(0), m?(0) — mg(0)].

(ii) Afterwards the quantum dynamics is switched on. To quantify the
speedup the timescale ¢ is measured analogously to the Ising case and com-
pared with the classical value ¢. (see Appendix A.4.1). The ratios ¢/, corre-
sponding to different initial conditions are subsequently averaged. The re-
sults are shown in Fig. [4.3], where this ratio is displayed in the (6,¢)-plane
for three choices of Z,. We can identify choices of the angles for which an ac-
celerated pattern retrieval is indeed achieved. In particular, the gain is more
significant for less corrupted initial memories, i.e. larger 7.
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4.3 Summary and outlook

We investigated how quantum effects can accelerate the approach towards
stationarity of a classical fully connected stochastic system. Our results sug-
gest that, for the analyzed models, complementary methods to the estab-
lished quantum annealing techniques [9,61-65] may be exploited to enhance
pattern retrieval in neural networks. It is worth remarking that the problem
of retrieval in associative memories such as the Hopfield network we consid-
ered here is solvable in linear (in the size NV of the network) time ¢t = aN by
any standard gradient descent method. Technically what we found here is
that we can manipulate the additional degrees of freedom of our open quan-
tum dynamics in order to produce a protocol that speeds up the retrieval at
the level of the prefactor, i.e. the time needed for the retrieval is t = a,N
with o, < a.
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Part 111

Out of equilibrium dynamics of
disordered, dissipative spin-boson
models
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Chapter 5

Dynamics of strongly coupled
disordered dissipative
single-mode spin-boson systems

Prominent platforms for quantum simulation, such as cavity, circuit [71] or
waveguide quantum electrodynamics [72] as well as trapped ions [73,74]
can be modeled by ensembles of two-level systems interacting with bosonic
degrees of freedom (electromagnetic modes or phonons) according to the
Dicke Hamiltonian (3.1), as it has been highlighted in Ch. 3. The theoret-
ical understanding of such models can thus give a significant boost in the
realization and control of quantum devices. However, while the weak cou-
pling regime of spin-boson models is relatively well understood and can be
treated by a perturbative integration of the bosonic degrees of freedom, the
strong coupling limit is far more challenging [75].

An additional layer of complexity is added by the presence of disorder,
i.e. when individual spins couple to the bosons at different strengths. Beside
the fact that some degree of quenched disorder may affect realistic systems,
there is also an increasing interest in engineering non-uniform couplings
for practical applications. Indeed, systems characterized by tunable quasi-
random couplings form the basis for physical implementations of complex
optimization problems, which may for instance be solved via quantum an-
nealing protocols [6,9,76].

Disordered spin-boson systems have only recently moved into the focus
of theoretical investigations. Some of them explore the emergence of glassi-
ness when many electromagnetic modes interact at different strength with
an ensemble of qubits [29,77]. As highlighted in Sec. 3.3, Refs. [30,31] deal
with the same system showing that it effectively realizes, at equilibrium, an
associative memory. Most of the techniques employed to explore these sys-
tems, however, cannot be straightforwardly generalized to study open quan-
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Figure 5.1: Dissipative spin-boson system. (a) N weakly driven (at
strength ) two-level systems (spins) are strongly coupled to a single
bosonic mode with couplings g (k = 1,..., N). Gain and loss of the bosons
occur at rates x and v, respectively. (b) The resulting effective dissipative
dynamics of the spins is related to a fully connected Ising energy function
(ox = £1), E(d) [Eq. (5.6)], in which the interaction strength between spins
i and j is proportional to the product of the coupling constants, g;g;. The
effective dynamics features regimes which permit cooling of the many-body
spin state, i.e. significant population of the low-energy configurations.

tum dynamics in the strong coupling regime, and only a few studies deal
with disordered open quantum systems [14,28,78]. This topic acquires fur-
ther relevance in the light of recent experimental progress in multimodal
cavity QED, which realizes tunable range [79] and sign-changing [80, 81]
photon-mediated atomic interactions.

In this Chapter, we investigate a disordered and dissipative system in
which weakly driven spins are strongly coupled to a bosonic mode, as it is
illustrated in panel (a) of Fig. [5.1]. We employ a perturbative approach
which relies on the weakness of the driving rather than of the spin-boson
coupling. We find that the effective spin dynamics is governed by a rate
equation that depends on a fully connected Ising energy function as sketched
in the left-hand panel (b) of Fig. [5.1]. Depending on the rates of bosonic
loss and gain we identify several distinct dynamical regimes: two of them
are high-temperature ones, in which the stationary state of the system is
fully mixed. A further one mimics an effective low-temperature dynamics,
which permits cooling of the spin system. Outside these the dynamics is
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generally non-thermal and detailed balance is broken. This link between
an open, strongly coupled spin-boson system and the physics of disordered
Ising spin systems opens up the possibility of engineering complex classical
energy landscapes - with importance in the context of associative memories
- together with a cooling protocol.

The work presented in this Chapter appears in the publication:

“Dynamics of strongly coupled disordered dissipative spin-boson systems”
E. Fiorelli, P. Rotondo, F. Carollo, M. Marcuzzi, I. Lesanovsky
Physical Review Research 2, 013198 (2020).

5.1 Non-equilibrium spin-boson model

We consider an ensemble of N two-level systems interacting with a single
bosonic mode described by the Dicke Hamiltonian

N N
H:waTa+Zgiaf(&T+a)+QZUf. (5.1)
i=1 i=1

Here, 0" are the Pauli operators and a and a' the bosonic annihilation and
creation operators. The parameters w and (2 denote the fundamental fre-
quency of the boson, and the coherent coupling strength between the two
spin states, respectively. The spin-boson couplings g; will be modeled here
as a set of independent, identically-distributed real random variables. In
the following we shall consider two cases: as a representative of distribu-
tions centered around zero, we first take a uniform one with weight 1/(2¢o)
between —gy and gy and zero elsewhere. We then consider a bimodal dis-
tribution which peaks around two opposite values +gy. This choice mimics
the two-value distribution defined by Eq. (1.2) often encountered in asso-
ciative memory models. More precisely, we superpose two Gaussians, each
of variance s?, centered around +¢y. In both cases the mean is zero and we
denote the variance by ¢°.

We also include dissipation on the bosonic degree of freedom in the form
of markovian gain and loss processes. The state of the system, encoded in a
density matrix p, thus evolves under the action of a GKSL-like equation

. . 1
p=Lp=—ilH,p]+ ;g LypL}, = S{L} Ly, p} (52)
with the jump operators L; = \/ya, L, = \/ka' where v (k) is the loss (gain)
rate and v > k > 0.
Let us at this point briefly discuss the validity of the employed GKSL
master equation description. This is a formalism widely-employed for dis-
sipative light-matter systems [27,54,56,82]. Formally, it is derived from a
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setting in which work is performed upon the environment so that its corre-
lation with the system is very quickly erased (on timescales smaller than the
ones at which correlations are built between different subsystems, in this
case spins and bosons). Equivalently, one can imagine that the system is
coupled in succession to a plethora of equal copies of the environment [83].
Constant contact with a single environment would eventually correlate sys-
tem and bath degrees of freedom; in the system dynamics, this would be
reflected in the emergence of non-local terms. For instance, in our descrip-
tion this would produce dissipation on the spins as well, neglecting which
would cause apparent violations of the second law of thermodynamics [84].

A physical realization of the Dicke model can for instance be achieved
on trapped-ion quantum simulators, as it has been addressed both theoreti-
cally [26,85] and experimentally [86,87]. Following the scheme represented
in Fig. [5.1], such a system would consist of N ions coupling to the centre-
of-mass phonon mode of the lattice. As it has been shown for the quantum
Rabi model [88] and eventually generalized to the Dicke model [26], the ap-
plication of multiple laser fields on the ions yields both the spin dependent
coupling g07(a + a') and the weak driving term, Qo7 entering Eq. (5.1). Fi-
nally, as illustrated in panel (a) of Fig. [5.1], the gain and loss dynamics can
be achieved by applying lasers on the ions on the edge of the chain, as dis-
cussed in Ref. [89]. Since this ion is coupled to the same phonon mode as the
other ions this effectively implements jump operators of the form introduced
in Eq. (5.2).

5.1.1 Spin dynamics at strong coupling

We explore the dynamics (5.2) in the strong coupling regime, i.e. when the
driving acting on the spins is much weaker than the spin-boson interaction
(2 < g). In the following we sketch the perturbative technique we em-
ploy for this purpose, whose details can be found in Appendix B.1. First, we
split the Lindblad superoperator according to £ = £, + £,, where £;(-) =
—iQ> .07, can be regarded as a small perturbation. Focusing now on
Ly, we notice that each o7 commutes with all jump operators and Hamil-
tonian terms in it, implying that the z-components of the spins constitute N
independent conserved quantities [90]. Hence, the dynamics can be sepa-
rated in 2"V independent sectors labeled by the classical spin configurations
d = (01,...,0n), (0, € {—1,1}), where 07 |5) = 0,|7); in other words,
states belonging to different sectors never mix under the action of £y. In
each sector, the bosonic mode evolves according to a reduced Lindbladian
Ly(07 — 0,;) in which each Pauli matrix is replaced with the corresponding
eigenvalue extracted from the chosen label. For any such choice of classi-
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cal configuration, the reduced Lindbladian is quadratic in the bosonic op-
erators and thus describes a damped quantum harmonic oscillator with a
(spin-configuration-dependent) spatial displacement. This admits a single
(bosonic) stationary state, denoted by pz. We assume that, due to the ran-
dom and independent nature of the couplings ¢;, no additional symmetries
are present which could protect more complex subspaces. Hence, for any
initial state p, of the spin-boson system the corresponding stationary states
under £ is of the form py. = Y- psps @ |0) (7|, where the coefficients pz
form a set of classical probabilities.

The perturbation £; couples sectors corresponding to different classical
spin configurations ¢. Its action can be incorporated perturbatively [68,91 ]
as long as (2 is small compared to the typical rate at which coherences be-
tween sectors decay (estimated further below). We define the projector P
onto the stationary manifold of £, according to

Pp(t) = Z Trp {(7] p(t) |5)} pz ® |5) (7], (5.3)

where Trp denotes the partial trace over the bosonic mode, and use it to
define a projected dynamics for Pp(t). This is a particular example of a
Nakajima-Zwanzig projection scheme that has been introduced in Ch. 2. In
our case, this reduction yields a considerable simplification: from Eq. (5.3)
we see in fact that the time dependence of the reduced state is entirely en-
coded in the coefficients pz(t) = Trp {(7| p(t) |0)} which constitute a list of
classical probabilities. These evolve according to a master equation

D = Z W epsr — Wz5Ds, (5.4)

where W _,5 is the rate for switching from configuration ¢’ to ¢. Note that,
up to second order in (2, the corresponding stochastic process includes only
single spin flips (i.e., Wz_z # 0 only if ¢ and ¢” differ by a single spin). The

rates read
292 * —29%1’ T)+T1 T—g2s(T
Ws e = - dre” oz VD) cog [16—Af£(n2ﬁ4§ )} ,
0
8 — 2772 [ _n 8e 27
T)=—F——=|1—¢ 2TCOST]— sin(7) ,
4n [e=37 cos(T) — 1] + [n2 — 4] e 37 sin(T
s(r) = 0| (1) = 1] + [ — 4] ( )’ (55)

44
where the index i denotes which spin is being flipped and changes sign be-
tween configurations ¢ and '
In Eq. (5.5) we have introduced for brevity the (scaled) difference be-
tween loss and gainratesn) = (y—k)/w = 7/w(1—-6), theratiod = x/v € [0, 1)
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Figure 5.2: Regimes of effectively thermal spin dynamics. We set 2 = 0.1,
w = 1. (a) Statistical energy distribution versus time for N = 10 spins
for large gain-loss difference 7, starting from an initial state where all spins
point down. The superposed red solid line displays the evolution of the av-
erage energy, (E) (f) as a function of time, whereas the shading represents
the probability of being in a configuration with energy E at time ¢t. We set
n = 10 and # = 1/11 and we select the couplings g; from a uniform distri-
bution in [—go, go] with go = 3. Inset: evolution of the probabilities p, for
a system of two spins with the same parameters. We compare the effective
model (solid lines) with the numerically-exact diagonalization of the full
open quantum problem (dashed lines), highlighting good agreement. (b)
Statistical energy distribution versus time for N = 10 spins and correspond-
ing evolution of the average energy, (E) (t) forn = 0.1 and 6 = 0.9 for the red
solid line and & = 0.5 for the red dashed line. We select the couplings g¢; as
in (a). The shading represents the probability density of the energy levels
and refers to the latter case (# = 0.9). (c) The same analysis of (b) has been
performed with g; having been selected from a bimodal distribution given
by the symmetric superposition of two Gaussians centered in +¢, = £1 and
variance s = 0.25. Again, the dynamics tends to preferentially populate the
low-energy configurations at long times, and the more so the closer ¢ is to 1.
As for (b), the shading relates to the § = 0.9 case.
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and the parameter v = 4(14-0)n/[(n*+4)(1—0)]. Importantly, the sole depen-
dence on the spin configuration is through the quantity AE; = g,0, >, £i 9101,
which can be interpreted as an energy difference, as it will clarified further
below. Note that there is a characteristic scale of exponential suppression of
the integrand of W5_,5. This corresponds to the typical timescale involved
in the loss of coherence between sectors belonging to different classical spin
configurations. Since the function f(7) is bounded, and thereby f(7)+7 ~ 7
for 7 — oo, we can estimate this timescale as ¢, = 77, /w ~ w/(2¢*v). Our per-
turbative expansion thus holds as long as 2 < 1/ty..

In the following we perform a detailed investigation of the effective spin
dynamics. It turns out that the loss-gain parameter 7 is central in determin-
ing the qualitative dynamical behavior: we will identify an effective high-
temperature regime in the asymptotic limits  — oo and n — 0. Further-
more, we find an effective low-temperature (cooling) dynamics whenn < 1
and 6 is close to unity.

5.2 Large n: infinite temperature dynamics

As remarked above, the quantity AE; can be interpreted as the change in the
energy function

B(G) = —7 Y 61010105, (5.6)

i#]

occurring when the i-th spin is flipped, i.e. AE; = E(—0;) — E(0;). For a
large gain-loss difference, n > 1, we find that in Eq. (5.5) f(7) ~ s(7) ~
O(1/n). Therefore both functions are approximately zero and the parameter
v &~ 414871 determines the leading behavior of the timescale t1,. The validity

of the perturbative requirement thus imposes an upper bound to the loss-
49°(140)
wQ(1-0) "
With the above approximations the rate Wz_,5 acquires a considerably

gain difference, which must satisty 1 < n <

simpler form: having neglected s(7), itno longer depends on the sign of AE;,
implying that the rates for inverse processes 0 — ¢’ and ¢’ — ¢ are equal.
This gives rise to an infinite-temperature dynamics which populates all con-
figurations uniformly. This behavior is highlighted in panel (a) of Fig. [5.2]
for an example using couplings g; extracted from a uniform distribution: we
show that the average energy (F) (t) approaches (up to small corrections)
zero, its infinite-temperature average, as a consequence of reaching an ap-
proximately equal population of all spin configurations at stationarity.
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5.3 Small7: approximate low-temperature dynam-
ics

We now consider the opposite case 0 < 1 < 1; as we discuss further be-
low, a regime can be found in which the rate equation dynamics mimics, to
an extent, a thermal process with finite temperature. To start, we keep 0 as
an independent parameter and consider couplings extracted from the same
uniform distribution employed above. As shown in panel (b) of Fig. [5.2], in
this regime the stationary average of the energy function (5.6) generally ap-
proaches values distinctively lower than the infinite temperature one found
in the previous Section. Moreover, our numerical exploration of this parame-
ter regime suggests that this “cooling” tendency is enhanced as 6 approaches
its upper limit 1. An effect of this can be gleaned from the two curves for

= 0.5 (dashed line) and 0.9 (solid line) displayed in Fig. [5.2], panel (b),
where the former clearly decreases to a lower value than the latter. From a
physical standpoint, recalling that § = x/~ describes the relative strength of
losses and gains, this suggests that the bosonic mode cools the spins more
effectively when higher bosonic numbers are present.

In the third panel of Fig. [5.2] we repeat the same analysis for a set of cou-
plings g; produced from a different distribution. In this case, we take a sym-
metric, bimodal one, in order to mimic an associative memory model such
as those described in Ch. 1. However, the following important differences
are considered: first, as pointed out in previous works [30,31], accounting
for a single bosonic mode implies that only a single pattern (and its comple-
mentary, where all spins are flipped) can be stored in the system. Second,
in previous works the couplings can only take two possible values +g, with
equal probability. For consistency with our assumptions that no higher sym-
metries than the ones we identified at the beginning are present, in our work
we cannot allow the couplings to be equal in pairs (otherwise the total spin
on the pair of sites would be conserved). Hence, we broaden the peaks into
two Gaussians, identical up toa translation, centered at +¢go with variance
s*. In other words, if we denote by

Noos(9) = 2ms*) ™ exp [~ (g — 90)*/ (25)] (57)

a generic normal distribution, we generate our couplings from

1

P(9) = 5 Wao.s(9) + Nogos(9)] (5.8)

With this choice, the cooling behavior is still present and displays the same
qualitative features highlighted for the uniform case, i.e. the dynamics tends
to explore lower energies for values of ¢ closer to 1.
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A naive comparison of panels (b) and (c) of Fig. [5.2] suggests that the
bosons are more effective in their cooling action on the spins when the spin-
boson couplings are bimodally distributed. In fact, one can notice a sharper
contrast between the shading (proportional to the population) of the ground
state with respect to the other energy levels in (c) than in (b). However, the
two distributions have different variances and the scale of the shading is dif-
ferent in the two panels. In order to more properly address this difference,
we have compared the bimodal distribution used in (c) with a uniform one
with the same variance, i.e. with gy = /51 /4. Figure [5.3] displays a count-
ing diagram of the stationary ground state population for 1000 realizations
of either distribution of the couplings. Here, one can notice that the bimodal
case has, statistically speaking, a distinctively higher ground state popu-
lation than the uniform case, peaking beyond 0.5. Uniformly-distributed
couplings, in contrast, give rise to dynamics which typically populate the
ground state much less, with a finite probability of having less than 5% pop-
ulation at long times.

5.4 Thermal versus non-thermal rates

In order to obtain some insights on this cooling mechanism we extract now
some approximate expressions for the transition rate, which, for simplicity,
we treat as a function of the energy difference AF, now regarded as a con-
tinuous parameter. Additionally, to simplify the treatment we restrict to the
case where 1 is made smaller by bringing v — «*, while keeping x and w con-
stant, so that § = (1+nw/rx) ! increases towards unity as 7 is decreased. De-
spite being a restriction, this allows us to explore the most interesting regime,
i.e. the one where the dynamics seems to achieve the most efficient cooling.
The details of the calculations can be found in Appendix B.2.

First, we note that, for sufficiently small 7, the integrand defining W5_, 5
is rapidly suppressed for 7 > 0 due to a fast initial increase of f(7) ~ 2(1 —
cos 7)/n. Thus, the integral is dominated by the contribution close to 7 = 0.
Hence, one can expand all arguments in powers of 7. Setting for simplicity
w = k = 1 and keeping for brevity only the leading orders in » — 0, one
obtains 7 + f(7) &~ 7%/n — 73/6, v ~ 2 and s(7) &~ —7 + 73/6. This implies
that the suppression of the integrand occurs on a timescale 7 ~ +/1/(4¢?),
whereas the cosine term oscillates with a frequency which is approximately
[, = 4(AE + g?). We thereby identify (i) a regime of “small energy jumps”,
where I'? < 4¢?/n and (ii) a “large energy jumps” one with I'? > 4¢? /7. In
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Figure 5.3: Ground state population for two different distributions of the
spin-boson couplings. Histogram of the stationary ground state (gs) pop-
ulation for 1000 realizations of either distributions. Blue (yellow) columns
refer to the uniform (bimodal) case. Both distributions have zero mean
and variance g> = 17/16. The physical parameters are w = 1, n = 0.1,
6=1/(n+1) ~0.909, 2 =1 for a system of N = 10 spins. The bimodal dis-
tribution data peaks beyond 0.5; the extracted mean is approximately 50%
with a standard deviation of 11%, implying half of the final population typ-
ically lies in the ground state; the tails show a negligible probability of it
being smaller than 20%. Conversely, the uniform distribution generates a
slightly broader profile, with an average of approximately 20% and a stan-
dard deviation of 13%, implying that the ground state is populated much
less in proportion.
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Figure 5.4: Asymmetry of the rates. Weset (2 = 0.1,w = 0.1, x = 1. (a) Ratio
R,(AE) = W;(AE)/W;(—AEFE) versus energy difference |[AE|. For small val-
ues of ) the rate W;(AFE) is strongly asymmetric with respect to A E, whereas
for large  we have W;(AE) ~ W;(—AE). (b) The ratio R;(AFE) is shown for
three different values of AF = 0.02, 3, 8 and the values of g, are drawn from
a uniform distribution with support in [—g, go] with go = 6. At small 7,
the ratio R;(AE) approaches one, indicating that configurations are visited
with equal probability as for large 7). (c) The three curves in (b) are rescaled
according to log R;(AE)/AE. Their asymptotic collapse in the limit  — 0
highlights the existence of a unique inverse temperature . which governs
the dynamics when 7 is sufficiently small.

case (i), we obtain

02 — 1 (AE+g2)2
WiAE) ~ — [ le s S5 (5.9)
g;

where the index ¢ reminds us of which spin is being flipped '. The rate
reaches its maximum when AE = —g¢? < 0 and, in general, W;(|AE|) <
W;(— |AE|). This means that spin flips which lower the energy are favored,
consistently with the picture of a cooling dynamics. Case (ii) can be an-
alyzed using the asymptotic expansion of Fourier integrals [92]. To lead-
ing order this yields a power-law decay W;(AE) ~ 80%¢2I'; !, which shares
the same “cooling” properties, i.e. it corresponds to a rate that is is larger
when AFE is negative. A numerical integration suggests that W;(|AE]|) <
W;(—|AE]) holds also in between the asymptotic cases (i) and (ii).

To shed further light on the cooling dynamics we analyze this asymmetry
of the rates through the ratio R;(AE) = W;(AE)/W;(—AE). This is depicted
in Fig. [5.4(a,b)] as a function of AE and 7, respectively. In regime (i) we

'Note, that in this notation if W5,z = W;(AE) then W5 _,z = W;(—AE)).
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have R;(AE) ~ e *"F which implies a thermal dynamics with an effective
inverse temperature .4 = 47). Note that the r.h.s. has no dependence on the
index ¢, implying the existence of a unique, well-defined temperature for all
spin-flip processes. In Fig. [5.4c]| we display the ratio log[R;(AE)]/AFE for
different values of AE and show that different curves collapse to a single
(negative) inverse temperature —J.¢ up to the edge of case (i). Atn = 0 we
find that B.¢ approaches zero, leading to an infinite-temperature dynamics.
This is reasonable, since in this limit the bosonic gain rate approaches the loss
rate. This implies the population of arbitrarily high Fock states, effectively
heating the bosons. The latter then act as a high-temperature bath on the
spins. If, on the other hand, 1/f.¢ remains small or comparable with the
energy gap from the ground states of (5.6) — which on average is of order
g%, meaning 4ng* > 1) — an effective low-temperature dynamics is realized.
In case (ii), the ratio R;(AF) ~ (AE — ¢?)*/(AE + ¢?)* tends to increase
towards 1 as AE grows. Typically, the available AE;s populate both range
(i) and (ii), implying the presence of type (ii) processes which do not follow
the same low-temperature rules obeyed by the “small-jump” ones. Provided
the number of spins NV is not too large, these non-thermal processes consti-
tute, however, a small perturbation for the following two reasons: first, the
distribution of energy jumps is peaked around 0, implying that, if the pa-
rameters are adequately chosen, most jumps lie in regime (i). Second, since
the rates are decreasing functions of |AFE + ¢?|, type (ii) processes occur at
smaller rates than the type (i), thermal ones. A numerically exact analysis
of the classical master equation for N = 10, displayed in Fig. [5.2(b,c) ], in-
deed shows that the effect of the non-thermal processes is sufficiently weak
to avoid having a significant population of high-energy states in the long-
time limit. The statistical energy distribution tends instead to become con-
centrated on low-energy configurations, highlighting a clear bias of the dy-
namics towards cooling, as compared e.g., to the 7 > 1 case in panel (a).
We remark that our considerations above are qualitatively independent
of the choice of distribution for the couplings. The latter can influence in-
stead the quantitative aspects, in particular the distribution of the energy
jumps, and in turn what portion of them belongs to either the thermal of the
non-thermal type. This can shed some light on the difference highlighted in
Fig. [5.3]: in fact, it is reasonable to expect, among the two distributions with
equal variance, that the uniform one will typically produce smaller (in mod-
ulus) couplings than the bimodal one, which is peaked instead away from
the origin. Intuitively, the energies (5.6) and the energy jumps, quadratic in
the couplings, will generically be smaller (in modulus) in the former than in
the latter. Given that the parameter n = 0.1, and hence the effective (inverse)
temperature Sz = 47, is the same for both cases displayed in Fig. [5.3], it
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detailed
balance

Figure 5.5: Non-equilibrium regime. Kolmogorov criterion in a two-spin
subspace with uniformly distributed couplings; the displayed quantity is the
ratio of the product [ [ W of the four rates encountered when performing the
loop clockwise (blue arrows) divided by the analogous counter-clockwise
(red arrows) product [ [ W,., plotted as a function of 7. This ratio is 1 (sig-
nalling detailed balance conditions) only for large and very small values of
n. The intermediate point 7 ~ 2 where [[ W, = [[ W, can be safely ignored
for the following reason: for systems with more than two spins there are
multiple loops in configuration space and Kolmogorov’s criterion is never
satisfied simultaneously for all of them (except in the extremal limits 7 — 0
and 7 — oo0) and the dynamics does not obey detailed balance. The param-
etersare: w=1,Q2=0.1,k =1and gy = 4.

follows that the proportion in which higher-energy states will be populated
will typically be greater for uniformly-distributed couplings than for the bi-
modal ones. The population of the ground state reflects this, being smaller
in the former case than in the latter.

5.5 Breakdown of detailed balance

Outside the thermal regimes the dynamics is not an equilibrium one, i.e. it
does not obey detailed balance. This can be proved via Kolmogorov’s crite-
rion [93] which we analyze for the loop formed in the configuration space
of a two-spin system (see Fig. [5.5]): (11) = (1) = (1) = (11) = (11).
To this end we investigate the ratio between the product of the rates for
the clockwise (blue arrows) cycle and the corresponding product for the
counter-clockwise (red arrows) one. This ratio goes to 1 when  — oo and
also when  — 0, signalling the emergence of the infinite-temperature dy-
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namics. For different values 7 the ratio is typically different from one, which
indicates the persistence of probability currents in the stationary state and
the absence of detailed balance.

5.6 Summary and outlook

We have studied a disordered dissipative spin-boson system in the limit of
strong coupling and weak driving, which can for example be implemented
on trapped ion quantum simulators. Many aspects of the emerging physics
can be understood in terms of a disordered fully connected Ising model
whose state evolves according to a rate equation. In general the dynamics
violates detailed balance, and the system is thus out of equilibrium. How-
ever, we could identify parameter regimes in which the evolution is effec-
tively thermal. Among them there is one where predominantly low-energy
configurations are populated, which mimics the action of a low-temperature
dynamics. We have compared two cases in which the couplings have been
randomly generated from either a uniform or a bimodal distribution. The
latter case typically displays a more effective ability to cool the spins, typi-
cally achieving more than 50% population of the ground state in the station-
ary limit. In the future it would be interesting to see whether this effective
cooling mechanism permits to access low-energy states or even ground states
of complex spin networks. This might open an elegant way for encoding and
solving computationally hard problems [94] or associative memories [35]
through Ising energy functions and an appropriate (thermal) dynamics on
quantum simulators.
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Chapter 6

Signatures of associative memory
behavior in a multi-mode
spin-boson model

As discussed in Ch. 3, the Dicke model under equilibrium conditions, and
for large number of spins N — oo, displays a quantum phase transition
from a dark to a superradiant phase: for weak spin-boson coupling the av-
erage occupation number of bosons is sub-extensive (it grows slower than
N with the number of spins), whereas it is extensive (oc V') above a critical
threshold.

While originally predicted for a single bosonic degree of freedom, this
phase transition was eventually generalized to a multi-mode scenario, where
each spin interacts with several different bosonic modes. Interesting phe-
nomena can emerge in this setting, in particular when the spin-boson cou-
plings are non-uniform, disordered, and depend on both the specific spin
and the specific boson. In this case the superradiant phase features glassy
behavior [29,30,77] as well as an energy landscape that shares similarities
with simple neural networks [31,76,80].

In the following, we deal with the multi-mode generalization of the model
treated in Ch. 5, taking into account a driven-dissipative multi-mode spin-
boson model, which is sketched in panel (a) of Fig. [6.1]. We show that
its stationary properties resemble those of the HNN presented in Ch. 1.
More precisely, we identify a crossover between a disordered “paramag-
netic" phase and an ordered “ferromagnetic" one, as schematically illustrated
in Fig. [6.1], panel (b); the latter appears to be closely related to the retrieval
phase of the HNN, characterized in turn by the ability to recall previously
stored information. We furthermore explore the impact of fluctuating spin-
boson coupling constants on this crossover. Our results show that analogies
between multi-mode spin-boson systems and phases of the HNN are not
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Figure 6.1: Disordered, dissipative spin-boson system. (a) N spin-1/2
particles are strongly coupled to two bosonic modes with couplings g,
(i = 1,...,N, p = 1,2). The spins are weakly driven at a strength
) < g;,- Each bosonic mode is subjected to two dissipative processes,
gain and loss, occuring at rates x and v respectively. Patterns are en-
coded in the couplings between the spins and the bosons, corresponding
to G, = [sign(g1,); .-, sign(gn,)]” (1 = 1,2). (b) Phase diagram of the over-
lap m, = (G, - Fstat) /N between the classical, stationary spin configuration
and the pattern as a function of the parameter n = (v — k) /w (for details see
text). A smooth transition between two phases occurs, these being charac-
terized by the presence of several (ferromagnetic or “retrieval" phase) and
one (paramagnetic one) basins of attraction. The insets show qualitative
sketches of the effective free energy landscape.

limited to equilibrium settings that have been considered in Sec. 3.3.
The work presented in this Chapter appears in the publication:

“Signatures of Associative Memory Behavior in a Multimode Dicke Model”
E. Fiorelli, M. Marcuzzi, P. Rotondo, F. Carollo, I. Lesanovsky
Physical Review Letters 125, 070604 (2020).

6.1 Non-equilibrium multi-mode spin-boson model

In this Section we briefly introduce the generalization of the single spin-
boson system that has been treated in Sec. 5.1 to the multi-mode case. The
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system is made of N spin-1/2 particles that interact with A/ independent
bosonic modes, according to the Dicke-like Hamiltonian

N

M M N

H= Z wuala, + Z Z ginoi (@), + a,) + Q Z ol (6.1)
p=1 p=1 i=1 i=1

The interaction coupling g;, are now spin and boson dependent, and we

assume them to be independent, identically-distributed, real random vari-

ables. Additionally, the system exchanges bosons with a markovian bath, so

that the system state p evolves according to a GKSL equation of type (2.19).

This reads

. . 1
p= 'Cp = _Z[H7 p] + Z Ln,,upLL,M - §{LL,uLn,ua p}7 (62)

wyn=l,g

where the jump operators L, = \/Vua,, Ly, = \/Rua}, describe independent
processes of loss and gain of bosons at rates v,, > x,, > 0.

Similarly to the case of a single boson case, we can obtain an effective
master equation restricted to the spin degrees of freedom only: Up to order
Q)? the reduced spin dynamics is encoded in the classical rate equation

Pz =Y (Waapsr — Wanaps) , (6.3)

~5!

(e

with ps the probability to find the spins in the configuration ¢ and Wj_,» the
transition rate for switching from configuration ¢ to ¢’. Due to the structure
of the perturbative term, the only allowed elementary processes are single
spin flips, i.e. Wz_,5 # 0 exclusively when ¢ and ¢’ differ by a single spin.
Restricting for simplicity to v, = v, K, = Kk, w, = w, Yy, the derivation of
Eq. (6.3) can be found in Appendix B.1. We also set w = 1.

6.1.1 Energy function, overlaps and coupling distribution

Remarkably, when generalizing the result (5.6) derived for the single-mode
case, it turns out that the transition rates only depend on the spin configu-
ration through the quantity AE; = 03>, ., 9iu9;,0;, which can be regarded
as the cost AE; = E(—o0;) — E(0;) of flipping the i-th spin given an energy
function of the form
. 1
E(U) = _Z Z Z 9iun95ju0i0;. (64)
BoiEg

Equation (6.4) bears a clear resemblance to the Hopfield energy (1.10) if
one replaces the patterns ¢;, with the spin-boson couplings g;,. With this

analogy in mind, we interpret the spin-boson couplings as “noisy patterns”.
Specifically, we pick the coupling constants g;, from a bimodal distribution
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as the one defined by Eq. (5.8) and peaked around +1; i.e. we consider
Plg) = 5Ni1.5(9) + N-14(9)], given by the symmetric superposition of two
Gaussians N, (g) as defined by Eq. (5.7). From this perspective, it is natural
to introduce, as prospective order parameters, and in analogy to the HNN,
the overlaps

Slgn Gin)oi/N = Q’M a/N, (6.5)

||Mz

where G, = [sign(g1,,), .. sign( gnu)]" represent the "noiseless" patterns.

For the sake of simplicity, and in analogy with the previous Chapter, we
focus on the behavior of m,, upon varying only the parameter = v — « that
quantifies the net bosonic loss rate. As we show further below, this param-
eter controls, to some extent, effective thermal fluctuations. We further fix
k/y = 0.9, N = 50, M = 2. Finally, as transition rates are o< 0?2, we rescale
the time accordingly and effectively set 2 = 1.

6.2 Non-equilibrium dynamics

We simulate the dynamics (6.3) via kinetic Monte Carlo methods [95-97].
For convenience, we call different realizations of the stochastic process “tra-
jectories”, reserving “realizations” for different random choices of the cou-
plings.

As a starting point of the analysis we consider that, as discussed in Ch. 1,
the HNN dynamics within the retrieval phase is characterized by the pres-
ence of multiple basins of attractions, labeled by the solutions in Eq. (1.25).
On the other hand, the paramagnetic phase is characterized by the presence
of a single basin of attraction, which is labeled by the solution of Eq. (1.24).
Two trajectories (at fixed coupling realization) of the stochastic process (6.3)
are shown in panel (a) of Fig. [6.2] for two distinct 1 regimes. In both cases,
the initial configuration is obtained by flipping 20% of the N = 50 spins with
respect to the first pattern; that is, the initial configuration is 80% aligned
with the first pattern implying m,(t = 0) = 0.6. For ease of visualization
we apply a gauge transformation o; — G, 104, G; ,, — G;1G;, which aligns all
the components of the first pattern, G, 1£} > 0, Vi. The components are then
re-ordered to bring all the positive components of the second pattern on one
side and all the negative ones on the other. In the small-, regime (left-hand
side) the dynamics is trapped for long times in configurations close to ei-
ther pattern; these long-lasting periods are separated by fast switching from
one pattern to the other, a behavior commonly seen in finite-size versions of
systems undergoing spontaneous symmetry breaking. Phenomenologically
(see panel (b) of Fig. [6.1]), the free energy landscape over the space of con-
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Figure 6.2: (a)-(b) Stochastic dynamics. We select the spin-boson couplings
from a bimodal distribution given by two superposed Gaussians centered at
go = £1 and standard deviation s = 0.25. (a) Time evolution of a spin con-
figuration at fixed disorder realization. The two patterns G, , are represented
in the legend. At the initial time, the overlap between the spin configuration
and G; is m1(0) = 0.6. The left-hand side panel shows the time evolution
at 7 = 1, whereas the right-hand side shows the time evolution at n = 5.
(b) Time evolution of order parameter and overlaps as a function of time, at
n = 1. The overlaps are shown in terms of the absolute values averaged over
Niraj = 200 realizations of the stochastic process (6.3). The initial configura-
tion is chosen randomly. (c)-(d) Stationary properties. Disorder-averaged
order parameter (M), as a function of n and its standard deviation (half er-
ror bars) +({(M?) — (./\/l>é)1/ 2, resulting after the average over Ny, = 30
disorder realizations of the (symmetrized) order parameter M. The spe-
cific times at which the points are taken differ at different 7 since, as can be
gleaned from Fig. [6.2a], the dynamical timescales differ greatly in the op-
posite regimes of small and large 7. Lines are guides for the eyes. (c) The
interaction coupling are selected from a bimodal distribution given by su-
perposing two Gaussians centered in gy = +1 and with standard deviation
s = 0.25. (d) Plots of the symmetrized order parameter against » for three
values of the standard deviation s = 0.25 (red star), s = 0.125 (magenta
square), and s = 0.063 (blue circle), as reported in the legend. Different
Gaussian distributions are represented in the inset. Other parameters are
N=50,M=2,w=1,k/y=0.09.
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figurations breaks into different, approximate basins of attraction (BA); the
dynamics tends to remain confined in one such "potential well" until a rare,
sufficiently large fluctuation is able to overcome the barrier, after which the
dynamics is trapped again for long times in the new BA. A similar behavior
would also be observed, at finite size, in the thermal dynamics of the HNN
within the retrieval phase. For large 1 (right-hand side), instead, memory of
the initial state is quickly lost; the dynamics does not appreciably approach
either pattern, implying m; ~ my =~ 0 and corresponding to a case with a
single, trivial BA, analogous to the paramagnetic phase of the HNN.

The emergence of multiple BAs for small 7, in which the configuration
tends to fluctuate close to one of the recorded patterns, shows that, in spite
of the dissipation, the system is still dynamically capable of retrieving part of
the stored information. In order to quantify this very capacity, we consider
averages over a number Ny,,; of trajectories, which we denote by W for an
observable O at time ¢. Panel (b) of Fig. [6.2] shows the typical evolution
of the average overlaps |[m,(t)| (grey and black curves) at fixed coupling
realization, n = 1 and Ny,; = 200, where the absolute value is taken to
avoid averaging to zero due to the & <+ —¢ symmetry of the model. These
quantities clearly assume finite values at long times. These values, however,
are not indicative of the overlaps that can be actually achieved in any given
trajectory. This is because, once the dynamics starts exploring different BAs,
at most one overlap will be appreciably different from zero at any given time.
We clarify this with an example: say that, at a large time ¢, p/N,,; trajectories
(with p < 1) align with the first pattern giving |m,(¢)| = m, whereas the

others align with the second one (m;(t) ~ 0). Then, |m;(t)| = pm < m. To
obviate this reduction, we also study the averaged maximum

M(t) = max(|ma (t)], [m2(t)]), (6.6)

which constitutes a one-component order parameter symmetric under sign
change 7 <+ —¢ and pattern permutation (1 < 2); this symmetrization
makes M(t) a more reliable estimate of the overlap that can be achieved
within individual trajectories on either pattern.

6.3 Stationary properties

To estimate the extent of the retrieval regime, we now focus on the stationary
(long-time) properties and study M (¢t — oo) as a function of . We addition-
ally account for the fact that this quantity depends on the specific realization
of the couplings and is thus a random variable. We thereby denote by (M),
its average over the previously-defined doubly-peaked distribution of the

gixs and plot it against n in panel (c) of Fig. [6.2].
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As discussed in Ch. 5, when considering the large and the small 7 limits,
effectively thermal regimes can occur. Atlarge 7, an infinite temperature sce-
nario emerges. The finite value taken by the disorder-averaged (M), in this
regime is due to the finite size of the system. As 7 is decreased, a crossover
emerges towards larger and larger values and for  ~ O(1) it seems to reach
a maximum of approximately 0.5, meaning 75% of the configuration spins
are aligned with a pattern. In this regime, the error bars get larger as well,
implying that the system becomes more sensitive to the specific values taken
by the spin-boson couplings. Combining these results with the dynamical
ones from the previous Section, showing the emergence of several approxi-
mate BAs, suggests that the two regimes, 1) large and small, reproduce to an
extent the physics of the paramagnetic and retrieval phases of a HNN, with 7
playing the role of an effective temperature. Future investigations at variable
system size will shed further light on the features of the crossover. In order
to provide some insights on the role of quantum fluctuations, a comparison
with a simpler model is performed in Appendix B.4.

6.4 Influence of pattern noise

We recall that, in order to connect the physics of the HNN to our model,
we considered the couplings g, as noisy patterns, and g} as the noiseless
ones. One can thus distinguish between two sources of fluctuations: (i) the
randomness of the patterns, whose components can be either +1 with equal
probability , and (ii) the noise due to the finite width s of the distribution
peaks around =+1.

It is worth noticing that, while (i) is present in the HNN as well, (ii) rep-
resents an additional source of noise specific to our model. For this reason,
we wish to better understand its impact on the retrieval ability of the dy-
namics, reporting the result in panel (d) of Fig. [6.2]. After having excluded
the rightmost points n > 6, we compare the data used for the curve in panel
(c), corresponding to s = 0.25 (red) to two additional data sets analogously
obtained for s = 0.125 (magenta) and 0.063 (blue). Interestingly, reducing
s does not seem to affect the standard deviation (i.e. the error bars); in-
stead, one can spot a decrease in the average values (M)_. This suggests
that small amounts of noise over the patterns can very slightly improve the
retrieval of stored information. Although the cause is not entirely clear, it
is worth mentioning that a similar effect can be observed in the HNN too
(see Appendix B.3 for further details), where, at finite size, the introduction
of disorder over the patterns induces a broadening of the order parameter
profile. This broadening results in an effective increase of the overlaps close
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to the critical point; as one moves deeper in the retrieval phase, however, the
effect is reversed and the average overlap decreases at larger noise levels.

6.5 Summary and outlook

We have investigated the dynamics and the stationary phases of a dissi-
pative multi-mode spin-boson model, highlighting analogies between this
many-body system and the HNN, such as a pattern retrieval dynamics and
a crossover between a retrieval and a paramagnetic phase. Beyond mim-
icking the HNN, physical realizations of this spin-boson Hamiltonian, e.g.
atom-cavity setups, have the potential to systematically probe the quantum
regime, i.e. go beyond the perturbative limit considered here. Increasing the
degree of "quantumness", i.e. adding the possibility to host superpositions
and entanglement offers intriguing potential for exploring quantum effects

in the context of machine learning.
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Conclusions

In this thesis we have dealt with two different aspects concerning the imple-
mentation of HNN via open quantum systems. First, we have investigated
an open quantum generalization of HNNS5s, asking whether this description
could lead to a speed-up in reaching a retrieval state, with respect to the clas-
sical counterpart. Second, we have considered a practically relevant many-
body system (spin-boson) that naturally implements a HNN dynamics, and
may be thus considered as a quantum generalization of a HNN.

As the HNN is modeled in terms of a classical spin network ruled by a
stochastic dynamics, we first considered the issue of dealing with a mean-
ingful generalization of this kind of systems in terms of quantum mechan-
ics. To this end, in Chapter 4 we explored the question as to whether quan-
tum effects can yield a speed-up of the non-equilibrium evolution of fully
connected quadratic spin models towards a classical thermal state. In our
approach, we exploited the fact that the thermal state of a spin system can
be mapped onto a node-free quantum state whose coefficients are given by
thermal weights. This perspective permits the construction of a dissipative
— yet quantum — dynamics which encodes in its stationary state the thermal
state of the original problem. We have shown for the case of an all-to-all
connected Ising spin model that an appropriate transformation of this dissi-
pative dynamics allows the system to interpolate between a regime in which
the order parameter obeys the classical equations of motion under Glauber
dynamics, to a quantum regime with an accelerated transient timescale be-
fore approaching stationarity. Furthermore, we have shown that this effect
enables in principle a speedup of pattern retrieval in a HNN.

In order to deal with feasible physical realizations of quantum systems
showing HNN-like properties, we have then focused on spin-boson Hamil-
tonians that are described by the Dicke model. The latter are indeed an effec-
tive description for numerous quantum many-body systems such as atoms
coupled to cavity modes, quantum electrodynamics in circuits and trapped
ion systems. In equilibrium, these systems often feature a radical change
in their behavior when switching from weak to strong spin-boson interac-
tion. This usually manifests in a transition from a “normal” to a “superradi-
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ant" phase. However, understanding the out-of-equilibrium physics of these
models is extremely challenging, and even more so for strong spin-boson
coupling. While reaching the latter limit is possible in current experiments,
the theoretical analysis of the physics in this parameter regime, when both
disorder and dissipation are taken into account, is a challenge.

In Chapter 5, we have investigated a regime where the many-body spin
dynamics can be related to an Ising energy function defined in terms of
the spin-boson couplings. While in the coherent weak coupling regime it
is known that an effective description in terms of a spin Hamiltonian is pos-
sible, we have shown that a similar viewpoint can be adopted in the presence
of dissipation and strong couplings. The resulting many-body dynamics fea-
tures approximately thermal regimes, separated by out-of-equilibrium ones
in which detailed balance is broken. Moreover, we have shown that under
appropriately chosen conditions one can even achieve cooling of the spin
degrees of freedom. In Chapter 6 we have generalized such a result, show-
ing that the non-equilibrium multi-mode Dicke model at strong coupling
can mimic some fundamental properties of an associative memory. Patterns
have been encoded in the couplings between spins and bosons, and we have
discussed the dynamics of the spins from the perspective of pattern retrieval
in HNN models. We identified two phases, a “paramagnetic" and a “ferro-
magnetic" one, and a crossover behavior between these regimes. The “fer-
romagnetic" phase is reminiscent of pattern retrieval. We have highlighted
similarities and differences with the thermal dynamics of a HNN and shown
that indeed elements of associative memory behavior emerge in the strongly
coupled multi-mode Dicke model.
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Appendix A

Technical details for Part 11

A.1 Construction of the jump operators

In this Section we provide details on how Eq. (4.5) can be obtained. Our
starting point is to consider a classical spin model defined in terms of an
energy function £(¢) and an equilibrium probability distribution P.,(5) =
e PE@) | 7(B), with {7} = {01,049, ...,0n} a set of configurations of the classi-
cal spins, being o; = £1 a classical Ising variable. As a preliminary step, we
promote the classical variables o; to quantum spins o} and the corresponding
classical configurations {7} to quantum states |7) such that ¢’ |7) = 0; |7).
Once having set these definitions, we require the pure state

1 B (=
U )=—ou ) 2803 Al
|Wss) Z(ﬁ)é |7) (A1)

to be a dark state of the dynamics defined in Eq. (4.2) ,i.e. L;|Vs) = 0 V&.
In order to get an explicit form for the jump operator L;, we consider the
k-th spin state [¢), = We_gE(‘?{k}"’kzl) M), + e~ 3E@mo="D 1) where
Gy = (01, ..0k—1, Okt1, ..., on) and N(3) is a normalization factor. It is worth
noticing that the state |¢), represents a local dark state of the dynamics, i.e.
Ly |¥), = 0 withrespect to the jump operator defined in Eq. (4.5). Therefore,

applying the jump operator (4.5) to the state (A.1) we find

Ly | W) = 1/22 A
Tk}
4 ef%EWk—*” 1)) ® 75700 |G gy ) = (A2)

1/22Lk ), ® €570 |Gy ) = 0.

Tk}

Z(B)

84



A.2 Derivation of the equations of motion

This Section is devoted to provide details on how Eq. (4.8) can be derived.
We first consider the equations of motion generated by the markovian and
purely dissipative dynamics defined in Eq. (4.2) with the jumps operators
(4.5), corresponding to the case # = 0. We shall account for the additional
unitary transformation u,(6, ¢), instead, further below. We thereby evolve
generic operators O via the adjoint Lindblad equation O = Y, LIOL; —
HILLLy, O}

In particular, this can be applied to the Pauli matrices o/, v = +, —, z,
according to

) 1
67 = 3_ Lol Ln = 5{LiLw, o]} (A3)
k

We consider first the o7 operator. Since the “couplings” ai appearing in
the jump operators only depend on operators 0%, we have that [a;, 07] = 0
VEk,i. This, in turn, implies that [Ly, 07| = 0 Vk # i and therefore all terms
arising from the sum over k # i vanish, and Eq. (A.3) reads

o =— %sech(ﬁAEi)af + % [1+ tanh(BAE;)] (1 — o7), (A4)

)

where we recall that we are denoting 2n; = 1 + o7 and we have used the
identities n? = n;, njo) =0, 0, n; = o; .

We now shift our attention to the equation of motion for o, (the one
for o; can then be obtained directly via hermitian conjugation). The term

obtained for k = 7 is

(A5)

Regarding the terms arising for k # i, it is useful to introduce some short-
hand notation. First, we note that any function F'({c}},) regular enough to
have a Taylor series expansion can be commuted with ;" at the price of in-

z
2

verting the sign of o7, i.e. 0; F({0}},) = F({0}};, —07)o; . Accordingly,

eg > i Ikio; engkiUf

oo = o = ao7 (A.6)
\/2 cosh(f Z#i Jkjo; — BIrio})
Similarly, we define
,E P »3 z
Z;ﬁleJo' kaiUi
a]:n _ (& 2 J J ez2 (A.7)

\/2 cosh(B )2, Jijo; — BJkioy)
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This allows us to compactly write the following commutation relations

ofay = a0 (A.8)

Calculating the contribution coming from the sum over %k # i in the equation
of motion for ¢;" and collecting all terms, we can thus write

+ -+ 1

U;r__7+T+kZ#§ [_ (o, — ) 1w
B B o (A9)
- (%Jr - 041;)2% Uli_ + (0411r - O‘/ji)(% Uli_ — 0y )—

—(ay, = ag)agor —aioy)] o

In order to simplify this last equation, we now wish to exploit our assump-
tion on the classical energy function E(2) = —3_, ; Jijzi2;, which describes
a fully connected model. We recall that in Sec. 4.1 we defined 2AE; =
E({zx = 0f Yz = —1) — E({ 2, = 0}, }44 - 2 = +1). In order to have an
energy function which is extensive in the system size, we ask that .Ji; ~ 1/N.
Considering the thermodynamic limit and performing a series expansion in
1/N itis

+ + +
Q —ap; = Eag

1 F tanh (B Z kaaj)] BJyioi +0 (N7?). (A.10)
J

We note now that this difference is O(N~!). Since in the thermodynamic

limit we neglect everything beyond this perturbative order, we can approxi-

mate any terms multiplying (o — o) with their O(1) contribution. In par-

ticular, (o — oi5)a — (aif — ai5)ai. Equation (A.9) then reads, at leading
order,
, o ;o _ :
o) =— y P ; afay By(io})o =
N ‘ (A.11)
%y 1s.ech(ﬂAE) + zﬁ Z sech(BAEy)o}of
2 4 VT KT
where we use the identities o} = —i(0; — 01 ) and 070;" = 0;” and make the
products o . explicit.
The dynamical equations for ¢;"¥ are thus
T O-? 1 B Y
0f =— % + isech(ﬁAEi) —3 Z Jrisech(BAE)o} o,
Vg w7 (A12)
. g; x
6) = — 5 + 5 Z Jyisech(BAEg)olof,

ki
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A.2.1 Unitary transformation of the jump operators

As we explain in Sec. 4.1, the stationary state of the dynamics given by Eq.
(4.2) does not change under applying unitary transformations u; to the jump
operators according to L; — u;L; = L;. One can therefore generalize the
dynamics to a class of processes “spanned” by the parameters entering these
u;s. For simplicity, we restrict to unitaries such that u; acts solely on the i-th
spin. In each of the local subspaces, we choose

L =uwL; = o; wuin; — of wio (A.13)

7

We choose to generalize the jump operators with the following equal spin

. ib o
Uz*:( cos e sm0>7 (A14)

—e ®ginf  cosf

rotation on all sites

where the matrix representation is given in the eigenbasis of o7.
Similarly, we represent L L; as a matrix with operatorial entries

a; 0\ (o —af (a7 )?  —a; o)
LiLi=|"" o= L A15
’ (—a;r O) ( 0 0 ) (—a[a? (a;)? ( )
The dynamical equation for o} reads

1 1
67 = Lioi L= S{L{Lj 07} = Lo L — {L{Li. o7}, (A.16)

[ i 2 %
where the first term on the right-hand side reads

LVo?L, = Liulo?u;,L; = f.LIL;, (A.17)

(2 2

with the definition f,(0) = cos(20).
The dynamical equation for ;" in the thermodynamic limit is instead

(2

1
o =Lilof Li = S{L{Li, ol }+

1 (A.18)
+Y  Liof L, - é{LJILLIWU;_}a
i
where
LYo L = Liwlofu, Ly = — cos(f) sin(f)e LI L;,
(A.19)

Liot Ly, = Liulofup Ly, = Lo} Ly.

Collecting all terms, the dynamical equations for generic (6, ¢) are

,x . I5; sech(BAE;)

of =— A¥(B) — B ; Jrisech(BAE)o)o? + — Y

ol =—AY(B) + g Z Jrisech(BAEg)o}o?, (A.20)
kst

57 == AF(9) + 5 tanh(BAE),
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where we have defined f,(6,¢) = —sin(260) cos(¢), f,(0,¢) = sin(20) sin(¢)
and A} (B) = { fa [sech(BAE;)of + tanh(SAE;)o? — 1]4+08}/2,a = z,y, 2. We
observe that if one takes f, = 0, i.e. 6; = 7 Vi, the equation for ol decouples
from the other operators and reads 67 = 3[—o07 + tanh(SAE;)]. This allows
us to compare the quantum dynamics with the classical one.

A.3 Stability analysis of the fully connected Ising

model

We consider here the fully connected Ising model discussed in Section 4.2.1
of Chapter 4, obtained for J;; = 1/N, Vi, j, or equivalently for an energy
function £ = —% >, ;0i0;. In the thermodynamic limit, the 3V equations
of motions (4.8) are reduced to the closed set of 3 equations (4.9) for the
collective operators m® = (s*) = 1/N Zf\il (6), a = z,y, z. For the reader’s
convenience we repeat them below:

m® =— A, + %sech(ﬁmz) - gsech(ﬂmz)(my)Q,
mY =—A, + gsech(ﬁmz)mymx, (A.21)

1
m=—A, + 5 tanh(sm”®),

where A, = {f, [m®sech(fm?) + m* tanh(fm*) — 1] + m*}/2, a = x,y, z and
fz = —sin (20) cos (¢), f, = sin (20) sin (¢) and f, = cos (26).

The stationary solutions m® of interest of these equations obey m* =
sech(pm?), mY = 0 and m* = tanh(fm?). In order to analyze their stabil-
ity we consider a small shift away from them, i.e. we set m* = m® + dm*
and expand the equations perturbatively in m® up to linear order. We an-
alyze the timescales that characterize the long-time approach of m® to the
"ferromagnetic" stationary solution that appears for 5 > 1, comparing the
quantum case (generic # and ¢) with the classical one (0 = w/4). As we
are considering the dynamics near to the stationary solution, we perform a
first order expansion of Egs. (A.21) around the fixed points, say m, so that
m* ~ m® + om®. It is worth noting that the stationary solution itself is in-
dependent on the unitary transformation that has been applied on the jump
operators, i.e. on the angles § and ¢, hence we can get the stationary solution
m® fixing the values of § and ¢. For the sake of simplicity, we set § = 7/4,
¢ = 0 getting m® = sech(pm*), m¥ = 0 and m* = tanh(5m?).

This yields a linear equation of the form

dm® om=
omy | =S| mY |, (A.22)
om? om?
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where the matrix elements of S are
1
Sy = — §(fxsech(5mz) +1), Sip=S53=0,
1 . _
St :ZSGCh2<5mz) [feg(m®, m*) —2f3 sinh(6m7)],

So1 = — %sech(ﬁmz), S31 = —%sech(ﬂmz),

1 (A.23)
822 25[—1 + ﬁSGCh(Bmz)mx],
Sas —%sechz(ﬂmz)(g(mx,mz) — sinh(2/m?))
h?(pm? 1
Ss3 :w [f.g(m® m*) +25] — 5
where g(m®,m*) = (2pm” sinh(fm*) — 2pm* — sinh(25m?))
It is not difficult to see that
0 0
S11]=152], (A.24)
0 0

implying that S,, is one of the eigenvalues of S. As it does not depend on
the angles (¢, ¢), this eigenvalue is the same in both the quantum (6 # 7/4)
and classical (6 = 7/4) regimes.

We can immediately see that when substituting the stationary values of
m® in Spy, which is an eigenvalue of S, this is equal to the classical one ob-
tained fixing # = /4. A second important observation is that in the classical
regime f, = 0 and therefore

S33(0 =m/4) = % [—1 4 Bsech®(Bm*)] (A.25)

is also an eigenvalue of S and, since m* = sech(fm?*), Ss3(0 = 7/4) = Sao.
This implies that, in the long-time limit, the quantum dynamics is dominated
either by the same timescale or by a longer one than the classical dynamics.
Therefore, the faster approach towards the stationary state of the quantum
case over the classical one, which occurs for some value of § and ¢ as reported
in Ch. 4, is only due by the early stages of the dynamics.

A.4 Dynamical equations for the p memory case

In this Section we provide the main steps of the derivation of the equations
of motion (4.11) in the case of a Hopfield network. We recall the definition
of the overlap operators 5% = + A §Z-(“ )az, a = x,y, z. Their evolution in
the Heisenberg picture depend explicitly on the patterns ¢!, which in turn
are classical, discrete, independent identically distributed random variables
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taking the values £1 with equal probability. We now note that (i) again,
the stationary solution is independent on the unitary transformation, there-
fore it is the same obtained in the classical case § = 7/4; (ii) the stationary
dark state reproduces in its diagonal elements the probability distribution
of a classical Hopfield NN; (iii) given any operator O(c*) that is diagonal
on the o7 basis, the expectation value on the stationary state is the classi-
cal average value, being the correspondent weights the thermal ones, i.e.
(0(02)) = Tr(pssO(02)) = 557 205 €777 (7]0(0%)17).

The previous considerations lead us to argue that the dynamics of the
expectation value of spin operators will be mostly determined by the prop-
erties of the overlap and therefore we employ the following approximation,

(o) ~&'myy, a=u,y,z, (A.26)

)

where mj; = (sf) represents the expectation value calculated on the instan-
taneous quantum state. We assume now that the equations satisfy a self-
averaging property, i.e. we substitute - 3", f(&) — f(€), where (-) denotes
the average over the pattern distribution.

Performing a mean field approximation, i.e. neglecting the correlations

among the overlaps, we thus get

(A.27)

1 =
i, = —A5(8) + 56 tanh 5 - e,

where /_12‘ = [famzsech(ﬂg- m?) + mff] /2, a0 = x,y, 2, E = (&,...,é7)T, and
i
As a first consistency check for the approximations employed, we have

Tﬁa

= (m,...,m
verified that the stationary state is invariant under change of the angles (6, ¢)
and that its qualitative structure is consistent with the classical one, i.e. only
a paramagnetic stable solution appears at 5 < 1, whereas several retrieval
solutions emerge at § > 1.

Second, we checked the results of these equations for small § with a high
temperature expansion of Eqs. (A.27), obtaining agreement both in the early
and late stages of the dynamics.

A.4.1 Stability analysis

Similarly to the Ising case, we sketch here the stability analysis of Egs. (4.11),
expanding them around the stationary solutions of the overlaps for 5 > 1 up
to the first order. For the sake of simplicity, we fix § = 7/4, ¢ = 7/2 in order

to get the stationary solutions which read m¥ = 0, m; = & tanh(8€ - m?).
The expressions of the overlaps are thus taken to be
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mY = omY Y,
(A.28)
m;, &, +0my,  m, & om; Vv # p,
oy, omy,
and we get [ oy | =5 | omY, |, with
o om’

—1 [fasech(Bm?) + 1] 0
S = —Lsech(Bm?) ~1 0 . (A.29)

—%sech(ﬁm/i) 0 3 [kanﬁ) -1

Due to the triangular structure of this matrix, the eigenvalues can be directly
read off the diagonal. We note that S35 is now independent of § and ¢, im-
plying that, as in the Ising case, the asymptotic timescales of the quantum
dynamics are either the same or longer than those of the classical dynamics
(¢ = w/4). Hence, the net gain observed in the quantum dynamics arises
only from the initial transient.

A.4.2 Symmetries within the 0-¢ plane

We discuss here the three symmetries we exploit which allow us to focus on
a portion (one eighth) of the 6-¢ plane in Fig. [4.3] of Ch. 4. The first one is a
symmetry of the dynamics, which is invariant under the involutive transfor-
mation (0, ¢) — (7 — 6, ¢ + m) (remembering that 6 is defined modulo 7 and
¢ modulo 27). For any given choice of the initial conditions, the dynamics
at (0, ¢) exactly matches the one at (7 — 6, ¢ + 7) and the timescales involved
are therefore also the same.

The other symmetries of the plot are not symmetries of the dynamics,
and are only recovered upon averaging over the initial conditions. The first
one involves the substitution ¢ — m — ¢ (which changes the sign of f,) and
mY — —mY, which leaves the equations invariant. Therefore, any trajectory
m*¥*(t) obtained at (6, ¢) is equivalent to one obtained at (6, 7 —¢) where the
y component is simply inverted. Clearly, this does not affect the timescales of
the dynamics. Since we are sampling over a symmetric distribution of initial
conditions on 1Y, averages must be symmetric under ¢ — m — ¢.

Finally, we consider the transformation § — 7/2 — 6 and m* — —m?,
which also leaves the equations invariant. For “quantum” trajectories the
argument follows the same steps employed above: since the initial condition
is generated symmetrically in m?, averages should be symmetric under 6 —
7/2 — 0. For the classical trajectories, since the initial conditions are biased
by a fixed amount Z this does not hold. However, the classical case (§ =
7/4) is special since 6 gets simply mapped onto itself (and in fact m* —
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—m? represents by itself a symmetry of the equations). Hence, the average
dynamical timescales are symmetric under  — 7/2 — 6 as well.
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Appendix B

Technical details for Part I11

B.1 Rate equation for a strongly coupled spin-boson

model

In this Appendix we provide details on how Eq. (5.5) is derived. We con-
sider the more general case of a multi-mode Dicke model with dissipation,
which is the focus of Chapter 6. However, the result can be easily specialized
to the single-mode case treated in Chapter 5. The state of the system, p(t),
evolves according to the Lindblad equation p(t) = Lip(t)] = —i[H, p(t)] +
Zﬁil >t Lunp(t) LY, = 5{L}, . Lun, p(t)}. In order to obtain an effective
description of the spin dynamics at strong coupling, we consider the evo-
lution of the state as p = Lo(p) + L1(p), with Ly = £ — £, and L£,() =
0[S0 .

We first focus on the dynamics generated by £,. It is worth noticing that
each spin operator o} is a conserved quantity under the action of the super-
operator Ly. As a result, the eigenstates of o7 operators, |7) = |(01, ...,on)7),
with 07|3) = 0;|7) and th o; = +1, identify 2V spin sectors. These are
spanned by the combination |¢) (7] and represent 2" degenerate station-
ary subspaces. Thus, we can assume the stationary state of £, of the form
Pstat = Y= DsPz |0) (G|, where ps are a set of classical probabilities and p, is
the corresponding bosonic state, that we take to be a Gaussian state.

Secondly, we consider the superoperator £,, which mixes different spin
sectors, as a perturbation with respect to £, i.e. we consider (2 < g¢. Indeed,
projecting the dynamics onto the stationary manifold of £,, we exploit the
Nakajima-Zwanzig formalism, up to the order O(Q?), to write the evolution
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of the spins as
' +o0 ’
P (r) = Trp / d7' PLy T L1 pssan (1)

— 02> palr Z/ dTZTrB[@M ) (B.1)

{o}

x (a7 |0) (7] of = 1) (1),

where PP (1) = Trp[pstat(T)] = D5 05(7) |0) (7], and Tt is the partial trace
over the bosonic modes. Furthermore, we have defined the spin-configuration
dependent superoperators

V;}() - Z {_iwu[aLaﬂ’ ] + DWM () + Dnu () - Z.]\4lu [(CLL + au)7 ]
u (B.2)

ilglual{ (a] ), }}

with M, =), 21 YnpuOn,s and D, , D, the dissipative terms representing loss
and gain, respectively. By projecting Eq. (B.1) on a state |¢”), the dynam-
ics reduces to the evolution of the classical probabilities ruled by a master
equation as

Ps = Z (Warepsr — Wo—aDz) (B.3)

=5/

g

where Ws_,5 = 92 dr Z Trp [e i (pg)} , is the transition rate for the
switching ¢ — " and it allows only spin flip processes.

For going ahead in evaluating the rate expression, we exploit the super-
operator properties and we write Trp [6V;i<pa):| = Trp [(evi%*]l) ,05:|, with
Vgi,;* the adjoint superoperator of V;i and I the identity operator. Moreover,
the identity operator can be expressed in terms of a generalized displace-
ment operator of a multi-mode bosonic coherent state as I = D(0), where
D(r) = eXnon(Mak=Bu()ane=3, () with a,(0) = B,(0) = 7,(0) = 0, V.
The operator D can be written as D(7) = [], Du(7)e™ (), where D,(7) =
eon(Mal=8u(")ax  due to the commutation of bosonic operators referring to dif-
ferent modes. We then verify that the displacement operator D(0) is mapped
into the generalized one D(7) by applying the adjoint superoperator V;—LZ To

this end, we consider the differential equation - [Di (1 )} = Vi7 [D;l(T)]

and we obtain the solutions for the functions a;:, W(T) = aZ, (1), BE (7)) =
— _ — . cyq oq :l: :k . i .
B (7)Y () = 724, (7). Forinitial conditions o, ,(0) = 3 ,(0) =77, ,(0) =

0, and considering, for the sake of simplicity, w, = w, 7, = 7, K, = Kk Y1, we
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get

* 14911,0-1 i_n
al () =B, (0] = —;) [1 _ o 2)1 7

w(n —2i
292 v 1Gin0i M;

tot) = =4 1) +t]+ () +t

’yo'i,u( ) w277 [fl( )+ ]+W2(n2+4) [S( )+ ]7
+ — 0y . (B4)

() = 1—e” Anl —e 2"cos(t)] —8e 2"sin(t)

(t) = dn [e"2tcos(t) — 1] + (n* — 4) e~ 2 sin(t)
5(t) = 14 ,

where we have defined the dimensionless time ¢t = 7w, and n = (7 — k) /w,
0=r/y€0,1),and v =4(1 + 0)n/[(n* + 4)(1 — 0)].

The previous steps allow us to write the partial trace over the boson as
Trp [evf?i,i(p(;)] S IR0 [D;Z(t) pz). Recalling that the bosonic state p;
is a multi-mode Gaussian state, we recognize the quantity Trp [D;—Ll(t) ps] as
the characteristic function X(;i(t) of the state ps. The expression of the char-
acteristic function for a generic Gaussian state p of a p-mode bosonic field

reads
Xpe = eaTQaG—gaTza _ GZﬁzl[au<aT>G—a:(a)G—%d’EENd'H]
P
0 1
Q=P Q.= ( )
pn=1 _1 0 (BS)
p
5= @,
pn=1
where @ = (ay, 0}, ..., ap, a}), @) = (ap, ), d§ = ((a1)g (@), .., (ap)q s

(al) o), and (-) are the expectation values of bosonic operators on the Gaus-

sian sate pg, and ¥, is the single mode covariance matrix and reads

2( ~({@*)g — @) ({ala)g + {aal)g) — (a)g (a)g )
z((a'a), + {aal)g) = (al)g (a)g —((a"%)¢g = (a)¢)

(B.6)
where we omit the bosonic mode label p for the sake of a lighter notation.
We apply the definition (B.5), with the expectation values of the bosonic op-
erators obtained by considering the Lindblad operator £,. The characteristic
function reads

1+0 o 2igi M, (az,(t) agh(t)
X;E,i(t):eXp{; [—m ay, () + gw <77_22. + n+2i>]}’
(B.7)
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where M, = )", g;,0;. Thus, the final expression of the rate is

Q2 +oc0 ; )
Wosw = o [ty e Sartad 1
w Jo ’
202 [ 2 .
== T dte w2 [f(t)+t]COS [IG—AEJ” g+4§t)} s (BS)
0
—2n? 48 _a, 8e 3t
f(t) = O] [1 —e 2 cos(t)} i sin(t) ,

where g; = nyzl g, and the quantity AE; = Y ¢iu0i ), G101 encodes
the entire dependence on the spin configuration. By considering the rate
expression in the case M = 1, one obtains the single-mode case rate, which
is defined by Eq. (5.5).

B.2 Approximate expression of the rate for 1 small

For sufficiently small n < 1, the exponent appearing in W5_,5 is dominated
by
2
flr) = E(l — cos(7)), (B.9)
implying that the integrand is quickly suppressed as 7 grows. We therefore
perform an expansion around 7 = 0 which yields

P fE) =) (e L AT Lot (Bao)
g a2 1921 '
and A A

3(7'):—7'4—77 + 7'3—7]77 i ™+ O(7%). (B.11)

24 96
From the first term in Eq. (B.10) we see that the integrand is strongly sup-

pressed on scales 7 2 /7. Noticing that in the Taylor expansion of 7 4 f(7)
odd coefficients are finite, whereas even ones are O(1/n) for n — 0 and in-
troducing the rescaled integration variable z = 7,/ we see that higher or-
n+1/2 ,2n+1 ! 2n)

Similar considerations can be applied to s(7), which can be therefore also ap-

ders are perturbations of order O(n and can be neglected.
proximated with its leading order —7. In the following, for simplicity we set
w = 1, remembering that our “energy” AL is actually measured by con-
struction in units of w?. Additionally, we introduce the shorthand

16

o o (AE +g), (B.12)

so that, by keeping only the lowest orders of the expansion in 7, we can ap-

proximate our rate as

qZ (26+1m) o

W55 %292/ dre a7 cos (I7), (B.13)
0
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which can be integrated to give the closed expression

2
nl'7

Ws_or & 0?2 L _8922(2N+77)' B.14
> 297 (2 1 )¢ (B.14)

It is worth remarking that the exponent can be rewritten as

R 1287 {_ (AE; + g?)Q} _
897 (26+1n) (26 +n)(n? + 4)2 4g? B
_ 1281 Y B}
- (26 + ) (% + 4)2 E(7) 4 |~ Ber E(&) — const. (B.15)

highlighting the “thermal” structure of the rates. Note that, in order to ob-
tain the approximation (B.13), we have assumed that we can resum the Tay-
lor expansion of the original cosine to the function cos(I';7), whose series
only coincides with the former up to O(7?). This is only valid as long as the
cosine does not oscillate significantly before the other Gaussian term sup-
presses the integrand; in other words, Eq. (B.14) should be valid up to val-
ues of I'; of the order of ~ 1/ /1. Since we wish to understand the behavior
of the rates as functions of the energy difference AF; without restrictions
imposed by the other parameters (like 7), we need to account for energies
which exceed this range. To do this, we extract the asymptotic behavior of
the rate for I'; — co. We start by rewriting the integrand in 1V as

I(T;.7) = Re {e295;(f(7)+T)eiFiT—16in§i4 (s(¢>+r>} _ (B.16)
=Re {A(r)e"}. (B.17)

We now use the result that, if the function A admits a small 7 expansion
A(r) = i anT", (B.18)

n=0
then asymptotically in the limit I'; — oo one finds
/0 dr A1) = i i"nla,l;" (B.19)
n=0

The leading term in this expansion corresponds to the lowest n for which one
finds a non-vanishing real part. In particular, we note that Re[a,i"*!] equals
(—1)"*1Relag 1] if n = 20 + 1 is odd, and (—1)"*'Im|ay] if n = 2[ is even. For
our function we find

ap = 1, (B.20a)
a =0, (B.20b)
p
4y = —2g2 250, (B.20c)
7
p
az = 2 25+ — 2i]. (B.20d)
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The leading behavior in the large I'; limit is therefore determined by Re[as),
implying

{ e+ )r. (B.21)

= 202 Ood I(D;. 7) ~ 40%02(2 _
WO’—>U / T ( Z7T> gz( I{—i_/r]) 16(AE1‘|“912

0

To provide a very crude estimate of where the change from the two regimes
characterized by Egs. (B.14) (“small I';”) and (B.21) (“large I';”’) occurs, we
evaluate the point where the two asymptotic expressions cross (for n suffi-
ciently small): setting

2
_ ™ — i
422k + 7t = |, | ————e B9iCrtn) B.22

4¢2(2 1

I? ~ 49 (26 + 1) [logA +4log (5 log A)} : (B.23)
n

where A = 32¢2m (2K + n)n 5.

we find

B.3 Impactof pattern noise in the Hopfield Neural
Network

In this Section we compare the behavior of our spin-boson model to that of
a HNN with noisy patterns. In particular, we generate the pattern compo-
nents analogously to the spin-boson couplings, i.e. from a bimodal distribu-
tion consisting of the superposition of two Gaussians P (&) = $[Ni14(¢) +
N_1.4(8)], with N, (7)) = (278)/2 exp —(z — 20)%/(25?).

The results, reported in Fig. [B.1], have been obtained by means of a
Monte Carlo sampling of the HNN's configurations at different tempera-
tures. Denoting the the p overlaps for the HNN as (, = 5“ - ¢/N, in Fig.
[B.1(ab) ] we show the HNN disorder averaged order parameter, (M), =
(max,—1,., |Cﬂ’>£’ as a function of the temperature 7" for o = 1,...,p with
p = 2 (two memory case) and a p = 3 (three memory case), respectively.
Different lines correspond to different Gaussian widths, as reported in the
legend. As can be seen from Fig. [B.1a], near the critical point 7' = 1, the
order parameter increases with s. A similar behavior seems to be present as
the number of memories increases, as displayed in Fig. [B.1b].
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Figure B.1: Impact of pattern noise on the phase transition in the HNN.
Order parameter as a function of the temperature. The disorder distribu-
tion of the patterns is a bimodal distribution consisting of two peaks, each
of Gaussian shape, peaked at +1. Each line corresponds to a value of the
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B.4 Considerations on the reliability of the rate

equation at long times

As illustrated by Fig. [6.2c] of Ch. 6, we find for the rate equation (6.3)
parameter regimes with different stationary properties. Borrowing the ter-
minology from the physics of the HNN, we observe a "paramagnetic” phase
at large n and a "retrieval" one when 7 is small, but not too small (n ~ O(1)).
This latter phase is characterized by the emergence of multiple approximate
basins of attraction (BAs) which appear in the dynamics as metastable states
separated by fast switching from one to the other. In this section, we offer
a few considerations on whether our effective, classical approach does in
fact capture the properties of the quantum dynamics and on whether the
observed emergence of distinct (albeit approximate) attractors may be dis-
rupted by the inclusion of higher order terms in the perturbative expansion
(< Q* and higher).

The formalism we employ, details of which can be found in Refs. [68,91],
is a perturbation around the stationary space of the 2 = 0 dynamics. The
three main assumptions behind it can be summarized as follows:

(i) the presence of a subspace which is "fully" absorbing for the (2 = 0 dy-
namics, i.e. which is always reached independently of the initial con-
dition and never left. In our work, that would be the subspace the
projector P projects upon.

(ii) the presence of a finite gap (or, more precisely, a gap with finite real
part) in the spectrum of the generator £, of the {2 = 0 dynamics. This
implies the presence of a finite timescale 7 (proportional to the in-
verse of the gap) beyond which all contributions coming from states
not belonging to the stationary subspace are exponentially suppressed
in time.

(iii) asmall term (in our case, x €2) which connects the stationary subspace
of the unperturbed dynamics to the remainder of the space of states,
inducing a dynamics upon it. The assumption of smallness means that
it must act on timescales greater than the unperturbed relaxation ones
(Qre < 1).

As long as these conditions are satisfied, the resulting perturbation theory
captures with reasonable accuracy the dynamical behavior of the system and
the higher order terms can be safely discarded even at long times (as long
as ) remains perturbatively small).

The disordered, multi-mode Dicke model we discuss Ch. 6 is unfortu-
nately too complicated to to perform simulations of the full quantum dy-
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namics for a sensible system size. Hence, to provide some insights on the
formation of distinct basins of attraction at finite size and to show how they
can remain stable when quantum fluctuations are fully accounted for, we
employ a toy example, consisting of a non-disordered, single-mode Dicke
model with Hamiltonian

H = wa'a+ QS” + gS*(a + a'). (B.24)

Here, S = IV, 6%/2 is the global o component of the spin and dissipa-
tion is included, for simplicity, in the form of losses only with jump oper-
ator L = ,/ya. Models of this kind have been studied in the recent liter-
ature [27,28], providing strong evidence that they undergo, at sufficiently
strong coupling g, a superradiant phase transition which breaks the 7, in-
version symmetry o — —o7, a — —a. Before proceeding, it is important
to remark two important differences with respect to the model we discuss
in Ch. 6: the first one is that currently there is not enough evidence to sup-
port the presence of a phase transition in the multi-mode, disordered case;
the intricate form of the transition rates limits our simulations to sizes of
about N = 50; as we mention in the main text, further efforts at higher N
are required to understand how the crossover we find behaves. The second
difference is that the simplified Dicke model of Eq. (B.24) cannot be treated
within the same perturbative scheme used in Chs. 5 and 6, and illustrated in
Appendix B.2; the issue is that having equal couplings introduces new sym-
metries, and indeed it is more convenient to describe the spins collectively
as a "large spin" variable S®. Under these conditions, the space of "diagonal”
density matrices onto which P projects is no longer the full stationary space
of the unperturbed dynamics. This violates assumption (i) above: the sub-
space we project onto would still be absorbing, but not "fully" so, i.e., there
would be sets of stationary states outside it including non-zero off-diagonal
coherences. Despite these two differences, the aspects under discussion here
are sufficiently general to treat the results about the simplified model, pre-
sented below, as a reasonable indication of the behavior of the multi-mode,
disordered one discussed in Ch. 6.

To formulate a comparison with the methodology used in the main text,
which is based on sampling stochastic trajectories generated by the rate equa-
tion (6.3), the best framework to take is a quantum jump one, where the
dissipative processes are constantly monitored [98]. We have employed a
quantum-jump Monte Carlo (QJMC) algorithm to sample trajectories for
the model defined around Eq. (B.24) above. We have set N = 13 and ex-
ploited the conservation of the total spin to restrict the state space to the
highest spin representation S? = N(N/2 + 1)/2 = 195/4 (or S = 13/2 for
short). In Fig. [B.2] below we show the average value of the z component,
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m =9/2
S

0 0.5 1 1.5 2 2.5 3

Figure B.2: Quantum-jump Monte Carlo simulation of the simplified
model. Average value of the global spin z component (S.) as a function
of the dimensionless coupling w/g, for two different initial conditions. The
system parameters are all defined in terms of the coupling ¢ according to
2 = 0.05g9, v = 2g, S = 13/2 (N = 13 spins), and the plot shows () after
a time ¢ ;0 = 250097, The blue (red) curve is characterized by the initial
z-component condition m, = 9/2 (m, = —9/2).
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(S%), for two different initial conditions (|¢(t =0)) = |S = 13/2,5, = mg)
with mg = +9/2) after a long time ¢, = 2500¢g~! for various values of the
dimensionless control parameter w/g; note that increasing this parameter at
fixed + is similar to decreasing our parameter n in the main text at fixed w.
Each of the two curves is the result of averaging over 50 independent trajec-
tories and the errorbars display plus or minus the corresponding standard
deviation. The two initial conditions have been chosen with strong biases in
either direction, therefore strongly breaking the Z, symmetry of the problem
and, as expected, for sufficiently large w/g this induces a distinctive bunching
of QJMC trajectories around positive or negative values. Of course, at any
finite size waiting for long enough would lead the dynamics to eventually
restore the symmetry, but these simulations show that for rather long times
the approximate basins of attractors remain stable, even under the action of
quantum fluctuations. Whether increasing the system size would stabilize
the approximate basins of attraction under our non-equilibrium dynamics,
as it should under equilibrium conditions [29,31], remains for now an open
question.
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