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Abstract

This thesis starts from the following observation; if v, w are solutions of
y'+Py=0

where P is entire, and v and w are both 0 at zy € C, then W (v, w) = v’ — v'w = 0
and v, w are linearly dependent. It is then natural to ask what happens if v, w solve
different equations, but have (mostly) the same zeros. The case where the first equation
is of the second order and has a polynomial coefficient while the second equation is of
order greater than one with entire coefficients was investigated first, and some relations
between the solutions and between the coefficients were proved. We next obtained ap-
proximately the same results when a transcendental coefficient was considered instead
of a polynomial in the first equation, but with some amendments to the conditions. We
then examined the case where the equations are non-homogeneous of the first order and
determined what the solutions have to be. We also could determine the solutions in the
case where the equations are a combination of homogeneous and non-homogeneous
equations. Finally, the case where the solutions take the value 0 and a non-zero value at
mostly the same points was studied, and again the solutions were determined. In order
to prove our results, we used some background from Nevanlinna theory and some of its

applications.
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CHAPTER 1

Introduction

This chapter contains some important preliminary definitions and concepts that are
needed to state our results in the following chapters. In addition, some well-known

results that will be used frequently will be stated.

1.1 Analytic and meromorphic functions

In this section, some types of functions occurring throughout function theory will be

defined.

Definition 1.1.1 (Differentiable function [[19]).
Let U be an open set in the complex plane, and let z be a point of U. Let f be a

complex-valued function on U. We say that f is complex differentiable at z if the limit

fz+h) = f(2)
h

lim

h—0
exists and is finite. Also, we say that f is differentiable on U if f is differentiable at

every point of U.

Definition 1.1.2 (Analytic and entire functions [26]).
A complex function f(z) is said to be analytic at a point z, if f is differentiable at z,

and at every point in some neighbourhood of zy. A function f is analytic in a domain D

1



CHAPTER 1: INTRODUCTION

if it is analytic at every point in D). Moreover, a function that is analytic at every point

z in the complex plane is called an entire function.

Examples 1.1.1. The functions e* and sin z are entire functions. Also, all polynomials

in z are entire functions.

Definition 1.1.3 (Meromorphic functions).
A function f on a domain in C is said to be meromorphic if it is analytic apart from

isolated poles.

1
Cos Tz

Examples 1.1.2. The functions % and are meromorphic functions. Also, all ra-

tional functions are meromorphic functions in the complex plane.

Definition 1.1.4 (O and o notation [20]).
Let f(r), g(r) be functions defined on [a, 00), with f(r) complex-valued and g(r) real
and positive. We say that f(r) = O(g(r)) as r — oo if there exist constants K, L such
that

|[f(r)] < Kg(r) forall r > L.

Also, we say that f(r) = o(g(r)) if

Examples 1.1.3.

e For any polynomial P of degree n, we have P(r) = O(r") as r — oc.

logr

E2 — 0asr — oo, we have logr = o(r).

e Since

1.2 Nevanlinna theory

Throughout the 1920s, the value distribution theory underwent remarkable development

led by Rolf Nevanlinna. Nevanlinna theory plays an essential rule in our research area.



CHAPTER 1: INTRODUCTION

So, we will introduce some important definitions and theorems related to Nevanlinna

Theory. For extra details we refer the reader to [[13} 18, 20].

Assume henceforth that f is a meromorphic function on the whole complex plane,

unless clearly stated otherwise.

Definition 1.2.1 (Proximity function).

Suppose that f is a meromorphic function on |z| < 7, then

m(r, f) = %/0 7rlog+ ‘f(rew)} do.

Here, log™ 2 = max{log z,0}.

Definition 1.2.2 (Counting function).
We define n(r, f) to be the number of poles of f counting with multiplicity in |z| < 7.

Also we define 71(r, f) to be the number of poles of f counting each pole just once.

Definition 1.2.3 (Counting function).

For f # 0, we define n(r, %) to be the number of zeros of f counting with multiplicity

in |z| < r. Also we define 7a(r, 1

, ?) to be the number of zeros of f counting each zero

just once.

Example 1.2.1. Suppose that

Then we have, for r > 5,

n(r, f) =7, w(rf) =1, n (r, 1) —6 n (r, 1) _9

Definition 1.2.4 (Integrated counting function).

We set
NG ) = [ it )= (0. ] F +nl0. ) logr

Definition 1.2.5 (Integrated counting function).

We also set

N f) = [ (e, £) = (0. ) 4700, 1o
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Definition 1.2.6 (Nevanlinna characteristic function).
We set
T(r, f) =m(r, )+ N(r, f).

Some properties of the proximity function, the integrated counting function and the

Nevanlinna characteristic function will be stated in the following proposition.

Proposition 1.2.1 ([2]).

Assume that fi, are meromorphic functions. Then we have the following properties:

Lom(r, Y0 fu(2) < Sp m(r, fu(2) + O(1).
2. m(r, Tz, fu(2)) < 2oy mlr, fu(2)).
30N r fe(2) < S0 N(r, fiu(2)).
4. N TT, fe(2) <S58 N, fil2)).
5. T(r, Y0 fu(2) < 2psy T(r, fu(2)) + O(1).
6. T(r, [Tz fu(2)) < S5 T(r, fu(2)).

Theorem 1.2.1 (The first fundamental Nevanlinna theorem).

Suppose that f is a non-constant meromorphic function in the plane, and suppose that

a € C. Then:
1

f—a

Theorem 1.2.2 (The second fundamental Nevanlinna theorem, Version I).

T(r, y=T(r,f)+0(1) as r— oco.

Suppose that f is a non-constant meromorphic function in the plane, and suppose that

q > 2. Suppose that a,, a, ..., a, are distinct complex numbers. Then:

Ly <ore )+ S0 5),

_an

m(r, f) + Zm(r, 7

where S(r, f) means some quantity such that S(r, f) = o(T'(r, f)) as r — oo, possibly

outside a set of finite measure.
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The terminology S(r, f) will be used throughout the thesis.

Exceptional sets as in Theorem [I.2.2] are very common in the Nevanlinna theory, but

can sometimes be avoided by using the following lemma.

Lemma 1.2.1 ([18])).
Let g : (0,400) = R, h: (0,400) — R be monotone increasing functions such that
g(r) < h(r) outside an exceptional set E of finite linear measure. Then, for any o > 1,

there exists ro > 0 such that g(r) < h(ar) for all v > .

If we take ¢ = 2,a; = 0, a3 = 1 in Theorem|1.2.2} then a stronger version of the second

Nevanlinna theorem leads to the following theorem.

Theorem 1.2.3 (The second fundamental Nevanlinna theorem, Version II).
Suppose that f is a non-constant meromorphic function. Then

— 1
) + N(?“, ﬁ) + S(T, f)

1

T(T’, f) < N(T, f) —|—N(7“, ?

This result implies Picard’s theorem, because if f omits 0, 1 and oo then we get T'(r, f) =

S(r, f), a contradiction.
The following lemma is essential to prove the second fundamental Nevanlinna theorem.
Lemma 1.2.2 (Lemma of the Logarithmic Derivative).

Suppose that f is a transcendental meromorphic function in the plane and suppose that

k is a positive integer. Then

(k)
mir L) = S ),
Iflog T'(r, f) = O(logr), we have
)
m(r, T) = O(logr).

Proposition 1.2.2. Suppose that f is a meromorphic function in the plane. Then
T(r,f)=0(ogr) as r— o

if and only if f is a rational function.
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For functions over the complex numbers, we often need to know a rough measure of
how fast a function grows. The order of growth is used to measure how fast a function

grows.

Definition 1.2.7 (Order of growth for meromorphic function).

Let f be a meromorphic function in the plane. Then

log™ T
p(f) = limsup —>—28) (r.f) 7
r—00 10g r

is called the order of growth for the function f.

We now state some properties of the order of growth.

Proposition 1.2.3 ([2]).

Let f and g be meromorphic functions. Then

1. p(f +g) < max{p(f), p(g)}.

2. p(fg) < max{p(f),p(9)}.

3. Ifg(z) = f(az +b), where a,b € C, a # 0, then p(g) = p(f).

4. If g(2) = f(2%), where k is a positive integer, then p(g) = kp(f) .
5. If f is a polynomial, then p(f) = 0.

6. If P is a polynomial of degree n, then p (eP (Z)) =n.

7. If f is a transcendental entire function, then p (ef (2)) = Q.

Examples 1.2.1.

1. p(sin 2%) = p(cos 2?) = 2.
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Definition 1.2.8 (Exponent of convergence).
Let f be a meromorphic function in the plane and assume that f is not identically O.
The exponent of convergence A(f) = A(f,0) of the zeros of f is defined by
log™ N(r, +
A(f) = limsup #
r—00 10g r

Examples 1.2.2.
1. A(e*) = A(P) = 0, where P is a polynomial.
2. MeF+1) = A(sinz) = A(cos z) = 1.

Proposition 1.2.4 (Relation between p and A [18]).
For all meromorphic functions [ % 0, we have \(f) < p(f).

Definition 1.2.9 (Nevanlinna deficiency [12]).
The Nevanlinna deficiency d(a) = d(a, f) of the value a is defined by

e m(rsa) . N(r,a)
)(a) = liminf =1—limsu .
@I T T P TG
In particular, d(a) = 0 except for at most countably many « . If f omits the value a then

d(a) = 1.

The following theorem was proved by Rolf Nevanlinna that shows under what circum-

stances can two distinct functions take the same value at the same points.

Theorem 1.2.4 (Nevanlinna’s 5-values theorem [[13]).
Suppose that f1(z), f2(z) are meromorphic in the plane and let E;(a) be the set of
points z such that f;(2) =a (j =1,2). Thenif E1(a) = Es(a) for five distinct values

of a, we have f1(z) = fa(2), or fi, fo are both constant.

The following example shows that the five values in the last theorem cannot be replaced

by four values.

Example 1.2.2. The functions f;(z) = €*, fo(z) = e~ * take the values a = 0,1, —1, 00

at the same points, but f1(2) # fa(2).
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We are interested in the particular case where v and w are entire functions which solve

linear differential equations and which take one value (usually 0) at the same points.

1.3 Wiman-Valiron theory

The Wiman-Valiron theory is mainly used to study the local behaviour of an entire
function from its power series. It will be used to estimate the growth of the solutions in

some of our results. The content of this section was mostly taken from [14, 20].

Definition 1.3.1 (Maximum modulus [20]]).
Suppose that f is an entire function and let > 0. The maximum modulus M (7, f) is

defined by
M(r, f) = max{[f(2)] : |2] <7},

which is non-decreasing.

Initially, let
P(2) = ap2" + - +ag, an #0,
be a polynomial of degree n, and assume that z and z, are large. Then we have

P(z>~(zio)np(zo) and ];'((j))wg.

However, if P is a non-polynomial entire function, then by Picard’s theorem we can see

that no such asymptotic relation can hold for all large z and z,. The aim of Wiman-

Valiron theory is to find a similar relation when z is close to zy and | f(z)| is close to
M(|zol, f)-

Now, we set
oo

f2) =) a2 (1.3.1)

k=0
to be a transcendental entire function (a; # 0 for infinitely many k). We need the

following definitions in order to state the main Wiman-Valiron theorem. Proofs can be

found in [14} [20].
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Definition 1.3.2 (Maximum term [14, 20]]).

For each r > 0, we define the maximum term p(r, f) as follows.
w(r) = p(r, f) = max{|ag|r* : k =0,1,2,...}. (1.3.2)

Lemma 1.3.1. For f a transcendental entire function, we have

o lim, ., u(r, f) = oo.

e Forr >0, we have u(r, f) < M(r, f) < 2u(2r, f).

o u(r, f) is continuous and non-decreasing on [0, 00), and there exists R > 0 such

that pi(r) is strictly increasing on [R, 00).

Definition 1.3.3 (Central index [20]).

For r > 0 and u(r) as above, we define the central index v(r) = v(r, f) (also called
N(r)) to be the largest k for which |ag|r* = u(r, f). Note that if ag = 0 then v(0) is
not defined, whereas if ay # 0 then v(0) = 0.

Lemma 1.3.2. For f a transcendental entire function, we have

e The central index v(r) is non-decreasing on (0,00), and v(r) — oo asr — oc.

Also, v(r) is continuous from the right, i.e., for each s > 0,

Tli)rg v(r) =rv(s).

o Lete > 0. Then

N(r) =v(r) < (log pu(r))"** < (log M(r, f))"*

forall r > 1 outside a set E of finite logarithmic measure, i.e.f[1 o) E % < 00.

e v(r,f') ~v(r,f) asr— cowithr & E, where [, % < .

Theorem 1.3.1 (The main theorem of the Wiman-Valiron theory).
Let f be defined by (1.3.1), and let % <v<1land (0 < k < 1. Let q be a positive

9
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integer. Then there exists a set Ey C [1,00), of finite logarithmic measure, such that, if

|20| =7 € [1,00) \ By and |f(20)| > kM(r, f) then
PO 2 o logteyzgl < v

andj =1,...,q, where N = v(r, f). Furthermore, for |log(p/r)| < N~7, we have

z

fu)~(—)Nfuw and

20

Mo ) ~ Mo f), Moo )~ (2) MG )

forj=1,...,q.

1.4 Complex differential equations

In this section, we will see how Nevanlinna theory can be used to study the solutions of
complex differential equations. Moreover, we will state some useful theorems needed

to prove our results.

Definition 1.4.1. By a complex differential equation we mean a differential equation

whose coefficients are meromorphic functions of a complex variable.

In particular, we will take the equation

w" + Pw = 0, (1.4.1)
where P is a polynomial of degree n as an example of our study.
An important theorem in differential equations is the existence-uniqueness theorem.

Theorem 1.4.1 (Existence-uniqueness theorem [20]).
Let k > 1, let D be a simply connected domain in C, and let ay(z),...,ax_1(2) be
analytic in D. Let a € D and let ¢y, . .., c;_1 € C. Then there exists a unique solution

f of the equation

such that f is analytic in D and f9(a) = c;, 0 < j <k — 1.

10
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In 1955, Wittich [25] proved the following theorem.

Theorem 1.4.2. If f is a non-trivial solution of w" + Aw = 0, i.e. f Z0, and A # 0

is entire, then we have:
(@ T(r,A)=5(r f).
(ii) If f has finite order, then A is a polynomial.

(iii) If a is a non-zero complex number, then f takes the value a infinitely often, and in

fact, outside a set of finite measure,

N(r’fia

Cauchy [17] proved that all solutions of (I.4.1)) are entire functions. Furthermore, the

) 10D,

1982 paper of Bank and Laine [6] contained the following theorems.

Theorem 1.4.3. Let P be a polynomial of degree n, and let w be a non-trivial solution

of the equation (IA1). Then, w has order of growth equal to "5

Theorem 1.4.4. If w is a non-trivial solution of (1.4.1)) which has infinitely many zeros,
then we have
N y)
lim inf «

r—00 7‘(”+2)/2

> 0. (1.4.2)

In 1962, Clunie proved a lemma [11, Lemma 1] which has frequently been used in
applications to complex differential equations. The following lemma is an alternative

form of Clunie’s lemma which has been proved by Laine in [18, Lemma 2.4.2].
Lemma 1.4.1 (Clunie’s lemma [[18]]).
Let [ be a transcendental meromorphic solution of

[Pz, f) = Q(z f),

where P(z, f) and Q(z, f) are polynomials in f and its derivatives with meromorphic
coefficients, say {ax|\ € I}, such that m(r,ay) = S(r, f) for all X\ € I. If the total

degree of Q(z, f) as a polynomial in f and its derivatives is < n, then
m(r, P(z, f)) = S(r, f).

11
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Definition 1.4.2 (The Wronskian determinant [[18]]).
Let f1,--- , f, be meromorphic functions in the complex plane. The Wronskian deter-

minant W (fy,--- | f,) is given by

Ji for o fa
W(fi, oo\ fo) = ]il JTQ f” . (1.4.3)
fl(n—l) f2(n—1) . T(Ln—l)

We will only use this for n = 2, in which case

W(f1, f2) = fufs = fife

Proposition 1.4.1 ([18]]).
Let f1,- -, fn be meromorphic functions in the complex plane. Then W (f1,--- , fn) = 0

if and only if f1,--- , f, are linearly dependent over C.

1.5 Bank-Laine functions

This section contains some essential tools that will be used throughout the proofs of
our results. In particular, the Bank-Laine product formula will be used sometimes to

determine the solutions.

Suppose that A is an entire function and suppose that we have the equation
Y + A(2)y = 0. (1.5.1)

Definition 1.5.1 (Bank-Laine Function [2]]).
A Bank-Laine function F is an entire function such that E’(zy) = +1 at every zero z

of E.

Example 1.5.1. F(z) = e¢* — 1 is a Bank-Laine function because if zj is a zero of £

then E'(z9) = +1 since E'(z) = €*.

12
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The following theorem gives another way to characterise Bank-Laine functions.

Theorem 1.5.1 (Bank-Laine Function [2]).
An entire function F is a Bank-Laine function if and only if E is the product f1 fo, where
f1 and f, are linearly independent normalized solutions of the equation (1.5.1)) such that

A is an entire function. Here "normalized" means that W (f1, fo) = fifs — fife = 1.

Definition 1.5.2 (Bank-Laine product formula [[12]).
If A is an entire function and £ = f;f; where f; and f5 are linearly independent

solutions of the equation (1.5.1)), such that W (fi, fo) = 1, then a simple calculation

7\ 2 "
4A = (5) oL (1.5.2)

shows that

E E E*
This is called the Bank-Laine product formula. This relation between A and E works

in the opposite direction also.

Theorem 1.5.2 ([12]).

Let E be an entire function such that E'(z) = =+1 at every zero of E. Define A by
(I.5.2). Then A is an entire function and E has a representation E = fi fo, where f,
and fy are normalized linearly independent solutions of (1.5.1).

Example 1.5.2. If we take £ = ¢* — 1, then we can calculate A from the Bank-Laine

product formula (1.5.2)). So,

E E E?
B e” 2 2e* 1
B (€Z—1> er—1 (er—1)2
e 2e*(e* — 1) 1
G- 1F @-1F @-1p
e 2e2% — 2¢” 1
B GRE RC
B —e%* 4+ 2e7 — 1
e —2e7 4+ 1
=—1.

13
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Then, A = —1/4 and we can write £ = f; f, where f;, f> are linearly independent

solutions of the equation

and W(fl, fg) =1.

We now outline to find f; and f5 given E. We have

L=W(f1, f2) = N ff = fifs — fife (1.5.3)

/
1 2

Also, since E' = f; f> and by using equation (1.5.3), we get

L1 5 fi
E  fifs f2 A
and
E_h b
E fi o
Therefore,
£’ I 1
E E "f
and so
f{_l E -1 L fer—=T1Y\ 1
fi 2 E S 2\er—1) 2
Hence, we can take
fi(z) = e2
and
E(z) e —1 sz
Z) = = = —=e2 —e 2
f2( ) fl(z) o5

and it is easy to check that W (fy, fo) = 1.

The following lemma states the relation between the order of A and the order of F.

Lemma 1.5.1 ([12]]).

Suppose that A and E are entire functions satisfying the Bank-Laine product formula

(1.5.2). Then

14
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(i) If E has finite order, so has A.
(ii) If p(A) < 00 and A\(E) < oo then p(E) < oc.

Conjecture (Bank-Laine conjecture [6]).
If A is a transcendental entire function and the equation (1.5.1)) has linearly indepen-
dent solutions f1, fo with max{A(f1), A\(f2)} < oo, then the order of A is either co or

a positive integer.

Definition 1.5.3 (Maximal order [22]).

Let Ay, ..., A;_1 be entire functions and consider the equation
k—1
y®(2)+ ) ApyY(z) =0. (1.5.4)
j=0

We say that the coefficient A, in (I1.5.4), 0 < s < k — 1, has maximal order relative to
(I.5.4) if A, is transcendental of finite order p and all other coefficients A; with j # s

either are polynomials or have order less than p.

The following theorem is a comprehensive theorem which was stated by Langley [22]

to summarize some known facts and results in this field from [6, 10, 15} (16} 21}, 23] 24].

Theorem 1.5.3 ([22]).

(i) Suppose that f is a solution of (1.5.4), and that all of the coefficients A; have
finite order and Ay % 0. If f has infinite order, then the Nevanlinna deficiency

d(c, f) =0forany c € C\ {0}.

(ii) Assume again that all coefficients A; have finite order, and suppose further that
Ag_1 = 0 and that (1.5.4)) has a fundamental set of solutions f1, ..., fi each with
A(fj) < oo. Then the product E = f, - - - fi, has finite order.

(iii) Suppose that Ay has maximal order relative to (1.5.4). Then every non-trivial
solution of (1.5.4)) has infinite order, as has the quotient of any two linearly inde-

pendent solutions.

15
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(iv) If Ay has maximal order relative to (1.5.4), and has order at most 1/2, then the
equation (1.5.4) cannot have linearly independent solutions f, fo each with \(f;)

finite.

(V) Suppose that As has maximal order relative to (1.5.4), where 1 < s < k — 1, and
that A has order at most 1/2. Then every transcendental solution of (1.5.4)) has

infinite order.

(vi) Suppose that Ag has maximal order relative to (1.5.4), where 1 < s < k — 1,
and suppose that p(As) < 1/2 and that Ay_1 = 0. Then (1.5.4) cannot have k

linearly independent solutions fi, ..., fi each with \( f;) finite.

(vii) Suppose that Ay_1 has maximal order relative to (1.5.4), and p(Ar_1) < 1/2.
Then every transcendental solution f of (1.5.4) has \(f) = oo.

(viii) Suppose that Ay has maximal order relative to (1.5.4)) and has order p, and that
Agx_1 = 0, and further that (1.5.4) has a fundamental set of solutions f1, ..., fi
each with X(f;) < p. Then p is an integer, and the product E = f, --- f}, has

order p.

1.6 Asymptotics for solutions of differential equations

with rational and polynomial coefficients

There has been extensive research describing the behaviour of the solutions of differ-
ential equations with polynomial coefficients [17, [18]. This section describes how to

prove Theorem [I.4.4 which plays an important role in some of our results.
First of all, we would like to focus on the equation
w” +b(z)w =0, (1.6.1)
where b(2) is a rational function with
b(z) =cz"(140(1)) as z— o0 (1.6.2)

16
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where n > —1 and ¢ # 0.

Definition 1.6.1 (Critical rays [20]).

The critical rays are those rays arg z = ¢ € R for which
argc+ (n+2)0 =0 (mod 2m).

Assume that arg z = 6, is a critical ray, let Ry be large and positive, and define

27

z 201/2
Z = / b(t)2dt = —22«("”)/2(1 +0(1)), |argz— 6| < (1.6.3)
2

Roei®0 n —+ n
Example 1.6.1. We calculate Z and find the critical rays when b(z) = z* in (.6.1).

Here
z 3
7 = / ()2 at ==
3
To find the critical rays we have

b(z) = c2", c=1, n=4.

The critical rays are arg z = 6 where

argc+ (n+2)0 =0 (mod 2m).

Then,
60 =0 (mod 2m).

Hence, 0 =0, %, 2{, , 4?“, %” [See Figureon page.

Now, we consider the equation (1.6.1]) where b(z) is as in (1.6.2). We have the following

theorem.

Theorem 1.6.1 ([17, 20]).
Let b(2) be as in (1.6.2) and let argz = 6y be a critical ray. Let ¢ > 0. Then the
equation (1.6.1)) has solutions

uj(2) = b(z) M exp((—1)iZ +o(1))  (j=1,2),

17
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=% 0
6:7{' 9:0
0=14 f =5z

Figure 1.1: Critical rays for Example|1.6.1

in the sector S, given by

2T
n+ 2

where Z is defined in (1.6.3). [See Figure [1.2]on page[19].

|z| > Ry, |arg z — 6| <

€,

Now let w be any solution of (I.6.1) in S,. If w/u; or w/us is constant, then w has no

zeros in S.. Now suppose that
w:A1u1 —AQUQ, Al,AQ < C\{O}

Then w has zeros where

A
A—; - Z—j = exp(2iZ + o(1)).
The equation
o272 _ é
As

has solutions

A
2i7 = log A—1 + k2w (k€Z)
2

and Rouché’s theorem gives solutions of uy/u; = A;/As, and so zeros of w, near to

these points. The proof may be found in [20], and this is how theorem [I.4.4]is proved.

18
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Figure 1.2: Asymptotic regions for solutions of differential equations with rational and poly-

nomial coefficients
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CHAPTER 2

Equations with polynomial coefficients

After giving an introduction about Nevanlinna theory and some of its applications in
complex differential equation, we now start investigating some new results. First of all,
we start by studying the behaviour of zeros of the solutions of differential equations.

The results of this chapter were published in [4].

2.1 Introduction

We consider two homogeneous linear differential equations and we use Nevanlinna
theory to determine when the solutions of these differential equations can have the same

zeros or (mostly) the same zeros.

In this chapter, we will see some ways in which Nevanlinna theory can be used to study
the solutions of complex differential equations. First of all, we are going to state some

useful theorems needed to prove our new results.

In particular, we will take the equation
w” + Pw = 0, (2.1.1)

where P is a polynomial of degree n, as an object of study. It is well known that every

solution of (2.1.1)) is an entire function.

20



CHAPTER 2: EQUATIONS WITH POLYNOMIAL COEFFICIENTS

From Theorem and Theorem in Chapter 1, we recall the following facts
which follow from the asymptotic representation for solutions of (2.1.1)); we refer the

reader to [6} [17]] for details.

Theorem 2.1.1. Let P be a polynomial of degree n, and let w be a non-trivial solution
of the equation (2.1.1). Then, w has order of growth equal to ”T” and T(r,w) =
O (T("+2)/ 2). Moreover, if w is a solution of (2.1.1)) which has infinitely many zeros,
then we have
Ny
lim inf s

r—00 7“(”+2)/2

> 0. (2.1.2)

We refer the reader to the book of Laine [[18]], the influential paper [6], and to [[1, 7510,
21,122, [24]] for extensive results on the zeros of solutions of linear differential equations

with entire coefficients.

In the next section, we consider two differential equations with solutions having the

same or (mostly) the same zeros.

2.2 A theorem for the general case

To state our main result we need the following lemma.

Lemma 2.2.1. Suppose w” = —Pw where P is a polynomial. Then for j > 0, there

exist polynomials (); and R; such that

w? = Qw + Rjw'. (2.2.1)

Proof. In fact, we have the following initial cases:

J=0 = Q=1 Ry=0;

j=1 = Q1=0, R =1

1=2 = @Qy=-P, Ry=0;

j=3 = Qs=-P, Ry=-P;

j=4 = Q=P —P' Ry=-2P. (22.2)
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Now we proceed by induction; assume that j > 0 and that (2.2.1]) is true. Then we have

wit = Qlw + Qu’ + Ryw' + Rjw"
= Qjw + Qu' + Rjw' — R;Pw
= (Q; — RjP)w + (Q; + Rj)w'
= (Qjs1)w + (Rj)w,
where Q11 = Q) — R;jPand R; 1, = Q; + R..
Since ()41 and R;; are polynomials, the induction is complete. O
Theorem 2.2.1. Let P # 0 be a polynomial of degree n. Let w % 0 be a solution

of @.1.1). Assume that w has infinitely many zeros. Suppose that we have an entire

solution v % 0 of the differential equation

@+ YT B+ Av=0, k>2 (2.2.3)

1<j<k-2

such that A and B; are entire functions with

Z T(r, B;) + T(r, A) = o(r"t¥/2), asr — oo, (2.2.4)
1<j<k—2
where the sum ), <j<k_o Should be interpreted as zero when k = 2. Assume that

N(r) = o(r""*?/2) where N (r) counts both zeros and poles of *. Let
v = Lw. (2.2.5)

Then one of the following possibilities holds.

(a) L is constant, and
k—2
A=-Qv—)_ BQ; (2.2.6)
j=1
where Qy, and Q; are defined by Lemma[2.2.1]

(b) L is not constant, but L satisfies

k k k—2 ]
> l(m) L™ Ry, + Zl <m> B,LUR, .
= po

m=0
22

=0, (2.2.7)
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and A satisfies

k (m) k—2 . (m)
([0 B pe]) e

m=0

where Ry, Rj_m, Qr—m and Q;_p, are also defined by Lemma[2.2.1]

(¢c) If By, By, - -+, Bi_o are polynomials, and case (b) holds, then A is a polynomial.

There is no loss of generality in assuming that there is no term in w’ in (2.1.1]) and that

there is no term Bj_; in (2.2.3). This is because for any equation
Y™+ Ay ™Y o Agy =0,

with entire coefficients A, the change of variables y = UY’, where mU’ /U = —A,,_1,
gives an equation

Y™ 4 B, .Y 2 4.4 B)Y =0
and Y has the same zeros as .

From Theorem we will deduce the following results for the cases k = 2, k = 3
and k£ = 4.

Theorem 2.2.2. Let P # 0 be a polynomial of degree n. Let w % 0 be a solution
of (2.1.1). Assume that w has infinitely many zeros. Suppose that we have an entire

solution v % 0 of the differential equation
v 4+ Av =0, (2.2.9)

such that A is an entire function and N (r) counts zeros of v which are not zeros of w

and zeros of w which are not zeros of v. Assume that

N(r) +T(r, A) = o(rt2/2),
Then - is a constant and A = P.
Example 2.2.1. Obviously we may take v = w and A = P.

23
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Example 2.2.2. We give an example to show that T'(r, A) = o(r"*?/2) is necessary in
Theorem [2.2.2] To show this put v = we? where ¢ is an entire function. Then we have

" " /
w

U_:w_+2g/_+g//+g/2
v w w
/

— _P+g//+g/2+2g/£
w
= —A.
Now, if we put ¢’ = w then we get
—A=-P+uw +uw+2u.
So A is entire and Theorem gives
T(r, A) = O(r™+2/2),

But, 2 = ¢’ = e/ is not a constant. So, Theorem is not true for T'(r, A) #

o(r+2/2),

Theorem 2.2.3. Let P # 0 be a polynomial of degree n. Let w % 0 be a solution
of 2.1.1). Assume that w has infinitely many zeros. Suppose that we have an entire

solution v # 0 of the differential equation
V" + Av =0, (2.2.10)

such that A is an entire function with T(r, A) = o(r"*2/2) and N(r) = o(r("+2/2),
where N (r) counts both zeros and poles of . Then v = Lw, where L" = %L and

A= %P’ + %P% is a polynomial.

Example 2.2.3. The exceptional case in the conclusion can occur in Theorem [2.2.3]

For example, take L = ¢? where () is a polynomial, and set

p L
ng:QQ"‘QH,
so that P is a polynomial. Then
P P P’
L//:_L L///:_L/ _L
3 3 * 3

24
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If w solves (2.1.1) then v = Lw satisfies

P P P’
v" = L(—P'w — Pw') + 3L'(— Pw) + 3§Lw' + <§L' + ?L) w

and so v solves (2.2.10) with

2 8 I
A=Zp 4+-p=
30 T3

2 8
:_Pl _Pl
;P +3P¢,

which is also a polynomial.

Theorem 2.2.4. Let P # 0 be a polynomial of degree n. Let w % 0 be a solution
of 2.1.1). Assume that w has infinitely many zeros. Suppose that we have an entire

solution v # 0 of the differential equation
V" 4+ BV 4+ Av =0, (2.2.11)

such that A and B are entire functions with T (r, A) + T(r, B) = o(r"*2/2). Assume
that N (r) = o(r™*2/2), where N(r) counts both zeros and poles of L. Then v = Lw

and one of the following holds.

(@) L is constantand A = P', B = P.

(b) L is non-constant and L" = %PL — %BL and
8 L' 2 1 2 L
A=-P—+-P +-B —-B—.
3 L + 3 + 3 3 L

Example 2.2.4. To show that case (b) can occur in Theorem [2.2.4] we can use Example
2.2.3] with B = 0.

Example 2.2.5. We give an example to show that T'(r, A) + T(r, B) = o(r("*2/2) is
necessary in Theorem [2.2.4] To show this put v = we? where g is an entire function.

Then we need

" i " /
v w w w ! " n

— =—43—g¢ +3— (" +9%) +9°+3¢¢" +y
(% w w w

w’ w’
:_P/_PE_BPQ/_i_?)E (g//+g/2)_'_g/3+3g/g//_|_g///
/

- Bl A
v
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Now, if we put ¢’ = w then we get

/ / /

—BU— — A= —P'—Pﬂ —3Pw+3£ (w'+w2) + w? + 3ww + w".
v w w

So

/ 12

/
-B (E +g'> —A=-P — PY —3Pw+ 3" + 3ww + w® + 3ww + w'.
w w w
Then
w/ w/ w/2
-B <——|—w) —A=—-P — P— —3Pw+3— + 3wuw +w® + 3w +w’.
w w w
We want A to be entire. Put —B = — P + 3w/, then
—A=—P —2Pw+ 3ww +w® + w"
and since w” = — Pw, then we get
A =P +3Pw— 3ww — w. (2.2.12)
Then A and B are entire functions, and
T(r, A) + T(r, B) = O(r("t2/2),

But, £ = ¢ = e/ ™ is not a constant. This shows that case (a) does not hold.

Now, we check whether case (b) holds or not. If case (b) holds we have

8 I 2 1 2 I
A=>pZ 4+ 2p 4+ -B - B~
37 T30 T3P T30

8 2 1 2

8 2 P’ 2

= 3Pw + P' + 2ww'.
But this and (2.2.12) are not the same, because if they are, then
P +3Pw — 3ww' — w® = 3Pw + P + 2ww’

26



CHAPTER 2: EQUATIONS WITH POLYNOMIAL COEFFICIENTS

and so
3 _ /
w” = —dww .
Dividing by w? gives
w/
l=-5—,
and by integrating we can write
5 .
z+c=—, where c is a constant,
w

which is impossible since w is transcendental entire. So case (b) also does not hold.
Therefore, Theorem is not true for T'(r, A) + T'(r, B) # o(r"+2/2),
Theorem 2.2.5. Let P # 0 be a polynomial of degree n. Let w % 0 be a solution

of @.1.1). Assume that w has infinitely many zeros. Suppose that we have an entire

solution v % 0 of the differential equation
oW 4+ Av =0, (2.2.13)

such that A is an entire function with T(r, A) = o(r"*2/2) and N(r) = o(r("t2/2),
where N (r) counts both zeros and poles of =. Then v = Lw and one of the following

holds.

(a) L is constant and so are P and A.

(b) L is non-constant, S = % is a rational function, and P = S* 4 25', while

L 5 L' 1
A=5P—+_-P—+_-P'-p?
L2773

and A is a polynomial.

Example 2.2.6.

e To show that case (a) can occur in Theorem[2.2.3] let v = w = sin z, and P = 1,

A=-1
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e To show that case (b) can occur in Theorem take L = Y2 = ¢? where Q is

a polynomial and set
Yl
Q=5=2=2, P=5425=4(y"+y)

so that P is a polynomial. Then

L' =2YY',

L' =2Y? +2YY" =2Y"” + gL,
L" = PL + %L,
LW=prL"+ gP’L’ + %//L.

If w solves (2.1.1)) then v = Lw satisfies

v =L ((P? — P")w —2P'w') + 4L (—Pw' — P'w) + 6L"(—Pw)
Pl 3 P/I
+4 (PL’ + 7L) w' + (PL” + §P’L/ + 7L) w
and so v solves (2.2.13) with

L" 5 _ L 1
A=5P— 4 _-P = 4+ _p'_p?
L + 2 L * 2
5} 1
— 5P(Q/2 _|_ QII) _|_ §P,Q/ + §P// _ _PZ7

which is also a polynomial.

2.3 Proof of Theorem 2.2.1

Let w and v be as in the hypotheses. Since w has infinitely many zeros, then by Theorem

2.1.1]we have (2.1.2).

Claim 2.1. We claim that w has simple zeros and
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This holds by the existence-uniqueness theorem [[17]].

From equation (2.1.1)) and Lemma[2.2.1] we have (2.2.1).
From (2.2.1)), (2.2.3) and by using Leibniz’ rule, we get, for 1 < j < k,

m=0
j .
= Z (J )L(m) (Qj—mw + Rj_pw') (by Lemma[2.2.1))
m
m=0
(] (]
— L™Q._ ., LR | 2.3.1
(;(m) o, )w(;(m) R o @a
From (2.2.3) and (2.3.1)), we find that
—Av=—-ALw
—o® 3 B
1<j<k—2
Yk "k
= (Z (m) L“”)Qk_m) w+ (Z (m> L““’Rk_m) w’
m=0 m=0
- (] (]
+ B. ( )L(m)Q._m w + ( >L(m)R._m w'l
= (mZ::o m ’ mzz:() m ’

Now, we can write, for 1 < j < k — 2,

=G

k .

(m J m

)Q] m = ( )L( )ijma
m=0 m

)
e E Qe

and

because (T]n) = 0 when j <
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So,

+ AL

0= i [(Z) L™ Qpn + ki (iﬂ) B;L"™Q;_p,
(B[ e

m=0
Now, we have three cases.

) ﬂ (2.3.2)
w

Case (I): If L is a constant, then w solves (2.2.3) and, by using Lemma [2.2.1] we get

the following equations

—w(k) + ka —+ Rkw’ = 0.
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By adding these two equations and using (2.2.1]) again, we obtain

0= Z B;j (Qjw + Rjw') + Aw + Qpw + Ryw'

1<j<k-2
= (A + Qk + Z Bij) w + (Rk + Z BjRj) w'.
1<j<k—2 1<j<k—2
Then, we get
wl
1<j<k—2 1<5<k—2

Now, if Ry + 3214 o BjR; = 0, then A+ Qp + 3, ., _, BjQ; = 0 and so
we have (2.2.6) and conclusion (a).

Suppose next that Ry, + > 1<j<k—2 Bilt; # 0; then
w/
=0= —=00=R g B;R; = 0.
w ” 00 kTt 1T

1<j<k-2

Recall that all zeros of w are simple. We deduce that

1 1
N (r, —) <N|r
w ( Ry + Z1§j§k—2 BjRj)

<T <r, Ry + Z BjRj> + 0(1)

1<j<k-2

—0 (T(n+2)/2) .

But this contradicts (2.1.2)).

Case (IT): Suppose that L is not constant and (2.2.7)) holds. Then from (2.3.2) we get
(2.2.8)) and conclusion (b) of the theorem.

Suppose in addition that By, By, - - -, By_o are polynomials. Since 7y = 0 and
Ry = 1in (2.2.2) we see from (2.2.7) that L satisfies a homogenous linear dif-
ferential equation of order £ — 1 with polynomial coefficients, and so L has finite

order. Furthermore, (2.2.8)) and the lemma of the logarithmic derivative now give
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T(r,A) = m(r,A) = O(logr), so that A is a polynomial. This completes the

discussion of Case (II) and the proof of part (c) of the theorem.

It remains only to show that the following case is impossible.

Case (IIT): Supposed that L is not constant and (2.2.7/) does not hold, that is

k k k72j
LM™pR, . B:.L™R. . 0.
> ()3 (1) 5 2

m=0

Let S = L’/L. We first compare N (r,S) with N(r). Recall that all zeros of w
are simple. On the other hand, v solves a linear differential equation of order k.

So, zeros of v have multiplicities less than or equal to k£ — 1.

So, L = = has zeros with multiplicities at most k£ — 1, and has simple poles.

Then, we have

N S) =N (r, %) + N(r, L)

<N (n %) + N(r, L)

— N(r) (2.3.3)
<(k—-1)N (7‘, %) + N(r, L)
(k—1)N(r,S).

Claim 2.2. We claim that
T(r,S) <o (7"(”+2)/2)

for r outside a set E of finite linear measure.

To prove this, we use the fact that () = 1 and Ry = 0 in Lemma to write

(2.3.2) in the form
(k)

0="—+4
—+

k=1 7 (m) /
+ > LT [(Z) (Qk—m + Rk_m%> +

k-2 , . ,
(Yo (e
— m w

(2.34)

<
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We can write, for 1 < m < k,

Lm)
T =S5"+ Um*1(5)7
where U,,,_1(S) is a polynomial in S, S, S”,--- , S with constant coefficients

and total degree at most m — 1. This follows immediately from Lemma 3.5 in

[13} p.73], and is easily proved by induction.

This gives us an integer ¢ > 0 such that (2.3.4) may be written as

q / . . in
Sh=3" (aj + bj%) §09 ()1 (") - (SW)™, (2.3.5)

=0
where 7, ; > 0 are integers and

k

D iy <k—1

=0

for each j. Here a; and b; are polynomials in A, B, @), and R,,, and so satisfy

log™ |a;(2)] + log™ [b;(2)| = o (|2|™T2/2) as z — oo.

Let z be large with |S(2)| > 1.Then dividing (2.3.3)) by S*~! gives

ik,

S < Z (1o + o 2@ ) [SE |E)
< Z (1 + ) (s {1 | SN
(oo 521

Therefore,

m(r,5) < 3 (m<ma‘>+m<ﬂbﬂ‘>+m<r’ %»

k ®)
+ Z km (7“, S?J) +O(1)
<o (r™™/%) + O(log* T(r, 5)) (2.3.6)
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for r outside a set E of finite linear measure.

We also can use Clunie’s lemma [18, p. 39] and the fact that
m(r,a;) +m(r,b;) = o(r2/%) as T — 0o

to obtain (2.3.6) for r outside a set E of finite linear measure directly, but the

previous proof is self-contained and so might be easier for the reader.

Now, we use (2.3.3) and (2.3.6) to get

T(r,S)=N(r,S)+m(r,S)

< N(r) +m(r,S)

IN

0 (r("+2)/2) + O (log™ T'(r, 9))

and so

T(r,S) = o (r"+272)

for r outside a set £ of finite linear measure. This proves Claim[2.2]

Claim 2.3. We claim that

T(r,S) < o (r"t2/2) for all large 7.

To prove this, take any large r and r; € [r, 2r] with r; ¢ E; then

IN

T(r,S) <T(r,5)

o (T§n+2)/2>

o ((27,)(71—1-2)/2)
o(n+2)/2,, (T(n+2)/2)

0 (r(n+2)/2) ]

IAN A

IA
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Thus,
T(r,S) < o (r"t272) for all large 7.

This proves Claim [2.3]

Also, Claim [2.3]can be proved by using Claim [2.2]and [18, Lemma 1.1.1], but we

used a self-contained method for the reader.

Now, dividing (2.3.2) by L shows that if  has a pole at = then either
k

I\ L) S22 0N L Lo
A2 = Z [(m) Tkam + ]Z:; (m> BJ'TRj*m

m=0

e}

at 2.

In view of Claim [2.3] we can write (2.3.2) as

!/

A+ A, =, (2.3.7)
w

where T'(r, A;) = o (r"*2/2) | j = 1,2 and A, # 0 by the assumption of Case
(III).

Now, by using Claim [2.T]and (2.3.7), we get

Hence,
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But this contradicts (2.1.2)). Therefore, Case (III) cannot occur. This completes
the proof of Theorem [2.2.1] O

2.4 Proof of Theorem 2.2.2

Assume the hypotheses of Theorem Taking £ = 2 in Theorem [2.2.1] we have

two cases to consider.

Case (a): L is a constant and
A=—-Qy=—(—P)=P (by using (2.2.6) and Lemma [2.2.1).

Case (b): L is not constant, but

2
2
0—5 ( )L Ro_,,

m=0

== LR2 + 2L/R1 + L//RO

= 2L’ (by using Lemma[2.2.1)).

But this implies that L is constant, a contradiction. Ol

2.5 Proof of Theorem 2.2.4

Assume the hypotheses of Theorem[2.2.4] Taking £k = 3 and By = B in Theorem[2.2.1]

we have two cases to consider.

Case (a): L is a constant and
A=—-Q3—BQi=—-Q3=F (by using and Lemma[2.2.7).
But, since w solves we have
w" + Bw' + Aw =0
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and so

w” + Bw' + P'w = 0. (2.5.1)
Also, by differentiating (2.1.1)) we get
w” + P'w+ Pw' = 0. (2.5.2)
Now, (2.5.1) and (2.5.2) give P = B.
Case (b): L is not constant and
. 1/3 1
0= L™Rs ,, B L"™R, .,
> | (o) () mem
=LR3;+ BiL+3L'Ry+0+3L"Ri+0+ L"Ry+0
=—PL+ BL+3L"
and so
=Ytpr_lpr (2.5.3)
=3 5 BL. 3.
Differentiating (2.5.3) we get
1 1 1 1
L"=-PL+-PL' —-B'L—--BL. 254
3 * 3 3 3 ( )

Also, we have

A E )5 (o]

=[Q3+ 0] + {3L Q- +Blﬂ + {3%@1 +01 + {%%1

L/ L/ L///
=P —3P— 4+ B— 4+ —
3 L + L + L
Thus,
L/ L/ L///
A=P 43P~ _B— -~
R 7y
Using (2.5.4) we get
L L 1. L 1. L
A=P P——B———P’——P B’ —-B—
LR A A C Tl S E A T
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and so

8 L 2 1 2 I/
A:—P— —Pl —B/__B_
3 L +3 +3 3 L

2.6 Proof of Theorem

We will deduce Theorem [2.2.3| from Theorem [2.2.4] since (2.2.10) is just (2.2.11)) with
B =0.

Assume the hypotheses of Theorem [2.2.3] Then v and w satisfy conclusion (a) or
(b) of Theorem [2.2.4f with B = (0. But conclusion (a) gives P = B = 0, which is
impossible, and so we must have conclusion (b). Since B = 0 this gives L” = %L and

A= 2P+ 8PL a5 asserted, and A is a polynomial by part (c) of Theorem O

2.7 Proof of Theorem 2.2.5|

Assume the hypotheses of Theorem Taking £ = 4 and By = By = 0 in Theo-

rem [2.2.1], we have two cases to consider.

Case (a): L is a constant and
A=-Q,=—-P*+P"  byusing 2.2.2).
But, differentiating (2.1.1) two times gives

0=w? + P"w+ 2P w + Puw"

= w® + (P" — PH)w + 2P'w'
Since we also have w® + Aw = 0, this gives
0=2Pvw
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and so P must be constant and so must A.

Case (b): L is non-constant and L satisfies, using (2.2.2) and (2.2.7),

4
4
O—E < )L Ri_,,

m=0

— LR, +4L'Rs + 6L"Ry + 4L" R, + LWR,
— —2LP' —AL'P+0+4L" +0

=4L" —4L'P —2LP'

and so

1
L"=L'P+LP. 2.7.1)

Since this is a linear differential equation and P is a polynomial it follows that L

is an entire function.

We write in the form
P+ 2%13 = 2%”. (2.7.2)
It is then elementary to show that
P = 2% = <%)2 + 5 (2.7.3)

with ¢ a constant. Also L is not a polynomial, since L is non-constant and
P(o0) # 0.
Claim 2.4. We claim that p(L) = (n + 2)/2 and

lim inf T(r.L)

r—oo  r(nt2)/2

> 0. (2.7.4)

To prove this we use Wiman-Valiron theory [14]. Take z, such that |z| = r,
|L(z0)| = M(r,L)andr ¢ E, where E is the exceptional set of finite logarithmic

measure. Then,
L v(r,L)

E(ZO) - 20 ’
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where v(r, L) is the central index, and

L_”(ZO) N v(r, L)? c 0(1)‘
L 2 L(z)? 2

Now, we have, for some ¢; # 0,

ch~P@w=2w25Vu+ou»—5%§fu+dny+%Q
=u+dnfg?'

So,

v(r, L)2 ~ C1 Zéwrz)

and so using c; to denote non-zero constants,
v(r,L) ~ cor(M2)/2 (r¢ FE).

Therefore,

n+2)/2

v(r, L) ~ cyr' (forall r — 00),

since we may choose ' < r < r” with v’ ~ r ~ " and 7', 7" & FE. So the

maximum term p(r, L) satisfies [14]

dt

logn(n L) =c+ [ w(t.1)F

Cq

~ C5T(n+2)/2.

Also,
pu(r, L) < M(r, L) < 2u(2r, L).

This gives

s /2 L log u(r, L) < log M(r, L)

< log u(2r, L) + log2
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Similarly, we have
T(r,L) <logM(r,L) <3T(2r,L).

So
T(r,L) < cgr™™/2

and

1
T(r,L)> 3 log M(g, L) > /2,
This leads to p(L) = (n+2)/2 and which completes the proof of Claim 2.4

Claim 2.5. We claim that ¢ = 0 in (2.7.3).

If this is not the case then (2.7.3) and the lemma of the logarithmic derivative give

7n0%)—0®y)

But then

S

ﬂnm:TO,>+om

§mG,>+NO%)+wD

n+2)/2)

S

= o(r! ,

which contradicts (2.7.4).

Hence, ¢ = 0 in (2.7.3) as asserted and this completes the proof of Claim [2.3]

. . ) % Y’
Now L is entire, and we write, locally, L = Y2 and S = T =23 =2.
Then (2.7.3) gives
P= 2(S2 + 5" — 5?2
= 5?4+ 25

= 4(? +)
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and so
P

Y// — Y
4

Hence, Y is an entire function. But

1\ 1 1 i
N (r, ?) = §N (r, Z) = o (r™t/2)

and so Y has finitely many zeros, by Theorem [2.1.1] Hence y and S are rational

functions and A satisfies, using (2.2.2) and (2.2.8),

A E (e

L L " L(4)
=Qu+4— QS + 6—Q2 + 4—Q1 + —Qo

L/ L L&
— P2 _ P// 4P/_ _ P_ -
L 0 L * L

and so
I/ L L(4)
A=P' —P*+4P' — 4+ 6P— — —.
+ L + L L
Differentiating (2.7.1)) and dividing by L gives

L® L" 3 L' 1
- =pP— 4+ Ip = 4 _p
L L + 2" L 3 2

By substituting this in (2.7.3)), we get

L L L’ 3 L' 1
A=P' - P> 4+4P =~ +6P— —P— — P — — _p"
+ L + L L 2 L 2
and so
L’ 5 L' 1
A=5P—+ -P—+-P"'— P
g A 3 2

Then we can write

A=5P(5 + 8%+ gP’S + Lpr_pe

2
P — S? 1
= 5P S +52 +§P/S+_P//_p2
2 2 2
5) 5) 5) 1
:_PQ__P 2 P 2 _Pl _PII_P2
5 5 S*+5PS +2 S+2
3 5) 1 )
=_P>4+_PS*+ _P"+_P'S.
5 +2 S +2 +2 S

42
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Finally, A is a rational function and so a polynomial.

Example 2.7.1. Suppose that w” = —Pw and P is a constant. Then
w® = —Puw" = P,
w(ﬁ) — P2y = —P3w,
w® = —Pu" = Plw.

So, v®) + Av =0, v = w, is possible for all even k, where
A= (_1)1+k/2pk/2

is also a constant.
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CHAPTER 3

The case of transcendental coefficients

In this chapter, we consider a pair of homogeneous linear differential equations with
transcendental coefficients. We apply Nevanlinna theory to determine when solutions
of these equations can have the same zeros or (mostly) the same zeros. The results of

this chapter were published in [3].

3.1 Introduction

In particular, we will take the equation
w” + Pw =0, (3.1.1)
where P is a transcendental entire function. It is well known that every solution of

(3.1.1) is an entire function.

This chapter continues our study from Chapter 2 of the question of when two linear
differential equations in the complex domain can have solutions with (mostly) the same
zeros. When one of the equations has order 2 and a polynomial coefficient, this question

was investigated in Chapter 2, and in this chapter we consider the transcendental case.

We use the same notation as in Chapter 2, but several aspects of the proofs will be

different.
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3.2 A theorem for the general case

To state our main result we need the following lemma.

Lemma 3.2.1. Suppose w” = — Pw where P is an entire function with order of growth
p(P) < oo. Then for j > 0, there exist entire functions (); and R; of finite order such
that

w? = Qw + Ry’ (3.2.1)

Proof. This is elementary, and just uses induction. For details see Chapter 2, but we

recall for convenience later that

J=0 = Q=1 Ry=0;

j=1 = @1=0, Ry =1;

J=2 = Q2=-P, Ry=0;

j=3 = Qs=-P, R3=-P;

j=4 = Q,=P*-P' R,=-2P. (3.2.2)
0

The following theorem is a counterpart of Theorem [2.2.1]

Theorem 3.2.1. Let P be a transcendental entire function with p(P) < oo. Let w # 0
be a solution of (3.1.1). Assume that the zeros of w have infinite exponent of conver-
gence, i.e.
logt N (r, L
A(w) = limsup g—(“’) = 00. (3.2.3)
r—00 logr
Suppose that we have an entire solution v % 0 of the differential equation
v+ N B+ Av=0, k>2 (3.2.4)
1<j<k-2

such that A and B; are entire functions and p(A) < oo and p(B;) < co. Assume that

N(r) has finite order, where N (r) counts both zeros and poles of =. Let
v = Lw. (3.2.5)
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Then one of the following two possibilities holds.

(a) L is constant, and
k—2

A=-Qv—)_ BQ; (3.2.6)
j=1
where Q, and Q; are defined by Lemma[3.2.1]

(b) L is not constant, but L satisfies

k k k—2 ]
> [(m) LR, .+ Z; <m> B,L™R,_,,
= ]:

m=0
and A satisfies

Tk Lo E22 N pm)

=0, (3.2.7)

m=0

where Ry_m, Rj_p, Qr—m and Q;_r, are also defined by Lemma[3.2.1]

The conclusions of Theorem [3.2.1] are the same as for Theorem [2.2.1] and the proof
will follow a similar structure, but will require different estimates. The full proofs are

included for the convenience of the reader.

We recall that there is no loss of generality in assuming that there is no term in w’
in (3.1.1) and that there is no term By_; in (3.2.4). This can be showed by changing

variables as in Chapter 2.

We also note that the hypothesis (3.2.3) is not redundant: to see this, let w = ¢ and

v = e“ where B and C are any entire functions of finite order. Then w and v solve
w” + Pw =0, v®) + Qu =0,

where P = —(B” + B?) and Q = —v®) /v = —(C")F + - - - are entire of finite order,

but since B and C are arbitrary, there is no relationship between P and ().

From Theorem we will deduce the following results for the cases k£ = 2, k = 3

and k£ = 4, which are counterparts of results from Chapter 2.
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Theorem 3.2.2. Let P be a transcendental entire function and p(P) < oo. Let w # 0 be
a solution of (3.1.1)). Assume that the zeros of w have infinite exponent of convergence,
i.e. (3.2.3) holds. Suppose that we have an entire solution v % 0 of the differential
equation

v+ Av =0, (3.2.9)

such that A is an entire function and p(A) < oo. Assume that N (r) has finite order,

where N (r) counts zeros and poles of . Then L = - is a constant and A = P.
Example 3.2.1. Obviously we may take v = w and A = P.

Example 3.2.2. We give an example to show that p(A) < oo is necessary in Theo-
rem [3.2.2] To show this put v = we? where g is an entire function. Then we have

" " /
(%

_:_+2g/£+g//+gl2
v w w
/

:_P+g//+g/2+2gl%

= —A.
Now, if we put ¢’ = w then we get
—A=-P+uw +w*+2uw.
So A is entire, < is non-constant and v has the same zeros as w.

Theorem 3.2.3. Let P be a transcendental entire function and p(P) < oc. Let w % 0 be
a solution of (B.1.1)). Assume that the zeros of w have infinite exponent of convergence,
ie. holds. Suppose that we have an entire solution v % 0 of the differential
equation

V" 4+ BV 4+ Av =0, (3.2.10)

such that A and B are entire functions with p(A) < oo and p(B) < co. Assume that

N(r) has finite order, where N (r) counts zeros and poles of -. Then v = Lw and one

of the following holds.

(@) L is constantand A = P', B = P.
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(b) L is non-constant and L" = %PL — %BL and

8 L' 2 1 2 I
A=-pP~1+2p 4+ -B - B—~,
5 T30 T3 371

Remark. If A or B is a polynomial in Theorem [3.2.3|then case (a) cannot hold since P

is transcendental.

Example 3.2.3. To show that case (b) can occur in Theorem [3.2.3] we can use Exam-
ple 2.2.3] from Chapter 2 with B = 0 and () a transcendental entire function of finite

order.

Take L = e and set

P L/I
g o f — Q/2 + Ql/
Then
Lllzf.[/, L”/—EL/_’_EIL
3 3 3

If w solves (3.1.1) then v = Lw satisfies

P P P’
’U/” = L(—le - P’LU/) + 3L'(—Pw) + 3§L’LU/ + (gL, + ?L) w

and so v solves v"” + Av = 0 with

2 , 8 I
A=ZP P~
30 73T

2 , 8
— P+ -PQ.
gl 3l

Note that P is transcendental since () is transcendental and in fact writing

, P "
vt @
3Q"  Q
shows that
m(r,Q") < m(r,P)+ S(r,Q"),
so that

Also, P and A have finite order.
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Theorem 3.2.4. Let P be a transcendental entire function and p(P) < oo. Let w # 0 be
a solution of (3.1.1)). Assume that the zeros of w have infinite exponent of convergence,
i.e. (3.2.3) holds. Suppose that we have an entire solution v % 0 of the differential
equation

v+ Av =0, (3.2.11)

such that A is an entire function with p(A) < oco. Assume that N(r) has finite order,

where N (r) counts zeros and poles of . Then v = Lw where L is non-constant,

1 L 5 L' 1
" =['P+ §LP’, A=5P—+ 5P’f + EPN — p? (3.2.12)

and L = y1ys where Yy, ys are solutions of

P
!

——y=0.
V' =Y

In particular, if v and w have the same zeros with the same multiplicities, then L is
entire with no zeros and so are vy, and ys. In addition, when v and w have the same

zeros:

() if y1, yo are linearly dependent then L = ¢€2¢ with C an entire function, P =

4(C" + C") and A is a differential polynomial in C';

(i) if y1, yo are linearly independent then L = e with C an entire function, P =
20" 4+ C" 4 k%e7%C where k is a constant, and A is a differential polynomial in

e~ and C'.

Example 3.2.4. To show that (3.2.12)) can occur, we modify Example as follows.
Take L = Y? = €% where Q is a transcendental entire function of finite order and set

/!

Y
Q=5=2=2, P=5+28=4(y"+v)

so that P is an entire function of finite order, and the same argument as in Example
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shows that P is transcendental. Then

L' =2YY’,

L' =2Y? +2YY" =2Y"” + gL,
L" = PL + %/L,
LW =pr" + gP’L’ + %HL.

If w solves (3.1.1)) then v = Lw satisfies

v =L ((P? = P")w —2P'w') + 4L'(—Pw' — P'w) + 6L"(—Pw)

P/ P//
+4 (PL’ + EL) w' + (PL” + ;P’L’ + 7L) w

and so v solves (3.2.11)) with

L’ 5 I/ 1
A=5P— 4+ _-P'— 4+ _pP'"—_ p?
L+2 L+2

1

:5P(Q/2+Q”)+gP/Q/+§PH—P2,

which is also entire of finite order.

3.3 Proof of Theorem 3.2.1]

In this proof we use My, M5, ... to denote positive constants.

Claim 3.1. We claim that w has simple zeros and

This holds by the existence-uniqueness theorem [[17]].

Lemma 3.3.1. There exists N > 0 such that m(r, %) <rNasr — oo
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Proof. We can get this as follows. Use Nj, Ns, ... to denote positive constants. Since
P has finite order,

M(r, P) < exp(r™) as r — 00.

So for r outside a set F of finite logarithmic measure we get from Wiman-Valiron

theory

(V(T’w)f < (L+o(1))M(r,P),

r

where v(r, w) denotes the central index, and so

v(r,w) < exp(r™?) (r — oo, r € Ep).

Hence,

v(r,w) < exp(r’™®) as r — oo, forall r.
So the maximum term p(r, w) satisfies
log pu(r, w) < exp(r™)

and so

T(r,w) < log M(r,w) < exp(r™?).

Now we can use the lemma of logarithmic derivative in the form given in Lemma 2.3
in [13} p. 36] with R = 2r to get

/

m(r, %) < O(log™ T(R,w) + log )

<l
This completes the proof of this lemma. [

From equation (3.1.1) and Lemma |3.2.1] we have (3.2.1)).

We will now deduce an equation (3.3.2)) connecting L and A and the B;, in the same
way as we deduced (2.3.2) in Chapter 2.
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From (3.2.1)), (3.2.3) and by using Leibniz’ rule, we get, for 1 < j < k,

J .
() — I\ [ (m) ,G—m)
0 =32

m=0
J

= Z (7‘;) L) (Qj—mw + Rj_pw') (by Lemma [3.2.1)

m=0
J j J j
= L™Q; ., LR, |w. 3.3.1
(S mes) s (B Qmn)e oo
From (3.2.4) and (3.3.1), we find that
—Av=—-ALw
- )
1<j<k-2
E g k
= (Z ( )L(m)Qk—m) w+ (Z ( )L(m)Rk—m) w’
m
m=0 m=0
S (] ()
+) B (Z ( )L(W)Q]_m) w + (Z (m> L(m)R]_m) w']
j=1 m=0 m=0

Now, we can write, for 1 < j < k — 2,

J . k .
> (D), =3 (2 e,

m=0

and

because ( ) =0 when j <m < k.

J
m
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So,

k k k—2 .
1

—l—AL) w

+ AL

k k—2 .
k
= [(m) D w GA LY
k k k—2 j
(m) LR
—- (Z (m)L R+ Y (m> B;L"R;_,
j=1

m=0
Now, we have three cases.

) 3, (3.3.2)
w

Case (I): If L is a constant, then w solves (3.2.4) and, by using Lemma [3.2.1] we get

the following equations

—w(k) + ka -+ Rkw’ =0.
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By adding these two equations and using (3.2.1]) again, we obtain

0= > B;(Quw+Ruw)+ Aw+ Quw + Ry

1<j<k—2
1<j<k—2 1<j<k—2
Then, we get
w/
(RH > BjRj) — A+ Qut > BQ;=0.
1<j<k—2 1<j<k-2

Now, if R}, + Z1§jgk—2 B;R; =0, then A+ Qy + Z1gjgk—2 B;Q; = 0 and so
we have (3.2.6) and conclusion (a).

Suppose next that Ry + Z1§j§k_2 B;R; # 0; then

w/
w 0:>w OO:>Rk+ 5 ]Rj 0

1<j<k-2

Recall that all zeros of w are simple. We deduce that

1 1
N (r, —) <N|r
w ( Ry + Z1§j§k—2 BjRj)

1<j<k-2

=0 (TMl) .
But this contradicts (3.2.3).

Case (II): Suppose that L is not constant and (3.2.7) holds. Then from (3.3.2) we get
(3.2.8)) and conclusion (b) of the theorem.

It remains only to show that the following case is impossible.

Case (III): Suppose that L is not constant and (3.2.7) does not hold, that is
k I k—2 j
(m) Tm) D
Z: [(m) LRy, + ]Zl (m> B,L™R;

m=0
54
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Let S = L'/L. We first compare N(r, S) with N(r). Recall that all zeros of w
are simple. On the other hand, v solves a differential equation of order k. So,

zeros of v have multiplicities less than or equal to & — 1.

So, L = = has zeros with multiplicities at most k£ — 1, and has simple poles.

Then, we have
_ 1 _
N(r,S)=N (r, Z) + N(r,L)

<N (n Z) + N(r, L)

= N(r) (3.3.3)

Claim 3.2. We claim that
T(r,S) <O (TM2>
for r outside a set £ of finite linear measure.

To prove this, we proceed as in Chapter 2 and use the fact that )y = 1 and Ry = 0
in Lemma [3.2.1] to write (3.3.2)) in the form

LK)
0=—+A4A
7 +
k—1 k—2 .
L k w’ j w’
—_— m+ Ri—m— B; m+Ri_m— ).
T |(0) (@) < () (s )]
(3.3.4)
We can write, for 1 < m < k,
I(m)
T - Sm + Um_l(S),
where U,,_1(S) is a polynomial in S, S’ S”, ..., S®) with constant coefficients

and total degree at most m — 1. This follows immediately from Lemma 3.5 in

[13]], and is easily proved by induction.
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This gives us an integer ¢ > 0 such that (3.3.4)) may be written as

q ! . . QL
gk — Z (aj + bj%) Gio,j Ck (S”)w’j .. (S(k)) ki ’ (3.3.5)

Jj=0

where i, ; > 0 are integers and

k
D iy <k—1
©=0

for each j.
The next steps are different to Chapter 2.

Lemmamgives m(r, %) < rMs. Also a; and b; are polynomials in A, B, Q,,

and R, and so satisfy

m(r,a;) +m(r,b;) = O(r'™) as r — oo.

By Clunie’s lemma [18, p. 39] we obtain
m(r,S) < O (r*) 4+ O(log" T'(r, 9)) (3.3.6)

for r outside a set E of finite linear measure. The detailed method that was used

in Chapter 2 can also be used to obtain (3.3.6).

Now, we use (3.3.3) and (3.3.6) to get

T(r,S) = N(r,S)+ m(r,S)
< N(r)+m(r,S)
O (r"®) + O(log™ T'(r, S))

and so

T(r,S)=0 (TMG)

for r outside a set E of finite linear measure. This proves Claim[3.2]
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Claim 3.3. We claim that

T(r,S) <O (r'e), for all large r.

This follows from Claim[3.2]and [18, Lemma 1.1.1]. We can also use the detailed

method that was used in Chapter 2 to prove Claim[2.3]

Now, dividing (3.3:2) by L shows that if " has a pole at = then either

k k—2 X
N\ L™ j ,(m)
A= [(m) L Rt (m> B By
j=1

m=0

at z or

+ A =00

=B () e B (s e

at 2.

Because of Claim [3.3] we can write (3.3.2) as

/

A+ AQ% — 0, (3.3.7)

where T'(r, A;) = O (r™7), j = 1,2 and A, # 0 by the assumption of Case (III).

Now, by using Claim [3.T]and (3.3.7), we get

§N< j)JrN(rA)
< T(r,As) + T(r, Ay) + O(1)
EO(TMS)-

So, N(r,+) has finite order. But this contradicts (3.2.3). Therefore, Case (III)

cannot occur. O
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3.4 Proof of Theorem 3.2.2

Assume the hypotheses of Theorem [3.2.2] We proceed as in Theorem 2.2.2] Taking
k = 2 in Theorem [3.2.1] we have two cases to consider.

Case (a): L is a constant and by using (3.2.6) and Lemma [3.2.1] we get

A=—-Qy=—(-P)=P.

Case (b): L is not constant, but

2
2
0= <m) L g

m=0

= LRy +2L'Ry + L"Ry
=2L' (by using Lemma [3.2.T]).

But this implies that L is constant, a contradiction. O

3.5 Proof of Theorem

Assume the hypotheses of Theorem [3.2.3] The calculations in this proof are the same
as in Theorem Taking £ = 3 and B; = B in Theorem [3.2.1, we have two cases

to consider.

Case (a): L is a constant and
A=—-Q3—B1Q,=—-Q3 =" (by using and Lemma [3.2.7)).
But, since w solves (3.2.10) we have
w” + Bw' + Aw =0

and so

w" + Bw' + P'w = 0. (3.5.1)
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Also, by differentiating (3.1.1) we get

w” + P'w+ Pw' = 0. (3.5.2)
Now, (3.5.1) and (3.5.2) give P = B.
Case (b): L is not constant and
. [/3 1
0= L™ Ry ., BL™R,_,,
2 [ (s
=LR3+ B L+3L'Ry+0+3L"Ry +0+ L"Ry+0
= —PL+ BL +3L"
and so
L' = 1PL 1BL (3.5.3)
=3 3BL- 5.
Differentiating (3.5.3) we get
1 1 1 1
(3.5.4)

L"=-PL+-PL —-B'L—--BL"
3 3 3 3

Also, we have

3 (m) (m)
—A= Z {(i) LTQ?,—m + (7711) B LL Ql—m:|
m=0

=[Qs+0] + {3%692 + 31%} + [37621 + 0} + [TQO]

L/ L/ L///
=—P —3P—+ B— + —.
3 7 + i + i
Thus,
L/ L/ L///
A=P +3P— —-B— — —.
+ L L L

Using (3.5.4) we get
L L 1 1L 1 1. L

A=—pagpt gt lp tpb g 1l
MR it S e Ty

and so
8 L' 2 1 2 I’

A=—-P—+-P' +-B"—-B—.
3 L+3 +3 3 L
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3.6 Proof of Theorem 3.2.4

The proof is different to that of Theorem [2.2.5]

We will need the following lemma, which is due to Bank and Laine [6, [7].

Lemma 3.6.1. Let B an entire function. Then every solution of the equation
" +4Bu + 2B'u =0 (3.6.1)
is of the form u = y,ys, where Yy, yo are solutions (possibly linearly dependent) of
y"+ By =0. (3.6.2)
o Ifyy,ys are linearly dependent, then u = y* with y a solution of (3.6.2)) and
gV 1 (%)2 _ L
Y 4\ u 2 u

o Ifyi,ys are linearly independent, then

I\ 2 " 2
AB = <3> P (3.6.3)

U U u?

where k = W (y1, y2).

We remark that (3.6.3) is the well known Bank-Laine product formula [6].

Now, assume the hypotheses of Theorem Taking £k = 4 and B; = By = 0 in

Theorem [3.2.1] we have two cases to consider.

Case (a): L is a constant and
A=-Q,=—-P>*+P"  byusing 3.2.2).
But, differentiating (3.1.1) two times gives

0=w® + P'w+2Pw + Puw"

= w® + (P" — PH)w + 2P'w'
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Since we also have w® + Aw = 0, this gives
0=2Pw'.

So P must be constant, but this is a contradiction since P is transcendental.

Hence, Case (a) cannot occur.

Case (b): L is non-constant and L satisfies, using (3.2.2)),

4
4
O—g ( >L Ri_ .,

m=0

= LR, +4L'R3 + 6L"Ry + AL R, + LW R,
— 2LP —AL'P+0+4L" +0

=4L" —4L'P —2LP'

and so

1
L"=LP+ §LP’. (3.6.4)

Since this is a linear differential equation and P is an entire function it follows

that L is an entire function.

By using (3.2.2) and (3.2.8)), we get
L(m
ED N (L

L L// L/// L
—Q4+4 Q3+ 6— Q2+4 Q1+—Q0
L/ L L(4)

=P? - P 4P~ —6P— + ——
R A

and so
L L L@
A=PpP' - P2+ 413/f + 6Pf -5 (3.6.5)

Differentiating (3.6.4) and dividing by L gives

L® L’ 3L 1
- —p— 4 Ip— 4 _p
L L + 2" L 2
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By substituting this in (3.6.5), we get

L/ L// L// 3 L/ 1
A=P'—P?4+4P'— 4+ 6P— —P— - P — —_P"

tAm o I 27 2

and so
L' 5 L' 1
A=5P—+-P—+_P' - P2 6.
PPty (3.6.6)

Thus (3.6.4) and (3.6.6) prove (3.2.12).

Now, we set B = =L in (3.6.4) and apply Lemmam Then L = y,y, where

Y1, y2 are solutions of (3.6.2).

Suppose that w, v have the same zeros. Then L has no zeros and poles.

Therefore, we have the following two cases:

Case 1: If y, y» are linearly dependent, then L = y* with y a solution of (3.6.2)

P 1/L\* 1L"
BZTZ‘(‘) 2L

and

4\ L 2 L

) 2 L
P=— (=) 42,

(2) =%

Let L = ¢2¢ with C an entire function. Then

So,

P=—(2C") +2(2C" +4C")
— _40/2 + 40// + 80/2
=4(C”+C").
Substituting these in (3.6.6) shows that A is a differential polynomial in C".

Case 2: If y;, y are linearly independent, then

I/ 2 L k2
P=—(=) +2=+= 6.7
(L) +2— + =, (3.6.7)

where k = W (y;,y2). Also L is not a polynomial, since P is transcendental.
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Let L = ¢ with C an entire function. Then

P = _012 + 20// + 20/2 + l{?2€_2c

— 20/1 4 O/Q 4 k2€—20'

Substituting these in shows that A is a differential polynomial in e=¢
and C". O

Remark. The reader will observe that the proofs in Chapter 2 and Chapter 3 have
similar structures. However, in Chapter 2 the error terms are o (r("”)/ 2), while in
Chapter 3 they are O (r*) for any M > 0. Also the Bank-Laine method is used in
Chapter 3 but is not needed in Chapter 2. Note finally that is the same equation
as but, unlike in Chapter 2, the coefficient k2 is non-zero.
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CHAPTER 4

First order non-homogeneous

equations

In this chapter, we consider two non-homogeneous first order differential equations
and we use Nevanlinna theory to determine when the solutions of these differential
equations can have the same zeros or (mostly) the same zeros. The results of this chapter

were published in [3].

4.1 Introduction

Chapter 2 and Chapter 3 studied homogeneous linear differential equations having so-

lutions with mostly the same zeros, where one of the equations is

w” + Pw = 0. 4.1.1)

Chapter 2 has some results for homogeneous linear differential equations where P is a
polynomial, and the corresponding problem where P is a transcendental entire function

of finite order is studied in Chapter 3.

In this chapter we study a similar problem, but for non-homogeneous first order differ-

ential equations. We will prove the following.
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Theorem 4.1.1. Assume that v' = Av + B and w' = Cw + D, where A, B, C and D
are entire functions of order less than 1 and v, w are transcendental functions. Assume

that v = Lw, where L has finitely many zeros and poles, and

T(r, A) +T(r, B) = S(r,v), (4.1.2)
T(r,C) +T(r, D) = S(r,w).

Then the following conclusions hold.
(@) If L is a rational function, then A = C, L is a constant and B = LD.
(I) If L is a transcendental function, then one of the following cases holds:

(i) B=D = 0and v, w have no zeros.

(ii) A= —Cand B/A, D/C are non-zero constants, and

v=c + czeAl,

w=c3+ c4e_A1,
where c; € C, A} = A and L = (constant) e’

If, in addition, L has finite order in case (ii), then A, B, C, D are polynomials and

sois Aj.

Example 4.1.1. We give an example to show that the order of growth of A, B, C' and
D must be less than 1 in Theorem In this example,

max{p(A), p(B), p(C), p(D)} = 1.
Suppose that w = e* + 1, then w’ = 2ze* = 2z(w — 1) and so
w' =2zw — 2z =Cw+ D, C =2z, D= -2z
Also, suppose that L. = e*, and set

2
v=cw=¢e" T +¢"
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and so
v =224+ 1)e" 4 ef = (224 1) (v —€*) + ¢ = (22 + 1)v — 2z¢* = Av + B.

Hence, A = 2z + 1 and B = —2z¢* and (4.1.2)) is satisfied.

We see that D /C'is constant but B /A is not constant and A # —C.

4.2 Proof of Theorem 4.1.1

(I) Assume that L is a rational function. Since v' = Av + B and v = Lw, we can write
L'w+ Lw' = ALw + B. 4.2.1)

Also we have w’ = C'w + D. So, multiplying by L gives
Lw'" = CLw+ DL. 4.2.2)

Subtracting (4.2.2) from (4.2.1)) gives

(L' = AL+ CL)w = B — DL. (4.2.3)

We must have L' — AL + C'L = 0 because if not
B—-DL
L' — AL+ CL’
from which we get, using (4.1.2)),

w =

T(r,w) < S(r,v) + S(r,w) = S(r,w),
which is a contradiction.
So, L'/L=A—-C.

Let ¢; = L'/L. Then ¢ is rational and ¢;(c0) = 0. Also, A — C'is entire and
(A—C)(c0) =0.

So, A — C' = 0 by Liouville’s theorem. Therefore, A = C' and L'/L = 0.
Hence, L is a constant and so L' = 0. We put A = C'and L/ = 0 in (4.2.3) to get

B =1LD.
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(II) Here we assume that L is a transcendental function. Since L has finitely many

zeros and poles, the lower order of L is at least 1, and
T(r,A)+T(r,B)+T(r,C)+T(r,D) = S(r, L),

because A, B, C' and D have order less than 1. We start with

Claim4.1. If B=0or D =0then B =D = 0 and v, w have no zeros.

To prove this, assume that B = (. Then % = A s entire. So v has no zeros and

w has finitely many zeros. We can write

(E—C)w—D.
w

So T'(r,Uy) = S(r,w), where Uy = % — C, because w is transcendental and

T (n ﬂl) <m (r, ﬂl) + N (r, %) < S(r,w) + O(logr) = S(r,w).

w w

Therefore, U; = D = 0 because otherwise w = D /U, and so T'(r, w) = S(r,w)

which is a contradiction.
Hence, w’/w = C, which is entire, so w has no zeros.
Similarly, we can show that if D = 0 then B = 0, and w and v have no zeros.

This completes the proof of Claim {.1]and we have case (i).

Assume henceforth that BD # 0.

Claim 4.2. We have B — LD # 0.

This is because if B — LD = 0, then L = B/D and so T'(r, L) = S(r, L) which

is a contradiction. This completes the proof of Claim#.2]
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Now, we write
V' =Lw+ Luw =Av+ B = ALw + B,

and so

L'vw+ L(Cw+ D) = ALw + B,

which gives
Sw=B—-1LD, S=L+LE, E=C-A
Claim 4.3. We have S # 0.

This follows from (4.2.4) and Claim[4.2]

We can now write

L/
S =UL, U:f—i-E;‘éO, T(r,U)=S(r,L)
Now, (4.2.4) gives
B-LD M B —-D
ST T 0 U
and

T(r,M)+T(r,N)=S(r,L).

Differentiation gives

M ML
L L?

CM
+N’:w’:Cw+D:T+ON+D.

Hence, we can write

P L
f:Q’ p:M’—Mf—(JM, Q=CN+D-N'
and, using (.2.7),

T(r,P)+T(r,Q) = S(r,L).
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It follows from (4.2.9) that we must have
P=Q=0, (4.2.10)

because otherwise we get 1'(r, L) = S(r, L), which is a contradiction.

Now {@.2.3), @#.2.4), @.2.5), (@.2.6), (#.2.8) and (#.2.10) give

D N N’ L N’
= _—— — = — _— = —E————
0 C—i—N N CcC-U N C 7 N
/ ! ! / !
R O T
L N L D U
and so
D 9 L
=A—-—=4+ = —2—. 4.2.11
0 D+S L ( )

We also have, using the fact that M = B/U,

B 9
0=————-0C. 4.2.12
59 ( )
Combining (#.2.11)) and (#.2.12) gives
D B L
—A—-—4+=——C-=2
0 D + B ¢ L’
and so
D/ B/ L/
S B bl 42.1
0 ot g %7 (4.2.13)

Claim 4.4. B/ D is a rational function.

Since L has finitely many zeros and poles, L’/ L has finitely many poles. So if 2
is large and is a zero of B, then (#.2.13)) shows that 2 is a pole of B’/B and a

pole of D’/ D of the same residue, and a zero of D of the same multiplicity. The
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same argument applies if D(zy) = 0, and so B/D has finitely many zeros and

poles.

Since p(B/D) < 1 and B/D has finitely many zeros and poles, Claim [4.4] is

proved.

Also, in (4.2.12), suppose that 2, is a zero of B of multiplicity m. Then B’/B

has a simple pole at z, of residue m and so has S’/S since C' is entire.

Similarly, if z is a zero or pole of S then S’/S has a pole at zy and B’/B has
a pole at z; with the same residue, which must be a positive integer since B is
entire. So S is entire because a pole of S gives a pole of S’/S with negative

residue, and B and S have the same zeros and multiplicities.
Since S is entire and S = L’ + LE with E entire, L is also entire.

Since B and S have the same zeros and multiplicities, we can write
S=L+LFE=¢"B, (4.2.14)

where h is an entire function.

Let A] = A. We then write v' = Av + B in the form
(Ue’Al), =e¢ M B.
Then, there exists ¢ € C such that

v = el <c+/ eAl(t)B(t)dt> :
0

We have p(A) < 1and p(B) < 1, and so p(4;) < 1.

So, using «; to denote positive constants,
log M (r,e™) < exp(ayr'™) and log M(r, B) = o(r*™)
where € > 0 is small.
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Then
|6_A1(t)B(t)| < exp exp(a2r1_€)

for |¢t| < r and r large.

Therefore,

/ eAl(t)B(t)dt‘ < |2 M(|z], e B) < rexpexp(asr'™) (2] < 7).
0

Similar estimates hold for e, and we have

M(r,v) < expexp(cr'™), T(r,v) <log M(r,v) < exp(c'r'™),

where ¢ and ¢’ > 0.

In the same way, we can show that, with ¢’ > 0,

T(r,w) < exp(c”r'™).

It follows that

T(r,L)=T (7", E) < exp(ayr'™) forsome ay > 0. (4.2.15)
w

Since L is an entire function with finitely many zeros, we can write
L = Pe?, (4.2.16)

where P is a polynomial and ¢ is an entire function.

Claim 4.5. We claim that P is a non-zero constant.

To show this, we have L = Pe®. Then, outside a set of finite measure, using

@2.15),
L/

T(r,¢') = m(r,¢') <m (r, f) +m (7", 5/) < O(logr +1log T(r, L)) < O(r'~).

P
Hence, p(¢/) = p(¢) < L.
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Now, (4.2.14)) gives
S=L+LE= (P +P¢ + PE)e’ =¢"B.

Then we can write
P+ P¢' + PE heg
=",

4.2.17
= (4.2.17)
So e"~% has no zeros and poles but has order less than 1, so is a non zero constant.
So

P + P¢' + PE = d, B, (4.2.18)
where d;, ds, . .. will denote non-zero constants.

Also, since e~ is a constant, we have i/ = ¢'. Then [#.2.12) and (#.2.14) yield

Sl B/
A N S
o =h="-5=-C (4.2.19)

Substituting this in (4.2.18)) and recalling that £ = C' — A, we get

P'= AP +d,B. (4.2.20)

Recall next from Claim [4.4] that D = RB where R is a rational function. So,

(EZT3) and (32T6) give

R B B’ L R L R P’
FE=——+— — = 2= = 2 2
<R+B)+B L R L R P ¢
and so
R P’
E+20 = —— —2—.
+2¢ R P

But E + 2¢/ is entire and —R'/R — 2P’/ P is a rational function which is equal

to O at infinity. Therefore, by Liouville’s theorem, we have

—E
E+2¢/=0, ¢'=—. 4.2.21)

Also,
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and so

D =d,P?B. (4.2.22)

Also, (@.2.18)) and {.2.21) give

—-F
PI+P(T)+PE:dlB:d3P2D,

and so
Pl
2— =d,PD — F.
D 4

Since dyPD — E'is entire, P’/ P is also entire. Then, P is a polynomial and has

no zeros, and so P is a non-zero constant. This completes the proof of Claim 4.5]

Now, L = Pe® and P is constant. Without loss of generality, let P = 1 and so
L = ¢%. Thus B/D is a non-zero constant by (#.2.22)) and so is A/ B by (#.2.20).

Now (#.2.19) and @#.2.21) give

E C-A
2

C=—¢ === . C=-A (4.2.23)

Now we can solve for v and w by writing B = —c; A where ¢; # 0 is a constant,

and the first order differential equation
vV =Av+ B = Av — 1A
solves to give
V= ¢ + coe, Al = A,
with ¢, constant. Similarly, since C' = —A and D/C = (D/B)(B/A)(A/C)isa
non-zero constant, we can solve to obtain

w = c3 + C4€7A1

with ¢z, ¢4 constants.

Since (#.2.16) and @.2.23) give
L/
f —

¢ =—C =4,
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we also have

L= d5€A1 .

If, in addition, L has finite order in case (ii), then A = L’/ L is a polynomial and

soare B, C'and D. O

4.3 A corollary

For completeness we include the following corollary of Theorem .11 which does not

appear in [S]].
Corollary 4.3.1. Suppose that we have
v' = Av + B, w =Cw+ D,

withv,w, A, B,C, D all as in Theoremd.1.1]

Suppose that \, i are entire functions of order less than 1, with
T(r,A)=5S(rv),  T(r,p)=5(rw),

and suppose

v = v — A, wy =w — [ (4.3.1)

have the same zeros with finitely many exceptions. Then

vi=v-N=Av+B-XN=Av1+\)+B—-NX

== A’Ul + Bl> Bl = A\ -+ B — )\/. (432)
Also

wy=w —p =Cw+D—p =Clwy+pu)+D— 1/

= Cw; + Dy, D, =Cu+D— /. (4.3.3)
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We have that A, By, C, Dy are entire functions of order less than 1. Also we can write

vy = Lwy, where L has finitely many zeros and poles, and we have

T(h A) + T(T, Bl> = S(T, Ul),
4.3.4)
T(Ta C) + T<7n7 Dl) - S<T7 wl)'

Then by Theorem[@.1.1|we have the following conclusions.

() If L is a rational function, then A = C, L is constant and
0 = Bl - LDl
=AN+B—-XN—-L(Cu+D — ).
(X) If L is a transcendental function, then one of the following cases holds:

(i) Bi=AN+B-XN=Cu+ D — i/ = Dy =0 and vy, wy have no zeros.
(i) A= —Cand B1/A, D,/C are non-zero constants, and

v = ¢ + cpe,

wy = c3 + cge” M,

where c; € C (j =1,2,3,4), Ay = A and L = (constant) e,

If, in addition, L has finite order in case (i), then A, By, C, Dy are polynomials

and so is A;.

Now, we give some examples to show that the cases in Corollary #.3.1] can happen.

Here we can take A = 1, 4 = —1 for example.
Example 4.3.1. We choose v; to satisfy
vy = Avy + By,
with A, B; entire of order less than 1, and with
T(r,A)+T(r,B;) = S(r,v).
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(For example, v; = ¢* + 1, A = 1, B; = —1) and we write
v = Lw;
with L a non-zero constant, so that
w) = Cwy + Dy, C = A, LD, = B;.

Then we set

U:U1+/\, w:wl—i_/'t?

and v — \, w — p have the same zeros.

Example 4.3.2. We give an example to show that case (i) in (II) can happen. We choose
v1, wq as follows

v = €°, wy = e °. (4.3.5)

Then, we have

vy = €7, w; = —e . (4.3.6)

So, by using (4.3.2)), @.3.3), @.3.5) and (4.3.6), we can write

Avi+ By =vi=¢"=v;, = A=1B =0,

and
Cuy+Dy=wy=-e*=-w; = C=-1,D,=0.
This shows that this case is possible.
Example 4.3.3. We finally give an example to show that case (ii) in (I) is possible. Let
A wy = ez + e, (4.3.7)

U1 = C1 + C€

where ¢; € C\ {0} (5 = 1,2,3,4), are chosen so that v, w; have the same zeros,

Ay = Aand L = 2 = (constant) e*''. Then, we have

v = cgAe™M, w) = —c,Ae™ M (4.3.8)
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Now, we need

Avy + By = v} by @3.2)
= cpAe™ by #.3.8)
= A(v1 — ¢1) by @3.7)

= AUl — ClA
Therefore, we set By = —c1 A and so By /A is a non-zero constant. Also, we need
Cwy + Dy = w| by @3.3)
= —cyAe™ M by @3.8)
— Ay — c) by
= —Aw1 + CgA

Therefore, A = —C, D; = c3A and so D;/C' is a non-zero constant. This shows that

this case also can happen.
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CHAPTER 5

The case of one homogeneous and one

non-homogeneous differential equation

This chapter aims to study the same problem as in the previous chapters but when we

have a combination of homogeneous and non-homogeneous differential equations.

5.1 Introduction

In Chapter 2 and Chapter 3, we studied when solutions of two homogeneous differential
equations have (mostly) the same zeros. In Chapter 4, we looked at the same problem

but with a pair of first order non-homogeneous differential equations.

In this chapter, we study the same problem but with one homogeneous and one non-
homogeneous differential equation. In particular, we consider the first equation to be
homogeneous of the second order with a polynomial coefficient and the second equation

to be non-homogeneous of the first order with entire coefficients.

5.2 The result

We now state our result in this chapter.
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Theorem 5.2.1. Suppose that P # 0 is a polynomial of degree n, and w solves

w" + Pw = 0, (5.2.1)
and w # 0 has infinitely many zeros. Suppose that v Z 0 solves

v = Av + B, (5.2.2)
where A, B are entire and AB # 0, and

T(r,A) +T(r, B) = o (r"*2/72). (5.2.3)

Suppose that L = = has finitely many zeros and poles (i.e. w and v have the same zeros

with finitely many exceptions).

Then A is a polynomial and there exists a polynomial () such that
w = cre? / e 2Rz and v = coeM / e_Qde,

and

P=— (Q” + Q’Q) and B = cpeM72Q,

where A} = A and ¢y, c3 are constants.

Here [ e 29dz means
d+ / e 2@M ¢
0

for some constant d.

Proof. We have
w = Lv. (5.2.4)

So,
w’' =L'v+ 200 + L". (5.2.5)
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but

v =Av+ AV + B’
=Av+ A(Av+ B)+ B’
—v(A*+ A+ AB+ B'.

We also have, using (5.2.1)), (5.2.2)), (5.2.4)), (5.2.3) and (5.2.6),

0=w"+ Pw
=L"v+20v + Lv" + PLv

= L"v+2L'(Av+ B) + L[v(A®> + A') + AB + B'| + PLv

= [L" +2L'A+ L(A*+ A")+ PLl|v+2L'B+ L(AB + B').

Let /
L
M=
Then
Lf” =M + M2
We divide (5.2.7) by L, and by using (5.2.8)) and (5.2.9), we get
0= %+2%A+A2+A’+P v+2%B+AB+B’

= [M'+M?+2MA+ A*+ A+ Plu+2MB+ AB+ B

The next step is to estimate the growth of M.

We know that p(w) = "2 from [6]. Therefore,
Y = — o (r(t2)/2
m(r,—) =0 (logr) =o (r )
w

Claim 5.1. We claim that T(r, M) = o (r®*2/2).

(5.2.6)

(5.2.7)

(5.2.8)

(5.2.9)

(5.2.10)

(5.2.11)

To show this we know that N (r, M) = O(logr) since M has finitely many poles.
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Write (5.2.2)) as

(U@‘Al), = e_AlB,
where A} = A.

Then, there exists a constant ¢ such that

v =eM (c+/ e‘Al(t)B(t)dt> :
0

Also, using (5.2.3), we can write

log M(r,A) <3T(2r,A) =o (r("+2)/2) :

and so
M(r,A) <exp (o (T(”+2)/2)) :
Now,
Ai(z) = A1(0) + / A(t)dt.
0
So,

M(r, Ay) < |A1(0)| 4+ rM(r, A)
< O(1) +rexp (0 (r(”+2)/2))

<exp (o (r(””)/Q)) .

Therefore, we get

M(T7 U) < expexp (0 (r(n+2)/2)) ’
and so

T(r,v) <log M(r,v) <exp (0 (7’("+2)/2)> '

We use Lemma 2.3 in [[13} p.36] with R = 27 to get

/

m(r, %) = O (logr) + O (log™ T'(2r,v))

<o (7"("”)/2) .
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. So

SRS

!
Now, we have M = “’E —

m(r, M) = o (r"*/2) .

We also have N (r, M) = O(logr).

Hence,

T(r,M)=o0 (T(”+2)/2) + O (logr)
o (rnt2)/2y

This completes the proof of Claim[5.1]

Using Claim [5.T]and (5.2.10), we get

T(r, M' + M?* +2MA + A? + A+ P)= o(r("+2)/2)

and

T(r,2MB + AB+ B') =0 (r(”+2)/2) .
Also, using Theorem[1.4.4] we have

T(rv) > N (7“, %) — o)

> (constant) - (" 2)/2

Therefore, we must have

My =M +M?*+2MA+A*+A +P=0 (5.2.12)
and
My, =2MB+AB+B' =0 (5.2.13)
because otherwise we can write v = — M, /M to get a contradiction.

We now divide (5.2.13)) by B to get

/

B
M+ A+ —=0.
+A+
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So, B’/ B has finitely many poles and so B has finitely many zeros. Then we can write

B in the form

B = Pie™,

where Py, P, are polynomials.
But then we can write

BI

— =R

B 1
where R, is rational.
Thus, we also can write

A
M = —§—|—R2, (5.2.14)

where Ry = —%Rl is rational.

Substitute (5.2.14) in (5.2.12)); we obtain

A A2
0= <—5+R’2) + (I—ARZJFR%) + (A% +2AR,) + A+ A+ P
A A2
= <7+R’2) + (Z+AR2+R§> +P
A A 2
= (5 + Rg> + (5 + Rg) + P (5.2.15)
Now, let
A B
N=5+h=5"
Also, let
H=¢3 B3, (5.2.16)
So, we get
H A B
= =555 = N. (5.2.17)

Substituting (5.2.17)) in (5.2.13)), we obtain

, 9 H//
0=N+ N +P=—-+P

and so

H" + PH = 0.
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Thus, p(H) < oo, H is entire and B has no zeros.

Then,

H/
m (7’, ﬁ) = 0O (logr)
Therefore, A is a polynomial, by (5.2.17).

Since B has no zeros, from (5.2.16) we can write

H =@, (5.2.18)

where () is a polynomial.

Since w and H solves the same equation and are linearly independent (because w has

zeros but H does not), we can write
(w >’ _ (constant)
H)  H?
Therefore,

w=ce? / e’Zde, (5.2.19)
where c; is a constant and () is a polynomial.

Now, we have
L A H'
—=M=—— =N-A=— - A
7 2+Rz q

So, we can write

L = (constant) - He™ 4.

Therefore, we have
w  (constant) - H [ H*dz

V= —

L He

Hence, using (5.2.18)), we obtain
v = cpeM /e‘Qde, (5.2.20)

where ¢, is a constant and A} = A.

Now, from (5.2.19) and (5.2.20) we notice that w and v have the same zeros.
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Also, differentiating (5.2.20), using (5.2.18)), we have
v = cpAe™ /szz + oM H2
= Av + cpe™ H 2
= Av + cpeM 729,
Comparing this with (5.2.2)), we get
B = e 729,

Moreover, H = ¢© solves H' + PH = 0 and so

_P:HF”:Q/,+Q/2-

Hence,
P=_ (Q//+Ql2) )
This completes the proof of Theorem [5.2.1]

Example 5.2.1. Take () to be a polynomial. Let
w = eQ/ e 29dz.
0

w=Qw+e 9,

Then,

and
w// — Q//w + Q/w/ - Q/efQ
— Q”’LU + Ql (Qlw + 6_Q) . Q/e—Q
— (Q” + Q/2> w.
So, we have P = — (Q" + Q"?).

Now, let A; be another polynomial and let

4
v = eAl/ e 29z,
0
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Note that v has same zeros as w. Now, we have

v = Av + e 720
where A = Aj.

We choose A; so that

deg(P) + 2

deg(A; —2Q) < 5

For example, let A; = 2Q).
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CHAPTER 6

Solutions taking different values at the

same points

In this chapter, we consider two linear second order differential equations and we use
Nevanlinna theory to determine when the solutions of these differential equations can
take the value 0 and a non-zero value at (mostly) the same points. The content of this

chapter and Chapter 5 was submitted to Journal of Inequalities and Applications.

6.1 Introduction

The previous chapters studied common zeros of the solutions of two homogeneous or

non-homogeneous differential equations.

In this chapter we study the case where the solutions of two second order homogeneous
differential equations take the value 0 and a non-zero value at (mostly) the same points.

We have the following result.

Theorem 6.1.1. Suppose that P # 0 is a polynomial of degree n, and A is an entire

function, suppose that w and v solve
w” + Pw = 0, (6.1.1)
V" 4+ Av =0, (6.1.2)
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and vw Z 0. Let v — 1 and w have, with finitely many exceptions, the same zeros and

the same multiplicities. Then one of the following holds.

(A) w has finitely many zeros and v is a polynomial and A = 0.

(B) w has infinitely many zeros and P, A are non-zero constants and ”—;1 is non-

constant and

w = A\e7" 4 hoe 7%,
(6.1.3)

v = )\3620z7
where o, \1, Ao, A3 are non-zero constants.
Example 6.1.1. If w = ¢* — ¢ % and v = ¢**, then

v—1=¢e"%—1=¢(e —e?) = e*w.

Hence, v — 1 has the same zeros as w. Here P = —1 and A = —4.

Example 6.1.2. We give an example to show that the zeros of v — 1 and w must neces-

sarily have the same multiplicities. To show this let

. R
U}:SIH§, VUV = COS Z.

Thenwzo(:)%:lmwherek:EZ.
Alsov =1 < 2z = k27 where k € Z.

Therefore, w and v — 1 have the same zeros but the zeros are simple for w, double for

v—l.HereP:iandAzl.

6.2 A lemma

In order to prove Theorem we must state and prove the following lemma.
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Lemma 6.2.1. Let P, ..., P, € Cbedistinct, and let A, . .., A, be rational functions,
such that

1= A (2)e* -+ Ay (2)e. (6.2.1)

Then there exists k € {1,...,n} such that P, = 0 and A, = 1, and A; = 0 for j # k.

Proof. The proof is by induction. It is obvious that the lemma is true when n = 1.

Assume that the lemma is true for m < n — 1. Differentiating (6.2.1]), we get
0= Bi(2)e"* + -+ B,(z)e™, B; = Al + PjA;.
Now we have two cases to consider.

Case (1): Suppose there exists k& such that B, # 0. Without loss of generality let

k = 1, then we can write

0=1+ %6(132*131)2 N &e([—’n—[—ﬁ)z'

B, B,
Since we assumed the lemma is true for m < n — 1, there exists j € {2,...,n}
such that P; — P, = 0. But this contradicts our assumption that Py, ..., P, are

distinct.

Case (2): Suppose that B; = 0 for each j, i.e.
A+ PjA; =0.

If P; # 0, then A; = 0 because otherwise we have
Al
j+350, A;j(2)ef* = ce C\ {0}

J

But this contradicts the fact that P; # 0.

So we have A; = 0 for P; # 0. Thus (6.2.1)) becomes (for some k)
1= Ap(2)e” = Ax(2),
and P, =0and A, = 1. O
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6.3 Proof of Theorem

If A = 0 then v is a polynomial and w has finitely many zeros. Assume henceforth that

AZ#0.

We next note that, outside a set of finite measure, by Theorem (1.4.2

T(r,v) ~ N (r, ! 1) <N (7‘, é) +O0(logr) < O (r"*272) + O(log ). (6.3.1)

In particular, if w has finitely many zeros, then v is a polynomial, which gives A = 0.

This completes the proof of part (A) in the conclusion.

Assume henceforth that w has infinitely many zeros. Then (6.3.1)) implies that p(v) <
(n+2)/2, and so A is a polynomial of degree at most n by Wiman-Valiron theory [[14].

Also A # 0, since v — 1 has infinitely many zeros.

Now, two cases have to be considered.

Case (I) Assume that P is a non-zero constant; then n = 0 and A is constant. There-

fore, we can write
w = 1™ + cpe” 7, v =de’* + dge_ﬁz, (6.3.2)

where o, 5 € C\ {0}, ¢;,d; € Candc; #0 (j =1,2).

Since w and v — 1 have the same zeros with finitely many exceptions, we can
write

v—1= Rielw, (6.3.3)

where R is a rational function and P is a polynomial. We know that deg(P;) <

1 because p(w), p(v) < 1. We can now write
di1€?% + dye™P* — 1 = Rye? (cleaz + c2e_az) ,
where v € C, and so

1= dleﬁz + dgeiﬁz — ClRle(’Ha)z — Clee('yfa)z'

90



CHAPTER 6: SOLUTIONS TAKING DIFFERENT VALUES AT THE SAME POINTS

Now by using Lemmal6.2.1] R, is constant and so we can write (6.3.3)) as

—1
T2 evetd, (6.3.4)

w

where ¢ is constant.
Therefore,

die?* 4+ dye™P* — 1 = (67Z+6) (Cleaz + 026_(12)

= crel@tMato | o o(-atn)ztd (6.3.5)

Now, by using Lemma|[6.2.T we get
CK—F’}/ZB,—ﬂOI'O, _Oé+7:67_60r07

and a + v, —a + 7, 8, —, 0 cannot all be different.

We must now try six cases:

I(a): f o+~ = fand —a+~ = —f, theny = 0 and a = (3. But this contradicts
(6.3.3)). Thus, this case cannot happen.

I(b): If « +v = and —a + v = 0, then 3 = 27 and o = ~y. Substituting these
in (6.3.5) gives

d1€2'yz + d2€72’72 —1= h1€2’yz + hg,

where h1, hy are constants, which yields d = 0. Putting this in (6.3.2)) gives
(6.1.3) with o = .

Ic): fa+~v = —fand —a+ v = [, theny = 0 and « = —/. But this
contradicts (6.3.5)). Thus, this case cannot happen.

Id): fa+~v = —fFand —a+ v = 0, then § = —27 and a = ~. Substituting
these in (6.3.3) gives

dle_gw + d2627Z —1= h1627Z + hg,

where hy, hy are constants, which yields d; = 0. Putting this in (6.3.2)) gives
(6.1.3) with o = .
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I(e): If a4+~ =0and —a+~ = 3, then § = 2+ and o = —~. Substituting these
in (6.3.9) gives
d1€?% 4+ dye™ % — 1 = hy + hee??,
where hq, hy are constants, which yields d; = 0. Putting this in (6.3.2) gives
(6.1.3) with o = .
If): fa+~y=0and —a + vy = —f, then § = —27 and @ = —~. Substituting
these in (6.3.3) gives

dye™ 7 4 dye®® — 1 = hy + hye””,

where hy, hy are constants, which yields d; = 0. Putting this in (6.3.2)) gives
(6.1.3) with o = .

From these cases we find that v # 0 and so ”T_l = ¢7#19 is non-constant. Also,

we have (6.1.3), and case (B) of the conclusion.

Case (II) Suppose that P is non-constant. We will show that this leads to a contradic-

tion. Let
v—1

= M = Le@, (6.3.6)
w
where L is a rational function and () is an entire function.

From (6.3.1) we have p(v) < oo and so () is a polynomial.

Also from (6.3.6), we have

v=Muw+1, v = M'w+ Muw',

V" = M"w+2M'w' + Mw" = 2M'w' +w(M"—PM) = —Av = —A(Mw+1).

So,
2M'w' + (M" + AM — PM)w = —A. (6.3.7)

Now we have two cases to consider.
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Case (i): If M is constant, then either A = P and A = 0, so that P = 0, which

is a contradiction, or
B —A
 AM — PM

is a rational function, which is a contradiction since w has infinitely many

w

ZEros.

Case (ii): If M is non-constant, then M’ Z 0. Therefore,

M (A-P)M —A
! = — 6.3.8
w%(MW’+ oM )“’ oM (6.3.8)
where %4”, + (AQ_ A];?M is rational because %’ = Lf’ + (' is rational and MWH is

i M” MY Mg At
rational and so 57 = 57 /57 is rational.

Also,
—A -4
2M’  2(L' + Q'L)e@’
Then we can write (6.3.8) as

w' = Rw + Se™ @, (6.3.9)
where
R:PM AM’A[’ o A
oM’ 2(L' 4+ Q'L)

are rational functions and () is a polynomial.

Let U = Se~9, then we can write (6.3.9) as

w' = Rw + U. (6.3.10)

Now we have two cases to consider:
Case ii(a): If R = 0in (6.3.10), then (6.3.9) gives
w = Se 9,

and so
—w" _ _(S/ i Q/S) efQ
P P ’

which is a contradiction since w has infinitely many zeros.

w =
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Case ii(b): Assume that R Z 0 in (6.3.10); then (6.3.10) gives
w" = Rw' + R'w+U".
Now (6.1.1)) and (6.3.10) give
—Pw = R(Rw+U)+ Rw+U,

and so

(R+R*+P)w+ RU+ U =0.

Therefore,

R +R*+P=0, (6.3.11)

because if not, w has finitely many zeros, a contradiction. Also,

RU +U =0. (6.3.12)
Put
1
G:EZT&, (6.3.13)

where 7' = 1/ is a rational function.

Then,
.y el
R = =—.
U G
From (6.3.11) we get
G//
O:R/+R2+P:6+P,
and so
G"+ PG = 0. (6.3.14)

So, G solves (6.1.1) and since P # 0 and is a polynomial of degree
n, we see that GG is a transcendental entire function with finitely many

zeros and has order (n + 2)/2.
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Since w and G solve the same equation but w has infinitely many zeros
and G has finitely many zeros, w and G are linearly independent and

we can write

WG —wG =c,
where c is a non-zero constant. So
(E)’ _
G G?
By integrating we get
w = G/Z éd(. (6.3.15)
Also, using (6.3.6), (6.3.13) and (6.3.13),
v=14+Mw = 1+L6QT6Q/ZédC
=1+ HG? / édg, (6.3.16)

where H = L/T is a rational function.

Now we can assume that ¢ = 1 because if ¢ # 1, we can multiply w by
1/c.

We differentiate (6.3.16)) to get

z

“ 1 1
v = H'G? @dg +2HGG' @dc +H
=H+K(v—1), (6.3.17)

where
H' G’
K=—+2— 6.3.18
i + e ( )

is a rational function.

So, from (6.1.2) and (6.3.17), we get

—Av=v"=H + K'(v—1)+ K[H+ K(v—1)],
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and so

0=v(K'+K*+A)+(H - K'+KH - K?)
:UU1+U2

where U, = K' + K>+ Aand U, = H — K'+ KH — K2
Since v is transcendental and U, U, are rational functions, we must
have

Uy=K' +K*+A=0 (6.3.19)

and

U=H —-K+KH-K?=0. (6.3.20)

Claim 6.1. We claim that H = K.
To show this, let H # K.

From (6.3.20) we have
H — K’
- K=
H-K +
From (6.3.18) we get
H — K’ —H' G’
— =K = —2—.
H-K H G
We integrate to get
a
H-K=—=
HG?
where a is a constant, and so
a
G= —o=
H(H - K)’

but this contradicts the fact that H and K are rational functions and GG

is a transcendental function. This completes the proof of Claim[6.1]
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Once we have Claim|[6.1] gives
v'=H+ H(v—1) = Hv,

and so

,U/

H=—. (6.3.21)
v

By (6.3.21)), v has finitely many zeros, so we can write
v = P,

where P, (, are polynomials, P; # 0, and (); is non-constant because

v 18 transcendental.

Therefore,
v—1 P9 —1
w = = .
Le® Le®
Now we can write this as
w = Rie”' + Rye™, (6.3.22)

where Ry = P;/L # 0, Ry = —1/L # 0 are rational functions and
S1 = Q1 — Q, S9 = —(Q are polynomials.
Here, R,e®' and Rye? are linearly independent because (), is non-

constant. Now we get
0=w" + Pw = J1e° + Joe? = J1e97 9 4 Joe @,
where J;, J5 are rational and satisfy
Jy = R} +2R}.S;, + Ri(S + S + P).

Therefore, J; = J, = 0 because otherwise e?! = —Jy/Ji. Thus Rye%,
R,e”2 both solve y”” + Py = 0 and have finitely many zeros, and they
are linearly independent.

Hence, P is constant by [6], which contradicts our assumption in Case (II)

that P is non-constant. O
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Appendix: Problems for future work

In this thesis, we have studied some problems related to the behaviour of the zeros of
solutions of differential equations. These involved polynomial and transcendental coef-
ficients, homogeneous and non-homogeneous equations. Moreover, we have studied in
Chapter 4 the case where the solutions of two second order homogeneous differential

equations can take the value 0 and a non-zero value at (nearly) the same points.

Further cases can be considered in future. For example, we can look at when the so-
lutions of two differential equations can have the same zeros in the unit disc or in a
half plane; also, when the solutions of two differential equations take different values at

(mostly) the same points in the unit disc or in a half plane.

Similar problems could perhaps be investigated for difference equations instead of dif-

ferential equations.
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