
How to Compare Uncertain Data

Types - Towards Robust Similarity

Measures

Shaily Kabir

School of Computer Science

University of Nottingham

This dissertation is submitted for the degree of

Doctor of Philosophy

January 2020





To my parents for their love, sacrifice, and support.





Declaration

The works in this dissertation are based on research carried out at the Intelligent

Modelling and Analysis (IMA), and Lab for Uncertainty in Data and Decision Making

(LUCID) Research Groups, School of Compute Science, University of Nottingham, UK.

I hereby declare that except where specific reference is made to the work of others,

the contents of this dissertation are original and have not been submitted in whole

or in part for consideration for any other degree or qualification in this, or any other

university.

Shaily Kabir

January 2020





Acknowledgements

At the beginning, I express my utmost gratitude to the Almighty Allah for bestowing

His blessings on me to accomplish this arduous PhD study with completion of the

dissertation.

I would like to express deepest gratitude and appreciation to my supervisor, Professor

Christian Wagner for his continuous support, patience, encouragement, and guidance

throughout my PhD study. My sincere thankfulness goes to him for his insightful

directions, necessary revisions, and constructive suggestions on the preparation of a

number of conference and journal papers as well as my dissertation. He also had been

very kind and helpful in many personal matters. I could not have imagined having

such a cooperative supervisor during for my PhD study! I am also thankful to Dr

Josie McCulloch, Research Fellow at the School of Computer Science, University of

Nottingham for her kind assistance in finding useful research materials and giving

suggestions at many occasions.

Besides my advisors, I would like to thank Dr Timothy C. Havens, Michigan

Technological University, USA and Dr Derek Anderson, University of Missouri, USA for

their useful suggestions and comments while we teamed up to write several conference

papers and journals.

My sincere thanks also goes to my student colleagues and friends for lending their

hands and sparing time. Particularly, I owe to my fellow labmates Utkarsh Agrawal,

Elissa Maadi, Tajul Razak, Chao Chen, Direnc Pekaslan, and Francisco Navarro



viii

Barron. As I recall, we all worked together, spent hours and sleepless nights in the

lab, had fun, stimulated discussions, and always were supportive to each other. Surely,

I would remember the happiness, sorrows, and cooperation during my PhD study

at Nottingham. I also thankful to my friend Mosarrat Jahan for encouraging me

throughout my PhD journey.

I am also thankful to the Commonwealth Scholarship Commission (CSC), UK for

providing scholarship and living expenses during my PhD program. Needless to say,

without their financial support, it would not have been possible for me to continue and

complete this program. I also would like to extend my appreciation to Vice Chancellor,

Dhaka University and Chairman, Computer Science and Engineering Department,

Dhaka University for granting study leave aiming to finish my PhD study. Last but not

the least, it would have been difficult on my part to accomplish this journey without

continuous support and sacrifice from my beloved parents, my husband, my daughter

‘Autri’, and my son ‘Aumiyo’. They have missed my company and affection a lot as I

had to be always busy in the lab doing my research works. Their unending love and

uncompromising faith always inspired me and strengthened my confidence throughout

my PhD journey.



Abstract

In view of the importance of effective comparison of uncertain data in real-world

applications, this thesis focuses on developing new similarity measures with high

accuracy. As it identifies and articulates an inherent limitation of the popular set-

theoretic similarity measures for continuous intervals where they return the same

similarity value for very different sets of intervals (termed as aliasing), this thesis

first underpins a new axiomatic definition of a robust similarity measure and then

proposes a new similarity measure for continuous intervals based on their bidirectional

subsethood. Beyond establishing theoretical foundation of the new measure, the thesis

also demonstrates its robust results vis-a-vis existing measures and suitability for

real world applications. In the next stage, it develops a generalized framework to

assess similarity between discontinuous intervals as current approaches involve loss of

discontinuity information and are also affected by aliasing of the popular measures—

these weaknesses impact the accuracy of similarity results. This thesis further integrates

Allen’s theory with the new generalized framework to make the latter more efficient.

Moving beyond intervals, this thesis extends the new similarity measure both

vertically and horizontally (α-cut based) for comparing type-1 (T1) fuzzy sets as the

shortcoming of popular similarity measures persists with their extension to T1 fuzzy

sets. The empirical evaluation of the extended new measures with respect to key

existing fuzzy set-theoretic similarity measures shows that the vertically extended new

measure behaves intuitively for various types of fuzzy sets, except for non-normal fuzzy
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sets; however, the α-cut based extended new measure meets expectation in all cases.

At the final stage, the utility of the new similarity measure is explored to improve

the robustness of fuzzy integral (FI) based uncertain-data aggregation. As existing

approaches to generate fuzzy measures (FMs) rely on popular similarity measures to

capture the degree of similarity among individual sources (and their combinations),

they are also impacted by their aforesaid limitation. Therefore, this thesis develops a

new FM based on the new similarity measure which can generate intuitive aggregation

outcome when used in combination with an FI.
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Chapter 1

Introduction

In the real world, uncertainty greatly influences human reasoning and decision making

[1]. Efficient capturing and modelling of uncertain data is, therefore, prerequisite for

achieving better decision making. Classical set theory, based on two-valued logic 0 and

1, can capture certain objects with clear and precise definitions, such as, ‘all negative

numbers’; however, it fails to present objects which are vaguely and imprecisely defined,

such as, ‘all good students’ [2]. To overcome this difficulty, the concept of fuzzy set

theory—a generalization of classical set theory—was developed [2]. Fuzzy set theory

provides a mathematical framework to capture and model the uncertainty in data.

A fuzzy set allows an object to be a partial member of the set where the degree of

membership of the object varies from 0 to 1 [3]. Although fuzzy sets were originally

designed as type-1 (T1), different extensions of the T1 fuzzy sets, such as type-2 (T2)

and higher number fuzzy sets, have been later introduced with a view to providing

more effective models of uncertainty [4].

Apart from the fuzzy sets, interval-valued data have recently gained interest for the

modelling of uncertainty and vagueness, particularly in the modelling of survey data [5],

the representation of symbolic data [6], and the capture of natural language expressions

[7]. An interval offers a simple and efficient representation of uncertain data where it
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is defined as a set of real numbers, bounded by the left and right endpoints [8]. Here,

the width of an interval is important as to capturing the degree of uncertainty in data

where a narrow interval reflects greater certainty against less certain wider interval [5].

Many real-world applications, such as pattern recognition, decision making, data

aggregation, and approximate reasoning often involve uncertain information as inputs,

and the outcomes greatly depend on their effective comparison [9]. Considering the

significance of effective comparison, this thesis focuses on developing novel similarity

measures for comparing the uncertain information—captured by intervals and T1 fuzzy

sets (common and advanced features)—with high accuracy.

1.1 Background and Motivation

Many similarity measures have been proposed in the literature where each measure

has its own strengths and weaknesses [10]. Typically, a similarity measure determines

how similar two objects are, where their degree of similarity is often bounded by 0

(for dissimilar objects) and 1 (for identical objects). In general, similarity measures

are categorized as distance-based and set-theoretic measures [11]. Among them, set-

theoretic measures are widely used due to the limitation of the other category in

comparing objects with qualitative features [12]. In the context of intervals, classical

set-theoretic similarity measures are used for their comparison where the Jaccard [13]

and Dice [14] similarity measures are the most popular ones. However, these popular

measures, along with most set-theoretic measures have the tendency to be subject to

aliasing where they offer the same similarity for very different pairs of sets/intervals

with different cardinalities or sizes [15–17] (discussed in detail in Chapter 3). This

aliasing poses problems as it has the potential to give counter-intuitive results and

poor automated reasoning in many real-world applications where the intervals need to

be systematically compared. Consider an example in Fig. 1.1 with two different pairs
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(a) Pair-1

(b) Pair-2

Fig. 1.1 Jaccard and Dice measures showing aliasing for Pair-1 and Pair-2.

of intervals for which the Jaccard and Dice measures are facing aliasing by generating

the same similarity of 0.33 and 0.50 respectively.

So far, the comparison of discontinuous intervals has received very little attention.

In reality, there is no specific similarity measure which can be directly applicable for

comparing discontinuous intervals. At present, the common approach to assess their

similarity is to first convert the discontinuous intervals into their continuous forms

[18] and then apply any similarity measure compatible to continuous intervals. This

approach is rather simple but involves loss of discontinuity information and thus affects

the accuracy of the similarity results [19].

For fuzzy sets, any set-theoretic similarity measure on intervals can be leveraged

for assessing their similarity, as both vertical-slice and α-cut based representations of

fuzzy sets are, in fact, intervals. In practice, both the vertical-slice based and α-cut

based extensions of similarity measures on intervals are used. But, it is important to

evaluate their performances in generating expected similarity results for fuzzy sets with

various features, such as normality/non-normality and convexity/non-convexity [20].
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Similarity measures are often used to aggregate ‘similar’ data from multiple uncertain

sources using aggregation functions where FIs are used to combine data from multiple

sources. FIs are defined in respect to FMs which capture a notion of ‘worth’ of

both the individual data sources and all their possible combinations. As existing

approaches to generate these FMs rely on popular set-theoretic similarity measures to

capture the degree of similarity of individual sources (and their combinations), they

are also affected by the limitations (i.e., aliasing) of those similarity measures. Hence,

developing and applying a robust similarity measure, not subject to aliasing, potentially

has a great utility to avoid the shortcomings in inter-source agreement calculation and

thus improves robustness of FI based data aggregation/fusion of uncertain data.

1.2 Research Aim & Objectives

The primary research aim of this thesis is to develop novel, effective and efficient

set-theoretic similarity measures for comparing uncertain information, modelled by

intervals and fuzzy sets. Specifically, the new measures are intended to capture the

similarity between intervals and fuzzy sets with normal/non-normal, convex/non-convex

properties with high accuracy. To achieve the research aim, the following objectives

are identified:

1. Investigate popular set-theoretic similarity measures on intervals to identify and

articulate their potential limitations.

2. Introduce a new axiomatic definition of a robust similarity measure to address

the identified limitations of existing similarity measures.

3. Put forward a novel set-theoretic similarity measure for intervals that satisfies the

full set of axioms for a robust similarity measure, thus minimizes the identified

limitations and provides similarity with high accuracy.
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4. Derive a new dissimilarity measure, ideally a metric for intervals from the new

similarity measure so as to directly apply it in real-world applications, such as

pattern recognition.

5. Extend the generality of new interval similarity measure to discontinuous intervals

and T1 fuzzy sets.

6. Investigate existing agreement-based FMs to identify whether they are also

affected by the shortcomings (i.e., aliasing) of common similarity measures.

7. Develop a new FM which can avoid the identified limitations of inter-source

agreement (based on similarity) and for demonstration and evaluation purposes,

employ it in respect to a FI for providing robust aggregation of uncertain multi-

source data.

1.3 Contribution to Knowledge

The research in this thesis develops a new robust similarity measure for intervals

by addressing the limitation of popular set-theoretic measures. The new measure is

extended to deal with the challenges in assessing similarity for other complex data-types

– discontinuous intervals and T1 fuzzy sets with non-normal and non-convex properties.

The new measure is further expanded to generate a new FM, which in combination

with FI brings robustness in aggregation of uncertain multi-source data.

More precisely, the contributions resulting from this thesis are as follows:

• An inherent limitation of popular set-theoretic similarity measures on continuous

intervals is identified and articulated, particularly, their tendency to be subject

to aliasing where they return same similarity for very different sets of intervals

having different cardinalities or sizes.
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• New axioms are introduced to establish desirable properties of robust similarity

measures in order to address, in particular, aliasing.

• An axiomatic definition of subsethood for continuous intervals is introduced.

• A new set-theoretic similarity measure is proposed for continuous intervals which

minimizes aliasing and satisfies both traditional and new axioms of a similarity

measure.

• A new dissimilarity measure, which satisfies the properties of a metric, is derived

from the new similarity measure, enabling its direct use in classification and

clustering applications.

• A generalized framework, retaining discontinuity information (thus minimizing

information loss), is developed to assess similarity between discontinuous intervals.

• Three binary relations of Allen’s theory [21] are extended and integrated with

the generalized framework to enable it to be more efficient in assessing similarity

among discontinuous intervals.

• A vertical-slice based and also an α-cut based extensions of the new interval

similarity measure are proposed to assess similarity for T1 fuzzy sets.

• A new FM based on the new similarity measure is developed which is shown

to avoid the limitations of inter-source agreement (based on similarity), and in

combination with the FI, it also provides intuitive aggregation results.

This research has contributed to four peer-reviewed conference papers and three

journal papers where one is accepted for publication and other two papers are pending

submission. These publications are listed below.
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• Kabir, Shaily; Wagner, Christian; Havens, Timothy C.; and Anderson, Derek

T. (2019). Aggregation of Crowd-Sourced Intervals Using Fuzzy Integral and

Bidirectional Subsethood Based Fuzzy Measure. In submission preparation for

IEEE Transactions on Fuzzy Systems.

• Kabir, Shaily; Wagner, Christian; Havens, Timothy C.; and Anderson, Derek T.

(2019). Efficient Comparison of Discontinuous Intervals using a Combination of

Bidirectional Subsethood Based Similarity Measure and Extended Allen’s Theory.

In submission preparation for IEEE Transactions on Fuzzy Systems.

• Kabir, Shaily; Wagner, Christian; Havens, Timothy C.; and Anderson, Derek T.

(2019). A Similarity Measure Based on Bidirectional Subsethood for Intervals.

Accepted for publication in IEEE Transactions on Fuzzy Systems, 2019 (doi:

10.1109/TFUZZ.2019.2945249).

• Kabir, Shaily; Wagner, Christian; Havens, Timothy C.; and Anderson, Derek T.

(2019). Measuring Similarity Between Discontinuous Intervals - Challenges and

Solutions. In International Conference on Fuzzy Systems (Fuzz-IEEE 2019), New

Orleans, Louisiana, USA, 2019.

• Kabir, Shaily; Wagner, Christian; Havens, Timothy C.; and Anderson, Derek

T. (2018). A Bidirectional Subsethood Based Similarity Measure for Fuzzy Sets.

In IEEE World Congress on Computational Intelligence (WCCI 2018), Rio de

Janeiro, Brazil, 2018.

• Kabir, Shaily; Wagner, Christian; Havens, Timothy C.; Anderson, Derek T.; and

Aickelin, Uwe (2017). Novel Similarity Measure for Interval-Valued Data Based

on Overlapping Ratio. In International Conference on Fuzzy Systems (Fuzz-IEEE

2017), Naples, Italy, 2017.
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• Pekaslan, Direnc; Kabir, Shaily, Garibaldi, Jonathan M.; and Wagner, Christian

(2017). Determining Firing Strengths Through A Novel Similarity Measure

to Enhance Uncertainty Handling in Non-Singleton Fuzzy Logic Systems. In

International Joint Conference on Computational Intelligence (IJCCI 2017),

Funchal, Madeira-Portugal, 2017.

1.4 Organization of the Thesis

The rest of this thesis is organized as follows.

Chapter 2 presents background on uncertainty modelling with intervals and T1

fuzzy sets along with a discussion on their different properties, such as continu-

ity/discontinuity, normality/non-normality and different arithmetic and set-theoretic

operations on them. After this, a brief review on different triangular norms and conorms

is given. Following this, an overview on similarity measures for intervals and T1 fuzzy

sets is provided, specifically focusing on set-theoretic similarity measures where their

potential limitations are highlighted. A brief overview of subsethood for intervals and

T1 fuzzy set is discussed followed by a short review on the relation between fuzzy

subsethood and fuzzy similarity measures. Lastly, a discussion on multi-source data

aggregation and different aggregation operators is given, specifically focusing on the

aggregation by FIs in respect to a FM. Here, different FMs are discussed and the

potential limitation of data-driven FMs is explored.

Chapter 3 identifies, articulates, and addresses an inherent limitation of popular

set-theoretic similarity measures on continuous intervals – their tendency to be subject

to aliasing – where they return the same similarity value for very different sets of

intervals with different cardinalities. To address aliasing, new axioms are introduced

to establish desirable properties for robust similarity measures. Subsequently, a new

set-theoretic similarity measure is developed for continuous intervals using the concept
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of bidirectional subsethood which satisfies both traditional and new axioms of a

similarity measure. Further, the definition of subsethood for continuous intervals is

introduced, followed by proofs of its mathematical properties as a part of developing

the new similarity measure. In addition, a new dissimilarity measure, which satisfies

the properties of a metric, is derived from the new similarity measure, enabling its

direct application in classification and clustering problems.

Chapter 4 develops a generalized framework to assess the degree of similarity

between discontinuous intervals together with a discussion of its essential properties.

The new generalized framework utilizes the new similarity measure from Chapter 3 to

measure similarity between the pairs of continuous subintervals within the discontinuous

intervals. Moreover, a refinement of this framework is provided where it is combined

with the extended Allen’s theory [21] to make the latter more efficient.

Chapter 5 extends the new similarity measure of continuous intervals from Chapter 3

to assess similarity for T1 fuzzy sets, initially with a vertical-slice based extension

and later with an α-cut based extension as for certain cases of T1 fuzzy sets the

vertical-slice based extended measure does not produce expected outcomes. A further

refinement of the α-cut based extended measure is developed to deal with non-normal

and non-convex T1 fuzzy sets.

Chapter 6 identifies that existing agreement-based FMs are impacted by the limita-

tions of intersection operation and aliasing of the common similarity measures, thus

generates same agreement and worth for different sets of sources. Hence, Chapter 6

develops methods to extract a new FM based on the concept of agreement. In this

case, the new FM is built on the new interval similarity measure from Chapter 3 to

avoid the limitation of generating the same worth information for very different sets of

sources. The new FM is then used in connection with an FI to aggregate multi-source

data, particularly interval-valued data. Importantly, the new FM is designed in such
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way that it can carry out aggregation under the situation of total disagreement among

sources. The new FM is evaluated against the existing FMs in [22], [23], and [24].

Lastly, Chapter 7 summarizes and concludes the thesis by highlighting the main

contributions and limitations of the research work. The scope for future work is also

discussed, addressing the need for methods to deal with similarity assessment for higher

level of uncertain data-types.



Chapter 2

Research Background

2.1 Introduction

This chapter discusses pertinent concepts and research works from the existing literature,

which underpin this thesis. Section 2.2 initially provides a brief discussion on efficient

modelling of uncertain, imprecise, and vague data. After that, Section 2.3 presents a

review on intervals together with some basic arithmetic and logical operations often

used on them. Section 2.4 provides a review on fuzzy sets and different fuzzy set

operations. Following these revisions, Section 2.5 presents a detailed discussion on

measuring similarity between intervals and also between fuzzy sets, including different

measures/approaches to calculate their similarity. After this, Section 2.6 defines

subsethood for crisp sets and T1 fuzzy sets. Finally, Section 2.7 presents a brief

overview on different aggregation operators, particularly focusing on the FI defined

in respect to an FM. Here, review FMs which are based on the concept of modelling

agreement among the data (evidence) arising from multiple sources. Pages xxiv and

xxv provide tables of acronyms and abbreviations for the ease of the readers as various

notations and mathematical functions are used throughout this thesis.
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2.2 Modelling of Uncertainty

The presence of uncertainty in human decision making is common. Uncertainty is

undesirable but it is hard to avoid in real-world problems. Various methods and

strategies are designed to minimize uncertainty and ease decision making. Generally,

uncertainty occurs when there is a lack of information to decide whether a statement

is true or false [25]. Two terms – vagueness and imprecision – are closely related to

uncertainty [3] where the first term expresses the lack of exactness of a statement, and

the latter term expresses the fuzziness of a statement. Consider a simple example of

uncertainty that can arise from a statement ‘the food is hot’. Here , one can easily be

in a state of uncertainty as the food can either be ‘spicy’ or ‘warm’.

Generally, the quality of human decision making under uncertainty largely depends

on how successfully uncertainty is captured and processed. There are many approaches

that attempt to capture uncertainty in data. Well-known approaches are probability

distributions [26], possibility distributions [1], belief functions [27], intervals [5][28],

fuzzy sets [4][29]. This thesis is particularly focusing on intervals and T1 fuzzy sets as

they can capture uncertainty at the fundamental level and be extended subsequently

to higher-order fuzzy sets.

The simplest, yet efficient approach to capture uncertainty in data is based on

intervals where an interval is bounded by the left and right endpoints [8]. The size of

an interval plays a critical role to represent the degree of uncertainty which exists in

data where a narrow interval represents more certainty, and a wider one shows more

uncertainty [30]. Beyond intervals, fuzzy sets have already proven to be useful and

powerful model of representing uncertainty. While T1 fuzzy sets [2] have been the

most common form of modelling uncertainty, recent years have shown a significant

increase in research toward more complex forms of fuzzy sets, in particular, T2 fuzzy

sets [4][31].



2.3 Intervals 13

As this thesis focuses on intervals and T1 fuzzy sets in capturing uncertainty in

data, next two sections give an overview on intervals, some basic operations on them,

T1 fuzzy sets and different fuzzy set operations.

2.3 Intervals

Interval-valued data have gained much interest for the modelling of uncertainty and

vagueness, particularly in the modelling of survey data [5], the representation of

symbolic data [6], and the capture of natural language expressions [7], as they offer

simple and efficient representation of uncertain, vague, and imprecise information.

Generally, intervals are continuous and closed where they are bounded by the left and

right endpoints. However, in many real-world applications, discontinuous intervals

are utilized [32][33]. The following two subsections illustrate these two categories of

intervals (i.e., continuous and discontinuous).

2.3.1 Continuous Intervals

A continuous interval is a set of real numbers characterized by left and right endpoints

[8]. Mathematically, a continuous interval a is represented as [34]

a = [a−, a+] with a− ≤ a+. (2.1)

A continuous interval a is often known as degenerate if a− = a+; in such case, a

contains a single real number a [35]. The cardinality, or equivalently, the size or width

of a continuous interval a is defined as |a| = |a+ − a−| [36]. It is noted that a is also

known as a convex [33] or closed interval [16][37]. Figure 2.1 presents a continuous and

closed interval a = [2, 8].
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Fig. 2.1 A continuous and closed interval, a = [2, 8].

Two continuous intervals a = [a−, a+] and b = [b−, b+] are said to be equal if they

represent the same set, i.e., a = b, if a− = b− and a+ = b+ [35]. Again, two continuous

intervals a = [a−, a+] and b = [b−, b+] are said to be intersected if a− ≤ b+ ∧ b− ≤ a+

or b− ≤ a+ ∧ a− ≤ b+ [37].

2.3.1.1 Basic Operations on Continuous Intervals

The basic arithmetic and set-theoretic operations on continuous intervals are discussed

below.

(1) Interval Arithmetic Operations

The basic interval arithmetic operations for continuous intervals a = [a−, a+] and

b = [b−, b+] are as follows [34] –

• Addition:

a + b = [a− + b−, a+ + b+];

• Subtraction:

a + b = [a− − b+, a+ − b−];
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• Multiplication:

a × b = [min(a−b−, a−b+, a+b−, a+b+), max(a−b−, a−b+, a+b−, a+b+)];

• Division:

a ÷ b = [a−, a+] × [1/b−, 1/b+], where 0 ̸∈ [b−, b+].

(2) Set-Theoretic Operations

Two basic set-theoretic operations on continuous intervals a = [a−, a+] and b = [b−, b+]

(where a ∩ b ̸= ∅) are as follows [38][39] –

• Union:

a ∪ b = [min(a−, b−), max(a+, b+)];

• Intersection:

a ∩ b = [max(a−, b−), min(a+, b+)].

2.3.1.2 Allen’s Theory on Continuous Intervals

Allen [21] introduced a set of thirteen relations between continuous intervals for interval-

based temporal reasoning. They are commonly known as Allen’s theory [40] or Allen’s

interval algebra [41]. In Allen’s theory, the first seven relations are defined as basic

relations, and the remaining six are defined as inverse relations [42]. The seven basic

relations are – before, meets, overlaps, starts, finishes, during, and equal [43].

Figure 2.2 pictorially shows the basic relations between two continuous intervals a

and b. They are described in detail in the following –

(1) a before b — the end of a is before the start of b;
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\bar{a},\bar{b}

a

b

(a) a before b

\bar{a},\bar{b}

a

b

(b) a meets b

\bar{a},\bar{b}

a

b
(c) a overlaps b

\bar{a},\bar{b}

a

b
(d) a starts b

\bar{a},\bar{b}

a

b
(e) a finishes b

\bar{a},\bar{b}

a

b
(f) a during b

\bar{a},\bar{b}

a

b

(g) a equal b

Fig. 2.2 Seven basic relations of Allen’s theory on continuous intervals a and b.

(2) a meets b — the end of a is same as the start of b;

(3) a overlaps b — the start of a is before the start of b and the end of a is between

the start and the end of b;

(4) a starts b — both a and b start together but a ends first;

(5) a finishes b — a starts after b but both end together;

(6) a during b — a starts after a but ends before b;

(7) a equal b — both a and b start and end together.
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The six other relations are the inverse of (1) to (6) basic relations. The inverse

relations are not discussed in detail as this thesis only focuses on Allen’s basic relations;

for further details please see [21][44].

Remark 2.1:

Allen’s binary relations on continuous intervals [21] are utilized in Chapter 4 (in an

extended form) in order to compare pairs of discontinuous intervals.

2.3.2 Discontinuous Intervals

A discontinuous interval consists of a number of continuous subintervals [45]. Mathe-

matically, a discontinuous interval a is defined as follows

a =
m⋃

i=1
ai =

m⋃
i=1

[a−
i , a+

i ], (2.2)

where m is the number of continuous subintervals within a such that a1 < ... < ai <

... < am [33]. ai is the ith subinterval with a−
i ≤ a+

i . a can alternatively be presented

as ⟨[a−
1 , a+

1 ], ..., [a−
i , a+

i ], ..., [a−
m, a+

m]⟩ [46]. It is noted that discontinuous intervals are

also known as non-convex intervals [40]. Figure 2.3 presents a discontinuous intervals

a with two continuous subintervals a1 = [2, 4] and a2 = [6, 8].

Fig. 2.3 A discontinuous interval, a = {[2, 4], [6, 8]}.



18 Research Background

2.3.2.1 Conversion of Discontinuous Interval into Continuous Form

Unlike continuous intervals, there is no straightforward method to perform reasoning

with discontinuous intervals. Generally, they are converted or transformed into a

continuous form before applying any operation on them [32]. There are two common

approaches which can be applied to transform the discontinuous intervals to their

continuous forms [19]. These two approaches are discussed below:

• Interval Addition: If a = [a−, a+] and b = [b−, b+] are two bounded, non-empty

continuous intervals, then their addition, a + b = [a− + b−, a+ + b+] is also a

bounded, non-empty continuous interval [34].

• The ‘Convexify’ function: It takes two continuous intervals a and b as inputs and

returns the smallest continuous interval that covers both a and b [44].

(a) Interval addition

(b) Convexify function

Fig. 2.4 Conversion of a discontinuous interval into a continuous interval.
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Example 2.1:

Consider a discontinuous interval a = {[0, 1], [3, 5]}. The interval addition [34] trans-

forms the subintervals into the continuous interval, a = [3, 6], whereas the ‘Convexify’

function [44] converts them into the continuous interval, a = [0, 5]. Figure 2.4 (a) and

(b) present the conversion of a to its continuous form a using the interval addition and

convexify function respectively.

In the following section, definition and properties of T1 fuzzy sets are discussed.

2.4 Fuzzy Sets

Fuzzy sets are a popular and efficient method to capture and model uncertain and

imprecise data [5]. They were first introduced by Zadeh [2] as an extension of classical

or crisp sets to model data uncertainty. In a crisp set, the membership of an element

in a set is described as either belonging (with a membership of 1) or not belonging

(with a membership of 0) to the set. Contrarily, a fuzzy set allows its elements to

have some degree of membership between 0 and 1 to represent their belongingness to

the set. Formally, a fuzzy set A in the universe of discourse X is characterized by its

membership function µA that takes on values in the interval between 0 and 1. It is

worth mentioning that the membership grades of elements within the fuzzy set are not

probabilities as probabilities on a finite set must add to the value of 1 while there is no

such restriction for the membership grades of a fuzzy set. To illustrate their difference,

consider a scenario from [47] where Autri is in a house having two adjacent rooms

– one is kitchen and the other is dining room. In respect to crisp sets, the status of

Autri is either ‘in the kitchen’ or ‘not in the kitchen’. However, if Autri stands at the

doorway, she can be considered as ‘partially in the kitchen’ and quantifying this state
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produces a fuzzy set membership. With her little toe only in the dining room, it might

be said that Autri is 0.99 ‘in the kitchen’.

Fuzzy sets were originally designed as T1 fuzzy sets, and later extended to higher

order fuzzy sets (e.g., T2 fuzzy sets [48][49]) to express higher levels of fuzziness which

cannot be captured by T1 fuzzy sets [50]. Within a T1 fuzzy set, the membership of

elements is represented by a single value in the range 0 and 1 [51]. In the following two

subsections, T1 fuzzy sets and basic set-theoretic operations on them are discussed.

2.4.1 Type-1 Fuzzy Sets

Formally, a T1 fuzzy set, A in the universe of discourse X is characterized by a

membership function µA(x) that determines the degree of membership of each element

x ∈ X and is defined as

A = {(x, µA(x))|x ∈ X}, (2.3)

where µA(x) ∈ [0, 1] [2].1 In a continuous universe of discourse X, the T1 fuzzy set is

often presented as [4]

A =
∫

x∈X
µA(x)/x, (2.4)

whereas, in a discrete universe of discourse X, it is defined as [4]

A =
∑
x∈X

µA(xi)/xi, (2.5)

where ∑ is the collection of all points x ∈ X with associated membership µA(x).

As mentioned, the membership function of the fuzzy set defines how each x in X

is mapped to a membership value (or degree of membership) between 0 and 1. The

most commonly used membership functions for the T1 fuzzy set are the triangular,
1For alternate mathematical notations of fuzzy sets, please see [52–54].
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(a) Triangular membership function (b) Trapezoidal membership function

(c) Gaussian membership function

Fig. 2.5 Three different membership functions for T1 fuzzy sets.

trapezoidal, and Gaussian membership functions. Figure 2.5 graphically shows these

membership functions.

Definition 2.1: The height of a T1 fuzzy set is the largest membership grade associated

with any element in the set [2]. It is defined as

h(A) = sup
x∈X

µA(x). (2.6)

Definition 2.2: A T1 fuzzy set is normal when at least one of its elements has the

maximum membership grade, that is, h(A) = 1 [49]. It is non-normal when h(A) < 1.
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(a) Normal fuzzy set (b) Non-normal fuzzy set

Fig. 2.6 Normal and non-normal T1 fuzzy sets.

Figure 2.6 shows an example of T1 fuzzy sets with normal and non-normal properties.

There are two common representations of T1 fuzzy sets. One representation is based

on their vertical-slices and the other one in based on their α-cuts or horizontal-slices

[20]. The vertical-slice representation involves drawing a vertical line at a given x to

get its associated membership, whereas the α-cut representation is doing the opposite,

drawing a horizontal line at a given membership value (denoted α) to get all xs having

the membership of α or higher. Definition 2.3 explains the α-cuts of a T1 fuzzy set.

Figure 2.7 shows an example of these two representations for a Gaussian T1 fuzzy set.

Definition 2.3: An α-cut of a T1 fuzzy set A is a crisp set Aα that comprises

all elements whose membership grade within A is greater than or equal to α [31].

Mathematically, it is written as

Aα = {x|µA(x) ≥ α, α ∈ [0, 1]}. (2.7)

In particular, the T1 fuzzy set A can be represented by its α-cuts as

A =
∫ 1

0
αAα, (2.8)
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where
∫ 1

0 is the union of all Aα within [0,1] and αAα shows the mapping of pairs α and

Aα [31]. Contrarily, within a discrete range of α-cuts, it can be rewritten as

A =
N∑

i=0
αiAαi

, (2.9)

where N denotes the total number of discretizations on the membership axis (total

number of α-cuts).

(a) Vertical slices (b) Horizontal slices (α-cuts)

Fig. 2.7 Two different presentations of T1 fuzzy set.

(a) Convex fuzzy set (b) Non-convex fuzzy set

Fig. 2.8 Convex and non-convex T1 fuzzy sets.
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Definition 2.4: A T1 fuzzy set A is convex if and only if all α-cuts of A are convex

subsets of X [31]. It is defined as -

µA (λx1 + (1 − λ)x2) ≥ min[µA(x1), µA(x2)], (2.10)

for all x1, x2 ∈ X and λ ∈ [0, 1]. Otherwise, A is a non-convex fuzzy set.

Figure 2.8 presents an example of T1 fuzzy sets having convex and non-convex

properties.

Definition 2.5: A T1 fuzzy set A is defined as a fuzzy number if [55]:

• A is normal;

• Aα is a closed interval for all α ∈ [0, 1];

• The support of A, {x|A(x) > 0}, is bounded.

As all α-cuts are closed intervals, thus every fuzzy number is also a convex fuzzy set.

2.4.2 Set-Theoretic Operations on Type-1 Fuzzy Sets

Let µA and µB be the membership functions for the T1 fuzzy sets A and B. The

following set-theoretic operations can be performed on these sets [2].

1. Fuzzy Union – the union of A, B ∈ X is

A ∪ B = {x, S (µA(x), µB(x)) |x ∈ X} (2.11)

where S is any t-conorm [56]. For any value of x, Eq. (2.11) can be written as

µ(A∪B)(x) = S (µA(x), µB(x))
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2. Fuzzy Intersection – the intersection of A, B ∈ X is

A ∩ B = {x,⋆ (µA(x), µB(x)) |x ∈ X} (2.12)

where ⋆ is any t-norm [57]. For any value of x, Eq. (2.12) can be written as

µ(A∩B)(x) = ⋆ (µA(x), µB(x))

3. Fuzzy Complement – the complement of A ∈ X is

Ac = {(x, 1 − µA(x))|x ∈ X} (2.13)

For any value of x, Eq. (2.13) can be written as

µAc(x) = 1 − µA(x)

For details of t-norm (⋆) and t-conorm (S), please see [58] and [59].

In the next section, different existing similarity measures in respect to intervals and

T1 fuzzy sets are discussed.

2.5 Similarity Measures for Uncertain Data Types

A similarity measure is a real-valued function that determines how alike two objects are.

Similarity measures are widely utilized in a range of applications including decision

making [60], data aggregation [23], approximate reasoning [61], machine learning [62],
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and so on. Mathematically, for two sets a and b, it is expressed as [10]

S (a, b) → R. (2.14)

Similarity is commonly represented by a non-negative real number (R), often between

0 and 1, where 0 means objects are not similar at all, and 1 means they are identical.

Similarity measures are generally symmetrical, though, for certain objects, similarity

can be better modelled by unidirectional or asymmetric functions [12]. The four

common properties of a similarity measure for sets a, b, and c are as follows [63] –

[A1] Boundedness: 0 ≤ S (a, b) ≤ 1;

[A2] Symmetry: S (a, b) = S (b, a);

[A3] Reflexivity: S (a, b) = 1 ⇐⇒ a = b;

[A4] Transitivity: If a ⊆ b ⊆ c then S (a, b) ≥ S (a, c).

It is worth mentioning that the above properties are mirrored in (and in many cases

arise from) the axiomatic definitions associated with a wide variety of established

similarity measures (e.g., please see [64–66]). In addition, similarity measures can often

be transformed to capture distance using various functions [67], showing dissimilarity

among objects (e.g., color images as in [68]). Generally, a dissimilarity measure is a

real-valued function that determines how far apart two objects are. Like before, for two

sets a and b, it is expressed as D (a, b) → R+ [63]. A dissimilarity measure is defined

as a metric when it satisfies the following properties for sets a, b, and c [69][70] –

[B1] Non-negativity: D (a, b) ≥ 0;

[B2] Symmetry: D (a, b) = D (b, a);

[B3] Identity: D (a, b) = 0 ⇐⇒ a = b;
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[B4] Triangle Inequality: D (a, c) ≤ D (a, b) + D (b, c).

It is worth noting that a dissimilarity measure is not always a distance metric, but is

often referred to as a semi-metric if it satisfies all of the preceding properties except the

triangle inequality [71]. A dissimilarity measure is often within the range [0, 1] where 0

is used for identical objects and 1 for dissimilar objects [63] — when it is derived from

a similarity measure bounded by [0, 1].

Various similarity measures have come into use to capture similarity among crisp

sets and fuzzy sets, though each of the measures has its own strengths and weaknesses.

It is worth noting that most of the similarity measures introduced for crisp sets are

also applicable for continuous intervals [16]. Generally, similarity measures are mainly

classified as set-theoretic measures [72] and distance-based measures [73]. For fuzzy

sets, two additional categories of similarity measures are logic-based measures and

fuzzy-valued measures [10]. Among these categories, set-theoretic similarity measures

are well-known and widely used [11]. On the other hand, distance-based similarity

measures are very popular for sets/fuzzy sets [11] but often facing limitation in the

comparison of some objects having qualitative features (e.g., comparing a pear and an

apple with respect to taste), not having quantitative features [12].

In the next two subsections, existing set-theoretic similarity measures in respect to

intervals and T1 fuzzy sets are discussed more.

2.5.1 Set-Theoretic Similarity Measures for Intervals

Similarity assessment between two crisp sets using set-theoretic measures typically

involves their common and distinctive features. The set-theoretic measures typically

utilize basic set operations including union, intersection, and cardinality2 to compare

the sets. It is worth mentioning that Tversky’s parameterized ratio model of similarity
2Note that the cardinality of a set a is defined as the number of elements within a [74]. In this

thesis, the terms ‘cardinality’ and ‘size’ of a set are interchangeably used.
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[12] generalizes many classical set-theoretic similarity measures where most of them are

equally usable for continuous intervals. These similarity measures are further extended

to assess similarity between fuzzy sets. The ratio model expresses similarity between

two sets a and b as a ratio of the common and distinct features of a and b

ST (a, b) = f(a ∩ b)
f(a ∩ b) + αf(a − b) + βf(b − a) , (2.15)

where f(a ∩ b) presents the common features, f(a − b) is the features that a has but b

does not, and vice versa [12]. The factors α and β are non-negative (≥ 0). ST (a, b)

turns into the Jaccard measure [13] when α = β = 1, whereas ST (a, b) becomes the

Dice measure [14] with α = β = 0.5. For α = 1 and β = 0, ST (a, b) behaves like the

inclusion/subsethood for a (the degree to which a is a subset of b) [10].

The most widely used set-theoretic similarity measure is the Jaccard measure [13]

which satisfies all of the above properties [A1] - [A4]. Generally, the Jaccard similarity

of two crisp sets a and b is defined as the ratio of the cardinality of their intersection

and the cardinality of their union,

SJ (a, b) = |a ∩ b|
|a ∪ b|

. (2.16)

Using the crisp set difference operation [74], Eq. (2.16) can be written as

SJ (a, b) = |a ∩ b|
|a ∩ b| + |a\b| + |b\a|

, (2.17)

where a\b is the set of items that are in a but not in b and b\a is the set of items that

are in b but not in a. Equation (2.17) can also be derived from Tversky’s parameterized

ratio model of similarity [12] by setting the α and β to 1 and letting f be a cardinality
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function. Beyond crisp sets, the Jaccard similarity measure is used to estimate the

similarity for intervals or sets of intervals, such as employed for example in data fusion

[23][24] and that of fuzzy sets [75].

As mentioned earlier, a continuous/closed interval a is a set of real numbers bounded

by two endpoints a− and a+ with a− ≤ a+. For comparing two intervals a and b, the

Jaccard similarity measure is expressed as

SJ

(
a, b

)
=

∣∣∣a ∩ b
∣∣∣∣∣∣a ∪ b
∣∣∣ , (2.18)

where |a| ̸= 0 and
∣∣∣b∣∣∣ ̸= 0.

∣∣∣a ∩ b
∣∣∣ is the size of the intersection between a and

b and
∣∣∣a ∪ b

∣∣∣ is the size of the interval segment(s) covering both a and b. Hence,

SJ

(
a, b

)
= 1 when a and b are completely overlapping and SJ

(
a, b

)
= 0 when they

are not overlapping at all. Similar to Eq. (2.17), Eq. (2.18) can be rewritten as

SJ

(
a, b

)
=

∣∣∣a ∩ b
∣∣∣∣∣∣a ∩ b

∣∣∣+ ∣∣∣a\b
∣∣∣+ ∣∣∣b\a

∣∣∣ , (2.19)

where
∣∣∣a\b

∣∣∣ is the size of the interval segment of a that is not overlapping with b and∣∣∣b\a
∣∣∣ is the size of the interval segment of b that is not overlapping with a.

The Sørensen-Dice similarity measure—henceforth referred to as Dice measure for

convenience [14] is closely related to the Jaccard similarity measure. To assess the

similarity between two sets, it considers the ratio of the cardinality of their intersection

and the average of their cardinality. alike the Jaccard similarity, it produces outputs

in [0, 1]. Specifically, for two crisp sets a and b, the Dice similarity is expressed as -

SD (a, b) = |a ∩ b|
1
2(|a| + |b|) , (2.20)
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where |a| is the cardinality of the set a. Eq. (2.20) can be rewritten by applying the

crisp set difference operation [74]

SD (a, b) = |a ∩ b|
|a ∩ b| + 1

2(|a\b| + |b\a|) . (2.21)

Note that (2.21) can also be obtained from Tversky’s ratio model [12] when both α and

β are 0.5. The alternative expressions of Jaccard at Eq. (2.17) and Dice at Eq. (2.21)

show clearly that the averaging operation in the denominator of Eq. (2.21) results in

the Dice similarity always being equal to—when sets are identical—or larger than the

Jaccard similarity.

The Dice similarity is used along with the Jaccard similarity for intervals in [23]

[24]. The Dice similarity for two intervals a and b can be expressed as -

SD

(
a, b

)
=

∣∣∣a ∩ b
∣∣∣

1
2(
∣∣∣a∣∣∣+ ∣∣∣b∣∣∣) , (2.22)

where |a| ̸= 0 and
∣∣∣b∣∣∣ ̸= 0. By following Eq. (2.19), Eq. (2.22) can be rewritten as

follows.

SD

(
a, b

)
=

∣∣∣a ∩ b
∣∣∣∣∣∣a ∩ b

∣∣∣+ 1
2(
∣∣∣a\b

∣∣∣+ ∣∣∣b\a
∣∣∣) . (2.23)

Other Set-theoretic Similarity Measures

Besides Jaccard and Dice measures, other set-theoretic similarity measures such as

the Szymkiewicz-Simpson coefficient [76], the Otsuka coefficient [77], the Sokal-Sneath

Coefficient [78], the Simple-Matching coefficient [79] are also common and used to

assess similarity for crisp sets as well as for intervals.

It is worth mentioning that most of these set-theoretic similarity measures including

Jaccard and Dice measures often suffer from a so-far not discussed pitfall, best described
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as aliasing. It occurs where the same similarity value is generated by a similarity

measure for very different pairs of intervals with dissimilar cardinalities or sizes, at

worst it leads to incorrect inference in real-world applications. The reason why these

similarity measures are subject to this aliasing is discussed in detail in Chapter 3 and

also to mitigate this issue, a new set-theoretic similarity measure has been introduced

for continuous intervals in the same chapter. It is also important to mention that the

classical set-theoretic similarity measures are not directly applicable for discontinuous

intervals [19]. Generally, the current approach is to convert the discontinuous intervals

into their continuous forms and then a set-theoretic similarity measure compatible to

the continuous intervals is applied to assess their similarity, details are provided in

Chapter 4. To deal with this, a generalized framework, retaining discontinuity property,

is proposed in the same Chapter 4 to assess similarity between discontinuous intervals.

2.5.2 Set-Theoretic Similarity Measures for Type-1 Fuzzy Sets

In respect to T1 fuzzy sets, a similarity measure captures how similar two fuzzy sets are

regarding the degree of membership of their elements. Zadeh [80] first introduced the

notion of similarity relations for T1 fuzzy sets. Typically, if two fuzzy sets are identical,

their similarity is 1, whereas if they are fully disjoint, their similarity is 0. Comparison

between fuzzy sets has been successfully used in a wide range of applications, including

linguistic approximation [81], pattern recognition [82], computing with words [83], and

clustering [84][85]. From an axiomatic point of view, different axiomatic definitions

of similarity measures for fuzzy sets are available in the literature [86] where most

of these definitions depend on the contexts in which they are constructed. Formally,

common properties of a fuzzy similarity measure for fuzzy sets A, B, and C are the

followings [63] -

[C1] Symmetry: S(A, B) = S(B, A);
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[C2] Reflexivity: S(A, B) = 1 ⇐⇒ A = B;

[C3] Transitivity: If A ⊂ B ⊂ C then S(A, B) ≥ S(A, C);

[C4] Overlapping: If A ∩ B ̸= ∅ then S(A, B) > 0. Otherwise, S(A, B) = 0;

where the first three properties [C1] - [C3] are equivalent to the properties [A2] - [A4].

In practice, classical set-theoretic similarity measures are extended to assess similar-

ity between fuzzy sets [75], and a comprehensive overview of these measures can be seen

in [11] and [87]. Two common approaches for extension are based on the vertical-slice

and the α-cut representation of fuzzy sets [20] (discussed in subsection 2.4). Under

the vertical-slice based extension, the fuzzy sets are compared with respect to the

corresponding membership values for each element in the universe, whereas with the

α-cut based extension, the fuzzy sets are compared with respect to their α-level sets.

It is worth noting that both extensions show high similarity for larger overlap between

fuzzy sets, and low similarity in the reverse situation [88]. Although many fuzzy

set-theoretic similarity measures exist, the selection of a particular fuzzy similarity

measure largely depends on the applications.

Among the fuzzy set-theoretic similarity measures, the extended Jaccard measure

[13] proposed by Pappis and Karacapilidis [65] is the most common and widely used

for T1 fuzzy sets. This measure satisfies all common properties of a fuzzy set similarity

measure [C1] - [C4]. For two T1 fuzzy sets A and B on a discrete and finite universe

of discourse X, the extended Jaccard measure is defined as [65]:

ST 1
J (A, B) =

N∑
i=1

min (µA (xi) , µB (xi))
N∑

i=1
max (µA (xi) , µB (xi))

, (2.24)

where µA(xi) and µB(xi) are the membership grades of xi in A and B respectively. The

Jaccard similarity measure is further extended for higher-level of fuzzy sets [89][90].
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Moreover, [10] has introduced a vertical-slice based extension of the Jaccard measure

for T1 fuzzy sets, however, in this case both T1 fuzzy sets are required to be convex.

Apart from the extended Jaccard measure, other fuzzy set-theoretic similarity

measures introduced by Chen et al. [91], Wang [92] and Raha et al. [93] are also

well-known and used in many applications. Table 2.1 summarizes these similarity

measures for the T1 fuzzy sets along with their essential properties. A fuzzy measure

based on matching functions [91] is also included in Table 2.1 as it uses the maximum

t-conorm. A detailed discussion of set-theoretic similarity measures for fuzzy sets can

be found in [10] and [94].

It is worth mentioning that most of the vertical-slice based extended set-theoretic

similarity measures perform in line with a variety of T1 fuzzy sets comprising different

properties, such as normality, convexity, and non-convexity. However, for comparing

non-normal T1 fuzzy sets, most of these similarity measures behave non-intuitively

which leads to explore the α-cut based extended set-theoretic similarity measures for

addressing the above case with the non-normal fuzzy sets (details in Chapter 5).
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To bring more accuracy in measuring similarity for uncertain data (captured by

intervals and T1 fuzzy sets), this thesis aims to develop robust similarity measures

involving the concept of subsethood. Therefore, in the following section, as an underly-

ing concept, axiomatic definitions of subsethood in respect to crisp sets and fuzzy sets

are discussed.

2.6 Subsethood

Subsethood is defined as a relation that indicates the degree to which one object is a

subset of other object [95].

2.6.1 For Crisp Sets

For two crisp sets a and b, the subsethood of a with respect to b is defined as follows.

Sh (a, b) = |a ∩ b|
|a|

, (2.25)

where |a ∩ b| is the cardinality of the intersection of sets, a and b, and |a| is the

cardinality of set a. From Eq. (2.25), it is clear that subsethood is smaller when more

elements of set a are not part of set b and is larger when more elements of set a are

part of set b. In general, Eq. (2.25) is bounded by the interval [0, 1], where 1 means

that a is a subset of b (a ⊆ b) and 0 means a is not a subset of b (a ̸⊂ b) – they are

disjoint. The following two axioms are used to define the subsethood for crisp sets [96]:

[D1] Sh(a, b) = 1 if and only if a ⊆ b;

[D2] Sh(a, b) = 0 if and only if a ̸⊂ b.

Example 2.2:

Consider two sets a = {1, 2, 3} and b = {1, 2, 3, 4, 5, 6}. Here, a is a subset of b as every
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element from a are also in b. In opposite case, b is not a subset of a as elements 4, 5,

and 6 from b are not in a. Thus, Sh (a, b) = 1 and Sh (b, a) = 0.

2.6.2 For Fuzzy Sets

A binary notion of subsethood for T1 fuzzy sets was first defined in [2] where for two

fuzzy sets A and B on the universe X, A is a subset of B (A ⊆ B) if and only if

µA(x) ≤ µB, ∀x ∈ X. This definition is inherently crisp—A is, or is not a subset of B

– which is incoherent in respect to the fuzzy set theory. Many alternatives for fuzzy

subsethood have been introduced. Using the set-theoretic approach, the degree to

which A is a subset of B on a finite X is defined as [97]

Sh (A, B) =


1, A = ∅

n∑
i=1

min(µA(xi),µB(xi))

n∑
i=1

µA(xi)
, A ̸= ∅,

(2.26)

where ∑n
i=1 min (µA (xi) , µB (xi)) is a measure of the cardinality of the intersection of

membership functions of A and B, and ∑n
i=1 µA (xi) is a measure of the cardinality of

A. Using the fuzzy implication operator I , the fuzzy subsethood is expressed as [98]

Sh(A, B) = inf
x∈X

I (µA(x), µB(x)) (2.27)

where I : [0, 1] × [0, 1] → [0, 1] is such that I (0, 0) = I (0, 1) = I (1, 1) = 1 and

I (1, 0) = 0.

In the literature, fuzzy subsethood has been characterized by different axiomatiza-

tions. Initially, four axioms were proposed to define it as a binary fuzzy relation [99].

Subsequently, [100] developed another set of axioms for fuzzy subsethood. We note

that these axioms (except the first two axioms) are equivalent to those in [99]. [101]
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argued that some fuzzy subsethoods do not maintain all these axioms and proposed

new ones. For fuzzy sets A, B, C ∈ X, these axioms are –

[E1] Sh(A, B) = 1 if and only if A ⊆ B;

[E2] If P ≤ A, then Sh(A, Ac) = 0 if and only if A = X;

[E3] if A ⊆ B ⊆ C, then Sh(C, A) ≤ Sh(B, A) and if A ⊆ B, then Sh(C, A) ≤

Sh(C, B);

where P is the fuzzy set with µP (x) = 1
2 and Ac is the complement of fuzzy set A, i.e.,

µAc(x) = 1 − µA(x).

Later, axiom [E3] was modified as “if A ⊆ B ⊆ C, then Sh(C, A) ≤ Sh(B, A) and

Sh(C, A) ≤ Sh(C, B) ” in [102] for defining new fuzzy subsethoods and their application

to cluster validity. Further, axioms [E2] and [E3] were altered in [103] as “Sh(A, Ac) = 0

if and only if A = X”, and “if A ⊆ B, then Sh(A, C) ≥ Sh(B, C) and Sh(C, A) ≤

Sh(C, B)” respectively to introduce a new fuzzy DI-subsethood by aggregating impli-

cation functions.

In many cases, fuzzy subsethood axioms are extended for higher level of fuzzy sets,

e.g., T2 fuzzy sets [104]. These extensions are not discussed further as this thesis only

focuses on the subsethood for crisp and T1 fuzzy sets (for more details please see

[105–107]).

Remark 2.2: Building on the existing literature on subsethood, particularly its key

axioms, Chapter 3 introduces an axiomatic definition of subsethood for continuous

and closed intervals which is later involved in proposing a new set-theoretic similarity

measure for intervals in the same chapter.

The next section presents different aggregation functions, specially focusing on

FIs in respect to FMs. Here, we give importance on how to aggregate similar data
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from multiple uncertain sources by involving similarity measures as it is an important

application area of similarity measure.

2.7 Aggregation of Uncertain Data Types

Data aggregation (fusion) is defined as a process of combining data from multiple sources

so as to answer question of interests and to make appropriate decisions [108]. The data

aggregation problem often deals with uncertain and imprecise multi-source data and

generally involves various mathematical functions, algorithms, and methodologies to

combine them [26][109]. To explain this, consider a situation where two sources (e.g.,

thermometers) provide two different room temperatures. Under such inconsistency and

uncertainty, the data aggregation may involve additional information such as reliability

or worth of sources together with the available temperature data and fuse them to find

the best (range of) temperature for the room.

According to [110], the success of a data aggregation largely depends on the

quality of knowledge produced by the aggregation process which in turn relies on the

representation of multi-source data, the quality of uncertainty model, and the accuracy

and applicability of prior knowledge. In the literature, numerous data aggregation

strategies and functions have been proposed [111][112]. Aggregation functions such as

weighted average [113], weighted minimum and maximum [114], and ordered weighted

average [115] are commonly used [116]. Further, FIs with respect to an FM, which

are the generalizations of aforementioned functions are very popular alternatives for

aggregation [117–119].

This thesis pays attention to commonly used FIs in combination with FMs which

are explained in the next two subsections.
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2.7.1 Fuzzy Measures

The concept of a measure is one of the most important concepts in mathematics [120].

Classical measures share the additive property which can be restrictive, making the

measure inapplicable to many real-world problems such as uncertainty modelling and

data aggregation [121]. The FM does not maintain additivity, but follows the less strict

property of monotonicity.

An FM is defined as a hierarchical weighting structure (a lattice) that captures the

worth of all data sources along with all of their possible subsets [122]. Mathematically,

an FM, g defined on a discrete and finite set of sources, X = {x1, ..., xn} is a set

function g : 2X → [0, 1] satisfying the following properties [123]:

(1) g(∅) = 0 and g(X) = 1 (Bounded)

(2) If a ⊆ b ⊆ X then g(a) ⊆ g(b) ⊆ g(X) (Monotonic and non-decreasing)

In the context of multi-source data aggregation, g(a) presents the weight or worth

of each subset a of X. Property (1) states that the worth of empty set (∅) is 0 and the

worth of universal set (X) is 1. Property (2) shows the monotonicity of g, i.e., if a is a

subset of b (a ⊆ b), then the worth of a is smaller or equal to the worth of b. There is

a third property of continuous FMs, which is not applicable to discrete FMs, as used

in this thesis and most practical applications. Figure 2.9 presents an FM lattice for

three data sources {x1, x2, x3}.

There are three major approaches for generating FMs [122], which discussed below.

• Expert-defined approach – it is a manual specification of FM by expert. It can

be challenging, since for even a small number of sources, the manual task of

generating the FM lattice becomes vast and difficult. For example, the worth of

31 subsets needs to be specified for only five sources.3

3For n sources, there are (2n − 1) non-empty subsets of sources.
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g({x1, x2, x3})

g({x1, x2}) g({x1, x3}) g({x2, x3})

g({x1}) g({x2}) g({x3})

g({∅})

Fig. 2.9 The FM lattice for three data sources.

• Algorithmic approach – various algorithm-specified FMs, such as the Sugeno

λ-measure [124] and decomposable measure [75] are used in practice where they

derive the FM from the worth of single sources (densities) considering the FM’s

mathematical constraints. These algorithm-driven measures need the weights

(densities) of base sources to be defined in advance and derive the entire FM

lattice from the source densities, constrained by the properties (1) and (2) of FMs.

Besides, more recently introduced data-driven FMs [22–24] derive the entire FM

lattice directly from the available multi-source data based on various criteria

such as the level of agreement over given subsets of sources.

• Optimization – Several learning methods, e.g., evolutionary algorithms [125],

quadratic programming [126] are used to derive FMs while relying on training

data. These methods define the FM as a set of independent weights which are

optimized to produce minimum output error in conjunction with the FI.

This thesis particularly focuses on data-driven FMs (based on the concept of

modelling source-agreement) which are used in conjunction with FIs (see subsection

2.7.2) for aggregating multi-source data where sources are anonymous and no external
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information is available. The data-driven FMs analyze various properties of given data

(e.g., agreement among sources) and subsequently extract the worth of all subsets of

sources from the data. Currently, there are three existing data-driven FMs based on

source-agreement – FM of agreement (AG) [22], FM of generalized accord (GenA) [23],

and additive measure of agreement (AA) [24]. The discussion on these agreement-based

FMs with respect to a set of intervals h = {h1, h2, ..., hn} arising from n individual

sources is given below.

(1) Fuzzy Measure of Agreement

Wagner and Anderson [22] proposed the original FM of Agreement (AG) that is

extracted from a pool of interval-valued data with no prior knowledge about sources.

The AG FM is defined as -

g̃AG(Ai) =


0 for i = 0,1 (2.28a)

i∑
K=2

∣∣∣UK(Ai)
∣∣∣ zK for i = [2 : n] (2.28b)

where Ai = {hπ(1), hπ(2)..., hπ(i)} is the permuted set of intervals with A0 = ∅, zi = i
n

and

|.| refers to the cardinality/size of the interval. Here, UK(Ai) unites the intersections

of the K-tuples in Ai ⊆ h as defined in Eq. (2.29) [23][24].

UK(Ai) =
i−K+1⋃
k1=1

i−K+2⋃
k2=k1+1

...
i⋃

kK=kK−1+1
(hπ(k1) ∩ hπ(k2) ∩ ... ∩ hπ(kK)) (2.29)

Further, g̃AG(Ai) is normalized by g̃AG(h) in Eq. (2.30) .

gAG(Ai) = g̃AG(Ai)
g̃AG(h)

(2.30)
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It is worth mentioning that the AG FM was originally designed as a component of a

meta-measure, i.e., for use in combination with other data-driven FMs, such as FM of

Specificity [22].

(2) Fuzzy Measure of Generalized Accord

Havens et al. [23] proposed the FM of Generalized Accord (GenA) which uses the

similarity of subsets of sources (estimated for example by Jaccard or Dice similarity

measures) for establishing their agreement/accord. The GenA FM is defined as -

gGenA(Ai) =


0 for i = 0 , 1 (2.31a)

αh

i∑
K=2

SK(Ai) for i = [2 : n] (2.31b)

where Ai = {hπ(1), hπ(2)...., hπ(i)} is the permuted set of intervals with A0 = ∅, and

SK(Ai) is defined in Eq. (2.32).

SK(Ai) =
(

n

K

)−1 i−K∑
k1=1

i−K+1∑
k2=k1+1

...
i∑

kK=kK−1+1
s({hπ(k1), hπ(k2), ..., hπ(kK)}) (2.32)

Here,
(

n
K

)
is the number of possible K-tuples in h. The quantity SK(Ai) is the sum of

similarities of the K-tuples in Ai ⊆ h, weighted by
(

n
K

)−1
. Further, the constant αh is

defined in Eq. (2.33) so that gGenA(h) = 1.

αh =
(

n∑
K=2

SK(An)
)−1

(2.33)

(3) Additive Measure of Agreement

Havens et al. [24] proposed the Additive Measure of Agreement (AA) in order to alleviate

the asymmetry issue. This FM also involves similarity measure for determining the
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agreement for a set of sources. The AA FM is expressed in Eq. (2.34).

g̃AA(Ai) = g̃AA(Ai−1) +
n∑

j=1
j ̸=i

sp(hj, hπ(i)), i = [n], p ≥ 0 (2.34)

where p is a tuning parameter. Further, g̃AA(Āi) is normalized by g̃AA(Ān) in Eq. (2.35)

to satisfy the property of an FM.

gAA(Ai) = g̃AA(Ai)
g̃AA(An)

(2.35)

One advantage of the AA FM is that it minimizes the asymmetry issue related to

the positive- and negative-valued intervals in respect to FM when used in conjunction

with the FI.

2.7.2 Fuzzy Integrals

FIs have been efficiently used as powerful non-linear aggregation operators [127], com-

monly used in evidence fusion [123][128]. They aggregate multi-source data (evidence)

by combining them with respect to the worth of all possible subsets of sources (cap-

tured by an FM). Two well-known FIs are the Sugeno fuzzy integral (SFI) [124] and

the Choquet fuzzy integral (CFI) [129]. In practice, discrete SFI and CFI are used

[129][130], and this thesis particularly uses the discrete CFI as it is more popular for

data fusion.

Let h : X → [0, ∞) be a real-valued function that represents the data or evidence

from a source. The discrete CFI is defined in Eq. (2.36).

∫
CF I

h ◦ g = CFIg(h) =
n∑

i=1
h(xπ(i))[g(Ai) − g(Ai−1)] (2.36)
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where π is a permutation of X arranged like h(xπ(1)) ≥ h(xπ(2)) ≥ ... ≥ h(xπ(n)).

Ai = {xπ(1), xπ(2), ..., xπ(i)} is a subset of sources. g is the FM where g(Ai) is the worth

of the subset Ai with g(A0) = 0. A detailed discussion on the properties of FIs and

the CFI can be found in [131].

In most cases, the multi-source data h is represented in a numeric form. However,

in some applications h is better represented by interval-valued or fuzzy set-valued forms

[22–24]. For example, in response to a survey question, “What is the temperature

today?”, many people may prefer to answer with an interval, e.g., “between 6o to

10oC”, or a fuzzy set, e.g., “about 9oC”. A number of research works have focused on

extending the FIs for both interval-valued and fuzzy set-valued data [132–135].

Let h : X → I(R) be a set of interval-valued data where I(R) is the set of all closed

intervals over the real numbers and hi = h(xi) = [h−
i , h+

i ] be the ith interval (where h−
i

and h+
i are the left and right endpoints respectively). Following the notation in [23],

the CFI on h is defined as

∫
CF I

h ◦ g = CFIg(h) = [CFIg(h−), CFIg(h+)], (2.37)

where the output CFIg(h) is itself interval-valued [75]. In other words, the CFI for

interval-valued data is computed by separately computing the CFI for the numeric

case of the left and right interval endpoints respectively [23].

2.8 Summary

This chapter has presented an overview of modelling uncertainty using intervals and

fuzzy sets. In particular, it has discussed their definitions, various properties, their

different categories and how they are mathematically modelled using vertical-slice and

α-cut (horizontal-slice) representations (in case of fuzzy sets). This chapter has also
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described similarity measures and how dissimilarity measures are derived from them.

Then, a discussion has been given on how to assess similarity between intervals and

also between T1 fuzzy sets by applying different set-theoretic similarity measures.

This chapter has also presented discussions on subsethood for crisp and fuzzy

sets, and provided different axiomatizations to characterize subsethood. Further, as a

background for an application of the similarity measures in uncertain data aggregation,

this chapter has given an overview of data aggregation and various aggregation operators,

especially focusing on FIs defined in respect to FMs.

With this research background, in the upcoming chapters, this thesis will investigate

existing set-theoretic measures to identify their limitations in comparing uncertain

data types covering intervals and T1 fuzzy sets, and propose robust similarity measures

to gain more accuracy in their comparison. Further, as an application of the new

similarity measures, this thesis will explore their potential benefits in aggregation of

’similar data’ from uncertain sources involving FIs in respect to FMs.

The next chapter will identify and articulate a limitation (i.e., aliasing) of the

popular set-theoretic similarity measures and hence introduce a robust similarity

measure for continuous (closed) intervals to avoid aliasing and thus providing similarity

with high accuracy. This will fulfill objectives 1 to 4 of the thesis.





Chapter 3

Measuring Similarity Between

Continuous Intervals

3.1 Introduction

In view of the growing interest in interval-valued data for modelling uncertain data

and the significance of their effective comparison, this chapter focuses on comparing

similarity between continuous intervals with high accuracy. In practice, well-established

set-theoretic similarity measures, such as the Jaccard [13] and Dice [14] measures

are commonly used for comparing continuous intervals, while axiomatically a wide

breadth of possible measures have been theoretically explored. This chapter identifies,

articulates, and addresses an inherent and so far not discussed limitation of popular

measures – their tendency to be subject to aliasing – where they return the same

similarity value for very different sets of intervals having dissimilar sizes. This limitation

risks counter-intuitive results and poor automated reasoning in real-world applications

dependent on systematically comparing interval-valued system variables or states.

In this context, this chapter introduces new axioms to establish desirable proper-

ties for robust similarity measures, followed by putting forward a novel set-theoretic
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similarity measure based on the concept of bidirectional subsethood which satisfies

both traditional and new axioms. The proposed measure is designed to be sensitive to

the variation in the size of intervals, thus avoiding aliasing.

In this chapter, the motivation behind this new similarity measure is discussed

first and then, the underpinnings of robust similarity measures are developed by

putting forward five new axioms which complement the traditional axioms of common

similarity measures (section 2.5 in Chapter 2). Building on this set of nine axioms,

the chapter then proposes a new set-theoretic similarity measure for intervals based

on their bidirectional subsethood, followed by a discussion of its major properties.

As part of developing the new similarity measure, this chapter also introduces the

definition of subsethood for intervals and proofs of its mathematical properties. After

that, a new dissimilarity or distance measure, which satisfies the properties of a metric,

is derived. Lastly, the new measure is compared against popular Jaccard and Dice

similarity measures to show that it avoids aliasing while delivering intuitive results

(e.g., being bounded above and below by Jaccard and Dice measures), thus supporting

its suitability in real world applications.

3.2 Motivation

Intervals are often compared through various similarity measures. Among them, the

Jaccard [13] and Dice [14] similarity measures are the most commonly used set-theoretic

measures in practice. These two measures provide symmetrical similarity, growing

slowly from a minimum (0) to a maximum value (1) in response to an increasing degree

of overlap between two intervals. Nevertheless, both of these, and indeed most/all

set-theoretic similarity measures often suffer from a potential shortcoming, which we

call aliasing. Aliasing is where the same similarity value appears for very different

interval pairs having different cardinalities or sizes. Figure 3.1 shows an example of
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Fig. 3.1 Two different pairs of intervals showing aliasing with the Jaccard and Dice
similarity measures.

such interval pairs for which the Jaccard and Dice measures give the same similarity of

0.33 and 0.50 respectively. While similarity measures returning such identical results

for different sets of intervals is at least counter-intuitive, at worst it leads to incorrect

inference in real-world applications. The reason why these measures exhibit aliasing is

because their sensitivity in respect to changes in the relative size of the intervals is

limited, i.e., they are largely driven by the size of intersection and union. However, it

is reasonable to expect that similarity would vary both in respect to the overlap and to

the mutual similarity-in-size of the intervals. This expectation leads us to explore the

axioms required for a robust similarity measure. We then proceed to develop a new

set-theoretic similarity measure for intervals in respect to these axioms, which is more

responsive towards the variation in the size of intervals than the current measures,

thus avoiding aliasing and giving similarity with high accuracy.

In the next section, we first introduce subsethood for continuous and closed intervals,

and its properties. Then, an expanded axiomatic definition for robust similarity

measures has been presented, followed by a new similarity measure for intervals which

fulfills the said definition and provides robust comparison of intervals.
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3.3 Proposed Similarity Measure

As outlined in section 3.1, aliasing poses a so far not discussed challenge to the robust

comparison of intervals. In order to address this and move towards robust similarity

measures, an axiomatic definition for robust similarity measures for intervals is first

put forward in subsection 3.3.2. Then, building on this, in subsection 3.3.3, a novel

set-theoretic similarity measure is proposed for intervals based on their reciprocal

overlapping ratios or subsethoods [16], showing that it follows the axiomatic definition

of a robust similarity measure. It is worth mentioning that the properties of the

subsethood for intervals are also introduced in subsection 3.3.1 in respect to the wider

literature (discussed in Chapter 2).

Remark 3.1:

The terms ‘overlapping ratio’ and ‘subsethood’ are equivalent in practice, but ‘subset-

hood’ is commonly used and well understood in the literature. We use the later term

throughout the thesis.

The next subsection presents the definition of subsethood for a pair of continuous

and closed intervals, and also its key properties.

3.3.1 Definition of Subsethood for Continuous and Closed In-

tervals

Following the definition of subsethood for crisp sets (in Chapter 2), the degree of

subsethood for a pair of two continuous and closed intervals, a and b can be defined as

Sh

(
a, b

)
=

∣∣∣a ∩ b
∣∣∣∣∣∣a∣∣∣ , (3.1)
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where
∣∣∣a ∩ b

∣∣∣ is the size of the intersection between a and b and |a| ≠ 0. It is noted that

subsethood is also known as inclusion [136] and overlapping ratio [16] as it captures the

overlapping ratio between intervals. Building on the axiomatic definitions of subsethood

in the literature (discussed in Chapter 2), the key properties of subsethood for intervals

are captured in Theorem 3.1 as follows.

Theorem 3.1:

A real-valued function Sh : a × b → [0, 1] captures the subsethood for a pair of

continuous and closed intervals, if it follows the properties,

(1) Sh(a, b) = 1 if and only if a ⊆ b,

(2) Sh(a, b) = 0 if and only if a and b are disjoint,

(3) if a ⊆ b ⊆ c, then Sh(c, a) ≤ Sh(b, a) and Sh(c, a) ≤ Sh(c, b).

Proof: Below we give proofs for all the properties (1–3).

(1) If a ⊆ b, then |a ∩ b| = |a|. Thus, Sh(a, b) = |a∩b|
|a| = |a|

|a| = 1. Again, Sh(a, b) = 1

only when a is included in b.

(2) If a and b are disjoint, then |a ∩ b| = 0. Thus, Sh(a, b) = 0. Contrarily, Sh(a, b) = 0

when a and b are not overlapping.

(3) If a ⊆ b ⊆ c, then |a| ≤ |b| ≤ |c|. Thus, Sh(c, a) = |c∩a|
|c| = |a|

|c| and Sh(b, a) = |b∩a|
|b| =

|a|
|b| . Since |b| ≤ |c|, it follows that 1

|c| ≤ 1
|b| . Hence, |a|

|c| ≤ |a|
|b| , implying Sh(c, a) ≤ Sh(b, a).

Moreover, Sh(c, b) = |c∩b|
|c| = |b|

|c| . Since |a| ≤ |b|, it follows that |a|
|c| ≤ |b|

|c| , proving that

Sh(c, a) ≤ Sh(c, b). ■

In the next subsection, an expanded axiomatic definition for a robust similarity

measure for continuous and closed intervals in introduced.
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3.3.2 An Expanded Axiomatic Definition for Robust Similar-

ity Measures on Continuous and Closed Intervals

A real-valued function S : a×b → [0, 1] is defined as a similarity measure for continuous

and closed intervals if it maintains the following axioms:

[F1] 0 ≤ S(a, b) ≤ 1 (boundedness);

[F2] S(a, b) = S(b, a) (symmetry);

[F3] S(a, b) = 1 if and only if a = b (reflexivity);

[F4] If a ⊆ b ⊆ c, then S(a, b) ≥ S(a, c) and S(b, c) ≥ S(b, a) (transitivity);

[F5] S(a, b) = 0 if and only if |a ∩ b| = 0 (disjointness);

[F6] For two pairs {a1, b1} and {a2, b2} where |a1 ∩ b1| > 0, |a2 ∩ b2| > 0,
∣∣∣a1 ∪ b1

∣∣∣ =∣∣∣a2 ∪ b2

∣∣∣ and
∣∣∣a1 ∩ b1

∣∣∣ =
∣∣∣a2 ∩ b2

∣∣∣, S
(
a1, b1

)
̸= S

(
a2, b2

)
if
∣∣∣a1| ≠ |a2

∣∣∣ and∣∣∣a1| ≠ |b2

∣∣∣, and
∣∣∣b1| ≠ |a2

∣∣∣ and
∣∣∣b1| ≠ |b2

∣∣∣ (non-aliasing);

[F7] S(a, b) < 1 if a ⊂ b (subsethood-limit);

[F8] For two pairs {a1, b1} and {a2, b2} where |a1 ∩ b1| > 0 and |a2 ∩ b2| > 0,

S
(
a1, b1

)
= S

(
a2, b2

)
if a2 = n × a1 = [n × a−

1 , n × a+
1 ] and b2 = n × b1 =

[n × b−
1 , n × b+

1 ] where n > 0 is a scaling factor (scaling-invariance);

[F9] For two pairs {a1, b1} and {a2, b2} where
∣∣∣a1

∣∣∣ =
∣∣∣b1

∣∣∣ =
∣∣∣a2

∣∣∣ =
∣∣∣b2

∣∣∣, S
(
a1, b1

)
<

S
(
a2, b2

)
if
∣∣∣a1 ∩ b1

∣∣∣ <
∣∣∣a2 ∩ b2

∣∣∣ (increased-overlap).

Justification of the axioms: The axioms [F1] - [F4] are derived following the common

axioms [A1] - [A4] stated in Chapter 2. Axiom [F5] is put forward for disjoint intervals

where their similarity should be 0 as they are not overlapping. The aliasing example

discussed in Section 3.2 calls for the axiom [F6]. Axiom [F7] is presented for intervals
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when one interval is a proper subset of the other. Here, the similarity should be less

than 1 as both intervals are not equal. Axiom [F8] is introduced for intervals where they

are scaled up by a factor. In this case, the ratio of overlapping and non-overlapping

segments stays the same while scaling, thus, the similarity between intervals should

remain constant. Lastly, axiom [F9] suggests higher similarity for equal-sized intervals

when their overlap increases.

Based on the expanded axiomatic definition of robust similarity measures, the next

subsection proposes a novel set-theoretic similarity measure for continuous and closed

intervals that satisfies all the axioms [F1] - [F9].

3.3.3 Proposed Similarity Measure based on Bidirectional Sub-

sethood

As noted in section 3.2, the motivation behind the new similarity measure is to establish

a similarity measure which is sensitive to the potentially (very) different cardinalities

of the sets being compared, in particular when one is a subset of the other. Thus, the

proposed similarity measure SSh
takes into consideration the reciprocal subsethood

(i.e., the overlapping ratio) of both sets/intervals being compared, in order to estimate

their overall similarity.

Definition 3.1:

The bidirectional subsethood based similarity measure SSh
for a pair of intervals, a

and b, is the t-norm of their reciprocal subsethoods Sh(a, b) and Sh(b, a), i.e.,

SSh
(a, b) = ⋆(Sh(a, b), Sh(b, a)), (3.2)

where ⋆ is a t-norm.
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Similar to Eqs. (2.19) and (2.23), Eq. (3.2) can be written as

SSh

(
a, b

)
= ⋆


∣∣∣a ∩ b

∣∣∣∣∣∣a ∩ b
∣∣∣+ ∣∣∣a\b

∣∣∣ ,
∣∣∣a ∩ b

∣∣∣∣∣∣a ∩ b
∣∣∣+ ∣∣∣b\a

∣∣∣
 , (3.3)

where
∣∣∣a\b

∣∣∣ is the size of non-overlapping segment(s) of a as to b and vice-versa for∣∣∣b\a
∣∣∣. Also, |a| ≠ 0 and

∣∣∣b∣∣∣ ̸= 0.

Remark 3.2:

Throughout of this thesis, we use ⋆ to refer to either minimum t-norm or product t-

norm while using ‘∧’ and ‘Π’ to indicate the minimum and product t-norms respectively.

Theorem 3.2:

Consider a minimum (∧) or product (Π) t-norm as ⋆ and the subsethood for intervals

Sh. Then, SSh
(a, b) = ⋆(Sh(a, b), Sh(b, a)) is a similarity measure for intervals a and b

satisfying all axioms [F1] - [F9].

Proof: The proofs are given per axioms in the next subsection 3.3.4. ■

3.3.4 Properties of the Proposed Similarity Measure

In this subsection, we explore the properties of the proposed SSh
similarity measure.

Note that all properties discussed in this chapter are maintained by the SSh
measure

with both minimum (∧) and product (Π) t-norms, unless otherwise specified.

Theorem 3.3 (Boundedness): 0 ≤ SSh

(
a, b

)
≤ 1.

Proof: All t-norms are bounded by 0 and 1[137]. This is also true for the subsethood

Sh (see subsection 3.3.1). This eventually means that SSh

(
a, b

)
measure always within

[0, 1], thus addressing the axiom [F1]. ■
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Theorem 3.4 (Symmetry): SSh

(
a, b

)
= SSh

(
b, a

)
.

Proof: Any t-norm (⋆) is symmetric [137]. Therefore, SSh

(
a, b

)
is also symmetric.

The SSh
measure, thus, satisfies the axiom [F2]. ■

Theorem 3.5 (Reflexivity): SSh

(
a, b

)
= 1 ⇐⇒ a = b.

Proof: If a = b, then Sh

(
a, b

)
= Sh

(
b, a

)
= 1. From the boundary conditions of the t-

norm (⋆) [137], ⋆ (1, 1) = 1, thus making SSh

(
a, b

)
= 1. Alternatively, SSh

(
a, b

)
= 1

means that both Sh

(
a, b

)
and Sh

(
b, a

)
are equal to 1. This only happens when a and

b are identical intervals. Here, the SSh
measure maintains the axiom [F3]. ■

Theorem 3.6 (Transitivity): If a ⊆ b ⊆ c, then SSh

(
a, b

)
≥ SSh

(
a, c

)
and

SSh

(
b, c
)

≥ SSh

(
a, c

)
.

Proof: if a ⊆ b ⊆ c, then

SSh

(
a, b

)
= ⋆


∣∣∣a ∩ b

∣∣∣∣∣∣a∣∣∣ ,

∣∣∣a ∩ b
∣∣∣∣∣∣b∣∣∣
 = ⋆


∣∣∣a∣∣∣∣∣∣a∣∣∣ ,

∣∣∣a∣∣∣∣∣∣b∣∣∣
 =

∣∣∣a∣∣∣∣∣∣b∣∣∣ ,
SSh

(
a, c

)
= ⋆


∣∣∣a ∩ c

∣∣∣∣∣∣a∣∣∣ ,

∣∣∣a ∩ c
∣∣∣∣∣∣c∣∣∣
 = ⋆


∣∣∣a∣∣∣∣∣∣a∣∣∣ ,

∣∣∣a∣∣∣∣∣∣c∣∣∣
 =

∣∣∣a∣∣∣∣∣∣c∣∣∣ .

As b ⊆ c, it follows that
∣∣∣b∣∣∣ ≤

∣∣∣c∣∣∣. Therefore, |a|
|b| ≥ |a|

|c| and hence, SSh

(
a, b

)
≥

SSh

(
a, c

)
. Again,

SSh

(
b, c
)

= ⋆


∣∣∣b ∩ c

∣∣∣∣∣∣b∣∣∣ ,

∣∣∣b ∩ c
∣∣∣∣∣∣c∣∣∣
 = ⋆


∣∣∣b∣∣∣∣∣∣b∣∣∣ ,

∣∣∣b∣∣∣∣∣∣c∣∣∣
 =

∣∣∣b∣∣∣∣∣∣c∣∣∣ .

As a ⊆ b, it follows that
∣∣∣b∣∣∣ ≥

∣∣∣a∣∣∣. Hence, |b|
|c| ≥ |a|

|c| and it implies that SSh

(
b, c
)

≥

SSh

(
a, c

)
. In this case, the new similarity measure satisfies the axiom [F4]. ■
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Theorem 3.7 (Disjointness): SSh

(
a, b

)
= 0, if and only if a and b are disjoint.

Proof: If a and b are disjoint, then
∣∣∣a ∩ b

∣∣∣ = 0. Hence, Sh

(
a, b

)
= 0 and Sh

(
b, a

)
= 0,

implying that SSh

(
a, b

)
= ⋆(0, 0) = 0. Again, SSh

(
a, b

)
= 0 only when both Sh

(
a, b

)
and Sh

(
b, a

)
are equal to 0. This only happens when a and b are not overlapping.

Here, the proof of this theorem shows that the new measure follows the axiom [F5]. ■

Theorem 3.8 (Non-aliasing): For two interval pairs {a1, b1} and {a2, b2} where∣∣∣a1 ∩ b1

∣∣∣ > 0,
∣∣∣a2 ∩ b2

∣∣∣ > 0,
∣∣∣a1 ∪ b1

∣∣∣ =
∣∣∣a2 ∪ b2

∣∣∣, and
∣∣∣a1 ∩ b1

∣∣∣ =
∣∣∣a2 ∩ b2

∣∣∣, SSh

(
a1, b1

)
̸=

SSh

(
a2, b2

)
if
∣∣∣a1

∣∣∣ ̸=
∣∣∣a2

∣∣∣ and
∣∣∣a1| ≠ |b2

∣∣∣, and
∣∣∣b1| ≠ |a2

∣∣∣ and
∣∣∣b1| ≠ |b2

∣∣∣.
Proof: For the pair {a1, b1}, Sh

(
a1, b1

)
= |a1∩b1|

|a1| and Sh

(
b1, a1

)
= |a1∩b1|

|b1| . Thus,

SSh

(
a1, b1

)
= ⋆


∣∣∣a1 ∩ b1

∣∣∣∣∣∣a1

∣∣∣ ,

∣∣∣a1 ∩ b1

∣∣∣∣∣∣b1

∣∣∣
 .

For the pair {a2, b2}, Sh

(
a2, b2

)
= |a2∩b2|

|a2| and Sh

(
b2, a2

)
= |a2∩b2|

|b2| . Thus,

SSh

(
a2, b2

)
= ⋆


∣∣∣a2 ∩ b2

∣∣∣∣∣∣a2

∣∣∣ ,

∣∣∣a2 ∩ b2

∣∣∣∣∣∣b2

∣∣∣
 .

As
∣∣∣a1 ∩ b1

∣∣∣ =
∣∣∣a2 ∩ b2

∣∣∣, therefore,

SSh

(
a2, b2

)
≡ ⋆


∣∣∣a1 ∩ b1

∣∣∣∣∣∣a2

∣∣∣ ,

∣∣∣a1 ∩ b1

∣∣∣∣∣∣b2

∣∣∣
 .

Given that
∣∣∣a1

∣∣∣ ̸=
∣∣∣a2

∣∣∣ and
∣∣∣a1

∣∣∣ ̸=
∣∣∣b2

∣∣∣, it implies that

∣∣∣a1 ∩ b1

∣∣∣∣∣∣a1

∣∣∣ ̸=

∣∣∣a1 ∩ b1

∣∣∣∣∣∣a2

∣∣∣ and

∣∣∣a1 ∩ b1

∣∣∣∣∣∣a1

∣∣∣ ̸=

∣∣∣a1 ∩ b1

∣∣∣∣∣∣b2

∣∣∣ .
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Similarly,
∣∣∣b1

∣∣∣ ̸=
∣∣∣a2

∣∣∣ and
∣∣∣b1| ≠ |b2

∣∣∣ meaning that

∣∣∣a1 ∩ b1

∣∣∣∣∣∣b1

∣∣∣ ̸=

∣∣∣a1 ∩ b1

∣∣∣∣∣∣a2

∣∣∣ and

∣∣∣a1 ∩ b1

∣∣∣∣∣∣b1

∣∣∣ ̸=

∣∣∣a1 ∩ b1

∣∣∣∣∣∣b2

∣∣∣ .

Therefore,

⋆


∣∣∣a1 ∩ b1

∣∣∣∣∣∣a1

∣∣∣ ,

∣∣∣a1 ∩ b1

∣∣∣∣∣∣b1

∣∣∣
 ̸= ⋆


∣∣∣a1 ∩ b1

∣∣∣∣∣∣a2

∣∣∣ ,

∣∣∣a1 ∩ b1

∣∣∣∣∣∣b2

∣∣∣
 .

Hence, SSh

(
a1, b1

)
̸= SSh

(
a2, b2

)
, thus satisfying the axiom [F6]. ■

Theorem 3.9 (Subsethood-limit): SSh
(a, b) < 1 if a ⊂ b.

Proof: If a ⊂ b, then
∣∣∣a∣∣∣ <

∣∣∣b∣∣∣ and
∣∣∣a ∩ b

∣∣∣ =
∣∣∣a∣∣∣. Thus, Sh

(
a, b

)
= |a∩b|

|a| = |a|
|a| = 1 and

Sh

(
b, a

)
= |a∩b|

|b| = |a|
|b| . It means that SSh

(a, b) = ⋆
(

1,
|a|
|b|

)
= |a|

|b| . As
∣∣∣a∣∣∣ <

∣∣∣b∣∣∣, then
|a|
|b| < 1. Hence, SSh

(a, b) < 1. Here, the new similarity measure, thus, addresses the

axiom [F7]. ■

Theorem 3.10 (Scaling-invariance): For two interval pairs {a1, b1} and {a2, b2}

with
∣∣∣a1 ∩ b1

∣∣∣ > 0 and
∣∣∣a2 ∩ b2

∣∣∣ > 0, SSh

(
a1, b1

)
= SSh

(a2, b2) if a2 = n × a1 =

[n × a−
1 , n × a+

1 ] and b2 = n × b1 = [n × b−
1 , n × b+

1 ] where n > 0 is a scaling factor.

Proof: For the pair {a1, b1}, Sh

(
a1, b1

)
= |a1∩b1|

|a1| and Sh

(
b1, a1

)
= |a1∩b1|

|b1| . Thus,

SSh

(
a1, b1

)
= ⋆


∣∣∣a1 ∩ b1

∣∣∣∣∣∣a1

∣∣∣ ,

∣∣∣a1 ∩ b1

∣∣∣∣∣∣b1

∣∣∣
 .
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For the pair {a2, b2}, Sh

(
a2, b2

)
= |a2∩b2|

|a2| and Sh

(
b2, a2

)
= |a2∩b2|

|b2| . Thus,

SSh

(
a2, b2

)
= ⋆


∣∣∣a2 ∩ b2

∣∣∣∣∣∣a2

∣∣∣ ,

∣∣∣a2 ∩ b2

∣∣∣∣∣∣b2

∣∣∣
 .

Given that a2 = n×a1 and b2 = n×b1 which implies that
∣∣∣a2 ∩ b2

∣∣∣ =
∣∣∣(n × a1) ∩ (n × b1)

∣∣∣ =

n ×
∣∣∣a1 ∩ b1

∣∣∣. Therefore,

SSh

(
a2, b2

)
= ⋆

n ×
∣∣∣a1 ∩ b1

∣∣∣
n ×

∣∣∣a1

∣∣∣ ,
n ×

∣∣∣a1 ∩ b1

∣∣∣
n ×

∣∣∣b1

∣∣∣


= ⋆


∣∣∣a1 ∩ b1

∣∣∣∣∣∣a1

∣∣∣ ,

∣∣∣a1 ∩ b1

∣∣∣∣∣∣b1

∣∣∣
 .

Hence, SSh

(
a1, b1

)
= SSh

(
a2, b2

)
. Here, the new similarity measure follows the

axiom [F8]. ■

Theorem 3.11 (Increased-overlap): For two interval pairs {a1, b1} and {a2, b2}

where
∣∣∣a1

∣∣∣ =
∣∣∣b1

∣∣∣ =
∣∣∣a2

∣∣∣ =
∣∣∣b2

∣∣∣, SSh

(
a1, b1

)
< SSh

(
a2, b2

)
if
∣∣∣a1 ∩ b1

∣∣∣ <
∣∣∣a2 ∩ b2

∣∣∣.
Proof: For the pair {a1, b1}, Sh

(
a1, b1

)
= |a1∩b1|

|a1| and Sh

(
b1, a1

)
= |a1∩b1|

|b1| . Thus,

SSh

(
a1, b1

)
= ⋆


∣∣∣a1 ∩ b1

∣∣∣∣∣∣a1

∣∣∣ ,

∣∣∣a1 ∩ b1

∣∣∣∣∣∣b1

∣∣∣
 .

For the pair {a2, b2}, Sh

(
a2, b2

)
= |a2∩b2|

|a2| and Sh

(
b2, a2

)
= |a2∩b2|

|b2| . Thus,

SSh

(
a2, b2

)
= ⋆


∣∣∣a2 ∩ b2

∣∣∣∣∣∣a2

∣∣∣ ,

∣∣∣a2 ∩ b2

∣∣∣∣∣∣b2

∣∣∣
 .
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As
∣∣∣a1

∣∣∣ =
∣∣∣b1

∣∣∣ =
∣∣∣a2

∣∣∣ =
∣∣∣b2

∣∣∣, therefore,

SSh

(
a2, b2

)
≡ ⋆


∣∣∣a2 ∩ b2

∣∣∣∣∣∣a1

∣∣∣ ,

∣∣∣a2 ∩ b2

∣∣∣∣∣∣b1

∣∣∣
 .

Given that
∣∣∣a1 ∩ b1

∣∣∣ <
∣∣∣a2 ∩ b2

∣∣∣, it implies that |a1∩b1|
|a1| <

|a2∩b2|
|a1| and |a1∩b1|

|b1| <
|a2∩b2|

|b1| .

Therefore,

⋆


∣∣∣a1 ∩ b1

∣∣∣∣∣∣a1

∣∣∣ ,

∣∣∣a1 ∩ b1

∣∣∣∣∣∣b1

∣∣∣
 < ⋆


∣∣∣a2 ∩ b2

∣∣∣∣∣∣a1

∣∣∣ ,

∣∣∣a2 ∩ b2

∣∣∣∣∣∣b1

∣∣∣
 .

Hence, SSh

(
a1, b1

)
< SSh

(
a2, b2

)
. Here, the SSh

similarity measure addresses the

axiom [F9]. ■

Theorem 3.12:

SSh

(
a, b

)
is bounded by the Jaccard and Dice similarity measures when ⋆ is the

minimum (∧) t-norm. That is,

SJ

(
a, b

)
≤ SSh∧

(
a, b

)
≤ SD

(
a, b

)
.

Proof: For the interval pair {a, b}, consider the formulations of the similarity measures

at Eqs. (2.19), (2.23), and (3.3). To prove this theorem, we consider four cases: 1.

a = b, 2. a ∩ b = ∅, 3. a ⊂ b, and 4. a ∩ b ̸= ∅, and a ̸⊂ b and b ̸⊂ a.

Case 1: If a = b, then all three measures yield a similarity of 1. That is, SJ

(
a, b

)
=

SD

(
a, b

)
= SSh∧

(
a, b

)
= 1.
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Case 2: If a ∩ b = ∅, all three measures result in a similarity of 0. Thus, SJ

(
a, b

)
=

SD

(
a, b

)
= SSh∧(a,b) = 0.

Case 3: If a ⊂ b (subset), then
∣∣∣a ∩ b

∣∣∣ =
∣∣∣a∣∣∣. With respect to b, there is no non-overlap

segment of a; hence,
∣∣∣a\b

∣∣∣ = 0. Inversely, there is a non-overlap segment of b as to a;

thus,
∣∣∣b\a

∣∣∣ ̸= 0. In this case, the three SMs can be simplified to

SJ

(
a, b

)
=

∣∣∣a∣∣∣∣∣∣a∣∣∣+ ∣∣∣b\a
∣∣∣ ,

SD

(
a, b

)
=

∣∣∣a∣∣∣∣∣∣a∣∣∣+ 1
2

∣∣∣b\a
∣∣∣ ,

SSh∧
(
a, b

)
= ∧


∣∣∣a∣∣∣∣∣∣a∣∣∣ ,

∣∣∣a∣∣∣∣∣∣a∣∣∣+ ∣∣∣b\a
∣∣∣
 =

∣∣∣a∣∣∣∣∣∣a∣∣∣+ ∣∣∣b\a
∣∣∣ ,

which implies that

SJ

(
a, b

)
= SSh∧

(
a, b

)
< SD

(
a, b

)
.

Case 4: If a ∩ b ̸= ∅, and a ̸⊂ b and b ̸⊂ a (a and b are partially overlapping), then

assume the case
∣∣∣a∣∣∣ ≤

∣∣∣b∣∣∣. It implies that
∣∣∣a∣∣∣− |a ∩ b| ≤

∣∣∣b∣∣∣− |a ∩ b| =⇒
∣∣∣a\b

∣∣∣ ≤
∣∣∣b\a

∣∣∣.
The three similarity measures are –

SJ

(
a, b

)
=

∣∣∣a ∩ b
∣∣∣∣∣∣a ∩ b

∣∣∣+ ∣∣∣a\b
∣∣∣+ ∣∣∣b\a

∣∣∣ ,
SD

(
a, b

)
=

∣∣∣a ∩ b
∣∣∣∣∣∣a ∩ b

∣∣∣+ 1
2

(∣∣∣a\b
∣∣∣+ ∣∣∣b\a

∣∣∣) ,

SSh∧(a, b) = ∧


∣∣∣a ∩ b

∣∣∣∣∣∣a ∩ b
∣∣∣+ ∣∣∣a\b

∣∣∣ ,
∣∣∣a ∩ b

∣∣∣∣∣∣a ∩ b
∣∣∣+ ∣∣∣b\a

∣∣∣


=

∣∣∣a ∩ b
∣∣∣∣∣∣a ∩ b

∣∣∣+ ∣∣∣b\a
∣∣∣ , as

∣∣∣a\b
∣∣∣ ≤

∣∣∣b\a
∣∣∣ .
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It is true that

∣∣∣a ∩ b
∣∣∣∣∣∣a ∩ b

∣∣∣+ ∣∣∣a\b
∣∣∣+ ∣∣∣b\a

∣∣∣ <

∣∣∣a ∩ b
∣∣∣∣∣∣a ∩ b

∣∣∣+ 1
2

(∣∣∣a\b
∣∣∣+ ∣∣∣b\a

∣∣∣) ,

thus SJ

(
a, b

)
< SD

(
a, b

)
.

Again, it is clear that

∣∣∣a ∩ b
∣∣∣∣∣∣a ∩ b

∣∣∣+ ∣∣∣a\b
∣∣∣+ ∣∣∣b\a

∣∣∣ <

∣∣∣a ∩ b
∣∣∣∣∣∣a ∩ b

∣∣∣+ ∣∣∣b\a
∣∣∣ ,

implying that SJ

(
a, b

)
< SSh∧

(
a, b

)
. Also,

∣∣∣a ∩ b
∣∣∣∣∣∣a ∩ b

∣∣∣+ ∣∣∣b\a
∣∣∣ =

∣∣∣a ∩ b
∣∣∣∣∣∣a ∩ b

∣∣∣+ 1
2

∣∣∣b\a
∣∣∣+ 1

2

∣∣∣b\a
∣∣∣ ≤

∣∣∣a ∩ b
∣∣∣∣∣∣a ∩ b

∣∣∣+ 1
2

∣∣∣a\b
∣∣∣+ 1

2

∣∣∣b\a
∣∣∣ ,

as
∣∣∣a\b

∣∣∣ ≤
∣∣∣b\a

∣∣∣ ,
indicating that SSh∧

(
a, b

)
≤ SD

(
a, b

)
. Hence, SJ

(
a, b

)
< SSh∧

(
a, b

)
≤ SD

(
a, b

)
.

Note that for
∣∣∣b∣∣∣ ≤

∣∣∣a∣∣∣, the same procedure can be used to prove this relation. ■

The next section introduces a new distance measure which is derived from the

proposed SSh
similarity measure, enabling its direct use in classification and clustering

applications. Then, it discusses essential properties of the new distance measure in

terms of it being a metric. In addition, the transitivity property [63] of this new

distance metric is also explored.
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3.4 Proposed Distance Measure

A new distance measure, DSh
(a, b), can easily be derived from the proposed similarity

measure (SSh
) at Eq. (3.2) by taking its complement, capturing the dissimilarity

between both intervals,

DSh

(
a, b

)
= 1 − SSh

(
a, b

)
. (3.4)

Alternatively, Eq. (3.4) can be written as

DSh
(a, b) = 1 − ⋆


∣∣∣a ∩ b

∣∣∣∣∣∣a ∩ b
∣∣∣+ ∣∣∣a\b

∣∣∣ ,
∣∣∣a ∩ b

∣∣∣∣∣∣a ∩ b
∣∣∣+ ∣∣∣b\a

∣∣∣


= ⋆

1 −

∣∣∣a ∩ b
∣∣∣∣∣∣a ∩ b

∣∣∣+ ∣∣∣a\b
∣∣∣ , 1 −

∣∣∣a ∩ b
∣∣∣∣∣∣a ∩ b

∣∣∣+ ∣∣∣b\a
∣∣∣


= ⋆


∣∣∣a ∩ b

∣∣∣+ ∣∣∣a\b
∣∣∣− ∣∣∣a ∩ b

∣∣∣∣∣∣a ∩ b
∣∣∣+ ∣∣∣a\b

∣∣∣ ,

∣∣∣a ∩ b
∣∣∣+ ∣∣∣b\a

∣∣∣− ∣∣∣a ∩ b
∣∣∣∣∣∣a ∩ b

∣∣∣+ ∣∣∣b\a
∣∣∣


= ⋆


∣∣∣a\b

∣∣∣∣∣∣a ∩ b
∣∣∣+ ∣∣∣a\b

∣∣∣ ,
∣∣∣b\a

∣∣∣∣∣∣a ∩ b
∣∣∣+ ∣∣∣b\a

∣∣∣
 .

It is noted that this alternative form of the proposed DSh

(
a, b

)
measure can now directly

be used in pattern recognition problems with sets/intervals such as classification and

clustering. Next, the essential properties of the DSh

(
a, b

)
measure are discussed in

terms of it being a metric.

Theorem 3.13:

DSh

(
a, b

)
= 1 − SSh

(
a, b

)
is a metric.

Proof: To prove that the proposed distance measure, DSh

(
a, b

)
is a metric, we need

to show that it satisfies all four properties [B1] - [B4] of a distance metric (discussed in
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Chapter 2) for the intervals a, b, and c where ⋆ is the minimum (∧) or product (Π)

t-norm. That is,

(1) DSh

(
a, b

)
≥ 0 (non-negativity);

(2) DSh

(
a, b

)
= DSh

(
b, a

)
(symmetry);

(3) DSh

(
a, b

)
= 0 ⇐⇒ a = b (identity);

(4) DSh

(
a, c

)
≤ DSh

(
a, b

)
+ DSh

(
b, c
)

(triangle inequality).

Below the necessary proofs for all the above properties (a–d) are provided.

(1) By Theorem 3.3, SSh

(
a, b

)
is always bounded by [0, 1]. As DSh

(
a, b

)
= 1 −

SSh

(
a, b

)
, it implies that 0 ≤ DSh

(
a, b

)
≤ 1, thus meeting the non-negativity property.

(2) By Theorem 3.4, SSh

(
a, b

)
is always symmetric; thus, DSh

(
a, b

)
is also symmetric.

(3) Theorem 3.5 shows that if a = b, then SSh

(
a, b

)
is always 1. Hence, 1 − SSh

(
a, b

)
makes DSh

(
a, b

)
= 0. Alternatively, If a ≠ b, then SSh

(
a, b

)
̸= 1, which implies that

DSh

(
a, b

)
̸= 0.

(4) For the intervals a, b, and c, we consider a ⊆ b ⊆ c. It implies that
∣∣∣a∣∣∣ ≤

∣∣∣b∣∣∣ ≤
∣∣∣c∣∣∣.

To prove this theorem, the formulation of the SSh
measure at Eq. (3.3).

Case 1: When all three intervals are equal
(
a = b = c

)
, SSh

(
a, b

)
= SSh

(
b, c
)

=

SSh

(
a, c

)
= 1. Accordingly, DSh

(
a, b

)
= DSh

(
b, c
)

= DSh

(
a, c

)
= 0, thus satisfying

the triangle inequality.

Case 2: When a ⊂ b ⊂ c, it implies that
∣∣∣a∣∣∣ <

∣∣∣b∣∣∣ <
∣∣∣c∣∣∣. Now, the similarity and

distance for each pair of intervals can be calculated by applying Eq. (3.3):



64 Measuring Similarity Between Continuous Intervals

(i) For a ⊂ b,

SSh

(
a, b

)
= ⋆


∣∣∣a ∩ b

∣∣∣∣∣∣a∣∣∣ ,

∣∣∣a ∩ b
∣∣∣∣∣∣b∣∣∣


= ⋆


∣∣∣a∣∣∣∣∣∣a∣∣∣ ,

∣∣∣a∣∣∣∣∣∣b∣∣∣
 =

∣∣∣a∣∣∣∣∣∣b∣∣∣

∴ DSh

(
a, b

)
= 1 − SSh

(
a, b

)
= 1 −

∣∣∣a∣∣∣∣∣∣b∣∣∣ .
(ii) For b ⊂ c,

SSh

(
b, c
)

=

∣∣∣b∣∣∣∣∣∣c∣∣∣

∴ DSh

(
b, c
)

= 1 − SSh

(
b, c
)

= 1 −

∣∣∣b∣∣∣∣∣∣c∣∣∣ .
(iii) For a ⊂ c (by the transitive property of subsets [74]),

SSh

(
a, c

)
=

∣∣∣a∣∣∣∣∣∣c∣∣∣

∴ DSh

(
a, c

)
= 1 − SSh

(
a, c

)
= 1 −

∣∣∣a∣∣∣∣∣∣c∣∣∣ .

Now, it is to be proved that DSh

(
a, c

)
< DSh

(
a, b

)
+ DSh

(
b, c
)
.

By placing the distance of each pair of intervals in the above equation, the following

relation is received.
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1 −

∣∣∣a∣∣∣∣∣∣c∣∣∣ < 1 −

∣∣∣a∣∣∣∣∣∣b∣∣∣ + 1 −

∣∣∣b∣∣∣∣∣∣c∣∣∣
⇐⇒ 1 −

∣∣∣a∣∣∣∣∣∣c∣∣∣ − 1 +

∣∣∣b∣∣∣∣∣∣c∣∣∣ < 1 −

∣∣∣a∣∣∣∣∣∣b∣∣∣
⇐⇒ −

∣∣∣a∣∣∣∣∣∣c∣∣∣ +

∣∣∣b∣∣∣∣∣∣c∣∣∣ < 1 −

∣∣∣a∣∣∣∣∣∣b∣∣∣
⇐⇒

∣∣∣b∣∣∣− ∣∣∣a∣∣∣∣∣∣c∣∣∣ <

∣∣∣b∣∣∣− ∣∣∣a∣∣∣∣∣∣b∣∣∣
⇐⇒ 1∣∣∣c∣∣∣ <

1∣∣∣b∣∣∣ .

It is true as
∣∣∣b∣∣∣ <

∣∣∣c∣∣∣, thereby satisfying the triangle inequality. Thus, DSh

(
a, c

)
≤

DSh

(
a, b

)
+ DSh

(
b, c
)
. ■

Example 3.1 (Example Satisfying Triangle Inequality):

Consider three intervals a, b, and c in Fig. 3.2 where b, c ⊂ a and b ∩ c = ∅. Table 3.1

presents the similarity and distance between each pair of the three intervals using the

SSh
and DSh

measures respectively with the minimum (∧) and product (Π) t-norms.

Note that the same similarity and distance results are received using both t-norms.

From the distance results, it is observed that for the interval pair {a, c}, their distance—

which is 0.58—is less than the summed distances of the pairs {a, b} and {b, c}—which

is 1.50—implying DSh

(
a, c

)
< DSh

(
a, b

)
+ DSh

(
b, c
)
. This relation is also maintained

for the interval pairs {a, b} and {b, c}, thereby demonstrating the DSh
measure meeting

the triangle inequality.
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Fig. 3.2 Example that shows to satisfy the triangle inequality by the DSh
measure.

Table 3.1 Similarity and distance between the intervals of Fig. 3.2.

Interval Pair SSh∧ SShΠ DSh∧ DShΠ

{a, b} 0.50 0.50 0.50 0.50
{a, c} 0.42 0.42 0.58 0.58
{b, c} 0.0 0.0 1.0 1.0

Theorem 3.14:

DSh

(
a, b

)
follows the property of transitivity [63]. That is, DSh

(
a, b

)
≤ DSh

(
a, c

)
when a ⊆ b ⊆ c.

Proof: When a ⊆ b ⊆ c, then

SSh

(
a, b

)
= ⋆


∣∣∣a ∩ b

∣∣∣∣∣∣a∣∣∣ ,

∣∣∣a ∩ b
∣∣∣∣∣∣b∣∣∣
 = ⋆


∣∣∣a∣∣∣∣∣∣a∣∣∣ ,

∣∣∣a∣∣∣∣∣∣b∣∣∣
 =

∣∣∣a∣∣∣∣∣∣b∣∣∣ ,

SSh

(
a, c

)
= ⋆


∣∣∣a ∩ c

∣∣∣∣∣∣a∣∣∣ ,

∣∣∣a ∩ c
∣∣∣∣∣∣c∣∣∣
 = ⋆


∣∣∣a∣∣∣∣∣∣a∣∣∣ ,

∣∣∣a∣∣∣∣∣∣c∣∣∣
 =

∣∣∣a∣∣∣∣∣∣c∣∣∣ .
Thus,

DSh

(
a, b

)
= 1 − SSh

(
a, b

)
= 1 −

∣∣∣a∣∣∣∣∣∣b∣∣∣ ,
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DSh

(
a, c

)
= 1 − SSh

(
a, c

)
= 1 −

∣∣∣a∣∣∣∣∣∣c∣∣∣ .

As b ⊆ c, it follows that
∣∣∣b∣∣∣ ≤

∣∣∣c∣∣∣. Therefore, |a|
|b| ≥ |a|

|c| which implies that

1 −

∣∣∣a∣∣∣∣∣∣b∣∣∣ ≤ 1 −

∣∣∣a∣∣∣∣∣∣c∣∣∣ .

Hence DSh

(
a, b

)
≤ DSh

(
a, c

)
. ■

The next section demonstrates the performances of the new similarity measure

vis-a-vis popular set-theoretic similarity measures using both synthetic and real world

cases.

3.5 Demonstration and Analysis

This section demonstrates and analyses the behaviour of the proposed similarity

measure (SSh
) with the minimum (∧) and product (Π) t-norms in the context of the

Jaccard (SJ) and Dice (SD) measures for a set of synthetic examples in the first part

and with a real dataset in the last part. Here, different features of interval-pairs are

altered to explore how well these similarity measures perform or follow intuitive results.

In particular, their performance are analyzed by focusing on the following aspects:

1. Propensity to exhibiting aliasing in response to variations in interval sizes.

2. Behaviour in respect to intervals where one is a complete subset of the other.

3. Behaviour in respect to intervals of equal sizes and overlapping ratio.

4. Response to variations in interval size, while maintaining the same level of

subsethood.



68 Measuring Similarity Between Continuous Intervals

a4

b4

a3

b3

a2

b2

a1

b1

0 25 50 75 100

In
te

rv
al

 p
ai

rs

Fig. 3.3 Interval pairs used to demonstrate the aliasing of similarity measures.

Table 3.2 The SJ and SD measures exhibit aliasing for the interval pairs in Fig. 3.3.

Interval Pair SJ SD SSh∧ SShΠ

{a1, b1} 0.15 0.26 0.15 0.15
{a2, b2} 0.15 0.26 0.17 0.08
{a3, b3} 0.15 0.26 0.21 0.07
{a4, b4} 0.15 0.26 0.26 0.06

5. Response to linear increase in the overlap of intervals.

In addition, all experiments are implemented using Java on an Intel(R) Core(TM)

i3-4005U series based machine running at 1.70 GHz with 8GB RAM.

3.5.1 Synthetic Dataset Based Demonstration

For each of the above cases, a series of synthetic intervals is proposed and visualized.

3.5.1.1 Experiment on aliasing propensity

In Fig. 3.3, four different pairs of intervals {a, b} are considered where all pairs have an

intersection of equal size. The similarity results for the pairs using the three similarity
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measures are shown in Table 3.2. The SJ and SD measures are subject to the aliasing

by providing the same similarity of 0.15 and 0.26 respectively for all pairs.

Indeed, both measures provide—perhaps unexpectedly—identical similarities for

pairs of intervals when the size of the union of their non-overlapping segments remains

constant. On the contrary, the SSh
measure with both minimum and product t-norms

(SSh∧ and SShΠ) yields a different degree of similarity for all cases, thereby exhibiting

its aliasing-free behaviour. The reason is that the SSh
measure better captures the

changes in the size of both input intervals as compared to SJ and SD measures, which

eventually affects to their reciprocal subsethood and the overall similarity. Note that

as shown in Theorem 3.12, the results of the SSh∧ measure are bounded by the SJ and

SD measures.

3.5.1.2 Experiment with interval pairs when one interval is a complete

subset of the other

Two separate cases are considered with different sets of interval pairs, where in both

cases one interval is a complete subset of the other: (a) an increasing degree of overlap

between both intervals by increasing the size of the smaller interval, and (b) decreasing

the degree of overlap by increasing the size of the larger interval.

Figure 3.4(a) shows five interval pairs with b ⊂ a, where b covers 10%, 20%, 30%,

40%, and 50% of a. On the contrary, in Fig. 3.4(b) another five interval pairs are

presented where the degree of overlap (in %) is gradually decreased by increasing the size

of a. Tables 3.3(a) and 3.3(b) show the similarity for all pairs with all three similarity

measures. Note that for all pairs, the subsethood of b is 1 while the subsethood of a

depends on the size of a and b, i.e., |a∩b|
|a| . Intuitively, their mutual similarity should

be at most |a∩b|
|a| for each pair. From the results, it is observed that both SSh

(with
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(a) Increasing interval overlapping

a5

b5

a4

b4

a3

b3

a2

b2

a1

b1

0 25 50 75 100

In
te

rv
al

 p
ai

rs

(b) Increasing interval non-overlapping

Fig. 3.4 Interval pairs where one interval as a complete subset of the other.
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Table 3.3 Similarity results for the interval pairs as shown in Fig. 3.4.

Interval Pair SJ SD SSh∧ SShΠ subset by
{a1, b1} 0.10 0.18 0.10 0.10 10%
{a2, b2} 0.20 0.33 0.20 0.20 20%
{a3, b3} 0.30 0.46 0.30 0.30 30%
{a4, b4} 0.40 0.57 0.40 0.40 40%
{a5, b5} 0.50 0.67 0.50 0.50 50%

(a) Increasing interval overlapping

Interval Pair SJ SD SSh∧ SShΠ subset by
{a1, b1} 0.20 0.33 0.20 0.20 20%
{a2, b2} 0.172 0.294 0.172 0.172 17.2%
{a3, b3} 0.152 0.263 0.152 0.152 15.2%
{a4, b4} 0.135 0.238 0.135 0.135 13.5%
{a5, b5} 0.122 0.217 0.122 0.122 12.2%

(b) Increasing interval non-overlapping

minimum and product t-norms) and SJ measures perform according to the intuition

while the SD measure exceeds this expected limit.

3.5.1.3 Experiment with interval pairs of equal size and equal overlapping

ratio

In Fig. 3.5, five interval pairs are shown where the intervals are of equal size and

the size of their intersection is varied to 10%, 20%, 30%, 40%, and 50% of their size.

Table 3.4 provides the results for all pairs using the three similarity measures. In all

pairs, the subsethood is equal, and it is intuitive to expect the similarity to be the

same as this subsethood (as the intervals are both of equal size). In this case, the SSh

with minimum t-norm (SSh∧) and SD measures follow the intuition whereas the SSh

with product t-norm (SShΠ) and SJ measures yield a lower degree of similarity.
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Fig. 3.5 Interval pairs with equal size and equal ratio of overlap.

Table 3.4 Similarity results for the interval pairs as shown in Fig. 3.5.

Interval Pair SJ SD SSh∧ SShΠ intersecting by
{a1, b1} 0.05 0.10 0.10 0.01 10%
{a2, b2} 0.11 0.20 0.20 0.04 20%
{a3, b3} 0.18 0.30 0.30 0.09 30%
{a4, b4} 0.25 0.40 0.40 0.16 40%
{a5, b5} 0.33 0.50 0.50 0.25 50%

3.5.1.4 Experiment on scaling invariance

Five pairs of intervals are shown in Fig. 3.6, where both endpoints of a and b are

gradually multiplied by a factor n ∈ {2, 3, 4, 5} to generate new interval pairs. The

degree of subsethood stays the same across the pairs. Adapting the definition from [15],

a similarity measure is invariant if its similarity output remains constant regardless

of scaling the interval endpoints by a factor. Table 3.5 shows the similarity for all

pairs using the three similarity measures where n is the factor applied to the interval

endpoints. The results demonstrate the scaling invariance property for the given pairs

of intervals for all similarity measures.
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Fig. 3.6 Interval pairs used to demonstrate the invariance of similarity measures.

Table 3.5 All three measures display invariant similarity for the interval pairs in Fig. 3.6.

Interval Pair SJ SD SSh∧ SShΠ multiplied by n

{a1, b1} 0.36 0.53 0.44 0.29 1
{a2, b2} 0.36 0.53 0.44 0.29 2
{a3, b3} 0.36 0.53 0.44 0.29 3
{a4, b4} 0.36 0.53 0.44 0.29 4
{a5, b5} 0.36 0.53 0.44 0.29 5

3.5.1.5 Experiment on increased overlap linearly

Adapting the definition from [15], a similarity measure on intervals is linear if its similar-

ity output varies linearly as to a linear change in the size of the overlap/intersection of

the intervals. In Fig. 3.7(a), the overlap between two intervals of equal size is gradually

increased in 10% steps. The corresponding similarity outputs for the pairs and all three

similarity measures are shown graphically in Fig. 3.7(b). Results show that all three

similarity measures provide higher similarity for increased overlap. Particularly, the

SSh
with minimum t-norm (SSh∧) and SD measures exhibit linearity in the similarity
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(b) Similarity versus overlap

Fig. 3.7 Displaying linearity by the SD and SSh∧ measures, and convexity by the SJ

and SShΠ measures.
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results while the SSh
with product t-norm (SShΠ) and SJ measure display convexity

(similarity increases rapidly with an increase in the size of the intersection).

In summary, case 1) shows that SJ and SD measures are subject to the aliasing and

return the same similarity for very different interval-pairs whenever the union of their

non-overlapping remains constant (regardless of any changes in their size). In case

2), when one interval is a complete subset of the other, proportionately increasing or

decreasing their degree of overlap results in the SSh
and SJ measures returning sensible

results whereas the SD measure overestimates the similarity. In case 3), the SSh
with

minimum t-norm (SSh∧) and SD measures meet the expectation when intervals are of

equal size and their intersection is changed proportionately, whereas the SJ measure

underestimates the similarity. In case 4), we multiply interval end-points by a factor,

maintaining the same degree of subsethood. Here, all three measures show scaling

invariance in the results as expected. Lastly, in case 5), for linear increases in the size

of overlap between the intervals of equal size, the SSh
with minimum t-norm (SSh∧)

and SD measures exhibit linearity in the similarity results while the SSh
with product

t-norm (SShΠ) and SJ measure display convexity. These experiments demonstrate that

the proposed similarity measure shows behaviour in line with expectation, which is not

the case for the other, commonly used measures.

3.5.2 A Real World Example

In this part, a real world dataset has been used to review the behaviour of the three

similarity measures (SSh
with minimum (∧) and product (Π) t-norms, SJ , and SD),

particularly in respect to the aliasing issue. The dataset used for this demonstration

is the temperature data of different standard areas (districts) of the UK for the year

2016 from the UK Met Office. The entire dataset is available at [138]. The map of

the standard areas used by the UK Met office is shown in Fig. 3.8. We have used
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Fig. 3.8 Standard areas (districts) of the UK [139].

Table 3.6 Seasonal Temperature in Standard Areas of the UK in 2016.

Seasons
Area Acronym Winter Spring Summer Autumn

Min Max Min Max Min Max Min Max
Scotland N SN 0.5 6.0 2.7 9.8 9.1 15.8 4.8 11.2
Scotland E SE 0.4 6.2 2.4 10.3 9.1 16.9 4.4 11.5
Scotland W SW 1.9 7.2 3.2 11.1 10.0 17.3 5.6 12.0
England E & NE EEN 2.4 8.5 3.6 11.6 10.9 19.5 6.6 13.5
England NW & Wales N ENW 3.1 8.6 3.9 11.8 11.4 18.7 6.5 13.1
Midlands ML 3.3 9.4 3.9 12.6 11.7 20.6 6.9 14.1
East Anglia EA 3.8 10.0 4.5 13.2 12.3 22.1 7.7 15.5
England SW & Wales S ESW 4.5 9.8 4.4 12.7 11.9 19.5 7.3 14.2
England SE & Central S ESC 4.3 10.2 4.7 13.5 12.4 21.6 7.5 15.4
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temperature data of nine standard areas: Scotland North (SN), Scotland East (SE),

Scotland West (SW), England East & North East (EEN), England Northwest & Wales

North (ENW), Midlands (ML), East Anglia (EA), England South-west & Wales South

(ESW), and England South-east & Central South (ESC) for four different seasons in

2016.

The intervals are constructed by taking the minimum and the maximum temperature

of each area for every season, as shown in Table 3.6. We have applied the SSh
(with

minimum (∧) and product (Π) t-norms), SJ and SD measures to estimate similarities

between all possible pairs of the nine areas for all seasons; here the results for Autumn

and Spring seasons are reported which are shown in Tables 3.7, 3.8, 3.9 and 3.10. The

results for other two seasons—Winter and Summer—are included in Appendix A.

Regarding similarity based on seasonal temperature, one can expect higher similarity

for pairs of areas geographically close to each other (i.e., located in the same latitude),

while expecting lower similarity for remote areas as it is generally recognized that

latitude (i.e., distance from the equator) is an important factor affecting variations in

temperature. Hence, in this real world example, the districts in the Northern UK (e.g.,

SE, SW) are likely to be more similar as they are in the South (e.g., ML, EA). By the

same token, a district in the North will be highly dissimilar to a district in the South.

Generally, all three similarity measures appear to meet up with such expectations. For

instance, considering Autumn-temperatures between SN and the other eight areas from

geographically close to far off, three similarity measures appear to generate higher to

lower similarity as temperature-range differs more.

However, in several cases, the SJ and SD measures suffer from the aliasing—

returning the same similarity for different ranges of temperature. As mentioned earlier,

both measures provide identical similarity for pairs of areas as long as the size of the

intersection and union of their temperature-range remain constant. Table 3.7 and 3.8
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Table 3.7 Similarity results for temperature data using the SJ measure.

Autumn
Area SN SE SW EEN ENW ML EA ESW ESC
SN 1 0.9014 0.7778 0.5287 0.5663 0.4624 0.3271 0.4149 0.3491
SE 0.9014 1 0.7763 0.5385 0.5747 0.4742 0.3423 0.4286 0.3636
SW 0.7778 0.7763 1 0.6835 0.7333 0.6 0.4343 0.5465 0.4592
EEN 0.5287 0.5385 0.6835 1 0.9286 0.88 0.6517 0.8158 0.6818
ENW 0.5663 0.5747 0.7333 0.9286 1 0.8158 0.6 0.7532 0.6292
ML 0.4624 0.4742 0.6 0.88 0.8158 1 0.7442 0.9315 0.7765
EA 0.3271 0.3423 0.4343 0.6517 0.6 0.7442 1 0.7927 0.9625
ESW 0.4149 0.4286 0.5465 0.8158 0.7532 0.9315 0.7927 1 0.8272
ESC 0.3491 0.3636 0.4592 0.6818 0.6292 0.7765 0.9625 0.8272 1

(a) For autumn season

Spring
Area SN SE SW EEN ENW ML EA ESW ESC
SN 1 0.8987 0.7857 0.6966 0.6484 0.596 0.5048 0.54 0.4722
SE 0.8987 1 0.8161 0.7283 0.6809 0.6275 0.537 0.5728 0.5045
SW 0.7857 0.8161 1 0.8929 0.8372 0.766 0.66 0.7053 0.6214
EEN 0.6966 0.7283 0.8929 1 0.939 0.8556 0.7396 0.7912 0.697
ENW 0.6484 0.6809 0.8372 0.939 1 0.908 0.7849 0.8409 0.7396
ML 0.596 0.6275 0.766 0.8556 0.908 1 0.871 0.9318 0.8229
EA 0.5048 0.537 0.66 0.7396 0.7849 0.871 1 0.9318 0.9444
ESW 0.54 0.5728 0.7053 0.7912 0.8409 0.9318 0.9318 1 0.8791
ESC 0.4722 0.5045 0.6214 0.697 0.7396 0.8229 0.9444 0.8791 1

(b) For spring season
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Table 3.8 Similarity results for temperature data using the SD measure.

Autumn
Area SN SE SW EEN ENW ML EA ESW ESC
SN 1 0.9481 0.875 0.6917 0.7231 0.6324 0.493 0.5865 0.5175
SE 0.9481 1 0.8741 0.7 0.7299 0.6434 0.5101 0.6 0.5333
SW 0.875 0.8741 1 0.812 0.8462 0.75 0.6056 0.7068 0.6294
EEN 0.6917 0.7 0.812 1 0.963 0.9362 0.7891 0.8986 0.8108
ENW 0.7231 0.7299 0.8462 0.963 1 0.8986 0.75 0.8593 0.7724
ML 0.6324 0.6434 0.75 0.9362 0.8986 1 0.8533 0.9645 0.8742
EA 0.493 0.5101 0.6056 0.7891 0.75 0.8533 1 0.8844 0.9809
ESW 0.5865 0.6 0.7068 0.8986 0.8593 0.9645 0.8844 1 0.9054
ESC 0.5175 0.5333 0.6294 0.8108 0.7724 0.8742 0.9809 0.9054 1

(a) For autumn season

Spring
Area SN SE SW EEN ENW ML EA ESW ESC
SN 1 0.9467 0.88 0.8212 0.7867 0.7468 0.6709 0.7013 0.6415
SE 0.9467 1 0.8987 0.8428 0.8101 0.7711 0.6988 0.7284 6707
SW 0.88 0.8987 1 0.9434 0.9114 0.8675 0.7952 0.8272 0.7665
EEN 0.8212 0.8428 0.9434 1 0.9686 0.9222 0.8503 0.8834 0.8214
ENW 0.7867 0.8101 0.9114 0.9686 1 0.9518 0.8795 0.9136 0.8503
ML 0.7468 0.7711 0.8675 0.9222 0.9518 1 0.931 0.9647 0.9029
EA 0.6709 0.6988 0.7952 0.8503 0.8795 0.931 1 0.9647 0.9714
ESW 0.7013 0.7284 0.8272 0.8834 0.9136 0.9647 0.9647 1 0.9357
ESC 0.6415 0.6707 0.7665 0.8214 0.8503 0.9029 0.9714 0.9357 1

(b) For spring season
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Table 3.9 Similarity results for temperature data using the SSh∧ measure.

Autumn
Area SN SE SW EEN ENW ML EA ESW ESC
SN 1 0.9014 0.875 0.6667 0.7121 0.5972 0.4487 0.5652 0.4684
SE 0.9014 1 0.831 0.6901 0.7042 0.6389 0.4872 0.5915 0.5063
SW 0.875 0.831 1 0.7826 0.8333 0.7083 0.5513 0.6812 0.5696
EEN 0.6667 0.6901 07826 1 0.942 0.9167 0.7436 0.8986 0.7595
ENW 0.7121 0.7042 0.8333 0.942 1 0.8611 0.6923 0.8406 0.7089
ML 0.5972 0.6389 0.7083 0.9167 0.8611 1 0.8205 0.9444 0.8354
EA 0.4487 0.4872 0.5513 0.7436 0.6923 0.8205 1 0.8333 0.9747
ESW 0.5652 0.5915 0.6812 0.8986 0.8406 0.9444 0.8333 1 0.8481
ESC 0.4684 0.5063 0.5696 0.7595 0.7089 0.8354 0.9747 0.8481 1

(a) For autumn season

Spring
Area SN SE SW EEN ENW ML EA ESW ESC
SN 1 0.8987 0.8354 0.775 0.7468 0.6782 0.6092 0.6506 0.5795
SE 0.8987 1 0.8987 0.8375 0.8101 0.7356 0.6667 0.7108 0.6364
SW 0.8354 0.8987 1 0.9375 0.9114 0.8276 0.7586 0.8072 0.7273
EEN 0.775 0.8375 0.9375 1 0.9625 0.8851 0.8161 0.8675 0.7841
ENW 0.7468 0.8101 0.9114 0.9625 1 0.908 0.8391 0.8916 0.8068
ML 0.6782 0.7356 0.8276 0.8851 0.908 1 0.931 0.9425 0.8977
EA 0.6092 0.6667 0.7586 0.8161 0.8391 0.931 1 0.9425 0.9659
ESW 0.6506 0.7108 0.8072 0.8675 0.8916 0.9425 0.9425 1 0.9091
ESC 0.5795 0.6364 0.7273 0.7841 0.8086 0.8977 0.9659 0.9091 1

(b) For spring season
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Table 3.10 Similarity results for temperature data using the SShΠ measure.

Autumn
Area SN SE SW EEN ENW ML EA ESW ESC
SN 1 0.9014 0.7656 0.4792 0.523 0.4013 0.2454 0.3444 0.2708
SE 0.9014 1 0.7661 0.4901 0.5335 0.4139 0.2607 0.3601 0.2853
SW 0.7656 0.7661 1 0.6603 0.7161 0.5645 0.3704 0.5002 0.4005
EEN 0.4792 0.4901 0.6603 1 0.9278 0.8768 0.625 0.8074 0.6604
ENW 0.523 0.5335 0.7161 0.9278 1 0.8089 0.5664 0.7387 0.6015
ML 0.4013 0.4139 0.5645 0.8768 0.8089 1 0.7293 0.9308 0.7658
EA 0.2454 0.2607 0.3704 0.625 0.5664 0.7293 1 0.785 0.9622
ESW 0.3444 0.3601 0.5002 0.8074 0.7387 0.9308 0.785 1 0.8235
ESC 0.2708 0.2853 0.4005 0.6604 0.6015 0.7658 0.9622 0.8235 1

(a) For autumn season

Spring
Area SN SE SW EEN ENW ML EA ESW ESC
SN 1 0.8987 0.7766 0.6768 0.6206 0.5635 0.4548 0.4948 0.4163
SE 0.8987 1 0.8077 0.7103 0.6563 0.596 0.4895 0.5309 0.4511
SW 0.7766 0.8077 1 0.89 0.8306 0.7543 0.6338 0.6846 0.5892
EEN 0.6768 0.7103 0.89 1 0.9381 0.8519 0.7243 0.7807 0.6763
ENW 0.6206 0.6563 0.8306 0.9381 1 0.908 0.7754 0.8351 0.7251
ML 0.5635 0.596 0.7543 0.8519 0.908 1 0.8668 0.9312 0.8152
EA 0.4548 0.4895 0.6338 0.7243 0.7754 0.8668 1 0.9312 0.9437
ESW 0.4948 0.5309 0.6846 0.7807 0.8351 0.9312 0.9312 1 0.8762
ESC 0.4163 0.4511 0.5892 0.6763 0.7251 0.8152 0.9437 0.8762 1

(b) For spring season
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show that they produce the same similarity (i.e., 0.7396 and 0.8503 respectively) for

pairs of areas, (EEN versus EA) and (ENW versus ESC) in Spring, even though

they have separate temperature-ranges. Analogously, it is also noticed that identical

similarities for the pairs, (SW vs ML) and (EA vs ENW), and the pairs (ML vs ENW)

and (ESW vs EEN) in Autumn. Figure 3.9 presents the temperature ranges for the

pairs of areas {SW, ML} and {EA, ENW} for which the Jaccard and Dice similarity

measures face aliasing. In contrast, the SSh
measure with minimum and product

t-norms (i.e., SSh∧ and SShΠ), responding to variation in temperature-range, yields a

distinct outcome for all of these pairs as shown in Table 3.9 and 3.10.

This real world example showing aliasing inherent to the SJ and SD measures

highlights the potential for misleading inference in practice. In particular, while

clustering the areas with respect to temperature, some areas may be placed in the

same group albeit having different ranges of temperature. This can be an issue when

(a) SW versus ML

(b) EA versus ENW

Fig. 3.9 Popular similarity measures show identical similarity for two pairs of areas
having different ranges of temperature in Autumn.



3.6 Summary 83

the real-world interval data is compared for the purpose of grouping, ranking, and

decision making. Therefore, a similarity measure which avoids this aliasing—such as

the proposed, is desirable.

3.6 Summary

This chapter has identified and articulated a potential limitation– specifically aliasing

of popular set-theoretic similarity measures. Aliasing may lead to misleading results,

in turn affecting real-world applications resting on robust comparison of intervals.

To address this, this chapter has introduced an expanded axiomatic definition of a

robust similarity measure by putting forward five new axioms which complement the

traditional axioms (section 2.5 in Chapter 2) associated with most common similarity

measures. In respect to the full set of axioms of a robust similarity measure, this

chapter has introduced a novel set-theoretic similarity measure for continuous and

closed intervals which utilized their bidirectional subsethood to compare them. The new

similarity measure has shown to avoid shortcomings, such as aliasing while producing

intuitive similarity results (e.g., being bounded above and below by Jaccard and Dice

measures), thus justifying its applicability in real world applications. As part of the

development of the new similarity measure, the chapter has also put forward the

definition of subsethood for intervals and proofs of its mathematical properties. Finally,

a corresponding dissimilarity or distance measure has been derived from the new

similarity measure, which is also proven to be a metric.

At an experimental level, the chapter has provided a detailed investigation contrast-

ing the behaviour of the proposed similarity measure vis-a-vis the Jaccard and Dice

similarity measures – using both synthetic and real-world interval-valued data. The

exhaustive analyses have confirmed that the new measure exhibits desirable behaviour

while maintaining all essential features of a similarity measure. In particular, the new
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similarity measure has been resilient to aliasing and has provided desirable results

in respect to all key features (e.g., linearity, scaling invariance), whereas popular

similarity measures have been shown to produce counter-intuitive results in some cases.

Therefore, the works that have been done in this chapter fulfill objectives 1 to 4 of the

thesis.
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• A Similarity Measure Based on Bidirectional Subsethood for Intervals
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Transactions on Fuzzy Systems, 2019 (doi:10.1109/TFUZZ.2019.2945249).

Status: Accepted

The next chapter focuses on comparing discontinuous intervals and present a

generalized framework to assess their similarity as current approaches involve loss of

discontinuity information and are also affected by aliasing of the popular measures,

which ultimately affect the accuracy of similarity results. Further, this framework is

made computationally more efficient by integrating it with an extension of Allen’s

theory [21]. Altogether, it will satisfy objective 5 of the thesis.



Chapter 4

Measuring Similarity Between

Discontinuous Intervals

4.1 Introduction

Chapter 3 introduced a novel set-theoretic similarity measure for continuous and closed

intervals. However, in many real-world applications, such as hazard detection [32], fusion

of sensor data observed in a non-continuous space [33], temporal reasoning [21][46],

and expressing natural language with temporal repetition [139] where discontinuous

intervals often appear and their similarity are also assessed. Besides, in the fuzzy set

theory, the α-cuts of non-convex fuzzy sets result in discontinuous intervals [20]. In

such case, similarity between non-convex fuzzy sets with the α-plane decomposition

relies on computation of similarity between discontinuous intervals. In this context,

this chapter focuses on similarity estimation of discontinuous intervals.

A discontinuous interval comprises a sequence of continuous subintervals [33]. For

measuring similarity between discontinuous intervals, similarity measures suitable for

continuous intervals can not be used directly, rather the current approach is to first

convert them into their continuous form and then a similarity measure compatible
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to continuous intervals is applied. This approach often involves loss of discontinuity

information of intervals, thereby affecting the accuracy of similarity results. Taking

this limitation into consideration, this chapter presents a generalized framework to

measure degree of similarity between discontinuous intervals while maintaining their

discontinuity property.

In this chapter, the motivation behind this generalization is discussed first. Then, a

generalized framework is introduced for assessing the similarity between discontinuous

intervals, followed by a discussion on essential properties of this framework. Subse-

quently, this framework is refined by combining it with an extension of Allen’s theory

[21] which makes the proposed framework more efficient in respect to computational ef-

fort and execution time. Lastly, the behaviour of the generalized framework is analyzed

in respect to the new bidirectional subsethood based similarity measure (Eq. (3.2) in

Chapter 3) together with the Jaccard and Dice measures to assess its usefulness for

computing the similarity between discontinuous intervals.

4.2 Motivation

Many similarity measures have been proposed for continuous intervals where Jaccard

[13] and Dice [14] are the most popular ones (discussed in Chapter 3). So far, there is

no specific similarity measure for discontinuous intervals that can be directly applied

to assess their similarity. Instead, discontinuous intervals are commonly converted

into their continuous form by means of interval addition [34] or a ‘convexify’ function

[44][140] (see Chapter 2), and then a respective similarity measure for continuous

intervals is applied to compute their similarity. However, this ‘discontinuous to

continuous’ conversion involves loss of discontinuity information and changes the

original meaning of the data, thus affecting the accuracy of similarity result.
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Fig. 4.1 Two different pairs of discontinuous intervals.
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Fig. 4.2 Continuous forms of discontinuous intervals in Pair-1 and Pair-2 of Fig. 4.1
after applying the ‘convexify’ function (see [44]).

Figure 4.1 presents an example of two different pairs of discontinuous intervals.

While using the ‘convexify’ function [44][140] for conversion, these two pairs of discon-

tinuous intervals are changed into the same pair of continuous intervals, as shown in

Fig. 4.2. This outcome leads to the same similarity for both pairs when the Jaccard

and Dice measures are applied, which goes against intuition. For another example

in Fig. 4.3, the use of interval addition [34] turns two different pairs of discontinuous

intervals into the same pair of identical intervals (see Fig. 4.4), thus generating a

similarity of 1 by the Jaccard and Dice measures, which also is not expected. One
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Fig. 4.3 Another two different pairs of discontinuous intervals.

Fig. 4.4 Resulting continuous intervals after applying the interval addition (see [34]) to
Pair-3 and Pair-4 of discontinuous intervals in Fig. 4.3.

way to avoid such situations is to retain discontinuity information while assessing

the similarity. Therefore, this chapter puts forward a generalized framework which

compares discontinuous intervals by considering all pairs of their subintervals and does

not require any conversion, thus avoiding information loss.

Beyond this, there still remains a possibility to face aliasing with common similarity

measures as identified in Chapter 3, even after all pairs of continuous subintervals within

the discontinuous intervals are considered. As Chapter 3 proposed a new similarity

measure for continuous intervals and demonstrated its performance in avoiding aliasing,
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this chapter incorporates this new measure into the proposed generalized framework to

assess the similarity between discontinuous intervals.

Next section presents the proposed generalized framework to compare discontinuous

intervals and discusses its essential properties.

4.3 Proposed Generalized Framework

In this section, a generalized framework is introduced for computing the similarity

between discontinuous intervals by considering all possible pairs of their continuous

subintervals. First, the proposed framework is presented and then its major properties

are demonstrated. It is worth noting that initial focus is given to the accuracy of the

similarity assessment, and later this framework is made computationally more efficient.

The proposed framework uses the basic notion that as a discontinuous interval

contains one or more continuous subintervals, comparing two such intervals is analogous

to systematically comparing their subintervals. With this intent, all possible pairs

of subintervals within the discontinuous intervals are first determined and then the

similarity for each pair is computed. Later, all these similarities are aggregated to

determine overall similarity between these discontinuous intervals. Equation (4.1)

presents the proposed generalized framework for the discontinuous intervals a =

⟨a1, ..., am⟩ and b = ⟨b1, ..., bn⟩,

SG

(
a, b

)
= 1

max(m, n)

m∑
i=1

n∑
j=1

S
(
ai, bj

)
, (4.1)

where S
(
ai, bj

)
computes the similarity between continuous subintervals ai ∈ a and

bj ∈ b of each pair {ai, bj}. It is noted that S can be any similarity measure defined for

continuous intervals (see Chapter 3). This chapter explores the following choices for S:

Jaccard, Dice, and Bidirectional subsethood based similarity measures. max(m, n) is
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the maximum number of pairs that can arise from the comparison of a single subinterval.

The max(m, n) operator in the normalization step guarantees a maximum similarity of

1 – achieved when two discontinuous intervals are identical.

Remark 4.1:

When both discontinuous intervals consist of only single continuous subinterval, the

formulation for SG at Eq. (4.1) will return the original formulation of the similarity

measure (S) for continuous intervals. It implies that Eq. (4.1) turns into Eq. (3.2) when

S is defined as the bidirectional subsethood based similarity measure (SSh
). Again,

Eq. (4.1) turns into Eqs. (2.18) and (2.20) when S is the Jaccard (SJ) and Dice (SD)

similarity measures respectively.

Remark 4.2:

An average function is not applied to aggregate similarity of all pairs of subintervals as

in the normalization step it does not guarantee an overall similarity of 1 for identical

discontinuous intervals. Two discontinuous intervals are said to be identical if their

subintervals are also identical [40]. Figure 4.5 shows an example of three identical

discontinuous interval pairs where their subintervals are gradually increased (i.e., Pair-

1 has one pair of identical subintervals whereas Pair-3 contains three such pairs).

Figure 4.5 also demonstrates overall similarity results for discontinuous intervals shown

in Pair-1, Pair-2, and Pair-3 by using the average function. As the discontinuous

intervals are identical in each pair, their similarity should be 1. However, when the

average function is used to combine similarity results, it returns decreasing overall

similarity for an increased number of subintervals within discontinuous intervals, which

is counter-intuitive.

Example 4.1:

Consider the example in Fig. 4.6 for determining the similarity for a pair of discontinuous
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b
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Pair of subintervals Similarity for each
subinterval pair

Total number of
subinterval pairs

Overall similarity between
discontinuous intervals

{a1, b1} 1.0 1 1.0

(a) Pair – 1

a
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b
1

b
2

a
2

Pair of subintervals Similarity for each
subinterval pair

Total number of
subinterval pairs

Overall similarity between
discontinuous intervals

{a1, b1} 1.0
{a1, b2} 0.0
{a2, b1} 0.0 4 0.50
{a2, b2} 1.0

(b) Pair – 2
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3
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Pair of subintervals Similarity for each
subinterval pair

Total number of
subinterval pairs

Overall similarity between
discontinuous intervals

{a1, b1} 1.0
{a1, b2} 0.0
{a1, b3} 0.0
{a2, b1} 0.0 9 0.3333
{a2, b2} 1.0
{a2, b3} 0.0
{a3, b1} 0.0
{a3, b2} 0.0
{a3, b3} 1.0

(c) Pair – 3

Fig. 4.5 Results of averaging the similarity of all subinterval pairs to determine the
overall similarity between discontinuous intervals.
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Similarity between subintervals
SM {a1, b1} {a1, b2} {a2, b1} {a2, b2} {a3, b1} {a3, b2}
SJ 0.50 0.0 0.0 0.0 0.0 0.3333
SD 0.6667 0.0 0.0 0.0 0.0 0.50
SSh

0.50 0.0 0.0 0.0 0.0 0.3333

Fig. 4.6 Using SJ , SD, and SSh
similarity measures, the similarity results of all

combinations of subintervals within a pair of discontinuous intervals—one with three
and the other with two subintervals.

intervals, a and b. Here, a contains three subintervals ⟨a1 = [3, 4], a2 = [5, 5.9], a3 =

[7, 8]⟩, and b has two subintervals ⟨b1 = [2, 4], b2 = [6, 9]⟩. Therefore, m = 3 and

n = 2. There are six pairs of subintervals—{a1, b1}, {a1, b2}, {a2, b1}, {a2, b2}, {a3, b1},

and {a3, b2} where the first and last pairs are overlapping, and the rest are disjoint.

Figure 4.6 shows the similarity for all pairs using Jaccard (SJ at Eq. (2.18)) and

Dice (SD at Eq. (2.22)) measures together with the bidirectional subsethood based

similarity measure (SSh
at Eq. (3.2)) (with the minimum t-norm). Hence, the overall

similarity between a and b using Eq. (4.1) along with SSh
measure is, SG

(
a, b

)
=

1
max(3,2) × 0.8333 = 1

3 × 0.8333 = 0.2778. In a similar manner, the total similarity

between a and b with SJ and SD measures are 0.2778 and 0.3889, respectively.

Theorem 4.1:

The proposed generalized framework (SG) in respect to the SJ , SD and SSh
similarity

measures satisfies all common properties [A1] - [A4] of a similarity measure (discussed

in Chapter 2) for the discontinuous intervals a, b, and c such that

(1) 0 ≤ SG

(
a, b

)
≤ 1 (boundedness);
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(2) SG

(
a, b

)
= SG

(
b, a

)
(symmetry);

(3) SG

(
a, b

)
= 1 ⇐⇒ a = b (reflexivity);

(4) SG

(
a, b

)
≥ SG

(
a, c

)
when a ⊆ b ⊆ c. (transitivity).

Proof: Consider a = ⟨a1, ..., am⟩, b = ⟨b1, ..., bn⟩, and c = ⟨c1, ..., cp⟩.

(1) SG

(
a, b

)
involves the SJ , SD or SSh

similarity measures to compute similarity for

all pairs of the subintervals ai ∈ a and bj ∈ b. All these similarity measures are bounded

by 0 and 1 [16] (see Chapter 2 and 3). When a and b are disjoint, all pairs consist

of disjoint subintervals, thereby, receiving a similarity of 0 from all these measures.

Thus, the overall similarity between a and b is, SG

(
a, b

)
= 1

max(m,n) × 0 = 0. When

a and b are identical, they have equal number of m identical subintervals. Among

all subinterval pairs, there are m pairs with identical subintervals and the remaining

pairs have disjoint subintervals. Thus, m pairs receive a similarity of 1 from all three

similarity measures, whereas other pairs receive a similarity of 0. Therefore, in this

case, the overall similarity between a and b is, SG

(
a, b

)
= 1

max(m,m) × m = 1. These

two cases imply that SG

(
a, b

)
is always within the range 0 and 1.

(2) All of SJ , SD and SSh
similarity measures are symmetric [16] (see Chapter 2 and

3), thus making SG

(
a, b

)
symmetric too.

(3) If a = b, it means that both a and b have an equal number of m subintervals and

each ai is identical to each bi, i.e., ai = bi, 1 ≤ i ≤ m. Among all subinterval pairs,

m pairs have identical subintervals and the rest have disjoint subintervals. It implies

that m pairs receive a similarity of 1 and the rest have a similarity of 0. Hence, the

similarity between a and b is, SG

(
a, b

)
= 1

max(m,m) × m = m
m

= 1. Again, SG

(
a, b

)
= 1

only when a and b are identical discontinuous intervals.
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(4) All of SJ , SD and SSh
similarity measures are transitive [16] (see Chapter 2 and 3),

which implies that SG

(
a, b

)
is also transitive. ■

Theorem 4.2:

The proposed generalized framework (SG) with SJ , SD and SSh
similarity measures

follows the property of disjointness. That is, SG

(
a, b

)
= 0 when a and b are disjoint

discontinuous intervals.

Proof: Consider a = ⟨a1, ..., am⟩ and b = ⟨b1, ..., bn⟩. If a and b are disjoint, it

means that no subinterval of a is overlapping with any of subintervals of b, i.e.,∣∣∣ai ∩ bj

∣∣∣ = 0, 1 ≤ i ≤ m and 1 ≤ j ≤ n. That is, all subinterval pairs consist of disjoint

subintervals, thus receiving a similarity of 0. Hence, the similarity between a and b is,

SG

(
a, b

)
= 1

max(m,n) × 0 = 0.

Example 4.2:

Consider two pairs of discontinuous intervals in Fig. 4.7 where in the first pair (Pair-1),

the discontinuous intervals are completely overlapping, and in other pair (Pair-2), the

discontinuous intervals are non-overlapping (disjoint). Intuitively, Pair-1 should receive

a similarity of 1, whereas Pair-2 should receive 0. Figure 4.7 also presents similarity

values for both pairs using three approaches – current approach with interval addition

[34], current approach with convexify function [44], and the proposed generalized

framework (SG) at Eq. (4.1) in respect to SJ , SD, and SSh
similarity measures. The

results show that the interval addition [34] transforms them into the same pair of

continuous intervals where they are totally overlapping and getting a similarity of 1

from all three measures. This means that both discontinuous interval pairs receive a

similarity of 1, which in non-intuitive. Again. using the convexify function [44], Pair-1

converts into a pair of identical continuous intervals, and Pair-2 converts into a pair of

partially overlapped continuous intervals. After conversion, Pair-1 receives a similarity



4.3 Proposed Generalized Framework 95

Fi
g.

4.
7

T
hr

ee
ap

pr
oa

ch
es

to
co

m
pu

te
sim

ila
rit

y
be

tw
ee

n
tw

o
di

ffe
re

nt
pa

irs
of

di
sc

on
tin

uo
us

in
te

rv
al

s.



96 Measuring Similarity Between Discontinuous Intervals

of 1 from these measures, but Pair-2 receives a similarity of 0.33, 0.50, and 0.33 by SJ ,

SD and SSh
measures, respectively. These are also non-intuitive similarity for the pair

of disjoint discontinuous intervals. Contrarily, the generalized framework (SG) with all

three measures gives intuitive similarity of 1 and 0 for Pair-1 and Pair-2, respectively.

Example 4.3:

Consider another two pairs of discontinuous intervals in Fig. 4.8 where they have

different degree of overlapped continuous subintervals. Intuitively, they should receive

non-identical similarity as the subintervals pairs within Pair-1 and Pair-2 are completely

different. Figure 4.8 presents similarity values for both pairs using three approaches –

the interval addition [34], the convexify function [44], and the proposed generalized

framework (SG) at Eq. (4.1) in respect to SJ , SD and SSh
similarity measures. Results

show that both interval addition [34] and the proposed framework (SG) using SJ and

SD measures are subject to aliasing (same similarity) for Pair-1 and Pair-2, but provide

different similarity for the same pairs using the SSh
measure. Further, the convexify

function [44] provides distinct similarity for those pairs using all three measures.

Though the proposed generalized framework rightly captures similarity between

discontinuous intervals and provides aliasing-free similarity in respect to the new

SSh
measure (Eq. (3.2) in Chapter 3), it is often computationally expensive when

discontinuous intervals comprise many subinterval pairs. Next section presents a

refinement of this generalized framework to make it computationally more efficient by

integrating it with an extension of Allen’s theory [21].
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4.4 Refinement of the Proposed Generalized Frame-

work with Allen’s Theory

The proposed generalized framework (SG) always consider all possible pairs of subin-

tervals between discontinuous intervals to compute their similarity. More precisely,

it always involves Θ(m × n) similarity calculations in determining similarity for a

pair of discontinuous intervals having m and n subintervals respectively. As a result,

an increase in the number of subintervals within the pair of discontinuous intervals

leads to an increase in the number of similarity calculations. In particular, where

discontinuous intervals have many/all disjoint subinterval pairs, such a ‘brute force’

approach results in substantial execution time. To mitigate this, in this section, the

proposed generalized framework (SG) is integrated with an extension of Allen’s theory

[21] (see Chapter 2) for reducing the number of similarity calculations and overall

execution time. The proposed refinement involves O(m × n) similarity calculations

to determine the similarity between discontinuous intervals, thereby minimizing the

overall execution time in comparison with the proposed generalized framework (SG).

Next three steps are followed for the integration of the proposed generalized framework

(SG) with an extension of Allen’s theory.

1. Derive similarity value between the pair of continuous intervals directly from

Allen’s binary relations [21] (discussed in Chapter 2).

2. Extend three of the basic binary relations of Allen’s theory [21] in order to use

them for the pairs of continuous subintervals within two discontinuous intervals.

3. Develop algorithm by integrating the proposed generalized framework (SG) with

the extended binary relations of Allen’s theory [21] with a view to reducing

similarity calculation and execution time.
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Table 4.1 Derivation of Similarity Value from Allen’s Theory.

Basic Binary Relation Similarity Value
a before b 0
a meets b 0

a overlap b (0, 1)
a starts b (0, 1)

a finishes b (0, 1)
a during b (0, 1)
a equal b 1

4.4.1 Derivation of Similarity Values from Allen’s Theory

From the definition of binary relations proposed by Allen [21] for continuous intervals

(details are discussed in Chapter 2), it is possible to directly derive similarity between

such intervals. Table 4.1 presents the derived similarity for a pair of continuous intervals

a and b based on Allen’s seven basic relations [21]. It is important to note that the

inverse binary relations of Allen’s theory [21] are not taken into consideration.

4.4.2 Extension of Allen’s Theory

Allen’s theory [21] is developed for defining the relation between continuous intervals

(see Chapter 2); thus, this theory can not be directly used for discontinuous intervals.

As discontinuous intervals contain numerous continuous subintervals, Allen’s theory

[21] (with an extension) can intuitively be used for defining relation between their

continuous subintervals within each pair. To do this, three basic binary relations of

Allen’s theory [21] – before, meet, and equal are extended. Consider two discontinuous

intervals a = ⟨a1, ..., am⟩ and b = ⟨b1, ..., bn⟩. The extended basic binary relations are

described below.

[R1] If a subinterval ai of a is before a subinterval bj of b, then ai is also before all

subintervals of b that occur after bj, i.e., bj+1, ..., bn.
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[R2] If a subinterval ai of a meets a subinterval bj of b, then ai is before all subintervals

of b that occur after bj, i.e., bj+1, ..., bn.

[R3] If a subinterval ai of a equals a subinterval bj of b, then ai is before all subintervals

of b that occur after bj, i.e., bj+1, ..., bn, and bj is before all subintervals of a

that occur after ai, i.e., ai+1, ..., am.

4.4.3 Integration of Proposed Generalized Framework with

Extended Binary Relations of Allen’s Theory

Algorithm 1 presents an algorithm to compute the similarity between discontinuous

intervals using the proposed generalized framework (SG) combined with the extended

binary relations of Allen’s theory [21]. The extended binary relations are applied in

this algorithm to compute the similarity between continuous subintervals within the

pairs. This algorithm is developed in such a way that it can include any of SSh
, SJ ,

and SD similarity measures for computing similarity for subinterval pairs.

Example 4.4:

Consider two pairs of discontinuous intervals in Fig. 4.9 where their similarity calcu-

lations and overall execution time in milliseconds (ms) are shown separately for the

proposed generalized framework (SG) at Eq. (4.1) and the same framework integrated

with the extended binary relations of Allen’s theory (SGA). Results show that though

both approaches provide same similarity for the pairs, substantial reduction in similarity

calculations and execution time (ms) can be achieved from the refined approach (i.e.,

combining the generalized framework with the extended Allen’s theory).

The next section demonstrates the behaviour of the proposed generalized framework

in respect to the SJ , SD, and SSh
similarity measures using a series of synthetic pairs

of discontinuous intervals.
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Algorithm 1 Similarity between discontinuous intervals with reduced similarity cal-
culations and execution time
Input: a = ⟨a1, ..., am⟩ and b = ⟨b1, ..., bn⟩ be a pair of discontinuous intervals.
Sim[m][n] be the similarity matrix for all pairs of subintervals {ai, bj}, 1 ≤ i ≤ m and
1 ≤ j ≤ n. Summn be the summation of similarity of all subinterval pairs.
Output: Similarity between a and b.

1: if am before/meet b0 or bn before/meet a0 then
2: return 0;
3: end if
4: for i → 1 to m do
5: for j → 1 to n do
6: if ai equal bj then
7: Set Sim[i][j] = 1
8: Apply [R3] and use Table 4.1 to compute similarity for
9: the pairs {ai, bk} and {al, bj}, where j + 1 ≤ k ≤ n and i + 1 ≤ l ≤ m

10: break;
11: end if
12: if ai before/meet bj then
13: Set Sim[i][j] = 0
14: Apply [R1]/[R2] and use Table 4.1 to compute similarity for
15: the pairs {ai, bk}, where j + 1 ≤ k ≤ n
16: break;
17: end if
18: if bj before/meet ai then
19: Set Sim[i][j] = 0
20: Apply [R1]/[R2] and use Table 4.1 to compute similarity for
21: the pairs {al, bj}, where i + 1 ≤ l ≤ m
22: continue;
23: end if
24: Compute Sim[i][j] using any of SSh

, SJ , and SD

25: end for
26: end for
27: for i → 1 to m do
28: for j → 1 to n do
29: Set Summn = Summn + Sim[i][j]
30: end for
31: end for
32: return 1

max(m,n) × Summn
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(a) Pair-1 (b) Pair-2

SG SGA

No. of Subintervals No. of Similarity Execution Similarity No. of Similarity Execution Similarity
Pair

∣∣∣a∣∣∣ ∣∣∣b∣∣∣ Calculation Time (ms) Result Calculation Time (ms) Result
Pair-1 4 3 12 0.051 0.375 5 0.038 0.375
Pair-2 5 5 25 0.072 0.0 1 0.004 0.0

Fig. 4.9 Comparison between the generalized framework (SG) and its combination with
the extended Allen’s theory (SGA) in respect to the SSh

measure.

4.5 Demonstration and Analysis

In this section, a series of experiments with synthetic discontinuous intervals are carried

out to explore the behaviour of the proposed generalized framework (SG) at Eq. (4.1)

in respect to Jaccard (SJ) at Eq. (2.18) and Dice (SD) at Eq. (2.22), and the new

bidirectional subsethood based similarity measure (SSh
) at Eq. (3.2). In all experiments,

the minimum t-norm is used for the SSh
measure as it is the most common in practice.

4.5.1 Datasets and Experimental Setup

For demonstration, three separate synthetic datasets are used. The datasets are:

• In the first synthetic dataset (Dataset-1), the overlapping between subintervals

for a pair of discontinuous intervals is gradually decreased to see how smoothly

similarity alters from 1 to 0. In particular, the changes in similarity results are

investigated for a gradual change in the overlapping of subintervals.

• In the second synthetic dataset (Dataset-2), the number of subintervals and their

degree of overlapping are changed. In particular, the changes in the similarity
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results are explored due to a rise in the number of subintervals and their varying

degree of overlap.

• Third synthetic dataset (Dataset-3) comprises pairs of discontinuous intervals

which are randomly generated. In particular, in the initial pair, each discontinuous

interval contains 10 subintervals. While generating other pairs, their subintervals

are gradually increased to 20, 30, 40, 50, and 60. Using this dataset, the

performance of the proposed generalized framework is investigated against its

combination with the extended binary relations of Allen’s theory. .

All these experiments are implemented using Java on an Intel(R) Core(TM) i3-4005U

series based machine running at 1.70 GHz with 8GB RAM.

4.5.2 Demonstration with Synthetic Dataset-1

Figure 4.10 presents (synthetic) Dataset-1 that considers a number of scenarios1 for a

pair of discontinuous intervals a and b, where each of them includes two subintervals.

In each scenario, the degree of overlap between subintervals of a and b are varied to

explore how the generalized framework (SG at Eq. (4.1)) responds with the respective

similarity measures SJ , SD, and SSh
and how smoothly the similarity results change

from 1 to 0. a is keeping unchanged in all scenarios but the subintervals of b are shifted

consecutively by a factor of 25%.

Initially, both a and b have identical subintervals [1, 3] and [6, 8] (Scenario 1.1 in

Fig. 4.10(a)). In Fig. 4.10(b)-(e) (Scenario 1.2 to 1.5), the rightmost subinterval [6, 8]

of b is gradually shifted by a factor of 25% till its only intersection is the right-end

point of the subinterval [6, 8] of a. In Fig. 4.10(f)-(i) (Scenario 1.6 to 1.9), the leftmost

subinterval [1, 3] of b is further shifted by a factor of 25% until its only intersection is

the right-end point of the subinterval [1, 3] of a. Figure 4.11(a) presents in detail the
1In Fig. 4.10, Dataset-1 with Scenario x is presented as Scenario 1.x where x = 1 to 9.



104 Measuring Similarity Between Discontinuous Intervals

shifting of subintervals of b for all scenarios, and Fig. 4.11(b) graphically shows the

similarity results for all three measures.

From Fig. 4.11(b), the initial similarity between a and b is 1 from the generalized

framework (SG) in respect to all three similarity measures as they are identical in

Scenario 1.1 (see Fig. 4.10(a)). Their similarity gradually decreases to 0.50 when

the second subinterval [6, 8] of b is gradually shifted by the factor of 25% (Scenario

1.2 to 1.5). The similarity drops further and gradually reaches to 0 when the first

subinterval [1, 3] of b is also repeatedly shifted (Scenario 1.6 to 1.9). Although one would

intuitively expect that similarity between the discontinuous intervals should decrease

proportionately as to the rate of change in their overlapping, Fig. 4.11(b) shows a

proportionate decline in similarity results by both SSh
and SD measures whereas it is

not observed for the SJ measure. Here, it is worth noting that though both similarity

measures, SD and SSh
have produced the same expected results, the next experiment

with (synthetic) Dataset-2 would reveal their different behaviour.

4.5.3 Demonstration with Synthetic Dataset-2

Figure 4.12 presents (synthetic) Dataset-2 that considers six different scenarios2 for

a pair of discontinuous intervals, a and b, where the number of subintervals within

the discontinuous intervals and their degree of overlap are varied. Herein, it is aimed

to examine how the generalized framework (SG) with these three similarity measures

behaves in respect to changes in the number of subintervals along with the degree of

their overlap within the pairs.

Scenario 2.1 – In Fig. 4.12(a), both a and b have an identical subinterval, [0,2].

The generalized framework (SG) with all three similarity measures returns the same

similarity of 1 – as expected.
2In Fig. 4.12, Dataset-2 with Scenario x is presented as Scenario 2.x where x = 1 to 6.
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Fig. 4.10 Dataset-1 with varying degree of overlap between subintervals, a and b to
examine how smoothly similarity results alter.



106 Measuring Similarity Between Discontinuous Intervals

Discontinuous Interval Scenarios
b = {b1, b2} 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9

Shift b1 0% 0% 0% 0% 0% 25% 50% 75% 100%
Shift b2 0% 25% 50% 75% 100% 100% 100% 100% 100%

SJ 1.0 0.80 0.6667 0.5714 0.50 0.30 0.1667 0.0714 0.0
SM SD 1.0 0.875 0.75 0.625 0.50 0.375 0.25 0.125 0.0

Results SSh
1.0 0.875 0.75 0.625 0.50 0.375 0.25 0.125 0.0

(a) % of Shifting of subintervals b1 and b2 along with the similarity results from the generalized
framework (SG) in respect to the SJ , SD, and SSh

measures (Note: a remains unchanged in
all scenarios)

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9
Scenarios
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(b) Similarity results from the SG with SJ , SD, and SSh
measures

Fig. 4.11 Similarity results showing proportionate decline by the generalized framework
(SG) with both SSh

and SD similarity measures, but not with the SJ similarity measure
for different scenarios in Fig. 4.10.

Scenario 2.2 – In Fig. 4.12(b), a new subinterval [3, 5] is added to a; therefore it

now turns into ⟨[0, 2], [3, 5]⟩ whereas b remains unchanged. Since the new subinterval

[3, 5] of a is disjoint to b, adding it is likely to reduce overall similarity between a and b
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(f) Scenario 2.6

Fig. 4.12 Dataset-2 comprising pairs of discontinuous intervals with an increased
number of subintervals and varying degree of overlap along with their similarity results.
Note: The generalized framework (SG) with the SJ and SD measures return identical
results for scenarios 2.3 and 2.4, i.e., they are subject to aliasing, but with only the
SSh

measure captures the change in the respective discontinuous intervals and thus
avoids aliasing.
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as compared to the Scenario 2.1 (Fig. 4.12(a)). The generalized framework (SG) with

all three similarity measures performs as to this expectation.

Scenario 2.3 – In Fig. 4.12(c), a is kept the same as the Scenario 2.2 (Fig. 4.12(b)),

but one more subinterval [3, 9] is added to b, which now becomes ⟨[0, 2], [3, 9]⟩. From

one end, subinterval [3, 9] of b has about 33% overlap with subinterval [3, 5] of a. On

the other side, the subinterval [3, 5] of a exhibits complete 100% overlap with [3, 9] of

b. Hence, the overall similarity between a and b is expected to increase as compared

to the Scenario 2.2 (Fig. 4.12(b)). This expected increment in the similarity result is

seen for the generalized framework (SG) with all three similarity measures.

Scenario 2.4 – In Fig. 4.12(d), for a, one edge of subinterval [3, 5] is extended to

[3, 7], while its other subinterval remains the same as the Scenario 2.3 (Fig. 4.12(c)).

Hence, a now becomes ⟨[0, 2], [3, 7]⟩. On the other hand, for b, the size of its one

subinterval [3, 9] is reduced and set it as [5, 9]. Therefore, b is now ⟨[0, 2], [5, 9]⟩. Here,

the subinterval [3, 7] of a and the subinterval [5, 9] of b have a 50% overlap. In this

case, it is expected that the overall similarity between a and b should be different

from Scenario 2.3 (Fig. 4.12(c)). The results show that the generalized framework

(SG) with SSh
similarity measure can capture the change in the degree of overlap and

provide a different similarity as expected, whereas the generalized framework (SG) with

both SJ and SD measures provides the same similarity of 0.6667 and 0.75 respectively

(Fig. 4.12(d)) as found in the Scenario 2.3 (Fig. 4.12(c)). This suggests that aliasing

persists for the generalized framework (SG) with both SJ and SD similarity measures,

but not with the SSh
similarity measure as detailed in [16] (see Chapter 3).

Scenario 2.5 – In Fig. 4.12(e), one more subinterval [9, 10] to a is added as designed

in Scenario 2.4 (Fig. 4.12(d)), thus setting a as ⟨[0, 2], [3, 7], [9, 10]⟩, while b remains the

same. As this new subinterval [9, 10] of a is disjoint from all subintervals of b, adding

it should decrease the similarity between a and b as compared to the Scenario 2.4
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(Fig. 4.12(d)). The results show that the generalized framework (SG) with all three

similarity measures yielded expected similarity.

Scenario 2.6 – In Fig. 4.12(f), a remains the same but b is changed by adding one

more subinterval [9.7, 10]. Thus, b is now ⟨[0, 2], [5, 9], [9.7, 10]⟩. The new subinterval

of b has 30% overlap with the subinterval [9, 10] of a. Therefore, the overall similarity

between a and b is expected to be higher than that of the Scenario 2.5 (Fig. 4.12(e)).

Again, higher similarity results are received from the generalized framework (SG) with

all three similarity measures.

In summary, the generalized framework (SG) with SSh
and SD similarity measures

follow a proportionate decline in similarity results as the subintervals of a pair of

discontinuous intervals are gradually moved from a complete overlap to disjoint positions.

Contrarily, the generalized framework (SG) with SJ similarity measure yields slightly

higher than proportionate decline in similarity results. Importantly, the generalized

framework (SG) with SJ and SD similarity measures still exhibit aliasing, whereas

the generalized framework (SG) with SSh
similarity measure is sensitive to changes in

overlap and thus avoid aliasing.

4.5.4 Demonstration with Synthetic Dataset-3

The (synthetic) Dataset-3 consists of six different pairs of discontinuous intervals a

and b, which are randomly generated. Specifically, in each scenario, discontinuous

intervals contain equal number of subintervals. Initially, both discontinuous intervals

have 10 randomly generated subintervals which are gradually increased to 20, 30, 40,

50, and 60 subintervals. Table 4.2 presents the discontinuous interval pairs with equal

number of subintervals. This experiment investigates the performance of the proposed

generalized framework (SG) against its combination with the extended binary relations

of Allen’s theory [21] (SGA), in respect to total similarity calculation and execution
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Table 4.2 Performances of the proposed generalized framework (SG) against its combi-
nation with the extended Allen’s theory (SGA) in respect to total similarity calculation
and execution time in milliseconds (ms).

No of Subintervals SG SGA

in each pair of No. of Similarity Execution Similarity No. of Similarity Execution Similarity
discontinuous intervals Calculation Time (ms) Result Calculation Time (ms) Result

10 100 2.41 0.2428 24 0.10 0.2428
20 400 2.93 0.2331 52 0.18 0.2331
30 900 3.44 0.4089 96 0.28 0.4089
40 1600 4.66 0.2824 116 0.41 0.2824
50 2500 5.18 0.3133 154 0.88 0.3133
60 3600 4.13 0.0 1 0.0008 0.0

time (in milliseconds) in computing the similarity for pairs of discontinuous intervals.

In this experiment, the new SSh
similarity measure at Eq. (3.2) is used to compute

similarity for subinterval pairs.

Results from Table 4.2 reveal that the generalized framework combined the extended

Allen’s theory [21] (SGA) minimizes total number of similarity computation and

execution time as compared to the proposed generalized framework (SG). In particular,

the generalized framework combined with the extended Allen’s theory [21] (SGA) takes

only 1 similarity calculation as well as reduces execution time substantially for the last

pair of disjoint discontinuous intervals having 60 subintervals whereas the generalized

framework (SG) involves 3600 similarity calculations with prolonged execution time.

From the demonstrations with different synthetic datasets, Table 4.3 presents an

overall summary of the four different approaches — current approach with interval

addition [34], current approach with ‘convexify’ function [44], the proposed generalized

framework (SG) at Eq.(4.1), and its combination with the extended binary relations of

Allen’s theory [21] (SGA) in respect to the Jaccard (SJ), Dice (SD), and bidirectional

subsethood based (SSh
) similarity measures. Table 4.3 shows that current approaches

with SJ and SD measures involve information loss and aliasing, thus affecting accuracy

of similarity results, though they are computationally inexpensive. The proposed

generalized framework (SG) with SSh
measure does not face information loss and
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aliasing, hence provides intuitive similarity results, but with prolonged execution time.

In contrast, the proposed framework in combination with the extended Allen’s theory

[21]) (SGA) provides the same intuitive results with substantially less execution time

compared to the use of the generalized framework alone. It is worth mentioning that

both the proposed framework (SG) and its refinement (SGA) with the SJ and SD

measures still suffer from aliasing in computing similarity for discontinuous intervals.
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4.6 Summary

This chapter has proposed a generalized framework to compute similarity of discon-

tinuous intervals by considering similarity of all continuous subinterval-pairs. The

new generalized framework is equally suitable for continuous as well as discontinuous

intervals. It does not require any conversion from discontinuous into continuous inter-

vals, thus avoiding associated information loss. The performances of the generalized

framework using the bidirectional subsethood similarity measure along with the Jaccard

and Dice measures have been compared using different synthetic pairs of discontinuous

intervals. The results have shown intuitive behaviour of the generalized framework

while highlighting that only by using the bidirectional subsethood based similarity as

part of the generalized framework, aliasing can continue to be avoided.

At the computational level, in the generalized framework, all possible pairs of

subintervals have been considered to compute similarity which results in a potentially

vast number of similarity calculations, in particular, where discontinuous intervals

have many disjoint subinterval pairs. To mitigate this and to make the proposed

generalized framework computationally more efficient, it has been further integrated

with an extension of Allen’s theory [21]. Experiment results have shown that both

similarity calculation and execution time have been substantially reduced with this

integration as compared to the use of generalized framework alone. The works that

have been done in this chapter satisfy objective 5 of the thesis.

A part of the contribution to this chapter has been published in the following

international conference.

• Measuring Similarity Between Discontinuous Intervals - Challenges

and Solutions

Kabir, Shaily; Wagner, Christian; Havens, Timothy C.; and Anderson, Derek T.

Measuring Similarity Between Discontinuous Intervals - Challenges and Solutions.
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In International Conference on Fuzzy Systems (Fuzz-IEEE 2019), New Orleans,

Louisiana, USA, 2019.

Status: Published

A journal paper, built on our initial work, is now being prepared for submission to

IEEE Transactions on Fuzzy Systems.

• Efficient Comparison of Discontinuous Intervals using a Combination

of Bidirectional Subsethood Based Similarity Measure and Extended

Allen’s Theory

Kabir, Shaily; Wagner, Christian; Havens, Timothy C.; and Anderson, Derek

T. Efficient Comparison between Discontinuous Intervals using a Combination

of Bidirectional Subsethood Based Similarity Measure and Extended Allen’s

Theory.

Status: To be submitted

Chapter 3 has introduced a novel set-theoretic similarity measure for continuous

(closed) intervals, whereas Chapter 4 has put forward a generalized framework to assess

the similarity between discontinuous intervals. In these chapters, different experimental

results have shown that the new similarity measure as well as its inclusion within the

generalized framework can avoid aliasing of the popular set-theoretic measures and

provide similarity with high accuracy. Taking advantages of these proposed measures,

the next chapter presents their extensions (see Chapter 2) for robust comparison

between T1 fuzzy sets. These extensions will also meet up objective 5 of the thesis.



Chapter 5

Measuring Similarity Between

Type-1 Fuzzy Sets

5.1 Introduction

Chapter 3 introduced a robust set-theoretic similarity measure for continuous (closed)

intervals to deal with an inherent limitation (i.e., aliasing) of the popular similarity

measures where they return the same similarity for substantially different pairs of inter-

vals. Afterwards, Chapter 4 proposed a generalized framework to address information

loss with the current approaches while assessing the similarity between discontinuous

intervals. It also has highlighted that aliasing can continue to be avoided for discon-

tinuous intervals only by using the new similarity measure (Eq. (3.2) in Chapter 3)

as part of the generalized framework. Therefore, this chapter aims to exploit these

new measures and extend them to T1 fuzzy sets with the intention to capture their

similarity more accurately.

There are two common approaches to perform such extensions – one based on

vertical-slices and the other on α-cuts of fuzzy sets (discussed in Chapter 2). As

both vertical and α-cuts of normal and convex T1 fuzzy sets are closed intervals, the
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new similarity measure for continuous intervals are initially expanded using the two

approaches to compare such fuzzy sets. Later, the proposed generalized framework

involving the new measure is extended to deal with the comparison between non-convex

T1 fuzzy sets.

This chapter first presents the motivation behind the extension of the new interval

similarity measure (Eq. (3.2) in Chapter 3) to T1 fuzzy sets. Following this, this new

measure is extended based on the vertical-slice representation along with a discussion of

the essential properties that the extended measure supports. After that, the behaviour

of the proposed similarity measure (extended vertically) against key existing fuzzy set-

theoretic measures (also depending on the vertical-slice representation) is demonstrated

using a series of synthetic fuzzy sets, followed by a discussion of their limitation to

compare non-normal T1 fuzzy sets. To avoid this limitation, an α-cut based extension of

the new measure is explored for T1 fuzzy sets together with its major properties. Lastly,

the behaviour of the proposed extended measure based on the α-cut representation

is compared with the vertically extended measure (and other key existing measures)

using the same set of synthetic fuzzy sets.

5.2 Motivation

Classical set-theoretic similarity measures are often extended to assess similarity

between fuzzy sets [75], and an overview of such extended measures is discussed in [11]

and [87]. However, Chapter 3 has identified and articulated a pitfall (i.e., aliasing) of

these similarity measures and proposed a new similarity measure for intervals based on

the concept of subsethood, which has shown to avoid aliasing and produce intuitive

results. These findings inspire us to leverage this new measure to assess similarity

of T1 fuzzy sets as T1 fuzzy sets can be represented as a series of vertical-slices or
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α-cuts, and both of these slices are generally intervals. The following example further

substantiates the rationale behind extending the new measure for T1 fuzzy sets.

Consider two different pairs of T1 fuzzy sets in Fig. 5.1 and their corresponding

interval representations in Fig. 5.2. Here, both fuzzy set pairs and their interval

representations are dissimilar, therefore, intuitively they should have a different degree

of similarity. Chapter 3 has revealed that both Jaccard and Dice measures produce

equal similarity for these interval pairs as they are subject to aliasing (see Fig. 3.1).

When their extensions (see [65] and [141]) are applied to compare the fuzzy set pairs

in Fig. 5.1, they still provide the same similarity for them. Contrarily, Chapter 3 has

demonstrated that the new similarity measure can generate the expected difference

in similarity for the interval pairs of Fig. 5.2. Hence, its extension is also expected to

capture the similarity between fuzzy sets more appropriately.
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Fig. 5.1 Two different example pairs of T1 fuzzy sets.
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0 2 4 6 8 10

(b) Pair-2

Fig. 5.2 Interval representations for the pairs of T1 fuzzy sets in Fig. 5.1.



118 Measuring Similarity Between Type-1 Fuzzy Sets

The next section presents a vertical-slice based extension of the bidirectional

subsethood based similarity measure (Eq. (3.2) in Chapter 3) for T1 fuzzy sets and

discusses its major properties.

5.3 Proposed Vertical-Slice Based Extension

This section introduces a vertical-slice based extension of the new similarity measure

(SSh
) introduced in Chapter 3 to assess the similarity between T1 fuzzy sets. The

proposed extension of the SSh
measure is presented first and then its major properties

are explored and demonstrated.

5.3.1 Proposed Vertical-Slice Based Extension of the Bidirec-

tional Subsethood Based Similarity Measure

In the vertical-slice based extension, the reciprocal subsethood for a pair of T1 fuzzy

sets is first determined by considering the membership values of their elements and

then a t-norm of the subsethood outcomes are taken to measure overall similarity

between the fuzzy sets. The proposed extension of the SSh
measure for fuzzy sets, A

and B, is thus defined as,

ST 1
Shv (A, B) = ⋆ (Sh(A, B), Sh(B, A)) , (5.1)

where Sh(A, B) is the subsethood of A with respect to B and Sh(B, A) is the subsethood

of B with respect to A. As stated before, ⋆ is the t-norm.
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Using the definition of subsethood (Sh) for T1 fuzzy sets (see subsection 2.6.2 in

Chapter 2), Eq. (5.1) can be expressed in the following manner,

ST 1
Shv (A, B) = ⋆


n∑

i=1
min (µA(xi), µB(xi))

n∑
i=1

µA(xi)
,

n∑
i=1

min (µA(xi), µB(xi))
n∑

i=1
µB(xi)

 , (5.2)

where n is the number of discretizations of the whole support of A and B.12

In the next subsection, the properties of this vertically extended ST 1
Shv measure are

explored and proved.

5.3.2 Properties of the Vertical-Slice Based Extension

This subsection proves that the vertically extended ST 1
Shv measure (in Eq. (5.1)) main-

tains all major properties [C1] - [C4] of a fuzzy set similarity measure (discussed in

Chapter 2) for T1 fuzzy sets, A and B. It also shows that this extended ST 1
Shv measure

is always bounded by 0 and 1.

Theorem 5.1 (Boundedness): ST 1
Shv (A, B) ∈ [0, 1].

Proof: The subsethood Sh (A, B) is bounded by [0, 1] [97], which follows that the

extended similarity measure ST 1
Shv (A, B) is also bounded by [0, 1]. ■

Theorem 5.3 (Symmetry): ST 1
Shv (A, B) = ST 1

Shv (B, A).

Proof: The t-norm (⋆) is symmetric [137]. Hence, ST 1
Shv (A, B) is also symmetric. ■

Theorem 5.2 (Reflexivity): ST 1
Shv (A, B) = 1 ⇐⇒ A = B.

1It is noted that in case of discrete fuzzy sets A and B (where they have the same number of
elements), n denotes the number of elements in A and B.

2Note that Eq. (5.2) behaves like a fuzzy measure mentioned in [94] for the minimum t-norm,
though the origin of that measure is unknown.
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Proof: When A = B, Sh (A, B) = Sh (B, A) = 1. From the boundary conditions

of the t-norm (⋆) [137], ⋆(1, 1) = 1, thus making SShv (A, B) = 1. Alternatively,

SShv (A, B) = 1 means that both Sh (A, B) and Sh (B, A) are equal to 1. This only

happens if A and B are identical. ■

Theorem 5.4 (Transitivity): ST 1
Shv(A, B) ≥ ST 1

Shv(A, C) when A ⊆ B ⊆ C.

Proof: When A ⊆ B ⊆ C, it follows that

∑
x

µA(x) ≤
∑

x

µB(x) ≤
∑

x

µC(x). (5.3)

Case 1: when ⋆ is the minimum t-norm. From Eq. (5.2),

ST 1
Shv (A, B) = ⋆


∑
x

min (µA(x), µB(x))∑
x

µA(x) ,

∑
x

min (µA(x), µB(x))∑
x

µB(x)


=

∑
x

min (µA(x), µB(x))∑
x

µB(x) [using Eq. (5.3)]

ST 1
Shv (A, C) = ⋆


∑
x

min (µA(x), µC(x))∑
x

µA(x) ,

∑
x

min (µA(x), µC(x))∑
x

µC(x)


=

∑
x

min (µA(x), µC(x))∑
x

µC(x) [using Eq. (5.3)]

From Eq. (5.3), ∑
x

µB(x) ≤ ∑
x

µC(x), thus making

∑
x

min (µA(x), µB(x))∑
x

µB(x) ≥

∑
x

min (µA(x), µC(x))∑
x

µC(x) .
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Hence ST 1
Shv (A, B) ≥ ST 1

Shv (A, C).

Case 2: when ⋆ is the product t-norm. From Eq. (5.2),

ST 1
Shv (A, B) = ⋆


∑
x

min (µA(x), µB(x))∑
x

µA(x) ,

∑
x

min (µA(x), µB(x))∑
x

µB(x)


=

∑
x

min (µA(x), µB(x))2

∑
x

µA(x) ×∑
x

µB(x) [using Eq. (5.3)]

ST 1
Shv (A, C) = ⋆


∑
x

min (µA(x), µC(x))∑
x

µA(x) ,

∑
x

min (µA(x), µC(x))∑
x

µC(x)


=

∑
x

min (µA(x), µC(x))2

∑
x

µA(x) ×∑
x

µC(x) [using Eq. (5.3)]

From Eq. (5.3), ∑
x

µB(x) ≤ ∑
x

µC(x). Hence,

∑
x

min (µA(x), µB(x))∑
x

µB(x) ≥

∑
x

min (µA(x), µC(x))∑
x

µC(x) ,

It follows that

∑
x

min (µA(x), µB(x))2

∑
x

µB(x) ≥

∑
x

min (µA(x), µC(x))2

∑
x

µC(x) ,

=⇒

∑
x

min (µA(x), µB(x))2

∑
x

µA(x) ×∑
x

µB(x) ≥

∑
x

min (µA(x), µC(x))2

∑
x

µA(x) ×∑
x

µC(x) .

Thus ST 1
Shv (A, B) ≥ ST 1

Shv (A, C). ■
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Theorem 5.5 (Overlapping): ST 1
Shv (A, B) > 0 when A ∩ B ̸= ∅; otherwise,

ST 1
Shv (A, B) = 0.

Proof: If A ∩ B ̸= ∅, ∃x such that min (µA(x), µB(x)) > 0, which follows that the

numerator of Eq. (5.2) is

∑
x

min (µA(x), µB(x)) > 0.

For the denominators in Eq. (5.2),

∑
x

µA(x) ≥
∑

x

min (µA(x), µB(x)) and
∑

x

µB(x) ≥
∑

x

min (µA(x), µB(x)) .

Therefore ST 1
Shv (A, B) > 0.

Conversely, if A ∩ B = ∅, then min (µA(x), µB(x)) = 0 ∀x, thus making the

numerator of (5.2) as ∑
x

min (µA(x), µB(x)) = 0.

Therefore,

∑
x

min (µA(x), µB(x))∑
x

µA(x) = 0 and

∑
x

min (µA(x), µB(x))∑
x

µB(x) = 0.

Hence ST 1
Shv (A, B) = 0. ■

The next subsection demonstrates the behaviour of the vertically extended ST 1
Shv

measure in respect to existing fuzzy set-theoretic similarity measures (also depending

on the vertical-slice representation) using synthetic datasets on T1 fuzzy sets.
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5.3.3 Comparison with Current Literature

This section compares the proposed vertical-slice Based extended measure (ST 1
Shv) at

Eq. (5.1) with well-known fuzzy set-theoretic similarity measures using T1 fuzzy sets

with different features (i.e., normal/non-normal and convex/non-convex). Comparisons

are given against the following fuzzy set-theoretic similarity measures:

• SJ – proposed by Pappis and Karacapilidis [65]

• SC – proposed by Chen et al. [91]

• SP – proposed by Chen et al. [91]

• SW – proposed by Wang [92]

• SR – proposed by Raha et al. [93]

Table 2.1 (in Chapter 2) provides details of SJ , SC , SP , SW , and SR measures.

It is worth noting that all these existing fuzzy similarity measures also depend on

the vertical-slice representation of fuzzy sets. For the proposed ST 1
Shv measure, both

minimum and product t-norms are used. Further, for comparison, both trapezoidal

and Gaussian T1 fuzzy sets are used as the trapezoidal membership function is simple,

yet captures a great deal of flexibility and can model non-symmetric concepts. On the

other hand, the Gaussian membership function is a favourite statistical representation.

All of these similarity measures are compared by focusing on the changes in similarity

results while the properties of the fuzzy sets are gradually altered, i.e., by varying

the degree of overlap, the subsethood, the height of (non-normal) fuzzy sets, and

their ‘degree of non-convexity’. Figures 5.3 to 5.7 graphically show different synthetic

fuzzy sets that are used in this comparison accompanied with similarity results from

all measures while considering 1000 discretizations (vertical-slices) along the whole

support of the pairs of fuzzy sets.



124 Measuring Similarity Between Type-1 Fuzzy Sets

(1) Convex-normal fuzzy sets: In Fig. 5.3, three pairs of trapezoidal ({A, B1},

{A, B2}, and {A, B3}) and Gaussian ({A′, B′
1}, {A′, B′

2}, and {A′, B′
3}) fuzzy sets are

used, where the degree of overlap between the pairs is increased gradually (e.g., the

overlap between A and B1 in {A, B1} is less than the overlap between A and B3 in

{A, B3}). Here, all pairs are normal and convex. Specifically, pairs are shifted from

completely disjoint to a gradually increasing overlap along the x-axis. Intuitively,

as the overlapping between pairs increases, similarity is expected to rise accordingly.

Figure 5.3 shows expected behaviour of all similarity measures.
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(b) Gaussian Fuzzy Sets

Pair of Trapezoidal Fuzzy Sets Pair of Gaussian Fuzzy Sets
Similarity Measure {A, B1} {A, B2} {A, B3} {A′, B′

1} {A, B′
2} {A′, B′

3}
SJ 0.0 0.0326 0.3968 0.0 0.0321 0.373
SC 0.0 0.2778 0.8333 0.0 0.1724 0.8226
SP 0.0 0.0322 0.724 0.0 0.0301 0.6766
SW 0.0 0.0552 0.2728 0.0 0.0689 0.2929
SR 0.0 0.2778 0.8333 0.0 0.1724 0.8226

ST 1
Shv:min 0.0 0.0631 0.5682 0.0 0.0625 0.5426

ST 1
Shv:prod 0.0 0.004 0.3228 0.0 0.0039 0.2949

Fig. 5.3 Trapezoidal and Gaussian fuzzy sets and their comparison according to the
proposed vertically extended similarity measure ST 1

Shv and five other fuzzy set-theoretic
similarity measures (SJ , SC , SP , SW , and SR) where the degree of overlap between
fuzzy sets is increasing from right to left.
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(2) Convex-normal fuzzy sets (with proper subsets): In Fig. 5.4, three pairs

of (normal and convex) trapezoidal ({A, B1}, {A, B2}, and {A, B3}) and Gaussian

({A′, B′
1}, {A′, B′

2}, and {A′, B′
3}) fuzzy sets are considered, where all B1, B2, and

B3 are proper subsets of A (similarly, all B′
1, B′

2, and B′
3 are proper subsets of A′).

Here, the degree of subsethood in the pairs is gradually increased (e.g., the degree of

subsethood of B1 in respect to A is less than that of B3 in respect to A). In this case,

it is intuitive to expect that as the degree of subsethood gradually increases, similarity

will also rise. Figure 5.4 shows that both SC and SR measures yield a similarity of 1
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(b) Gaussian Fuzzy Sets

Pair of Trapezoidal Fuzzy Sets Pair of Gaussian Fuzzy Sets
Similarity Measure {A, B1} {A, B2} {A, B3} {A′, B′

1} {A, B′
2} {A′, B′

3}
SJ 0.3429 0.5143 0.7143 0.2858 0.5002 0.7145
SC 1.0 1.0 1.0 1.0 1.0 1.0
SP 0.4422 0.6275 0.817 0.3885 0.6325 0.822
SW 0.2042 0.3281 0.5001 0.1045 0.2024 0.3576
SR 1.0 1.0 1.0 1.0 1.0 1.0

ST 1
Shv:min 0.3429 0.5143 0.7143 0.2858 0.5002 0.7145

ST 1
Shv:prod 0.3429 0.5143 0.7143 0.2858 0.5002 0.7145

Fig. 5.4 Trapezoidal and Gaussian T1 fuzzy sets and their comparison according to the
proposed vertically extended similarity measure ST 1

Shv and five other fuzzy set-theoretic
similarity measures (SJ , SC , SP , SW , and SR) where the degree of subsethood between
fuzzy sets is increasing.
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for all pairs despite being non-identical while the other measures return an increasing

degree of similarity in line with expectation.

(3) Convex fuzzy sets (with one normal and one non-normal fuzzy set):

trapezoidal ({A, B1}, {A, B2}, and {A, B3}) and Gaussian ({A′, B′
1}, {A′, B′

2}, and

{A′, B′
3}) fuzzy sets are considered in Fig. 5.5 where A and A′ are normal sets while B1

and B′
1 are initially non-normal, but their heights are gradually increased and turned

into normal sets, B3 and B′
3 respectively. As the height of the non-normal fuzzy set
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(b) Gaussian Fuzzy Sets

Pair of Trapezoidal Fuzzy Sets Pair of Gaussian Fuzzy Sets
Similarity Measure {A, B1} {A, B2} {A, B3} {A′, B′

1} {A, B′
2} {A′, B′

3}
SJ 0.0313 0.0515 0.0541 0.0216 0.0304 0.0316
SC 0.1108 0.2658 0.3676 0.0587 0.1249 0.1724
SP 0.0177 0.0532 0.0573 0.0089 0.0268 0.0279
SW 0.0443 0.0662 0.0721 0.0389 0.0418 0.0434
SR 0.1108 0.2658 0.3676 0.0587 0.1249 0.1724

ST 1
Shv:min 0.0389 0.093 0.0961 0.0281 0.0588 0.0625

ST 1
Shv:prod 0.0051 0.0096 0.0111 0.0024 0.0035 0.0042

Fig. 5.5 Trapezoidal and Gaussian fuzzy sets and their comparison according to the
proposed vertically extended similarity measure ST 1

Shv and five other fuzzy set-theoretic
similarity measures (SJ , SC , SP , SW , and SR) where the height of the non-normal
fuzzy set is increasing while the other set is normal.
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increases, the similarity within the pairs should intuitively rise, and their similarity

reaches its maximum value when both sets in a pair share the same height. Here, all

measures maintain the expected rising trend in the similarity results.

(4) Convex fuzzy sets (with both fuzzy sets non-normal): Here, in Fig. 5.6,

three pairs of trapezoidal ({A1, B}, {A2, B}, and {A3, B}) and Gaussian ({A′
1, B′},

{A′
2, B′}, and {A′

3, B′}) fuzzy sets are considered where initially both fuzzy sets are

convex and non-normal (i.e., {A1, B} and {A′
1, B′}). In this experiment, B and B′ are
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(b) Gaussian Fuzzy Sets

Pair of Trapezoidal Fuzzy Sets Pair of Gaussian Fuzzy Sets
Similarity Measure {A1, B} {A2, B} {A3, B} {A′

1, B′} {A′
2, B′} {A′

3, B′}
SJ 0.2112 0.2219 0.224 0.1282 0.1311 0.1325
SC 0.5178 0.5533 0.5764 0.3835 0.4119 0.4322
SP 0.1925 0.2567 0.3209 0.1099 0.1466 0.1832
SW 0.1991 0.1902 0.1767 0.1231 0.1167 0.1116
SR 0.6473 0.6916 0.5764 0.4794 0.5148 0.4322

ST 1
Shv:min 0.2165 0.2406 0.2553 0.1395 0.1521 0.1614

ST 1
Shv:prod 0.1932 0.1789 0.1612 0.0855 0.0762 0.0687

Fig. 5.6 Trapezoidal and Gaussian T1 fuzzy sets and their comparison according to the
proposed vertically extended similarity measure ST 1

Shv and five other fuzzy set-theoretic
similarity measures (SJ , SC , SP , SW , and SR) where the height of the non-normal
fuzzy set is increasing while the other set is also non-normal.
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kept non-normal, while A1 and A′
1 gradually turn into normal fuzzy sets, A3 and A′

3.

Here again, the similarity within the pairs should rise as the height of the non-normal

fuzzy set increases, and its value reaches the maximum when both sets in a pair share

the same height. The results show that all measures except SR behave non-intuitively

by giving less similarity for the pairs, {A2, B} and {A′
2, B′}.

(5) Non-convex, normal fuzzy sets: Finally, three pairs of fuzzy sets – trape-

zoidal ({A, B1}, {A, B2}, and {A, B3}) and Gaussian ({A′, B′
1}, {A′, B′

2}, and {A′, B′
3})

are considered in Fig. 5.7 where B1, B2, and B3 are both non-convex fuzzy sets and
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Pair of Trapezoidal Fuzzy Sets Pair of Gaussian Fuzzy Sets
Similarity Measure {A, B1} {A, B2} {A, B3} {A′, B′

1} {A, B′
2} {A′, B′

3}
SJ 0.8429 0.8245 0.7929 0.4058 0.3647 0.3220
SC 1.0 1.0 1.0 0.9829 0.9773 0.9726
SP 0.906 0.883 0.841 0.5199 0.4619 0.4016
SW 0.6575 0.647 0.6282 0.1639 0.1493 0.1342
SR 1.0 1.0 1.0 0.9829 0.9773 0.9726

ST 1
Shv:min 0.8429 0.8245 0.7929 0.4062 0.3650 0.3222

ST 1
Shv:prod 0.60 0.4571 0.40 0.4022 0.3613 0.3186

Fig. 5.7 Trapezoidal and Gaussian T1 fuzzy sets and their comparison according to the
proposed vertically extended similarity measure ST 1

Shv and five other fuzzy set-theoretic
similarity measures (SJ , SC , SP , SW , and SR) where the ‘degree of non-convexity’ of
the fuzzy set is increasing.
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proper subsets of A (similarly, B′
1, B′

2, and B′
3 are non-convex sets and proper subsets

of A′). Here, the ‘degree of non-convexity’ is increased in a gradual manner from B1 to

B3 (also, from B′
1 to B′

3). As the non-convexity ‘increases’, the degree of overlap, or,

more formally, the cardinality of the intersection between the pairs declines, intuitively

resulting in a decreasing degree of similarity. Here, both SC and SR measures show a

perhaps unexpected behaviour for trapezoidal fuzzy sets – yielding a similarity of 1 for

all pairs, while following the expected decreasing trend for the Gaussian fuzzy sets. All

other measures show a decreasing trend for all pairs in respect to the similarity results.

Table 5.1 presents the summary of the experiment results, which show that all

measures depict expected behaviour for varying degrees of overlap. Both SC and

SR measures deviate from intuition while changing the degree of subsethood. For

variations in the height of pairs of non-normal fuzzy sets, only SR measure follows

intuition. Finally, with a rising degree of non-convexity, both SC and SR measures

show unexpected results for trapezoidal fuzzy sets while meeting the expectation for

the Gaussian fuzzy sets. Overall, SJ , SP , SW and the proposed extended ST 1
Shv (with

Table 5.1 Summary of Experiment Results (✓- expected behaviour and × - unexpected
behaviour).

Changing Features between T1 Fuzzy Sets
Increasing height of non-normal fuzzy set

Similarity Increase Raising Increase One non-normal, Both non-normal
Measure Overlap Subsethood Non-convexity other normal fuzzy sets fuzzy sets

SJ ✓ ✓ ✓ ✓ ×
SC ✓ × × ✓ ×
SP ✓ ✓ ✓ ✓ ×
SW ✓ ✓ ✓ ✓ ×
SR ✓ × × ✓ ✓

ST 1
Shv:min ✓ ✓ ✓ ✓ ×

ST 1
Shv:prod ✓ ✓ ✓ ✓ ×



130 Measuring Similarity Between Type-1 Fuzzy Sets

minimum and product t-norms) measures largely follow intuition for a variety of fuzzy

sets—except for pairs of fuzzy sets where both are non-normal.

Remark 5.1:

The results from Table 5.1 show that most of the vertical-slice based extended measures

behave non-intuitively while comparing non-normal fuzzy sets. This finding motivates

us to explore the utility of extending the new similarity measure at Eq. (3.2) based on

the α-cuts of fuzzy sets.

The next section presents an α-cut based extension of the bidirectional subsethood

based similarity measure (Eq. (3.2) in Chapter 3) for T1 fuzzy sets and discusses its

major properties.

5.4 Proposed α-cut Based Extension

In this section, an α-cut (or horizontal-slice) based extension of the new similarity

measure (SSh
) is proposed to compute similarity between T1 fuzzy sets as α-cuts of

a normal and convex T1 fuzzy set are closed intervals. However, an α-cut can result

in an empty set or discontinuous interval in case of a non-normal and non-convex

fuzzy set. In general, the α-cut based extended similarity measure can not be directly

applied to compare non-normal and non-convex fuzzy sets, and thus requires further

expansion to deal with these properties [20][142]. Hence, the proposed α-cut based

extended measure is further refined in sections 5.4.3 and 5.4.4 to allow the comparison

of non-normal and non-convex fuzzy sets.
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5.4.1 Proposed α-cut Based Extension of the Bidirectional

Subsethood Based Similarity Measure

The proposed α-cut based extended similarity measure determines the similarity

between fuzzy sets A and B by taking into account how much they are similar over

their α-cuts. Thus, in this extension, the similarity between A and B is first determined

in respect to each α-cut using the new similarity measure, SSh
. Then, all similarity

results along the α-cuts are combined to make an overall similarity between A and B.

5.4.1.1 Similarity between Fuzzy Sets at a Given α-cut

Suppose, Aαi
= {x|µA(x) ≥ αi} and Bαi

= {x|µB(x) ≥ αi} are the α-cuts for normal

and convex T1 fuzzy sets A and B respectively at a given αi. As Aαi
and Bαi

are closed

intervals, the new similarity measure, SSh
at Eq. (3.2) is directly applied to estimate

their similarity. For doing so, the subsethood for Aαi
and Bαi

are first determined

using the definition of subsethood (Sh) for intervals at Eq. (3.1). Thus, the subsethood

of Aαi
in respect to Bαi

is defined as

Sh(Aαi
, Bαi

) =

∣∣∣Aαi
∩ Bαi

∣∣∣∣∣∣Aαi

∣∣∣ , (5.4)

where Sh(Aαi
, Bαi

) is calculated by taking the ratio of the cardinality of the intersection

of Aαi
and Bαi

, and the cardinality of Aαi
(see Chapter 3). In a similar manner, the

subsethood of Bαi
in respect to Aαi

is defined as

Sh(Bαi
, Aαi

) =

∣∣∣Aαi
∩ Bαi

∣∣∣∣∣∣Bαi

∣∣∣ . (5.5)
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Now, using the SSh
measure at Eq. (3.2), the similarity between Aαi

and Bαi
at the

given αi is calculated as follows,

SSh

(
Aαi

, Bαi

)
= ⋆

(
Sh

(
Aαi

, Bαi

)
, Sh

(
Bαi

, Aαi

))
. (5.6)

5.4.1.2 Overall Similarity between Fuzzy Sets Based on the α-cuts

Subsection 5.4.1.1 has presented the similarity calculation between α-cuts, Aαi
and

Bαi
of fuzzy sets A and B at a given α-cut (αi). When all such similarities between A

and B are determined in respect to all α-cuts, they are aggregated using an average

function to determine an overall similarity for them. Thus, the proposed α-cut based

extended similarity measure for the normal and convex T1 fuzzy sets A and B is

defined as,

ST 1
Shα(A, B) = 1

|αi|

1∑
αi=0

SSh

(
Aαi

, Bαi

)
, (5.7)

where SSh

(
Aαi

, Bαi

)
is the similarity between A and B at each αi and |αi| is the total

number of α-cuts used for A and B. Using Eq. (5.6), Eq. (5.7) can be alternatively

expressed as follows,

ST 1
Shα(A, B) = 1

|αi|

1∑
αi=0

⋆
(
Sh(Aαi

, Bαi
), Sh(Bαi

, Aαi
)
)

. (5.8)

It is worth mentioning that for aggregating similarities between A and B along all

α-cuts, a suitable option is to use an average function to estimate their overall similarity.

The next subsection discusses and proves the major properties of the α-cut based

extended ST 1
Shα measure.



5.4 Proposed α-cut Based Extension 133

5.4.2 Properties of the α-cut Based Extension

In this subsection, the major properties of the α-cut based extended ST 1
Shα measure

(Eq. (5.7)) are discussed and proved.

Theorem 5.7 (Boundedness): ST 1
Shα (A, B) at Eq. (5.7) is always bounded by 0

and 1. That is, 0 ≤ ST 1
Shα (A, B) ≤ 1 for fuzzy sets A and B.

Proof: SSh

(
Aαi

, Bαi

)
is always within the range between 0 and 1 at each αi (see

Chapter 3), which follows that ST 1
Shα(A, B) is also bounded by [0, 1]. ■

Theorem 5.6:

The α-cut based extended ST 1
Shα measure in Eq. (5.7) satisfies all common properties

[C1] - [C4] of a fuzzy set similarity measure (discussed in Chapter 2) for T1 fuzzy sets,

A, B and C. That is,

(1) ST 1
Shα(A, B) = ST 1

Shα(B, A) (symmetry);

(2) ST 1
Shα(A, B) = 1 ⇐⇒ A = B (reflexivity);

(3) ST 1
Shα(A, B) ≥ ST 1

Shα(A, C) when A ⊆ B ⊆ C (transitivity);

(4) ST 1
Shα (A, B) > 0 when A ∩ B ̸= ∅; otherwise, ST 1

Shα (A, B) = 0 (overlapping).

Proof: Below the proofs for all the properties (1–4) are given.

(1) SSh

(
Aαi

, Bαi

)
is always symmetric (see Chapter 3) at each αi, thus making

ST 1
Shα(A, B) symmetric too.

(2) SSh

(
Aαi

, Bαi

)
is always reflexive (see Chapter 3) at each αi, implying that

ST 1
Shα(A, B) is reflexive.
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(3) if A ⊆ B ⊆ C, then at each αi, Aαi
⊆ Bαi

⊆ Cαi
. As SSh

always maintains the

transitivity property (see Chapter 3), so at any αi, SSh
(Aαi

, Bαi
) ≥ SSh

(Aαi
, Cαi

). It

implies that ST 1
Shα(A, B) ≥ ST 1

Shα(A, C).

(4) When A and B are overlapping, then |Aαi
∩ Bαi

| ≠ 0 for some/all αi. In this case,

SSh
(Aαi

, Bαi
) = ⋆

(
Sh(Aαi

, Bαi
), Sh(Bαi

, Aαi
)
)

> 0 (see Chapter 3), hence making

ST 1
Shα(A, B) > 0. In other case, for disjoint sets A and B, |Aαi

∩ Bαi
| = 0 for all αi,

which makes SSh
(Aαi

, Bαi
) = 0 for all αi. As a result, ST 1

Shα(A, B) = 0. ■

The α-cut based extended ST 1
Shα measure in Eq. (5.7) is developed for normal and

convex T1 fuzzy sets, not suitable for non-normal T1 fuzzy sets. Therefore, the

next subsection presents a refinement of this extended ST 1
Shα measure with a view to

comparing non-normal T1 fuzzy sets.

5.4.3 Dealing with Non-normal Fuzzy Sets

The proposed α-cut based extended similarity measure (ST 1
Shα) at Eq. (5.7) is particularly

designed to compare normal and convex T1 fuzzy sets. As mentioned, a fuzzy set can

also be non-normal and any α-cut exceeding the height of such fuzzy set results in an

empty set (∅). The proposed extended SShα measure thus needs further expansion to

deal with the similarity computation of non-normal fuzzy sets. The refinement of the

proposed SShα measure for non-normal and convex T1 fuzzy sets is discussed below.

Let µ∗ denote the maximum membership values (or heights) of T1 fuzzy sets A and

B such that ∀x1, x2 ∈ X

µ∗ = max[h(A), h(B)] = max[maxx1(µA(x1)), maxx2(µB(x2))]. (5.9)

where h(A) and h(B) are the height of A and B respectively.
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The proposed refinement of the ST 1
Shα measure at Eq. (5.7) for non-normal and

convex T1 fuzzy sets is as follows,

ST 1:NN
Shα (A, B) = 1

|αi|

µ∗∑
αi=0

SSh

(
Aαi

, Bαi

)
, (5.10)

where Aαi
̸= ∅ and Bαi

̸= ∅. |αi| is the total number of α-cuts within 0 and µ∗. It is

noted that the name ST 1:NN
Shα stands for the α-cut based extended similarity measure

for non-normal and convex T1 fuzzy sets.

Example 5.1:

Figure 5.8 presents two different pairs of T1 fuzzy sets where in the first pair (Pair-1),

both sets are non-normal with the same maximum membership value of 0.8; whereas

in the second pair (Pair-2), one set is normal and the other set is non-normal with

maximum membership value of 0.8. As mentioned, two fuzzy sets with the same

maximum membership value (or the same height) are intuitively more similar than two

fuzzy sets with different maximum membership values (or different heights). Table 5.2

presents similarity results for Pair-1 and Pair-2 using the extended ST 1:NN
Shα measure

(with minimum t-norm). It shows that the ST 1:NN
Shα measure generates higher similarity

result for Pair-1 as compared to Pair-2. Thus, the proposed extended ST 1:NN
Shα measure

behaves intuitively for non-normal fuzzy sets.

Remark 5.2:

When both A and B are normal and convex fuzzy sets, then µ∗ = 1, which makes the

ST 1:NN
Shα (A, B) measure in Eq. (5.10) identical to the ST 1

Shα(A, B) measure in Eq. (5.7).

Hence,

ST 1:NN
Shα (A, B) ≡ ST 1

Shα(A, B).
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Fig. 5.8 Two different pairs of T1 fuzzy sets where both non-normal fuzzy sets are in
Pair-1, and one normal and one non-normal fuzzy sets are in Pair-2.

Table 5.2 Similarity results for the pairs of fuzzy sets (in Fig. 5.8) using the ST 1:NN
Shα

measure.

Pair of Fuzzy Sets Similarity Result
Pair-1 0.1771
Pair-2 0.1549

As mentioned, the α-cut based extended ST 1
Shα measure in Eq. (5.7) is developed

only for normal and convex T1 fuzzy sets. Therefore, the next subsection presents a

refinement of the ST 1
Shα measure for comparing non-convex T1 fuzzy sets.

5.4.4 Dealing with Non-convex Fuzzy Sets

The proposed α-cut based extended similarity measure (ST 1
Shα) at Eq. (5.7) was in-

troduced for comparing normal and convex fuzzy sets. However as mentioned, a

fuzzy set can be non-convex, and an α-cut of a non-convex fuzzy set may result in

a discontinuous interval. Figure 5.9 shows a pair of T1 fuzzy sets A and B where

the α-cut of the non-convex set B at α = 0.3 results in a discontinuous interval. The

proposed ST 1
Shα measure can not be directly used to compare non-convex fuzzy sets and
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Fig. 5.9 A pair of convex and non-convex fuzzy sets.

requires further refinement. The refinement of the proposed SShαT 1 measure for the

normal and non-convex fuzzy sets is discussed below.

In Chapter 4, a generalized framework (Eq. (4.1)) has been introduced in respect to

the bidirectional subsethood based similarity measure (Eq. (3.2) in Chapter 3), which

provides an efficient comparison between discontinuous intervals. In this refinement,

the generalized framework involving the new measure (Eq. (3.2) in Chapter 3) is used

to measure similarity between discontinuous intervals resulting from the α-cuts of

non-convex fuzzy sets.

Let Aαi
= {Aαi1 , ..., Aαim

} and Bαi
= {Bαi1 , ..., Bαin

} be discontinuous intervals

arising from normal and non-convex fuzzy sets, A and B at αi. Using Eq. (4.1) in

respect to the SSh
measure in Eq. (3.2), the similarity between Aαi

and Bαi
is calculated

as follows,

SSh

(
Aαi

, Bαi

)
= 1

max(m, n)

m∑
p=1

n∑
q=1

SSh

(
Aαip

, Bαiq

)
, (5.11)

where m and n are the total number of continuous subintervals in Aαi
and Bαi

respectively. Aαip
̸= ∅ and Bαiq

̸= ∅ are the p-th and q-th continuous subintervals of

Aαi
and Bαi

respectively, 1 ≤ p ≤ m and 1 ≤ q ≤ n.
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Now, the proposed extension of the ST 1
Shα measure in Eq. (5.7) for normal and

non-convex fuzzy sets is given below,

ST 1:NC
Shα (A, B) = 1

|αi|

1∑
αi=0

SSh

(
Aαi

, Bαi

)
. (5.12)

It is noted that ST 1:NC
Shα stands for the α-cut based extended similarity measure for

normal and non-convex T1 fuzzy sets.

Remark 5.3:

When both A and B are normal and convex fuzzy sets, then SSh

(
Aαi

, Bαi

)
≡

SSh

(
Aαi

, Bαi

)
which makes the ST 1:NC

Shα measure in Eq. (5.12) identical to the ST 1
Shα

measure in Eq. (5.7). Hence,

ST 1:NC
Shα (A, B) ≡ ST 1

Shα(A, B).

Remark 5.4:

For comparing non-normal and convex T1 fuzzy sets, Eq. (5.10) is applied; whereas

Eq. (5.12) is used for comparing normal and non-convex T1 fuzzy sets. Therefore, by

combining Eqs. (5.10) and (5.12) results in an extended measure which can assess the

similarity between any types (normal, non-normal, convex and non-convex) of T1 fuzzy

sets. The combined α-cut based extended SSh
measure for T1 fuzzy sets, A and B

stands as follows,

ST 1
Shα(A, B) = 1

|αi|

µ∗∑
αi=0

SSh
(Aαi

, Bαi
), (5.13)

where µ∗ is measured using Eq. (5.9). Note that Aαi
and Bαi

are the α-cuts of A and

B respectively which are generally continuous, but can also be discontinuous. Again,

A and B are generally normal, but can also be non-normal (in this case µ∗ ≤ 1).



5.4 Proposed α-cut Based Extension 139

The next subsection demonstrates the behaviour of the proposed α-cut based

extended ST 1
Shα measure at Eq. (5.13) in respect to the proposed vertical-slice based

extended ST 1
Shv measure at Eq. (5.7) and key existing fuzzy set-theoretic similarity

measures using the same synthetic T1 fuzzy sets as followed in subsection 5.3.3.

5.4.5 Comparison with Current Literature

This section compares the performance of the proposed α-cut based extended ST 1
Shα

measure at Eq. (5.13) with the proposed vertical-slice based extended ST 1
Shv measure

Eq. (5.7) and key existing fuzzy set-theoretic similarity measures (i.e., SJ , SC , SP ,

SW , and SR measures) using the same synthetic T1 fuzzy sets as shown in Figs. 5.3

to 5.7 in subsection 5.3.3. Here, Eq. (5.13) is applied for the comparison as it can be

used for any types of T1 fuzzy sets, let alone non-normal and non-convex fuzzy sets.

Again, both minimum and product t-norms are applied for both extended measures.

Further, for the similarity calculation, 1000 discretizations (vertical-slices) along the

whole support of the fuzzy sets and the same number of discretizations (α-cuts) along

the maximum membership values within the fuzzy sets are considered. As the same set

of synthetic T1 fuzzy sets are being used in this experiment, here we do not redraw the

same figures (Figs. 5.3 to 5.7), rather only the similarity results of different measures

are shown.

(1) Convex-normal fuzzy sets: Table 5.3 presents the similarity results of different

measures for three pairs of trapezoidal ({A, B1}, {A, B2}, and {A, B3}) and Gaussian

({A′, B′
1}, {A′, B′

2}, and {A′, B′
3}) T1 fuzzy sets (see Fig. 5.3) where the degree of

overlap between the pairs have been increased gradually. All pairs are normal and

convex, and they are shifted from completely disjoint to an increasing overlap along

the x-axis. Here, similarity is expected to be higher with an increased overlapping

between the pairs. Table 5.3 shows that all similarity measures behave intuitively.
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Table 5.3 Comparison of the proposed α-cut based extended similarity measure (ST 1
Shα)

with the proposed vertical-slice based extended similarity measure (ST 1
Shv) and with

key fuzzy set-theoretic measures (SJ , SC , SP , SW , and SR) for the trapezoidal and
Gaussian fuzzy sets where their overlap are increased from right to left.

Similarity Pair of Trapezoidal Fuzzy Sets Pair of Gaussian Fuzzy Sets
Measure {A, B1} {A, B2} {A, B3} {A′, B′

1} {A, B′
2} {A′, B′

3}
SJ 0.0 0.0326 0.3968 0.0 0.0321 0.373
SC 0.0 0.2778 0.8333 0.0 0.1724 0.8226
SP 0.0 0.0322 0.724 0.0 0.0301 0.6766
SW 0.0 0.0552 0.2728 0.0 0.0689 0.2929
SR 0.0 0.2778 0.8333 0.0 0.1724 0.8226

ST 1
Shv:min 0.0 0.0631 0.5682 0.0 0.0625 0.5426

ST 1
Shv:prod 0.0 0.004 0.3228 0.0 0.0039 0.2949

ST 1
Shα:min 0.0 0.0456 0.4495 0.0 0.023 0.3589

ST 1
Shα:prod 0.0 0.007 0.2716 0.0 0.002 0.1881

(2) Convex-normal fuzzy sets (with proper subsets): Here, three pairs

of (normal and convex) trapezoidal ({A, B1}, {A, B2}, and {A, B3}) and Gaussian

({A′, B′
1}, {A′, B′

2}, and {A′, B′
3}) fuzzy sets are considered (see Fig. 5.4), where all

B1, B2, and B3 are proper subsets of A (as B′
1, B′

2 and B′
3 are of A′). In this case, the

degree of subsethood between the pairs is gradually increased. So, we expect higher

similarity as the degree of subsethood gradually increases. Table 5.4 shows that both

SC and SR measures give a similarity of 1 for all pairs despite being non-identical,

while all other measures including the proposed α-cut based extended measure return

an increasing degree of similarity in line with the expectation.

(3) Convex fuzzy sets (with one normal and one non-normal fuzzy set):

Table 5.5 presents similarity results for three pairs of trapezoidal ({A, B1}, {A, B2},

and {A, B3}) and Gaussian ({A′, B′
1}, {A′, B′

2}, and {A′, B′
3}) fuzzy sets (see Fig. 5.5)

where A and A′ are normal sets while B1 and B′
1 are initially non-normal, but their

heights are gradually increased and turned into normal sets, B3 and B′
3 respectively.
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Table 5.4 Comparison of the proposed α-cut based extended similarity measure (ST 1
Shα)

with the proposed vertical-slice based extended similarity measure (ST 1
Shv) and with

key fuzzy set-theoretic measures (SJ , SC , SP , SW , and SR) for the trapezoidal and
Gaussian fuzzy sets where the degree of subsethood between fuzzy sets is increasing.

Similarity Pair of Trapezoidal Fuzzy Sets Pair of Gaussian Fuzzy Sets
Measure {A, B1} {A, B2} {A, B3} {A′, B′

1} {A, B′
2} {A′, B′

3}
SJ 0.3429 0.5143 0.7143 0.2858 0.5002 0.7145
SC 1.0 1.0 1.0 1.0 1.0 1.0
SP 0.4422 0.6275 0.817 0.3885 0.6325 0.822
SW 0.2042 0.3281 0.5001 0.1045 0.2024 0.3576
SR 1.0 1.0 1.0 1.0 1.0 1.0

ST 1
Shv:min 0.3429 0.5143 0.7143 0.2858 0.5002 0.7145

ST 1
Shv:prod 0.3429 0.5143 0.7143 0.2858 0.5002 0.7145

ST 1
Shα:min 0.3488 0.5023 0.7233 0.2733 0.4715 0.6696

ST 1
Shα:prod 0.3488 0.5023 0.7233 0.2733 0.4715 0.6696

Table 5.5 Comparison of the proposed α-cut based extended similarity measure (ST 1
Shα)

with the proposed vertical-slice based extended similarity measure (ST 1
Shv) and with

key fuzzy set-theoretic measures (SJ , SC , SP , SW , and SR) for the trapezoidal and
Gaussian fuzzy sets where the height of the non-normal fuzzy set is increasing while
the other set remains normal.

Pair of Trapezoidal Fuzzy Sets Pair of Gaussian Fuzzy Sets
Similarity Measure {A, B1} {A, B2} {A, B3} {A′, B′

1} {A, B′
2} {A′, B′

3}
SJ 0.0313 0.0515 0.0541 0.0216 0.0304 0.0316
SC 0.1108 0.2658 0.3676 0.0587 0.1249 0.1724
SP 0.0177 0.0532 0.0573 0.0089 0.0268 0.0279
SW 0.0443 0.0662 0.0721 0.0389 0.0418 0.0434
SR 0.1108 0.2658 0.3676 0.0587 0.1249 0.1724

ST 1
Shv:min 0.0389 0.093 0.0961 0.0281 0.0588 0.0625

ST 1
Shv:prod 0.0051 0.0096 0.0111 0.0024 0.0035 0.0042

ST 1
Shα:min 0.0195 0.0454 0.0621 0.0132 0.0197 0.0244

ST 1
Shα:prod 0.0051 0.0115 0.0159 0.002 0.005 0.008

As the height of the non-normal fuzzy set increases, the similarity within the pairs

should intuitively rise, and their similarity reaches the maximum value when both sets
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in a pair share the same height. Here, all measures maintain expected increasing trend

in similarity results.

(4) Convex fuzzy sets (with both fuzzy sets non-normal): Table 5.6 shows

similarity results of different measures for the three pairs of trapezoidal ({A1, B},

{A2, B}, and {A3, B}) and Gaussian ({A′
1, B′}, {A′

2, B′}, and {A′
3, B′}) fuzzy sets

(see Fig. 5.6) where initially both fuzzy sets are convex and non-normal (i.e., {A1, B}

and {A′
1, B′}). In this experiment, B and B′ are kept non-normal, while A1 and A′

1

gradually turn into normal fuzzy sets, A3 and A′
3. Here again, the similarity within

the pairs should rise as the height of the non-normal fuzzy set increases, and its value

reaches the maximum when both sets in a pair share the same height. The results

show that only the proposed ST 1
Shα and SR measures behave intuitively by showing the

pairs, {A2, B} and {A′
2, B′} to be more similar than all other pairs.

Table 5.6 Comparison of the proposed α-cut based extended similarity measure (ST 1
Shα)

with the proposed vertical-slice based extended similarity measure (ST 1
Shv) and with

key fuzzy set-theoretic measures (SJ , SC , SP , SW , and SR) for the trapezoidal and
Gaussian fuzzy sets where the height of the non-normal fuzzy set is increasing while
the other set is also non-normal.

Pair of Trapezoidal Fuzzy Sets Pair of Gaussian Fuzzy Sets
Similarity Measure {A, B1} {A, B2} {A, B3} {A′, B′

1} {A, B′
2} {A′, B′

3}
SJ 0.2112 0.2219 0.224 0.1269 0.1311 0.1325
SC 0.5178 0.5533 0.5764 0.3835 0.4119 0.4322
SP 0.1925 0.2567 0.3209 0.1099 0.1466 0.1832
SW 0.1991 0.1902 0.1767 0.1231 0.1167 0.1116
SR 0.6473 0.6916 0.5764 0.4794 0.5148 0.4322

ST 1
Shv:min 0.2165 0.2406 0.2553 0.1395 0.1521 0.1614

ST 1
Shv:prod 0.1932 0.1789 0.1612 0.0855 0.0762 0.0687

ST 1
Shα:min 0.1553 0.1771 0.1549 0.0849 0.0941 0.0812

ST 1
Shα:prod 0.1449 0.1563 0.1302 0.0681 0.0723 0.0603
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(5) Non-convex, normal fuzzy sets: Table 5.7 shows similarity results of different

measures for three pairs of fuzzy sets – trapezoidal ({A, B1}, {A, B2}, and {A, B3})

and Gaussian ({A′, B′
1}, {A′, B′

2}, and {A′, B′
3}) (see Fig. 5.7) where B1, B2, and B3

are both non-convex fuzzy sets and proper subsets of A (similarly, B′
1, B′

2, and B′
3 are

non-convex sets and proper subsets of A′). Here, the ‘degree of non-convexity’ from

B1 to B3 (also, B′
1 to B′

3) is increased in a gradual manner. As the non-convexity

‘increases’, the degree of overlap between the pairs declines, resulting in a decreasing

degree of similarity. Here, both SC and SR measures show perhaps an unexpected

behaviour for trapezoidal fuzzy sets, yielding a similarity of 1 for all pairs, while

following the expected decreasing trend for the Gaussian fuzzy sets. All other measures

including the proposed extended ST 1
Shα measure show a decreasing trend for all pairs in

respect to similarity results.

Table 5.7 Comparison of the proposed α-cut based extended similarity measure (ST 1
Shα)

with the proposed vertical-slice based extended similarity measure (ST 1
Shv) and with

key fuzzy set-theoretic measures (SJ , SC , SP , SW , and SR) for the trapezoidal and
Gaussian fuzzy sets where the ‘degree of non-convexity’ of fuzzy set is increasing.

Pair of Trapezoidal Fuzzy Sets Pair of Gaussian Fuzzy Sets
Similarity Measure {A, B1} {A, B2} {A, B3} {A′, B′

1} {A, B′
2} {A′, B′

3}
SJ 0.8429 0.8245 0.7929 0.4058 0.3647 0.3220
SC 1.0 1.0 1.0 0.9829 0.9773 0.9726
SP 0.906 0.883 0.841 0.5199 0.4619 0.4016
SW 0.6575 0.647 0.6282 0.1639 0.1493 0.1342
SR 1.0 1.0 1.0 0.9829 0.9773 0.9726

ST 1
Shv:min 0.8429 0.8245 0.7929 0.4062 0.3650 0.3222

ST 1
Shv:prod 0.60 0.4571 0.40 0.4022 0.3613 0.3186

ST 1
Shα:min 0.8295 0.7955 0.7534 0.7219 0.5999 0.5329

ST 1
Shα:prod 0.6735 0.5997 0.5376 0.6324 0.5682 0.5052

In summary, Table 5.8 presents a glimpse of the behaviour of all similarity measures

for various features of T1 fuzzy sets. The overall results reveal that only the α-cut
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based extended similarity measure in Eq. (5.13) provides intuitive results for all cases,

whereas the other measures give non-intuitive results in at least some of cases.

Table 5.8 Summary of Experiment Results (✓- expected behaviour and × - unexpected
behaviour).

Changing Features between Fuzzy Sets
Increasing height of non-normal fuzzy set

Similarity Increase Raising Increase One non-normal, Both non-normal
Measure Overlap Subsethood Non-convexity other normal fuzzy sets fuzzy sets

SJ ✓ ✓ ✓ ✓ ×
SC ✓ × × ✓ ×
SP ✓ ✓ ✓ ✓ ×
SW ✓ ✓ ✓ ✓ ×
SR ✓ × × ✓ ✓

ST 1
Shv:min ✓ ✓ ✓ ✓ ×

ST 1
Shv:prod ✓ ✓ ✓ ✓ ×

ST 1
Shα:min ✓ ✓ ✓ ✓ ✓

ST 1
Shα:prod ✓ ✓ ✓ ✓ ✓

Table 5.9 Execution time (ms) for different discretization levels (250, 500, 750, 1000)
along the whole support of Pair-1 of the Gaussian fuzzy sets (A′, B′

1) in Fig. 5.4(b).

No. of Discretization
Similarity Measure 250 500 750 1000

SJ(A, B) 17.43 29.62 36.28 41.86
SC(A, B) 13.42 25.74 33.20 35.75
SP (A, B) 15.40 27.40 34.08 41.17
SW (A, B) 15.65 27.90 34.33 41.27
SR(A, B) 14.50 26.48 33.25 38.40

ST 1
Shv:min(A, B) 15.74 27.97 35.18 41.34

ST 1
Shv:prod(A, B) 14.83 26.55 33.72 40.89

ST 1
Shα:min(A, B) 17.45 29.81 37.27 43.01

ST 1
Shα:prod(A, B) 16.91 28.87 35.83 41.39

Further, Table 5.9 presents a comparative analysis regarding the respective execution

times in milliseconds (ms) for all measures for various levels of vertical-slices and α-cuts
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(250, 500, 750, 1000). For this investigation, only the Gaussian fuzzy sets (A′, B′
1)

in Fig. 5.4(b) has been taken into consideration. The results show that all measures

take approximately similar execution time for various levels of discretization. Here, it

is important to note that the programming language (e.g., Java) to implement these

similarity measures may influence their execution time.

5.5 Summary

In view of the advantages of the new bidirectional subsethood based similarity measure

(Eq. (3.2) in Chapter 3) in comparing continuous and discontinuous intervals, this

chapter has extended the new measure to compare various features of T1 fuzzy sets.

Initially, the new measure has been extended using the vertical-slice representation

(ST 1
Shv at Eq. (5.7)) for comparing T1 fuzzy sets (i.e., convex, non-convex, normal, and

non-normal), which maintains essential properties [C1] - [C4] of a fuzzy set similarity

measure (section 2.5 in Chapter 2). After establishing the theoretical foundation,

the behavior of this extended measure, ST 1
Shv has been demonstrated and compared in

respect to key existing fuzzy set-theoretic similarity measures using a series of synthetic

fuzzy sets. The overall experimental results have revealed that the vertical-slice based

extension of the new similarity measure, ST 1
Shv along with key SJ , SP , and SW measures

behave intuitively for changing features (i.e., degree of overlap, subsethood, or change

in the ‘degree of non-convexity’) of various types of T1 fuzzy sets, except for a pair of

non-normal fuzzy-sets.

To avoid this limitation, the new similarity measure (Eq. (3.2) in Chapter 3) has

been further extended based on the α-cuts of fuzzy sets and established its major

properties. Using the same set of synthetic T1 fuzzy sets, the performance of the

new α-cut based extended measure (ST 1
Shα at Eq. (5.13)) has been compared with the

vertical-slice based extended measure (ST 1
Shv) along with key existing fuzzy set-theoretic
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similarity measures. It has been revealed that only the α-cut based extended measure,

(ST 1
Shα at Eq. (5.13)) can avoid the counter-intuitive behaviour for non-normal fuzzy-set

pair and provide similarity results in line with the expectation for all cases. Further,

the investigation on the execution time relating to different similarity measures at

various levels of discritization has shown that all of these measures take approximately

similar execution time (in milliseconds) for the similarity calculation. These works in

this chapter fulfills objective 5 of the thesis.

A part of the contribution to this chapter, particularly extending the new similarity

measure vertically and its usefulness in two different applications have been published

in the following two international conferences.

• A Bidirectional Subsethood Based Similarity Measure for Fuzzy Sets

Kabir, Shaily; Wagner, Christian; Havens, Timothy C.; and Anderson, Derek T.

A Bidirectional Subsethood Based Similarity Measure for Fuzzy Sets. In IEEE

World Congress on Computational Intelligence (WCCI 2018), Rio de Janeiro,

Brazil, 2018.

Status: Published

• Determining Firing Strengths Through A Novel Similarity Measure to

Enhance Uncertainty Handling in Non-Singleton Fuzzy Logic Systems

Pekaslan, Direnc; Kabir, Shaily, Garibaldi, Jonathan M.; and Wagner, Christian.

Determining Firing Strengths Through A Novel Similarity Measure to Enhance

Uncertainty Handling in Non-Singleton Fuzzy Logic Systems. In International

Joint Conference on Computational Intelligence (IJCCI 2017), Funchal, Madeira-

Portugal, 2017.

Status: Published
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Chapter 3, 4, and 5 have shown the usefulness of the new set-theoretic similarity

measure for assessing the similarity between continuous (closed)/discontinuous intervals

and also between T1 fuzzy sets.

To reap further gains, the next Chapter 6 explores the utility of using the new

similarity measure to extract an FM for improving robustness in FI based data

aggregation. This will meet up objectives 6 and 7 of the thesis.





Chapter 6

Aggregation of Multi-Source

Interval-Valued Data

6.1 Introduction

Chapter 3 identified and articulated a shortcoming (i.e., aliasing) of the popular set-

theoretic similarity measures where they produce the same similarity for very different

pairs of intervals. Hence, it established a new robust similarity measure (Eq. (3.2) in

Chapter 3) for continuous intervals and comprehensively demonstrated its intuitive

behaviour by avoiding aliasing. The inclusion of this new measure within the proposed

generalized framework in Chapter 4 also yielded good results in similarity calculation

of discontinuous intervals. Moving beyond intervals, the α-cut based extension of this

new measure in Chapter 5 also provided desirable similarity results for all types of T1

fuzzy sets. To reap further gains, this chapter focuses on one of the applications of

the similarity measures—the aggregation of ‘similar data’ from uncertain sources by

using a powerful aggregation function, that is, an FI specified in respect to an FM. As

the existing FMs based on popular similarity measures are often affected by aliasing

and hence the aggregation outcome; this chapter takes advantage of the new similarity
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measure (Eq. (3.2) in Chapter 3) to extract a new FM for bringing more accuracy in

uncertain data aggregation when used in combination with an FI. The FI aggregates

data arising from a set of sources by considering both the data and the worth of all

possible subsets of sources, which is captured by a FM [122]. Generally, the FM is

defined by experts or algorithms [23] or often generated from training data through

various learning methods [125] (details in Chapter 2). However, constructing a FM

for datasets without any external information, such as, ground-truth or expert insight

about sources is challenging. To deal with this, [22] first proposed to extract different

FMs directly from raw multi-source data by analyzing its different properties, such

as, agreement and specificity. These FMs are commonly known as data-driven FMs

[24]. At present, there are three data-driven FMs, which are built on source-agreement.

They are – FM of Agreement (AG) [22], FM of Generalized Accord (GenA) [23], and

Additive Measure of Agreement (AA) [24] (details in Chapter 2).

Among these FMs, the AG FM captures the source agreement using the intersection

operation which determines overlap among multi-source data without tracking changes

in their cardinality/size [23]. On the other hand, the two other FMs apply any of

the similarity measures, such as the Jaccard or Dice measure to estimate similarity

among data from sources, which have already been identified as subject to aliasing

(discussed in Chapter 3). Due to the limitations of both intersection and popular

similarity measures, the existing agreement-based FMs often generate same agreement

and worth for very different subsets of sources which eventually affects the aggregation

outcome. Further, all these FMs are not designed to deal with the situation when

sources are disagreeing with each other in respect to their data.

To address the above issues, this chapter leverages the new similarity measure

(Eq. (3.2) in Chapter 3) to extract a new agreement-based FM, which can avoid aliasing

in the calculation of inter-source agreement. The new FM is also designed to capture
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the worth information of individual sources even if they are in complete disagreement.

Therefore, by avoiding aliasing and capturing worth for disagreeing sources, the new

FM in combination with an FI brings robustness in uncertain data fusion.

In this chapter, the motivation behind the new agreement-based FM is discussed

first. Then, the subsethood for a set of intervals is defined for a set of intervals and

established its properties, followed by its inclusion in the new similarity measure

(Eq. (3.2) in Chapter 3). Afterwards, a new FM is developed using the new similarity

measure for a set of intervals. Lastly, the behaviour of the new FM in combination

with an FI is demonstrated and compared against existing three other agreement-based

FMs using two sets of synthetic interval data-sets and a real-world example.

6.2 Motivation

Among the existing agreement-based FMs, the AG FM [22] is strongly influenced by

the cardinality/size of overlap among multi-source data, which is computed by the

intersection operation. Specifically, in computing agreement for a set of sources, it

does not consider the overlap in relation to the cardinality/size of original data, rather

relies only on their overlap [23]. As a result, it does not perform intuitively for some

cases. Figure 6.1 presents an example of such cases with Scenarios 1 and 2, each having

three intervals, {h1, h2, h3}. Figure 6.1 shows that even though human observers would

indicate Scenario 2 exhibits higher agreement among sources and thus should have

higher worth, the AG FM behaves differently by assigning the same agreement and

worth for the two scenarios. This is also apparent from Eq. (2.28b) (in Chapter 2)

as g̃AG({h1, h2, h3}) = |U2({h1, h2, h3})|z2 + |U3({h1, h2, h3})|z3 and each of |U2| and

|U3| is the same in Scenarios 1 and 2.

Likewise, the GenA FM [23] also faces the same limitation, i.e., same agreement

(and worth) for very different sets of sources, when it applies the Jaccard or Dice
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(a) Scenario 1

(b) Scenario 2

Fig. 6.1 Example highlighting the behaviour of the AG FM [22], where U2 and
U3 capture the union of the intersections of all of two, respectively three source
combinations as per Eq. (2.29).

similarity measure (subject to aliasing) to compute the agreement. For example,

consider two different interval-valued datasets h and r respectively in Fig. 6.2 where

h consists of two intervals {h1 = [0, 5], h2 = [3, 6]} and r also has two intervals

{r1 = [4, 8], r2 = [6, 10]}. For h (Fig. 6.2(a)), the Jaccard similarity between h1 and

h2 is, SJ(h1, h2) = |h1∩h2|
|h1∪h2| = 2

6 = 0.33 and the Dice similarity between h1 and h2 is,

SD(h1, h2) = 2×|h1∩h2|
|h1|+|h2| = 4

8 = 0.50. In a similar manner, for r (Fig. 6.2(b)), the Jaccard

similarity between r1 and r2 is, SJ(r1, r2) = |r1∩r2|
|r1∪r2| = 2

6 = 0.33 and the Dice similarity

between r1 and r2 is, SD(r1, r2) = 2×|r1∩r2|
|r1|+|r2| = 4

8 = 0.50. As both h and r have the

same Jaccard and Dice similarity, the GenA FM provides the same agreement (i.e., a

weighted similarity in respect to
(

n
K

)−1
[23]) and thus assigns the same worth to them

(using Eq. (2.31b) in Chapter 2).
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(a) Interval-valued set h

(b) Interval-valued set r

Fig. 6.2 Two different interval-valued sets h = [h1, h2] and r = [r1, r2] with equal
Jaccard similarity (SJ) of 0.33 and Dice similarity (SD) of 0.50 respectively.

However, the intervals in the sets (h and r) do not appear to be equally agreeing

to each other. Figure 6.2(a) shows that a large part of h2 overlaps with h1 while at the

same time, only a small part of h1 overlaps with h2. It suggests that h2 is agreeing

more towards h1 than h1 towards h2. On the other hand, both r1 and r2 are equally

agreeing to each other (Fig. 6.2(b)). Therefore, the overall agreement and worth for

h and r are expected to be different. Similar to the GenA FM, the AA FM [24] also

faces the same limitation when it utilizes the Jaccard and Dice measures for computing

the source-agreement.

To address this limitation, the next section introduces a new agreement-based FM

involving the new similarity measure (Eq. (3.2) in Chapter 3) which shows intuitive

behaviour while calculating the agreement among a set of intervals and generating the

worth accordingly.
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6.3 A New Fuzzy Measure Using Inter-Source Agree-

ment

This section put forwards a new FM that utilizes the new bidirectional subsethood based

similarity measure (Eq. (3.2) in Chapter 3), not subject to aliasing, for computing

the source-agreement. For using the new similarity measure for a set of intervals,

this section first defines subsethood for a set of intervals as the original definition of

subsethood was introduced for only a pair of intervals (subsection 3.3.1 in Chapter 3).

Based on this definition of subsethood, the new similarity measure (Eq. (3.2) in

Chapter 3) is also revisited to enable it to compute similarity for a set of intervals.

Finally, a new FM involving the new similarity measure is introduced to estimate the

agreement for a set of intervals. In short, this section maintains the following three

steps to extract a new agreement-based FM for a set of interval-valued data.

1. Define the subsethood for a set of intervals arising from a set of sources;

2. Define the new similarity measure in Eq. (3.2) based on the definition of subset-

hood for a set of intervals;

3. Propose a new data-driven FM by involving the new similarity measure Eq. (3.2)

to estimate the inter-source agreement for a set of intervals.

The next subsection defines the subsethood for a set of intervals and discusses its

major properties.

6.3.1 Defining Subsethood for a Set of Intervals

Chapter 3 introduced an axiomatic definition of subsethood for a pair of intervals. In

this subsection, the original definition of subsethood (see subsection 3.3.1 in Chapter 3)
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is defined for a set of intervals where the subsethood of an interval in respect to a set

of intervals is estimated as a mean of its subsethood to each interval within the set.

Consider a set of intervals h = {h1, h2, ..., hn} arising from n sources. The subset-

hood of an interval, hr as regards to a set of intervals Ai ⊆ h is defined as a mean of

its subsethood to each interval ht in Ai. It is expressed as

Sh(hr, Ai) = 1
|Ai|

∑
ht∈Ai

Sh(hr, ht)

= 1
|Ai|

∑
ht∈Ai

|hr ∩ ht|
|hr|

,

(6.1)

where Sh(hr, Ai) → [0, 1] such that Sh(hr, Ai) = 1 when hr is a subset of all of ht ∈ Ai

(hr ⊆ ht) and Sh(hr, Ai) = 0 when hr is not a subset of any of ht ∈ Ai (hr ̸⊂ ht).

The following example shows how the subsethood of an interval in respect to a set

of intervals is calculated.

Example 6.1:

Consider a set of three intervals h = {h1 = [0, 5], h2 = [3, 6], h3 = [1, 7]}. From Eq. (6.1),

Sh(h1, {h2, h3}) = 1
2

(
Sh(h1, h2) + Sh(h1, h3)

)
= 1

2 (0.40 + 0.80) = 0.60. Similarly,

Sh(h2, {h1, h3}) = 0.84 and Sh(h3, {h1, h2}) = 0.59.

The next theorem discusses the key properties of subsethood for a set of intervals

and their proofs.

Theorem 6.1:

The function Sh(hr, Ai) in Eq. (6.1) captures a measure of subsethood for one interval

hr in respect to a nonempty subset of intervals Ai. As a measure of subsethood, it

satisfies the following properties (see subsection 3.3.1 in Chapter 3).

(1) Sh(hr, Ai) = 1 if and only if hr ⊆ ht with all ht ∈ Ai,



156 Aggregation of Multi-Source Interval-Valued Data

(2) Sh(hr, Ai) = 0 if and only if hr is disjoint from all ht ∈ Ai,

(3) if Ai = {hr, hp, hq} and hr ⊆ hp ⊆ hq, then Sh(hq, Ai\hq) ≤ Sh(hp, Ai\hp) and

Sh(hq, Ai\hq) ≤ Sh(hr, Ai\hr) where Ai\hi is the nonempty subset of intervals

without having hi, i ∈ {r, p, q}.

Proof: Proofs for all the properties (1–3) are given below.

(1) If hr ⊆ ht, then Sh(hr, ht) = 1 (see subsection 3.3.1 in Chapter 3). Hence, if

hr is included in all ht ∈ Ai, then ∑
Sh(hr, ht) = |Ai| × 1 = |Ai|, implying that

Sh(hr, Ai) = 1
|Ai| × |Ai| = 1. Again, Sh(hr, Ai) = 1 only when hr is included in all

ht ∈ Ai.

(2) If hr and ht are disjoint, then Sh(hr, ht) = 0 (see subsection 3.3.1 in Chapter 3).

Hence, if hr is disjoint from all ht ∈ Ai, then ∑Sh(hr, ht) = |Ai| × 0 = 0, meaning that

Sh(hr, Ai) = 1
|Ai| × 0 = 0. Again, Sh(hr, Ai) = 0 when hr is disjoint from all ht ∈ Ai.

(3) If hr ⊆ hp ⊆ hq, then |hr| ≤ |hp| ≤ |hq|. Thus, using Eq. (6.1)

Sh(hq, Ai\hq) = Sh(hq, {hr, hp})

= 1
2

{
|hq ∩ hr|

|hq|
+ |hq ∩ hp|

|hq|

}

= 1
2

{
|hr|
|hq|

+ |hp|
|hq|

}
, as hr ⊆ hq and hp ⊆ hq,
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Sh(hp, Ai\hp) = Sh(hp, {hr, hq})

= 1
2

{
|hp ∩ hr|

|hp|
+ |hp ∩ hq|

|hp|

}

= 1
2

{
|hr|
|hp|

+ |hp|
|hp|

}
, as hr ⊆ hp and hp ⊆ hq

= 1
2

{
|hr|
|hp|

+ 1
}

.

As |hp| ≤ |hq|, it implies that |hp|
|hq | ≤ 1. Thus, Sh(hq, Ai\hq) ≤ Sh(hp, Ai\hp).

Again, using Eq. (6.1)

Sh(hr, Ai\hr) = Sh(hr, {hp, hq})

= 1
2

{
|hr ∩ hp|

|hr|
+ |hr ∩ hq|

|hr|

}

= 1
2

{
|hr|
|hr|

+ |hr|
|hr|

}
, as hr ⊆ hp and hr ⊆ hq

= 1
2 {1 + 1} .

As |hr| ≤ |hp| and |hr| ≤ |hq|, it implies that |hr|
|hq | ≤ 1 and |hp|

|hq | ≤ 1. Hence,

Sh(hq, Ai\hq) ≤ Sh(hr, Ai\hr). ■

The next subsection defines the bidirectional subsethood based similarity measure

using the definition of subsethood for a set of intervals (subsection 6.3.1) as originally

this new similarity measure was developed on the concept of subsethood for only a

pair of intervals (Eq. (3.2) in Chapter 3) .

6.3.2 Defining Bidirectional Subsethood Based Similarity Mea-

sure for a Set of Intervals

Chapter 3 introduced the new similarity measure based on the concept of bidirectional

subsethood for a pair of intervals to assess their similarity. In this subsection, based on
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the definition of subsethood as discussed in the previous subsection (subsection 6.3.1),

this new similarity measure is revisited to enable it to compute similarity for a set of

intervals.

Consider again a set of intervals h = {h1, h2, ..., hn} arising from n sources. The

bidirectional subsethood based similarity measure, SSh
for h = {h1, h2, ..., hn} is the

t-norm (⋆) of their reciprocal subsethoods, i.e.,

SSh

(
h
)

= SSh

(
h1, h2, ..., hn

)
= ⋆

(
Sh(h1, {h2, ..., hn}), ..., Sh(hn, {h1, ..., hn−1})

)
= ⋆

(
Sh(h1, h\h1), ..., Sh(hn, h\hn)

)
(6.2)

where h\hi is the nonempty subset of intervals without having hi, i ∈ {1, ..., n}.

Remark 6.1:

As the SSh

(
h
)

measure at Eq. (6.2) carries the original definition of the SSh
measure

(Eq. (3.2) in Chapter 3), it also meets up all the axioms [F1] - [F9] as defined for the

SSh
measure in Chapter 3.

The next subsection proposes a new FM using the bidirectional subsethood based

similarity measure defined in the previous subsection 6.3.2 to estimate the inter-source

agreement for a set of intervals.

6.3.3 Proposed Agreement-Based Fuzzy Measure

This subsection develops a new data-driven FM involving the bidirectional subsethood

based similarity measure (Eq. (6.2)) to compute the agreement among a set of sources

providing intervals. As mentioned, the reason behind developing this new FM is

to avoid the limitation of the existing agreement-based FMs (i.e., generating same

agreement and worth for different sets of sources) when they use popular similarity

measures (subject to aliasing) and the intersection operation.
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Consider again a set of n intervals, h = {h1, h2, ..., hn}. For any nonempty subset

Ai ∈ h, 1 ≤ i ≤ n, the new FM, g̃ASh using the new similarity measure (Eq. (6.2)) is

defined as follows (which is later normalized to a proper FM, gASh):

g̃ASh(A0) = 0, (6.3a)

g̃ASh(A1) =
(

n

1

)−1

×
1∑

k1=1
SSh

(
hk1 , hk1

)
= 1

n
, (6.3b)

g̃ASh(Ai) = i × g̃ASh(A1) +
(

n

2

)−1 i−1∑
k1=1

i∑
k2=k1+1

SSh

(
hk1 , hk2

)

+ ..... +
(

n

i

)−1

SSh

(
h1, ..., hi

)
,

(6.3c)

where A0 = ∅, A1 is a singleton subset, and Ai is a non-singleton subset with i

sources, 1 < i ≤ n.
(

n
K

)
is total number of K-tuples in the set, h, where 1 ≤ K ≤ n.

Equation (6.3a) represents the worth of an empty subset, A0, which is always 0.

Equation (6.3b) shows the worth of a singleton subset, A1, which is its self similarity,

weighted by a value
(

n
1

)−1
. Equation (6.3c) shows the worth of a non-singleton subset,

Ai, which is the sum of the similarities of all K -tuples in Ai, 1 ≤ K ≤ i, weighted by

an overall value of
(

n
K

)−1
. Equation (6.3c) can also be written as,

g̃ASh(Ai) = i

n
+
(

n

2

)−1 i−1∑
k1=1

i∑
k2=k1+1

⋆
(
Sh(hk1 , {hk2}), Sh(hk2 , {hk1})

)

+ ..... +
(

n

i

)−1

⋆
(
Sh(h1, Ai\h1), ..., Sh(hi, Ai\hi)

)
.

(6.4)

Remark 6.2:

Equation (6.3c) shows how the new agreement-based FM (g̃ASh) using the new similarity

measure (Eq. (6.2)) computes the worth for a non-singleton subset of sources. For

a non-singleton subset (|Ai| > 1), all possible K -tuples (1 ≤ K ≤ i) within Ai are
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determined first (e.g., 1-tuples (with one source), 2-tuples (with two sources)). Then,

for all K-tuples, similarity is calculated by the new similarity measure (Eq. (6.2)).

Finally, the worth for the non-singleton subset (Ai) is determined by summing up the

similarities of all K -tuples in Ai, 1 ≤ K ≤ i, weighted by an overall value of
(

n
K

)−1
.

Remark 6.3:

Equation (6.3b) presents that the worth of a singleton subset (A1) is, g̃ASh(A1) = 1
n
,

where n = |h|. For the disagreeing sources, the inclusion of the worth of singleton

subsets aids to generate the new FM and carry out the aggregation when it is combined

with a FI.

Following the similar approach in [23][24], Eq. (6.3c) is rewritten as follows,

g̃ASh(Ai) = i

n
+

i∑
K=2

(n

K

)−1

ZK(Ai)
 , i ≥ 1, (6.5)

where the first part of Eq. (6.5) is the sum of the similarities of all 1-tuples in Ai,

weighted by a value,
(

n
1

)−1
. The other part gives summation of the similarities of all

K -tuples in Ai (K ≥ 2), weighted by a value,
(

n
K

)−1
. ZK(Ai) captures the cumulative

similarity for all K -tuples in Ai (K ≥ 2) using Eq. (6.2) and is defined in Eq. (6.6):

ZK

(
Ai

)
=

i−K+1∑
k1=1

i−K+2∑
k2=
k1+1

...
i∑

kK=
kK−1+1

⋆
(
Sh(hk1 , Ai\hk1), Sh(hk2 , Ai\hk2),

..., Sh(hkK
, Ai\hkK

). (6.6)

Finally, g̃ASh(Ai) is normalized by g̃ASh(h) in Eq. (6.7) so that gASh(Ai) ≤ 1 and

gASh(h) = 1, which maintains the properties of an FM (discussed in Chapter 2).

gASh(Ai) = g̃ASh(Ai)
g̃ASh(h)

, 1 ≤ i ≤ n. (6.7)
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Table 6.1 The worth of subsets of intervals using the g̃ASh FM prior to normalization.

|{Ai}|=1 |{Ai}|=2 |{Ai}| = 3
g̃ASh({h1})=0.333 g̃ASh({h1, h2})=0.723 g̃ASh({h1, h2, h3})=1.352
g̃ASh({h2})=0.333 g̃ASh({h1, h3})=0.723
g̃ASh({h3})=0.333 g̃ASh({h2, h3})=0.734

The next example shows how the new FM calculates the worth of all subsets of

sources providing intervals.

Example 6.2:

Consider the set of intervals h = {h1, h2, h3} (see Fig. 6.1(a), Scenario 1). A manual

calculation for g̃ASh({h1, h2}) is described below, while the complete g̃ASh FM is shown

in Table 6.1. From Eq. (6.5), g̃ASh({h1, h2}) = 2
3 +

(
3
2

)−1
Z2({h1, h2}). Using Eq. (6.6),

Z2({h1, h2}) = ⋆
(
Sh(h1, {h2}), Sh(h2, {h1})

)
= ⋆(1.0

6.0 ,
1.0
1.0) = ⋆(0.167, 1.0) = 0.167.

Therefore,

g̃ASh({h1, h2}) = 2
3 +

(
3
2

)−1

× 0.167

= 2
3 + 1

3 × 0.167 = 0.723.

The remaining results for the complete g̃ASh FM (non-normalized FM) are given in

Table 6.1. The g̃ASh({h1, h2}) is further normalized by using the maximum value of

g̃ASh({h1, h2, h3}), which is 1.352 (from Table 6.1). That is, gASh({h1, h2}) = 0.723
1.352 =

0.535. The final normalized gASh FM is shown in Table 6.2.
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Table 6.2 The worth of subsets of intervals using the gASh FM after normalization.

|{Ai}|=1 |{Ai}|=2 |{Ai}| = 3
gASh({h1})=0.246 gASh({h1, h2})=0.535 gASh({h1, h2, h3})=1.0
gASh({h2})=0.246 gASh({h1, h3})=0.535
gASh({h3})=0.246 gASh({h2, h3})=0.543

Generally, a FM is monotonic and non-decreasing (subsection 2.7.1 in Chapter 2).

The following theorem shows that the new agreement-based FM also satisfies the

monotonicity and non-decreasing properties.

Theorem 6.2:

The new agreement-based FM using the bidirectional subsethood based similarity

measure at Eq. (6.3) is monotonic and non-decreasing.

At first, we prove the following corollary.

Corollary 6.1: ZK

(
Ai−1

)
≤ ZK

(
Ai

)
for 2 ≤ K ≤ i, where i =

∣∣∣Ai

∣∣∣, 1 ≤ i ≤ n.

Proof: Let us consider K = 2. From Eq. (6.6),

Z2
(
Ai

)
=

i−1∑
k1=1

i∑
k2=2

⋆
(
Sh(hk1 , {hk2}), Sh(hk2 , {hk1})

)

=
i−2∑

k1=1

i−1∑
k2=2

⋆
(
Sh(hk1 , {hk2}), Sh(hk2 , {hk1})

)
+

i−1∑
k1=1

⋆
(
Sh(hk1 , {hi}), Sh(hi, {hk1})

)

=Z2
(
Ai−1

)
+

i−1∑
k1=1

⋆
(
Sh(hk1 , {hi}), Sh(hi, {hk1})

)
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It follows that ZK

(
Ai−1

)
≤ ZK

(
Ai

)
for K = 2. Eq. (6.6) can be rewritten as

Eq. (6.8).

ZK

(
Ai

)
= ZK

(
Ai−1

)
+

(i−1)−(K−1)+1∑
k1=1

(i−1)−(K−1)+2∑
k2=
k1+1

...

i−1∑
kK−1=
kK−2+1

⋆
(
Sh(hk1 , {hk2 , ..., hkK−1 , hi}), ....

...., Sh(hi, {hk1 , ..., hkK−1})
)

(6.8)

By the distributive property, Eq. (6.8) can be reduced to Eq. (6.9) for K = 2 and

1 ≤ i ≤ n.

ZK

(
Ai

)
= ZK

(
Ai−1

)
+ ⋆

(
ZK−1

(
Ai−1

)
, Sh

(
hi, Ai\hi

))
. (6.9)

The last part of Eq. (6.9) is always ≥ 0, which implies that ZK

(
Ai−1

)
≤ ZK

(
Ai

)
for

2 ≤ K ≤ i. Hence, the proof of the corollary is complete. ■

The proof of Theorem 2 is given below:

Proof: From Corollary 6.1, we see that for any set Ai−1 ⊂ Ai,

g̃ASh

(
Ai−1

)
= (i − 1)

n
+

i−1∑
K=2

(
n

K

)−1

ZK

(
Ai−1

)

<
i

n
+

i∑
K=2

(
n

K

)−1

ZK

(
Ai

)
= g̃ASh

(
Ai

)

Thus, g̃ASh

(
Ai−1

)
< g̃ASh

(
Ai

)
, proving the theorem. ■

The following algorithm presents the computation of the gASh FM, gASh

(
Ai

)
,

1 ≤ i ≤ n.
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Algorithm 2 Computation of the lattice of gASh FM.
Input: A set of intervals h = {h1, h2, ..., hn}
Output: The lattice of gASh FM

1: Set g̃ASh(A0) = 0
2: for each Ai, i → 1 to n do
3: Self_AG = i/n
4: for each integer K → 2 to i do
5: Compute and store ZK(Ai) using (6.6)
6: end for
7: Compute g̃ASh(Ai) using (6.5)
8: end for
9: for each Ai, i → 1 to n do

10: Compute gASh(Ai) using (6.7)
11: end for

The following examples are used to show that the new FM gASh based on the new

similarity measure at Eq. (6.2) avoids the limitation of existing agreement-based FMs,

gAG, gGenA, and gAA (i.e., generating same agreement and worth for different sets of

sources).

Example 6.3:

Consider again the two cases shown as Scenarios 1 and 2 in Fig. 6.1 where each

of them has three intervals, {h1, h2, h3}. Example 6.2 has already shown that the

g̃ASh FM assigns 1.352 as worth to the set {h1, h2, h3} of Scenario 1 (see Table 6.1).

In other words, g̃ASh({h1, h2, h3}) = 1.352 for the Scenario 1. In a similar manner,

g̃ASh({h1, h2, h3}) = 2.17 for the Scenario 2. Thus, the worth generated by the g̃ASh

FM for the set {h1, h2, h3} in the Scenario 1 and 2 are different, unlike the g̃AG FM

with the intersection operation, which provides the same worth for them (discussed in

section 6.2).

Example 6.4:

Consider two different sets of interval-valued data, h and r as shown in Fig. 6.2 where

each set has two intervals. The steps that are followed in calculating g̃ASh({h1, h2})
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and g̃ASh({r1, r2}), are given below. In both cases, all K-tuples (1 ≤ K ≤ 2) within

the set are determined first.

Calculation of g̃ASh({h1, h2}):

The weighted summation of similarities for all 1-tuples within {h1, h2} is i
n

= 2
2 = 1,

which is the first part of Eq. (6.5). The weighted similarities for the 2-tuple in

{h1, h2} is 0.40, representing the last part of Eq. (6.5). In this case, the new measure

at Eq. (6.2) with the minimum t-norm is used to compute the similarity. Thus,

g̃ASh({h1, h2}) = 1 + 0.40 = 1.40.

Calculation of g̃ASh({r1, r2}):

The weighted summation of similarities for all 1-tuples within {r1, r2} is i
n

= 2
2 = 1,

and the weighted similarities for the 2-tuple in {r1, r2} is 0.50 (using Eq. (6.2) with

the minimum t-norm). Thus, g̃ASh({r1, r2}) = 1 + 0.50 = 1.50.

In this example, g̃ASh({r1, r2}) > g̃ASh({h1, h2}), which implies that the new FM

provides different agreement and worth for the sets, h and r, whereas the gGenA FM

with the Jaccard or Dice similarity measure gives same agreement and worth for them

(discussed in section 6.2).

In the next section, the behaviour of the new agreement-based FM is demonstrated

and compared with respect to the three existing agreement-based FMs using two sets

of synthetic datasets and a real world example.

6.4 Demonstration and Analysis

This section demonstrates and analyses the behaviour of the new agreement-based FM

(gASh) in the context of the AG, GenA, and AA FMs for two sets of synthetic examples

and later with a real dataset. For convenience, the new FM is denoted as ASh and the

CFI [129] is used as the FI throughout. In all experiments, the minimum t-norm is
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used for the ASh FM (as it is the most common in practice) and the Jaccard similarity

measure is applied for the GenA and AA FMs. All experiments are implemented using

Java on an Intel(R) Core(TM) i3-4005U series based machine running at 1.70 GHz

with 8GB RAM.

6.4.1 Demonstration with Synthetic Dataset-1

This section presents a series of numerical examples using interval-valued synthetic

datasets to analyse and illustrate the behaviour of the ASh FM with respect to the three

other comparable FMs. Fig. 6.3 shows four examples of synthetic datasets together

with aggregated results based on the CFI [129] using these FMs.

(1) Interval-valued set-I shown in Fig. 6.3(a) consists of three smaller intervals h4,

h5, and h6 that agree completely and three larger intervals h1, h2 and h3 agreeing

to a certain degree. The aggregation results from the FMs in combination with CFI

[129] (Fig. 6.3(a)) show that the AG FM gives importance only to the subset of larger

intervals, whereas the GenA and AA FMs are strongly influenced by the subset of

smaller intervals as they agree totally. However, the ASh FM not only gives more

importance to the subset of smaller intervals having a complete agreement, but also

considers other subsets, {h1, h3} and {h2, h3} with agreement to a certain degree.

(2) For interval-valued set-II shown in Fig. 6.3(b), there are three intervals h1, h2 and

h3 having better agreement than three other intervals h4, h5 and h6. In this case, the

AG FM is greatly influenced by the subset {h1, h2, h3}, whereas the GenA, AA, and

ASh FMs appear to show better aggregation results considering two subsets of sources

({h1, h2, h3} and {h4, h5, h6}) when used in combination with the CFI [129].

(3) Interval-valued set-III shown in Fig. 6.3(c) again has six intervals where half of

the intervals agree to each other completely and the rest of them disagree totally.
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x-axis

(a) Interval-valued set-I
x-axis

(b) Interval-valued-II

x-axis

(c) Interval-valued set-III
x-axis

(d) Interval-valued set-IV

Fig. 6.3 Comparison of aggregation results from the CFI [129] with the ASh FM and
the three other existing FMs (AG, GenA and AA FMs) for four different synthetic
sets of intervals.

Here, the AG, GenA and AA FMs are completely influenced by the subset of agreed

intervals, i.e., {h4, h5, h6}. Like other FMs, the ASh FM shows the influence of the

subset {h4, h5, h6}, but, at the same time, it also shows to consider the disagreed

singletons, {h1, h2, h3}.

(4) Interval-valued set-IV shown in Fig. 6.3(d) consists of five intervals where all

intervals are in complete disagreement. In this case, the AG, GenA, and AA FMs give

h1 as the aggregation result when used with the CFI [129]. As there is no overlap
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among the intervals, for all three FMs, the worth of all subsets of intervals are equal to

0, except the subset h = {h1, h2, h3, h4, h5}, for which gAG(h) = gGenA(h) = gAA(h) = 1

to satisfy the property of a FM (subsection 2.7.1 in Chapter 2). This causes existing

FMs to produce the aggregation result, h1, when they are combined with CFI [129].

Contrarily, the ASh FM, by its construction, assigns worth to all singletons, which is

later normalized by g̃ASh(h). Even though there is no agreement among the intervals,

the ASh FM still can estimate the worth of other subsets by utilizing the worth of

singletons. Table 6.3 shows the normalized worth of all subsets of intervals for the

dataset-IV (in Fig. 6.3(d)) using the ASh FM, where all intervals are in complete

disagreement.

Intuitively, when there is no overlap between intervals and all intervals are unique,

then all sources should be treated with an equal worth and the aggregation should be

equal to the mean of their endpoints. In Fig. 6.3(d), only the ASh FM in combination

Table 6.3 The normalized worth of subsets of intervals using the ASh FM (gASh)

|{Ai}| = 1 |{Ai}| = 2 |{Ai}| = 3
gASh({h1})=0.2 gASh({h1, h2})=0.4 gASh({h1, h2, h3})=0.6
gASh({h2})=0.2 gASh({h1, h3})=0.4 gASh({h1, h2, h4})=0.6
gASh({h3})=0.2 gASh({h1, h4})=0.4 gASh({h1, h2, h5})=0.6
gASh({h4})=0.2 gASh({h1, h5})=0.4 gASh({h1, h3, h4})=0.6
gASh({h5})=0.2 gASh({h2, h3})=0.4 gASh({h1, h3, h5})=0.6

gASh({h2, h4})=0.4 gASh({h1, h4, h5})=0.6
gASh({h2, h5})=0.4 gASh({h2, h3, h4})=0.6
gASh({h3, h4})=0.4 gASh({h2, h3, h5})=0.6
gASh({h3, h5})=0.4 gASh({h2, h4, h5})=0.6
gASh({h4, h5})=0.4 gASh({h3, h4, h5})=0.6

|{Ai}| = 4 |{Ai}| = 5
gASh({h1, h2, h3, h4})=0.8 gASh({h2, h3, h4, h5})=1.0
gASh({h1, h2, h3, h5})=0.8
gASh({h1, h2, h4, h5})=0.8
gASh({h1, h3, h4, h5})=0.8
gASh({h2, h3, h4, h5})=0.8
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with the CFI [129] generates the aggregation results accordingly (i.e., performs like an

AVG operator), whereas other FMs produce the aggregation results identical to the

input interval with the lowest endpoints (i.e., perform like a MIN operator).

To sum up, in respect to various degrees of overlap among a set of intervals, the ASh

FM appears to generate more intuitive results than other existing FMs, AG, GenA,

and AA when used with the CFI [129]. Particularly, the AG FM [129] gives more

importance to intervals with larger overlap, whereas the GenA, and AA FMs are to

the intervals with larger similarity. Besides, all three FMs pay attention to only the

agreed intervals, ignoring the intervals with complete disagreement. In both cases, the

ASh FM gives importance to the intervals with larger similarity, but simultaneously

considers other intervals. Finally, when the sources are in complete disagreement, the

ASh FM performs like an average (AVG) operator, whereas the AG, GenA, and AA

FMs behave like a minimum (MIN) operator when used with the CFI [129].

6.4.2 Demonstration with Synthetic Dataset-2

In this subsection, using another set of synthetic dataset, the performance of the new

FM is demonstrated and evaluated in respect to the existing agreement-based FMs, AG,

GenA, and AA. In particular, here we investigate how the FMs in combination with

the CFI [129] behave in producing the aggregation result when the overlap between

intervals are gradually decreased. Here, five different sets of two interval-valued data h1

and h2 are considered in Fig. 6.4(a) with 100%, 75%, 50%, 25%, and 0% interval-overlap

respectively. Note that h1 is set to [0, 1] in all five sets, while h2 is altered depending

on the % of overlap.

Fig. 6.4(b) shows that all the FMs (used with the CFI [129]) aggregates the intervals

equally (i.e., [0, 1]) when 100% interval-overlap exists. However, despite degrading

overlap, the AG and GenA FMs continue to show the same aggregation output (i.e.,
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(a) Sets of interval-valued data

(b) Aggregation of sets of interval-valued data

Fig. 6.4 (a) Five sets of interval-valued data with degrading interval-overlap (b) The
aggregation results of the AG, GenA, AA and ASh FMs in combination with the CFI
[129] for Fig. 6.4(a).
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[0, 1]), whereas the AA and ASh FMs follow the overlap degradation and aggregate

the intervals accordingly. Finally, when intervals are in complete disagreement (i.e.,

0% overlap), the ASh FM in combination with the CFI [129] performs like an average

operator, whereas the aggregation outcome with the AA FM suddenly drops and goes

back to the initial aggregation output [0, 1]. This investigation reveals the shortcoming

of the existing FMs in data aggregation when they are used with the CFI.

6.4.3 A Real-World Example

In this part, a real-world dataset is used to review the behaviour of the new and

existing agreement-based FMs (ASh, AG, GenA, and AA). For this demonstration,

a cybersecurity dataset is used which is involved in the security risk assessment on a

proposed computing system [143, 144]. The dataset was collected through a decision

making exercise at GCHQ, Cheltenham, UK, the UK government’s signals intelligence

and information assurance agency where thirty-nine GCHQ selected cybersecurity

experts with different levels of expertise took part. The experts were divided into seven

different groups (A to G) and provided data anonymously.

The experts were well-informed about the architecture of the system and its compo-

nents. They were given a list of ten technical attacks (such as, via voice over internet

protocol (VoIP) client, email) on the system, and the twenty six different security

components (such as, anti-virus software, firewalls) that make up the attacks. The

experts were asked to complete two survey exercises where they gave their answers as

an interval, on a scale of 0 to 100. In Survey-1, they were asked to rank ten technical

attacks according to the difficulty to complete the attack without being noticed. In

Survey-2, they were asked to rate each of these twenty-six security components in terms

of overall difficulty to attack/evade the component and the characteristics/factors

contributed to the difficulty of attacking/evading the component. The security compo-
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nents were categorized as attack (a component to be attacked) and evade (a component

to be evaded). The set of questions asked for attack and evade components are given

in Appendix B.

To examine the performance of all agreement-based FMs including the new one,

we focus on a specific question among a set of questions for the attack components.

Particularly, we pay attention to Question-8 (see Appendix 2) for the attack components

where the experts were asked to provide overall ratings on the difficulty to attack a

component. On this question, for each group, expert’s overall ratings on an attack

component are aggregated using the CFI [129] in respect to all agreement-based FMs.

As all aggregation results of experts opinion belonging to different groups tend to show

a similar trend, here we only present the aggregation results of the experts ratings of

Group A and C for the attack component-5. Further, the aggregation results of the

experts ratings (belonging to Group D and E) on the attack component-11 are also

displayed.

Fig. 6.5(a) presents four intervals h1, h2, h3 and h4 capturing experts ratings (Group

A) on the attack component-5 as well as their aggregation results by the CFI [129] in

respect to the new and existing agreement-based FMs (ASh, AG, GenA, and AA). As

it appears, the GenA and AA FMs are more influenced by the subset of intervals with

larger similarity, whereas the AG and ASh FMs give nearly similar aggregation results.

Fig. 6.5(b) presents six intervals h1, h2, h3, h4, h5, and h6 capturing experts ratings

(Group C) on the attack component-5 and their aggregation results by the CFI [129]

in respect to the new and existing agreement-based FMs (ASh, AG, GenA, and AA).

In this case, the AG and GenA FMs appear to be more influenced by the subset {h1,

h2, h3}.

Similarly, Fig. 6.6(a) and (b) present four and five intervals respectively capturing

experts ratings (Group D and E) on the attack component-11. It also gives aggregation
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(a) Interval-valued dataset from Group-A

(b) Interval-valued dataset from Group-C

Fig. 6.5 Comparison of aggregation results from the CFI in respect to the ASh FM
and three other existing FMs (AG, GenA and AA FMs) for experts ratings (Group A
and C) on the difficulty to attack component-5.

results by the CFI [129] in respect to the new and existing agreement-based FMs (ASh,

AG, GenA, and AA). In both cases, the AA FM acts like an average operator whereas
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(a) Interval-valued dataset from Group-D

(b) Interval-valued dataset from Group-E

Fig. 6.6 Comparison of aggregation results from the CFI in respect to the ASh FM
and three other existing FMs (AG, GenA and AA FMs) for experts ratings (Group D
and E) on the difficulty to attack component-11.

the other three FMs (ASh, AG, and GenA) show nearly similar aggregation results

when used with the CFI [129].
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In summary, the real-data analysis shows that in most of the cases, the AG, GenA,

and ASh produce nearly similar aggregation results of experts ratings whereas the AA

FM behaves like an average operator. However, the demonstration with two different

sets of synthetic data has presented some interesting differences in aggregation results

among the FMs when used with the CFI [129].

6.5 Conclusion

Focusing on the application of the similarity measures in FI based uncertain data

aggregation, this chapter has identified that the existing agreement-based FMs are

affected by the limitation of intersection operation and aliasing of the common similarity

measures when they use them and thus provides the same agreement and worth for

very different sets of sources, which eventually affects the aggregation outcome. As

the new bidirectional subsethood based similarity measure (Eq. (3.2) in Chapter 2)

has shown to avoid aliasing and thus provides intuitive results for continuous (closed),

discontinuous, and T1 fuzzy sets, this chapter has leveraged the new similarity measure

(Eq. (3.2) in Chapter 2) to extract a new agreement-based FM which can avoid the

limitation of existing agreement-based FMs. The new FM has also been designed to

capture the worth of individual sources when they are in complete disagreement.

The new FM has been compared as regards to its aggregation using the CFI [129]

in respect to three other existing agreement-based FMs using both synthetic datasets

and a real-world example. The aggregation results have shown that the new FM

not only puts more weight to the subsets having high and complete agreement but

also pays attention to other intervals with agreement to a certain degree or complete

disagreement. It also results in intuitive aggregation even when all sources are in

complete disagreement where the aggregation result is the same as the mean of the

endpoints of intervals. The exhaustive investigation in this chapter, particularly with
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the synthetic datasets have also exhibited the suitability of the new FM in combination

with an FI for interval-valued data aggregation. The works that have been done in

this chapter satisfy objective 6 and 7 of the thesis.

The contribution to this chapter is now being prepared as an article for submission

to IEEE Transactions on Fuzzy Systems.

• Aggregation of Crowd-Sourced Intervals Using Fuzzy Integral and

Bidirectional Subsethood Based Fuzzy Measure

Kabir, Shaily; Wagner, Christian; Havens, Timothy C.; and Anderson, Derek T.

Aggregation of Crowd-Sourced Intervals Using Fuzzy Integral and Bidirectional

Subsethood Based Fuzzy Measure.

Status: To be submitted

The next chapter summarizes and concludes the works of this thesis by highlighting

its contributions and limitations. Further, it discusses the scope for future work.



Chapter 7

Conclusions

7.1 Thesis Summary

Many real-world applications often involve uncertain data as inputs, and the outcomes

largely rely on their effective comparison. Hence, a wide range of similarity measures

have been theoretically established for comparing uncertain data, but, in practice, how

accurately they capture similarity is still contentious. In view of growing number of

areas leveraging uncertain information and the importance of their effective comparison,

the aim of this thesis is to establish methods for precisely assessing similarity between

uncertain data, captured by intervals and T1 fuzzy sets.

Having this aim in mind, Chapter 2 has discussed relevant concepts and previous

research works to identify the limitations of existing similarity measures and to de-

velop new methods. Particularly, it has given an overview of popular set-theoretic

similarity measures [11] and their limitations for intervals and T1 fuzzy sets. Further

towards robust similarity measures involving the concept of subsethood, Chapter 2 has

presented discussions on subsethood for crisp and fuzzy sets, and provided different

axiomatizations for their characterization. Finally, it has reviewed data aggregation
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and various aggregation operators including fuzzy integrals to explore the usefulness of

applying new similarity measures in data aggregation from multiple uncertain sources.

A variety of set-theoretic similarity measures has come into use to capture similarity

among intervals, though each of these measures has its own strengths and weaknesses

[11][104][88]. For intervals, the Jaccard and Dice similarity measures are the most

frequently used [23] as they follow all common properties of a ‘standard’ similarity

measure [145]. However, both these measures, and indeed most set-theoretic similarity

measures are often subject to an inherent limitation, termed as aliasing, where they

generate the same similarity for very different pairs of intervals with different sizes.

To address aliasing, Chapter 3 has introduced new axioms for underpinning a robust

similarity measure for continuous intervals and then proposed a new set-theoretic

similarity measure which employs the bidirectional subsethood of intervals to assess

similarity. The new measure is sensitive towards the variation in the size of intervals,

enabling it to minimize aliasing. Importantly, this new measure satisfies both traditional

[70] and new axioms to make itself a robust similarity measure for the continuous

intervals. The behaviour of the proposed measure in respect to existing popular

similarity measures has been demonstrated using both synthetic and real interval-

valued datasets.

Though continuous intervals are the common form of intervals, discontinuous inter-

vals, consisting of a series of continuous subintervals [45], are used in many applications.

Measures to assess similarity for the continuous intervals are not directly applicable

for the discontinuous intervals. Chapter 4 has proposed a generalized framework to

measure similarity between discontinuous intervals by considering similarities of all

possible pairs of their continuous subintervals. Importantly, the new framework assesses

similarity between intervals while maintaining their original information (continuous

or discontinuous). Further, this chapter has developed a new algorithm to make
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the new generalized framework computationally more efficient by combining it with

the extended binary relations of Allen’s theory [21]. The performance of this new

generalized framework in respect to Jaccard, Dice and the bidirectional subsethood

based new similarity measure (in Chapter 3) has also been explored and discussed

against its integration with the extended Allen’s theory.

Beyond intervals, in Chapter 5, this thesis has extended the new similarity measure

for intervals vertically and horizontally (α-cut based) with a view to comparing T1

fuzzy sets as their vertical-slices and α-cuts often give rise to continuous intervals [20].

Initially, the new interval similarity measure has been extended vertically; however,

this extended measure alike key existing fuzzy set-theoretic similarity measures (also

depending on vertical-slice representation) is found to be non-intuitive for comparing

non-normal T1 fuzzy sets. Hence, the new similarity measure has been extended using

the α-cut based extension. As this extension is not directly applicable for non-normal

and non-convex fuzzy sets, it is further refined for comparing T1 fuzzy sets having

non-normal and non-convex features. Both of these extensions have been compared

against popular fuzzy set-theoretic similarity measures, and a comparative analysis of

these measures has also been provided.

In the final stage, Chapter 6 has explored the utility of the new robust similarity

measures in FI based data aggregation from uncertain sources where FIs are specified

in respect to FMs capturing ‘worth’ of both the individual data sources and their

combinations. As current approaches to generate the FMs rely on existing similarity

measures to capture agreement among sources, they are also affected by aliasing of

those common similarity measures. Therefore, Chapter 6 has taken advantages of the

new robust similarity measure to estimate inter-source agreement, which is later used to

extract a new data-driven FM from interval-valued data. Different experimentation has

shown that the new fuzzy measure as compared to the existing agreement-based FMs
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[22][23][24] can avoid limitation of inter-source agreement calculation as well as worth

estimation and thus provides intuitive aggregation outcome when used in combination

with an FI.

7.2 Contributions

A summary of key contributions of this thesis is discussed below.

Identification of an inherent limitation of popular set-theoretic similarity

measures. A new definition of robust similarity measures with new and

traditional axioms to address this limitation.

Set-theoretic similarity measures are well-known to assess similarity between intervals,

though other methods also exist. Among them, Jaccard and Dice measures are the

most common. Besides, Szymkiewicz-Simpson coefficient [76], Otsuka coefficient [77],

Sokal-Sneath Coefficient [78], and Simple-Matching coefficient [79] are also applied.

This thesis has identified, articulated, and addressed an inherent limitation of common

similarity measures (including Jaccard and Dice) where they return the same similarity

for substantially different pairs of intervals, referred to as aliasing. To address aliasing,

this thesis has put forward a new definition of robust similarity measures for intervals

by introducing new axioms in addition to the traditional ones for a similarity measure.

A bidirectional subsethood based similarity measure for continuous inter-

vals and a new distance metric

This thesis has proposed a new set-theoretic similarity measure for continuous intervals

considering the application of the bidirectional subsethood of intervals. The new mea-

sure has been designed to be more responsive towards the size of intervals and the size of

their intersection. Thus, the new measure not only minimizes aliasing but also satisfies
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all new and traditional axioms of a robust similarity measure. Additionally, this thesis

has axiomatically defined subsethood for intervals along with its essential properties

as part of developing the new similarity measure. A new distance metric has also

been derived from the new similarity measure, enabling its direct use in classification

and clustering problems. A comprehensive investigation has shown that the proposed

similarity measure produces intuitive results for continuous intervals. Moreover, the

results are shown to always be bounded by the Jaccard and Dice measures when

applying minimum t-norm, making the new similarity measure a suitable alternative

in real world applications.

A computationally efficient generalized framework for discontinuous inter-

vals

There is no similarity measure, which can be directly applicable to compare discontinu-

ous intervals - intervals with many continuous subintervals. Current approaches are

subject to loss of discontinuity information as discontinuous intervals are converted

into their continuous forms before assessing similarity. This information loss eventually

affects the accuracy of similarity result. This thesis developed a generalized framework

to compute similarity between discontinuous intervals by counting similarities of all

pairs of their subintervals. The proposed framework retains the original information of

the discontinuous intervals while computing their similarity and is equally applicable

for both continuous and discontinuous intervals. Comparison of the proposed general-

ized framework in respect to the new similarity measure vis-a-vis popular similarity

measures has shown its intuitive performance in similarity results, though entails

longer execution time. Hence, the proposed generalized framework is further refined by

integrating it with the extended Allen’s theory [21] to make the later computationally

more efficient. Experimental results have shown that this integration substantially

reduces similarity calculation as well as overall execution time.
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A bidirectional subsethood based similarity measure for T1 fuzzy sets

Classical set-theoretic similarity measures are generally extended for the T1 fuzzy sets.

Both vertical-slice and horizontal-slice (α-cut) based extensions are possible for their

comparison, though the first approach is rather common. As the new bidirectional

subsethood based similarity measure has been found to be a robust similarity measure

providing intuitive similarity results, this thesis has initially expanded this new interval

measure vertically to capture similarity between T1 fuzzy sets. However, this extended

measure has behaved non-intuitively like other existing fuzzy set-theoretic similarity

measures (also relying on vertical-slice based representation) when both fuzzy sets

are non-normal. To address this limitation, this thesis has extended the new interval

similarity measure using α-cut based extension. The new α-cut based extension has

been further refined so that it can be applied to compare non-normal and non-convex T1

fuzzy sets. In comparing T1 fuzzy sets with different properties, the new extension has

avoided the unexpected behaviour with non-normal fuzzy-sets and produced intuitive

results in all cases.

Efficient data aggregation using a bidirectional subsethood based fuzzy mea-

sure and fuzzy integral

An area of application of the similarity measures is to aggregate similar data arising

from uncertain sources using FIs in respect to FMs. Current approaches to develop

the FM often apply popular similarity measures, which are subject to aliasing. This

pitfall of the existing measures often brings about the same inter-source agreement

for very different subsets of sources, thus affecting their worth calculation in the FMs

and finally to aggregation outcome when used in combination with an FI. To avoid

this limitation, this thesis has introduced a new agreement-based FM using the new

robust similarity measure, which is not subject to aliasing. The new FM can also

generate worth information for subsets of sources having no agreement among them.
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The demonstrations have also revealed that the new FM in combination with an FI

gives intuitive aggregation outcome as compared to other existing agreement-based

FMs, suggesting its suitability for real-world applications.

7.3 Limitations

This section presents some of the limitations within the work presented in this thesis.

• Chapter 3 has proposed a new set-theoretic similarity measure for continuous

intervals considering their bidirectional subsethoods. The new similarity measure

has been designed using the minimum and product t-norms as they are the most

common t-norms and frequently used. However, this thesis has not explored all

other t-norms such as Łukasiewicz t-norm as each t-norm has its own properties

and including them ‘under the same roof’ is a complex task. Further work is

necessary to cover all common t-norms to make the new measure more robust.

• The new bidirectional subsethood based similarity measure has been expanded

for T1 fuzzy sets which comprehensively assesses their similarity. Earlier, it has

been mentioned that T2 fuzzy-sets better capture higher-level of uncertainty

in data as compared to T1 fuzzy sets. This measure has not been extended to

interval and general T2 fuzzy sets. Further work is necessary to upgrade the

extended measure to cover similarity assessment between T2 fuzzy sets.

• This thesis has developed methods to assess similarity for intervals and T1 fuzzy

sets. Moreover, they have been applied to aggregate uncertain multi-source data

efficiently. In this thesis, for simplicity, some demonstrations of the new measures

have been shown using synthetic datasets as they can generate interesting cases

by altering different properties of intervals/fuzzy-sets and can do a bit more

rigorous study.
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7.4 Future Work

Some potential new directions and future work based on this thesis are discussed below.

• We aim to make the new bidirectional subsethood based similarity measure to be

more flexible and robust by considering all common t-norms. Some preliminary

work has already been made as part of this PhD for assessing similarity between

intervals. Initial results have been demonstrated in Appendix B and this idea

will be applied further for other t-norms in future work.

• We already have extended the new bidirectional subsethood based similarity

measure for comparing T1 fuzzy sets where the α-cut based extension has shown

intuitive similarity results as compared to other existing fuzzy set-theoretic

measures. As both interval and general T2 fuzzy sets better capture data

uncertainty over T1 fuzzy sets; in future, we intend to expand this measure to

assess similarity between T2 fuzzy sets.

• We have involved the new bidirectional subsethood based similarity measure to

extract a new agreement-based FM and later used it in combination with the

CFI [129] for interval-valued data aggregation. The new FM in combination

with the CFI [129] has performed intuitively in aggregating interval datasets and

also carried out aggregation under the situation when sources are in complete

disagreement. In future, we will expand the new similarity measure to extract

a new FM directly from the pool of fuzzy set-valued datasets so that it can be

used with an FI to aggregate them.

• We have derived a distance metric from the new bidirectional subsethood based

similarity measure. This distance metric has not been applied in any application

to assess its suitability. In future, we will use this metric in classification and



7.4 Future Work 185

clustering applications with interval-valued datasets and explore its potentiality

for these applications.
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Appendix A

Similarity Results for Summer and

Winter Temperature Data

Table A.1 Similarity results for Summer temperature data using the Jaccard similarity
measure (SJ)

Summer
Area SN SE SW EEN ENW ML EA ESW ESC
SN 1 0.859 0.7073 0.4712 0.4583 0.3565 0.2692 0.375 0.272
SE 0.859 1 0.4712 0.5769 0.5729 0.4522 0.3538 0.4808 0.36
SW 0.7073 0.4712 1 0.6737 0.6782 0.5283 0.4132 0.5684 0.4224
EEN 0.4712 0.5769 0.6737 1 0.8488 0.8041 0.6429 0.8837 0.6636
ENW 0.4583 0.5729 0.6782 0.8488 1 0.7609 0.5981 0.8395 0.6176
ML 0.3565 0.4522 0.5283 0.8041 0.7609 1 0.7981 0.8539 0.8283
EA 0.2692 0.3538 0.4132 0.6429 0.5981 0.7981 1 0.7059 0.9388
ESW 0.375 0.4808 0.5684 0.8837 0.8395 0.8539 0.7059 1 0.732
ESC 0.272 0.36 0.4224 0.6636 0.6176 0.8283 0.9388 0.732 1
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Table A.2 Similarity results for Winter temperature data using the Jaccard similarity
measure (SJ)

Winter
Area SN SE SW EEN ENW ML EA ESW ESC
SN 1 0.9014 0.7778 0.5287 0.5663 0.4624 0.3271 0.4149 0.3491
SE 0.9014 1 0.7763 0.5385 0.5747 0.4742 0.3423 0.4286 0.3636
SW 0.7778 0.7763 1 0.6835 0.7333 0.60 0.4343 0.5465 0.4592
EEN 0.5287 0.5385 0.6835 1 0.9286 0.88 0.6517 0.8158 0.6818
ENW 0.5663 0.5747 0.7333 0.9286 1 0.8158 0.60 0.7532 0.6292
ML 0.4624 0.4742 0.60 0.88 0.8158 1 0.7442 0.9315 0.7765
EA 0.3271 0.3423 0.4343 0.6517 0.60 0.7442 1 0.7927 0.9625
ESW 0.4149 0.4286 0.5465 0.8158 0.7532 0.9315 0.7927 1 0.8272
ESC 0.3491 0.3636 0.4592 0.6818 0.6292 0.7765 0.9625 0.8272 1

Table A.3 Similarity results for Summer temperature data using the Dice similarity
measure (SD)

Summer
Area SN SE SW EEN ENW ML EA ESW ESC
SN 1 0.9241 0.8286 0.6405 0.6286 0.5256 0.4242 0.5455 0.4277
SE 0.9241 1 0.9139 0.7317 0.7285 0.6228 0.5227 0.6494 0.5294
SW 0.8286 0.9139 1 0.805 0.8082 0.6914 0.5848 0.7248 0.5939
EEN 0.6405 0.7317 0.805 1 0.9182 0.8914 0.7826 0.9383 0.7978
ENW 0.6286 0.7285 0.8082 0.9182 1 0.8642 0.7485 0.9128 0.7636
ML 0.5256 0.6228 0.6914 0.8914 0.8642 1 0.8877 0.9212 0.9061
EA 0.4242 0.5227 0.5848 0.7826 0.7485 0.8877 1 0.8276 0.9684
ESW 0.5455 0.6494 0.7248 0.9383 0.9128 0.9212 0.8276 1 0.8452
ESC 0.4277 0.5294 0.5939 0.7978 0.7636 0.9061 0.9684 0.8452 1
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Table A.4 Similarity results for Winter temperature data using the Dice similarity
measure (SD)

Winter
Area SN SE SW EEN ENW ML EA ESW ESC
SN 1 0.9481 0.875 0.6917 0.7231 0.6324 0.493 0.5865 0.5175
SE 0.9481 1 0.8741 0.70 0.7299 0.6434 0.5101 0.60 0.5333
SW 0.875 0.8741 1 0.812 0.8462 0.75 0.6056 0.7068 0.6294
EEN 0.6917 0.70 0.812 1 0.963 0.9362 0.7891 0.8986 0.8108
ENW 0.7231 0.7299 0.8462 0.963 1 0.8986 0.75 0.8593 0.7724
ML 0.6324 0.6434 0.75 0.9362 0.8986 1 0.8533 0.9645 0.8742
EA 0.493 0.5101 0.6056 0.7891 0.75 0.8533 1 0.8844 0.9054
ESW 0.5865 0.60 0.7068 0.8986 0.8593 0.9645 0.8844 1 0.9054
ESC 0.5175 0.5333 0.6294 0.8108 0.7724 0.8742 0.9054 0.9054 1

Table A.5 Similarity results for Summer temperature data using the proposed similarity
measure (SSh

)

Summer
Area SN SE SW EEN ENW ML EA ESW ESC
SN 1 0.859 0.7945 0.5698 0.6027 0.4607 0.3571 0.5132 0.3696
SE 0.859 1 0.8846 0.5698 0.7051 0.5843 0.4694 0.641 0.3696
SW 0.7945 0.8846 1 0.5698 0.8082 0.6292 0.5102 0.7105 0.5326
EEN 0.5698 0.5698 0.5698 1 0.8488 0.8764 0.7347 0.8837 0.7717
ENW 0.6027 0.7051 0.8082 0.8488 1 0.7865 0.6531 0.8947 0.6848
ML 0.4607 0.5843 0.6292 0.8764 0.7865 1 0.8469 0.8539 0.8913
EA 0.3571 0.4694 0.5102 0.7347 0.6531 0.8469 1 0.7347 0.9388
ESW 0.5132 0.641 0.7105 0.8837 0.8947 0.8539 0.7347 1 0.7717
ESC 0.3696 0.3696 0.5326 0.7717 0.6848 0.8913 0.9388 0.7717 1
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Table A.6 Similarity results for Winter temperature data using the proposed similarity
measure (SSh

)

Winter
Area SN SE SW EEN ENW ML EA ESW ESC
SN 1 0.9014 0.875 0.6667 0.7121 0.5972 0.4487 0.5652 0.4684
SE 0.9014 1 0.875 0.6901 0.7042 0.6389 0.4872 0.5915 0.5063
SW 0.875 0.875 1 0.7826 0.8333 0.7083 0.5513 0.6812 0.5696
EEN 0.6667 0.6901 0.7826 1 0.942 0.9167 0.7436 0.8986 0.7595
ENW 0.7121 0.7042 0.8333 0.942 1 0.8611 0.6923 0.8406 0.7089
ML 0.5972 0.6389 0.7083 0.9167 0.8611 1 0.6923 0.9444 0.8354
EA 0.4487 0.4872 0.5513 0.7436 0.6923 0.6923 1 0.8333 0.9747
ESW 0.5652 0.5915 0.6812 0.8986 0.8406 0.9444 0.8333 1 0.8481
ESC 0.4684 0.5063 0.5696 0.7595 0.7089 0.8354 0.9747 0.8481 1



Appendix B

Survey on Assessing Security Risk

of a Proposed Computing System

For assessing the security risk of a proposed computing system, thirty-nine experts

were asked to complete two survey exercises. In Survey-1, they were asked to rank ten

technical attacks according to the difficulty to complete the attack without being noticed.

In Survey-2, the experts were asked to rate each of the twenty-six security components in

terms of overall difficulty to attack/evade the component and the characteristics/factors

contributed to the difficulty of attacking/evading the component.

The set of questions asked for an attack component:

(1) How complex is the target component (e.g., in terms of size of code, number of

sub-components)?

(2) How much does the target component process/interact with any data input?

(3) How often would you say this type of attack is reported in the public domain?

(4) How likely is it that there will be a publicly available tool that could help with

this attack?
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(5) How inherently difficult is this type of attack (i.e., how technically demanding

would it be to do from scratch, with no tool-set to help)?

(6) How mature is this type of technology?

(7) How easy is to carry out this attack without being noticed?

(8) Overall, how difficult would it be for an attacker to do this?

The set of questions asked for an evade component:

(1) How complex is the job of providing this kind of defence?

(2) How likely is it that there will be publicly available information that could help

with evading this defence?

(3) How mature is this type of technology?

(4) Overall, how difficult would it be for an attacker to do this?
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