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ABSTRACT

Let £/Q and A/Q be elliptic curves. We can construct modular points derived
from A via the modular parametrisation of £. With certain assumptions we can
show that these points are of infinite order and are not divisible by a given prime
p. We can also show that the group generated by these points is isomorphic to

a representation of the projective general linear group.

We further investigate this representation, initially looking at the modular rep-
resentation theory associated to it. We classify all the IF,-submodules and look
at their group cohomology with respect to subgroups of the projective general
linear group. We then look at the integral representation theory associated to
the representation. We look at some of the Z,-lattices and apply the modular

representation theory to determine the size of their group cohomologies.

We finally look at applying the representation theory to the group generated by
the modular points. In particular, using Kolyvagin’s construction of derivative
classes, we find elements in certain Shafarevich-Tate groups of prime power

order.
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Chapter 1

Introduction



INTRODUCTION

Throughout this thesis, we are interested in a specific type of curve.

Definition. An elliptic curve E over a field K is a smooth projective curve of

genus 1 defined over K together with a distinguished K -rational point O.

Let K be a number field, a finite field extension of Q. We are interested in the
structure of F(K). An important starting point for this is the following.

Theorem (Mordell-Weil Theorem). Let E/K be an elliptic curve. Then there
exists an r > 0, called the rank of E/ K, such that

E(K)2Z" @ E(K)ors

where E(K )iors @8 the finite subgroup of all torsion points in E(K). In partic-
ular, E(K) is finitely generated.

Therefore, to understand the structure of this group, we want to calculate the
rank of the elliptic curve. For an integer m > 1, the quotient E(K)/mE(K) is
isomorphic to a subgroup of the m-th Selmer group, denoted Sel™(E/K) and
whose defintion is provided in Definition [2.1.4] In particular, for certain primes
p such that E(K)[p] = 0, the quotient group E(K)/pE(K) has dimension as
an IF,-vector space equal to its rank. Therefore, the study of Selmer groups is

important in the understanding of the rank of elliptic curves.

Kolyvagin and Wuthrich have both looked at bounding the size of Selmer
groups. This involved the study of modular points on elliptic curves. Let
E/Q be an elliptic curve of conductor Ng. Due to the modularity theorem

there exists a surjective morphism
(I)E : X()(NE)—>E

defined over Q, known as the modular parametrisation attached to E, where
Xo(Ng)(C) =To(Ng)\H* is a modular curve and co on Xo(Ng) maps to the
point of infinity on E. We will not look at the definition of Xo(Ng) in this
thesis, but for details on its construction, see [14]. There exists a subvariety
Yo(NE) of Xo(Ng) which can be viewed as a moduli space of pairs (A, C)

where A is an elliptic curve and C' is a cyclic subgroup in A of order Ng.
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Definition. Let E/Q be an elliptic curve of conductor Ng and let
(A, C) € Yo(Np)(K)

for some number field K. Then we define ®p(A,C) € E(K) as a modular

point.

Kolyvagin was able to use a specific type of modular point known as a Heegner

point to prove the following.

Theorem (Kolyvagin). Let K be an imaginary quadratic field such that all
primes dividing a fixed integer Ng are split. Let E/Q be an elliptic curve of
conductor Ng. Let Px € E(K) be the trace of a certain Heegner point and
suppose that Pk is of infinite order. Then:

1. The rank of E(K) is 1.
2. The Shafarevich-Tate group of E/K is finite.

In order to prove this, Kolyvagin used Heegner points to create cohomology
classes to bound Selmer groups over K. In particular, the cohomology classes
he created were shown to lie outside the Selmer group, hence bounding the
Selmer group from above. He then showed that the Selmer group is generated
by the image of [Px] € E(K)/pE(K) under the Kummer map, which is defined
in the notation, for a certain type of prime p such that E(K)[p] = 0. Hence,
he showed that no element in the Selmer group is a lift of a non-trivial element
of the Shafarevich-Tate group and hence the rank of E(K) is equal to the

dimension of Sel’(E/K) as an [Fp-vector space.

Wauthrich then worked on an analogue system to Kolyvagin’s work where he uses
a type of modular point known as self points to create derivative classes. He
then linked the group generated by the self points with the representation theory
associated to the projective general linear group, as seen in Theorem [2.3.8 and
Theorem [2.3.9] Using this link, unlike in Kolyvagin’s case, he showed that the
derivative classes created lie in the Selmer groups over certain fields and hence

found lower bounds for these, as seen in Theorem [2.3.10

We would like to follow Kolyvagin’s construction of derivative classes to bound
Selmer groups by extending the idea of self points to a generalised construction

of modular point. Let E/Q be an elliptic curve of conductor Ng. Define
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zac = (A, C) where A is an elliptic curve and C is a cyclic subgroup in A of
order Ng. Fixing A/Q, we will denote Py ¢ := ®Pp(rac) € E(Q(C)) where
Q(C) is the field of definition of C. We denote the compositum of all such
Q(C) as Ky,,. This is the smallest field K such that its absolute Galois group
Gk acts by scalars on A[Ng|. This has Galois group Gy, := Gal(Ky,/Q)
which can be identified as a subgroup of PGLg(Z/NgZ) via the mapping

T0.ANg - Go— Aut(A[Ng|) =2 GLy(Z/NgZ)— PGLy(Z/ NgZ).

In Kolyvagin’s case, Tq 4,n, is far from surjective, however in the generic case,
we will take it to be surjective. As in the work of both Kolyvagin and Wuthrich,
we need to look at the divisibility of the modular points in E(Q(C)) and un-
derstand the relationships between them. This will provide us with an under-
standing of the rank of the group generated by these points. Initially, we want
to see when the modular points are of infinite order. We obtain the following
result, which is Theorem

Theorem. Let E/Q be an elliptic curve of conductor Ng. Let A/Q be an
elliptic curve such that the j invariant of A is not in %Z and the degree of any
isogeny of A defined over Q is coprime to Ng. Then the modular points Pa ¢
are of infinite order for all cyclic subgroups C' of order Ng in A.

From this, we can show that if p is a prime with specific conditions related to A
and E, then Py ¢ is not divisible by p in £(Q(C')) as seen in Proposition [4.1.5]
We also see that there exist linear relations between the modular points. If

d # N is a divisor of N and B is a cyclic subgroup in A of order d, then

Z Py € E(Ky) is torsion,

CDOB
where K is the smallest number field such that its absolute Galois group acts
by scalars on A[d], as seen in Proposition m This reduces the rank of the
group generated by these points.

We then take a look at a specific case of creating higher modular points for a
prime p of either good ordinary or multiplicative reduction with respect to E.
Here, we will look at the case where p is a prime of good ordinary reduction.

Let D be a cyclic subgroup in A of order p"*! for a prime p and n > 0. We look
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at the higher modular point coming from (A/D,(C)) where ¢ : A»A/D is
the isogeny defined by D. We define Q4 p = ®r(A/D,¥(C)) € E(Q(C, D)).

Then the higher modular points form a trace-compatible system with

ap(E)-Qap= > Qap

D'>D

where the sum is taken over the subgroups D’ of A of order p"*2 containing D
and ay(E) is the p-th Fourier coefficient for the modular form associated to the
isogeny class of /. Using this, we can show that if P4 ¢ is of infinite order, then
we have created a tower of points which are also of infinite order. In particular,
we show that the higher modular points generate a group of rank p"+! + p»
as seen in Proposition [£.2.3] and so if F,, defines the compositum of all such
Q(C, D), where C' and D intersect trivially as their orders are coprime, we have
F, = Ky, and rank(E(F,)) > p"*! + p" by [20, Corollary 3.7]. Hence we
are able to use this information to establish a link between the group generated
by the higher modular points and the representation theory associated to the

projective general linear group, as seen in Proposition [4.2.3

If we let G, := PGLy(Z/p"*1Z) for n > 0, we will see that we can relate the
group generated by the higher modular points to certain Z,[G,|-lattices in

V, = ker (Qp 9/, %Qp)

for p prime and B,, a Borel subgroup of G,,. We can view
V, = {f:]P}ﬁQp:Zf(C) =o}
C
where P! := IP1(Z/p" 1 Z). This contains the standard lattice

T,, = ker <Zp [g"/zsn] —>Zp>,

whose cohomology with respect to subgroups of G, is easily understood. Hence,
we take a look at the integral representation theory of G,, in Chapter 3 in order
to further understand the Z,[Gy,|-lattices in V},. This will require understanding
the modular representation theory associated to G, as seen in section 3.3. In
particular, we find all IF,[G,]|-submodules of Ind%’; (Fp) in Theorem [3.3.8 and
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link them to the Z,[Gy,]-lattices we have found in section 3.5. They also help
to calculate the cohomology of Z,[G,|-lattices with respect to subgroups of G,
as seen in section 3.6, which we can apply to the modular points. In particular,
we show the following, which is Theorem [3.6.20]

Theorem. Let W be a Z,[Gy]-lattice of Vi, such that WBr = TBn. Then
W g Tnc

We then generalise Wuthrich’s work in [39] using the ideas of Kolyvagin in
[24] in Chapter 4. We create derivative classes coming from higher modular

points of infinite order which are not divisible by p in E(Q(C)) as shown in
Proposition [4.1.5

Suppose p is one of the following:
« A prime of split multiplicative reduction for £ and p { ord,(Ag),
o A prime of non-split multiplicative reduction for F,
e A non-anomalous prime of good ordinary reduction for F,

where Ap is the minimal discriminant of E. Here, a prime p of good reduc-
tion for E is said to be anomalous if p divides |E(IF,)| and is non-anomalous
otherwise as defined in Definition This ensures that the higher modular
points are not divisible by p in E(Q(C)). Let

n --—

o { Kpn+1y, if p is a prime of good reduction for £,

Kynn,  if pis a prime of multiplicative reduction for F,
for n > —1 with F := F_1. We assume
TP Ap - Gal(F/F)—PGLy(Z))

is surjective giving Gal(F,,/ F) = G,,. We let A,, be a non-split Cartan subgroup
of G,,. This is a cyclic subgroup of order p"*! + p™. Then we define L,, to be
the subfield of F}, fixed by A4,. We are able to construct a mapping

On : HY(Ap, Sp)—II(E/ Ly)[p™]

as seen in Lemma[4.3.15 where S, denotes the saturated group generated by the
higher modular points in E(F},) as defined in the notation. With the conditions
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on p, we can show that the source of 9, is a cyclic group of order p”. This result
derives from the link between the construction of the derivative classes and
integral representation theory. The group S, defined earlier is isomorphic to a
Z,[Gy]-lattice containing T}, as seen in subsection 4.3.2. Due to the structure
of S, and the above theorem, we are able to show that S, = T}, under the
conditions we have stated and therefore, as we understand the cohomology of
T,, associated to subgroups of G,,, we can show that the source of ¢, is a cyclic

group of order p”. We can then use this to prove the main theorem of this

thesis, which is Theorem [4.3.18|

Theorem. Let E/Q and A/Q be elliptic curves of conductor Ng and N4
respectively. Let p > 3 be a prime of multiplicative reduction for A such that
ordy(As) =1 and let F, be as defined above. Assume that:

1. A is semistable,

2. E has either split multiplicative reduction at p with p 1 ord,(Ag), non-split
multiplicative reduction at p, or good ordinary non-anomalous reduction

at p,

3. The degree of any isogeny of A defined over Q is coprime to N,

4- PQ,A,p S surjeclive,
5. PQ,E,p S surjective,

6. Any prime ( of bad reduction for E and good reduction for A has a,(A)% — 44
square modulo p where ap(A) is the Hecke eigenvalue of the newform f

attached to the isogeny class of A.
Then there exists an element of order p™ in Sel” (E/Ly).

As with the modular curve, we will not look at the definition of a newform f
attached to A in this thesis, but for more details, refer to [14]. This theorem is
not only a generalisation of Wuthrich’s work on self points to the modular points
setting, by bounding Selmer groups from below, but it shows that we can also
construct specific elements of prime power order in these groups. We are able to
prove that if the first and fourth conditions in the theorem are true, then 7¢ 4
is surjective and so Gal(F,,/F) = G, for all n > 0 as seen in Proposition .
The fifth point is essential in order to ensure E(Fy)[p] = 0 for all n > 0 as
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seen in Proposition [£.3.14, We know that this condition excludes only a finite
number of primes if £ has no complex multiplication. The final point ensures
that the primes dividing Ng but not N4 split completely in Fj,/ L, as seen

in Theorem [4.3.2] This is fundamental when showing that the image of the
derivation map 0y, lies in III(E/Ly,) in Lemma [4.3.15

This thesis will compose of three chapters. The first chapter will look at two
different constructions of modular points and how they can be used to bound
Selmer groups. We initially look at the construction of Heegner points and fol-
low the method of Kolyvagin exactly as shown in [19] to construct cohomology
classes coming from Heegner points. We will see that the cohomology classes
lie outside of the Selmer group, restricting its size. In particular, the Selmer
groups are cyclic and generated by an element that lies in the image of the

Kummer map rather then a lift of a non-trivial element in the Shafarevich-Tate
group.

We then look at Wuthrich’s work in [39] on the construction of a different type
of modular point called a self point, and how they form an analogue system to
Kolyvagin’s work to produce cohomology classes. We will look at how we can
relate the group generated by the points in the elliptic curve to a Zy[Gy|-lattice
inside V;,. We will see that Wuthrich was able to use information on the integral
representation theory of G, to show that the derivative classes lie in the Selmer
groups, increasing their size. In particular, the size of the Selmer groups are
bounded below by a prime power as seen in Theorem [2.3.10]

The second chapter will focus on the representation theory of G,. We initially
look at the group theoretical properties associated to G, in section 3.1 as well as
some important cohomological results that will be vital to the understanding of
the representations in section 3.2. We then focus on the modular representation
theory of G,, in section 3.3 in order to provide a further understanding of the
integral representation theory. Here we find all the possible IF,[G,|-submodules
of Ind%’; (FF,), defining all in Theorem , and look at some cohomological

results associated to them.

We then focus on the integral representation theory associated to G,. We
initially look at the n = 0 case in section 3.4 and show that we are able to find
all Z,[Gol-lattices in Vp in Theorem due to its irreducibility as a Qp[Go)-

module. However, this is not the case when n > 1. We study the lattices
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we have found in section 3.5 and their cohomological results with respect to

subgroups of G,, in section 3.6.

The final chapter will look at generalising the construction of self points, as seen
in both sections 4.1 and 4.2, to prove the above theorem in section 4.3. We
will show that we are able to follow the method of Wuthrich to bound Selmer
groups from below by a prime power. However, we go further to show that the
Selmer groups must contain an element of prime power order as seen in both
Theorem and Theorem This relies on the work on the representa-
tion theory in the previous chapter to further understand the structure of S,.

We finally look at some examples of the results to elliptic curves in section 4.4.

1.1 Notation

We briefly mention the notation that will be used throughout this thesis. We
will split this section into two, starting with the notation for the arithmetic
side, which will be required for chapters 2 and 4. Then we will look at the

notation used for the algebraic side.

1.1.1 Arithmetic Notation

For a number field K, we define its absolute Galois group as G . If we let v be
a place of K, then we define K, as the completion of K at v. We then let I, be
the inertia subgroup of Gi,,. We will also be looking at the Galois cohomology
attached to a Gg-module M. We define H' (K, M) := H (G, M) for i > 0.

For an elliptic curve E over K and m > 1 an integer, let E[m] be the m-torsion

subgroup of E(K). We have Gg acting on E[m| and this leads to a Galois

representation
Pr.Em - Gx— Aut(E[m]) = GLa(Z/mZ).

Let p be a prime number. We then define E[p™] = U,>1 E[p"]. Also, we define
TpE = lim E[p"] to be the p-adic Tate module of £. This leads to the Galois
n

representation
PK.Ep: Gr— Aut(TpE) = GLQ(ZP)
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where Z,, will denote the p-adic integers. If we let

Tm : GLo(Z/mZ)— PGLy(Z/mZ) and m,: GLa(Z),)— PGLy(Z,)
be the quotient mappings where Z,, := ker(7,,) is the centre of GL2(Z/mZ),
we define the mappings Tk gm = Tm © Pr pm a0d T Ep = Tp O PK Ep-

We also define the Kummer map. Let £/ K be an elliptic curve over a number

field K and m > 1 an integer. Then there is a short exact sequence
0—E(K)/mE(K) % H(K, E[m])— H' (K, E)[m]—0

as shown in section 2.1. Here, we define the mapping x as the Kummer map,

where for P € E(K), we let Q € E(K) such that P = m@). Then the class
k[P] € H' (K, E[m]) is given by

k[P](0) = 0(Q) - Q.

For p a prime, we define a,(E) to be the Hecke eigenvalue of the newform
f attached to the isogeny class of E. We will not look at the definition of a

newform f attached to E in this thesis, but for more details, refer to [14].

Let E/Q be an elliptic curve of conductor Ng. Due to the modularity theorem,

there exists a surjective morphism
CDE . XQ(NE)—>E

defined over Q where Xo(Ng)(C) = T'o(Ng)\H* is a modular curve with
subvariety Yo(Ng)(C) = I'o(Ng)\H, which is isomorphic to

{(A,C)|A is an elliptic curve and C is a cyclic subgroup in A of order NE}/
where (A,C) ~ (A’,C") if there exists an isomorphism ¢ : A=A’ such that

P(C) = C'. We will not look at definitions of Xo(Ng) or Yp(Ng) in this

thesis, but for details on their construction, see [14].

10
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Using this, we look at the notation for the modular points we will look at in
chapters 2 and 4. Let £/Q and A/Q be elliptic curves of conductor Ng and
N4 respectively. Let C be a cyclic subgroup in A of order Np and define

TAC = (A,C) € X()(NE)(Q(C))

where Q(C) is the field of definition of C. If A = E, then we define z¢ := zp .
The image of this point under @5 will be defined as

Py = Pp(zac) € E(Q(C))

with Po := Pgc when A = E. The compositum of all such Q(C) will be
denoted Ky,. We then define the group Gy, := Gal(Kn,/Q). Via Tq 4 Ny
this can be viewed as a subgroup of PGLe(Z/NgZ). Let d be a divisor of Ng.
Then we define the image of Gy, in the projection

PGLy(Z/NgZ)— PGLy(Z/dZ)

as Gy with Ky defined as it’s fixed field in K,. Namely, K, is the smallest
field such that its absolute Galois group acts by scalars on A[d].

We then look at the notation required for higher modular points. Their con-
struction will be explained in chapters 2 and 4, but they will be denoted Q4 p
where D is a cyclic subgroup in A of order p"*! for p prime and n > 0. Here,

we let Qp := Qg p whenever A = E. The points Q) 4 p will be defined over

Kpn+1NE ipr[NE,
F, = '
Kpnny if p||Ng,

for n > —1 with F' := F_;. Here, p||Ng means p strictly divides Ng and
so is a prime of multiplicative reduction with respect to E. We will also let

Gy := Gal(F,/F). Finally, we let
S, :={P e E(F,) : there exists a k > 0 such that p*P Z,|Gn]-Qap}

be the saturated group of higher modular points.

11
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1.1.2 Algebraic Notation

For the algebraic side, we will be looking at the representation theory associated
to
Gy = PGLo(Z/p" ' Z)

and its action on the projective line defined over a cyclic group of prime power
order, which we will denote P} := IPY(Z/p"*'Z). Throughout this thesis, we

let an element
a b
€g

denote the coset representing this matrix in G,. We first look at the notation
we will use with regards to subgroups of G,,. Let u, : G,—Gp be the surjective

reduction mapping. We now fix definitions for certain subgroups. We let:

)

2) B :={(4%Y) € G,} a Borel subgroup of order p***1(p—1),
) Hn:={({$) € Gn} a cyclic subgroup of order p"*1, generated by (§1),
)

order p3"T1(p—1),

5) Pn:={9 € Gpn: un(g) € Ho} the pro-p Iwahori subgroup and a Sylow-p
subgroup of Z,,,

6) Up = {(LV) € G, : pla} a cyclic subgroup of order p", generated by

(59).

7) D, = {(§9) € G,} a split Cartan subgroup, which is cyclic of or-
der p"(p — 1) and generated by the element (§9) where ¢ generates
( 7 / pn—l—l Z) ><’

8) N(D,,) the normaliser of a split Cartan subgroup, a subgroup of G,, which

contains D,, of index 2,

9) A, a non-split Cartan subgroup, which is cyclic of order p"(p + 1) and

generated by an element denoted ay,,

10) N(A,) the normaliser of a non-split Cartan subgroup, a subgroup of G,

which contains A,, of index 2.

12
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If we define the surjective reduction mapping ufi’b 1 Gn—Gy for 0 < k < n, then

we may define the subgroup
k __ .k
Iy ={9€Gn:pu(g) € B}

We have Z" = By, and also, as y, = u, we have Z0 = T,,.

We also look at the notation we will use for the representations associated to
Gn. Let p # 2 be a prime. Then for n > 0, we define the Q,[G,|-modules

Vin) = Qp [gn/Bn] = Ind%’; (Qp)

and
Vi 1= ker (V(n)—>Qp).

We can view
Vin) = Maps (PP}, —Q,)

and

Vi = {f Pr—Q,: Y f(C) = O}
c
We can then define the standard Z,[G,|-lattices

Ty = Zp|9/,| = Indgy (Z,)

n)

and

1), 1= ker (T(n)—>Zp)

inside V{,,) and V;, respectively. We will see in Theorem that as a Qp,[Gy]-

module, V{,) decomposes as

n
Vin = @D Wi
i=—1
where W; are irreducible Q,[Gy]-modules of dimension ¢; as a Q,-vector space

where
1 if i = —1,
di=4qp if1 =0,

pi-‘rl _pi—l if i > 1.

13
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These modules take the form

W; = ker (Qp [gi/gi} —Q, [@'1/&1})

— {f:]PZl—NQp: > f(C)zOforDE]P}l}

C>o>D

for i > 0 and W_; = Q,,. We also define the standard Z,[G,]-lattice inside W;

as
R; = ker (Zp [gi/zgl} —Zy {gil/Bi_lD

= {f:ll’%—>Zp: > f(C)=0for D Ell’}_l}
CoD

for i > 0 and R_y = Z,. Finally, we can extend this construction to the

standard lattice in @?:kﬂ W; for 0 < k <n — 1 which is

RE .= {f:lP}ﬁzp: 3" f(C) =0 for auDelp,i}.
CoD

Finally, throughout Chapter 3, we let M, := Ind%;’; (F),) and will show that M,
is uniserial as an IFp[Z,]-module for all n > 1 in Proposition We then de-
fine all the IF)[Z,]-submodules of M,, as E; where ¢ is the dimension of E; as an
IF),-vector space and 1 < ¢ < p™. Using this, we define K := Ind%Z(Et). For the
definitions of all the other IF,[G,]-submodules of Indlggz (FF,), see Theorem .

14



Chapter 2

Background
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BACKGROUND

This chapter is split up into three sections. In section 2.1, we look at the
definitions of both Selmer groups and Shafarevich-Tate groups and the moti-
vation to study them, mainly following [12]. We initially look at the group
structure of an elliptic curve in Theorem [2.1.1], the Mordell-Weil Theorem, and
provide a summary of its proof. This involves looking at the Weak Mordell-
Weil Theorem, Theorem [2.1.3], which requires the definitions of both the Selmer
group and the Shafarevich-Tate group in Definition as well as the Selmer
group being finite as seen in Theorem [2.1.5] We then state a version of the
Birch and Swinnerton-Dyer Conjecture, which is Conjecture 2.1.8 and state
a contribution towards it in Theorem [2.1.9] the contribution of Kolyvagin to
Theorem being reviewed in section 2.2. The following sections will look
at two different constructions of modular points and how they can be used to

bound Selmer groups.

In section 2.2, we review the work of Kolyvagin on Heegner points by following
the method exactly as shown in [I9], with no new material. However, we
do go more in-depth in some explanations to parts of the proof in [19]. We
review this work in order to understand how Kolyagin was able to use a certain
type of modular point to bound Selmer groups which ultimately led to his
contribution to Theorem [2.1.9) We look at the construction of Heegner points
and how Kolyvagin was able to use them in order to create cohomology classes.
This construction of cohomology classes coming from modular points, known
as derivative classes, are an important aspect not only in Kolyvagin’s work,
but the subsequent work of both Wuthrich with regards to self points and
the work in Chapter 4 of this thesis, which will look at creating a different
type of modular point in order to bound Selmer groups. We will see that the
cohomology classes created by Kolyvagin do not lie in certain Selmer groups,
bounding its size. In particular, the elements of these Selmer groups belong to
the image of the Kummer map rather than lifted from non-trivial elements in

Shafarevich-Tate groups.

We initially state the theorem of Kolyvagin, which is Theorem [2.2.3] that con-
tributed to the proof of Theorem [2.1.9, However, we will only review the proof
of Proposition [2.2.8| in this section, which is a slightly weaker result of The-
orem In subsection 2.2.1, we review the construction of the derivative

classes. We prove Proposition [2.2.12] using Proposition [2.2.13] the trace re-
lations associated to the Heegner points. Then using Proposition [2.2.15 we

16



2.1 ELLIPTIC CURVES AND SELMER GROUPS

define the classes ¢, and see when they are non-trivial in Proposition In
subsection 2.2.2, we review some Tate local duality results that will be required
in the proof of Proposition [2.2.8 In particular, we use Proposition [2.2.23] and
Lemma to prove Proposition [2.2.22] which will be required in subsec-
tion 2.2.3. Finally, in subsection 2.2.3, we use the previous two subsections
to prove Proposition [2.2.8 In particular, we see that the classes ¢, do not
lie in the Selmer group when they are non-trivial unless n = 1 when it gen-
erates the Selmer group, as seen in Proposition [2.2.32] Proposition [2.2.33] and

Proposition [2:2.34]

In section 2.3, we review the work of Wuthrich on self points in [39]. This
will be important when generalising the construction of self points in Chapter
4. We will see that these points form an analogue system to the construction
proposed by Kolyvagin to produce cohomology classes coming from the points.
However, the classes constructed lie in the Selmer groups and hence, we can
bound its size from below rather than from above as in Kolyvagin’s case. We
provide no new material here and skip the proofs as we can prove the results

when looking at the more generalised construction in Chapter 4.

We initially review the construction of the self points, as seen in Definition [2.3.1},
and the properties the points have in Theorem [2.3.2] as well as the relationships
between them in Proposition [2.3.3 We then look at the construction of the
higher self points, related to the self points, in Definition and depending
on the type of reduction of a certain prime p, we look at the group generated
by the higher modular point, Theorem [2.3.§ being the multiplicative case and
Theorem being the good ordinary case. We end the section with the main
theorem in [39], which is Theorem , and look at a sketch of the proof.
This will again be important in chapter 4 as we will follow an identical method

when generalising the construction of self points.

2.1 Elliptic Curves and Selmer Groups

Let E/ K be an elliptic curve for a number field K. To understand the structure
of the points in F(K), we have the following,.

17



2.1 ELLIPTIC CURVES AND SELMER GROUPS

Theorem 2.1.1 (Mordell-Weil Theorem). Let E/K be an elliptic curve. Then
there exists an r > 0, called the rank of E/ K, such that

E(K)2Z"® E(K)tors
where E(K )tors s the finite subgroup of all torsion points in E(K). In partic-
ular, E(K) is finitely generated.
This can be proved when applying the following to elliptic curves.

Theorem 2.1.2 (Descent Theorem). [34, Theorem 8.3.1] Let A be an abelian

group. Suppose there exists a height function
h: A—=R

such that is satisfies the following properties:

1. Let P € A. Then there exists a constant C' depending on A and P such
that for all Q) € A,
h(P+Q) <2hn(Q)+C.

2. There exists an integer m > 2 and a constant C' depending on A such
that for all Q € A,
h(mQ) > m?*h(Q) — C'.

3. For every constant C", the set
{PeA:h(P)<C"}

is finite.

Suppose further that for the integer m in 2., A/mA is finite. Then A is finitely

generated.

There are two steps needed in order to apply Theorem [2.1.2 in the proof of
Theorem [2.1.1] The first is to define a height function h : E(K)—R, which we
will not dwell on in this thesis, but we know that such a height function exists.

The other would would be to prove the following.

18



2.1 ELLIPTIC CURVES AND SELMER GROUPS
Theorem 2.1.3 (Weak Mordell-Weil Theorem). Let E/ K be an elliptic curve.
Then for all m > 1, the group E(K)/mE(K) is finite.

To see the method of this proof, we let m > 1. Then there exists a short exact

sequence

0= E(R)[m] - EX) s B(R®) >0
of G-modules. This induces a long exact sequence

[m]

0— E(K)[m] - E(K) = E(K) & HY(K, E[m]) - H'(K,E) - H(K, E)
which induces
0— E(K)/mE(K) % HY(K,E[m]) - H(K,E)[m] = 0

which is known as the descent exact sequence. The Kummer map, «, is defined
in the following way as shown on [34, pg. 216]. Let P € E(K) and choose a
point Q € E(K) such that P = m@Q. Then the class x[P] € H'(K, E[m]) is
given by

K[P](0) =0(Q) - Q.

Let Mg be the set of absolute values of K and take v € Mg with completion
K,. If we look at the embedding K into K,, then we have an inclusion of
absolute Galois groups Gy, in Gg. This leads to the local version of the

descent exact sequence which fits into a commutative diagram

0 —— E(K)/mE(K) —*— HY(K, E[m]) —— H'(K,E)[m] —— 0

l lresv &) lresv

0 — E(K,)/mE(K,) == H'(K,, E[m]) —— HY(K,, E)[m] — 0.
Here, the vertical maps are restriction mappings to G, .
Definition 2.1.4. We define the m-Selmer group of £/ K as,

Sel™(E/K) = () ker (8, : H'(K, E[m])—H'(K,, E)[m))

vEM
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2.1 ELLIPTIC CURVES AND SELMER GROUPS
and we define the Shafarevich-Tate group of E/ K as,

II(E/K) = () ker(res,: H'(K, E)—»H'(K,, E)).
vEMK

Therefore, by the definitions of the Selmer and the Shafarevich-Tate groups,
as well as using the above commutative diagram, we are able to create a short

exact sequence
0— E(K)/mE(K) % Sel™(E/K) — 1(E/K)[m] — 0. (1)

Therefore, by exact sequence ([I]), Theorem is a direct consequence of the

following.

Theorem 2.1.5. Let E/ K be an elliptic curve. Then for allm > 1, the Selmer
group Sel™(E/K) is finite.

Therefore, using the Weak Mordell-Weil Theorem and knowing that a height
function h : E(K)—R exists, then Theorem is proven and hence The-
orem [2.1.1] is proven also. The Mordell-Weil Theorem now poses a few ques-
tions about F(K). In particular, when is the rank of F(K) non-trivial? Is

there a way to compute the rank or even calculate the points that generate
E(K)/E(K)ors?

The relationship between E(K)/mE(K) and Sel™(E/K) is dependant upon
HI(E/K)[m], which is reliant on m. In particular, if III(E/K)[m]| = 0, we
have an isomorphism E(K)/mFE(K) = Sel™(E/K). However, if the following

is true, then this isomorphism exists for all but finitely many m.

Conjecture 2.1.6. [12, Conjecture 1.9] Let E/K be an elliptic curve. Then
I(E/K) is finite.

If this were true, we would be able to find information on E(K)/mE(K) by
calculating Sel™(E/ K). In particular, if p is a prime such that E(K)[p] = 0 and
pt|II(E/K)|, then the rank of E(K) is equal to the dimension of Sel”(E/ K)
as an IF)-vector space. We would like to see when Conjecture is true.
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2.2 HEEGNER POINTS

Definition 2.1.7. Let E be an elliptic curve of conductor N and let a, := ay(E)
denote the Hecke eigenvalue of the newform f attached to E. Then the L-
function attached to E is defined as

L(E,s)=1]] (1 —app* +p1_25>_1 I (1 B app_s)_l

PIN p|N

This function only converges when Re(s) > % There is a link between analytic

and algebraic number theory which culminates in the following.

Conjecture 2.1.8 (Birch and Swinnerton-Dyer). [12, Conjecture 1.12] Let
E/Q be an elliptic curve. Then the L-function L(E,s) extends to an entire
function on C and the rank r(E/Q) of E(Q) is equal to the order of vanishing
of L(E,s) at s = 1.

There have been contributions to this conjecture. In particular, we have the

following.

Theorem 2.1.9 (Gross-Zagier, Kolyvagin). [I2, Theorem 1.14] Let E/Q be

an elliptic curve.

1. If L(E,1) # 0, then the rank of E(Q) is zero.

2. If L(E,1) =0 and L'(E, 1) # 0 then the rank of E(Q) is 1.
In both cases, III(E/Q) is finite.

This proof relies on the work of both Gross-Zagier and Kolyvagin as well as
the modularity of elliptic curves. Again, the work by Gross-Zagier involves
the height function associated to E, which we will not look at. However, we
are interested in Kolyvagin’s work on using Heegner points to bound Selmer

groups.

2.2 Heegner Points

In this section, we review [19], which looks at how Kolyvagin used Heeg-
ner points to bound Selmer groups and using this, found the rank of elliptic
curves over certain imaginary quadratic fields as well as showing that certain

Shafarevich-Tate groups are finite.
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2.2 HEEGNER POINTS

Let K be an imaginary quadratic field of the form Q(1/df ) with ring of integers
Of such that dg ¢ {—3,—4}. This is to ensure that Of = {£1}.

Definition 2.2.1. An order, O, in K is a subring of K that generates K as a
Q-vector space and is finitely generated as a Z.-module. The order of conductor
n € Z~g, denoted Oy, is the order O,, = Z ® nOg which has index n in Of.

Fix an integer N. We will now require the Heegner hypothesis as defined in
[12, Hypothesis 3.9], that all primes dividing N are split in K /Q. This ensures
that there exists a prime ideal, I, of O such that Og /I = Z/NZ. We can
define for all n coprime to N, I, = I N O,,. This is an invertible ideal in O,
such that O,,/1,, £ Z/NZ.

Let I denote the inverse of I,,. As C/O,, and C/I; " represent elliptic curves

over C, and O,, C I/, we have
'/ Op = ker (C/0,—C/1,").

Therefore, I,; 1/0, =2 0,/1, is a cyclic subgroup of C/0O,, of order N and we
have a point
T = (C/On, I,'/On) € Xo(N)(Kp)

where K, is the ring class field of K of conductor n, as seen in [19, pg. 238]. In
particular, C/O,, is an elliptic curve with complex multiplication as \/dg ¢ Q
by [34, Theorem 6.5.5].

Definition 2.2.2. Let E/Q be an elliptic curve of conductor N. Then a Heeg-
ner point of conductor n on E associated to K is P, = ®g(x,) € E(K,).

Here, the definition of ®g is as defined in the notation. Therefore, the con-
struction of a Heegner point comes from an elliptic curve with complex multi-

plication. We denote the set of Heegner points of conductor n as HP(n).

Kolyvagin studied the relationship between these points and noticed that they
satisfied certain trace relations which show that the Heegner points form an
Euler system. He was then able to bound Selmer groups attached to E/K

using the Heegner points.
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2.2 HEEGNER POINTS

Theorem 2.2.3. (Kolyvagin) [19, Theorem 1.3] Let Pk := Try, /x (P1) € E(K).
If Pk is non-torsion in E(K), then:

1. The Mordell-Weil group E(K) has rank 1.

2. I(E/K) is finite.
In this section, we will prove the "mod p" version of this theorem for certain
primes.
Definition 2.2.4. A prime p is called a descent prime if it satisfies the follow-
ing conditions:

1. p{6N,

2. PQ,E,p IS surjective.
We then have the mod p version of Kolyvagin’s theorem.
Proposition 2.2.5. [19, Proposition 2.1] Let p be a descent prime such that p
doesn’t divide the order of Pk in E(K). Then:

1. E(K) has rank 1,

2. (E/K)[p] is trivial.

This theorem is not as strong as Kolyvagin’s theorem, but if £ has no complex
multiplication then this only excludes a finite number of primes. This is due to

the following theorem by Serre.

Theorem 2.2.6. [33, Theorem 2, pg 294] Let E/F be an elliptic curve where
F is a number field and E has no complex multiplication over F. Then PF.Ep

is surjective for all but finitely many primes p.

From the exact sequence
0—E(K)/pE(K) = Sel”(E/K)—1I(E/K)[p]—0,

we see that the rank of F(K), denoted r(E/K), is equal to the dimension of
E(K)/pE(K) as an FFj-vector space due to the following.

Lemma 2.2.7. Let p be a descent prime for E/Q. Then E(K)[p] = 0.

23



2.2 HEEGNER POINTS

Proof. Suppose E(K)[p] # 0. Then as K/Q is a quadratic, K C Q(E[p]).
Hence, Gal(Q(E[p])/K) is contained in a Borel subgroup of GLa(IFp). This

contradicts that pg g, is surjective. O

This can be used in order to reduce proving Proposition to proving the

following.

Proposition 2.2.8. [19, Proposition 2.3] Let p be a descent prime such that
p doesn’t divide the order of Px in E(K). Then Sel’(E/K) is cyclic and
generated by k| Pk].

Therefore, if Proposition is true, then [Px] € E(K)/pE(K) is non-zero
by the hypothesis of Proposition so the dimension of F(K)/pE(K) as
an [F)-vector space is non-zero. However, as k is injective and Sel”(E/K) has
rank 1, then

r(E/K) = dimg, (E(K)/pE(K)) = 1.

Also, as Sel’(E/ K) is generated by k[ Pk|, then all elements of Sel’(E/K) are
sent to zero under the mapping Sel’(E/ K)—II(E/K)[p]. However, this map
is surjective meaning II(E/K)[p] = 0. Therefore, for the remainder of this
section, we will show an outline of the proof of Proposition [2.2.8|

2.2.1 Construction of the Derivative Classes

In this part, we will look at how Kolyvagin created derivative classes coming
from the Heegner points. We also look at some properties associated to these
classes and determine when they lie in Sel”’(E/K).

We initially provide some information on the Galois groups associated to the
ring class fields K,. By [12, Theorem 3.3], K, /K is an abelian extension
unramified outside n such that Gal(K,/K) = Pic(O,,) for all n > 1 prime to
N, with Gal(K;/K) = Pic(Og) being the Picard group. If we let 7 be the
generator of Gal(K /Q), then it can be lifted to K, and acts on Gal(K,/K)

1

by Tor™! = 07!, We want to look at some specific values of n. We first require

the following.

Definition 2.2.9. Let ¢ be prime. Then ¢ is a Kolyvagin prime associated to
the system (E, K,p) if it satisfies the following.
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2.2 HEEGNER POINTS

1. ¢ does not divide p- N - dg,

2. If Frob, denotes the conjugacy class of Gal(K (E|[p])/Q) containing the
Frobenius element, Fr.,, for every prime ~y above { of K(E]p]), then if we
lift T to K(E[p]), then T € Froby.

By the Chebotarev Density Theorem, there exists infinitely many such primes.
We see that (1) implies ¢ is unramified in K (E[p])/Q. Further, as 7 € Froby,
¢ remains inert in K. Therefore, we let A\ denote the prime of K above ¢ with
Frobenius element Fry = 7. We now focus on the Heegner points of conductor
n such that

1. n is squarefree,
2. All primes /¢ | n are Kolyvagin primes associated to (E, K, p).

We let ap := ay(E) denote the ¢-th Fourier coefficient for the newform associ-
ated to the isogeny class of E. As stated in the notation, we will not look at

the definition here, but refer you to [14].
Lemma 2.2.10. We have ay =¢+1=0 (mod p).

Proof. As 7 is complex conjugation, then the characteristic polynomial of 7
acting on E[p| is #2 — 1. Also, the characteristic polynomial of Frob, acting on
E[p] is % — ayx + £. However, as Froby, = 7 in Gal(K/Q), we must have

ag=14+1=0 (mod p). O

As ( is inert in K/Q, then we have Fy = [Fj2. Also, by Definition [2.2.9] part
(2), A splits completely in K(FE[p])/K. Therefore, if v is a prime above \ in
K(E[p]), then Fy = F, and so E(IF,)[p] = F3. In particular, this shows that
E(F)) obtains full p-torsion and we have the following.

Proposition 2.2.11. Let A be as above. Then E(F))[p]* = F, where &
denotes the eigenspace of Gal(K/Q).
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Proof. As T € Froby as seen earlier, then Fry = 7 on IF). Therefore

B [p] | = [er (Fra ~1: E(FN) (o] = E(F)) )|

= deg(Fr)\ —1)
= |E(F))| =(+1—a

as Fry —1 is separable. It can be similarly shown that
‘E(]FA)[P]_’ = deg(Fry +1)

as Fry +1 is separable. We also see from the parallelogram identity on endo-

morphisms on F that

deg(Fry) +1) = 2deg(Fry) + 2 — deg(Fr) —1)
=2+ +a—(l+1)=0+14+ay.

Therefore, by Lemma[2.2.10] both must be divisible by p which gives our result.
[l

We now look at the Galois groups associated to the ring class fields. We define
Gy = Gal(K, /K1) and so if n =[]/ is the prime decomposition of n, then
Gp =2 [1Gy where Gy, := Gal(K,,/ K, /) for m | n. Then
Gy = Gal(K,/K;) = M = FY/E)
¢ ¢ Pic(Og) ¢
which is cyclic of order £ + 1. Let oy generate GGy. Then o, — 1 generates the
augmentation ideal of Z[Gy]. Define

4
Try:= Y o) € Z[G]
1=0
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2.2 HEEGNER POINTS

4 ;
and Dy := Y ioj € Z|Gy|. Then we have
i=1

¢ .
(cp—1)Dy = Zw”l Zjaz

j=1
0+1 ¢
=2 i=Ye Z
0+1 0+1 :

= Ziaé ZUZ —Z]UL;
1=2

E
zﬁ—i—l—ag—l—ZUéf
k=2

=/4+1-"Try.

Let D,, := ] Dy. We would like to prove the following.

Proposition 2.2.12. [79, Proposition 3.6] We have the class

[DnPp) € (E(Ky)/pE(Ky))“.

However, we will need the following first, which we provide a sketch of the

proof.

Proposition 2.2.13. [19, Proposition 3.7] Let n = ¢m where { is prime. Then:
1. Try P, = ay Py, € E(Km),

2. Fach prime factor \, of ¢ in K, divides a unique prime A\, of K., and
P, =Fr), P, (mod \,).

Proof. (Sketch) For the first part, it can be shown that Try(x,) = Tp(zy) on
Xo(N) where Ty is the Hecke operator on the Jacobian Jyo(N). As Ty acts as

multiplication by ay on the points of E, then we have
Try P, = Try @p(x,) = Op(Trya,) = Pp(Tizm) = aiPp(rm) = arPy,

where @ is the modular parametrisation associated to E as defined in the

notation. For the second part, it can be shown that A\ splits completely in
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K., /K for (m,0) = 1. Also, as O = {%1}, then if A, and ), are primes

above A in K, and K, respectively, then it can be shown that
Fy, =F), =F\=Fp.

The points in the divisor of Ty(z,,) are conjugates of x,, over K,,, so they are
all congruent to x,, modulo \,. Using the Eichler-Shimura congruence relation,
it can be shown that

Fry, @m = x,  (mod A\y).

Using ®p, we have our result. O

In particular, Kolyvagin uses these trace relations to show that the Heegner

points from an Euler system. We can now use this to prove Proposition [2.2.12]

Proof of Proposition [2.2.12. Let n = ¢m. By definition, we have D,, = DyD,,

and so
(00— 1)Dy, = (09— 1)DyDyy = (L + 1 —Try) Dy, = (£ + 1) Dy, — Try Dy,
Therefore we have
(00— 1)DpPy = ({+1)Dp Py, — Dy, Try Py = (04 1) Dy Py — ay Dy Py
by the previous proposition. However, by Lemma [2.2.10] we have
(0p—1)Dy Py, € pE(K,).

As this is true for all primes ¢ dividing n, and G,, = [[ Gy is generated by the

set {0y : £|n prime}, then we are done. ]

Let H, := Gal(K,/K). We then have the short exact sequence
0—Gp—Hy— Gal(K1/K)—0.

Let S be the set of coset representatives of n/ 4 . We then define

Qn = Z o(D,P,) € E(K,).
oesS
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As [D,P,] € (BE(K,)/pE(K,))%", then [Q,] € (E(K,)/pE(K,))H". We also

see for n = 1 that G is trivial and so is D;. Therefore

Q1= > oP =Trg xk(P1) = Pg.

oceS

We want to construct cohomology classes coming from the points @),,. However,

we first need the following.
Lemma 2.2.14. [19, Lemma 4.3] For all such n, E(K,)[p] = 0.

Proof. We know that as p is a descent prime, then it is a prime of good re-
duction for E and pg g, is surjective. Therefore, the smallest Galois extension
F of K such that E(F)[p] # 0is F = K(F][p]), which has Galois group
Gal(F/K) = GLy(Fp), as seen in the proof of Lemma . Therefore, if
E(Kp)[p] # 0, then F C K, and so H,, contains a subgroup whose quotient
is isomorphic to GLg(IF,). This cannot happen as H, is abelian. Therefore,
E(K,)[p] = 0. u

Using this, we can prove the following.
Proposition 2.2.15. There exists an isomorphism
H'(K, Elp]) = H'(Ka, E[p])".
Proof. We have the inflation-restriction exact sequence
0— H' (Hy, B(Ky)[p]) = B (K, Blp])— H' (Kn, E[p])""— B (Hy, E(Kn) [p)).

The isomorphism occurs as E(K,,)[p] = 0 by Lemma [2.2.14] O
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We thus have the following commutative diagram of cohomology groups.

0

Hl(an E(Kn)) [P]
inf

Tres g

0 —— E(K)/pE(K) —"— H'(K, E[p]) HY(K.E)[p] —— 0

\[ glres resp

0 — (E(Ky)/pE(Ky))H» =5 HY (K, Elp]) A =% HY (K, E)[p]Hn.

We have [Q,] € (E(K,,)/pE(K,))"". Therefore, using Proposition [2.2.15 we
let ¢, € H'(K, E[p]) be the unique class such that res(c,) = #,[Qn]. We let
dy, = resg (cp). Then

resp(dy,) = resporesg(cy) = res, ores(cy,) = resy, oky[Qn] =0

50 dy, € ker(res,). Therefore, we can define d,, € H'(H,, E(K,))[p] such that
dp, = inf(d,).
Proposition 2.2.16. [19, Proposition 4.7]

1. ¢y is trivial if and only if Qn € pE(Ky).

2. d,, and d,, are trivial if and only if Q, € pE(K,) + E(K).
Proof. For the first part, @, € pE(K),) if and only if
[Qu] =0€ (E(Kn)/pE(Kn))Hn-

However, as ry, is injective, then this is true if and only if k,[@,] = 0. There-
fore, we have res(c¢,) = 0 and as res is an isomorphism, this is true if and only

if ¢, is trivial.

For the second part, as inf is injective, then d,, is trivial if and only if d,, is
trivial. We also see that d,, is trivial if and only if ¢, is trivial or ¢, = &[T] for
some [T] € E(K)/pE(K). Then due to the isomorphism of res, we have our
result. O]
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We note here that ¢; = k[Q1] as Q1 = Px € E(K). Therefore, ¢; is trivial if
and only if P is divisible by p in E(K), and the classes di and d; are always
globally trivial.

Using the Kummer pairing, we can represent the class ¢, : Gxg—E[p| with the

1-cocycle
(o) = 0(52n) =50
and the class d, : H,—E|[p] with the 1-cocycle

Jn(g) = %Qn - U(%Qn)

We now wish to look at some properties associated to the cohomology classes
we have constructed. We know Gal(K/Q) acts on H' (K, E[p]) and as p > 2,

we have a direct decomposition of eigenspaces for 7:
H'(K, E[p]) = H'(K, E[p))" © H' (K, Elp])

where
HY(K, E[p])* = {p € H(K, E[p]) : p” = %p}.

We would like to know which eigenspace ¢, lies in. Let wy be the Fricke
involution associated to Xo(NN). Then if f = Y a,(f)q¢"™ is the modular form

associated to the isogeny class of F, we have
wn(f) =ef
where —e is the root number of £'/Q. We will need the following.
Proposition 2.2.17. [19, Proposition 5.3] There exists a o € H,, such that
TP, =¢-0cFP,+T

for some torsion point T € E(K,,).

We can use this to prove the following.

Proposition 2.2.18. [79, Proposition 5.4]
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1. The class [Qn] lies in the ey-eigenspace for T in (E(K,)/pE(K,))"
where e, = ¢- (=1)/ and f, = |{¢ prime : {|n}|.

2. We have ¢, € H'(K, E[p])®" and d, € H' (K, E)[p]*

Proof. We lift the element 7 to Gal(K,/Q) = H, x Gal(K/Q). As this group

-1

is a dihedral group, then if o € Hy, then 76 = ¢~ "7 and so we have

TQn =17 Z o(DpPy,) = Z a_lT(DnPn).
ogeS oc€eS
Now, 7 commutes with ¢+ 1 — Tr, for ¢ dividing n as Gy is generated by oy
and 7oy = 0;17. Therefore, as (o —1)Dy = £ + 1 — Ty, then
(o¢—=1)Dym = 7(0y = 1) Dy
= (ro¢—71)Dy
= (a[lT —71)Dy

= —0[1(05 — 1)1 Dy,

4 .

meaning (oy — 1)(0yDy7 + 7Dy) = 0. However, if t = Y bjo; € Z[Gy] such
1=0

that (o, — 1)t = 0, then we must have b; = k for all 0 < i < ¢. There-

fore, opDy1m + 7Dy must be a multiple of Tr,. By Proposition [2.2.13] we have
Try P, =0 (mod pE(K,)) as ay is divisible by p. Therefore,

TDyP, = —0¢DyTP, (mod pE(K,))
and so

TQn = Z ot HTDan

oes Ln
=> o0 1H —o¢yDyT)P, (mod pE(K,))
oes ln
= (=1)/ Hag > o7'D,TP, (mod pE(Ky))
ln  o€S

as Dy commutes with oy by definition. However, by Proposition [2.2.17] there ex-
ists an « € H,, such that 7P, = €-aP, + T for some torsion point T' € F(K,).
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Therefore, as E(K,,)[p] = 0, then T € pE(K,,) as T is a torsion point. There-
fore

TQn = (—1)/n 1EDD o 'D,(e-aP,) (mod pE(Ky,))
lin  o€S
=e,[[owa > 07D, P, (mod pE(K,)).
Ln oesS

We have [[ oya € Hy, and Y. ¢~ 'D,, P, = Q, by definition. Also,
ln oeS

[Qn] € (E(K,)/pE(K,))""
so we have

TQn = e, Qn (mOd pE(Kn))

and so the first statement is proved. The second statement follows from the

first statement and the commutative diagram earlier. O

We now want to examine whether ¢, lies in Sel’(E/K). As d, = resg(cn),
then this is equivalent to asking when is d,, locally trivial.
Proposition 2.2.19. [79, Proposition 6.2]

1. The class
dy € ker (res, : H'(K, E)[p]—»H' (K., E)[p])

when v = oo or v is a finite place of K such that v { n.

2. Let n = {m where ( is prime and let \ be the unique prime of K dividing
0. Then d, € ker(res)\ - HY(K, E)[p]—>H1(K)\,E)[p]) if and only if
Qm € pE(K),, ) = pE(K)) for all places \p, of Ky, above \.

We already know ¢; € Sel’(E/K) as d; is globally trivial. We also see for a
Kolyvagin prime ¢ that for ¢y € Sel’(E/K), we only need to check whether
dy is locally trivial in Hl(K A, E), which is equivalent to checking whether
Py € pE(K)).

We know the conditions for ¢, € Sel’(E/K). Before we start to prove Propo-

sition [2.2.8] we require some results in Tate local duality.
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2.2.2 Tate Local Duality

We now need to look at some results in Tate local duality that will be required
for the proof of Proposition [2.2.8] Throughout this section, let A be a prime of
K. Let K be a local field with ring of integers O, such that the finite residue
field IFy = O,/m has characteristic £. We let K}" be the maximal unramified

extension of K. Then we have
G/\ = Gal(K;\”/K/\) = G]F)\

where G, is the absolute Galois group of IFy. We let Fry be the generator
of GGy, the Frobenius automorphism. Let E be an elliptic curve over K, with

good reduction over Oy and let p # ¢ be a prime. We have the following.
Lemma 2.2.20. We have
E(K))/pE(Ky) = H'(K{"/ Ky, E[p]).

Proof. We have the short exact sequence

0—E[p|—E LIRSS ENG

which induces

0—E(Fy)/pE(F\)— H'(Fy, E(F,)[p])— H' (Fx, E(F,)) [p] >0

where the last term is trivial due to Lang’s Theorem. Therefore, we have

E(F,)/pE(F,) = H'(Fy, E(F,)p)).

As X 1 p, then the mapping [p] on the formal group associated to E is an
isomorphism. Also, as £ is a prime of good reduction for F, then we have the

isomorphisms
E(Fy)[p] = E(K}")[p] = E[p] and E(F,)/pE(F,) = E(K))/pE(K))

which gives our result. O]

We now recall Tate’s Local Duality Theorem.
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Theorem 2.2.21 (Tate’s Local Duality Theorem). There exists a symmetric,

non-degenerate pairing of IF,-vector spaces

()« H' (K, Blp)) x H' (K, B[p]) =T,

Using this, we would like to prove the following.

Proposition 2.2.22. [19, Proposition 7.5] The pairing in Theorem [2.2.21| in-

duces a non-degenerate pairing of IF,-vector spaces

(.) s B(K))/pE(K)) x H' (K, E)[p] > F,.

In order to prove this, we will require the following.

Proposition 2.2.23. The group H' (K" / Ky, E[p]) is isotropic for the pairing

(,) seen in Theorem [2.2.21]

Proof. This is true as HQ(KE”’ /Ky, p1p) = 0 and by the construction of the
pairing. [

There exists a commutative diagram:

0 — E(K))/pE(K),) — H'(K),E[p]) —— H'(K),E)[p] —— 0

J | J

0 — H'(K), B)[p)* — H' (K, E[p)* — (E(K)\)/pE(K))) — 0.

where x represents the Cartier dual. The rows are exact and by Theorem [2.2.21],
the middle mapping is an isomorphism. Also, by Lemma [2.2.20] and Proposi-
tion[2.2.23] E(K))/pE(K)) is isotropic for the pairing (,). Therefore, the first
vertical mapping is injective. However, we want to show that this mapping is
an isomorphism, which shows that E(K))/pFE(K)) is maximal isotropic. This

is equivalent to proving the following.

Lemma 2.2.24. E(K))/pE(K)) and H' (K, E)[p] have the same dimension

as IF,-vector spaces.
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Proof. As we have the exact sequence
0— ker(Fry — 1)—FE[p] Ml E[p]%E[p]/(FrA —1)E[p]—0,

then the dimension of ker(Fry — 1) and E[p|/(Fr) — 1) E[p] as FFj-vector spaces

must be the same. We also have
ker(Fry — 1) = B[p] % = E[p| XK = B(K,)[p]
and by [30, Lemma B.2.8],
H'(KY"/ K, Elp)) = E[p] / (Fry — 1) E[p].

Therefore, we now just need to show E(K))[p] and H' (K, E)[p] have the same
dimension by Lemma [2.2.20] We have the following short exact sequence

0= H'(KY"/ K, Elp)—H' (K, E[p])— H' (I, B[p]) S5/ 8) =0
by [30, Lemma 3.2 (ii)] as ¢ # p. We also have the short exact sequence
0B (Ky)/pE(K)) = H'(Ky, E[p])—~ H' (Ky, E)[p] 0.

Therefore, by Lemma [2.2.20] and the two previous short exact sequences, we
have
H' (K, E)[p] 2 H (1, E[p]) S8/,

However we have
(1, B[ SO0 & Hom(1, B[ S0/ )

=~ Hom (", , E[p]) G1FX /K

2 Hom(pip, B[p]) S8/ 7,

where W) is the wild inertia subgroup and p, are the p-th roots of unity. The
first isomorphism comes from ¢ # p being a prime of good reduction for F.

The second isomorphism comes from the fact that W) is a normal Sylow pro-
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(-subgroup of Iy by definition, so H (Wy, E[p]) = 0 for all i > 0 as £ # p. The

third isomorphism is because

I)\/W)\ = H ZQ(l)
q#L

as a Fry-module. We in fact have

| Hom (j1, E[p]) 21X /K| = | B[p) Gl HN| = | B (1) pl|

by the Weil pairing. Therefore, E(Ky)[p] and H'(Ky, E)[p] have the same

dimension as IF,-vector spaces, which gives the result. O
Therefore, we have
E(K))/pE(K)) = H' (K, E)[p]*

and so we have proved Proposition [2.2.22] We have an explicit formula for
this pairing when E(K))[p] = F2. Let ¢; € E(K))/pE(K)) and construct the

point
1 Fr>\71
b = (pq) e E(K))[p).

Take ¢y € H' (K, E)[p] and associate the homomorphism ¢ : u,—E(Ky)[p] as

we have shown
H' (K, E)[p] = Hom(u[p], B[p]) %53/ 7).
Fix a primitive p-th root of unity in K, denoted 6, and let by = ¢(#). Then
0ic1e2) = e, (by, bo)

where e, : E[p] x E[p]|—p, denotes the Weil pairing. We now have the required

tools from Tate local duality.

2.2.3 Calculation of the Selmer Group

We will now prove Proposition by applying the knowledge in the previous

part. We have seen earlier that if A\ is the unique prime of K above /¢, then
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E(Fy)[p] 2 F2. Also, as £ # p is a prime of good reduction for F by definition,
then B(K3)[p] & B(Fy)[p] and

Gal(K/Q) = Gal(K,/Q;) = {1,7}

acts on the IFj-vector spaces E(K))/pE(K)) and H'(Ky, E)[p).

In this case, the pairing in Proposition is working with IF,-vector spaces
of dimension 2. We would like to work with IF)-vector spaces of dimension 1.
We have E(K,)[p]* = T, by Proposition 2.2.11] We in fact have a similar
relationship associated to E(K))/pE(K)) and H'(Ky, E)[p).

Proposition 2.2.25. [19, Proposition 8.1 (1)] The eigenspaces
(E(Kx\)/pE(K)))*
and HY (K, E)[p]* for Gal(K\/Q;) each have dimension 1 over F,.
Proof. As seen in the proof of Lemma[2.2.24] we have the short exact sequences
0—H'(K}"/ Ky, Elp])—H' (K, B[p])—H' (1), E[p]) 3/ F)) 0

and
0= E(K))/pE(Ky)— H (Ky, E[p])— H' (Ky, E)[p]—0.

Therefore, as Gal(K)/Qy)-modules and by Lemma [2.2.20] we have
E(K))/pE(K)) = E(K))[p] and H'(Kj, E)[p] = Hom(s,(Ky), E[p]).

As p divides £+ 1 and p is odd, so p doesn’t divide £ — 1, then £,(Q,) = {1}

and so
p(Ky) = p(Ky))~

and so
H' (K, E)[p]™ = Hom(p,(K), E[p])* = E(K))[p] .

They both have dimension 1 by Proposition [2.2.11] O

Using this and Proposition [2.2.22] we have the following.
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Proposition 2.2.26. [19, Proposition 8.1 (2)] The pairing in Proposition|2.2.22

induces a non-degenerate pairing of IF,-vector spaces
+
()51 (BE(K))/pE(K))) ™ x HY(Ky, E) [p*—F,.

Proof. We just need to show that the 4+ and — eigenspaces for 7 are orthogonal
under 7. A known result is that 7 acts trivially on H*(K), ) = F,, so by

Tate’s pairing, we have

(@™, b") = {(a,b)" = (a,b)
which provides the result. 0
Therefore, we can use this to prove the following.

Proposition 2.2.27. [19, Proposition 8.2] Assume a class d € H' (K, E)[p]*
is locally trivial at all places v # X, but dy # 0 in H'(Ky, E)[p]=. Then for
any class s € Sel’(E/K)*, we have sy = 0 in H' (K, E[p])*.

Proof. (Sketch) As s € Sel?(E/K)*, then sy, lies in the image of the mapping
+
(E(K))/pE(Ky)) —H' (K, Elp))*.

Let us denote this element as Py. Then if (Py,d)) = 0, then we must have
P, = 0 and hence sy = 0. This pairing can be shown to be trivial using the

local components of the Brauer group. O]

We now want to use the classes d,, € H' (K, E)[p] constructed earlier to bound
the order of Sel’(E/K). We first look at the Galois groups associated to K.
We know that if we let L := K(FE[p]), then we have

G 1= Cal(L/K) = Gal(Q(E[p]) /Q) 2 GLy(F,)
as seen in the proof of Lemma and as p is a descent prime.

Proposition 2.2.28. [79, Proposition 9.1] For all n > 0, we have

Hn(g7 E[p]) =0
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and we have the isomorphism
res : HI (K, E[p]) = HY(L, E[p])® = Homg(Gal(@/L), E[p]).

Proof. We know G has centre Z, = F . As pis odd and Z, # 1, then
E[p]?» = 0. Also, as p — 1 is prime to p, then Hi(Zp,E[p]) =0 for all 4 > 1.
We then use the Hochshild-Serre Spectral Sequence with

H™(G/ Zy, 0" (Zy, Blp])) = H""(G, E[p])

to see that H"(G, Elp]) = 0 for all n > 0 by [28, Lemma 2.1.4]. Also, the
isomorphism is due to the Inflation-Restriction sequence as H" (G, Elp]) = 0
for n € {1,2}. Finally, the equality sign is due to Gal(Q/ L) acting trivially on
Elp]. O

This proposition implies that there exists a pairing
[,]: H'(K, E[p]) x Gal(Q/L)—E]p]

where [s,p] = s(p). If o € G, then [s, p?] = [s, p]° for all s € H' (K, E[p]) and
p € Gal(Q/L). Also, if [s,p] = 0 for all p € Gal(Q/L), then s is the zero map
when restricted to Gal(Q/L) and so s = 0 in H' (K, E[p]) by the isomorphism

in Proposition [2.2.28
Now, let S ¢ H'(K, E[p]) be a finite subgroup. Let

Galg(Q/L) ={p e Gal(Q/L) : [s,p] =0 for all s € S}

and let M := L® be the fixed field of Galg(Q/L). Then M is a finite normal
extension of L with Galois group H := Gal(M / L). Then it can be shown that

we have the following.
Proposition 2.2.29. [19, Proposition 9.3] There is an induced pairing

[,]:S x H=E]p]
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which is non-degenerate and induces an isomorphism of G-modules
H = Hom(S, E[p])
as well as an isomorphism of Gal(K /Q)-modules
S = Homg(H, E[p]).
Proof. 1f we look at the mapping
H — Hom(S, E[p])

where p — t, with t,(s) = [s,p], then this is a well-defined injective G-
homomorphism by definition of M and by the isomorphism in Proposition|2.2.28|

Similarly, there is an injection
S < Homg(H, Ep]).

We just want to show that these mappings are isomorphisms. Let r = dimg, (S)
as an IF-vector space. We know E|[p] is a simple G-module as if it weren’t, there
would exist an IFy[G]-submodule of E[p] generated by the point P and such that
o(P) is a multiple of P for all o € G. This contradicts that G = GLy(IF).

In particular, we know that Hom(S, E[p]) = E|p|". Therefore, as E|[p|"
is semisimple, then H is a semisimple G-module and by the injective map-
ping, we must have H = E[p|® for some s < r. In particular, we have
Homg (S, E[p]) = IF;. However, we have shown that S injects into this group.

Hence s = r and we have our result. O

We would like to apply Proposition to S = Sel’(E/K). We assume
that P € E(K) has infinite order and is not divisible by p in E(K). Also,
let ¢; = K[Pg]| be its nonzero image in Sel’(E/K). We let I < H which fixes
L(%PK). By Proposition [2.2.29, we have

H = Hom(Sel’(E/K), E[p]).
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We also see by Proposition [2.2.29| with S = (c1) that LY = L(%PK) and so

H/I = Gal (L(1Px)/L) = Hom(S, E[p]) = E[p]

as dimﬂ:p(S ) = 1 in this case. Let 7 be a fixed lifting of complex conjugation
in Gal(M/Q) and let
Ht={oecH: 0" =0}

and similarly for IT.

Proposition 2.2.30. [19, Proposition 9.5]
1. Wehave H = {(th)?:h € H}, It = {(ri)?:i €I} and H" /1T 2 F,,.
2. Let s € Sel’(E/K)*. Then the following are equivalent:
a) [s,f] =0 forall f € H,
b) [s,f]=0forall fe HT,
c) [s,f] =0 forall fe HT\IT,
d) s=0.

Proof. We initially prove part 1. Let H™"' = {h™-h:h € H}. As 7> —1=0,
then for h € H™™!, we have

2

h‘l‘—l — gT —1 =id

for some g € H, meaning H™™1 C H*. Also, as p is odd and H is an -
vector space, then 2 is an automorphism of H. Hence, for h € H™, then
h = (h'/?)™+1 € H™1 Therefore, we have HT = H™+1. However, as 77! = 7,
then

Wt =7hr'h = (Th)?

which proves the equality. It is similarly shown for /™. Also,
HY/I" = (H/I)" = E[p]T 2F,.

For part 2, it is clear that a« = b = ¢ and a < d by Proposition [2.2.29,

Therefore, we just need to show ¢ = a.
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Let s € Sel’(E/K)*. As we have an isomorphism
Sel’(E/K) = Homg(H, E[p]),

then we can induce a G-homomorphism s : H— E[p] such that s(H') C E[p]*
and s(H~) C E[p]T. We have seen that E[p] is a simple G-module, so we must
have im(s) € {0, E[p|}. If we suppose c is true, then as H\I* # 0 and

s(H") C E[p]* = Fyp,

we must have s(H1) = 0. As s(H~) C E[p]T, im(s) # E[p] and so im(s) = 0.

Therefore, we have shown ¢ = a.

Now, let A be a prime of K that doesn’t divide p/N. Then A is unramified
in M/K. Let A\yy be a prime above X\ of M. Assume \ splits completely in
L/K. Let Fry,, denote the Frobenius element of Ay in Gal(M/K). As A
splits completely in L/ K, then Fry, € H and its G-orbit only depends on A.

Therefore, we denote this conjugacy class as Frob).
Proposition 2.2.31. [19, Proposition 9.6] For s € Sel’(E/K), the following
are equivalent:

1. [s,Fry,, /5] = 0 where Fry,, /) is the Frobenius element of Ay in H,

2. [s,p] =0 for all p € Froby,

3. sy =0 in H' (K, E[p]).

Proof. We have seen that [s, p?] = [s, p|? for all ¢ € G, which implies that (1)

and (2) are equivalent.

Let Py € E(Ky)/pE(Ky) be such that it has image sy € H'(Ky, E[p]). Then
by definition, we have %P,\ € E(My,,). We have

[s, Fray /] = Frag,/a (%P/\> — 5Py € B(My,,)[p] = E(M)]p].
Therefore, [s,Fry,, /2] = 0if and only if P\ € pE(K)) if and only if sy = 0. [

We can finally look at the proof of Proposition [2.2.8 Recall that Pg lies in
the e; = € eigenspace for 7 in E(K)/pE(K) by Proposition [2.2.18, Therefore,
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k[Px] = c1 € Sel’(E/K)¢. Therefore, in order to prove Proposition [2.2.8, we

initially want to show the following.
Proposition 2.2.32. [19, Claim 10.1] We have Sel’(E/K)~¢ = 0.

Proof. Let s € Sel’(E/K)™¢. We want to show s = 0 in Sel’(E/K)~¢. To
do this, by Proposition 2.2.30, we want to show for all p € HT\I", we have
[s,p] = 0. We have seen that every element in H' takes the form (rh)? for

some h € H by Proposition [2.2.30}

Let £ be a prime such that it is unramified in M /Q and such that there exists a
prime Ap; of M above ¢ such that its Frobenius element is equal to 7h for some
h € H. We can always find such an ¢ due to Chebotarev’s density theorem.
Then A | ¢ is inert in K and splits completely in L. Also, Fry,,/» is (7h)?% so
by Proposition , we just need to show sy = 0 in H' (K}, E[p]).

We know that ¢, € H' (K, E[p]) ¢ and d; € H' (K, E)[p] ¢ by Proposition[2.2.18|
By Proposition [2.2.19] dy is locally trivial at all primes except A. By Propo-
sition , we see that (dy)y is trivial if and only if Px € pE(K)). This is
equivalent to A splitting completely in L(%PK) Since Fry, /n» = p is not in
I™ by hypothesis, then this splitting doesn’t occur. Therefore, (dy)y # 0 in
H'(Ky, F)[p] and by Proposition sy = 0 in HY(Ky, E[p)). O

We can in fact put together some of the previous results to obtain the following.

Proposition 2.2.33. [19, Proposition 10.2] Assume Pk is not divisible by p in
E(K). Let ¢ be a prime unramified in the extension M /Q and such that there
exists a prime Ay | £ of M whose Frobenius element equals Th in Gal(M /Q)
for some h € H. Then the prime A of K above { is inert, \ splits completely

in L and the following are equivalent:

1. ¢, =0 in HY(K, E[p]),

S

co € Sel’(F/K),

- Qv € pE(Ky),

- dp =0 in H' (K, E)[p],

Co

v R~

. dy 1s locally trivial at X,
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6. Px € pE(K)),

7. Wl e [T,

Proof. By definition of Sel’(E/K), we have 1 = 2. For the other implication,
by Proposition [2.2.18] we have ¢, € H' (K, E[p])~¢ and so

co €Sel’(E/K) =0

by Proposition [2.2.32, Therefore, we have 1 < 2.

We have 1 < 3 by Proposition [2.2.16| By Proposition [2.2.32] we must have
(E(K) /pE(K))iE = 0 and so H' (K, E[p])~¢ injects into H' (K, E)[p]. There-
fore, as dy = resg (cy), then 1 < 4.

We have 4 = 5. On the other hand, we have seen that d, is locally trivial
except possibly at A by Proposition [2.2.19] Therefore, if dy is locally trivial at

A, then dy € III(E/K)[p]~¢ = 0 by Proposition [2.2.32] Hence, we must have
5= 4. Also, 5 < 6 by Proposition [2.2.19|as Px = Q.

Finally, Py € pE(K)) is equivalent to A splitting completely in L(%PK> /K,
which is equivalent to the Frobenius substitution of the prime A\;; above A in
M /K lying in IT. However, (7h)? = h™"! 50 6 < 7. O

In particular, this proposition shows that for such primes, if ¢, is non-trivial
in H'(K, E[p]), then it cannot lie in Sel?(E/K), which reduces the size of
the Selmer group. Therefore, by Proposition [2.2.32] to finish the proof of

Proposition [2.2.8] we just need the following.
Proposition 2.2.34. [19, Claim 10.3] We have
Sel’(E/K)¢ = F, - k[ Pg].

Proof. We have seen that H/I = E[p]. This was shown when using Proposi-

tion [2.2.29| for S = (c1) where ¢; = k[Pg|. Also by Proposition [2.2.29] this

implies that
(e1) 2 Homg (H/ 1, E[p]) = F,.

Therefore,
Homg(H/I, Elp]) = F,-c1.
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Let s € Sel’(E/K)¢. We will show that [s,p] = 0 for all p € I as if this
is true, s(I) = s(I7) C E[p] ¢ = F, and so s({) = 0 as E[p| is a simple

G-module. Therefore, we may restrict s to H/I and so
s € Homg(H/I,Elp]) 2 F,-c1.

We have seen by Proposition [2.2.30| that all elements of I have the form (77)?

for some i € [.

Let ¢ be a prime such that its Frobenius element lies in the conjugacy class of
7h in Gal(M/Q) where h € H and h™t! ¢ I*. Then ¢, # 0 in H' (K, E[p])
and ¢, ¢ Sel’(E/K) by Proposition [2.2.33] Therefore, we let S’ = (c,4). Then
by the construction as seen in Proposition , as E|p| is a simple G-module,
we have L'V M = L where L' = L(%Qq). A prime X of K above a prime /,
which is inert in K /Q and splits completely in L, splits completely in L’ if and
only if Qg € pE(L]) = pE(K) for all primes y of L" above \.

Let ¢ be a prime whose Frobenius element is conjugate to 7i in Gal(M /Q) for
some i € I and conjugate to 75 in Gal(L'/Q) for some j € Gal(L'/L) such
that j7t!1 # 1. These conditions can be satisfied due to M N L' = L. We will
show dy, € Hl(K , B)€ is locally trivial for all places v # X but dy, is not locally
trivial in H' (K}, E).

We know dy, is locally trivial for places v { ¢g by Proposition . By
Proposition 2.2.30} as i € I, then i"*' € [t = [+, Therefore, ¢, = 0 in
H'(K, E[p]) by Proposition and Qg € pE(Ky). Therefore, @y is locally
divisible by p in the completion at a place dividing the prime q above ¢ in K.
Hence, by Proposition dyy is locally trivial in HY(Kqy, E). Finally, dq, is
locally trivial in H' (K, E) if and only if Qq € pE(K)). But then X splits in
L' and so j7t! = 1, which is a contradiction. Therefore, by Proposition ,
we have sy = 0 in H' (K, E[p]) and so [s, (1i)%] = 0. As this argument works
by choosing ¢ accordingly and as I'™ = {(7i)?:4 € I}, we have s(I7) =0. O

Therefore, we have provided a summary of the proof of Proposition [2.2.8 and
therefore Proposition[2.2.5] We have shown that Kolyvagin used Heegner points
on elliptic curves to create cohomology classes. Of these classes, if £ is a Koly-
vagin prime associated to (F, K,p) such that ¢y is non-trivial, then they lie
outside Sel’(E/K) by Proposition restricting its size. The class ¢;
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however is non-trivial and lies in Sel”’(E/ K) as the class d; is trivial by Propo-
sition [2.2.16] In particular, by Proposition [2.2.32] and Proposition [2.2.34] ¢;
generates Sel’(E/ K ), which lies in the image of the Kummer map rather than

a lift of a non-trivial element in the Shafarevich-Tate group.

This construction works due to the Galois groups Gal(K;/K) being abelian
and the Chebotarev Density Theorem. Using these, we can vary the Kolyvagin
prime ¢ such that we can create the cohomology class ¢, which are non-trivial
and lie outside Sel”’(E/K), hence bounding its size. We will now look at a
different type of modular point and show how we can follow a similar method
of creating derivative classes to bound certain Selmer groups. However, unlike
the Heegner point case, the derivative classes constructed will be shown to lie
inside the Selmer group, hence we bound the Selmer group from below rather

than above.

2.3 Self Points

We now provide a summary of an analogue system to Kolyvagin’s work devised
by Wuthrich in [39]. This will be looked at in more detail in Chapter 4| when

we look at a generalised construction.

Let E/Q be an elliptic curve of conductor N. We have seen that there is a
surjective morphism

@E:Xo(N) —F

where we can view the subvariety Yo(NV) of Xo(NN) as a moduli space of the set
of pairs (A, C') where A is an elliptic curve and C' is a cyclic subgroup in A of

order N. We can now define a self point as defined on [39, pg. 283].

Definition 2.3.1. Let zc = (E,C) € Xo(N). Then the point

Fe = ®p(zc) € E(Q(C))

is defined as a self point on E.
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We see in [23, Theorem 6.6.1] that the number of such subgroups of order N is

equal to

NI (1+Y,),
p|N
prime

which is the number of elements in IP1(Z/NZ) and in turn is the number of

self points.

We denote the field of compositum of all such Q(C) as Ky. If we let {P,Q}
be a basis of E[N], we see that if 0 € Gk, then P = aP and Q7 = bQ) for
some a,b € Z. We also see that (P + Q)7 = ¢(P + Q) for some ¢ € Z, so

aP+bQ =P +Q°=(P+Q)° =cP+cQ.

Therefore,
bQ = (c—a)P + cQ

which means a = b = ¢. Therefore, as K is the field of definition for all cyclic
subgroups in E of order N, then it is the smallest field K such that G acts
by scalars on E[N]. This has Galois group Gy := Gal(Ky/Q) which can be
identified as a subgroup of PGLg(Z/NZ) via the mapping 7 g n-

For 0 € Gg, we have PZ = Pgo. We refer the readers to [31, Section 2.4] to
see how this is proved, but we give a very brief explanation here. We let X (V)
be the modular curve as defined on [14, pg. 58]. Then by [31], Definition 2.20],

there exists a functor M () from the set of schemes over Q such that

Isomorphism classes of pairs (F, a) where E is
M(N)(T) =< an elliptic curve over T and «a : (Z/NZ)?>—E[N]

is an isomorphism of group schemes

In particular, for any morphism of schemes f : T—T" over Q, there exists a
mapping f*: M(N)(T")—M(N)(T) such that

FUE, Q)] = [(Ex T, ar)].

Therefore, for o € G, this is precisely [(E, «)]? = [(E, a”)]. By [31, Theorem
2.21], the curve X(N)/Q is a fine moduli space for the functor M (N). This
means that there exists a corresponding mapping X (N)(T)—X(N)(T") and
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all such maps together for o € Gg define an action of Gg on X (N), which

corresponds to the action on the torsion points.

However, we want to look at this for the Xo(N) case, which is not a fine moduli
space but a coarse moduli space defined by the quotient of X (N) by a Borel
subgroup of GLg(Z/NZ) as seen in [31, Proposition 2.23]. Therefore, [31]
Lemma 2.27] says that we can follow the same procedure for Xo(N) as X(N)
above to define an action of Gg on X¢(V), which corresponds to the action on
the torsion points. In particular, as there exists the subvariety Yo(N) as seen
above, this corresponds to the action z¢ = wce for all 0 € Gg. Therefore,
P2 = Peo.

We want to follow the methods of Kolyvagin by using self points to bound
Selmer groups of elliptic curves over certain fields. As with the construction of
Heegner points, we would like to know the conditions for which the self points

are of infinite order.

Theorem 2.3.2. [39, Theorem 5] Let E/Q be an elliptic curve of conductor
N. Suppose j(E) ¢ %Z. Then there exists at least one self point Po of infinite
order in E(Ky).

We also see that there exist relationships between the self points.

Proposition 2.3.3. [39, Proposition 7] Let d # N be an integer such that d|N.

Then we have the relations

> Pc is torsion in E(Kg)

CoB
where B is a cyclic subgroup of order d and the sum is taken over all cyclic
subgroups C' of E of order N containing B. In particular, if d = 1, then the

sum of all self points is a torsion point in E(Q).

We will use this result to understand the group generated by the self points by
reformulating these relations using irreducible representations of PGL2(Z/NZ.).

We define
Vy = Q, PGL2(Z/NZ);
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This is the Q,[PGL2(Z/NZ)]-module induced from a Borel subgroup B of
PGLy(Z/NZ). We can view

VN = @ QpeC

CePY(Z/NZ)

where PGLy(Z/NZ) acts on PY(Z/NZ) by permuting the basis. Here ec
denotes the characteristic function on C € PY(Z/NZ). We would like to
understand how this module splits as a Q,[PGL2(Z/NZ)]-module.

Theorem 2.3.4. [39, Theorem 8] The Qp[PGL2(Z/NZ)|-module Vi decom-
poses into a direct sum of irreducible Q,[PGL2(Z/NZ)]-modules

VN = @ Wp
DIN

where D runs through all divisors of N and Wp has dimension §(D) as a Qp-
vector space. Here, if we let D = [ p®™ be the prime decomposition of D, then

p|D
§(D) = II 6(p) where
p|D
1 if d, = 0,

ple —pw=2 f dp > 1.

Proof. We shall split this proof into three cases. The first case will be when
N = pis prime. Then V), = Q, {QO/B] is a Qp[Go]-module of dimension p + 1

as a Qp-vector space which decomposes as
Vp =W1 @ W,.
Here, W is the trivial Q,[Go]-module and
W, = {f:lP(l)—>Qp:Zf(C) :o}
C

is an irreducible Qp[Go]-module of dimension p as a Qp-vector space called the

Steinberg representation, as seen in [I8, Section 7.2].
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The second case we look at is if N is a prime power, say N = p"*t! for n > 1.
We see in [I8), Section 7.3] that we have

‘/pn-&-l = %” S, an+1

where we view the summand as a representation of G,, via the reduction map-
ping G,—Gn—1. Here, Wyni1 is an irreducible Q, [Gr]-module of dimension

p"tt—pr~lasa Q,-vector space and can be viewed as

W1 = {f :PL—Q,: Y. f(C)=0forall ¢’ € 113}11}.
coc!

Finally, the case for general N, we assume N is not a prime power and has

prime decomposition N = [[ p®. Then we have
pIN

PGLy(Z/NZ) = [| PGLy(Z/p™Z)
p|N

by the Chinese remainder theorem. We also have

PY(z/Nz) =[] PY(z/p*Z)
pIN

similarly and so

Vv = Q) Vyor
pIN

as a Q,[PGL2(Z/NZ)]-module. Therefore, we have

ap
Vy = QP W,

p|N =0

In particular, if D is a divisor of N with prime factorisation D = [] p®, then
p|D
we define
Wp = ® Wpdp.
p|D

o1



2.3 SELF POINTS

Then by the representation theory of direct products, Wp is irreducible as a
Q,[PGL2(Z/NZ)]-module with dimension §(D) as a Qp-vector space. This
shows that

Vv = € Wp. O
DIN

Now, we are able to construct a G y-equivariant map
In:Vn — E(KN) ®Qp

where ec +— Pg. Due to the relationship stated in Proposition [2.3.3], the kernel
of Iy contains all the submodules W, where d|N and d # N. So this induces

Wyx — FE (K N) & Qp
where Wy is the Steinberg representation. This leads to the following corollary.

Corollary 2.3.5. [39, Corollary 10] The self points generate a group of rank
at most §(N) inside E(Ky). If Wy is an irreducible Qp|Gn]-module and
J(E) & 3Z, then the self points generate a group of rank 6(N) and the Galois

group acts like the Steinberg representation Wy on it.

We now wish to extend the construction of self points.

Definition 2.3.6. Let E/Q be an elliptic curve of conductor N with cyclic
subgroup C of order N. Let E'/Q be an elliptic curve isogenous to E over Q
with isogeny v : E—E'. Then ®g(E',¢(C)) is called a higher self point above
Pe.

In particular, if we let D be a cyclic subgroup in F with isogeny ¢ : E—~E/D
associated to it, then for any cyclic subgroup C' of order N in E, we can define

a higher self point
Pp(E/D,(C)) € E(Q(C, D)).

We focus on two cases of construction of higher self points. Firstly, we will look
at the construction when p is a prime of multiplicative reduction for E and

then look at when p is a prime of good ordinary reduction for E.
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For the multiplicative case, let E be an elliptic curve of conductor N which has
multiplicative reduction at a prime p. Let N = pM where (p, M) = 1. If we
let F':= Ky and Fy, := Kpjnt1py for n > 0, then we define the Galois group
Gy := Gal(F,/F). This identifies with a subgroup of G, via the mapping
TE,E.p-

"+l and fix B, a cyclic subgroup in

Let D be a cyclic subgroup in E of order p
E of order M. Let C' = D[p| @ B, which is a cyclic subgroup of order N and

let ¢ : E — E/D be the isogeny associated to D with dual ©). We define

C" = ker(¢)[p] @ ¥(B)

which is a cyclic subgroup in E’ of order N. Let yp = (E’,C") € Yy(N). Then
the point
Qp = Pr(yp) € E(In)

is known as a higher self point above Pg.

When n = 0, we have yp = wp(z¢) where w, is the Atkin-Lehner involution
on Xo(N). Therefore, we have Qp = —a,(E) - Po+ T for some T € E(Q)][2]
and ap(FE) € {£1} is the Hecke eigenvalue of the newform fg attached to E.

For n > 0, let T, be the Hecke operator on Jy(N), the Jacobian of Xo(V).
Then

Tp((yp) = () = > ((ypr) = (0))

D'>D
where the sum runs over all cyclic subgroups D’ of order p”*2. This then leads

to the trace relation

This relationship between the higher self points can be viewed as an analogue
system to the Euler system of Heegner points. Using this relationship, we see
by induction that if Pp is of infinite order then so is Qp. It also leads to the

following.

Lemma 2.3.7. [39, Lemma 19] Let B be a fized cyclic subgroup in E of order
M and let n > 0. Then > Qp is a torsion point in E(F) where the sum runs
D

over all cyclic subgroups of E of order p"t1,
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Now, if we let

@p Qpen
V :zker(Q Gn/ | —Q ) = - =P
" [ 78.05%0) = (5 )
where B,, is a Borel subgroup of G,,, we can again show that there exists a
Gp-equivariant map
ln:Vy — E(F,) ®@Q,

ep— Qp

where D runs over elements of IPL. This leads to the following.

Theorem 2.3.8. [39, Theorem 20] Let E/Q be an elliptic curve and p a prime
of multiplicative reduction. Suppose Tr g, is surjective and there exists a point
Po of infinite order in E(Fy). Then for all n > 0 and all cyclic subgroups
D of E of order p"™' such that D[p| C C, Qp is of infinite order and they
generate a Qp[Gy|-module inside E(F,)® Q, isomorphic to V;, of dimension
pn—l—l + pn -1,

We now let p be a prime of good ordinary reduction for £. Let F' be a field
such that E(F) contains a point Po of infinite order where C' is a fixed cyclic
subgroup of order N.

Define F,, = F'- Kpni for n > 0. This ensures that F}, is the smallest Ga-
lois extension of F' such that G acts by scalars on E[p"*1]. We also define
G, := Gal(F},,/F) which can be viewed as a subgroup of G,, via Tr g p.

Let D be a cyclic subgroup in E of order p"t!. Let ¢ : E — E/D be the
isogeny associated to D and define yp = (E/D,%(C)) € Yy(N). Then we
define the higher self point Qp = ®r(yp) € E(F},) above Pc.

We can again use the Hecke operator 7T}, to show that for all n > 0 we obtain

the trace relation

ap(E)'QD: Z Qpr

D'>D
where D’ runs through all cyclic subgroups of E of order p"*2 containing D.

We also have

ay(E) - Po :ZQD
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where the sum runs through all cyclic subgroups of E of order p. Therefore, as
P is of infinite order in E(F), then for all cyclic subgroups D of order p"*!
and all n > 0, Qp is of infinite order in E(F,). This shows that we cannot

obtain a relationship similar to that in Lemma [2.3.7]

If we let
Vin) 7= Q| "/ 5,| = ?QpeD

where B,, is a Borel subgroup of G,, we can again show that there exists a
Gp-equivariant map
ln 2 Vigy = E(F,) ®Q,

ep— Qp

where D runs over elements of IPL. This leads to the following.

Theorem 2.3.9. [39, Theorem 21] Let E/Q be an elliptic curve of conductor
N and p a prime of good ordinary reduction. Let F be a number field such that
E(F) contains a self point Po of infinite order and suppose Tp g is surjec-

tive. Then all Qp above Pc are of infinite order and generate a group of rank
Pt 4 p™ in E(F,) ®Qp.

We want to use the higher self points to bound Selmer groups in a similar way
to Kolyvagin did in the Heegner point case, which involved creating derivative
classes. Let F/Q be an elliptic curve of conductor N and p be an odd prime

of good ordinary or multiplicative reduction. We let

KN iprfN,
| Kn ifp||N,
p

as defined in the notation. Let F, be the smallest extension of F' such that
Gn = Gal(F,/F) acts as scalars on E[p""!] and assume that 7 g, is surjec-
tive, which implies that G,, =2 G,,. We let A,, be a non-split Cartan subgroup
of G,,, which is cyclic of order p" ™! + p™ and denote the subfield of F}, fixed by
A, as L.

Theorem 2.3.10. [39, Theorem 24] Let E/Q be an elliptic curve. Suppose E
does not have potentially good supersingular reduction at any prime of additive

reduction and let p be a prime of either good ordinary or multiplicative reduction.
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Assume Tp g is surjective and that there exists a self point of infinite order in
E(Ky). Then
|Sel?” (E/Ln)| > p".

Proof. (Sketch) We will show a sketch of the proof here. The full proof will
be explored in Chapter 4 when generalising the modular point construction.
There is an injection

ln: Va—E(F,) ®Q,
f=> f(D)-Qp.
D
Let

Sp = {P € E(F,) | there exists a k > 0 such that p* - P € Z,[G,] - Qp}

be the higher saturated group of higher self points. It can be shown using the
inclusion mapping of E(F},)tors in Sy, that | H! (An, Sp)| = p™.

Let Y, be the free Z,-module that denotes the cokernel of the inclusion of Sj,
in E(F},). Then there exists a long exact

0—B(Ln)tors— E(Ly) = Yom— H (Ay, Sp)— H' (An, B(F,)).

If we compose the last map with the inflation mapping, we obtain the derivation
map
St HY (Ap, Sp)— H' (An, E(F,)) 25 H' (L, E).

In particular, as it can be shown that S, contains no p-torsion points, then

there exists an isomorphism

and so the image of 9,, are the derived classes coming from the higher self points.

It can be shown that the image of ¢, lies in III(E/L,). Therefore, using
the long exact sequence, either the image of the Kummer map contributes p”
clements in Sel?” (E/Ly) if 6, is not injective, or p" elements of Sel”” (E/ Ly,)

are lifts of elements in III(E/ Ly,)[p"] if 0, is injective. O
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Therefore, we are able to bound Selmer groups using a method akin to Koly-
vagin’s work. We look to extend the idea of self points to a generalised con-
struction of modular point. In particular, we use more advanced methods in
modular representation theory to show that Selmer groups over certain fields
must contain points of prime power order when the higher modular points sat-
isfy certain conditions. This will however require a more in-depth look at the

representation theory associated to G,,.
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Chapter 3

Representation Theory of

PGLy(Z/p"T'Z)
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We have seen in the higher self points situation that if 77 g, is surjective, then
the points generate a Q,[Gy|-module in the elliptic curve which we have denoted
Vin) or Vi, depending on the reduction type of the prime p. In particular, the
saturated group of higher modular points will be isomorphic to a Z,[Gy,]-lattice
contained in this module. Therefore, we require further study into the integral

representation theory of G, in order to understand this saturated group.

Throughout this chapter we assume p # 2. Let
Vi) = Qp|%/5,| = Indi (Qy)

be a Qp[Gy]-module of dimension p" Tt 4 p", where B, is a Borel subgroup of
Gn. We can view

Vin) = Maps (P, —Q,)

where G,, acts on ]P}L by its usual action. This decomposes as

i=—1

where W; are irreducible Q,[G,]-modules with dimension ¢; as a Q,-vector
space where
1 if i = —1,
5 =< p if i =0,
P il i > 1

as seen in Theorem 2.3.41 These modules take the form
Wi = ker (Qp [gZ/BJ —>Qp [gi1/3i1}>

— {f;]P,}—ﬂQp: Z f(C):OforDelPZl_l}

CD>D

for i > 0 and W_1 = Q. We have seen in the previous chapter that the Q,[G,]-
module V,, := V(n) /W_1 will be of interest. We will study the possible lattices
contained in the Qp[Gy]-module V;,. Throughout this chapter, the standard
Z,[Gn]-lattice in V,, is defined as

Ty = Z, [gn/ ,3”} = Ind§ (Z,) = Maps(P.,—Z,)
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and the standard Z,[G,]-lattice in V;, will be defined

T, = ker <zp [gn/Bn}ezp) — {f PL=Z,: > f(0) = o}.
C
We also define the standard Z,[G,|-lattice inside W; as

= {f;]P%—)Zp: Z f(C):OforDEIPZl_l}

CoD
fori > 0and R_1 = Z,.

Throughout this chapter, we let an element

a b
(C d)egn

denote the coset representing this matrix in G,.

In this chapter, we will examine the Z,[G,]-sublattices of T;, and the coho-
mologies associated to them with respect to subgroups of G,. In section 3.1,
we look at group properties associated to G, and its subgroups that will be of

importance throughout the chapter.

In section 3.2, we look at some cohomological results which will be of impor-
tance when calculating cohomologies associated to the Z,[G,]-lattices. This
culminates in Theorem [3.2.7, which provides the first cohomology group of
T{;,) with respect to all subgroups of G,.

In section 3.3, we look at the modular representation theory associated to G,.
This will involve classifying all IF,[G,]-submodules of T,y = T(,,) @z, Fp, in
subsection 3.3.1, where we use Theorem [3.3.3] and Theorem to classify
all the IF,[Z,]-submodules of Indlzg’; (FF,), as seen in Theorem . We can
then induce the modules we have found to G, and find all IF,[G,|-submodules
in T(n), with the full classification in Theorem We then calculate their
cohomologies with respect to certain subgroups of G,,. This will be useful when
looking at the integral case. Again, in subsection 3.3.2, we initially look at

the cohomologies associated to IFp[Z,|-submodules of Indéfl (Fp). For the irre-
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ducible [Fp[Z,]-representations, we calculate the cohomologies with respect to
I,’i for 0 < k < n, as seen in Theorem , in order to try and understand the
cohomology of the F,[Z,]-submodules. We are able to calculate the fixed part,
as seen in Lemma|3.3.14] However, we can only come up with Conjecture|3.3.16
for the first cohomology groups. Therefore, from this conjecture, we induce the
modules to G, to provide Lemma [3.3.17] and Conjecture [3.3.19] which is what
we believe to be the first cohomology groups of all IF,[G,]-submodules of T(n)
with respect to G,,. We then use Lemma to find the cohomology of all
F,[Gn]-submodules of T(n) with respect to a non-split Cartan subgroup A4,,
the 0-th cohomology results in Lemma and the first cohomology results
in Theorem [3.3.26] We end this subsection with Lemma [3.3.27], which looks at
the fixed part of these modules by a Borel subgroup and show that they are
always non-trivial if the module is non-trivial. This result will be useful not

only later in this chapter, but in the next.

We then identify all the Z,[Gol-lattices contained in Tp in section 3.4, as seen
in Theorem [3.4.1], and it will be shown why this scenario cannot be followed
for the n > 1 case in section 3.5. In particular, we look at the construction of
some Z,[Gp|-sublattices of T}, for n > 1.

We finally use the modular representation theory of G,, we have found through-
out this chapter to calculate the cohomologies of Z,[G,]-lattices in V;, associ-
ated to subgroups of G, in section 3.6, with each subsection fixed on a certain

subgroup.

3.1 Group Properties of PGLy(Z/p" ' Z)

In this section, we will look at the subgroups of G,, and the properties associ-
ated to them which will be useful throughout the chapter. We quickly remind
ourselves of the notation used for the groups we will look at throughout this
chapter. Let u, : G,—Go be the surjective reduction mapping. We now fix

definitions for certain subgroups. We let:
1) G, :=PGLo(Z/p""'2Z),
2) Bn:={(4}) € G,} a Borel subgroup of order p***1(p—1),

n+1

3) Hp:={({$) € Gn} a cyclic subgroup of order p"*t, generated by (§1),
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4) I, :={g € Gn : un(g) € By} the standard Iwahori subgroup which has
order p3"T1(p —1),

5) Pn:=1{9 € Gn: pn(g) € Ho} the pro-p Iwahori subgroup and a Sylow-p
subgroup of Z,,,

6) Up = {(LV) € G, : pla} a cyclic subgroup of order p", generated by
(59):

7) Dp = {(49) € Gn} a split Cartan subgroup, which is cyclic of or-
der p"(p — 1) and generated by the element (§9) where ¢ generates
( 7 /pn—i—l Z) ><7

8) N(D,,) the normaliser of a split Cartan subgroup, a subgroup of G,, which

contains D,, of index 2,

9) A, a non-split Cartan subgroup, which is cyclic of order p"(p + 1) and

generated by an element denoted ay,,

10) N(A,) the normaliser of a non-split Cartan subgroup, a subgroup of G,

which contains A,, of index 2.

If we define the surjective reduction mapping uf; 1 Gn—Gp for 0 < k < n, then

we may define the subgroup

Th = {g € Gn: uk(g) € By}

We have Z" = By, and also, as j, = u3, we have I = T,,.

We would also like to look at some key results with respect to these groups. We
initially look at certain cosets that will appear in this chapter. We have seen
that the modules we are looking at are induced from B,, to G,, and so we would

like to see the coset decomposition of B,\G,. This will require the following.

Lemma 3.1.1. [3Y, Lemma 25] A, intersects trivially with any Borel subgroup

in Gy,.

Hence, G, = B,A, and therefore the coset representatives of 5,\G, can be
viewed as A,. We will also encounter induced modules from Z,, to G,, when
looking at the modular representation theory associated to G,. However, we

first need the following.
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Lemma 3.1.2. For alln >0, Z,, = H,D,U,.

Proof. All elements of Z,, can be written in the form
(F1) =D (EY) € HnDnlhn
and obviously H,, DU, C Z,, which gives our result. O

We can show that B,, = H,,D,, meaning Z,, = B,U,, and so the coset represen-
tatives of B, \Z,, can be viewed as U,,. Also, we can view A,, = U, N,, where N,
is a cyclic group generated by an?” Using this, we see that G, = Z,V,, and so
the coset representatives of Z,,\G,, can be viewed as powers of v, := an?" . The
final set of coset representative we want to find are for Z¥\Z, for 1 <k < n. If

we let
Cnk = Z/{n\(unﬁker(ulfb)) = {(alp(l)) €G,:0<a<pr— 1},

then we have Z,, = Z¥C,, 1 and hence the coset representatives of Z¥\Z,, can be

viewed as O, 1.

We will also encounter the first cohomology groups of subgroups of G, with
respect to Z/p™mZ for m > 1 with trivial action. Therefore, we will need to
know the homomorphism groups of subgroups of G, to Z/p™Z. Calculating
these for subgroups such as H,, D,, and A, are obvious due to them being
cyclic groups. However, for groups such as B,,, Z, and G, itself, we require

their abelianisation. We initially look at Gy.
Lemma 3.1.3. We have [Go, Go| = PSLa(F).

Proof. We know that there exists the quotient mapping 7 : GL2(IF,)—Gy where
PSLy(F,) = 7(SLa(FFp)). Let g,h € Go. Then as SLy(IF,) is the commutator
subgroup of GLy(FF,), we have

lg,h] = [7(2),7(y)] = 7([x,y]) € 7(SL2(IFy)) = PSLy(IFp)
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for some z,y € GL2(IF,). Now let ¢ € PSL2(IF,). Then there exists an
s € SLa(IFp) such that

g =7(s) = 7(la,b]) = [7(a), 7(b)] € [Go, Go]
for some a,b € GLa(TFp). O
We now look at the subgroup B,,.
Lemma 3.1.4. For alln > 0, we have [By, By = Hy,-
Proof. Let t = [(§7),(&%)] € [Bn,By]. Then

t

(BTG 0 UG
( aét b}HrU ) ( (1) _(I(lltv_b )
(au au(butv—av—>b) ) — ((1) bu+111—av—b) € H,.

0 au

We know that H,, is generated by (1) and
(61) =157 (§9)] € [Bn. By]
which gives the equality. O
We now move on to Z,.
Lemma 3.1.5. For all n > 0, we have [Z,,Z,] = P,.
Proof. Let [a,b] € [Z,,,Z,]. Then as yu, is a homomorphism, we have
pn([a,b]) = [pn(a), 1 (b)] € [Bo, Bo] = Ho

by Lemma . Therefore, [a,b] € P,. On the other hand, if we let t € Py,
then p, (t) € Hy = By, Bo) by Lemma [3.1.4] Therefore, there exists a a,b € By
such that u,(t) = [a, b]. However, p, is surjective and so there exists u,v € Z,
such that g, (t) = [pn(w), pin(v)] = pn([u,v]). Therefore, t[u,v]™! € ker(uy).
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Therefore, we may write ¢ = k[u, v] for k € ker(u,). We know that the kernel

of u, is generated by the matrices

(o1): () (751 1)

We have

and
-1
(Pt ) =151, (25, 9)]
where 22 = p+ 1. We know p + 1 is a quadratic residue modulo p"*! as it is
modulo p. Therefore, ker(uy,) < [Z,,,Z,] and so t = k[u,v] € [Z,,,Z,]. O

We can now look at the homomorphism groups. We first look at G,,.
Proposition 3.1.6. For alln > 0 and m > 1, we have Hom(G,,, Z/p™Z) = 0.

Proof. As Z./p™Z. is abelian, then Hom(G,, Z/p"Z) = Hom(G,",Z/p"Z)
where G,% is the abelianisation of G,. We saw in the proof of Lemma m
that ker(uy,) C [Z,Z,] € [Gn, Gn]. Hence

Hom(G,, Z/p™Z) = Hom(G,*, Z/p™Z)
= Hom(Go®, Z/p™Z)
=~ Hom(Fy, Z/p"Z) = 0.

by Lemma |3.1.3 O
We also look at the B,, case.
Proposition 3.1.7. Forn >0 and m > 1, we have
Hom(B,,Z/p"Z) = Z./p™™(mn) 7.
Proof. As Z./p™Z. is abelian, we have

Hom(B,, Z/p™Z) = Hom(B,*, Z/p™Z) = Hom(D,, Z/p"Z)
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by Lemma m However, D, is a cyclic group of order p"(p — 1), which gives

our result. O
Also, we have the Z,, case.
Proposition 3.1.8. For alln > 0 and m > 1, we have Hom(Z,,, Z/p™Z) = 0.
Proof. As Z./p™Z. is abelian, we have

Hom(Z,,Z/p™Z) = Hom(Z,"*, Z/p"Z) = 0
by Lemma |3.1.5| and as P, is a Sylow-p subgroup of Z,. O
Using this, we can show the following.

Proposition 3.1.9. We have Hom(P,,Z/p™Z) = IF; for all n > 0 and
m > 1.

Proof. We first look at [Py, Py]. Let [a,b] € [Py, Py]. Then

tn([a,b]) = [pn(a), pn(b)] € [Ho, Hol = {12}

as Ho is an abelian group. Therefore, [Py, P,] C ker(u,). Now, we know

]
ker(uy,) is generated by the matricies (pf)“l ", ((1)5’) and () and we have

(P50, (%) € [Pn, Pal
as seen in the proof of Lemma m However, if welet (¢%), (1) € Py, then
[( g 11) )7 ( 31 ?1) )] = (cu—|—w—|—bcuw+bw2*—CQU—C—acvw—aw I )
with

cu + w + beuw + bw? — v — ¢ — acvw — aw
= c¢(u—1) +w(l — a) + beuw + bw? — 2v — acvw

=0 (mod p?).
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Therefore, ( :[1, %) ¢ [Pn, Py]. However, we have

(1) = (7797 0): (51)]
and so
Po Pl = {(7519)-(37). (1))
Therefore, we have
P ] = <((1)T)» (ﬁ)> = TF,.
Finally, we can use this to prove the proposition. We have

Hom (P, Z/p"Z) = Hom(Pf{b7 Z/p"Z)
=~ Hom(F2, Z/p"Z)

~ 2
=~ ]Fp
which gives our result. O

We finish this section by looking at the group action of G, on IPL. We know
that if (¢9%) € G, and [u: v] € P}, then

(25) lu:v] =lau+bv:cutdv].

We would like to know whether the group action is transitive and whether it is

doubly transitive.

Lemma 3.1.10. The action of G, on P}, is transitive for all n > 0.

Proof. We have
(p"7") [u:1] =[v:1],
(olu ) [1ru] =[1:0]
and
(Vlu) [us1]=[1:0]

which proves the lemma. O]

However, we see that the action is not always doubly transitive.
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Lemma 3.1.11. The action of G, on P} is doubly transitive if n = 0 whereas
for allm > 1, it is not.

Proof. 1f we fix a C' € IP., then the action is doubly transitive if and only if it is
transitive and Stabg, (C') acts transitively on PL\{C}. We will fix C' = [0: 1].

Then we have
Stabg, ([0:1]) = {(§7) € Gu}.

For the case n = 0, we know that the action is transitive and we have

(vu " 9) [us1] =[v:1]
for all u,v € F; and
(_Ti_ll(l))[ul] =1[1:0]
which proves the case for n = 0.
For n > 1, there is no matrix g € Stabg, ([0 : 1]) such that g-[1:0] = [k : 1]

where k > 0 and p|k, so it cannot be doubly transitive for n > 1. O

We now have the group theoretical results that will be required throughout this

chapter. We will now look at some standard results for group cohomology.

3.2 Cohomological Results

In this section, we will look at some general cohomological results that we can
use throughout this chapter. In particular, we can use Theorem to find
the first cohomology group of T{,) with respect to all subgroups of G,. We
initially want to utilise the spectral sequences to prove both Proposition [3.2.1]

and Proposition [3.2.2]

Proposition 3.2.1. Let H be a normal subgroup of G and M a G-module such
that H'(H, M) = 0 fori € {0,2}. Then

HY(G, M) = H' (H, M)F/H

and
H*(G, M) = H'(G/H,H (H, M)).
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Proof. We will look at the spectral sequence to obtain the results. We have the
following stage 2 table of the Hochschild—Serre spectral sequence:

0 0 0 0
Egyl E2171 E;’l E2351
0 0 0 0

where

EYY =HP(G/H,HY(H, M)).

Due to the hypothesis, the top and bottom lines are all zeros. If we look at the

third stage, we obtain

02 21 12 3,1\ ker(E2?—ESY)  ker(ES?—EDY)
ker(Ey " —FEy ker(Ey“—FEy A% R R—

( 2 2 ) ( 2 2 ) im(Eg’3—>E§’2) im(E21*5—>E§’2)
0,1 2,0 1,1 30\ ker(E3'=EFY)  ker(ES'—EDY)
ker(Es”—E5") ker(Ey —FEy") L
im(Ey“—E3") im(Ey“—Ey")

2,0 3,0

E2 E2

0,0 1,0
Ey Ey

im(ES'—E>Y)  im(By'—E0)
where each section represents E5Y, which leads to the table

0 0 0 0
Eg71 E%:l E%:l ES:l
0 0 0 0

as E5° = E3? =0 for all a > 0. As this is the third stage, we can deduce that
B =g =F% =9

and
0,1 _ 0,1 1,1 _ 1,1 2,1 _ 2,1
Ey =FEy, Ey =Ey, E3 =FE5.

o0

We can also deduce that £%2 = 0 from this table as the next stage would

remain unchanged.

We obtain the following exact sequence from the spectral sequence

0—EL—HY (G, M)—E% —o0.
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However, as E(;go = 0, we have
HY(G, M) = E% = HY (H, M)/ H.
We also obtain the sequence
0—EL S HA(G, M)—E%2 -0,
as E%) = 0. Therefore, as E%? = 0, we have

H*(G,M) = EL' = HY(G/H, HY (H, M)).

We also use the spectral sequence to prove the following.

Proposition 3.2.2. Let H be a normal subgroup of G and M a G-module such
that H'(H, M) = 0. Then

HY(G, M) = HY(G/H, M)
and there exists an eract sequence
0—H*(G/H, M"—H*(G, M)—H*(H, M)/ "
—H(G/H, M= H3(G, M)—0.

Proof. The first part is taken from the five term exact sequence. We will look
at the spectral sequence to obtain the exact sequence. We have the following

stage 2 table of the Hochschild—Serre spectral sequence:

Eg:Q E%:Q E’gyz Egyz
0 0 0 0
Egao E%’O Egao Egao

where

EPY = HP(G/H,HY(H, M)).
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The middle row entries are all zeros due to the hypothesis. If we look at the

third stage, we obtain

ker(EY*—E3")  ker(Ey*—Ey")

ker(EY'—E3°)  ker(Ey'—E)

2,0 3,0
12 By

im(Ey' -EyY)  im(By' —EyY)

0,0 1,0
E2 E2

where each section represents E5¢, which leads to the table

02 pl2 Ey” ES?
2 2 im(ESP—EP?)  im(EY B
0 0 0 0
0,0 1,0 2,0 3,0

Ey” B, Ej E5

as E;’l = 0 for all @ > 0. We next see the fourth stage

ker(E9?—E5%)  ker(By?—Ey')  « *
0 0 0 0

3.0
Eg70 E%’O E§70 E2

im(Ey°—Ey"?)

We obtain the following exact sequence from the spectral sequence
0—E3° = H(G, M)— ker(EY*— E3Y)—0.

We also obtain the sequence

3,0
EQ

0—
im(ES2—E3°)

—H3(G, M).

If we combine the two exact sequence we obtain
0—Ey"— H2(G, M)—Ey? —»E3Y— H3 (G, M)—0

which gives the result. O]
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We now focus on Z,[G]-modules for a finite group G. Let X be a Z,[G]-
module. We define the norm map Ng : X— X, an endomorphism such that

No(2) = Y g-a.

geG

Let
IeX={(9g—1Dx:9g€ G, ze X}

Then we have IgX C ker(Ng) and im(Ng) € X We can then define the

Tate cohomology groups
1 (G, X) = ke, d 1%cG, x) =%
) - IgX an ( ) ) - im(Ng)'
If G is a cyclic group, then for i > 1 we have non-canonical isomorphisms
(G, X) =T (G, X) fori=1 (mod?2),

(G, X) = 1°(G,X) fori=0 (mod?2)

by [17, pg. 133]. We would like to use results on the Tate cohomology groups

to look at group cohomology of certain Z,[G]-modules.

Proposition 3.2.3. Let G be a finite group, X a finite set with an action by
G, A an abelian group with trivial action by G and M = Maps(X—A). Then

A G M) @  AlStabg(z)]]

G-z orbits

where the sum is taken over all orbits of the action and A[|Stabg(x)|] are the
elements of A killed by |Stabg(z)|.

Proof. We first look at when G acts transitively on X. Then we have

Y gra =g Ya

geqG reX
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for € X. Hence, for all x € X, we have Ng(ey) = %ex where e, and ex

are the characteristic functions on x and X respectively. Therefore, we have

Ne(f) = 9} 3 /(@) Jex

rzeX

and so
ker(Ng) = {f eM

% 3 f(a) = 0}.

zeX
If g € G, then (g — 1)ey; = eg.y — €5 Therefore, for f € IgM, there exists a
h € M such that

f=(g-Dh=73 (h(g™" 2) = h(z))ea

zeX

and

Yo fl@)y= h(g7'x)—h(z) =0

zeX reX
as the action of G on X is transitive. Also, if f € M such that > f(x) =0,
reX
then fix a z € X. Then

f)== > [f(@)

zeX\{z}

and so

f= Z f(@)(es —ez).

zeX\{z}
However, as the action of G on X is transitive, then for all x, z € X there exists

a g € G such that g-x = 2. Therefore,
ex— €, =¢€g,—e, = (g—1)e;

and so f € IgM as it is a linear sum of elements of the form (g —1)h for g € G
and h € M. Therefore, we have

IGM:{feM

¥ 1) =of

rzeX
and so

0 (G M) = {aeAlda=0} =[]
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If the group action of G on X is not transitive, then

M= & Maps(U—A)
U orbits

as a G-module, where the sum is taken over all orbits. Therefore, we have

A~NG,M)= @ Alstabg(z)|]
G-z orbits

]

We can also find a similar result with respect to the other Tate cohomology

group we have identified.

Proposition 3.2.4. Let G be a finite group, X a finite set with an action by
G, A an abelian group with trivial action by G and M = Maps(X—A). Then

(G M) = @ Af|Stabg ()| A

G-x orbits

where the sum is taken over all orbits of the action.

Proof. We first look at when G acts transitively on X. If f € MY, then
f(g7'-z) = f(x) for all ¢ € G. However, as the action is transitive, this
means that f is constant on X. Therefore, if ey is the characteristic function
on X, then

MY = {aex :a € A} = A.

We now want to show
Ng(M) = {%aex ta € A} ~ 18 4.

We saw in the proof of Proposition that

for all f € M. Also, as
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for any = € X, we have shown Ng(M) =2 %A and so

1%(G, M) = A/'%A

if the group action of G on A is transitive.

If the group action of G on X is not transitive, then

M= & Maps(U—A)
U orbits

as a G-module, where the sum is taken over all orbits. Therefore, we have

A%G M)= @ AflStabg(x)|A. 0
G-x orbits

We will look at the Tate cohomology of Z,[G]|-modules with trivial G-action.
Lemma 3.2.5. Let G be a group acting trivially on torsion-free M. Then
'@, M) =0, 1[G M)=M/|GIM.

Proof. For the first case, we have

1 _ ker(Ng)
H (G,M)= T

As the action is trivial, then Ng is the multiplication-by-|G| map. As M is

torsion-free, we obtain our first result.

For the second case, we have

i’ M) =

as the action is trivial. O

We will also look at extensions of Z,[G]-modules as well. The following result

will be important when linking extensions to our cohomological results.
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Proposition 3.2.6. Let G be a group and let M and N be Z,[G|-modules such
that M is projective as a Zy-module. Then for all © > 1 we have

Exty, (M, N) = H'(G, Homg, (M, N))
as Zp-modules.
Proof. By [28, Theorem 2.6.10], we have a spectral sequence with
ES? = HP(G,Exty, (M,N)) = Exth L(M,N).

As M is projective as a Z,-module, then ExtiZP(M, N) =0 for all ¢ > 1 and
so B8 =0 for all ¢ > 0. Then we have our result by [28, Lemma 2.1.4]. H

We can apply this in the proof of the following important result.
Theorem 3.2.7. Let H, H' < G. Then H' (H,Indf/(Z,)) = 0.
Proof. By Proposition we have

e ~ e
H' (H,Ind§/(Z,)) 2 Extly g (Zp, Ind§(Z,))
=~ Exty, ¢ (Indf(Z,), ndf(Z,)).

Using [0, Corollary 3.3.5 (vi)], we have

Exty,q (Ind%(2,), ndf(Z,))

~ 1 Hg™! H'

= D <EXth(H’ﬂgHg_1) (Resiflrgg}[g1(Zp)7ReSH’ﬂgHg_1(Zp)>)

H'gH
~ 1
= @ EXth(H’ﬂgHg_l)(Zp7Zp)

H'gH

where the sum is taken over the double cosets H'gH. However, we know

H'NgHg™ ' acts trivially on Z,. Therefore we have

EXt.lzp(H’ﬂgHgfl)(vazp) = HI(HI ﬂgHg_laZp)
= Hom(H'NgHg *,Z,) = 0.

As this is true for all double cosets H'gH, then we have our result. O]
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We now want use the results in this section to calculate group cohomology
associated to Z,[Gy]-lattices in T}, . However, before we look at this, we will
look at the modular representation theory associated to G,, in order to further

understand the Z,[G,]-lattices and their group cohomology.

3.3 Modular Representation Theory of G,

In this section, we look at the modular representation theory of G,. We are
interested in the IF,[G,]-module

T(n) = Tin) ©z, Fp = Indiy (F,).

We want to classify all its IF[Gy]-submodules. In order to find them, we will re-
quire the study of the IFp[Z,]-module Indé’; (FF,). Using this, we are able to find
all IF,)[G,]-submodules of Indg" (IF,) by inducing the submodules of Indg" (IF,,)
to G,. We can then find the remaining IF,[G,]-submodules of Indlgg’:l (Fp,) by

looking at the irreducible IF,-representations of G,.

We then look at the group cohomology results associated to these FFp[Gy]-
modules. Again, this will initially require looking at the group cohomologies of

the IFp[Z,]-modules we have found as well as the irreducible [F)-representations
of G,.

3.3.1 Module Structure

We initially want to find all the IF,[G,]-submodules of Indlggz (Fp). This will
first require finding all the IFj,[Z,,]-submodules of Indé:; (Fp).

We will look at the irreducible [F,[Z,]-representations. The kernel of the surjec-
tive reduction mapping Z,— By is a normal p-group. Therefore, the irreducible
IF,-representations of Z,, are the same as the irreducible IF)-representations of
By. We know that the irreducible IF,-representations of By are all 1-dimensional
and take the form V; for t € Z/(p — 1)Z with character 8, : By—1IF, such that

Bi(1) =
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as seen in [I8], Section 7.2]. Hence, the irreducible IF),-representations of Z,, are
of the form V; with t € Z/(p — 1)Z and character 3, : Z,—IF) such that

B(wt) =u' +p(2/p""'2).
For all 0 <t < p— 2, define
M}, = Indg (Vi) = { £+ To—=TF, | F(41) =u'f(L D)},

Then M} is an F,[Z,]-module with dimension p" as an F,-vector space. By
definition, Z, acts on MY by (h- f)(g) = f(gh). Now, we saw in Lemma [3.1.2]
that T, is generated by the matrices x := (,1), y := (§1) and b := (§9)
where ¢ generates (Z/p" "1 Z)*. Therefore, the action of Z,, is defined by the

action of these generators and we have

(@ N1 = FOES ) =u' fwhp )
(- )87y = (D IO it (- Y)
- f

w(w+1)"1
0 A1) =fa1) = (cw)'f(a,9)

ga
—c

We will prove the following.

Proposition 3.3.1. For alln > 1 and 0 <t < p—2, Mﬁ is uniserial as an
F,[Z,]-module.

Before proving this, we require the following.
Lemma 3.3.2. Foralln>1and 0 <t <p-—2,

ML = Ind"" (F,) = Maps(U,—TF,)
as Iy [Uy]|-modules.

Proof. We let py, : M!— Ind"(FF,) take a map to its restriction to U,. Then it
is clear that py, is an IFp[Uy,]-homomorphism as = - pp(f) = x- f = pp(x - f) for
all 0 <t < p—2. As f is determined by elements of U,,, p, is both surjective

and injective which gives the result. ]
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Proof of Proposition [3.3.1 We know U,, < Z,,, so any IF,,[Z,]-submodule of M}
is an IF,[U,]-submodule. However, M!: = Ind“"(FF,) = F,[U,] as F,[Uy)-
modules by Lemma and as Uy, is a cyclic p-group, IF,[U,] is uniserial as
an IF,[Uy,]-module by [37, Theorem 6.1.2]. Therefore, M is uniserial as an
F,, [Uy]-module and hence as an Fp[Z,,]-module for all 0 < ¢ < p — 2. O

We also look at the induced module Ind%’,; (V) for 1 < k < n, which we define
as the set of functions f : Z,—IF, such that

U v ' 1 0
=u
/ (zpk"H + wp 1) d (wp 1)

forall 0 < z < p"*—1and 0 <w < p* —1. This is an F,[Z,,]-module which
has dimension p”* as an IF,-vector space. In particular, we have Ind%% (Vi) = M}
as IFp[Z,|-modules. Also, Ind%%(‘/}) are [F|Z,]-submodules of M} for 1 <k <n
and 0 <t <p-—2.

We will need this to look at the module structure of M,, := M?. We shift our

focus to the k = 1 case to obtain the following.

Theorem 3.3.3. Let E!, := Indﬁ (Vi) for all 0 <t < p—2 and define for all
l<j<p-1

p—1
VOo<m<p—-1-—j, Zf(zi)(l))im:o}'

-
Ef = {feE;
1=0

Then for all such j, EY are Fy[T,]-modules such that dimg, (E%) = j and there

exist non-split short exact sequences of Fp|Z,|-modules

¢ 9 N
0—E; = Ej g — Vip—0

where g§~ is the inclusion map and

p—1 ,
RECF) =0 (i 9yt
=0
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Proof. Obviously, ker(h;) = im(g%) and g} is an injective IF,[Z;,]-homomorphism.
Therefore, we just need to show that h’ is a surjective IF,[Z,]-homomorphism.

Now, z and y act trivially on Vj for all 0 < j <p— 2,

p—1 )
Wi(x-f) =3 (z-f)(§1)P "
i=0
= 1 0\.p-1-j
= > (1)
i=0
p—1
ST ER I
=0
p—1 A
= f(zi)(l)) (p " ])zm( 1)p-t=i—m
=0 m=0
p—1—j p—1
p— 1 J j—m m
(P e (S s )
m=0 =0
_ = 1 0yp—1—j
- f( ipl )Z
i=0
~ 10
—1
as for all 0 < m < p—2— 7, we have pZ f(%p(l))z'm = 0. Also, we have
i=0
p—1 )
Wiy~ ) =>(y- £ 1)
i= 0

=S, e
2p+1 1

t 1
= Z ( ip+1) 1) f(i(z‘p+11)*1p(1))2p =
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forall 1 < j <p—1asi(ip+1)~'p =ip (mod p?) and as f € Ind%”l(Vt).

Finally, we have

p—1

Wb f) = (b- f)( 4 D)1

1= 0

1—
—Zf cfp0 Zp -
= H_Jz.f czp Czplj

= t+] Z f mpl)mp 1=
=b-h§-(f),

for all 1 < 5 < p—1. Therefore, h; is an IF,[Z,]-homomorphism for all
1<j7<p—1. We need to show that the h;- are surjective. If a € IFp, then
define f € E! such that f(;,7) = —i/a. Then

p—1 p—1 '
S I = —a X =0
i=0 1=0

when 0 < m < p—2—j as 1 < j<m+j <p—2and by [9 pg 137].
Therefore, f € E +1 and we have

aZzpl —a(p—1) =

for all 1 < 5 < p—1. Therefore, h; are surjective for all 1 < 7 < p—1 and
0 <t < p—2. Finally, the short exact sequences are all non-split due to M’
being uniserial as an IFp[Z,]-module by Proposition [3.3.1] O

We will now look at the k& > 2 cases. We in fact have the following theorem,
which extends the £ = 1 case but written in a separate theorem to make the

construction clearer.
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3.3 MODULAR REPRESENTATION THEORY OF (G,

Theorem 3.3.4. Let E;;k = Indg’g(%) forall0 <t <p—2and2 <k <n.
Forall1<j<p-—1, let E;.pk_l be defined as
Ly 10
{feE;k VOo<m<p—1-yj, ;)f(ikaerl)im:Ofor allOSzSpk_l—l}.
1=

Then for all such 7, E;ipk,l are IF, I, |-modules such that dimlpp(E;ipk,l) = jph-1

and there exist non-split short exact sequences of Fp[Z,|-modules

t

ht
J,k In .
(41)ph-1 — Indzﬁ_l(v;ﬂ)—m

t
95k
0—E ., 25 E
Jip
where gj & U the inclusion map and

p—1
t U v\ g 1 0\ .p—1—j
hj,k(f)(zpk—l-wp 1) =u Z f(ipk—i—wp 1>Zp !

=0

f0r0§z§p"*k+1—1 andogwgpkfl—l.

Proof. Again, we just need to show that hg’ i 1s a surjective IFp[Z,,]-homomorphism.

Forall 1 <75 <p-—1, we have

pl ‘
hﬁ’k(x . f)(uqu 11)) =u'™ Z(:L‘ ) f)(ipkiwp (1)>Z'p71*3
i=0
p—1 . .
‘ o
= Z f(ipk+(w+1)p 1)Zp ¢

=0

1 0\ p—1—j
)Zplj

= h5 (F) (it
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and so hly (x- f) = @ - bl (f) forall 1 < j < p—1. Also, we have

-1

Gk I p?)—ut+JZ Y-S ik 1)

1= 0
_ ot Z f (ip +wp+1) (i +wp+1) 1) ip—1-j
(ip —|—wp (ip —|—wp—|—1)*1 1
1

. .k -1 L 0 jp—1-i
= 't z%[(@p +wp+1) ]tf<(ipk+wp)(ipk+wp+1)71 1>Zp ’
/L:
p—1

= (u(wp + 1)_1)t+j ;} f(ipk+w(u)1p+1)_1p ?)ip_l_j

_ gt u(wp+1) 7 (utv) (wp+1) 7
- h]7k(f)( w(wp+1)"1p 1 )
= [y 15 (F)](up 1)
and so hl (y- f) =y -} (f) forall 1 <j <p—1. This is due to
ip* +wp+1=wp+1 (mod p*),

SO

(ip" '+ w) (ip* +wp+1)"p= (ip" ' +w)(wp+1)""p  (mod pF)
ip* +wlwp+1)"tp  (mod pFTt)

and as [ € Ind% (V). Finally, we have

p—1

i 1 O\ .p—1—4
By (b ) (il ) = a3 (0 ) (kL)

1=0

p—1

— ot ¢ 0\p-1-j
= U Z f(cz‘pk—&-cwp 1)Z

1=0

-1

(CU H_] Z f(czp J1rcwp(1))(07’)p I

1=0

= (cu)t+J Z_:Of(m +pr1) p—1-j

= ht,k(f)(c(igpa})
= [b-hj e (H)](up 1)
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and so h'; (b- f) = b- R}, (f) forall 1 < j < p—1. Therefore, hf; ; is an Fy[Z,]-
homomorphism for all 1 < j<p—1and 0 <t < p—2. We need to show that
the hé’k are surjective. If g € Indﬁ%,l(vkﬂ), then define f & Indg;,;(vt) such

that f(,ptyn 1) = —Pg(up?) forall 0 <i<p—Tland0<w <pFl-1
Then

p—1 . 0 p—1 _
) f(ikarwp 1)im - _g(u}p(l)) > i =0
1=0 i=0

when 0 < m < p—-2—jasl<j<m+j<p—2andby [9 pg 137].

Therefore, f € Ef k-1 and we have

Jjt+1

=0
p—1
= g1 Y e
=0
= utJrjg( u}p (1) )
- g( u?p 11} )

meaning g = h;k(f) for all 1 < j < p— 1. Therefore, h;k is surjective for all
1<j<p-—1land 0<t<p-—2. Finally, the short exact sequences are all non-
split due to Mff being uniserial as an IFp[Z,]-module by Proposition O

Then we have the unique Jordan-Hoélder decomposition of M, for all n > 1 by
Theorem [3.3.3] and Theorem [3.3.4

Example. Let p =5 and n = 2. We have 4 irreducible F5|Zs|-representations
of the form V; for 0 < j < 3. Let Eo5 := My and for all 1 < k < 24, let
Ey be the unique F5[Zy]-submodule of Eas such that dimp, (Ey) = k. Then by

Theorem |3.3.4], we have the decomposition
FEaos 2 Eop 2 E15 2 Eig 2 E5 20

where Fsmi /g =2 Ind?l(Vm) as F5[Za]-modules for all 0 < m < 4. By
2

Theorem we must have the following unique Jordan-Hdélder decomposition

of Eas
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Eoas Eoy Eos Eoo Eo91 Eso
Vo V3 Vo Vi W

Foy FEg Eg Eq7 Fig Eis
Va Va Vi Vo V3

Eis Ehg Ei3 Eq9 E1q Eqo
Va Vi Vo Vi Va

E1g Ey Eg E; Fg Fs
Vi Vo V3 Va Vi

F Fy E3 E, Fy Eyp.
Vo V3 Va Vi W

In particular, using Theorem [3.3.3] and Theorem [3.3.4] we have shown the

following.

Theorem 3.3.5. For all n > 1, let Eyn := My and let E; be the unique
IF,[Z,]-submodule of Eyn such that dimg,(E;) = i for all 1 < i < p". Define
dy, = pn%ll. Then we have Epn/Ep”fl = Vy and

Em(i’—l)%“/Em(p_lHk =V forall0<m<d,—1and 0 <k <p—2.

We now shift our focus to Fp[Gyp]-modules. For all 1 < ¢ < p" we let
K = Ind%:(Et). Then we know we have the chain of F,[G,|-modules

Kpn 2 Kpn_1 2 Kpn_2 2 2 K1 2 0
where dimp, (K;) = t(p + 1). We require the following.

Theorem 3.3.6. [22, Theorem 2.2.9] Let H < G be finite groups and R a

commutative ring. Suppose there exists an exact sequence
0=U—=V—=W=0
of R[H]-modules. Then we have a short exact sequence of R[G]-modules

0— Ind% (U)— Ind% (V)= Ind$ (W) —0.
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In particular, if U is an R[H|-submodule of V', then

mdfy (/o) =Y g )

Therefore, we define o; 1= Ind%Z(Vt) for 0 <t < p—2 in order to follow the
notation as seen in [I8, Chapter 7]. Then using Theorem we have the
short exact sequence

0—Kpn_1—Kpn—00—0

and forall0 < m < d, —1and 0 <t < p—2, we have the short exact sequences
of IFp[Gp]-modules

O_>Km(p—1)+t_>Km(p—1)+t+1_>‘7t_>0-

We also see from [I8, Chapter 7] that the irreducible F)[Gy]-representations
take the form

i—1 1-j
Tl =Sym’ T ®@det’ 2 or Tjo=T;1®T

for j € {1,3, ..., p} where 7 is the non-trivial 1-dimensional IF,,[G, |-representation.
Here, Symj ~1 can be viewed as degree j — 1 homogeneous polynomials over F,

in two variables, which is acted on by G, by linear substitution, and
det : GLo(Z/p" ' Z)—TF

is the determinant function.

We also see from [18, Chapter 7] that o; = 01— as le[gn]—modules for all
1<t< %. Also, 09 = F, @ St as F,[G,]-modules where St = 7,9 is the
Steinberg representation and Op1 =00QT =TS (St ®7). For the remaining
representations, we have 0°® = 794111 @ 7p_os2 forall 1 <t < %. We in fact

have the following.

Proposition 3.3.7. Letn>1 and 0 <t < P=L  Then we have the short ezact

sequences of Fp[Gp|-modules

0_>Tp—2t,2_>0t_>7'2t+1,1 —0
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. . p—1
which splits only when t € {O, T}

Proof. Let W be an irreducible F,[G,]-submodule of o¢. Then we know W

must either be 794111, 7p—2¢2 or both. Let

Wa ="/ -1yw: hem)
for H < G,. Then as oy = Ind7"(V;), we have

HOmIFp[gn} (W, O't) = HOI’H]FP[I”] (W, ‘/t)
= Homg,(Wz,, V2)
= Hom]Fp[I"/Pn] (an, V;f)

We know that Py, is generated by (,,7), (741 9) and (}1). Therefore, we would
like to view the action of W on these matrices. As W is an irreducible F,[G,]-
representation, we can view W having an underlying representation isomorphic
to either 751 or 72 for j € {1,3,...,p} as defined earlier. Firstly, if we let

det : GLo(Z/p" ' Z)—IF) be the determinant map, then
det(59) =det(PF1 V) =1.

Also, as Symj ~1 can be viewed as degree 5 — 1 homogeneous polynomials over

[F,, in two variables, which we denote IFp[u, v], then
(19) - ~10i = (u ot po) 10l = o1

and
P10y L j-l—i i _  j-1—i
(Por])-u v = v’

Therefore, this shows that these matrices fix 751 and 72 for all j € {1, 3, ..., p}
and so Wp, = Wy, where H,, is cyclic. If @ is a representative of a coset in
In/ P, the representation underlying ;411 maps @ to a~! and the representa-
tion underlying 7,_2;2 maps @ to at. Hence for Wy, = V; where V; maps @ to
a, then we must have W = Tp—at2 forall 0 < ¢ < % and further, W = 19411
for t € {0, %} O

We can now look for the other FF,[G,]-submodules of K. Let Jy,,; be the
unique Fp[G,]-modules such that K, ,_1)11 & Jmt & Kpp1)4e41 for all

=
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0<m<d,—1and 1<t <p-—2such that t # %. Then we have the short

exact sequences

O%Km(p_l)ﬂ—%]m’t—ﬂ'p,gt,g—)o

and

0_>Jm,t_>Km(p—1)+t+1—>th+1,1—>0-

Fort = p%l, there exist IF[Gy]-submodules I'y,, Ay, for all 0 < m < d,, — 1 such

that we have the short exact sequences

0—>Km( p—1— 1 —7—0

=)+
and

0—>Km(p71)+p51 — Ny — St @T—0.

Finally, there exists IF,[G,]-submodules ©,,, Ay, for all 0 < m < d,, such that

we have the short exact sequences
0—>Km(p_1)—>@m—>IFp—>O
and
0—>Km(p_1)—>Am—> St —0
where K¢ = 0. In particular, we have ®y = IF, and A9 = St. Therefore, we

have shown the following.

Theorem 3.3.8. Let n > 1 and d,, = %. Then we classify all F,[G,]-

submodules of Ind%ﬁl (F),) and their dimension as Fy-vector spaces as the fol-

lowing:
1. Ky for 1 <t < p" such that dimg, (K;) = t(p+ 1),

2. Jpp for 0 < m < d,—1land 1 <t < p—2,1 # p%l such that
dimg, (Jm,t) = [m(p+1) +t](p—1) +p,

3. Ty for 0 <m < dy—1 and dimg, (T,) = m(p? — 1) + E51,
4. Dy for 0 <m < dp —1 and dimg, (Ar,) = m(p* — 1) + % 1,
5. Om for 0 < m < dy, and dimg, (0y,) = m(p* — 1) +1,

6. Ap for 0 <m <d, and dimp, (Am) =m(p?—1) +p.
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We show on the next couple of pages the diagrams of the decomposition series

of Kyn for p # 3 in the first case and p = 3 in the second.
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Ksn
/ IF?)
Oq, Aqg,
N %
Ks3n_q
\
Ag,—1
_er
Ks3n_o

O, —1 Nd,—1
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3.3.2 Cohomology of F,[G,|-modules

We now want to find the cohomology of the FF,[G,]-modules with respect to
subgroups of G,,. We first look at the cohomology associated to G,,. For this, we
will require the cohomology of the IF, [Z,,]-modules associated to Z,,, denoted Fy
in the previous section for 1 <t < p™. This will require looking at the cohomol-
ogy of the irreducible IF, [ B, ]-representations with respect to B,,. We look at the
n = 0 case first. We have already seen that the irreducible IF,-representations
of By are all 1-dimensional and take the form V; for t € Z/(p — 1)Z with char-
acter B : Bop—IF such that

Bi(BY) =
Lemma 3.3.9. We have

F, ift=0,

0  otherwise,

HO(Bo, Vi) = V2 = {

and
F, ift=1,

0  otherwise,

H' (Bo, Vi) = {

Proof. The first part comes from the fact that 8;(b) = ¢! forall 0 <t < p—2
and this is equal to 1 if and only if ¢ = 0. Here, b = (§) as defined earlier.

For the second part, Ho = (y) is a normal subgroup of By with quotient isomor-

phic to Dy where y = ((1) %) as defined earlier. Therefore, as Hy acts trivially

on V; for all 0 <t < p— 2, we have the exact sequence
0— H'(Dy, V;)— H' (By, V) = Hom (Ho, V;) 0 — H? (D, V3).
As Dy is cyclic of order p — 1, then for all 0 <t < p — 2, we have
H' (Do, Vi) = H*(Do, Vi) = 0

and H' (B, V;) = Hom(Ho, V;)P0.
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Now, Hy is a cyclic group of order p, so Hom(Ho, V;) = F), generated by the
mapping f such that f(y) = 1. Dy acts on f by (b- f)(h) = b- f(b~1hb) for
h € Hg. Therefore, b= lyb = (é C?) and so

(b)) =b-f(§e") =b-ct=c
As c generates IF, then f is fixed by b only when ¢ = 1. Therefore, we have

F, ift=1,

0  otherwise,

Hom (H, V;)Po = {

which gives our result. O]

We now look at n > 1. The kernel of the surjective reduction mapping B, — By
is a normal p-subgroup of B,. Therefore, the irreducible IF)-representations of
B,, are the irreducible [F)-representations of By. Therefore, as the irreducible
IFj-representations of B, we see for V; with t € Z/(p —1)Z and p; : B,—F)
we have

Bi(hY) =" +p(zZ/p"'Z).

We would like to calculate the cohomology associated to these irreducible

IF),[B,,]-representations.

Proposition 3.3.10. For alln > 1, we have

F, ift=0,

0  otherwise,

HO(By, Vi) = VP = {

and
F, ifte{0,1},

0  otherwise,

H'(B,,V;) = {

Proof. The first part is identical to the proof of the first part of Lemma [3.3.9]
For the second part, we deal with the t = 0 case first. We know B,, acts trivially

on IF), so we have
H'(B,,,F,) = Hom(B,,F,) = F,

by Proposition B.1.7. We now look at the case 1 < ¢t < p—2. We have
that H, = (y) is a normal subgroup of B, with quotient isomorphic to D,,.
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Therefore, as H,, acts trivially on V; for all 1 < ¢ < p— 2, we have the exact

sequence
0— HY(D,, Vi)— HY(B,,, Vi)—= Hom(H,,, V;)Pr— H*(D,,, V).

We first look at Hl(Dn, V;). There exists a surjective mapping D,—Dy with

pgl ?) Therefore, as Dy is cyclic of order p — 1, then
H! (Dy, Vi) & Hom(D,,, V;)P0 as D, acts trivially on V;. Now, Hom(Dj, V}) is

generated by f such that f(pJ(g1 ?) = 1. Then

kernel D,, generated by (

(b D) = f(r ) = 1

as 1 < t < p—2. Therefore, H'(D,,,V;) = 0 for all 1 < t < p—2. Also,
by the Herbrand quotient, we have H?*(D,,V;) = 0 for all such ¢ and so
H'(B,,, Vi) = Hom(H,, V;)Pn.

~

Now, as H,, is a cyclic group of order p"*!, then Hom(H,, V;) = IF, is gener-
ated by the mapping f such that f(y) = 1. Now, we know D,, acts on f by
(b- f)(h) =b- f(b~'hb). Therefore, as b~'yb = (}¢'), then

(- D) =b-f(§e ) =b-c7 =
As c generates IF;, then f is fixed by b only when ¢ = 1. Therefore, we have

F, ift=1,

0  otherwise,

HOHI(Hna ‘/t)Dn = {

which gives our result. O]

We now shift our focus to I,’fb for 0 < k < n. As before, the kernel of the
surjective reduction mapping If,f — By, is a p-group, so we know all the irreducible
IF, [Z*]-representations for all 0 < k < n as we know the irreducible IF,[By]-
representations. We now calculate the cohomology associated to the irreducible

IF,[Z%]-representations.
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Theorem 3.3.11. For all 0 < k < n, we have for 0 <t <p—2

F, ift=0,

0  otherwise,

k
HO(ZF V) = v = {

for p # 3, we have

HY(ZF, V;) = F, ifte{l,p—2} ort=0andk>1,
" 0  otherwise,

and for p = 3, we have

F3 ift=1andk <n,
HYZF Vi) =S Fs ift=1andk=nort=0 and k > 1,

0  otherwise,

In order to prove this, we shall require the following.
Lemma 3.3.12. For all n > 1, we have Hom(ker(uy,),F)) = ]Fg.

Proof. We shall show this for the n = 1 case first. There exists a group iso-
morphism

ker (p11)—IF5
(') = (1)

(a};Zl blp) (7‘1;—;1 slp> _ ( (a(—l—_:);;;—l (bl—i—s)p)'

as

Therefore, we have

Hom (ker(p1),F,) = Hom(IF3, F,) = Fs.

We now want to prove this for n > 1. We have y,, = p1 o pk. This is a surjective

group homomorphism and we have the short exact sequence

1
0— ker (L) — ker (1) 22 ker(p1)—0.
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3.3 MODULAR REPRESENTATION THEORY OF (G,

This induces

Hom (ker (y,,), Fp,)— Hom (ker(p,,), )

2

0— Hom (ker(p1),Fp)

where pl(s) = sopl and the second map restricts the group homomorphism
to ker(p)). Let s € Hom(ker(un),Fp). Then if we let (2%) € ker(yu)), we

have
(43) =D DY)

where

S o

(D=6 (PH=08Dm GH=GD

for some 0 < m < p"~! — 1. Therefore, as s is a group homomorphism to IFp,
then
€10
S(i?) = *S(p ) =0
p
and similarly for the others. In particular, this ensures that s restricted to

ker(ph) is trivial implying pl is an isomorphism. O
We also require the following.

Lemma 3.3.13. For all 1 < k <n, we have an isomorphism

ker (suy;) 2 ker ().
Proof. The isomorphism comes from the mapping

(upk+l_'_1 ’Upk+1> . (up+1 Up)
wpk+1 1 wp 1

for 0 < u,v,w < p" % —1. n
Therefore, we have the required information to prove Theorem [3.3.11]

Proof of Theorem (3.3.11. The k = n case has been proven in Proposition|(3.3.10
as I = By, sowe let 0 < k <n—1. If (4%) € ZF, then the action on V; is

(U’l}

k
YY) .1=ul. Therefore, we have our result for Vtz”.
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Now, we have ker(u¥) < ZF and Iﬁ/ker(ﬂk) = Bj.. We also have

n

ker(;h) = <(p,}+1 (1’), (pk+g+1 (1))7 (épk1+1>>.

Therefore, ker(uf) acts trivially on V; for all 0 < ¢ < p—2 and we have the

exact sequence
1 17k k B
0— H' (By, Vi) = H'(Z,,, Vi) — Hom(ker (s1y,), V2)*.
We see from Lemma [3.3.9 and Proposition |3.3.10| that

F, ift=1andk>0ort=0andk > 1,

0  otherwise.

H' (B, Vi) = {

We now want to show

F, ift=p—2
Hom (ker(pk), V)P 22 ¢ 7 50— P
0  otherwise.
By Lemma [3.3.12| and Lemma |3.3.13] we have seen that any element in

Hom (ker (4 ), V) = Hom(ker (1), Vi)

factors through to an element of Hom(ker(ju1),V;). Therefore, we can assume
n =1and k = 0. The action of By on ker(x) factors through the action of By
on ker(p1).

We have seen in Lemma |3.3.12| that there exists an isomorphism of groups

ker (p1)—IF5

ap+1 bp a
("5t 7) = (8):

In particular, as the action of an element m = (¢ {) € By on

g= (“’gl b{’) € ker(u1)
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is

()5 ) (61)

= (et ) (ai)
(B )
(

(a—2cs)p+1 ril(as—l—b—csz)p)
crp 1 ’

Therefore, the action of By on ker(p;) using the isomorphism is

a a—2cs
m- <b> = (rl(as+b—052) >
¢ cr

and the matrix relative to the group action is

10 —2s
<r_1s ! —r_lsQ)-
0 0 T
This has characteristic polynomial (1 —A)(r~! — X)(r — \) and so the semisim-

plification of ker(u1) as an IF,[Bp]-module is Vo & Vi & Vj—a.

The only irreducible IFp[By]-submodule of ker(u) is generated by the element
(g) which has By-representation Vi. Hence, the matrix of the action of By on

ker ) /(1))

is (§ 7). Therefore, the only irreducible IF,,[Bo]-submodule of this quotient
is generated by the element ( §) which has By-representation Vy. Therefore, we

have the unique Jordan-Hélder decomposition of ker(yu) as an IF,[By]-module

ker() ————((§). (§)) ———((}) 0

Vp—2 Vo Vi

Therefore, we must have

F, ift=p-2,

Hom(ker(ul)ﬁ/;f)BO = { 0 otherwise
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as the kernel of an element in this group must be a 2-dimensional IF,[By]-
submodule of ker(p;) and we have shown by its unique Jordan-Holder decom-

position that the only such one has quotient isomorphic to V,_o.

Now, we know from [I8, Chapter 7] that Indg}; (Vi) = Indg}; (Vp—1-¢) for all
1<t< p%?’. Therefore, we have

HY(ZF, Vi) 2 H (G, Ind$y (Vi) = H (G, IndSy (Vpo1-4)) 2 H(ZF, Vpo1-0).

Therefore, we only need to look at the cases for 0 <t < 2 ;1 when p # 3, where
1

we have Hom (ker(z£), V;)Br = 0 meaning H'(Z¥,V;) = H' (B}, ;).

Finally, when p = 3, we want to show that the restriction mapping
res : HY(Z¥, V1) — Hom (ker (pF), v )P
is surjective as this would imply that we have the short exact sequence
0—TF,— H'(ZF, V1) —=F,—0,
which would give our result. We have seen that Hom(ker(p¥),V1)Br =2 (f)
where
a
e)=e
Define p : ZF—V; such that

b
p(gkﬁlc 1) =c.

Then as
( a b)( r S) _ (ar+3k+1bu as+b )
ghtic )\ 3" u1) = 38 (er4u) 3FHes+1
and
r S a b
(3k+1u 1) ' p(3k+lc 1) = 7,

then we see that [p] € H'(Z¥ V) such that res([p]) = f. Therefore, res is

surjective in this case and so we have our result. O]

We now look at the cohomology of F; for 1 < ¢t < p™ with respect to Z,,. We
look at the fixed module first.
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Lemma 3.3.14. For all 1 <t < p", we have EtI” =TF,.

Proof. We know Z,, acts trivially on £y = IF,. Therefore, ElI" = F,. We also
see that as Eyn = Indg (IF,), then ngf = JF5» = IF,. Therefore, as for all
1<t <p" wehave By C By C Epn, this gives our result. O

We can now look at the cohomology groups H'(Z,, E;) for 1 <t < p". As
E; =T, by Theorem [3.3.11} we have H'(Z,, Ey) = 0. We also look at the E

cases for 1 < k < n.

Lemma 3.3.15. For all1 < k <n, we have Hl(In,Epk) =F,.

Proof. We have seen that Ex = Ind% (FFp) for all 1 <k <mn, so we have
HL(Z, By) = H(ZE F,)

by Shapiro’s Lemma. We then use Theorem [3.3.11] O

We can now start to calculate the cohomology of E; for the other values of ¢.
We have already seen that Hl(In, E;) =0. Forall 0 < m < d, — 1, we have

the short exact sequence
O—>Em(p,1)+1—>Em(p,1)+2—>V1—>O

which induces

0= H (Zn, Eppp1y+1) = H (Zny Epyp1)+2)—Fp
when p # 3. If p = 3, this induces

0= H (T, Epp1)41) = H (s Epyp1)42) —F
We also have the short exact sequence

0=Enp-1) k= Enp-1)+kr1=> V=0

for all p > 3 and 2 < k < p — 3. Therefore, by Theorem [3.3.11, we have

I‘I1 (In, Em(p,1)+k) = Hl(I’rh Em(pfl)-i-k-‘rl)‘
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We then have the short exact sequence

0= (p—1)4p—2 By 1) (p-1) = Vp-2—0
which induces

0— HY(Z,, B (p—1)4p—2)— H'(Z,, Elmi1)(p—1)) —Fp-

Finally, 0 <m < d,, — 1, we have the short exact sequence

0= Em+1)(p-1) 7 Eme1)(p-1) 41 Fp=0
which induces

0—=Fp—H'(Zn, Bty (p-1) = B (Zos Bt 1) (p—1)+1) 0.

We see from these exact sequences and Lemma [3.3.15] that for all 1 < k < n,
we have H'(Z,, Ej_y) & ]FIQ). However, we cannot show precisely the exact
first cohomology group for each module, but using magma [7], we can suggest

the following.
Conjecture 3.3.16. For alln > 1, we have

0 ift=1,
HY(Z,, By) = F2 if p—1t,
F, otherwise,

We can now look at the cohomology of the F,[G,|-modules with respect to G,,.
We first recall all the possible IF,,[Gy|-submodules of Indlggz (FF,) as seen in The-
orem [3.3.8] Let n > 1 and d,, = Z;j%ll. Then we classify all IFy[Gy,]-submodules

of Ind%’; (F),) and their dimension as IF,-vector spaces as the following:

1. K for 1 <t < p" such that dimg, (K;) = t(p+ 1),

2. Jpp for 0 < m < d,—1land 1 <t < p—-2 1t # % such that
dimg, (Jm,t) = [m(p+1) +t](p—1) +p,

3. I'yy for 0 <m <d, —1 and dimle(I’m) - m(p2 ~1) _|_1>2T+17
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4. Ay, for 0 <m < dyp — 1 and dimg, (An,) = m(p* — 1) + @ -1,
5. Oy, for 0 < m < d,, and dimg, (@,,) = m(p? —1) +1,
6. Ay, for 0 < m < dy and dimg, (Ay) = m(p* — 1) +p.

We look at the fixed modules first.

Lemma 3.3.17. Let n > 0 and W be an F,[Gy]-submodule of Kyn. Then we

have

om0 0 if W= Ay,
B F, otherwise.

Proof. As Ejyn is uniserial as an Fp[Z,]-module with composition series
Ep 2 Epn_12...2F 20,

then we have the series
Kp 2 K12 ...2K1 20

and all other FF,[G,]|-submodules of Kp» must lie between K; 1 and K; for
some 1 < ¢t < p" with Ky = 0. If W is an [F,[G,]-submodule of K, such
that K1 C W, as th” = Etz” =, for all 1 <t < p" by Lemma [3.3.14] then
W9 2T,

If W is an Fp[Gy]-submodule of Ky such that W C Kj then W € {®g, Ag}.
As ©g = IF,, then G)g" = IF,. We have a short exact sequence

0—IF,—K1—A¢—0
which induces
O—>IFp—>]Fp—>Ag"ﬁ0
by Proposition . Therefore Aog” = 0 and we have our result. [

Now we move on to the first cohomology groups. By Shapiro’s Lemma, we have

H'(Gn, Ky) = H'(T,, Ey)
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for all 1 <t < p". Therefore, we want to find the cohomology of the other
F,,[Gy]-submodules of Kp». We will assume Conjecture (3.3.16 To do this, we
need to further understand the irreducible IF)[G,|-representations. We have the

following.

Lemma 3.3.18. Let i € {1,3,...,p}, j € {1,2} and 7;; be the irreducible

F,[Gy]-representations. Then

790 o~ Fp ifi=j=1,
bl 0 otherwise.

Proof. We have TZ%T’ = Homyg,, (IF},, 73 ;) by definition. Then by Schur’s Lemma,

we have our result. O

We start with the smaller sized modules first. As G,, acts trivially on IFp, then
by Proposition [3.1.6, we have H'(G,. F,) = 0. We know that o9 = IF, & St, so

we have the short exact sequence
0— St —0op—IF,—0

which induces
0—TFp—TF,— H'(Gp, St)—0

as St = HY(G,,, 00) = 0. Therefore, we have H'(G,, St) = 0.

Let 1 <t < 1%3. Then by Proposition , we have the short exact sequence
0—=7p—2t2—0t—T2t11,1—0

which induces
0— Hl(gn, Tp—2t,2)_> I‘I1 (gn, O't).

For all 2 <t < 222 we have H' (G, Tp—2t2) = 0 as H'(Gp, 0¢) = 0.

We know that we have a short exact sequence

O_>Km(p—1)+t_>Jm,t_>7-p—2t,2_>O
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forall0 < m<d,—land 1 <t < %. Therefore, this induces the exact
sequence
0—Fy— H' (G, )= H' (G, 7p21.2)

as Tg 9t2 = 0 and H'(G,, K,,

sequence

m(p— 1)+t) = [F,. We also have the short exact

0= It = Ko (p—1) 441 T2t 41,10

which induces
0— Hl (gm (]m,1f)_>IFp_> Hl(gn, 7_2t+1,1)

n ~7 n ~ 1 ~Y n _
as Jg >~ K9 (p D1 = H(Gn, Ko (p—1)4441) = Fp and 72gt+1,1 = 0. There-

fore, we have H' (Gn, Jmt) = F,,.

2
p # 3, then H'(G,, ) = H'(G,,St®7) = 0. Therefore, as we have the exact

sequences

For t = 251 as Op1 = = 7® (St®7) and a%"l = H! (gn,a,,;l) = 0 when
2 2

0—>Km(p_1)+p%1—>l"m—>r%0, O%Km(p_l)jL%—mm% St @T—0,

then we have H'(G,,T,,) = HY(Gn, Ay = HY ((]n,
0<m<d,—1.

(1)1 251) = Ty for all

If p = 3, then 0" = 0 and H'(G,,, 01) = F%. Also, as 01 = 7 ® (St ®7), then
H'(Gn, 1) = H!(Gn, 7) © H' (G, St @7).
Therefore, we will find H!(G,, 7). We have the exact sequence
0— H'(Gy, 7)— H' (Gy, 7)— Hom (ker(p,, ), 7)9
as ker(uy,) acts trivially on 7. As for all elements ({{) € By, we have
=",

then the action of By on Hom(ker(uy,),7) is identical to the action of By on
Hom (ker(uy,), V1) as seen in the proof of Theorem [3.3.11] Therefore, we have

Hom (ker (1), 7)50 2 (f) = F3
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where

However, we see that

Therefore,
Hom (ker(,,),7)9 = 0,

and so H'(G,,7) = H'(Go, 7). We can verify that H'(Gy,7) = FF3 by using
magma, [7]. Therefore, we must also have H'(G,,St®7) = F3. As we have

short exact sequences
0— Kopm41—1m—7—0, and 0—=T'm— Ky (1) StRT—0
which induce sequences
0—F3—H(G,,Tn)—Fs  and  0—H(G,,T,,)—Fi-Fs;.

Therefore, we must have H'(G,,, ;) € {IF3,F%}. However, we cannot determine
which it is. The case is identical for H' (G, A, ).

We know that for all 1%1 <t <p-—2, we have oy = 0,_1—¢. Therefore, we have

for % <t<p-—2,0° = Top_2t-11D T22-p2 and the short exact sequence
0—=Tot42—p2—0t—Top—2t—1,1—0.

From above, we already know that 72%12_1)72 = 7'2gp”_2t_1’1 = (0 and for t # p—2,
H! (Gn, T2t+2-p2) = 0. Therefore, we obtain the results similar to earlier, which

are the exact sequences
O_>]FP_> H' (gna Jm,t)_> H! (gna 7-2t+27p,2)

and
0— Hl (gn; J’rn,t)_ﬂ]-:"p_> Hl (gna 7—2p72t71,1)
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showing that H! (Gn, Jmt) = [F,. Finally, for all 1 < m < d,,, we have the short
exact sequences

O—>Km(p_1)—>Am—> St —0

and

0=Om— K, (p—1)41—> St —=0.

Therefore, as St9 = H'(G,,, St) = 0, then
Hl(gn, @m) = Hl(gn; Km(pfl)-&-l) = ]FP

and H' (G, Ar) = HY(G,, Kinp-1)) = IF2 similarly. Therefore, assuming Con-
jecture |3.3.16| we have the following.

Conjecture 3.3.19. Let p > 3 and W be an F,[G,]-submodule of Ind%’; (Fp).

Then we have

0 if W e {@Q,Ao,Kl},

HY (G, W) 2 B2 if W € {K, 1), Am i 1 <m < dy}

F, otherwise.

We now look at the cohomology with respect to A,. We look at some results

for general n.
Lemma 3.3.20. Let n > 0. Then we have ]Fl“fl” =T, and

F, ifn>1,

H'(A,,F,) = H%(A,,F,) =
( p) ( ») {0 =0,

Proof. We know A,, acts trivially on IF, so the first part is true. Therefore, we

have

H' (A, Fp) = Hom(A,, Fp)
= Hom(Z/p"(p+1)Z,F,),

which gives our the second result. Finally, the Herbrand quotient gives our

result as A,, is cyclic. ]
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We want to find H' (A, Kyn). We know that we have an IF,[G,]-isomorphism
Ky = Indy (F,) 2 Maps(P}—1TF,).
Therefore, we can prove the following.
Proposition 3.3.21. For alln > 0, we have KZ“)‘}L” =TF, and
HY (A, Kpn) = H2(A,,, Kyn) = 0.

Proof. As A, acts transitively on IP., this gives the result for the first part.
Also, this implies that there only exists one orbit and so by Proposition [3.2.3

and as A, is cyclic, we have
H' (A, Kyn) = Fy[|Staba, (P)]].

However, by the orbit-stabiliser theorem, Stab 4, (IPL) is trivial which gives our

result. The final part follows from the Herbrand quotient. O
Using this, we can show the following.
Lemma 3.3.22. For alln > 1, we have

A 2 H (A, Ag,) = H(An, Ag,) = F.

Proof. We know that we can view
Ag, = {f P —F,: > f(C) = 0}.
C

We have
K;}ln:< 3 ec>g]1:p
CeP;,
where ec is the characteristic function for C'. Hence, this generating element
lies in Ai” and this proves the first part. For the second, we have the short
exact sequence

0—Ag, = Kpm—IF,—0
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which induces
0—TF,—F,—F,— H' (A,, Ag,)—0

as Hl(.An7 Kpn) = 0. The final part follows from the Herbrand quotient. O

We now want to find the cohomology of the other IFp[G,]-submodules of Kpn
with respect to A,. In order to find these, we need to find the cohomology of
ot by A, for all 0 <t < ]%1. We know that

or ={f : Gn=Vi: f(gh) = Bi(g) f(R) for all g € T}

with group action (g- f)(¢') = f(¢'g). We have also seen that elements of the
quotient Z,,\G,, can be represented by powers of the element v, := oznpn where

ay, is a chosen generator for A,. We can now look at the cohomology on oy

n—1 .
with respect to Ap. Let m, := 3 (—p)’. We see for 0 < j < p that
=0
U%an = a,njp”—l—l — Oén(j+(_1)n)pn+77n(p+1) _ anﬂ-n(p_;'_l)v%_‘_(_l)n

and so if f € o, then

as apPtl € U, and B is trivial on U,,. Therefore, if f € Jf‘”, then f must

constant on v for all 0 < j < p. Hence, we have f generating of" where
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f(gv%) = Bi(g) for all g € Z,. Now, as A, is cyclic, we wish to calculate
ker(Nmy, : oy—0¢). Let p € oy Then

i
3
bS]
+
=

, )-1 |
N, (p)(gvi) = (™ - p) (9vh)

3
3
=3
+
—_ O
L

p(gv%anm)

s
3
<3
T
— ©
AN

p(gon ™" )

3
3
<3
T
—_ O
L

ﬁ
S
3
S)
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I —
Y
-

o

[
IS
Yo
Q
N—

p(v%+m(—1)">

3
3
=
3
F
—_
-
|
—_

i
[en)

I
=
3
o
~~
N
N—
)=
e
/N
S
3
N———

i
[en)

Therefore, we have ker(Nmy,, ) = o4 In particular, we have
Hl(Am Ut) = Ut/im(an—l)'

Now, as 07" 22 FF, for all 0 < ¢t < 221, then im(cy, — 1) is an IF,[A,]-submodule
of o4 that has dimension p as an IF,-vector space. Therefore, by the Herbrand

quotient and that o are all finite IF,,[G,,]-modules, we have proved the following.
Lemma 3.3.23. Foralln>1and 0 <t < %, we have

of'" =2 HY (A, 00) 2 H2(Ap,00) 2 F,,.

We know that o9 = F, ® St, 0p-1 = 7@ (St®7) and for all 1 < ¢t < %,
2

0 = To141,1 @ Tp—2t,2. For t = 0, we know that

Fi'» = H'(A4,,F,) = H*(4,,F,) = F,.
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We also see that
K| 2 gg {f:IP}L—ﬂFp:f(C) =1p ifCDDe]P})}
and

:PL—F,: f(C)=tpif CODeP;, > tD:o}.
DelP},

>
o

12
w2
-+

1

—N—

—

Now as

Kl”:< > €C>gﬂ:p7

CeP},
we will show that this element does not lie in Ag. For this element, we see that

tp = 1 for all D € P}. However, as |P}| = p + 1, we have

d tp=p+1=1#0.
DelP},

Hence, A()A” = 0. In particular, as A, is a cyclic group, then H?(A,, Ag) is
a quotient of A()4” meaning H?(A,, Ag) = 0. We also see that the Herbrand
quotient is trivial as Ag is a finite IF,[G,]-module and so H' (A, Ag) = 0.

For1 <t < ’%3, we have the short exact sequence
O_>Tp—2t,2_>0t_>7_2t+1,1_>0
which induces
0—>71;4f2t72—>1Fp—>72“§11’1—> H! (An, Tp—2t2)—

—>le—> H1 (.An, T2t+171)—> H2 (An, Tp,2t72)—>IFp.

We will show that there are three potential outcomes. From the exact sequence,

we must have 71;4_"2,572 € {0,F,}. If 7-;)4_"%72 = 0, then as A,, is cyclic,

Hl (ATU Tp—2t,2) = H2 (Ana Tp—2t72) =0.
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This implies that
A ~ 1 ~U 2 ~
ot 1 2 H (An, mar411) = HY (A, 72e41,1) = .

If 7' o0 = IFp, then HY (An, p-202) = H2(Ap, 7p_2t2) € {0,FF,}. If they are
0, then this implies 7'2“;‘111 = 0 and Hl(An,TgtH 1) = F,, which contradicts
the Herbrand quotient. Therefore, if 7 2t o = 1F,, then

Hl (Ana Tp—2t,2) = H2 (An, Tp—2t,2) & IFp'

If this is the case, then we either have

i1y = B (An 11,0) = B2 (A, r1,2) = 0
or
T;}Jrl 1 — H (Anv T2t+1, 1) Q(An, TQt+171) & ]Fp-

Therefore we have three potential outcomes, for which the first and second

cohomology groups are isomorphic to the fixed modules.
L7 2t2_0and T2t+11_]Fp’
2. T 2t2_IF and7'2t+11 0,
3. T Yoo = Fp and thim = ).

For t = 5=, then we have

w(g) = det(9)"T = (W)

p

This mapping is not trivial on A,, so 74" = 0. As 0p-1 =7 @ (St ®7) and
2
An ~

Op-1 =
2

IF,,, then we must have (St ®7)“" = F,. Therefore, as

I

Hl(An,a%) H% (A, 0p-1) = TF,

2

and A, is cyclic, then by the Herbrand quotient, we have

H' (A, 7) = H2(A,,7) = 0
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and

H' (A, St ®7) = H?(A,, St ®7) = F,,.

For % <t < p-—2, weend up with the exact same outcome asthe 1 <t < %
case. We can now calculate the cohomology with respect to IF,[G,]-submodules
of Kyn. We first look at the fixed modules.

Lemma 3.3.24. Let n > 1 and W be an F,[G,|-submodule of Kyn. Then we

have
WA"%{ 0 if W = A,

IF, otherwise.

Proof. We have seen that the only F,[G,]-submodule of K,» that doesn’t con-
tain @y = IF, is A and if W contains IF,, then WAn = IF, as K;;}L" =T, We
have already shown that A()4” = 0 which gives our result. O]

We now start with the smallest modules. We have the short exact sequence
0—IF,— K1— St =0
which implies that H (A, K1) = H'(A,,,F,) = F, as St» = H!(A4,,,St) = 0.
For all 0 < m < d, — 1, we have the short exact sequence
O—>Km(p,1)+t—>Km(p,1)+t+1—>at—>0
for 0 <t < p—2. Then this induces
0—F,— H' (A, Kon(p-1)41)— H' (A, Kpn(p-1)+41)—Fp

An ~ An ~ .An ~ 1 ~J .
as Koo gy = Kol e S ot = H (A, 0¢) = Fp,. This shows that
F, < H! (A, Kpp-1) +¢). Therefore, as A,, is cyclic, then by the Herbrand
quotient and Lemma [3.3.24] we have H' (Ap, Km(p—1)+t) = IF,. Also, we have

shown that H* (A, K,y 1)44) = Fp.

We also have the short exact sequence

0—Kpn_1—Kpn—00—0
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which extends to
0—TF,—F,—F,— H' (A,, Kyn_1)—0

as Hl(An, Kpn) = 0. Therefore, this shows H! (A, Kpn—1) =2 F),. We also see
that H? (Ap, Kpn_1) = Fp by the Herbrand quotient and therefore, we have

shown the following.

Proposition 3.3.25. We have

I

F, ifl<t<p"—1,
HY (A, Kp) 2= H2( A, K { p Hlsts<p

0 ift=rp".

We now look at the intermediate Fp[Gy]-submodules. We already know the
results for ®p and Ag. We look at the intermediates J, for 0 < m < d, —1
and 1 <t < %. We have the short exact sequence

O—>Km(p_l)ﬂ—ﬂm,t—wp_gt,g—w

which induces

0774, 5 —Fp— H' (An, Jin )= H' (An, Tp—2t.2) =TFp.
We also have the short exact sequence

0= T t= Ko (p—1) 4141 T2t4+1,1—0

which induces

O—)Té;‘i171—> HY (Ap, Jynt)—=F,— H (A, mor41.1)—TFp.
If Tﬁ‘%z = 0, then H'(A,,7p-22) = 0 and the first sequence implies that
H' (An, Jms) = Fp. Similarly, if 7547, ; = 0, then H' (A, 7a1411) = 0 and the

second sequence implies that H' (A, Imt) = Fp. Also, if

Topt1n =Ty EH (An, mar11) = H (An, 7p-2t2) = TFy,
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then the first sequence induces
0— H' (Ap, Jint)—F,
and the second induces
0—TF,— H' (A, J)

meaning Hl(An, Jm,t) = IFp. Therefore, we must have H! (An, Jmt) = F,. The

case for p%l <t < p—2 can be proved similarly.

For t = p%l, we have the short exact sequences

0—>Km(p71)+%—>lﬂm—>r—>0

and

+1—7—0.
p—1)+E

O—>Am—>Km(
Hence, we have H'(A,,,T,,) = H' (A,, Ay, = F, forall 0 <m <d, — 1.

We also have for all 1 <m <d,, — 1
0= K, (p—1) = Am—> St —0
and

0=Om— K, (p—1)41—> St —=0.

As StAn = H'(A,,St) = 0, then we have H'(A4,,0,,) = H'(A,, Ay) = F,
foralll <m <d, —1.

Finally, we have the short exact sequence
0—=0g, —Kpym— St =0

and as St = H'(A,,St) = 0, then H'(A,, 0y, ) = H'(A,, Kpn) = 0. We
also have H' (A, Ay ) = F, by Lemma [3.3.22| Therefore, we have shown the

following.

Theorem 3.3.26. Let n > 1 and W be an Fy[G,]-submodule of Kyn. Then we

have

0 if We{AyOy,, Kpl,

IF, otherwise.

H'(A,, W) = {
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3.4 REPRESENTATIONS OF PGL2(F,)

We end this section with a result with respect to B, which will become vital

later on in this chapter and the next.

Lemma 3.3.27. Let n > 0 and W be an F,[G,|-submodule of Kyn. Then
Whn £ 0.

Proof. We know that either W O ©¢ = IF, or W = Ag. For the first case, as
B,, acts trivially on IF,, then ]Fg" = IF,. Hence, Whr > IF,. Secondly, as we

can view

Aoz{f:ll’}l—ﬂFp:f(C’):thorC’DDEIPéandZtD:O},
D

then for a fixed element of P}, denoted Dy, B, acts transitively on the set of
C 2 Dg for C € P. and on the set of elements C' D Dy for C € PL. As
the number of all elements P{\{Dy} is divisible by p, then A5" contains the

function f such that
1 if C 2 Dy,

0 otherwise,

o |
Hence, AOB” # 0. O

We now have all the required modular representation theory associated to G,
when looking at the integral representation theory associated to G,,. We first

look at the n = 0 case in the next section.

3.4 Representations of PGLy(IF,)

We now look at the Z,[Gpl-lattices in V. We have that Vy = Wy is an irre-
ducible Q,[Go]-module and we have the standard lattice

Ty = {f:n)}ﬁzp:zjfm) :0}
C
in V. We want to show the following.

Theorem 3.4.1. All Z,[Go]-lattices in Vi are of the form p*Ty for some k > 0.
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3.4 REPRESENTATIONS OF PGL2(F,)
Proof. Let S be a Z,[Go|-lattice in V. Then we can scale S such that
T CSCTy

for some k£ > 1. We will show that S = plTo for some 0 < [ < k. We do
this by induction. If k¥ = 1, we let Ty := Top ® F,. Then we have seen in
the previous section that Tp = Ag is an irreducible Fp[Gp]-module meaning
S—T) is surjective as if it were the zero map then S = pTy. Therefore, by the

surjective mapping before, we must have 70/ g = 0 meaning S = Tj.

Now assume this is true for k. We have a short exact sequence
0—>T0—>T0/pk+1T0 —>T0/ka0—>0
so we can view T as a Z/p*T1Z[Gy]-submodule of To/pk+1T0. If
S/pk+1TO mTO 7& 0,

then as Ty is an irreducible Fp[Gp]-module, then Ty C S/ phtly, meaning
pFTy € S. Therefore, by induction, S = p'Ty for some 0 < ¢t < k. Hence
we can assume 5/ PEHIT NTo = 0. Then by the second isomorphism theorem,

we have g o g
/ety + 10 ~ / peigy,
To S/karlTO NTo

I

S/pk+1TO .

Hence
S T T
/pk+1zo +To _ O/ijTO ~ T
To = To p*To

S/karlTO =

Therefore, we have S C pTy. However, by induction, this implies that S = p!*1 T}
for some 0 <[ < k. O

The standard lattice in V() takes the form
(0) p| /By aps(Po—Zp).
Using this we can view all isomorphism classes of Z,[Go]-lattices in V).

Proposition 3.4.2. Any Z,[Gol-lattice in V) is isomorphic to Z, & Tp.
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3.5 REPRESENTATIONS OF PGLy(Z/p"t1Z)

Proof. Let M C V{g) be any lattice and assume M C T(j). We define
My=MnNTy =T

and mo(M) = Z, where mg : T, (0)—Zp. So we have a short exact sequence
0—=To—M—Z,—0.

We want to show this sequence splits. We have the short exact sequence

0—To—T gy == Zp—0.
This sequence induces
O%TOQMT(%)) 20 Z,—HY(Go, To)— H' (Go, To)).

As Gy acts transitively on P}, we have T, Ogo =0and T (%O) = Z,. Thus mp in
this sequence represents the multiplication—by—]]l’(l)\ map and so 7 is an isomor-
phism as |P}| = p+ 1. However, we have Hl(go,T(O)) = Hl(BO,Zp) = 0 by
Shapiro’s Lemma and as the action of By on Z,, is trivial. Therefore, we have
H'(Go, Tp) = 0. We have

Exty, g,(Zp, To) = H'(Go, Homg, (Z,, Ty)) = H'(Go,Th) = 0
by Proposition 3.2.6 Hence M = Z, ® 1. O]

So in the n = 0 case, we see that any Z, [Gol-lattice in Vj is isomorphic to Tp.
This is not so though for n > 1.

3.5 Representations of PGLy(Z/p" "' Z)

In this section, we will look at Z,[G,]-lattices in T}, for n > 1 and the relation-
ships between them. We have seen in Theorem that
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3.5 REPRESENTATIONS OF PGLy(Z/p"t1Z)

where each W; contains the standard lattice R;. We can extend this construc-
tion to the standard lattice in @}, . ; W; for 0 < k < n — 1 which is

RE .= {f :Pr—Z,: > f(C)=0foral De ]P%;}
CoD

There exist a short exact sequence
0—=RF=T, T T,—0

where the first mapping is the inclusion mapping and

T(f)(D) = > f(O).

CoD

We note that the sequence is still exact if we replace Ty and T}, with Ty and

T{y) respectively.

We now look at Z,[G,]-lattices contained in RE. Naturally defined lattices in
RF include

Omk —{feRE:f(C)=5sp (modp™) for C DD ePi}

and
Zqu"’ ={fe Rf; : f is constant mod p"*}

for m > 0. Here, the condition that f € O;n’k is to say that f is constant on

discs. The first fits into the short exact sequence
0—RFE—O™* 7/ 7 [g’“/sk} —0,
and the second fits into
0—RF—ZmF L7 /p"Z—0.

We can also define F,T’k for m >0 as

{f € OmF :N"sp = 0 where f(C) =sp (mod p™) for C D D € ]P]lf}
D
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3.5 REPRESENTATIONS OF PGLy(Z/p"t1Z)
This fits into the short exact sequence
0—RE F™k  ker (Z I Z[%) 5|~ Z /me) 0.
In particular, we have the short exact sequence
0= Fmr0m+k L7/ p"Z—0.
We can now create a bound on m.

Lemma 3.5.1. For all m > n —k, we have OmF = pm=n+tkOn=kk gnd simi-

larly, ZMF = pm—ntkzn=kk gnq pmk = pm-ntkpn—kk

m=n+kOn=kk must be constant modulo p™ on discs

Proof. Any element of p
and its sum must be 0 on discs by definition of O?~%*. Hence we have one

inclusion.

We also see that if g € O™ then ¢g(C) = p™t¢ + sp where C D D € P}
Then as Y. g(C) =0 for all D € P}, we have p™ ¥ tc +p" *sp = 0 and
CoD ¢oD

so sp =0 (mod p™~"**). Therefore, g € p™ " T*RE. But, we also see that as
g=p" " Fffor f € RE, then f(C) = p" *to +up where sp = p™ " TFup.
Hence, f € O %F. The Z™F and F™* cases follow similarly. O

Therefore, we only need to consider 0 < k <n—1and 1 <m <n-—=k. Let
J o Tay=T be the mapping that sends f to fos, with s : ]P}l—ﬂP,%: the
reduction mapping. Then T{, contains j(7{;)) @ R Tigy ® RE. We obtain
an exact sequence

0=Ty & Ty & RE

as ker(¢) is precisely the functions that are constant on each disc. Here

d(f)C)=p"F-f(C)=- X ()

C'>D
with C > D € Pj.

We now want to show that im(¢) = O?%* Let f € im(¢). Then

f(C) = pF ot — Z ter = — Z ter (mod p”_k).
C'>D C'>D
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3.5 REPRESENTATIONS OF PGLy(Z/p"t1Z)

Therefore, f € OR~FF.

Conversely let g € O %% Then we can write g(C) = p" *t¢ + sp where
C > D eP} and

0= > g(C)=p"* 3 to+p""sp.
C>D C>D

Therefore,

9(C) =p" Fte — Y tor=o(h)(C)
C'>D

where h : PL—Z, such that h(C') = t¢. Hence, g = ¢(h) € im(¢). Therefore

we have the short exact sequence

O_>T(k) i) T( g OZﬁk’k—ﬂ). (2)

n)
In particular, if we restrict ¢ to T,,, then we have the following exact sequence
0Ty L T, & Fnkk s,

Hence, the short exact sequence hints as to the possible dual of Rﬁ.

Proposition 3.5.2. Let (RF)* := Homzp(RZ,Zp) denote the Z,-dual of RE.
Then (RE)* = On—FF,

Proof. We have the exact sequence
0—RE—T () = Tiy—0

where 7(f)(D) = C%:D f(C). This induces

As Ty is a Zy [Gn]-lattice, then it is a projective Z,-module and therefore, we

have Extlzp (Tirys Zp) = 0. Also, as T(;) = Z, {gi/Bi] then 77,y = T(;) by [22,
Corollary 2.5.10]. We see that the mapping T{;)—1(,) is j as defined earlier.
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3.5 REPRESENTATIONS OF PGLy(Z/p"t1Z)

From these two exact sequences, we define  : RE g (n) T (REY* and

we have the multiplication-by-p™~* map Tk i) Tin) IS Tix)- We have that
ker(z) = RE N7 (T()) = 0 and so

coker(x) = im(g)/im(x

I
/N
P!
3
<
o
g
S
\\_//\-/
~

im(f)
_ (T(”)/im(j))/ker(ﬂ.)
N (T(n)/kcr(w)>/lm(j)

Il
5
5

X

= coker ([p”_k] : T(k)_>T(/f)>
_ Z/pnfk:z {gk/Bk}

However, we have im(x) & RF meaning we have an exact sequence
0—RE—(RE)'—Z/p" " Z|%/ 5, | -0
which shows O?~%F = (RE)* by the exact sequence that defines O %%, [

We now introduce some of the sublattices of T}, we are able to define. The first

lattice we look at is
7" ={feT,: fis constant mod p™}
for m > 1. We do not need m > n due to the following.

Lemma 3.5.3. For m > n, we have T = p" "T"".

Proof. If we let f € T™, then we have f(C') =0 (mod p™") for all C € P}

asm > nand ¥ f(C) =0, so f € p™ ™. It is clear that if f € p™ "1
C

then f € T)". O

As this is the case, then for all m > n, we have T)" = T]. If we let

0 < i< m < n, then the third isomorphism theorem gives

m—1

12

(5 L omz,) [ O T o) = (7 ) [ (T i) = 21972

Tm
" /pm—iT}l
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3.5 REPRESENTATIONS OF PGLy(Z/p"t1Z)

In particular, this leads to the short exact sequence

0—pT" 1 T —F,—0
for m > 1. We now define 7" := T, ®z, IF,. Then we have the following.
Proposition 3.5.4. We have the following exact sequences of Z,|[Gp|-modules

0—IF,—Tr—""/ i1 =0
for 0 <m < n—1 and the exact sequence

0T/ pn—TI—TF,—0.

The first exact sequence splits for 1 < m < n —1 and the other sequences are

non-split.

Proof. These sequences are exact due to the third isomorphism theorem. We
want to show for 1 < m < n — 1 that the first set of sequences split. We define
the mapping e : T"—IF, by e(f) = f(C) (mod p). This is well defined as
f(C) are congruent modulo p™. Tt is also G,-equivariant and so we have shown

the sequence splits.

For the first sequence with m = 0, we have seen that T, = Ay . Hence, by the
work on the IF,[G,]-submodules of T',,) in section E, we have seen that this

sequence cannot split.

For the last sequence, let f € T} be a lift of 1 € IF, under a section of
e : Tn—IF,. Then we have f(C) =1 (mod p) and (h—1)- f € pT? for every
h € G,. Now, G, acts transitively on IP} by Lemma , soforall C,D € P},
(f(C)— f(D))/p is constant modulo p" and so f(C) is constant modulo p™*!.

But
0=>"f(C)= " +p")f(C) (modp™).
C

Hence, f(C) =0 (mod p), which is a contradiction. O

Using these lattices, we can find the dual of T,.
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3.5 REPRESENTATIONS OF PGLy(Z/p"t1Z)

Proposition 3.5.5. Let T); := Homg, (Ty, Z,) denote the Z,-dual of T,,. Then
Tr =T,

Proof. We have the short exact sequence
0—=T—T () —Zp—0

which induces
0—2Zp = Ty =T, —0

via Homgz, (_,Z,), where m(1) is the function that maps all of P} to 1. If
we let x : T, < T{,) — T}, then z has cokernel equal to the cokernel of the
multiplication-by-|PL| map Z, — Tiny = Zp as ker(z) C T, Nm(Z,) = 0.

Hence we have the exact sequence
0—=T,—Ty—2Z/p"Z—0
which shows the result. O]

We also havefor 0 < k<n—1and m >0

ymk — {f €T, : Y  f(C) is constant mod p™ for all D € ]P,lg}
¢oD

But, if 0 < k& < m, then all the terms are congruent to a (mod p™) and so

p*(p+1)a=0 (mod p™) and so p™ *|a. Therefore we have

Yﬁ’k:{fETn: Y f(C)=0 (modpm_k) for allDE]P,lg}.
C>D

Also, for 0 < k <n—1and m > 0, we have
X™F = {feT,: f(C) is constant mod p™ for all C' > D € P}}.

These will be of importance later on.

We now compare the sublattices of Rf,} and T},. We have the exact sequence

0—=RF=T, 5 T,—0
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3.5 REPRESENTATIONS OF PGLy(Z/p"t1Z)

where 7(f)(D) = CED:D f(C). We have Z™* = T/ N RE and as 7(T") = p™Ty,

we have the exact sequence

0—ZmF 1™ Iy ™ T3, —0.
However this sequence is non-split.
Proposition 3.5.6. We have p™T}, & Z™k C T/

Proof. Let f € p™Tj, @ Z"™F. Then f is constant mod p™ and ¥ f(C) = 0,
C

so f € T™™. However, if we let A, B € P} lie in different discs and define
f:PL—7Z, such that

pm i C=A,
f(C)= —p™ if C =B,
0 otherwise,

then f € T)". Butif f =p™a+bforae Ty, be Zg“k, then we would have

for C € PL\{A, B}. In particular, if we have U € P} different from A lying in
the same disc as A D D € P}, then b(A) = p™ + b(U) and so we have

0= Y b(C)=p" " b(U)+p™.

C¢oD
We have two cases. If m < n —k, then p™ = 0 (mod p”*k), which cannot
happen.
If m > n—k then b(U) = —p™ "% and so p™a(U) = p™ "+ meaning
p"Fa(U) = 1, which cannot happen. Therefore, f & p™T), © ZF. O

We can also use the comparison when looking at Y;"™* for m > n.

Proposition 3.5.7. For all 0 < k < n < m, we have Y;""* = p™"T}, & RE,
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3.5 REPRESENTATIONS OF PGLy(Z/p"t1Z)

Proof. Let f € Y™*. Then ¥ f(C) = 0 and Y f(C) = p™*tp for all
c ¢o>D

D € Pj. Define a : PL—Z, such that a(C) = tp if C D D and define
b : ]P}l—pr such that b = f —p™ "a. We now need to show a € T} and
b € RE. We have

> (@)= > (f(C)—p" "a(C))

CDD CD>D

= ( > f(0)> —p" Ftp

C>D
=" Ftp —p" Fip
=0.

Hence b € RE. We have Y a(C) = 0as ¥ f(C) = 2 b(C) = 0. Also, a is con-
C C C
stant on discs by definition, so a € T},. Therefore, f = p" a4+ b € " "1} & Rfl.

Let g = p™ "e+h € p "I}, ® R*. Then > g(C) =0 and
C

0 (mod p™=F)

> 9(C)=p" " 3 e(C) = p"Fe(C)

CoD Co>D

and so g € Y, ]

Now, we have p!T}, = T}, for all t > 0 and so we have Y,;"’k = Yn””’€ =T, be

for all m > n.

In general, if M C T, is a lattice then M,, = M N RY is a lattice in R). The
image of M in Ry is a lattice isomorphic to Ry. So we have a short exact

sequence
0—M,—M 5 Ry—0.

Therefore, we are interested in Extlngn(Ro, M,,) for all lattices M,, C RJ.

Proposition 3.5.8. We have Extlngn(Ro, RO >7/p"Z.

In order to prove this, we will require the following.

Lemma 3.5.9. We have Ext%pgn (T(O),T(n)) = 0.
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3.5 REPRESENTATIONS OF PGLy(Z/p"t1Z)
Proof. Using Shapiro’s Lemma and Proposition [3.2.6| we have
Exty 6, (T(0), Tin)) = Exty 1. (Zp, T(,)) = H (Zn, T(y) = 0
by Theorem [3.2. O]
Proof of Proposition[3.5.8. We have the exact sequence
0—Ry—T(,y = T(py—0

where 7(f)(D) = C%:Df(C). This induces

0— Homg,g, (Ro, By)— Homz, g, (Ro, T(,,)) £ Homgz,g, (Ro, T(p))—

— Exty, g, (Ro, Ry)— Exty g (Ro,T())

by applying Homgz, g, (Ro, ). We have Homgz,g, (Ro, R))) = 0 as they intersect

trivially and

n
Homngn (RO’T(n)) C Homegn (W07 @ Wz) ~ Qp
i=—1

by Schur’s Lemma and so must be a rank 1 Z,-module. Similarly

Homz,g, (Ro, T(g)) € Homg,g, (Wo,Q, & Wo) = Q.

We have
Homngn(Ro,T(n)) =<7 >

where j(f) = fos and s : PL—IP} is the reduction mapping. Also,
Homngn(Rg,T(o)) =<k >

where k is the inclusion mapping. We have p(j) = 7o j which is the multiplication-
by-p™ map. As k is the inclusion mapping, then p(j) = p™ - k. Therefore we
have coker(p) = Z/p"Z. 1f we show Ext%pgn(Rg, T(ny) = 0 then we are done.
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We have the short exact sequence 0—2Z,, 20, R(g)—Ro—0 where wo(b)(C) =b
for all C' € IP§. This induces

0— Homngn (Ro, T(n) )—> Homngn (R(O) R T(n)) l) Homngn (Zp, T(n))_>

— EXt_lngn (R(), T(n))_> Ethngn (R(0)7 T(n))

via applying Homz,g, (_,7(,)). However, we have seen in Lemma that
Ext%pgn(R(O), Tiny) = 0, so we will show x is surjective.
We have

Homg,g, (Zp, T(,)) C Homg,g, (Qp, V(y)) = Qp

so it must be generated by the map w, where wy,(a)(C) = a for all C € PL.
Then wy(a) = a-wy(1) for all @ € Z,. Define a = wy, oy where v : Rigy—2Z,
such that v(f) = > f(C). Then we have

C

x(@)(1) = (wpoyow)(1) = wa(p+1) = (p+1) - wn(1).
Therefore x(«) = (p+ 1) - wy, and so x is surjective, giving our result. O

We now look to apply the work on the modular representation theory of G, in
section to the sublattices of R,’ii and T}, containing prL and pT,, respectively.
Throughout, if X is a Z,[G,|-lattice, we define the IF[G,]-module X := X @ FF,,

and use the notation for such modules as in section Theorem B.3.8

We have RE = Kpka, ,(p—1) as an Fp[Gy]-module, where d; = I;j%ll for i > 1.
Also, as dimp,(Rg) = p — 1, then we must have Ry = Ag = St. Therefore, we
have R(g) = Ki. Also, if we view T(;,y and Ty as Z,[Gp|-lattices for 0 < &k < n,
then we have Ty = K and Ty, = Ag, .

We initially look at the sublattices of RE. We let OF := OL* and similarly

define Z¥ and ¥, then we have the exact sequences

0—RF ﬂ Zﬁ—>]Fp—>O, 0—RF ﬂ O,’§—>ka—>0, 0—RF ﬂ F,’f%Adk—m.
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Hence, we can define F¥ as

{f cOF: S tp=0 (modp) where f(C)=tp (mod p) when C' D D}.
DelP;.

We would like to see if R?L/ ov is an indecomposable ), [Gr]-module. To do this,
we want to show (R%/Og)g" = 0.

Lemma 3.5.10. We have (R?L/O%)g” = 0.
Proof. We have the short exact sequence

0—Ki—K n,1—>R9l/Og—>0
which induces

O%K?"%Kgﬁ_l—)(}%%/og)g”% H' (G, K1).

We then have our result as Kj" = Kgi}_l = [F, by Lemma [3.3.17 and by

Theorem [3.3.11] we have HY(G,, K1) = 0. O

We want to check whether Z¥ is a lattice isomorphic to RE. However, we first

need the following result.
Lemma 3.5.11. We have H'(G,, R%) = 2/p" " 2.
Proof. We have a short exact sequence

0— Ry —T () = Tg)—0.
This induces

0 (Rp) 9" =T & T = H' (G, B) = HY (G, i)
Now we have (RE)9» = 0 and Hl(gn,T(n)) = H'(B,,Z,) = 0 by Shapiro’s
Lemma. We also see that as T(gn’s = T(g]gs = Z,p, m must be the multiplication-

by-p"~* map as |]P’l“b‘/ Pl = p" %, Therefore we have our result. O
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We can compare this result to the following.

Lemma 3.5.12. We have H'(G,,, ZF) = Z/p" "1 Z.

Proof. We have the short exact sequence 0—>R,’2—>Z,]§—>1Fp—>0 which induces
0—=F,—Z/p" *Z— "' (G,, ZE) =0

as (ZF)9» = H'(G,,F,) = 0 and by Lemma [3.5.11] Therefore, we have our
result. O

Therefore, as the cohomology groups are not equal, ij 2 Rfl as Zp|Gnl-

modules.

If we look at the sublattices of T},, we define X* := X% and similarly with

V¥, Then there exists a short exact sequence
0T — X — I . —0.
For Y*, we have the following.
Lemma 3.5.13. For k = 0, there exists a short exact sequence
0—=Tp—Y. )= Kpn_1—0
and for k > 1, there exists a short exact sequence
0—>Tn%Yf—>@pkdnfk%0.

Proof. We have

Yk = {f :PL—TF,: Y f(C) =0, > f(C) is constant for all D € ]P}C}
C CoD

For the k = 0 case, as |P}| is coprime to p, then if > f(C) is constant, it
CoD

must be constantly 0. Therefore, we have Y0 = RO = Kpn_1.

For k£ > 1, we have the short exact sequence

0—RE=YE T Fy—0
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where 7(f) = C%:Df(C’). As Rk = Kpka, ,(p—1)> then = Opka, - O

We have already seen that there exists the short exact sequence
0—Tp— T —TF,—0.

We would now like to find the cohomology associated to these lattices.

3.6 The Cohomology of Z,[G,|-lattices

We now want to look at the cohomology of the lattices we have found with
respect to subgroups of G,,. We will study the group cohomology with respect
to T(n) which will help to calculate the group cohomology with respect Z,[G,,]-
sublattices of T,.

We want to use section [3.2] to find the cohomologies on Z;, and 71{,,). We have

the short exact sequence

0=Th—T(,) 5 Z,—0

where v(f) = ¥ f(C). By Theorem 3.2.7, if H < G,, then HI(H,T(n)) = 0.
C

Therefore, we have the exact sequence

0—=T =T 5 Z,—H'(H,T;,)—=0
as H acts trivially on Z,. Therefore, we have
H'(H,T,) = Z,/+(T{).
In particular, we obtain the following.

Lemma 3.6.1. Let H < G,, such that P} contains a fized point of H. Then
H'(H,T,) = 0.

Proof. Let C € PL be a point fixed by H. Then 1 = v(ec) where e¢ is the
characteristic function on C', with e € T’ (IZ). Therefore, v is surjective and so
H'(H,T,) = 0. 0
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We also have the following, which will enable us to find H*(H,T}) for all
H < G, cyclic.

Lemma 3.6.2. Let H < G,,. Then

~ 0
H (H,T(n)) = EB Zp/|StabH(x)|Zp
Orbits H-x of H on P

Proof. Follows directly from Proposition [3.2.4] O

We now want to look at the cohomology of Z, with respect to subgroups of
Gn. It H < Gy, then H acts trivially on Z, and so

H'(H,Z,) = Hom(H,Z,) = 0

as H is finite. We can also look at the 2nd cohomology group with respect to
Zp.

Proposition 3.6.3. Let H < G,. Then H*(H,Z,) = H®[p™].

In order to prove this, we require the following.

Theorem 3.6.4. [1{, Integral Duality Theorem, pg 250] Let G be a finite group
andn >1. Then
H""Y(G,Z) = H,(G, Z).

We thus need to understand H;(G,Z). However, we can identify this group
with the following.

Theorem 3.6.5. [38, Theorem 6.1.11] For any group G, H1(G,Z) = G.

We can therefore prove the proposition.
Proof of Proposition [3.6.3] We see that
H?(H,Z,) = H*(H,Z)[p™] = Hi(G. Z)[p™] = H[p™]

by the Integral Duality Theorem and Theorem |3.6.5] O
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We also have the short exact sequence
0—RE—T () = Tiy—0

where 7(f)(D) = Y f(D). Similarly to the T), case, as Hl(H,T(n)) =0 for
CoD
all H < G,,, we have
1 N\ ~ H H
i, Ry = TG [7(T0)

which will be a useful result throughout this section. We now want to find the
cohomology of Z,[G,]-lattices with respect to subgroups of G,. We initially
look at the whole group.

3.6.1 The G,-Cohomology

We will start with looking at the cohomology of the whole group. We have
already seen that H'(G,,, T(ny) = 0. This can be used for the following.

Proposition 3.6.6. For alln >0,
HY(G,. T,) = Z/p"Z.

Proof. We have
H! (Gn, Tn) = ZP/PV(T(%S)

where v(f) = X f(C) as seen in the previous section. As G, acts transitively
C

on P}, then T(gn") = Z, and is generated by the function that maps all of P. to
1. Therefore, we have im(v) = |PL|Z, and so

Hl(gnuTn) = Zp/“PMZp = Z/pnz- L

We would also like to calculate the second cohomology group with respect to
T,.

Proposition 3.6.7. For all n > 0, we have H*(G,,T,) = Z./p"Z.
Proof. We have the short exact sequence

0—=T,—T(,)—Zp—0.
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We know H'(Gn,Z,) = 0 as G, acts trivially on Z, and is finite. We also
see that as P, = [Z,,Zn] < [Gn,Gn| by Lemma [3.1.5 then as P, is a Sylow-
p subgroup of G,, G,® has order coprime to p and so H? (Gn.Z,) = 0 by

Proposition [3.6.3] Therefore, we have
H?(Gn, T) = H*(G, T(y) =2 (B, Zy) = Du[p™] = Z/p"Z

by Proposition and as B,*” = D,, by Lemma m O

We can thus calculate the cohomology with respect to 77".
Proposition 3.6.8. For all 1 < m <n we have
HY(G,, T™) = Z/p" "Z.

Proof. We have the short exact sequence 0—1,—1""—Z/p"Z—0 which in-

duces
(179 = Z/p"Z— H (G, T)— H' (G, TI)— Hom (G, Z/p" Z)

as G, acts trivially on Z/p™Z. Now, (T")% = 0 and H'(G,,T;,) = Z/p"Z
by Proposition [3.6.60 We also know that Hom(G,,,Z/p™Z) = 0 by Proposi-
tion B.1.6l Hence we have our result. O

We have also shown for 0 < k < n—1 that H(G,,RF) = Z/p"*Z in
Lemma We now focus on Z,[G,]-lattices in V},, denoted W, such that
they may be scaled so that p7;, € W C T,,. Then we have a short exact
sequence

0—T, ﬂ W—M—0

for some IF,[G,]-submodule M of Ag,. We have shown that H'(G,,T),) =
Z./p"Z. Then we know that

IF, otherwise,

M%E{o it M = A,
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by Lemma and it is conjectured that

0 if M € {O®p, Ao, K1},
HY (Gn, M) 2 { B2 if M € {Kpy(p 1), Am 1 <m < dy},

IF, otherwise,

in Conjecture |3.3.19 where d; := 1‘;:%11 for ¢« > 1. We point out that the trivial
cases in the conjecture have been proven. For the case when M = Ag, we have
HY (G, W) = HY(G, Tr,) = Z/p"Z.

For the case when M € {®q, K1}, then we induce the sequence
0—F,— Hl(gn, Tn)— Hl(gn, W)—0

which implies that H'(G,, W) = Z/p"'Z.

If M = Kpn_1, then we have the short exact sequence
0—=M—NAg,—No—0.
We thus have the short exact sequence
0—W—=T,—Ay—0

which implies that H'(G,,, W) =2 HY(G,,, T),) = Z/p"Z. The case M = Ay, is

obvious as this would mean W = T,,.

Finally, for the other cases we have the exact sequence
0—=F,— H'(Gn, Tn)— HY (G, W) — HY (G, M)— H2 (G, T).
Therefore, we have
0—=Z/p" ' Z—H (G, W)= HY(G,, M)=Z/p"Z

as H'(G,,T,) = H*(G,,T,) = Z/p"Z. In particular, we have shown the

following.

Theorem 3.6.9. Let W be a Zp[Gy]-lattice such that it can be scaled so that
pTn CW C T,. Then there exists an element of order p~' in H'(G,, W).
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We now look at proper subgroups of G,.

3.6.2 The A,-Cohomology

We would like to look at the cohomology of Z,[G,]-lattices with respect to A,,.
We already know that H'(A,, Tn)) = 0 by Theorem m This will be useful
for the following.

Lemma 3.6.10. For alln >0, we have H' (A, T},) = Z/p"Z.
Proof. We know that
H (A T) = 2, /5(T75)

where v(f) = ¥ f(C). As A, acts transitively on PL, then T(“;t’; = Z, and
C
im(y) = |PL|Z,, so

HY (A, T,) = Z,/|PL|Z, = Z/p"Z. O

We also look at the cohomology with respect to Rfl.
Lemma 3.6.11. For all 0 < k <n—1, we have H' (A, RE) = 72/p"*Z.
Proof. We have seen that

H (A, ) 2 T /7 (T5)

where 7(f)(D) = ¥ f(C). As A, acts transitively on P}, then
CoD

k

Then the image of 7 is the multiplication-by-p” " mapping and so

H'(A,,RM =z /p" "2 O
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We can use Lemma [3.6.10] to calculate the size of the A,-cohomologies for all
Z,|Gy)-lattices. In particular, we know the size of these groups for all Z,[G,]-
lattices in V;,.

Proposition 3.6.12. [39, Proposition 29] Let W be any Z,[Gy|-lattice in V.
Then

|HY (A, W)| = p"

Proof. All such lattices are contained in a scaled version of T,, with finite index.

Hence we have a short exact sequence
0—=W=1T,—M—0

where M is a finite Zp[Gy]-module. As the Herbrand quotient of A, with
respect to M, denoted h(A,, M), is trivial, and W+» = T:A» = 0 then

|H' (A, W) = h(An, W) = h(A,, Tp) = |H (An, T,)| = p™ O

We will specifically look at the cohomology for 7}".
Theorem 3.6.13. For all 0 < m < n we have
H' (A, T 2 Z/p" " Z S Z/p"Z.
Proof. We have 0—T1,—T"—Z/p™Z—0 which induces
0—Z/p"Z—0 " (An, Tn)—>f{_1 (A, T —=Z/p"Z—0
as ﬁO(An, T,) = 0 due to A, being cyclic. This leads to the exact sequence
0=Z/p" MZ 0 (A, T —Z ) p™Z—0

by Lemma|3.6.10, We now want to show that this sequence splits. Fixa D € IP}L
and define

a,, * =
" —ipm 1 <i<p(p+1)-—1,
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where hg = w. Then we have
p"™(1 =[Py —ho) if C'= D,
(o —1)A(C) =< p™(1+ ho) if C =ay-D,
™" otherwise.
If we define
1 —|PL|—hy if C =D,
f(C)=1¢ 1+ hg ifC=a, D,

1 otherwise,

then we have p™ f = (a,, — 1)k, so [f] is an element of order p" in ﬁ_l(.An, ")
that maps to 1 under s : Iflil(An,Tg‘)%Z/me. Therefore, s splits and we

have our result as A, is cyclic. O

We now look at the cohomology with respect to Z,[G,]-lattices in V;,, denoted
W, that can be scaled such that pT,, C W C T,,. Then we have a short exact
sequence

0—1,—W—->M-—0

where M is an F,[G,|-submodule of Ay, as defined in the previous section. We

have seen that

0 if M = Ay,

IF,, otherwise,

MA = HY (A, M) = {

by Lemma [3.3.24] and Theorem [3.3.26, For the M = Ag case, the short exact
sequence implies H' (A,, W) = H' (A, T,) = Z/p"Z.

If M = Kpn_1, then we have the short exact sequence
0—=M—=Ag4,—No—0.
Therefore, we have the short exact sequence
0—W—=T,—Ag—0

which implies that H' (A, W) = H' (A, T),) & Z/p"Z. The case M = Ay,

is obvious as that would mean W = T,,.
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For the other cases, we have the exact sequence
0—TF,— H' (A, Tp)— H (A, W) —TF,—0
which leads to the exact sequence
0=2Z/p" 1 Z—H' (A, W)—TF,—0.
Therefore, we have shown the following.

Theorem 3.6.14. Let W be a Z,[Gy]-lattice that can be scaled such that
pl, CW CT,. Then

HY (A, W) €{Z/p"Z, Z/p"'ZaF,}.

In particular, Hl(An, W) must contain an element of order p™~!.

We now want to look at the cohomology with respect to the normaliser of A,,.

3.6.3 The N(A,)-Cohomology

We now want to look at cohomologies of Z,[G,,]-lattices with respect to N (A,).
We have

where k is a matrix of order 2 and with eigenvalues +1. We know that
Hl(N(An),T(n)) = 0 for all n > 0 by Theorem . We can use this for
the following.

Proposition 3.6.15. For all n > 0, we have H'(N(A,),T,) = Z/p"Z.
Proof. We know that

HY(N(A,), Tp) Zp/V(Tf\r)(A")>

n
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where v(f) = X f(C). As N(A,) acts transitively on IP., then T(]z)(A”) =7,
C
and im(vy) = [PL|Z,, so

HY(N(A,), Tn) £ 2,/|PL|2Z, = Z/p"Z. O

We also look at the cohomology with respect to RZ.
Proposition 3.6.16. For all0 < k <n—1, we have

HY(N(A,), RNy =z /p" 2.
Proof. We have seen that

H'(N(A,), RE) = Téff““”/ ”(T(N )Mn))

n

where 7(f)(D) = ¥ f(C). As N(A,) acts transitively on P}, then
CoD

N(An) ~ A N(An) ~
T(n) = T(k Zy.

~—

n—k

Then the image of 7 is the multiplication-by-p mapping and so

HY(N(An), Ry) = Z/p" 7. O

We again look at the cohomology associated to 77".
Corollary 3.6.17. We have H*(N(A,),T™) = 0 for all 0 < m < n.
Proof. As (T/™)A» = H*(A,,T™) = 0, then by Proposition we have
HY (N (An), T;") 2 HY(N (An) /Ao, B (An, T)) = 0
as 2 is coprime to |H' (A, 7). O

We can now use this to find the first cohomology group of 7} with respect to

N(A,).
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Theorem 3.6.18. For all 0 < m < n, we have
H' (N(A,), T 2 Z/p" ™Z.
Proof. We have already seen that we have a short exact sequence
0—=T,—T"—Z/p"Z—0
which induces
0—=Z/p"Z—~H' (N (A,), Tn)— H (N (An), T)— Hom(N (A,), Z/p"™Z)—0

as (T/)NA) = H2(N(A,),T,)) = 0 and N(A,) acts trivially on Z/p"Z.
We now show that Hom(N(A,,), Z/p™Z) is trivial. We know

N(A,) = (r,s|r = % = (sr)? = 1)

is a dihedral group. So, let f € Hom(N(A,),Z/p™Z). Then |f(s)||2 and

|f(s)|[p™. But as p is odd, then this means that f(s) = 1 and

But then we follow the same idea to show that f(r) = 1 and so f must be
trivial. Hence, using the exact sequence and Proposition [3.6.15, we have our
result. O]

We now move on to look at the cohomology with respect to a Borel subgroup.

3.6.4 The B,-Cohomology

We have H'(B,,, T (n)) = 0 by Theorem We also know that there exists
a point of PL that is fixed by B,,. Therefore, by Lemma [3.6.1, H*(B,,,T},) = 0

also.

We have an exact sequence

0—>RZ—>T(R) l> T(k)—>0
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where 7(f)(D) = > f(C). This leads to the following.
CoD

Proposition 3.6.19. For all0 < k < n—1, we have

HY (B, Ry) = (Z/p" *Z)",
Proof. From the short exact sequence above and as H' (B, T, (n)) = 0, we have

W By, Br) = T3 /(T35 ).

We look at the action of B,, on IPL. If we fix Dy € IP}, then B, acts transitively
on the set C' A Dqy. Also, if we fix D; € IPZ1 for 0 < i <n, where

D,D>Dp_1D..0D1D Do,
and define

HZ:{CE]P}l ODDibUtCZﬁDH_l},

then B, acts transitively on Il; for all 0 < ¢ < n. Therefore, T(lfl’; = Zg”

and T(% = Zk+2 However, the image of 7 is Z, & (p"*Z,)**! and so
H' (B, R,) = (Z/p" *Z)*+!, O

We now want to look generally at Z,[G,]-lattices. Let W be a Z,[G,]-lattice.
Then we can scale W such that 7,, C W C #Tn for some k£ > 1. We would
like to show the following.

Theorem 3.6.20. Let W be a Z,[Gy]-lattice of Vi, such that W5 = TBn,
Then W =2 T,.

We have the short exact sequence
O—>Tn—>W%W/Tn—>O.

Therefore, if W8 = T8 then (W/7, )8 = 0 as H' (B, T,) = 0. We have the

following.

Proposition 3.6.21. Let Z be a non-trivial Z./p*Z[G,)-module contained in
T(M/ka(n) for k> 1. Then ZBn # 0.
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Proof. We do this by induction. The & = 1 case is true by Lemma
so assume this is true for k. Let T(n) =T, {g”/ Bn:|‘ We have a short exact
sequence

0—)T(n)—> ( )/pkHT(n)_) ( )/ka<n)—>0

so we can view T,y as a Z/p"*1Z[G,]-submodule of T(">/pk+1T(n>- Let Z be
a non-trivial Z/pk""lZ[Qn]—module contained in T(">/pk+1T(n). Itz ﬂT(n) # 0,
then Z contains an irreducible IF,[G,]-module U such that U5 # 0 as shown
in Lemma . Hence we can assume Z ﬂT(n) = (0. Then by the second

isomorphism theorem, we have

Hence B .
Z + T(n) (n>/pk+1T(n) T
Zx"_ < 7 =T/
T Tn) "
As Z # 0, then by induction, Z58» # 0. O

We finish this section by proving the theorem.

Proof of Theorem |3.6.20. We can scale W such that T,, C W C #Tn for some
k> 1. As WB» = T5n then we have seen that ("/7, )P = 0. Therefore by
Proposition [3.6.21 W = T,,. O

We now move onto the standard Iwahori subgroup.

3.6.5 The Z,-Cohomology

Define an element D € IP(l) to be the fixed point of Z,,. Then Z, acts tran-
sitively on the sets {C' € PL : C © D} and {C € P} : C » D}. We have
HY(Z,, Tn)) = 0 by Theorem 3.2.7. We use this for the following.

Lemma 3.6.22. For alln >0, we have H'(Z,,,T;,) = Z/p"Z.

Proof. We have seen that if we have the short exact sequence

0—=T5—T ) 5 Z,—0
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then
HY(Z,, T) = Z, [+ (T7)

where v(f) = X f(C). We see that T (I;) is generated by the elements
C

1 ifC>D
) = ’
f( ) { 0 otherwise.
and
1 ifC 2D
ey={ L HCAP
0 otherwise.

with v(f) = p" and v(h) = p"*1. Therefore, im(y) = p"Z, which gives our
result. O]

We also look at the cohomology with respect to 7}".

Lemma 3.6.23. For alln > 0, we have Hl(In,T[L”) =Z/p" 2.

Proof. We have the short exact sequence 0—1,—1)" Nl p"Z—0 which

induces
0TI (T 2y Z/ " Z— HY (T, Ty — HY (T, T —0
as T, acts trivially on Z/p™Z, so H(Z,,,Z/p"Z) = Hom(Z,, Z/p"Z) = 0

by Proposition [3.1.8] We see that TZ» is generated by the element

F(C) =

—p otherwise.

{1 if C % D,

Using this, as 7" C Ty, then (T7")%» C TXn and so (T7")* is generated by a
multiple of f. Therefore, (T77)" is generated by p™f as this is the smallest

multiple of f in 7] and so the mapping g is the zero map. Therefore, as
H'(Z,,T}) = Z/p"Z, this gives our result. O

We also look at the cohomology with respect to RE.
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Lemma 3.6.24. For alln >1 and 0 < k <n —1, we have
HY(Z,, RY) = (z/p"*7)2.
Proof. We know that as we have the short exact sequence
0—RE=T () = Tipy—0

where 7(f)(C") = CDZC/f(C'), then

1 k\ ~ In In
W (Zo, Ry) = T3 /7 (T3
We have seen that T(Z:) is generated by the elements f and h where

1 ifC>D,

0 otherwise,

-]

and

0 otherwise,

h(C):{ 1 if C % D,

and the generators of T(Ik”) are similarly defined. Therefore, im(7) = p" *T (Ik’s
and so
HY(Zo, RY) 2 T35 /0" M = (2 /0" 2)%. O

We are able to use these results in the next part where we look at the coho-

mologies associated to P,,.

3.6.6 The P,-Cohomology

Again, define an element D € P} to be the fixed point of P,. Then P, acts
transitively on the sets {C' € P} : C D D} and {C € PL : C 2 D}. Also, by
Theorem , we have H' (P, T(ny) = 0. We use these pieces of information
for the following.

Lemma 3.6.25. For all n > 0, we have H' (P, T})) = Z./p"Z.
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Proof. We have seen that if we have the short exact sequence
0T =Ty 2 Zyp—0

then
P 1,) = 2,/5(17)

where v(f) = ZO: f(C). As im(y) = p"Z,, this gives our result. O
We also look at the cohomology with respect to Rfl.
Lemma 3.6.26. For alln >1 and 0 < k <n —1, we have
H' (P, RF) = (z/p" 7).
Proof. We know that as we have the short exact sequence
0—Ri—T () = Tiy—0

where 7(f)(C") = C§C’f(0)7 then

1 kN ~ 7Pn Pn
H'(Py, RE) = T /=(T]).

We have im(7) = p”’kTZ,z’)L and so

H\(P,, BY) = 10y /510 = (2/32)° =

We now move on to the cohomology with respect to H,,.

3.6.7 The H,-Cohomology

We know that
H' (Hn, T(y) = H (M, T) = 0

by Theorem [3.2.7] and Lemma We would like to calculate the second
cohomology groups with respect to these Z,[Gy]-lattices.
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Proposition 3.6.27. For alln > 0,

n/2

® @;?:1 (Z/psz)pk_l(p_l) if n is even,
n+1)/2 n-l UL p—1) o
& B2 (Z/pZ)p P if n is odd.

(Z/anrlz)p

H?(H,, T),,) =
( ( )) (Z/pn+1Z)p<

Proof. We know that

H? (Hn, T(n)) = @ Z,/|Staby,, () Z,,
Orbits Hn - C of Hp on PL

by Lemma as H, is cyclic.

Now, we know y = (} 1) generates H,,. Then y acts transitively on the set
A={u:1]:uezZ/p""2Z},

which has size p"*t1, so for this orbit, the stabiliser is trivial.

We will have a look at the fixed elements. We have y - [1:0] = [1: 0] and
y-[1:pPu] = [14 pPu - p*u
for 1 <k <n. But, if k> L"T“j, then (1 + p*u)~! =1 — pFu and so
[14p u: pPu] = [1: pPu(l — pu)] = [1: p*u]

as 2k > n + 1. Here |-| is the floor function. Hence the fixed points are either
[1: 0] or of the form [1 : pFu] for |22 | < k < n and so we have the following

number of fixed points:

n . n
I+ > p"J(p—1)=p2 ifniseven,

j:néFQ
n . n+1 . .
1+ > p"J(p—1)=p =2 ifnisodd
- n+1l
J="

where p"~(p — 1) comes from the size of C; = {[1:a]: ord,(a) =i} for
1< <n.

We just need to have a look at the elements in C; for 1 <i < |[§]. We see that

y-[1:piu] = {1 : ﬁ;f‘ﬁu] As 1+ plu is a unit, then y - [1 : p'u] € C; for all 4.
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We will look at the stabilisers for each element. Let @ = (| ¢) € H,. Then if

@ € Stabyy, ([1 : p'u]), we have {1 : lféziu} = [1: p'u] and so

pu(l+ap'u) = p'u (mod p"Tt).

Hence, ap*u? =0 (mod p"™1) and so p"™1=%|a as p{ u. Therefore

Stab, ([1: piu) = (17777

which has size p? for all 1 <i < [Z].

We now just need to see how many orbits are contained in each C;. This is just

|Ci - [Stabyy, ([1: p'u])| _ p"'(p— 1)p”
Hn| prtt

=p"'(p—1)

as each orbit contained in C; has the same size due to them all having the same

stabiliser group. Then we obtain our answer. O

We can use this to show the following.
Proposition 3.6.28. For alln > 0,

(Z/Pnﬂz)pnm*l @ @Ezl(Z/psz)pk_l(p’l) if n is even,

H? (Hn, Tp) . o1 .
o z/pHzyp" T e @, 7 (29 Z)P T 0D i n s odd,

Proof. We have the short exact sequence 0—T,—T(,) N Z.,—0 which induces
~0 ~ 0 ~0
0—H" (Hn, Tn)—=H (Hn, Tiny))—H (Hp, Zp)—0
where ﬂ_l(Hn,Tn) >~ H'(H,,T,) = 0 as H, is cyclic and ICI_I(”HH,ZP) = 0.

Also, by Proposition [3.6.27], we have

-1

(Z/anZ)pn/2 & @EZI(Z/p%Z)pk (p=1) if n is even,

A 0
H (H 7T )g n n—1 _
) z/p 1z @@, 7, (2 /9 Z)P T Y if s odd.
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shows that [ (Hn, Z,) = Z/p"+'Z, then

As Proposition [3.6.3

(Z/pn+lz)pn/2—1 2] 695:1(2/])2]{2)1’]671(”_1) if n is even,

—1

~ 0
(0 (4, Th) = ) b
o { z/p 1z e @ 2 (2 /pPz) T D) i s odd.

We then have our result as H is cyclic. O]

This can then be used to prove the following.
Theorem 3.6.29. We have for all 1 < m < n, we have

HY' (H,,T™) =0

and |H? (M, T)| = | H*(H,, T}

Proof. We have the short exact sequence 0—1,—1)" 9 7/ p"Z—0 which

induces
0" (Hon, T,Z”)—>IA{71 (Hon, Z/me)—>PIO(Hn, T,)—

ST (Hp, T =1 (H, Z/ 9 Z) 0.

As H,, acts trivially on Z/p"™Z., then

0 (Ho, 2/9"Z) 2 0 (Hp, Z/p"Z) = Z./p"Z.

Let § : T (Hp, Z/p"Z)—1 (Hp, T,) and Cy € P be fixed by Hp. Let
t € Z/p"Z and f; € T)" be defined as

t(1—|PL|) if C = Cy,
ﬁKUZ{ il e
t otherwise.

Then we have g(f;) =t and
tp" (1 — |PL]) if C = Cy,

n+l otherwise.

NmHAﬁMC)Z{tp

Hence, 6(t) € T}, is represented by the map

tp" M (1 — |PL|) if C = Cy,
n+l-m otherwise.

3(t)(C) = {

tp
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To show ¢ is injective, we want to show that the only value of ¢ such that
§(t) = Nmyy,, (h) for some h € T;, is 0. As Cy is fixed by H,,, then Nmy,, (h)(Cp)
is a multiple of |H,,| = p"*!. Therefore, we must have ¢ divisible by p. Hence,
§ is injective and I:I_l(’;’-[n, T!™) = 0. This also shows that

~ 0 ~ 0
[H (o, T3")| = [H (Hn, Tn))|
and we have our result as H,, is cyclic. ]

We next look at the cohomology with respect to a split Cartan subgroup.

3.6.8 The D,-Cohomology

We know that
H'(Dn, T(y)) = H (Do, Ty) = 0

by Theorem [3.2.7] and Lemma We would like to calculate the second
cohomology groups with respect to these Z,[Gy,]-lattices.

Lemma 3.6.30. For alln > 0, we have

n ' 2
H?(Dy, T) = <Z/an oP Z/p%) .
=1

Proof. 1If we let Cy, C1 € IPL be the points fixed by D,,, then as the D,-orbits
are the points with the same distance from Cj;, by Lemma [3.6.2] we have our

result as D,, is cyclic. O
We use this result to show the following.

Lemma 3.6.31. For all n > 0, we have

n 2
HY(D,,T),) = Z/p"Z @ <@Z/plz> .
=1

Proof. We have already seen that we have the short exact sequence

0—=T5—=T ) 5 Z,—0
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which induces

0— H?*(Dyy, Ty)— H*(Dyy, Ty )= H? (D, Z,y) —0,

as H(D,,, Z,) = H(D,,, T,,) = 0 and D,, is cyclic. As Proposition shows

that H?(D,,, Z,) = Z/p"Z, we have our result using Lemma [3.6.30

We can then use this result in order to prove the following.
Proposition 3.6.32. We have for all 0 < m <n,
HY(D,, T™) =0
and |H*(D,,, T™)| = |H2(D,,, T;,)| = p" +2".
Proof. We have seen that we have the short exact sequence
0=T,—T" % Z/p"Z—0
which induces
0=H (D, T =0 (D, Z/p"Z) =1 (D, Tr))—

S (D, T =1 (D, Z/p™Z) —0

as ﬁ_l(Dn, Ty,) = 0. The action of D,, on Z/p™Z is trivial, so

' (D, z/p"z) =0 (D,, Z/p"Z) = Z/p"Z.

Let 6 : 0 (Dn, Z/p"Z) 0" (D, T,) and Cy € PL be fixed by D,.

t e Z/p™Z and f; € T]" be defined as

t(l—HP}LD if C' = Cy,
O) =
ft( ) { t otherwise.

Then we have g(f;) =t and

t|Dy| (1 —|PL]) if C = Cy,

t| Dy otherwise.

Nmp, (f1)(C) = {
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Hence, §(t) € T, is represented by the map

Dn, .
Bl (1P if ¢ =y,

t |Dm”| otherwise.
p

() (C) = {

To show ¢ is injective, we want to show that the only value of ¢ such that
§(t) = Nmp,, (h) for some h € Ty, is 0. As C is fixed by Dy, then Nmp,, (h)(Cp)
is a multiple of |D,|. Therefore, we must have ¢ divisible by p™. Hence, 0 is
injective and ﬁ_l(Dn, T') = 0. This also shows that

(D, )| = 18(Da, 1)
and we have our result as D,, is cyclic. ]
We also look at the cohomology with respect to RE.
Lemma 3.6.33. Foralln >1 and 0 < k <n—1, we have
H! (Dy, RY) 2 (Z/p"FZ)%+1,
Proof. We have seen that as H'(D,,, Tiny) =0,
(0 ) 2 185 /(17

where 7(f)(D) = > f(C). If we let Cp,C; € P} be the points fixed by
CoD

D,,, then as the D, -orbits are the points with the same distance from Cj, we
have TZ” = 723 and similarly T(%I = 723 However, the image of 7 is
72 & (p"*Z,) 1 and so H' (Dy, Ry) = (Z/p"*2Z)?* 1, O

We are able to use the results in this section when calculating the cohomology

with respect to the normaliser of a split Cartan subgroup.

3.6.9 The N(D,)-Cohomology

We briefly mention the cohomologies of Z,[G,|-lattices with respect to N (Dy,).
We have
N(D,) = Dy UDynh
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where h = ({}), which is a matrix of order 2. We will use the results from the

previous section to prove the following.
Proposition 3.6.34. For alln > 0, we have
H'(N(D,), T(,,)) = 0.

Proof. We know H'(D,,, Tiny) = 0. We also see that T(Z’SL is the set of functions
constant on the orbits of D,,. If we look at these orbits under the action

of N(D,,)/ Dy, then none are fixed. So as a N(D,)/Dyp-module, T(Z:L’)l is an

induced module, which gives our result by Shapiro’s Lemma. [
We also have the following.
Proposition 3.6.35. For all 0 < m < n, we have H' (N(D,),T"") =0
Proof. As H'(D,,, T!™) = 0 by Proposition [3.6.32] then

HL(N (D), T7") 2 HY(N (D) /Dy, (T71)7)

by Proposition The cyclic quotient group has order prime to p, so we
have
Hl(N(Dn)/Dna (TTan)Dn) =0

which gives our result. O]

This concludes our look at the cohomologies of Z,[G,]-lattices with respect
to subgroups of G,. We now wish to apply some of the results to the higher

modular points.
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Chapter 4

Modular Points on Elliptic Curves
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In this chapter, we look to extend the idea of self points to a generalised con-
struction of modular point. In particular, we use more advanced methods in
modular representation theory to show that Selmer groups over certain fields
must contain non-trivial elements when the higher modular points satisfy cer-

tain conditions.

We will show that some of the properties associated to the self points carry to
the generalised setting and further, we look at the divisibility of these points in
the Mordell-Weil group. We then show that, as in the self point case, a link can
be established between the modular points and certain Q,[Gy]-modules. We
can then use the results in the previous chapter to understand the saturated

groups attached to the modular points.

Let ££/Q be an elliptic curve of conductor Ng. We know that there exists a sub-
variety Yo(Ng) of Xo(Ng), which is a moduli space of points z4 ¢ := (A, C),
where A is an elliptic curve and C' is a cyclic subgroup in A of order Ng as

shown in the notation. Fixing A/Q an elliptic curve, the image of x4 ¢ under
CDE : Xo(NE)—>E

will be denoted P4 ¢ € E(Q(C')). We denote the compositum of all such Q(C)
as Ky,. This is the smallest field K such that its absolute Galois group G g
acts by scalars on A[Ng]. This has Galois group Gy, := Gal(Ky,/Q) which
can be identified as a subgroup of PGLy(Z/NgZ) via the mapping T A ny-
In particular, as in the self point case as seen on pg. 48, for all 0 € Gg, we

have P} » = P4 c-. For a more in depth explanation, see [31], Section 2.4].

We initially look at the divisibility of the modular points in E(Q(C)) and
understand the relationships between them in section 4.1. This will provide us
with an understanding of the rank of the group generated by these points. As
in the self points case, we want to see when the modular points are of infinite
order. We obtain the following result, which is Theorem in this chapter.

Theorem. Let E/Q be an elliptic curve of conductor Ng. Let A/Q be an
elliptic curve such that the j invariant of A is not in %Z and the degree of any
isogeny of A defined over Q is coprime to Ng. Then the modular points Py ¢
are of infinite order for all cyclic subgroups C' of order Ng in A.
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From this, we can show that if p is a prime with specific conditions related to
E, then Py ¢ is not divisible by p in E(Q(C')) as seen in Proposition We
also see that there exist linear relations between the modular points similar to
Proposition [2.3.3] as seen in Proposition [£.1.3] This reduces the rank of the
group generated by these points.

We then follow an identical construction as in the higher self point case to
create higher modular points for a prime p of good ordinary or multiplicative
reduction in subsections 4.2.2 and 4.2.1 respectively. We will show that the trace
relations will still exist in the general construction of the higher self points and

will form analogue results to both Theorem [2.3.§ and Theorem [2.3.9] as seen
in Proposition and Proposition [4.2.3]

We then look at the proof of Theorem in section 4.3. This involves fol-
lowing the method of the proof of Theorem [2.3.10] to construct a mapping

On + H' (Ap, Sp) = ILL(E/ L) [p™]

as seen in Lemma [£.3.15] Here, S,, denotes the saturated group generated by
the higher modular points in E(F},) as seen in the notation and L,, is the fixed
field of F),, by A,, where F,, and A,, are as defined in the notation also. This
will require looking at the splitting of primes in the field extension F, /L, in

subsection 4.3.1. This subsection will culminate in using Lemma and
Proposition to prove Theorem

With the conditions on p together with Theorem and Proposition [4.3.16]
we can show that the source of 9, is a cyclic group of order p"™. This result
derives from the link between the group generated by the higher modular points
and the integral representation theory of G,,. We can then modify Theorem [4.3.7]
to look at the case when A/Q is semistable to show that we only require

p >3 and pg 4, to be surjective in order for 7p 4, to be surjective, as seen in

Proposition This leads to Theorem

We finally look at some examples of applying Theorem in section 4.4.
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4.1 Modular Points on Elliptic Curves

In this section, we will see when the points P4 ¢ are of infinite order. Further,
when the prime p satisfies certain conditions with respect to E, we will show
that the points P4 ¢ are not divisible by p in E(Q(C')). We prove the following.

Theorem 4.1.1. Let A/Q and E/Q be elliptic curves of conductor Ny and
Npg respectively. Suppose the j invariant of A is not in %Z. Then there exists
a cyclic subgroup of order Ng in A, denoted C, such that Pyc € E(@) s

non-torsion.

Proof. The following has been adapted from the proof of [39, Theorem 5] for
the more general setting. Let p be a prime which divides the denominator of
the j-invariant of A. If p? | N4, we know A acquires multiplicative reduction at
p over some extension of Q. Fix an embedding of Q into @. We consider the
modular parametrisation over Z,. The modular curve Xo(Ng) over Z, has a
neighbourhood of the cusp oo consisting of couples (J,C') of the Tate curve of
the form J(Q,) = @X /¢% together with a cyclic subgroup C of order N gen-
erated by a N}Eh root of unity. The parameter ¢ is a p-adic analytic uniformiser
at 0o, so that the Spf Z,[[q]] is the formal completion of Xo(Ng)/Z, at the

cusp oo, as seen in |23, Chapter 8].

Since A has multiplicative reduction over Z,, there is exactly one point x4 ¢
in the neighbourhood of oo on Xo(Ng) which is represented by the p-adic Tate
parameter g4 associated to A and C' is isomorphic to u[Ng], the NtEh roots of
unity. Let fp = Y an(FE)q¢™ be the normalised newform associated to E and
let wg be the invariant differential on E. If we let ®% be the pullback map,
then by [12, Equation 2.16, pg. 19], we have ®},(wg) = cg - fg/q - dg where
cg is the Manin constant of E. We see on [34], pg. 127] that

Qp(zac)

logp(®r(rac) = [ wp
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where log is the formal logarithm associated to E from the formal group E (m)
to the maximal ideal m of Z,. However, as x4 ¢ is defined by g4 and by the

change of variables formula, we have

Op(rac) Dr(qa)
Lo en= e
0] (@)
qA
= [ @h(wn)
qA d
0 q

> an(F
:CE'Z n )'QZ.
n=1 n

We let |- |, be the normalised absolute value such that |p|, = p~t. We then

require the following.

Lemma 4.1.2. [39, Lemma 6] Let x5 ¢ be a point on Yo(Ng)(Q,) such that J

is isomorphic to the Tate curve with parameter qy # 0 and C' is isomorphic to
1 -

p[Ng]. If |golp < p~ 7T then ®g(xy ) is a point of infinite order on E(Q)).

Hence, we have for p # 2 that

. _ _ __1
lqalp = (A, <p~ ' <p T

and if p = 2 then
_ 1
lqalz = [i(A))y" <p~? <p 7T,

Therefore, by the lemma, we have that P4 o = ®g(z4,c) is a point of infinite
order in E(Q,). O

We assume for all primes ¢ of bad reduction for F, there exists no ¢-isogeny
on A rational over Q. Hence the set of modular points {P4 c}c form a single
orbit under the action of G ,. This shows that the points P4 ¢ are not equal
and have the same order for all C. Hence, P4 ¢ is of infinite order in E(Ky,)
for all C'.

We can also show that there exist relationships between these points. These are

in fact identical to the relations for the self point case as in Proposition [2.3.3]
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Proposition 4.1.3. The sum of the modular points Py ¢ as C varies through
all cyclic subgroups in A of order Ng is a torsion point defined over Q. Let
d # Ng be an integer dividing Ng. Then

> Pac € E(Ky)
CoB

is a torsion point where B is a cyclic subgroup in A of order d and the sum is
taken over all cyclic subgroups in A of order N containing B. In particular,

the sum of all the modular points is a torsion point defined over Q.

Proof. We adapt the proof of [39, Proposition 7] to the general construction.
As seen in [27], Section 2], for every triple (M, d, Ng) where M - d divides Ng,

there exists a morphism
M X()(NE)—>X()(d)

defined over Q and defined in the following way. Let 24 ¢ € Xo(Ng) and let
C)s be the unique cyclic subgroup of C' of order M. Let b : A—A/C)js be the

isogeny associated to Cyy and let Dy be the unique cyclic subgroup of ¢ (C') of
order d. We then define

ma(zac) = (A/Cwu, Dy).

In particular, if M = 1, then m(zac) = (A,C[d]). These maps induce
pullback mappings 7}, : Jo(d)—Jo(Ng) on Jacobians.

We define Jo(Ng)°4, the old part of Jy(Ng), as the abelian subvariety over Q
generated by the images of 7}, for all triples (M,d, Ng) such that d # Ng.
We then define Jo(Ng)™V, the new part of Jy(Ng), as the quotient abelian
variety of Jo(Ng) by Jo(Ng)°9 and so we can view the Jacobian as

J()(NE) = J()(NE)Old ) Jo(NE)neW.
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Now, let B be a cyclic subgroup in A of order d and let x4 g = (A, B) € Xo(d).
Then if we define 7 := 71, by [14, Definition 6.2.5], we have

P (wam) = ()= X y—r(c0)

yeﬂ'_l(l‘A,B)

= > (zac) —7"[(c0)].

CoOB

As Np is the conductor of E, we have the mapping ®p : Jy(Ng)—FE where
Jo(Ng)™®¥ — E by [14, Theorem 8.8.4] and im(7*) C Jo(Ng)°d as d # Ng.
Therefore, we have im(7*) C ker(®pg). This gives the relation. In particular,
if d = 1 then this shows that

> Pac € E(Q)

C
is a torsion point. 0
Hence, we have provided the terms in which the points are of infinite order and
have found the relationships between them in order to understand the group
generated by these points. We can in fact further show that the points are not

divisible by p in E(Q(C)) when the prime p satisfies certain conditions. One

of the conditions we will require is the following.

Definition 4.1.4. Let E/Q be an elliptic curve and let p be a prime of good
reduction for E. Then p is an anomalous prime for E if p divides |E(1Fp)| and

s a non-anomalous prime otherwise.
Using this, we have the following.
Proposition 4.1.5. Suppose j(A) ¢ %Z and p > 2 is a prime of multiplicative
reduction for A such that it is one of the following:
e A prime of split multiplicative reduction for E and p { ord,(Ag),
o A prime of non-split multiplicative reduction for E,
e A non-anomalous prime of good reduction for E.

Let Ay be the minimal discriminant for A. Then Py c & prde(84) . B(Q(C)).
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Proof. We saw in the proof of Theorem that as j(A) ¢ %Z, then there
exists a point x4 ¢ in the neighbourhood of co on Xo(Ng) which is represented
by the p-adic Tate parameter ¢4 associated to A and C'is isomorphic to u[Ng],
the N%h roots of unity. Therefore, we saw that the point P4 ¢ is of infinite
order. Let p be the place of Q(C') corresponding to the chosen embedding Q
to Qp. Now, as C' = u[Ng], we have Q,(C) = Q,. Therefore, as p is the place
corresponding to C', we must have Q(C), = Q. As p is one of the primes in
the proposition with respect to E, then the order of the group of components
of E over Q, and the number of non-singular points in the reduction E£(TF,)
are both prime to p. Hence, if P4 ¢ is divisible by pordr(Aa) iy F (Qp) then
it is divisible by pd(84) in E(pZ,). But the valuation of logg(Pac) shows
this cannot happen. Let z = logg(Pac). As Q(C), = Qp, then we have
ordy(ga) = ord,(A4). We then see that

ordy(z) = min{ord,(ga),ord,(a,(E)) + p-ordy(ga) —ord,(p) }
= min{ord,(A4),ord,(a,(E)) +p-ordy(Ag) — 1} = ordy(Aa)

as a,(E) is an integer. Therefore Py o € E(p°r@(B4)Z,). 1f p # 2, then for
all n > 2, we have n — ordy(n) > 2. This is obviously true for (n,p) = 1. If
ordy(n) =k >1, then n —k > pF — k > 2 by induction. Therefore, we have

ordy(z — qa) > mjr21 [ordp(an(E)) —ordpy(n) +n- ordp(qA)}
> 17?2151 [n ordy(Ay) — ordp(n)]
in [(n —ordp(n)) - ordp(AA)}

20rdp(Aa) Qo the value z is non zero and

hence Pac ¢ p*rdr(84) . B(Q(C)). O

Hence, z is congruent to ¢4 modulo p

We have now seen the divisibility of the modular points in E(Q(C')). This will
become important when we study the application of the representation theory

in the previous chapter to the modular points on E.
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4.2 Higher Modular Points

We now extend the construction of modular points to higher modular points by
following the construction of higher self points in the more generalised setting.
We will create a tower of number fields in which the higher modular points
will be defined and will show that they satisfy certain trace relations similar to
that in Kolyvagin’s construction of Heegner points. In particular, the relations

between the points show that a link can be established with representations of

Gn.

Let E/Q and A/Q be elliptic curves of conductor Ng and N4 respectively and
let D be a cyclic subgroup in A. We then take the isogenous curve A/ D and a
cyclic subgroup of order Ng in this isogenous curve and look at the image of the
point under ® . We will focus on two cases of construction of higher modular
points that are an analogue to the construction of the higher self points. The
first will be the multiplicative reduction case and the second the good reduction

case.

4.2.1 Multiplicative Case

Let £/Q be an elliptic curve of conductor Ng and let p be a prime of multi-
plicative reduction. We let N = pM and define F}, := Kpnt1p for all n > —1
with F:= F_;. We can view G,, = Gal(F,/F) as a subgroup of G,,.

Let B be a cyclic subgroup in A of order M. Let n > 0 and D be a cyclic
subgroup in A of order p"*!. Let C' = D[p] ® B which is a cyclic subgroup of
order Ng and let ¢ : A—A/D be the isogeny associated with D with dual 9.
We define

C" = ker(¢)[p] ® v(B).

This is a cyclic subgroup in A/ D of order Ng. We then define
yap = (A/D,C") € Yo(Ng)
and define a higher modular point above P4 ¢ as the point

Qap =Pr(yap) € E(F,).
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When n = 0, we have C' = D ® B and if we let w, be the Atkin-Lehner
involution on Xo(Ng), then

wp(za,c) = (A/C[pl, (Alp] +C)/Clpl)
= (A/D, (Alp]® B)/D)
= (A/D, ¢ (Alp] ® B)).

We know that ¢ (A[p] @ B) is a cyclic subgroup of order Ng. Therefore, we can

write

Y(ApleB) =UaV
where [U| = p and |V| = M. We then have
YU V)= (dov)(Alp]® B) = [p|(Alp] ® B) = [p]B =B
as (M,p) = 1. Therefore,
V=[plV=[pUaV)=(od)(UaV)=1y(B).
We then see that
WU w(B)) =B =[p|B=()oy)(B)

meaning U C ker(«)). However, as both have order p, then U = ker(¢)) and

therefore
wy(za,c) = (A/D,¢(Alp] ® B))

= (A/D,ker() ®¢(B))
= (A/D,C")
= Y4,

Therefore, if a,(E) € {£1} is the Hecke eigenvalue of the newform f attached

to E, then we have

wp(f) = —ap(E) - f
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by [3, Theorem 5]. Hence, we have

Qap =Pe(yap)
= (Pgowp)(zac)
=—ay(E) - Pp(rac)+T
= —ap(E) Ppo+T

for some T' € E(Q)[2].
Let D be a cyclic subgroup in A of order p"t!. Let T; » be the Hecke operator

T, on Jo(Ng). Then

Tp((ya,p) = (00)) = >_(((A/D)/H,(C"+ H)/ H) = (0))

H

where the sum runs through all cyclic subgroups in A/ D, denoted H, of order
p that intersect trivially with C’. However, as H is a cyclic subgroup in A/ D
of order p, then there exists a cyclic subrgroup D’ in A of order p™*2 such that
H = D'/D. Therefore, D' > D. Also, we must have

HNC' = Hnker(y) € {0,H}

as H is of order p. However, we know H = D'/D = ¢(D’) and so

A

D(H) = (oy)(D') = [p"D #0
as D' is cyclic of order p"*2. Therefore, H N C’ = 0. Therefore, we have

> (((A/D)/H,(C"+ H)/H) = () = > ((A/D',(C"+ H)/H) = (0))

H D'>D
where the sum runs through all cyclic subgroups of order p"*2 containing D
and H = D'/D =¢(D").

Let ¢ pr : A=A/ D' be the isogeny associated to D" and let vy : A/D—A/D’
be the isogeny associated to H = D'/ D = ¢(D"), so ¥pr = gy 0. We want

to show

(C"+ H)/H = ker(dpr)[p] ® ¥pi(B).
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We have that (C"+ H)/H = ¢y (C"+ H) is a cyclic group of order Ng, so we
can write

Yvy(C'+H)=UaV

where [U| = p and |V| = M. We then have
ba(UeV) = (b ovn)(C'+ H) = [p(C"+ H) = [plv(B) = ¢(B).
Therefore, we have
V=[pV=[pUaV)=(dgodn)(UaV) = (dyov)(B)=1vp(B).

We then see that

as the order of B is coprime with p. Therefore, we have U C ker({ /) and so
U = ker(¢p)[p]. Hence, we have

(C"+ H)/H = ker(dp/) [p] ® ¢ (B)
which shows that

> (A/D'(C"+ H)/H) = () = . ((yap) = (o0))

D'>D D'>D

and therefore, we have shown

Tp((yan) = (00)) = > ((ya,p) = (o0))

D'>D
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where the sum runs over all cyclic subgroups D’ of order p"*2 in A containing
D. This then leads to the trace relation

ap(E) -Qap = Z Qap-

D'>D

We know that if J,J" D D where J and J' are cyclic subgroups of order
p" 12 then the points Q 4,7 and Q4 j lie in the same Galois orbit with trivial
stabiliser. In particular, this ensures that these points are not equal and have
the same order. Hence, by induction, if P4 ¢ is of infinite order then so is Q4 p.
Also, if P4 ¢ is not divisible by p in E(Fp) then Q4 p is not divisible by p in
E(F,).

We are able to obtain the following lemma, which is a generalised version of
Lemma 2.3.7

Lemma 4.2.1. Fiz a cyclic subgroup B in A of order M and let n > 0. Then

> Qa.p is a torsion point in E(F) where the sum is over all cyclic subgroups
D

D in A of order p"t1.

Proof. We adapt the proof of [39, Lemma 19] to the general construction. We

will do this by induction. For n = 0, we have

> Qap= Y (—ap(E)-Pac+T)=(p+1)T —ap(E) Y Pac.
D CDOB CDOB

By Proposition 4.1.3] we know that the summation on the right hand side is
a torsion point in E(F) and so it is true for the n = 0 case. We assume the

statement is true for n. Then we have
Z Qa,p = ap(E) Z QA,D
D’ D

where the first sum runs over all cyclic subgroups D’ of order p"*2 and the

n+1

second sum runs over all cyclic subgroups D of order p" ™. Hence this point is

torsion by induction. O

If we fix a cyclic subgroup B of order M in A, then we have a G,-morphism

ln: Va—E(F,) ®Q,
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where ep — Q4,p and ep is the characteristic function on D. Here, we have
V, := ker (Qp [gn/gnpgp) - {f PLQ, Y £(C) = o}
C

is a Qp[Gy]-module of dimension p™*1 + p™ — 1. If we then assume that 7p 4,
is surjective, then we have G,, = G,,. We thus have the following, a generalised
version of Theorem 2.3.8

Proposition 4.2.2. Let E/Q and A/Q be elliptic curves of conductor Ng and
Ny respectively. Let p be a prime of multiplicative reduction with respect to E
and let Pyc € E(Fy) be of infinite order. Suppose Tp Ay is surjective. Then
all higher modular points Q) 4.p above Pa ¢ are of infinite order and generate a
group of Qp-dimension p" T 4+ p" — 1 in E(F,) ® Q,.

Proof. We adapt the proof of [39, Theorem 20] to the general construction.
We will show that [, is injective by induction. For the n = 0 case, we have
Vo = Wp which is an irreducible Q,[G,|-module. Therefore ker(ly) € {0, Wp}.
If ker(lp) = Wo, then [y is the zero map which contradicts the fact that Q4 p
is of infinite order in E(Fyp).

Let n > 1 be the smallest value such that [, is not injective. We have the

following decomposition of V;, as a Q,[Gy]-module

where W are irreducible Q,[Gy]-modules. Then V,, = W,, ® V,,_1 as Q,[Gy]-
modules for n > 1. Therefore, by induction, [,, restricted to W,, is not injec-
tive. However, this means that [, is trivial on W), as it is irreducible meaning

im(l,,) = V;,—1 which contradicts the fact that all @ 4, p above P4 ¢ have infinite
order in E(F},). O

4.2.2 Good Case

Let p be a prime of good reduction for E. We define Fj, := Kn+1y, where
F := F_y is a number field such that P4 ¢ is of infinite order in E(F). Hence,
we can view G, = Gal(F,,/F) as a subgroup of G,.
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For n > 0, we let D be a cyclic subgroup in A of order p"*! and let 1) : A—A/D
be the isogeny associated to D. Then we have y4 p = (A/D,¥(C)) € Yo(Ng).
We then define the higher modular point above Py ¢ as

Qap =Pr(yap) € E(Fy).

As before, if we use the Hecke operator T},, we obtain the trace relation
ap(E)-Qap= > Qap
D'>D

for all n > 0 and D as defined before. Here, the sum runs over all cyclic

n+2

subgroups D’ of order p containing D. Hence, we have

ap(E) - Pac = ZQA,D
D

where the sum runs over all cyclic subgroups of order p. Therefore, as in the
multiplicative case, if J,.J’ D D where J and J’ are cyclic subgroups of order
p"*2, then the points Q A,g and Q4 y are not equal and have the same order.
Therefore, if P4 ¢ is of infinite order in E(F), then Q4 p is of infinite order in
E(F,). Also, if P4 ¢ is not divisible by p in E(F') then Q4 p is not divisible
by p in E(F),).

Therefore, as we have
Vi) = Qy|9/5,| = Maps (P}
(n) — QP{ /Bn] - aps( n_>QP)7
a Qp[G,]-module of dimension p" 1 4+ p™. then we can define a G,-morphism
Vi =E(Fn) ®Qp

ep — Qa,p.

If we then assume that 7p 4, is surjective, then we have G, = G,. Again,
we are able to obtain the following lemma, which is a generalised version of
Theorem [2.3.91

Proposition 4.2.3. Let E/Q and A/Q be elliptic curves of conductor Ng

and N 4 respectively. Let p be a prime of good ordinary reduction of E ensuring
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ap(E) # 0 and let Py € E(F) have infinite order. Suppose Tp 4, is surjec-
tive. Then all higher modular points Q4. p above Py ¢ are of infinite order and
generate a group of Qp-dimension p" ! 4+ p" in E(F,) ® Q,.

Proof. This follows along similar lines as to the proof of Proposition [4.2.2]

taking into account that a,(E) # 0, so the trace relations aren’t trivial. O

Therefore, we have established a link between the higher modular points and

the representation theory of G,.

4.3 Derivatives

We now look at creating derivative classes associated to the higher modular
points with the method proposed by Wuthrich in [39] in order to create points
of prime power order in certain Selmer groups. To do this, we will use the
link created between the higher modular points and representations of G, in
Proposition [£.2.2] and Proposition [£.2.3] as well as applying Theorem [3.6.20]
We will show that under the conditions of the prime p with respect to E as
outlined in Proposition , we understand the type of Z,[Gy]-lattice the
saturated group generated by the higher modular points must be isomorphic
to. Further, we can use this to not only show that the order of certain Selmer
groups must be divisible by a certain prime power, but also contain an element

of that prime power order.

Let £/Q and A/Q be elliptic curves of conductors N and N4 respectively.
Let p be a prime of good ordinary or multiplicative reduction with respect to

FE and let
Ky, ifp{Ng,

Fi= Kﬁ iprNE.
P

as defined in the notation. We assume that 7p 4, is surjective. Hence, if we
let F,, be the smallest field extension of F' such that G, := Gal(F,/F) acts
as scalars on A[p"T!], then we have G,, & G,. We let L,, be the subfield of
F, fixed by A,,. We also remind ourselves of the definition of a prime of good
non-anomalous reduction with respect to E as defined in Definition
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Theorem 4.3.1. Let E/Q and A/Q be elliptic curves of conductor Ng and
Ny respectively. Let p > 2 be a prime of multiplicative reduction for A such
that ord,(A4) =1 and let F' be as defined above. Assume that:

1. A does not have potentially good supersingular reduction for any prime of

additive reduction,

2. E has either split multiplicative reduction at p with p 1 ord,(Ag), non-split

multiplicative reduction at p, or good ordinary non-anomalous reduction

at p,

3. The degree of any isogeny of A defined over Q is coprime to Ng,
4. TR Ap 1S surjective,
5. PQ,E,p s surjective,

6. Any prime £ of bad reduction for E and good reduction for A has a;(A)% — 40
square modulo p where ap(A) is the Hecke eigenvalue of the newform f

attached to the isogeny class of A.

Then there exists an element of order p™ in Sel” (E/Ly).

Remark. We explain here the restriction imposed by each condition in the
theorem. The first point is important in order for all places above these primes

to be unramified in the extension Fy,/L,.

We require the second point so the modular points Py ¢ are not divisible by p
in E(Q(C)) by Proposition[A.1.5] Here, we remind ourselves that a prime p is
non-anomalous for E if E has good reduction at p and p doesn’t divide |E(]Fp)|

The third point is to ensure all the modular points lie in a single orbit under
the action of Gny. This shows that the points Py ¢ are not equal and are of
infinite order in E(Kp,) for all C.

The fourth point guarantees that G, = G, for all n > 0. Hence we are able
to apply the representation theory of chapter 3 to the modular points. The fifth
point is essential in order to ensure E(F,)[p] = 0 for all n > 0. We know
that this condition excludes only a finite number of primes if E has no complex
multiplication by Theorem [2.2.6]
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The final point ensures that the primes dividing Ng but not p- N4 split com-
pletely in F,/Ly. This is fundamental when showing that the image of the
derivation map oy, lies in ILL(E/ Ly,).

In order to prove this theorem, we need to look at the splitting of primes in the
field extension F},/ L.

4.3.1 Field Extensions

In this section, we will examine the splitting of primes in the field extension

F,/L,. The main aim is to prove the following.

Theorem 4.3.2. Suppose none of the primes of additive reduction for A are
potentially good supersingular. Then the extension F, /L, is nowhere ramified.
Furthermore, all places of above oo, p and N4 and all places above a prime
dividing Ng but not oo, p or Ny such that ag(A)? — 4¢ is a square modulo p

split completely in the extension.
We will first need the following lemma.
Lemma 4.3.3. [3Y, Lemma 26] Let v be either a place of ordinary reduction

above p, an infinite place or a place of potentially multiplicative reduction all

with respect to A. Then the image of Tp, g n+1 lies in a Borel subgroup of G,

Proof. We first deal the case when v is a place of ordinary reduction above p.

In this case, there exists an exact sequence
0— M1 —A[p" = Ap" 1 —0

where the second mapping is the reduction mapping and M1 = Z/ "tz
As Mn+1 is fixed by G, then we have that the image is contained in a Borel

subgroup.

If v is a place of split multiplicative reduction for A, then we know that we can

describe A as a Tate curve with

n—+1
A[pn'H] i <Cpn+1, q114/p >
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n+1

where (,n+1 is a primitive p" ™ -th root of unity and g4 € F*. Then the image

of o € G, takes the form
( Xeye(0) * )

0 1

where Xcye : Gg,—Z, is the p-adic cyclotomic character. Hence, the image of

GF, is contained in a Borel subgroup.

v

If v is a place of non-split multiplicative or additive potentially multiplicative
reduction, then we know that there exists a quadratic extension, K, of I}, such
that it is unramified in the first case and ramified in the second such that A has
split multiplicative reduction over K. If we let t : G, — Gal(K/F,) = {£1}

be the associated quadratic character, then

(Ghni1) = Xeye(@) - (o) - G

for all 0 < i < p"*! and ¢ € G,. Hence, the image is contained in a Borel

subgroup.
If v is an infinite real place, then there is a cyclic subgroup of order p"*! in
A(R) and so the image is contained in a Borel subgroup. O

Therefore, we now need to look at the places of F' of bad reduction with respect
to E such that they are not above p- N4. Let v be such a place with norm
Nm(v) = g,. Let a,(A) be the integer such that

ay(A) = g+ 1 — Ay (k)|

where A, is the reduced elliptic curve at v and k is the residue field of v.
Let R, be the subring of End(A,) generated by the Frobenius endomorphism
Fra,. Then either Fry, € Z and so R, = Z, or R, is an order in an imaginary
quadratic field by [16, pg. 556]. We define

A, = disc(Ry), 6y := 0,1 depending on when A, = 0,1 (mod 4),
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and b, such that A,b2 = a,(A)? —4q,. We have that b, = 0 if R, = Z,
otherwise b, is the index of Z[Fry,| in R, by [35, pg. 38]. Therefore, b, must

be an integer. We then associate to v the integral matrix

aV(A)+bV6V b
M, — ( v )
by (Av—0y) ay(A)—b,dy

4 2

Theorem 4.3.4. [16, Theorem 2.1] Let A be an elliptic curve over F. Let v
be a place of F of good reduction for A such that v{p. Then v is unramified in

F(A[p"*1]) and the integral matriz M,,, when reduced modulo p" ™1, represents
the class of the Frobenius of v in Gal(F(A[p"T!])/F).

Therefore, the Frobenius element Fr,, of GG;, generates the decomposition group
as F, is a field extension of F' contained in F(A[p""!]) by construction of F},.
We want to see when M,, reduced modulo p"*! lies in a Borel subgroup. To do
this, we look at the conjugacy classes of M, in GLy(Z/p" 1 Z).

Definition 4.3.5. A matriz X € GLo(Z/p" "1 Z) is cyclic if X is not a scalar

matrix modulo any power of p.

Using this we are able to write each matrix of GL2(Z/p"*t1Z) in a specific

form.

Lemma 4.3.6. [}, Lemma 2.1] Let X € GLo(Z/p" ' Z). Then either X is
cyclic or can be written in the form dls + p? 3 for some 1 < j < n+ 1 such that
de (Z/p"Z)* and B € Myo(Z/p"17I2Z) is cyclic.

Hence, we can then find a representative of the conjugacy class each matrix in
GLo(Z/p"T12Z) lies in.

Theorem 4.3.7. [/, Theorem 2.2] Let X € GLo(Z/p""1Z) be as in Lemmald.3.6|
If X is cyclic, then it is conjugate to

( — de(;(X) tr(lX) ) )

otherwise X is conjugate to

( —pj-ctllet(ﬁ) d-l—pfjtr(ﬁ) )
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We can use this form on M, to prove the following.

Lemma 4.3.8. If a,(A)? — 4q, is a square modulo p then M, reduced modulo
p" L lies in a Borel subgroup of GLo(Z/p" 1 Z).

Proof. First assume (b,,p) = 1. Then M, is a cyclic matrix and we have

My~ (4 aln) ):

Any conjugate to this matrix must take the form

e (51) (wla) (L 2)

1 ( —zz—quyt—ay (A)yz 2°+ay (A)zy+quy? )

T owt—yz \ 22 —a, (A)tz—qut® zztquyt+as(A)at

where (7Y) € GLo(Z/p""1Z). Hence, for M, to be in a Borel subgroup, then

we need

24 a,(A)tz+qt? =0 (mod pth).

As the discriminant of this polynomial is a square modulo p™*! with respect to

z, this equation has at least one solution and so M, lies in a Borel subgroup.

Let b, = p’u such that (u,p) = 1. If j > n+1 then M, is %12 and

so lies in a Borel subgroup, so suppose 1 < j < n. Then, as det(M,) = ¢,
is not divisible by p, then a,(A) cannot be divisible by p. Hence, we have

% e (Z/p”JFlZ)X for all n > 0 and so

(4) T N
o 3)- )

2 1 2

<.

Any conjugate to this matrix must take the form

1 r Yy a,ygA) v b=y
wt—yz | , 4 pjuTzAu% -z

av(A (WA ) 2
_ 1 Vg )(xtfyz)-f'pj (u 1 ”ytfxz) 14 (m2,%y2>
ytfmz>

; 2Ay av(A (uPAy
(2 pee2) ) (zt-yz) 7 (2
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where (1Y) € GLo(Z/p""Z). Hence, for M, to be in a Borel subgroup, then
we need
p7<22 — %tz) =0 (mod p"h).

Therefore this matrix lies in a Borel subgroup if A, is a square modulo p.
However, as A,b? = a,(A)? — 4q,, then this is true if a, (A)? — 4¢q, is a square
mod p. O

Therefore, we need to find conditions for a,(A)? — 4q, to be a square modulo
p. Let ¢ be a prime of good reduction with respect to A. Then the arithmetic
Frobenius Fry has characteristic polynomial 2 — a;(A)z + ¢ with roots o and
S. Then we let t,, := tr(Fr)) for n > 1 and we have (" = det(Fry).

Proposition 4.3.9. Let A/Q be an elliptic curve and p a prime. Let { be a
prime of good reduction with respect to A such that £ # p. Then for alln > 1

ag(A) — 40 is a square mod p if and only if t, — 40" is a square mod p.

We will first look at the cases where n is odd.

Lemma 4.3.10. For alln >0

2
n
13,1 — AT = (13— 40) ((1 —2n)0" 4+ > zn—jtj?) :
j=1

Proof. Let o and (8 be as before. Then we have

t%n—&—l - 4€2n+1 — (a2n+1 _ B2n+1)2.
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Therefore we have

a2l _ gantl

-3 afﬂ%ﬂ')

J=0

j=1

= (a=pB)[a"B" + an Q"I 4o 5”+J')

=1

= (= B){ (1= 20)a"3" + 3 (@™ 95T + 205" + aw”ﬂ))

J=1

= (a—B)[ (1 —2n)a"p" + i Q"I (ol + 5j)2>

J=1

—(a=p)|(1—2mym Y enjtg)

Squaring both sides gives the result. O

We then just need to check the case for n even. We first need the following

lemma.
Lemma 4.3.11. For alln > 1, we have ty, = t% — 20",

Proof. Let o and 8 be as above. Then we have

tzn:a2n+62n:(an+6n)2_2an6n:t%_2£n' n

Using this, we can prove the proposition.

Proof of Proposition[£.3.9] It is true for the case when n is odd by Lemmal[4.3.10]
If n is even, then we can show by induction and Lemma [4.3.11] that if n = 2'm
with m odd and ¢ > 1, then

2
2 — 40 = (3, — 40™) (Ht2jm> :
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It is true for the case i =1 as
13, — 40P = (12, — 20™)? — 40
=t —40me?
=12, (13, — 40™)
by Lemma 4.3.11] so assume it is true for . Then we have

2z+1 2i+1

i, — AT = (2, 2% g
= th, — 46,
=12 (12 —42m)
2
= (t7, —40™) ( 11 tgjm)
by induction. O]

We now have the tools to prove Theorem [4.3.2

Proof of Theorem 3.2, As F,, C F(A[p"*']), then by Theorem [4.3.4] the ex-
tension F),/F' is unramified outside oo, p and N4 and hence so is F,/L,. We
see by Lemma that the decomposition group of a place in F' dividing
o0 - p- Ny inside Gy, is contained in a Borel. Furthermore, by Lemma [£.3.8] the
decomposition group of a place v in F' dividing Ng but not p or N4 such that
a,(A)% — 4q, is a square modulo p inside G, is contained in a Borel. Since any
Borel intersects trivially with A, by Lemma [3.1.1] then these places must split
completely in F),/ L,. We then have our result by Proposition [4.3.9] O]

4.3.2 Construction of Derivatives

We are now able to prove Theorem [£.3.1 which requires the construction of

derivative classes coming from the higher modular points.

Proof of Theorem [£.3.1]. There is an injection

ln: Va—E(F,) ®Q,
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[ Zf(D) -QA,D
D
where ()4 p are the higher modular points. Let
Sp ={P € E(F,) : there exists a k > 0 such that p*P € Z,[G,] - Qa.p}

be the saturated group generated by the higher modular points in F(F,). We

can show the following.

Lemma 4.3.12. If (Sy)tors denotes the torsion subgroup of Sy, then

(Sn)tors - E(Fn)[poo]

We remark that the definition of E[p®] is as defined in the notation.
Proof. It P € E(F),)[p™], then there exists a k > 0 such that
pPP =0€ Z,[Gn] - Qap-

Therefore P € (Sy,)tors- On the other hand, let Q € (S, )tors- Then there exists
an m > 1 such that m@Q = 0. We can write m = p"s for some r > 0 and
(s,p) = 1. Also, as Q € S, there exists a k > 0 such that

Q€ Z,[G,) - Qap.

If k > r, then s(p*Q) = 0 and so p*Q is a torsion point. However, Z,[G,] - Q4.p

contains no non-trivial torsion points, so we must have p*Q = 0 and so
Q € E(F,)[p™].

Similarly, if & < r, then p"*s(p*Q) = 0 and so Q € E(F;,)[p>®] which gives
our result. 0

Therefore, there exists a short exact sequence

0—E(F,)[p>]—S,—W,—0
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where W), can be viewed as the quotient of S), by its torsion points. Therefore,
the representatives of the points in W, are all the points of infinite order in S,

and so can be identified as a GG),-stable lattice in the image of ,,.
Lemma 4.3.13. We have Wit = 0 and S*» = E(L,)[p*].

Proof. As W,, can be identified as a G,-lattice in the image of [,, then we
can view W, as a Z,[G,|-lattice in V;, and therefore, as seen in the proof of
Proposition |3.6.12, we must have W;L“" = 0. Therefore, using the short exact

sequence that precedes this lemma, we have

Spm = (B(F)[p®)™* = E(Ln) [p™]: =

We would like to determine the size of H' (A, S,). We will require the follow-

ing.

Proposition 4.3.14. If pg g, and Tp Ay are surjective then for all n > 0,
E(Fn)[p] = 0.

Proof. We first look at the n = 0 case. As pg g is surjective, then the smallest
Galois extension, K of Q such that E(K)[p] # 0 is K = Q(E[p]). Suppose
E(Fy)[p] # 0. As Fy/Q is Galois, then we must have Q(E[p]) C Fy. Therefore
we have an inclusion of fields F' C F(E[p]) C Fy. As F(E[p])/F and Fy/F
are Galois extensions, then Gal(Fy/F(E[p])) < Gal(Fy/F) = Gy as Tp A, is
surjective. Therefore, Gal(Fy/F(FE[p])) must either be trivial, isomorphic to
Go or isomorphic to PSLy(IF,).

If Gal(Fy/ F(E[p])) is trivial, then F(E[p]) = Fy and so Gal(F(E|[p])/F) = Go.
However, this means that Gy is isomorphic to a normal subgroup of GLa(F,)
which cannot happen by [2, Theorem 4.9], as this would imply a group of that

size must be isomorphic to SLa(IF,).

If Gal(Fo/F(E[p])) = Go, then F(E[p]) = F. As F/Q is a Galois extension,
then Q(E[p]) C F and so u, C F where p, are the p-th roots of unity. There-
fore, we must have Gal(F' (A[p])/F) < SLa(Fp) and so Gal(Fy/F) < PSLa(FF,),

which is a contradiction.
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Therefore, Gal(Fy/F(E[p])) = PSLy(F,). Hence, F(E[p])/F must be a
quadratic extension such that Gal(F(FE[p])/F) = im(x). Here, x is the only
non-trivial 1-dimensional representation over C admitted by Gy, which is de-

fined as
X1 Go XN B/ (B2 {1}

with kernel PSLy(IF,,). However, we know Gal(F (E[p])/F') is isomorphic to a
normal subgroup of GLg(IF,) and therefore, by [2, Theorem 4.9], we must have

Gal(F(E[p])/ F) = {1},

which is a contradiction. Therefore, E(Fp)[p] = 0.

For the n > 1 case, we let H, = Gal(F,/Fy) and M,, = E(F,)[p]. Then
we know H, acts on M, and we have already shown M,f[" = 0. However, as
H,, is a p-group and all Hy-orbits have size greater than 1 except the orbit
representing the trivial element, then |M,| = 1 (mod p). Therefore, as M,
either has size divisible by p or is trivial, then we must have M, = 0 and
therefore, E(F,)[p] = 0. O

As E(F,)[p|] =0, then E(F,)[p>] = 0 and therefore, we have
Sp = W,

In particular, H' (A, S,) contains p" elements by Proposition [3.6.12] If we
consider the natural inclusion of S, in E(F,) ® Z,, then the cokernel Y, is a

free Z,-module and we obtain a long exact sequence
0=E(Ly) @ Zpy— Y m— H (A, Sp)— H (A, E(F)) [p™) (3)

as Syt = 0 by Lemma [4.3.13] Here, Y;A" has the same rank as E(L,) ® Z,.

If we compose the last map with the inflation map we obtain
0n : HY (An, Sn)— HY (A, E(F))[p™®] = HY(Ly, E) [p™]
known as the derivation map. We have the short exact sequence

0—S, M Sn—>5”/pn5n—>0
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which induces
S An 1 "] 1
0—>( "/pnsn) —H (A, Sp) — H (A, Sp)

as S = 0. As |H'(A,,S,)| = p" by Proposition [3.6.12, then the final
mapping is the zero mapping. Hence, we have

An
(5/pns,)" = H' (Ap, Sn).
We thus call the image of 9,, the derived classes of higher modular points.
Lemma 4.3.15. The image of oy, is contained in I(E/Ly)[p™].

Proof. We adapt the proof of [39, Lemma 30] to the general construction. Let

1 be a lift of an element in the image of §,, in the map
for a sufficiently large m. Let X := {v placein L, : v | Ng-p-oo}. We will

look at the two cases for a place v of L,, when v ¢ X and v € X.

Firstly, if v ¢ %, then the extension F, /L, is unramified by Theorem [4.3.2]
Therefore, the restriction of 7 to H'((Ly),, E[p™]) will lie in

H}(La)os Blp"]) i= i (E((La)) /5" E((La))> B (L) E[p") )

as seen in [12, pg. 115].

If v € Z, then v must satisfy one of the following:
« v|oo-p,
e v|Ngand v |oo- Ny,

o v | Npbutvfoo- Ny,
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as p is a prime of multiplicative reduction with respect to A. Then by Theo-
rem v splits completely in F}, / L,, for all options. Therefore, for all v € X,

v splits completely in F,,/L,. We have the commutative diagram

H (A, Sp) ———— HY(F,/Ln, E(F,))[p®] — 2 HY(L,,, E) [p™]

Jresw/y J{resu

HY )/ (LYo BC(F)u)) ) % B (L) ) ).

where w is a place of F,, above v and im(d,) C im(inf). As v splits completely
in the extension Fy,/ Ly, then (Fy,)y = (Ly), and so res,, /. (c) is trivial for any
c € H'(F,/ Ly, E(F,))[p™®]. Therefore

(res, oinf)(c) = (inf,,/, ores, ,)(c) =0

and so the restriction of any element in the image of inf is trivial. Therefore,
as 1 is a lift of any element in the image of ¢,,, which is contained in the image
of inf, then the restriction of 5 to H'((Ly),, E)[p™] is trivial. Hence, 1 belongs
to Sel”” (E/Ly). 0

We therefore have the map
On : H (Ap, Sp)—TI(E/ Ly,) [p™).

We now want to determine the source of this mapping. With the conditions

that we have on the higher modular points, we have the following.
Proposition 4.3.16. For alln > 0, we have S5 = T5n.

Proof. We show this by induction. For the n = 0 case, we have T(? 0= Z,,
generated by a fixed higher modular point Q4 p,. As Q4 p, is not divisible by
pin E(Fp), then S50 = 750,

Now supposen > 1. Let P € SE" and k > 0 be minimal such that p*- P € TnB”.

Assume that k£ > 0. We can show that Tf” is generated by the higher modular

points {Q4.py,---»@Aa,p,} such that D; is a cyclic group of order p't1 and
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Nm(Qa p,) = ap(E) - Qa,p, , for all 1 <i <n, where Nm denotes the norm

map from FZ-B  to Fﬁl’l. In particular,
Bn, ~
T, / =(Qa,p,) =Zy.

Therefore, we have p¥- P =b- Qa.p, + R for some b € Z,, and R € T "t We
then apply Nm from EFP» to Fff[ to obtain Nm(Qa p,) = ap(E) 'QA,Dn,l
and Nm(R) = pR. Therefore, we have

p* - Nm(P) = bay(E) - Qap, , +pRe T

and Nm(P) € S =T ” ' by induction. As Q4 p,
in E(F,—1), then bap( ) is d1V1Slble by p. However, as the reduction type of p

is not divisible by p

-1

with respect to E is either multiplicative or good ordinary, then p { a,(E) and
so p | b. Therefore,

R = p(gpk_1 P — ]% : QA,Dn) €Ep- E(Ff”)

We have seen that E(Fy,)[p] = 0, so R must already be divisible by p in
E(FB"’I) and so R = pR' for some R’ € E(F oy 1). In particular, we have

n—1
R ¢ Sffl = Tf_l . Therefore, as pF - P =b- Q4.p, + R, then

PP = %'QA,Dn + R e TP
which contradicts the minimality of k. Therefore, k = 0 and P € Tff". O]

As Sy, is isomorphic to a Z,[G,]-sublattice in V;,, then by Proposition [4.3.16
and Theorem [3.6.20], we have S,, = T,,. Therefore, as Hl(An,Tn) = Z/p"Z
by Lemma [3.6.10] then the source of d,, is a cyclic group of order p”.

We thus have two outcomes. Firstly, if d,, is not injective, then as we have the

short exact sequence
0=E(Ly) @ Zp—Y" L ker(8,)—0

induced from (3)), then let P € E(F,) ® Z, such that v(P) = s where s
generates ker(0,). If P were a torsion point, say mP = 0 for some m > 1,

then as E(F,)[p] = 0, we must have (m,p) = 1. Therefore, P is trivial in
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E(F,)®Z, and so P = 0 in Y;*", which cannot happen. Therefore, the rank
of Y7» must be positive and so must the rank of F(L,) ® Z,. Hence, E(Ly)
will contribute a copy of Z/p"Z in Sel’” (E/Ly) as E(Ly)[p"] = 0.

If 6, is injective, then III(E/Ly)[p™] must contain a cyclic subgroup of order
p". Therefore, Sel? n(E / Ly) must contain an element of order p" by lifting the
image of ¢, from II(E/Ly,)[p"]. O

We can look further at Theorem by taking semistable A/Q and letting
p > 3 be a prime such that pg 4, is surjective. We will require the following.

Proposition 4.3.17. Let A/Q be semistable and p > 3 be a prime such that

PQ,A,p S surjective. Then Tp A,p is surjective.

Proof. It pp 4, is surjective, then as A is semistable, pg 4, must be surjective
and hence 7p 4 is also. Therefore, we need to show that for all primes p > 3,

PF,A,p 1S surjective.

We initially look at the case when p is a prime of split multiplicative reduction
with respect to A. We have seen by construction that FF C Q(A[M]) where

M= { NE ifp‘rNE,

Ne .
TE if p||Ng,

so (M,p) = 1. Let K = Q(A[p]) NQ(A[M]) and v be a place of K above p.
Then

K, = Qy(Alp]) N Qy(A[M])
= Qp(ﬂ[p]v {/Q_A) QQP(M[M]’ W)

as p is a prime of split multiplicative reduction. Here, pu[n] denotes the group of

n™ roots of unity and g4 € Q;; is a p-adic analytic uniformiser at oo such that

ordy(ga) = —ordy(j(A)) > 0. We want to show K, = Q,. As (M,p) =1,
then Q,(1[p]) NQp(u[M]) = Q. Therefore,

Gal(Qu(ulpM))/Q,) = G < (Z/MZ)* x (Z/pZ)".

183



4.3 DERIVATIVES

Let L = Q,(p[pM]). Then, by Kummer theory, we have that Gal(L(¢/qa)/L)
is a subgroup of Z/pZ and Gal(L( ¥/qa)/L) is a subgroup of Z/MZ. As
(M,p) = 1, then we must have L(¢/qa) N L(4/qa) = L and so the Galois
group of L( »2/qa) = L(/qa, 8/qa) over L is the direct product of these Galois
groups. Also

LNQy(u[M], ¥/qa) = Qp(u[M])

and

LOQy(ulp], ¢/a4) = Qp(ulp))-

Therefore, looking at the Galois groups, we have

Gal(L( *N/q4)/Qp(ulp], ¥/94)) = Gal(Qp(n[M], X/q4)/Qp).

As L( »M/qx) is the compositum of Q,(u[M], ¥/qa) and Q,(u[p], ¢/q4), then
this implies

Qp(”[p]v €/Q_A) mQP(”[M]’ W) = QP'
Therefore, K, = Q,. Now, let H = Gal(Q(A[p])/K). Then as K, = Q,,

the inertia group, I, of H must contain the set of matrices of the form (§9)
under the image of pg 4, by [33, pg. 277, Corollaire]. As K/Q is Galois,
then H < GLy(Fp) and so as p > 5, then either H D SLy(IF,) or H C Z,
by [2, Theorem 4.9]. Therefore, as I,, contains the set of matrices of the form
(59), then H D SLy(IF,). But then the mapping det : H—IF) is surjec-
tive and has kernel SLp(IF,) meaning H = GL(F,). Therefore, we have
Q(Alp]) NQ(A[M]) = Q. However, as F C Q(A[M]), then Q(A[p]) N F =Q

and as pg, 4, is surjective, then so is pp 4 .

Now suppose p is a prime of non-split multiplicative reduction for A. Let
K = Q(Alp]) NQ(A[M]) and let v be a place of K above p. As p is a prime of
non-split multiplicative reduction for A, there exists an unramified quadratic
extension L'/Q, such that A acquires split multiplicative reduction over L'. In
particular, we can follow the same procedure as in the split case with L’ to show
that L'(A[p]) N L'(A[M]) = L'. This now ensures that K, € {Q,, L'} and so
K, /Q, is an unramified extension. Therefore, if H = Gal(Q(A[p])/K), then
the image of the inertia subgroup, I, of H under pg 4, must contain the set of
matrices of the form () by [33, pg. 277, Corollaire]. Therefore, we again see
that as H <9 GLa(FF,), then H = GL2(F,) and so Q(A[p]) NQ(A[M]) = Q.
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Therefore, identically to the split case, this means that pp 4, is surjective and

this completes the proof. n
Therefore, we can reduce Theorem to the following.

Theorem 4.3.18. Let E/Q and A/Q be elliptic curves of conductor Ng and
Ny respectively. Let p > 3 be a prime of multiplicative reduction for A such
that ord,(Aa) =1 and let

Kn, ifp{ Ng,
Kng if pl|NE.
p
Assume that:
1. A is semistable,

2. E has either split multiplicative reduction at p with p 1 ord,(Ag), non-split

multiplicative reduction at p, or good ordinary non-anomalous reduction

at p,
3. The degree of any isogeny of A defined over Q is coprime to Ng,
4- PQ,Ap Us surjective,
5. PQ,E,p S surjective,

6. Any prime { of bad reduction for E and good reduction for A has a;(A)% — 40
square modulo p where ap(A) is the Hecke eigenvalue of the newform f

attached to the isogeny class of A.
Then there exists an element of order p™ in Sel’” (E/Ly).

In particular, if we have a look at Theorem [2.3.10| then we have extended the
theorem to state that if further p satisfies certain conditions with respect to E,

then we have an element of order p™ in Sel” (E/Ly).

4.4 Examples

We now look at applying Theorem to a few examples. For information
on specific elliptic curves, we obtained our data from the LMFDB [36].
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Example. Let
E:y2+y:x3—x2—x—2

be the elliptic curve with Cremona label 143al and
A2 +y=a3+22—z

be the elliptic curve with Cremona label 35a3. Then if we let p = 7, this is a
prime of good ordinary non-anomalous reduction for E. As Ag = —35, then 7
is a prime of multiplicative reduction for A such that ord7(Aa) = 1. The only
Q-isogenies on A are of degree 3 or 9, which are coprime to Ng and both pg 4 7

and pg g7 are surjective. Also,

a11(A)? —4-11=-35=0 (mod 7)
a13(A)?> —4-13=-27=1 (mod 7)

which are both squares modulo 7. Therefore by Theorem there exists an
element of order 7" in Sel” (E/Ly) for alln > 1.

We also see that E doesn’t necessarily have to be a semistable elliptic curve.
Example. Let
E:y2+xy:x3—x2—5

be the elliptic curve with Cremona label 45a1 and
Ay +aoy+y =23+ 22

be the elliptic curve with Cremona label 15a8. Then if we let p = 5, then this is a
prime of non-split multiplicative reduction for E and a prime of multiplicative
reduction for A such that ords(A4) = 1. The only Q-isogenies on A are of
degree 2, 4, 8 or 16, which are coprime to Ng and both pg 45 and pg g5 are
surjective. Therefore by Theorem[£.3.18], there exists an element of order 5" in
Sel® (E/Ly) for alln > 1.

We can even vary the curves E and A if they both have prime conductor.

However, we first require the following.
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Proposition 4.4.1. Let E/Q be an elliptic curve of prime conductor p. Then
there exists an elliptic curve, A/Q, in its isogeny class such that ord,(Ax) = 1.

Proof. Let Ey be the strong Weil curve in the isogeny class of E. Then by [13]

Proposition 2|, there are three cases. Either

o #E5(Q) =1,
. #E0(Q) =2,
o #L0(Q) > 2.

For the first case, F = Ej and as p is a prime of multiplicative reduction for
E., then ord,(Ag) = ¢, = 1 by [13, Proposition 2], where ¢, is the Tamagawa
number of E. For the second case, p is of the form u? + 64 for some inte-
ger u =3 (mod 4) by [I3, Proposition 2|. The elliptic curve E is one of the

following two isogenous curves

1
Eo:yz—{—xy:x?’—ui_ 22 +dr—u

1
El:y2+xy:a:3—u1_ -z

where Ag, = p. Finally, if #Ey(Q) > 2, then the conductor of Ey will be
either 11,17,19 or 37. But then Fjy and hence E will be isogenous to one of the
curves with Cremona label 11a2, 17a3, 19a3 or 37b2, which all have p strictly

dividing their discriminant. O]

Example. Let E/Q be an elliptic curve of prime conductor p and let A/Q
be an elliptic curve of conductor p such that ord,(Aa) = 1, which exists by
Proposition . We see in [13, Proposition 2] that if p is a prime of split
multiplicative reduction for E then p { ordy(Ag) and pg g, is surjective for all
p. We also have that pg 4, is surjective as p > 11. In particular, A has no
p-isogeny defined over Q. Hence, by Theorem Selpn(E/Ln) contains an

element of order p™ for all p prime and n > 1.

We also show a specific example for E with conductor ¢ when there exists an

A of conductor pq for p, ¢ prime such that p # q.
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Example. Let a,b € Z such that at least one of a or b is not divisible by 3 and
a? — 9a®b + 27a*b* — 27b°

is not a square. Then by [21), Theorem 3.10] there exists infinitely many m € Z
such that
A > +y =23+ ax®> + bz +m

is an elliptic curve where |Ay, | = pq. Here, p is an odd prime and q is either
1 or an odd prime different from p. Pick m such that p,q > 11 and there
exists an elliptic curve E/Q of conductor q such that p is a prime of good
ordinary non-anomalous reduction. Then as Ay, is semistable, pq 4,,, and
PQ, Am.q 0T surjective, which ensures that there doesn’t exist a Q-isogeny of
A of degree q. In particular, p is a prime of multiplicative reduction such
that ordy(Aa,,) = 1. Also, pgp, is surjective as p > 11. Therefore, by
Theorem Sel”" (E/Ly) contains an element of order p™ for all n > 1.
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