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Abstract

Let E/Q and A/Q be elliptic curves. We can construct modular points derived
from A via the modular parametrisation of E. With certain assumptions we can
show that these points are of infinite order and are not divisible by a given prime
p. We can also show that the group generated by these points is isomorphic to
a representation of the projective general linear group.

We further investigate this representation, initially looking at the modular rep-
resentation theory associated to it. We classify all the Fp-submodules and look
at their group cohomology with respect to subgroups of the projective general
linear group. We then look at the integral representation theory associated to
the representation. We look at some of the Zp-lattices and apply the modular
representation theory to determine the size of their group cohomologies.

We finally look at applying the representation theory to the group generated by
the modular points. In particular, using Kolyvagin’s construction of derivative
classes, we find elements in certain Shafarevich-Tate groups of prime power
order.
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Introduction
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introduction

Throughout this thesis, we are interested in a specific type of curve.

Definition. An elliptic curve E over a field K is a smooth projective curve of
genus 1 defined over K together with a distinguished K-rational point O.

Let K be a number field, a finite field extension of Q. We are interested in the
structure of E(K). An important starting point for this is the following.

Theorem (Mordell-Weil Theorem). Let E/K be an elliptic curve. Then there
exists an r ≥ 0, called the rank of E/K, such that

E(K) ∼= Zr ⊕E(K)tors

where E(K)tors is the finite subgroup of all torsion points in E(K). In partic-
ular, E(K) is finitely generated.

Therefore, to understand the structure of this group, we want to calculate the
rank of the elliptic curve. For an integer m ≥ 1, the quotient E(K)/mE(K) is
isomorphic to a subgroup of the m-th Selmer group, denoted Selm(E/K) and
whose defintion is provided in Definition 2.1.4. In particular, for certain primes
p such that E(K)[p] = 0, the quotient group E(K)/pE(K) has dimension as
an Fp-vector space equal to its rank. Therefore, the study of Selmer groups is
important in the understanding of the rank of elliptic curves.

Kolyvagin and Wuthrich have both looked at bounding the size of Selmer
groups. This involved the study of modular points on elliptic curves. Let
E/Q be an elliptic curve of conductor NE . Due to the modularity theorem
there exists a surjective morphism

ΦE : X0(NE)→E

defined over Q, known as the modular parametrisation attached to E, where
X0(NE)(C) = Γ0(NE)\H∗ is a modular curve and∞ on X0(NE) maps to the
point of infinity on E. We will not look at the definition of X0(NE) in this
thesis, but for details on its construction, see [14]. There exists a subvariety
Y0(NE) of X0(NE) which can be viewed as a moduli space of pairs (A,C)
where A is an elliptic curve and C is a cyclic subgroup in A of order NE .
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Definition. Let E/Q be an elliptic curve of conductor NE and let

(A,C) ∈ Y0(NE)(K)

for some number field K. Then we define ΦE(A,C) ∈ E(K) as a modular
point.

Kolyvagin was able to use a specific type of modular point known as a Heegner
point to prove the following.

Theorem (Kolyvagin). Let K be an imaginary quadratic field such that all
primes dividing a fixed integer NE are split. Let E/Q be an elliptic curve of
conductor NE. Let PK ∈ E(K) be the trace of a certain Heegner point and
suppose that PK is of infinite order. Then:

1. The rank of E(K) is 1.

2. The Shafarevich-Tate group of E/K is finite.

In order to prove this, Kolyvagin used Heegner points to create cohomology
classes to bound Selmer groups over K. In particular, the cohomology classes
he created were shown to lie outside the Selmer group, hence bounding the
Selmer group from above. He then showed that the Selmer group is generated
by the image of [PK ] ∈ E(K)/pE(K) under the Kummer map, which is defined
in the notation, for a certain type of prime p such that E(K)[p] = 0. Hence,
he showed that no element in the Selmer group is a lift of a non-trivial element
of the Shafarevich-Tate group and hence the rank of E(K) is equal to the
dimension of Selp(E/K) as an Fp-vector space.

Wuthrich then worked on an analogue system to Kolyvagin’s work where he uses
a type of modular point known as self points to create derivative classes. He
then linked the group generated by the self points with the representation theory
associated to the projective general linear group, as seen in Theorem 2.3.8 and
Theorem 2.3.9. Using this link, unlike in Kolyvagin’s case, he showed that the
derivative classes created lie in the Selmer groups over certain fields and hence
found lower bounds for these, as seen in Theorem 2.3.10.

We would like to follow Kolyvagin’s construction of derivative classes to bound
Selmer groups by extending the idea of self points to a generalised construction
of modular point. Let E/Q be an elliptic curve of conductor NE . Define
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xA,C := (A,C) where A is an elliptic curve and C is a cyclic subgroup in A of
order NE . Fixing A/Q, we will denote PA,C := ΦE(xA,C) ∈ E(Q(C)) where
Q(C) is the field of definition of C. We denote the compositum of all such
Q(C) as KNE . This is the smallest field K such that its absolute Galois group
GK acts by scalars on A[NE ]. This has Galois group GNE := Gal(KNE/Q)

which can be identified as a subgroup of PGL2(Z/NEZ) via the mapping

τQ,A,NE : GQ→Aut(A[NE ]) ∼= GL2(Z/NEZ)→PGL2(Z/NEZ).

In Kolyvagin’s case, τQ,A,NE is far from surjective, however in the generic case,
we will take it to be surjective. As in the work of both Kolyvagin and Wuthrich,
we need to look at the divisibility of the modular points in E(Q(C)) and un-
derstand the relationships between them. This will provide us with an under-
standing of the rank of the group generated by these points. Initially, we want
to see when the modular points are of infinite order. We obtain the following
result, which is Theorem 4.1.1.

Theorem. Let E/Q be an elliptic curve of conductor NE. Let A/Q be an
elliptic curve such that the j invariant of A is not in 1

2Z and the degree of any
isogeny of A defined over Q is coprime to NE. Then the modular points PA,C

are of infinite order for all cyclic subgroups C of order NE in A.

From this, we can show that if p is a prime with specific conditions related to A
and E, then PA,C is not divisible by p in E(Q(C)) as seen in Proposition 4.1.5.
We also see that there exist linear relations between the modular points. If
d 6= NE is a divisor of NE and B is a cyclic subgroup in A of order d, then

∑
C⊃B

PA,C ∈ E(Kd) is torsion,

where Kd is the smallest number field such that its absolute Galois group acts
by scalars on A[d], as seen in Proposition 4.1.3. This reduces the rank of the
group generated by these points.

We then take a look at a specific case of creating higher modular points for a
prime p of either good ordinary or multiplicative reduction with respect to E.
Here, we will look at the case where p is a prime of good ordinary reduction.
Let D be a cyclic subgroup in A of order pn+1 for a prime p and n ≥ 0. We look
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at the higher modular point coming from (A/D,ψ(C)) where ψ : A→A/D is
the isogeny defined by D. We define QA,D = ΦE(A/D,ψ(C)) ∈ E(Q(C,D)).
Then the higher modular points form a trace-compatible system with

ap(E) ·QA,D =
∑
D′⊃D

QA,D′

where the sum is taken over the subgroups D′ of A of order pn+2 containing D
and ap(E) is the p-th Fourier coefficient for the modular form associated to the
isogeny class of E. Using this, we can show that if PA,C is of infinite order, then
we have created a tower of points which are also of infinite order. In particular,
we show that the higher modular points generate a group of rank pn+1 + pn

as seen in Proposition 4.2.3, and so if Fn defines the compositum of all such
Q(C,D), where C and D intersect trivially as their orders are coprime, we have
Fn = Kpn+1NE and rank(E(Fn)) ≥ pn+1 + pn by [20, Corollary 3.7]. Hence we
are able to use this information to establish a link between the group generated
by the higher modular points and the representation theory associated to the
projective general linear group, as seen in Proposition 4.2.3.

If we let Gn := PGL2(Z/pn+1Z) for n ≥ 0, we will see that we can relate the
group generated by the higher modular points to certain Zp[Gn]-lattices in

Vn = ker
(

Qp

[
Gn/Bn

]
→Qp

)

for p prime and Bn a Borel subgroup of Gn. We can view

Vn =

{
f : P1

n→Qp :
∑
C

f(C) = 0
}

where P1
n := P1(Z/pn+1Z). This contains the standard lattice

Tn = ker
(

Zp

[
Gn/Bn

]
→Zp

)
,

whose cohomology with respect to subgroups of Gn is easily understood. Hence,
we take a look at the integral representation theory of Gn in Chapter 3 in order
to further understand the Zp[Gn]-lattices in Vn. This will require understanding
the modular representation theory associated to Gn as seen in section 3.3. In
particular, we find all Fp[Gn]-submodules of IndGnBn(Fp) in Theorem 3.3.8 and
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link them to the Zp[Gn]-lattices we have found in section 3.5. They also help
to calculate the cohomology of Zp[Gn]-lattices with respect to subgroups of Gn,
as seen in section 3.6, which we can apply to the modular points. In particular,
we show the following, which is Theorem 3.6.20.

Theorem. Let W be a Zp[Gn]-lattice of Vn such that WBn = TBnn . Then
W ∼= Tn.

We then generalise Wuthrich’s work in [39] using the ideas of Kolyvagin in
[24] in Chapter 4. We create derivative classes coming from higher modular
points of infinite order which are not divisible by p in E(Q(C)) as shown in
Proposition 4.1.5.

Suppose p is one of the following:

• A prime of split multiplicative reduction for E and p - ordp(∆E),

• A prime of non-split multiplicative reduction for E,

• A non-anomalous prime of good ordinary reduction for E,

where ∆E is the minimal discriminant of E. Here, a prime p of good reduc-
tion for E is said to be anomalous if p divides |Ẽ(Fp)| and is non-anomalous
otherwise as defined in Definition 4.1.4. This ensures that the higher modular
points are not divisible by p in E(Q(C)). Let

Fn :=

 Kpn+1NE if p is a prime of good reduction for E,
KpnNE if p is a prime of multiplicative reduction for E,

for n ≥ −1 with F := F−1. We assume

τF ,A,p : Gal(F/F )→PGL2(Zp)

is surjective giving Gal(Fn/F ) ∼= Gn. We letAn be a non-split Cartan subgroup
of Gn. This is a cyclic subgroup of order pn+1 + pn. Then we define Ln to be
the subfield of Fn fixed by An. We are able to construct a mapping

δn : H1(An,Sn)→X(E/Ln)[p∞]

as seen in Lemma 4.3.15, where Sn denotes the saturated group generated by the
higher modular points in E(Fn) as defined in the notation. With the conditions
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on p, we can show that the source of δn is a cyclic group of order pn. This result
derives from the link between the construction of the derivative classes and
integral representation theory. The group Sn defined earlier is isomorphic to a
Zp[Gn]-lattice containing Tn as seen in subsection 4.3.2. Due to the structure
of Sn and the above theorem, we are able to show that Sn ∼= Tn under the
conditions we have stated and therefore, as we understand the cohomology of
Tn associated to subgroups of Gn, we can show that the source of δn is a cyclic
group of order pn. We can then use this to prove the main theorem of this
thesis, which is Theorem 4.3.18.

Theorem. Let E/Q and A/Q be elliptic curves of conductor NE and NA

respectively. Let p > 3 be a prime of multiplicative reduction for A such that
ordp(∆A) = 1 and let Fn be as defined above. Assume that:

1. A is semistable,

2. E has either split multiplicative reduction at p with p - ordp(∆E), non-split
multiplicative reduction at p, or good ordinary non-anomalous reduction
at p,

3. The degree of any isogeny of A defined over Q is coprime to NE,

4. ρQ,A,p is surjective,

5. ρQ,E,p is surjective,

6. Any prime ` of bad reduction for E and good reduction for A has a`(A)2 − 4`
square modulo p where a`(A) is the Hecke eigenvalue of the newform f

attached to the isogeny class of A.

Then there exists an element of order pn in Selp
n

(E/Ln).

As with the modular curve, we will not look at the definition of a newform f

attached to A in this thesis, but for more details, refer to [14]. This theorem is
not only a generalisation of Wuthrich’s work on self points to the modular points
setting, by bounding Selmer groups from below, but it shows that we can also
construct specific elements of prime power order in these groups. We are able to
prove that if the first and fourth conditions in the theorem are true, then τF ,A,p

is surjective and so Gal(Fn/F ) ∼= Gn for all n ≥ 0 as seen in Proposition 4.3.17.
The fifth point is essential in order to ensure E(Fn)[p] = 0 for all n ≥ 0 as
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seen in Proposition 4.3.14. We know that this condition excludes only a finite
number of primes if E has no complex multiplication. The final point ensures
that the primes dividing NE but not NA split completely in Fn/Ln as seen
in Theorem 4.3.2. This is fundamental when showing that the image of the
derivation map δn lies in X(E/Ln) in Lemma 4.3.15.

This thesis will compose of three chapters. The first chapter will look at two
different constructions of modular points and how they can be used to bound
Selmer groups. We initially look at the construction of Heegner points and fol-
low the method of Kolyvagin exactly as shown in [19] to construct cohomology
classes coming from Heegner points. We will see that the cohomology classes
lie outside of the Selmer group, restricting its size. In particular, the Selmer
groups are cyclic and generated by an element that lies in the image of the
Kummer map rather then a lift of a non-trivial element in the Shafarevich-Tate
group.

We then look at Wuthrich’s work in [39] on the construction of a different type
of modular point called a self point, and how they form an analogue system to
Kolyvagin’s work to produce cohomology classes. We will look at how we can
relate the group generated by the points in the elliptic curve to a Zp[Gn]-lattice
inside Vn. We will see that Wuthrich was able to use information on the integral
representation theory of Gn to show that the derivative classes lie in the Selmer
groups, increasing their size. In particular, the size of the Selmer groups are
bounded below by a prime power as seen in Theorem 2.3.10.

The second chapter will focus on the representation theory of Gn. We initially
look at the group theoretical properties associated to Gn in section 3.1 as well as
some important cohomological results that will be vital to the understanding of
the representations in section 3.2. We then focus on the modular representation
theory of Gn in section 3.3 in order to provide a further understanding of the
integral representation theory. Here we find all the possible Fp[Gn]-submodules
of IndGnBn(Fp), defining all in Theorem 3.3.8, and look at some cohomological
results associated to them.

We then focus on the integral representation theory associated to Gn. We
initially look at the n = 0 case in section 3.4 and show that we are able to find
all Zp[G0]-lattices in V0 in Theorem 3.4.1 due to its irreducibility as a Qp[G0]-
module. However, this is not the case when n ≥ 1. We study the lattices
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we have found in section 3.5 and their cohomological results with respect to
subgroups of Gn in section 3.6.

The final chapter will look at generalising the construction of self points, as seen
in both sections 4.1 and 4.2, to prove the above theorem in section 4.3. We
will show that we are able to follow the method of Wuthrich to bound Selmer
groups from below by a prime power. However, we go further to show that the
Selmer groups must contain an element of prime power order as seen in both
Theorem 4.3.1 and Theorem 4.3.18. This relies on the work on the representa-
tion theory in the previous chapter to further understand the structure of Sn.
We finally look at some examples of the results to elliptic curves in section 4.4.

1.1 Notation
We briefly mention the notation that will be used throughout this thesis. We
will split this section into two, starting with the notation for the arithmetic
side, which will be required for chapters 2 and 4. Then we will look at the
notation used for the algebraic side.

1.1.1 Arithmetic Notation

For a number field K, we define its absolute Galois group as GK . If we let ν be
a place of K, then we define Kν as the completion of K at ν. We then let Iν be
the inertia subgroup of GKν . We will also be looking at the Galois cohomology
attached to a GK-module M . We define Hi(K,M) := Hi(GK ,M) for i ≥ 0.

For an elliptic curve E over K and m > 1 an integer, let E[m] be the m-torsion
subgroup of E(K). We have GK acting on E[m] and this leads to a Galois
representation

ρK,E,m : GK→Aut(E[m]) ∼= GL2(Z/mZ).

Let p be a prime number. We then define E[p∞] = ∪n≥1E[pn]. Also, we define
TpE = lim←−

n
E[pn] to be the p-adic Tate module of E. This leads to the Galois

representation
ρK,E,p : GK→Aut(TpE) ∼= GL2(Zp)

9



1.1 notation

where Zp will denote the p-adic integers. If we let

πm : GL2(Z/mZ)→PGL2(Z/mZ) and πp : GL2(Zp)→PGL2(Zp)

be the quotient mappings where Zm := ker(πm) is the centre of GL2(Z/mZ),
we define the mappings τK,E,m = πm ◦ ρK,E,m and τK,E,p = πp ◦ ρK,E,p.

We also define the Kummer map. Let E/K be an elliptic curve over a number
field K and m ≥ 1 an integer. Then there is a short exact sequence

0→E(K)/mE(K)
κ−→ H1(K,E[m])→H1(K,E)[m]→0

as shown in section 2.1. Here, we define the mapping κ as the Kummer map,
where for P ∈ E(K), we let Q ∈ E(K) such that P = mQ. Then the class
κ[P ] ∈ H1(K,E[m]) is given by

κ[P ](σ) = σ(Q)−Q.

For p a prime, we define ap(E) to be the Hecke eigenvalue of the newform
f attached to the isogeny class of E. We will not look at the definition of a
newform f attached to E in this thesis, but for more details, refer to [14].

Let E/Q be an elliptic curve of conductor NE . Due to the modularity theorem,
there exists a surjective morphism

ΦE : X0(NE)→E

defined over Q where X0(NE)(C) = Γ0(NE)\H∗ is a modular curve with
subvariety Y0(NE)(C) = Γ0(NE)\H, which is isomorphic to

{(A,C)|A is an elliptic curve and C is a cyclic subgroup in A of order NE}/∼

where (A,C) ∼ (A′,C ′) if there exists an isomorphism ψ : A→A′ such that
ψ(C) = C ′. We will not look at definitions of X0(NE) or Y0(NE) in this
thesis, but for details on their construction, see [14].
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Using this, we look at the notation for the modular points we will look at in
chapters 2 and 4. Let E/Q and A/Q be elliptic curves of conductor NE and
NA respectively. Let C be a cyclic subgroup in A of order NE and define

xA,C := (A,C) ∈ X0(NE)(Q(C))

where Q(C) is the field of definition of C. If A = E, then we define xC := xE,C .
The image of this point under ΦE will be defined as

PA,C := ΦE(xA,C) ∈ E(Q(C))

with PC := PE,C when A = E. The compositum of all such Q(C) will be
denoted KNE . We then define the group GNE := Gal(KNE/Q). Via τQ,A,NE ,
this can be viewed as a subgroup of PGL2(Z/NEZ). Let d be a divisor of NE .
Then we define the image of GNE in the projection

PGL2(Z/NEZ)→PGL2(Z/dZ)

as Gd with Kd defined as it’s fixed field in KNE . Namely, Kd is the smallest
field such that its absolute Galois group acts by scalars on A[d].

We then look at the notation required for higher modular points. Their con-
struction will be explained in chapters 2 and 4, but they will be denoted QA,D

where D is a cyclic subgroup in A of order pn+1 for p prime and n ≥ 0. Here,
we let QD := QE,D whenever A = E. The points QA,D will be defined over

Fn :=

 Kpn+1NE if p - NE ,
KpnNE if p||NE ,

for n ≥ −1 with F := F−1. Here, p||NE means p strictly divides NE and
so is a prime of multiplicative reduction with respect to E. We will also let
Gn := Gal(Fn/F ). Finally, we let

Sn := {P ∈ E(Fn) : there exists a k ≥ 0 such that pkP ∈ Zp[Gn] ·QA,D}

be the saturated group of higher modular points.
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1.1.2 Algebraic Notation

For the algebraic side, we will be looking at the representation theory associated
to

Gn := PGL2(Z/pn+1Z)

and its action on the projective line defined over a cyclic group of prime power
order, which we will denote P1

n := P1(Z/pn+1Z). Throughout this thesis, we
let an element a b

c d

 ∈ Gn
denote the coset representing this matrix in Gn. We first look at the notation
we will use with regards to subgroups of Gn. Let µn : Gn→G0 be the surjective
reduction mapping. We now fix definitions for certain subgroups. We let:

1) Gn := PGL2(Z/pn+1Z),

2) Bn := {( u v0 1 ) ∈ Gn} a Borel subgroup of order p2n+1(p− 1),

3) Hn := {( 1 a
0 1 ) ∈ Gn} a cyclic subgroup of order pn+1, generated by ( 1 1

0 1 ),

4) In := {g ∈ Gn : µn(g) ∈ B0} the standard Iwahori subgroup which has
order p3n+1(p− 1),

5) Pn := {g ∈ Gn : µn(g) ∈ H0} the pro-p Iwahori subgroup and a Sylow-p
subgroup of In,

6) Un := {( 1 0
a 1 ) ∈ Gn : p|a} a cyclic subgroup of order pn, generated by

( 1 0
p 1 ),

7) Dn := {( a 0
0 1 ) ∈ Gn} a split Cartan subgroup, which is cyclic of or-

der pn(p − 1) and generated by the element ( c 0
0 1 ) where c generates

(Z/pn+1Z)×,

8) N(Dn) the normaliser of a split Cartan subgroup, a subgroup of Gn which
contains Dn of index 2,

9) An a non-split Cartan subgroup, which is cyclic of order pn(p+ 1) and
generated by an element denoted αn,

10) N(An) the normaliser of a non-split Cartan subgroup, a subgroup of Gn
which contains An of index 2.
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1.1 notation

If we define the surjective reduction mapping µkn : Gn→Gk for 0 ≤ k ≤ n, then
we may define the subgroup

Ikn = {g ∈ Gn : µkn(g) ∈ Bk}.

We have Inn = Bn and also, as µn = µ0
n, we have I0

n = In.

We also look at the notation we will use for the representations associated to
Gn. Let p 6= 2 be a prime. Then for n ≥ 0, we define the Qp[Gn]-modules

V(n) := Qp

[
Gn/Bn

]
= IndGnBn(Qp)

and
Vn := ker

(
V(n)→Qp

)
.

We can view
V(n) = Maps(P1

n→Qp)

and
Vn :=

{
f : P1

n→Qp :
∑
C

f(C) = 0
}

We can then define the standard Zp[Gn]-lattices

T(n) := Zp

[
Gn/Bn

]
= IndGnBn(Zp)

and
Tn := ker

(
T(n)→Zp

)
inside V(n) and Vn respectively. We will see in Theorem 2.3.4 that as a Qp[Gn]-
module, V(n) decomposes as

V(n) =
n⊕

i=−1
Wi

where Wi are irreducible Qp[Gn]-modules of dimension δi as a Qp-vector space
where

δi =


1 if i = −1,
p if i = 0,
pi+1 − pi−1 if i ≥ 1.

13



1.1 notation

These modules take the form

Wi = ker
(

Qp

[
Gi/Bi

]
→Qp

[
Gi−1/Bi−1

])

=

f : P1
i→Qp :

∑
C⊃D

f(C) = 0 for D ∈ P1
i−1


for i ≥ 0 and W−1 = Qp. We also define the standard Zp[Gn]-lattice inside Wi

as

Ri = ker
(

Zp

[
Gi/Bi

]
→Zp

[
Gi−1/Bi−1

])

=

f : P1
i→Zp :

∑
C⊃D

f(C) = 0 for D ∈ P1
i−1


for i ≥ 0 and R−1 = Zp. Finally, we can extend this construction to the
standard lattice in ⊕n

i=k+1Wi for 0 ≤ k ≤ n− 1 which is

Rkn :=
{
f : P1

n→Zp :
∑
C⊃D

f(C) = 0 for all D ∈ P1
k

}
.

Finally, throughout Chapter 3, we letMn := IndInBn(Fp) and will show thatMn

is uniserial as an Fp[In]-module for all n ≥ 1 in Proposition 3.3.1. We then de-
fine all the Fp[In]-submodules ofMn as Et where t is the dimension of Et as an
Fp-vector space and 1 ≤ t ≤ pn. Using this, we define Kt := IndGnIn (Et). For the
definitions of all the other Fp[Gn]-submodules of IndGnBn(Fp), see Theorem 3.3.8.
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Chapter 2

Background
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background

This chapter is split up into three sections. In section 2.1, we look at the
definitions of both Selmer groups and Shafarevich-Tate groups and the moti-
vation to study them, mainly following [12]. We initially look at the group
structure of an elliptic curve in Theorem 2.1.1, the Mordell-Weil Theorem, and
provide a summary of its proof. This involves looking at the Weak Mordell-
Weil Theorem, Theorem 2.1.3, which requires the definitions of both the Selmer
group and the Shafarevich-Tate group in Definition 2.1.4 as well as the Selmer
group being finite as seen in Theorem 2.1.5. We then state a version of the
Birch and Swinnerton-Dyer Conjecture, which is Conjecture 2.1.8, and state
a contribution towards it in Theorem 2.1.9, the contribution of Kolyvagin to
Theorem 2.1.9 being reviewed in section 2.2. The following sections will look
at two different constructions of modular points and how they can be used to
bound Selmer groups.

In section 2.2, we review the work of Kolyvagin on Heegner points by following
the method exactly as shown in [19], with no new material. However, we
do go more in-depth in some explanations to parts of the proof in [19]. We
review this work in order to understand how Kolyagin was able to use a certain
type of modular point to bound Selmer groups which ultimately led to his
contribution to Theorem 2.1.9. We look at the construction of Heegner points
and how Kolyvagin was able to use them in order to create cohomology classes.
This construction of cohomology classes coming from modular points, known
as derivative classes, are an important aspect not only in Kolyvagin’s work,
but the subsequent work of both Wuthrich with regards to self points and
the work in Chapter 4 of this thesis, which will look at creating a different
type of modular point in order to bound Selmer groups. We will see that the
cohomology classes created by Kolyvagin do not lie in certain Selmer groups,
bounding its size. In particular, the elements of these Selmer groups belong to
the image of the Kummer map rather than lifted from non-trivial elements in
Shafarevich-Tate groups.

We initially state the theorem of Kolyvagin, which is Theorem 2.2.3, that con-
tributed to the proof of Theorem 2.1.9. However, we will only review the proof
of Proposition 2.2.8 in this section, which is a slightly weaker result of The-
orem 2.2.3. In subsection 2.2.1, we review the construction of the derivative
classes. We prove Proposition 2.2.12 using Proposition 2.2.13, the trace re-
lations associated to the Heegner points. Then using Proposition 2.2.15, we
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2.1 elliptic curves and selmer groups

define the classes cn and see when they are non-trivial in Proposition 2.2.16. In
subsection 2.2.2, we review some Tate local duality results that will be required
in the proof of Proposition 2.2.8. In particular, we use Proposition 2.2.23 and
Lemma 2.2.24 to prove Proposition 2.2.22, which will be required in subsec-
tion 2.2.3. Finally, in subsection 2.2.3, we use the previous two subsections
to prove Proposition 2.2.8. In particular, we see that the classes cn do not
lie in the Selmer group when they are non-trivial unless n = 1 when it gen-
erates the Selmer group, as seen in Proposition 2.2.32, Proposition 2.2.33 and
Proposition 2.2.34.

In section 2.3, we review the work of Wuthrich on self points in [39]. This
will be important when generalising the construction of self points in Chapter
4. We will see that these points form an analogue system to the construction
proposed by Kolyvagin to produce cohomology classes coming from the points.
However, the classes constructed lie in the Selmer groups and hence, we can
bound its size from below rather than from above as in Kolyvagin’s case. We
provide no new material here and skip the proofs as we can prove the results
when looking at the more generalised construction in Chapter 4.

We initially review the construction of the self points, as seen in Definition 2.3.1,
and the properties the points have in Theorem 2.3.2 as well as the relationships
between them in Proposition 2.3.3. We then look at the construction of the
higher self points, related to the self points, in Definition 2.3.6 and depending
on the type of reduction of a certain prime p, we look at the group generated
by the higher modular point, Theorem 2.3.8 being the multiplicative case and
Theorem 2.3.9 being the good ordinary case. We end the section with the main
theorem in [39], which is Theorem 2.3.10, and look at a sketch of the proof.
This will again be important in chapter 4 as we will follow an identical method
when generalising the construction of self points.

2.1 Elliptic Curves and Selmer Groups
Let E/K be an elliptic curve for a number fieldK. To understand the structure
of the points in E(K), we have the following.

17



2.1 elliptic curves and selmer groups

Theorem 2.1.1 (Mordell-Weil Theorem). Let E/K be an elliptic curve. Then
there exists an r ≥ 0, called the rank of E/K, such that

E(K) ∼= Zr ⊕E(K)tors

where E(K)tors is the finite subgroup of all torsion points in E(K). In partic-
ular, E(K) is finitely generated.

This can be proved when applying the following to elliptic curves.

Theorem 2.1.2 (Descent Theorem). [34, Theorem 8.3.1] Let A be an abelian
group. Suppose there exists a height function

h : A→R

such that is satisfies the following properties:

1. Let P ∈ A. Then there exists a constant C depending on A and P such
that for all Q ∈ A,

h(P +Q) ≤ 2h(Q) +C.

2. There exists an integer m ≥ 2 and a constant C ′ depending on A such
that for all Q ∈ A,

h(mQ) ≥ m2h(Q)−C ′.

3. For every constant C ′′, the set

{P ∈ A : h(P ) ≤ C ′′}

is finite.

Suppose further that for the integer m in 2., A/mA is finite. Then A is finitely
generated.

There are two steps needed in order to apply Theorem 2.1.2 in the proof of
Theorem 2.1.1. The first is to define a height function h : E(K)→R, which we
will not dwell on in this thesis, but we know that such a height function exists.
The other would would be to prove the following.
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2.1 elliptic curves and selmer groups

Theorem 2.1.3 (Weak Mordell-Weil Theorem). Let E/K be an elliptic curve.
Then for all m ≥ 1, the group E(K)/mE(K) is finite.

To see the method of this proof, we let m ≥ 1. Then there exists a short exact
sequence

0→ E(K)[m]→ E(K)
[m]−−→ E(K)→ 0

of GK-modules. This induces a long exact sequence

0→ E(K)[m]→ E(K)
[m]−−→ E(K)

κ−→ H1(K,E[m])→ H1(K,E)→ H1(K,E)

which induces

0→ E(K)/mE(K)
κ−→ H1(K,E[m])→ H1(K,E)[m]→ 0

which is known as the descent exact sequence. The Kummer map, κ, is defined
in the following way as shown on [34, pg. 216]. Let P ∈ E(K) and choose a
point Q ∈ E(K) such that P = mQ. Then the class κ[P ] ∈ H1(K,E[m]) is
given by

κ[P ](σ) = σ(Q)−Q.

Let MK be the set of absolute values of K and take v ∈ MK with completion
Kv. If we look at the embedding K into Kv, then we have an inclusion of
absolute Galois groups GKv in GK . This leads to the local version of the
descent exact sequence which fits into a commutative diagram

0 E(K)/mE(K) H1(K,E[m]) H1(K,E)[m] 0

0 E(Kv)/mE(Kv) H1(Kv,E[m]) H1(Kv,E)[m] 0.

κ

resv
δv resv

κv

Here, the vertical maps are restriction mappings to GKv .

Definition 2.1.4. We define the m-Selmer group of E/K as,

Selm(E/K) =
⋂

v∈MK

ker
(
δv : H1(K,E[m])→H1(Kv,E)[m]

)
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2.1 elliptic curves and selmer groups

and we define the Shafarevich-Tate group of E/K as,

X(E/K) =
⋂

v∈MK

ker
(

resv : H1(K,E)→H1(Kv,E)
)
.

Therefore, by the definitions of the Selmer and the Shafarevich-Tate groups,
as well as using the above commutative diagram, we are able to create a short
exact sequence

0→ E(K)/mE(K)
κ−→ Selm(E/K)→X(E/K)[m]→ 0. (1)

Therefore, by exact sequence (1), Theorem 2.1.3 is a direct consequence of the
following.

Theorem 2.1.5. Let E/K be an elliptic curve. Then for all m ≥ 1, the Selmer
group Selm(E/K) is finite.

Therefore, using the Weak Mordell-Weil Theorem and knowing that a height
function h : E(K)→R exists, then Theorem 2.1.2 is proven and hence The-
orem 2.1.1 is proven also. The Mordell-Weil Theorem now poses a few ques-
tions about E(K). In particular, when is the rank of E(K) non-trivial? Is
there a way to compute the rank or even calculate the points that generate
E(K)/E(K)tors?

The relationship between E(K)/mE(K) and Selm(E/K) is dependant upon
X(E/K)[m], which is reliant on m. In particular, if X(E/K)[m] = 0, we
have an isomorphism E(K)/mE(K) ∼= Selm(E/K). However, if the following
is true, then this isomorphism exists for all but finitely many m.

Conjecture 2.1.6. [12, Conjecture 1.9] Let E/K be an elliptic curve. Then
X(E/K) is finite.

If this were true, we would be able to find information on E(K)/mE(K) by
calculating Selm(E/K). In particular, if p is a prime such that E(K)[p] = 0 and
p - |X(E/K)|, then the rank of E(K) is equal to the dimension of Selp(E/K)

as an Fp-vector space. We would like to see when Conjecture 2.1.6 is true.
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2.2 heegner points

Definition 2.1.7. Let E be an elliptic curve of conductor N and let ap := ap(E)

denote the Hecke eigenvalue of the newform f attached to E. Then the L-
function attached to E is defined as

L(E, s) :=
∏
p-N

(
1− app−s + p1−2s

)−1 ∏
p|N

(
1− app−s

)−1
.

This function only converges when Re(s) > 3
2 . There is a link between analytic

and algebraic number theory which culminates in the following.

Conjecture 2.1.8 (Birch and Swinnerton-Dyer). [12, Conjecture 1.12] Let
E/Q be an elliptic curve. Then the L-function L(E, s) extends to an entire
function on C and the rank r(E/Q) of E(Q) is equal to the order of vanishing
of L(E, s) at s = 1.

There have been contributions to this conjecture. In particular, we have the
following.

Theorem 2.1.9 (Gross-Zagier, Kolyvagin). [12, Theorem 1.14] Let E/Q be
an elliptic curve.

1. If L(E, 1) 6= 0, then the rank of E(Q) is zero.

2. If L(E, 1) = 0 and L′(E, 1) 6= 0 then the rank of E(Q) is 1.

In both cases, X(E/Q) is finite.

This proof relies on the work of both Gross-Zagier and Kolyvagin as well as
the modularity of elliptic curves. Again, the work by Gross-Zagier involves
the height function associated to E, which we will not look at. However, we
are interested in Kolyvagin’s work on using Heegner points to bound Selmer
groups.

2.2 Heegner Points
In this section, we review [19], which looks at how Kolyvagin used Heeg-
ner points to bound Selmer groups and using this, found the rank of elliptic
curves over certain imaginary quadratic fields as well as showing that certain
Shafarevich-Tate groups are finite.
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2.2 heegner points

LetK be an imaginary quadratic field of the form Q(
√
dK) with ring of integers

OK such that dK /∈ {−3,−4}. This is to ensure that O×K = {±1}.

Definition 2.2.1. An order, O, in K is a subring of K that generates K as a
Q-vector space and is finitely generated as a Z-module. The order of conductor
n ∈ Z>0, denoted On, is the order On = Z⊕ nOK which has index n in OK .

Fix an integer N . We will now require the Heegner hypothesis as defined in
[12, Hypothesis 3.9], that all primes dividing N are split in K/Q. This ensures
that there exists a prime ideal, I, of OK such that OK/I ∼= Z/NZ. We can
define for all n coprime to N , In = I ∩On. This is an invertible ideal in On

such that On/In ∼= Z/NZ.

Let I−1
n denote the inverse of In. As C/On and C/I−1

n represent elliptic curves
over C, and On ⊂ I−1

n , we have

I−1
n /On = ker

(
C/On→C/I−1

n

)
.

Therefore, I−1
n /On ∼= On/In is a cyclic subgroup of C/On of order N and we

have a point
xn :=

(
C/On, I−1

n /On
)
∈ X0(N)(Kn)

where Kn is the ring class field of K of conductor n, as seen in [19, pg. 238]. In
particular, C/On is an elliptic curve with complex multiplication as

√
dK /∈ Q

by [34, Theorem 6.5.5].

Definition 2.2.2. Let E/Q be an elliptic curve of conductor N . Then a Heeg-
ner point of conductor n on E associated to K is Pn = ΦE(xn) ∈ E(Kn).

Here, the definition of ΦE is as defined in the notation. Therefore, the con-
struction of a Heegner point comes from an elliptic curve with complex multi-
plication. We denote the set of Heegner points of conductor n as HP (n).

Kolyvagin studied the relationship between these points and noticed that they
satisfied certain trace relations which show that the Heegner points form an
Euler system. He was then able to bound Selmer groups attached to E/K
using the Heegner points.
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2.2 heegner points

Theorem 2.2.3. (Kolyvagin) [19, Theorem 1.3] Let PK := TrK1/K(P1) ∈ E(K).
If PK is non-torsion in E(K), then:

1. The Mordell-Weil group E(K) has rank 1.

2. X(E/K) is finite.

In this section, we will prove the "mod p" version of this theorem for certain
primes.

Definition 2.2.4. A prime p is called a descent prime if it satisfies the follow-
ing conditions:

1. p - 6N ,

2. ρQ,E,p is surjective.

We then have the mod p version of Kolyvagin’s theorem.

Proposition 2.2.5. [19, Proposition 2.1] Let p be a descent prime such that p
doesn’t divide the order of PK in E(K). Then:

1. E(K) has rank 1,

2. X(E/K)[p] is trivial.

This theorem is not as strong as Kolyvagin’s theorem, but if E has no complex
multiplication then this only excludes a finite number of primes. This is due to
the following theorem by Serre.

Theorem 2.2.6. [33, Theorem 2, pg 294] Let E/F be an elliptic curve where
F is a number field and E has no complex multiplication over F . Then ρF ,E,p
is surjective for all but finitely many primes p.

From the exact sequence

0→E(K)/pE(K)
κ−→ Selp(E/K)→X(E/K)[p]→0,

we see that the rank of E(K), denoted r(E/K), is equal to the dimension of
E(K)/pE(K) as an Fp-vector space due to the following.

Lemma 2.2.7. Let p be a descent prime for E/Q. Then E(K)[p] = 0.
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2.2 heegner points

Proof. Suppose E(K)[p] 6= 0. Then as K/Q is a quadratic, K ⊆ Q(E[p]).
Hence, Gal(Q(E[p])/K) is contained in a Borel subgroup of GL2(Fp). This
contradicts that ρQ,E,p is surjective.

This can be used in order to reduce proving Proposition 2.2.5 to proving the
following.

Proposition 2.2.8. [19, Proposition 2.3] Let p be a descent prime such that
p doesn’t divide the order of PK in E(K). Then Selp(E/K) is cyclic and
generated by κ[PK ].

Therefore, if Proposition 2.2.8 is true, then [PK ] ∈ E(K)/pE(K) is non-zero
by the hypothesis of Proposition 2.2.8, so the dimension of E(K)/pE(K) as
an Fp-vector space is non-zero. However, as κ is injective and Selp(E/K) has
rank 1, then

r(E/K) = dimFp

(
E(K)/pE(K)

)
= 1.

Also, as Selp(E/K) is generated by κ[PK ], then all elements of Selp(E/K) are
sent to zero under the mapping Selp(E/K)→X(E/K)[p]. However, this map
is surjective meaning X(E/K)[p] = 0. Therefore, for the remainder of this
section, we will show an outline of the proof of Proposition 2.2.8.

2.2.1 Construction of the Derivative Classes

In this part, we will look at how Kolyvagin created derivative classes coming
from the Heegner points. We also look at some properties associated to these
classes and determine when they lie in Selp(E/K).

We initially provide some information on the Galois groups associated to the
ring class fields Kn. By [12, Theorem 3.3], Kn/K is an abelian extension
unramified outside n such that Gal(Kn/K) ∼= Pic(On) for all n ≥ 1 prime to
N , with Gal(K1/K) ∼= Pic(OK) being the Picard group. If we let τ be the
generator of Gal(K/Q), then it can be lifted to Kn and acts on Gal(Kn/K)

by τστ−1 = σ−1. We want to look at some specific values of n. We first require
the following.

Definition 2.2.9. Let ` be prime. Then ` is a Kolyvagin prime associated to
the system (E,K, p) if it satisfies the following.
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2.2 heegner points

1. ` does not divide p ·N · dK ,

2. If Frob` denotes the conjugacy class of Gal(K(E[p])/Q) containing the
Frobenius element, Frγ, for every prime γ above ` of K(E[p]), then if we
lift τ to K(E[p]), then τ ∈ Frob`.

By the Chebotarev Density Theorem, there exists infinitely many such primes.
We see that (1) implies ` is unramified in K(E[p])/Q. Further, as τ ∈ Frob`,
` remains inert in K. Therefore, we let λ denote the prime of K above ` with
Frobenius element Frλ = τ . We now focus on the Heegner points of conductor
n such that

1. n is squarefree,

2. All primes ` | n are Kolyvagin primes associated to (E,K, p).

We let a` := a`(E) denote the `-th Fourier coefficient for the newform associ-
ated to the isogeny class of E. As stated in the notation, we will not look at
the definition here, but refer you to [14].

Lemma 2.2.10. We have a` ≡ `+ 1 ≡ 0 (mod p).

Proof. As τ is complex conjugation, then the characteristic polynomial of τ
acting on E[p] is x2− 1. Also, the characteristic polynomial of Frob` acting on
E[p] is x2 − a`x+ `. However, as Frob` = τ in Gal(K/Q), we must have

al ≡ l+ 1 ≡ 0 (mod p).

As ` is inert in K/Q, then we have Fλ
∼= F`2 . Also, by Definition 2.2.9 part

(2), λ splits completely in K(E[p])/K. Therefore, if γ is a prime above λ in
K(E[p]), then Fλ

∼= Fγ and so Ẽ(Fλ)[p] ∼= F2
p. In particular, this shows that

Ẽ(Fλ) obtains full p-torsion and we have the following.

Proposition 2.2.11. Let λ be as above. Then Ẽ(Fλ)[p]
± ∼= Fp where ±

denotes the eigenspace of Gal(K/Q).
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2.2 heegner points

Proof. As τ ∈ Frob` as seen earlier, then Frλ = τ on Fλ. Therefore
∣∣∣Ẽ(Fλ)[p]

+
∣∣∣ = ∣∣∣ ker

(
Frλ−1 : Ẽ(Fλ)[p]→Ẽ(Fλ)[p]

)∣∣∣
=
∣∣∣ ker

(
Frλ−1 : Ẽ[p]→Ẽ[p]

)∣∣∣
= deg(Frλ−1)
= |Ẽ(F`)| = `+ 1− a`

as Frλ−1 is separable. It can be similarly shown that
∣∣∣Ẽ(Fλ)[p]

−
∣∣∣ = deg(Frλ+1)

as Frλ+1 is separable. We also see from the parallelogram identity on endo-
morphisms on E that

deg(Frλ+1) = 2 deg(Frλ) + 2− deg(Frλ−1)
= 2(`+ 1) + a` − (`+ 1) = `+ 1 + a`.

Therefore, by Lemma 2.2.10, both must be divisible by p which gives our result.

We now look at the Galois groups associated to the ring class fields. We define
Gn := Gal(Kn/K1) and so if n =

∏
` is the prime decomposition of n, then

Gn ∼=
∏
G` where Gm := Gal(Kn/Kn/m) for m | n. Then

G` ∼= Gal(K`/K1) ∼=
Pic(O`)
Pic(OK)

∼= F×λ /F×`

which is cyclic of order `+ 1. Let σ` generate G`. Then σ` − 1 generates the
augmentation ideal of Z[G`]. Define

Tr` :=
∑̀
i=0

σi` ∈ Z[G`]
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2.2 heegner points

and D` :=
∑̀
i=1

iσi` ∈ Z[G`]. Then we have

(σ` − 1)D` =
∑̀
i=1

iσi+1
` −

∑̀
j=1

jσj`

=
`+1∑
i=2

(i− 1)σi` −
∑̀
j=1

jσj`

=
`+1∑
i=2

iσi` −
`+1∑
k=2

σk` −
∑̀
j=1

jσj`

= `+ 1− σ` − 1−
∑̀
k=2

σk`

= `+ 1−Tr` .

Let Dn :=
∏
D`. We would like to prove the following.

Proposition 2.2.12. [19, Proposition 3.6] We have the class

[DnPn] ∈ (E(Kn)/pE(Kn))
Gn .

However, we will need the following first, which we provide a sketch of the
proof.

Proposition 2.2.13. [19, Proposition 3.7] Let n = `m where ` is prime. Then:

1. Tr` Pn = a`Pm ∈ E(Km),

2. Each prime factor λn of ` in Kn divides a unique prime λm of Km and
Pn ≡ Frλm Pm (mod λn).

Proof. (Sketch) For the first part, it can be shown that Tr`(xn) = T`(xm) on
X0(N) where T` is the Hecke operator on the Jacobian J0(N). As T` acts as
multiplication by a` on the points of E, then we have

Tr` Pn = Tr` ΦE(xn) = ΦE(Tr` xn) = ΦE(T`xm) = a`ΦE(xm) = a`Pm

where ΦE is the modular parametrisation associated to E as defined in the
notation. For the second part, it can be shown that λ splits completely in
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2.2 heegner points

Km/K for (m, `) = 1. Also, as O×K = {±1}, then if λm and λn are primes
above λ in Km and Kn respectively, then it can be shown that

Fλm = Fλn = Fλ = F`2 .

The points in the divisor of T`(xm) are conjugates of xn over Km, so they are
all congruent to xn modulo λn. Using the Eichler-Shimura congruence relation,
it can be shown that

Frλm xm ≡ xn (mod λn).

Using ΦE , we have our result.

In particular, Kolyvagin uses these trace relations to show that the Heegner
points from an Euler system. We can now use this to prove Proposition 2.2.12.

Proof of Proposition 2.2.12. Let n = `m. By definition, we have Dn = D`Dm

and so

(σ` − 1)Dn = (σ` − 1)D`Dm = (`+ 1−Tr`)Dm = (`+ 1)Dm −Tr`Dm.

Therefore we have

(σ` − 1)DnPn = (`+ 1)DmPn −Dm Tr` Pn = (`+ 1)DmPn − a`DmPm

by the previous proposition. However, by Lemma 2.2.10, we have

(σ` − 1)DnPn ∈ pE(Kn).

As this is true for all primes ` dividing n, and Gn ∼=
∏
G` is generated by the

set {σ` : `|n prime}, then we are done.

Let Hn := Gal(Kn/K). We then have the short exact sequence

0→Gn→Hn→Gal(K1/K)→0.

Let S be the set of coset representatives of Hn/Gn . We then define

Qn :=
∑
σ∈S

σ(DnPn) ∈ E(Kn).
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As [DnPn] ∈ (E(Kn)/pE(Kn))Gn , then [Qn] ∈ (E(Kn)/pE(Kn))Hn . We also
see for n = 1 that G1 is trivial and so is D1. Therefore

Q1 =
∑
σ∈S

σP1 = TrK1/K(P1) = PK .

We want to construct cohomology classes coming from the points Qn. However,
we first need the following.

Lemma 2.2.14. [19, Lemma 4.3] For all such n, E(Kn)[p] = 0.

Proof. We know that as p is a descent prime, then it is a prime of good re-
duction for E and ρQ,E,p is surjective. Therefore, the smallest Galois extension
F of K such that E(F )[p] 6= 0 is F = K(E[p]), which has Galois group
Gal(F/K) ∼= GL2(Fp), as seen in the proof of Lemma 2.2.7. Therefore, if
E(Kn)[p] 6= 0, then F ⊆ Kn and so Hn contains a subgroup whose quotient
is isomorphic to GL2(Fp). This cannot happen as Hn is abelian. Therefore,
E(Kn)[p] = 0.

Using this, we can prove the following.

Proposition 2.2.15. There exists an isomorphism

H1(K,E[p]) ∼= H1(Kn,E[p])Hn .

Proof. We have the inflation-restriction exact sequence

0→H1(Hn,E(Kn)[p])→H1(K,E[p])→H1(Kn,E[p])Hn→H2(Hn,E(Kn)[p]).

The isomorphism occurs as E(Kn)[p] = 0 by Lemma 2.2.14.
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We thus have the following commutative diagram of cohomology groups.

0

H1(Hn,E(Kn))[p]

0 E(K)/pE(K) H1(K,E[p]) H1(K,E)[p] 0

0 (E(Kn)/pE(Kn))Hn H1(Kn,E[p])Hn H1(Kn,E)[p]Hn .

inf

κ resK

res∼= resp

κn resn

We have [Qn] ∈ (E(Kn)/pE(Kn))Hn . Therefore, using Proposition 2.2.15, we
let cn ∈ H1(K,E[p]) be the unique class such that res(cn) = κn[Qn]. We let
dn := resK(cn). Then

resp(dn) = resp ◦ resK(cn) = resn ◦ res(cn) = resn ◦κn[Qn] = 0

so dn ∈ ker(resp). Therefore, we can define d̃n ∈ H1(Hn,E(Kn))[p] such that
dn = inf(d̃n).

Proposition 2.2.16. [19, Proposition 4.7]

1. cn is trivial if and only if Qn ∈ pE(Kn).

2. dn and d̃n are trivial if and only if Qn ∈ pE(Kn) +E(K).

Proof. For the first part, Qn ∈ pE(Kn) if and only if

[Qn] = 0 ∈ (E(Kn)/pE(Kn))
Hn .

However, as κn is injective, then this is true if and only if κn[Qn] = 0. There-
fore, we have res(cn) = 0 and as res is an isomorphism, this is true if and only
if cn is trivial.

For the second part, as inf is injective, then dn is trivial if and only if d̃n is
trivial. We also see that dn is trivial if and only if cn is trivial or cn = κ[T ] for
some [T ] ∈ E(K)/pE(K). Then due to the isomorphism of res, we have our
result.
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We note here that c1 = κ[Q1] as Q1 = PK ∈ E(K). Therefore, c1 is trivial if
and only if PK is divisible by p in E(K), and the classes d1 and d̃1 are always
globally trivial.

Using the Kummer pairing, we can represent the class cn : GK→E[p] with the
1-cocycle

cn(σ) = σ
(

1
pQn

)
− 1

pQn

and the class d̃n : Hn→E[p] with the 1-cocycle

d̃n(σ) =
1
pQn − σ

(
1
pQn

)
.

We now wish to look at some properties associated to the cohomology classes
we have constructed. We know Gal(K/Q) acts on H1(K,E[p]) and as p > 2,
we have a direct decomposition of eigenspaces for τ :

H1(K,E[p]) = H1(K,E[p])+ ⊕H1(K,E[p])−

where
H1(K,E[p])± = {ρ ∈ H1(K,E[p]) : ρτ = ±ρ}.

We would like to know which eigenspace cn lies in. Let wN be the Fricke
involution associated to X0(N). Then if f =

∑
an(f)qn is the modular form

associated to the isogeny class of E, we have

wN (f) = εf

where −ε is the root number of E/Q. We will need the following.

Proposition 2.2.17. [19, Proposition 5.3] There exists a σ ∈ Hn such that

τPn = ε · σPn + T

for some torsion point T ∈ E(Kn).

We can use this to prove the following.

Proposition 2.2.18. [19, Proposition 5.4]
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1. The class [Qn] lies in the en-eigenspace for τ in (E(Kn)/pE(Kn))Hn

where en = ε · (−1)fn and fn = |{` prime : `|n}|.

2. We have cn ∈ H1(K,E[p])en and dn ∈ H1(K,E)[p]en.

Proof. We lift the element τ to Gal(Kn/Q) = HnoGal(K/Q). As this group
is a dihedral group, then if σ ∈ Hn, then τσ = σ−1τ and so we have

τQn = τ
∑
σ∈S

σ(DnPn) =
∑
σ∈S

σ−1τ (DnPn).

Now, τ commutes with `+ 1− Tr` for ` dividing n as G` is generated by σ`
and τσ` = σ−1

` τ . Therefore, as (σ` − 1)D` = `+ 1−Tr`, then

(σ` − 1)D`τ = τ (σ` − 1)Dl

= (τσ` − τ )D`

= (σ−1
` τ − τ )D`

= −σ−1
` (σ` − 1)τD`,

meaning (σ` − 1)(σ`D`τ + τD`) = 0. However, if t = ∑̀
i=0

biσ
i
` ∈ Z[G`] such

that (σ` − 1)t = 0, then we must have bi = k for all 0 ≤ i ≤ `. There-
fore, σ`D`τ + τD` must be a multiple of Tr`. By Proposition 2.2.13, we have
Tr` Pn ≡ 0 (mod pE(Kn)) as a` is divisible by p. Therefore,

τD`Pn ≡ −σ`D`τPn (mod pE(Kn))

and so

τQn =
∑
σ∈S

σ−1∏
`|n
τD`Pn

≡
∑
σ∈S

σ−1∏
`|n

(−σ`D`τ )Pn (mod pE(Kn))

≡ (−1)fn
∏
`|n
σ`
∑
σ∈S

σ−1DnτPn (mod pE(Kn))

as D` commutes with σ` by definition. However, by Proposition 2.2.17, there ex-
ists an α ∈ Hn such that τPn = ε ·αPn+ T for some torsion point T ∈ E(Kn).
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Therefore, as E(Kn)[p] = 0, then T ∈ pE(Kn) as T is a torsion point. There-
fore

τQn ≡ (−1)fn
∏
`|n
σ`
∑
σ∈S

σ−1Dn(ε · αPn) (mod pE(Kn))

≡ en
∏
`|n
σ`α

∑
σ∈S

σ−1DnPn (mod pE(Kn)).

We have ∏̀
|n
σ`α ∈ Hn and ∑

σ∈S
σ−1DnPn = Qn by definition. Also,

[Qn] ∈ (E(Kn)/pE(Kn))
Hn

so we have
τQn ≡ enQn (mod pE(Kn))

and so the first statement is proved. The second statement follows from the
first statement and the commutative diagram earlier.

We now want to examine whether cn lies in Selp(E/K). As dn = resK(cn),
then this is equivalent to asking when is dn locally trivial.

Proposition 2.2.19. [19, Proposition 6.2]

1. The class

dn ∈ ker
(

resν : H1(K,E)[p]→H1(Kν ,E)[p]
)

when ν =∞ or ν is a finite place of K such that ν - n.

2. Let n = `m where ` is prime and let λ be the unique prime of K dividing
`. Then dn ∈ ker

(
resλ : H1(K,E)[p]→H1(Kλ,E)[p]

)
if and only if

Qm ∈ pE(Kλm) = pE(Kλ) for all places λm of Km above λ.

We already know c1 ∈ Selp(E/K) as d1 is globally trivial. We also see for a
Kolyvagin prime ` that for c` ∈ Selp(E/K), we only need to check whether
d` is locally trivial in H1(Kλ,E), which is equivalent to checking whether
PK ∈ pE(Kλ).

We know the conditions for cn ∈ Selp(E/K). Before we start to prove Propo-
sition 2.2.8, we require some results in Tate local duality.
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2.2.2 Tate Local Duality

We now need to look at some results in Tate local duality that will be required
for the proof of Proposition 2.2.8. Throughout this section, let λ be a prime of
K. Let Kλ be a local field with ring of integers Oλ such that the finite residue
field Fλ = Oλ/m has characteristic `. We let Kur

λ be the maximal unramified
extension of Kλ. Then we have

Gλ := Gal(Kur
λ /Kλ) ∼= GFλ

where GFλ is the absolute Galois group of Fλ. We let Frλ be the generator
of Gλ, the Frobenius automorphism. Let E be an elliptic curve over Kλ with
good reduction over Oλ and let p 6= ` be a prime. We have the following.

Lemma 2.2.20. We have

E(Kλ)/pE(Kλ) ∼= H1(Kur
λ /Kλ,E[p]).

Proof. We have the short exact sequence

0→E[p]→E [p]−→ E→0

which induces

0→Ẽ(Fλ)/pẼ(Fλ)→H1(Fλ, Ẽ(Fλ)[p])→H1(Fλ, Ẽ(Fλ))[p]→0

where the last term is trivial due to Lang’s Theorem. Therefore, we have

Ẽ(Fλ)/pẼ(Fλ) ∼= H1(Fλ, Ẽ(Fλ)[p]).

As λ - p, then the mapping [p] on the formal group associated to E is an
isomorphism. Also, as ` is a prime of good reduction for E, then we have the
isomorphisms

Ẽ(Fλ)[p] ∼= E(Kur
λ )[p] = E[p] and Ẽ(Fλ)/pẼ(Fλ) ∼= E(Kλ)/pE(Kλ)

which gives our result.

We now recall Tate’s Local Duality Theorem.
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Theorem 2.2.21 (Tate’s Local Duality Theorem). There exists a symmetric,
non-degenerate pairing of Fp-vector spaces

〈, 〉 : H1(Kλ,E[p])×H1(Kλ,E[p])→Fp.

Using this, we would like to prove the following.

Proposition 2.2.22. [19, Proposition 7.5] The pairing in Theorem 2.2.21 in-
duces a non-degenerate pairing of Fp-vector spaces

〈, 〉 : E(Kλ)/pE(Kλ)×H1(Kλ,E)[p]→Fp.

In order to prove this, we will require the following.

Proposition 2.2.23. The group H1(Kur
λ /Kλ,E[p]) is isotropic for the pairing

〈, 〉 seen in Theorem 2.2.21.

Proof. This is true as H2(Kur
λ /Kλ,µp) = 0 and by the construction of the

pairing.

There exists a commutative diagram:

0 E(Kλ)/pE(Kλ) H1(Kλ,E[p]) H1(Kλ,E)[p] 0

0 H1(Kλ,E)[p]∗ H1(Kλ,E[p])∗
(
E(Kλ)/pE(Kλ)

)∗
0.

∼=

where ∗ represents the Cartier dual. The rows are exact and by Theorem 2.2.21,
the middle mapping is an isomorphism. Also, by Lemma 2.2.20 and Proposi-
tion 2.2.23, E(Kλ)/pE(Kλ) is isotropic for the pairing 〈, 〉. Therefore, the first
vertical mapping is injective. However, we want to show that this mapping is
an isomorphism, which shows that E(Kλ)/pE(Kλ) is maximal isotropic. This
is equivalent to proving the following.

Lemma 2.2.24. E(Kλ)/pE(Kλ) and H1(Kλ,E)[p] have the same dimension
as Fp-vector spaces.
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Proof. As we have the exact sequence

0→ ker(Frλ − 1)→E[p] Frλ−1−−−−→ E[p]→E[p]
/
(Frλ − 1)E[p]→0,

then the dimension of ker(Frλ− 1) and E[p]/(Frλ− 1)E[p] as Fp-vector spaces
must be the same. We also have

ker(Frλ − 1) = E[p]GFλ ∼= E[p]Gal(Kur
λ /Kλ) = E(Kλ)[p]

and by [30, Lemma B.2.8],

H1(Kur
λ /Kλ,E[p]) ∼= E[p]

/
(Frλ − 1)E[p].

Therefore, we now just need to show E(Kλ)[p] and H1(Kλ,E)[p] have the same
dimension by Lemma 2.2.20. We have the following short exact sequence

0→H1(Kur
λ /Kλ,E[p])→H1(Kλ,E[p])→H1(Iλ,E[p])Gal(Kur

λ /Kλ)→0

by [30, Lemma 3.2 (ii)] as ` 6= p. We also have the short exact sequence

0→E(Kλ)/pE(Kλ)→H1(Kλ,E[p])→H1(Kλ,E)[p]→0.

Therefore, by Lemma 2.2.20 and the two previous short exact sequences, we
have

H1(Kλ,E)[p] ∼= H1(Iλ,E[p])Gal(Kur
λ /Kλ).

However we have

H1(Iλ,E[p])Gal(Kur
λ /Kλ) ∼= Hom(Iλ,E[p])Gal(Kur

λ /Kλ)

∼= Hom(Iλ/Wλ
,E[p])Gal(Kur

λ /Kλ)

∼= Hom(µp,E[p])Gal(Kur
λ /Kλ),

where Wλ is the wild inertia subgroup and µp are the p-th roots of unity. The
first isomorphism comes from ` 6= p being a prime of good reduction for E.
The second isomorphism comes from the fact that Wλ is a normal Sylow pro-
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`-subgroup of Iλ by definition, so Hi(Wλ,E[p]) = 0 for all i > 0 as ` 6= p. The
third isomorphism is because

Iλ/Wλ
∼=
∏
q 6=`

Zq(1)

as a Frλ-module. We in fact have
∣∣∣Hom(µp,E[p])Gal(Kur

λ /Kλ)
∣∣∣ = ∣∣∣E[p]Gal(Kur

λ /Kλ)
∣∣∣ = |E(Kλ)[p]|

by the Weil pairing. Therefore, E(Kλ)[p] and H1(Kλ,E)[p] have the same
dimension as Fp-vector spaces, which gives the result.

Therefore, we have

E(Kλ)/pE(Kλ) ∼= H1(Kλ,E)[p]∗

and so we have proved Proposition 2.2.22. We have an explicit formula for
this pairing when E(Kλ)[p] ∼= F2

p. Let c1 ∈ E(Kλ)/pE(Kλ) and construct the
point

b1 =
(1
p
c1

)Frλ−1
∈ E(Kλ)[p].

Take c2 ∈ H1(Kλ,E)[p] and associate the homomorphism φ : µp→E(Kλ)[p] as
we have shown

H1(Kλ,E)[p] ∼= Hom(µ[p],E[p])Gal(Kur
λ /Kλ).

Fix a primitive p-th root of unity in Kλ, denoted θ, and let b2 = φ(θ). Then

θ〈c1,c2〉 = ep(b1, b2)

where ep : E[p]×E[p]→µp denotes the Weil pairing. We now have the required
tools from Tate local duality.

2.2.3 Calculation of the Selmer Group

We will now prove Proposition 2.2.8 by applying the knowledge in the previous
part. We have seen earlier that if λ is the unique prime of K above `, then
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Ẽ(Fλ)[p] ∼= F2
` . Also, as ` 6= p is a prime of good reduction for E by definition,

then E(Kλ)[p] ∼= Ẽ(Fλ)[p] and

Gal(K/Q) = Gal(Kλ/Ql) = {1, τ}

acts on the Fp-vector spaces E(Kλ)/pE(Kλ) and H1(Kλ,E)[p].

In this case, the pairing in Proposition 2.2.22 is working with Fp-vector spaces
of dimension 2. We would like to work with Fp-vector spaces of dimension 1.
We have E(Kλ)[p]

± ∼= Fp by Proposition 2.2.11. We in fact have a similar
relationship associated to E(Kλ)/pE(Kλ) and H1(Kλ,E)[p].

Proposition 2.2.25. [19, Proposition 8.1 (1)] The eigenspaces

(E(Kλ)/pE(Kλ))
±

and H1(Kλ,E)[p]± for Gal(Kλ/Ql) each have dimension 1 over Fp.

Proof. As seen in the proof of Lemma 2.2.24, we have the short exact sequences

0→H1(Kur
λ /Kλ,E[p])→H1(Kλ,E[p])→H1(Iλ,E[p])Gal(Kur

λ /Kλ)→0

and
0→E(Kλ)/pE(Kλ)→H1(Kλ,E[p])→H1(Kλ,E)[p]→0.

Therefore, as Gal(Kλ/Q`)-modules and by Lemma 2.2.20, we have

E(Kλ)/pE(Kλ) ∼= E(Kλ)[p] and H1(Kλ,E)[p] ∼= Hom(µp(Kλ),E[p]).

As p divides `+ 1 and p is odd, so p doesn’t divide `− 1, then µp(Q`) = {1}
and so

µ(Kλ) = µ(Kλ)
−

and so
H1(Kλ,E)[p]± ∼= Hom(µp(Kλ),E[p])± ∼= E(Kλ)[p]

∓.

They both have dimension 1 by Proposition 2.2.11.

Using this and Proposition 2.2.22, we have the following.
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Proposition 2.2.26. [19, Proposition 8.1 (2)] The pairing in Proposition 2.2.22
induces a non-degenerate pairing of Fp-vector spaces

〈, 〉± :
(
E(Kλ)/pE(Kλ)

)±
×H1(Kλ,E)[p]±→Fp.

Proof. We just need to show that the + and − eigenspaces for τ are orthogonal
under τ . A known result is that τ acts trivially on H2(Kλ,µp) ∼= Fp, so by
Tate’s pairing, we have

〈aτ , bτ 〉 = 〈a, b〉τ = 〈a, b〉

which provides the result.

Therefore, we can use this to prove the following.

Proposition 2.2.27. [19, Proposition 8.2] Assume a class d ∈ H1(K,E)[p]±

is locally trivial at all places ν 6= λ, but dλ 6= 0 in H1(Kλ,E)[p]±. Then for
any class s ∈ Selp(E/K)±, we have sλ = 0 in H1(Kλ,E[p])±.

Proof. (Sketch) As s ∈ Selp(E/K)±, then sλ lies in the image of the mapping

(
E(Kλ)/pE(Kλ)

)±
→H1(Kλ,E[p])±.

Let us denote this element as Pλ. Then if 〈Pλ, dλ〉 = 0, then we must have
Pλ = 0 and hence sλ = 0. This pairing can be shown to be trivial using the
local components of the Brauer group.

We now want to use the classes dn ∈ H1(K,E)[p] constructed earlier to bound
the order of Selp(E/K). We first look at the Galois groups associated to K.
We know that if we let L := K(E[p]), then we have

G := Gal(L/K) ∼= Gal(Q(E[p])/Q) ∼= GL2(Fp)

as seen in the proof of Lemma 2.2.7 and as p is a descent prime.

Proposition 2.2.28. [19, Proposition 9.1] For all n ≥ 0, we have

Hn(G,E[p]) = 0
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and we have the isomorphism

res : H1(K,E[p]) ∼−→ H1(L,E[p])G = HomG(Gal(Q/L),E[p]).

Proof. We know G has centre Zp ∼= F×p . As p is odd and Zp 6= 1, then
E[p]Zp = 0. Also, as p− 1 is prime to p, then Hi(Zp,E[p]) = 0 for all i ≥ 1.
We then use the Hochshild-Serre Spectral Sequence with

Hm(G/Zp, Hn(Zp,E[p]))⇒ Hm+n(G,E[p])

to see that Hn(G,E[p]) = 0 for all n ≥ 0 by [28, Lemma 2.1.4]. Also, the
isomorphism is due to the Inflation-Restriction sequence as Hn(G,E[p]) = 0
for n ∈ {1, 2}. Finally, the equality sign is due to Gal(Q/L) acting trivially on
E[p].

This proposition implies that there exists a pairing

[, ] : H1(K,E[p])×Gal(Q/L)→E[p]

where [s, ρ] = s(ρ). If σ ∈ G, then [s, ρσ] = [s, ρ]σ for all s ∈ H1(K,E[p]) and
ρ ∈ Gal(Q/L). Also, if [s, ρ] = 0 for all ρ ∈ Gal(Q/L), then s is the zero map
when restricted to Gal(Q/L) and so s = 0 in H1(K,E[p]) by the isomorphism
in Proposition 2.2.28.

Now, let S ⊂ H1(K,E[p]) be a finite subgroup. Let

GalS(Q/L) = {ρ ∈ Gal(Q/L) : [s, ρ] = 0 for all s ∈ S}

and let M := LS be the fixed field of GalS(Q/L). Then M is a finite normal
extension of L with Galois group H := Gal(M/L). Then it can be shown that
we have the following.

Proposition 2.2.29. [19, Proposition 9.3] There is an induced pairing

[, ] : S ×H→E[p]
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which is non-degenerate and induces an isomorphism of G-modules

H ∼= Hom(S,E[p])

as well as an isomorphism of Gal(K/Q)-modules

S ∼= HomG(H,E[p]).

Proof. If we look at the mapping

H ↪→ Hom(S,E[p])

where ρ 7→ tρ with tρ(s) = [s, ρ], then this is a well-defined injective G-
homomorphism by definition ofM and by the isomorphism in Proposition 2.2.28.
Similarly, there is an injection

S ↪→ HomG(H,E[p]).

We just want to show that these mappings are isomorphisms. Let r = dimFp(S)

as an Fp-vector space. We know E[p] is a simple G-module as if it weren’t, there
would exist an Fp[G]-submodule of E[p] generated by the point P and such that
σ(P ) is a multiple of P for all σ ∈ G. This contradicts that G ∼= GL2(Fp).

In particular, we know that Hom(S,E[p]) ∼= E[p]r. Therefore, as E[p]r

is semisimple, then H is a semisimple G-module and by the injective map-
ping, we must have H ∼= E[p]s for some s ≤ r. In particular, we have
HomG(S,E[p]) ∼= Fs

p. However, we have shown that S injects into this group.
Hence s = r and we have our result.

We would like to apply Proposition 2.2.29 to S = Selp(E/K). We assume
that PK ∈ E(K) has infinite order and is not divisible by p in E(K). Also,
let c1 = κ[PK ] be its nonzero image in Selp(E/K). We let I ≤ H which fixes
L
(

1
pPK

)
. By Proposition 2.2.29, we have

H ∼= Hom(Selp(E/K),E[p]).
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We also see by Proposition 2.2.29 with S = 〈c1〉 that LS = L
(

1
pPK

)
and so

H/I ∼= Gal
(
L
(

1
pPK

)
/L
) ∼= Hom(S,E[p]) ∼= E[p]

as dimFp(S) = 1 in this case. Let τ be a fixed lifting of complex conjugation
in Gal(M/Q) and let

H+ = {σ ∈ H : στ = σ}

and similarly for I+.

Proposition 2.2.30. [19, Proposition 9.5]

1. We have H+ = {(τh)2 : h ∈ H}, I+ = {(τi)2 : i ∈ I} and H+/I+ ∼= Fp.

2. Let s ∈ Selp(E/K)±. Then the following are equivalent:

a) [s, f ] = 0 for all f ∈ H,

b) [s, f ] = 0 for all f ∈ H+,

c) [s, f ] = 0 for all f ∈ H+\I+,

d) s = 0.

Proof. We initially prove part 1. Let Hτ+1 = {hτ · h : h ∈ H}. As τ2 − 1 = 0,
then for h ∈ Hτ+1, we have

hτ−1 = gτ
2−1 = id

for some g ∈ H, meaning Hτ+1 ⊆ H+. Also, as p is odd and H is an Fp-
vector space, then 2 is an automorphism of H. Hence, for h ∈ H+, then
h = (h1/2)τ+1 ∈ Hτ+1. Therefore, we have H+ = Hτ+1. However, as τ−1 = τ ,
then

hτ+1 = τhτ−1h = (τh)2

which proves the equality. It is similarly shown for I+. Also,

H+/I+ = (H/I)+ = E[p]+ ∼= Fp.

For part 2, it is clear that a ⇒ b ⇒ c and a ⇔ d by Proposition 2.2.29.
Therefore, we just need to show c⇒ a.
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Let s ∈ Selp(E/K)±. As we have an isomorphism

Selp(E/K) ∼= HomG(H,E[p]),

then we can induce a G-homomorphism s : H→E[p] such that s(H+) ⊆ E[p]±

and s(H−) ⊆ E[p]∓. We have seen that E[p] is a simple G-module, so we must
have im(s) ∈ {0,E[p]}. If we suppose c is true, then as H+\I+ 6= 0 and

s(H+) ⊆ E[p]± ∼= Fp,

we must have s(H+) = 0. As s(H−) ⊆ E[p]∓, im(s) 6= E[p] and so im(s) = 0.
Therefore, we have shown c⇒ a.

Now, let λ be a prime of K that doesn’t divide pN . Then λ is unramified
in M/K. Let λM be a prime above λ of M . Assume λ splits completely in
L/K. Let FrλM denote the Frobenius element of λM in Gal(M/K). As λ
splits completely in L/K, then FrλM ∈ H and its G-orbit only depends on λ.
Therefore, we denote this conjugacy class as Frobλ.

Proposition 2.2.31. [19, Proposition 9.6] For s ∈ Selp(E/K), the following
are equivalent:

1. [s, FrλM/λ] = 0 where FrλM/λ is the Frobenius element of λM in H,

2. [s, ρ] = 0 for all ρ ∈ Frobλ,

3. sλ = 0 in H1(Kλ,E[p]).

Proof. We have seen that [s, ρσ] = [s, ρ]σ for all σ ∈ G, which implies that (1)
and (2) are equivalent.

Let Pλ ∈ E(Kλ)/pE(Kλ) be such that it has image sλ ∈ H1(Kλ,E[p]). Then
by definition, we have 1

pPλ ∈ E(MλM ). We have

[s, FrλM/λ] = FrλM/λ

(
1
pPλ

)
− 1

pPλ ∈ E(MλM )[p] ∼= E(M)[p].

Therefore, [s, FrλM/λ] = 0 if and only if Pλ ∈ pE(Kλ) if and only if sλ = 0.

We can finally look at the proof of Proposition 2.2.8. Recall that PK lies in
the e1 = ε eigenspace for τ in E(K)/pE(K) by Proposition 2.2.18. Therefore,
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2.2 heegner points

κ[PK ] = c1 ∈ Selp(E/K)ε. Therefore, in order to prove Proposition 2.2.8, we
initially want to show the following.

Proposition 2.2.32. [19, Claim 10.1] We have Selp(E/K)−ε = 0.

Proof. Let s ∈ Selp(E/K)−ε. We want to show s = 0 in Selp(E/K)−ε. To
do this, by Proposition 2.2.30, we want to show for all ρ ∈ H+\I+, we have
[s, ρ] = 0. We have seen that every element in H+ takes the form (τh)2 for
some h ∈ H by Proposition 2.2.30.

Let ` be a prime such that it is unramified inM/Q and such that there exists a
prime λM of M above ` such that its Frobenius element is equal to τh for some
h ∈ H. We can always find such an ` due to Chebotarev’s density theorem.
Then λ | ` is inert in K and splits completely in L. Also, FrλM/λ is (τh)2, so
by Proposition 2.2.31, we just need to show sλ = 0 in H1(Kλ,E[p]).

We know that c` ∈ H1(K,E[p])−ε and d` ∈ H1(K,E)[p]−ε by Proposition 2.2.18.
By Proposition 2.2.19, d` is locally trivial at all primes except λ. By Propo-
sition 2.2.19, we see that (d`)λ is trivial if and only if PK ∈ pE(Kλ). This is
equivalent to λ splitting completely in L

(
1
pPK

)
. Since FrλM/λ = ρ is not in

I+ by hypothesis, then this splitting doesn’t occur. Therefore, (d`)λ 6= 0 in
H1(Kλ,E)[p] and by Proposition 2.2.27, sλ = 0 in H1(Kλ,E[p]).

We can in fact put together some of the previous results to obtain the following.

Proposition 2.2.33. [19, Proposition 10.2] Assume PK is not divisible by p in
E(K). Let ` be a prime unramified in the extension M/Q and such that there
exists a prime λM | ` of M whose Frobenius element equals τh in Gal(M/Q)

for some h ∈ H. Then the prime λ of K above ` is inert, λ splits completely
in L and the following are equivalent:

1. c` = 0 in H1(K,E[p]),

2. c` ∈ Selp(E/K),

3. Q` ∈ pE(K`),

4. d` = 0 in H1(K,E)[p],

5. d` is locally trivial at λ,
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6. PK ∈ pE(Kλ),

7. hτ+1 ∈ I+.

Proof. By definition of Selp(E/K), we have 1⇒ 2. For the other implication,
by Proposition 2.2.18, we have c` ∈ H1(K,E[p])−ε and so

c` ∈ Selp(E/K)−ε = 0

by Proposition 2.2.32. Therefore, we have 1⇔ 2.

We have 1 ⇔ 3 by Proposition 2.2.16. By Proposition 2.2.32, we must have(
E(K)/pE(K)

)−ε
= 0 and so H1(K,E[p])−ε injects into H1(K,E)[p]. There-

fore, as d` = resK(c`), then 1⇔ 4.

We have 4 ⇒ 5. On the other hand, we have seen that d` is locally trivial
except possibly at λ by Proposition 2.2.19. Therefore, if d` is locally trivial at
λ, then d` ∈X(E/K)[p]−ε = 0 by Proposition 2.2.32. Hence, we must have
5⇒ 4. Also, 5⇔ 6 by Proposition 2.2.19 as PK = Q1.

Finally, PK ∈ pE(Kλ) is equivalent to λ splitting completely in L
(

1
pPK

)
/K,

which is equivalent to the Frobenius substitution of the prime λM above λ in
M/K lying in I+. However, (τh)2 = hτ+1, so 6⇔ 7.

In particular, this proposition shows that for such primes, if c` is non-trivial
in H1(K,E[p]), then it cannot lie in Selp(E/K), which reduces the size of
the Selmer group. Therefore, by Proposition 2.2.32, to finish the proof of
Proposition 2.2.8, we just need the following.

Proposition 2.2.34. [19, Claim 10.3] We have

Selp(E/K)ε ∼= Fp · κ[PK ].

Proof. We have seen that H/I ∼= E[p]. This was shown when using Proposi-
tion 2.2.29 for S = 〈c1〉 where c1 = κ[PK ]. Also by Proposition 2.2.29, this
implies that

〈c1〉 ∼= HomG(H/I,E[p]) ∼= Fp.

Therefore,
HomG(H/I,E[p]) ∼= Fp · c1.
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Let s ∈ Selp(E/K)ε. We will show that [s, ρ] = 0 for all ρ ∈ I+ as if this
is true, s(I) = s(I−) ⊆ E[p]−ε ∼= Fp and so s(I) = 0 as E[p] is a simple
G-module. Therefore, we may restrict s to H/I and so

s ∈ HomG(H/I,E[p]) ∼= Fp · c1.

We have seen by Proposition 2.2.30 that all elements of I+ have the form (τi)2

for some i ∈ I.

Let q be a prime such that its Frobenius element lies in the conjugacy class of
τh in Gal(M/Q) where h ∈ H and hτ+1 /∈ I+. Then cq 6= 0 in H1(K,E[p])
and cq /∈ Selp(E/K) by Proposition 2.2.33. Therefore, we let S′ = 〈cq〉. Then
by the construction as seen in Proposition 2.2.29, as E[p] is a simple G-module,
we have L′ ∩M = L where L′ = L

(
1
pQq

)
. A prime λ of K above a prime `,

which is inert in K/Q and splits completely in L, splits completely in L′ if and
only if Qq ∈ pE(L′γ) = pE(Kλ) for all primes γ of L′ above λ.

Let ` be a prime whose Frobenius element is conjugate to τi in Gal(M/Q) for
some i ∈ I and conjugate to τj in Gal(L′/Q) for some j ∈ Gal(L′/L) such
that jτ+1 6= 1. These conditions can be satisfied due to M ∩ L′ = L. We will
show d`q ∈ H1(K,E)ε is locally trivial for all places ν 6= λ but d`q is not locally
trivial in H1(Kλ,E).

We know d`q is locally trivial for places ν - `q by Proposition 2.2.19. By
Proposition 2.2.30, as i ∈ I, then iτ+1 ∈ Iτ+1 = I+. Therefore, c` = 0 in
H1(K,E[p]) by Proposition 2.2.33 and Q` ∈ pE(K`). Therefore, Q` is locally
divisible by p in the completion at a place dividing the prime q above q in K.
Hence, by Proposition 2.2.19, d`q is locally trivial in H1(Kq,E). Finally, d`q is
locally trivial in H1(Kλ,E) if and only if Qq ∈ pE(Kλ). But then λ splits in
L′ and so jτ+1 = 1, which is a contradiction. Therefore, by Proposition 2.2.27,
we have sλ = 0 in H1(Kλ,E[p]) and so [s, (τi)2] = 0. As this argument works
by choosing ` accordingly and as I+ = {(τi)2 : i ∈ I}, we have s(I+) = 0.

Therefore, we have provided a summary of the proof of Proposition 2.2.8 and
therefore Proposition 2.2.5. We have shown that Kolyvagin used Heegner points
on elliptic curves to create cohomology classes. Of these classes, if ` is a Koly-
vagin prime associated to (E,K, p) such that c` is non-trivial, then they lie
outside Selp(E/K) by Proposition 2.2.33, restricting its size. The class c1
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however is non-trivial and lies in Selp(E/K) as the class d1 is trivial by Propo-
sition 2.2.16. In particular, by Proposition 2.2.32 and Proposition 2.2.34, c1
generates Selp(E/K), which lies in the image of the Kummer map rather than
a lift of a non-trivial element in the Shafarevich-Tate group.

This construction works due to the Galois groups Gal(K`/K) being abelian
and the Chebotarev Density Theorem. Using these, we can vary the Kolyvagin
prime ` such that we can create the cohomology class c` which are non-trivial
and lie outside Selp(E/K), hence bounding its size. We will now look at a
different type of modular point and show how we can follow a similar method
of creating derivative classes to bound certain Selmer groups. However, unlike
the Heegner point case, the derivative classes constructed will be shown to lie
inside the Selmer group, hence we bound the Selmer group from below rather
than above.

2.3 Self Points
We now provide a summary of an analogue system to Kolyvagin’s work devised
by Wuthrich in [39]. This will be looked at in more detail in Chapter 4 when
we look at a generalised construction.

Let E/Q be an elliptic curve of conductor N . We have seen that there is a
surjective morphism

ΦE : X0(N)→ E

where we can view the subvariety Y0(N) of X0(N) as a moduli space of the set
of pairs (A,C) where A is an elliptic curve and C is a cyclic subgroup in A of
order N . We can now define a self point as defined on [39, pg. 283].

Definition 2.3.1. Let xC = (E,C) ∈ X0(N). Then the point

PC = ΦE(xC) ∈ E(Q(C))

is defined as a self point on E.
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We see in [23, Theorem 6.6.1] that the number of such subgroups of order N is
equal to

N
∏
p|N

prime

(
1 + 1/p

)
,

which is the number of elements in P1(Z/NZ) and in turn is the number of
self points.

We denote the field of compositum of all such Q(C) as KN . If we let {P ,Q}
be a basis of E[N ], we see that if σ ∈ GKN , then P σ = aP and Qσ = bQ for
some a, b ∈ Z. We also see that (P +Q)σ = c(P +Q) for some c ∈ Z, so

aP + bQ = P σ +Qσ = (P +Q)σ = cP + cQ.

Therefore,
bQ = (c− a)P + cQ

which means a = b = c. Therefore, as KN is the field of definition for all cyclic
subgroups in E of order N , then it is the smallest field K such that GK acts
by scalars on E[N ]. This has Galois group GN := Gal(KN/Q) which can be
identified as a subgroup of PGL2(Z/NZ) via the mapping τQ,E,N .

For σ ∈ GQ, we have P σC = PCσ . We refer the readers to [31, Section 2.4] to
see how this is proved, but we give a very brief explanation here. We let X(N)

be the modular curve as defined on [14, pg. 58]. Then by [31, Definition 2.20],
there exists a functor M(N) from the set of schemes over Q such that

M(N)(T ) =


Isomorphism classes of pairs (E,α) where E is

an elliptic curve over T and α : (Z/NZ)2→E[N ]

is an isomorphism of group schemes

 .

In particular, for any morphism of schemes f : T→T ′ over Q, there exists a
mapping f∗ : M(N)(T ′)→M(N)(T ) such that

f∗[(E,α)] = [(E ×T ′ T ,αT )].

Therefore, for σ ∈ GQ, this is precisely [(E,α)]σ = [(E,ασ)]. By [31, Theorem
2.21], the curve X(N)/Q is a fine moduli space for the functor M(N). This
means that there exists a corresponding mapping X(N)(T )→X(N)(T ′) and
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all such maps together for σ ∈ GQ define an action of GQ on X(N), which
corresponds to the action on the torsion points.

However, we want to look at this for the X0(N) case, which is not a fine moduli
space but a coarse moduli space defined by the quotient of X(N) by a Borel
subgroup of GL2(Z/NZ) as seen in [31, Proposition 2.23]. Therefore, [31,
Lemma 2.27] says that we can follow the same procedure for X0(N) as X(N)

above to define an action of GQ on X0(N), which corresponds to the action on
the torsion points. In particular, as there exists the subvariety Y0(N) as seen
above, this corresponds to the action xσC = xCσ for all σ ∈ GQ. Therefore,
P σC = PCσ .

We want to follow the methods of Kolyvagin by using self points to bound
Selmer groups of elliptic curves over certain fields. As with the construction of
Heegner points, we would like to know the conditions for which the self points
are of infinite order.

Theorem 2.3.2. [39, Theorem 5] Let E/Q be an elliptic curve of conductor
N . Suppose j(E) /∈ 1

2Z. Then there exists at least one self point PC of infinite
order in E(KN ).

We also see that there exist relationships between the self points.

Proposition 2.3.3. [39, Proposition 7] Let d 6= N be an integer such that d|N .
Then we have the relations

∑
C⊃B

PC is torsion in E(Kd)

where B is a cyclic subgroup of order d and the sum is taken over all cyclic
subgroups C of E of order N containing B. In particular, if d = 1, then the
sum of all self points is a torsion point in E(Q).

We will use this result to understand the group generated by the self points by
reformulating these relations using irreducible representations of PGL2(Z/NZ).
We define

VN := Qp

[
PGL2(Z/NZ)/B

]
.
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This is the Qp[PGL2(Z/NZ)]-module induced from a Borel subgroup B of
PGL2(Z/NZ). We can view

VN =
⊕

C∈P1(Z/NZ)

QpeC

where PGL2(Z/NZ) acts on P1(Z/NZ) by permuting the basis. Here eC
denotes the characteristic function on C ∈ P1(Z/NZ). We would like to
understand how this module splits as a Qp[PGL2(Z/NZ)]-module.

Theorem 2.3.4. [39, Theorem 8] The Qp[PGL2(Z/NZ)]-module VN decom-
poses into a direct sum of irreducible Qp[PGL2(Z/NZ)]-modules

VN =
⊕
D|N

WD

where D runs through all divisors of N and WD has dimension δ(D) as a Qp-
vector space. Here, if we let D =

∏
p|D

pdp be the prime decomposition of D, then

δ(D) =
∏
p|D

δ(p) where

δ(p) =


1 if dp = 0,
p if dp = 1,
pdp − pdp−2 if dp > 1.

Proof. We shall split this proof into three cases. The first case will be when
N = p is prime. Then Vp = Qp

[
G0/B

]
is a Qp[G0]-module of dimension p+ 1

as a Qp-vector space which decomposes as

Vp = W1 ⊕Wp.

Here, W1 is the trivial Qp[G0]-module and

Wp =

{
f : P1

0→Qp :
∑
C

f(C) = 0
}

is an irreducible Qp[G0]-module of dimension p as a Qp-vector space called the
Steinberg representation, as seen in [18, Section 7.2].
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The second case we look at is if N is a prime power, say N = pn+1 for n ≥ 1.
We see in [18, Section 7.3] that we have

Vpn+1 ∼= Vpn ⊕Wpn+1

where we view the summand as a representation of Gn via the reduction map-
ping Gn→Gn−1. Here, Wpn+1 is an irreducible Qp[Gn]-module of dimension
pn+1 − pn−1 as a Qp-vector space and can be viewed as

Wpn+1 =

{
f : P1

n→Qp :
∑
C⊃C′

f(C) = 0 for all C ′ ∈ P1
n−1

}
.

Finally, the case for general N , we assume N is not a prime power and has
prime decomposition N =

∏
p|N

pap . Then we have

PGL2(Z/NZ) =
∏
p|N

PGL2(Z/papZ)

by the Chinese remainder theorem. We also have

P1(Z/NZ) =
∏
p|N

P1(Z/papZ)

similarly and so
VN =

⊗
p|N

Vpap

as a Qp[PGL2(Z/NZ)]-module. Therefore, we have

VN =
⊗
p|N

ap⊕
i=0

Wpi .

In particular, if D is a divisor of N with prime factorisation D =
∏
p|D

pdp , then

we define
WD =

⊗
p|D

Wpdp .
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Then by the representation theory of direct products, WD is irreducible as a
Qp[PGL2(Z/NZ)]-module with dimension δ(D) as a Qp-vector space. This
shows that

VN =
⊕
D|N

WD.

Now, we are able to construct a GN -equivariant map

lN : VN → E(KN )⊗Qp

where eC 7→ PC . Due to the relationship stated in Proposition 2.3.3, the kernel
of lN contains all the submodules Wd where d|N and d 6= N . So this induces

WN → E(KN )⊗Qp

where WN is the Steinberg representation. This leads to the following corollary.

Corollary 2.3.5. [39, Corollary 10] The self points generate a group of rank
at most δ(N) inside E(KN ). If WN is an irreducible Qp[GN ]-module and
j(E) /∈ 1

2Z, then the self points generate a group of rank δ(N) and the Galois
group acts like the Steinberg representation WN on it.

We now wish to extend the construction of self points.

Definition 2.3.6. Let E/Q be an elliptic curve of conductor N with cyclic
subgroup C of order N . Let E′/Q be an elliptic curve isogenous to E over Q

with isogeny ψ : E→E′. Then ΦE(E
′,ψ(C)) is called a higher self point above

PC .

In particular, if we let D be a cyclic subgroup in E with isogeny ψ : E→E/D
associated to it, then for any cyclic subgroup C of order N in E, we can define
a higher self point

ΦE(E/D,ψ(C)) ∈ E(Q(C,D)).

We focus on two cases of construction of higher self points. Firstly, we will look
at the construction when p is a prime of multiplicative reduction for E and
then look at when p is a prime of good ordinary reduction for E.
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For the multiplicative case, let E be an elliptic curve of conductor N which has
multiplicative reduction at a prime p. Let N = pM where (p,M) = 1. If we
let F := KM and Fn := Kpn+1M for n ≥ 0, then we define the Galois group
Gn := Gal(Fn/F ). This identifies with a subgroup of Gn via the mapping
τF ,E,p.

Let D be a cyclic subgroup in E of order pn+1 and fix B, a cyclic subgroup in
E of order M . Let C = D[p]⊕B, which is a cyclic subgroup of order N and
let ψ : E → E/D be the isogeny associated to D with dual ψ̂. We define

C ′ = ker(ψ̂)[p]⊕ ψ(B)

which is a cyclic subgroup in E′ of order N . Let yD = (E′,C ′) ∈ Y0(N). Then
the point

QD = ΦE(yD) ∈ E(Fn)

is known as a higher self point above PC .

When n = 0, we have yD = wp(xC) where wp is the Atkin-Lehner involution
on X0(N). Therefore, we have QD = −ap(E) · PC + T for some T ∈ E(Q)[2]
and ap(E) ∈ {±1} is the Hecke eigenvalue of the newform fE attached to E.

For n ≥ 0, let Tp be the Hecke operator on J0(N), the Jacobian of X0(N).
Then

Tp((yD)− (∞)) =
∑
D′⊃D

((yD′)− (∞))

where the sum runs over all cyclic subgroups D′ of order pn+2. This then leads
to the trace relation

ap(E) ·QD =
∑
D′⊃D

QD′ .

This relationship between the higher self points can be viewed as an analogue
system to the Euler system of Heegner points. Using this relationship, we see
by induction that if PC is of infinite order then so is QD. It also leads to the
following.

Lemma 2.3.7. [39, Lemma 19] Let B be a fixed cyclic subgroup in E of order
M and let n ≥ 0. Then ∑

D
QD is a torsion point in E(F ) where the sum runs

over all cyclic subgroups of E of order pn+1.
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Now, if we let

Vn := ker
(

Qp

[
Gn/Bn

]
→Qp

)
=

⊕
D QpeD

Qp(
∑
D eD)

where Bn is a Borel subgroup of Gn, we can again show that there exists a
Gn-equivariant map

ln : Vn → E(Fn)⊗Qp

eD 7→ QD

where D runs over elements of P1
n. This leads to the following.

Theorem 2.3.8. [39, Theorem 20] Let E/Q be an elliptic curve and p a prime
of multiplicative reduction. Suppose τF ,E,p is surjective and there exists a point
PC of infinite order in E(F0). Then for all n ≥ 0 and all cyclic subgroups
D of E of order pn+1 such that D[p] ⊂ C, QD is of infinite order and they
generate a Qp[Gn]-module inside E(Fn)⊗Qp isomorphic to Vn of dimension
pn+1 + pn − 1.

We now let p be a prime of good ordinary reduction for E. Let F be a field
such that E(F ) contains a point PC of infinite order where C is a fixed cyclic
subgroup of order N .

Define Fn = F ·Kpn+1 for n ≥ 0. This ensures that Fn is the smallest Ga-
lois extension of F such that GF acts by scalars on E[pn+1]. We also define
Gn := Gal(Fn/F ) which can be viewed as a subgroup of Gn via τF ,E,p.

Let D be a cyclic subgroup in E of order pn+1. Let ψ : E → E/D be the
isogeny associated to D and define yD = (E/D,ψ(C)) ∈ Y0(N). Then we
define the higher self point QD = ΦE(yD) ∈ E(Fn) above PC .

We can again use the Hecke operator Tp to show that for all n ≥ 0 we obtain
the trace relation

ap(E) ·QD =
∑
D′⊃D

QD′

where D′ runs through all cyclic subgroups of E of order pn+2 containing D.
We also have

ap(E) · PC =
∑
D

QD
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where the sum runs through all cyclic subgroups of E of order p. Therefore, as
PC is of infinite order in E(F ), then for all cyclic subgroups D of order pn+1

and all n ≥ 0, QD is of infinite order in E(Fn). This shows that we cannot
obtain a relationship similar to that in Lemma 2.3.7.

If we let
V(n) := Qp

[
Gn/Bn

]
=
⊕
D

QpeD

where Bn is a Borel subgroup of Gn, we can again show that there exists a
Gn-equivariant map

ln : V(n) → E(Fn)⊗Qp

eD 7→ QD

where D runs over elements of P1
n. This leads to the following.

Theorem 2.3.9. [39, Theorem 21] Let E/Q be an elliptic curve of conductor
N and p a prime of good ordinary reduction. Let F be a number field such that
E(F ) contains a self point PC of infinite order and suppose τF ,E,p is surjec-
tive. Then all QD above PC are of infinite order and generate a group of rank
pn+1 + pn in E(Fn)⊗Qp.

We want to use the higher self points to bound Selmer groups in a similar way
to Kolyvagin did in the Heegner point case, which involved creating derivative
classes. Let E/Q be an elliptic curve of conductor N and p be an odd prime
of good ordinary or multiplicative reduction. We let

F =

 KN if p - N ,
KN

p
if p||N ,

as defined in the notation. Let Fn be the smallest extension of F such that
Gn = Gal(Fn/F ) acts as scalars on E[pn+1] and assume that τF ,E,p is surjec-
tive, which implies that Gn ∼= Gn. We let An be a non-split Cartan subgroup
of Gn, which is cyclic of order pn+1 + pn and denote the subfield of Fn fixed by
An as Ln.

Theorem 2.3.10. [39, Theorem 24] Let E/Q be an elliptic curve. Suppose E
does not have potentially good supersingular reduction at any prime of additive
reduction and let p be a prime of either good ordinary or multiplicative reduction.
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2.3 self points

Assume τF ,E,p is surjective and that there exists a self point of infinite order in
E(KN ). Then ∣∣∣ Selp

n

(E/Ln)
∣∣∣ ≥ pn.

Proof. (Sketch) We will show a sketch of the proof here. The full proof will
be explored in Chapter 4 when generalising the modular point construction.
There is an injection

ln : Vn→E(Fn)⊗Qp

f 7→
∑
D

f(D) ·QD.

Let

Sn = {P ∈ E(Fn) | there exists a k ≥ 0 such that pk · P ∈ Zp[Gn] ·QD}

be the higher saturated group of higher self points. It can be shown using the
inclusion mapping of E(Fn)tors in Sn that |H1(An,Sn)| = pn.

Let Υn be the free Zp-module that denotes the cokernel of the inclusion of Sn
in E(Fn). Then there exists a long exact

0→E(Ln)tors→E(Ln)→ΥAnn →H1(An,Sn)→H1(An,E(Fn)).

If we compose the last map with the inflation mapping, we obtain the derivation
map

δn : H1(An,Sn)→H1(An,E(Fn)) inf−→ H1(Ln,E).

In particular, as it can be shown that Sn contains no p-torsion points, then
there exists an isomorphism

 Sn
pnSn

An ∼= H1(An,Sn)

and so the image of δn are the derived classes coming from the higher self points.

It can be shown that the image of δn lies in X(E/Ln). Therefore, using
the long exact sequence, either the image of the Kummer map contributes pn

elements in Selp
n

(E/Ln) if δn is not injective, or pn elements of Selp
n

(E/Ln)
are lifts of elements in X(E/Ln)[pn] if δn is injective.
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2.3 self points

Therefore, we are able to bound Selmer groups using a method akin to Koly-
vagin’s work. We look to extend the idea of self points to a generalised con-
struction of modular point. In particular, we use more advanced methods in
modular representation theory to show that Selmer groups over certain fields
must contain points of prime power order when the higher modular points sat-
isfy certain conditions. This will however require a more in-depth look at the
representation theory associated to Gn.

57



Chapter 3

Representation Theory of
PGL2(Z/pn+1Z)
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representation theory of PGL2 (/pn+1 )

We have seen in the higher self points situation that if τF ,E,p is surjective, then
the points generate a Qp[Gn]-module in the elliptic curve which we have denoted
V(n) or Vn depending on the reduction type of the prime p. In particular, the
saturated group of higher modular points will be isomorphic to a Zp[Gn]-lattice
contained in this module. Therefore, we require further study into the integral
representation theory of Gn in order to understand this saturated group.

Throughout this chapter we assume p 6= 2. Let

V(n) := Qp

[
Gn/Bn

]
= IndGnBn(Qp)

be a Qp[Gn]-module of dimension pn+1 + pn, where Bn is a Borel subgroup of
Gn. We can view

V(n) = Maps(P1
n→Qp)

where Gn acts on P1
n by its usual action. This decomposes as

V(n) =
n⊕

i=−1
Wi

where Wi are irreducible Qp[Gn]-modules with dimension δi as a Qp-vector
space where

δi =


1 if i = −1,
p if i = 0,
pi+1 − pi−1 if i ≥ 1

as seen in Theorem 2.3.4. These modules take the form

Wi = ker
(

Qp

[
Gi/Bi

]
→Qp

[
Gi−1/Bi−1

])

=

f : P1
i→Qp :

∑
C⊃D

f(C) = 0 for D ∈ P1
i−1


for i ≥ 0 andW−1 = Qp. We have seen in the previous chapter that the Qp[Gn]-
module Vn := V(n)/W−1 will be of interest. We will study the possible lattices
contained in the Qp[Gn]-module Vn. Throughout this chapter, the standard
Zp[Gn]-lattice in V(n) is defined as

T(n) = Zp

[
Gn/Bn

]
= IndGnBn(Zp) = Maps(P1

n→Zp)
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representation theory of PGL2 (/pn+1 )

and the standard Zp[Gn]-lattice in Vn will be defined

Tn = ker
(

Zp

[
Gn/Bn

]
→Zp

)
=

f : P1
n→Zp :

∑
C

f(C) = 0
.

We also define the standard Zp[Gn]-lattice inside Wi as

Ri = ker
(

Zp

[
Gi/Bi

]
→Zp

[
Gi−1/Bi−1

])

=

f : P1
i→Zp :

∑
C⊃D

f(C) = 0 for D ∈ P1
i−1


for i ≥ 0 and R−1 = Zp.

Throughout this chapter, we let an elementa b

c d

 ∈ Gn
denote the coset representing this matrix in Gn.

In this chapter, we will examine the Zp[Gn]-sublattices of Tn and the coho-
mologies associated to them with respect to subgroups of Gn. In section 3.1,
we look at group properties associated to Gn and its subgroups that will be of
importance throughout the chapter.

In section 3.2, we look at some cohomological results which will be of impor-
tance when calculating cohomologies associated to the Zp[Gn]-lattices. This
culminates in Theorem 3.2.7, which provides the first cohomology group of
T(n) with respect to all subgroups of Gn.

In section 3.3, we look at the modular representation theory associated to Gn.
This will involve classifying all Fp[Gn]-submodules of T (n) = T(n) ⊗Zp Fp in
subsection 3.3.1, where we use Theorem 3.3.3 and Theorem 3.3.4 to classify
all the Fp[In]-submodules of IndInBn(Fp), as seen in Theorem 3.3.5. We can
then induce the modules we have found to Gn and find all Fp[Gn]-submodules
in T (n), with the full classification in Theorem 3.3.8. We then calculate their
cohomologies with respect to certain subgroups of Gn. This will be useful when
looking at the integral case. Again, in subsection 3.3.2, we initially look at
the cohomologies associated to Fp[In]-submodules of IndInBn(Fp). For the irre-
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3.1 group properties of PGL2 (Z/pn+1 Z)

ducible Fp[In]-representations, we calculate the cohomologies with respect to
Ikn for 0 ≤ k ≤ n, as seen in Theorem 3.3.11, in order to try and understand the
cohomology of the Fp[In]-submodules. We are able to calculate the fixed part,
as seen in Lemma 3.3.14. However, we can only come up with Conjecture 3.3.16
for the first cohomology groups. Therefore, from this conjecture, we induce the
modules to Gn to provide Lemma 3.3.17 and Conjecture 3.3.19, which is what
we believe to be the first cohomology groups of all Fp[Gn]-submodules of T (n)

with respect to Gn. We then use Lemma 3.3.23 to find the cohomology of all
Fp[Gn]-submodules of T (n) with respect to a non-split Cartan subgroup An,
the 0-th cohomology results in Lemma 3.3.24 and the first cohomology results
in Theorem 3.3.26. We end this subsection with Lemma 3.3.27, which looks at
the fixed part of these modules by a Borel subgroup and show that they are
always non-trivial if the module is non-trivial. This result will be useful not
only later in this chapter, but in the next.

We then identify all the Zp[G0]-lattices contained in T0 in section 3.4, as seen
in Theorem 3.4.1, and it will be shown why this scenario cannot be followed
for the n ≥ 1 case in section 3.5. In particular, we look at the construction of
some Zp[Gn]-sublattices of Tn for n ≥ 1.

We finally use the modular representation theory of Gn we have found through-
out this chapter to calculate the cohomologies of Zp[Gn]-lattices in Vn associ-
ated to subgroups of Gn in section 3.6, with each subsection fixed on a certain
subgroup.

3.1 Group Properties of PGL2(Z/pn+1Z)

In this section, we will look at the subgroups of Gn and the properties associ-
ated to them which will be useful throughout the chapter. We quickly remind
ourselves of the notation used for the groups we will look at throughout this
chapter. Let µn : Gn→G0 be the surjective reduction mapping. We now fix
definitions for certain subgroups. We let:

1) Gn := PGL2(Z/pn+1Z),

2) Bn := {( u v0 1 ) ∈ Gn} a Borel subgroup of order p2n+1(p− 1),

3) Hn := {( 1 a
0 1 ) ∈ Gn} a cyclic subgroup of order pn+1, generated by ( 1 1

0 1 ),
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3.1 group properties of PGL2 (Z/pn+1 Z)

4) In := {g ∈ Gn : µn(g) ∈ B0} the standard Iwahori subgroup which has
order p3n+1(p− 1),

5) Pn := {g ∈ Gn : µn(g) ∈ H0} the pro-p Iwahori subgroup and a Sylow-p
subgroup of In,

6) Un := {( 1 0
a 1 ) ∈ Gn : p|a} a cyclic subgroup of order pn, generated by

( 1 0
p 1 ),

7) Dn := {( a 0
0 1 ) ∈ Gn} a split Cartan subgroup, which is cyclic of or-

der pn(p − 1) and generated by the element ( c 0
0 1 ) where c generates

(Z/pn+1Z)×,

8) N(Dn) the normaliser of a split Cartan subgroup, a subgroup of Gn which
contains Dn of index 2,

9) An a non-split Cartan subgroup, which is cyclic of order pn(p+ 1) and
generated by an element denoted αn,

10) N(An) the normaliser of a non-split Cartan subgroup, a subgroup of Gn
which contains An of index 2.

If we define the surjective reduction mapping µkn : Gn→Gk for 0 ≤ k ≤ n, then
we may define the subgroup

Ikn = {g ∈ Gn : µkn(g) ∈ Bk}.

We have Inn = Bn and also, as µn = µ0
n, we have I0

n = In.

We would also like to look at some key results with respect to these groups. We
initially look at certain cosets that will appear in this chapter. We have seen
that the modules we are looking at are induced from Bn to Gn and so we would
like to see the coset decomposition of Bn\Gn. This will require the following.

Lemma 3.1.1. [39, Lemma 25] An intersects trivially with any Borel subgroup
in Gn.

Hence, Gn = BnAn and therefore the coset representatives of Bn\Gn can be
viewed as An. We will also encounter induced modules from In to Gn when
looking at the modular representation theory associated to Gn. However, we
first need the following.
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3.1 group properties of PGL2 (Z/pn+1 Z)

Lemma 3.1.2. For all n ≥ 0, In = HnDnUn.

Proof. All elements of In can be written in the form

( u vt 1 ) = ( 1 v
0 1 )(

u−tv 0
0 1 )(

1 0
t 1 ) ∈ HnDnUn

and obviously HnDnUn ⊆ In which gives our result.

We can show that Bn = HnDn meaning In = BnUn and so the coset represen-
tatives of Bn\In can be viewed as Un. Also, we can view An = UnNn where Nn
is a cyclic group generated by αnp

n . Using this, we see that Gn = InNn and so
the coset representatives of In\Gn can be viewed as powers of vn := αn

pn . The
final set of coset representative we want to find are for Ikn\In for 1 ≤ k ≤ n. If
we let

Cn,k = Un\
(
Un ∩ ker(µkn)

)
=
{
( 1 0
ap 1 ) ∈ Gn : 0 ≤ a ≤ pk − 1

}
,

then we have In = IknCn,k and hence the coset representatives of Ikn\In can be
viewed as Cn,k.

We will also encounter the first cohomology groups of subgroups of Gn with
respect to Z/pmZ for m ≥ 1 with trivial action. Therefore, we will need to
know the homomorphism groups of subgroups of Gn to Z/pmZ. Calculating
these for subgroups such as Hn, Dn and An are obvious due to them being
cyclic groups. However, for groups such as Bn, In and Gn itself, we require
their abelianisation. We initially look at G0.

Lemma 3.1.3. We have [G0,G0] = PSL2(Fp).

Proof. We know that there exists the quotient mapping τ : GL2(Fp)→G0 where
PSL2(Fp) = τ (SL2(Fp)). Let g,h ∈ G0. Then as SL2(Fp) is the commutator
subgroup of GL2(Fp), we have

[g,h] = [τ (x), τ (y)] = τ ([x, y]) ∈ τ (SL2(Fp)) = PSL2(Fp)
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3.1 group properties of PGL2 (Z/pn+1 Z)

for some x, y ∈ GL2(Fp). Now let g ∈ PSL2(Fp). Then there exists an
s ∈ SL2(Fp) such that

g = τ (s) = τ ([a, b]) = [τ (a), τ (b)] ∈ [G0,G0]

for some a, b ∈ GL2(Fp).

We now look at the subgroup Bn.

Lemma 3.1.4. For all n ≥ 0, we have [Bn,Bn] = Hn.

Proof. Let t = [( u v0 1 ), ( a b0 1 )] ∈ [Bn,Bn]. Then

t = ( u v0 1 )( a b0 1 )(
1 −v
0 u )( 1 −b

0 a )

= ( au bu+v
0 1 )( 1 −av−b

0 au )

= ( au au(bu+v−av−b)
0 au

) = ( 1 bu+v−av−b
0 1 ) ∈ Hn.

We know that Hn is generated by ( 1 1
0 1 ) and

( 1 1
0 1 ) = [( 1 −1

0 1 ), ( 2 0
0 1 )] ∈ [Bn,Bn]

which gives the equality.

We now move on to In.

Lemma 3.1.5. For all n ≥ 0, we have [In, In] = Pn.

Proof. Let [a, b] ∈ [In, In]. Then as µn is a homomorphism, we have

µn([a, b]) = [µn(a),µn(b)] ∈ [B0,B0] = H0

by Lemma 3.1.4. Therefore, [a, b] ∈ Pn. On the other hand, if we let t ∈ Pn,
then µn(t) ∈ H0 = [B0,B0] by Lemma 3.1.4. Therefore, there exists a a, b ∈ B0

such that µn(t) = [a, b]. However, µn is surjective and so there exists u, v ∈ In
such that µn(t) = [µn(u),µn(v)] = µn([u, v]). Therefore, t[u, v]−1 ∈ ker(µn).
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3.1 group properties of PGL2 (Z/pn+1 Z)

Therefore, we may write t = k[u, v] for k ∈ ker(µn). We know that the kernel
of µn is generated by the matrices

( 1 p
0 1 ), (

1 0
p 1 ), ( p+1 0

0 1 ).

We have
( 1 p

0 1 ) = [( 1 1
0 1 ), ( 1−p 0

0 1 )], (
1 0
p 1 ) = [(−1 0

0 1 ), (
−2 0
p 1 )]

and
( p+1 0

0 1 ) = [( z 1
0 1 ), ( z

−1 0
z−1 1 )]

where z2 = p+ 1. We know p+ 1 is a quadratic residue modulo pn+1 as it is
modulo p. Therefore, ker(µn) ≤ [In, In] and so t = k[u, v] ∈ [In, In].

We can now look at the homomorphism groups. We first look at Gn.

Proposition 3.1.6. For all n ≥ 0 and m ≥ 1, we have Hom(Gn, Z/pmZ) = 0.

Proof. As Z/pmZ is abelian, then Hom(Gn, Z/pmZ) = Hom(Gnab, Z/pmZ)

where Gnab is the abelianisation of Gn. We saw in the proof of Lemma 3.1.5
that ker(µn) ⊆ [In, In] ⊆ [Gn,Gn]. Hence

Hom(Gn, Z/pmZ) = Hom(Gnab, Z/pmZ)

= Hom(G0
ab, Z/pmZ)

∼= Hom(F2, Z/pmZ) = 0.

by Lemma 3.1.3.

We also look at the Bn case.

Proposition 3.1.7. For n ≥ 0 and m ≥ 1, we have

Hom(Bn, Z/pmZ) ∼= Z/pmin(m,n)Z.

Proof. As Z/pmZ is abelian, we have

Hom(Bn, Z/pmZ) ∼= Hom(Bnab, Z/pmZ) ∼= Hom(Dn, Z/pmZ)
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3.1 group properties of PGL2 (Z/pn+1 Z)

by Lemma 3.1.4. However, Dn is a cyclic group of order pn(p− 1), which gives
our result.

Also, we have the In case.

Proposition 3.1.8. For all n ≥ 0 and m ≥ 1, we have Hom(In, Z/pmZ) = 0.

Proof. As Z/pmZ is abelian, we have

Hom(In, Z/pmZ) ∼= Hom(Inab, Z/pmZ) = 0

by Lemma 3.1.5 and as Pn is a Sylow-p subgroup of In.

Using this, we can show the following.

Proposition 3.1.9. We have Hom(Pn, Z/pmZ) ∼= F2
p for all n ≥ 0 and

m ≥ 1.

Proof. We first look at [Pn,Pn]. Let [a, b] ∈ [Pn,Pn]. Then

µn([a, b]) = [µn(a),µn(b)] ∈ [H0,H0] = {I2}

as H0 is an abelian group. Therefore, [Pn,Pn] ⊆ ker(µn). Now, we know
ker(µn) is generated by the matricies ( p+1 0

0 1 ), (
1 p
0 1 ) and ( 1 0

p 1 ) and we have

( p+1 0
0 1 ), (

1 p
0 1 ) ∈ [Pn,Pn]

as seen in the proof of Lemma 3.1.5. However, if we let ( a bc 1 ), (
u v
w 1 ) ∈ Pn, then

[( a bc 1 ), (
u v
w 1 )] = (

∗ ∗
cu+w+bcuw+bw2−c2v−c−acvw−aw ∗ )

with

cu+w+ bcuw+ bw2 − c2v− c− acvw− aw

= c(u− 1) +w(1− a) + bcuw+ bw2 − c2v− acvw

≡ 0 (mod p2).
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3.1 group properties of PGL2 (Z/pn+1 Z)

Therefore, ( 1 0
p 1 ) /∈ [Pn,Pn]. However, we have

( 1 0
p2 1

)
=
[(

(p+1)−1 0
0 1

)
,
(

1 0
p 1
)]

and so
[Pn,Pn] =

〈(
p+1 0

0 1

)
,
(

1 p
0 1

)
,
( 1 0
p2 1

)〉
.

Therefore, we have

Pn/[Pn,Pn] =
〈
( 1 1

0 1 ), ( 1 0
p 1 )

〉 ∼= F2
p.

Finally, we can use this to prove the proposition. We have

Hom(Pn, Z/pmZ) = Hom(Pabn , Z/pmZ)

∼= Hom(F2
p, Z/pmZ)

∼= F2
p

which gives our result.

We finish this section by looking at the group action of Gn on P1
n. We know

that if ( a bc d ) ∈ Gn and [u : v] ∈ P1
n, then

( a bc d ) · [u : v] = [au+ bv : cu+ dv].

We would like to know whether the group action is transitive and whether it is
doubly transitive.

Lemma 3.1.10. The action of Gn on P1
n is transitive for all n ≥ 0.

Proof. We have
( 1 v−u

0 1 ) · [u : 1] = [v : 1],

( 1 0
v−u 1 ) · [1 : u] = [1 : v]

and
( 0 1

1 v−u ) · [u : 1] = [1 : v]

which proves the lemma.

However, we see that the action is not always doubly transitive.
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Lemma 3.1.11. The action of Gn on P1
n is doubly transitive if n = 0 whereas

for all n ≥ 1, it is not.

Proof. If we fix a C ∈ P1
n, then the action is doubly transitive if and only if it is

transitive and StabGn(C) acts transitively on P1
n\{C}. We will fix C = [0 : 1].

Then we have
StabGn([0 : 1]) = {( a 0

b 1 ) ∈ Gn}.

For the case n = 0, we know that the action is transitive and we have

(
vu−1 0

0 1

)
· [u : 1] = [v : 1]

for all u, v ∈ F×p and (
u−1 0
−u−1 1

)
· [u : 1] = [1 : 0]

which proves the case for n = 0.

For n ≥ 1, there is no matrix g ∈ StabGn([0 : 1]) such that g · [1 : 0] = [k : 1]
where k > 0 and p|k, so it cannot be doubly transitive for n ≥ 1.

We now have the group theoretical results that will be required throughout this
chapter. We will now look at some standard results for group cohomology.

3.2 Cohomological Results
In this section, we will look at some general cohomological results that we can
use throughout this chapter. In particular, we can use Theorem 3.2.7 to find
the first cohomology group of T(n) with respect to all subgroups of Gn. We
initially want to utilise the spectral sequences to prove both Proposition 3.2.1
and Proposition 3.2.2.

Proposition 3.2.1. Let H be a normal subgroup of G and M a G-module such
that Hi(H,M) = 0 for i ∈ {0, 2}. Then

H1(G,M) ∼= H1(H,M)G/H

and
H2(G,M) ∼= H1(G/H, H1(H,M)).
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3.2 cohomological results

Proof. We will look at the spectral sequence to obtain the results. We have the
following stage 2 table of the Hochschild–Serre spectral sequence:

0 0 0 0
E0,1

2 E1,1
2 E2,1

2 E3,1
2

0 0 0 0

where
Ep,q2 = Hp(G/H, Hq(H,M)).

Due to the hypothesis, the top and bottom lines are all zeros. If we look at the
third stage, we obtain

ker(E0,2
2 →E

2,1
2 ) ker(E1,2

2 →E
3,1
2 )

ker(E2,2
2 →E

4,1
2 )

im(E0,3
2 →E

2,2
2 )

ker(E3,2
2 →E

5,1
2 )

im(E1,3
2 →E

3,2
2 )

ker(E0,1
2 →E

2,0
2 ) ker(E1,1

2 →E
3,0
2 )

ker(E2,1
2 →E

4,0
2 )

im(E0,2
2 →E

2,1
2 )

ker(E3,1
2 →E

5,0
2 )

im(E1,2
2 →E

3,1
2 )

E0,0
2 E1,0

2
E2,0

2
im(E0,1

2 →E
2,0
2 )

E3,0
2

im(E1,1
2 →E

3,0
2 )

where each section represents Ep,q3 , which leads to the table

0 0 0 0
E0,1

2 E1,1
2 E2,1

2 E3,1
2

0 0 0 0

as Ea,0
2 = Ea,2

2 = 0 for all a ≥ 0. As this is the third stage, we can deduce that

E0,0
∞ = E1,0

∞ = E2,0
∞ = 0

and
E0,1
∞ = E0,1

2 , E1,1
∞ = E1,1

2 , E2,1
∞ = E2,1

2 .

We can also deduce that E0,2
∞ = 0 from this table as the next stage would

remain unchanged.

We obtain the following exact sequence from the spectral sequence

0→E1,0
∞ →H1(G,M)→E0,1

∞ →0.
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3.2 cohomological results

However, as E1,0
∞ = 0, we have

H1(G,M) ∼= E0,1
∞ = H1(H,M)G/H .

We also obtain the sequence

0→E1,1
∞ →H2(G,M)→E0,2

∞ →0,

as E2,0
∞ = 0. Therefore, as E0,2

∞ = 0, we have

H2(G,M) ∼= E1,1
∞ = H1(G/H, H1(H,M)).

We also use the spectral sequence to prove the following.

Proposition 3.2.2. Let H be a normal subgroup of G and M a G-module such
that H1(H,M) = 0. Then

H1(G,M) ∼= H1(G/H,MH)

and there exists an exact sequence

0→H2(G/H,MH)→H2(G,M)→H2(H,M)G/H→

→H3(G/H,MH)→H3(G,M)→0.

Proof. The first part is taken from the five term exact sequence. We will look
at the spectral sequence to obtain the exact sequence. We have the following
stage 2 table of the Hochschild–Serre spectral sequence:

E0,2
2 E1,2

2 E2,2
2 E3,2

2
0 0 0 0

E0,0
2 E1,0

2 E2,0
2 E3,0

2

where
Ep,q2 = Hp(G/H, Hq(H,M)).
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The middle row entries are all zeros due to the hypothesis. If we look at the
third stage, we obtain

ker(E0,2
2 →E

2,1
2 ) ker(E1,2

2 →E
3,1
2 )

ker(E2,2
2 →E

4,1
2 )

im(E0,3
2 →E

2,2
2 )

ker(E3,2
2 →E

5,1
2 )

im(E1,3
2 →E

3,2
2 )

ker(E0,1
2 →E

2,0
2 ) ker(E1,1

2 →E
3,0
2 )

ker(E2,1
2 →E

4,0
2 )

im(E0,2
2 →E

2,1
2 )

ker(E3,1
2 →E

5,0
2 )

im(E1,2
2 →E

3,1
2 )

E0,0
2 E1,0

2
E2,0

2
im(E0,1

2 →E
2,0
2 )

E3,0
2

im(E1,1
2 →E

3,0
2 )

where each section represents Ep,q3 , which leads to the table

E0,2
2 E1,2

2
E2,2

2
im(E0,3

2 →E
2,2
2 )

E3,2
2

im(E1,3
2 →E

3,2
2 )

0 0 0 0
E0,0

2 E1,0
2 E2,0

2 E3,0
2

as Ea,1
2 = 0 for all a ≥ 0. We next see the fourth stage

ker(E0,2
2 →E

3,0
2 ) ker(E1,2

2 →E
3,1
2 ) ? ?

0 0 0 0
E0,0

2 E1,0
2 E2,0

2
E3,0

2
im(E0,2

2 →E
3,0
2 )

We obtain the following exact sequence from the spectral sequence

0→E2,0
2 →H2(G,M)→ ker(E0,2

2 →E
3,0
2 )→0.

We also obtain the sequence

0→ E3,0
2

im(E0,2
2 →E

3,0
2 )
→H3(G,M).

If we combine the two exact sequence we obtain

0→E2,0
2 →H2(G,M)→E0,2

2 →E
3,0
2 →H3(G,M)→0

which gives the result.
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3.2 cohomological results

We now focus on Zp[G]-modules for a finite group G. Let X be a Zp[G]-
module. We define the norm map NG : X→X, an endomorphism such that

NG(x) =
∑
g∈G

g · x.

Let
IGX = {(g− 1)x : g ∈ G, x ∈ X}.

Then we have IGX ⊂ ker(NG) and im(NG) ⊂ XG. We can then define the
Tate cohomology groups

Ĥ−1
(G,X) = ker(NG)/IGX and Ĥ0

(G,X) = XG

/im(NG).

If G is a cyclic group, then for i ≥ 1 we have non-canonical isomorphisms

Hi(G,X) ∼= Ĥ−1
(G,X) for i ≡ 1 (mod 2),

Hi(G,X) ∼= Ĥ0
(G,X) for i ≡ 0 (mod 2)

by [17, pg. 133]. We would like to use results on the Tate cohomology groups
to look at group cohomology of certain Zp[G]-modules.

Proposition 3.2.3. Let G be a finite group, X a finite set with an action by
G, A an abelian group with trivial action by G and M = Maps(X→A). Then

Ĥ−1
(G,M) ∼=

⊕
G·x orbits

A[|StabG(x)|]

where the sum is taken over all orbits of the action and A[|StabG(x)|] are the
elements of A killed by |StabG(x)|.

Proof. We first look at when G acts transitively on X. Then we have

∑
g∈G

g · x =
|G|
|X|
·
∑
x∈X

x
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3.2 cohomological results

for x ∈ X. Hence, for all x ∈ X, we have NG(ex) = |G|
|X|eX where ex and eX

are the characteristic functions on x and X respectively. Therefore, we have

NG(f) =
|G|
|X|

( ∑
x∈X

f(x)
)
eX

and so
ker(NG) =

{
f ∈M

∣∣∣∣∣ |G||X| ∑
x∈X

f(x) = 0
}

.

If g ∈ G, then (g − 1)ex = eg·x − ex. Therefore, for f ∈ IGM , there exists a
h ∈M such that

f = (g− 1)h =
∑
x∈X

(h(g−1 · x)− h(x))ex

and ∑
x∈X

f(x) =
∑
x∈X

h(g−1 · x)− h(x) = 0

as the action of G on X is transitive. Also, if f ∈ M such that ∑
x∈X

f(x) = 0,
then fix a z ∈ X. Then

f(z) = −
∑

x∈X\{z}
f(x)

and so
f =

∑
x∈X\{z}

f(x)(ex − ez).

However, as the action of G on X is transitive, then for all x, z ∈ X there exists
a g ∈ G such that g · x = z. Therefore,

ex − ez = eg·z − ez = (g− 1)ez

and so f ∈ IGM as it is a linear sum of elements of the form (g− 1)h for g ∈ G
and h ∈M . Therefore, we have

IGM =

{
f ∈M

∣∣∣∣∣ ∑
x∈X

f(x) = 0
}

and so
Ĥ−1

(G,M) ∼=
{
a ∈ A

∣∣∣ |G||X|a = 0
}
= A

[ |G|
|X|

]
.
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3.2 cohomological results

If the group action of G on X is not transitive, then

M =
⊕

U orbits
Maps(U→A)

as a G-module, where the sum is taken over all orbits. Therefore, we have

Ĥ−1(G,M) ∼=
⊕

G·x orbits
A[|StabG(x)|]

We can also find a similar result with respect to the other Tate cohomology
group we have identified.

Proposition 3.2.4. Let G be a finite group, X a finite set with an action by
G, A an abelian group with trivial action by G and M = Maps(X→A). Then

Ĥ0
(G,M) ∼=

⊕
G·x orbits

A
/
|StabG(x)|A

where the sum is taken over all orbits of the action.

Proof. We first look at when G acts transitively on X. If f ∈ MG, then
f(g−1 · x) = f(x) for all g ∈ G. However, as the action is transitive, this
means that f is constant on X. Therefore, if eX is the characteristic function
on X, then

MG = {aeX : a ∈ A} ∼= A.

We now want to show

NG(M) =
{ |G|
|X|aeX : a ∈ A

} ∼= |G|
|X|A.

We saw in the proof of Proposition 3.2.3 that

NG(f) =
|G|
|X|

( ∑
x∈X

f(x)
)
eX

for all f ∈M . Also, as
|G|
|X|eX = NG(ex)
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3.2 cohomological results

for any x ∈ X, we have shown NG(M) ∼= |G|
|X|A and so

Ĥ0
(G,M) ∼= A

/
|G|
|X|A

if the group action of G on A is transitive.

If the group action of G on X is not transitive, then

M =
⊕

U orbits
Maps(U→A)

as a G-module, where the sum is taken over all orbits. Therefore, we have

Ĥ0(G,M) ∼=
⊕

G·x orbits
A
/
|StabG(x)|A.

We will look at the Tate cohomology of Zp[G]-modules with trivial G-action.

Lemma 3.2.5. Let G be a group acting trivially on torsion-free M . Then

Ĥ−1
(G,M) = 0, Ĥ0

(G,M) ∼= M/|G|M .

Proof. For the first case, we have

Ĥ−1
(G,M) =

ker(NG)
IGM

.

As the action is trivial, then NG is the multiplication-by-|G| map. As M is
torsion-free, we obtain our first result.

For the second case, we have

Ĥ0
(G,M) =

M

NG(M)
∼= M/|G|M

as the action is trivial.

We will also look at extensions of Zp[G]-modules as well. The following result
will be important when linking extensions to our cohomological results.
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3.2 cohomological results

Proposition 3.2.6. Let G be a group and let M and N be Zp[G]-modules such
that M is projective as a Zp-module. Then for all i ≥ 1 we have

ExtiZpG(M ,N) ∼= Hi(G, HomZp(M ,N))

as Zp-modules.

Proof. By [28, Theorem 2.6.10], we have a spectral sequence with

Ep,q2 = Hp(G, ExtqZp
(M ,N)) =⇒ Extp+qZpG

(M ,N).

As M is projective as a Zp-module, then ExtiZp
(M ,N) = 0 for all i ≥ 1 and

so Ep,q2 = 0 for all q > 0. Then we have our result by [28, Lemma 2.1.4].

We can apply this in the proof of the following important result.

Theorem 3.2.7. Let H,H ′ ≤ G. Then H1
(
H, IndGH ′(Zp)

)
= 0.

Proof. By Proposition 3.2.6, we have

H1
(
H, IndGH ′(Zp)

) ∼= Ext1
ZpH

(
Zp, IndGH ′(Zp)

)
∼= Ext1

ZpG

(
IndGH(Zp), IndGH ′(Zp)

)
.

Using [6, Corollary 3.3.5 (vi)], we have

Ext1
ZpG

(
IndGH(Zp), IndGH ′(Zp)

)
∼=

⊕
H ′gH

(
Ext1

Zp(H ′∩gHg−1)

(
ResgHg

−1

H ′∩gHg−1(Zp), ResH
′

H ′∩gHg−1(Zp)
))

∼=
⊕
H ′gH

Ext1
Zp(H ′∩gHg−1)(Zp, Zp)

where the sum is taken over the double cosets H ′gH. However, we know
H ′ ∩ gHg−1 acts trivially on Zp. Therefore we have

Ext1
Zp(H ′∩gHg−1)(Zp, Zp) ∼= H1(H ′ ∩ gHg−1, Zp)

= Hom(H ′ ∩ gHg−1, Zp) = 0.

As this is true for all double cosets H ′gH, then we have our result.
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3.3 modular representation theory of Gn

We now want use the results in this section to calculate group cohomology
associated to Zp[Gn]-lattices in Tn . However, before we look at this, we will
look at the modular representation theory associated to Gn in order to further
understand the Zp[Gn]-lattices and their group cohomology.

3.3 Modular Representation Theory of Gn
In this section, we look at the modular representation theory of Gn. We are
interested in the Fp[Gn]-module

T (n) = T(n) ⊗Zp Fp = IndGnBn(Fp).

We want to classify all its Fp[Gn]-submodules. In order to find them, we will re-
quire the study of the Fp[In]-module IndInBn(Fp). Using this, we are able to find
all Fp[Gn]-submodules of IndGnBn(Fp) by inducing the submodules of IndInBn(Fp)

to Gn. We can then find the remaining Fp[Gn]-submodules of IndGnBn(Fp) by
looking at the irreducible Fp-representations of Gn.

We then look at the group cohomology results associated to these Fp[Gn]-
modules. Again, this will initially require looking at the group cohomologies of
the Fp[In]-modules we have found as well as the irreducible Fp-representations
of Gn.

3.3.1 Module Structure

We initially want to find all the Fp[Gn]-submodules of IndGnBn(Fp). This will
first require finding all the Fp[In]-submodules of IndInBn(Fp).

We will look at the irreducible Fp[In]-representations. The kernel of the surjec-
tive reduction mapping In→B0 is a normal p-group. Therefore, the irreducible
Fp-representations of In are the same as the irreducible Fp-representations of
B0. We know that the irreducible Fp-representations of B0 are all 1-dimensional
and take the form Vt for t ∈ Z/(p− 1)Z with character βt : B0→F×p such that

βt(
u v
0 1 ) = ut
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3.3 modular representation theory of Gn

as seen in [18, Section 7.2]. Hence, the irreducible Fp-representations of In are
of the form Vt with t ∈ Z/(p− 1)Z and character βt : In→F×p such that

βt(
u v
w 1 ) = ut + p

(
Z/pn+1Z

)
.

For all 0 ≤ t ≤ p− 2, define

M t
n := IndInBn(Vt) =

{
f : In→Fp | f( u v

w 1 ) = utf( 1 0
w 1 )

}
.

Then M t
n is an Fp[In]-module with dimension pn as an Fp-vector space. By

definition, In acts on M t
n by (h · f)(g) = f(gh). Now, we saw in Lemma 3.1.2

that In is generated by the matrices x := ( 1 0
p 1 ), y := ( 1 1

0 1 ) and b := ( c 0
0 1 )

where c generates (Z/pn+1Z)×. Therefore, the action of In is defined by the
action of these generators and we have

(x · f)( u v
w 1 ) = f( u+vp vw+p 1 ) = utf( 1 0

w+p 1 )

(y · f)( u v
w 1 ) = f

(
u(w+1)−1 (u+v)(w+1)−1

w(w+1)−1 1

)
= utf

( 1 0
w(w+1)−1 1

)
(b · f)( u v

w 1 ) = f( cu v
cw 1 ) = (cu)tf( 1 0

cw 1 ).

We will prove the following.

Proposition 3.3.1. For all n ≥ 1 and 0 ≤ t ≤ p− 2, M t
n is uniserial as an

Fp[In]-module.

Before proving this, we require the following.

Lemma 3.3.2. For all n ≥ 1 and 0 ≤ t ≤ p− 2,

M t
n
∼= IndUn(Fp) = Maps(Un→Fp)

as Fp[Un]-modules.

Proof. We let ρn : M t
n→ IndUn(Fp) take a map to its restriction to Un. Then it

is clear that ρn is an Fp[Un]-homomorphism as x · ρn(f) = x · f = ρn(x · f) for
all 0 ≤ t ≤ p− 2. As f is determined by elements of Un, ρn is both surjective
and injective which gives the result.
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3.3 modular representation theory of Gn

Proof of Proposition 3.3.1. We know Un ≤ In, so any Fp[In]-submodule of M t
n

is an Fp[Un]-submodule. However, M t
n
∼= IndUn(Fp) ∼= Fp[Un] as Fp[Un]-

modules by Lemma 3.3.2 and as Un is a cyclic p-group, Fp[Un] is uniserial as
an Fp[Un]-module by [37, Theorem 6.1.2]. Therefore, M t

n is uniserial as an
Fp[Un]-module and hence as an Fp[In]-module for all 0 ≤ t ≤ p− 2.

We also look at the induced module IndInIkn(Vt) for 1 ≤ k ≤ n, which we define
as the set of functions f : In→Fp such that

f

 u v

zpk+1 +wp 1

 = utf

 1 0
wp 1


for all 0 ≤ z ≤ pn−k − 1 and 0 ≤ w ≤ pk − 1. This is an Fp[In]-module which
has dimension pk as an Fp-vector space. In particular, we have IndInIkn(Vt)

∼= M t
k

as Fp[In]-modules. Also, IndInIkn(Vt) are Fp[In]-submodules ofM t
n for 1 ≤ k ≤ n

and 0 ≤ t ≤ p− 2.

We will need this to look at the module structure of Mn := M0
n. We shift our

focus to the k = 1 case to obtain the following.

Theorem 3.3.3. Let Etp := IndInI1
n
(Vt) for all 0 ≤ t ≤ p− 2 and define for all

1 ≤ j ≤ p− 1

Etj :=
{
f ∈ Etp

∣∣∣∣∣ ∀ 0 ≤ m ≤ p− 1− j,
p−1∑
i=0

f( 1 0
ip 1 )i

m = 0
}

.

Then for all such j, Etj are Fp[In]-modules such that dimFp(E
t
j) = j and there

exist non-split short exact sequences of Fp[In]-modules

0→Etj
gtj−→ Etj+1

htj−→ Vj+t→0

where gtj is the inclusion map and

htj(f) =
p−1∑
i=0

f( 1 0
ip 1 )i

p−1−j .
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3.3 modular representation theory of Gn

Proof. Obviously, ker(htj) = im(gtj) and gtj is an injective Fp[In]-homomorphism.
Therefore, we just need to show that htj is a surjective Fp[In]-homomorphism.
Now, x and y act trivially on Vj for all 0 ≤ j ≤ p− 2,

htj(x · f) =
p−1∑
i=0

(x · f)( 1 0
ip 1 )i

p−1−j

=
p−1∑
i=0

f( 1 0
(i+1)p 1 )i

p−1−j

=
p−1∑
i=0

f( 1 0
ip 1 )(i− 1)p−1−j

=
p−1∑
i=0

f( 1 0
ip 1 )

p−1−j∑
m=0

(
p− 1− j

m

)
im(−1)p−1−j−m

=
p−1−j∑
m=0

(
p− 1− j

m

)
(−1)p−1−j−m

( p−1∑
i=0

f( 1 0
ip 1 )i

m

)

=
p−1∑
i=0

f( 1 0
ip 1 )i

p−1−j

= htj(f)

as for all 0 ≤ m ≤ p− 2− j, we have
p−1∑
i=0

f( 1 0
ip 1 )i

m = 0. Also, we have

htj(y · f) =
p−1∑
i=0

(y · f)( 1 0
ip 1 )i

p−1−j

=
p−1∑
i=0

f
(

(ip+1)−1 (ip+1)−1

i(ip+1)−1p 1

)
ip−1−j

=
p−1∑
i=0

(
(ip+ 1)−1

)t
f(

1 0
i(ip+1)−1p 1 )i

p−1−j

=
p−1∑
i=0

f( 1 0
ip 1 )i

p−1−j

= htj(f)
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3.3 modular representation theory of Gn

for all 1 ≤ j ≤ p− 1 as i(ip+ 1)−1p ≡ ip (mod p2) and as f ∈ IndInIn1(Vt).
Finally, we have

htj(b · f) =
p−1∑
i=0

(b · f)( 1 0
ip 1 )i

p−1−j

=
p−1∑
i=0

f( c 0
cip 1 )i

p−1−j

= ct+j
p−1∑
i=0

f( 1 0
cip 1 )(ci)

p−1−j

= ct+j
p−1∑
m=0

f( 1 0
mp 1 )m

p−1−j

= b · htj(f),

for all 1 ≤ j ≤ p − 1. Therefore, htj is an Fp[In]-homomorphism for all
1 ≤ j ≤ p− 1. We need to show that the htj are surjective. If a ∈ Fp, then
define f ∈ Etp such that f( 1 0

ip 1 ) = −ija. Then

p−1∑
i=0

f( 1 0
ip 1 )i

m = −a
p−1∑
i=0

im+j = 0

when 0 ≤ m ≤ p − 2 − j as 1 ≤ j ≤ m + j ≤ p − 2 and by [9, pg. 137].
Therefore, f ∈ Etj+1 and we have

htj(f) = −a
p−1∑
i=0

ip−1 = −a(p− 1) = a

for all 1 ≤ j ≤ p− 1. Therefore, htj are surjective for all 1 ≤ j ≤ p− 1 and
0 ≤ t ≤ p− 2. Finally, the short exact sequences are all non-split due to M t

n

being uniserial as an Fp[In]-module by Proposition 3.3.1.

We will now look at the k ≥ 2 cases. We in fact have the following theorem,
which extends the k = 1 case but written in a separate theorem to make the
construction clearer.
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3.3 modular representation theory of Gn

Theorem 3.3.4. Let Et
pk

:= IndInIkn(Vt) for all 0 ≤ t ≤ p− 2 and 2 ≤ k ≤ n.
For all 1 ≤ j ≤ p− 1, let Et

jpk−1 be defined as

{
f ∈ Etpk

∣∣∣∣∣ ∀ 0 ≤ m ≤ p− 1− j,
p−1∑
i=0

f
( 1 0
ipk+zp 1

)
im = 0 for all 0 ≤ z ≤ pk−1 − 1

}
.

Then for all such j, Et
jpk−1 are Fp[In]-modules such that dimFp(E

t
jpk−1) = jpk−1

and there exist non-split short exact sequences of Fp[In]-modules

0→Etjpk−1
gtj,k−−→ Et(j+1)pk−1

htj,k−−→ IndIn
Ik−1
n

(Vt+j)→0

where gtj,k is the inclusion map and

htj,k(f)
( u v
zpk+wp 1

)
= ut+j

p−1∑
i=0

f
( 1 0
ipk+wp 1

)
ip−1−j

for 0 ≤ z ≤ pn−k+1 − 1 and 0 ≤ w ≤ pk−1 − 1.

Proof. Again, we just need to show that htj,k is a surjective Fp[In]-homomorphism.
For all 1 ≤ j ≤ p− 1, we have

htj,k(x · f)(
u v
wp 1 ) = ut+j

p−1∑
i=0

(x · f)
( 1 0
ipk+wp 1

)
ip−1−j

= ut+j
p−1∑
i=0

f
( 1 0
ipk+(w+1)p 1

)
ip−1−j

= (u+ vp)t+j
p−1∑
i=0

f
( 1 0
ipk+(w+1)p 1

)
ip−1−j

= htj,k(f)
(

u+vp v
(w+1)p 1

)
= [x · htj,k(f)](

u v
wp 1 )

82



3.3 modular representation theory of Gn

and so htj,k(x · f) = x · htj,k(f) for all 1 ≤ j ≤ p− 1. Also, we have

htj,k(y · f)(
u v
wp 1 ) = ut+j

p−1∑
i=0

(y · f)
( 1 0
ipk+wp 1

)
ip−1−j

= ut+j
p−1∑
i=0

f
(

(ipk+wp+1)−1 (ipk+wp+1)−1

(ipk+wp)(ipk+wp+1)−1 1

)
ip−1−j

= ut+j
p−1∑
i=0

[(ipk +wp+ 1)−1]tf
( 1 0
(ipk+wp)(ipk+wp+1)−1 1

)
ip−1−j

= (u(wp+ 1)−1)t+j
p−1∑
i=0

f
( 1 0
ipk+w(wp+1)−1p 1

)
ip−1−j

= htj,k(f)
(
u(wp+1)−1 (u+v)(wp+1)−1

w(wp+1)−1p 1

)
= [y · htj,k(f)](

u v
wp 1 )

and so htj,k(y · f) = y · htj,k(f) for all 1 ≤ j ≤ p− 1. This is due to

ipk +wp+ 1 ≡ wp+ 1 (mod pk),

so

(ipk−1 +w)(ipk +wp+ 1)−1p ≡ (ipk−1 +w)(wp+ 1)−1p (mod pk+1)

≡ ipk +w(wp+ 1)−1p (mod pk+1)

and as f ∈ IndInIkn(Vt). Finally, we have

htj,k(b · f)(
u v
wp 1 ) = ut+j

p−1∑
i=0

(b · f)
( 1 0
ipk+wp 1

)
ip−1−j

= ut+j
p−1∑
i=0

f
(

c 0
cipk+cwp 1

)
ip−1−j

= (cu)t+j
p−1∑
i=0

f
( 1 0
cipk+cwp 1

)
(ci)p−1−j

= (cu)t+j
p−1∑
m=0

f
( 1 0
mpk+cwp 1

)
mp−1−j

= htj,k(f)(
cu v
cwp 1 )

= [b · htj,k(f)](
u v
wp 1 )
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and so htj,k(b · f) = b ·htj,k(f) for all 1 ≤ j ≤ p− 1. Therefore, htj,k is an Fp[In]-
homomorphism for all 1 ≤ j ≤ p− 1 and 0 ≤ t ≤ p− 2. We need to show that
the htj,k are surjective. If g ∈ IndIn

Ik−1
n

(Vk+j), then define f ∈ IndInIkn(Vt) such
that f

( 1 0
ipk+wp 1

)
= −ijg

(
1 0
wp 1

)
for all 0 ≤ i ≤ p− 1 and 0 ≤ w ≤ pk−1 − 1.

Then
p−1∑
i=0

f
( 1 0
ipk+wp 1

)
im = −g( 1 0

wp 1 )
p−1∑
i=0

im+j = 0

when 0 ≤ m ≤ p − 2 − j as 1 ≤ j ≤ m + j ≤ p − 2 and by [9, pg. 137].
Therefore, f ∈ Et

(j+1)pk−1 and we have

htj,k(f)(
u v
wp 1 ) = ut+j

p−1∑
i=0

f
( 1 0
ipk+wp 1

)
ip−1−j

= −ut+jg( 1 0
wp 1 )

p−1∑
i=0

ip−1

= ut+jg( 1 0
wp 1 )

= g( u v
wp 1 )

meaning g = htj,k(f) for all 1 ≤ j ≤ p− 1. Therefore, htj,k is surjective for all
1 ≤ j ≤ p− 1 and 0 ≤ t ≤ p− 2. Finally, the short exact sequences are all non-
split due to Mk

n being uniserial as an Fp[In]-module by Proposition 3.3.1.

Then we have the unique Jordan-Hölder decomposition of Mn for all n ≥ 1 by
Theorem 3.3.3 and Theorem 3.3.4.

Example. Let p = 5 and n = 2. We have 4 irreducible F5[I2]-representations
of the form Vj for 0 ≤ j ≤ 3. Let E25 := M2 and for all 1 ≤ k ≤ 24, let
Ek be the unique F5[I2]-submodule of E25 such that dimF5(Ek) = k. Then by
Theorem 3.3.4, we have the decomposition

E25 ⊇ E20 ⊇ E15 ⊇ E10 ⊇ E5 ⊇ 0

where E5(m+1)/E5m
∼= IndI2

I1
2
(Vm) as F5[I2]-modules for all 0 ≤ m ≤ 4. By

Theorem 3.3.3, we must have the following unique Jordan-Hölder decomposition
of E25
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3.3 modular representation theory of Gn

E25 E24 E23 E22 E21 E20

V0V1V2V3V0

E20 E19 E18 E17 E16 E15

V3V0V1V2V3

E15 E14 E13 E12 E11 E10

V2V3V0V1V2

E10 E9 E8 E7 E6 E5

V1V2V3V0V1

E5 E4 E3 E2 E1 E0.
V0V1V2V3V0

In particular, using Theorem 3.3.3 and Theorem 3.3.4, we have shown the
following.

Theorem 3.3.5. For all n ≥ 1, let Epn := Mn and let Ei be the unique
Fp[In]-submodule of Epn such that dimFp(Ei) = i for all 1 ≤ i ≤ pn. Define
dn := pn−1

p−1 . Then we have Epn/Epn−1
∼= V0 and

Em(p−1)+k+1/Em(p−1)+k
∼= Vk for all 0 ≤ m ≤ dn − 1 and 0 ≤ k ≤ p− 2.

We now shift our focus to Fp[Gn]-modules. For all 1 ≤ t ≤ pn, we let
Kt := IndGnIn (Et). Then we know we have the chain of Fp[Gn]-modules

Kpn ) Kpn−1 ) Kpn−2 ) ... ) K1 ) 0

where dimFp(Kt) = t(p+ 1). We require the following.

Theorem 3.3.6. [22, Theorem 2.2.9] Let H ≤ G be finite groups and R a
commutative ring. Suppose there exists an exact sequence

0→U→V→W→0

of R[H ]-modules. Then we have a short exact sequence of R[G]-modules

0→ IndGH(U)→ IndGH(V )→ IndGH(W )→0.
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3.3 modular representation theory of Gn

In particular, if U is an R[H ]-submodule of V , then

IndGH
(
V/U

) ∼= IndGH (V )/IndGH (U).

Therefore, we define σt := IndGnIn (Vt) for 0 ≤ t ≤ p− 2 in order to follow the
notation as seen in [18, Chapter 7]. Then using Theorem 3.3.6, we have the
short exact sequence

0→Kpn−1→Kpn→σ0→0

and for all 0 ≤ m ≤ dn− 1 and 0 ≤ t ≤ p− 2, we have the short exact sequences
of Fp[Gn]-modules

0→Km(p−1)+t→Km(p−1)+t+1→σt→0.

We also see from [18, Chapter 7] that the irreducible Fp[Gn]-representations
take the form

τj,1 = Symj−1⊗ det
1−j

2 or τj,2 = τj,1 ⊗ τ

for j ∈ {1, 3, ..., p} where τ is the non-trivial 1-dimensional Fp[Gn]-representation.
Here, Symj−1 can be viewed as degree j − 1 homogeneous polynomials over Fp

in two variables, which is acted on by Gn by linear substitution, and

det : GL2(Z/pn+1Z)→F×p

is the determinant function.

We also see from [18, Chapter 7] that σt ∼= σp−1−t as Fp[Gn]-modules for all
1 ≤ t ≤ p−3

2 . Also, σ0 = Fp ⊕ St as Fp[Gn]-modules where St = τp,2 is the
Steinberg representation and σp−1

2
= σ0 ⊗ τ = τ ⊕ (St⊗τ ). For the remaining

representations, we have σss
t = τ2t+1,1 ⊕ τp−2t,2 for all 1 ≤ t ≤ p−3

2 . We in fact
have the following.

Proposition 3.3.7. Let n ≥ 1 and 0 ≤ t ≤ p−1
2 . Then we have the short exact

sequences of Fp[Gn]-modules

0→τp−2t,2→σt→τ2t+1,1→0
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3.3 modular representation theory of Gn

which splits only when t ∈
{
0, p−1

2

}
.

Proof. Let W be an irreducible Fp[Gn]-submodule of σt. Then we know W

must either be τ2t+1,1, τp−2t,2 or both. Let

WH = W/〈(h−1)W : h∈H〉

for H ≤ Gn. Then as σt = IndGnIn (Vt), we have

HomFp[Gn](W ,σt) ∼= HomFp[In](W ,Vt)
∼= HomFp(WIn ,Vt)
∼= HomFp[In/Pn ]

(WPn ,Vt).

We know that Pn is generated by ( 1 0
p 1 ), ( p+1 0

0 1 ) and ( 1 1
0 1 ). Therefore, we would

like to view the action of W on these matrices. As W is an irreducible Fp[Gn]-
representation, we can view W having an underlying representation isomorphic
to either τj,1 or τj,2 for j ∈ {1, 3, ..., p} as defined earlier. Firstly, if we let
det : GL2(Z/pn+1Z)→F×p be the determinant map, then

det( 1 0
p 1 ) = det( p+1 0

0 1 ) = 1.

Also, as Symj−1 can be viewed as degree j − 1 homogeneous polynomials over
Fp in two variables, which we denote Fp[u, v], then

( 1 0
p 1 ) · uj−1−ivi = (u+ pv)j−1−ivi = uj−1−ivi

and
( p+1 0

0 1 ) · u
j−1−ivi = uj−1−ivi.

Therefore, this shows that these matrices fix τj,1 and τj,2 for all j ∈ {1, 3, ..., p}
and so WPn = WHn where Hn is cyclic. If a is a representative of a coset in
In/Pn , the representation underlying τ2t+1,1 maps a to a−t and the representa-
tion underlying τp−2t,2 maps a to at. Hence for WHn = Vt where Vt maps a to
at, then we must haveW = τp−2t,2 for all 0 ≤ t ≤ p−1

2 and further, W = τ2t+1,1

for t ∈
{
0, p−1

2

}
.

We can now look for the other Fp[Gn]-submodules of Kpn . Let Jm,t be the
unique Fp[Gn]-modules such that Km(p−1)+t ( Jm,t ( Km(p−1)+t+1 for all
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3.3 modular representation theory of Gn

0 ≤ m ≤ dn − 1 and 1 ≤ t ≤ p− 2 such that t 6= p−1
2 . Then we have the short

exact sequences
0→Km(p−1)+t→Jm,t→τp−2t,2→0

and
0→Jm,t→Km(p−1)+t+1→τ2t+1,1→0.

For t = p−1
2 , there exist Fp[Gn]-submodules Γm, ∆m for all 0 ≤ m ≤ dn − 1 such

that we have the short exact sequences

0→K
m(p−1)+ p−1

2
→Γm→τ→0

and
0→K

m(p−1)+ p−1
2
→∆m→ St⊗τ→0.

Finally, there exists Fp[Gn]-submodules Θm, Λm for all 0 ≤ m ≤ dn such that
we have the short exact sequences

0→Km(p−1)→Θm→Fp→0

and
0→Km(p−1)→Λm→ St→0

where K0 = 0. In particular, we have Θ0 = Fp and Λ0 = St. Therefore, we
have shown the following.

Theorem 3.3.8. Let n ≥ 1 and dn = pn−1
p−1 . Then we classify all Fp[Gn]-

submodules of IndGnBn(Fp) and their dimension as Fp-vector spaces as the fol-
lowing:

1. Kt for 1 ≤ t ≤ pn such that dimFp(Kt) = t(p+ 1),

2. Jm,t for 0 ≤ m ≤ dn − 1 and 1 ≤ t ≤ p − 2, t 6= p−1
2 such that

dimFp(Jm,t) = [m(p+ 1) + t](p− 1) + p,

3. Γm for 0 ≤ m ≤ dn − 1 and dimFp(Γm) = m(p2 − 1) + p2+1
2 ,

4. ∆m for 0 ≤ m ≤ dn − 1 and dimFp(∆m) = m(p2 − 1) + (p+1)2

2 − 1,

5. Θm for 0 ≤ m ≤ dn and dimFp(Θm) = m(p2 − 1) + 1,

6. Λm for 0 ≤ m ≤ dn and dimFp(Λm) = m(p2 − 1) + p.
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3.3 modular representation theory of Gn

We show on the next couple of pages the diagrams of the decomposition series
of Kpn for p 6= 3 in the first case and p = 3 in the second.
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Kpn

Θdn Λdn

Kpn−1

Jdn−1,p−2

Kpn−2

Jdn−1,p−3

...

K
pn−p+ p+1

2

Γdn−1 ∆dn−1

K
pn−p+ p−1

2

J
dn−1,p−3

2

...

Kpn−p+1

Θdn−1 Λdn−1

Kpn−p

...

J0,1

K1

Θ0 Λ0

0
St

FpSt

Fp

τp−2,2

St

FpSt

Fp

τp−2,1

St⊗τ

τSt⊗τ

τ

τ5,1

τp−2,2

τ3,1

St

FpSt

Fp
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K3n

Θdn Λdn

K3n−1

Γdn−1 ∆dn−1

K3n−2

Θdn−1 Λdn−1

K3n−3

...

K2

Γ0 ∆0

K1

Θ0 Λ0

0
St

F3

St⊗τ

τSt⊗τ

τ

St

F3

St

F3

St⊗τ

τ

St

F3St

F3

St⊗τ

τ

St

F3
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3.3 modular representation theory of Gn

3.3.2 Cohomology of Fp[Gn]-modules

We now want to find the cohomology of the Fp[Gn]-modules with respect to
subgroups of Gn. We first look at the cohomology associated to Gn. For this, we
will require the cohomology of the Fp[In]-modules associated to In, denoted Et
in the previous section for 1 ≤ t ≤ pn. This will require looking at the cohomol-
ogy of the irreducible Fp[Bn]-representations with respect to Bn. We look at the
n = 0 case first. We have already seen that the irreducible Fp-representations
of B0 are all 1-dimensional and take the form Vt for t ∈ Z/(p− 1)Z with char-
acter βt : B0→F×p such that

βt(
u v
0 1 ) = ut.

Lemma 3.3.9. We have

H0(B0,Vt) = V B0
t =

 Fp if t = 0,
0 otherwise,

and

H1(B0,Vt) ∼=

 Fp if t = 1,
0 otherwise,

Proof. The first part comes from the fact that βt(b) = ct for all 0 ≤ t ≤ p− 2
and this is equal to 1 if and only if t = 0. Here, b = ( c 0

0 1 ) as defined earlier.

For the second part, H0 = 〈y〉 is a normal subgroup of B0 with quotient isomor-
phic to D0 where y = ( 1 1

0 1 ) as defined earlier. Therefore, as H0 acts trivially
on Vt for all 0 ≤ t ≤ p− 2, we have the exact sequence

0→H1(D0,Vt)→H1(B0,Vt)→Hom(H0,Vt)D0→H2(D0,Vt).

As D0 is cyclic of order p− 1, then for all 0 ≤ t ≤ p− 2, we have

H1(D0,Vt) = H2(D0,Vt) = 0

and H1(B0,Vt) ∼= Hom(H0,Vt)D0 .
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3.3 modular representation theory of Gn

Now, H0 is a cyclic group of order p, so Hom(H0,Vt) ∼= Fp generated by the
mapping f such that f(y) = 1. D0 acts on f by (b · f)(h) = b · f(b−1hb) for
h ∈ H0. Therefore, b−1yb =

(
1 c−1
0 1

)
and so

(b · f)(y) = b · f
(

1 c−1
0 1

)
= b · c−1 = ct−1.

As c generates F×p , then f is fixed by b only when t = 1. Therefore, we have

Hom(H0,Vt)D0 ∼=

 Fp if t = 1,
0 otherwise,

which gives our result.

We now look at n ≥ 1. The kernel of the surjective reduction mapping Bn→B0

is a normal p-subgroup of Bn. Therefore, the irreducible Fp-representations of
Bn are the irreducible Fp-representations of B0. Therefore, as the irreducible
Fp-representations of Bn, we see for Vt with t ∈ Z/(p− 1)Z and βt : Bn→F×p
we have

βt(
u v
0 1 ) = ut + p(Z/pn+1Z).

We would like to calculate the cohomology associated to these irreducible
Fp[Bn]-representations.

Proposition 3.3.10. For all n ≥ 1, we have

H0(Bn,Vt) = V Bnt =

 Fp if t = 0,
0 otherwise,

and

H1(Bn,Vt) ∼=

 Fp if t ∈ {0, 1},
0 otherwise,

Proof. The first part is identical to the proof of the first part of Lemma 3.3.9.
For the second part, we deal with the t = 0 case first. We know Bn acts trivially
on Fp, so we have

H1(Bn, Fp) ∼= Hom(Bn, Fp) ∼= Fp

by Proposition 3.1.7. We now look at the case 1 ≤ t ≤ p − 2. We have
that Hn = 〈y〉 is a normal subgroup of Bn with quotient isomorphic to Dn.

93
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Therefore, as Hn acts trivially on Vt for all 1 ≤ t ≤ p− 2, we have the exact
sequence

0→H1(Dn,Vt)→H1(Bn,Vt)→Hom(Hn,Vt)Dn→H2(Dn,Vt).

We first look at H1(Dn,Vt). There exists a surjective mapping Dn→D0 with
kernel Dn generated by

(
p+1 0

0 1

)
. Therefore, as D0 is cyclic of order p− 1, then

H1(Dn,Vt) ∼= Hom(Dn,Vt)D0 as Dn acts trivially on Vt. Now, Hom(Dn,Vt) is
generated by f such that f( p+1 0

0 1 ) = 1. Then

(b · f)( p+1 0
0 1 ) = ct · f( p+1 0

0 1 ) = ct 6= 1

as 1 ≤ t ≤ p − 2. Therefore, H1(Dn,Vt) = 0 for all 1 ≤ t ≤ p − 2. Also,
by the Herbrand quotient, we have H2(Dn,Vt) = 0 for all such t and so
H1(Bn,Vt) ∼= Hom(Hn,Vt)Dn .

Now, as Hn is a cyclic group of order pn+1, then Hom(Hn,Vt) ∼= Fp is gener-
ated by the mapping f such that f(y) = 1. Now, we know Dn acts on f by
(b · f)(h) = b · f(b−1hb). Therefore, as b−1yb = ( 1 c−1

0 1 ), then

(b · f)(y) = b · f( 1 c−1
0 1 ) = b · c−1 = ct−1.

As c generates F×p , then f is fixed by b only when t = 1. Therefore, we have

Hom(Hn,Vt)Dn ∼=

 Fp if t = 1,
0 otherwise,

which gives our result.

We now shift our focus to Ikn for 0 ≤ k ≤ n. As before, the kernel of the
surjective reduction mapping Ikn→Bk is a p-group, so we know all the irreducible
Fp[Ikn]-representations for all 0 ≤ k ≤ n as we know the irreducible Fp[Bk]-
representations. We now calculate the cohomology associated to the irreducible
Fp[Ikn]-representations.
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Theorem 3.3.11. For all 0 ≤ k ≤ n, we have for 0 ≤ t ≤ p− 2

H0(Ikn,Vt) = V I
k
n

t =

 Fp if t = 0,
0 otherwise,

for p 6= 3, we have

H1(Ikn,Vt) ∼=

 Fp if t ∈ {1, p− 2} or t = 0 and k ≥ 1,
0 otherwise,

and for p = 3, we have

H1(Ikn,Vt) ∼=


F2

3 if t = 1 and k < n,
F3 if t = 1 and k = n or t = 0 and k ≥ 1,
0 otherwise,

In order to prove this, we shall require the following.

Lemma 3.3.12. For all n ≥ 1, we have Hom(ker(µn), Fp) ∼= F3
p.

Proof. We shall show this for the n = 1 case first. There exists a group iso-
morphism

ker(µ1)→F3
p(

ap+1 bp
cp 1

)
7→
( a
b
c

)
as (

ap+1 bp
cp 1

)(
rp+1 sp
zp 1

)
=
(
(a+r)p+1 (b+s)p
(c+z)p 1

)
.

Therefore, we have

Hom(ker(µ1), Fp) ∼= Hom(F3
p, Fp) ∼= F3

p.

We now want to prove this for n > 1. We have µn = µ1 ◦µ1
n. This is a surjective

group homomorphism and we have the short exact sequence

0→ ker(µ1
n)→ ker(µn)

µ1
n−→ ker(µ1)→0.
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This induces

0→Hom(ker(µ1), Fp)
µ1
n−→ Hom(ker(µn), Fp)→Hom(ker(µ1

n), Fp)

where µ1
n(s) = s ◦ µ1

n and the second map restricts the group homomorphism
to ker(µ1

n). Let s ∈ Hom(ker(µn), Fp). Then if we let ( a bc 1 ) ∈ ker(µ1
n), we

have
( a bc 1 ) = ( 1 b

0 1 )(
a−bc 0

0 1 )(
1 0
c 1 )

where

( 1 0
c 1 ) = ( 1 0

p 1 )
c
p , ( a−bc 0

0 1 ) = ( p+1 0
0 1 )

pm ( 1 b
0 1 ) = ( 1 p

0 1 )
b
p

for some 0 ≤ m ≤ pn−1 − 1. Therefore, as s is a group homomorphism to Fp,
then

s( 1 0
c 1 ) =

c

p
s( 1 0

p 1 ) = 0

and similarly for the others. In particular, this ensures that s restricted to
ker(µ1

n) is trivial implying µ1
n is an isomorphism.

We also require the following.

Lemma 3.3.13. For all 1 ≤ k ≤ n, we have an isomorphism

ker(µkn) ∼= ker(µn−k).

Proof. The isomorphism comes from the mapping

(
upk+1+1 vpk+1

wpk+1 1

)
7→
(
up+1 vp
wp 1

)
for 0 ≤ u, v,w ≤ pn−k − 1.

Therefore, we have the required information to prove Theorem 3.3.11.

Proof of Theorem 3.3.11. The k = n case has been proven in Proposition 3.3.10
as Inn = Bn, so we let 0 ≤ k ≤ n− 1. If ( u v

w 1 ) ∈ Ikn, then the action on Vt is
( u v
w 1 ) · 1 = ut. Therefore, we have our result for V I

k
n

t .
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Now, we have ker(µkn) E Ikn and Ikn/ker(µkn)
∼= Bk. We also have

ker(µkn) =
〈( 1 0

pk+1 1

)
,
(
pk+1+1 0

0 1

)
,
(

1 pk+1

0 1

)〉
.

Therefore, ker(µkn) acts trivially on Vt for all 0 ≤ t ≤ p− 2 and we have the
exact sequence

0→H1(Bk,Vt)→H1(Ikn,Vt)→Hom(ker(µkn),Vt)Bk .

We see from Lemma 3.3.9 and Proposition 3.3.10 that

H1(Bk,Vt) ∼=

 Fp if t = 1 and k ≥ 0 or t = 0 and k ≥ 1,
0 otherwise.

We now want to show

Hom(ker(µkn),Vt)Bk ∼=

 Fp if t = p− 2,
0 otherwise.

By Lemma 3.3.12 and Lemma 3.3.13, we have seen that any element in

Hom(ker(µkn),Vt) ∼= Hom(ker(µn−k),Vt)

factors through to an element of Hom(ker(µ1),Vt). Therefore, we can assume
n = 1 and k = 0. The action of B1 on ker(µ1) factors through the action of B0

on ker(µ1).

We have seen in Lemma 3.3.12 that there exists an isomorphism of groups

ker(µ1)→F3
p(

ap+1 bp
cp 1

)
7→
( a
b
c

)
.

In particular, as the action of an element m = ( r s0 1 ) ∈ B0 on

g =
(
ap+1 bp
cp 1

)
∈ ker(µ1)
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is

m · g = m−1gm =
(

1 −s
0 r

)(
ap+1 bp
cp 1

)(
r s
0 1
)

=
(
(a−cs)p+1 bp−s

crp r

)(
r s
0 1
)

=
(
r(a−cs)p+r (as+b−cs2)p

cr2p r(csp+1)

)
=
(
(a−2cs)p+1 r−1(as+b−cs2)p

crp 1

)
.

Therefore, the action of B0 on ker(µ1) using the isomorphism is

m ·
(
a
b
c

)
=
(

a−2cs
r−1(as+b−cs2)

cr

)

and the matrix relative to the group action is( 1 0 −2s
r−1s r−1 −r−1s2

0 0 r

)
.

This has characteristic polynomial (1− λ)(r−1− λ)(r− λ) and so the semisim-
plification of ker(µ1) as an Fp[B0]-module is V0 ⊕ V1 ⊕ Vp−2.

The only irreducible Fp[B0]-submodule of ker(µ1) is generated by the element( 0
1
0

)
which has B0-representation V1. Hence, the matrix of the action of B0 on

ker(µ1)
/〈( 0

1
0

)〉
is ( 1 −2s

0 r ). Therefore, the only irreducible Fp[B0]-submodule of this quotient
is generated by the element ( 1

0 ) which has B0-representation V0. Therefore, we
have the unique Jordan-Hölder decomposition of ker(µ1) as an Fp[B0]-module

ker(µ1)
〈( 1

0
0

)
,
( 0

1
0

)〉 〈( 0
1
0

)〉
0

Vp−2 V0 V1

Therefore, we must have

Hom(ker(µ1),Vt)B0 ∼=

 Fp if t = p− 2,
0 otherwise.
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as the kernel of an element in this group must be a 2-dimensional Fp[B0]-
submodule of ker(µ1) and we have shown by its unique Jordan-Hölder decom-
position that the only such one has quotient isomorphic to Vp−2.

Now, we know from [18, Chapter 7] that IndGnIkn (Vt)
∼= IndGnIkn (Vp−1−t) for all

1 ≤ t ≤ p−3
2 . Therefore, we have

H1(Ikn,Vt) ∼= H1
(
Gn, IndGnIkn (Vt)

) ∼= H1
(
Gn, IndGnIkn (Vp−1−t)

) ∼= H1(Ikn,Vp−1−t).

Therefore, we only need to look at the cases for 0 ≤ t ≤ p−1
2 when p 6= 3, where

we have Hom(ker(µkn),Vt)Bk = 0 meaning H1(Ikn,Vt) ∼= H1(Bk,Vt).

Finally, when p = 3, we want to show that the restriction mapping

res : H1(Ikn,V1)→Hom(ker(µkn),V1)
Bk

is surjective as this would imply that we have the short exact sequence

0→Fp→H1(Ikn,V1)→Fp→0,

which would give our result. We have seen that Hom(ker(µkn),V1)Bk ∼= 〈f〉
where

f
( a
b
c

)
= c.

Define ρ : Ikn→V1 such that

ρ
(

a b
3k+1c 1

)
= c.

Then as (
a b

3k+1c 1

)(
r s

3k+1u 1

)
=
(
ar+3k+1bu as+b
3k+1(cr+u) 3k+1cs+1

)
and (

r s
3k+1u 1

)
· ρ
(

a b
3k+1c 1

)
= cr,

then we see that [ρ] ∈ H1(Ikn,V1) such that res([ρ]) ∼= f . Therefore, res is
surjective in this case and so we have our result.

We now look at the cohomology of Et for 1 ≤ t ≤ pn with respect to In. We
look at the fixed module first.
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Lemma 3.3.14. For all 1 ≤ t ≤ pn, we have EInt ∼= Fp.

Proof. We know In acts trivially on E1 = Fp. Therefore, EIn1 = Fp. We also
see that as Epn = IndInBn(Fp), then EInpn

∼= FBnp = Fp. Therefore, as for all
1 ≤ t ≤ pn, we have E1 ⊆ Et ⊆ Epn , this gives our result.

We can now look at the cohomology groups H1(In,Et) for 1 ≤ t ≤ pn. As
E1 = Fp, by Theorem 3.3.11, we have H1(In,E1) = 0. We also look at the Epk
cases for 1 ≤ k ≤ n.

Lemma 3.3.15. For all 1 ≤ k ≤ n, we have H1(In,Epk) ∼= Fp.

Proof. We have seen that Epk = IndInIkn(Fp) for all 1 ≤ k ≤ n, so we have

H1(In,Epk) ∼= H1(Ikn, Fp)

by Shapiro’s Lemma. We then use Theorem 3.3.11.

We can now start to calculate the cohomology of Et for the other values of t.
We have already seen that H1(In,E1) = 0. For all 0 ≤ m ≤ dn − 1, we have
the short exact sequence

0→Em(p−1)+1→Em(p−1)+2→V1→0

which induces

0→H1(In,Em(p−1)+1)→H1(In,Em(p−1)+2)→Fp

when p 6= 3. If p = 3, this induces

0→H1(In,Em(p−1)+1)→H1(In,Em(p−1)+2)→F2
p.

We also have the short exact sequence

0→Em(p−1)+k→Em(p−1)+k+1→Vk→0

for all p > 3 and 2 ≤ k ≤ p− 3. Therefore, by Theorem 3.3.11, we have

H1(In,Em(p−1)+k)
∼= H1(In,Em(p−1)+k+1).
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We then have the short exact sequence

0→Em(p−1)+p−2→E(m+1)(p−1)→Vp−2→0

which induces

0→H1(In,Em(p−1)+p−2)→H1(In,E(m+1)(p−1))→Fp.

Finally, 0 ≤ m ≤ dn − 1, we have the short exact sequence

0→E(m+1)(p−1)→E(m+1)(p−1)+1→Fp→0

which induces

0→Fp→H1(In,E(m+1)(p−1))→H1(In,E(m+1)(p−1)+1)→0.

We see from these exact sequences and Lemma 3.3.15 that for all 1 ≤ k ≤ n,
we have H1(In,Epk−1)

∼= F2
p. However, we cannot show precisely the exact

first cohomology group for each module, but using magma [7], we can suggest
the following.

Conjecture 3.3.16. For all n ≥ 1, we have

H1(In,Et) ∼=


0 if t = 1,
F2
p if p− 1|t,

Fp otherwise,

We can now look at the cohomology of the Fp[Gn]-modules with respect to Gn.
We first recall all the possible Fp[Gn]-submodules of IndGnBn(Fp) as seen in The-
orem 3.3.8. Let n ≥ 1 and dn = pn−1

p−1 . Then we classify all Fp[Gn]-submodules
of IndGnBn(Fp) and their dimension as Fp-vector spaces as the following:

1. Kt for 1 ≤ t ≤ pn such that dimFp(Kt) = t(p+ 1),

2. Jm,t for 0 ≤ m ≤ dn − 1 and 1 ≤ t ≤ p − 2, t 6= p−1
2 such that

dimFp(Jm,t) = [m(p+ 1) + t](p− 1) + p,

3. Γm for 0 ≤ m ≤ dn − 1 and dimFp(Γm) = m(p2 − 1) + p2+1
2 ,
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4. ∆m for 0 ≤ m ≤ dn − 1 and dimFp(∆m) = m(p2 − 1) + (p+1)2

2 − 1,

5. Θm for 0 ≤ m ≤ dn and dimFp(Θm) = m(p2 − 1) + 1,

6. Λm for 0 ≤ m ≤ dn and dimFp(Λm) = m(p2 − 1) + p.

We look at the fixed modules first.

Lemma 3.3.17. Let n ≥ 0 and W be an Fp[Gn]-submodule of Kpn. Then we
have

WGn ∼=

 0 if W = Λ0,
Fp otherwise.

Proof. As Epn is uniserial as an Fp[In]-module with composition series

Epn ) Epn−1 ) ... ) E1 ) 0,

then we have the series

Kpn ) Kpn−1 ) ... ) K1 ) 0

and all other Fp[Gn]-submodules of Kpn must lie between Kt−1 and Kt for
some 1 ≤ t ≤ pn with K0 = 0. If W is an Fp[Gn]-submodule of Kpn such
that K1 ⊆ W , as KGnt ∼= EInt

∼= Fp for all 1 ≤ t ≤ pn by Lemma 3.3.14, then
WGn ∼= Fp.

If W is an Fp[Gn]-submodule of Kpn such that W ( K1 then W ∈ {Θ0, Λ0}.
As Θ0 = Fp, then ΘGn0 = Fp. We have a short exact sequence

0→Fp→K1→Λ0→0

which induces
0→Fp→Fp→ΛGn0 →0

by Proposition 3.1.6. Therefore ΛGn0 = 0 and we have our result.

Now we move on to the first cohomology groups. By Shapiro’s Lemma, we have

H1(Gn,Kt) ∼= H1(In,Et)
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for all 1 ≤ t ≤ pn. Therefore, we want to find the cohomology of the other
Fp[Gn]-submodules of Kpn . We will assume Conjecture 3.3.16. To do this, we
need to further understand the irreducible Fp[Gn]-representations. We have the
following.

Lemma 3.3.18. Let i ∈ {1, 3, ..., p}, j ∈ {1, 2} and τi,j be the irreducible
Fp[Gn]-representations. Then

τGni,j
∼=

 Fp if i = j = 1,
0 otherwise.

Proof. We have τGni,j = HomGn(Fp, τi,j) by definition. Then by Schur’s Lemma,
we have our result.

We start with the smaller sized modules first. As Gn acts trivially on Fp, then
by Proposition 3.1.6, we have H1(Gn, Fp) = 0. We know that σ0 = Fp⊕ St, so
we have the short exact sequence

0→ St→σ0→Fp→0

which induces
0→Fp→Fp→H1(Gn, St)→0

as StGn = H1(Gn,σ0) = 0. Therefore, we have H1(Gn, St) = 0.

Let 1 ≤ t ≤ p−3
2 . Then by Proposition 3.3.7, we have the short exact sequence

0→τp−2t,2→σt→τ2t+1,1→0

which induces
0→H1(Gn, τp−2t,2)→H1(Gn,σt).

For all 2 ≤ t ≤ p−3
2 , we have H1(Gn, τp−2t,2) = 0 as H1(Gn,σt) = 0.

We know that we have a short exact sequence

0→Km(p−1)+t→Jm,t→τp−2t,2→0
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for all 0 ≤ m ≤ dn − 1 and 1 ≤ t ≤ p−3
2 . Therefore, this induces the exact

sequence
0→Fp→H1(Gn, Jm,t)→H1(Gn, τp−2t,2)

as τGnp−2t,2 = 0 and H1(Gn,Km(p−1)+t)
∼= Fp. We also have the short exact

sequence
0→Jm,t→Km(p−1)+t+1→τ2t+1,1→0

which induces
0→H1(Gn, Jm,t)→Fp→H1(Gn, τ2t+1,1)

as JGnm,t
∼= KGn

m(p−1)+t+1
∼= H1(Gn,Km(p−1)+t+1)

∼= Fp and τGn2t+1,1 = 0. There-
fore, we have H1(Gn, Jm,t) ∼= Fp.

For t = p−1
2 , as σp−1

2
= τ ⊕ (St⊗τ ) and σGnp−1

2
= H1

(
Gn,σp−1

2

)
= 0 when

p 6= 3, then H1(Gn, τ ) = H1(Gn, St⊗τ ) = 0. Therefore, as we have the exact
sequences

0→K
m(p−1)+ p−1

2
→Γm→τ→0, 0→K

m(p−1)+ p−1
2
→∆m→ St⊗τ→0,

then we have H1(Gn, Γm) ∼= H1(Gn, ∆m) ∼= H1
(
Gn,K

m(p−1)+ p−1
2

) ∼= Fp for all
0 ≤ m ≤ dn − 1.

If p = 3, then σGn1 = 0 and H1(Gn,σ1) ∼= F2
3. Also, as σ1 = τ ⊕ (St⊗τ ), then

H1(Gn,σ1) ∼= H1(Gn, τ )⊕H1(Gn, St⊗τ ).

Therefore, we will find H1(Gn, τ ). We have the exact sequence

0→H1(G0, τ )→H1(Gn, τ )→Hom(ker(µn), τ )G0

as ker(µn) acts trivially on τ . As for all elements ( r s0 1 ) ∈ B0, we have

τ ( r s0 1 ) = r,

then the action of B0 on Hom(ker(µn), τ ) is identical to the action of B0 on
Hom(ker(µn),V1) as seen in the proof of Theorem 3.3.11. Therefore, we have

Hom(ker(µn), τ )B0 ∼= 〈f〉 ∼= F3
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where
f
(
a
b
c

)
= c.

However, we see that

[( 0 1
1 0 ) · f ]

(
0
1
0

)
= −f

(
0
0
1

)
= −1.

Therefore,
Hom(ker(µn), τ )G0 = 0,

and so H1(Gn, τ ) ∼= H1(G0, τ ). We can verify that H1(G0, τ ) ∼= F3 by using
magma [7]. Therefore, we must also have H1(Gn, St⊗τ ) ∼= F3. As we have
short exact sequences

0→K2m+1→Γm→τ→0, and 0→Γm→K2(m+1)→ St⊗τ→0

which induce sequences

0→F3→H1(Gn, Γm)→F3 and 0→H1(Gn, Γm)→F2
3→F3.

Therefore, we must have H1(Gn, Γm) ∈ {F3, F2
3}. However, we cannot determine

which it is. The case is identical for H1(Gn, ∆m).

We know that for all p+1
2 ≤ t ≤ p− 2, we have σt ∼= σp−1−t. Therefore, we have

for p+1
2 ≤ t ≤ p− 2, σss

t = τ2p−2t−1,1 ⊕ τ2t+2−p,2 and the short exact sequence

0→τ2t+2−p,2→σt→τ2p−2t−1,1→0.

From above, we already know that τGn2t+2−p,2 = τGn2p−2t−1,1 = 0 and for t 6= p− 2,
H1(Gn, τ2t+2−p,2) = 0. Therefore, we obtain the results similar to earlier, which
are the exact sequences

0→Fp→H1(Gn, Jm,t)→H1(Gn, τ2t+2−p,2)

and
0→H1(Gn, Jm,t)→Fp→H1(Gn, τ2p−2t−1,1)
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showing that H1(Gn, Jm,t) ∼= Fp. Finally, for all 1 ≤ m ≤ dn, we have the short
exact sequences

0→Km(p−1)→Λm→ St→0

and
0→Θm→Km(p−1)+1→ St→0.

Therefore, as StGn = H1(Gn, St) = 0, then

H1(Gn, Θm) ∼= H1(Gn,Km(p−1)+1)
∼= Fp

and H1(Gn, Λm) ∼= H1(Gn,Km(p−1))
∼= F2

p similarly. Therefore, assuming Con-
jecture 3.3.16 we have the following.

Conjecture 3.3.19. Let p > 3 and W be an Fp[Gn]-submodule of IndGnBn(Fp).
Then we have

H1(Gn,W ) ∼=


0 if W ∈ {Θ0, Λ0,K1},
F2
p if W ∈ {Km(p−1), Λm : 1 ≤ m ≤ dn}

Fp otherwise.

We now look at the cohomology with respect to An. We look at some results
for general n.

Lemma 3.3.20. Let n ≥ 0. Then we have FAnp = Fp and

H1(An, Fp) ∼= H2(An, Fp) ∼=

 Fp if n ≥ 1,
0 if n = 0.

Proof. We know An acts trivially on Fp so the first part is true. Therefore, we
have

H1(An, Fp) ∼= Hom(An, Fp)

= Hom(Z/pn(p+ 1)Z, Fp),

which gives our the second result. Finally, the Herbrand quotient gives our
result as An is cyclic.
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We want to find H1(An,Kpn). We know that we have an Fp[Gn]-isomorphism

Kpn = IndGnBn(Fp) ∼= Maps(P1
n→Fp).

Therefore, we can prove the following.

Proposition 3.3.21. For all n ≥ 0, we have KAnpn ∼= Fp and

H1(An,Kpn) = H2(An,Kpn) = 0.

Proof. As An acts transitively on P1
n, this gives the result for the first part.

Also, this implies that there only exists one orbit and so by Proposition 3.2.3
and as An is cyclic, we have

H1(An,Kpn) ∼= Fp

[∣∣∣StabAn
(
P1
n

)∣∣∣].
However, by the orbit-stabiliser theorem, StabAn(P1

n) is trivial which gives our
result. The final part follows from the Herbrand quotient.

Using this, we can show the following.

Lemma 3.3.22. For all n ≥ 1, we have

ΛAndn
∼= H1(An, Λdn)

∼= H2(An, Λdn)
∼= Fp.

Proof. We know that we can view

Λdn =

{
f : P1

n→Fp :
∑
C

f(C) = 0
}

.

We have
KAnpn =

〈 ∑
C∈P1

n

eC

〉
∼= Fp

where eC is the characteristic function for C. Hence, this generating element
lies in ΛAndn and this proves the first part. For the second, we have the short
exact sequence

0→Λdn→Kpn→Fp→0
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which induces
0→Fp→Fp→Fp→H1(An, Λdn)→0

as H1(An,Kpn) = 0. The final part follows from the Herbrand quotient.

We now want to find the cohomology of the other Fp[Gn]-submodules of Kpn

with respect to An. In order to find these, we need to find the cohomology of
σt by An for all 0 ≤ t ≤ p−1

2 . We know that

σt = {f : Gn→Vt : f(gh) = βt(g)f(h) for all g ∈ In}

with group action (g · f)(g′) = f(g′g). We have also seen that elements of the
quotient In\Gn can be represented by powers of the element vn := αn

pn where
αn is a chosen generator for An. We can now look at the cohomology on σt

with respect to An. Let πn :=
n−1∑
i=0

(−p)i. We see for 0 ≤ j ≤ p that

vjnαn = αn
jpn+1 = αn

(j+(−1)n)pn+πn(p+1) = αn
πn(p+1)vj+(−1)n

n

and so if f ∈ σt, then

(αn · f)
(
vjn
)
= f

(
vjnαn

)
= f

(
αn

πn(p+1)vj+(−1)n
n

)
= βt

(
αn

πn(p+1)
)
f
(
vj+(−1)n
n

)
= f

(
vj+(−1)n
n

)
as αnp+1 ∈ Un and βt is trivial on Un. Therefore, if f ∈ σAnt , then f must
constant on vjn for all 0 ≤ j ≤ p. Hence, we have f generating σAnt where
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f
(
gvjn

)
= βt(g) for all g ∈ In. Now, as An is cyclic, we wish to calculate

ker(NmAn : σt→σt). Let ρ ∈ σt. Then

NmAn(ρ)(gvjn) =
pn(p+1)−1∑

m=0
(αn

m · ρ)
(
gvjn

)

=
pn(p+1)−1∑

m=0
ρ
(
gvjnαn

m
)

=
pn(p+1)−1∑

m=0
ρ
(
gαn

jpn+m
)

=
pn(p+1)−1∑

m=0
ρ
(
gαn

mπn(p+1)vj+m(−1)n
n

)

= βt(g)
pn(p+1)p−1∑

m=0
ρ
(
vj+m(−1)n
n

)

= βt(g)
pn(p+1)−1∑

k=0
ρ
(
vkn
)

= pnβt(g)
p∑

k=0
ρ
(
vkn
)

Therefore, we have ker(NmAn) = σt. In particular, we have

H1(An,σt) ∼= σt/im(αn−1).

Now, as σAnt ∼= Fp for all 0 ≤ t ≤ p−1
2 , then im(αn− 1) is an Fp[An]-submodule

of σt that has dimension p as an Fp-vector space. Therefore, by the Herbrand
quotient and that σt are all finite Fp[Gn]-modules, we have proved the following.

Lemma 3.3.23. For all n ≥ 1 and 0 ≤ t ≤ p−1
2 , we have

σAnt
∼= H1(An,σt) ∼= H2(An,σt) ∼= Fp.

We know that σ0 = Fp ⊕ St, σp−1
2

= τ ⊕ (St⊗τ ) and for all 1 ≤ t ≤ p−3
2 ,

σss
t = τ2t+1,1 ⊕ τp−2t,2. For t = 0, we know that

FAnp
∼= H1(An, Fp) ∼= H2(An, Fp) ∼= Fp.
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We also see that

K1 ∼= σ0 ∼=
{
f : P1

n→Fp : f(C) = tD if C ⊃ D ∈ P1
0

}

and

Λ0 ∼= St ∼=
{
f : P1

n→Fp : f(C) = tD if C ⊃ D ∈ P1
0,

∑
D∈P1

0

tD = 0
}

.

Now as
KAn1 =

〈 ∑
C∈P1

n

eC

〉
∼= Fp,

we will show that this element does not lie in Λ0. For this element, we see that
tD = 1 for all D ∈ P1

0. However, as |P1
0| = p+ 1, we have

∑
D∈P1

0

tD = p+ 1 = 1 6= 0.

Hence, ΛAn0 = 0. In particular, as An is a cyclic group, then H2(An, Λ0) is
a quotient of ΛAn0 meaning H2(An, Λ0) = 0. We also see that the Herbrand
quotient is trivial as Λ0 is a finite Fp[Gn]-module and so H1(An, Λ0) = 0.

For 1 ≤ t ≤ p−3
2 , we have the short exact sequence

0→τp−2t,2→σt→τ2t+1,1→0

which induces

0→τAnp−2t,2→Fp→τAn2t+1,1→H1(An, τp−2t,2)→

→Fp→H1(An, τ2t+1,1)→H2(An, τp−2t,2)→Fp.

We will show that there are three potential outcomes. From the exact sequence,
we must have τAnp−2t,2 ∈ {0, Fp}. If τAnp−2t,2 = 0, then as An is cyclic,

H1(An, τp−2t,2) = H2(An, τp−2t,2) = 0.
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This implies that

τAn2t+1,1
∼= H1(An, τ2t+1,1) ∼= H2(An, τ2t+1,1) ∼= Fp.

If τAnp−2t,2
∼= Fp, then H1(An, τp−2t,2) ∼= H2(An, τp−2t,2) ∈ {0, Fp}. If they are

0, then this implies τAn2t+1,1 = 0 and H1(An, τ2t+1,1) ∼= Fp, which contradicts
the Herbrand quotient. Therefore, if τAnp−2t,2

∼= Fp, then

H1(An, τp−2t,2) ∼= H2(An, τp−2t,2) ∼= Fp.

If this is the case, then we either have

τAn2t+1,1 = H1(An, τ2t+1,1) = H2(An, τ2t+1,2) = 0

or
τAn2t+1,1

∼= H1(An, τ2t+1,1) ∼= H2(An, τ2t+1,1) ∼= Fp.

Therefore we have three potential outcomes, for which the first and second
cohomology groups are isomorphic to the fixed modules.

1. τAnp−2t,2 = 0 and τAn2t+1,1
∼= Fp,

2. τAnp−2t,2
∼= Fp and τAn2t+1,1 = 0,

3. τAnp−2t,2
∼= Fp and τAn2t+1,1

∼= Fp.

For t = p−1
2 , then we have

τ (g) = det(g)
p−1

2 =

(
det(g)
p

)
.

This mapping is not trivial on An, so τAn = 0. As σp−1
2

= τ ⊕ (St⊗τ ) and
σAnp−1

2

∼= Fp, then we must have (St⊗τ )An ∼= Fp. Therefore, as

H1(An,σp−1
2
) ∼= H2(An,σp−1

2
) ∼= Fp

and An is cyclic, then by the Herbrand quotient, we have

H1(An, τ ) = H2(An, τ ) = 0
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and
H1(An, St⊗τ ) ∼= H2(An, St⊗τ ) ∼= Fp.

For p+1
2 ≤ t ≤ p− 2, we end up with the exact same outcome as the 1 ≤ t ≤ p−3

2
case. We can now calculate the cohomology with respect to Fp[Gn]-submodules
of Kpn . We first look at the fixed modules.

Lemma 3.3.24. Let n ≥ 1 and W be an Fp[Gn]-submodule of Kpn. Then we
have

WAn ∼=

 0 if W = Λ0,
Fp otherwise.

Proof. We have seen that the only Fp[Gn]-submodule of Kpn that doesn’t con-
tain Θ0 = Fp is Λ0 and if W contains Fp, then WAn ∼= Fp as KAnpn ∼= Fp. We
have already shown that ΛAn0 = 0 which gives our result.

We now start with the smallest modules. We have the short exact sequence

0→Fp→K1→ St→0

which implies that H1(An,K1) ∼= H1(An, Fp) ∼= Fp as StAn = H1(An, St) = 0.

For all 0 ≤ m ≤ dn − 1, we have the short exact sequence

0→Km(p−1)+t→Km(p−1)+t+1→σt→0

for 0 ≤ t ≤ p− 2. Then this induces

0→Fp→H1(An,Km(p−1)+t)→H1(An,Km(p−1)+t+1)→Fp

as KAn
m(p−1)+t

∼= KAn
m(p−1)+t+1

∼= σAnt
∼= H1(An,σt) ∼= Fp. This shows that

Fp ≤ H1(An,Km(p−1)+t). Therefore, as An is cyclic, then by the Herbrand
quotient and Lemma 3.3.24, we have H1(An,Km(p−1)+t)

∼= Fp. Also, we have
shown that H2(An,Km(p−1)+t)

∼= Fp.

We also have the short exact sequence

0→Kpn−1→Kpn→σ0→0
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which extends to

0→Fp→Fp→Fp→H1(An,Kpn−1)→0

as H1(An,Kpn) = 0. Therefore, this shows H1(An,Kpn−1) ∼= Fp. We also see
that H2(An,Kpn−1) ∼= Fp by the Herbrand quotient and therefore, we have
shown the following.

Proposition 3.3.25. We have

H1(An,Kt) ∼= H2(An,Kt) ∼=

 Fp if 1 ≤ t ≤ pn − 1,
0 if t = pn.

We now look at the intermediate Fp[Gn]-submodules. We already know the
results for Θ0 and Λ0. We look at the intermediates Jm,t for 0 ≤ m ≤ dn − 1
and 1 ≤ t ≤ p−3

2 . We have the short exact sequence

0→Km(p−1)+t→Jm,t→τp−2t,2→0

which induces

0→τAnp−2t,2→Fp→H1(An, Jm,t)→H1(An, τp−2t,2)→Fp.

We also have the short exact sequence

0→Jm,t→Km(p−1)+t+1→τ2t+1,1→0

which induces

0→τAn2t+1,1→H1(An, Jm,t)→Fp→H1(An, τ2t+1,1)→Fp.

If τAnp−2t,2 = 0, then H1(An, τp−2t,2) = 0 and the first sequence implies that
H1(An, Jm,t) ∼= Fp. Similarly, if τAn2t+1,1 = 0, then H1(An, τ2t+1,1) = 0 and the
second sequence implies that H1(An, Jm,t) ∼= Fp. Also, if

τAn2t+1,1
∼= τAnp−2t,2

∼= H1(An, τ2t+1,1) ∼= H1(An, τp−2t,2) ∼= Fp,
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then the first sequence induces

0→H1(An, Jm,t)→Fp

and the second induces
0→Fp→H1(An, Jt)

meaning H1(An, Jm,t) ∼= Fp. Therefore, we must have H1(An, Jm,t) ∼= Fp. The
case for p+1

2 ≤ t ≤ p− 2 can be proved similarly.

For t = p−1
2 , we have the short exact sequences

0→K
m(p−1)+ p−1

2
→Γm→τ→0

and
0→∆m→Km(p−1)+ p+1

2
→τ→0.

Hence, we have H1(An, Γm) ∼= H1(An, ∆m) ∼= Fp for all 0 ≤ m ≤ dn − 1.

We also have for all 1 ≤ m ≤ dn − 1

0→Km(p−1)→Λm→ St→0

and
0→Θm→Km(p−1)+1→ St→0.

As StAn = H1(An, St) = 0, then we have H1(An, Θm) ∼= H1(An, Λm) ∼= Fp

for all 1 ≤ m ≤ dn − 1.

Finally, we have the short exact sequence

0→Θdn→Kpn→ St→0

and as StAn = H1(An, St) = 0, then H1(An, Θdn)
∼= H1(An,Kpn) = 0. We

also have H1(An, Λdn)
∼= Fp by Lemma 3.3.22. Therefore, we have shown the

following.

Theorem 3.3.26. Let n ≥ 1 and W be an Fp[Gn]-submodule of Kpn. Then we
have

H1(An,W ) ∼=

 0 if W ∈ {Λ0, Θdn ,Kpn},
Fp otherwise.
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We end this section with a result with respect to Bn which will become vital
later on in this chapter and the next.

Lemma 3.3.27. Let n ≥ 0 and W be an Fp[Gn]-submodule of Kpn. Then
WBn 6= 0.

Proof. We know that either W ⊇ Θ0 = Fp or W = Λ0. For the first case, as
Bn acts trivially on Fp, then FBnp = Fp. Hence, WBn ⊇ Fp. Secondly, as we
can view

Λ0 =

{
f : P1

n→Fp : f(C) = tD for C ⊃ D ∈ P1
0 and

∑
D

tD = 0
}

,

then for a fixed element of P1
0, denoted D0, Bn acts transitively on the set of

C 6⊃ D0 for C ∈ P1
n and on the set of elements C ⊃ D0 for C ∈ P1

n. As
the number of all elements P1

0\{D0} is divisible by p, then ΛBn0 contains the
function f such that

f(C) =

 1 if C 6⊃ D0,
0 otherwise,

Hence, ΛBn0 6= 0.

We now have all the required modular representation theory associated to Gn
when looking at the integral representation theory associated to Gn. We first
look at the n = 0 case in the next section.

3.4 Representations of PGL2(Fp)

We now look at the Zp[G0]-lattices in V0. We have that V0 = W0 is an irre-
ducible Qp[G0]-module and we have the standard lattice

T0 =

f : P1
0→Zp :

∑
C

f(C) = 0


in V0. We want to show the following.

Theorem 3.4.1. All Zp[G0]-lattices in V0 are of the form pkT0 for some k ≥ 0.
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Proof. Let S be a Zp[G0]-lattice in V0. Then we can scale S such that

pkT0 ⊆ S ⊆ T0

for some k ≥ 1. We will show that S = plT0 for some 0 ≤ l ≤ k. We do
this by induction. If k = 1, we let T 0 := T0 ⊗ Fp. Then we have seen in
the previous section that T 0 = Λ0 is an irreducible Fp[G0]-module meaning
S→T 0 is surjective as if it were the zero map then S = pT0. Therefore, by the
surjective mapping before, we must have T0/S = 0 meaning S = T0.

Now assume this is true for k. We have a short exact sequence

0→T 0→T0/pk+1T0→
T0/pkT0→0

so we can view T 0 as a Z/pk+1Z[G0]-submodule of T0/pk+1T0 . If

S/pk+1T0 ∩ T 0 6= 0,

then as T 0 is an irreducible Fp[G0]-module, then T 0 ⊆ S/pk+1T0 meaning
pkT0 ⊆ S. Therefore, by induction, S = ptT0 for some 0 ≤ t ≤ k. Hence
we can assume S/pk+1T0 ∩ T 0 = 0. Then by the second isomorphism theorem,
we have

S/pk+1T0 + T 0

T 0
∼=

S/pk+1T0
S/pk+1T0 ∩ T 0

∼= S/pk+1T0 .

Hence
S/pk+1T0

∼=
S/pk+1T0 + T 0

T 0
≤

T0/pk+1T0

T 0
∼= T0/pkT0 .

Therefore, we have S ⊆ pT0. However, by induction, this implies that S = pl+1T0

for some 0 ≤ l ≤ k.

The standard lattice in V(0) takes the form

T(0) = Zp

[
G0/B0

]
= Maps(P1

0→Zp).

Using this we can view all isomorphism classes of Zp[G0]-lattices in V(0).

Proposition 3.4.2. Any Zp[G0]-lattice in V(0) is isomorphic to Zp ⊕ T0.
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Proof. Let M ⊂ V(0) be any lattice and assume M ⊂ T(0). We define

M0 = M ∩ T0 ∼= T0

and π0(M) ∼= Zp where π0 : T(0)→Zp. So we have a short exact sequence

0→T0→M→Zp→0.

We want to show this sequence splits. We have the short exact sequence

0→T0→T(0)
π0−→ Zp→0.

This sequence induces

0→TG0
0 →T

G0
(0)

π0−→ Zp→H1(G0,T0)→H1(G0,T(0)).

As G0 acts transitively on P1
0, we have TG0

0 = 0 and TG0
(0)
∼= Zp. Thus π0 in

this sequence represents the multiplication-by-|P1
0| map and so π0 is an isomor-

phism as |P1
0| = p+ 1. However, we have H1(G0,T(0)) ∼= H1(B0, Zp) = 0 by

Shapiro’s Lemma and as the action of B0 on Zp is trivial. Therefore, we have
H1(G0,T0) = 0. We have

Ext1
ZpG0(Zp,T0) ∼= H1(G0, HomZp(Zp,T0)) ∼= H1(G0,T0) = 0

by Proposition 3.2.6. Hence M ∼= Zp ⊕ T0.

So in the n = 0 case, we see that any Zp[G0]-lattice in V0 is isomorphic to T0.
This is not so though for n ≥ 1.

3.5 Representations of PGL2(Z/pn+1Z)

In this section, we will look at Zp[Gn]-lattices in Tn for n ≥ 1 and the relation-
ships between them. We have seen in Theorem 2.3.4 that

Vn =
n⊕
i=0

Wi
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where each Wi contains the standard lattice Ri. We can extend this construc-
tion to the standard lattice in ⊕n

i=k+1Wi for 0 ≤ k ≤ n− 1 which is

Rkn :=
{
f : P1

n→Zp :
∑
C⊃D

f(C) = 0 for all D ∈ P1
k

}
.

There exist a short exact sequence

0→Rkn→Tn
π−→ Tk→0

where the first mapping is the inclusion mapping and

π(f)(D) =
∑
C⊃D

f(C).

We note that the sequence is still exact if we replace Tk and Tn with T(k) and
T(n) respectively.

We now look at Zp[Gn]-lattices contained in Rkn. Naturally defined lattices in
Rkn include

Om,k
n = {f ∈ Rkn : f(C) ≡ sD (mod pm) for C ⊃ D ∈ P1

k}

and
Zm,k
n = {f ∈ Rkn : f is constant mod pm}

for m ≥ 0. Here, the condition that f ∈ Om,k
n is to say that f is constant on

discs. The first fits into the short exact sequence

0→Rkn→Om,k
n →Z/pmZ

[
Gk/Bk

]
→0,

and the second fits into

0→Rkn→Zm,k
n →Z/pmZ→0.

We can also define Fm,k
n for m ≥ 0 as

{
f ∈ Om,k

n :
∑
D

sD = 0 where f(C) ≡ sD (mod pm) for C ⊃ D ∈ P1
k

}
.
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This fits into the short exact sequence

0→Rkn→Fm,k
n → ker

(
Z/pmZ

[
Gk/Bk

]
→Z/pmZ

)
→0.

In particular, we have the short exact sequence

0→Fm,k
n →Om,k

n →Z/pmZ→0.

We can now create a bound on m.

Lemma 3.5.1. For all m ≥ n− k, we have Om,k
n = pm−n+kOn−k,k

n and simi-
larly, Zm,k

n = pm−n+kZn−k,k
n and Fm,k

n = pm−n+kFn−k,k
n

Proof. Any element of pm−n+kOn−k,k
n must be constant modulo pm on discs

and its sum must be 0 on discs by definition of On−k,k
n . Hence we have one

inclusion.

We also see that if g ∈ Om,k
n then g(C) = pmtC + sD where C ⊃ D ∈ P1

k.
Then as ∑

C⊃D
g(C) = 0 for all D ∈ P1

k, we have pm ∑
C⊃D

tC + pn−ksD = 0 and

so sD ≡ 0 (mod pm−n+k). Therefore, g ∈ pm−n+kRkn. But, we also see that as
g = pm−n+kf for f ∈ Rkn, then f(C) = pn−ktC + uD where sD = pm−n+kuD.
Hence, f ∈ On−k,k

n . The Zm,k
n and Fm,k

n cases follow similarly.

Therefore, we only need to consider 0 ≤ k ≤ n− 1 and 1 ≤ m ≤ n− k. Let
j : T(k)→T(n) be the mapping that sends f to f ◦ s, with s : P1

n→P1
k the

reduction mapping. Then T(n) contains j(T(k))⊕Rkn ∼= T(k) ⊕Rkn. We obtain
an exact sequence

0→T(k)
j−→ T(n)

φ−→ Rkn

as ker(φ) is precisely the functions that are constant on each disc. Here

φ(f)(C) = pn−k · f(C)−
∑
C′⊃D

f(C ′)

with C ⊃ D ∈ P1
k.

We now want to show that im(φ) = On−k,k
n . Let f ∈ im(φ). Then

f(C) = pn−k · tC −
∑
C′⊃D

tC′ ≡ −
∑
C′⊃D

tC′ (mod pn−k).
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Therefore, f ∈ On−k,k
n .

Conversely let g ∈ On−k,k
n . Then we can write g(C) = pn−ktC + sD where

C ⊃ D ∈ P1
k and

0 =
∑
C⊃D

g(C) = pn−k
∑
C⊃D

tC + pn−ksD.

Therefore,
g(C) = pn−ktC −

∑
C′⊃D

tC′ = φ(h)(C)

where h : P1
n→Zp such that h(C) = tC . Hence, g = φ(h) ∈ im(φ). Therefore

we have the short exact sequence

0→T(k)
j−→ T(n)

φ−→ On−k,k
n →0. (2)

In particular, if we restrict φ to Tn, then we have the following exact sequence

0→Tk
j−→ Tn

φ−→ Fn−k,k
n →0.

Hence, the short exact sequence (2) hints as to the possible dual of Rkn.

Proposition 3.5.2. Let (Rkn)∗ := HomZp(R
k
n, Zp) denote the Zp-dual of Rkn.

Then (Rkn)
∗ ∼= On−k,k

n .

Proof. We have the exact sequence

0→Rkn→T(n)
π−→ T(k)→0

where π(f)(D) =
∑
C⊃D

f(C). This induces

0→T ∗(k)→T
∗
(n)→(Rkn)

∗→Ext1
Zp

(T(k), Zp).

As T(k) is a Zp[Gn]-lattice, then it is a projective Zp-module and therefore, we
have Ext1

Zp
(T(k), Zp) = 0. Also, as T(i) = Zp

[
Gi/Bi

]
then T ∗(i) = T(i) by [22,

Corollary 2.5.10]. We see that the mapping T(k)→T(n) is j as defined earlier.
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From these two exact sequences, we define x : Rkn
f
↪−→ T(n)

g−→→ (Rkn)
∗ and

we have the multiplication-by-pn−k map T(k)
j
↪−→ T(n)

π−→→ T(k). We have that
ker(x) = Rkn ∩ j(T(k)) = 0 and so

coker(x) = im(g)/im(x)

∼=
(
T(n)/ker(g)

)
/im(f)

=

(
T(n)/im(j)

)
/ker(π)

∼=
(
T(n)/ker(π)

)
/im(j)

∼= im(π)/im(j)

= coker
(
[pn−k] : T(k)→T(k)

)
= Z/pn−kZ

[
Gk/Bk

]
However, we have im(x) ∼= Rkn meaning we have an exact sequence

0→Rkn→(Rkn)
∗→Z/pn−kZ

[
Gk/Bk

]
→0

which shows On−k,k
n

∼= (Rkn)
∗ by the exact sequence that defines On−k,k

n .

We now introduce some of the sublattices of Tn we are able to define. The first
lattice we look at is

Tmn = {f ∈ Tn : f is constant mod pm}

for m ≥ 1. We do not need m > n due to the following.

Lemma 3.5.3. For m > n, we have Tmn = pm−nTnn .

Proof. If we let f ∈ Tmn , then we have f(C) ≡ 0 (mod pm−n) for all C ∈ P1
n

as m > n and ∑
C
f(C) = 0, so f ∈ pm−nTnn . It is clear that if f ∈ pm−nTnn

then f ∈ Tmn .

As this is the case, then for all m ≥ n, we have Tmn
∼= Tnn . If we let

0 ≤ i < m ≤ n, then the third isomorphism theorem gives

Tmn /pm−iT in
∼= (T

m
n /pmTn)

/
(p
m−iT in/pmTn) ∼= (T

m
n /pmTn)

/
(T

i
n/piTn)

∼= Z/pm−iZ.
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In particular, this leads to the short exact sequence

0→pTm−1
n →Tmn →Fp→0

for m ≥ 1. We now define Tmn := Tmn ⊗Zp Fp. Then we have the following.

Proposition 3.5.4. We have the following exact sequences of Zp[Gn]-modules

0→Fp→Tmn →Tmn /Tm+1
n
→0

for 0 ≤ m ≤ n− 1 and the exact sequence

0→Tn−1
n /Tnn→Tnn→Fp→0.

The first exact sequence splits for 1 ≤ m ≤ n− 1 and the other sequences are
non-split.

Proof. These sequences are exact due to the third isomorphism theorem. We
want to show for 1 ≤ m ≤ n− 1 that the first set of sequences split. We define
the mapping e : Tmn →Fp by e(f) = f(C) (mod p). This is well defined as
f(C) are congruent modulo pm. It is also Gn-equivariant and so we have shown
the sequence splits.

For the first sequence with m = 0, we have seen that Tn = Λdn . Hence, by the
work on the Fp[Gn]-submodules of T (n) in section 3.3, we have seen that this
sequence cannot split.

For the last sequence, let f ∈ Tnn be a lift of 1 ∈ Fp under a section of
e : Tnn→Fp. Then we have f(C) ≡ 1 (mod p) and (h− 1) · f ∈ pTnn for every
h ∈ Gn. Now, Gn acts transitively on P1

n by Lemma 3.1.10, so for all C,D ∈ P1
n,

(f(C)− f(D))/p is constant modulo pn and so f(C) is constant modulo pn+1.

But
0 =

∑
C

f(C) ≡ (pn+1 + pn)f(C) (mod pn+1).

Hence, f(C) ≡ 0 (mod p), which is a contradiction.

Using these lattices, we can find the dual of Tn.
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Proposition 3.5.5. Let T ∗n := HomZp(Tn, Zp) denote the Zp-dual of Tn. Then
T ∗n
∼= Tnn .

Proof. We have the short exact sequence

0→Tn→T(n)→Zp→0

which induces
0→Zp

m−→ T(n)→T ∗n→0

via HomZp(_, Zp), where m(1) is the function that maps all of P1
n to 1. If

we let x : Tn ↪→ T(n) � T ∗n then x has cokernel equal to the cokernel of the
multiplication-by-|P1

n| map Zp ↪→ T(n) � Zp as ker(x) ⊂ Tn ∩m(Zp) = 0.
Hence we have the exact sequence

0→Tn→T ∗n→Z/pnZ→0

which shows the result.

We also have for 0 ≤ k ≤ n− 1 and m ≥ 0

Y m,k
n =

{
f ∈ Tn :

∑
C⊃D

f(C) is constant mod pm for all D ∈ P1
k

}
.

But, if 0 ≤ k < m, then all the terms are congruent to a (mod pm) and so
pk(p+ 1)a ≡ 0 (mod pm) and so pm−k|a. Therefore we have

Y m,k
n =

{
f ∈ Tn :

∑
C⊃D

f(C) ≡ 0 (mod pm−k) for all D ∈ P1
k

}
.

Also, for 0 ≤ k ≤ n− 1 and m ≥ 0, we have

Xm,k
n = {f ∈ Tn : f(C) is constant mod pm for all C ⊃ D ∈ P1

k}.

These will be of importance later on.

We now compare the sublattices of Rkn and Tn. We have the exact sequence

0→Rkn→Tn
π−→ Tk→0
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where π(f)(D) =
∑
C⊃D

f(C). We have Zm,k
n = Tmn ∩Rkn and as π(Tmn ) = pmTk,

we have the exact sequence

0→Zm,k
n →Tmn

π−→ pmTk→0.

However this sequence is non-split.

Proposition 3.5.6. We have pmTk ⊕Zm,k
n ( Tmn

Proof. Let f ∈ pmTk ⊕ Zm,k
n . Then f is constant mod pm and ∑

C
f(C) = 0,

so f ∈ Tmn . However, if we let A,B ∈ P1
n lie in different discs and define

f : P1
n→Zp such that

f(C) =


pm if C = A,
−pm if C = B,
0 otherwise,

then f ∈ Tmn . But if f = pma+ b for a ∈ Tk, b ∈ Zm,k
n , then we would have

pm = pma(A) + b(A),
−pm = pma(B) + b(B),

0 = pma(C) + b(C),

for C ∈ P1
n\{A,B}. In particular, if we have U ∈ P1

n different from A lying in
the same disc as A ⊃ D ∈ P1

k, then b(A) = pm + b(U) and so we have

0 =
∑
C⊃D

b(C) = pn−kb(U) + pm.

We have two cases. If m < n− k, then pm ≡ 0 (mod pn−k), which cannot
happen.

If m ≥ n − k then b(U) = −pm−n+k and so pma(U) = pm−n+k meaning
pn−ka(U) = 1, which cannot happen. Therefore, f /∈ pmTk ⊕Zm,k

n .

We can also use the comparison when looking at Y m,k
n for m ≥ n.

Proposition 3.5.7. For all 0 ≤ k < n ≤ m, we have Y m,k
n = pm−nTk ⊕Rkn.
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Proof. Let f ∈ Y m,k
n . Then ∑

C
f(C) = 0 and ∑

C⊃D
f(C) = pm−ktD for all

D ∈ P1
k. Define a : P1

n→Zp such that a(C) = tD if C ⊃ D and define
b : P1

n→Zp such that b = f − pm−na. We now need to show a ∈ Tk and
b ∈ Rkn. We have

∑
C⊃D

b(C) =
∑
C⊃D

(f(C)− pm−na(C))

=

( ∑
C⊃D

f(C)

)
− pm−ktD

= pm−ktD − pm−ktD
= 0.

Hence b ∈ Rkn. We have ∑
C
a(C) = 0 as ∑

C
f(C) =

∑
C
b(C) = 0. Also, a is con-

stant on discs by definition, so a ∈ Tk. Therefore, f = pm−na+ b ∈ pm−nTk ⊕Rkn.

Let g = pm−ne+ h ∈ pm−nTk ⊕Rkn. Then
∑
C
g(C) = 0 and

∑
C⊃D

g(C) = pm−n
∑
C⊃D

e(C) = pm−ke(C) ≡ 0 (mod pm−k)

and so g ∈ Y m,k
n .

Now, we have ptTk ∼= Tk for all t ≥ 0 and so we have Y m,k
n
∼= Y n,k

n = Tk ⊕Rkn
for all m ≥ n.

In general, if M ⊂ Tn is a lattice then Mn = M ∩R0
n is a lattice in R0

n. The
image of M in R0 is a lattice isomorphic to R0. So we have a short exact
sequence

0→Mn→M
π−→ R0→0.

Therefore, we are interested in Ext1
ZpGn(R0,Mn) for all lattices Mn ⊂ R0

n.

Proposition 3.5.8. We have Ext1
ZpGn(R0,R0

n)
∼= Z/pnZ.

In order to prove this, we will require the following.

Lemma 3.5.9. We have Ext1
ZpGn(T(0),T(n)) = 0.
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Proof. Using Shapiro’s Lemma and Proposition 3.2.6 we have

Ext1
ZpGn(T(0),T(n)) ∼= Ext1

ZpIn(Zp,T(n)) ∼= H1(In,T(n)) = 0

by Theorem 3.2.7.

Proof of Proposition 3.5.8. We have the exact sequence

0→R0
n→T(n)

π−→ T(0)→0

where π(f)(D) =
∑
C⊃D

f(C). This induces

0→HomZpGn(R0,R0
n)→HomZpGn(R0,T(n))

ρ−→ HomZpGn(R0,T(0))→

→Ext1
ZpGn(R0,R0

n)→Ext1
ZpGn(R0,T(n))

by applying HomZpGn(R0, _). We have HomZpGn(R0,R0
n) = 0 as they intersect

trivially and

HomZpGn(R0,T(n)) ⊂ HomQpGn

W0,
n⊕

i=−1
Wi

 ∼= Qp

by Schur’s Lemma and so must be a rank 1 Zp-module. Similarly

HomZpGn(R0,T(0)) ⊂ HomQpGn(W0, Qp ⊕W0) ∼= Qp.

We have
HomZpGn(R0,T(n)) =< j >

where j(f) = f ◦ s and s : P1
n→P1

0 is the reduction mapping. Also,

HomZpGn(R0,T(0)) =< k >

where k is the inclusion mapping. We have ρ(j) = π ◦ j which is the multiplication-
by-pn map. As k is the inclusion mapping, then ρ(j) = pn · k. Therefore we
have coker(ρ) ∼= Z/pnZ. If we show Ext1

ZpGn(R0,T(n)) = 0 then we are done.
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We have the short exact sequence 0→Zp
w0−→ R(0)→R0→0 where w0(b)(C) = b

for all C ∈ P1
0. This induces

0→HomZpGn(R0,T(n))→HomZpGn(R(0),T(n))
χ−→ HomZpGn(Zp,T(n))→

→Ext1
ZpGn(R0,T(n))→Ext1

ZpGn(R(0),T(n))

via applying HomZpGn(_,T(n)). However, we have seen in Lemma 3.5.9 that
Ext1

ZpGn(R(0),T(n)) = 0, so we will show χ is surjective.

We have
HomZpGn(Zp,T(n)) ⊂ HomQpGn(Qp,V(n)) ∼= Qp

so it must be generated by the map wn where wn(a)(C) = a for all C ∈ P1
n.

Then wn(a) = a ·wn(1) for all a ∈ Zp. Define α = wn ◦ γ where γ : R(0)→Zp

such that γ(f) = ∑
C
f(C). Then we have

χ(α)(1) = (wn ◦ γ ◦w0)(1) = wn(p+ 1) = (p+ 1) ·wn(1).

Therefore χ(α) = (p+ 1) ·wn and so χ is surjective, giving our result.

We now look to apply the work on the modular representation theory of Gn in
section 3.3 to the sublattices of Rkn and Tn containing pRkn and pTn respectively.
Throughout, ifX is a Zp[Gn]-lattice, we define the Fp[Gn]-moduleX := X ⊗Fp

and use the notation for such modules as in section Theorem 3.3.8.

We have Rkn ∼= Kpkdn−k(p−1) as an Fp[Gn]-module, where di = pi−1
p−1 for i ≥ 1.

Also, as dimFp(R0) = p− 1, then we must have R0 ∼= Λ0 = St. Therefore, we
have R(0)

∼= K1. Also, if we view T(k) and Tk as Zp[Gn]-lattices for 0 ≤ k < n,
then we have T (k) = Kpk and T k = Λdk .

We initially look at the sublattices of Rkn. We let Okn := O1,k
n and similarly

define Zkn and F kn , then we have the exact sequences

0→Rkn
[p]−→ Zkn→Fp→0, 0→Rkn

[p]−→ Okn→Kpk→0, 0→Rkn
[p]−→ F kn→Λdk→0.
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Hence, we can define F kn as
f ∈ Okn :

∑
D∈P1

k

tD ≡ 0 (mod p) where f(C) ≡ tD (mod p) when C ⊃ D

.

We would like to see if R0
n/O0

n
is an indecomposable Fp[Gn]-module. To do this,

we want to show (R
0
n/O0

n
)Gn = 0.

Lemma 3.5.10. We have (R
0
n/O0

n
)Gn = 0.

Proof. We have the short exact sequence

0→K1→Kpn−1→R0
n/O0

n
→0

which induces

0→KGn1 →K
Gn
pn−1→(R

0
n/O0

n
)Gn→H1(Gn,K1).

We then have our result as KGn1
∼= KGnpn−1

∼= Fp by Lemma 3.3.17 and by
Theorem 3.3.11, we have H1(Gn,K1) = 0.

We want to check whether Zkn is a lattice isomorphic to Rkn. However, we first
need the following result.

Lemma 3.5.11. We have H1(Gn,Rkn) = Z/pn−kZ.

Proof. We have a short exact sequence

0→Rkn→T(n)
π−→ T(k)→0.

This induces

0→(Rkn)
Gn→TGn(n)

π−→ TGn(k)→H1(Gn,Rkn)→H1(Gn,T(n)).

Now we have (Rkn)
Gn = 0 and H1(Gn,T(n)) = H1(Bn, Zp) = 0 by Shapiro’s

Lemma. We also see that as TGn(n) ∼= TGn(k)
∼= Zp, π must be the multiplication-

by-pn−k map as |P1
n|/|P1

k|
= pn−k. Therefore we have our result.
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We can compare this result to the following.

Lemma 3.5.12. We have H1(Gn,Zkn) = Z/pn−k−1Z.

Proof. We have the short exact sequence 0→Rkn→Zkn→Fp→0 which induces

0→Fp→Z/pn−kZ→H1(Gn,Zkn)→0

as (Zkn)
Gn = H1(Gn, Fp) = 0 and by Lemma 3.5.11. Therefore, we have our

result.

Therefore, as the cohomology groups are not equal, Zkn � Rkn as Zp[Gn]-
modules.

If we look at the sublattices of Tn, we define Xk
n := X1,k

n and similarly with
Y kn . Then there exists a short exact sequence

0→Tn→Xk
n→Kpk→0.

For Y kn , we have the following.

Lemma 3.5.13. For k = 0, there exists a short exact sequence

0→Tn→Y 0
n→Kpn−1→0

and for k ≥ 1, there exists a short exact sequence

0→Tn→Y kn→Θpkdn−k
→0.

Proof. We have

Y kn =

{
f : P1

n→Fp :
∑
C

f(C) = 0,
∑
C⊃D

f(C) is constant for all D ∈ P1
k

}
.

For the k = 0 case, as |P1
0| is coprime to p, then if ∑

C⊃D
f(C) is constant, it

must be constantly 0. Therefore, we have Y 0
n
∼= R0

n
∼= Kpn−1.

For k ≥ 1, we have the short exact sequence

0→Rkn→Y kn
π−→ Fp→0
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where π(f) = ∑
C⊃D

f(C). As Rkn ∼= Kpkdn−k(p−1), then Y kn ∼= Θpkdn−k
.

We have already seen that there exists the short exact sequence

0→Tn→T 1
n→Fp→0.

We would now like to find the cohomology associated to these lattices.

3.6 The Cohomology of Zp[Gn]-lattices
We now want to look at the cohomology of the lattices we have found with
respect to subgroups of Gn. We will study the group cohomology with respect
to T(n) which will help to calculate the group cohomology with respect Zp[Gn]-
sublattices of Tn.

We want to use section 3.2 to find the cohomologies on Zp and T(n). We have
the short exact sequence

0→Tn→T(n)
γ−→ Zp→0

where γ(f) =
∑
C
f(C). By Theorem 3.2.7, if H ≤ Gn then H1(H,T(n)) = 0.

Therefore, we have the exact sequence

0→THn →TH(n)
γ−→ Zp→H1(H,Tn)→0

as H acts trivially on Zp. Therefore, we have

H1(H,Tn) ∼= Zp

/
γ
(
TH(n)

)
.

In particular, we obtain the following.

Lemma 3.6.1. Let H ≤ Gn such that P1
n contains a fixed point of H. Then

H1(H,Tn) = 0.

Proof. Let C ∈ P1
n be a point fixed by H. Then 1 = γ(eC) where eC is the

characteristic function on C, with eC ∈ TH(n). Therefore, γ is surjective and so
H1(H,Tn) = 0.
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We also have the following, which will enable us to find H2(H,Tn) for all
H ≤ Gn cyclic.

Lemma 3.6.2. Let H ≤ Gn. Then

Ĥ0
(H,T(n)) =

⊕
Orbits H · x of H on P1

n

Zp/|StabH(x)|Zp.

Proof. Follows directly from Proposition 3.2.4.

We now want to look at the cohomology of Zp with respect to subgroups of
Gn. If H ≤ Gn, then H acts trivially on Zp and so

H1(H, Zp) = Hom(H, Zp) = 0

as H is finite. We can also look at the 2nd cohomology group with respect to
Zp.

Proposition 3.6.3. Let H ≤ Gn. Then H2(H, Zp) ∼= Hab[p∞].

In order to prove this, we require the following.

Theorem 3.6.4. [10, Integral Duality Theorem, pg 250] Let G be a finite group
and n ≥ 1. Then

Hn+1(G, Z) ∼= Hn(G, Z).

We thus need to understand H1(G, Z). However, we can identify this group
with the following.

Theorem 3.6.5. [38, Theorem 6.1.11] For any group G, H1(G, Z) ∼= Gab.

We can therefore prove the proposition.

Proof of Proposition 3.6.3. We see that

H2(H, Zp) ∼= H2(H, Z)[p∞] ∼= H1(G, Z)[p∞] ∼= Hab[p∞]

by the Integral Duality Theorem and Theorem 3.6.5.
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We also have the short exact sequence

0→Rkn→T(n)
π−→ T(k)→0

where π(f)(D) =
∑
C⊃D

f(D). Similarly to the Tn case, as H1(H,T(n)) = 0 for
all H ≤ Gn, we have

H1(H,Rkn) ∼= TH(k)

/
π
(
TH(n)

)
which will be a useful result throughout this section. We now want to find the
cohomology of Zp[Gn]-lattices with respect to subgroups of Gn. We initially
look at the whole group.

3.6.1 The Gn-Cohomology

We will start with looking at the cohomology of the whole group. We have
already seen that H1(Gn,T(n)) = 0. This can be used for the following.

Proposition 3.6.6. For all n ≥ 0,

H1(Gn,Tn) ∼= Z/pnZ.

Proof. We have
H1(Gn,Tn) ∼= Zp

/
γ
(
TGn(n)

)
where γ(f) = ∑

C
f(C) as seen in the previous section. As Gn acts transitively

on P1
n, then TGn(n) ∼= Zp and is generated by the function that maps all of P1

n to
1. Therefore, we have im(γ) = |P1

n|Zp and so

H1(Gn,Tn) ∼= Zp/|P1
n|Zp

∼= Z/pnZ.

We would also like to calculate the second cohomology group with respect to
Tn.

Proposition 3.6.7. For all n ≥ 0, we have H2(Gn,Tn) ∼= Z/pnZ.

Proof. We have the short exact sequence

0→Tn→T(n)→Zp→0.
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We know H1(Gn, Zp) = 0 as Gn acts trivially on Zp and is finite. We also
see that as Pn = [In, In] ≤ [Gn,Gn] by Lemma 3.1.5, then as Pn is a Sylow-
p subgroup of Gn, Gnab has order coprime to p and so H2(Gn, Zp) = 0 by
Proposition 3.6.3. Therefore, we have

H2(Gn,Tn) ∼= H2(Gn,T(n)) ∼= H2(Bn, Zp) ∼= Dn[p∞] ∼= Z/pnZ

by Proposition 3.6.3 and as Bnab ∼= Dn by Lemma 3.1.4.

We can thus calculate the cohomology with respect to Tmn .

Proposition 3.6.8. For all 1 ≤ m ≤ n we have

H1(Gn,Tmn ) ∼= Z/pn−mZ.

Proof. We have the short exact sequence 0→Tn→Tmn →Z/pmZ→0 which in-
duces

(Tmn )Gn→Z/pmZ→H1(Gn,Tn)→H1(Gn,Tmn )→Hom(Gn, Z/pmZ)

as Gn acts trivially on Z/pmZ. Now, (Tmn )Gn = 0 and H1(Gn,Tn) ∼= Z/pnZ

by Proposition 3.6.6. We also know that Hom(Gn, Z/pmZ) = 0 by Proposi-
tion 3.1.6. Hence we have our result.

We have also shown for 0 ≤ k ≤ n − 1 that H1(Gn,Rkn) ∼= Z/pn−kZ in
Lemma 3.5.11. We now focus on Zp[Gn]-lattices in Vn, denoted W , such that
they may be scaled so that pTn ⊆ W ⊆ Tn. Then we have a short exact
sequence

0→Tn
[p]−→ W→M→0

for some Fp[Gn]-submodule M of Λdn . We have shown that H1(Gn,Tn) ∼=
Z/pnZ. Then we know that

MGn ∼=

 0 if M = Λ0,
Fp otherwise,
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3.6 the cohomology of Zp [Gn ]-lattices

by Lemma 3.3.17 and it is conjectured that

H1(Gn,M) ∼=


0 if M ∈ {Θ0, Λ0,K1},
F2
p if M ∈ {Km(p−1), Λm : 1 ≤ m ≤ dn},

Fp otherwise,

in Conjecture 3.3.19, where di := pi−1
p−1 for i ≥ 1. We point out that the trivial

cases in the conjecture have been proven. For the case when M = Λ0, we have
H1(Gn,W ) ∼= H1(Gn,Tn) ∼= Z/pnZ.

For the case when M ∈ {Θ0,K1}, then we induce the sequence

0→Fp→H1(Gn,Tn)→H1(Gn,W )→0

which implies that H1(Gn,W ) ∼= Z/pn−1Z.

If M = Kpn−1, then we have the short exact sequence

0→M→Λdn→Λ0→0.

We thus have the short exact sequence

0→W→Tn→Λ0→0

which implies that H1(Gn,W ) ∼= H1(Gn,Tn) ∼= Z/pnZ. The case M = Λdn is
obvious as this would mean W = Tn.

Finally, for the other cases we have the exact sequence

0→Fp→H1(Gn,Tn)→H1(Gn,W )→H1(Gn,M)→H2(Gn,Tn).

Therefore, we have

0→Z/pn−1Z→H1(Gn,W )→H1(Gn,M)→Z/pnZ

as H1(Gn,Tn) ∼= H2(Gn,Tn) ∼= Z/pnZ. In particular, we have shown the
following.

Theorem 3.6.9. Let W be a Zp[Gn]-lattice such that it can be scaled so that
pTn ⊆ W ⊆ Tn. Then there exists an element of order pn−1 in H1(Gn,W ).
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We now look at proper subgroups of Gn.

3.6.2 The An-Cohomology

We would like to look at the cohomology of Zp[Gn]-lattices with respect to An.
We already know that H1(An,T(n)) = 0 by Theorem 3.2.7. This will be useful
for the following.

Lemma 3.6.10. For all n ≥ 0, we have H1(An,Tn) ∼= Z/pnZ.

Proof. We know that

H1(An,Tn) ∼= Zp

/
γ
(
TAn(n)

)
where γ(f) =

∑
C
f(C). As An acts transitively on P1

n, then TAn(n)
∼= Zp and

im(γ) = |P1
n|Zp, so

H1(An,Tn) ∼= Zp/|P1
n|Zp

∼= Z/pnZ.

We also look at the cohomology with respect to Rkn.

Lemma 3.6.11. For all 0 ≤ k ≤ n− 1, we have H1(An,Rkn) ∼= Z/pn−kZ.

Proof. We have seen that

H1(An,Rkn) ∼= TAn(k)

/
π
(
TAn(n)

)
where π(f)(D) =

∑
C⊃D

f(C). As An acts transitively on P1
n, then

TAn(n)
∼= TAn(k)

∼= Zp.

Then the image of π is the multiplication-by-pn−k mapping and so

H1(An,Rkn) ∼= Z/pn−kZ.
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We can use Lemma 3.6.10 to calculate the size of the An-cohomologies for all
Zp[Gn]-lattices. In particular, we know the size of these groups for all Zp[Gn]-
lattices in Vn.

Proposition 3.6.12. [39, Proposition 29] Let W be any Zp[Gn]-lattice in Vn.
Then

|H1(An,W )| = pn.

Proof. All such lattices are contained in a scaled version of Tn with finite index.
Hence we have a short exact sequence

0→W→Tn→M→0

where M is a finite Zp[Gn]-module. As the Herbrand quotient of An with
respect to M , denoted h(An,M), is trivial, and WAn = TAnn = 0 then

|H1(An,W )| = h(An,W ) = h(An,Tn) = |H1(An,Tn)| = pn.

We will specifically look at the cohomology for Tmn .

Theorem 3.6.13. For all 0 ≤ m ≤ n we have

H1(An,Tmn ) ∼= Z/pn−mZ⊕Z/pmZ.

Proof. We have 0→Tn→Tmn →Z/pmZ→0 which induces

0→Z/pmZ→Ĥ−1
(An,Tn)→Ĥ−1

(An,Tmn )→Z/pmZ→0

as Ĥ0
(An,Tn) = 0 due to An being cyclic. This leads to the exact sequence

0→Z/pn−mZ→Ĥ−1
(An,Tmn )→Z/pmZ→0

by Lemma 3.6.10. We now want to show that this sequence splits. Fix aD ∈ P1
n

and define

h
(
αin ·D

)
=

 pmh0 if i = 0,
−ipm if 1 ≤ i ≤ pn(p+ 1)− 1,
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where h0 = |P1
n|2−|P1

n|
2 . Then we have

(αn − 1)h(C) =


pm(1− |P1

n| − h0) if C = D,
pm(1 + h0) if C = αn ·D,
pm otherwise.

If we define

f(C) =


1− |P1

n| − h0 if C = D,
1 + h0 if C = αn ·D,
1 otherwise,

then we have pmf = (αn− 1)h, so [f ] is an element of order pm in Ĥ−1
(An,Tmn )

that maps to 1 under s : Ĥ−1
(An,Tmn )→Z/pmZ. Therefore, s splits and we

have our result as An is cyclic.

We now look at the cohomology with respect to Zp[Gn]-lattices in Vn, denoted
W , that can be scaled such that pTn ⊆ W ⊆ Tn. Then we have a short exact
sequence

0→Tn→W→M→0

where M is an Fp[Gn]-submodule of Λdn as defined in the previous section. We
have seen that

MAn ∼= H1(An,M) ∼=

 0 if M = Λ0,
Fp otherwise,

by Lemma 3.3.24 and Theorem 3.3.26. For the M = Λ0 case, the short exact
sequence implies H1(An,W ) ∼= H1(An,Tn) ∼= Z/pnZ.

If M = Kpn−1, then we have the short exact sequence

0→M→Λdn→Λ0→0.

Therefore, we have the short exact sequence

0→W→Tn→Λ0→0

which implies that H1(An,W ) ∼= H1(An,Tn) ∼= Z/pnZ. The case M = Λdn

is obvious as that would mean W = Tn.
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For the other cases, we have the exact sequence

0→Fp→H1(An,Tn)→H1(An,W )→Fp→0

which leads to the exact sequence

0→Z/pn−1Z→H1(An,W )→Fp→0.

Therefore, we have shown the following.

Theorem 3.6.14. Let W be a Zp[Gn]-lattice that can be scaled such that
pTn ⊆ W ⊆ Tn. Then

H1(An,W ) ∈ {Z/pnZ, Z/pn−1Z⊕Fp}.

In particular, H1(An,W ) must contain an element of order pn−1.

We now want to look at the cohomology with respect to the normaliser of An.

3.6.3 The N(An)-Cohomology

We now want to look at cohomologies of Zp[Gn]-lattices with respect to N(An).
We have

N(An) = An ∪Ank

where k is a matrix of order 2 and with eigenvalues ±1. We know that
H1(N(An),T(n)) = 0 for all n ≥ 0 by Theorem 3.2.7. We can use this for
the following.

Proposition 3.6.15. For all n ≥ 0, we have H1(N(An),Tn) ∼= Z/pnZ.

Proof. We know that

H1(N(An),Tn) ∼= Zp

/
γ
(
T
N(An)
(n)

)
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where γ(f) = ∑
C
f(C). As N(An) acts transitively on P1

n, then T
N(An)
(n)

∼= Zp

and im(γ) = |P1
n|Zp, so

H1(N(An),Tn) ∼= Zp/|P1
n|Zp

∼= Z/pnZ.

We also look at the cohomology with respect to Rkn.

Proposition 3.6.16. For all 0 ≤ k ≤ n− 1, we have

H1(N(An),Rkn) ∼= Z/pn−kZ.

Proof. We have seen that

H1(N(An),Rkn) ∼= T
N(An)
(k)

/
π
(
T
N(An)
(n)

)
where π(f)(D) =

∑
C⊃D

f(C). As N(An) acts transitively on P1
n, then

T
N(An)
(n)

∼= T
N(An)
(k)

∼= Zp.

Then the image of π is the multiplication-by-pn−k mapping and so

H1(N(An),Rkn) ∼= Z/pn−kZ.

We again look at the cohomology associated to Tmn .

Corollary 3.6.17. We have H2(N(An),Tmn ) = 0 for all 0 ≤ m ≤ n.

Proof. As (Tmn )An = H2(An,Tmn ) = 0, then by Proposition 3.2.1, we have

H2(N(An),Tmn ) ∼= H1(N(An)/An, H1(An,Tmn )) = 0

as 2 is coprime to |H1(An,Tmn )|.

We can now use this to find the first cohomology group of Tmn with respect to
N(An).
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Theorem 3.6.18. For all 0 ≤ m ≤ n, we have

H1(N(An),Tmn ) ∼= Z/pn−mZ.

Proof. We have already seen that we have a short exact sequence

0→Tn→Tmn →Z/pmZ→0

which induces

0→Z/pmZ→H1(N(An),Tn)→H1(N(An),Tmn )→Hom(N(An), Z/pmZ)→0

as (Tmn )N(An) = H2(N(An),Tn) = 0 and N(An) acts trivially on Z/pmZ.

We now show that Hom(N(An), Z/pmZ) is trivial. We know

N(An) = 〈r, s|rt0 = s2 = (sr)2 = 1〉

is a dihedral group. So, let f ∈ Hom(N(An), Z/pmZ). Then |f(s)|
∣∣∣∣2 and

|f(s)|
∣∣∣∣pm. But as p is odd, then this means that f(s) = 1 and

f(r) = f(s)f(r) = f(sr).

But then we follow the same idea to show that f(r) = 1 and so f must be
trivial. Hence, using the exact sequence and Proposition 3.6.15, we have our
result.

We now move on to look at the cohomology with respect to a Borel subgroup.

3.6.4 The Bn-Cohomology

We have H1(Bn,T(n)) = 0 by Theorem 3.2.7. We also know that there exists
a point of P1

n that is fixed by Bn. Therefore, by Lemma 3.6.1, H1(Bn,Tn) = 0
also.

We have an exact sequence

0→Rkn→T(n)
π−→ T(k)→0
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where π(f)(D) =
∑
C⊃D

f(C). This leads to the following.

Proposition 3.6.19. For all 0 ≤ k ≤ n− 1, we have

H1(Bn,Rkn) ∼= (Z/pn−kZ)k+1.

Proof. From the short exact sequence above and as H1(Bn,T(n)) = 0, we have

H1(Bn,Rkn) ∼= TBn(k)

/
π
(
TBn(n)

)
.

We look at the action of Bn on P1
n. If we fix D0 ∈ P1

0, then Bn acts transitively
on the set C 6⊃ D0. Also, if we fix Di ∈ P1

i for 0 ≤ i ≤ n, where

Dn ⊃ Dn−1 ⊃ ... ⊃ D1 ⊃ D0,

and define
Πi =

{
C ∈ P1

n : C ⊃ Di but C 6⊃ Di+1
}
,

then Bn acts transitively on Πi for all 0 ≤ i ≤ n. Therefore, TBn(n)
∼= Zn+2

p

and TBn(k)
∼= Zk+2

p . However, the image of π is Zp ⊕ (pn−kZp)k+1 and so
H1(Bn,Rn) ∼= (Z/pn−kZ)k+1.

We now want to look generally at Zp[Gn]-lattices. Let W be a Zp[Gn]-lattice.
Then we can scale W such that Tn ⊆ W ⊆ 1

pk
Tn for some k ≥ 1. We would

like to show the following.

Theorem 3.6.20. Let W be a Zp[Gn]-lattice of Vn such that WBn = TBnn .
Then W ∼= Tn.

We have the short exact sequence

0→Tn→W→W/Tn→0.

Therefore, if WBn = TBnn then (W/Tn)
Bn = 0 as H1(Bn,Tn) = 0. We have the

following.

Proposition 3.6.21. Let Z be a non-trivial Z/pkZ[Gn]-module contained in
T(n)/pkT(n) for k ≥ 1. Then ZBn 6= 0.
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Proof. We do this by induction. The k = 1 case is true by Lemma 3.3.27
so assume this is true for k. Let T (n) = Fp

[
Gn/Bn

]
. We have a short exact

sequence
0→T (n)→

T(n)/pk+1T(n)
→T(n)/pkT(n)→0

so we can view T (n) as a Z/pk+1Z[Gn]-submodule of T(n)/pk+1T(n)
. Let Z be

a non-trivial Z/pk+1Z[Gn]-module contained in T(n)/pk+1T(n)
. If Z ∩ T (n) 6= 0,

then Z contains an irreducible Fp[Gn]-module U such that UBn 6= 0 as shown
in Lemma 3.3.27. Hence we can assume Z ∩ T (n) = 0. Then by the second
isomorphism theorem, we have

Z + T (n)

T (n)

∼=
Z

Z ∩ T (n)

∼= Z.

Hence

Z ∼=
Z + T (n)

T (n)
≤

T(n)/pk+1T(n)

T (n)

∼= T(n)/pkT(n) .

As Z 6= 0, then by induction, ZBn 6= 0.

We finish this section by proving the theorem.

Proof of Theorem 3.6.20. We can scale W such that Tn ⊆ W ⊆ 1
pk
Tn for some

k ≥ 1. As WBn = TBnn , then we have seen that (W/Tn)
Bn = 0. Therefore by

Proposition 3.6.21, W ∼= Tn.

We now move onto the standard Iwahori subgroup.

3.6.5 The In-Cohomology

Define an element D ∈ P1
0 to be the fixed point of In. Then In acts tran-

sitively on the sets {C ∈ P1
n : C ⊃ D} and {C ∈ P1

n : C 6⊃ D}. We have
H1(In,T(n)) = 0 by Theorem 3.2.7. We use this for the following.

Lemma 3.6.22. For all n ≥ 0, we have H1(In,Tn) ∼= Z/pnZ.

Proof. We have seen that if we have the short exact sequence

0→Tn→T(n)
γ−→ Zp→0
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then
H1(In,Tn) ∼= Zp

/
γ
(
T In(n)

)
where γ(f) = ∑

C
f(C). We see that T In(n) is generated by the elements

f(C) =

 1 if C ⊃ D,
0 otherwise.

and

h(C) =

 1 if C 6⊃ D,
0 otherwise.

with γ(f) = pn and γ(h) = pn+1. Therefore, im(γ) = pnZp which gives our
result.

We also look at the cohomology with respect to Tmn .

Lemma 3.6.23. For all n ≥ 0, we have H1(In,Tmn ) ∼= Z/pn−mZ.

Proof. We have the short exact sequence 0→Tn→Tmn
g−→ Z/pmZ→0 which

induces

0→T Inn →(Tmn )In
g−→ Z/pmZ→H1(In,Tn)→H1(In,Tmn )→0

as In acts trivially on Z/pmZ, so H1(In, Z/pmZ) = Hom(In, Z/pmZ) = 0
by Proposition 3.1.8. We see that T Inn is generated by the element

f(C) =

 1 if C 6⊃ D,
−p otherwise.

Using this, as Tmn ⊆ Tn, then (Tmn )In ⊆ T Inn and so (Tmn )In is generated by a
multiple of f . Therefore, (Tmn )In is generated by pmf as this is the smallest
multiple of f in Tmn and so the mapping g is the zero map. Therefore, as
H1(In,Tn) ∼= Z/pnZ, this gives our result.

We also look at the cohomology with respect to Rkn.
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Lemma 3.6.24. For all n ≥ 1 and 0 ≤ k ≤ n− 1, we have

H1(In,Rkn) ∼= (Z/pn−kZ)2.

Proof. We know that as we have the short exact sequence

0→Rkn→T(n)
π−→ T(k)→0

where π(f)(C ′) = ∑
C⊃C′

f(C), then

H1(In,Rkn) ∼= T In(k)

/
π
(
T In(n)

)
.

We have seen that T In(n) is generated by the elements f and h where

f(C) =

 1 if C ⊃ D,
0 otherwise,

and

h(C) =

 1 if C 6⊃ D,
0 otherwise,

and the generators of T In(k) are similarly defined. Therefore, im(π) = pn−kT In(k)
and so

H1(In,Rkn) ∼= T In(k)/p
n−kT In(k)

∼= (Z/pn−kZ)2.

We are able to use these results in the next part where we look at the coho-
mologies associated to Pn.

3.6.6 The Pn-Cohomology

Again, define an element D ∈ P1
0 to be the fixed point of Pn. Then Pn acts

transitively on the sets {C ∈ P1
n : C ⊃ D} and {C ∈ P1

n : C 6⊃ D}. Also, by
Theorem 3.2.7, we have H1(Pn,T(n)) = 0. We use these pieces of information
for the following.

Lemma 3.6.25. For all n ≥ 0, we have H1(Pn,Tn) ∼= Z/pnZ.
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Proof. We have seen that if we have the short exact sequence

0→Tn→T(n)
γ−→ Zp→0

then
H1(Pn,Tn) ∼= Zp

/
γ
(
TPn(n)

)
where γ(f) = ∑

C
f(C). As im(γ) = pnZp, this gives our result.

We also look at the cohomology with respect to Rkn.

Lemma 3.6.26. For all n ≥ 1 and 0 ≤ k ≤ n− 1, we have

H1(Pn,Rkn) ∼= (Z/pn−kZ)2.

Proof. We know that as we have the short exact sequence

0→Rkn→T(n)
π−→ T(k)→0

where π(f)(C ′) = ∑
C⊃C′

f(C), then

H1(Pn,Rkn) ∼= TPn(k)/π
(
TPn(n)

)
.

We have im(π) = pn−kTPn(k) and so

H1(Pn,Rkn) ∼= TPn(k)/pn−kTPn(k)
∼= (Z/pn−kZ)2.

We now move on to the cohomology with respect to Hn.

3.6.7 The Hn-Cohomology

We know that
H1(Hn,T(n)) = H1(Hn,Tn) = 0

by Theorem 3.2.7 and Lemma 3.6.1. We would like to calculate the second
cohomology groups with respect to these Zp[Gn]-lattices.
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Proposition 3.6.27. For all n ≥ 0,

H2(Hn,T(n)) ∼=

 (Z/pn+1Z)p
n/2 ⊕⊕n

2
k=1(Z/p2kZ)p

k−1(p−1) if n is even,
(Z/pn+1Z)p

(n+1)/2 ⊕⊕n−1
2

k=1(Z/p2kZ)p
k−1(p−1) if n is odd.

Proof. We know that

H2(Hn,T(n)) ∼=
⊕

Orbits Hn ·C of Hn on P1
n

Zp/|StabHn(C)|Zp

by Lemma 3.6.2 as Hn is cyclic.

Now, we know y = ( 1 1
0 1 ) generates Hn. Then y acts transitively on the set

A = {[u : 1] : u ∈ Z/pn+1Z},

which has size pn+1, so for this orbit, the stabiliser is trivial.

We will have a look at the fixed elements. We have y · [1 : 0] = [1 : 0] and

y · [1 : pku] = [1 + pku : pku]

for 1 ≤ k ≤ n. But, if k ≥ bn+2
2 c, then (1 + pku)−1 = 1− pku and so

[1 + pku : pku] = [1 : pku(1− pku)] = [1 : pku]

as 2k ≥ n+ 1. Here b·c is the floor function. Hence the fixed points are either
[1 : 0] or of the form [1 : pku] for bn+2

2 c ≤ k ≤ n and so we have the following
number of fixed points:


1 +

n∑
j=n+2

2

pn−j(p− 1) = p
n
2 if n is even,

1 +
n∑

j=n+1
2

pn−j(p− 1) = p
n+1

2 if n is odd.

where pn−i(p − 1) comes from the size of Ci = {[1 : a] : ordp(a) = i} for
1 ≤ i ≤ n.

We just need to have a look at the elements in Ci for 1 ≤ i ≤ bn2 c. We see that
y · [1 : piu] =

[
1 : piu

1+piu

]
. As 1 + piu is a unit, then y · [1 : piu] ∈ Ci for all i.
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We will look at the stabilisers for each element. Let a = ( 1 a
0 1 ) ∈ Hn. Then if

a ∈ StabHn([1 : piu]), we have
[
1 : piu

1+apiu

]
= [1 : piu] and so

piu(1 + apiu) ≡ piu (mod pn+1).

Hence, ap2iu2 ≡ 0 (mod pn+1) and so pn+1−2i|a as p - u. Therefore

StabHn([1 : piu]) =
〈(

1 pn+1−2i

0 1

)〉
which has size p2i for all 1 ≤ i ≤ bn2 c.

We now just need to see how many orbits are contained in each Ci. This is just

|Ci| · |StabHn([1 : piu])|
|Hn|

=
pn−i(p− 1)p2i

pn+1 = pi−1(p− 1)

as each orbit contained in Ci has the same size due to them all having the same
stabiliser group. Then we obtain our answer.

We can use this to show the following.

Proposition 3.6.28. For all n ≥ 0,

H2(Hn,Tn) ∼=

 (Z/pn+1Z)p
n/2−1 ⊕⊕n

2
k=1(Z/p2kZ)p

k−1(p−1) if n is even,
(Z/pn+1Z)p

(n+1)/2−1 ⊕⊕n−1
2

k=1(Z/p2kZ)p
k−1(p−1) if n is odd.

Proof. We have the short exact sequence 0→Tn→T(n)
γ−→ Zp→0 which induces

0→Ĥ0
(Hn,Tn)→Ĥ0

(Hn,T(n))→Ĥ0
(Hn, Zp)→0

where Ĥ−1
(Hn,Tn) ∼= H1(Hn,Tn) = 0 as Hn is cyclic and Ĥ−1

(Hn, Zp) = 0.
Also, by Proposition 3.6.27, we have

Ĥ0
(Hn,T(n)) ∼=

 (Z/pn+1Z)p
n/2 ⊕⊕n

2
k=1(Z/p2kZ)p

k−1(p−1) if n is even,
(Z/pn+1Z)p

(n+1)/2 ⊕⊕n−1
2

k=1(Z/p2kZ)p
k−1(p−1) if n is odd.
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As Proposition 3.6.3 shows that Ĥ0
(Hn, Zp) ∼= Z/pn+1Z, then

Ĥ0
(Hn,Tn) ∼=

 (Z/pn+1Z)p
n/2−1 ⊕⊕n

2
k=1(Z/p2kZ)p

k−1(p−1) if n is even,
(Z/pn+1Z)p

(n+1)/2−1 ⊕⊕n−1
2

k=1(Z/p2kZ)p
k−1(p−1) if n is odd.

We then have our result as H is cyclic.

This can then be used to prove the following.

Theorem 3.6.29. We have for all 1 ≤ m ≤ n, we have

H1(Hn,Tmn ) = 0

and |H2(Hn,Tmn )| = |H2(Hn,Tn)|.

Proof. We have the short exact sequence 0→Tn→Tmn
g−→ Z/pmZ→0 which

induces
0→Ĥ−1

(Hn,Tmn )→Ĥ−1
(Hn, Z/pmZ)→Ĥ0

(Hn,Tn)→

→Ĥ0
(Hn,Tmn )→Ĥ0

(Hn, Z/pmZ)→0.

As Hn acts trivially on Z/pmZ, then

Ĥ−1
(Hn, Z/pmZ) ∼= Ĥ0

(Hn, Z/pmZ) ∼= Z/pmZ.

Let δ : Ĥ−1
(Hn, Z/pmZ)→Ĥ0

(Hn,Tn) and C0 ∈ P1
n be fixed by Hn. Let

t ∈ Z/pmZ and ft ∈ Tmn be defined as

ft(C) =

 t(1− |P1
n|) if C = C0,

t otherwise.

Then we have g(ft) = t and

NmHn(ft)(C) =
 tpn+1(1− |P1

n|) if C = C0,
tpn+1 otherwise.

Hence, δ(t) ∈ Tn is represented by the map

δ(t)(C) =

 tpn+1−m(1− |P1
n|) if C = C0,

tpn+1−m otherwise.
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To show δ is injective, we want to show that the only value of t such that
δ(t) = NmHn(h) for some h ∈ Tn is 0. As C0 is fixed byHn, then NmHn(h)(C0)

is a multiple of |Hn| = pn+1. Therefore, we must have t divisible by pm. Hence,
δ is injective and Ĥ−1

(Hn,Tmn ) = 0. This also shows that

|Ĥ0
(Hn,Tmn )| = |Ĥ0

(Hn,Tn)|

and we have our result as Hn is cyclic.

We next look at the cohomology with respect to a split Cartan subgroup.

3.6.8 The Dn-Cohomology

We know that
H1(Dn,T(n)) = H1(Dn,Tn) = 0

by Theorem 3.2.7 and Lemma 3.6.1. We would like to calculate the second
cohomology groups with respect to these Zp[Gn]-lattices.

Lemma 3.6.30. For all n ≥ 0, we have

H2(Dn,T(n)) ∼=
(

Z/pnZ⊕
n⊕
i=1

Z/piZ
)2

.

Proof. If we let C0,C1 ∈ P1
n be the points fixed by Dn, then as the Dn-orbits

are the points with the same distance from Ci, by Lemma 3.6.2, we have our
result as Dn is cyclic.

We use this result to show the following.

Lemma 3.6.31. For all n ≥ 0, we have

H2(Dn,Tn) ∼= Z/pnZ⊕
(

n⊕
i=1

Z/piZ
)2

.

Proof. We have already seen that we have the short exact sequence

0→Tn→T(n)
γ−→ Zp→0
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which induces

0→H2(Dn,Tn)→H2(Dn,T(n))→H2(Dn, Zp)→0,

as H1(Dn, Zp) = H1(Dn,Tn) = 0 and Dn is cyclic. As Proposition 3.6.3 shows
that H2(Dn, Zp) ∼= Z/pnZ, we have our result using Lemma 3.6.30.

We can then use this result in order to prove the following.

Proposition 3.6.32. We have for all 0 ≤ m ≤ n,

H1(Dn,Tmn ) = 0

and |H2(Dn,Tmn )| = |H2(Dn,Tn)| = pn
2+2n.

Proof. We have seen that we have the short exact sequence

0→Tn→Tmn
g−→ Z/pmZ→0

which induces

0→Ĥ−1
(Dn,Tmn )→Ĥ−1

(Dn, Z/pmZ)→Ĥ0
(Dn,Tn)→

→Ĥ0
(Dn,Tmn )→Ĥ0

(Dn, Z/pmZ)→0

as Ĥ−1
(Dn,Tn) = 0. The action of Dn on Z/pmZ is trivial, so

Ĥ−1
(Dn, Z/pmZ) ∼= Ĥ0

(Dn, Z/pmZ) ∼= Z/pmZ.

Let δ : Ĥ−1
(Dn, Z/pmZ)→Ĥ0

(Dn,Tn) and C0 ∈ P1
n be fixed by Dn. Let

t ∈ Z/pmZ and ft ∈ Tmn be defined as

ft(C) =

 t(1− |P1
n|) if C = C0,

t otherwise.

Then we have g(ft) = t and

NmDn(ft)(C) =
 t|Dn|(1− |P1

n|) if C = C0,
t|Dn| otherwise.
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Hence, δ(t) ∈ Tn is represented by the map

δ(t)(C) =

 t |Dn|pm (1− |P1
n|) if C = C0,

t |Dn|pm otherwise.

To show δ is injective, we want to show that the only value of t such that
δ(t) = NmDn(h) for some h ∈ Tn is 0. As C0 is fixed by Dn, then NmDn(h)(C0)

is a multiple of |Dn|. Therefore, we must have t divisible by pm. Hence, δ is
injective and Ĥ−1

(Dn,Tmn ) = 0. This also shows that

|Ĥ0
(Dn,Tmn )| = |Ĥ0

(Dn,Tn)|

and we have our result as Dn is cyclic.

We also look at the cohomology with respect to Rkn.

Lemma 3.6.33. For all n ≥ 1 and 0 ≤ k ≤ n− 1, we have

H1(Dn,Rkn) ∼= (Z/pn−kZ)2k+1.

Proof. We have seen that as H1(Dn,T(n)) = 0,

H1(Dn,Rkn) ∼= TDn(k)

/
π
(
TDn(n)

)
where π(f)(D) =

∑
C⊃D

f(C). If we let C0,C1 ∈ P1
n be the points fixed by

Dn, then as the Dn-orbits are the points with the same distance from Ci, we
have TDn(n)

∼= Z2n+3
p and similarly TDn(k)

∼= Z2k+3
p . However, the image of π is

Z2
p ⊕ (pn−kZp)2k+1 and so H1(Dn,Rn) ∼= (Z/pn−kZ)2k+1.

We are able to use the results in this section when calculating the cohomology
with respect to the normaliser of a split Cartan subgroup.

3.6.9 The N(Dn)-Cohomology

We briefly mention the cohomologies of Zp[Gn]-lattices with respect to N(Dn).
We have

N(Dn) = Dn ∪Dnh
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where h = ( 0 1
1 0 ), which is a matrix of order 2. We will use the results from the

previous section to prove the following.

Proposition 3.6.34. For all n ≥ 0, we have

H1(N(Dn),T(n)) = 0.

Proof. We know H1(Dn,T(n)) = 0. We also see that TDn(n) is the set of functions
constant on the orbits of Dn. If we look at these orbits under the action
of N(Dn)/Dn, then none are fixed. So as a N(Dn)/Dn-module, TDn(n) is an
induced module, which gives our result by Shapiro’s Lemma.

We also have the following.

Proposition 3.6.35. For all 0 ≤ m ≤ n, we have H1(N(Dn),Tmn ) = 0

Proof. As H1(Dn,Tmn ) = 0 by Proposition 3.6.32, then

H1(N(Dn),Tmn ) ∼= H1(N(Dn)/Dn, (Tmn )Dn)

by Proposition 3.2.2. The cyclic quotient group has order prime to p, so we
have

H1(N(Dn)/Dn, (Tmn )Dn) = 0

which gives our result.

This concludes our look at the cohomologies of Zp[Gn]-lattices with respect
to subgroups of Gn. We now wish to apply some of the results to the higher
modular points.
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In this chapter, we look to extend the idea of self points to a generalised con-
struction of modular point. In particular, we use more advanced methods in
modular representation theory to show that Selmer groups over certain fields
must contain non-trivial elements when the higher modular points satisfy cer-
tain conditions.

We will show that some of the properties associated to the self points carry to
the generalised setting and further, we look at the divisibility of these points in
the Mordell-Weil group. We then show that, as in the self point case, a link can
be established between the modular points and certain Qp[Gn]-modules. We
can then use the results in the previous chapter to understand the saturated
groups attached to the modular points.

Let E/Q be an elliptic curve of conductor NE . We know that there exists a sub-
variety Y0(NE) of X0(NE), which is a moduli space of points xA,C := (A,C),
where A is an elliptic curve and C is a cyclic subgroup in A of order NE as
shown in the notation. Fixing A/Q an elliptic curve, the image of xA,C under

ΦE : X0(NE)→E

will be denoted PA,C ∈ E(Q(C)). We denote the compositum of all such Q(C)

as KNE . This is the smallest field K such that its absolute Galois group GK
acts by scalars on A[NE ]. This has Galois group GNE := Gal(KNE/Q) which
can be identified as a subgroup of PGL2(Z/NEZ) via the mapping τQ,A,NE .
In particular, as in the self point case as seen on pg. 48, for all σ ∈ GQ, we
have P σA,C = PA,Cσ . For a more in depth explanation, see [31, Section 2.4].

We initially look at the divisibility of the modular points in E(Q(C)) and
understand the relationships between them in section 4.1. This will provide us
with an understanding of the rank of the group generated by these points. As
in the self points case, we want to see when the modular points are of infinite
order. We obtain the following result, which is Theorem 4.1.1 in this chapter.

Theorem. Let E/Q be an elliptic curve of conductor NE. Let A/Q be an
elliptic curve such that the j invariant of A is not in 1

2Z and the degree of any
isogeny of A defined over Q is coprime to NE. Then the modular points PA,C

are of infinite order for all cyclic subgroups C of order NE in A.
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From this, we can show that if p is a prime with specific conditions related to
E, then PA,C is not divisible by p in E(Q(C)) as seen in Proposition 4.1.5. We
also see that there exist linear relations between the modular points similar to
Proposition 2.3.3, as seen in Proposition 4.1.3. This reduces the rank of the
group generated by these points.

We then follow an identical construction as in the higher self point case to
create higher modular points for a prime p of good ordinary or multiplicative
reduction in subsections 4.2.2 and 4.2.1 respectively. We will show that the trace
relations will still exist in the general construction of the higher self points and
will form analogue results to both Theorem 2.3.8 and Theorem 2.3.9, as seen
in Proposition 4.2.2 and Proposition 4.2.3.

We then look at the proof of Theorem 4.3.1 in section 4.3. This involves fol-
lowing the method of the proof of Theorem 2.3.10 to construct a mapping

δn : H1(An,Sn)→X(E/Ln)[p∞]

as seen in Lemma 4.3.15. Here, Sn denotes the saturated group generated by
the higher modular points in E(Fn) as seen in the notation and Ln is the fixed
field of Fn by An, where Fn and An are as defined in the notation also. This
will require looking at the splitting of primes in the field extension Fn/Ln in
subsection 4.3.1. This subsection will culminate in using Lemma 4.3.3 and
Proposition 4.3.9 to prove Theorem 4.3.2.

With the conditions on p together with Theorem 3.6.20 and Proposition 4.3.16,
we can show that the source of δn is a cyclic group of order pn. This result
derives from the link between the group generated by the higher modular points
and the integral representation theory of Gn. We can then modify Theorem 4.3.1
to look at the case when A/Q is semistable to show that we only require
p > 3 and ρQ,A,p to be surjective in order for τF ,A,p to be surjective, as seen in
Proposition 4.3.17. This leads to Theorem 4.3.18

We finally look at some examples of applying Theorem 4.3.18 in section 4.4.
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4.1 Modular Points on Elliptic Curves
In this section, we will see when the points PA,C are of infinite order. Further,
when the prime p satisfies certain conditions with respect to E, we will show
that the points PA,C are not divisible by p in E(Q(C)). We prove the following.

Theorem 4.1.1. Let A/Q and E/Q be elliptic curves of conductor NA and
NE respectively. Suppose the j invariant of A is not in 1

2Z. Then there exists
a cyclic subgroup of order NE in A, denoted C, such that PA,C ∈ E(Qp) is
non-torsion.

Proof. The following has been adapted from the proof of [39, Theorem 5] for
the more general setting. Let p be a prime which divides the denominator of
the j-invariant of A. If p2 | NA, we know A acquires multiplicative reduction at
p over some extension of Q. Fix an embedding of Q into Qp. We consider the
modular parametrisation over Zp. The modular curve X0(NE) over Zp has a
neighbourhood of the cusp ∞ consisting of couples (J ,C) of the Tate curve of
the form J(Qp) = Qp

×/qZ together with a cyclic subgroup C of order NE gen-
erated by a N th

E root of unity. The parameter q is a p-adic analytic uniformiser
at ∞, so that the Spf Zp[[q]] is the formal completion of X0(NE)/Zp at the
cusp ∞, as seen in [23, Chapter 8].

Since A has multiplicative reduction over Zp, there is exactly one point xA,C

in the neighbourhood of∞ on X0(NE) which is represented by the p-adic Tate
parameter qA associated to A and C is isomorphic to µ[NE ], the N th

E roots of
unity. Let fE =

∑
an(E)qn be the normalised newform associated to E and

let ωE be the invariant differential on E. If we let Φ∗E be the pullback map,
then by [12, Equation 2.16, pg. 19], we have Φ∗E(ωE) = cE · fE/q · dq where
cE is the Manin constant of E. We see on [34, pg. 127] that

logE(ΦE(xA,C)) =
∫ ΦE(xA,C )

O
ωE
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4.1 modular points on elliptic curves

where logE is the formal logarithm associated to E from the formal group Ê(m)

to the maximal ideal m of Zp. However, as xA,C is defined by qA and by the
change of variables formula, we have

∫ ΦE(xA,C )

O
ωE =

∫ ΦE(qA)

O
ωE

=
∫ qA

O
Φ∗E(ωE)

= cE ·
∫ qA

0
fE
dq

q

= cE ·
∞∑
n=1

an(E)

n
· qnA.

We let | · |p be the normalised absolute value such that |p|p = p−1. We then
require the following.

Lemma 4.1.2. [39, Lemma 6] Let xJ ,C be a point on Y0(NE)(Qp) such that J
is isomorphic to the Tate curve with parameter q0 6= 0 and C is isomorphic to
µ[NE ]. If |q0|p < p−

1
p−1 then ΦE(xJ ,C) is a point of infinite order on E(Qp).

Hence, we have for p 6= 2 that

|qA|p = |j(A)|−1
p ≤ p−1 < p−

1
p−1

and if p = 2 then
|qA|2 = |j(A)|−1

2 ≤ p−2 < p−
1
p−1 .

Therefore, by the lemma, we have that PA,C = ΦE(xA,C) is a point of infinite
order in E(Qp).

We assume for all primes ` of bad reduction for E, there exists no `-isogeny
on A rational over Q. Hence the set of modular points {PA,C}C form a single
orbit under the action of GNE . This shows that the points PA,C are not equal
and have the same order for all C. Hence, PA,C is of infinite order in E(KNE )

for all C.

We can also show that there exist relationships between these points. These are
in fact identical to the relations for the self point case as in Proposition 2.3.3.
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4.1 modular points on elliptic curves

Proposition 4.1.3. The sum of the modular points PA,C as C varies through
all cyclic subgroups in A of order NE is a torsion point defined over Q. Let
d 6= NE be an integer dividing NE. Then

∑
C⊃B

PA,C ∈ E(Kd)

is a torsion point where B is a cyclic subgroup in A of order d and the sum is
taken over all cyclic subgroups in A of order NE containing B. In particular,
the sum of all the modular points is a torsion point defined over Q.

Proof. We adapt the proof of [39, Proposition 7] to the general construction.
As seen in [27, Section 2], for every triple (M , d,NE) where M · d divides NE ,
there exists a morphism

πM : X0(NE)→X0(d)

defined over Q and defined in the following way. Let xA,C ∈ X0(NE) and let
CM be the unique cyclic subgroup of C of order M . Let ψ : A→A/CM be the
isogeny associated to CM and let Dd be the unique cyclic subgroup of ψ(C) of
order d. We then define

πM (xA,C) = (A/CM ,Dd).

In particular, if M = 1, then π1(xA,C) = (A,C[d]). These maps induce
pullback mappings π∗M : J0(d)→J0(NE) on Jacobians.

We define J0(NE)
old, the old part of J0(NE), as the abelian subvariety over Q

generated by the images of π∗M for all triples (M , d,NE) such that d 6= NE .
We then define J0(NE)

new, the new part of J0(NE), as the quotient abelian
variety of J0(NE) by J0(NE)

old and so we can view the Jacobian as

J0(NE) = J0(NE)
old ⊕ J0(NE)

new.
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4.1 modular points on elliptic curves

Now, let B be a cyclic subgroup in A of order d and let xA,B = (A,B) ∈ X0(d).
Then if we define π := π1, by [14, Definition 6.2.5], we have

π∗
(
(xA,B)− (∞)

)
=

∑
y∈π−1(xA,B)

y− π∗[(∞)]

=
∑
C⊃B

(xA,C)− π∗[(∞)].

As NE is the conductor of E, we have the mapping ΦE : J0(NE)→E where
J0(NE)

new � E by [14, Theorem 8.8.4] and im(π∗) ⊆ J0(NE)
old as d 6= NE .

Therefore, we have im(π∗) ⊆ ker(ΦE). This gives the relation. In particular,
if d = 1 then this shows that

∑
C

PA,C ∈ E(Q)

is a torsion point.

Hence, we have provided the terms in which the points are of infinite order and
have found the relationships between them in order to understand the group
generated by these points. We can in fact further show that the points are not
divisible by p in E(Q(C)) when the prime p satisfies certain conditions. One
of the conditions we will require is the following.

Definition 4.1.4. Let E/Q be an elliptic curve and let p be a prime of good
reduction for E. Then p is an anomalous prime for E if p divides |Ẽ(Fp)| and
is a non-anomalous prime otherwise.

Using this, we have the following.

Proposition 4.1.5. Suppose j(A) /∈ 1
2Z and p > 2 is a prime of multiplicative

reduction for A such that it is one of the following:

• A prime of split multiplicative reduction for E and p - ordp(∆E),

• A prime of non-split multiplicative reduction for E,

• A non-anomalous prime of good reduction for E.

Let ∆A be the minimal discriminant for A. Then PA,C /∈ pordp(∆A) ·E(Q(C)).

159



4.1 modular points on elliptic curves

Proof. We saw in the proof of Theorem 4.1.1 that as j(A) /∈ 1
2Z, then there

exists a point xA,C in the neighbourhood of∞ on X0(NE) which is represented
by the p-adic Tate parameter qA associated to A and C is isomorphic to µ[NE ],
the N th

E roots of unity. Therefore, we saw that the point PA,C is of infinite
order. Let p be the place of Q(C) corresponding to the chosen embedding Q

to Qp. Now, as C ∼= µ[NE ], we have Qp(C) = Qp. Therefore, as p is the place
corresponding to C, we must have Q(C)p = Qp. As p is one of the primes in
the proposition with respect to E, then the order of the group of components
of E over Qp and the number of non-singular points in the reduction Ẽ(Fp)

are both prime to p. Hence, if PA,C is divisible by pordp(∆A) in E(Qp) then
it is divisible by pordp(∆A) in Ê(pZp). But the valuation of logE(PA,C) shows
this cannot happen. Let z = logE(PA,C). As Q(C)p = Qp, then we have
ordp(qA) = ordp(∆A). We then see that

ordp(z) = min{ordp(qA), ordp(ap(E)) + p · ordp(qA)− ordp(p)}
= min{ordp(∆A), ordp(ap(E)) + p · ordp(∆A)− 1} = ordp(∆A)

as ap(E) is an integer. Therefore PA,C ∈ Ê(pordp(∆A)Zp). If p 6= 2, then for
all n ≥ 2, we have n− ordp(n) ≥ 2. This is obviously true for (n, p) = 1. If
ordp(n) = k ≥ 1, then n− k ≥ pk − k ≥ 2 by induction. Therefore, we have

ordp(z − qA) ≥ min
n≥2

[
ordp(an(E))− ordp(n) + n · ordp(qA)

]
≥ min

n≥2

[
n · ordp(∆A)− ordp(n)

]
≥ min

n≥2

[
(n− ordp(n)) · ordp(∆A)

]
≥ 2 ordp(∆A).

Hence, z is congruent to qA modulo p2 ordp(∆A). So the value z is non zero and
hence PA,C /∈ pordp(∆A) ·E(Q(C)).

We have now seen the divisibility of the modular points in E(Q(C)). This will
become important when we study the application of the representation theory
in the previous chapter to the modular points on E.
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4.2 higher modular points

4.2 Higher Modular Points
We now extend the construction of modular points to higher modular points by
following the construction of higher self points in the more generalised setting.
We will create a tower of number fields in which the higher modular points
will be defined and will show that they satisfy certain trace relations similar to
that in Kolyvagin’s construction of Heegner points. In particular, the relations
between the points show that a link can be established with representations of
Gn.

Let E/Q and A/Q be elliptic curves of conductor NE and NA respectively and
let D be a cyclic subgroup in A. We then take the isogenous curve A/D and a
cyclic subgroup of order NE in this isogenous curve and look at the image of the
point under ΦE . We will focus on two cases of construction of higher modular
points that are an analogue to the construction of the higher self points. The
first will be the multiplicative reduction case and the second the good reduction
case.

4.2.1 Multiplicative Case

Let E/Q be an elliptic curve of conductor NE and let p be a prime of multi-
plicative reduction. We let NE = pM and define Fn := Kpn+1M for all n ≥ −1
with F := F−1. We can view Gn = Gal(Fn/F ) as a subgroup of Gn.

Let B be a cyclic subgroup in A of order M . Let n ≥ 0 and D be a cyclic
subgroup in A of order pn+1. Let C = D[p]⊕B which is a cyclic subgroup of
order NE and let ψ : A→A/D be the isogeny associated with D with dual ψ̂.
We define

C ′ = ker(ψ̂)[p]⊕ ψ(B).

This is a cyclic subgroup in A/D of order NE . We then define

yA,D = (A/D,C ′) ∈ Y0(NE)

and define a higher modular point above PA,C as the point

QA,D = ΦE(yA,D) ∈ E(Fn).
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4.2 higher modular points

When n = 0, we have C = D ⊕ B and if we let wp be the Atkin-Lehner
involution on X0(NE), then

wp(xA,C) = (A/C[p], (A[p] +C)/C[p])

= (A/D, (A[p]⊕B)/D)

= (A/D,ψ(A[p]⊕B)).

We know that ψ(A[p]⊕B) is a cyclic subgroup of order NE . Therefore, we can
write

ψ(A[p]⊕B) = U ⊕ V

where |U | = p and |V | = M . We then have

ψ̂(U ⊕ V ) = (ψ̂ ◦ ψ)(A[p]⊕B) = [p](A[p]⊕B) = [p]B = B

as (M , p) = 1. Therefore,

V = [p]V = [p](U ⊕ V ) = (ψ ◦ ψ̂)(U ⊕ V ) = ψ(B).

We then see that

ψ̂(U ⊕ ψ(B)) = B = [p]B = (ψ̂ ◦ ψ)(B)

meaning U ⊆ ker(ψ̂). However, as both have order p, then U = ker(ψ̂) and
therefore

wp(xA,C) = (A/D,ψ(A[p]⊕B))
= (A/D, ker(ψ̂)⊕ ψ(B))
= (A/D,C ′)
= yA,D.

Therefore, if ap(E) ∈ {±1} is the Hecke eigenvalue of the newform f attached
to E, then we have

wp(f) = −ap(E) · f
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4.2 higher modular points

by [3, Theorem 5]. Hence, we have

QA,D = ΦE(yA,D)

= (ΦE ◦wp)(xA,C)

= −ap(E) ·ΦE(xA,C) + T

= −ap(E) · PA,C + T

for some T ∈ E(Q)[2].

Let D be a cyclic subgroup in A of order pn+1. Let Tp be the Hecke operator
Tp on J0(NE). Then

Tp((yA,D)− (∞)) =
∑
H

(((A/D)/H, (C ′ +H)/H)− (∞))

where the sum runs through all cyclic subgroups in A/D, denoted H, of order
p that intersect trivially with C ′. However, as H is a cyclic subgroup in A/D
of order p, then there exists a cyclic subrgroup D′ in A of order pn+2 such that
H = D′/D. Therefore, D′ ⊃ D. Also, we must have

H ∩C ′ = H ∩ ker(ψ̂) ∈ {0,H}

as H is of order p. However, we know H = D′/D = ψ(D′) and so

ψ̂(H) = (ψ̂ ◦ ψ)(D′) = [pn+1]D′ 6= 0

as D′ is cyclic of order pn+2. Therefore, H ∩C ′ = 0. Therefore, we have

∑
H

(((A/D)/H, (C ′ +H)/H)− (∞)) =
∑
D′⊃D

((A/D′, (C ′ +H)/H)− (∞))

where the sum runs through all cyclic subgroups of order pn+2 containing D
and H = D′/D = ψ(D′).

Let ψD′ : A→A/D′ be the isogeny associated to D′ and let ψH : A/D→A/D′

be the isogeny associated to H = D′/D = ψ(D′), so ψD′ = ψH ◦ ψ. We want
to show

(C ′ +H)/H = ker(ψ̂D′)[p]⊕ ψD′(B).
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4.2 higher modular points

We have that (C ′+H)/H = ψH(C
′+H) is a cyclic group of order NE , so we

can write
ψH(C

′ +H) = U ⊕ V

where |U | = p and |V | = M . We then have

ψ̂H(U ⊕ V ) = (ψ̂H ◦ ψH)(C ′ +H) = [p](C ′ +H) = [p]ψ(B) = ψ(B).

Therefore, we have

V = [p]V = [p](U ⊕ V ) = (ψH ◦ ψ̂H)(U ⊕ V ) = (ψH ◦ ψ)(B) = ψD′(B).

We then see that

ψ̂D′(U ⊕ ψD′(B)) = (ψ̂ ◦ ψ̂H)(U ⊕ ψD′(B))

= (ψ̂ ◦ ψ)(B)

= [pn+1]B

= [pn+2]B

= (ψ̂D′ ◦ ψD′)(B)

as the order of B is coprime with p. Therefore, we have U ⊂ ker(ψ̂D′) and so
U = ker(ψ̂D′)[p]. Hence, we have

(C ′ +H)/H = ker(ψ̂D′)[p]⊕ ψD′(B)

which shows that

∑
D′⊃D

((A/D′, (C ′ +H)/H)− (∞)) =
∑
D′⊃D

((yA,D′)− (∞))

and therefore, we have shown

Tp((yA,D)− (∞)) =
∑
D′⊃D

((yA,D′)− (∞))
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where the sum runs over all cyclic subgroups D′ of order pn+2 in A containing
D. This then leads to the trace relation

ap(E) ·QA,D =
∑
D′⊃D

QA,D′ .

We know that if J , J ′ ⊃ D where J and J ′ are cyclic subgroups of order
pn+2, then the points QA,J and QA,J ′ lie in the same Galois orbit with trivial
stabiliser. In particular, this ensures that these points are not equal and have
the same order. Hence, by induction, if PA,C is of infinite order then so is QA,D.
Also, if PA,C is not divisible by p in E(F0) then QA,D is not divisible by p in
E(Fn).

We are able to obtain the following lemma, which is a generalised version of
Lemma 2.3.7.

Lemma 4.2.1. Fix a cyclic subgroup B in A of order M and let n ≥ 0. Then∑
D
QA,D is a torsion point in E(F ) where the sum is over all cyclic subgroups

D in A of order pn+1.

Proof. We adapt the proof of [39, Lemma 19] to the general construction. We
will do this by induction. For n = 0, we have

∑
D

QA,D =
∑
C⊃B

(−ap(E) · PA,C + T ) = (p+ 1)T − ap(E)
∑
C⊃B

PA,C .

By Proposition 4.1.3, we know that the summation on the right hand side is
a torsion point in E(F ) and so it is true for the n = 0 case. We assume the
statement is true for n. Then we have

∑
D′
QA,D′ = ap(E)

∑
D

QA,D

where the first sum runs over all cyclic subgroups D′ of order pn+2 and the
second sum runs over all cyclic subgroups D of order pn+1. Hence this point is
torsion by induction.

If we fix a cyclic subgroup B of order M in A, then we have a Gn-morphism

ln : Vn→E(Fn)⊗Qp
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where eD 7→ QA,D and eD is the characteristic function on D. Here, we have

Vn := ker
(

Qp

[
Gn/Bn

]
→Qp

)
=

{
f : P1

n→Qp :
∑
C

f(C) = 0
}

is a Qp[Gn]-module of dimension pn+1 + pn− 1. If we then assume that τF ,A,p

is surjective, then we have Gn ∼= Gn. We thus have the following, a generalised
version of Theorem 2.3.8.

Proposition 4.2.2. Let E/Q and A/Q be elliptic curves of conductor NE and
NA respectively. Let p be a prime of multiplicative reduction with respect to E
and let PA,C ∈ E(F0) be of infinite order. Suppose τF ,A,p is surjective. Then
all higher modular points QA,D above PA,C are of infinite order and generate a
group of Qp-dimension pn+1 + pn − 1 in E(Fn)⊗Qp.

Proof. We adapt the proof of [39, Theorem 20] to the general construction.
We will show that ln is injective by induction. For the n = 0 case, we have
V0 = W0 which is an irreducible Qp[Gn]-module. Therefore ker(l0) ∈ {0,W0}.
If ker(l0) = W0, then l0 is the zero map which contradicts the fact that QA,D

is of infinite order in E(F0).

Let n ≥ 1 be the smallest value such that ln is not injective. We have the
following decomposition of Vn as a Qp[Gn]-module

Vn =
n⊕
i=0

Wi

where Wi are irreducible Qp[Gn]-modules. Then Vn ∼= Wn ⊕ Vn−1 as Qp[Gn]-
modules for n ≥ 1. Therefore, by induction, ln restricted to Wn is not injec-
tive. However, this means that ln is trivial on Wn as it is irreducible meaning
im(ln) ∼= Vn−1 which contradicts the fact that all QA,D above PA,C have infinite
order in E(Fn).

4.2.2 Good Case

Let p be a prime of good reduction for E. We define Fn := Kpn+1NE where
F := F−1 is a number field such that PA,C is of infinite order in E(F ). Hence,
we can view Gn = Gal(Fn/F ) as a subgroup of Gn.
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For n ≥ 0, we letD be a cyclic subgroup in A of order pn+1 and let ψ : A→A/D
be the isogeny associated to D. Then we have yA,D = (A/D,ψ(C)) ∈ Y0(NE).
We then define the higher modular point above PA,C as

QA,D = ΦE(yA,D) ∈ E(Fn).

As before, if we use the Hecke operator Tp, we obtain the trace relation

ap(E) ·QA,D =
∑
D′⊃D

QA,D′

for all n ≥ 0 and D as defined before. Here, the sum runs over all cyclic
subgroups D′ of order pn+2 containing D. Hence, we have

ap(E) · PA,C =
∑
D

QA,D

where the sum runs over all cyclic subgroups of order p. Therefore, as in the
multiplicative case, if J , J ′ ⊃ D where J and J ′ are cyclic subgroups of order
pn+2, then the points QA,J and QA,J ′ are not equal and have the same order.
Therefore, if PA,C is of infinite order in E(F ), then QA,D is of infinite order in
E(Fn). Also, if PA,C is not divisible by p in E(F ) then QA,D is not divisible
by p in E(Fn).

Therefore, as we have

V(n) = Qp

[
Gn/Bn

]
= Maps(P1

n→Qp),

a Qp[Gn]-module of dimension pn+1 + pn, then we can define a Gn-morphism

V(n)→E(Fn)⊗Qp

eD 7→ QA,D.

If we then assume that τF ,A,p is surjective, then we have Gn ∼= Gn. Again,
we are able to obtain the following lemma, which is a generalised version of
Theorem 2.3.9.

Proposition 4.2.3. Let E/Q and A/Q be elliptic curves of conductor NE
and NA respectively. Let p be a prime of good ordinary reduction of E ensuring
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ap(E) 6= 0 and let PA,C ∈ E(F ) have infinite order. Suppose τF ,A,p is surjec-
tive. Then all higher modular points QA,D above PA,C are of infinite order and
generate a group of Qp-dimension pn+1 + pn in E(Fn)⊗Qp.

Proof. This follows along similar lines as to the proof of Proposition 4.2.2,
taking into account that ap(E) 6= 0, so the trace relations aren’t trivial.

Therefore, we have established a link between the higher modular points and
the representation theory of Gn.

4.3 Derivatives
We now look at creating derivative classes associated to the higher modular
points with the method proposed by Wuthrich in [39] in order to create points
of prime power order in certain Selmer groups. To do this, we will use the
link created between the higher modular points and representations of Gn in
Proposition 4.2.2 and Proposition 4.2.3 as well as applying Theorem 3.6.20.
We will show that under the conditions of the prime p with respect to E as
outlined in Proposition 4.1.5, we understand the type of Zp[Gn]-lattice the
saturated group generated by the higher modular points must be isomorphic
to. Further, we can use this to not only show that the order of certain Selmer
groups must be divisible by a certain prime power, but also contain an element
of that prime power order.

Let E/Q and A/Q be elliptic curves of conductors NE and NA respectively.
Let p be a prime of good ordinary or multiplicative reduction with respect to
E and let

F :=


KNE if p - NE ,
KNE

p

if p||NE .

as defined in the notation. We assume that τF ,A,p is surjective. Hence, if we
let Fn be the smallest field extension of F such that Gn := Gal(Fn/F ) acts
as scalars on A[pn+1], then we have Gn ∼= Gn. We let Ln be the subfield of
Fn fixed by An. We also remind ourselves of the definition of a prime of good
non-anomalous reduction with respect to E as defined in Definition 4.1.4.
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Theorem 4.3.1. Let E/Q and A/Q be elliptic curves of conductor NE and
NA respectively. Let p > 2 be a prime of multiplicative reduction for A such
that ordp(∆A) = 1 and let F be as defined above. Assume that:

1. A does not have potentially good supersingular reduction for any prime of
additive reduction,

2. E has either split multiplicative reduction at p with p - ordp(∆E), non-split
multiplicative reduction at p, or good ordinary non-anomalous reduction
at p,

3. The degree of any isogeny of A defined over Q is coprime to NE,

4. τF ,A,p is surjective,

5. ρQ,E,p is surjective,

6. Any prime ` of bad reduction for E and good reduction for A has a`(A)2 − 4`
square modulo p where a`(A) is the Hecke eigenvalue of the newform f

attached to the isogeny class of A.

Then there exists an element of order pn in Selp
n

(E/Ln).

Remark. We explain here the restriction imposed by each condition in the
theorem. The first point is important in order for all places above these primes
to be unramified in the extension Fn/Ln.

We require the second point so the modular points PA,C are not divisible by p
in E(Q(C)) by Proposition 4.1.5. Here, we remind ourselves that a prime p is
non-anomalous for E if E has good reduction at p and p doesn’t divide |Ẽ(Fp)|.

The third point is to ensure all the modular points lie in a single orbit under
the action of GNE . This shows that the points PA,C are not equal and are of
infinite order in E(KNE ) for all C.

The fourth point guarantees that Gn ∼= Gn for all n ≥ 0. Hence we are able
to apply the representation theory of chapter 3 to the modular points. The fifth
point is essential in order to ensure E(Fn)[p] = 0 for all n ≥ 0. We know
that this condition excludes only a finite number of primes if E has no complex
multiplication by Theorem 2.2.6.
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The final point ensures that the primes dividing NE but not p ·NA split com-
pletely in Fn/Ln. This is fundamental when showing that the image of the
derivation map δn lies in X(E/Ln).

In order to prove this theorem, we need to look at the splitting of primes in the
field extension Fn/Ln.

4.3.1 Field Extensions

In this section, we will examine the splitting of primes in the field extension
Fn/Ln. The main aim is to prove the following.

Theorem 4.3.2. Suppose none of the primes of additive reduction for A are
potentially good supersingular. Then the extension Fn/Ln is nowhere ramified.
Furthermore, all places of above ∞, p and NA and all places above a prime `
dividing NE but not ∞, p or NA such that a`(A)2 − 4` is a square modulo p
split completely in the extension.

We will first need the following lemma.

Lemma 4.3.3. [39, Lemma 26] Let ν be either a place of ordinary reduction
above p, an infinite place or a place of potentially multiplicative reduction all
with respect to A. Then the image of τFν ,A,pn+1 lies in a Borel subgroup of Gn.

Proof. We first deal the case when ν is a place of ordinary reduction above p.
In this case, there exists an exact sequence

0→Mpn+1→A[pn+1]→Ã[pn+1]→0

where the second mapping is the reduction mapping and Mpn+1 ∼= Z/pn+1Z.
As Mpn+1 is fixed by GFν , then we have that the image is contained in a Borel
subgroup.

If ν is a place of split multiplicative reduction for A, then we know that we can
describe A as a Tate curve with

A[pn+1] ∼=
〈
ζpn+1 , q1/pn+1

A

〉
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where ζpn+1 is a primitive pn+1-th root of unity and qA ∈ F×ν . Then the image
of σ ∈ GFν takes the form (

χcyc(σ) ?
0 1

)
where χcyc : GFν→Z×p is the p-adic cyclotomic character. Hence, the image of
GFν is contained in a Borel subgroup.

If ν is a place of non-split multiplicative or additive potentially multiplicative
reduction, then we know that there exists a quadratic extension, K, of Fν such
that it is unramified in the first case and ramified in the second such that A has
split multiplicative reduction over K. If we let t : GFν � Gal(K/Fν)

∼−→ {±1}
be the associated quadratic character, then

σ
(
ζipn+1

)
= χcyc(σ) · t(σ) · ζipn+1

for all 0 ≤ i < pn+1 and σ ∈ GFν . Hence, the image is contained in a Borel
subgroup.

If ν is an infinite real place, then there is a cyclic subgroup of order pn+1 in
A(R) and so the image is contained in a Borel subgroup.

Therefore, we now need to look at the places of F of bad reduction with respect
to E such that they are not above p ·NA. Let ν be such a place with norm
Nm(ν) = qν . Let aν(A) be the integer such that

aν(A) = qν + 1− |Aν(k)|

where Aν is the reduced elliptic curve at ν and k is the residue field of ν.
Let Rν be the subring of End(Aν) generated by the Frobenius endomorphism
FrAν . Then either FrAν ∈ Z and so Rν = Z, or Rν is an order in an imaginary
quadratic field by [16, pg. 556]. We define

∆ν := disc(Rν), δν := 0, 1 depending on when ∆ν ≡ 0, 1 (mod 4),
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and bν such that ∆νb2ν = aν(A)2 − 4qν . We have that bν = 0 if Rν = Z,
otherwise bν is the index of Z[FrAν ] in Rν by [35, pg. 38]. Therefore, bν must
be an integer. We then associate to ν the integral matrix

Mν =

 aν(A)+bνδν
2 bν

bν(∆ν−δν)
4

aν(A)−bνδν
2

.

Theorem 4.3.4. [16, Theorem 2.1] Let A be an elliptic curve over F . Let ν
be a place of F of good reduction for A such that ν - p. Then ν is unramified in
F (A[pn+1]) and the integral matrix Mν , when reduced modulo pn+1, represents
the class of the Frobenius of ν in Gal(F (A[pn+1])/F ).

Therefore, the Frobenius element Frν of Gn generates the decomposition group
as Fn is a field extension of F contained in F (A[pn+1]) by construction of Fn.
We want to see when Mν reduced modulo pn+1 lies in a Borel subgroup. To do
this, we look at the conjugacy classes of Mν in GL2(Z/pn+1Z).

Definition 4.3.5. A matrix X ∈ GL2(Z/pn+1Z) is cyclic if X is not a scalar
matrix modulo any power of p.

Using this we are able to write each matrix of GL2(Z/pn+1Z) in a specific
form.

Lemma 4.3.6. [4, Lemma 2.1] Let X ∈ GL2(Z/pn+1Z). Then either X is
cyclic or can be written in the form dI2 + pjβ for some 1 ≤ j ≤ n+ 1 such that
d ∈ (Z/pn+1Z)× and β ∈ M2(Z/pn+1−jZ) is cyclic.

Hence, we can then find a representative of the conjugacy class each matrix in
GL2(Z/pn+1Z) lies in.

Theorem 4.3.7. [4, Theorem 2.2] Let X ∈ GL2(Z/pn+1Z) be as in Lemma 4.3.6.
If X is cyclic, then it is conjugate to

( 0 1
−det(X) tr(X)

)
,

otherwise X is conjugate to

(
d pj

−pj ·det(β) d+pj ·tr(β)

)
.
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We can use this form on Mν to prove the following.

Lemma 4.3.8. If aν(A)2 − 4qν is a square modulo p then Mν reduced modulo
pn+1 lies in a Borel subgroup of GL2(Z/pn+1Z).

Proof. First assume (bν , p) = 1. Then Mν is a cyclic matrix and we have

Mν ∼
( 0 1
−qν aν(A)

)
.

Any conjugate to this matrix must take the form

1
xt−yz

(
x y
z t

)( 0 1
−qν aν(A)

)(
t −y
−z x

)

= 1
xt−yz

(−xz−qνyt−aν(A)yz x2+aν(A)xy+qνy
2

−z2−aν(A)tz−qνt2 xz+qνyt+aν(A)xt

)
where ( x yz t ) ∈ GL2(Z/pn+1Z). Hence, for Mν to be in a Borel subgroup, then
we need

z2 + aν(A)tz + qνt
2 ≡ 0 (mod pn+1).

As the discriminant of this polynomial is a square modulo pn+1 with respect to
z, this equation has at least one solution and so Mν lies in a Borel subgroup.

Let bν = pju such that (u, p) = 1. If j ≥ n + 1 then Mν is aν(A)
2 I2 and

so lies in a Borel subgroup, so suppose 1 ≤ j ≤ n. Then, as det(Mν) = qν

is not divisible by p, then aν(A) cannot be divisible by p. Hence, we have
aν(A)

2 ∈ (Z/pn+1Z)× for all n ≥ 0 and so

Mν =
aν(A)

2 I2 + pj

 uδν
2 u

u

(
∆ν−δν

4

)
−uδν2

 ∼
 aν(A)

2 pj

pju2∆ν
4

aν(A)
2

.

Any conjugate to this matrix must take the form

1
xt−yz

x y

z t

 aν(A)
2 pj

pju2∆ν
4

aν(A)
2

 t −y
−z x



= 1
xt−yz

 aν(A)
2 (xt−yz)+pj

(
u2∆ν

4 yt−xz
)

pj
(
x2−u

2∆ν
4 y2

)
−pj

(
z2−u

2∆ν
4 t2

)
aν(A)

2 (xt−yz)−pj
(
u2∆ν

4 yt−xz
)

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where ( x yz t ) ∈ GL2(Z/pn+1Z). Hence, for Mν to be in a Borel subgroup, then
we need

pj
(
z2 − u2∆ν

4 t2
)
≡ 0 (mod pn+1).

Therefore this matrix lies in a Borel subgroup if ∆ν is a square modulo p.
However, as ∆νb2ν = aν(A)2 − 4qν , then this is true if aν(A)2 − 4qν is a square
mod p.

Therefore, we need to find conditions for aν(A)2 − 4qν to be a square modulo
p. Let ` be a prime of good reduction with respect to A. Then the arithmetic
Frobenius Fr` has characteristic polynomial x2 − a`(A)x+ ` with roots α and
β. Then we let tn := tr(Frn` ) for n ≥ 1 and we have `n = det(Frn` ).

Proposition 4.3.9. Let A/Q be an elliptic curve and p a prime. Let ` be a
prime of good reduction with respect to A such that ` 6= p. Then for all n ≥ 1

a`(A)− 4` is a square mod p if and only if tn − 4`n is a square mod p.

We will first look at the cases where n is odd.

Lemma 4.3.10. For all n ≥ 0

t22n+1 − 4`2n+1 = (t21 − 4`)
(1− 2n)`n +

n∑
j=1

`n−jt2j

2

.

Proof. Let α and β be as before. Then we have

t22n+1 − 4`2n+1 = (α2n+1 − β2n+1)2.
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Therefore we have

α2n+1 − β2n+1

= (α− β)

 2n∑
j=0

αjβ2n−j


= (α− β)

αnβn + n∑
j=1

αn+jβn−j + αn−jβn+j


= (α− β)

(1− 2n)αnβn +
n∑
j=1

(αn+jβn−j + 2αnβn + αn−jβn+j)


= (α− β)

(1− 2n)αnβn +
n∑
j=1

αn−jβn−j(αj + βj)2


= (α− β)

(1− 2n)`n +
n∑
j=1

`n−jt2j


Squaring both sides gives the result.

We then just need to check the case for n even. We first need the following
lemma.

Lemma 4.3.11. For all n ≥ 1, we have t2n = t2n − 2`n.

Proof. Let α and β be as above. Then we have

t2n = α2n + β2n = (αn + βn)2 − 2αnβn = t2n − 2`n.

Using this, we can prove the proposition.

Proof of Proposition 4.3.9. It is true for the case when n is odd by Lemma 4.3.10.
If n is even, then we can show by induction and Lemma 4.3.11 that if n = 2im
with m odd and i ≥ 1, then

t2n − 4`n = (t2m − 4`m)
 i−1∏
j=0

t2jm

2

.
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It is true for the case i = 1 as

t22m − 4`2m = (t2m − 2`m)2 − 4`2m

= t4m − 4`mt2m
= t2m(t

2
m − 4`m)

by Lemma 4.3.11, so assume it is true for i. Then we have

t22i+1m − 4`2
i+1m = (t22im − 2`2

im)2 − 4`2
i+1m

= t42im − 4`2
imt22im

= t22im(t
2
2im − 4`2

im)

= (t2m − 4`m)
 i∏
j=0

t2jm

2

by induction.

We now have the tools to prove Theorem 4.3.2.

Proof of Theorem 4.3.2. As Fn ⊂ F (A[pn+1]), then by Theorem 4.3.4, the ex-
tension Fn/F is unramified outside ∞, p and NA and hence so is Fn/Ln. We
see by Lemma 4.3.3 that the decomposition group of a place in F dividing
∞· p ·NA inside Gn is contained in a Borel. Furthermore, by Lemma 4.3.8, the
decomposition group of a place ν in F dividing NE but not p or NA such that
aν(A)2− 4qν is a square modulo p inside Gn is contained in a Borel. Since any
Borel intersects trivially with An by Lemma 3.1.1, then these places must split
completely in Fn/Ln. We then have our result by Proposition 4.3.9.

4.3.2 Construction of Derivatives

We are now able to prove Theorem 4.3.1, which requires the construction of
derivative classes coming from the higher modular points.

Proof of Theorem 4.3.1. There is an injection

ln : Vn→E(Fn)⊗Qp
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f 7→
∑
D

f(D) ·QA,D

where QA,D are the higher modular points. Let

Sn = {P ∈ E(Fn) : there exists a k ≥ 0 such that pkP ∈ Zp[Gn] ·QA,D}

be the saturated group generated by the higher modular points in E(Fn). We
can show the following.

Lemma 4.3.12. If (Sn)tors denotes the torsion subgroup of Sn, then

(Sn)tors = E(Fn)[p
∞].

We remark that the definition of E[p∞] is as defined in the notation.

Proof. If P ∈ E(Fn)[p∞], then there exists a k ≥ 0 such that

pkP = 0 ∈ Zp[Gn] ·QA,D.

Therefore P ∈ (Sn)tors. On the other hand, let Q ∈ (Sn)tors. Then there exists
an m ≥ 1 such that mQ = 0. We can write m = prs for some r ≥ 0 and
(s, p) = 1. Also, as Q ∈ Sn, there exists a k ≥ 0 such that

pkQ ∈ Zp[Gn] ·QA,D.

If k ≥ r, then s(pkQ) = 0 and so pkQ is a torsion point. However, Zp[Gn] ·QA,D

contains no non-trivial torsion points, so we must have pkQ = 0 and so
Q ∈ E(Fn)[p∞].

Similarly, if k < r, then pr−ks(pkQ) = 0 and so Q ∈ E(Fn)[p∞] which gives
our result.

Therefore, there exists a short exact sequence

0→E(Fn)[p∞]→Sn→Wn→0
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where Wn can be viewed as the quotient of Sn by its torsion points. Therefore,
the representatives of the points in Wn are all the points of infinite order in Sn
and so can be identified as a Gn-stable lattice in the image of ln.

Lemma 4.3.13. We have WAnn = 0 and SAnn = E(Ln)[p∞].

Proof. As Wn can be identified as a Gn-lattice in the image of ln, then we
can view Wn as a Zp[Gn]-lattice in Vn and therefore, as seen in the proof of
Proposition 3.6.12, we must have WAnn = 0. Therefore, using the short exact
sequence that precedes this lemma, we have

SAnn = (E(Fn)[p
∞])An = E(Ln)[p

∞].

We would like to determine the size of H1(An,Sn). We will require the follow-
ing.

Proposition 4.3.14. If ρQ,E,p and τF ,A,p are surjective then for all n ≥ 0,
E(Fn)[p] = 0.

Proof. We first look at the n = 0 case. As ρQ,E,p is surjective, then the smallest
Galois extension, K of Q such that E(K)[p] 6= 0 is K = Q(E[p]). Suppose
E(F0)[p] 6= 0. As F0/Q is Galois, then we must have Q(E[p]) ⊆ F0. Therefore
we have an inclusion of fields F ⊆ F (E[p]) ⊆ F0. As F (E[p])/F and F0/F
are Galois extensions, then Gal(F0/F (E[p])) E Gal(F0/F ) ∼= G0 as τF ,A,p is
surjective. Therefore, Gal(F0/F (E[p])) must either be trivial, isomorphic to
G0 or isomorphic to PSL2(Fp).

If Gal(F0/F (E[p])) is trivial, then F (E[p]) = F0 and so Gal(F (E[p])/F ) ∼= G0.
However, this means that G0 is isomorphic to a normal subgroup of GL2(Fp)

which cannot happen by [2, Theorem 4.9], as this would imply a group of that
size must be isomorphic to SL2(Fp).

If Gal(F0/F (E[p])) ∼= G0, then F (E[p]) = F . As F/Q is a Galois extension,
then Q(E[p]) ⊆ F and so µp ⊆ F where µp are the p-th roots of unity. There-
fore, we must have Gal(F (A[p])/F ) ≤ SL2(Fp) and so Gal(F0/F ) ≤ PSL2(Fp),
which is a contradiction.
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Therefore, Gal(F0/F (E[p])) ∼= PSL2(Fp). Hence, F (E[p])/F must be a
quadratic extension such that Gal(F (E[p])/F ) ∼= im(χ). Here, χ is the only
non-trivial 1-dimensional representation over C admitted by G0, which is de-
fined as

χ : G0
det−−→ F×p /(F×p )

2→{±1}

with kernel PSL2(Fp). However, we know Gal(F (E[p])/F ) is isomorphic to a
normal subgroup of GL2(Fp) and therefore, by [2, Theorem 4.9], we must have

Gal(F (E[p])/F ) ∼= {±I2},

which is a contradiction. Therefore, E(F0)[p] = 0.

For the n ≥ 1 case, we let Hn = Gal(Fn/F0) and Mn = E(Fn)[p]. Then
we know Hn acts on Mn and we have already shown MHn

n = 0. However, as
Hn is a p-group and all Hn-orbits have size greater than 1 except the orbit
representing the trivial element, then |Mn| ≡ 1 (mod p). Therefore, as Mn

either has size divisible by p or is trivial, then we must have Mn = 0 and
therefore, E(Fn)[p] = 0.

As E(Fn)[p] = 0, then E(Fn)[p∞] = 0 and therefore, we have

Sn ∼= Wn.

In particular, H1(An,Sn) contains pn elements by Proposition 3.6.12. If we
consider the natural inclusion of Sn in E(Fn)⊗Zp, then the cokernel Υn is a
free Zp-module and we obtain a long exact sequence

0→E(Ln)⊗Zp→ΥAnn →H1(An,Sn)→H1(An,E(Fn))[p∞] (3)

as SAnn = 0 by Lemma 4.3.13. Here, ΥAnn has the same rank as E(Ln)⊗Zp.
If we compose the last map with the inflation map we obtain

δn : H1(An,Sn)→H1(An,E(Fn))[p∞] ↪→ H1(Ln,E)[p∞]

known as the derivation map. We have the short exact sequence

0→Sn
[pn]−−→ Sn→Sn/pnSn→0
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which induces

0→
(
Sn/pnSn

)An→H1(An,Sn)
[pn]−−→ H1(An,Sn)

as SAnn = 0. As |H1(An,Sn)| = pn by Proposition 3.6.12, then the final
mapping is the zero mapping. Hence, we have

(
Sn/pnSn

)An ∼= H1(An,Sn).

We thus call the image of δn the derived classes of higher modular points.

Lemma 4.3.15. The image of δn is contained in X(E/Ln)[p∞].

Proof. We adapt the proof of [39, Lemma 30] to the general construction. Let
η be a lift of an element in the image of δn in the map

H1(Ln,E[pm])→H1(Ln,E)[pm]

for a sufficiently large m. Let Σ := {ν place in Ln : ν | NE · p · ∞}. We will
look at the two cases for a place ν of Ln, when ν /∈ Σ and ν ∈ Σ.

Firstly, if ν /∈ Σ, then the extension Fn/Ln is unramified by Theorem 4.3.2.
Therefore, the restriction of η to H1((Ln)ν ,E[pm]) will lie in

H1
f ((Ln)ν ,E[pm]) := im

(
E((Ln)ν)/pmE((Ln)ν)→H1((Ln)ν ,E[pm])

)

as seen in [12, pg. 115].

If ν ∈ Σ, then ν must satisfy one of the following:

• ν | ∞ · p,

• ν | NE and ν | ∞ ·NA,

• ν | NE but ν -∞ ·NA,
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as p is a prime of multiplicative reduction with respect to A. Then by Theo-
rem 4.3.2, ν splits completely in Fn/Ln for all options. Therefore, for all ν ∈ Σ,
ν splits completely in Fn/Ln. We have the commutative diagram

H1(An,Sn) H1(Fn/Ln,E(Fn))[p∞] H1(Ln,E)[p∞]

H1((Fn)w/(Ln)ν ,E((Fn)w))[p∞] H1((Ln)ν ,E)[p∞].

inf

resw/ν resν
infw/ν

where w is a place of Fn above ν and im(δn) ⊆ im(inf). As ν splits completely
in the extension Fn/Ln, then (Fn)w = (Ln)ν and so resw/ν(c) is trivial for any
c ∈ H1(Fn/Ln,E(Fn))[p∞]. Therefore

(resν ◦ inf)(c) = (infw/ν ◦ resw/ν)(c) = 0

and so the restriction of any element in the image of inf is trivial. Therefore,
as η is a lift of any element in the image of δn, which is contained in the image
of inf, then the restriction of η to H1((Ln)ν ,E)[pm] is trivial. Hence, η belongs
to Selp

m

(E/Ln).

We therefore have the map

δn : H1(An,Sn)→X(E/Ln)[p∞].

We now want to determine the source of this mapping. With the conditions
that we have on the higher modular points, we have the following.

Proposition 4.3.16. For all n ≥ 0, we have SBnn = TBnn .

Proof. We show this by induction. For the n = 0 case, we have TB0
0
∼= Zp,

generated by a fixed higher modular point QA,D0 . As QA,D0 is not divisible by
p in E(F0), then SB0

0 = TB0
0 .

Now suppose n ≥ 1. Let P ∈ SBnn and k ≥ 0 be minimal such that pk ·P ∈ TBnn .
Assume that k > 0. We can show that TBnn is generated by the higher modular
points {QA,D0 , ...,QA,Dn} such that Di is a cyclic group of order pi+1 and
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Nm(QA,Di) = ap(E) ·QA,Di−1 for all 1 ≤ i ≤ n, where Nm denotes the norm
map from FBii to FBi−1

i−1 . In particular,

TBnn
/
T
Bn−1
n−1 = 〈QA,Dn〉 ∼= Zp.

Therefore, we have pk ·P = b ·QA,Dn +R for some b ∈ Zp and R ∈ TBn−1
n−1 . We

then apply Nm from FBnn to FBn−1
n−1 to obtain Nm(QA,Dn) = ap(E) ·QA,Dn−1

and Nm(R) = pR. Therefore, we have

pk ·Nm(P ) = bap(E) ·QA,Dn−1 + pR ∈ TBn−1
n−1

and Nm(P ) ∈ SBn−1
n−1 = T

Bn−1
n−1 by induction. As QA,Dn−1 is not divisible by p

in E(Fn−1), then bap(E) is divisible by p. However, as the reduction type of p
with respect to E is either multiplicative or good ordinary, then p - ap(E) and
so p | b. Therefore,

R = p
(
pk−1 · P − b

p ·QA,Dn
)
∈ p ·E

(
FBnn

)
.

We have seen that E(Fn)[p] = 0, so R must already be divisible by p in
E
(
F
Bn−1
n−1

)
and so R = pR′ for some R′ ∈ E

(
F
Bn−1
n−1

)
. In particular, we have

R′ ∈ SBn−1
n−1 = T

Bn−1
n−1 . Therefore, as pk · P = b ·QA,Dn +R, then

pk−1 · P = b
p ·QA,Dn +R′ ∈ TBnn

which contradicts the minimality of k. Therefore, k = 0 and P ∈ TBnn .

As Sn is isomorphic to a Zp[Gn]-sublattice in Vn, then by Proposition 4.3.16
and Theorem 3.6.20, we have Sn ∼= Tn. Therefore, as H1(An,Tn) ∼= Z/pnZ

by Lemma 3.6.10, then the source of δn is a cyclic group of order pn.

We thus have two outcomes. Firstly, if δn is not injective, then as we have the
short exact sequence

0→E(Ln)⊗Zp→ΥAnn
γ−→ ker(δn)→0

induced from (3), then let P ∈ E(Fn) ⊗Zp such that γ(P ) = s where s
generates ker(δn). If P were a torsion point, say mP = 0 for some m ≥ 1,
then as E(Fn)[p] = 0, we must have (m, p) = 1. Therefore, P is trivial in
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E(Fn)⊗Zp and so P = 0 in ΥAnn , which cannot happen. Therefore, the rank
of ΥAnn must be positive and so must the rank of E(Ln)⊗Zp. Hence, E(Ln)
will contribute a copy of Z/pnZ in Selp

n

(E/Ln) as E(Ln)[pn] = 0.

If δn is injective, then X(E/Ln)[p∞] must contain a cyclic subgroup of order
pn. Therefore, Selp

n

(E/Ln) must contain an element of order pn by lifting the
image of δn from X(E/Ln)[pn].

We can look further at Theorem 4.3.1 by taking semistable A/Q and letting
p > 3 be a prime such that ρQ,A,p is surjective. We will require the following.

Proposition 4.3.17. Let A/Q be semistable and p > 3 be a prime such that
ρQ,A,p is surjective. Then τF ,A,p is surjective.

Proof. If ρF ,A,p is surjective, then as A is semistable, ρF ,A,p must be surjective
and hence τF ,A,p is also. Therefore, we need to show that for all primes p > 3,
ρF ,A,p is surjective.

We initially look at the case when p is a prime of split multiplicative reduction
with respect to A. We have seen by construction that F ⊆ Q(A[M ]) where

M =

 NE if p - NE ,
NE
p if p||NE ,

so (M , p) = 1. Let K = Q(A[p]) ∩Q(A[M ]) and ν be a place of K above p.
Then

Kν
∼= Qp(A[p]) ∩Qp(A[M ])

= Qp(µ[p], p
√
qA) ∩Qp(µ[M ], M

√
qA)

as p is a prime of split multiplicative reduction. Here, µ[n] denotes the group of
nth roots of unity and qA ∈ Q×p is a p-adic analytic uniformiser at ∞ such that
ordp(qA) = − ordp(j(A)) > 0. We want to show Kν = Qp. As (M , p) = 1,
then Qp(µ[p]) ∩Qp(µ[M ]) = Qp. Therefore,

Gal(Qp(µ[pM ])/Qp) ∼= G ≤ (Z/MZ)× × (Z/pZ)×.
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Let L = Qp(µ[pM ]). Then, by Kummer theory, we have that Gal(L( p
√
qA)/L)

is a subgroup of Z/pZ and Gal(L( M
√
qA)/L) is a subgroup of Z/MZ. As

(M , p) = 1, then we must have L( p
√
qA) ∩ L( M

√
qA) = L and so the Galois

group of L( pM
√
qA) = L( p

√
qA, M
√
qA) over L is the direct product of these Galois

groups. Also
L∩Qp(µ[M ], M

√
qA) = Qp(µ[M ])

and
L∩Qp(µ[p], p

√
qA) = Qp(µ[p]).

Therefore, looking at the Galois groups, we have

Gal(L( pM
√
qA)/Qp(µ[p], p

√
qA)) ∼= Gal(Qp(µ[M ], M

√
qA)/Qp).

As L( pM
√
qA) is the compositum of Qp(µ[M ], M

√
qA) and Qp(µ[p], p

√
qA), then

this implies
Qp(µ[p], p

√
qA) ∩Qp(µ[M ], M

√
qA) = Qp.

Therefore, Kν = Qp. Now, let H = Gal(Q(A[p])/K). Then as Kν = Qp,
the inertia group, Iν of H must contain the set of matrices of the form ( ∗ 0

0 1 )

under the image of ρQ,A,p by [33, pg. 277, Corollaire]. As K/Q is Galois,
then H E GL2(Fp) and so as p ≥ 5, then either H ⊇ SL2(Fp) or H ⊆ Zp

by [2, Theorem 4.9]. Therefore, as Iν contains the set of matrices of the form
( ∗ 0

0 1 ), then H ⊇ SL2(Fp). But then the mapping det : H→F×p is surjec-
tive and has kernel SL2(Fp) meaning H = GL2(Fp). Therefore, we have
Q(A[p]) ∩Q(A[M ]) = Q. However, as F ⊆ Q(A[M ]), then Q(A[p]) ∩ F = Q

and as ρQ,A,p is surjective, then so is ρF ,A,p.

Now suppose p is a prime of non-split multiplicative reduction for A. Let
K = Q(A[p]) ∩Q(A[M ]) and let ν be a place of K above p. As p is a prime of
non-split multiplicative reduction for A, there exists an unramified quadratic
extension L′/Qp such that A acquires split multiplicative reduction over L′. In
particular, we can follow the same procedure as in the split case with L′ to show
that L′(A[p]) ∩ L′(A[M ]) = L′. This now ensures that Kν ∈ {Qp,L′} and so
Kν/Qp is an unramified extension. Therefore, if H = Gal(Q(A[p])/K), then
the image of the inertia subgroup, Iν of H under ρQ,A,p must contain the set of
matrices of the form ( ∗ 0

0 1 ) by [33, pg. 277, Corollaire]. Therefore, we again see
that as H E GL2(Fp), then H = GL2(Fp) and so Q(A[p]) ∩Q(A[M ]) = Q.
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Therefore, identically to the split case, this means that ρF ,A,p is surjective and
this completes the proof.

Therefore, we can reduce Theorem 4.3.1 to the following.

Theorem 4.3.18. Let E/Q and A/Q be elliptic curves of conductor NE and
NA respectively. Let p > 3 be a prime of multiplicative reduction for A such
that ordp(∆A) = 1 and let

F :=


KNE if p - NE ,
KNE

p

if p||NE .

Assume that:

1. A is semistable,

2. E has either split multiplicative reduction at p with p - ordp(∆E), non-split
multiplicative reduction at p, or good ordinary non-anomalous reduction
at p,

3. The degree of any isogeny of A defined over Q is coprime to NE,

4. ρQ,A,p is surjective,

5. ρQ,E,p is surjective,

6. Any prime ` of bad reduction for E and good reduction for A has a`(A)2 − 4`
square modulo p where a`(A) is the Hecke eigenvalue of the newform f

attached to the isogeny class of A.

Then there exists an element of order pn in Selp
n

(E/Ln).

In particular, if we have a look at Theorem 2.3.10 then we have extended the
theorem to state that if further p satisfies certain conditions with respect to E,
then we have an element of order pn in Selp

n

(E/Ln).

4.4 Examples
We now look at applying Theorem 4.3.18 to a few examples. For information
on specific elliptic curves, we obtained our data from the LMFDB [36].
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Example. Let
E : y2 + y = x3 − x2 − x− 2

be the elliptic curve with Cremona label 143a1 and

A : y2 + y = x3 + x2 − x

be the elliptic curve with Cremona label 35a3. Then if we let p = 7, this is a
prime of good ordinary non-anomalous reduction for E. As ∆A = −35, then 7
is a prime of multiplicative reduction for A such that ord7(∆A) = 1. The only
Q-isogenies on A are of degree 3 or 9, which are coprime to NE and both ρQ,A,7
and ρQ,E,7 are surjective. Also,

a11(A)
2 − 4 · 11 = −35 ≡ 0 (mod 7)

a13(A)
2 − 4 · 13 = −27 ≡ 1 (mod 7)

which are both squares modulo 7. Therefore by Theorem 4.3.18, there exists an
element of order 7n in Sel7

n

(E/Ln) for all n ≥ 1.

We also see that E doesn’t necessarily have to be a semistable elliptic curve.

Example. Let
E : y2 + xy = x3 − x2 − 5

be the elliptic curve with Cremona label 45a1 and

A : y2 + xy+ y = x3 + x2

be the elliptic curve with Cremona label 15a8. Then if we let p = 5, then this is a
prime of non-split multiplicative reduction for E and a prime of multiplicative
reduction for A such that ord5(∆A) = 1. The only Q-isogenies on A are of
degree 2, 4, 8 or 16, which are coprime to NE and both ρQ,A,5 and ρQ,E,5 are
surjective. Therefore by Theorem 4.3.18, there exists an element of order 5n in
Sel5

n

(E/Ln) for all n ≥ 1.

We can even vary the curves E and A if they both have prime conductor.
However, we first require the following.
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Proposition 4.4.1. Let E/Q be an elliptic curve of prime conductor p. Then
there exists an elliptic curve, A/Q, in its isogeny class such that ordp(∆A) = 1.

Proof. Let E0 be the strong Weil curve in the isogeny class of E. Then by [13,
Proposition 2], there are three cases. Either

• #E0(Q) = 1,

• #E0(Q) = 2,

• #E0(Q) > 2.

For the first case, E = E0 and as p is a prime of multiplicative reduction for
E, then ordp(∆E) = cp = 1 by [13, Proposition 2], where cp is the Tamagawa
number of E. For the second case, p is of the form u2 + 64 for some inte-
ger u ≡ 3 (mod 4) by [13, Proposition 2]. The elliptic curve E is one of the
following two isogenous curves

E0 : y2 + xy = x3 − u+ 1
4 x2 + 4x− u

E1 : y2 + xy = x3 − u+ 1
4 x2 − x

where ∆E1 = p. Finally, if #E0(Q) > 2, then the conductor of E0 will be
either 11, 17, 19 or 37. But then E0 and hence E will be isogenous to one of the
curves with Cremona label 11a2, 17a3, 19a3 or 37b2, which all have p strictly
dividing their discriminant.

Example. Let E/Q be an elliptic curve of prime conductor p and let A/Q

be an elliptic curve of conductor p such that ordp(∆A) = 1, which exists by
Proposition 4.4.1. We see in [13, Proposition 2] that if p is a prime of split
multiplicative reduction for E then p - ordp(∆E) and ρQ,E,p is surjective for all
p. We also have that ρQ,A,p is surjective as p ≥ 11. In particular, A has no
p-isogeny defined over Q. Hence, by Theorem 4.3.18, Selp

n

(E/Ln) contains an
element of order pn for all p prime and n ≥ 1.

We also show a specific example for E with conductor q when there exists an
A of conductor pq for p, q prime such that p 6= q.
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Example. Let a, b ∈ Z such that at least one of a or b is not divisible by 3 and

a12 − 9a8b+ 27a4b2 − 27b3

is not a square. Then by [21, Theorem 3.10] there exists infinitely many m ∈ Z

such that
Am : y2 + y = x3 + ax2 + bx+m

is an elliptic curve where |∆Am | = pq. Here, p is an odd prime and q is either
1 or an odd prime different from p. Pick m such that p, q ≥ 11 and there
exists an elliptic curve E/Q of conductor q such that p is a prime of good
ordinary non-anomalous reduction. Then as Am is semistable, ρQ,Am,p and
ρQ,Am,q are surjective, which ensures that there doesn’t exist a Q-isogeny of
Am of degree q. In particular, p is a prime of multiplicative reduction such
that ordp(∆Am) = 1. Also, ρQ,E,p is surjective as p ≥ 11. Therefore, by
Theorem 4.3.18, Selp

n

(E/Ln) contains an element of order pn for all n ≥ 1.
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