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Abstract

High dimensional small sample sized (HDLSS) datasets are datasets which contain
many features but a limited number of samples. High dimensional low sample size
datasets are commonly found in microarray data and medical imaging (Hall et al.,
2005). Most algorithms were not created with high dimensional low sample size data in
mind. Due to this, predictions made with these datasets do not perform well. Classifi-
cation algorithms select and discriminate against features which give good prediction.
Most classification algorithms assume the Euclidean space. In the Euclidean space, all
the data points form an equidistant simplex under the HDLSS asymptotic if the data
points are drawn independently from a distribution. Hence, using Euclidean based
distance metrics as commonly done by metric learning and K-Nearest Neighbour be-
comes a hard task. Classifiers such as Support Vector Machines (SVM) have issues with
data piling. Support vectors tend to pile on one another causing difficulty in finding
the optimal hyperplane. Algorithms such as neural networks and manifold learning
require reasonably large amounts of samples to accurately model the data. Further,
neural networks, though they can capture the intrinsic dimensionality of the data, they
have a black box problem which reduces interpretability of the model. In medical and
biological fields, it is desirable to be able to map backwards to the input features that
contribute to the prediction. Classifiers also have a tendency to perform poorly due to
the misrepresentation of the structure of the data when the density estimation degen-
erates. The degeneration of the estimation occurs due to the lack of samples. There-
fore, it can be seen that that the challenges that are faced by HDLSS data for classifica-
tion are two fold: i) high dimensionality of the data ii)low sample size of the data.

In our research, we only deal with the high dimensionality problem of HDLSS
data. Generating more samples which is usually done to increase the samples size is
not in the scope of this research. In order to deal with high dimensionality for classifi-
cation, common techniques in the literature include i) preprocessing the feature space
through the use of feature extraction or selection prior to classification ii) using mod-

els with latent structures to capture the intrinsic dimensionality of the data. Feature
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selection and extraction methods that have been previously explored deal with high
dimensional asymptotics. This means that although the dimensionality is high, the
number of samples is larger than the dimensionality size. In the Euclidean space, un-
like points in HDLSS data which become equidistant, the data points lie on a narrow
strip on the Euclidean sphere. Classical feature extraction methods such as Principle
Component Analysis (PCA) which works well under high dimensional asymptotic be-
comes unstable after a certain point as the eigenvalues can become zero in the HDLSS
case (Bishop, |2006). Due to the nature of the data which tends to have correlated fea-
tures, finding higher order interactions may be potent. Brown ef al. (2012) studied the
application of information theory based feature selection methods and found that only
some methods perform well in HDLSS circumstances. In light of this, we use Correla-
tion Explanation (CorEx) (Ver Steeg and Galstyan, 2014a) which is reported to be able
to handle high dimensional low sample size data through the use of marginals rather
than the full probability distribution of the data to estimate the probability density
function.

Correlation Explanation is an unsupervised probabilistic graphical model based
on information theory. Unlike Neural Networks, it is also easily interpretable. Using
CorEx, we deal with the high dimensionality challenge in HDLSS data for classification
by i) proposing feature selection and extraction under the discriminant classification
model ii) proposing an inference algorithm under the generative classification model.
In order to fulfil the two proposed methods, we needed to model the CorEx algorithm
such that class labels can be incorporated. We call this model CorEx-C. The CorEx-C
model is able to accurately determine features that are related to the class label with
HDLSS data provided its assumptions are not violated. Using the CorEx-C model, the
feature extraction and selection methods that were proposed is competitive with the
feature selection methods that work with HDLSS data. In the literature,the current fea-
ture selection and extraction methods are catered mainly for high dimensional data.
We show through the comparison between some existing methods that not all meth-
ods can be directly extended to HDLSS settings. This proposed feature selection and
extraction method extends the research to aim for HDLSS settings. It also brings into
view that more research is required to circumvent the curse of dimensionality in the
HDLSS setting. Finally, our proposed inference algorithm (CorEx-Ci) was constructed
using mean field approximation. Current classification techniques generally require
preprocessing the data with dimensionality reduction when the dimensions are very
high. They are also known to have many drawbacks in the HDLSS setting as they

were not built with HDLSS data in mind. The exception to this would be Distance
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Weighted Discriminant and Maximal Data Piling, which were created for the HDLSS
domain.These methods were proposed in literature as an extension to the SVM algo-
rithm for HDLSS data. Our proposed inference algorithm aims to tackle inferencing for
HDLSS data from the vantage point of probabilistic graphical model under the genera-
tive classification model umbrella. It performs comparatively with other classification
techniques. We ran controlled experiments using simulated data to test the capability
of a few different classification models and CorEx-Ci when sample size varies and the
number of features varies. The increased sample space and feature space only causes
slight changes to the performance of CorEx-Ci. However, CorEx-Ci has a slightly higher
asymptotic error compared to other classification algorithms possibly due to the viola-
tion of the data generation assumption. A future work would be expand this assump-

tion and add constraints to the training phase to accommodate it.
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Chapter 1
Introduction

A high dimensional low sample size (HDLSS) dataset is a dataset where the dimen-
sionality increases while the number of samples available is fixed or increases but at a
much slower pace than the dimensionality. High dimensional low sample size can be
found with medical images, microarray datasets and some of the healthcare datasets.
Advances in modern technology allows images to have higher resolution, hence in-
creasing the dimensionality of the dataset. However, in cases such as medical imaging
and gene expression, the number of samples obtained is low as the cost of obtaining
samples can be high. Hall e al|(2005) claim that in the fields of genomics, chemomet-
rics and functional analysis, having HDLSS datasets is becoming common.

Data collection sometimes known as data harvesting is done readily by differ-
ent organisations. With improved communication and sharing of information, experts
from different fields can create a portfolio containing events that might be deemed
useful. However, data harvesting done through the web could threaten the privacy of
many individuals. Either way data is being amassed readily causing many of the infor-
mation to be redundant or unimportant to the task at hand. As such the role of data
mining is to discern the different patterns that exist within the collected data to identify
important patterns.

Classification algorithms are a part of the supervised learning framework. The
goal of classification is to assign a class, ¢ to an input vector, X. The input space is
divided by using decision boundaries in order to assign a class label. Most classifiers
are being built to deal with high dimensional data. In general, most algorithms assume
the Euclidean space. High dimensional data tend to lie on a narrow strip within the Eu-
clidean sphere. However, the setting of a high dimensional low sample size data is dif-
ferent. The data points drawn independently from a distribution becomes equidistant
in the HDLSS case (Hall ez al., 2005). The methods such as K-Nearest Neighbour and



Support Vector Machines (SVM) which are able deal with high dimensional data well
do not work as well in the high dimensional low sample size data setting. K-Nearest
Neighbour suffers due to points being equidistant while SVM suffers from data piling
near the hyperplane. State-of-the-art classifiers such as deep neural networks require
large quantities of samples to train the model. Some studies on using small samples
have been conducted with deep neural networks in (Feng et al., 2019). However, the
features were reduced in dimension using PCA. The effectiveness of PCA reduces as
the sample size decreases and the dimensions increases (Bishop, 2006). Neural net-
works especially deep neural networks also have a high variance problem when the
sample size is small (Liu et al., 2017a). Extracting the underlying structure of a dataset
can enable better understanding of the dataset. It is also able to better discriminate
among classes. Information theoretic methods aim at learning the intrinsic patterns
which exist within the data and capturing it to be used for classification purposes.
Unlike neural network models which require a function approximator to estimate
the probability distribution, directed probabilistic graphical models can directly esti-
mate the probability distribution. Directed graphical models also allow one-to-one
mapping between input variables and latent variables. This gives flexibility to interpret
the data. Density estimation methods used in general require a reasonable sample size
(Silverman, [1986). The lack of samples can cause the degeneration of the density es-
timation method. This in turn reduces the accuracy of representation of data learnt.
Hence, there is a need to improve and explore the current capability of machine learn-
ing techniques to accommodate HDLSS datasets. The main focus of this research is
to treat the class labels as one of the input features, how probabilistic graphical mod-
els can be used to select and extract features, and directly perform inferencing. In-
formation theory allows the modelling of higher order interactions between the input
features. This is useful especially in high dimensional situations when there may be
high levels of redundancy. Probabilistic graphical models based on information the-
ory deals with non-linear relationships within data. It also has the advantage of better
interpretation of the data which is desirable in the medical field. In light of this, Cor-
relation Explanation (CorEx) which was formulated by Ver Steeg and Galstyan| (2014a)
is used as a case study in this research. Correlation Explanation is an unsupervised
graphical model based on total correlation. Total correlation is a generalization of mu-
tual information to accommodate multivariate data. CorEx is reported to learn the
intrinsic structure of a data even when the sample size is low. This is due to it requir-
ing less data to estimate the density through the use of marginals rather than the full

probability.



Classification algorithms can be broken into two broad categories, i.e. discrimi-
nant classifiers and generative classifiers. A discriminant classifier learns a direct map-
ping of the posterior probability, p(c|X) from the input data. Meanwhile, a generative
classifier learns to model the joint probability before computing the posterior proba-
bility. Generative models have high computational complexity as it tries to learn the
joint probability of the data. The lower sample size would mean that the joint prob-
ability may be far from the population distribution. Assumptions are made in order
to make the algorithms tractable. A problem that arises from learning the posterior
probability for HDLSS data through the use of covariance matrix is that the covariance
matrix generated may not be accurate (Ahn ef al.,|2007). This is due to the lack of a
reasonable sample size. Further, data points have a tendency of piling (Marron et al.,
2007) or being equidistant (Beyer ef al.,|1999) from each other.

Hence, it can be seen that there are two broad classes through which challenges
due to HDLSS can be dealt with. The first challenge of HDLSS is its high dimension-
ality. Existing methods that deal with the challenge include feature selection (Brown
et al., 2012), manifold learning (Li et al., 2019), metric learning (Yang and Jin, 2006),
and the state-of-the-art representation learning (Mahmud et al.,2018). Principle Com-
ponent Analysis (PCA) is a method commonly used to reduce the dimensionality of the
data. In literature (Jung et al.,|2009), PCA is studied to determine under which circum-
stances the estimation of its statistical distribution can be used for HDLSS data such
that the variance is low. It does not look into the intrinsic dimensionality of the data.
Metric learning, manifold learning, and state-of-the-art representation such as neural
networks learn intrinsic dimensionality of the data. Mahmud et al. (2018) showed that
using variational autoencoder (VAE) as a preprocessing step to reduce the input di-
mension works better than some of the other feature extraction methods such as PCA
and fast Independent Component Analysis (fastICA). The drawback with VAE is that it
is slightly difficult to map the interactions between features that may be related to the
performance of the classifier. Metric learning and manifold learning methods on the
other hand require a reasonable sample size in order to learn an accurate representa-
tion of data. Collecting more data to do so can be very expensive especially in medical
fields.

The second challenge is the low sample size which results in less accurate sam-
ple distribution and related statistics having large variances. Existing methods to deal
with the problem include upsampling (Maldonado et al., |2019) and generating artifi-
cial samples (Yang et al.,2011). Random upsampling using algorithms such as SMOTE

can lead to overfitting of any classification model when the number of samples is ex-



tremely small. This is due to very small variability between samples in the training set
when the algorithms are used. Hence, the second challenge is not directly addressed
in this research as some preliminary results with variational autoencoders have shown
that it is difficult to assess the quality of the random samples generated as to whether
they would reflect the true data distribution when the real data sample size is very
small. Thus the second challenge is out of scope. The research focus of this thesis is

the first challenge.

1.0.1 Research Statement

This research tries to classify HDLSS data through learning the intrinsic structure
of the data that is related to the class labels.

High dimensional low sample size data are becoming more common as data is
being collected. Examples of data with HDLSS asymptotics include medical images
such as MRI and CT scans and microarray gene datasets. Collecting sufficient samples
are expensive. Many common classification algorithms are not built with HDLSS data
in mind. They suffer problems such as overfitting, data piling, and data points being
equidistant from each other. HDLSS data has two main challenges, namely its high
dimensionality and its low sample size. We will be focusing on the challenge of the
high dimensionality of the HDLSS data. Moreover, high dimensional low sample size
data usually has a lower intrinsic structure.

In the literature, two common methods are enforced to deal with high dimen-
sionality, i.e. feature selection and extraction as a preprocessing step to classification
or using latent variable models to capture intrinsic dimensionality of the data. Classi-
cal feature extraction methods such as PCA are unstable as the principle components
are only defined until the number of features (Bishop, 2006). State-of-the-art latent
models such as Neural Networks require large amounts of data to accurately model
the data. Hence there is a need to study and understand classification for HDLSS data.

In order to deal with the high dimensionality of HDLSS data, we use Correlation
Explanation (CorEx) as our case study. We extend the CorEx model to include the class
label which we call as CorEx-C. We conduct feature extraction and selection under the
discriminative classification framework. We also use CorEx-C to perform inferencing
through the use of mean field approximation. Mean field approximation is a varia-
tional inference method. It makes the assumption that the latent features are inde-

pendent of each other.



1.0.2 Aims & Objectives

The overall aim of this research is to classify HDLSS data through learning an in-

trinsic structure or representation of the data that is related to class labels. The specific

objectives include:-

1.

To design a graphical model that is able to represent and capture the relationship

of observed data (features & labels) and its intrinsic hidden structure.

. To propose a feature extraction/selection method based on the proposed graph-

ical model for HDLSS data classification under the discriminative classification

framework.

. To propose an inference algorithm based on the proposed graphical model for

HDLSS data classification under the generative classification framework.

To evaluate the proposed graphical model and classification algorithms with

both simulated data as well as benchmark datasets.

1.0.3 Contributions

1.

2.

3.

The contributions of this thesis based on the aims and objectives are as follows:-

A graphical model based on CorEx but with class label as an additional feature,
which we name as CorEx-C model is proposed. We exploited the modularity of
CorEx between features and latent nodes to model a mixture of distributions. We
show that CorEx-C is able to learn features which are strongly connected to the

class label, if the data generation assumptions made holds.

A feature extraction method and a feature selection method based on the con-
nection between class label and hidden nodes and features through hidden
nodes respectively is proposed. The methods were run using the CorEx-C model.
Experimental results have shown that the two methods are comparable to the
state-of-the-art information theoretic based feature extraction and selection
methods such as Maximum Relevance Minimum Redundancy, Infomax Inde-

pendent Component Analysis, and Kernel Entropy Component Analysis.

A Bayesian inference method based on the Mean Field inference concept for a
trained CorEx-C model is proposed. Experimental results on both simulated

data and benchmark datasets have shown that the proposed inference method is



comparable to discriminative methods. Control experiments were done to eval-
uate the trend shown when the dimensionality of the original feature space in-
creases. It was seen that redundancy is bad only if the redundant features are not
relevant to the class labels. Through the simulated data, we show that adding
relevant features as redundancy causes a bias which could help improve classifi-
cation performance. Experiments were also run to understand the ability of the

classification methods when sample size increases.

1.0.4 Scope & Limitation
The scope and limitations of this research includes the following:-

1. The current research primarily concerns binary classification problems, but the

proposed methods can be easily extended to multi-class classification problems.

2. The current research does not consider generating artificial samples to upscale
the sample size. There have been some preliminary experiments on employing
variational autoencoder on very small sample size data (n < 100) but the gener-

ated results were not representative of the sample distribution.

3. The current research has instantiated the idea based on CorEx as the case study
method. CorEx was selected as it is able to handle high dimensional data as well
as data with small sample sizes. However, it is possible to explore and implement
the concept on other unsupervised graphical models. An unsupervised method

can be directly converted to a supervised method if the class labels are available.

1.0.5 Organisation of the Thesis

Chapter 2 of the thesis consists of the literature review. Some analysis of the ge-
ometry of HDLSS data is reviewed along with common machine learning methods.
The basics of probability graphical model is also introduced in this chapter. Chapter
3 discusses the methodologies used to propose CorEx-C, using CorEx-C for feature ex-
traction and selection under the discriminant classification umbrella, and the formula-
tion of CorEx-Ci under the generative classification umbrella. The results are analysed

in Chapter 4. Chapter 5 gives the conclusion and lists out some future work.



Chapter 2

Literature Review

2.1 Analysis of High Dimensional Low Sample Size
Dataset

High dimensional low sample size datasets occur due to the vast harvesting of data
that exists. The data harvested are often times irrelevant or redundant to the problem
at hand. As such it is said to be hit by the curse of dimensionality as the data is ex-
tremely high dimensional while the training of the data is restricted due to low sample
size. The classical asymptotic analysis deals with an increasing number of samples, n
with the dimensionality, d being fixed (Ahn,|2006). However, there exist other forms of

asymptotics. They are: -

1. n— o0o,d — oo and d/n — y € (0,00). As the number of samples, n increase so
does the number of dimensions, d. It is often also assumed that the ratio of d/n
goes to some constant (Ahn,|2006). This case of asymptotics are the ones that are

related to high dimensional datasets.

2. nisfixed, d — oo: The number of samples remains constant even as the number
of dimensions increase. Such a case is usually termed as high dimensional low

sample size dataset (Hall et al.,[2005).

It is the latter case that will be studied in this thesis.
The understanding of the structure of HDLSS data will form the basis of our critic

throughout the thesis.
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2.1.1 Geometrical Structure of High Dimensional Low Sample Size

Dataset

According toHall et al. (2005), the geometrical structure of random samples from
a Gaussian distribution N '(u, 0?) for HDLSS datasets does not lie near the population
mean. Normally distributed Gaussian states that most samples should concentrate
around the centre. That is to say that approximately 68% of the data lie between u—o
and p + o where p is the mean and o is the standard deviation. Therefore, for a 10-
dimensional dataset it is approximated that only 0.02% of the data will lie within the
hypersphere graph for high dimensional low sample size dataset. This points towards
the fact that as the dimensionality increases, the samples become farther away from

each other, increasing the sparsity of the dataset.

Geometric Analysis of High Dimensional Low Sample Size Data

The increase in dimensionality, d, when the number of samples, 7, is fixed causes the
pairwise distance between data vectors to become constant (Hall ef al, 2005). This
would mean that the data in HDLSS setting lies only in random rotations of a regular
simplex in R?. Due to the fact that it is lying at the vertices of a regular simplex, the
distance between the data points will be almost equidistant from each other. In Eu-
clidean space, the geometric distance between any two points is the same as between
that point and other points (Hall ez al.,|2005). As such, many of the machine learning al-
gorithms that use Euclidean distances to classify or cluster HDLSS data set will not per-
form as well. The pairwise distances between each point form an n-simplex (National
and Recherche, 1986). In a standard Gaussian representation- let Z(d) = {Z M., zdy
be a d-dimensional random vector where N(0, I), where I is the identity covariance
matrix - the Euclidean distance using the simple delta method calculation is given by

(Hall et al.,[2005),

d 2 1
1zil= (Y. Z®*)2 =dz +0,() 2.1)
k=1

Eq. shows that the data tends to lie near the expanding sphere as d — oco (Hall
et al.,2005). By expanding Eq. to two independent vectors, Z;(d) and Z(d) from
the standard normal,the following equation is produced by Hall et al.|(2005) using the
delta method,

12, - Zoll = (2d)? +0,(1) (2.2)



2.1 Analysis of High Dimensional Low Sample Size Dataset 9

as d — oo. This shows that the data points tend to be deterministically apart. By look-
ing at the angles between the data point, the pairwise angles are almost equal (Hall

et al.,2005). The angles are given by Hall et al. (2005) using the delta method,
1
ang(Z), Z;) = S+ 0,(d"?) 2.3)

where O,, (Big-0) is the stochastic boundedness. The pairwise angles point to the fact
that they are approximately perpendicular to each other (Hall ez al., 2005).

Both Eq.(2.2) and Fig.(2.3) hold for pairwise points, hence showing that pairwise
distances are almost the same. Since the pairwise distances are almost the same, it
can then be said that the points lie at the vertices of an equilateral triangle for the case

where the intrinsic dimensionality is 3.
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Figure 2.1: Geometric representation and convergence of 3-simplex when d increases

by a)2 b)20 c) 200 d) 20,000. This illustration is taken from Hall ez al. (2005).

2.1.2 Analysis of Covariance Matrix in High Dimensional Low

Sample Size Settings

The HDLSS dataset does not have enough data to correctly and accurately es-
timate the covariance matrix. The covariance matrix is used to detect the underlying
distribution of the data. Due to this, efforts to produce meaningful estimates or predic-
tions becomes a difficult task (Ahn ef al.,2007). The matrices of HDLSS data sets have
been found to be singular and the covariance matrix is not full rank (Hall et al., 2005). A
matrix that is singular is not invertible, meaning that the determinant of the matrix will

be 0 and the eigenvalues may also be 0 (Ahn, 2006). This could mean that its columns
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may be a combination of other columns in the dataset. Hence, the columns may not
be independent of each other and are possibly correlated to each other. An implica-
tion of this may be that unlike most other types of datasets, the HDLSS datasets cannot
‘sphere the data’ (Hall e al., 2005). ‘Sphering the data’ would mean to multiply the data
vector by the square root inverse of the covariance matrix (Hall et al., 2005). Therefore,
statistical methods that are used for analysis which are based upon covariance data
may not work very well for datasets that are high dimensional and low sample size.
Ahn et al|(2007) states that the lack of data samples in the dataset can lead to a
wrongly perceived geometry of the underlying covariance structure. The learning of an
incorrectly generated covariance structure can lead to poor performance of a dataset.
Bentler (1996) states that sample size is critical as most statistics is based on the as-
sumption that the number of samples available will become arbitrarily large (Bentler,
1996). This is clearly not the case with HDLSS datasets where the number of samples
remain fixed. Hence, the traditional methods of statistical analysis of datasets require a

reasonably large number of data samples which is not available with HDLSS datasets.

2.1.3 Analysis of Statistical Tests for Sphericity

Sphericity is a condition where the variances of the differences between all pos-
sible parts of a group is equal. It is an important assumption made by statistical tests
such as ANOVA. Violation of the sphericity assumption by HDLSS data would mean
that statistical tests cannot be reliably used. Mauchly’s test of sphericity is the for-
mal method to test the assumption of sphericity. Mauchly’s test (Mauchly, 1940) for
sphericity was used in /Ahn ef al|(2012) to test the departure from it. The hypothesis
used is given as follows,

Hy:) =0°I (2.4)

\'S

Hy:y #0°1 (2.5)

where o is the standard deviation, is not specified and }_ is the covariance matrix in a
multivariate Gaussian distribution with mean, p = 0. Hy is the null hypothesis, the test
for sphericity while H is the test for non-sphericity (Ahn et al., 2012). These hypoth-
esis formed is an ANOVA method, which is validation through a repeated measure of
analysis of variance. If the likelihood of the first test is more than a certain value ( a
constant is chosen accordingly by the researcher who tests the hypothesis), then the

sphericity holds as the as the null hypothesis is not rejected (Ahn ez al), 2012).
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The maximum likelihood formula used to test this is given by,

1
|A]2"
Ri=—— (2.6)
(tr(A)/d)2%"
where A =nS, S = %XXT, X is a d x n matrix with d, dimensions, tr is the trace of
the matrix and n is the sample size. The likelihood criterion proposed by Maulchy;,
however, if S is singular, this test cannot be used as it is degenerate. As such, a different

criterion was used to test the sphericity condition. It is given as follows (John, 1971),
1 2
U:Etr[(S—I) | 2.7)

where I is the identity matrix. This method holds when d >> n.

The consequence of violating the sphericity is an increase in the number of Type I
errors, i.e., false positive errors. Hence, the conventional multivariate analysis does not
work for HDLSS because it was developed under the n — oo with d fixed framework.
Under the normal data asymptotics, when the test holds, it is easy detect the deviation
from sphericity. However, when even the test degenerates, the authors believe new
algorithms should be explored and formulated to handle it.

The other hypothesis testing problem is to test whether the underlying covariance
matrix is equal to the given positive definite matrix, }_¢. This condition can be tested

using ANOVA on the following hypothesis:
Hy:) =1 (2.8)

\'S)

Hy:) #1 (2.9)

by multiplying the data by }", %. If the null hypothesis Hj holds, it means that the un-
derlying covariance is equal to the given positive definite matrix. This would imply that
the eigenvalues are all more than zero, which is an important trait for Principle Com-
ponent Analysis (PCA) as it uses the first few eigenvectors to characterise the dataset.
On the other hand, if H; holds, the underlying covariance is not equal to the positive
definite matrix. This means that the eigenvalues could be zero. This could also mean
that a variable could be linearly dependant on other variables, leading to a possible
correlation among the data. [Nagao|(1973) derived V as the equivalent of U to test the

second hypothesis. V is given by:
1 2
V:Etr[(S—I) ] (2.10)

While U holds for when d >> n in the test for sphericity, V does not hold under

the d >> n conditions to test the second hypothesis. V tends to degenerate when d



2.2 Investigation of Classification Methods in High Dimensional Low Sample Size
Conditions 12

exceeds the number of samples in the dataset. Ledoit and Wolf (2002) introduced a

modified version of V which holds even when d >> n. This is given by,

1 5. d_ 1 , d
W=—=tr[(S—D°]1——[—=tr(S)]“+— (2.11)
d nd n

As such, it can be seen that new techniques of analysis have to be produced in or-
der to test the capabilities of HDLSS datasets to the fullest. Statistical methods do not
always extend towards the HDLSS asymptotics. Most of the tests and analysis done
were mainly under the fixed d and increasing n framework where n >> d. New analyt-
ical methods have to be created for the HDLSS framework as done by Ledoit and Wolf
(2002). It should also be noted that any method that requires the use of the inverse
of the covariance matrix will not work due to the singularity of the covariance matrix.

This would mean that the Moore-Penrose inverse would have to be applied.

2.2 Investigation of Classification Methods in High
Dimensional Low Sample Size Conditions

Classification tasks can be modeled using either a discriminative classifier or a gen-
erative classifier. Discriminative classifiers learn the posterior, p(c|X) directly from
mapping the input X to the class labels c. Meanwhile, generative classifiers learn a
model of the joint probability, p(X, ¢), where ce C, X € (X3, X»,...,Xy), and d € D is the
number of dimensions. Predictions are then made using Bayes’ rule to pick the most
likely class label. Discriminant models focus on separating the decision boundary be-
tween classes while generative models focus on capturing the underlying data gener-
ation process (Tu, [2007). According to Ng and Jordan| (2002), discriminative models
achieve a lower asymptotic error rate compared to generative models as given by the

following proposition:

€(hpis,inf) < €(NGen,inf) (2.12)

where €(hpjs,inf) is the error of any population version of any discriminative classifier.
€(hgen,int) refers to the error of any population version of the generative classifier. This
proposition forms the basis of the belief that discriminant classifiers are better than
generative classifiers. An assumption made here is that the classifiers have finite Vap-
nik—Chervonenkis (VC) dimensions. The sample complexity for discriminant classi-
fiers are said to be lower bound by w(n), where n is the sample size. Generative mod-

els requires lower amounts of training samples (O(logn)) to approach hgen ins. This
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implies that with lower amounts of training samples (O(logn)), a generative model
should be able to reach its asymptotic error at a faster rate than discriminative mod-
els. This indicates that as the sample size increases, the discriminative model should
perform better than the generative model (due to the fact that it has lower asymptotic
error). Asymptotic error is the standard error when the number of samples approach
infinity, n — oco. It has to be noted that Ng and Jordan| (2002) made the propositions
for the generative models by considering Naive Bayes which decouples into indepen-
dent closed form optimization problem. This is not necessarily the case for all gener-
ative models (Liang and Jordan, 2008). Generative models generally make simplified
assumptions in order to learn the data generation process, e.g. conditional indepen-
dence assumption of Naive Bayes. However, generative models try learn a richer struc-
ture of the classes compared to discriminative models.

Examples of generative models include Naive Bayes and graphical models. Sup-
port Vector Machines (SVM), K-Nearest neighbour, and traditional neural networks are

discriminative models.

2.2.1 Support Vector Machines (SVM)

SVMs work as a binary classifier. Multi-class classification can be done with SVM
by combining multiple binary classifiers (Bishop, 2006). SVM uses the concept of maxi-
mal margin to classify the data. A maximal margin is the sum of the distances from the
separating hyperplane from the closest example of class a to the closest example in
class b (Bishop, 2006). The larger the margin between these classes the better the gen-
eralization error of the classifier, i.e. the generalization error tends to become lower.
This is because when the margin is bigger the ability to correctly predict the class a
point belongs to increases (Bishop, |2006).

Support Vectors are points that lie on the closest to the hyperplane (Bishop) 2006).
The geometric locality of the hyperplane does not change even with the change in data
samples, provided that the support vectors do not change (Klement et al., 2008). This
would mean that once the support vectors have been identified, the remaining data
points can be discarded as new data points are compared to the support vectors. This
allows for saving where the usage of memory is concerned (Zhang and Lin,|2011). It is
the distance between support vectors that allow a decision about the classification of
a new point, x can be made.

SVM mainly works with linearly separable data (Bishop),|[2006). However, with the
use of kernels, SVM can be made to work with non-linear data(Bishop, 2006). SVM

transforms the data into high dimensional feature space in which classes become lin-
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early separable (i.e. Projection of data into higher dimensional spaces). This can cause
problems if the original data is itself a high dimensional data with low sample size, as
the projection of this data into a higher dimensional space can lead to increased spar-
sity of data in the higher dimensional space.

In a high dimensional space, SVMs should perform well. This can be seen by
looking at the generalization error bounds that was introduced by Boser et al|(1992)
for Large Margin Classifiers. The error bound € is given by :

€= ()(1(]}?—2 + logl)) (2.13)
n y? )
where 7 is the number of training samples, y is the margin between parallel planes,
(R,6) € R* with 0 < § < 1 and O which is the variant of the big-O function which ig-
nores the logarithmic factors 3k : f(x) € O(g(x)log¥g(x) . The generalization error is
only based upon the sample size and not the dimensionality of the data. It is inversely
dependent on the sample size, n and the inverse of the square of the margin y.

SVMs generally uses Fisher’s consistency, meaning which when the number of
samples approaches infinity, n — oo, its decision rule converges to the Bayes discrim-
ination rule (Qiao,|2013). However, in the HDLSS setting, the angle between the direc-
tion of the SVM and the angle between the direction of the Bayes’ rule is generally large
(Qiao, 2013). This would mean that the accuracy of classification of SVMs in HDLSS
settings does not perform as well as it should. The variability of the sampling dis-
tances of the SVM direction becomes large implying that a consistent generalizability
of a HDLSS dataset using SVMs becomes poor.

It was found by Marron et al. (2007) that SVMs are prone to overfitting in the
HDLSS setting. A condition known as data piling occurs due to the overfitting of the
SVM (Marron et al., 2007). The clumping of data samples in a particular point when
using support vector machines leads to a phenomenon known as data-piling (Qiao),
2013). In a support vector machine, alarge number of support vectors have been found
to be projected onto a single point (Ahn ef al., 2012). This factor further pushed the
SVM away from making accurate classification for a given new data, X*.

Two methods that address the data piling phenomenon are Distance Weighted
Discriminant (DWD) and Maximal Data Piling (MDP). Distance Weighted Discrimi-
nant is a method which reduces data piling by replacing the margin based criterion
of SVMs by using a different function of distances such as by optimizing the sum of
the inverse distances (Marron et al.,|2007). DWD is sensitive to imbalanced classes in
a dataset unlike SVMs. Maximal Data Piling on the other hand, maximises the piling

of data by finding the support vectors that form the largest distance between the piles
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among the classes (Ahn et al,, 2012). It finds the maximum direction vector between
class while searching for piles that would minimize the scatter within class. In other
words, MDP often acts as Fisher’s Linear Discriminant Analysis would in non-HDLSS
settings (Ahn et al., 2012).

As such it can be seen that the classical SVMs do not work as well as they should,
due to data piling in the case of HDLSS data. This could mean that the distance be-

tween the samples or support vectors becomes indistinguishable.

2.2.2 K-Nearest Neighbour (KNN)

K-Nearest Neighbour is a classification algorithm whereby a new point x which
is yet to receive a class label will query the closest point y to assign the label of y
to x (Thirumuruganathan, 2010). Distance metrics are used to query for the closest
point(s). Due to the geometric structure of HDLSS data as discussed in section [2.1.1}
querying for a point closest to the data becomes a hard task in the Euclidean space. The
distance between the nearest points converges to the distance between the farthest
points (Beyer ef al.,, 1999). This fact will be further aggravated in a scenario whereby
the points in a dataset lie in a circle making the determination of the nearest neigh-

bour with a high-level confidence a very difficult task (Beyer ef al.,|1999).

Metric Learning

Metric Learning focuses on automating the process of selecting and learning distance
functions (Kulis ef al., 2013). It is often used in conjunction with the KNN algorithm.
In the metric learning community, the application of Mahalanobis distance refers to
whitening of the data and then applying Euclidean distance (Kulis et al.,2013).

Given X = [x,---,X,] is a matrix of all data points, the Euclidean distance is
T

given as [|X; — Xjll2 = \/()2} —)Z']-)T(fi — Xj) where X;" X; is the canonical inner prod-

uct. Whitening a random vector i with mean p and covariance o produces w* =
71 — . . . . . . .

072 (w— p). The Euclidean distance with the whitened variables is the Mahalanobis

distance. The Mahalanobis distance has the form:

da(%;, %)) = (% — TP T AFE - %)) (2.14)

where A is a positive semi-definite matrix.
Some examples of metric learning algorithms are Adaptive Kernel Metric Nearest
Neighbour Classification, Information Theoretic Metric Learning (ITML), Large Mar-

gin Distance Metric Learning (LMDML), and Sparse Distance Metric Learning.
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1. Adaptive Kernel Metric Nearest Neighbour (Jing Peng et al., 2002) classification
uses a quasiconformal kernel for nearest neighbour. It basically adjusts the
RBF Kernel by introducing weights based on local consistency of class labels
and label uncertainty. The quasiconformal mapping is defined as: K (%, %) =
c(X)c(Xy) K (X, %), where X is a sample and x is a testing sample, and c(X) is a

positive function of X. The distance metric is then defined as:

D(X, %) = ¢(%)* = 2¢(X) c(Fo) (1 - K(%, %)) + (%) (2.15)
assuming K(X,X) = 1,VX. The weight function c(x) is defined as c(X) = If((].]:f’llﬁ),

where j,, = argmax;P(j|Xp), j is the class label at point X and ju = 1— jm by
Domeniconi and Gunopulos| (2002). Through Taylor Expansion, it is simplified
to a weighted combination of Chi-Squared distance and Mahalanobis distance.
Chi-squared metric requires a sufficiently large sample size to produce accurate
inference (McHugh), 2013) which is not the case for HDLSS data.

2. Neighbourhood Component Analysis (Goldberger et al., |2005) learns a Maha-
lanobis distance for KNN classifier by maximising the performance of leave-one-
out cross validation. It assumes distance metric to be in the form of Q = AT 4,
where A is a matrix. Given a data point X;, the soft neighbour is given as the
probability that x; is selected as the neighbour and has the same class label as
Xi, pij-

exp(—||AX; — AX;j[1%)
Pl = T e exp (1A — A% IP)
where the set of points that share the same class with data point X; be denoted

(2.16)

by C; = {jlc; = ¢;}. The expected number of correctly classified points is given as

A= 0 pijp) (2.17)

i=1 jeC;
The drawback to this formulation is that it cannot scale to large dimensional-
ity because its objective function is differentiated w.r.t. distance matrix. The
parameters in matrix A is quadratic to the number of features thereby causing
overfitting if the training sample is insufficient. It also makes the computation of

matrices with large dimensions intractable.

3. Large Margin Distance Metric Learning (LMDML) employs margin maximization
in learning a distance metric in order to improve the K-Nearest Neighbour clas-
sifier. The use of semidefinite programming to overcome the positive semidefi-
nite constraint is intractable in large datasets. Hence, (Nguyen et al., 2018), uses

stochastic gradient descent to overcome this problem.
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The cost function, e(L), of LMDML is given as :

e(L) = 3 vijIILGE: = FpIl; + C Y vij(1+ yi) [+ IIL(E; = I — 1L — €117

N v (2.18)
where [z], = max(z,0) denotes the standard hinge loss, v;; € {0,1} indicates
whether X; is a neighbour of Xj, y;; € {0,1} indicates whether labels y; = y;, X;
is an imposter neighbour, and the constant C > 0. It is the second term of the
cost function which incorporates the idea for margin (Yang and Jin, 2006). The

cost function ensures that the distance between the classes are as large as possi-
ble.

4. Information Theoretic Metric Learning (ITML) (Davis ef al., 2007) minimizes the
LogDet divergence w.r.t. linear constraints. It aims at satisfying the similarity
and dissimilarity constraints while staying as close as possible to the Euclidean
distance.lt is that it is equivalent to minimizing the KL divergence between two
multivariate Gaussian distributions parameterized by M and M,, where M is

usually set to identity matrix. The objective function is given as:

minMestld(M;MO) +YZEij
i,j
s.t. dlzw()_c’,-,fj) SuU+gjj V(% X) €S (2.19)
djz\/[(fi,fj)zv—é‘ij V(fi,fj)eD

where D, is the LogDet divergence, u, v € R are threshold parameters, S is the set
of similarity, D is the set of dissimilarity, S¢ is the cone symmetric positive semi-
definite d x d real valued matrix, € is the slack variable, and y = 0 the trade-off pa-
rameter. For high dimensional datasets, feature selection was first applied to get
alower mapping before ITML was applied. This two-step process would improve
the performance of HDLSS data sets, provided the feature selection method is

stable under the HDLSS asymptotic.

5. Sparse Distance Metric Learning (Qi et al.,, 2009) is a metric algorithm that was
specially designed for HDLSS data. In order to avoid overfitting , LogDet and [;

was used as the regularizers. The objective function is given by

miny, tr(My ' M) —logdetM +y||M|ly oft + VL(S, D) s.t.M =0 (2.20)

where M = 0 is the positive semi-definite constraint, y is the balance parameter

trading off between sparsity prior and the M, prior, and L(S, D) is a loss function
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defined on the sets of similarity S and dissimilarity D constraints. v is a positive
balance parameter trading off between the loss function and the regularizer and
[| M]1,0ft refers to applying /; on the off-diagonal (Qi et al.,|2009). The reason this
metric learning algorithm is able to handle HDLSS data is that the /; regularizer
shrinks the less important features to zero. It essentially is doing some form of

feature selection while learning the distance metric.

Metric learning methods work best if the number of dimensionality is less than the
sample size. KNN algorithm when used in conjunction with metric learning is still
aversely affected. In order to circumvent it, like the sparse distance metric learning
algorithm, either some form of constraint has to be added to enable feature selection

or explicit preprocessing has to be applied.

2.2.3 Naive Bayes

Naive Bayes is a generative classifier. It is considered naive because of the condi-
tional independence assumption. The conditional independence assumption usually

does not hold up against real world datasets. The equation is given by:

d
pElc) = p(o) [ ] p(xilo) (2.21)

i=1

Sordo and Zeng (2005), compared SVM, Decision Tree, and Naive Bayes classifiers
for text classification data with sample size ranging from approximately 150 samples to
8500 samples, and a dimension of size 194. They found that the Naive Bayes classifier
performs better than the SVM and Decision Tree when the sample size is less than 340.
However, as the sample size increased, SVM and Decision Tree have a higher accuracy.
This finding by|Sordo and Zeng| (2005) complements that of Ng and Jordan (2002). The
plots by Sordo and Zeng| (2005) show a faster convergence of accuracy for Naive Bayes
compared to SVM or Decision Tree. Naive Bayes is less affected by the curse of di-
mensionality because of the conditional independence assumption. The assumption
allows the features to decouple. This would mean that parameter estimates are done
in 1 dimensional space.

As seen, classical classifiers were not made with HDLSS data in mind. As such,
more research is required to develop algorithms which can hold up under the HDLSS

setting.
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2.3 Feature Selection and Extraction

Feature selection and extraction methods are used to reduce the dimensionaity of the
dataset. Feature extraction and selection methods are commonly categorized based
on meta-heuristic strategies. Meta-heuristic strategies refers to the categorization of
methods based on filter, wrapper and embedded methods. Guyon and Elisseeff| (2003)
discussed feature selection methods in terms of meta-heuristics for producing bet-
ter prediction results and provided a general guideline on feature selection methods.
Chandrashekar and Sahin| (2014) provided a generic introduction to feature extrac-
tion and feature selection based on meta-heuristic methods. Blum and Langley|(1997)
on the other hand, focused on selecting relevant features as well as relevant samples
through the meta-heuristic framework. Miao and Niu/ (2016) explored feature selection
methods for improving performance of clustering algorithms, and compared between
supervised and unsupervised feature selection methods. [Brown et al. (2012) focused
on filter based information theoretic feature selection methods and created a unify-
ing framework to compare the methods. Bolon-Canedo et al.[(2014) compared some
feature selection methods on microarray data under the meta-heuristic framework .

Other categorizations of feature extraction and selection methods also exist. [Li
etal.(2017) discussed feature selection methods based on different types of data. Wang
et al. (2016) provided search based strategies in bio-informatics. (Cunningham and
Ghahramani (2015) reviewed feature selection and extraction methods that are lin-
ear in nature. Ding et al.| (2012) categorized feature extraction and selection methods
based on different sub-fields in machine learning including statistical analysis, infor-
mation theory, artificial neural networks and optimization based algorithms. Xue et al.
(2016) reviewed feature selection methods based on evolutionary computing, and out-
lined its strengths and weaknesses.

While feature extraction and selection is used within the field of computing, it can
also be applied to benefit other fields. Hence, awareness needs to be raised in other
fields. Khalid ef al|(2014) surveyed feature extraction and feature selection methods in
the context of eye diseases to create awareness of the usage of the methods to ophthal-
mologists. Saeys et al|(2007) on the other hand, reviewed feature selection techniques
for sub-fields within bio-informatics.

As with all areas, there are challenges, open problems and future directions to ex-
plore with feature extraction and selection methods. |Liu ef al|(2010) discusses some
future directions such as developing computational theories to keep pace with the
rapid mining of data, the usage of symbolic learning and statistical learning in tan-

dem, and developing efficient approaches to estimate feature relevance and extract
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features in HDLSS spaces. |Storcheus et al|{(2015) discusses some challenges such as the
trade-off between supervised and unsupervised feature extraction and selection meth-
ods, the scalability of current feature extraction and selection algorithms for HDLSS
data, and the relationship between convex and non-convex feature extraction meth-
ods. Hence, it can be seen that there is a need to study and extend feature selection

and extraction methods in the HDLSS domain.

2.3.1 Principle Component Analysis (PCA)

Principle Component Analysis (PCA) is widely used to perform feature selection
and reduction. PCA is defined as the orthogonal projection of data onto a lower dimen-
sional linear space (principle subspace) such that the variance of the projected data is
maximized (Bishop}2006). It chooses the features with the largest variance spread. This
will allow maximum coverage of the features as well as reduce the number of features
that are correlated to each other (Bishop, 2006). The selection criterion of the the prin-
ciple components can be done using the eigenvalue (Bishop, 2006). The use of the
eigenvalue is done such that each component should have at least one variable’s worth
of variability (i.e. The eigenvalue has to be more than 1).

The eigen-decomposition used in PCA of a given population covariance matrix is
given by ) ;is:

Y =UuAU) (2.22)
d

where A, is the diagonal matrix of eigenvalues, Uy is the orthogonal matrix composed
of eigenvectors of the matrix and Ug is the transpose of Uy.

The variation between the sample eigenvalue and population eigenvalue should
be as minimal as possible to capture a more accurate structure of the data (Jung et al.,
2009). This is also known as the consistency of the covariance matrix whereby the di-
rection of the eigenvector of the sample eigenvector is consistent or the same with that
of the population eigenvector (Jung et al.,|2009). An inconsistent direction between the
sample and population eigenvector points to a reduced representation of the dataset
structure. In the case of high dimensional low sample sized settings, the eigenvalues
of the sample covariance matrix displays tendencies of being the identity matrix (Jung
et al.,[2009). This implies strong inconsistencies in the directions of principle compo-
nents among the sample covariance matrix(Jung et al.,[2009).

Cross data matrix can give feasible estimates of eigenvalues in the HDLSS setting

(Yata and Aoshima, 2010). The cross data matrix is given by:

SD(I) = Tl_IXlTXZ (2.23)
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where X; and X, are two d x n matrix which are i.i.d. Sp() is the dual matrix of the
sample covariance matrix.

Let the sphered d x n matrix be given as:
1 T
Zi=N"12U" X; (2.24)
where i = 1,2 then, the cross data matrix becomes,
1 T
Spay=n"" Y AZjZ,; (2.25)
j=1
. By applying singular value decomposition on the cross data matrix,

n
Spay = ) Ajdjéjgy, (2.26)
j=1
where A is the singular value of Sp(1) and d;q) and a;() is the unit left or right of the
singular vector corresponding to A.
The steps for estimating the eigenvalues are given by Yata and Aoshima (2010) as

follows:
1. Calculating the cross data matrix.

2. Calculate the singular values, A of the cross data matrix to determine the estimate

of the eigenvalues.

Using cross data matrix method gives some improvements to the estimation of
the the eigenvalues of the PCA allowing it to better represent the HDLSS data.

Another method that has been proposed for HDLSS datasets is to impose a spar-
sity constraint when the maximal eigenvector is sparse (Shen et al.,2013). This would
produce a sparse PCA (SPCA). Sparse PCA is found to be slightly more consistent as
compared to the conventional PCA (Shen et al., 2013). Given that «a is the spike index
whereby it is the measure of dominance of the first eigenvalue and £ is the sparsity
index which finds the number of non-zero values of the maximal eigenvector, SPCA is
said to be consistent when a < 1 and a > 3 (Shen et al.,|2013). However, SPCA becomes
strongly inconsistent when a < f. It is said to be marginally inconsistent when a = 5.
Although the SPCA is more consistent than the classical PCA, it still has its inconsisten-
cies (Shen et al., 2013).

Hence, it can be seen that for HDLSS data whereby the number of dimensions,
d, is more than the sample size,n, the effectiveness of the application of the classical
PCA reduces. When the number of features increases above a certain limit of the linear

subspace the points lie in, the principle components are only defined for the limit, m
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number of features (Bishop, 2006). According to Bishop| (2006), the eigenvalues will
tend to be zero for at least d — m number of features. Therefore, it can be said that
classical PCA may not work as well for HDLSS datasets as it only works efficiently up
till the number of sample size available and will not be able to account for many of the

features.

2.3.2 Autoencoder

Autoencoders are a form of multilayer perceptron that work in an unsupervised
manner. The goal of an autoencoder is to learn a hypothesis such that it is close to the
identity function (Bengio et al.,, 2015). This is to say that the h,, ;,(x) = x. An autoen-
coder is also sometimes known as a bottleneck neural network. Autoencoders can take
two forms, namely being undercomplete and overcomplete (Bengio et al,, |2015). An
autoencoder which is undercomplete has fewer number of hidden nodes than input
nodes while an overcomplete autoencoder has as many or more hidden nodes than
input nodes. The goal of the undercomplete neural network is to learn salient features
that can be found in the data whereas with an overcomplete autoencoder, certain rules
or conditions such as sparsity needs to be enforced to ensure that salient features can

be learnt (Bengio et al., 2015).
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Figure 2.2: The figure shows an undercomplete autoencoder. Its encoder contains
fewer nodes than its input. The decoder reconstructs the input from the data that was

compressed.

Figure above shows an undercomplete neural network since it has fewer hid-
den units than input units.

There are a few different categories of autoencoders. They are:-

1. Sparse Auntoencoder: In order to enforce the sparsity constraint, the activation
of the hidden unit is set to as close to the non-firing criterion( in the case of the

tanh activation function, -1) as possible (Ng,|[2011)

For inputs (x1, X2, x3), that are drawn from a distribution D, that is i.i.d, the spar-

sity constraint can be written as (Ng, 2011):-

Ex-pla’1=p (2.27)

i

where Ex.p denotes the expected value of the activation function ag.l), and p is
the activation value the neurons should have (Ng, 2011). As an example in the
case of a tanh activation function, p = —0.9 to ensure that it is close to being as

inactive as possible (Ng, 2011).
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2. Denoising autoencoder: A denoising autoencoder (DAE) is often used to learn
features from a set of inputs that are corrupted with noise (Bengio et al.,, 2015).
The goal of the autoencoder is to predict the uncorrupted data as its output (Ben-
gio et al., 2015). It takes in a training pair (x, X), where x is the original data sam-
ple and % is the corrupted data. The corrupted data was constructed from the
original data by applying some noise through a corruption process C(%|x) (Ben-

gio et all,2013).

3. Stacked Autoencoder: A stacked autoencoder works by pretraining each layer
one at a time. So then the first hidden layer and the second hidden layers are
pretrained in a greedy layer-wise manner. This process continues until the final
layer is pretrained. All the layers are combined together thereafter to create a

stacked autoencoder.

4. Variational Autoencoder: A variational autoencoder is different from the stan-
dard autoencoders in that it can be used to generate samples. Their latent space
is continuous. Instead of outputting one vector after the encoder phase, it out-
puts two vectors, i.e. mean and standard deviation. The samples that are mod-
elled using the mean and standard deviations are then used to train the decoder.
In order to ensure that the encodings are close to each other but still distinct,

Kullback-Leibler divergence is minimized.

Xue et al[(2017) studied the effect of insufficient data for stacked autoencoders. It
was shown that the lack in samples causes a drastic drop in performance of the dataset.
Data augmentation and transfer learning was used to test whether there would be any
improvement in accuracy. Their findings show that while data augmentation does not
improve the accuracy, transferring useful knowledge does improve classification ac-
curacy. Liu et al. (2017b) proposed a sample expansion method which corrupts the
data to 0. Using this method, they are able to generate sufficient samples to train a
stacked autoencoder. Reasonable sample size is require for autoencoders to perform
well. Preliminary experiments were conducted to test the feasibility of autoencoders
under the HDLSS setting. It was found that it does not perform as well as some of the
other methods tested. One drawback of neural network based methods is the number
of parameters to optimise in order to attain a reasonable result. The experiment setup

and results can be found in Appendix/Al
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2.3.3 Information Theoretic Feature Extraction Methods

In supervised information theoretic based feature extraction, features with high
MI w.r.t. the class labels are generally selected for classification. Some popular su-
pervised information theoretic feature extraction methods include Maximization of
Mutual Information (MMI) by Torkkolal (2003), Maximization of Mutual Information
by Leiva-Murillo and Artés-Rodriguez| (2007), Renyi’s Entropy Discriminant Analysis
(REDA) by [Yuan and Hu| (2009), and Information Discriminant Analysis (IDA) (Ne-
nadic, 2007). In unsupervised information theoretic based feature extraction methods,
features are extracted such that information within the data is maximally retained with
minimal redundancy among the extracted features. Independent Component Anal-
ysis (ICA) (Aapo Hyvarinen, (1997), and Kernel Entropy Component Analysis (KECA)
(Jenssen, 2010) are two representatives of feature extraction methods. Brown et al.
(2012) did a study on the effects of small sample size on information theory based
feature selection methods. They found that some of the methods which does not bal-
ance the effects of redundancy and relevancy such as CIFE degenerates. They created a
probabilistic framework to incorporate terms such as redundancy and relevancy. Tak-
ing motivation from them, we show that the information theory based feature extrac-
tion methods follow the general pattern of minimizing or maximising D, — 8, where
D, stands for a divergence measure with order of @, and f a penalty function imposed
onto the respective objective functions. Using the operational definition from |Har-
remoés| (2006), the general pattern indicates finding a compression between two prob-
abilistic mixtures w.r.t some additional cost or penalty function. The penalty function

allows a less noisy and redundant set of features to be extracted.

Maximization of Mutual Information

MMI (Torkkola, 2003) learns discriminant feature transforms using mutual informa-
tion between the class labels and transformed data. It uses quadratic divergence mea-
sures. Its objective is to find the distribution which maximises the quadratic mutual
information. The Parzen-window estimation method was used to estimate the density
of the probability distribution function (PDF). A spherical Gaussian kernel was used
with the Parzen density estimator.

The quadratic mutual information is defined (Torkkola, 2003) as follows:
I(C,Y)=Vin+VarL —2Vprw (2.28)

where Vin,Varr, Verw are information potentials.
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It is then given as:

I(C, Y)=Zfp(c,y)zdy+2fP(C)zp(y)zdy—ZZf p(c,y)POpdy  (2.29)
c Jy c JYy c Jy

where Y is the transformed continuous variable such that Y = g(W, X) where W is a
weight matrix and g is the transformation function, c is a class label such that c € C
and P is a discrete distribution.

The objective function to maximise the mutual information is given by:
W = argmaxy, (I(C,Y)) (2.30)

subject to WT W =IwhereIis the identity function. Gradient ascent was performed on
the objective function. The objective function can be rewritten into the general form
as follows:

maxD,(p(y,0llp(y)p(c) (2.31)

where the divergence is a quadratic divergence measure given by order of a = 2. In this
case, it only takes into consideration the mutual information. f is set to 0 as it does
not consider any other factors. Through the general framework, it can be seen that a
compression between the class labels and the input data is being found.

The code used for the experiments can be found at

https://github.com/ktorkkola/mmi-on-line.

Conditional Infomax Feature Extraction(CIFE)

CIFE selects features by ensuring reduction of class-relevant redundancies and the
mutual information among selected features given the class label is maximised (Lin
and Tang, 2006). Shannon’s entropy was used and the objective function for an unse-
lected feature, X; maximises the following function:-

JXp) = IXiC0) = Y. XX+ Y. 1(X;5 Xk|O) (2.32)
XjES XjES

where C is the class label, and S the sample feature set that has been selected. Parzen
windows with a Gaussian kernel were used to estimate the pdf.
The objective function can be rewritten in a general form in terms of Renyi’s di-
vergence as follows:
H}{f;XDI(P(Xk»C)HP(Xk)P(C)) -p (2.33)

where D, taking lim,_.; , KL divergence is a special case of Renyi’s divergence, and
B=X X;€S I(Xj; Xp) — X X;€S I(Xj; Xk|C) denotes the class-relevant redundancy. It com-

presses information between class label and the input data whilst ensuring that any
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redundancy among selected features is minimized without losing the feature informa-
tion.

The code used in this experiment is available from |Li et al. (2016).

Maximum Relevance Minimum Redundancy (MRMR)

The MRMR method was one of the best performing feature selection methods for ex-
tremely small sample size datasets (Brown ef al,2012). An unselected feature X} is to

be selected by maximizing the following objective function:

1

J(XQ) = I(X;C) = — > I(Xj; X) (2.34)

ST s

where S is the set of selected features. The density estimation is done using Parzen
windows. MRMR balances the effects of redundancy and relevance while CIFE does
not (Brown et al.,2012).

The objective function can be rewritten as follows:
n}(aXDl(P(Xk,C)HP(Xk)P(C)) -p (2.35)
k

where D; is Renyi’s divergence and taking lim,_.; , KL divergence is a special case of
Renyi’s divergence and § = % 2 x;es 1(Xj; Xi) which represents redundancy. The main
difference between equation (2.34) and equation (2.35) is the term ¥ x5 I(X;j; Xk) that
was used in MRMR to compensate for information loss in CIFE.

The code used in this paper can be obtained from [Li et al. (2016).

Kernel Entropy Component Analysis(KECA)

KECA (Jenssen, 2010) reveals the structure of the dataset by relating to Renyi’s entropy;,
estimated via kernel matrix and Parzen windowing. KECA is an unsupervised feature

extraction method. Renyi’s quadratic entropy is given by:
Hy(p) = —log f p?(x)dx (2.36)
where p(x) is estimated by the Parzen window density estimator given by:

1
plo =~ Y ko (x, x1) (2.37)

xieX

where k,(x,x;) takes the form of the Gaussian kernel, where x; is a sample in X =
X1,X>,...,Xg4. Using the sample mean approximation of the expectation and by remov-

ing the log from Renyi’s entropy as it is a monotonic function, the following is obtained:
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1 T
V(p)=1"K1 (2.38)

where 1 is a (d x 1) vector where each element equals to 1 and K equals to kg (x;, X;7)
where i’ # i and d is the number of dimensions.

If the Parzen window function used is positive semi-definite, the Renyi’s entropy
estimator is composed of all the projections onto the kernel PCA axes. Kernel PCA se-
lects eigenvalues and eigenvectors based on the magnitude of the eigenvalues while
KECA does dimensionality reduction by projecting the data on the kernel PCA axis
which contributes most to the entropy estimate of the data Jenssen (2010).

KECA'’s transformation is given by the minimisation of the function
V(p) = Vi(p) (2.39)

where a subset of k eigenvalues are selected to represent the transformation.
Since the objective function is derived from Renyi’s quadratic entropy, it can be

rewritten as:

max Dy—q(Pgiagll Pk * Pr) — H2(X) (2.40)

where Renyi’s entropy is defined in terms of Renyi’s divergence as
Dz—a(Pkd,-agHPk x Pr), Pgiag is the distribution of (X, X), and when a — 1, the right-
hand side of the divergence becomes the mutual information between X and itself § =
H,(X) where H; is Renyi’s entropy with order of a = 2. This shows that the compression
is based upon self-information. It ensures that minimal loss of information occurs
during the compression.

The code is available online at https://github.com/IPL-UV/simFeat and has been

used in the comparative study here.

Independent Component Analysis

Independent Component Analysis (ICA) (Comon, 1994) assumes that a random ob-
served vector, X, is a mixture of independent elements of a random vector S, given
by:

X=AS (2.41)

where A is a mixing matrix. ICA tries to find the unmixing matrix W, so that will give
Y, the best approximation of S.
Y=WX (2.42)
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To measure the independence between the sources and the mixture, minimization of
mutual information can be used (Aapo Hyvarinen, 1997). The matrix W is selected
such that the mutual information between components of Y is minimized. ICA that
uses minimization of mutual information is known as InfoMax ICA.

The minimization of mutual information of Y = Y3, ..., Y, asits objective function

can be written in terms of the general form using Renyi’s divergence as :

max D1 (p(W)|| [ ] p(Y)) (2.43)
i=1

where Y; € Y. fis defined as 0 in this case. Using the operational definition, it can be
observed as the compression of the information among the components.

The code is available online at https://github.com/alvarouc/ica and was used in
this study.

Information Theory based feature extraction and selection methods are able to
capture higher order information about the data. This indicates the possibility of sup-
plementing the lack of samples with the additional information captured in the HDLSS

setting.

2.3.4 Manifold Learning

The main aim of manifold learning is to learn the underlying low dimensional
manifold where geometric relationships between most observed data are preserved
(Huo et al.,2007). It is essentially a method to reduce the feature space.

Given a dataset X = {x,..., X,} € RM find points ,,...,7, € R where M = m,
such that y; represents X; in lower manifold space where M is a manifold embedded in
R;,. Some of the common manifold methods include ISOMAP, Laplacian Eigenmaps,
and Locally Linear Embedding(LLE).

ISOMAP (Tenenbaum et al., |2000) is an algorithm that assumes that isometric
properties are preserved and it should be observed in both its intrinsic embedded
space and observation space. It preserves geodesic interpoint distances. ISOMAP
makes the premise that Euclidean distance is deceptive in high dimensional spaces
(Huo et al., 2007). However, it searches for the nearest neighbour relations via Eu-
clidean distance, d,(i, j), in its input space X. Further representation is done using a
graph, G over the data points, with weight d, (i, j) assigned to the corresponding edges.
The pairwise geodesic distance on manifold, M is the shortest path in the graph. For
neighbouring points, the initial distance is considered a good approximation to their
geodesic distance. Whereas for far away points, the sequence between the neighbour-

ing points are added up. Multidimensional Scaling algorithm is applied to the matrix
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of geodesic distance to construct the embedding. The usage of Euclidean distance to
initialise the adjacency graph could lead to the weights being all the same due to points
being equidistant for HDLSS data.

An enhanced version of ISOMAP which is supervised was suggested by (Ribeiro
et al.,2008). In this version, once the lower dimensional manifold embedding is found,

a dissimilarity measure, D is used to integrate the class label (Chao et al.,|2019).

D=

(%1) ifc; = Cj
D(xl-,xj) = ) (2.44)
az —dy ifc; # cj

where a = d;jis a distance measure, o is a smoothness parameter, and 0 < dy <

1
(~d%.10)’
e U
1 is a constant.

Locally Linear Embedding and Laplacian Eigenmap focuses on preserving local
neighbour structure. Locally Linear Embedding (LLE) (Roweis and Saul, 2000) estab-
lishes the mapping relationship between the observed data and the corresponding low
dimensional data. Each sample in the observation space is a linearly weighted aver-
age of of its neighbours. It first finds n nearest neighbours for each data point x; in
a dataset. It assumes that each data point and neighbour lie on a locally linear patch
of the manifold. Linear coefficients are added to reconstruct each data point from its
neighbour. The sum of the squared distance between points and reconstruction error

is given by:

K
qW) = llx; = Y Wijxijll%,

j=1
(2.45)

n
s.t. Wij=1

j=1

W;j = 0iff x; # neighbour to x;

where the weight matrix W = [W;;]"*" summarizes the contribution of the j th neigh-
bour to the reconstruction of the i point. These constraints make them invariant to
rotation, rescaling, and translation. The weight W;; is chosen by minimising the cost
function given in Eq.. W reflects the intrinsic geometric properties of the data
point. The lower manifold is then reconstructed by using the final form of the weight
matrix, ¥ = argminy g(Y). LLE is made into a supervised manifold learning metric
(Zhang, 2009) by modifying the dissimilarity used to rank the nearest neighbour.
Laplacian Eigenmaps (LE) (Belkin and Niyogi, |2003) is a locality preserving non-
linear dimension reduction method. The adjacency graph is plotted using the criterion

such as nearest neighbour or squared Euclidean distance. The edges are weighted with
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either rigid weights (i.e. 1 if connected, 0 otherwise) or using soft weights (i.e. interval
of [0,1]). Once the adjacency map is connected, the generalized eigen decomposition
problem is calculated and solved. Lf = ADf, where D is the diagonal weight matrix,
the entries of which are the column sum of W, D;; = ¥ ; Wj; and L is the Laplacian
matrix. A is the eigenvalues and f the eigenvectors.

Raducanu and Dornaikal (2012) borrowed the idea from LDA to propose a super-
vised LE. They minimized the margin between the homogeneous data and maximised
the margin between the heterogeneous data. They modified the weight matrix in order
to do so. Zheng et al|(2008) integrated the label information by optimizing the weight
matrix. The weight matrix was optimized using the labels after the similarity matrix
was formed from the local neighbourhood relations.

Manifold learning is able to learn the intrinsic dimensionality of a dataset. How-
ever, it does require sufficient amounts of data to be able to accurately reduce the di-

mensionality of the data.

2.4 Investigation of Intrinsic Structure Models for

HDLSS Conditions

2.4.1 Fundamentals of Probabilistic Models

Graphical models are used to describe the dependence and independence be-
tween variables which are modelled as distributions. It enables visual interactions be-
tween variables. It can be defined in terms of directed or undirected graphical models.
A graph G(V,E) has vertices also known as nodes, V, which represents the random
variables and edges, E, which represents the probabilistic relationships between the
random variables. The graph, G, models the joint distribution and the decomposition
of its factors. Given a joint distribution of 3 random variables X = {x1, X2, x3} where the
lowercase x refers to the values of a random variable, using the product rule of proba-

bility (Bishop, 2006), the joint distribution decomposes to:-
p(x) = p(x3]x1, X2) p(x1, X2) (2.46)
Applying the product rule of probability for a second time to Eq. will give
p(x) = p(x3lx1, x2) p(x11x2) p(x1) (2.47)

This would produce the following graphical structure:
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Xo X4

X3

Figure 2.3: The figure shows the visual representation of the decomposition of the con-
ditional distribution in Eq. li .

Typically, a graphical model has two tasks:

1. Inferencing: Inferencing is the querying of some information regarding some un-
observed random variables through a certain graphical model, M. There are 3
types of problems which are solved using inferencing.

e Marginal inference: P(X})
¢ Posterior inference: P(X;| X5 = x»)
* Maximum-a-posteriori inference: argmax P (X;| X, = xp)

Inferencing methods can be further divided based on the methodology, i.e exact

inferencing or approximate inferencing.

2. Learning: Estimating the plausible graphical model, M, from the observed data,
X. In the case of Bayesian networks, model estimation is done through P(M|X).

It becomes an inferencing problem.

In our work, we will be focusing on directed graphical models.
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Bayesian Network

Bayesian Networks are also known as Directed Acyclic Graphs (DAG). Bayesian Net-
works represents a set of random variables as causal relationship. Bayesian Networks
can be grouped into 3 graph structures according to the conditional independence cri-

teria.

Tail-toTall

X3

Xq Xo

Figure 2.4: The figure shows the connection between a tail-to-tail graph.

1. In the case that x3 is observed in Fig.(2.4), it follows that x; 1L x» | x3

2. In the case that none of the variables are observed in Fig.(2.4), it follows that
x1 L x| @

Head-to-Tail

X4 X3 X2

Figure 2.5: The figure shows the connection between a head-to-tail graph.

1. In the case x3 is observed in Fig.(2.5), it follows that x; 1L x, | x3
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2. In the case none of the random variables are observed in Fig.(2.5), it follows that
x1 x| @

Head-to-Head

X9 X1

X3

Figure 2.6: The figure shows the connection between a head-to-head graph.

1. In the case that x3 is observed in Fig.(2.6), it follows that x; JL x> | x3

2. In the case that none of the random variables are observed in Fig.(2.6), it follows
that x; 1L x| @

A d-separated graph implies conditional independence, i.e. x; 1l x | x3. X3 is
said to be d-separated from x, by x3 if all the paths are blocked. A path is blocked in
the case of head-to-tail or tail-to-tail when the node is in x3. In the case of head-to-
head graph, a path is blocked if the observed node is not in set x3. The d-separation
property in graphical models simplifies the structures in the graphical model and the
computation required to perform inference and learning (Bishop)} [2006).

When dealing with Bayesian Networks, the main goal is generally to learn the pos-

terior belief of the latent variable, Y given the observed variable X, due to its applica-
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bility in areas of diagnosis and prediction. This is given by:
P(Y, X)

PYIX)= ——F— 2.48
= T P =ym 249

However, computing P(Y = y|X) is NP hard. Hence, various inferencing techniques
combined with assumptions made through the d-separation property are used in order
to lower the computational complexity.

As mentioned, there are two broad categories of inferencing for probabilistic
graphical models, i.e. exact inferencing and approximate inferencing. Exact inference
can be hard to compute due to high time complexity especially as the feature space
grows. In this case, approximate inference is used instead. An example of exact in-
ference method is variable elimination. Mean field inference is a type of approximate

inference method.

Variable Elimination

Variable Elimination is a form of exact inference. It assumes a causal relationship be-
tween variables. This is to say, X; — X — X3 — Xj; — X5. By exploiting this structure,
the joint probability can be defined as
P(X)=) P(X1)-P(X2|X1) Y. P(X3|X)- P(XalX3)- P(X5]Xs) (2.49)
X1 X2:X5
The summation process eliminates the variables. The process of summation is re-
peated for each variable.

In general, the algorithm is given as:

P(Xy,...,X5) = ¢px, (X1) - px, (X1, X2) - px; (X2, X3) -+ x5 (Xa, X5) (2.50)
W(XI)XZ) = (,le : (/)Xg (251)
Marginalising X;:
T1(X2) =) (X, Xa) (2.52)
X1

These equations are repeated for all ¢», where ¢ is a factor.

Mean Field Inference

Mean Field Inference is a variational inferencing method. A variational inference infers
the conditional distribution over a set of latent variables given the samples. It is also

known as Bayesian inference. The posterior,

PY|X,a) = M (2.53)
’ Jy PY, X|a) '
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has an integral that cannot be computed analytically. Instead, we choose a family of
distributions to approximate the true distribution. Mean field inferencing assumes the
independence over the latent variables. Given g is the approximated probability, the

joint probability of the latent variables,Y can be factorised as follows:
M
q,....Ym) =[] g (2.54)
j=1

Inferencing in Bayesian Network also corresponds to its learning. Hence, ev-
idence lower bound (ELBO) is used to compute the similarity between the two dis-
tributions. Decomposing ELBO using the mean field variational inferencing method,

Bayesian network maximizes over

M
argmax L =1og P(Xy.,) + ) Ellog P(Y;|Y1:j-1, X1:0)] = Eq;[log q(Y)] (2.55)
i

where Y is the latent variable.

Bayesian network uses Bayesian inference to find the posterior distribution.
Bayes’ theorem is used to update the hypothesis of the posterior distribution. Bayes’
theorem is given by:

P(X|Y)P(Y)

where Y is the hypothesis and X is the observed data.

2.4.2 Neural Networks

Neural networks are a type of graphical model. Neural networks was introduced
by McCulloch and Pits in the 1940s (Gershenson, 2003). A two layer network with a
perceptron that was able to learn classification problems through the usage of weights
was later introduced by Rosenblatt in the 1950s (Gershenson, 2003). Artificial neural
networks have drawn inspiration from biological neural networks. It acts to mimic the
processes that occur in the biological neuron by viewing its nodes as artificial neurons
(Gershenson, |2003).

The concept of artificial neural networks is not as sophisticated as the biological
neurons. In an artificial neural network, the inputs which act as synapses are multi-
plied by weights which are then computed through a mathematical function to deter-
mine the activation of the neuron (Karpathy, 2016). The output can be computed using

other functions such as the identity function based on the purpose of the neurons.
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FeedFoward Neural Networks

A feedforward neural network is a network that only performs forward pass (Gershen-

son, |2003). This means that there is no back-propagation nor error correction.

Input Hidden Output
Layer 1 Layer 2 Layer 3

Figure 2.7: The figure shows a neural network with an input, a hidden layer and an
output. The hidden layer contains 2 hidden nodes. This form of neural network is

known as a bottleneck neural network.

X1, X2, x3 are the inputs. A neural network can take many inputs. In this example
we are only going to be looking at 3 inputs. h,,;(x) is the output value produced (Ng,
2011). The bias for unit i which is associated in layer [ + 1 is given by bf . The weight
or parameter that is associated with unit i in the layer / + 1 and unit j in the layer [, is
denoted by wlg i “5 is the activation function, which is also known as the output value
of unit i in layer / (Ng, 2011).

)

For [ = 1, the activation value is given by ag.l = x; where x; corresponds to the

inputs (Ng,|2011).

a® = f(wix + wiyxs + wizxs + b)) = £(21?) (2.57)
aéz) = f(wélxl + w%zxz + wégxg + bﬁl)) = f(zéz)) (2.58)

2 2 1
hyp(x) = af’) = f(wflag = wfza(zz) + wfgaé )+ b; = f(zf”) (2.59)

>Ny p (X)
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The notation f can be viewed as a tanh function or any other type of activation

function such as the sigmoid function.

Backpropagation

Backpropagation is usually used to correct or lower the error by updating the weights
and/or biases. Backpropagation is also known as stochastic gradient descent (Ng,
2011). The backpropagation algorithm is used as a backwards pass which can auto-
mate the computation of the error correction (Ng, 2011).

The algorithm can be given as (Ng,[2011):-

forall (x®,y%),i=1,2,3..do

; a_ .0 _ [
Update weight Wi =W a‘Swka

Update the bias term b;.l) = b;l) _ a% J
i

where x¥) is the input value ,y¥) is the output value or class corresponding to the
input, a is the learning rate and J is the cost function with respect to the respective

training example.

J = 3l p(0) = yIP + 3 21T X wi)?

The second part of the cost function is the weight decay term (Ng, 2011). The
weight decay term in this case is the squared error penalty on the value of parameter,
w. This is the term which drives w — 0. This function helps to prevent overfitting (Ng,
2011). The initialising of the weight, w cannot be all set to 0 as the hidden neurons will
have the same values all the time. The value of 6 g.l) measures the responsibility of each
node for the error in the output. A is the weight decay parameter.

The algorithm for the neural network is as follows (Ng, 2011):
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A feedfoward pass is done once to compute the activation functions of all the neu-
rons.
for all nodes in the output layer (outermost only) denoted by n; do
671[ — _(yl _ a::ll.f, (Zgnl)))
yi is the target value and a;” is the actual value.
foralllayer / =n;_y,n;_,,..,2do

6l = - ws!*V £z

update the parameters /, the weight w and the bias, b
a_ 0 _ ) sU+1) 0

w;; = w;; a(a]. 51’ +7Lwl.j)

bﬁ.” _ b§” _ C¥5§-l+1)

Deep Neural Network

A deep neural network is different from the shallow networks in that it works on depth.
A neural network system which has 4 or more layers is considered a deep neural net-
work (Chris Nicholson,|[2016). Each layer in a deep neural network trains on the output
from the previous layer to learn salient features. As the depth of the neural network gets
deeper, the more abstract the features learnt. Deep learning can be used as an auto-
matic feature extraction method. Some of the deep learning networks include deep au-
toencoder (sometimes known as stacked autoencoder) and convolutional neural net-
works. Deep neural networks generally require a large number of samples in order to
tune the hyperparameters. It's complexity increases as the dimensions increase.

A convolutional neural network’s connections are restricted such that only a small
subset of inputs and hidden units are connected (Bengio et al., 2015). This will reduce
the number of hyperparameters that is required to be tuned, hence reducing the num-
ber of samples required. However, it produces other complexities such as the explain-
ability of the data which is desirable in many domains. Traditionally, neural networks
that use matrix multiplication requires a matrix of parameters to indicate the relation-
ship of each parameter describing the interaction between the input and output layers.
Using kernels, its size can be reduced compared to the original input size as the kernels
should be able to identify important features such as edges (Bengio et al., 2015).

Parameter sharing means that a parameter can be used for more than one func-
tion in a model. Traditional neural networks have separate weights for each node,
whereas having one parameter for multiple functions is somewhat similar to having
a tied weight (Le et al, 2010). Tied weights are weights that are applied to an input

which is tied or has the same value applied in other functions in the model (Le et al.,
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2010). Learning just one set of parameters instead of multiple separate sets of param-
eters has the added advantage of using less storage space (memory) as well as reduced
complexity of the network.

Recent developments in deep learning for the use of HDLSS data was done by|Liu
et al. (2017a) through their model Deep Neural Pursuit (DNP). In their study, in order
to deal with the extremely high dimensionality, they set the weights to 0 initially and
graft in nodes. /; norm constraint is used on the input weights. This is essentially fea-
ture selection integrated with neural networks. A similar concept to this is the dropout
regulariser. Dropout as its name suggests, aims to drop units from a neural networks
model along with the incoming and outgoing connections. This is to prevent the neu-
rons from co-adapting with each other (Hinton, 2014). Dropout can reduce overfitting
and gives a better performance than when just using normal regularizers such as max-
norm on the neural network models. The dropout method aims to reduce overfitting
and provides a new way to combine different neural network architectures together.
One of the effect of dropout is that it is able to induce sparsity. This ensures that most
of the neurons become non-firing. However, unlike dropout which starts with a par-
tially connected network, |Liu et al. (2017a) starts off with no connections. While deep
neural networks show some promise under the HDLSS structure, more work needs to

go into making neural networks more interpretable.

2.4.3 Correlation Explanation

Correlation Explanation (CorEx) was first introduced in NIPS in 2014 by Ver Steeg
and Galstyan (2014a). It is an information-theoretic method to learn representations
of high dimensional data. It is able to work even with small sample sizes. The reason
for this is that the estimation of the probability distribution is through the marginal
p(x) rather than estimating the full probability (Ver Steeg and Galstyan, 2015). By es-
timating the marginal, Chernoff bound guarantees that the estimation error decreases
exponentially. This implies less samples are required to give a good estimate. CorEx
also does not require any prior knowledge. It searches for latent factors that are able to
explain correlations among the data using total correlation in a hierarchical fashion. It
learns in an unsupervised manner.

Formally, given that X is discrete, the aim is to learn hidden factors Y =
{y1,y2,.., Ym} where m is the number of latent features. Each of the latent features can
take a number of discrete values, k. The total correlation of X after being conditioned

on the latent variable Y is given by:

TCX;Y)=TC(X)-TC(X]Y) (2.60)
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Eq. (2.60) measures the extent to which the latent features Y explains the correlations
in X. Hence the higher the value of TC(X;Y) the more Y explains X. Optimizing eq.
(2.60) which searches for each latent factor Y gives us:

max TC(X;Y) s.t. |[Y|=k (2.61)
pyjlx)

The objective function TC(X;Y) can be rewritten to conform to a pattern of min-

imising Renyi’s divergence with a penalty function, S, as follows:

d
min Dy (p(XIV)|| [ | p(X;1Y)) - TC(X) (2.62)
i=1

where f = TC(X) and x; € X. This shows that CorExlooks for the compression between
the original group of features after being conditioned on the latent features but ensur-
ing that as much information from the original is preserved. One advantage which
CorEx has over neural networks is that features that contribute to the connections can

be determined.

Figure 2.8: The figure shows the structure of CorEx.

CorEx takes in values from each feature in a dataset into each corresponding node
in X. This means that each feature in the dataset will be associated with an input node
in CorEx. Let x;, x2, and x3 be 3 input features in the dataset, and y;, and y, are two
hidden nodes in the CorEx structure. The maximum number of latent nodes, Y, which
can be defined are upper bounded by the number of input feature in X. Each fac-
tor y; can be considered a function of x;, i.e. y; = f;(x;).The a-values are initialised
using Dirichlet distribution. The a-values represent the degree of influence each y;

has on each x;. The relationship between the input features can be characterised by
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the strength of the a-values and the connectivity to a hidden node. At the very begin-
ning, the model has full connectivity and the TC(X;Y) = 0 because nothing is learnt.
Through various iterations, it stochastically updates the a-values until all the hidden
nodes have found the input variables for which the correlations can be explained, i.e.
Eq. (2.62)is minimized.

In the literature, Correlation Explanation has been used to analyse gene expres-
sion data whereby the data is split into two sets according to class information (Pepke
and Ver Steeg, |2017). The model was trained with samples representing only one class.
The second class was then run through the already trained model. A histogram was
used to map the features which the factor labels showed the greatest difference be-
tween the classes when CorEx was applied. It was used as a clustering type algorithm
and its use for classification has not been fully explored. A formulation called anchored
CorEx was introduced by Gallagher et al.|(2016) for topic modelling. It uses informa-
tion bottleneck to preserve document relevance. Words were ranked according to the
mutual information to the topic and chosen to be used for document classification.
Hence, it can be seen that CorEx has the potential to be extended for classification
purposes.

Unlike Neural Networks, the full potential of Correlation Explanation as a super-
vised model has not been fully explored. It also has the potential to work under HDLSS
circumstances due to the formulation of the estimation of the probability density dis-
tribution. Further, Correlation Explanation also uses total correlation which would be
able to capture higher order statistics. This would be useful to learn underlying rela-
tionships between features. The relationships between the features can be captured
and weighed. This feature of CorEx, forms an additional benefit. As such, we have

chosen to select CorEx as our case study method.

2.5 Summary

The geometric structure of data points that are drawn independently from a distri-
bution converges to become equidistant in the Euclidean space as the feature space
increases (Hall et al., 2005). This means that in HDLSS settings, algorithms which use
Euclidean distance may not be able to perform well. Examples of such algorithms are
K-Nearest Neighbour and Metric Learning. Generally, estimation of covariance ma-
trix requires the number of samples to exceed the number of features. Hence, when
the number of samples are not sufficient, the covariance structure could be incorrectly

generated which could lead to poor performance of a dataset. Classification algorithms
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which use covariance matrix may not be able to accurately model the HDLSS data (Ahn
et al.,[2007). Statistical methods such as ANOVA which is commonly used in medical
and biomedical fields may not be able to give accurate statistical estimations if the
sphericity assumption is violated by the HDLSS data. Methods to test if the spheric-
ity assumption holds for a given data can degenerate for HDLSS conditions. As such,
in the literature, some study has been conducted to create better tests of sphericity to
cater for HDLSS data (John, 1971). Through this, we see that blindly using algorithms
on HDLSS data without understanding its nature can lead to unreliable results.

Taking the stride from studies held for sphericity tests, classification algorithms
have to be studied and extended to suit HDLSS data. There are two common classifier
models, i.e. discriminant models and generative models. Generative models require
less samples than discriminative models as it achieves its asymptotic error at a faster
rate, but as the sample size increases, the discriminative model should be able to per-
form better (Ng and Jordan, 2002). SVMs deal relatively well with high dimensional
data but is not able to perform well in the HDLSS asymptotic. This is because of the
data piling phenomenon which causes the samples to pile reducing the discriminant
ability of SVMs (Marron ef al., 2007). Neural networks and manifold learning on the
other hand require a large amount of samples in order to produce accurate results.
HDLSS data generally lack the samples required to support these algorithms. Neural
networks are also not able to interpret data as transparently as other methods. This
can become a problem in medical fields requires explainability of features which con-
tribute to the output. Naive Bayes is better able to handle the curse of dimensionality
compared to other algorithms as it decouples its features. Hence, there is a need to
build classifiers or inferencing algorithms catering for HDLSS data.

A common tactic to deal with high dimensionality is to conduct dimensionality
reduction to preprocess the data. Common dimensionality reduction technique such
as PCA are not able to perform well in HDLSS settings. This is due to inconsistencies
among the directions of the principal components (Shen et al.,[2013). While a few al-
ternatives to the PCA algorithm were proposed in literature, they are still not able to
fully solve the problem. Autoencoders are able to discover compact representation of
datasets. However, they require large amounts of data to accurately discover the rep-
resentation. In literature, a drop in performance of autoencoders was observed when
the sample size decreases (Xue et al, 2017). Information theory based dimensionality
reduction methods are able to capture higher order statistics. Brown et al. (2012) re-
ported that some feature selection method such as MRMR is able to perform well in

HDLSS data while some others are not able. Using dimensionality reduction methods
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that are not able to perform in HDLSS setting to preprocess the data before classifi-
cation is done is counter-intuitive. This is because it would cause the performance
to degrade. Hence, there is a need to study feature extraction and selection methods
which are able to perform in HDLSS setting. Feature selection and extraction methods
should also be built for HDLSS data.

In order to address the research gap we use CorEx to propose a feature extraction
and selection methods under the discriminant classification model and an inference
algorithm under the generative classification model. We selected CorEx as its probabil-
ity distribution is calculated in such a manner as to take into consideration the HDLSS
asymptotic. The estimation of probability density distribution via Parzen Window, ker-
nel density functions, or the use of covariance matrix, causes inconsistencies within
the model. Density estimation methods generally require more samples than features
to produce meaningful estimations (Silverman, 1986). Further, CorEx does not have
the black box effect which is undesirable for medical data. However, CorEx is an un-
supervised method. Hence, we extend CorEx to include the class label by allowing a
mixture of distributions to be modelled. We take advantage of their density estimation
and explore the possibilities and problems which arise when extending the model for

supervised learning.



Chapter 3

Research Methodology

3.1 Overview

Fig. shows the overview of the workflow of this PhD. In the figure, we show how the
different objectives of this PhD are met. CorEx was extended to include the class label.
This we call as CorEx-C. The use of CorEx-C enabled us to investigate the possibil-
ity of using it under both the discriminant and generative classification umbrella. We
also compared the effectiveness of the features extracted through CorEx-C against fea-
tures extracted through CorEx under the discriminant classification banner. We then
benchmarked methods proposed for both discriminant classification and generative
classification against existing classifiers. The benchmarking process was done using

simulated data and real world data.

45
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Figure 3.1: The figure shows the overview of the process involved during the course of the PhD research and how each of the objectives stated

in Chapter 2 are met.
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3.2 CorEx-C

We propose CorEx-C which is a graphical model based on CorEx which takes into ac-
count the class label. The purpose of this section is to extend an unsupervised graph-
ical model to allow for supervised learning. The class label is incorporated as a part
of the iterative optimization process of Eq.(2.61). Previously, both [Pepke and Ver Steeg
(2017) and |Ver Steeg and Galstyan| (2014b) only proposed CorEx models which either
consider the input layer to be continuous or discrete. CorEx uses Lagrangian optimiza-

tion to find the solution to p(y; |x!). The equation is given by:

1 a p(yijlx)_,
Jxhy = —— J @i j (3.1)
p(yjlxh) Z(x)p(y)i:l_[l( ") )

where the « is estimated by:

X, Yl Y1)

;= (3.2)
b 1(x;,y))
Using Bayes’ theorem, p(y;|x;) can be further decomposed into,
p(xilyj)p(y;)
plyjlxy) = —L—= 3.3)

p(x;)
p(x;ly;) is parameterized in Pepke and Ver Steeg (2017) as a normal distribution
in the first hierarchical layer and as a discrete distribution in the proceeding layers.
The estimation of the parameters of the normal distribution, y;,; and o;,; for each

value k for which y; can take, through an iterative scheme is as follows:

_ nZipjlxhad

ij = (3.4)
Hi,j P(J/j)
\/% Y p(yilxh (- pi j)?
Oij= (3.9)
Py
where [ €{1,..., N}.
p(y;) is calculated iteratively as Pepke and Ver Steeg (2017):
1
py) == pylxh (3.6)
N7

In the discrete case, the distribution is estimated directly from the contingency

table of counts (Pepke and Ver Steeg, 2017) as follows:
1 Y !
p(xily)) :N;p(yﬂx 10, x, (3.7)

where xf is the range of values that x; can take that has been observed and 6 denotes

Kronecker’s delta.
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We take advantage of the modular structure by which the distribution of the data
p(x;ly;) is formulated in Eq.(3.1) to apply a mixture of distributions.
The parametrization of p(x;|y;) was modified to reflect the mixture of distribu-

tions as follows:

Normal Distribution, ifi#c
pxily;) = (3.8)
Discrete Distribution, otherwise
where ¢ indicates class label.

This parametrization is then used to solve for Eq.(3.3).

Figure 3.2: The figure shows the CorEx-C structure. It is similar to the original CorEx

structure. The difference lies in the parameterization of the input layer.

The main structure of CorEx-C remains the same as CorEx, however, in the case of
CorEx-C, class label is included as an additional input node as shown in Fig.(3.2). The
distribution in the level of the input features will be calculated through Eq.(3.8). If the
parameterization of p(x;|y;) is not modified, then in order to include the class label,
the data will need to be discretized. This will cause some information loss to occur. In
the case of HDLSS data where samples are scarce, retaining as much of the integrity
of the data is desired to minimise error. If the class label is modelled as a continuous
variable, it would be a misrepresentation of the structure of the class label.

The pseudocode for the implementation is given as follows:
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Procedure 1 Pseudocode implementing the change to reflect the mixture of distribu-
tions in Correlation Explanation. It is similar to the pseudocode in (Ver Steeg and Gal-
styan, 2014a). The difference between CorEx and CorEx-C lies in the initial matrix rep-
resentation as well as the computation of marginals to allow for mixture of distribution

to be modelled.
Input: A matrix of size n x d representing n samples, d — 1 continuous random vari-

ables, and 1 discrete random variable (class)
Set: Set m, the number of latent variables, Y, and k so that |Y;| = k
Output: Parameters «;,j, p(yjlxi), p(y;), p(y|%h), for i € Ny, j €N,y 1 €N, y € N,
x;i€X
Randomly initialize a; j, p(y; |xh);
repeat
Estimate marginals, p(y;), p(y;lx;) using Eq. and Eq.. The marginal for
Eq.(3.3) is calculated based on Eq.(3.8).
Calculate I(x;, y;) from marginals
Update a through Eq.(3.2)
Calculate p(y|x"),l1=1...n using Eq.
until Convergence

3.3 Discriminant Classification Model

We investigate feature selection and extraction under the discriminant classification
model framework for HDLSS settings. We test some existing information theory based
feature selection and extraction methods in HDLSS settings. We also propose to use
CorEx as a feature extractor in two forms, i.e., an unsupervised feature extractor which
will be abbreviated to CorEx-UF and a supervised version coined as CorEx-SE It is also
tested as a supervised feature selector which is named as CorEx-Supervised Feature Se-
lection (CorEx-SFS). In the case of CorEx-SFS and CorEx-SE we will be using the CorEx-
C model.

CorEx-C based feature extraction and selection methods are benchmarked
against the accuracy produced by MMI by|Torkkola/ (2003), KECA, and Infomax ICA. We
look at Maximum Relevance Minimum Redundancy (MRMR) (Peng et al., [2005) and
Conditional Infomax Feature Extraction(CIFE) (Lin and Tang, |2006) as two baseline
methods for comparison among supervised feature extraction methods with HDLSS
data, with the former being ranked as one of the top performers and the latter among

the worst (Brown et al., 2012). For a more detailed description of the comparisons of
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the performance of information theory based feature selection methods for small sam-

ple size datasets, we direct the readers to|Brown et al|(2012).

3.3.1 CorEx-UF

CorEx-UF extracts the values of the latent variables obtained from running CorEx
on the input data as the transformed feature space for classification. The use of the
most likely value, k, of each Y; € Y for each sample is based on the assumption that
CorEx learns nearly deterministic functions of X, hence reflecting its true distribution
(Ver Steeg and Galstyan, 2014a). The values of the latent factors for each sample is used
as an encoding of the input data for classification.

The selection of the number of nodes to be set in a layer is initially chosen at
random if prior knowledge is not available. We hypothesize that the representative
chosen should be small enough to retain as much generating information regarding
the dataset and not overly small that too much information is lost when feature ex-
traction is done. CorEx-UF was built as a comparator for the supervised versions of

CorEx-based feature extraction methods.
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Figure 3.3: The figure shows the process for CorEx-UE CorEx-UF uses the CorEx model.
The data is split into training and testing set respectively. The training data is used
to train the CorEx model. The testing data is then passed through the trained CorEx
model. The output values produced for each hidden node is used as the input features

for classification.

3.3.2 CorEx-SF

CorEx-SF adds the class labels as an additional input node during the training

stage of CorEx, i.e. CorEx-C. Instead of learning a generic representation of the data
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as with CorEx-UEF it aims to facilitate the learning of latent variables that reduce its
redundancy whilst maintaining relevance to the class labels. During the testing stage
of CorEx we set the class labels as missing. The values of the latent variables are used
for classification.

We threshold the latent features learnt in order to understand the features which

are important for classification. We tested the thresholding in 4 ways:

1. CorEx-SF_AlphaNot0: The latent factors which satisfy the condition a,; > 0 are
selected, where a,; is the connection between the input class feature and the
latent factor j. They are then sorted in descending order of @, ;. This method
was formulated so that only the latent features that are related to the class label

will be extracted.

Procedure 2 Pseudocode of the implementation for CorEx-SF_AlphaNot0

forj=1...mdo
ifa;;>0then
S—J
Ss < sort(S) in descending order of a, ;
t — threshold S;
Classify(r)

2. CorEx-SF_Alpha0: The latent factors which satisfy the condition a ; = 0 are se-
lected. They are sorted in descending order. Values of a, ; = 0 are sorted in de-
scending order according to the total correlation captured by the latent node.
The higher the total correlation, the more the information captured by the node.
This method was built to investigate whether additional features that are not
considered relevant to the class label can contribute to discriminating the sam-

ples for classification.
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Procedure 3 Pseudocode of the implementation for CorEx-SF_Alpha0

forj=1...mdo
ifa. ;> 0then
S—J
else
H—j
Ss < sort(S) in descending order of a,
H; — sort(H) in descending order of Total Correlation.
S — S5 ++Hg
t — threshold S;
Classify()

3. CorEx-SF_MI: The latent factors which satisfies the condition a ; x M1 (x., y;) =
0 are selected, where x; and y; correspond to the class node and latent node.
They are sorted in descending order. Values of a, ; x MI(x.,y;) = 0 was sorted
in descending order according to the total correlation. This method is done as
a weighted method to study whether exaggerating the contribution of features
that are considered relevant and diluting the contribution of features that are

weak will have any impact for classification.

Procedure 4 Pseudocode of the implementation for CorEx-SF_MI

for j=1...mdo
ifac;x MI(xc,y;)>0then
S—j
else
Hej
Ss < sort(S) in descending order of a, ;
H; — sort(H) in descending order of Total Correlation.
Sg— Ss++Hg
t — threshold S;
Classify(t)

4. CorEx-SF_Bidirectional: The latent factor, h, with the strongest a, ; value are se-
lected. The input features which are connected to the latent node, h are thresh-
olded based on a; j, >0 and i # c. The selected set of input features, ig, are then

traced backwards to the latent factor which has the largest magnitude of a;,, j
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where ig € ig. This method was built to understand whether selecting latent fac-
tors that are strongest connected to the input features that are relevant will allow

for a better representation of the data.

Procedure 5 Pseudocode of the implementation for CorEx-SF_Bidirectional
h — argmax;ac,;

ic=1l
fori=1...d-1do
if a; ;, >0 then
ig—1
forigeigdo
forj=1...mdo

t«—argmaxjaig,j

Classify(t)

The top 10%, 30%, 50%, and 80% of the latent factors that were sorted are selected.
100% indicates all latent factors are selected.
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Figure 3.4: The figure shows the process for CorEx-SE The data is split into training
and testing set respectively. The training data trains the CorEx-C model. The testing
data is then passed through the trained CorEx-C model. A further thresholding of the
values to be used for classification can be done through the choice of CorEx-SF_MI,
CorEx-SF_Alpha0, CorEx-SF_AlphaNot0, and CorEx-SF_Bidirectional. The output val-

ues produced for each hidden node is used as the input features for classification.
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3.3.3 CorEx-SFS

CorEx-SFS selects features from the original input space by considering the nodes
which are related to the class labels. We used the CorEx-C model to train the data. The
difference between CorEx-SF and CorEx-SFS is that the features are selected from the
input space for CorEx-SFS while CorEx-SF uses the transformed nodes as its feature
space. We hypothesize that CorEx-SF should perform better than CorEx-SFS as select-
ing features could cause the loss of information that comes from features considered
less important to the classification task.

CorEx-SFS is thresholded based upon s = argmax;a.,;. The input features are

then selected based on a; s >0 and i # c. The input features are used for classification.

Procedure 6 Pseudocode for CorEx-C based supervised feature selection
§ < argmax; c, j

fori=1...d-1do

if a; s >0 then
t—1i

Classify(t)
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Figure 3.5: The figure shows the process for CorEx-SFS. The training data trains the

CorEx-C model. The testing data is then passed through the trained CorEx-C model.
Input features with the strongest a-value to the hidden node which is connected to the

class label were selected as the input for the classification task.

3.4 Generative Classification Model

CorEx-Ci uses the CorEx-C model along with Bayesian inferencing coupled with mean
field approximation. The purpose of this method is to investigate the possibility of ex-
tending the CorEx-C method under the generative classification model umbrella. We
test whether it can perform in HDLSS settings and how well it performs compared to
common classification methods such as SVM, Naive Bayes, and KNN in HDLSS set-

tings.

3.4.1 Posterior Estimation

CorEx-C takes as input a set of data, which is denoted as X such that

{(x1,c1), (X2, C2), .., (xp, cn)} € X, where {c} € C corresponds to the class label of instance
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x; and n is the total sample available in the data.

Xy a 3.9)

Equationshows that data, X when run through CorEx will output a set of weights, a

to connect the input feature with the hidden nodes and Y discrete values which each
node can take.

When a new instance, x* is supplied, the posterior is calculated through an ob-

jective function which is obtained using Bayes’ theorem to assign a class label. Bayes’

theorem is mathematicaly defined as:

_ PY|IX)P(X)
PX|Y) = T (3.10)

Hence, we calculate the posterior as follows:

M
argmax. p(clx*) =) p(cly) [] p(yjlx*) (3.11)
7 j=1

where c is a possible class label and x* is the instance of the new data. The objective
function looks for the most probable class label for the new data.

The CorEx structure follows the tail-to-tail structure as shown in Fig.(2.4). This
implies that when the latent structure is observed, the input variables are conditionally
independent of each other. The indicator function a prunes the connections between
the each feature and the latent nodes. Through the use of a, the relationship between
each of the latent variables and features are weighted. Hence, through continuous ap-
plication of Bayes’ theorem and the use of the indicator function to weight the relation-

ship between the class label and the latent variables, we formalised the components of

Eq.(3.11) to give :-

M
pcly) =[] plclyp®ei (3.12)

j=1
Eq. (3.12) can be further optimized by:-

p(yjlc)p(c)

(3.13)
pyj)

plclyj) =

In the case of p(yjlf*), it is the same as p(yjlxl), i.e. Eq. with the only difference
that during inferencing, the class label will be considered missing. CorEx ignores fea-

tures where the class labels are missing. Putting everything together, we would obtain

- M (p(yjlo)p(c))%es M -
argmax,p(clx*) =) [] (%) [Trwlx (3.14)
j

7 j=1 j=1
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The complexity of this inferencing method is O(n) because we use all samples to
compute the estimate. Due to the fact that the sample size is small, the time complexity
is relatively low but will grow linearly as the number of samples increase. The number
of latent nodes selected is done by running random search over a set of values. The

experiments were seeded in order to produce consistent results.

Procedure 7 Pseudocode implementing the inference process for CorEx-Ci.

Input: A matrix of size n x d representing n samples, d — 1 continuous random vari-
ables, and 1 discrete random variable (class label)
Set: Set m, the number of latent variables, Y, and k so that |Y;| = k
Output: Parameters «;, j, p(yjlxi), p(y;), p(y1xh, for i e Ng, j €N, 1N, y €N,
x;i€X
Randomly initialize «; j, p(y; Ixh;
repeat
Estimate marginals, p(y;), p(y;lx;) using Eq. and Eq.
Calculate I(x;, y;) from marginals
Update a through Eq.(3.2)
Calculate p(y|x"),l=1...n using Eq.
until Convergence
Inference Step:
for n; = 1... nest do where nyes; is the number of testing samples
Estimate p(c) from training samples
Calculate p(y; Ix?;t) using Eq..
Calculate p(y;) using Eq.(3.6)
Calculate p(yjlx} ) using Eq.
Cp, < argmax,p(clxy,)
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Figure 3.6: The figure shows the process for CorEx-Ci.

3.4.2 Control Experiments for CorEx-Ci

We ran two sets of control experiments in order to understand the nature of
CorEx-Ci better. The simulated data was used is as described in section We ran
the experiment 10 times and plotted the average of the runs. We also compared the
performance against the performance of other classifiers such as SVM with Linear Ker-
nel, SVM with RBF Kernel, Naive Bayes, and K-Nearest Neighbour. The two sets of

experiment run were:

1. We varied the input dimensions of the simulated data while keeping the sample

size fixed, which follows the HDLSS asymptotic.
We tested three variations of differing the dimension size. They are:-
(a) Keeping the variables that are directly related to the class label the same
while increasing redundancy among the uninformative variables.

(b) Keeping the uninformative variables the same while increasing the redun-

dancy among the informative variables.

(c) Increasing the redundancy among both the informative and uninformative

variables.

2. Vary the sample size, but keep the dimensions the same. This follows the classi-

cal asymptotic under which most classification methods would perform well.

Plots were made to view the trend each of the different classifiers portray.
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3.5 Simulated Datasets

Two simulated datasets were generated. The datasets were simulated to further un-
derstand how the proposed methods work and to what extent in a controlled manner.
It is also used to test under which conditions CorEx-based methods will work. The
data simulation process used follows that of ancestral sampling. Ancestral sampling
samples the variables in order of parent to child (Bishop) [2006). The child variable is
sampled conditioned on its parents in the graph. The data was generated using the
Y - X — C structure and Y — X, Y — C structure. Y is the latent structure, X is the
input feature set and C is the class label. For the Y — X — C generation, it indicates
that C 1L Y | X while Y — X, Y — C indicates that C 1L X | Y. In both the generation
process, Y is independent of each other. CorEx makes the assumption that the data
follows the form of Y — X, Y — C. On the other hand, many classifiers try to model
the relationship such that X has an explicit relationship with C. Hence, through these
generated data, we investigate to what extent the CorEx-C model captures the proba-
bility in terms of P(C|X).

The data generation process was done as follows: 10 nodes of latent variables
were first generated using Bernoulli distribution with different probabilities. This
was done in order to simulate the latent variables modeled by CorEx. We have used
Bernoulli distribution as we set the y = {0, 1} as done in CorEx. For each y € {y,..., y10}
we generated 50000 samples. In order to sample X, ¢ and o of the normal distribution
was parameterized as a function of Y to model the conditional probability P(X|Y). For
each latent variable y, 10 x were generated with 50000 samples each. Therefore, the
total number of features in the dataset is 100, not including the class label. The class

labels were generated in the following manner:

1. Y= X, Y — C (YC): Only y; was used. An additive noise was added. The class

label was a pulse variable of y;

2. Y — X — C (YXC): The class labels are generated only from the first 10 xs (i.e.
only x simulated from y;). This was done to keep it consistent with the ¥ —
X,Y — C generation process. The class label is a non-linear combination of the
values between x; - -- x19. The values were then passed through the inverse-logit

function and thresholded using the criteria < 0.5 — ¢ =0, while >=0.5— c=1.

The simulated datasets were split into 60% training samples and 40% testing sam-
ples. The number of samples from each class are balanced in the training set. The

training sample size was also downsampled to 80 samples using random downsam-
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pling in order to simulate the HDLSS condition. The training set for both the training
sample size is kept the same. The testing set is an imbalanced set.

In the case of Y — X, Y — C, we expect that the data may be hard to classify. This
is because the class labels are not directly linked to the input variables. Many of the
classification and inferencing methods require some form of metadata between the

input variables and the class variables. In this case, the relationship is implicit.

3.6 Classification Performance Metric

Accuracy and Matthew’s Correlation Coefficient (MCC) was chosen to measure the per-

formance of the classifier.

3.6.1 Accuracy

Classification accuracy is the ratio of the number of correct samples to the total

number of predictions made. Mathematically, it is defined as:

Accurac —TP +IN (3.15)
u = .
Y Total Samples

where where TP is true positive, TN is true negative.

Accuracy is able to give a general evaluation of how well the model has been
trained. However, if the samples are imbalanced, the accuracy could be skewed. This
is because it could easily predict the majority class well but perform poorly on the mi-

nority class.

3.6.2 Matthew’s Correlation Coefficient

Matthew’s Correlation Coefficient (MCC) is used as a metric to check the robust-
ness of the generalisation capabilities of the classifiers. MCC takes into account the
false negatives and false positives when measuring the performance of a binary clas-
sification task. This will give a better evaluation of the classifiers performance in the

case of imbalance data. MCC can take a value between -1 to 1. MCC is defined as:-

TP %« TN — FP « FN

MCC =
V(TP + FP) * (TP + FN) * (TN + FP) * (TN + FN)

(3.16)

where TP is true positive, TN is true negative, FP is false positive and FN is false neg-
ative. If the denominator computes to zero, then it is set to 1 so that the computation

does not become undefined.



Chapter 4

Results & Discussions

4.1 CorEx-C

We plotted heatmaps of the connection between the class label and the input features.
The intensity of the heatmaps are based on the a value between the input features and
the latent variables. The purpose of this experiment is to test the effect of different
data generation process on CorEx-C model. Further, we also explore its effect given
a non-HDLSS scenario. It is seen that the higher the sample size, the more accurate
the representation. It should also be noted that with CorEx-C under the Y->X, Y->C
assumption, regardless of the sample size, the class label is able to bias the relevant
features fairly accurately.

The horizontal label (x-axis) in the heatmap represents the input features. The
first 10 x in the dataset, i.e. x1...x10 are relevant to the class label. The remaining input
features are irrelevant to the class label. The last x plotted in the heatmap, i.e. x101,
is the class label. The vertical-axis (y-axis) displays the hidden nodes that the CorEx-C
model was trained with. Through the nodes, we can visualise the relationship between
variables. As an example, Figl4.3|shows that the class label (x101) is strongly connected
to node 8 (y-axis). Through this node, we can also visualise with the aid of the heatmap,
input node x1 is strongly related to the class label. The latent nodes are arranged in
descending order of total correlation between the features. This means that features
connected to latent node 0 would have the highest total correlation among them. The
colour key indicates the strength of the relationship between the input features and the
latent variable, with 0-light grey- indicating no relationship and 1 -black- indicating

very strong relationship.

63
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Figure 4.1: The figure shows the heatmap of the a values between the latent variables

and the input features with 80 training samples Y — X — C.
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4.1.1 Effect of Data Generation Process on CorEx-C Model under

HDLSS Asymptotic

The original CorEx model made the assumption that the data generated should
follow the Y — X, Y — C process in order for relationships between features to be dis-
covered accurately. The CorEx-C model does not change the assumptions made by the
original CorEx model. Through the visualisation of the heatmaps, we investigate the

behaviour of the CorEx-C model under two different data generation processes.

Data Generation Process: Y->X->C

Fig.(4.1) shows a completely incorrect grouping of features with the class label at hid-
den node 0. This shows the inability of the CorEx-C model to accurately capture rela-
tionships with high confidence. It should be noted that latent nodes 4 and 7 shows a
very weak relationship between the class label and the relevant features. As such, in the
case when the data generation process violates the CorEx assumption, the algorithm
does not perform well. However, it should be noted that it is still able to capture some

of the relevant nodes given that the generation process is violated.

Data Generation Process: Y->X, Y->C

Fig.(4.2) shows that the relationship between the class label and most of the relevant
input features have been captured. The relationship that was captured shows a high
confidence. This is because features were captured by nodes with higher total cor-
relation. This shows that if the data generation assumption holds, CorEx-C is able
to detect useful and meaningful relationships. Another difference between relation-
ship captured by CorEx-C between the two data generation process is the quality of
the features captured. This is to say that the features captured by the CorEx-C model
as related to the class label, under this data generation process, is less noisy. Hence,
the features extracted through this model will be more representative and lowers the

chance of skewing the classifiers due to the presence of noise.

4.1.2 Effect of Data Generation Process on the CorEx-C Model under
Non-HDLSS Asymptotic

While the CorEx-C model is able to capture relationships under HDLSS asymp-

totics, we further explore its ability when abundant samples are available.
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Figure 4.2: The figure shows the heatmap of the a values between the latent variables

and the input features with 80 training samples Y — X, Y — C.
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Data Generation Process: Y->X->C

Fig. shows that the class label is able to detect some of the relevant features via
latent node 8. The heatmap shows more features to be accurately grouped as related
to the class label under the non-HDLSS scenario as compared to having a very small
sample size. Less irrelevant features have also been captured as being related to the
class label in contrast to when the sample size is small. A larger sample size allows for
a more precise probability to be computed. Statistical methods generally do well when
sample size is sufficiently large. However, as seen, there are still a number of other
relevant features which are connected through node 7 which are considered irrelevant
to the class label by CorEx-C. This also drives the point that large sample size does not
circumvent all the obstacles posed when there are other factors involved such as the

violation of the data generation assumption.

Data Generation Process: Y->X, Y->C

Fig.(4.4) shows that all the features that are relevant to the class label is connected to
each other. It shows improvement compared to when the sample size is small. The
higher the sample size, the more precise the model as all the hyperparameters can be
trained sufficiently. However, the improvement is not as drastic as seen compared to
the heatmaps in Fig.(4.1) and Fig.(4.3), when the data generation assumption was vi-
olated. It shows that CorEx-C model is relatively robust in capturing relevant features
even in HDLSS settings provided the assumptions are not violated. The reason for this
is due to the optimization done through the original CorEx model which CorEx-C lever-

ages upon.

4.1.3 Discussion

Through the heatmaps, it can be seen that adding the class label can indeed map
the discriminant features with the class labels in the case of Y — X, Y — C. While
CorEx-C allows for changes in the modelling of the distribution of data, it does not
change the core assumptions made by CorEx itself. CorEx strictly assumes that all the
observations are induced by the latent variables. The latent variables are assumed to
be independent of each other. In this case, as shown by Fig.(4.4)and Fig.(4.2), the as-
sumption holds. However, in the case where the class labels are induced by other in-
put features, CorEx-C is able to capture the relationship only with abundant data as
shown from Fig.(4.3) and Fig.(4.1). Figl4.1]is strongly connected to irrelevant features

but is able to detect weak relationships with features that are relevant to the class label.
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Figure 4.3: The figure shows the heatmap of the a values between the latent variables

and the input features with 30000 training samples Y — X — C.
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While it has to be noted that not all data necessarily follow this assumption, we make
the assumption that the datasets in the real world can be linked to an ancestor variable
(i.e. latent variable). For example, in the medical field when a disease is diagnosed,
the values obtained do not cause the factors of the disease, but the characteristics of
the disease causes the test to react in a certain manner. Therefore, we consider this a
reasonable assumption to work within. However, we acknowledge that the assumption

made should be expanded and is a future direction to be explored.

4.2 Discriminant Classification Method

The experiments in this section were conducted to analyse how well CorEx-C based
method works under the discriminant classification umbrella. In order to do so, the
feature selection and extraction methods were first trained on the training set and then
applied to the test set. Classification was done after the preprocessing step. The classi-
fiers used were SVM with Linear Kernel, SVM with Radial Basis Function (RBF) kernel,
K-Nearest Neighbour(KNN) with k=5 and the Gaussian Naive Bayes classifier. The SVM
classifiers were chosen as they work well with high dimensional data. However, in the
case of HDLSS data, SVMs tend to overfit and exhibit symptoms of data piling (Ahn
and Marron, 2010). This causes a large number of support vectors to be projected onto
a single point (Ahn et al.,[2007) making it difficult for separation between classes. K-
Nearest neighbour approach was chosen because it is known to be hit by the curse of
dimensionality in HDLSS settings. This is because the distance between the nearest
points converges to the distance between the furthest points (Beyer et al., 1999). Us-
ing KNN we can then test if a feature extraction method can overcome the curse of
dimensionality by reducing the convergence of the distance between the points. The
Naive Bayes classifier on the other hand holds the assumption that the input features
are independent of each other, given the class labels. Gaussian Naive Bayes was used
to allow for computation with real valued attributes. HDLSS data is said to contain re-
dundancies between features, therefore this opens an interesting possibility to test if
the redundancy among the data has been reduced and its effect on the classifiers. The
classifiers can be found and are implemented in Python using the scikit-learn package
(Pedregosa et al., 2011). The experiments run are seeded so that it would be able to
produce consistent results.

Throughout this chapter, a particular feature extraction or selection method be-
ing competitive with another feature extraction or selection method in lieu of clas-

sification performance will be referred to as "feature extraction or selection method



4.2  Discriminant Classification Method 71

performing competitively with each other". E.g. CorEx-SF_Alpha0 is competitive with
CorEx-SFS. The performance of the feature selection or extraction method is based on
the classification performance of the features that are extracted and selected by the

methods. Classification performance refers to both the accuracy and MCC values.

4.2.1 Data-based Analysis of Classification Performance for

Simulated Data

The experiments were conducted using the simulated data discussed in Chapter
We compared the methods against some of the information theory based feature
selection and extraction methods described in Chapter We set the number of
features to be selected and extracted to 10. This was done as there were only 10 features
that were relevant to the class label. The number of latent features were also set to 10
as there were 10 latent features that generated all the data.

We also compared them against the classifiers’ performances on the raw data,
which is the full dataset without any preprocessing applied. Further, we tested the per-
formance after preprocessing against the features which are relevant for the classifica-
tion task. The relevant features are annotated as R.E in the tables. We also bench-
marked the performance of CorEx-based feature extraction and selection methods

with MRMR and CIFE for each of the dataset.
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80 Y->X, Y->C

Table 4.1: A table of comparison of accuracy of CorEx-based methods for 80 samples

under the Y — X, Y — C generation process.

Dataset SVM:Linear SVM:RBF KNN (k=5) Naive Bayes
Raw Data 51.32% 35.51% 51.95% 59.74%
CorEx-SF_AlphaNot0 (80%) 59.06% 59.06% 59.06% 59.06%
CorEx-SF_Alpha0 (10%) 59.06% 59.06% 59.06% 59.06%
CorEx-SF_Alpha0 (20%) 59.06% 59.06% 59.06% 59.06%
CorEx-SF_Alpha0 (30%) 59.06% 59.06% 59.06% 59.06%
CorEx-SF_Alpha0 (50%) 59.06% 59.06% 59.06% 59.06%
CorEx-SF_Alpha0 (80%) 59.06% 59.06% 59.06% 59.06%
CorEx-SF_Bidirectional 59.06% 59.06% 58.36% 59.06%
CorEx-SF_MI (10%) 59.06% 59.06% 59.06% 59.06%
CorEx-SF_MI (20%) 59.06% 59.06% 59.06% 59.06%
CorEx-SF_MI (30%) 59.06% 59.06% 59.06% 59.06%
CorEx-SF_MI (50%) 59.06% 59.06% 59.06% 59.06%
CorEx-SF_MI (80%) 59.06% 59.06% 59.08% 59.06%
CorEx-SFS 52.43% 35.51% 48.50% 59.47%
CorEx-UF 58.94% 35.69% 64.29% 62.09%
R.E 53.63% 35.52% 50.70% 59.00%
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Table 4.2: A table of comparison of MCC for CorEx-based methods for 80 samples un-

der the Y — X, Y — C generation process.

Dataset SVM:Linear SVM:RBF KNN (k=5) Naive Bayes
Raw Data 0.0229 0.0105 0.0002 0.1475
CorEx-SF_AlphaNot0 (80%) 0.1838 0.1838 0.1838 0.1838
CorEx-SF_Alpha0 (10%) 0.1838 0.1838 0.1838 0.1838
CorEx-SF_Alpha0 (20%) 0.1838 0.1838 0.1838 0.1838
CorEx-SF_Alpha0 (30%) 0.1838 0.1838 0.1838 0.1838
CorEx-SF_Alpha0 (50%) 0.1838 0.1838 0.1838 0.1838
CorEx-SF_Alpha0 (80%) 0.1838 0.1838 0.1838 0.1838
CorEx-SF_Bidirectional 0.1838 0.1838 0.1795 0.1838
CorEx-SF_MI (10%) 0.1838 0.1838 0.1838 0.1838
CorEx-SF_MI (20%) 0.1838 0.1838 0.1838 0.1838
CorEx-SF_MI (30%) 0.1838 0.1838 0.1838 0.1838
CorEx-SF_MI (50%) 0.1838 0.1838 0.1838 0.1838
CorEx-SF_MI (80%) 0.1838 0.1838 0.1813 0.1838
CorEx-SFS 0.1062 0.0105 0.0002 0.1623
CorEx-UF 0.1835 0.0324 -0.0348 -0.1168
R.E 0.1654 0.0105 0.1940 0.1819

Table 4.3: A table of comparison of accuracy for feature extraction and selection meth-

ods for 80 samples under the Y — X, Y — C generation process.

Dataset SVM:Linear SVM:RBF KNN (k=5) Naive Bayes
Raw Data 51.32% 35.51% 51.95% 59.74%
CIFE 53.63% 35.52% 50.70% 59.00%
InfomaxICA 50.86% 35.50% 46.60% 41.17%
KECA 35.50% 35.50% 48.59% 49.28%
MMI 49.37% 36.46%  47.76% 43.50%
MRMR 53.63% 35.52% 50.70% 59.00%
CorEx-SFS 52.43% 35.51% 48.50% 59.47%

R.F 53.63% 35.52% 50.70% 59.00%
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Table 4.4: A table of comparison of MCC values for feature extraction and selection

methods for 80 samples under the Y — X, Y — C generation process.

Dataset SVM:Linear SVM:RBF KNN (k=5) Naive Bayes
Raw Data 0.0229 0.0105 0.0002 0.1475

CIFE 0.1654 0.0105 0.1940 0.1819
Infomax ICA 0.0031 0.0000 -0.0130 -0.0056
KECA 0.0000 0.0000 -0.0016 -0.0082
MMI -0.0114 0.0082 0.0058 -0.0060
MRMR 0.1654 0.0105 0.1940 0.1819
CorEx-SFS 0.1062 0.0105 0.0002 0.1623

R.E 0.1654 0.0105 0.1940 0.1819

The heatmap in Fig.(4.2) for the simulated data using the Y->X, Y->C data generation
process with 80 samples show that the class label is connected to most of the relevant
features for the classification task. CorEx-SFS performs comparably with the raw data.
The MCC values indicates that CorEx-SFS allows the classifiers to be more robust to
generalisation compared to the raw data. This could be due to the reduction in noisy
features selected. CorEx-SEFS is less robust and accurate compared to R.E because it
has not selected all the relevant features.

CorEx-SF performs better than R.E both in terms of accuracy and ability for data
to generalise for all the classifiers except KNN. This shows that under the Y->X, Y->C
generative process, the features extracted does encode the relationship between the
input features to be used for classification. CorEx-UF on the other hand gives a better
accuracy than CorEx-SF and CorEx-SFS for the Naive Bayes and KNN classifiers. How-
ever, when comparing the MCC values, it can be seen that CorEx-UF produces a less
robust classifier model than its supervised counterparts.

Comparing the CorEx-SFS methods with the other information theory based fea-
ture extraction and selection methods, it gives better accuracy than MMI for all the
classifiers except SVM with RBF Kernel. However, when comparing the MCC values,
CorEx-SFS gives better generalisation than MMI for SVM with RBF Kernel. Features
selected through CorEx-SFES leads to a slightly more robust classifier compared to In-
fomax ICA and KECA in this case. MRMR and CIFE on the other hand performs better
or at par with CorEx-SFS, whereas CorEx-SF performs competitively with MRMR and
CIFE.
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30000 Y->X, Y->C

Table 4.5: A table of comparison of accuracy for CorEx-based methods for 30000 sam-

plesunder the Y — X, Y — C generation process.

Dataset SVM:Linear SVM:RBF KNN (k=5) Naive Bayes
Raw Data 53.66% 61.06% 50.04% 59.04%
CorEx-SF_AlphaNot0 (80%) 59.02% 59.02% 59.02% 59.02%
CorEx-SF_Alpha0 (10%) 59.02% 59.02% 59.02% 59.02%
CorEx-SF_Alpha0 (20%) 59.02% 59.02% 59.02% 59.02%
CorEx-SF_Alpha0 (30%) 59.02% 59.02% 59.02% 59.02%
CorEx-SF_Alpha0 (50%) 59.02% 59.02% 59.02% 59.02%
CorEx-SF_Alpha0 (80%) 59.02% 59.02% 59.02% 59.02%
CorEx-SF_Bidirectional 59.02% 59.02% 59.02% 59.02%
CorEx-SF_MI (10%) 59.02% 59.02% 59.02% 59.02%
CorEx-SF_MI (20%) 59.02% 59.02% 59.02% 59.02%
CorEx-SF_MI (30%) 59.02% 59.02% 59.02% 59.02%
CorEx-SF_MI (50%) 59.02% 59.02% 59.02% 59.02%
CorEx-SF_MI (80%) 59.02% 59.02% 59.02% 59.02%
CorEx-SFS 53.50% 61.06% 49.74% 59.04%
CorEx-UF 59.02% 50.93% 49.91% 59.02%
R.E 53.01% 60.31% 58.23% 59.02%
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Table 4.6: A table of comparison of MCC for CorEx-based methods for 30000 samples

under the Y — X, Y — C generation process.

Dataset SVM:Linear SVM:RBF KNN (k=5) Naive Bayes
Raw Data 0.1301 -0.1401 0.0120 0.1827
CorEx-SF_AlphaNot0 (80%) 0.1822 0.1822 0.1822 0.1822
CorEx-SF_Alpha0 (10%) 0.1822 0.1822 0.1822 0.1822
CorEx-SF_Alpha0 (20%) 0.1822 0.1822 0.1822 0.1822
CorEx-SF_Alpha0 (30%) 0.1822 0.1822 0.1822 0.1822
CorEx-SF_Alpha0 (50%) 0.1822 0.1822 0.1822 0.1822
CorEx-SF_Alpha0 (80%) 0.1822 0.1822 0.1822 0.1822
CorEx-SF_Bidirectional 0.1822 0.1822 0.1822 0.1822
CorEx-SF_MI (10%) 0.1822 0.1822 0.1822 0.1822
CorEx-SF_MI (20%) 0.1822 0.1822 0.1822 0.1822
CorEx-SF_MI (30%) 0.1822 0.1822 0.1822 0.1822
CorEx-SF_MI (50%) 0.1822 0.1822 0.1822 0.1822
CorEx-SF_MI (80%) 0.1822 0.1822 0.1822 0.1822
CorEx-SFS 0.1259 -0.1401 0.0052 0.1827
CorEx-UF 0.1822 0.0299 0.0079 0.1822
R.E 0.1300 0.1803 0.1835 0.1822

Table 4.7: A table of comparison of accuracy for feature extraction and selection meth-

ods for 30000 samples under the Y — X, Y — C generation process.

Dataset SVM:Linear SVM:RBF KNN (k=5) Naive Bayes
Raw Data 53.66% 61.06% 50.04% 59.04%
CIFE 53.01% 60.31% 58.23% 59.02%
InfomaxICA 49.06% 51.63% 50.44% 50.27%
KECA 50.64% 48.01% 50.31% 50.34%
MMI 50.23% 49.94% 49.85% 50.60%
MRMR 53.01% 60.31% 58.23% 59.02%
CorEx-SFS 53.50% 61.06%  49.74% 59.04%

R.F 53.01% 60.31% 58.23% 59.02%
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Table 4.8: A table of comparison of MCC values for feature extraction and selection

methods for 30000 samples under the Y — X, Y — C generation process.

Dataset SVM:Linear SVM:RBF KNN (k=5) Naive Bayes
Raw Data 0.1301 -0.1401 0.0120 0.1827
CIFE 0.1300 0.1803 0.1835 0.1822
Infomax ICA 0.0016 0.0025 0.0050 -0.0093
KECA -0.0021 0.0042 0.0039 -0.0124
MMI 0.0058 -0.0018 -0.0031 0.0025
MRMR 0.1300 0.1803 0.1835 0.1822
CorEx-SFS 0.1259 -0.1401 0.0052 0.1827

R.E 0.1300 0.1803 0.1835 0.1822

CorEx-SF performs competitively with R.E both in terms of accuracy and generalisa-
tion capability. This is because all the relevant features have been extracted through
the CorEx-C model. CorEx-SFS performs marginally better than CorEx-SF under the
SVM with RBF classifier accuracy-wise. However, the ability for the classifier to gen-
eralise improves with the use of features extracted by CorEx-SE CorEx-SF performs
bettter than CorEx-UF even as the number of samples increase. This shows that the
encoding of the class label can lead to the discovery of the relevant structure of the
data in relation to classification.

CorEx-SEFS is competitive accuracy-wise with MRMR and CIFE for all the classi-
fiers except KNN. Taking a closer look at the generalisation capability of the classifiers,
MRMR and CIFE performs better than CorEx-SES. On the other hand, CorEx-SF per-
forms competitively with MRMR and CIFE for all classifiers.

The performance of features extracted through CorEx-SF is fairly stable regard-
less of the number of samples available in the dataset under the Y->X, Y->C condition.
This shows that CorEx-SF can be used in HDLSS conditions under the Y->X, Y->C data

generation assumption.
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80 Y->X->C

Table 4.9: A table of comparison of CorEx-based methods for 80 samples under the

Y — X — C generation process.

Dataset SVM:Linear SVM:RBF KNN (k=5) Naive Bayes
Raw Data 52.56% 64.51% 51.37% 59.74%
CorEx-SF_AlphaNot0 (10%) 41.14% 41.14% 41.14% 41.14%
CorEx-SF_AlphaNot0 (30%) 47.73% 47.73% 47.73% 47.73%
CorEx-SF_AlphaNot0 (50%) 46.77% 53.57% 60.19% 53.57%
CorEx-SF_AlphaNot0 (80%) 49.46% 52.09% 46.57% 53.07%
CorEx-SF_Alpha0 (10%) 41.14% 41.14% 41.14% 41.14%
CorEx-SF_Alpha0 (20%) 47.73% 47.73% 47.73% 47.73%
CorEx-SF_Alpha0 (30%) 61.22% 47.73% 59.14% 47.73%
CorEx-SF_Alpha0 (50%) 49.51% 52.09% 54.04% 52.68%
CorEx-SF_Alpha0 (80%) 50.67% 57.84% 53.09% 53.07%
CorEx-SF_Bidirectional 51.22% 62.37% 49.21% 53.04%
CorEx-SF_MI (10%) 41.14% 41.14% 41.14% 41.14%
CorEx-SF_MI (20%) 41.14% 54.49% 41.14% 41.14%
CorEx-SF_MI (30%) 41.14% 54.49% 42.44% 41.14%
CorEx-SF_MI (50%) 41.14% 64.51% 42.38% 47.04%
CorEx-SF_MI (80%) 51.84% 62.56% 50.82% 49.22%
CorEx-SFS 50.05% 64.51% 52.13% 49.41%
CorEx-UF 35.68% 64.37% 64.34% 63.57%

R.E 85.52% 68.48% 72.64% 78.82%
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Table 4.10: A table of comparison of MCC for CorEx-based methods for 80 samples

under the Y — X — C generation process.

Dataset SVM:Linear SVM:RBF KNN (k=5) Naive Bayes
Raw Data 0.0139 0.0000 0.0096 0.2117
CorEx-SF_AlphaNot0 (10%) -0.0060 -0.0060 -0.0060 -0.0060
CorEx-SF_AlphaNot0 (30%) -0.0040 -0.0040 -0.0040 -0.0040
CorEx-SF_AlphaNot0 (50%) 0.0538 0.0294 0.1376 0.0294
CorEx-SF_AlphaNot0 (80%) 0.0596 0.0651 0.0312 0.0409
CorEx-SF_Alpha0 (10%) -0.0060 -0.0060 -0.0060 -0.0060
CorEx-SF_Alpha0 (20%) -0.0040 -0.0040 -0.0040 -0.0040
CorEx-SF_Alpha0 (30%) 0.1115 -0.0040 0.1654 -0.0040
CorEx-SF_Alpha0 (50%) 0.0387 0.0651 0.0722 0.0513
CorEx-SF_Alpha0 (80%) 0.0546 0.0486 0.0417 0.0409
CorEx-SF_Bidirectional 0.0497 0.0517 0.0048 0.0408
CorEx-SF_MI (10%) -0.0060 -0.0060 -0.0060 -0.0060
CorEx-SF_MI (20%) -0.0060 -0.0154 -0.0060 -0.0060
CorEx-SF_MI (30%) -0.0060 -0.0154 -0.0199 -0.0060
CorEx-SF_MI (50%) -0.0060 0.0000 -0.0109 -0.0073
CorEx-SF_MI (80%) 0.0619 0.0651 0.0157 0.0076
CorEx-SFS 0.0170 0 0.0033 0.0344
CorEx-UF 0.0319 -0.0273 -0.0306 -0.0723
R.E 0.7223 0.2530 0.4558 0.6081

Table 4.11: A table of comparison of accuracy for feature extraction and selection meth-

ods for 80 samples under the Y — X — C generation process.

Dataset SVM:Linear SVM:RBF KNN (k=5) Naive Bayes
Raw Data 52.56% 64.51% 51.37% 59.74%
CIFE 85.52% 68.48% 72.64% 78.82%
Infomax ICA 50.77% 64.51% 50.90% 47.64%
KECA 64.51% 64.51% 49.27% 51.80%
MMI 52.57% 63.12% 50.55% 54.94%
MRMR 85.52% 68.48% 72.64% 78.82%
CorEx-SFS 50.05% 64.51% 52.13% 49.41%

R.F 85.52% 68.48% 72.64% 78.82%
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Table 4.12: A table of comparison of MCC values for feature extraction and selection

methods for 80 samples under the Y — X — C generation process.

Dataset SVM:Linear SVM:RBF KNN (k=5) Naive Bayes
Raw Data 0.0139 0.0000 0.0096 0.2117

CIFE 0.7223 0.2530 0.4558 0.6081
Infomax ICA -0.0035 0.0000 0.0022 0.0007
KECA 0.0000 0.0000 -0.0003 -0.0028
MMI -0.0171 -0.0107 -0.0162 -0.0057
MRMR 0.7223 0.2530 0.4558 0.6081
CorEx-SFS 0.0170 0.0000 0.0033 0.0344

R.E 0.7223 0.2530 0.4558 0.6081

As seen from the heatmap in Fig. (4.1), the class label is only mildly related to features
that are relevant for classification. This is due to the violation of the CorEx assump-
tion. Thus, itis to be expected that the classification result after preprocessing through
CorEx-C does not perform well. The accuracy of the CorEx-SF values increase when
the threshold size increases. The accuracy of the classification models decreases as
the thresholding values of CorEx-SF decrease. This is because the bigger the thresh-
old value, the more the relevant features which are mildly related will be selected. The
classifiers would be able to generalise better when there are more relevant features.
However, it has to be noticed that after a certain threshold level, the generalisation
capability fluctuates. This could be because more irrelevant information is captured
just as more relevant features are captured as the threshold size increases. There is a
trade-off that needs to be balanced when increasing the threshold size to ensure that
too many irrelevant features are not selected while extracting the relevant features.

CorEx-SF_MI performs worse than the other CorEx-SF methods because CorEx-
SF_MI dilutes the weak relationships captured and strengthens the strong relation-
ships. In this case, it will not perform well because the relevant features are de-
tected as having weak relationship with the class label. R.F performs better than the
CorEx-based feature extraction and selection methods. This is because the relation-
ships learnt are not accurate. CorEx-SF_Alpha0 with a threshold of 50% can perform
marginally better than CorEx-UF and CorEx-SFS MCC-wise.

CorEx-SEFS is competitive with KECA accuracy-wise for all the classifiers except
for SVM with Linear Kernel and Naive Bayes. The MCC values show that CorEx-SFS
is slightly more robust than KECA, MMI, and Infomax ICA. CIFE and MRMR performs
much better than CorEx-SFS.
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30000 Y->X->C

Table 4.13: A table of comparison of accuracy for CorEx-based methods for 30000 sam-

ples under the Y — X — C generation process.

Dataset SVM:Linear SVM:RBF KNN (k=5) Naive Bayes
Raw Data 88.26% 64.51% 50.08% 67.72%
CorEx-SF_AlphaNot0 (10%) 59.03% 59.03% 35.50% 59.03%
CorEx-SF_AlphaNot0 (30%) 59.03% 59.03% 51.79% 59.03%
CorEx-SF_AlphaNot0 (50%) 59.03% 59.03% 53.71% 59.03%
CorEx-SF_AlphaNot0 (80%) 59.03% 59.03% 54.32% 59.15%
CorEx-SF_Alpha0 (10%) 59.03% 59.03% 35.50% 59.03%
CorEx-SF_Alpha0 (20%) 59.03% 59.03% 51.79% 59.03%
CorEx-SF_Alpha0 (30%) 59.03% 59.03% 54.44% 59.03%
CorEx-SF_Alpha0 (50%) 59.03% 59.03% 53.99% 59.03%
CorEx-SF_Alpha0 (80%) 59.03% 59.03% 52.98% 59.10%
CorEx-SF_Bidirectional 59.03% 59.03% 53.15% 59.08%
CorEx-SF_MI (10%) 58.03% 58.03% 35.50% 58.03%
CorEx-SF_MI (20%) 58.03% 58.03% 35.50% 58.03%
CorEx-SF_MI (30%) 58.03% 58.03% 54.19% 58.03%
CorEx-SF_MI (50%) 58.03% 58.03% 54.94% 58.03%
CorEx-SF_MI (80%) 58.03% 58.03% 53.24% 58.03%
CorEx-SFS 88.28% 64.51% 50.69% 67.83%
CorEx-UF 62.37% 54.26% 53.48% 61.58%

R.E 88.39% 83.14% 89.78% 67.15%
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Table 4.14: A table of comparison of MCC values for CorEx-based methods for 30000

samples under the Y — X — C generation process.

Dataset SVM:Linear

SVM:RBF KNN (k=5)

Naive Bayes

Raw Data
CorEx-SF_AlphaNot0 (10%)
CorEx-SF_AlphaNot0 (30%)
CorEx-SF_AlphaNot0 (50%)
CorEx-SF_AlphaNot0 (80%)
CorEx-SF_Alpha0 (10%)
CorEx-SF_Alpha0 (20%)
CorEx-SF_Alpha0 (30%)
CorEx-SF_Alpha0 (50%)
CorEx-SF_Alpha0 (80%)
CorEx-SF_Bidirectional
CorEx-SF_MI (10%)
CorEx-SF_MI (20%)
CorEx-SF_MI (30%)
CorEx-SF_MI (50%)
CorEx-SF_MI (80%)
CorEx-SFS

CorEx-UF

R.E

0.7554
0.1868
0.1868
0.1868
0.1868
0.1868
0.1868
0.1868
0.1868
0.1868
0.1868
0.1665
0.1665
0.1665
0.1665
0.1665
0.7554
0.2647
0.7604

0.0000
0.1868
0.1868
0.1868
0.1868
0.1868
0.1868
0.1868
0.1868
0.1868
0.1868
0.1665
0.1665
0.1665
0.1665
0.1665
0.0000
0.0089
0.6317

0.0033
0.0000
0.0382
0.1162
0.1115
0.0000
0.0382
0.0920
0.1096
0.0651
0.0559
0.0000
0.0000
0.0875
0.0829
0.0197
0.0169
0.0071
0.7884

0.4182
0.1868
0.1868
0.1868
0.1870
0.1868
0.1868
0.1868
0.1868
0.1851
0.1860
0.1665
0.1665
0.1665
0.1665
0.1665
0.4206
0.1440
0.4197

Table 4.15: A table of comparison of accuracy for feature extraction and selection meth-

ods for 30000 samples under the Y — X — C generation process.

Dataset SVM:Linear SVM:RBF KNN (k=5) Naive Bayes
Raw Data 88.26% 64.51% 50.08% 67.72%
CIFE 88.39% 83.14% 89.78% 67.15%
Infomax ICA 54.20% 52.55% 49.84% 52.26%
KECA 51.35% 49.43% 49.58% 52.48%
MMI 47.29% 50.60% 49.98% 48.23%
MRMR 88.39% 83.14% 89.78% 67.15%
CorEx-SFS 88.28% 64.51% 50.69% 67.83%
R.E 88.39% 83.14% 89.78% 67.15%
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Table 4.16: A table of comparison of MCC values for feature extraction and selection

methods for 30000 samples under the Y — X — C generation process.

Dataset SVM:Linear SVM:RBF KNN (k=5) Naive Bayes
Raw Data 0.7554 0.0000 0.0033 0.4182

CIFE 0.7604 0.6317 0.7884 0.4197
Infomax ICA -0.0064 0.0025 -0.0004 0.0014
KECA -0.0058 -0.0042 -0.0037 -0.0004
MMI -0.0589 -0.0050 -0.0003 -0.0511
MRMR 0.7604 0.6317 0.7884 0.4197
CorEx-SFS 0.7554 0.0000 0.0169 0.4206

R.E 0.7604 0.6317 0.7884 0.4197

As seen in Fig.(4.3) it can be seen that only some of the relevant features were strongly
detected as related to the class label. The accuracy will be lower for CorEx-C based
feature extraction and selection methods. CorEx-SFS is competitive with R.E under
the SVM with Linear Kernel and Naive Bayes classifier. CorEx-SFES gives a slightly better
performance than CorEx-UF for all the classifiers. With 30000 samples, CorEx-SF based
methods improves its performance compared to when only 80 samples were used but
CorEx-SF based methods perform worse than R.E for all classifiers. The reason is that
only some relevant features have been extracted.

CorEx-SFS gives a better accuracy than MMI, KECA, and Infomax ICA for all clas-
sifiers. CorEx-SFS when benchmarked with MRMR and CIFE, shows that it is compet-
itive when SVM Linear Kernel and Naive Bayes is used while it performs worse when
used with KNN and SVM with RBF Kernel. This could be because SVM with Linear
Kernel and Naive Bayes perform linear classification and the data can be linearly sep-
arated. This is an improvement over the classification performance when the sample
size is very low for the Y — X — C data generation process.

It can be seen that CorEx-SFS and CorEx-SF become more stable as the number
of samples increases. While CorEx-SFS becomes competitive with R.E, CorEx-SF is still
performing badly. Hence, under the Y->X->C condition, CorEx-based methods do not

perform well.

Summary

1. If the data generation assumption made by CorEx is not violated, CorEx-based

feature extraction methods are competitive with R.E, MRMR, and CIFE.
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2. If the data generation assumption made by CorEx is violated, MRMR and CIFE
generally performs better than the CorEx-based feature selection and extraction
methods. However, as the sample size increases, CorEx-SFS starts becoming
competitive with MRMR, CIFE, and R.E.

3. CorEx-based feature extraction and selection methods, regardless of the data
generation process, performs better than Infomax ICA, MMI, and KECA with the

simulated dataset.

4.2.2 Data-based Analysis of Classification Performance for Real
World Data

The datasets used in this work are Alon’s Colon Cancer, Gravier’s Breast Can-
cer, Golub’s Leukemia and Gisette datasets. The datasets were balanced by randomly
down-sampling the majority class to match the number of samples in the minority
class. This is to ensure that the effects of imbalanced data do not skew the results pro-
duced from the experiment. The datasets were chosen based on the ratio of attributes

to instances under the HDLSS regime.

Alon

The dataset was used in/Alon et al. (1999) and contains gene expression levels of 40 tu-
mours and 22 normal colon tissues for 6500 human genes obtained with an affymetrix
oligonucleotide array. To avoid problems relating to bias of class imbalance, the
dataset was down-sampled to contain 22 samples from each class. It is a binary classi-

fication problem.

Gravier

This breast cancer dataset was used in |Gravier, Eleonore ef al.| (2010). Genomic hy-
bridization arrays were used to observe 168 patients over a 5-year period of which
111 patients had no event after diagnosis and 57 others showed early metastasis. The

dataset was downsampled to contain 57 samples from each of the classes.

Gisette

The Gisette dataset (Guyon et al., |2005) is a subset of MNIST from samples of classes
4 and 9. The original Gisette dataset contains 13500 samples. For this experiment,

Gisette was down sampled and balanced to contain only 4000 samples.
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Golub

Golub data (Golub et al.,|1999) contains 72 instances of leukaemia patients who were
diagnosed with either acute lymphoblastic leukaemia (ALL) and patients with acute
myeloid leukaemia (AML). Random down-sampling was done on the majority class to
match the number of instances of the minority class. The total number of instances

was brought down to 50.

Table 4.17: The table shows the attributes of the datasets used in the experiments.

Dataset # Features # Samples #Class

Alon 2000 44 2
Gisette 5000 4000 2
Golub 7129 50 2
Gravier 2905 114 2

The datasets were split into training and test sets. All the datasets with the ex-
ception of the Golub dataset were split such that 60% of the data was placed into the
training set and 40% of the data into the test set. The Golub dataset has a 50% train-
ing sample and 50% testing sample split due to its large number of dimensions which
leads to a longer computational time.

The number of features extracted by CorEx-UE CorEx-SE CIFE, and MRMR are
150 dimensions and 515 dimensions respectively for all the datasets. The number of
features chosen is still high dimensional in comparison to the number of samples per
class. The objective of the experiments is to show that reducing the number of di-
mensions can help improve the performance of the classifiers. The number of features
extracted by KECA and ICA on the other hand is in accordance to the number of sam-
ples available in the dataset for all datasets except Gisette which was extracted with 150
and 515 features. This is because these methods are not able to handle cases where the
transformed data is higher than the number of samples. In the case of MMI the num-
ber of extracted dimensions that we have chosen is n —1 where n is the number of
sample instances for all datasets except in the case of the Gisette dataset. The reason
n —1 dimensions were chosen rather than n is due to the rank deficiency when n di-
mensions are used. A smaller number of dimensions could be chosen, however, to be
consistent with KECA and ICA which uses n dimensions, we have chosen to use n—1
dimensions. MMI was initialised using Linear Discriminant Analysis (LDA). In the case
of the Gisette dataset, 150 and 515 features were chosen for all the feature extraction

methods as the number of sample instances exceeds the dimensions at 150 and 515.
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Visualisation of the Real World Datasets

(a) Alon dataset. (b) Gravier dataset.

(c) Gisette dataset (d) Golub dataset

Figure 4.5: Visualisations of the datasets used using Radviz generated by scOrange
software (DemsSar ef al, 2013). Radviz visualisation tool is based upon dimensional
anchors which are used to aid visualisation of high dimensional datasets in a 2D pro-

jection. The concept was introduced by Hoffman et al. (1999).

Graphs were plotted using Radviz in order to view the geometric distribution of the
samples in the high dimensional feature space. Radviz considers features to be dimen-
sional anchors which are independent of one another (Kuntal et al.,[2014). The visual-

isations aids in checking if the data points pile on each other (Ahn and Marron, [2010)
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or if the data points converges to be equidistant from each other (Hall et al., 2005). The
graphs in Figure |4.5/shows that the data points for all the graphs seem to pile on one
another. This would mean that the separating hyperplane would not very easily be able
to discriminate between classes. The graph shows that the datasets have some of the
geometrical structure of HDLSS datasets. Hence, investigating the performance of the
classifiers in order to benchmark on these data under HDLSS umbrella is justifiable.
In this section, we compare the performance of features extracted or selected
through CorEx-based methods on different real world datasets. We benchmark the per-
formance against the raw data. We also investigate the effect of the number of nodes

used on the performance of the classifiers for each of the datasets.
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Golub Dataset

Table 4.18: A table of comparison of accuracy of CorEx-based feature extraction and

selection methods for Golub dataset.

Classifier SVM: Linear SVM:RBF Naive Bayes KNNk=5)
Raw Data 96.00% 48.00% 96.00% 96.00%
CorEx-SF 150 Dim (100%) 96.00% 56.00% 96.00% 68.00%
CorEx-SF_Alpha0 150 Dim (10%) 96.00%  88.00% 96.00% 92.00%
CorEx-SF_Alpha0 150 Dim (30%) 96.00% 80.00% 96.00% 76.00%
CorEx-SF_Alpha0 150 Dim (50%) 92.00%  88.00% 96.00% 72.00%
CorEx-SF_Alpha0 150 Dim (80%) 92.00% 72.00% 96.00% 68.00%
CorEx-SF_AlphaNot0 150 Dim (10%) 48.00% 48.00% 60.00% 48.00%
CorEx-SF_AlphaNot0 150 Dim (30%) 48.00% 48.00% 60.00% 48.00%
CorEx-SF_AlphaNot0 150 Dim (50%) 48.00% 48.00% 60.00% 48.00%
CorEx-SF_AlphaNot0 150 Dim (80%) 48.00% 48.00% 60.00% 48.00%
CorEx-SF_Bidirectional 150 Dim 92.00% 64.00% 96.00% 60.00%
CorEx-SF_MI 150 Dim (10%) 96.00%  88.00% 96.00% 92.00%
CorEx-SF_MI 150 Dim (30%) 96.00% 80.00% 96.00% 76.00%
CorEx-SF_MI 150 Dim (50%) 92.00%  88.00% 96.00% 72.00%
CorEx-SF_MI 150 Dim (80%) 92.00% 72.00% 96.00% 68.00%
CorEx-SFS 150 Dim 100.00% 48.00% 96.00% 96.00%
CorEx-UF 150 Dim 92.00% 68.00% 76.00% 76.00%
CorEx-SF 515 Dim (100%) 96.00% 72.00% 96.00% 84.00%
CorEx-SF_Alpha0 515 Dim (10%) 96.00%  88.00% 92.00% 88.00%
CorEx-SF_Alpha0 515 Dim (30%) 92.00% 80.00% 96.00% 76.00%
CorEx-SF_Alpha0 515 Dim (50%) 92.00% 76.00% 92.00% 76.00%
CorEx-SF_Alpha0 515 Dim (80%) 96.00% 84.00% 96.00% 76.00%
CorEx-SF_AlphaNot0 515 Dim (10%) 48.00% 48.00% 40.00% 60.00%
CorEx-SF_AlphaNot0 515 Dim (30%) 48.00% 48.00% 40.00% 60.00%
CorEx-SF_AlphaNot0 515 Dim (50%) 48.00% 48.00% 40.00% 60.00%
CorEx-SF_AlphaNot0 515 Dim (80%) 48.00% 48.00% 40.00% 60.00%
CorEx-SF_Bidirectional 515 Dim 80.00% 60.00% 76.00% 56.00%
CorEx-SF_MI 515 Dim (10%) 96.00%  88.00% 92.00% 88.00%
CorEx-SF_MI 515 Dim (30%) 92.00% 80.00% 96.00% 76.00%
CorEx-SF_MI 515 Dim (50%) 92.00% 76.00% 92.00% 76.00%
CorEx-SF_MI 515 Dim (80%) 96.00% 84.00% 96.00% 76.00%
CorEx-SFS 515 Dim 96.00% 48.00% 96.00% 96.00%
CorEx-UF 515 Dim 92.00% 72.00% 96.00% 80.00%
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Table 4.19: A table of comparison of MCC of CorEx-based feature extraction and selec-

tion methods for Golub dataset.

Classifier SVM: Linear SVM:RBF Naive Bayes KNN(k=5)
Raw Data 0.9231 0.0000 0.9231 0.9231
CorEx-SF 150 Dim (100%) 0.9226 0.2833 0.9226 0.3590
CorEx-SF_Alpha0 150 Dim (10%) 0.9226 0.7806 0.9226 0.8397
CorEx-SF_Alpha0 150 Dim (30%) 0.9226 0.6138 0.9226 0.5424
CorEx-SF_Alpha0 150 Dim (50%) 0.8397 0.7845 0.9226 0.4470
CorEx-SF_Alpha0 150 Dim (80%) 0.8498 0.5399 0.9226 0.3590
CorEx-SF_AlphaNot0 150 Dim (10%) 0.0000 0.0000 0.1987 0.0000
CorEx-SF_AlphaNot0 150 Dim (30%) 0.0000 0.0000 0.1987 0.0000
CorEx-SF_AlphaNot0 150 Dim (50%) 0.0000 0.0000 0.1987 0.0000
CorEx-SF_AlphaNot0 150 Dim (80%) 0.0000 0.0000 0.1987 0.0000
CorEx-SF_Bidirectional 150 Dim 0.8397 0.2942 0.9226 0.2065
CorEx-SF_MI 150 Dim (10%) 0.9226 0.7806 0.9226 0.8397
CorEx-SF_MI 150 Dim (30%) 0.9226 0.6138 0.9226 0.5424
CorEx-SF_MI 150 Dim (50%) 0.8397 0.7845 0.9226 0.4470
CorEx-SF_MI 150 Dim (80%) 0.8498 0.5399 0.9226 0.3590
CorEx-SFS 150 Dim 1.0000 0.0000 0.9226 0.9231
CorEx-UF 150 Dim 0.8498 0.4804 0.5849 0.5424
CorEx-SF 515 Dim (100%) 0.9231 0.5399 0.9226 0.6903
CorEx-SF_Alpha0 515 Dim (10%) 0.9231 0.7628 0.8397 0.7628
CorEx-SF_Alpha0 515 Dim (30%) 0.8397 0.6138 0.9226 0.5192
CorEx-SF_Alpha0 515 Dim (50%) 0.8516 0.5290 0.8498 0.5192
CorEx-SF_Alpha0 515 Dim (80%) 0.9231 0.7206 0.9226 0.5192
CorEx-SF_AlphaNot0 515 Dim (10%) 0.0000 0.0000 -0.2202 0.2202
CorEx-SF_AlphaNot0 515 Dim (30%) 0.0000 0.0000 -0.2202 0.2202
CorEx-SF_AlphaNot0 515 Dim (50%) 0.0000 0.0000 -0.2202 0.2202
CorEx-SF_AlphaNot0 515 Dim (80%) 0.0000 0.0000 -0.2202 0.2202
CorEx-SF_Bidirectional 515 Dim 0.6026 0.2202 0.5849 0.1307
CorEx-SF_MI 515 Dim (10%) 0.9231 0.7628 0.8397 0.7628
CorEx-SF_MI 515 Dim (30%) 0.8397 0.6138 0.9226 0.5192
CorEx-SF_MI 515 Dim (50%) 0.8516 0.5290 0.8498 0.5192
CorEx-SF_MI 515 Dim (80%) 0.9231 0.7206 0.9226 0.5192
CorEx-SFS 515 Dim 0.9226 0.0000 0.9231 0.9226

CorEx-UF 515 Dim 0.8516 0.5399 0.9226 0.6591
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As seen from Table (4.18), CorEx-SF performs better or at par with the raw data for
all the classifiers except KNN. This shows that CorEx-SF is able to extract important
information related to the class label and minimise information loss through its com-
pression. SVM with RBF Kernel does not perform well for the Golub raw data whereas
SVM with Linear Kernel performs well. The reason behind this is that the need to map
the dataset into a much higher dimension than what it already is in may not be there
(Hsu et al), 2003). This would mean that non-linear mapping by the RBF Kernel will
not improve the performance as it increases the sparsity and complexity of the data
space. CorEx-SF for Golub dataset with 150 nodes shows an underperformed general-
ization on SVM with RBF Kernel and KNN when the threshold value is set at 100% but
improves significantly as the threshold values get smaller through the use of CorEx-
SF_Alpha0 and CorEx-SF_MI. A reason for this could be that less irrelevant features
are being captured as the threshold size decreases. CorEx-SFS can be seen to perform
competitively with CorEx-SE while CorEx-UF performs worse compared to CorEx-SFS
for all classifiers except for SVM with RBF Kernel. Using 150 nodes, show the best per-
formance across the different feature selection and extraction methods for the Golub

dataset.
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Alon Dataset

Table 4.20: The table shows the comparison of accuracy values of CorEx-based feature

extraction and selection methods for Alon dataset.

Classifier SVM: Linear SVM:RBF Naive Bayes KNN(k=5)
Raw Data 88.89% 50.00% 66.67% 66.67%
CorEx-SF 150 Dim (100%) 77.78% 88.89% 77.78% 83.33%
CorEx-SF_Alpha0 150 Dim (10%) 88.89% 88.89% 50.00% 77.78%
CorEx-SF_Alpha0 150 Dim (30%) 66.67% 83.33% 50.00% 66.67%
CorEx-SF_Alpha0 150 Dim (50%) 83.33% 83.33% 61.11% 72.22%
CorEx-SF_Alpha0 150 Dim (80%) 77.78% 88.89% 77.78% 72.22%
CorEx-SF_AlphaNot0 150 Dim (10%) 61.11% 61.11% 61.11% 61.11%
CorEx-SF_AlphaNot0 150 Dim (30%) 61.11% 61.11% 61.11% 61.11%
CorEx-SF_AlphaNot0 150 Dim (50%) 61.11% 61.11% 61.11% 61.11%
CorEx-SF_AlphaNot0 150 Dim (80%) 61.11% 61.11% 61.11% 66.67%
CorEx-SF_Bidirectional 150 Dim 66.67% 55.56% 50.00% 55.56%
CorEx-SF_MI 150 Dim (10%) 88.89% 88.89% 50.00% 88.89%
CorEx-SF_MI 150 Dim (30%) 72.22% 72.22% 50.00% 55.56%
CorEx-SF_MI 150 Dim (50%) 83.33% 83.33% 61.11% 72.22%
CorEx-SF_MI 150 Dim (80%) 77.78% 83.33% 77.78% 83.33%
CorEx-SFS 150 Dim 77.78% 50.00% 61.11% 77.78%
CorEx-UF 150 Dim 88.90% 88.90% 61.11% 83.33%
CorEx-SF 515 Dim (100%) 55.56% 55.56% 50.00% 50.00%
CorEx-SF_Alpha0 515 Dim (10%) 50.00% 50.00% 50.00% 50.00%
CorEx-SF_Alpha0 515 Dim (30%) 50.00% 50.00% 50.00% 50.00%
CorEx-SF_Alpha0 515 Dim (50%) 50.00% 50.00% 50.00% 50.00%
CorEx-SF_Alpha0 515 Dim (80%) 50.00% 50.00% 50.00% 50.00%
CorEx-SF_AlphaNot0 515 Dim (10%) 50.00% 50.00% 50.00% 50.00%
CorEx-SF_AlphaNot0 515 Dim (30%) 50.00% 50.00% 50.00% 50.00%
CorEx-SF_AlphaNot0 515 Dim (50%) 50.00% 50.00% 50.00% 50.00%
CorEx-SF_AlphaNot0 515 Dim (80%) 50.00% 50.00% 50.00% 50.00%
CorEx-SF_Bidirectional 515 Dim 50.00% 61.11% 50.00% 55.56%
CorEx-SF_MI 515 Dim (10%) 55.56% 55.56% 50.00% 50.00%
CorEx-SF_MI 515 Dim (30%) 55.56% 55.56% 50.00% 50.00%
CorEx-SF_MI 515 Dim (50%) 55.56% 55.56% 50.00% 50.00%
CorEx-SF_MI 515 Dim (80%) 55.56% 55.56% 50.00% 50.00%
CorEx-SFS 515 Dim 88.89% 50.00% 66.67% 66.67%

CorEx-UF 515 Dim 61.11% 61.11% 61.11% 61.11%
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Table 4.21: A table of comparison of MCC values of CorEx-based feature extraction and

selection methods for Alon dataset.

Classifier SVM: Linear SVM:RBF Naive Bayes KNN(k=5)
Raw Data 0.7778 0.0000 0.4472 0.4472
CorEx-SF 150 Dim (100%) 0.5698 0.7977 0.6202 0.6708
CorEx-SF_Alpha0 150 Dim (10%) 0.7977 0.7977 0.0000 0.5698
CorEx-SF_Alpha0 150 Dim (30%) 0.3721 0.6708 0.0000 0.3721
CorEx-SF_Alpha0 150 Dim (50%) 0.7071 0.6708 0.3536 0.4472
CorEx-SF_Alpha0 150 Dim (80%) 0.5556 0.7977 0.6202 0.4714
CorEx-SF_AlphaNot0 150 Dim (10%) 0.3536 0.3536 0.3536 0.3536
CorEx-SF_AlphaNot0 150 Dim (30%) 0.3536 0.3536 0.3536 0.3536
CorEx-SF_AlphaNot0 150 Dim (50%) 0.3536 0.3536 0.3536 0.3536
CorEx-SF_AlphaNot0 150 Dim (80%) 0.3536 0.3536 0.3536 0.4472
CorEx-SF_Bidirectional 150 Dim 0.3419 0.1491 0.0000 0.1240
CorEx-SF_MI 150 Dim (10%) 0.7977 0.7778 0.0000 0.7977
CorEx-SF_MI 150 Dim (30%) 0.4714 0.4714 0.0000 0.1491
CorEx-SF_MI 150 Dim (50%) 0.7071 0.6708 0.3536 0.4472
CorEx-SF_MI 150 Dim (80%) 0.5556 0.6708 0.6202 0.6708
CorEx-SFS 150 Dim 0.5556 0.0000 0.2673 0.5556
CorEx-UF 150 Dim 0.7778 0.7977 0.3536 0.6708
CorEx-SF 515 Dim (100%) 0.1491 0.1491 0.0000 0.0000
CorEx-SF_Alpha0 515 Dim (10%) 0.0000 0.0000 0.0000 0.0000
CorEx-SF_Alpha0 515 Dim (30%) 0.0000 0.0000 0.0000 0.0000
CorEx-SF_Alpha0 515 Dim (50%) 0.0000 0.0000 0.0000 0.0000
CorEx-SF_Alpha0 515 Dim (80%) 0.0000 0.0000 0.0000 0.0000
CorEx-SF_AlphaNot0 515 Dim (10%) 0.0000 0.0000 0.0000 0.0000
CorEx-SF_AlphaNot0 515 Dim (30%) 0.0000 0.0000 0.0000 0.0000
CorEx-SF_AlphaNot0 515 Dim (50%) 0.0000 0.0000 0.0000 0.0000
CorEx-SF_AlphaNot0 515 Dim (80%) 0.0000 0.0000 0.0000 0.0000
CorEx-SF_Bidirectional 515 Dim 0.0000 0.3536 0.0000 0.1240
CorEx-SF_MI 515 Dim (10%) 0.1491 0.1491 0.0000 0.0000
CorEx-SF_MI 515 Dim (30%) 0.1491 0.1491 0.0000 0.0000
CorEx-SF_MI 515 Dim (50%) 0.1491 0.1491 0.0000 0.0000
CorEx-SF_MI 515 Dim (80%) 0.1491 0.1491 0.0000 0.0000
CorEx-SFS 515 Dim 0.7778 0.0000 0.4472 0.4472

CorEx-UF 515 Dim 0.3536 0.3536 0.3536 0.3536
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For the Alon dataset, CorEx-UF performs well with 150 nodes but its classification per-
formance degenerates when the number of nodes is 515. This could be due to the fact
that for each dataset, a different number of dimension is optimal to encode the infor-
mation contained within the different datasets. This logic runs along the line of the
intrinsic dimensionality of a dataset which refers to each dataset having its own true
dimensionality. CorEx-SF performs competitively with CorEx-UF when 150 nodes are
used. CorEx-SFS with 515 nodes works as well as the raw data but performs better than
the raw data when 150 nodes are used.

It can be seen from Table that KNN, SVM with RBF Kernel and Naive Bayes
are hit by the curse of dimensionality when raw data is used. This conclusion is drawn
from the fact that with feature extraction, the quality of the generalization of the clas-
sifier has improved. When looking at the effects of CorEx-SF_MI and CorEx-SF_Alpha0
with 150 nodes with the threshold set at 10%, the performance of the classifiers tend to
improve with the exception of Naive Bayes. The Naive Bayes classifier works as well as
random guessing with threshold 10%. CorEx-SF with 150 nodes perform competitively
and in some cases, better than the raw data. This shows that relevant relationships and
encodings between the features and the class label are learnt. CorEx-SF based meth-
ods with 150 nodes performs better than CorEx-SFS with 150 nodes. This is due to the
reduction of complexity of the data that needs to be modelled as the redundancy re-
duces when feature extraction is done compared to feature selection. However, in the

case of 515 nodes, CorEx-SFS performs better than CorEx-SF based methods.
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Gravier Dataset

Table 4.22: A table of comparison of accuracy of CorEx-based feature extraction and

selection methods for Gravier dataset.

Classifier SVM: Linear SVM:RBF Naive Bayes KNN(k=5)
Raw Data 70.21% 40.43% 76.60% 61.70%
CorEx-SF 150 Dim (100%) 70.21% 76.60% 57.44% 82.98%
CorEx-SF_Alpha0 150 Dim (10%) 61.70% 61.70% 61.70% 63.30%
CorEx-SF_Alpha0 150 Dim (30%) 61.70% 72.34% 68.09% 76.60%
CorEx-SF_Alpha0 150 Dim (50%) 63.83% 78.72% 70.21% 72.34%
CorEx-SF_Alpha0 150 Dim (80%) 72.34% 76.60% 70.21% 76.60%
CorEx-SF_AlphaNot0 150 Dim (10%) 61.70% 61.70% 61.70% 61.70%
CorEx-SF_AlphaNot0 150 Dim (30%) 61.70% 61.70% 61.70% 61.70%
CorEx-SF_AlphaNot0 150 Dim (50%) 61.70% 61.70% 61.70% 61.70%
CorEx-SF_AlphaNot0 150 Dim (80%) 61.70% 61.70% 61.70% 61.70%
CorEx-SF_Bidirectional 150 Dim 70.21% 27.66% 72.34% 27.66%
CorEx-SF_MI 150 Dim (10%) 55.32% 55.32% 55.32% 57.45%
CorEx-SF_MI 150 Dim (30%) 55.32% 74.47% 57.45% 74.46%
CorEx-SF_MI 150 Dim (50%) 57.45% 78.72% 57.45% 74.47%
CorEx-SF_MI 150 Dim (80%) 65.96% 80.85% 57.45% 78.72%
CorEx-SFS 150 Dim 57.45% 46.81% 55.32% 59.57%
CorEx-UF 150 Dim 68.09% 78.72% 76.60% 74.47%
CorEx-SF 515 Dim (100%) 65.96% 72.34% 57.45% 74.47%
CorEx-SF_Alpha0 515 Dim (10%) 46.81% 57.45% 53.19% 65.96%
CorEx-SF_Alpha0 515 Dim (30%) 61.70% 72.34% 57.45% 70.21%
CorEx-SF_Alpha0 515 Dim (50%) 76.60% 74.47% 57.45% 72.34%
CorEx-SF_Alpha0 515 Dim (80%) 76.60%  80.85% 57.44% 74.47%
CorEx-SF_AlphaNot0 515 Dim (10%) 63.82% 65.96% 68.09% 57.45%
CorEx-SF_AlphaNot0 515 Dim (30%) 61.70% 59.57% 51.06% 63.83%
CorEx-SF_AlphaNot0 515 Dim (50%) 57.45% 61.70% 57.45% 63.30%
CorEx-SF_AlphaNot0 515 Dim (80%) 53.19% 63.83% 61.70% 65.96%
CorEx-SF_Bidirectional 515 Dim 76.60% 76.60% 63.83% 76.60%
CorEx-SF_MI 515 Dim (10%) 48.94% 59.57% 53.19% 70.21%
CorEx-SF_MI 515 Dim (30%) 61.70% 74.47% 55.32% 74.47%
CorEx-SF_MI 515 Dim (50%) 70.21% 76.60% 55.32% 74.47%
CorEx-SF_MI 515 Dim (80%) 68.09% 74.47% 57.45% 76.60%
CorEx-SFS 515 Dim 61.70% 59.57% 61.70% 59.57%

CorEx-UF 515 Dim 74.47% 76.60% 51.06% 70.21%
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Table 4.23: A table of comparison of MCC values of CorEx-based feature extraction and

selection methods for Gravier dataset.

Classifier SVM: Linear SVM:RBF Naive Bayes KNN(k=5)
Raw Data 0.3724 0.0000 0.5306 0.1790
CorEx-SF 150 Dim (100%) 0.4706 0.5187 0.3731 0.6451
CorEx-SF_Alpha0 150 Dim (10%) 0.1920 0.1920 0.2346 0.2699
CorEx-SF_Alpha0 150 Dim (30%) 0.1920 0.4310 0.3915 0.5063
CorEx-SF_Alpha0 150 Dim (50%) 0.2556 0.5529 0.4459 0.4115
CorEx-SF_Alpha0 150 Dim (80%) 0.4595 0.5105 0.4459 0.5063
CorEx-SF_AlphaNot0 150 Dim (10%) 0.1920 0.1920 0.1920 0.1920
CorEx-SF_AlphaNot0 150 Dim (30%) 0.1920 0.1920 0.1920 0.1920
CorEx-SF_AlphaNot0 150 Dim (50%) 0.1920 0.1920 0.1920 0.1920
CorEx-SF_AlphaNot0 150 Dim (80%) 0.1920 0.1920 0.1920 0.1920
CorEx-SF_Bidirectional 150 Dim 0.4078 -0.4437 0.4213 -0.4437
CorEx-SF_MI 150 Dim (10%) 0.2907 0.2907 0.2907 0.2521
CorEx-SF_MI 150 Dim (30%) 0.2907 0.5336 0.3731 0.4627
CorEx-SF_MI 150 Dim (50%) 0.3223 0.5678 0.3731 0.4591
CorEx-SF_MI 150 Dim (80%) 0.4088 0.6064 0.3731 0.5568
CorEx-SFS 150 Dim 0.1018 0.1436 0.1299 0.1402
CorEx-UF 150 Dim 0.4396 0.5678 0.5306 0.4662
CorEx-SF 515 Dim (100%) 0.3582 0.4595 0.2835 0.4662
CorEx-SF_Alpha0 515 Dim (10%) -0.0445 0.2226 0.0952 0.3061
CorEx-SF_Alpha0 515 Dim (30%) 0.2705 0.4437 0.2030 0.3661
CorEx-SF_Alpha0 515 Dim (50%) 0.5306 0.4945 0.2030 0.4192
CorEx-SF_Alpha0 515 Dim (80%) 0.5306 0.6175 0.2258 0.4662
CorEx-SF_AlphaNot0 515 Dim (10%) 0.2860 0.3582 0.4135 0.2258
CorEx-SF_AlphaNot0 515 Dim (30%) 0.2346 0.2368 0.1217 0.2556
CorEx-SF_AlphaNot0 515 Dim (50%) 0.1828 0.2514 0.2258 0.2429
CorEx-SF_AlphaNot0 515 Dim (80%) 0.0952 0.3252 0.3173 0.3061
CorEx-SF_Bidirectional 515 Dim 0.5061 0.5061 0.2860 0.5061
CorEx-SF_MI 515 Dim (10%) 0.0247 0.2592 0.1139 0.3816
CorEx-SF_MI 515 Dim (30%) 0.2514 0.4806 0.1920 0.4662
CorEx-SF_MI 515 Dim (50%) 0.3934 0.5306 0.1920 0.4662
CorEx-SF_MI 515 Dim (80%) 0.3728 0.4945 0.2835 0.5120
CorEx-SFS 515 Dim 0.1590 0.1142 0.1590 0.1014
CorEx-UF 515 Dim 0.4806 0.5187 0.2228 0.3704
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For the Gravier dataset, it can be seen from Table that CorEx-UF performs com-
petitively with CorEx-SF_MI and raw data. It has to be noticed however, that CorEx-UF
with 150 nodes for the SVM with Linear Kernel performs marginally worse than that of
the raw data. A closer look at the MCC score in Table shows that CorEx-UF with
150 nodes for SVM with Linear Kernel is able to produce a slightly better model than
that of the raw data. This shows that CorEx-UF has less false positives and negatives
making the model more generalized and robust than the raw data. CorEx-SF shows
improvement over the raw data. This shows that CorEx-C based methods can learn
relevant features which are related to the class label with the Gravier dataset. CorEx-SF
performs better than CorEx-SFS. The different number of nodes used, different CorEx-
based methods perform well. There is no one clear advantage of using either 150 or
515 nodes. However, this would point to the fact that there may be a different number

of nodes which may produce more accurate performance for this dataset.
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Gisette Dataset

Table 4.24: The table shows the comparison of accuracy of CorEx-based feature extrac-

tion and selection methods for the Gisette dataset.

Classifier SVM: Linear SVM:RBF Naive Bayes KNN(k=5)
Raw Data 96.88% 50.00% 74.06% 95.81%
CorEx-SF 150 Dim (100%) 93.19% 95.06% 89.13% 97.00%
CorEx-SF_Alpha0 150 Dim (10%) 89.56% 93.19% 87.19% 92.56%
CorEx-SF_Alpha0 150 Dim (30%) 90.06% 91.63% 87.44% 92.00%
CorEx-SF_Alpha0 150 Dim (50%) 92.00% 93.38% 88.69% 93.00%
CorEx-SF_Alpha0 150 Dim (80%) 92.44% 94.56% 87.63% 95.06%
CorEx-SF_AlphaNot0 150 Dim (10%) 64.56% 64.56% 64.56% 64.56%
CorEx-SF_AlphaNot0 150 Dim (30%) 64.56% 67.94% 63.44% 63.50%
CorEx-SF_AlphaNot0 150 Dim (50%) 72.69% 80.75% 70.31% 77.94%
CorEx-SF_AlphaNot0 150 Dim (80%) 72.63% 80.19% 71.06% 76.69%
CorEx-SF_Bidirectional 150 Dim 75.13% 82.63% 71.44% 81.38%
CorEx-SF_MI 150 Dim (10%) 89.69% 93.31% 87.25% 93.88%
CorEx-SF_MI 150 Dim (30%) 89.50% 92.38% 87.56% 92.25%
CorEx-SF_MI 150 Dim (50%) 92.00% 93.38% 88.69% 93.00%
CorEx-SF_MI 150 Dim (80%) 92.44% 94.56% 87.63% 95.05%
CorEx-SFS 150 Dim 92.31% 79.69% 85.94% 93.88%
CorEx-UF 150 Dim 93.06% 95.00% 89.06% 96.44%
CorEx-SF 515 Dim (100%) 92.13% 94.75% 89.75% 96.88%
CorEx-SF_Alpha0 515 Dim (10%) 46.81% 57.45% 53.19% 65.96%
CorEx-SF_Alpha0 515 Dim (30%) 88.88% 89.63% 87.88% 83.00%
CorEx-SF_Alpha0 515 Dim (50%) 87.69% 89.38% 87.56% 83.44%
CorEx-SF_Alpha0 515 Dim (80%) 91.81% 94.06% 89.19% 95.56%
CorEx-SF_AlphaNot0 515 Dim (10%) 59.88% 60.81% 59.00% 57.50%
CorEx-SF_AlphaNot0 515 Dim (30%) 84.81% 86.44% 82.69% 84.19%
CorEx-SF_AlphaNot0 515 Dim (50%) 86.31% 87.44% 82.38% 84.44%
CorEx-SF_AlphaNot0 515 Dim (80%) 88.75% 89.50% 83.50% 87.94%
CorEx-SF_Bidirectional 515 Dim 92.00% 67.31% 89.81% 68.06%
CorEx-SF_MI 515 Dim (10%) 89.25% 90.31% 87.69% 89.75%
CorEx-SF_MI 515 Dim (30%) 88.63% 89.63% 88.38% 86.75%
CorEx-SF_MI 515 Dim (50%) 91.19% 92.75% 90.25% 91.94%
CorEx-SF_MI 515 Dim (80%) 91.88% 94.00% 88.88% 95.38%
CorEx-SFS 515 Dim 96.88% 50.00% 74.06% 95.81%

CorEx-UF 515 Dim 93.81% 95.31% 88.69% 97.13%
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Table 4.25: The table shows the Matthew’s Correlation Coefficient values of CorEx-

based feature extraction and selection methods for Gisette dataset.

Classifier SVM: Linear SVM:RBF Naive Bayes KNN(k=5)
Raw Data 0.93750  0.00000 0.53340 0.91651
CorEx-SF 150 Dim (100%) 0.86378  0.90127 0.78486 0.94003
CorEx-SF_Alpha0 150 Dim (10%) 0.79125  0.86386 0.74473 0.85174
CorEx-SF_Alpha0 150 Dim (30%) 0.80133  0.83276 0.75040 0.84076
CorEx-SF_Alpha0 150 Dim (50%) 0.84004  0.86760 0.77533 0.86039
CorEx-SF_Alpha0 150 Dim (80%) 0.84878  0.89127 0.75409 0.90125
CorEx-SF_AlphaNot0 150 Dim (10%) 0.29688  0.29688 0.29688 0.29688
CorEx-SF_AlphaNot0 150 Dim (30%) 0.29688 0.36917 0.26964 0.27150
CorEx-SF_AlphaNot0 150 Dim (50%) 0.45429 0.61512 0.40664 0.55912
CorEx-SF_AlphaNot0 150 Dim (80%) 0.45639 0.60400 0.42135 0.53432
CorEx-SF_Bidirectional 150 Dim 0.50256 0.65434 0.42956 0.62893
CorEx-SF_MI 150 Dim (10%) 0.79380  0.86649 0.74634 0.87796
CorEx-SF_MI 150 Dim (30%) 0.77256  0.79252 0.74863 0.73644
CorEx-SF_MI 150 Dim (50%) 0.84004  0.86760 0.77533 0.86039
CorEx-SF_MI 150 Dim (80%) 0.84793  0.89127 0.75409 0.90125
CorEx-SFS 150 Dim 0.92167  0.63876 0.71876 0.87768
CorEx-UF 150 Dim 0.86155  0.90005 0.78417 0.92928
CorEx-SF 515 Dim (100%) 0.84250  0.89504 0.79842 0.93757
CorEx-SF_Alpha0 515 Dim (10%) -0.04453  0.22582 0.09515 0.30615
CorEx-SF_Alpha0 515 Dim (30%) 0.77750  0.79266 0.75803 0.66162
CorEx-SF_Alpha0 515 Dim (50%) 0.75378  0.78750 0.75244 0.67203
CorEx-SF_Alpha0 515 Dim (80%) 0.83627  0.88128 0.78760 0.91131
CorEx-SF_AlphaNot0 515 Dim (10%) 0.19770  0.21625 0.18474 0.15003
CorEx-SF_AlphaNot0 515 Dim (30%) 0.69645  0.72878 0.65379 0.68646
CorEx-SF_AlphaNot0 515 Dim (50%) 0.72628  0.74885 0.64755 0.68934
CorEx-SF_AlphaNot0 515 Dim (80%) 0.77509 0.79000 0.67005 0.75956
CorEx-SF_Bidirectional 515 Dim 0.84007 0.34701 0.79977 0.36260
CorEx-SF_MI 515 Dim (10%) 0.78504 0.80630 0.75401 0.79502
CorEx-SF_MI 515 Dim (30%) 0.79006 0.84795 0.75316 0.73644
CorEx-SF_MI 515 Dim (50%) 0.82380  0.85501 0.80698 0.83875
CorEx-SF_MI 515 Dim (80%) 0.83751  0.88001 0.78162 0.90755
CorEx-SFS 515 Dim 0.93750  0.00000 0.53340 0.91651

CorEx-UF 515 Dim 0.87625  0.90626 0.77376 0.94255
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For the Gisette dataset, as seen in Table (4.24), the raw data performs better than the
features extracted using CorEx-based methods for SVM with Linear Kernel. The ac-
curacy decreases as the dimensions decrease when thresholding is done with CorEx-
SF_MI and CorEx-SF_Alpha0 for SVM with Linear Kernel. The Naive Bayes though like
the SVM with Linear Kernel, is a linear classifier, it does not perform as well with raw
data. After feature extraction with CorEx-UE CorEx-SF_MI, and CorEx-SF_Alpha0, the
Naive Bayes classifier is able to perform better, demonstrating that relationships exists
among the different input features. The input features were not conditionally inde-
pendent of each other given the class label. The decrease in accuracy with the Naive
Bayes classifier as the threshold percentage of CorEx-SF decreases could be due to
the loss of information since the features captured are independent. CorEx-SF per-
forms marginally better than CorEx-UE This demonstrates that the class label encod-
ing within CorEx-SF performs as a bias during classification of the Gisette dataset.
There is no clear distinction of the number of nodes to choose as different methods
perform better with either 150 or 515 nodes. This is because different relations are
learnt when different number of nodes are selected to represent the intrinsic structure

of the data.

Summary

1. Using features extracted and selected through CorEx-based methods show im-
provements in the classification performance when compared against the raw

data.

2. The ideal number of nodes to be used varies from data-to-data as well as the
method used to extract or select the features. This is due to the difference in
relationship learnt with different number of nodes. In order to find the optimal
number of nodes, random search or grid-like search over the number of hidden

nodes may need to be applied.

3. Different feature selection and extraction method may be better for different

data.

4.2.3 Effect of Irrelevant Features on Classification

In order to test the effect of the presence of irrelevant features on classifiers,
we formulated the CorEx-SF_AlphaNot0 and CorEx-SF_Alpha0. CorEx-SF_AlphaNot0

only extracts features which are considered relevant to the class label whereas the latter
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extracts features that are relevant but also includes some irrelevant features as addi-
tional noise. We test the premise of the effect of irrelevant features on the accuracy and
the generalisation capability of classifiers. Under this, we further test the premise both
when the data is HDLSS and when there exists a reasonably large number of sample
size for each data generation process.

Some of the insights we hope to gain are :-

1. Would additional irrelevant features help in discriminating between class labels

by contributing some higher level interaction?

2. Would the irrelevant features extracted by CorEx-SF cause an averse reaction to

the classification task?

Effect of Irrelevant Features on the Y — X — C Data Generation Process

Under the Y — X — C data generation process with 80 samples, it can be seen that hav-
ing a larger threshold for CorEx-SF_AlphaNot0 gives a better accuracy. This is because
a larger number of informative features to the class label are being selected. This pat-
tern of improved accuracy is also observed when the threshold of CorEx-SF_Alpha0 is
increased. In fact the accuracy increases when CorEx-SF_Alpha0 is used compared to
CorEx-SF_AlphaNot0. Taking a closer look at the heatmap, we understand that some of
the features that are actually relevant to the class label is deemed irrelevant. Hence, by
selecting these additional features through CorEx-SF_Alpha0, features that are relevant
is represented. However, when looking through the MCC scores we notice that there
exists a trade-off between the number of relevant features captured and the increasing
influence of the irrelevant features as the number of features extracted increases. A
balance between the both is required to model a robust classifier. Too many irrelevant
features causes the robustness of the classifier to reduce.

With 30000 training samples, CorEx-SF_AlphaNot0 and CorEx-SF_Alpha0 per-
forms at par accuracy-wise with each other when the threshold is 10% and 30%, and
10% and 20% respectively. The reason for this is that at these thresholds only features
that are strongly connected to the class label is selected. The features selected being
the same, will give the same accuracy and MCC score. As the threshold for CorEx-
SF_AlphaNot0 increases for KNN classifier, the accuracy also increases. This is to be
expected as more features that are relevant to the class label is being extracted as seen
through the heatmap in Fig.(4.3). In the case of CorEx-SF_Alpha0, as the threshold in-
creases, the accuracy and the robustness of the classifiers with the exception of KNN

remain constant. In the case of KNN, the performance increases, but beyond a cer-
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tain threshold of features extracted through CorEx-SF_Alpha0, the classification per-
formance (i.e. accuracy and MCC score) drops although informative features are still
being captured. This alludes to the existence of a trade-off between the amount of
relevant information captured against the increasing complexity of the classification
model as the number of irrelevant information learnt also increases. However, an ex-
act trade-off cannot be determined as different dataset may have different structures
and assumptions.

It can be seen from the vantage point of accuracy that the more relevant the fea-
tures extracted the better the accuracy. However, a trade-off between increasing num-
ber of relevant features or information which could, in the case of imperfect extrac-
tion, also increase irrelevant information, needs to be managed. Hence, an overpow-
ering presence of irrelevant features will aversely affect the classification in the case of

Y — X — C data generation process.

Effect of Irrelevant Features on the Y — X,Y — C Data Generation Process

The increase in the number of irrelevant features captured does not affect the accuracy
nor the robustness of the classifiers. This could be because in both cases (80 samples
and 30000 samples) as represented through the heatmap, captures a perfect set of fea-
tures or information that is relevant. Unlike the case of Y — X — C data generation
process, the data generation assumption is not broken. This would lead to a better es-
timation of the parameters that influence connections between the hidden nodes and
the input nodes. This would also mean that the quality of the data extracted is better
which leads to a more stable classification performance regardless of the size of the
training set and the amount of irrelevant features. However, although the performance
is not aversely affected in this case, it should be noted that the complexity of the data
increases as the number of irrelevant features are extracted. We speculate that after a
certain threshold, albeit much higher, the stability of the classifier will degrade as the

quality of the data and relationships extracted decreases.

Effect of Irrelevant Features on Real World Data

The real world datasets (i.e. Alon, Golub, Gisette, and Gravier) shows that capturing
irrelevant features are helpful for classification performance. This could be due to
some relevant features being captured as irrelevant to the class label as seen with the
Y — X — C data generation process. However, the possibility of the data having fea-
tures which are generated through both the process cannot be eliminated. Methods to

deal with such hybrid data generation process remains an open problem.
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A question which arises from this is whether CorEx-UF would be better than
CorEx-SF-based methods as features that are considered irrelevant may be related to
the class label and improve the classification performance. Upon further investigation,
we discover that CorEx-SF based methods generally gives a better classification perfor-
mance than CorEx-UE A comparison between CorEx-SF with a threshold of 100%, i.e.
all the features are extracted when compared to CorEx-UF shows CorEx-SF being able
to perform better in some cases. This shows that encapsulating the relationship be-
tween the class label and the input features can help to create a more discriminant
feature set. A reason for this is that hidden feature Y explains as much of the input fea-
ture X. Hence, by having the class label as part of the input features, CorEx-C tries to
learn as much of the higher-order relationship that exists. The structure and relation-
ship learnt through CorEx-C model is different from that of the CorEx model. This is
validated by the classification performance of features extracted from both these mod-

els.

Summary

1. In general, if the assumptions are not broken, the transformed features extracted
are consistent regardless of the additional irrelevant features that contribute to

the extraction.

2. Inboth cases (Y — X,Y — Cand Y — X — (), the stronger the influence of the

relevant features, the better the classification performance.

3. In the case that the assumptions are broken, a trade-off between capturing the
relevant information and the contribution from irrelevant features should be bal-

anced in order to attain the best classification performance.

4.2.4 Case Study of Feature Selection and Extraction Methods based
on Relevance of Features for Classification, Redundancy of
Features, and Presence of Uninformative Features

The methods we formulated for feature extraction and selection can be broadly

categorised into four groups:

1. Case 1: Methods for which the features selected and extracted are relevant,
have minimal redundancy, but contains uninformative features. The algorithms

which fall under this category are CorEx-SF_Bidirectional, CorEx-SF_Alphao,
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and CorEx-SF_MI. These methods capture the relevant features by causing a bias

in the connection using the class label.

2. Case 2: Methods for which features selected and extracted are relevant, with min-
imal redundancy and no uninformative features extracted. CorEx-SF_AlphNot0
is an algorithm that fall under this category. It extracts the features from the
transformed feature space that are considered to have a relationship with the

class label.

3. Case 3: Methods which perform pure compression of the data, i.e. reduction of
redundancy but not necessarily selection or extraction of relevant features. This
category of method ensures that there is minimal information loss while reduc-
ing the redundancy. Methods that fall into this category are generally unsuper-

vised methods. A method that falls under this category is CorEx-UE

4. Case 4: Methods which extract only relevant features, minimises selection of un-
informative features, but may consist redundant features. CorEx-SFS falls in this
category as it only selects features that are considered relevant to the class label.

However, it does not remove redundant features.

Throughout this section, we will denote features extracted or selected by methods
in a particular case being competitive when classification is applied as, e.g. "Case 1 is

competitive with Case 2".

A Comparison of Classification Performance between Methods within Case 1

Ensemble method was used to compare between the different feature extraction meth-
ods. The best classification performance and the threshold parameter associated to
each of feature extraction method for the data were used to compare between the
methods for each classifier.

Under the ¥ — X,Y — C data generation process with 80 samples, all meth-
ods under the category produces the same accuracy and MCC score. The reason for
this phenomenon can be justified as follows: CorEx-SF_Bidirectional connects the
strongest node, then remaps each features to the node that has the largest a value.
From the heatmap, it is observed that it selects the same node as CorEx-SF_AlphaNot0.
This is because the hidden node connected to the class label perfectly captures most
of the features which are related to the class label. CorEx-SF_MI also performs the
same as the other methods because only one node actually captures the class label. So

it just dilutes the influence from the other nodes. Hence, they perform similarly. The
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additional nodes which are not relevant to the class label which are extracted by CorEx-
SF_Alpha0 as the threshold size is increased does not have an impact on the classifica-
tion performance under this data generation process. Hence, its performance matches
that of the other extraction methods in this category. As the sample size is increased
to 30000 for the Y — X, Y — C data generation process, the accuracy improves but the
ranking of the performance remains the same between the different methods.

Under the ¥ — X — C data generation process, with 80 samples, CorEx-
SF_Alpha0 extracted features which gave a better classification performance than
CorEx-SF_MI. The reason is that many of the relevant features are captured as weakly
related while others are not considered to be related. As CorEx-SF_MI dilutes the
weak connection and exaggerates the strong connections, the features that are ac-
tually strongly connected but which are not related to the class label becomes more
dominant than the informative features which are considered weakly related. This is
also evidenced as the threshold size increases, the performance of the classifiers using
the extracted features start improving. CorEx-SF_Alpha0 and CorEx-SF_MI both show
increasing robustness as the threshold increases. This is due to fact that more rele-
vant features are captured as threshold size increases. CorEx-SF_Bidirectional gives
a weaker generalisation of the classifiers than CorEx-SF_Alpha0. A reason for this is
that if the data is at least weakly captured as being relevant, CorEx-SF_Bidirectional
will remap through the connections to select the node that represents the correspond-
ing input features the best. This would also mean that the node that is considered
strongest connected to the class label may be discarded as the input features that are
considered related to the class label may have a stronger relationship with other hidden
nodes which are not considered related to the class label. This may cause loss of infor-
mation which reduces the performance of CorEx-SF_Bidirectional. With 30000 sam-
ples, under the Y — X — C data generation process, the performance of the classifiers
show an improvement using the features selected and extracted compared to when
only 80 samples are available. Unlike the case of 80 samples, CorEx-SF_Bidirectional
performs competitively with CorEx-SF_Alpha0 with 30000 samples.

Hence, in conclusion, under the Y — X, Y — C data generation process, the clas-
sification performance for this category of methods are similar. In the caseof Y — X —
C, CorEx_Alpha0 performs competitively if not better than CorEx-SF_Bidirectional and
CorEx_MI.
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Effect of Sample Size and Different CorEx based Feature Extraction and Selection
Methods on the Classifiers

Both sample size and the process of extraction can have different effects on different
classifiers. This is because different classifiers have different assumptions and criteria
for classification. From this study, we hope to understand the factors that effect the
classifiers in terms of redundancy, presence of uninformative features, and relevance
of features to class labels.

We investigate the case for SVM with RBF Kernel and KNN which are non-linear
methods. SVM with Linear Kernel, although is a non-linear method, performs linear
classification. Naive Bayes is also a linear classifier.

We created an ensemble of feature selection and extraction methods for each
case. The feature selection or extraction methods in a case is combined. The ensemble
chooses the feature set from the output of the feature selection or extraction method
which gives the best performance as the final output in a particular case. The classifi-
cation performance of the feature set chosen for each case, is used as the basis of the
discussion in this section. Case 1 denotes the ensemble of the feature selection and
extraction methods that fall under Case 1. The same is true for the other cases.

SVM:RBF Kernel

The classification performance of Y — X, Y — C data generation process with 80

samples is the same with the algorithms in Case 1 and Case 2. The reason is there is
a common subset of features which are relevant to the class labels that are extracted.
Case 4 performs poorly although like its feature extraction counterpart, it captures rel-
evant relationships between the features and the class label. A reason for this would
be that since the dataset is actually linearly separable, the lack of a direct class encod-
ing as existing with CorEx-SF based methods makes it harder for the RBF Kernel to
separate the data. Unlike Case 1 and Case 2, Case 4 does not reduce the redundancy
among the features. This could increase the complexity of the data to be modelled
by the classifier thereby contributing to its weaker performance. Case 3 has a perfor-
mance that is worse than Case 1 and Case 2 MCC-wise. This could be because there is
a difference in the connections learnt between the nodes compared to CorEx-C based
methods which would change the encoding of data within the nodes. As the sample
size increases, the performance of the classifier also improved. The feature extraction
methods under Case 1 and Case 2 perform comparatively, while Case 4 has worse MCC
score than Case 1 and Case 2. Case 3 has a better generalisation capability than Case 4.

In the case of Y — X — C data generation process with 80 samples, the accuracy

of Case 1 and Case 4 is better than Case 3, which is better than Case 2. Taking a closer
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look at the MCC scores, we see that the method in Case 3 and Case 4 are overfitting
while Case 1 and Case 2 performs better. The MCC scores also show that both Case 1
and Case 2 perform comparatively with each other. As the sample size increases, the
performance of Case 1 and Case 2 converges to the ranking of methods as seen with the
Y — X,Y — C data generation process when there were 80 samples. This shows that
in the event of abundance of data and even if the data generation process is violated,
there is a potential for the methods to work similar to when under the HDLSS case
without violation of the data generation assumption.

Hence, in general, we find that methods which minimises redundancy performs
better for SVM with RBF Kernel. The relevance to class label allows better performance
when the data assumptions made by CorEx-C is not violated.

SVM:Linear Kernel

The classification performance for Y — X,Y — C data generation process with
80 samples is similar for Case 1 and Case 2. The additional encoding of the class labels
learnt through the connections of CorEx-C allows the classifier to be equally discrimi-
nant. Case 4 does not perform as well as Case 1 and Case 2. Features extracted through
Case 3 performs slightly worse than features extracted through Case 1 and 2. However,
it can still be considered as being competitive. A reason could be because the linear
separability of the data allows for this classifier to perform reasonably well even when
the data is not encoded with the class labels. As the sample size increased to 30000,
Case 1, Case 2, and Case 3 perform similarly. This is because there is sufficient samples
to accurately model the algorithm. Case 4 performs worse than Case 1, Case 2, and
Case 3.

In the case of Y — X — C data generation process with 80 samples, Case 1 per-
forms better than Case 2 and Case 4. However, it should be noted that under both Case
1 and Case 2, some of the methods (CorEx-SF_Alpha0 and CorEx-SF_AlphaNot0) per-
forms similarly when the threshold size is small. This is because the same features are
being extracted. Case 3 performs badly compared to Case 1 and Case 2 as there is no bi-
asing factor. Case 4 performs worse than Case 1, Case 2, and Case 3 MCC-wise possibly
due to the presence of redundant features. The redundant features can result in the
number of features being selected to be of higher dimension than when the features
are extracted. As the sample size increases, the disparity between Case 1 and Case 2
decreases. This is because, as with SVM with RBF Kernel, the stability of the model in-
creases when the sample size increases. Case 3 shows improvement when sample size
increased but gives a weaker performance than Case 4. Case 4 performs better than the

other methods as the sample size increased. Case 4 selects whole features while Case 1
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and 2 extracts only information from features that are considered relevant to the class
label. However, due to violation of the assumption made by the data generation pro-
cess, not all relevant information may be extracted. The effect of redundant features
also diminishes as the sample size increases as seen with the performance of Case 4.

Hence, in general, we find that methods that maximises relevance to class label
and reduces redundancy performs better than those which do not have either of the
criteria. However, as the sample size increases the effect of redundant features dimin-
ishes. This is seen as Case 4 improves its performance and becomes competitive if not
better than the rest of the methods.

KNN

In the case of Y — X, Y — C data generation process with 80 samples, Case 1 and
Case 2 have similar accuracy while Case 3 gives a better accuracy. Taking a closer look
at the MCC score, it can be seen that Case 3 has very poor generalisation capabilities in
comparison with all the other methods. The accuracy of Case 3 shows that the model
has learnt some inherent structure that is causing it to overfit on the training set. As the
sample size increases, the classification performance of Case 3 improves whereas Case
1 and Case 2 does not show much change in the MCC score. However, Case 1 and Case
2 still performs better than Case 3. One reason for this could be that the relationships
discovered with lower samples are close to the ideal set of features as it is the case with
the larger sample size. Case 4 performs poorly compared to the other methods even
though it shows improvement in classification performance when abundant samples
are available.

In the case of Y — X — C data generation process with 80 samples, as the thresh-
old size increases, the performance improves for Case 1 and Case 2 until a certain
threshold before dropping in performance. The reason for this is that the relevant re-
lationships are increasingly captured as the threshold size increases. After a certain
threshold, there starts becoming too many irrelevant information which could skew
the classifier away from the class label, hence reducing the classification performance.
Case 4 performs worse than Case 1 and Case 2. Case 3 performs better than Case 2
accuracy-wise but reduces the generalisation capability of the classifier. As the sample
size increases, the robustness of the classifiers also improves. However, Case 1, Case
2, and Case 4 produces a more robust classifier than Case 3 when the sample size is
larger. This shows that the class encoding acts as an added weighting to the features to
discriminate between samples from different classes when KNN is used.

Hence, in general, we find that methods that reduces redundancy performs better

than those which do not reduce the redundancy of the data. The reduction of redun-
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dancy is very important for KNN as it reduces the complexity of the data. We postulate
that the features slowly move away from being equidistant from each other when the
redundancy decreases provided the samples are sampled independently from a distri-
bution.

Naive Bayes

Case 1 and Case 2 performs equally well for Y — X, Y — C data generation pro-
cess with 80 samples. Case 3 and Case 4 shows a better accuracy but lower robustness
of the classifier compared to Case 1 and 2. A reason why Case 1 and Case 2 could be
similar for Naive Bayes could be that if x; is not related to ¢, then the P(x;|c) value
would be small. This reduces the influence of the node. Hence, the selection or extrac-
tion of the features which are not related to the class label does not make much of a
difference. As the sample size increased, the robustness of Case 3 improves to the level
of the methods in Case 1 and Case 2. A reason for this could be because there are suf-
ficient samples of the features extracted to correct the bias generated by the irrelevant
features that existed with lower sample sizes. Case 4 on the other hand performs better
than all the others when the sample size increased.

In the case of Y — X — C data generation process with 80 samples, the accuracy
shows that Case 3 is better than Case 1 and 2. Taking a closer look at the MCC score,
it showcases that using features extracted through Case 3 gives a worse generalisation
of the classifier. Insufficient samples could cause the classifier to learn a biased model
when no class encoding is captured. As the sample size increased, Case 2 performs
similarly with Case 1. Case 4 performs better than Case 1 and Case 2. It is possibly
because there is less information loss when whole features are selected whereas Case 1
and Case 2 only captures partial relationships as being relevant to the class label. Case
3 has lower robustness than Case 1 and Case 2. Naive Bayes only strongly biases the
features that are related to the class label, which is captured by Case 1 and Case 2.

Hence, in general, we find that reduction of redundancy is a very important factor
along with relevance to class label for improvement of the performance of the classi-
fication ability of Naive Bayes. However, when the sample size increases, the effect of
redundancy on the Naive Bayes classifier reduces.

Summary

For the different classifiers, regardless of the data generation process, Case 1 and
Case 2 seem to perform slightly better than the other cases. This shows that supervised
methods may be able to detect relevant relationships better than unsupervised meth-
ods especially under HDLSS conditions. Case 4 has the ability to perform well under

the Y — X — C condition when the number of samples are large. The presence of re-
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dundant features do not improve the performance of the classifiers but may add to the
complexity of the data being modelled. This in turn can cause the classifiers to per-
form worse. Reducing redundancy seem to be a key factor for improving classification
performance under HDLSS conditions. On the other hand, too many uninformative
features can bias the model away from features that are important for classification.
This is seen with Case 1 as the threshold size increases. However, when the data gen-
eration assumption is violated, some relevant features may be considered uninforma-
tive. In such a case, the features can be captured by Case 1 and help to improve the

performance of the classifiers.

Benchmarking the Cases on Real World Dataset

The cases perform differently on different datasets. Different classifiers also have per-
formances based on the number of nodes defined. This is to be expected as the differ-

ent datasets have different structures.

1. Golub Dataset: Generally, Golub dataset works better with Case 1 or Case 4 com-
pared to Case 3. It works worst with Case 2. The reason for this could be due to
some information being relevant but not captured as being related to the class
label. Case 2 purely captures the relevant relationships to be classified. Case 4,
although it captures only the relevant relationship, due to it selecting the original
features, any noise that is present is captured and will also help to improve the
robustness of the classifier. However, a high noise content in a feature can have

an averse effect on classification performance.

2. Alon Dataset: Although Case 3 is able to perform well with some of the classifiers,
it can be seen through the MCC score that CorEx-C based methods are more

robust with the exception of Case 2.

3. Gravier Dataset: Generally, Case 1 performs the best for Gravier dataset while
Case 2 and Case 4 performs badly. Although all 3 cases includes relevant features,
it can be seen that having some uninformative features can help to improve the
robustness of the classifiers. Case 3 can perform competitively with Case 1. It

also contains uninformative features for the classification task.

4. Gisette Dataset: Case 1 performs the best. Case 2 on the other hand performs
the worst. While having relevant features are important, it is equally important
to have some uninformative features in the dataset. This allows for variations to

be learnt. The variations help the classifiers to be more robust.
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In general, the relevance of the features selected or extracted to the class label is
important. However, some variations of the data that are introduced through unin-
formative information can also help the classification performance. Another reason
for the performance of Case 2 to be bad with real world datasets could be due to the
datasets having a mix of data generation process. Dealing with mix of data generation
process is a future direction which should be explored to further improve the CorEx-C
structure. Another reason for the varied performance could be because the number
of hidden nodes defined is not optimal for each of the datasets. Selecting the optimal

number of hidden nodes is an open problem that is not addressed in this thesis.

4.2.5 A Comparison of Different Information Theory-based Feature

Selection and Extraction Methods

CIFE, KECA, MRMR, MM], and ICA are different information-theory based fea-
ture extraction and selection methods that were used to benchmark against CorEx-
based feature selection and extraction methods. The information-theory based fea-
ture extraction and selection methods were also used to test how well it works with
HDLSS datasets. The methods can be categorised into four categories based on the
general framework formulation discussed in Chapter 2. The four common categories
are methods which minimises redundancy and maximises relevance, methods which
maximises relevance, methods which minimises redundancy, and methods which
minimises redundancy and information loss. The first two categories consist of meth-
ods which are supervised while the latter two consist of methods which are unsuper-
vised. Through these, we wish to make a comparison of methods within each groups
and also between the groups. We also investigate the differences in performance be-
tween supervised and unsupervised methods.

The method which fall under the categories are:

1. Case 1: This category consists of methods that minimises redundancy and max-
imises class relevance. The methods include CIFE, MRMR, and CorEx-SF based

methods.

2. Case 2: This category consists of methods that maximises class relevance. Unlike
Case 1, it does not consider reducing the redundancy in the dataset. MMI and

CorEx-SFS fall in this category.

3. Case 3: This category reduces the redundancy without giving importance to the

relevance of the features. ICA falls in this category.
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4. Case 4: This category minimises redundancy and loss of information. The meth-
ods include KECA and CorEx-UE Both these methods contrasts the information

captured before and after extraction.

We investigate the effect of sample size as well as data generation process on the

methods within each case and between the cases.

Table 4.26: A table of comparison of accuracy of feature extraction and selection meth-

ods for Golub dataset.

Classifier SVM:Linear SVM:RBF Naive Bayes KNN(k=5)
CIFE 515 Dim 88.00% 48.00% 88.00% 84.00%
CIFE 150 Dim 84.00% 48.00% 64.00% 72.00%
KECA 48.00% 48.00% 52.00% 60.00%
MMI 28.00% 32.00% 28.00% 40.00%
InfoMax ICA 72.00% 48.00% 48.00% 80.00%
MRMR 515 Dim 88.00% 48.00% 88.00% 76.00%
MRMR150 Dim 76.00% 48.00% 84.00% 84.00%
CorEx-SFS 515 Dim 96.00% 48.00% 96.00% 96.00%
CorEx-SFS 150 Dim 100.00% 48.00% 96.00% 96.00%
Raw Data 96.00% 48.00% 96.00% 96.00%

Table 4.27: A table of comparison of MCC of feature extraction and selection methods

for Golub dataset.
Classifier SVM:Linear SVM:RBF Naive Bayes KNN (k=5)
CIFE 515 Dim 0.7613 0.0000 0.7845 0.7140
CIFE 150 Dim 0.6795 0.0000 0.2774 0.4576
KECA 0.0000 0.0000 0.0385 0.1987
MMI -0.4387 -0.3974 -0.4387 -0.1961
InfoMax ICA 0.5204 0.0000 0.0000 0.6210
MRMR 515 Dim 0.7613 0.0000 0.7806 0.5290
MRMR150 Dim 0.5230 0.0000 0.6864 0.6795
CorEx-SFS 515 Dim 0.9226 0.0000 0.9231 0.9226
CorEx-SFS 150 Dim 1.0000 0.0000 0.9226 0.9231

Raw Data 0.9231 0.0000 0.9231 0.9231




4.2  Discriminant Classification Method 112

Table 4.28: The table shows the accuracy of feature extraction and selection methods

for Alon dataset.

Classifier SVM:Linear SVM:RBF Naive Bayes KNN(k=5)
CIFE 515 Dim 88.89% 50.00% 66.67% 72.22%
CIFE 150 Dim 72.22% 50.00% 66.67% 77.78%
KECA 72.22% 72.22% 94.44% 66.67%
MMI 33.33% 38.89% 27.78% 38.89%
InfoMax ICA 88.89% 50.00% 50.00% 72.22%
MRMR 515 Dim 88.89% 50.00% 66.67% 72.22%
MRMR 150 Dim 66.67% 50.00% 66.67% 77.78%
CorEx-SFS 515 Dim 88.89% 50.00% 66.67% 66.67%
CorEx-SFS 150 Dim 77.78% 50.00% 61.11% 77.78%
Raw Data 88.89% 50.00% 66.67% 66.67%

Table 4.29: The table shows the comparison of MCC values for feature extraction and

selection methods for Alon dataset.

Classifier SVM:Linear SVM:RBF Naive Bayes KNN(k=5)
CIFE 515 Dim 0.7778 0.0000 0.4472 0.5345
CIFE 150 Dim 0.4472 0.0000 0.7071 0.5698
KECA 0.5345 0.5345 0.8944 0.3721
MMI -0.3721 -0.2673 -0.4472 -0.2357
InfoMax ICA 0.7778 0.0000 0.0000 0.4714
MRMR 515 Dim 0.7778 0.0000 0.4472 0.5345
MRMR 150 Dim 0.3333 0.0000 0.4472 0.5698
CorEx-SFS 515 Dim 0.7778 0.0000 0.4472 0.4472
CorEx-SFS 150 Dim 0.5556 0.0000 0.2673 0.5556

Raw Data 0.7778 0.0000 0.4472 0.4472
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Table 4.30: A table of comparison of accuracy of feature extraction and selection meth-

ods for Gravier dataset.

Classifier SVM:Linear SVM:RBF Naive Bayes KNN(k=5)
CIFE 515 Dim 65.96% 40.42% 76.60% 61.70%
CIFE 150 Dim 55.32% 40.43% 70.21% 59.57%
KECA 70.21% 40.43% 55.32% 72.34%
MMI 29.79% 40.43% 34.42% 40.43%
InfoMax ICA 55.32% 40.43% 59.57% 57.45%
MRMR 515 Dim 65.96% 40.43% 78.72% 59.57%
MRMR 150 Dim 57.45% 40.43% 76.60% 61.70%
CorEx-SFS 515 Dim 61.70% 59.57% 61.70% 59.57%
CorEx-SFS 150 Dim 57.45% 46.81% 55.32% 59.57%
Raw Data 70.21% 40.43% 76.60% 61.70%

Table 4.31: A table of comparison of MCC of feature extraction and selection methods

for Gravier dataset.

Classifier SVM:Linear SVM:RBF Naive Bayes KNN(k=5)
CIFE 515 Dim 0.2731 0.0000 0.5306 0.1790
CIFE 150 Dim -0.0270 0.0000 0.3934 0.0000
KECA 0.3661 0.0000 -0.1737 0.4213
MMI -0.3724 0.0000 -0.2602 -0.0411
InfoMax ICA 0.1299 0.0000 0.0000 -0.1215
MRMR 515 Dim 0.0722 0.0000 0.5306 0.1790
MRMR 150 Dim 0.2932 0.0000 0.5813 0.0000
CorEx-SFS 515 Dim 0.1590 0.1142 0.1590 0.1014
CorEx-SFS 150 Dim 0.1018 0.1436 0.1299 0.1402

Raw Data 0.3724 0.0000 0.5306 0.1790
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Table 4.32: A table of comparison of accuracy of feature extraction and selection meth-

ods for Gisette dataset.

Classifier SVM:Linear SVM:RBF Naive Bayes KNN(k=5)
CIFE 515 Dim 89.44% 50.00% 85.56% 92.25%
CIFE 150 Dim 88.25% 50.00% 86.56% 90.31%
KECA 515 Dim 56.63% 56.63% 85.25% 94.88%
KECA 150 Dim 56.63% 56.63% 83.88% 95.13%
MMI 515 Dim 53.44% 53.81% 54.25% 49.19%
MMI 150 Dim 50.06% 50.50% 52.00% 50.63%
InfoMax ICA 515 Dim 95.38% 50.00% 77.81% 89.69%
InfoMax ICA 150 Dim 94.63% 50.00% 91.88% 95.44%
MRMR 515 Dim 93.44% 50.00% 81.13% 95.63%
MRMR 150 Dim 91.93% 51.00% 80.50% 95.13%
CorEx-SFS 515 Dim 96.88% 50.00% 74.06% 95.81%
CorEx-SFS 150 Dim 92.31% 79.69% 85.94% 93.88%
Raw Data 96.88% 50.00% 74.06% 95.81%

Table 4.33: A table of comparison of MCC of feature extraction and selection methods

for Gisette dataset.

Classifier SVM:Linear SVM:RBF Naive Bayes KNN(k=5)
CIFE 515 Dim 0.7888 0.0000 0.7139 0.8451
CIFE 150 Dim 0.7652 0.0000 0.7371 0.8063
KECA 515 Dim 0.2128 0.2128 0.7267 0.8976
KECA 150 Dim 0.2128 0.2128 0.7002 0.9026
MMI 515 Dim 0.0689 0.0786 0.0851 -0.0163
MMI 150 Dim 0.0013 0.0217 0.0436 0.0125
InfoMax ICA 515 Dim 0.9077 0.0000 0.5991 0.7943
InfoMax ICA 150 Dim 0.8941 0.0000 0.8461 0.9090
MRMR 515 Dim 0.8688 0.0000 0.6619 0.9128
MRMR 150 Dim 0.8388 0.0900 0.6480 0.9025
CorEx-SFS 515 Dim 0.9375 0.0000 0.5333 0.9165
CorEx-SFS 150 Dim 0.8463 0.6388 0.7188 0.8777

Raw Data 0.9375 0.0000 0.5334 0.9165
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Effect of Data Generation Process and Sample Size on Case 1

The comparison for CorEx-SF based methods are done using an ensamble method
whereby the method with the best classification performance is used to compare with
the other methods.

Under the Y — X, Y — C data generation process with 80 samples, MRMR and
CIFE performed comparatively with each other while CorEx-SF performs better. How-
ever, it should be noted that in the case of KNN, MRMR and CIFE are more robust al-
though the accuracy produced is lower than CorEx-SE As the sample size increased to
30000, features extracted by MRMR and CIFE gives better classification performance
than when the sample size is small. CorEx-SF does not show any change in perfor-
mance. The features extracted by CorEx-SF performs competitively with CIFE and
MRMR.

Under the Y — X — C data generation process with 80 samples on the other hand
shows that features extracted through CorEx-SF performs poorly with the classifiers
while MRMR and CIFE performs better. As the sample size increases, the performances
of all three algorithms improve. MRMR and CIFE perform comparatively with each
other while still being better than CorEx-SF methods. CorEx-SF based methods do not

perform well under this data generation process due to violation of data assumption.

Effect of Data Generation Process and Sample Size on Case 2

Under the Y — X, Y — C process with 80 samples, CorEx-SFS performs better than
MMI. MMI does not perform well as Parzen Window degenerates when there are in-
sufficient samples. In order for the density estimate by the Parzen Window kernel to
be accurate, the region in which the samples fall under should be relatively small. With
the Parzen Window function, each sample contributes to the density estimation if it
lies close enough to the resulting density at a particular point. However, the contribu-
tion to the density remains constant if the samples fall in the same hypercube. This is
the case for HDLSS data in the Euclidean space, which would explain the degeneration
of the Parzen Window density estimation method. Parzen window used with MMI uses
Gaussian kernels. The resulting density will not be smooth and will include disconti-
nuities. This causes problems because values which falls in-between ranges will not be
accurately represented using the density estimation method.

As the sample size increases, the features extracted with MMI improves the clas-
sification performance. CorEx-SFS performs better than MMI even as the sample size

increases. However in the case of SVM with RBF Kernel, CorEx-SES performs worse
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than MMI. One reason could be the due to the data being linearly separable and so
the need to extrapolate it to higher dimensions would not be there as relevant features
are extracted. MMI although better than CorEx-SFS for SVM with RBF Kernel, does not
perform well either.

Under the Y — X — C process with 80 samples, CorEx-SFS and MMI both per-
form competitively. However, the performance of both CorEx-SFS and MMI is worse
under the data generation process of Y — X — C compared to the data generation
process of Y — X, Y — C. As the sample size grows, CorEx-SFS shows improvement in
classification performance while MMI does not. Hence, for both these algorithms, they

work better with data generated through the Y — X, Y — C data generation process.

Effect of Data Generation Process and Sample Size on Case 3

Under the Y — X, Y — C data generation process, the performance of the of the clas-
sifiers improved with the exception of Naive Bayes and SVM with Linear Kernel when
the sample size increased for ICA. This could be because of the loss of linearity of the
data after extraction was done.

Under the Y — X — C data generation process, the performance is comparative
for all the classifiers regardless of the sample size. This could be because it searches for
the original source. Minimal change in performance will be seen if the data is repre-

sentative of the sources even as the sample size increases.

Effect of Data Generation Process and Sample Size on Case 4

Under the Y — X, Y — C data generation process, with 80 samples, CorEx-UF is more
robust than KECA with SVM with Linear Kernel and SVM with RBF Kernel. As the sam-
ple size increased the performance of the classifiers improved for both CorEx-UF and
KECA. In both cases, the performance is competitive with each other.

Under the Y — X — C data generation process, with 80 samples, KECA performs
competitively with CorEx-UE Although there is no direct violation of the data gener-
ation assumption, the manner in which the information is extracted matters to the
classifiers. This is seen as the information captured by CorEx-UF and KECA under both
data generation processes will be the same as no class label is explicitly involved. How-
ever, their performance differs from thatof Y — X, Y — C depending on the generation
of the class label. This shows that including the class label during pre-processing helps
to identify structure of underlying data in relation to the class label. As the sample size
increases, both show improvement in classification performance. However, CorEx-UF

produces a more robust classifier.
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Discussion

In general, we observed that supervised feature extraction and selection methods give
a better performance compared to unsupervised feature extraction methods. The ad-
ditional information provided by class label helps discriminate between features that
are relevant and irrelevant to classification. This reduces bias from the other features,
allowing classifiers to produce a more accurate model of the data.

Real world datasets on the other hand demonstrated the following patterns

among the methods within Case 1,2, and 4:

1. Case 1: In the case of real world datasets that were tested, CorEx-SF performed
better than MRMR and CIFE for all the cases except for Alon. For the Alon
dataset, when 515 hidden nodes were used with CorEx-C, MRMR and CIFE per-
formed better. When 150 nodes were used, CorEx-SF based methods performed
competitively with CIFE and MRMR. As can be seen, CorEx-SF based methods
generally perform better than CIFE and MRMR.

2. Case 2: In the case of the real world datasets, it can be seen that CorEx-SFS
performs better than MMI. One of the reason could be because Parzen Window
that is used for density estimation in MMI degenerates under HDLSS conditions.
CorEx-SFS also has the added advantage of being a feature selection method
whereby information from a feature is fully captured, whereas a feature extrac-
tion method, there is a possibility of information loss with MMI due to only par-

tial information being extracted and considered as relevant to the task at hand.

3. Case 4: For real world datasets, CorEx-UF generally performed better than KECA.
This is with the exception of Alon dataset with the Naive Bayes classifier. Differ-
ent data is structured differently and will have different methods that will work

better. This is the case for all algorithms.

In order to compare between categories, we created an ensemble with the meth-
ods for each of the cases. The output for each of the ensemble is based on the classifi-
cation performance of the methods in each case for the data. The output from each of
the ensemble are compared with each other. The different categories show that Case 1
performs better than the other cases regardless of the sample size. This shows that re-
ducing redundancy and ensuring class-based relevance produces the best results. This
is followed by methods which ensure relevance although redundancy still exists within
the dataset. However, it should be noted that MMI doesn’t conform to the pattern. We
also observed that Case 3 tends to be better than Case 4. This could be because ICA
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tries to look for the original sources, while Case 4 tries to look for a lower compression
which may not be related to the original structure of the data.

In conclusion, it can be seen that KECA, ICA, MRMR, CIFE, and CorEx-based
methods have the ability to deal with HDLSS data. However, KECA and ICA have a
limitation in the number of features that can be extracted. They are only able to extract
n features, where n € N and N is the number of samples available. The number of re-
coverable sources in conventional ICA is generally bounded by the number of samples
available. KECA on the other hand is not able to select more than n features due to
the use of the kernel which transforms the data into an N x N space representing the
inner product space (Gram matrix). CorEx-SFS is more flexible in the sense that the
number of features that can be selected is limited only by the number of the original
dimensions. CorEx-UF and CorEx-SF on the other hand is only upper bounded by the
number of latent variables defined. However, the maximum number of hidden nodes

which can be defined is bounded by the number of input features.

4.2.6 Benchmarking CorEx based Feature Selection and Extraction

Methods for Real World Data against Results from Literature

In order to further benchmark the CorEx based methods, comparisons between
the accuracy of the results obtained and the results of the datasets in literature was

made. The comparisons are as follows:

1. Golub Dataset:

According to Golub et al|(1999), it was also found that the informative genes
selected between the range of 10 to 200 was found to give an accuracy of 100%
when majority voting by the genes were used for classification. This shows that
the genes in Golub are able to discriminate against the classes well which is also

reflected in the results we have obtained as observed by CorEx-SFS.

2. Alon Dataset:

In Alladi et al. (2008), 50 genes were selected using the t-statistics for classifica-
tion using SVM with a variety of kernels and achieved an accuracy between the
range of 60% to 83%. Our results show that CorEx-SF_MI and CorEx-SF_Alpha0
with 150 node at 10% thresholding is able to outperform the results obtained
while CorEx-SF_MI and CorEx-SF_Alpha0 with 150 nodes with other threshold
values perform competitively with the literature when SVM with Linear and RBF

Kernel were used.
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3. Gravier Dataset:

In the literature, Gravier dataset’s accuracy using SVM with Linear Kernel se-
lected using heat map (Huertas and Juarez-Ramirez, |2016) is competitive with
CorEx-UF and CorEx-SF_Alpha0 with threshold 80% for both 515 and 150 nodes.

4. Gisette Dataset:

The standard Gisette dataset with the original 13500 samples attains an accu-
racy in the range of 95%-97% when SVM with Linear Kernel is used (Eskandari
and Akbas, 2017). CorEx-UF trained using only 2400 samples was still able to
competitively attain an accuracy of 93.81%. In Deng et al|(2016), using Land-
mark Spectral Clustering (LSC) on the standard Gisette, an accuracy of 95% was
obtained. Classification using KNN after the down sized Gisette was run with
CorEx-UF gave an accuracy of 97.13%. This shows that CorEx is competitive with

the methods available in the literature.

Through our experiments and results obtained from literature, we observe that
CorEx based methods are able to select or extract features which can give a competitive

if not better accuracy for classification.

4.3 Generative Classification Method

This section describes the results and analysis of generative classification method for
HDLSS data. The inferencing formulated for CorEx-C is compared and benchmarked
against other classification methods. The datasets were split into 60% training, 40%
testing data for all the datasets except the Golub dataset which was split into 50% train-
ing and 50% testing. Random grid search was used with the real world data as knowl-
edge on the actual number of intrinsic dimension was not known. The experiments
were held to test how well CorEx-C coupled with the posterior estimation would work

as a generative model for classification of HDLSS data.
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4.3.1 Benchmarking CorEx-Ci with other Classification Methods for

Simulated Data

Table 4.34: Accuracy of the simulated data using different machine learning algo-

rithms.
Dataset SVM Linear SVM RBF KNN Naive Bayes CorEx-Ci
80_YC 51.32% 35.51% 51.95% 59.74%  58.21%
80_YXC 52.56%  64.51% 51.37% 59.74%  56.27%
30000_YC 53.66%  61.06% 50.04% 59.04%  58.51%
30000_YXC 88.26% 64.51% 50.08% 67.72% 60.62%

Table 4.35: The table shows the Matthew’s Correlation Explanation values for the sim-

ulated data for the different machine learning algorithms.

Dataset SVM Linear SVM RBF KNN Naive Bayes CorEx-Ci
80_YC 0.022866  0.010491 0.000196 0.147491 0.056300
80_YXC 0.013865  0.000000 0.009644 0.211711 0.043639
30000_YC 0.130116 -0.140109 0.011994 0.182718 0.070699

30000_YXC 0.755395 0.000000 0.003326 0.418229 0.047342

As seen from tables (4.34]and[4.35]), we show that under small sample size, CorEx-
Ci performs comparably. It also produces a more robust classifier compared to SVM
with Linear Kernel and RBF Kernel when the sample size is small. As the sample size
increased, the robustness of the classifiers also increased with the exception of KNN. It
could be possible that there were samples which were less discriminative as the sample
size increased. Naive Bayes performs the best on the smaller sample sizes compared
to the other classification algorithms. The decoupling of the features conditioned on
the class means that each distribution is calculated as a one dimensional distribution.
This helps to alleviate the curse of dimensionality. It also means that less samples are

required to estimate the parameters of the Naive Bayes classifier.

4.3.2 Benchmarking CorEx-Ci with other Classification Methods for
Real World Data

The datasets used in this work are Alon’s Colon Cancer, Gravier’s Breast Cancer,

and Golub’s Leukemia. The datasets were balanced by randomly down-sampling the
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majority class to match the number of samples in the minority class. We also used

Sonar dataset, Pima Indians Diabetes, and Wisconsin Breast Cancer (Diagnostic).

Pima Indians Diabetes

The Pima Indians Diabetes dataset is originally from the National Institute of Dia-
betes and Digestive and Kidney Diseases. The dataset is used to predict whether pa-
tients have diabetes. This dataset can be obtained from the Kaggle website (Rossi and
Ahmed, 2015). The dataset has a mixture of discrete features and continuous features.
The PIMA dataset also consists of missing values, which we have imputed using the

mean value.

Sonar

The Sonar dataset predicts whether an object is a rock or a mine. It does so by the
strength of the sonar returned from various angles. This dataset is obtained from the
UCI repository (Dua and Graff, 2017).

Wisconsin Breast Cancer (Diagnostic)

The Wisconsin Breast Cancer (Diagnostic) (WBCD) is used to predict if a growth in be-
nign or malignant. The features were computed from a digitized image of a fine needle
aspirate (FNA) of a breast mass. This dataset is obtained from the UCI repository (Dua
and Graff, 2017).

Table 4.36: The table shows the attributes of the datasets used in the experiments.

Dataset # Features # Samples #Class

Alon 2000 44 2
Golub 7129 50 2
Gravier 2905 114 2
Pima 9 768 2
Sonar 61 208 2
WBCD 32 568 2

A random search grid was used to search for the number of latent features that
gave the best results. The number of latent variables used in this experiment are 5
latent nodes for Alon dataset, 5 latent node for the Golub dataset, 11 latent nodes for

the Gravier dataset, 3 latent nodes for the WBCD dataset, 47 latent nodes for the Sonar
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dataset, and 8 latent nodes for the Pima dataset. The datasets were split in to 60%
training set and 40% testing set with the exception of the Golub dataset which was split

50% training set and 50% testing set.

Discussion

Table 4.37: Accuracy of the different datasets for each of the different machine learning

algorithms.

Dataset SVM Linear SVM RBF KNN Naive Bayes CorEx-Ci

Sonar 60.24% 46.99% 46.99% 56.63% 72.29%
WBCD 94.30% 68.42% 94.30% 90.79% 94.30%
PIMA 80.46% 69.71% 72.31% 78.83% 68.73%
Alon 88.89% 50.00% 66.67% 66.67% 77.78%
Golub 96.00% 48.00% 96.00% 96.00% 68.00%
Gravier 70.21% 40.43% 76.60% 61.70% 74.47%

Table 4.38: Table shows the Matthew’s Correlation Coefficient values for the datatsets

for the different machine learning algorithms.

Dataset SVM Linear SVM RBF KNN Naive Bayes CorEx-Ci
Sonar 0.294727 -0.070680 -0.062910 0.293592 0.426901
WBCD 0.868592 0 0.866819 0.784813 0.866819
PIMA 0.51998 0 0.36270 0.5098  0.41180
Alon 0.777778 0 0.447214 0.447214  0.569803
Golub 0.923077 0 0.923077 0.923077 0.454257
Gravier 0.372444 0 0.530573 0.178988 0.459105

The experiments show that CorEx-Ci is competitive against other machine learning al-
gorithms among the Sonar and WBCD datasets. It is performs comparably with the
Gravier dataset. For the Golub dataset and PIMA dataset, it performs relatively poorly
in comparison to the other classifiers. A reason for this could be that the data genera-
tion is a mixture since CorEx-Ci is able to give a positive MCC value albeit not as high
as the others. For the Alon dataset, it performs better than KNN, SVM with RBF Kernel,
and Naive Bayes but performs worse than SVM with Linear Kernel. As with all classi-
fiers, CorEx-Ci does not work well with all datasets but only with datasets which meets

its assumptions. CorEx-Ci shows some promise in terms of prediction. However, in
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order to achieve a better accuracy, we speculate the need to condition the structure of
the CorEx-C with stronger bias towards the class label during training. A future work
would be to incorporate a stronger regularizer as an added constraint for training. Ex-
panding the CorEx assumption would also be an important step to allow flexibility to

allow a larger class of data to be applied successfully.

4.3.3 Control Experiments

The control experiments tests the sensitivity of CorEx-Ci towards redundant fea-
tures and its response to varying sample size.

The redundant features were varied based on three criteria:

1. Relevant Redundant Features: The features that are considered relevant to clas-
sification is duplicated and a linear transformation is added to the new features.
These features contain no new information although it is relevant to the class
label.

2. Irrelevant Redundant Features: The features that are not related to the class la-
bels are duplicated and a linear transformation is applied. These features are
added noise which could bias the modelling of the classification away from the

actual model.

3. Relevant and Irrelevant Redundant Features: All features regardless of whether
they are related to the class label or not are duplicated and a linear transforma-
tion applied. The ratio of relevant to irrelevant features remain the same as the

original ratio.
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Effect of Redundant Features on the Classification Performance of CorEx-Ci

Accuracy

McCC

Graph of Accuracy against Relevant Redundant Features
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Figure 4.6: The figure shows the trend when the redundant features which are rele-

vant to the class label increases. x1 refers to the relevant features being increased in

redundancy through linear transformation.
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Graph of Accuracy against Irrelevant Redundant Features
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Figure 4.7: The figure shows the trend when the redundant features which are irrele-
vant to the class label increases. x100 refers to the irrelevant features being increased

in redundancy through linear transformation.



4.3 Generative Classification Method 126

Graph of Accuracy against Relevant and Irrelevant Redundant Features
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Figure 4.8: The figure shows the trend when the redundant features which are both rel-
evant and irrelevant to the class label increases at a constant rate. xall refers to both the
relevant and irrelevant features being increased in redundancy through linear transfor-

mation.

Figs. (4.6) compares the sensitivity of CorEx-Ci to different types of redundant
features. Figs.(4.6) shows that the data generated using the Y — X, Y — C de-
creases both in accuracy and stability as the number of redundant features increases.
However, in the case of data generated through the Y — X — C process, when the
redundancy is increased by increasing the relevant features and keeping the irrelevant

features at a constant, we find that the accuracy and generalisation capability of CorEx-
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Ciincreases. We increased the number of relevant features by applying linear transfor-
mation to dataset. Fig. also shows that the increase in generalisation capability is
more prominent with smaller samples. A reason for this could be that the overwhelm-
ing number of relevant redundant features is able to bias the training with minimal
adversarial samples.

The redundancy in Fig.(4.7) is increased by applying linear transformations to
the pre-existing irrelevant features in the dataset. As expected, as the number of irrele-
vant features increased, the generalisation capability and accuracy of the CorEx-Ci also
decreases. When redundancy is increased by increasing both relevant and irrelevant
features at the same rate, we find that the accuracy improves slightly for Y — X — C
generation process. The generalisation capability peaks slightly initially and converges
to the original generalisation capability. This could be due to the fact that the ratio of
relevant and irrelevant features are constant, hence cancelling out each others effect

on the dataset.
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Benchmarking the Effect of Redundancy between the Existing Classification Methods
and CorEx-Ci with Varying Sample Size

Graph of Accuracy against the Number of Relevant Redundant Features with 80 samples
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Figure 4.9: The figure shows the trend when the redundant features which are relevant
to the class label increases when sample size is 80. x1 refers to relevant features being
increased in redundancy through linear transformation. The plots compare the trend

by different classifiers.
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Graph of Accuracy against the Number of Irrelevant Redundant Features with 80 samples
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Figure 4.10: The figure shows the trend when the redundant features which are irrel-
evant to the class label increases when the sample size is 80. x100 refers to irrelevant
features being increased in redundancy through linear transformation. The plots com-

pare the trend by different classifiers.
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Graph of Accuracy against the Number of Relevant and Irrelevant Redundant Features with 80 samples
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Figure 4.11: The figure shows the trend when the number of relevant and irrelevant
redundant features to the class label increases when the sample size is 80. xall refers
to both relevant and irrelevant features being increased in redundancy through linear

transformation. The plots compare the trend by different classifiers.
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Graph of Accuracy against Number of Relevant Redundant features with 150
samples
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Figure 4.12: The figure shows the trend when the redundant features which are relevant

to the class label increases when the sample size is 150. x1 refers to relevant features

being increased in redundancy through linear transformation. The plots compare the

trend by different classifiers.
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A Graph of Accuracy against Number of Irrelevant Redundant Features

with 150 samples
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Figure 4.13: The figure shows the trend when the redundant features which are irrele-
vant to the class label increases when the sample size is 150. x100 refers to irrelevant
features being increased in redundancy through linear transformation. The plots com-

pare the trend by different classifiers.
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A Graph of Accuracy against Number of Relevant and Irrelevant Redundant
Features with 150 samples
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Figure 4.14: The figure shows the trend when the number of relevant and irrelevant

redundant features to the class label increases when the sample size is 150. xall refers

to both relevant and irrelevant features being increased in redundancy through linear

transformation. The plots compare the trend by different classifiers.
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Graph of Accuracy against Number of Relevant Redundant Features
with 300 samples
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Figure 4.15: The figure shows the trend when redundant features which are relevant
to the class label increases when the sample size is 300. x1 refers to relevant features
being increased in redundancy through linear transformation. The plots compare the

trend by different classifiers.
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A Graph of Accuracy against Number of Irrelevant Redundant Features
for 300 samples
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Figure 4.16: The figure shows the trend when redundant features which are irrelevant
to the class label increases when the sample size is 300. x100 refers to irrelevant features
being increased in redundancy through linear transformation. The plots compare the

trend by different classifiers.
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Graph of Accuracy against number of Relevant and Irrelevant
Redundant Features with 300 samples
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Figure 4.17: The figure shows the trend when the number of relevant and irrelevant
redundant features to the class label increases when the sample size is 300. xall refers
to both relevant and irrelevant features being increased in redundancy through linear

transformation. The plots compare the trend by different classifiers.
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We plotted the trend when the number of redundant features are increased for SVM
with Linear Kernel, SVM with RBF Kernel, K-Nearest Neighbour, and Naive Bayes. As
with CorEx-Ci, we find that when the number of relevant features increase, the accu-
racy and generalisation capability of the classifiers also increases with the exception
of SVM with RBF Kernel. SVM with Linear Kernel shows the most increase in perfor-
mance as the feature size increases with the addition of redundant features which are
relevant to the class label. This could also be due to the fact that linear transformation
was applied in order to increase the dimensionality of the dataset. We also see that
like CorEx-Ci, SVM with Linear Kernel shows a higher increase in performance with
smaller sample size (i.e. 80 samples compared to 150 and 300 samples) as the num-
ber of relevant but redundant features increases. Naive Bayes and KNN on the other
hand shows higher increase in performance as the sample size increases. We find this
trend very interesting as it shows that under the HDLSS asymptotic, if most of the fea-
tures are relevant to the class label, the classifiers will still be able to give a reasonable
performance. This would most likely be because the additional features are able to
overpower the other features to bias the classifiers. However, the increase in perfor-
mance is higher for the other classifiers compared to CorEx-Ci. This shows that while
the additional relevant features can skew the data, CorEx-Ci is not as influenced by it
as the other classifiers. A reason for this would be that there is very little increase in
new information captured through total correlation by CorEx-Ci.

Figs.(4.10/4.13}/4.16) shows that as the number of irrelevant features increase, the
generalisation capability of the classifiers decreases. Naive Bayes is the most robust
followed by CorEx-Ci against irrelevant features as they decreased in performance less
than the others. CorEx-Ci applied on the dataset generated throughthe Y — X, Y — C
process performs marginally better than KNN, SVM with Linear Kernel, and SVM with
RBF Kernel. SVM with Linear Kernel is able to withstand against irrelevant features
better as the number of samples increase. This is seen in through the plots in Figs.
(4.10§4.13J4.16). Figs. show that the performance peaks slightly at lower
sizes of redundant features before decreasing and converging in performance as the
number of redundant features increase. A reason would be due to the cancelling out
of effects as ratio of redundancy among the relevant and irrelevant features remain the
same.

In most cases, too much redundancy is seen as a bad thing for classifiers as it is
seen as reducing the effectiveness of the classifier and increasing the complexity of the
data. This reflected by many feature selection methods which tries to reduce redun-

dancy (Liang et al., 2019). Redundant variables very seldom add new information to
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the data especially if they are collinear in nature. However, through our simulated ex-
periments, we show that if the redundancy within the dataset is relevant to the class
label, the accuracy and robustness of the classifier can improve. It is only in the case
of irrelevant features found in abundance that the classification performance starts to
degrade. The reason for this is that the irrelevant features bias the model away from the
actual representation of relationship between the class and relevant features. Relevant

features on the other hand bias the model towards the relevant features.
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Effect of Sample Size on Classification Algorithms

A Graph of Accuracy against Number of Samples
for Y->X, Y->C data
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Figure 4.18: The figure shows the trend when the number of samples increases when

the input dimension remains fixed for data generated through Y — X, Y — C process.
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A Graph of Accuracy against Number of Samples
for Y->X->C data
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Figure 4.19: The figure shows the trend when the number of samples increases when

the input dimension remains fixed for data generated through Y — X — C process.

Figs. (4.18) and (4.19) shows the trend when the number of samples increases but the

number of input dimensions remain fixed. In the case of data generated through the
Y — X,Y — C, the accuracy peaks before converging. While SVM with RBF Kernel

shows improvement in terms of accuracy its robustness decreases as the sample size
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increases. The generalisation capability of KNN does not improve while SVM with Lin-
ear Kernel, Naive Bayes, and CorEx-Ci shows slight improvement.

In the case of Y — X — C it can be seen that SVM with Linear Kernel shows the
greatest improvement in accuracy and generalisation capability as the sample size in-
creased. Although the accuracy of SVM with RBF Kernel increased, its generalisation
capability remains constant. Both CorEx-Ci and KNN did not show much improve-
ment as the sample size increased. In the case of CorEx-Ci, only slight improvement
was seen most probably because only some of the relevant features have been captured
even as the sample size increased as shown by the heatmap in Fig.(4.3).

Hence, the control experiments show that CorEx-Ci is less sensitive to redundant
features compared to the other classifiers except Naive Bayes. The performance of
CorEx-Ci improves only slightly when the sample size increases compared to the other
classifiers when the data generation assumption is met. This shows the robustness of
CorEx-Ci compared to the other classifiers when the sample size is varied. It is indica-
tive of the fact that CorEx-Ci reaches its asymptotic error at a faster rate than the other

classification methods.

4.4 Summary

In this chapter, we tested how the CorEx-C model responds to the different data gener-
ation processes. We find that the CorEx-C model is more stable with Y — X — C data
generation process. We also found that when the sample size is high, the effects of the
violation of the data generation assumption of CorEx-C diminishes.

Under the discriminant classification umbrella we test CorEx-based feature ex-
traction and selection methods. We find that methods which reduces redundancy has
an advantage over methods which do not reduce redundancy in HDLSS situations. Due
to this, CorEx-UE although an unsupervised method is competitive and at times better
than CorEx-SFS. However, we also note that the effect of redundancy diminishes as the
sample size increases when the data generation assumption is violated. We also saw
that when the data generation process is not violated, the increase in sample size does
not change the effect of redundancy on the dataset. This is also further shown with
the control experiments to test the effect of redundancy and sample size on CorEx-
Ci. CorEx-SF performs better than the CorEx-UF and CorEx-SFS provided the data
generation assumption is not violated. When benchmarking the data, we find that in

general, CorEx-SF based methods are competitive and at times better than MRMR and
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CIFE provided the data generation assumption is not violated. Expanding CorEx-C to
reduce the restriction imposed by the data generation assumption is a future work.

Under the generative classification model, we show that CorEx-Ci has a slightly
higher asymptotic error. This also means that the sample size bears little to no effect on
CorEx-Ci. This indicates that the error rate is the same with lower number of samples
as it is with higher number of samples. Expanding the learning of the model for CorEx-
Ci would be a future direction to investigate in order to reduce the asymptotic error.
We note that CorEx-Ci is more robust to redundancy compared to some of the other
classification methods. Robustness to redundancy is an important factor as HDLSS
data often contains redundant information. This is a consideration that needs to be
addressed as more research is done with HDLSS data.

Hence, we show that CorEx-based methods can be expanded to be used for clas-
sification for HDLSS data but more research needs to be done in order to fully tap into
its potential. We also show that without generating more samples, HDLSS data can be
handled.



Chapter 5
Conclusion & Future Works

High dimensional low sample size (HDLSS) data is becoming more prevalent. Research
in this area is important as HDLSS data is commonly found with medical and microar-
ray data. Many algorithms in the field of machine learning and data mining require a
reasonably large amount data in order to perform well. A large number of samples will
ensure that statistical significance is maintained. The algorithms are usually catered
for high dimensional data or data with large sample size especially with data being
more freely available with boom of big data. Unlike high dimensional data, HDLSS
data has a slightly different behaviour in the Euclidean space. The asymptotic nature
of HDLSS means that the number of samples does not increase or increases at a very
slow pace in comparison to the growth of the number of dimensions.

In this thesis, HDLSS data is classified by exploiting the intrinsic structure of the
data in a supervised manner through the use of probabilistic graphical models. There
are two problems that arise with HDLSS data, i.e. its high dimensionality and its low
sample size. Literature generally addresses these as separate problems. However, as
seen through HDLSS datasets, the problems are not necessarily mutually exclusive
of each other. We focused our efforts in dealing with the high dimensionality aspect
of HDLSS datasets, but keeping in mind its sample size. Throughout this thesis, we
focused on classification of HDLSS datasets through discriminant classification and
generative classification. These methods are two categories of classifiers.

We aimed at learning the intrinsic structure of the data through the use of prob-
abilistic graphical models. Classification methods help to discriminate and identify
categories of data. The categories of data is also known as class label. Classical classi-
fiers are built for high dimensional data which has a huge sample size, or data which is
not high dimensional but contains sufficient samples. The sufficiency of samples for

the classifiers is an open problem and is not addressed in this thesis. The assumption
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made throughout this thesis is that HDLSS has sample size lower than the dimension
and is not sufficient to produce a statically significant result with the classifiers.

Support Vector Machines (SVM) do not perform well with HDLSS datasets. This
is because data piling occurs. Data piling clumps the support vectors making it diffi-
cult for the hyperplane to segregate between the classes. Classifiers such as K-Nearest
Neighbour (KNN) do not perform well using Euclidean distances because the pairwise
distance between points becomes equidistant from each other for features drawn in-
dependently from a probability distribution. As most classifiers make the i.i.d. as-
sumption, this would be the case for distance based methods. Metric Learning tech-
niques are often integrated with KNN to learn distance functions suitable for the data.
However, it makes the assumption of having sufficient samples. Further, it uses a pro-
cess known as whitening which requires the squaring of data. This uses the covariance
matrix. The covariance matrix is not accurate for HDLSS data as it has low sample
size. Naive Bayes is a method that is least affected by the curse of dimensionality as its
conditional independence assumption decouples the features. This would mean that
Naive Bayes works in a 1-dimensional space. Neural networks are used as a classifi-
cation method. It learns the intrinsic structure of the data through its hidden nodes.
However, it requires large amounts of data to accurately learn the structure. Another
drawback with Neural Networks is the black box effect. It lacks the ability to explain the
factors which are related to classification. The explainability of artificial intelligence is
required in medical fields. The density estimation done within a classifier can degen-
erate due to lack of samples. This causes the structure of the data to be misrepresented.
As seen, classification methods were not created to cater for HDLSS data.

Correlation Explanation (CorEx) is an unsupervised probabilistic graphical model
based algorithm which uses total correlation as part of its objective function. It has a
novel method to estimate the probability distribution which works under HDLSS con-
ditions. It learns the intrinsic structure of the data through its hidden variables. Unlike
neural networks, it also is able to map the features which contributes to the intrinsic
structure. In order to address the problems that arise from the lack of stability of the
estimation of density of probability distribution for classification, we extend CorEx to
support class labels. To further meet our objective for classification of HDLSS data, we
extended CorEx with class labels to encapsulate both the discriminant classification
and the generative classification case.

Our contribution is this thesis is three-fold in order to meet our aims and objec-

tives for the research:
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1. Extending CorEx to include the class label. This graphical model proposed is

known as CorEx-C.

2. Exploring the use of CorEx-C under the discriminant classification umbrella by
proposing supervised feature extraction (CorEx-SF) and supervised feature se-
lection (CorEx-SFS) methods. The performance of the proposed methods were

tested through the use of classifiers.

3. Exploring the use of CorEx-C under the generative classification umbrella by
proposing CorEx-Ci, which is an extension to CorEx-C by including an inferenc-

ing algorithm.

In this thesis, in order to extend CorEx to support classification, we exploited the
modular structure of CorEx to enable a mixture distribution to be modeled. We call
this structure CorEx-C. The modification to the probability distribution is an impor-
tant step in order to ensure that the class label is compatible with the CorEx structure.
Without this step, the class label would either be considered continuous or the remain-
der of the dataset would have to be discretized. Both cases incorporates an erroneous
assumption of the data. A further investigation on the CorEx-C structure show that the
key assumptions made by CorEx itself does not change. However, it adds an additional
category of assumption of the data generation process that was not required to be han-
dled by CorEx as no distinction would have been made. In order to test the additional
category of assumption, we simulated data through ancestral sampling technique. We
tested it under two data generation assumption,i.e. Y = X —-Cand Y — X,Y — C,
where Y is the latent variable, X is the input variables, and C is the class label. We
found that given the data generation assumption made by the original CorEx model,
i.,e. Y — X, Y — C, the CorEx-C model is able to accurately learn the relationship be-
tween the relevant variables and the class label. However, in the case of Y — X — C, the
data generation assumption is violated. Hence, the model is only able to detect weak
relationships between the relevant features and the class label when the sample size is
large as shown by the heatmaps. The case of Y — X — C was not required to be han-
dled by CorEx as any class label used would fall under X. A future direction which can
be explored is the effective learning of the CorEx structure in the case of Y — X — C.

In order to extend CorEx-C for discriminant classification, feature selection and
extraction methods were applied to HDLSS data and classified using pre-existing dis-
criminant classifiers such as Support Vector Machines and K-Nearest Neighbour. As
the dimensions of the HDLSS dataset are high but the sample size low, learning higher

order information can be advantageous to supplement the the lack of samples. Infor-
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mation theory based methods have the ability to learn higher order relationships. Fea-
ture selection and extraction methods which deal with information theory such as In-
fomax Information Component Analysis (Infomax ICA), Maximization of Mutual Infor-
mation (MMI), Maximum Redundancy Minimum Relevance (MRMR), Conditional In-
fomax Feature Extraction (CIFE), and Kernel Entropy Component Analysis (KECA) was
investigated and compared in this thesis. The information theory based dimension-
ality reduction methods can be structured using divergence methods through D, —
framework. The framework consists of two components, i.e. the divergence factor as
well as the penalty imposed during dimensionality reduction.

We extended the CorEx-C model to enable feature extraction and selection to
test it under the discriminant classification framework. We compared our results with
some existing feature selection and extraction methods. We benchmarked it against
Conditional Infomax Feature Extraction and Maximum Relevance Minimum Redun-
dancy. The CorEx-C based feature extraction and selection methods are competitive
with MRMR and CIFE. We also discovered that some of the methods such as Maxi-
mization of Mutual Information is not able to perform under the HDLSS setting. Other
methods such as Kernel Entropy Component Analysis and Independent Component
Analysis is able to perform reasonably well with HDLSS data. However, both KECA and
ICA have a limit on the number of features that can be extracted which is based on
the sample size of the data. Our method has the benefit of not having that limitation.
However, we note that there is an ideal number of features known as the intrinsic di-
mensionality that produces the optimal result for each dataset. We further compared
the methods based on the number of samples. We find that CorEx-C based dimen-
sionality reduction methods are more robust compared to the others as the features
extracted for classification are not impacted by the change in number of samples. The
classification performance showed little to no change with the increase in samples.
Other methods start performing competitively with CorEx-C as the number of samples
increases. This shows that the features extracted through CorEx-C can be used for dis-
criminant classification under HDLSS conditions. We also tested our method against
CorEx based unsupervised feature extraction to understand any benefits of including
the class label into CorEx. Our findings suggest that CorEx-C based methods perform
better provided the data generation assumption is not violated.

Finally, to tackle the problem from a generative model viewpoint, we proposed
an inference method based on Bayes Theorem and mean field approximation called
CorEx-Ci. Generative models have a tendency of reaching the asymptotic error rate

at a higher speed than discriminative classifiers. This proved to be the case with the
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proposed inference model. CorEx-Ci model tends to have a slightly higher asymp-
totic error. The control experiments we ran tested the potential and characteristics
of CorEx-Ci in terms of sensitivity towards redundant variables as well as varying sam-
ple sizes. We found that the increase in sample size causes very small changes in the
performance of CorEx-Ci. However, the increase of sample size drastically improves
the performance of the classical classifiers such as SVM with Linear Kernel and Naive
Bayes. This shows that CorEx-Ci is robust towards the number of sample size. We
also show through our plots that SVM with Linear Kernel improves greatly when the
number of redundant variables which are related to class label increases. We believe
the relevant but redundant features to the class label creates a large bias to skew the
classifier towards the class label. CorEx-Ci only shows very slight improvement, which
indicates it being robust against the bias introduced by the redundant variables. The
high error rate of CorEx-Ci is a major limitation of our work although it can also be con-
sidered a blessing as it indicates a stable capturing of relevant information regardless
of the sample size.

The future direction CorEx-Ci poses is to lower the asymptotic error. One method
to do so would be to incorporate additional bias or priors into the learning process of
CorEx-C model. An open problem to this work is how to detect the generation process
behind the dataset in order to identify if the dataset fulfils the CorEx assumption. A
method to circumvent this would be to expand the assumption to include Y — X — C
data generation process. A further direction which can be explored would be to expand
CorEx-C to work more discriminatively as neural networks do. With the addition of er-
ror propagation, CorEx-C has the potential performing at the level of neural networks.
Unlike the neural network, it does not need as many samples and it is also more easily
explainable. The method undertaken in this thesis can be expanded to other unsu-
pervised graphical models if the class label is available. However, the ability of those
models to extend to HDLSS asymptotic will have to be tested. Hence, by extending the
CorEx model to incorporate the class label, we were able to extend and test its abilities
under the discriminant classification model and the generative classification model.
This thesis has explored and investigated classification for HDLSS datasets through
learning an intrinsic structure of the data which is related to the class label. More re-

search to expand the research in this field is required to fully mature this field.



Appendix A

Preliminary Experiment based on

Autoencoder

A preliminary experiment was conducted using shallow autoencoders to test the pos-
sibility of it being used for HDLSS settings. The autoencoders were programmed using
KERAS which was built using Theano backend. All experiments were seeded to pro-
duce consistent results each time it is run. The datasets used for this experiment were
the Gravier dataset and Alon dataset whose properties can be found in Table (4.17).

The autoencoder used is an undercomplete autoencoder. This would mean that
the number nodes in the hidden layers is lower than the number of input dimension-
ality. Stochastic gradient descent was used as an optimizer.

The structure of the autoencoder used is as follows:
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{ Input Layer ]
Encoder Layer

{ Decoded layer }

Y

Hidden Layer with the
same size as decoded

layer

Class

Figure A.1: The autoencoder used is a shallow autoencoder which is fitted with a neural
network classifier to gain an accuracy reading. The classifier is directly attached to the

decoder.

The activation functions used were Rectified Linear Units (ReLU) and the Sigmoid
function.
ReLU is given by:
f(a) =max(0,a) (A.1)

where a = Wx + b, W is the weight and b is the bias.
Sigmoid is given by:

foo= (A.2)

l1+e*

The Table shows that the autoencoder which uses ReLU as the activation
function performs only as well as the control classifier. The use of sigmoid on the other
hand allows for better accuracy compared to ReLu.

The accuracy of the Alon dataset only improves at best the same as the raw data
as seen in Fig.(A.2). As seen, many parameters need to be tuned to obtain the best
performance for each dataset. Shallow autoencoder requires a reasonable amount of
data in order to be able to achieve a much better accuracy. Applying deep autoencoder
will increase the complexity of the network but may not necessarily give improvements

as large amounts of data are required.
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) No. of Nodes o
Input size | No. of Epoch Activation Accuracy
in Encoder

ReLu,Relu,

2905 1000 515 44.00%
Sigmoid,Sigmoid
ReLu,Relu,

2905 1000 1215 44.00%
Sigmoid,Sigmoid
ReLu,ReLu,

2905 100 515 44.00%
Sigmoid,Sigmoid
ReLu,ReLu,

2905 100 1215 44.00%
Sigmoid,Sigmoid
ReLu,ReLu,

2905 50 515 44.00%
Sigmoid,Sigmoid
RelLu,Rely,

2905 50 1215 44.00%
Sigmoid,Sigmoid
Sigmoid,Sigmoid,

2905 1000 515 53.65%
Sigmoid,Sigmoid
Sigmoid,Sigmoid,

2905 1000 1215 53.65%
Sigmoid,Sigmoid
Sigmoid,Sigmoid,

2905 100 515 53.65%
Sigmoid,Sigmoid
Sigmoid,Sigmoid,

2905 100 1215 53.65%
Sigmoid,Sigmoid
Sigmoid,Sigmoid,

2905 50 515 53.65%
Sigmoid,Sigmoid
Sigmoid,Sigmoid,

2905 50 1215 53.65%
Sigmoid,Sigmoid

2905 1000 Classifier only(Control) | Sigmoid,Sigmoid | 44.00%

Table A.1: Table of accuracy for the Gravier dataset based on preliminary tests using

autoencoder.
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) No. of Nodes o
Input size | No. of Epoch Activation Accuracy
in Encoder

ReLu,Relu,

2000 1000 515 76.47%
Sigmoid,Sigmoid
ReLu,Relu,

2000 1000 1215 76.47%
Sigmoid,Sigmoid
ReLu,ReLu,

2000 100 515 58.82%
Sigmoid,Sigmoid
ReLu,ReLu,

2000 100 1215 58.82%
Sigmoid,Sigmoid
ReLu,ReLu,

2000 50 515 58.82%
Sigmoid,Sigmoid
ReLu,ReLu,

2000 50 1215 58.82%
Sigmoid,Sigmoid
Sigmoid,Sigmoid,

2000 1000 200 76.47%
Sigmoid,Sigmoid
Sigmoid,Sigmoid,

2000 1000 515 70.58%
Sigmoid,Sigmoid
Sigmoid,Sigmoid,

2000 1000 1215 64.70%
Sigmoid,Sigmoid
Sigmoid,Sigmoid,

2000 100 515 58.82%
Sigmoid,Sigmoid
Sigmoid,Sigmoid,

2000 100 1215 58.82%
Sigmoid,Sigmoid
Sigmoid,Sigmoid,

2000 50 515 58.82%
Sigmoid,Sigmoid
Sigmoid,Sigmoid,

2000 50 1215 58.82%
Sigmoid,Sigmoid

2000 1000 Classifier only(Control) | Sigmoid,Sigmoid | 76.47%

Table A.2: The table gives the performance accuracy of the stacked autoencoders for

the Alon dataset based on preliminary tests using autoencoder.
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