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ABSTRACT

Periodic behaviours in continuous media can be described with great power and econ-
omy using conceptual machinery such as the notion of a field. However periodic effects
can also be ‘observed’ in collections of discrete objects, be they individuals sending
emails, fire-flies signalling to attract mates, synapses firing in the brain or photons
emerging from a cavity. The origin of periodic behaviours becomes more difficult to
identify and interpret in these instances; particularly for systems whose individual com-
ponents are fundamentally stochastic and memoryless. This thesis describes how pe-
riodic behaviour can emerge from intrinsic fluctuations in a fully discrete system that is
completely isolated from any external coherent forcing.

This thesis identifies the essential elements required to produce naturally emerging pe-
riodic behaviours in a collection of interacting ‘particles’ which are constrained to a finite
set of ‘states’, represented by the nodes of a network. The network can be identified
with a type of a spatial structure throughout which particles can move by spontaneously
jumping between nodes. The particles interact by affecting the rate at which other par-
ticles jump. In such systems it is the collective ensemble of particles, rather than the
individual particles themselves, that exhibit periodic behaviours. The existence or non-
existence of such collective periodic behaviours is attributed to the structure of the
network and the form of interaction between particles that together describe the micro-
scopic dynamics of the system. This thesis develops a methodology for deriving the
macroscopic description of the ensemble of particles from the microscopic dynamics
that govern the behaviour of individual particles and uses this to find key ingredients for
collective periodic behaviour.

In order for periodic behaviours to emerge and persist it is necessary that the micro-
scopic dynamics be irreversible and hence violate the principle of detailed balance.
However such a condition is not sufficient and irreversibility must also manifest on the
macroscopic level. Simple systems that admit collective periodic behaviours are pre-
sented, analysed and used to hypothesise on the essential elements needed for such
behaviour. Important general results are then proven. It is necessary that the network
have more than two nodes and directed edges such that particles jump between states
at different rates in both directions. Perhaps most significantly, it is demonstrated that
collective periodic behaviours are possible without invoking ‘action at a distance’ - there
need not be a field providing a mechanism for the interactions between particles.
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Chapter 1

Introduction

Manifestations of collective periodic behaviours are so ubiquitous and familiar that the
underlying conditions enabling oscillatory behaviour to emerge and persist may be
taken for granted. These considerations are particularly relevant for systems of a fun-
damentally discrete nature where the consequences that obtain from a continuum de-
scription cannot be assumed [1-8]. This prompts enquiring what essential ingredients
are required for collective periodic behaviours to emerge in a system whose compo-
nents transition incoherently between only a finite number of states. Such systems are
the topic of this thesis.

Collective periodic behaviour has long attracted the attention of the scientific commu-
nity with commonly cited documentations including Huygens’ record of the synchroni-
sation of pendulum clocks [9], Asian tree canopies filled with fireflies flashing in uni-
son [10L/11], circadian clocks [12],13], oscillations in ecological systems [14], chemical
oscillations [[15}16], synchronous neuronal spiking times [17H19] and pedestrians caus-
ing the wave-like wobbling of London’s millennium bridge [20]. See [21,22] for a review
of such phenomena. At least three related areas of research warrant immediate discus-
sion: weakly coupled oscillators, integrate-and-fire models and stochastic resonance.

1.0.1 Weakly Coupled Oscillators and Integrate-and-Fire

Synchronisation is currently a highly researched topic, with various models describ-
ing the phenomena in particular situations. Of particular note are systems of weakly-
coupled oscillators [23,24], including the Kuramoto model [25,[26] and various integrate-
and-fire models, which find a particular use in biology and neuroscience [27-429]. Both
of these models consist of a network of interconnected components. For weakly-
coupled oscillators, the connections may be viewed as springs, although there is a



wide application in an electrical engineering setting [30,[31]. In the integrate-and-fire
models connections are made to signify how one individual firing can influence others
to fire themselves. Much research then focuses on describing how synchronisation
conditions depend on these connections [32-37]. However, these models are based
on the idea that each component has a built-in oscillatory mechanism and therefore
shed no light on the origin of the periodic effects that transpire. This is especially true
for systems described by dynamics that are, at the most fundamental level, entirely
incoherent, stochastic and memoryless.

1.0.2 Stochastic Resonance

The constructive role that complete randomness, or noise, could play in establish-
ing periodic behaviours was illuminated in 1981 by the discovery of stochastic reso-
nance [38-40]. Originally posed as an explanation for the periodic occurrence of ice
ages [41,42], stochastic resonance is a nonlinear phenomenon whereby the effects
of a weak periodic forcing to a deterministic system are amplified in the presence of
noise. This resonance may occur even without a periodic driving force, which has been
investigated more recently under the name coherent resonance [43,/44]. Reviews of
stochastic resonance are provided by [45H47]. A common feature of these phenomena
is that noise ‘resonates’ periodic behaviour that is latent in any underlying deterministic
dynamics. But how can stochastic dynamics result in periodic behaviour?

Prior to the discovery of stochastic resonance, noise had been mostly thought of as a
nuisance, or something that could only destroy order. In decades since, many other
phenomena linked with the positive effect of noise have been found: noise-induced
transport [48-52], stochastic focusing [53|, noise suppressing noise [54] and stochastic
synchronisation [55-59].

1.1 Interacting Particle Systems

In this thesis we consider a system containing a large number of identical components
that individually assume one of a finite number of states. At each instant of time, a
component may spontaneously transition into another state. Coupling between the
components is then induced by allowing each component to influence the transition
rates of every other. The coupling is assumed to be ‘all-to-all’ in the sense that the
components are indistinguishable: it is possible to switch any two components without
affecting the system. For this discrete system it is then the ensemble of components
rather than the individuals themselves that can exhibit the characteristics of collective



periodic phenomena that may emerge despite the individual components behaving in-
coherently.

This general framework may be used to model a wide variety of different systems.
The states may represent; energy levels, quantum states [60], cities, people [61H63],
chemical species [64-67], lattice points [68], game strategies [2,69-71], stages of an
illness [[72-75], gene states [76,/77], and the list goes on. Correspondingly, the com-
ponents themselves may represent; atoms, photons, cars [[78-80], e-mails, chemical
compounds, electrons, players, people, proteins, and so on. Nevertheless, as an aid to
provide a way to visualise the system and to allow for use of less abstract language, the
components of the system are interpreted throughout the thesis as particles and the
states as a discrete medium in which particles are able to jump, hop or migrate around.

1.1.1 Spatial Structure and Action at a Distance

One fundamental representation of a discrete medium is a network [81-86], being an
arrangement of sites or nodes that are connected by edges, via which particles may
move from one node to another. The topology of the nodes and edges defines the spa-
tial structure. The qualities exhibited by the collection of particles on the ‘macroscopic
level’ is thus fully determined by the ‘microscopic’ dynamics that govern the number of
particles at each node, how they move from one node to another, and how they interact
with other particles both /ocally and globally.

The spatial interpretation of the network allows one to identify the interaction between
particles that are in different states as a type of global interaction, or action at a distance
[87-89]. The concept of a field is especially effective in providing a mechanism to
facilitate action or influence to occur at a distance: fields can combine both the medium
and particles within the same theoretical construct. The idea of long-range interactions
is often taken for granted in particle systems with a spatial continuum as particles are
rarely at the same place at the same time. By contrast, in a system where space is
discrete, particles can often be in the same place at the same time, hence a coupling
that only allows particles to influence each other at the same node is certainly not
trivial [90,91].

1.1.2 Three Important Questions

With the spatial implications of the network in mind, three main questions are central to
this thesis;

1. “What is the minimum number of nodes needed for periodic behaviour?”
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2. “Can periodic behaviour emerge when single particles jump at an equal rate in
both directions along an edge joining nodes?”

3. “Does collective periodic behaviour rely on interactions between particles that are
at different nodes?”

Each of these questions is addressed at various stages throughout the thesis with the
most conclusive answers being given in chapter 5]

1.2 Statistical Mechanics

Roughly speaking, statistical mechanics is a branch of physics that aims to derive the
macroscopic properties of a system from the dynamics of its microscopic components.
Here the terms ‘microscopic’ and ‘macroscopic’ should be understood in a relative
sense [92]. The behaviour of the individual components and thus the dynamics de-
scribing them; classical mechanics, quantum mechanics or perhaps something more
exotic, will depend on the particular system of interest. The theory introduces the con-
cept of probability in order to explain the statistical properties of the system. However
this is not to say that it necessarily assumes the true dynamics is stochastic, but rather
that much of the detail of the microscopic dynamics is inaccessible or even irrelevant.

1.2.1 Thermodynamic Equilibrium

Equilibrium statistical mechanics is primarily concerned with describing the properties
of a system that is in, or close to, thermodynamic equilibrium. Thermodynamic equi-
librium is characterised by an absence of macroscopic flows of matter or of energy,
despite the system remaining dynamical on the microscopic level. In equilibrium, the
system appears to be motionless. Consequently it does not take much to convince
oneself that a system that behaves periodically must necessarily be ‘away from’ ther-
modynamic equilibrium.

The study of systems that are not at thermodynamic equilibrium comes under the field
of non-equilibrium statistical mechanics [93]. There are two types of non-equilibrium
phenomena to consider: (i) time-dependent systems on their way to equilibrium, and (ii)
time-invariant (steady state) systems, somehow kept away from equilibrium. A system
categorised by the former cannot exhibit sustained oscillations but it may, however,
behave periodically for a ‘very long’ time. On the other hand the second type of system
may have persistent periodic behaviour, and then the task is to identify how the system
is being “kept away from equilibrium”.



1.2.2 Micro-reversibility and Detailed Balance

In his development of the kinetic theory of gases in 1872 [|94], Boltzmann introduced
the statistical representation of a macroscopic process as an ensemble of elementary
events that obeyed the laws of classical mechanics. The time-reversibility of Newton’s
equations then led him to the principle of detailed balance: at the equilibrium ensemble
each collision is equilibrated by its reverse collision [95]. The idea allowed Boltzmann to
demonstrate how microscopic reversibility could give rise to macroscopic irreversibility
and proved that a thermodynamically closed system would converge to thermodynamic
equilibrium.

The principle of detailed balance for chemical kinetics was introduced by Wegscheider
in 1901, who subsequently found explicit relations between kinetic constants [96]. In
addition, it was demonstrated that irreversible reaction cycles such as A; — Ay —
Az — A; are not permitted. In 1931 Onsager proposed a general theory relating the
principle of detailed balance with the symmetry of kinetic coefficients [97,198]. The
so-called Onsager reciprocal relations imply that damped oscillations in homogeneous
closed systems near thermodynamic equilibrium are impossible, due to the necessarily
real spectrum of eigenvalues associated with symmetric operators. Similar results for
the systems of interacting particles are demonstrated in chapter 2.

1.3 Stochastic Dynamics

Over recent decades, some approaches to non-equilibrium statistical mechanics have
developed a common unified mathematical framework. The main characteristic fea-
ture of these approaches is the assumption that the microscopic evolution of a system
is stochastic, as opposed to being described by deterministic Hamiltonian dynamics.
One benefit of this approach is that it can be extended to include systems where the
microscopic components are far too complex to describe with classical or quantum
mechanics. Examples of such systems are biological, ecological and even social sys-
tems [61].

The motivations for adopting a stochastic type of dynamics come from different back-
grounds, and one can find authors with at least three different views. (i) Coarse grain-
ing [99,(100] - microscopic dynamics are deterministic but the macroscopic dynam-
ics are only known to the level of discrete cells. (ii) Interventionism/tracing/open sys-
tems [1014103] - microscopic dynamics are deterministic but must be coupled with the
environment. Observing only the system in isolation leads to non-deterministic dynam-
ics. (iii) Remain agnostic about, or deny, the existence of an underlying deterministic



dynamics and regard the evolution as a stochastic process that forms the dynamics in
its own right [104},105].

1.3.1 Markov Processes

Regardless of differing interpretations, many authors adopt a similar mathematical for-
malism, in making the technical assumption, that the stochastic process describing
the microscopic dynamics is in fact a homogeneous (time independent) Markov pro-
cess [106,107], or equivalently, the evolution of the system is governed by a first order
ordinary differential equation, known as the master equation [108,/109].

Markov processes have the property of being memoryless, meaning that their stochas-
tic evolution at each time is independent of their state at values at other times: the
process does not ‘remember’ the past. If the evolution does not explicitly depend on
time, the process is further called time-independent or homogenous. In the sequel this
property is implied unless otherwise stated.

Whether or not the Markov assumption can justifiably describe physical processes is
outside the scope of this thesis. However, time-independent Markov processes are
prime candidates for exploring the fundamental requirements for periodic behaviour for
two main reasons:

1. There are no intrinsic time correlations that could result in latent oscillations
emerging, whose origin is completely artificial.

The Markov property imposes that the particles, and the entire system, are unable to
retain any information of past times. In particular this forbids any kind of dead-time
or delay period that would introduce artificial timescales into the system. In fact, the
Markov property implies the distribution of the sojourn times of the particle at each
node are exponentially distributed random variables, characteristic of the ‘no memory’

property.
2. Spontaneity completely contrasts, in some sense, with periodic order.

The period of a sustained oscillation can be defined as the stochastic recurrence time
of some ‘event’ - such as the instant the number of particles at a node reaches a
local maximum. The distribution of recurrence times in the case of a perfectly periodic
process would be degenerate, spiked at some value corresponding to the period. The
information entropy of such deterministic recurrence times is then identically zero, as
there is no uncertainty. In contrast the exponential distributions of the particle sojourn
times have maximum entropy, given the existence of a mean sojourn time.
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In addition to the two theoretical reasons for imposing the Markov property, Markov
processes are easy to simulate directly [110H112], and perhaps more importantly, they
are relatively tractable mathematically.

1.4 Overview of the Thesis

In this chapter we have posed the question as to what are the essential ingredients for
collective periodic behaviour in discrete systems with stochastic dynamics. Weakly cou-
pled oscillator and integrate-and-fire models were briefly discussed for their prevalence
in describing synchronisation in complex systems. The phenomena of stochastic reso-
nance and coherent resonance were identified as an example of how incoherent noise
could amplify latent oscillations in deterministic dynamics. The systems of interacting
‘particles’ that are studied throughout this thesis were introduced in section and
three important questions about particular requirements for periodic behaviour were
posed. Section [T.2/gave a brief overview of statistical mechanics and in particular the
principle of detfailed balance and its relation to a systems approach to thermal equilib-
rium. Possible motivations for using stochastic dynamics were discussed in section|1.3
The reasons for assuming the Markov property and its use in exploring the fundamental
requirements for periodic behaviour were provided.

The remainder of this thesis is organised as follows:

Chapter 2

We introduce the mathematical framework for interacting particle systems and discuss
some immediate conditions for collective periodic behaviours. In particular we explore
whether periodic behaviours can emerge in two-state systems.

Chapter 3

We discuss systems of non-interacting particles. We introduce some important aspects
in the theory of Markov processes. We explore the link between detailed balance and
the appearance of oscillations. We gain insights into which kinds of interactions may
result in collective period behaviour.



Chapter 4

We introduce a model whereby the dynamics describing non-interacting particles is
augmented by simple birth and death processes. Simulations of this model is show
emergent periodic behaviour among other types of phenomena. Key ingredients for
collective periodic behaviour are hypothesised.

Chapter 5

We consider general systems of interacting particles. We discuss how to derive the
macroscopic description of the system from the microscopic dynamics. Conclusive
answers to the second and third questions posed in section [1.1.2) are then provided
and discussed.

Chapter 6

Discussion of the main results of the thesis, how the results generalise to other systems
and their limitations. Additionally we discuss some possible routes for further research.



Chapter 2

Interacting Particle Systems

In this chapter the general properties of interacting particle systems are described.
These are systems whereby particles interchange spontaneously between a finite num-
ber of states. In section [2.1] the mathematical framework is introduced. Two different
interpretations of how interactions between the particles may arise are discussed in
section

In section [2.3| we discuss the Markov property that characterises ‘memoryless’ nature
of the system. It implies that the probabilities that describe the particular configurations
of the particles in the system are described by a master equation which is given in
section In section [2.5|we discuss the macroscopic equations that provide a deter-
ministic continuum approximation to the evolution of the system. These equations can
then be used to define the occurrence of collective periodic phenomena.

In section [2.6| we study probability distributions that are invariant under the dynamics
and their connection to periodic behaviours. Periodic behaviours remain periodic when
the direction of time is reversed, and so the equations that describe the evolution of
probabilities when time runs backwards are outlined in section In section [2.8] we
describe the property of detailed balance and its implications to the time reversibility
of the system, in particular we discuss the possibility of collective periodic behaviours
when particles can only occupy two states in section [2.9]

2.1 Interacting Particle Systems

Consider a system of n indistinguishable particles that are each constrained to a finite
set of states, {si1,s92,...,sn} %' S. Each state s; is associated with the ¥ node of a
network that defines a type of spatial structure, whereby a particle can jump from a state

s; to another state s; via a directed edge connecting ‘" and j* nodes. The system is
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Figure 2.1: lllustration of the populations of particles at each node of a three node
network. Arrows show the total rate at which particles jump between different nodes.

assumed to hold no memory of the past and so these jumps occur spontaneously at
some rate M;; that is generally dependent on the number of particles at each node.
Thus the particles are coupled through an ability to influence the transition rate of other
particles.

As the particles are indistinguishable, the configuration of the system at time ¢ is com-
pletely specified by n(t) = (n1(t), na(t),...,nn(t)), where n;(t) is the number of parti-
cles that are located at the ' node, see figure The time evolution of n(t) follows
a stochastic process on the configuration-space (2, defined to be the set of all possible
configurations of the system,

o % {(nl,ng,...,nN) : n; €N, an—n} (2.1.1)

An illustration of a configuration space is given in figure 2.2 If the total number of
components n is not necessarily fixed, the condition ), n; = n can be excluded from
equation (2.1.7). The spontaneous nature of the particles implies that the stochastic
process n(t) satisfies the Markov property, described in section The evolution of
the probabilities P, (t) that the configuration of the system is w at time ¢ > 0, conditioned
on some initial probability distribution for the configuration of the system at time 0, is
given by the master equation [108}[109], discussed further in section [2.4]
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Figure 2.2: lllustration of the configuration space ) for a system with four particles and
three states; n = 4 and N = 3. Blue circles represent different configurations.

2.2 Mechanism for Interactions

Specifying the dynamics via the particle jump rates determines the behaviour of the
system. However, it does not determine the mechanism for the interactions. While the
mechanism for the interactions does not directly affect how the system behaves, it does
change how one would interpret the results and so it is worth discussing some different
ways of viewing how the interactions arise.

Particles interacting directly

Firstly one can view the particles as interacting directly, by some ‘force’. This force then
supplements the rates given by the network. The rate that a particle jumps is then de-
pendent on both the spatial structure of the network and the position of other particles.
From this viewpoint, the spatial structure is unaffected by the particles. A schematic
of the interactions between the network and the particles is given by figure [2.3(a). Of
course this says nothing about the cause of the force experienced between particles.

Interactions between particles that are located at different nodes can be viewed as a
type of 'action at a distance’, i.e. a non-local interaction of objects separated in space. It
is therefore possible to define types of interaction that do not allow for such a non-local
interaction, by only allowing particles to influence the behaviour of other particles that

11



Particle Particle

Network Network

Figure 2.3: Schematic of the mechanism for interactions between particles and the net-
work. Arrows show the interactions between the components. (a) Particles interacting
directly. (b) Particles interacting indirectly through the network.

are at the same node. Such interactions are often called zero-range processes [90,91]
and are discussed further in chapter 5]

Particles interacting indirectly

An alternative view is to assume that the particles interact indirectly, via an interaction
with the spatial structure itself. Thus the particles change the spatial structure of the
network, implicitly affecting other particles. A schematic of this is given in figure [2.3{b).
This is similar to the way massive particles interact in the theory of General Relativity
[113].

To allow for action at a distance, a particle must have a non-local effect on the spatial
structure, i.e. it must change the edges directed from nodes other than its current node.
The analogue of the zero-range interactions is the specification that particles can only
affect the local spatial structure, and thus only particles located at the same node can
interact.

2.3 Markov Property

The spontaneity of the particles implies that the configuration vector n(t) follows a
Markov process with state-space Q2 [106},107]. Markov processes have the property of
being memoryless, meaning that their stochastic evolution at each time is independent
of their state at other times, i.e. the process does not ‘remember’ the past. If the evolu-
tion does not explicitly depend on time, the process is further called time-independent
or time-homogeneous. The memoryless property can be stated as

Pr {n(tg) = CL)i"l’L(tQ) = wj, ’I’L(tl) = wk} = Pr {’I’L(tg) = wi\n(tg) = wj} , (231)
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for all t3 > to > t;. This is often called the Markov property. An equivalent way to state
the Markov property is to say that the past and future are conditionally independent
given the present,

Pr {’n(tg) = Wi, n(tl) = wk]n(tg) = wj}
= Pr {n(tg) = wi]n(tg) = wj} Pr {n(tl) = wi]n(tg) = wj} . (232)

The memoryless nature of the particle, together with time-homogeneity has implica-
tions on the distribution of the time taken for the particle to jump away from a state.

Let 7" be the random variable representing the jump time and define the non-increasing

function s(t) def Pr{T > t}. The Markov property (2.3.1) gives

P{T >t+7}  s(t+7)

s(r) = PH{T >t+7T >t} = Pr{T >t} ()

(2.3.3)

Thus log s(t) is a linear and non-increasing function of ¢, and therefore s(t) = e~ for
some « > 0. This implies that T follows an exponential distribution with rate parameter

Q.

2.3.1 Properties of the Exponential Distribution

The exponential distribution has a number of useful properties. Assume that 71,75, ...
are all independent and exponentially distributed with rates o, as, . . . respectively, then
min; 7T; is also exponentially distributed with rate ) . ;. In other words, the first of many
spontaneous events is itself spontaneous. To prove this result, simply use

Pr{minT; >t} = HPI’{TZ- >t = He_c”t = e it (2.3.4)

7

To determine the probability Pr {7} = min; 7;} use the fact that the minimum of all other
times T; is exponentially distributed with rate 3 = >, a;. The probability is then
determined by

o0
Pr{T1 <minT;} = / are” " Pr{minT; > t} dt

a7 (6

_ T oot Bt gy - M 235
a1/0 e e o S o ( )

Therefore the probability that the shortest time is T;; is proportional to the corresponding

rate «;. This property is useful when finding the equations which describe the evolution
of the system.

13



2.4 Master Equation

The dynamics of the system is completely specified by the set of all rates at which the
system transitions between each pair of configurations. Here the transition rate from
configuration w to @ is defined as

Moo o) ® m {Pr{n<7>=w|n<0>=w}}, (2.4.1)

T—0t T

for w # @. These transition rates are zero for each pair of configurations that differ by
the position of more than one patrticle.

The evolution of the probabilities P, (t) def Pr{ n(t) = w | n(0) } that the configuration of
the system is w at time ¢ > 0, conditioned on some initial probability distribution for the
configuration n(0) of the system at time 0, is given by the master equation [[108,(109],

d = ) P{e - w}— PO {w - &}, (2.4.2)
WFw

where the summation is taken over the entire configuration space (2, except for w. The
master equation is a type of gain-loss equation for the probabilities P,,. The first term
in the summation represents the total gain of probability of the configuration w from all
other configurations. The second term represents the total loss of probability from the
configuration w to all other configurations.

2.4.1 Derivation of the Master Equation

To derive the master equation (2.4.2), calculate the evolution of the probabilities by
rewriting,

P,(t+7) = Pr{n(t+71)=w|n(0)}
_ ZPr{ t+7)=w|n(t) =0, n(0) }Pr{n(t) =& | n(0) }

= ZPV{ t+7)=w|n(t)=w} Py(t)
= Zpr{n(f):w\n(o):w}P@(t)- (2.4.3)

These are known as the Chapman-Kolmogorov equations [107}/114]. The first step fol-
lows from the law of total probability, the second from the Markov property, and the third
from time-homogeneity. One can then substitute the following into equation (2.4.3),

Prin(r) =wn(0)=w} = 1-> Pr{n(r)=on(0) =w}  (24.4)
wHw
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to arrive at,
P,(t+7)— P,(t) = Z [Pr{n(r)=w]|n(0) =0 } Py(t)
— Pr{n(r) =0 |n(0)=w}P,(t)]. (2.4.5)

The master equation (2.4.2) follows from dividing by 7, taking the limit - — 0" and
using (2.4.1).

2.5 Macroscopic Equations

In general finding a solution to the master equation (2.4.2) is difficult due to the large
number of configurations and the nonlinear dependence of the transition rates on the
occupation numbers n; at each state. Moreover, the master equation often contains ‘too
much information’ as it describes the system fully on the microscopic level. In searching
for the emergence of collective periodic behaviour in systems with a large number of
particles, one is primarily concerned with the macroscopic description of the system,
through variables such as z;(t) def n;(t)/n, where n is the total number of particles in
the system. These macroscopic variables are stochastic and discrete. However under
the assumption that the distributions P, (¢) remain sharply peaked for the period of time
under consideration, one can make the approximation z;(t) ~ + > n;P,(t) and treat
x;(t) as if it is continuous and evolves deterministically. The deterministic equations
that describe the evolution of the system are called the macroscopic equations and
they are a set of first order differential equations,

d'z](f) = f(z(t)), (2.5.1)
where f(x) is some vector valued function that can be determined as the leading or-
der term in a system-size expansion of the master equation [108,115]. This
approximation would be exact in the limiting case of systems with an infinite number of

particles.

The emergence of collective periodic behaviour in the system is characterised by a sta-
ble limit cycle in the macroscopic equations (2.5.1), see figure It may be possible
for a system to oscillate even when no such limit cycle exists. This occurs due to fluc-
tuation effects that are present in the next order of the size expansion, i.e. the linear
noise approximation. This phenomenon is often called amplification [116-4122]. How-
ever, oscillations that arise in this way are more erratic, do not form stable oscillations
and are therefore not considered further in this thesis.
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Figure 2.4: lllustration of the phase space of the macroscopic equations (blue triangle)
for a system with three states; N = 3. The orange trajectory represents a limit cycle
corresponding to collective periodic behaviour.

2.6 Steady-State Solutions

Of particular importance are solutions of the master equation that do not change with
time. We call such a solution a steady-state solution. A probability distribution P over
the configurations € is called a steady-state solution of the master equation (2.4.2) if it
is independent of time,

Y PiT{o»w-PiT{w—a} = 0. (2.6.1)

Gw
As the configuration space 2 is finite, a steady-state solution is guaranteed to exist.
Furthermore, it is unique if the system under consideration is ergodic. The system is
called ergodic if, for every pair of configurations w;,w; € €, it can get from a configura-
tion w; to w; in a finite number of steps. Ergodicity is assumed to hold for all systems
considered in this thesis. Proof of the existence and uniqueness of the steady-state
solution is given in section

The probabilities Pr{n(t) = w} are independent of time, and are therefore equal to
the steady-state solution; Pr{n(t) = w} = P3. It follows that every configuration is
visited an infinite number of times, with probability one and moreover PS is the average
proportion of time spent by the system in the configuration w. In the next chapter
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it is proven that solutions to the master equation (2.4.2) approach the steady-state
exponentially fast as time goes to infinity, for any initial distribution P,,(0).

The terms in the summation in equation (2.6.1) are called the steady-state probability
currents from & into w, defined as

def

Jo—wh € PIT{e o w)— P T{w— &) (2.6.2)

The steady-state solutions are such that the total probability current into each config-
uration is zero. For systems with a large number of particles the collective behaviour
can be explained, to leading order, using the macroscopic equations (2.5.1), where col-
lective periodic behaviours are identified with stable limit-cycles. The limiting behaviour
of the macroscopic equations is intimately linked with the steady-state solution to the
master equation, and the associated probability currents (2.6.2). This link is explored
further in chapter 5|

2.7 Backwards Master Equation

Periodic behaviour that is observed in the system must also be periodic if the direction
of time is reversed. In order to describe evolution backwards in time, one uses a master
equation that is generally different to (2.4.2). The evolution of probabilities for times,
t < 0, prior to the initial condition obeys a master equation with transition rates given
by,

r{w— o) % lim {Pr{n(_T) = |n0)=w }}, (2.7.1)
T—0t T
for w # w. The backwards master equation is then given by,
d _ by~ b ~
S Pu(t) = > PotT@ — w} — Po(Tw — &} . (2.7.2)

wHFw
Each backwards rate I'*{w — @&} can be related to the (forwards) rate I'{&y — w} given
in equation (2.4.1) by a simple application of Bayes’ theorem,
PiTw —» o} = PIT{0—w}, (2.7.3)

for all pairs of configurations w and w. This relation is intuitive as the left-hand side is
the rate of the transition w — @ occurring when time is run backwards, the right-hand
side is the rate of the transition & — w occurring when time runs forwards. These are
equal because they both correspond to the same events.

Given a steady-state solution P? for the original master equation (2.4.2) is equivalent
to Pr{n(t) = w}, it is apparent that this is also a steady-state solution of the backwards
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master equation (2.7.2). From the relation the backwards probability currents
J*{w — &} are respectively equal to the J{& — w}, as one would expect from reversing
the direction of time. Similarly if a periodic limit cycle is present in the macroscopic
equations (2.5.1), then reversing time reverses the direction of the limit cycle.

2.8 Reversibility and Detailed Balance

A sulfficient, but not necessary, condition for a probability distribution P? to be a steady-
state solution, i.e. satisfying (2.6.1)), is for the distribution to satisfy,

PST{w— &} = P:T{® - w}. (2.8.1)

This is called the detailed-balance property [123H127]. The property of detailed bal-
ance asserts that in the steady-state, every transition w — & occurs as often as its
reverse transition & — w. Alternatively it can be interpreted as saying that the steady
state probability currents J{w — &} are identically zero. For this reason, a steady-state
that satisfies detailed balance is said to be in thermodynamic equilibrium, or called an
equilibrium steady-state, see section [1.2.1]

The detailed balance condition (2.8.1) can be used with equation (2.7.3) for the rates
of the backwards master equation (2.7.2) to establish that an equilibrium steady-state
requires the forwards and backwards rates to be equal,

w—-a) = Tw—ol. (2.8.2)

This means that the backwards master equation (2.7.2) and the forwards master equa-
tion (2.4.2) are the same, and therefore the past and the future are statistically the
equivalent, conditioned on the present. Processes that satisfy (2.8.2) are called re-
versible.

The Markov property states that the past and the future are independent, given
the present, and so this suggests that a system satisfying detailed balance cannot be-
have periodically - a periodic orbit in the macroscopic equations is in violation of the
reversibility of time. For collective periodic behaviour to emerge in systems of interact-
ing particles, the principle of detailed balance must not hold.

2.9 Particles on a Network with Two Nodes

The fact that collective periodic phenomena cannot occur in a system that satisfies
detailed balance can be simply applied to systems of n interacting particles that are
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Figure 2.5: lllustration of the populations of particles at each node of a two node net-
work. Arrows show the total rate at which particles jump between different nodes.

constrained to a network with only two nodes. For such systems the configuration
space is given by Q@ = {(k,n — k) : k € {0,1,...,n}} and the equation (2.6.7) for the
steady-state solutions of the master equation (2.4.2) can be written as

Y JH{Gn—4) = (k,n—k)} = 0, (2.9.1)
7=0

for k € {0,1,...,n}. Here the J’s are the probability currents defined in (2.6.2). When
k = 0, equation (2.9.7) gives J{(1,n — 1) — (0,n)} = 0, and so the probability current
between the configurations (0,n) and (1,n — 1) is necessarily zero. This can be used
when k£ = 1 in equation (2.9.7) to give J{(2,n — 2) — (1,n — 1)} = 0, implying that
the probability current between the configurations (1,n — 1) and (2,n — 2) is also zero.
Continuing inductively implies that all of the probability currents are identically zero.
This shows that a system of interacting particles constrained to two states must satisfy
detailed balance and consequently the process is reversible and collective periodic
behaviour cannot arise.

2.10 Discussion

In this chapter systems of interacting particles that are constrained to spontaneously
jumping between the discrete nodes of a network were introduced. It was discussed in
section[2.]that the configuration of the system at particular time is given by the number
of particles that occupy each of the nodes. Different interpretations of how interactions
between the particles may arise were outlined in section 2.2

Particles jump spontaneously between nodes and so the evolution of the system sat-
isfies the Markov property, introduced in section The Markov property states that

19



the past and the future are conditionally independent. The dynamics of the system is
completely specified by the transition rates between different configurations of the sys-
tem. In section it was shown that the evolution of the probabilities that determine
the likely configuration of the system at a particular time obey a first order differen-
tial equation, the master equation. In general this equation is difficult to solve and so
deterministic macroscopic equations, as seen in section are used as an approx-
imation. Collective periodic phenomena can then be identified with limit cycles in the
macroscopic equations.

Steady-state solutions of the master equation were defined in section to be the
time invariant probability distributions on the set of all configurations. Together with
the assumption of ergodicity, steady state solutions and their associated probability
currents describe the long term behaviour of the system and are strongly linked with
any periodic behaviours that may emerge and persist.

In section the backwards master equations describing the evolution of the system
when the direction of time is reversed were discussed and a relation between the back-
wards and forwards transition rates was stated. The property of detailed balance and
its link with time reversibility was discussed in section [2.8] Reversibility excludes the
possibility for collective periodic behaviours. This was used in section [2.9]to prove that
collective periodic behaviours could not emerge when particles are constrained to only
two possible states.

In the next chapter[3|we explore the simplest type of system where the particles behave
independently. In this context we prove some of the assertions that were made in this
chapter if ergodicity is assumed, namely that the steady-state solutions are unique and
represent the limiting distribution of all solutions to the master equation.
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Chapter 3

Systems of Non-Interacting
Particles

In this chapter we explore the extent to which oscillatory behaviour can exist in systems
of non-interacting particles, jumping spontaneously around the nodes of a network.
It is demonstrated that some form of interaction is critical for collective phenomena,
but nevertheless systems of non-interacting particles provide a useful insight into what
ingredients are necessary for periodic behaviours to be able to emerge and persist.
Through exploring some known results, with emphasis on oscillatory behaviour, this
chapter develops some of the ideas and systems that form the foundation for the main
results presented in later chapters.

In the previous chapter we introduced systems of interacting particles and discussed
two main equations that are useful for describing the time evolution - the master equa-
tion and the macroscopic equations (2.5.7). In section [3.1]the master equation
is introduced in the context of non-interacting particle systems. Section then de-
scribes how the macroscopic equations can be derived from the master equation.

In the absence of interactions, each particle behaves independently and so the be-
haviour of a single particle is discussed in section It is then demonstrated in sec-
tion[3.4] that the solutions to the macroscopic equations evolve towards a distribution of
particles that is independent of time. This distribution is subsequently linked with the
steady-state solutions of the master equation.

The consequences of detailed balance for non-interacting particles systems is dis-
cussed in section It is shown that systems where particles jump between states
equally in both directions do not display oscillatory behaviour. Furthermore, in sec-
tion[3.6|we see that particles constrained to only two-states are also unable to oscillate.

In section[3.7]we discuss how the solutions to the macroscopic equations for irreversible
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Figure 3.1: lllustration of the populations of non-interacting particles at each node of
a three node network. Arrows show the total rate at which particles jump between
different nodes. As the particles do not interact, the rates M;; do not depend on the
configuration n(t).

systems can be expanded in terms of wave-packets that may have both an oscillatory
and decaying component.

In section [3.8] we analyse a simple three-state system that displays heavily damped
oscillatory behaviour. This forms the basis for models used in later chapters [4 and [5
An extension to larger sized systems is given in section 3.9 where it is demonstrated
that oscillations may be more prominent when there are more states available to the
particles.

3.1 Non-Interacting Particles

For a system consisting of n non-interacting particles constrained to the state-space
{s1, s2,...,sn}, each particle jumps around the network independently of the positions
of all other particles. A particle located at the i* node jumps to the j** node at a rate
M;;, with M;; = 0 if the particle cannot jump directly between the two nodes. These
jump rates can be be expressed in a rate matrix M with an (i, j)* component M;;. The
diagonal components M;; are defined to be the negative of the rate at which a particle
jumps from the i*" node, so that > Mij =0.
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3.1.1 Master Equation

The configuration of the system at a time ¢ is specified by the vector n(t), whose com-
ponent n;(t) is the number of particles located at the i** node. The rate at which the
system interchanges from a configuration j into another configuration k is given by
I'{j — k}. Given an initial configuration n(0) at time zero, the evolution of probabilities
Py (t) of the system having the configuration k at times ¢ > 0 is given by the master
equation,

ka = > Pi(OT{j — k} — P(t)T{k — j}, (3.1.1)
J#k

where the summation is over the set of all possible configurations €2, except for the
configuration k. The transition rates I'{; — k} are zero for each pair of configurations
that differ by the position of more than one particle. Thus the non-zero rates are those of
the form I' {k — k — e; + e;}, with e; being a vector taking the value of unity for the ith
component and zero elsewhere. These represent the total rate that one of the particles
at the i** node jumps to the j*" node. As there are k; such particles the transition rates
are given by,

F{k—>k—ei—|—ej} = Mij ki , (312)

for i # j. These transition rates are demonstrated in figure It is convenient to
define the total transition rate out of the configuration k to be

T{k—k} € S r{k-j), (3.1.3)
i#k
so that the master equation (3.1.1) can then be rewritten as,
ﬁpk = Y Pt {j -k}, (3.1.4)
JEQ

where now the summation is over all configurations.

3.2 Macroscopic equations

The macroscopic equations are deterministic equations concerning the macroscopic
variables xz(t) = n(t)/n that approximate the evolution of the system by making the
assumption n(t) ~ (n(t¢)) that the configuration is sufficiently approximated by the
mean configuration,

> K Pult) . (3.2.1)

ke
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The macroscopic equations are then derived by considering the evolution of the mean
configuration. Using the master equation (3.1.4),

keQ?  jeQ

= > Pi(t)Y kT{j—k}. (3.2.2)

JEQ keQ

The summation over k can be expanded, by using equation (3.1.2), as

Zk:l“{g—ﬂc} = Z J_ea+eb jaMab
keQ a,b=1
N N
= €y Z]a ab > (3.2.3)
b=1 a=1

where the last equallty follows from >, M,, = 0. Substituting back into the equa-
tion (3.2.2) for d(n(t))/dt then gives

d N N
ﬁw»zz%‘%®ZMm, (3.2.4)
b=1 JEQ a=1
or equivalently
%wwmmm. (3.2.5)

In this derivation of this equation nothing has been assumed about the dependence
of the rate matrix M on the configuration n(t). Therefore equation holds for
general interacting particle systems, and is revisited again in section For non-
interacting particles equation can be divided by the total number of particles n,
and the independence of M on n(t) can be used to take the rate matrix out of the
expectation. The result is the macroscopic equations,

le—:: = x(t) M. (3.2.6)
It is shown in the next section that the macroscopic variables x(t¢) follow the same
equations as the probability distribution for the position of a single particle. It follows
from the properties of the rate matrix that the macroscopic equations decay

towards a fixed point and do not have any periodic orbits.

3.2.1 Properties of the Rate Matrix

Because the macroscopic equations (3.2.6) are linear, the behaviour of the system
can be determined by the properties of the rate matrix M. There are two important
properties to consider.
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1. The rate matrix M has a zero eigenvalue.

This follows from the fact that the columns of M are linearly dependent, Zj M;; =
0. A corresponding right-eigenvector to the zero eigenvalue is 17, the unit column
vector. The zero eigenvalue is unique (has multiplicity one) if the system is assumed
to be ergodic, i.e. every configuration can be reached from any initial configuration, as
discussed further in section

2. All non-zero eigenvalues of M have a negative real part.

The Gershgorin Circle Theorem [128]/129] states that the eigenvalues of the matrix M
must lie on the union of N discs with centres M;; and radii Z#i M;; = —Mj; in the
complex plane. All of such discs are fully within the negative (left) half of the complex
plane except for a single point at the origin.

3.3 Single Particle Systems

As the particles do not interact it makes sense to consider the behaviour of a system
with just one single particle. The configuration of a single particle system at each time ¢
is specified by position X (¢) of the particle, and the stochastic process X (¢) is a Markov
process on the state-space S = {s1, s2,...,sn}. Let the probability distribution of the
particle at time zero be an arbitrary distribution p(0) over the state-space S, then the
distribution of the particle at time t, p(t), is defined component-wise as,

pi(t) € Pr{X(t) = silp(0)} . (3.3.1)

The rates at which the particle jumps between different states are simply given by the
rate matrix M, and so the probabilities satisfy the following master equation for all 7,

dp;

il > Mjipj(t) = Mij pi(t) = > M pi(t) - (3.3.2)
J#i J

Written as a matrix equation, the master equation is

dp

= = pt)M. (3.3.3)

This equation has the same form as the macroscopic equations (3.2.6), and thus the
macroscopic behaviour of a system with a large number of non-interacting particles is
determined by the probability distribution of an individual particle. The solution to the
linear differential equation (3.3.3), with initial condition p(0) is

p(t) = p(0) exp(tM) , (3.3.4)
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where exp(tM) is a matrix exponential defined by

exp(tM) = —M*. (3.3.5)

3.3.1 Transition Matrix

The probabilities p(t) can also be expressed in terms of the probabilities p(0) via a
transition matrix [107]. Define the transition matrix ®(¢) by the components

o(t);; L Pr{X(t) =s;|X(0) =s;} . (3.3.6)
Thus the (i, 7)""* component is the probability that a particle at the i** node at time zero,
is at the j'" node at time ¢. One has the equation p(t) = p(0) ®(t), and by comparing
to equation (3.3.4) it is apparent that the transition matrix is related to the rate matrix
via

®(t) = exp(tM). (3.3.7)

From this relationship it can be seen that if A is an eigenvalue of the rate matrix M,
then e is an eigenvalue of the transition matrix ®(¢). In particular, as the rate matrix
has a zero eigenvalue, the transition matrix necessarily has a unit eigenvalue. Indeed
it can be confirmed that the unit column vector 17 is a right-eigenvector corresponding
to this eigenvalue, simply by the sum of probabilities Zj ;;(t) = 1.

3.3.2 Ergodicity

In section[2.6|a system of interacting particles was said to be ergodic [106] if it was pos-
sible for the system to change between every pair of configurations in a finite number
of steps, i.e. a sequence of particle jumps. For a system of non-interacting particles,
ergodicity can be determined from the form of the rate matrix M for a single particle.
If the rate M;; > 0, the particle is able to jump directly from a state s; to state s;, rep-
resented by a directed edge in the network from i** node to the j** node. The system
is ergodic if for each pair of states s;, s; there exists a sequence of states (Sik)ﬁzl with
si, = Si, si;, = s; such that Hﬁiffl M;

every pair of states.

vires > 0. The particle can find a path between

Figure provides an illustration of two ways in which ergodicity may not hold. If the

system is ergodic each component of the transition matrix ®;;(t) is non-zero for all ¢ > 0
and a particle will visit each node infinitely often, with probability one.
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Figure 3.2: Networks corresponding to three different systems. Nodes of the network

correspond to states. Edges show which direction particles are able to jump between
states. The leftmost system is not ergodic because it comprises two components that
are not connected. The bottom system is not ergodic because one of the states cannot
be reached by a particle at any of the other states. The system on the right is ergodic
because a particle can find a path between every pair of states.

3.4 Time-Invariant Distribution

Given that the probability distribution of a single particle evolves according to the master
equation (3.3.3), it is natural to ask about probability distributions that are time-invariant.
Such a distribution 7 is a left-eigenvector of the rate matrix M corresponding to the
zero eigenvalue, and hence also an eigenvector of the transition matrix ®(¢) for all
times ¢ > 0, with a unit eigenvalue such that

S mMy; = 0, (3.4.1)

Y mdy o= m. (3.4.2)

It must be confirmed that all 7; > 0 so that 7 is indeed a probability distribution [107]. If
the system is ergodic then ®;; > 0 and the proof is as follows. Assume that some of the
m; < 0. Then by taking absolute values of equation one gets, >, |m| ;5 < |7}
as some cancellation occurs. By taking a summation over the index j and using the
sum of probabilities 3, ®;; = 1, one arrives at the contradiction >, |m;| < 3_; |m;|. Thus

the assumption is false and from (3.4.2) all =; > 0.

Ergodicity also guarantees the uniqueness of the time-invariant distribution 7. If this
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were not the case, it would be possible to find another distribution # such that -« = 0.
However, this is impossible because all w; and 7; are strictly positive. Given the time-
invariant distribution = is unique, it can be interpreted as the probability distribution of
a particle at time ¢ given no information about the particle at any other time, thus

for all times ¢. It is simple to confirm that equation (3.4.2) does indeed hold for these
probabilities.

3.4.1 Limiting Behaviour of the Particle

In section [3.2.1|it was proven that the non-zero eigenvalues of the rate matrix M must
have a negative real part. Consequently, any time dependent probability distribution
p(t) of particle necessarily converges to the time-invariant distribution,

lim p(t) = =, (3.4.4)

t—o0

for any initial condition p(0). When a particle with known location at an initial time zero
is left unobserved, information about its position is lost over time, eventually resulting in
knowledge of the distribution at the initial time becoming practically irrelevant. To prove
the limit (3.4.4) consider the time evolution of the energy-like function [130]
def 1
op(t) = D —mit). (3.4.5)

— T
i

The time derivative of this function is

N N
d¢ dpj 0¢ v o Pilt) i)
—_— = —_— = 2 74 Z —_ . .4-
dt ]z; dt 6pj Z J T Ty 7Tj (3 6)

3,j=1
This is a quadratic form associated with a matrix with the (i, j)** components given by

m; M;;. The quadratic form in equation (3.4.6) can be written in terms of a symmetric

matrix,
N
dp o . pi(d) pi(D)
- = MZ::I(M” ™ + Mj; ;) o (3.4.7)

As the matrix with (i, j)!* components given by m; M;; + M;; m; is symmetric, it nec-
essarily has real eigenvalues [131]. Moreover it is a rate matrix for a Markov process
in its own right - the off-diagonal terms are non-negative and the rows sum to zero. It
follows that the non-zero eigenvalues of this matrix are negative and so the quadratic
form in equation is non-positive definite, giving

ol

< . 4.
g = 0 (3.4.8)
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Ergodicity of the system with rate matrix M implies ergodicity of a system with rates
m; M;; + Mj; 7;, and hence equality in equation holds if and only if p(t) = .
For time dependent probability distributions, the value of ¢ is strictly decreasing in time
and the limit is proven.

3.4.2 Steady-State Solution

For a system with n particles, possibly interacting, the steady-state solution is simply
the time-invariant distribution for the Markov process n(t) on the configuration space
Q. Thus the existence, uniqueness and limiting distribution of the steady state simply
follow from the results for the time-invariant distribution 7 in this equation.

When the particles do not interact, the steady-state solution of the n particle system is
given by the multinomial probability distribution,

s _ n! ki_k k
Pk = m 7T117T22 e 7TNN . (349)

The steady-state solution has the associated probability currents given by

J{k —k—e; + ej} = sz k; Mij — Pks:—ei—i-e]- (kj + 1) Mji
= Pikim b (m My —m; Mj;) . (3.4.10)

The probability currents for a system with non-interacting particles are therefore multi-
ples of the probability currents for the single particle system, m; M;; — w; Mj;.

3.5 Detailed Balance

The property of detailed balance holds for an interacting particle system if and only if
all of the probability currents are identically zero. From equation it is apparent
that the property of detailed balance holds for a system of n non-interacting particles if
and only if it holds for the single particle system,

v Mz == 7Tj Mj (351)

In section it was shown that an interacting particle system satisfying detailed bal-
ance is time-reversible, meaning that the evolution of the system is statistically equiva-
lent if the direction of time is reversed. If a system of non-interacting particles satisfies
detailed balance, the eigenvalues of the rate matrix M must be real and so the system
cannot display oscillatory behaviour on its approach to the steady-state. To prove this
rewrite the detailed balance condition given by equation as,

T

i
Uy e

Mj; (3.5.2)
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which is valid when the system is ergodic because all =; > 0. Equation states
that the matrix with the (i, j)** components given by \/;I] M;; is symmetric, and there-
fore has real eigenvalues. However such a matrix is a similar transformation A M A~!
of the rate matrix M, where A is a diagonal matrix with A;; = ,/m;. Because any
two similar matrices have the same eigenvalues [131], the rate matrix M also has real
eigenvalues.

3.5.1 Undirected Systems

A type of system that automatically satisfies detailed balance is one where the rate at
which a particle jumps between every pair of nodes is equal to the rate in which a par-
ticle jumps in the opposite direction. Such systems are characterised by a symmetric
rate matrix and are named undirected systems, because the edges of the correspond-
ing network structure are undirected.

By the symmetry of the rate matrix M, time-independent distribution is necessarily uni-
form, = = 1/N. Furthermore it is possible to find a set of orthonormal left-eigenvectors
1p; corresponding to each eigenvalue \;,

Y M = \j 1, VP = 0ji (3.5.3)

where §;;, is equal to unity when j = k, and zero otherwise [83]. The solutions to the
macroscopic equations (3.2.6) can then be written in the form

N
x(t) = > cjedtapy, (3.5.4)

j=1
with the values ¢; being determined by the initial condition «(0). It is not difficult to
extend this result to more general system that satisfies detailed balance. As the eigen-
values \; are real, equation explicitly demonstrates that solutions to the macro-
scopic equations decay towards the time-invariant distribution 7 exponentially
fast, without oscillating. In order for oscillatory behaviour to ensue, the system must
violate detailed balance, having non-zero probability currents. Without interactions be-
tween particles, any oscillations in the macroscopic equations are necessarily damped.

3.6 Two-State Systems

As an example of a system that satisfies detailed balance, consider a system of non-
interacting particles that can each be in one of two possible states s; and ss, as illus-
trated in figure[3.3] In section[2.9]it was shown that a two-state system satisfies detailed
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Figure 3.3: lllustration of the populations of non-interacting particles at each node of a
two node network. Arrows show the total rate at which particles jump between the two
nodes.

balance regardless of particle interactions. Let r; be the rate that a particle in the state
s; jumps to the other state, so the rate matrix is simply,

M - <_T1 E > (3.6.1)
T9 —T9

The time-invariant distribution 7 is easily found from the detailed balance condition

T T = T2 72,

T = ( 2N ) (3.6.2)

ri+re ri+re

By using 1 + 2 = 1, the macroscopic equations (3.2.6) reduce to

dx
ditl = T9 — (7"1 + ’1”2) xl(t) . (363)

The solution to this equation is
— 2 __ T —(ritr2) t 3.6.4
x1(t) . + <x1(0) o +r2> e . (3.6.4)

This shows that the system does indeed decay exponentially towards the time-invariant
distribution 7, as demonstrated in figure [3.4] for a system with r; =3 and r, = 1.

3.7 Irreversible Systems

When a system does not satisfy detailed balance, the dynamics are irreversible, the
particles jump along some edges at a different rate to the opposite direction, and the
rate matrix M may have non-real eigenvalues,

)‘j = (5j+iw]‘, (371)
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Figure 3.4: Macroscopic variables x(t) for a two-state system. All particles are initially
in the first state s,, i.e. (0) = (1,0). The rate parameters are ry = 3 and ro = 1.
The variables x1(t) and z2(t) are given by the solid (blue) line, and dashed (green) line
respectively. The system evolves exponentially towards the time-invariant distribution
7 = (1/4,3/4), indicated by horizonal, dotted (grey) lines.

def v—1. Assuming the eigenvalues are distinct, it is possible

with §;, w; € R, and i
to find associated left-eigenvectors ;. However such eigenvectors are not necessarily
orthogonal as is the case for undirected systems (3.5.3). The solutions to the macro-
scopic equations can still be expressed as in equation (3.5.4), from which taking
the real part and using the identity R[z1 23] = R[z1|R][22] — S[21]S[22] for complex num-
bers z1, zo € C, where R[.] and J].] are the real and imaginary parts respectively, results
in the equation

N
z(t) = Y R [cj e)‘jt} R[] — S [cj e/\ft] S[wp] - (3.7.2)
j=1
By writing ¢; = a; €% with a;, §; € R, the solution to the macroscopic equations can be
rewritten as

N
x(t) = Z a; €% [ cos (wjt + 0;) R[] — sin (wt +60,;) S]] . (3.7.3)
j=1

The terms in the summation can be interpreted as wave-packets associated with each
eigenvalue. The decay of the wave packet is given by the real part of the eigenvalues,
d;, and the angular frequency is given by the imaginary part, w;. The other two vari-
ables, a; and 0;, represent the amplitude and phase of the wave-packet at time zero
respectively. For real eigenvalues the angular frequency w; = 0, and so the wave-
packet has no oscillatory term, representing one real component 1; decaying expo-
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nentially. When all of the eigenvalues are real, equation (3.7.3) simply reduces back to
equation (3.5.4).

If some of the eigenvalues are equal it may not be possible to find N linearly
independent eigenvectors, however as such a system could be approximated by a sys-
tem with unique eigenvalues to an arbitrary degree of accuracy, there is no issue with
finding an expression such as by taking a limit.

3.8 Three-State Loop System

It has previously been shown that a two-state system always satisfies detailed balance,
and so the eigenvalues of the corresponding rate matrix must be real. The simplest type
of system that possesses complex eigenvalues has three states, and in this section we
consider a particular three-state system that will be used again later chapters [4] and [5]
as a simple basis on which to build more complex systems.

Consider a system of n non-interacting particles constrained to three states si, so and
s3 whose corresponding network forms a closed loop. Each particle jumps around the
loop in the direction s; — so — s3 — sy atarate r (1+p)/2 and in the opposite direction
atarate r (1 — p)/2, as illustrated in figure [3.5] The parameter —1 < p < 1 quantifies
the directional preference of the particle jumps, with a value of p = 0 corresponding no
preference of either direction. The rate matrix for a single particle system is

-2 1+p 1—-p
M :% 1—p -2 14p |. (3.8.1)
1+p 1—p =2

Due to the rotational symmetry of the system, the time-invariant distribution is uniform,
m = (3,%,3). The associated probability currents between the states are J{s; —
Sit1} = %’rp, where addition in the indices is performed cyclicly (modulo three). When
the particles have no preference to the direction in which they jump around the net-
work, p = 0, the rate matrix M is symmetric, the probability currents are zero and the
system satisfies detailed balance. In order for oscillations to appear in the macroscopic
equations the particles must have a preferred direction of jumping, i.e. p # 0,

causing the system to be irreversible.

To find the solution to the macroscopic equations (3.2.6) it is useful to find the eigenval-
ues of the rate matrix M. As the rate matrix M is circulant [132] it can be expressed
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Figure 3.5: lllustration of the populations of non-interacting particles in a three-state
loop system. Arrows show the total rate at which particles jump between different
nodes.

in the form
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Therefore the rate matrix M is a polynomial of the cyclic permutation matrix A. The
eigenvalues of the matrix A are 1, v3 and 42, where ~3 is the primitive third root of unity

.2m 1
W F = LY (3.8.3)

The left-eigenvectors corresponding to the three eigenvalues are

1 1 1
¢1 = \ﬁ(l? 17 1) 3 ¢2 = %(1773773) ) ¢3 = %(LV&V%) ) (384)

respectively. Alternatively, the eigenvectors can be expressed component-wise, as part
of a matrix ¥, whose (7, k)" component is defined as

1 i _
Vi =[], = L G=Dk=1) (3.8.5)

The matrix W is unitary - its inverse is equal to its complex conjugate transpose, ¥~ =
Ui,

From equation (3.8.2), the rate matrix M has the same eigenvectors as the matrix A,
and can therefore be written in the form M = ®'AW¥, where A is a diagonal matrix
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such that A;; = \; are the eigenvalues of the rate matrix. The eigenvalues of M are
found from the eigenvalues of A by the polynomial equation (3.8.2) to be,

3 3
A= 0, /\2:—§T‘—|—i\é§rp, )\3:—2r—i\2[7“p. (3.8.6)

The eigenvalues are real when the particles have no preference to the direction in which
they jump around the network, p = 0, as is expected from the fact that the system is
time-reversible in this case, see section

With expressions for the eigenvalues and eigenvectors of the rate matrix M, the tran-
sition matrix can be written as ®(t) = ¥ exp(tA)®, or in terms of its components,

3

Oij(t) = D (Va)l ! Wy

a=1

3

_ 1 Z (e=1li=1) ot o —(@=1)(-D

= = Z (@=D)(=3) At (3.8.7)

W |

W =

Taking the real parts of the terms in the summation (3.8.7),

3
Q;(t) = % Z o cos <wat + 2?(a— 1)(2—])) (3.8.8)

where §, and w, are the real and imaginary parts of the eigenvalues \,, as in equa-
tion (3.9.4), respectively. By using the expressions (3.8.6) for the eigenvalues, equa-
tion (3.8.8) can be rewritten as

3 V3

+ e 2" cos (2 rot + 2%(2 - j)) . (3.8.9)

Wl =
Wl o

D(t) =

The macroscopic variables z1, x2 and x5 are demonstrated in figure for the case
r = 1 and p = 1. Oscillations decay very quickly and are almost too small to see. To
quantify this one can calculate the proportion of the initial amplitude of the oscillation
that remains after one period of oscillation, 47/(rpv/3), to be exp (—27v/3/p). When
p = 1, this proportion is of the order 10~°.

Solutions to the macroscopic equation (3.8.9), z(¢) = =(0)®(t), follow exponential spi-
rals in the phase-space towards the uniform, time-invariant distribution (1/3,1/3,1/3),
as shown in figure [3.7] The real part and the imaginary part of the non-zero eigenval-
ues give the radial decay rate and the angular frequency of the trajectory respectively.
When p = 0, the angular velocity of the trajectory is zero and the solutions x(¢) decay
without any form of oscillation.
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Figure 3.6: Macroscopic variables x(t) for a three-state loop system. All particles
are initially in the first state s1, (0) = (1,0,0). The rate parameter is r = 1 and the
preference parameter is p = 1. The variables x(t), x2(t) and x3(t) are given by the
solid (blue) line, dashed (green) line, and dashed (magenta) line respectively. The
system evolves towards the time-invariant distribution = = (1/3,1/3,1/3) with heavily
damped oscillations, indicated by the horizonal, dotted (grey) line.

Figure 3.7:  Phase-space solutions x(t) of the macroscopic equations for a
three-state loop system. The rate parameter is r = 1 and the preference parameter
is p = 1. Trajectories (blue) are initiated at the corners of the phase space (1,0,0),
(0,1,0), and (0,0, 1), where all of the particles are located at a single node. The so-
lutions follow exponential spirals towards the uniform time-invariant distribution (green
circle) at the center of the phase space.
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Regardless of the value of p the long-term behaviour of the system is the same - parti-
cles are spread uniformly around the network. However the difference in whether there
is a directional preference or not will be important in the next chapter, where the dy-
namics are supplemented with birth and death processes, resulting in several types of
emergent phenomena including collective periodic behaviour.

3.8.1 Exponential Spirals

The section justifies the assertion that trajectories in the phase-space of x(t) follow
exponential spirals. Define R(t) to be the Euclidean distance from the centre = of the
phase-space,

Rt)? = (x(t)—m)(x(t) —m). (3.8.10)

Because 7 M = w M = 0, the time derivative of R(t)? is
d o _ ) ot

SR = @ (M +M ) x

— 2 (A+AT) wal

= 202! [ Wal (3.8.11)

where § = —3r/2 is the real part of the non-zero eigenvalues and

0 0O
I 1o1o0]. (3.8.12)
0 01
One can use the identity
(x —m)®T = 2@ ] (3.8.13)
to rewrite the definition for R(t),
R(t)?* = z®! [ wal. (3.8.14)

Therefore equation (3.8.11) can be rewritten,

d o 9 dR
— = 2 — = 0 R(). 3.8.15
To prove that w = v/3pr/2 is the angular velocity of the trajectory in the phase space
about 7 calculate the magnitude of the velocity
dz |?

— = M M 2t
dt

= Ul A AT Oyt
= (824 w?) 2®' [ wal
= (8 +w?) R(t)*. (3.8.16)
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The radial component to the velocity is dR(t), so the angular component must be
+ wR(t).

3.9 N-State Loop System

The three-state loop system in the previous section [3.8] can easily be extended to a
more general system whereby n non-interacting particles jump around a network of
N nodes forming a closed loop. A particle jumps in the direction s; — s;41 at a rate
r (14 p)/2 and in the opposite direction at a rate » (1 — p)/2, with addition of indices
performed cyclicly (modulo N). The rate matrix M is given by

—r ifi =j,

u r12ifj=i4+1(mod N), 39.1)
ri2  ifj=i-1(mod N),
0 otherwise.

Similar to before, the rate matrix M can be written as the polynomial in equation (3.8.2),
with the cyclic permutation matrix A such that A4;;;,) = 1 and all other components
equalling zero. The eigenvalues of A are the N*" roots of unity v, ', with j = 1,2,..., N
and where vy is the primitive root,

2m 2 2
IN L ¥ = cos (;) + 1 sin (;) : (3.9.2)

The corresponding left-eigenvectors 1; are the discrete Fourier eigenfunctions [132,
133],
def 1 —(-1)(k-1
Vil = i ypTIEY,
These are also the left-eigenvectors of the rate matrix M. The eigenvalues of the rate
matrix are related to the eigenvalues of A through the polynomial equation (3.8.2) and

(3.9.3)

are given by
2w (j — 1) ) . 2 (57— 1)
Aj = —r + 1 cos (N) + irp sin <N , (3.9.4)
for j = 1,2,...,N. Similar to the three-state case, the eigenvalues are real when the

particles have no preferred direction of jumping, p = 0, as is expected from the detailed
balance property.

The solutions to the macroscopic equations can be found by expanding the transition
matrix ®(¢) by using the eigenvalues and eigenvectors of the rate matrix M, and mak-
ing a calculation similar to (3.8.7). The result is the expansion

N
®i(t) = % > et cos (wat + %(a— 1)(i—j)), (3.9.5)
a=1
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Figure 3.8: Macroscopic variables x(t) for a 50-state loop system. Note that the range
of the vertical axis is between 0 and 0.1. All particles are initially in the first state s,
x1(0) = 1. The rate parameter is r = 1 and the preference parameter is p = 1. The
variables x1(t) and x94(t) are given by the solid (blue) line, and dashed (green) line
respectively. The corresponding oscillations are fully out of phase as the states s; and
so6 are at opposite sides of the network. The system evolves towards the time-invariant
distribution ; = 1/50 with damped oscillations, indicated by the horizonal, dotted (grey)
line.

where 4, and w, are the real and imaginary parts of the eigenvalues ), respectively.
The transition probabilities ®;;(t) are made up of wave-packets that oscillate with fre-
quency w, and decay at a rate §,. The most dominant wave-packets in equation (3.9.5)
are those with the slowest decay rate, a = 2 and a = N. These terms correspond to the
non-zero eigenvalues with least negative real parts. In one period of oscillation, 27 /w,,
the amplitude of the wave-packet decays by a fraction 1 —exp (27/wqd,). When a/(pN)
is small, this fraction is approximately given by 272 (a — 1)/(pN), and so for the most
dominant wave-packets this fraction is inversely proportional to the size of the network
N, when the number of nodes is large. Oscillations are more apparent in larger sized
networks, as demonstrated in figure [3.8|for a network with 50 nodes.

3.10 Discussion

In this chapter systems of non-interacting particles were considered. It was seen in sec-
tion [3.2)that the macroscopic equations can be simply derived from the master
equation (3.1.1). The resulting equations were a set of linear first order differential
equations. The subsequent evolution is then dependent on the eigenvalues of the rate
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matrix. The presence of oscillations is dependent on these eigenvalues being non-real.
Indeed in section [3.7it was demonstrated that the solutions to the macroscopic equa-
tions could be expanded in terms of wave-packets, with angular frequency determined
by the imaginary parts of the eigenvalues of the rate matrix.

The implications of the detailed balance property on non-interacting particle systems
were discussed in section The rate matrix of a system that does satisfy detailed
balance necessarily has real eigenvalues, and so such a system cannot display oscil-
latory behaviour. In particular, it was shown in section [3.5.1] that undirected systems,
where particles jump between states at an equal rate in both directions, do not allow
for oscillations. This result begs the question as to how important directional prefer-
ence is to the emergence of collective periodic behaviour. An answer to this question
is provided in chapter 5]

A simple example of a system that does display oscillatory behaviour was given in
section This three-state loop system provides a foundation for other systems used
in the remainder of the thesis. Oscillations in this system are heavily damped, to the
point where they hardly oscillate visibly. However, by increasing the number of nodes in
the network, oscillations become more prominent, as was demonstrated in section [3.9]

Regardless of whether oscillations are present in the dynamics, any disturbances from
the steady-state solutions necessarily diffuse away due to the negative real parts
of the eigenvalues of the rate matrix. Therefore, if a mechanism was to be added to the
dynamics that somehow shifted eigenvalues into the positive half of the complex plane,
we may expect that disturbances may grow. Such an augmentation to the system is
discussed in the next chapter.

40



Chapter 4

Birth-Death-Migration Process

In this chapter we build upon the three-state loop system from section We do so
by supplementing the dynamics of the non-interacting particles migrating between the
three states with stochastic birth and death processes that act at each of the nodes of
the network [134H136]. Introduction of these processes implicitly introduces correla-
tions between particles, despite a lack of an explicit interaction being defined between
them. The result is that collective periodic behaviour may not only persist in the sys-
tem, but it can also emerge from the time-independent distribution of particles spread
uniformly around the network. In addition, there exist two further types of collective
behaviour: particles may condense onto a single state; or they may display intermittent
behaviour. The three components to the dynamics: migrations, births and deaths, can
be used to hypothesise possible key ingredients for how collective periodic behaviour
emerges from randomness in discrete systems.

In the previous chapter we found that the occurrence of oscillatory behaviour in systems
of non-interacting particles is determined by the structure of the network throughout
which the particles are constrained to move. It was demonstrated that one require-
ment for oscillations is that the network have directed edges so that particles have a
preference to which way they move between, at least some of, the nodes. Another
requirement is that the system contain three or more nodes so that non-trivial proba-
bility currents, or rather fluxes of particles, can exist in the steady-state solution to the
master equation, see section A three-state loop system satisfies both of these
requirements, provided the particles move in one direction with greater probability than
in the opposite direction. It was indeed demonstrated that oscillations do appear in this
system regardless of how small the non-zero directional preference may be.

The three-state loop system provides a simple foundation upon which to build in our
search for ingredients of collective periodic behaviour - and build we must for oscilla-

41



tions produced in this system of non-interacting particles are necessarily decaying and
the system will quickly settle down into a steady-state where particles are uniformly
distributed around the network. The macroscopic equations for the system are linear
and the approach of the system to the uniform distribution is characterised by eigenval-
ues of the rate matrix, which necessarily have negative real parts. If the eigenvalues
can somehow be shifted into the positive half of the complex plane, disturbances from
the time-invariant distribution will grow and allow for the possibility of emergent collect
periodic behaviour. The birth-death process introduced in this chapter has such an
effect.

The results presented in this chapter are fully original and have been summarised in
[137,[138].

Section [4.1| provides an overview of the three-state loop system in the context of mi-
grating particles. Section introduces the birth process by which particles are intro-
duced into the system and section describes the death process whereby particles
are removed from the system. A summary of Monte-Carlo simulations that demon-
strate the various behaviours of the system are provided in section In section
the macroscopic equations of the system at the boundaries of the phase-space are de-
rived. Section|4.6|uses the macroscopic equations to explain the qualitative behaviours
of the system that were seen in simulations of the system. Section [4.7]and section
then provide a more quantitative analysis of the system.

4.1 Migration Process

This section begins the chapter by discussing some of the main features of the three-
state loop system analysed in section[3.8] The next two sections then describe how the
dynamics can be supplemented in order for the particles to begin to behave collectively.

Consider an initial population of »(0) non-interacting particles that are constrained to a
network of three nodes forming a closed loop. At any instant ¢ the i** node is populated
by n;(t) particles, one of which ‘migrates’ via a shared edge to an adjacent node at
a rate rn; with probability (1 + p)/2 in one direction and (1 — p)/2 in the other, where
—1 < p < 1 provides a bias to the direction of migration; when p = 0 there is no
directional preference.

When the number of particles in the system is large, the configuration can be approx-
imated by the macroscopic equations that describe the evolution of the macroscopic
variables x(t) = n(t)/n(0) by assuming that the configuration of the system is sulffi-
ciently close to the mean (n(t)). The macroscopic equations for the three-state loop
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system are
dx
dt
where M is the migration rate matrix of a single particle,

- =M, (4.1.1)

-2 1+p 1-p
def 1
M(rp) = gr| 1-p -2 1+p |. (4.1.2)
1+p 1—p =2
The macroscopic equations (4.1.1) are linear and so the evolution of the system is
characterised by the three eigenvalues \; of the rate matrix M,

3 3
Moo= 0, d=A = —2r+i\§rp. (4.1.3)

The zero eigenvalue A\; corresponds to the uniform, time-invariant distribution = =
(1/3,1/3,1/3) representing the particles being equally spread around the three nodes
of the network. The remaining eigenvalues form a complex conjugate pair A3 = )\g, and
are only real when the particles have no preference to the direction in which they jump
around the network, p = 0. The solutions to the macroscopic equations can be
expressed as z(t) = x(0) ®(¢), where ®(t) = exp(tM) is the transition matrix with
components given by
1< o
;(t) = 3 Ze‘s“t cos <wa t + ?(a —1)(@ —j)) : (4.1.4)

a=1

The §, and w, are the real and imaginary parts of the eigenvalues \,, as in equa-
tion (4.1.3), respectively. The solutions of the macroscopic equations can therefore be
expressed in terms of wave-packets that correspond to individual eigenvalues. The first
is simply the time-invariant distribution 7r. The two remaining wave-packets are time de-
pendent and oscillate at a frequency given by the imaginary part of the eigenvalues.
As the real parts of the corresponding eigenvalues are negative, the wave-packets de-
cay with time, and solutions to the macroscopic equations approach the time-invariant
distribution.

It was shown in section [3.8.1]that trajectories in the phase-space, corresponding to the
solutions x(t), follow exponential spirals with an angular frequency w, = —w3 and radial
growth rate 6o = d3. The trajectories evolve towards the uniform distribution, because
the real parts of the eigenvalues are negative.

4.2 Birth Process

The independent and incoherent behaviour of the particles in the migration process
causes the dynamics to be dissipative in nature. Further to the migration dynamics
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Figure 4.1: lllustration of the dynamics of a three-state loop system with an added birth
process. Bars (blue) represent populations at each of the three nodes of the network.
Small arrows correspond to migration rates of particles between nodes. Large (green)
arrows depict the rate of births of particles at each node.

defined in the previous section [4.1] consider a birth-process whereby a sin-
gle particle is added to the j** node at a rate un;(t) proportional to the population at
that node, characteristic of each particle independently giving birth at a constant rate
w. A schematic of the dynamics is given in figure [d.1] By imposing that the births
occur spontaneously the system remains memoryless and still satisfies the Markov
property [106,[107]. This birth process has the effect of increasing the real parts of the
eigenvalues (4.1.3), and thereby modulates the dynamics of the migration process and
can cause disturbances from equilibrium to grow.

4.2.1 Master Equation

In addition to the transition rates corresponding to particle migrations the master equa-
tion, for the probabilities Py (t) of the system having a particular configuration k at time
t, has the transition rates

F{k—)k+€j} = ,Lbk‘j (421)

where e; is a row vector whose 4% component has the value unity, with all other com-
ponents being zero. Each time a particle gives birth, the total population increases by
one. The transition rates (4.2.1) can be used to calculate the effect of the birth process
on the evolution of the mean configuration (n(t)). By ignoring the contribution from the
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migration process,

d

@) = D Bt Y kT{j—k}
JeQ ke
3 3

= ij(t) Z(j+ea)ﬂja_ Zjlu’ja

JjeQ a=1 a=1

3

= ij(t)zea :uja

JEQ a=1
= u(n(). (4.2.2)

The second equality follows from the definition of —I'{k — k} sum of all transition rates
out of the configuration k.

4.2.2 Macroscopic Equations

The transition rates are linear because the particles give birth independently of all other
particles. Therefore the macroscopic equations are also linear and are found by com-
bining (4.2.2) with the contribution from the migration process (4.1.1),

d
di: =z (M + ul). (4.2.3)
where I is the 3 x 3 identity matrix. The eigenvalues of the matrix within the parentheses

has the eigenvalues

Moo= o, Agz)\g:u—gr+i\§rp. (4.2.4)

The birth process increases the real part of the eigenvalues by an amount equal to the
birth rate . The solutions to the macroscopic equations can be expressed as
x(t) = x(0) ®(t), where ®(t) = exp(tM + tul) is the matrix with components found
from equation to be given by

1 2 43, V3 2t
Di(t) = ge“t + 3 et=2m cos <2 rpt + 3(Z—j)> : (4.2.5)
The frequency of the time-dependent wave-packets in equation (4.2.5) is unaffected by
the inclusion of particle births into the dynamics, but the growth rate is now p — 3r,
which can be positive and so perturbations from the uniform distribution of particles
may grow over time. However the system does not have a time-invariant distribution

because the total population of particles in the system is an increasing function of time,

z1(t) + xo(t) + a3(t) = e, (4.2.6)
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using the initial condition z1(0) + x2(0) + x3(0) = 1. Defining new variables by y(t) oef

e Mt x(t) to represent the proportion of particles at each node, gives

dy

= = yM. (4.2.7)

The evolution of the proportions is unaffected by the inclusion of the births process
and so introduction of the birth process alone is not enough for collective periodic be-
haviours.

4.3 Death Process

In the previous section it was shown that a system of non-interacting particles that in-
dependently give birth at a fixed rate i results in an exponentially increasing population
size and therefore does not admit collective periodic behaviour, despite disturbances
growing with time. This section introduces the third and final element of the dynamics
- a death process [134},135] that is introduced to balance the birth-process by sponta-
neously removing particles from the system.

The birth process increases the total population size n(t) at a rate un(t). If the death
process is to balance the birth process, the total rate that particles are removed from
the system must also be equal to un(t) - the average death rate of a particle must be
u. Perhaps the simplest way to achieve this is to allow particles to ‘die’ independently
at a rate y, so that the rate in which particles are removed from the j** node is un;(t).
However in this case the birth process and death process cancel each other out on
average and the macroscopic equations remain unchanged from those of the migration
process (4.1.7). If the system is to exhibit collective periodic phenomena, an alternative
variety of the death process is required.

Instead of removing each particle from the system at an independent rate, the death
process is defined so that particles are sampled with equal probability from each pop-
ulated node. The death rate at a populated node is thus un(t)/Z(t) where Z(t) is the
number of populated nodes at time ¢. Unlike the birth and migration processes, which
are defined locally at each node, the death rate at a node is dependent on the config-
uration of the whole system and is therefore defined globally over the entire network.
This mechanism instils coherence upon the system because each particle is affected
by the entire ensemble - the death process contains the property that is imbued by a
field, albeit through being manifested stochastically.
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Figure 4.2: lllustration of the dynamics with all nodes populated. Bars (blue) represent
populations at each of the three nodes of the network. Small arrows correspond to
migration rates of particles between nodes. Large arrows depict the rate of (green)
births and (red) deaths of particles at each node.

4.3.1 Master Equation

The effect that the death process has on the evolution of the mean configuration (n(t))
can be determined from the master equation. Ignoring the contributions from the mi-
gration process and birth process,

d

) = Y P kT{j—k}
JEQ keQ
3
= Y P> [G-e)T{i—j—e—3T{i—j— el
JEeQ a=1
3
= =Y Pi(t)) eaT{j—j—ed} . (4.3.1)
Jjeq a=1

The transition rates for the death process are not linear because they are dependent
on the number of populated nodes. If a configuration k& corresponds to all of the nodes
being populated with particles, k; > 0, the contribution to the master equation from the
death process is given by the transition rates

1
Plk o k—e} = gulkitheths), (4.3.2)

for j =1, 2, and 3. A diagram of the dynamics when all nodes are populated is given by
figure[4.2] These rates must be adjusted if the configuration corresponds to some of the
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nodes being unpopulated, as considered in section Assuming that the probability
of all nodes being populated is equal to one, the transition rates (4.3.2) can be used in

equation (4.3.9),

3

%(n(t» = —é p Y G+ da+ds) Pi(t) Y ea
Jen a=1
= Y imm
jeo
) _% v (4.3.3)

where U % 17 1 is a 3 x 3 matrix with all elements unity. Under the assumption that all
of the nodes are populated, the equations for the mean configuration are linear.

4.3.2 Macroscopic Equations

Equation for the mean configuration can be used with the equations for
the migration and birth processes to find the macroscopic equations,
dx
dt
These equations are only valid for times ¢ when the assumption that all of the nodes are

_ :c<M TR %u U). (4.3.4)

populated is almost certainly true. Situations that do not adhere to this assumption are
considered in section For systems containing a large, essentially infinite, number
of particles the macroscopic equations (4.3.4) are reasonable when z;(t) > 0.

Solutions of the macroscopic equations can be characterised by the eigenvalues
of the matrix within the parentheses. The matrix U is circulant [132] and so the death
process does not affect the eigenvectors of the system. The eigenvalues of the matrix
within the parenthesis of equation are given by

3 3
Ao = 0, )\2:)\;:/1—21“+i\2[rp. (4.3.5)

The effect of the death process is to shift the first eigenvalue (zero eigenvalue of M)
to the left in the complex plane by an amount u. Therefore the death process cancels
the effect of the birth process on the first eigenvalue, but not the other two. The com-
pounded effect of the birth and death processes on the macroscopic equations is to
shift the pair of non-zero eigenvalues of the rate matrix M to the right in the complex
plane by an amount equal to the birth and death rates ... Solutions to the macroscopic
equations can be expressed in the form x(t) = (0) ®(¢) where the components
of the matrix ®(¢) are found by using the eigenvalues in equation (4.1.4),

1 2 X 3 2
@ﬂ>=3+3wﬁ”m<fmt+”ujﬁ.

: . (4.3.6)
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The first term in equation corresponds to the time-invariant distribution = =
(1/3,1/3,1/3), which has been recovered because the balance of the birth and death
processes ensures that the total population of particles in the system remains fixed on
average. The second term in equation corresponds to time-dependent compo-
nent of the evolution x(¢). The frequency of these oscillating wave-packets is unaffected
by the birth and death processes, but the growth rate is now given by p — 3r/2.

For relatively small values of p, such that 1 < 3r/2, the birth and death processes
are not enough to overcome the diffusive nature of the migration process. Solutions
of the macroscopic equations x(t) follow trajectories that spiral towards the centre of
the phase-space where particles are uniformly distributed around the three nodes of
the network. This behaviour is confirmed by simulations of the system presented in the
next section

The system undergoes a bifurcation, a qualitative change of behaviour, at the pa-
rameter values p = 3r/2 as the time-invariant distribution becomes unstable. When
wu > 3r/2, the combined effect of the particles giving birth and being removed from the
system sufficiently counteract the migration process. Trajectories corresponding to x(t)
spiral away from the centre of the phase-space as perturbations of the system from the
time-invariant distribution grow with time. The growing disturbance is eventually large
enough that one of the nodes becomes unpopulated. At such an instant the assump-
tion leading to equation (4.3.4) is violated and another equation must be found in order
to describe the evolution of the system at the boundaries of the phase-space, where
one of the z;(t) = 0.

4.4 Dynamics at the Boundaries

When the macroscopic variables z(t) are at the boundary of the phase-space, it may
not be reasonable to assume that all nodes of the network are populated with particles.
If the likelihood that one of the nodes being unpopulated is significant, equation (4.3.3)
does not describe the macroscopic dynamics. Instead a different equation must be de-
rived from equation (4.3.1). The reason for needing a separate macroscopic equation at
a boundary is the dependence of the death process on the number of populated nodes
in the system - deaths are equally likely from each populated node. If a configuration k
is such that ko = 0 and k1, ks > 0, then the transition rate I'{k — k — e2} = 0, because
populations cannot become negative. The two other transition rates corresponding to
the removal of a particle from the first and third nodes are respectively

Pk > k—e) — T{k—k—es) — %,u(kl—i—kg). (4.4.1)
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Figure 4.3: lllustration of the dynamics with: (a) two nodes populated and (b) one node
populated. Bars (blue) represent populations at each of the three nodes of the network.
Small arrows correspond to migration rates of particles between nodes. Large arrows
depict the rate of (green) births and (red) deaths of particles at each node.

Figure provides a schematic of the dynamics at the boundaries. The transition
rates (4.4.7) can be used to derive the macroscopic equations at the z, = 0 boundary
where the population at the second node is approximately zero, i.e. na(t) ~ 0. The
equations for the other two boundaries will be similar.

4.4.1 Stochastic Behaviour at the Boundary

When z,(t) = 0 the number of particles that are at the second node is approximately
zero, na(t) ~ 0, when compared to the total number of particles in the system. In fact
the true value of na(t) follows a random walk on the non-negative integers. Increases
in na(t) occur at a rate

un()) £ pma(t) + 50+ p)m0) + 3r(1— phns() (4.4.2)

due to births and migrations from the other two nodes. Decreases in non-zero na(t)
occur at a rate

d(n(t)) & %,un(t)—i—rng(t), (4.4.3)

due to migrations to the other two nodes and deaths. By approximating these rates
using the macroscopic variables, n;(t) ~ n(0)z;(t) these rates become
1 1
u = 57%(0)[(1 +p)zi(t) + (1 —p)zs(t)], d = g,un(O) . (4.4.4)

Both of these rates are proportional to the (initial) number of particles in the system
n(0), and so the random walk behaviour of ny(t) occurs extremely quickly, relative to
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the evolution of the system on the macroscopic scale - which happens over times of
order 1 <« n(0). If uw > d the population at the second node quickly grows and the
approximation that all nodes are populated is reasonable. This is the case when

() > 1<1+§> % L 0) | (4.4.5)

where 6(r, p, 1) & (

2u—3r)/rpis a dimensionless parameter involving all three dynam-
ical parameters of the system. A plot of x(¢) is shown in figure [4.4] For points on the
x5 = 0 boundary satisfying the inequality (4.4.5), the macroscopic dynamics are sim-
ply explained by the macroscopic equations for the interior of the phase-space.
However for points on the boundary such that x;(¢) < k(0), it happens that « < d and
there is a non-zero probability that the population of particles at the second node is

zero. Define w(t) to be the probability that all of the nodes are populated with particles,

wt) € Pr{ni(t) > 0, na(t) > 0, ns(t) > 0} . (4.4.6)
Because the random walk behaviour of ns(t) occurs so quickly, the probability w(¢) can
simply be approximated from the stationary distribution of this, approximately simple
[114], random walk to be w(t) = u/d, or equivalently

w(t) = ;’Z (2pxi(t) + 1—p), (4.4.7)

for x1(t) < kp(#). The probability w(t) = 1 when z;(t) = ku(0), which is the point at
which a trajectory in the interior of the phase-space is tangent to the boundary.

4.4.2 Macroscopic Equations at the Boundary

The contribution of the death process to the macroscopic equations on the x5 = 0
boundary is made up of two parts - the contribution from ny(¢) > 0, and the contribution
from na(t) = 0. The first part is already given by equation (4.3.3). For the second part,
assume that ny(t) = 0 (n1(t), n3(t) > 0). Then equation for the effect of the
death process on the evolution of the mean configuration gives

L) = —5u Y Gi+in Bi(t) (e +e)
JEQ
= —% w3 P;(t) (e1+e3) (er+es)
JEQ
_ —%u(n(t)) U, | (4.4.8)

where U, &' (e1 + e3)' (e1 + e3) is the matrix U with its second column and second row
set equal to zero. Each part of the contribution is weighted by its respective probability,
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Figure 4.4: The three values of ks, k. and ko plotted against 0. ry(0) corresponds
to the point where the trajectory in the interior is tangent to the boundary. r.(0) gives
the position of the equilibrium point of the macroscopic equations on the boundary.
ko(6) corresponds to the point at which the limit cycle first reaches the boundary. The
intersection k.(0) = ro(0) is the value of § = 0. ~ 1.2 above which periodic behaviour
cannot occur.

and hence the macroscopic equations at the x5 = 0 boundary can be written as,

dx

dt

= a:(M%—,uI;;—u[éwU—i—;(l—w)UQ}). (4.4.9)

Eliminating w(¢) from this equation and using z3(t) = 1 — x;(t) results in the macro-
scopic equations that describe the motion along the x5 = 0 boundary,

dry  rpd 1 1
o 2[“ 2(1 eﬂ 4.4.10)

Equations at the two other boundaries are found by simply permuting the indices in
equation (4.4.10). The direction in which the trajectory moves along the boundary
depends on the sign of the right-hand-side of equation (4.4.10), which vanishes when
x1(t) has the value

% <1 _ ;) dof . (0). (4.4.11)

This corresponds to an unstable equilibrium point on the boundary when 8 > 1. A
plot of x.(0) alongside x;(0) is given by figure Together with the macroscopic
equations (4.3.4), equation can be used to describe the various behaviours
of the system that are observed in the Monte-Carlo simulations presented the next
section.
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4.5 Monte-Carlo Simulations

Insight into the behaviour of the system is gained from Monte-Carlo simulated realiza-
tions [112] of the dynamics for various parameter values. Figure shows simulation
results for a network with p = 1, » = 1 and values of x taken in increasing order. Sim-
ulations are performed using the Gillespie algorithm [111], which is exact for Markov
processes. The qualitative behaviour of the system is similar for all |p| > 0.

Beginning with a system that does not include births and deaths, ;1 = 0, the diffusive
nature of the migration process causes particles to spread uniformly around the three
nodes of the network, seen in figure [4.5(a). Introducing the birth and death processes
by slightly increasing u results in an increased correlation between particles and causes
larger fluctuations about this time-invariant distribution. The dissipation of particles
caused by the migration process dominates the overall behaviour of the system.

For values of . > 3r /2 correlations between the particles manifest at the macroscopic
level. Particles start to behave collectively and move in a coherent, wave-like fash-
ion, around the network with each node of the network periodically emptying and filling
with particles. Figure [4.5(b) demonstrates that this collective periodic phenomenon is
shown to emerge from an initial state where particles are uniformly spread around the
network. The system exhibits collective periodic behaviour, despite the movements of
the particles being completely independent. Figure [4.5(e) shows that collective be-
haviour is not evident in the time evolution of the total population in the entire system.
The periodic behaviour requires that the particles have a preference to the direction in
which they move around the network. Indeed simulations for the case where p = 0 do
not exhibit oscillations.

Periodic behaviours do not emerge for all values of © > 3r/2. Further increase of
the birth and death rates causes the system to enter an intermittent state where the
orderly behaviour is disrupted by particles temporarily lodging at single nodes, see
figure [4.5(c). The collective periodic behaviour requires a balance between the two
rates r and p.

Simulations of the system for larger values of n (approximately . > 2.1) result in the
vast majority of the particles condensing at a single node of the network, figure [4.5(d).
The precise node on which this condensation phenomena occurs is dependent upon
the initial configuration of the particles and is equally likely at each node when the sys-
tem is initiated with particles uniformly distributed around the network. This lodging of
particles at a node happens because the death process essentially ‘punishes’ any par-
ticles that do not conform to the majority - particles are removed from small populations
at the same rate as from large populations.
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Figure 4.5: Heat plot of simulated data for four different values of the birth rate p
with common migration rate r = 1, preference p = 1. Each simulation initiated with a
population of 1000 particles at each node. Colour intensities in the rows correspond to
the proportion of particle at each node number of particles at each of the three nodes
with the scales being given on the right. (a) Dissipative behaviour, 1. = 0. (b) Periodic
behaviour, 1 = 1.8 (§ = 0.6). (c) Intermittent behaviour, u = 2.08 (6 = 1.16). (d)
Condensed behaviour, ;1 = 2.2 (8 = 1.4). The control parameter 6 = (2u — 3r)/rp is
discussed in the analysis. (e) Total populations in each of the four simulations.
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The remainder of this chapter aims to explain the various behaviours of the system both
qualitatively and quantitatively.

4.6 Qualitative Behaviour of the System

When the birth and death rate ;1 < 37 /2, the migration process dominates the dynamics
and the patrticles spread uniformly around the three nodes of the network. The macro-
scopic equations describe trajectories that spiral towards the time-invariant distribution
at the centre of the phase space, as demonstrated in figure [4.6(a). When p > 3r/2
situation is more complex. This section uses the macroscopic equations and
to explain the various behaviours of the system when ;. > 3r/2, and iden-
tify the parameter values that correspond to each of phenomena seen in Monte-Carlo
simulations of the system, figure [4.5

Four supplementary videos have been provided on an accompanying compact-disc -
(hyperlink provided in electronic version). Videos show Monte-Carlo simulations, in-
cluding the corresponding evolution of the trajectory in the phase-space, for each of
the different types of behaviour. Supplementary video 1/ demonstrates the dissipative
behaviour of the system when p = 0.

4.6.1 Collective Periodic Behaviour

Monte-Carlo simulations of the system when the birth and death rate ¢ > 3r/2 show
that the particles behave collectively and form a wave that travels around the network,
provided that . is not too large. Collective period behaviours are identified with limit
cycles in the phase-space of the macroscopic equations. To understand how this limit
cycle can arise, consider the trajectory depicted in figure [4.6(b) that is initially at a point
(). As p > 3r/2 the trajectory spirals away from the centre of the phase-space and
eventually meets the x5 = 0 boundary at a point (ii) corresponding to the second node
being almost empty. The direction in which the trajectory moves on the boundary is
determined by equation (4.4.10). The trajectory moves in the direction of increasing
x1(t) when z1(t) > k.(0). This occurs unconditionally for 0 < # < 1, in which case the
trajectory moves along the boundary until it reaches the point (iii) where z1(t) = k.
The trajectory then leaves the x5 = 0 boundary and moves in the interior of the phase-
space until it reaches the neighbouring x5 = 0 boundary, at the point (iv). Because the
dynamics at every boundary is the same, the behaviour of the trajectory is similar to be-
fore and a limit cycle is established that represents a wave of particles travelling around
the network as in figure [4.5(b). Collective periodic behaviours are therefore guaranteed
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(b) (c) i)

Figure 4.6: Trajectory of the mean state in the phase-space. Circles (green) represent
stable equilibrium points. Diamonds (red) represent unstable equilibrium points. (a)
Dissipative behaviour - points (i) and (ii) are finishing and starting points respectively.
(b) Periodic behaviour - (i) is the starting point, (i) is where the second node empties,
(i) is where the population in the second node begins to repopulate and (iv) is where
third node empties. (c) Condensed behaviour - (i’) is the starting point, (ii’) is where the
second node empties and (iii’) is where all particles are at the third node.

to occur when 0 < 6 < 1. Supplementary video 2 demonstrates this periodic behaviour.

4.6.2 Condensed Behaviour

When 6 > 1 there exist unstable equilibrium points on the boundaries of the phase-
space. At the x5 = 0 boundary there is an equilibrium point at x; = k.(#), given in
equation (4.4.11). The existence of these equilibrium points can interrupt a trajectory
from forming a limit cycle and instead result in the particles condensing at a single
node of the network, as is demonstrated by the realisation in figure 4.5(d). To see
why, consider the case depicted in figure [4.6(c). The system is initiated at a point (i’)
and subsequently follows a trajectory that spirals away from the centre of the phase-
space until it meets the o = 0 boundary at the point (ii’) such that z;(¢) < k.. From
equation the trajectory moves in the direction of decreasing z;(t). Therefore
the trajectory does not escape the boundary and instead moves towards the point (iii’)
at the corner of the phase-space where x3(t) = 1, corresponding to particles being
condensed at the third node. Hence in addition to the unstable equilibrium points on the
boundaries, there also exist three stable equilibrium points as the corners of the phase-
space when 6 > 1. Supplementary video 4/demonstrates this condensed behaviour.

56


https://www.youtube.com/watch?v=EOgDalbzw2g&list=PLRHzoJhlpF-c_Y6Mevk5Z05bEXk8xNh9_&index=2
https://www.youtube.com/watch?v=uCnfQ7fOvZc&list=PLRHzoJhlpF-c_Y6Mevk5Z05bEXk8xNh9_&index=4

4.6.3 Intermittent Behaviour

For some values of 8 > 1, it is possible that a limit cycle exists alongside the sta-
ble equilibrium points at the corners of the phase-space. This causes the system to
display intermittent behaviour because fluctuations about the trajectory given by the
macroscopic equations cause the system to interchange sporadically between the two
different types of behaviour. The fluctuations arise because the dynamics are inherently
stochastic and discrete, and their magnitude is determined by the number of particles
in the system - the greater the number of particles, the less frequent the interchanges
between the states will be.

The limit cycle exists as long as the unstable equilibrium points on the boundaries lie
outside of the region enclosed by the cycle in the phase-space. The condition for this
is ke(0) < Ko(#), where ko (0) corresponds to the points at which the limit cycle in the
interior of the phase space meets the boundaries. The values of x((6) are plotted in
figure [4.4) which shows that the critical value of § above which the limit cycle does not
exist is 6. ~ 1.2. Simulations of the system confirm that the intermittent behaviour
does indeed occur when 1 < 6 < 6., with an example being given by figure [4.5{c).
Supplementary video 3 demonstrates this intermittent behaviour.

The intermittent behaviour is a finite size effect that does not exist in the infinite particle
limit. In a system with an infinite number of particles, particles will display periodic
behaviour or they will enter a collapsed state, dependent on their initial configuration.
This gives rise to a type of hysteresis behaviour as the parameter 6 is varied in and
out of the range 1 < A < .. Consider initiating the system in the periodic state with
0 < 6 < 1 and then slowly increasing 6 into the range 1 < 6 < 6.. In this case
the particles will continue to oscillate. Indeed the periodic behaviour will persist until
6 > 6., when the particles collapse onto a single node. If one were to then decrease 6
the periodic behaviour would not return until # < 1. Thus the behaviour of the system
when 1 < 6 < 6. depends upon past values of 6.

4.7 Frequency of the Limit Cycle

In the previous section the qualitative behaviours of the system were explained using

the macroscopic equations (4.3.4) and (4.4.10). The two remaining sections in this

chapter use these equations to describe some quantitative features of the system. The
frequency of the collective oscillations of the particles is considered in addition to the
critical value of 6 above which collective periodic behaviours do not to exist. Calculation
of the amplitude of these oscillations is presented in section
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The limit cycles that correspond to collective periodic behaviours spend time both on
and off of the boundaries of the phase-space. Determining the frequency of the cycle
requires calculation of the time T; spent by the system moving between neighbouring
boundaries and the time 7, spent by the system moving along a boundary. This is
achieved by analysing the geometry of the limit cycle in the phase-space, as depicted
in figure However it is first useful to express the macroscopic dynamics in terms of
dimensionless variables.

4.7.1 Dimensionless Variables

It has been shown that both the region at which the trajectory moves along the bound-
ary, determined by «;(60), and position k.(0) of the equilibrium point of the macro-
scopic equations on the boundary are dependent on a single dimensionless parameter
o(r, p, 1) def (21—3r)/rp. By scaling the units of time by defining the new dimensionless
parameter T def rp t the macroscopic equations for evolution along points on
the boundary, such that =, (¢) < k3, can be rewritten as

dxl 0
=L = Z(z1—ke). 4.7.1
dr 9 (z1 — Ke) ( )
Similarly, the macroscopic equations (4.3.4) for evolution in the interior, can be rewritten
as
J ) 0 -1 -2 1 1
XL
— = | = —=0 — 4.7.2
e T 5 1 0 1 6 1 2 1 ; ( )
1 -1 0 1 1 =2
which has the dimensionless eigenvalues
1 3
Moo= 0, A2=A§=29+1‘2[. (4.7.3)

Therefore the dynamics describing the macroscopic evolution of the system can be
expressed in terms of a single dimensionless variable 6, by using an appropriate time
scaling. Such a time scaling implicitly assumes that the preference p to the direction in
which particles jump around the network is non-zero.

Dimensionless variables are used throughout the remainder of this section and sec-
tion In particular this includes the time scaling 7 = rp t and as such the determined
times T;, T, and therefore the calculated frequency are also dimensionless.

4.7.2 Calculating 7;

Let R(7) be the radial distance of the trajectory from the centre of the phase-space. In
the interior of the phase space, the radial component increases exponentially at a rate
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Figure 4.7: Geometrical picture of the limit cycle (green) in the phase-space. The
trajectory leaves the boundaries at a point k,, where it then follows an exponential
spiral in the interior of the phase-space. The trajectory meets the boundaries at a point
ko- It then moves along the boundary until the point x;,, and so on.

§ = 30, so that

R(T) = R(0) exp <; o T) , (4.7.4)

where 7 = 0 is defined to be the point on the limit cycle at which the trajectory leaves the
boundary. Because the angular frequency of the trajectory in the interior of the phase-
space is w = @ the angle swept out by the trajectory as it crosses the boundaries is
wT;.

Figure provides a diagram of the phase-space. By defining the angles « and 3 as
in this figure, it is clear that

2

a+ Wl + 8 = 3 - (4.7.5)
These angles are related to the radial variable R(7) through the equation
R(0) cosax = \gg = R(T;) cosf3, (4.7.6)

where /3/6 is the closest, perpendicular, distance from the boundaries to centre of the
phase space. From equation (4.7.5)

2 2
cosf = cosa cos <wT¢ — 37r> — sina sin <wTi — ;) . (4.7.7)
The angle « is simply related to the control parameter 6,
1
_ k-3 0
tana = % =5 (4.7.8)
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Figure 4.8: Numerical solutions for (a) wT; and (b) wT, plotted against 8. Values of T,
tend to infinity as 0 — 6..

By combining equations (4.7.6), (4.7.7) and (4.7.8) it follows that

RO) _ <wﬂ _ 2;) _ \% sin (wi - 2;) . (4.7.9)

Finally using equation (4.7.4) leads to an implicit equation for 6 and 7;,

exp (—; 0 TZ> = cos (wTi — 2;) — jﬁ sin (wTi — 2;) . (4.7.10)

This equation can be solved numerically to determine T; for each given 6, The result is

shown in figure [4.8|a).

4.7.3 Calculating

Before calculating the time T spent by the trajectory of the limit cycle moving along
a boundary, it is useful to find x¢(0) the point at which the trajectory first meets the
boundary. This point is illustrated in figure where it can be seen that a simple
application of Pythagoras’ theorem gives

) 1 1 2
RT) = —+ (z—ko) - (4.7.11)
Similarly, the point x; at which the trajectory leaves the boundary satisfies

1 1\?
R(0)? = ot (nb2> . (4.7.12)

Therefore by using equations (4.7.11) and (4.7.12) with equation (4.7.4) it follows that

L (;_Hoﬂ = e (0T |5 + (nb—;ﬂ. (4.7.13)

As T; can be found numerically for each 6, this equation can be rearranged to find kg
for each 6. The result is shown in figure This figure shows that there is a value
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of # for which k¢ = ke, i.e. the trajectory meets the boundary at the equilibrium point
of the macroscopic equations on the boundary. This therefore marks the value of 6
above which the limit cycle ceases to exist. To find this critical value 6., substitute

ko(0.) = ke(f.) into equation (4.7.11) and use equation (4.4.11) to get

TR S U S SO S U
RT = 5+ l5) = l3g) U+3) (4.7.14)
Similarly rearrange equation (4.7.12) using equation (4.4.5) to get
R L (A Y
RO = 5+ (5) = litg) (4.7.15)
It follows from equation (4.7.4) that
1 0
—=0.1T; = —, 4.7.16
on(40m) - % 710
This equation can be rewritten using equation (4.7.10),
27 0 . 27
coS <wTi—3> = % [1 + sin (wTZ—3>]. (4.717)
Equality holds when wT; = %, and so substituting this value into equation (4.7.16) gives
T 0 0
_Ce) = e 4.7.18
eXp( 6 ﬁ) V3 719

or equivalently

log (0c/v3) (4.7.19)

0./v/3 6’
from which 6. can be determined numerically to be approximately 6. ~ 1.2037. This
corresponds to the parameter values in which the Monte-Carlo simulations reveal a
transition from intermittent behaviour to condensed behaviour, where particles collect
at a single node.

4.7.4 Calculating 7,

What remains is to calculate the time T, that the trajectory spends moving along a
boundary. As the macroscopic equations describing the motion of the trajectory
along a boundary are linear, they can easily be used with the initial condition x1(0) = ¢
and the final condition z;(7}) = &y to find

1 - lMve
exp <—2 90Tb) - :(;_: : (4.7.20)

This equation can therefore be used to determine T, for each value of 4, as shown in
figure [4.8(b). The value of T, becomes unbounded at 6. because ro(f) — r.(0)" as
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0 — 0. By taking a Taylor expansion of ko — k. around 6., it is found that 7;(0) goes
to infinity like

_ 2 log (6. —0)

Tb(e) ~ 7 )

(4.7.21)

as § — 0_. For values of ¢ greater than 6., the limit cycle does not exist, and T is
essentially infinite.

4.7.5 Frequency

The total time for the trajectory to make one traversal around the limit cycle is given by
3T; + 3Ty, and so the frequency of the oscillations in the wave-state is given by

def 1 1
o) = o ST.(0) £ 3T,(6) (4.7.22)

In figure [4.9]the full (blue) line shows the frequency plotted f(6) as a function of 6, which
has a good agreement with the (red) crosses that show the mean frequency determined
from 10 Monte Carlo simulated realisations of the system with the network populated
with an initial population of 30,000 particles. Each simulation was run for long enough
to produce 100 cycles - resulting in a total sample of 1000 cycles. Sample frequencies
were simply determined by the intervals between local maxima of the population at
the first node n;(¢) and thus standard deviations, shown by bars on the data, may be
reduced by using a less variant estimator of the period.

The frequency decreases with increasing 6, falling rapidly to zero in the vicinity of 6 = 0.
Indeed it follows from equation (4.7.21) that the sharp cut-off of the frequency as 6 — 6
decays like

Oc

f(0) " Tor Tog (0, 6) (4.7.23)

The frequency f(#) is dimensionless and so for the fully dimensional system the fre-
quency must be multiplied by rp.

4.8 Amplitude of the Limit Cycle

The amplitude A(0) of the limit cycle is defined as the maximum value of the z;(¢) over
a whole period of the cycle. For sufficiently small values of 6, the maximum value of
x1(t) is at a point P, where the trajectory is tangential to the lines of constant z;. These
lines make an angle /3 with the two boundaries, as seen in figure [4.70| which depicts
one third of the phase-space, containing the corner where x; = 1. For larger values of
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Figure 4.9: Frequency (solid blue) and amplitude (dashed green) of the limit cycle.
Crosses (red) show the estimated means, with the bars giving the estimated stan-
dard deviations. The region between the dashed vertical lines indicates the intermittent

regime.
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6, the point P, may not exist within the boundaries of the phase-space, in which case
x1(7) attains its maximum value of 1 — k¢(6), at the point where the trajectory meets
the boundary.

Assume that 6 is indeed small enough that the point P, exists within the boundaries
of the phase-space. Then the maximum value of z;(7) occurs when the trajectory
has swept out an angle 7/3 from the point P, where it left the boundary, as shown in
figure [4.70] It follows that the two triangles OP,Q; and OP»Q- are similar. The length
of OQ is v/3/6, and the length of OQs is V/3/3 — /3(1 — A)/2. Defining time 7 = 0
to be when the trajectory leaves the boundary, the length of OP; is simply R(0). The
length OP, is R(w/3w), because the angular frequency of the trajectory in the interior
of the phase-space is w = v/3/2. Hence by the similarity of the two triangles OP;Q;
and OPQo

S

R(n/3w) _ $-%
R(0)

—~

1 - A(9))

= 3A(0) — 1. (4.8.1)

oI

Using equation for the exponential growth of the radial variable R(7), equa-
tion becomes, after a simple rearrangement

AB) = % {1 + exp (g \%)] (4.8.2)
This equation holds provided ¢ is small enough that the point P, lies within the bound-
aries of the phase-space. As the control parameter 6 increases to a value 6,, the point
P, becomes coincident with the point where the trajectory meets the boundary. This
happens when T;(6,) = 7/3w. Inserting this into equation (4.7.10) gives

exp (—g %) = % (1+6,). (4.8.3)
The numerical solution to this equation is 6, ~ 0.4885. For 6 larger than this value, the
point P, would be found outside of the boundaries of the phase space. It then follows
that the amplitude A is found at the point where the trajectory meets the boundary, i.e.
A(0) =1 — ko(0).

Amplitudes for various values of ¢ are shown in figure by the dashed (green) line
with the (red) crosses and bars showing the values and their standard deviations ob-
tained from the Monte-Carlo simulation described in section The relatively large
variance of the sampled amplitudes may be an artifact of the maxima being identified
with single points in the time series of ny(t). Similar to the sample frequencies, the am-
plitudes become more variant as the behaviour of the system becomes more sporadic
when 6 > 1. The amplitude increases with § and changes discontinuously at 8 = 6.
where collective periodic behaviour ceases to exist and the particles begin to condense
at a single node.
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Figure 4.10: Diagram of one third of the phase-space, used in calculating the amplitude
A.

4.9 Discussion

In this chapter we have studied a simple system whereby particles display collective
periodic behaviour in the form of a self-sustaining disturbance that moves coherently
through a discrete medium represented by a network of three nodes connected by
edges. A summary of the results presented has recently been published [137,(138].
The dynamics is made up of three parts, each of which are essential in allowing oscilla-
tions to emerge from intrinsic fluctuations and persist. The migration process describes
the coupling between the particles and the network structure and, on its own, causes
particles to diffuse over the network to a time-invariant distribution. The birth process
provides a crucial imbalance that results in instability of the time-invariant distribution
and causes disturbances to grow. The death process balances with the birth process
to prevent the system from growing infinitely large. It also introduces and important
global coupling amongst the particles that allows action to occur at a distance between
the nodes of the network.

The combination of the birth, death and migration processes can result in the emer-
gence of collective periodic phenomena provided the particles have a directional pref-
erence to their migrations. This raises a question as to how important directional prefer-
ence is for the emergence of periodic behaviours in general interacting particle systems
- are edges of the network required to be undirected? A second question that arises due
to the results in this chapter regards the importance of non-local interactions between
the particles. In the present model this is facilitated by the death process, which when
combined with the birth processes emulates a type of attractive force that causes par-
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ticles to collect together by penalising smaller populations with a relatively high death
rate, while supplementing larger populations with a higher birth rate. The answer to
both of these questions is provided in the next chapter.

The analysis presented in this chapter demonstrates the extent to which the macro-
scopic equations can be used to explain various kinds of phenomena that occur in
interacting particle systems. Once explicit equations are found quantitative properties
of the limit cycle, corresponding to collective periodic behaviour, can be calculated as
in sections and If the microscopic behaviour of the system varies discontinu-
ously, at the boundaries or elsewhere, the derivation of the macroscopic equations may
be rather involved. An example of this was at the boundaries of the phase-space as
described in section The method used for deriving the macroscopic equations in
this section is generalised in the next chapter.

Nonlinearity in the dynamics of the birth-death-migration process is solely due to the
constraints imposed on the death process. Such nonlinearity is important for collective
behaviours as it is characteristic of interactions between particles. An alternative way
to introduce non-linearity is to include quadratic effects to the rate at which a particle
migrates from the i'" node to the ;% node is proportional to n;n;, essentially repre-
senting additive forces between particles. Such systems have been demonstrated to
display wave-like behaviour [/], providing the interactions are not symmetric. More re-
cently these models have been used to study condensation phenomena [2] similar to
that demonstrated in figure [4.5(d). The present model captures both condensation and
periodic phenomena without explicitly defining a force between particles.
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Chapter 5

Conditions of Collective Periodic
Behaviours

In this chapter we discuss necessary conditions for collective periodic behaviour in the
general framework of interacting particle systems. Three questions regarding essential
ingredients for periodic behaviour were posed at the beginning of the thesis:

1. “What is the minimum number of nodes needed for periodic behaviour?”

2. “Can periodic behaviour emerge when single particles jump at an equal rate in
both directions along an edge joining nodes?”

3. “Does collective periodic behaviour rely on interactions between particles that are
at different nodes?”

This chapter provides conclusive answers to these questions.

Interacting particle systems, where the total number of particles in the system is fixed,
were first introduced in chapter Collective periodic behaviour of the system was
identified with limit cycle solutions of the macroscopic equations. Section[5.1|describes
a method for deriving the macroscopic equations from the microscopic dynamics.

Section describes how the birth-death-migration process from chapter {4/ can be
reframed as an interacting particle system that has identical macroscopic equations.
This is then used to answer the question (1) stated above.

Section addresses the importance of a directional preference to the way in which
particles jump between states. A machinery for examining the possibility of limit cycle
solutions to the macroscopic equations is developed and used to provide an answer to
the question (2).
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Local interactions between particles, whereby a particle affects other particles at the
same node, but not particles different nodes, are described in section A particular
type of these local interactions is then analysed in section 5.5 where the usefulness of
action at a distance is demonstrated. Finally, the answer to question (3) regarding the
necessity of action at a distance is presented in section 5.6

5.1 Deriving the Macroscopic Equations

In a general interacting particle system particles interact by affecting the rate at which
other particles jump between nodes of the network. The rate at which a particle jumps
from the i** node to the j** node is specified by the rate matrix M,;(n(t)) which is
dependent on the configuration of the particles. The type of interaction between the
particles determines the particular form of the rate matrix. The configuration of the
system n(t) follows a Markov process on the set of all possible configurations 2, stated
explicitly in equation (2.1.1). The probabilities P (t) of the system having particular
configurations at each time ¢ evolve according to the master equation

SR = YT k)P — Tk G} Pult) (5.1.1)
JeqQ

where the transition rate from the i* node to the j** node is given by
F{k:—>k:—ei+ej} = k; Mw(k?) . (5.1.2)

The vectors e; are defined with the i** component unity and all other components zero.
Because all non-zero transition rates are of the form given in equation (5.1.2), it fol-
lows that the total number of particles in the system, n, is constant. In contrast the
birth-death-migration process discussed in chapter [4] the total number of particles in
the system varied stochastically with time and so this process is not included in this
framework of an interacting particle system. This is addressed again in section

5.1.1 Macroscopic Equations

Solving the master equation provides a complete probabilistic specification of
the evolution of the system. However in general it is not possible to express the solution
in an informative and useful form when the (fixed) total number of particles in the system
is large. A description of the system that is more easily interpreted is given by the
macroscopic equations that describe the evolution of the macroscopic variables, x(t) =
n(t)/n, by making the approximation n(t) = (n(t)) = > pcq kPx(t). In section an
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equation describing the evolution of the mean configuration was found in the context of
non-interacting particles,

d

() = (n(t) M(n()). (5.1.3)
In the absence of particle interactions M is independent of n(t) which provides a
closed equation for (n(t)). However for interacting particle systems, equation (5.1.3) is
not closed. An approximation is needed [108]. Assume that M (n(t)) can be expanded
in terms of the total number of particles n, which is assumed to be fixed,

M(n(t)) = a(n)> n'Bi((t)) (5.1.4)
=0

where a(n) is some positive function of the number of particles in the system, and
the matrices B; are functions over the phase-space. By re-scaling time, a(n)t — ¢,

equation becomes
Sl = (=) Bo(a(t)) + O@™). (5.15)

The macroscopic equations are found by making the assumption that the probabil-
ity distribution describing the configuration of the system is peaked around its mean,
n(t) = (n(t)) + O (n'/?). As long as the matrix By is sufficiently continuous, i.e.
By (z + O (n'/?)) ~ By (z), equation can be approximated as

Gl ~ (a(t) By ((@(1) (5.16)

The macroscopic equations are then given by

d
W 2(t) B(z(t)), (5.1.7)
dt

where the subscript on the matrix By has been dropped for notational convenience and

x(t) is interpreted as the mean density distribution of the particles at time ¢.

5.1.2 Dealing with Discontinuities

At points in the phase-space where B(x) is not continuous, it cannot be assumed that
B(x) ~ B((x)). Suppose that P is such a point that lies on the boundary between two
regions, R1 and R,, of the phase-space where B is continuous. In each region R; the
macroscopic equations are given by
dx
dt
with the matrices By, being found by the method described in section Let v; be
the unit normal vectors to the boundary at P, directed into the regions R; respectively,

= x(t) Bgr,(x(t)), (5.1.8)
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so that on the boundary between R; and Ry; v; = —wvy. The components of the
equations perpendicular to the boundary in each region are v; - Bz, and v, -
xBr,. The sign of these scalar products determines whether the trajectories in each
region are away from (positive) or towards (negative) the boundary. If the trajectories in
either region move away from the boundary, the boundary is called simple. In this case,
the system only remains at the boundary for an instant of time, and the macroscopic
equation of the boundary is somewhat redundant - the rates on the boundary can be
chosen as either of those for the regions R;. However if the trajectories in both regions
move towards the boundary, the boundary is called adhesive, as the system becomes
constrained to the boundary. Macroscopic equations must then be found that determine
the evolution along the adhesive boundary.

To determine the macroscopic equations at an adhesive boundary, consider the dy-
namics at the level of single particles. At this microscopic scale the evolution of the
system is a random walk that fluctuates between the two regions R, and R,. Let w;
and w, be the proportion of time the system spends in each region respectively. This
implies that w; is the probability of finding the system in the region R;. At the boundary
between the two regions one can make the approximation

B(z(t)) ~ w1 Br,((®(1))) + w2 Br,((x(1))), (5.1.9)

thus the macroscopic equations at this point are simply,

% = x(t) [w1 Bgr,(x(t)) +ws Bgr,(x(t))]. (5.1.10)
This describes the motion on the adhesive boundary. It is a weighted sum of the macro-
scopic equations in the two regions either side of the discontinuity. The equation is not
very useful while probabilities w; remain unknown. One method of calculating the prob-
abilities would be from analysing at the microscopic level, as was done in the previous
section however a much more efficient method is to use the condition that the

macroscopic flow is parallel to the boundary, i.e. v; - dz/dt = 0, or equivalently
w1 ’Ul~CBB731 = w2 ’UQ~£BBR2. (5111)

By using wy = 1 — wy, the probabilities follow,

vy -« Bpr,
wy = ,
! v1 - Br, +v2-x Bgr,
wy = v - Br, (5.1.12)

vi-x Br, +vy-x Bg,

These equations say that the probability wq is proportional to the flow into region R
from region R,. Note the similarity between this and the time-invariant distribution
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Figure 5.1: lllustration of a discontinuity in the macroscopic equations. Solid lines
(blue) show the direction of the trajectories in the two regions where the equations
are continuous. Arrows show the direction of the trajectories. The dashed (black) line
shows the points where the boundary is simple. The solid (orange) line shows the
points at which the boundary is adhesive. The trajectory moves along the adhesive
boundary until it reaches a point at which the boundary is simple, where it then moves
away from the boundary.

for the two-state Markov chain in section This suggests a way to generalise the
method of dealing with discontinuities to boundaries between more than two regions.

Upon substituting equations (5.1.12) into the equation (5.1.10), one then finds the
macroscopic equation along the adhesive boundary. While the system evolves along

the boundary, it is possible that it reaches a point where the boundary is no longer ad-
hesive, and is instead simple. There the trajectory is no longer confined to the bound-
ary and may continue to move into one of the regions R;, as illustrated in figure
This was the case with the trajectory corresponding to the wave-state in birth-death-
migration-process described in section - the limit cycle moved along the boundary
until it reaches a point where the flow in the interior of the phase-space was no longer
towards the boundary. The trajectory then left the boundary and continued on in the
interior of the phase space.

5.1.3 Boundaries of the Phase-Space

Equations (5.1.10) are valid when the discontinuity is at a boundary of the phase space,
say the z; = 0 boundary. In this case the two regions correspond to the interior Z where

71



n; > 0, and the boundary B with one of the n; = 0. The macroscopic equations have
the form

d
dit’ = = [wy Br(z) + wg Bg(x)], (5.1.13)
where wz and wg are the respective probabilities of the system being in either region.

The probability wg can be expressed as

—€; X BI
= 5.1.14
B ei-a:(BB—BI) ’ ( )

so the boundary is adhesive if and only if e; - © Bz < 0, i.e. the trajectories in the
interior of the phase space are directed towards the boundary. These formulae are
used in both the next section and section 5.6

5.2 BDM-process in the context of interacting particle sys-
tems

The first question posed at the begin of the thesis was:
1. “What is the minimum number of nodes needed for periodic behaviour?”

In section it was proven that periodic behaviour could not emerge in a system
with only two nodes. The birth-death-migration process (BDM-process) from chapter [4]
provides an example of how collective periodic behaviours can emerge in a system
with three nodes. However the BDM-process does not fit into the general framework
of interacting particles systems studied in this chapter because the total number of
particles in the system, n, varies stochastically with time. Nevertheless it is possible to
find an equivalent system to the BDM-process, with the same macroscopic equations,
where the total number of particles is constant. The equivalent system is found by
recognising that the fluctuations in the total population arise solely due to the birth-
death process, in which the number of particles entering the system and leaving the
system are not equal, but instead balance on average. This suggests that one may
be able to couple the births and deaths so they occur at the same instant. In other
words, when a patrticle is born another dies at exactly the same time, thus holding the
total population constant. Given that all particles are indistinguishable, one can then
view the combined birth-death simply as the movement of one single particle between
states.

The transition rates of a particle are given by M (n). One contribution to A;;(n) comes
from the original migration process and is (1 & p)/2, depending on the corresponding
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Figure 5.2: lllustration of the dynamics of the birth-death-migration process with cou-
pled births and deaths. Bars (blue) represent populations at each of the three nodes
of the network. Arrows correspond to total jump rates of particles between nodes. This
figure can be compared with figure 4.3 for the original BDM-process.

direction of migration. Of course this is independent of n(t) because this corresponds
to the movement of non-interacting particles. The interaction between particles arises
from the coupled birth-death process. To find the contribution to 1;;(n) corresponding
to this, note that the total rate at which particles are removed from the (populated) i*"
node is un/Z, where Z(n) is the number of populated nodes. Hence the rate at which
a single particle at the i** node dies is un/Zn;. Once a particle dies, a concurrent
birth occurs at the j** node with probability nj/n. Therefore the joint combination of the
birth and death is for a particle to leave the it node and enter the j'* node at a rate
(un/Zn;)(nj/n) = pnj/Zn;. Upon including the contribution from the migrations the
components of the rate matrix are given by M;;(n) = r(1£p)/2+pn;/Zn;. Dependence
between the particles is expressed in three terms n;, n; and Z(n). This makes explicit
the action at a distance that occurs from the death process - the transition rate of a
particle at the i** node is dependent upon the particles at other nodes.

5.2.1 In the Interior of the Phase-Space

When all three of the nodes are populated with particles, the rate matrix is given by
M;;j(n) = r(1£p)/2 + un;/3n;, for i # j. Therefore the macroscopic equations in the
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interior region Z of the phase space, where z; = n;/n > 0, can be written as
dx
dt
with the matrix Bz(x) being given by M;;(n) = B;j(x) = r(1xp)/2+ px;/3x;, fori # j,
ie.

= x Br(x) (56.2.1)

-2 1+p 1-p
Br(x) = | 1-p -2 1+4p
1+p 1—p =2

<

—(xQ + 1‘3)/.%’1 3:2/951 .’E3/.1‘1
+ % x1/xo —(z1 + x3) /22 x3/ 2o . (6.2.2)
r1/x3 x2/x3 —(z1 + z2) /23

Figure gives an illustration of the process when the system is in the interior region
Z where all n; > 0. The contribution of the joint birth-death process to « Bz in the
macroscopic equations (5.2.1) is equal to the vector

T

2$1 — X9 — I3 2 -1 -1

K _ H

g —x1 + 219 — 23 = x g -1 2 -1 . (523)
—r1 — T2 + 223 -1 -1 2

It follows that the macroscopic equations in the interior region are the same as those for
the BDM-process (4.3.4), despite the births and deaths being combined into a single
process, i.e.

2 14p 1-p 2 1 1
1—p =2 14p |- 1 -2 1 . (5.2.4)
14p 1—p -2 11 -2

dx

il x(t)

N3
wl=

Unlike the matrix Bz in equation (5.2.1)), the combined matrix in equation (5.2.4) is not
a Markov rate matrix for all values of . It can be seen that these macroscopic equa-
tions (5.2.4) are the same as those described for the BDM-process, equation (4.3.4).

5.2.2 At the Boundaries of the Phase-Space

When the population at the second node is zero, ny = 0, the only rates that are affected
by the birth-death process are M3 = (1 — p)/2 + uns/2n; and Mz, = r(1 + p)/2 +
uny/2ns. All other rates are only affected by migrations. By using equation (5.1.13),
the macroscopic equations describing the system at the boundaries of the phase-space
are

dx

% = [wI BI(:I:) + wp BB(CC)] . (525)
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where wz and wg = 1 — wz are respectively the probabilities that the system is in the
interior region Z and at the boundary B. The matrix By is given by,

-2 14+p 1—p —z3/x1 0  x3/11
Bs(z) = g 1—p -2 1+4p +% 0 0 0
1+p 1—p =2 zr1/xs 0 —x1/x3
(5.2.6)
The contribution of the birth-death process to the vector « By is
T
T — T3 1 0 -1
7 7
— = - . 2.7
5 0 z5| 0 0 0 (5.2.7)
—T1 + 23 -1 0 1
Hence it follows that,
-2 14p 1—0p -1 0 1
2Bs@) = @|5| 1-p —2 14p |-5| 0 0 0 || (528
l+p 1—p =2 1 0 -1
and from equation (5.2.4), it follows that
-1 2 -1
x Bg(x) = x Br(x) + %w 2 —4 1 . (5.2.9)
-1 2 -1
This can be used to rewrite the macroscopic equations (5.2.5) as
J -1 2 -1
x %
— = B — — . 5.2.10
= @ |Brtws g 2 —4 1 ( )
-1 2 -1

The probability wg of no = 0 can be eliminated from this equation by taking the scalar
product of equation (5.2.10) with the vector (1,1/2,0), i.e. by calculating dx;/dt +
(1/2)dzo/dt, for it then follows from the condition dzy/dt = 0, on an adhesive boundary,
that

1 1
dﬂ?l dx
- = = = : 2.11
o yrll IRV x Br| 1/2 (5.2.11)
0 0

Expanding this equation out gives the macroscopic equation for the boundary, at points
where the boundary is adhesive. An equation for dzs/dt can be found from dxq/dt +
dxz3/dt = 0 on the boundary. It follows that equation is equivalent to the macro-
scopic equations for the BDM-process. This system therefore has the same

75



collective behaviour as the BDM-process and provides an example of an interacting
particle system with three nodes that can admit collective periodic behaviour, provided
that the particles have a preferred direction of migrating. The minimum number of
nodes needed for periodic behaviour is three.

5.3 Undirected Systems

In chapter [4] it was demonstrated, among other things, that the emergence of periodic
behaviours in the birth-death-migration process relies on the migrations having a direc-
tional preference. The second of the questions posed at the start of the thesis was:

2. “Can periodic behaviour emerge when single particles jump at an equal rate in
both directions along an edge joining nodes?”

In section [3.5.1| it was shown that a system of non-interacting particles that jump at
an equal rate in both directions between nodes of the network always settles into a
time-invariant distribution with particles being uniformly spread between the nodes of
the network. This section shows that this always happens in undirected systems, re-
gardless of the interactions between particles. Hence it is subsequently proven that
collective periodic behaviours cannot emerge in undirected systems and therefore, di-
rectional preference is a key ingredient for periodic behaviours to occur.

Undirected systems were first introduced in section[3.5.1]in the context of non-interacting
particles where it was shown that such systems did not display oscillatory behaviour.
An undirected system is defined to be an interacting particle system in which, at any
instant, the rate that a particle jumps between every pair of nodes is equal to the rate
that a particle jumps in the opposite direction. A particle at the i node jumps to the
7" node at a rate equal to that of a particle at the j** node jumping to the i** node, i.e.
M;;(n(t)) = Mji(n(t)). Thus the corresponding network structure is undirected, with
edge weights being dependent on the configuration of the system.

The macroscopic equations of an undirected system have the general form

d

dif — 2 B(z), (5.3.1)
where B(x) is a symmetric Markov rate matrix. Equation (5.3.1) holds not only in
regions of continuity but also at the boundaries of discontinuity because the sum of
two symmetric Markov rate matrices is also a symmetric Markov rate matrix. Collective

periodic behaviours are dependent on the macroscopic equations (5.3.1) having a limit
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cycle. It can be proven that a limit cycle cannot exist by considering the function

N
def 1 2
d(z(t) = Q;xi(t) : (5.3.2)
The rate at which ¢(x) changes with time is then
9~ Gy = ij-»() 2 (5.3.3)
at  dt = i\ &) Li j - -

2,7=1

At each time ¢, the symmetric matrix B(x(t)) is a Markov rate matrix and so its eigen-
values are non-positive. It follows that the quadratic form on the right-hand side of
equation is non-positive, and is only equal to zero when z(t) is a time-invariant
solution of the macroscopic equations (5.3.7). This proves that an undirected system
necessarily evolves towards a time-invariant distribution, where particles are uniformly
spread between the nodes of the network, and is therefore incapable of possessing col-
lective periodic behaviour. If periodic behaviours are to emerge, particles must have a
directional preference to the way in which they jump between nodes, so that M;; # Mj;
in general.

5.3.1 Diffusive Dynamics

A fundamental reason why an undirected system does not admit collective periodic
behaviour is because the dynamics are diffusive. If the i** and j* nodes are connected
by an edge, the average flux of particles from the i** node to the j** node is niM;;(n) —
njMji(n) = (n; — n;)M;j(n). Thus the flux is always directed towards the smaller
population. The dynamics works to equilibrate all of the populations regardless of the
dependence of the rates M on the configuration of the system n(t).

The expected direction of jumping in the configuration space is in the direction n M (n),
where the i** component corresponds to the average flux of particles into the i** node.
This direction is never directed away from the centre n1/N of the configuration space
because

nM(n)(n—-nl/N)} = nMm)n <0. (5.3.4)

The equality in equation follows from 17 being a right-eigenvector of the rate
matrix M, with a corresponding zero eigenvalue. The inequality, which applies to each
component, follows from the fact that the rate matrix is non-positive definite. The ex-
pected evolution of the system is towards the uniform configuration unless the config-
uration is fixed on average, i.e. n M(n) = 0. Provided the system is ergodic, see
section this shows that an undirected system tends to evolve towards a configu-
ration n1/N where particles are uniformly distributed around the network.

77



5.4 Local Interactions

The interacting particle system presented in section provides a simple example of
a system that admits collective periodic behaviours. A key feature of this system is
that the particles interact with other particles located at different nodes and therefore
action at a distance occurs in the spatial structure of the network. Action at a distance
provides a particle with information about particles at other nodes. The third question
posed at the beginning of the thesis was:

3. “Does collective periodic behaviour rely on interactions between particles that are
at different nodes?”

The remainder of this chapter seeks to provide an answer to this question.

If an interacting particle system does not allow for action at a distance, the rate of par-
ticles jumping from the i** node can only depend upon the number n;(t) of particles
located at that node, and no other n;(t). Alternatively if particles are viewed as in-
teracting indirectly, by influencing the network itself, particles can only affect the local
structure of the network, i.e. edges coming from the node where the particle is located.
Transition rates corresponding to such local interactions are of the form

F{k—)k—ei—i—ej} = kzsz(kz) (541)

These transition rates differ from those of the most general case, given by equa-
tion (5.1.2), where the rate M;; of a particle jumping from the i** node to the j** node
may also depend on any component of k and not only k;.

The rate M;; of a particle jumping from the i’ node to the j* node is composed of
two parts, such that M;; = r;Q;;. The first part r; is the total rate at which the particle
leaves the i** node, r; = —M;;. The second part Qi; is the probability that the particle
jumps to the j** node, upon leaving the i* node. In the most general systems with local
interactions, both 7; and Q;; can be dependent on the number n;(t) of particles at the
node, meaning that a particle can influence both the rate and direction of other particles,
located at the same node. An example of such a system is given in section[5.6] however
the next section is concerned with analysing conditions for periodic behaviours in less
general systems, whereby the probabilities @;; are independent of n;(t).

5.5 Local Speed-Altering Interactions

Introduce the notion of local speed-altering interactions with the property that a particle
can only interact with another particle at the same node through influencing the rate
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Figure 5.3: lllustration of the dynamics of a three-state system with a local speed-
altering interaction. Bars (blue) represent populations at each of the three nodes of the
network. Arrows correspond to total jump rates of particles between nodes.

at which the other particle leaves the node, whilst having no effect on what node the
particle actually jumps to. Particles only influence when other particles jump, but not
where they jump to. The rate matrix corresponding to these interactions has the form
M;;(ni(t)) = Qi; mi(ns(t)), where r; is the total rate at which the particle leaves the
i" node and @Q is a constant matrix with Q;;, i # j, giving the probability of a particle
jumping to the j** node, upon leaving the i** node. The diagonal components of the
matrix @ are simply Q;; = —1, so that the rows of the matrix sum to zero, meaning the
matrix Q is itself a Markov rate matrix. The dynamics resulting from local speed-altering
interactions is illustrated in figure 5.3]

Assuming that the system is ergodic, see section the matrix Q has an associated
unique left-eigenvector 7 satisfying w@Q = 0. The eigenvector 7 can be interpreted as
the time-invariant distribution of a system of non-interacting particles with a correspond-
ing rate matrix Q. If = is not unique, the system with local speed-altering interactions is
not ergodic. In this case, either the system splits into several non-interacting systems,
and each can be considered separately, or the populations at some of the nodes are
transient and eventually become zero, therefore playing no part in any periodic solution
in the macroscopic equations. It follows that it is reasonable to assume that the system
is indeed ergodic.
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5.5.1 Non-existence of Periodic Behaviours

Systems with local speed-altering interactions cannot admit periodic behaviours for any
network of any size. To prove this, start with the macroscopic equations which have the
general form

drj

N
il Zsz v fi(zi) , (5.5.1)
=1

forall 1 < ;7 < N. The functions f;(z;) are the macroscopic limit of the rates r;(n;)
respectively - possibly requiring a scaling of time. In order to show that the macroscopic
equations (5.5.1) cannot possess a limit cycle, define the function

dgof o= 1 [T
da() 30— /0 s fils) ds, (5.5.2)
i=1""
where integrability is assumed. The time derivative of the function ¢(t) is given by,
dp dx

= g: Qij xi filzs) [7:] T fj(xj)]

3,7=1

= ZN: i Qij [;@ T fi(wi)] [le Z; fj(fﬂj)}

3,j=1

N
-y <”QJ+2”JQJ> [; z; fi(xl-)} [7:] z; fj(x,-)] . (565.3)
i,j=1

The matrix within the parentheses is a symmetric Markov rate matrix - its rows sum to
zero and its off-diagonal terms are non-negative. Because any symmetric Markov rate
matrix has (real) non-positive eigenvalues, see section it follows that d¢/dt < 0.
Furthermore, ergodicity of the system implies that d¢/dt = 0 only when z; f;(x;) o ;.
Hence d¢/dt = 0 if and only if dz/dt = 0, as seen from equation and the fact
that 7 is an eigenvector of Q with corresponding zero eigenvalue. The function ¢(¢) is
only non-decreasing at fixed points of the macroscopic equations (5.5.7). This proves
that a periodic orbit cannot exist in the phase-space and therefore the particles in this
system cannot display collective periodic behaviour.

5.5.2 Steady-State Solution and Associated Probability Currents

Another reason why collective periodic behaviours do not emerge from local speed-
altering interactions is found by considering the steady-state solution of the master

80



equation (5.1.1). It happens that the steady-state solution can be stated explicitly [91],

N ki
T
Ps | | . 5.4

where the generalised factorial of a function ¢g(k) defined on the non-negative integers
is a functional defined by

g = TTe0) . (5.5.5)
j=1
and [¢(0)]! = 1. If the r; = 1 the steady-state solution (5.5.4) simply corresponds to

that of a non-interacting particle system, see equation (3.4.9). The probability currents
associated with the steady-state solution (5.5.4) are defined as

def

Jj—k} € PiT{j—k} — PiT{k—j}. (5.5.6)

The probability currents quantify the irreversibility in the dynamics governing the evolu-
tion of the system. From equation (5.4.1), the only non-zero transition rates are of the
form

with i # j, and so the non-zero probability currents are of the form

Jk = k—ei+ej} = Ppkirik) Qij — P epe; (kj+1) ri(k; +1) Qji -

(5.5.8)
It follows immediately from the form of the steady-state solution (5.5.4) that
1 R
(kij + 1) Tj(kij + 1) — Pli—ei—&—ej = k; T‘l(kl) — Pk , (559)

7Tj T

and so the probability currents (5.5.8) associated with the steady-state solution (5.5.4)
can be written as

1
J{k —k—e;+ Ej} = ’7? P,j k; Tl(kl) (7’['1' Qij — Ty Qﬂ) . (5510)

The terms within the parentheses correspond to the probability currents of a system
of non-interacting particles with rate matrix Q, see equation (3.4.10). If this system
satisfies detailed balance the probability currents are zero, see equation (3.5.1). As
this implies that the probability currents are also zero, it follows that the system
with local speed-altering interactions satisfies detailed balance. From the discussion
in section this rules out periodic behaviours. By contrast if the probability currents
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are not equal to zero, the system does not satisfy detailed balance and periodic be-
haviours are not immediately prohibited. However by taking the sum over all j # i, in
equation (5.5.10), one finds that the result is identically zero,
N
1 S
ZJ{’C — k —ei—i—ej} = TT Pk: k; T’l(kz) Z(WZ Qij — T Qﬂ) =0.
J#i ' =1

(5.5.11)

The last equality follows from Zj Qi; = 0 and 7@Q = 0. Because equation (5.5.11)
implies the weaker condition sz J{k — k —e; + e;} = 0, it subsequently proves that
the steady-state solution is indeed given by equation (5.5.4).

In order to see what equation is saying about the probability currents, consider
a system of three particles constrained to a network of three nodes, i.e. N =3 and n =
3. The configuration space is shown in figure along with the probability currents.
It is seen that the probability currents form closed loops that partition the edges of the
configuration space. Increasing the number of particles in the system would result in a
greater number of loops.

For systems with a large number of particles the flux of probabilities are contained to
individual loops that only extend across microscopic length-scales in the phase-space
of the macroscopic variables * = n/n. Thus the irreversibility that is represented
by non-zero probability currents does not manifest on the macroscopic level.
Therefore in the steady-state the system appears macroscopically reversible. This rules
out collective periodic phenomena, which rely on the system being irreversible on the
macroscopic scale. The situation is similar for networks with a larger number of nodes
N, where instead the probability currents form single ‘cells’ (hyper-tetrahedra) of the
configuration space. It follows that periodic behaviours do not emerge from local speed-
altering interactions, for systems of any size.

In the next section we consider a system with a class of local interactions that are not
of the speed-altering type.

5.6 Periodic Behaviour from Local Interactions

This section demonstrates that periodic behaviours can emerge in interacting particle
systems without invoking action at a distance. This provides a negative answer to the
third and final question posed at the beginning of the thesis:

3. “Does collective periodic behaviour rely on interactions between particles that are
at different nodes?”
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Figure 5.4: lllustration of the probability currents for a system with a local speed-
altering interaction. The system has three particles constrained to a three node net-
work. The probability currents are represented by arrows between different configura-
tions, shown by black circles. These currents form closed loops (around the shaded
triangles) that partition the edges of the configuration space, with colours representing
different magnitudes. The orientation of the currents in this example is clockwise.
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To begin to understand how periodic behaviours can emerge from local interactions,
one can search for inspiration from the birth-death-migration system of chapter [4] or
equivalently that described in section The birth-death-migration system is built
upon a system of non-interacting particles jumping or rather ‘migrating’ around a net-
work comprising three nodes in a closed loop. By itself this migration process is dif-
fusive and causes particles to become uniformly distributed around the nodes of the
network. The migration process is then supplemented by birth and death process that
introduce correlations between the particles. It was shown that collective periodic be-
haviours emerge provided there is a balance between the rate of the migration process
and the rate of the birth-death process.

The effect of the births and deaths causes particles to group together and condense at
a single node and so is akin to an attractive force between the particles. In section
this was made explicit by coupling the births and deaths. The resulting components
of the rate matrix M;;(n) = (1 + p)/2 + un;/Zn;, corresponding to particles leaving
the i*" node and entering the j** node, have a term that is inversely proportional to the
population of particles in the i** node. However in the birth-death-migration process
the attractive nature of the birth-death process also includes a non-local ingredient,
through the dependence of M;; on n; and Z(n). This section defines a system in
which the attractive force between particles manifests solely through local interactions.
Moreover it follows that the macroscopic behaviour of this system is strongly linked with
that of the BDM-process.

5.6.1 Dynamics

As was the case for the BDM-process, start by considering the three-state loop system
from section whereby particles jump independently with rates given by M, =
Mz = M3y = r(1 4 p)/2 and My = Mss = My3 = r(1 — p)/2. In addition consider
a local interaction between particles at the same node, causing a particle at the i**
nodes to jump to another node, with equal probability in both directions, at a total
rate vf(n;(t)/n), where v is non-negative constant and f(z) is a non-negative function
defined by,

z (5.6.1)

M1, 2>0;
0, z=0.

The parameter 5 > 0. The rate matrix for the system is given by the components
M;j(n) =r(1£p)/2+vf(n;/n)/2, which possess a term that is inversely proportional
to n;. To see that this system does not have local speed-altering interactions, express
the rate matrix in the terms M;; = r;Q;;, where r; = r + v f is the total rate in which a
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particle leaves the i node and Q;; = 1/2+7p/2(r+v f) is the probability of the particle
jumping to the j" node. If p = 0, the probabilities Q;; are constant, and the interactions
between particles are of the local speed-altering type. In fact, the system satisfies
detailed balance. From the discussion in the previous section, this rules out periodic
behaviours. However this is not the case if p # 0. In order to analyse the behaviour
of the system, one must determine the macroscopic equations for this system in the
interior and at the boundaries of the phase-space.

5.6.2 Interior of the Phase-Space

The macroscopic equations in the interior region Z of the phase space, where x; > 0,
can be written as

dx

Pl x Bz(x) (5.6.2)

with the matrix Bz(x) being given by

-2 1+p 1-p

.
Bz(x) = 3 l—p =2 1+p
1+p 1—p =2
s 0 0 -2 1 1
v 148
+ 3 | 0 1 -2 1 |. (56.3)
0 5 1 1 -2

Despite the matrix Bz (x) being non-linear, the macroscopic equations (5.6.2) are nev-
ertheless linear. To see this, consider the following contribution to  Bz(x),

M1 0 0
mg 0 4y = g«1+m1_wy (5.6.4)
0 0 b

-2 1 1 -2 1 1
(I+B1—-2)| 1 -2 1 = —=z| 1 -2 1 |. (565)
1 1 =2 1 1 =2

VRN

The macroscopic equations (5.6.2) in the interior of the phase space can therefore be
written as

2 14p 1-p -2 1 1
1—p =2 1+4p |- 1 -2 1 . (5.6.6)
14p 1=p =2 1 1 -2

dt 2

EVEIN
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The macroscopic evolution of the system is independent of the parameter 5. To un-
derstand why consider the total rate at which particles jump from the first node to
the second node due to the local interactions, n;f(ni/n)/2 = (1 + B)n/2 — ny1/2.
Similarly the total rate of particles jumping from the second node to the first node is
naf(ne/n)/2 = (1 + B)n/2 — na/2. The first terms in both of these expressions are
equal and so the net flow of particles between these two nodes is independent of
B. The situation is the same for each pair of nodes and hence 5 does not affect the
macroscopic equations. Including the parameter 5 corresponds to a Poisson process
operating between each pair of nodes. Particles jump at a total (constant) rate gn.

5.6.3 Boundary of the Phase-Space

The function f(z) approaches infinity like 1/z as * — 0, such that zf(z) — 1+ 3
is finite. However zf(z)|,=0 = 0, and so there is a discontinuity in the macroscopic
equations at the boundary of the phase-space. Hence the arguments and considera-
tions of section [5.7.3] are required. Define B to be the boundary region where ny = 0,
i.e. configurations with the second node unpopulated. The macroscopic equations that
describe the motion along the boundary are given by

dx

dt
where wz and wg = 1 — wz are respectively the probabilities that the system is in the

= [ wz Bz + wg Bg } s (5.6.7)

regions Z and B. The matrix Bg(x) is given by
-2 1+p 1—-p
Bgx) = -| 1—-p -2 1+4p
1+p 1—p =2

<

HE_10 0 -2 1 1
+ 3 0 0 0 1 -2 1 |. (568
0o o0 2 11 =2

3

Consider the following contribution to @ Bg(x), bearing in mind that x5 = 0,

6 1 0

1

(1+p)(1,0,1) —x). (5.6.9)

[CIIAN

By inserting this in equation (5.6.8) and using equation (5.6.6), it follows that

eBg = zBr + g(1+5)(—1, 2,-1). (5.6.10)
The macroscopic equations (5.6.7) can then be rewritten as
%f - zBr + %(1+ﬁ) wg (—1, 2,-1). (5.6.11)
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The probability wg can be eliminated from this equation by taking the scalar product
with (1,1/2,0), i.e. calculating dz; /dt + (1/2)dx2/dt as seen in equation (5.2.11). How-
ever, as trajectories evolve along the boundary (while it is adhesive), dxs/dt = 0 and

SO
d d 1d !
S S
0

This equation holds at all points where the boundary is adhesive - where trajectories
in the interior point towards the boundary. An equation for dx3/dt can be found from
dxy/dt + dxs/dt = 0 on the boundary. The equations at the two remaining boundaries
are found by a similar method. The macroscopic equations (5.6.6) and (5.6.12) can be
used to describe the behaviour of the system.

5.6.4 Relation to the Birth-Death-Migration Process

In order to prove that the particles in this system behave periodically, it must be shown
that a limit cycle can exist in the macroscopic equations. However, instead of analysing
the macroscopic equations, it is revealing to make the substitution /2 = 1/3 in the
equation and simply compare with the macroscopic equations for the
birth-death-migration system. It is apparent that the macroscopic behaviours of both
systems are equivalent in the interior of the phase-space. At the boundaries, equa-
tion can be compared with equation to see that the macroscopic
equations on the boundaries are also equivalent. Both systems are macroscopically
indistinguishable and therefore display the same collective phenomena despite having
different microscopic behaviours.

The same control parameter 6 = (2 — 3r)/rp = (3v — 3r) /rp can be used to describe
the various behaviours of the system as was used for the BDM-process of chapter [4]
When the value of v is relatively small compared to r, so that 8 < 0, the particles will
become uniformly distributed around the three nodes of the network. When 0 < 6 <
1 collective periodic behaviours will emerge as the particle form a wave that travels
around the network. The frequency and amplitude of the oscillations is given by the
quantitative analysis in sections [4.7|and Increasing v further so that 1 < 6 < 6. ~
1.2 causes the oscillations begin to break down as the system displays intermittent
behaviour. Finally, when # > 6. the particles condense onto a single node of the
network. This qualitative analysis is confirmed by Monte-Carlo simulations, figure
of the system for four different values of v, with »r = 1 and p = 1. The simulation results
can be compared with those of the BDM-process presented in figure to confirm
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Figure 5.5: Heat plot of simulated data for four different values of the interaction rate
v with common migration rate r = 1, preference p = 1. Each simulation initiated with a
population of 1000 particles at each node. Colour intensities in the rows correspond to
the proportion of particle at each node number of particles at each of the three nodes
with the scales being given on the right. (a) Dissipative behaviour, v = 0. (b) Periodic
behaviour, v = 1.2. (c) Intermittent behaviour, v = 1.38. (d) Condensed behaviour,
v = 1.5.
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that the two systems do indeed show the same macroscopic behaviour, regardless
of their differing microscopic dynamics. In particular it has been demonstrated that
an interacting particle system can indeed admit collective periodic behaviour without
invoking action at a distance.

5.7 Discussion

In this chapter we have discussed necessary conditions for collective periodic be-
haviours in interacting particle systems. In particular we have discussed the minimum
number of nodes that are needed and the importance of directionality and non-local
interactions.

In section we began the chapter by developing a method for deriving the macro-
scopic equations from the microscopic dynamics. This involved dealing with situations
where continuity of the rate matrix could not be assumed. The macroscopic equations
were then analysed, in subsequent sections, for particular interactions to assess the
possibility of limit cycles that are associated with periodic phenomena.

In section[2.9]it was proven that periodic behaviours could not exist in a system in which
particles are constrained to only two nodes. In section we found an equivalent
interacting particle system to the birth-death-migration process which gave an example
of a three node interacting particle system in which emergent periodic behaviours are
possible. This consequently proved that the minimum number of nodes necessary for
periodic behaviour is three.

In section it was proven that a necessary condition for collective periodic behaviours
is that the underlying network structure must have directed edges, so that particles jump
in opposite directions between nodes at different rates. For systems with a network
structure that has only undirected edges, the dynamics are fundamentally diffusive and
result in particles becoming uniformly distributed around the nodes of the network.

The birth-death-migration process from chapter [4] and its equivalent interacting parti-
cle system, described in section both gave particles the ability to influence each
other at separate nodes. This suggested that this kind of action at a distance plays
an important role in allowing periodic behaviours to emerge. This is indeed the case
for systems with local speed-altering interactions, considered in section whereby
particles only affect the rate at which other particles jump away from a node and not
the node which they subsequently jump to. For such systems the irreversibility required
for collective periodic phenomena does not manifest on the macroscopic scale and so
periodic behaviour cannot emerge and persist.
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Action at a distance is not, however, a necessary ingredient for periodic behaviour.
This was demonstrated in section 5.6, which describes a system with local interactions
that possesses exactly the same macroscopic behaviour as the birth-death-migration
process from chapter |4 In order to observe collective periodic behaviours without in-
voking action at a distance, the local interactions were defined in such a way that they
corresponded to an attractive force between particles that is able to overcome the dif-
fusive nature of the independent motion of the particles. It is the absence of such an
attractive force in undirected systems, section that results in particles becoming
equally distributed around the nodes of the network. This suggests that such an attrac-
tive aspect to the interactions is a vital mechanism by which particles synchronise to
form collective periodic phenomena from dynamics that are fundamentally incoherent
and memoryless.
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Chapter 6

Conclusions and Further Work

In this chapter we provide a brief summary of the work undertaken in this thesis and
discuss the key results. We then provide ideas for work that could extend the results
presented in the previous chapters.

6.1 Overview of the Thesis

The aim of this thesis was to identify the essential ingredients that are required for the
emergence of collective periodic behaviours in a system whose components change
incoherently between a finite number of states. Throughout the thesis the components
are represented as indistinguishable particles that jump spontaneously between the
states, represented as the nodes of a network. Considered systems are assumed to be
memoryless, implying that the time evolution of the configuration of the system can be
described by a Markov process. In section [1.3.1|it was argued that Markov processes
provide an excellent context in which to study emergent collective phenomena because
they do not introduce artificial correlations into the system. Any correlations that arise
emerge from intrinsic, incoherent fluctuations of the system.

6.1.1 Need for Irreversibility

In chapter [ we introduced interacting particle systems, whereby particles interact by
affecting the rate at which other particles jump to other nodes forming the network. For
systems with a large number of particles the collective behaviour of the entire ensemble
is approximated by a set of deterministic nonlinear differential equations, known as the
macroscopic equations. A method for deriving the macroscopic equations from the mi-
croscopic dynamics was presented in section 5.1l The long-term collective behaviour
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of the system is determined by the steady-state behaviour of the macroscopic equa-
tions. In particular, collective periodic behaviours are associated with stable limit cycle
solutions of the macroscopic equations. A necessary condition for such limit cycles is
that the system must violate the principle of detailed balance. Indeed it was shown in
section[2.8that a system that satisfies detailed balance is consequently time-reversible,
implying that the dynamics appear the same when time runs backwards. Because the
system is memoryless, this rules out periodic behaviour.

6.1.2 Need for Interactions

Systems of non-interacting particles were analysed in chapter[3] When particles do not
interact in any way, their movement is independent of the configuration of the particles
in the system. As the particles move spontaneously, the dynamics is diffusive and the
steady-state of the system is for particles to spread around the nodes of the network
according to a time-invariant distribution that is dependent on the rates at which parti-
cles jump, see section It is therefore apparent that interactions between particles
are crucial for the emergence of collective periodic behaviours. However, while systems
of non-interacting particles lack the mechanism by which disturbances from the time-
invariant distribution may be sustained, the system can display damped oscillations as
it approaches equilibrium, provided the system is irreversible. The simplest system
which can display oscillations was demonstrated to be a three-node loop, section [3.8]
where particles have a preferred direction of jumping to other nodes. In section (3.9 it
was shown that these oscillations could last longer in systems with a larger number
of nodes. The simple three-node network is adopted as a fundamental element for
periodic behaviour upon which to build.

6.1.3 Birth-Death-Migration-process

In chapter [4| we saw how the damped oscillations that can arise in systems of non-
interacting particles migrating around a three node loop can be made to persist with
the help of simple birth and death processes. The birth and death processes implic-
itly introduce correlations between the particles and play a key role in counteracting
the diffusive collective behaviour of the non-interacting particles. However, these two
processes alone do not allow for periodic behaviours but instead result in particles be-
coming condensed at a single node of the network. In order for collective periodic be-
haviours to emerge and persist, there must be a trade-off between the diffusion caused
by the particle migrations and the ‘attraction’ caused by the births and deaths. This was
demonstrated by Monte-Carlo simulations, see figure [4.5
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An important aspect to the dynamics was that the particles have a preference to the
way in which they migrate around the network. This lead to the hypothesis that such
a directional preference may play a key role in general interacting particle systems.
Another important feature of the dynamics was that the death process was defined
globally over the network, providing particles with information about particles that are
located at other nodes. If the death process was local, like the birth process, then no
oscillations can occur. It was therefore postulated that an ‘action at a distance’ may be
an important ingredient for collective periodic behaviours.

6.1.4 Three Important Questions

At the beginning of the thesis, three questions were posed regarding conditions for
collective periodic behaviours to emerge from randomness. In chapter 5| we discussed
and attained conclusive answers to each of these questions in the context of general
interacting particle systems:

1. “What is the minimum number of nodes needed for periodic behaviour?”

Three. It was shown in section [2.9] that if particles were constrained to only two pos-
sible states, there cannot exist collective periodic behaviours. The reason for this is
that the system necessarily satisfies detailed balance and is therefore time-reversible.
In other words it must appear statistically indistinguishable if the direction of time is re-
versed. Combined with the memoryless property, this forbids periodic behaviours from
emerging. A three node network that admitted periodic behaviours was demonstrated
in section

2. “Can periodic behaviour emerge when single particles jump at an equal rate in
both directions along an edge joining nodes?”

No, regardless of the form of the interactions between particles. It was proven in sec-
tion[5.3]that if the network has only undirected edges, the macroscopic equations do not
contain the limit cycle behaviour that is associated with collective periodic behaviour.
Without a directional preference to the way in which particles jump between nodes, the
microscopic dynamics is fundamentally diffusive and evolves to a steady-state with par-
ticles being uniformly spread around the nodes of the network. Therefore a necessary
ingredient for collective periodic phenomena is a directional preference to the way in
which particles jump.

3. “Does collective periodic behaviour rely on interactions between particles that are
at different nodes?”
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No. An example of a system that admits periodic phenomena despite particles only
interacting locally at the same nodes as each other was provided in section In fact
this system had exactly the same collective behaviour as the birth-death-migration pro-
cess of chapter 4] However in section is was proven that a requirement of periodic
behaviours emerging from local interactions is that particles affect where other particles
jump to, and not only the rate at which they jump. If this is not the case, the irreversibility
that is necessary for periodic behaviour does not manifest on the macroscopic level.

6.1.5 Summary of the Essential Ingredients

This thesis has identified several important ingredients that are necessary for collec-
tive periodic behaviours. A main condition is that the microscopic dynamics must be
irreversible, i.e. must violate detailed balance. A system with two nodes cannot be
irreversible and so it is necessary that the system have at least three nodes. However
it is not sufficient for the microscopic dynamics to be irreversible, but rather that this
irreversibility manifest itself on the macroscopic scale.

There must be a trade-off between diffusion and attraction. If the dynamics is solely dif-
fusive, such as for an undirected system, particles become spread around the network
in a time-invariant distribution. If the dynamics is solely attractive, particles become
condensed at a single node.

6.2 Further Work

One possible way to extend the work presented in this thesis is to consider particle sys-
tems with a different type of interaction. For the systems considered in this thesis, the
particles interact by affecting the rate at which other particles move. As an alternative,
it is possible to consider an interaction whereby particles move together, so that more
than one particle moves at the same time. If it is possible to find macroscopic equations,
the results from chapter [5|would remain applicable. However finding such macroscopic
equations may not be possible. Furthermore, some of the arguments used for the mi-
croscopic behaviour of the systems in this thesis cannot be used to rule out periodic
behaviours. For instance, a two-state system need no longer satisfy detailed balance
and so it may be possible for periodic behaviours to emerge.

Another possible extension to this thesis would be to consider systems with different
varieties of particles, e.g. red and blue particles. It is not too difficult to fit such systems
into the framework developed in this thesis; an N-state system with K varieties of
particle could be expressed as K sub-networks of size N, making a total network size
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of NK nodes. Each state is represented by K different nodes corresponding to each
variety of particle - a red particle at a state is seen as being at a different node than
a blue particle at the same state. Assuming that the variety of a particle is constant,
an undirected system with more than one variety of particle is still represented by an
undirected network. This means that collective periodic behaviours do not emerge in
an undirected system, even with different varieties of particle. However a two state-
system with K > 1 varieties of particle may admit periodic behaviours as the effective
network size is 2K, and detailed balance does not necessarily hold.

In addition to these suggested extensions to the thesis, one might also consider the
effects of including memory into the system, thus removing the Markov assumption. In
any case, this thesis has provided a methodology for assessing the emergence of col-
lective periodic behaviours in discrete systems with random dynamics that may provide
a foundation for further research.
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