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Abstract

This thesis is structured as follows.

In Chapter 1, we provide background material about the concepts and

techniques which are used in this thesis.

In Chapter 2, we prove results which provide two new criteria for normal
families of meromorphic functions, and which extend a recent result of

Bergweiler and Langley.

In Chapter 3, we extend a theorem of Bergweiler and Langley, and provide
a result regarding the growth of a particular type of meromorphic function

in an unbounded annulus.

In Chapter 4, we extend two value distribution theorems of Langley and

Zheng.

In Chapter 5, we prove normal families and value distribution results in

connection with composite functions.
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Chapter 1

Background material

This chapter is a reference chapter for the concepts and techniques used in
this thesis. We provide subsections on each topic that arises, although we
emphasise that these are restricted to what is necessary for this thesis, and
therefore we provide references for further reading. For brevity, we omit

most proofs, and all unattributed results are standard.

1.1 Analytic and meromorphic functions

Let €2 be a domain in C. A function f is complex differentiable at a point

a € () if there is a complex number f’(a) such that

) — i 1O I@ B~ f(a)

z—a zZ— Qa h—0 h

A function f is analytic on € if at any point a € €, f is complex differ-
entiable on an open set which contains a. A function f is entire if f is

analytic in C.



1.1 Analytic and meromorphic functions 3

Let f be an analytic function on €2 and let a € €2. Then f has a zero of
multiplicity m > 1 at a, if f(a) = 0 and if there is an analytic function g
on 2 such that f(z) = (z — a)™g(z), where g(a) # 0. If m =1, then a is a

simple zero of f.
We define log™ x as follows

log x if x >1,
logtz = 5 N
0 if0<z<1.

= max{0,logz}.

For an entire function f, we define the order of f, denoted p(f), by

log™ log™ M
7—00 log r

(1.1)
where M (r, f) = max{|f(2)| : |z| = r}.

Theorem 1.1.1 (Pdlya, [33]). Suppose that f and g are entire functions
and that f o g has finite order, p(f o g) < oo. Then either f has zero
order, or g is a polynomial. Hence, if f and g are entire functions such
that p(f) > 0 and g is a transcendental function, then f o g has infinite

order, p(f o g) = oo.

The following results from function theory use some of the ideas in this
section and provide results which are useful in later chapters. We provide

proofs for completeness.

Theorem 1.1.2. Let f be an entire function of finite order p(f) = p < oo.
Let g be a polynomial of degree d. Then the order of f o g is at most dp,
that is, p(f o g) < dp.
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Proof The result is obvious if ¢ is constant, so assume that ¢ is noncon-

stant. Let 0 > p. Then since p(f) = p, we have that for w large,
log™ [ f(w)] < |w|”. (1.2)

For z large, since g is a polynomial of degree d we have that |g(z)| < ¢gl2|¢,

for some positive constant c¢g. Then, by (1.2), we have that

log™ | f(g(2))| < lg(2)|” < (colz|) = err®,

where r = |z| and ¢ is a positive constant. Then we have that

log"log™ M(r, f o g)

p(fog) = limsup

r—o0 logr
1 + do

< limsup Ogli

00 ogr

) log™ ¢; + dolog™ r

< limsup i

00 ogr
= do.

Theorem 1.1.3. Let f be an entire function with p(f) < oco. Suppose f
has m zeros in C, counting multiplicities, for some m € NU{0}. Then we

can write

f(2) = Pi(2)e"®

where Py and Py are polynomials of degree m and n respectively, with m as

above and n € NU {0}.

Proof If m = 0 then set Pi(z) = 1. Otherwise, since f has m > 1 zeros
on C, it is clear by factorisation that P; is a polynomial of degree m, and

that f can be written as P;(2)ef2(*) for some entire function P,. Then we
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have that for z large, |Pi(2)| > ¢|z|™ for some positive constant ¢. And so,
for r large, we have that
log™ M(r, f) = logt M(r, Pie™) = log™ max{|P,(2)e™®|: |z| = r}
— log* max{|P; ()] : |2] = r}
> log" max{c|z|"e*?)| : |z| = r}
= log"(er™max{|e®@)| : |z = r})

= log™*(er™M(r, ePQ))

v

log" M(r,e"),

since c is a positive constant, m > 1 and r is large. Then we have, whether
or not m = 0, that

log™ log™ M (r, Pie’?)

= o(Pef?) = i 1.3
p(f) = p(Pre™?) i sup ogr (1.3)
logt log™ M Py
> Jimsup 98108 (r,e®)
0o log r
= p(e™).

Suppose now that P is a transcendental function. Then since p(e*) = 1
we have, by Theorem 1.1.1, that p(ef?) = oo which, by (1.3), contradicts

the fact that p(f) < oco. Therefore P, is a polynomial.

A function f has an isolated singularity at a point a if f is not defined at
a, but there is some s > 0 such that f is analytic in the punctured disc

{z:0<|z—a|] <s}. Then f has Laurent expansion at a given by

The function f has a remowvable singularity at a if all the coefficients of

negative powers are zero; f has a pole at a if all but finitely many of the
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coefficients of negative powers are 0; and f has an essential singularity at

a otherwise.

Thus, a function f has a pole at a if |f(z)| — oco as z — a. The residue of
f at a, denoted by Res(f,a), is a_i, the coefficient of the (z —a)™! term in

the Laurent expansion of f.

A function f is meromorphic on € if given any point a € €2, f is either
analytic at a, or f has a pole at a. A function f is meromorphic at oo if

f(1/2) is meromorphic at 0.

Let f be a meromorphic function on €2 and let a € €2. Then f has a pole
of multiplicity m > 1 at a if 1/f(z) has a zero of multiplicity m at a. If

m = 1, then a is a simple pole of f.

Let f be a meromorphic function and zy € C. If f(z) # 0,00 then an

analytic branch of log f(z) may be defined near zy, with derivative

d f(2)
—_— ]_ pu—
dz 0g f(2) f(2)
and J}/((j)) is called the logarithmic derivative of f. The branch log f(z) may

be continued along any path which avoids zeros and poles of f. Then if z;
and z are not zeros or poles of f, we have that

S f@)
0 [(t)

for such a path. Since changing the path adds an integer multiple of 2 7z,

log f(z) =log f(20) + dt

by the Residue Theorem (Theorem 1.10.5), we get the following identity

f(z) = f(z0) exp < Z ‘;/((tt)) dt) : (1.4)

We refer the reader to [1] for further reading.
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1.2 Elementary Nevanlinna theory

Let f be a meromorphic function in |z| < r, for some r > 0. The Nevanlinna

characteristic T'(r, f) is defined to be

T(r, f) =m(r, f) + N(r, [), (1.5)

where m(r, f) is the prozimity function given by
1 2 )
mirf) =5 [ log" If(re™)ds (16)
2m Jo
and N(r, f) is the integrated counting function given by
" dt
0

where n(r, f) denotes the number of poles of f in |z| < r, counting multi-

plicities.
Theorem 1.2.1. If f is a rational function,
T(r, f) = O(logr) as r — 0o,
that is, there exists M > 0 such that T(r, f) < Mlogr as r — 0.
Theorem 1.2.2. If f is transcendental and meromorphic in C, then
T(r,f)/logr — oo as r — oo.

Thus, logr = o(T(r, f)) as r — oo since

log r
T(r, [)

— 0 as r — o0.
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Theorem 1.2.3. Let f1,..., fr be meromorphic functions. Then

mir, > £5() < 3 mlr, f5(2)) + log. (1.9

m(r. []45() < 3 mir. (). (1.9

N Y2 1) < 3N £(2)) (1.10)

N [T 5D < 3N 1)) (11)

T( 3" 1) < 3T £5(2) + log, (112)
j= ) j= )

76 [[ £:(2) < 370 £5(2)) (1.13)

Theorem 1.2.4 (First fundamental theorem). Let f be meromorphic and

nonconstant in C and let a € C. Then

T(r. =) = T(r.) + O(1). (1.14)
We deduce that for a = 0,
T(r,1/f)=T(r, f) + O(1). (1.15)

We use (n.e.) as an abbreviation for “nearly everywhere”, that is, to denote

the phrase “outside a set of finite measure”.

Lemma 1.2.5 (Lemma of the logarithmic derivative). Let f be meromor-
phic and nonconstant in the plane. Then there are positive constants ¢y

and cy such that

m(r, f'/f) < cilogr + cologT(r, f) = O(log rT(r, f)) (n.e.), (1.16)
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asr — OoQ.

Theorem 1.2.6. Let f be a meromorphic function. Then

T(r, f') < T(r, f) 4+ N(r, f) + O(logrT(r, f)) = O(T(r, f))  (n.e.).

Then using (1.13), (1.15) and (1.17),

T f/))<Tr, f)+T(r f)+00)=0(T(r, f))  (ne) (118)

Theorem 1.2.7. Let f be meromorphic and nonconstant on |z| < R. If f

has no poles and 0 < r < R, then

T(R, ) <log" M(R.F),  log M(r,f) < (g tr

)T(R, f)-

—r
For a meromorphic function f on C, we define the order of f, p(f) to be

log™ T
o(f) = limsup 28 L2 f)
P00 logr

(1.19)

We note that by Theorem 1.2.7, we have that T'(r, f) and log M (r, f) are
comparable for entire functions. Then we note that for entire functions,

(1.1) and (1.19) are equivalent.

Theorem 1.2.8. If f is a nonconstant and meromorphic function in C,

then
p(f¥) < p(f).

For a meromorphic function f and a € C, we define the deficiency of f at
a, §(a, f) to be

1
Sla, f) = nggf%,
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and,

Finally, following the notation in [22], for f meromorphic in the plane, we

denote by S(r, f) any quantity satisfying
S(r, f) = O(logr + log™ T'(r, f)) (1.20)

as r — oo outside a set of finite measure, not necessarily the same set at

each occurrence.

We refer the reader to [22] for further reading.

1.3 Nevanlinna theory on an annulus

For r > 0, define an annulus A(r) by
Ar)y={z:r <|z] < oo}. (1.21)

The previous subsection contains material concerning Nevanlinna theory
for functions meromorphic in the plane. This subsection provides a variant
of Nevanlinna theory for functions meromorphic in an annulus. A standard
reference for this variant of Nevanlinna theory is [7], but we outline the

necessary material here.

A point zq is called a limit point of a set §2 if every neighbourhood of z,

intersects with ) other than at the point zj itself.

Let ro > 0 and let f be a function meromorphic in the annulus A(rg). That

is, we say that a function f is meromorphic in A(rg) if f is meromorphic in
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a domain containing A(ry). Then the poles of f cannot have a limit point
in A(rg). Similarly, for f # 0, the zeros of f cannot have a limit point in

A(rg). We then have the following representation.

Theorem 1.3.1 (Valiron, [42]). Let 7o > 0 and let f be a nonconstant
meromorphic function in an annulus A(rg), as defined by (1.21). Then
there exist an integer m, a function F' meromorphic in C, and a function

¢ analytic and non-zero in A(rg) such that

¢(o0) = lim ¢(z) =1

zZ— 00

and
f(z) = 2"F(2)9(2)
on A(rg). The zeros and poles of F' on C are precisely the zeros and poles

of f on A(ro).
We then define for r» > rq,
1) = 5 [ ot lstrear
m(r, = 2, g re
= m(r,F)+ O(logr).

Next we define

N ) = [ oG = N

0

where n(t, f) is the number of poles of f in rg < |z| < ¢, counting multi-
plicities.
We define T'(r, f) as in (1.5), which gives
T(r,f) = mr,f)+ N(r, f)
= m(r,F)+ N(r,F)+ O(logr)

= T(r,F)+ O(logr). (1.22)
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Also, f(z) = 2™ F(2)¢(2) gives
f'(z) =mz" " F(2)6(2) + 2" F'(2)6(2) + 2" F(2)¢/ (2),

and so we have

re) _m PE L)

+ .
fz) oz F(z)  ¢(2)
Then by (1.8), (1.16), (1.22) and Theorem 1.2.1, we have that

m(r, f'/f)

IA

m(r,m/z) +m(r, F'/F) +m(r,¢'/p) + log 3

IA

O(logr) + O(logrT'(r, F)) (n.e.)

IN

O(logr + log" T(r, F)) (n.e.)

IN

O(logr +1og™ T(r, f))  (n.e.)

O(logrT(r, f)) (n.e.)

IA

which is the Lemma of the logarithmic derivative (Lemma 1.2.5).

Next, if T'(r, f) = O(logr) as r — oo then T'(r, F') = O(logr), and so by

Theorem 1.2.1, F'is a rational function, and thus lim, ., f(z) exists.

Finally, we note also that results analogous to those in § 1.2 exist, and

in direct analogy with (1.20), for f meromorphic in A(ry), we denote by

S(r, f) any quantity satisfying

S(r, f) = O(logr + log* T'(r, f))

(1.23)

as r — oo outside a set of finite measure, not necessarily the same set at

each occurrence.

We refer the reader to [7] for further reading.
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1.4 The spherical metric

We note first that the spherical metric is also called the chordal metric.
Also, we use the convention C* = CU {oo} to denote the extended complex

plane.

A sequence of functions (f,,) converges (spherically) uniformly on compact
subsets of a domain €2 to a function f(z) if, for any compact subset K C €

and € > 0, there exists a number ng = ny(K, €) such that n > ng implies

[fulz) = fR) <&, (X(ful2), f(2)) <),
for all z € K.

Given z1, zo € C the spherical distance, or chordal distance x(z1, z2) is

21 — =
X(z1,22) = 21 — 2|

B \/1 + ‘21|2\/1 + ‘22’2.

If zo = 00, then
1

X(z1,0) = ——.
G100 = ATar
Let f be meromorphic in a domain 2. If z € ) is not a pole of f, then the

spherical derivative f#(2) of f at z is

f#(z) _ 1f'(2)] (1.24)

RN O

If a is a pole of f, define

by 17
FO = ee

We note that f#(z) = (1/f(2))¥ for all z € C*.



1.5 Normal families 14

Lemma 1.4.1 ([4]). Let f be a meromorphic function with bounded spher-
ical derivative, that is |f#(z)] < M for some constant M. Then f is of
order at most 2, that is, p(f) < 2. Thus, if [ is a meromorphic function

with p(f) > 2, then f has unbounded spherical derivative.

We refer the reader to [37] for further reading.

1.5 Normal families

A family G of meromorphic (analytic) functions is a normal family on a
domain (2, if every sequence of functions (f,,) in G contains a subsequence
which converges uniformly on compact sub-regions either to a meromorphic

(analytic) limit or identically to oo, with respect to the spherical metric.

We note that if {f € G} is a normal family, then {1/f: f € G} is a normal

family also.

Example 1.5.1. The family of functions { f,(z) = Z : n € N} is a normal

famaly on C.

Example 1.5.2. The family of functions {f.(z) = nz : n € N} is not
normal on any domain containing the origin. This is because f,(0) = 0,

whereas for z € R we have that f,(z) = nz — 00 as n — 0.

The following result is by Pang and Zalcman, and we refer to it as the

Pang-Zalcman lemma.
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Lemma 1.5.3 (Pang-Zalcman lemma). Let G be a family of functions
meromorphic in the unit disc B(0,1), all of whose zeros have multiplic-
ity at least k, and suppose that there exists A > 1 such that |f®)(2)| < A
whenever f(z) =0, f € G. Then if G is not normal, there exist for each

—1<a<k,
(a) a number 0 <r <1,
(b) points z, with |z,| <,
(¢) functions f, € G, and

(d) positive numbers p,, — 0,

such that
fo(2n + pn2)
Pn

locally uniformly with respect to the spherical metric, where g is a noncon-

gn(z) = - g(Z)

stant meromorphic function on C such that g*(z) < ¢*(0) = kA + 1.

As a point of interest, we note that the Pang-Zalcman lemma encompasses
a previous result by Zalcman which is referred to as the Zalcman lemma,
and which can be seen as the case where G is not normal at 0 and where
z, — 0 with @ = k = 0. We refer the reader to [30] and [31] for further

reading.

A family of functions G is locally bounded on a domain €2 if, for each zy €
2, there is a positive number M = M(zy) and a neighbourhood U of z,
contained in €, such that |f(z)| < M for all z € U and for all f € G.
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Theorem 1.5.4 (Montel-Vitali theorem). If G is a locally bounded family

of analytic functions on a domain 2, then G is a normal family in €.

Finally, we include the Bloch principle. We note that this is a heuristic
principle, and that counterexamples do exist, see [36]. However, we note
that the Bloch principle is true in most important known cases, and is a

useful tool for detecting criteria for normal families.

Bloch principle A family of meromorphic (analytic) functions which have
a common property P on a domain €2 will in general be a normal family if

P reduces a meromorphic (analytic) function in C to a constant.

We refer the reader to [30], [31] and [37] for further reading.

1.6 Wronskians

Let fi,...,fr be meromorphic functions. We define the Wronskian

W(fi,..., fr) as follows

Ji Jr
W(f1,~--7fk) = N fk
fl(k—l) f,gk—n

Following the notation in [25], we denote by W;(fi,..., fx), for j =
0,...,k — 1, the determinant which is obtained from W (fi,..., fx) by re-
placing the row ( fj), ce f,gj)) by (fl(k), ce fék)).
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Lemma 1.6.1. Let fi,..., fr be meromorphic functions on a domain ).
Then W (f1,..., fx) vanishes identically on §, if and only if fi,..., fx are

linearly dependent on ).

Lemma 1.6.2. Let fi,..., fx,g be meromorphic functions and cq,...,cp

be complex numbers. Then

(@) Wi, cofe) = croeeciW(Frr oo fo).
(b)) Wi, s fis 1) = (=D)FW(fi,.... fp).

(c) W(gh,..-.gfx) = W (fi.- -, fo).

(d) W(hr,... fi) = fiW <(§—> (;ﬁ—k))

For a function f and functions aq, ..., a;_; we define a homogeneous linear

differential operator L by

Lf) = f® +ap_1 f5 Y 4+ +af. (1.25)

The following lemma combines results from [17] and [25].

Lemma 1.6.3. Let k > 1. Let ag, . ..,a,_1 be meromorphic functions in a
domain ). Let fi, ..., fr be linearly independent meromorphic functions in
Q that satisfy the homogeneous linear differential equation L(w) = 0, where

L is defined by (1.25). Then the a; can be written in the form

Wi(fi,- s fi)
a; = — 1.26
’ W(flaafk’) ( )
for 7 =0,...,k—1 and, in particular,
W(fi,... !
Gy = — (i, fx) (1.27)

W(fi, .., fx)
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The poles of a; in ) have multiplicity at most k — j and can only arise
among the poles of fi,..., fr and the zeros of W(f1,..., fx). Furthermore,

if fis meromorphic in ) then

Wt o ) = W1, o) L) (1.28)

Thus we have that there is a link between the k linearly independent solu-

tions fi,..., fi of a differential equation
L(f) =% + a1 f" V4. +agf =0

and the coefficients ag, ..., a,_1 of that equation. Thus examination of the
a; leads to results about the f;. This approach was used in [19] by Frank

and Hellerstein.

We refer the reader to [25] for further reading.

1.7 Analytic continuation

Analytic continuation is where we extend a given analytic or meromorphic
function to a larger domain, or where we continue a function along a curve.

Here we use definitions and information from [14] to illustrate this method.

A function element is a pair (f, G) where G is a domain and f is an analytic
function in G. For a given function element (f,G) define the germ of f
at a, denoted [f],, to be the collection of all function elements (g, D) such

that a € D and f(z) = g(z) for all z in a neighbourhood of a.

Let v : [0,1] — C be a path and suppose that for each t € [0, 1] there is a

function element (f;, D;) such that
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(a) v(t) € Dy;

(b) for each t € [0,1] there is a § > 0 such that |s — t| < § implies

V(s) € Dy and [fs]ys) = [[fily(s)-

Then we say that (fi, Dy) is the analytic continuation of (fo, Do) along the
path v, or that (fi, D) is obtained from (fo, Do) by analytic continuation

along .

We note that (b) gives
fs(2) = fi(2)

on a neighbourhood of v(s), whenever |s —t| < 4.

If v :[0,1] — Cis apath from a to band {(f;, D;) : 0 <t < 1} is an analytic
continuation along 7, then the germ [f1] is the analytic continuation of [ fola

along .

If (f,G) is a function element then the complete analytic function obtained
from (f, Q) is the collection C of all germs [g], for which there is a point a

in G and a path v from a to b such that [g], is the analytic continuation of

f]a along .

A collection of germs C is called a complete analytic function if there is
a function element (f,G) such that C is the complete analytic function

obtained from (f, G).

Let (f, D) be a function element and let G be a domain which contains D.
Then (f, D) admits unrestricted analytic continuation in G if for any path
v in G with initial point in D there is an analytic continuation of (f, D)

along 7.
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A curve v : [a,b] — C is rectifiable if

sup{Z]’y(xk)—fy(:ckHH:nEN, a=1xy < <...<xn:b} < 00.
k=1

If 70,7 : [0,1] — G are two rectifiable curves in G such that ~,(0) =
71(0) = a and (1) = 71(1) = b then vy and v, are fized end point homo-

topic if there is a continuous map I' : I? — G such that
['(s,0) = 7(s) [(s,1) = m(s)
ro,t) = a r'a,t) = b

for 0 <s,t <1.

Theorem 1.7.1 (Monodromy theorem). Let (f, D) be a function element
and let G be a domain containing D such that (f, D) admits unrestricted
analytic continuation in G. Let a € D, b € G and let vy and v, be paths
in G from a tob. Let {(f;,D¢) : 0 <t <1} and {(g¢, D;) : 0 < t < 1} be
analytic continuations of (f, D) along vo and 7, respectively. If vy and v

are fized end point homotopic in G then

[fl]b = [gl]b-

Corollary 1.7.2. Let (f,D) be a function element which admits unre-
stricted analytic continuation in a simply connected domain G. Then there

is an analytic function F: G — C such that F(z) = f(z) for all z € D.

We refer the reader to [14] for further reading.
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1.8 Iteration theory

Let f be a meromorphic function. A point z is called a multiple point of f

if f'(z) =0 or if z is a pole of f of multiplicity two or higher.

Let f be a meromorphic function. A point z € C is called a critical point of
f if f fails to be injective in any neighbourhood of z. These critical points
consist of the multiple points of f. The image of a critical point, f(z) = w,

is called a critical value.

Let f be a meromorphic function and let w € C* = CU {oco}. If f(2) — w
as |z| — oo along some continuous path v, then w is called an asymptotic

value of f and ~ is called a path of determination.

Let f be a meromorphic function. We denote by
ff=id, fl=f f=fof ..., f=frof=Ffof",

the sequence of iterates of f.

A point z € C is called normal if the sequence (f") is defined and forms a

normal family in some neighbourhood of z. (See § 1.4).
The Fatou set of f is the set of normal points of f and is denoted by Fy.

The Julia set of f is the complement of the Fatou set of f and is denoted
by
Jr=C"\ Fy.

A solution zj of the equation f(z) = z is called a fizpoint of f and f'(zp) is

called its multiplier. We say that oo is a fixpoint of f, if 0 is a fixpoint of
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1/f(1/z), and we define its multiplier to be the multiplier of the fixpoint 0

of the conjugate z — 1/(f(1/2)).

If 2 is a fixpoint of fP, but not a fixpoint of f™ for any n, 0 < n < p, then

o= {20, f(20), -, f7H(20)}

is called a cycle of length p. Then elements of a are called periodic points.
The multiplier X = A(«), is defined to be the multiplier of the fixpoint zy
of fP, A= (f?)'(z0). By the Chain Rule, we have

p—1

(f7)(20) = [ [ F/(F (20)).

=0
Then if f7(z) # oo for 0 < j < p, the value of X depends only on a and

not on the particular periodic point z.

The cycle « is called

(1) superattracting if |\| = 0.
(ii) attracting if 0 < |A| < 1.
(iii) indifferent if |\| = 1.

(iv) repelling if |A| > 1.

We also classify periodic points in this way.

Theorem 1.8.1. The Julia set of a function f is the closure of the set of

repelling periodic points of f.

We refer the reader to [5] and [40] for further reading.
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1.9 Univalent functions

A single-valued function f is said to be univalent on a domain €2 if it never

takes the same value twice, that is, if f(2z1) # f(22) for z; and z5 in Q with
21 # 29.

The function f is said to be locally univalent at a point zo € € if it is

univalent in some neighbourhood of z.

An analytic univalent function f is also called a conformal mapping, and

we say that f maps a domain € conformally.

Theorem 1.9.1 (Koebe distortion theorem). Let f be a conformal mapping

in the open unit disc B(0,1). Then for 0 <r <1,

L—r 147

ol Ol S maxlf ) < G551 O

We refer the reader to [15] and [34] for further reading.

1.10 Miscellaneous theorems

The following is an alphabetical list of standard theorems from complex
analysis which are used in this thesis. We refer the reader to [1] and [37]

for further reading.

Theorem 1.10.1 (Argument principle (Special case)). Let v be a circle,
described once counter-clockwise, and f be a meromorphic function on a

domain containing v and its interior, with no zeros or poles of f on ~.
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Then
L [f(2)
oni ), F) "

1s equal to the number of zeros minus the number of poles of f, inside 7,

where the zeros and poles are counted according to multiplicity.

Theorem 1.10.2 (Hurwitz’ theorem (Special case)). Let (f,,) be a sequence
of meromorphic functions on a domain €2 which converge spherically uni-

formly on compact subsets to a function f (which may be = oo0). If each

fn #£0 on Q then either f #0 on €, i.e. f has no zeros on Q, or f =0.

Theorem 1.10.3 (Maximum principle). Let f be an analytic and noncon-
stant function in a region Q. Then |f(2)| has no maximum in Q. Further-
more, if Q is a closed bounded region, then the mazimum of |f(z)| is taken

on the boundary of €.

Theorem 1.10.4 (Picard’s theorem). Let a,b,c € C* be distinct points.
Let f be a meromorphic function which omits a,b,c on C. Then f is con-

stant.

Theorem 1.10.5 (Residue theorem). Let f be analytic in a domain €,
apart from isolated singularities z;. Let~y be a cycle in €2 avoiding the z; and
such that n(y,a) =0 for all a € C\ Q where n(v, a) is the winding number
of v about a. Then there are just finitely many z; for which n(vy, z;) # 0,

and
/f(z)dz = 2mi Zn(% z;)Res(f, z;).

Theorem 1.10.6 (Rouché’s theorem). Let Q be a simply connected domain

containing a simple closed curve I' and its interior. Let f and g be analytic
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functions on Q such that |g| strictly dominates |f|, i.e. |g| > |f], on T.

Then g and f + g have the same number of zeros inside I

Theorem 1.10.7 (Taylor’s theorem). Let f be an analytic function on a

domain Q) and let a € Q). Then

4k (g
fo =3 D ay

k
k=0

for z near a.

Theorem 1.10.8 (Weierstrass theorem). Let (f,,) be a sequence of analytic
functions on a domain 2 which converges uniformly on compact subsets of
Q to a function f : Q — C. Then f is analytic in  and, for k € N,

the sequence of derivatives (fT(Lk)) converges uniformly on compact subsets

to f.



Chapter 2

Two new criteria for normal

families

In this chapter, we present results which provide two new criteria for normal

families of meromorphic functions.!

Let ag,...,ar_1 be analytic functions on a domain 2. Let F be a family
of meromorphic functions f on  such that f # 0 and f* + aq;_, f*=1 +
co.Faof #0o0n Q, forall f € F. Then {f'/f: f € F} is a normal family.
Furthermore, let ag, . .., ai_1 be meromorphic functions on a domain €2. Let
F be a family of meromorphic functions f on €2 such that f # 0, f’ # 0 and
f® rap_ fE D4 4agf #0on Q, forall f € F. Then {f'/f:fecF}
is a normal family. These two new criteria for normal families extend a

recent result of Bergweiler and Langley, [6, Corollary 1.1].

!The results in this chapter have been published by Computational Methods and

Function Theory, see [11].
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2.1 Introduction

A function f is nonvanishing on a domain € if it is without zeros there,

that is, if f(z) # 0 for all z € Q.

Example 2.1.1. Let f(z) = e*%3. Then f(z) # 0 on C and also f¥(z) =
2ke2+3 L0 on C for k € N. That is, f and f* are nonvanishing on C.

Since at least as far back as Pdlya [32], interest has been shown in deter-
mining meromorphic functions f such that f and f*) are nonvanishing in
C for £k € N. In 1959, Hayman [21] conjectured that the following result

would be true.

Theorem 2.1.2. Let f be a meromorphic function in C and let k > 2 be
an integer. Suppose f and f*) are nonvanishing in C. Then f has the

form f(z) = e** or f(2) = (az +b)™" where a,b € C, a # 0 and n € N.

Hayman [21] proved the & = 2 case for entire functions, and Clunie [13]
proved the general case for entire functions. In 1976, Frank [18] proved the
k > 3 case of Theorem 2.1.2. In 1977, Frank, Hennekemper and Polloczek
[20] considered the case where k > 3 and ff*) has finitely many zeros. In
1993, Langley [28] proved the k = 2 case of Theorem 2.1.2.

Interest has also been shown in determining meromorphic functions f such
that f and L(f) are nonvanishing on C, where L is defined, as in (1.25),
by

L(f) = fP + a1 f*" D+ +arf +aof,
for £ € N. Steinmetz [39], following the work of Frank and Hellerstein

[19], proved results for the case where the a; are constants and k£ > 3.
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Brueggemann [8] proved results for the case where the a; are polynomials,
not all constant. Langley ([26], [27]) proved results for the case where the
a; are rational functions. We prove results for the cases where the a; are

analytic functions and meromorphic functions.

We note that by Theorem 2.1.2, if f is an entire function such that f and
f®) are nonvanishing on C for some & > 2, then we have that f(z) = e®**?
and so f'(z)/f(z) is constant. Then by the Bloch Principle (see § 1.5), we
see that Theorem 2.1.2 may provide a criterion for normal families. This
is in fact the case. Schwick [38] proved this for families of analytic func-

tions, and Bergweiler and Langley [6] proved it for families of meromorphic

functions, their result being stated as follows.

Theorem 2.1.3 (Bergweiler and Langley, [6]). Let k > 2 and let F be a
family of functions that are meromorphic in a domain 2. Suppose that f
and f*®) are nonvanishing in O, for all f € F. Then G = {f'/f : f € F}

18 a normal family in €.

We include the following example to show that Theorem 2.1.3 does not
hold for k = 1.

Example 2.1.4. Let F = {f,(2) = 2= : n € N}. Then f.(z) and
fl(z) = —% are nonvanishing in C, for all n € N. However, G =
{f1(2)/fulz) = —mne**/(e" — 1) : n € N} is not a normal family in C

since f1(0)/fn.(0) = oo whereas f,(x)/fn(x) — 0 for z € R™, as n — oc.

We first extend Theorem 2.1.3 to the following result.
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Theorem 2.1.5. Let k > 2 and let F be a family of meromorphic functions

m a domain ). Let ag, . .. ,a,_1 be analytic functions in Q. For each f € F

define L(f), as in (1.25), by

Lf)=f® +ap fE Y4 +arf +aof.

Suppose that f and L(f) are nonvanishing in Q for each f € F. Then
G=A{f"/f:f€F}is anormal family in .

The following example shows that Theorem 2.1.5 cannot be extended to

the case where ayg, ..., a,_1 are meromorphic functions, in the k = 2 case.

Example 2.1.6. Let F = {f,(2) = €"*/z : n € N}. Set ap(z) = 0 and
ai1(z) =2/z. Then for k =2, we have

n2

L(fa) = £ + ar(2) fo(2) + ao(2) f(2) = —e™.

z

Thus for all n € N we have that f,(z) and L(f,) are nonvanishing in C.
However G = {f},(2)/ fu(z) = (z—2)/(2.2) : n € N} is not a normal family

n

in C, since f,(0)/f,(0) = oo, whereas f,()/f.(2) =0.

Nevertheless, by including the extra condition that f/ # 0 on €, for all
f € F, we can extend Theorem 2.1.5 to the case where ag,...,a,_1 are

meromorphic functions. We state the result as follows.

Theorem 2.1.7. Let k > 2 and let F be a family of meromorphic functions
m a domain ). Let ag, . ..,ax_1 be meromorphic functions in 2. For each

f € F define L(f), as in (1.25), by

L(f) = f® + apr f*" D+t arf +aof.
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Suppose that f, f' and L(f) are nonvanishing in ) for each f € F. Then
G=Af"/f:fe€F}is anormal family on <.

The proof of Theorem 2.1.5 depends on Theorem 2.2.5 below, which in turn
depends on several lemmas. For this reason, we provide the preliminaries
of the proof of Theorem 2.1.5 in § 2.2. In § 2.3, we prove Theorem 2.2.5,
and in § 2.4, we provide an example concerning Theorem 2.2.5. In § 2.5,
we provide the main part of the proof of Theorem 2.1.5. In § 2.6, we prove

Theorem 2.1.7.

2.2 Proof of Theorem 2.1.5: preliminaries

We follow a similar method of proof to that used by Bergweiler and Langley

in their proof of Theorem 2.1.3, see [6, Corollary 1.1].

The following assertion is stated in [6], and we provide a proof here for

completeness.

Lemma 2.2.1 (Bergweiler and Langley, [6]). Let F' be meromorphic in a
simply connected domain 2. Then there exists a function f meromorphic
in Q such that F' = f'/ f, if and only if all poles of F' are simple with integer
residues. Furthermore, f is nonvanishing on ) if and only if all residues

of F' are negative integers.

Proof Suppose first that F' = f’/f for some function f meromorphic in

Q. Let a € Q) and suppose that f has a zero at a of order m > 0, or a pole
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at a of order —m > 0. Then near a we have

f(z) = (z = a)"h(2)

for some function h meromorphic near a with h(a) # 0,00. Then we have

that f'(2) = m(z —a)™ 'h(z) + (z — a)™N(z) and so

_ [z om o W(z)
 f(2) T’ h(z)

F(z)

Then a is a simple pole of F' and Res(F,a) = m for some integer m.

Suppose now that F' is meromorphic in €2 and that all poles of F' in {2 are
simple poles with integer residues. Let E be the set of poles of F' in (.
Choose zp € Q\ E and define f initially on Q\ E by

£(2) = exp ( / F(t)dt)

in which the integration is along any piecewise smooth path from zy to z

in Q\ E.

We show first that the value of f(z) does not vary with choice of path.
Let 71 and 2 be paths from z5 to z in Q \ E. Set v = 7172_1, that is,
followed by 9 backwards. Then 7 is a closed curve and since €2 is a simply

connected domain we have by the Residue Theorem (Theorem 1.10.5) that

/ Ft)dt — / F(t)dt — / F(t)dt

= 2mi Z Res(F, a)n(v, a)
ack
= 2mim

for some m € Z, where n(v, ) is the winding number of v about .
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Since f(z) = exp (f; F(t)dt) and exp(2mim) = 1 we have that the value
of f(z) does not vary with choice of path. Also we note that f is analytic

and nonvanishing in 2\ E.

Next we investigate lim,_,, f(2) for some a € E. Since F' is meromorphic on
2 and all poles of F' are simple with integer residues, we have the following

near a,

t—a

where m is an integer and H is an analytic function near a, and thus
bounded near a. Choose z; € Q\ E with 2z, near a, but not equal to a.
Then as z — a we have by (1.4) that

1) = oo )

where ¢ = f(z1) exp (fzzl H(t)dt) /(z1 — @)™ is an analytic function at a
with ¢(a) # 0 since f is nonvanishing in 2\ E. Hence f has a zero or a
pole at a, depending on the sign of m. In particular, f is nonvanishing on

Q if each m is a negative integer.

Next, following the method used by Bergweiler and Langley in [6], we define
differential polynomials Wy (F') for k € N by

U (F)=F, U (F) = FUL(F) + (U(F)). (2.1)
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Here is an example to illustrate this.

Example 2.2.2. Let F(z) =2/z. Then by (2.1) we have that

U(F)(2) = F(z) =2/z
Uy(F)(2) = F*2)+ F'(2)=4/2*-2/2* =2/2%

Uy(F)(2) = F3(2)+3F(2)F'(2) + F?(2) =8/2° +3(2/2)(=2/2%) +4/2* = 0.

The link between these operators and nonvanishing derivatives is given by

the following lemma from [6], which can be easily proved by induction.

Lemma 2.2.3 (Bergweiler and Langley, [6]). Let f be meromorphic in a
domain Q0 and let F = f'/f. Then for each k € N we have U1(F) = f®/f.

Example 2.2.4. Let F'(z) = 2/z as in Ezample 2.2.2. Then we note that

F = f'/f where f(z) = 22. Then f'(z) = 2z, f@(2) =2 and f®(z) =0

and so we have
Ui(F)(z) = ['/f=2/z

U (F)(z) = fOUf=2/2,
Uy(F)(z) = fO/f=0.

Next, let ag,...,ar_1 be analytic functions on a domain €2, and define

differential polynomials Ay (F') for k € N by
Ak<F) = \I/k(F) + ak_lllfk_l(F) + ...+ alllll(F) + ap. (22)
Finally, we use the following theorem, noting that it is an extension of [6,

Theorem 1.3]. We note also that we use B(a,r) to denote the open disc

B(a,r) ={z:]z —a| <r}.
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Theorem 2.2.5. Let k > 2 and let G be a family of functions meromorphic
m a domain Q). Let ag,...,ar_1 be analytic functions on Q). For F € G

define A,(F'), as in (2.2), by
Ak(F) = \I/k(F) + ak_l\I’k_1<F) + ...+ al\Ill(F) + ag.

Suppose that there exists 6 € (0,1] such that the following conditions hold

forall F € G:

(i) Ak(F) has no zeros.
(i1) if a is a simple pole of F' then |Res(F,a)—j| >0 forj € {0,1,..., k—
1}.
(i) if ¢ € Q and R > 0 with B(c, R) C Q, if B(c,0R) contains two poles

of F, counting multiplicities, and if B(c, R) \ B(c,dR) contains no

poles of F', then
Z Res(F,a) — (kK —1)| > .
a€B(c,0R)
Then G is a normal family.
We prove this theorem in § 2.3, and provide an example in § 2.4 to show

that Theorem 2.2.5 cannot be extended to the case where aq,...,ap_1 are

meromorphic functions.
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2.3 Proof of Theorem 2.2.5

We need several lemmas for the proof of Theorem 2.2.5. The first assertion
in the following lemma is proved in [6], and the second is an extension

which follows immediately.

Lemma 2.3.1 (Bergweiler and Langley, [6]). Let k > 2 be an integer. Let
y be meromorphic in a domain €2, such that if a is a simple pole of y then
Res(y,a) ¢ {1,...,k —1}. Let n € N be such that n < k. If y has a pole
at a of multiplicity m then V,(y) has a pole at a of multiplicity nm, and
A, (y) has a pole at a of multiplicity nm, where A, (y) is defined as in (2.2)
by

An(y) = Vn(y) + an1¥na(y) + ... + aVi(y) + ao

where ag, . .., a,_1 are analytic functions on €.

We need the following theorems of Bergweiler and Langley.

Theorem 2.3.2 (Bergweiler and Langley, [6]). Let k > 3 be an integer,
and let F' be meromorphic and nonconstant in the plane and satisfy both of

the following conditions:

(i) Wi(F) has no zeros.

(i) if a is a simple pole of F' then Res(F,a) ¢ {1,...,k—1}.

Then F has the form
(k—1)z+«
224+ B2+’

F(z) = (2.3)
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or

1
F(z) = . 2.4
€)= =3 (2.4
Here a, 3,7 € C with a # 0 in (2.4).

Conversely, if F' has the form (2.3) or (2.4), and if (i7) holds, then WV (F')

has no zeros. If F' has the form (2.3) or (2.4), but (i1) does not hold, then

Theorem 2.3.3 (Bergweiler and Langley, [6]). Let F' be meromorphic and

nonconstant in the plane, such that

(i) Wo(F) = F' + F? has no zeros.
(i) if a is a simple pole of F, then Res(F,a) # 1.

(iii) there exists 6 > 0 such that, if a is a simple pole of F, then
|Res(F,a)| > 9.

Then either F has the form (2.3) with k = 2, or the form (2.4).

In the proof of Theorem 2.2.5, we will use the Pang-Zalcman Lemma
(Lemma 1.5.3). In particular, we will apply it to the family of all func-
tions 1/f with f € G, for the case where @« = k = 1. We obtain the
following lemma, noting that this approach was also used by Bergweiler

and Langley [6, Lemma 4.2].

Lemma 2.3.4. Let G be a family of functions meromorphic in the unit disc
B(0,1). Suppose that there exists 6 > 0 such that if f € G has a simple

pole a, then |Res(f,a)| > 0. Then if G is not normal, there exist r € (0,1),
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points z, with |z,| < r, functions F,, € G and positive numbers p,, tending

to zero such that
PnFn(2n + pnz) — F(2)

locally uniformly in C, where F' is a nonconstant meromorphic function on

C such that F*(z) < F*(0) = 1+ 1/6 for all z € C.

The proof of Theorem 2.2.5 will involve rescaling. We therefore need the

following results, and include the proof for completeness.

Lemma 2.3.5. Let F' and g be functions such that

9(2) = pF(a+ p2)

where p > 0, a € C. Then the following statements are true:

(a) If g has a pole at b, then F has a pole at a + pb, and
Res(g,b) = Res(F,a + pb).

(b) For each j € N, we have

where V; is defined as in (2.1).
(c) If ag, ..., a1 are analytic functions and
Ap(F) =V (F) + a1V 1(F) + ...+ ao
as defined by (2.2), then

k—1
AR(F)(at+pz) = p~* (2) + Y ajla+p2)p* 7 05(9)(2) + prao(a+ p2)
7=1

(2.5)
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Proof (a) It is evident that g(b) = oo implies F'(a + pb) = oo also. Let r
be small and positive. Then integrating once counter-clockwise and setting

w = a -+ pz gives
2mi Res(g,b) = / g(z)dz
|z—b|=r

= / F(w)dw
|w—(a+pb)|=pr

= 2miRes(F,a+ pb)

as required.

(b) We use a proof by induction. For j = 1, we have by (2.1),

V1i(9)(2) = g(z) = pF(a+ pz) = p¥1(F)(a + pz).

Now assume that W;(g)(z) = p?U;(F)(a + pz) for all 1 < j < n. Then by
(2.1), we have

Vaia(9)(z) = 9(2)¥n(9)(2) + (Yal9)(2))

= G (a+ p2)] + [ Va(F)(a+ p2)]
by the inductive hypothesis. Then since g(z) = pF(a + pz) we have

Uo1(9)(2) = p T F(a+ p2)Un(F)(a+ pz) + p"(Va(F) (a + pz))p
pPE(a+ p2)Ua(F)(a+ pz) + W, (F) (a + pz))]

= P (F)(a + p2).

And so ¥,(g)(z) = pP?¥;(F)(a+ pz) for all j € N.
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(c) We have by (2.2) and by (b) that

A(F)(a+pz) = Ve(F)(a+ pz) +Zaj a+ pz)V;(F)(a+ pz) + ag(a + pz)
= P (9)(2) + aj(a+pZ)p 7;(9)(2) + aola + pz)
= o B0 (2) + S aglat p2)E U (0)(2) + pFaofa+ p2)

j=1

R‘

as required.

We proceed to the proof of Theorem 2.2.5. We note that it uses essentially

the same methods as [6, Theorem 1.3].

Proof of Theorem 2.2.5 Since normality is a local property we can as-
sume, without loss of generality, that €2 is a disc, and that aq,...,ax_1 are
bounded on (2 since they are analytic functions. Using a linear change of
variables ¢g(z) = pF'(a+ pz), for suitable choice of p > 0 and a € C, we may
assume that € is the open unit disc B(0,1) since Lemma 2.3.5 (a) shows
that the residues of g(z) are unaltered, and Lemma 2.3.5 (c) shows that if
A(F) is nonvanishing then Ay (g) is nonvanishing, where the coefficients of

Ay, are given by (2.5).

Suppose now that G is not normal. Then by condition (i) of Theorem
2.2.5, with 7 = 0, we can apply Lemma 2.3.4. Let r, z,, F,, p, and F' be

as in Lemma 2.3.4, so that,

In(2) = pnFn(2n + pnz) — F(2)

locally uniformly in C as n — oc.
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Let a be a simple pole of F'. Then, by Hurwitz’ Theorem (Theorem 1.10.2),
if n is sufficiently large, g, has a simple pole at a,, with a,, — a as n — oo.
By Lemma 2.3.5 (a), z, + pna, is a simple pole of F, with Res(F},, z, +
pnan) = Res(gn,a,). Hence with ¢ € (0,1], we deduce from condition
(77) of Theorem 2.2.5 that |Res(gy,a,) — j| > 0 for 7 € {0,1,... .k — 1}.
Then we have that |Res(F,a) — j| > 0 for j € {0,1,...,k — 1}, and so
Res(F,a) ¢ {1,...,k — 1}. Then, by Lemma 2.3.1, every pole of F is a
pole of Wy (F).

Next, by Lemma 2.3.5 (c), we have that

AK(En) (zatpnz) = 0" | Ui(gn) (2) + i: a;(2n + pu2) Pl Vi(gn) (2) + phao(zn + pu2)

J=1

By condition (i) of Theorem 2.2.5, this is nonvanishing. Hence,

k—1

Ak(90)(2) = Wr(gn(2)) + Y (20 + pu2)ph 7 W;(gn(2)) + phao(za + pn2)
j=1

is nonvanishing, since p, is a sequence of positive numbers. We know by

(2.1) that ¥;(gy,) is a linear combination of products of g, and its deriva-

tives. Let E be the set of poles of F.. Then, by the Weierstrass Theorem

(Theorem 1.10.8), we have that

Ak(gn)(2) = Wi(F)(2)
as n — 00, locally uniformly on C\ E, since p,, — 0 and the a; are bounded.

By Hurwitz” Theorem (Theorem 1.10.2), either Wi (F) = 0 or Wi (F) # 0
on C\ E. In the latter case, we deduce that Wy (F') # 0 on C since every
pole of F'is a pole of Wy (F).
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Case 1. U, (F) = 0.

Since |Res(F,a) —j| > d for j € {0,1,...,k—1}, if a is a simple pole of F,
we deduce that F' has no poles, since by Lemma 2.3.1, every pole of F'is a
pole of Wi (F'). Thus F is entire and so is the function f defined by setting
f(z) = exp([f; F(t)dt). Then F = f'/f and thus f®)/f = U, (F) = 0 by
Lemma 2.2.3. Hence f is a polynomial. Then, by the way that we have
defined f, we must have that f is constant. Hence F' = f'/f = 0, which is

a contradiction since F' is nonconstant.

Case 2. YV (F) #0 on C.
It follows from Theorem 2.3.2 for k > 3 and from Theorem 2.3.3 for k = 2
that I has the form (2.3) or (2.4).

Suppose first that I has the form (2.4). Then 1/|a| = |Res(F, —8/a)| > §
so that |a| < 1/§. On the other hand, |a| > |a|/(1+]|38[%) = F*(0) = 1+1/§

by Lemma 2.3.4. This is a contradiction.

Suppose second that F' has the form (2.3) but is not of the form (2.4).
Then F' has two poles, counting multiplicities. We also observe that if F' is
of the form (2.3), then

Z Res(F,a) =k —1 (2.6)

acF~*({oo})

by the Residue Theorem (Theorem 1.10.5). Next, choose R > 0 such that
these poles are contained in B(0,0R). Since F' has no other poles we deduce
from Hurwitz’ theorem (Theorem 1.10.2) that for n sufficiently large, g,, has
two poles in B(0,0R), but no poles in B(0, R) \ B(0,0R). Thus F}, has two
poles in B(z,, dp,R), but no poles in B(z,, ppR) \ B(z,, dp,R). By Lemma
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2.3.5 (a) and condition (i7i) of Theorem 2.2.5, we deduce that

> Res(gna)— (k—=1)|=| Y Res(F,a)—(k-1)| >4

a€B(0,0R) a€B(zn,0pnR)

But this gives

> Res(Fa)— (k—1)| >4,

a€B(0,6R)

which contradicts (2.6).

2.4 An example concerning Theorem 2.2.5

We use an example to show that Theorem 2.2.5 cannot be extended to
the case where aq, ..., ar_1 are meromorphic functions, in the £ = 2 case.

Similar counterexamples can be constructed in the general case.

Example 2.4.1. Let k = 2 and let G be the family of meromorphic func-
tions G = {F,(z) = -5 : n € N}. Let ap(z) = 0 and a1(z) = 3/z. Then ag
and a, are meromorphic functions and for F,, € G we have that

Ao(Fo)(2) = Wal)(2) + an(2) W (Fn)(2) + ao(2)
1 3 § 1 1

Z —

n2z6  nzt ' znzd n2ab

This is nonvanishing on C, and so condition (i) is satisfied.

Also, each F,, € G has a triple pole at z = 0, and no other poles. Thus
conditions (it) and (iii) are trivially satisfied. Thus all the conditions of
Theorem 2.2.5 are satisfied except for the analyticity of the a;. However G
is not a normal family since F,(0) = oo while F,(z) = -5 — 0 as n — oo

for z € RT. Therefore Theorem 2.2.5 cannot be extended to the case where

ag, - - -, ag_1 are meromorphic functions.



2.5 Proof of Theorem 2.1.5: main part 43

It is interesting to note here, with regard to Theorem 2.1.7, that although
the F,, in Example 2.4.1 have no zeros, they cannot be written in the form

F, = f!/f. where f, is a nonvanishing meromorphic function.

2.5 Proof of Theorem 2.1.5: main part

Proof First we let F' € G. Then F' = f'/f for some meromorphic function
f in F such that f and L(f) are nonvanishing on 2. By Lemma 2.2.3, we

have that

LN = P/ +aaf®V f 4+ +af/f+a (2.7)
= \Ifk(F) + ak_lkl’k_l(F) + ...+ al\Ifl(F) + ap

= A(F).

Then since f and L(f) are nonvanishing on ) for each f € F, we see
that Ag(F') is nonvanishing also, and so condition (i) of Theorem 2.2.5 is

satisfied.

Next, by Lemma 2.2.1, we have that the poles of F' are all simple poles
with negative integers as residues. Then, for § € (0, 1], if a is a pole of F,

then for j € {0,1,...,k — 1} we have that
|[Res(F,a) —j| > |—1-0]=12>0.

Then condition (7i) of Theorem 2.2.5 is satisfied.

Finally, if B(c,dR) contains two poles of F, say a; and ay with a; # as,

then we have that Res(F, a;) and Res(F, ay) are negative integers, and since
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k is an integer with & > 2, we have that

> Res(Fa)—(k—1)|>|-1-1-(2-1)=3>4
a€B(c,6R)

Then condition (iii) of Theorem 2.2.5 is satisfied.

Therefore, by Theorem 2.2.5, we have that G is a normal family.

2.6 Proof of Theorem 2.1.7

Proof Let {a; : j € J} be the set of poles of ag,...,a,_1 in Q. By
Theorem 2.1.5, the result is true in the case where ag, ..., a;_1 are analytic
functions, and so it is sufficient to prove that G is normal at the «;, for

je .

Suppose there exists o such that G is not normal at «;. Choose 6 > 0
such that the punctured disc ; = {z : 0 < |z — ;| < d} is contained
in €2, and such that €); does not contain any poles of ay,...,ar—1. Then
we have that there exists a sequence (F,) in G, where F, = f!/f, for
some f, € F, such that (f]/f,) has no subsequence that converges locally
uniformly on €; U {a;}. However, since ao, ..., a,—; are analytic in €2;,
we have by Theorem 2.1.5 that G is normal on €2;. Then there exists a
subsequence of (f!/f,), denoted (f!/f,) without loss of generality, which
converges uniformly on compact sub-regions of €2;, either to a meromorphic

limit ¢, or identically to oco. Then there are two cases.

Case 1. (f!/f.) converges uniformly to a meromorphic limit ¢ on compact

sub-regions of €1;.
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We note first that for n € N, since f,, # 0 on 2, the poles of f!/f, can only
arise at poles of f! and therefore only at poles of f,,. We note that for the
remainder of this proof, we refer to the poles of f//f, only as the poles of

fn- We note also that f/ /f, has no zeros on  since f/ # 0 there.

Let I' be a circular contour in €2; which goes once anti-clockwise around «;
and which does not pass through any poles of ¢. Since ¢ is a meromorphic
limit, " lies in the interior of a closed annulus A on which ¢ has no poles.
Further, since (f}/f,) converges uniformly to ¢ on compact sub-regions of
(2;, we have that there exists ny € N such that f,, has no poles on A for

n > ng.

Let Qr be the domain enclosed by I'. By the Argument principle (Theorem

1.10.1), and since each f,, has no zeros in €2, we have that for each n € N,

[ (5) s = -2 o

where ¢, is the number of poles of f, in Qr, counting multiplicities. Then
since,
f/
lim (—") (2)dz = /qﬁ(z)dz =A
n—oo Jp \ fn r
for some A € C, we have that there exists n; € N such that n; > ng and

such that [.(f}/f.)(2)dz is constant for n > ny. Then by (2.8), we must

have that for n > nq, the f,, have the same number of poles, say ¢, in Qr.

We list the poles by 7,1, ..., 7n,q Tepeating according to multiplicity. Then

we can write for n > nq,

(F)o=X (%) +we 29)

=1

where 1, is an analytic function on Qr U A.
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Next, we show that the 1), are uniformly bounded on €. We note first
that ¥,1,...,Vn, are not in the closed annulus A, and so |¢(z)| < C; and
|2—"n1| > ¢1 for some positive constants C and ¢y, for z € I'. Since (f},/ fn)
converges uniformly to ¢ on I', there exists ny € N such that ny > ny and
such that, on I, |(f!/f.)(2)| < Cy + 1 for n > ny. Since |z — v, > ¢1, we

have that ‘Zle <— L )‘ < q/c¢y1. Then we have that, on T

Z=Tn,l
( )

f‘/
o) < |(£) )]+
for n > ny. Therefore the v, are uniformly bounded on I'. By the maximum

f SOI+1+Q/CI)

principle (Theorem 1.10.3), the 4, are uniformly bounded on Qr.

Choose a subsequence of (7,;), denoted (7,,;) without loss of generality,

such that v,; — v asn — oo for [ = 1,...,¢q. Then there are two
subcases, depending on whether some of vy, ..., 7, are equal to «;.

Case 1.1. Some of v1,...,74 are equal to a;.

Rearrange 7, ...,74 so that v;,...,v, are equal to a;; and y,41,...,7, are

not equal to a;, for some p € {1,...,q}. Then by (2.9), we have for n > n,,

() s ()5 (o o

z — z —
=1 Tn,l I=p+1 Tn,l

Next, since v, pt1; - -, Vng tend to Ypi1, ..., 7 as n — oo, and Ypi1,- .-,
are not equal to a;, we can choose 6; > 0 such that B(«;, 361) is contained in
Qr\A and does not contain 4,41, . .., v,. Then there exists n3 € N such that
ng > ny and such that, for n > n3 and z € B(qy, 61), we have |z —7,,| > 6

q 1
- <—m> ‘ <

(¢ — p)/01 and so Zlq:p 1 ( #> is uniformly bounded and analytic in

Z2=Yn,l

forl=p+1,...,q. Then for each n > ng, we have

B(c, 61). Then since the v, are uniformly bounded on Qr, there exists a
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large positive constant M such that for n > ng,

Xq: (_z —1%,z> +n2)

l=p+1

<M (2.11)

on B(Oéj,él).

Now choose d2 > 0 such that d5/d; is small, and consider the circle

S(a,02) = {z : |z — a;| = 62}. We have that v,1,...,7,, each tend

1
Z—Yn,l

is large on S(aj,d2) for i =1,...,p.

to aj as n — oo, and so each ‘—

Then, in particular, we have that

P 1 P 1
Z_ Z_Z—%

Z J—
=1 Ind =1

—

p
==>2M
02 ’

_’_ p
Z—Oéj

as n — oo, for a suitable choice of d,.

Then by (2.10) and (2.11), there exists ny € N such that ny > ns and such
that f!/f, is large on S(oy,d2) for n > ny, and thus f,/f), is small on
S(ay,d2) for n > ny. Next, we know that each f,/f; is analytic in 2 since
fl # 0on Q. Then for n > ny, by the maximum principle (Theorem 1.10.3)
and since f,,/ f; is small on S(ay, d2), each f,,/ f} is small on B(ay, d2). Then
(fn/f),) is a uniformly bounded sequence of analytic functions on B(«;, d2),
and by the Montel-Vitali theorem (Theorem 1.5.4), we have that (f,/f))
is normal on B(«;, 7). Therefore (f/f,) is normal on B(a;,d2), and thus,

in particular, (f;/f,) is normal at a;. This is a contradiction.

Case 1.2. a; # v foralll =1,...,q.

Then we can choose d3 > 0 such that B(«;, 303) is contained in Qr \ A, and
does not contain 7y, ...,7,. Then there exists ns € N such that ns > ng
and such that, for n > ns and z € B(aj,03), we have |z — v,,| > 03
for i =1,...,q. Then |>I, ———| < £, and since Y 1, (— L > is

2=Ypi| — 03’ 2Zn—"Yn,1
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uniformly bounded and analytic in B(«;, d3) and since the 1, are uniformly

bounded on Qr, we have that (2.11) holds with p = 0, on B(«q;, d3).

Therefore, (f!/f,) is a uniformly bounded sequence of analytic functions
on B(a;,d3). Then by the Montel-Vitali theorem (Theorem 1.5.4), we have
that (f)/f.) is normal on B(wj,d3), and thus, in particular, (f}/f,) is

normal at ;. This is a contradiction.

Case 2. (f]/fn) converges identically to oo on €.

Then we have that (f,/f;) converges identically to 0 on ;. We note
that for each n, we have that f,,/f, is analytic in Q; U {a;} since f;, # 0
on . Then by the maximum principle (Theorem 1.10.3), we have that
((fu/f))(a;)) converges to 0, and so (f}/f,) converges identically to oo on

Q;U{a;}. Therefore (f;/f,)is normal on Q;U{ca;}. Thisis a contradiction.

Therefore G is a normal family.



Chapter 3

Extending a theorem of

Bergweiler and Langley

In this chapter, we extend some results of Bergweiler and Langley [6].!

We consider the differential operator A, defined by
Ak(F) = ‘Ifk<F) + ak,l\I/k,l(F) + ...+ CLl‘Ifl(F) + agp,

where ayg, ..., a1 are analytic functions of restricted growth and W (F') is
defined by (2.1). We suppose that & > 3, that F is a meromorphic function
on an annulus A(rg), and that A (F') has all its zeros on a set E such that
E has no limit point in A(rg). We suppose also that all simple poles a of
Fin A(rg) \ E have Res(F,a) ¢ {1,...,k —1}. We then deduce that F is
a function of restricted growth in the Nevanlinna sense. We show also that

this result does not hold for ay, ..., ai_1 meromorphic functions.

!The results in this chapter have been published by Computational Methods and

Function Theory, see [9].
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3.1 Introduction

In the proof of Theorem 2.2.5, Bergweiler and Langley use Theorem 2.3.2,
which we restate here for convenience, and we recall that W (F") is defined,

as in (2.1), by
U, (F) = F, U1 (F) = FUL(F) + (Vi(F))'.

Theorem 3.1.1 (Bergweiler and Langley, [6]). Let k > 3 be an integer,
and let F' be a meromorphic and nonconstant function in the plane that

satisfies both of the following conditions:

(i) Vi(F) is nonvanishing.

(i1) if a is a simple pole of F' then Res(F,a) ¢ {1,...,k —1}.

Then F' has the form

(k—1)z 4+«
F(z) = R~ (3.1)
F(z) = ozz:—ﬁ' (3.2)

Here a, 3,7 € C with a # 0 in (3.2).

Conversely, if F' has the form (3.1) or (3.2), and if (ii) holds, then Wy (F)
is nonvanishing. If F has the form (3.1) or (3.2), but (ii) does not hold,
then Ui(F) = 0.

We note that this theorem implies that F' is a rational function, and hence

by Theorem 1.2.1,

T(r, F) = O(logr) as r — 00.
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Defining an annulus A(rg), as in (1.21), by
A(rg) ={z:719 < |z| < o0}

we extend Theorem 3.1.1 in two ways.

First, we let F' be meromorphic and nonconstant on A(rg), by which we

mean that F' is meromorphic in a domain containing A(rg).

Second, we weaken condition (i) as follows. We let ay, ..., a,_1 be analytic

functions on A(rg) of restricted growth as z — oo, such that
a;(z) = O(|z| A D=9y as z — 00, (3.3)
for some fixed A > 0. Define Ag(F), as in (2.2), by
A(F) =Vp(F) 4+ ap_ 1V 1 (F) 4+ ...+ a1V (F) + ao.

We then assume for condition (7) that Ax(F) = 0 only on a set E such that
E has no limit point in the annulus A(rp). This implies that Ax(F) = 0

only on a countable set F.

The new conclusion is that F' is a function of restricted growth in the
Nevanlinna sense. We state the extended theorem as follows, recalling

from (1.20) that we denote by S(r, F) any quantity satisfying
S(r, F) = O(logr + log™ T(r, F)),

as r — oo outside a set of finite measure, not necessarily the same set at
each occurrence. We also refer the reader to § 1.3 for background material

concerning Nevanlinna theory in an annulus.
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Theorem 3.1.2. Let k > 3 be an integer and let F' be meromorphic and
nonconstant in an annulus A(rg), as defined by (1.21). Suppose aq, ..., ax_1
are analytic functions on A(ro) of restricted growth, as in (3.3), that is, such
that

a;(2) = O(=| Oy as 2 — oc,

for some fixed A > 0. Let fi,..., fr be solutions of L(w) = 0 where L is
defined, as in (1.25), by

L(f) = f® + apr S5V + .+ aof,
in A(rg) \ R™. Let Ap(F) be defined as in (2.2) by
Ak<F) == \Ijk(F) + ak_l\IJk_l(F) + ...+ (Il\Ijl(F) + ag.

Suppose there exists a set E, such that E has no limit point in A(rg), and
such that Ax(F') has all its zeros in E. Suppose further that all simple poles
a of Fin A(ro) \ E have Res(F,a) ¢ {1,...,k—1}. Set

Ni(r) = / nell) gy

. t
where ng(t) is the number of points in EN{z:ry < |z| < t}.

Then either:

(i) T(r,F) <cNg(r)+S(r, F), asr— oo,

where ¢ 1s a constant depending only on k,
or

(i1) F is a rational function of the f; and their derivatives, in which case

T(r,F) =0 +logr), asr — oc.
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We note that when A =0, it follows from (ii) that lim, ., F(2) exists.

Theorem 3.1.2 is deduced from several lemmas, including Lemma 3.2.3,
which is in turn deduced from several lemmas. For this reason, we first
provide the preliminaries of the proof of Theorem 3.1.2 in § 3.2. In § 3.3,
we prove Lemma 3.2.3. In § 3.4, we prove the main part of Theorem 3.1.2.
In § 3.5, we state some corollaries of Theorem 3.1.2. Finally, in § 3.6 we
provide an example showing that Theorem 3.1.2 cannot be extended to the

case where aq, ..., ax_1 are meromorphic functions.

3.2 Proof of Theorem 3.1.2: Preliminaries

Suppose that k, F', A(rg) and ao, . .., a,_; are as in the statement of Theo-
rem 3.1.2. We may define linearly independent analytic solutions fi,..., fx
of (1.25) in A(rg) \ R™. These f; are analytic in A(ro) \ R™, and since the
a; are analytic in A(r), the f; admit unrestricted analytic continuation in

A(rg), and so they satisfy the following lemma.

Lemma 3.2.1 (Langley, [27]). Suppose that k > 1 and that ay, ..., a1
are analytic in an annulus A(ro), as defined by (1.21), such that as in (3.3),

for some A >0,
a;(z) = O(|z|A=DE=9) as z — 0.

Let f;(z) be a solution of L(w) = 0, where L is defined by (1.25), in a

sectorial region

S={z:]z] >rp,a<argz < a+ 27},
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where a is real. Then as z — o0 in S,

log™ | f5(2)] = O(|=* + log |2]). (3.4)

By Lemma 3.2.1, we have that log™ | f;(2)| = O(|z|*+log |2|) for j = 1,...,k
and thus the continuations satisfy log™ log™ | f;(2)| = O(log|z|) for || > ro,
|arg z| < 2m. Then we have that fi,..., fr also satisfy the conditions of

the following lemma.

Lemma 3.2.2 (Frank and Langley, [17]). Suppose that fi,..., fr each ad-
mit unrestricted analytic continuation in an annulus A(ry), as defined by
(1.21), and satisfy log™ log™ | f;(2)] = O(log|z|) for z in a sectorial region
S ={z: |z| > ro,|argz| < 27}. Suppose that F is meromorphic in
A(ro). Suppose further that, for some non-negative integer M, each of the
functions hy,...,hy on S is a polynomial in the f](m), Fm 1 <j <k,
0 <m < M. Suppose finally that hq, ..., hy are linearly independent solu-

tions in S of an equation

k—1
w®) 4 Z BwY =0
§=0
in which the B; are meromorphic in A(rg). Then we have, forj =0, ..., k—

L,
m(r, Bj) = S(r, F).

Choose a simply connected domain € C A(rg), on which F' has no poles

and Ay (F') has no zeros. Define functions f, g, and h in Q by

Flf=F M(F)=g" h=-Fg. (3:5)
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Then f, g and h are analytic in 2 since F' has no poles and A(F') has no

zeros there.

We next need the following lemma, which is similar to [6, Lemma 2.3], but
uses a different method of proof. We refer the reader to § 1.6 and § 1.7 for

background material about Wronskians and analytic continuation.

Lemma 3.2.3. Define functions w; and h;, for j =1,...,k, on Q by

wi(2) = fij(2)9(2) + f;()h(2),  hi(2) = =fi(z) + [;(2)F(2).  (3.6)

Then the w; form a fundamental solution set on ) of the differential equa-
tion

w® + Z A;w? =0, (3.7)
in which the A; are meromorphic functions on A(rg) with
T(r,Aj) < cNg(r)+S(r, F), asr— oo, (3.8)

for 7 =0,...,k—1, where c is a constant depending only on k.

3.3 Proof of Lemma 3.2.3

The following summarises some results from Nevanlinna theory which are
used in Lemma 3.2.3. We provide a proof for completeness. For background
material about Nevanlinna theory in an annulus, we refer the reader to § 1.3.
We also recall that we use (n.e.) as an abbreviation for “nearly everywhere”,

that is, to denote the phrase “outside a set of finite measure”.
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Lemma 3.3.1. Let p € N and let Q) be a simply connected domain in the
annulus A(rg), as defined by (1.21). Suppose that w is meromorphic in
such that W = w? is meromorphic in A(ro). Then w®) /w is meromorphic

in A(ro), for each k € N, with poles of multiplicity at most k. Further, we

have
T(r, w(k)/w) =0O(T(r,IV)) (n.e.),
and
m(r, w(k)/w) = S(r,W) (n.e.),

Proof We use a proof by induction. Let the inductive hypothesis be as

stated above, and we consider the case k = 1. Then W’ = (wP)" = pwP~'w’

and so we have
! Wl W/
v - (3.9)
w  pwt~lw  pW

Since W is meromorphic in A(ry), we have that W’ is meromorphic in .A(rg)
and thus w’/w is meromorphic in A(rg). Also, by (3.9), w’/w has poles of
multiplicity at most 1.

Now, by (1.18), we have that T'(r,w'/w) = T(r, W'/pW) = O(T(r,W)),
(n.e) and by (1.16) and (3.9),

m(r,w' /w) = m(r, W' /pW) < O(logrT (r,W)) = S(r,IW) (n.e.), (3.10)
as r — 00. And so, case k = 1 is proved.

Now let k£ > 2 and assume the inductive hypothesis holds for £ — 1. We

have

<w(k_1))/ w(k) w(k_l) wl

w w w  w’
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and so,

. (3.11)

w(k) <w(k_1))/ w(k_l) wl
_|_

w w

Now by the inductive hypothesis, w*~ /w is meromorphic in A(ry), and
so (w*=Y /w)" is also. Then the right-hand side of (3.11) is meromorphic

in A(rg), and thus w® /w is meromorphic in A(r).

Now consider the poles of w®) /w. By the inductive hypothesis, we have

/
that w*~Y /w has poles of multiplicity at most k — 1, and hence (w(z;l)>
and %% have poles of multiplicity at most k. Thus w® /w has poles

of multiplicity at most k.

Next, by (1.12), (1.13), (1.17), (3.11) and the inductive hypothesis, we have

/

W) wkE-DY wE-1) w
T(r, 7) < T(r, ( ” ) )+ T'(r, ” )+ T(r, E) + log 2
1)
= O(T(r, )+ O(T(r,IW)) (n.e.)
= O(T(r,W)) (n.e.). (3.12)

Finally, by (1.8), (1.9), (3.10), (3.11), (3.12) and the inductive hypothesis,

(k) (k—=1)\ ' (k—1) '
m(r, w—) < m(r, (w ) )+ m(r, v )+ m(r, ﬂ) +log?2
w w

(k—1) wk=D W
)+ O(log T (r, “——)) + m(r, =) + log?

< 2m(r,

= O(logrT(r,W)) = S(r,W) (n.e.),

as r — 00. And so, this case satisfies the inductive hypothesis. Thus the

inductive hypothesis is satisfied for all £ € N.

We now prove Lemma 3.2.3.

(n.e.)
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Proof of Lemma 3.2.3 We divide this proof into a number of steps.

Step 1. The w; form a fundamental solution set on € of the differential

equation (3.7), and Ay_1 = ax_1.

We note first that w; = fg(f;/f) on Q by (3.5), and by (1.28) and Lemma
1.6.2 we have that

Wi(wy,...,we) = W(fg(f/f)s--- Fa(fe/ f)) (3.13)
= fYWRLE) - )
= [Y"OWR/L - Sl )
= [ D)W e )
= [ DLW (- o).

Then since g* = (Ax(F))~* by (3.5) and since L(f)/f = A(F) by (2.7),
we have from (3.13) that

W(w, ... wp) = (=)W (.., f). (3.14)

By Lemma 1.6.1, the right-hand side is not identically zero, since the f;
form a linearly independent solution set of (1.25). Thus, again by Lemma
1.6.1, the w; form a linearly independent solution set for the differential

equation (3.7). Also, by (1.27), we have that

. _W(wl, - ,wk)’ - (—1)kW(f1, o fk)/ B
At = W(wy, ..., wy) - (=)W (f1,.... [r) = Qg-1- (3.15)

Step 2. The h; are linearly independent solutions of the differential equa-

tion
k—1

w® + ¥ Bt =0, (3.16)

Jj=0
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in which the B; are meromorphic in A(rg) \ R™.

We have by Lemma 1.6.2, (3.5) and (3.6) that w; = —h;g, and so by (3.5)

we have that

W(wy,...,wg) = W(=hg,...,—hig)
= (—1)kng(h17,hk)

= (=DFAR(F) "W (hy, ..., hg).
Then by (3.14), we have that
W(hlu SRR h’k) = Ak<F)W<f17 RN fk)

The right-hand side is not identically zero on € since Ay (F') # 0 on 2 and
since the f; form a linearly independent solution set of (1.25) on A(rg) \R™.
Thus, by Lemma 1.6.1, the h; form a linearly independent solution set of
the differential equation (3.16) on 2. By (3.6), we have h; = — f;+ f; I and
thus the h; are meromorphic on A(rg) \ R~ since the f; are analytic there,

and F'is meromorphic in A(ry). Hence the coefficients B; are meromorphic

in A(To) \ R™.
Step 3. The B; extend to be meromorphic in A(rg).

Let v be a path in A(ry) that encloses the origin. Continue the f; along
7, starting and ending at a point z; say. Then since the f; are analytic in
A(ro) \R™, and the a; are analytic in A(r(), we have that each f; continues
analytically to fj, a linear combination of fi,..., fi near z5. We also have
that F' is meromorphic in A(rg), and thus since h; = —f; + f;F, each h;

continues analytically to ﬁj, a linear combination of hq, ..., h; near z,.
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We claim that hq, . . ., hy are linearly independent. Suppose not. Then there
exist non-zero constants cy, ..., c, such that 01711 + ...+ ckﬁk = 0 near zy.
Then, continuing backwards along v we have that cihy + ...+ cxhy = 0
near zp. This is a contradiction since hq, ..., h; are linearly independent.
Thus Ay, ..., hy are linearly independent and form a fundamental solution

set to an equation

k—1
w® 3" Bw =0 (3.17)
j=0
near zo. The Bj are meromorphic near z, since hi, . .., hy are.
Since hi, ..., hs are linear combinations of A, ...,k near 2o, they also

solve (3.16) near z;. We then must have that Bj = Bj near z, for j =
0,...,k — 1 since otherwise we could subtract (3.17) from (3.16) to get a
differential equation of order at most k£ — 1, with &k linearly independent
solutions hy, ..., hy near z. Therefore the Bj are unchanged by analytic

continuations around « and so extend to be meromorphic in A(rg).
Step 4. The B; have poles of multiplicity at most k — j on A(ro).

By Step 3 the B, are meromorphic in A(rg). Furthermore, (3.16) has k
linearly independent meromorphic solutions on a neighbourhood of each
point of A(rg), namely hq,...,h;. Hence by Lemma 1.6.3, the B; have

poles of multiplicity at most k — j on A(ry).
Step 5. Estimate for m(r, B;).

We recall by (3.6) that h; = —f} + f;F, and note that all the conditions of

Lemma 3.2.2 are satisfied. Then, by Lemma 3.2.2, we have that

m(r, Bj) = S(r, F) (3.18)
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for j=0,...,k—1.
Step 6. Estimate for m(r, A;).

First we express A; in terms of B; and g /g. We recall that the w; solve

the differential equation

k—1
® 4 3 A =
7=0

in Q. Then since w; = —h;g and since (—h;g)™ = — Dm0 (Z)hg.p)g("_p),

we have

k k k—1 q
_ Z (p> h§p)g(k—p) _ Aq (q) hgp)g(q P) — . (3'19)
0

q=0 p= p

We recall that {2 does not contain poles of F', and so also does not contain
poles of Ax(F). Then since A,(F) = g%, we have that Q also does not
contain zeros of g. Then we can divide (3.19) by —g to get

k k—1 q
Z(i) kp)—i—ZAqZ() g(q p)_o.
q=0 p=0

p=0

Since the h; solve the differential equation

we can compare coefficients and find that, for example,

k q
B, {1 = =4+ A
k—1 (k—l)g+ k-1

E \g" k—1
B. o, = - = A A .
k-2 (k—2>g+(k—2) k—1 + Ak_2

In general, for j =0,...,k — 1, we have that

E\ gk—i)  FL (a-3)
-0 2a0)5
J) g - \J/) 9

q9=J

Sy
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Then for y =0,...,k — 1, we have that

k\ gk kL (a—4)
A; =B — (_)g -3 4, (q,)g , (3.20)
q=j+1

J g J g

which is initialised by

k, /
Ap—1 = By — (k B 1)%

We now note that by Lemma 3.3.1 for all p € N, we have that ¢®/g is
meromorphic in A(rg) and m(r, g® /g) = S(r, F). Thus we have, by (1.8),
(1.9), (3.18) and (3.20), that each A; is meromorphic in A(ry) and

m(r,A;) = S(r, F)
for j=0,...,k—1.
Step 7. Estimate for N(r, A;).

We show first that the poles of A; can only arise on E, the set containing

all points where Ai(F) = 0.

We know by Lemma 1.6.3, that the poles of A; can only arise among the
zeros of the continuations of W (wy,...,wy) and the poles of the continu-
ations of wy,...,wg. By (3.15), ax_1 = —W(wy,...,wg) /W (wy,..., wg)
and since a1 is analytic in A(rg), we have that W (wy, ..., wy) continues
without zeros. Thus the poles of A; can only arise among the poles of the
continuations of wy, ..., wg. Then, since by (3.5) and (3.6) we have that
w; = (fj — fiF)/(AL(F))Y* and since the f; are analytic, then the poles

of A; can only arise at poles of F' and zeros of Ay(F').

Now let 2y € A(rg) \ £ and suppose that a pole of A; arises at z,. Since

Ak(F) # 0 on A(rg) \ E we must have that z is a pole of F, of multiplicity
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m say, and if m = 1 then Res(F,zy) &€ {1,...,k — 1} since F satisfies
the hypotheses of Theorem 3.1.2. Then by Lemma 2.3.1, Aix(F) has a
pole at 2y of multiplicity mk, and so since g=% = A,(F), we have that
g can be analytically continued to a neighbourhood of z; and has a zero
of multiplicity m there. Thus h = —Fg¢g can be analytically continued to
2o and since the f; can be continued analytically in A(rg), we have that
w; = fig + fjh can be analytically continued to 2o. We therefore deduce
that the A; are analytic at z;. This contradicts our hypothesis, and so the

poles of A; can only arise in F.

We recall from Step 4 that the poles of B; have multiplicity at most k—j on
A(ro). We note also by Lemma 3.3.1, that ¢ /¢ have poles of multiplicity
at most p there. Thus we have by (3.20) that the poles of A; must have
multiplicity at most ¢ where ¢ is a constant depending only on k. Therefore

we have, for j =0,...,k —1,
N(r,Aj) < cNg(r),

where Nz is as defined in the statement of Theorem 3.1.2.
Step 8. Conclusion.

We have since T'(r, A;) = N(r, A;) + m(r, A;) that
T(r,Aj) < cNg(r)+S(r, F), asr— oo,

for j =0,...,k— 1, where ¢ is a constant depending only on k.
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3.4 Proof of Theorem 3.1.2: Main Part

There are two final lemmas needed for the proof of Theorem 3.1.2.

Lemma 3.4.1 (Frank and Langley, [17]). Let k > 1 be an integer, and
let fi,..., fx,G,H and ag,...,a,_1 and Ay,...,Ax_1 be meromorphic in
a domain 2. Suppose that fi,..., fr are linearly independent solutions
in Q of L(w) = 0, where L is defined as in (1.25). Then the functions
fig+ fih, ..., frg+ frh are solutions in Q2 of the equation (3.7) if and only

if, setting A, =1 and A_1 =a_1 =0 and, for 0 < q <k,

k
My q(w) = (?)Amw(m‘”, M, (w) = 0,

m=q

we have, for0 < q¢< k-1,

My q(h) = agh = =My 4 1(9) + agMp-1(9) — (agar—1 — a; —ag-1)g. (3.21)

The following lemma is proved in [17] for ag, ..., ax_; rational functions,
and F' meromorphic in the plane. The proof extends without modification
to the case where ay, . .., a,_; are analytic functions and F' is meromorphic

in A(rg). This gives the following lemma.

Lemma 3.4.2 (Frank and Langley, [17]). Let A > 0 and k > 2, and let
ag, .. .,ax_1 be analytic functions of restricted growth, as in (3.3), satis-
fying a;(z) = O(|z|*V¢=9)) as 2 — oco. Suppose that F is meromor-
phic in the annulus A(ry), as defined by (1.21), and has in some domain
Q) a representation as a rational function in solutions f; of the equation
L(w) = 0 and their derivatives, where L is defined by (1.25). If A > 0
then T(r,F) = O(r*) as r — oo. If A = 0 then T(r, F) = O(logr) and

lim, ., F(z) ezists.
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We are now in a position to complete the proof of Theorem 3.1.2. We note

that we use methods found in [17, Theorem 3].

Proof of Theorem 3.1.2 We apply Lemma 3.4.1 to equation (3.7) and
to g and h in Q. The k equations (3.21) can be written in the form

k—q
Ty(g) = Sy(h) =) cigh,  0<q<k-1, (3.22)

=0
in which T}, and S, are homogeneous linear differential operators with coef-
ficients A, which are rational functions in the a;, A; and their derivatives.

Then by Lemma 3.2.3, we have that

T(r,\,) < cNg(r)+ S(r, F), as r — oo, (3.23)
where c is a constant depending only on k.
We have in particular that ¢ = k — 1 gives
My g—1(h)—ag—1h = =My j—2(9)+ag—1 My x—1(9) — (ag—10k-1—a}_ —ax—2)g.
Then since

My p-1(h) = Ap_1h+ kN,
Myp-1(9) = Apag+kyg,

th,Q(g) = Ak,gg —+ (]f — 1)Ak,1g’ + ]C(]C — 1)g”/2,
we have that

Ak_lh + k‘h, — ak_lh = —Ak_gg — (k} — 1)Ak_1g/ — k(k} - 1)9”/2 + ak_lAk_lg +

+ kar19' — (ap—10k-1 — @4y — ar_2)g
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which gives
W =U(g)=—(k—=1)g"/2+ar19'/k + (a}_y + aro — Ar_2)g/k (3.24)

since ay_1 = Ag_1 on Q by (3.15). We note that we can then write (3.22)
in the form

k—q djil
Ty(9) = cogh + Y Cj,qW(U(g))- (3.25)
j=1

We distinguish two cases here.

Case 1. We assume that the coefficient of h in at least one S, in (3.22) is
not identically zero.

Let v be the largest integer, 0 < v < k — 1, such that ¢y, # 0. Then since
h = —Fg by (3.5), equations (3.22) and (3.25) give

k—v

h=—Fg=(c.)"" (Ty(g) - Z%%(U(Q)O =V(g).  (3.20)

j=1
Then by (3.22), (3.24) and (3.26) we have that g solves the system of

equations

U= V(). S(V)=Tyl9) 0<a<k-2  (20)

Here we distinguish two sub-cases.

Case 1.1. We assume that the solution space of (3.27) has dimension 1.
That is, we have that every common solution of the equations (3.27) is a
constant multiple of g. Then (3.23) and a standard reduction procedure,

see [24, p.126], give a first order equation

p1g + pog =0, p #0,
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where the p; are rational functions in the A, and their derivatives. It follows

by (3.23) that
T(r,g'/g) < cNg(r)+ S(r, F), as r — 00,

where ¢ is a constant depending only on k. Hence, since F' = —h/g and

using (3.23) and (3.26),
T(r,F) <cNg(r)+ S(r, F), as r — oo.
Hence we have conclusion (i) of the theorem.

Case 1.2. We assume that there is a solution G for the system (3.27) such
that G/g is nonconstant.

In particular, we note that this will be the case if the system (3.27) is
trivial. Define H by H = V(G). Then, by (3.27),

H =U(G), S,(H)=T,G), 0<q<k-2.

In particular, the equations (3.22) hold with ¢ and h replaced by G and
H respectively. And so, by Lemma 3.4.1, the functions f;H + f;G are
solutions of (3.7) and thus are linear combinations of wy, ..., w;. Hence,

there are solutions g; of L(f) = 0 where L is defined by (1.25), such that
il + f;G — gih — g59 = 0, 1<j<k. (3.28)

We regard the equations in (3.28) as a system of k equations in H, G, h,
g, over the field I of functions meromorphic in 2, with coefficients f;, J’ ,
9is 9

Next, we note that the rank of the coefficient matrix is < 3, since there is

a non-trivial solution for the system. We claim that the rank is precisely
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3. Suppose not. Then there are functions ¢,, € F, with 1 < m < 3, not
all identically zero, and functions 1, € F, with 1 < m < 3, again not all

identically zero, such that

OLf; + dafj = d39;, ULf; + o fy = Usg),

for 1 < 7 < k. Since we know that W (f1,..., fx) Z 0, neither ¢3 nor 3

can be identically zero. We may assume therefore that ¢3 = 13 = 1. Thus

O1fj + fi(@) 4 do — 1) + fi(dh — b)) =0,

for 1 < j < k. Again, since W(fi,..., fr) # 0, we must have

b1 = @) + d2 — b1 = ¢h — Py = 0,

which gives g; = ¢of;. Then, by Lemma 1.6.2,

W(gh e 7gk) = W(¢2f1, Ce ,(ZSka) = (¢2)kW(f1, ey fk) (329)

Since ¢gi,...,gr and fi,..., fr are solution sets of L(f) = 0 where L is
defined as in (1.25), we have by (1.27) that

W(gla“-agk‘)/:_a :W(fla-~'7fk)/
W(gi,--.,qr) YW,

However, by (3.29), we have that

Wig,---.gx) _ ((¢2)kW( L fr)
W(g1,---,9x) ()W (f1, .- fr)
((92)" YW (fr, -, fu) + (02)* W (1, -, fi)
(P2)s W (f1s- -, fa)
((¢2)*) n W(fe,-- s fi)
(@2)F W(fr,o oo fr)

Then, by (3.30), we have that ((((?T))?, =0, and so ¢ must be constant.

(3.30)
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Now by (3.28), for 1 < j < k, we have that

fi(H = ¢ah) + fi(G — dag) =0,

and since W(f1,..., fr) Z 0 we must have H = ¢oh and G = ¢og. This
contradicts the assumption that G/g is non-constant. Hence the rank of

the system (3.28) is precisely 3.

We can then solve for —F = h/g as a quotient of determinants in f;, f7,
gj» gj- Thus F'is a rational function of the f; and their derivatives. Then

by Lemma 3.4.2, we have that
T(r,F) = O(r* +logr), as 1 — 00,
and so we have conclusion (#7) of the theorem.

Case 2. We assume that ¢o, =0 for 0 < q <k —1 in (3.22).
We then have that the equations (3.22) are satisfied when ¢ and h are
replaced by 0 and 1 respectively, and thus so are the equations (3.21).
Then, by Lemma 3.4.1, the f; are solutions of (3.7). Thus the equations
L(f) = 0 and (3.7) are the same, where L is defined by (1.25), and for
1 < q < k we may write

fih+ fig =g, (3.31)
in which each g; is a solution of L(f) = 0. Then since f; and f; are linearly

independent, we have f;f; — fi fo # 0 and so

F= —h/g = (f{92 - fégl)/(flm - f291)a

which gives F' as a quotient of determinants in f;, f}, gj, g;. Then by

Lemma 3.4.2 we have that

T(r,F) = O(r* + logr), as r — 00,
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and so we have conclusion (#7) of the theorem.

3.5 Corollaries of Theorem 3.1.2

The following corollaries are deduced directly from Theorem 3.1.2.

Corollary 3.5.1. Let k > 3 be an integer and let F' be meromorphic and
nonconstant in an annulus A(rg), as defined by (1.21). Suppose there exists
a set E, such that E has no limit point in A(rg), and such that Vi,(F') has
all its zeros in E. Suppose further that all simple poles a of F', such that
a ¢ E, have Res(F,a) ¢ {1,...,k —1}. Then either:

(i) T(r,F) < cNg(r) + O(logr +1log" T(r, F)) (n.e.),

where ¢ 1s a constant depending only on k,

or

(7) lim, o F(2) exists.

Corollary 3.5.2. Let k > 3 be an integer, and let F' be meromorphic and
nonconstant in an annulus A(ro), as defined by (1.21). Suppose F' satisfies

both of the following conditions:

(i) Wi(F) is nonvanishing.

(i1) if a is a simple pole of F' then Res(F,a) ¢ {1,...,k —1}.

Then lim, ., F(z) ezists.
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Corollary 3.5.3. Let k > 3 be an integer, and let F' be meromorphic in C

and satisfy both of the following conditions:

(i) Vi(F) has finitely many zeros.

(ii) for all but finitely many simple poles of F, we have Res(F,a) ¢
{1,...,k—1}.

Then F' is a rational function.

3.6 An example concerning Theorem 3.1.2

The following example shows that Theorem 3.1.2 cannot be extended to

the case where ag, ... a,_1 are meromorphic functions.

Example 3.6.1. Let k > 3 and let F = f'/f where f is a meromorphic

function which is nonvanishing. Define ag, ... ,ax_1 by
YOI
4 — f Zf] - 07
j = ; o
W ijzl,,k—l
Then ag, . ..,a,_1 are meromorphic functions and we have, using Lemma
2.2.3, that

Ak(F) = \I’k(F)+ak_1\Ifk_1(F)—|—...+a1\I’1(F + ag
I L
AT R A
= k-1

Thus A,(F) is nonvanishing and so the set E of points where A (F) =0 is
such that E = (). And so, all the hypotheses of Theorem 3.1.2 are satisfied
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except for the analyticity and growth of the a;. However, since f may

be any nonvanishing meromorphic function, no conclusions may be drawn

about the growth of F.



Chapter 4

Extending two theorems of

Langley and Zheng

In this chapter, we prove results which extend some results of Langley and

Zheng.!

We extend two theorems on fixpoints of f(z) by Langley and Zheng [29] to
the consideration of points where f(z) = Q(z) for some rational function Q)
such that Q(c0) = oco. In addition, we extend the class of functions f from
transcendental entire functions to meromorphic functions with relatively

few poles.

!The results in this chapter have been published by Resultate der Mathematik, see
[10].
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4.1 Introduction

Let B denote the class of functions f meromorphic in the plane, for which
the set of finite singular values of the inverse function f~! is bounded, that
is, the class of all meromorphic functions f whose set of finite asymptotic
and critical values is bounded. This class B has been considered extensively
in iteration theory, see [3], [16], [29]. We refer the reader to § 1.8 for

background material on iteration theory.

Example 4.1.1. Let f(z) = 1 +¢*. Then f'(z) = -5 +¢*. Ifzisa

1
critical point of f we have f'(z2) =0 and so e* = Z% which gives the critical
value f(z) = 1+ %. Since L + 5 — 0 as z — oo, we see that the set of
critical values of f is bounded. Also, 0 is the only finite asymptotic value

of f. Therefore, f € B.

In [29], Langley and Zheng prove the following theorem, for transcendental

entire functions in the class B.

Theorem 4.1.2 (Langley and Zheng, [29]). Let 0 < a < 1. There is a
positive constant c, depending only on «, such that if f is a transcendental
entire function in the class B, then there are infinitely many fizpoints z
satisfying

f)=z |f'(2)] > clog M(alz], f). (4.1)

We recall that M («|z|, f) = max{|f(w)| : |w| = alz|}. Then for z large,
we have that clog M(alz|, f) > 1 and so |f'(z)| > 1, which gives that the

fixpoint 2z in Theorem 4.1.2 is a repelling fixpoint, see § 1.8. Then Theorem
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4.1.2 is of interest since by Theorem 1.8.1, the Julia set of f is the closure

of the set of repelling periodic points of f.

Let f be a transcendental function and ) be any rational function. We

define a Q-point of f to be a solution z of the equation f(z) = Q(z).

We extend Theorem 4.1.2 in two ways. First, we extend the result to
transcendental meromorphic functions f in B such that (oo, f) > 0, see

§ 1.2. Since

i ) e m(n )
000, f) = liminf 7= m = im it o e 7y

we have that these functions f are meromorphic functions with relatively
few poles. Second, we extend (4.1) to @-points, in particular, to where f(z)
is equal to a rational function @(z) such that Q(co) = co. We state the

extended theorem as follows.

Theorem 4.1.3. Let 0 < o < 1. There is a positive constant c, depending
only on «, such that if f is a transcendental meromorphic function in the
class B with 6(oco, f) > 0, and @Q is a rational function with a pole of

multiplicity p > 1 at 0o, then there are infinitely many Q-points z satisfying

1) = Qe), |f’<z>r>c5<oo,f>%ﬂa|z|,f>. (42)

In [29], Langley and Zheng also prove the following theorem.

Theorem 4.1.4 (Langley and Zheng, [29]). Let f be a meromorphic func-
tion in the class B, with order oo > p(f) > u > 0. Then f has infinitely

many fixpoints z with

fe)=z |f'(2)] > [z
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This result is of interest since it relates the multipliers of fixpoints of f to
the order of f. We extend this theorem in a similar way to Theorem 4.1.2
in that we extend it to Q-points, that is, the case where f(z) = Q(z) where
() is a rational function such that Q(oo0) = co. We state the extended

theorem as follows.

Theorem 4.1.5. Let f be a meromorphic function in the class B, with
order oo > p(f) > pu > 0. Let Q be a rational function with a pole of

multiplicity p > 1 at oo. Then f has infinitely many Q-points z with
F2)=Q(),  |f'(2)] > [z#>7

In § 4.2, we prove a lemma which is used in the proof of Theorem 4.1.3 and
Theorem 4.1.5. In § 4.3 and § 4.4 we prove Theorem 4.1.3 and Theorem

4.1.5 respectively.

4.2 A useful lemma

The following lemma is used in the proof of Theorem 4.1.3 and Theorem
4.1.5. We note that it is an extension of [29, Lemma 1], and we will provide
the proof for completeness. We note that B(a,r) denotes the open disc
given by B(a,r) = {z : |z — a|] < r}. Also, we refer the reader to § 1.9 for
background material about univalent functions and the Koebe distortion

theorem (Theorem 1.9.1).

Lemma 4.2.1. Suppose that f is a transcendental meromorphic function

in the class B. Let Q be a rational function such that Q(oc0) = co. Define



4.2 A useful lemma i

a function G by

G(z2) = f(2)/Q(),  G'(2)/G(2) = f'(2)/f(2) = Q'(2)/Q(2).  (4.3)

Suppose that § is a positive constant. Then there exists a positive constant
¢ such that the following is true. If |z | is large and |G(z1) — 1| < je, then
2 lies in a component C' of the set {z : |G(z) — G(z1)| < e}, such that C

is contained in B(zy,0|z1]). Define a function H by

H(z) =

2(G(2) - G(a)). (1.4

Then C' is mapped conformally onto B(0,1) by H.  Furthermore,
|Q(2)G'(2)] is large on C, and given any zy € C such that |G(z0) —G(z1)| <

41167 we have that

1, ., ) 27,
5lG () <16 (=0)| < TIE' (=), (4.5)

We need the following lemma.

Lemma 4.2.2 (Eremenko, Lyubich and Bergweiler, [3], [5], [16], [35]).
Suppose that f is a transcendental meromorphic function in the class B.

Then there are positive constants R, S and ¢ such that

2f'(2)/ £(2)| = clog™ |f(2)/R|
for|z| > S and |f(2)| > S. Here, R and S depend on f, and ¢ does not.
Proof of Lemma 4.2.1 First we choose a sufficiently large positive R

and a small positive constant € such that |G(z) — 1] > € on |z| = R;.

Suppose that |z| > Ry, |f(z)| > Ry and that |G(z) — 1| < €. Then we have
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that |G(z)| > %, and so by (4.3), |f(z)| > 3|Q(2)|. Then by Lemma 4.2.2

29

and the fact that Q(oo0) = 0o, there is a positive constant R such that

2f'(2)/f(2)] = e1log™ | f(2)/R| > c2log|Q(2)], (4.6)
where ¢; denotes a positive constant which does not depend on R; or e.

For such z, since R; is sufficiently large, we have by (4.3) that

2G/(2)/GE)| = |2f ()] F(2) =@ ()] Q)| 2 |2f'(2)/ F(2)|~12Q'(2)/Q(2)].

(4.7)
We recall that |G(2)—1| < € and so |G(z)| is close to 1, and since Q(00) = 0o
and z is large, we have that |2Q/(2)/Q(2)| = O(1) as z — oo. Then by
(4.6) and (4.7) we have that

|2G"(2)] > Ra = c3log |Q(Ry)]. (4.8)

Then since Q(o0) = oo and |z| > Ry with R; sufficiently large, we have

that |Q(2)| > c4|z| and so,

Q(2)G'(2)] > Ry = c5 1. (4.9)

Suppose now that ¢ is a positive constant and that z; is as in the statement
of the lemma, with |z;| > 2R;. That is, |G(z1) — 1] < j¢, and so 2 lies
in a component C' of the set {z : |G(z) — G(z1)| < 3¢}. Let H be defined
as in the statement of the lemma, that is, H(z) = 2(G(z) — G(z1)). Then
H(z) =0and |H'(z1)| = 2|G'(z1)| > 2R2/€|z1| by (4.8), and so H'(z) # 0.

Then H is a conformal mapping in a neighbourhood of z;.

Next define

h(w) = Zakwk, ap = 21, (4.10)
k=0
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to be that branch of the inverse function H~! which maps 0 to z;, and let r;
be the radius of convergence of the series. Then, by a standard compactness
argument, there is some w* with w* = r1e®", for some real 6%, such that h
has no analytic continuation to a neighbourhood of w*. Thus the image of
the path w = te’", 0 <t < r;, under h must, as t — 7, either tend to oo

or to a multiple point z* of H, with H(z*) = w*.

Set 7o = min{ry,1}. Let v be the path y(t) = te?", 0 < t < ry. For

|z| = Ry, we have that

2 2 2 1 3
[H(2)] = Z|G(2) = Gla)] 2 Z(IG(2) = 1] = |G(21) = 1) > —(e = 7e) = 5
and since h(0) = z; we must have that the image path h(y) lies in
|z| > Ry. Now H(h(w)) = w, which by differentiation gives (H(h(w))) =
H'(z)h'(w) = 1 where z = h(w). Then,

h(w) /W (w) = 2H'(2) = 22G/(2) (4.11)

€

and this is large on vy by (4.8). Then for w on v we have by (4.8) and (4.11)
that

ds

|w] . .
log |h(w)/=| < A 1 (6" ) (s

€ |w| <€
2inf,cp(y) [2G'(2)] ~ 2Ry

Then if € was chosen small enough, the path h(y) lies in B(z1,4|z1]), and
replacing 0* by any 6 € [0, 27| we see that h(B(0,r2)) C B(z1,0|21]).

On the path h(vy) we have

1 1 3
G(2) = 1] £ [G(2) = Gla1)] + [Glea) — 1] < ge+7e = e
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and, using (4.8), we have that |H'(z)| = 2|G'(z)| > 2Rs/€|z|. In particular,
we have that h(v) is bounded and does not tend to a critical point of H.
Since ro = min{ry, 1}, we must then have that r; > 1. Thus, C' is contained

in B(z1,0|z1|) and is mapped conformally onto B(0,1) by H. Furthermore,
by (4.9), |Q(2)G'(z)] is large on C.

Next, let zo € C such that |G(z0) — G(21)| < €. Then [H(z0)| = 2|G(20) —

G(z1)| < 3. Then since h is univalent on B(0,1), there exists some wy €

B(0,1), such that h(wg) = 2. Further, |wo| < 2

5, and so by the Koebe

distortion theorem (Theorem 1.9.1) we have,
4 / !/ !/
7P (O)] < [P (wo)| < 12| (0)]. (4.12)

Then since H'(2)W (w) = 1 we have h'(w) = 1/H'(2) for w € B(0,1), and
in particular, h'(0) = 1/H'(z) and h/(wy) = 1/H'(2). Also, by (4.11),
H'(z) = 2G'(2), and so by (4.12) we have

1, , 27
§|G (20)] £ |G (20)] < Z|G/(Zl)\-

4.3 Proof of Theorem 4.1.3

L"(2)]

We need the following theorem, where f#(z) = TToF

is the spherical

derivative of f.

Theorem 4.3.1 (Toppila and Winkler, [41]). Let f be a transcendental

meromorphic function of order A such that (oo, f) > 0. Then

e
msup e, ) = A0l AN

where E(f) ={z:|f(2)| = 1} and Ay is a positive absolute constant.
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We now prove Theorem 4.1.3.

Proof of Theorem 4.1.3 Let 0 < o < 1 and let R be a large positive

constant. Let d and € be as in Lemma 4.2.1, with m > a. Define functions
G and f; by
f(z) efi(2)
Gz)=—==1+—"—. 4.13
Then fi(z) = 2( Q((Z)) 1)=q¢ é;(( )) co where ¢; denotes a positive constant

not depending on R. Then since f is a transcendental meromorphic func-
tion and since () is a rational function, we have that f; is a transcendental

meromorphic function.

Further, since () is a rational function and f; is a transcendental function,
we have by Theorem 1.2.1 and Theorem 1.2.2 that §(oco, f1) > 0 since
f(2) = (cafi(2) + c4)Q(z) and by Theorem 1.2.3, we have

0 <d(oo, f) = 6(00,(cafi +c)Q)

m(r, (c3f1 + c1)Q)
(7, (c3f1 4 c1)Q)
< lminf m(r,csf1 + ca) +m(r,Q) + O(1)
T rooeo T(ryesfi4ca) =T(r,Q) — O(1)
— limint m(r, f1) + O(logr) + O(1

r—oo T(r, fi) — O(logr) — O(1

= (5(00, fl)

= liminf
r—oo [’

)
)

Let A be the order of fi, and let E(f;) = {z : |fi(z)] = 1}. Then by

Theorem 4.3.1, we have that

i
ey LAE)

Aod (00, f1)(1+ A),
z—00, zEEf1)T(| | f1> = 4o <OO7f)( " )
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where Ay is a positive absolute constant. We note that for z € E(f;) we

have that ff(z) = 1Jlj|£]1lcl(2‘)|2 = lf{ézﬂ. Then we have

lim sup M > dy = Apd(o0, fi1),

z—00,2€E(f1) T(|Z|7 fl)

and so there exists a sequence ((,) in E(f), (, — 0o as n — oo, such that

|Gl £1(Sn)]

T > d.

T(|Cn|a fl)

Thus we can choose z; in E(f;) arbitrarily large, and in particular such
that |z1] > R, with
21| [ f1(21)] > diT(|21], f1)- (4.14)

Next, since f(z) = (¢3f1(2) + c4)@Q(z) we have that

T(lzal f) = T(zl, (esf1 +cs)Q)
T(|z1ls esfr+ca) + T([21], Q)

< T(|zl, fr) + O(log |21]),

IA

and so, if R is large enough,

T(al £i) 2 T(al, ) - Ollog 1)) > 5T(l, ), (419)

since f is a transcendental function. Then since |G'(2)| = 5|fi(2)|, we

have by (4.14) and (4.15) that

y e d
|G'(21)| > E@T(!Zﬂ,ﬁ) >

bl ). (4.16)

|21]

where dg = 3%d1

We recall that G(z) =1+ %, and thus since z; € E(f;), we have that

|G(21)—1| = {5 < {- Then by Lemma 4.2.1, 2 lies in a component C of the
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set {z : |G(2) — G(21)| < 3€} such that C is contained in B(z1,]z]). Also,
by Lemma 4.2.1, C' is mapped conformally onto B(0,1) by the function
H(z) = 2(G(z) — G(z1)). Then we can choose a point zy in C' such that

€

G(2) =1 and |G(22) — G(21)| < fe. Furthermore, we have by (4.5) that,
1, ., , 27, _,
L0 < 16() < e @),

and so by (4.16) we have

Bl ), (4.17)

|Zl|

|G (22)] >
where d3 = %. Then since we have by (4.3) that,

fl=) _ Gla) Q)

f(z2) G(z2) Q(z2)’
and since f(z2) = Q(22) and G(z2) = 1, we have that
ZQ% Z |22G/(ZQ)| — 22% . (418)

Now since () is a rational function with a pole of multiplicity p > 1 at oo,

Q'(2)
Q(2)

that |z1] < |21 — 2|+ |22] < 0]|21|+]22|, which gives that

we have that ‘z = 0(1) as z — o0. Since zy € B(z1,d|z1]), we have

22
21

> 1—46. Then,

1

since e

> a, we also have that |z > 15|22 > alz|, and so by (4.17)

and (4.18), we have that

a2l 2 4G )] - o)
> 5 2T ().
> 12Tl f)
> 24Tl )

2
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_€

Then since d3 = 35

Apd (oo, f) and Ay is an absolute constant, we have that

|Q(22)‘

|22

|f/(22)’ > C(S(OO,f) T(Oz]22|,f).

where ¢ is a positive constant depending only on «.

4.4 Proof of Theorem 4.1.5

We need the following theorem.

Theorem 4.4.1 (Langley and Zheng, [29]). Let f be a transcendental mero-
morphic function in the class B. If Q) is a rational function with a pole of
multiplicity p > 1 at oo, then

1
f-Q

as r — oo outside a set of finite measure.

) = O(logrT'(r, f)) (4.19)

m(

We note that the Nevanlinna counting function N(r, ﬁ) counts the poles

of #, that is, the fixpoints of f. In [29], the following implication of

Theorem 4.4.1 is noted, namely, that N(r, ﬁ) cannot satisfy N(r, fiz) =
o(T(r, f)) as r — oco. We extend this to a rational function @) such that
QQ(00) = oo and state the result as a corollary. We provide a proof for

completeness.

Corollary 4.4.2. Let f and @) be as in the statement of Theorem 4.1.5.
Then the Nevanlinna counting function N (r, ﬁ), of points where f(z) =

Q(z), cannot satisfy N(r = o(T(r,f)) asr — oo. Also, for o > 0,

1
' 7a)
we may choose arbitrarily large r such that there are at least 2r° Q-points

zj, such that f(z;) = Q(z;), in the annulus 57 < |z| <.
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Proof Since () is a rational function, we have by (1.12) and Theorem 1.2.1,

that
Tlr,f=Q)<T(r,[)+T(r,Q) +O1) =T(r, f) + O(logr) + O(1),
and also that
T(r, f) =T(r f=Q+Q) < T(r, f=Q)+T(r,Q)+0(1) = T(r, f=Q)+O(log r)+O(1).
Then we have that
T(r, f) =T(r, f = Q)] < O(logr) + O(1). (4.20)

Next, by (1.15), T'(r, ﬁ) =T(r,f—Q)+O(1) and so (4.20) gives us that
1
f-Q

= N(r, f,LQ) + m(r, JLLQ), we have that

) —O(1)] <O(logr) + O(1). (4.21)

Then since T'(r, +5)
1
f=Q

We may assume by (4.19) that m(r

1 1
g ITImtr =) +0l

) = O(logrT'(r, f)) as r — o0,

‘T(T, f) —T(T,

)=OMW)| = |T(r, f)=N(r,

_1
B @)
with 7 € E, for some set F of finite measure. Then by (4.21) and Theorem
4.4.1 we have

) < 0<1ogr>+0<1>+|m<r,f_#Q>+0<1>|
= O(logr)+O(1) + O(logrT(r, f)), ré E.

T(r, f) = N(r, =0

Then since f is a transcendental function, we have that N(r cannot

__1Q)
7]"
satisfy N(r, —le) =o(T(r, f)) as r — oc.

Next we show that all large z; such that f(z;) = Q(z;) are simple zeros

of f — Q. Let zy be large and suppose f(z9) = Q(z0). Then since f and
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@ satisfy the hypotheses of Lemma 4.2.1 and Lemma 4.2.2, we have as in
(4.6) that

20" (20)/ f (20)| > Ry = clog|Q(20)], (4.22)

where ¢ is a positive constant. Also, since () is a rational function with

Q' (20)
Q(20)

Then, by (4.22) and since f(z9) = Q(20), we have that

a pole of multiplicity p > 1 at oo, we have that ‘

< 21+ o(1)).

B 100z0)] = L1+ o(1))[Q(20)] = 1@/ (20)],

%| %|

since we can choose zy so large that p/R; is very small. Then this gives

/' (20)] >

that f'(z0) — Q'(20) # 0 and so z is a simple zero of f — Q.

Suppose now that rqg > 0 is such that for r > ry, there are less than 2r?
points zj, such that f(z;) = Q(z;), in § < [2] < r. Then for m € N we

have that

1 1 - o o2
n <2mT0a f — Q) <n (TO, f — Q)+2 [<2m7,0)0' + (2m 17"0) 4+ ...+ (27’0) ] .
(4.23)
Let r be large, with, in particular, » > ro. Then there exists m € N such

that 2™~ 1ry < r < 2™p;. Then by (4.23) we have

n<r L ) < n<2m7’ . )
f-Q) - "r-Q

1 m o m—1 o o
< n(ro,m)—kQ[(Q 7”0) +(2 7”0) ++(2T0)}

. 27(27m — 1)
PEE0 90
< o+’
where ¢; = n(rg,ﬁ) and ¢y is a positive constant. Then we have

N(r, ﬁ) =O(r?).
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Next, by (4.19), we may choose r < r; < 2r such that m(rl,f_LQ) =
O(logmT'(r1, f)). Then

1 1 L
T(ﬁ,f_—Q) = N(rl’f——Q)er(mf_—Q)
= O(r7) + O(log 1 T(r1, ),
and so,
T(r, ) < Ty ) = OG7).
QT -Q

Therefore we have that T'(r, f) = O(r?), and thus,
. log" T(r, f)
=1 <
p(f) msup ==
This is a contradiction since p(f) > o. Therefore, we may choose arbitrarily
large r such that there are at least 2r points z; such that f(z;) = Q(z;)

in the annulus %T < |zl <.
We now prove Theorem 4.1.5.

Proof of Theorem 4.1.5 Let f and @) be as in the statement of Theorem
4.1.5. Choose o with p(f) > o > u. Since p(f) > 0, we have that f is a
transcendental function, and so by Corollary 4.4.2, we can choose arbitrarily
large r such that f has at least 2r7 points z; such that f(z;) = Q(z;) in

the annulus $r < |z| < 7.

Suppose 4 is a small positive constant. Let G(z) = f(2)/Q(2) be as defined
in Lemma 4.2.1. Then for each z; we have that G(z;) = 1. Then by Lemma
4.2.1, we have that to each z; there corresponds a component C; of the set

{z 1 |G(2) — 1] < i€}, and that each Cj is contained in B(zj,d|z;|). Then
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choosing § small enough gives that each C} lies in the annulus %LT < |z| < 2r.
These C; are disjoint simple islands since, by Lemma 4.2.1, they are each

mapped conformally onto B(0, 1) by the function H;(z) = 2(G(z) — G(z;)).

Let h; : B(0,1) — C; be the inverse function of H;. Then h; is a univalent
function on B(0,1) and by the Koebe distortion theorem (Theorem 1.9.1)

we have that for 0 < rg < 1,

ar|h5(0)] < max |75(w)| < ea|5(0)],

w|<ro

where ¢; and ¢y are positive constants, depending only on rg.

In particular, choose ro = 3 and let C; = hi(B(0,3)). Then |B)(w)| >

¢1|1;(0)| for |w| < 3. Then since Wy(w) = 1/Hj(z) where z = hj(w), and

in particular since h’;(0) = 1/H}(z;) = €/2G'(z;) we have that

[h5(w)| = es/|G' ()], forw] < 5, (4.24)

N | —

where, from here on, ¢; denotes a positive constant which does not depend

onroro.

Next, since the area of the annulus }17“ < |z| < 2r is ¢4r?, and since there
are at least 2r? disjoint components éj in the annulus, we have that at
least 77 of these C’j have area at most ¢5r?~7. Then, for these z;, we have
G ) Q)
f(z) G(z) Q(z))
and since f(z;) = Q(z;) and G(z;) = 1, we have that

2 /(zj) Q/<ZJ’)
7Q(2) Qz) |

-

> |2;G'(2)] — (4.25)

<j
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Now since @ is a rational function with a pole of multiplicity p > 1 at oo,

Q'(z)
Q(z)

we have that |z = 0(1) as z — oo. Therefore, (4.25) gives that

AC)
7Q(z)

Now by [34, p.4] and (4.24) we have that

area of éj = // |h’(w)|2du dv > C3/|G,(Zj)|2-
B(0,1)

And so, since the area of C; is at most 5727 we have that 1/|G’(z;)]? <
csr277, which gives |G'(2;)| > cer®/?~!. Then by (4.26) and since r > |2/,

and z; is large, and p > 1, we have

et — 0(1)

v

> Cg|Zj|o/2.

Then since |Q(z;)| > co|z;|P, we have that

1f' ()| > ciolzy]?/*P

> |Zj|,u/2+p—1.



Chapter 5

Some results in connection

with composite functions

In this chapter, we prove a result concerning normal families in connection
with composite functions. We also prove several results concerning the

value distribution of composite functions.!

Let k € N and let f be a transcendental entire function f with p(f) < 1/k.
First, we prove a normal families result, namely, the family of analytic
functions ¢ such that (f o g)®(z) + Z?;S a;(2)(f 0 )V (z) # a(z) in a
domain €2, where ag,...,ar_1,a are analytic functions in 2, is a normal
family. Second, we prove several value distribution results for (f o g)®*,
where f and k are as above, and ¢ is a nonconstant entire function, and for
(fog)® — @, where f and k are as above, and g and @ are polynomials,

g nonconstant.

!The results in this chapter have been accepted for publication by Journal of Math-

ematical Analysis and Applications, see [12].
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5.1 Introduction

In [23], Hinchliffe proves the following result which provides a criterion for

normal families in connection with composite functions.

Theorem 5.1.1 (Hinchliffe, [23]). Let f be a transcendental meromorphic
function in the plane, and let Q be a domain in C. If C*\ f(C) =0, {oco}
or {a, B}, where o and [ are two distinct values in C* = C U {oc}, then

the family
G ={g: gisanalyticin 0, f o g hasno fixpointsin Q}

18 a normal family in €.

We note that this criterion is that (fog)(z) # z in , or that (fog)©(z) —
a(z) is nonvanishing in €2, where a(z) = z, for g € G. Theorem 5.1.1 then
motivates the idea of a criterion for normal families in connection with
composite functions involving (f o g)*)(z) # 0, for & € N. This idea is
reinforced by the following theorem and corollary by Langley and Zheng.

We provide a proof of the corollary for completeness.

Theorem 5.1.2 (Langley and Zheng, [29]). Let k € N. Suppose that f

and g are transcendental entire functions of finite order. Suppose also that

N, 1/(fog)™)=0(T(r,g))  (ne). (5.1)

Then
T(r, f) # o(r*/*) as 1 — 00.
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Corollary 5.1.3. Let k € N. Suppose that f is a transcendental entire
function such that p(f) < 1/k. Suppose that g is an entire function of

finite order such that
(fog)®™(z)#0

on C. Then g is a polynomial.

Proof Since

: ]':g j ( 7.}) ]'
f) = lim = e —
p( ) IT sup 1 < 2

we know that for some € > 0 and ry we have,

log™ 1 (r, f) 1
- 7 — — >
logr < k N N

which gives that T'(r, f) = o(r'/*) as r — oc.

Next, since (fog)®)(z) # 0 on C, we have that N(r,1/(fog)®) = 0. Then
since (5.1) is trivially satisfied, we must have that g is not a transcendental

function. Since g is entire, g is a polynomial.

We note that the example f(z) = e* shows that Corollary 5.1.3 can-
not be strengthened to p(f) < 1/k, since p(f) = 1 and (f o g)'(2) =
f'(g(2)).¢'(2) = e9%) ¢'(2) which is nonvanishing for many entire functions

of finite order, for example g(z) = €*.

Thus, given a transcendental function f with p(f) < 1/k for some k € N,
the Bloch Principle (see § 1.5), Theorem 5.1.1 and Corollary 5.1.3 motivate
the question whether the family G of analytic functions ¢ in a domain 2,
such that (f o g)®(2) # 0 in Q, or more generally, (f o ¢)*(2) # Q(z) for
some analytic function @), is a normal family. This is true, and is a special

case of the following result.
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Theorem 5.1.4. Let k € N. Let f be a transcendental entire function with

p(f) < 1/k. Let ay,...,ar—1,a be analytic functions in a domain Q2. Then

k—1

G = {g: gisanalyticin Q, (f o g)™(2) + Zaj(z)(f 09)9(2) # a(z)in Q}

Jj=0

15 a normal family in €.

In the proof of Theorem 5.1.4, we use the following theorem, which is an

interesting value distribution result in its own right.

Theorem 5.1.5. Let k be an integer, k > 2. Let f be a transcendental
entire function with p(f) < 1/k. Let g and Q be polynomials, with g
nonconstant. Then

(fog)® —Q

has infinitely many zeros.

We note that in Theorem 5.1.5, the k& = 1 case is omitted. This is due
to the fact that we apply a theorem of cosmp type (Theorem 5.2.3), and
must have p(f) < 1/2 in order to do so. However, if Q = 0, we can prove
Theorem 5.1.5 for £ = 1 for the extended case where g is a nonconstant

entire function. We state the result as follows.

Theorem 5.1.6. Let f be a transcendental entire function with p(f) < 1.
Let g be a nonconstant entire function. Then (f o g) has infinitely many

ZEros.

We note that the example f(z) = e* and g(z) = z shows that Theorem 5.1.6
cannot be strengthened to p(f) < 1/k, since p(f) =1 and (f o g)'(2) = ¢€*

which is nonvanishing in C.
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From Theorem 5.1.5 and Theorem 5.1.6, we prove the following corollary
which strengthens Corollary 5.1.3 and which is used in the proof of Theorem
5.14.

Corollary 5.1.7. Let k € N. Suppose that f is a transcendental entire
function such that p(f) < 1/k. Suppose that g is an entire function of

finite order such that
(fog)™(2) #0

on C. Then g is constant.

Finally, we note that Theorem 5.1.5 and Theorem 5.1.6 have the following

corollaries.

Corollary 5.1.8. Let k be an integer, k > 2. Let f be a transcendental
entire function with p(f) < 1/k. Let « € C. Then for every nonconstant

entire function g,
(fog)¥ —a

has infinitely many zeros.

Again, although the k = 1 case is omitted in Corollary 5.1.8, we can prove
the £ = 1 case when g is a transcendental entire function. We state the

result as follows.

Corollary 5.1.9. Let f be a transcendental entire function with p(f) < 1.

Let o € C. Then for every transcendental entire function g,

(fog) —a

has infinitely many zeros.
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Since the proof of Theorem 5.1.4 depends on Theorem 5.1.5, Theorem 5.1.6
and Corollary 5.1.7, we prove these results in § 5.2, § 5.3 and § 5.4 respec-
tively. We then prove Theorem 5.1.4 in § 5.5. Finally, we prove Corollary
5.1.8 and Corollary 5.1.9 in § 5.6.

5.2 Proof of Theorem 5.1.5

The following lemma is a version of Taylor’s theorem (Theorem 1.10.7) and

is easily proved by induction.

Lemma 5.2.1. If f is an entire function and a € C, then for k € N we

have

f(2) = fla)+(z—a) f'(a)+.. .+% FED(a)+ / Z % FO(t)dt.

We also need the following lemma. We include the proof here for complete-

ness.

Lemma 5.2.2. Let k € N. Let P, and P, be polynomials of degree m and
n respectively, with m € NU{0} and n € N. Then we can choose a straight

line I' from O to oo such that

z —t k—1
I= / upl(t)e&(t)dt < c|z|Fm,
0

(k — 1)

as z — oo along I', for some positive constant c.

Proof Since P; is a polynomial of degree n we can write

PQ(t) - bntn -+ bnfltnil + ..+ blt -+ bo,
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where by, ..., b, € C. Then the behaviour of P; is dominated by the leading
term b,t". Setting t = re®, we have that b,t" = b,r"e and so we have

that

n n ,inb n ,ind : n
|ebnt | _ |€bnr e | _ eRe(bnr e’ _ e(acos(nﬂ)—i-ﬁsm(na))r

for some «, B € R, not both 0.

Choose 6 such that a cos(nf) + Fsin(nf) = —d < 0. Let I' be the straight

line z = re, for 0 < r < oo. Then for ¢t on I' between 0 and z we have

|6P2(t)| _ eRe(bnr"emg-i—bn,lr"’1ei<"’1)9+...+bo)

e—dr"—i-O(r"_l)

— 0

as r — oo, for fixed § as above. Thus, we have that |e"?®)| < ¢, for some

positive constant cy.

Also, since P; has degree m, we have that for ¢t on I" between 0 and z,

|Pi(t)] < ei(1+ |t|™) for some positive constant ¢;. Thus we have that

z —tk—l
I < / u|P1<t)| ‘6P2(t)| |dt|
0

(k—1)!
cocl|z|k—1 /z
< - 1 t1")|dt
< Gopr | (e
S CQ|Z|k+m

as z — oo on I, for some positive constant ¢y, since |z —t| < |z| for t on T’

between 0 and z.

Finally, we need a theorem of cosmp type, as follows. We refer the reader

to [2] for further reading.
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Theorem 5.2.3 ([2]). Let f be a nonconstant entire function with p(f) =

p <1/2. Forr >0, define A(r) and B(r) as follows
A(r) = inf{log|f(2)|: [2] =}
B(r) = sup{log|f(2)|:|z] =7}.
If p<a<1/2, then
logdens{r : A(r) > (cosma)B(r)} = 1 — p/a

where if E is a subset of (1,400) the lower logarithmic density of E is
defined by

r—o0

log dens(E) = lim inf ( /1 ' X(t)dt/t) /logr

where x(t) is the characteristic function of E.

We now prove Theorem 5.1.5.

Proof of Theorem 5.1.5 We use a proof by contradiction.

Suppose that (f o g)*) — @ has m zeros in C, for some m € NU{0}. Then
by Theorem 1.1.2; since f is an entire function with p(f) < oo, and since
g is a polynomial, we have that p(f og) < oco. Then, by Theorem 1.2.8, we
have that p((fog)*) < oo also, and since Q is a polynomial, we have that

p((fog)™ — Q) < oo also. Then by Theorem 1.1.3, we can write

(fo )P (2) — Q(z) = Py (z)e?)

for some polynomials P, and P, of degree m and n respectively, with m as
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above and n € N. Then, by Lemma 5.2.1, we have for a = 0 that

k-1

G ent O

(fog)(z) = (fog)(0)+2(fog)(0)+...+

Z (5 4)k-1
+/0 %U 0 g)" (¢)dt

z y— k—1
= Qk—1(2)+/0 ﬁ(@(t)jtﬂ(t)ep?(t))dt,

where (Q;_1 is a polynomial of degree at most £ — 1. Then

/OZ wQ(t)dt‘—i— /OZ Mpl(t)epg(t)dt .

[(fog)(2)| < [Qr-1(2)|+ (k—1) (k—1)!
(5.2)

For the remainder of this proof, we use ¢; to denote positive constants.

Since (Q,_1 is a polynomial of degree at most k — 1, we have that

Q1 (2)] < arlz[M, (5.3)
as z — 00.

Since @ is a polynomial of degree g say, ¢ > 0, we have that |Q(t)| < co|t|?
as t — oo on the straight line I' between 0 and z. Then we have that

integrating along the straight line I" between 0 and =z,

/oz %Q(t)dt‘ < El?z_’ 1_)! /Ozo(ﬁlq)dt < sz, (5.4)

as z — 00, since |z — t| < |z| for ¢ on the straight line I' between 0 and z.

In particular, by Lemma 5.2.2, we can choose a straight line path I' from 0

to oo such that

2y _ ¢ k—1
| e O] < ey




5.2 Proof of Theorem 5.1.5 99

as z — oo along I'. Then by (5.2), (5.3) and (5.4), we have that
|(f 0 9)(2)] < cslef M
as z — oo along I'. Then we have that
log |(f 0 g)(2)] < cglog|z| (5.5)
as z — oo along I'.
Since p(f) = p < 1/2, we can apply Theorem 5.2.3 to f. For r > 0, define
A(r) = inf{log|f(2)] : 2] = r}
B(r) = sup{log|f(2)|:|z] =r}.
Then for p < a < 1/2 we have
log dens{r : A(r) > (cosma)B(r)} > 1—p/a. (5.6)

Next, since ¢ is a polynomial and is nonconstant, we have that |g(z)| > ¢7|z|

as z — 0o. Then we have that
log |2| < eglog|g(2)]
as z — 0o. Then by (5.5), we have that

log |f(g(2))| =log|(f 0 g)(2)| < cglog|z| < cologlg(z)]  (5.7)

as z — oo along I Now choose R large such that R € {r : A(r) >
(cosma))B(r)}. Choose w such that |w| = R and w = ¢(z) for some z on

I'. Then by (5.7), we have that
(cosma)B(R) < A(R) < log|f(w)| < ¢glog R.

This is a contradiction since f is a transcendental function, which implies

by Theorem 1.2.2 that B(R)/log R — +00 as R — oc.
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5.3 Proof of Theorem 5.1.6

We need the following lemma from Nevanlinna theory.

Lemma 5.3.1. If f is a transcendental entire function with p(f) < 1, then

f" has infinitely many zeros.

Proof of Theorem 5.1.6 Since ¢ is a nonconstant entire function, we
have by Picard’s Theorem (Theorem 1.10.4) that g omits at most one value
in C. Since f is a transcendental entire function with p(f) < 1, we have by
Lemma 5.3.1 that f’ has infinitely many zeros. Then since g omits at most
one of these zeros, we have that f’(¢g(z)) has infinitely many zeros. There-
fore, since (f o g)'(2) = f'(9(2)).¢'(2), we have that (f o g)" has infinitely

many zeros.

5.4 Proof of Corollary 5.1.7

Proof of Corollary 5.1.7 By Corollary 5.1.3, we have that g is a poly-
nomial. However, by Theorem 5.1.6 for £ = 1 and by Theorem 5.1.5 for
k > 2, if g is a nonconstant polynomial then (f o ¢)*) has infinitely many

zeros. Therefore ¢ is constant.

5.5 Proof of Theorem 5.1.4

First we state, and prove for completeness, the following result, which is a

version of Hurwitz’ theorem (Theorem 1.10.2).
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Lemma 5.5.1. Let (f,,) be a sequence of analytic functions on a domain
D, which converge spherically uniformly on compact subsets to a function
f:D — C. Let (s,) be a sequence of analytic functions tending uniformly
to 0 on some disc B(a,0) = {z : |z —a| < d} C D, for some § > 0. If
f# 0 and f(a) =0, then for large n, we have f,(z) = s,(z) for some z

near o.

Proof Choose r > 0 small, with < §, and consider the circle S(a,r) =
{z 1|z —a] =r}. Since f # 0 and f(«) = 0, there exists ¢ > 0 such that
|f(2)] > con S(a,r). Then since s,(z) — 0 on B(«a,d) and f,(2) — f(2)
as n — o0, there exists ng € N such that |f,.(2) — f(2) — sn(2)] < |f(2)]
on S(a,r) for n > ng. Then by Rouché’s theorem (Theorem 1.10.6), f and
f+ fo—f— 8y = fu— s, have the same number of zeros inside S(«,r).

Then, since f(a) = 0, there exists z € B(a,r) such that f,(z) = s,(2).

Next, we note that Lemma 5.5.1 has the following corollary, which we
will use in the proof of Theorem 5.1.4. Again, we provide a proof for

completeness.

Corollary 5.5.2. Let k € N. Let Q2 be the open unit disc B(0,1). Let a be
an analytic function on 2. Let (f,) be a sequence of analytic functions on
Q, such that f,(z) # a(z) on Q. Let (z,) be a sequence of points tending
to zo € Q, and let (p,) be a positive sequence tending to 0. Suppose g is an

entire function such that

Tim gy f(z0 + paz) = 9(2)

locally uniformly on C. Then either g =0 on C, or g(z) # 0 on C.
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Proof Suppose there exists a« € C such that g(a) = 0. If g = 0, then
we are done. Otherwise, we note that z, + p,z € Q for n large, and
that (pf f,.(zn + pnz)) is a sequence of analytic functions which converge
to g locally uniformly on C. We note also that since a is analytic, and
therefore bounded near zj, and since (pF) is a sequence tending to 0, then
(pﬁa(zn + pnz)) is a sequence of functions tending to 0, for n large, on
B(a, ), for some § > 0. Then by Lemma 5.5.1, we obtain p¥ f,, (2, + pn2) =
pFa(z, + ppz) for n large, for some z near a. Since (pF) is a positive
sequence, we therefore have that f,(z, + pnz) = a(z, + ppz), which is a

contradiction since z, + p,z € §2 for n large.
We now prove Theorem 5.1.4.

Proof of Theorem 5.1.4 Since normality is a local property, we can as-
sume, without loss of generality, that ) is a disc and aq,...,ar_1,a are
bounded on . Using a linear change of variables h(z) = g(a + (z), and
the fact that (f o h)U)(2) = B7(f o g)¥)(a + Bz), for a suitable choice of
a, € C, we may assume that €2 is the open unit disc B(0,1). Suppose

that G is not normal on €.

Since G is a family of analytic functions, we can apply the Pang-Zalcman
Lemma (Lemma 1.5.3) taking & = k = 0. Then there exist r € (0, 1), points
zp, with |z,| < r, a sequence of functions (g,) in G, a positive sequence p,

tending to 0 and a nonconstant entire function g such that

ho(2) = gn(2n + puz) — g(2) (5.8)

locally uniformly on C, with respect to the spherical metric, with g*(z) < 1.
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Then since g has bounded spherical derivative, we have by Lemma 1.4.1

that ¢ is a function of finite order.
Next, since f is an entire function, we have that
(fohn)(z) = (fog)(2),

locally uniformly on C. Then by the Weierstrass theorem (Theorem 1.10.8),
for j € N,

(f o h)P(2) = ph(f 0 9u)V (2 + puz) — (Fog9)V(2),  (5.9)

locally uniformly on C. However, since each g, € G, we have that for

Zn + pnz € €,

e
—_

Fo(2) = (fogn)(k)(zn+pnz)—|— a;(2n+pn?) (fogn)(j)(zn+pnz) # a(2ntpnz).

J

Il
=)

Then we have that

k—1

pﬁFn(z> = pﬁ(f © gn)(k)(zn + pnz) + Z pfz_jaj<zn + an)le(f © gn)(j)(zn + pn2)
§=0
% pna(zo + p2).
Next, since p*=7 — 0 for j = 0,...,k — 1, and since the a; are assumed

bounded on 2, we have by (5.9) that
lim pyFu(2) = (f 0 9)(2)

locally uniformly on C. However, we can write F,(2) = Gun(z, + pn2)
where G, (z) # a(z) on Q, and so we have by Corollary 5.5.2, that either
(fo9)®(2) = 0 on C, or (f 0 g)®(2) £0 on C.

Case 1: (fog)®(2)=0 on C.

Then integrating this equation k& — 1 times, we have that (f o g)'(z) =
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Py._5(z), where P;_5 is a polynomial of degree at most k—2. Since Pj_5 has
at most k — 2 zeros, counting multiplicities, (f o g)' (2) = f'(9(2)).¢'(z) has
also. However, f is a transcendental entire function and p(f) < 1, and so by
Lemma 5.3.1, we have that f’ has infinitely many zeros on C. Then since g
is a nonconstant entire function, we must have that g omits infinitely many
zeros of f' on C, which is a contradiction by Picard’s theorem (Theorem

1.10.4).

Case 2: (fog)®(2)#0 on C.

Suppose first that & = 1. Then by Theorem 5.1.6, we have that (f og)" has
infinitely many zeros on C and so we have a contradiction.

Suppose second that k& > 2. Then since f is a transcendental entire function
with p(f) < 1/k and ¢ is a nonconstant entire function of finite order, we
have by Corollary 5.1.7 that (f o g)*) has at least one zero in C. Therefore

we have a contradiction.

Therefore G is a normal family.

5.6 Proof of Corollary 5.1.8 and Corollary

5.1.9

Proof of Corollary 5.1.8 Suppose that (f o g)*) — a has finitely many

Zeros.

Suppose first that g is a function of finite order. If g is a polynomial, then we

have a contradiction by Theorem 5.1.5. If g is a transcendental function,

then since N(r,1/((f o 9)® — a)) = O(logr) = o(T(r,g)) by (1.7) and
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Theorem 1.2.2, and since T'(r, f) = o(r'/*), then we have a contradiction

by Theorem 5.1.2.

Suppose second that g is a function of infinite order. Then by Lemma 1.4.1,
we have that g has unbounded spherical derivative. That is, we can choose
a sequence of points (a,) tending to oo, such that g*(a,,) — co as n — oo.
Then the family of functions {g,(z) = g(a, + 2) : n € N} is not a normal
family on the open unit disc B(0,1). Then by Theorem 5.1.4 we have a

contradiction.

Proof of Corollary 5.1.9 Suppose that (f o g)) — « has finitely many
zeros. If g is a function of finite order, then by the argument in Corollary
5.1.8, we have that ¢ is a polynomial. This is a contradiction since g is
a transcendental function. If g is a function of infinite order, then by the

argument in Corollary 5.1.8, we have a contradiction by Theorem 5.1.4.
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