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Abstract

In this thesis we present a modification of Yang-Mills and Gravity theo-

ries both written in terms of gauge connections. In particular gravity is

presented in its pure connection formulation realizing a Diffeomorphism In-

variant Gauge Theory. The modifications do not change the kinematical con-

tent of the theories, but they add an infinite set of new vertices retaining the

symmetries of the original Lagrangians without introducing higher deriva-

tives in the equations of motion. These new interactions are chiral, leaving

the original Yang Mills and Gravity theories as the only parity-invariant

theories in the set. In the Yang-Mills case we proved that at tree level the

theory is still constructible via the so-called BCFW recursion relations. Both

theories are claimed to be closed under the renormalization group. The

Yang-Mills Deformations are indeed proved to be one-loop renormalizable

and an explicit diagrammatic computation of the simplest deformation beta-

function is given. For gravity a new formulation is introduced that could

lead to a similar result at one-loop.
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1
I N T R O D U C T I O N

The quest for a description of the fundamental laws of nature have led the

development of a huge number of theories and models. Not many have

actually made it so far. Of course, this is mainly due to the usually unfor-

giving reality of experiments. Nonetheless the constrains imposed by the

very mathematical nature of the theories and the principles that we used

as main guidelines to build such theories, also helped reducing the num-

ber of possible candidates. In retrospect the fact that very specific gauge

theories (Yang-Mills theories) are basically the only fully (also quantum me-

chanically) established theories which we can quite safely rely on is actually

a combination of the great amount of experimental data that they explain

and the incredibly strict mathematical framework they are based on, i.e.

Quantum Field Theory (QFT). The main conditions for physical applicabil-

ity of QFT, namely renormalizability and unitarity are often not met at the

same time. The fact that in combination with the symmetry breaking mech-

anism all these conditions are incredibly met led to the prominence of YM

theories. Even the other great theory of the 20th century, gravity although

experimentally highly vindicated resists the quantization process and does

not meet the requirement of renormalizability.

Yang-Mills (YM) and General Relativity (GR) are, anyway, quite unique

theories. Both are very constrained by the symmetries, by their number of

degrees of freedom, by the number of derivatives in the equations of motion

and by the possible interaction with matter. Ultimately they are constrained
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introduction

by the very choice of the fundamental variables we use to describe them.

It is certainly not a new idea to push the boundaries of those two theories

and see how they can be modified. Einstein’s gravity had to wait only a few

years before Eddington proposed variations both in the way we write the

theory and its dynamical content. Modifying theories and gravity in partic-

ular is always a difficult task if one does not want to spoil some or all of the

original properties. Doing so, quite often, either introduces new degrees

of freedom or modifies the equations of motion in a way that unphysical

instabilities arise. If one wants to at least keep the symmetries (gauge or

diffeomorphism) one can then add invariant higher order operators build

from the curvatures. In the case of YM this has to be done in such a way

that the new interactions do not contain derivatives of the curvature build

from the connection. In GR even simple modifications lead to new degrees

of freedom. General Lagrangians can be written in terms of functions with

specific symmetry properties. For example a quite large set of extensions

of GR are the theories f (Rµνρσ) where the Lagrangian depends on general

invariants build from the Riemann curvature. It can be shown that those

theories have 6 more degrees of freedom with respect to normal GR [1] and

are plagued by instabilities. The simplest generalizations of Einstein’s the-

ory are considered to be f (R) theories (see [2] and references within for a

recent general account) where one modifies the Einstein-Hilbert Lagrangian,

proportional to the Ricci scalar R, with a general function of R. They have

more degrees of freedom, but they are considered to be free of instabilities

and have been extensively used to build models that aim to address open

cosmological problems [3, 4].

Another point of view on modifications of gravity comes from radically

change the basic variable used to describe it. In GR one starts with a met-

ric with a compatible connection (on the tangent bundle of the underlying

space-time manifold), in contrast to a principal G-bundle connection used

in YM theories. It is known since the early years of GR that one can describe

it in terms of the connection instead of the metric. Still the theory is quite

2
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different from other gauge theories. Anyway, it took many more years to

fully realize the close relationships entertained by GR and YM. After the

early works on the relations of gravity and self-duality [5, 6], Plebanski

took a bold step in proposing a completely new first order Lagrangian for

gravity using a su(2) connection as basic variable [7] alongside a triple of

2-forms and a constraint. Some years later Asthekar found that one can

embed the phase space of gravity into the one of a su(2) Yang-Mills theory

[8], which is just the Hamiltonian version of Plebanski’s theory. Capovilla et

al. [9, 10, 11] then managed to rewrite Plebanski’s version of GR integrating

out the 2-forms. A pure connection formulation of gravity was then recently

found by Krasnov in [12]. These "gauge" formulations of gravity allow to

avoid the usual uniqueness proofs of GR. Indeed, it turns out that gravity

is the only diffeomorphism invariant theory of metrics, with second order

equations of motion and two propagating degrees of freedom. But changing

the nature of variables to gauge connections opens the possibility of an infi-

nite class of gravity theory with the same properties just stated. Of course

the symmetries will now include gauge rotations. These modifications have

been introduced in the 1990’s by Bengtsson in [13] and rediscovered by Kras-

nov in [14] and put into the Pure Connection framework in [12] where they

were also dubbed Diffeomorphism Invariant Gauge theories (DIGT).

This thesis will be mainly devoted to the introduction of certain modifi-

cations (or deformations) of YM theory along with some further analysis of

the DIGT program. The former has been studied by the present author et al.

in [15]. We aim at giving a self-contained presentation of both theories. For

the Deformations of Yang-Mills (DYM) case we will present the main results

of the paper [15] concerning their tree-level scattering amplitudes and the

one-loop renormalizability. For gravity we will present the general idea and

properties of the modifications and describe an attempt at a formal recon-

struction of them based on just the symmetries of the final theory. Moreover,

we will use some techniques employed for DYM to compute the one-loop

beta function for gravity expanded on a constant curvature background.
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The DYM theories are an infinite class of theories that add to the orig-

inal YM Lagrangian a series of new interaction depending only on gauge

invariant powers of the self-dual part of the connection’s curvature. Up to a

total derivative even YM itself can be written in terms of this self-dual part

only, so not only it is a part of this class but constitutes the basic theory that

gives the kinematical structure to the whole set. By the virtue of these key

building blocks, these modification do not modify some basic features of

the mother theory, YM. In particular, the theory keeps the same number of

on-shell degrees of freedom and the equation of motion do not have higher

than second derivatives leading to instabilities, but only non-linearities in

the first and second derivative of the connection. This should be compared

to the already mentioned case of f (R) theories of gravity. The general La-

grangian can, also in this case, be written compactly as:

SDYM =
∫

d4xM4 f
(

Fsd
M2

)
. (1)

Notice that we have introduced a mass scale M (which the quadratic in the

curvature YM term is independent of) in such a way that the new interaction

terms have a dimensionless coupling multiplied by the correct power of M.

This also allows for a direct easy inspection that, taken separately, none of

these new interactions is power counting renormalizable, see later. A few

comments on the action are already possible. First, the theory is defined in

4-dimensions where the concept of self-duality is well defined. Second, if

we are working with a Lorentzian metric, the self-dual part of the curvature

is complex which makes the Lagrangian itself complex. This immediately

raises the question of unitarity. We will show that the theory has a discrete

PT-symmetry that could help recovering the unitarity of such theories. We

have not yet completely solved this important problem but we are confident

that the interesting properties we are about to spell out make the effort of

investigating these theories well worth despite a lack of a clear answer about

unitarity.
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The self-dual nature of the action (1) carries two more properties. All the

theories share a sector of solutions, namely YM instantons. They are defined

as purely anti-selfdual solution of the equations of motion, i.e. connection

whose curvature satisfies Fsd = 0. Moreover, all new theories are chiral, YM

being the only non-chiral element of the class.

These theories should behave much worse than they actually do. Indeed,

the interactions vertices have as many derivatives as their valence, even if

only one per leg. It looks like one should expect the amplitude to diverge

much worse than YM. Anyway, there is the special property that when

two derivatives are on the same internal line of an amplitude this line "col-

lapses" and a higher order vertex appear. After this collapse the effective

amplitudes contain only at most one derivative per internal propagator. We

will see that this single property is responsible for many of the improved

properties of DYM.

We have performed an analysis of the tree-level amplitude using mod-

ern spinor helicity techniques [16] to show that the DYM theories are con-

structible recursively in a way which is similar to YM. It is known that if the

amplitudes have nice fall-off properties under complex shifts of the exter-

nal momenta (BCFW shift) one can separate any tree-level into products of

lower order on-shell amplitudes. In this way declaring the value of the basic

3-point amplitudes one can reconstruct any amplitude by recursion [17, 18].

In YM, in this way, one does not need any Lagrangian to compute the ampli-

tudes. In DYM, almost all the amplitude can be reconstructed this way. Of

course, these theories carry an infinite set of coupling constant. One needs

then to add the basic amplitudes coming from evaluating the new vertices

with maximal number of derivatives on-shell, at each new order in external

particle number. Once this is done any amplitude can be constructed recur-

sively. This result is surprising because in a general effective field theory

the number of derivatives in the vertices prevents the amplitude to have

the desired fall-off conditions that guarantee the BCFW recursion relations
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to work. It is the collapsing property stated before that makes DYM to be

constructible.

The main interest in these new Lagrangians lies though in their renormal-

ization properties. It is now appreciated that any possible higher operator

with the associated coupling constant could in principle be added to the

Lagrangian to make it "renormalizable". The question than is how to keep

the theory’s power of making predictions with all its (possibly infinite) cou-

pling constants. It is the goal of the Asymptotic Safety scenario of Weinberg

(see [19] for an historical account) to make sense of effective field theories

with an infinite tower of interactions whose renormalization flow is still

well enough behaved so that the coupling constants do not blow-up while

the theory remains predictive. In particular one has to show that there are

some trajectories of the flow that end at a fixed point and the surface of

attractive directions towards this fixed point is finite dimensional. In the

general setting there is usually no constraint on the form of interactions

and also vertices that produce unstable higher than second order equations

of motion can get added. Our hope is that the DYM is actually close un-

der the renormalization flow. This flow is then one in the space of theories

presented here and DYM could be a good setting for testing claims regard-

ing the asymptotic safety scenario. The same hope is still up for the DIGT

theories and the DYM certainly present a benchmark for ideas and tech-

niques to develop the gravity side of this story. In the following chapters

we will discuss a very promising result in this respect. The DYM are one-

loop renormalizable. No new vertices get added at one-loop to cancel the

arising divergences. We also computed in detail the beta function for the

first, simplest new vertex and found it to be positive. What is interesting

about the calculation is that, again, the key collapsing property discussed

above gives rise to improved renormalization property and allows for many

cancellations in the diagrams.

The thesis will be divided into two main parts. In the first part we will

describe the Deformations of Yang-Mills. In particular in chapter 2 we will

6
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introduce the theory and its properties. After a discussion about its Hamil-

tonian formulation, we will give the mode decomposition and spell out the

Feynman rules for two different gauge fixing choices. Here we will show

the collapsing properties that lies at the heart of our study. We will then

talk about the scattering amplitudes and recursion relations. We will also

show some explicit calculations of simple 4-points amplitudes.

Chapter (3) will be devoted to the renormalization properties of DYM.

We will start with a general power-counting argument for the improved

behavior at loop order due to the collapsing property. We will then perform

the explicit calculation of the β-function for the first new coupling constant.

This is one of the main results of [15] by the author et al. We end the chapter

by a review of the proof of one-loop renormalizability of DYM appeared in

[20].

The second part will start in chapter (4) with an introduction to the DIGT

program. We will start discussing the Plebanski formulation of GR, from

which the extended class of theories can be derived. We will then introduce

the pure connection formalism, its symmetries and compare the linearized

part of the Lagrangian to YM. We conclude the chapter with a discussion

of its interactions and the program to check if also these theories of gravity

are renormalizable.

We dedicate the last chapters to some developments in the study of DIGT.

In chapter (5) we show how to reconstruct the whole linear and cubic level

of the DIGT using as constraint only the form of its symmetries and the fact

that they will produce up to second order field equations.

In the last chapter (3) we will introduce an intermediate formulation for

DIGT which makes use of the connection plus another field and a set of

constraints to select a specific theory. We will perform a one-loop calculation

of the beta-function for a generic theory in the class when expanded on a

constant curvature background. We match a result previously found in

[21]. The novelty here is that this first order formulation allows us to follow

the exact same calculation that proved successful in determining the full

7
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β-function of DYM. Indeed, also in that case a first order formulation was

used, similar to the mixed formulation of gravity presented in this chapter.

We hope that this result could be extended to a more general one in which

one expands the theory around a general background.

We conclude with a few remarks on what can be learned from further

investigations on DYM. Especially, we are interested in how results and

techniques used there can serve as a benchmark for new ideas that might

also prove fruitful for similar studies in gravity.
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2
D E F O R M AT I O N S O F YA N G - M I L L S T H E O R I E S

In this chapter we will introduce a new class of theories, that we developed

in [15], modeled on the usual YM theory. The class describes an infinite set

of chiral interactions that are non-renormalizable by power counting added

on top the usual YM cubic and quartic ones.

The new interactions are gauge invariant and they do not produce higher

order derivatives in the field equations, keeping the theory free of instabil-

ities. These deformations of the YM Lagrangian unexpectedly behave in a

way that is much similar to the original, renormalizable YM theory. Even if

all the interactions have more derivatives in the vertices compared to YM,

at most only one instance of momentum will appear in each internal line of

the Feynman graphs. This is the same situation that we encounter in YM

and this single property accounts for many of the interesting results that we

will show. This situation is due to a "collapsing" property that states that

every time two derivatives lie on the same propagator it collapses, being

substituted by a delta function, and gives rise to a higher order vertex.

After a brief introduction of the general structure of the theory and its

Hamiltonian formulation, we will set up the gauge fixing and Feynman

rules that we will use in the following analysis. Here we will spell out the

key property of the diagrams. After, we will see how these theories appear

to be constructible by recursion relations (according to the now well estab-

lished BCFW construction). In this way one could build all the scattering

amplitudes from lower order amplitudes.

9



2.1 the lagrangian

2.1 the lagrangian

The Lagrangian of DYM do not modify the YM structure, but just adds new

interaction vertices constructed from powers of the curvature of the connec-

tion Aa
µ defined on a principal SU(N)-bundle. We do not need to specify

which group we are going to take, but we want to work in 4 dimensions

for reasons that will be clear in a moment. If one is bound to add only

terms that do not add higher orders derivatives in the equations of motion

a possible Lagrangian would be:

L = − 1
4g2 F2 +

α

M2 F3 +
β

M4 F4 + . . . , (2)

where F = dA is the curvature, d being the covariant exterior derivative for

the connection A. Here the coefficients have been written in a form such

that a dimensionless part is isolated α, β . . . . Of course inverse powers of

mass get introduced showing that these new vertices are power-counting

non-renormalizable. A possible, more compact way to write these theories

would be:

L = M4 f (F/M2), (3)

where f is a gauge invariant function of the sole field strength. These theo-

ries have been studied and do not show the nice properties that we would

like them to have. Therefore, we will further restrict the space of theories,

requiring that all the theories share an instanton sector. Instantons are spe-

cial solutions of YM theories in which the connection’s curvature (a 2-form)

has vanishing self-dual components. As it is well known, the Hodge dual-

ity operation (defined by the spacetime metric ηµν) splits the 6 dimensional

vector space of 2-forms Λ2 into two orthogonal subspaces, Λ2
+, Λ2

−, called

self-dual, invariant under the duality operation:

∗ : Λ2 −→ Λ2,

Λ2 = Λ2
+ ⊕Λ2

−. (4)

10



2.1 the lagrangian

Choosing a basis for these two spaces, Σa
µν, Σ̄a

µν, where a = 1, 2, 3 is the Lie

algebra index, the curvature F splits into its self- and anti-self-dual compo-

nents:

Fa
µν = FaΣa

µν + F̄aΣ̄a
µν. (5)

The Lagrangian for the Deformations of Yang-Mills theories takes then the

simple form:

L = M4 f (Fsd/M2), (6)

where we denoted the self dual part of the curvature with Fsd.

2.1.1 Spinor conversions

The best way to deal with self duality is to use spinor formalism (see [22]

and the appendix (A)). We shall denote as S± the two inequivalent irre-

ducible representation of the Lorentz group of dimension 2. We will denote

objects in S± as unprimed and primed spinors, i.e. λA, λA′ . There exist

then an isomorphism between the tensor product S+ ⊗ S− and Minkowski

space. The isomorphism is given by the so called soldering form θAA′
µ which

converts spinor indices into spacetime ones. Each spacetime index gets re-

placed by two spinor indices (unprimed and primed). In particular, in our

convention, the metric is transformed into:

ηµν −→ −εABεA′B′ . (7)

where εMN, εM′N′ are the antisymmetric identity 2-spinors that are used

to lower and raise spinor indices. The conventions used for lowering and

raising indices and normalization are:

λAεAB = λB,

εABλB = λA,

εA
A = 2, (8)
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2.2 dym in spinor form and equations of motion

and similar equations hold for primed indices. Antisymmetric 2-tensors can

be split into (anti)-self-dual parts which in spinor terms are proportional to

the identity unprimed and primed spinors respectively. In particular, our

curvature splits as

Fa
MM′NN′ =

1
2 Fa

MNεM′N′ +
1
2 F̄a

M′N′εMN. (9)

2.2 dym in spinor form and equations of motion

Using what we have learned we can put the DYM into its final spinorial

form:

L = M4 f (FAB/M2). (10)

YM is still one of the theories because, modulo a surface term, it can be

rewritten as:

LYM = − 1
4g2 (Fa

MN)
2. (11)

The equations of motion for (10) are:

dN′M

(
∂ f

∂Fa
MN

)
= 0. (12)

As it is simple to check, instantons of the form FMN = 0 are solutions to

these equations for any f since the partial derivative in the last eq. becomes

just a constant.

It is important to note that the Lagrangian in eq. (10) can be cast into a

first order formulation:

L = BaMN Fa
MN −M4V(B/M2), (13)

where BMN is the self-dual component of a 2-form. In this case YM is

singled out as one of the possible gauge invariant potentials:

L = BaMN Fa
MN −

g2

2
B2

MN. (14)

12



2.3 hamiltonian analysis

The field equations for the first order formulation read:

FMN = M2V′(B)MN, (15)

d BMN = 0. (16)

As an example we show the simplest modification of YM along these lines:

L = − 1
4g2 (Fa

MN)
2 +

α

3!g2M2 f abcFa
A

BFb
B

CFc
C

A. (17)

We will study (17) in detail, especially we will compute the running of its

coupling constant in the next chapter.

These theories make sense clearly in 4-dimensions where a notion of self-

duality is well defined. Also, they will be chiral (i.e. parity violating) for all

modifications but the mother theory, YM.

2.3 hamiltonian analysis

A 3 + 1 decomposition and Hamiltonian analysis can be performed in a

similar way as in the usual YM case. The only thing that we need to take

care of is the self-dual nature of some of the fields involved. It is best to

perform these calculations starting with the first order Lagrangian (13). The

decomposition is the following:

Fa
MN = (2iFa

0i − εijkFa
jk)

1√
2

Ti
MN, (18)

TiABT j
B

C = −1
2

δijεAC +
1√
2

εijkTkAC, (19)

Fa
0i = Ȧa

i − di Aa
0, (20)

where Ti
AB are multiples of the Pauli matrices1. We introduce a spatial new

field Pai, such that:

Ba
MN =

1
i
√

2
PaiTi

MN. (21)

1 These matrices can also be used to convert SO(3) indices into a symmetric pair of spinor

ones, as explained in appendix (A)
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2.3 hamiltonian analysis

Inserting all the previous formulae in the original Lagrangian one finds:

L = Pai Ȧa
i + Aa

0diPai −H, (22)

where

Hai =
1
2

εijkFa
jk, (23)

is the magnetic field and the Hamiltonian is:

H = −iPaiHa
i + M4V(P/M2). (24)

Let us specialize this to the case of YM and the first deformation (17). In the

YM case the Hamiltonian is:

HYM =
g2

2

(
Pai − i

g2 Hai
)2

+
1

2g2 (Hai)2. (25)

As it is usual in this case, one performs a transformation:

Eai := Pai − i
g2 Hai. (26)

This is indeed a canonical transformation, i.e. it does not modify the sym-

plectic structure. The Hamiltonian then becomes:

H =
g2

2

(
Eai
)2

+
1

2g2 (Hai)2. (27)

It is important to note here that due to the very nature of the self-dual for-

mulation, in Lorentz signature the fields become complex and some reality

conditions need to be imposed. In YM this is an easy task as we just need

to impose that the spatial connection is real so that the magnetic field is real

and (26) is real. This brings to a possible drawback of these theories at least

until further analysis is done. If we take the first of the deformations and

compute the Hamiltonian in the same way as before we obtain:

H =
g2

2

(
Eai
)2

+
1

2g2 (Hai)2

− iαg4

3M2 f abcεijk
(

Ea
i +

i
g2 Ha

i

)(
Eb

j +
i

g2 Hb
j

)(
Ec

k +
i

g2 Hc
k

)
. (28)
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2.3 hamiltonian analysis

With the reality condition we saw before this new Hamiltonian is not Her-

mitian with respect to the usual scalar product. This problem is common

in theories that are described by complex Lagrangians. This single problem

could in principle lead one to discard these theories altogether due to the

possible non-unitarity of the dynamics. The whole picture could be saved

by some discrete symmetry of the Hamiltonian. Indeed, all these theories

are invariant under an antilinear symmetry:

Eai → −Eai, Hai → Hai, (29)

followed by complex conjugation.

Recently, some authors [23, 24] have entertained the possibility of making

sense of quantum systems defined by complex Hamiltonians. The interest

in this field started considering certain PT -symmetric Hamiltonians such

as:

H = p2 + ikx3 where k ∈ R, (30)

which can show a real spectrum. This line of research has shown that one

could extract a quantum description of systems defined originally with a

non-Hermitian Hamiltonian in the presence of a more general anti-linear

symmetry.

Let us briefly review the idea behind these works. In quantum mechanics

the implementation of the standard axioms requires that any observable O
defined by an operator acting on H has a complete set of eigenvectors and

that for any O and state ψ ∈ H the expectation value 〈ψ|Oψ〉
〈ψψ〉 is real. Her-

miticity of any observable is then a necessary and sufficient condition to

meet these requirements. Moreover, the evolution of the state is driven by a

unitary operator U(t, t0): ψ(t) = U(t, t0)ψ(t0) in order to preserve the norm

of the state. The Shrödinger equation then reads i} d
dtU(t, t0) = HU(t, t0)

and demands the Hamiltonian to be Hermitian. Hermiticity is then a key

property for the implementation of the axioms of quantum mechanics. How-

ever, if H is not Hermitian with respect to the standard inner product but
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2.4 mode decomposition and helicity operators

has a real spectrum and a complete set of eigenvectors one can modify the

inner product of H defining a new Hilbert space H′. In the new system, H

is Hermitian with respect to the new inner product.

Specifically, a linear Hermitian automorphism η : H → H is called a

pseudo-metric operator. If it is positive definite it is just called a metric oper-

ator. The linear operator H (Hamiltonian) is then called pseudo-Hermitian

if there exist a pseudo-metric η such that:

H† = ηHη−1. (31)

One can then define a new Hilbert space H′ endowed with the inner prod-

uct:

〈φ, ψ〉η = 〈φ, ηψ〉, (32)

where on the RHS we used the original inner product of H. It is clear that

if η is positive definite, then H acts on H′ as an Hermitian operator.

A necessary and sufficient condition for pseudo-Hermiticity of H is the

existence of an anti-linear map that commutes with the Hamiltonian. In our

case this operator exists and it is defined by the transformations (29). We

could at least in principle hope to make sense of unitarity of our theories

through the procedure just reviewed, although to actually achieve a physical

interpretation a more detailed investigation of the issue is in order. For the

rest of the thesis we will put aside this problem which needs more careful

consideration. We will focus instead on a formal study of the properties of

the DYM theories.

2.4 mode decomposition and helicity operators

We can take the free part of the YM Hamiltonian (25) to perform a mode

decomposition of these theories, given that the only thing that the deforma-

tions do is to add new interaction vertices:

Hfree = −iPaiεijk∂j Aa
k +

g2

2
(Pai)2. (33)

16



2.4 mode decomposition and helicity operators

From the last formula the (free) equations of motion are:

g2Pai =
∂

∂t
Aai + iεijk∂j Aak,

∂

∂t
Pai − iεijk∂jPak = 0, (34)

combining these equations to put them into a second order equation for the

connection, we find that the transverse part of Aai, i.e. ∂i Aai = 0 satisfies the

wave equation. This is the usual story in YM and, of course, it is preserved

in our theories. The mode decomposition in positive and negative helicities

of the transverse part of the connection is then:

Aa
i = g

∫ d3k
(2π)32ωk

(
ε−i (a−k )

aeikx + ε+i (a+k )
aeikx +

ε+i (a−k )
†ae−ikx + ε−i (a+k )

†ae−ikx
)

, (35)

where kx = ki − ωkt and for on shell gluons wk = |k|. The polarization

vectors satisfy:

iεi
mnkmε−n = ωkε−i ,

ε+i = (ε−i )
∗,

ε+i ε−j + ε−i ε+j = Πij, (36)

where Πij is the projector on transverse components. In particular the last

equation is a normalization condition that, combined with (35) and the

canonical equal-time commutation relations:

[Aa
i (x), Pb

j (y)] = iδabΠijδ
3(x− y), (37)

guarantees the commutation relations between the modes:

[(a±k )
a, (a±p )

†b] = (2π)32ωkδabδ3(k− p). (38)

We will use the spinor technology for the most part of the following, we

then need a decomposition into modes of the field written directly using

17



2.4 mode decomposition and helicity operators

spinor indices. To start we remind that external on-shell momenta can be

separated into the outer product of two spinors2:

(kµ)2 = 0 −→ kAA′ = kAkA′ . (39)

This decomposition is defined up to a scaling of the two spinors. For real

momenta this rescaling factor is just a phase and the two spinors are com-

plex conjugate to each other. Usually though, one continues the momenta

to the complex plane to obtain a non-zero result for the basic 3-amplitudes

which will be used as seeds in reconstructing all tree level amplitudes from

recursion relations (see later). This allows for a general complex rescaling:

kA −→ λkA kA′ −→ λ−1kA′ (40)

The helicity spinors are found to be:

ε−MM′ = i
qMkM′

〈q k〉 , ε+MM′ = i
kMqM′

[q k]
. (41)

As it is customary one introduces two reference spinors qM and qM′ to ac-

count for the gauge invariance of the theory. The brackets in (41) are defined

as:

〈λ µ〉 := λAµA,

[λ µ] := λA′µ
A′ . (42)

The helicity spinors in (40) scale as:

ε−MM′ −→ λ−2ε−MM′ ε+MM′ −→ λ2ε+MM′ , (43)

and they are homogeneous of degree zero in q. Moreover, they satisfy the

normalization:

(ε−)M
M′(ε

+)M
M′ = 1. (44)

The amplitudes can then be computed according to the usual LSZ formula

where the helicity spinors are inserted into the amputated Feynman dia-

grams as external legs.

2 This is due to the fact that the square of a 4-vector is translated in spinor form into the

determinant of a 2x2 matrix. It is a simple algebraic fact that a matrix with vanishing

determinant can be written as the product of two vectors.
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2.5 gauge fixing in the neveu-gervais and feynman gauge

2.5 gauge fixing in the neveu-gervais and feynman gauge

The deformations do not alter the structure of the YM sector, so the gauge

fixing will be inherited directly from the mother theory. The only differ-

ence will be to adapt this gauge fixing to the self-dual formulation. We will

employ two different gauge fixings. As it is customary for studies in ampli-

tudes and recursion relations we will use a Gervais-Neveu gauge. For the

renormalization part we will use the usual Feynman gauge.

The difference between the two gauge choice is that while the Feynman

gauge alters the free part of the Lagrangian only, the Gervais-Neveu gauge

also modifies the interactions allowing for a simpler form of the Feynman

rules that displays the color and tensor structure of the amplitude sepa-

rately.

To start we explain how to fix the invariance in the Feynman gauge. We

first absorb the YM coupling constant into the connection. In this way the

free Lagrangian, the only part that will be affected by this procedure, looks

like:

L(2) = −1
2
(∂MM′Aa

N
M′ + ∂NM′Aa

M
M′)∂M

N′AaNN′ . (45)

we use the so called Shouten identity in the form:

εABεCD = εACεBD − εADεBC. (46)

It is clear that the antisymmetry in the last formula is respected and one can

check that taking the trace leads to an identity. Let us employ this identity

on the second term in the brackets in eq. (45):

∂NM′Aa
M

M′ = ∂AM′Aa
B

M′εN
AεM

B

= ∂AM′Aa
B

M′
(

εABεNM − εN
BεA

M

)

= ∂MM′Aa
N

M′ + εMN∂E
M′Aa

E
M′ . (47)

The Lagrangian becomes:

L(2) = −∂MM′Aa
N

M′∂M
N′AaNN′ +

1
2
(∂M

M′Aa
M

M′)2. (48)
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2.5 gauge fixing in the neveu-gervais and feynman gauge

Now, we can perform an integration by part in the first term and disregard

a total derivative. Given that the partial derivatives commute, the following

contraction is necessarily antisymmetric, i.e. it is proportional to the identity

ε:

∂MM′∂
M

N′ =
1
2 εM′N′∂ME′∂

ME′ = 1
2 εN′M′∂

µ∂µ. (49)

After another integration by parts we arrive at the usual (free) YM kinetic

term:

L(2) = −1
2
(∂µ Aa

ν)
2 +

1
2
(∂µ Aa

µ)
2. (50)

It is a common procedure than to just add a gauge fixing tern to get rid

of the second term. Then, the kinetic part of the Lagrangian is invertible

and can be used to find the propagator. We also need to add a ghost term,

namely:

Lghost = c̄a∂µdµca, (51)

where as usual the ca, c̄a fields are the ghost and anti-ghost.

To achieve a gauge fixing that it is more suitable for amplitude calcula-

tions let us mimic the previous procedure in a slightly different setting. We

explicitly use the generators of the internal Lie algebra, Ta such that:

Tr(TaTb) = δab, [Ta, Tb] = i
√

2Tc, (52)

and define the matrix: AMM′ = Ta Aa
MM′ . The self-dual part of the matrix-

valued curvature is then:

FMN = 2∂(MM′AN)
M′ +

g
i
√

2
(AMM′AN

M′ + ANM′AM
M′), (53)

and the chiral Yang-Mills Lagrangian becomes:

LYM = −1
4

Tr(FMN FMN). (54)

now we define the matrix:

H = ∂µ Aµ +
g

i
√

2
Aµ Aµ. (55)
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2.5 gauge fixing in the neveu-gervais and feynman gauge

It is not hard to see using the Shouten identity (46) and a series of manipu-

lations similar in spirit to (47), that one can put the curvature matrix (53) in

the form:

FMN = 2
(

∂MM′AN
M′ +

g
i
√

2
AMM′AN

M′
)
+ εMN H. (56)

The Lagrangian is then the trace over the Lie algebra generators of the

square of the last formula:

LYM = −Tr
(

∂MM′AN
M′ +

g
i
√

2
AMM′AN

M′
)2

+
1
2

Tr(H)2. (57)

The Gervais-Neveu gauge fixing term is then added to remove the H2 term.

It is simply LGN = −1
2Tr(H)2. The free part now looks much like in the

Feynman gauge.

LYM + LGN = −1
2

Tr(∂µ Aν∂µ Aν) + L(3)YM + L(4)YM, (58)

with

L(3)YM = ig
√

2 Tr(∂M
M′ANM′AMN′AN

N′),

L(4)YM =
g2

2
Tr(AM

M′ANM′AMN′AN
N′). (59)

One has to realize that in this formulation the colour structure is carried by

the gauge generators Ta.

Let us write also the vertex from the minimal deformation (17) as a trace

over Lie algebra generators:

Lnew = −i
αg

3
√

2M2
Tr(FA

BFB
CFC

A). (60)

Notice that the general structure of the vertex at higher order follows

a similar structure. The curvature can be seen a 2Nx2N matrix: FiA
jB. At

fourth order in the curvature then also double trace terms will appear along-

side the usual single trace:

(TrF2)2 (TrF4). (61)
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2.6 feynman rules

2.6 feynman rules

We are now ready to state the Feynman rules for the two previous gauge

choices. Let us start with the Feynman gauge rules.

Propagator:

=
1

ik2 (−εMNεM′N′). (62)

Cubic vertex:

We found it convenient, especially in view of a very important identity to

be spelled out later, to split the full cubic vertex into three contributions:

= + + (63)

where

= g f abc(kA(k))aAB Ab
AB′(p)Ac

B
B′(q), (64)

where

(kA(k))aAB := 2k(A
A′ A

aB)A′(k). (65)

All momenta are incoming. In the diagrams, a dot will correspond to an

instance of derivative (and so a factor of the corresponding momentum)

acting on a leg of the vertex following the rule (65). We need to clarify the

meaning of eq. (64) a little further. The A(k) act as placeholders. They will

be replaced by helicity spinors following the rules of LSZ formula, or paired

with another placeholder in a Wick contraction.
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2.6 feynman rules

Quartic vertex:

This is the usual quartic vertex of YM:

= −2ig2 f abc f cde Aa
(MM′(k)Ab

N)
M′(l)Ad(M

N′(a)AeN)N′(p)

+2 terms. (66)

New cubic and quartic vertices:

From (17) one can deduce the rules for the new vertices:

=
αg
M2 f abc(kA(k))a

A
B(pA(p))b

B
C(qA(q))c

C
A. (67)

(68)

There are instead 6 terms for the quartic new vertex. Two derivatives now

act on 2 of the 4 legs. The quartic vertex rule then reads:

= −2i
αg2

M2 f abc f cde(kA(k))a
A

B(lA(l))b
B

C Ad
CM′(q)AeAM′(p)

+5 terms (69)

This are all the vertices that we need in this gauge. The term cubic in the

curvature in eq. (17) produces higher order interaction but we will not need

them.

We can now move on to the Gervais-Neveu gauge rules. These rules will

be colour-ordered (or colour stripped), meaning that we fix the order of the

labeling of the incoming lines to the vertex. The color-ordered amplitude

will be stripped of the colour structure (the traces of matrices Ta). These

amplitudes have the peculiar feature of being independently gauge invari-

ant.
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2.7 the collapsing dots identity

Cubic vertices:

In the following we will only need cubic vertices in this gauge to compute

the seeds for the recursion relations. The higher order amplitudes will be

found by lower order ones and not directly from the Feynman rules. The

old colour ordered cubic vertex reads:

−ig
√

2 kM
M′A

NM′(k)AMN′(p)AN
N′(q) + 2 terms, (70)

the new one instead is given by:

−i
αg√
2M2

(kA(k))A
B(pA(p))B

C(qA(q))C
A, (71)

where 2kM
M′ANM′(k) = (kA(k))MN. The propagator is the same as in the

Feynman gauge case.

2.7 the collapsing dots identity

The dot notation seen in the previous section not only can be used as a

simple computational tool. It is also of key importance because it clearly

shows an important identity valid in these theories. Indeed, whenever two

dots are on the same internal line, the entire line collapses into a (higher

order) vertex. An internal line is formed when we connect two legs of two

different vertices. This is a pictorial representation of a Wick contraction.

In particular if the two legs that are Wick contracted both carry a momen-

tum factor (which in turn comes from a derivative of the connection in the

corresponding vertex operator) the following happens:
〈
(kAa)AB (kAb)CD

〉
=

〈
2k(AA′A

a
B)

A′ 2k(CC′A
b
D)

C′
〉

= −4δabk(AA′
1

ik2 εA′C′εB)(DkC)C′

=
2
i

δabεA(Cε |B|D). (72)

We have substituted each Wick contraction (contraction of the placeholders

in this notation) with a propagator (62). Then, contracting the primed in-

dices and expanding the symmetrization (4 terms) one notices that for each
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2.8 recursion relations and amplitudes

pair of momenta one has only the anti-symmetric part which is proportional

to ε, the constant of proportionality being −1
2 k2. Ultimately this is the rea-

son for the cancellation of the momentum in the denominator. What is left

is an effective new higher order vertex. Schematically this looks like:

= 2i . (73)

The overall plus sign comes from the fact that the two internal momenta

factors are one incoming an the other outgoing. The other small dots in-

dicate that the rest of the graph can be anything. But in the end all the

amplitude will have at most one momentum for each internal line. It has

to be stressed here that this identity do not hold for non-chiral theories, e.g.

if we add in the vertices the missing anti-selfdual powers of the curvature.

Another point of interest is that if we write the usual YM theory in its self-

dual notation (this should not be confused with the so called self-dual YM

which is a theory whose space of solution is composed of the sole instanton

sector), this identity appears as well. It is then this identity that is crucial to

show that the quartic vertex amplitudes cancel exactly with the cubic ones

in which two dots lie on the internal lines. It is this very feature that tells

us that YM can be actually recast as a theory containing only cubic vertices.

This identity, in particular in connection with the dot notation has been

used throughout the paper [15] and has been proven to be of great help.

Nevertheless, the identity has appeared in previous works by other authors

([25, 26]).

2.8 recursion relations and amplitudes

It is now well established that YM theories are constructible in the sense

that starting with some basic amplitudes one can build all tree level ampli-

tudes recursively. In principle there is no need for a specific Lagrangian to

be defined. The seeds for the recursion relations will be the simple vertex
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2.8 recursion relations and amplitudes

amplitudes, i.e. on-shell evaluation of the vertex operators. The special mo-

menta kinematics tells us that these amplitude are actually zero, on-shell.

To obtain non-zero results we analytically continue all the momenta. Hav-

ing already computed all the vertices we only need a few relations for the

contraction of the momenta with the positive and negative helicity spinors

(41):

(kε−)MN = 2k(M
M′(ε

−)N)M′ = 0,

(kε+)MN = 2k(M
M′(ε

+)N)M′ = −2i kMkN. (74)

The easiest vertex to compute is actually the new 3−valent one, because it

only has one term. There are three instances of momenta, one for each leg.

It is then clear that if we insert any negative helicity , the amplitude will

be zero. So, the only amplitude that has hope to be non-vanishing is the

all-plus one:

A+++
new = −i

αg√
2M2

(1ε+)A
B(2ε+)B

C(3ε+)C
A

=
αg√
2M2

1A 1B 2B 2C 3C 3A

=
4αg
√

2
M2 〈1 2〉〈2 3〉〈3 1〉, (75)

where we labeled the three incoming momenta with numbers. This result is

not new of course. The YM amplitudes are just a little more complicated to

evaluate but the calculations are straightforward. There, the all-plus vertex

amplitude is zero as well because all three parts of the amplitude will be

proportional to [q q] = 0. The all-minus is zero because at least one negative

helicity would be contracted with a momentum, which is zero by means of

the first of eqs. (41).

Amplitudes for theories with higher powers of the curvature have already

been studied. Here though, we are using only the self-dual part of those

interactions and it is already apparent that these theories will be chiral, i.e.
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2.8 recursion relations and amplitudes

the parity related amplitude A−−− is not present. For completeness we

compute the other YM amplitudes. The one plus, two minus amplitude is:

A+−−
YM = g

√
2
〈1 q〉2
〈2 q〉〈3 q〉 [2 3] = g

√
2

[2 3]3

[1 2][3 1]
. (76)

In the formula we used the momentum conservation 11′ = 22′ + 33′ and

contract with q, 2′ and 3′ repeatedly, to get the relations:

〈1 q〉
〈2 q〉 = −

[2 3]
[3 1]

〈1 q〉
〈3 q〉 = −

[2 3]
[1 2]

, (77)

to obtain the final result. The same can be done for the opposite helicity

amplitude:

A−++
YM = −g

√
2〈2 3〉

(
[1 q]
[2 q]
〈3 q〉
〈1 q〉 +

[1 q]
[3 q]
〈2 q〉
〈1 q〉

)

= −g
√

2
〈2 3〉[1 q]
〈1 q〉[2 q][3 q]

(〈3 q〉[3 q] + 〈2 q〉[2 q]). (78)

Again using momentum conservation one arrives at the final result:

A−++
YM = g

√
2
〈2 3〉3
〈1 2〉〈3 1〉 , (79)

which as expected is the complex conjugate of (76). We will use these am-

plitudes as seeds for the recursion relations.

2.8.1 All negative and all-but-one negative amplitudes

Before we consider the recursion relations we want to give a standard YM

argument for the vanishing of the amplitudes which carry all negative and

all-but-one negative amplitudes and see the identity (73) at work. If we take

the all-negative amplitude with n external lines we can choose to set all the

q spinors to be the same. There will be n instances of q in the numerator

of the amplitude. Any time they contract with each other, the amplitude

gives zero. So, the only chance we have to get a non-vanishing result is
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2.8 recursion relations and amplitudes

to contract these spinors in the numerator with momenta coming from ver-

tices with derivatives. Anyway, given the dot property (41) we can have at

most one derivative per internal line. So let us take the case of trivalent

amplitudes, i.e. diagrams containing only cubic vertices, including the new

vertex with three derivatives. It is easy to check that for n external lines

there are n− 2 vertices and n− 3 internal lines. No derivatives are on the

external lines so the total number of momenta in the numerator is (due to

the collapsing property) n− 3 which is not sufficient to contract all the q’s.

These amplitudes are zero.

For the all-but one negative amplitudes instead we choose all the refer-

ence spinors to be the same as the only positive external momentum. The

difference here is that we have n− 1 unprimed reference spinors to contract

with the numerator’s momenta. In this case the number of derivatives after

we used the collapsing property is at most n− 2, given that one derivative

can now be on the external positive line. Still it is not sufficient to con-

tract all the reference spinors. Also these amplitudes are zero. For YM the

collapsing property is not necessary of course to show the vanishing of the

previous amplitudes. But it seems crucial in the case of chiral modifications.

2.8.2 Recursion relations

In the BCFW framework ([17], [18], one shifts a pair of momenta, introduc-

ing a complex parameter z. Under this shift one would like to find the

large z behavior of the shifted amplitude. If certain conditions are met, all

amplitudes can be reconstructed recursively.

The general idea behind the recursion relations is not complicated. The

on-shell n-amplitude An is a function of the external on-shell momenta pi

with i = 1 . . . n, and Σi pi = 0. One than takes complex shifts (for the
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moment we can shift as many momenta as we want) of pi by vectors ri. We

will see specific examples of these shifts later:

p̂i = pi + zri z ∈ C. (80)

These new vectors follow a conservation law Σiri = 0, and they are orthog-

onal to each other and with pi, for each i. These requirements are there to

make the shifted momenta follow the same conservation law and on-shell

condition of the unshifted ones. Moreover, if we take a sum over a subset I

of momenta PI = Σi∈I pi and shift it, then:

P̂2
I = −P2

I
zI

(z− zI) zI =
P2

I
2PiRi

, (81)

where we have defined Ri = ΣIri. Now one considers the shifted amplitude

A(z) as a complex function. The original one is just An(z) evaluated at the

origin. From the diagrammatic point of view a general shifted amplitude

will have poles in z only at the propagators of the internal lines. At tree

level these will be single poles of the form (81) and no pole will be sitting

at the origin. The analytic structure of the amplitude is then encoded in the

residues at these poles:

An = −∑
zi

Resz→zI

An(z)
z

+ Bn. (82)

The boundary term Bn is the part of the amplitude that does not fall off

for large z. We needs to prove that these terms are actually not present

if we want to reconstruct the amplitudes from recursion relations. What

the evaluation of the residues actually achieves is to put the internal line

corresponding to the pole on-shell:

An = ∑
diagrams

ÂL(zI)
1

P2
I

ÂR(zI). (83)

The amplitude then factorizes into lower order on-shell amplitudes con-

nected by an on-shell propagator. The sum has to be performed on all

possible incoming particles states. It is clear that provided Bn = 0 for all

n the tree level amplitude is recursively found by declaring the value of
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some lower point amplitude (in YM, for example the 3-point amplitude

that serves as seed for the recursion is completely determined by the little

group scaling of the momenta spinors (40), so that no Lagrangian is actually

needed).

We can now apply this framework to the theories at hand. Let us take a

look first at general amplitudes constructed from the vertices that we have

already encountered. In particular, we focus on amplitudes with at least

one negative and one positive helicity gluon. We apply the following BCFW

shift to those lines:

1→ 1̂ = 1 + z n,

n′ → n̂′ = n′ − z1′. (84)

From (41) we see that the helicity spinors behave as 1
z under this shift for

large complex parameter z. As before the worst case scenario is the 3-valent

amplitude. Each internal propagator that connects 1 with n contribute as 1
z .

There can be at most on derivative per each internal line due to the collaps-

ing property each of which contributes as z. There can be no derivative on 1

because it is the negative helicity gluon and as we have seen the contraction

kε−k = 0. So we are left only with possible contraction on the helicity plus

gluon with momentum n. All in all the large z behavior is, in the worst

case, 1
z . This guarantees the validity of the BCFW recursion relations for

these amplitudes. There are some amplitudes missing, namely the all plus

helicity ones. As we shall see the simple shift in (84) does not work in that

case. A more involved shift is needed.

2.8.3 MHV amplitudes

The first non-vanishing amplitudes are the so called Maximally Helicity Vi-

olating. Historically, the name comes from the fact that, because of cross

symmetry, the amplitude A(1+2+ . . . n+) with all outgoing particles corre-

sponds to 1−2− → 3+ . . . n+ with 1, 2 incoming. This is the maximum helic-
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ity violation possible in a scattering process, but it is zero in YM. Also the

next one with 2 negative helicity particles going into one negative and the

rest positive is zero. So the first Maximally Helicity Violating process corre-

sponds to the amplitude A(1−2−3+ . . . n+). They have exactly two positive

(or only two negative) helicity gluon. The BCFW relations become quite

simple in this case:

A(1−, 2−, 3− . . . , i+, . . . , n− 1−, n+)

= A(1̂−, 2−, . . . , i+, . . . , P̂+)
1

P2A(−P̂−, n− 1−, n̂+)

+A(1−, 2−, P̂+)
1

P2A(−P̂−, 3−, . . . , i+, . . . , n̂+). (85)

The first term vanishes on the pole (due to some special kinematics). The

second term gives the usual YM result, also called Parke-Taylor formula

[27]:

A(1−2−3+ . . . n+) =
[1 2]4

[1 2][2 3][3 4][4 5] . . . [n 1]
. (86)

It is instructive to compare two examples. The first is the usual 4 points

MHV amplitude. The second is the (−+++) amplitude, the first modified

by the new vertices.

(−−++) amplitude:

The following two new diagrams may contribute to this amplitude and so

modify the MHV amplitude of YM:

k̂1 = λ1λ̄1 + z λ4λ̄1, (7)

k̂4 = λ4λ̄4 − z λ4λ̄1

Because of the dot-polarisation contraction argument (1) we see that neither of the quartic and the cubic
new vertices can be present in an all negative helicity scattering (− − −−), so that at 4-point the amplitude
A(1−, 2−, 3−, 4−) behaves as 1/z under the shifting (7) as the original Yang-Mills amplitude. When it is cut
into sub-amplitudes, because of the all minus amplitude is absent from 3-points, A(1−, 2−, 3−, 4−) is therefore
vanishing. Alternatively we can see this is true by choosing the same reference spinors for all four legs. The same
argument applies to all-except-one negative helicity amplitude A(1−, 2−, 3−, 4+), for which we can either choose
reference spinors q1 = q2 = q3 = k4, or argue from BCFW cut,

A(1−, 2−, 3−, 4+) = A(1̂−, 2−, P̂ σ)
−i

P 2
A(−P̂−σ, 3−, 4̂+). (8)

In the absence of a 3-points all negative helicity amplitude σ has no choice but to be +1, but then A(−P̂−, 3−, 4̂+)
vanishes at pole.

As for MHV amplitude A(1−, 2−, 3+, 4+), a new diagram Fig. 1(a) seems to behave as a finite term in the
large z limit from naive power counting

2−

1−

3+

4+

(a)
2−

1−

3+

4+

(b)

Figure 1: New diagrams that cancel with each other and do not contribute to the MHV 4-point amplitude

However this diagram converges as 1/z because of the dots collapsing rule (31). As a matter of fact the
contribution from diagram (a) is canceled by diagram (b) so that the MHV amplitude is completely determined by
the original Yang-Mills diagrams. The same conclusion can also be derived from the on-shell relation perspective,

A(1−, 2−, 3+, 4+) = A(1̂−, 2−, P̂+)
−i

P 2
A(−P̂−, 3+, 4̂+) (9)

The on-shell recursion relation of the MHV amplitude does not contain the new 3-point all plus amplitude and is
therefore unchanged in the deformed theory.

A(1−, 2−, 3+, 4+) = (−2i)g2

[
12
]4

[
12
][

23
][

34
][

41
] = (−2i)g2

〈
34
〉4

〈
12
〉〈

23
〉〈

34
〉〈

41
〉 , (10)

and similarly for the non-adjacent MHV amplitude.

1.2.1 (− + ++)

The first 4-point amplitude that is affected by the deformation is A(1−, 2+, 3+, 4+). At first sight we have one
diagram that may contribute to the BCFW boundary,

2

but they precisely cancel each other. Of course the collapsing dots rule is

at play. As already stated, the MHV amplitude is given by the usual YM

Parke-Taylor formula. Let us do this simple exercise.

A(1−, 2−, 3+, 4+) = A(1̂−, 2−, P̂+)
−i
P2A(−P̂−, 3+, 4̂+), (87)
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where we shifted 1, 4. Notice that P2 = 2〈1 2〉[1 2]. Now we just use the

formulae for the vertices (76) and (79):

A(1−, 2−, 3+, 4+) = −ig2 [1 2]3〈3 4〉3
[P 1][2 P]〈1 2〉[1 2]〈P 3〉〈4 P〉 . (88)

with a little trick we can simplify this formula:

[P 1]〈P 3〉 = −PA′1
A′PA3A = −1A′3A(3A3A′ + 4A4A′)

= [1 4]〈3 4〉

[2 P]〈4 P〉 = −2A′4APAPA′ = −2A′4A(1A1A′ + 2A2A′)

= [1 2]〈1 4〉. (89)

So the amplitude becomes:

A(1−, 2−, 3+, 4+) = (−i)g2 [1 2]〈3 4〉2
〈1 2〉〈1 4〉[1 4]

= (−i)g2 [1 2]4

[1 2][2 3][3 4][4 1]
, (90)

which is the usual Parke-Taylor formula for this amplitude. In the last line

we repeatedly used formulae extracted from the momentum conservation

11′ + 22′ = 33′ + 44′.

(-+++) amplitude:

As a second example we compute the first amplitude affected by the new

vertex. It might look like the following diagram:

2+

1−

3+

4+

However as in the previous discussion this diagram behaves as 1/z again because of the dots collapsing rule,
and the amplitude is therefore given by on-shell relation as

A(1−, 2+, 3+, 4+) = A(1̂−, 2+, P̂+)
−i

P 2
A(−P̂−, 3+, 4̂+) + A(1̂−, 2+, P̂−)

−i

P 2
A(−P̂+, 3+, 4̂+) (11)

The first term is not contributing because A(1̂−, 2+, P̂+) vanishes at pole, whereas the second term gives

A(1̂−, 2+, P̂−)
−i

P 2
A(−P̂+, 3+, 4̂+) =

√
2g

[
P̂1
]3

[
12
][

2P̂
] −i

P 2
22

√
2

αg

M2

〈
P̂3
〉〈

34
〉〈

4P̂
〉

(12)

Note that this is different from the original Yang-Mills theory where we do not have the all plus 3-point sub-

amplitude. Indeed, substituting the on-shell value for internal momentum, P̂ = −
〈
43
〉

〈
42
〉λ2λ̄3 and we see that the

all-except-one plus helicity amplitude is nonzero for the deformed Yang-Mills,

A(1−, 2+, 3+, 4+) = i23 αg2

M2

〈
32
〉〈

34
〉

〈
12
〉〈

14
〉〈24

〉3
(13)

1.2.2 (+ + ++)

When all four external legs carry plus helicities, the amplitude diverges under the standard BCFW shift (7).
Diagrams consisting of two new cubic vertices behaves as z2 as z goes to infinity.

2+

1+

3+

4+

In particular that since no negative helicity particle participates this scattering, the holomorphic (unprimed)

spinor shifting has to take place on one of the positive helcity polarisation ϵ+(k)AA′ = kAqA′[
kq
] , and this produces

extra powers of z. Instead let us consider the following generalisation of the Risager shift on all four external legs.

k̂1 = λ1λ̄1 +0 +zλ1

〈
34
〉
η̄ +z λ1

〈
24
〉
η̄ +z λ1

〈
23
〉
η̄

k̂2 = λ2λ̄2 +zλ2

〈
34
〉
η̄ +0 +zλ2

〈
41
〉
η̄ +zλ2

〈
31
〉
η̄

k̂3 = λ3λ̄3 +zλ3

〈
42
〉
η̄ +zλ3

〈
41
〉
η̄ +0 zλ3

〈
12
〉
η̄

k̂4 = λ4λ̄4 +zλ4

〈
23
〉
η̄ +zλ4

〈
13
〉
η̄ +zλ4

〈
12
〉
η̄ +0

(14)

and we choose all reference spinors to be identical to the same η̄ introduced to define shiftings. In this setting
only the anti-holomorphic (primed) spinor are shifted, so that polarisations help in suppressing the asymptotic

3

could contribute to the BCFW boundary. Indeed, a superficial count would

lead to a O(1) behavior for large z, due to the two dots on the internal

line. However, this diagram actually behaves as 1/z because of the dots
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collapsing rule. The amplitude can be constructed through BCFW shift and

recursion and it is then given by:

A(1−, 2+, 3+, 4+) = A(1̂−, 2+, P̂+)
−i
P2A(−P̂−, 3+, 4̂+)

+A(1̂−, 2+, P̂−)
−i
P2A(−P̂+, 3+, 4̂+). (91)

The first term is not contributing because A(1̂−, 2+, P̂+) vanishes at the pole,

whereas the second term gives

A(1̂−, 2+, P̂−)
−i
P2A(−P̂+, 3+, 4̂+) =

√
2g

[
P̂1
]3

[
12
][

2P̂
] −i

P2 22
√

2
αg
M2

〈
P̂3
〉〈

34
〉〈

4P̂
〉
. (92)

We would not have this diagram in YM because there, the all plus 3-point

sub-amplitude is vanishing. One can find the three useful relations:

[P 1]〈P 3〉 = −[1 2]〈2 3〉

[P 1]〈4 P〉 = [1 2]〈2 4〉

[2 P]〈4 P〉 = [1 2]〈1 4〉, (93)

to simplify the amplitude. Those formulae can be found using the trick in

(89) or just evaluating P̂ on shell. Indeed, we find the complex parameter z

for which this happens, i.e. z = 〈1 2〉
〈2 4〉 . Then,

P̂ =

(
1A +

〈1 2〉
〈2 4〉4A

)
1A′ + 2A2A′ . (94)

The quantity in brackets is proportional to the unprimed spinor 2A:
(

1A +
〈1 2〉
〈2 4〉4A

)
=
〈4 1〉
〈4 2〉2A. (95)

The internal momentum, on-shell is then:

P̂ = 2A

( 〈4 1〉
〈4 2〉1

′
A + 2′A

)
. (96)

One can now compute the brackets where P̂ appears. The final result is

then:

A(1−, 2+, 3+, 4+) = i
4αg2

M2

〈
23
〉〈

34
〉

〈
12
〉〈

14
〉〈24

〉2. (97)
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2.8.4 The all plus amplitude

The all-plus amplitudes would not fall off under the BCFW shift. Indeed,

this shift (84), applied to a pair of positive helicity gluons would make

the 3-point amplitude behave like O(z) for large z. Another shift devised

by Risager in [28] could then be used. It prescribes to shift all primed

momentum spinor in the direction of the reference spinor, in such a way

that the momentum conservation is preserved:

i′ → î′ = i′ + z fiq′, ∑
i

i fi = 0. (98)

Even in this case not all diagrams are reconstructible. There is a part of

the amplitude, the BCFW boundary term, which does not have the required

fall-off behavior. In general this would be a problem, but in this case we can

isolate this part. If we start with just the new vertex with coupling constant

α, the only diagrams that do not follow the 1
z fall-off are the ones made of

new cubic vertices only. In view of the collapsing rule the sum of these

amplitudes gives an amplitude proportional to a new vertex, which would

come from one of the higher order operators in our class of theories:
setting the only not convergent diagrams are those constructed solely from new cubic vertices. As in the 4-point
case the contribution to BCFW boundary is then simply given by the sum of diagrams that completely collapse,

= + + . . . (26)

To see that rest of the diagrams indeed converge under all leg shifting, let us consider a sub-diagram where a new
cubic vertex is swapped with the old Yang-Mills vertex. When the dots collapsing rule is taken into account there
should be a pair of lines that do not carry dots, as illustrated in Fig 3.

Figure 3:

These lines have to connect with dot-carrying lines from other sub-diagrams if the resulting full diagram is to
produce as largest possible power of z. However the pair of lines contracts primed spinors of these dots, and along
with their corresponding shiftings z η̄, therefore leads to a power of z lowered. As a result a diagram containing
Fig 3 behaves overall as 1

z or even more convergent under the all leg shifting.
As for the all minus amplitude, for the purpose of discussion let us consider complex conjugate of the generalised

all leg Risager shift, for which polarisations behaves as 1
z . Then again because of the dots collapsing rule the dots

on every internal line contribute at most one power to the asymptotic, and since dots are forbidden to contract
with negative helicity polarisations, we see from power counting the all minus amplitude converges, and therefore
it is safe to impose the on-shell relation.

In the absence of BCFW boundary correction, it is then straightforward to see that the all minus amplitude
(− − − . . .−) vanishes at arbitrary n-points. Indeed, in the on-shell relation an all minus amplitude shall always
contains a lower point all minus amplitude, so that by induction the amplitudes are all zero. A similar argument
applies to the all-except-one minus amplitude, which is cut by BCFW into two copies of lower point amplitudes
of the same kind

A(1−, 2−, . . . , n+) =
∑

k

A(1̂−, 2−, . . . , k−, P̂+)
1

P 2
A(−P̂−, k + 1−, . . . , n̂+) = 0. (27)

In addition we find the MHV amplitudes are unchanged in the deformed theory. Assuming all minus and all-
except-one minus amplitudes are all zero, the on-shell relation prescribes

A(1−, 2−, 3− . . . , i+, . . . , n − 1−, n+) = A(1̂−, 2−, . . . , i+, . . . , P̂+)
1

P 2
A(−P̂−, n − 1−, n̂+) (28)

+A(1−, 2−, P̂+)
1

P 2
A(−P̂−, 3−, . . . , i+, . . . , n̂+)

6

Those terms should be included (with all their infinite new coupling con-

stants) anyway as additional data. All in all the rest of the amplitude is

completely determined by recursion. To see this, we use the collapsing rule

until no internal line has more that one dot on it. The diagram would be

composed of (possibly) effective higher order vertices with some lines ema-

nating from them with no dots (an even number). We, of course, disregard

the higher valent vertices that we described before as they will be added

later. The dangerous situation arise in the presence of a line with a single
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dot. The line has two ends one with a dot and the other without. The end

with no dot is contracted with a higher valence vertex as in the following

diagram:

setting the only not convergent diagrams are those constructed solely from new cubic vertices. As in the 4-point
case the contribution to BCFW boundary is then simply given by the sum of diagrams that completely collapse,

= + + . . . (26)

To see that rest of the diagrams indeed converge under all leg shifting, let us consider a sub-diagram where a new
cubic vertex is swapped with the old Yang-Mills vertex. When the dots collapsing rule is taken into account there
should be a pair of lines that do not carry dots, as illustrated in Fig 3.

Figure 3:

These lines have to connect with dot-carrying lines from other sub-diagrams if the resulting full diagram is to
produce as largest possible power of z. However the pair of lines contracts primed spinors of these dots, and along
with their corresponding shiftings z η̄, therefore leads to a power of z lowered. As a result a diagram containing
Fig 3 behaves overall as 1

z or even more convergent under the all leg shifting.
As for the all minus amplitude, for the purpose of discussion let us consider complex conjugate of the generalised

all leg Risager shift, for which polarisations behaves as 1
z . Then again because of the dots collapsing rule the dots

on every internal line contribute at most one power to the asymptotic, and since dots are forbidden to contract
with negative helicity polarisations, we see from power counting the all minus amplitude converges, and therefore
it is safe to impose the on-shell relation.

In the absence of BCFW boundary correction, it is then straightforward to see that the all minus amplitude
(− − − . . .−) vanishes at arbitrary n-points. Indeed, in the on-shell relation an all minus amplitude shall always
contains a lower point all minus amplitude, so that by induction the amplitudes are all zero. A similar argument
applies to the all-except-one minus amplitude, which is cut by BCFW into two copies of lower point amplitudes
of the same kind

A(1−, 2−, . . . , n+) =
∑

k

A(1̂−, 2−, . . . , k−, P̂+)
1

P 2
A(−P̂−, k + 1−, . . . , n̂+) = 0. (27)

In addition we find the MHV amplitudes are unchanged in the deformed theory. Assuming all minus and all-
except-one minus amplitudes are all zero, the on-shell relation prescribes

A(1−, 2−, 3− . . . , i+, . . . , n − 1−, n+) = A(1̂−, 2−, . . . , i+, . . . , P̂+)
1

P 2
A(−P̂−, n − 1−, n̂+) (28)

+A(1−, 2−, P̂+)
1

P 2
A(−P̂−, 3−, . . . , i+, . . . , n̂+)

6

There will be necessarily at least another line without a dot going into the

vertex, otherwise we could not be able to contract the primed index of our

incoming line. We focus on the most dangerous diagrams where all lines

have exactly one dot. In this case we follow our original line into the other

line that emanates from the vertex (their primed indices are contracted). The

second one will have a dot on the other side as well. So the situation is: we

have a pair of lines with one dot each on one side connected by the other

side to a vertex. Here, the primed index of the propagators are contracted.

The numerator from the first line dot is contracted to the analogous one of

the second line. This gives [q q] = 0. This situation is exactly the dangerous

one with a behavior of z2. So the Risager’s shift can be used to compute

recursively all the amplitudes, apart from the ones in which all the internal

lines collapsed. As pointed out, before these are of the same form of the

amplitude coming from evaluating the vertices with maximum number of

derivatives on-shell.

Let us concretely apply the Risager’s shift to a simple amplitude.
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Example:

We take the 4-points all-plus amplitude. Let us consider the following gen-

eralisation of the Risager shift on all four external legs:

k̂1 = k1k′1 +0 +zk1
〈
34
〉
η′ +z k1

〈
24
〉
η′ +z k1

〈
23
〉
η′

k̂2 = k2k′2 +zk2
〈
34
〉
η′ +0 +zk2

〈
41
〉
η′ +zk2

〈
31
〉
η′

k̂3 = k3k′3 +zk3
〈
42
〉
η′ +zk3

〈
41
〉
η′ +0 zk3

〈
12
〉
η′

k̂4 = k4k′4 +zk4
〈
23
〉
η′ +zk4

〈
13
〉
η′ +zk4

〈
12
〉
η′ +0

(99)

Let us also choose all reference spinors to be identical to the same η′ intro-

duced to define the shiftings. Since only the primed spinor are shifted, the

polarisations are unchanged.

The diagrams that go to zero for large z are the one where there is at most

one new cubic vertex. The s-channel residue is given by:

A(1̂+, 2+, P̂−)
−i
P2 A(−P̂+, 3+, 4̂+)

=
√

2g

〈
12
〉3

〈
2P̂
〉〈

P̂1
〉 −i

P2 22
√

2
αg
M2

〈
P̂3
〉〈

34
〉〈

4P̂
〉

(100)

A(1̂+, 2+, P̂+)
−i
P2 A(−P̂−, 3+, 4̂+)

= 22
√

2
αg
M2

〈
P̂1
〉〈

12
〉〈

2P̂
〉 −i

P2

√
2g

〈
34
〉3

〈
4P̂
〉〈

P̂3
〉 .

For brevity we denote the shiftings (99) taken on legs 1 and 2 as

k̂
′
1 = k′1 + z c1η, (101)

k̂
′
2 = k′2 + z c2η′.

The on-shell condition at s-channel pole for P̂ requires to compute the

residue at z = [1 2]
c1[2 η]−c2[1 η]

. P̂ is then found to be:

P̂ =
1

c1
[
2η
]
− c2

[
1η
] (k1

[
1η
]
+ k2

[
2η
]) (

c1k′2 − c2k′1
)

, (102)

where we have used:

[2 η]1A′ + [1 2]ηA′ = [1 η]1A′ ,

[1 η]2A′ − [1 2]ηA′ = [2 η]2A′ . (103)

36



2.8 recursion relations and amplitudes

Finally, we extract the unprimed part of P̂, i.e. P̂A = 1A
[
1η
]
+ 2A

[
2η
]
=

−3A
[
3η
]
− 4A

[
4η
]

to get:

(−i)
4αg2

M2
〈1 2〉

[3 4][1 η][2 η][3 η][4 η]

(
c2

12 + c2
34

)
, (104)

where we introduced the following anti-symmetric quantities

cij := [η i]〈i j〉[j η]. (105)

Repeating the same calculation for the t-channel, we find the total amplitude

Asingular(1
+, 2+, 3+, 4+) =

(−i)
4αg2

M2
1

[1 η][2 η][3 η][4 η]

( 〈1 2〉
[3 4]

(
c2

12 + c2
34

)
+
〈1 4〉
[3 2]

(
c2

14 + c2
32

))
. (106)

Using the momentum conservation this becomes

Asingular(1
+, 2+, 3+, 4+) =

(−i)
4αg2

M2
〈1 2〉

[3 4][1 η][2 η][3 η][4 η]

(
c2

12 + c2
34 − c2

14 − c2
23

)
. (107)

The momentum conservation implies that we have the following identities

satisfied by the c’s

∑
j

cij = 0. (108)

Because of this we can rewrite the quantity in brackets in (107) as

(c12 − c14)(c12 + c14) + (c34 − c23)(c34 + c23)

= (c12 − c14)(−c13) + (−c31)(c34 + c23) (109)

= c13(c34 + c23 − c12 + c14) = 2c13c42 = 2
[
1η
][

2η
][

3η
][

4η
] 〈

13
〉〈

42
〉
.

Thus, the singular part of the 4-point all plus amplitude is finally given by

Asingular(1
+, 2+, 3+, 4+) = (−i)

8αg2

M2
1[

34
]〈13

〉〈
42
〉〈

12
〉
. (110)

There are some diagrams that do not go to zero for large z. These are the

BCFW boundary terms. They can be derived from a direct calculation of the
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2.8 recursion relations and amplitudes

s and t-channel diagrams consisting of new cubic vertices only. In view of

the dot collapsing rule their sum will contribute to an effective new vertex:

Plugging the above result back into equation (18) we see that the singular part of the 4-point all plus amplitude
is given by

Asingular(1
+, 2+, 3+, 4+) = (−i)24 αg2

M2

1[
12
]〈13

〉〈
24
〉〈

34
〉
. (22)

The BCFW boundary term, on the other hand, can be derived from a direct calculation of the s and t-channel
diagrams consisting of new cubic vertices only. In viewing of the dot collapsing rule, let us denote at 4-points the
sum of these two diagrams as

= + (23)

and the boundary term is given by contracting the new diagram with positive helicity polarisations,

Aboundary(1+, 2+, 3+, 4+) = i 23 α2g2

M2

[〈
12
〉〈

34
〉〈

31
〉〈

42
〉

+
〈
41
〉〈

23
〉〈

24
〉〈

31
〉

− 2
〈
12
〉〈

34
〉〈

41
〉〈

23
〉]

. (24)

1.3 Obtaining higher-point amplitudes using BCFW on-shell relation

A few of the features that we observed in the previous examples remain true at higher points. We note that
amplitudes continue to converge in the large z limit when there is at least one positive and one negative helicity
particle participating the scattering. Even though the new vertices appear to have the potential to produce badly
divergent asymptotic, we can expect at most one power of z can actually be produced by the dots on each internal
line because of the dots collapsing rule. In addition, as was remarked earlier in this section we note that a dot
cannot contract with negative polarisations, which lowers the large z limit by one power further. Assuming the
number of internal lines connecting between the shifted pair (1−, n+) is I, under the standard BCFW shifting a
generic n-point amplitude should behave as

(
1

z

)I

zI × z ×
(

1

z

)2

=
1

z
(25)

An illustration of this shifting is provided by Fig 2.

. . .

1̂− n̂+

Figure 2: Standard BCFW shifting on the pair (1−, n+)

As in the 4-point example, generically at n-point an all plus amplitude also leaves BCFW boundary term.
However the sources of boundary can be readily identified if we apply generalised Risager shift on all legs similar
to equation (14), and choose all reference spinors to be the same primed spinor η̄ used to define shiftings. In this

5

The boundary term is given by contracting these diagrams with the positive

helicity polarisations. For the first one we get

i
16α2g2

M4 〈1 2〉〈3 4〉 (〈1 3〉〈2 4〉+ 〈2 3〉〈1 4〉) , (111)

and the second one gives

i
16α2g2

M4 〈1 4〉〈3 2〉 (〈1 3〉〈4 2〉+ 〈4 3〉〈1 2〉) . (112)

The sum is

Aboundary(1
+, 2+, 3+, 4+) = i

16α2g2

M4

[
〈1 3〉2〈2 4〉2 − 2〈1 2〉〈2 3〉〈3 4〉〈4 1〉

]
.(113)

As we briefly discussed earlier in the context of the new vertices in the

color ordered formalism, the F4 operator will give rise to two contributions:

the single trace and the double trace (see eq. (61)). The result (113) has two

contributions that come exactly from the double and single trace, resp., eval-

uated on-shell. If we want to obtain all the DYM theories, we need to input

these terms with a a new coupling constant at each order. These bound-

ary terms then are just shifts in already present amplitudes proportional

to arbitrary constants. We could also require the new interactions to have

coupling constants such that the amplitudes they generate precisely cancel

the boundary terms from lower order amplitudes. The theory becomes com-

pletely constructible and depends on just two coupling constant, namely g

and α.

The constructible nature of the DYM theories was the first result of the

paper [15]. In the next chapter, we will show a second important analysis

concerning the one-loop renormalizability of these theories.
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3
O N E - L O O P R E N O R M A L I Z AT I O N O F D Y M

We will continue here the discussion about the Deformations of YM theory

presented in the last chapter. We will first perform a one-loop analysis of the

easiest deformation (17). We will show a diagrammatic calculation of the

arising divergences and counterterms needed to compute the beta function

for the first coupling constant α. As in the case of the tree level recursion

relations, the collapsing dot rule will play a fundamental role. Indeed, as it

will be clear later, many diagrams written in the dotted formalism collapse

into already present diagrams and cancel them. In the end the number of

diagrams that we need to compute is just a small fraction of the total set.

Later, we will also briefly show the idea behind a complete calculation of the

one-loop beta function for the DYM performed in [20]. This calculation pro-

vides a proof of one-loop renormalizability for these theories giving hope

to the claim that DYM are closed under renormalization. Also it allows to

confirm the detailed calculation for the beta function of the coupling α. Fi-

nally it provides a general formalism that we are going to use for gravity in

the last chapter of these thesis.

3.1 choice of the renormalization scheme

We are going to use the Feynman rules in the Feynman gauge obtained be-

fore (see eqs. (62) - (69)) Given that we want to compute only the beta

function of the coupling α, we can perform this calculation having all the
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3.1 choice of the renormalization scheme

external momenta on shell. The renormalization scheme that we are going

to use is the usual Dimensional Regularization (Dim-Reg). This is the sim-

plest scheme available and preserves gauge invariance. Nevertheless there

is a little problem that we need to address.

In general, Dim-Reg works shifting the dimensionality of the manifold

our fields are defined on. This is based on the fact that the loop integrals can

be regularized in such a way that the arising divergences show themselves

as poles in the dimension shift ε. As it is known this could create prob-

lems in theories with spinors if handled incorrectly. One cannot straight-

forwardly continue spinors to arbitrary dimension. In particular, the notion

of self-duality our theories are based on cannot be extended to arbitrary di-

mension. We need to carefully check that when we do it the main relations

between spinor quantities still hold. First, we will dimensionally continue

only the loop momenta kAA′ . These are the ones we will integrate over. The

momenta in four dimensions are related to the usual 4-momenta through:

kAA′ = −θ
µ
AA′kµ (114)

where θ
µ
AA′ is the soldering form. Now, we could define kµ in any dimension,

but we need to continue the soldering forms as well. There is a known

way to do it which is the same used in QED with fermions where one

has to dimensionally continue the γ matrices (see the appendix in [16] for

an account). There are some identities between the soldering forms that

continue to hold in any dimension. In particular:

θ(µA
E′θ

ν)BE′ = −1
2 ηµνεAB. (115)

In the last formula ηµν is the d-dimensional metric but the Spinor indices

continue to be 2-dimensional, in particular εABεAB = 2. Now, if we contract

the previous equation with kµkν we arrive at the identity:

kA
E′kBE′ = −1

2 εABk2, (116)

which is the crucial identity that we used in the proof of the dot identity

(73). In what follows we will only use (116) and no other dimensionally
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3.2 power counting

dependent identity. Moreover, any other object in the amplitude will be

considered 4-dimensional, included the external helicity spinors. There is

no need to continue these objects given that our Lagrangian is already de-

fined in spinor form.

3.2 power counting

Let us briefly discuss the power counting in the context of DYM. As it is

well known in a general field theory, the loop diagrams in 4 dimensions

have a superficial degree of divergence:

D = 4L− 2I + ∑
k

k Vk
n , (117)

where L is the number of loops, I is the number of internal lines and Vk
n

is the number of n-valent vertices with k derivatives in them. If greater or

equal to zero, D signals the presence of a potential divergence in the loop

integrals. To simplify this formula one uses the topological structure of the

diagrams to write:

L = I −∑
k

Vk
n + 1. (118)

It is clear that combining the last two equations one arrives at Weinberg’s

formula:

D = 2L + 2 + ∑
k
(k− 2)Vk

n , (119)

In YM this formula greatly simplifies due to the fact that this theory only

carries two types of vertices, namely V1
3 and V0

4 . With this knowledge one

finds one more identity:

E + 2I = 3V1
3 + 4V0

4 , (120)

that leads to the simple formula for the superficial degree of divergence in

YM theory:

DYM = 4− E. (121)
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3.2 power counting

This is the typical renormalizable theory pattern, in particular the degree

of divergence do not depend on the loop order and it is actually positive

or zero only up to the 4-point amplitude. We aim to modify this argument

for the DYM case. A vertex of valency n, generally contains a number

of derivatives that starts with n and decreases by 2. So one modifies the

previous formulae accordingly:

D = 4L− 2I +
∞

∑
n=3

[n/2]

∑
i=0

(n− 2i)Vn−2i
n ,

L = I −
∞

∑
n=3

[n/2]

∑
i=0

Vn−2i
n + 1, (122)

E + 2I =
∞

∑
n=3

[n/2]

∑
i=0

nVn−2i
n .

Combining the first and last of these relations we obtain:

4L + E− D =
∞

∑
n=3

[n/2]

∑
i=0

(2i)Vn−2i
n ≥ 0, (123)

From the right hand side we see that the minimum in zero is reached for

i = 0, i.e. for diagrams containing only vertices in which all the legs are

saturated with derivatives. So we have:

D ≤ 4L + E (124)

This is actually an over-count because if all the legs contain a derivative then

some of them will actually act on the external lines and will not contribute to

the divergence. From (124) we see that any single theory of this type is badly

divergent. They are even much more divergent than GR, for which D ∝

2L. Anyway the situation is improved slightly if one takes into account the

collapsing dots rule. In this case there cannot be more that one derivative

per internal line. If we denote by I0 the lines with no derivatives, by I1 the

ones with one derivative and by E1 the derivatives on the external lines,

then:

D = 4L− I1 − 2I0 + E1, (125)
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3.3 self-energy diagrams

The largest possible degree of divergence at fixed loop order is given by

diagrams in which I1 = I and I0 = 0. From the second equation of (122)

we see that one minimizes the number of internal lines by minimizing the

number of vertices. The first non-trivial diagrams in Dim-Reg are the ones

with at least 2 vertices:

Imin = L + 1, (126)

so that:

Dmax = 3L− 1 + E1. (127)

Some simple examples can easily show that:

Dmax =





3L− 1 + E, L odd

3L− 2 + E, L even
(128)

The theories still behave worse than gravity, but a little bit better than in the

previous analysis.

We can now proceed to the main calculation. We will add to the YM

Lagrangian the first modification proportional to F3
sd. There are two new

vertices we are going to consider: one 3-valent with 3 derivatives and one

4-valent with 2 derivatives. We will not consider the diagrams built from

YM vertices only. These diagrams will give the usual and well established

results.

3.3 self-energy diagrams

If we consider the renormalization of the 2-point function we need to dis-

regard the diagrams with two dots on the internal lines. Those diagrams

collapse to tadpoles and are vanishing in Dim-Reg. The only diagram left

to analyze is then:

(129)
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3.3 self-energy diagrams

We will use this simple calculation to remind the general Dim-Reg steps and

formulae in gauge theories but also to show a key property of the one-loop

renormalization of DYM theories. Indeed, this diagram is quadratically

divergent as it is apparent from the presence of two derivatives in the loop.

This would be worrisome in general because it would require a counterterm

of the form that is not present already in the Lagrangian. This is avoided by

noting that this counterterm corresponds to a field redefinition (as we will

see later).

For now we just apply the usual routine of Dim-Reg to the present dia-

gram. We start by using the Feynman rules presented in the last chapter to

build the skeleton of our amplitude.

αg
2M2 f abc(kA(k)))a

A
B(−lA(−l))b

B
C((l − k)A(l − k))c

C
A (130)

g f de f (−kA(−k))dMN Ae
MM′(−l + k)A f

N
M′(l).

We remind the reader that we have used the placeholders A and that they

will Wick-contract whenever they belong to the same line (i.e. loop momen-

tum). This contraction will be replaced by an instance of propagator (62).

We have also included a symmetry factor of 1
2 . After the contraction one

gets:

αg2

2M2 (−C2)(kA(k)))a
A

B(kA(−k))aMN

2l(BA′ε
C)

NεA′M′2(l − k)(CB′ε
A)

MεB′
M′

1
il2i(l − k)2 (131)

Where C2 is the quadratic Casimir of the gauge group that comes from the

color contractions. It shoud be clear that we are for now understanding the

integral over the loop momentum l. This integral can be dealt with passing

to a Feynman parametrization:

1
l2(l − k)2 =

∫ 1

0
dx

1
(l2 − 2xlk + xk2)2 . (132)

We then define the shift in the loop momentum:

l = q + xk,

l − k = q + (x− 1)k. (133)
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3.3 self-energy diagrams

This shift is linear and does not affect the measure of the loop integration.

The previous parametrization integral then becomes:

1
l2(l − k)2 =

∫ 1

0
dx

1
(q2 + x(1− x)k2)2 . (134)

We will come back to this denominator later. Now we focus on the numer-

ator of the diagram in (131).The primed indices of the loop momenta are

contracted. We can then write the complex spinor contraction in the second

line of (131) as:

I = 2l(BA′ε
C)

NεA′M′2(l − k)(CB′ε
A)

MεB′
M′

= −4l(BB′ε
C)

N(l − k)(C
B′εA)

M. (135)

As we have already discussed in section (3.1) we can make use of the for-

mula (116) even if we are continuing the arbitrary dimension. The primed

indices in the momenta of the last eq. are contracted and using (116) the

unprimed ones will contract as well. One can then work out the spinor

structure (products of ε) separately from the momenta. We then shift those

momenta in the numerator as in (133). In Dim-Reg, only the pieces in the

numerator quadratic in q and with no q at all will contribute. All in all, we

get:

I =
1
2
(q2 + x(x− 1)k2)(4εM

AεBN + εB
AεMN). (136)

The second term contracts with a symmetric pair of indices in the external

field A(k)MN and it cancels. We need to do a Wick rotation of the tempo-

ral part of the momenta q0 → iq0 to compute the regularized part of the

integrals. The overall diagram is then:
∫ 1

0
dx
∫ ddq

(2π)d
iαg2C2

M2 (kA(k)))a
AB(kA(−k))aAB

(
q2 − ∆

)

(q2 + ∆)2 , (137)

where ∆ = x(1− x)k2. The usual formulae for Dim-Reg [29] apply:

∫ ddq
(2π)d

1
(q2 + ∆)n =

1

(4π)
d
2

Γ
(

n− d
2

)

Γ(n)

(
1
∆

)(n− d
2)

∫ ddq
(2π)d

q2

(q2 + ∆)n =
1

(4π)
d
2

d
2

Γ
(

n− d
2 − 1

)

Γ(n)

(
1
∆

)(n− d
2−1)

. (138)
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3.4 β−function for the α coupling

We specialize the above equations to n = 2 and expand the gamma functions

to get the behavior in the limit d→ 4, i.e. Γ
(

2− d
2

)
= Γ

(
ε
2

)
→ 2

ε −γ+O(ε),

where γ is the Euler-Mascheroni constant. The piece with q2 in eq. (137) is

(−2) times the one without q. We then obtain:

∫ 1

0
dx

2
ε

iαg2C2

(4π)2M2 (kA(k)))a
AB(kA(−k))aAB (−3∆) . (139)

the simple x-integration leads to the final result:

−1
ε

k2

M2
iαg2C2

(4π)2 (kA(k)))a
AB(kA(−k)))aAB. (140)

This divergence can be removed from the 2-point function by means of the

field redefinition:

A→ A− 1
ε

αg2C2

(4π)2
k2

M2 A. (141)

We know from (128) that at one loop, the maximal degree of divergence is

2 + E where E are the external legs. In the theories at hand all E-valent ver-

tices with E derivatives in them are present. There is then hope to remove

all the maximal degree divergences through the field redefinition (141). The

remaining divergencies are logarithmic and they will contribute to the mul-

tiplicative renormalization of the coupling constants. In what follows we

will find this multiplicative renormalization for the coupling α and its asso-

ciated beta function.

3.4 β−function for the α coupling

In this section we will compute the diagrams that lead to the multiplicative

renormalization of the α coupling. In general, our couplings have been

separated into a mass term M which is just a bookkeeping device of the

dimension of the corresponding operator and a dimensionless part. In Dim-

Reg dimensionful couplings do not run. This is quite important because it

tells us that the presence of a new operator (and a new coupling) will not

affect the running of the YM coupling g. That is because the new vertex
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3.4 β−function for the α coupling

carries a 1
M2 prefactor, so the divergence that the diagrams produce would

require a counterterm of different mass dimension than the usual YM vertex.

Given the previous result on self-energy diagrams, the new vertex do not

change the multiplicative renormalization of the gauge field. We can than

focus on the 3-valent diagrams only. We will evaluate the diagrams on-shell

considering only all-plus polarizations.

3.4.1 Diagrammatics and cancellations

We do not need to compute all the possible amplitudes divergencies. Indeed

the collapsing dots rule and some superficial evaluation of the diagrams

contractions allow us to select a much smaller set of remaining amplitudes.

There will be only two types of diagrams: the ones in which we glue to-

gether three cubic vertices and the ones where we glue a cubic and a quartic

vertex. In the following we will refer to the former as "triangles" and to the

latter as "bubbles". We only need diagrams with at least one new vertex.

First of all, if a 3-point amplitude has three new vertices it completely col-

lapses and it is zero in Dim-Reg. If it has two new vertices and one old one,

it collapses into one of these bubble diagrams:

(142)

Anyway, they are proportional to k2 and are thus zero on-shell. Therefore,

as far as triangle diagrams are concerned, we only need the ones with one

new and two old vertices. There are three diagrams that do not collapse

(143)
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3.4 β−function for the α coupling

and five that collapse

(144)

the last one of which

(145)

is proportional to k2 and therefore vanishes on-shell.

For what concerns the bubble diagrams, we are left with the ones contain-

ing the old cubic and the new quartic vertex. In the cubic vertex there are

3 ways to attach the dotted line, six ways for the quartic. In total there are

18 diagrams, 6 of them are vanishing due to the collapsing rule. Each of the

diagrams has a 1
4 symmetry factor

+ 2

+4 + 4 (146)

plus the last one which is zero on shell:

(147)
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3.4 β−function for the α coupling

The numbers in (146) count the number of diagrams, in particular the last

two diagrams are actually 2 + 2 depending on where the dot goes in the

bottom lines.

A careful analysis of the Feynman rules shows that the diagrams in (144)

and the last two types of the bubble diagrams in (146) precisely cancel:

= (148)

and

= (149)

as well as similar relation for the other collapsing line. The diagrams pre-

cisely account for all the instances of the various diagrams and symmetry

factors. All in all we are left with 4 diagrams to compute, which will be the

task of the next subsection.

3.4.2 Amplitude divergences

We start with the easy bubble diagrams:

3.3 3-point bubble diagrams: New cubic-new quartic/New cubic-old quartic

As for bubble diagrams, first we note that any dots collapsing occurring in a bubble diagram can only
lead to tadpole or simply to a point, both are known to be vanishing. In the presence of a new cubic
vertex this leaves us only the following two diagrams.

(49)

However a straightforward calculation shows that both diagrams are proportional to momentum square
and hence are zero on-shell.

3.4 3-point bubble diagrams: Old cubic-new quartic

There are 3 ways to attach the cubic vertex moving the dot and six ways to do the same with the
quartic vertex. In total there are 18 diagrams. The symmetry factor for these diagrams is 1/4
corresponding to flipping the two propagators, as well as flipping the external 23 legs. Among the
resulting 18 diagrams 6 vanish because there is a double dot appearing on a propagator. Among the
remaining ones there are just 5 different digram topologies to consider

+ 2 + 4 + 4 (50)

For the last two diagrams it is understood that the 4 diagrams are actually 2 + 2 with two different
arrangements for where the dot goes on the bottom legs. One more diagram is

(51)

However, this last diagram is proportional to k2
1 and hence zero on shell. It will not be considered any

further. As we have seen above, the last two diagrams in (50) are cancelled by what comes from the
triangle diagrams. Hence, we only need to compute the first two diagrams.

The first one of them is very easy to compute

1

4 k3 k2

k1

l − k1 l

a

bc

pq

ts

= 1
4gfabc

(
k1A

a(k1)
)AB

Ab(−l)AB′Ac(l − k1)B
B′

(−2i)αg2f rpqf rst
(
k2A

p(k2)
)

M

N
(
k3A

q(k3)
)

N

P As(−l + k1)(PP ′At(l)M)P ′ (52)

12

−i αg3

2M2 f abc f rpq f rst

(
k1Aa(k1)

)AB
Ab(−l)AB′Ac(l − k1)B

B′

(
k2Ap(k2)

)
M

N
(

k3Aq(k3)
)

N
P As(−l + k1)(PP′At(l)M)P′
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3.4 β−function for the α coupling

where 1/4 is the symmetry factor. As before the contractions of the place-

holders for the internal gauge field lines are substituted by propagators.

This leads to:

1
4
(−2i)

αg3

M2 (−C2 f apq)
(

k1Aa(k1)
)AB(

k2Ap(k2)
)

M
N
(

k3Aq(k3)
)

N
P

εB(PεB′
P′εA

M)εB′
P′ 1

il2i(l − k1)2 . (150)

A straightforward calculation along the lines of the one we performed for

the self-energy diagrams gives the divergent part of the loop diagram:

− αg3C2

(4π)2M2
2
ε

f abc
(

k1Aa(k1)
)

A
B
(

k2Ab(k2)
)

B
C
(

k3Ac(k3)
)

C
A. (151)

The second bubble diagram is slightly harder:

Here 1/4 is the symmetry factor. We now do the contractions of the placeholders for the internal
gauge field lines. This results in the following integrand

1

4
(−2i)αg3(−C2f

apq)
(
k1A

a(k1)
)AB(

k2A
p(k2)

)
M

N
(
k3A

q(k3)
)

N

P εB(P ε
B′

P ′εA
M)εB′P

′ 1

il2i(l − k1)2
.

The divergent part of the loop integral is then

−αg3C2

(4π)2
2

ϵ
fabc

(
k1A

a(k1)
)

A

B
(
k2A

b(k2)
)

B

C
(
k3A

c(k3)
)

C

A. (53)

The second diagram is a bit harder, but still rather straightforward

2

4 k3 k2

k1

l − k1 l

b

ca

pq

ts
=

1
4gfabc

(
(l − k1)A

a(l − k1)
)AB

Ab(k1)AB′Ac(−l)B
B′

(−2i)αg2f rpqf rst
(
k2A

p(k2)
)

M

N
(
k3A

q(k3)
)

N

P As(−l + k1)(PP ′At(l)M)P ′ (54)

Doing the contractions gives

(−i)αg3(−C2)f
bpq

(
Ab(k1)AB′

(
k2A

p(k2)
)

M

N
(
k3A

q(k3)
)

N

P 2(l − k1)
(A

A′ε(P
B)εP ′A

′
εB

M)εB
′P ′

) 1

il2i(l − k1)2
.

To evaluate this we use the fact when l is replaced with l = q + xk1 only the k1 term survives. Thus,
after some algebra of the ϵ’s, and using the on-shell property of A1, we get

(i)(x − 1)αg3 C2 f bpq

(
−1

2

(
k1A

b(k1)
)

P

M
(
k2A

p(k2)
)

M

N
(
k3A

q(k3)
)

N

P

)
1

il2i(l − k1)2
, (55)

with the divergent part evaluating to

1

4

αg3C2

(4π)2
2

ϵ
fabc

(
k1A

a(k1)
)

A

B
(
k2A

b(k2)
)

B

C
(
k3A

c(k3)
)

C

A. (56)

3.5 β-function

Finally, now we have all of the pieces required for the β-function calculation. Combining the results
of (45), (48), (53) and (56) we get

(
1

2
− 1

4
− 1 +

1

4

)
= −1

2

and thus the divergent part of the 3-point function, evaluated on-shell is equal to

−6
αg3C2

(4π)2
1

ϵ
fabc

(
k1A

a(k1)
)

A

B
(
k2A

b(k2)
)

B

C
(
k3A

c(k3)
)

C

A, (57)

where we have multiplied the result by a symmetry factor 3! . In order to produce a finite result for
the coupling, this divergence must be canceled by the following counterterm

Zαg = 1 + 6
g2C2

(4π)2
1

ϵ
. (58)

13

(−i) αg3

2M2 f abc f rpq f rst

(
(l − k1)Aa(l − k1)

)AB
Ab(k1)AB′Ac(−l)B

B′

(
k2Ap(k2)

)
M

N
(

k3Aq(k3)
)

N
P As(−l + k1)(PP′At(l)M)P′

The Wick contractions give:

(−i)
αg3

M2 (−C2) f bpq Ab(k1)AB′
(

k2Ap(k2)
)

M
N
(

k3Aq(k3)
)

N
P

2(l − k1)
(A

A′ε(P
B)εP′

A′εB
M)εB′P′ 1

il2i(l − k1)2 . (152)

To evaluate this we use the fact when l is replaced with l = q + xk1 only the

k1 term survives. Thus, after some manipulations of the spinor contractions,

and using the on-shell property of A1, we get

αg3

M2 C2 f bpq
(
−1

2

(
k1Ab(k1)

)
P

M
(

k2Ap(k2)
)

M
N
(

k3Aq(k3)
)

N
P
)

i(x− 1)
il2i(l − k1)2 .

Again, we use the same analysis of the loop integral divergence as before.

This yields:

1
4

αg3C2

(4π)2M2
2
ε

f abc
(

k1Aa(k1)
)

A
B
(

k2Ab(k2)
)

B
C
(

k3Ac(k3)
)

C
A. (153)
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3.4 β−function for the α coupling

The two triangle diagrams are a little more complicated than the last two.

space of symmetric rank 2 spinors, times the numerical factor of 2i, which is what the numerical factor
in (37) becomes if one takes into account an additional sign from the fact that one of the momenta is
outgoing and the other incoming. Carefully comparing the corresponding Feynman rules we find

k1

k3 k2

= −
k3

k1

k2

(42)

and

k1

k3 k2

= −
k3

k1

k2

(43)

as well as similar relations for the other collapsing line.
We can now see that the diagrams in (41) precisely cancel similar diagrams from the old cubic

new quartic vertex diagrams of the next section. Indeed, the symmetry factor in the triangle diagram
case is 1/2. When the new vertex is on the line with the external momentum k1 we get 4 collapsing
diagrams. In the two of them the momentum on the old cubic vertex of the effective bubble diagram is
k3 and in the other two it is k2. When we take a sum over where the new cubic vertex can get attached
we get overall 4 effective old cubic new quartic type diagrams with the momentum k1 attached to the
old cubic vertex. They all come with the symmetry factor of 1/2, and in two of them there is one dot
inside the loop, and in the other two there are two dots. Overall we get precisely the same diagrams
as appear in the last two terms in (50), with the same numerical factors, but with an opposite sign so
these diagrams cancel with each other.

The only triangles remain are then the two types of diagrams in (40). The first one is

1

2 k3 k2

k1

l − k1 l

l + k2

f
de

a
bc

p
r q

= 1
2αgfabc

(
k1A

a(k1)
)

A

B
(
−lAb(−l)

)
B

C
(
(l − k1)A

c(l − k1)
)

C

A

gfdef
(
k2A

d(k2)
)MN

Ae(−l − k2)MM ′Af (l)N
M ′

gf rpq
(
k3A

r(k3)
)PQ

Ap(−l − k1)PP ′Aq(l + k2)Q
P ′

(44)

Wick contracting gives

1

2
αg3

(
−C2

2

)
fade

(
k1A

a(k1)
)

A

B
(
k2A

d(k2)
)MN(

k3A
r(k3)

)PQ

×2 l(BB′ϵC)
N ϵB

′M ′
2(l − k1)(CC′ϵA)

P ϵ
C′

P ′ ϵMQ ϵM ′P
′ 1

il2i(l − k1)2i(l + k2)2
.

10

(αg3/2M2) f abc f de f f rpq
(

k1Aa(k1)
)

A
B
(
−lAb(−l)

)
B

C
(
(l − k1)Ac(l − k1)

)
C

A

(
k2Ad(k2)

)MN
Ae(−l − k2)MM′A f (l)N

M′

(
k3Ar(k3)

)PQ
Ap(−l + k1)PP′Aq(l + k2)Q

P′

Wick contracting gives

αg3

2M2

(
−C2

2

)
f ade
(

k1Aa(k1)
)

A
B
(

k2Ad(k2)
)MN(

k3Ar(k3)
)PQ

2 l(BB′ε
C)

N εB′M′ 2(l − k1)(CC′ε
A)

P εC′
P′ εMQ εM′

P′ 1
il2i(l − k1)2i(l + k2)2 .

We need a more general Feynmann parametrization for the denominator

this time:

1
l2(l − k1)2(l + k2)2 =

2
∫ 1

0
dx
∫ x

0
dy

1

(l2 + x [(l − k1)2 − l2] + y [(l + k2)2 − (l − k1)2])
3 . (154)

After a shift

l = q + xk1 − y(k2 + k1), (155)

the previous denominator becomes (q2 + ∆x,y)3, where ∆x,y is a term inde-

pendent of q. We are again in the cases covered by the Dim-Reg eqs. (138).

From these formulae, specialized for the case n = 3, it is easy to check that

the only numerator that produces a divergence is q2. We then perform the

shift (155) in the numerator also and keep only the quadratic terms in q.

After some manipulation of the ε’s contractions we get:

2q2εNBεP
AεQM,

plus a term proportional to εB
A which vanishes when contracted to the rest

of the expression. We remind that also an overall factor of i comes from
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3.4 β−function for the α coupling

the Wick rotation. After we extracted the divergent part of the momenta’s

integrals the x, y integral is trivial:

2
∫ 1

0
dx
∫ x

0
dy = 1. (156)

The divergent part of this diagram is thus

1
2

αg3C2

(4π)2M2
2
ε

f abc
(

k1Aa(k1)
)

A
B
(

k2Ab(k2)
)

B
C
(

k3Ac(k3)
)

C
A. (157)

The other triangle diagram that we need to compute is

Both the momenta in the numerator can be replaced by the loop integration momentum q = l−xk1 +
yk2 because this is the only divergent contribution. After this replacement is done the complicated
product of ϵ’s and the l, l − k1 momenta reduces to

2q2ϵNBϵP
AϵQM ,

plus a term proportional to εB
A which vanishes when contracted to the rest of the expression. The

divergent part of this diagram is thus

1

2

αg3C2

(4π)2
2

ϵ
fabc

(
k1A

a(k1)
)

A

B
(
k2A

b(k2)
)

B

C
(
k3A

c(k3)
)

C

A. (45)

The other triangle diagram in (40) that we need to compute is

k3 k2

k1

l − k1 l

l + k2

e
f

d

a
bc

p
r q

= αgfabc
(
k1A

a(k1)
)

A

B
(
−lAb(−l)

)
B

C
(
(l − k1)A

c(l − k1)
)

C

A

gfdef
(
(−l − k2)A

d(−l − k2)
)MN

Ae(l)MM ′Af (k2)N
N ′

gf rpq
(
k3A

r(k3)
)PQ

Ap(−l + k1)PP ′Aq(l + k2)Q
P ′

(46)

We do not include the symmetry factor of 1/2 because there are two diagrams with the dot being
applied to either the k3 or k2 legs. We shall see that on-shell the result is permutation symmetric, so
adding the two diagrams cancels the symmetry factor. Performing the contractions gives

−αg3

(
−C2

2

)
fafr

(
k1A

a(k1)
)

A

B Af (k2)N
N ′

(
k3A

r(k3)
)PQ

(47)

×2l(BB′εC)
Mε

B′
N ′2(l − k1)(CC′εA)

P ε
C′

P ′2(l + k2)
(M

M ′εN)
Qε

M ′P ′ 1

il2i(l − k1)2i(l + k2)2
,

where the minus in the brackets comes from the product of 3 structure constants and one extra overall
minus comes from the fact that there are 3 propagators, each carrying a minus sign. We now need to
open the symmetrisations, replacing the momenta with the loop integration momentum appropriately
shifted, i.e. l = q + xk1 − yk2, l − k1 = q + (x − 1)k1 − yk2, l + k2 = q + xk1 + (1 − y)k2. We then
keep terms quadratic in q and replace qµqν with (1/4)q2. Assumming the momenta k1, k2 are on-shell,
1AA′ = 1A1A′ , 2AA′ = 2A2A′ , and replacing the connections with the polarisation spinors gives the
following result

4(1 − 3y)(12)(23)(31) + 2(1 + 3x)(12)(31)2
[p1]

[p2]
.

Using the momentum conservation we can replace [p1]/[p2] = −(32)/(31). Thus, after the integration
over the Feynman parameters we get

4(12)(23)(31) =
1

2

(
k1A(k1)

)
A

B
(
k2A(k2)

)
B

C
(
k3A(k3)

)
C

A.

Thus, finally the divergent part of this diagram is

−1

4

αg3C2

(4π)2
2

ϵ
fabc

(
k1A

a(k1)
)

A

B
(
k2A

b(k2)
)

B

C
(
k3A

c(k3)
)

C

A. (48)

11

(αg3/M2) f abc f de f f rpq
(

k1Aa(k1)
)

A
B
(
−lAb(−l)

)
B

C
(
(l − k1)Ac(l − k1)

)
C

A

(
(−l − k2)Ad(−l − k2)

)MN Ae(l)MM′A f (k2)N
N′

(
k3Ar(k3)

)PQ
Ap(−l + k1)PP′Aq(l + k2)Q

P′

There are two diagrams where the dot is applied either to the k3 or k2 leg.

These two diagrams give the same result and cancel the 1/2 symmetry fac-

tor. The Wick contractions in this case are:

−αg3

M2

(
−C2

2

)
f a f r
(

k1Aa(k1)
)

A
B A f (k2)N

N′
(

k3Ar(k3)
)PQ

2l(BB′ε
C)

MεB′
N′2(l − k1)(CC′ε

A)
PεC′

P′2(l + k2)
(M

M′ε
N)

QεM′P′

1
il2i(l − k1)2i(l + k2)2 (158)

where one extra overall minus comes from the fact that there are 3 Wick’s

contractions that produce 3 propagators, each carrying a minus sign. We

perform then the usual algebraic manipulations and shift the loop momenta

as in eq. (155). We then keep terms quadratic in q and replace qµqν with

(1/4)q2. We replace the connections with the polarisation spinors using (74)

which yields:

(−i)3
(

4(1− 3y)(12)(23)(31) + 2(1 + 3x)(12)(31)2 [p1]
[p2]

)
,

where we denoted the reference spinor with p. The contractions involv-

ing this spinor can be replaced through relations found using momentum
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3.4 β−function for the α coupling

conservation: [p1]/[p2] = −(32)/(31). Thus, after the integration over the

Feynman parameters we get

(−i)34(12)(23)(31) =
1
2

(
k1A(k1)

)
A

B
(

k2A(k2)
)

B
C
(

k3A(k3)
)

C
A.

Thus, finally the divergent part of this diagram is

−1
4

αg3C2

(4π)2M2
2
ε

f abc
(

k1Aa(k1)
)

A
B
(

k2Ab(k2)
)

B
C
(

k3Ac(k3)
)

C
A. (159)

3.4.3 β− function result

We now combine the 4 diagrams that we have computed (151), (153), (157)

and (159) and we multiply by the 3! symmetry factor obtaining:

−6
αg3C2

(4π)2M2
1
ε

f abc
(

k1Aa(k1)
)

A
B
(

k2Ab(k2)
)

B
C
(

k3Ac(k3)
)

C
A, (160)

The renormalizad Lagrangian is, schematically:

−1
2

ZA(∂A)2 + Zggµε/2A2(∂A) + Zαgµε/2 αg
M2 (∂A)3 + . . . . (161)

We will only need to write down the two counterterms ZA and Zαg:

Zαg = 1 + 6
g2C2

(4π)2
1
ε

ZA = 1 +
10
3

g2C2

(4π)2
1
ε

. (162)

From the two relations between the renormalized and bare couplings and

fields:

ZA A2 = A2
0, Zαgαgµε/2A3 = (αg)0A3

0, (163)

we get the relation:

(αg)0 = (ZA)
− 3

2 Zαgαgµ
ε
2 . (164)

We take the logarithm of the last equation:

ln(αg)0 = ln(αg) +
ε

2
ln µ + ln(Zαg)−

3
2

ln(ZA)

= ln(αg)0 = ln(αg) +
ε

2
ln µ +

g2C2

(4π)2ε
. (165)
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3.5 full one-loop β-function

We now take the derivative with respect to ln µ, considering the bare quan-

tities independent of the renormalization scale:

0 =
1

(αg)0

∂(αg)0

∂ ln µ
=

1
αg

∂αg
∂ log(µ)

+
ε

2
+

C2

(4π)2ε

∂g2

∂ ln µ
, (166)

The general argument along the same lines as the calculation presented in

this section is used to compute the YM β-function and leads to ∂g2

∂ ln µ =

−εg2 + βYM. Combining it with the last equation yields the final result for

the α coefficient β-function:

∂αg
∂ log(µ)

=
αg3C2

(4π)2 . (167)

The result is positive which means that this interaction grows stronger in

the UV. If we compare the change in the YM coupling:

g2(µ) =
g2(µ0)

1 + (11C2/3(4π)2)g2(µ0) log(µ2/µ2
0)

(168)

with the change of the new coupling:

(αg)(µ) = (αg)(µ0)
(

1 + (11C2/3(4π)2)g2(µ0) log(µ2/µ2
0)
)3/11

, (169)

it is clear that the new coupling running is very slow, i.e. logarithmic. Any-

way, if we add the new interaction at some energy scale the departure from

the YM will inevitably grow. Put it another way, the new interaction puts

the theory out of the critical surface of the free UV fixed point of YM.

3.5 full one-loop β-function

The result (167) has been confirmed and extended in [20] by Krasnov. There,

a complete one-loop analysis of the DYM has been performed in the first

order formalism. We want to briefly introduce the set up and final result on

this calculation because it is quite instructive and a similar calculation will

be performed in the last chapter of this thesis in the context of gravity.

In the last sections we expected that the parametric family of theories de-

fined by (10) could be renormalized at one-loop order by a field redefinition
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3.5 full one-loop β-function

followed by a multiplicative renormalization of all the possible infinite cou-

pling constants. In this way the family of theory as a whole, contains all the

possible operators needed as counterterms. This expectation turns out to be

true. In particular after some field redefinition the renormalization group

flow is described by a β-function for the defining function f (or the relative

potential V in the first order formalism):

∂ f (x)
∂ log µ

= β f (x), (170)

let us briefly see how to get this result.

First we need to put the theory in the first order formalism. This is needed

to directly and conveniently apply the Heat Kernel formalism for the com-

putation of the functional determinants arising in the background field ex-

pansion. These determinants contain all the information about the one-loop

divergences. It is much harder to do this in the second order formalism due

to the fact that the arising operator is a non-standard Laplace operator.

We consider the action:

S[A, B] =
∫

BaMN Fa
MN −M4V(B/M2), (171)

where Fa
AB is the self-dual part of the connection curvature, BaAB is the self-

dual part of 2-forms and V is a potential, a gauge invariant function of the

B field only.

The linearization of (171) is an easy task:

L(2) = 2baNMdMM′aa
N

M′ + f abcBaMNab
MM′a

c
N

M′

−1
2
(V′′)ab

MNPQbaMNbbPQ, (172)

where (V′′)ab
MNPQ is the matrix of second derivatives of the potential, dMM′ is

the covariant derivative with respect to the background field connection. We

indicate with capital letters the background fields. The previous linearized

Lagrangian shows that a gauge fixing procedure of the symmetries needs

to be performed in order to have an invertible kinetic operator. Indeed, the

first order differential operator in (172) sends the 4× dim(g) components of

the connection into the 3× dim(g) ones of the B field.

55



3.5 full one-loop β-function

One introduces then the YM gauge fixing fermion:

Ψ = 2c̄adM
M′a

a
M

M′ − 2Mab c̄ahb
c , (173)

Here c̄a is an anti-ghost, ha
c is an auxiliary field. The only difference with

respect to the usual procedure is that here, we introduce some matrix Mab

instead of the gauge-fixing parameter.

The BRST variation of (173) is

sΨ = 2c̄adM
M′dM

M′ca + 2ha
cdM

M′a
a
M

M′ − 2Mabha
chb

c . (174)

As it is customary in the BRST treatment of gauge invariances the BRST-

exact term (174) is added to the Lagrangian to remove the degeneracy of

the kinetic operator. To see how this is achieved it is better to shift the b

field and the potential V introducing the "missing" antisymmetric (i.e. trace)

component in terms of the auxiliary field hc and the matrix M:

b̃aNM = baNM + εNMha
c .

(Ṽ′′)ab
MNPQ = (V′′)ab

MNPQ −MabεMNεPQ. (175)

using the last two formulae in the linearized Lagrangian it is easy to see

that the last two terms of (174) get canceled while the first is just the ghost

sector Lagrangian. In terms of the new, shifted variables the gauge fixed

linearization reads:

L(2) = 2b̃aNMdMM′aa
N

M′ + f abcBaMNab
MM′a

c
N

M′

−1
2
(Ṽ′′)ab

MNPQb̃aMN b̃bPQ, (176)

Notice that even if the form of the last Lagrangian is the same as before the

b̃ field is not symmetric, now. For brevity, we can drop the tilde understand-

ing the new symmetry property for this field.

We define the following Dirac spinor valued in the space V = S+ ⊗ g:

 b

a


 , b ∈ V ⊗ S+, a ∈ V ⊗ S−, (177)
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3.5 full one-loop β-function

The differential operator in (176) can be considered of Dirac-type and be

written as:

D =


 A ∂

∂/∗ B


 , (178)

where the ∂ and ∂/ are the usual Dirac operators and A and B are the endo-

morphisms:

AAB ≡ Aab
MANB = −1

2
(Ṽ′′)ab

MANB.

BA′B′ ≡ Bab
MNεA′B′ = f aebBe

MNεA′B′ . (179)

To use the Heat kernel method (see for example [30] for an exaustive dis-

cussion of use of this method in Quantum Field Theory) the arising Dirac

operator (364) needs to be squared to obtain a Laplace type operator ∆ = D2.

In particular there is a unique way to put this Laplace operator in the stan-

dard form:

∆ = −DµDµ + E, (180)

where Dµ is some covariant derivative and E is an endomorphism. As it is

well known in QFT the divergences at one loop are encoded in the logarithm

of the determinant of such kinetic operators arising from the linearization of

the action around a general background (i.e. the one loop effective action).

Considering also the ghost piece the effective action is:

Γeff = −
1
2

log det(D) + log(d2
g), (181)

As said, we need to square the Dirac operator to get a Laplace operator:

Γeff = −
1
4

log det(∆) + log det(d2
g), (182)

We use the formal relation log det(∆) = Tr log(∆) and the integral represen-

tation of the logarithm:

log det(∆) = −
∫ ∞

0

dt
t

Tr
(

e−t∆
)

, (183)
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3.5 full one-loop β-function

to rewrite the effective action (181). The so-called Heat-Kernel Tr
(
e−t∆) has

an expansion in powers of t:

Tr
(

e−t∆
)
=
∫

d4x
√

g
1

(4πt)2

∞

∑
n=0

tnan(E), (184)

where an are the so called Seely-DeWitt coefficients. These coefficients can

be written in terms of geometric invariants of the fiber bundle the operator

is defined on. In particular, for QFT application, the fourth coefficient is

related to the logarithmic divergences of the theory. This coefficient special-

ized for the operator ∆ at hand reduces to (see e.g. [30])

a4 =
1

(4π)2
1

12

∫
Tr
(
FµνFµν + 6E2

)
, (185)

where Fµν is the curvature computed from the previously introduced co-

variant derivative Dµ. The fourth coefficient gives precisely the countert-

erms needed to reabsorb the divergences at one loop, from which it is easy

to extract the β-function. We do not go into any detail of this quite technical

computation here. We will show an explicit calculation along these lines in

the last chapter in the context of gravity theories. We just want to show the

final form of the beta function:

1
(4π)2

1
6

(
FABFAB + 6AAB

ABB̃MN FMN + 12AAM
BN B̃B

C ACN
DMB̃D

A
)

, (186)

or in terms of the second order defining function f :

β f (x) =
1

(4π)2
1
6

[
xab

ABxbaAB − 3(( f ′′)−1)ab
AB

AB( f ′)bc
MNxcaMN (187)

+3(( f ′′)−1)ab
AM

BN( f ′)bc
B

C(( f ′′)−1)cd
CN

DM( f ′)da
D

A
]
.

where xab
AB = f acbFc

AB/M2 and ( f ′)ab
AB := Caeb( f ′)e

AB and the primes indicate

first and second derivatives with respect to xa
AB. It is clear that the beta

function does not contain derivatives of the curvature and it is already a

gauge invariant function. Interestingly, those terms get canceled by a field

redefinition of the same type as the one we have already encountered be-

fore. To check the formula (187), we can compute the β-function for the YM

coupling g and the new coupling αg. We start from the Lagrangian:

L =
1

4g2 (Fa
MN)

2 +
α

3!g2M2 f abcFa
A

BFb
B

CFc
C

A. (188)
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3.6 conclusion and remarks

where we have used a different sign in front of the YM term appropriate for

the euclidean setting in which these calculation are performed. The relevant

quantities for the β-function are:

( f ′)a
AB =

1
2g2 xa

AB −
α f abc

2g2 xb
A

E xc
E

B

(( f ′′)−1)ab
ABCD = 2g2δabεA(CεBD) + 4g2 f abcεC(AεEB)x

cE
D. (189)

Using these formulae into (187) one gets the running of the coupling con-

stants:

∂

∂ log µ

(
1

4g2

)
=

C2

(4π)2
11
6

,

∂

∂ log µ

(
α

3!g2M2

)
=

C2

(4π)2M2 2α. (190)

which after some easy manipulation of the derivatives on the left side be-

come the running already computed in the last chapter plus the usual YM

result:

∂ g
∂ log µ

= −11
3

C2 g3

(4π)2 ,

∂ αg
∂ log µ

=
αg3C2

(4π)2 . (191)

3.6 conclusion and remarks

It is a quite remarkable fact that DYM theories are sufficiently large to be

closed under renormalization, at least at one loop, even if they are not the

most general theories possible that are compatible with the symmetries. The

DYM theories are also described in a very compact form and it is quite use-

ful that one can extract the running of all the coupling constants from a

single formula. Of course, one loop renormalizability is still far from being

conclusive. Many theories pass this test but fail already at two loops (con-

sider General Relativity, or the simple scalar field theory with a potential).

The collapsing dot property is the key ingredient for the good behavior

of DYM, and we know that it is at work at all loops. This is automatically
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satisfied in the first order formalism given that there are no derivatives

in the vertices and the propagator is the inverse of a first-order operator

(which can be thought as a derivative of a second-order operator). If this

renormalizability result held at higher loop orders one could try to find the

regimes at which one could trust the one-loop flow. More importantly one

could be interested in finding the fixed points of this flow. In view of the

asymptotic safety scenario one would be interested in the dimensionality of

the critical surface of these fixed points (i.e. the points that are connected

by the flow to the fixed points). Were it be finite dimensional the theory

might be predictive even with its infinite set of coupling constants. Even

if the hope of all-order renormalizability turns out to be too optimistic, it

could be possible to find a reduced space of theories which are closed under

renormalization (YM itself is a special case of this property).

Of course no physics can actually be extracted unless the crucial problem

of unitarity of these theories is properly addressed. For sure much more

work is needed to fully understand all the properties of the DYM theories.

In the next chapters we will show general ideas about some deformations

of General Relativity which share a great deal of properties and features

with DYM. The hope to find a similar renormalizability result for these the-

ories of gravity actually lead to the investigation in DYM. We hope that

many of the analysis here developed could be useful in the context of grav-

ity.
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4
D I F F E O M O R P H I S M I N VA R I A N T G A U G E T H E O R I E S

4.1 introduction

In this chapter we will review some known facts about several formulation

of General Relativity in terms of gauge fields instead of the metric. The first

of formulation of the kind is due to Plebanski. It is a first order Lagrangian

formulation that will serve as a model for any other attempts to write a

gauge theory of gravity. This setting allows also to build an infinite class

of theories that "deform" GR in a way that is close in spirit with DYM. We

will start with a brief introduction to the Plebanski formulation, then we

will see how to deform it to obtain new gravity theories. A pure connection

formulation has been introduced by Krasnov in [31]. We will review it at the

end of the chapter where we will also show that a form of renormalizability

similar to the one claimed for DYM could hold.

4.2 plebanski formulation of gravity

The idea behind Plebanski’s first order action is to describe complex GR

with a triple of 2-forms alongside a connection 1-form and a Lagrange mul-

tiplier. From the onset no metric is defined, and this concept only arise as

a derived object after the equations of motion are solved. The role of the

2-forms field Bi is to provide the metric degrees of freedom, while the con-
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4.2 plebanski formulation of gravity

nection field is later identified with the self-dual part of the spin connection.

The Lagrange multiplier is then viewed as the self-dual part of the Weyl

tensor. Let us show briefly how this is done.

The vector space of two forms can be split into two 3-dimensional orthog-

onal subspaces by the hodge duality operation, which needs a metric to be

defined. On the other hand if we start with no metric and define a triple of

2-forms Bi to span such a 3-dimensional subspace this in turn defines the

notion of Hodge duality. This operation maps these forms into their orthog-

onal ones, defining at the same time a notion of orthogonality for vectors.

This provides a metric up to a conformal factor. However, a triple of 2-forms

has 18 components to be fixed against the 10 needed for the metric. Pleban-

ski introduced this constraint in his Lagrangian, such that the metric would

come directly from the B field:

Bi ∧ Bj ∝ δij, (192)

which is called "metricity" or "simplicity" constraint. These are 5 equations

leaving 13 components for B, which match the metric ones considering the

3 components of the SO(3) rotations that act on the 2-forms.

An explicit form for the metric is due to Urbantke [6] and reads:

√
ggµν =

1
3

εijkεαβγδBi
µαBj

βγBk
δν. (193)

In turn, of course, the 2-forms Bi are self-dual with respect to this metric.

To fix the signature of the metric and select a reality condition one has to

supplement the B fields with additional constraints. For the split signature

we require the B field to be real. For an Euclidean metric it is imposed that

B is Hermitian with respect to an Hermitian product. The Lorentz condition

needs special constraints, instead:

Bi ∧ B̄j = 0, (194)

Bi ∧ Bi + B̄j ∧ B̄j = 0, (195)

where the first of them is equivalent to the condition that the complex con-

jugate B̄i is anti-self-dual. This means that two vectors are orthogonal if and
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4.2 plebanski formulation of gravity

only if their conjugates are as well. This metric has to be conformal to a

real metric. Moreover, the Hodge duality operator defined by this metric

has eigenvalues ±i which implies that the determinant of g is negative. So

the metric is Lorentzian. The second condition says that the volume form

defined through B is real which excludes any purely imaginary conformal

factor.

The action that Plebanski achieved is one in the B field plus a 1-form con-

nection A. This connection is related to the 2-form through a compatibility

condition:

DBi = 0, (196)

where D is the covariant exterior derivative built with the connection A.

This is an algebraic condition in A which can be solved for it and implies

that this connection is indeed the self-dual part of the spin connection com-

patible with the metric defined by B.

We have all the necessary objects to translate the Einstein equations into

this formalism, now. To do so we have to remind an important way to

rephrase the condition for a metric to be Einstein (i.e. Ricci flat). The Rie-

mann tensor built from g can be viewed as a 2-form valued in the space of

2-forms. In this way one can achieve a complete self/anti-self-dual decom-

position of this tensor. For completeness we state this decomposition here

but we included a more detail account of this facts in the appendix (B). This

decomposition is best seen using spinor indices:

RAA′BB′CC′DD′ = XABCDεA′B′εC′D′ + ΦABC′D′εA′B′εCD

+ Φ̄A′B′CDεABεC′D′ + X̄A′B′C′D′εABεCD, (197)

where the X field can be further decomposed into its totally symmetric Ψ

and trace part:

XABCD = ΨABCD + Λ(εACεBD + εADεBC), (198)

and the two Φ fields are actually the same by virtue of the symmetries of

the Riemann tensor:

63



4.2 plebanski formulation of gravity

Using this decomposition one can show that the Ricci tensor becomes:

Rµν −→ 6ΛεABεA′B′ − 2ΦABA′B′ (199)

Gµν = Rµν −
1
2

gµν −→ RABB′A′

RABB′A′ = −6ΛεABεA′B′ − 2ΦABA′B′ . (200)

and the Einstein condition is:

Rµν = λgµν ⇔ ΦABA′B′ = 0, Λ =
1
6

λ. (201)

where λ is the cosmological constant. It is clear then, that the totally sym-

metric spinor Ψ and Ψ̄ are nothing else than the part of the Riemann tensor

not constrained by the Einstein equations, i.e. the self-dual and anti-self-

dual parts of the Weyl tensor.

A closer look at eq. (197) shows that if we take the self dual part of the

Riemann tensor (wrt the CDC′D′ indices) the metric is Einstein if and only

if this part is self-dual (wrt the other indices). So Einstein equations are

equivalent to the statement that the self-dual part of the Riemann tensor is

self-dual as a two form. Let us write this statement using the SO(3) indices

notation also for future convenience:

Fi = FijΣj + F̄ijΣ̄j −→ F̄ij = 0,

Tr(Fij) = 6Λ = λ
(202)

where we denoted Fi as the self dual part of the curvature and with Σij a

basis of the vector space of 2-forms. The first of the equations to the right

are the Einstein equations. The second states that the cosmological constant

is the trace part of the component of the Riemann tensor not constrained by

the Einstein equations.

Let us put everything together and state the Lagrangian for complex GR

that produces the main equations of this section:

Splebanski =
∫

Bi ∧ Fi − 1
2

(
Ψij − Λ

3
δij
)

Bi ∧ Bj. (203)

The Bi field is the usual triple of two forms, Fi is the curvature of the con-

nection Ai. The symmetric traceless field Ψij is a Lagrange multiplier and Λ
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4.3 chiral modifications of plebanski formulation

is a constant. The equations of motion are the three main equations spelled

out in this section:

Bi ∧ Bj ∝ δij, (204)

DBi = 0, (205)

Fi =

[
Ψij − Λ

3
δij
]

Bj. (206)

We finish this section summing up the content of these equations of motion.

The Lagrangian (204) is defined without any metric, it is eq. (204) that

provides us with one that also makes B self-dual with respect to it. The

solution to (205) is the self dual part of the spin-connection. The last eq.

(206) is now the statement that the self-dual part of the curvature is self-dual

as a 2-form, i.e. Einstein equations. In turn this identifies the symmetric

traceless field Ψij with the self-dual part of the Weyl tensor and Λ with the

cosmological constant.

The theory so built has had many developments. The one we are in-

terested in is that eq. (204) can actually be dropped. The remaining rela-

tions and the symmetries acting on the fields are enough to close a system

of differential and algebraic equations and define a class of new theories.

Strikingly, these theories share more similarities with GR than one would

expect.

4.3 chiral modifications of plebanski formulation

The idea behind a class of modified gravity theory that we are about to

review dates back to the work of Bengtsson [13], and has been rediscovered

and further developed by Krasnov in the last few years.

The modifications rely on the fact that we can actually avoid the metricity

constraint (192) and try to built a theory based on the same fields as in the

Plebanski formulation. It can look strange that dropping the 5 equations

of the metricity constraint one can still define a closed system of equations,

but actually there are some identities that are sufficient to achieve this task.
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4.3 chiral modifications of plebanski formulation

Given that any (non-degenerate) triple of 2-forms defines a (conformal class

of) metric these theories can still be regarded as gravitational.

The starting point is to simply keep the other two sets of equations (205)

and (206). From the first one, the compatibility of the connection A with

the 2-forms B one can find a unique solution for the former in terms of the

latter. One can then find the curvature F of this connection, which in this

case has no gravitational meaning. The 2-forms Fi can be decomposed into

their self- and anti-self-dual part:

Fi = FijBj + F̄ijB̄j, (207)

where we have used B and B̄ as a basis of 2-forms.

The other equation of motion:

Fi = ΦijBj, (208)

where Φij is a symmetric tensor, just states that the curvature of the connec-

tion Ai is self-dual. Of course, in the GR setting these system is clearly close

being one of 18 equations for the 5 components of Φ (the trace is known

and later identified with the cosmological constant) plus 18− 5 components

of the B field constrained by the metricity condition.

What allows to close the systems are a kind of Bianchi identities. Let us

state a Lagrangian that produces the previous equations of motion:

S =
∫

Bi ∧ Fi − 1
2 ΦijBi ∧ Bj, (209)

and call Bi ∧ Bj = hij. The Bianchi identities for the connection together

with the eq. (208) give:

(D Φij) ∧ Bj = 0. (210)

Taking another derivative of the compatibility equation (205) and using the

equations of motion gives:

εijkΦjmhmk = 0 (211)
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4.3 chiral modifications of plebanski formulation

these crucial equations close the system of eqs. of motion. Multipling the

first of them, eq. (210) with the 1-form ιξ Bi for an arbitrary vector field ξ

and then using the second, eq. (211), one obtains:

(dΦij)hij = 0. (212)

This equation implies that the second term in the action (209) is actually a

function of the sole Bi ∧ Bj combination. Indeed, defining V = hijΦij:

dV = Φijdhij. (213)

The field Φ is not unknown as it can be expressed as the derivative of the

"potential" V. The action (209) can be reexpressed as:

S =
∫

Bi ∧ Fi − 1
2V(Bi ∧ Bj), (214)

where V is a gauge invariant function. One can recast this Lagrangian in a

way that is closer to the original Plebanski formulation. Indeed, Eq. (212)

can be put into a new form splitting the two fields h and Φ into their trace

and tracefree part:

HijdΨij = dΛ (215)

hij = δij + Hij (216)

Φij = Ψij +
Λ
3

δij. (217)

Λ is a function, and it turns to be the Legendre transform of the function V.

The action can then also be cast into the suggestive form:

Splebanski =
∫

Bi ∧ Fi − 1
2

(
Ψij − Λ(Ψ)

3
δij
)

Bi ∧ Bj. (218)

Notice that Λ is a function of two complex variables, e.g TrΨ2, TrΨ3, two

independent algebraic invariants of Ψij seen as a 3x3 symmetric traceless

matrix on which we can act with SO(3) rotations.

This infinite class of theories are still gravitational and they include GR

as a special member. They can still be seen from a metric point of view

as pointed out in [32]. A detailed Hamiltonian analysis (see [33]) shows
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4.4 pure connection formulation

that these theories also have 2 on-shell degrees of freedom that come from

a metric. In this sense they can be regarded as modifications of GR, in

a similar way as we have seen in the deformation of YM theories. These

theories, as in the DYM case, do not have higher derivatives in the equations

of motion. This is a very important feature, given that usually, modifications

of gravity do spoil this property leading to instabilities.

4.4 pure connection formulation

The class of theories described in the previous section was discovered by

Bengtsson in [13] although the author of that paper used a formulation of

the theory in which only the connection appeared. This pure connection

formulation has been studied intensively in recent years as a new way to

describe the gravitational perturbation theory. Ultimately, these theories

were the reason behind the study of DYM presented at the beginning of

this thesis. In the gravitational case as well, it is conjectured that the theory

is closed under renormalization. We will present now the pure connection

formulation and its properties and set the stage for some analysis of its

interactions and one-loop renormalizability.

4.5 the action

The action in the PCF depends uniquely on a SU(2) ∼ SO(3) connection Ai

on a manifold M. No metric is defined, and a function f with properties to

be specified below, will select a specific theory out of an infinite class. Let

us state the action, first:

S[A] =
1
i

∫

M
f (Fi ∧ Fj). (219)

Where, from now on we will denote Xijvol = Fi ∧ Fj, with a choice of vol-

ume form. As should be clear, the previous action shares some similarities

with the DYM one. The defining function f has the following properties:
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4.5 the action

• it is holomorphic

• it is gauge invariant, i.e. f (X) = f (gXgT) for g ∈ SU(2)

• it is of homogeneity degree 1, such that f (Fi ∧ Fj) = f (Xij)(vol)

• given Xij is a symmetric matrix on which the group SU(2) acts, the

function f can be parametrized by 3 algebraic invariants of X.

It will be clear in a moment the relation between this story and the one

described in the previous section, for now we can just state that although

a metric is not present it is possible to construct one whenever the matrix

X is non-degenerate. In this way one could rewrite these theories as metric

ones but this is not the purpose of this section.

Let us examine the equations of motion. They are easily found to be:

D
∂ f

∂Xij Fj = 0, (220)

where D is the covariant exterior derivative wrt the connection A. First of

all these are similar to the usual YM equations, i.e. D ∗ Fi = 0. In this case

we do not have any notion of Hodge duality, yet. This operation is replaced

by the contraction with the derivative of the defining function. If we denote

Bi = ∂ f
∂Xij Fj we can write (220) in a first order fashion:

Bi =
∂ f

∂Xij Fj,

DBi = 0. (221)

This first order formulation is nothing else that the theory already described

in the last section, see eq. (214).

The functional for GR is quite non-linear:

=
1

16πGΛ

∫
(Tr(
√

X))2. (222)
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4.6 linearization

As it is clear from this action, this formulation is not possible for Λ = 0. To

briefly see that the last Lagrangian can actually describe GR we can write

the equations of motion:

Bi =
Tr(
√

X)

16πGΛ
((
√

X)−1)ijFj,

DBi = 0. (223)

and compute the wedge product between the Bi fields just found:

Bi ∧ Bj ∝ δij, (224)

which is nothing else than the "metricity" condition of Plebanski.

To conclude this section we should stress a couple of important points.

First, there are no dimensionful constants in the Lagrangian. The notion of

Newton and cosmological constant can be introduced for the GR functional,

e.g. deriving it directly from the first order Lagrangian. This definition

would make EH and PCF Lagrangian agree when evaluated on a constant

curvature background. The expansion around a constant curvature back-

ground brings in a dimensionful parameter, which is the curvature of the

background. As we will see in a moment the interactions of any single

theory are power-counting non-renormalizable.

4.6 linearization

To better understand the degrees of freedom involved in this theory we per-

form a linearization around a simple background. We choose a constant

curvature background (deSitter space). This background, being also a so-

lution to Einstein equations can be described in terms of connections. The

fact that the background has constant curvature can be stated as:

Fi = M2
0 Σi. (225)

This background has the peculiar property:

Fi ∧ Fj ∝ δij (226)
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4.6 linearization

This condition defines indeed the instantons (Einstein solution with zero

self-dual part of the Weyl tensor, see [34] for a more mathematical oriented

discussion). It is quite interesting that any theory of the form (219) shares

the same instanton sector, which is another similarity of these theories and

DYM. Indeed, all the defining functions collapse into one when evaluated

on the identity (226). To see that these connections are actually solutions,

just notice that the first derivative of the defining function with respect to

the matrix Xij evaluated at the identity is still a multiple of the identity. The

equations of motion (220) then just become the Bianchi identities.

Let us compute the linearized Lagrangian around the instanton back-

ground. First, we find the second variation of the Lagrangian (219). It

reads:

δS2 = i
∫

4
∂2 f

∂Xij∂Xkl

(
Fi ∧ Daj

) (
Fk ∧ Dal

)

+2
∂ f

∂Xij

(
Dai ∧ Daj + εjkl Fiak ∧ al

)
, (227)

where we denoted ai
µ the variation of the connection. We notice that with an

integration by parts the second line cancel out, due to the fact that the first

derivative of f is constant on the chosen background. To understand the sec-

ond derivative of the defining function one can notice that the homogeneity

condition on f can be stated as:

∂ f
∂Xij Xij = 0. (228)

Differentiating with respect to X leads to:

∂2 f
∂Xij∂Xkl = 0. (229)

On Xij ∝ δij this implies that the second derivative is proportional to the

projector onto the symmetric traceless tensors:

Pijkl =
1
2

(
δikδjl + δilδjk

)
− 1

3
δijδkl. (230)

The second order action linearized on the constant curvature background

then reads:

S(2) = g0

∫
dx4√−gPijkl

(
ΣiµνDµaj

ν

) (
ΣkσρDσal

ρ

)
. (231)

71



4.6 linearization

where all the occurencies of M0 cancel. To compute the scattering processes

we would like to work on a flat background as it is usually done with the

Einstein-Hilbert action. This is not possible in this formulation because in

the connection formulation a flat background would correspond to Fi = 0.

If we are interested in the high energy behavior, i.e. energies much higher

than the one set by M0, we can actually keep only the partial derivative part

of the covariant ones in the last formula. Indeed, those terms become more

important in the UV that the connection terms which are proportional to M0.

This procedure has to be done carefully when dealing with the interaction

terms. For an account of this story see, [35].

Let us take a closer look at (231) and compare it with YM and usual

GR. The action (219) is symmetric with respect to gauge transformations

and diffeomorphism. We will write the infinitesimal transformations of the

connection as:

δφ Ai
µ = Dµφi,

δξ Ai
µ = ξνFi

µν. (232)

The second equation describes an infinitesimal diffeomorphism transfoma-

tion corrected by a gauge transformation. Let us show that the linearized

action is indeed invariant under the linearized version of (232). The full

symmetry can also be easily checked directly. At the linearized level (232)

takes the form:

δφai
µ = ∂µφi, (233)

δξ ai
µ = ξνΣi

µν. (234)

The variation of the linearized lagrangian wrt the diffeomorphisms is, leav-

ing aside the unimportant parts:

Pijkl
(

Σiµν∂µaj
ν

) (
Σkσρ∂σδξ al

ρ

)
(235)

= Pijkl
(

Σiµν∂µaj
ν

) (
ΣkσρΣl

ρλ∂σξλ
)

. (236)

With the help of the relation:

ΣiµρΣj
ρν = (−δijηµ

ν + εijkΣkµ
ν), (237)
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4.6 linearization

eq. (235) can be seen to be vanishing. Indeed, Pijkl is the projector onto the

symmetric traceless tensors, so both the contraction in the (kl) indices are

zero.

The gauge invariance is even simpler to check. The variation of the action

is:

Pijkl
(

Σiµν∂µaj
ν

) (
Σkσρ∂σδφal

ρ

)
(238)

= Pijkl
(

Σiµν∂µaj
ν

) (
Σkσρ∂σ∂ρφl

)
, (239)

which is zero due to the antisymmetry of Σ.

To better appreciate the structure of the linearized action, it is best to use

spinor indices for both the internal and spacetime indices. The Lagrangian

than takes the very simple form:

(
∂(A

A′aBCD)A′
)2

. (240)

comparing it with the chiral version of YM:

(
∂(A

A′aaB)A′
)2

, (241)

we see that the two are quite similar. The connection in the YM case is a

spinor in the S+ ⊗ S− representation. In the case of gravity a is a spinor in

the S2
+ ⊗ S+ ⊗ S− representation which decomposes into:

S2
+ ⊗ S+ ⊗ S− ∼ S3

+ ⊗ S− ⊕ S+ ⊗ S−. (242)

It is clear that the Lagrangian (240) does not depend on the S+ ⊗ S− of the

connection. Given that the linear diffeomorphisms (232) are just a shift of

the connection exactly in this direction, fixing the diffeomorphism invari-

ance amounts to set this component of the connection to zero.

The linearized Lagrangian for both theories are constructed in the same

way by means of a Dirac operator. In the case of YM, this operator sends the

spin one fields in S+⊗ S− to S2
+. In the case of gravity, it sends the spin two

fields in S3
+ ⊗ S− to S4

+. We will see how this story works in more detail in

the next chapter and how the knowledge of the symmetries actually fixes the
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4.7 interactions and renormalization

interactions. A detailed Hamiltonian analysis can be found in [31], which

shows that among the 8 components on which the Lagrangian depends

(independent components of S3
+ ⊗ S−), there are 4 Lagrange multipliers for

4 constraints which leaves only 2 degrees of freedom.

4.7 interactions and renormalization

We want to end this review chapter detailing some features of the interaction

vertices of these theories. First it is better to normalize the action (231) such

that there is no constant in front of it. This can be achieved by a rescaling

of the connection’s perturbation ai
µ →

√
g0ai

µ. In this way the interactions,

at least at third order, take the schematic form:

L(3) = g(3)

(M0)2 (∂a)3 +
1√

g0(M0)2 (∂a)3 +
1√
g0
(∂a)a2. (243)

A few comments are in order. First, we have understood the specific contrac-

tions inside these vertices, but we will write them explicitly in the following

chapter. These vertices do not produce higher order derivatives in the equa-

tions of motion, only non-linearities in the derivative of the connection. This

is a general feature of these theories as we have already pointed out. The

first two terms are actually of the same type. The key difference lies in the

coefficient g(3). It is actually a combination of an entirely new coefficient

and the one already encountered g0. This specific combination turns out to

be vanishing for the functional corresponding to GR (222). This is a general

pattern at all orders. It turns out that these vertices are the only parity-

violating ones. As such, GR lies in the class of theories (219) as the only

parity-preserving member1. The last term is the usual YM 3-vertex. When

considering the scattering processes for these theories one has to be careful

in taking the M0 → 0 limit to recover flat-background scattering of gravi-

tons, for the vertices clearly blow up in this limit. Such a limit can be taken

further in the calculation (i.e. after physical quantities have been computed).

1 This is another feature that DYM shares with these theories.
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4.7 interactions and renormalization

In so doing it has been shown in [36] that the YM vertex plays no role in

these calculations and for the case of GR the other vertices reproduce the

usual scattering processes as calculated from the Einstein-Hilbert action, ex-

panded on a flat background. These theories have shown to be much more

tractable than the usual EH action in this context. The structure and the

number of vertices in the pure connection formalism are much simpler to

deal with.

The general structure at higher order follows a similar pattern. The n-

vertices contain at most n derivatives in the form (∂a)n. The subsequent

terms change this by even numbers, e.g. (∂a)n−2ka2k with k = 1, . . . , n
2 .

To get an idea about how the renormalization could work for these theo-

ries we should make a couple of preliminary points. First, as it is clear from

(243) the interactions contain inverse-mass coupling constant signaling that

all the theories are as power-counting non-renormalizable as usual GR. As

already pointed out many times the hope is that those theories (as in the

case of DYM) contain enough vertices, as a class, that the counterterms that

one has to introduce to renormalize the theory are already present in the

class itself.

It is quite an involved process to translate the vertices contraction in the

connection formulation to the metric one, but it can be done (at least on

shell). For example the terms (∂a)3 are translated (schematically) into the

form:

(∂2h)hh + (∂2h)3, (244)

where h is the metric perturbation. At each level, terms of the generic form

(Riemann)n ∼ (∂2h)n get produced. These terms are exactly of the type

that actually arise in the quantum perturbative analysis of GR (at two loops,

for example). This gives hope that the quantum counterterms needed are

already present in the Lagrangian. Anyway, it is the general form of (219)

that has to be preserved. For example, this Lagrangian does not contain in-

teraction terms that would lead to higher than second order field equations,
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4.7 interactions and renormalization

even if the structure of the symmetries would allow that. In this regard,

we shall see that the form of the vertices for those theories should be re-

constructible exactly by the two key requirement of being invariant under

gauge and diffeomorphisms and produce second order-field equations.

The renormalization process is then the one described by Weinberg’s

asymptotic safety scenario.

The beta-function of the entire class is of the same form as the Lagrangian

itself, as we have seen e.g. at one loop in the DYM case. Now, we would

have the flow:

∂ f (F ∧ F)
∂ ln µ

= β(F ∧ F), (245)

where β(F ∧ F) should be then a gauge-invariant homogeneity degree one

function of a 3x3 symmetric matrix. As such the renormalization flow will

be one in the space of complex functions of 3 complex variables.
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5
R E C O N S T R U C T I O N O F T H E P U R E C O N N E C T I O N

F O R M A L I S M V E RT I C E S

In this chapter we will take a more constructive approach and we will not

suppose any specific Lagrangian for DIGT. Instead, we will see how im-

posing the symmetries one could in principle reconstruct the full theory.

These procedures are based on a perturbative application of Nöther theo-

rems. Starting from simple inputs like the basic fields and the order of the

equations of motion (generally second) one fixes the quadratic part of the

action invariant under some (local) transformations. One can then looks for

a consistent way to couple the field with itself or other fields in a manner

consistent with the symmetries. This requires also to find the right modifi-

cation of the symmetry at higher orders in such a way that the algebra of

those symmetries closes (see Wald’s paper on this subject applied to spin

2 fields [37]). These procedures also can serve as a perturbative proof of

uniqueness of the theories they are applied to. In the case of DIGT we know

that, strictly no uniqueness can be achieved but what we learned is that just

imposing the symmetries, one can reconstruct the full cubic vertex and no

other terms, apart from the ones already contained in the DIGT formalism,

appear without the need of the Lagrangian.
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5.1 general procedure

5.1 general procedure

We now detail the procedure that we are going to use for the rest of the

chapter and give a few simple examples.

We want to write an action for a general field ψI , I being a placeholder

for all its indices. We suppose that the action is symmetric under some lo-

cal transformation. We expand the field symmetry transformations around

some fixed configuration:

δψI = δ(0)ψI + δ(1)ψI + δ(2)ψI (246)

under both diffeomorphisms and gauge. In general the idea would be to

consistently extend a theory starting from a quadratic action S(2) that is

invariant under the zeroth order symmetries, i.e. δ(0)S(2) = 0, to higher

orders in the field. The consistency equations then read:

δ(1)S(2) + δ(0)S(3) = 0,

δ(2)S(2) + δ(1)S(3) + δ(0)S(4) = 0, (247)

and so on, up to total derivatives. We then, at each order write an ansatz

of the Lagrangian with all possible full contractions of the field and extract

from (247) a system in the coefficients of the ansatz. The same procedure

could be performed at the level of the equations of motion. Indeed, it is

known for a local transformation of the fields:

δψI = RI
J λJ , (248)

where λI is a local parameter, one can extract some off-shell relations be-

tween the equations of motion called Nöther identities:

0 = δRS =
∫
F (1)

I δψI =
∫
F (1)

I δRI
JλJ → RI

JF (1)
I = 0 (249)

where F (1)
I = ∂L

∂ψI
= 0 are the equations of motion. The iterative procedure

described above in eq. (247) can then be applied to the Nöther identities as

well.
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5.2 linearized action

5.1.1 Examples

A very simple example of this procedure is given by YM. Indeed, one can

form the most general second order contractions (up to total derivatives):

α∂µ Aa
ν∂µ Aaν + β∂µ Aa

ν∂ν Aaµ + γAaµ Aa
µ. (250)

Imposing the zeroth-order gauge transformations δAa
µ = ∂µφa, one easily

gets: α = −β, γ = 0 which gives the usual linearized YM Lagrangian. The

first order gauge transformations add the term δ(1)Aa
µ = f abc Ab

µφc, which

can be used to check that the constant appearing in the ansatz of the possible

cubic term:

f abc Aa
µ Ab

ν∂µ Acν, (251)

is related to the overall constant α of the second order Lagrangian. Repeat-

ing the procedure one can find the quartic term in the same way, also one

could add a set of invariants with a higher number of derivatives and check

that they reorganize in the Fn operators already seen in the initial discussion

of DYM.

The case of gauge and diffeomorphism invariant theories is more in-

volved. As we will see in a moment.

5.2 linearized action

In the gravity theories that we want to reconstruct we select a specific gauge

group, namely SO(3). Moreover, it is better to expand the connections trans-

formations around a non-trivial instanton background, for which the curva-

ture takes the form Fi
µν ∝ Σi

µν as we have already pointed out. This object

can be now used, along with the background metric and the gauge group

structure constants to make the contractions that will form the ansatz for

the Lagrangian. This, although possible, leads to a proliferation of different
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5.2 linearized action

types of contractions related by several identities. It is better to have a for-

mulation of the problem that spits the contractions into irreducible terms.

This is achieved using the spinor formalism once again. As discussed before

and in appendix (A) the connection can be seen as a spinor in S3
+⊗ S+⊗ S−,

namely aAB
MM′ . Indeed, one can convert the SO(3) indices into a pair of

symmetric spinor ones. In particular, in appendix (A) we show that the self

dual forms Σi
µν get transformed into the spinor:

Σ(AB)
MM′NN′ = ε(A

MεB)
NεM′N′ . (252)

We want to obtain the most general quadratic action that is invariant under

the zeroth-order gauge and diffeomorphism invariance:

δ
(0)
φ aAB

MM′ = dMM′φ
AB, (253)

δ
(0)
ξ aAB

MM′ = ΛξNN′ε(A
MεB)

NεM′N′

= Λξ(A
M′ εB)

M (254)

where the covariant derivative is intended to be with respect to the back-

ground instanton connection. We will understand everywhere in the fol-

lowing that the connection is a symmetric spinor in the first two unprimed

indices.

We start making a general ansatz for this action including all possible

contractions of spinor indices of quadratic pieces. The only tensors that we

can use to contract indices are the antisymmetric spinors εAB, εA′B′ . The

possible quadratic pieces are:

dMM′aAB
NN′dRR′aCD

SS′ , aAB
MM′aCD

NN′ . (255)

5.2.1 Primed indices contractions

It is better to focus on primed indices, first. For the derivative piece in eq.

(255), the possible primed contractions are three, but only 2 of them are

linearly independent due to the Shouten identity:

εM′R′εN′S′ = εM′N′εR′S′ − εM′S′εN′R′ . (256)
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5.2 linearized action

We can always perform an integration by parts, and the two contractions

will take the form:

aM′dM′dR′aR′ , aM′dR′dM′aR′ , (257)

where for the moment we understand all unprimed indices contractions.

These two pieces are related to each other by a commutator of the two

derivatives. From now on we will denote all possible contractions of un-

primed indices with (. . . ). The commutator can be expanded as in eq. (454),

i.e.

a(... )M′
(

εR′
B′2(... ) + ε(... )2R′

M′
)

a(... )R′ . (258)

Let us consider the two pieces separately. The curvature spinors and their

relations to the Einstein equations are briefly summarized in the appendix

(B). The derivatives are with respect to the background instanton solution,

so in our case Ψ = 0, Φ = Φ̄ = 0, (see Appendix (B)) and we make use of

(452), (454) to prove that

εR′
M′2(... )a

R′ ∝ Λ a(... )M′

2R′
M′aR′ ∝ Λ a(... )M′ , (259)

where in the second equation, we used the fact that the Weyl curvature

spinor Ψ̄ is totally symmetric. In the end, we can put this term in the form:

Λ
(

a(... )B′a(... )
B′
)

, (260)

that we already included in the ansatz (see eq. (255)).

This allows us to reduce the ansatz for the primed contractions to:

dM′aM′dR′aR′ , aB′aB′ (261)

where, as before, we understood all possible contractions of unprimed in-

dices.
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5.2 linearized action

5.2.2 Unprimed indices contractions

Instead of just listing all possible contractions we try another route, namely

we decompose the connection and its derivatives into irriducible (symmetric

spinors) pieces. Remember that the primed contraction is fixed. We start

with the decomposition:

dMM′aAB
NN′ ∈ S2

+ ⊗ S+ ⊗ S+

∼ S4
+ ⊕ S2

+ ⊕ S2
+ ⊕ trivial, (262)

aABC ∈ S2
+ ⊗ S+

∼ S3
+ ⊕ S+. (263)

The six irriducible representations are:

a(ABC)

aAE
E ≡ ηA,

d(A aBCD) ≡ (da)ABCD,

dE a(EAB) ≡ (da)AB,

d(A aB)E
E = d(A ηB) ≡ (dη)AB,

dE aEF
F = dE ηE ≡ (dη) (264)

where we have introduced the spinor η ∈ S+ ⊗ S− and we have dropped

the primed indices for brevity. In the following we will use this notation to

understand that the contraction of the indices that do not appear explicitly is

the standard one. The ones that do appear are taken to be totally symmetric.

Now we have all we need to write an ansatz for the linearized action:

Lansatz = C1 d(A aBCD) dA aBCD + C2dE a(EAB) dF a(FAB) + C3 d(AηB) dAηB

+ C4 dE a(EAB) dAηB + C5 dE ηE dF ηF + C6 a(ABC) aABC

+ C7 ηF ηF. (265)

We will check the transformations of all the terms in the Lagrangian under

zeroth order diffeos and gauge transformations and we will impose that the

variation is zero as a condition on the coefficients of the ansatz.
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5.2 linearized action

We start with the diffeomorphisms. The variation of the connection comes

from the η part only and it is just a shift, the variation of the fully sym-

metrized part vanishes, i.e. :

δξ a(ABC) = 0,

δξ ηA
A′ = −3Λ ξA

A′ . (266)

The gauge transformations at this level also preserve the irreducible charac-

ter of the spinors:

δ
(0)
φ a(AB

C)C′ = d(CC′φ
AB),

δ
(0)
φ aAC

CC′ = δ
(0)
φ ηA

C′ = dCC′φ
CA,

δ
(0)
φ (da)ABCD = dAD′ dD

D′φBC

= 2(ADφBC) = 0,

δ
(0)
φ (da)AB =

2
3

d2φAB −
8
3

Λ φAB,

δ
(0)
φ (dη)AB = −1

2
d2φAB − 4Λ φAB

δ
(0)
φ (dη) = 0. (267)

In the last formulae we always used the instanton background condition.

From eq. (266), we know that C1, C2, C6 are invariant under diffeos by them-

selves. The other variations are:

δξ

(
C7 ηF ηF

)
= −6Λ C7 ηF ξF, (268)

δξ

(
C5 dE ηE dF ηF

)
= −6Λ C5 dE ηE dF ξF, (269)

δξ

(
C3 d(AηB) dAηB

)
= −6Λ C3 d(AηB) dAξB, (270)

δξ

(
C4 dE a(E

AB) dAηB
)

= −3Λ C4 dE a(E
AB) dAξB. (271)

Due to the fact that we already used integration by parts to fix the primed

contraction, these four terms are all different and independent and cannot

be combined. This rules out the terms C3, C4, C5, C7.

The gauge transformations of the remaining terms can be simply evalu-

ated using eqs. (267). We start with C1:

δφ

(
C1 d(A aBCD) dA aBCD

)
= 0, (272)
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5.3 cubic interactions

The term C1 then, is invariant by itself under both symmetries and can be

included in the Lagrangian. Now we compute the variations of C6, C2:

δφ

(
C6 a(ABC) aABC

)
= 2C6 a(ABC)

C′ d(C
C′φAB, (273)

δφ

(
C2 (da)AB (da)AB

)
= C2(da)AB

(
4
3

dFF′dFF′φAB − 16
3

ΛφAB
)

.(274)

We already excluded the possibility of integrating by parts, a move that

could combine (273) with the second term in (274). Anyway, the D’Alambertian

piece cannot be combined with anything left. Ultimately, we are left with

just the fully symmetrized invariant:

L = C1 d(A aBCD) dA aBCD . (275)

5.3 cubic interactions

5.3.1 General idea of the reduction of the ansatz

Before digging into the Noether procedure to establish a unique cubic level,

it would be better if we state the equations for the first order gauge and dif-

feo transformations applied to the connection. First of all the gauge transfor-

mations involves a product in the Lie algebra indices (through the structure

constants). Our conventions for these product is the following:

X, Y ∈ S2
+ →

[
X, Y

]AB
= 2X(A

EYB)E. (276)

The gauge and diffeo transformation at first order in the connection are:

δ
(1)
φ aAB

CC′ =
[
aCC′ , φ

]AB

= 2 a(A
ECC′φ

EB) (277)

δ
(1)
ξ aAB

CC′ = 2 d[CC′a
AB

DD′] ξDD′

=
(
εCD dE(C′ a

ABE
D′) + εC′D′ d(CE′ a

AB
D)

E′) ξDD′

= −
(
dE(C′ a

ABE
D′) ξC

D′ + d(CE′ a
AB

D)
E′ ξD

C′
)
. (278)
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5.3 cubic interactions

These transformations applied to the quadratic Lagrangian yield:

δ
(1)
φ S(2) = 4 C1 dAF′

(
aBEC

F′φE
D
)
(da)ABCD, (279)

δ
(1)
ξ S(2) = −2 C1 dAF′

(
dE

(F′ aBC
E

D′) ξD
D′ + d(DE′ a|BC|E)

E′ ξEF′) (da)ABCD.(280)

Now, we will use the formulae for the irreducible decompositions of spinors:

aABCC′ = −1
3

εBCηAC′ −
1
3

εACηBC′ + a(ABC)C′ , (281)

χA(BCD) = −1
4

χF
(CDF)εAB −

1
4

χF
(BDF)εAC

−1
4

χF
(BCF)εAD + χ(ABCD), (282)

to rewrite eqs. (279), (280) in terms of only irreducible parts of the connec-

tion:

δ
(1)
φ S(2) = − C1 (da)AB φCD (da)ABCD

− 4
3

C1 (dη)ABφCD (da)ABCD

− 4C1 a(ABE)F′ dC
F′φE

D (da)ABCD

− 4
3

C1 a(ABC)F′ dF
F′φF

D (da)ABCD

+
4
3

C1 dAF′φBC ηD
F′ (da)ABCD. (283)

The part of (280) with all the derivatives evenly distributed can be written

in terms of irreducibles:

δ
(1)
ξ S(2) = − C1 (da)ABCD (dξ) (da)ABCD

− 1
2

C1(da)AB(dξ)CD (da)ABCD

− 2
3

C1(dη)AB (dξ)CD (da)ABCD

+ 2C1(da)ABE′F′(dξ)CD
E′F′ (da)ABCD

− 4
3

C1(dη)ABE′F′(dξ)CD
E′F′ (da)ABCD. (284)

To prove these equations, one just needs to make repeated use of eqs. (281),

(282).

The part of (280) with an uneven distribution of derivatives can be put,

after some manipulation of the indices, into the form:

C1

(
4Λ aABCE′ ξD

E′(da)ABCD
)

. (285)
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5.3 cubic interactions

Schematically, the cubic terms will all have the form:

(da)3 or (da a a), (286)

and as in the previous analysis we will try to form all possible contractions

in the primed and unprimed indices. The next step would be to match the

zeroth order gauge and diffeo transformations (266), (267) of these contrac-

tions with similar terms coming from the transformation of the quadratic

action under first order gauge and diffeo variations (277), (278).

δ
(1)
φ S(2) ∼ δ

(0)
φ (da)3 (287)

δ
(1)
φ S(2) ∼ δ

(0)
φ (da a a) (288)

δ
(1)
ξ S(2) ∼ δ

(0)
ξ (da)3 (289)

δ
(1)
ξ S(2) ∼ δ

(0)
ξ (da a a) (290)

5.3.2 (da a2) interactions without η dependence

The contractions of these interactions terms are in general of 6 types. There

are three ways to contract the primed indices and 2 ways to contract the

unprimed ones. This is easy to see because the (da)-type terms that have

no dependence on η are just two, the S4
a and S2

a irreps. Not all of them are

independent (or non-vanishing). A good representation of the independent

ones is given by the following two terms:

Y1a(ABE)E′a
(E

CD)
E′ (da)ABCD, (291)

Y2 a(ABC)E′ a(BC
D)F′ dE

(E′a(EAD)F′). (292)

Using integration by parts one can prove that the two last terms are related

by a total derivative. So only the Y1 term should be included in the ansatz.

The Y1 interaction is invariant under zeroth order diffeos by itself, being

independent from η. Let’s work out the gauge transformations of this term,

instead:

δ
(0)
φ

(
Y1a(ABE)E′a

(E
CD)

E′ (da)ABCD) = 2Y1 a(ABE)E′ δ
(0)
φ

(
a(E

CD)
E′) (da)ABCD

= 2Y1 a(ABE)E′ d(C
E′φD)

E (da)ABCD.(293)
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5.3 cubic interactions

This combines with the third term in (283). The cancellation imposes:

C1 = −1
2

Y2 (294)

5.3.3 (da a2) interactions with η dependence

This terms have 4 primed indices. Following the strategy of the last sec-

tion, there are only two independent contractions, the first one contains a

contraction of these indices in (da) and the second which contains the sym-

metrization in (da). The possible unprimed contractions are 8. So we end

up with 16 possible contractions. We list the unprimed contractions under-

standing that for each there are two primed ones, that we will denote with

a label (A)S for the (anti-)symmetric part:

PA/S
1 S4

a ⊗ S3
a ⊗ Sη

PA/S
2 S2

a ⊗ S3
a ⊗ Sη

PA/S
3 S2

a ⊗ Sη ⊗ Sη

PA/S
4 S2

a ⊗ S3
a ⊗ S3

a

PA/S
5 S2

a ⊗ S3
a ⊗ Sη

PA/S
6 S2

a ⊗ Sη ⊗ Sη

PA/S
7 S0

a ⊗ S3
a ⊗ S3

a

PA/S
8 S0

a ⊗ Sη ⊗ Sη

It is not hard (but quite tedious) to show that some of them are related by

integration by parts. In particular these integrations by parts fix the position

of the derivative once and for all. The relations are:

PA
2 ∼ PA

1 , PS
1 , PS

2 , PS
4 , PA

7 ,

PA
8 ∼ PS

6 ,

PS
3 ∼ PA

5 , PS
5 ,

PA
3 = PA

4 = PS
7 = PS

8 = 0. (295)
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5.3 cubic interactions

The zeroth order gauge and diffeo transformations do not alter the irreps

split. So it is not hard to see that the only term that can be combined with

(283) is PA
1 .

Now, we compute the gauge and diffeo transformations of PA
1 and impose

that they match some of the terms in (283), (284),

δ
(0)
φ

(
PA

1 aABCF′ ηD
F′(da)ABCD) = PA

1 dCF′φAB ηD
F′(da)ABCD

+ PA
1 aABCF′ dF

F′φD
F (da)ABCD. (296)

δ
(0)
ξ

(
PA

1 aABCF′ ηD
F′(da)ABCD) = −3Λ PA

1 aABCF′ ξD
F′(da)ABCD (297)

The gauge and diffeo transformation impose exactly the same relation

between the coefficients of this vertex and the quadratic Lagrangian, indeed

one can compare the gauge variations (296) with the last two terms in (283),

that yields:

C1 =
3
4

PA
1 , (298)

the same relation is enforced by comapring the diffeo variation (297) with

the last term in (285).

5.3.4 (da)3 interactions, unprimed indices contraction

To restrict the number of possible independent primed contraction, we seek

for a basis of them, modulo Shouten identities, as we have done in the

quadratic Lagrangian case. There are 15 possible contractions, and 15 pos-

sible Shouten identities. Not all of them are independent. In the end the

basis is composed by only 5 terms, a convenient choice is:

dA′aA′dB′aB′dC′aC′ (299)

dA′aA′dB′aC′dB′aC′ (300)

dA′aC′dB′aB′dA′aC′ (301)

dA′aB′dA′aB′dC′aC′ (302)

dA′aB′dC′aA′dB′aC′ (303)
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5.3 cubic interactions

All the linear combination of unprimed contractions of any of the three

ones with one canonical primed contraction dA′aA′ would yield the same

expression. So they are not really independent once one considers the un-

primed contraction, too. Also the last one will not be present in our discus-

sion because it cannot be combined in any possible way given that that any

variation coming from the quadratic Lagrangian carries at least one dA′aA′

contraction.

5.3.5 (da)3 interactions, η - independent terms

We will focus now on the first two types of primed contractions that we will

denote "AS" and "S", because they correspond, resp., to the totally (anti-)

symmetric part in all (da).

If we consider just the S4
a and S2

a irreps there are 8 possible unprimed

contractions for each primed one. Of course not all of them are independent

or non vanishing. The full list is:

S4
a ⊗ S4

a ⊗ S4
a, S4

a ⊗ S2
a ⊗ S2

a,

S4
a ⊗ S4

a ⊗ S2
a, S2

a ⊗ S4
a ⊗ S2

a

S4
a ⊗ S2

a ⊗ S4
a, S2

a ⊗ S2
a ⊗ S4

a

S2
a ⊗ S4

a ⊗ S4
a, S2

a ⊗ S2
a ⊗ S2

a. (304)

The independent and non-vanishing ones are:

For AS





K1 S4
a ⊗ S4

a ⊗ S4
a, K1 (da)ABCD(da)AB

EF(da)CDEF

K2 S4
a ⊗ S2

a ⊗ S2
a. K2 (da)ABCD(da)AB(da)CD

For S





K3 S4
a ⊗ S4

a ⊗ S4
a, K3 (da)ABCD(da)AB

EFE′F′(da)CDEFE′F′

K4 S4
a ⊗ S4

a ⊗ S2
a, K4 (da)ABCD(da)ABC

EE′F′(da)DEE′F′

K5 S4
a ⊗ S2

a ⊗ S2
a, K5 (da)ABCD(da)AB

E′F′(da)CDE′F′

K6 S2
a ⊗ S4

a ⊗ S2
a K6 (da)AB(da)AB

CDE′F′(da)CDE′F′ .

(305)
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5.3.6 (da)3 interactions, η - dependent terms

Now we consider also the other two irreps of unprimed indices of (da),

namely S2
η and S0

η. Of course also in this case we focus on the AS and S

primed contractions. Following the same analysis of the previous section

the non-vanishing and independent ones are:

For AS





L1 S4
a ⊗ S2

a ⊗ S2
η, L1 (da)ABCD(da)AB(dη)CD

L2 S4
a ⊗ S2

η ⊗ S2
η, L2 (da)ABCD(dη)AB(dη)CD.

For S





L3 S4
a ⊗ S4

a ⊗ S2
η, L3 (da)ABCD(da)ABC

EE′F′(dη)DEE′F′

L4 S4
a ⊗ S2

a ⊗ S2
η, L4 (da)ABCD(da)AB

E′F′(dη)CDE′F′

L5 S4
a ⊗ S2

η ⊗ S2
η, L5 (da)ABCD(dη)AB

E′F′(dη)CDE′F′

L6 S2
a ⊗ S4

a ⊗ S2
η, L6 (da)AB(da)AB

CDE′F′(dη)CDE′F′

L7 S2
η ⊗ S4

a ⊗ S2
a, L7 (dη)AB(da)AB

CDE′F′(da)CDE′F′

L8 S2
η ⊗ S4

a ⊗ S2
η, L8 (dη)AB(da)AB

CDE′F′(dη)CDE′F′

L9 S2
a ⊗ S2

η ⊗ S2
η, L9 (da)AB(dη)A

CE′F′(dη)BCE′F′

L10 S2
η ⊗ S2

η ⊗ S2
η. L10 (dη)AB(dη)AB

CDE′F′(dη)CDE′F′

(306)

The last list is for the terms including some occurrences of the trace part

(dη) = dAA′η
AA′ :

For AS





G1 S4
a ⊗ S4

a ⊗ S0
η, G1 (da)ABCD(da)ABCD(dη),

G2 S2
a ⊗ S2

a ⊗ S0
η, G2 (da)AB(da)CD(dη),

G3 S2
a ⊗ S2

η ⊗ S0
η, G3 (da)AB(dη)CD(dη),

G4 S2
η ⊗ S2

η ⊗ S0
η, G4 (dη)AB(dη)CD(dη),

G5 S0
η ⊗ S0

η ⊗ S0
η, G3 (dη)(dη)(dη).

(307)

(308)
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5.3 cubic interactions

5.3.7 Gauge invariance check, (da)3 terms

K1 is invariant by itself under all the symmetries. It has to be included as

it is and it brings in a new coupling constant. A new (only one) coupling

constant should arise at each order. GR arises as the only and unique theory

that respect also parity invariance. Indeed the K1 term spoils this discrete

symmetry.

It is quite easy to see that K6 has no chances to survive. Indeed it is diffeo

invariant but its gauge transformation can be matched by terms L6 − L10.

The diffeo transformations of these terms cannot to be combined either be-

tween themselves nor with diffeos of the quadratic action. Also, the remain-

ing two, i.e. K3, K4 , have to be dropped, because as we pointed out before

gauge and diffeos do not modify the structure of the irreps split. We focus

now on the terms K2 and K5, the only ones that, at the end of the day, will

survive.

δφ K2 (da)ABCD(da)AB(da)CD

= 2(da)ABCD(da)ABδφ (da)CD

= 2 K2 (da)ABCD(da)AB dFC′d(FC′φCD)

= 2 K2 (da)ABCD(da)AB 1
3
(
dFC′dFC′φCD + 2 dFC′dCC′φFD)

= 2 K2 (da)ABCD(da)AB 2
3
(
dFC′dFC′φCD +2F

CφFD)

= 2 K2 (da)ABCD(da)AB 2
3
(
dFC′dFC′φCD − 4 ΛφCD) (309)

K5 δφ(da)ABCD (da)AB
B′C′ (da)CDB′C′

= 2 K5 (da)ABCD (da)AB
B′C′ δφ (da)CDB′C′

=
4
3

K5 (da)ABCD (da)AB
B′C′ d(F

(B′dC)C′)φFD (310)
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5.3 cubic interactions

The second term in (309) can be combined with C1, the other terms can

be combined only after taking into account the L terms.

L1 δφ (da)ABCD(da)AB(dη)CD

= L1 (da)ABCD dEB′d(EB′φAB)(dη)CD

+L1 (da)ABCD(da)AB dC
F′dG

F′φGD

=
1
3

L1 (da)ABCD (dη)CD(2 dFF′dFF′φAB − 8 ΛφAB)

+
1
2

L1 (da)ABCD(da)AB (− dFF′dFF′ φCD − 8 Λ φCD). (311)

L2 δφ (da)ABCD(dη)AB(dη)CD

= 2 L2 (da)ABCD δφ(dη)AB(dη)CD

= L2 (da)ABCD
(
− dFF′dFF′ φAB − 8 Λ φAB)(dη)CD. (312)

The term K5 is combined together with L4 and L5.

L4 δφ (da)ABCD (da)AB
B′C′(dη)CDB′C′

=
2
3

L4 (da)ABCD d(EB′d
A)

C′φ
EB (dη)CDB′C′

+L4 (da)ABCD(da)AB
B′C′ d(CB′dF)

C′φDF. (313)

L5 δφ (da)ABCD (dη)AB
B′C′(dη)CDB′C′

= 2 L5 (da)ABCD d(EB′d
A)

C′φ
EB (dη)CDB′C′ . (314)

the G1 term is invariant by itself under the gauge transformation. All others

Gk terms cannot be combined in any possible way. After the gauge trans-

formation we can state a first system of equations for the coefficients of the

ansatz. As it will be clear soon, this system does not close by itself but

divides into two sub systems. They will be connected and consistent only

after the diffeos are taken into account. The systems of coefficients after

gauge transformations then reads:




C1 = −6ΛL1,

K2 = 3
8 L1,

L2 = 2
3 L1.





4
3 K5 = −L4,

1
3 L4 = −L5,

(315)
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5.3 cubic interactions

As already stated, they are decoupled, but they get coupled by the system

for the diffeos, that also provides some of the same equations of the previous

system, as consistency requires. We have already computed the relevant

diffeo transformations of the quadratic action in (284), now we apply the

very simple linear transformation (266) on the cubic terms that survived

under gauge transformations, namely K2, K5, L1, L2, L4, L5, G1. In particular

G1 matches the first term in (284),

C1 = −3ΛG1. (316)

Only one coefficient, C1, remains, and it is an overall normalization constant.



−1

2C1 − 3ΛL1 = 0,

−2
3C1 − 6ΛL2 = 0

(317)

This enforces the same equations as in (315). The diffeos for L4, L5, yield:




2C1 − 3ΛL4 = 0,

−4
3C1 − 6ΛL5 = 0,

(318)

solving for L4, L5, gives the equations between these terms in (315), while

solving for C1 gives:




C1 = 9
2 ΛL5,

C1 = −3
2 ΛL4,

C1 = 2ΛK5.





C1 = −16ΛK2,

C1 = −6ΛL1,

C1 = −9ΛL2.

(319)

The final Lagrangian is the following:

L = C1 d(A aBCD) dA aBCD + C1
4
3

aABCF′ ηD
F′(da)ABCD

−C12 a(ABE)E′a
(E

CD)
E′ (da)ABCD + K1 (da)ABCD(da)AB

EF(da)CDEF

+
C1

Λ

(
− 1

16
(da)ABCD(da)AB(da)CD +

1
2
(da)ABCD(da)AB

E′F′(da)CDE′F′

−1
6

(da)ABCD(da)AB(dη)CD − 1
9
(da)ABCD(dη)AB(dη)CD

+− 2
3
(da)ABCD(da)AB

E′F′(dη)CDE′F′ +
2
9
(da)ABCD(dη)AB

E′F′(dη)CDE′F′

−1
3
(da)ABCD(da)ABCD(dη)

)
. (320)
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5.3 cubic interactions

This last formula is the full quadratic plus cubic action. It looks a compli-

cated result, but it is on the contrary a quite simple one. A perturbative

analysis of the scattering amplitude would require this Lagrangian to be

gauge fixed. As we have already seen, the fixing of the diffeomorphisms

is achieved by just setting the η components to zero. This is remarkable

because the fixed cubic vertex would have then just four terms. Moreover,

one of them is the only one that contributes to the chiral modifications (K1).

There are only two coupling constants, which is what we expected. The

situation is not much different from what we have seen in the DYM theory,

where at cubic level only one vertex (with maximal number of derivatives)

is added on top of the non chiral theory. All other terms in eq. (320) cor-

respond to GR. In comparison, we then clearly see that this formulation is

much more economical than the usual metric formulation.
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6
T H E D I G T I N M I X E D F O R M U L AT I O N

6.1 introduction

In this last chapter we will provide a description for the DIGT theories in

terms of a slightly different set of variables. This version of the Lagrangian

for the family of theories discussed in the previous chapters could be more

suitable for the calculations we want to perform at the quantum level.

The following description has been pointed out for the first time in [11],

but it has rarely been used as a starting point for actual computations. We

want to start this chapter detailing the transition from the usual Plebanski-

like formulation of the family of gravity theories to the new set of variables.

The selection of a specific member from the class is provided by a choice

of a constraint. After a few examples of this selection procedure, we will

discuss the one-loop beta function calculation for the whole set of theories

when expanded on an instanton background. The following formulation

allows us, at least in the case of this expansion, to use the same techniques

developed for the case of DYM theories. Further work and probably a more

involved choice of the gauge fixing, is necessary to extend this results to a

general background.
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6.2 from plebanski to the mixed formulation

6.2 from plebanski to the mixed formulation

We saw in the previous chapters that from the Plebanski formulation of GR,

one can construct a whole infinite family of new theories which "deform"

the original action, retaining some of the properties of Einstein theory. We

rewrite here the Lagrangian:

S =
1

8πG

∫
Bi ∧ Fi − 1

2

(
Ψij +

Λ(Ψ)

3
δij
)

Bi ∧ Bj. (321)

As we already stated before, Bi is an su(2)-valued two-form, Fi is the curva-

ture of an su(2) connection A, and Ψij is valued in the symmetric-traceless

power of the lie algebra su(2) and acts as a Lagrange multiplier in the GR

case (where the function Λ is actually a constant) enforcing the metricity

condition Bi ∧ Bj ∝ δij.

When the matrix Ψij + Λ(Ψ)
3 δij is invertible, we can integrate out the B

field using the equations of motion:

Fi =

(
Ψij +

Λ(Ψ)

3
δij
)

Bi, (322)

to get:

S =
∫ (

Ψij +
Λ(Ψ)

3
δij
)−1

Fi ∧ Fi (323)

where we also absorbed the constants in front of the integral in the defini-

tion of the fields.

To make one step further we call the matrices (depending on the function

Λ) Mij and consider them as a new variable, also symmetric in its indices. To

select a specific member of this family of theories we introduce a Lagrange

multiplier µ and a constraint on M:

S =
∫

MijXij − µg(M), (324)

where in the last formula we used the already introduced matrix:

Xij =
1
4

εµνρσFi
µν ∧ Fj

ρσ. (325)
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Although this formulation is not very different from neither the pure con-

nection or the Plebanski one, it provides an interesting setting to perform

quantum computations as we will see in the following.

6.3 a string theory analogy

As an example of this kind of formulations one can think of the relation be-

tween the Nambu-goto and Polyakov actions in String theories. Introducing

the worldsheet metric:

ηαβ = ∂αXµ∂βXνgµν, (326)

one can write the two lagrangians as follows:

SNG =
∫

dσdτ
√

det(∂αXµ∂βXνgµν), (327)

SNG =
∫

dσdτ
√

det ηηαβ∂αXµ∂βXνgµν, (328)

where σ, τ are the worldsheet coordinates and g is the space-time metric.

The last equation is analogous to eq. (323). Indeed if we call:

Mαβ =
√

det ηηαβ, (329)

we can write the Polyakov action in the following suggestive way:
∫

dσdτMαβΨαβ − µg(M), (330)

where we called Ψαβ = ∂αXµ∂βXνgµν and we introduced the constraint

g(M) = det(M) − 1. The equation of motion that we need to go back to

the Nambu-Goto action are simply:

Ψαβ = µ det M M−1
αβ ,

det M = 1. (331)

taking the determinant of the first of eqs. (331) and using the second one

then we arrive at:

det Ψαβ = µ2. (332)
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if we put this equation back into the original action, it yields:
∫

dσdτ µ =
∫

dσdτ
√

det Ψαβ =
∫

dσdτ
√

det(∂αXµ∂βXνgµν), (333)

which is the Nambu-Goto action.

6.4 examples

6.4.1 GR action

Before dwelling into the main calculation of this chapter, let us show a few

examples of the constraints that can be chosen in this formulation. The first

one is the usual GR. The constraint in this case is:

g(M) = Tr(M−1)− α. (334)

The equation of motion in this case reads:

Xij = −µMij. (335)

To convince ourselves that this is indeed GR, we can integrate out the M

field, which would leave us with the pure connection formulation already

encountered in the previous chapters. To get this result we simply take the

inverse of the last equation and trace both sides:

Tr

√
X
−µ

= Tr(M−1) = α. (336)

The Lagrangian of eq. (324) then becomes:

S =
∫

Tr(
√
−µ
√

X
−1

X)

=
∫

Tr(

√
X

Λ
)Tr(
√

X
−1

X)

=
1
α

∫
(Tr(
√

X))2 (337)

which is the functional for GR that we have already found in chapter (4),

eq. (222). One can fix the constant to make it agree with the standard pure

connection formulation for GR, namely α = 16πGΛ.
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6.4.2 det M = 1 theory

If we choose the constraint g to be:

g(M) = detM− 1, (338)

we get a theory that closely resembles the string theory example of the last

section. Indeed the equation of motion is:

Xij = µ(Mij)−1. (339)

taking the determinant of the last equation and using the unimodularity

condition into the Lagrangian one arrives at:

S =
∫
(µ)

1
3 =

∫
(det X)

1
3 . (340)

6.4.3 Instanton Theory

A third example of a theory that can be studied in this formulation is self-

dual gravity. It has been called this way because it provides only grav-

itational instantons as solutions to its equations of motion. As we have

already discussed these are Einstein metrics with vanishing (anti)-self-dual

Weyl tensor. The constraint that produces this theory is:

g(M) = TrM−Λ. (341)

The equations of motion are then simply:

Fi ∧ Fj ∝ δij, (342)

which, as we have already discussed, is an equation that leads to instanton

metrics. This theory is a quantum finite one at all loops, despite having

a negative mass coupling constant. For an account of this theory in this

formulation see [38].
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6.5 instanton background β-function for the family of grav-

ity theories

6.5.1 Expansion of the action on an instanton background

We want to expand a general member of the family of theories provided by

the action

S [A , M ] =
∫

M i j F i ∧ F j − µ g(M) , (343)

around an instanton background, which is defined by the relations:

X i j
0 = F i

0 ∧ F j
0 ∝ δ i j , (344)

M i j
0 = δ i j (345)

The field strength and the auxiliary field expansion around the background,

up the second order is:

F i = F i
o + d A a i +

1
2
[a , a ] i ,

M i j = δ i j + ψ i j , (346)

where the variation for δ M = ψ is symmetric. To start we compute the

first variation of the Lagrangian on the background, which of course will

provide the equations of motion

δL = ψ i j F i
0 ∧ F j

0 + 2 M i j
0 F i

0 ∧ d A a j − δµ g(M0 ) − µ0

(
∂ g

∂ M i j
0

ψ i j

)
. (347)

We compute the second variation and we divided by two to obtain the La-

grangian expanded to second order

L (2) =

(
2ψ

i j
0 F i

0 ∧ da j + M i j
0 da i ∧ da j + 1

2 M i j
0 F i

0 ∧ [a , a ] j

−δµ

(
∂ g

∂ M i j
0

ψ i j
)
− 1

2 µ0

(
∂2 g

∂ M i j
0 ∂ Mk l

0

ψ i j ψk l
))

. (348)

We can now use the expansions written in eq. (346) to simplify the last

formula. Indeed, the fact that M0 is just the identity on this background,
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6.5 instanton background β-function for the family of gravity theories

leads to the mutual cancellation of the second and third term, after an in-

tegration by parts. Moreover, the equation of motion for the connection on

the background reads:

δi j = X i j

∣∣∣
b g

= µ0
∂ g

∂ M i j

∣∣∣
b g

. (349)

Remembering that Xij = 1
4 εµνρσFiµνFjρσ, we can use the fact that F0 is self-

dual and write the Lagrangian as:

L(2) = ψijFi
0µνdµajν − δµ[Tr(ψ)]− 1

2
µ0

(
∂2g

∂Mij
0 ∂Mkl

0

ψijψkl

)
, (350)

given that now the constraint imposes the tracelessness of ψ, the second

derivative of g appearing in the last formula is proportional to the projector

onto the symmetric traceless part of 3x3 matrices:

∂2g
∂Mij∂Mkl ψijψkl

∣∣∣
bg

∝ Pij|kl :=
(

δi(kδl)j −
1
3

δijδkl

)
. (351)

The calculation we are about to perform does not depend on the overall

normalization of the Lagrangian so we can absorb all the constants into a

single one. The final Lagrangian, expanded to second order in the variations

is then:

L(2) = ψijΣi
µνdajµν − kPij|kl ψijψkl. (352)

This Lagrangian is a first order version of the one obtained from the pure

connection point of view eq. (231)

6.5.2 Gauge fixing

To compute the one loop beta function through the Heat kernel method we

need to gauge fix the previous Lagrangian. The gauge freedom is manifest

from the fact that the differential operator in (352) maps the 12 components

of the connection into the 5 ones of the field ψ. The best setting to do this

calculation is the spinor formalism. The field ψ is traceless and symmetric
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6.5 instanton background β-function for the family of gravity theories

which in spinor terms means that it is a completely symmetric four spinor,

ψ(ABCD).

The fixing of the diffeomorphism proceeds as usual. The Lagrangian

does not depend on the S+ ⊗ S− part of the connection, so we can project

the connection onto the other irreducible part, S3
+ ⊗ S−. This reduces the

component of the connection to 8, fixing the 4 parameters of the diffeomor-

phism invariance. The gauge invariance can be dealt with in a similar way

as the one employed in the DYM case. We introduce a YM like gauge fixing

fermion and the corresponding ghosts. Instead of reducing the components

in the connection we shift the ψ field so that it will acquire the missing 3

components in the kinetic term producing a invertible Dirac operator. Let

us show how this is done in detail.

The projection of the connection aAB
MM′ onto the (3

2 , 1
2) representation

is easily achieved symmetrizing all the unprimed indices. This fixes the

diffeomorphisms as already stated. To fix the remaining gauge we use a

projected Lorentz condition:

(da)(3,1)
i
µ ≡ dµ(P(3,1)

µ
iνj aj)ν = 0, (353)

where the projector in the last formula reads:

P(3,1)
µiνj =

2
3

(
δijgµν −

1
2

εijkΣk
µν

)
. (354)

To achieve the gauge fixing we use the BRST method. The BRST transfor-

mations are the same as in the Yang-Mills case, including the auxiliary field

b and the anti-ghost c̄:

sAi
µ = dµci,

sci =
1
2
[c, c]i,

sc̄i = bi,

sb = 0. (355)

We add to the Lagrangian (352) the gauge fixing term:

sψ = s
(

α c̄i(da)i
(3,1) − β c̄ibi)

)
,

= α bi(da)i
(3,1) − β bibi − α c̄id(P(3,1)dci), (356)
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where we have suppressed the contracted Lorentz indices for brevity. We

will take care of the ghost term at the end, so we can now focus on under-

standing how the gauge fixing works. First, we rewrite the Lagrangian plus

the first two terms of the last formula in spinor indices:

L(2)g f =
√

2 ψ(ABCD) dAM′aBCD
M′ − k ψ(ABCD)ψABCD

+ α bAB dC
M′aABC

M′ − β bABbAB. (357)

The auxiliary field b carries exactly the 3 d.o.f. we need to add to the field

ψ in order to have an invertible kinetic operator. We define then:

ψ(ABC)D = ψ(ABCD) − b(ABεC)D. (358)

Using this shift we can combine the second and last term in eq. (357) in the

following way:

−k ψ(ABCD)ψABCD − β bABbAB =

−k
(

ψ(ABC)DψABCD − 2ψ(ABC)
CbAB + b(ABεC)

CbAB

)
− β bABbAB,

−k
(

ψ(ABC)DψABCD − b(ABεC)
CbAB

)
− β bABbAB. (359)

Where in the last line we used the identity:

ψ(ABC)
C = b(ABεC)

C, (360)

obtained tracing eq. (358). Expanding the symmetrization we can combine

the second and third term:

−k ψ(ABC)DψABCD −
(

4
3

k + β

)
bABbAB. (361)

Clearly we greatly simplify the Lagrangian setting the last term to zero,

choosing β = −4
3 k.

The first and third terms in the Lagrangian (357) also simplify due to the

shift of eq. (358).

√
2 ψ(ABCD) dAM′aBCD

M′ + α bAB dC
M′aABC

M′ =
√

2 ψ(ABC)D dDM′aABC
M′ +

√
2 bAB dC

M′ aABC
M′ + α bAB dC

M′aABC
M′ . (362)
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The last two terms cancel choosing α = −
√

2.

The final, gauge fixed Lagrangian, takes the simple form:

L(2) = 2ψ(ABC)D dDM′aABC
M′ − k ψ(ABC)DψABCD. (363)

In the last formula we have normalized the Lagrangian, multiplying it by
√

2 and absorbed this factor into the constant k. This overall factor does not

effect the calculation we are about to perform.

6.5.3 Dirac operator

The differential operator of the Lagrangian we obtained is invertible now. It

can be written in matrix form:

D =


 A ∂/

∂/∗ 0


 , (364)

where

∂/ : V ⊗ S− → V ⊗ S+, ∂/∗ : V ⊗ S+ → V ⊗ S−

are Dirac operators, V = S3
+, and the endomorphism A is just A = −k1S+ .

The operator (364) acts on V-valued Dirac spinors,

 ψ

a


 , ψ ∈ V ⊗ S+, a ∈ V ⊗ S−,

and the chiral Dirac operators ∂/, ∂/∗ know how to act on V-valued sections.

Now we need to extract information about the one-loop beta function of

this theory from the differential operator at hand. To do so we notice that,

being D a Dirac operator, its square is of Laplace type. This allows us to use

the Heat Kernel technology. At the end of the day the information about

the logarithmic divergencies and beta function will be encoded as usual in

the fourth HK coefficient, but this time we will need to divide the result by

2 given that in the Dirac case the d.o.f. are doubled.
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6.5.4 The Laplace operator

Naively taking the square of the Dirac operator D produces:

D2 =


 ∂/∂/∗ + A2 A∂/

∂/∗A ∂/∗∂/


 . (365)

We will now show how this operator can be put (uniquely) into the more

familiar form for Laplace operators:

−DµDµ + E. (366)

First of all, ∂/ and ∂/∗ act on spinors as Dirac operators. Let ψ ∈ S+ and

ψ′ ∈ S−:

(∂/ψ′)A = dAA′ψ
′A′ ,

(∂/ψ)A′ = dA
A′ψA. (367)

the differential operators in the diagonal of (365) can be then rewritten as:

(∂/∂/∗ψ)A = dAA′dA′EψE = −1
2

dM
M′dM

M′ψA +
1
2
2A

EψE, (368)

(∂/∗∂/ψ′)A′ = dA′
EdEE′ψ

E′ = −1
2

dM
M′dM

M′ψA′ +
1
2
2A′E′ψ

E′ ,

where 2AB and 2A′B′ are curvature terms defined by:

2d[µdν]tρσ = (εAB2A′B′ + εA′B′2AB) tC
D

E′
F′ (369)

2A′B′ tC
D

E′
F′ = X̄A′B′Q′

E′ tC
D

Q′
F′ − X̄A′B′F′

Q′ tC
D

E′
Q′

+ Φ̄A′B′Q
CtQ

D
E′

F′ − Φ̄A′B′D
QtC

Q
E′

F′ (370)

2ABtC
D

E′
F′ = X̄ABQ

CtQ
D

E′
F′ − X̄ABD

QtC
Q

E′
F′

+ ΦABQ′
E′ tC

D
Q′

F′ −ΦABF′
Q′ tC

D
E′

Q′ (371)

and X̄, X, Φ̄, Φ are the 4 parts in which the Riemann tensor decomposes, see

appendix (B) for a discussion of the curvature spinors. The square of D,

normalized for future convenience, reads then:

2D2 =


 −dµdµ + 22+ 2A2 −2Cµdµ

−2C∗µdµ −dµdµ + 22′


 . (372)
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In the last formula we have also rewritten the off-diagonal terms using two

operators:

Cµ : V ⊗ S− → V ⊗ S+, C∗µ : V ⊗ S+ → V ⊗ S−

The components of Cµ, C∗µ are given by

CM
M′

A
A′ = εA′M′AAM, C∗M

M′
A

A′ = εM′A′AMA. (373)

From the last formulae it is quite simple to guess that the first order differ-

ential operator that puts D2 into (366) is:

Dµ =


 dµ Cµ

C∗µ dµ


 . (374)

Squaring this operator one extracts the endomorphism E:

E =


 22+ 2A2 + CµC∗µ 0

0 22′ + C∗µCµ


 . (375)

Actually the second and third term in the upper diagonal of E cancel each

other, indeed:

CµC∗µ = (CM
M′)

AA′(C∗M
M′)A′

B

= εA′
M′AAMεM′

A′AM
B

= −2AAM AM
B

= −2A2. (376)

Moreover the last term in the lower diagonal is just proportional to the trace

of A2:

C∗µCµ = (C∗M
M′)

E
A′(CM

M′)EB′

= εM′A′AMEεB′
M′AEM

= εB′A′AEM AEM

= −tr(A2)1S− . (377)

All in all the endomorphism E gets simplified in the following way:

E =


 22 0

0 22′ − tr(A2)1S−


 . (378)
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one very important operator that we will need in the following is the curva-

ture:

Fµν = 2D[µDν] =


 Ωµν + CµC∗ν − CνC∗µ 0

0 Ωµν + C∗µCν − C∗ν Cµ


 . (379)

where Ωµν = dµdν − dνdµ

6.5.5 The Heat Kernel calculation

The beta function is known to be related to the fourth coefficient of the heat

kernel expansion of the relevant operator of the quadratic expansion of the

Lagrangian (around a background). In the case of the first order operator

at hand we just need to compute the relevant coefficient for the associated

second order operator (365) and divide the result by two. The heat kernel

formula for a curved background is:

a4 =
1

(4π)2

∫
dx Tr

(
1

12
FµνFµν +

1
2

E2 +
1
6

ER

+
1

72
R2 − 1

180
RµνRµν +

1
180

RµνρσRµνρσ

)
, (380)

where the trace is taken in the full space of spinors valued in V = S3
+. In

the last formula the terms that actually depends on the operator D2 are the

first three, so we compute them first.

The easiest term is the third, i.e. 1
6 ER:

1
6

ER =
2
3

λ TrE

=
2
3

λ trV

(
−2λ + trA2

)

= −32
3

λ2 +
16
3

λ trA2, (381)

where we used the fact that, on our background, R = 4λ, and

22ABψB = −λ ψA

22A′B′ψ
B′ = −λ ψA′ . (382)
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Moreover the trace produces a factor of dim(S3
+ ⊗ S+) = 8

The next term in the Heat Kernel formula is 1
2 E2:

1
2

Tr E2 =
1
2

trV

(
λ2 +

(
trA2 − λ

)2
)

= 8λ2 − 8trA2 λ + 4(trA2)2. (383)

The square of the curvature is the most difficult term to compute. Formally

it is the sum of the squares of the upper and lower diagonal terms of the

curvature Fµν:

1
12
FµνFµν =

1
12

{
tr+
(
[dµ, dν] + CµC∗ν − CµC∗ν

)2
+ tr−

(
[dµ, dν] + C∗µCν − C∗µCν

)2 }
=

1
12

{
tr+

(
[dµ, dν]

2 + 2([dµ, dν] (CµC∗ν − CνC∗µ) +
(

CµC∗ν − CνC∗µ
)2
)
+

tr−

(
[dµ, dν]

2 + 2([dµ, dν] (C∗µCν − C∗νCµ) +
(

C∗µCν − C∗ν Cµ

)2
)}

,(384)

where in the last formula we used the shorthand notation tr± = trS3
+⊗S± .

The last equation will give three contributions, so we split the calculation

into these separate pieces. These contributions will match similar ones in

the previous HK terms (381), (383).

Let us start with the last terms of the traces in (384). To compute these

pieces we first express the antisymmetric product of C’s in terms of the

endomorphism A and its algebraic invariants, i.e. :

(
C∗µCν − C∗ν Cµ

)A′

B′ aB′ =
(
(C∗M

M′)
AA′(CN

N′)AB′ − (C∗N
N′)

AA′(CM
M′)AB′

)
aB′ =

(
A(MA AN)

A εA′
B′εM′N′ + trA2 εA′

(M′εN′)B′εMN

)
aB′ =

trA2 εA′
(M′εN′)B′εMN aB′ , (385)

(
CµC∗ν − CνC∗µ

)A′

B′ ψB =

(CM
M′)

AA′(C∗N
N′)AB′ ψB − (CN

N′)
AA′(C∗M

M′)AB′ ψB =

−2 εM′N A(M
A AN)B ψB (386)
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Now we can square these last terms and take the trace. For eq. (386) this

yields:

Tr
(
−2 εM′N A(M

A AN)B
)2

= −8AA(M AN)
B AB

M ANA

= trV

(
−4 trA4 − 4 (trA2)2

)

= trV

(
−6(trA2)2

)
, (387)

where in the last line we used the fact that, given the antisymmetry of A:

trA4 =
1
2
(trA2)2. (388)

For what concerns eq. (385) then, we have:

(
trA2 εA′

(M′εN′)B′εMN

)2
= trV

(
−6(trA2)2

)
. (389)

In total these terms contribute as:

1
12

trV

(
−6(trA2)2

)
= −4(trA2)2, (390)

which cancels exactly the same quantity in eq. (383). A calculation along

the same lines shows that also the terms proportional to λ tr(A2) cancel out.

This should not surprise, indeed the endomorphism A contains the constant

k in the original Lagrangian. This constant cannot have any relevance to the

HK coefficient. If we put our Lagrangian in a second order form, integrating

out the auxiliary field ψ, k will appear as an overall normalization constant.

The HK calculations are unaffected by such normalization. The last two

terms, i.e. the trace of the square of the curvatures are the most cumbersome

to compute. The task is purely algebraic and gives the same result for both

terms. We will show only the lower diagonal contribution:

[dµ, dν]
2 P3,1ai

µ =
(

22AB2
AB + 22A′B′2

A′B′
)

aC′DEF

= −2λ2 aC′DEF. (391)

Of course this formula, on a general background, contains several terms

proportional to the curvature operators Ψ and Φ introduced in eq. (454).

The former is nothing else than the self-dual part of the Weyl tensor while
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the latter is zero if and only if the Einstein equations are satisfied. All in

all given the choice for our background this terms are zero leaving only the

single contribution displayed in the last formula.

The last thing to do is to take the trace, which is now a very simple task,

giving:

TrFµνFµν = −16λ2. (392)

Another way to do the same calculation would be to use Lorentz indices.

One should be careful and use the projector P(3,1) introduced in eq. (354).

This calculation gives:

TrFµνFµν = −32
3

λ2 − 2RµνρσRµνρσ, (393)

which is of course the same as before, given that on our background:

RµνρσRµνρσ =
8λ2

3
. (394)

The last three geometric invariants in the HK formula are easy to compute.

For clarity we state all the relevant terms and we divide by two each term

to account for the doubling of degrees of freedom for the Dirac operator:

1
2

Tr E2 = 4λ2

1
6

Tr RE = −16
3

λ2

1
12

TrFµνFµν = −8
9

λ2 − 1
6

RµνρσRµνρσ

1
72

Tr R2 =
124
72

λ2 =
16
9

λ2

− 1
180

Tr RµνRµν = − 8
180

λ2gµνgµν = − 8
45

λ2

1
180

Tr RµνρσRµνρσ =
2

45
RµνρσRµνρσ (395)

So the overall contribution to the HK formula for the operator D is:

a(D)
4 = −28

45
λ2 − 11

90
RµνρσRµνρσ (396)
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6.6 the ghost heat kernel coefficient

We left aside the part of the Lagrangian containing ghosts. Let us write it

again here:

Lghost = −3
2

c̄id(P(3,1)dci)

= c̄i
(

δijdν −
1
2

εijkΣk
µνdµ

)
dνci. (397)

(398)

The coefficient of 3
2 is added so that the differential operator had the right

normalization. The derivatives in the last term are automatically antisym-

metrized by Σ. Therefore, the ghost Lagrangian can be simply written as:

Lghost = c̄i
(

δijd2 − 1
4

εimnεmkjΣ
n
µνFkµν

)
ci

= c̄i
(

d2 +
2
3

λ

)
ci. (399)

The relevant operator for the ghost sector is, then:

Dghost = −d2 − 2
3

λ. (400)

In this case the endomorphism is just Egh = 2
3 λ. The curvature is easily

found to be:

(Ωµν)
i
j cj = [Dgh, Dgh] = εijkFk

µνcj, (401)

and the trace of the square of the last operator reads:

tr ΩµνΩµν = −8
3

λ2. (402)

It is important to remember that now the trace is done over the 3 dimen-

sional space of ghosts fields. Using the same Heat Kernel formula eq. (380)

as before, we arrive at the coefficient for the ghost sector:

agh
4 =

107
45

λ2 +
1

60
RµνρσRµνρσ (403)
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6.7 final result and remarks

Putting together all the results so far obtained we express the beta function

for the diffeomorphism invariant gauge theories, expanded on an instanton

background as:

β
1-loop
gauge =

1
(4π)2

∫
dx
√

g
(
−242

45
λ2 − 7

45
RµνρσRµνρσ

)
. (404)

One can compare the same result for the metric GR case:

β
1-loop
gauge =

1
(4π)2

∫
dx
√

g
(
−522

45
λ2 +

53
45

RµνρσRµνρσ

)
. (405)

These two results always differ by an integer as already pointed out in [21]

(the difference being a topological quantity). Moreover, the first result (404)

is only valid on a instanton background while eq. (405) is valid on any

Einstein metric. The beta function in eq. (404) does not help differenti-

ate the various theories defined by different constraints (or functions f in

the pure connection formalism). This is because any theory in the DIGT

class collapses to the same Lagrangian on an instanton background. On

the contrary, the GR result is a statement on the running of the dimention-

less quantity ΛG. Indeed, the Einstein-Hilbert action on the background

becomes:

SEH = − λ

8πG

∫
δ4x
√

g. (406)

So that the flow equation reads:

∂

∂ ln µ

(
− λ

8πG

)
= − 58λ2

5(4π)2 , (407)

or, considering a fixed λ, which is the constant curvature of the background:

∂(λG)

∂ ln µ
=

29(λG)2

5π
, (408)

To get a full result for the β-function of the DIGT that gives the running

for the infinite coupling constant of these theories we should expand the

Lagrangian on a general background. This expansion combined with the
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first order formulation presented here should lead to a result close in spirit

with what obtained in the DYM case. Nevertheless, expanding on a general

background modifies the Dirac operator, given that the cancellation in (348)

would not take place. Details of this calculation have not been worked out

yet. We think that this formulation, or similar first order ones could be

better suited for this kind of calculations as the DYM result shows.
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7
C O N C L U S I O N S

In this thesis we have discussed how to modify Yang-Mills theories and Gen-

eral Relativity adding, on top of the usual interactions, an infinite-parameter

class of new vertices.

The main results of the thesis concern the deformed YM theory intro-

duced in [15] by the author et al. The key restriction for these modifications

is that they do not increase the number of derivatives present in the equa-

tions of motion while retaining the gauge symmetry. The resulting new

vertices are made up from invariant powers of the self-dual part of the field

strength tensor.

Two where the main results found. At least at tree level, the recursion re-

lations (BCFW) present in the original YM theory still work. These relations

allow to reconstruct all possible tree level amplitudes from a basis of simple

"seed" amplitudes. The details of this analysis are spelled out in Chapter

2. In the same chapter we introduced the key relation eq. 72 we believe

being the main responsible for much of the results found for DYM theories.

This property of the diagrams states that whenever two different vertices

both connect through the legs upon which a derivative acts the resulting

propagator with two derivatives gets substituted by a higher order vertex.

Diagrammatically the propagator collapses into a vertex. A lower number

of internal derivatives in the amplitudes improves the behavior of the the-

ory in the BCFW framework and brings hope for a new renormalizability
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claim of DYM. Given that this property works at loop level as well, it would

be interesting to see how the recursion relations work beyond tree level.

The second result found was indeed a better behavior under renormaliza-

tion than expected. We claimed that the DYM Lagrangian could be in fact

closed under renormalization, meaning that the new class of vertices is big

enough that no other counterterms are necessary to absorb the quantum di-

vergencies. This would be a first step towards an asymptotic safety scenario

for this kind of theories. In chapter 3 we first showed how the collapsing

property improves the superficial degree of divergence count, then we ex-

plicitly computed the beta function of the simplest deformation coefficient.

In particular the flow of coefficients associated to lower order operators is

not affected by higher order ones. We have also showed that DYM is in fact

fully renormalizable at one-loop. Even if this result is quite unexpected, it

does not say much about the full renormalizability of the theory at all loops.

Thus, there are two possible line of research that could be pursued. On one

hand one can try to better understand the flow induced by the DYM beta-

function of eq. 187 finding, for example, its fixed points. The behavior of

the flow around those fixed points would be crucial in the asymptotic safety

claim for these theories. On the other hand for the theory to be trusted, at

least at perturbative level a direct two-loop beta function calculation is nec-

essary. Some attempts have already been made but more work is needed.

In the second part of this thesis we have described a connection-based for-

mulation of gravity which shares many important features with the DYM

theory. This formulation allows to deform GR into an infinite-parameters

class of gravity theory. We have shown how to cast GR into this new for-

mulation starting from the Plebanski formulation and how dropping a key

constraint allows for the introduction of new vertices. We have analyzed

in particular two different sets of basic fields choices. A pure connection

formulation in which only an su(2) connection appears, which has been

used to reconstruct the theory up to cubic level using only the knowledge

of the final symmetry, i.e. gauge rotations and diffemorphisms. The result-
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ing Lagrangian, once these symmetry are fixed, is quite simple (especially

compared to the metric-based formulation of GR). In the last chapter of the

thesis we tried to address the problem of renormalization of gravity in the

same fashion as already described for DYM. We found that a particular re-

formulation of the theory in terms of gauge connection and an auxiliary

field plus a constraint used to select a specific element in the class of theo-

ries could be best suited to compute the 1-loop renormalization flow. This

formulation allowed us to employ the same Heat Kernel technique used to

find the full 1-loop beta function in the case of DYM to compute the di-

vergences of the 1-loop effective action in the gravity case when the theory

is expanded around a instanton background. While the result found is not

enough to discriminate between different theories in the class, given that the

theory shares the same instanton sector of solutions, the similarities with

the DYM case led us to believe that this particular formulation is the most

promising one. We hope that a more in depth analysis could complete the

1-loop beta function calculation for these diffeomorphism invariant gauge

theories giving new hope for their claimed renormalizability.
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A
S P I N O R T E C H N I Q U E S A N D C O N V E R S I O N S

In this appendix we will give a self-contained review of the spinor formal-

ism. This is quite useful when one deals with self-dual objects, and its use

is also common nowadays in the literature about scattering amplitudes. In

particular, we will list a series of formulae for the conversion of space-time

and SU(2) indices into spinor ones. We will also set our conventions at least

in the (−,+,+,+) Lorentzian case.

a.1 soldering form

We define the objects in the spaces of unprimed and primed spinors S± as

the ones that transform under the two inequivalent irreducible representa-

tions of the Lorentz group. We have the isomorphism:

S+ ⊗ S− −→M4, (409)

where M4 is the 4-dim Minkowski space, endowed with the usual metric

ηµν (we will use the (−,+,+,+) signature). The isomorphism is defined by

an object, the soldering form, which we use to convert Lorentz indices into

a pair of prime/unprimed spinor ones. The soldering form is also defined

to be Hermitian:

(θAA′
µ )∗ = θAA′

µ . (410)
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The metric can be then translated as follows:

ηµν = −θµ
A

A′θν
B

B′εABεA′B′ , (411)

where εAB and εA′B′ are the (antisymmetric) identities in S+ and S− respec-

tively which can be used to raise and lower spinor indices.

λAεAB = λB,

εABλB = λA,

εA
A = 2. (412)

The minus sign in eq. (411) arises because we are working with an Her-

mitian metric and (−,+,+,+) signature at the same time. This formula

also sets a convention we will use often in the main text which we will call

"natural" contraction:

ηµν = θµ
A

A′θν A
A′ , (413)

where the unprimed indices get contracted form top left to bottom right

and vice-versa for the primed indices. We will see these contractions in

the spinor helicity formalism for scattering amplitude calculations, where

contractions of two spinors are denoted by brackets:

〈ψ ξ〉 = ψAξA

[ψ′ ξ ′] = ψA′ξ
A′ (414)

a.2 spinor properties

The following properties will be useful in translating tensorial identities

into spinorial form. First we state that SL(2, C) acts irreducibly on spaces

of completely symmetric spinors Sn
+ or Sn

−. Moreover, any spinor can be de-

composed into a sum of lower order symmetric spinors (times appropriate

ε). A simple example of this is the decomposition of a spinor in S+ ⊗ S+:

φAB = φ(AB) − 1
2 φC

CεAB. (415)
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From the last relation we learn that S+ ⊗ S+ = S0
+ ⊕ S2

+. The general case

is:

Sm
+ ⊗ Sn

+ =
min(m,n)⊕

k=0

Sm+n−2k
+ . (416)

One can easily prove that the dimension of a symmetric spinor space is

dim(Sn
+) = n + 1 which is in accordance with eq. (416).

Two important type of tensors that we need to analyse from the spinorial

point of view are the symmetric and antisymmetric 2-tensors. On symmetric

2-tensors tµν one can define the operation of the trace reversal. Decompos-

ing tµν into its symmetric traceless and trace part we obtain:

tµν = sµν + gµνt, t =
1
4

tρ
ρ. (417)

The trace reversal is defined by:

t̂µν = tµν − 2gµνt (418)

It is an easy task to check that this operation in spinor form amounts to

swap the order of two indices:

t̂ABA′B′ = tABB′A′ . (419)

In the main text we will extensively use the concept of self-duality. The

spinor formalism is the best suited to deal with this kind of situations. First

we need to transform the completely antisymmetric tensor εµνρσ into its

spinorial counterpart:

εµνρσ → iεACεBDεA′D′εB′C′ − iεA′C′εB′D′εADεBC. (420)

This object defines the duality operation that maps n-forms into (d − n)-

forms. A 2-form Fµν = −Fνµ is translated into:

Fµν → FABA′B′ =
1
2 FAE′B

E′εA′B′ +
1
2 FA′EB′

EεAB. (421)

An easy calculation reveals that the duality operation:

F∗µν = 1
2 εµνρσFρσ, (422)
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can be simply rewritten in spinor language as:

FABA′B′ = iFABB′A′ . (423)

From the last formula one can see that the decomposition (421) is one in the

so-called self- and anti-self-dual parts of the form F.

a.3 self-dual basis and so(3) indices

To perform the Hamiltonian decomposition of DYM in the main text we

needed to translate the spatial indices into a pair of symmetric spinor ones.

It is clear that the there should exist an isomorphism Ti
(AB) to achieve this.

It will not be hard to see that this map is realized by a multiple of the Pauli

matrices. First we need to write into spinor form a basis of (anti)-self-dual

two forms Σi
µν. Here i = 1, 2, 3 since they span a 3-dimensional subspace.

The main relation they satisfy is the following:

Σi
µ

ρΣjρ
ν = −δijgµν − εijkΣk

µν. (424)

Given that they are defined to be (anti)-self-dual it follows that:

Σi
µν → Σi

ABA′B′ = Σi
ABεA′B′ , (425)

where Σi
AB is the symmetric contraction seen in the last section. It is clear

that Σi
AB and Ti

AB should be related. Indeed, we fix the spatial soldering

form Ti
AB by requiring that it maps the spatial identity δij into the identity

of S2
+ (which as we saw before is of course 3-dimensional):

δijTiABTiCD = ε(ACεB)D. (426)

Using eq. (424) and (426) we fix the relation:

TiAB =
1√
2

Σi
AB. (427)

such that the Ti satisfy the multiplication rule:

TiAET j
E

B = −1
2

δij +
1√
2

εijkTkAB, (428)
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which shows that Ti = −iσi where σi are the Pauli matrices.

These relations are extremely useful in translating spatial and SO(3) in-

dices into spinor ones. As an example from (428) and (426) one can find a

formula to translate the totally antisymmetric object εijk:

√
2ε(AB)

(CD)(EF)Ψ
(EF) = −εA(CΨD)B − εB(CΨD)A, (429)

or:

√
2ε(AB)

(CD)(EF)Ψ
(CD)ΦEF = ΨAEΦE

B + ΨBEΦE
A. (430)

Another useful rule is the full conversion of the self-dual basis Σ. From (426)

and (425) we find:

Σi
µν → ΣAB

MM′NN′ =
√

2ε(A
MεB)

NεM′N′ . (431)
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B
C U RVAT U R E S P I N O R S

b.1 riemann tensor decomposition

In this appendix we will show how to decompose the Riemann tensor in

its irreducible spinor representations and how to characterize in this way

Einstein and conformally flat solutions. We will follow mainly [22]. The

symmetries of the Riemann tensor are sufficient to convert it into a pure

spinorial simple form. The skew-symmetry in the first and last pair of

indices allows us to write the decomposition:

Rµνρσ = XABCDεA′B′εC′D′ + ΦABC′D′εA′B′εCD

+ Φ̄A′B′CDεABεC′D′ + X̄A′B′C′D′εABεCD (432)

Where:

XABCD =
1
4

RAX′B
X′

CY′D
Y′ (433)

ΦABC′D′ =
1
4

RAX′B
X′

YC′
Y

D′ (434)
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B.1 riemann tensor decomposition

and the bar denotes the complex conjugate. Some properties directly follow

from the skew symmetries of the Riemann tensor:

XABCD = X(AB)(CD) (435)

ΦABC′D′ = Φ(AB)(C′D′) (436)

XABCD = XCDAB (437)

ΦABC′D′ = Φ̄ABC′D′ (438)

XA(BC)
A = 0 (439)

The ΦABC′D′ spinor correspond then to a real tensor Φµν, symmetric and

traceless. The Riemann tensor can be seen as a (2,2)-form so we can apply

the Hodge operator to the first (resp. second) pair of indices. Schematically

the action that this operator produces in the decomposition is the following:

Rµνρσ = X + Φ + Φ̄ + X̄, (440)

R∗µνρσ = −iX + iΦ− iΦ̄ + iX̄, (441)

∗Rµνρσ = −iX− iΦ + iΦ̄ + iX̄, (442)

∗R∗µνρσ = +X−Φ− Φ̄ + X̄. (443)

The last symmetry of the Riemann tensor, namely R{µνρ}σ = 0 is equivalent

to R∗µν
νρ = 0. Applying this last equation to (440) and using (436) one

obtains:

XAB
B

CεA′C′ = X̄A′B′
B′

C′εAC (444)

given the skew symmetry in AC of X. Contracting the remaining free in-

dices one obtains an equivalent formulation of the sought-after remaining

symmetry of the Riemann tensor:

Λ = Λ̄ where Λ ≡ 1
6

XAB
AB, (445)

Given the anti-symmetry in AC we can write:

XAB
B

C = 3ΛεAC, (446)
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and a similar equation holds also for primed indices. To write the Einstein

equations explicitly we need the Ricci tensor, written in spinor form:

Rµν = 6ΛεABεA′B′ − 2ΦABA′B′ (447)

From here we can see that the trace-free part of the Ricci tensor and the

Einstein tensor (i.e. trace-reversed) are:

Rµν −
1
4

gµν = −2Φµν, (448)

Gµν = Rµν −
1
2

gµν = RABB′A′

= −6ΛεABεA′B′ − 2Φµν. (449)

To obtain the last line we used the fact that the operation of trace-reversal

amounts in spinor terms only to an exchange in a pair of (un-)primed in-

dices. The Einstein equations then can be re-written in spinor form as:

Rµν = λgµν ⇔ ΦABA′B′ = 0, Λ =
1
6

λ. (450)

It is clear from (440) and (443) that they can also be stated as follows:

∗R∗µνρσ = Rµνρσ. (451)

The last equation is equivalent to the statement that the self-dual part of the

Riemann tensor is self-dual as a two-form. Moreover, X components are not

constrained by the Einstein equations and only the symmetric traceless part

is (as we already know). In particular the X part will be related to the Weyl

tensors. Now we analyse the X component of the Riemann tensor. It can be

split into a totally symmetric part (Ψ) plus other remaining parts, given the

already stated symmetries:

XABCD = ΨABCD + Λ(εACεBD + εADεBC) (452)

Now we are in a position to restate the Riemann tensor decomposition we

started from (432):

Rµνρσ = ΨABCDεA′B′εA′B′C′D′ + ΦABC′D′εA′B′εCD

+ Φ̄A′B′CDεABεC′D′ + Ψ̄A′B′C′D′εABεCD

+ 2Λ(εACεBDεA′C′εB′D′ − εADεBCεA′D′εB′C′). (453)
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B.2 spinor form of commutators of covariant derivatives

The Weyl tensor is the combination of the two (Ψ) part, that in turn consti-

tute its self-dual and anti-self-dual components.

b.2 spinor form of commutators of covariant derivatives

From the very definition of the curvature tensor the commutator of two

derivatives applied to a general form gives various combinations of the Rie-

mann tensor contracted with the form itself. Here we just state the formulae

of the commutator on a general (2, 2)-spinor:

2d[µdν]tρσ = (εAB2A′B′ + εA′B′2AB) tC
D

E′
F′ (454)

2A′B′ tC
D

E′
F′ = X̄A′B′Q′

E′ tC
D

Q′
F′ − X̄A′B′F′

Q′ tC
D

E′
Q′

+ Φ̄A′B′Q
CtQ

D
E′

F′ − Φ̄A′B′D
QtC

Q
E′

F′ (455)

2ABtC
D

E′
F′ = XABQ

CtQ
D

E′
F′ − XABD

QtC
Q

E′
F′

+ ΦABQ′
E′ tC

D
Q′

F′ −ΦABF′
Q′ tC

D
E′

Q′ (456)
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