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Abstract

Enteropathogenic Escherichia coli (EPEC) is a virulent strain of bacteria that is a leading cause of
death in children with diarrhoea, especially in countries with underdeveloped healthcare. EPEC
attach to host intestinal epithelial cells (IECs) and secrete proteins into them that subvert the
immune response. In particular, these proteins inhibit pro-inflammatory signalling, IEC apoptosis
and phagocytosis by leukocytes. It is estimated that there are approximately 800,000 fatalities
worldwide per year due to EPEC. Therefore, finding effective treatments for EPEC infections is
crucial to the improvement of human health across the globe. In order to find effective treatments,
a detailed understanding of EPEC and its infection strategy is needed. Researchers at the Centre
for Biomolecular Sciences at the University of Nottingham have recently discovered experimentally
that EPEC internalise host pro-inflammatory cytokines, granting dynamic control of protein secre-
tion and reduced susceptibility to aminoglycosides (a class of antibiotic). However, while biological
studies have uncovered vital information on many of the mechanisms of EPEC’s infection strategy,

much is still unknown about the infection strategy.

In this thesis, we first formulate and analyse a mathematical model describing a general infection
resulting from interactions between host epithelial cells and non-specific bacteria in the human gut.
The model comprises a set of ODEs describing the dynamics between a bacterial infection and the
innate immune response. We then extend the model to account for EPEC-specific mechanisms with
analysis providing insight into the effectiveness of the various aspects of EPEC’s infection strategy,
allowing the effectiveness of an EPEC infection to be compared to that of a general infection. The
EPEC model was then adapted into an in silico multi-scale hybrid model that includes mechanisms
on the macro-, cell-, and sub-cellular scales, implemented deterministically and stochastically, with
the aim of exploring the dynamics between EPEC and the host’s immune system both spatially
and temporally. Finally, the hybrid model is extended to explore the effects of bacterial biofilms
on the success of the infection. In each of the EPEC models, we account for the effects of antibi-
otics and the recent experimental discoveries discussed above. Analysis of the models via steady
state, stability, sensitivity and bifurcation analyses and numerical simulations allows us to make
predictions on the effectiveness of antibacterial treatment strategies. Our models predict effective
treatment strategies targeting bacterial protein synthesis and replication, the immune response, the
application of antibiotic, the positioning of bacteria and the ability of bacteria to form biofilms. We

hope our predictions will inform, and reduce the time and cost of, future experimental work.



Acknowledgements

I would primarily like to thank my supervisors Reuben O’Dea and Bindi Brook for the vast amount
of help, time and patience they gave to me during my PhD. I thank the MRC, the School of Mathe-
matical Sciences and the School of Life Sciences for providing the funding for my research. I would
like to express my gratitude to Robin Delahay for his time answering my many emails brimming
with biological queries. I also express my gratitude to Dave Parkin for his speedy and quality
computational support and Theodore Kypraios and Stephen Coombes for willingly offering their
time to help and advise me on aspects of my research. I thank Martin Kurth and Jon Marsh for a

very enjoyable few years of demonstrating in HG1CLA.

I want to thank my family, especially my parents and brother, for their never-ending support and
confidence in me. I thank the footy gang for the regular and enjoyable games and Waul Pileman
for his time and energy spent organizing our games. I would like to thank my fellow PhD students
and friends for making my time as a PhD student so enjoyable, humouring me by taking part in the
Decathlon Era and putting together some memorable nights out (Welcome Drinks was passable)!
Last, and certainly not least, I give a big thank you to my beautiful Sarah for her unwavering love,

loyalty, support, understanding and entertainment.



“Well Seymour, I made it...”

Gary Chalmers

Destroy. Il B acteria.

When You Sneeze




Contents

1 Introduction

2 Literature review

2.1 OVErviewW . . . oo e
2.2 The innate immune reSPoONSe . . . . . v v v v v e e e e e e e e e e e e e
2.2.1 Biology background of the innate immune response . . . . . . ... ... ...
2.2.2 Mathematical models of the innate immune response . . . . . . ... ... ..
2.3 Bacteria protein synthesis . . . . . ... Lo L
2.3.1 Biological background of bacteria protein synthesis . . . . . . .. ... .. ..
2.3.2 Mathematical models of bacterial protein synthesis . . . . . . ... ... ...
2.4 Enteropathogenic Escherichia Coli . . . . . ... .. ... ... ... . ......
2.4.1 Biology of an EPEC infection . . . . . . ... .. ... 0oL
2.5 Antibiotics . . . . .. e
2.5.1 Mechanism of antibiotics . . . . . . . . ... ...
2.5.2  Mathematical models of antibiotic application . . . . . . .. .. ... ... ..
2.6 Biofilms . . . . . . .
2.6.1 Biology of biofilms . . . . . ... ...
2.6.2 Mathematical models of biofilms . . . . ... .. ... ... ... ... ...
2.7 The Gillespie algorithm . . . . . . . ... .
2.7.1 OVerview . . . . . .. e
2.7.2 Thealgorithm . . . . ... ...
2.8 Mathematical models of chemotaxis . . . . .. ... ... ... ... ...
2.9 Volume exclusion . . . . . . . ..
2.10 SUMINATY . . ¢ o v v e e e e e e e

3 A mathematical model of bacteria-immunity interaction

3.1
3.2
3.3

3.4

OVerview . . . . . o e
Model formulation . . . . . . ...
Steady state and stability analyses . . . . . . .. ... L o oL
3.3.1 Steady state analysis . . . . . . .. .. L
3.3.2  Stability analysis . . . . . ... Lo
3.3.3 Steady state analysis summary . . . . . . ... ... .. L.

Sensitivity and bifurcation analyses with numerical simulation. . . . . . .. ... ..

11
11
11
11
13
15
15
16
19
19
21
21
23
25
25
27
28
28
29
29
32
34



CONTENTS 5

3.4.1 Steady state sensitivity analysis . . . . . . . . . ... ... ... 44
3.4.2 Bifurcation analysis . . . . . . ... L 47
3.4.3 Numerical simulations . . . . . .. ... ... .o 50

3.5 SUMINATY . o v v v v e et e e et e e e e e e e 53
4 A mathematical model of an EPEC infection 56
4.1 OVErVIEW . . o . e e e e e e 56
4.2 Basic model formulation . . . . . ... Lo 57
4.3 Basic model: steady state and stability analyses . . . . . . ... .. ... ... 65
4.3.1 Steady state analysis . . . . . .. ... L L o 65
4.3.2 Stability analysis . . . . . ... L 68
4.3.3 Steady state analysis summary . . . . . .. ... oL 71

4.4 Basic model: sensitivity, bifurcation and numerical simulation analyses . . . . . . . . 72
4.4.1 OVerview . . . . . . e e e e e 72

4.4.2 Steady state sensitivity analysis . . . . . . . .. ... 73
4.4.3 Bifurcation analysis . . . . . . ... L 7
4.4.4 Numerical simulations . . . . . .. ... ... o 82
4.4.5 EPEC basic model summary . . . . . ... .. ... o 88

4.5 A subcellular gene network (GRN) for bacterial protein synthesis . . . . . . ... .. 89
4.5.1 Introduction . . . . . .. . .. 89
4.5.2 Formulation of the GRN . . . . . . ... .. ... o 90
4.5.3 Constant antibiotic concentration . . . . . . . . ... ... .. L. 91
4.5.4 Varying antibiotic concentration . . . . . . .. ... ..o Lo 94

4.6 The coupled EPEC model . . . . . . ... .. 100
4.6.1 Introduction . . . . . . . . . .. e 100
4.6.2 Formulating themodel . . . . . . . .. ... oo 100
4.6.3 Steady state and stability analysis . . . .. .. ... .. 0oL 101
4.6.4 Numerical simulations . . . . . .. ... ... 0o 103
4.6.5 Coupled model summary . . . . . ... ... L L 109

4.7 SUMIMATY . . . o o v o e e e e e e e e e e 110
5 A hybrid model of an EPEC-specific infection 113
5.1 Imtroduction . . . . . . . . ... 113
5.2 Model formulation . . . . .. ..o L 114
B5.2.1  OVErVIEW . . . o o e e e e e e e e e e e e 114
5.2.2 Macro-scale model equations . . . . .. ..o Lo 115
5.2.3 Cell-scale dynamics . . . . . . . . ... L e 121
5.2.4  Sub-cellular scale dynamics . . . . . .. ... L oo 122

5.3 Numerical implementation . . . . . . . . . ... oL 125
5.3.1 Macro-scale . . . . . . . e e 125

5.4 Cell level mechanisms . . . . . . . . ... 134
B5.AT  OVErvVIEW . . . o o o e e e e e e e e e e e e 134
5.4.2 Movement of bacteria . . . . . . .. .. 134

5.4.3 Movement of leukocytes . . . . . . . ... 135



CONTENTS 6
5.4.4 Phagocytosis . . . . . . . 137

5.4.5 Volume exclusion . . . . . . .. ... L L L 138

5.4.6 Recruitment and death of leukocytes . . . . . . ... ... 0oL 141

5.4.7 Production of pro-inflammatory mediators by leukocytes . . . . . . . ... .. 142

5.5 Sub-cellular scale processes . . . . . . .. L L o 142
5.6 Summary . .. ... Lo 145

6 Results of the hybrid model 147
6.1 Overview . . . . . . . e e e 147

6.2 Numerical experiments and parameters. . . . . . . . . . ... ... 147
6.3 Results in the absence of antibiotic . . . . . . . ... .. ... ... .. ... ... 148
6.4 Results in the presence of antibiotic . . . . . .. .. ... ... 0. 167
6.5 DiScussion . . . . . . ... e e 175

7 A PDE model for chemotactic leukocyte recruitment 178
7.1 OVErvIew . . . . o o i e 178

7.2 Model formulation . . . . . . . . . . . e e e 178
7.3 Model analysis . . . . . . . e e 180
7.3.1 Numerical simulations . . . . . ... .. .. L L 180

7.3.2 Stability analysis . . . . . ... L 181

7.4 Discussion . . . . . . . .. e e e e 183

8 The formation of bacterial biofilms and their effects on the infection 185
8.1 Overview . . . . . . . e e e 185
8.2 Model development . . . . . . . .. L 185
8.2.1 Biofilms and their effects . . . . . .. ..o o000 185

8.2.2  Pro-inflammatory mediator production . . . . . ... ... 0oL 187

8.3 Model implementation . . . . . . . .. Lo L 188
8.4 Results. . . . . . e 191
8.0 DiScussion . . . . . ... e e 192

9 Conclusions and further work 195
9.1 Preamble . . . . . . . 195

9.2 Models and results . . . . . .. L e e e 195
9.3 Treatment strategies . . . . . . . . .. L L 198
9.4 Further work . . . . . . . L 200

A Appendix 203
A.1 Showing that equation (3.10) only has one root withp >0: . . ... ... ... ... 203
A.2 EPEC ODE model — Jacobian elements . . . . . . . . . ... ... ... ....... 205
A.3 EPEC ODE model — reducing the Jacobian matrix at the disease free state . . . . . 206
A.4 A toy model of pro-inflammatory mediator production by leukocytes . . . . . . . .. 209
A4.1 Introduction . . . . . . L. 209

A.4.2 Model formulation . . . . . . . .. ... 210

A4.3 Summary . ...l 216



CONTENTS 7

A5
A6

AT
A8
A9

Hybrid model - showing numerical convergence for a decreasing time-step . . . . . . 217

Hybrid model - deriving expression for an approximation to the second derivative for

a non-uniform mesh . . . .. .. Lo 217
Hybrid model - deriving the probability of phagocytosis . . . . . . ... .. ... .. 219
Hybrid model default parameter sets . . . . . . . . . . . ... ... ... ... ..., 222
Biofilm model baseline parameter values . . . . . . .. ... ... 0oL 227

A.10 Stability analysis of (7.2) . . . . .. L 227



Chapter 1

Introduction

Enteropathogenic Escherichia coli (EPEC) is a leading cause of death in children in countries with
underdeveloped healthcare and it is estimated to contribute to approximately 800,000 fatalities
worldwide per year. It is therefore important that effective treatments for EPEC infections are
found, but for this to be achieved, a detailed understanding of EPEC and its infection strategy
must be developed. Numerous experimental studies have uncovered vital information on many of
the mechanisms of EPEC’s infection strategy, in particular the binding to host cells and the actions
of secreted immuno-suppressing proteins, termed effector proteins. However, much is still unknown
about the infection strategy; the times and rates at which the immuno-suppressing proteins are
secreted are not known and the interactions between EPEC and antibiotics in the presence of the
host immune system are poorly understood. This thesis focuses on the formulation and analysis of
mathematical models describing the dynamics between a human host and the initial stages of an
EPEC infection, intending to address the gaps of knowledge on the infection strategy, and thereby

providing insight into potential treatment strategies.

Chapter 2 presents a review of the relevant biological and mathematical literature. First, we provide
an overview of the innate (naturally present and not due to prior sensitization) immune response, in
which we describe the inflammatory response, the leukocyte response and host cell death. We also
discuss the defining features and infection strategy of EPEC and review the mechanisms of action,
benefits and drawbacks of various classes of antibiotic. Sub-cellular protein synthesis is key to the
survivability of cells and a particular class of antibiotic, known as aminoglycosides, disrupts bacterial
protein synthesis when internalized and creates a positive feedback loop for further internalization
by increasing bacterial membrane permeability. As we consider the effects of aminoglycosides on
EPEC infections in detail in this work, we include a thorough description of bacterial protein syn-
thesis. In [1], Mahdavi et al. showed that the pathogen Neisseria meningitidis can modulate gene
expression via uptake of a type of pro-inflammatory mediator, leading to increased virulence. More
recently, Easton et al. at the Centre for Biomolecular Sciences, University of Nottingham, have
recently discovered that when internalized by EPEC, certain pro-inflammatory mediators reduce
the sensitivity of EPEC to aminoglycosides (unpublished). A key aim of this thesis is to understand
how such internalization of pro-inflammatory mediators influences EPEC population dynamics. We

then discuss the mechanisms of bacterial biofilm formation and its consequences on the dynamics
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and efficacy of the infection. We also present the mathematical models and methods from the

literature that we used to inform our models.

In Chapter 3, we develop an ODE model for a general infection. This model includes the dynamics
of the pathogen, the inflammatory response and the leukocyte response. Via steady state, stability,
parameter sensitivity and bifurcation analyses, and numerical simulations, we identify treatment
strategies that our models predict to be most effective. However, the general infection model lacks
the EPEC-specific dynamics and in Chapter 4, we address this by developing two ODE models.
The first model uses the general infection model as a foundation, includes host cell death and
EPEC-specific immuno-suppressing effector proteins and is analyzed using the same methods that
were used for the general infection model. The second model is a multi-scale model that includes a
sub-cellular gene regulatory network (GRN) for bacteria protein synthesis, aminoglycosides and the
novel findings from our experimental collaborators (Robin Delahay et al.). Via steady state analy-
sis, numerical simulations and parameter sensitivity analysis of both models, we identify treatment
strategies that are predicted to be most effective. We also compare the findings from the EPEC
models to those from the general infection model, demonstrating the differences that the EPEC-

specific mechanisms make to the success of the infection.

The ODE models developed in Chapters 3 and 4 describe population-level behaviour, necessar-
ily neglecting both spatial variation and the stochastic effects associated with cell population
growth/death and small cell populations. In Chapter 5, we address this by coupling a volume-
excluding agent-based representation of EPEC, leukocyte and effector protein behaviour, with a
continuum description of the inflammatory and antibiotic responses. In particular, this hybrid
model includes: (1) a stochastic sub-cellular gene regulatory network for bacterial protein synthesis
and replication; (2) reaction-diffusion PDEs for the production, degradation and transport of in-
flammatory mediators and antibiotic and (3) leukocyte recruitment to the infection site in response
to inflammatory status via a chemotactically-biased random walk. This model allows for a detailed
exploration into relevant treatment strategies. We then compare the stochastic hybrid model and
the deterministic multi-scale ODE model, highlighting the strengths and drawbacks of both mod-
els. In Chapter 6, we present results obtained through simulation of the hybrid model, focusing
on the infection size and the immune response strength over time and the percentage of infections
that are eradicated. We explore the relationship between the spatial profile and the success of the
infection and consider the course of the infection both in the absence and presence of antibiotic.
Via numerical simulations and parameter sensitivity and phase plane analyses, we identify treat-
ment strategies that are predicted to be most effective. For example we find that frequent, but
weaker doses of an aminoglycoside treatment are more likely to lead to eradication than one strong
dose. We compare the obtained results to those from the multi-scale ODE model and highlight the
similarities and differences. In particular, the two models disagree on the effectiveness of targeting

the effector proteins that inhibit phagocytosis.

In Chapter 7, we present a spatio-temporal PDE model for the recruitment of leukocytes, giving
a detailed exploration of the immune response to an infection. In particular, we consider the pro-

duction of pro-inflammatory mediators by leukocytes and the chemotactic attraction of leukocytes
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up gradients in pro-inflammatory mediator concentration. We analyse the model numerically via
simulations, bifurcation analysis and solving the boundary value problem (BVP) for the steady
state profiles. We find for certain parameter regimes that the concentrations of pro-inflammatory
mediators and leukocytes diverge to infinity, suggesting model instability. We explored the stability

of the model analytically, but we were unable to explain the observed instability.

Bacteria are able to form biofilms; slimy encapsulating matrices that afford protection against many
anti-bacterial treatments. None of the models we have developed so far have addressed the effects
of biofilms, therefore in Chapter 8, the hybrid model is adapted to account for the mechanisms and
consequences of biofilm formation. We present results demonstrating that biofilm infections are
much more difficult to eradicate. We therefore predict that treatments that target biofilm forma-

tion are effective strategies.

Finally, in Chapter 9 we discuss the research undertaken in this project, summarizing the models
developed and the treatment strategies found by each model to be effective. We compare the find-
ings of the different models and discuss the reasons for the differences. We also outline a number

of possible extensions to this work.



Chapter 2

Literature review

2.1 Overview

In this chapter, we present a detailed review of the biological and mathematical literature rele-
vant to the infection strategy of Enteropathogenic Escherichia coli (EPEC) and the eradication of
within-host EPEC infections. Motivated by the absence of current mathematical literature specific
to EPEC infections, we use experimental studies of EPEC from the current literature as a basis to
develop novel mathematical models that govern the dynamics of an EPEC-specific infection. We
consider the stimulation and effects of the innate immune response, bacterial protein synthesis and
replication, the infection strategy of EPEC, the effects of various classes of antibiotics and the for-
mation and effects of bacterial biofilms. For each topic, we present a literature review of the relevant
biological mechanisms and the mathematical models developed by other authors that govern the
dynamics of the mechanisms. Finally, we give descriptions of the mathematical methods that are
used in the multi-scale hybrid model (see Chapters 5 and 6); specifically, a stochastically simulated
algorithm (Gillespie algorithm), models for chemotaxis and volume exclusion. There are numerous
other mathematical methods that are relevant to the modelling of infection dynamics, including
graphs and Boolean networks; however, details have been omitted for brevity. For detailed reviews
on the application of graphs and Boolean networks to biological problems, we refer the reader to

[2, 3] and [4, 5] respectively.

2.2 The innate immune response

2.2.1 Biology background of the innate immune response

The innate immune system is the host’s first defence mechanism against invading pathogens, such
as bateria and viruses and comprises the cells and mechanisms that defend the host from infection,
but without conferring long-lasting or protective immunity to the host [6]. One of the first defense
mechanisms of the host is inflammation, the body’s immunovascular response to an infection. In-
flammatory mediators are released by a variety of host cells when stimulated by the presence of a
pathogen or injurious stimuli and serve to activate and attract leukocytes to the site of infection

[7]. Two of the main types of inflammatory mediators are cytokines and histamines. Cytokines are
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cell signalling molecules that aid the immune response by (1) affecting the behavior of other in-
flammatory mediators, for example by stimulating up- or down-regulation, and (2) stimulating the
production of leukocytes and attracting them towards sites of inflammation, infection and trauma
[7, 8, 9]. Cytokines act by binding to receptors on the target cell’s surface, initiating a chain of
events that ultimately leads to the upregulation and/or downregulation of various genes and their
transcription factors, resulting in the production of other cytokines, an increase in the number
of surface receptors for other molecules or the suppression of their own effect by feedback inhibi-
tion [10, 11]. Individual cytokines can be categorised as pro- or anti-inflammatory, although many
cytokines exhibit both pro-inflammatory and anti-inflammatory actions [12]. Proinflammatory cy-
tokines are produced during cell injury and infection predominantly by activated macrophages and
by other nonimmune cells, such as fibroblasts and endothelial cells [8]. The nuclear factor kKB (NF-
kB) pathway is a signalling pathway that is heavily involved in the expression of pro-inflammatory
genes including those for the production of cytokines, chemokines, and adhesion molecules [13]. The
pathway is triggered by microbial products and proinflammatory cytokines such as tumour necrosis
factor alpha (TNF-«) and interleukin 1 (IL-1) and ultimately leads to altered gene transcription in
favour of inflammation [11]. During an infection, the concentration of pro-inflammatory mediators
increases [14]. Anti-inflammatory cytokines reduce inflammation by suppressing the production
of pro-inflammatory cytokines [15], common cytokines that exhibit anti-inflammatory effects in-
cluding transforming growth factor beta (TGF-£) and interleukin 10 (IL-10). Histamines cause
blood vessels to dilate and become more permeable, allowing leukocytes to attach to chemotactant
proteins on the endothelial cells of the locally dilated blood vessel and then squeeze through the
endothelial cell walls. Once out of the blood vessel, they travel up chemokine (a type of cytokine)
gradients via chemotaxis to the site of the pathogen or damage [7, 16]. Leukocytes are made in
the bone marrow, are found throughout the body, particularly in the blood and lymphatic system,
and engulf pathogens and digest them in a process termed phagocytosis [17]. Figure 2.1 shows the

dynamics of a general infection schematically.

One of the intrinsic immune defense mechanisms of multi-cellular organisms is to sacrifice infected
cells for the benefit of the remaining cells [18]. Cell death occurs when a cell is no longer able to
carry out its function(s), two of the most common variations being apoptosis and necrosis. Cells
undergoing apoptosis display chemical markers, such as phosphatidylserine, and secrete chemotactic
factors that stimulate the attraction of leukocytes [19, 20], prompt phagocytosis allowing the safe
disposal of the cells’ waste products [21]. Apoptosis enables pathogens to be eliminated early in the
infection without emitting alarm signals to further amplify the innate immune response [18, 22].
Necrosis describes nonapoptotic accidental cell death and is associated with unwarranted cell loss
in human pathologies [23, 24]. Apoptotic cells shrink and are engulfed completely by phagocytes,
whereas necrotic cells swell and are only partly taken up by phagocytes, leading to local inflam-
mation through the unintentional release of pro-inflammatory mediators [24]. In the absence of

phagocytosis, apoptotic bodies may lose their integrity and proceed to die via necrosis [23].
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Figure 2.1: The dynamics of a general infection (taken from [7] — Figure 2-5 in book). When stim-
ulated by the presence of a pathogen, host cells release inflammatory mediators. These mediators
aid in the attraction of leukocytes to the site of infection, and in the translocation across the blood
vessel layer. Once the leukocytes reach the site of infection, they can phagocytose the bacteria.

2.2.2 Mathematical models of the innate immune response

Baker [11] developed an activator-inhibitor model for inflammatory mediator interactions, focusing
on pro-inflammatory (p) and anti-inflammatory (a) cytokines. The model accommodates back-
ground and stimulated production of pro-inflammatory cytokines, inhibited production by anti-

inflammatory cytokines and cytokine degradation. The model takes the form:

2
2

da 4, (gfp) — d,a.

Hill functions have been used for the activation/inhibition terms to give switch-like behaviour in
the stimulated production of pro- and anti-inflammatory cytokines. This model allows for many
different types of dynamics, including bistability, hysteresis and long term steady and oscillatory
behaviour. One observation from this model is that in some of the cases where bistability is admit-
ted, increasing the concentration of pro-inflammatory cytokines leads to the eradication of chronic
inflammation, since the phase plane trajectories are pushed out of the basin of attraction for the
diseased (chronic inflammation) state. This is interesting as it implies that chronic inflammation
can be abolished by further inflaming the environment. This model is used as a foundation for the

interactions between inflammatory mediators in our models.

Jarrett et al. [25] model the dynamics between inflammation and bacteria, with the aim of re-
flecting particular experiments on mice infected with Staphylococcus aureus that led to clinically
relevant vaccine strategies for multi-resistant S. aureus, the vaccines using target proteins specific

to S. aureus as antigens. The model considered four components: pro- (P) and anti-inflammatory
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(A) responses, inflammation/damage (I) and the bacterial infection (B). In this model, the pro-
inflammatory response depends on bacterial presence and causes the level of inflammation/damage
to increase, while the anti-inflammatory response suppresses the pro-inflammatory response and
repairs/removes damage. The variable B describes the strength of the infection rather than the
population size and it is assumed that damage benefits the infection, inhibits the anti-inflammatory
response and stimulates the pro-inflammatory response. This model considers the dynamics be-
tween bacteria and the immune system while keeping inflammation and inflammatory signalling
distinct and is able to accurately predict the outcome of a wide range of specific experiments and
vaccinations. A sensitivity analysis highlights the immune system components that are good targets
for immunotherapies. The abstraction of splitting up inflammatory responses and damage is used
in our work in the modelling of host cell death and its effects on the pro-inflammatory response. A

schematic of this model is given in Figure 2.2.

inflammatory

Response

Figure 2.2: Schematic of the pathogen-immune response model presented by Jarrett et al. [25].

Rubin et al. [26] describe the interactions between bacteria and the immune response using two vari-
ables; the pathogen and activated phagocytes. Resting phagocytes are activated by the pathogen
and activated phagocytes, the dependence of activation on pro-inflammatory mediator concentra-
tion modelled implicitly. The activation process is assumed to be rapid, leading to the number of
resting phagocytes being in a quasi-steady state, allowing model simplification. Furthermore, in
the presence of a pathogen, a rapid influx of tissue macrophages and other non-specific defenses
occurs, the constituents of which are consumed by the pathogen upon encounter, thus destroying
them. Anti-inflammatory mediators were then included in the model as a parameter, these me-
diators inhibiting the activation of phagocytes and the ability of activated phagocytes to attack
pathogens. This model yields distinct parameter regions that lead to health, aseptic death!, sep-
tic death and oscillatory behaviour and exhibits multi-stability under certain parameter regimes.

Treatment interventions that are implemented by altering parameters or variables can be explored

1 Aseptic death corresponds to where the pathogen has been eliminated but with high and persistent immune
activation and damage.
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by considering whether or not they move trajectories from the basin of an unhealthy state to that of
the healthy state. Rubin et al. further developed this model into a four variable ODE model for the
innate immune response, by considering the dynamics between pathogens, activated neutrophils,
damage done to the host, and anti-inflammatory mediators, the concentration of the latter now
considered as a variable. The model predicts that anti-inflammation is significant in the return to
health, and the avoidance of aseptic death, by allowing a larger initial infection size to be dealt
with by the immune response, thus allowing the body to recover over a wider range of pathogen
growth rates. Furthermore, the outcome of the infection depends significantly on the timings of
interventions. The model could be made more biologically realistic by including a more detailed
biological characterization of specific anti-inflammatory substances. The model could then be used
to explore the therapeutic use of these substances by considering the length and intensity of inter-
vention in a time-scale-dependent manner. In the analysis of our models, we explore the existence of
multi-stability, including disease-free states with persistent immune activation, and how the timings

of external treatments affect treatment efficacy.

The models explored in this section indicate that the dynamics between the immune response and
a pathogenic challenge can be modelled in a variety of ways and that many different behaviours,
including bistability and oscillatory behaviour, can be supported. In clinical practice, many species
of bacteria are shown to have a minimum infective dose [27], demonstrating the feasibility of bi-
stability. Additionally, infections can recur, potentially repeatedly, if host defences are insufficiently
strong or the strain is sufficiently virulent [28, 29], leading to oscillatory behaviour. There is a
plethora of other mathematical models for the immune response in the literature; however, the
models explored here are exemplary of the mathematical techniques that can be used to model the

immune response.

2.3 Bacteria protein synthesis

2.3.1 Biological background of bacteria protein synthesis

Messenger RNA (mRNA) are RNA molecules that convey genetic information from DNA to ribo-
somes. Proteins are synthesized by individual bacteria via the transcription of DNA into mRNA
and the translation of the resulting mRNA by ribosomes. In DNA transcription, RNA polymerase
(RNAD), together with one or more transcription factors, binds to the promoter region of one of the
DNA strands. The RNAp creates a transcription bubble, which separates the two strands of the
DNA helix forming an RNA-DNA helix, by breaking the hydrogen bonds between complementary
DNA nucleotides. The RNAp then moves along the DNA strand, adding complementary RNA
nucleotides to the mRNA strand being created, resulting in a strand that is a complementary copy
of the DNA strand. Hydrogen bonds of the RNA-DNA helix break, freeing the newly synthesized
mRNA strand, alowing the DNA to reform a helix [30, 31]. The mRNA strand is then translated
by ribosomes; the mRNA is decoded to produce a specific amino acid chain (polypeptide) that later
folds into an active protein. Each triplet of nucelotides (a codon) corresponds to either a specific
amino acid, or a start/stop signal. Some codons code for the same amino acid; for example, the
amino acid serine is encoded by 6 different codons. Transfer RNA (tRNA) are molecules that carry

the amino acids to be used for the polypeptide to ribosomes. Each tRNA molecule carries one spe-
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cific amino acid and certain types of tRNA are able to carry more than one specific type of amino
acid. Ribosomes facilitate decoding by inducing the binding of complementary tRNA anticodon
sequences to mRNA codons (see Figure 2.3). The amino acid is then added to the peptidyl site of
the ribosome and the ribosome then moves (translocates) to the next mRNA codon to continue the
process, creating an amino acid chain. The ribosome releases the polypeptide once a stop codon
is read [31, 32]. Ribosomes also have mechanisms for proof-reading the peptide chain before and

after amino acids are added [33, 34], vastly improving the efficiency of protein synthesis.

Q Growing peptide chain
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Figure 2.3: Caricature of the mechanism of action of ribosomes. Image taken from Chemistry Notes
Info (https://chemistrynotesinfo.blogspot.com/2016/10/peptide-synthesis.html).

2.3.2 Mathematical models of bacterial protein synthesis

De Jong and Geiselmann [35] present a simple gene regulatory network (GRN) model for two genes,
in which each gene encodes a regulatory protein that inhibits the expression of the other gene. This
model provides a simplistic representation of GRN-controlled protein synthesis and the model is

given by the following ODEs:

n
eb

Tg = Ta o7 +ap - daxaa

Ty = Tb% — dpTs,
where z, and x; are the concentrations of proteins a and b respectively. The negative feedback
of protein expression is represented by a decreasing Hill function of the other protein with half
maximal expression 6,6, and Hill coefficient n, m for proteins a, b respectively. When m,n — oo,
the model displays switch behaviour, with z, production ‘on’ when x; < 0, and x; production ‘on’
when z, < 6, (and vice versa). The system has either (1) two stable steady states, one in which z,
dominates and one in which z;, dominates, separated by an unstable state or (2) one (stable) steady
state in which one of x, or z; dominates depending on parameter values. The regulatory nature
of the model prevents unbounded growth of either type of protein. In the case of linear protein
expression, then there are no stable steady states — all trajectories except those along the stable

manifold of the saddle point blow up. However, the analysis of otherwise intractable local dynamics
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Figure 2.4: Example phase planes of a GRN presented by De Jong et al. using Hill function growth
terms (left) and Heaviside growth terms (right) [35]. The latter model is piecewise linear and ‘se’
and ‘ue’ denote stable and unstable equilibrum points respectively. Both plots are taken from [35].

can be made tractable by approximating complicated functions with linearised equivalents. Heav-
iside functions can also be used instead of Hill functions, making the model piecewise linear and
bounded. Figure 2.4 shows example phase planes for this gene regulatory network model with Hill
functions and Heaviside functions. This work demonstrates the suitability of various functions in
the modelling of GRNs and we use the ODE structure of the presented GRN as a foundation in
the development of the GRNs in our models.

Gorban et al. [36] present models describing the dynamics of protein transcription, translation and
degradation. They initially model the dynamics using four variables: mRNA with their translation
initiation site not occupied and occupied by a ribosome (M, F' respectively), the number of ribo-
somes actively synthesizing proteins (R), and the number of proteins (P). A schematic of this basic
model is given in Figure 2.5. mRNA are produced at a constant rate and bind with free ribosomes,
which translate the mRNA into proteins. The distinction between occupied mRNA strands, unoc-
cupied mRNA strands and active ribosomes allows the binding of multiple ribosomes to a single
mRNA strand to be included in the model. Furthermore, the linearity of the model allows exact
solutions to be found algebraically. They then build upon this model by defining mRNA as either
new-born or mature and splitting ribosomes into functional subunits, emphasising that the models
they have developed can accommodate specific mechanisms and phenomena, making them useful
foundation models. However, the models presented are not necessarily proven valid (or invalid)
by experimental data. Instead, the authors suggest a hierarchy of models of increasing complexity
and emphasize that each model might be useful in particular contexts. An extensive comparison of
the model results to relevant experimental data would provide useful information regarding their
validity. Our GRN models for bacterial protein synthesis and replication are based on their basic

model.

Finally, a more general model for mRNA-protein gene networks is presented by Edwards et al. [37]

and takes the form:
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Figure 2.5: Schematic of a protein synthesis model presented by Gorban et al. [36].

i; = Fi(Z) - Bz,
yi = Ri%i — OGYq, izla"'ana
where z; and y; are the concentrations of the mRNA and the protein product of gene i respectively.

Z is a vector of functions governing the production of mRNA by each protein. The ith element of

Z given by:
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mRNA production by each protein is controlled by an increasing Hill function in the concentration
of the respective protein. F;(Z) governs the global production of z;, where F; is a function with
respect to each Z;. The model is bounded since all components of Z are bounded. The authors
demonstrate the ability of this general model to accommodate a variety of features appropriate to
describe specific GRN dynamics, such as when protein translation is rapid compared to mRNA
transcription and vice versa, highlighting the effectiveness of the model as a foundation model.

Rapid translation can be modelled by:

T; = Fl(z)iﬂll‘“ i:]-v"'vna

i = (KT — ),

where 0 < € < 1. We use this ODE model for the synthesis of several distinct types of proteins in a
GRN in the development of our GRN models; however, for simplicity we consider a single timescale

for all mechanisms.

Many species of bacteria form spores to increase resilience and survivability in prolonged harsh
conditions, such as nutrient deficiency and extreme temperatures. Jabbari et al. [38] developed
an ODE model of the sporulation-initiation GRN in a Bacillus subtilis cell, accounting for the
protein PhrA; a quorum-sensing signal that leads to sporulation activation. Population size, DNA
damage, competence? and nutrient availability are the chosen signals that can induce sporulation.
The model correctly reproduces nearly all predicted bacterial phenotypes, the predictions based on

combinations of the above signals that the authors believe are, or are not, desirable for sporula-

2Competence is the ability of a cell to alter its genetics by taking up DNA from adjacent cells or its environment,
allowing the cell to adapt genetically to the environment.
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tion. They show that PhrA also acts as a timing device, delaying sporulation until conditions are
appropriate. The model is detailed and provides a base on which additional signals, such as pH
and temperature, can be added to further investigate the conditions that lead to sporulation in B.
subtilis. Furthermore, the model can be adapted to fit the sporulation-initiation GRNs of other

bacteria, such as Clostridium difficile.

2.4 Enteropathogenic Escherichia Coli

2.4.1 Biology of an EPEC infection

EPEC are a species of bacteria that target the host’s intestinal epithelial cells (IECs). They are
described as attaching and effacing bacteria as they bind to IECs and efface their microvilli-covered
surface using bundle-forming pili and other adhesins [39, 40, 41]. Via a type III secretion sys-
tem (T3SS), EPEC secrete a variety of effector proteins into their host IEC, the majority of these
proteins contributing to the subversion of the immune response [42]. The core T3SS apparatus is
needle shaped and forms a translocon (channel) and a pore in the IEC’s membrane [43], allowing

the injection of effector proteins into the IEC.

The first protein to be injected is translocated intimin receptor (Tir), intimin being a bacterial
membrane protein. Tir anchors itself to the host cell’s cytoskeleton via a-actinin [44, 45]. Bacteria
are defined as being intimately attached to an IEC when the T3SS can efficiently inject effector
proteins into the IEC and the binding of Tir and intimin results in an intimate attachment to the
IEC [46, 47]. Tir is then phosphorylated, leading to the local surface of the IEC being pushed up
into a pedestal, upon which the bacterium sits more stably [45, 47]. This process also allows the
bacterium to withstand the buffeting of the stream of digested materials that flows through the
intestinal tract [44]. Figure 2.6 shows a schematic of the attachment of EPEC to host IECs.

Once the bacterium and IEC are intimately attached, the bacterium can efficiently inject other
effector proteins that perform a wide range of functions to enable the bacteria to evade the immune

response [49]. Key functions include the inhibition of:

e host inflammatory signalling pathways, such as the NF-xB pathway,
e apoptosis of host TECs,
e phagocytosis of the bacteria.

The inhibition of inflammatory signalling leads to fewer leukocytes being attracted to the site of
infection, thereby allowing the infection more time to grow before detection. Inhibition of IEC
apoptosis is beneficial to EPEC for two reasons. Firstly, it allows adherence to IECs that would
otherwise undergo apoptosis due to bacteria-induced damage, allowing bacteria more time to in-
ject further effector proteins into IECs [50]. Secondly, host cell apoptosis stimulates the attraction
of leukocytes and phagocytosis via the display of chemo-attractive markers, therefore preventing
apoptosis reduces the efficacy of the leukocyte response in infection eradication. Conversely, the
effector protein EspF induces host cell apoptosis [51, 39] and is seemingly antagonistic to the infec-

tion strategy. However, it has been shown that EPEC’s effector proteins are injected sequentially.



CHAPTER 2. LITERATURE REVIEW 20

P Ed

Figure 2.6: Schematic showing the attachment of EPEC to host IECs (taken from [48]). (1) An
EPEC cell loosely binds to an IEC. (2) Using bundle forming pili (BFP) and other adhesins,
the EPEC cell effaces the microvilli-covered surface of the IEC. Tir is secreted into the IEC and
anchors itself to its cytoskeleton via a-actinin. The binding of Tir to intimin (on the surface of
the bacterium) enables the EPEC cell to bind more securely to the IEC. (3) Tir is phosphorylated,
leading to the local surface of the IEC being pushed up into a pedestal, upon which EPEC cell sits
more stably. (4) Once the EPEC cell is firmly attached, it begins to replicate, forming a colony.

For example the effector protein EspZ, which inhibits apoptosis [49], has been shown to be injected
before EspF [52] allowing EspZ to act first and prevent IEC death. It was proposed by Roxas et al.
[51] that early EspZ delivery delays EspF-induced host cell death until after the bacterial colony is
established, providing ample time for growth. This is advantageous to EPEC, since the alternative
necrotic death (due to host cell damage caused by bacteria) would trigger a more dramatic inflam-
matory response [49]. The inhibition of phagocytosis results in a weaker challenge on the infection,

increasing the ability of EPEC to survive the leukocyte response.

There is an ecological community of symbiotic bacteria that reside in the human gut, known col-
lectively as the gut microbiota. The microbiota and host aid each other in numerous ways; for
example, the microbiota can digest polysaccharides (such as starch from plants) that are not di-
gestible by the host and use them for growth [53]. The microbiota then releases products during
fermentation that the host can use, an example being butyrate, which is a metabolite that con-
tributes to the prevention of colorectal cancer and the maintenance of gut health [53, 54]. The gut
bacteria compete against pathogenic bacteria for resources and space and can secrete molecules that
inhibit pathogens or detoxify compounds that harm the host [55]. However, normally commensal
or symbiotic bacteria (including E. coli) can acquire genes for virulence via genetic mutation or
from other bacteria via horizontal gene transfer, resulting in them becoming pathogenic to the host
[56, 57].

Mahdavi et al. [1] show that the pathogen Neisseria meningitidis can modulate gene expression via

uptake of host pro-inflammatory cytokines, leading to increased virulence. It has recently been dis-
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covered by Easton et al. at the Centre for Biomolecular Sciences (CBS), University of Nottingham,
that EPEC also internalize host cytokines; in particular, the two dominantly pro-inflammatory
mediators TNF-a and IFN-v (unpublished). The mechanism for this is not currently known, but
it is thought that the bacteria bind the cytokines to their DNA, leading to altered gene expres-
sion in a way that is beneficial to the bacteria, given the current inflammatory conditions of the
host. We hypothesize that internalized pro-inflammatory mediators alter the secretion rate of each
type of effector protein. As an example, if EPEC detects that the background concentration of
pro-inflammatory mediators is low (due to the low rates of internalization), then it produces more
effector proteins that act to maintain the inhibition of inflammatory signalling pathways, allowing

the infection more time for growth before detection by the immune response.

2.5 Antibiotics

2.5.1 Mechanism of antibiotics

Antibiotics are substances that are used to treat bacterial infections. There are many different
classes of antibiotic, each with their own mechanism(s) of action. For example, penicillins and
cephalosporins target the bacterial cell wall, quinolones and sulfonamides target nucleic acid syn-
thesis, and macrolides and tetracyclines target protein synthesis [58, 59]. Antibiotics can be either
bacteriostatic (prevent replication of bacteria) or bactericidal (kill bacteria) [60]. Antibiotics have
been shown to have detrimental effects on the gut microbiotia by unintentionally killing commensal
bacteria, the induced disequilibrium facilitating intestinal colonization by virulent pathogens such
as Clostridium difficile [61, 62].

In clinical practice, duration of therapy, dosage, and route of administration depend on site, type
and severity of infection and response. Common methods of administration include oral delivery
(tablets), topical delivery (creams and ointments), intravenous delivery and injections, the latter
usually reserved for more serious infections [63]. Many antibiotics are administered as a course
of treatments. For example, a 500 mg dose every 6 hours of the antibiotic phenoxymethylpeni-
cillin is recommended by the National Institute for Health and Care Excellence (NICE) for the
treatment of several infections, including tonsillitis, otitis media and cellulitis [64]. Some antibiotic
treatments are delivered in a single concentrated dose. For example a single 1g dose of the antibi-
otic azithromycin is recommended by NICE for the treatment of chlamydia and gonorrhoea [65].
Many types of antibiotics, including vancomycin, ceftriaxone, and cefazolin, are delivered intra-
venously to treat a wide variety of infections, including skin, soft tissue, bone and joint infections.
Treatments can be delivered in a clinical setting, but are often self-administered (via outpatient
parenteral antimicrobial therapy) [66, 67, 68]. Self-administration offers considerable financial sav-
ings, although facilities may be needed to provide initial doses, vascular access, patient training on

self-administration, pharmacy services, and medical supervision [67].

The biological half-life of a substance is the time it takes for half of the substance to be removed (via
biological processes). Figure 2.7 gives the half-lives of several types of antibiotic. The minimum
inhibitory concentration (MIC) of a drug is the lowest concentration at which the growth of bacteria

is prevented. In order for an antibiotic therapy to be effective, the MIC of the antibiotic must be
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maintained over the course of the treatment [69], therefore antibiotics with short half-lives must

be administered more frequently. In contrast, azithromycin has a half-life of 68 hours, allowing the

administration of a single dose to be effective for treating chalmydia [70].

Aminoglycosides are a type of bactericidal antibiotic

that inhibit ribosome function, and therefore pro-
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Figure 2.7: The half-lives of several
types of antibiotics (taken from [67]).

Many strains of bacteria have developed resistance mechanisms to aminoglycoside action, two of the
main mechanisms being (1) decreased uptake or accumulation of the drug (such as via efflux pumps)
and (2) enzymes that modify the antibiotic to inactivate it (such as acetyltransferases) [73, 79, 80].
Plasmid exchange between bacteria facilitates the acquisition of a drug-resistance phenotype [73];
however, experimental research suggests that harbouring resistance genes comes at a fitness cost
[81, 82]. Maximizing the benefits achieved with aminoglycosides, and other antibiotic classes that
promote resistance, involves a trade-off between curing infections and avoiding the spread of re-

sistance. The evolution of resistance can be slowed down by only using aminoglycosides to treat
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severe infections [83].

Figure 2.8 shows time courses of the population of an EPEC cell culture as the concentrations of
aminoglycoside and TNF-« are varied. This experimental data was obtained by Easton et al. at
CBS, University of Nottingham (unpublished). By comparing the blue graphs across all panels
of Figure 2.8, we see that in the presence of aminoglycoside but not TNF-«, the infection size is
reduced. By comparing the black and orange graphs across all panels, we see that for high concen-
trations of TNF-q, the reduction in infection size due to aminoglycosides is smaller. This suggests a
TNF-a-induced reduction in the susceptibility of EPEC to aminoglycosides. While the internaliza-
tion of pro-inflammatory cytokines is thought to reduce the sensitivity of EPEC to aminoglycosides,
the mechanism for this is currently unknown. We hypothesize that cytokines are able to deactivate

aminoglycosides by binding to them.
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Figure 2.8: Time courses of the population of an EPEC cell culture (x10? cells per ml culture) as
the concentrations of aminoglycoside (titles) and the pro-inflammatory cytokine TNF-a (legends)
are varied. Time is measured in hours. Experimental data obtained by Easton et al. at CBS,
University of Nottingham (unpublished).

2.5.2 Mathematical models of antibiotic application

D’Agata et al. [84] present two models to investigate the impact of different antibiotic regimens on

the emergence of antimicrobial-resistant bacteria. First, they present a base model for the dynamics
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between an infection, the immune response and an antibiotic treatment using only one variable: the
population of bacteria. It is assumed that the activated phagocyte population has already reached
equilibrium and that the phagocyte response has a bounded maximum effect on the infection. The
death rate of bacteria due to antibiotic is assumed to be linear in the number of bacteria, with
the antibiotic concentration remaining constant for the duration of treatment. They then develop
this model by separating bacteria into those that are sensitive and those that are resistant to the
antibiotic. Resistant bacteria confer their resistance to sensitive bacteria via their plasmids through
horizontal gene transfer, but resistant bacteria can revert back to being sensitive due to plasmid
instability or lack of antibiotic pressure — it is assumed that in the absence of antibiotic pressure,
the plasmids carrying antimicrobial resistance genes are lost to minimize fitness costs that result
in slower replication. Antibiotics kill bacteria at a rate that is linear in the number of bacteria;
however, the rate is much slower for resistant bacteria. These models were used to show that the
timing of an antibiotic treatment has a significant effect on the outcome of the treatment; earlier
treatments are more successful at eradicating infections than later treatments of the same dura-
tion. They also show that the interruption of a treatment can have detrimental effects, potentially
leading to treatment failure, particularly if the interruption is early in the course of the treatment.
These observations indicate the presence of a basin of attraction for the diseased state which can
be entered for a sufficiently large dose of bacteria and exited for a sufficiently long treatment. The
authors then develop this model into one involving multi-drug resistant bacteria and multiple an-
tibiotics, allowing the efficacy of combination treatments on complicated infections to be explored.
The model could be made more biologically realistic by considering the immune response, and
therefore a dynamic population of phagocytes. Doing this may shed light on synergies between
the immune response and antibiotic treatments in the eradication of both susceptible and resistant
bacteria. We use the ODE structure for bacteria-antibiotic dynamics presented in this paper as a

basis in the development of our antibiotic-dependent models.

Ternent et al. [85] present a model that considers the effectiveness of combining antibiotics with
anti-virulence drugs, Figure 2.9 shows a schematic of the model. Two bacterial sub-populations are
considered: antibiotic-resistant and -susceptible. Resistant bacteria are able to confer their resis-
tance to susceptible bacteria via conjugation (the transfer of genetic material between bacterial cells
by direct cell-to-cell contact). The effect of the antibiotic on susceptible bacteria is much stronger
than that on resistant bacteria. However, resistant bacteria grow at a slower rate due to the fit-
ness costs of maintaining antibiotic resistance. The immune response affects both sub-populations
equally and the anti-virulence drug is modelled as boosting the effectiveness of the immune response.
Several drug dosing styles were considered, including no treatment, a single dose, periodic doses
and a constant concentration, for treatments consisting of either antibiotic, anti-virulence drug or
both together. The model shows that using antibiotic alone promotes the spread of resistance and
using anti-virulence drugs alone is not strong enough to completely clear the infection. The authors
found that the anti-virulence drug has a significant impact on the resistant sub-population due
to their reduced replication rate. A subsequent antibiotic treatment will then clear the remaining
susceptible bacteria and therefore eradicate the infection. They conclude that combining an anti-
virulence drug with a subsequent antibiotic is not only a more effective treatment strategy, but

may also help prevent the evolution of resistance to antibiotics. The varied treatment dosing styles
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investigated in this paper provides a comprehensive methodology for exploring the effectiveness of

external antimicrobial therapies.
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Figure 2.9: Schematic of the model presented by Ternent et al. [85]. Bacteria are split into
susceptible and resistant strains. Antibiotics strongly affect susceptible strains and weakly affect
resistant strains. The immune response has an equal effect on both types of strain. The anti-
virulence drug is modelled as bolstering the immune response. Resistant bacteria can convey their
resistance to susceptible bacteria via conjugation, but can lose it (at a much slower rate) in reversion.

Gjini et al. [86] present a model to study the interplay between pathogen-dependent host immune
responses and antibiotic treatment on antibiotic-sensitive and resistant bacteria. They compare
various treatment regimes, investigating how infection outcomes such as clearance time and the
selection of resistant bacteria vary between regimes. They show that there is a critical strength for
the immune response, above which clearance is feasible. They also show that the interaction between
antibiotics and the immune response can be antagonistic when antibiotic-mediated pathogen killing
decreases the intensity of the immune response; but under appropriate timing, dosage and duration,
the interaction becomes synergistic, with both the antibiotic and host immunity acting in concert.

This synergy also helps reduce the selection for resistance.

2.6 Biofilms

2.6.1 Biology of biofilms

Many species of bacteria can aggregate into a consortium that is embedded in an extra-cellular
matrix (ECM). This ECM constitutes mainly polysaccharides, DNA and proteins, and anchors the
bacteria to each other and often to an external surface [87, 83, 89]. Examples of surfaces to which

biofilms attach include the teeth (plaque), industrial water systems and, of particular interest to
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this research, the gut [87, 89, 90].

Biofilms are difficult for phagocytes to penetrate, making clearance of infections by the immune re-
sponse much more difficult [87, 89]. Attempted clearance by the immune response often leads to frus-
trated phagocytosis — phagocytes are unable to fully ingest bacteria, leading to pro-inflammatory
mediators and digestive enzymes spilling into the background, resulting in damage to the host and
increased inflammation [7, 91, 92]. The ECM of biofilms also reduces the susceptibility of encased
bacteria to antimicrobial agents, making biofilm infections much more difficult to cure [93, 94]. The
phenotypic switch from a planktonic (free-swimming) lifestyle to a sessile existence in a biofilm
is a highly regulated developmental process that depends on numerous environmental and genetic
factors including nutrient availability and presence of antimicirobial agents [94]. It has been shown
that subinhibitory concentrations of aminoglycosides can trigger biofilm formation in P. aeruginosa
and Escherichia coli [95]. The physical protection and the retardation of reaction-diffussion and
advection processes within biofilms leads to the reduced penetration, transport and internalization
of molecules, including antimicrobials and host pro-inflammatory cytokines, by the bacteria within
biofilms [93, 96].

Certain species of bacteria employ a type of organised cell-cell communication known as quorum
sensing; a process that involves the production, detection, and response to extra-cellular signalling
molecules called autoinducers (Als) [97]. The accumulation of Als enables individual bacteria to
sense when the minimal number (quorum) of bacteria has been achieved for a concerted response

to be initiated, one such concerted response being biofilm formation [97, 98, 99].

A small proportion of bacteria within biofilms enter a state of dormancy and metabolic inactivity
[100, 101]. These cells, referred to as persister cells, have been found to have increased tolerance to
antimicrobials without evidence of genetic change, implying that the increased tolerance is pheno-
typic [102]. Tt was also shown in [102] that persister cells are non-growing since they had delays in
regrowth in rich medium. In many cases these cells, in addition to those with genetic resistance,
contribute to the failure of antibiotic treatments to eradicate infections [100, 101, 102]. Persister
cells have also been linked to an increase in the risk of the emergence of antibiotic resistance during
treatment [103].

While antibiotic treatment alone is often insufficient to eradicate biofilm infections, there are many
existing strategies for combating biofilm infections that when applied alongside an antibiotic treat-
ment, often result in an improved outcome [104]. Tt has been shown that foreign bodies signifi-
cantly down-regulate phagocytosis and the bactericidal effects of leukocytes, and provide a surface
on which biofilms may form [88, 104]. Therefore if foreign bodies, such as small pieces of rock, are
detected, their removal is an important prerequisite treatment step for the successful eradication of
biofilm infections. The removal and replacement of indwelling devices, such as catheters and joint
prostheses, reduces the risk of infection complications [104, 105, 106]. Antibiotic treatments can
be made more effective by ensuring treatment is early and aggressive [99, 107], or combined with
anti-virulence treatments such as quorum sensing inhibition, biofilm dispersal and increasing the

susceptibility of bacteria to innate immune clearance [104, 108, 109, 110].
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2.6.2 Mathematical models of biofilms

Biofilms have been modelled using a wide variety of approaches [111] and here, we review a selection

of them to provide a background into this area of research.

Biofilms can be modelled using continuum approaches. Wanner and Gujer [112] develop an analyti-
cal PDE model for a multi-species biofilm, using a continuum approach and observing conservation
principles. They focus on changes in biofilm thickness and the spatial distribution of microbial
species and substrates in the biofilm. Rittman and McCarty [113] develop a model for steady state
biofilm kinetics, coupling the flux of substrate (nutrient) into a biofilm to the mass of the biofilm.
Based on kinetic and energetic constraints, this model predicts that, for a single substrate, there
exists a substrate concentration below which a steady state biofilm cannot exist. Many model-
simplifying assumptions were made in order to yield a workable model that can be experimentally
evaluated; however, experimental verification of the reasonableness of the assumptions was not
given. Providing this would allow more faith to be put into the model as a representative of biofilm
kinetics. Eberl et al. [114] present a spatio-temporal continuum model for the development of
spatially heterogeneous biofilm structures, describing the relationship between nutrient availability
and biofilm growth. The model is able to reliably and accurately predict experimentally observed
biofilm structures. If the model was to be extended to include multiple species of bacteria and
nutrients, the formation and reformation of biofilms as a consequence of an antibiotic therapy could
be investigated. Duddu et al. [115] present a two-dimensional continuum model for biofilm growth,
the model considering fluid flow around the biofilm surface. The advection-diffusion and reaction
of substrate, the variable biofilm size and biofilm erosion are assumed to be due to the interfacial
shear stress at the biofilm-fluid interface. The model shows that detachment criteria which are
based on the shape of the biofilm structure only, without taking local flow effects into account, are
not appropriate and that biofilm cohesion strengths are also observed to be lesser near the surface

and an erosion loss is therefore possible without the tearing of the biofilm.

A multi-phase system consists of substances with different chemical properties but the same phase,
for example a liquid-liquid system consisting of oil droplets in water. Anguige et al. [116] de-
veloped a multi-phase PDE model of a maturing Pseudomonas aeruginosa biofilm, allowing for
quorum sensing-controlled biofilm generation. They also account for reduced nutrient availability
deep inside the biofilm, due to limited oxygen availability. Simulations of the model agree qualita-
tively with many experimental observations. Model results demonstrate the importance of quorum
sensing for robust P. aeruginosa biofilm development; anti-quorum sensing therapies are shown to
reduce biofilm thickness and thereby increase susceptibility to dispersal with conventional antibi-
otics, and the immune system. Furthermore, the model predicts that all bacteria can be eradicated
by a sufficiently strong topically applied antibiotic. The model is not validated by experimental data
due to its unavailability; however, if data on the kinetics of anti-quorum sensing drugs in biofilms
becomes available, this model forms the basis of a mathematical investigation into the optimisation

of anti-quorum sensing strategies.
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An alternative approach to modelling biofilms is to employ discrete agent-based models. This
approach allows numbers of cells to be tracked, rather than concentrations and densities, and en-
ables individual cells to exhibit behaviours based on their local environment. Ben-Jacob et al. [117]
present an agent-based model for the movement and aggregation of bacteria in response to gradients
in nutrient concentration, and the co-operative communication between bacteria via chemotactic
feedback, particularly in adverse growth conditions. In this model, random walkers represent ag-
gregates of bacteria, rather than individual cells. They show that their predictions are in agreement
with experimental results for Bacillus subtilis and emphasize that complex biological behaviour can
be elucidated by relatively simple generic modelling in conjunction with comparison to experimen-
tal observations. Kreft et al. [118] present an agent-based model in which individual bacteria are
modelled as agents, with the goal of relating the properties of cells to those of macroscopic systems
such as biofilms. A colony is defined as synchronised when all cells replicate at the same time.
While this model accounts for synchronous colony growth, it does not account for the chemotaxis
of, or communication between, bacteria (unlike [117]). The growth of a single Escherichia coli cell
into a colony was studied by considering substrate uptake and cell metabolism, maintenance, divi-
sion and death. They found that (1) variations in the maximal rate of substrate uptake completely
desynchronise the colony, (2) spatial heterogeneity desynchronises population growth by subdivid-
ing the population into parts synchronously growing at different rates and (3) variations in the
critical volume at which cell division occurs have negligible effect on synchrony. Kreft et al. further
developed this model into a two-dimensional multi-species model of biofilms in [119]. The authors
find that, due to the high heterogeneity of substrate concentrations in the biofilm, stochasticity in
initial attachment events modifies biofilm shape, the growth of single cells into clones and therefore
the growth of the less abundant species. The heterogeneity of substrate concentrations also results
in random variations in the growth parameters of individual bacteria having negligible effect on the
long-term growth of the bacteria. The authors emphasize the importance of spreading and stochas-

ticity, in addition to reaction-diffusion, in the emergence of complexity in biofilm communities.

We combine continuum approaches with agent-based methods in the modelling of bacterial biofilms
in our work; the density of a biofilm is modelled as continuous in space and is informed by the
discrete positions of the contained bacteria. We then consider the density-dependent protection

that a biofilm affords the contained bacteria against phagocytosis and antimicrobial substances.

2.7 The Gillespie algorithm

2.7.1 Overview

While deterministic models are useful for considering the mean behaviour of a system, and the re-
lationships between the variables and rates of the system, stochastic modelling additionally allows
for the dynamics of individual agents to be considered, potentially having significant implications
on the long-term behaviour of the system. Here, we present a high-level summary of the Gillespie
algorithm; an algorithm used to simulate chemical and biochemical systems stochastically [120].
We refer the reader to [121] for an in-depth introduction to the theory and practice of the algo-
rithm. This algorithm is used in this thesis to control bacterial protein synthesis and replication

stochastically and individually, giving biologically realistic variations in the numbers of bacteria and
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bacterial proteins for a given parameter regime; a feature that is not possible with deterministic

well-mixed models.

2.7.2 The algorithm

For chemical reactions of the form:

A+B 1 ¢, (2.1)

one molecule of A and one molecule of B react with rate constant r to form one molecule of C.
The probability that (2.1) takes place in the infinitesimally small time interval [¢,¢ 4 dt) is equal
to A(t)B(t)rdt. Defining the propensity function of (2.1) as a(t) = A(t)B(t)r, the probability that
(2.1) occurs in the time interval [t,¢ + dt) can be written as «(t)dt. In general, the propensity
function can be defined for any chemical reaction so that its product with dt gives the probability

that the given reaction occurs in the time interval [¢,t + dt). If (2.1) occurs, we apply:

At +dt) = At) - 1, B(t+dt) = B(t) — 1, O(t+dt) = C(t) + 1.

In Algorithm 1, we demonstrate how the Gillespie algorithm is used to simulate the following:

A+4A Ly A+B 25 D, (2.2)

We remark that while the Gillespie algorithm generates statistically correct solutions, it can be
computationally expensive, and therefore slow, for large cell numbers. Approximations to the al-
gorithm that are more efficient have been designed, for example by implementing a variable time

step (tau-leaping) or time-dependent reaction rates [122, 123].

The Gillespie algorithm is widely used in the practical simulation of biochemical systems. Clote
and Bayegan [124] employed the algorithm to approximate the folding kinetics of large RNA se-
quences. Taherkhani and Ranjbar [125] used the algorithm to simulate the oxidation of ethanol
by horse liver enzymes. In modelling anaerobic digestion, Palanichamy and Palani [126] use the
algorithm to predict the concentrations of glucose, acids and methane at different time intervals.
Finally, von Wegner and Fink [127] simulate the local dynamics of the intracellular calcium concen-

tration in the vicinity of a specific type of calcium channel using Gillespie’s algorithm with diffusion.

2.8 Mathematical models of chemotaxis

Chemotaxis is the movement of cells in response to a chemical stimulus. The general spatio-temporal

continuum model for chemotaxis has the form:
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Algorithm 1 Algorithm for the Gillespie algorithm

1. Generate two random numbers R;, Ry uniformly distributed in (0, 1).

2. Compute the propensity function of each reaction by a3 = A(t)(A(t) — 1)r1 and
ag = A(t)B(t)ry. Compute a* = ag + as.

3. Compute the time at which the next chemical reaction takes place as t + 7 where:

1 1
= —In—. 2.
T o an (2.3)

4. Compute the number of molecules at time ¢t + 7 by

_ A(t) — 2, ifO< Ry < (Oél/Oé*),
Alt+7) = {A(t) 1, if (m/a*) < Rs <1, (24)

. B(t), ifO§R2<(Oé1/Oé*),
Blt+m) = {B(t) —1, if (a1/a*) < Ry < 1, (2:5)

. C(t)+1, if0§R2<(a1/a*)7
Cle+m) = {C(t), if (a1 /a*) < Ry < 1, (2:6)

. D(t), ifOSRQ < (041/04*),
blt+m) = {D(t) +1, if (ay/a*) < Ry < 1, 27)

5. Repeat algorithm at time ¢ + 7.

% =V- (ub(s)Vb> -V <X(s)bV5) + f(b,s), (2.8a)
% =V- (us(s)Vs> + g(b, s), (2.8b)

where b and s are the concentrations of the chemoattracted cells and the chemoattractant respec-
tively, up(s) and ps(s) are the diffusion parameters for the cells and the chemoattractant respec-
tively, x(s) is the chemotactic parameter and f(b, s) and g(b, s) are general reaction terms. There
are many models in the literature, both continuous and agent-based, that employ the chemotactic
attraction of cells. An extensive review of such models is provided by Tindall et al. [128]. We
now present a selection of models from the literature, some of which are special cases of (2.8), as a
background into the mathematical modelling of chemotaxis. In this thesis, we implement (2.8) and

assume that up, pus and x are constants for simplicity.

Keller and Segel [129] employ (2.8) with constant diffusivities to investigate the chemotactic move-
ment of slime moulds in response to chemical signals that stimulate aggregation (acrasins). Keller
and Segel [130] then developed a phenomenological theory to explain experimentally observed trav-
elling bands of chemotactic bacteria. In this paper, Keller and Segel model the chemotaxis of

bacteria by assuming x(s) = (s — s7)~!, where § is a constant and sy is the attractant con-
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centration at which chemotaxis is activated. Equation (2.8) with this form of x is known as the
generalised Keller-Segel model. With this form of y, the experimentally observed travelling bands
of chemotactic bacteria were reproduced, the model providing an adequate description of E. coli mi-
gration in response to the amino acid serine [131]. However, although there is qualitative agreement
between their theory and existing experimental data, the theory was based on many chemotactic
assumptions, due to the lack of additional relevant experimental data; assumptions that cannot be

considered justified by such agreement.

Tindall et al. [128] highlight that many subsequent continuum models, particularly early models of
bacterial populations, use the Keller-Segel model as a foundation. For example, in [132], Lapidus
and Schiller studied the bacterial response to various steady-state attractant gradients. They altered

the chemotactic coefficient, giving it the form:

xKq

x(s) = m,

where K is the receptor-ligand binding dissociation constant. This alteration allowed them to
determine values for x and K4 and obtain model results that are in agreement with experimental
results regarding the populations of motile bacteria, in particular Salmonella typhimurium, in fixed

attractant gradients.

Hillen and Painter [133] discuss and compare ten versions of (2.8), each with a unique set of the
functional forms for diffusion, chemotaxis and production, demonstrating the wide array of specific
chemotaxis dynamics that can be modelled mathematically. A minimal model is presented, given
by:

ob

_— = D —

9 V(DVb — xbVs),
gi - 2S+b78’

in which solutions exist globally only when the initial mass of b lies below a critical threshold. If
the initial mass is above this threshold, solutions blow up in finite time, demonstrating the need
for model modifications if global stability is required. The authors then explore adapted models in
which solutions exist globally, the movement of b being dependent on mechanistic factors such as

density and signal-receptor binding.

Byrne and Owen [134] present a new interpretation of the Keller-Segel model based on multiphase
modelling. They describe how a population of cells moves through a fluid containing a diffusible
chemical to which the cells are attracted, with the cells and fluid viewed as distinct components of
a two-phase mixture. The authors specialise their model to describe the movement of slime mould
cells and how the functional form of the chemical potential that drives cell locomotion influences the
ability of the system to generate spatial patterns. They showed that for certain choices of the chem-

ical potential, spatial patterning can only occur if the initial cell density lies within a well-defined
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range; a finding that agrees with experimental results. Domain growth and cell proliferation have
not been considered in the model, and the authors acknowledge that considering these mechanisms

may yield variations in spatial patterning, such as new peaks in cell population.

McLennan et al. [135] present a model for the collective migration of neural crest cells in response to
chemotactic regulatory signals. Cells undergo directed movement if they sense a sufficiently strong
chemotactic gradient for a sufficient period of time and switch state to adopt leader behaviour. If
leader cells sense an absence of chemotactic gradient for a sufficient period of time, then they switch
back to adopting follower behaviour. A follower cell that is sufficiently close to a leader cell moves
in the same direction as the leader cell, allowing the collective migration of cells in response to a

chemotactic gradient.

In our agent-based models, leukocytes are modelled as cells with a defined area and surface. To
model their chemotaxis, we develop a modified version of (2.8) in which Vs is approximated across
the surfaces of the leukocytes. Furthermore, the model for chemotaxis developed by McLennan et al.
[135] is incorporated in our agent-based models to give pro-inflammatory mediator concentration-

dependent activation of leukocyte chemotaxis.

2.9 Volume exclusion

Many individual cell-based models employ volume exclusion algorithms to ensure that cells do not
overlap, making the models more physiologically realistic and forcing the expansion of aggregates
that are growing. We provide here a selection of the methods used to implement volume exclusion
as a background into this area of research and, where applicable, discuss how the methods inspire

volume exclusion in this thesis.

The Lennard-Jones (L-J) potential, given by (2.9), is a simple mathematical model that approx-
imates the interaction between a pair of molecules or cells [136, 137] (see Figure 2.10). The cells
attract each other due to Van der Waals forces, the attraction growing stronger as the cells move
closer until some critical distance is reached. Within this distance, the cells repel each other as a
result of overlapping electron orbitals. The L-J potential is singular, thus ensuring that the cells
cannot occupy mutual volume. Despite the functional form of the repulsive term in (2.9) having
no theoretical justification, the L-J potential provides a relatively good approximation to inter-

molecular dynamics, particularly for noble gas atoms [138, 139].

It is argued that r—!2 is a poor representation of the repulsion due to overlapping electron orbitals,
and that the exponential form exp(—r/c) is more accurate; the exponential form is more faithful
to the exponential decay of atomic wavefunctions at large distances, and hence to the overlap that
is responsible for repulsion [140]. The potential with this exponential term fitted is known as the
Buckingham potential (given by (2.10)) [140, 141]. Because the exponential term converges to a
constant as the distance between the cells tends to zero while the r—% term diverges, the Bucking-
ham potential becomes attractive at very short distances, which may be problematic when dealing

with a structure with very short interatomic distances. Figure 2.10 shows the L-J potential and
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Figure 2.10: The L-J potential and the Buckingham potential plotted on the same axes for com-
parison (taken from [142]).

the Buckingham potential plotted on the same axes for comparison. We base the volume exclusion
of bacteria in this thesis on the shapes of the L-J and Buckingham potentials; however, we use a
modified version in which the potential is always defined and the range of attraction is finite for

computational simplicity.

o= (2)- (7)) &
oo (-5)-(5)]) o

Despite being less accurate, the L-J potential is still used extensively in computer simulations due
to its computational simplicity. L-J potentials are used in [143] to implement volume exclusion in
crowded biological environments, in [144] to describe the interactions between a pair of colloidal
particles in a thermal bath of depletants, in [145] in an in silico investigation of depletion effects on
the structure of and interactions between polymers and in [142] to simulate the molecular dynamics

of water in contact with an iron pyrite surface.

An alternative and simple method to enforce volume exclusion is employed by McLennan et al.
[135]. In this paper, the volume exclusion of collectively migrating neural crest cells in response to
chemotactic regulatory signals is implemented by (1) aborting the attempted movement of a cell
that would lead to overlap with another cell or a domain boundary and (2) insisting that there is
free space before a new particle can be inserted into the domain. Michalski and Loew [146] model
the bonds between particles as stiff springs, the net force on a particle due to its bonds with other

particles given by:
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F=> ki(ri — o),
i=1
i2i

where the sum runs over all bonds, k; is a spring constant, ¥; is the unit vector pointing from the
particle to the neighbour with which it shares a bond, r; is the distance between the particles and
70,; is the equilibrium bond distance. In our work, we chose to use the L-J/Buckingham potential
approach rather than the stiff springs method, due to the potentials being simpler to implement

and sufficiently accurate.

2.10 Summary

Motivated by the need to study the infection strategy of EPEC in more detail, we have presented
in this chapter a review of the biological and mathematical literature and the recent experimental
findings relevant to an EPEC-specific infection. The mathematical literature provides tested and
approved models and modelling approaches that we use as foundations in the development of our
specific models. Incorporating the biological literature in our models ensures they are physiologi-

cally realistic.

There is, to our current knowledge, no mathematical models specific to EPEC infections in the
literature. Freter et al [147] mathematically model the role of adhesion in colonization of the
large intestine by FE. coli; however, they do not consider the EPEC pathotype specifically or the
interaction between FE. coli and the immune response. We therefore develop novel mathematical
models describing an EPEC-specific infection, based on the mathematical and biological literature
and the recent experimental findings discussed in this chapter. We account for the mechanisms of
the innate immune response, bacterial protein synthesis and replication, effector protein secretion

and action, antibiotic administration and action and host pro-inflammatory cytokine manipulation.



Chapter 3

A mathematical model of

bacteria-immunity interaction

3.1 Overview

In this chapter we develop and analyse a model aimed at understanding the relationship between
a general pathogenic challenge and the resulting immune response from the host. We also con-
sider treatment methods that can lead to the eradication of the infection. The model consists of a
system of ODEs (ordinary differential equations) that governs the temporal dynamics of a general
pathogenic challenge and the immune response at the cell level. We first formulate the model, ac-
counting for the biological mechanisms described in the literature (see Chapter 2). We investigate
this model both analytically and numerically, in order to make physiological statements and pre-
dictions regarding the feasibility and efficacy of various possible anti-bacterial treatment strategies

and then summarize our findings.

3.2 Model formulation

The formulation of this model for a general bacterial infection is based on the literature discussed
in Chapter 2 and on current experimental work being undertaken at the Centre for Biomolecular
Sciences at the University of Nottingham. The aim of this model is to identify clinical treatment

strategies that will be effective at eradicating or ameliorating infections.

For this model, we focus on 4 variables; the density of bacteria (B), the concentration of pro-
inflammatory mediators (P), the concentration of anti-inflammatory mediators (A) and the density
of leukocytes (L). Bacteria grow exponentially, with growth slowing down as space and resources
run out. There is low level background production of pro-inflammatory mediators along with more
prominent stimulated production when the host senses the presence of invaders such as bacteria.
Host cells, including leukocytes, are stimulated by the presence of these bacteria to produce pro-
inflammatory mediators and this inflammatory response triggers a leukocyte response which aims to

eradicate the bacteria via phagocytosis. Anti-inflammatory mediators, whose production is stimu-
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lated in the presence of pro-inflammatory mediators, reduce the production rate of pro-inflammatory
mediators therefore preventing the environment from becoming too inflamed. We assume that all
populations degrade at independent, constant rates. Finally, as the model is population-level, we
can construct an ODE representation of the dynamics. Figure 3.1 shows a schematic diagram of
the model.

Figure 3.1: A schematic diagram of the model for a general bacterial infection. Green and red
arrows indicate up-regulation and down-regulation respectively.

The density of bacteria evolves according to:

dB B

— = —— — PgBL — DgB 3.1
dt B.TB—l—B B B ( )

where the three terms represent growth, phagocytosis and degradation respectively. We model the
growth of bacteria using an increasing Hill function with rate parameter Rp and half-maximal
parameter zg. A Hill coefficient of 1 is chosen to ensure that in the absence of any competition,
the bacterial population reaches a non-trivial steady state. Hill coefficients greater than 1 yield a
stable trivial steady state, and non-integer values are not considered for simplicity. Phagocytosis
occurs at a rate that is proportional to the number of encounters between bacteria and leukocytes,
therefore the phagocytosis term is proportional to both B and L and has rate coefficient Pg. Dp

represents the rate of (linear) bacterial death.

The concentration of pro-inflammatory mediators and anti-inflammatory mediators evolve accord-

ing to:
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dP x4
dA P?
a ~ Pl )~ Dad, (3.3)

where the dynamics of the inflammatory mediators have been based on the activator /inhibitor model
developed in [11]. ® denotes the constant low level background production rate of pro-inflammatory
mediators and Cg denotes the rate parameter for the stimulated inflammatory response. The pro-
duction of pro-inflammatory mediators by host cells that are not leukocytes is proportional to
B, while the production by leukocytes is proportional to both B and L. The rate parameter for
the stimulated production by leukocytes is defined as CgV, where V is a measure of the relative
strength of the production by leukocytes to that by non-phagocytic cells. This way, Cp acts as a
parameter that governs the general strength of stimulated pro-inflammatory mediator production
by the host immune response. The production of A is stimulated in the presence of P, the rate
of which we model using an increasing Hill function in P with rate parameter R,4, half-maximal
parameter xp and Hill coefficient 2, so that A production displays switch-like behaviour around
P = xp. All P production terms are then multiplied by an inhibition term involving A. This term
is chosen to be a decreasing Hill function with half-maximal parameter x4 and Hill coefficient 2,
so that the inhibitory action of A displays switch-like behaviour around A = z4. Dp and Dy

represent the rates of (linear) pro- and anti-inflammatory mediator degradation respectively.

The density of leukocytes evolves according to:

dL
— =RiP-DrL. (3.4)

The first term represents the recruitment of leukocytes by the inflammatory response, the rate
of recruitment proportional to P, with rate parameter R;. The second term represents natural
(linear) death, with rate Drp,.

The system (3.1)—(3.4) governs the dynamics between a bacterial infection and the immune response.
Non-dimensionalising via the scalings B = xgb, P = xpp, A = xaa, L = g—gl and t = DLB, we

obtain the following non-dimensional system of ODEs:

db b

— = —Ib-» .

ar ~ "1+ ! (3.58)
P _gp e o] (—) —d (3.5b)
dr b 1+ a2 PP '

da p?

E = Tail n p2 — daG;7 (35C)
di =Tp— dll7 (3.5d)

dr
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where the dimensionless parameters in (3.5) are given by:

Rp # o zpCp VDp d Dp

ry = = cH = v = = —
b DB.Z'B7 DB.C(,‘P7 b ,CCPDB’ PB ’ P DB,
Ry Dy RpxzpPp Dy

Taq = ) da = , 1= P} ’ dl = .

.TADB DB DB DB

Table 3.1 gives a physiological interpretation of these parameters. In the following sections, we
provide an exploration of (3.5) by considering biologically realistic steady states, bifurcation anal-
ysis, a parameter sensitivity study and numerical simulations. Together, these analyses will aid in

illuminating whether or not particular clinical treatments will be effective.

T The growth rate of bacteria.

10) The strength of background production of pro-inflammatory mediators.
Cp The strength of stimulated production of pro-inflammatory mediators.
v The ratio of strength of production of pro-inflammatory mediators by

leukocytes to that by non-phagocytic host cells.

dp The natural degradation rate of pro-inflammatory mediators, relative to
the bacterial death rate.

Ta The production rate of anti-inflammatory mediators.

dg The natural degradation rate of anti-inflammatory mediators, relative to
the bacterial death rate.

7] The recruitment rate of leukocytes to the site of infection.

d; The natural death rate of leukocytes, relative to the bacterial death rate.

Table 3.1: Descriptions of the physical interpretation of each parameter for system (3.5).

3.3 Steady state and stability analyses

We now wish to explore the dynamics of system (3.5). We begin by calculating, where possible, the
values of the model variables at any physically plausible steady states. In the context of this model,
physical plausibility requires that all variables be non-negative. We determine their stability via
linear stability analysis, allowing us to explore the effectiveness of particular treatments at fully

eradicating infections.

3.3.1 Steady state analysis

The steady states of equations (3.5¢) and (3.5d) are given by:

2
_
[=-p, a=

dy

Ta P
do 14 p%
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The steady states of equation (3.5a) are given by:

027"1,

_|_
(=l

1

From (3.7), it can be shown that either:

_ _ T
o (o) 33)

In the disease-free state (b = 0), the steady states of equation (3.5b) are given by:

o N2
fl(p)=p<1+<2‘:1iﬁ2> >_Z:0’ (3.9)

and in a diseased state (b > 0):

—1)=p 2 —4
f2(p) = CZ + ;—Z <1+ 22;%) <W> —p <1+ <:l2) (1fpg)2> —0.  (3.10)

Figure 3.2 shows example plots of f1(p) and f2(p) as the parameters present in f1(p) and fo(p) are
varied in magnitude, the steady state values for p located where the graphs cross the z-axis. It can
be seen that in all cases shown, over multiple orders of magnitude, the function either increases or
decreases monotonically for any given parameter set and passes through the positive x-axis exactly
once, meaning that there are always two biologically realistic steady states; one disease-free state
and one diseased state. From the second equation of (3.8), it can be seen that r, > 1 is required
for the disease state to have a positive value, since all parameter values are positive!. In Appendix

A.1, we show algebraically that there is exactly one solution to (3.10) with p > 0.

1This is not the strictest condition attainable, but it turns out to be useful later.
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Figure 3.2: Plots of f1(p) and f2(p), given by (3.9) and (3.10) respectively, as the parameters
present in f1(p) and fo(p) are varied in magnitude. For all graphs, the steady state value for p is
located where the graph crosses the z-axis. In the plots of f3(p), blue, red and green lines represent
f2(p) when the parameter combination given in the plot title equals 0.1,1 and 10 respectively. All
other parameter combinations take a value of 1.
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Special case: ¢ K 1

It has been shown that pro-inflammatory mediators are detected at higher levels in pathogenically
challenged blood [14]. Therefore, we expect for a host with a healthy immune response that the
background production of pro-inflammatory mediators is smaller in magnitude than the stimulated
production during an infection. The simplest way to incorporate this in the model is to let the
background production rate be much smaller than the stimulated production rate — i.e. ¢ K ¢
and ¢ < v. Since we assume that all parameters are O(1) unless otherwise stated, we must take

¢ < 1. This assumption allows further analytical investigation of the model.

By considering the black and blue lines in all the plots of f1(p) (the top four panels in Figure 3.2),
we see that, when ¢ < 1, the value for p in the disease-free state is much less than 1 provided that
d, ~ 1 and (r,/d,) is sufficiently small. By incorporating the condition 0 < p < 1 for the p steady
state into (3.9), it can be shown that:

_ ¢
~— 3.11
PR (3.11)
in the disease-free state. Substituting (3.11) into (3.6) gives:
_ » dp)?
I~ 2L an LLP)T (3.12)
G’ T 0T (0/dy)

Therefore, under the biologically realistic assumption that ¢ < 1 while all other parameter values

are O(1), the two steady states are given by:

. T o 7 o) Tq (¢/dp)2 T
D -f tate (b ) ~ - — 1
isease-free state (b,p,a,!) (O, 5 ATt G/ ddy ) (3.13)
Diseased state (b, p,a,l) = (7‘;, —1,p Tii m) (3.14)
?p7 I - (Tl/dl)ﬁ"‘]_ bl p? da1+ﬁ2 I dlp 9 .

where p given by the solution to (3.10). Finally, it is emphasized that the presence of only two
biologically relevant steady states implies that there does not exist any bistability in the model. In

the next subsection, we explore the stability of steady states (3.13) and (3.14).

3.3.2 Stability analysis

The presence of only two biologically relevant steady states implies that there does not exist any
bistability in the model. We are therefore interested in finding bifurcations in stability between these
two steady states. By deriving a condition that governs when the disease-free state is stable, we

can make predictions on which model parameters to alter in order for the infection to be eradicated.

System (3.5) can be written in the form v = Jv, where the Jacobian J is given by:
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the eigenvalues of which determine the stability of the steady states. Consider first the disease-free

state. The eigenvalues are determined from:
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giving:
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where B = (d,+d,), C=dyd,+

Clearly Ay < 0 and since B,C > 0, A3 4 have negative real part. Lastly, for A; to be negative, it is
required that

ry <1+ ad; (3.15)
Therefore, the disease-free state is stable provided that condition (3.15) is met. Physiologically,
this condition states that for the infection to be eradicated, the net growth rate of the bacteria
(rp — 1) must be weaker than the basal net recruitment rate of leukocytes. It is clear that r, < 1
guarantees stability of the disease-free state — i.e. if bacteria can not reproduce fast enough, then
they will die out. The only bifurcation that can occur that ensures all variables are non-negative is

a transcritical bifurcation, occurring when:

oy
dpdl

=1+ (3.16)
from which a stable diseased steady state is created. This implies that the disease-free state and
the diseased state can not be stable at the same time and that the diseased state is stable when
condition (3.15) is not met. It is possible that limit cycles may be created further along the stable
diseased state branch. Due to the complexity of the model, the presence of these will not be explored

analytically; however, they will be considered in the numerical analysis (see section 3.4).
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To summarize:

e The disease-free state is stable provided that m, — d, < ¢r;/d;, assuming that ¢ < 1 and
b, dpv T, dl = O(]‘)

e There is at least one feasible diseased state and it is stable when r, —d, > ¢r;/d;.

3.3.3 Steady state analysis summary

From the steady state analysis carried out, it can be seen that there are two feasible steady states,
one which can be thought of as healthy (zero bacteria) and the other diseased (non-zero bacteria).
Due to the absence of bistability, these states cannot coexist stably for any given parameter set.
The disease-free state is stable provided that condition (3.15) is true with a bifurcation occurring
for parameter values such that equation (3.16) holds leading to a switch in stability so that the

diseased state is realized.

The five parameters that play a role in the stability of the disease-free state are: the growth rate
of bacteria ry, the background pro-inflammatory mediator production rate ¢, the recruitment rate
of leukocytes r;, the degradation rates of pro-inflammatory mediators d, and the death rate of
leukocytes d;. We assume that the background production of pro-inflammatory mediators is much
smaller in magnitude than any stimulated production. If a treatment could alter one or more of
these parameters sufficiently to take condition (3.15) from being false to true, then it could make
a critical difference in the eradication of an infection. Example treatments include bacteriostatic
antibiotics, which reduce the growth rate of bacteria, and a treatment that would increase the pro-
duction rate or life span of leukocytes. Treatments that boost the immune response must be careful
not to send the immune response into a state of overdrive, as this could lead to aseptic health
problems such as leukemia or arthritis. In view of their significance highlighted in this section,

these parameters will be investigated in more detail in the following sections.

3.4 Sensitivity and bifurcation analyses with numerical sim-

ulation

The complexity of the model precludes further analytic exploration, therefore we turn to numerical
methods to further our understanding of the model dynamics. First, we carried out a steady state
sensitivity analysis to identify parameters that should be explored in detail (in addition to those
identified in section 3.3). We then carried out a bifurcation analysis to look for quantitative and
qualitative changes in system behaviour when parameters are varied. The results from both of these
explorations are compared with the analytic steady state and stability results presented in section
3.3. We carried out analyses in MATLAB and XPPAUT. Numerical simulations are used to explore
the dynamics observed in the bifurcation analysis. Finally we draw biological interpretations from
the results regarding the infection, the immune response and treatment strategies. Table 3.2 gives
the baseline parameter set and the initial conditions that lead to the diseased state and all analysis
uses these values unless otherwise stated. Given the absence of relevant experimental data to inform

these values, we choose values (through trial and error) that yield qualitatively sensible solutions.
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T ¢ a | v | d | ra | da | 7 | di || b(0) | p(0) | a(0) | 1(0)

2 0.01 0.25 1 0.3 1 0.3 0.6 0.5 0.01 0 0 0

Table 3.2: The baseline parameter values and the initial conditions used for the numerical simula-
tions of system (3.5).

3.4.1 Steady state sensitivity analysis

In this subsection, we perform a steady state sensitivity analysis to identify the parameters that
the infection size in the disease state is most sensitive to. We compute the (diseased) steady state
bacterial density via equations (3.5) for the baseline parameter set (see Table 3.2), and denote it
By. We then undertake a one-at-a-time parameter sensitivity analysis and record the ratio of the
new steady state bacterial density, denoted B;, to By. The percentage changes in parameter values
we first consider are —20%, —5%, +5% and +20% and the results of this analysis are shown in
Figure 3.3. We find that the steady state bacterial density is most sensitive to r, and is second
most sensitive to r; and ¢,. Physiologically this means that altering the growth rate of the bacteria
has the biggest impact on the size of the infection in the diseased steady state, with alterations
to the production/recruitment of pro-inflammatory mediators/leukocytes respectively having the
next biggest impact. The steady state bacterial density is much more sensitive to r; than it is to
any other parameter, implying that the growth rate of the bacteria would be the most effective
target for a treatment. In view of (3.16), these results are intuitive: given (¢r;/dpd;) < 1, a much
larger change in r; is needed to give an effect of the same magnitude as an O(1) change in 7. This

sensitivity analysis reflects this (comparing the r, and r; rows of Figure 3.3).

In a similar manner, we considered a 90% decrease and a 200% increase in parameter values to
see how the diseased state bacterial density responds to drastic changes in parameter values. The
results for this are shown in Figure 3.4. We see that in both cases, the diseased state bacterial
density is still most sensitive to 7, and second most sensitive to r; and ¢,. We also see that the
diseased state bacterial density is reduced to 0 for a 90% decrease in r,. We infer that this also
happens at some lower percentage decrease in 7y, given the larger effect of decreasing r; and cp,

relative to decreasing rp,, on the bacterial density when the parameters are decreased by 90%.

We then carried out a two-parameter sensitivity analysis in which each possible distinct pair of
parameters is varied by £20%. We denote the new steady state bacterial density in this case as
Bs and we record the ratio (Bz/By). The results for this can be seen in Figure 3.5. The pairs of
parameters that give the biggest decrease in the bacterial population in the diseased state when
decreased are (rp,d;) and (rp,d,), while those that give the biggest decrease when increased are
(cp, 1) and (v,r;). Stability analysis is in agreement with this finding; decreasing 74, d,, and d; and
increasing ¢ and r; in some combination results in the condition for the stability of the disease-free
state (equation (3.15)) being further from bifurcation (see section 3.3.2). Increasing ¢, and v in
conjunction with r; leads to a reduction in pathogen size due to the compounded positive effect on
the immune response; a stronger inflammatory response and a faster recruitment rate of leukocytes

lead to a large leukocyte population. It is interesting that altering v on its own makes negligible
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difference but altering v in conjunction with r; makes a noticeable difference, showing that synergies
are present within the immune response. Together, these results suggest that a combined treatment
that simultaneously boosts the immune response and hinders the infection will be an even more

effective treatment.

Altering rp,r; and ¢, gives the largest quantitative change in the infection size in the diseased
steady state. We will therefore explore these in more detail in bifurcation analysis and numerical
simulations. The parameters involved in equation (3.16) are also important as they are involved in
a qualitative change in the bacterial steady state (a stability swap between the disease-free and the
diseased states). However, in the stability condition (3.15) and equations (3.13) and (3.14), it is
the ratios ¢/d, and r;/d; that are pivotal. Therefore, only one parameter from each of these ratios
needs to be considered, the opposite of any results found being applicable for the respective uncho-
sen parameter. The parameters ¢ and r; are chosen as we assume that growth/production rates
are easier to alter than death/degradation rates in medicinal practice. Therefore, the parameters

b, 77, Cp and ¢ are explored in more detail.
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Figure 3.3: A one-at-a-time parameter sensitivity analysis of the bacterial density in the diseased
steady state of system (3.5). We show the ratio (B1/Bp) for four different percentage changes in
parameter value. Each parameter is changed by the amount given in the respective plot title and
all unaltered parameters take their baseline values.
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Figure 3.4: A one-at-a-time parameter sensitivity analysis of the bacterial density in the diseased
steady state of system (3.5). We show the ratio (B;1/By) for two different drastic percentage changes
in parameter value. Each parameter is changed by the amount given in the respective plot title and
all unaltered parameters take their baseline values.
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Figure 3.5: A two-at-a-time parameter sensitivity analysis of the bacterial density in the diseased
steady state of system (3.5). We show the ratio (Ba2/By) when each possible distinct pair of pa-
rameters is changed from the respective baseline values by —20% (left) and +20% (right). All
unaltered parameters take their baseline values. In the cases of repeated parameters, the data from
the one-at-a-time parameter sensitivity analysis is used as a baseline reference (see Figure 3.3).
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3.4.2 Bifurcation analysis

Bifurcation analysis was undertaken using XPPAUT [148]. The parameters ry, 1, ¢, and ¢ are var-
ied to look for both quantitative and qualitative changes in the bacterial population steady state,
with the aim of giving predictions of potentially successful treatments. As can be shown by equation
(3.16), when ry, is varied, there is a transcritical bifurcation at r, =~ 1.04 (Figure 3.6(a)). For higher
values of r, the diseased state is stable and for lower values, for example due to being reduced
by a bacteriostatic treatment, it is infeasible (negative). The bacterial population in the steady
state then increases approximately linearly with increasing 7, for 7, 2 1.04. We then tracked the
position of the bifurcation as a function of 7, and ¢ (Figure 3.6(b)). The position of the bifurcation
increases monotonically with ¢ and 7y; therefore, if bacteria grow faster given all other parameters
remain constant, then a stronger background production of pro-inflammatory mediators is required
to ensure eradication. For ¢ < 1, the relationship between ¢ and r} is linear, and the approximate
equation for the bifurcation location (equation (3.16)) is accurate. Equation (3.16) becomes very
inaccurate for ¢ > O(1). We note here that values of ¢ > O(1) are not considered in this work, as

they represent aseptic autoimmune diseases such as chronic inflammation.
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Figure 3.6: (a) Bifurcation diagram of b against r;, for system (3.5) for the baseline parameter set.
Blue and red lines represent stable and unstable steady states respectively. (b) Two parameter
bifurcation diagram tracking the position of the transcritical bifurcation shown in (a) as a function
of r, and ¢ (black line) and a plot of equation (3.16) as a function of r, and ¢ (magenta line).

Figure 3.7 shows that when r; is varied, there is a transcritical bifurcation at r, = 15, as can be
shown by equation (3.16). The diseased state is stable for 7; < 15 and infeasible for r; > 15.
The bacterial population in the diseased steady state is 1 in the absence of leukocytes (r; = 0).
The stable diseased state decreases quickly for increasing r; and goes below 10% of its maximum
by r = 2.25. This demonstrates that increasing the recruitment rate of leukocytes is a viable
treatment option. This bifurcation was then tracked for varying r, and r; (Figure 3.7(b)). The
relationship between r, and r; is approximately linear, as reflected by equation (3.16). These results
imply that if an infection grows faster, then leukocytes will need to be recruited faster to eradicate
the infection. Increasing the recruitment rate of leukocytes is therefore a viable treatment option,

particularly when combined with a bacteriostatic treatment.
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Figure 3.7: (a) Bifurcation diagram of b against r; for system (3.5) for the baseline parameter set.
Blue and red lines represent stable and unstable steady states respectively. (b) Two parameter
bifurcation diagram tracking the position of the transcritical bifurcation shown in (a) as a function
of rp and r;.

When ¢ is varied, there is a transcritical bifurcation at ¢ ~ 0.72 (Figure 3.8(a)). The diseased state
is stable for ¢ < 0.72 and infeasible for ¢ > 0.72. This suggests that raising the background levels of
pro-inflammatory mediator production sufficiently could eliminate the infection, but this could be
considered to be dangerous, as raising the background levels could lead to systemic inflammation
and possibly aseptic death. With this in mind, treatments altering ¢ are not recommended. When
cp is varied, there are no qualitative changes in behaviour, which is also predicted by equation
(3.16). However, as ¢, — oo, b — 0 (Figure 3.8(b)). Therefore, for a sufficiently large stimulated
production of pro-inflammatory mediators, the immune response is strong enough to reduce the
infection to a negligible size, effectively eradicating it. This is an acceptable interpretation, as the
continuous ODE representation of the infection breaks down for b ~ 0, due to the discreteness of the
number of bacteria becoming significant. This viewpoint is adopted in the literature, for example
in [149] while considering the dynamics of acute inflammation. Physiologically, if a treatment could
temporarily boost the sensitivity of the inflammatory pathways to pathogen stimulus, then that
treatment would be effective at reducing the infection size. If it were not temporary and if the
pathogen were not completely eradicated, then it could lead to systemic inflammation and possibly

septic death.
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Figure 3.8: (a) Bifurcation diagram of b against ¢ for system (3.5) for the baseline parameter set.
(b) Bifurcation diagram of b against ¢ for system (3.5) for the baseline parameter set. Blue and
red lines represent stable and unstable steady states respectively.

We then consider an alternative parameter set to look for different behaviours. Again, this regime is
chosen through trial and error, given the absence of relevant experimental data. This parameter set
has more rapid bacterial growth and a stronger immune response than the baseline parameter set,
giving more aggressive dynamics at the site of infection. Table 3.3 gives the parameter values used,
with those different to the baseline set given in blue. Figure 3.9(a) shows the bifurcation diagram
of b for varying r,. The behaviour here is qualitatively similar to that of the baseline parameter
set; a transcritical bifurcation occurring at r, &~ 1.067, as predicted by equation (3.16), and an
approximately linear relationship between b and ry, for r, > 1.067. This again implies that reducing
the bacterial growth rate (by a bacteriostatic treatment) is an effective strategy for eradicating
the infection. Figure 3.9(b) shows the bifurcation diagram of b for varying r;. In contrast to the
behaviour of the baseline parameter set, there is a stable limit cycle rather than a stable steady
state for 1.3 < r; < 20.3 (correct to 1 decimal place). However, the lower bound of this limit cycle
is notably low; therefore, we choose to interpret the limit cycle as eradication since b =~ 0 for some
t>0.

iy 1) cy v d, Ta dg g d; b(0) p(0) a(0) 1(0)

3 0.01 1 1 0.5 1 0.5 1 0.3 0.01 0 0 0

Table 3.3: An alternative parameter and initial conditions regime used for finding alternative system
behaviours.
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Figure 3.9: Bifurcation diagrams of b against (a) , and (b) r; for system (3.5) for an alternative set
of parameters. Solid blue, dotted blue and dashed red lines represent stable steady states, stable
limit cycles and unstable steady states respectively.

The dynamics seen in this bifurcation analysis will be explored in more detail in the next section

by looking at the corresponding numerical simulations.

3.4.3 Numerical simulations

We executed numerical simulations to observe temporal dynamics and to explore the results ob-
tained in the bifurcation analysis in more detail. For each parameter considered in the bifurcation
analysis, numerical simulations at three distinct parameter values are presented, the baseline pa-
rameter set explored initially. The trajectories for a are qualitatively similar to those for p, but

with a very slight delay. Therefore, trajectories for a have been omitted for brevity.

Figures 3.10 (a)—(c) show simulations for varying r,. For sufficiently low r, (panel (a)), the infec-
tion is weak enough that it is eradicated, with the immune system variables not getting elevated.
For sufficiently large 7, (panel (b)), the infection is not eradicated, since the diseased state is sta-
ble. The infection reaches an initial peak before being reduced by the immune system, eventually
attaining a non-zero steady state. Heavily damped oscillations are present. The immune system
variables remain elevated as they try to, but are unable to, clear the infection. For yet larger r,
(panel (c)), the behaviour is qualitatively similar, but with all variables attaining higher peaks
and steady state values. These results yield the intuitive prediction that if a treatment were able
to inhibit bacterial proliferation sufficiently, then it would be effective. Figures 3.10 (d)—(f) show
time courses for varying r;. In the absence of leukocytes (r; = 0; panel (d)), the bacteria steadily
reaches a steady state due to a lack of external competition. and the inflammatory variables re-
main elevated. For sufficiently large r; (panel (f)), the leukocyte recruitment is strong enough to
eradicate the infection. The inflammation variables return to low rest states, but the leukocyte pop-
ulation can remain elevated, possibly leading to conditions such as leukocytosis or leukemia. For
intermediate r; (panel (e)), the bacterial population is significantly reduced, but is not completely
eradicated, and we regard this as asymptomatic colonisation. There are damped oscillations to this

steady state, with the immune system variables remaining elevated. These results predict that if a
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treatment strategy could temporarily boost the recruitment rate of leukocytes, it would be effective.
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Figure 3.10: Numerical simulations of system (3.5) for (a)—(c) r, = 1, 3,6 respectively and (d)—(f)
r; = 0,3, 16 respectively, with all other parameters at their baseline values. The variable a has been
omitted to make the plots less cluttered.

Figures 3.11 (a)—(c) show time courses for varying c¢,. As was found in the bifurcation analysis,
it is impossible to attain b = 0 simply by altering ¢, but it is possible to attain b =~ 0. As dis-
cussed earlier, we interpret b = 0 as eradication, due to the continuous ODE representation of the
infection breaking down for very low pathogen numbers. For the baseline ¢, value (panel (a)), the
resulting immune response is too weak to reduce the bacterial population and all variables remain
elevated. As ¢, is made larger (panels (b) and (c)), the bacterial population in the steady state is
indeed reduced, but the immune variables become more elevated. There are decaying oscillations
to the steady state, with the oscillations taking longer to decay for larger ¢;. Together, these results
predict that temporarily boosting the stimulated production of pro-inflammatory mediators could
be an effective strategy. Figures 3.11 (d)—(f) show time courses for varying ¢. When there is no
background production of pro-inflammatory mediators (¢ = 0; panel (d)), the immune response
is not strong enough to clear the infection. Then as ¢ is increased (panel (e)), the steady state
bacterial population decreases while the steady states of the immune system variables all increase.
For sufficiently large ¢ (panel (f)), the infection is eradicated, but with the immune system vari-
ables remaining elevated. In this case, the background production of pro-inflammatory mediators
is of a similar magnitude to that of the stimulated production. While these results predict that
temporarily increasing the background production of pro-inflammatory mediators is effective, we do
not recommend this treatment style, due to the associated autoimmune health problems discussed

earlier.
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Figure 3.11: Numerical simulations of system (3.5) for (a)—(c) ¢, = 0.25, 1,4 respectively and (d)—
(f) ¢ =0,0.1, 1 respectively, with all other parameters at their baseline values. The variable a has
been omitted to make the plots less cluttered.

Finally, Figure 3.12 gives time courses to explore the behaviour seen in Figure 3.9(b); the analysis
here was done with an alternative parameter regime that allowed for a stable limit cycle for a range
of r; values. Under this alternative parameter regime, having a sufficiently low r; gives lightly
damped oscillations to a steady state with a non-zero bacterial population. However, the steady
state bacterial density is low (compared to the peak); therefore we regard this as asymptomatic
colonisation. For larger r;, a stable limit cycle is admitted; however, the lower bound of the limit
cycle is very low. Figure 3.12(d) shows that the lower bound is much less than 10~°, while the
upper bound is ~ 0.32. As discussed in the bifurcation analysis (see section 3.4.2), we interpret
this limit cycle as eradication, due to the lower bound being sufficiently close to 0. Therefore, the
infections shown in Figures 3.12(b)—(d) can be regarded as eradicated. This ultimately leads to a

much lower r; value required to eradicate the infection.
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Figure 3.12: (a)—(c) Numerical simulations of system (3.5) for r; = 1, 3,15 respectively, with all
other parameters given by the alternate parameter set (see Table 3.3). (d) A zoom in of panel (b)
at 15 <t <20, 0 < b <1075, The variable a has been omitted to make the plots less cluttered.

Summary

As indicated by steady state and bifurcation analyses, these simulation results show that by either
decreasing the replication rate of bacteria (r3), or increasing the recruitment rate of leukocytes
(r;) and/or stimulated production rate of pro-inflammatory mediators (c;), the size of the infection
can be significantly reduced, potentially eradicating the infection. These results further suggest
that a bacteriostatic treatment would be the most effective individual treatment method; however,
combined treatments would work synergistically to give even better results. Treatments that boost
the immune response can be effective if temporary, and a treatment that increases the stimulated
production of pro-inflammatory mediators is favoured over one that increases background produc-
tion as the effects only occur in the presence of a pathogenic challenge. When the immune response
is strong, it can sometimes lead to damped oscillations in the dynamics. Oscillations to a disease-
free steady state could be misinterpreted as a recurring infection if the oscillations are sufficiently
strong; therefore, care would need to be taken when administering a treatment of this fashion. It is
possible to obtain limit cycle behaviour; however, the lower limit of the bacterial population in the
limit cycle is often sufficiently low that we regard the infection as eradicated (due to the continuous

ODE representation of the infection breaking down).

3.5 Summary

In this chapter, we developed a time dependent, population-level ODE model governing the dy-

namics of the immune response and a general pathogenic challenge (given by system (3.5)). We
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investigated this model by considering biologically realistic steady states, bifurcation analysis, a
parameter sensitivity study and numerical simulations, with the aim of identifying clinical treat-
ment strategies that will be effective at eradicating or ameliorating infections. We found that there
are always two feasible steady states; a disease-free state (zero bacteria) and a diseased state (non-
zero bacteria), and that the model therefore exhibits monostability. We found via linear stability
analysis that, for ¢ < 1, d,,7q,d, = O(1), the disease-free state is stable provided that:

ry <14+ LZrdll’ (3.17)
i.e. provided the bacteria cannot grow sufficiently fast to overcome the immune response. When
7y is increased to the value at which the condition fails to hold, a transcritical bifurcation takes
place where stabilities are exchanged between the diseased state and the disease-free state. Phys-
iologically, if a treatment sufficiently reduces the replication rate of bacteria (rp), increases the
recruitment rate of leukocytes (r;), decreases the degradation rate of pro-inflammatory mediators
(dp), decreases the death rate of leukocytes (d;), or is a combination of the above, then that treat-

ment would be effective.

A sensitivity analysis revealed that the diseased state is most sensitive to the growth rate of bac-
teria rp, and is next-most sensitive to the recruitment rate of leukocytes r; and the stimulated
production rate of pro-inflammatory mediators ¢,. This, combined with the steady state stability
condition (3.17), informed the choice of parameters to explore in more detail with further numerical
simulations. Bifurcation analysis showed that a transcritical bifurcation takes place when equality
holds in (3.17). The bifurcation was shown to occur by making the growth rate of bacteria large
enough and by making the recruitment rate of leukocytes and the background production rate of
pro-inflammatory mediators ¢ small enough. This further validates the suggestion that a treat-
ment that either reduces the ability of bacteria to grow or boosts the recruitment rate of leukocytes
would be an effective strategy in eradicating the infection. We then tracked the location of the
bifurcation when pairs of parameters were varied, specifically (14, ¢) and (14, 77). The relationships
between both pairs of parameters obey equation (3.16) for small ¢, further showing that (3.17)
is only valid for a sufficiently small background production rate of pro-inflammatory mediators.
The parameter 7, is monotonically increasing in both r; and ¢, meaning that if bacteria proliferate
faster, then there would need to be a higher background production rate of pro-inflammatory me-
diators and/or recruitment rate of leukocytes for the stability swap between steady states to occur.
An increase in background production of pro-inflammatory mediators is not recommended due to

the potential development of autoimmune disorders, such as chronic inflammation and leukocytosis.

Numerical simulations were plotted for the baseline parameter regime and we focused on the density
of bacteria, the concentration of pro-inflammatory mediators and the density of leukocytes. For
a growth rate of bacteria sufficiently large that the infection can survive, the bacterial population
increases quickly from an initially small population, is reduced in size by the resulting immune
response and then stabilises at a steady value. For growth rates that are too low, however, the

infection cannot survive — potentially even in the absence of an immune response. This result
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indicates that a treatment that could reduce the growth rate of bacteria, such as a bacteriostatic
drug, could be an effective treatment. For a sufficiently high leukocyte recruitment rate, the infec-
tion is cleared, with the density of leukocytes remaining elevated post-infection. This result further
suggests that if a treatment could temporarily boost the recruitment rate of leukocytes, it could
be an effective strategy for clearing the infection. The treatment must be temporary, however, to

prevent the development of health problems, such as leukocytosis and leukemia.

In many cases, the infection size drops sufficiently low that the discreteness of the number of bacte-
ria becomes significant, thus rendering the continuous ODE representation of the infection invalid.
When this occurs, we assume that the infection is eradicated. This viewpoint is adopted in the liter-
ature, for example in [149] while considering the dynamics of acute inflammation. In adopting this
interpretation, additional treatment strategies are considered effective, for example sufficiently in-
creasing the stimulated production rate of pro-inflammatory mediators. This is a preferred strategy
to boosting the background production rate, as it is only effective in the presence of the pathogen.
In any case, clinical care should be taken to ensure that the effects of a treatment of this fashion are
temporary to avoid autoimmune diseases such as chronic inflammation and leukocytosis. Decaying
oscillations are observed for all rates of stimulated production of pro-inflammatory mediators, with
the oscillations being more pronounced for higher rates. It is therefore important, during a treat-

ment that increases this rate, that these oscillations are not interpreted as treatment failure.

Finally, we considered an alternative parameter regime that represents a stronger infection and a
stronger immune system, to look for possible alternate behaviour in the system dynamics. We found
in this alternate regime that there is a range of r; values for which the system exhibits oscillatory
behaviour. However, since the lower bound of the bacterial population in the oscillations is very
close to zero, we assume the infection is eradicated. Therefore, a treatment that temporarily boosts

the recruitment rate of leukocytes is still effective in this parameter regime.

Overall, the model results suggest that reducing the growth rate of the bacteria is the most effective
individual treatment method. A two-parameter sensitivity analysis showed that simultaneously de-
creasing the growth rate of bacteria and either the degradation rate of pro-inflammatory mediators
or the death rate of leukocytes is effective. Similarly, simultaneously increasing the recruitment rate
of leukocytes and the stimulated production rate of pro-inflammatory mediators by either phago-
cytic or non-phagocytic cells is effective. These results highlight the synergies present between the
inflammatory response and the leukocyte response. It is predicted that a combined treatment would
not only be more effective at eradicating a pathogenic challenge, it would also be safer to use than
a treatment that purely attacks the pathogen or boosts the immune response, as it would be less
likely to lead to the immune response going into over-drive, potentially leading to the described

auto-immune health problems.



Chapter 4

A mathematical model of an

EPEC infection

4.1 Overview

In this chapter, building on the general bacterial infection model of Chapter 3, we develop and
analyse two time-dependent, population-level ODE models to better understand the dynamics of
interactions between an EPEC infection, the resulting immune response from the host and amino-
glycoside treatments. We are motivated to formulate these models by the prevalence of fatal EPEC
infections in countries without adequate healthcare, particularly in children and those with weak
immune systems. The aim of these models is to find effective treatment strategies that can lead to

the eradication or amelioration of EPEC infections.

We first formulate a basic model that considers the dynamics at the cell level, using the general
infection model presented in Chapter 3 (system (3.5)) as a foundation, to which EPEC specific
mechanisms are added. We then consider a multi-scale, coupled model that combines the basic
model with a sub-cellular gene regulatory network (GRN) governing bacterial protein synthesis and
the administration of a specific class of antibiotic (aminoglycosides). In both models, we account
for biological mechanisms reported in the literature and on the expertise of, and recent observations
by, experimental collaborators (see Chapter 2). We analyse both models by considering biologically
realistic steady states, bifurcation analysis, a parameter sensitivity study and numerical simulations.
We make comparisons between the models, focusing on the infection size over time in different
parameter regimes, and highlight the new dynamics and insights into effective treatment that the
inclusion of sub-cellular processes supports. Finally, we make physiological interpretations based
on predictions regarding the feasibility and efficacy of various possible anti-bacterial treatment

strategies and then summarize our findings.
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4.2 Basic model formulation

This model is formulated by adding EPEC-specific mechanisms, based on the literature discussed
in the literature review (Chapter 2) and on discussions with experimental collaborators (Delahay
et al, Centre for Biomolecular Sciences (CBS), University of Nottingham), to the general infection
model presented in the previous chapter (see equations (3.1)—(3.4) in Chapter 3). Figure 4.1 shows
a schematic diagram of the model. Many of the added mechanisms focus on how effector proteins
subvert the host immune response. Due to the fact that there are many types of effector protein, they
are grouped by function and while many effector proteins have overlapping functions physiologically,
we assume for simplicity that each group of effector proteins has a single distinct function. We
assume that the binding of EPEC to host cells (via intimin and Tir; see section 2.4) has already
occurred, therefore the biological mechanisms for bacterial binding are not considered in this model.
The effector protein functions that will be considered are (1) the inhibition of pro-inflammatory cell
signalling, (2) host cell apoptosis and (3) phagocytosis by leukocytes. The bacterial population is
split into two phenotypes: those that have internalized pro-inflammatory mediators and those that
have not. Those with internalized pro-inflammatory mediators will typically have effector protein
production rates that are dependent on their current environment, whereas those without will not,
thus making bacteria with internalized pro-inflammatory mediators more virulent. There are 9

variables in the model;

e the density of bacteria without internalized pro-inflammatory mediators (B),

e the density of bacteria with internalized pro-inflammatory mediators (B2),

e the (external) concentration of pro-inflammatory mediators (P),

e the concentration of anti-inflammatory mediators (A),

e the density of leukocytes (L),

e the density of effector proteins that inhibit pro-inflammatory signalling pathways (F1),
e the density of effector proteins that inhibit apoptosis of host cells (E3),

e the density of effector proteins that inhibit phagocytosis (Es),

e a measure of host cell population necrosis (V).

We now present a description of the dynamics of the model, considering similarities and differences
between them and the equivalent dynamics of the general infection model (equations (3.1)—(3.4)).
Bacteria grow exponentially quickly, with growth slowing down as space and resources run out.
Both phenotypes are removed through phagocytosis by leukocytes and naturally die at the same
respective rates as in the general model. The background and immune-stimulated production of
pro-inflammatory mediators have the same functional forms as in the general model, and we in-
clude an additional source in the form of release due to the necrosis of host cells. The production of
pro-inflammatory mediators is inhibited by anti-inflammatory mediators as in the general infection
model, but we assume they have no control over necrosis-driven production. The production and
degradation of anti-inflammatory mediators have the same functional forms as in the general infec-
tion model. Leukocytes are attracted via inflammation and die naturally as in the general infection
model, but we also include attraction via the apoptosis markers displayed by damaged host TECs

that are undergoing apoptosis. The effector proteins that (1) inhibit pro-inflammatory signalling
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(E1) reduce the strength of programmed pro-inflammatory mediator production, (2) inhibit apop-
tosis (Fs) reduce the attraction of leukocytes associated with apoptosis markers and (3) inhibit
phagocytosis (E3) reduce the death rate of bacteria associated with phagocytosis. We hypothesize
that bacteria of the more virulent phenotype (Bs) can detect local inflammatory conditions via the
internalisation of host pro-inflammatory cytokines (Easton et al, CBS, University of Nottingham;
unpublished). To reflect this, we assume effector protein production by Bs is dependent on By and
P. Bacteria of the less virulent phenotype (B;) internalize pro-inflammatory mediators and switch
to By when their internalized concentration exceeds a critical threshold. Bacteria cause the necrosis
of IECs by directly damaging them and preventing them from undergoing apoptosis. Tissue repair
occurs via the replacement of dead cells with new cells. Finally, as the model is population-level,

we can construct an ODE representation of the dynamics..

Figure 4.1: Schematic diagrams of the basic model for an EPEC specific infection. Green and red
arrows indicate up-regulation and down-regulation respectively and black lines represent variable
transformations. Thin arrows represent mechanisms that have effects of a small magnitude. (a)
Diagram of all mechanisms excluding those involving effector proteins and the internalisation of
pro-inflammatory mediators by EPEC. (b) Diagram showing the mechanisms that effector proteins
are involved in. Note that some of the arrows from (a) have been omitted for neatness; only those
that effector proteins have a direct effect on are presented. (c¢) Diagram showing how the two
phenotypes of bacteria are connected; bacteria of the less virulent phenotype are converted into the
more virulent phenotype when they have internalised pro-inflammatory mediators.

The density of bacteria evolves according to:
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dBy RB(B1 + )\Bz) ( T3 )

—_— = —QPBy — PgLB; | ———— | — DpBy, 4.1
dt  zp + (Bi+ By) QPBy — PalLBy r3+ F3 B2 (4.1)
dB2 RB(I — /\)Bg ( I3 )

— = PBy — PgLBy | ——— | — DgpB>. 4.2
dt x3+(Bl+BQ)+Q PUOBETR s + By 5=z (42)

Both phenotypes grow at the same global rate Rp with half-maximal parameter xp and undergo
phagocytosis and naturally die at rates Pg and Dpg respectively. The growth rate of the total
bacteria (B; 4+ Bs) has the same functional form as that in the general infection model; however,
care must be taken when considering the phenotype of the progeny of a replicating bacterium. All
B progeny are B, but when a By replicates, the progeny can be either a By or a By depending
on how many internalized pro-inflammatory mediators the parent cell had and on how they were
divided between the parent and daughter cells. It is not clear biologically that the split is exactly
symmetrical and this asymmetry is incorporated into the parameter A € [0, 1]; when A = 0, all By
progeny are By and when A = 1, all By progeny are By. We assume that half of all progeny will
be of each phenotype since the average concentration of internalized pro-inflammatory mediators is
halved and therefore unless stated otherwise, the value of A\ will be taken to be 0.5. Bj internalize
P at constant rate Q and this transforms B; into Bs. While it is thought that By continue
to internalize P, this has not been included for simplicity. The concentration of internalized P
required for a By to become a By is not explicitly defined, but is implicitly incorporated in the
parameters A and Q.

The concentration of pro-inflammatory mediators evolves according to:

dP IE2 X
= =19 1 L)(B; + B A — QPB N — DpP. 4.
7 +Cp(1+VL)(B + 2)} <JI?4+A2> (m1+E1) QPB; + Sy P (4.3)

The terms for background and stimulated production of pro-inflammatory mediators have the same
functional forms as in the general infection model, but have the inhibitory effects of E; added.
For definitions of ®,Cp,V,x4 and Dp, see the discussion following (3.2) and (3.3). We model the
inhibitory effects of each effector protein group in the model by multiplying the relevant term by a

term of the form:

Zq

.I‘i—l-EZ"

i=1,2,3,

for the respective effector protein group F;. This function is a decreasing Hill function in the density
of E; with x; giving the density of E; at which their inhibitory effect is half-maximal. The term
is equal to 1 when E; = 0 and in this case the term it inhibits is unaltered. As FE; increases the
inhibition term decreases, tending to 0 as E; tends to infinity and therefore the inhibition becomes
stronger the more proteins that are present. Returning to (4.3), the term for the internalization of
pro-inflammatory mediators is identical to those present in (4.1) and (4.2), thus conserving mass.

We model the source due to necrosis as a term linear in the measure of host cell population necrosis
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N, with rate coefficient Sy . The concentration of anti-inflammatory mediators evolves in the same

way as it does in the general infection model:

dA P?

= — Ry——— — DJA. 44
at — e epr A (4.4)

For definitions of the parameters in (4.4), see the discussion following (3.2) and (3.3). The density

of leukocytes evolves according to:

% = RLP + Sa(By + Bs) (Jf@) ~ DL, (4.5)
Ry, and Dy, denote the rates of inflammation-stimulated attraction and natural death of leukocytes
respectively. Attraction due to the inflammatory response and natural death have the same forms
as they do in the general infection model, but there is an additional source term due to attraction
to apoptosis markers displayed by host IECs undergoing apoptosis. IECs display apoptosis markers
when they are damaged by bacteria and we accommodate this by making this source term linear

in the total density of bacteria, with rate parameter S,.

The densities of the effector protein groups evolve according to:

dE
dTl = X1By + X2By — Dx F4, (4.6)
dEs 2, Bo
2 _ViB +Y- — Dy B>, 4.7
dt 1 1+ 2(‘11%/—1+P2 W%;Z—FB% Y 122 ( )
dE; ZoP
=3 = — 22 \By,— DyEs. 4.8
i (1+\I/Z+P>2 VAE] (4.8)

We refer the reader to Figure 4.1 for a schematic of the interactions between effector proteins and
the immune response, and Figure 4.2 for schematic and graphical representations of the production

rates of effector proteins.

B produce F; and FEs linearly at rates X7 and Y7 respectively and do not produce F3. Bs also
produce F; linearly, but at rate Xo with Xo > X to reflect that By are more virulent. E5 be-
come redundant when the environment is highly inflamed, therefore the production of Fs by Bs
decreases as P increases. To model this, the source term for Ey by Bs is multiplied by a decreasing
Hill function in P with Hill coefficient 2 and half-maximal parameter Wy. This allows for switch-
like behaviour, where production is low for P > Wy;. The rate of production also varies with the
population of Bs such that production is approximately linear in By for low B, and such that there

is an optimal production rate for some critical population, denoted Wy5. E5 production decreases
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for higher By populations to minimize damage-induced necrosis of IECs. The global production
rate of Ey is denoted Y5.

Bs produce more F3 when the environment is more inflamed to protect themselves from the leuko-
cyte response. Therefore, the source term for E5 by Bs is the sum of two terms: (1) linear basal
production at rate Z; and (2) stimulated production at a rate that is linear in Bs, and is multi-
plied by an increasing Hill function in P with Hill coefficient 1 and half-maximal parameter V.
The global rate of stimulated production is denoted Z». A Hill function in P is used so that the
production rate increases with P but plateaus, as we assume that there is a maximal rate at which
any individual By can produce Fs. Finally, all effector proteins degrade linearly, with E;, Fs and
FE5 degrading at rates Dx, Dy and Dy respectively.

—— E5 production

—— F5 production
—— F3 production

Figure 4.2: (a) Schematic showing how each bacteria phenotype produces each effector protein
group (production given by green arrows). Production rates that are not linear are labelled with
the variables that the production rate is a function of. (b) Representative functional form of Fy
production as a function of Bs. (c) Representative functional form of Fs and F3 production as a
function of P.

The measure of host cell population necrosis evolves according to:

A
dt

B3

A(B1 + By) ———5
U3 + E3

— DyN. (4.9)
Since bacteria directly damage host cells, we model the source of necrosis as a term that is linear in
the total density of bacteria. Since E5 inhibit the apoptosis of host cells, they indirectly promote
host cell necrosis; therefore, the production rate of host cell necrosis also increases with Fy. An
increasing Hill function in E5 with Hill coefficient 2 and half-maximal parameter ¥y is chosen,
giving switch-like behaviour where necrosis is high (above half the maximum) for Es > ¥y. The
global rate of host cell necrosis is denoted A. Finally, we assume that the host repairs dead host

cells at a linear rate, with rate parameter Dy.

Putting (4.1)—(4.9) together, we obtain a nine-dimensional ODE model governing the dynamics
between an EPEC infection and the immune response. Non-dimensionalising via the following

scalings:
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Dp
Bl = bila B2 = biQ7 P = rpp, A= Traa, L= 717
Pgp
Azp T
1 =x1€1, Eo = x2ea, B3 = 1363, Dp t Dy’
we obtain the following non-dimensional system of ODEs:
dby ’I”b(bl + )\bg) 1
— = ——< —qpb1 — I — dpb 4.10
ar 1 + (b1 + bo) qpo1 1 1+ es 01, ( a)
db2 ’/’b(l — )\)bg ( 1 )
— =————"——+qpb; -1 — dpba, 4.10b
dr 1+(b1+b2) P 2 1+€5 ooz ( )
W gt e+ ol) by +bo) | (— L b+ (4.10¢)
dr = Ch v 1 2 1+ a2 1+ el quppPo1 SpM — P, -1uc
da P2
— =rg——— —dga, 4.10d
dr o1 + p? “ (4.10d)
dl 1
— = albi +0 —dyl, 4.1
. 7D+ Sa(by + 2)<1+€2) 1 (4.10e)
de
diTl = 011b1 + Clzbz — delel, (410f)
@—c by + ¢ n b2 — dese (4.10g)
g cabr e 51—&-]92 §2+b§ e2€2, -10g
% = (C31 + Ca2p )b2 - d83€37 (4101’1)
T Y. +p
dn e3
— = — — . 4.10i
7 (b + bz)w% e dpn (4.10)

where the dimensionless parameters in (4.10) are given by:

Rp Qzp Dg P rpCp VDp
Ty = ) = ’ db = 75 = ) Ch = ) v = )
.’tBDp DP Dp :EPDP xpr PB
rB SNA{,EB RA DA RLl'pPB Sal'BPB
u = DR n = T 19 0 /ra = b = n = 12 sa = 92
T rp zpD?, zaDp Dp’ ! D%, D2,
Dy, Xizp Xozp Dx Yizp Yo
dl = 75 €11 = ) = ) del = ) Co1 = ) = T
Dp xle xle Dp .TQDP xB.’EQDP
Uy Uy Dy ARE Zoxp Dy
= = d = —_— = — = = —,
¢y1 Tp ) ¢y2 e ) e2 DP ) C31 £C3DP ) $3DP ) ¢ Tp
Dy N, \JY Dy
dezia :DAa AT n = T n — .
3 Dp o P n N, (0 o Dp
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Table 4.1 gives a physiological interpretation of these parameters. Note that all parameters are non-
negative. In sections 4.3 and 4.4, we provide an exploration of (4.10) by considering biologically
realistic steady states, bifurcation analysis, a parameter sensitivity study and numerical simulations.
Together, these analyses will aid in illuminating whether or not particular clinical treatments will

be effective.
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T The growth rate of bacteria.

A The parameter governing the fraction of by progeny that is by (on average).

q The rate of pro-inflammatory mediator internalisation by b;.

dp The natural death rate of bacteria, relative to the natural degradation rate of p.

0] The background production rate of pro-inflammatory mediators.

Cp The stimulated production rate of pro-inflammatory mediators.

v The ratio of the production rate of pro-inflammatory mediators by leukocytes to that
by non-phagocytic host cells.

Upp The proportionality factor on pro-inflammatory mediators due to internalization.

Sn The production rate of pro-inflammatory mediators due to host cell necrosis.

Ta The production rate of anti-inflammatory mediators.

dg The natural degradation rate of anti-inflammatory mediators, relative to the natural
degradation rate of p.

7 The attraction rate of leukocytes due to inflammation.

Sa The attraction rate of leukocytes due to apoptosed host cells.

d; The natural death rate of leukocytes, relative to the natural degradation rate of p.

c11 The production rate of e; by b;.

C12 The production rate of e; by bo.

de1 The natural degradation rate of ey, relative to the natural degradation rate of p.

Co1 The production rate of e; by by.

C29 The production rate of e; by bo.

Py1 The value of p that gives half-maximal production of es by bs.

Py2 The value of by that optimizes the production rate of es by bs.

deo The natural degradation rate of es, relative to the natural degradation rate of p.

c31 The basal production rate of eg by bs.

C32 The stimulated (by inflammation) production rate of ez by bs.

Y, The value of p that gives half-maximal production of e3 by bs.

des The natural degradation rate of eg, relative to the natural degradation rate of p.

U, The value of ey that gives a half-maximal rate of necrosis of host cells by bacteria.

dy, The natural repair rate of dead host cells, relative to the natural degradation rate of
.

Table 4.1: Descriptions of the physical interpretation of each parameter for system (4.10).
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4.3 Basic model: steady state and stability analyses

We now wish to explore and analyze the dynamics of system (4.10). Similar to the analysis of the
general infection model, a sensible starting point is to calculate physically plausible steady states.
In the context of this model, physical plausibility requires that steady state values of all variables
be non-negative. Once the relevant steady states have been calculated, their linear stability is
considered, aiding the exploration of the system dynamics and the search for bifurcations in steady

state stability. This analysis will help in elucidating whether particular treatments are effective.

4.3.1 Steady state analysis

Equations (4.10a) and (4.10b) yield by = by = 0, i.e. the disease-free state, as one solution. In
this state, the steady state values for ej, ez, e3 and n are also 0. Substituting these values into

(4.12¢)-(4.12e), the disease-free steady states for p,a and [ are given by:

r p? 2
fl(p):p<1+<dz(liﬁ2)> )—qb:O, (4.11a)
_(ry\ P
= (&) b (L11b)
I = %ﬁ- (4.11c)

Equation (4.11a) has the same form as (3.9); the equivalent steady state equation in the general
infection model, but with ¢ replacing (¢/d,). The top four panels of Figure 3.2 are therefore also
valid for (4.11a) since d, = 1 for those plots. These plots therefore also show that the value for
p in the disease-free state in the basic EPEC model is small provided that ¢ < 1 and (rq/d,) is

sufficiently small.

We now seek the diseased steady state(s). The diseased steady states are given by:

ry(b1 + Ab2) [ — ( 1 ) -
0=-21 22 upby — by [ —— | — dpby, 4.12a
1+ (b1 tbo) P71\ 1e, oo (4.122)
Tb(].—)\)l_)g - — < 1 > _
0=—2" 22 4 4pby —Ib — dpbs, 4.12b
1+ (b1 +bo) qpo 2 1+es b02 ( )
0= [¢+cp(1+vl)(by + b2) ! ! — quppPby + Sy — P (4.12c)
= b 1 2 1+ a2 1+e, quppPb1 n b, .
=2
_Ta D
=2 —— 4.12
L1y (4.12d)

) : (4.12¢)

e = de_11(01151 + 6121_)2), (412f)



CHAPTER 4. A MATHEMATICAL MODEL OF AN EPEC INFECTION 66

G, = 2Ly 4 22 Yn bz (4.12g)
? deQ ' deQ 51 +p2 732 + b% 7 .
_ _ €320 \z
=d + bo, 4.12h
3 = dgg (631 1/)z+p> 2 ( )
_ &2
n=d," (b1 + b)) —5—— (4.12i)
n+ 2

We now drop the bars denoting steady state densities for convenience. By adding together equations
(4.12a) and (4.12Db), the total bacterial population, denoted B = by + bo, satisfies:

b

B—-__ '
I(1+e3)~t +dy

1 (4.13)
in a diseased state. In order to obtain a condition for feasibility of diseased steady states, we obtain
bounds on the steady states for B and [ in (4.13). To obtain bounds on the steady state for B, we
observe that:

Ty
fi 3=0, B= -1
or €3 ) I+ db )
as e3 — 00, B:@—l.
dy
Since (1 + e3)~! is monotonically decreasing in e3:
Ty Ty
—-1<B<—-1. 4.14
I+dy, ~— A (4.14)

We see that r, > dp is required for a positive infection size and that ez acts to decrease the
minimum net bacterial growth rate (r/dp) required for a feasible diseased state as well as increase

the infection size at the respective diseased state. (4.12e) can be written as:

T sa B
l=—p+———.
d; di 14 eo

Again, to obtain bounds on the steady state for [, we observe that:

T Sa

fores =0, [= +EB

)

as eg > 00, l=—p.
2 dlp

Since (1 + e2)~! is monotonically decreasing in ez, bounds on [ are given by:
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r T s
dp<i<dpy ™

—B. 4.1
d; T d dy (4.15)

Substituting the maximum possible diseased steady state [ density (the right-hand side of (4.15))
into the minimum possible diseased steady state B density (the left-hand side of (4.14)), the mini-

mum feasible infection size in a diseased state is given by:

dyd — —dy)d
B2 (1+:p+“>B+ <rlp(Tbb>l) > 0. (4.16)

@ Sa Sa

The roots of the quadratic in (4.16) such that equality holds are given by:

dyd dyd; \ 2 — (ry — dy)d
2Bi(1+”p+“> + \/<1+”p+“) 4<7M’b)l>. (4.17)
Sa Sa So Sa Sa

B~ will be negative if it is real since all parameters are positive, therefore all B < B~ must also

be negative and are therefore ignored. For B > B*:

dpd, dodi\ 2 _ —dd
Bz - (14 ps B0 \/(1+“p+bl> (el
Sa Sa Sa Sa S

In order for this value to be positive, we require:

T

ry — dp > dlp.

(4.18)
From (4.18), one obtains a condition for the feasibility of diseased steady states. Physiologically,
this condition states that, in the absence of e; and ez, bacterial growth needs to be sufficiently
strong to overcome the inflammation-stimulated host immune response. We infer that the equiv-
alent condition should the densities of e5 and/or ez be non-zero is less strict on the net bacterial
growth rate. The dynamics of e; are encapsulated implicitly within p in (4.18). Due to the in-
tractability of solving (4.12¢) analytically, it is not possible to obtain a usable expression for p only
in terms of model parameters, therefore (4.18) cannot be further simplified. While we have not
proven the existence of only one diseased state, numerical simulations of this model (see section

4.4) suggest the absence of multiple diseased states.

Condition (4.18) is not satisfied if the net growth rate of the bacteria is sufficiently reduced, the
attraction rate or the life span of leukocytes is sufficiently increased, or the concentration of pro-
inflammatory mediators is sufficiently increased. A bacteriostatic drug reduces r, and a bactericidal
drug essentially increases dp; therefore, both of these treatment strategies are predicted by (4.18)
to be effective provided that their effects are strong enough. Similarly, treatments that sufficiently

increase the pro-inflammatory mediator production rate and/or the leukocyte recruitment rate are
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also predicted to be effective.

Special case: ¢ K 1

As in the general infection model (see section 3.3), to model a healthy immune response, we assume
that ¢ < 1 and that all other model parameters are O(1). We showed earlier in this section
that, under this assumption, 0 < p < 1 provided that (r,/d,) is sufficiently small. Substituting
0<p<1land (ry/ds) ~ 1into (4.11a) reduces it to the approximate steady state:

PR . (4.19)

Substituting (4.19) into (4.11b) and (4.11c) yields:

e’ -
La+re) Ta (4.20)

a~
Summary

e In the disease-free state:

_9 2 _9
_ Ta p _ Ta p - T
1 B — =0 = (= = —p.
P< +(da (1+p2>> ) ¢ =0, a (da) 17 4’

e The total bacteria (B) in the diseased state satisfies

Ty = Ty
= —-1<B<—-1,
I+ dy - dy

e The minimum feasible total bacteria in the diseased state is positive provided that

Ty _

Ty — dy > =D,
b db > g P

and occurs when é3, e3 = 0.

e Welet ¢ < 1and (ry/ds) ~ 1 to model a healthy immune response. Under these assumptions,

the disease-free state is given by:

rad® _ n¢ ) L (4.21)

b, ba, P, G, I, €1, €2, €3, n)~ (0, 0 ——, —, 0, 0,0, 0
(17 2, P, @, t, €1, €2, €3, ’I’L) (7 7¢7 da(1+¢2)7 dl, y Uy Uy

The next subsection explores the stability of these steady states.

4.3.2 Stability analysis

By deriving a condition that governs when the disease-free state is stable, we can make predictions

on which model parameters to alter to lead to the eradication of the infection. This will be achieved
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via linear stability analysis. The Jacobian of system (4.10) is given by:

Jll J12 J13 0 J15 0 0 JIS 0

J21 J22 J23 0 J25 0 0 JQS 0

J=|Jsn Js2 Jsz 0 Jiz 0 Sz 00 (4.22)

Joi Joo O 0 0 0 0 0 Jy

where J; ; is the entry in the ith row and jth column of the Jacobian. The elements of the Jacobian

are given in Appendix section A.2.

Evaluating det|J — sI|= 0 at the disease-free state gives, after reduction:

2510 = (Ji1 + Joz) £/ (J11 + J22)? — 4(J11J2a — Ji2 1), (4.23a)
283’4 = (J33 + J44) + \/(J33 -+ J44)2 - 4(J33J44 - J34J43), (423b)
s5 = —dj, s7=—des, 58=—de3, S9=—dn, 556=—de1, (4.23c)

where s denote the eigenvalues of (4.22). For a detailed description of this reduction, see Appendix
section A.3. We see that ss, sg, s7,ss and sg are all negative, thus the disease-free state is stable
provided that:

Ji1 + Ja2 <0, (4.24a)
a3+ Jaa <0, (4.24b)
JirJaz — Ji2J21 > 0, (4.24c)
J33Jaa — J3aJa3 > 0. (4.24d)

Equation (4.24b) is always satisfied since Js3 = —1 and Jys = —d,, and (4.24d) is always satisfied
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since:

4¢rapa

J33Jag — J3a 4z = d,
33J44 — J34J43 + 01221 + a2

> 0.

In order to obtain expressions for (4.24a) and (4.24c), we note here that, in the disease-free state:

Jii=ry—qp—1—dy,
Jio = Tb)\a
Ja1 = qp,

J22 = (1 7>\)T‘b7l_fdb.

Substituting these Jacobian element expressions into (4.24a) and (4.24c) gives:

A ;. qp
(1 - 2) ry — (db Ty 7) <0, (4.25a)
(A - rb> (A —ry+ Arp + qp) > 0. (4.25b)

where A = (I+dp) > 0. (4.25b) is satisfied when either; (1) A—7r, > 0 or (2) A—7r, < —(Arp +qp).

These conditions give, respectively:

ry,—dy < 1, (4.26a)

A - qp 1 _
(1 — 2) Tp — (db +1+ ?) > 5 ()\Tb + qp) . (4.26b)

For stability of the disease-free steady state, we require that (4.25a) and one of (4.26a) or (4.26b)
are satisfied. We see that (4.25a) and (4.26b) contradict each other, therefore we must take (4.26a).
By re-writing (4.25a) in the form:

- qp A
ry—dy < [+2& 420 (4.27)

2 2
we see that if (4.26a) is true, then (4.25a) must also be true. Therefore for the disease-free state
to be stable, condition (4.26a) must be satisfied. The disease-free state becomes unstable when
condition (4.26a) is not satisfied, and the only bifurcation that can occur that ensures all steady

states are non-negative is a transcritical bifurcation, occurring when equality holds in (4.26a).

When ¢ < 1 and (r,/d,) ~ 1, (4.26a) reduces to:
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én

ry —dp < dl.

(4.28)
Physiologically, (4.28) suggests that for the infection to be eradicated, the net growth rate of the
bacteria must be weaker than the basal net attraction rate of leukocytes. This stability condition is
identical to that found in the general infection model. This implies that the added EPEC specific
dynamics (effector proteins, host cell death and p internalization) make a negligible contribution to

the stability of the disease-free state.

In order to maximise the possibility of a return to health, condition (4.28) must be satisfied. It
is clear that r, < d; guarantees stability of the disease-free state — i.e. if bacteria cannot repro-
duce fast enough, then they will die out. A bacteriostatic drug reduces r, and a bactericidal drug
essentially increases dp, therefore these treatment strategies are effective; however, the effects of
antibiotic resistance have not been explicitly included in the model. Having leukocytes recruited
faster and last longer raises the minimum growth rate required by the bacteria to survive which is
a feasible treatment strategy. However, care needs to be taken so as not to induce other chronic

aseptic diseases such as leukemia, once the infection has been eradicated.

Summary

e We calculated the Jacobian and the eigenvalues for the disease-free state of (4.10). The

disease-free state is stable provided that r, — dp < ]
e Under the assumption that ¢ < 1 and (r,/d,) ~ 1:

— the disease-free state is stable provided that r, — dp < (¢r/d;).
— There is at least one feasible diseased state and it is stable when r, —dp > (¢r/dy).
— The EPEC specific dynamics (effector proteins, host cell death and internalization of p)

make a negligible contribution to the stability of the disease-free state.

4.3.3 Steady state analysis summary

Many of the results obtained from the analysis of this model match those found in the general
infection model (Chapter 3) showing that the general infection model is powerful in determining
the long term infection dynamics, particularly regarding the return to health. From the steady
state analysis carried out, we see that there are at least two feasible steady states: a disease-free
(healthy) state and at least one diseased states. The healthy state is stable provided that condition
(4.26a) is satisfied; therefore, there is at least one stable diseased state when (4.26a) is no longer
satisfied.

We assume that the background production of pro-inflammatory mediators is much smaller in mag-
nitude than any stimulated production to model a healthy immune response. The healthy state
is then stable provided that condition (4.28) holds; therefore, there is at least one stable diseased

state when (4.28) is no longer satisfied.
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The five parameters that play a role in the stability of the disease-free state are: the growth rate
of bacteria ry; the background pro-inflammatory mediator production rate ¢; the attraction rate of
leukocytes r;; and the death rates of bacteria and leukocytes d, and d; respectively. If a treatment
can alter one or more of these parameters sufficiently to take condition (4.28) across equality, then it
will make a critical difference in the eradication of a potent infection. Example treatments include
bacteriostatic/bactericidal antibiotics, which reduce the growth rate and increase the death rate of
bacteria respectively and a treatment that increases the production rate or life span of leukocytes.
The effector protein parameters, while not involved in the stability of the healthy state, do impact
the feasibility of diseased states implicitly via the p term of condition (4.18) and the variable values
in any diseased states. The model suggests that in order to avoid potential aseptic health problems,
an effective treatment strategy is to reduce the efficacy of effector proteins allowing the immune
response to return to its usual strength, rather than boosting the immune response to try and over-
power the effector proteins as this can lead to the immune response being in a state of overdrive
once the infection has been eradicated. The parameters mentioned above, or ratios of them, will
be explored in more detail in subsequent analysis since they play a role in governing the stability

of the steady states.

4.4 Basic model: sensitivity, bifurcation and numerical sim-

ulation analyses

4.4.1 Overview

The complexity of the model precludes further analytic exploration, therefore we turn to numerical
methods to further our understanding of the model dynamics. We carry out the same analyses that
were carried out for the general infection model (see Chapter 3). First, we carried out a steady
state sensitivity analysis to identify parameters that should be explored in detail (in addition to
those identified in section 4.3). We then carried out a bifurcation analysis to look for quantita-
tive and qualitative changes in system behaviour when parameters are varied. The results from
both of these explorations are compared with the analytic steady state and stability results. We
carried out analyses in MATLAB and XPPAUT. Time-dependent simulations are used to explore
the dynamics observed in the bifurcation analysis. We adopt the interpretation (as in the general
infection model) that the infection is eradicated if the density of bacteria becomes sufficiently low,
as the continuous ODE representation of the infection breaks down when the discreteness of the
number of bacteria becomes significant. Finally we draw biological interpretations from the results
regarding the infection, the immune response and treatment strategies. Table 4.2 gives the baseline
parameter set and the initial conditions that lead to the diseased state and all analysis uses these
values unless otherwise stated. Given the absence of relevant experimental data to inform these

values, we choose values (through trial and error) that yield qualitatively sensible solutions.
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Tp A q dp ¢ Cb v Upp Sn Tq

1.5 0.5 3 0.75 0.03 2 1 1 0.6 1.5

dqg Tl Sa d; C11 C12 de1 C21 C22 wyl
1 1 1 1 10 12 2 10 10 0.5

wa de? €31 C32 7/}2 de3 wn dn

0.5 2 10 10 0.6 2 1 1

b1(0)  b2(0)  p(0)  a(0)  U0)  e(0)  e2(0)  e3(0)  n(0)
0.01 0 0 0 0 0 0 0 0

Table 4.2: The baseline parameter values and the initial conditions used in the numerical simulations
of system (4.10).

4.4.2 Steady state sensitivity analysis

The large number of model parameters means that a full time-dependent parameter investigation
is computationally intensive. Therefore, a steady state sensitivity analysis was undertaken to de-
termine those parameters to which the diseased state bacterial density is most sensitive. These
parameters, in addition to those that play a role in the stability of the steady states, will be ex-

plored in more detail.

We first compute the (diseased) steady state bacterial density via equations (4.10) for the baseline
parameter set (see Table 4.2), and denote it By. We then undertake a one-at-a-time parameter
sensitivity analysis and record the ratio of the new steady state bacterial density, denoted By, to
By. The percentage changes in parameter chosen are —20%, —5%, +5% and +20% to allow us to
consider different magnitude increases and decreases in parameter values. The results of this anal-
ysis are shown in Figure 4.3. The six parameters that the diseased state bacterial density is most
sensitive to are: 1y, dp, d;, 77, de3 and c31, with the disease state bacterial density being significantly
more sensitive to 7, and dp than all other parameters. We also found that (1) for a 90% parameter
decrease, the diseased state bacterial density is significantly more sensitive to d; that any other
parameter, but is reduced to 0 when 7}, and d; are decreased and (2) for a 200% parameter increase,
the diseased state bacterial density is significantly more sensitive to r, that any other parameter,
but is reduced to 0 when d;, is increased (results not shown for brevity). Only one parameter from
each of the ratios (rp/dp), (r;/d;) and (cs/de3) is considered, since an equivalent change in ratio can
be achieved for an inverse change in the respective other parameter. The parameters 7,7, and c3
are chosen as we assume that growth/production rates are easier to alter than death/degradation

rates in practice.

We then carried out a two-parameter sensitivity analysis in which each possible distinct pair of
parameters is varied by £20%. We denote the new steady state bacterial density in this case as
Bs and we record the ratio (B2/By). The results for this can be seen in Figure 4.4. The pairs of

parameters that give the biggest decrease in the diseased state bacterial density when decreased
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are (rp,d;) and (rp, c31), while those that give the biggest decrease when increased are (dp,r;) and
(dp,de3). These six parameters are also the parameters that the bacterial steady state is most
sensitive to when altered individually. Stability analysis is in agreement with this finding as both
decreasing r, and d; and increasing dp, and r; act to move the condition for stability of the disease-free
state (4.26a) further from bifurcation (see section 4.3.2). This suggests that a combination treatment
that simultaneously hinders the growth of the infection and boosts the attraction/longevity of
leukocytes may be more effective than either individual treatment. It is also worth noting that
the steady state bacterial density is more sensitive to r; than s, implying that more leukocytes
are attracted via inflammatory pathways than via apoptosis pathways. Decreasing the net eg
production rate in conjunction with decreasing the net growth rate of bacteria significantly reduces
the infection size in the diseased state, suggesting that another effective combination treatment style
is one that directly affects the bacteria by inhibiting their growth as well as indirectly affecting them
by inhibiting their virulence. We now explore the chosen parameters in a numerical bifurcation

analysis.
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6 6 6 6 -
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8 8 8 8-
9 9 9 9
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11 11 11 11+
12 12 12 12 +
13 13 13 13 -
14 14 14 14 +
15 15 15 15+
16 16 16 16 +
17 17 17 17 +
18 18 18 18 +
19 19 19 19 +
20 20 20 20 -
21 21 21 21+
22 22 22 22 +
23 23 23 23 -
24 24 24 24 +
25 25 25 25+
26 26 26 26 |-
27 27 27 27 -
28 28 + | . 28 | . 281, |
0.5 1 09 1 1.1 09 1 1.1 0.5 1 1.5
Multiplier Multiplier Multiplier Multiplier

Figure 4.3: A one-at-a-time parameter sensitivity analysis of the bacterial density in the diseased
steady state of system (4.10). We show the ratio (B1/Bp) for four different percentage changes
in parameter value. The parameters are numbered according to the order they appear in Table
4.2. Each parameter is changed by the amount given in the respective plot title and all unaltered
parameters take their baseline values.
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Figure 4.4: A two-at-a-time parameter sensitivity analysis of the bacterial density in the diseased
steady state of system (4.10). We show the ratio (Bz2/By) when each possible distinct pair of
parameters is changed from the respective baseline values by —20% (top) and +20% (bottom). All
unaltered parameters take their baseline values. In the cases of repeated parameters, the data from
the one-at-a-time parameter sensitivity analysis is used as a baseline reference (see Figure 4.3).
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4.4.3 Bifurcation analysis

Bifurcation analysis was undertaken using XPPAUT [148]. The parameters 74,77, @, A, ¢, Sa, Sn, C1, C2, C3
and d,, are varied so as to look for both quantitative and qualitative changes in the bacterial popu-
lation in the steady state. We choose many of these parameters for either appearing in bifurcation
equation (4.28) or being the parameters to which the bacterial population steady state is most
sensitive to. The parameters c1,co,q and A are chosen to explore the EPEC specific dynamics in

more detail and s, s, and d,, are chosen to explore host cell death in detail.

The diseased steady state becomes infeasible for sufficiently low r, and sufficiently high r; or ¢:
Figure 4.5(a) shows a bifurcation diagram of the diseased state bacterial population as the growth
rate of bacteria (rp) is varied. There is a transcritical bifurcation at r, &~ 0.78, as predicted by
condition (4.28). When the diseased state exists, the total bacteria steady state increases approx-
imately linearly with r,. Figure 4.5(b) shows a bifurcation diagram of the bacterial population
as the inflammation-stimulated attraction rate of leukocytes (r;) is varied. The density of bacte-
ria decreases sharply as r; increases from 0 and there is a transcritical bifurcation at r; ~ 25, as
predicted by condition (4.28). For higher values of r;, the disease is completely eradicated. In
the absence of stimulated attraction of [ by inflammation, the bacterial population is ~ 0.9 and
it is worth noting that in the total absence of leukocytes, the bacterial population is equal to
(rp/dy) —1 = 1. This implies that the majority of leukocytes are attracted by inflammation and
only a small number by apoptosis markers. Figure 4.6(a) shows a bifurcation diagram of the bac-
terial population as the background production rate of pro-inflammatory mediators (¢) is varied.
There is a transcritical bifurcation at ¢ =~ 0.97 and a saddle-node bifurcation at ¢ ~ 3.70. The
system exhibits bi-stability between these two values, with a disease-free state and a diseased state
coexisting. However, these values do not satisfy 0 < ¢ < 1, so we do not consider this behaviour in
further detail; a background pro-inflammatory mediator production rate this high would represent
an autoimmune disorder. Figure 4.6(b) gives a two parameter bifurcation diagram showing the
transcritical bifurcation shown in Figure 4.6(a) for varying 7, and ¢ (black line). We see that there
is a positive trend between the two — if bacteria proliferate faster, then a higher p is needed to
mount a sufficiently strong immune response to eradicate the infection. The magenta line shows
condition (4.28) plotted for varying values of r, and ¢. We see that this condition is a good approx-
imation to the location of the bifurcation for sufficiently small ¢, but becomes inaccurate for larger

¢ (¢ > 1.5). Since we are only concerned with 0 < ¢ < 1, the approximation is sufficiently accurate.
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Figure 4.5: Bifurcation diagram for the total bacterial population in the steady states of system
(4.10) for (a) varying r, and (b) varying r; for the baseline parameter set. Blue and dashed red
lines represent stable and unstable steady states respectively.
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Figure 4.6: (a) Bifurcation diagram for the total bacterial population in the steady states of system
(4.10) for varying ¢ for the baseline parameter set. Blue and dashed red lines represent stable and
unstable steady states respectively. (b) Two parameter bifurcation diagram showing the position
of the transcritical bifurcation shown in (a) as a function of r, and ¢ (black line) and a plot of
equation (4.28) as a function of r, and ¢ (magenta line).

Differences in the phenotypes of bacteria progeny do not significantly affect the infection size in the
diseased steady state: Figure 4.7(a) shows the steady state values of by, b2 and the total bacterial
population as the parameter governing the phenotypes of by progeny (\) is varied, to explore how
the split in internalized p during bacterial replication affects the potency of the infection. We re-
mind the reader that A = 0 and A = 1 result in all b, progeny being b, and b; respectively. The by
and by populations increase and decrease respectively for increasing A. The total bacterial popu-
lation remains approximately unchanged for varying A. This is an unexpected result; we expected
the infection to be more successful when more progeny are of the virulent phenotype b,. However,
having progeny created as b, allows more p to be internalized and removed from the environment,

leading to reduced attraction of leukocytes.

The infection benefits from the internalization of pro-inflammatory mediators: Figure 4.7(b) shows
the steady state values of by, by and the total bacterial population as the pro-inflammatory medi-
ator internalisation rate (q) is varied. b; and by decrease and increase respectively for increasing
q and plateau for large q. There is a small initial increase in b; from ¢ = 0 with b; peaking at

q ~ 0.63. We speculate this to be due to the reduced rate of removal of b; by the immune response,
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caused by the sequestration of p from the environment, being of a slightly larger magnitude than
the conversion of by into by. This explanation is consistent with the fact that the total population
of bacteria increases (and then plateaus) for increasing g. Together, these results confirm that the
infection benefits from the internalization of pro-inflammatory mediators and that inhibiting this

mechanism could be an effective treatment strategy.
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Figure 4.7: Diagrams for the bacterial populations in the diseased steady state of system (4.10) for
(a) varying A and (b) varying ¢ for the baseline parameter set. No bifurcations occur as A or g are
varied.

The infection can be eradicated for a sufficiently large rate of apoptosis-stimulated leukocyte attrac-
tion or necrosis-driven pro-inflammatory mediator production: Figure 4.8(a) shows a bifurcation
diagram of the bacterial population as the apoptosis-stimulated attraction rate of leukocytes (s )
is varied. As s, increases, the steady state bacterial population decreases and sharply initially,
tending to zero for large s,. For large enough s,, the bacterial population is sufficiently reduced
that it is regarded as eradicated. The parameters r; and s, are the two rates of attraction of
leukocytes. It is worth noting that the infection can be totally eradicated for large enough r; (see
Figure 4.5(b)), but not for s, and that the population of bacteria decreases faster for increasing r;
than it does for increasing s,. This indicates, that r; is a more important parameter to alter than
Sq to achieve eradication. This result is in agreement with the sensitivity analysis (see Figures 4.3
and 4.4) — that the majority of leukocytes are attracted by inflammation and only a small number
by apoptosis markers. Figure 4.8(b) shows a bifurcation diagram of the bacterial population as
the production rate of pro-inflammatory mediators due to host cell necrosis (s,,) is varied. The
results here are qualitatively similar to those for varying s, (Figure 4.8(a)) — for large enough s,,

the bacterial population is sufficiently reduced that it is regarded as eradicated.
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Figure 4.8: Diagrams for the total bacterial population in the steady states of system (4.10) for (a)
varying s, and (b) varying s,, for the baseline parameter set. No bifurcations occur as s, or s, are
varied. Blue and dashed red lines represent stable and unstable steady states respectively.

The effector proteins that inhibit phagocytosis have a greater effect on the bacterial population in
the diseased state than the other effector protein groups: To make it easier to investigate the ef-
fects of the global production rates of effector proteins on bacterial growth, we assume that the
production rates by both bacterial phenotypes are equal; i.e. ¢11 = ¢12 = ¢1, €21 = €22 = ¢c2 and
€31 = €39 = c3, where ¢;; is the production rate of e; by b;. Figure 4.9(a) shows the effects on the
bacterial population in the steady state when the global production rate of each effector protein
group is varied individually whilst keeping the others fixed at their baseline values. Figure 4.9(b)
shows the same but whilst the other groups are absent. Both figures show that varying e3 produces
the biggest effect on the bacterial population in the steady state which is supported by the results
of the sensitivity analysis (c3 and d.3 are two of the eight parameters that the diseased state is most
sensitive to, while ¢1, ¢a,de1 and deo are not). It appears that e has the least prominent effect on
the bacterial population in the steady state and makes surprisingly little difference when e; and eg

are switched off, implying that es may only work in synergy with the other groups.
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Figure 4.9: Diagrams for the total bacterial population in the diseased steady state of system (4.10)
as 1, ¢g, c3 are varied individually with the other two (a) fixed at their baseline values and (b) set
to zero. All other parameters take their baseline values. No bifurcations occur as c¢1,co or c3 are
varied.

Effector proteins are worthwhile targets for novel anti-virulence treatment strategies: Figure 4.10(a)
shows how the p concentration in the diseased state varies with c¢q, highlighting that e; reduces
it by over 80% when ¢; > 1). Together, Figures 4.10(a) and 4.9 suggest that inhibiting pro-
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inflammatory mediator production and phagocytosis are effective virulence mechanisms, with the
latter being more effective. Given that treatments that indirectly hinder infections are less likely
to promote genetic resistance (see Chapter 2), these mechanisms could be worthwhile targets for

novel anti-virulence treatment strategies.

The infection size oscillates when dead host cells take a long time to repair: Figure 4.10(b) shows
a bifurcation diagram of the bacterial population as the repair rate of dead host cells (d,,) is var-
ied. For large d,, the steady state bacterial population is approximately 0.8. As d,, decreases, the
steady state bacterial population decreases, implying that the infection is less potent when dead
host cells take longer to repair. The finding that a slower rate of host repair is beneficial to the
host is counter-intuitive, but not illogical; a more inflamed environment elicits a stronger leukocyte
response. Requiring the maintenance of the immune response above a critical response is a result
that is also in keeping with other studies, including Ternent et al. [85] and Gjini et al. [86]. The
diseased state becomes unstable at d,, ~ 0.17, where there is a Hopf bifurcation creating a stable
limit cycle for d,, below this value. In this parameter region, the infection size oscillates; however
for d, sufficiently small, the lower bound of the oscillations is sufficiently low that we assume the
infection is eradicated (see section 4.4.1). The peak size of the recurrent infection is approximately

half that when d,, is large.
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Figure 4.10: (a) Graph showing the diseased state p population of system (4.10) for varying ¢; for
the baseline parameter set. (b) Bifurcation diagram for the total bacterial population in the steady
states of system (4.10) for varying d,, for the baseline parameter set. The overlaid plot zooms in on
the bifurcation at d,, = 0.17, highlighting the presence of a stable limit cycle. Full blue, dashed red
and dotted blue lines represent stable steady states, unstable steady states and stable limit cycles
respectively.

Summary

We carried out a sensitivity analysis to determine which parameters the diseased state is most
sensitive to. We considered these parameters, along with those present in the disease-free stabil-
ity condition (equation (4.28)), for bifurcation analysis. If the growth and death parameters of a
variable were present, we chose the growth parameter as we assume it is easier to alter in clinical
practice. Conclusions obtained are reversed for the corresponding death rates. We also chose to

explore the EPEC specific dynamics in detail.

A bifurcation analysis of system (4.10) found that treatments that sufficiently:
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inhibit the growth or promote the death of bacteria,
increase the attraction rate or survival time of leukocytes,

increase the rate of apoptosis-stimulated leukocyte attraction,

Ll e

increase the rate of pro-inflammatory mediator production due to host cell necrosis,

result in the eradication of the infection. Increasing the background pro-inflammatory mediator pro-
duction rate achieves a similar result, but is not a recommended strategy as it leads to auto-immune
health problems such as leukemia and inflammatory diseases. Care must be taken when altering
the parameters governing the strength of the stimulated immune response (via both inflammation
and host cell death) to reduce the risk of similar health problems. Inhibiting the production of, or
promoting the removal of, effector proteins, particularly those that inhibit phagocytosis, reduces

the steady state infection size but not enough to eradicate the infection. We also found that:

1. differences in the phenotypes of bacteria progeny do not significantly affect the infection size

in the diseased steady state,
2. the infection benefits from the internalization of pro-inflammatory mediators,

3. the pro-inflammatory mediator concentration in the diseased steady state is significantly re-

duced when the production of the effector proteins that inhibit their production is high,

4. the infection is less potent when dead host cells take longer to repair.

A two-parameter sensitivity analysis predicts that combined treatments are more effective than
individual treatments, in particular treatments that both inhibit the net growth of bacteria and
either inhibit the net production of effector proteins or boost the attraction rate or longevity of
leukocytes. Indirect treatments, such as those targeting the production or removal of effector pro-
teins, can compliment the actions of more direct treatments, allowing direct treatments to be used

at lower intensities, which are likely to be safer for the host.

The behaviours seen in this section will now be explored in more detail by considering numerical

simulation of system (4.10).

4.4.4 Numerical simulations

We now present numerical simulations to observe transient behaviours and to explore the results
obtained from the bifurcation analysis in more detail. For each parameter explored in the bifurca-
tion analysis, except the background production rate of pro-inflammatory mediators (¢), numerical
simulations at three distinct parameter values are presented to give a broad display of the possible
temporal dynamics. ¢ is omitted from this analysis as it is not a sensible treatment strategy due
to the auto-immune health problems it leads to. In Figures 4.12-4.17, only the total density of
bacteria (B), the concentration of pro-inflammatory mediators (p) and the density of leukocytes (1)

are plotted for brevity.

Figure 4.11 shows numerical simulations for all variables under the baseline parameter regime.
Under this regime, the infection survives well and an equilibrium between the immune response

and the infection is reached. The effector proteins all peak at slightly different times and values.
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The density of e; peaks and then decreases due to by and p continuing to increase to levels that give
sub-optimal production of es. The density of dead host cells increases and plateaus at a similar

time to the density of bacteria and the concentration of pro-inflammatory mediators.
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Figure 4.11: Numerical simulations of system (4.10) for the baseline parameter set.

Hindering the net growth of bacteria is an effective treatment strategy: Figure 4.12(a) shows numer-
ical simulations for B, p and [ for various r, values. For r, < d; (top panel), the infection dies out
regardless of the immune response, as the population dies faster than it grows. For intermediate
rp (middle panel), the infection survives at a small population and we regard this as asymptomatic
colonisation. For larger r;, values (bottom panel), the infection survives and thrives, as the immune
response is not strong enough to overcome the growth of the bacteria. The variables of the immune
response also remain elevated as they continue to fight the infection. Together, these results sug-
gest that hindering the growth rate or reducing the survival time of bacteria could be an effective

treatment strategy.

Boosting the inflammation-stimulated leukocyte response is an effective treatment strategy: Figure
4.12(b) shows numerical simulations for B, p and [ for various r; values. When attraction of I due
to p is absent (top panel), the bacteria thrive as not enough leukocytes are present to overcome
them. For intermediate r; (middle panel), the bacterial population is reduced to a low level, with
the density of leukocytes remaining elevated. For sufficiently large r; (top panel), the infection is
completely cleared, but there is a very high peak in the density of leukocytes which then settles
to a steady state value that is still elevated. These results predict that temporarily boosting the

inflammation-stimulated leukocyte response is an effective treatment strategy.

Altering the pro-inflammatory mediator apportioning of replicating bacteria does not significantly
affect the infection size: We remind the reader here that all b; progeny are by, while the proportion
of by progeny that are by is governed by A € [0,1]; A = 1 results in all by progeny being b;. Figure
4.13(a) shows numerical simulations for by, bo and p for various A values. We found in the bifurca-
tion analysis that the total density of bacteria does not vary much with A, therefore we consider only

the effects on the individual phenotypes. When all by progeny are bs (top panel), all bacteria end
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Figure 4.12: Numerical simulations of system (4.10) for (a) 7, = 0.5,1,5 respectively and (b)
r; = 0,3, 30 respectively, with all other parameters at their baseline values.
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Figure 4.13: Numerical simulations of system (4.10) for (a) A = 0,0.5,1 respectively and (b)
q = 0.1, 3, 15 respectively, with all other parameters at their baseline values.
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up as by very quickly. When half of by progeny are bs (middle panel), there is ultimately a fraction
(=~ 17%) of the total bacteria that are by; however, the majority are bo. When all by progeny are by
(bottom panel), then approximately 35% of all bacteria are b;. This implies that the majority of
bacteria are always bs. The concentration of p goes down as A increases due to more offspring being
b1, allowing for more internalization of p. These results suggest that shifting the p apportioning of

replicating bacteria may not be an effective treatment strategy.

Inhibiting the internalization of pro-inflammatory mediators by bacteria contributes to eradication:
Figure 4.13(b) shows numerical simulations for b1, by, B and p for various ¢ values. As ¢ increases,
b1 and p decrease while by increases as expected. The total density of bacteria increases and plateaus
with increasing ¢, demonstrating that the infection benefits from the internalization of p. Inhibit-
ing this mechanism is an effective treatment strategy; however, it cannot lead to eradication of the
infection on its own — a treatment of this form will act as a supplementary treatment to a more

direct treatment strategy.

Boosting the apoptosis-stimulated leukocyte response is an effective treatment strategy: Figure
4.14(a) shows numerical simulations for B, p and [ for various s, values. In the absence of [

attraction via apoptosis (top panel), the immune response from inflammation is not strong enough
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Figure 4.14: Numerical simulations of system (4.10) for (a) s, = 0,10, 100 respectively and (b)
sp = 0,10, 100 respectively, with all other parameters at their baseline values.

to overcome the infection and the infection thrives. As s, increases (middle and bottom panels),
the bacterial population decreases and is reduced to a negligible size for a sufficiently large value;
therefore, the infection is eradicated. [ increases with increasing s, as expected, but remains el-
evated post-infection, similar to the case of high r;. The peak density of [ is considerably lower
for high s, than it is compared with high r;, suggesting that altering s, might be the safer of the
two treatment styles in order to avoid self-injurious disease. Together, these results suggest that

temporarily boosting the apoptosis-stimulated leukocyte response is an effective treatment strategy.

Increasing the pro-inflammatory mediator release during host cell necrosis is an effective treatment
strategy: Figure 4.14(b) shows numerical simulations for B, p and [ for various s, values. In the
absence of p production from dead host cells (top panel), the infection is not eradicated. For in-
termediate s,, (middle panel), the bacterial population is reduced to a negligible size, while the
immune response remains elevated. For large s, (bottom panel), p and [ are elevated quickly and
exhibit decaying oscillation down to steady state values that are surprisingly lower than they are
for intermediate s,, (although not significantly low). These results suggest that increasing the con-

centration of p released during host cell necrosis is an effective treatment strategy.

Inhibiting the effector proteins that inhibit pro-inflammatory signalling and phagocytosis contributes
to eradication: Figure 4.15(a) shows numerical simulations for B, p and [ for various ¢; values. In
the absence of e; (top panel), the infection persists at a low level (a2 0.37). For increasing ¢; (middle
and bottom panels), B increases and plateaus at a higher steady state. p decreases with increasing
c1 as its production is inhibited and the consequential reduction in [ results in the observed larger
infection size. Figure 4.15(b) shows numerical simulations for B, p and ! for various ¢ values. In
the absence of es (top panel), the infection persists at a low level that is higher than that in the
absence of e; (= 0.48 compared with 0.37). B increases with increasing cp (middle and bottom
panels) and plateaus at a value comparable with that for large ¢; (0.69 vs 0.73 respectively). While
p increases with e; due to more host cells necrosing, [ decreases slightly, implying that the net ef-
fect of more inflammation and fewer apoptosis markers benefits the infection. Figure 4.16(a) shows
numerical simulations for B, p and [ for various c3 values. In the absence of es (top panel), the

infection persists at a low level that is lower than that in the absence of e; or es (= 0.24 compared
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Figure 4.15: Numerical simulations of system (4.10) for (a) ¢; = 0,10,100 respectively and (b)
co = 0,10, 100 respectively, with all other parameters at their baseline values.
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Figure 4.16: Numerical simulations of system (4.10) for (a) ¢s = 0,10,100 respectively and (b)
c1, 2, c3 = 0 respectively, with all other parameters at their baseline values.

with 0.37 or 0.48). B increases with increasing e3 and reaches a value higher than for increasing
e1 or ex (= 0.95 compared with 0.73 or 0.69 respectively). p and [ increase as es increases, as a
reaction to the increase in B. Figure 4.16(b) shows numerical simulations for B, p and ! when
c1,c2,c3 = 0. The bacterial steady state in this case is approximately 0.14, which is lower than that
for any of the cases with only one effector protein group turned off and the steady state values for
p and [ are also lower. Together, these results imply that inhibiting the production or reducing the
survival time of any effector proteins reduces the infection size. By comparing the differences in
the infection size at the steady state, we see that removing e3 has the biggest negative effect on the
infection size. This implies that inhibiting phagocytosis is the most effective virulence mechanism
of EPEC; therefore, in agreement with results from the bifurcation analysis, inhibiting this group of
effector proteins may be the most effective individual anti-effector protein treatment. Treatments
that target different groups will work in synergy, so by combining anti-effector protein treatments,
the virulence of the infection can be vastly reduced. However, even in the absence of all effector
proteins the infection is not eradicated, therefore anti-effector protein treatments will need to be
combined with other treatment strategies to achieve eradication. This is in keeping with other

anti-virulence studies in the literature, both mathematical [85, 150] and experimental [151, 152].

The infection is less potent when dead host cells take longer to repair: Figure 4.17 shows numerical
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Figure 4.17: Numerical simulations of system (4.10) for d,, = 10,1,0.08, with all other parameters
at their baseline values.

simulations for B, p and [ for various d,, values. For large d,, (top panel), the quick repair of dead
host cells leads to a less inflamed environment and so a weaker immune response, allowing the
infection to thrive. For intermediate d,, (middle panel), the environment becomes more inflamed
leading to a stronger immune response, leading to higher values for p and [. This then leads to the
bacterial population being reduced in size. For sufficiently low d,, (bottom panel), the bacterial
population oscillates; however, the lower bound of the oscillations is sufficiently low that the infec-
tion is regarded as eradicated. These results imply that the infection is less potent when dead host

cells take longer to repair, since a more inflamed environment elicits a stronger leukocyte response.

Summary

Numerical simulations have highlighted many potential treatment styles, some of which reduce the
virulence of an infection while others work to reduce the infection size. The results suggest that
some treatment strategies can work individually to eradicate an infection but some work well in
concert, particularly a combination of an anti-virulence treatment combined with a bacteriostatic
or a bactericidal treatment. The results presented here are in agreement with those found in the

bifurcation analysis.

The most effective individual EPEC infection treatment predicted by this model is either a bacte-
riostatic (reduces growth rate) or a bactericidal (increases death rate) treatment. This implies that,
regardless of additional virulence mechanisms such as the secretion of effector proteins, the best
results are attained by directly attacking the bacteria. Antibiotic resistance has not been considered
in this model, therefore while these treatment strategies may work well on many strains, they may
not work well on more resistant strains. Direct treatments such as these are also likely to promote
antibiotic resistance being passed on to future generations of bacteria which is an undesirable con-
sequence. Temporarily boosting the leukocyte attraction rate, both by inflammation and host cell
death pathways, is predicted to be an effective strategy; however, care must be taken to ensure
that the white blood cell count does not reach dangerous levels during the course of the treatment.
Boosting the leukocyte attraction via host cell death can result in a comparable reduction in infec-
tion size to that via inflammation pathways, but does not result in as high a peak in the density of
leukocytes implying that this method may be safer for the host. Inhibiting the ability of EPEC to
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internalize host pro-inflammatory mediators is an effective anti-virulence strategy; however, it will
need to act in concert with another more direct treatment strategy to achieve full eradication of the
infection. It works well as an additional treatment as it does not particularly elevate the immune
response, therefore it is less likely to lead to the immune response going into a state of overdrive
when combined with other treatment strategies. Treatment strategies that reduce the production
of any effector proteins are beneficial, but targeting the production of those that inhibit phagocy-
tosis is the most effective individual strategy. Combining treatment methods in such a way that all
effector proteins have reduced production leads to a large reduction in the infection size; however,
this anti-virulence treatment method is not strong enough to eradicate the infection and needs to
be combined with a more direct treatment such as a bacteriostatic or a bactericidal treatment.
It is thought that anti-virulence treatments such as the inhibition of effector protein production
or the internalization of pro-inflammatory mediators are unlikely to promote antibiotic resistance
due to their indirect nature, which makes them appealing as accessory treatments. While each of
the discussed treatment styles has its benefits and drawbacks, the best treatment or combination
of treatments to take may depend on the circumstances of the individual patient. For example,
a patient with a weak immune response may respond better and more safely to a treatment that

boosts the attraction rate of leukocytes than a patient with a strong immune response.

4.4.5 EPEC basic model summary

The analytical and numerical explorations of the EPEC basic model have revealed several potentially
effective treatment strategies which are given, along with their benefits and drawbacks, in Table
4.3.
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Treatment strategy

Benefits

Drawbacks

Reducing the growth rate
or increasing the death
rate of bacteria

Can eradicate the infection
and does not cause a dan-
gerously strong immune re-
sponse

Susceptible to and likely to
promote, antibiotic resistance

Temporarily  increasing
the attraction rate of
leukocytes via inflamma-
tion

Can eradicate the infection

Can lead to a dangerously
strong immune response,
which can lead to autoim-
mune diseases

Temporarily  increasing
the attraction rate of
leukocytes via apoptosis
markers

Can eradicate the infection
(but not as well as via inflam-
mation)

Can lead to a dangerously
strong immune response,
which can lead to autoim-
mune diseases (but not as
severe as via inflammation)

Inhibiting the ability of
EPEC to internalize host
pro-inflammatory media-
tors

Does not elicit a strong im-
mune response and is not
likely to promote antibiotic
resistance

Cannot eradicate the infec-
tion on its own

Inhibiting the production
of effector proteins

Does not elicit a strong im-
mune response and is not
likely to promote antibiotic
resistance

Cannot eradicate the infec-
tion on its own

Table 4.3: The potentially effective treatment strategies given by the EPEC basic model along with
their benefits and drawbacks.

The main finding from the analysis of our basic EPEC model (equations (4.10)) is that a combination
of direct anti-bacterial treatments and indirect anti-virulence or immune-boosting treatments is
likely to yield the best results both short term and long term. We now move on to discuss and
analyze a multi-scale coupled EPEC model (referred to as the coupled model from here on) that
includes a sub-cellular GRN governing bacterial protein synthesis as well as a class of antibiotics

(aminoglycosides) that acts to inhibit this protein synthesis.

4.5 A subcellular gene network (GRN) for bacterial protein
synthesis

4.5.1 Introduction

First, we formulate a sub-cellular GRN that governs bacterial protein synthesis, comprising a
population-level ODE model and accomodating the effects of aminoglycosides (a class of antibiotic)
on bacterial protein synthesis. Analysis of this GRN illuminates potentially effective treatment
strategies that target the mechanisms of the GRN. In section 4.6, we incorporate this GRN into
the basic EPEC model to yield a more biologically detailed model for an EPEC infection.
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4.5.2 Formulation of the GRN

The GRN is formulated based on the literature discussed in the literature review (Chapter 2) and
the recent discovery by experimental collaborators that EPEC become less sensitive to aminoglyco-
sides when they have internalized host pro-inflammatory mediators (see section 2.5.1). This model
has six variables: the numbers of unbound mRNA (M), bound mRNA (M), functioning pro-
teins (') and mistranslated proteins (I'x) and the (internalised) concentrations of aminoglycosides
(A) and pro-inflammatory mediators (P). As the model is population-level, we can construct an

ODE representation of the dynamics. Figure 4.18 shows a schematic diagram of the GRN dynamics.
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Figure 4.18: Schematic diagram of the GRN dynamics. Black, green and red arrows represent
reactions, up-regulation and down-regulation respectively.

The GRN evolves according to:

My = Ry + RrM; — Ry (1 — far) My — Ky Mo, (4.29a)
M, = Ry (1 — far)My — Rp My, (4.29b)

I' = Rr(1 — fr)M, — KrT, (4.29¢)
I'x = RrfrM; — KrxTx, (4.29d)

where:

fM(AP):( 4 )( i ) (4.30a)

Qum+A)\Qp+P
_ A Qp
fr(A, P) = (QF+A> (QP+P)' (4.30b)

My is synthesized by the bacterium at a constant rate Ry from nutrients sourced from its envi-

ronment and ribosomes bind to M, at rate R;, converting them into M;. Translation occurs at
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rate Rr and results in the production of proteins (either T" or I'x). We assume that My, T" and T'x
degrade naturally at rates Kj;, Kr and Krx respectively, where Krx > Kr since mistranslated
proteins are broken down more frequently to make amino acids available for the assembly of other
proteins. We assume for simplicity that bound mRNA do not degrade. Aminoglycosides inhibit
(1) the binding of ribosomes to My, reducing the conversion rate of My to M; and (2) ribosomal
proof-reading, resulting in more of the proteins created being I'x. We incorporate both of these
actions by making the conversion rate of My to M; a decreasing function of A, and the production
rates of I and I'x decreasing and increasing functions of A respectively. We choose these functions
to be Hill functions with coefficient 1 and half-maximal concentrations @y; and Qr for mRNA

binding and proof-reading respectively.

As discussed in the literature review (see section 2.5.1), it has been found experimentally that inter-
nalized pro-inflammatory mediators make EPEC less sensitive to the action of aminoglycosides, but
the mechanism of action is not known. Following discussion with our experimental collaborators,
we hypothesize that internalized pro-inflammatory mediators inhibit the action of the antibiotic
via competition for binding sites. We therefore introduce a P-dependent inhibition term in the
form of a decreasing Hill function, with coefficient 1 and half-maximal concentration Qp. This
term decreases monotonically as P increases and multiplies the aminoglycoside action terms, thus
inhibiting them. We assume for simplicity that the inhibitory effect of P is the same strength on
both aminoglycoside actions. In the absence of antibiotic, correctly translated protein synthesis
occurs unaltered and for a sufficiently large concentration of antibiotic, all protein production is
switched off. However, for a sufficiently large concentration of internalized pro-inflammatory me-
diators, the effects of the antibiotic are completely inhibited regardless of its concentration. The

total rate of protein production is conserved under proof-reading inhibition.

We now move to explore the dynamics of (4.29). In sections (4.5.3) and (4.5.4), we consider a con-
stant antibiotic concentration and a concentration that varies over time respectively, in both cases
analyzing the effects on the protein populations. The concentration of internalized pro-inflammatory
mediators is treated as a constant parameter in this analysis since mechanisms for internalization
are not considered; however, the concentration will be treated as time-dependent in the coupled

model (see section 4.6).

4.5.3 Constant antibiotic concentration

We emphasize here that since P and A are constant, fy; and fr are constant. The steady states of

(4.29) are given by:

0= Ro + RrM — Ry (1 — far)Mo — K Mo, (4.31a)
0= Ry(1— far)Mo — Rr M, (4.31Db)
0= Rr(l - f[‘)Ml — Krf, (431(})

0= RrfrM; — KrxTx. (4.31d)
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After some algebra, these provide:

_ _ - — . RO R()Rl RORl RORl
(]\407 My, T, FX) = (I(]\/Ia (17fM)RFKM, (17fM)(17fF)KMKFa (lfM)fF}(N[[(FX)
(4.32)

As for the basic model (section 4.4), we choose parameter values that give qualitatively sensible
results, given the absence of relevant experimental data. Figure 4.19 shows example numerical sim-
ulations of (4.29) and the corresponding steady states given by (4.32) when P, A = 0, the remaining
parameter values given in the figure caption. We see that all variables increase monotonically from
0 to the respective steady state value and that the numerical simulation steady state values are in
agreement with (4.32).

_MO
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Figure 4.19: Numerical simulations of (4.29) (full lines) and the corresponding steady states given
by (4.32) (dashed lines) when P, A = 0. Other parameter values: Ry = 2, Ry = 3, Rr = 2, Ky =
1.2, Kp = 1, Krx = 1.5,

We are interested in the number of correctly translated proteins being produced by the GRN, as the
coupled model assumes that the production rates of bacteria and effector proteins are functions of
I" (see section 4.6). Figure 4.20 shows numerical simulations of system (4.29) for various (constant)
values of P and A with all other parameter values equal to their values in Figure 4.19. In the ab-
sence of pro-inflammatory mediators and with a constant supply of antibiotic (Figure 4.20(a)), the
steady state I' population is vastly reduced. This shows that the antibiotic can effectively reduce
the density of correctly translated proteins produced in the absence of pro-inflammatory media-
tors. In the presence of pro-inflammatory mediators (Figure 4.20(b)), the action of the antibiotic
is inhibited and as a result, the steady state I' population is not as sharply reduced. For the same
concentration of pro-inflammatory mediators but a much higher antibiotic concentration (Figure
4.20(c)), the steady state I' population is decreased less than in Figure 4.20(a) but more than in
Figure 4.20(b). When both concentrations are higher (Figure 4.20(d)), the dynamics tend to what
they are in the absence of the antibiotic, since the action of the antibiotic becomes fully inhibited
when P is large, regardless of concentration. Figure 4.21 shows a surface plot of the steady state I’

population as a function of P and A, further demonstrating the results seen in Figure 4.20.
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Figure 4.20: Numerical simulations of system (4.29) for various (constant) values of P and A. (a)
A=1,P=0,(b)A=1,P=1,(c) A=10,P =1, (d) A= 10,P = 10.

Relevant parameter values: Rp =2, Ry =3, Rr =2, K); =12, Kr =1, Krx = 1.5.
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Figure 4.21: Surface plot of I' as a function of A and P.
Parameter values: Ry =2,R1 =3, Rr =2, K); =12, Kr =1, Krx =1.5,Qn = Qr = Qp = 0.5.

4.5.4 Varying antibiotic concentration

We now present the formulation of a time-dependent antibiotic concentration, allowing more accu-
rate modelling of the inhibitory effects of the antibiotic. For the antibiotic to be effective, it must
first cross the cell membrane. We therefore introduce a measure of the permeability or ‘leakiness’
of bacterial cell membranes, denoted L. A more permeable membrane allows more antibiotic to
enter the bacterium, therefore A is an increasing function of L. We define Z, and Z; as the basal
and maximum internalized concentrations of antibiotic respectively, assuming that there is a max-
imum possible concentration of antibiotic that can be internalized due to the finite volume of the
bacterium. We assume for simplicity that once an antibiotic molecule enters a bacterium, it stays
within the bacterium. We also assume that the degradation times of the antibiotic molecules are
normally distributed. The equation governing the concentration of internalized antibiotic over time

is:

A= (Zo +(Z1 - ZO)(bLi L)GXP( — Ka(t— tinj)Q) H(t — ting).

We assume that the antibiotic is injected instantaneously at time t = #,; > 0 and we model this
using a Heaviside step function with argument (¢ — ¢in;). We model the increase in internalized
antibiotic due to permeability using a Hill function, ¢ denoting the permeability at which the
antibiotic concentration is halfway between the basal and maximum concentrations. We model
the degradation of antibiotic molecules using a decreasing exponential function with argument

—KA(t — tinj)?, K4 governing the rate at which antibiotic molecules degrade on average.

We model the permeability of bacterial membranes using the equation:

 Wl'x
Wi+ TDx’
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Physiologically, we assume bacterial membranes become permeable when mistranslated proteins
are part of their composition. Leakiness is minimal in the absence of mistranslated proteins and
a membrane is fully permeable when all of the proteins in it are mistranslated, the leakiness of a
fully permeable membrane denoted Wy. W7 denotes the density of mistranslated proteins at which
membrane permeability is half-maximal. The model for the GRN with a time-dependent antibiotic

concentration therefore has the form:

MO = RO —|— RFMI — Rl(l — fM)MO — K]\{Mo, (4333,)
My = Ry(1 — far)My — RpM;, (4.33b)
I = Rp(1 — fr)M; — K7T, (4.33¢)
I'y = RrfrM — KrxTx, (4.33d)
L 2
A = ZO + (Zl — Z())i exXp| — KA(ﬁ — tinj) H(t — tinj)7 (4336)
¢+ L
Wol' x

L=——", 4.33f
Wi +T'x ( )

where fur(A, P) and fr(A, P) are given by (4.30). Non-dimensionalising (4.33) via the scalings
MO = Wlmo, Ml = Wlml, I' = Wl")/, FX = W17x, A= Zla, L= ¢LA, P = Trpp, t = T/Dp,
we obtain the following non-dimensional system:

mo = 1o +1rymy —r1(1 = fr)mo — kmmo, (4.342)
m1 = 7‘1(1 — fm)mo —TyMmay, (434b)
Y =ry(1 = fy)mi = ky, (4.34c)
Yx =1y fymi — kyxyx, (4.34d)
(04 (1 20) =l = a2 | H = i) (4.34e)
a= |z 20 A exp o(T — Tinj T — Tinj), .34e
”u)oFX
A= rpe (4.34f)
where:
(6% qp
m\ &, = 3 435&
o= (122) (52 -
(8% qp
a,p) = . 4.35h
i) <q7+04) <qp +p> (4.35b)

The dimensionless parameters in (4.34) are given by:
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Table 4.4 gives a physiological interpretation of these parameters and Table 4.5 gives the baseline

value of each parameter and initial condition of each variable. As for the basic model (section 4.4),

we choose parameter values that give qualitatively sensible results, given the absence of relevant

experimental data. Under this non-dimensionalisation, the maximum antibiotic concentration is

equal to 1.

In the following sections, we provide an exploration of (4.34) by considering numerical

simulations and parameter variations. These analyses will aid in illuminating whether or not par-

ticular clinical treatments that target bacteria protein synthesis and/or aminoglycoside action will

be effective.

To The synthesis rate of mRNA (transcription).

1 The binding rate of ribosomes to mRNA.

Ty The production rate of proteins (translation).

km, The natural degradation rate of (unbound) mRNA.

k. The natural degradation rate of correctly translated proteins.

kyx || The natural degradation rate of mistranslated proteins.

Qm The antibiotic concentration at which the effect of ribosome blockage is half-
maximal.

Gy The antibiotic concentration at which the effect of ribosomal proof-reading is
half-maximal.

ap The pro-inflammatory mediator count at which their inhibitory effect on the
antibiotic is half-maximal.

P The concentration of internalized pro-inflammatory mediators.

20 The concentration of antibiotic that can enter a fully functioning bacterial
membrane.

ko The natural degradation rate of the antibiotic.

Tinj The time at which the antibiotic is injected (the infection starts at time 7 = 0).

wo The leakiness of a fully permeable bacterial membrane.

Table 4.4: A physical interpretation of each parameter in system (4.34).
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To T Ty km k'y k’yX dm G~ dp

2 3 2 1.2 1 1.5 0.5 0.5 0.5
D 20 ka Tinj wo mo(0) m1(0) 7(0) 7x(0)
1 0.1 0.001 10 1 0 0 0 0

Table 4.5: The baseline parameter values and the initial conditions used in the numerical simulations
of system (4.34).

Figure 4.22 shows numerical simulations of (4.34) for varying ¢, , ¢y and p, where ¢,, and ¢, denote
the antibiotic concentrations at which ribosomal blockage and proof-reading are half-maximal re-
spectively. In the absence of p (Figure 4.22(a)), T is reduced to below 50% of the drug-free steady
state. This temporary reduction of the density of correctly translated proteins can potentially give
the immune response enough of an advantage to overcome the infection (this will be explored in
more detail in the analysis of the coupled model). When there is a non-zero concentration of p
(Figure 4.22(b)), T is reduced but much less so than in the absence of p (Figure 4.22(a)). When
the action of the antibiotic is more effective (Figure 4.22(c)), I' is reduced more than it is in Figure
4.22(b), but not as much as in Figure 4.22(a). This suggests that the internalization of host pro-
inflammatory mediators by EPEC effectively inhibits the functions of the aminoglycoside. When
the action of the antibiotic is even more effective (Figure 4.22(d)), T is reduced to a density com-
parable to that in Figure 4.22(a), but also stays close to the minimum for a longer time. This gives
the immune system more time to overcome the infection, increasing the potential for clearance of
the infection. When the action of the antibiotic is as effective as it is in Figure 4.22(d), and there is
a high concentration of p (Figure 4.22(e)), the antibiotic has a negligible effect on the GRN, demon-
strating the importance of the ability of EPEC to internalize host pro-inflammatory mediators to

the virulence of the infection.

Figure 4.23 shows surface plots of the minimum correctly translated protein density that occurs
after aminoglycoside administration (see black circles in Figure 4.22) when selected pairs of param-

eters are varied. We now present some interesting results that are yielded by analysing these plots.

Treatments that alter the effectiveness of aminoglycosides or internalized pro-inflammatory medi-
ators only have a significant effect when the bacteria have sufficiently low concentrations of inter-
nalized pro-inflammatory mediators: Figure 4.23(a) shows that the minimum ~ decreases as ki,
decreases when p is small, but varies negligibly with k. when p is large. Figure 4.23(b) shows that
the minimum  decreases significantly as ¢, and g, decrease when p is small, however as with k.,
altering ¢,, and ¢, makes negligible difference to the minimum ~ when p is large. Figure 4.23(c)
shows that altering g, only makes a significant difference to the minimum = if p is sufficiently small.
These findings imply that increasing the longevity of a, making the bacteria more sensitive to the
inhibitory action of o and making « less sensitive to the inhibitory action of internalized p will
only be effective if the concentration of internalized p is sufficiently low, further demonstrating the
importance of the ability of EPEC to internalize host pro-inflammatory mediators to the success of

the infection.
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Figure 4.22: Numerical simulations of system (4.34). (a) p=20, (b) p =1, (¢) gm,q¢y =0.1,p =1,
(d) gm>qy =0.01,p =1, (e) ¢m,qy = 0.05,p = 10. The black circles represent the minimum density
of correctly translated proteins after aminoglycoside administration. Initial conditions and all other
parameter values are given in Table 4.5.
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Protein synthesis is significantly reduced if antibiotic treatment is commenced sufficiently early: Fig-
ure 4.23(d) shows that the minimum ~ decreases as the delay in the antibiotic injection decreases,
regardless of p. This suggests that quick diagnosis and commencement of treatment can be pivotal

to the successful eradication of the infection.

() (d)

Figure 4.23: Numerical simulations of system (4.34) showing min(y) for: (a) varying k, and p, (b)
varying (gm, ¢,) and p, (c) varying tin; and p, (d) varying (¢m,q,) and gp. All other parameters
take their baseline values.

Summary
Feasible strategies that reduce the density of correctly translated proteins being made by the bac-
teria, potentially inhibiting the infection sufficiently that the immune response can eliminate it,

are:

e commencing an aminoglycoside treatment as soon as possible.
e reducing the internalization of pro-inflammatory mediators and

— making the aminoglycoside naturally last longer,
— making the bacteria more sensitive to the inhibitory action of the aminoglycoside.
— making the antibiotic less sensitive to the inhibitory action of pro-inflammatory media-

tors.
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Now that we have explored how the density of proteins produced by bacteria is affected by the
action of aminoglycosides, we wish to see how this affects the success of the infection. We therefore
couple the sub-cellular GRN with the EPEC-specific basic model.

4.6 The coupled EPEC model

4.6.1 Introduction

The basic model governs the dynamics between the bacteria, its secreted effector proteins and the
immune response, while the sub-cellular GRN governs bacterial protein synthesis. We wish to
combine these models to obtain a more realistic description of an EPEC infection and, therefore,
more accurate treatment predictions. The resulting combination of the basic model and the GRN

is referred to as the coupled model.

4.6.2 Formulating the model

In the coupled model, (mg, m1,7,vx,« and A) are the average quantities of the respective variables
per bacterium, yielding an average growth rate of bacteria and average production rates of effector
proteins. Since bacteria and effector proteins are formed from the correctly translated proteins
(7) produced by the GRN, we make their production rates proportional to the density of correctly
translated proteins. By combining equations (4.10) and (4.34), the coupled model is given by:

dby b1 + Abo 1

- = — —gpb; = 1b — dpb 4.36
g "] ¥ (b1 + bo) qpo1 1 <1+63) 01, ( a)
dbs (1— A)bs 1

- = —_— b1 — b — dpb 4.36b
g T (b1+b2)+QP1 2<1+63) b2, ( )
b _ &+ cp(1 4 vl)(by + b2) ! L — qupppb1 + Spn — (4.36¢)
ar b 1 2 1+ a2 1+ e qUppPY1 n D, .

da p?

- - 4.

dr "a 1+ p? dat (4.36d)
dl 1

- — — 4.

e rip + Sa(b1 + b2) (1 T 62) dil, (4.36e)
d€1
— = [ c1br + ca2b2 |y — deren, (4.36f)
dr
2 _ (epby +c n bz — dese (4.36g)
g\ 22 §1+p2 52“‘1)3 v e2€2, -00bg
des _ <C31 + 2P )bﬂ — deses, (4.36h)
dr Y. +p

dn e2

dr (b1 + 2)%%‘*'6% n, (4.361)
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% =70+ 1ym1 =71 [1 - (qmcj_ a) (qpq—pkpﬂ mo — kmmo, (4.36))
oo () (o
ZZ__T”[l_'<qwi-a> (%ﬁip)]7nl__k”7’ (4361
(%X - (qwi a) (qqu—p> ™~ Eaxx, (4:30m)
o= (20 + (1 = 20) . ﬁA)eXp{ ka(r — Tinj)z]H(T — Tinj), (4.36n)
A % (4.360)

The coupling of the two models allows the concentration of pro-inflammatory mediators (p) to vary

with time in the GRN. The next section is concerned with the analysis of (4.36).

4.6.3 Steady state and stability analysis

The steady state equations for mg, m; and ~ are given by:

027‘0+7‘7m1 —ri1mo — kmMmo,
0=rimg — TyM1,
0 :r7m1 —k’y’_}/,

since a« — 0 for large 7. Solving these equations yields:

_ 7o _
m():i, m1:
kim ryk
y'vm

ToT1 5= ToT1
’ Kk

The same parameter values from the basic and GRN models are used in the coupled model, allow-
ing comparison between the models. The growth rates for bacteria (r;) and effector proteins (c;;,
for i = 1,2,3 and j = 1,2) are divided by ¥, allowing them to be comparable to their equivalent
rates in equations (4.10) and (4.34) when the GRN has reached its steady state. Table 4.6 gives
the baseline parameter values and the initial conditions used in the coupled model analysis. The
injection delay time t;y; is given a baseline value of 30 to allow time for the infection to grow close to
the carrying capacity before antibiotic treatment commences. We assume the GRN is at its steady
state before the infection occurs and numerical simulations (not included for brevity) show that
with these parameter values and initial conditions, the coupled model in the absence of antibiotic
has identical dynamics over time to the basic model. As in the basic model, we define B = by + bs.
Figure 4.24 shows numerical simulations for B, p, [ and « for this baseline parameter set. For this
parameter set, the infection is almost eradicated with the aid of the antibiotic but the infection

recurs once the transient antibiotic concentration becomes sufficiently low.



CHAPTER 4. A MATHEMATICAL MODEL OF AN EPEC INFECTION 102

As in the basic model (see section 4.4.4), we assume that the infection is eradicated for B ~ 0. As
the concentration of antibiotic in (4.36n) is transient, the infection always recovers in numerical
simulations. Therefore, we concentrate on the minimum infection size, min(B(t)), rather than the
steady state infection size, and apply the above eradication assumption. In this analysis, we let
gm = ¢y = ¢q S0 that an overall antibiotic susceptibility (¢.) can be obtained and its effect on the

infection dynamics measured. We now consider min(B(t)) when several different model parameters

are varied.
b A q dy o} Ch v Upp Sn Tq da
0.3 0.5 3 0.75 0.03 2 1 1 0.6 1.5 1
T Sa d; c11 c12 de1 Co1 Co2 Py1 Yy den
1 1 1 2 2.4 2 2 2 0.5 0.5 2
C31 C32 ¢z deS wn dn To 1 Ty km k'y
2 2 0.6 2 1 1 2 3 2 1.2 1
kyx  Gm Gy ap 20 ka Tinj wo b1(0)  b2(0)
1.5 0.5 0.5 0.5 0.1 0.001 30 1 0.01 0

p(0) a(0) U(0) ei(0) e2(0) e3(0)  7n(0)  me(0) mi(0) ~(0)  vx(0)
0 0 0 0 0 0 0 5/3 2.5 5 0

Table 4.6: The baseline parameter values and the initial conditions used in the numerical simulations
of system (4.36).
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Figure 4.24: Numerical simulations of system (4.36) for the total density of bacteria, the concentra-
tion of pro-inflammatory mediators, the density of leukocytes and the aminoglycoside concentration
for the baseline parameter set.
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4.6.4 Numerical simulations
1-parameter analysis

In this investigation, we compare the minimum infection size to the initial infection size as chosen

parameters are varied. For each parameter, we:

1. find the parameter value that gives min(B(¢t > 0)) = B(¢t = 0),
2. compute the parameter value that gives a 90% decrease in min(B),

3. calculate the percentage change in parameter.

Figure 4.25 provides a visual aid for this process. We then compare the required parameter changes
and deduce which parameters the minimum infection size is most sensitive to. We will later combine
parameter alterations to see which combinations are the most effective at eradicating the infection

(reducing min(B) below a critical threshold).

—— Parameter value 1
—— Parameter value 2

min(B(t > 0))

Figure 4.25: Example graph showing how the parameter sensitivity analysis of the coupled EPEC
model is undertaken. From the parameter value that gives min(B(¢t > 0)) = B(t = 0) (blue line),
we compute the parameter value that gives a 90% reduction in min(B) (red line). We then calculate
the percentage change in parameter required for this 90% reduction.

During this analysis, ¢;1 = ¢;2 = ¢; for i = 1,2, 3 so that the global effector protein production rates
can be considered and g, = ¢ = ¢y so that the global antibiotic effectiveness can be considered.
The chosen parameters are qa, Ko, tinj, gp, wo and rg from the GRN and 73,77, c3 and ¢, from the
basic model. The parameters wg and rg are chosen as we want to explore how altering the suscep-
tibility of the bacterial membrane to permeability and the efficacy of mRNA synthesis respectively
affect the success of the infection. The basic model parameters r, 7, and c3 are chosen as they are
involved in the 3 most sensitive net growth rates (regarding the steady state infection size) and ¢
is chosen to explore the effects of altering the concentration of pro-inflammatory mediators on the

success of the infection.

Figure 4.26(a)—(j) shows min(B(t)) for varying ¢a, ka; tinj, @p, Wo, 70, T's, 71, c3 and ¢ respectively.
We see that min(B(t)) becomes negligibly small for sufficiently low g, ko, 7o and 7, and sufficiently
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high ¢,,wo and r;. The infection can therefore be eradicated by sufficiently reducing (1) the sen-
sitivity of antibiotics to the inhibitory effects of internalized pro-inflammatory mediators, (2) the
degradation rate of aminoglycosides, (3) the synthesis rate of mRNA strands or (4) the growth
rate of bacteria, or by sufficiently increasing (1) the sensitivity of bacteria to aminoglycosides, (2)
the leakiness of a fully permeable membrane or (3) the inflammation-stimulated attraction rate of

leukocytes.

We see from Figure 4.26(c) that while the minimum infection size cannot be made negligibly small
compared to B(t = 0) by altering t;nj, a 90% reduction can be achieved by a sufficient reduction
in tinj. This suggests that an antibiotic treatment is more likely to be successful if the treatment
is commenced quickly after the initial infection; however, a quick diagnosis is impractical if the

symptoms that lead to diagnosis do not manifest themselves sufficiently early in the infection.

Figure 4.26(i) shows that the minimum infection size cannot be decreased by 90% by only decreas-
ing c3, implying that the minimum infection size is not sensitive to c3. These results suggest that
while inhibiting the growth rate of effector proteins is helpful, there are more sensitive infection

dynamics to target that will achieve better results.

Figure 4.26(j) shows that min(B(t);c,) < B(t = 0) ¥V ¢,. Since we cannot consider a 90% reduction
in min(B) from B(t = 0), we instead consider a 90% reduction from the peak min(B). We find
that a 700% increase in ¢, is required, implying that the minimum infection size is not sensitive to
this parameter. Increasing the production rate of pro-inflammatory mediators many-fold is danger-

ous to the host and can lead to auto-immune diseases such as chronic inflammation and leukocytosis.

Table 4.7 gives a list of the chosen parameters, ordered by required percentage change, that the
minimum infection size is most sensitive to, along with physiological descriptions of the param-
eter changes and ways they can be implemented clinically. We see that the three most effective
individual treatments are decreasing the synthesis rate of bacterial mRNA, reducing the growth
rate of the bacteria and making the bacteria more sensitive to aminoglycosides. Other treatments
are found to be less effective, for example for a 90% decrease in the minimum infection size, the
delay in antibiotic delivery must be almost halved or the attraction rate of inflammation-stimulated
leukocytes must be increased by three quarters. In the basic model, for the baseline parameter set,
the steady state infection size is not particularly sensitive to ¢, (see Figure 4.3) and cannot be
reduced to a negligible size by solely varying cs (see Figure 4.9); results that are consistent with
those from the coupled model (Figure 4.26). Furthermore, both models agree that by sufficiently

reducing 7, or raising r;, the infection is eradicated.
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Par. | Par. Physiological description Clinical application
change

T —-13% Reduce the growth rate of bacte- Bacteriostatic / bactericidal antibi-
ria otics

70 —13% Reduce the synthesis rate of bac- Sequester free nutrients (internally
terial mRNA and externally), such as sugars,

phosphates and nitrogen

Qo —-22% Increase the sensitivity of bacte- Create a higher affinity for binding
ria to aminoglycosides

wo +64% Increase the leakiness of a fully Force mistranslated proteins to fold
permeable membrane into shapes that have a greater span

ko —67% Decrease the degradation rate of Improve the longevity / robustness
aminoglycosides of individual molecules

7 +74% Increase  the inflammation- Increase the sensitivity of leukocyte
stimulated recruitment rate of recruitment signalling pathways to
leukocytes pro-inflammatory mediator presence

tinj —90% Decrease the delay in antibiotic Diagnose the infection sooner
treatment

ap +108% Decrease the sensitivity of amino- Create a lower affinity for binding
glycosides to internalized pro-
inflammatory mediators

Cy +700% Increase the stimulated produc- Increase the sensitivity of pro-
tion rate of pro-inflammatory me- inflammatory signalling pathways to
diators pathogen presence

Table 4.7: A list of the chosen parameters that the minimum infection size, min(B), in (4.36)
is most sensitive to, ordered by the percentage change in parameter value required to give a 90%
decrease in min(B), from the value that gives min(B(¢ > 0)) = B(t = 0). Physiological descriptions
of the parameter changes, and ways they can be implemented clinically, are also given.
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Figure 4.26: Graphs showing the minimum infection size in (4.36) for varying (a) ¢a, (b) ka, (c)
tinj, (d) gp, (€) wo, (f) 70, (g) 76, (h) ri, (i) 3, (j) cp. All other parameters and initial conditions

are given in Table 4.6.

2-parameter analysis

We now consider varying pairs of parameters to look for effective synergistic treatment strategies.

We consider all of the parameters from the 1 parameter analysis that can give a 90% reduction
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in the minimum infection size for parameter changes that are below 200%. Table 4.8 shows the
minimum infection size as a percentage of the initial infection size (B(t = 0) = 0.01) when each
chosen pair of parameters is altered by 25% from their baseline values in the direction that leads

to a reduction in the minimum infection size.

The most effective individual parameter change is reducing the growth rate of bacteria, leading to
the minimum infection size being 0.17% of the initial infection size. The biggest decrease in the
minimum infection size occurs when both the net growth rate of the bacteria and the production rate
of bacterial mRNA are decreased, the minimum infection size being 10,000 times smaller than the
initial infection size. This implies that a treatment combination that inhibits both the net growth
rate of the bacteria and the production rate of bacterial mRNA will be a successful treatment. The
second biggest decrease in the minimum infection size occurs when both the net growth rate of the
bacteria is decreased and the susceptibility of the bacteria to the antibiotic is increased (a smaller g,
implies a greater susceptibility), the minimum infection size being approximately 83 times smaller
than the initial infection size. This implies that a treatment combination that both inhibits the net
growth rate of the bacteria and increases the susceptibility of the bacteria to the antibiotic will be

a successful treatment. Other treatment combinations that the model predicts to be effective are:

e decreasing the production rate of bacterial mRNA and increasing the susceptibility of the

bacteria to the antibiotic,
e decreasing both the net growth rate of the bacteria and the degradation rate of the antibiotic,

e decreasing the net growth rate of the bacteria and increasing the susceptibility of bacterial

membranes to permeability,

the minimum infection sizes being 42, 11 and 10 times smaller than the initial infection size re-
spectively. Altering parameters such as the inflammation-stimulated attraction rate of leukocyte
and the susceptibility of the antibiotic to pro-inflammatory mediators helps reduce the minimum
infection size in each case, but not significantly. Altering the delay in the injection time makes
surprisingly little difference when altered from the baseline parameter set. This implies that for a
noticeable effect, a much larger reduction in the antibiotic delay time must be used but as discussed,

this is possibly infeasible due to the possible absence of symptoms early in the infection.
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None Qo ke tinj ap Tp 7 wo
None 100
o (—) 7.7
ko (&) 68 2.5
tinj (—) 100 7.7 68
qp (+) 64 3.6 35 64
ry (—) 0.35 0.012 0.095 0.34 0.23
ry (+) 60 3.4 33 60 34 0.17
wo (+) 46 2.1 22 46 23 0.097 22
ro (—) 0.73 0.024 0.23 0.73 0.51 1.0 x 1074 0.39 0.21

Table 4.8: The minimum infection size as a percentage of the initial infection size (B(t = 0) = 0.01)
when each chosen pair of parameters is altered by 25% from their baseline values in the direction
that leads to a reduction in the minimum infection size. All values are rounded to two significant
figures and all unaltered parameters take their baseline values. The + and — symbols in the table
headers indicate whether the respective parameter is increased or decreased by 25%.

3-parameter analysis

Finally, we considered a triple function treatment by taking the three most sensitive parameters
7,79 and g, and reducing them by a percentage of their baseline values. We are interested in
seeing if altering three parameters by a smaller amount can produce the same magnitude effect as
altering two parameters by a larger amount. Figure 4.27 shows the numerical simulation for the
total density of bacteria when ry,rg and g, are at 90% of their baseline values (red line) compared
with that for the baseline parameter regime (blue line). The minimum infection size when 7y, rg
and ¢, are at 90% of their baseline values is approximately 7.9 x 107°, implying that the infection
is eradicated by a treatment that performs this parameter reduction. The minimum infection size
when 7, and 7o are at 75% of their baseline values is over 2000 times smaller than that when 7y, g
and q, are at 90% of their baseline values, suggesting that it is more effective to strongly target
the net growth rate of bacteria and the production rate of bacterial mRNA than to weakly target
the aforementioned and the bacterial susceptibility to aminoglycosides. Targeting all three strongly
will of course give an even better response than only targeting two; the minimum infection size
when 7,70 and ¢, are at 75% of their baseline values is approximately 1.4 x 107°. This might
be an unnecessarily strong treatment for typical cases and therefore an inefficient use of time and
resources, but it might be necessary for particularly virulent strains of EPEC or for patients with

weak or compromised immune responses.
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Figure 4.27: (a) Numerical simulations of system (4.36) for the total density of bacteria for the
baseline parameter set (blue) and the baseline parameter set but with ry, o, g¢m and ¢, at 90% of
their baseline values (red). (b) The same graphs as in (a), but zoomed in on min(B(t)).

4.6.5 Coupled model summary

We combined the population-level basic model and the sub-cellular GRN to form a coupled multi-
scale model that gives a more physiologically realistic representation of the dynamics of an EPEC
infection than the basic model. Due to the transience of the application of the antibiotic, we con-
sidered the minimum density of bacteria (rather than the steady state density). We made the

assumption that the infection is eradicated if the density of bacteria becomes sufficiently small.

We first analysed the effect on the minimum density of bacteria, min(B(t)), as we varied each pa-
rameter of a selected group. We considered the percentage change in each parameter value required
to give a 90% reduction in min(B), from the value that yields min(B(t > 0)) = B(t = 0). We
found that reducing the net growth rate of bacteria (r, — dp), reducing the production rate of bac-
terial mMRNA (rg) and increasing the susceptibility of bacteria to the antibiotic (g,) are the three
most effective methods for reducing the minimum infection size. The model therefore suggests that
a treatment that executes any of these functions is useful in eradicating the infection. Altering
parameters such as the injection delay time (¢;,j) and the susceptibility of the antibiotic to pro-
inflammatory mediators (g,) reduces the minimum infection size, but not significantly for changes
that are not large. Altering parameters such as the stimulated production rate of pro-inflammatory
mediators (¢p), and the rate of effector protein production (¢;; for ¢ = 1,2,3 and j = 1,2)), makes
little difference to the minimum infection size for changes that are not large. Both the basic and
coupled models agree that (1) by sufficiently reducing the growth rate of bacteria (1) or raising
the inflammation-stimulated attraction rate of leukocytes (r;), the infection can be eradicated, (2)
the steady state infection size is not particularly sensitive to ¢, and (3) the steady state infection

size cannot be reduced to a negligible size by solely reducing the effector protein production rates.

Once we found the parameters that the minimum infection size is most sensitive to, we altered pairs
of these parameters by 25% from their baseline values in the direction favouring the host, to see if
any combinations give a significant reduction in the minimum infection size. We found that by (1)
decreasing both the net growth rate of the bacteria and the production rate of bacterial mRNA or
(2) decreasing the net growth rate of the bacteria and increasing the susceptibility of the bacteria to

the antibiotic, the infection is eradicated. Reducing the net growth rate of bacteria can be achieved
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by a bactericidal (increased death) or a bacteriostatic (decreased growth) treatment. If it is possible
for a treatment to sequester free nutrients, in particular sugars, nitrogen and phosphates, within
bacteria or within the local surroundings of the bacteria, then this treatment effectively decreases
the production rate of bacterial mRNA. If it is possible for a treatment to make a greater affinity for
binding between aminoglycosides and bacterial ribosomes, then this treatment effectively increases

the susceptibility of the bacteria to aminoglycosides.

Finally, we considered a triple function treatment in which the three most sensitive parameters
were altered by a percentage of their baseline values in favour of the host. The model predicts
that strongly targeting the net growth rate of bacteria and the production rate of bacterial mRNA
will be a more effective treatment than weakly targeting the aforementioned and the bacterial sus-
ceptibility to aminoglycosides, implying that treatments should not be spread too thin. Strongly
targeting the three most sensitive parameters reduces the minimum infection size even further and
is regarded as an expensive overkill for typical infections; however, it may be necessary in patients

with particularly virulent strains of EPEC or weak or compromised immune responses.

4.7 Summary

In the previous chapter, we developed a mathematical model to represent the dynamics of a general
infection. In this chapter, we adapted this model by adding relevant dynamics to make two models
for an EPEC-specific infection. We are interested in studying EPEC due to its contribution to the
deaths of many humans around the world, particularly the young in countries without adequate
healthcare. The goals of this work are to make predictions regarding the feasibility and safety of

potential anti-bacterial therapies, both current and hypothetical.

We first developed a basic population-level ODE model, based on the literature and on recent un-
explained experimental findings, which governs the dynamics between EPEC and the immune re-
sponse. In particular, the model includes the injection and action of effector proteins, host cell death
and pro-inflammatory mediator internalization. Under the assumption that ¢ < 1,7y, dp, 7, d; =

O(1), the disease-free state is stable when :

ry—dp < %77 (4.37)
Physiologically, for the infection to be eradicated, the net strength of the inflammation-stimulated
immune response must out-compete the net growth of the bacteria. We did not observe the exis-
tence of multiple diseased states for positive parameter values. It is interesting to note that the
EPEC-specific dynamics have a negligible effect on the stability of the disease-free state; they only

affect the temporal dynamics of the infection.

We then formulated a sub-cellular GRN to govern the dynamics of bacterial protein synthesis and
its inhibition by aminoglycosides. We explored the effects of both constant and time-dependent con-

centrations of pro-inflammatory mediators and aminoglycosides on the model dynamics. We found
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that the model only has one steady state. We then combined the basic model and the GRN to
provide a more physiologically accurate representation of an EPEC infection, considering dynamics
on both the population-level and the sub-cellular level. We coupled the two models by making the
production rates of bacteria and effector proteins proportional to the density of correctly translated
proteins produced in the GRN. We adopted the interpretation that the infection is eradicated if the
density of bacteria becomes sufficiently low, as the continuous ODE representation of the infection

breaks down when the discreteness of the number of bacteria becomes significant.

We predict that treatments that (1) reduce the net growth rate of bacteria, (2) boost the inflammation-
or apoptosis-stimulated recruitment rate of leukocytes, or (3) boost the longevity of leukocytes, can
eradicate the infection. Bactericidal and bacteriostatic antibiotics can increase the death rate and
decrease the growth rate of bacteria respectively. Treatments that reduce the rate of internalization
of pro-inflammatory mediators by bacteria, or reduce the net production rates of effector proteins,
can reduce the infection size, although not enough to eradicate the infection. These styles of treat-
ment can be combined with other more direct treatment strategies to successfully eradicate the
infection. We predict that treatment combinations such as these will be (1) more effective than
individual treatments, (2) effective long-term as they are less likely to promote the spread of resis-
tance, due to the reduced emphasis on directly attacking the bacteria and (3) safer for the host, as
the reduced emphasis on boosting the immune response will reduce the risk of auto-immune dis-
eases such as chronic inflammation and leukcytosis. Treatment circumstances depend on individual
host factors, such as the immune response strength and the virulence of the infecting strain. There-

fore, in clinical practice, an informed decision may need to be taken based on what can be predicted.

We found that bacterial protein synthesis can be effectively shut down, and the infection eradicated,
if (1) the susceptibility of bacteria to aminoglycosides is sufficiently high, (2) the concentration of
internalized pro-inflammatory mediators is sufficiently low and (3) the ability of internalized pro-
inflammatory mediators to inhibit the action of aminoglycosides is sufficiently weak. Therefore, a
treatment that inhibits the ability of EPEC to internalize pro-inflammatory mediators, increases
the susceptibility of EPEC to aminoglycosides and/or reduces the susceptibility of aminoglycosides
to inhibition by internalized pro-inflammatory mediators will be effective. The susceptibility of
the bacteria to aminoglycosides can be increased by a treatment that creates a greater affinity for
binding between aminoglycosides and bacterial ribosomes. Conversely, the susceptibility of amino-
glycosides to pro-inflammatory mediators can be decreased by a treatment that reduces the affinity
for binding between the two. Sufficiently reducing the delay before antibiotic administration sig-
nificantly reduces the infection size; therefore, correctly diagnosing the infection and commencing

antibiotic treatment as soon as possible increases the potential for eradication.

The minimum infection size is significantly reduced for decreased bacterial proliferation and bac-
terial mRNA synthesis, and is noticeably reduced for increased bacterial membrane permeability
and slower aminoglycoside molecule degradation. A treatment that sequesters free nutrients (in
particular, sugars, nitrogen and phosphates; the main components of mRNA) within bacteria, or

the local surroundings of the bacteria, will decrease the synthesis rate of bacterial mRNA.
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The two most effective treatment combinations are (1) decreasing both the net growth rate of the
bacteria and the synthesis rate of bacterial mRNA and (2) decreasing the net growth rate of the
bacteria and increasing the susceptibility of the bacteria to aminoglycosides. We predict that it is
more effective to strongly target two aspects of the infection than to weakly target three. Strongly
targeting more than two aspects of the infection may be superfluous and expensive for most pa-
tients, but may be necessary for patients who have a particularly virulent strain of EPEC or have

weak or compromised immune responses.

The analysis of our EPEC specific models has revealed several potential treatment strategies for
eradicating EPEC infections, some of which are hypothetical. The predictions relating to protein
synthesis and antibiotic action cannot be obtained through the basic model, demonstrating that the
coupled model, through its more detailed formulation, is able to predict a wider variety of effective

treatment strategies.



Chapter 5

A hybrid model of an
EPEC-specific infection

5.1 Introduction

In the previous chapter, we developed and analyzed a deterministic, population-level ODE model
to explore the dynamics of an EPEC infection. However, this continuous model breaks down for
small numbers of cells, due to the discreteness of the number of cells becoming significant. Fur-
thermore, the modelling of leukocyte chemotaxis requires knowledge of spatial chemoattractant
gradients; a feature that the ODE model does not accommodate. Therefore to more realistically
model an EPEC infection, we need to consider spatial dependence and stochasticity. To address
this we present, in this chapter, a model that combines an individual-based cell model, accounting
for stochastic bacterial protein synthesis and cell-level behaviour, with continuum descriptions of

inflammatory mediator and antibiotic dynamics.

The model, termed the hybrid model, acts over three spatial scales: the macro-, cell- and sub-
cellular scales. We implement macro-scale processes (for inflammatory mediators and antibiotics)
using PDEs that are space- and time-dependent, the relevant quantities assumed to be continuous
in space and time. We model cell-scale processes using an agent-based representation, in which
cells respond individually to environmental cues such as local chemical gradients and the presence
of other cells. A sub-cellular stochastic gene regulatory network (GRN) within each bacterium
governs its individual protein synthesis and replication, the involved processes implemented using
the Gillespie algorithm [120]. The model is only valid in the early stages of infection and we as-
sume the model breaks down after sufficient time for an infection that is not eradicated. This is
due to us not implementing significant infection mechanisms occurring at large time, the main two

being (1) the formation of extra-cellular matrix around bacteria and (2) damage-induced diarrhoea.

In section 5.2, we formulate the hybrid model and in section 5.3, we describe the numerical imple-
mentation of the macro-, cell- and sub-cellular scale processes. The model is flexible to the inclusion

of additional mechanisms including novel antibiotic treatment strategies; however, we only consider
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the class of antibiotics considered in the ODE model — aminoglycosides. The model is used to
explore different treatment conditions with the aim of furthering our knowledge on which com-
ponents of the infection strategy of EPEC contribute the most to its virulence, and determining
which model parameters most effectively aid/hinder the return to health when altered. We are
primarily interested in the peak and long-term infection sizes and the spatial profile of the bacteria
over the course of the infection. We use the spatial profile of bacteria to consider the presence or
absence of bacterial biofilms (clusters), how they evolve over time and whether there is a correlation
between biofilms and infection efficacy. The results from this model can be used to inform future

experimental work (see Chapter 6 for model analysis).

Table 5.1 describes how all processes are modelled and numerically implemented.

Process Modelling Implementation

Inflammatory mediator and Continuum PDE Finite difference scheme

antibiotic processes (produc-

tion/administration,  degradation,

transport)

Chemotaxis Continuum PDE Finite difference scheme

IEC damage and repair Continuum PDE Finite difference scheme

Bacterial and leukocyte death Agent-based Individually chosen from a
distribution

Bacterial and leukocyte movement Agent-based Off-lattice  biased /unbiased

random walks and volume
exclusion algorithms

Phagocytosis Agent-based Probabilistic ~ time step-
dependent success

Effector protein actions Agent-based Probabilistic density-
dependent success

Bacterial protein synthesis and repli- Stochastic gene Gillespie algorithm

cation network

Table 5.1: Descriptions of how all processes are modelled and numerically implemented

5.2 Model formulation

5.2.1 Overview

The model is termed hybrid as it combines continuous, discrete, deterministic and stochastic im-
plementations of the relevant infection mechanisms. Macro-scale processes comprise the produc-
tion/administration, degradation, transport and internalisation of inflammatory mediators and an-
tibiotic. Cell-scale processes consist of the movement of bacteria and leukocytes (where both Brow-
nian and chemotactic motion are accommodated through a biased random walk), phagocytosis,
volume exclusion and the replication and degradation of leukocytes. Sub-cellular scale processes

include the transcription and translation of bacterial proteins (both structural and effector), the
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Figure 5.1: A global schematic diagram of the computational hybrid model. Green and white
circles represent bacteria and leukocytes respectively. Bacteria move towards the epithelium where
they bind, triggering the production and diffusion of pro-inflammatory mediators. Leukocytes
are recruited into the region of interest when the presence of pro-inflammatory mediators at the
endothelium is sufficiently high. IECs display apoptosis markers when they are sufficiently damaged,
these stationary markers chemotactically attracting leukocytes. There is a shear flow in the lumen
along the positive z-axis that transports diffusible substances along and out of the region of interest,
the functional form of the flow given by (5.9).

replication of bacteria from structural proteins, the inhibitory actions of aminoglycosides and pro-
inflammatory mediators and the degradation of mRNA, proteins and bacteria. Figures 5.1 and 5.2
give schematic diagrams of the hybrid model. The region of interest is a two dimensional transverse
section, extending from the lumen of the intestines to the underlying blood supply. The endothe-
lium and the epithelium-lumen interface are set at y = 0 and y = y* respectively and are orientated
parallel to the z-axis. We assume that the epithelium is infinitesimally thin and that the cell layers

and the lumen extend indefinitely into the respective far field(s).

5.2.2 Macro-scale model equations

Inflammatory mediators

We define pro- and anti-inflammatory mediator presences as P(z,y,t) € [0,1] and A(z,y,t) € [0,1]
respectively, where P(z,y,t) = 1 and A(x,y,t) = 1 represent maximum presences of pro- and

anti-inflammatory mediators respectively. P(z,y,t) and A(z,y,t) are governed by the following
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v

Figure 5.2: Schematic diagrams of the specific dynamics highlighted by the blue, green and pink
boxes in Figure 5.1. Green and hollow black circles represent bacteria and leukocytes respectively.
Blue box: There is a GRN within each bacterium governing its individual protein synthesis and
replication. Green box: Leukocytes are attracted chemotactically up gradients in pro-inflammatory
mediator presence. Pink box: Bacteria and leukocytes obey volume excluding algorithms.
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PDEs:

oP
a+u~VP:D1V2P+(f1+f2)f3f4ff5fd1P+H*, (5.1)
A
E +u- VA= D[VQA + g1 — d]147 (52)

where D and d; are the (constant) diffusion coefficient and natural degradation rate of all inflam-
matory mediators respectively (assumed equal for each of P and A, for simplicity). The functions
f1, f2, f3, f4, f5,91 and H* govern particular dynamics, the form of each function given in the main

text of this subsection. Equations (5.1) and (5.2) are subject to the following boundary conditions:

oP oP oP R
— 4+00) = = (y = = —(y=0)= =Py = .
5y (&= +00) =0, ay (y =00) =0, (y=0) (y=0), (5.3)
where P = [P(z,y,t), A(x,y,t)]T and Ry is the inflammatory mediator endothelial flux coefficient.

The function f; governs the production of pro-inflammatory mediators by IECs and is given by:

f1:<<l> U A AR C R S )(1—13), (5.4)
0, otherwise, 0, otherwise,
where x = (z,y,t) and xp describes the positions of the bound bacteria. All IECs produce pro-

inflammatory mediators at a low rate (®) in the absence of pathogenic stimulation, while the IECs

with bacteria attached to them produce at a higher rate constantly.

The function f; governs the production of pro-inflammatory mediators by leukocytes and is given
by:

1, forx=
f27’PLVP|(1P>{ R (5.5)

0, otherwise,

where xj, gives the positions of the leukocytes and rpy, denotes the global production rate of pro-
inflammatory mediators by leukocytes. We assume leukocytes produce pro-inflammatory mediators
at a rate proportional to the magnitude of the chemotactic gradient at their respective locations,

so that production only occurs during a stimulated inflammatory response.

The function f3 governs the inhibition of pro-inflammatory mediator production by anti-inflammatory
mediators and has the form f3 = (1 — A). The production of pro-inflammatory mediators is un-
inhibited in the local absence of anti-inflammatory mediators and decreases to zero as the local

presence of anti-inflammatory mediators tends to the maximum value of 1.

The function f; governs the inhibition of pro-inflammatory mediator production by effector proteins

and has the form:
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1

f4: 1—|—¢)1E1’

(5.6)
where E7 = Ej(x,t) gives the density of the effector proteins that inhibit pro-inflammatory sig-
nalling and ¢; gives the efficacy of F;. Since F are secreted into IECs, they are fixed at y = y*.
The production of pro-inflammatory mediators by an IEC is uninhibited when there are no internal

F, and decreases to zero as the number of internal F increases.

The function f5 governs the internalisation of pro-inflammatory mediators by bacteria and has the

form:

1, for x : XB, (5.7)
0, otherwise,

f5 == Tint,P(P - Pint) {

where P,y = Pint(z,y,t) represents the profile of internalised pro-inflammatory mediators and iy, p
denotes the global internalisation rate of pro-inflammatory mediators. The rate of internalisation
is proportional to the difference in pro-inflammatory mediator presence across the membrane of the
bacterium, the internal and external presences tending to equilibrium over time. The evolution of

P, is governed by:

= f5 — d Ping. (5.8)

Ppi(xg) € [0,1] and Py = 0 elsewhere. We assume that pro-inflammatory mediators naturally

degrade at the same rate internally as externally.

We assume no-slip shear flow in the lumen along the positive z-axis that advects inflammatory
mediators (and antibiotic), the flow rate tending to a constant in the far-field. The flow profile,

denoted u, is given by:

* (y — y*) 2
uly) =0y —y") —————x%, 5.9
W) == =) o
where the epithelium-lumen interface is y = y*, X is the unit vector along the positive z-axis, 6 is

the Heaviside step function and ¢, is a constant.

The function H* in (5.1) represents the source of pro-inflammatory mediators due to necrosis of
IECs. To model this, we introduce a new variable, denoted H(z,t), that represents the health of
the continuous IEC layer. The necrosis-driven production of P by an IEC occurs when the health

of the IEC reaches zero, therefore:

1, for H =0,
N
0, otherwise,
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where ry is the necrosis-driven production rate of pro-inflammatory mediators. The evolution of

H(x,t) is governed by:

= = —dy

O0H C’{ 1, for x = xg,
ot

] + (THN(l—C)—i—THFC)@(l—H). (5.10)
0, otherwise,

While bacteria are attached to a functioning IEC, they damage it at constant rate dy. When
functioning ITECs undergo apoptosis or necrosis, a new IEC forms in its place. Newly forming IECs
are described as non-functioning and do not act as sources for pro-inflammatory mediators. We
assume that non-functioning and functioning IECs are repaired at rates ryy and 7y g respectively,
where rgy > rgp. This results in the repair of non-functioning IECs being faster than that of
functioning IECs. C' = C(z,t) is a Boolean function, where C(a,t) takes a value of 0 or 1 when the
IEC at « = a is non-functioning or functioning respectively. The inclusion of C' in (5.10) ensures
that non-functioning IECs are not damaged by bacteria, due to the bacteria being unable to bind
to them. Functioning IECs are fully repaired, and therefore cease being repaired, when H = 1. We

model this using a Heaviside function, denoted 6, with argument (1 — H).

When the damage to a functioning IEC becomes pronounced, apoptosis markers are displayed by the
IEC (unless inhibited by effector proteins). These markers are chemoattractants for leukocytes and
if a leukocyte comes into sufficiently close proximity with an IEC, then the IEC undergoes apoptosis.
The chemoattractive strength of apoptosis markers on the TEC located at © = a, denoted B, (z,y,t),

is given by:

Ba(z,y,t) = TBFapop(x,y,t)H(Hapop - H(a,t)) <1+<[)21Eg(a,t)) , (5.11)
where By = Es(x,t) gives the density of the effector proteins that inhibit apoptosis, ¢ gives the
efficacy of Ea, Hapop denotes the health value below which IECs display apoptosis markers, 13
denotes the global chemoattractive strength of apoptosis markers and 6 denotes the Heaviside func-
tion. Fapop(,y,t) is a decreasing function of the distance from the markers, and the form and
implementation of this function are given by Figure 5.9 in section 5.3. IECs act as point sources
of apoptosis markers provided that they are functioning with health 0 < H < H,pep, the markers
acting as sources of propagating chemotactic signals for convenience. The effector proteins that
inhibit apoptosis (E2) act by inhibiting the display of apoptosis markers. The strength of the signal
from an IEC is uninhibited when there are no internal F5 and decreases to zero as the number of
internal Es increases. The global chemoattractive strength of apoptosis markers, denoted 3(z,y, t),

is the sum of the strengths of all markers.

The function g; governs the stimulated production of anti-inflammatory mediators and is given by:

P2

=TA—5——5 5.12
TA¢124+P27 ( )

g1
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where 74 denotes the production rate and ¢4 denotes the pro-inflammatory mediator presence at
which production is half-maximal. The production rate of anti-inflammatory mediators increases as
the local presence of pro-inflammatory mediators increases, plateauing at a maximum production

rate.

Antibiotic

The concentration of antibiotic, a(x,y,t), is governed by the following PDE:

g—? +u-Va=D,Va— ff —da,a, (5.13)

where D, and d, are the (constant) diffusion coefficient and natural degradation rate of the an-

tibiotic respectively. Equation (5.13) is subject to the following boundary conditions:

0 = to0) =0, %‘;“(y:oo):o, Dagjwzm:Ra(a@:m—a*(t)), (5.14)

dy
where R, is the antibiotic endothelial flux coefficient and a*(t) denotes the concentration of antibi-
otic in the circulatory system as a result of an external treatment. The far field boundary conditions
are the same for the inflammatory mediators and the antibiotic, but the boundary conditions at
the endothelium are different. External antibiotic is administered intravenously and enters the re-
gion of interest via the endothelium, via the Robin boundary condition given in (5.14). Since the
antibiotic acts at the sub-cellular level, the various treatment styles governing the form of o*(t) are

considered in section 5.5.

The internalisation of antibiotic by bacteria is represented by fZ in (5.13) and takes the form:

A 1, for x = xpg,
¥ = rinta( — aing) [ 20 + (1 — 29)———— 5.15
3 rl t)( o+ 0)¢A+A) { 0, otherwise, (5.15)

where ainy = aint(z,y,t), analogous to Py, represents the profile of internalised antibiotic. The
rate of internalisation is proportional to the difference in concentration across the membrane of the

bacterium. The measure of bacterial membrane permeability, denoted A = A(xg), is given by:

A= _TX (5.16)

wy +'x
where 'y = I'x(xp) represents the number of mistranslated proteins in all bacteria. The defini-
tions of Ting o 20, ¢a and wi are given in Table 5.2. There are basal (2o7int,o) and maximal (7in,q)
rates of internalisation, where 0 < zy < 1. More antibiotic is internalised by a bacterium when the
number of mistranslated proteins in its membrane, and therefore its permeability, is higher. Since
internalised antibiotic results in bacteria producing more mistranslated proteins on average (see

section 5.2.4), a positive feedback loop for antibiotic internalisation is created.
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Parameter Definition
Tint,o The maximum internalisation rate of antibiotic
20 The proportion of antibiotic that can enter a fully functioning bacterial membrane
oA The permeability measure at which internalisation is half-maximal
w1 The number of mistranslated proteins at which permeability is half-maximal

Table 5.2: The definitions of the parameters present in (5.15) and (5.16)

The evolution of ajyg is governed by:

aaint
ot

= £ — dain. (5.17)

5.2.3 Cell-scale dynamics

For simplicity, we assume that bacterial and leukocyte motion is via a biased random walk, neglect-
ing the sub-cellcular mechanisms involved in motion. As a simple model for the time taken during
the binding process of EPEC to IECs, we choose the speed of bacterial motion to be proportional
to their distance from the epithelium; binding defined to occur when the distance to the epithelium

is below a small critical value.

To model chemotaxis, we construct a scalar field by summing the pro-inflammatory mediator pres-
ence and the signal strength of apoptosis markers (we assume for simplicity that apoptosis markers
behave identically to pro-inflammatory mediators in the context of chemotaxis). This scalar field
defines the chemotactic gradient, and therefore the direction in which leukocytes move. Similarly
to [135] (in the context of neural crest cell migration), we define a sensing accuracy below which
leukocytes do not respond to chemotactic gradients, and exhibit an unbiased random walk (Brow-
nian motion). All leukocytes move with constant velocity; chemotaxis only changes the direction

of motion.

We assume that mobile cells (bacteria and leukocytes) are identically circular, with each cell type
associated with a fixed radius. As a result of the model’s two-dimensional representation, volume
exclusion is represented as area exclusion. When two like-cells overlap, they follow a volume ex-
clusion algorithm that results in the cells no longer overlapping (see Algorithm 5.46), the volume
exclusion algorithm used depending on the cell type. When there is an overlap between a bacterium
and a leukocyte, we assume the leukocyte instantaneously removes the bacterium through phago-

cytosis (unless inhibited by effector proteins) for simplicity.

Leukocytes enter the region of interest through the endothelium, with recruitment activated once
the presence of pro-inflammatory mediators at the endothelium exceeds a critical threshold. While
activated, leukocyte recruitment occurs at a deterministic frequency with entry occurring at the

point on the endothelium with the highest presence of pro-inflammatory mediators. When a leuko-
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cyte is recruited, it is given a degradation time chosen from a normal distribution.

5.2.4 Sub-cellular scale dynamics

Bacterial protein synthesis and replication

A GRN is used to govern protein synthesis and replication within each bacterium. This GRN is
based on that presented in Chapter 4 (equations (4.34)); however, we also include the dynamics of
polymerases and ribosomes. We make distinctions between the polymerases and ribosomes that are
and are not bound to DNA and mRNA strands respectively. Each bacterium has an independent
GRN inside of it and therefore has its own sub-population of the GRN variables. Table 5.3 gives a
description and the initial condition (within each bacterium) of each GRN variable. We refer the
reader to the blue box in Figure 5.2 for a schematic of the GRN.

We make the following assumptions for simplicity:

e There is an unlimited supply of the nutrients required for DNA replication to occur,
e Polymerases and ribosomes are all initially unbound,

e The numbers of polymerases and ribosomes remain constant throughout the infection (no

creation or destruction),

e DNA and mRNA strands can only support one polymerase and one ribosome at a time re-

spectively,

e mRNA strands that are unbound can degrade, but those being actively translated cannot.

The proteins synthesised in the bacterium either become effector proteins or the structural proteins
to be used for bacterial replication. We model bacterial replication by assuming, for simplicity,
that structural proteins combine to form a new bacterium once there are sufficiently many to do
so, the number required denoted I'*. Bacteria have varying numbers of structural proteins present
initially, the number chosen randomly from U(0,T* — 1), as they are at varying stages of their life

cycle at any given point in time. We assume all structural proteins are identical for simplicity.

The effector protein groups that inhibit pro-inflammatory signalling (E;) and host cell apoptosis
(E5) are secreted into IECs and so are not found within bacteria, but the effector proteins that
inhibit phagocytosis (F3) remain inside the bacterium that created them and become effective when
the bacterium is challenged by phagocytosis. We assume that the production of effector proteins
by a bacterium is triggered when the bacterium is bound to an IEC, and that F; and FE5 are
secreted into that IEC. When ribosomal proof-reading is impaired by aminoglycosides, the GRN
produces mistranslated proteins, denoted I'x, instead of correctly translated structural proteins. In
the absence of aminoglycosides, there is no ribosomal impairment, therefore all produced structural
proteins are correctly translated (I'x = 0 for all ¢). We implement the dynamics of the GRN in

numerical simulations using a Gillespie algorithm (see section 5.5 for details on the implementation).
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Variable Symbol Initial quantity within each bacterium
Unbound RNAp 0o Omax
Bound RNAp 01 0
Unbound mRNA My 0
Bound mRNA M, 0
Free ribosomes R Rinax
Structural proteins r Uuo,r~—-1)
No of E; Eq 0
No of Es FEy 0
No of Fj3 FE3 0
Mistranslated proteins I'x 0

Table 5.3: A description and the initial condition (within each bacterium) of each GRN variable,
U denoting a uniform distribution. The initial quantities for F; and E5 are always 0 as they are
not located inside bacteria.

Antibiotic delivery strategies

Inspired by the antibiotic treatment styles carried out by Ternent et al. [85], similar treatment

styles are explored in this hybrid model. These treatment styles are:

e No antibiotic (control),
e One decaying dose,
e Repeated decaying doses,

e Constant concentration, e.g. via an intravenous drip.

This allows a variety of treatment styles to be considered and the comparison of our results to those
obtained in [85]. As in the ODE model (Chapter 4), the class of antibiotics to be considered is
aminoglycosides, the concentration of an aminoglycoside dose denoted aqos(t) and the concentration
of a constant delivery denoted con(t). We assume for simplicity that the antibiotic concentration
is uniform throughout the circulatory system. For a dose style treatment, we assume that the
antibiotic concentration in the circulatory system increases quickly after administration, peaks and
then slowly decays to zero as the antibiotic degrades. The antibiotic concentration over time, of

dose n, is governed by:

2Q(t — tn)

ool = ) G

(5.18)
where t,, is the administration time of the dose, z, is the peak antibiotic concentration, ¢ is the
time taken from administration for the antibiotic concentration to peak and H is the Heaviside step
function (see the blue curve in Figure 5.3). In the case of one dose, the concentration of antibiotic
in the circulatory system a*(t) = af.(t) and in the case of repeated doses, a*(t) is the sum of the

individual doses with each dose having its own administration time and strength (we remind the
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reader that a*(t) appears in (5.14)).

The antibiotic concentration over time for a constant delivery is governed by:

Oécon(lf) = H(t — t1)21, (519)

where 7 is the administration time and z; is the antibiotic concentration being delivered (see the

red curve in Figure 5.3).

f@®)

21

Z1

\

t ¢

Figure 5.3: The shapes of the antibiotic administration functions o} () (blue; given by (5.18)
when n = 1) and aeon(t) (red; given by (5.19)).

The antibiotic concentrations in the circulatory system in the four treatment strategies are given
by:

None: a*(t) =0,
One dose: o (1) = oos (),
N
Repeated doses: at(t) = Z s (t),
n=1
Constant: a*(t) = acon(t),

where IV is the number of doses in the repeated dose case. We are interested in finding which styles
of delivery are the most effective at eradicating an infection given a fixed amount of antibiotic. The
total amount of antibiotic delivered over a fixed period of time, denoted «y¢, is therefore kept equal

across the various (nonzero) treatment strategies, giving:

=X t=tmax
/ a*(t) dt dx = oo, (5.20)
=—x Jt=0

where tyax is the time at which all treatment is ceased. Figure 5.4 shows an example of each
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treatment style when the spatial average antibiotic concentration is 1, i.e. a4o1/(2X) = 1. By
asserting that the total antibiotic over a fixed period of time is the same for all delivery styles, fair
comparisons between the delivery styles can be made. The specific treatment styles to be explored
will be discussed in Chapter 6, along with the addressing of the question of which delivery style is

the most effective.

——One inj
——Rep inj
a*(t) ——Const

| LA AR

OK\Q-E‘; ~1  ~

—

0 2 4 ¢t 6 8 10

Figure 5.4: Example graphs showing the antibiotic concentration in the circulatory system for the
various treatment styles. For all graphs, t; = 0,¢max = 10 and a401/(2X) = 1. In the one dose
case, z1 = 1. In the repeated doses case, the doses are spaced with unit time intervals and all have
strength z; = 1. In the constant delivery case, z; = 0.1.

In both the hybrid model and the ODE model, the internalised antibiotic is an increasing function
of the number of mistranslated proteins; however, in the hybrid model distinctions between internal
and external pro-inflammatory mediators and antibiotic are made. Each bacterium has an individ-
ual internal (1) number of mistranslated proteins, (2) presence of pro-inflammatory mediators and
(3) concentration of antibiotic, allowing us to model the local spatial dynamics, giving richer and
more realistic infection dynamics. The hybrid model can therefore highlight effective treatment

strategies that the well-mixed ODE model cannot.

5.3 Numerical implementation

We refer the reader back to Table 5.1 for a summary of how all processes are modelled and numer-

ically implemented.
5.3.1 Macro-scale

Inflammatory mediators

We apply a finite difference discretisation of the PDEs for pro- and anti-inflammatory mediator pres-

k

ences (equations (5.1) and (5.2) respectively), where P;; denotes the approximation to P(z,y,t) at

the ith horizontal mesh point (z;), jth vertical mesh pgint (y;) and kth time point (¢z). The mesh
has N, and N, mesh points along the z and y axes respectively and we denote the step between
discrete time points as At, and the discrete steps in the horizontal and vertical directions as Ax
and Ay respectively. We assume that bacteria do not typically leave |x| < 1; therefore in order to

reduce computation time, we make the mesh non-uniform in x such that it is fine for |z| < 1, but



CHAPTER 5. A HYBRID MODEL OF AN EPEC-SPECIFIC INFECTION 126

coarse for x > 1 (see Figure 5.5). On the mesh, Az; gives the length between z; and x; 1. The
IEC layer is discretised onto the same mesh, the individual TECs defined by the regions between
horizontal mesh points at y = y*, the cell centres being the mid-points of each adjacent pair of
mesh points. We use first order forward difference schemes for time derivatives and second order

central difference schemes for spatial derivatives.

°® ° ° e oo ooooToooo ee o °® °® °
z=0

Figure 5.5: Caricature of the (horizontally) non-uniform mesh.

The PDE for P (equation (5.1)) is discretised according to:

pPEFl _ pk 92 2 2
)W - Dy Pf,l P 7Pik‘ + leil j
At ALEi_l(AIi_l -+ AZ‘7) J A:Z?i_lASCZ‘ J AIi(AIi_l + AIZ) J

DI k k k k k 1 k
—L(pk . —2opPF 4+ P S(1-PF ) (1-AF ) —— 1 ()
+Ay2< AR v ) Tv ek, T

— k k .
Pk Uj (P'—L' —P,,,)7 fori=2,..., Ny,
—d P}, - 22+ R

A (5.21)

—ujP-’f- for7=1.

In (5.21), PE_ represents the amount of internalised P in the bacteria (at positions xg). We now
explain the discretised form of each term, bar diffusion, in (5.21). At all unbound mesh points along

the TEC layer, background production of P obeys the following scheme:

k+1 _ pk k k
Pt =Pf + At(b(l - Pm) (1 - Am), (5.22)

where ® < 1. Since P is discretised it must be created at a mesh point, i.e. one of the IEC walls, the
left wall chosen arbitrarily. For each bacterium, the distance to the IEC layer is calculated and if it
is less than or equal to the radius of the bacterium (radp), the bacterium is defined as being bound
to the IEC layer, triggering stimulated production of pro-inflammatory mediators. We approximate
P at the nearest mesh point to the left of each bound bacterium, the mesh point denoted (x5, yp).

Stimulated production of P obeys the following scheme:

TB,YB TB,YB TB,YB TB,YB

pk+l _ pk +At(1—¢>)<1—P’“ )(1—Ak ) (5.23)

We implement background and stimulated production of P (term fifs in (5.1)) using equations
(5.22) and (5.23). Figure 5.6 shows a graphical caricature of the horizontal discretisation and the

stimulated production of pro-inflammatory mediators by IECs.
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Figure 5.6: Caricature showing the discretisation of the IEC layer and the stimulated production
of pro-inflammatory mediators. The green circle represents a bacterium and the red transparent
circle represents the mesh point acting as the pro-inflammatory mediator source point as a result
of the bacterium binding to the IEC layer, in this case to cell 2.

If N bacteria are attached to an IEC, then (5.23) is executed N times, giving a larger increase in the
presence of P at the relevant mesh point. The amount increased has a linear negative relationship
with the presence of A. Newly created pro-inflammatory mediators will be transported away, de-
grade or be internalised by bacteria, creating space for the further production of pro-inflammatory
mediators at each IEC. Combining (5.22) and (5.23) approximates fi f3 in (5.1).

We found that including leukocyte production of pro-inflammatory mediators (f2 in (5.1)) rendered
chemotaxis ineffective (see Appendix section A.4), therefore we omit the process in this chapter.

We refer the reader to Chapter 7 for an investigation of this in a continuum model.

We now consider the inhibition of pro-inflammatory signalling by E;! (function f4 in (5.1)). We
implement the success of inhibition as a probabilistic process, with the probability of inhibition
increasing as the number of E7 increases. At each time point, the following quantities are calculated

for the jth bound bacterium:

j 1

Hy,, = ——, R; ~U(0,1 5.24
E1l 1+¢1E17j7 J ( ’ )7 ( )

where El’j denotes the number of E; contained within the IEC that the jth bacterium is bound
to. It can be seen that H JjEl € (0,1]. Algorithm 2 is executed at each time step. We implement
function f4 in (5.1) using (5.24).

Algorithm 2 Algorithm for successful stimulated pro-inflammatory mediator production

1. for j=1,...,Np,
(a) if Bacterium j is bound to epithelium,
i. if H},, < R;j,
no change,

ii. else, execute (5.23).

1The production and placement of E; are discussed later, but for now only the quantity of E; is important.
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Figure 5.7: Graphs showing how Hp; varies with E; and ¢;.

Background and stimulated production of P, described by (5.22) and (5.23), will always be executed
in the absence of internal F1, but the probability of successful pro-inflammatory mediator produc-
tion decreases to zero as El,j increases. If there are multiple bacteria attached to an IEC, there is
a higher chance of successful pro-inflammatory mediator production by the IEC, since Algorithm 2

is executed for each individual bacterium. Figure 5.7 shows example graphs for Hg1.

To implement the internalisation of pro-inflammatory mediators by bacteria (f5 in (5.1)), let bac-

terium z (B.) have position (z.,y.), Pk, . be the current presence of external P at the closest

mesh point to bacterium z and Pi’flt)z be the presence of P currently internalised by bacterium z.

The amount of P internalised by B, over time step At is denoted P* and is given by:

z

PE = Atring,p(Ph.. = Phy.)- (5.25)

To apply the internalisation, we execute:
‘Plllfl;L,i = ‘Pi]flt,z + sz - AtdI-Pi]flt,zy (526&)
PiiL = Pl — PL. (5.26b)

Equations (5.26a) and (5.26b) are approximations of (5.8) and (5.7) respectively. The amount of P

< 1 provided that At < ri;tl’ p-

The term —Atd; Py, represents the degradation of internalised pro-inflammatory mediators and

is conserved during internalisation and it can be shown that Pi’;t’z
(5.26) is applied independently for all bacteria. Bacterium z is defined as being of phenotype By if
Pint,z > Porit, where Py is some critical value. Since internalised pro-inflammatory mediators can

degrade, reversal back to phenotype B; occurs if Py . returns below P.. Phenotypes B; and Bs

produce effector proteins at different rates (discussed in section 5.5).
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We now consider advection of P due to lumen flow. We calculate u; by substituting y = y; into
(5.9). Since advection is along the positive z-axis, there is no source term due to advection at the
left-most mesh point (z1). To implement the boundary conditions (given by (5.3)), we use ghost
points that lead to the following substitutions in (5.21):

for i =1, Py =P, (5.27a)
for i = N, Pyn,11,5 = Pn, -1, (5.27b)
for j = Ny, Pin,+1=PiN,-1, (5.27¢c)
for j = 1, Pio = Piy — 2Ay(R;/Dy) Py (5.27d)

The implementation of H* in (5.1), given by (H*)¥ in (5.21), is discussed separately, in section
5.3.1, due to the amount of detail.

The PDE for A (equation (5.2)) is discretised according to:

k+1
Aij _A?J -D
At -

2 2 2
L . — | AF
<Al‘i_1(A£i_1 + Al‘l) i=Lj Al‘i_lAl‘i J + Ami(Ami_l + Aﬂ?l) i+l

D P2, Ak

TA —
Ay? R s
Uy Ai—“l-—Af), fori=2,...,N,,
B d[Aﬁj i J ( 5] »J r (5.28)
fujAﬁj, fori=1.

In (5.28), the terms for diffusion, advection and degradation are identical to those in (5.21), but
in terms of Aﬁj. The production of A(z,y,t), given by g1(P) in (5.2), at each mesh point is
approximated by:

2
P3><3

k+1 _
ARy

(5.29)

where

1 1
Pos= > Y Phojin (5.30)

n=—1m=-1

The production of A at a specific mesh point depends on P33, the amount of P in an enveloping
3 by 3 square mesh around the mesh point. This function is then passed into an increasing Hill
function with Hill parameter 2; the same function as the equivalent function used in the ODE
model. Psy3 uses a wider local region than P, giving more reliable results that are less sensitive to
numerical artefacts in pro-inflammatory mediator presence. We implement the boundary conditions
for (5.2) using (5.27), but in terms of Aﬁj rather than Pi’fj.
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Antibiotic

The PDE for o (equation (5.13)) is discretised according to:

i, Wl _ D 2 ok ~—;ak»+ 2 ok,
At NAz;_ 1 (Azi_y + Axy) T Azx;_1Az; Y Azi(Axi_y + Axy) T

D k k k
+ Tyaz (am‘l =20 + a5 4

Ak u;| ok | —ak, fori=2,..., N,
k (0% J( i—1,j z,j)? ’ s AV
—U,jOé,L-’j, or = 1.

In (5.31), the terms for diffusion, advection and degradation are identical to those in (5.21), but with

k k
Py i

conditions (given by (5.14)), we use ghost points that lead to the following substitutions in (5.31):

Dy and dj replaced with o ., D, and d, respectively. To implement the antibiotic boundary

for i =1, Qg = 4, (5.32a)
for i = N, QN +1,j = ON,—1,5, (5.32b)
for j = Ny, Qi N, +1 = Qi N, 1, (5.32¢)
for j =1, a0 = ;2 — 2Ay(Ry/Dy) <ozi71 — a*(tk)) (5.32d)

To implement the internalisation of antibiotic by bacteria (f# in (5.13)), let bacterium z have

k

ext,» D€ the current concentration of external antibiotic at the closest mesh point

position (z,y.), «
to bacterium z and o

int,z

The amount of antibiotic internalised by B, over a time step At is denoted &* and is given by:

be the concentration of antibiotic currently internalised by bacterium z.

- A,
= At (o — o) (204 (1= 2005 50 ), (5.33)
where:
o FX,Z
T w + Dy’

I'x,. denoting the density of mistranslated proteins in bacterium z. To apply the internalisation,

we execute:

aftl — aiknt)z +ak — Atd,of (5.34a)

int,z int,z»



CHAPTER 5. A HYBRID MODEL OF AN EPEC-SPECIFIC INFECTION 131

Aot = Oy, — G4 (5.34b)
Equations (5.34a) and (5.34b) are approximations of (5.17) and (5.15) respectively. The mass of
antibiotic is conserved during internalisation and it can be shown that aiknt,z < 1 provided that

At <r=! . The term —Atdg g, » represents the degradation of internalised antibiotic and (5.34)

int,a"

is applied independently for all bacteria.

Health and death of IECs

We remind the reader that the IEC layer is continuous in the z direction. Figure 5.8 gives a
schematic diagram of the implementation of IEC health and death. We assume all IECs are func-
tioning and have H(t = 0) = 1. We implement IEC function and death with Algorithm 3, the

definitions of the parameters and functions used in Algorithm 3 given in Table 5.4.

Cell healthy B attached Cell damaged ] Phagocytosed ( Cell undergoes
H > Hupop 0 < H < Hypop J L apoptosis

Apoptosis Apoptosis
markers ON. markers OFF,
T new IEC forms.
E,
Not phagocytosed [ Cell undergoes

necrosis if H <0
" J

Apoptosis
markers OFF,
pro-inflammatory
mediators spill,
new IEC forms.

J

Cell fully repaired | <
H =1

Figure 5.8: Flow diagram depicting the implementation of IEC health and death. The red square-
headed arrow represents inhibition.
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Algorithm 3 Algorithm for health and death of IECs

1. For j =1 — Np: Define bacterium j as bound to IEC layer if |yp; — y*| < radp. Bacterium
j is bound to IEC i if z; < xp; < 2i11.

2. For i = 1 — Nj: If IEC i is functioning, denote the number of bacteria bound to IEC i as
med and apply:

HFY = HY — Atrgam N{, qU(0.75,1.25). (5.35)

(a) If HF < Hpop, calculate:

: 1
Iiy=——— Ri~U®0,1), 5.36
B T 0B (0,1) (5.36)

(b) If I, < R;, then do not display apoptosis markers on IEC i,
else apply:

1, m=1in=y",

0.5, 1<|m—i|l+n—y*1 <2, Im—il <1, [n—y*| <1,
0.25, 2<|m—i|+|n—y*| <4, Im—i <2, In—y*| <2
0, otherwise.

k _ nrk
m,n ﬁm,n + Tﬂ

(5.37)
(¢c) Form=1—Np: If z; <xpy, <y and lyp, — y*| < radp:
i. Set HF =0,
ii. Define IEC i as newly formed and non-functioning (C(x,tx) = 0 for z; < x < z;41)).
(d) If IEC i is functioning and HF < 0:

i. set HF = 0 and define IEC i as newly formed and non-functioning,
ii. remove apoptosis markers if present (reverse (5.37)),

iii. apply:
1 - <1 —y* <1
7]:;” _ ) |m Zl.— 9 ‘n Y | — (538)
’ 0, otherwise,
iv. unbind any bacteria bound to IEC ¢ and destroy any internal E; and Fs.
(e) Repair IEC i according to:
(At/t,), if died via apoptosis,
HE — (At/t,), if died via necrosis, (5.39)

! ! (At/ty), if functioning with HF < 1,
0, if functioning with Hf > 1.




CHAPTER 5. A HYBRID MODEL OF AN EPEC-SPECIFIC INFECTION 133

Par / fun Definition

Ng,Np, Ny The number of bacteria, leukocytes and IECs respectively

(xBj,YBj) The position of bacterium j

(TLms YLm) The position of leukocyte m

(; <z < zip1,y") The position of IEC 14

HF The health of IEC ¢ at the kth time point

T'dam The average rate at which a bacterium damages an IEC

Hipop The maximum value of H at which apoptosis markers are presented

E'g’i The number of Fy within IEC i

radpg,rady, The radii of bacteria and leukocytes respectively

P2 The efficacy of E5 to inhibit the display of apoptosis markers

sun The presence of apoptosis markers at mesh point (2, y,) at the kth

time point

t, The time for an IEC that died via apoptosis to return to full health

tn The time for an IEC that died via necrosis to return to full health

ty The time for a functioning IEC that is infinitesimally close to necrosis
to return to full health

U(a,b) A number chosen uniformly randomly from (a,b)

Table 5.4: The definitions of the parameters and functions used in Algorithm 3.

We assume that an IEC that is non-functioning:

e does not get damaged by bacteria, as there are no bacteria bound,
e does not secrete pro-inflammatory mediators or display apoptosis markers,
e cannot have effector proteins injected into it,

e becomes fully mature and functioning once its health value reaches 1.

Equation (5.37) is a computationally inexpensive approximation to the equation for the chemoat-
tractive strength of apoptosis markers (equation (5.11)) and Figure 5.9 shows the effects of (5.37)
graphically. When an IEC displays apoptosis markers it does so on a 3 by 3 grid of mesh points
with the grid centre on the left wall of the IEC, creating a gradient in apoptosis markers that en-
ables chemotactic attraction of leukocytes. When an IEC dies via necrosis, all neighbouring mesh
points around the left wall of the IEC have their pro-inflammatory mediator presences set to the
maximum value, i.e. 1 (see equation (5.38). The production and placement of effector proteins will
be discussed in section 5.5. Finally, we impose that (1) ¢, < t, as we assume it takes less time to
replace an IEC that died via apoptosis than via necrosis, due to the lesser damage and (2) ¢, < ty
as we assume repair of functioning cells takes longer due to the higher consumption of resources
in other metabolic pathways, such as secretion of inflammatory mediators. The implementation of
host cell death and its related mechanisms is comparable to the ODE model in that necrosis acts

as a source of pro-inflammatory mediators due to damage by bacteria and that apoptosis markers
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chemotactically attract leukocytes.
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Figure 5.9: Diagram showing the strength of the apoptosis markers displayed by an individual IEC
at neighbouring mesh points. The filled red circles represent mesh points, the size of each partially
transparent red circle represents the strength of the apoptosis markers at the respective mesh point
and the blue line represents the IEC that is displaying the apoptosis markers.

5.4 Cell level mechanisms

5.4.1 Overview

Now that we have considered the processes that occur at the macro-scale, we now consider the imple-
mentation of the phenomena that occur at the cell-scale. These include cell movement, phagocytosis,
volume exclusion, recruitment and death of leukocytes and the production of pro-inflammatory me-
diators by leukocytes. The implementation of the cell-scale processes is agent-based and involves
probability, stochasticity and logical arguments, giving realistic dynamics both locally and glob-
ally. The two scales are coupled, as the discretised presence of pro-inflammatory mediators and
concentration of antibiotic inform many cell-scale actions, including chemotaxis, internalisation of
pro-inflammatory mediators and antibiotic, and recruitment of leukocytes. In this section, we give

the mathematical implementation of each cell-scale process.

5.4.2 Movement of bacteria

To simply model the binding of EPEC to IECs, bacteria move via a biased random walk towards
the epithelium. We denote the position of bacterium j at the kth time point as (x%j,y%j). We

implement the movement of bacterium j with the following scheme:

k+1 k
xBj o Z'Bj
k+1] — k
Ypj YB;

Bimo b=y 50 0
+ At t( | ¥5; " | )[CO& B] ~ MBuor (v~ v7) H (5.40)

TR oB + | y%i —y* | sinfpg
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with the parameters involved in (5.40) defined in Table 5.5. The second and third terms on the RHS
of (5.40) represent Brownian motion and directed movement towards the epithelium respectively,
the magnitude of each decreasing as the distance to the epithelium decreases. There is negligible
movement when the bacterium is sufficiently close to the epithelium since for small | yg; — y* |,
the speed of movement is O(] y; — y* |). Once (5.40) has been applied to a bacterium, we check
whether the bacterium has travelled past each of the four boundaries of the region of interest, and
if it has, we move the bacterium so that it is within the boundary. We apply (5.40) and the above
inclusion algorithm for all bacteria independently and although the inclusion algorithm is crude, it

is computationally inexpensive.

Parameter Definition
0p a random number computed from (0, 27).
y* the y-coordinate of the epithelium.
0B the | y; — y* | value at which random movement is half-maximal.
Brot the directed motility rate of bacteria.
Th the scale factor of how strong directed motion is compared to Brownian motion.

Table 5.5: The definitions of the parameters involved in (5.40).

5.4.3 Movement of leukocytes

Leukocytes move via a biased random walk when the chemotactic gradient is sufficiently strong,
and via an unbiased walk otherwise (Brownian motion). We implement the motion of leukocyte j

at time-point k via:

(z’,ﬁj,yfjl) = (:clzj, yfj) + AtLyot(cos ©,sin 0), (5.41)

where (2% > yr j) represents the position of the leukocyte, Lot represents the motility rate of leuko-

cytes and © represents the angle of movement. © is calculated by:

(5.42)

— N<9*’0121rlot,L>7 G > Gmin»
B U(O, 2’/T), G < Gmin»

where G denotes the chemotactic gradient across the leukocyte, 6% denotes the angle of the gradient,
Omot, 1, denotes the standard deviation of the biased random walk angle and G, denotes the sens-

ing accuracy of the leukocytes. Figure 5.10 shows the probability distributions in (5.42) graphically.

To calculate the chemotactic gradient, the steepest gradient across the surface of the leukocyte is

calculated. The discretised surface of leukocyte j, denoted Lg, is given by:

Lg = (x’f;j + rady, cos G,yfj +radysinf), for 6 =2mwi/N, (5.43)
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where rady, denotes the radius of leukocytes and i = 1,..., N. We take N uniformly spaced points
on the surface to allow N/2 gradients across the centre of the leukocyte to be computed. At the
closest mesh point to each surface point, we compute the chemoattractive strength, given by the
sum of pro-inflammatory mediator presence and apoptosis marker strength. We then define the
chemotactic gradient, G, to be the maximum difference in chemoattractive strengths across each
pair of opposing surface points. Figure 5.11 shows this method graphically. If there is more than
one pair of opposing surface points that share the highest chemoattractive strength, we select one

of the pairs uniformly randomly.

(271')_1 / \
o*

Figure 5.10: The shapes of the probability distributions in (5.42), the biased and unbiased random
walks given in blue and red respectively.
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Figure 5.11: Diagram showing how the chemotactic gradient over the leukocyte is approximated.
The blue central circle represents the centre of the leukocyte, light grey circles represent mesh
points, black circles represent the N evenly spaced points on the surface of the leukocyte and red
circles represent the mesh points that approximate the leukocyte surface points.

As with bacteria, we check whether the leukocyte has travelled past each of the four boundaries of
the region of interest, and if it has, we move the leukocyte so that it is within the boundary. We

apply (5.41)—(5.43) for all leukocytes independently.
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5.4.4 Phagocytosis

We then compute whether there are any bacteria that can be removed through phagocytosis, under
the assumption that only one bacterium can be removed by each leukocyte at each time step. We
consider the closest bacterium for simplicity. Successful phagocytosis occurs if the distance between
the leukocyte and the closest bacterium is less than the radius of the leukocyte, and the E3 within
the bacterium fail at inhibition. If phagocytosis is successful, we assume that (1) the bacterium
is (instantaneously) removed and (2) anything within the bacterium, including pro-inflammatory
mediators, effector proteins and antibiotic, is destroyed. We define the probability that bacterium

i is removed through phagocytosis in time step At to be:

P(phagin t <At) = 1—(1-Q)". (5.44)

@ represents the the probability that bacterium i is removed through phagocytosis in an infinitesi-
mally small time step t. = (At/k), where constant k¥ € N and k> 1. Q is given by:

1

Q(Es,) = T+ 09

Egﬂ' is the density of F3 contained within bacterium ¢ and ¢3 denotes the efficacy of E5 at pre-
venting phagocytosis. For a derivation of (5.44), we refer the reader to Appendix section A.7. The
probability of phagocytosis is 1 when E3,Z~ = 0 and decreases to zero as Eg,i increases. Figure 5.12
gives a contour plot of log;(P) for varying At and Fj3;, the logarithm of P being used as it shows
the changes due to At more clearly than the linear plot. P decreases rapidly as Es; increases and
increases as At increases. P is compared to a random number R chosen from ¢/(0,1) and if P < R,
then the phagocytosis of bacterium i is inhibited in the time window (¢, ¢+ At] by the F5 within the
bacterium. The movement and phagocytosis algorithms presented in this subsection are executed

independently for each leukocyte at each time step.

Figure 5.12: A contour plot of log,,(P) for varying At and Ej3;, P denoting the probability that
phagocytosis occurs in time step At.
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5.4.5 Volume exclusion

We use a simple volume exclusion algorithm, based on the Lennard-Jones and Buckingham poten-
tials discussed in the literature review (see section 2.9), to ensure that cells do not overlap. There
are two variations of the algorithm; one for bacterium-bacterium volume exclusion and the other
for leukocyte-leukocyte volume exclusion. For bacterium-bacterium volume exclusion, we apply
movement to the bacterium with the highest y-coordinate to balance the downward movement of
bacteria towards the epithelium and to ensure that bacteria can bind to, but not cross, the epithe-
lium. For leukocyte-leukocyte volume exclusion, we apply movement equally to both cells, since
the upward bias is not required. We do not consider bacterium-leukocyte exclusion as it represents
phagocytosis, and effector protein-effector protein exclusion for simplicity. We first show how the
algorithm works for a pair of overlapping cells and then extend the algorithm to work for any num-

ber of simultaneously overlapping cells.

Bacterium-bacterium volume exclusion

For a pair of bacteria that occupy mutual volume, movement takes place along the vector that
connects their centres; however, care must be taken for bacteria that have identical positions. To
circumvent the possibility of having a zero vector connect cells, we apply for all pairs of bacteria

with identical centres:

(@i i) = (@i yli) + (€7, €7), (5.452)
(x%jvyjkgj) = (l'lzzjay%j) — (", €%), (5.45b)

where 0 < ¢* < radg. We then find the indices of the pairs of bacteria that are within 2radg of
each other, and therefore overlapping. We calculate the minimum distance that one of the bacteria
needs to move so that they are no longer overlapping. We also add to this distance a small positive
amount €, to ensure that the boundaries of the two cells are not touching after the movement has
been applied. The distance to move is given by 2radp — d 4 €*, where d is the distance between the

centres of the bacteria. Figure 5.13 shows how this distance is calculated.
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overlap = 2radp — d,

distance to move = overlap + €.

Figure 5.13: Diagram showing how the minimum distance to move a bacterium in a pair of over-
lapping bacteria so that they occupy mutually exclusive space is calculated.

The unit vector connecting the cell centres is given by:

k kE ,k k
(xBj —IpiYpj — Y5i)
g )

ﬁ:

We then move the bacterium with the highest y-coordinate by an amount (2radg — d + €*) along

1, such that movement is upwards.

We generalise this algorithm to work for any number of simultaneously overlapping bacteria, the

generalised algorithm given by Algorithm 4.
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Algorithm 4 Algorithm for general bacteria-bacteria volume exclusion

1. Compute the matrix containing the distances between the centres of all pairs of bacteria,
denoted B, and only consider the strictly lower triangular part, denoted By,.

2. while min(By,) < 2radpg, then:

(a) Find the indices ¢,j such that (Br);; = 0. Put these pairs of indices into two lists,
denoted p and q, the elements of which are ¢ and j respectively. Apply the scheme:

(X%P’ygp) = (X%paykép) + (6*, 6*), (5463,)
(XBq: Yhq) = Kbq: Yiq) — (€€, (5.46b)

where 0 < € < radp and we are considering the kth time point.

(b) Find the indices 4, j such that (Br);; < 2radp. Put these pairs of indices into two lists,
denoted m and n, the elements of which are ¢ and j respectively.

(c) Calculate the distance to move all pairs of overlapping bacteria Dy, =
(2radp — (BL)mn + €), where 0 < ¢ < radp.

(d) Calculate the unit vectors connecting the centres of bacteria m and n, pointing towards

bacteria m:
o — Xbm = Xpn Ybm — Yin) (5.47)
(BL)mn
(e) If yh  >yk .
(X Y5) = (XBm: Yim) + Dmnlimn, (5.482)
(x50 Y5n) = (Xbns Yim): (5.48b)
(f) else if yk < yk -
(XBim: Yim) = (XBm: Yim), (5.49a)
(xXhh YD) = (XEn Yin) — Dmntimn. (5.49b)

(g) Recalculate B.

In Algorithm 4, one of the cases is arbitrarily chosen to include the case y% = y% for simplicity.

Figure 5.14 shows a simple one pair example of (5.48) and (5.49) graphically.
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Dm,num,n Dm,n(—um,n)
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Case 1: (y* > yF) Case 2: (ym < yn)

Figure 5.14: Diagram showing (5.48) and (5.49) for one pair of bacteria, demonstrating that the
bacterium with the highest y-coordinate moves upwards. The black arrows represent the unit vector
U, and the blue arrows represent the directions of movement of the relevant bacteria.

Leukocyte-leukocyte volume exclusion

Leukocyte-leukocyte volume exclusion is the same as that for bacteria, except that leukocytes m
and n both move along um n half the required distance in opposite directions. The leukocyte-
leukocyte volume exclusion algorithm is therefore the same as Algorithm 4, but with (5.48) and
(5.49) replaced with:

(X i) = (%5 Vi) + 0.5Dm nfim n, (5.50a)
(x5t yin) = (5 s E ) — 0.5Dimnlim - (5.50b)

5.4.6 Recruitment and death of leukocytes

The activation of leukocyte recruitment is dependent upon the presence of pro-inflammatory me-

diators at the endothelium (y = 0). Let P.nqo be the average pro-inflammatory mediator presence

across © = [x], ;] at the kth time point such that z; = —z,:
S Pl
Ph g, = S 5.51
endo T, — T ( )

Once Pe.nqo reaches a critical threshold, denoted P* leukocyte recruitment is activated, with a

endo’
leukocyte recruited into the region of interest every ¢y, units of time, at the endothelial mesh point
in [z, x| with the highest pro-inflammatory mediator presence. Leukocytes are assigned a lifetime,
sampled from a normal distribution with mean jiqeg, 7, and standard deviation oqeg, 1, allowing vari-

ability in the lifetimes of leukocytes. If P,,qo returns below P then leukocyte recruitment

endo>
is deactivated. The leukocyte recruitment algorithm is given by Algorithm 5, NV ’L“ denoting the
number of leukocytes at time-point k and (zrn,,yrLn, ) denoting the position of leukocyte Np. A
deterministic recruitment rate is chosen (1) for simplicity, (2) to make changes in the leukocyte
population due to the actions of effector proteins easier to observe and (3) to prevent the number

of leukocytes becoming too large. Algorithm 5 is applied to all leukocytes independently.
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Algorithm 5 Algorithm for leukocyte recruitment

1. At initialization, define the values of P*

endo
2. while PF_ > p*

endo = Lendo’

(a) if tnextr =0,
z* = max {P}} fori=1,...,r,
NF=NF+1,
(TLng YL, ) = (27,0),
Laeg,ny, =t + N (ttdeg,L, U?ieg,L)a
tnextL = ULrep;

(b) else tnextL = tnextL — At.

and trrep, and set tpexer, = 0.

If t > Lqeg,; then leukocyte i dies, and we apply this check for all leukocytes (for i =1,---, Np).

5.4.7 Production of pro-inflammatory mediators by leukocytes

We have found the production of pro-inflammatory mediators by leukocytes to be incompatible
with the chemotactic dynamics already present in the model; the pro-inflammatory mediators that
the leukocytes produce dampen the chemotactic gradients they are following, leading to them
getting stuck in local maxima of pro-inflammatory mediators, even for low production rates. Pro-
inflammatory mediator production by leukocytes is therefore omitted from the model. A toy model
exploring the observed antagonistic dynamics in more detail in one spatial dimension for one leuko-
cyte is given in Appendix section A.4. A more thorough mathematical investigation into the
antagonistic dynamics is carried out in Chapter 7, where we model the concentrations of both pro-

inflammatory mediators and leukocytes as continuous quantities in space and time.

5.5 Sub-cellular scale processes

Overview

Now that we have considered the processes that occur at the macro- and cell-scales, we now consider
the implementation of the processes that occur at the sub-cellular scale. These include (1) bacterial
protein synthesis, (2) the inhibitory effect of aminoglycosides on bacterial protein synthesis and
(3) the inhibitory effect of internalised pro-inflammatory mediators on aminoglycoside action. We

implement bacterial protein synthesis stochastically via a Gillespie algorithm.

Bacteria gene network for protein synthesis and replication

We implement the dynamics of the GRN for bacterial protein synthesis using the Gillespie algorithm
(see [121] for a detailed explanation of the algorithm). The GRN includes:

e the transcription of DNA into mRNA by polymerase enzymes,
e the translation of mRNA into proteins by ribosomes,

e the replication of bacteria,
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e the degradation of mRNA, proteins and bacteria.

The 16 reactions present in the Gillespie algorithm, along with the corresponding reaction rates,

are given in Table (5.6). We implement the reactions using the Law of Mass Action.

0o b—E> 01 Initiation of transcription.
01 T Moy + 0y Transcription.
Mo+ R bi(1 = fra) M, Initiation of translation.
My r1(L = fra) Ei+My+ R Translation of an Fj.
My r2(1 = fra) Es+ My+ R Translation of an FEs.
My r3(1 = fra) Es+ My+ R Translation of an Fs.
M, TMQ I'+My+R Translation of a structural protein.
rr ™ . B Fusing of structural proteins into a new bacterium.
My d—0> 0 Degradation of an (unbound) mRNA strand.
B, d—1> 0 Degradation of an FEj.
Es d—2> 1] Degradation of an FEs.
Es d—3> ] Degradation of an FEs.
T d—r> 0 Degradation of a structural protein.
B d—B> ] Degradation of a bacterium.
M rrfra I'sx + Mo+ R Translation of an mistranslated protein.
I'x d—X> 0 Degradation of an mistranslated protein.

Table 5.6: The reactions involved in the Gillespie algorithm. We implement the reactions using the
Law of Mass Action.

The production rates of E1 Fs and Fs5 are r1, 79 and r3 respectively and are set to 0 for a bacterium
if it is not bound to an IEC. All effector protein production is linear in M7, which is very different to
the corresponding production used in the ODE model (see system (4.36)). We assume for simplicity
that the difference in effector protein production by the different bacterial phenotypes is given by:

T base; if produced by By,
r. =
' T*T; bases if produced by Ba,

where 7; pase is the baseline production rate of E; for ¢ = 1,2,3 and r* > 1 is a constant, ensuring
that By is the more virulent phenotype. Figure 5.15 shows numerical simulations of the Gillespie
algorithm, demonstrating that the transcription variables (6, 61) reach a steady state much faster
than the translation variables (Mo, M7, R).
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Figure 5.15: Numerical simulations of the Gillespie algorithm showing the mean quantities of the
(a) transcription and (b) translation variables for 30 bacteria in the absence of bacterial growth and
death. Non-zero parameter values are Ry.x = 45, Omax = 80,bg = 250,b; = 250,79 = 2.5,r1,dy =
25. All other parameter values are set to 0.

The propensity functions of the 16 reactions are:

m = bgb, ne = robh,

n3 = bi(1— fpa)MoR, ne = r1(1—fpa)Mi,
ns = r2(l— fpa)M, ne = r3(1=fpa)Mi,
nr = ro(l— fpa)Mi, ns = rpl",

ny = doMoy, mo = dikEn,

mi1 = daFs, mz = ds3kbs,

ms = drl, ma = dg,

ms = TTfPas me = dxIT'x.

Table 5.7: The propensity functions of the 16 reactions given in Table 5.6

Note that for the propensity of the degradation of bacteria (reaction 14), the number of bacteria
is set equal to 1, since the Gillespie algorithm is applied within each individual bacterium. From
Tables 5.6 and 5.7, the type and time of the next reaction for each bacterium can be computed.
The algorithm is made more efficient by executing all Gillespie algorithms simultaneously, each
bacterium having an independent type and time of reaction. The time of the next reaction in
bacterium j is denoted 7; and the bacterium with the smallest 7 executes the next reaction. This
algorithm repeats until 7; > to + At for j = 1,---, Np, where Np is the number of bacteria and
to is the time at which the Gillespie algorithm is initiated. When the algorithm is terminated, the

rest of the model is updated, the value of At chosen to ensure sufficient accuracy of the model.

We implement the inhibitory actions of aminoglycosides and pro-inflammatory mediators in the

function fp,, where, for bacterium j:

qp Qlin,j
a=|lag+ (1 —« . 5.952
fe o+ 0) qpr + Pint,j] (‘Ia + Oéint,j) ( )
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In (5.52), ap < 1 is the proportion of internalised aminoglycosides that is unaffected by the in-
hibitory action of internalised pro-inflammatory mediators and ¢p and ¢, are the presence of inter-
nalised pro-inflammatory mediators and the concentration of aminoglycosides at which inhibition
is half-maximal respectively. As fp, increases, the strength of inhibition increases, with fp, mono-
tonically increasing from 0 to 1 as cine,j increases and decreasing as Piyj increases. It can be shown
that production rate of structural proteins is reduced due to ribosomal blockage and conserved due
to ribosomal proof-reading inhibition. The inhibitory function fp4 resembles the equivalent func-
tions given by fys and fr in the ODE model when the sensitivity of bacteria to ribosomal blockage

(¢m) and proof-reading inhibition (¢,) are varied at the same rate (see equations (4.30)).

5.6 Summary

In this chapter, we have presented the formulation and implementation of a multi-scale computa-
tional model that governs the dynamics of an EPEC infection both spatially and temporally. The
model acts over three spatial scales: the macro-, cell- and sub-cellular scales and is termed a hybrid
model as it combines continuum, agent-based and stochastic GRN representations of the infection

dynamics.

We implement macro-scale processes (the production/administration, degradation, transport and
internalisation of inflammatory mediators and antibiotic) using a PDE representation. We imple-
ment cell-scale processes (cell movement, chemotaxis, volume exclusion, phagocytosis and leukocyte
recruitment and death) using an agent-based representation. A sub-cellular stochastic GRN within
each bacterium, governs its individual protein synthesis and replication via the Gillespie algorithm.
We include in the model the inhibitory effects of aminoglycosides on bacterial protein synthesis and
the hypothesized inhibitory effects of internalised pro-inflammatory mediators on aminoglycoside
action. The region of interest of the model is a two-dimensional transverse section of the intestines,
extending from the lumen to the underlying blood supply. The region of interest expands indefi-
nitely into the lumen and along the cell layers, allowing us to implement no-flux boundary conditions
along those boundaries. We omit the production of pro-inflammatory mediators by leukocytes from
the model, due to its incompatibility with the chemotactic movement of leukocytes. We explore
this incompatibility in detail in a toy model in Appendix section A.4 and in a continuous spatio-
temporal PDE model in Chapter 7.

In the previous chapter, we developed and analysed a deterministic, population-level ODE model
to explore the temporal dynamics of an EPEC infection, the analysis highlighting several effective
treatment strategies, both direct and indirect. While these findings are beneficial, the ODE model
is incapable of finding treatments relating to the spatial dynamics of the infection or the stochastic
variability between individual infections, motivating us to develop the hybrid model. The stochas-
tic implementation of many mechanisms in the hybrid model, in particular protein synthesis and
cell movement, is more physiologically realistic than the equivalent deterministic implementations
in the ODE model. The probabilistic implementation of effector protein actions further increases
the variation between individual infections, more realistically capturing the variance in infection

virulence observed clinically. We consider the death of IECs in the hybrid model by introducing an
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artificial health metric for each IEC, allowing apoptosis and necrosis to occur independently for each
IEC once the cell becomes sufficiently damaged. Leukocyte recruitment is dependent on the pro-
inflammatory presence at the endothelium, the time needed for the transport of pro-inflamatory
mediators from the epithelium to the endothelium leading to a delay in leukocyte recruitment.
These delays allow a distinction between the inflammatory response and the leukocyte response to
be observed. Similarly, the antibiotic enters the region of interest via the endothelium, the time

taken to travel to the bacteria leading to a realistic delay between administration and action.

The main drawback of the hybrid model is its computational expense, largely due to the implemen-
tation of a stochastically-simulated GRN within each bacterium. Conversely, the ODE model takes
seconds to solve numerically allowing repetitive analyses, such as a parameter sensitivity analysis,

to be executed much faster.

In the next chapter, we present results obtained through simulation of the hybrid model, focusing on
the peak and long-term infection sizes both in the absence and presence of an antibiotic treatment,
with the aim of finding parameter changes and antibiotic delivery strategies that lead to eradication
or a significant reduction in the infection size. We also consider the spatial spread of bacteria to
look for the presence or absence of bacterial clusters and a relationship between clustering and

infection success.



Chapter 6

Results of the hybrid model

6.1 Overview

In this Chapter, we present numerical results obtained from the hybrid model (presented in Chap-
ter 5) of EPEC infection dynamics in both untreated and treated regimes. From our results, we
make various predictions of effective treatment strategies regarding bacterial protein synthesis and
replication, the immune response, antibiotic therapy and the spatial positioning of bacteria. We
compare these predictions with the corresponding predictions made using the ODE model (see
Chapter 4) and highlight predictions that cannot be made by the ODE model, such as those in-
volving spatial dynamics and variations between individual infections, demonstrating the benefits
of modelling EPEC infection dynamics using the hybrid model. The ODE model can be viewed as
a population-level description of the infection dynamics, allowing the ODE model trajectories and
the mean trajectories from the hybrid model to be compared. As noted in section 5.1, we reiterate
that the hybrid model is only valid in the early stages of infection and we assume the model breaks

down after sufficient time for an infection that is not eradicated.

6.2 Numerical experiments and parameters

The model is implemented (see section 5.3) in MATLAB. While in reality there are very high num-
bers of cells (bacteria, leukocytes and IECs), we scale these down to O(100) to reduce computational
cost. We show in Appendix section A.5 that the hybrid model converges sufficiently well as the
time-step decreases. Due to the absence of experimental data, model parameters are estimated,
with several ‘baseline’ parameter sets used to highlight different types of behaviour. All baseline

parameter sets are given in Appendix section A.8.

We define a biofilm (cluster) as a region with a non-zero density of bacteria everywhere. We remark
that the mechanisms involved in the formation of the extra-cellular matrix of a biofilm, and the
resulting bacterial properties of being in a biofilm, have not been considered. An extension to the
hybrid model, incorporating biofilm mechanisms and properties in a simple way, is considered in
Chapter 8.
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We record over time the numbers of bacteria, leukocytes and effector proteins, the mean spatial
presence of external pro-inflammatory mediators, the total concentration of internalized antibiotic
and the horizontal positions of the bacteria. Data is recorded until either all bacteria have died or
time reaches a cut-off time, denoted tax. If tmax is reached, we assume that the infection is not
eradicated and that the model becomes invalid at this point. For each experiment, the model is
simulated numerous times (typically 100), allowing us to obtain averages and measures of spread.
This allows us to show typical dynamics of an infection as well as dynamics of individual infec-
tions. We are more interested in whether an infection has been eradicated, as opposed to the
exact infection size in steady state or at the cut-off time. However, considering variables over time
is still important as this allows the dynamics between different scenarios to be compared. The
percentage of infections that are eradicated in the hybrid model will be considered in later analy-
sis as a way of measuring treatment success. Throughout the analysis of this model, we interpret

time as number of days and the bacterial population as a sub-population within the whole infection.

6.3 Results in the absence of antibiotic

Varying effector protein production rates individually

The effector proteins that inhibit pro-inflammatory signalling (E1) and phagocytosis (Es) improve
the survivability of the infection, particularly Fq: Figure 6.1 shows the number of bacteria over
time in each of 100 simulations and the mean number of bacteria over time for each combination
of effector protein groups. Figure 6.2(a) shows a comparison of the mean population in each case.
If an effector protein group is present, then its production rate (r;) is set to its baseline value and

if a group is absent, then its production rate is set to 0.

In the case with no effector proteins present (Figure 6.1(a)), the infections are all eradicated by
t = 6, whereas in the case with all effector proteins present (Figure 6.1(h)), most infections survive
past the cut-off time (¢max). Many more infections peak at higher population values, and persist for
longer when Ej is present compared to when either Fy or E3 are present. Figure 6.1(d) highlights
that while some infections survive when FEj3 is the only effector protein group present, the average
infection size at the cut-off time is very low. The presence of both F; and E3 further increases
the number and survival times of infections, showing the synergy between the two effector protein
groups. The model therefore predicts that inhibiting the production of the effector proteins that
inhibit pro-inflammatory signalling or phagocytosis could be an effective treatment strategy.

Figure 6.4(a) shows the mean number of bacteria over time as the production rate of E; (r1) is
varied. The mean infection size over time and the mean peak infection size both increase monoton-
ically with r1; a greater number of F; grants the infection more time to grow until it is discovered
by the leukocyte response. The mean infection size follows the same increasing trend initially for all
r1. For an r1 value below approximately 40% of the baseline value, the mean infection is expected
to be eradicated. By comparing this result to that from the ODE model (see Figure 4.9(a)), we see

the models are in agreement for varying r;.

We find that the ODE and hybrid models do not always agree on the effectiveness of each effector
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Figure 6.1: The number of bacteria over time in each simulation (blue) and the mean number
of bacteria over time (red) for each combination of effector protein groups. The effector protein
groups present in each case are given in the graph titles. Each case has 100 simulations and all
other parameters take their baseline values (see set 1 in Table A.2).

protein group relative to that of the other groups; the ODE model predicts that secretion of F; is
less beneficial to the infection than E3 (see Figure 4.9). We speculate this difference to be due to
the difference in how leukocyte recruitment and attraction are modelled. In the hybrid model they
are dependent on the spatial profile of pro-inflammatory mediators; whereas in the ODE model,

they depend on the concentration of pro-inflammatory mediators and the density of bacteria.

The effector proteins that inhibit pro-inflammatory signalling increase the delay in the leukocyte
response, making eradication more difficult: Figure 6.2(b,c) shows the mean (external) presence
of pro-inflammatory mediators and the mean number of leukocytes respectively over time for each
combination of effector protein groups. The delay in leukocyte recruitment is longer in the presence
of E; than in the absence and although more leukocytes are recruited, Figure 6.2(a) shows the
leukocyte response is unable to eradicate the infection in the presence of E;. These results further
suggest that the effector proteins that inhibit pro-inflammatory signalling make the infection sig-

nificantly more virulent and that inhibiting them is an effective treatment strategy.
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Figure 6.2: The mean (a) number of bacteria, (b) external presence of pro-inflammatory mediators
and (c) number of leukocytes and (d) the interquartile range of the number of bacteria over time
for each combination of effector protein groups. Each graph is the mean of 100 simulations and all
other parameters take their baseline values (see set 1 in Table A.2).

The presence of E; causes a three-four fold reduction in the pro-inflammatory mediator presence
over the course of the infection. By contrast, £y causes only a two-fold reduction in the ODE model
(see Figure 4.15(a)), the difference due to the differing implementations of inhibition in both models.
The two models are also qualitatively different, suggesting that the spatial dynamics of the hybrid
model and the stochastic implementation of pro-inflammatory mediator production play a signifi-
cant role in the evolution of the inflammatory conditions within the host. The pro-inflammatory
mediator production reduction by E; in the hybrid model occurs early in the infection (¢ =~ 0.5)
and the knock-on effect of delayed leukocyte recruitment is evident. This delay allows the bacteria
more time to grow before the leukocytes reach them, as shown by comparing the peak infection
times and sizes in the presence and absence of E; in Figure 6.2(a). The delayed leukocyte response
makes it much harder for the infection to be eradicated. Due to the infection being given more time
to grow, the damage done to the host increases, eventually leading to an inflammatory response

that is sufficiently strong to attract leukocytes.

The ODE model also predicts that the delay in leukocyte recruitment is longer in the presence of
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E1; but by contrast, the number of leukocytes decreases as E; increases (see Figures 4.15 and 4.16).
This difference is due to the differing implementations of leukocyte recruitment activation; in the
ODE model, the leukocyte recruitment rate is proportional to the concentration of pro-inflammatory
mediators, whereas in the hybrid model, (1) activation is dependent on the pro-inflammatory medi-
ator presence at the endothelium and (2) the large infection size causes recruitment to be activated

for longer, leading to more recruited leukocytes.

Inhibiting the effector proteins that inhibit pro-inflammatory signalling or phagocytosis increases the
efficacy of phagocytosis: Figure 6.2(d) shows the interquartile range (IQR) of the number of bac-
teria, relative to the number of bacteria over time for each combination of effector protein groups.
Early in the infection (¢ < 2), before the bacteria are attacked by leukocytes, the relative spread
in the infection sizes is low. Moreover, in all cases, the IQR increases after the time of the peak
infection size, which is the time at which the leukocytes reach the bacteria and begin to attack
them. This suggests that the efficacy of phagocytosis has a greater influence on the spread in the
efficacy of individual infections than the other aspects of the immune response. The peak IQR is
lower when F; and/or E3 are present. This suggests that the effector proteins that inhibit pro-
inflammatory signalling and phagocytosis reduce the relative spread in individual infection sizes.
The reduced spread is because (1) E; gives the infection more time to grow, the larger infection size
making the IQR less sensitive to sudden changes and (2) E5 inhibits phagocytosis, leading to the
reduction in the infection size being less rapid. The model therefore predicts that inhibiting these
effector proteins increases the efficacy of phagocytosis, potentially leading to more reliable return
to health.

The effector proteins that inhibit host cell apoptosis make negligible contribution to the success of the
infection: Figures 6.1 and 6.2, show that Es makes negligible difference to both the infection size
and the immune response and this is in agreement with ODE model (see Figure 4.9(b)). Although
both models demonstrate this redundancy, it is a peculiar finding; we believe it is unlikely that
EPEC would use resources to inject proteins that do not aid the infection. We acknowledge that

this finding may be due to our chosen parameter regime being incorrect.

The numbers of the effector proteins that inhibit pro-inflammatory signalling and phagocytosis peak
at approzimately the same time and sooner than the number of bacteria: Figure 6.3(a) shows that
the mean of F; increases steadily before peaking at a time sooner than the peak infection size. The
number then steadily decreases to a smaller population. We infer from this that the effector proteins
that inhibit pro-inflammatory signalling act early on to allow the bacteria to remain undetected
and then once this becomes difficult due to the size of the infection, the production of E; is reduced
allowing resources to be used more effectively. Figure 6.3(b) shows the mean of Fy peaks twice
— early on and soon before the infection peaks; however, since the results presented in Figure 6.2
indicate that the presence of F, makes negligible difference to the success of the infection, we do

not pursue this finding any further.

Figure 6.3(c) shows that after a rapid initial production, the mean of Fj increases, peaks and de-

creases in a similar manner to Fp, peaking at approximately the same time. By contrast, in the
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Figure 6.3: The number of (a) Ei, (b) E2 and (¢) Es over time in each simulation (blue) and
the corresponding mean number over all simulations (red) when all effector protein groups are
present. (d) The mean curves from the previous graphs plotted on the same axes. The mean
graphs correspond to the light gold lines in Figure 6.2. Fach case has 100 simulations and all other
parameters take their baseline values (see set 1 in Table A.2).

ODE model, E; and Ej5 increase steadily before plateauing (see Figure 4.11). The steady decreases
observed in the hybrid model are not observed in the ODE model due to the differences in how
effector protein production are modelled. In the ODE model, the production rates depend on the
densities of bacteria and correctly translated proteins, and the concentration of pro-inflammatory
mediators; whereas in the hybrid model, the production of all effector proteins is only linear in the
number of mRNA. The discrepancy between model behaviours at large time is not important, due

to the hybrid model not being valid at large time (see section 6.1).

There appears to be an optimum production rate for the effector proteins that inhibit phagocytosis:
Figure 6.4(b) shows the mean number of bacteria over time as the production rate of E3 (rs) is
varied. The trend for increasing r3 is not as distinguished as that for increasing r;. For the val-
ues of r3 chosen, 80 — 100% of the baseline value marginally give the highest mean peak infection
size. As expected, the mean peak infection size is smallest when E3 is absent; however, this case
does not give the lowest mean infection size post-peak and strikingly, the highest rates of r3 give
the lowest mean infection size at later times. The difference in the mean post-peak infection size
between 80-100% and 120-140% of the baseline value is also striking. These results suggest the
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Figure 6.4: The mean number of bacteria over time as (a) 1 and (b) r3 are varied. The value for
each effector protein production rate is given as a percentage of the baseline rate. Each graph is
the mean of 100 simulations and all other parameters take their baseline values (see set 1 in Table
A2).

possibility of an optimum r3. This is an unexpected prediction given our ODE model simulation
results — that a higher value of r3 results in a stronger infection (see Figures 4.9 and 4.16(a)).
This implies that therapeutically decreasing the production rate of the effector proteins that in-
hibit phagocytosis can be counter-productive, leading to a worse resolution of the infection and
that care would therefore need to be taken if a treatment used such a strategy. By comparing this
result to that from the ODE model (see Figure 4.9(a)), we see the models are not in agreement for
varying r3 — the ODE model predicts a monotonically increasing relationship similar to that for

increasing r1. We explore model behaviour for varying r; and r3 in more detail later in this chapter.

Varying effector protein production rates simultaneously

Alongside the infection size and duration, we are interested in elucidating whether F, and F3 affect
the spatial profile of the infection (we consider the relationship between the spatial profile and the
success of the infection later in this chapter). As discussed in section 6.2, we define a biofilm as a
region with a non-zero density of bacteria everywhere. To implement this, we measure the bacterial
density across —1 < x < 1, define the maximum biofilm height as the peak bacterial density and
define the maximum biofilm width as the longest length across —1 < z < 1 with a non-zero density
(see Figure 6.5). We now present results showing how biofilm structures and the infection size and

duration vary when r; and r3 are varied, both individually and simultaneously.



CHAPTER 6. RESULTS OF THE HYBRID MODEL 154

5 — ; 6 — ;
Max height = 5 Max height = 6
4 | Max width =5 | — — J Max width = 10
4l -
3t ]
B B
21 L J
21
1 T ]
0= : 0 :
-1 -0.5 0 4 05 1 -1 -0.5 0 , 05 1

Figure 6.5: Example simlation results showing how the (artificial) maximum biofilm heights and
widths are calculated.

The infection duration is sensitive to both the effector proteins that inhibit pro-inflammatory sig-
nalling and phagocytosis, but the infection size is only sensitive to the former: Figure 6.6(a) shows
that the peak infection size noticeably increases as r; increases, but does not noticeably change
when r3 is altered. Figures 6.6 and 6.4 are in agreement that increasing r; increases the peak in-
fection size, but Figure 6.2 predicts that increasing r3 does increase the peak infection size slightly.
All results suggest that F7 have a stronger effect on the peak infection size than Fs3. Figure 6.6(b)
shows that the mean infection end time increases as both r; and r3 increase, but is more sensitive
to changes in 1. For a typical strain of bacteria that has sufficiently high r; and rj3, the infection
survives (see section 6.1 for clarification). A reduction in pro-inflammatory signalling leads to a
longer delay in leukocyte recruitment activation and a reduction in phagocytosis results in slower
infection eradication. Figure 6.6(c) shows that the maximum biofilm height noticeably increases as
r1 increases; F, allow the infection more time to grow, leading to a higher peak infection size and
therefore a larger maximum biofilm height. E3 have little effect on the maximum biofilm height and
the peak infection size since their effect comes into play when phagocytosis commences (first occur-
ring at the peak infection size). Figure 6.6(d) shows that there is negligible effect on the maximum
biofilm width when either ry or r3 are varied. The maximum biofilm width occurs early in the in-

fection, before the effects of £y and E3 make a significant difference to the evolution of the infection.

Together, these results suggest that the infection duration is sensitive to both the effector proteins
that inhibit pro-inflammatory signalling and phagocytosis, but the mean peak infection size and
maximum biofilm height are only sensitive to the the effector proteins that inhibit pro-inflammatory
signalling. We infer from these results that targeting both the effector proteins that inhibit pro-
inflammatory signalling and those that inhibit phagocytosis is more effective than targeting either
individual group. An adaptation of the hybrid model that includes a more detailed and biologically
realistic model of a biofilm is considered in Chapter 8, where the effects of the biofilm on the success

of the infection are modelled in more detail.

Comparing different treatment strategies

Infections are less likely to survive if the production of bacterial structural proteins is inhibited: Fig-

ure 6.7(a,b) shows that increasing the structural protein production rate, rr, significantly increases
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Figure 6.6: The mean (a) peak infection size, (b) infection end time, (¢) maximum biofilm height
and (d) maximum biofilm width, as r1 and r3 are both varied. The value of each metric for a given
parameter value combination is given by the colour bar adjacent to the respective plot. 71 and 73
denote the baseline r; and r3 values used respectively. Each combination of r;/7; ranges from 0 to
3 in increments of 0.25. The metrics at each pair of 1 and r3 are the means of 100 simulations and
all other parameters take their baseline values (see set 1 in Table A.2).

the mean infection size over time and the percentage of infections that survive. The leukocyte re-
sponse often cannot handle the infection for sufficiently high rp, leading to the infection continuing
to grow in size. A treatment that inhibits the production of bacterial structural proteins will be
effective, since the bacteria become less efficient at replicating themselves. Figure 6.7(c) shows that

for rr sufficiently small, the infection is very likely to be eradicated.

Inhibiting the production of bacterial structural proteins is a more effective treatment strategy than
increasing the frequency of leukocyte recruitment: Figure 6.7(d,e) shows that increasing the time
period of leukocyte recruitment, ry, increases the infection size over time for the eradicated in-
fections, but has a less significant effect on surviving infections. Figure 6.7(f) shows that for rp,
sufficiently small, the infection is very likely to be eradicated. Together, these findings suggest that
increasing the recruitment rate of leukocytes is an effective treatment strategy, but not as effective
as inhibiting the production of bacterial structural proteins. This result is in agreement with that
obtained from the ODE model (see Figures 4.5(b) and 4.12(b)%).

Inhibiting the effector proteins that inhibit pro-inflammatory signalling is a more effective treatment

In the ODE model, r; is the rate of leukocyte recruitment; whereas in the hybrid model, 7, in the time period
of leukocyte recruitment. Therefore, statements regarding r; must be inverted to obtain the equivalent statements
regarding rz, (and vice versa).
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strategy than inhibiting the production of bacterial structural proteins: Figure 6.7(g,h) shows that
infection becomes significantly more virulent as r; increases, with almost half of the infections sur-
viving when 1 = 1. Moreover, the peak infection size in both surviving and eradicated infections is
higher for large 1 than for large rp. Figure 6.7(i) shows that for r sufficiently small, the infection
is very likely to be eradicated. These results further demonstrate that a treatment that inhibits
the production or action of the effector proteins that inhibit pro-inflammatory signalling could be

effective.

Inhibiting the effector proteins that inhibit phagocytosis is less effective than inhibiting the produc-
tion of bacterial structural proteins or the effector proteins that inhibit pro-inflammatory signalling:
Figure 6.7(j,k) shows that increasing r3 increases the infection size less significantly than increasing
either rr or 1. This result is in qualitative agreement with the ODE model (see Figures 4.9(a) and
4.26(f)); however, the ODE model predicts that increasing r3 gives a larger increase in the infection
size than increasing 71 by the same proportion. Figure 6.7(1) shows that for r3 sufficiently small,
the infection is very likely to be eradicated. Together, these findings suggest that inhibiting the
production of the effector proteins that inhibit phagocytosis is an effective treatment strategy, but
not as effective as inhibiting the production of bacterial structural proteins or the effector proteins

that inhibit pro-inflammatory signalling.

Comparing Figures 6.7(f) and 4.5(b), we see that the hybrid and ODE models are in agreement
that attracting leukocytes sufficiently quickly leads to infection eradication. In contrast, comparing
Figures 6.7(i,]) and 4.9(a) shows that the ODE model does not agree with the hybrid model that the
infection can be eradicated by sufficiently reducing r; or r3. We infer that in the hybrid model, the
spatial- and inflammation-dependent modelling of leukocyte recruitment, chemotactic attraction

and phagocytosis has a significant effect on the dynamics of the system.

A healthy resolution is possible in many infections using a non-extreme strength treatment: Figure
6.7(c,i) shows that the trend in the percentage of infections that survive as rp or r; is varied is
switch-like, implying that if the natural value for each parameter is close to the switch value, then
many infections that would survive without intervention can be eradicated with a small decrease in
the respective parameter. Moreover, the compounded effects of a treatment that inhibits the pro-
duction of all bacterial protein synthesis (reduces rr,r; and r3) will further increase the potential

for infection eradication.

Exploring the relationship between the spatial positioning of bacteria and the success

of the infection

Having explored the effects of parameters on solution behaviour, we now investigate how spatial
effects contribute to infection success. In particular, we test whether the spatial positioning of
bacteria affects the strength of the stimulated production of pro-inflammatory mediators by con-
sidering biofilms. We hypothesize that bacteria that spread out across the IEC layer in a sparse
biofilm trigger a strong inflammatory response, whereas bacteria that clump in a denser biofilm
trigger a milder inflammatory response (see Figure 6.8). A milder inflammatory response will then

lead to a delayed leukocyte response, reducing the capacity of the immune response to eradicate
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Figure 6.7: The mean number of bacteria over time and the percentage of successful infections as
(a,b,c) rr, (d,e,f) r1, (gh,i) r1 and (j,k,1) r3 are varied. The means of only the surviving infections
(full lines) and only the eradicated infections (dashed lines) are given separately in (a,d,g,j) and
only the means of the eradicated infections are given in (b,e,h,k). For the plots of the mean number
of bacteria, the parameter being altered in each row and its value in each graph are given in the
row’s legend, along with the percentage of infections that are eradicated (bracketed quantity). Each
graph/marker is the mean of 200 simulations and all other parameters take their baseline values

(see

set 3 in Table A.2).
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Figure 6.8: A caricature showing the hypothesis that sparse biofilms trigger a milder inflammatory
response than dense biofilms.

the infection. It is possible that the height of the biofilm will be significant, since a more popu-
lous biofilm will be more difficult to eradicate. We therefore further hypothesize that the shape of

biofilms relates to the success of the infection.

We now define two measures that will be used to correlate the success of the infection with the

spatial profile of the bacteria. Based on the discussion above:

HB
W Biofilm score 2 = W (6.1)

Biofilm score 1 =
where H, W and B denote the height of, width of and number of bacteria in the biofilm at a given
time point respectively. If there is more than one biofilm for an individual infection, we only con-
sider the biofilm that gives the highest value for each metric. Below, we consider the values of these
measures at the time at which successful and unsuccessful infections diverge on average. Figure
6.7(a,d,g,j) showing this time to be ¢t & 2.5, therefore we take t = 2.5 to be the average time of

divergence.

Figure 6.9 shows that there are no strong trends between the measures given in (6.1) and rp,rp,r;
or r3. While there are weak correlations between each measure and parameter, in particular r;, and
Biofilm score 2 (Figure 6.9(d)), and r3 and both measures (Figure 6.9(g,h)), Figure 6.10 shows that
there is a large IQR for each measure, for most chosen parameter values. We infer from these large
spreads in measures that any correlations between the measures given in (6.1) and rp, 7z, 71 or r3
are weak. Figure 6.7(c,f,i,]) shows how the percentage of infections that survive varies as rr,rp, r
and r3 are varied (analogous to bifurcation diagrams) and shows that all four variables are strongly
correlated with the success of the infection. Since the measures given in (6.1) are not significantly
affected by rp,rp, 1 or r3, we infer that the measures do not significantly affect the success of the

infection and, as a result, are not worth exploring in more detail.

Infections that survive are typically reduced to one small biofilm. These infections recur, exploiting
the diminished immune response: We now consider trends between the infection size and the spatial
(horizontal) positioning of the bacteria over time. Figure 6.11 shows contour plots of the number of
bacteria over horizontal space and time for a random sample of surviving and eradicated infections.
For the eradicated infections, the bacteria are typically well spread out early in the infection, thus
eliciting a stronger immune response. There is usually only one biofilm shortly before eradica-
tion, which suggests that leukocytes are typically drawn to one biofilm which they remove through

phagocytosis before attacking other biofilms. The biofilms on the right tend to get attacked by the
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Figure 6.9: The means of the measures given by (6.1) as (a,b) rpr, (c,d) rz, (e,f) r1 and (g,h)
rg are varied. The blue and red lines represent the mean biofilm scores for only the eradicated
infections and only the surviving infections respectively. H, W and B denote the maximum height
of any biofilms present, the maximum width of any biofilms present and the bacterial population
respectively. The parameter values used are denoted by the markers on the graphs and each marker
represents 200 simulations. All other parameters take their baseline values (see set 3 in Table A.2).

leukocytes before those on the left, due to the advective effect of the lumen flow. This flow causes
changes in the chemotactic gradient that each leukocyte is following, leading to them travelling
rightward as well as upward. For infections that do not survive, the peak population is typically
80-100, with some reaching lower or higher than this (top left and bottom right panels of Figure
6.11(a) respectively). The peak infection sizes vary considerably more for the infections that sur-
vive, with most being approximately 100-130 but with some reaching much higher sizes (e.g. 400 in
the bottom right panel of Figure 6.11(b)). The similarity between the typical peak infection sizes of
surviving and eradicated infections suggests that they have similar dynamics during the early stages
of the infection. From the sample of surviving infections taken, the infections that give the largest
peak infection sizes have their peaks occur at the cut-off time, showing that the infections were
continuing to grow when the simulations were stopped. For the surviving infections sampled, the
infection is always reduced to one biofilm, the bacterial density often reduced close to zero. From

this small population, the infection recurs and in some cases, the infection returns stronger than
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take their baseline values (see set 3 in Table A.2).
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Figure 6.10: The median and lower and upper quartiles of the measures given in (6.1) as (a) rr,
(b) rr, (c) r1 and (d) r3 are varied. The blue and red lines denote the medians of the eradicated
and surviving infections respectively and the green and magenta lines denote the upper and lower
quartiles of the eradicated and surviving infections respectively at the respective parameter value.
H, W and B denote the maximum height of any biofilms present, the maximum width of any
biofilms present and the bacterial population respectively. The parameter values used are denoted
by the markers on the graphs and each marker represents 200 simulations. All other parameters
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the initial infection, implying that the leukocyte response has failed to eradicate the infection. This
occurs because the number of leukocytes decreases to a very low value and in some simulations even
decreases to zero. This occurs for the following reasons; (1) the leukocytes take time to remove a
large number of bacteria, (2) leukocytes have a finite life span and (3) when the number of bacteria
decreases to a very low value, the inflammatory response is allayed, leading to the termination of
further leukocyte recruitment. The lull in the host’s immune response following the initial infec-
tion gives the surviving bacterial population time to regrow and therefore overcome the secondary
immune response. This explains the large difference in infection sizes over time between individual
infections from the same parameter set. The dependence of eradication on maintaining the immune
response above a critical level is in keeping with other studies; in particular, Ternent et al. [85] and
Gjini et al. [86]. We showed that the mean infection size over time increases as any of rr, 7,7 and
r3 are increased (see Figure 6.7). These findings are in agreement with the above interpretation —
(1) increasing the production rate of bacterial structural proteins (rr) leads to bacteria replicating
faster, making it more difficult for the leukocyte response to eradicate the initial infection, (2) in-
creasing the time period of leukocyte recruitment (ry) leads to fewer leukocytes being recruited to
help eradicate the initial infection, (3) increasing the production rate of the effector proteins that
inhibit pro-inflammatory signalling (r1) leads to a reduction in the host’s inflammatory response,
leading to reduced leukocyte recruitment particularly at the tail end of the initial infection, allowing
a recurring infection to grow with insufficient challenge and (4) increasing the production rate of
the effector proteins that inhibit phagocytosis (r3) allows a sub-population of bacteria to survive
sufficiently long to outlast the leukocyte response and then regrow the infection. These results
suggest that infections can survive, and therefore recur, if they are sufficiently virulent to outlast
the leukocyte response while diminishing the inflammatory response. These results also suggest
that reducing the production rate of bacterial proteins, both structural and effector, or increasing

the recruitment rate of leukocytes, will contribute towards the eradication of the infection.

Wishing to find a relationship between biofilm width and infection success, we now explore how the
widths of biofilms vary over time — a feature that the measures given in (6.1) do not possess due

to being measured at a specific time point (¢ = 2.5).

Surviving infections typically have narrower biofilms: Figure 6.12 shows that early in the infection
(top row), there is large variation in maximum biofilm widths and in all cases the modal maxi-
mum width is the same (10 bins of length 0.1); however, there is less spread in biofilm width for
the infections that survive. As the infection progresses, both the variation in the maximum biofilm
widths and the mean maximum biofilm width decrease for both surviving and eradicated infections.
At t = 4 (bottom row), we see that the infections that survive typically have narrower biofilms;
an important finding given that no infections have been eradicated by this time. This finding is
in agreement with our hypothesis that denser biofilms elicit a weaker inflammatory response, and

therefore a delayed leukocyte response.

We have found a significant relationship between the spatial positioning of bacteria (biofilm shape)
and infection success; denser biofilms tend to be more successful. We now explore this relationship

in more detail via a controlled investigation of biofilm phagocytosis.
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Figure 6.11: Contour plots of the horizontal positions of bacteria over time from a random sample
of six infections that (a) are eradicated and (b) survive. The number of bacteria in each plot is
represented by the colour bar adjacent to the plot. All other parameters take their baseline values

(see set 3 in Table A.2).
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Figure 6.12: Histograms of the maximum width biofilm in each infection at times ¢t = 2,4 for (a)
all infections, (b) surviving infections and (c) infections that are eradicated. The width of a biofilm
is measured by the number of consecutive histogram bins that the bacteria cover. 80 individual
infections are considered and all other parameters take their baseline values (see set 3 in Table A.2).

A controlled investigation of biofilm phagocytosis

We are interested to see how leukocytes attack biofilms and whether biofilm shape affects the time
taken to eradicate the infection. To investigate this, we prescribe five different rectangular for-
mations, each with a set number of bacteria present. We also turn off (1) bacterial growth and
death so that phagocytosis is the only mechanism for changing the number of bacteria, (2) the
production of the effector proteins that inhibit pro-inflammatory signalling to allow us to observe
the effects of bacterial positioning on the immune response more clearly and (3) the movement of
bacteria to allow the shapes of the biofilms to be preserved throughout the infection. We vary
the height, width and number of biofilms, as well as the total bacterial population. Figure 6.13
shows histograms of the spatial positions of the bacteria in each of the five prescribed formations.
Four of the five formations have the same number of bacteria (300; Figure 6.13(a,b,d,e)) and the
other formation has 600 (Figure 6.13(c)), allowing us to consider both the shape and the size of
biofilms. Three of the five formations are one biofilm (Figure 6.13(a,b,c)) and the other two are
three separate, uniform, smaller biofilms (Figure 6.13(d,e)), allowing us to explore whether having

one large biofilm or multiple smaller biofilms is more effective.

Infections that occupy a smaller area on the IEC layer trigger a milder inflammatory response and
a delayed leukocyte response: Figure 6.14 shows the number of bacteria over time for 150 individ-
ual simulations as well as the mean number of bacteria over time for each of the five formations
considered. For each of the formations with one biofilm (Figure 6.13(a—c)), the number of bacteria
decreases steadily to zero, with relatively small variance between individual infections. The for-
mations with three biofilms (Figure 6.13(d,e)) decrease in three separate waves, due to leukocytes
requiring time to travel between clusters. Of the two formations with three biofilms, the one with
taller, narrower clusters has a much greater variation in the time taken to eradicate each cluster.
This is because the milder inflammatory response leads to a shallower chemotactic gradient, mak-
ing it more difficult for leukocytes to locate other clusters once they have finished eradicating one.

Figure 6.14(f) shows the mean number of bacteria over time for all formations plotted on the same
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axes for comparison. The formation with three short and wide biofilms is found by the leukocytes
first and the formation with one tall and narrow biofilm is found last, implying that infections that
occupy a smaller area on the IEC layer trigger a milder inflammatory response, leading to a longer
delay in the leukocyte response. However, once the formation with one tall and narrow cluster has
been found by the leukocytes, it is eradicated rapidly. This demonstrates that, while the shape of
a biofilm affects the delay in the leukocyte response, it does not significantly affect the efficacy of
phagocytosis of the biofilm.

Having separate biofilms makes it more difficult for the leukocyte response to fully eradicate the
infection: Figure 6.14(f) shows that both formations with three separate biofilms take the longest
time on average to be eradicated despite being found earlier than the formation with one tall and
narrow biofilm. This suggests that having separate biofilms makes it more difficult for the leukocyte

response to fully eradicate the infection.

Infections with larger biofilms are more successful: The formation with double the number of bac-
teria (red line in Figure 6.14)(f) is the same width and twice the height as the formation with one
short and wide biofilm (black line). Both biofilms are found by the leukocytes at approximately the
same time, further demonstrating that it is the width of the biofilm(s) that determines the efficacy
of the leukocyte response at finding the bacteria. The biofilm with double the number of bacteria

takes longer to be eradicated, demonstrating that infections with larger biofilms are more successful.

We remind the reader that bacterial growth, death and movement, as well as the production of the
effector proteins that inhibit pro-inflammatory signalling, have been turned off and so the results do
not translate to the full model. However, the results have helped us to understand how the spatial
aspects of the infection contribute to the success of the infection. A treatment that makes the
pro-inflammatory signalling of host IECs more sensitive to foreign invaders will subvert the delay
in leukocyte recruitment caused by the tactical positioning of clustering bacteria. A treatment that
either increases the recruitment rate of leukocytes, the longevity of leukocytes or the susceptibility
of bacteria to phagocytosis will increase the efficacy of the leukocyte response at eradicating the
initial infection, preventing the recurrence of a potentially even stronger infection. A treatment
that renders leukocytes more sensitive to chemotactic gradients will allow leukocytes to traverse to

and between biofilms faster, giving the infection less time to grow.

Results in the absence of antibiotic summary

Analyzing the hybrid model in the absence of the antibiotic has illuminated numerous possible
treatment strategies. These treatment strategies work by ultimately reducing the ability of the
infection to grow, rendering the infection more susceptible to the leukocyte response or both. Both
of these effects make it more probable that the leukocyte response will eradicate the initial infec-
tion, thereby preventing the recurrence of a potentially stronger infection. Table 6.1 gives a list of
the treatment strategies predicted by this analysis to be effective, along with their effects and the

Figures that demonstrate them.

The model predicts that there is an optimum, intermediate production rate for the effector proteins
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Figure 6.13: Horizontal spatial profiles of the bacteria at time ¢ = 0 for each of the artificial
rectangular biofilm types (some biofilms appear uneven due to the way the histogram bins are
defined, but are indeed rectangular). The biofilm types are given in the figure titles and each
biofilm type has 300 bacteria except for the third biofilm type (panel (c)) which has 600 bacteria.

Each case has 150 simulations and all other parameters take their baseline values (see set 4 in Table
A.2).

that inhibit phagocytosis — a finding that cannot be explained with the current model or litera-
ture. We believe that this prediction should be explored in more biological detail, as doing so may
uncover vital information regarding the infection strategy of EPEC and the effectiveness of this
treatment strategy. While applying any of the above treatment strategies sufficiently strongly leads
to confidence that the infection will be eradicated, the clinical safety of such strong treatments has
not been considered; adverse side effects or infection complications may occur. Treatment com-
binations can be made, allowing individual treatments to be used at non-extreme doses clinically.
This will be safer for the patient and is expected to be more cost-effective than using one strong
dose of one treatment strategy. Harsh immune-boosting treatment strategies, such as increasing the
longevity of leukocytes, must be used carefully to avoid auto-immune diseases such as leukocytosis
and inflammatory diseases. Treatments of this kind need to have individual patient factors taken
into account, such as natural immune strength and delay in diagnosis. We showed that denser
biofilms tend to be more successful than sparser biofilms; therefore, preventing bacteria from clus-
tering close together will improve the ability of the immune response to clear the infection. We

remark here that it is not known whether the highlighted treatment strategies are feasible in reality.
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Figure 6.14: (a)-(¢) The number of bacteria over time in each simulation (blue) and the mean
number of bacteria over all simulations (red) for each artificial biofilm type. The biofilm types are
given in the figure titles and are written in the form height x width. Each biofilm type has 300
bacteria except for the third biofilm type (panel (c)) which has 600 bacteria. (f) The mean curves
from (a)-(e) plotted on the same axes. Each case has 150 simulations and all other parameters take
their baseline values (see set 4 in Table A.2).

Treatment Effect(s) Figure(s)
Inhibit the production of bac- Reduces the growth rate of bacteria, render- 6.7, 6.11
terial structural proteins ing the infection easier to eradicate by the
leukocyte response
Inhibit the production/action Improves the inflammatory response, de- 6.1-6.7,
of the effector proteins that creasing the delay in the leukocyte response 6.11
inhibit pro-inflammatory sig-
nalling
Inhibit the production/action Improves the efficacy of phagocytosis, ren- 6.1-6.7,
of the effector proteins that in- dering the infection easier to eradicate by 6.11
hibit phagocytosis the leukocyte response
Increase the recruitment rate/ Improves the efficacy of phagocytosis and 6.7, 6.11,
longevity of leukocytes the duration of the leukocyte response, ren- 6.14
dering the infection easier to eradicate by
the leukocyte response
Prevent bacteria from cluster- Elicits a stronger inflammatory response, re- 6.11-6.14
ing close together ducing the delay in the leukocyte response
Increase sensitivity of leuko- Allows leukocytes to traverse to bacteria 6.13, 6.14
cytes to chemotactic gradients faster, giving the infection less time to grow

Table 6.1: The treatment strategies, highlighted by analysis of the hybrid model (in the absence of
antibiotic), that are predicted to be effective, their effects and the Figures that demonstrate them.
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6.4 Results in the presence of antibiotic

Exploring the effects of antibiotic treatment on the infection

We now explore the therapeutic effects of aminoglycosides by considering various strategies of an-
tibiotic delivery into the host, seeking those that are most effective at eradicating the infection. The
strategies considered are those used by Ternent et al. [85]: (1) one dose, (2) repeated doses and
(3) constant delivery. These strategies are compared against the infection with no antibiotic treat-
ment for reference. We are primarily interested in elucidating which strategy is the most effective
given a prescribed amount of antibiotic. Unless otherwise stated, all repeated doses are uniform in

concentration over time.

One strong antibiotic dose significantly reduces the peak infection size, while several weaker doses
eradicate the most infections: Figure 6.15 shows that, in the one dose case, most infections are
significantly reduced in size; however, a few infections regrow to larger than the first peak infection
size. In the repeated doses case there is a significant spread in infection sizes late in the infection
(t > 4); however, most infections are eradicated or reduced to small sizes by the cut-off time. There
is also a significant spread in infection sizes in the constant delivery case and there are more recur-
ring infections for constant delivery than for either one or repeated doses. Figure 6.16(a) shows that
on average, the one dose case makes the initial infection less severe, but results in a poor infection
resolution, sometimes leading to a recurrent infection. Regular weaker doses do not reduce the
average peak infection size as well as one strong dose, but the average resolution of the infection is
the best, with a highest percentage of infections eradicated (88%; see the legend of Figure 6.16(c)).
Constant delivery does not reduce the average peak infection size as much as one strong dose does,
and has poor resolution; therefore, this strategy is the least effective. Figure 6.16(c) shows that
the one dose case has by far the highest concentration of internalized antibiotic for 2.5 < t < 3.5,
leading to the observed smaller and earlier peak infection size. These results demonstrate that, for
a given amount of antibiotic, the way in which the antibiotic is administered significantly affects

the outcome of the treatment.

The difference between the surviving and eradicated infections is due to the antibiotic aiding the
immune response: Figure 6.16(b) shows that of the infections that survive, the infection size is
typically the smallest when the repeated dose strategy is applied. The infection size for the one
dose and constant delivery strategies is almost as high as that in the absence of antibiotic indicating
that these treatment strategies do not resolve the infection in a significant proportion of patients.
In the one dose case, the mean infection size is approximately the same for the surviving and erad-
icated infections until ¢ ~ 4.5. This is approximately the time at which the mean total internalized
antibiotic concentration decreases below that in the repeated doses and constant delivery cases.
However, for repeated doses and constant delivery, the mean infection size for surviving infections
diverges from that for eradicated infections at a similar time to that when the antibiotic is absent,
implying that the antibiotic does not affect this divergence. This demonstrates that the antibiotic is

not solely responsible for the eradication of the infection and works alongside the immune response.
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Figure 6.15: The number of bacteria over time in each simulation (blue) and the mean number of
bacteria over all simulations (red) for each antibiotic delivery strategy. Each case has 100 simulations
and all other parameters take their baseline values (see set 5 in Table A.2).

Exploring the effectiveness of repeated dose strategies

We now explore whether different patterns of repeated doses can reduce the peak infection size
and further improve the resolution of the infection. We consider, alongside the uniform dose case
(strategy 2a), three non-uniform cases: each dose being half the strength of the previous (strategy
2b), a linear decrease in strength with each dose (strategy 2c) and the same as strategy 2b but with
the dose frequency halved (strategy 2d). The total antibiotic concentration administered is kept
the same in all strategies and Figure 6.17 gives the times and strengths of the doses for each of the

four cases considered.

Regular uniform strength antibiotic doses give a better resolution of the infection than non-uniform
dose strategies: Figure 6.18(a) shows that all of the non-uniform dose strategies have a similar mean
infection size until ¢ ~ 8, demonstrating that distinguishing between them is not important. While
the peak infection size is slightly higher in the uniform doses case, the resolution of the average
infection is better and Figure 6.18(b) shows that surviving infections are less potent on average.
The non-uniform strategies all demonstrate infection recurrence in a small proportion of infections.
Comparing Figures 6.18(c) and 6.18(a), we see that having a higher internalized antibiotic concen-
tration early in the infection leads to a lower peak infection size, whereas a higher concentration
later leads to better resolution of the infection. Finally, regular uniform doses lead to the most
eradicated infections (89%; see the legend of Figure 6.18(c)).

Although any treatment style can eradicate an infection provided enough antibiotic is delivered, the
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Figure 6.16: The mean number of bacteria over time (a) over all infections, (b) for the surviving
(full lines) and eradicated (dashed lines) infections separately. (c) the mean total concentration
of internalized antibiotic over all infections for each antibiotic delivery strategy. The bracketed
quantities denote the percentage of infections that are eradicated for the respective delivery strategy.
Each graph is the mean trajectory of 100 simulations and all other parameters take their baseline
values (see set 5 in Table A.2).

clinical safety of very strong doses has not been considered: We now explore how doubling the
strength of the antibiotic affects the infection. Figure 6.19 shows that for all antibiotic treatment
strategies, the peak infection size is lower, the resolution of the infection better and the percentage
of infections eradicated higher. However, we have not considered the clinical safety of very strong
doses and we assume that a sufficiently large dose of antibiotic is detrimental to the host (see section
2.5.1).

A shorter delay in the onset of treatment leads to a smaller and earlier peak infection size whereas a
longer delay leads to better resolution of the infection: We now explore how the delay in the onset of
treatment affects the outcome of the treatment for the non-zero standard delivery strategies (with
the original antibiotic dosage). Figure 6.20 shows that the general trend for all three strategies is
that a shorter delay leads to a smaller and earlier peak infection size whereas a longer delay leads
to better resolution of the infection, particularly in the one dose case. The poorer resolution for
shorter delays is due to the antibiotic-mediated killing of pathogens decreasing the intensity of the
immune response; a finding that is in keeping with the work of Gjini et al. [86]. A treatment
of uniform repeated doses with a short delay gives the best balance between reducing the peak

infection size and improving the resolution of the infection, therefore this is the current optimal
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Figure 6.17: The times and strengths of the antibiotic doses for each of the repeated dose strategies.

treatment strategy.

Infrequent stronger doses reduce the peak infection size and frequent weaker doses improve the reso-
lution of the infection: We now explore how the gap in-between uniform repeated doses affects the
outcome of the treatment and the results of this can be seen in Figure 6.21. Since the total amount
of antibiotic delivered is the same in all cases, more frequent doses are weaker and vice versa. The
peak infection size is lower for less regular stronger doses; however, the resolution of the infection is
better for more regular weaker doses. In all cases, a larger dose of antibiotic is required to eradicate

the infection.

Antibiotics cannot eradicate infections without the immune response: We now consider the direct
effects of the antibiotic on the growth of the bacteria. To do this, we instantaneously apply an
artificial antibiotic at a constant concentration within all bacteria at a set time point for the re-
mainder of the infection, ¢ = 3 chosen to realistically model the delay between clinical diagnosis
and treatment commencement. We examine several different artificial antibiotic concentrations and
consider them as a percentage of the maximum possible internal concentration (max(cing) = 1).
We run this experiment both in the absence and presence of leukocytes. Figure 6.22 shows that
the switch between survival and eradication occurs for an internal antibiotic concentration between
70% and 80% of the maximum possible internal concentration both in the absence and presence of
leukocytes; concentrations we assume are too high to sustain clinically. Since the infection size is
further reduced in the presence of leukocytes, we infer from these results that an antibiotic treat-

ment cannot eradicate an infection unless it acts in tandem with the immune response.

Antibiotic treatments are more effective if leukocytes can survive for longer, move faster or are
more sensitive to chemotactic gradients: We use the same implementation for biofilms as that used
in section 6.3 — a region with a non-zero density of bacteria everywhere. At time ¢ = 2 (Figure
6.23(a,d,g,j)), there is negligible variation between the delivery strategies, since neither the antibi-
otic nor the leukocyte response have typically reached the infection by this time (for the parameter
values used). At time ¢t = 4 (Figure 6.23(b,e,h,k)), the profiles begin to diverge as the differences in
antibiotic concentrations become apparent; however, the shapes of all profiles remain similar. The
profile is tallest in the absence of antibiotic and shortest in the one dose case, reflecting the higher
concentration of antibiotic present early in the infection in the one dose case. In all cases, the

middle of the profile is reduced the most initially and the right hand side is reduced more than the
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Figure 6.18: The mean number of bacteria over time (a) over all infections, (b) for the surviving
infections (full lines) and are eradicated (dashed lines) separately. (c) the mean total concentration
of internalized antibiotic over all infections for various repeated dose strategies. The bracketed
quantities denote the percentage of infections that are eradicated for the respective delivery strategy.
Each graph is the mean trajectory of 100 simulations and all other parameters take their baseline
values (see set 5 in Table A.2).

left, due to the advective lumen flow. At time ¢ = 6 (Figure 6.23(c,f,i,1)), the profile typically splits
into one or two clusters for all treatment strategies, demonstrating that the leukocyte response
reduces the infection to smaller clusters. This is significant as Figure 6.14 shows that leukocytes
require time to traverse between clusters — time that allows the infection to grow larger and results
in sub-maximal effectiveness of the delivered antibiotic. Antibiotic treatments are more effective
if leukocytes can survive for longer, move faster or are more sensitive to chemotactic gradients, as
this allows them to traverse to and between bacterial clusters more rapidly and remove bacteria for

longer.

Results in the presence of antibiotic summary

Analyzing the hybrid model in the presence of the antibiotic has illuminated several additional
treatment strategies to those obtained in section 6.3. Antibiotic treatment strategies work by re-
ducing the ability of the infection to grow and produce effector proteins, thereby making it harder
for the infection to evade and outlast the leukocyte response. Antibiotic treatments make it more
probable that the leukocyte response will eradicate the initial infection, thereby preventing the

recurrence of a potentially stronger infection. The hybrid model predicts that:
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Figure 6.19: The mean number of bacteria over time for (a) the standard antibiotic delivery strate-
gies and (b) the repeated dose strategies, when the total antibiotic delivered is doubled (ot = 2).
The bracketed quantities denote the percentage of infections that are eradicated for the respective
delivery strategy. Each graph is the mean trajectory of 100 simulations and all other parameters
take their baseline values (see set 6 in Table A.2).
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Figure 6.20: The mean number of bacteria over time for t; = 1,2, 3,4, for each antibiotic delivery
strategy. Each graph is the mean trajectory of 100 simulations and all other parameters take their
baseline values (see set 7 in Table A.2).

e One strong antibiotic dose significantly reduces the peak infection size, but does not resolve
the infection well. Regular weaker doses provide better resolution, at the cost of a smaller

reduction in the peak infection size.

e Constant delivery is not the most effective antibiotic delivery strategy.

e The antibiotic helps maintain an efficacious immune response.

e Given a prescribed amount of antibiotic, regular weaker doses result in the most infections
being eradicated on average.

e Regular uniform doses give a better resolution of the infection than other non-uniform dose
strategies.

e Provided enough antibiotic is delivered, any treatment style can eradicate an infection.

e A shorter delay in the onset of treatment leads to a smaller and earlier peak infection size.
A longer delay leads to better resolution of the infection. A balance must therefore be struck
between reducing the severity of the infection and minimizing the risk of eradication failure.

e Infrequent stronger doses reduce the peak infection size, while frequent weaker doses improve
resolution.

e Antibiotic treatments cannot eradicate infection alone; they work in tandem with the immune

response.
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Figure 6.21: (a) The mean number of bacteria and (b) the total concentration of internalized
antibiotic over time for uniform repeated doses with tga, = 1,2, 3. Each graph is the mean trajectory
of 100 simulations and all other parameters take their baseline values (see set 5 in Table A.2).

Leukocytes absent Leukocytes present
500 t 400 |
—60% 00
—70%
B — 300 |
B _
—90% B
300+ 100%
200
200 +
100 | 100 +
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘
0 2 4 time 6 8 10 0 2 4 time 6 8 10
(a) (b)

Figure 6.22: The mean number of bacteria over time when the amount of antibiotic internalized
by all bacteria is instantaneously set to a constant percentage of the maximum possible at ¢ = 3
(max{aint} = 1). This is done in the (a) absence and (b) presence of leukocytes. Each graph is the
mean trajectory of 50 simulations and all other parameters take their baseline values (see set 8 in
Table A.2).

e Antibiotic treatments are more effective if leukocytes can survive for longer, move faster or

are more sensitive to chemotactic gradients.

e For all delivery strategies, the infection is typically split into one or two separated clusters by

the leukocyte response.

Here, we discuss caveats of the findings given above. We assume that high doses of antibiotics can
lead to infection complications, such as secondary infection due to an imbalance in the gut flora
(see section 2.5.1). Not being able to arbitrarily increase the total dose of antibiotic also means
that it is not feasible to sustain a high antibiotic concentration within bacteria, meaning that the
immune response is necessary to eradicate the infection. It may not always be clinically possible to
provide a very short delay in treatment commencement, as the symptoms of infection may not have
presented themselves to the host this early. While delaying a treatment leads to better resolution

of the infection, the patient will need to endure a more painful and stressful infection. Therefore,
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Figure 6.23: Histograms of the average horizontal spatial profile of the bacteria at time points
t = 2,4,6, for each antibiotic delivery strategy. The time point and delivery strategy considered in
each plot are given in the plot’s title. Each histogram is the mean profile of 100 simulations and all

other parameters take their baseline values (see set 5 in Table A.2).

an effective treatment strategy may be to deliver one strong antibiotic dose to prevent the infection

from becoming too large, followed by regular weaker doses to eradicate, and prevent the recurrence

of, the infection.
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6.5 Discussion

In this chapter, we have explored the dynamics of the hybrid model both in the absence and in
the presence of antibiotic. The results have highlighted several effective treatment therapies for

eradicating EPEC infections.

The four most effective treatment strategies in the absence of antibiotic are; (1) inhibiting the
production of bacterial structural proteins, (2) increasing the longevity or the recruitment rate
of leukocytes, (3) inhibiting the production or action of the effector proteins that inhibit pro-
inflammatory signalling and (4) inhibiting the production or action of the effector proteins that
inhibit phagocytosis. Inhibiting the production of structural proteins reduces the growth rate of
bacteria, leading to reduced infection survivability. Increasing the longevity or the recruitment rate
of leukocytes allows the leukocyte response to remove bacteria for longer. There is a clear mono-
tonically increasing relationship between the production rate of the effector proteins that inhibit
pro-inflammatory signalling and both the peak infection size and time. These proteins allow the
infection to evade the leukocyte response for longer allowing more time for growth, demonstrating
the significant contribution of these effector proteins to the survival of the infection. The model
predicts that there is an optimal production rate of the effector proteins that inhibit phagocytosis.
This result was surprising, as we expected a monotonically increasing relationship between produc-
tion and the infection size. Reducing the production rate is predicted by the model to decrease the
average number of infections that survive. Together, these results imply that targeting the effector
proteins that inhibit phagocytosis will be effective, but less effective than targeting the other three
identified targets.

We find that applying any of the above treatment strategies sufficiently strongly is very likely to
eradicate the infection; however, the biological feasibility of these treatments has not been consid-
ered. If feasible, a healthy resolution is possible in many infections by combining these treatments
at non-extreme strengths, therefore minimizing damage done to the host. Exploring whether there
is an optimum production rate of the effector proteins that inhibit phagocytosis will yield useful
information regarding the effectiveness of treatments targeting these proteins. Care must be taken
when boosting the leukocyte response, as raising the leukocyte count too high can result in auto-
immune disorders such as leukaemia and inflammatory diseases. A temporary and moderate boost
in the longevity or the recruitment rate of leukocytes will safely and effectively contribute to the

successful eradication of the infection.

The results obtained by the hybrid model were compared to those obtained by the ODE model.

Both models are in agreement that:

e (1) reducing the production rate of bacterial structural proteins, (2) boosting the leukocyte
response and (3,4) inhibiting the effector proteins that inhibit pro-inflammatory signalling
(E1) and phagocytosis (E3) are effective treatments,

e the effector proteins that inhibit host cell apoptosis (E2) make negligible contribution to the

infection,

While the models agree qualitatively on some treatments, they do not always agree quantitatively;
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the ODE model predicts that targeting E3 is more worthwhile than targeting F7, whereas the hy-
brid model predicts the opposite.

The models do not always agree; the replication rate of bacteria increases linearly with the bacterial
density in the hybrid model, but plateaus in the ODE model as we have considered the carrying ca-
pacity of the infection site. Furthermore, unlike in the hybrid model, the production rates of effector
proteins are bacterial density- and inflammation-dependent in the ODE model, these rates based on
discussions with experimental collaborators. These remarks demonstrate a limitation of our hybrid
model formulation, and future work includes exploring the hybrid model when the propensities
for bacterial protein synthesis are density-dependent. There is a discrepancy in the way effector
protein degradation is represented by the hybrid model; degradation of F; and FEj5 is considered for
each IEC individually, whereas degradation of F3 is considered globally for simplicity. The rates
are similar when the bacterial density is sufficiently low, but when the density is sufficiently high,
degradation of F5 becomes significantly more likely. This demonstrates another limitation of our
hybrid model formulation, and suitably altering the representation of F3 degradation will make the

model more biologically realistic.

We explored how the spatial profile of the infection affects the success of the infection by considering
the clustering of bacteria along the IEC layer. We find that the width of clusters has a positive
relationship with the strength of the inflammatory response. Clusters that are significantly reduced
in width often recur, as the resulting allaying of the inflammatory response gives the infection time
to regrow before the leukocyte response returns. Clusters containing more bacteria take longer to
be eradicated since there are more bacteria to remove and more bacteria that replicate. Infections
that are split into several clusters by the leukocyte response take longer to be eradicated since

leukocytes require time to travel to and between clusters.

We showed that aminoglycosides reduce the effector protein-induced delay in leukocyte recruitment
activation and attraction. The model predicts that the aminoglycoside delivery strategy that most
effectively reduces the peak infection size and increases the potential for eradication is one initial
strong dose followed by several regular weaker doses. Without the strong initial dose, the peak
infection size is higher and without the subsequent regular weak doses, the infection is often not
eradicated, resulting in a recurring infection. This result is also found by Paterson et al. [153] in
their study of various antibiotic treatment protocols while considering antibiotic resistance, and by
Imran and Smith [154] in their study of how various periodic doses of antibiotic affect the elim-
ination of a microbial population from biofilm. In both of these papers, the subsequent weaker
injections taper in strength; however, the essences of the treatments are the same as ours. The
regular weaker doses are predicted to be most effective when they are evenly spaced and uniform
in strength. Constant delivery, such as via continuous intravenous infusion, is predicted to be less

effective than any dose-based strategy.

Given a prescribed amount of antibiotic, shorter delays in treatment onset lead to a smaller and
earlier peak infection size, whereas longer delays leads to better infection resolution. This implies

that if there is a cap on how much antibiotic a patient can safely have, a delayed treatment is more
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likely to clear the infection. Furthermore, short delays may be impractical, as the symptoms of in-
fection may not have presented themselves to the host this early. The mathematical literature both
agrees and disagrees with this finding. Gjini and Brito [86] find that the antibiotic-mediated killing
of pathogens decreases the intensity of the immune response, leading to sub-optimal treatment
conditions; a delay in antibiotic treatment that is sufficiently short allows the immune response and
antibiotic to act synergistically, resulting in greater clearance of both antibiotic-sensitive and resis-
tant bacteria. Conversely, D’Agata et al. [84] find that a delay in antibiotic treatment decreases the
effectiveness of the treatment, as it can allow the bacteria population size to increase sufficiently far
beyond the minimum infective dose before the treatment commences that the antibiotic is unable
to reduce the population below the minimum infective dose. However, unlike in our models, it is
assumed in this model that the number of phagocytes remains constant (this model-simplifying
assumption is made as it allows the threshold of invasion and the threshold of bacterial eradication
to become the same). Imran and Smith [154] also find that a delay is not beneficial, and should
a delay occur, appropriate adjustments should be made to the dosing strategy, such as increasing
the dosing strength or frequency. In clinical practice, deliberate treatment delay is generally not
employed. Experimental studies into treatment delay have been carried out, but with the aim of
reducing the unnecessary use of antibiotics (e.g. for treatment of viral infections). It was found
that delayed treatment is either as or less effective as immediate treatment in acute respiratory
and ear infections [155, 156]. While our model predicts that delaying treatment improves infection
resolution, this is a risky venture for potentially fatal infections. Clinical exploration of treatment
delay on treatment success for EPEC infections identified to be non-fatal may reveal a strategy for

more effective aminoglycoside application.

We discussed in the literature review (see section 2.5.1) that, while general antibiotics are delivered
in single doses, regular doses and via continuous intravenous infusion, aminoglycosides are generally
only delivered in repeated doses. Typical methods of delivery include dose and brief intravenous
infusion. The absence of single dose and continuous intravenous infusion treatments in clinical
practice suggests that the one dose and constant delivery strategies considered in the model are
not effective. Indeed, a detailed analysis of these treatment strategies in the model predicts that

repeated doses is the strategy most likely to eradicate the infection.

While we show that an infection is very likely to be eradicated provided enough antibiotic is deliv-
ered, we assume that high doses of antibiotics can lead to infection complications, such as secondary
infection due to an imbalance in the gut flora (see section 2.5.1). Therefore, the delivery strategy
of the antibiotic and the efficacy of the immune response are crucial to the successful eradication

of the infection.



Chapter 7

A PDE model for chemotactic

leukocyte recruitment

7.1 Overview

In this chapter, we present the formulation and analysis of a one-dimensional continuous analogue
of the hybrid model for the chemotactic recruitment of leukocytes, to consider the response of
the immune response to an infection in detail. In the hybrid model (Chapter 5), the production
of pro-inflammatory mediators by leukocytes (term fy in (5.1)) and the chemotactic attraction
of leukocytes up gradients in pro-inflammatory mediator concentration (equation (5.41)) are in-
compatible; the produced pro-inflammatory mediators dilute the chemotactic gradient until the
leukocytes become trapped in self-made maxima. To circumvent this, we switched off the produc-
tion of pro-inflammatory mediators by leukocytes, resulting in leukocytes being chemotactically
attracted only by the pro-inflammatory mediators produced by IECs. Here, we develop a PDE
model with the aim of finding a condition for leukocyte entrapment. This model accounts for the
spatial aspects considered in the hybrid model, but in a more analytically and computationally

tractable framework.

We first formulate the model and then analyse it via numerical simulations and stability analysis.
We find for certain parameter regimes that the concentrations of pro-inflammatory mediators and
leukocytes diverge to infinity, suggesting model instability; however due to time constraints, we
were unable to complete a comprehensive stability analysis. Future work includes addressing this

instability, and an analytical procedure for this is given in Appendix A.10.

7.2 Model formulation

We consider a one-dimensional continuous analogue of the hybrid model for the chemotactic re-
cruitment of leukocytes and consider the concentrations of pro-inflammatory mediators, P(x,t),
and leukocytes, L(x,t), as quantities that vary continuously in time and space. The mechanisms

for the production, diffusion and degradation of pro-inflammatory mediators, as well as the recruit-
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ment, diffusion, chemotaxis and death of leukocytes, are accounted for. The epithelium and the
endothelium are defined to be at x = 0 and = = h respectively and the boundaries of the system

are defined to be these layers.

As in the hybrid model, P are produced constantly by IECs (due to the presence of bound bacteria),
diffuse freely through the domain and are transported out of the system through the endothelium
at a rate proportional to their local concentration. L are recruited into the system through the
endothelium at a rate proportional to the local concentration of P, diffuse freely through the domain
and are chemotactically attracted up gradients in P. We assume that since the IECs are the sole
producers of the chemoattractant, L do not travel past the epithelium and this is reflected by
imposing a no flux condition at x = 0. We assume for simplicity that all diffusion and chemotactic
parameters are constants and that L produce P at their current location at a rate proportional to
the local magnitude of the chemotactic gradient, |g—5 . Finally, P and L degrade and die at linear

rates respectively. The two variable system of PDEs governing these dynamics is:

oP o%pP OP oP
— =dp—— +rL|—|— kpP, P(0,t) = P*, —(h,t) = —aP(h,t 7.1
ot P8x2+r ’81‘ P (7) ’31’(7> a(7)7 ( a)
oL 0%L 0 oP oL oL
— =d,——~ —c— | L— ) —krL, —(0,t) =0, —(h,t)=pBP(h,t), 7.1b
ot~ o2 C@x( 81‘) L gz 01 o ot) = AP (R, 1) (7.1b)
where the definition of each parameter is given in Table 7.1.
Parameter Description

dp The diffusion coefficient of pro-inflammatory mediators

r The production rate of pro-inflammatory mediators by leukocytes

kp The natural degradation rate of pro-inflammatory mediators

dp, The diffusion coefficient of leukocytes

c The chemotactic parameter

kr, The natural death rate of leukocytes

The flux rate of pro-inflammatory mediators out through the endothelium
B The flux rate of leukocytes in through the endothelium
pP* The strength of the production of pro-inflammatory mediators by IECs

Table 7.1: Descriptions of the parameters in (7.1).

Non-dimensionalising via the scalings P = P*p, L = fP*hl, © = hz and t = (7/kp), we obtain

the following non-dimensional system of PDEs:

op

0%p
E_d

0
e DY H - 0.1 =1, L0r)=—upr),  (T20)
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2
ol 04l 0 (lap> ki, ol ol
0z

% - l@ - d’& %(O,T) = Oa %(1’7—) :p(laT)’ (72b)

where the dimensionless parameters in (7.2) are given by:

dp o Tﬂp* dL cP* kL

d, = = d = = - L = ah.
P kPhgﬂ kP 9 l kphgﬂ QS I{/’PhQ’ l k'P’ w o

Given the absence of relevant experimental data to inform these values, we choose values (through
trial and error) that yield qualitatively sensible solutions (where they exist). The parameter values

and initial conditions used, unless otherwise stated, are given by:

A=1¢=1,dy=01, d =01, k=01, w=02 (7.3a)
1, z=0,
p(z,0) = [(z,0) =0. (7.3b)
0, 0<z<1,

In the following sections, we explore (7.2) through numerical simulations and stability analysis.

The results will then be used to seek a condition for leukocyte entrapment.

7.3 Model analysis

7.3.1 Numerical simulations

Since we are interested in resolving the incompatibility of production of p by ! and chemotactic
recruitment of I, we explore solutions of (7.2) as the parameters controlling the production, A, and
chemotactic pull, ¢, are varied. We denote the steady state profiles of p(z, ) and I(z, 7) as p(z) and
I(2) respectively, and we numerically integrate (7.2) from t = 0 to t = 10%°. If |p(z, )|, |I(z,t)| > 500
for any z € [0, 1], then we infer that the solution is diverging and, therefore, that a steady solution
has not been found. We therefore abort simulations if |p(z,t)|, |i(z,t)| > 500 is satisfied for any

z € [0,1] and report the value of ¢ at which this occurs. To check the existence of p(z) and I(z), we

consider:

max ( ‘p(Z,tn) _p(z7t’ﬂ—1) ) < 10—207 (743,)
tn - tn,1

< ( ‘ l(Z,t:) B i(z7tn—1) ) < 10—207 (74b)
n — tn—1

where t, and t,_1 are the ultimate and penultimate time points used in the numerical solver. If
(7.4) are both satisfied for all z € [0,1], then we infer that a stable steady state has been found

(and vice versa).

Figure 7.1 shows numerical solutions of (7.2) for selected values of A and ¢. When A = 0,¢ =0
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L (A ¢) =(0,0) ) (A ¢) = (1,0) (A, ¢) = (1,0.5)
—p(2) —(2)
I(2) I(2) R
;g 0.5 fg 0.5 Té
0 0
0 0.5 1 0 0.5
(a) (b) (c)
500 (*¢)=(0,1) 500 (A, ¢) = (6,0.5)
—p(z,t ~ 1.44) —p(z,t = 137)
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(d) (e) (f)

Figure 7.1: Numerical solutions to (7.2) for various values of A and ¢, the values used given in the
respective plot title. Initial conditions and other parameter values are given by (7.3).

(Figure 7.1(a)), I(z = 0) is positive due to diffusion; however, the value is low due to the absence
of chemotaxis. When A = 1,¢ = 0 (Figure 7.1(b)), the steady state profiles are qualitatively sim-
ilar to those in Figure 7.1(a), but are generally slightly higher in value everywhere; the increased

production of p results in more effective recruitment of I. However, [(z = 0) is still low due to the

absence of chemotaxis. When A = 1,¢ = 0.5 (Figure 7.1(c)), I(# = 0) is higher, demonstrating

effective chemotaxis. When A = 1,¢ = 1 (Figure 7.1(d)), I(# = 0) is even higher, demonstrating
more effective chemotaxis. Interestingly, [(z = 1) is lower for the larger value of ¢ (compare Figures
7.1(c) and (d)), demonstrating the strength of the chemotactic attraction of I from a large distance
for large ¢. When A = 0,¢ = 1 (Figure 7.1(e)), I = 500 for some z € [0,1] at ¢ ~ 1.44. We observe
similar behaviour when A = 6,¢ = 0.5 (Figure 7.1(f)) — [ = 500 for some z € [0,1] at ¢ ~ 137. In
these cases, a steady solution has not been found, implying that the steady state of (7.2) is either
unstable or non-existent. Since a stable steady state cannot be obtained for all parameter values,

we infer that (7.2) is unstable in certain regions of parameter space.

7.3.2 Stability analysis

The existence of stable steady states through numerical integration

Figure 7.2 shows a plot of where a stable steady state of (7.2) was found numerically for a range
of XA and ¢ value combinations. There are distinct regions of (X, ¢) space where a stable solution
is and is not found respectively, with some manifold(s) separating the two regions. We infer that

(7.2) is unstable for some open connected region in (\, ¢) space.
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0 2 A 4 6
Figure 7.2: Plot of where a stable steady state of (7.2) was found numerically for a range of A and ¢

value combinations. Yellow and blue regions indicate parameter space where a stable solution was
and was not found respectively. Initial conditions and other parameter values are given by (7.3).

Solving (7.2) as a BVP

We now consider solving (7.2) as a BVP to elucidate whether an unstable steady state exists in the
regions of parameter space that do not yield a stable steady state. The steady state(s) of (7.2) are
given by:

&p  \sldp| _
0= dp@ + Al ‘dz - D, (75&)
d?l d (-dp _
o odp, ar, . odl o
p0) =1, () = —wp(1), S(0)=0, Z(1)=p(1). (7.5¢)

%:a, ?Z:(i(p—ﬂm), (7.62)
g:@, ;h;:;[¢<uu+dlp(—/\l|u|>>+kll], (7.6b)
p(0) =1, u(l) = —wp(1), ©(0)=0, (1) =p(1). (7.6¢)

Equations (7.6) are a BVP from which p and [ can be computed numerically, regardless of stability.
Unfortunately, a solution could not be found for all (A, ¢) space (results not shown). This is due to
either the sensitivity of the BVP solver (BVP4c in MATLAB) to initial guesses for the solution, or

the non-existence of steady states for certain regions of (A, ¢) space.
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Stability analysis via perturbation theory

We analyze the stability of the steady state of (7.2), given by (7.5), by formulating the associated
eigenvalue problem under the assumption that perturbations from the steady state can be written

as Fourier series. We linearise about p and [ via:

p(Z, 7_) = ﬁ(z) + 6}3(2, T)a

Iz, 7) =1(2) + €el(z,7),

where 0 < ¢ < 1 and:

o0

D= e‘”Zaj cos(jmz), (7.7a)
j=1

[=e" Z b; cos(jmz). (7.7b)
j=1

In (A.21), o is the perturbation growth rate, j € N are the wave numbers of the perturbations
and a;,b; are the respective eigenmodes for the p and ! perturbations respectively. As j — oo,
the eigenvalue problem is infinite-dimensional. We do not include the derivation of the eigenvalue

problem here for brevity and refer the reader to Appendix A.10 for the derivation.

Davidson and Savory [157] apply the same perturbation expansion in their model for chemotaxis.
They make the assumption, based on an orders of magnitude argument, that the most-positive
eigenvalues come from the top-left corner of the Jacobian matrix, allowing the infinite-dimensional
Jacobian to be approximated by a finite-dimensional matrix, permitting further stability analysis.
However, when we make this assumption, the approximation to the Jacobian matrix does not con-
verge as the number of dimensions increases, rendering the assumption invalid. An explanation as

to why the assumption does not work is also given in Appendix A.10.

Despite numerous efforts, we have been unsuccessful at undertaking a comprehensive stability anal-
ysis due to time constraints. We have therefore been unable to investigate the chemotactic recruit-
ment of leukocytes or find a condition for leukocyte entrapment. To address this issue, further work
includes investigating the stability of (7.2) more thoroughly, for example by considering alternative

methods by which the infinite-dimensional Jacobian matrix can simplified or approximated.

7.4 Discussion

In the hybrid model (Chapter 5), we found that pro-inflammatory mediator production by leuko-
cytes and the chemotaxis of leukocytes lead to leukocyte entrapment, disabling them from eradi-
cating the infection. To circumvent this, we disabled the production of pro-inflammatory mediators
by leukocytes. To explore this antagonism in detail, we developed the one-dimensional PDE model

presented in this chapter (equations (7.2)), considering the non-dimensionalised concentrations of
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pro-inflammatory mediators and leukocytes as varying continuously in time and space.

Numerical simulations of (7.2) demonstrated a stable steady state, as well as sensible chemotaxis
dynamics, for particular combinations of the production rate of pro-inflammatory mediators by
leukocytes (A) and the chemotactic parameter (¢); however, concentrations diverge to infinity for
other combinations. This implies that for certain parameter regimes, the steady state of (7.2) is
either unstable or non-existent; therefore, the model is globally unstable. To investigate whether
an unstable steady state exists in the regions of parameter space that do not yield a stable steady
state, we solved (7.2) as a BVP; however, a solution could not be found for all (A, ¢) space (results
not shown). We infer from these findings that either the BVP solver is very sensitive to initial

guesses for the solution, or there are no steady states of (7.2) in certain parameter regimes.

We further analyzed the stability of the steady state of (7.2) by formulating the associated eigen-
value problem, under the assumption that perturbations from the steady state can be written as
Fourier series (see Appendix A.10 for the derivation of the problem). We followed the method
used by Davidson and Savory [157] in the stability analysis of their model for chemotaxis, in which
an orders of magnitude argument led to the assumption that the most-positive eigenvalues come
from the top-left corner of the Jacobian matrix. This allowed the infinite-dimensional Jacobian to
be approximated by a finite-dimensional matrix, permitting further stability analysis. However,
when we make this assumption, the approximation to the Jacobian matrix does not converge as
the number of dimensions increases, thus rendering the assumption invalid (see Appendix A.10).

Future work includes addressing this stability analysis in further detail.



Chapter 8

The formation of bacterial biofilms

and their effects on the infection

8.1 Overview

Once bacteria have attached to a surface, they secrete extracellular polymeric substances that em-
bed the infection within a slimy extracellular matrix (ECM). This ECM makes the bacteria more

resistant to anti-microbial strategies, such as leukocytes and antibiotics.

In this Chapter, we adapt the hybrid model developed in Chapter 5 to include a simple represen-
tation of the dynamics of bacterial biofilms (see section 2.6). We implicitly represent the ECM
by considering the proximity of bacteria to other bacteria, and model the effects of biofilms by
assuming that the following processes are impeded within the biofilm: (1) the transport of in-
flammatory mediators and antibiotic via diffusion and advection, (2) the movement of leukocytes
and (3) phagocytosis. We present the formulation of the biofilm model, followed by simulations
to demonstrate the effects of biofilms on the virulence of the infection and on the effectiveness of
the immune response and antibiotic treatment. We then compare the results with those obtained
through analysis of the original hybrid model, under the same parameter set. Finally, we discuss

possible treatment strategies for eradicating EPEC biofilms based on our results.

8.2 Model development

8.2.1 Biofilms and their effects

The biofilm model builds on the original hybrid model. We first prescribe a set of rules under which

bacteria are considered to be sufficiently close to each other for a biofilm to be formed between them.

For each bacterium, we find the bacteria within a distance of one additional cell diameter, i.e.
3rad g, where radp denotes the radius of the bacteria (Figure 8.1). The bacteria within this critical

distance are assumed to be sufficiently close for a biofilm to be formed between them. We apply
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3radp

Figure 8.1: A caricature showing that 3radp is the maximum distance that includes nearest neigh-
bours but excludes next-nearest neighbours; the middle bacterium is included in the biofilm of the
left bacterium, but the right bacterium is not.

volume exclusion so that bacteria within 2radp of each other repel. If bacteria are between 2radp
and 3radp of each other, the viscoelasticity of the ECM between them results in attraction, and
we assume the attraction is strongest for some intermediate distance. If the bacteria are more than

3radp apart, then we assume there is negligible influence between the bacteria.

To model the effects of biofilms on transport, leukocyte movement and phagocytosis, we introduce
a biofilm density, denoted ¢(z, y,t). This density is given by:

é,y,1) ://QXB dq, (8.1)

where xg represents the positions of the bacteria and 2 denotes the space spanned by the region

of interest.

We now consider the inhibition of transport (diffusion and advection). Biofilm density-dependent
diffusion parameters for inflammatory mediators and antibiotic, denoted D; and D, respectively,

are introduced and take the form:

np
D, = D,(qB—A), (8.2)
qB™E + ¢"B

Do = D, <ﬂ) (8.3)

qp"" + e

where Dy and D,, denote the free-flow diffusion coefficients given in the original hybrid model (see
section 5.2.2), g denotes the threshold biofilm density at which diffusion is reduced and np denotes

the Hill parameter for diffusion inhibition in a biofilm.

Similarly, the advective flow in the lumen (due to the digestive system), given by (5.9), is replaced

with the biofilm density-dependent flow given by:
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u(z,y,t) =0y —y*) <¢u (_1: (yy_*)y*)) <aniB:qunB )fc (8.4)

u now depends on x and ¢ due to the dependence on q?)(x, y, 1), representing impedance of flow by
biofilms.

We model the inhibition of leukocyte movement in a similar way — let L,0; denote the biofilm

density-dependent motility rate of leukocytes and be given by:

ng
‘Cmot = Lmot (qBA> P (85)
qB"B + "B

where Ly, denotes the free-flow motility rate of leukocytes given in section 5.4.3. We assume
that since bacteria bind to the epithelium and therefore already have restricted movement before
biofilms can form, the effects of biofilms on bacterial movement are negligible. We highlight that the
effects of biofilms on the internalization of pro-inflammatory mediators and antibiotic by bacteria

are implicitly accounted for by the reduced capacity of diffusion within biofilms.

We also model the inhibition of phagocytosis in a similar way. The probability that phagocytosis
occurs in time interval (¢,t + At], denoted P and given by equation (5.44) (see section 5.4.3), is
replaced with:

P(phag in ¢ < Af)=(1—(1— ’f)(qEHE) 8.6
(phag ) ( 1-@Q) P (86)

where ¢g denotes the threshold biofilm density at which phagocytosis efficacy is reduced and ng
denotes the Hill parameter for phagocytosis inhibition in a biofilm.

Since the influence of the biofilm is likely to be strong only for a sufficiently high cell density, we
set np,ng = 3 so that the Hill functions in (8.2)—(8.6) exhibit switch-like behaviour. Finally, as we
showed in Chapter 6 that the optimum antibiotic treatment strategy is repeated uniform strength
doses, we employ this strategy to investigate the effects of biofilms on antibiotic efficacy using this

model.

8.2.2 Pro-inflammatory mediator production

We remind the reader that the region of interest is a two dimensional transverse section of the
intestines, extending from the lumen to the underlying blood supply, and indefinitely into the far
field in the x and positive y directions (see section 5.2.1). We redefine P(z,y,t) and A(z,y,t) as the
concentrations of pro- and anti-inflammatory mediators respectively, and therefore, P, A € [0, c0).
The background and stimulated production of pro-inflammatory mediators, f1, and the inhibition
of production by anti-inflammatory mediators, f3, given in equation (5.1), are respectively replaced
with:



CHAPTER 8. THE FORMATION OF BACTERIAL BIOFILMS AND THEIR EFFECTS ON

THE INFECTION 188
1, fory=y*, 1, for x =xg,
fi = (cp YTV 1, P ) (8.7)
0, otherwise, 0, otherwise,
Vi
. = , 8.8
where x = (z,y,t), y* denotes the y-coordinate of the epithelium, xp gives the positions of

the bound bacteria, ® and C} denote the background and stimulated production rates of pro-
inflammatory mediators respectively and ¥ 4 denotes the anti-inflammatory mediator concentration

at which inhibition is half-maximal.

8.3 Model implementation

To implement the forming of biofilms, we replace the bacterial volume exclusion algorithm from the
original hybrid model (Algorithm 4) with the biofilm forming algorithm described above (section
8.2), where the speed and direction of movement of a bacterium are dependent on the distance
between it and other bacteria. We denote the position of bacterium ¢ at the kth time point as
(z%.,y%,). We first ensure that no bacteria have identical positions by executing equations (5.45)
(see section 5.4.5) for all pairs of bacteria with identical positions. The unit vector connecting the

centres of bacteria ¢ and 7, in the direction of j, is given by:

k E ok k
(xBj —TBiYBj — Ypi)
d b

ﬁ:

where d is the distance between the centres of the bacteria. The speed of outward movement of a

pair of interacting bacteria, v(x), is governed by:

VUmax (1 — g;), 0 <x < 2radp,

. z—p1 )
Umin — , 2radp <z < 2.5radp,
("2 o (8.9)

Umin ([i__%’;), 2.5radg <z < SradB,

0, x > 3radp,

where z is the distance between the centres of the bacteria, vmax > 0 and vy < 0. Figure 8.2
shows the shape of v(x). For simplicity, the speed of movement decreases quadratically with dis-
tance when cells are overlapping to represent stronger repulsion. For further simplicity, the speed
of movement is linear with distance when cells are not overlapping, the distance giving strongest
attraction set at = 2.5radp. The distance of bacterial movement is therefore Atv(z), and the
bacteria move half this distance in opposing directions along . The general biofilm forming algo-
rithm (for n interacting bacteria, where n € Z > 2) is given by Algorithm 6. For a group of bacteria

in sufficiently close proximity, Algorithm 6 acts over time to pull and push the bacteria until there
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are no gaps or overlaps between the bacteria (see Figure 8.3).

vmax

0

Umin

DX
P &
q) B

Figure 8.2: A graph showing how the movement speed of an interacting pair of bacteria, v(x), varies
with the distance between the cells under the biofilm forming algorithm.

Algorithm 6 Algorithm for bacterial movement in a biofilm

1. Compute the matrix containing the distances between the centres of all pairs of bacteria,
denoted B, and only consider the strictly lower triangular part, denoted By,.

2. while min(By,) < 3radp, then:

(a) Find the indices 7,j such that (Br);; = 0. Put these pairs of indices into two lists,
denoted p and q, the elements of which are ¢ and j respectively. Apply equations (5.46).

(b) Find the indices 4, j such that (Br);; < 3radg. Put these pairs of indices into two lists,
denoted m and n, the elements of which are ¢ and j respectively.

(c) Calculate the speed of movement for all pairs of bacteria vy = v(2)(BL)mn, Where
v(x) is given by (8.9).
(d) Calculate the unit vectors connecting the centres of bacteria m and n, pointing towards

bacteria m:
t — XBm = Xbn Ybm — Yin) (8.10)
(BL)mn
(e) Perform
(XKt Vi) = (XBms ¥im) + 0.5AVimn i, (8.11a)
(xBEL v = (%K, vEn) — 0.5AVamnfimn. (8.11b)

(f) Recalculate B.
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Figure 8.3: A simulation showing a group of bacteria (a) before and (b) after the biofilm forming
algorithm has been repeatedly applied until equilibrium is reached. Blue filled circles represent the
bacteria’s centres and black circles represent the surfaces of the bacteria.

To implement (8.1), we discretise q@(m,y,t) the same way inflammatory mediator presence and
antibiotic concentration are discretised in the hybrid model (see section 5.3.1), the approximation
to qg(xi,yj,tk) denoted q@f ;- For bacterium m, the four enveloping mesh points are calculated at
the current time point and are denoted (z},,yL)), (z2,,42,), (z3,,y3,) and (x4 ) respectively. qgfj

is then given by:

N 4

F =33 1, for (z; — 23,)* + (y; — ym)* = 0, (8.12)
0, otherwise,

where N is the number of bacteria. éfj counts how many bacteria have (z;,y;) as an enveloping

mesh point at ¢ = . The corresponding discretisation of Dy and D, (see 8.2) is then given by:

np
;= Dr (qB 0 >7 (8.13)

np
Dok, = D, <qu> (8.14)
g™ + ( i;j)nB

The discretisation of u (see 8.4) is given by:

aty =0 - (52050 ) (o N )s &1

np
‘Cmoti‘ij - Lmot (qB)7 (816)
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and that of (8.6) given by:

P(phag in ¢ < At) = (1 —(1- Q)’f) (qEnEn) (8.17)
qe"? + ¢Z7JE

P(z,y,t) and A(z,y,t) are discretised as they are in the hybrid model (see section 5.3.1).

8.4 Results

We simulate the biofilm model and consider, over time, the infection size, the pro-inflammatory
mediator concentration (specifically at (Jz| < 1,y) and (Jz| < 1,y = 0)) and the internalized con-
centration of antibiotic. We run these simulations to find a relationship between the biofilm density
and the success of the infection. In each experiment, we run the simulation 80 times and calculate
mean solutions, giving us more accurate results. As discussed in section 8.2, the optimum antibiotic
treatment strategy is repeated uniform strength doses; therefore, we employ this in the simulations
that follow. We simulate the model in the absence and presence of antibiotic and/or biofilm!. We
assume that the virulence of the infection is positively correlated with the size of the infection,
allowing us to infer predictions about the virulence based on changes in infection size. Due to the
absence of relevant experimental data, the parameters that are present in the original hybrid model
keep their original values, while new parameters are given values (through trial and error) that

yield qualitatively sensible results.

The biofilm may not provide significant protection against the antibiotic: Figure 8.4(a) shows that
the mean infection size when the antibiotic and biofilm are both absent (black line) is significantly
higher than when the antibiotic and biofilm are both present (green line). Figure 8.4(d) shows that
when the biofilm is present, the average internalized concentration of antibiotic is only slightly lower
(from administration until ¢ < 8), implying that either (1) the biofilm does not effectively prevent
the transport of antibiotic into the biofilm or (2) the antibiotic can effectively attack the edges of
the biofilm and work through to the centre. In either case, comparing the difference in infection
size (with the biofilm present) between when the antibiotic is absent and present (Figure 8.4(a),
blue and green lines respectively), we see that the biofilm does not provide significant protection

against the antibiotic (at least in this parameter regime).

The biofilm increases the virulence of the infection, and is therefore an effective treatment target:
In Figure 8.4(a), we see that for ¢t = 5, the mean infection size is higher when the biofilm is present
(compare black curve with blue, and green curve with red), demonstrating that the biofilm likely
contributes to the virulence of the infection. Since the biofilm does not provide significant protec-
tion against the antibiotic (in this parameter regime), it may provide significant protection against
the immune response. We predicted in section 6.4 that the antibiotic needs to work in tandem
with the immune response in order to be effective; therefore by providing protection against the
immune response, the biofilm will provide protection against the antibiotic indirectly. Since the

infection size is lowest when the antibiotic is present and the biofilm is absent (Figure 8.4(a), red

1We remark that in the absence of biofilm, the model reduces to the hybrid model.
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line), inhibiting the ability of EPEC to form a biofilm and applying aminoglycosides is an effective

combination treatment strategy.

The biofilm unintentionally promotes the leukocyte response: Figure 8.4(b) shows that the mean
pro-inflammatory mediator concentration close to the infection is higher when the biofilm is present
(blue and green lines), due to the reduced diffusive flux in and out of the biofilm. Inflammation is
lower when the antibiotic is present (black and red lines) as a consequence of the reduced infection
size. The increased concentration of pro-inflammatory mediators strengthens the chemotactic at-
traction of leukoyctes towards the bacteria. Figure 8.4(c) shows that the average pro-inflammatory
mediator concentration across the endothelium close to the infection is also higher when the biofilm
is present (blue and green lines). This is due to the reduced transport of the pro-inflammatory
mediators produced at the epithelium into the biofilm. This leads to increased transport towards
the endothelium, which then leads to faster leukocyte recruitment activation. These results suggest
that the presence of a biofilm promotes the leukocyte response; however, the decrease in suscep-
tibility to phagocytosis and antibiotics offered by the biofilm vastly outweighs the unintentional

by-product of a stronger leukocyte response.

A biofilm affords comprehensive protection provided it can inhibit phagocytosis sufficiently well: The
results in Figure 8.4 correspond to gg = 2. We now set gg = 1, making the biofilm more resistant
to phagocytosis. Figure 8.5 shows that in this parameter regime, the infection size increases con-
tinually in both the absence and presence of antibiotic when the biofilm is present (blue and green
lines respectively). This indicates that if a biofilm can inhibit phagocytosis sufficiently well, it can
also withstand the adverse effects of the antibiotic and therefore survive. This result emphasises

the importance of disabling EPEC’s ability to form a biofilm.

8.5 Discussion

In this Chapter, we have adapted the hybrid model (presented in Chapter 5) to accommodate the
formation of bacterial biofilms in EPEC infections, to explore the effects of biofilms on infection
virulence and on the effectiveness of the immune response and antibacterial treatment. We model
biofilms by assuming that bacteria in sufficiently close proximity aggregate such that there are no
gaps or overlaps between neighbouring bacteria. To include the effects of biofilms, we introduced
a biofilm density based on the proximity of bacteria to other bacteria. We assume the transport
rates of inflammatory mediators and antibiotic, the motility rate of leukocytes and the probability
of successful phagocytosis are biofilm density-dependent, resulting in impeded transport, movement
and phagocytosis within biofilms. The inhibitions are implemented using Hill functions that exhibit
switch-like behaviour, allowing each of the above mechanisms to be significantly inhibited when a
critical biofilm density is attained. The developed biofilm model was then simulated to seek a

relationship between biofilm density and infection success.

We showed that the infection is more virulent when it can form a biofilm and that the biofilm-
afforded resistance to aminoglycosides is dependent on the ability of the biofilm to inhibit phagocy-

tosis. Particularly strong biofilms can withstand both aminoglycoside treatment and the leukocyte
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Figure 8.4: The mean (a) population of bacteria over time, (b) concentration of pro-inflammatory
mediators over (Jz| < 1,y), (c¢) concentration of pro-inflammatory mediators over the endothelium,
(lx] <1,y =0), and (d) concentration of internalized antibiotic, for each combination of antibiotic
(Ant) and biofilm (Bio) presence and absence. Each graph is the mean of 80 simulations and all
other parameters take their baseline values (given in Appendix A.9).

response, making eradication via aminoglycoside therapy alone ineffective. The amount of amino-
glycoside internalized by bacteria is only slightly reduced when in a biofilm, demonstrating that
the biofilm-afforded inhibition of leukocyte movement and phagocytosis is of importance to the in-
fection. We also showed that due to the reduced transport of pro-inflammatory mediators through
the biofilm, there is increased transport towards the endothelium, leading to faster leukocyte re-
cruitment activation. However, the decrease in susceptibility to phagocytosis and aminoglycosides
offered by the biofilm vastly outweighs the unintentional by-product of a stronger leukocyte re-
sponse. Our results emphasize the importance of disabling the ability of EPEC to form biofilms
and predict that combining this with an aminoglycoside treatment effectively eradicates the infec-

tion.

The model we have developed is simple and therefore has limitations. The ECM is modelled as
a homogeneous substance for simplicity, therefore the non-uniform density of biofilms, due to the
varying densities of the constituents of the ECM, is not accounted for. In quorum sensing, bacteria
use secreted signalling molecules to alter gene expression in a density-dependent manner. Biolog-
ically, biofilm formation and growth are stimulated and controlled by quorum sensing, whereas
in our model, formation and growth are simply dependent on the density of bacteria. Detailed
modelling of quorum sensing (e.g. in [116, 38]) will make our biofilm model more biologically realis-

tic and will potentially highlight quorum-sensing related treatment strategies. Physiologically, the
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Figure 8.5: The mean population of bacteria over time for each combination of antibiotic (Ant)
and biofilm (Bio) presence and absence. Each graph is the mean of 80 simulations and all other
parameters are identical to those in Figure 8.4, except that qg = 1 instead of 2.

bacteria towards the centres of biofilms often display minimized metabolic activity, giving rise to
antibiotic ineffectiveness as well as reduced replication and phagocytosis. Detailed modelling of the
non-uniform metabolic activity of biofilm-bound bacteria may shed more light on how to effectively

treat biofilm-related diseases.



Chapter 9

Conclusions and further work

9.1 Preamble

In this thesis, we have considered various mathematical models for pathogen-host dynamics, with
a focus on EPEC infections. The motivation for this work was the high number of global EPEC-
related deaths (approximately 800,000 annually) combined with the lack of a comprehensive under-
standing of the infection strategy. Furthermore, there are, to our current knowledge, no existing
mathematical models specific to the infection strategy of EPEC, allowing us to undertake novel
mathematical research on the topic. The goal of this thesis was to develop and analyse models
to predict clinically feasible treatment strategies that will eradicate EPEC infections. Due to the
unavailability of experimental data, we are currently unable to perform a comparison between our

results and those from the literature, making this thesis a theoretical study.

In the main body of this chapter, we briefly recap the models we have developed and the results they
yielded. We then discuss the implications of our results by highlighting possible clinical treatments,
while considering their advantages and drawbacks. To conclude this chapter, we consider possible

extensions of the work presented here, both experimentally and mathematically.

9.2 Models and results

In Chapter 2, we presented a literature review of the known mechanisms involved in EPEC infec-
tions, in particular the inhibitory action of secreted effector proteins. We also reviewed the innate
immune response, bacteria protein synthesis, the actions of various classes of antibiotic and the for-
mation and consequential effects of bacterial biofilms. We discussed the recent experimental findings
by Easton et al. at the Centre for Biomolecular Sciences (CBS), University of Nottingham; that
EPEC internalize host pro-inflammatory cytokines, reducing their sensitivity to aminoglycosides
(unpublished). Together with experimental collaborators, we hypothesized that the internalization
of host cytokines alters the secretion rates of effector proteins. We reviewed several mathematical
models from the literature that describe the above mechanisms and we used them, together with
the biological literature and the above experimental findings, to inform the formulation and archi-

tecture of our models.
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Throughout this thesis, we make the biologically realistic assumption that the background produc-
tion of pro-inflammatory mediators is much smaller in magnitude than the stimulated production
in an otherwise healthy person. In Chapter 3, we develop a simple ODE population-level model
for a general bacterial infection and its interaction with the evoked immune response. We explored
this model analytically, by considering the steady states and their stability; and numerically, by
considering parameter sensitivity analysis, bifurcation analysis and simulation. We found that there
are two clinically feasible steady states — the disease-free state and the diseased state. We also
found that only one of these states is stable, the disease-free state being stable when the bacteria
cannot grow sufficiently fast to overcome the immune response. The two steady states exchange
stability at a transcritical bifurcation when any of: (1) the bacterial growth rate; (2) the degra-
dation rate of pro-inflammatory mediators; (3) the recruitment rate of leukocytes or (4) the death
rate of leukocytes pass a critical value. The absence of bi-stability suggests that for the eradication
of an otherwise potent infection to occur, the above parameter values must be altered. We make
the assumption that the infection is eradicated if it reaches a sufficiently low density, due to the
continuous ODE representation of the infection breaking down. Under this assumption, sufficiently
increasing the stimulated production rate of pro-inflammatory mediators eradicates the infection.
A two-parameter sensitivity analysis showed that: (1) simultaneously decreasing the growth rate
of bacteria and the degradation rate of either pro-inflammatory mediators or leukocytes or (2)
simultaneously increasing the attraction rate of leukocytes and the stimulated production rate of
pro-inflammatory mediators leads to a significant reduction in the pathogen size, the latter high-

lighting the synergy between the inflammatory response and the leukocyte response.

We then developed in Chapter 4 an ODE model describing an EPEC-specific infection, based on the
literature and the recent experimental findings discussed earlier. This ODE model uses the model
developed in Chapter 3 as a foundation and couples the cell-scale dynamics between EPEC, the
immune response and aminoglycoside therapy with sub-cellular bacterial protein synthesis. This
model also makes a distinction between inflammation-stimulated and necrosis-driven production of
pro-inflammatory mediators. We analyse this model in a similar fashion to the general infection
model, under the assumption that the infection is eradicated if it reaches a sufficiently low density.
We showed that there are at least two clinically feasible steady states — the disease-free state
and diseased state(s). We did not observe the existence of multiple diseased states for physiologi-
cally realistic parameter values; however, we were unable to prove this analytically. We were able
to show analytically that the net strength of the inflammation-stimulated immune response must
out-compete the net growth of the bacteria for the infection to be eradicated. Interestingly, this con-
dition is equivalent to the analytic condition derived for the general infection model, demonstrating
that targeting the EPEC-specific mechanisms does not influence the eradication of the infection.
The disease-free state exchanges stability with a diseased state at a transcritical bifurcation when
any of the bacterial growth or death rates or the leukocyte recruitment or death rates pass a critical
value. We showed via bifurcation analysis and simulation that inhibiting the effector proteins that
inhibit phagocytosis (E3) decreases the infection size significantly. Inhibiting the effector proteins
that inhibit pro-inflammatory signalling (E7) noticeably reduces the infection size, while inhibiting

those that inhibit apoptosis (F2) makes negligible difference to the size of infection. Sufficiently
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reducing the rate of internalization of pro-inflammatory mediators by bacteria also reduces the
infection size significantly. We were able to show via numerical simulation that decreasing the syn-
thesis rate of bacterial mRNA is as effective at reducing the infection size as decreasing the growth
rate of bacteria. We also predict that: (1) increasing the sensitivity of bacteria to aminoglycosides;
(2) increasing the maximum attainable permeability of bacterial membranes (through the insertion
of incorrect structural proteins) and (3) increasing the longevity of aminoglycoside molecules re-
duce the infection size significantly. We showed that administering aminoglycosides earlier leads to
a reduction in the infection size and that it is more effective to strongly target two aspects of the

infection than to weakly target three.

To model the spatial and individual cell dynamics of an EPEC infection more realistically, in Chap-
ter 5 we coupled a volume-excluding agent-based representation of bacterium, leukocyte and effector
protein behaviour, with a continuum description of the inflammatory and antibiotic responses. In
particular, this hybrid model includes: (1) a stochastic sub-cellular gene regulatory network for
bacterial protein synthesis and replication; (2) reaction-diffusion PDEs for the production, degra-
dation and transport of inflammatory mediators and antibiotic and (3) leukocyte recruitment to
the infection site in response to inflammatory status via a chemotactically-biased random walk.
We simulated the model and recorded the relevant variables over time. We averaged the data from
many simulations to obtain more accurate results, the results presented in Chapter 6. We found
that, in the absence of antibiotic: (1) inhibiting the production of bacterial structural proteins; (2)
increasing the longevity or the attraction rate of leukocytes and (3) inhibiting the production or
action of Fj all reduce the infection size significantly. An interesting finding is the difference in
effectiveness of inhibiting the production or action of F5 between the ODE model and the hybrid
model. While the ODE model predicts a monotonically increasing relationship between the pro-
duction rate of F3 and the size of the infection, the hybrid model predicts that an intermediate
production rate gives the optimum infection size. Despite this, the percentage of infections that
are eradicated increases as the production rate of F3 decreases. This discrepancy between the
two models suggests that the spatial dependence of many mechanisms and cell-cell interactions is
significant regarding the effectiveness of F5. The ODE and hybrid models are in agreement that
reducing the growth rate of bacteria, increasing the longevity of leukocytes and inhibiting F; re-
duce the infection size significantly and that inhibiting E> has negligible effect. Another interesting
finding is that the trend in the percentage of infections that are eradicated as the production rates
of structural proteins and FE; are varied is switch-like, resembling a transcritical bifurcation. This
implies that if the natural value for either parameter is close to the switch value, then many in-
fections that would survive without intervention can be eradicated with a small reduction in that
parameter. We demonstrated that the spatial profile of the infection affects its survivability, with
infections that are arranged into several populous clusters that are narrow at the interface of the
epithelium being the most likely to survive. We inferred from our results that, given a prescribed
amount of aminoglycoside, the administration strategy that gives the highest chance of infection
eradication, as well as the lowest peak infection size, is one strong initial dose followed by several
weaker, uniform strength, evenly spaced doses. The hybrid model also predicts that continuous
infusion is less effective than any dose-based strategy and that, despite resulting in a higher peak

infection size, a delayed treatment is more likely to clear the infection. This last finding contrasts
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that of the ODE model, which predicts that the effectiveness of the treatment decreases as the
delay increases. This result discrepancy is due to the spatial and individual cell dependence of the
hybrid model, features that are absent from the ODE model.

In Chapter 7, we developed a PDE model to explore in detail the dynamics between pro-inflammatory
mediator production by leukocytes and the chemotactic attraction of leukocytes. We analysed this
model numerically via simulations, bifurcation analysis and solving the boundary value problem
(BVP) for the steady state profiles. We find for certain parameter regimes that the concentrations
of pro-inflammatory mediators and leukocytes diverge to infinity, suggesting model instability. We
explored the stability of the model analytically by assuming that the perturbations can be written
as Fourier series but; due to time constraints, we were unable to find an explanation for the observed

instability.

In Chapter 8, we adapted the hybrid model to simply model EPEC biofilms. We formulated a
biofilm-forming algorithm and considered the effects of biofilms on infection virulence and on the
effectiveness of the immune response and antibiotic treatment. We assume that the virulence of the
infection is positively correlated with the size of the infection, allowing us to infer predictions about
the virulence based on changes in infection size. Via numerical simulation, we showed that the
infection is more virulent when it is able to form a biofilm and that particularly strong biofilms are
able to simultaneously withstand the immune response and a course of aminoglycosides. Finally,
we demonstrated that the biofilm-afforded reduction in leukocyte mobility and protection against

phagocytosis are particularly important for infection survivability.

9.3 Treatment strategies

Most effective treatments: Together, our results predict that the two most effective treatment strate-
gies are reducing the net growth rate of bacteria and reducing the bacterial mRNA synthesis rate.
Bacteriostatic and bactericidal antibiotics reduce the growth rate and increase the death rate of
bacteria respectively and inhibiting the production of bacterial structural proteins is an effective
bacteriostatic strategy. A treatment that can sequester locally free nutrients, particularly sugars,
phosphates and nitrogen, will effectively shut down mRNA synthesis. The effects of this treatment
on the host have not been considered, but if it is clinically shown that there are no serious detri-

mental effects, then we predict the treatment to be very effective.

Immune-boosting treatments: Treatments that can sufficiently increase the lifespan of leukocytes
or pro-inflammatory mediators, or increase the sensitivity of leukocyte attraction or recruitment
activation to the presence of pro-inflammatory mediators are predicted to be effective. We have not
considered the clinical feasibility of these immune-boosting methods, therefore exploring methods
for their implementation experimentally, considering effectiveness and ease/expense of application,
will be beneficial. Treatments that boost the immune response must be carefully planned and
monitored to ensure that the immune response does not enter a state of overdrive, as this could
lead to aseptic health problems. As examples, a hyperactive inflammatory response can lead to

arthritis and hepatitis, while a hyperactive leukocyte response can lead to leukaemia and leukosta-



CHAPTER 9. CONCLUSIONS AND FURTHER WORK 199

sis (a condition that can lead to respiratory failure). Ensuring that the effects of immune-boosting
treatments are temporary will reduce the risk of complications such as these. We therefore predict
that combining a mild immune-boosting treatment with an aggressive bacteriostatic or bactericidal
antibiotic therapy, or an mRNA synthesis inhibition therapy, will not only be more effective than

any individual treatment, but will be safer than an aggressive immune-boosting treatment.

Effector protein inhibition: Since inhibiting the production or action of E; or F3 has been shown
to reduce the infection size significantly, we suggest that clinicians combine these treatments with a
more direct treatment, such as an antibiotic or mRNA synthesis inhibition. Furthermore, since some
infections that would survive without intervention can be eradicated with a mild treatment of a drug
that inhibits the synthesis or action of E or the synthesis of structural proteins, these treatments
will give, in these cases, a very high benefit to cost/risk ratio; making it an appealing choice for
clinical use. As with immune-boosting strategies, the clinical feasibility of effector protein-inhibiting
treatments is not known. An interesting experimental study would be comparing the effectiveness
and ease/expense of application of immune-boosting and effector protein-inhibiting therapies to
see which are the most beneficial accessory treatments regarding safety and cost-effectiveness. We
predict that effector protein-inhibiting therapies will be safer, since immune-boosting therapies can

lead to auto-immune diseases.

Antibiotic treatments: We predict that antibiotic treatments are most effective when administered
regularly, with an initial strong dose, followed by weaker doses. This result is in keeping with other
mathematical studies [153, 154]. Importantly, our prediction is also in agreement with clinical
practice; a significant proportion of antibiotics are indeed delivered clinically in a course of doses.
Possible alternatives to inhibiting protein synthesis are to render secreted proteins ineffective or
break them down. If feasible, these strategies are appealing as the bacteria still produce the pro-
teins, draining their nutrient/energy supplies, thus making the infection less virulent. Experimental
exploration into the feasibility of these strategies will therefore potentially lead to novel antibacte-
rial strategies. We showed that diagnosing the infection sooner leads to a more significant reduction
in the infection size; however, this strategy will be infeasible if the physical symptoms that lead
to correct diagnosis are not yet present. Once an EPEC infection is suspected, correct diagnosis
and treatment should be undertaken as soon as possible. Our research predicts that the deliberate
delaying of an antibiotic treatment improves the effectiveness of the treatment at eradicating an
infection, as it allows the antibiotic and the immune response to act at their peak strengths in
synergy. This finding is in both agreement [386] and disagreement [84, 154] with the mathematical
literature. A longer delay results in the peak infection size being higher, potentially fatally high
in many cases. Furthermore, there is no clinical evidence that delaying an antibiotic treatment
improves the effectiveness of the treatment; therefore, we do not put confidence in this prediction.
Finally, clinical care needs to be taken with high doses of antibiotics to reduce the risk of infection

complications, such as secondary infection due to an imbalance in the gut flora.

Biofilm inhibition: Disabling the ability of EPEC to form biofilms was shown to be an effec-
tive strategy and can be achieved by inhibiting molecules that are pivotal in bacterium-bacterium

communication, such as quorum-sensing autoinducers. Recent experimental research has shown
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promising findings in the development of autoinducer inhibitors [158], demonstrating the clinical

feasibility of this strategy.

Other treatments: An increase in the sensitivity of bacteria to aminoglycosides and in the maximum
attainable permeability of bacterial membranes can be achieved if it is possible to create a higher
affinity for the binding of aminoglycoside molecules to bacterial ribosomes and force incorrect bacte-
rial structural proteins to fold into shapes that span a greater volume respectively; however, we have
not considered the clinical feasibility of these treatment strategies. Another strategy that may be
clinically feasible is the development of a drug that prevents the internalization of pro-inflammatory
mediators by EPEC. We predict that simply sequestering pro-inflammatory mediators will not be

sufficient, however, as this will make leukocyte recruitment and attraction less effective.

Treatment combinations: In addition to being more likely to eradicate infections and safer, we
predict that treatment combinations will be more effective long-term since they are less likely to
promote the spread of resistance genes, due to the reduced emphasis on directly attacking the bac-
teria. Being effective long-term is an invaluable quality given the reducing effectiveness of current
antibiotics and the low number of novel antibiotic types being produced. The most effective treat-
ment combination for a patient may depend on individual host factors such as the patient’s immune
response strength and the virulence of their particular strain, therefore an informed decision may
need to be taken in each case in clinical practice. Strongly targeting more than two aspects of the
infection will typically be unnecessary and expensive, but may be necessary for patients who have
a particularly virulent strain of EPEC, a weak or compromised immune response or other medical

complications.

9.4 Further work

The research presented in this thesis has opened many avenues of further research, both experi-

mental and theoretical.

Revisions of current model implementations: The most effective revision for our current models
is to fit them to the relevant experimental data, when it becomes available. This will allow com-
parisons between our models to be more reliable and predictions made by our models to be more
valid. Should data become available on the relationships between effector protein production and
infection size and inflammation, then the production rates of effector proteins can be modelled
more realistically. Accounting for limiting factors, for example by including a carrying capacity,
will allow the replication of bacteria in the hybrid and biofilm models to be more physiologically
realistic. In the hybrid model, degradation of E; and FEs is considered for each TEC individually,
whereas degradation of Fj3 is considered globally for simplicity. Revising this implementation so
that the degradation rates of all effector protein groups are comparable for all protein densities
will improve the validity of the model, especially at large infection sizes. In its current state, the
hybrid model is computationally expensive for large numbers of bacteria, due to a Gillespie algo-
rithm being executed for each individual bacterium. Improving the efficiency of the implemented

Gillespie algorithm, such as by implementing a variable time step (tau-leaping) [122], will reduce
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the computational expense of the model, allowing detailed analyses to be undertaken faster.

More detailed modelling: In the analysis of the biofilm model, it was shown that, in a cluster of
bacteria, the inner bacteria are safer from phagocytosis due to the vastly restricted mobility of
leukocytes. This effect can be encapsulated in the ODE models by making the phagocytosis term
a non-linear function of the infection size (under the assumption that the bacteria always form a
biofilm). An alternative method is to split the bacteria population into two phenotypes — ordi-
nary bacteria and persister cells, where the rate of phagocytosis is significantly smaller for persister
cells. Biologically, biofilm formation and growth are stimulated and controlled by quorum sensing
molecules (autoinducers), whereas in our model, formation and growth are simply dependent on the
density of bacteria. The formation of biofilms can therefore be modelled in more detail by including

autoinducer density and making the distinction between ordinary and biofilm-bound bacteria.

Identifying the impact of pro-inflammatory mediator production by leukocytes on leukocyte chemo-
taxis will allow the implementation of both mechanisms in the hybrid and biofilm models. This will
make the models more biologically realistic and may highlight novel treatments regarding leuko-
cyte behaviour or inform changes to the already elucidated strategies. This can be achieved by
thoroughly investigating the stability of the PDE model presented in Chapter 7, in particular, the
apparent lack of global stability. We seek parameter regimes where the model is stable analytically,
and to understand why the model becomes unstable. It would then be of theoretical and biologi-

cal interest to relate predictions made by this model to those made by the hybrid model (Chapter 6).

Ezxperimental studies: Many experimental studies that will be informative in the elucidation of
novel treatment strategies have been highlighted in the previous section. In particular, an inter-
esting experimental study would be comparing the effectiveness and ease/expense of application
of immune-boosting and effector protein-inhibiting therapies to see which are the most beneficial
accessory treatment strategies. We also expect that comparing the effects of drugs that inhibit
production against those that inhibit action will be informative. The discovery of a drug that can
sequester locally free nutrients without harming the host should be undertaken, as this is predicted
by our research to be one of the most effective strategies. We suggest that the finding of an optimal
production rate of F5 be explored in experimental detail as, if true, it will have important conse-
quences for treatments that inhibit the production of these proteins. Continued active research into
the inhibition of quorum sensing molecules will potentially unlock new effective therapies; therapies
that are thought to lead to drug resistance at a much slower rate than typical antibiotics due to

their indirect approach to inhibition.

Other treatment strategies: In this thesis, we have considered various treatment strategies, including
antibiotic, immune-boosting and virulence-inhibiting strategies; however, there are numerous other
external treatment strategies that can be considered. Hussey et al. [159] show that Streptococcus
pneumoniae and Staphylococcus aureus can have their biofilm structures altered and thus their sus-
ceptibility to antibiotics altered, both positively and negatively, in the presence of the air pollutant
black carbon. This has numerous consequences, particularly on the treatment of existing infections

and the spreading of infections to other parts of the body (notably the lungs). To our current



CHAPTER 9. CONCLUSIONS AND FURTHER WORK 202

knowledge, this has yet to be modelled mathematically with specificity to bacterial infections.

An alternative, albeit quite controversial, treatment method is phage therapy; a popular therapy in
Georgia and Russia [160]. It involves administering bacteriophages (phages) — a type of virus that
only infects particular species of bacteria. Once a phage has attached to and injected its genetic
material into a bacterium, the phage reproduces via two different cycles — the lytic cycle and the
lysogenic cycle. In the lytic cycle, the phage uses the bacterium’s metabolic machinery to create a
new generation of phages. The phages then burst out of the bacterium via lysis and then repeat the
cycle in other bacteria. In the lysogenic cycle, the phage’s DNA integrates itself into the bacterium’s
DNA, causing the bacterium to inadvertently replicate the phage’s DNA over many generations.

Certain stress conditions then lead to the phage undergoing the lytic cycle [161, 162, 160].

While phage therapy is reputed in the countries where it is used, it is not well used in the Western
world. This is due to antibiotics having a much broader spectrum and also possibly due simply to
the negative public perception of viruses [163]. Also, due to phages being bacterium-specific, it be-
comes economically necessary to use phage combinations (cocktails). This has several consequences,
notably the costs of creating, maintaining and storing these cocktails; however, in the absence of
novel antibiotics, phage therapy is a possible solution. It is already well studied mathematically
[164, 165], therefore the available models can be adapted and applied to EPEC-specific infections
to study whether phage therapy would be a viable strategy.

To conclude, we believe that the work presented in this thesis gives a thorough insight into the math-
ematical modelling of EPEC-specific infections, as well as a plethora of possible effective treatment
strategies for combating these infections. We are hopeful that our predictions will correctly inform

future experimental work in the search for clinically effective treatments for EPEC infections.
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A.1 Showing that equation (3.10) only has one root with
p > 0:

We first rewrite equation (3.10) in the following form:
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The left hand side (LHS) of (A.1) increases monotonically from 0 with p (varying linearly for p < 1
and p > 1). Conversely, the right hand side (RHS) is positive at p = 0 and decays linearly with p
for large p. The above arguments hold since all parameters are positive and r, > 1 in the diseased

state. To make the equation easier to deal with, the following groupings are made:
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The denominator is always positive. Define f(p) as the numerator after taking out a factor of AE:

f(p) = (Ap+1) (C’U -1- 2Avp> — (C_|_ A(Cv—1)p— A20p2>

The A(Cv — 1)p terms cancel, leaving:

f(p) = (Cv —1) = 2A%vp* — 2Avp — C + A%vp?,
= (Cv—1) = C —2Avp — A%vp?,
=G — 2Avp — A%vp?. (A.2)
Where G = (Cv—1) — C = (r, — 1)v — 1. Equation (A.2) is an 'n’ shaped parabola. If G < 0,
then for p > 0, f(p) is always negative, meaning that the gradient of the RHS is always negative
and therefore the RHS of equation (A.1) is monotonically decreasing. This therefore means that

there can only be one intersection between the LHS (which is monotonically increasing and has a

monotonically increasing gradient) and the RHS. Figure A.1 (a) shows an example of this.

For G > 0, then there will be two stationary points defined by A?vp? + 2A4vp — G = 0. Using the

quadratic formula:
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Since A, G,v > 0, it can be seen that there is one positive root and one negative root. Therefore
the RHS of equation (A.1) will have exactly one turning point with positive p, along with a positive
value for p = 0. Since the function becomes negative and linear in p as p — oo (see main body of
text), the gradient must remain negative after this turning point'. This, together with the prop-
erties of the LHS discussed earlier, implies that there is exactly one intersection between the LHS
and the RHS. Figure A.1 (b) shows an example of this.

IThis implies that the turning point must be either a local maximum or a point of inflexion
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Figure A.1: Example graphs for the LHS (blue) and the RHS (red) of equation (3.10) for (a)
G=(rp—1)v—7m, <0and (b) G>0.

A.2 EPEC ODE model — Jacobian elements
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(1 — )\)Tb(l + bl)
(14 B)?

—1(1+e3) ' — dy, Jaz = gby,

Jog =0, Jos = —ba(1+e3) 7", Jog = 0, Jo7 =0, Jog = Iba(1 +e3) 72, Jag = 0,

Js1 = cp(1+vl)(1+a*) " (1 +e1) " — quppp, Jso = cp(1+ol)(1+a®) (1 +e)7 Y,

2a _
2(1 +61) 1,

J33 = —(quepbr +1), Jzg = — [¢+ cp(1 + vl)B] (1+a2)?

J35 = Cb’UB(l + a2)’1(1 + 61)71, J3g = — |:¢ + Cb(l + UZ)B:| (1 + a2)’1(1 + 61)72,

J37 =0, J3g =0, J39 = sp,

J41 = Oa J42 = Oa J43 = 71 o\9 J44 = *da7

Jas = 0, Jas = 0, Ja7 =0, Jug =0, Jag = 0,

51 = sa(l+e2)7 1, J52 = Js1, Js3 =17, Js4 =0, Js5 = —dj,

Js6 = 0, Js7 = =54 B(1 +e2) 72, Jsg =0, Js9 =0,
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Je1 = c11, Jo2 = c12, Joz = 0, Joa = 0,
Jos = 0, Jo6 = —de1, Jor =0, Jos =0, Jog = 0,

2 2 2
yl y2 b3

2+ p? (P25 +03)?

*277/131]7 ba
(¢§1 + p?)? ”‘/’52 + b%’

J7s =0, J7e = 0, J77 = —deo, J7g =0, J79 =0,

J71 = ca1, J72 = ca2

J73 = c22 J7a =0,

c C39,
Jg1 = 31, Jgo = 528 ) Jg3 = ﬁbm Jga =0,

Jgs = 0, Jge = 0, Jg7r =0, Jgg = —de3, Jgg = 0,

Jor = e5(vp +e3)7 ", Jo2 = Jo1, Joz =0, Joa =0,

Jos = 0, Jog = 0, Jo7 = 0, Jog = 0, Jog = —d,.

A.3 EPEC ODE model — reducing the Jacobian matrix at

the disease free state

The Jacobian of system (4.10) is given by:
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Ju Jio Jis 0 Ji5 0 0 Jig O
Jor Jog Jog 0 Jys 0O 0 Jyg O
Js1 Jz2 Jsz Jza Jss Jze 0 0 Jsg
0 0 Jyg Ju O O O 0 O
gl Jm Jm 0 Jm 0 Jm 00| a3
Ji Je2 0 0 0 Jgg O 0 O
Jn Jro Jis 00 0 Jir 0 0
0 Jso Js3 0 0 0 0 Jgg O

Joi Joo O 0 0 0 0 0 Jy

Evaluating det|J — sI| at the disease free state gives:

Jii—s J12 0 0 0 0 0 0 0
Jo1 Jog — s 0 0 0 0 0 0 0
J31 Js2 Sz —s  Ju 0 J36 0 0 J39
0 0 Ju3 Jygs — s 0 0 0 0 0
Js1 I Js3 0 Js5 — s 0 0 0 0
Jo1 Jo2 0 0 0 Jeg — S 0 0 0
Jrn J7o 0 0 0 0 Jr— s 0 0
0 Jgo 0 0 0 0 0 Jgg — s 0
0 0 0 0 0 0 0 0 Jog — s
(A.4)

Since column 5 has only one non-zero entry in it, (A.4) can be written as (Js5 — s) multiplied by the
minor determinant obtained when the 5th row and 5th column are removed. The same operation

can be applied to columns 7 and 8 sequentially, giving:
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(Js5 — 5)(J77 — 5)(Jsg — 8)

Similarly, the 6th row of this reduced matrix has only one entry and so can be further reduced to:

(J55 — 8)(Jr7 — 8)(Jss — 8)(Jog — 5)

Setting this equal to zero immediately gives:

sy = Js5 = —d,

s7 = Jr7 = —dea,

J34
J44 — S
0

0

Ji—s J12 0
Jo J—s 0
J31 J32 J33 — s
0 0 Ju3
Jo1 Jo2 0
sg = Jgg = —de3, Sg

0 0
0 0
J36 J39
0 0
Jog — S 0
0 Jgg — s

0 0
0 0
J34 J36
Jug — S 0
0 Jog — S
= Jgg = —dp.

To calculate the remaining eignevalues, the remaining determinant is expanded as follows:

Jii—s
Jo1
Js1

0

J61

J12
Jog — s
J32
0

J62

0

0
J3z — s

Ju3

0

0
0
J34
Jyg — S

0

0
0
J36
0

J66—8
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Jog — s 0 0 0 Ja1 0 0 0
J32 J3z—s5  Jxu J36 J31 J3z—s  Jx J36
Jii—s —J =0,
( H ) 0 J43 J44 — S 0 2 0 J43 J44 — S 0
J@g 0 0 J66 — S J61 0 0 J66 — S
J33 — s J34 J36
((Ju —8)(Ja2 — 8) — J12J21) Jaz Jaa —s 0 =0,
0 0 J66 — S

J3z — s J34

(Jo6 — s) ((Ju —8)(Jo2 — 5) — J12J21> =0,
Ju3 Jaa — s

(Jos — s) ((J11J22 — JioJo1) — (Ji1 + Ja2)s + 32) ((J33J44 — J34Jug) — (J33 + Jua)s + 82) =0.
(A.5)

From (A.5), we obtain:

s6 = Jog = —de1,

2510 = (J11 + J22) £ \/(Jn + J22)? — 4(J11J22 — J12J21),

2834 = (Jaz + Jua) £/ (Ja3 + Jua)? — 4(Ja3Jaa — J3au3).

The analysis from here continues in the main text (see section 4.3.2).

A.4 A toy model of pro-inflammatory mediator production
by leukocytes

A.4.1 Introduction

A simple toy model was developed in one spatial dimension and in time to explore the clash-
ing dynamics between pro-inflammatory mediator production by leukocytes and the movement of
leukocytes up chemotactic gradients. It is found that for parameter regimes that allow a noticeable
increase in the concentration of pro-inflammatory mediators due to production by leukocytes, the

leukocytes either get trapped in self-made maxima of pro-inflammatory mediators or move in a jerky
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unrealistic fashion, implying that the production of pro-inflammatory mediators by leukocytes and
the chemotactic attraction of leukocytes cannot be reconciled in the toy model and therefore in
the hybrid model. This then implies that more in-depth modelling and biological knowledge are
required to reconcile the conflicting mechanisms, however, this would over-complicate the model.
We therefore omit the mechanism of pro-inflammatory mediator production by leukocytes from the
hybrid mode and as a result of this, all pro-inflammatory mediator production in the hybrid model
is done by IECs. In this case, leukocytes are chemotactically attracted to the bacteria since they
are in general attached to the IECs, giving realistic results. We now present the formulation of the

toy model and the analysis undertaken on it to reach the results discussed above.

A.4.2 Model formulation

Let P = P(z,t) denote the non-dimensional concentration of pro-inflammatory mediators over one
spatial dimension and time, where x, P € [0, 1]. Let the initial profile of pro-inflammatory mediators
be given by P(x,0) = Py(x), where Py(z) is the steady state solution of the diffusion equation with
constant rate of diffusion and a linear degradation term. The profile given by this initial condition
is a simple one dimensional portrayal of the pro-inflammatory mediator profile in the hybrid model
before pro-inflammatory mediator production by leukocytes occurs (neglecting more complicated
dynamics such as lumen flow, internalization and inhibition by effector proteins). This is to account
for the delay between pro-inflammatory mediator production and their diffusion to the endothelium,
as occurs in the hybrid model. We set the IEC layer to be at = 1 and the endothelium to be
at x = 0. We assume that the IEC layer acts as a constant source of pro-inflammatory mediators
therefore we set P(1,t) = 1. For the endothelium, we use the Robin boundary condition that is
used in the hybrid model, given by the third equation of (5.3), replacing y with z. This lets the
flux of pro-inflammatory mediators out into the blood supply be proportional to the concentration
at the endothelium. Py(x) is therefore given by:

d2P,

0=Drge

() —kpPo(z), Po(l) =1, (0) = aPo(0), (A.6)

or
where Dp and kp are the diffusion coefficient and degradation rate of pro-inflammatory mediators
respectively and « = Rp/Dp where Rp is the pro-inflammatory mediator endothelial flux coeffi-
cient. Other mechanisms such as lumen flow, internalization and inhibition have been omitted as
they would cause ambiguity in the findings. The general solution of the first equation in (A.6) is

given by:
Py = Aef®  Be K=, (A7)
where K = \/kp/Dp and A and B are arbitrary constants. Applying the boundary conditions of

(A.6) to (A.7) gives:

1= Aef + Be K,
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K(A—B)=a(A+ B).

Solving these equations for A and B gives:

—-K K* —K
SR - S (A.8)
14 K*e 2K 1+ K*e 2K
where K* = (K — «)/(K + «). Substituting (A.8) into (A.7) gives the profile for Py(x):
efK(lfz) + K*efK(ler)
Po(a) = (4.9)

14+ K*e 2K

We now introduce an individual leukocyte into the model. We define the centre of the leukocyte to
initially be at z¢ € (0,1) and the surface of the leukocyte to be at (x,zr) = (¢ —radr, zc+rady)
where rady, is the radius of the leukocyte. The gradient of P across the leukocyte is therefore given
by:

P(IR,t) B P($L7t)
2rady, ’

G(zc,t) = (A.10)
This is also the chemotactic gradient across the leukocyte. It is assumed that leukocytes only
produce pro-inflammatory mediators when they are being chemotactically attracted. To model
this, the rate of production of pro-inflammatory mediators by the leukocyte is proportional to
the chemotactic gradient G and to implement this, the pro-inflammatory mediator concentration
across the leukocyte is increased by an amount proportional to this gradient. The production of

pro-inflammatory mediators by the leukocyte is therefore modelled by:

AtrpG(xzco,t) x € lzp, xR,
Plo.t 4 Ay = Plo.r) S PEe ) o, 7 (A.11)

0 otherwise,

where At is the time step and rp is the production rate of pro-inflammatory mediators by the
leukocyte. (A.11) increases the pro-inflammatory mediator concentration local to the leukocyte

while preserving the gradient across the leukocyte (see Figure A.2).
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Figure A.2: Graphs showing the effect of (A.11). (At,ze,radp, rp, Limot) =
(0.01,0.225,0.025,0.012,0.01). The black circles and lines represent the positions of the left
and right boundaries of the leukocyte.

The leukocyte then moves up the chemotactic gradient by an amount proportional to the gradient:

o — o + AthotG(xc, t)7 (A.l?)

where Lo is the motility rate of the leukocyte. This therefore also shifts the position of z; and
xR (see Figure A.3). The algorithm given by equations (A.10) and (A.11) is repeated until xg > 1,
signifying successful chemotaxis. Numerically, this algorithm is implemented by discretizing = onto
a uniform mesh from 0 to 1 with mesh gap widths Az and discretizing time with time step At. If
the gradient of pro-inflammatory mediators across the leukocyte becomes non-positive, then it is
reasoned that chemotaxis has failed and the algorithm is aborted. A pseudo-code for this algorithm

is:

Define parameter values and leukocyte centre x¢.

Define P(z,0) = Py(z) and (zr,zr) = (x¢ —radp, xo + rady).

Calculate using the closest mesh points:

P(:L‘R,t) — P(:ZZL,t).

G(zc, t) - 2radL

while zp < 1 and G(z¢,t) > 0,
apply (A.11) and (A.12),

move ¢ to the nearest mesh point and update (xp,zgr) and G(x¢,t).
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Figure A.3: Graphs showing the effect of transformation (A.12). (At,z¢,radr,rp, Limot) =
(0.01,0.225,0.025,0.012,0.01). The black circles and lines represent the positions of the left and
right boundaries of the leukocyte.

Now that we have formulated the model, we now move to analyze it to gain a better understanding
of the antagonism between pro-inflammatory mediator production by leukocytes and the chemo-

tactic movement of leukocytes.

Analysis

A description of each of the toy model’s parameters and their default values are given in Table
A.1. After a single iteration of the algorithm, the gradient of pro-inflammatory mediators across
the leukocyte’s surface G(z¢,t) will typically becomes shallower due to xz moving outside of the
region of x values that were given an elevated pro-inflammatory mediator concentration by (A.11).
As the algorithm is repeated, G(x¢,t) becomes shallower and often becomes non-positive after
sufficiently many iterations (and the pro-inflammatory mediator concentration in-between z and
xR is not necessarily monotonic). This implies that the leukocyte has become stuck in a self-made
maxima of pro-inflammatory mediators and that chemotaxis has failed. An example of this is
seen in Figure A.4. This suggests, at least for these parameter values, that the production of pro-
inflammatory mediators by leukocytes and the movement of leukocytes up chemotactic gradients

are unintentionally antagonistic to each other.
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At 0.01 Time step.

Tc 0.225 Position of the leukocyte’s centre.

rady | 0.025 Radius of the leukocyte

Dp 0.033 Diffusion rate of pro-inflammatory mediators.

kp 0.1 Natural degradation rate of pro-inflammatory
mediators.

o 30.3 Rate of flux of pro-inflammatory mediators

through the left boundary.

rp 0.1 Production rate of pro-inflammatory mediators
by leukocytes.

Lot 0.3 Motility rate of leukocytes.

Table A.1: Descriptions of what each parameter in the chemotaxis toy model functions as, along
with its default value.

0.2 021
P(z,ty) P(x,ts)
0.1F 0.1F
A d
. / . / | |
0 0.1 0.2 2 0.3 0.4 0 0.1 0.2 2 0.3 0.4
02r
P(z,t5)
0.1r

0 ‘ ‘ ‘ |
0 0.1 0.2 J/, 0.3 0.4

Figure A.4: Graphs showing how typically after sufficiently many iterations of the toy model
algorithm, the gradient of pro-inflammatory mediators across the surface of the leukocyte becomes
non-positive, disabling chemotaxis. The black circles and lines represent the positions of the left
and right boundaries of the leukocyte respectively. Parameter values are given in Table A.1.

The parameters rp and Ly, are critical to pro-inflammatory mediator production by leukocytes

and chemotactic attraction of leukocytes respectively, therefore they will be considered in detail.
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Figure A.5 shows the pro-inflammatory mediator profile before and after the toy model algorithm
is applied for various rp and Lo values. When rp and Lyt are both sufficiently low (top left
panel), the leukocyte successfully travels to the IEC layer (z = 1), albeit slowly and with little
effect on the pro-inflammatory mediator profile. When Ly, is high (top right panel), the leukocyte
successfully travels to the IEC layer much faster than in the first case (0.27 units of time compared
with 5.01), but with even less effect on the pro-inflammatory mediator profile. For these two cases,
the model does not represent the production of pro-inflammatory mediators by leukocytes well, as
evidenced by the negligible change in the pro-inflammatory mediator profile. When Ly, is low
but rp is high (bottom left panel), the leukocyte produces pro-inflammatory mediators effectively,
but gets stuck in a self made maximum of pro-inflammatory mediators, leading to chemotaxis fail-
ing. When rp and Ly, are both high (bottom right panel), the leukocyte successfully travels to
the TEC layer very quickly and with a noticeable effect on the pro-inflammatory mediator profile,
however, the movement is discontinuous and jerky and is deemed to be unrealistic. The latter two
cases suggest that in the parameter regimes that give a noticeable change in the pro-inflammatory
mediator profile due to production by a leukocyte, the leukocyte either gets trapped in a self-made
maximum of pro-inflammatory mediators or moves in a jerky unrealistic fashion. Together these re-
sults imply that the production of pro-inflammatory mediators by leukocytes and the movement of
leukocytes up chemotactic gradients cannot be reconciled by the current modelling framework and
that more detailed modelling of the two mechanisms is required in order for them to be reconciled.
These implications are also assumed to be applicable to the hybrid model. We therefore omit the
mechanism of pro-inflammatory mediator production by leukocytes from the hybrid model and as
a result of this, all pro-inflammatory mediator production in the hybrid model is done by IECs. In
this case, leukocytes are chemotactically attracted to the bacteria since they are in general attached
to the IECs, which is a realistic result. It is assumed that modelling the conflicting mechanisms
in more biological detail will complicate the model and since the model is currently giving realistic

results, no further mechanisms or details will be added to the model.

Finally, Figure A.6 shows snapshots over time of the region of interest during a hybrid model sim-

ulation, demonstrating leukocyte entrapment in two spatial dimensions.
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1 7 = 0.1, Lot = 0.3, tena = 5.01 1 = 0.1, Lot = 3, tena = 0.27
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P(x,t) P(z,t)

/r\
0 ; 0
0 T 1 0 x 1

Figure A.5: Graphs of the toy model showing the P profile and the position of the leukocyte in
space and time for various rp and L, values. The red and blue lines represent the P profile before
and after the toy model algorithm is applied respectively and the black circles and lines represent
the positions of the left and right boundaries of the leukocyte. The rp and Ly, values used are
given in the graph titles and all other parameter values are given in Table A.1.
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Figure A.6: Snapshots of a hybrid model simulation showing examples of leukocytes getting stuck in
self-made maxima of pro-inflammatory mediators due to their own production of pro-inflammatory
mediators. Blue and black circles represent bacteria and leukocytes respectively, the full black and
red lines represent the epithelium and the endothelium respectively and the red cloud represents
pro-inflammatory mediator presence.

A.4.3 Summary

In this section, we formulated and analyzed a toy model that explores the dynamics of pro-
inflammatory mediator production by leukocytes and chemotactic movement of leukocytes in more
detail than the hybrid model. The model only considers one leukocyte and it is found that either (1)
the leukocyte successfully travels to the IEC layer but with negligible effects on the pro-inflammatory
mediator profile, (2) the leukocyte produces pro-inflammatory mediators sufficiently well that the
chemotactic gradient across the leukocyte becomes non-positive and the leukocyte therefore becomes

stuck in a self-made local maximum of pro-inflammatory mediators, or (3) successfully reaches the
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Figure A.7: The mean number of bacteria over time for varying time step sizes. Fach graph is the
mean of 100 simulations and all other parameters take their baseline values (see set 2 in Table A.2).

IEC layer whilst producing a noticeable change in the pro-inflammatory mediator profile, but moves
in a discontinuous, jerky and unrealistic fashion. Since none of these results are realistic, it is as-
sumed that the production of pro-inflammatory mediators by leukocytes and the movement of
leukocytes up chemotactic gradients cannot be reconciled by the current modelling framework and
that more detailed modelling of the two mechanisms is required in order for them to be reconciled.
These implications are also assumed to be applicable to the hybrid model. We therefore omit the
mechanism of pro-inflammatory mediator production by leukocytes from the hybrid model and al-
low all pro-inflammatory mediator production to be done by IECs. Since the model gives realistic
results in the absence of this mechanism, more detailed modelling and additional mechanisms are
not needed in the hybrid model.

A.5 Hybrid model - showing numerical convergence for a

decreasing time-step

Figure A.7 shows the mean number of bacteria over time for varying time step sizes. The model
converges sufficiently well as the time step At — 0; however, there are slight discrepancies in the
mean number of bacteria over time, particularly for ¢ > 3, due to the stochastic implementation of
some of the model’s mechanisms. As a balance between accuracy and computation cost, a value of

At =5 x 1074 is taken in all baseline parameter sets.

A.6 Hybrid model - deriving expression for an approxima-

tion to the second derivative for a non-uniform mesh

Here, we only consider the x direction for simplicity. Let the approximation for the second derivative

of P at point x;, denoted @Q;, be the weighted sum of the values of P at x; and its neighbours:
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Q'L = aPi_l + bPz + CPi+1- (A13)

P;,_1 and P;;1 can be approximated by the following Taylor expansions:

’ A i— 2 "
Py ~P — Az, P + “”T”Pi, (A.14a)
/ A y 2 1"
P~ P + AP + ( 92”’) 2 (A.14b)

By substituting (A.14) into (A.13), it can be shown that:

Qi = 00P; + a1 P, + 02P; + 0<(A=’Uz‘—1)3> (Afﬂi)?’)»

where

1
oco=a+b+c, o01=—-alAwx;_1+cAx;, o09= 3 ((Axil)Qa + (Ami)QC).

For Q; to approximate the second derivative of P;, we require oy, 01 = 0 and o9 = 1. This gives:

a+b+c=0, (A.15a)
—alAw;_1 + cAx; =0, (A.15b)
;((Axi_l)za + (Al‘i)2c) =1. (A15C)
Solving (A.15) gives:
2 2 2

@ A%ifl(AZ‘ifl + ALL‘Z‘)’ Ax;_1Ax; rC Al‘i(ALL'Z;l + A{EZ)

Substituting (A.16) into (A.13) gives:
PP 2 2 2

~~ ) — - . ; 7 . .1
Ox? Azi_1(Axi_y +AI7:)R ! Axi_leiPZ + Az (Ax;— +Azi)PZ+1 (A.17)

(A.17) allows for a horizontally non-uniform mesh in our two dimensional diffusion finite difference

scheme.
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A.7 Hybrid model - deriving the probability of phagocytosis

We seek a probability P, dependent on the number of E3 and the time step At, that governs
whether or not phagocytosis is successful in the time window (¢*,¢* 4+ At], where ¢* is the current
time. Suppose that bacterium 4, positioned at (x;,y;), is the closest bacterium to the leukocyte and
that |(Ls, Ly) — (24,9:)| < radr. We define the probability that bacterium ¢ is phagocytosed in an

infinitesimally small time step . to be @, where:

¢3!

Q(Es,) = —>——,
o3 + Es

FEj5; is the number of E3 contained within the ith bacterium and ¢3, analogous to ¢ and ¢s, is a
parameter measuring the efficacy of Fs5 at preventing phagocytosis. It is worth noting that Q(i3) is
a decreasing Hill function of E3; and that only integer values of Ej3; are allowed. In the absence of
E3, the probability of phagocytosis is 1. By making ¢3 sufficiently large, the probability is drasti-
cally reduced even in the presence of just one Fs3. It is desired that the probability of phagocytosis
in the presence of E3,i in a small time window is small. We now need to find the probability of
phagocytosis in time window At in terms of . For this to work, At must be an integer multiple of
te, say k. It is assumed for simplicity that the probability of being phagocytosed is uniform across

the whole time step (see Figure A.8).

0 te 2. 3t. (k—1)te  kte=At

Figure A.8: Splitting up the time step At into k& uniform regions, each with probability of successful
phagocytosis equal to @ for simplicity.

Here, we use the symbol P to denote probability. Given that P(phag in ¢t < ¢.) = Q, Q is small
and t > 0,

P(phagin t <At) = P(phagin ¢<t.)
+ P(phag in t. <t < 2t. and not phag in t <t.)
+ P(phag in 2t < t < 3t. and not phag in t < 2¢.)
+ ...
+ P(phag in (k — 1)t <t < At and not phag in ¢t < (k — 1)t.),
= Q+QI-Q)+Q1-QP+..+Q(1-Q)* ",
= Q¥ S(1-Q
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It can be seen that the probability of phagocytosis follows a geometric distribution and can be

written as:

1-(1-@)*"

P(phag in tSAt):Ql_(l_Q)

=1-(1-Q)" (A.18)






A.8 Hybrid model default parameter sets

Parameter ‘ Definition Set 1 ‘ Set 2 ‘ Set 3 ‘ Set 4 ‘ Set 5 ‘ Set 6 ‘ Set 7 ‘ Set 8
Space and time
AZmin Minimum horizontal mesh spacing 0.02
AZmax Maximum horizontal mesh spacing 0.5
Ay Vertical mesh spacing 0.01
At Time step 5e~*
y* y-coordinate of TEC layer 0.5
) left boundary of central region -1
Ty left boundary of central region 1
Tmax Largest value of x ~ 5.03 ~ 4.24
Ymax Largest value of y 1
tmax Maximum time the simulation runs for 8 10
Bacteria
NS Number of bacteria at ¢ =0 30 ‘ ‘
(zB,yB) Initial position of each bacterium (U(—0.5,0.5), y™ + 3radslf(0,1))
radp Radius of bacteria 0.003
Brot Directed motility rate of bacteria 20
5 Scale factor of how strong directed motion is compared 20
to Brownian motion
bB The distance above the IEC layer at which bacterial 0.01
Brownian motion is half-maximal
Effector proteins
Neg Number of all EP groups at t =0 0
01 Efficacy of E; at inhibiting pro-inflammatory signalling 100 100 12 15 7
o) Efficacy of E5 at inhibiting host cell apoptosis 100 100 5000 led
b3 Efficacy of E3 at inhibiting phagocytosis 100 100 3000 5000 2.5e4 5ed

XIANHddV "V XIANHddV

Cae



Parameter Definition Set 1 ‘ Set 2 ‘ Set 3 ‘ Set 4 ‘ Set 5 ‘ Set 6 ‘ Set 7 ‘ Set 8
Leukocytes
N? Number of leukocytes at t = 0 0
radr, Radius of leukocytes 0.06 0.03 0.08
Lot Motility rate of leukocytes 1
Omot, L Standard deviation of the angles of movement of leuko- V0.6
cytes due to chemotaxis
Hdeg,L Mean lifespan of a leukocyte 4 5 4
Odeg, L Standard deviation of leukocyte lifespans 0.5
tL rep Leukocyte attraction time (deterministic) 0.3
Inflammatory mediators and apoptosis markers
P(z,y,0) Concentration of PIMs at t = 0 0
A(z,y,0) Concentration of AIMs at ¢t =0 0
LiiJ Background production rate of PIMs 0 1 0
Dy Diffusion coefficient of IMs 0.033
dr Natural degradation rate of IMs 0.1
Ry IM endothelial flux coefficient 0.5 1
Tint, P Internalization rate of PIMs by bacteria 1le™? 20 0.01
Peyit Concentration of internalized PIMs required for a bac- 0.1
terium to be classed as a By
do Concentration of PIMs at the endothelium required for 0.035
leukocyte attraction to be activated
rA Production rate of AIMs 0.8
da Concentration of PIMs in an enveloping 3x3 grid at 6
which AIM production is half-maximal
m(z,y,0) Concentration of AMs at t =0 0
Du Distance above the IEC layer at which the flow in the 0.3
lumen is half-maximal

XIANHddV "V XIANHddV

€¢¢



Parameter Definition ‘ Set 1 ‘ Set 2 ‘ Set 3 ‘ Set 4 ‘ Set 5 ‘ Set 6 ‘ Set 7 ‘ Set 8
Antibiotic
a(z,y,0) Concentration of antibiotic at ¢t = 0 - 0
Do Diffusion coefficient of antibiotic — 0.1
da Natural degradation rate of antibiotic - 0.2
R Antibiotic endothelial flux coefficient - 10
Tint,a Internalization rate of antibiotic by bacteria - 80
w1 Number of incorrect structural proteins at which the per- - 3
meability of a bacterial membrane is half-maximal
20 A measure of how well antibiotic is internalized by a bac- - 0.3
terium with a fully intact membrane
oA A measure of how well antibiotic flows through a perme- - 0.1
able bacterial membrane (a smaller value = better
flow)
ot Total amount of antibiotic delivered into the host — 1 2
2 Peak antibiotic concentration of the 2’th dose — 1
zc Antibiotic concentration of a constant delivery — 0.125 0.25
t1 Time of first antibiotic delivery — 2
tgap Time gap between repeated doses - 1
Qo Proportion of internalized antibiotic that is unaffected by — 0.1
the inhibitory action of internalized PIMs
Qo Concentration of internalized antibiotic at which protein - 0.03
synthesis inhibition is half-maximal
qp Concentration of internalized PIMs at which antibiotic - 1.5
inhibition is half-maximal
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Parameter

Definition

Set 1 ‘ Set 2 ‘ Set 3 ‘ Set 4 ‘ Set 5 ‘ Set 6 ‘ Set 7 ‘ Set 8

Intestinal epithelial cells

HO
Hapop
T'dam
la
tn

iy

Health value of IECs at t = 0

Health value at which AM presentation is activated
The rate of damage to an IEC due to one bacterium
Time for an apoptosed IEC to repair

Time for a necrosed IEC to repair

Time for a fully functioning IEC to repair (if it was in-
finitesimally close to undergoing necrosis)

0.25
0.05 0.2
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Parameter Definition Set 1 ‘ Set 2 ‘ Set 3 ‘ Set 4 ‘ Set 5 ‘ Set 6 Set 7 ‘ Set 8 ‘
Sub-cellular gene network
Omax Number of polymerases found in a bacterium 80
Rmax Number of ribosomes found in a bacterium 45
r* Number of structural proteins required to form a new 10
bacterium
be Rate at which polymerases bind to DNA strands 250
0 Transcription rate of mRNA 2.5
b1 Rate at which free ribosomes bind to mRNA strands 250
T'1,base Translation rate of F; by Bi 0.375 0.6 0 0.6
T2, base Translation rate of F2 by Bi 0.375 0.6 0 0.6
73,base Translation rate of E3 by Bi 0.375 0.6
r* Ratio of the production rate of EPs by Bs to that by B 1.5
rr Translation rate of (all) structural proteins 0.225 0.33
rB Rate at which structural proteins fuse to become new 125 220 0 220
bacteria
do Natural degradation rate of (unbound) mRNA strands 25
d1 Natural degradation rate of E:1 (global) 8
do Natural degradation rate of E> (global) 8
d3 Natural degradation rate of E3 (per bacterium) 0.2
dr Natural degradation rate of correct structural proteins 0.15 0.3
dp Natural degradation rate of bacteria 0.2 0.15 0.2 0 0.2
dx Natural degradation rate of incorrect structural proteins 0.5 0.3 0.5

Table A.2: The default parameter regimes used in the analysis of the hybrid model. A blank parameter value entry implies that the parameter value
used in the relevant set is the same as the value used in the previous set. A dash implies that the parameter is not used in the respective parameter
set. ye” is shorthand for y x 10”. Note that the value for Az, given is valid for € [—1, 1] and this region includes most of the infection dynamics.
EP, PIM, AIM, AM, TEC are acronyms for effector protein, pro-inflammatory mediator, anti-inflammatory mediator, apoptosis marker and intesinal

epithelial cell respectively.
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A.9 Biofilm model baseline parameter values

For the definitions of all hybrid model parameters, see Table A.2.

Original parameters:

Azpin = 0.02, AZpa = 0.5, Ay = 0.01, At =5x 1074, y* = 0.5, Tmax ~ 4.244, Ymax =
1, z1=—1, 2, =1, tmax =10, N% =30, (zp,ys) = (U(-0.5,0.5),y* + 3radplf(0,1)), radp =
0.003, Bmot = 20, 1% =20, ¢p = 0.01, Neg =0, ¢1 = 0.3, ¢ = 5000, ¢3 = 5000, N? =
0, rad; = 0.03, Lmot =1, Omot,r. = V0.6, fideg.. =5, Tdeg,r. = 0.5, trrep = 0.3, P(z,y,0) =
0, A(z,9,0) =0, ® =1, D; =0.028, d; =0.1, Ry =1, 7ipp = 100, Peyr = 0.1, PL,, =
0.0024, 74 = 0.8, ¢4 =0.5, m(x,y,0) =0, ¢, =0.3, a(x,y,0) =0, Dy =0.1, dy =0.2, Ry =
10, Tint,a =80, w1 =3, 20 =03, ¢p =0.1, ot =1, z; =1, t1 =2, tgap =1, ag=0.1, go =
0.03, gp = 1.5, H* =1, Hapop = 0.25, Tqgam = 0.2, t, =2, t, =3, t; =5, Opmax = 80, Ripax =
45, T* =10, bg = 250, ro = 2.5, b1 = 250, 71 pase = 0.6, Topase = 0.6, T3pase = 0.6, 7* =
1.5, r = 0.3, 73 =220, dy =25, di =8, dy =8, d3 =0.2, dpr =0.3, dg =0.22, dx = 0.5.

Biofilm parameters:
Umax = 4, Umin = —0.5, 51 =06 X 1037 B2 = 7.5 X 1033 ﬂ3 =9x 1037 g =10, np =3, qp =
2, ng = 3, Cp = 1.2.

A.10 Stability analysis of (7.2)
The steady state(s) of (7.2) are given by:

p  \7ldp|
1 d (-dp .
0=di — oy (zdz> — ki, (A.19D)
o odp, ar, .« odl o
p0) =1, (1) =~wp(l), ——(0)=0, —=(1)=p(1), (A-19¢)

implying that the concentrations of p and [ in a non-trivial steady state are non-uniform. In order
to investigate the linear stability of non-uniform steady states, we must formulate the associated

eigenvalue problem and to do this, we follow the method used in [157]. Linearising about p, [ via:

p(z,7) = p(2) + ep(2,7),

Iz, 7) =1(2) + €el(z,7),

where 0 < € < 1, we find the perturbations p, [ satisfy:
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d, 25 — N2 —1 —\2

P 5z2 Oz

21| = 2 . (A.20)
_¢(dz82 82) dl@_¢(§§882+dz ) _kl

We make the standard assumption that the perturbations can be written as Fourier series:

o5}
=
S

o~
~

= Z i cos(jmz), (A.21a)
=7 bjcos(jmz), (A.21D)
=1

where o is the perturbation growth rate, j € N are the wave numbers of the perturbations and
a;,b; are the respective eigenmodes for the pro-inflammatory mediator and leukocyte perturbations
respectively. Multiplying (A.20) by cos(jmz) and integrating with respect to z between 0 and 1

yields the following relation connecting o to the perturbation modes:

o | Aiyyy Aiga | |ai
3 = when j =1, (A.22a)
bi_ _Ai(gyl) Aigo | | bi
0 Bijun  Bijas | |
= when j # i, (A.22Db)
0| |Bijey DBijeo | [bi
where:
1 —
Ay = /O —2cos?(imz) <1 + dpi271'2> + M sin(2im2)im dz, (A.23a)
Ydp
Aigy ) = —2A @ cos” (imz) dz, (A.23b)
Aig,y = d)/ — sm(?mz)m + 2l cos? (imz)i*n? dz, (A.23c)

! d d*p
Aigoy = /O —2cos?(inz) </€l + dli2ﬂ'2> +¢ <dlz) sin(2imz)im — 2d—z‘2 cos? (Z7TZ)> dz,  (A.23d)

1
Bij .,y = /0 ( —cos(jmz)(1 + dpj*n?) + /\lSil’l(jﬂ'Z)jT&') cos(inz) dz, (A.23e)

1 -
p .. ,
Bij . = —)\/0 $COS(.]7TZ) cos(imz) dz, (A.23f)
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L
Bijiay) = j7r¢/0 (;li sin(jmz) + lcos(jwz)jw) cos(inz) dz, (A.23g)
! » 2 2 dp . . d*p .
Bijo = o\ cos(jmz)| ki + dij“m= ) + ¢ = sin(jmz)jm — @c%(jrz) cos(irz) dz.
(A.23h)

In obtaining (A.23), we have made use of the following identities:

1
/ sin(jmz) sin(irz) = 0,
0

1 . .
07 = )

/ cos(jmz) cos(imz) = ¢ ‘7 Z
0 2 J 7é 2.

The system (A.22) can be written compactly as an eigenvalue problem:

ca = Qa, (A.24)

where:

Al B12 B13 T
B21 A2 B23 T
T

32[31732,33...} ’ Q: 3
B31 B32 A-3 e

. Ai(l.l) Ai(l,z) Bij(l,l) Bij(l,z)

aj = [aiub’] ) A;= y BlJ =
Ai(2,1) Ai(2,2) Bij(2,1) Bij(2,2)_

The growth rate o is computed from det|Q — oI|= 0 and the steady state given by the numerical
solution of (7.2) is stable provided that max(f(c)) < 0. However, since j in (A.21) is unbounded,

we must truncate Q in order to determine o numerically.

In [157], the authors show for the equivalent matrix Q in their model that by taking i, — oo,
the most-positive eigenvalues come from the top-left corner of Q, allowing the approximation of Q
by taking é,7 = 1,2,..., K, where K is a large positive integer. Asserting 4,5 > 1 in (A.23), we

obtain:

_ -2 _ _ -2 _ -2
Ai(m) - O('L )a Aiu,z) - O(l)v Ai(2,1) - O(Z )a Ai(z,z) - O(Z )’ (A.25a)

B = O(jQ)’ B = 0(1), Bij(2,1) = O(j2)7 Bij(z,z) = O(JQ) (A.25b)

iJ(1,1) iJ(1,2)
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From (A.25), we find that the matrix reduction applied in [157] cannot be applied to (A.24) because
the terms of the largest magnitude are not restricted to the diagonal of Q. Since we cannot make
this matrix reduction, we can only assume (rather than state) that the most-positive eigenvalues
are located towards the top-left corner of Q. We take i,5 = 1,2,...,200 and consider the steady

states p and [ and max(R(c)) as A and ¢ are varied.



Bibliography

[1]

J. Mahdavi, P.-J. Royer, H. Sjolinder, S. Azimi, T. Self, J. Stoof, L. Wheldon, K. Brénnstrom,
R. Wilson, J. Moreton, J. W.B. Moir, C. Sihlbom, T. Borén, A.-B. Jonsson, P. Soultanas,
and D. A.A. Ala’Aldeen, “Pro-inflammatory cytokines can act as intracellular modulators of

commensal bacterial virulence,” Open biology, vol. 3, p. 130048, 10 2013.
A. T. Elve and H. Preisig, “Graph-based mathematical modelling — concepts,” 01 2017.

O. Mason and M. Verwoerd, “Graph theory and networks in biology,” IET systems biology,
vol. 1, pp. 89-119, 04 2007.

F. Greil, “Boolean networks as modeling framework,” Frontiers in Plant Science, vol. 3,
p- 178, 2012.

S. Bornholdt, “Boolean network models of cellular regulation: prospects and limitations,”
Journal of The Royal Society Interface, vol. 5, no. suppl 1, pp. S85-594, 2008.

B. Soediono, “Alberts - Molecular Biology Of The Cell 4th Ed,” Journal of Chemical Infor-
mation and Modeling, vol. 53, p. 160, 1989.

V. Kumar, A. K. Abbas, and J. C. Aster, Endocrine System (Chapter 19; Robbins Basic
Pathology). Elsevier/Saunders, 2013.

J. Zhang, “Cytokines, Inflammation and Pain,” Int Anesthesiol Clin., vol. 69, no. 2, pp. 482—
489, 2009.

A. Mandal, “What are Cytokines?,” Journal of Chemical Information and Modeling, vol. 53,
no. 9, pp. 1689-1699, 2013.

“Cytokine - Wikipedia, the free encyclopedia.”
M. Baker, “Mathematical modelling of cytokine dynamics in arthritic disease,” July 2015.

J.-M. Cavaillon, “Pro- versus anti-inflammatory cytokines: Myth or reality,” Cellular and
molecular biology (Noisy-le-Grand, France), vol. 47, pp. 695-702, 07 2001.

T. Lawrence, “The nuclear factor NF-kappaB pathway in inflammation,” Cold Spring Harbor
perspectives in biology, vol. 1, no. 6, pp. 1-10, 2009.

231



BIBLIOGRAPHY 232

[14]

[19]

M. T. Mcclain, R. Henao, J. Williams, B. Nicholson, T. Veldman, L. Hudson, E. L. Tsalik,
R. Lambkin-Williams, A. Gilbert, A. Mann, G. S. Ginsburg, and C. W. Woods, “Differential
evolution of peripheral cytokine levels in symptomatic and asymptomatic responses to exper-
imental influenza virus challenge,” Clinical and Ezperimental Immunology, vol. 183, no. 3,
pp- 441-451, 2016.

C. A. Dinarello, “Proinflammatory cytokines,” Chest, vol. 118, no. 2, pp. 503508, 2000.
T. W. Gant and T. W. Gant, “Inflammatory Genomics,” vol. 113, no. 12, pp. 794-795, 2005.

D. Freeborn, L. Cunningham, and R. LoCicero, “What Are White Blood Cells?,” University
of Rochester Medical Center.

H. Ashida, H. Mimuro, M. Ogawa, T. Kobayashi, T. Sanada, M. Kim, and C. Sasakawa, “Cell
death and infection: A double-edged sword for host and pathogen survival,” Journal of Cell
Biology, vol. 195, no. 6, pp. 931-942, 2011.

B. Verhoven, R. A. Schlegel, and P. Williamson, “Mechanisms of phosphatidylserine exposure,
a phagocyte recognition signal, on apoptotic T lymphocytes,” The Journal of experimental
medicine, vol. 182, no. 5, pp. 1597-1601, 1995.

K. Lauber, E. Bohn, S. M. Kréber, Y. J. Xiao, S. G. Blumenthal, R. K. Lindemann, P. Marini,
C. Wiedig, A. Zobywalski, S. Baksh, Y. Xu, I. B. Autenrieth, K. Schulze-Osthoff, C. Belka,
G. Stuhler, and S. Wesselborg, “Apoptotic cells induce migration of phagocytes via caspase-
3-mediated release of a lipid attraction signal,” Cell, vol. 113, no. 6, pp. 717-730, 2003.

J. Savill and V. Fadok, “Corpse clearance defines the meaning of cell death,” Nature, vol. 407,
no. 6805, pp. 784-788, 2000.

D. Aguirre-Ferndndez and R. Garcia-Santibanez, “Apoptosis: A Review of Programmed Cell
Death,” Rewvista Ecuatoriana de Neurologia, vol. 25, no. 1-3, pp. 44-49, 2016.

S. L. Fink, B. T. Cookson, S. L. Fink, and B. T. Cookson, “Apoptosis, pyroptosis, and
necrosis: mechanistic description of dead and dying eukaryotic cells,” Infection and immunity,
vol. 73, no. 4, pp. 1907-1916, 2005.

P. Golstein and G. Kroemer, “Cell death by necrosis: towards a molecular definition,” Trends
in Biochemical Sciences, vol. 32, no. 1, pp. 37-43, 2007.

A. M Jarrett, N. Cogan, and M. Shirtliff, “Modelling the interaction between the host immune
response, bacterial dynamics and inflammatory damage in comparison with immunomodu-

lation and vaccination experiments,” Mathematical medicine and biology : a journal of the
IMA, vol. 32, 05 2014.

A. Reynolds, J. Rubin, G. Clermont, J. Day, Y. Vodovotz, and G. Bard Ermentrout, “A
reduced mathematical model of the acute inflammatory response: 1. Derivation of model and
analysis of anti-inflammation,” Journal of Theoretical Biology, vol. 242, no. 1, pp. 220-236,
2006.



BIBLIOGRAPHY 233

[27]

[28]

[38]

[41]

P. Schmid-Hempel and S. Frank, “Opinion pathogenesis, virulence, and infective dose,” PLoS
pathogens, vol. 3, pp. 1372-3, 11 2007.

J. Jhang and H. Kuo, “Recent advances in recurrent urinary tract infection from pathogenesis
and biomarkers to prevention,” Tzu Chi Medical Journal, vol. 29, no. 3, pp. 131-137, 2017.

A. S. Collins, Preventing Health Care—Associated Infections. Agency for Healthcare Research
and Quality (US), 2006.

“Transcription (genetics) - Wikipedia, the free encyclopedia.”

“Ribosomes,  Transcription, and Translation - Scitable (Nature Education);
https://www.nature.com/scitable/topicpage/ribosomes-transcription-and-translation-
14120660.”

“Translation (biology) - Wikipedia, the free encyclopedia.”

R. C. Thompson and P. J. Stone, “Proofreading of the codon-anticodon interaction on ribo-
somes,” Proceedings of the National Academy of Sciences of the United States of America,
vol. 74, no. 1, pp. 198-202, 1977.

T. Pape, W. Wintermeyer, and M. Rodnina, “Induced fit in initial selection and proofreading
of aminoacyl-tRNA on the ribosome,” EMBO Journal, vol. 18, no. 13, pp. 3800-3807, 1999.

H. De Jong and H. Geiselmann, “Modeling and simulation of genetic regulatory networks by
ordinary differential equations,” FEurasip Book Series on Signal Processing and Communica-
tions, vol. 2, 01 2005.

A. N. Gorban, A. Harel-Bellan, N. Morozova, and A. Zinovyev, “Basic, simple and extendable
kinetic model of protein synthesis,” arXiv e-prints, Apr 2012.

R. Edwards, A. Machina, G. McGregor, and P. van den Driessche, “A Modelling Frame-
work for Gene Regulatory Networks Including Transcription and Translation,” Bulletin of
Mathematical Biology, vol. 77, no. 6, pp. 953-983, 2015.

S. Jabbari, J. Heap, and J. R King, “Mathematical modelling of the sporulation-initiation
network in bacillus subtilis revealing the dual role of the putative quorum-sensing signal
molecule phra,” Bulletin of mathematical biology, vol. 73, pp. 181-211, 03 2010.

J.-P. Nougayréde, G. H. Foster, and M. S. Donnenberg, “Enteropathogenic Escherichia coli
effector EspF interacts with host protein Abcf2,” Cellular microbiology, vol. 9, no. 3, pp. 680—
93, 2007.

H. Embaye, C. A. Hart, B. Getty, J. N. Fletcher, J. R. Saunders, and R. M. Batt, “Effects of
enteropathogenic Escherichia coli on microvillar membrane proteins during organ culture of
rabbit intestinal mucosa,” Gut, vol. 33, no. 9, pp. 1184-1189, 1992.

S. Hicks, G. Frankel, J. B. Kaper, G. Dougan, and A. D. Phillips, “Role of Intimin and
Bundle-Forming Pili in Enteropathogenic Escherichia coli Adhesion to Pediatric Intestinal
Tissue in Vitro,” Infection and Immunity, vol. 66, no. 4, pp. 15701578, 1998.



BIBLIOGRAPHY 234

[42]

[43]

[47]

[51]

[52]

[53]

T. Ogino, R. Ohno, K. Sekiya, A. Kuwae, T. Matsuzawa, T. Nonaka, H. Fukuda, S. Imajoh-
ohmi, and A. Abe, “Assembly of the Type III Secretion Apparatus of Enteropathogenic
Escherichia coli,” Journal of Bacteriology, vol. 188, no. 8, pp. 2801-2811, 2006.

A. J. Roe, D. E. E. Hoey, and D. L. Gally, “Regulation, secretion and activity of type III-
secreted proteins of enterohaemorrhagic Escherichia coli O157,” Biochemical Society transac-
tions, vol. 31, no. Pt 1, pp. 98-103, 2003.

R. C. May and L. M. Machesky, “Plagiarism and pathogenesis: common themes in actin
remodeling,” Dev Cell, vol. 1, no. 3, pp. 317-318, 2001.

S. Gruenheid, R. DeVinney, F. Bladt, D. Goosney, S. Gelkop, G. D. Gish, T. Pawson, and
B. B. Finlay, “Enteropathogenic E. coli Tir binds Nck to initiate actin pedestal formation in
host cells,” Nature cell biology, vol. 3, no. 9, pp. 856-859, 2001.

B. Kenny, R. DeVinney, M. Stein, D. J. Reinscheid, E. A. Frey, and B. B. Finlay, “En-
teropathogenic E. coli (EPEC) transfers its receptor for intimate adherence into mammalian
cells,” Cell, vol. 91, no. 4, pp. 511-520, 1997.

S. E. Battle, M. J. Brady, S. K. Vanaja, J. M. Leong, and G. A. Hecht, “Actin Pedestal
Formation by Enterohemorrhagic Escherichia coli Enhances Bacterial Host Cell Attachment
and Concomitant Type III Translocation,” Infection and Immunity, vol. 82, no. 9, pp. 3713—
3722, 2014.

S. C. Clarke, R. D. Haigh, P. P. E. Freestone, and P. H. Williams, “Virulence of En-
teropathogenic Escherichia coli, a Global Pathogen,” vol. 16, no. 3, pp. 365-378, 2003.

A. S. Santos and B. B. Finlay, “Bringing down the host: enteropathogenic and enterohaem-
orrhagic Escherichia coli effector-mediated subversion of host innate immune pathways,” Cel-

lular microbiology, vol. 17, no. 3, pp. 318-32, 2015.

J. K. Crane, S. Majumdar, and D. F. Pickhardt, “Host cell death due to enteropathogenic
Escherichia coli has features of apoptosis,” Infection and immunity, vol. 67, no. 5, pp. 2575-84,
1999.

J. L. Roxas, K. Ryan, G. Vedantam, and V. K. Viswanathan, “Enteropathogenic Escherichia
coli dynamically regulates EGFR signaling in intestinal epithelial cells,” American journal of

physiology. Gastrointestinal and liver physiology, vol. 307, no. 3, pp. G374-80, 2014.

E. Mills, K. Baruch, X. Charpentier, S. Kobi, and I. Rosenshine, “Real-Time Analysis of
Effector Translocation by the Type III Secretion System of Enteropathogenic Escherichia
coli,” Cell Host € Microbe, vol. 3, no. 2, pp. 104-113, 2008.

H. J. Flint, S. H. Duncan, K. P. Scott, and P. Louis, “Interactions and competition within
the microbial community of the human colon: Links between diet and health: Minireview,”
Environmental Microbiology, vol. 9, no. 5, pp. 1101-1111, 2007.

H. J. Flint, E. A. Bayer, M. T. Rincon, R. Lamed, and B. A. White, “Polysaccharide uti-
lization by gut bacteria: potential for new insights from genomic analysis,” Nature reviews.
Microbiology, vol. 6, no. 2, pp. 121-131, 2008.



BIBLIOGRAPHY 235

[55] L. Dethlefsen, M. McFall-Ngai, and D. A. Relman, “An ecological and evolutionary perspec-
tive on human-microbe mutualism and disease,” Nature, vol. 449, no. 7164, pp. 811-818,
2007.

[56] O. Tenaillon, D. Skurnik, B. Picard, and E. Denamur, “The population genetics of comensal,”
Nature reviews. Microbiology, vol. 8, pp. 207-17, 03 2010.

[57] J. R. Huddleston, “Horizontal gene transfer in the human gastrointestinal tract : potential

spread of antibiotic resistance genes,” Infect Drug Resistance, no. 7, pp. 167-176, 2014.

[58] D. Brown, “Antibiotic resistance breakers: can repurposed drugs fill the antibiotic discovery
void?,” Nature reviews. Drug discovery, vol. 14, 10 2015.

[59] G. Kapoor, S. Saigal, and A. Elongavan, “Action and resistance mechanisms of antibiotics: A
guide for clinicians,” Journal of Anaesthesiology Clinical Pharmacology, vol. 33, pp. 300-305,
07 2017.

[60] M. A. Kohanski, D. J. Dwyer, B. Hayete, C. A. Lawrence, and J. J. Collins, “A Common
Mechanism of Cellular Death Induced by Bactericidal Antibiotics,” Cell, vol. 130, no. 5,
pp. 797-810, 2007.

[61] M. Y. Yoon and S. S. Yoon, “Disruption of the gut ecosystem by antibiotics,” Yonsei Medical
Journal, vol. 59, no. 1, pp. 4-12, 2018.

[62] J. Bien, V. Palagani, and P. Bozko, “The intestinal microbiota dysbiosis and Clostridium
difficile infection: Is there a relationship with inflammatory bowel disease?,” Therapeutic
Advances in Gastroenterology, vol. 6, no. 1, pp. 5368, 2013.

[63] “Antibiotics Overview,” The National Health Service. https://www.nhs.uk/conditions/antibiotics.

[64] “Phenoxymethylpencillin,” The National Institute for Healthcare and Excellence (NICE).
https://bnf.nice.org.uk/drug/phenoxymethylpenicillin.html.

[65] “Azithromycin,” The National Institute for Healthcare and Excellence (NICE).
https://bnf.nice.org.uk/drug/azithromycin.html.

[66] E. Mitchell, C. Czoski-Murray, D. Meads, J. Minton, J. Wright, and M. Twiddy, “Clinical
and cost-effectiveness, safety and acceptability of community intravenous antibiotic service
models: Civas systematic review,” BMJ Open, vol. 7, 02 2017.

[67] J. A. Paladino and D. Poretz, “Outpatient parenteral antimicrobial therapy today,” Clinical
Infectious Diseases, vol. 51, pp. S198-5208, 2010.

[68] A. Chary, A. D. Tice, L. P. Martinelli, L. A. Liedtke, M. S. Plantenga, L. J. Strausbaugh, and
for the Infectious Diseases Society of America Emerging Infections Network, “Experience of
infectious diseases consultants with outpatient parenteral antimicrobial therapy: Results of

an emerging infections network survey,” Clinical Infectious Diseases, vol. 43, no. 10, pp. 1290—
1295, 2006.

[69] M. E Levison and J. H Levison, “Pharmacokinetics and pharmacodynamics of antibacterial
agents,” Infectious disease clinics of North America, vol. 23, pp. 791-815, vii, 12 2009.



BIBLIOGRAPHY 236

[70]

[71]

[72]

[73]

[82]

[83]

[84]

F. Y. S. Kong, T. W. Rupasinghe, J. A. Simpson, L. A. Vodstrcil, C. K. Fairley, M. J.
McConville, and J. S. Hocking, “Pharmacokinetics of a single 1g dose of azithromycin in
rectal tissue in men,” PLOS ONE, vol. 12, no. 3, pp. 1-14, 2017.

B. D. Davis, “Mechanism of bactericidal action of aminoglycosides,” Microbiological reviews,
vol. 51, no. 3, pp. 341-350, 1987.

P. M. Tulkens, “Aminoglycosides : Nephrotoxicity,” vol. 43, no. 5, pp. 1003-1012, 1999.

Y. Glupczynski and M. Tulkens, “Aminoglycosides : Activity and Resistance,” vol. 43, no. 4,
pp. 727-737, 1999.

K. Chang, Ototozicity, pp. 2542-2555. 01 2014.

“Aminoglycosides Overview,” The National Institute for Healthcare and Ezxcellence (NICE).

https://bnf.nice.org.uk/treatment-summary/aminoglycosides.html.

R. H. Drew, “Dosing and administration of parenteral aminoglycosides,”
https://www.uptodate.com/contents/dosing-and-administration-of-parenteral-

aminoglycosides.

“Amikacin,” The National Institute for Healthcare and  Excellence (NICE).
https://bnf.nice.org.uk/drug/amikacin.html.

“Tobramycin,”  The National Institute for Healthcare and Excellence (NICE).
https://bnf.nice.org.uk /drug/tobramycin.html.

B. Marquez, “Bacterial efflux systems and efflux pumps inhibitors,” Biochimie, vol. 87, no. 12,
pp- 1137-1147, 2005.

M. S. Ramirez and M. E. Tolmasky, “Aminoglycoside Modifying Enzymes,” Drug resistance
updates : reviews and commentaries in antimicrobial and anticancer chemotherapy, vol. 13,
no. 6, pp. 151-171, 2010.

B. R. Levin, M. Lipsitch, V. Perrot, S. Schrag, R. Antia, L. Simonsen, N. Moore Walker,
and F. M. Stewart, “The Population Genetics of Antibiotic Resistance,” Clinical Infectious
Diseases, vol. 24, no. Suppl 1, pp. S9-S16, 1997.

C. T. Bergstrom, M. Lipsitch, and B. R. Levin, “Natural selection, infectious transfer and the
existence conditions for bacterial plasmids,” Genetics, vol. 155, no. 4, pp. 1505-1519, 2000.

R. Kouyos, C. J. Metcalf, R. Birger, E. Klein, P. Abel zur Wiesch, P. P. Ankomah, N. Arinam-
inpathy, T. Bogich, S. Bonhoeffer, C. Brower, G. Johnston, T. Cohen, T. Day, B. Greenhouse,
S. Huijben, J. Metlay, N. Mideo, L. Pollitt, A. F. Read, and B. Grenfell, “The path of least re-
sistance: Aggressive or moderate treatment?,” Proceedings of the Royal Society B: Biological
Sciences, vol. 281, 11 2014.

E. M. D’Agata, M. Dupont-Rouzeyrol, P. Magal, D. Olivier, and S. Ruan, “The impact
of different antibiotic regimens on the emergence of antimicrobial-resistant bacteria,” PLoS
ONE, vol. 3, no. 12, pp. 4-12, 2008.



BIBLIOGRAPHY 237

[85]

[86]

[88]

[89]

[97]

L. Ternent, R. J. Dyson, A. M. Krachler, and S. Jabbari, “Bacterial fitness shapes the pop-
ulation dynamics of antibiotic-resistant and -susceptible bacteria in a model of combined

antibiotic and anti-virulence treatment,” Journal of Theoretical Biology, vol. 372, pp. 1-11,
2015.

E. Gjini and P. H. Brito, “Integrating Antimicrobial Therapy with Host Immunity to Fight
Drug-Resistant Infections: Classical vs. Adaptive Treatment,” PLOS Computational Biology,
vol. 12, no. 4, pp. 1-34, 2016.

T. Bjarnsholt, “The role of bacterial biofilms in chronic infections,” APMIS. Supplementum,
vol. 121, pp. 1-58, 05 2013.

W. Zimmerli, P. D. Low, and F. A. Waldvogel, “Pathogenesis of Foreign Body Infection,”
Journal of Clinical Investigation, vol. 73, pp. 1191-1200, 1984.

R. M. Donlan and J. W. Costerton, “Biofilms: Survival Mechanisms of Clinically Relevant
Microorganisms,” vol. 15, no. 2, pp. 167-193, 2002.

A. Srivastava, J. Gupta, S. Kumar, and A. Kumar, “Gut biofilm forming bacteria in inflam-

matory bowel disease,” Microbial Pathogenesis, vol. 112, pp. 5-14, 2017.

J. A. Smith, “Neutrophils, host defense, and inflammation: a double-edged sword,” Journal
of leukocyte biology, vol. 56, no. 6, pp. 672—686, 1994.

K. Donaldson, F. Murphy, R. Duffin, and C. Poland, “Asbestos, carbon nanotubes and the
pleural mesothelium: A review of the hypothesis regarding the role of long fibre retention in
the parietal pleura,” Particle and fibre tozicology, vol. 7:5, 03 2010.

P. S. Stewart, “Mechanisms of antibiotic resistance in bacterial biofilms,” International Jour-
nal of Medical Microbiology, vol. 292, no. 2, pp. 107-113, 2002.

C. W. Hall and T. F. Mah, “Molecular mechanisms of biofilm-based antibiotic resistance and
tolerance in pathogenic bacteria,” FEMS Microbiology Reviews, vol. 41, no. 3, pp. 276-301,
2017.

L. R. Hoffman, D. A. D’Argenio, M. J. MacCoss, Z. Zhang, R. A. Jones, and S. I. Miller,
“Aminoglycoside antibiotics induce bacterial biofilm formation,” Nature, vol. 436, no. 7054,
pp. 1171-1175, 2005.

N. G. Cogan, B. Szomolay, and M. Dindos, “Effect of Periodic Disinfection on Persisters in a
One-Dimensional Biofilm Model,” Bulletin of Mathematical Biology, vol. 75, no. 1, pp. 94-123,
2013.

S. T. Rutherford and B. L. Bassler, “Bacterial quorum sensing: its role in virulence and
possibilities for its control,” Cold Spring Harbor perspectives in medicine, vol. 2, no. 11,
pp. 1-26, 2012.

K. Winzer and P. Williams, “Quorum sensing and the regulation of virulence gene expres-
sion in pathogenic bacteria,” International Journal of Medical Microbiology, vol. 291, no. 2,
pp. 131-143, 2001.



BIBLIOGRAPHY 238

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

N. Hoiby, O. Ciofu, H. Krogh Johansen, Z. Song, C. Moser, P. @. Jensen, S. Molin, M. Givskov,
T. Tolker-Nielsen, and T. Bjarnsholt, “The clinical impact of bacterial biofilms,” International

journal of oral science, vol. 3, pp. 55-65, 04 2011.

T. K. Wood, S. J. Knabel, and B. W. Kwan, “Bacterial persister cell formation and dor-
mancy,” Applied and Environmental Microbiology, vol. 79, no. 23, pp. 7116-7121, 2013.

Y. Li, L. Zhang, Y. Zhou, Z. Zhang, and X. Zhang, “Survival of bactericidal antibiotic treat-
ment by tolerant persister cells of Klebsiella pneumoniae,” Journal of Medical Microbiology,
vol. 67, no. 3, pp. 273-281, 2018.

J. Bigger, “Treeatment of Staphylococcal Infections With Penicillin By Intermittent Sterili-
sation,” The Lancet, vol. 244, no. 6320, pp. 497-500, 1944.

R. A. Fisher, B. Gollan, and S. Helaine, “Persistent bacterial infections and persister cells,”
Nature Reviews Microbiology, vol. 15, no. 8, pp. 453-464, 2017.

H. Wu, C. Moser, H. Wang, N. Hgiby, and Z. Song, “Strategies for combating bacterial biofilm

infections,” International journal of oral science, vol. 7, 12 2014.

L. A. Mermel, M. Allon, E. Bouza, D. E. Craven, P. Flynn, N. P. O’Grady, I. I. Raad, B. J. A.
Rijnders, R. J. Sheretz, and D. K. Warren, “Clinical Practice Guidelines for the Diagnosis
and Management of Intravascular Catheter-Related Infection: 2009 Update by the Infectious
Diseases Society of America,” Clin Infect Dis, vol. 49, no. 1, pp. 1-45, 2009.

Z. Song, L. Borgwardt, N. Hgiby, H. Wu, T. Sandberg Sgrensen, and A. Borgwardt, “Pros-
thesis infections after orthopedic joint replacement: The possible role of bacterial biofilms,”
Orthopedic reviews, vol. 5, pp. 65—71, 06 2013.

H. Wang, H. Wu, O. Ciofu, Z. Song, and N. Hgiby, “Pharmacokinetics/pharmacodynamics
of colistin and imipenem on mucoid and nonmucoid pseudomonas aeruginosa biofilms,” An-

timicrobial agents and chemotherapy, vol. 55, pp. 4469-74, 06 2011.

Z. Song, K. Kong, H.-X. Wu, N. Maricic, B. Ramalingam, H. Priestap, L. Schneper, J. Quirke,
N. Hgiby, and K. Mathee, “Panax ginseng has anti-infective activity against opportunistic
pathogen pseudomonas aeruginosa by inhibiting quorum sensing, a bacterial communication
process critical for establishing infection,” Phytomedicine : international journal of phytother-

apy and phytopharmacology, vol. 17, pp. 1040-6, 11 2010.

K. L. Connolly, A. L. Roberts, R. C. Holder, and S. D. Reid, “Dispersal of group a strepto-
coccal biofilms by the cysteine protease SpeB leads to increased disease severity in a murine
model,” PLoS ONE, vol. 6, no. 4, pp. 1-10, 2011.

C. I. Liu, G. Y Liu, Y. Song, F. Yin, M. E Hensler, W.-Y. Jeng, V. Nizet, A. H-J Wang,
and E. Oldfield, “A cholesterol biosynthesis inhibitor blocks staphylococcus aureus virulence,”
Science (New York, N.Y.), vol. 319, pp. 1391-4, 04 2008.

Q. Wang and T. Zhang, “Review of mathematical models for biofilms,” Solid State Commu-
nications, vol. 150, pp. 1009-1022, 06 2010.



BIBLIOGRAPHY 239

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

O. Wanner and W. Gujer, “A multispecies biofilm model,” Biotechnology and Bioengineering,
vol. 28, no. 3, pp. 314-328, 1986.

B. E. Rittmann and P. L. McCarty, “Model of steady-state-biofilm kinetics,” Biotechnology
and Bioengineering, vol. 22, no. 11, pp. 2343-2357, 1980.

H. J. Eberl, D. F. Parker, and M. C. Vanloosdrecht, “A new deterministic spatio-temporal
continuum model for biofilm development,” Journal of Theoretical Medicine, vol. 3, no. 3,
pp- 161-175, 2001.

R. Duddu, “A two-dimensional continuum model of biofilm growth incorporating fluid flow
and shear stress based detachment,” Biotechnology and Bioengineering, vol. 103, no. 1, pp. 92—
104, 2008.

K. Anguige, J. King, and J. Ward, “A multi-phase mathematical model of quorum sensing
in a maturing pseudomonas aeruginosa biofilm,” Mathematical Biosciences, vol. 203, no. 2,
pp. 240 — 276, 2006.

E. Ben-Jacob, O. Schochet, A. Tenenbaum, I. Cohen, A. Czirdk, and T. Vicsek, “Generic
modelling of cooperative growth patterns in bacterial colonies,” Nature, vol. 368, pp. 4649,
Mar 1994.

J. U. Kreft, G. Booth, and J. W. Wimpenny, “BacSim, a simulator for individual-based
modelling of bacterial colony growth,” Microbiology, vol. 144, no. 12, pp. 3275-3287, 1998.

J. U. Kreft, C. Picioreanu, J. W. Wimpenny, and M. C. Van Loosdrecht, “Individual-based
modelling of biofilms,” Microbiology, vol. 147, no. 11, pp. 2897-2912, 2001.

D. T. Gillespie, “Exact Stochastic Simulation of Coupled Chemical Reactions,” J. Phys.
Chem., vol. 81, no. 25, pp. 2340-2361, 1977.

R. Erban, S. J. Chapman, Philip, and K. Maini, “A practical guide to stochastic simulations
of reactiondiffusion processes (available as http://arxiv.org/abs/0704.1908),” 2007.

Y. Cao, D. T Gillespie, and L. Petzold, “Efficient step size selection for the tau-leaping
simulation method,” The Journal of chemical physics, vol. 124, p. 044109, 02 2006.

M. A. Gibson and J. Bruck, “Efficient Exact Stochastic Simulation of Chemical Systems with
Many Species and Many Channels,” The Journal of Physical Chemistry A, vol. 104, no. 9,
pp. 1876-1889, 2000.

P. Clote and A. H. Bayegan, “RNA folding kinetics using Monte Carlo and Gillespie algo-
rithms,” Journal of Mathematical Biology, vol. 76, no. 5, pp. 1195-1227, 2018.

F. Taherkhani and S. Ranjbar, “Stochastic Approach for Enzyme Reaction in Nano Size via
Different Algorithms,” in Chemistry: The Key to our Sustainable Future (M. Gupta Bhowon,
S. Jhaumeer-Laulloo, H. Li Kam Wah, and P. Ramasami, eds.), pp. 189-206, Springer Nether-
lands, 2014.

J. Palanichamy and S. Palani, “Simulation of anaerobic digestion processes using stochastic

algorithm,” Journal of environmental health science & engineering, vol. 12, p. 121, 09 2014.



BIBLIOGRAPHY 240

[127]

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

138

[139)]

[140]

F. von Wegner and R. H. A. Fink, “Stochastic simulation of calcium microdomains in the
vicinity of an L-type calcium channel,” Furopean Biophysics Journal, vol. 39, no. 7, pp. 1079-
1088, 2010.

M. Tindall, P. Maini, S. Porter, and J. P Armitage, “Overview of mathematical approaches
used to model bacterial chemotaxis ii: Bacterial populations,” Bulletin of mathematical biol-
ogy, vol. 70, pp. 1570-607, 08 2008.

E. F. Keller and L. A. Segel, “Model for Chemotaxis,” J. theor. Biol., vol. 30, no. 2, pp. 225—
234, 1971.

E. F. Keller and L. A. Segel, “Traveling Bands of Chemotactic Bacteria: A Theoretical
Analysis,” J. theor. Biol., vol. 30, no. 2, pp. 235-248, 1971.

M. Holz and S.-H. Chen, “Spatio-temporal structure of migrating chemotactic band of Es-
cherichia coli. I. Traveling band profile,” Biophys. J., vol. 26, no. 2, pp. 243-261, 1979.

I. R. Lapidus and R. Schiller, “Model for the Chemotactic Response of a Bacterial Popula-
tion,” Biophys. J., vol. 16, no. 7, pp. 779-789, 1976.

T. Hillen and K. J. Painter, “A user’s guide to PDE models for chemotaxis,” Journal of
Mathematical Biology, vol. 58, no. 1-2, pp. 183-217, 2009.

H. M. Byrne and M. R. Owen, “A new interpretation of the Keller-Segel model based on
multiphase modelling,” Journal of Mathematical Biology, vol. 49, no. 6, pp. 604-626, 2004.

R. McLennan, C. M. Bailey, L. J. Schumacher, J. M. Teddy, J. A. Morrison, J. C. Kasemeier-
Kulesa, L. A. Wolfe, M. M. Gogol, R. E. Baker, P. K. Maini, and P. M. Kulesa, “DAN (NBL1)
promotes collective neural crest migration by restraining uncontrolled invasion,” Journal of
Cell Biology, vol. 216, no. 10, pp. 3339-3354, 2017.

J. E. Jones and S. Chapman, “On the determination of molecular fields. ii. from the equation
of state of a gas,” Proceedings of the Royal Society of London. Series A, Containing Papers
of a Mathematical and Physical Character, vol. 106, no. 738, pp. 463-477, 1924.

T. C. Lin and B. Eisenberg, “A new approach to the lennard-jones potential and a new
model: PNP-steric equations,” Communications in Mathematical Sciences, vol. 12, no. 1,
pp- 149-173, 2013.

J. B. Adams, “Bonding Energy Models,” in Encyclopedia of Materials: Science and Technol-
ogqy, pp. 763767, Elsevier, 2001.

H. Sha, R. Faller, G. Tetiker, and P. Woytowitz, “Molecular simulation study of alu-
minum-noble gas interfacial thermal accommodation coefficients,” AIChE Journal, vol. 64,
no. 1, pp. 338-345, 2017.

P. Atkins, J. De Paula, G. W. Castellan, I. L. Dresselhaus, M.S.; Thomas, S. M. Et al.,
L. Hakim, K. Koga, H. Tanaka, Y. H. Hu, E. Ruckenstein, J. P. J.H. van der Waals, W. L.
Jorgensen, J. D. Madura, K. Katsumasa, K. Koga, H. Tanaka, C. A. Koh, E. D. Sloan,
I. N. Levine, C. M, M. A. Mahabadian, A. Chapoy, R. Burgass, B. Tohidi, J. A. Ripmeester,



BIBLIOGRAPHY 241

[141]

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

[152]

S. Alavi, H. G. Shiraz, O. Tavakoli, V. V. Struzhkin, B. Militzer, W. L. Mao, H. K. Mao,
R. J. Hemley, H. Tanaka, K. Koga, H. G. Shiraz, O. Tavakoli, I. N. Levine, J. P. J.H. van der
Waals, L. Hakim, K. Koga, H. Tanaka, G. W. Castellan, P. Atkins, J. De Paula, X. Wang,
M. Dennis, W. Won, H. Kwon, J.-H. Han, J. Kim, Y. Zhang, X. Cheng, R. K. Zhdanov,
K. V. Gets, R. V. Belosludov, O. S. Subbotin, Y. Y. Bozhko, and V. R. Belosludov, Physical
chemistry. Oxford University Press, 2006.

R. A. Buckingham and J. E. Lennard-Jones, “The classical equation of state of gaseous helium,
neon and argon,” Proceedings of the Royal Society of London. Series A. Mathematical and
Physical Sciences, vol. 168, no. 933, pp. 264-283, 1938.

J. Y. Oh, Y. H. Koo, J. S. Cheon, B. H. Lee, and D. S. Sohn, “Molecular dynamics simulation
of the pressure-volume-temperature data of xenon for a nuclear fuel,” Journal of Nuclear
Materials, vol. 372, no. 1, pp. 89-93, 2008.

M. Dhugosz and J. Trylska, “Diffusion in crowded biological environments: Applications of
brownian dynamics,” BMC biophysics, vol. 4, p. 3, 03 2011.

T. N. Shendruk, M. Bertrand, J. L. Harden, G. W. Slater, and H. W. de Haan, “Coarse-
Grained Molecular Dynamics Simulations of Depletion-Induced Interactions for Soft Matter
Systems,” J Chem Phys, vol. 141, no. 24, pp. 1-11, 2014.

J. S. Kim and I. Szleifer, “Depletion Effect on Polymers Induced by Small Depleting Spheres,”
The Journal of Physical Chemistry C, vol. 114, no. 48, pp. 20864-20869, 2010.

P. J. Michalski and L. M. Loew, “SpringSal.aD: A Spatial, Particle-Based Biochemical Sim-
ulation Platform with Excluded Volume,” Biophysical Journal, vol. 110, no. 3, pp. 523-529,
2016.

R. Freter, H. Brickner, J. Fekete, M. M. Vickerman, and K. E. Carey, “Survival and im-
plantation of Escherichia coli in the intestinal tract,” Infection and immunity, vol. 39, no. 2,
pp- 686-703, 1983.

B. Ermentrout, Simulating, Analyzing, and Animating Dynamical Systems. Society for In-
dustrial and Applied Mathematics, 2002.

R. Kumar, G. Clermont, Y. Vodovotz, and C. C. Chow, “The dynamics of acute inflamma-
tion,” Journal of Theoretical Biology, vol. 230, no. 2, pp. 145-155, 2004.

P. A. Roberts, R. M. Huebinger, E. Keen, A.-M. Krachler, and S. Jabbari, “Mathemati-
cal model predicts anti-adhesion—antibiotic—-debridement combination therapies can clear an

antibiotic resistant infection,” PLOS Computational Biology, vol. 15, no. 7, pp. 1-39, 2019.

R. C. Allen, R. Popat, S. P. Diggle, and S. P. Brown, “Targeting virulence: can we make
evolution-proof drugs?,” Nature Reviews Microbiology, vol. 12, no. 4, pp. 300-308, 2014.

C. Baron, “Antivirulence drugs to target bacterial secretion systems,” Current Opinion in
Microbiology, vol. 13, no. 1, pp. 100-105, 2010.



[153]

[154]

[155]

[156]

[157]

158

159

[160]

[161]

[162]

[163]

[164]

[165]

I. Paterson, A. Hoyle, G. Ochoa, C. Baker-Austin, and N. Taylor, “Optimising antibiotic
usage to treat bacterial infections,” Scientific Reports, vol. 6, p. 37853, 11 2016.

M. Imran and H. Smith, “A model of optimal dosing of antibiotic treatment in biofilm,”
Mathematical biosciences and engineering : MBE, vol. 11, pp. 547-71, 06 2014.

Arrol B., F. Goodyear-Smith, D. Thomas, and N. Kerse, “Delayed antibiotic prescriptions :
What are the experiences and attitudes of physicians and patients?,” The Journal of Family
Practice, vol. 51, no. 11, pp. 954-959, 2002.

G. Spurling, C. Del Mar, L. Dooley, R. Foxlee, and R. Farley, “Delayed antibiotic prescriptions

for respiratory infections,” Cochrane Database of Systematic Reviews, vol. 9, no. 9, 2017.

F. A. Davidson and A. I. Savory, “Existence and meta-stability of steady states of a model
for chemotaxis,” Nonlinear Analysis: Real World Applications, vol. 17, pp. 101 — 113, 2014.

M. Guo, S. Gamby, Y. Zheng, and H. Sintim, “Small molecule inhibitors of ai-2 signaling in
bacteria: State-of-the-art and future perspectives for anti-quorum sensing agents,” Interna-
tional journal of molecular sciences, vol. 14, pp. 17694-17728, 09 2013.

S. J. Hussey, J. Purves, N. Allcock, V. E. Fernandes, P. S. Monks, J. M. Ketley, P. W.
Andrew, and J. A. Morrissey, “Air pollution alters Staphylococcus aureus and Streptococ-
cus pneumoniae biofilms, antibiotic tolerance and colonisation,” Environmental Microbiology,
vol. 19, no. 5, pp. 1868-1880, 2017.

K. Thiel, “Old dogma, new tricks—21st Century phage therapy,” Nature biotechnology, vol. 22,
no. 1, pp. 31-36, 2004.

G. P. C. Salmond and P. C. Fineran, “A century of the phage: past, present and future,”
Nature Reviews Microbiology, vol. 13, no. 12, pp. 777-786, 2015.

H. Briissow, “Phage therapy: The Escherichia coli experience,” Microbiology, vol. 151, no. 7,
pp- 2133-2140, 2005.

W. C. Summers, “The strange history of phage therapy,” Bacteriophage, vol. 2, no. 2, pp. 130-
133, 2012.

S. W. Vidurupola, “Mathematical Models for Bacteriophage Dynamics Applicable to Phage
Therapy,” Master’s thesis, Texas Tech University, U.S.A., 2013.

S. Sahani and S. Gakkhar, “A mathematical model for phage therapy with impulsive phage
dose: Model for phage therapy,” Differential Equations and Dynamical Systems, 05 2016.



	Introduction
	Literature review
	Overview
	The innate immune response
	Biology background of the innate immune response
	Mathematical models of the innate immune response

	Bacteria protein synthesis
	Biological background of bacteria protein synthesis
	Mathematical models of bacterial protein synthesis

	Enteropathogenic Escherichia Coli
	Biology of an EPEC infection

	Antibiotics
	Mechanism of antibiotics
	Mathematical models of antibiotic application

	Biofilms
	Biology of biofilms
	Mathematical models of biofilms

	The Gillespie algorithm
	Overview
	The algorithm

	Mathematical models of chemotaxis
	Volume exclusion
	Summary

	A mathematical model of bacteria-immunity interaction
	Overview
	Model formulation
	Steady state and stability analyses
	Steady state analysis
	Stability analysis
	Steady state analysis summary

	Sensitivity and bifurcation analyses with numerical simulation
	Steady state sensitivity analysis
	Bifurcation analysis
	Numerical simulations

	Summary

	A mathematical model of an EPEC infection
	Overview
	Basic model formulation
	Basic model: steady state and stability analyses
	Steady state analysis
	Stability analysis
	Steady state analysis summary

	Basic model: sensitivity, bifurcation and numerical simulation analyses
	Overview
	Steady state sensitivity analysis
	Bifurcation analysis
	Numerical simulations
	EPEC basic model summary

	A subcellular gene network (GRN) for bacterial protein synthesis
	Introduction
	Formulation of the GRN
	Constant antibiotic concentration
	Varying antibiotic concentration

	The coupled EPEC model
	Introduction
	Formulating the model
	Steady state and stability analysis
	Numerical simulations
	Coupled model summary

	Summary

	A hybrid model of an EPEC-specific infection
	Introduction
	Model formulation
	Overview
	Macro-scale model equations
	Cell-scale dynamics
	Sub-cellular scale dynamics

	Numerical implementation
	Macro-scale

	Cell level mechanisms
	Overview
	Movement of bacteria
	Movement of leukocytes
	Phagocytosis
	Volume exclusion
	Recruitment and death of leukocytes
	Production of pro-inflammatory mediators by leukocytes

	Sub-cellular scale processes
	Summary

	Results of the hybrid model
	Overview
	Numerical experiments and parameters
	Results in the absence of antibiotic
	Results in the presence of antibiotic
	Discussion

	A PDE model for chemotactic leukocyte recruitment
	Overview
	Model formulation
	Model analysis
	Numerical simulations
	Stability analysis

	Discussion

	The formation of bacterial biofilms and their effects on the infection
	Overview
	Model development
	Biofilms and their effects
	Pro-inflammatory mediator production

	Model implementation
	Results
	Discussion

	Conclusions and further work
	Preamble
	Models and results
	Treatment strategies
	Further work

	Appendix
	Showing that equation (3.10) only has one root with p>0:
	EPEC ODE model — Jacobian elements
	EPEC ODE model — reducing the Jacobian matrix at the disease free state
	A toy model of pro-inflammatory mediator production by leukocytes
	Introduction
	Model formulation
	Summary

	Hybrid model - showing numerical convergence for a decreasing time-step
	Hybrid model - deriving expression for an approximation to the second derivative for a non-uniform mesh
	Hybrid model - deriving the probability of phagocytosis
	Hybrid model default parameter sets
	Biofilm model baseline parameter values
	Stability analysis of (7.2)


