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Abstract

This thesis is mostly about the analysis of second order linear vibrating systems. The
main purpose of this study is to extend methods which have previously been
developed for either undamped or proportionally damped or classically damped
systems to the general case. These methods are commonly used in aerospace
industries. Ground vibration testing of aircraft is performed to identify the dynamic
behaviour of the structure. New aircraft materials and joining methods - composite
materials and/or novel adhesive bonding approaches in place of riveted or welded
joints - cause higher levels of damping that have not been seen before in aircraft
structure. Any change occurring in an original structure causes associated changes of

the dynamic behaviour of the structure.

Analytical finite element analyses and experimental modal testing have become
essential tools for engineers. These techniques are used to determine the dynamic
characteristics of mechanical structures. In Chapters 3 and 4, structural analysis and
modal testing have been carried out an aircraft-like structure. Modal analysis
techniques are used to extract modal data which are identified from a single column
of the frequency response matrix. The proposed method is presented for fitting modal
peaks one by one. This technique overcomes the difficulty due to the conventional

methods which require a series of measured FRFs at different points of excitation.

New methods presented in this thesis are developed and implemented initially for
undamped systems in all cases. These ideas are subsequently extended for generally

damped linear systems. The equations of motion of second order damped systems are




represented in state space. These methods have been developed based on Lancaster
Augmented Matrices (LAMs) and diagonalising structure preserving equivalences

(DSPEs).

In Chapter 5, new methods are developed for computing the derivatives of the non-
zeros of the diagonalised system and the derivatives of the diagonalising SPEs with
respect to modifications in the system matrices. These methods have provided a new
approach to the evaluation and the understanding of eigenvalue and eigenvector
derivatives. This approach resolves the quandary where eigenvalue and eigenvector
derivatives become undefined when a pair of complex eigenvalues turns into a pair
of real eigenvalues or vice-versa. They also have resolved when any one or more of
the system matrices is singular. Numerical examples have illustrated the new
methods and they have shown that the method results overcome certain difficulties of

conventional methods.

In Chapter 6, Mobius transformations are used to address a problem where the mass
matrix is singular. Two new transformations are investigated called system spectral

transformation Qg and diagonalising spectral/similarity transformation Qpg;o. The
transformation Qg Maps between matrices of two systems having the same short
eigenvectors and their diagonalised system matrices. The transformation Qpsr, mMaps

between two diagonalising SPE’s having identical eigenvalues.

Modal correlation methods are implemented to evaluate and quantify the differences
between the output results from these techniques. Different cross orthogonality

measures represent a class of methods which are recently performed as modal




correlation for damped systems. In Chapter 7, cross orthogonality measures and
mutual orthogonality measures are developed for undamped systems. These
measures are defined in terms of real matrices - the diagonalising structure
preserving equivalences (DSPEs). New methods are well developed for ill-
conditioned system such that they work for all occasions and not only for cases
where mass matrix is non-singular. Also a measure of the residuals is introduced

which does not demand invertibility of diagonalised system matrices.

Model updating methods are used in order to update models of systems by matching
the output results from analytical system models with the experimentally obtained
values. In Chapter 8, both cross-orthogonality measures and mutual-orthogonality
measures are developed and used in the model updating of generally damped linear
systems. Model updating based on the mutual orthogonality measures exhibits
monotonic convergence from every starting position. That is to say, the ball of
convergence has an infinite radius whereas updating procedures based on comparing

eigenvectors exhibit a finite ball of convergence.

Craig Bampton transformations are one of component methods which are used to
reduce and decouple large structure systems. In Chapter 9 Craig Bampton
transformations are developed for undamped systems and extended for damped
second order systems in state space. Craig Bampton transformations are generalised
and presented in SPEs forms. The two parts of the Craig Bampton transformations
are extended in the full sizes of the substructure. The extended Craig Bampton
transformations are modified to format each block of transformed substructure

matrices as LAMs matrices format.




This thesis generalises and develops the methods mentioned above and illustrates
these concepts with an experimental modal test and some examples. The thesis also
contains brief information about basic vibration properties of general linear

structures and literature review relevant to this project.
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CHAPTER 1. Introduction

1.1 Motivation of ground vibration testing (GVT)

The safety of aircraft structures depends at least partly on their dynamic behaviour.
These characteristics which are called modal parameters include natural frequencies,
damping ratio and mode shapes. The modal parameters are commonly used in the
validation of analytical (finite element) structural models and studies of structural

vibration [1]. These quantities also can be used to identify any structural damage [2].

Large and complex structures such as aircraft after some time of operation face a
great deal of structural damage such as cracks. Such structural damage changes to
some extent the modal parameters of the structures. These changes can be noticed in

shifts in the resonant frequencies.

Analytical finite element method and experimental modal testing are two techniques
commonly used to determine the dynamic characteristics of mechanical structures
[3]. Both techniques have played dominant roles in aircraft design, manufacture,
research and development of a wide range of aerospace industries. Also, they have
become most important implements for engineers to improve the performance, safety

and reliability of various structures [2].

Ground vibration testing (GVT) is performed to identify the dynamic behaviour of
these structures by causing the structure to shake and then measuring its responses.

Resonant frequencies and associated mode-shapes can be extracted from these tests.




In addition, the main purpose of GVT is to obtain measured data of the whole aircraft
structure for validating and improving its structural dynamic models [4, 5].
Furthermore, ground vibration testing plays an important role for updating of
analytical models in the certification of new aircraft [6]. Verification of analytical
models using ground vibration test results is common practice in many aerospace

applications [7].

1.2 System models for vibrating structures

The equation of motion governing the vibration of a general damped second order
system can be written as

f(t)=S_u
M (t)+Da(t) +Ka(t) =F (1) (L1)
y =Sga(t)

where {K,D,M} are (nxn) stiffness, damping and mass matrices, q is a vector of

displacement coordinates, f is a vector of forces. Both vectors are functions of time

and the system has n degrees of freedom. The vector y represents output
displacements and it has n, entries. The vector u represents the corresponding input
forces and it has n; entries. Sy (nxn,) and S_ (nxn;) are right and left matrices

relating the terminal variables to the model degrees of freedom.

In order to solve equations (1.1) for the response g the major obstacle is the coupling

between the equations. In subsequent sections, we will discuss coordinate

transformations which decouple the equations.




1.3 Modal Analysis

The eigenvalues and the corresponding eigenvectors satisfy the following equations
(MA?+D% +K)o =0, @ (MA?+D%+K)=0 (1.2)
in which 4 is the i™ eigenvalue and {&i. 4.} are the right and left eigenvectors.

‘I)R :[¢R1 ¢R2 ------ ¢Rn] ) (I)L :|:¢|_1 ‘h_z ------ ‘h_n:| (1-3)
Modal analysis is a process of deriving system responses by transforming the
equations of motion into a set of decoupled equations [8]. Any pair of matrices

{Tx.,T_} can be used to define a coordinate transformation according to the following

equations.

f=T1¢
T MTRG+ T, DTG+ T, KTG=F (1.4)
q=Tg{q

where {T;,T_} are the right and left coordinate transformation matrices. If {T;, T}
are invertible, the spectrum of the original system is identical to the spectrum of the

new system such that the dynamic models can be written as

T, "MT; =M, (1.5)
T, KTz =Ky (1.6)
T,'DT; =Dy (1.7)

It is not usually possible to find invertible matrices, {T;, T } such that the new

system matrices are all diagonal. There are some systems which are proportionally
and classically damped. For proportional damping, the damping matrix is a function
of the mass and stiffness matrices. In the case of proportional damping, the

coordinate transformations {T, T } decouple the system matrices.




Classical damping is a more general condition. Caughey and O’Kelly [9] expressed
one sufficient criterion to satisfy equations (1.5), (1.6) and (1.7) in which

{Ky.Dy.My} are diagonal. The coordinate transformations decouple the system
matrices if and only if one of the following conditions are satisfied [9].

DMK =KM™D
DKM =MK™D (1.8)
MDK =KD*M

When {T;,T_} represent diagonalising transformations, the structure will behave as a

collection of single degree of freedom (SDOF) systems. The second equation in (1.4)

can be written as
m 0 0)/d d, 0 0)[d kk 0 0)[d, fy
0 . O s:it+[0 . O :it+0 . O :t=q: (1.9)
0 0 My an 0 0 dn dn 0 0 I(n qn 1~:n

1.4 Modal Testing

Vibration measurements generally comprise two types of test. The first one is
measuring the vibration forces or responses of the structures under study or during
operation. The second one involves vibrating the structures or components with
known excitation. The latter test, including data acquisition and its subsequent

analysis is called modal testing [10].

1.4.1 Modal testing and its applications

Validating the mathematical model used to describe the dynamics of components or

structures is usually the major application of modal testing. There are different




applications of modal testing in order to produce the mathematical model of

structures or components.

1. The most commonly application is the measurement of vibration properties
(natural frequencies, mode shapes and damping factor) of a structure which

are used to compare and validate the theoretical model.

2. Using modal testing in order to produce the mathematical model of a
component is the next application. Complex structures such as aircraft
contain many substructures. The dynamic behaviour for each component is
required to include that component into a structural assembly. These
identifications and accurate data from that substructure are also required for

modifications of the original structure.

3. Force determination is a different application of using modal testing. The
dynamic forces causing vibration are required. These forces can be deduced
by measuring the response caused by the forces. The measurements of
response are combined with the mathematical model of the transfer functions

of the structure.

1.5 Experimental modal testing setup

Preparation of the test structure itself is an essential element of modal testing. How to
support the structure is the first decision which has to be taken. This determines

whether the structure is to be tested in a free condition or grounded. Free support




means that the structure is not attached to ground (rigidly) at any of its coordinates.
Modal testing of an aircraft may involve the complete aircraft mounted on a soft
support system to simulate free-free condition, resting on its landing gear, specific
parts on the complete airplane, or components, such as landing gear doors or control

surfaces [11]. Figure 1-1 shows the soft support system.

Figure 1-1 : The soft support system

The main pieces of equipment used in experimental modal testing setup are
excitation devices, dynamic response and a spectrum analyser. Figure 1-2 and Figure
1-3 show excitation devices such as electrodynamic vibration exciters and an impact
hammer. The excitation devices provide a measurable input force into the test
structure. The input force signal is typically measured by means of a force

transducer.

The type of analysis to be performed and accuracy requirements of test information
will influence the final choice of excitation signal. Transient excitation is usually by

means of a force impulse from an impact hammer. This method is suitable for a wide




variety of engineering structures and is not suitable for non-linear systems. Random
excitation is from an exciter via a push-rod or stinger. Direct excitation by exciters is
the best excitation method for linear systems, giving a best linear approximation of

system frequency response function [12].

Figure 1-3 : Impact hammer




The dynamic response of an excited test structure is normally measured by one or
more piezoelectric accelerometers (Figure 1-4) attached to the structure. The
selection of the accelerometers (transducers) is influenced by the sensitivity,

bandwidth, linearity and the working range.

Figure 1-4 : Piezoelectric accelerometer

A spectrum analyser is used to measure the various signals developed by the
transducers in order to determine the magnitudes of the excitation forces and
responses. The ratio between the output signals and the input signals is called the
frequency response function (FRF). Frequency response functions are properties of a
linear dynamic system and they do not depend on the type of excitation. For such

structures, excitation can be a harmonic, random or transient function of time.

In any linear system, there is a direct linear relationship between the input and
output. This relationship, which also holds for random functions, is represented by

the block diagram of a linear system (Figure 1-5).




y(@)=H(w)u(») (1.10)

where H(w) is called a frequency response function (FRF).

Input u(t) System Output y(t)
h(t)
u(w) H(w) y(@)

Figure 1-5 : Block diagram of a linear system

1.6 Non-proportional and non-classical damping

and their measures

Modern aircraft structures are increasingly made of composite materials and/or
bonded together with adhesives instead of being riveted or welded to achieve lighter
weight. The complex aircraft designs need additional testing requirements due to
increased use of composite materials and active control systems [4, 5]. Due to the
development of the airframe structure materials the level of damping is increased

related to modal aircraft structures of earlier years.

Most mechanical structures exhibit non-proportional and/or non-classical damping.
Many methods have been used to extract real normal mode shapes of the structures

using ground vibration testing.




General practice is to find @, and @, such that ® 'mo, and @ "Ko, are diagonal.
Then @ "pw, is assumed to be diagonal and its off diagonal terms are set to zero.

The errors introduced by this assumption depend on how big the damping matrix

values are.

1.6.1 Real value transformations SPEs

Structure preserving equivalences SPEs are more general than the conventional
equivalences of equations (1.5), (1.6), (1.7) and they allow for most systems to be

diagonalised. Diagonalising SPEs are used to decouple the original equations of
motion such that the new system matrices themselves are diagonal. Matrices {T_R T }
describe diagonalising SPEs for the system {K,D,M}. Each SPE is characterised by
one (2nx2n) matrix, T , and one (2nx2n) matrix, T, If the original system matrices

are real, then the transformation matrices and the diagonalised system matrices are

also real.

1.7 Extracting normal modes from generally

damped structures

The procedure of extracting the undamped natural frequencies and normal mode
shapes of structures is known as normal mode force appropriation [13]. The main
purpose of force appropriation techniques is to provide an estimate for the force

distribution. The appropriated forces in modal vibration testing of complex structures
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are used to excite a single normal mode of vibration at a time using multiple exciters

[13-16].

A single force may be sufficient to excite a structure in order to measure pure normal
mode shapes. However multi-exciter locations may be required where modes are
close in frequency [14]. The number of exciters must be greater than or equal to the
number of effective modes in the frequency range of interest [15]. Over many years
in the aerospace industry, the normal mode force appropriation techniques have been
used for ground vibration testing where accurate normal mode estimates are required
for direct comparisons between appropriated normal mode responses and the results

of finite element analysis [13, 15-17].

1.8 The Proposed Work

1.8.1 Motivation of the proposed work

Ground vibration testing (GVT) and Finite element method (FEM) are two
techniques which are commonly performed to identify dynamic characteristics of
structures. These characteristics include the resonant frequencies at which a structure
naturally vibrates, the mode shapes associated with resonant vibration and the levels
of damping governing the amplitude of resonance. The comparison of measured
results with predicted results is important. Experimental measured data from GVT
are not expected to match exactly the computed data from FEM. These discrepancies
might be assessed, and many methods in the literature exist to evaluate the

discrepancies between GVT and FEM modal parameters.
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Any change occurring in the design parameters or modifications in the original
structure causes associated changes of the dynamic characteristics of the structure.
Cross orthogonality measures are also affected by the changes that occur in the
system matrices. In order to correct and adjust the dynamic characteristics,
eigenvalue and eigenvector derivatives are required. Also adjusting the cross
orthogonality measures requires cross orthogonality measure derivatives. Both
eigenvalue, eigenvector derivatives and cross orthogonality measures are used here

to update the model system matrices.

1.8.2 The focus of the work

This study is mostly about the analysis of second order linear vibrating systems, and
focuses on changes of the dynamic characteristics due to changes of the original
system matrices. The main aims of this work are to develop model updating methods
based on cross orthogonality measures for second order generally damped systems.
The methods will be developed in state space in terms of real matrices involving
diagonalising structure preserving equivalences SPEs. The work proposed in this

thesis makes the following contribution areas:

1. Identification of dynamic characteristics of a GARTEUR-like aircraft
structure. Modal analysis technique will be implemented to extract the modal
parameters from a single column frequency response function (FRF). Finite
element analysis will also be applied to determine the predicted model data of

the GARTEUR-like aircraft structure.

12



2. Development of Craig Bampton transformations for undamped systems.
These methods will be generalised in terms of SPEs to generally damped
systems. The finite element analysis methods require the number of degrees
of freedom to be reduced and the Craig Bampton method is implemented to

decouple the substructure matrices.

3. Development of conventional eigenvalue and eigenvector derivative methods
are implemented initially for undamped systems. The advanced methods will
be generalised from the perspective of diagonalising SPEs to generally

damped systems. The methods will be used for model updating.

4. Development of modal correlation methods based on cross orthogonality
measures for undamped system. These ideas will be generalised to generally
damped systems in terms of real matrix SPEs. The methods will be developed
for ill-conditioned systems and a measure of the residuals will be developed.

These approaches will be implemented for model updating methods.

5. Development of conventional model updating methods based on eigenvalues
and eigenvectors for undamped systems. The ideas will be generalised
through the utilisation of SPEs to generally damped systems. Development of
model updating methods based on cross orthogonality and mutual
orthogonality measures for undamped systems. These approaches will be

generalised in terms of SPEs to generally damped systems.
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1.9 Outline of Thesis

The remaining chapters of the thesis are summarised as follows:
Chapter 2 organises the currently available literature with regards to the various

achievements of this project.

Chapter 3 presents a general overview of finite element modelling and focuses on 3-

D aircraft structures.

Chapter 4 introduces some general information about modal testing and presents

technique to determine the dynamic characteristics of aircraft structures.

Chapter 5 investigates new techniques to resolve undefined eigenvalue and

eigenvector derivatives.

Chapter 6 discuses calculations of diagonalising SPEs for ill-conditioned systems

using the Mdbius transformation.

Chapter 7 focuses on the development of general modal correlation methods,
investigates new methods for ill-conditioned systems and introduces a new measure

for residuals.

Chapter 8 develops model updating methods and compares the developed modal

correlation methods with alternative methods for model updating.
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Chapter 9 generalises Craig-Bampton transformations for general damped second

order systems.

Chapter 10 presents the conclusions of the methods presented and proposed future

work.

15



CHAPTER 2. Literature Reviews

Comparison of measured results with the predicted results is important in design
[18], validation of the structural dynamic models [19, 20], verification of the
analytical model [21], and certification of airworthiness. Experimental measurements
from physical tests are not expected to match exactly the analytical information
provided from the finite element analysis. These discrepancies between measured

and predicted modal information need to be assessed.

Modal correlation techniques are commonly used for evaluating the discrepancies
between modal vectors measured using ground vibration testing (GVT) and modal
vectors calculated from a finite element method (FEM). Most of the presented
methods do not take into account the eigenvalues (frequencies) associated with
eigenvectors (modes). The procedure of correcting the finite element model structure
by processing vibration test data is called model updating. Many methods have been
developed to correct the analytical models. The main purpose of model updating is
to modify the model parameters in order to match the analytical data with measured

data [22].

The aspiration of this project is to develop and generalise model updating methods
for second order generally damped systems. These methods apply to generally
damped systems. This chapter organises the currently available literature with

regards to the various achievements of this project.
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Section 2.1 demonstrates the structure of models of vibrating systems. Section 2.2
reviews the literature relevant to ground vibration testing of aircraft. Section 2.3
presents a definition of eigenvalues and eigenvectors for vibrating systems. Section
2.4 discusses frequency response function in frequency domain and in time domain.
Section 2.5 focuses on coordinate transformations. Section 2.6 introduces the concept
of structure preserving equivalences and diagonalising transformations for general
damped systems. Section 2.7 concentrates on model reduction and modal expansion
methods which are applied for large degrees of freedom systems. Section 2.8
explains the force appropriation methods that are required to excite a single pure
normal mode of vibration. Section 2.9 considers modal correlation methods. Section
2.10 discusses model updating methods. It is appropriate to talk in brief about the
basic vibration properties of general linear structures before commencing the various

detailed aspects of this chapter.

2.1 Basic vibration properties and model structures

Figure 2-1 illustrates the structure of a dynamic model for a vibrating system and

shows the vibration analysis.

2.1.1 Classes of vibrating systems

A physical system demonstrates two classes of vibration: Free and Forced [8]. Free
vibration takes place when a system oscillates under the action of forces inherent in
the system itself, where the external forces are set to zero in the equation of motion.

The system will vibrate at one or more of its natural frequencies with associated

17



mode shapes. Forced vibration takes place when a system oscillates under the action
of external forces. The system will vibrate at the excitation frequency, if the
frequency of excitation coincides with one of the natural frequencies; the response is

limited only by the degree of damping.

Structure Modelling Excitation
A 4 A 4
SDOF system Free vibration
MDO ystem Forced vibration
System model Classes Damping type Damped distribution

\ 4 A 4 V‘
Undapd Viscous Proportional
Damped Hysteretic Non-Proportional

Coulomb Classical
etc Non-Classical

Figure 2-1 : Structures of dynamic model

2.1.2  Structure modelling

The degrees of freedom of the system are independent coordinates which are
required to describe the motion of the system. The system could be modelled by a
single-degree of freedom (SDOF) or multi-degrees of freedom (MDOF) [10]. The
inputs represent the forces and the outputs represent the responses. The multi-degrees
of freedom systems can be described by either single input and multi-outputs (SIMO)

or multi-inputs and multi-outputs (MIMO) or single-input and single-output (SISO).

18



2.1.3 System model classes: type and distribution

The vibrating system can be described with two classes of system model; undamped
or damped [10]. When the damping is very low, the system can be represented by
mass and stiffness matrices only. Such systems are called an undamped-system. Real
life systems are not undamped, since energy is always dissipated through friction and
other resistances [8]. These resistances appear in various forms which are called
Viscous, Hysteretic, Coulomb, and aerodynamic. The distribution of damping in the
systems can be classified as proportional or non-proportional damping and classical

or non-classical damping.

2.1.4 Categories of vibration analysis

Vibration analysis is divided into two categories: Theoretical (predicted) vibration
analysis and Experimental (measured) vibration analysis [10]. Figure 2-2 shows the
three stages of theoretical analysis. The structure model describes the structure
physical characteristics in terms of mass, stiffness and damping properties.
Performing theoretical modal analysis of the structural model result in the structure’s
behaviour as a set of natural frequencies (eigenvalues) associated with corresponding
modal damping factors and vibration mode shapes (eigenvectors). The structure’s
response describes how the structure will respond under certain excitation conditions.

This response model comprises a set of frequency response functions (FRFs).

It is possible to progress vibration analysis in the opposite direction [10]. Figure 2-3

defines the experimental vibration analysis which has three stages. The modal
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properties and structural properties can be extracted from measured response

properties such as measured frequency response functions.

Structural Model ———> Modal Model ——> Response Model

v y |

Mass, Stiffness Natural Frequencies Frequency Response
Damping Mode Shapes mpulse Responses

Figure 2-2 : Theoretical vibration analysis

Response Structural

Properties ———> MoaModel ——> Model

A 4 A A
Frequeny esponse Natural Frequencies Mass, Stiffness
Functions (FRF’s) Mode Shapes Damping

Figure 2-3 : Experimental vibration analysis

2.1.5 The structure of models of vibrating systems

Most dynamic models may be considered to comprise 3 stages [23, 24] as in Figure
2-4. The associated linearised equation of motion governing the vibration of any
structure [23] appears in the form

f=S.u
Mg (t)+Dg(t)+Ka(t)=F(t) (2.1)
y=Sg'q

in which {K,D,M} are the system stiffness, damping and mass matrices-all (nxn), g

is a vector of displacement coordinates, f is a vector of forces. Both vectors are
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functions of time and the system has n degree of freedom. The vector y represents
the output displacements which has entriesn,, and u represents vector of the
corresponding input forces which has entries n;. S (nxn,) it controls how the
generalised displacements are manifest in the output vector y. S (nxn;) it

distributes the system input onto the full length force vector f .

() [
NDOF

I[M:><>Z><>Z>MT

L Error! Error! y =h(q,6,t) L

\|/ l \|/
Inputs Generalised GeneralisedDipla Outputs
Forces cements

Figure 2-4 : Model structure in 3 stages

2.2 Ground Vibration Testing (GVT) of Aircraft

Experimental modal analysis results have played dominant roles in aerospace
industries and engineering applications. Ground vibration testing is a process
performed to determine the dynamic characteristics of mechanical structures [1, 25].
The dynamic characteristics can be extracted from GVT by causing the structure to

shake and then measuring the responses. These characteristics comprise resonant
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frequencies, mode shapes associated with resonant vibration and levels of damping

governing the amplitude of resonance.

The comparison of measured data from GVT with predicted data from finite element
method is important in many engineering applications. Invariably, these
measurements do not match exactly what was predicted in a numerical model and
indeed it is the mismatches that provide the information of interest. However, the
mismatches have to be interpreted somehow and the way to do this interpretation is
to understand how changing certain parameters in the numerical model will change

the resonant frequencies and the mode-shapes.

The present study of ground vibration testing is timely since the new method deals
very nicely with structures which have relatively high levels of damping and
previous methods do not work at all well in these situations. The reason for increased
levels of damping is that airframe structures are increasingly made of composite
materials and/or bonded together with adhesives instead of being riveted or welded

as used to be the case.

2.2.1 Validation of structural dynamic models

A GVT is a modal test conducted for the purpose of validating and improving a
structural dynamic model of the airplane [5, 19, 20]. The structural dynamic model is
validated by comparing its predicted modes with the experimental modes identified
from the test [1]. This validated model is then modified to represent various in-flight

configurations and a variety of failure conditions [19].
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2.2.2 Verification of analytical models

Verification of analytical models using ground vibration test results is common
practice in many engineering applications [21]. In [26], the ground vibration test
results of a modified JetStar airplane are compared with the test results of the same
airplane using multiple-input random excitation. The results indicated that the

structure was sufficiently excited using the impulsive sine waveform.

2.2.3 Updating analytical models and aircraft certification

Ground vibration test also plays an important role in updating analytical models for
new aircraft certification [6]. The cause of discrepancies between measured
frequency responses and identified modal parameters are evaluated and identified by
using GVT tests. Many methods exist for updating analytical models using
experimental data. There is non-unique method for model updating due to different

computational methods [20].

2.2.4 ldentification of structural damage

Measured vibration data are used to identify structural damage [27]. Visual
inspection may not detect and locate the damage. Structural damage such as cracks
will cause the stiffness distribution in the structure to change [28]. Structural damage
is identified using system dynamic properties [29]. Estimation of stiffness by using
model updating defines the most likely damage at the largest reduction in stiffness

[28].
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2.2.5 Ground vibration testing methods

Different excitation techniques have been investigated for performing aircraft ground
vibration testing [26, 30]. Many excitation waveforms have been used for both
ground vibration and flight flutter testing throughout the years. These waveforms
have included sine dwell, sine sweep, impact, and single and multiple-input random

excitation [11, 31, 32].

In flight excitation has consisted mainly of impact, from exciter or control surface
pulses, and sine sweeps using either wingtip, oscillating or aerodynamic vanes,
existing control surfaces, oscillating masses, or rotating eccentric weights [33].
Ideally, a waveform that excites all structural modes simultaneously and in a short
duration is required for in-flight applications because of the high cost of flight
testing. The capability of this waveform to excite all the structural modes of interest
on an aircraft structure was investigated by conducting a ground vibration test on a

modified JetStar airplane [26].

2.3 Definitions of eigenvalues and eigenvectors

2.3.1 Eigenvalues and eigenvectors for undamped systems

The general governing equation of motion for an undamped second order system can
be written as

Mg +Kq =f (2.2)
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The eigenvalues A = diag(}tlz,/izz ...... ﬂnz) might be complex or real or mixed (real and

complex). The corresponding right and left modal matrices {®.,®, } diagonalise the
system matrices {K,M} .
o 'M®o, =0 (2.3)
O Ko, =AQ =¥ (2.4)
where {®,¥,A} are diagonal matrices, ®© =diag(4,,6;,.....6,), ¥=diag(yy, vy, ..¥,).
The i™ eigenvalue 4 with the corresponding right and left eigenvectors {dri i }
satisfy the following equations
(K-24°M)¢=0 , & (K-A4M)=0 (2.5)
Equations (2.3) and (2.4) can be written as
‘h_iT M¢Ri :ei (26)
" Kl = 46 = v, (2.7)
For symmetric undamped systems, the right and left modal matrices (®; =®, ) are
identical. The systems can usually be diagonalised by coordinate transformations
equations (2.3) and (2.4) thus
®, Mo, =1 (2.8)
@ Kd, = A (2.9)
Matrices {I,A} are diagonal. Generalised mass and stiffness matrices respectively

decouple multi-degrees of freedom systems into single-degree of freedom systems.

Equation (2.2) can be written as

G+Aq="f (2.10)

in which § is the displacement vector in the modal coordinate system.
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q=@gq , f=0'f (2.11)

2.3.2 Eigenvalues and eigenvectors for damped systems

The second order linear equation of motion for damped systems is expressed in
equation (2.1). The right and left second order eigenvectors {¢.4,} (called short
eigenvectors) satisfy the following equations

(K+4D+4°M) s =0 (2.12)

o (K+/1iD+ﬂ1-2M)=O (2.13)

2.3.2.1 Proportionally damped systems

For proportionally-damped systems, the mass normalised right and left second order
modal matrices {®,® } (called short modal matrices) are usually used to
diagonalise mass, stiffness and damping matrices {M,D,K} as the following

equations indicate

@ "M, =1 (2.14)
® DO, =T (2.15)
@ Kd, = A (2.16)

The proportional damping matrix D is a linear combination of the mass and stiffness

matrices {M,K} this relationship is defined by

D =(aM+ fK) (2.17)
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The generalised mass, damping and stiffness matrices {I,r,A} respectively in

equation (2.14),(2.15) and (2.16) are diagonal matrices which decouple multi-degrees
of freedom systems with n DoFs into n single-degree of freedom systems.

Substituting equation (2.11) into equation (2.1) yields

G+Tq+Ag="f (2.18)
q==>gq

i}

The definition of proportional damping is extremely constrictive. There are many
cases where one may diagonalise the system matrices and the definition delineated in

equation (2.17) does not hold. This exists when the system is classically-damped.

2.3.2.2 Classically damped systems

Caughey and O’Kelly [9] defined classically damped systems with symmetric
coefficient matrices which possess classical normal modes. The system matrices

{M,D,K} may be diagonalised if and only if one of the conditions in equation (1.8)

are satisfied

The required criterions in equation (1.8) are sufficient but not necessary. Based on
this result, the series of representative damping is a necessary and sufficient
condition for the existence of classical normal modes and this series is known as the

“Caughey series”.

D=M> g [M’lKT (2.19)
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Ma and Caughey [34] proved that, in the case of non-symmetric system matrices;
equation (2.19) still describes the necessary and sufficient condition for simultaneous

diagonalisation of the system matrices by an equivalent transformation.

o "M, =M, (2.20)
® 'D®, =D, (2.21)
o 'Ko, =K, (2.22)

2.3.2.3 Non-proportional or non classically damped systems

Most real structures having non-zero damping are expected to be non-proportionally-
damped or non-classically-damped systems and these have complex modes as a
result. The usual view taken of the modes of second-order systems begins with the

supposition that M is invertible. Then, equation (2.1) can be written in a state-space

When no forcing is present, this becomes

form as

Dx—Kx =0 (2.24)

where D and K are (2n x 2n) matrices, x is the so-called state-vector and the

definitions are evident from comparison of equation (2.23) with equation (2.24). A

generalised eigenvalue-eigenvector problem defined using matrices D and K above
yields the triple of (2n x 2n) matrices {®g,® ,A} which represent the right and left

modal matrices and eigenvalues.
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The damping matrix D is not a linear combination of the mass and stiffness matrix

{M,K} [35]. Real eigenvectors cannot decouple the equations of motion in which the

generalised damping matrix ((I)LTDd)R) is non diagonal.

The eigenvalues with their associated eigenvectors can be all real. The right and left

modal matrices can be written in the following forms respectively.

[ ®r ]

L PN (2.25)
[ o]

LN (2.26)

A is (usually) a diagonal (2n x 2n) matrix and {®;,® } are (n x 2n) matrices.
obeying

M®zA? + DO A + KDy =0 (2.27)

M® AZ+D'® A+K ® =0 (2.28)

The pairs of matrices (®,,A) and (@ ,A) are called standard pairs for equation (2.23)

if @, and ®_ from equations (2.25)-(2.26) are non-singular and equations (2.27)-

(2.28) are obeyed.

2.3.2.4 Extract real eigenvectors from real and complex conjugate

eigenvectors

The eigenvalues with their associated eigenvectors can be either all real as in
equations (2.25)-(2.26) or all complex conjugate or a mixture of real and complex

conjugate [36] that can be written in the following forms respectively.
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_ o f o . A
@p = |-~ B (2.29)
- L (I)RCAC ' (I)Rc Ac ]
[ o o |
@ =| e (2.30)
_ q)LcAc (I)Lc Ac
o | Pre_ ®ra | Pre  Prez (2.31)
R — H * * .
_ L (I)RcAc (I)erArl (I)Rc Ac q)RrZArZ
o | P P P Pz (2.32)
L — H * * .
- L (I)LcAc (I)LrlArl (I)LC Ac q)LrZArZ

ceskr

The superscript notation indicates a complex conjugate. The subscript “C” in

equations (2.29)-(2.32) indicates complex. {®. . @} are complex modal matrices.
The size of real modal matrices {®,,, ®,.,.® . ®,,} inequations (2.31) and (2.32) is

(n - c¢) where “c¢” is the size of the complex modal matrices {®,. ., @} .

In general, {® ,A, @z} may be complex as in equations (2.29) and (2.30) but because
the system matrices themselves are invariably real-valued for all practical cases,
every complex entry in A is joined by its complex conjugate and the same applies to
every complex column in @_ and in @, . In total, it is clear that {®_,A @} contain
2n(2n+1) potentially-distinct real numbers whereas the original system matrices,
{K,D,M}, contain only 3n® real numbers at most. Certain constraints apply to the

modal information for such systems and these constraints are well-understood when

all system eigenvalues are complex [36-38].

(®nree) | (@) |

S U Y (2 U et A O S
—Fl T DA A [' 5—3}_ (@RA+q>R*A*)§(q>RA-<DR*A*)

30



o @il o] (eed) | (eced) o
—E T A oA {' 5—3}_ (q>LA+q>L*A*)§(<DLA—q>L*A*) '

where | is (nxn) identity matrix and J is (I1xj) and j=+-1.

Adhiakri [39] derived conditions for the existence of classical normal modes in
nonviscously damped asymmetric linear multiple-degree of freedom systems. If the
system matrices are positive definite, damping is a time domain function, and there

exist two non-singular matrices @, eR™ and ®; eR™ such that ® "M®,,
o 'Ko; and @ 'D(t)®; vt are all real diagonal matrices then the following are
equivalent

D(t)M'K =KM™'D(t)
D(t)K™'M =MK™D(t) (2.35)

MD(t) ' K =KD(t)" M
The {®;.®_} modal matrices may be a mixture of real and complex conjugate. The

real modal matrices can be achieved by rearranging the matrices in equations (2.31),
(2.32) and multiplying by a I_J matrix. Equations (2.31), (2.32) can be written as

] I, 013 0

@i Qg+ Dp Py 0 I

(DRreaI = B “I“““““O -"f"::j"""' 0
@pr2Ar, c : c

*

L (I)RCAC (I)erArl (DRC Ac

0 00 I (2.36)
((I)Rc + @ ) @y, ((DRC _q)Rc) @,
( RcAc +(I)Rc Ac ) (I)erArl E ((DRC Ac 7(I)RCAC) (I)RrZArZ
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) I, 0 iJ, 0
o  |-Pe P i Po  Puz |0 o0 0
Lreal — H * * T T AT Ty T AT
| QA PAg QA P LA, Ie 0 §“Jc 0
0 R (2.37)
((DLC +(I)Lc*) @, (q)Lc* _(DLC) e,
B (‘DLCAC+(I)LC*AC*) (I)LrlArl é(q)Lc*Ac*i(DLcAc) (DLrZArZ
L, 0 iJ 0
l,.: 0 0 : I . : :
where 1_J= T I is a (ccxc.) identity matrix and J; is an (I1cXj)
c P
00 I,
and j=+-1.

2.4 Frequency Response Function

2.4.1 Frequency domain calculation using linear models

Equation (2.1) can be written in the frequency domain as

f=S.u
(K+ia)D—a)2M)q=f (2.38)

y =Sgq

Rewrite equation (2.38) as

q=(K+ioD-w?M) "t
B (2.39)
y =Sg(K+ioD-0’M) S.u

Equation (2.38) can be transformed using the modal transformation (o, @ }.

Substituting equation (2.11) into equation (2.38) yields

mn2+ia)l“—a)21)(_1=f (2.40)
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where T ={2{w, }. Rewrite equation (2.40) as

g= (mnz +iol' - a)21)7l f
o (2.41)
y = Sp®@y (mnz +ia)F—a)21) ® 'S u

The measured FRF (H(w»)) for the system in terms of displacement called
admittance, can be expressed by two equations (2.39) and (2.41)
H(a;):SE(K—a)ZMHa;D)ilSL

= Sp®g (0, — 0T+ ia)l“)il S, (2.42)
= &g (0, -0+ ia)l“)il 7
Equation (2.42) represents the complex frequency response function which forms the
real and imaginary parts of H(w). The real part of H(») expresses the undamped
eigenvalues problem
H(w)=(A(o)+iB(w)) (2.43)

where A is the real part of H(w). B is the imaginary part of H(w).

2.4.2 Time domain simulation using linear models

2.4.2.1 General methods for time domain simulation

There are several numerical integration methods for solving equation of motion (2.1)
in a time domain simulation such as Euler’s method, time-stepping, time-marching
(MATLAB ode45), finite difference, and the Runge-Kutta method [40]. The equation

of motion (2.1) for linear vibrating systems can be written in the time domain as
G(t)=M7(f(t)-(Da(t)+Ka(t))) (2.44)

We can rewrite equation of motion (2.1) in state space as
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 slaHs k=L 219

Let x represent a vector of state for vibrating systems

x=m , >_<=m t=m (2.46)
q q f
we can rearrange equations (2.45) and (2.46) as

f ={ 0 }u

E=ls, M

0 0 |
X = 2.47
* {MlSL:l!J{—M‘lK —M‘lD}'( (247)

The rate vector x in time domain simulation requires that we write
x=f(x(t).u(t).1) (2.48)

If we know u(t)v 0<t>z and x(0), then the numerical integration is possible.

2.4.2.2 Runge-Kutta method

The Runge-Kutta procedure [40] is popular since it is self starting and results in good
accuracy. In the Runge-Kutta method the second order differential equation is first
reduced into two first order equations.

Let x=q, the equation (2.44) is reduced to the following two first order equations.

g=x
= f (axt) (2.49)
Both g and x can be expressed in terms of the Taylor series and the time increment

IS h=At. The first derivative is replaced by an average slope and ignoring higher

order derivatives [41] gives
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The average in the interval h becomes

e B A B - B
dt Jin, 6(\dt ) dt )i i dt )i np \dt
Sl ] ]
dt Ji 6 \dt dt sz \dt e \dE

where OI—q=x , dx _
dt dt

(2.51)

The centre term of the above equation is split into two terms and four values of

t,q,x, and f are computed for each point i as shown in the Table 2-1. The next
point of calculation t,, =(t; +h) is

h
(2.52)

Xipg = X; +2(F1+F2+F3+F4)

t q X f=xX=q
T, =t Q, =q; X1 =X; F=f (T,Q1,X4)
Loty | @eag | eontRE Eoir,0,x,
T3 =1 u Qe,=Qi+X2D X?,:Xi“:zD
2 2 2 Fy=f (T3,Q3,X3)
T,=tj +h Q4 =0; +X3h Xy=%;+Fh | Fy=f(1,,Q4,X,)

Table 2-1 : Average of the interval h

2.4.2.3 Duhamel’s integral

The second order differential equation of motion for linear systems can be written in

the form equation (2.2). Duhamel’s integral method [10] is based on the ability to
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compute the response of a linear system to a time-varying forcing function. The

arbitrary forcing function f(t) can be regarded as a series of impulsive forces f(r)

acting over a short interval dz see Figure 2-5.

The force produces a short duration impulse f(z)dz (Figure 2-5). The response of the

system to this impulse for all t>7 is defined as the system’s unit Impulse Response
Function (IRF) and has a direct relationship to the Frequency Response Function
(FRF). IRF is written as H(t—z) which is called Kernel function. The response for a
system at time t can be written as [10]:

dq(t) = H(t - 0)f (r)dr (2.53)
and the total response of the system can be found by integrating all the incremental

responses which is called convolution integrals as follows

q(t) = j: H(t—)f(z)dr (2.54)

to) Area =f(r)dr

v
—

dr

Figure 2-5 : Arbitrary forcing function
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2.5 Coordinate transformation

The dynamic system is described by (nxn) matrices {M,,D,,K,}, which represent
mass, damping and stiffness components of the system. Any pair of (nxn) matrices
{T.. Tz} can be used to define a coordinate transformation [42] according to the

following equations

f, =S, U
M, 8o (t)+Dyd, (t)+Koa, (t) =1, (t) (2.55)
y= ST?eoqo

These transformations {T;,T,_} replace the original vectors {q,.f,} with new vectors

{QN ’fN}

do=Tran - fy :TLTfo ' SRNT:(SROTTR) » Sin :<TLTS|_0) (2.56)

Then, the standard equation of motion can be written as

KOy +Dndn +Mydy =fy (2.57)
yZSRNTqN

Subscripts o and N indicate the original and new system. Subscripts L and R
distinguish between left eigenvectors (or left transformations) and right eigenvectors
(or right transformations). It is well known that the spectrum of some original
system, {K,,D,,M,}, is identical to the spectrum of some new system {Ky,Dy. My}
if there are some invertible matrices, {T;,T_} such that the dynamic models can be
written as

T K, Tz =Ky (2.58)

T,'D,T; =Dy (2.59)
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T. "M, T =M, (2.60)
The relationship between two systems is referred as a conventional equivalence. It is

also well known that given any arbitrary system {K,,D,,M,}, it is not usually
possible to find invertible matrices, {T;,T_} such that {Ky,Dy,My} are all diagonal.

Caughey and O’Kelly [9] expressed one sufficient criterion as in equation (1.8) to

satisfy equations (2.58)-(2.60) in which {K,Dy,My } are diagonal.

If T, and T_ have fewer columns than rows (n>m), then, the coordinate

transformation reduces the number of system degrees of freedom. In this case the
transformation is not invertible it is a model reducing transformation. The concept of
model reduction is based on reducing the number of degrees of freedom of the
system. The equation of motion can be written as

M M 4 D D ) K K f

o S E Ml M EH I

[ b b

where subscripts ‘r’ and ‘e’ represent the reduced and eliminated degrees of
freedom respectively. All model reduction strategies for undamped systems use a

real-valued coordinate transformation. The transformation matrices T; and T,
replace the original vectors {qg,.f,} with new vectors {q,,f,}. The original (full

length) vector of coordinates is expressed linearly in terms of a much smaller vector
of coordinates [43].
do=Trd, , T, :TLTfo (262)

The equation of motion (2.55) for the reduced system can be written as
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fr :SLru
K., +D,q, + Mg, =f, (2.63)
y:SRrTqr

in which M, K, D, are the reduced system matrices

M, =T,"M, T, ., K, =T,"K, Tz , D, =T,"D,Ty (2.64)

2.6 Structure Preserving Equivalences (SPEs)

A “structure-preserving equivalence” [44] in the sense intended here is a mapping
between the stiffness, damping and mass matrices describing some initial second-
order system and the corresponding three matrices of another second-order system

having identical spectrum.

These transformations are more general than the conventional equivalences of
equations (2.58)-(2.60) and they allow for most systems to be diagonalised. They
were first exposed in [42, 44]-but they were referred to as structure-preserving

transformations in these papers. Each SPE is characterised by one (2N x2N) matrix,
T, , acting on the left hand side and one (2Nx2N) matrix, T, acting on the right
hand side in much the same way that equations (2.58)-(2.60) involve the (NxN)
matrices {T_,Tz}. If the original system matrices are real, then the transformation

matrices and the diagonalised system matrices are also real.

Garvey et al [42, 44] presented a more general approach to coordinate

transformations for second-order systems (extended to higher order systems in [45,
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46]). These more general coordinate transformations are referred to here as SPEs and
they can be understood as left and right transformation matrices. They preserve the
structure of Lancaster augmented matrices (LAMs) and the eigenvalues of these
systems are identical. The structure of LAMs for any second order system are

presented in the form

w-lo K o 2w o]

An alternative view of the modal information of any second-order system is possible
through the concept of structure-preserving transformations (SPTs) [47]. Two

different real-valued second-order systems, {K,.D,,M,} and {K,Dy.My} are related

by a SPT if there exist real-valued (nxn) matrices {W,,X.,Y.,Z }, {Wg Xg,Yr.Zr}

such that
T —_— —_ —
We X [0 KolfWe Xg| [0 Ky (2.65)
Yo Z | |K, Do Yr Zg] |Ky Dy '
_T - - -
W X[ [Ky 0 [We Xgl]_[Ky 0 (2.66)
Yo Zo| [0 My || YR Zg| | O -My '
T._ —_ —_ —
WL X [ [-Dy Mg [[We Xg| _[-Dy  -My (2.67)
Yo Zo||-M, 0 |[Yg Zg] |-My O '

Subscripts 0 and N indicate that the quantities subscripted belong either to the
original or new system after a discrete transformation has taken place. Subscripts L
and R distinguish between left eigenvectors (or left transformations) and right
eigenvectors (or right transformations). If the inverses of the (2nx2n) transformation
matrices exist; The matrices on the right hand sides of equations (2.65)-(2.67) are the

LAMs of the new system {K,,Dy,My} and it is clear that the corresponding LAMs

40



for the original system {K,,D,,M,} appear on the left hand side. These equations can

be written more compactly as

T, "M, T, =My (2.68)
T,'D, Tz =Dy (2.69)
T, K, Ta =Ky (2.70)

The underlining is used to indicate a quantity of “double-dimension” i.e. matrices of

dimension (2nx2n). The notation for the LAMs is chosen deliberately. {T_R,T_L} define

the left and right transformation matrices. Matrices {MO,DO, &} are the LAMs of the

system {K,,D,,M,} in recognition of the fact that Lancaster published these matrices

for scalar polynomials in 1961 [48].

The naming convention derives from the fact that M, does not contain M,as a
partition, D, does not contain D,as a partition and K, does not contain K, as a
partition. Correspondingly, matrices {m Dy ﬁ} are the LAMs of the system

{Ky,Dy My} and the major (nxn) partitions of these LAMs comprise

{0,K\,Dy,My}. The general SPT described in equations (2.65)-(2.67) can be said to

be a structure preserving equivalence (SPE) if both of {T_R,T_L} are invertible.
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2.6.1 Diagonalising Structure Preserving Equivalences
(DSPEs)

Diagonalising SPEs are required to decouple the original equations of motion such

that the new system matrices themselves are diagonal. Matrices {T_R,T_L} describe a

diagonalising SPT for the system {K,D,M} if

wWe X o KWe Xz] [0 Kp
Y. Z | |K DJ|Ys Zq| |Kp Dp
We X TTK 0 W Xg] [Kp O
Yo Z | [0 -M|[Ys Zg| | O -Mp
T - -
W X T[-D -M][Wg Xg] _[-Dp -Mp 2.73)
Yo Zu||-M 0 || Y Zg] |-Mp O '

where {KD,DD,MD} are block diagonal matrices. The new system matrices

{Kp.Dp,Mp} represent the LAMs for the system whose coefficient matrices are the
diagonal matrices {K,Dp,Mp}. Equations (2.71), (2.72) and (2.73) can be written in

the same form as equations (2.68), (2.69) and (2.70)

T'MT =My (2.74)
T.'DT; =Dp (2.75)
LTK R=MND (2-76)

Note that the spectrum (the set of eigenvalues) of the diagonal system must
obviously be identical to the spectrum of the original system and that this spectrum is

obtainable, one pair of eigenvalues at a time, from {Ky,Dp,Mp}.
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Kp = diag (k;, Kp,.....ky )
Dy =diag(d;,d,,....d,) (2.77)
My =diag(m;,m,,...,m,)

If the left and right diagonalising transformations {1,&} are normalised in a

particular way, then equation (2.77) can be written as

Dp =diag (234,285,280 20 ) (2.78)
Mp = ldentity

The transformation matrices {TR ,TL} are not unique and can be expressed in several

different parameterisations, but the most useful for present purposes is:

F-16,D, -GM
T, =778 G Mo (2.79)
- (GLKp) F +3G.Dp

|

_|Fa"2GDo —GaMo (2.80)
GrKp FL+%GgrDp

where {F;,Gg,G_,F_} are real-valued (nxn) matrices satisfying the constraint:

F:G,' +GgF. ' =0 (2.81)

The matrices {T_R T } contain modal information (corresponding to right and leftt

eigenvectors respectively) in the sense that they can be derived quite directly from
these eigenvectors. It follows that matrices {F;,Gg} contain the right modal
eigenvector information and the matrices {F_,G_} contain the left modal eigenvector

information.

Garvey et al. [47] presented real-valued transformations which can be derived from

the complex modal transformations in which the diagonalised system matrices
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{Kp.Dp,Mp} are real and diagonal. See Appendix A for further details to prove

equations (2.79) and (2.80).

2.7 Model Reduction and Mode Expansion Methods

Model reduction methods are techniques which are applied to large finite element
models to give faster computation of the natural frequencies and mode shapes of a
structure [49]. These techniques are used to reduce the number of degrees of freedom
in a structural model. The reduced models (mass, stiffness and damping matrices)
may be used when comparing the analytical and experimental models. The
transformation matrix in the model reduction, whereby the measured modal vectors
are expanded back to the full set of analytical degrees of freedom of the system, may
be required to perform modal correlation between analytical and experimental modal

vectors or model updating [18, 19]. Figure 2-6 shows system coordinates.

Figure 2-6 : System coordinates
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2.7.1 Static Reduction Methods

The oldest model reduction method is that proposed almost simultaneously by Guyan
and Irons [23, 24]. The static reduction transformation is based on neglecting the
inertia forces for the eliminated (slave) coordinates. The system matrices are divided
into partitions which represent the reduced (master) coordinates and the eliminated
coordinates. Figure 2-7 shows master and slave coordinates. The master coordinates
are coloured red and the eliminated coordinates are coloured black. The eliminated
coordinates should be selected as those for which the inertia is low and the stiffness

is high. The static reduction method is exact only at zero frequency.

\\\l|

Figure 2-7 : Master and slave coordinates

All elements of the original stiffness matrix contribute to the reduced stiffness matrix
but the reduced mass matrix is a combination of stiffness and mass elements. The
transformation matrix is based only on the stiffness matrix. The full static system is
described by a stiffness matrix and distributed force as

Kq=f (2.82)
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where K is the full system stiffness matrix, f is the complete force vector acting on
the system and g is the system of displacements for the solution of equation (2.82).
Partitioning equation (2.82) into reduced and eliminated degrees of freedom yields
fr KI‘I’ Kre ql‘}
= 2.83
{fe} |:Ker Kee:qu ( )

r’ and ‘e’ represent reduced Dofs which are remaining and

[3

where the subscripts

eliminated Dofs respectively. Taking f, =0, find that
Qe = _Kee_lKerqr (284)

The coordinate transformation is

q :{gr}:qur (2.85)

T {t' } (2.86)
where
ts = _K;(elKer (287)
The reduced stiffness is
Kr =TsTKTs =(Krr _KreK«;elKer) (288)

Equation (2.85) is used to transfer the strain energy of the full system into the

reduced state producing K, described in equation (2.88). The transformation matrix

in equation (2.86) can be used to modify the system kinetic energy and generates the

reduced mass matrix without considering the equations of motion of the system

M, :TST MT :(Mrr _MrngelKer)_(Ke_gKer )T (Mer _MeeK;jKer) (289)
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Garvey et al. [43] proposed a method based on a logical extension of the Guyan
reduction method for general linear second order systems having damping terms.
This method is described here. The left and right static reduction transformation
matrices {T,, Tz} as in equation (2.86) are extended in two stages.

T =TuT, » Tr=TxTrs (2.90)
The first transformations {T,,, T,} are square matrices which decouple the eliminated

degrees of freedom from the reduced degrees of freedom in the stiffness matrix.

TleLIL ﬂ , TRlz[th ﬂ (2.91)

The {t_,tg} represent Guyan reduction transformations which are described in
section 2.7.1 equation (2.87). The second transformations {T,,Tz,} decouple the

eliminated coordinates from the reduced coordinates

T, - m R . m (2.92)

2.7.2 System Equivalent Reduction Expansion Process

O’Callahan [50] introduced another model reduction technique which he called the
system equivalent reduction/expansion process (SEREP). This technique produces
reduced models and preserves the dynamic character of the original full system
models for the selected modes of interest. The accuracy of the SEREP reduced
models is not dependent on which degrees of freedom are selected as slaves or
masters. The expansion of the reduced system’s mode shapes are exactly the same as
the original mode shapes of the full system model ®. The eigensolution of the

undamped system is
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q=®p (2.93)
@ is the (nxm) full system’s modal matrix whose columns are m modal vectors and
p is the (mx1) displacement vector in the modal coordinate system. The full system

is partitioned into retained degrees of freedom and eliminated degrees of freedom.

qmp (2.94)

Considering only the retained degrees of freedom in equation (2.94) yields

q, =®,p (2.95)
The generalized left inverse of ®, is required to solve p. The number of reduced
degrees of freedom ‘r’ is greater than or equal to the number of modes m in most

practical applications used. The formulation of the generalized left inverse of ®, is

" =(q>rTq>r)7chrT (2.96)

The full displacement vector in terms of the reduced system’s displacement vector is
q=0®,"q, (2.97)
The transformation matrix T, Which relates the reduced degrees of freedom to the

full degrees of freedom is

. | 2@
Tserep =0, =|:® o +:| (298)
eer

The reduction/expansion process is reversible. The modal vector matrix of the full
degrees of freedom system is
D= Tserep(l)rr (299)

whereas ®, =®," and ®," is the modal matrix formed from the eigensolution of the

reduced degrees of freedom system.
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2.7.3 Improved Reduction System

The Improved Reduced System (IRS) method was proposed by O’Callahan [51].
This technique comprises an extra term which is added to the static transformation to
make some allowance for the inertia forces. The IRS produces an estimate of the
reduced eigensystem starting from the Guyan/Irons [52, 53] reduction technique. The
modal vectors of the estimated solution can be adjusted as in the static solution
producing an improved set of eigenvectors. Reduced mass and stiffness matrices can
be produced, and the improved eigensystem is more accurate than that obtained with

other techniques [51].

Expanding the upper and lower partitions of equation (2.83) produces the reduced set
of equations and the eliminated set of equations
Qe = _KeeilKerqr + Keeilfe (2100)

Substituting equation (2.100) into (2.85) produces system transformation matrix q

ar I 0 F
= = =T, X 2.101
a {QB} {_Kee_lKer}qr +{Kee_1fe} A ( )

in which X is the eliminated distributed force
XFe =Q,f (2.102)

and Q, is a flexibility matrix associated with the eliminated force of the system

Q. {0 ° } (2.103)

0 Kt

The eigenpairs of the reduced system using Guyan/lrons reduction technique
equation (2.85) can be described as

K,®, =M, D, o’ (2.104)

49



The full space modal vectors @' can be formed using the static expansion matrix
o' =T, (2.105)
The force approximation for the distributed inertia forces associated with the
eliminated degrees of freedom can be written as
Ko' =" =M@’ o? (2.106)
Equation (2.106) allows the adjustment of the inertia terms associated with the
eliminated degrees of freedom using equations (2.102) and (2.105)
X =Q,f" =Q,Md'w? = QMT,®,»? (2.107)
The improved modal vectors which include the inertia forces can be formed using
equations (2.101), (2.104), (2.105) and (2.107)
@, =0 +X" =T.®, +Q.MT,M, 'K, ®, (2.108)

The improved transformation matrix T, can be written as

Tirs = Ts +QeMTsMr71Kr =|: ! :| (2109)

tg+t,
where t, is defined as

te = (Kee "My +Koe "Mt )M, 7K, (2.110)
The improved transformation produces an improved relationship between eliminated

coordinates and reduced coordinates, also is used to expand the reduced degrees of

freedom to the full system degrees of freedom. Equation (2.100) becomes

Qe = (—K;el Ker + Kee’l(Mer —MeeK;elKer)M;lK, )qr (2.111)

50



2.7.4 Dynamic Reduction Method

The reduction of static problems is exact when using a static reduction method
proposed by Guyan and Irons [52, 53]. The static transformation matrix that is used
to reduce the system mass and stiffness matrices neglects the inertia forces for the
eliminated coordinates. Many errors are produced when the static reduction method
is applied to the reduction of dynamic systems. Several alternatives [54-63] have
been proposed to modify the Guyan reduction method to decrease these errors. The
different methods based on a truncated series expansion depend on the convergence
of the series. These are proposed to improve the eigenvectors and not eigenvalues

[64].

The dynamic reduction transformation does take account of inertia forces for the
eliminated degrees of freedom. The transformation for the dynamic reduction method
is accurate at one specific frequency. Miller et al. [65] examined a dynamic reduction
process to investigate the errors which may be introduced in the eigenvalues and

eigenvectors.

The equation of motion describing free vibration of the system is partitioned as

{Mr, MHQ}J{K Krqur}:O (2.112)
Mer Mg | [Ge Ker  Kee |9e
Then the eigenvalue problem can be written as
_w{M” Mrqu,}{Krr Kre:qu}:O (2.113)
Mg Mg | Qe Ker  Kee | (De

The response of eliminated degrees of freedom can be estimated from reduced

degree of freedom system using the second row of the matrices in equation (2.113)
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G :_(Kee 0" Me, )_l(Ker ~ "M )qr =140, (2.114)

The dynamic reduction transformation is defined as
|

I
Td :|:td :| _|:_(Kee _szee )_1(Ker _a)zMer)

(2.115)

2.7.5 lterative of IRS (IIRS)

The reduced system produced from IRS matches the lower frequency resonances of
the full system better than Guyan reduction. On the other hand, the reduced stiffness
matrix is stiffer and the reduced mass matrix is less suitable than that produced from
Guyan reduction [66]. Gordis [67] developed the transformation for the improved
reduced system IRS by using a binomial series expansion. This transformation is

exactly correct at a given frequency.

Friswell et al. [66, 68, 69] proposed an alternative model reduction process based on
the IRS procedure of O’Callahan [51]. The Iterated Improved Reduced System
(IIRS) techniques based on the IRS transformation is produced from the dynamic
reduction method instead of static reduction. The improved estimate of the reduced
matrices is used to define the IRS transformation that for more accurate
transformation at each iteration.

The Improved Reduced System (IRS) method has been extended from equation of

motion including the inertia term. The eliminated coordinates becomes

Qe = _(Kee _QZMee )_1 (Ker _QzMer)qr (2116)
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Rearranging the eliminated coordinates in equations (2.116) and (2.114) for both IRS

and dynamic reduction and using binomial theorem (in Appendix B) yields
Qe = _Cee71 |:Cer +(92 _mz)(MeeCeeilcer _Mer )]Qr (2117)
where C,, =(K.-©’M,,) and C, =(K, -o’M, ). @ is natural frequency and o is

a given frequency.

The dynamic IRS transformation T, depends on the reduced mass and stiffness

matrices obtained from dynamic reduction.

Tiirs = Ty +P,MT M, 'C, (2.118)
in which ¢, =(K, -o’™, ) and
0 0
P — 2.119
i {0 CeJ (2119

The Iterated Improved Reduced System (IIRS) transformation [66] can be written as

T

irs,i+1

=T, +QMT, M, 'K

rsiMisi Kis) (2.120)
The speed of convergence depends on the choice of the reduced degrees of freedom,
and a poor choice leads to a very slow rate of convergence. On convergence the
transformation is

T =T =T (2.121)
The iterative algorithm converges a subset of the natural frequencies of the full
model. Qu and Fu [70] proposed two iterative methods for the dynamic reduction

based on the modified eigenvalue equation. This convergence is higher than the other

methods; however, the computational work is more expensive [71].

53



2.7.6  Model reduction for damped systems

Most of the proposed reduction methods are implemented to decouple and reduce out
the eliminated degrees of freedom from the full system by selecting one slave degree
of freedom at a time. Guyan reduction and the improved transformation are
developed for undamped systems and they work extremely well. These methods are
also suitable for proportionally damped systems. Qu et al. [72] proposed methods for
non classically damped systems in displacement space based on static reduction.
However, the accuracy of these approaches is poor for heavily damped systems,

because the reduction transformation is independent of any damped term.

Most of the dynamic reduction transformation matrices do not comprise a damping
term. The iteration methods do not converge to realistic values. Other iterative
approaches are proposed by Qu et al. [71] for non classically damped systems based
on a dynamic reduction which is defined in state space. The accuracy of these
methods are much better than that in displacement space. Although the system
matrices are defined in state space; an expression of the stiffness, mass and damping

matrices in displacement space cannot be found.

Many investigators [73-76] have proposed solutions to this problem for state space
systems but all have notable deficiencies. Garvey et al. [43] proposed a method
based on a logical extension of Guyan reduction method for general linear second
order systems having damping terms. The method is developed to perform the model
reduction based on the elementary structure preserving coordinate transformations

(SPEs) for second order systems. More details can be found in references [43, 44].
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2.7.7 Craig-Bampton Reduction Method

Complex structures such as airplane or automotive components require coupling the
reduced model systems by dynamic substructuring. Substructuring methods have
been used to replace the result of a large eigenvalue problem with several small

eigenvalue problems [77].

Component mode methods [78] have been applied to the analysis of large complex
structural systems when the response to dynamic excitation must be analysed.
Substructuring involves three basic steps: dividing the structure into a number of
substructures or components, obtaining sets of “component modes” which are used
in the model reduction, and coupling of the component mode models to form a
reduced order system model. Component mode synthesis (CMS) methods have been

developed for damped systems as well as for undamped systems [79].

An alternative method for model reduction was proposed by Craig & Bampton [80].
The Craig-Bampton transformation is one of the component mode synthesis (CMS)
methods. This method is used for reducing the size of a finite element model that
combines motion of boundary points with modes of the structure assuming that the

boundary points are held fixed.

The method employs two forms of generalized coordinates. Boundary generalized
coordinates are related to the displacement modes of the substructures knows as
constraint modes. All constraint modes are generated by matrix operations from

substructure input data. Substructure normal mode generalized coordinates are
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related to free vibration modes of the substructures relative to completely restrained

boundaries.

2.7.7.1 Craig-Bampton reduction for undamped substructures

The Craig-Bampton reduction [79, 80] is explained here for the general case of
undamped natural second order form (N.S.O.F) models. The equation of motion of
an undamped substructure is represented as

Mg +Kq, =f, (2.122)
equation (2.122) can be expressed in terms of the boundary degrees of freedom and

interior degrees of freedom as

[t P R e129
where the subscripts “b“ and “i“ indicate boundary and interior quantities
respectively, q, is the vector of boundary degrees of freedom, q; is the vector of
internal degrees of freedom. Figure 2-8 shows substructuring coordinates. The

boundary coordinates are coloured green and the interior coordinates are coloured

blue.

Figure 2-8 : Boundary and interior coordinates
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The Craig-Bampton transformation [79] is just like any other coordinate

transformation which is defined as

ds = TepQn =Ty {qb} (2124)

where q; is the vector of modal degrees of freedom and T, is the Craig-Bampton
transformation which is divided into two parts
Ty =[F E] (2.125)

where

F{;} , E{q(:n} (2.126)

®° represents the constraint modes, and ®" represents the normal modes of the
constrained substructure. The constraint modes ®° are determined from Guyan
reduction, when the forces at all interior degrees of freedom are set equal to zero

®° = K;'K;, (2.127)
The substructure normal mode ®" is defined as the normal modes of the substructure
with totally constrained boundary. The eigenvalue problem of the interior
coordinates can be written

Kiid; = 0°Mq; (2.128)
The eigenvectors of equation (2.128) represents the normal modes of the constrained

substructure (interior coordinates).

These eigenvectors form the columns of the matrix ®". The reduced system mass

and stiffness matrices are

My, =T, MT,, = mt’:’ '\I\:b'} (2.129)
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Ky =Ty KTy, = [Eb:’ Eb'} (2.130)

If the mode shapes have been normalized, then M; =[1] and K, =[w2] are diagonal

matrices. The dynamic equation of motion including damping can be written as

Moo My {qb}+ Do Dy {qb}+ Ko O {qb}:{fb} (2.131)
Mg I 8] |Dp 20e|(q; 0 o’]la) [0
Chapter 9 generalises Craig-Bampton transformations for general damped systems

without input and output assumptions.

2.8 Force appropriation

2.8.1 Force appropriation methods

Many methods have been developed to determine the appropriated force vector
required to excite pure normal modes. The force appropriation techniques are divided
into direct and iterative methods [13, 14]. The iterative force appropriation methods
are rarely used, as they can be time consuming and difficult to apply [13]. The direct
force appropriation methods have three stage. The first stage is to measure the
frequency response function (FRF) matrices relating selected response positions to
multiple input exciters [13, 14]. The second stage is to estimate the undamped natural
frequencies of the normal modes. A monophase vector of excitation forces is derived
for each normal mode that will generate a single mode monophase response. The
final stage is to apply the force vectors corresponding to each mode and related

undamped natural frequency to measure the normal mode shape [13].
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For a linear system which is subject to monophase sinusoidal excitation forces at
frequency o, with given force vector u, the complex displacement response of the
structure in steady state is

y=H(w)u =(A(a))+iB(a)))u (2.132)
where y is the vector of responses, A(w) and B(w) are the real and imaginary parts

of the frequency response function (FRF) matrix. The jth undamped normal mode is

excited at the corresponding undamped natural frequency »; when the response of

the structure is in monophase and in quadrature with the excitation. In this condition
the real part of the response will be zero while the imaginary part corresponds to the

undamped normal mode shape {¢}j .
Re(y)=A(®)u; =0 (2.133)

Im(y)=B(w)u; = ¢; (2.134)

The multivariate mode indicator function (MMIF) is one of the most common
methods of force appropriation. This method considers the ratio of the kinetic energy
of the response in phase with the excitation to that of the total response. Wright et al.
[15] noted that good quality force appropriation requires multiple exciters to be
positioned. The appropriated force vector derived for a particular normal mode will
excite only that mode. For proportionally damped structures, the appropriated force
vector must excite the mode of interest and not contribute to the other modes, while
for non-proportionally damped systems, the force vector must also cancel the non-
proportional damping coupling force between the mode of interest and other modes

[13, 15].
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2.8.2 Square FRF matrix method

For square FRF matrices (hnumber of output measurements equals the number of
exciters), there are many methods to find the non-trivial solutions of the
homogeneous equations (2.133). Asher’s method [81] uses the determinant of the

real frequency response function A(e) in equation (2.133) to calculate the natural

frequencies.

|A(w)[=0 (2.135)
Equation (2.134) is solved directly using the adjoint of A(») or Gauss-Seidel
method. If A(w) is not singular, the force vector u; will be trivial. The modified

Asher method [82] for an eigenvalue solution can be written as

(2.136)

The Trail-Nash method [83] proposed an alternative approach for general
eigenvalues
A(o)u; = 1;B(o)u; (2.137)

Natural frequencies are identified from zero crossing of the eigenvalues 1. The

corresponding eigenvectors give the appropriation force vectors for each mode.

To allow more responses to be measured the number of exciters is increased. The
methods fail if this number exceeds the effective number of degrees of freedom and

the FRF matrix is rank deficient.
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2.8.3 Rectangular FRF matrix method

For rectangular FRF matrices [13] (number of output measurements are greater than
the number of exciters), the real part of the response is minimised across all of the
response measurements. The extended Asher’s method minimises the sum of the
squares of the real part of the response with respect to the force vector, leading to the

eigenvalue problem

Re(H ()" Re(H(w))u; = 4;u,

(2.138)

The multivariate mode indicator function (MMIF) minimises the ratio of the sum of
the squares of the real part of the response to the sum of the squares of the total

response

]

Re(H ()" Re(H(@))u; = 4; (Re(H(a)))T Re(H ())+Im(H())' Im(H(a))))uj (2.139)

The undamped natural frequencies are identified by minima of the eigenvalues 1.

For rectangular FRF matrices a rank reduction technique is employed to reduce the
size of the eigenvalue problem and so generate principle force vectors. The first

singular value decomposition (SVD) [84] of Re(H(a))) is carried out and the
decomposition partitioned according to the effective rank of Re(H(a))) at a given

resonance. The second SVD yields the appropriated force vectors.

[U T V]=svd(Re(H(o))) (2.140)
Re(H(o))=UZV' (2.141)

The singular values ¥ are used to identify the undamped natural frequencies.
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2.9 Modal Correlation Methods

Modal correlation is well-known as a technique is performed to combine and
quantify two sets of data [43]. The correlation of experimental and theoretical results
is used to identify any discrepancies between their properties. These measures have
been developed for undamped or classically damped systems. The major rationale for
modal correlation is to quantify and evaluate the uniformity between modal vectors
from the same system. Modal correlation also provides a method to quantify the
discrepancy between predicted and physical modal vectors [23, 85]. The basic
requirement for all modal correlation measures [85] is

a7

_ il (2.142)
0" X 0" Xy

where ¢,¢; are two different modal vectors. X is a scaling matrix.

Although several methods have been proposed in the literature to assess these
discrepancies, two techniques [86] are most commonly known and used for the
determination of modal vector correlation. The first technique is the modal
assurance criterion (MAC), this has become popular for correlating measured modes
with predicted modes. The second technique is based on the orthogonality check that

uses the analytical and experimental vectors with the analytical mass matrix.

Modal correlation methods can be categorised in different ways. The most important
division between classes is whether the correlation is performed at the level of full
length calculated modal vectors or directly on the level of the measured modal

vectors [23, 86]. If the assessment is to be carried out using the full vectors,
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expanding the measured modal to at level of the full length analytical modal is
possible by using one of the modal/mode expansion techniques. However, if the
measure of modal correlation is performed on the measured modal vector, the
reduced modal vectors must be provided to match the experimental modal vectors

where model reduction techniques are used.

2.9.1 The Modal Assurance Criterion (MAC)

The modal assurance criterion [85] is the most common measure of modal
correlation used. It was defined initially for real valued modes and subsequently
extended to complex modes [23, 87]. The development of the modal assurance
criteria over the last twenty years has led to similar assurance criteria being used for
experimental and analytical structural dynamics such as coordinate modal assurance
criterion (COMAC), frequency response assurance criterion (FRAC), coordinate
orthogonality check (COOC), frequency scaled modal assurance criterion (FSMAC),
partial modal assurance criterion (PMAC), scaled modal assurance criterion

(SMAC), and modal assurance criterion using reciprocal modal vectors [88].

The MAC has been used to estimate the degree of correlation between two sets of
modes, and to equate the measured modes with the computed modes which are
reduced to match the measurement locations [85, 86]. The major advantage of modal
assurance criterion is that no complete experimental eigenvectors and no mass
matrices are required in order to assess the correlation between different modal
vectors [85-87]. The modal assurance criterion is a statistical indicator, just like

ordinary coherence [88]. The MAC satisfies the basic requirement for all modal
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correlation measures independent of scaling in equation (2.142) where X is the

identity matrix.

This technique has limitations based on its formulation [87]. The MAC value is
between zero and one. The modal vectors are mismatched if MAC indicates nearly
zeros. This can be due to some reasons such as a change in the system matrices
during modal testing, nonlinearity in the system generated from different exciter
positions or excitation signals, noise associated with modal vectors, and so on. Modal
parameters may exploit a complex system model when a real valued system model
exists or the modal vectors are from different excitation positions. The MAC can

indicate consistency if it’s value is near unity.

The modal assurance criterion was developed and used for vector correlation in
experimental data and moreover, to compare which vectors are similar and
completely different to each other [89]. These vectors are obtained from a single row,
column, several rows or columns of the transfer function matrix [86]. Allemang and
Brown [85] focused on the development of the concept of consistency of modal
vectors evaluated through the use of the modal assurance criterion (MAC) and the

modal scale factor (MSF).

The modal scale factor [85] is used to provide a means of normalizing all estimates
of the same modal vector. The modal assurance criterion provides a measure of the
consistency between different modal vectors for the same system. Both modal

assurance criterion and modal scale factor provide a method of comparing of modal
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vectors originating from different sources. The transfer function can be written in the

form

H(s) = L) =anSA(r) (2.143)

where y(s) is the response vector, H(s) is the transfer function, u(s) is the
excitation vector, s is the Laplace variable jo, A(r) is the residue matrix, r is the
mode number, n is the number of degrees of freedom, and p(r) is system pole for
mode r. Each element of the residue matrix can be written as

a(i, j,r)=k(r)o(i,r)e(j.r) (2.144)
in which k(r) is the scaling constant for mode r, ¢(i,r) is the modal coefficient for
location i of mode r, and ¢(j,r) is the modal coefficient for location j of mode r.

The modal coefficient of the excitation location and the modal coefficient of the

response location can be written as
A(r)=k(r)o(r)e(r) (2.145)
Equation (2.145) shows that each row or column of {¢(r)¢(r)T} is the same modal

vector multiplied by the modal coefficient of the response location or excitation

location. In other word, each element of the residue matrix A(r) [85] consists the
product of scaling constant.

CO(Lr)eLr)  o(Lr)e(2r) e@Lr)eB3r) ..
o(2r)e(Lr) o(2r)d(2r) o(2r)o(Br) ...
A()=k(r)| 6B r)oLr) ¢@Br)d(2r) $(Br)6(Br) ... (2.146)

The ratio between rows c,d or columns c,d is constant. The modal scale factor is

equal to:
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o(cr

MSF(c,d,r)= i

(2.147)

E=gl
—_
| —

The above equation is used to calculate a least squares error estimate of the
proportionality constant between rows or columns of the residue matrix, the model is
linear.

A(c,r)=MSF(c,d)A(d,r) (2.148)
The value of the modal scale factor is to be calculated so as to minimize the sum of
the squared errors between corresponding elements of each modal vector. The modal

scale factor is

~ MOM(c,d) _ izl:a(ol hr)ar(d.1n) (2.149)

~ MOM(d,d) >-a(d. j.r)a’(d.j.r)

MSF(c,d)

S

The numerator of the above equation can be defined as the cross moment of the
modal vectors. The denominator of the above equation can be defined as the auto

moment of the modal vectors.

The modal assurance criterion is defined as a scalar constant relating the portion of

the auto moment of the modal vector.

MAC(c,d) = |MSF(T\;|‘2LA'\("02';” (¢.) (2.150)

Substituting equation (2.149) into equation (2.150) yields

IMOM(c,d)’
MOM(c,c)MOM(d,d)

MAC(c.d) = (2.151)
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2.9.2 Cross Orthogonality Checks (XOC)

Cross orthogonality checks [86] are used to check whether each modal vector of a
system is orthonormal to all other modal vectors of that system. Modal correlation
based on orthogonality relationships are commonly used to form normalised modal

vectors using the analytical mass matrix [85].

¢'Mo; =0 %] (2.152)
@ My =M; Q=] (2.153)

where M, is the generalised mass of mode i.

The acceptable criterion from equation (2.153) is for all generalised masses to be
unity and all terms from equation (2.152) to be satisfied. In practice, equation (2.152)
might not be achieved for some reason; for example, lack of measured modal
vectors, the mass matrix is not related to the physical system or the reduced mass

matrix is invalid. This technique has limitations based on its formulation.

Avitabile et al. [86] proposed a technique which is called a pseudo orthogonality
check to overcome some of the problems associated with the modal assurance
criteria and orthogonality check. This technique uses a system equivalent
reduction/expansion process (SEREP) to reduce the mass matrix to the set of test

degrees of freedom and the effects of the reduction are minimized.

The same reduction technique develops a transformation matrix that can be used to

expand the measured modal vectors back to the full set of analytical degrees of
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freedom of the system. The pseudo orthogonality check can be performed at the
reduced set of measured degrees of freedom or at the full set of computed degrees of

freedom of the system.

The transformation T, matrix in equation (2.98) is used to form the reduced mass

M, and stiffness K, matrices. The SEREP process gives a basis of mapping the
reduced set of degrees of freedom to the full set of degrees of freedom as in equation

(2.99). All measured mode shapes at the reduced set of test degrees of freedom @,

can be expanded to the full set of analytical @, .

The analytical system matrices can be improved using the measured modal vectors.
Mass is assumed the reference for this. The system mass matrix can be optimized at
the full or reduced set of degrees of freedom. At the reduced set of test degrees of

freedom, the improved mass matrix [86] can be defined as
M =M, + @ T[1-0 M@, |0 (2.154)

®,* is the generalised inverse which is defined as

@ =(0, M0, )71 @, '™, (2.155)

At the full set of analytical degrees of freedom the improved mass matrix can be
defined as

M =M+oT[1-0, M@, [0 (2.156)
®* is the generalised inverse which is defined as

o* = (o, M0" )7l<1>mFTM (2.157)
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Pseudo orthogonality checks can be investigated at the reduced set of test degrees of
freedom or at the full set of analytical degrees of freedom using the analytical mass
matrix or the improved mass matrix. The four pseudo orthogonality checks can be

made

PS, =@, (M®) , PS,=(®,""M')®
b (M) 2= )~ (2.158)
PS; =@, (M®) , PS,=(0,"'™M')d

~ -1/2 ~ -1/2 .
where @ F =@ ° ((I)mFTM(I)mF) and (I)=(I)(<I)TM'(I)) are the normalised set of

experimental vectors and normalised set of analytical vectors respectively.

Morales [87] introduced some comments on the modal assurance criterion and the
normalized cross orthogonality and a linear modal correlation coefficient.
Normalized cross orthogonality is a modification of the MAC adapted to solve its
defects. It is an orthogonality check. The other important implication is that the
normalized cross orthogonality limit has a meaningful domain. The result of the
Linear normalized cross orthogonality indicates that the situation is characterized by

the correlation.

2.9.3 Modal correlation for damped system

Mass weighted cross orthogonality check is commonly used for classically damped
systems. The mass cross orthogonality measure of modal correlation is insufficient to
detect all discrepancies between physical and analytical modal information [23].
Even a full set of full length measured modes is presented; modal reduction method

does not produce a transformation matrix spanning the space of the computed modal
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vectors. For an undamped system, the mass weighted cross orthogonality measure of
modal correlation [23] can be written as
X0y =®, M®,, (2.159)
The measured characteristic root information can be included in the stiffness
weighted cross orthogonality measure of modal correlation [23] can be expressed as
XOy =A@, KD, A, (2.160)
Most of the demonstrated modal correlation methods do not consider the eigenvalues
(frequencies) associated with eigenvectors (modes). Garvey et al. [23] introduced
modal correlation measures for general viscous damped structures. For general
viscous damping, the three different cross orthogonality measures of modal

correlation can be expressed in terms of the structure preserving matrices as

0 AW, X, T[o KI[W, X, [0 A, "
XOKD{Aa AJ {Ya ZJ {K D}{Ym Zm}{/\m Am} (2.161)
1A, ATHW, X TTK o w, X TTa. 17!
X =E|: I _Ii| |:Ya Za:| |:0 _M_|:Ym Zm_|:Am _I:| (2162)

_ Calda 1 - Wa Xa ' -D -M _Wm Xin _gmAm I N
XOpu —{ | o} {Ya ZJ {_M o} zm] | 0} (2.163)

where {A,, A} are the computed and measured eigenvalues respectively.

2.10 Model Updating

The procedures of correcting or adjusting the theoretical model to match the modal
properties with the experimental results are known as model updating [18, 22, 90].
The model updating techniques are largely used in civil and mechanical engineering

to adjust selected parameters of finite element models. Measured data such as natural
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frequencies and mode shapes identified from vibration tests are used to evaluate the
predicted data obtained from finite element analysis. There are usually discrepancies
between the measured data and the predicted data. In model updating, the inaccurate
mass, stiffness and damping parameters in the analytical model structure are

corrected in order to match the analytical modal data with measured data.

2.10.1 Correction of System Matrices using Measured Modal

Matrix

The measured modes for a given structure are usually non-orthogonal relative to the
analytical mass matrix. These modes can be corrected to satisfy the orthogonality
requirements. Several investigators have proposed methods for orthogonalisation of
measured mode shapes. These methods have been developed to modify the measured

modes which are used to correct the finite element models [91].

Baruch and Bar-ltzhack [91] proposed a method to force the measured mode shapes
for symmetric systems to satisfy the analytical requirement of weighted
orthonormality. The modified measured modal matrix ® minimises the weighted
Euclidean norm of the errors subject to the orthogonality requirement. The analytical

mass matrix M(nxn) is assumed to be symmetric and positive definite and is

expected to be more accurate than the stiffness matrix. The weighted orthogonality

condition can be written as

O M =1 (2.164)
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The method utilises a three stage process. In the first stage, the measured modes are
normalised individually with respect to the analytical mass matrix. The measured

mode vector ¢.; can be normalised using the following equation

i = b (B M) (2.165)
where ¢, is the i™ measured mode vector before the normalisation. The measured
modal matrix ®, =[¢y ¢ - @& | CONSists of the m normalised measured modes.

In the second stage, the normalised measured modal matrix @, is orthonormalised.
The modified modes ® are closest to the measured modes in a weighted Euclidean
norm sense and satisfy equation (2.164). The optimal orthonormality of the measured
mode shapes [91] can be written as

-0, (0, M, )71/2 (2.166)
In the third stage, the modified measured modes are used to update the computed
stiffness matrix K. The corrected stiffness matrix K,, minimises the weighted
Euclidean norm and satisfies the equilibrium dynamic condition

Kyp® = MOA? (2.167)

where K, =K, is a corrected stiffness matrix which is a symmetric matrix and Q
is the measured frequencies. The corrected stiffness matrix can be expressed as

Kyp = K—(M(I)(I)TK+K(I)(I)TM)+M(I)((I)TK(I)+A2)CI)TM (2.168)

Berman [92] made suggestions to improve the method presented by Baruch and Bar-
Itzhack [91]. In this method, the reduced stiffness matrix by Guyan/lrons [52, 53]

reduction is assumed more correct than the reduced mass matrix. The suggestion is to
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use the analytical stiffness matrix to orthogonalise the measured modes. The

modified measured modes are used to correct the analytical mass matrix.

The mass matrix is not the only possible choice as a reference base. Different
possible methods are proposed [92, 93] to obey the orthogonal requirement. Two
different methods are proposed by Baruch [94] for identification of dynamic
structures. The stiffness matrix is considered to be a positive definite matrix. The
measured modal matrix is selected as a reference base. The measured modal matrix

is slightly modified based on the theoretical rigid body modal matrix @®. The
modified modes minimise the weighted Euclidean norm of m"?(@-®,,) and satisfy
the constraint ®,"M® =0. The slight modification of the flexible mode shapes [94] is
expressed in the form

d=[1-00 M0, (2.169)

The first method considers the mass matrix which is more accurate than the stiffness
matrix. The mass matrix is corrected to comply with the orthogonality condition and
the stiffness matrix is corrected to satisfy the dynamic equations. The normalised

flexible mode shape ¢ with respect to the analytical mass matrix is

¢ =6 (4" M) (2.170)
The modified mode shapes ®=[& & .. ¢, ] are used to correct the analytical mass
and stiffness matrices. The corrected mass matrix M,, that is closest to the analytical

mass matrix M in a weighted Euclidean norm sense with the constraint of

orthogonality from equation (2.164) can be expressed as
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Myp =M —K @ (@' Kupcp)fl (" mMa —I)((I)TKuptl)yl 'K, (2.171)
where the stiffness matrix K, is unknown. Substituting equilibrium equation (2.167)
into equation (2.171) yields
My, =M - M(I)((DTM(I))_l ((I)TM(I)—I)((I)TM(I))_l o'M (2.172)
The corrected stiffness matrix can be written as
Ky = K-KO®®'M,, - M, 0D K + M, @0 KOO M, +M,,®A°®'M,, (2.173)
The second method considers the stiffness matrix to be more accurate than the mass
matrix. The stiffness matrix is corrected to comply with the orthogonality
requirement and the mass matrix is corrected to satisfy the dynamic equations. The
normalised flexible mode shape ¢, with respect to the analytical stiffness matrix is
h=ad(§7Ka) (2.174)
where o, is the i" measured frequency. The corrected stiffness matrix K, is closest
to the analytical stiffness matrix in natural weighted norm sense with constraint
DK, ,®=A%
Kyp = K-M,® (@ KO- A )0'M,, (2.175)
where the mass matrix M,, is unknown. Substituting equilibrium equation (2.167)
into equation (2.175) yields
Kyp = K- K(I)((I)TKG))_l (<DTK(I)—A2)((DTK<D)_1 ®'K (2.176)
The corrected mass matrix can be expressed as

M-M®AZ®'K,, - K, @A ® M+

M (2.177)

up =

Kyp®A® K + K, ®AO'MOA DK

More details are presented in references [91, 94].
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Optimisation methods of mass and stiffness matrices using modal data have been
developed. The improved matrices satisfy the orthogonality requirements and
equation of motion and reproduce exactly the measured modes. However, the
corrected matrices are to be close to the analytical model in a weighted Euclidean
norm sense and with certain assumptions on the Lagrange multipliers. O’Callahan
and Leung [95] proposed a method based on using the generalised inverse (the

pseudo inverse) of the measured modal matrix.

The modified mass matrix M,, which satisfies the orthogonality condition can be
written as
My, =M+M"20" (1-M) @' M2 (2.178)
where M=® "M@ and ®* is the generalised measured normal modes ® = ®,"M"2.
o =M e M™ (2.179)
The modified stiffness matrix K,, which satisfies equation (2.167) can be expressed

as

Kip = K=(Myp®@p @, K+ KO0, "M, ) + My, (@, Ky, +A% )0, "M, (2.180)

2.10.2 Computational Model Updating

In large structures, measurements at a large number of locations are costly and
require a large amount of data to be processed [90]. Assessing the effects of
parameter changes on the finite element data can be complex if the number of

parameters becomes too large. Computational model updating procedures are used
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based on adjusting several parameters to minimise the discrepancies between the

measured and predicted data.

For an undamped system, changes of the analytical model matrices [18] can be

represented as

p
M(0) =M, +6,M; +0,M, +....+ 0, M, =M, + > 0;M; (2.181)
j=1

p
K(0) =K, +0,K; +0,K, +..+0,K, =K, + > 0;K; (2.182)
j=1

where {K,,M,} define the original mass and stiffness matrices. {K;,M;| substructure

represents an unknown vector of uncertainty parameters and the subscript “p”

denotes the number of unknown parameters in the vector 6 where p <2n?,

There are a number of different possibilities which might reduce the residuals to
zero. The residuals can be written as
r(0)=0,-0,(9) (2.183)
O, is a vector of measured data, O(8) is the corresponding predicted analysis data
vector. The residuals are nonlinear and depend on the uncertainty parameters
r(0+A6)=r,+SA0 (2.184)

where r, is the predicted analysis data vector at 6,, S=ar/a8|,_, Is the sensitivity

matrix and A8=(6-8,) is the change of uncertainty parameters vector.
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Schedlinski et al. [90] presented the residuals used in computational model updating
which are based on the natural frequency and mode shape residuals. The residual

vector can be written in the form
r(6)= [(Am _A)} (2.185)
0

where A, and A(6) are the measured and predicted vectors of natural frequencies,
@, and @®(6) are the measured and predicted mode shape vectors. The errors of the

residuals vector can be simply calculated in the general case by minimising the
objective function

E=r"Wr+8"W,0 (2.186)
where {W,W,} are weighting matrices. For W, =0, equation (2.186) represents a

standard weighted least squares of the residuals vector.

E=r"Wr (2.187)
The sensitivity matrix [96] is given as
[oa/o8
S= {acp /ael_eo (2.188)

The sensitivity matrix S contains the first derivative of eigenvalues and eigenvectors
with respect to the parameters 8. The updated parameters 46 can be calculated as
09 =-S*or (2.189)

where S* is the pseudo inverse of the sensitivity matrix S.
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2.10.3 Calculating the Sensitivity Matrix Analytically

Calculating the sensitivity matrix analytically is of interest to most investigators.
There is already substantial literature on eigenvalue and eigenvector derivatives for
undamped systems. Fox and Kapoor [97] provided a method applicable to symmetric
undamped systems. The derivative of the eigenvector equation with respect to the j

parameter @; can be expressed as

K _, M, & am) o
(aoTj ’Laej}h % M +(K ﬂ'M)aej 0 (2.190)

The derivative of the i eigenvalue ; can be calculated by pre-multiplying equation

(2.190) by the transpose of the eigenvector ¢ and using the mass orthogonality

o _yr[K_,am
Rty e

The derivatives of eigenvectors are expressed by Fox and Kapoor [97] as a linear

combination of all eigenvectors.

o-2_ac (2.192)
00

The derivative of the i eigenvector ¢ with respect to the j™ parameter @ ; can be
calculated using equation (2.190) and the derivative of the mass orthogonality
equation (2.164). These expressions have been expanded by numerous authors, e.g.
[98-103] to determine eigenvalue and eigenvector derivatives for more general non-

symmetric undamped systems.

Nelson [104] simplified the procedure for calculating eigenvector derivatives of

undamped systems so that only the eigenvalue and eigenvector under consideration

78



are required. The implementation and application of sensitivity approaches are
discussed by Allen and Martinez [105]. The sensitivity techniques are used to

improve aircraft models using ground vibration test data [106].

2.10.4 Ball of convergence for model updating

Updating based on eigenvalues and eigenvectors may converge if values of {e j} in

equations (2.181) and (2.182) are very small and if the {Kj ,Mj} matrices are small

relative to the original system matrices {K,,M,}. It might be possible to get small

values of errors (sum of the squares of the residuals) and to update the analytical
eigenvalues and eigenvectors to match the measured eigenvalues and eigenvectors.
However, if the analytical system matrices are far from the original system the

updating based on eigenvalues and eigenvectors may not converge.

If there are further values of convergence, these values define the convergence
interval. If this interval is infinite, it forms a radius of convergence [40]. The
minimised from far values of the errors (residuals) and the converged model

updating form a ball of convergence around the original point.

2.11 Conclusion

This chapter has reviewed the areas of intereste for to this project and highlighted
some of the conventional techniques. This work attempts to develop and generalise

model updating methods based on cross orthogonality for generally damped systems.
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This project also addresses eigenvalue and eigenvector derivative methods. The
developed methods have been introduced to overcome the difficulties facing
conventional techniques, and the following chapters will address these methods in

detail.
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CHAPTER 3. 3-D Finite Element Modelling

to develop dynamic models

The finite element (F.E.) method is well-known in the analysis of continuum and
structural mechanics [107]. It is widely used in the aerospace industry and it has
become an accepted analysis method for solving eigenvalue problems in order to
compute the natural frequencies and the mode shapes of the system [18]. In recent
years, finite element model information has been combined with physical test model

information for model updating.

The F.E. method begins with dividing the structure into a large number of small
elements. The equations and relationships are derived that exactly describe the
behaviour of each small part of the structure. Generally, the numerical solution

becomes more accurate as element sizes are reduced [107, 108].

The ambitions of this chapter are to identify the structural models and dynamic
behaviour of “GARTEUR-like” aircraft structure. This chapter presents a general
overview of finite element modelling and focuses on 3-D 20-noded quadratic
hexahedron (brick) element. The structural analysis has been carried out on the
“GARTEUR-like” structure (shown in Figure 3-1) at the University of Nottingham
laboratory. GARTEUR is an abbreviation for a group for aeronautical research and

technology in Europe.

The structure is made from Aluminium. The length of the structure is 1.5 m with

thickness 50mm, and the wing span is 2.0 m with thickness 10mm (more details
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about the geometry is in ref. [20]). The structure was manufactured by staff in the

university workshops. The overall mass is 42.20 kg.

s \\

Figure 3-1 : GARTEUR-like aircraft structure

3.1 Derivation of finite element formulation

The derivation of the finite element formulation of structural problems can be broken

into a number of steps [107].

Step 1: Define the element and its shape functions. The first step in any finite
element analysis is to divide the structure into elements and examine the behaviour

of a typical element.

Step 2: Satisfy the material law. The element stiffness can be derived from the
differentiation of the displacements (to obtain the strains) and then use the material
law to calculate the stress. The generalized Hooke’s law can be used to express the

stress-strain relationship.
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6 =M o8 (3.1)
&£=Bq, (3.2)

where 9, is material property matrix. ¢ is the element strain vector, B is strain

shape function matrix.

Step 3: Derive the element stiffness matrix. An energy approach is used to derive

the element stiffness matrix. Using the total potential energy P..,, the differential of

ng !

P.ng With respect to the displacement g, must be zero.
P —Ilq "BTOM, Ba,dv—q,f (3.3)
eng — 2 e pro e e ‘e .
v

The differential of P,,, in equation (3.3) with respect to the displacement g, must be

ZEero.

OPeng
00,

-0 (3.4)

Then, the element stiffness matrix can be calculated from equation (3.4)

K., =f, Ke=IBT9ﬁprode (3.5)
\

Step 4: Assemble the overall stiffness matrix. The individual elements are
assembled together to form the overall structure. The displacement of a particular
node must be the same for every element connected to it. The externally applied

forces at the nodes must be balanced by the forces on the elements at these nodes.

fexternal = z fe: Z Kee (36)

elements elements

The global system of equations can be written as
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KglobaIL'IglobaI = fglobal (37)

Step 5: Apply the boundary conditions and external loads. To obtain a unique
solution of the problem, some constraints and loading conditions must be applied at
some of the nodes. The boundary conditions can be included in the system of linear
algebraic equations which can be solved to obtain a unique solution for the

displacements at each node.

Step 6: Solve the equations. The algebraic equations can be solved by any standard
solver such as Gaussian elimination technique. A unique solution is obtained because
the number of unknown variables (displacements) at each node is equal the number

of equations.

Step7: Compute other variables. After solving the global equations, displacements at
all the nodal points are determined. Solving the eigenvalue problem gives the

eigenvalues and eigenvectors of the system.

3.2 Structural problems analysis

The solution of the stress and strain distributions is required in the FE formulation
for continuum elements. The degrees of freedom depend on the displacement
components which are independent variables and an approximation for the
displacement function within each element is assumed [107]. In many applications,
the problems are solved using two-dimensional plane stress or strain distributions,

axisymmetric solid, plate bending and shells, or full three-dimensional solid models.
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3.2.1 Two-dimensional problems

It is sometimes possible to approximate a 3-D problem to a simpler 2-D application
in which only the x-y plane is modelled. All 2-D solutions are approximations of 3-D
solutions. The simplest 2-D finite element analysis is three nodes which is call
triangle element. The four nodes element is called quadrilateral elements. [109]. Two

assumptions about the stress and thickness in the z-direction are made as follows:

Plane stress is used to define thin geometries in the z-direction where o,, =0. Plane
strain is used to define very thick geometries in the z-direction where &, =0 but
o,, #0. The simplest two dimensional continuum elements are 3-node triangles with

straight line sides. Alternatively, 4-node straight sided a quadrilateral element can be

used [107].

3.2.2 Three- dimensional problems

Three dimensional continuum elements can be used to model all practical problems
since no dimensional approximation is assumed. The simplest three dimensional
element is a 4-node constant strain tetrahedron with a linear variation of
displacement. 8-node hexahedron element and 20-node brick elements [108] are also

used as shown in Figure 3-2.

3.3 FE modelling 3-D

In this chapter, we focus only on 3-D finite elements. The structure is divided into a

large number of small elements. Each element has 20-node points and each node has
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three translations degrees of freedom. Figure 3-2 show a 3-D 20-noded quadratic

hexahedron element (brick). The front face {1,9,2,11,4,12,310} is in + z direction, the
back face {5,17,6,19,8,20,7,18} is in - z direction and mid-side nodes {13,14,15,16} are

in middle of z direction.

Figure 3-2 : Quadratic hexahedron (Brick) 20-Noded element

3.3.1 Shape functions

The shape functions are interpolation functions for the displacement function that

must satisfy three conditions. The shape function N; has to be 1 at the node i itself (
N; =1 at node i). The shape function N; has to be 0 at nodes other than i node (N, =0
at node points j=1:20 and j=i where 20 is the number of node points in the

element). The summation of all shape functions should be 1 for all (»,£,¢) [108].

Figure 3-3 shows reference coordinates (,&,¢) for the 20-noded 3-D brick element.

The shape function of the corner node points are shown in Figure 3-3 and formulated

on the following equations [108].
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Ny =~(@-mA+)A-E)2+n-¢+£)/80)
N, =~( L)+ A-E)2-n-¢ +£)/80) (38)
Ny =~ A=)+ O+ @+ -¢ -£)180)
Ny =~( L)+ A+ E)2 -7 ¢ ~£)/80)
Ny =~( Q- )= @+n+¢ +£)/80)
Ng =~ A+7)L-)A-H@-n+¢ +£)/80) (39)
N7 =~( A==+ H@+n+¢ ~£)/80)
Ny =~( L+ )A- )L+ @1+ -£)180)

s
3 (-112) 1 4 (112)
4 /]
: . bl
7 (-12-1) e
': (000) 7 —1 7
.: _____________________________________
1 (-1-11) ./2' (1-11)
°
5 (-1,-1,-1) 6 (1-1-1)

Figure 3-3 : Reference coordinates for the corner node points of 20-noded element

Figure 3-4 shows the reference coordinates (,&,¢) for the middle points. The shape
functions of the middle node points are formulated in the following equations [108]

Ng = ((1-7*)1-&)(1+£)/4.0)
Ny = (@1-E2)A-n)(1+£)14.0)
Ny = ((1-&%)(L+n)(1+£)/4.0)
Ny, = ((1-7?)A+&)(1+£)14.0)

(3.10)

Nz =( 1-¢*)A-n)A-&)/4.0)
NY =((1-¢*)A+n)A-£)/40)
Nys = ( A-¢*)A-n)L+£)14.0)
Nig = ( 1-¢*)L+n)L+E)14.0)

(3.11)
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Ni7 = (1-1?)A-£)(1-£)/4.0)
Nig = ( (1-&E))1-n)(1-£)/4.0) (3.12)
Nig = ( 1-E*)A+n)(1-£)/4.0)
Npo = ((1-7°)(1+&)(1-£)/4.0)

(’KT 1.2 (0,1,1)
15(-110) 20 (O,l:l,—l) % ¢ /{: (11,0)
i *— 7
'?10 ®11(101)
(0,0,0) s I
@15 (-10,-1) 9(0-11) ¢ 19(1p-Y)
R L R Ry
/,,13 (-1-10) 17 (0,-1,-1) /é (L-10)
o .

Figure 3-4 : Reference coordinates for middle node points of 20-noded element

3.3.2 Natural coordinate system

The interpolation functions in equations (3.8)-(3.12) are functions of {»,&,¢}. The
{x,y,z} coordinates can be described as functions of {;,&,¢} using their nodal point

values as

K1 £0)=3 Ny (& d )

i=1

Y16 =S N )y, (3.13)

i=1

Z(ﬂ,§.§)=§:Ni(f7,§,§)Zi

i=1
where {x.,y;,z} are nodal displacements in the {x,y,z} directions. The derivative of

the {x,y,z} coordinates in equations (3.13) with respect to {5,&,¢} can be written as
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X ON,
o Hon
¥ _SN;
on = on
aZ ZOaN_i
677 ~ on

X NN, x4 oN,
2 2 Vi 2T _Zi
o8 & o¢ Yir 32 z
ﬂ 20 N, ﬂ 20 N, (3.14)
o6 o 55 Y o o aé“ ‘i
20
a _§MNi 5_Z:z_izi
o¢ i ¢ oc = o¢

The displacement function can be expressed as follows using the same shape

functions

0 (1.2:0)=3 Ny (n.&.C)ay

i=1

S(1.6.0)=S N (méC)ay

(3.15)
i=1
20
d, (1.£.¢) =D Ni(n..¢)ay
i=1
The first derivative of the shape function [108, 110] with respect to {»,&,¢}.
8Ni 8N ax+aN| 5’y aN oz
on 8X on oy 677 62 677
oN;  ONj ox aN,ay oN; oz
55 o a<§+ oy 0 % oF (3.16)
oN; aN ax+6N ay oN; oz
ag ax oc oy ag az o
Equation (3.16) can be written using the Jacobian matrix [108]
N Ty afan ] [N ]
on | |on on on|| ox ox
Ny || ox oy ez |l oN | N (3.17)
o& o o0& oS | oy oy
N | x e N N
| 0¢ | |06 o o¢ |L oz ] | 07 |
To find the Cartesian derivatives of N, , invert equation (3.17)
N[
ox on
Ni |5 N (3.18)
oy ) '
Ny A}
L oz | | 0¢ |
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The Jacobian matrix is described as

oy ozl [N, NN N N
on on On on on on on oy )
| &y @l NN | N N, (ST (39g)
o 0 O o& o& o& o o0&
X o a Ny Ny o Ni [N N,
0 o¢ oc] [~ oc oc ! o | Lo¢ oc

3.3.3 The stress-strain relationship
The element stiffness [110] can be derived from the differentiation of the
displacements {q,,q,,q,} equation (3.15) to obtain the strains

e=Bq, (3.20)

The strain shape function [111] matrix B=[B, B, .. B;]

Ng g Mg g
OX OX
o Moo o Moy
Y Y
0 0 % . 0 0 %
Z Z
B= 3.21
VR VR V. VR (421
oy Ox oy Ox
o MM N
oz oy oz oy
Ny NN oM
L Oz OX oz ox |

where i is the number of element node points. The element displacement can be

written as

G =[N; N, N, .. NN, NT (3.22)
where N; is the shape function which is in 3-D coordinates (x,y,z), and i=1:n,
where n, is number of element node points, in this work n, =20. Each element is

divided into 60 Dofs.
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The generalized Hooke’s law for the stress- strain relationship [108] can be
expressed as a function of displacements written in a more concise way as

6 =M .6 =M By, (3.23)

where ¢ is the stress vector which contains all stress components, ¢ is the strain

vector. 9t is called the material “or elastic” properties matrix. The stress-strain

relationships are given by

o] o
Oy &y
O &
“l=om : (3.24)
pro
Txy Vxy
Tyz Vv
| Txz Vxz

where {o,,0,,0,} and {5, }are normal stresses and strains respectively, and

(T Ty 7} @A {47y, 7} @re shear stresses and strains respectively. Assuming

that the material is isotropic [108, 111]

1-v v 0 0 0

1-v 0 0 0

v 1-v 0 0 0

(1—20)
M, = 2u |0 0 O > 0 0 (3.25)
(1—20) (1_20)
0 0 0 0 0
2

O 0 0 0 0 (1_22”)

where o is a Poisson’s ratio (no units), E is Young’s modulus (Nm?). The material

properties {v,E} are assumed to be constant in the element. 4 is the shear modulus

(Nm).

p— (3.26)
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3.3.4 Element stiffness matrix from potential energy

In linear finite element analysis, the purpose of the structural analysis is to find a
solution in which equilibrium is stable such that the system potential energy is a
minimum. The potential energy is used in finite element analysis by expressing the
problem in terms of the independent variables such as displacements [107]. The
difference between the strain energy and the work done by the external forces on the
structure is the potential energy which can be expressed as follows

IDeng = Seng —Wione (327)
The strain energy S,,, can be written as
Seng = %qu Kede (328)

The potential energy formulation is applied to the elements to derive the element

stiffness matrix. The total potential energy (P, ) [108] of the element can be written

as

Prg = | %ngdv—qufe (3.29)

Substitute equations (3.23) and (3.20) into equation (3.29)

1 T 1
Pong :jz(impm Bd. ) (B, )dv —q,'f, :IquT B 9, B dv —q," T, (3.30)
Vv

'

The differential of P,,, with respect to the displacement q, must be zero.

Py ot
W_o_JV‘B M o Bl v —f, (3.31)

K, =j BTt ,,,Bdv (3.32)
The stiffness and mass element matrices have dimension (60x60).

K, = IBszp,ode - j I jBTsmmedxdydz (3.33)

Xyz
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To complete the evaluation of the integral, the element volume dxdydz in equation
(3.33) is expressed in terms of reference coordinates dnd&de
dxdydz = det(J,, )dndéds (3.34)

Substitute equation (3.34) into equation (3.33) yields
111
K, :”J'BTaﬁmedet )dndéds (3.35)
-1-1-1

where det(Jyc) is the determinant of the Jacobian matrix.

The Legendre-Gauss method is a technique which is often used to compute the
numerical integration [110]. Equation (3.35) is evaluated by the Gauss numerical
integration formula. Table 3-1 shows Gauss integration point coordinates and weight
coefficients of the Gaussian quadrature formula for integration with 4-Gaussian point

on a 1D line between +1 [108, 110].

Gauss points coordinates Gauss weight factors
(ﬂi,ezjygk) (Wi!Wj’Wk)
-0.86213631 0.34785485
-0.33998104 0.65214515
0.33998104 0.65214515
0.86213631 0.34785485

Table 3-1 : Gauss points and coefficients

The number of integration points required to evaluate the stiffness matrix for a

hexahedron is 64 integration points. The 3-D element stiffness matrix [108] is

GP GP GP

K Zzzdet( '7. 5.6 )WiijkB(’lixfjx(k)Tmme(’iiéj vgk) (336)

The 3-D element mass matrix [108] is
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GP GP GP

— T
M. = pzzgde‘(%(m,m )G ) (337)

where w;, w; and w, denote Gauss weight coefficients and »;, &; and ¢, denote

Gauss integration points. GP represents the number of Gauss points on each scalar.

p IS material density.

3.3.5 Element stiffness matrix Assembly

The individual elements stiffness and mass matrices are assembled together to form
the overall structure matrices. The global stiffness matrix dimension comprises the
total nodal points of the structure multiplied by the number of degrees of freedom for
each node. For n nodes with three degrees of freedom per node, the global stiffness

matrix K is of size (3nx3n), while the global displacement g and f vectors are of

size (3nx1).

aIDengovelrall _ Z(ap&ng ] =0 (338)
oq oq
elements

The global system of equations can be written as

KglobaI: Z Ke I\/IglobaI: Z M (339)

elements elements

3.4 Structural analysis dimensions and properties

The structural analysis has been carried out on the “Aircraft-like” structure. The
model material used is Aluminium. The length of the airplane is 1.5 m, and the wing
span is 2.0 m with thickness 10mm. In order to solve the eigenvalue problem using

the finite element method, the airplane model is divided into a large number of small
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parts (finite elements) in 3 dimensional coordinates. The total number of nodes is

33753 and the total number of elements is 3232.

3.4.1 Meshing the structure

Mesh generation of the continuum region depends upon the shape of the element and
the number of nodes for each element. The accurate solution of the finite elements
converge to the accuracy of the final solution [109]. A MATLAB script called
FE_GEOM.m is created to generate the geometry (node points) and to build-up the
20-noded quadratic hexahedron (brick) elements for the airplane structure. Node
points are generated along the z-direction, x-direction and then in the y-direction.

Each node point is labelled and has three degrees of freedom (x,y,z) that are saved in

the matrix called “NodeSet”.

The structure is divided into small finite elements (Figure 3-5). The mesh is created
by divigng the model structure into a number of meshable regions. The elements are
built-up in the x-direction, y-direction and then in the z-direction. Each element has

20 labels related to each node in the element that is saved in a matrix called EleSet.

The node points in each element are ordered. The front face of the element represents
the node points (1,9,2,11,4,12,3,10) which is in the positive direction of the z axis.
The back face represents node points (5,17,6,19,8,20,7,18) which is in negative
direction of z. The middle-side faces represent node points (13,14,15,16) which are

inz=0.
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Figure 3-5 : Finite element meshing

3.4.2 Material Properties and an appropriate element

ordering

The second MATLAB script called FE_PREP.m loads up the model data from the
file called model_0.mat. In this script a few steps have been performed on each
element and the associated node points. The first step here establishes the material
properties of each element then, removes the redundant node points from the element
topologies. Two columns are added onto the front of the EleSet matrix. The first
column is to identify the element type (20-noded brick element) and the second
column is to identify the material property code for each element. The node points
NodeSet, number of nodes, element set EleSet, external faces Nface, number of faces

and table of material properties MATTABL are saved into a file called model_1.mat.

3.4.2.1 Material Properties

The properties of the material [112] used for the model are shown in Table 3-2.

These material properties are created in a matrix and related to the equation (3.25).
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Material Properties Units of Measure

Density p 2600-2800 kg/m®

Elastic (Young’s) Modulus =: E | 70-79 GPascal (10°Nm™)

Poisson’s Ratio =: v 0.33

Table 3-2 : Material properties of aluminium

3.4.2.2 Removing redundant nodes from the element

The generated elements have some doubled node points which have the same
coordinates with different labels. In this section, there are two steps which are used
to remove the redundant node points from the elements. The first step is to find all
the doubled nodes in the matrix NodeSet which are closer to each other using a
MATLAB function called reds_dbnodes.m and save the label of those nodes into a
matrix called reds. The second step is to replace the label for the closer nodes in the

element matrix EleSet by using a MATLAB function called kill_reds.m.

3.4.2.3 Extracting external faces for the model structure

The number of faces for each element is defined. Each element has 6 faces as in
Figure 3-2 and each face has 8 node points as the following.

face(1) =[1,9,2,11,4,12,310] , face(4)=[3,15,7,20,8,16,4,12]
face(2) =[5,17,6,19,8,20,7,18] ,  face(5) =[1,10,3,15,7,18,5,13]
face(3) =[1,13,5,17,6,14,2,9] , face(6) =[2,11,4,16,8,19,6,14]

The repeated faces are removed from the total number of faces for all elements. A
MATLAB function is used to identify which node points from the NodeSet matrix
are not mentioned in the topologies of elements EleSet. The external faces with
labels for each node are in a matrix. The number of external faces of the structure Nf

is 3320. The node points which are not used in any element are removed from the
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NodeSet matrix. The number of redundant node points removed is 15396 and the

remaining node points are 18357.

3.4.2.4 An appropriate element ordering

In order to rearrange all the elements according to the selected Cartesian coordinates

(x,y,z), the global origin point of the structure is chosen (-F, /2,0,0), where F, is the

width of the fuselage (Figure 3-6). The priority element is chosen as the closest
element to the original point by finding the square root of the sum of the squares of
the difference between the mean value of the each element node and the original
points. If the mean value for each element nodes is m_xyz and the difference
between m_xyz and the original point is m_p, then the priority element is at the

smallest value of the norm(m_p). This is to get the minimum possible maximum

front size.

.

(-Fx/2,0,0)

Figure 3-6 : Global origin point of the structure
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3.4.3 Derive the element matrices

The third MATLAB script called FE_PROC loads up the model data from the file
called model_1.m. In this script, there are a few steps which have been performed to
calculate the dynamic model mass and stiffness for each element. The MATLAB
function called sweep0 is used to identify the minimum number of degrees of
freedom or the minimum front size for each element. The MATLAB function called

sweepl is used to assemble the reduced system matrices {K,M} which represent

stiffness and mass respectively. The system matrices are reduced using dynamic
reduction during the element merge. The reduced stiffness and mass matrices have

dimension (1473x1473).

3.4.3.1 Element degrees of freedom

Each element has 20 labels related to the corresponding node points. The number of
degrees of freedom for each element is (20x3) degrees of freedom. The degrees of
freedom of all elements are prepared in a matrix called Ele_DoFs related to each

element degree of freedom index. The labels related to each {xy,z} degree of
freedom for each element are stored in columns as follows x=:(1:3:58), y=(2:3:59)
and z=(3:3:60). A MATLAB function is used to find the index for each element

node points label from the matrix NodeSet.

Xindx = indXX3—2
Yingx = INdxx3-1 (3.40)

Zingx = INAXx3
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3.4.4 Maximum front size

The MATLAB function called sweep0 has two steps. The first step is to count the
number of elements attached to each degree of freedom. The number of elements
attached to each degree of freedom dictates how many elements are connected to
each individual degree of freedom this number is kept in a vector called Ele_countO.

The second step is to minimise the number of degrees of freedom that are in the
global matrices. The elements are dealt with in an order which depends on the global
original point. The labels of the degrees of freedom of each element that are present
in the matrices during the merge and reduction are kept in a matrix called DoFMap0.
As an element is merged into the matrices the number of remaining elements
attached to each individual degree of freedom in that element is checked with the
vector Ele count0. The independent degrees of freedom are released from
DoFMap0. The degrees of freedom of the next element are inserted in the available

place in DoFMap. If there is no space the size of the matrix DoFMap0 is extended.

Figure 3-7 shows the history of the front size in two curves. The blue line represents
the actual size of the front which shows that the maximum merged degrees of
freedom in the matrix DoFMap0 is the maximum front size 1473. The green line
represents the number of non-trivial degrees of freedom in the front which shows the
minimum number of degrees of freedom remaining in the front while the elements
are merged. Release the degrees of freedom for each element from the matrix

DoFMap gives the minimum degrees of freedom in the matrix DoFMap0.
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Figure 3-7 : History of the minimum front size

Table 3-3 shows the first 10 merged elements. The 1% merged element had 60
degrees of freedom. The reduced degrees of freedom are the number of degrees of
freedom which can be removed during the merging. The remaining or front degrees

of freedom are the number of degrees of freedom which remain during each element

merging.

Element no. | Merged DoFs | Reduced DoFs (Remaining)

Front DoFs
1 60 12 8
2 84 12 72
3 108 12 %
4 132 12 30
S 156 12 144
6 180 12 168
7 189 12 177
8 198 12 186
9 222 12 210
10 231 12 219

Table 3-3 : Minimum front size
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3.4.5 Element matrices

The element stiffness and mass matrices are calculated using equations (3.36) and
(3.37). Gauss integration point coordinates and weight factors in Table 3-1 are used

to evaluate stiffness K, and mass M, matrices for each element. The Gauss

integration points {ni,gj,gk} and weight coefficients {wi,wj,wk} are arranged in 64

entries. The element matrices are prepared depending on the element type and
material properties for each element and the node point coordinates. The element

model matrices K, and M, have dimensions (60x60).

3.4.6 Assembling the element matrices

The element matrices are merged from the individual element matrices into global
matrices. The number of degrees of freedom of the global matrices MNDoF is the
maximum front size. The elements are arranged in an order related to the global
original point in the structure. The location for all degrees of freedom in each
element called frow is identified. The element matrices are located at frow while the

element matrices are merged into global matrices.

3.4.6.1 Model reduction during merge

The number of degrees of freedom is reduced using Guyan reduction during the
merge. The reduced stiffness and mass matrices depend on the front size and element
degrees of freedom. The slave degrees of freedom are chosen as the degrees of

freedom with the maximum value of the diagonal K.4/M,, . The number of slave
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degrees of freedom is the number of reduced degrees of freedom in the front for each

element.

3.4.7 Eigenvalues and eigenvectors

The fourth MATLAB script called FE_MODEL loads up the reduced matrices K,
and M, in a file called model_2. In this script, the eigenvalues with the associated

eigenvectors for the reduced system are computed. The reduced modal vectors are

expanded to full length modal vectors of the system.

3.5 Modes of Vibration

The first 20 eigenvalues of the computed finite element mode shapes are chosen. The
results show that the first six natural frequencies represent rigid body modes. Table
3-4 shows the natural frequencies for modes of vibration. Wing first mode of
vibration occurred at 13.44 Hz and has been shown in Figure 3-8. At this frequency
the wing is bending symmetric moment. Wing anti-symmetric first mode of vibration
occurs at 29.98 Hz shown in Figure 3-9. The wing torsion happens at frequencies
34.76Hz, 51.82Hz and 56.90Hz as in Figure 3-10, Figure 3-13 and Figure 3-14. The
vertical first mode occurs at 38.41 Hz as in Figure 3-11. The vertical tail torsion
happens at 88.89Hz and 147.07Hz as in Figure 3-16, Figure 3-20. The wing third
mode of vibration and torsion happens at 64.98 Hz. The fuselage first mode of
vibration occurs at a 60.98 Hz as shown in Figure 3-15. The mode of vibration of the

wing tips and horizontal tail falls between the rigid mode and bending.
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Mode no. | Natural Freq. HZ Modes of Vibration
7 13.73 Wing first mode of vibration.
8 29.98 Wing anti-symmetric first mode of vibration.
9 34.76 Wing twist and wing tips first mode of vibration.
10 38.41 Wing anti-symmetric first mode of vibration, vertical tail
' first mode of vibration and horizontal tail bending.

11 48.57 Wing symmetric second mode of vibration.
12 51.82 Wing torsion and wing tips first mode of vibration.
13 56.90 Wing symmetric torsion.

Wing anti-symmetric second mode of vibration, fuselage
14 60.40

first mode and vertical tail second mode.

Wing third mode of vibration and torsion, vertical tail first
15 64.98 o o

mode and wing tips symmetric first mode.

Wing anti-symmetric third mode of vibration, wing tips
16 88.89 o . o

symmetric first mode and vertical tail twist.

Wing anti-symmetric third mode of vibration and wing tips
17 107.50 o

symmetric first mode.

Wing anti-symmetric third mode of vibration, wing tips
18 117.50 ) T

vertical tail twist.

Wing symmetric third mode and wing tips symmetric first
19 136.49 o

modes of vibration.

Wing symmetric third mode of vibration, wing tips first
20 147.07

mode vertical tail twist.

Table 3-4 : Natural frequencies and computed mode shapes

3.6 Conclusion

This chapter has identified structural models and the dynamic behaviour for
GARTEUR-like aircraft structure. The presented work has introduced in 3-
Dimensional 20-noded quadratic hexahedron (brick) element. The 20 modes of
vibration and their frequencies are calculated. The first six modes represent rigid
body modes. The number of degrees of freedom of global matrices (stiffness and

mass matrices), which depends on the maximum front size, is reduced using Guyan

reduction during the merge.
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The following chapter presents an experimental modal analysis for GARTEUR-like
aircraft structure using ground vibration testing GVT. The computed results obtained
from finite element analysis will be compared with the experimental results obtained
from GVT. Regarding reducing the finite element degrees of freedom, Craig

Bampton transformations will be developed in chapter 9.
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Figure 3-8 : Mode (7) Freq. 13.44 Hz Figure 3-12 : Mode (11) Freq. 48.57 Hz

Figure 3-9 : Mode (8) Freq. 29.98 Hz

Figure 3-10 : Mode (9) Freq. 34.76 Hz Figure 3-14 : Mode (13) Freq. 56.90 Hz

Figure 3-11 : Mode (10) Freq. 38.41 Hz Figure 3-15 : Mode (14) Freq. 60.40 Hz
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Figure 3-16 : Mode (16) Freq. 88.89 Hz Figure 3-19 : Mode (19) Freq. 136.49 Hz

Figure 3-17 : Mode (17) Freq. 107.50 Hz Figure 3-20 : Mode (20) Freq. 147.07 Hz

Figure 3-18 : Mode (18) Freq. 117.50 Hz

107



CHAPTER 4. Modal Testing

This chapter provides some background regarding the modal testing techniques and
describes the methods that were used in this work for experimental modal analysis.
In this chapter, the experimental data obtained from GVT will compare with the

computed data obtained from the finite element analysis in the previous chapter.

A modal test is where a structure is mounted with controlled boundary conditions
and vibrated with a known or measured excitation. This experimental test is used in
order to obtain or update a mathematical model of the structure, determining the
nature and extent of vibration response levels, and measurement of the dynamic
properties. These properties are used to compare with corresponding data produced
by a finite element or other theoretical model. In addition, they are used to validate
the theoretical model prior to its use for predicting response levels to complex
excitations. The corroboration (verification) of the tests of major modes of vibration

can provide support of the basic validity of the theoretical model [10].

A technique is investigated in this study to extract modal data which are identified
from a single column of the frequency response matrix. This technique overcomes
the difficulty due to the conventional methods which require a series of measured
FRFs at different points of excitation. This chapter also covers some general

information about modal testing.

In this chapter, the modal analysis has been carried out on the “GARTEUR-like”

structure (Figure 4-1). The model material used is Aluminium. The length of the
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airplane is 1.5 m, and the wing span is 2.0 m with thickness 10mm. The presented
work has been divided into two parts. The first part is obtaining the frequency
response function using ground vibration testing (GVT). The second part focuses on
extracting modal information using a single column of the frequency response

function.

Figure 4-1 : GARTEUR-like aircraft structure

4.1 General Outline of Modal Testing

The most important task of modal testing is the preparation of the test structure itself.
The first decision which has to be taken is whether the structure is to be tested with a
free boundary condition or grounded. Free support means that the test structure is not
attached to ground at any of its coordinates. In this condition, the structure will
display rigid body modes in which there is no bending or other deformation. Due to
errors in the measurements and difficulties in the simulation of free-free motion, the
measured flexible mode shapes in general will not be orthogonal to the known rigid

body modes [94].
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Modal testing may involve the complete aircraft mounted on a soft support system to
simulate free-free conditions, resting on its landing gear, specific parts on the
complete airplane, or components, such as landing gear doors or control surfaces.
The soft support systems are used to simulate a free-free condition and to reduce the

frequency of the rigid-body modes.

4.1.1 Measurement setup

The main elements of equipment used in the experimental setup are:

1. An excitation device used to vibrate the structure. The source of the
excitation signal which depends on the type of modal testing (sinusoidal from
an oscillator, random from a noise generator and transient from a special
pulse by applying an impact with a hammer). An amplifier selected to match

the excitation device to vibrate the structure.

2. Transducers used to measure the excitation forces and the various responses

of interest shown in Figure 4-2.

3. A spectrum analyser used to measure the various signals developed by the
transducers in order to determine the magnitudes of the excitation forces and

responses.
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Figure 4-2 : Transducers to measure forces and responses

4.1.2 Excitation Methods

Various devices are available for exciting the structure. These can be divided into
two types, contact and non-contact excitation. In contact excitation, the structure can
be driven by either an attached shaker or an impulse. The transducers which are
connected to the excitation devices are used to measure the excitation forces. Other
possible sources of excitation include step relaxation (releasing from a deflected
position) and ambient excitation (such as waves, wind or roadway excitation). These
are special cases which are only used when the conventional methods are not
possible. The non-contact excitation includes devices such as non contacting

electromagnetic exciters and pneumatic acoustic excitation.

4.1.3 Response measurements

There are several methods for measuring the response by contact or non-contact

response transducers such as piezoelectric accelerometers see Figure 4-3. Certain
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characteristics normally govern the choice of accelerometers for structural testing.
Structural elements must not be loaded by heavy accelerometers. Large structures
may require high sensitivity accelerometers. Frequency range is not normally a
problem, the upper frequency limit of most accelerometers exceeds the maximum

frequency requirements of structural testing.

Figure 4-3 : Piezoelectric accelerometers

Two types of Laser Doppler Vibrometer (LDV) have become commonplace in modal
testing. The standard single-point version and the scanning version (SLDV) have

been used as non-contact transducers to measure response.

4.1.4 Obtaining Frequency Response Function (FRFS)

In modal testing, the inputs (usually forces) and outputs (usually accelerations) are
functions of time. The properties of the structure itself create a relationship between
the inputs and outputs and a key stage in modal testing is to determine that

relationship. For linear systems the relationship between inputs and outputs is a
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direct linear and frequency domain function where it can be expressed as a ratio of
two polynomials. This ratio is called the frequency response function (FRF) which
defines the ratio between the output response signals and the input force signals. The
displacement response to force is Receptance. The velocity response is called

Mobility. The acceleration response is called Inertance or Accelerance.

It is possible to derive frequency response function properties from excitation and
response measurements when the vibration is periodic. Fourier series components of
both the input force signal and the output response signals can be determined over
the same range of frequencies. Once these two series are obtained, the FRF can be
defined by computing the ratio of the response component to the input component for

each discrete frequency.

The calculation of the Fourier transforms of both the excitation and response signals
is required to obtain FRF properties from measurements made during the transient
vibration test. The transient input and response signals are used to obtain an
input/output function in the frequency domain. The ratio of these two functions can
be computed to obtain an expression for the corresponding frequency response

function:
H(a>)=M (4.1)
As stated previously, the excitation may produce periodic, transient or pseudo-

random signals. Fourier analysis is used to convert the signals from the time domain

to the frequency domain.
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The discrete Fourier transform or series is computed for both the force and response
signals and the ratio of these transforms gives the FRF. There are two sets of
parameters used to describe random signals; one based on the time domain is called
the correlation function and the other in the frequency domain is called the spectral

densities.

It is possible to determine FRF properties from the measurement and analysis of a
random vibration test. The Fourier transform for the cross correlation function Ry (z)
is used to produce the cross spectral density function Sy (w). The following formulas

define the correlation functions and spectral density functions [10].

Ry (z)=E[ f(t).f (t+7)]
17 4.2)

S (0)=5- [ Rie (e e

Rig (7)=ELf (1) q(t+7)]

1 J‘qu (T)e—ia)rdz_

4.3
qu (w)zg ( )

0 _ (4.4)

(4.5)

where f(t) and q(t) are input and response functions in the time domain
respectively. Autocorrelation functions, R (r) and Ry (z), define as the expected

value of the product two functions which are real functions and computed along the

time axis. Sy (@), Sy, (@) define the Auto-spectral densities which are real functions
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of frequency. Ry (z) and Ry (z) define cross-correlation functions which are real
functions of time, s, (w) and S () define cross-spectral density which are real

functions of frequency [10]. The frequency response function FRF can be determined

from the spectral densities formula

o) 22 (@6)
H2<w>=§:j—8 @)

Noise is expected to contribute to the input force signal and output response signals.
The ratio between H,(w) and H,(w) is called the Coherence ¢?. The coherence can
be shown to be less than or equal to 1.0. The coherence less than 1.0 represents the
noise. A low coherence can occur in measurements near resonance and anti-
resonance on lightly-damped structures. The reason for the low coherence in some

cases is due to random noise.

e = H, (o) (4.8)

It is necessary to perform an averaging of several measurements of FRF estimates
and coherence to establish confidence in results. The major advantage of employing
a number of averages is to remove noise on the signals. The low coherence can be
eliminated by taking many averages if the reason is random noise. Figure 4-4 shows

frequency response function in the upper curve and the coherence in the lower curve.
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Figure 4-4 : FRF and coherence

4.2 Work done on the GARTEUR-like aircraft

structure

The experimental work was conducted in vibration laboratory. The model structure
shown in Figure 4-1 was suspended by set of elastic cords (bungees) to simulate free-
free conditions and to reduce the frequency of the six rigid-body support modes as
much as possible. The Aircraft-like structure is marked at 52 points (Figure 4-5)
where it is excited using an impact hammer at each degree of freedom and the
accelerometer response measurement is positioned at the left wing tip (point 1).

Figure 4-6 shows the accelerometer location of the Aircraft-like structure.

The instrumentation set-up comprises are shown in Figure 4-7;
1. 2 charge Amplifier (one for input and one for output),
2. Force transducer (Hammer),

3. Accelerometer,
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4. Oscilloscope,

5. PC driving spectrum Analyzer card.

Figure 4-5 : Model structure

Figure 4-6 : Location of the accelerometer on airplane structure

The frequency range analysed spans 0 to 320 Hz and is divided into 4000 lines. The
average of the response from 10 triggers is taken for each response point. MATLAB

files are used to save the data such as transfer function H1 2 and coherence function
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C1_2. Classical damping is assumed in this test. All the FRFs H()for 52 points

have been obtained using one fixed accelerometer at wing tip shown in Figure 4-6.

Figure 4-7 : Equipments used in modal testing

4.3 Calibration of a piezoelectric accelerometer

Calibration of a piezoelectric accelerometer was carried out on a mass weighted
45135 kg as shown in Figure 4-8. The mass is suspended to simulate free-free
condition and excited using impact hammer as shown in Figure 4-9. We consider that
the mass is a linear system of one degree of freedom as shown Figure 4-10. The

equation of motion for linear system can be expressed as

f=S.u
mg(t)+dq(t)+ka(t)="f(t) (4.9)
y=Sg'q

The solution of equation (4.9) has two parts. Homogeneous solution, if f(t)=0, the

solution of the homogeneous equation corresponds physically to that of free damped
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vibration. Particular solution, if f(t)=0, the solution is due to the excitation
irrespective of the homogeneous solution. The solution is assumed as

q(t)=ge* , f(t)=fe'" (4.10)
Substituting equation (4.10) into equation (4.9) yields

f=S.u
(k—w2m+iwd)q=f (4.11)

y= SRT q
Equation (4.11) can be expressed by unit mass as

(a)nz —0* +i 2w, a))q =mf (4.12)
y=Sg'q

where @,2=m7k, @, is natural frequency and 2¢w, =m™d, ¢ is damping factor.

$B32001 DeltaRange

Figure 4-8 : Mass weighted
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Figure 4-9 : Model of calibration

L7777 77777

Figure 4-10 : Single degree of freedom system

4.3.1 Frequency response function (FRF) of linear system

Frequency response function represents a direct linear relationship between the input
and output. The frequency response function at low frequency range indicates that
the ratio between input and output signals is constant. This relationship is represented
by the block diagram of a linear system in Figure 1-5. The frequency response

function can be writes as
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H(a)):%:(k—a)zmﬂwd)il (4.13)

Also the frequency response function can be written as

“—HHJ?HJ an

The mass “m” has a single resonant frequency which occurs in the higher frequency

range. Equation (4.14) represents the frequency response function H(») which can

be used at high frequency. At lower frequency range, the calculated frequency

response function can be expressed as

H(w)x A3 = (4.15)

Equation (4.15) shows that the frequency response function at lower frequency range

is equal to inverse of the mass (kg™).

4.3.2 Correction factor Cs

In this experiment, the input and output signals is measured in voltage range. Decibel
is a unit of measurement which is used in vibration measurements. The Decibel is

expressed in terms of logarithm of the output to the input signals.

n

dB :ZOonglo[);"“t j (4.16)

Figure 4-11 shows a calibration curve of the piezoelectric accelerometer in frequency
range (0-320Hz). The curve shows that the measured frequency response function

H., (@) at low frequency has constant value. The measured frequency response

function shown in Figure 4-11 has non-dimension (dB).
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Calibration curve of Piezoelectric Accelerometer (Frequency range 0-320 Hz)
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Figure 4-11 : Calibration curve of piezoelectric accelerometer

Figure 4-12 shows that the output accelerometer signal and the input force signal are

converted through charge amplifier into voltage "v".

Hp () = [M] = (ml X_A] = mc, (4.17)
fxXg Xg
The ratio [i—’*j represents the gain of output accelerometer to the gain of input force.
F

This ratio is called a correction factor Cy. In this ratio, the x, has units V/(m/sz) , Xg

has units V/N :V/(kg.m/sz) and the correction factor C; has units N/(m/sz): kg .

It is easy to calculate the correction factor C; for the simple mass using equation

(4.15) and equation (4.17). The correction factor Cy is expressed as

Cy =H, (@) 10 _h_ () H, (o) (4.18)

Cr = Hq () 110™) = 1, (0) M H, (o) (4.19)
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Figure 4-12 : Input and output signals diagram

Figure 4-13 shows the calibration curves of the piezoelectric accelerometer before
and after modal testing of the aircraft structure in frequency range (0-80 Hz). The

frequency response function before modal testing is H,,, =-11.9852dB, substituting

into equation (4.18) yields

-1
1 (~11.9852/20)
Cqp=|——| 10 =1.1357 k 4.20

o [4.5135} g (4.20)

The correction factor before starting modal testing of the GARTEUR-like aircraft

structure is Cy, =1.1357 kg . However, the correction factor is changed after finishing

the modal testing by 0.4336%. The measured frequency response function is

H,, =—-11.9099 dB from Figure 4-13, substituting into equation (4.18) yields

ma —

-1
1 (~11.9099/20)
Ci, = 10 =1.1456 ki 4.21
o(so3) : @.21)

The correction factor after the modal testing of the GARTEUR-like aircraft structure

IS C =1.1456 kg. The average of the correction factor is C; =1.1406 kg. The

correction factor C; is used to correct the measured frequency response functions of

the aircraft structure in all frequency range. All measured frequency response
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functions of the aircraft structure are corrected by dividing by the correction factor

Cr.

Calibration curves (blue) before modal testing and (red) after modal testing

(dB)

FRF -»

i i i i i i
10 20 30 40 50 60 70 80
Frequency -> (Hz)

Figure 4-13 : Calibration curves of piezoelectric accelerometer

before and after modal testing of aircraft structure

4.4 Extracting modal information

The complete dynamic model of the second order system can be described by

f=S.u
Mg(t)+Dg(t)+Kq(t)="F(t) (4.22)
y=Sg'q

If this system is classically damped, then it is possible to define coordinate

transformations {® ,®;}. These transformations transform the system matrices
{K,D,M} into diagonal matrices {A,I'I} as in equations (2.15), (2.16) and (2.17)

provided that M is non-singular. All of the matrices here are real-valued.
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The frequency response matrix, H(a)) is (Noxn;), where n, represents the number of

outputs (the dimension of y) and where n; represents the number of inputs (the
dimension of u). H(w) can be expressed in terms of either the original representation

equation (2.39) or the transformed modal representation equation (2.41) thus

H(w)=Sg" (K +iowD-w’M 718
(0)=54" 1) ; (4.23)
H(w) =g (A+ia)r—a)21) o7

where &, =S;'®; and &' =@,'S, .

Modal information can be extracted from the measured frequency response function

H(w). A single entry of the frequency response matrix can be constructed as

< J)R,ikJ)L,jk
hi = 4.24
: k=1 (ﬂkk +ioy _a)z) ( )

& represents the amount by which one unit of excitation at input degree of
freedom j excites mode k. ¢ represents the amount of output at output degree of
freedom i which is contributed by each mode k. Extracting the single mode ¢ ;, of

the modal matrix @, requires a series of measurements of FRF including the point

FRF at the excitation position [10, 113].

4.4.1 Asingle column of the frequency Response-g(w)

Consider that there is only one independent source of excitation. Then for some
(nix1) matrix p

ut)=pu(t) or u(w)=pu(w) (4.25)
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and in this case, we may define a single column of frequency response, g(w)
according to

g(@)=H(a)p
g(0) =S5 (K +iwD-0?M) " (S.p) (4.26)

9(w)

o, A+ia)F—a)ZI)7l((i>LTp)
From this point, we will ignore the formulation of frequency response from the

general system representation equation (2.39) and we concentrate specifically on the

representation of equation (2.41). (d)LTp) is abbreviated as v.

Define the general i" entry g, (w) of frequency response g(«) and we then have

n R ik Vi N Wik
6 (o) - (4.27)
(@) ket (ﬂkk +iwyy _wz) ket (ﬂkk +iwyy —0)2)

w, =dri Vi IS @ real-valued scalar which is called a modal participation factor.

Specifically, it reflects the amount by which one unit of the single independent
excitation source, u(t), causes a response at the i output degree of freedom through
mode #k. In modal analysis, only these modal participation factors can be extracted.

If we have a numerical model also in the form {K,D,M,S_,Sg} from equation (2.39),
then some more information can be extracted. (In fact, only {M,S_,Sz} are needed).

The modal participation factors, wix can be assembled into a real matrix W, and then

d(w) can be written in this following very compact form as
g() = Wxdiag ((A+ il - a)ZI)_l) (4.28)

In equation (4.28), the diag(.) operator serves to convert a diagonal matrix back into
a column having n entries where n represents the number of independent modes. It

should be noted that if any two or more “different” modes happen to have identical
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. and y, , then it is always possible to write (4.28) using fewer columns in W. A

single-column of FRFs is never sufficient to discriminate between two such modes.
If two different columns of FRFs have been acquired, this discrimination is possible

between two modes having identical 4, and y,, .

4.4.2 Extracting modes given {a,r1

Many different methods exist for modal analysis performed directly on the FRF
curves. Modal analysis methods depend upon whether a single mode is to be
extracted at a time or several modes at a time. Moreover, modal analysis methods
divide into two types, the first type analyses single FRF curves at a time and the
second type analyse several curves. There is no single method which is best for all

cases. A full discussion of these methods can be found in [10].

In equation (4.28), g(w) is a vector function of frequency. The same is true of
diag ((A+ia)l"—a)21)_l). From a modal test, we acquire (an approximation to) g()

for a large number of discrete frequencies. These frequencies are usually equally
spaced and usually extend from 0 Hz up to some maximum value but there is no
particular requirement for this. These frequencies can be arranged to form the vector
fr. By forming equation (4.28) for each one of these individual frequencies, we can
gather the results together into a single matrix form thus

G=WA (4.29)

A = diag ((A+icor—m21)1) (4.30)

127



Matrix G has dimensions (n,xn¢) where n¢ is the number of frequencies at which the
FRF has been collected. Matrix A has dimensions (nxn;) and matrix W has
dimensions (noxn). Since G is known and A can be constructed quite easily
(assuming that {A,r} and the actual values of the n¢ different trial frequencies are
known), it is clearly a linear problem to determine W. Invariably, n; is much greater
than n and so the problem of finding W from G and A is an over-determined one.

Because W is real, equation (4.29) can be broken into two parts:

G=[Re(G) /mg(G)]=W[Re(A) Img(A)|=WA (4.31)
and a good solution is found using the right pseudo-inverse of A.
w((GA")(Aa")" (4.32)

Columns of matrix W contain multiples of the (right) mode-shapes.

One other comment is necessary about equation (4.31). In effect, equation (4.32)
says that W is the real part of the product of G multiplied by the real pseudo-inverse

of A.

4.4.3 lteratively adjusting {ar} to minimise vector of

residuals Ar

Combining equations (4.29) and (4.31) leads to this definition of a matrix, R of

residuals

R :G—((GAH )(AAH )_lJA (4.33)

R=[Re(R) /mg(R) :é—((éAT)(MT)_l)A (4.34)
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In general, R is complex and R will be real. Their dimensions are the same as the
dimensions of G (nyxns) and G (n,x2n;) respectively. For reasons which become
obvious shortly, it is appropriate for us to vectorise R to form r having dimension
(2non¢ x1).
r:vec(l-:{) (4.35)
Now, since A is a function of the three quantities {A,T,f}, it is evident from equation
(4.32) that R is also a function of these three quantities and in view of equation
(4.34), it is straightforward now to define a total error, E, according to
E=r'r (4.36)
Clearly, E is also a function of the three quantities {A,I',f} and it is a single real-

valued overall measure of the poorness-of-fit.

It is convenient to put together all of the diagonal entries of {A,T} into a single

vector of 2n parameters denoted 0. Since we can consider that for any one set of
FRFs, the frequencies in f, are fixed, we can assert that r is a function of 8.
Equations (4.32) and (4.34) together show how to form r(6) given 6. A single
iterative step can be carried out which begins with a given vector of parameters, 6,

and ends with an improved vector of parameters, 6, =(6,+A0).

From 6,, we calculate the corresponding r, =r(8,) using equations (4.32) and (4.34).

Subsequently, we determine the complex Sensitivity Matrix, S which is defined by
the equation

r(6y +A0) =1y +Ar ~ r, +SA@ (4.37)
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It is possible to determine S analytically and this is probably the fastest and most
numerically stable means by which to obtain S. The alternative is to determine S
numerically. At present, this numerical determination of S is adopted (accepted)
simply because it is expedient (convenient). A central-difference approach is used.
For each one of the 2n entries of 8, a small positive change, s, is made in the entry

and r, is computed. Then a small negative change, -5, is made in the same entry
and r_ is computed. Finally, the vector expression ((r, -r_)/25) provides one whole

column of the matrix S.

Having found S and Ar, a first approximation to the optimum adjustment, Ae, is
discovered as

A®=-S*Ar (4.38)
This is only a first approximation because the linear approximation expressed by
equation (4.37) may not apply accurately over the entire optimum adjustment put
forward by equation (4.38). To make the iterative refinement of the parameters
robust, it is necessary to combine a line-search strategy with equation (4.38).
Equation (4.38) is used to determine the small adjustment in the parameters. The

actual adjustment is (xA@8) where X is a scalar—normally much less than 1. As the

iterative procedure advances, x tends to become less and less and by the time that x

has reached 0.001, the iteration is probably as close as it is going to get.
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4.4.4 Obtaining initial values for the parameters {a.r}

It was stated above that we are supposing that the outcome from some modal testing

is a single column g(w) having n, entries in it. This outcome can be represented as

the complex (nyxn¢) matrix, G.

The sum(abs(G)) is a real-valued row-vector having n; always-positive entries in it.
The transpose of this row vector is denoted as z. In this work, the interested

frequency range has been chosen 25-175 Hz. The plot of log(z) with respect to the

frequency range f is shown in Figure 4-14.

<MODAL PEAKS> plot

sum(abs(G)) ->

FRF <z>

10'5 i 1 I i 1 i 1
20 40 60 80 100 120 140 160 180
Frequency -> (Hz)

Figure 4-14 : Modal peaks

This plot is known in modal analysis as a modal peaks plot. If a significant peak in
response has occurred in any one of the n, FRFs obtained from the testing, this peak
will appear as a significant peak in the modal peaks plot. From the modal peaks plot,
numerous discrete frequency-bands are identified containing resonances indicating at

the same time how many resonance frequencies there are within each one.
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Figure 4-15 shows numerous discrete frequency-bands containing resonances. Each
resonant frequency band is considered to contain one and only one resonant
frequency and an initial estimate for this resonant frequency is provided at the same
time as the upper and lower frequency limits of the band are specified. The frequency
bands are usually relatively small. Typically, they might contain 5-12 different

frequency lines each.

<MODAL PEAKS:> plot

sum(abs(G)) -=

FRF <z>

10"” i 1 I i 1 i 1
0 50 100 150 200 250 300 350 400
Frequency -> {(Hz)

Figure 4-15 : Modal peaks / frequency-bands

Having identified a number of frequency bands (each containing a single resonance)
and having speculated what the value of that resonant frequency is (by inspection
also), an automatic procedure can be employed to produce an estimate of the

damping factor associated with each individual resonance.

This procedure works on magnitudes only and seeks to minimise the difference
between the normalised vector of magnitudes from the modal peaks plot and a

normalised vector of magnitudes from an analytical single-degree-of-freedom model.
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The nature of this procedure for estimating the damping associated with a given
mode is very similar to the procedure described above for adjusting simultaneously
the parameters for all modes. It involves a sensitivity matrix and a vector of residuals
but there is only one single parameter at a time being adjusted in this present case.

Figure 4-16 shows the error (square of residuals) vs. the log of damping factor.

Fit-error vs. log{damping-factor) for res. #5

-10 9 -8 -7 £ 5 -4 -3 2 -1 0
Log of damping factor ->»

Figure 4-16 : Error vs. Log of damping factor

The reconstructed modal peaks which are shown in Figure 4-17 can be calculated
from equation (4.29). The errors between the original and reconstructed modal peaks
can be calculated from the sum of squares of the residual R which is

sum(sqrt(R)) =1.36e-005 .
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Original {red) and Reconstructed {blue) <Modal Peaks> plot

M-P response

L 1 L 1 L 1
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Frequency {(Hz) ->

Figure 4-17 : Reconstructed modal peaks

4.5 Modes of vibration

Table 4-1 shows experimental results (natural frequencies and mode shapes) which
have been extracted at each modal peak. The range of frequency has been chosen
between 25-175 Hz. Figure 4-18 - Figure 4-30 shows that most of the modes in this
range are wing modes. The wing first mode of vibration occurs at 29.96 Hz, and the
horizontal tail first mode of vibration happens at 92.01 Hz as shown in Figure 4-23,
Figure 4-24 and Figure 4-26. Figure 4-28 shows that fuselage first mode of vibration

occurs at 121.98 Hz, that. The mode of vibration of the wing tips occurs at 107.7 Hz.
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Mode no. | Natural Freq. HZ Mode of Vibration
1 29.96 Wing anti-symmetric first mode of vibration.
2 35.88 Wing torsion anti-symmetric.
Wing torsion symmetric and wing tips anti-symmetric first
3 37.32
mode.
4 45.46 Wing symmetric first mode of vibration.
5 50.46 Wing second mode of vibration and torsion.
Wing anti-symmetric second mode of vibration and
6 56.41
horizontal tail first mode.
7 57.47 Wing second anti-symmetric mode of vibration.
8 5790 Wing anti-symmetric second mode of vibration and wing
' tips first mode.
9 92,01 Wing third mode of vibration and horizontal tail anti-
' symmetric first bending
10 107.70 Wing tips first bending anti-symmetric.
Wing anti-symmetric third mode of vibration and Fuselage
11 121.98
first mode of vibration.
12 134.68 Wing third mode of vibration symmetric.
Wing third mode of vibration anti-symmetric and fuselage
13 140.48 _
first mode.

Table 4-1 : Experimental natural frequencies and extracted modes

4.6 Comparison of modal data

Comparisons of experimental data from GVT, analytical data from FE and
GERTEUR published data in reference [20] are shown in Table 4-2. The measured
results are compared with the computed results obtained from the finite element
analysis in the previous chapter. Table 4-2 shows the percentage errors between the

measured data and the computed data. The maximum errors shown in the table is -

12.23 % at mode 9.
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These discrepancies may happen due to using incorrect data in the FE model. The
material properties used in finite element analysis might cause some errors and do
not include damping. The experimental procedure used may also cause some errors.
For example, simulating the aircraft structure to simulate free-free condition may

cause some changes in the frequency.

The measured results also have been compared with experimental data for
GARTEUR group [6, 20]. The measured frequency responses were differing slightly
than from GARTEUR group structure. There are some reasons to identify the cause
of these discrepancies. The modal testing has not been carried out on the same
GARTEUR group structure. The GARTEUR group structure [20] weight is 44kg.
The different weight between two structures may cause some difference in
frequencies. Modal testing has been done using a single output (Accelerometer)
whereas 24 reference accelerometer locations were used. The way of suspension of

the structure may cause some discrepancies.
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Comparison of natural frequency for GARTEUR-like aircraft structure
Mode no.

Exp. F.E. % Exp. Publications %
1 29.96 29.98 -0.07 29.96 - -
2 - - - - 34.88 -
3 35.88 34.76 3.12 35.88 35.36 1.45
4 37.32 38.41 -2.92 37.32 36.71 1.65
5 45.46 48.57 -6.84 45.46 50.09 -10.19
6 50.46 51.82 -2.69 50.46 50.72 -0.52
7 56.41 56.9 -0.87 56.41 56.44 -0.05
8 57.47 60.40 -5.10 57.47 65.14 -13.35
9 57.90 64.98 -12.23 57.90 69.64 -20.28
10 92.01 88.89 3.39 92.01 - -
11 107.70 107.50 0.19 107.70 105.47 2.07
12 121.98 117.50 3.67 121.98 -
13 134.68 136.49 -1.34 134.68 134.68 0
14 140.48 147.07 -4.69 140.48 145.87 3.84

4.7 Conclusions

This chapter has identified the structural dynamic characteristics for GARTEUR-like
aircraft structure. The experimental modal analysis was carried out on a physical
implementation of the GARTEUR-like aircraft structure. This Chapter presented a
method to assure that modal properties were identified from a single column of
frequency response. The presented method focused on fitting the modal peak one by
one. The modal properties: natural frequency and modal damping ratio have been
identified for each single mode of the vibrating system. The method overcomes the

difficulty of conventional methods that require a series of measured FRFs at different

Table 4-2 : Comparison of modal data from different tests

points of excitation.
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The comparison between different results in Table 4-2 shows that the experimental
results obtained from GVT do not match exactly the calculated results obtained from
the finite element model. These discrepancies between the measured and computed
data can be assessed. The following chapter presents methods to calculate the rate of

change of eigenvalues and eigenvectors.
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Mode #1: Freq. = 29.96 (Hz)

Mode #5: Freq. = 50.456 (Hz)

Figure 4-18 : Mode (1) Freq. 29.96 Hz

Mode #2: Freq. = 35.8822 (Hz)

Figure 4-19 : Mode (2) Freq. 35.88 Hz

Mode #3: Freq. = 37.32 (Hz)

Figure 4-22 : Mode (5) Freq. 50.46 Hz

Mode #6:  Freq. = 56.4119 (Hz)

Figure 4-23 : Mode (6) Freq. 56.41 Hz

Mode #7; Freq. = 57.4697 (Hz)

Figure 4-20 : Mode (3) Freq. 37.32 Hz

Mode #4: Freq. = 45.459 (Hz)

Figure 4-21 : Mode (4) Freq. 45.46 Hz

Figure 4-24 : Mode (7) Freq. 57.47 Hz

Mode #8; Freq. = 57.8969 (Hz)

Figure 4-25 : Mode (8) Freq. 57.90 Hz
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Mode #9: Freq. =92.01 (Hz)

Figure 4-26 : Mode (9) Freq. 92.01 Hz

Mode #10: Freq, = 107.7 (Hz)

Figure 4-27 : Mode (10) Freq. 107.70 Hz

Mode #11: Freq. = 121977 (Hz)

Figure 4-28 : Mode (11) Freq. 121.98 Hz

Mode #12: Freq. = 134675 (Hz)

Figure 4-29 : Mode (12) Freq. 134.68 Hz

Mode #13: Freq. = 140.477 (Hz)
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Figure 4-30 : Mode (13) Freq. 140.48 Hz
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CHAPTER 5. Eigenvalue and Eigenvector

Derivatives

The discrepancies between experimental results and analytical results in previous
chapters can be estimated. This chapter investigates methods to calculate eigenvalue
and eigenvector derivatives. These methods generalise the ideas implemented for
undamped systems to generally damped systems using structure preserving

equivalencies SPEs.

Dynamic analysis is required for design, modification and verification of the
complex structures to satisfy dynamic response restrictions. It is common to compare

the measured modal information {A,,® ,,®g,}-eigenvalues and their corresponding
left and right eigenvectors-with the predicted modal information {A, ® , ®g.}.
Changes in the system matrices {K,D,M} cause direct effects in the dynamic

properties. The system matrices can be represented as

p
K (0) =K, +0,K; +0,K, +...+0,K, =K, + > 0K (5.1)
i1
p
M (0) =M, +0,M; +0,M, +...+0,M, =M, + > 0,M, (5.2)
=1
p
D(6)=D, +6,D,+6,D, +...+6,D, =D, + > D, (5.3)

j=1
The variables (6,.0,....,6,) can be assembled into a vector e of unknown or

uncertainty parameters. The subscript “p” is the number of entries in the vector 6

where p <3n?. Matching the discrepancies between the physical and computed modal
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information can be achieved by computing the sensitivity of this modal information

to changes in the parameters. This can be done either numerically or analytically

_ 7 1a0" A
= Ay 2007 (5.4)
i = roi +%+§A9 o B = +%A9 (5.5)

AG:(Aﬁl,AGZ,....,ABp) is a vector of changes in the unknown parameters. % IS a

vector which represents the derivative of the i eigenvalue 4 with respect to each
i O O i i

unknown parameter in the vector 0. Yy and o are matrices which denote the

derivative of the i column of the left and right eigenvectors with respect to each

unknown parameter in the vector o .

There is a substantial literature on eigenvalue and eigenvector derivatives for
undamped systems e.g [97-103]. The aim of this chapter is to extend the idea for
eigenvalue and eigenvector derivatives for undamped systems to the case of
eigenvalue and eigenvector derivatives of general second order system using
structure preserving equivalences. This approach resolves the completely artificial
phenomenon that the eigenvalue and eigenvector derivatives become “undefined” at
instants when modification of, say, a damping parameter causes a pair of complex
eigenvalues to turn into a pair of real eigenvalues or vice-versa. It also has the
advantage of being applicable to cases where any one or more of the system matrices

are singular.

In this chapter, section 5.1 is devoted to outlining existing methods for eigenvalue

and eigenvector derivatives. Section 5.2 deals with eigenvalue and eigenvector
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derivatives for undamped systems. Section 5.3 shows very concisely how (in effect)
eigenvalue derivatives may be obtained. Instead of referring to the eigenvalues
directly, however, the diagonalised system is discussed. Section 5.5 shows concisely
how the equivalent of eigenvector derivatives may be obtained. Instead of referring
to the eigenvectors explicitly, the diagonalising transformations are needed. In
section 5.7, the structure preserving equivalences (SPEs) are described. Section 5.8
extends the logic of Section 5.3 to finding the derivatives of the diagonalised system
in the context of damped systems. Section 5.8.1 shows how eigenvalues and their
derivatives can be computed from the values and derivatives of the diagonalised
system. Section 5.9 extends the logic of Section 5.5 to finding the derivatives of the
diagonalising transformation in the context of damped systems. Section 5.9.1 shows
how the eigenvectors and their derivatives can be extracted from the diagonalising

transformation and their derivatives.

The subsequent section contains four examples. In the first example, there is a pair of
repeated real roots and the derivatives of two of the eigenvalues and their associated
eigenvectors are undefined. This example is generated by adjusting a damping
parameter such that at one specific value (corresponding to o =0 where o is a scalar
in vector of parameters 0), higher values result in two distinct real roots and lower
values result in a complex conjugate pair of eigenvalues. In the second example, the
mass matrix is singular at o =0. The conventional concepts of eigenvalue derivatives
encounter difficulty in such cases as the rate of change of infinity is difficult to
comprehend. The third example is a case of an undamped system having non-
symmetric mass and stiffness matrices where some of the eigenvalues of the system

are complex. This example shows that whilst eigenvalue and eigenvector derivatives
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can still be “made to work”, the approach to these derivatives through the SPEs is far
more elegant and involves only real-valued quantities. The fourth and final example
addresses a system of recognisable structure having both singular mass matrix and a

pair of identical real roots.

5.1 Eigenvalue and eigenvector derivative methods

There is already a substantial literature on eigenvalue and eigenvector derivatives for

undamped systems. Fox and Kapoor [97] provided a method applicable to symmetric

undamped systems to calculate % 5 L and a‘h in equations (5.4) and (5.5) respectively.

The eigenvalue 4 with corresponding eigenvector {¢} satisfy the following
equations

(K-4M)¢ =0 (5.6)

&' (K-4M)=0 (5.7)

The derivative of the eigenvalue 4 can be found from differentiating equation (5.6)

with respect to ® which gives

a2 (K oA\, M
(K X‘M)ae (ae o0 & o0 jd" (58)
and pre-multiplication equation (5.8) by ¢' gives

K _ oA,

G
W (K- &M)q_‘h(ae o0

M- 50 o (5.9)

The left hand side of equation (5.9) vanishes by virtue of equation (5.7). The

eigenvalue derivatives can be expressed in the following form

Sy (a'(—mj /da M (5.10)

144



Equation (2.9) in Chapter 2 expressed the mass normalisation condition that
¢ Mg =1 (5.11)

The eigenvalue derivatives for eigenvector mass normalisation can be written as

O _gr(K_, m
%—‘h (60 31 j‘h (5.12)

Equation (5.12) involves the i eigenvalues and the corresponding eigenvector of
interest. The derivative of the i™ eigenvector can be obtained from equation (5.8)

which can be rewritten as

F

Since (K-4M) is a singular matrix of rank (n-1), an extra equation is needed in
addition to equation (5.8) to calculate %. Differentiating equation (5.11) with
respect to 0 yields

24, Ma‘h = qﬂa—M(h (5.14)

Together equations (5.8) and (5.14) comprise (n+1)xn matrix.

(K= 4M)
{(K‘f'\")}%:_ T (5.15)
20'™ |00 4{@

.
Pre-multiplying equation (5.15) by {(K“_Tf/lM)} yields

1 o(K=4M)
00

%}[(K—wf(K—%M)+2MTWM]_1[(K—&M)

Talvl

+M 4 ¢ (5.16)
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Fox and Kapoor [97] proposed another expression to solve equation (5.8). The
derivative of the i™ eigenvector can be expressed as a linear combination of the

complete set of vectors of ®.
B3¢ — e (5.17)
Substitute equation (5.17) into equation (5.8) and pre-multiply by ¢, to calculate c,

b (K-AM)cd =4 [2‘; Zim 42@."}« (5.18)

The general scalar ¢, can be written in the form

oK o .
ckz—qT(a';—;(; —ﬂ,j /¢K K-AM) k=i (5.19)

For eigenvectors mass normalised, the ¢, can be rewritten

0 .
6 =4 [Z’; Sty —46;;')4»/(&—@) ki (5.20)

To find ¢; we apply the mass normalisation condition equation (5.14)

=47 Mg J2 (5.21)

Calculating the coefficients in equation (5.17) using equations (5.20) and (5.21)

requires the complete set of eigenvectors but does not involve inverting any matrix.

These expressions have been developed by numerous authors [98-103] to determine
the eigenvalue and eigenvector derivatives for more general non-symmetric
undamped systems. For large eigenvalue problems, the calculation of eigenvalue
derivatives is simple and straightforward, whereas the calculation of eigenvector

derivatives is more complicated.
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Nelson [104] simplified the procedure for calculating eigenvector derivatives of
symmetric and non-symmetric undamped systems so that only the eigenvalue and
eigenvector under consideration are required. The procedure of this method is to

modify the eigenvalue problem matrix (K-4M) of rank (n-1) in equation (5.8) to

matrix of rank n. The method shows that right and left eigenvector derivatives

{%‘,%} have a unique expression in terms of (n-1) eigenvectors of the system,

except the i eigenvector

i X

% = Z Cudrk +Cridri = Vri +Cridri (5.22)
K=Lki

oy ; C

% = Z Cdk +CLidri = Vi +Cpidy (5.23)
K=Lki

{vri,vyi} are vectors related to the right and left eigenvectors. The solution of the
vectors {vg;,v,;} in equations (5.22) and (5.23) can be computed by partitioning the
matrix on the left hand side of equation (5.13). This partition depends on the location

of the K" pivotal components {vac,vuc| of the vectors {vg;,v.;}. The k" location is

where the inner product of ¢, and ¢, is maximum - {‘¢Rk ¢Lk‘ is maximum}. The

complete solution for right and left eigenvector derivatives %,% 1§
0 " o0
VR1 Ore
oy _| |
6_0 = 0 + CRi ¢Rk (524)
VRn ¢Rn
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Vil ¢L1

o, ' ‘

%: 0 e fau (5.25)
Vin ¢Ln

The superscript “ " is used to indicate the n entries of the vectors vgand ¢, and
the k™ pivotal components {VRk,VLk} of vectors {vg;,v,;} are zero. The entries in the

k™ row and column of the eigenvalue problem matrix in equation (5.13) are zero and

the location (k,k) of that matrix is 1.

_(Kll_ﬂiMll) 0 (Kln_liMln)— VR1 le
e 0 .-
0 010 0 VR (=1 O (5.26)
... 0 .. : :

_(Knl_ﬂiMnl) e 0 (Knn_ﬂiMnn)_ VRn frn

The vector v, can be solved directly from equation (5.26) since the matrix on the
left hand side of equation (5.26) is of rank n. The ¢, is calculated using the norm for
os; that can be put in the form

O My =1 (5.27)
Differentiating equation (5.27) with respect to ¢ yields

i
00

b oM

2Re[¢RiHM j+q>Ri a_ed’R‘ =0 (5.28)

Re is the real part of a complex number. Substitute equation (5.22) into equation

(5.28) to calculate cg; yields

Cri = _[Re(d)RiH Mvyg; )+0-5¢RiH %%ij (5.29)

The left eigenvector derivatives %i can be found by differentiating equation (2.4)

with respect to 8 and then following the same procedure.
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Most of the existing methods explored eigenvalue and eigenvector derivatives of
undamped eigenvalue problems. These methods cannot be applied directly for
repeated eigenvalues. Many methods [114-118] are proposed for calculating
eigenvector derivatives with repeated eigenvalues. All methods suggested by
references [114-118] have difficulties to define the exact eigenvector derivatives.
Baisheng Wu et al. [119] presented a method for computing eigenvector derivatives
with repeated eigenvalues for real symmetric eigensystems. The solution is required
to be mass orthogonal with respect to repeated modes. The coefficient matrices are

non-singular.

In this chapter, existing methods have been developed and generalised to determine
eigenvalue and eigenvector derivatives for undamped systems. The solution required
knowledge of the eigenvalues and eigenvectors under consideration. Real
diagonalised system, diagonalising transformations and their derivatives have been
used in order to calculate the eigenvalue and eigenvector derivatives. These methods
overcome the difficulty that eigenvalue derivatives become undefined. The ideas for
undamped system are extended for generally damped systems to the concept of
structure preserving equivalences. For the purpose of this chapter, differentiation is
chosen to be with respect to o, where o is a singular scalar parameter of the

uncertain parameters vector o .
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5.2 Eigenvalue and eigenvector derivatives for

undamped systems

This section provides an approach based on the above existing methods but takes a
slightly more general view of the concept of eigenvalues based on the homogeneous
coordinates approach of [120]. The purpose of this section is to provide a framework
for undamped systems which can be extended naturally to damped systems. Aside
from this purpose, the only added value in this section is that it caters naturally for
the case where the mass matrix may be singular whereas the aforementioned

methods do not.

Non-symmetric undamped systems {K,M} are considered in this section. The

stiffness matrix is K and the mass matrix is M. It is possible that such systems can
produce complex eigenvalues and associated complex eigenvectors. The treatment of
this section can be applied to such cases but there may be issues of numerical
stability in such cases. The intention for the methods of this section is that they
would only ever be applied to the case of real eigenvalues. Where an undamped
system has complex eigenvalues, the natural course is to treat it as we propose that

all damped systems should be treated (sections 5.8 and 5.9).

In place of the concept of matrices of left and right eigenvectors, we consider

transformation matrices {T,, Tz} which diagonalise the system according to the
following equation
T KTz =Kp (5.30)

T."MT; =M, (5.31)
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T,'DT; =Dp (5.32)
In this section, the eigenvalue and eigenvector derivatives are calculated based on the
diagonalised system and diagonalising transformations using equations (5.30) and
(5.31) which describe the undamped second order problem det(K—AZM)zo.

Abuazoum and Garvey [121] considered the eigenvalue and eigenvector derivatives

of the first order problem det(K+D)=0 and the method is completely analogous.

The eigenvalues of this system represent squares of natural frequencies in rad/s. The
following general definitions will be used
(Km; —Mk; )i =0 (5.33)
&' (Km —Mk;)=0 (5.34)
where {m;,k} together represent the eigenvalue A:= (k;/m;) and {¢; ¢} represent
the corresponding left and right eigenvectors, respectively. For consistency with later
sections, we place all emphasis on the pair {m;,k;} and no emphasis on the eigenvalue
itself. In most instances, we could insist that m, = 1. This corresponds to the familiar
“mass-normalisation”. However a more generally-applicable constraint is that
k?+m?=1 forall i (5.35)
The definition of the eigenvalues in equations (5.33) and (5.34) can be referred to as
homogeneous coordinates [120] and the same arbitrary normalisation of each pair
{m;,k;} is used there. This formulation normalisation admits the possibility that either
m =0 or k=0 and it is possible to express {m; k;}, respectively, as the cosine and

sine of a single scalar angle but there is no particular value in pursuing this

expression here.
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The following orthogonality relationships are easily proven
B Koy =0V mk; =k;m; (5.36)
O Méy; =0 v mk; =k;m;. (5.37)
In this section, we will consider that the eigenvalues are all distinct. In later sections
dealing with damped systems, this condition will be relaxed to the milder condition

that no pairs of eigenvalues are repeated. Collecting the left and right eigenvectors in

the same order produces
@ :[¢Rl Bro - ¢Rn] (5.38)
D =[d1 do - o] (5.39)
and both matrices, {®_ @}, will be invertible since the eigenvalues are distinct.
Then diagonal matrices, {K,,M} are related to the original stiffness and mass
matrices {K,,M,} through the conventional equivalences
Kp =@ Ky (5.40)
Mp = @, " My (5.41)
Note that the normalization of equation (5.35) controls the scaling of (chTKq)R) and
((I),_TM(I)R). The i™ diagonal entries of {Kp.Mp} are {k,m}, respectively. We see

that the eigenvectors define a diagonalising transformation which maps the original

system matrices {K,M} onto the diagonal matrices {Ky,Mp}.

152



5.3 Rates of change of the diagonalised matrices for

undamped systems

Differentiate equations (5.40) and (5.41) with respect to some scalar parameter, o .
The dot notation employed above the matrices here and henceforth indicates a

derivative with respect to o .
Kp =@ KD, + @ KD, + B T Kby (5.42)
Mp =@ Md; + @ T Md; + D' Md, (5.43)
The derivatives of each pair, {k,m;}, must be determined in isolation. Throughout
this paper, we use the notation, e, to denote the i column of the (nxn) identity
matrix and we will denote by S; the matrix containing the remaining (n-1) columns.
Pre-multiplying equations (5.42) and (5.43) by ¢," and post-multiplying them by e,
yields
ki =" K + " K + " Ko (5.44)
M =" Mk + b M + ;' My (5.45)
Multiplying equation (5.44) by m,, multiplying equation (5.45) by k; and subtracting
the latter result from the former gives
mk; — ki =" (MiKy —ki My ) d (5.46)
Equations (5.36) and (5.37) were invoked to cancel terms from equation (5.46) and
equations (5.1) and (5.3) were also applied to replace {K,M} by {Ky,M},
respectively. Evidently, equation (5.46) is insufficient to determine {k;,m;} uniquely.
The normalisation information of equation (5.35) provides the necessary second
equation

kK +mymh =0 (5.47)
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Combining equations (5.46) and (5.47) yields

k

HEH

where the diamond symbol, ¢, is used here (and later) to represent a known scalar

quantity. In the present case, it happens to be (qiT(miKl—kiMl)%i). Note that the

(2x2) matrix of Eq. (5.48) is an orthogonal matrix.

5.4 Orthogonal transformation matrix -

Householder Reflection

Any orthogonal transformation in the plane or three dimensional space is a rotation.
It is possibly combined with a reflection in a straight line or a plane [40].
Chandruptla and Constans [122] presented a technical note about the use of
Householder reflection in place of Givens rotation in matrix decomposition. The
Householder reflection is used to decompose a fully populated matrix into bidiagonal

form. The Householder matrix is defined as
Q=(1-2uu’) (5.49)
where u is a unit vector defining the direction of a reflection. In two dimensions, if

T . .
u=[u; u;] and for given a matrix ®,

o[y - Mzm - m (5.50)

The matrix Q can be written as

1-2u? —2uu;
Qij= (5.51)

—2uiu;  1-2u)?
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Since the vector u is a unit vector, u?+u?=1 and [1-2u; +[—2uiuj]2 =1. Then, the

matrix Q; ; is proposed to be

S —C

Q) {C y } (5.52)

Where ¢? +s? =1, the ¢ and s are chosen such that

ol S

Therefore, C=||(:x_i||’ s="1l", ||‘h||=4/‘hi2+¢ji2 . The symbol | .| denotes the Euclidean
norm.
e s | | ok +Sbic
el AL o=

5,5 Rates of change of the diagonalising

transformation for undamped system

Applying equations (5.33) and (5.34) for all of the eigenvectors simultaneously
results in
(K®@gMp -M®K[,)=0 (5.55)
(Mp®"K-Kp® "M)=0 (5.56)
Differentiating equation (5.55) with respect to o yields
KDMp, ~-M®:Kp, = (M®:Kp + M@K ) (K @My, + K®M,, ) (5.57)
The quantities on the right hand side of equation (5.57) are known. Note that because
{Kp,Mp} are both diagonal, column i of the left hand side involves only the

eigenvector, ¢; . Thus for the general i™ right eigenvector,
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(MK kM) i :[(Mk’i FMyk )= (Kqm; + K )]d)m (5.58)
Similarly for the left eigenvector, by differentiating equation (5.56) and taking row i
we can obtain
b (MK kM) =0T | (MK + Mk )= (Kym + Ky ) | (5.59)
Now, (mK-kM) has one zero singular value (recall our assumption of no repeated

eigenvalues) and hence the solution of equations (5.58) and (5.59) is not simply a
matter of finding the inverse of this matrix. In fact, these equations each reveal the

fundamental truth that it is only possible to know (n-1) independent facts about the

rate of change of any one eigenvector (either left or right). The reason for the

remaining unknown is that even when the system is not changing, any multiple of ¢y
can be added onto ¢y itself without compromising its legitimacy as a right
eigenvector. The same is true for ¢;. Nelson [104] showed that by writing the

eigenvector derivative as a linear combination of the eigenvectors, it becomes clear
what can be known about the eigenvector derivative and what cannot. We adopt a

more direct (and more efficient) approach here.

Begin by calculating orthogonal matrices, {Q;,Qg} such that
Quh; =&y, (5.60)
Qriai =€ i (5.61)
where {;,ay} are arbitrary real scalars. Such matrices {Q;,Qg;} are easily achieved

as Householder reflections [123] which, in addition to being orthogonal, have the

very attractive properties of being symmetric and low-rank modifications of the
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identity. Recalling that S; represents the (nxn) identity matrix from which the i"
column has been removed, it is clear that

(S Quidi =0=5 Qidh ) (5.62)
Now, write the two desired vector derivatives as

b =(Qu"Si o + Bt (5.63)

di = (Qri'Si )9ri + Bridw (5.64)
The vectors {g,;,9x} each have (n-1) entries and these can be computed directly

from equations (5.58) and (5.59), respectively. The transpose symbols in equations

(5.63) and (5.64) are not necessary if {Q,;,Qg;} have been calculated as Householder
reflections but we allow that {Q,;,Qg;} are not necessarily Householder reflections.

Many other options are also available.

The Householder reflection matrices have the form as in equation (5.49)

Qu=(1-2uu") . Qu=(1-2upug") (5.65)
Vectors {u,,ug} are unit vectors where |u, | =+Ju Tu_ =1 and |ug|=Jug ug =1. These

vectors can be calculated from eigenvectors LI as

ug
u = i —eia y U =+—
L ‘h_ L L ||U|_|| (5 66)
Ug '
Ug =dri —&joRr URZM
R
where {« ,az} can be calculated from the following expression
B T1 R 1 (5.67)

ol el
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To obtain g, , substitute for ¢ in equation (5.58). The term involving the unknown
scalar, gx;, vanishes naturally and the result is a set of n consistent equations with
(n—1) unknowns. The most stable solution of these equations is achieved through use
of the left pseudo-inverse. To obtain g,;, substitute for ¢ in equation (5.59). The
term involving the unknown scalar, p,;, vanishes naturally and the result is a set of n
consistent equations with (n-1) unknowns. The most stable solution of these

equations is achieved through use of the right pseudo-inverse.

Having evaluated vectors {g,;,9;}, it remains only to set values for the unknown
scalars {A;.f4x}. The normalisation of equation (5.35) provides one equation
governing these since ¢, Koy =k, and ;" My, =m; . Thus

ki (d‘liT Kdg; + ‘h_iT Kidri + ‘h_iT Kd)Ri )+ m; (‘h_iT M +‘h_iT M dg; + ‘h_iT M‘i)Ri ) =0 (5-68)

Substituting for {4>u ,q}Ri} using equations (5.63) and (5.64) transforms equation (5.68)

into a linear equation in {A;, B} . Obviously, one linear equation is not sufficient to

determine two unknowns and a further arbitrary decision must be made. For
symmetric undamped systems, the left and right eigenvectors can be forced to be

identical and in this case, g, =& - In more general cases, a reasonable strategy is to
maintain the following condition

O =00y forall i (5.69)
and this clearly leads to a second linear equation in {f;.Bs}. The problem of

determining the eigenvector derivatives is now solved. Moreover, notice that in order
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to determine the derivatives of the i"" left and right eigenvectors, it is not necessary to

know any other eigenvectors.

5.6 Eigenvalues and eigenvectors for damped

systems

The governing equation of motion of a general second order damped system is
MG +Dg+Kq=f (5.70)

where {K,D,M} are the system matrices which satisfy the following equations
(21-2M +11D+K)¢Ri =0 (5.71)
o' (ﬂizM+A1-D+K)=O (5.72)

Defining {¢¢x;} as the i™ left and right eigenvectors, where i={12...n}

In state space, the (2nx2n) left and right eigenvector matrices {(Ii,di} diagonalise

the Lancaster augmented matrices (LAM’s) {K,D,M}. The eigenvalues A might be

complex or real or mixed (real and complex). If all eigenvalues are complex

A= diag(/ii,ﬂQ ...... N zn*,)

* T *
AY 0 Q o
o, ?L* {0 K} @, (I)R* { ! }:[ } (5.73)
AD, Ao | |K DA, Ao 0 AY 0 Q
* T *
Y 0
o, ?L* {K 0} ®, ?R*:[ } (5.74)
A®, Ao | |0 -MjA®, Aoq U

. T|:_D _M} o, @ _F/A 0 }_{r 0} (5.75)
AD, A0 | [-M 0 Jlaw, A0 | | 0 ¥/A' [0 T '
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Equations (5.73), (5.74) and (5.75) can be written in general form as

@ MO, =Q (5.76)
@ DO, =¥ (5.77)
@ 'K®; =T (5.78)

where {Q,¥,I'} are diagonal matrices Q =diag(w, @, ,....,a,), ¥ =diag(yy,v,,....y,)and
I =diag(71,72,..7,). If the left and right matrices of complete eigenvectors {cDL,cDR}
are normalised using equation (5.74) and setting ¥=I, the values of {Q,¥,I'} are

still diagonal and can be expressed as {A,L A_‘l} respectively.

We will select two columns of eigenvectors at a time: the i"™ column and the complex

conjugate of the i column. Equations (5.73), (5.74) and (5.75) can be written as

LY T{O K} b O |_|AWi 0 | & O (5.79)
Ay A4 LK Pllady A'e’] L0 Awi] [0 @ '

« T *
|:‘h_i ‘1:|_i *} {K 0 H dri d:Ri *]:|:'//i 0*} (5.80)
Abdi Ay 0 -M A A O 0 v
« T *
|:‘h_i ‘1:Li *} {—D —M}{ dri ?Ri *}:li'//i//li *0 *} ::[Jﬁ 0*} (5.81)
Ay Ae ] LM 0 Jl Al Ay 0w /x| |0
di" Mei = (5.82)
&' Do =i (5.83)
& Kéwi =7 (5.84)
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5.7 Diagonalising structure-preserving equivalences
(DSPEs)

Since the eigenvalues of system {K,D,M} are most usually calculated as the roots of
det(D-1K)=0 (5.85)

If these roots are all distinct, then it is always possible to find matrices {(I),_,(I)R} such
that ((I)LTQ(I)R) and (chTg(pR) are diagonal. In all such cases, it is always possible to

find some SPEs for the system such that {K,,Dy,My} of equations (2.70), (2.71)
and (2.72) are all diagonal. An algorithmic approach to determining diagonalising
{l'E} from {ﬂ'qﬁ} is outlined in [44, 45]. In [46], a process is described by
which the matrices {LE} are developed from a numerical solution of the

differential equations outlined in [124]. A major motivation for this chapter is that

even when it is not possible to find matrices {@ @} such that (@ "D,¢) and

(mLTKOqi) are diagonal, it may still be possible to determine diagonalising {T,, T, } -

This happens particularly where there are pairs of repeated real roots.

The diagonalising SPEs are introduced in Chapter 2 section (2.6.1). The

diagonalising transformations for the general damping system {K,D,M} are

W, X T[0 K[Wx Xg [o Ko (5.86)
Y, Z | |K D|Ys Zz] |Ko Dp '
W X T[K 0] W Xg]_[Kp 0 (5.87)
Yo Z | [0 -M|| YR Zg 0 Mp '
We X J[-D -M] Wy Xg] [-Dp -Mp (5.88)
Yo Zo | |-M 0 || Y Zg] |-Mp O '
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or equivalently

T."MTg =Mp (5.89)
T.'DTz =Dp (5.90)
T KT =Kp (5.91)

where {@%%} are block diagonal matrices and {K,Dp,Mp} represent the

LAMs for the system whose coefficient matrices are the diagonal matrices

{KD'DD'MD}

KD :diag(kl,kz ...... kﬂ)
DD :dlag (dl'd2 ...... dn) (5.92)
My, = diag(my,my,....,m, )

The following serve as a general definition for a pair of eigenvalues of a second-

order system and the associated pairs of left and right eigenvectors.

SR R S
o IR T R S

more concisely

(kK+diD+mM)tg =0 (5.95)
t' (kK+d;D+mM)=0 (5.96)
Here, ty is a matrix of dimension (2nx2) whereas wy; is a column-vector of size n

and k. is a (2x2) matrix whilst k; is a scalar. {tﬂ,tﬂ} will be partitioned as follows

Wi Xy
t= 5.97
- LYu Zu ( )
[Wei Xgi |
ty = 5.98
= L YRi  Zri ( )
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These partitions are related to the full matrices of the diagonalising transformation

through
We =[Wg Wy o Wey] » W =[wy wi, o wiy] (5.99)
Xg=[Xr1 Xrz -~ Xan] » XL=[Xu X - X (5.100)
Ye=[Yr1 Wro - Wey] o Yi=[Yu Y2 - Yun] (5.101)
Ze=[2p Zrz - Zen] v ZL=[Za 7 - 7] (5.102)

and the matrices {W_,X,,Y_,Z,,Wg,Xg,Yg,Zg} collectively form {L,E} as
equations (5.86)-(5.88) indicate. It is evident that {tﬂ,tﬂ} hold the i™ and (n-+i)
columns of the left and right diagonalising transformations {L'E} respectively.
Te =ty (5.103)
Toe, =ty (5.104)

where e; isa (2nx2) matrix which is defined as

e =[‘; :} (5.105)

Here, the notation e, denotes the i™ column of the (nxn) identity matrix. Equations

(5.86)-(5.88) can be written as

T -
WLi XLi O K WRi XRi _ O kl
{YU ZLi:| {K D_|:yRi ZRi}_{ki di} 10
. -
{WU xu} {K o} Wy xﬂ{ki 0} (5.107)
Yi Zi] L0 M][Yri Zgi 0 —m
. -
{WU xu} {—D M {wm xm}{—di —mi} (5.108)
Yi zi] M0 JlVei Zgi -m 0

Simplifying equations (5.106)-(5.108) as

ty' Ktg =k (5.109)
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t,' Dty =d; (5.110)
ty' Mt =m; (5.111)
These equations arise by post-multiplying each of equations (5.89)-(5.91) by & and

pre-multiplying each one by its transpose. The left and right diagonalising

transformations {tﬂ,tﬂ} satisfy equations (5.95) and (5.96)

A new homogeneous coordinates definition for the eigenvalues and eigenvectors of a

second-order system can be developed. Multiply both sides of equation (5.109) by k;
and multiply both sides of equation (5.110) by d; and multiply both sides of equation

(5.111) by m, and then add the three equations. Observe that

ol s A Y e

or equivalently
(mim; + d;d; +kik; ) =0 (5.113)
It follows immediately that if {k;,d;,m} are the i diagonal entries of the diagonal
matrices {Ky,Dp,Mp} respectively, then the matrix (mi%eri%Jr K; &) must have

(at least) two zero singular values. It then follows that if equations (5.89)-(5.91)

apply and if {LE} are both invertible, then (mM+d;D+kK) must also have (at

least) two zero singular values.
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5.8 Derivatives of diagonalised damped system

The derivatives of the eigenvalues and eigenvectors of damped second-order systems
provide additional challenges but there is obviously strong motivation for studying
these. Cardani and Mantegazza [125] considered damping in the context of flutter
problems and noted that the eigenvalues, eigenvectors and their derivatives become
complex in general. Adhikari [126] derived exact expressions for the derivatives of
complex eigenvalues and eigenvectors for systems having non-proportional viscous
damping - avoiding the use of a state space representation of the equation of motion.
Friswell and Adhikari [127] developed Nelson’s method for symmetric non-
proportionally damped systems with complex modes. Adhikari and Friswell [128]
developed expressions for the first and second derivatives of complex eigensolutions

of general asymmetric nonconservative systems.

In this section, we concentrate on the derivatives of three diagonal matrices,

{Kp.Dp,Mp}. In effect, we are finding the derivatives of the eigenvalues of the

general second-order system. However, this approach does not suffer from the
eigenvalue derivatives becoming undefined in the presence of a single pair of
identical real roots and it does not have any restriction to non-infinite eigenvalues.

Differentiate equations (5.89)-(5.91) to obtain:

T MT+T, " MTy + T, MT, =M, (5.114)
T DTy +T, " DTy + T, DTr =D, (5.115)
TLTKTR +T KT+ T T KT =K (5.116)
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Following a close parallel to the logic used in section 5.3, for some given i, multiply
equation (5.114) by m,, multiply equation (5.115) by d, and multiply equation
(5.116) by k; . Adding the three resulting equations and pre- and post-multiplying by
& T and & respectively, yields

tﬂT(ki5+di_D+miM)tﬂ:(ki&+dii+mi@) (5.117)

where the definitions of {ﬁ'ﬁ’ﬂ} are

ﬁ{:::i _ﬂ ! ﬁ{'g _H , ﬂ{z H (5.118)

In determining equation (5.117), equations (5.95), (5.96), (5.103) and (5.104) were
applied. Now, since all quantities on the LHS of equation (5.117) are known along

with {k,d;,m;}, it is clear that there are four scalar equations in equation (5.117)
involving the three unknowns {k'i,di,mi}. It is immediately obvious, by symmetry

that, at most, only three scalar equations are independent. These three resulting

equations can be rearranged to have the form:

0

0 (5.119)
0

where, once again, the diamond symbol, ¢, is being used to indicate a known scalar

quantity. The (3 x 3) matrix on the left hand side of equation (5.119) always has one
zero singular value. The fact that {ﬁﬁﬂ} is not uniquely defined is consistent with
the fact that the scaling of the diagonal entries themselves is not unique. We found
something similar for the case of an undamped system. By choosing to set the scaling

k?+d2+m?=1 forall i (5.120)

then equation (5.119) becomes
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di _ki 0 k <>
m 0 k| .| |0
d |= 5.121
0 m —df 'l |0 ( )
m;
k. d m; 0

Rather than eliminate any one row from equation (5.119) when forming equation
(5.121), it is recommended to leave four scalar equations in equation (5.121) and to
solve this using the pseudo-inverse. The columns of the (4x3) matrix in equation
(5.121) are mutually orthogonal and thus very stable solutions can be found for the

three rates of change.

5.8.1 Eigenvalues and their derivatives from diagonalised
systems
Eigenvalues and their derivatives can be calculated from {k;,d;,m} and their
derivatives {k;,d;,m;| using the following equation
ki +d;A+mA% =0 (5.122)

Then, a pair of eigenvalues is represented by

—(]- .2 —_ . K.
L £ 07— amik, (5.123)

- 2m;

Differentiating equation (5.122) with respect to 6 gives an expression for the

eigenvalue derivatives (see Appendix D).

. —(ki+di/1+mi/12)
i (5.124)
(di +2m;2)

For any three scalars {k;,d;,m} equations (5.71) and (5.93) are two equivalent

statements (further details are in Appendix C).
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5.9 Derivatives of the diagonalising transformations

In this section, we follow a close parallel to the development of section 5.5. We
begin with equations (5.95) and (5.96) as definitions of the left and right
“eigenvectors” in the sense that they contain the eigenvector information associated
with the pair of eigenvalues which are roots of equation (5.122). As was the case

with Section 5.5, we shall see that no other eigenvector information is required to

find the required derivatives of {tﬂtﬂ}

Differentiating equations (5.95) and (5.96) with respect to scalar parameter o

produces

(ki5+di[_)+miM)fﬁ=—;—G(ki5+di[_)+miM)tﬂ (5.125)

t|_iT (ki5+di9+miM) = _tLiT di(kiﬁ"‘di[_)+ miM) (5-126)
— — O

The right hand sides of the above equations are known. We now follow a procedure
almost identical to that of section 5.5 where the derivatives of the eigenvectors of an

undamped system were derived. First, recall the definition of e, from equation

(5.105). In the same way that {e;,S;} together span n-space, we define a new

(2nx(2n-2)) matrix, S, , such that {¢,,S, { together span 2n-space. A logical format

for S, is this

w

_i{oi SO} (5.127)
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The developed method is to generate two orthogonal matrices {& \Qri } which are

orthogonal to the {t;tx}. The {Q, Qx| Matrices can represent left and right

Householder Reflections and they satisfy the following equations

Quitui =& (5.128)
Qritri =€iri (5.129)

Then, {(ﬁ%} satisfy the following equation
(s Quitu)=0=(S" Qutw) (5.130)

where {& JORi } are any two arbitrary (2x2) matrices which can be defined as

uLiz{“u 0‘La} , aRi=|:aRl “Ra} (5.131)
— %4 O -

Org  OR)

The left and right diagonalising transformations {tﬂ,tﬂ} comprise two columns each

ty=[tus tuz] and ty =[tes tao | respectively.

The two orthogonal matrices {& Qri } can be calculated by regarding each column

in the left and right diagonalising transformation {tﬂ,tﬂ} using the following
equations

Qui = Qui2Quin =(!_2UL2UL2T )(l—ZULluLlT)

Qri = Qri2 Qri1 =(!_ZURZUR2T )(l_ZURluRlT)

(5.132)

{%'Quz}1 {QRil,QRiz} are symmetric orthogonal matrices. Vectors {EE} and

{uﬁtﬂ} are unit vectors. This calculation can be divided into two steps: the first
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step is to calculate the {%(ﬂ} based on the first column in {E,iﬂ} and the

second step is to calculate the {(Q(ﬂ} based on the second column in {tﬂ,tﬂ}.

To find the orthogonal matrices {ﬂ(ﬂ} in equation (5.132) based on the first
column in {tﬂ,tﬂ}, the vectors {EE} can be calculated from the columns

{tun taa 8

U,
Ui = tun — €0 ﬂ:"u_
L

(5.133)
Ugg
Urt = trin —€nr1 » Upt =7
Jues

where e;; represents the first column of the matrix e; and the scalar {e;, o, } can be

calculated from the following expression

L tri
a ===, R (5.134)
e e
Then, {Q.y,Qga} can be calculated using the following equations
Qus =(1-2uu,") 5.135)

Quy =(1-2Ug, U,

To find orthogonal matrices {(ﬁ@} based on the second column in {tﬂ,tﬂ}, the

vectors {uLZ,uRZ} can be calculated using the following expressions

'ﬁZ('—ZﬂﬂT)tﬂ : tR_ni:(I—meT)tii (5.136)
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where {ty try} COMPprise two columns each tiy =|tu tunz | tani =| troir toiz |-
The scalars {a ;, aps} are selected to be the i entry in the columns {thl,tle} and
the scalars {a,,ag,) are selected to be the i entry in the columns {tiniz: teniz

respectively. Then, zero the i™ entry of columns {tLﬂtRﬂ} Using the following

expression to calculate ¢,

T Thni
a, = Lni2 . g = Rni2 (5137)
.| .|
The vectors {u£ uﬂ} are obtained
)
Yo =Tz ~€2z » Uip =9
L2
5.138
e (5.138)
Urz = troiz ~8i2%R2 “ﬂ:”u_—u
YR2
Then, {(ﬁ@} can be calculated using the following equations
Qua = (12012012 ) 5.139)

Quiz =(1 - 2Ugs U, )

The left and right diagonalising transformation derivatives {i,;,tx | can be written as

E=($Ti)gu +1, B4 (5.140)

E=(%Ti)%”ﬂ@ (5.141)

where {@@} are (2x2) matrices and where {gu,%} are matrices of dimension

(2(n-1)x2) which can be determined uniquely by substituting for {i.t | in
equation (5.125), (5.126), respectively, using equations (5.140) and (5.141). Terms

involving the unknown (2x2) matrix quantities, {&@} vanish naturally and the
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result in each case is an overdetermined but consistent set of equations which can be

solved directly and stably using a pseudo-inverse.

It remains only to state how the two (2x2) matrices {@&} should be found.

ﬂLll ﬂLlZ ﬁRll ﬂRlZ
. P = 5.142
IBLI |:ﬁL21 ﬁL22:| ﬂR |:ﬂR21 ﬂR22:| ( )

Much of the requisite information is present through differentiating equations (5.109)

-(5.111).
' Kt +ty " Kl =K —ty Kty =hg (5.143)
fui’ Dt +tys" Dty =0 ~tu" Dty =y (5.144)
fus’ Mt 1" Mg =1t " Mg =Py (5.145)

The derivatives in the right hand sides of equations (5.143)-(5.145) {%%%} are
(2x2) matrices that are known (see section 5.8) as are the derivatives of the LAMs
{K,b,M}. When equations (5.140) and (5.141) are used to substitute for {tﬂtﬂ}
equations (5.143)-(5.145) yield 12 equations with only 8 unknowns (the 8 scalar

entries of {4, B} )-

0 0 kK O 0 0 Kk O P
ki 0 di 0 0 0 0 I(| hle
0 0 0 ki Kk 0 d 0 |[Brur] |
0 Kk 0 d 0 K 0 d || Bre Pz
kk 0 0 0 Kk 0 0 0 ||Bran ha11
0 0 -m O 0 Kk 0 0 || Braz _ ha1 (5.146)
0 Kk 0 0 0 0 -m 0 | Bn ha21 .
0 0 0 -m O 0 0 -m || B ha22

-d; 0 -m 0 —d 0 -m 0 ||Bax| |hau

-m 0 0 0 0 -d 0 -m (B |he
0o -dg 0 -m -m 0 0 O hya1

0 -m 0 0 0 -m 0 0| B |
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or equivalently

WS =h, (5.147)
where W is a (12x8) matrix with rank 6, g, is a vector of 8 unknowns and h; is a
vector of 12 known values. In fact, only 6 of these equations are independent. When
the system matrices are symmetric, forcing Bii = Bri is always possible and this is

sufficient to determine {,Bu, ,BRi} uniquely. When the system matrices are not

symmetric, some arbitrary choice must be made in the determination of these
quantities. A reasonably general approach (which is consistent with the symmetric

case) is to impose the constraint:
diag(@T@Fdiag(@T@) (5.148)
The solution of the vector g in equation (5.147) can be achieved from singular value
decomposition of the matrix w
[UXv]=svd(W) (5.149)
where {u,v} have dimensions (12x12), (8x8), respectively, are two orthogonal
matrices (uTu:I), (VTV:I) and X is a diagonal matrix with two zero singular

values. The matrix W can be written as

W=uSv' =[u, uz]ﬁl 8}[% vJ (5.150)

where the number of columns of {u;,v,} equals rank of the matrix W, u,"u; =1 and
(Vs = |) . The vector B can be expressed in the following form
B=(w+2) (5.151)

where w can be calculated using this equation

w=vr=v; > ' x=v, > u'h, (5.152)
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and the vector z can be calculated using the following expression
z=V,b (5.153)
in which z satisfies Wz =0. The vector b is a random vector, has a dimension equal

to the number of zero singular values.

5.9.1 Eigenvectors and their derivatives from diagonalising

transformations

Comparing equations (5.79)-(5.81) with equations (5.106)-(5.108) yields

FM 0 :I _ {all a }T [ 0 k Maﬂ &2 } (5.154)
0 Awi| [an an] [k diflay ax
{l//i 0 } _ fay; ap }T {ki 0 }{aﬂ alZ} (5.155)
0 w' | |ay ap| |0 -m|lay ay
{l//i /% 0 | _ {311 a1 }T |:_di -m; Mall 2 } (5.156)
0 l//i*//li*_ B ] |-M 0 jlay ay
o =2 ma, (5.157)
vi-ada (5.158)
Ve EiT ka (5.159)

Equations (5.157)-(5.159) show that the (2x2) matrix a is the eigenvector of the
system {k;,d;,m;} . Scaling the vectors in matrix a; yields
a; =a /diag(fay; a,]) (5.160)

The matrix 3; can be written as

|

1 1
= .16
L— A (16D
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The left and right columns i and (n+i) of the eigenvector matrix of the original
system can be calculated from the left and right columns i and (n+i) of the

diagonalising transformations as

{ Ugr liR* *} _ |:WRi XRi } 1 1*} (5.162)
Aug  Aug Yei ZriJl A4 A
{ Uy LiLi* *] _ {Wu X | { 1 1*} (5.163)
AU A Uy Yoo ZullA A

Equivalently, we can write
Ori = tridi (5.164)
qi =t (5.165)

Differentiating equations (5.164) and (5.165) with respect to o delivers a new

expression for the eigenvector derivatives (see Appendix D) as

déy .
%=¢ﬂ=fﬂﬁ+tﬂi (5.166)
T
%=¢£=h"ﬁ”ﬂi (5.167)

where the derivative of 3; can be written as

0 0
A= .. .168
s L— A (6169

5.10 Examples

Four examples are presented here. For three of the cases, the systems are symmetric
and have dimension (3x3). In the other case, the system is undamped and non-

symmetric with dimension (2x2). All systems are described in terms of the scalar
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parameter, o, through equations (5.1)-(5.3) where {M,,D,.K,} and {M;,D;,K;} are

given explicitly.

5.10.1 Example 1: A pair of identical real roots

In this case, there is a pair of identical real roots. Here, the point o =0 coincides
exactly with a point on the root-locus plot where two repeated real roots are just
about to turn into two complex conjugate roots or vice-versa. Established methods
indicate (correctly) that eigenvalue derivatives are undefined in such cases. However,

the coefficients of the corresponding quadratic polynomial vary smoothly and are

well-behaved. The eigenvector scaling is selected such that (mi2 +d;? +ki2)51 for all i.

4 -1 0 800 -300 0 0 0 0
My=|-1 5 1| , K,=|-300 900 50 | , M,=K,;=|0 0 0
019 0 50 1200 0 0 0
26 10 24 2 1 2
D,=|10 18 15[+0,4D, , D=1 1 1 0, =13.4120370573992091
24 15 40 3

Table 5-1 summarises the values {m,,d,,k; } for each of the three pairs of modes as

well as {,d, .k |. Pairs of eigenvalues can be calculated from {m,d, .k} using

170
k; +d;1+m 22 =0. The following eigenvalues are found:

-1.5862 +14.1363i
A =|-1.4654 +12.2227i
-12.1341 + 0Oi

Figure 5-1 shows the root locus for the pair of repeated real roots for positive and

negative values of o closeto o=0.
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Mode Pair 1 Mode Pair 2 Mode Pair 3
m; 4.9413e-3 6.5974e-3 6.7012e-3
d 1.5678e-2 1.9336e-2 1.6263e-1
K; 9.9986e-1 9.9979%-1 9.8666e-1
m; 6.278e-6 -6.254e-6 -9.165e-6
di 0.3514e-3 0.6544e-3 0.6149e-2
ki -5.54e-6 -1.261e-5 -0.1013e-2

Table 5-1 : The diagonalised system and its rate of change

A pair of repeated real roots

1F O'<O G:O _

osf

Imaginary Part
o

a5F

>0

. . I . . . . I
-13 -128 -12B0 -1240 122 -12 118 1B 114
Real part

Figure 5-1 : Root locus for one pair of roots

5.10.2 Example 2: Singular Mass matrix

In this case, the mass matrix, M,, is singular. This is deliberately selected to be a

problematic case for the conventional eigenvalue solutions because one eigenvalue is

infinity.
1-1 3 -1 0
MO = 2 -2 f Ml = '1 6 0
-1-2 2 0 0 5

177



800 -300 O 29 26 -14

K,=|-300 900 50 |, K,=| 26 29 -24
0 50 1200 14 -24 36
26 10 24 2 1 2
D,=|10 18 15| , D=1 1 1
24 15 40 2 1 3

The eigenvalues for the system are shown below

-1.6401 +11.1827i
-18.5730
-5.4110 +22.0597i
Inf

Since the mass matrix is singular, equations (5.86)-(5.88) cannot be used easily to
determine the diagonalised system. We take two linear combinations of the LAMs.

F=aM, +bD, +cK, (5.169)
G=dM, +eD, + f K, (5.170)
where {a,b,c.d,e,f} are selected scalars and G is an invertible matrix. The matrix of
eigenvectors, X, diagonalises all three LAMs in the sense that X™M,X , X'D,X and
XTK,X are all diagonal. From this point, it is straightforward to determine the left

and right parts of the structure-preserving diagonalising equivalence. These are

identical and are given by

[-28.2204 -21.7725 13.8422  0.5128 -0.0109 -0.0000 |
-22.4223  19.6328  20.6002  0.2288  0.2550 -0.0000
16.9498 -6.5772 26.0390  0.7345 0.4515 0.0000
-65.5050  5.6367 -257.0914 -29.9025 -21.6542 0.0000
-29.2315 -131.5579  76.4689 -23.1729 16.8731 24.7175

| -93.8257 -232.9398 -24.5455 14.5405 -11.4635 24.7175 |

The diagonalised system and its derivatives are calculated from equation (5.121).

Table 5-2 summarises the values of {m,,d, k, } for each of the three pairs of modes

as well as {m,,d; K, |.
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Mode Pair 1 | Mode Pair 2 | Mode Pair 3
7.8254e-3 | 1.9378e-3 | 1.0692e-20
2.5669-2 | 2.0972e-2 | 5.3763e-2
9.9964e-1 | 9.9977e-1 | 9.9855e-1
0.4139%-2 | 0.3712e-2 0.672e-2
-0.2159e-2 | -0.144e-1 0.1921e-1
0.2304e-4 | 0.2949-3 | -0.1034e-2

Table 5-2 : Diagonalised system and its rates of change

The rate of change of the diagonalising transformation T is computed by substituting
equations (5.140), (5.141) into equations (5.125), (5.126). Terms involving the

unknown scalars, {@ Bri } vanish naturally because of equations (5.95), (5.96). The

derivatives of the equations (5.109)-(5.111) are sufficient to determine {&,ﬁ}

uniquely. We find

T=10°~*

5.10.3 Example 3: Undamped non-symmetric system

This example is an undamped system having non-symmetric (2x2) mass and stiffness

matrices. It is selected to be an interesting case for conventional eigenvalue solutions

[ 6.3979

| 13.4884

-6.1790
-4.3913 8.4139
1.4526  22.3316

-10.3857 -174.5571
3.3407 119.5562

16.5810 0.3525 0.3174 1.7303 |
-13.8721 0.0949 0.2566 -0.5147
8.5647 0.2828 0.8830 0.1652
-1.1403 6.2727 -9.9218 11.5605
-4.2423 12.8174 -12.0328
-9.4664 227.8947 2.0016 25.4895 20.3615 |

6.7647

because all of the eigenvalues of the system are complex.

ool 2] ]

M. =
°{-53

4 0
1 -4

B
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The eigenvalues comprise two conjugate pairs — one pair being the negative of the

other.

A ==+(16058 + 0.7484i)

The decoupled single-degree-of freedom system {mi,d. k.} and their derivatives are

calculated. Table 5-3 summarises the values {m,,d;,k;} for each of the two pairs of

eigenvalues as well as {,, d, K |.

Mode Pair 1 Mode Pair 2
m, 0.2174 0.2174
d, 0.6981 -0.6981
K, 0.6822 0.6822
m, -0.0055 -0.0055
d, 0.0414 -0.0414
K; -0.0406 -0.0406

Table 5-3 : Diagonalised system and its rates of change

The right and left parts of the diagonalising transformations {T_R ,T_L} are given by

-0.0481 -0.1409 -0.0601 0.0612 0.1118 0.1873 0.0149 -0.1240
T.= -0.2683 -0.0420 -0.1478 -0.0391 T = 0.2426 -0.2061 0.1707 0.0444
— | 0.1886 -0.1922 0.1449 0.0558 — |-0.0468 0.3892 0.0639 -0.2109

0.4640 0.1226 0.2065 -0.1675 -0.5357 -0.1392 -0.3055 -0.0636

The rates of change of the right and left diagonalising transformations {T_RT_L} are

found to be
0.0378 0.0268 0.0394 -0.0063 -0.0647 -0.0938 -0.0020 0.0518
. |-0.1374 0.0333 -0.0971 -0.0300 o 0.3657 -0.0133 0.1673 -0.0178
-R71.0.1300 0.0264 -0.0723 0.0232| ' -~ | 0.0080 -0.1758 -0.0622 0.0387
0.2891 0.0901 0.2149 -0.0738 -0.5068 0.0605 -0.2181 -0.0583
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5.10.4 Example 4: A Physical system

In this example we try to give a practical application of the proposed approach.

Figure 5-2 shows a system with 3 degrees of freedom whose system matrices are

6u O 0 Ga -6 0
Mg=| 0 6bn, 0 | Ky=[-bqy (9k1+9k2) =62 ,
0 0 6 0 -6 (sz +l9k3)
O =641 0
D, =| 64 (9d1+‘9d2) —b42
0 —b42 (0d2+9d3)
O
N
Ous T O
9m2
I
6?d2 sz
ed?r 6

Figure 5-2 : Physical system; mass, stiffness and damping

We will investigate the case where 6,,=2, 6,, =1, 6,3=0, 6,=3.0e4, 6, =20e4,
6s =10E4 and 6,, =278.9616508149336 , 6,, =0,; =100. The value for g, has been
chosen so as to cause a pair of identical real roots. The rate of change of the system
parameters are 6,,=3, 6, =1, 0,5 =5, 6,=1600, 6, =1400, 6, =2000 and &,, =6,

éd2=7,éd3=2.
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The eigenvalues of the system comprise one pair of complex conjugate, one pair of
identical real roots, one other finite real root and one infinite eigenvalue. The
inverses of the system eigenvalues are

-0.00418+0.02177i
-0.00423+0.00000i
-0.00734
-0.00000

A=

The diagonalised system and its derivatives are calculated from equation (5.121).

Table 5-4 summarises values of {m,,d;,k;} for each of the three pairs of modes as

well as {mi,d. k}

Mode Pair 1 Mode Pair 2 Mode Pair 3
4.9128e-4 1.8481e-5 0
8.3581e-3 8.5976e-3 7.3425e-3
9.9996e-1 9.9993e-1 9.9997e-1
0.1134e-2 0. 1278e-3 0. 1836e-3
-0. 6694e-2 0. 1207e-1 -0.1407e-1

.i 0.5539¢e-6 -0. 1038e-3 0. 1033e-3

Table 5-4 : Diagonalised system and its rates of change

5.11 Conclusions

This chapter has investigated methods to evaluate the discrepancies between
different sets of modal data. The new approaches have generalised the ideas of
eigenvalue and eigenvalue derivatives for undamped systems to the concept of
structure-preserving equivalences SPEs for generally damped systems. This chapter

also has provided a method to calculate the eigenpairs and their derivatives from the
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diagonalised system, diagonalising transformations and their derivatives for

generally damped system.

The new construction for these derivatives has several advantages over the
conventional approaches to eigenvalue and eigenvector derivatives. Firstly, cases
where the existence of a pair of identical real roots causes the derivatives of two
eigenvalues and their corresponding eigenvectors to become undefined present no
such problem in this case. Secondly, cases of infinite eigenvalues (corresponding to
some zero singular values in the mass matrix) produce no difficulty whatsoever.
Thirdly, some other cases where the Jordan form for the system is non-diagonal can
have well defined derivatives for their diagonalised systems and diagonalising

transformations.

As a by-product of the development of these new formulae for the derivatives, a new
homogeneous coordinates expression for pairs of roots of a quadratic eigenvalue
problem has been presented (equations (5.95) and (5.96)). This expression potentially
has substantial value in its own right and it forms obvious prototypes for related

expressions for groups of | eigenvalues of general matrix polynomials of order |.

In some cases the leading coefficients for eigenvalue problems are singular. It might
not be possible to find diagonalising SPEs transformations directly for the system.
The next chapter addresses new methods to calculate the diagonalising SPEs for ill-

conditioned systems.
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CHAPTER 6. Spectral Transformations (STs)

This chapter provides new transformations to calculate the diagonalising SPEs where
the mass matrix is singular. This case was considered as an example in the previous
chapter. Conventional methods for solving the eigenvalue problems of the second
order systems are well established for cases where the leading coefficient is non-
singular. In these conventional cases it is possible to create a strong linearization. In
cases where the leading coefficient is singular we often have numerical difficulties in
finding eigenvalues and eigenvectors. Meerbergen [129] introduces an application of
matrix transformations for computing large-scale eigenvalue problems. It might not

be possible to find diagonalising SPEs transformations directly for the system.

Coordinate transformations of second order systems have been paid substantial
attention so far in the literature. The coordinate transformations have returned the
eigenvalues and eigenstructure exactly but the eigenvectors have changed. Structure
preserving equivalences SPEs are one of transformation that are of interest to us. The

SPEs transformations [44] preserve the eigenvalues A but change the modal matrix

® (2nx2n). These transformations map between two systems in state space.

Spectral transformation is one of the several transformations which are used to
transform system matrices to new system matrices. The spectral transformation maps
between two systems having the same eigenvectors but change the eigenvalues.
Madbius transformations [40, 130] (or linear fractional transformations) are spectral

transformations which map between two systems. These transformations preserve the
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modal matrix ® (sets of second order eigenvectors) (nxn) but change the

eigenvalues A according to some mapping.

The Mobius transformations include special cases (translation, rotation, linear
transformation and inversion) [40]. The benefits of using Mdbius transformations are
divided into two parts. The first part is to transform the eigenvalue problem of the
original second order system with a singular coefficient to new eigenvalue problem
system. The second part is to find a relationship between diagonalising SPEs for two

systems.

In this chapter we are going to discuss a transformation of an independent scalar
variable 2 which will change the eigenvalues but not eigenvectors (nxn). This
chapter also focuses on calculating the diagonalising SPEs for an ill-conditioned
system using the Mdbius transformations. There are other methods for calculating
the diagonalising SPEs based on Mdobius transformations using modal filters and

homogenous coordinates (more details in Appendices E and F).

6.1 Eigenvalue problems for general second order

systems

The quadratic eigenvalue problem for the system stiffness, damping and mass

matrices {K,D,M}, respectively, can be represented as
(K+4D+4M)dg; =0 (6.1)

& (K" +4D" +4°M")=0 (6.2)

185



In this context, ¢, and ¢, define the i eigenvectors of the right and left short modal

matrices {®g, @ _} (nxn) respectively.

Diagonalising SPEs {l’ﬁ} for the system {K,D,M} are previously mentioned in

Chapter 2 section 2.6 equations (2.42)-(2.44).

_T - - -
W X ][0 K[[We Xg| [ 0 Kp 6.3)
Y., Z, | |K D|[Ys Zz]| |Kp Dp '
T_ - —_ —
W X | [K 0 )fWe Xg| [Kp 0 (6.4)
Yo Z ][0 -M]|[ Y Zg| | O -Mp '
T - - —
Wo X [ [-D -M|[Wg Xg] [-Dp -Mp (6.5)
Yo Zo||-M 0 || Yr Zg| |-Mp O '

The left and right diagonalising transformations {1,&} are each divided into four

partitions and structures of these blocks are defined in equations (2.81) and (2.82).

The i entry of the diagonalised system {Kp,Dp,Mp} satisfies equation (5.122)

k +Ad;, + 2’m =0 (6.6)

6.2 MOobius Transformations

The general form of Mdbius transformations [40] are

_Pr+q _
A= s (ps —ar =#0) (6.7)

The inverse of the M6bius transformations in equation (6.7) are

_ sA—q
[y (68)

A new eigenvalue problem of second order system {K,Dy,My} can be obtained by

substituting equation (6.7) into equation (6.1). The new eigenvalue problem system
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has the same second order (short) eigenvectors as the original system {K,,D,,M,}
and the eigenvalues related to equation (6.8). Multiplying the result by (r;/+s)2 and
dividing by (qr - ps)

(52K0 +gsD, +q2MO)+

yi(2rsK0+(ps+qr)D0+2quo)+ i =0

(ar - ps)
2(r’K, + prD, + p°M
7i ( 0 ) o) (69)
Then, the quadratic eigenvalue problem for the new system can be written as
(KN +7Dn +7i2MN)¢Ri =0 (6.10)

The left and right short eigenvectors {¢;.¢y} for the original system and the new
system are the same. The system matrices {Ky,Dy,My} can be expressed in terms of

the original system {K,,D,,M,} matrices as

Ky =s?K, +gsD, +g°M, (6.11)
Dy =2rsK, +(ps+0ar)D, +2pgM, (6.12)
My =r?K, + prD, + p*M, (6.13)

Equations (6.11)-(6.13) define a relationship between the new system and the

original system matrices which can be written as

KN KO
DN = (QSSTN ® In) Do (614)
I\/IN MO

In this framework, the Q. matrix is called the system spectral transformation

matrix (SST) and defined as

SZ qs q2
- 2 2 6.15
Qsstw CarSl (ps+ar) P (6.15)
r p p
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and {p,q,r,s} are constants, the symbol ® represents the Kronecker product and |

represents the (n x n) identity matrix. Equation (6.13) can be singular, the constants

{p,q,r,;s} can be chosen which can minimise the condition number of ™,
min(cond (M) )) in equation (6.13)

p=cosé q=sind
r=cosf s=sing

(6.16)
The condition number is the ratio of the largest singular value of M, to the smallest.
The best value of angles ¢ and g are chosen at minimum condition of M, . Figure

6-1 shows the condition number of M, as a function of the angles 6, g for one case.

Condition of M\l {log)

angle 8  degree ) 0 o

angle B ( degree )

Figure 6-1 : Angles @, g and condition of My

The eigenvalue problem for the new system can be easily solved using a state space
system. The left and right diagonalising transformations {MTﬂ} for the new

system satisfy equations (6.3)-(6.5).
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Substituting equation (6.8) into equation (6.10) multiplying by (-ri+ p)2 and

dividing by (ar-ps) gives another relationship between the original system and the

new system
K, Ky
Do :(QSSTO®In) DN (617)
MO IVIN
where
p°  -pg ¢
Qssro =———| =2rp (ps+qr) -2sq 6.18
ssTO (ar—ps) g ( rs) p ( )

Matrix Qssto is the inverse of the matrix @sst

The diagonalised system {Mp,,Dp,,Kp,} can be calculated from {Mpy,Dpy,Kpy }
using the same SST matriX Qo In equation (6.17) or the inverse of SST matrix

Qssty - Then evidently,

I‘<D0 I‘<DN
DDo :(QSSTO ® In) DDN (619)
IVIDO MDN

The system spectral transformation matrix Qgry =Qssro - Used to transform the

system matrices into other system matrices is the same spectral transformation matrix
used to transform the diagonalised system matrices into other diagonalised system
matrices. The diagram in Figure 6-2 shows the Mdbius (spectral) transformations
cycle. There are four major steps to calculate the diagonalising structure preserving

equivalences (DSPEs) for the original system matrices {K,,D,,M,}.
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The first step is to transform the original system matrices {K,,D,,M,} into new
system matrices {Ky,Dy,My} using the SST matrix Qg as in equations (6.14) and
(6.18). The second step is to find the diagonalised system matrices {Kpy,Dpy,Mpy }

using the diagonalising structure preserving equivalences (DSPEs) for the new

system matrices {Ky,Dy,My}. The third step is to transform the diagonalised system
matrices {Kpy,Dpy.Mpy} for the new system matrices into diagonalised system
matrices {Kp,,Dp,,Mp,} for the original system matrices using the SST matrix Qggro
or inverse SST matrix Qg - The final step is to calculate the diagonalising structure

preserving equivalences for the original system matrices {K,,D,.M,} and vice versa.

Ko,DgyM,  —— DSP —— Ky, Dpg,Mp,
' 7
Qs «—— SPECTRA — % Qcero
v |
Ky,Dy,My  —— DSP —— Kpy, Doy, Mpy

Figure 6-2 : Mdbius transformation diagram

The left and right diagonalising SPEs {hh} for the original system matrices

{Ko,Do,M,} can be calculated from the left and right diagonalising SPEs {Mh}

for the transformed system matrices {Ky,Dy.My}. The difficulty here is to find a

direct relationship between the diagonalising SPE’s for both systems. The next

sections can solve this issue.
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6.3 Decomposing the Mdbius transformations

In this section, we use three different elementary spectral transformations to compose

a general Mdbius transformation. The three elementary transformations are:

e The shift transformation 1=a+a

e The invert transformation a=%

e The scaling transformation 5 =cy

Both shift and invert transformations are used to convert the largest magnitude of
eigenvalues to the nearest shift values that are easy to compute. Once they are found,

they may be transformed back to the spectrum of the original system.

Every general Mébius transformation in equation (6.7) can be decomposed into a

sequence of elementary transformations [40] as shown in Table 6-1.

Operation Type Operation Equation
Shift A-oa A=a+a
Invert a—p a= 1

B
Shift o0 B=5+Db
Scale S>>y S=cy

Table 6-1 : Decomposition of the Mdbius transformation 1 — y

Combining the equations in Table 6-1 yields

. acy +(1+ab)

b (6.20)
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The reverse Mobius transformation can also be decomposed into a sequence of

elementary transformations as shown in Table 6-2.

Combining the equations in Table 6-2 yields

bi—(1+ab)
=2 6.21
4 —CcA+ac ( )
Operation Type Operation Equation

Scale y—>0 y= g

Shift s> pf S=pF-Db

1
Invert p—-a p==
Shift a—>A a=1-a

Table 6-2 : Decomposition of the Mdbius transformation y —> A

6.4 Shift spectral transformation (ST _s)

The shift transformation transforms the original spectrum into a new spectrum
directly by using the following equation
A=a+a (6.22)

Substituting for 4 in equation (6.1) leads to
(KO +(a; +2)D, +(c +a)° MO)¢Ri -0 (6.23)
Then, the new system matrices {K,,D;,M,} can be represented as
(Kl+aiDl+ai2Ml)¢Ri =0 (6.24)

where {K,,D;,M,} are
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K, =K, +aD, +a’M,

D, =D, +2aM, (6.25)
M, =M,
Equation (6.25) can be written as
K1 Ko
Dl = (QSST_sa ® I) Do (626)
Ivll MO

The first shift system spectral transformation (SST_sa) matrix Qgsr g, IS

a a°

QSSTfsa: 0 1 2a (627)
0 1

[EY

o

The diagonalised system matrices {Kp;,Dp;,Mp,} for the system {K,;,D;,M,} can be

calculated using the same SST_sa matrix Qssr

KDl KDO
DDl :(QSST_sa ® I) DDo (628)
|\/lDl MDO

The inverse of the matrix Qg o, in equation (6.27) can be used to calculate the

diagonalised system {Kp,,Dp,,Mp,} for the system {K,,D,,M,}.

KDO 4 KDl
DDo :((QSST_sa) ®|) DDl (629)
MDO Ilel
where (QSST_sa)A is
1 -a a?
(Qssr ) =0 1 -2a (6.30)
00 1

The shift spectral transformation does not change the mass matrix —i.e. M; =M, .
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6.4.1 Shift spectral transformation and diagonalising SPEs
Shifting the spectrum has found a relationship between the left and right
diagonalising transformations {hh} for the system {K,,D,,M,} with the system
{Ky,D;,M;}. Pre- and post-multiplying the left and right diagonalising
transformations {EE} for the system ({K;,D;,M;} bY Qpsr o and Qpsr sl

respectively, yields four partitions in each left and right diagonalising transformation

1 B ]
| Yo Zu Z(QDST_53®I) Yo ZLl_(QDST_sa ®|) (6.31)
_WRo XRo_ _ -1 _WRl XRl_
| Yo Zro _(QDST_Sa ®I) A ZRI_(QDST_sa ®|) (6.32)

where matrix Qpgr ¢ is called the shift diagonalising spectral transformation

(DST_sa)

1 0
QDST_sa:|:_a J (6.33)

6.5 Invert spectral transformation (ST _i)

This transformation inverts the spectrum of the system {K;,D;,M;} to another

spectrum by using the equation below

1
- = 6.34
a 7 ( )

Substituting for « in equation (6.24) and multiplying by s yields
(B7Ky+BDy+ M, ) =0 (6.35)

Then, the system matrices {K,,D,,M,} can be represented as
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(K + 8D, +B2M, )¢ =0 (6.36)
The system matrices {K,,D,,M,} are found by replacing the mass and stiffness
matrices {M,,K,} with {K;,M,}, respectively, whereas D, =D;.
K, =M,
D, =D, (6.37)
M, =K,
writing equation (6.37) as

|:D22}_(Q88Ti ®|)

M,

Kl
D, (6.38)
Ml

The invert system spectral transformation (SST_i) matrix Qg ; is

Qssr i {

The diagonalised system {Kp,,Dp,,Mp,} can be calculated using the same SST_i

= O O
o - O

1
0 (6.39)
0

matrix Qgsr ; inthe form

H<>

MDZ

K D1
Dpy (6.40)
M D1

The invert spectral transformation does not change the damping matrix D, =D,

whereas the mass and stiffness matrices are switched M, =K; and K, =M, .

6.5.1 Invert spectral transformation and diagonalising SPEs

The diagonalising transformations for the system {K,,D,,M,} can be found from the
diagonalising transformations for {K,,D,,M,} by pre- and post-multiplying LAM’s

matrices left and right diagonalising transformations {EE} for the system
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{K3,D;,M,} DY Qpsr ; =Qpsr i+ The matrix Qpgr ; is called invert diagonalising

spectral transformation (DST _i)

Qosr_i :E ﬂ (6.41)

6.6 Shift spectral transformation (ST _s)

The second shift transformation is
L=5+b (6.42)

The relation between systems {K;,D;,M;} and {K,,D,,M,} is

K3 K2
D; |= (QSST_sb ® |) D, (6.43)
MS M2
The second shift system spectral transformation (SST_sb) matrix Qs , is
1 b b?
Qsst =0 1 2b (6.44)
00 1
The diagonalised system can be found using the same SST_sh matrix Qs ¢, as
Kps NP
Dps |= (QSST_sb ® |) Dp2 (6.45)
MD3 MDZ

The second shift transformation shows that the mass M, matrix becomes the

stiffness K, matrix M; =K, .
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6.6.1 Shift spectral transformation and diagonalising SPEs

The left and right diagonalising transformations for the system {K,,D,,M,} can be

calculated following the same method which has been mentioned in section 6.4.1.

10
QDST_sb:|:_b J (6-46)

where Qpgr o, is called second shift diagonalising spectral transformation matrix

(DST_sh).

6.7 Scale spectral transformation (ST _sc)

Comparing Mobius transformation in equation (6.7) with those in equations (6.22),
(6.34) and (6.42) shows the spectrum requires scaling. The eigenvalues of the system
{K3,D3,M;3} can be multiplied by a scalar as in the following form

S=cy (6.47)

Then, the system matrices {K,,D,,M,} are written as

(K4 +7/iD4+7i2M4)¢Ri =0 (6.48)
where
Ky =1/cK,
D, =Dq (6.49)
M, =cM,

writing equation (6.49) as

K, Ky
I:D4:|<QSSTSC®I)|:D3] (650)

M, M,

The scale system spectral transformation (SST_sc) matrix Qs o iS

197



1/c
QSST_SC =10
0

o - O
O O O

} (6.51)

The diagonalised system matrices can be found by using the same SST_sc matrix

QSST _sc as

Koa Kps
|:DD4](QSSTSC ®|){D03} (6.52)

I\/|D4 IVID3

The inverse of the matrix Qg5 o In equation (6.51) can be used to calculate the

diagonalised system {Ky;,Dp3,Mps} for the system {Ks, Dy, M3} .

Kps B Kb
Dps :((QSST_SC) ®|) Dp4 (6-53)
Mbps Mo,
where (QSST_SC )_1 is
. c 0 O
(Qssr ) =/0 1 0 (6.54)
0 0 Yc

The scale spectral transformation does not change the damping matrix D, =D,
whereas the mass matrix and the stiffness matrix are changed M, =cM,; and

K, =Kj/c.

6.7.1 Scale spectral transformation and diagonalising SPEs

The left and right diagonalising transformations for the system {Kj D;,M,} can be

calculated by scaling blocks of the left and right diagonalising transformations for

the system {K,,D;,M,}.
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c 0
Qost_sc :[O J (6.55)
where the matrix Qpsr o Is called the scale diagonalising spectral transformation

(DST _sc).

6.8 Composing spectral transformations

It is straightforward to find a relationship between the original system matrices with
any transformed system matrices. Multiplying the spectral transformation matrices
Qsst_sa» Qsst_iv Qsst_o aNd Qgsr . from equations (6.27), (6.39), (6.44) and (6.51)

yields
b’/c b(l+ab)/c (1+ab)’/c

Qssr=| 20 (1+2ab) 2a(l+ab) (6.56)
c ac a2C

The original system matrices {K,,D,,M,} and their diagonalised system matrices
{Kpo:Dpo:Mp,} can be expressed in terms of the transformed system matrices
{K4,D4,M,} and their diagonalised system matrices {Kp,,Dps,Mp,} with the

following equations

K, | K,

{D4 :(QSST ®|) Do] (6.57)
M4_ _Mo

KD4_ KDo

Dos |=(Qsst ®1)| Doy (6.58)
MD4_ _MDo

It is possible here to find the left and right diagonalising transformations {LE}

for the original system {K,,D,,M,} in terms of diagonalising transformations for any

transformed system matrices. Multiplying the diagonalising spectral transformation
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matrices Qpsr «» Qpst s Qpst i» and Qpsr o for each elementary spectral

transformation yields

Qosr = {(ﬂa:b) _Cb} (6.59)

The left and right diagonalising transformations {LE} for the system {K,,D,,M,}

can be calculated in terms of {TL4,TR4} as

WLo XLo__ —l_WL4 XL4
Yo Zi =(Qosr ®1) Y ZLJ@DST@I) (6.60)
_WRo XRo__ 71_WR4 XR4
P RO il CRED (6.61)

Figure 6-3 shows that the system spectral transformation matrix Q; maps between

two systems having the same short eigenvectors and their diagonalised matrices.

However, the diagonalising spectral/similarity transformation matrix Qpsy Maps

between two SPE’s having identical eigenvalues.

Ky,,Dg,M, +—— DSP ——f Kp,,Dp,,Mp,
| t F
SPECTRAL Qost SPECTRAL
Qsst Qsst
v v |
K4, Dy My—1— DSP — ! Kp,,DpsMpy

Figure 6-3 : Spectral transformation diagram and SPEs

Comparing equations (6.20) and (6.21) with equations (6.7) and (6.8), it is obvious

that
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ac
(1+ab)

(6.62)

p
q
r
S

c
b

The system matrices {K,,Dy,My} and their diagonalised matrices {Kpy,Dpy,Mpy }
can be calculated in terms of new system matrices {K,,D,,M,} and their diagonalised
matrices {Kp,,Dpy,Mp,} Using the same spectral transformation matrix Qg

equation (6.15) and vice versa.

KN ] I‘(O
Dy |=(Qsstv ®1)| D, (6.63)
MN i _MO
KDN | _KDO
DDN :(QSSTN ® I) DDO (664)
MDN i _MDO

The left and right diagonalising transformations {LE} for the system {K,,D,,M,}

can be calculated in terms of {TLN,TRN} for the system {K\,,Dy,My} as

WLN XLN

_ -1
_Y|_o ZLO _(QDSTO ®I) _Y|_N Z|_N _(QDSTO ®I) (665)
Wiy Xgo | _ [ Wey Xy |
_YRO ZRO _(QDSTO ®I) _YRN ZRN_(QDSTO ®I) (666)
where
_|7p T
Qosto —{ q _5} (6.67)

Qpsto and Qpsr are called diagonalising spectral transformation matrices. These
transformation matrices are also called similarity transformations and these preserve

the eigenvalues [40]. Then, the left and right diagonalising transformations {hh}
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for the original system matrices {K,,D,,M,} are similar to that for the transformed

system matrices.

6.9 Example

This example addresses a three degrees of freedom system having a singular mass

matrix and repeated real roots. The system matrices {K,,D,,M,} are shown below

Kk~ -k 0 d  —d 0
Ko=|-k (ki+k) —k, |, Dg=|-d, (d+d,) —d,
m 0 O
0 0 my

where k,=3.0e4, k,=20e4, k;=10e4, d, =278.9616508149336, d,=d,;=100 and
m =2, my=1 my=0. The value for d, has been chosen so as to cause a pair of

identical real roots. The eigenvalues of the system comprise one pair of complex
conjugates, one pair of identical real roots, one other finite real root and one infinite
eigenvalue.

[-8.5063—44.3063i |
—8.5063 + 44.3063i
—-232.6196
—232.6196
-136.1906
Inf

The left and right eigenvectors {cI)L,cDR} for the original system matrices are
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[-0.00427 +0.02163i —0.00427 -0.02163i  -0.00205 -0.00205 0.00087  0.00000 |
—0.00358+0.01875i  —0.00358-0.01875i  0.00429  0.00429 -0.00318 0.00000
-0.00331+0.01221i  —-0.00331-0.01221i  0.00085  0.00085 —0.00734 —0.00000
0.99462 + 0.00538i 0.99462 —0.00538i 0.47581 0.47581 -0.11886 0.00000
0.86099 — 0.00087i 0.86099+0.00087i  —1.00000 -1.00000 0.43283 —0.00000

| 0.56908 + 0.04281i 0.56908 -0.04281i  -0.19741 -0.19741 1.00000 —1.00000 |

The constants {p,q,r,s} in equation (6.7) are calculated using equation (6.16). A
MATLAB function is used to calculate the best angles ¢ and g which are chosen at

minimum condition of M, . Figure 6-4 and Figure 6-5 show the condition of M, in

logarithm values against the range of angles ¢ and g in degrees °

Best _ 6 =52.58427, best _ [ =89.86854

cond (My ) =555050, log(cond (M) ))=1.71389

The constants p,q,r,s are

p q] [-0.68017 0.73306
r s| |-0.32702 0.94502
The system spectral transformation matrix Qg is calculated using equation (6.15)

221578 17188  1.3333
Qsstn =|-15335 —2.1896 —2.4742
02653 05519 1.1478

The transformed system matrices {K,Dy,My} are calculated using equations (6.14).

The eigenvalues for the system are

2.8706+0.0805i
2.8737 +0.0000i
- 2.8625
2.8898
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The i vector {0} Of short eigenvector @, and » with the system matrices

{Ky,Dy,My} satisfy equation (6.10).

Condition of N}“ {log)

angle 8 ( degree ) 0 89 angle B { degree )

Figure 6-4 : Angles 0 and B with condition number of My
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Figure 6-5 : Contours of condition number of My
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The left and right diagonalising transformations {TﬂTﬂ} for the system

{Ky.Dy,My} and diagonalised system matrices {Kpy,Dpy,Mpy | are found to be

0.8167 ~0.5685 0.0990
Koy =diag || 0.8168 ||, Dpy =diag||-0.5684 ||, My, =diag||0.0989
0.8169 ~0.5681 0.0988

The left and right diagonalising transformations {LE} for the original system

{K,.D,o.M,} are calculated using the diagonalising spectral transformation Qg in

equation (6.67), equations (6.65) and (6.66).

_[0.6802 -0.3270
DSTN ™1 0.7331 —0.9450

The diagonalised system matrices {Kp,, Dp,.Mp,} are calculated using equations

(6.3)-(6.5) and can also be calculated using equation (6.19).

0.3661 0.0031 0.1799
Ko, =diag||0.3662 ||, Dp, =diag||0.0032 ||, Mp, =diag|1.0e —3x|0.0068
0.3666 0.0027 0.0000

6.10 Conclusion

This chapter has investigated methods based on Madbius/spectral transformation
formulae to calculate the diagonalising SPEs where the eigenvalue problem leading
coefficient is singular. Two new transformations have been investigated called
system spectral transformation Qg and diagonalising spectral/similarity
transformation Qpeo. The system spectral transformation Qg mMaps between
matrices of two systems having the same second order (short) eigenvectors and their
diagonalised system matrices. The diagonalising spectral transformation Qpsr, Maps

between two diagonalising SPE’s having identical eigenvalues.
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Equation (6.14) shows a relationship between the original system matrices and the
transformed system matrices using the Mdobius transformation formula in equation

(6.7). The matrix Qg called the system spectral transformation matrix (SST) can

also be used to determine the diagonalised system matrices.

The Mobius transformation is decomposed into four elementary spectral
transformations. These spectral transformations are used to find a relationship
between the diagonalising SPEs for the new system matrices and the original system
matrices. The system spectral transformation matrix Qg Maps between two
systems and their diagonalised system matrices having the same short eigenvectors.
However, the diagonalising spectral/similarity transformation matrix Qpso Maps

between two SPEs having identical eigenvalues.

The following chapter focuses on generalising modal correlation methods to assess

the discrepancies between sets of modal data.

206



CHAPTER 7. Modal correlation

This chapter focuses on the development of general modal correlation methods to
assess the discrepancies between experimental data and analytical data. Modal
correlation is well-known as a technique which is performed for comparing measured
modes with modes obtained from a numerical analysis. There are many methods for
correlating measured modes with analytical modes. The most common and popular
techniques known for modal correlation measures are the modal assurance criterion

(MAC) and cross orthogonality checks on modal vectors [1-3].

This chapter extends the idea of mass and stiffness-weighted cross orthogonality
measures in a natural way to the case of damped systems using diagonalising
structure-preserving equivalences (SPEs). In this chapter, two different basic classes
of orthogonality-cross orthogonality and mutual orthogonality- are presented. The
cross orthogonality measures are used for matching sets of measured modes with sets

of analytical modes. These measures are similar to MAC usage.

The mutual orthogonality measures are defined through cross orthogonality
measures. The mutual orthogonality measures are used to evaluate the consistency
between measured modal information and system matrices. The mutual
orthogonality measures can be used for modal updating and do not require matching
of modes. Moreover, these calculations can be performed either at the level of the
reduced analytical system matrices or by using extended measured modal

information.
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Every linear second-order system can be represented using the following three
equations:

MG+Dg+Kg=f (7.1)

y= SRTq
in which K, D and M are the system stiffness, damping and mass matrices, q is a

vector of (generalised) displacement coordinates, f is a vector of (generalised)
forces, and both of these vectors are functions of time. The matrices are assumed to
be constant. The dot notation indicates differentiation with respect to time. The

system has n degrees of freedom if q and f each contain n entries. Vectors u and y
represent the model inputs and outputs and they have n; and n, entries respectively.

The matrix s, has dimensions (n x n;) and it distributes the system inputs onto the
full-length force vector, f. The matrix S; has dimensions (n x ny) and it controls

how the generalised displacements are manifest in the output vector, y.

7.1 Undamped system modes

7.1.1 Eigenvalues and eigenvectors

The governing equation of motion for an undamped system is introduced in section

2.3. The eigenvalues {4,..4,} with the corresponding right and left eigenvectors

{0 ¢} together satisfy the following equations
(K+4"M) g =0 (7.2)

o (K+/1,-2M)=0 (7.3)
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where ¢, represents the i™ vector of the right modal matrix @, and ¢ represents
the i vector of the left modal matrix @, .
The system can be diagonalised by transformations thus
@ "M®; =M, (7.4)
o, Ko, =Ky (7.5)

where M and K, are real-valued diagonal matrices.

7.1.2 Mass and stiffness weighted orthogonality for

undamped systems

In general modes may not have been mass-normalised. This allows for the possibility
that M need not necessarily be invertible and it also emphasises the important point
that the mass-weighted orthogonality of the modes is no more special than the

stiffness-weighted orthogonality checks.

There are different possible methods [91-94] which are suggested to achieve the
orthogonality requirement. Garvey et al. [23] defined the mass and stiffness-
weighted orthogonality in the following equations. Equations (2.8) and (7.5) can be
written as
0'®, "MD" =1 (7.6)
Yo TKor =1 (7.7)
In some cases, the values of M, and K are positive then, My =0? and K, =¥?.

However, it might be possible that one or more of the entries in M or/and K, are
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negative. The issue here is that the inverse of ® and ¥ will have imaginary parts.

The matrices {Mp, Ky} can be written as
Mp =0, 04 (7.8)
Kp =%, ¥g (7.9)
In this case, the values in @, are equal to the values in ®; but where a minus sign

appears in one, that entry in the other will be positive. The same applies to the

(¥, ¥q}.

7.2 Generally damped modes for second-order

systems

7.2.1 Eigenvalues and eigenvectors for damped systems

The governing equation of motion for a damped second order system is introduced in
Chapter 2 section 2.1.5. Every linear second-order system can be represented using

the following three equations:

The right and left eigenvectors {¢s;.¢;} are also mentioned in Chapter 2 section 2.3.2

which satisfy the following equations

(K+/1iD+ﬂ1-2M)¢Ri =0 (7.10)
¢ (K+4D+4M)=0 (7.11)

Equation (7.1) can be written in a state-space form as
o a1 oo "2

when no forcing is present, this becomes
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Dx-Kx=0 (7.13)
where Dand K are (2n x 2n) matrices, x is the so-called state-vector and the

definitions of all are evident from comparison of equation (2.23) with (7.13).

Coordinate transformations are introduced in Chapter 2 section 2.5. The relationship

between two systems is referred as a conventional equivalence.

T, KT; =K
T,'DT; =Dy (7.14)
T."MT; =M,

It is also well known that given any arbitrary system {K,D,M}, it is not usually

possible to find invertible matrices, {T_, Tz} such that {K,,Dy,M,} are all diagonal.

7.2.2 Structure preserving equivalences (SPEs)

The structure preserving transformations (SPTs) which are introduced in Chapter 2,
developed by Garvey et al. [42, 44] are coordinate transformations for second-order
systems. The concept of structure-preserving transformations (SPTs) is described in
[47]. These transformations are applied to the LAMs such that the structure of LAMs

is preserved and the eigenvalues of the system are preserved.

Diagonalising SPEs which are introduced in Chapter 2, section 2.6 and Chapter 5,

section 5.4 are represented by real-valued (nxn) matrices {W, X ,Y..Z },
{Wa,Xg, Ye, Ze } . These transformations {T,,Tg} can usually decouple the

equations of motion such that the new system matrices {Ky,Dy,Mp} themselves are

diagonal.
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W, X [0 KW Xz [0 Kp (7.15)

Y. Z, | |K DJ|Yr Zg]| |Kp Dp '
w, X TTK 07w Xz]_[Ko 0 (7.16)

Yo Z ][0 -M][ YR Zg] [ 0O -Mp '
We X T[-D -M[We Xg]_[-Dp -Mp (7.47)

Yo ZL]|-M 0 || Y Zg] |[-Mp O '

More concisely

T."MTe = Mo (7.18)
T.'DT;z =Dp (7.19)
T 'KT: =Kp (7.20)

where {&%%} are block diagonal matrices and {K,Dp,Mp} represent the

LAMs for the system whose coefficient matrices are the diagonal matrices

{KD'DD'MD}

Kp =diag (K, Ky, ..., Ky )
Dy =diag(dy,d,,.....d, ) (7.22)
My, = diag (my,my,....,m, )

Pairs of columns of the right and left diagonalising transformations {tﬂ,tﬂ} satisfy

the following equations

m[2 oS Sl W = e
D ”Mi ﬂ*diﬁ M*k{_ﬁ o H,’ 8} (7.23)

where it is trivial to verify

SR P e S HH I

Equations (7.22) and (7.23) can be written more concisely
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(MM+d;D+kK)tg; =0 (7.25)

;" (MM+d;D+kK)=0 (7.26)

7.3 Modal correlation for undamped systems with

complete modal information

There are many methods for correlating measured modes with analytical modes. The
MAC is the most common measure of modal correlation used. The MAC [23] is
independent of modal scaling and was defined originally for real valued modes and
extended later to complex modes. One of the modal correlation techniques for

general undamped systems is the cross orthogonality method.

It is common practice in the vibration literature to mass-normalise modes and if this
were done, we would have My =1. However we will retain the generality that the
modes may not have been mass-normalised. This emphasises the important point that
the mass-weighting orthogonality of the modes is no more special than the stiffness-

weighted orthogonality checks.

7.3.1 Orthogonality properties of undamped systems

This section extends the ideas proposed by Garvey et al. [23] for undamped
symmetric systems. Now consider that there have been two slightly-different

undamped systems, {K, M,}and {K, M,}- each with slightly different modal

properties. The subscripts “0” and “a” refer to the original and analytical systems.

Then
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q)LOTMOCDRO = MDo (727)

q)LoT KOCDRO = KDo (728)
(I)LaT M, ®@r, =Mp, (729)
cI)LaT Ka@ra =Kpa (730)

The eigenvalues and corresponding right and left eigenvectors of the standard
equations of motion in structural dynamics in second-order form for undamped
systems are given by the solutions of equations (5.6) and (5.7). The modal matrices

@, ,®; satisfy equations (2.8) and (7.5) for measured and analytical systems.

The diagonalising transformations satisfy these equations

0, D, M@0z, ' =1, (7.31)
O, 'O M DO, =1, (7.32)
R PR TN R (7.33)
Pl Pl Ka®raFra ' =1, (7.34)

inwhich {©,,0,.0,,0g,} are some real invertible diagonal matrices such that
0,0, =Mp, (7-35)
©,,0r, =Mp, (7.36)
The generality afforded by allowing ©,, =@, and @, =@, allows that m,, and
Mp, Mmay contain negative diagonal entries without requiring that any of
{®L0,®Ro,®La,®Ra} should contain complex (purely-imaginary) quantities.
Similarly, the matrices {¥,,¥r,. ¥.a. Pra} are some real invertible diagonal matrices

such that
‘PLOLIIRO = KDo (737)

W o Wra =Kpa (738)
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7.3.2 Mass and stiffness-weighted cross-orthogonality for

undamped systems

Pseudo or cross orthogonality checks have been used in much of the literature to
overcome some of the problems associated with some methods of modal correlation.
The two mass-weighting orthogonality measures using only the known mass matrix,
M, are defined as
XOptog = Oy Pl Mo®rs®p, (7.39)
XOpao =@y '@y Mo @roOr, (7.40)
The matrices XO,,, and XO,, have dimensions (mxn) and (nxm), respectively,

where m is the number of measured modes and n is the number of degrees of

freedom.

There are two different stiffness-weighting cross-orthogonality measures - using
only K,which is also known

XOoa =0 o Ko®raPra (7.41)

XOpao = Fla '@la’ Ka®roFro ' (7.42)
By looking at equations (7.39) and (7.41), the cross orthogonality measures can help
to assess which eigenvectors from the left measured system best matches the right
analytical system. In addition, the cross orthogonality measures can help to match up
which eigenvectors from the right measured system best match with one from the left

analytical system by looking at equations (7.40) and (7.42).
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7.3.3 Mass and Stiffness mutual orthogonality for

undamped system

The products of equations (7.39), (7.40) and equations (7.41), (7.42) in equations

(7.43), (7.45) define other measure O,,,and O, respectively. These measures are
independent of any modal information from system {K,,M,}. By rearranging

equation (7.32), (7.34) and substituting into equation (7.43) and (7.45), respectively,
the results will be referred to as mass and stiffness mutual orthogonality measures,

respectively.

7.3.3.1 Errors in the stiffness matrix
If some discrepancy AK, exists between the physical model and the analytical model
in the stiffness matrix then, (XO,,,,XOy,,) Must be a bi-orthogonal matrix pair.
Matrices {XOy., XOpuao} are said to be bi-orthogonal if XOy,,XOy, =C. C is the
identity matrix and has dimensions (mxm), where m<n. The modal correlation here
is the product of the two mass-weighted orthogonality measures equations (7.39) and
(7.40).

XOpa = (©6 'L, My @k Opa ) x(OL DL, M, DO, ) (7.43)
Also equation (7.43) defines a new expression which is called mutual orthogonality
measures O, - If the two mass matrices {M,,M,} are identical, then O,,, =1 Which

is similar to equation (7.31).

XOpya = ((aLoilq)LoT )X (@)Laich)LaT )71 x (®La71q)LaT )X M, x (q)Ro@Roil)
= (6‘)L071q)L0T )X Ma X (cDRo@Roil) (744)

= Owmoo
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7.3.3.2 Errors in the mass matrix
If the physical model differs from the analytical model only by some errors in the
mass matrix AM, then (XOy,,XOy,,) Must be a bi-orthogonal matrix pair. The modal

correlation here is the product of these two stiffness-weighted orthogonality

measures (7.41) and (7.42).

XOpa = (Wio P Ky @ra P )% (Wla 0L Ko Pro ¥y ) (7.45)
Equation (7.45) defines a new expression which is called mutual orthogonality
measures O,,,. If the two stiffness matrices {K,,K,} are identical, then O, =1

which is similar to equation (7.33).

XOy, = (‘PLo_lq)LoT ) X (‘PLaT (I)LaT )_1 x (‘PLa_ch)LaT )X Kax ((I)Ro‘PRo_l)
= (TL0_1®L0T )X Ka X (q)Ro‘PRo_l) (746)
= Okoo

Equations (7.43) and (7.45) define the cross-orthogonality measures XO,,,,XO,, for

undamped systems. These equations require modal information from both systems

(KoM} and {K,,M,}. However, equations (7.44) and (7.46) define the mutual
orthogonality measures O,,,,,Ox,, Which are independent of any information from
the system {K,,M,}. The measured modal information for the system {K,,M,} are

bi-orthogonal through the mass and stiffness matrices.
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7.3.4 Rate of change of cross orthogonality measures o,,,

and o,,, for undamped systems

For the purposes of this work, the system matrices {K,(6),M,(0)} are taken to be

linear functions of a scalar parameter vector 0. In effect, we are assuming that

stiffness and mass matrices are changing continuously as described in the following

equations
p
M, (0) =M+ 0;M; (7.47)
j=1
p
Ka(0)=Ko+ D 0;K; (7.48)
j=1

Obviously, the eigenvalues and their corresponding eigenvectors are also changing
and are functions of the scalar parameter vector 6. Differentiating equations (7.29)
and (7.30) with respect to each scalar parameter 6; in vector 6 gives

Mpg = B, M@, + By, Mo Dp, + By, Moy, (7.49)

|"<Da = (i)La-r Kaq)Ra + CDLaT I:<a(I)Ra + (DLaT Kad)Ra (750)

The derivatives of eigenvalues and their corresponding eigenvectors for undamped
systems are well known. These derivatives with respect to a single scalar parameter

0; at 6; =0 are presented in Chapter 5. The single scalar parameter 6; is chosen to

be a variable parameter from the uncertainty parameter vector 6 .

The cross orthogonality measures are also changed.

p
X
XOpa = XOy, +AXO, = XOy, +Z%Aej (7.51)
j=1 i
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p
XO
XOy, = XOy +AXO, = XOy +Za Ka

i=1 j

AD; (7.52)

where j=1:p, and p is number of uncertainty parameter vector .

Computing the sensitivity of cross orthogonality measures can be done either

numerically or analytically.

7.3.4.1 Rates of change of cross-orthogonality measures for undamped
systems
The rates of change of different cross-orthogonality measures can be determined by

differentiating equations (7.43) and (7.45) with respect to each scalar parameter 6; in
the vector 6 at 0;=0. In this case the modal information for both systems is

required.

. - N1 T
Maq)Ra®Ra ! + ®La cI)La Ma +
XOMa = ®Loich)LoT Mad)Ra®Ra7l + ®Lail‘i)LaTIVIa + q)Ro®R071 (753)
N A Ty
M, DPz,Or, O, D, M,

Ka‘DRa‘PRa_1 + ‘PLa_chLaT Ka+
X0 Ka = ‘PLo_chLoT Ka(bRa‘IlRa_1 + ‘PLa_ld)LaT Ka+ CI)RO‘PRO_l (754)
Ka(DRa\FRa_1 ‘PLa_chLaT Ka

The rates of change of cross orthogonality in equations (7.53) and (7.54) demand

modal information from the system {K,,M,}.
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7.3.4.2 Rate of change of mutual orthogonality measures for undamped

systems
The rates of change of mutual orthogonality can be determined by differentiating
equations (7.44) and (7.46) with respect to each scalar parameter 6, in the vector 6

C')Moo = ®L071¢L0T I\'/Iaq)Ro@R{l (755)

OKoo = \PLO_ICI)LO-r Ka(DRo‘PRo_1 (756)
The rate of change of cross orthogonality in equations (7.55) and (7.56) are

independent of any information from the system {K,,M,} .

7.3.5 Residual measures based on mutual orthogonality for

undamped systems

The above mutual orthogonality measures have long been developed for undamped

systems [91, 131, 132]. The residuals (Oyq, —1,) and (Oye, —1,) are measures of the
difference between systems {K,,M,} and {K,,M,} without loss of generality
provided that the system matrices {K,,M,} are invertible. Evidently if both of these

measures are zero, then the two systems are identical. Note that, the availability of

the full modal information for the system {K,,M,} is assumed.

One criticism of the above two measures in equations (7.44) and (7.46) is that they

rely on the invertibility of {My,,Kp,}. A measure which does not demand this

invertibility is introduced.
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Pre- and post-multiplying equation (7.35) by {¥, ¥} and pre- and post-
multiplying equation (7.37) by {®,,05,} Yields
W, ,MpoWro = P00 0O Pro = A (7.57)
OLoKpe®ro = O o ProOro = A (7.58)
(P, W} and {®,,@,} are diagonal matrices, equations (7.57) and (7.58) are

identical.

Then, new residuals can be calculated. Pre- and post-multiplying equation (7.44) by

{(L®1, ), (O, ¥ro )} @nd equation (7.46) by {(©,,%,,).(¥r,®Ox,)} respectively yield

Rumoo =Om = ¥00OroPro = Oy —MpoKp, =0y —A (7-59)
Rkoo = Ok =0 0¥, Wro®r, = Ok —MpKp, =0 —A (7-60)
in which
Om =Y, (®LOOM00®R0 )TRO =¥, ((I)LOT M, Dx, )‘PRO (7-61)
Ok =0y, (\IILOOKOOTRO )®Ro =0, (q)LoT Ka®ro )®Ro (7-62)

The matrices 0,,,, and O,,, are the same as in equations (7.44) and (7.46)

respectively.

It is appropriate to vectorise R,,,, anhd R,,, and combine them to define the total

residual where the dimension is (2m2 xl).

r= {VGC(RMW )} (7.63)

vec(Ryqo)
The rate of change of equations (7.61) and (7.62) can be written as

OM =¥, ((I)LOT I\‘/IacDRo )‘I’Ro (764)
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OK =0, ((DLOT I.<a(I)Ro>®Ro (765)

These derivatives are independent of any information from the system {K,,M,} .

7.4 Modal correlation for undamped systems with

incomplete modal information

In practice, complete measured modal information is not available for any system.

Measurements are restricted by the input and output matrices, {S,,Sg}, which

determine where excitation may be applied and where responses may be measured.
Measurements are also restricted by the sampling rates and resolution of equipment
with the result that the number of modes obtained is restricted - reducing it from n to

m, where m<n.

In general, we will have incomplete information about the modal properties of the
system {K,,M,} with modal properties {KDO,MDO,<SLTCI)LO),(SRTCI>RO)} where
{Kpe,Mp,  are each diagonal (mxm) matrices with m<n. Note that matrices {S ,Sg}

are invertible and identical for the two systems {K,M,} and {K,,M,} and we

consider that these are not subject to any uncertainty.

If {S_.Sg} are not invertible, then it is not possible to discover {® , ®g,} from
measurements. In fact what the measurements obtain is {(SLT(I)L),(SRT(I)R)} . As stated

earlier, if the system matrices are all symmetric, then with appropriate scaling
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@, =Dy, and this can be used to expand the obtained information to some extent

(provided that S, =Sg). However, this is not useful in the general case.

With modal information obtained from only a subset of the total set of degrees of
freedom, the literature is divided between some papers which advocate expanding
the modal vectors, {®@_,, @, } [133, 134], and some [132] which prefer to reduce the
system matrices, {K,,M,}. To expand the modal vectors, some transformation
matrices, {T_, Tz}, are chosen such that

ST, =1 (7.66)

Sy Ty =1 (7.67)
Then the expanded modal matrices are found as

ci)Lo =T (SLT cI)Lo) (7-68)

d)Ro =T (SRTCDRO) (769)

Equations (7.68) and (7.69) preclude the possibility that different transformation
matrices {T,_, Tz} might be developed for each individual pair of eigenvectors such as
[133] describes. Including this generality is possible but it is beyond the scope of the
present chapter. By accepting the restriction indicated by equations (7.68) and (7.69),
it is obvious that the expanded modal matrices will be consistent with the measured
modal information in so far as

5", =5, "y, (7.70)

SRTci)Ro :SRT(DRO (771)
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The alternative to expanding the modal matrices — namely reducing the system

matrices {K,,M,}— is achieved by forming
Ma_redu =TLTMaTR (772)
I(a_redu =TLT KaTg (773)

It is clear from equations (7.70) and (7.71) that whether the expanded modal
information or the original modal information is employed, the same mutual-

orthogonality measures {Oy,,,Op,,} are obtained since
®L_l (SLTCDLO )T (TLT MaTR )(SRT(DRO )®R_l = ®L_1 (SLT&)LO )T (TLT MaTR )(SRTd)Ro )@)R_l (774)

lIJLil (SLT q)Lo )T (TLT KaTR )(SRT(DRO )‘PRil = lIIL7l (SLT&)LO )T (TL-r KaTR )(SRT‘i)Ro )LPRil (775)

The same transformation matrices are applicable whether we are expanding the

measured modal information or reducing the dimensions of the system matrices.

7.5 Modal Correlation measures for general second

order systems

In this section, the general ideas for modal correlation of undamped systems are
extended to the case of damped systems. Garvey et al. [23] addressed modal
correlation measures for general viscous damped structures. This section extends the

ideas well presented in that paper.

7.5.1 Orthogonality properties of damped systems

The orthogonality measures for a damped system can be written as
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v me )| [w, X T[0o KIWs Xz][¥: (mex)]" [o I (7.76)
0 ¥ | |Y. Z ||K D|[Ys ZgJlO0 ¥ 1o '
oo (W X T[K 07w, X1[® ©:]" [0 I
2|: L L L L R R R R:| :|: :| (777)
¥ -0, |Y. Z |0 -M]| Y Zg|¥: -©g I 0
-T T - - -1
(Me) © | |Y. Z | [-M 0 |[Yg Zg|(M¥:) ©| |1 0 '

The first task here is to generalise the idea of factorising the matrices of the

diagonalised system in a way which is equivalent to equations (7.35)-(7.38). This

generalisation takes the form:

% wWe o e (me].[0 k) oo
o 20 o 2 ] o0
{(1_1?{) @;)j ? (I)M(:iz) ;R}{__,\az _'\SD} (7.81)

The second subscripts (o or a) have been omitted

they are taken to apply to systems {K,,D,,M,}

from equations (7.79)-(7.81) since

and {K,,D,,M,}. Observe that if

equations (7.79)-(7.81) are expanded, the following equations are obtained

Mp =0, B¢

Kp =W, ¥y

(7.82)

(7.83)

(which are consistent with equations (7.35),(7.36) and (7.37),(7.38) respectively)

along with

Dp =I1(0 ¥ +¥,.0R)

(7.84)
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Again, in equations (7.82)-(7.84), the second subscripts (0 or a) have been omitted

and these equations are intended to be applied again to systems {K,,D,,M,} and

{K,,D,,M,} . Note that

] [ R o

© 0] [w, X J[-D -M|[Wy Xg][ ©x OT" [0 I (7.87)
(M¥) © | |Y. Z | [-M 0 |[Yg Zg|(M¥:) ©| |1 0 '

Equations (7.85), (7.86) and (7.87) can be written as

MLCJTLTMTRMRCJ =J (7-88)
2DLC7T LT QEDRcil =J (7-89)
KLC_TTLTKTRKRc_lZQ (7-90)

and these equations apply both to {K,,D,,M,} and {K,,D,,M,} .

7.5.2 Cross orthogonality measures for general damped

systems

Three different cross orthogonality measures of modal correlation are expressed in
terms of the structure preserving equivalences in [23]. The two different cross-

orthogonality measures-using the known matrix M, are defined as

r a-Tr T A -1
XO _ \PLo (Ho®Lo) WLO XL0:| { 0 Ka:||:WRa XRa |:LPRa (HaGRa ):| (7 91)
M - .
= L 0 ‘PLo i L YLo ZLo Ka Da YRa ZRa 0 ‘IJRa
r 9-T r T r -1
XO _ \PLa (Ha®La) WLa XLaj| |: 0 Kaj||:WRo XR0:| \PRo (H0®Ro ):| (7 92)
M - .
= L 0 lPLa i L YLa ZLa Ka Da YRo ZRo L 0 ‘IIRO
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More concisely

XO Moa

XO Mao

T T -1
=Mico  Tio MaTraMca

T T =)
=Mica  Tia MaTroMeco

(7.93)

(7.94)

Correspondingly, define two different cross orthogonality measures-using the known

D, matrix
- . iTr - - -1
XODoa =2 \IILO ®Lo WLo XLo Ka 0 :| WRa XRa:| lIIRa ®Ra} (795)
- _‘IILO _®L0 _YLo ZLo_ L 0 'Ma _YRa ZR _IIIRa ®Ra
= T Tr q -1
XODao =2 lPLa ®La WLa XLa Ka 0 |:WR0 xRo |:‘PR0 ®Ro:| (796)
- _lPLa -0, _YLa Z, L 0 Mg | Yro ZRo_ Wro Oro
More concisely
T T -1
XOpoq = 2D\, L %EDRCa (7-97)
T T -1
XOpao =2D\ca h %EDRCO (798)
Define another two different cross-orthogonality measures-using K, which is also
known
- T Tr - o -1
_ _®Lo 0 WLo XLo _Da _Ma WRa XRa _®Ra 0
Oy, = (7.99)
- (HO‘I]LO) ®L0 YLo ZLo _Ma 0 AL YRa ZRa _(Ha‘I’Ra) ®Ra
- -T T ar - -1
XOKaO = _®La 0 WLa XLa _Da _Ma WRO XRO _®R0 0 :| (7100)
- (Ha"PLa) ®La YLa ZLa\ _Ma 0 L YRo ZRo B _(H‘PRO) ®Ro
More concisely
T T -1
XOypa = Kico L EEKRCa (7-101)
XOuao = Kica " Tia' KaTroKrco (7.102)
Kao LCa “La “a 'Ro"™RCo '

Evidently, the main important point by looking at equations (7.91), (7.95) and (7.99)

is that the cross orthogonality measures can help to assess which modal information
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from the left measured system best match with the right analytical system.
Furthermore, the cross orthogonality measures can help to match up which modal
information from the right measured system best match with one from the left

analytical system by looking at equations (7.92), (7.96) and (7.100).

7.5.3 Mutual orthogonality for general damped systems

7.5.3.1 Errors in the mass matrix

If the physical model differs from the analytical model only by some errors in the

mass matrix Am, then (XOMoaJ(anzn)XOMao) must be a bi-J-unitary matrix pair.

Matrices {xoMoaJ(anzn)xoMao} are said to be bi-J-unitary matrix if

XOwmoaJ(2nxon) XOwmao =J - J IS @ matrix which takes form g:ﬁ ('J I is the identity

matrix and has dimensions (mxm), where m<n. The modal correlation here is the

product of equations (7.91) and (7.92).

(XO Moa ‘](2n><2n) XOpao ) =

{\m <no®u,>r {wm xLﬂo Ka}[w% x}[w (1,05,)

-1
J
0 ‘.PLO YLO ZL K YRa ZR 0 ‘.PRa :| (2nx2n) (7103)

[\PLa (Ha@)ui)}‘T {WLa xLaT{o KBMWRO XRO}P}RO (110@)%)]1

0 ‘IJLa YLa z La K 0 \PRO

(0] a a

a

A more concise way of writing equation (7.103) is

XOpyja = (M LCo 7 LT Ma TraMpca _lJ(ZnXZn) Mica ” ET %EM RCo _1) (7104)

The product of cross-orthogonality measures in equation (7.103) defines another

measure, O,,, Which is independent of any modal information from the system

{K4,D,,M,}. Rearranging equation (7.76) for the system {K,,D,,M,} and
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substituting into equation (7.103) the result will be referred to as mutual

orthogonality for the system {K,,D,,M,}. If the two matrices {%%} are identical,

oMoo = Q
XOpa =
,T 71
{WLO (1,0, )} {WLO Xio H 0 Ka}{wm XRO}FRO (H0®RO):| 5 (7.105)
=0y
0 ‘PLo YLo ZLo Ka Da YRo ZRo 0 ‘PRO =

Equation (7.105) can be written as

XOpyia =(MLC0_TET MaTRoMRCO_l)z:OMoo (7.106)

7.5.3.2 Errors in the damping matrix

If the physical model differs from the analytical model only by some errors in the

damping matrix AD, then xoDoaJ(mzn)xoDao) must be a bi-J-unitary matrix pair.

The modal correlation here is the product of equations (7.95) and (7.96).

XOpoa J(2nx2n) XOpao =
|:‘{IL0 ®Lo :|_T |:WL0 XLo :|T |:Ka 0 :||:WRa xRa:H:‘PRa ®Ra:|_:L J
4 ‘PLO _®Lo YLo ZLo 0 _Ma YRa ZRa ‘PRa _®Ra (2n<2n) (7107)
|:"I’La ®La :|_T |:WLa XLa :|T |:Ka 0 :||:WR0 XR0:||:‘PR0 ®Ro :|_1
TLa -0 La YLa ZLa 0 _Ma YRo ZRo ‘I’RO -0 Ro

More concisely than equation (7.107)

X, =4{Pico™ Tuo DaTaaDrca ImanPica™ Tua DaToDrco *)  (7.108)

The product of cross-orthogonality measures in equation (7.107) defines another

measure, Op,, Which is independent of any modal information from the system

{Ka,Da,M,}. The result of rearranging equation (7.77) for the system {K,,D,,M,}
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and substituting into equation (7.107) will be referred to as the mutual orthogonality

for system {K,,D,, M, } . If the two matrices {D,,D, | are identical, Ops, = 3.

XOp, =
-T T -1
ZFLO @Lo} {WLO xLo} [Ka 0 HWRO xROM‘PRO @RO} 5 (7.109)
=0p
‘{’LO _®Lo YLo ZLo 0 _Ma YRo ZRo ‘{’RO _®Ro =
Equation (7.109) can be written as
XOp, = 2(DLCO N LT D, Tro Dreo 71) = Opgo (7.110)

7.5.3.3 Errors in the stiffness matrix

If the physical model differs from the analytical model only by some errors in the

stiffness matrix aK, then |XOygaJ znczn) XOKao) must be a bi-J-unitary matrix pair.

The modal correlation here is the product of equations (7.99) and (7.100).

X0 KoaJ(anzn) X0 Kao —
-T T -1
_®Lo 0 |:WL0 XL0:| |:_Da _Ma:|{WRa XRa:||: _®Ra 0 :| J
|:(Ho"IILo) ®Lo:| YLo ZLo _Ma 0 YRa ZRa (HalPRa) ®Ra M (7111)
|: _®La 0 :|T |:WLa XLa:|T |:_Da _Maj||:WRo XR0:||: _®Ro 0 :|1
(Ha"PLa) ®La YLa ZLa _Ma 0 YRo ZRo (HO‘.I’RO) ®Ro

Writing equation (7.111) more concisely

XOy, = (KLCO 7 LT QEDRCa 71‘](2nx2n) Kica 7 ET Ka Tro Kreo 71) (7112)

The product of cross-orthogonality measures in equation (7.111) also defines another

measure, O,, Which is independent of any modal information from the system
{K4,D,,M,}. The result of rearranging equation (7.78) for the system {K,,D,,M,}
and substituting into equation (7.111) will be referred to as the mutual orthogonality

for the system {K,,D,,M, }. If the two matrices {K,,K,| are identical, Oy =3 -
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XOKa =

{—@Lo 0 T{WLO XLOT{—Da —Ma}{wm xRo}{ @, 0 T__O (7.113)
(HO\PLO) ®Lo YLo ZLo _Ma 0 YRo ZRo (HO‘PRO) ®Ro P Koo

Equation (7.113) can be written as

XOKa :(KLCO_T LT KaTRoKRCo_l)::OKoo (7114)

Equations (7.103), (7.107) and (7.111) define the cross-orthogonality measures

XOpas XOp,, XOy, for general damped systems. These equations require modal

information from both systems {K,,D,,M,} and {K,,D,,M,}. However, equations

(7.105), (7.109) and (7.113) define the mutual orthogonality measures

Owmoo:Oboo'Okee  Which are independent of any information from the system
{K4.D,,M,}. The measured modal information for the system {K,,D,,M,} are bi-J-

unitary through the system matrices.

7.5.4 Rate of change of different cross orthogonality

measures xo,,, X0, and xo,, for damped systems

A procedure is applied which is a close parallel to the presented procedure in section
7.3.4. In effect, we are assuming that stiffness, damping and mass matrices

{K4.D,,M,} are changing continuously as shown in the following equations

p

M, (0) =M+ 0;M; (7.115)
j=1
p

D, (0)=D,+» 0;D; (7.116)
j=1
p

Kqa(0)=Ko+ Y 0jK; (7.117)
j=1
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The eigenvalues and their corresponding eigenvectors are also changed. Then the
derivatives of the diagonalised system and diagonalising SPEs can be calculated.
Differentiating equations (7.18), (7.19) and (7.20) with respect to each scalar

parameter 0; in vector 6 gives

- T . . .
Tia MaTra +Tia My T + T My Tra =M (7.118)
- T . . .
Tia DaTra +Tia' DaTra +Tia' DaTrs =Dpa (7.119)
- T . . .
Tia KaToa +Tia" KaTea + Tia ' Ko Tra =Kog (7.120)

The derivatives of the diagonalised system matrices and diagonalising SPEs for
damped system in equations (7.115), (7.116) and (7.117) with respect to a single

scalar parameter o; at 6; =0 are introduced in Chapter 5 and presented in [121,

135].

The cross orthogonality measures are also affected by the changes that occur in the
system matrices. Matching the discrepancies between the physical and computed

modal information can be achieved.

P, HXO

XOpa = XOy +AXOy = XOyy + > ——= A0, (7.121)
j=1 i
P HXO

XOp, =XOp +AXOp = XOp + »  ——=2 A0 (7.122)
— o Y
P, X0

XOyq = XOy +AXOy = XOy +» ——=A0 (7.123)

j=1 i
The sensitivity of cross orthogonality measures can be computed by relating changes

due to variations in each scalar parameter 6, . This can be done either numerically or

analytically.
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7.5.4.1 Rates of change of cross orthogonality measures for damped

systems

The rates of change of different cross-orthogonality measures for structure
preserving transformations can be determined by differentiating equations (7.104),
(7.108) and (5.44) with respect to each scalar parameter 6; in the vector 6 at 6; =0

. _ . -T T
M ToaMrca * + Mica Tia Ma+

: T T ; -1 T T 1
XOpya =|Mico  Tio | MaTraMpea  + J(anZn) Mica Tia Mg+ |TroMgeo (7.124)

SR | T Ty
Ma TraMeca Mica Tia Ma
. _ . T T
D; Tra Drea 4 Dica Tia Da+
: T T : -1 T T -1
XOps =4| Dico  Tio | DaTraDrea  + Janan)| | Pica  Tia Da+ |TroDreo (7.125)
L1 .
%EDRCa Dica Tia Da
. _ . -T T
KaTeaDrca * + Kica Tia Ko+
: T+ T ; -1 T+ T -1
XOka =| Kico  Tio | KaTraDrea ~+ | [Jiamean) || Kica  Tia Ka+|TroKreo (7.126)

7.5.4.2 Rates of change of mutual orthogonality measures for damped

systems

The rates of change of different mutual orthogonality measures for structure
preserving transformations can be determined by differentiating equations (7.105),

(7.109) and (7.113) with respect to each scalar parameter 6; in the vector 6 at 6; =0

-T - oA - -1
OMoo:|:\IJLO (HO®LO):| |:WL0 XLO T|: 0 Ka |:WR0 XRo |:\PR0 (HOQRO):| (7127)

0 lIILo YLo ZLo i Ka Da i YRo ZRo B 0 lPRo
-T T r r -1
O _ 2|:‘IJL0 ®Loj| |:WL0 XLoi| Ka 0 :| WRO XR0i| \I’Ro ®Roj| (7 128)
Doo — y .
\PLO -0 Lo YLo z Lo L 0 -M a |l YRo z Ro _\PRO -0 Ro
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T . . -1
O _|: _®L0 0 :| |:WL0 XLoi|T|:_Da _Ma:||:WRo XR0:||: _®Ro 0 :| (7 129)
Koo — y '
(HO‘PLO) ®L0 YLo ZLo -M 0 YRo ZRo (HO‘PRO) ®Ro

a

7.5.5 Residual measures based on mutual orthogonality for
second order system

The residuals ((ﬂ—\_}), (%—g) and (%—g) are measures of the differences

between the systems {K,,D,,M,} and {K,,D,,M,}. If these measures are zeros, then

the matrices {%%} {ﬁ&} and {&,%} are identical pairs, and Oy, =J,

ODoo =J and OKoo =J.

In some cases, there are difficulties in determining the diagonalising transformations
directly for the system. These cases might happen if one of the system matrices is
singular. The spectral transformations in Chapter 6 are used to find the diagonalising

SPEs and the diagonalised system matrices for ill-conditioned systems.

It is obvious that, the three measures in equations (7.105), (7.109) and (7.113)
require the invertibility of {%%&} matrices. In the case of ill-conditioned
system matrices, it might be difficult to invert {%%&} The general ideas for

residual measures of undamped systems can be extended to the general damped

systems by introducing a measure of the residuals which does not demand

invertibility of {Mp,Dp,Kp} -
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7.5.5.1 A palindromic polynomial for second order systems

The developed ideas in section 7.3.5 for undamped systems are extended for general

damped second order systems. Matrices which are suggested to match that ideas can

be written as

A

:{ O, 0 K T=|: O, 0
> (HO‘PLO) ®Lo_ R (HoqIRo) ®Ro_

7 T
D _i{ 0, Y, DT _i|:®Ro —Fro
Ls — J RS ~
- \E _®Lo ‘PLO_ - \ﬁ ®Ro ‘PRO_
7 4T
MLS:|:LPL0 (H0®L0) ’ MRST :|:\IIR0 (H0®Ro)

(7.130)

(7.131)

(7.132)

Pre- and post-multiplying equation (7.79) by K. and &T in equation (7.130),

respectively, pre- and post-multiplying equation (7.80) by D5 and %T

in equation

(7.131), respectively, and pre- and post-multiplying equation (7.81) by M;s and

Mgs ' in equation (7.132), respectively, yields
®, O { 0 KDO} ®, O T_{o A}
(HO\PLO) ®Lo_ KDo DDo (HOLPRO) ®Ro A B
- T
1|: ®Lo ‘PL0:| KDo 0 i||:®Ro _TR0:| :|:A 0i|
2 _®Lo ‘I‘LO L 0 _MDo ®Ro ‘I‘RO 0 -A

{\FLO (110®L0)M—DD0 —MDO}FRO (HO®RO)T{—B —A}

0 ‘IILO - M Do O 0 ‘IJRO

where
A= ‘PLO‘PROG)LO@RO = KDOM Do

B=1II, (lPL0®Ro +Wro0®y, )(‘{ILolPRo +0,0g, ) =Dp, (KDo + MDo)

(7.133)

(7.134)

(7.135)

(7.136)

(7.137)
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The matrices {A,B} represent palindromic polynomials for the second system

{Ko, Do, M, }.

7.5.5.2 Residual measures using palindromic polynomial

To avoid the invertibility of {MD,%,&} while calculating the residuals, equations

(7.105), (7.109) and (7.113) are multiplied by matrices. These matrices represent the

first and third terms of the left side of equations (7.79), (7.80), (7.81) and each term
is multiplied by K5 ,Kgs', Dis, Dps', Mys and Mgs'", respectively. These terms

can be written as

- _
M T_ Yo (H0®LO) Mo, = Fro (H°®R°) (7138)
_LI 0 ‘PLO , ;RI O \PRO .

1y, 0,7 1 [¥ Og |
D T _ = Lo Lo D, =— Ro Ro 7139
A 2 |:TLO _® Lo | ’ i ’\E |:‘IJRO _®R0 i ( )

) o7 ® 0
T Y _ ““Ro

& = {(HO\PLO ) 0, | ' ﬁ - |:(H0‘PR0 ) @RO} (7.140)

Then, the residuals are calculated by pre/post-multiplying equation (7.105) by

&%T and m&T in equations (7.130), (7.138), pre/post-multiplying equation
(7.109) by DD," and DgDgs' in equations (7.131), (7.139), and pre/post-

multiplying equation (7.113) by MK, "and Ky Mgs" in equations (7.132), (7.140)

M{O_M —Li /;D (7.141)
M{%{ﬁ _(LD (7.142)
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Rieo :(% _[‘B ‘OAD (7.143)

-A
where
A T T
OM _ ®|-0 0 lI"Lo (HoeLo) OM ‘PRO (HoeRo) ®R0 0
- (HolPLo ) ®Lo i 0 ‘I’Lo —= 0 ‘PRO (Ho\PRo ) ®Ro
] ) (1149
:|: ®Lo 0 |:WL0 xLo:| |: 0 Kai||:WRo XROi| |: ®Ro 0 :|
(HO\PLO ) ®Lo | YLo ZLo Ka Da YRo ZRo (HO\FRO ) ®Ro
r T T
O~ = 1|: ®Lo ‘PLo :| ‘PLO ®L0 } 0 |:‘PR0 ®R0 :| |:®Ro _‘PRO :|
- Di
— 4/-0 Lo "PLo _"PLO _®Lo = ‘PRO -0 Ro ®Ro ‘PRO
- ) (7.145)
:1|: ®Lo "PLO:| |:WL0 XL0:| |:Ka 0 }|:WR0 XR0:| |:®Ro _TR0:|
2 _®Lo "PLo YLo ZLo 0 _Ma YRo ZRo ®Ro ‘PRo
T T
OK :|:LIIL0 (Ho®L0 ):| |: _®L0 0 :| OK |: _®RO 0 :| |:LIIR0 (Ho®R0 ):|
- 0 lI"|_o (HO‘PLO ) ®Lo =2 (HO‘PRO ) ®Ro 0 lIIRO
(7.146)

— |:lPLo (Ho®Lo ):| |:WL0 XLo :|T |:_Da _Mai||:WRo XR0:| |:\PR0 (Ho®Ro ):|T
0 ‘PLO YLo z Lo -M a 0 YRo z Ro 0 \IJRO
where the matrices 0,,,,, Op,, and O,,, are the same as equations (7.105), (7.109)

and (7.113), respectively.

It is appropriate to vectorise Ry, , Rpe and Ry, into the form r,,ry,rc. The total

residual can be written in the form

r=rp (7.147)

The rate of change of equations (7.144), (7.145) and (7.146) can be written as

- . , .
-M:{ O, 0 {WLO Xio .0 |.<aj||:WRo XROH{ BOro 0 } (7.148)

YLo ZLo_ _Ka Da YRo ZRo (HO‘PRO) ®Ro

/- T T
o _ 1[ ®Lo ‘PLO WLo XLo Ka 0 :||:WR0 XR0:| |:®Ro _lPRo:| (7 149)
D~ 5 y )
— 2 _®Lo ‘IJLO_ YLo ZLo_ L 0 _Ma YRo ZRo ®Ro ‘PRo
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OK{T“’ (no®LO)MWLO XLOH—E?a _Ma}{w’?o XRoM‘I‘Ro (HOQRO)T (7.150)

0 "PLo YLo Z Lo -M a 0 YRo z Ro 0 ‘I’Ro

These derivatives are independent of any information from system {K,,D,,M,}.

7.6 Example

We consider a system having four degrees of freedom with general linear damping.

The system matrices {K,,D,,M,} have been deliberately chosen to have a non

symmetric and singular mass matrix. The information required are the system

matrices for the analytical system {K,,D,,M,}. For the measured system, the

diagonalised system matrices {Kp,,Dp,,Mp,} and the diagonalising transformations
{L E} can be calculated by using spectral transformations. The measured system
matrices {K,,D,,M,} are

4342 2621 3704 698

-2356 1458 -4901 3903

° |-3397 4669 -3630 2349
3729 1649 3188 1873

-15 -8 -4 40 193 -100 -124 0
-33 36 -4 -49 150 -301 -490 0
D0= I\/Io:
-34 -1 -5 -20 483 125 -80 O
-31 32 -9 -45 53 233 254 0
The eigenvalues are
[ 0.0430+0.7679i |
0.0080 + 2.6493i
A =diag | | 0.4233+13.3734i
54.95495
i Inf |
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The diagonalising SPE’s {Eh} for the measured system are calculated using

Mabius transformation. The diagonalised system matrices {Kp,,Dp,,Mp,} are

~0.6238 0.00295 ~0.00348
Ko, —diag ~0.60378 D, = diag 0.00138 M. =diag ~0.08601
° -0.2872 ||° ™ 0.04179 | | po -0.48541
-0.6197 0.01128 0.00000

The i" entry of the matrices M,,, Ky, and D,, are written as m,, k, and d,. The
right and left matrices {©;,0_}, {¥;, ¥ } can be calculated. If the i™ entry of
sign(mk;) <0, is less than zero, the i entry of the right and left matrices {0r.0},
{¥g, ¥} are chosen as

Opi =1 ;O =m /O
Wi :\’abs(ki) o W=k /Py

If the i entry of sign(mk;) >0, is greater than zero, the i™ entry of the right and left

matrices {@g,¥:}, {® ,¥_} areequal

GRizxfabS(mi) O =m; /O
‘PRi=xfab5(ki) . W=k /Yy

Moreover,

Or =1 , O =m/0Ox
TRizl ) \I’Lizki/\PRi

The i" entry of matrix 11 can be calculated as
IT; Z(\PLi@Ri +¥RiOy )/di
The analytical system matrices {K,,D,,M,} are
3937.5148 -2424.9165 34955983 —894.0835
| -2159.9165 1261.9165 —4901  4099.0835

2| _3605.4017 4669 -3838.4017 2349
3532.9165 1845.0835 3188 1676.9165
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43.8749  530.9069
505.9069 -502.9069

27| 563.7819 =)
_569.9069 570.9069

250.0495 —499.2043
2492042  98.2043

27| 149.8453 125
4522043 —166.2043

593.7819 —498.9069

—4 489.9069
592.7819 -20
-9 —583.9069

—457.1547  399.2043
—490 —399.2043
—413.1547 0
254 399.2043

The eigenvalues of the analytical system are found

The aim in this example is to match the measured modal information with that from
the analytical system. The matching used is based on mutual orthogonality measures

as in equations (7.105), (7.109) and (7.113) to satisfy bi-J-unitary through the system

[ 0.02154+0.7922i |
—2.62184

A, =| 2.20235+2.9523

—2.07063+3.05288i
5.9091

matrices {K,,D,,M,} by driving the residuals to zero.

This example does not require invertibility of matrices {%%&} Equations

(7.141), (7.142) and (7.143) are used to calculate the residuals. The matrices {A,B}

are calculated as in equations (7.136) and (7.137)

0.00217
A ding || 005193
~9%1 1013038 ||

0.00000

The sensitivity matrix is calculated at each change of the scalar parameters

{a,b,c,d,e f} inthe vector 0.

—-0.00185
—0.00095
—0.03228
—0.00699

B =diag

240



7.7 Conclusion

This chapter has developed modal correlation methods for undamped systems. The
general ideas of modal correlation for undamped systems have been extended for
generally damped systems. Cross orthogonality measures are performed as modal
correlation methods. The product of different cross orthogonality measures has been
referred as mutual orthogonality measures. Both cross orthogonality and mutual
orthogonality measures for generally damped linear systems have been presented in
terms of diagonalising structure preserving equivalences (DSPE’s). In this chapter, a

new measure of residuals has been investigated which does not demand invertibility

of the matrices {m%&}

Cross orthogonality measures require matching the right and left diagonalising SPEs
from the computed system with that from the true system. In contrast, the mutual
orthogonality measures do not involve this matching. However, both left and right
modes are required for the mutual orthogonality measures. In case of ill-conditioned
systems such that the mass matrix is singular, the diagonalising SPEs can be

calculated using new methods in chapter 6 and the methods in appendices C and D.

The following chapter addresses model updating based on the methods developed in

this chapter.
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CHAPTER 8. Model Updating

This chapter presents model updating methods for generally damped systems based
on modal correlation methods in the previous chapter. Model updating techniques are
commonly used to adjust selected parameters of finite element (FE) models in order
to match models with experimental data. Most experience in model updating is based
on natural frequencies and mode shapes. The natural frequencies and mode shapes
are identified from vibration test data. Experimental modal analysis results are often

used to evaluate the predicted model information from FE analysis predictions.

If the number of parameters becomes too large, the effects of parameter changes on
the FE analysis results are not easy to assess and lengthy computational model
updating procedures must be used. These procedures are able to adjust several
parameters such that the difference between measured and predicted natural
frequencies and mode shapes are minimised [90]. Numerous different methods are

used to update model parameters.

In this chapter we focus on developing model updating methods for undamped
systems, extend the ideas for generally damped systems and compare the developed
modal correlation methods with alternative methods for model updating. Three
related measures of error are presented which make it possible to determine what

adjustments should be applied to the system mass, damping and stiffness matrices.
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8.1 Model updating

The differences between analytical data and experimental data allow for an
evaluation of the quality of the utilized finite element model. For general damped

systems, we consider that the system matrices {K, (8),D,(0),M,(0)} are functions of
a parameter vector 6 containing p entries. The original system matrices are

{K,,Do,M,} . In effect, we are assuming that stiffness, damping and mass matrices

can change continuously as the following equations indicate

p
Kq(0) =K, +0,K; +0,K, +...+0,K, =K, + Y 0K; (8.1)
=1
p
D, (0) =D, +6,D; +0,D, +....+0,D, =Dy + > 0,D; (8.2)
j=1
p
M, (0) =My +0,M, +0,M, +....+ 0, M, =M, + > 0,M, (8.3)

j=1

The subscripts “0” and “a” refer to the measured and analytical systems.

Since matrices {K,,D,,M,} depend on a parameter vector 6, the eigenvalues and

their corresponding eigenvectors also depend on 6. Both the diagonalising
transformation and the diagonalised system change correspondingly (see Chapter 5).
Then the derivatives of the diagonalised system and diagonalising SPEs can be
calculated. The rates of change of eigenvalues and eigenvectors can be solved from

these.

There are numerous methods in the literature to determine eigenvalue and

eigenvector derivatives for general non-symmetric undamped systems [97-104].
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Computing the derivative of any one eigenvector of an undamped system requires
only the eigenvalue and eigenvector under consideration [104]. The methods of
complex eigenvalue and eigenvector derivatives are derived and developed for
general asymmetric second-order damped systems [125-128, 136]. The derivatives of
the diagonalised system matrices and diagonalising SPEs for the damped system in
equations (8.1),(8.2) and (8.3) are presented [121, 135] for a single scalar parameter

9]-

8.1.1 Residuals and the sensitivity matrix

Model updating methods are based on the definition of a vector of parameters and a
vector of residuals [137, 138]. Also, model updating methods use a sensitivity matrix
relating changes in model outputs to changes in model parameters in order to
determine what changes in the parameters will reduce the overall discrepancy. The
finite element model is then reformed using the new values of the updated
parameters, and the process repeats until some convergence criteria are met [139].
The model parameters are adjusted iteratively until the analytical output data matches
the measured data satisfactorily. Many different methods have been proposed for
updating the model parameters. All of these attempted to minimise differences
between computed and measured data. These differences are called residuals. The
residuals can be written as

R=(0,-0,) (8.4)
Matrices {0,,0,} are the physical and analytical output data respectively. It is

appropriate to vectorise R to define an output vector, Ar

r =vec(R) (8.5)
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In general, the vector r may include some complex values. In this work we shall
assume without loss of generality that r contains only real values. There are two
reasons for this. Firstly where any complex values arise, we can replace the single

complex number (a+ jb) by the two real numbers {a,b}. Secondly, the new model

updating methods proposed here never utilise any complex quantity.

Now, since R depends on 6, then the vector of residuals r is also a function of
vector parameters 6. We can define the weighted sum of squares of residuals E,
according to

E :(rTWr) (8.6)

where W is a positive definite weighting matrix.

For a given vector of parameters o, we can calculate the corresponding Ar(6,)=: Ar,.

The solution to the problem of minimising E usually leads to set of nonlinear

equations because r(e) is in general nonlinearly dependent on the estimation

parameters. The objective function E can be minimized iteratively. The truncated
Taylor series for r(e) is given by
r(0):=ry+Ar (8.7)
and for some real sensitivity matrix, S,
Ar =SA@ (8.8)
Since we have a numerical model, it is straightforward to determine the matrix S
numerically. For each entry of vector parameters 6, a small positive change & is

made in the entry and the corresponding r* is computed. Then a small negative
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change -5 is made in the same entry and the corresponding r~ is computed. Finally,
each column of the sensitivity matrix S can be calculated numerically using the

central difference formula

s - (r-r) 8.9)

The sensitivity matrix in equation (8.8) can be computed analytically by calculating

the derivatives of the analytical output data O, with respect to each single scalar

parameter in vector 0.

p
AO, :Zaaoa A (8.10)

j=1 7V
Equation (8.8) may be fully determined, over-determined or under-determined
depending on whether the number of output data is equal to, larger than or smaller
than the number of scalar parameters 6. In any case, the change of parameter A6 in
equation (8.8) can be solved using the pseudo inverse [140] . To obtain

A =-S"Ay (8.11)

where S* is the left pseudo-inverse matrix of the sensitivity matrix S

8.1.1.1 Solution of under-determined or ill-conditioned equations

In cases where the equation (8.8) is under-determined or ill-conditioned, there are
two possible approaches: singular value decomposition (SVD) and regularisation.
The benefits of these methods in model updating are that in both cases their

application results in the unique solution of Ae [18].

Singular value decomposition SVD is used in under-determined problems and it

results in the unique minimum norm solution.
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s:u[Z O}VT (8.12)

consider
Jar —sagff =|uT (Ar—SVVTAe)H2 (8.13)
The parameter vector @ can be obtained in terms of the singular values of the right

and left singular vectors

-1
A® = VFO g} U'Ar (8.14)

Regularisation is an alternative method used in model updating to solve under-
determined or ill conditioned equations. This approach involves minimising a cost
function

3, (0)=|sa8-Ar| + 2% |BA6| (8.15)
where 1 is the regularisation parameter. The matrix B has full rank. The generalised

solution depends on 4. The derivatives of the cost function with respect to ¢ can be

written as
(S's+2’B"B)A0=STAr (8.16)
The singular value decomposition approach is a particular case of regularisation

where (B"B) is the identity matrix and 22 is infinity.

8.2 Model updating for undamped system

Most experience in model updating is based on natural frequencies and mode shapes.
Eigenvalues and the corresponding eigenvectors are often identified from vibration

modal testing. However, the computed modal information is obtained from finite
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element methods. The discrepancies between measured and computed modal

information are used to evaluate and qualify the predicted model information.

We are assuming that stiffness and mass matrices {K, M.} are changing

continuously according to equations (8.1) and (8.3).

8.2.1 Model updating based on eigenpairs of undamped

system

8.2.1.1 Eigenvalues and eigenvectors for undamped systems

The general governing equation of motion for an undamped second order system is
introduced in Chapter 2, section 2.3.1.

Mg +Kq=f (8.17)
The eigenvalues A =diag(4? 4%, 4, ) might be complex or real or mixed (real and
complex).  The corresponding left and right eigenvector matrices {® g}
diagonalise the system matrices {K,mM}. The eigenvectors are commonly mass
normalised in which case they satisfy the following equations

o Mg =1 (8.18)

@ "K®, = A (8.19)
The i™ eigenvalue 4 with the corresponding left and right eigenvectors (i |
satisfy the following equations

(K-4"M)¢i=0 . &' (K-4"M)=0 (8.20)
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8.2.1.2 Changing of eigenpairs for undamped system

Changes in the system matrices {K,,M,} cause direct effects in the dynamic

properties. Obviously, the eigenvalues and their corresponding eigenvectors are also

changed.

A = Aoy + 00T % (8.21)

Ori = Proi +6;;¢:A9 v O =i +%A9 (8.22)

An estimate of the discrepancies between the physical modal information

{®g,. Ay, @} and computed modal information {®,. A, @} can be achieved by

computing the sensitivity of this modal information to changes in the parameters.
This can be done either numerically or analytically. The rates of change of
eigenvalues and eigenvectors for undamped systems are introduced in Chapter 5,

section 5.2 and section 5.5.

8.2.1.3 Scaling and ordering Eigenvectors of undamped systems

The measured eigenvectors are compared with the predicted eigenvectors according
to some rules. The analytical eigenvectors are scaled and ordered such that the

resulting ordered and scaled vectors are like eigenvectors of the measured system.

Mass normalisation is applied to both systems.

Xy =@ M, P,

(8.23)
Xa =P M, Ppg,
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The right and left eigenvectors for both systems are scaled accordingly. Rewrite
equation (8.23) with scaled eigenvectors,

Xso = @M Pp,

(8.24)
Xsa = P LM, Pr,

Balance the scaling of eigenvectors of the analytical system
to =diag(XeoXso' ) + ta =diag(XuXy, ), t, = diag( (t, /ta)j (8.25)
The balanced analytical eigenvectors can be written as
@, =Pre Ity Py =Pty (8.26)
Xoo =Xeo Ity + Xpa =Xty (8.27)
The sum of the generalised mass matrices {X,,,X,,} can be written as
X=Xy, + Xy (8.28)
Each column in the analytical eigenvector matrices {®g,, @ .} is sorted according
to locations of the largest values in the rows of the generalised mass matrix % .
[ £]=max(x") (8.29)
Dpo = Pra (1 L)+ Ppa =Py (4, €) (8.30)
The 9 has dimension (1xn) and defines the maximum values in the rows of matrix

X%. The £ has dimension (1xn) and defines the locations of the largest values 8 in

the rows of matrix x.

8.2.1.4 Residual measures based on eigenpairs of undamped systems

Model updating methods based on eigenpairs are used to minimise the discrepancies

between the measured and predicted output data. The differences between the
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measured and computed modal information is used in the vector of residuals r. The

vector of residuals can be written as
Vec(q)Ro _q)Ra)
r=|vec(®,-®.,) (8.31)
diag (A, —A,)

The vector r may include some complex values. However, in this work we assume

that r contains only real values.

8.2.2 Model wupdating based on cross orthogonality

measures of undamped systems

Changing the system matrices {K,,M,} also causes a change in the corresponding

cross orthogonality measures. Cross orthogonality measures and their derivatives for

undamped systems are introduced in Chapter 7 section 7.3.

PXOwa g (8.32)

p
XOya = XOy +AXOy = XOy + Y| =
j=1 i

OXOy,

p
XOya = XOy +AXOy = XOy + Y
j=1 i

A6, (8.33)

The product of two mass-weighted cross orthogonality measures is defined in
equation (7.43) as

XOpa = (@1, DLy M @ze O, )% (O, DL, M, B Or, ) (8.34)
Also the product of two different stiffness-weighted cross-orthogonality measures is
expressed in equation (7.45) as

XOxa = (Fio "BLo’ Ka®raFra 1) (Fia "PLa’ Ko DroFro ') (8.35)
Equations (8.34) and (8.35) are used for updating model parameters. Full model

information is required for both systems. The analytical eigenvectors are scaled and
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ordered to match the measured eigenvectors. The same procedures introduced in

section 8.2.1.3 are used for scaling and ordering the analytical eigenvectors.

8.2.2.1 Residual measures based on cross orthogonality measures of

undamped systems

Model updating based on cross orthogonality can be used to minimise the
differences between the measured model information and analytical model
information. The vector of residuals r has dimension (2n%). The residuals

(XOk, —1,) and (Xo,,-1,) are measures of the differences between systems

{Ko.M,} and {K,,M,}. The vector of residuals is expressed as

| vec(XOy, —1,)
r_{vec(xo,\,la—ln)} (8.36)

where 1, defines the identity matrix.

Computing the sensitivity of cross orthogonality measures can be done either
numerically or analytically. The derivatives of cross orthogonality measures are

introduced in Chapter 7, section 7.3.4.1.

In this section all full modal information for both systems are required. The
eigenvectors of the analytical system are scaled and ordered correctly to match the

eigenvectors of the measured system.
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8.2.3 Model updating based on mutual orthogonality

measures of undamped systems

Mutual orthogonality measures are introduced in Chapter 7 section 7.3. The product
of the cross orthogonality measures in equations (8.34) and (8.35) defines the mutual
orthogonality measures. These measures are independent of any information from
the system {K,,M,}.
Onioo =(Oo " Dpo" )x My x(Dro®@r, ) (8.37)
Okoo = (PLo " ®Lo' )% Ko x(Dpo Pro ) (8.38)
The above two measures in equations (8.37) and (8.38) depend on the invertibility of
the diagonalised system matrices {Mg,,Kp,}. A measure is introduced in Chapter 7,
section 7.3.5 which does not demand this invertibility.
W, MpoWro =¥ 6O 0Oro ¥Fro (8.39)
O, Kpe®ro = O ¥ o Fro®ro (8.40)
The matrices {¥,, %, .0,.0g,} are diagonal. Then, equations (8.39) and (8.40) are
identical
A=Y 0 0y, (8.41)
Equations (8.37) and (8.38) are modified and can be written as

OM = ‘PLO (®LOOMDO®RO )‘PRO = ‘PLO ((I)Lo-r Maq)Ro )‘I’Ro (842)

OK = ®Lo (TLOOKOOTRO )®Ro = ®Lo ((I)Lo-r Ka(DRo )®Ro (843)
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8.2.3.1 Residual measures based on mutual orthogonality measures of

undamped systems

Model updating based on mutual orthogonality measures is used to minimise the
discrepancies between the measured and analytical model information. The residuals

(Om —A) and (O, —A) are measures of the differences between the systems {K,,M,}

and {K,,M,}. The vector of residuals y can be written as

r:{vec(OK —A)} (8.44)

vec(Oy —A)
The sensitivity matrix of mutual orthogonality measures in equations (8.42) and

(8.43) can be obtained either numerically or analytically. The derivatives of these

measures are introduced in Chapter 7, section 7.3.5.

8.3 Model updating of generally damped systems

In this section, the general ideas for model updating the undamped systems in section
8.2 are extended to the case of damped systems. The model structure for generally
damped systems remains as assumed in equations (8.1), (8.2) and (8.3). Model
updating procedures are applied to modify the model parameters. The model
parameters are adjusted so that output data from the model matches output data from
the physical system. These sets of output data can be vectorised as before to form a

vector of residuals r.
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8.3.1 Model wupdating based on eigenvalues and
eigenvectors for general damped systems

8.3.1.1 Eigenvalues and eigenvectors for generally damped systems
The system dynamics of a general second order system are written as

AR I

0 -M,|la] |[-M, 0 |g] |o
When no forcing is present, this becomes
D,x-K,x=0 (8.46)

where D, and K, are (2n x 2n) matrices (see section 2.3.2 for further discussion on
these). A generalised eigenvalue-eigenvector problem defined using matrices b, and
K, above yields the triple of (2n x 2n) matrices, {%,Aa,%}. The eigenvalues

with their associated eigenvectors can be either real or complex conjugate which are

presented by equations (2.27), (2.28) and (2.31)-(2.34).

@ — P | | Pra Pra (I)Rca Praz_ (8.47)

Ra - H * * .

- _(I)RaAa_ L (I)RcaAca q)RralAral (I)Rca Aca q)RrazAraZ

O - PL | | P Pua * Pra Pira (8.48)
La - H * * .

- _(DLaAa_ L (I)LcaAca (I)LralAral (I)Lca Aca (DLraZAraZ

The superscript notation “*” indicates a complex conjugate. A, is (usually) a
diagonal (2n x 2n) matrix and {®,,® .} are (n x 2n) matrices obeying
M@, A2 +D,®p A, + K, Pg, =0 (8.49)

M, ® A2 +D,® A, +K, ® =0 (8.50)
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The pairs of matrices (®g,,A,) and (®_,,A,) are called standard pairs for equation
(8.45) if @z, and P, from equations (8.47) and (8.48) are non-singular and

equations (8.49) and (8.50) are obeyed [141, 142].

8.3.1.2 Scaling and ordering Eigenvectors for general damped systems

The measured eigenvectors are compared with the predicted eigenvectors according
to some rules. This involves two steps:

Scaling the eigenvectors and

Ordering the eigenvectors of the analytical system to best match those of the

measured system.

The right and left experimental and analytical modal matrices {%,%}, {%,%}

respectively, may be a mixture of real and complex conjugate. The real measured

modal matrices {‘Iﬂ Py } are expressed in equation (2.38). These matrices have

dimensions (2n x 2n).

((I)Rco +"D ) (I)Rrul : ((I)Rco _(I)Rco ) (I)Rroz
((DRC()ACO +(DRC0 Aco ) (DRrolArol f ((I)RcoAco _d)Rco Aco ) (I)RraZAroz
(q)Lco + (I)Lco (I)Lrol : ( Lco 7(1) ) <I)Lro2
@, = - SN e | (852)
((DLco co Lco co) (DLrolArol ! ( LcoAcu _(DLco A ) q)LroZAroZ

and the real predicated modal matrices {qﬂ Py } are expressed in equation (2.39).
See section 2.3 for further information. These matrices have dimensions (2nx2n).

((I)Rca +(I) ) (I)Rral f ( Rca 7(1) (I)Rraz

RW = («p A, +®, A )q> A *(q> A —chaA )q> A ] (8:53)

S

Rca” “ca Rca ca Rral® “ral Rca” “ca Rra2 ra2
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((I)Lca + (I)Lca <I)Lral f (q)Lca - (DLca ) (I)Lraz

| (8.54)

((DLCBACa +®LcaAca q)LralAral E ((DLcaAca _(DLca Aca ) (DLraZAraZ

S

Lw =

The projection of subspace vg; of the modal matrix @, onto the subspace wyg; of

modal matrix @, can be defined by z; . The pair of eigenvectors v, defines the i
and i"+n columns of the modal matrix @g, Oof the measured system where
(i=1,2...,n). The pair of eigenvectors wy, defines the i™ and j"™+n columns in the
modal matrix @, of the analytical system where (j=1,2,...,n). The dimensions of
Ve and wg; are (2nx2). The pair of columns zg; is the projection of v onto wy;.

The projection zg; has dimension (2nx2) and is defined as

Zgij = PVgi = Wpg; (WRjTWRj) We' Vgi (8.55)

where P is a projection matrix (satisfying an idempotent P> =P =P°=...y.

Figure 8-1 shows the projection of the subspace vg; onto the subspace wg. If the
projection zg; lays within the subspace wg;, then the angle between the two
subspaces {zRij,vRi} must be zero. The cosine of the angle « between zp; and vy

can be expressed as

2
T T
(norm(ZRij VRi )) “ZRij VRi “

2 |y,.T
(norm(vRiTvRi )) “VRi VRi H

(8.56)

Xgij = C0s(a) =
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Figure 8-1 : Projection of Vg; into Wg;

The notation || represents the square of the norm. Each pair of eigenvectors vy, of
@g, (Where i=1,2,...,n) is compared with the pair of eigenvectors wg; of @, (and

j=1,2,...,n), where all values of j are spanned for a given i. Thus, a given instance of
vy 1S matched with a total n pairs of eigenvectors from @, , and the result in each

case forms the (i,j)™ entry of the matrix Xi.

Xpir  * XRij
Xg=| i (8.57)
Xpiz " XRij
The matrix x5 is (n x n) and this represents the cosine of the angles between each
subspace in @, with the subspace in ®x,, . The location of the largest value of xg;

in each row of matrix % indicates which subspace vy matches most closely to

subspace wyg; .
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[9x  £g]=max(x:") (8.58)
The 9, has dimension (1xn), the entries indicate the maximum values in the rows of
the matrix x;. The £, has dimension (1xn) and the entries indicate the location of
the largest values 9 of the rows in x;. The n pairs of eigenvectors in the matrix

®,, can be ordered related to the location ¢, of the largest values in the rows in
Xg.

Doy =| Pew (Lr) Prw (5(Sr +10))] (8.59)

The same procedure is used to match and order the left real predicted modal matrix

®,,, related to the left real measured modal matrix @, .

8.3.1.3 Residual measures based on eigenvectors for general damped

systems

Vector of residuals y has dimension (8n%). The vector of residuals for the right

eigenvectors can be written as

_ vec(le—(le<leTwR1)_l (WRlTle))j |
o = | vee(ve ~2a [, |- Ve°(VR2 (e (WRZ:TWRZ)_l(WRZTVRZ)D (8.60)

-1
T T
VeC(VRn _(WRn (WRn WRn) (WRn VRn )Jj

The vector of residuals for the left eigenvectors can be written as

259



vec[vu - (wu (leTle )_1 (leT le)D
r = [veC(VLi ~2y); }: vec(sz _(WLZ (WLZTWLZ)I (WLZTVLZUJ (8.61)

i=1
T -1 T
VEC| Vi —| Wi (Win Win Win Vin

Model updating may be attempted using the above two vectors of residuals {rg,r_}

which can be combined into one vector giving

r {rﬂ (8.62)

r
The sensitivity matrix in equation (8.8) can be computed analytically by calculating
the derivatives of eigenvalues and eigenvectors with respect to each single scalar
parameter in vector @. The rates of change of eigenvalues and eigenvectors for the
damped system in equations (8.1), (8.2) and (8.3) are developed in Chapter 5 (and

more details are in Appendix C).

8.3.2 Model Updating based on diagonalising SPEs

Since the system matrices {K,,D,,M,} are changed, the corresponding diagonalised
system matrices and the diagonalising transformations are also changed. The right

and left diagonalising transformations {TRa,TLa} for the analytical system are

functions of 6. We assume that A6 are small.

TRa

Tra = Tro +ATr = Tro +z . (8.63)
j=1 i
TLa

T =Tio +AT, = T, +Z . (8.64)

j=1 j
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Left and right diagonalising SPESs {EL} for the physical (true) system can be
found to diagonalise the system matrices {K,,D,,M,}. The diagonalising SPEs
{Tea Twa} diagonalise the analytical system {K,,D,,M,}. The right and left
diagonalising transformations {Eh} for systems (K,,D,,M,} satisfy the

following equations,

T —_— —_ —
|:WL0 XLoj| { 0 Ko WRo XRo _ 0 KDo:| (8 65)
YLo ZLo Ko Do L YRo ZRo i _KDo DDo
_T —_— —_ —
|:WLO XLo |:Ko 0 WRo XRo _ KDo 0 :| (8 66)
YLo ZLo 0 _Mo__YRo ZRo L 0 MDO
T — —_— —_ —
|:WL0 XLo:| _Do _Mo WRo XRo _ _DDo _MD0:| (8 67)
YLo ZLo __Mo 0 AL YRo ZRo i __M Do 0

The right and left diagonalising transformations {Te, T,} for systems {K,,D,M,}

satisfy the following equations,

T —_— —_ —
|:WLa XLai| |: 0 Ka WRa XRa _ 0 KDa:| (8 68)
YLa ZLa Ka Da__YRa ZRa_ _KDa DDa
T —_— —_ —
|:WLa XLa:| |:Ka 0 WRa XRa _ KDa 0 :| (8 69)
YLa ZLa 0 _Ma__YRa ZRa_ L 0 _MDa
T —_— _ —
|:WLa XLa} |:_Da _Ma WRa XRa _ _DDa _MDa} (8 70)
YLa ZLa _Ma 0 __YRa ZRa_ __MDa 0

The new model updating methods proposed here also use the discrepancy between
computed and measured results and they use sensitivities to determine a change in
the update parameters that will reduce the discrepancy. The right and left
diagonalising transformations are used to update the model parameters. The

derivatives of the diagonalised system matrices and their diagonalising
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transformations are introduced in Chapter 5. The model parameters are iteratively

adjusted until the numerical (or analytical) models match the measured models.

Two problems are noted: the diagonalising transformations are not unique because of

(@) ordering and (b) scaling.

8.3.2.1 Scaling and ordering diagonalising SPEs

In this section, the ideas for undamped systems in section 8.2.1.3 are extended for
generally damped system. This section attempts to find the best "ordering" of pairs of

vectors within diagonalising transformations from the system (K,,D,,M,} and

“scaling” of those vectors. The resulting ordered and scaled vectors are "like" the

diagonalising transformations of the system {K,,D,,M,}. Arranging the eigenvalues

in ascending order of magnitude is not sufficient, especially when two modes are

close together in frequency.

The experimental and theoretical eigenvalues and eigenvectors must relate to the
same mode. Usually the analytical eigenvectors are mass normalised and the
measured eigenvectors obtained from standard modal analysis methods are also mass
normalised. Because the mass distributions of the finite element model and the actual
structure may be different, the eigenvectors may not be scaled consistently. Without
loss of generality the diagonalising SPEs for both systems can be selected such that

262



in which {k,d;,m} are the i entries of the diagonalised system matrices
{Kp.Dp,Mp} . Each triple of scalars {k;,d;,m;} defines a pair of eigenvalues implicitly
through

ki +Ad; +2’m; =0 (8.72)
The linear combination of equations (8.65)-(8.67) and linear combination of
equations (8.68)-(8.70) that give at least two zero singular values. In this case, non-
eigenvalues are chosen for which no singular value is close to zero and to give a well

conditioned matrix. The linear combination of the equations which have been

mentioned above can be written as

T - T
a|:WLo xLoj| |: 0 Ka:||:WRo XR0:|+ﬂ WLo XLo:| |:Ka 0 :||:WR0 XRo:|
N YLo ZLo Ka Da YRo ZRo _YLo ZLo 0 _Ma YRo ZRo (8 73)
Zo ™ U . '
+}/|:WL0 XL0:| |:_Da _Ma:||:WRo XRo
YLo z Lo -M a 0 YRo ZRo ]
T = T
O{WLa XLa} {0 Ka}{WRa XRa}ﬁ Wi, XLa} |:Ka 0 }{WRa XRa}
s YLa ZLa Ka Da YRa ZRa _YLa ZLe\ 0 _Ma YRa ZRa (8 74)
fa= T . '
|:WLa xLa:| |:_Da _Ma:||:WRa XRa
YLa ZLa -M a 0 YRa ZRa B

In which the best values of {«, 3,7} are chosen to be

o+ Ryt =1 (8.75)
and at minimum condition for the matrix
min(cond (a%+ﬂ%+y&)) (8.76)
The entries in the set {«, 8,7} are called negievalues.
a+Af+ iy #0 (8.77)
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The right and left diagonalising SPEs for both systems {ﬁh} {hh} are

scaled according to the above conditions in equations (8.75), (8.76) and (8.77).
Rewrite equations (8.73) and (8.74) with scaled diagonalising SPES {Tew, Tis!
(T T
Koo = (T Ma Trso + A Tiso’ DaTrso +7Thso K T (8.78)
Xa =(@Tusa" M Tosa +/Tosa' D Toa +7Tisa Ko T (8.79)
Balancing the scaled diagonalising SPEs of system {K,,D,,M,}
t, =X X' ta=Xg X' (8.80)
The matrices {t_o,t_a} have four blocks each. The sum of the diagonal entries of each

block can be written as

t :[diag(t011)+diag(t022)+ ] . :[diag(ta11)+diag(tazz)+ J

(diag (ty, )+ diag (tozl))/Z (diag (ts, )+ diag (taZl))/Z

) oo

t, :diagumj o by

where t, is a matrix which has a dimension (2nx2n).

The scaled right and left diagonalising SPEs {ﬁh} and the matrices {X,, X}

are balanced two columns at a time which can be written as
Troa =Trsa /Ty Tive =Ty (8.82)
Koo =Xso Ity Kb =Xaaly (8.83)
The sum of the matrices {& , &} can be written as

X=Xy, +X (8.84)
2= 2o T Zba
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To match the computed diagonalising SPEs {EE} with measured diagonalising

SPEs {Eh} the right and left diagonalising SPEs {EE} are ordered two

columns at a time according to the locations of the largest values in the rows of the

matrix x.
(% €y |=max(x(iiimg)) ii=12..n
(8.85)
irng =[ (ii:n) (ii+n:2n)]
Tra =| Taba (i) Troa (i +M)] 0 Tia =| Tia (5 €i)  Tuwa (-2 +0) | (8.86)

8.3.2.2 Residual measures based on diagonalising SPEs

The vector of residuals r based on the diagonalising SPEs is real and has dimension

(8n?).

r {Vec(hh)] (8.87)

vee(Tip ~Tia )

The derivatives of diagonalising SPEs are developed and introduced in Chapter 5.
The sensitivity matrix expressing the derivatives of diagonalising SPEs with respect

to parameter vector 6 can be computed analytically.

Model updating based on diagonalising SPEs requires complete modal information

for both systems {K,,D,,M,} and {K,,D,,M,}. The right and left diagonalising SPEs
for the analytical system {K,,D,,M,} must be in the same order with the right and

left diagonalising SPEs for the measured system {K,,D,,M,}.
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8.3.3 Model updating based on homogeneous coordinates

8.3.3.1 Linear Combination of mutual orthogonality checks

Linear combination of mutual orthogonality checks of equations (8.65), (8.66) and

(8.67) for system {K,,D,,M,} are shown
0 Ko WRo XRo MDo 0 Ko 0 WRo XRo DDo 0
Ko Do YRo ZRo 0 IVIDo ' 0 _Mo YRo ZRo 0 DDo
|:_D0 _M0:|{WR0 XRoj||:KDo 0 j|
+
-M 0 Y, Z 0 K
o] Ro Ro D0:| (888)

{ 0 KDOHMDO 0 {KDO 0 }[DDO 0 }
— —T +
WLo XL0:| KDU DDo 0 Ileo 0 _MDO 0 DDo _|:O O:|

Linear combination of mutual orthogonality checks of equations (8.68), (8.69) and

(8.70) for system {K,,D,,M,} are shown
0 Ka WRa X Ra M Da 0 K a 0 WRa X Ra D Da 0
+

Ka Da YRa ZRa 0 M Da 0 -M a YRa ZRa 0 DDa
n _Da _Ma WRa XRa KDa 0

-M, 0 Yea  Zga 0 Kp

0 KDa MDa 0 KDa 0 DDa 0

_ +

WLa XLa:|T KDa DDa 0 MDa 0 _MDa 0 DDa |:0 0:|

n _DDa _MDa KDa 0
-Mp, 0 0 Kpa

(8.89)

La

8.3.3.2 Linear combination of Cross orthogonality checks

Cross orthogonality checks between the numerical and the measured systems when

the left modal information T, for the physical system {K,,D,,M,} is known are

defined below.
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T
X — WL0 X Lo 0
Lo YLo z Lo K a

T
X — WLo X Lo K a
Tiboa YLo z Lo 0
T
X - WLo X Lo - Da
e YLo Z Lo -M a

If the system matrices {K,,D,,M,} and {K,D,M,} are identical,

diagonalising SPE T, matches the DSPE T, . Then the matrices Xiyoa » Xipoa

K
D

a

a_lL

WRa XRa:| (890)
YRa ZRa
_WRa XRa (8 91)
L Yra  Zra .
[WRa XRa:| (892)
i YRa ZRa
and the

and

X, kea are block diagonal which are similar to equations (8.65)-(8.67).

Pre-multiplying equations (8.90), (8.91) and (8.92) by My, Dp,, Kp,, respectively,

and post-multiplying by the inverse of the right DSPEs Tg,

{K,,D,,M,} and adding the results of each yields

Mp, 0 [WLO XLOH } {
i YLo Lo

KDo 0 :|_WL0 XL0:| |:_Da Ma:|

0 KDo _YLo ZLo _Ma 0

| Dy, O Ko

_XLMoa+|: 00 DD0:|XLD0a+|: OO

for the system

XRa:|_1
Zra (8.93)

If the system matrices {K,,D,,M,} and the system matrices {K,,D,,M,} are identical

then the left hand side of equation (8.93) becomes zero (2N x2N) matrix. Then, this

equation can be written as

X, TTo

ZLoj| {Ka
Da _Ma:|
M, O

T
XL0:| |:_
ZLo -

K

Mp, O
D

i| |:WL0
0 M Do YLo

_{KDO 00 HWLO
0 KDo YLo

VVLo

a 0 DDo YLo
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The same process can be done when the right modes information Tg, have been

measured. Then the cross orthogonality checks can be expressed as

T
X — WLa XLa 0 Ka WRO XRO (8 95)
“RMao * YLa ZLa Ka Da YRo ZRo .

T _
X — WLa XLa Ka 0 WRo XRo (8 96)

R YLa ZLa 0 _Ma L YRo ZRo .

T .
X - WLa XLa _Da _Ma WRo XRo (8 97)
TR ! YLa ZLa -M a 0 | YRo ZRo .

If the system matrices {K,,D,,M,} and the system matrices {K, D, M,} are
identical, the linear combination of LAMs for the system {K,,D,,M,} when right

mode information Tg, is known is defined as

|: a |:WR0 XR0}|:MD0 0 }+|:Ka 0 :||:WR0 XR0:||:DD0 0 }*_
a a YRo Ro IVIDo 0 _Ma YRo Ro 0 DDo ~ 00 (8 98)
=0 o .

|:_ a Ma |:WR0 XR0:||:KDO 0 :|
—WVla 0 YRo Ro KDo

N

8.3.3.3 Updating Analytical models

The model updating method proposed is based on minimising discrepancies between
computed and measured results as described above. A matrix of sensitivities is found
to determine the changes in the update parameters that will reduce the discrepancy.
The model parameters are iteratively adjusted until the predicted models match the

measured models as well as possible. Both equations (8.94) and (8.98) are dependent

on the measured modal information {TLO,TRO}, and numerical model matrices

{Ka,Da,Ma}.
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8.3.3.4 Residual measures based on Linear Combination of LAMs

The measured modal information T, is used as a reference value and the analytical
system matrices {K,,D,,M,} are functions of the unknown parameters © to be

updated, the error is represented in the residual vector.

{o Ka}{wm xROMMm 0 HK 0 MW xROHDDo 0 }

Ka Da YRo ZRo 0 IVIDo 0 _Ma YRo ZRo 0 DDo (899)
|:_Da _Ma:||:WRo XR0}|:KD0 0 :|

_Ma 0 YRo ZRo 0 KDo

This is only one side (the right side) of measure. The vector of residuals has

dimensions (4n2). The vector of residuals may comprise the left side measure using

equation (8.94) or both right and left of measured modes equations (8.94) and (8.98).

When applying the method of weighted least squares the minimisation of the
objective function equation (8.99) permits the estimate of the correction parameter
vector ® where © is a vector parmetering the uncertainties from the analytical
models.

E=r"Wr (8.100)
The sensitivity matrix here is rank deficient (rank is less than number of unknowns)
and has some zero singular values indicating that the number of variable parameters

is more than the number of equations (underdetermined).

8.3.3.5 Improved Analytical Models

The updated systems matrices {K,,,D,,,M,,} satisfy equation (8.98) and also the

measured system matrices {K,,D,,M,} satisfy equation (8.88). Equation (8.98)

269



shows that using the right DSPE Tg, and simply scaling every entry of the system
matrices {Kup,Dup,Mup} by any number does not make any change to that equation.

Comparing these two equations for the same right measured diagonalising SPE Tg,

results changing the updated system matrices by pre-multiply by some non-singular

matrix X.
[Ke Dy Mo]=X[K, Dy My ] (8.101)
The matrix X can be calculated from equation (8.101).
X=(K, Dy My)([Ks Dip My]) (8.102)
The superscript “+” represents the pseudo inverse of the updated numerical model

matrices. The improved numerical models {K Dinp. M } can be found using

imp* ~imp» "Viimp

equation (8.102).

Djp = XD (8.103)

8.3.4 Model wupdating based on cross orthogonality

measures for general damped systems

The different cross orthogonality measures {xoMa,xoDa, ona} are affected when the

system matrices {K,,D,,M,} are changed. Extending the ideas for undamped
systems in section 8.2.2 to general damped systems, the different cross orthogonality

Measures {XOy,, XOpa, XOy,| Which are introduced in Chapter 7, section 7.5.2 can

be expressed as
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P, X0y
XOy = XOy +AXOy = XOy + —— 0, (8.104)
j=1 i
P, X0
XOp, = XOp +AXOp = XOp + Y ——2 A0 (8.105)
j=1 i
P, X0
XOy, = XOy +AXOy = XOy + Y ——2 A0, (8.106)

j=1 i

Equations (7.103), (7.107) and (7.111) in Chapter 7 section 7.5.3 require modal
information from both systems {K,,D,,M,} and {K,,D,,M.}. The modes of the
calculated system must be correctly matched to the modes of the true system. The

introduced procedures in section 8.3.2.1 are used for scaling and ordering the

analytical diagonalising SPEs.

8.3.4.1 Residual measures based on cross orthogonality

The residuals (XOy, -9), (&—g) and (XOy,-J) are measures of the

discrepancies between systems {K,,D,,M,} and {K, D,,M.}. The vector of

residuals r has dimension (12n?), and it can be written as

vec(XO,\,Ia —g)
r = | vec(XOp, -3) (8.107)

vee(XOxs -3
In the updating method proposed, we require to determine the sensitivity matrix, S,
which relates small changes in the parameters to corresponding small changes in the
vector of residuals r. The sensitivity could be computed numerically. In practice, we

would normally compute it analytically. The rates of change of different cross
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orthogonality measures are introduced in Chapter 7 section 7.5.4.1 in equations

(7.124), (7.125) and (7.126).

8.3.5 Model updating based on mutual orthogonality

measures

The mutual orthogonality measures are introduced in Chapter 7, section 7.5.3 in
equations (7.105), (7.109) and (7.113). These measures are independent of any

modal information from the system {K,,D,,M,}. However, for systems having non-
symmetric matrices, both right and left modes for the measured system {K,,D,,M,}

are required.

8.3.5.1 Residual measures based on mutual orthogonality measures for

general damped systems

The residuals (%—g), (Ooee—3) and (O, —3) are measures of the differences

between systems {K,,D,,M,} and {K,,D,,M,} . If these measures are zeros, then the

matrices {K,,D,,M,} and {K,,D,,M,} are identical, and Oy, =J, Op, =J and

Equations (7.105), (7.109) and (7.113) require invertibility of the matrices
{%%&} Methods are investigated for model updating. These methods which
are applied for undamped systems are introduced in Chapter 7 section 7.3.5. The

general ideas for residual measures of undamped systems in section 8.2.3 are

extended to generally damped systems. The residuals measures do not demand
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invertibility of {%%ﬁ} (further details in Chapter 7, section 7.5.5.2). The

vector of residuals can be written as

o2 ]

[ vec(o_D{A OD (8.108)

o [2 7]

Matrices {OM,OD,OK} and {A,B} are well developed in Chapter 7 section 7.5.5.1.

The matrices {A,B} represent palindromic polynomials for the second systems
{Ko, Do, M, }.

A=Y ¥r,0 Ok, =Kp,Mp, (8.109)

B=1II, (‘PL0®R0 +Wro®y, )(lPLo‘PRo +0,0g, ) =Dp, (KDo +MDo) (8.110)

The sensitivity matrix ‘S’ can be determined either numerically or analytically. It is

possible to compute the sensitivity analytically. The rate of change of mutual

orthogonality measures are introduced in Chapter 7, section 7.5.5 in equations

(7.148), (149) and (150). These derivatives are independent of any information from

system {K,,D,,M,} and do not require invertibility of {%%&}

8.4 Example-1

This example considers a six degree of freedom system {K,,D,,M,}. Figure 8-2
shows a physical system structure that has 6 lumped masses {my,m,,m;,m,,ms,mg}
which are linked by 14 springs {ky;, ki, kiz, kig. Koos Ko: Kog Kog: Kag Kas, Kys Kag, Ksg Ko} @Nd

14 dampers {d01' d12 ' d13'le J d02 ' d23’ d24’ d03' d34! d35' d45l d46 ’ d56 ' dOG} '
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ms s, Kas

dss, Kas i{ Uys, Kas

d16| k‘lﬁ

dos, Kos é a4, Kaa

d24| k24
é d231 k23 d13: k13

d03| k03

m
d021 k02 !

Figure 8-2 : Physical system structure

This example is deliberately chosen for model updating based on homogenous
coordinates when only one side (the right side) of the measured modes are known.

The total number of unknowns is 34 and there are 144 residual entries (2nx2n)
whereas 108 of these are independent (3n2). The mass matrix is diagonal, the

stiffness and damping matrices are symmetric. The system are shown below

Ky ko kg 0 —Kue
Kk Ky Ky —ky 0
K, = kg ks Kag Ky ks 0 (8.111)
0 _k24 _k34 K44 _k45 _k45
0 0 kg ks Ko ke
__k16 0 0 _k46 _kss Kes i

where the diagonal entries {Ki;, K,,, Kgs, Ky, Kss, Kgg ) OF the stiffness matrix K, are
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Ky =Koy +Kpp + kg +Kig

Koo = Koo +Kip +Kpg +Kyy

Kas = Kog +Kig +Kpg +Kgy +Kgg
K =Ky +Kaq +Kys +Kyg

Kags = Kgs +Kys +Ksg

Kes = Kig + Ky + Ksg +Kog

D11 _dlz _d13 0 0 _d16
—dp, Dy —dy —dy 0
D, = —Oi3 Oy Dy —dy —dy 0 (8112)
0 —dy —dy Dy - —dgg
0 0 —dy —dyy Dg  —dg
—di 0 0 —dg —dsg Dg |

where the diagonal entries {D,;,D,,, Ds3, Dy, Dss, Dgg} OF the stiffness matrix D, are

Dy =dg +dyp +dy5 +dyg

Dy, =dg, +dj, +dy5 +dy,

D33 =dgg + i3 +dpg + 0y, +dgg

Dyy =0y +dgy +dy5 +0dy4

Dgg = dg5 +dy5 +dsg

Dgg = dyg + g + ds +dgs

M, = diag (my, m,, m, m,, ms, mg) (8.113)

The parameters are generated randomly as follows

{m =89,m, =22,m; =52,m, =89, m; =66,m; =13} k.

These parameters can be arranged in a vector 6, .

All of the eigenvalues and the eigenvectors form complex conjugate pairs.
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—-0.1307 £1.6375i |

—0.4049 £ 2.6123i
—0.5242 +£3.5790i
—-1.0827 + 4.8472i
—2.2592+7.7762i

-3.3712+9.7264i |

The right and left diagonalising SPEs {EE} are identical Ty, =T, . The

diagonalised system matrices {Ky,,Dp,,Mp,} are

Ko Dpo Mp,
0.9979 0.0635 0.0094
0.9992 0.0687 0.0152
0.9975 0.0874 0.0404
0.9939 0.0796 0.0759
0.9338 0.0905 0.3461
0.9835 0.11397 0.1407

The analytical system matrices {K,,D,,M,} are changed by {AK,AD,aM}. In this

example, o is scalar value and selected equal 1.0e-2.

K, =K, +0K,
D, =D, +oD,
M, =M, +oM,

Matrices {K;,D;,M;} are generated randomly with the same structure as the system

matrices {K,,D,,M,} as follows. In other words, the matrices K,, D, and M, are

consistent with equations (8.111), (8.112) and (8.113) respectively.

2504
756
749

0
0
| -568

—756
1790
-209
—718
0
0

—749

-209

3588

—677

-955
0

0
718
677
2406
773
238

0

0
—955
—773
2550
—822

568
0
0
-822
822
2597 |

241

—63
-21
0
0
72

-63 -21
215 -39
-39 257
-59 41
0 -86
0 0
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58 0 0 0 0 0
0 169 0 0 0 0
0 0 24 0 0 O
M, =
0 0 0 65 0 0
0 0 0 0 123 0
0 0 0 0 0 153

In this example, there are 34 unknowns in the parameter vector A8 which we hope to

find. The initial values of variable parameters are zero.

The right diagonalising SPE Tg, for system {K,,D,,M,} is used to calculate

residuals vector. The residuals are determined based on a linear combination of
LAMs according to equation (8.99). We noted that the sensitivity matrix is rank
deficient (rank is less than number of unknowns). This leads to under-determined set

of equations. The sensitivity matrix has dimensions (144x34). Each column s

where i=1:34 in the sensitivity matrix has entries according to changing each entry

in the parameter vector Ae.

Applying the process described in section 8.3.3. The sum of squares of residuals
approaches zero and equation (8.98) is satisfied. The number of iterations to

convergence depends on how far the initial values of the variable parameters are

from the exact values. However, the updated system matrices {K,,,D,,,M,,} do not

necessary match the measured system matrices {K,,D,,M,}. The matrices
{K

up,Dup,Mup} shown below are rounded.
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(1168 —-406 -125 0 0 -225]
406 1371 -336 -498 0 0
~125 -336 1103 -466 -42 0O
Wl 0 -498 -466 1302 -66 —272
0 0 -—42 -66 490 -382
|-225 0 0 -272 -382 1370 |

80 -6 —23 0 0 -16 91 0 0 0 0 O
6 91 -36 48 0 0 02 0 0 0 0
23 36 123 -14 -4 0 0 05 0 0 0
Dyp = My, =
0 —48 -14 93 -12 18 0 0 0 91 0 0
0 0 -4 -12 59 -43 0 0 0 0 67 0
-6 0 0 -18 —43 84 0 0 0 0 0 13

Comparing equation (8.98) for updated models with equation (8.88) for the measured

system {K,,D,,M,} for the measured right modes Tg, results changing the updated
system matrices {Kup,Dup,Mup} by pre-multiply by some non-singular matrix X as in

equation (8.101). The matrix X is calculated from equation (8.102). This matrix is
diagonal and all entries are identical.

0.98311
0.98311
0.98311
0.98311
0.98311
0.98311

X =diag

The improved analytical models are calculated using equation (8.103)

K XK

imp = XKy D XD,

imp =XDyp » M XM

imp = up

8.5 Example-2

In this example, we consider a system with general linear damping having four
degrees of freedom. The system has been deliberately chosen to have non symmetric

matrices {K,,D,,M,}. The aim of this example is to update the analytical system
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matrices {K,,D,,M,} by driving the vector of residuals r to zero. For updating

parameters, the information required is the diagonalised system {Kp,,Dp,,Mp,}, the
diagonalising transformations {T,, Ty} for the measured system and the system
matrices for the analytical system {K,,D,,M,}. The left and right diagonalising
transformations {hh} for the measured system simultaneously diagonalise

{Ko,Dy,M, } . We consider 6 unknown parameters {0,,0,,05,0,,05,0¢} and we suppose

that the diagonalised system matrices {K,,Mp,} are invertible.

-489 -463 396 295 10 11 24 -21 -46 30 38 -25
| 471 393 81 -361 |7 -4 -18 18 |39 43 2 2
°7l.282 -373 -422 212 ° |14 5 -7 18] ° |4 41 27 -19
-494 479 21 246 3 12 11 12 3 4 7 25
The diagonalised system {k;,,d;,,m;} is summarised below.
kIO dio Mig
0.6627 0.6858 0.3009
0.6112 -0.7534 0.2426
0.9392 -0.3375 0.0638
0.9335 0.3531 0.0622

Scaling has been applied to make k;,? +d,,> +m,? =1 for 1<i<4.
The entries of the diagonalised system matrices {Kpy,,Dp,,Mp,} for the original
{K,.Dy,M,} can be factorised as equations (7.79)-(7.81) indicate. Matrices

(0,0, ¥}, right {@g,, ¥, } and I, satisfy equations (7.82)-(7.84).

0.5486 0.8141 0.7678
_||0.4925 _ |lo.7818 || -0.9783

Ouo =Oro =diag | |y || + Fro =Fro =il | g | | Mo =dia0| | 1 o0
0.2494 0.9662 0.7326
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The analytical system matrices {K,,D,,M,} are related to the true system matrices
by
Ky =K, +Kg =K, +0,wW +0,ww'
D, =D, + Dy =D, +6;wW' +6,ww’
M, =M, +My =M, +0;W" +0sww'
where v=[1 0 1 0] , w=[1 0 -1 1]' and where {6,,6,,0,0,00, are scalar

parameters.

We can attempt to update the system matrices {K,,D,,M,} from any starting point.
We consider that the scalar parameters {e,,0,,05,0,,05,0,} are six points on a
hypersphere having constant radius. To test the updating, we chose many different
random vectors @ and scaled each one such that
0'0=r> (8.114)
and
0=[6, 6, 0; 0, 65 6] (8.115)
For any updating method, we define the ball of convergence as the set of all vectors

@ for which the process will converge to 8=0. The radius of this ball of convergence

is defined as the minimum value of (eTe)ﬂ2 outside this set.

For comparison purposes, we investigated updating the system based on the

eigenvectors of the analytical system{k,,D,,M,} and based on the mutual

orthogonality measures described in section 8.3.5. The updating procedure based on

eigenvectors described in section 8.3.1 has been tested. It converges however; the
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radius of the ball of convergence is small. The updating procedure based on mutual
orthogonality has been tested many times. It always converges monotonically for all
starting values of @ and the radius of the ball of convergence is thus infinity.

Convergence is in this example always achieved in 6 iteration or less.

Figure 8-3 shows a comparison of the distance between the true system matrices

{K,.D,.M,} and the analytical system matrices {K,,D,,M,}. The radii rp, and r,,

show the maximum ball of convergence for model updating based on mutual

orthogonality and eigenvectors, respectively. The maximum range of r;, is 9.641

ig
whereas the maximum range of ryy: goes to infinity r,, — . The range of radius r,

ig

lies inside the range of radius rmyt.

{K‘ﬁ" Dﬁ’ Mi:'t}

Figure 8-3 : Radius of ball of convergence
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8.6 Conclusion

This chapter has developed methods which useful for the model updating of general
damped linear systems. Model updating procedures based on eigenvectors,
diagonalising SPEs and both cross-orthogonality measures and mutual-orthogonality
measures are presented. In the cases of both cross-orthogonality and mutual-
orthogonality measures, these measures are defined in terms of real matrices - the

diagonalising structure preserving equivalences DSPEs.

If cross-orthogonality measures are to be used, then (in effect) the modes of the
calculated system must be correctly matched to the modes of the true system. By
contrast, if mutual orthogonality measures are employed, this matching of modes is
unnecessary. However, for systems having non-symmetric matrices, both left and

right modes are required for the mutual orthogonality measures.

Example-1 presented model updating based on homogenous coordinates. The linear
combination of cross orthogonality checks are used to form the residuals for updating
model parameters. The model updating procedures require right or left modal

information for the physical system {K,,D,,M,} and analytical system matrices
{K4.D,,M,} . An improved step is required to match the updated model matrices with

the measured system because the sensitivity matrix is rank deficient.

In Example-2, model updating based on the mutual orthogonality measures exhibits

monotonic convergence from every starting position. That is to say, the ball of
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convergence has an infinite radius. This contrasts starkly with updating procedures

based on comparing eigenvectors which exhibit a finite ball of convergence.

The following chapter develops Craig Bampton transformations as model reduction

method.
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CHAPTER 9. Craig-Bampton

Transformations (CBTYS)

This chapter develops Craig Bampton transformations for undamped system. The
ideas are extended for generally damped systems in state space with arbitrary input
and output matrices and without the assumption of symmetry. Dynamic behaviours
of large complex structures are typically modelled using finite element analysis. In
order to analyse the response of any structure, the structure is divided into a large
discrete number of substructures or components. The substructures or components
modes are obtained. The substructures models are coupled to give reduced dimension

system models [78].

Dynamic substructuring is mainly used to couple reduced models of complex
structures, in test verification of finite element models of components, or to
implement computation of the dynamics of very large finite element models [1, 3].
Several literatures are published on substructure coupling methods [78, 79, 143,
144]. Some methods are developed for undamped and damped systems and used for

large complex structural systems [79].

Craig and Bampton [80] proposed a technique for representing substructures. Craig-
Bampton transformations (CBTs) are divided into two parts [80]. The first part of
CBTs represents boundary generalized coordinates which are related to the
displacement modes of the substructures knows as constraint modes. The second part

of CBTs represents substructure normal mode generalized coordinates which
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describe the motion of the interior coordinates relative to the fixed boundaries of the

substructures.

9.1 Undamped substructure systems

The equations of motion for any undamped symmetric substructure can be written as

f, =S,uq
M,ds (1) + K, (t) =f (1) (9.1)
Ys = Squs

where s, represents selection matrix at terminal degrees of freedom (DoFs) of the

denotes substructure or component. M, =M,", K, =K

[IP%2)
S

substructure. Subscript
and q, are the substructure’s mass, stiffness matrices, and displacement vector
respectively. Vector f, includes external applied forces and the forces that act on the

substructure due to its connection to adjacent components at boundary DoFs. The

physical displacement coordinates g, are represented in terms of substructure
generalized coordinates q,, by the coordinate transformation

0, =Tqy, ., f, =T (9.2)
The matrix T is a coordinate transformation populated with preselected substructure
modes, (including rigid body modes, normal modes of free vibration, constraint

modes, and attachment modes). The substructure equation of motion in generalized

coordinates is defined as

fsn = Ssnus
Mansn (t)+Kansn (t):fsn (t) (93)
Ys = Ssansn
where S, =T'S,, and
Mg, =T'M,T (9.4)
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Ko, =TTKT (9.5)
The form of the equation of motion for a substructure given in equation (9.1) is

partitioned into boundary DoFs and interior DoFs which can be expressed as

fo| _[So

{fi}{ 0 }{US}

|:Mbb Mbinb}J{Kbb Kbi:qu}:{fb} (9.6)

Mi, M ][4 Kip  Kii ]9 fi
_|Sp ! dp

w3 ] )

where subscripts b and i represent the boundary and interior DoFs, g, represents a

vector of boundary DoFs, qg; represents internal DoFs. Figure 9-1 shows external or

boundary DoFs and the internal DoFs of an arbitrary substructure or component.

Interior degrees of freedom
/i/\
=] 5 _E
i 1 g e [ | \
= — I ) \J
Boundary degrees of freedom /

Figure 9-1 : Substructure boundary and interior DoFs

)

//

b >

-~

TR
Tl

9.2 Craig-Bampton transformations for undamped

substructure systems

Craig-Bampton transformations for undamped systems are introduced in Chapter 2

section 2.7.7. These transformations are used as a model reduction method. The
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Craig-Bampton transformations, like any other coordinate transformation are defined
as

s = Treplsn 9.7)

fo = Tio s (9.8)
In fact, Craig-Bampton transformations are more specific since Ty, = Ty, = To, - NOW,
in Craig-Bampton, the transformation matrix, T,, comprises two separate parts

T =[F E] 9.9
The F part ensures that the substructure model will reproduce static behaviour
exactly. The E part ensures that if the substructure model has all of its terminal DoFs
clamped, it will reproduce at least the first few natural modes correctly. Before
discussing these two parts separately it is necessary to discuss matrices which span

the space orthogonal to s, .

9.2.1 Matrix spanning the space orthogonal to S; for

undamped substructure systems

In the usual presentation of Craig-Bampton, it is implicit that S, is defined as shown
below. s, has dimensions (nxnp) where n, is number of DoFs at the terminals DoFs.

100 .0

o
o -
[EEN
o

(9.10)

O O O O ©O oo --
O O O O © Oo|Oo --
O O O O © OO --
O O O O O Olpk
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Consider that some (nx(n-np)) matrix, R,, can be found such that : [S; R.] is a
square invertible matrix and such that
SR, =0 (9.11)

The matrix R, will be used later.

9.2.2 Finding the matrix F for undamped substructure

systems

The first part of the Craig-Bampton transformation F defines the constraint modes
®°. These modes are defined as the static deformation of a substructure when a unit
displacement is applied to the boundary coordinates and the interior degrees of

freedom are not forced

F{'bb} (9.12)

(DC
Note that the dimensions of F are fixed. In words, F represents a mapping between a
set of prescribed displacements at the terminals of a substructure and the complete
set of deflections of the substructure which results in minimum potential energy. F

has the same number of columns as S, and it can be derived as follows:

Let a represent some arbitrary vector describing the prescribed deflections at the
terminals, a has dimensions (npx1). From equation (9.1) we get
a=S, g, (9.13)

The space of all vectors, q, which can satisfy equation (9.13) is given by

q, =S, (ssTss)fla+ R.,b=Q.a+Rb (9.14)
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where b is some arbitrary vector with dimensions ((n-np) x1). Now, we can easily

see that (twice) the potential energy is given by

T ol QT a
AR OIS

[ ﬂ{ifﬁ im

Kbb :QSTKSQS ) Kbi :QsT KsRs
Kip = RST Kst K= RSTKSRS

(9.15)

(9.16)

Now, following Guyan’s logic [52], it is easy to see that for any given vector, a, the

(2%¢)

: Y :
potential energy is minimised T=o by choosing:

b=—(K; 'Ky )a (9.17)
Substitute all of this back into equation (9.14) to find

ae =(QS —RS(K”’lKib))a

:(QS R, ((RSKSRS)’1 RSKSQS))a (9.18)
_Fa

The Craig-Bampton transformation F with dimensions (nxnp), can be expressed as

loo | | oo
i :|:(DC:|_|:_KiilKib:| (519)

9.2.3 Finding the matrix E for undamped substructure

systems

The second part of Craig-Bampton transformations E is defined as substructure
normal modes ®". These modes are defined as the normal modes of the substructure

for interior degrees of freedom relative to restrained boundaries.
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. :{ 0 } (9.20)

"
®" represents the normal modes of the constrained substructure. The E part does not
have its dimensions fixed. If the system has n degrees of freedom and n,, inputs (and
outputs), then the maximum possible dimensions of E are (nx(n-ny)). We choose
how many columns to keep in E. In a serious implementation of Craig-Bampton, one
would make an initial choice arbitrarily (using a conservative over-estimate) and then
potentially reduce the number of columns retained. The E matrix is formed as
E=R,®" (9.21)
The generalised eigenvalue problem for the interior coordinates is defined by the
matrices M; =R"M,R and K;=R'K,R. Then, matrix ®" comprises sets of
eigenvectors corresponding to the p lowest eigenvalues where p is some number not
exceeding (n-np).
(Kii —0,°M;; )¢, =0 p=12,..n-n, (9.22)
The eigenvectors of equation (9.22) are the normal modes of the constrained
substructure and satisfy the following equations for the interior degrees of freedom.
®"K;®" =Kp; , ®"M;®" =My; (9.23)
The substructure normal modes or eigenvectors diagonalise the interior degrees of

freedom matrices. The matrices {My;,Kp;} in equation (9.23) are diagonal. If the

mode shapes are mass normalized, then My; =1; and Ky; =A; are diagonal. The

Craig-Bampton transformations E with dimensions (nx(n-np)), can be expressed as

E { 0 } (9.24)

(I)I’]
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9.2.4  Substructure model matrices for undamped systems

The Craig-Bampton transformation can be written as

lpy 0
T, = 9.25
® I:_Kii _lKib q’n:l ( )

The Craig-Bampton transformation T, transforms the substructure matrices into

new system matrices. The substructure mass and stiffness matrices M, K, are

defined as
M M. M M.
Mcb _ chT Msch _ |: I\/Inbb Mnbl :| _ |: I\/Inbb | nbi :| (926)
nib nii nib i
K bb K bi K bb 0
ch :chT Ksch :|:Kn Kn Ii|:|: 8 A (927)
nib nii i
where

Mgy = My —My; Kii 7Ky Ky Kiiil(Mib —M; KiiilKib)

-1
M =My @" — K, K "M;; @"

(9.28)
Mup =@"" My, —@"" M; K;; 'K,
T
My =Mp; =®" M; ®@" =1;
Ko = Kpp = KpiKii K
Knbi =0 (9 29)
Kyip =0

Knii = KDii =(I)LnTKii(DRn = Aii
The second part of the Craig-Bampton transformation E diagonalises the
substructure interior coordinate matrices {M;,K;} which represent interior
coordinates (or eliminated degrees of freedom) such that

T nT n (9.30)

The first part of the Craig Bampton transformation F is used also to identify

boundary coordinates (or reduced degrees of freedom) such that
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FTKF =K (9.31)
Equation (9.19) shows that the constrain modes have stiffness orthogonal to all of the
substructure normal modes, that is

E'K,F=0 (9.32)

9.3 Damped substructure

The equation of motion for an n DoFs damped symmetric substructure can be

expressed as

fs =SSUS
M, (t)+ Dy (1) + Kqqs () =F, (1) (9.33)
Ys = Squs

where S, represents selection matrix at the terminals output and input n, DoFs. The

matrix S, is defined as [I( Y )] Based on the division of the boundary

Nyxny ) n—n

coordinates and interior coordinates, equation (9.33) can be expressed as

|:Mbb Mbi:|{?b}+|:Dbb Dbiinb}_’_|:Kbb Kbi:qu}:{fb} (934)
M, M |G Din  Di |G Kip Kii]la f;
It is possible in this case to write the dynamic system equation (9.33) in state space
as
TARE S es
0 M ||rg Mg 0 || 0
0 KS qS _ KS O qS — 0 (9 36)
K, D ||r 0 -M,||F f, ’
Based on the division of the boundary coordinates and interior coordinates, equations

(9.35) and (9.36) can be expressed in state space as
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|:Kbb Kbi:| 0 dp |:Dbb Dbi:| |:Mbb Mbi} Ay f,

Kip K di N Dy, D Mi, M di _ f; (9.37)
0 _|:Mbb Mbij| ) |:Mbb Mbi:| 0 o 0
Mi, M | |LF Mi, M; fi 0

where r, =¢,, f, =4, rsz{:b} and g, ={Qb}

0 |:Kbb Kb|:|
Kip Ki
MS{O KS}: RN (9.38)
— LKs D Koo Kpi Dy, Dy
|:Kib Kii } |:Dib D;i }
_|:Kbb Kbi:| 0
Kip Ki
DS{KS 0 }:; b B (9.39)
o 0 M 0 _ My, My,
L Mip, M
__|:Dbb Dbi:| _|:Mbb Mbi:|
_ D. D. M. M
s |: D, Ms:| ib ii ib ii (940)
— Mg 0 Mp, My, 0
Mi, M

The matrices {MS,DS,KS} define Lancaster augmented matrices LAMs as introduced

earlier in Chapter 2. Rearranging LAMs in equations (9.38)-(9.40) for the boundary
coordinates and interior coordinates, equation (9.37) can be written in the form

|:Kbb 0 } |:Kbi 0 } dy |:Dbb Mbb:| |:Dbi Mbi:l Ay fy
0 -My 0 -My r, My, O My, O f _ 0 (9.41)

+ .
Kip 0 Ki 0 Qi Di, My, Di M Qi f;
0 _Mib 0 _Mii rl Mib 0 Mii 0 I’, 0
where
0 Kyp! 0 Ky
M —| Koo Don i Koi Dy (9.42)
— 0 Kpi 0 Ky '
Kip, Dip § Ki Dj
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K 0 | Ky 0
0 M, 0 -M
b, = M, | b (9.43)
— KIb 0 K" 0
L 0 My 0 -My |
[ Dy My, Dy My,
Koo Mo 0 My 0 (9.44)
— | Dy, My i -Dj Mii
__Mlb 0 M;; 0 ]

Simplifying equation (9.41) as

R IR e
O B laf K Killa] In

Equation (9.45) can be written in the form

9.4 Craig-Bampton transformations for damped

second order systems

This section extends the developed Craig-Bampton transformations (CBTs) for
undamped systems in section 9.2 to damped systems. The Craig-Bampton

transformation in state space is defined as

ds = TrebGsn (9.47)
fo =T fs (9.48)
Craig-Bampton transformation matrix, Ty, is divided into two separate components

To =[E E] (9.49)
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9.4.1 Finding the matrix F for damped substructure

systems in state space
By comparing equation (9.46) with equation (9.1) for undamped systems then,
a=S,'qg (9.50)

where a represents a double dimension (2npx1), arbitrary vector describing the
prescribed deflections and velocities at the terminals. The space of all vectors, gy
(double dimension), which can satisfy equation (9.50) is given by

q. =SS(SSTSS)_1§+RSQ=: .a+R.b (9.51)
where b represents some arbitrary vector, has double dimensions (2(n-np)x1).

Then, the matrix s, is defined @ [liuan) i Opnzy)| and the matrix, R,

(2nx(2n-2n,)), can be found such that : [S_S RSJ is a square invertible matrix.

Following the same procedure described in section 9.2.2, the potential energy and

Kinetic energy &, are expressed as

‘JME=Q_5T&$=[§T QT:||:% %1[@} (9.52)

where

Dy, = QsT Dst , Dy = QsT DRy
g > (9.53)
Di, =R DsQs , Dj =R DgRq

We note that the matrix D is not generally positive definite. Following Guyan’s
logic [52], the energy BK in equation (9.52) are minimised by choosing:
b=-(0,'Dy Ja (054

Substitute all of this back into equation (9.51) to find
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0 =(Q: ~Rs (04 'Dy ) 2

- (QS R, ((&T D.R,)" (R, %%)D@ (9.55)

=Fa
The Craig-Bampton transformation F in state space has dimensions (2nx2n,) and

can be expressed as

I I(nbxnb) 0 |
0 I(nbxnb) (9 56)
F= -1 .
—Ki "Kio - Ofn-nbynn)
1
[ O(n-ropen)  ~Mii Mo

The matrices (K;'K;,) and (M;*M;,) have dimensions ((n—n,)xn, ).

9.4.2 Finding the matrix E for damped substructure

systems in state space

The eigenvalue problem for the interior coordinates is defined by the matrices
D; =R"D,R and K; =R"K,R.
(&—ﬂpﬁ)% =0 p=12,.,n—n, (9.57)

The ¢, comprises a pair of eigenvectors in the modal matrix @". The maximum

number of eigenvalues are not exceeding (2n-2n,). The modal matrix ®"

diagonalises the interior matrices {K“ ,D;; , M, } and satisfies the following equations

o (9.58)
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In equation (9.58), the matrices {Kp;,Dp;i,Mp; | are diagonal. The Craig-Bampton

transformation E in state space with dimensions (2nx(2n-2n,)) can be expressed as

0 nb(2n-n,
(2nb(2n-n,)) } (9.59)

E:_S(I)_nzl n
g(z(n—nb)xz(n—nb))

9.4.3 Substructure model matrices for damped systems

The Craig-Bampton transformations {E} for damped symmetric substructure

systems in state space can be written as

I(nbxnb) 0 0
0 I bxnb E 0
T —Kii "Kip 0((n—nb)xnb)
| 0((n—nb)><nb) _Mii _1Mib qi(Z(n—nb)xZ(n—nb))_
The substructure model matrices (%%&) using equations are defined as
M, My,
My, =Ty M(T,, = (9.61)
© @ —® _Mnib Mnii:I
Dryy Dipi
Doy =Ty DeTep =| ”b'} (9.62)
| Znib - Znii
_K bb Knbi
=Ty KTy =| 9.63
—2 0 =0 _Knib K pii ( )
The Craig-Bampton transformation E diagonalises the substructure interior
coordinates matrices {M;,D;,Kj -
Mp;i _ET _sE
Dpi =E' D,E (9.64)
Kopii :_T KE
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Equation (9.56) shows that the constrain modes have mass and stiffness orthogonal

to all of the substructure normal modes, that are

E'D,F=0 , F DE=0 (9.65)

Craig-Bampton transformation F in state space gives

(9.66)

1
0 ~My, + My Mji "My,

9.5 Generalised Craig-Bampton Transformations

In a general case for non-symmetric matrices, the right and left Craig-Bampton

transformations {T..., T, are expressed each in two parts as
Rcbr 'Lcb

Taw =[Fe Ee] « Tw=[R Ed] (9.67)
where
| 0 [ I 0 ]
0 I 0 |
Fe = _(Kii_lKib) 0 it _(KbiKii_l)T 0 (9.68)
0 _(MiiilMib) I 0 —(MbiMii‘l)TJ

The matrices Er and E_ can be solved from the eigenvalue problem of equation

(9.57) and it’s transpose defined by the matrices %T and ﬁT :

Egr =R®;" , E =R®" (9.69)

The matrices {cI)R”,ch”} are chosen at the same eigenvalues of the interior

coordinates. The eigenvalues and corresponding eigenvectors for the interior

coordinates can be either real or complex conjugate or mix.
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Real valued diagonalising SPEs {TR_,,TL_,,} for the interior coordinates can be

calculated. The transformation {ER ,EL} for the interior coordinates in state space can

be expressed in terms of diagonalising SPEs for the interior coordinates. The

interested modes can be chosen by discarding most of high frequency interior modes.

Of2n n-n, O2n n-n,
E_R{ (2nb(zn-ny ) } EL:[ (2nb(zn-ny) } ©.70

TRit ({01t peo(n-n, ) = | i o -myearnny)

The right and left Craig-Bampton transformations {Eg E, } satisfy equation (9.64).

The matrices {ﬁ,h,mm} have four block diagonal matrices. The following

section presents Craig-Bampton transformations in SPEs form.

9.5.1 Craig Bampton transformations in SPEs form

Craig Bampton transformations for general damped substructure systems are

extended to be as SPEs

W, X W, X
TRcb=|:YR ZR:| ) Tch=|:YL ZL:| (971)
R R L L
such that
T —_— —_ —
W X[ [0 Kil[We Xg] [0 Ky (9.72)
Yo Z | |Ky D[ Yr Zg]| |Ky Dy '
T —_
W XKy 0 fIWe Xp| [Ky 0 (9.73)
Yo Zo| [0 -My|[Yr Zg] | 0 My '
T_ —_— _ —
We X T [-Ds M [[We Xg]_[-Dy -My (9.74)
Yo Zo) [-Mg 0 [ Yr Zg| [-My O '

more concisely
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:

T MsTeer =My
T

Tien DsTrer =Dy
T

Tion K Trer =Ky

where

KNbb 0 ? KNbI 0
Dy =| - O Mt O My
- Kb 0 Kii 0
L 0 IVINib 0 MNII
__DNbb _MNbb ; _DNbI _MNbI
Ky = My O M 0
- Dyib Myib @ —Dnii Myii
Muib 0 | -My; 0

(9.75)
(9.76)

(9.77)

(9.78)

(9.79)

(9.80)

The matrices {mD_Nﬁ} have four blocks and each block has the same LAMSs

format. The matrices {My;,Dy;.Ky;} are all diagonal. The two parts of the Craig

Bampton transformations {Eg,E, | and {Fs,F_} are calculated separately in the full

size of the substructure. The reduced system matrices {Mcb,ch,ch} are extracted

from equations (9.78), (9.79) and (9.80)

I 0 "7 o K nbb 0 Knpi || 10
My | 0| [ Owo | Ko Dwsi 0 1 _[ 0 ch}
00 0 Kyip i 0 Knii |[0 0 Ko D
00 Knib  Dwio § Kni Dnii JLO 0
I OT K nbb 0 Knpi 0 I 0
D, - 0 | 0 —MNpp___é_ 0 My jjo 1 :{ch 0
— |0 0] | Kyib 0 & Kyi 0 joo 0 Mg
00 0 Myip i O Myii Jlo 0
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I 0| | Dnow ~Mupp Do ~Musi |10
Ky <[00 [ Mo O Myy O o 1 {‘ch "V'cb} (9.83)
— |0 0f | Dnib ~Myip i Dnii  ~Myii [0 0| [~Ma 0

0 0] [~Mui 0 | ~My; 0 00

9.5.2 Craig Bampton transforms {Er.E.} in the full size of

the substructure

The second part of the Craig Bampton transformations {E , E} is extended to the

full size of the substructure. These methods are simplified in a few points.

9.5.2.1 Diagonalising SPEs for the interior coordinates

The right and left diagonalising SPES {Ty;, T} for the interior coordinate are

1
Foi—=GpDpi  ~GeMpi
Wo:: Xgi R1 R1™~ Dii R1"Y! Dii
T o S : (984
Rl R GriKpii FR1+EGR1DDii
W X, . FLl_EGLlDDiiT _GLlMDiiT
T, = Lii Lii | _ 2 (9.85)
Yii o Zii 1

GLlKDiiT FL. +§GL1DDiiT

where Fy,G,, +GgF ;' =0

9.5.2.2 Extract Fr,,F,.Gr2 G, from {Tq;, 7} SPEs

The matrices F;,,F,,Gg,,G,, are extracted from the inverse of the diagonalising

transformations {h T } such that
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Frp —=Gpr,Di  —Gg,M;
Wooi:  Xooi: R2 R2™ii R2™Tii
h—1:[YR2.|.| ZR2||:|: 2 . (9.86)
Ral Ral GroKii Fr2 +§GR2Dii
Fio —EGLzD"T -G LzM"T
W. X o ii ii
h_l [YLZ.I.I ZLZ.I.I}_ ? 1 (9.87)
L L G, KuT Fio+ EG L2 DuT
Using the pseudo inverse for determining G;,,G,,
GR2=[XRM XRD XRK][Mii Dii Kii]+ (9-88)
T T Tt
GLZZ[XLM Xib XLK]|:Mii D; Kii:| (9-89)

where superscript “+” denotes pseudo inverse. The matrices Xgy,Xpp, Xgc and

X m» Xip: Xk are defined as

Xem = Xpaii XRD:(ZRZii_WRZii) v Xpk = YRaii (9-90)
Xim =Xiai + Xip =(Zi2i —Wiaii) + Xk = Yiai (9.91)

We note that
Grn =G, , G =Gpg, (9.92)

The values of F,,F_, are calculated
Fro = (WRZii —ZRaii )/ 2, Ry= (WLZii —Z i )/ 2 (9-93)

9.5.2.3 Extending Fg,,F ,,Gr,.G, to the full size of the substructure

The matrices Fg,,F ,,Gg,,G,, are extended to the full size of the substructure such

that
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1
Fra_ _EGRZ_DS -Ggro My

T ' = . (9.94)
Gro K Fro_ +EGR2_D5
F, -G, D] -G, M
. L2_ 5212 s L2_Ms
T "= n (9.95)
GLZ_KST Flo +EGL2_DST

where the matrices {FRZ_,FLZ_,GRZ_,GLZ_} have dimensions (nxn). The right and left

modified Craig Bampton transformations {E ’E} can be expressed as

| 0 0 0
0 | 0 0
| 0 :
L= e e —— Y K0 10))
- Tein  Trii 1 : 1
_EGRZDib -Ggr,Mj, : Fro _EGRZDii -Ggro M
1 1
Gr2Kip EGRZDib ; GroKii Fro +§GR2Dii
| 0 0 0
0 | 0 0
| 0
Lbi Li _EGLZDbiT -G, My’ FLo _EGLZDiiT -G, My
1 E 1
G Ky' EGLZDbiT GLKy' Fio +EGL2DiiT

The extended the right and left Craig Bampton transformations E,E, are defined in

the forms

Er=Tx , E =T, (9.98)
where the right and left transformations T, T, are the inverse of equations (9.96),

(9.97) and can be written as

| 0
{ ._ ] (9.99)

I 0
T = _ _ y =
= _(TRii lTRib) Tai - |-
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9.5.3 Craig-Bampton transforms r,.r, in the full size of the

substructure

The first part of the Craig Bampton transformation matrices F,,F_ represent Guyan
reduction transformations, where

Fr=—Ki 'Ky , FL=—K; K" (9.100)
The Craig Bampton transformations Fg,F_ are extended to the full size of the

substructure.

F_=L:IJ , F_=L:IJ (9.101)

9.5.3.1 Extending Fg,F_ to the full size of the substructure

Garvey et al. [43] proposed a logical extension of the Guyan reduction method for
general damped systems. Following the proposed approach for structure preserving

transformations, Craig Bampton transformations Fg,F_ can be expressed in two parts

as follows

Fr=UmUp, . FL=U,U;, (9.102)

The first transformations {ﬂ ﬂ} are square matrices and can be expressed in the

form

c
P
Il

(9.103)

2o
D
X
e
pe)
o — o o
— o o o

[
=
I

(9.104)

|
pé
X
pul

o
o — O O
- O O O
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more concisely

ﬂ:{um '} ' L:{Uu J (9.109)
The second transformations {@ , @} can be written as

(9.106)

Urs = v Ui =

o o — O

I 0 I
0 1 0
00 0
00 0
The extended Craig Bampton transformations Fg,F in the full size of the
substructure are defined as

FR=Up , FL=Uy, (9.107)

Then, Craig Bampton transformations Tqy,, T, in SPEs form are defined from the

multiplication of equation (9.103) by the inverse of (9.96) and equation (9.104) by

the inverse of equation (9.97).

Taw =UmEr .« Tiw = UnEy (9.108)

I 0 l 0 | 0
Taen = {Um ! }I:_(TRiilTRib) TRiil:| :{U R _(TRiiilTRib) TRii1] (9.109)

| 0 | 0 | 0 (9 110)
T = ~ L= ~ B .
= {Uu J _(TLbiTTLii 1) T ULl_(TLbiTTLii l) T

9.6 Modified Craig Bampton transformations and
SPESs

Craig Bampton transformations for general damped substructure systems are

modified such that
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w, X T[o
YL ZL KS

w, X, ] [K,
YL ZL_

W, XLT_
Yo Z ||

Ks__WR
Ds_ _YR
0 |[Wg
_Ms_ _YR
_Ms _WR
O __YR

0 KA} 9.111)
KA DA

- _MJ (9.112)
~Da ‘MA} (9.113)

The modified Craig Bampton transformations matrices are chosen in form to satisfy

specific structure. The matrices {M,,D,,K,} are chosen to be in the form

M
MA_|: Abb
M aib
D
D, _{ Abb
D aib
K
K, { Abb
K aib

M apb
M Abi :| N
M aii M

Aib

D aub
D api }_ R
D aii 0

K abb
K api } _ H
K aii 0

Ilebi
b (9.114)
0
) (9.115)
0
o (9.116)

Matrices {M;, Dy, Ky} are all diagonal and K, =0=D,,; and K, =0=D,;,. The

right and left modified Craig Bampton transformations {ﬁ M} have two parts as

in equation (9.67). The two parts of the modified Craig Bampton transformations

{Er/E.} and {Fg,F | are modified separately.
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9.6.1 Modified Craig-Bampton transforms {Ez.E.} in the

full size of the substructure

The matrices Gg, .G, and Fg, ,F, in equations (9.94) and (9.95) have

dimensions (nxn), and are formed as

0 0 0 0

oo 0] e Q] 17
1 0 I 0

FRZ_{O FRJ , FL2_=[O FL2:| (9.118)

The right and left transformations can be written as

I 0 0 0
1 1
. _EGRZDib FRZ_EGRZDii : -GroMj, -GroM;
0 0 : | 0
Lo 1
Gr2Kip GroKii ; EGRZDib Fr2 +§GR2Dii
I 0 0 0
1 T 1 T T T
_EGLZDbi FLZ_EGLZDii i G oMy, -G, M
0 0 i | 0
T T 1 T 1 T
G oKy G Kj ; EGLZDbi Fio +EGL2Dii

The modified right and left Craig Bampton transformations Eg,E_ in the full size of
the substructure are defined as

CE =Y (9.121)
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9.6.2 Modified Craig-Bampton transforms Fr.F_ in the full

size of the substructure

The extended Craig Bampton transformations Fg,F_ in equations (9.103) and (9.104)

are rearranged to form

C
2
I

(9.122)

o
o O — O

(9.123)

Ua =

o
o o — O

The right and left modified Craig Bampton transformations Fg,F_ in the full size of

the substructure are defined as

0 O]
(9.124)

|;U'I'I
8
o
o O — O

FL=Uy- (9.125)

o
o o — O

YeL
The Craig Bampton transformations {MM} for general damped systems are

modified to preserve LAMs matrices in new forms as equations (9.114), (9.115) and
(9.116). The modified Craig Bampton transformations {Tg,, T, are defined from
multiplication of equation (9.122) by inverse of equation (9.119) and equation

(9.123) by inverse of equation (9.120).

Teer =FrEr + Tl =FALEL (9.126)
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| 0 0 0
! 0 0 0 —EG D F —EG D. -G,,M -Gr,M
- _ WFR | XFR 0 2 R2ib R2 2 R2 i R2"Vlib R2"VHii (9 127)
DT 0 0 1 0 0 0 | 0 '
Y, 0 Z | 1 1
PR FR GroKip GroKji EGRZDib Fro +EGR2Dii
I | 0 0 0 T
| 0 0 0 1 1
Y | X 0 __GLZDbiT Fio __GLZDiiT -G LZMbiT -G L2MiiT
Tie = FL FL 2 2 (9.128)
- 0 0 | 0 0 0 | 0
Y 0 Z | 1 1
FL Ft GLZKbiT GLZKiiT EGLZDbiT Fo +EGL2DiiT
9.7 Example

In this example, we consider a second order general linear damping subsystem. The
motivation of this example is to calculate the Craig-Bampton transformations in state
space form which are used as model reduction transformations. The subsystem

matrices are non-symmetric with four degrees of freedom.

121 4715 -1868 -1662 15 40 24 36
K — 3915 -3289 -367 -2532 o _ 22 -18 -39 32
S 12623 -3640 -1606 4941 | S l-41 7 -12 -25/

1553 2552 4904 4056 -26 -31 36 40

104 479 -50 -3
360 101 143 425
s7| 339 -138 -255 267
383 —269 -32 -455

The system matrices are expressed in state space form. Based on the division of the
boundary coordinates and interior coordinates, the LAMs matrices are arranged as
equations (9.42), (9.43), and (9.44). The number of boundary coordinates is chosen
as two degrees of freedom. The right and left diagonalising SPEs for the interior

eigenvalue problem are calculated
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Ri =

0.0388
0.0296
0.1587
0.0509

—0.0378
—0.0295
0.1665
0.0494

—0.0136

—0.0044

—0.0138
0.0127

—0.0137
—0.0041
0.0135
—0.0143

Li =

0.0694 —-0.0693
—0.0010 0.0020

0.0892  0.1007

0.1204  0.1152

—0.0076
—0.0103
0.0398
—0.0409

—0.0083

—0.0095

—0.0383
0.0375

The first part of Craig-Bampton transformations {F_R FL } in state space are calculated

using equation (9.55) based on boundary coordinates.

1
0
0
0
-0.1674
—0.5853

0
0

o O

0
1.5451
1.2389

0

0

—0.4173
0.8711

o r O O O

0
—-1.0806
—0.5152

|'I'I
Il

1
0
0
0
0.8877
—0.6716

0
0

o — O

0

0.7849
—-0.3319

0
0

—0.1819
—0.1133

o O O O

0
0.6315
—0.5635

The second part of Craig-Bampton transformations {E_R EL } in state space are

calculated from equation (9.70) in terms of diagonalising SPEs for the interior

coordinates

m
o
Il

The two parts of Craig-Bampton transformations {FR,FL,ER,EL}

o O o

0
0.0388
0.0296
0.1587
0.0509

0

0

0

0
—0.0378
—0.0295

0.1665
0.0494

0

0

0

0
—0.0136
—0.0044

—0.0138
0.0127

0
0
0
0
—-0.0137

—0.0041
0.0135

—0.0143

| m

—0.0693

0.1007
0.1152

0 0

0 0

0 0

0 0
0.0694

—-0.0010 0.0020

0.0892
L 0.1204

0

0

0

0
—0.0076
—-0.0103

0.0398
—0.0409

satisfy

0
0
0

0
—0.0083
—0.0095

—0.0383
0.0375

equations

(9.64), (9.65) and (9.66). The right and left Craig-Bampton transformations

{Mn_cb} are calculated from equation (9.67) which satisfy equations (9.75), (9.76)

and (9.77).
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£
|

=

0
0
1164.4

=| 54983 _

0
0
0
0
1164.4

5458.3
0

o o o oio

245
34.9
-122.2

-36.8
-314
44.01
—42.6

0
0
-230.2

769929

0

o O O

-34.1
96.6
—534.6

127.2

118.8

-27.6
25.7

1164.4
5458.3
17.6

Z108

514.1
-518.8
-133.5
-128.4

-122.3

789.9
0

1899 1654 0 .

0
0
0
0
0

The reduce system matrices {Mcb,

-230.2
~6992.9 |
0.2

-322.3 i
3131
-20.4
—22.4

5346 |

1654 |

o O O

~534.6
~165.4 |

(9.82) and (9.83).
0 0 11644 -230.2
M. _| © 0 54583 -6992.9
© 111644 -2302 176  -0.2 ’
5458.3 —-6992.9 -10.8  79.4
245  -34.1
349 966
Ko = 1203 5346
789.9 -165.4

The Craig Bampton transformations preserve the substructure system matrices in the

same format as LAMS matrices structure.

794

1164.4
5458.3
Do, =

-122.3

789.9
0
0

0 0
0 0
| -1236 1331
ot £ T2
0 0
0 0
117 0
0 12.2
0 0
0 0
0 0
L
117 0
0 12.2
0 0
0 0
138 14.9968
130 86
0 0
L
3.9 0
0 3.7
-1 0
0 -1

0
0
~534.6
~165.4
0
0

0
0
27.2

Z105

117
0
39

—-230.2
—6992.9
0
0

-122.3
789.9

0
0
26.0
_l2s.
0
12.2

Cb,ch} are calculated from equations (9.81),

0
0
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9.8 Conclusion

This chapter has investigated Craig Bampton transforms {MM} for undamped

systems. The ideas for undamped systems have been extended to the generally
damped systems in terms of diagonalising SPEs. New expressions of Craig Bampton
transformations are presented. These transformations have been developed to
preserve the substructure matrices in the same format as LAMs matrices structure.
The developed Craig Bampton transformations have been used as model reduction
transformations. The two parts of Craig Bampton transformations are extended to the
full size of the substructure. The first part of the Craig Bampton transformations is
extracted from a logical extension of Garvey et al. [43] to the full size of the
substructure. The second part of the Craig Bampton transformations represents
diagonalising SPEs in the full size of the substructure which diagonalise the interior

coordinates.

312



CHAPTER 10. Conclusions and further work

10.1 Conclusions

The ambition of this study was divided into three aspects. (1) Developing and
generalising modal correlation methods for undamped systems and extending these
ideas to general damped systems. (2) Comparing the newly developed methods with
alternative methods. (3) Applying these methods to model updating for general

damped systems.

This thesis starts with modelling an aircraft (GARTEUR-like) structure with a 3D
finite element model. Modal parameters (the natural frequencies and mode shapes)
are calculated using the system models. These procedures are described in Chapter 3.
A general 3D finite element code has been developed in MATLABTM for this

purpose.

Experimental modal analysis was carried out on a physical implementation of the
GARTEUR structure. This was used to extract modal data which were identified
from a single column of frequency response. The modal data represent natural
frequency and the modal damping ratio for each single mode of the vibrating system.

The modal analysis procedures are described in Chapter 4.

This thesis has shown how existing methods for eigenvalue and eigenvalue
derivatives for undamped systems can be extended to the concept of structure-

preserving equivalences to yield general methods for calculating the derivatives of
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both the diagonalised system and the diagonalising transformations. This approach
resolves the quandary where eigenvalue and eigenvector derivatives become
undefined when a pair of complex eigenvalues turns into a pair of real eigenvalues or
vice-versa. This has also resolved the problem encountered when any one or more of
the system matrices is singular. These methods are described in Chapter 5, are

needed for model updating.

New modal correlation methods have been developed and implemented initially for
undamped systems in all cases. These ideas have been subsequently extended for
general damped linear systems. Cross orthogonality measures and mutual
orthogonality measures were investigated. These measures were defined in terms of

real matrices - the diagonalising structure preserving equivalences (DSPES).

Cross orthogonality measures require the right and left modal information for the
physical system {K,,D,,M,} and analytical system{K,,D,,M,}. The modes of the
analytical system must be correctly matched to the modes of the measured system.
Mutual orthogonality measures do not require any modal information from the

analytical system{K,,D,,M,}. This matching of modes is unnecessary. However, for

systems having non-symmetric matrices, both right and left modes are required for

the mutual orthogonality measures.

The presented methods have been well developed for ill-conditioned systems such
that they work for all occasions and not only for cases where mass matrix is non-
singular. A measure of the residuals was introduced which did not demand

invertibility of diagonalised system matrices. This procedure is introduced in Chapter
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7. Mobius/spectral transformation formulae were used to address a problem where
the mass matrix is singular. The Mdbius transformation is decomposed into four
elementary spectral transformations. These spectral transformations are used to find a
relationship between the diagonalising SPEs for the new system matrices and the
original system matrices. Two new transformations are investigated called system

spectral transformation Qg and diagonalising spectral/similarity transformation
Qpsto - The transformation Qg Maps between two systems having the same short
eigenvectors and their diagonalised system matrices. The transformation Qpsr, mMaps

between two SPEs having identical eigenvalues. This procedure is described in

Chapter 6.

The newly developed modal correlation methods have been used for model updating.
The presented model updating methods in this thesis have been developed for
undamped systems and extended to general damped systems. Alternative methods
were compared with the developed modal correlation methods for model updating.
The model updating methods have been implemented based on eigenvectors and
SPEs and both cross-orthogonality measures and mutual-orthogonality measures. In
both cross-orthogonality and mutual-orthogonality measures cases, these measures
were defined in terms of real matrices - the diagonalising structure preserving

equivalences (DSPEs).

The model updating methods based on cross orthogonality measures require the right

and left modal information for the physical system {K,,D,,M,} and analytical
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system{K,,D,,M, }. The modes of the measured system must be correctly matched to

the modes of the true system.

The model updating method based on the mutual orthogonality measures exhibits
monotonic convergence from every starting position. The ball of convergence has an
infinite radius. This contrasts starkly with updating procedures based on comparing

eigenvectors which exhibit a finite ball of convergence.

Craig Bampton transformations were presented for undamped systems. The
developed Craig Bampton transformations have been extended for damped second
order systems in state space. New expressions of Craig Bampton transformations
have been presented in SPEs forms. The two parts of the Craig Bampton
transformations were extended in the full sizes of the substructure. The extended
Craig Bampton transformations have been modified to format each block of
transformed substructure matrices as LAMs matrices format. These procedures are

described in Chapter 9.

10.2 Further work

The presented study presents some interesting possibilities for further investigations.

Some recommendations for further work are presented here
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10.2.1 Applications on real aircraft structures

The developed methods in this study have been applied on deliberately chosen
examples. These methods can be applied to real aircraft structure with real structural
damage. These methods can also be implemented as a part of airworthiness

maintenance schedule programs for large complex aircraft structures.

10.2.2 Excitation and response devices

The modal testing carried out in this project has used contact excitation achieved
with an impact hammer and response measured with a piezoelectric accelerometer.
The type of analysis to be performed and accuracy requirements of test information
influence the choice of excitation signal. Non contact devices of input and output
signals can be applied instead of the contact devices. Thermal excitation is a non

contact exciter which can be used to excite aircraft models.
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APPENDICES

Appendix A. Proof of diagonalising SPES {Tz.T. |

The Diagonalising SPEs matrices {l'h} diagonalise LAMs matrices {K,D,M} for

the system {K,D,M} such that

_T - - -
WL X [ [0 K|We Xg] [ 0 Kp (A1)
Y. Z, | |K DJ|Yr Zg]| |Kp Dp '
T_ - - -
W X | [K 0 fWe Xg| [Kp 0 (A2)
Yo Z | [0 -M]|[Yr Zg| | O -Mp '
T - —_ —
W X[ [-D -M][W; Xg]| [-Dp -Mp (A3)
Yo ZL]|-M 0 || Yg Zg] |[-Mp O '

where {ﬁ%%} are block diagonal matrices. The new system matrices
{Kp.Dp,Mp} represent the LAMs for the system whose coefficient matrices are the

diagonal matrices {Ky,Dp,Mp} . These transformations {TL,TR} can be expressed as

F-1G,D, -GM
TL: L 2-~¥L¥YD 1L D (A4)
— | (GKp) F.+3G.Dp

|5

_ I:R_%GRDD _GlRMD (AS)
GrKp F +EGRDD

where {F_,F;.G_,Gg} are real-valued (nxn) matrices satisfying the constraint:

F.G," +GRF.T =0 (A.6)

It is possible to prove equations (2.79) and (2.80) by inverting equation (2.73)

{WR XRT[ 0 Mt MWL XL}T:[ 0 ~Mp (A7)

Yo Zr]| |-M7T MTDM7|LYL ZL -Mp?t Mp'DpMp?
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and pre-multiplying equation (2.72) by equation (A.7) to yield

0 | W; X W X 0 |
. . R R — R R . . (A8)
_M7 K _M7 D YR ZR YR ZR _MD_ KD _MD_ DD

There are four block equations with four unknowns. Four (nxn) square matrices
{Wg, Xz, Yr.Zg} can be calculated from equation (A.8). Using the top two block
equations in equation (A.8)
Yg =—XgMp K, (A.9)
Zp =Wg —XgMp'Dp (A.10)
Provided that M, is an invertible matrix and that for some Gy
Xgp =-GgMp (A.11)

Then equations (A.9) and (A.10) become

Yr =GrKp (A.12)
Zr —Wg =GgDp (A.13)

For some F, matrix let
Zp + Wy = 2F; (A.14)

Using equations (A.13) and (A.14) yields
W =Fr —3GgDp (A.15)
Zg =Fz +1GgDp (A.16)

This proves the form of equation (2.79).

Similarly, the left transformation can be calculated by post-multiplying equation

(2.72) by equation (A.7)

[WL XL}T{O —KMl}:{O —KDMD‘l}{WL XL}T (A17)

Yo 4 | -DM™ I DpMp LY. 4L
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Taking the transpose of equation (A.17)

0 | W, X W X 0 I
{ T T TRT M - L} = { - L} T T TN T (A.18)

From the two block equations of (A.18)

Y, ==X, Mp K" (A.19)
Z =W, -X My Dy’ (A.20)

Again suppose that for some G,
X, =-G Mp' (A.21)

Matrices {Ky,Dp,Mp} are diagonal; M, =Mp" , Dp =Dy’ , Ky =Kp'. Equations

(A.19) and (A.20) can be written as

Y, =G, Kp (A.22)
Z, -W, =G,Dp (A.23)

For some F_ matrix let
Z, +W, =2F, (A.24)

Using equations (A.23) and (A.24) yields
W, =F -1G,Dp (A.25)
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Appendix B. Binomial theorem

The binomial theorem formula for negative integer can be written as

a0 =3 -3y &)

k=0 k=0
=1+ rx+%r(r+1)x2 +%r(r+1)(r+2)x3+....

where r is any real number and k! is a factorial. The pochhammer symbol (r), is

written as

[Hz(lr()!k r(r+1)...|.(.!(r+k—1) (B2)

The model reduction transformation matrix is written in form

t, =(Ke @M, (K, o™, ) (B.3)
Rearrange equation (B.3) and using the binomial series, the term (Kee ~o’M,, )_1 is
expanded to K, (1+’K,,*M,, ) in which

(Ke-o'™,) =K, (1-o’M, K, )" (B.4)

-1
and

(1- MK, ) =1+ @M K, + (@M, K, ) (B.5)
The terms associated with @" are neglected compared with terms associated with o*

Substitute equations (B.4) and (B.5) into equation (B.3), the transformation matrix

t, can be written as

td = _I<ee_l (Ker + a)2 (MeeKee_lKer - Mer )) (B6)
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Appendix C. Proof of two equivalent statements

For any three scalars {k,d,m} the following two statements are equivalent

K Hiﬁ ﬂ*d[}; m*m[i EHDVHE} (C.1)

where {v;,w;} are some (nx2) matrices, with B’;} having rank 2.

b) (K+4D+4°M)v; =0 for =12 (C.2)
where {v;,v,} are some non-zero n-entries vectors and {4, 4,} satisfy the following
equation

(k+4d+4’m)=0 (C.3)

This appendix shows a proof of these statements which are equivalent. Rearrange

equation (C.1) which can be written as

{(dK—kD) (mK—kM)Mvi}z{O} (C.4)

(MK-kM) (mD—dM)
we get these two equations
(dK=kD)v; +(mK —kM)w; =0 (C.5)
(mK—-kM)v; +(mD—dM)w; =0 (C.6)
Multiplying equation (C.5) by 4 /k and equation (C.6) by 1/m yields

(A%K—ADjviJ{ﬂﬁ%K—ﬂiMjwi:O (C.7)

(K—%ijiJr(D—%MJwi =0 (C.8)

Taking a linear combination of equations (C.7), (C.8) and using equation (C.3) yields
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(z, 9+levi—/1|Dvi—£Mvi+l, mKwi+Dwi—(9+,1.j|v|wi ~0
k m k m
,m k m 1k
27 —Kv, = ADV, ——Mv, + 4, — Kw, + Dw, + ——Mw, =0 (C.9
k m k A m

A m A m

) [4%K+D+iﬁm)vi +(4%K+D+iﬁmjwi -0

If the system matrices {K,D,M} are non-singular then equation (C.9) becomes

—A4AV; +Aw; =0 = AV, =w, (C.10)

Substituting equation (C.10) into equations (C.5), (C.6) and multiplying by (-4 /m),

(1/m) respectively and using equation (C.3) yields

d Kk 2 k (29 2 kXK i2m v, =
_%[HK—HD]W—A [K—EM]vi_[ [21 m+2q jK+mﬂ1D+m/1, ij, O(C 11)
k. k K, ~ 2 _ |
(HK+E,@-D+E4 iji _(K+ﬂ1-D+/L- M)vi -0
(K—ijvpLﬂ{D—giji:O
m m
(C.12)

(K+4D—(%+ﬂi%jM]vi = (K+4D+4°M)v; =0

Equations (C.11) and (C.12) give equation (C.2).
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Appendix D. Calculating eigenvalue, eigenvector
and thier derivatives from diagonalised

system matrices and DSPEs

Considering a general non symmetric damped system, the governing equation of
motion of the second order system is
MK+ Dx +Kx =f (D.1)
where {K,D,M} are the system matrices which satisfy the following equations
(A°M+4D+K)4s=0 , ¢ (4°M+4D+K)=0 (D.2)

The {¢;.¢;} are the i right and left eigenvectors, where i={12,...n}

In state space, the right and left modal matrices {qﬁ'&} are (2nx2n). These

diagonalise the Lancaster augmented matrices (LAMs) {K,D,M}. The eigenvalues A
might be complex or real or mixed (real and complex). If all eigenvalues are complex

A:diag(/ll,/l2 ...... s g 2 2 e ﬂn*,) and assuming that all eigenvalues are ‘“semi

simple”
* T *
o @ {o K} ©, @ | [AY 0 | [@ 0 (D23)
A®, A0 | |K DjjAd, A'®. 0 AY| |0 @ '
* T *
o @ [K o} o, @ | (¥ O (D.4)
AD, A0 | [0 -MlAd; A'®;| [0 ¥ '

o @ T{_D _M} o, D _{‘I’/A 0 }_{r 0} (D5)
A®, Ao | |-M 0 Jja®, A'®. 0 ¥/A| |0 I '
Equations (5.73), (5.74) and (5.75) can be rewritten as

@ M, =0 (D.6)
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@, DO, =¥ (D.7)
® 'K®g =T (D.8)
where {Q,¥,I'} are diagonal matrices Q=diag(a,@;,....a,), ¥ =diag(yy.v,,....,)and
I =diag (7, 7,7, ). If the left and right matrices of long eigenvectors {g,qﬁ} are
normalised using equation (5.74) and setting ¥ =1, the values of {@ ¥,I'} are still

diagonal and can be expressed as {A,!,A_’l} respectively.

We will select two columns of eigenvectors at a time: the i"™ column and the complex

conjugate of the i column. Equations (5.73), (5.74) and (5.75) can be written as

{«m o Ho K}Pﬁ %*Hwi 0 H“" 0} (D.9)
Ay A4 LK Pllady A%’ L0 Awi] [0 @ '

* 7 *
% SIS KL e
A A by 0 -MJl 2 4 i 0 v
« 7 *
{‘bu (ELi *] {—D —M} Ori d:Ri *:lzlil//i//li *0 *}z{% 0*} (D.11)
Aidi A O -M 0 Aidki A dri 0w /’11' 0 7
More concisely
b Méei = (D.12)
&' Déi =i (D.13)
&' Kéi =7 (D.14)

It is possible to find real-valued left and right diagonalising transformations {EE}

which transform the system matrices into block diagonal matrices having an identical

spectrum
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W, X Tl0 KI[We Xg [o Ko (D.15)
Y. Z | |K D| Ys Zg] |Kp Dp '
W, X T [K 0 7[W Xz]_[Ko O (D.16)
Y. Z ][0 -M]| Yr Zg 0 Mp '
W X ] [-D -M]Wz Xg]_[-Dp -Mp (D.17)
Y. Z | |-M 0 ||Yy Zg| |-Mp O '
Equations (5.86), (5.87) and (5.88) can be rewritten as
T MTz =Mp (D.18)
T.'DT;z =Dp (D.19)
T 'KT: =Kp (D.20)

where {&%%} are block diagonal matrices and {Ky,Dp,Mp} are diagonal

matrices in the form

KD :dlag (kl,k2 ...... kﬂ)
DD :diag(dl,dz ...... dn) (D.Zl)
My, = diag(my,my,...,m, )

If the left and right diagonalising transformations {T, T} are in a particular way

normalised, then the equation (2.77) can be written as

Kp =diag (4, 4p.mmns 4y)
Dy, =diag (244,285 4,0 280 ) (D.22)
Mp =identity

The left and right diagonalising transformations {Lh} satisfy the following

equations
(D.23)

(MM+d;D+kK)T=0 , T;" (MM+d;D+kK)=0

Select columns i and (n+i) from the diagonalising transformations at a time.

Equations (5.86), (5.87) and (5.88) can be written as
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T .
{WU xu} {o K{WRi xRi}{O ki} (D.24)
Yi i) LK DJlyri Zmi] [k G

. _
{wu xu} {K 0} Wey Xﬂz{ki 0} (D.25)
Yi i) L0 MI[Vri Zgi 0 —m
. ,
|:W|_i xLi} {—D -M |:WRi XRi:|=|:_di _mi} (D.26)
Yi zi] M0 JlVei Zgi -m 0

We can simplify equations (5.106), (5.107) and (5.108) as

T, MTg =my (D.27)
T DT =0; (D.28)
T KTei =k (D.29)

D.1 Calculating pairs of eigenvalues and their derivatives

from the diagonalised system matrices and its derivatives

The i eigenvalue {41, %42} can be calculated from the i diagonalised system
{ki,d;,m;} using

(A7, + 26 +K; ) =0 (D.30)

It is possible to find the roots of 4 from equation (D.30) and through

—d; i,/diz —4km,
Ao = (D.31)

2my

Differentiating equation (D.30) with respect to e gives an expression for the

eigenvalue derivatives

%_ ;o _(ki +diﬂ1'1,2 +mi/i1'1,22)

(di +2miﬂ1'1,2) (b-32)
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D.2 Calculating two columns of eigenvectors and their

derivatives from DSPESs and its derivatives

Comparing equations (5.79), (5.80) and (5.81) with equations (5.106), (5.107) and

(5.108) yields

[;W/i 0 :l{an alz}T {0 ki:||:all a12} (D.33)
0 Awi] [ 3] [k diflan ay
I:‘//i 0 }: ETRET }T {ki 0 }[all al?} (D.34)
0 w | |an ap]| [0 -m|lay ay
{,,,i [0 ] {all a, }T {—di —mi}{an a12:| (D.35)
0 wi/A] laa @] [-m 0 Jlay ap
More concisely
(ﬂ:aITETEEﬁ (D.37)
ﬁ:ﬁTETﬁhi (D.38)

Equation (5.157), (5.158) and (5.159) show that the (2x2) matrix a;is the
eigenvector matrix of {k;,d;,m}. Scaling the matrix a; as
ﬁ:ﬁ/diag([i(l,l) zi(l,z)]) (D.39)

The matrix a; can be written as

a

1 1
= .40
- Lﬁ A (540

The left and right columns i and (n+i) of the eigenvector of the original system can
be calculated from the left and right columns i and (n+i) of the diagonalising

transformations as
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dri d:Ri ) Wy Xgi |1 1 (D41)
[ Adri Ad | YR ZridlA A

bt (D.42)
[ Ads Ady | LYo ZallA A |

More concisely

ki = Tridy (D.43)

di=Tua (D.44)

Differentiating equations (5.164) and (5.165) with respect to 8 gives the expressions

for the eigenvector derivatives as

b . L
%:qﬁ:TR@HRia_i (D.45)
. Y

Where the derivative of 3; can be written as

.o o
ﬁ‘[a J £47
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Appendix E. Extracting the measured DSPEs using

Modal filters

transformation

based

on

MoOobius

The right and left diagonalising SPEs {EL} for the original system {M,,D,,K,}

can be extracted from the diagonalising SPEs {TﬂTA} for the new system

{My,Dy, Ky} using the spectral transformations which are discussed in chapter 6.

We X o KJ[We Xg] [0
Y. Z | |K DJ[ Y Zg| |Kp
we X Tk oW Xg] [Kp
Yo Z| |0 -M||Yg Zz| | O
W, X ] [-D -M][Wz Xg] [-Dp
Yo Z | [-M 0 || Yr Zg] |-Mp

The direct relation of MoObius transformation is

L _br+a
ry+s

The inverse of Mobius transformations in equation (E.4) is

_ sA—q
_—r/1+p

Ve

The diagonalised system matrices are calculated

KDO
DDo = (QSSTO ® In)

IVIDO

KDN
DDN

MDN

(E.1)

(E.2)

(E.3)

(E.4)

(E.5)

(E.6)

Houlston [145] presents the right and left polynomial of SPEs based modal filters.

The SPEs are used to transform the original LAMs matrices to the block diagonal

LAMs matrices. Then, SPEs modal filters can be written as
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(1 Ao~ | | |00 )T (0 ) | (&7

L7 | 71
h ) |
L yl](ﬂ—ﬁ_w)h_y,j[l AT (Mo —7%)}& (E.8)
where
T L= Wiy Xy 712 Wen  Xsy (E.9)
— Yin 4N Yon o Zon '

My, Dy, Ky}

For a second order system having system matrices { , it is possible to

find first order filters (Wav*+7Xen) ang (Wev +7Xse) or (Yav+7iZan) gng
(Yo +7Zsy) which diagonalise the system matrices into diagonal (N x N) matrices

{Mon . Dow . Kon | . The diagonalising filters satisfy these equations for all values of »

(KN + 7Dy + %My )(WRN +7iXan ) = (Way +7i Xs )T (KDN +7iDpn +7i2MDN) (E.10)

(KN +7Dy +7"My )(YRN +7iZean ) = (Yon +7Zsn )T (KDN +7Don +7/i2MDN> (E11)
To choose which of the above equations can be used it depends on the original

system matrices. In some cases, the original mass matrix is singular then equation

(E.11) can be chosen to calculate the original system diagonalising transformations.

Substituting equation (6.8) into equation (E.11) and dividing by (ar - ps) yields

(Ko + 4D, +/1i2Mo)(YRo +ﬂiZRo) :(YSo +A4iZg, )T (KDo +4Dpo +112MD0) (E12)
in which

Yro = ( PYrn —0ZRN ) v Ygo = ( PYsn —0Zsn )

(E.13)
Zgo =(~TYry +5Zgn) + Zgo =(-1Yey +5Zgy )
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The diagonalised system matrices are calculated from equation (E.6). The right

diagonalising transformation T, for the original system can be shown in the form as

Tgo =

{WRO XRO}:[(FRO_%GRODDO) (~GroMpo) (E10)

YRO ZR (GROKDO) (FR0+%GR0DD0)

using {Yg,.Zgo}in equation (E.12) to extract the {Gg,,Fg,} and then to calculate
{Wao: Xro}

Gro = YroKpo (E.15)

Fro = Zro — 5 GroDpo (E.16)

The {Wg,, Xz} Can be calculated by substituting {Gg,.Fg,} into the following
equations

Who =Fro —2GgoDpyo (E.17)

Xgo = ~GroMps (E.18)

The left diagonalising transformation T,, can be calculated using (E.1).

-1 T
TL :|:WL0 XLoj|: |: 0 KDoi|[|: 0 Koi||:WR0 XRoiD (Elg)
— YLo ZLo KDo DDo Ko Do YRo ZRo
The above approach for a singular mass matrix is summarised into these few steps :-

1. Transform the eigenvalue problem for the original system into a new system

using the Mobius transformations equation (6.7) and divide the equation by
(ar—ps).
2. Find the right and left diagonalising transformations {TﬂTﬂ} for the new

system.

3. Calculate the diagonalised system matrices {Mp,, Dp, Kp,} USINg equation

(E.6).
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Extract the original systems right and left diagonalising SPESs {hh} from

the new system using SPEs based modal filters equation (E.8)

Substitute equation (6.8) into equation (E.11) which transforms the new

system back into the original system, equation (E.12).

Calculate the right diagonalising SPEs T, .

- First, extract {Gg,,Fg,} from {Yg,,Zg,} using equations (E.13), (E.15) and
(E.16).

- Second, substitute the values of {Gg,,Fg,} into equations (E.17) and
(E.18) to calculate {Wg,, Xgo} -

Calculate the left diagonalising transformation T,, as in equation (E.19) by

using equation (E.1).
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Appendix F. Calculating measured DSPTs using
homogenous coordinates based on

MoOobius transformation

Diagonalising SPTs are represented by real-valued (nxn) matrices {W_,X.,Y.,Z, },
{We, Xg, Yg,Zg} . These transformations {7, Tz} can usually decouple the

equations of motion such that the new system matrices {K,Dy,Mp} themselves are

diagonal.
_T —_r - -
W X[ [0 KlWe Xg] [0 Kp (F.1)
Y. Z | |K D] Y Zg] |Kp Dp '
T_ - - -
W X | [K 0 fWe Xg| [Kp 0 (F.2)
Yo Z | [0 -M]|[Yr Zg| | O -Mp '
T _r - —
W X [ [-D -M][W; Xg| [-Dp -Mp (F.3)
Yo ZL]|-M 0 || Yg Zg] |[-Mp O '

The homogenous coordinate expression defines a pair of eigenvalues and the

associated pair of eigenvectors. For the original system {M,,D,.K,}, the

homogenous coordinate can be written as

0 K, K, ©0 -D, M, ||[Wry Xpoi| [0 O
moi + doi + koi = (F4)
K0 Do 0 _Mo _Mo 0 Yroi  ZRoi 00
where {my,dy.k,;} are the i" entries of the diagonalised system {Mp,,Dpo,Kp,} and

{Wroi Xroi: Yroi Zroi | @re the i" column vectors of the respective block of right

diagonalising SPE of the original system. For some vectors, {fz.,9goi }
WRoi :fRoi _%gRoidoi (F5)

XRroi = ~Groi Moi (F6)
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Yroi = 9roiKoi (F.7)
ZRoi =Troi +%9Roidoi (F.8)

Note that
A%my; + Ady; +ky =0 (F.9)

Substituting equations (F.5)-(F.8) into equation (F.4) yields four homogenous vector

equations

(doi Kofroi +(moi Koi _%doiz ) Ko9roi —KoiDofroi + % Koidoi DoOroi — koizMogRoi ) =0 (F.10)
(moi Kofroi =3 doiMoi K oGroi —KoiMoi DoRroi —Koi Mofroi —3 KoidoiMoroi ) =0 (F.11)
(moi Kofroi =3 doiMoi K oGroi —KoiMoi DoRroi —Koi Mofroi =35 KoidoiMoroi ) =0 (F.12)

(_moizKogRoi +My; DofRoi +%moidoi DogRoi _do'l\/I f +(k

i"Vio'Roi

0i Mo _%doiz)MogRoi):O (F13)

Equations (F.11) and (F.12) are identical. Equations (F.10), (F.11) and (F.13)

produce (3n x 1) homogenous equations

doi (moi koi _%doi2> _koi %koidoi 0 _koiz f
My; _%doimoi 0 koi M; _koi _%koidoi ® In Bo |: ol i| =0 (F14)
2 1 14 2 Iroi
0 —My; My; 2 m0|d0| _doi (km My; 2 dm )

where ® represents the Kronecker product and 1, is the (nxn) identity matrix and

K, 0
0 K,
D, O
B, = 0 D, (F.15)
M, O
| 0 M, |
Applying the Mobius transformation
a=Pr+a (F.16)
ry+s
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to obtain a new second order system {K,,Dy,My} having the same short

eigenvectors as the original system and eigenvalues related by (F.16). Note that

KO I‘<N
Do = (QSSTO ® In) DN
M, My |
_KN KO_
DN = (QSSTN ® In) Do
[ My Mo |

The diagonalised system matrices for the system {M,,D,.K,} are

Ko Kon

Dpo |=(Qssto ®1,)| Do

Moo Mpn

where Qgsry :QSSTO_l

) $2 0 o
=——12rs S+qr) 2
Qssty @—m)| (ps-+ar) pzq
r rp p

Substituting equation (F.17) into equation (F.14), yields

foi
(A0®In)(QSSTO®I2n)BN|: z }:0

where
d; (mgk,—-%d.?) —k, ik,d; O —k;2
oi oi Moi — 2 Yoi oi 2 "oioi 0i
Ay =| My _%doimoi 0 I(oimoi _koi _%koidoi
0 _m0i2 My; %moidoi _doi (koi my; —

Ky O
0 K,

g, _|Dn 0
0 D,

My O
L 0 My

(F.17)

(F.18)

(F.19)

(F.20)

(F.21)

(F.22)

(F.23)
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The homogenous coordinate definition for the eigenvalues for the new system

{My,Dy,Ky} can be written as

2 bl 2Jas S sy e
Ky Dy 0 -My My 0 Yeni Zrii 00
(#°myi + 7y + ki ) =0 (F.25)

and there are vectors {fay;,ggyi} such that

Weni = Frui —%gRNidNi (F.26)
Xani = —OrniMni (F.27)
Yeni = GrniKni (F.28)
Zani = Frni + 5 9rniOni (F.29)

Equation (F.24) produces a set of equations in the same form as equation (F.14)

dyi (mNikNi —%dNiz) Ky sknidni O ki ;
My _%dNimNi 0 KnyiMai Ky _%kNidNi ®1, |By {gRNI }: 0 (F.30)
RNi
0 _mNiZ My %mNidNi —dy; (kNimNi _%dNi2>

Equation (F.30) can be written as

0 (F.31)

(Ay ®1,)By rRN‘}

Orni

The subspace spanned by {f;.grsi} in equation (F.21) is the same as that spanned by

{fani-Orni ) IN equation (F.31). Then, vectors {fy;.0z,i} Can be written as a linear

combination with some unknown scalars {aﬁ N TN ,agg}such that

BH{Z H@JB} (F.32)

Substituting equation (F.32) into equation (F.21) gives
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(A ®In)(Q0®I2n)BNa[fRNi}:O (F.33)

RNi

where a:&aﬁ aﬂ@ln] and has dimensions (2nx2n). The equation (F.33) can be
(04

of gy

rewritten as

(A, ®1,)(Q, ®1,,)3By [fRN‘}o (F.34)

Orni

where & has dimensions (6nx6n)

a 0 0
3=(0 a 0 (F.35)
0 0 a
Define
X:(Ao®|n)(QSSTo®|2n)6 (F.36)
Y=(Ay®l,) (F.37)

Comparing equation (F.34) with equation (F.31) it is clear that X and Y are
equivalent. This is also to say there exists some invertible z for which
X=2zY (F.38)

Denote by Y* the right pseudo inverse of Y, Y* = pinv(Y). Then evidently

Z=XY*" (F.39)
in which z is a (3nx3n) invariable matrix. X and Z have each four components

(3nx6n) such that

Xyt +agg X (F.40)

of 99 "g9

and similarly

L=auxly +agly+ogly +agqlyg (F41)

of
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The partitions {Xﬁ,x ng,xgg} and {Zﬁ,Z ng,Zgg} can be calculated in turn

fg fg
by setting the four unknown scalars {aﬁ,afg,agf,agg} to unity one at a time in

equations (F.36) and (F.39), respectively.

Set back z into equation (F.38) which is a function of {aq,ag.ay .y} - Then, the

four unknown scalars {aq,ayq,aq.a| are calculated from equations (F.40) and

(F.38) such that
=0 (F.42)

where W has a dimension (18N x 4) and

W=|veo(X g -2 Y4) veo(Xg~ZY*) vec(Xy ~Zg Y1) veo(Xgg-ZggY?)|  (F43)
Equation (F.42) can be solved using either the singular value decomposition of W
svd(W) or null of W null(w). Substituting the values of {ay,agq.ay oy iNto

equation (F.32). This approach obtains the i"" column of the right diagonalising SPE

for the original system.

The left diagonalising transformation T, can be calculated using equation (7.15).

T

T = WLO XLO _ 0 KDO 0 Ko WRO XRO g (F44)
— YLO ZLO KDo DDO Ko Do YRO ZRO .

The above approach for a singular mass matrix can be simplified into steps:-
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. Transform the eigenvalue problem for the original system into a new system
using Mobius transformations, equation (F.16) and divide the equation by
(ar—ps).

Find the right and left diagonalising SPEs {TﬂTA} for the new system.

. Calculate the diagonalised system matrices {Mp,,Dp,,Kp,} Using equation

(F.19).

Extract the original system right and left diagonalising transformations

{E h} from the new system using the homogenous coordinates definition

as in equation (F.4).

Simplify the homogonous coordinates definition for the original system
equation (F.4) into equation (F.14).

Applying Mobius transformations gives a relationship between the original
system and the new system and vice versa. Substituting equation (F.17) into
equation (F.14) yields equation (F.21).

For the new system, the homogonous coordinates can be simplified into
equation (F.31).

The vectors {fr,i.grei} N equation (F.21) and the vectors {fayi,ggyi} iN
equation (F.31) can be written as a linear combination with some unknown

scalars {ay .oy a4} @s in equation (F.32). Substituting equation (F.32)

into equation (F.21) leads to equation (F.34).
Comparing equation (F.34) with equation (F.31), we found that X and Y are
equivalent for some invertible z. X and z have each four components as in

equations (F.40) and (F.41). These partitions can be calculated in turn by
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setting the four unknown scalars {aﬁ Qg2 A ,agg} to unity one at a time in

equations (F.36) and (F.39), respectively.
Substituting z in equation (F.41) back into equation (F.38) which is a

function of {aq,agq,aq . ag | - The four unknown scalars {ay . ay,ay | are

calculated from equations (F.38) and (F.40).
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