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Abstract

Magnetic field control of sensitive equipment is at the cornerstone of many
experiments and state-of-the-art technologies. The industrial applications of
these technologies range from geophysical mapping of mineral deposits to the
detection of bio-magnetic signals from the human body. Due to their low back-
ground magnetic field requirements, some of these experiments and technolo-
gies need high-permeability magnetic shields to minimize erroneous fields and
reduce external interference. Active current-carrying field-generating compo-
nents can then be designed to select the desired field profile, or remove further
unwanted deviations, within the shielded environment. However, the active
components’ intended field profile is distorted by the high-permeability mate-
rial, inhibiting the ability to control the magnetic field environment accurately.
Various magnetic field design methods are discussed within this work which
are built upon to allow the accurate generation of magnetic fields in shielded
environments. Specifically, throughout three publication-style chapters, the
interaction of static magnetic fields in a finite-length high-permeability cylin-
drical magnetic shield is investigated.

In the first two research chapters, the Green’s function solution for the mag-
netic vector potential generated by a current source is modified to account
for a closed finite-length cylindrical magnetic shield in a cylindrical and planar
coil basis, respectively. The boundary condition on the surface of the magnetic
shield is satisfied through matching the azimuthal Fourier modes allowing the
response of the shield to be determined in terms of the initial current source.
Using this formulation, a quadratic optimization procedure is utilized to find
globally optimal continuum current solutions that can accurately generate any
arbitrary physical magnetic field within a magnetically shielded cylinder in free
space. These analytical formulations mark a notable shift in understanding the
response of cylindrical magnetic shields to internal magnetic fields, enabling
the efficient and accurate design of magnetic fields in shielded environments.

The third research chapter builds on the previous work by examining discrete
current loops near the interior surface of a cylindrical magnetic shield. A coil
basis formed of discrete ‘building blocks’ is formulated and the magnetic field
decomposed into a set of orthogonal harmonic fields. Optimal coil configura-
tions of these building blocks are then determined using a genetic algorithm,
creating accurate and simplistic field generating systems. These design meth-
ods allow the construction of compact active field generating structures, fa-
cilitating the miniaturization of new technologies, enabling laboratory-based
experimental systems to be taken into real-world settings.
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Chapter 1

Introduction

The generation of magnetic fields has been of interest within various fields of

research for decades. Fundamentally, the existence of magnetic fields results

from either the flow of electrons or material properties. Therefore, the field

strength and its direction can vary both spatially and temporally, giving rise

to complex magnetic field landscapes. These magnetic fields, in turn, affect

the movement of atoms and change the properties of materials. The exploita-

tion of intricate magnetic field patterns has since resulted in many technolog-

ical advancements which are entirely dependent on the accurate generation of

magnetic fields.

Magnetic resonance imaging (MRI) is arguably the most prominent applica-

tion of accurate spatially and temporally dependent magnetic fields in recent

years. Clinical MRI demands magnetic fields of very high homogeneity, usu-

ally generated by superconducting magnets orientated in a single direction [1].

Additional active current elements, specifically shim coils [2], produce orthog-

onal harmonic field variations along the superconducting magnet’s major axis

to fine-tune the homogeneous field and improve the spatial imaging resolution.

Coils that can generate time-varying magnetic field gradients [3] then act to

encode the nuclear magnetic resonance (NMR) signal to image a particular

sample. Due to the magnetic fields’ desired accuracy and the requirement for

fast and efficient medical diagnosis, there has been considerable effort in de-
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signing passive magnetic material [4, 5] and active coils [6, 7] based on the

analytical and numerical calculation of magnetic fields. Similar design meth-

ods have also been employed for plasma containment in fusion reactors [8],

atom-trap design [9, 10], and compensation systems [11], facilitating progress

within their respective disciplines.

Through technological development, atomic physics has been able to utilize

magnetic fields to make tremendous progress in understanding physics’s fun-

damental laws. Magnetically sensitive atoms are at the center of many funda-

mental research experiments, being used to test exotic states of matter [12],

the equivalence principle [13], fine structure constants [14], and gravitational

waves [15]. Through the investigation of these fundamental experiments, real-

world applications have emerged to exploit these phenomena, such as rotation

and inertial sensors [16], ultra-precise atomic clocks [17], and gravity sensors

[18]. The aim of many of these devices is to supersede current state-of-the-art

technologies by using quantum phenomena. For many of these devices to be-

come commercially viable, they must be miniaturized so that laboratory-based

experiments can be taken out into real-world environments [19]. This process

is complicated, as every component within the system has specific performance

requirements and must also provide a low size, weight, power, and cost solution

[20]. Due to the reliance on quantum phenomena and magnetically sensitive

atoms, many of these technologies demand precisely monitored magnetic field

environments to ensure their reliability [21, 22].

Due to the systems’ sensitivity to erroneous fields [23–25], many of these ex-

periments need magnetic shielding to attain the required field stability. This

shielding is usually performed with high-permeability materials, which divert

areas of high field variation away from enclosed regions by providing a low

resistance pathway for magnetic field lines. These shields, therefore, are re-

quired for many of these laboratory-based experiments [26, 27]. The desired

magnetic field variations within these shielded environments can then be se-

lected through the generation or further cancellation of magnetic fields using
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active field-generating components. However, the same mechanisms that allow

effective magnetic shielding also warp the magnetic field generated by internal

active components, introducing inaccuracies within the system [28].

In systems that require a zero-field environment, active structures can be used

to lower the remnant background field within the shielded region [29]. This

reduction in the background field allows the removal of small amounts of pas-

sive shielding material, therefore lowering the system’s size, weight, and cost.

However, due to the active components’ interaction with the shield, active field

cancellation systems designed using standard methods are only effective over

small regions at large distances from the passive material. Within systems that

require an accurate, actively driven, background field the error introduced by

the interaction between the shield and active components must be minimized.

Therefore, if standard design methods are used, these components need to be

either spatially distant from the shield or self-canceling [30], unnecessarily in-

creasing the system’s size, weight, power, and cost. Due to this interaction, fur-

ther improvement and miniaturization of these laboratory-based experiments

is limited, preventing these technologies’ advancement.

Here, a comprehensive design method of quasi-static magnetic fields in cylin-

drical high-permeability magnetic shields is presented. Although this work’s

applications directly relate to physics, and to technological developments con-

cerning it, the methods and techniques used throughout are more mathemat-

ical in nature. Hence, the specific experimental dependence on the accurate

generation of magnetic fields is omitted. This work’s primary focus is on

the mathematical formulation of the governing equations, the exploitation of

symmetries, and the approximate analytical solutions of quasi-static magnetic

fields generated by active structures within cylindrical high-permeability mag-

netic shields. Mathematically-based optimization procedures are then used to

allow the optimal generation of user-defined magnetic field profiles in these

shielded environments. The results provide numerous solutions to the long-

standing issue of optimal active field generation within magnetically shielded
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quantum technologies.

The work begins with an introduction to the basics of magnetostatics, dis-

cussing and formulating the fundamental governing equations that dictate the

generation of magnetic fields in free space. An overview of established magnetic

field design methods, pertaining to the formulation of gradient and shim coils,

is then considered, broadly discussing their merits. The optimization methods

used in magnetic field design are then discussed. Design methods that account

for the interaction of magnetic shields and their boundary conditions are then

reviewed, and their limitations are presented.

Three publication-style chapters are written to provide a complete solution

to quasi-static magnetic field design within a high-permeability cylinder, each

tackling the problem with a distinct set of active components. They do, how-

ever, formulate the problem in the same way. The boundary condition on the

high-permeability finite-length cylinder’s surface is approximated to that of a

perfect magnetic conductor. The magnetic field generated by the finite-length

perfect magnetically-conducting cylinder is then cast in terms of a mathemat-

ically equivalent pseudo-current density. The problem is decomposed into a

cylindrically symmetric Green’s function, and the magnetic field generated by

the shield and current source matched to satisfy the boundary condition on

the magnetic shield’s surface. The magnetic field generated by the shield is

then found in terms of the initial current source, and the magnetic field gen-

erated by the entire system is calculated. An optimization method is then

applied to find optimized configurations to generate arbitrary magnetic fields

in magnetically shielded environments.

Within the first research chapter, arbitrary cylindrical currents are considered.

The total magnetic field generated by the shield and current source at an arbi-

trary radial position within the coil is determined in terms of a set of Fourier

coefficients that dictate the magnitude and flow of a cylindrical streamfunction.

This formulation is then cast into a quadratic programming problem where the

optimal Fourier coefficients can be found to generate a desired magnetic field
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at a set of preselected points through matrix inversion. Due to the ill-posed

nature of this problem, a Tikhonov regularization is applied to facilitate the

inversion. This regularization, for this example, is the power dissipated, allow-

ing the design of accurate low-power systems in cylindrical high-permeability

magnetic shields.

The second research chapter considers arbitrary planar current sources perpen-

dicular to the cylindrical magnetic shield’s major axis. Again, the combined

magnetic field from the source and shield is calculated at an arbitrary point

within the magnetic shield and determined in terms of a set of Fourier co-

efficients that dictate the planar current source’s flow. This formulation is

also cast into a quadratic programming problem and solved using the same

methods described in the first research chapter.

The last research chapter covers the design of discrete cylindrical currents.

Using the formulation derived within the first research chapter, the magnetic

fields generated by a complete coil basis are analyzed. The fields generated

by the basis are then decomposed into the set of harmonic fields and their

magnitudes related to simple coil parameters. Using these relations and a

genetic algorithm, optimal discrete structures are determined that generate

user-defined magnetic fields.

Within the final chapter, the design methods are summarized, and their advan-

tages and disadvantages are discussed. The prospects of further development

and future work are considered.



Chapter 2

Magnetic Fields

2.1 Magnetostatics

To effectively design magnetic fields, their physical formation must be under-

stood from a mathematical perspective. The magnetic field strength, H, may

be expressed in terms of the vector potential, A, as well as the scalar potential,

Φ. Any transformation of these variables leads to an arbitrary choice of gauge

in the way the potential is defined. As the problems studied here are in the

quasi-static regime, using the Coulomb gauge is the most logical choice for

simplicity, and so, unless stated, this gauge is used throughout. The Maxwell

equations that describe static magnetic fields, through a volume within which

no current passes, are given by Gauss’ and Ampere’s law, respectively,

∇ ·B = ∇∧H = 0, (2.1)

with the magnetic flux density, B, being related to the scalar and vector po-

tential by

B = −∇Φ = ∇∧A. (2.2)

The magnetic flux density may be related to the magnetic field strength

through the use of the magnetic permeability, µ, in free space this relation

6
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takes the simplified form of

B = µ0(H + M), (2.3)

where M is the magnetization relating to the bound pseudo-current density of

a magnetized surface

Jb = ∇∧M. (2.4)

Upon substitution of (2.2) into (2.1) it is found that

∇ · ∇Φ = ∇∧∇ ∧A = 0. (2.5)

Using vector identities with choice of gauge, ∇ · A = 0, it is seen that the

scalar and vector potential satisfy Laplace’s equation,

∇2Φ = ∇2A = 0. (2.6)

It then follows that

∇2B = 0. (2.7)

Laplace’s equations may be solved in spherical polar coordinates such that,

∇2f =
1

r2

∂

∂r

(
r2∂f

∂r

)
+

1

r2 sin2 θ

∂2f

∂φ2
+

1

r2 sin θ

(
sin θ

∂f

∂θ

)
= 0, (2.8)

which, through the use of separation of variables, has real solutions of the form

f =
∞∑
n=0

n∑
m=−n

Cnm

 rn

r−n−1

Pnm (cos θ) cos (m (φ− ψ)) , (2.9)

where Pnm(x) are Ferrer’s associated Legendre polynomials of the nth order and

mth degree and ψ is an arbitrary angular rotation. These functions generate a

complete orthogonal basis for both the scalar and vector magnetic potential,

as well as the individual magnetic field components. From this, the physical
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set of magnetic fields may be constructed from the relationship of the scalar

potential and the magnetic field. In Cartesian coordinates, about the origin,

the magnetic field can be written as

Bx = rn−1

2
(−(1 + δm,0)Pn−1,m+1 (cos θ) cos ((m+ 1) (φ− ψ))

+(1− δm,0)(n+m)(n+m− 1)Pn−1,m−1 (cos θ) cos((m− 1) (φ− ψ)))
(2.10)

By = rn−1

2
(−(1 + δm,0)Pn−1,m+1 (cos θ) sin ((m+ 1) (φ− ψ))

−(1− δm,0)(n+m)(n+m− 1)Pn−1,m−1 (cos θ) sin((m− 1) (φ− ψ)))
(2.11)

Bz = rn−1(n+m)Pn−1,m (cos θ) cos (m (φ− ψ)) , (2.12)

where the derivation is given in Appendix. A. In the case where the magnetic

field is the result of a current source, Jc, Ampere’s Law states that

∇∧H = Jc, (2.13)

which, when combined with the bound current from a magnetized material

(2.4), results in the Poisson equation,

∇2A = −µ0(Jc + Jb). (2.14)

This may be reformulated through the use of a Green’s function for an arbitrary

current with integral solutions

A (r) =
µ0

4π

∫
V

dV (r′)
J (r′)

|r− r′|
, (2.15)

which, by taking the curl of the above, yields the Biot-Savart Law,

B (r) =
µ0

4π

∫
V

dV (r′)
J (r′) ∧ (r− r′)

|r− r′|3
, (2.16)
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whose differentials take the form

dA (r) = dV (r′)
µ0

4π

J (r′)

|r− r′|
, (2.17)

and

dB (r) = dV (r′)
µ0

4π

J (r′) ∧ (r− r′)

|r− r′|3
, (2.18)

respectively. Rather than relating the magnetic field contributions to the cur-

rent through the generalized volume element dV (r′), it may be useful to rep-

resent this instead by the current flow over a surface, S, with infinitesimal

elements dS(r′), or the current intensity, I, through a closed curve, C, by wire

elements dl(r′). These equations underpin all static magnetic fields and, hence,

dictate every coil design method, in some form or another.

2.2 Magnetic Field Design Methodologies

Generally speaking, coil design methods can be broadly separated into three

cases, discrete, pseudo-analytical, and numerical. Within these sections, an ar-

ray of sophisticated techniques are used to design magnetic fields for a whole

host of applications such as cold atom experiments [31, 32], geophysical map-

ping [33], fusion reactor design [34], medical imaging [35, 36], and many more.

The medical imaging community, specifically, has provided incredible advance-

ments in the theory behind magnetic field design, spurred on through the need

for faster, more accurate, and situationally specific MRI machines. Due to

the rigorous and substantial existing literature, the focus here is on the design

methods of gradient and shim coils for MRI.

2.2.1 Discrete Methods

Discrete coil geometries have been used for decades with the most basic con-

figurations formed from simple loops designed through symmetry arguments.

The conventional Helmholtz-type coils, which predominantly generate axial
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bias and gradient fields, are formed with two circular loops of radius ρc, car-

rying currents of I, placed equidistant from the origin at z0 = ±d. The two

coaxial loops, if placed in the xy-plane, generate a magnetic field along the z

axis of

Bz(z) =
µ0Iρ

2
c

2
[
ρ2
c + (z − z0)2] 3

2

± µ0Iρ
2
c

2
[
ρ2
c + (z + z0)2] 3

2

. (2.19)

These arrangements prohibit all odd and even variations, respectively, where

the separation distance may be chosen to cancel the leading-order errors in the

Taylor expansion [37]. These designs are depicted in Fig. 2.1 a-b.

Other simple configurations such as Golay coils may also be constructed us-

ing simple symmetry arguments. Golay coils are constructed from arcs of

azimuthal periodicity π connected via straight axial wires forming double sad-

dle setups. The saddle positions are then chosen to minimize the unwanted

harmonics, Anm and Bnm for m 6= 1 and n 6= 1, in the axial field

Bz(r, θ, φ) =
∞∑
n=0

n∑
m=0

rnPnm (cos θ) (Anm cos (mφ) +Bnm sin (mφ)), (2.20)

expanding each wire element and maximizing the linear gradient in the trans-

verse direction [38], depicted in Fig. 2.1 c.

Building on these simple design methods, Romeo and Hoult first laid the the-

oretical framework to design MRI shim coils [39] through the use of loops and

arcs. They expanded the Green’s function within the differential form of the

vector potential (2.17), using spherical harmonics, and generated an expres-

sion that contained the entire set of orthogonal fields (2.12) in terms of surface

current elements

dA (r, θ, φ) =
Ids

4πr′

∞∑
n=0

n∑
m=0

εm
(n−m)!

(n+m)!

× Pnm(cosα)
( r
r′

)n
Pnm(cos θ) cos (m (φ− ψ)) , (2.21)

where the Neumann factor εm = 1 if m = 0 and εm = 2 otherwise, and
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z

d

−d

+6

+6

ρc

(a)

z

d

−d

+4

−4

ρc

(b)

z

z = d2

z = d1

z = −d1

z = −d2

z = d2

z = d1

z = −d1

z = −d2

ρc

(c)

Figure 2.1: Coil configurations for (a) Helmholtz with separation d = ρc/2 (b)
anti-Helmholtz with separation d =

√
3ρc/2 and (c) Golay coil where d1 = 0.388ρc

and d2 = 3.89ρc.

(r′, α, ψ) is the position of the surface element. The radius, zenith position,

angular length, and the number of these loops and arcs could then be adjusted

to select specific harmonic variations in the magnetic field while minimizing

erroneous contributions. Example zonal designs found using this method are

depicted in Fig. 2.2.

The main drawback of these methods is that they are difficult to implement

generally. For a given application, they require the magnetic field’s formulation

and symmetries within the system to be completely understood. However, if
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z

d2

d1

−d1

−d2

+6

−1

−1

+6

ρc

(a)

z

d2

d1

−d1

−d2

+4

−1

+1

−4

ρc

(b)

z

d2

d1

−d1

−d2

+9

−1

−1

+9

ρc

(c)

Figure 2.2: Axial harmonics m = 0 (a) n = 2 where d1 = 0.268 and d2 = 1.594
(b) n = 3 where d1 = 0.510 and d2 = 1.558 and (c) n = 4 where d1 = 0.729 and
d2 = 2.379. The number of turns through each loop and the direction of current flow
(± indicates clockwise/anti-clockwise with respect to the z-axis) are shown to the left
of the coil and the loop positions, di, are shown to the right.

the problem is setup correctly, the desired magnetic field can be efficiently

generated using a small and straightforward arrangement of preselected current

elements. Based on the decomposition of specific field variations, these discrete

design methods present the first of many steps towards the modern design

methods used today. For brevity the symmetries between the harmonic fields

and current elements are not discussed since discrete design is covered in depth
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within chapter 5.

2.2.2 Pseudo-Analytical Methods

Turner presented the first pseudo-analytical method of coil design [40] using a

Fourier-Bessel expansion of the Green’s function,

1

|r− r′|
=

1

π

∞∑
m=−∞

∫ ∞
−∞

dk eim(φ−φ′)eik(z−z′)Im(kρ<)Km(kρ>), (2.22)

where Iν(z) and Kν(z) are the modified Bessel functions of order ν. This ex-

pansion enabled the symmetries within the cylindrical system to be exploited

to generate simple relations between the Fourier transform of the azimuthal

current density and the axial magnetic field. The current density can then be

determined for a given target magnetic field from this simple relation using

numerical methods. This method, based on the convergence of the modified

Bessel functions, provides well-behaved coil structures. One downside of this

method is that there is no exact coil length specified, resulting in some imprac-

tical designs. However, constraints may be added to design physically realistic

coils over a finite interval at the cost of compromising field fidelity [41].

The target field method was then built on by Hoult [42], who used a matrix

description of the magnetic field at N different locations. If the N points

are chosen well, this provides a non-singular, though ill-conditioned, matrix

inversion problem, which yields multiple, very different, possible wire designs.

However, these problems may be overcome by using Tikhonov regularization

[43], first proposed in the context of coil design by Carlson [44], to generate

coil designs through an inductance minimization constraint.

In the years since these methods were first proposed, a vast number of pseudo-

analytical design methods were formulated for a variety of coil geometries based

on either a continuous current flow or its streamfunction representation. These

geometries include, but are not limited to, symmetric and asymmetric planar

[45–47], cylindrical [48, 49], spherical and hemispherical [50], and toroidal [51].
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These methods incorporate many different objectives other than field fidelity,

such as minimum power [52], self-shielding [53], and multi-region field genera-

tion [54]. They all, however, revolve around current bases, symmetries within

the system, and an optimization technique. First, a current basis is chosen

such that specific components overlap with a particular coordinate system so

that the system’s Green’s function can be decomposed appropriately. This

way, simple expressions for the magnetic field can be written and calculated

over a desired region efficiently. A numerical optimization procedure is then

used to find the optimal selection of eigenfunctions and associated eigenval-

ues within the current basis. Usually, the system is cast into a least squares

problem with a regularization term added to ensure that the problem is non-

singular. The difference between the desired field and the field generated by

the individual components of the current basis are calculated and the system

is solved using a quadratic programming algorithm to find the globally optimal

solution. If a continuum representation of the current is used the solution can

then be discretized into individual wire patterns to generate an accurate phys-

ical representation of the optimal coil. Although elegant and computationally

efficient, these methods require simple geometries to generate closed formed

solutions in terms of standard functions and cannot be easily formulated for

more complex situations.

2.2.3 Numerical Methods

The methods described above are all based around functional forms of the coil

itself or the streamfunction predicating the current flow used to describe the

global distribution. Pissanetzky [55] pioneered a method where the stream-

function’s value is based around the local characterization of the current den-

sity on a surface geometry. This resulting formulation generated a geometry in-

dependent optimization scheme based around the minimization of a quadratic

objective function [56], where the optimization of parameters such as field fi-
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delity, power, wire curvature, and magnetic energy, may be taken into account.

The formulation is based on the approximation of the streamfunction S, as the

linear combination of linear basis functions ϕn (r)

S (r) ≈
N∑
n=1

Inϕn (r) , (2.23)

where N is the number of nodal points on the surface geometry with the

unknown coefficient In. Applying the condition that the current is bound to a

surface

J (r) = ∇∧ [S (r) n (r)] , (2.24)

where n (r) is the outwards normal at some point r on the surface, and com-

bining (2.23) and (2.24) results in

J (r) ≈
N∑
n=1

In∇∧ [ϕn (r) n (r)] =
N∑
n=1

Infn (r) . (2.25)

The mathematical formalism in formulating an expression for the basis func-

tion, fn (r), relies on the discretization of the surface geometry into a triangular

mesh, defining a normalized edge current formed from the opposite edge of a

given node in the mesh. The basis function fn is then defined by

fn (r) = vni =
eni

2Ani
if r ∈ ∆ni, (2.26)

where Ani is the area of the ith triangle with the nth node, where eni is the

vector defined by the edge opposite to the node n, selecting a specific direction

in which the current is circulating around a node (clockwise or anti-clockwise)

(see Fig.2.3). In this description, the computation of many surface integrals

over the triangle must be calculated. These integrals, usually computed by

numerical procedures, result in long computational times but may be approx-

imated by summations to allow a more efficient optimization scheme. This

does, however, result in a potential source of error.
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rn

eni

Figure 2.3: Graphical representation of the edge current eni associated with the
node at rn.

Ludwig [57] expanded on the method which was then combined with a 3D con-

touring algorithm by Poole [58], that allowed the calculation of wire positions

on an arbitrary surface. This formalism provided an efficient optimization

scheme for accurate MRI gradient coil design and demonstrated a significant

development for the design of coils with arbitrary geometries. This software

was then successfully applied to shielded head gradient coils with an asymmet-

ric geometry, bi-planar coils, and head gradient coils with shoulder cut-outs.

2.3 Mathematical Optimization Used in Mag-

netic Field Design

As seen in the previous section, optimization methods have been utilized to

enhance the performance of electromagnetic systems to meet the required tech-

nical specifications. Many attributes need to be optimized within magnetic

field design, such as power, inductance, and magnetic energy. However, the

main objective is to generate a specific magnetic field profile within the desired

accuracy. Due to the technological advances of computers and the accessibil-

ity of code, optimization techniques can be easily implemented to find optimal

configurations of these complicated electromagnetic systems.
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At the core of optimization is the mathematical-based selection of a set of

variables that satisfy specific criteria. Generally speaking, optimization tech-

niques apply a particular algorithm to a specific problem that allows the best

solution to be found efficiently. These optimization algorithms and their ap-

plicability have been an area of intense research for decades, originating in

mathematics, but now being applied to computer science, physics, engineer-

ing, and economics problems. Many of these problems revolve around either

the maximization or minimization of one or many objective functions subjected

to system constraints. An objective function can depend on many variables

resulting in a complicated optimization landscape with many maxima and

minima. These maxima and minima can be separated into local and globally

optimal solutions. The local optima are the best solutions in the neighborhood

of points, and the global optimum is the best solution out of every point.

Here, two optimization sub-classes are considered, quadratic programming [56]

and multi-objective optimization [59], which are used to find these optima

within magnetic field design methods.

Quadratic programming focuses on a single objective function utilizing iterative-

based methods that use classical convergence-based algorithms that calculate

the derivative, Hessian, or use the objective function to find more optimal so-

lutions progressively. Examples of these optimization methods include interior

point [60] or gradient descent methods [61]. These methods are well docu-

mented and researched, allowing the effective search of non-linear problems

and successful convergence on optimal solutions. They can, however, be slow

and unnecessarily computationally expensive.

Multi-objective optimization methods use heuristic techniques that allow the

efficient computation of approximate solutions to be found for complex prob-

lems [62]. These methods are typically used when there are multiple objective

functions and traditional approaches fail to find an optimal solution in a rea-

sonable amount of time. Some examples of heuristic methods include parti-

cle swarm optimization [63], simulated annealing [64], and genetic algorithms
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[65]. These methods take inspiration from biological and physical processes

that efficiently traverse the multidimensional optimization hyperspace to find

approximately optimal solutions. These methods, although extremely useful,

do not guarantee an optimal solution and trade accuracy for computational

speed.

2.3.1 Quadratic Programming

Quadratic programming encompasses the specific class of optimization tech-

niques that are used when dealing with quadratic functions [56]. The gener-

alized form of quadratic programming is such that there exists some square

n-dimensional real symmetric matrix M and n-dimensional vector v which is

minimized by the variable, x,

min
x

xTMx + vTx, (2.27)

subject to m constraints where C is an n by m matrix and d is an m-

dimensional real vector

Cx ≤ d. (2.28)

For the magnetic field problems considered here, this quadratic programming

problem takes the simplified form of a least squares optimization. The ob-

jective function in this case depends on the difference between the desired

magnetic field, Bdes(rk), and magnetic field generated, B(rk), by a current

density, J(r′), at a specific set of preselected points, rk

Φ =
∑
k

(
B(rk)−B(rk)des

B(rk)des

)2

. (2.29)
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For quadratic optimization to be used effectively the magnetic field must be

linearly dependent on a set of adjustable parameters, Ai, such that

B(rk) =
∑
i

Aibi(rk). (2.30)

This is only possible if the specific contribution bi(rk) is predetermined for

every ith component. Therefore, the geometry and position of the current

density must be preselected. The current must be decomposed into a current

basis where Ai dictates the magnitude of current through the predetermined

elements. This basis can take many forms, such as discrete loops, triangular

elements on a discretized surface geometry, or a Fourier series describing a

current flow. This problem, however, is ill-conditioned if multiple solutions

could generate a specific field over a discrete finite number of points. In this

case, a geometry-dependent constraint on the current density can be used to

find a unique solution. This constraint takes the form of Tikhonov regular-

ization, which, within electromagnetic systems, can be the power, inductance,

or magnetic energy. They all, however, achieve the same outcome. If the

regularization term is relatively large, the final design is well-conditioned and

yields simplistic current flows with reduced field accuracy. Conversely, if the

regularization term is small, the inverse problem is less well-conditioned and

results in a more complex field pattern with increased field accuracy. The final

objective function, using (2.29) and (2.30) with the addition of a regularization

term which is quadratically dependent on the coil geometry, can be written as

Φ = α
∑
k

(
B(rk)−

∑
i

Aibi(rk)

)2

+ β
∑
i

A2
iDi, (2.31)

where Di is some geometry dependent parameter, and α and β are scaling

parameters such that the objective function is dimensionless. In this instance,

since the problem is purely quadratic, the solutions can be found easily by
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taking the derivative with respect to Aj and setting it equal to zero

dΦ

dAj
= −2α

∑
k

bj(rk)

(
B(rk)−

∑
i

Aibi(rk)

)
+ 2β

∑
i

AiδijDi = 0, (2.32)

where the optimal values Ai can be found through some iterative-based method

or matrix inversion

Ai = α
∑
k

bj(rk)B(rk)

(
α
∑
k

bj(rk)bi(rk) + βδijDi

)−1

, (2.33)

if the matrix is sufficiently small. Depending on the formulation of the problem,

further steps may be necessary to transform the final solution into a physical

wire design such as the approximation of a surface current density to a discrete

winding pattern.

2.3.2 Multi-objective Optimization

Multi-objective optimization [59] focuses on the techniques and algorithms

that can simultaneously maximize or minimize N objective functions

min
x

(f1(x), f2(x), . . . , fN(x)) . (2.34)

These objective functions often conflict with each other, meaning the optimal

solution exists on an N -dimensional surface called a Pareto front. A Pareto

optimal solution is one that cannot improve an objective function without the

deterioration of others. Due to the complexity of these multi-objective prob-

lems, standard iterative methods fail at finding optimal solutions in reasonable

amounts of time. Therefore, more sophisticated methods that can traverse the

optimization landscape need to be employed. These methods take a more prac-

tical approach to finding solutions, with many of the methods using multiple

start points. These start points are then iterated. The method by which the

progressive solutions are iterated depends on the technique used.
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One method typically used to solve multi-objective optimization problems is

a genetic algorithm [65]. Genetic algorithms are stochastic biologically-based

search methods motivated by natural processes. The iterative algorithm is

inspired by Darwinian survival of the fittest, where an initial population is

evolved towards a better solution. This evolution is controlled by mutation,

crossover, and selection functions, determining how the next generation is cho-

sen. The solutions which have performed the best out of the initial population

are selected to become parents within the next generation. These parent so-

lutions then have their attributes combined, through the crossover function,

to seed the remainder of the population. A certain amount of randomness is

introduced through the mutation function to maintain genetic diversity and

enable local optima within a problem to be circumvented.

These genetic algorithms are very good at finding high-quality solutions to

multi-objective problems that vary non-linearly on the system parameters.

However, they are most effective when the system depends on few variables.

This form of optimization can be beneficial within electromagnetics since the

analytical form of magnetic field profiles can be highly non-linear. An example

of where this method could be used is the optimal selection of discrete coil

positions. For example, the standard anti-Helmholtz configuration can be

improved through the addition of multiple loops. Using (2.19) a set of N pairs

of symmetrically placed loops of radius ρc at position di would generate an

axial magnetic field on axis

Bz(z) =
µ0Iρ

2
c

2

N∑
i

 1[
ρ2
c + (z − di)2] 3

2

− 1[
ρ2
c + (z + di)

2] 3
2

 . (2.35)

The axial field can be expanded about the origin using a Taylor’s expansion and

polynomial field variation can be determined in terms of the coil parameters.

Here, a genetic algorithm could be used to find optimal wire placements where

the objective functions are the first Ñ unwanted polynomial variations in the
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magnetic field 
min f1(di, . . . , dN) = d3Bz(z)

dz3

...

min fÑ(di, . . . , dN) = d2Ñ+1Bz(z)

dz2Ñ+1
.

(2.36)

This system could be further developed by introducing a turn ratio, Ii, at

each axial position di. However, this becomes slightly more complicated as an

integer constraint on Ii must be added.

Another algorithm that could solve this problem efficiently would be a particle

swarm method. Within this method, the movement of biological systems such

as a flock of birds or school of fish is represented as a mathematical search

method where the movement of each solution in the optimization landscape is

affected by the local best known position around them. Using this method, the

trial solutions are expected to ’swarm’ around the best solution. Analysis of

the difference between these two search methods has been explored, with some

scenarios being better suited to one algorithm over the other. However, the

way each method traverses the optimization hyperspace is not well understood

[66].

The methods described here all facilitate the optimization of electromagnetic

systems. However, they all rely on an accurate model of the physical system.

Hence, to be able to design magnetic fields within shielded environments the

shielding mechanism needs to be understood.

2.4 Magnetic Field Design in Magnetic Shields

Low-frequency magnetic shielding has been an active research area for many

years. This interest originated from the need to shield internal circuitry from

external radio frequency interference [67]. Through the progression of tech-

nology and the increasing use of magnetically sensitive equipment, low mag-

netic field environments are now critical in the functionality of devices used in
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medical imaging [68], geophysical mapping [69], precision timing [70], particle

accelerators [71] and many, many, more areas of application. Usually, shielding

material is used to reduce quasi-static magnetic fields, altering the magnetic

field’s spatial distribution and diverting areas of high magnetic field variation

away from designated regions.

Materials shield low-frequency magnetic fields through two mechanisms, flux-

shunting and eddy current cancellation. Flux-shunting is the result of Am-

pere’s and Gauss’s laws requiring the continuity of the tangential and perpen-

dicular components of the magnetic field strength and flux density, respectively,

across a surface interface, S, resulting in the boundary conditions

(
1

µr
Bmat. −Bair

)
∧ n̂ = 0 on S, (2.37)

and

(Bmat. −Bair) · n̂ = 0 on S, (2.38)

respectively, where n̂ is the unit vector normal to the boundary and µr is the

relative permeability of the material. For materials with very large permeabil-

ity, the magnetic field, in air, parallel to the interface’s surface is practically

non-existent, and the field is ‘shunted’ into the material. The material acts as a

low resistance pathway for magnetic field lines diverting the magnetic field into

the shield and away from any enclosed region. On the other hand, the eddy

current mechanism occurs only with the existence of time-varying fields. As a

result of Faraday’s law, an electric field is induced within the material when it

is subjected to time-varying magnetic fields. This electric field, in turn, results

in an induced current density dictated by Ohm’s law, opposing the incident

field where the magnitude of the response is related to the conductivity of the

material [72].

Magnetic shields play an instrumental role in generating precisely controlled

magnetic field environments and are necessary to remove external interference

from a system. This process is usually achieved using multiple shielding layers,
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resulting in a cumbersome and immobile experiment. If further field cancel-

lation or field generation is required within the shield, this can be accounted

for by an internal active current system. However, the active field cannot be

accurately generated using standard design methods performed in free space.

This inaccuracy is caused by the same mechanisms that shield enclosed re-

gions from external magnetic fields, affecting the generation of magnetic fields

within the shield.

The magnetic shield’s effect on the magnetic field generated by a current source

can be numerically calculated using forward finite element methods [73]. How-

ever, these simulations are computationally intensive and cannot efficiently be

utilized in forward optimization methods unless the initial trial solution is near-

optimal. Due to the complexity of the problem, no general method exists to

optimize active structures within materials efficiently and must be investigated

on a case-by-case basis.

Design methods that take the magnetic shield into account have been for-

mulated for a variety of very specific situations. These methods are highly

situational and depend on the geometry and material of the shield and the fre-

quency domain of the desired actively generated field. The two main shielding

geometries used within systems today are cubic and cylindrical due to their

simple construction and shielding efficiency. Due to the symmetries within cu-

bic and cylindrical shields, simplified analytical formulations for the governing

partial differential equations (PDEs) of the systems can be written. These,

however, are very difficult to solve generally in 3D and only simple analytical

expressions for loops and pseudo-3D shields of infinite extent can be found [72].

Approximate solutions in 3D have been found in the limiting cases for high-

frequency fields within a shield with high-conductivity and low-permeability,

and quasi-static fields within high-permeability shields, with boundary condi-

tions

B(r)⊥ ≈ 0 on S, (2.39)
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B(r)‖ ≈ 0 on S, (2.40)

where the dominant mechanisms are eddy current and flux shunting, respec-

tively. The limits to which the material’s response is considered perfect de-

pends on the propagation constant, γ, of a given material, which is related to

the complete time-dependent solution of the vector potential

∇2A− γ2A = 0, (2.41)

where

γ =
√
iωµ0µr(σ + iωε0εr), (2.42)

in a material and zero in free space, where σ and εr are conductivity and

relative permittivity of the material, respectively, where ω is the frequency of

the magnetic field. For a good conductor, ωε0εr � σ, γ can be simplified to

γ = (1 + i)

√
ωµ0µrσ

2
=

1 + i

δ
, (2.43)

where δ is the skin depth of the material. For the high frequency and conduc-

tivity regime, the perfect conducting response

B(r)⊥ = 0 on S, (2.44)

is valid when the thickness of the shield, ∆, is much greater than the skin depth,

∆
δ
� 1, and the majority of the time varying field is reflected. The opposite is

true for the low-frequency high-permeability regime where the perfect magnetic

response

B(r)‖ = 0 on S, (2.45)

is valid when the permeability is very large, µ � 1 and the skin depth is

much greater than the thickness of the material, δ
∆
� 1 i.e. the eddy current

response is almost zero.
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For cubic geometries, the shield’s approximate responses in the perfect cases

are found through the method of mirror images [37]. The magnetic field in-

terior to the magnetic shield is calculated by generating image currents that

ensure the magnetic field satisfies the boundary conditions (2.44) and (2.45).

In the quasi-static high-permeability case, the image current positions are mir-

rored about the planar surfaces such that their combined parallel components

along the boundary are eliminated. This response is opposite to the high fre-

quency and conductivity case where the positions are mirrored and current

directions flipped, removing all perpendicular components. Within a cubic

shield, infinitely many images are generated using the method of mirror im-

ages in 3D, where the current source and its images are reflected about each

planar surface. Both perfect cases are depicted in Fig. 2.4. The method of

mirror images has since been used to design accurate bi-planar and discrete

coils, generating quasi-static fields in high-permeability shields effectively [74].

...

...

. . .. . .

(a)

...

...

. . .. . .

(b)

Figure 2.4: Schematic diagram showing the method of mirror images for a 2D slice
for an arbitrary current source in (a) perfect magnetic conductor and (b) perfect
electric conductor. Black circles show cross-sections of wires carrying current into
(red crosses) and out of (red circles) the page. The initial currents are reflected about
the hatched black lines to satisfy the perfect boundary conditions.

In cylindrical geometries, these limiting cases are approximately solved using

Green’s function methods. Turner [75] first decomposed the Green’s function

in cylindrical coordinates for a perfectly conducting cylinder and a cylindrical
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current source. The perfect conducting cylinder’s response was cast in terms

of an induced current on the surface of an infinite cylindrical shield. The

magnetic field generated by both the source and shield was then calculated and

matched at the shield’s boundary, enabling the induced current to be found in

terms of the initial current source. The field and optimal placement of simple

discrete loops were then analyzed to improve these shielded coil systems. This

cylindrical decomposition method then allowed the solution for static magnetic

fields to be found within infinitely long shields of arbitrary permeability, which

was used in the analysis of simple discrete coil structures [76].

Further methods that include closed finite-length cylinders have also been de-

veloped, using an exact Green’s function solutions for a perfect magnetic con-

ducting finite-length cylinder [77] and, in the finite-permeability case, using

the Green’s function for an infinite cylinder combined with the method of mir-

ror images [78]. However, these are limited to specific cases of magnetically-

shielded solenoids and discrete current loops. Currently, no analytical method

exists that allows the calculation of arbitrary coils within cylindrical magnetic

shields.

Numerical boundary element methods have been recently developed to opti-

mize magnetic fields generated by surface currents on a triangular mesh that

incorporates high-permeability boundaries [79, 80]. These methods utilized

the formulation proposed by Poole [58] with the addition of an equipotential

scalar field to enforce the perfect boundary condition on the surface of a topo-

logically closed shield. A quadratic optimization procedure is then used to

find coil designs that account for the perfect magnetic conductor. However,

this numerical method is limited by computational power as the solution’s

accuracy can be mesh-dependent if the distance between the coil and shield

is small compared to the mesh size. This numerical method is, nevertheless,

very powerful, allowing complicated hybrid systems to be developed without

designing geometry-specific methods.

Analytical coil design methods within magnetic shields are advantageous in
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many geometrically simple situations. They provide an accurate, fast, and ef-

ficient route to calculate the magnetic field. They give intuition on the shield’s

response, allowing for a more fundamental understanding of the interaction

mechanisms. They also provide flexibility in designing magnetic fields with

either a discrete geometry or continuum current density. Due to these reasons,

within the following three publication style chapters, three quasi-static mag-

netic field design methods in high-permeability cylindrical magnetic shields

are presented. Due to the problem formulation and method used to satisfy the

boundary conditions, the chapters are thematically similar. For completeness,

each publication begins with the formulation of the boundary conditions for a

high-permeability shield; these chapters then diverge, solving the problem in

their specific cases. In reality, due to the work’s similarity, these publications

should be considered parts 1, 2, and 3 of a larger publication. However, as

the work has been conducted over a prolonged period, these publications have

been separated into three standalone pieces of work.
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Magnetic shields that use both active and passive components to enable the generation of a tailored low-
field environment are required for many applications in science, engineering, and medical imaging. Until
now, accurate field nulling, or field generation, has only been possible over a small fraction of the overall
volume of the shield. This is due to the interaction between the active field-generating components and
the surrounding high-permeability passive shielding material. In this paper, we formulate the interaction
between an arbitrary static current flow on a cylinder and an exterior closed high-permeability cylinder.
We modify the Green’s function for the magnetic vector potential and match boundary conditions on the
shield’s interior surface to calculate the total magnetic field generated by the system. We cast this for-
mulation into an inverse optimization problem to design active–passive magnetic field shaping systems
that accurately generate any physical static magnetic field in the interior of a closed cylindrical passive
shield. We illustrate this method by designing hybrid systems that generate a range of magnetic field pro-
files to high accuracy over large interior volumes, and simulate them in real-world shields whose passive
components have finite permeability, thickness, and axial entry holes. Our optimization procedure can be
adapted to design active–passive magnetic field shaping systems that accurately generate any physical
user-specified static magnetic field in the interior of a closed cylindrical shield of any length, enabling the
development and miniaturization of systems that require accurate magnetic shielding and control.

DOI: 10.1103/PhysRevApplied.14.054004

I. INTRODUCTION

Regions of space that require precisely controlled
magnetic field environments are essential for a wide
range of experiments, devices, and applications. These
include quantum sensing of gravity and gravity gradi-
ents for geophysical survey and mapping [1–4]; atomic
magnetometry [5–7] for applications including mate-
rial characterization [8] and magnetoencephalography
[9,10]; noise reduction in fundamental physics experi-
ments [11,12] such as timing using high-precision atomic
clocks [13,14], measuring the electric dipole moment
of fundamental systems [15–18], and testing Lorentz
invariance by observing the limits of spin precession
[19–21]. Typically, these systems are enclosed within
high-permeability materials, such as mumetal, to shield
magnetically sensitive components from undesired mag-
netic fields. Cylindrical geometries, in particular, are
widely used due to their comparatively high shielding
factor relative to their low manufacturing cost [22–24].

*mark.fromhold@nottingham.ac.uk

Romeo and Hoult first laid the mathematical framework
for the design of magnetic fields in free space through
the use of current loops and arcs [25]. These simple ele-
ments were expanded in a spherical harmonic basis and
unwanted field profiles removed by adjusting the relative
separations of the discrete coils. Inverse methods based on
formulating a current density in terms of simple triangu-
lar boundary elements [26–28] enabled the design of coils
of arbitrary complexity, giving greater flexibility in the
design of systems at the cost of computational power and
numerical instability. Pseudoanalytical formulations using
a Green’s function expansion and harmonic minimization
methods have been developed to generate accurate user-
specified magnetic fields in free space [29–31] to facilitate
the need for fast and accurate design procedures. How-
ever, these methods did not incorporate the interaction of
the high-permeability passive shielding material, hinder-
ing the accurate generation of specified target magnetic
field profiles [32] in shielded environments. Consequently,
optimization of magnetic field cancelation, or other field
shaping, systems in the presence of a material with high
magnetic permeability is a long-standing challenge in
electromagnetism.
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Finite element methods (FEMs) can be used to develop
models of hybridized active and passive shielding systems.
One method of optimizing active–passive systems using
FEMs would be to use genetic algorithms [33,34] to evolve
the coil parameters iteratively, including the effect of the
passive material on the magnetic field generated actively
at each iteration. Because of their computational complex-
ity, however, FEMs can be slow, and, if coupled with
forward optimization procedures provide only locally opti-
mal designs since desired magnetic field profiles depend
highly nonlinearly on the system parameters. Analytical
formulations of the magnetic field generated by hybrid
active–passive systems have the distinct advantage that
optimal solutions can be calculated at a range of target
points with minimal computation [35]. Currently, analyt-
ical solutions for coils in high-permeability cylindrical
magnetic shields have only been formulated in the specific
cases of magnetically shielded solenoids and discrete cur-
rent loops [36–38]. The geometric parameters of the active
structure in these systems, such as the separation distances
of wire loops, are adapted to account for the interaction
between the active and passive systems. Previously, the
method of mirror images [39] has been used to formulate
the response of a planar material with high magnetic per-
meability to a magnetic field generated by a current source
[40–43]. In these formulations, Maxwell’s equations are
solved explicitly by including the reflections of the cur-
rent source generated by the high-permeability material
in order to match the required boundary conditions. More
generally, Green’s function solutions to boundary value
problems have been calculated for an extensive range
of electromagnetic systems [44], but have not previously
been found generally for the case of a finite closed cylindri-
cal high-permeability shield in the presence of an arbitrary
cylindrical coaxial static current source.

To address this, here, we incorporate ab initio the effect
of a finite length high-permeability cylinder on the mag-
netic field generated by an arbitrary static current flow on
a conducting cylinder, and use our results to determine
the flow required to generate specified static target fields
optimally. This enables the geometry of the active compo-
nents on the surface of a cylinder to be determined entirely
from a desired magnetic field profile. Guided by previ-
ous work [45], we first derive the Green’s function for a
hybrid active–passive field-generating system described in
cylindrical coordinates. We then utilize a modified Fourier
basis to define an adjusted current density distribution that
accounts for the effect of the high-permeability material.
From this, we determine globally optimal current density
maps using a quadratic optimization procedure, akin to
magnetic field design methodologies used previously in
magnetic resonance imaging (MRI) [46,47]. To construct
practical current sources from these current density maps,
we define the streamfunction of the current continuum
and discretize it into a set of closed-loop current-carrying

wire geometries. Using this formulation, we present two
example coil designs optimized in the interior of a closed
cylindrical magnetic shield of finite length and high per-
meability, μr � 1, and show that our analytical model
agrees well with FEM simulations performed for the opti-
mized current flow patterns. We then show that our design
methodology can be used in a real-world situation where
the cylindrical magnetic shield has finite thickness and
permeability as well as axial entry holes in the end caps
to allow experimental access. Using this formulation, we
transform the performance of systems designed to generate
user-specified magnetic field profiles in the magnetostatic
regime, finding globally optimal solutions required for
practical, low size, weight, power, and cost technologies
for the applications listed above.

II. THEORY

The interface conditions for a magnetic field along a
boundary S between two materials are that the normal
component of the magnetic field B and tangential com-
ponent of the magnetic field strength H are continuous.
Considering the boundary between air and a material,
working in the magnetostatic regime, where no eddy cur-
rents are induced, and in the case where no surface currents
are present, these interface conditions are

(Bmat. − Bair) · n̂ = 0 on S (1)

and
(

1
μr

Bmat. − Bair

)

∧ n̂ = 0 on S, (2)

where n̂ is the unit vector normal to the boundary and μr is
the relative permeability of the material. In free space, the
magnetic field is related to the magnetic field strength and
the magnetization M by

B = μ0(H + M). (3)

Physically, the magnetization of the subdomains of a mate-
rial change in response to an applied magnetic field to
satisfy boundary condition (2) at the material’s surface.
Here, we choose to formulate this response in terms of
a pseudocurrent density ˜J confined to the surface of the
material, which relates to the curl of the magnetization,

∇ ∧ M =˜J. (4)

The magnetic field strength resulting from a current source
Jc can be expressed using Ampère’s law

∇ ∧ H = Jc. (5)

Substituting Eqs. (4) and (5) into the curl of Eq. (3), noting
that B = ∇ ∧ A, where A is the vector potential, results in

054004-2



OPTIMAL INVERSE DESIGN OF MAGNETIC FIELD PROFILES. . . PHYS. REV. APPLIED 14, 054004 (2020)

the Poisson equation in free space

∇2A = −μ0(Jc +˜J). (6)

As shown in many papers and textbooks [39], the solution
to the Poisson equation, for an arbitrary current density J
is given by

A (r) = μ0

∫

r′
d3r′ G(r, r′)J(r′), (7)

where G(r, r′) is the associated Green’s function.
Let us now use the boundary condition on the magnetic

field, Eq. (2), to examine the effect of a high-permeability
material on the magnetic field generated by a specific
current distribution. Consider a hollow high-permeability,
μr → ∞, cylinder of radius ρs, length Ls, and thickness
d with high-permeability planar end caps located at z =
±Ls/2 that is surrounded by free space (Fig. 1). An arbi-
trary static current flows over an internal open coaxial
cylinder of radius ρc < ρs and length L1 − L2 = Lc < Ls,
where −Ls/2 < L2 < L1 < Ls/2, as shown in Fig. 1. Since
high-permeability materials, such as mumetal, can have
μr values greater than 100 000 times that of air, the mag-
netic field must abruptly change direction at the boundary
between its surface and air to satisfy boundary conditions
(1)–(2). When the shield is of sufficient thickness and per-
meability, the tangential components of the magnetic field
at its boundary must be approximately zero. Boundary con-
dition (2) on the interior surface of the exterior closed

FIG. 1. Schematic diagram showing a high magnetic perme-
ability cylinder of length Ls and radius ρs with planar end
caps located at z = ±Ls/2. This cylinder encloses an interior
conducting open cylindrical shell of length Lc = L1 − L2 and
radius ρc.

cylinder for the example depicted in Fig. 1 requires that

Bρ

∣

∣

∣

z=±Ls/2
≈ 0, Bφ

∣

∣

∣

z=±Ls/2,ρ=ρs
≈ 0, Bz

∣

∣

∣

ρ=ρs
≈ 0,

(8)

where the magnetic field B = Bρ ρ̂ + Bφφ̂ + Bz ẑ is
expressed in cylindrical polar coordinates. Previously, it
has been found that the response of a high-permeability
material deviates from that of a perfect magnetic conductor
on the scale of O(μ−1

r ) [48,49]. Therefore, we may assume
that, for high-permeability materials, such as mumetal, the
response can be approximated to that of a perfect magnetic
conductor without introducing significant errors.

Because of the symmetries of the system, it is natural
to work in cylindrical coordinates. Following the formula-
tion of Turner [45], we express vector potential (7) due to
an arbitrary current distribution J = Jρ(r′)ρ̂ + Jφ(r′)φ̂ +
Jz(r′)ẑ as

Aρ(r) = μ0

∫

r′
d3r′ G(r, r′)[Jρ(r′) cos(φ − φ′)

+ Jφ(r′) sin(φ − φ′)], (9)

Aφ(r) = −μ0

∫

r′
d3r′ G(r, r′)[Jρ(r′) sin(φ − φ′)

− Jφ(r′) cos(φ − φ′)], (10)

Az(r) = μ0

∫

r′
d3r′ G(r, r′)Jz(r′). (11)

Since the current has been restricted to flow over an inte-
rior cylindrical shell centered radially about the origin,
its radial components may be set to zero, resulting in the
simplified vector potentials

Aρ(r) = μ0

∫

r′
d3r′ G(r, r′)Jφ(r′) sin(φ − φ′), (12)

Aφ(r) = μ0

∫

r′
d3r′ G(r, r′)Jφ(r′) cos(φ − φ′). (13)

Substituting the Green’s function solution from Eq. (7) in
cylindrical coordinates [39],

G(r, r′) = 1
4π2

∞
∑

m=−∞
eim(φ−φ′)

∫ ∞

−∞
dk eik(z−z′)Im(|k|ρ<)Km(|k|ρ>), (14)
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into Eqs. (11)–(13), the components of the vector potential
may be expressed as

Aρ(ρ, φ, z) = − iμ0ρ
′

4π

∞
∑

m=−∞

∫ ∞

−∞
dk eimφeikz

× [Im−1(|k|ρ<)Km−1(|k|ρ>)

− Im+1(|k|ρ<)Km+1(|k|ρ>)]J m
φ (k), (15)

Aφ(ρ, φ, z) = μ0ρ
′

4π

∞
∑

m=−∞

∫ ∞

−∞
dk eimφeikz

× [Im−1(|k|ρ<)Km−1(|k|ρ>)

+ Im+1(|k|ρ<)Km+1(|k|ρ>)]J m
φ (k), (16)

Az(ρ, φ, z) = μ0ρ
′

2π

∞
∑

m=−∞

∫ ∞

−∞
dk eimφeikz

× Im(|k|ρ<)Km(|k|ρ>)J m
z (k), (17)

where ρ ′ is the radius of the cylinder and ρ>, ρ< is either
ρ, ρ ′ if ρ > ρ ′ or ρ ′, ρ if ρ < ρ ′. Equations (15)–(17)
contain Fourier transforms of the current densities,

J m
φ (k) = 1

2π

∫ 2π

0
dφ′ e−imφ′

∫ ∞

−∞
dz′ e−ikz′

Jφ(φ′, z′),

(18)

J m
z (k) = 1

2π

∫ 2π

0
dφ′ e−imφ′

∫ ∞

−∞
dz′ e−ikz′

Jz(φ
′, z′),

(19)

with their corresponding inverse transforms given by

Jφ(φ′, z′) = 1
2π

∞
∑

m=−∞

∫ ∞

−∞
dk eimφ′

eikz′
J m
φ (k), (20)

Jz(φ
′, z′) = 1

2π

∞
∑

m=−∞

∫ ∞

−∞
dk eimφ′

eikz′
J m

z (k). (21)

As a result of this formulation, we can now combine meth-
ods for matching the boundary conditions at the radial
interface, akin to the formulation of passive screening of
magnetic field gradients for MRI [50], with the method
of mirror images, accounting for the effect of the planar
end caps, to determine the effect of the high-permeability
material on the overall magnetic field profile. Because of
the cylindrical symmetry of the system, the radial bound-
ary condition may be satisfied by matching the azimuthal
Fourier modes in the magnetic field, generated by the

cylindrical current source, through the use of a pseudocur-
rent density induced on an infinite cylinder. As the planar
end caps are spatially orthogonal to the pseudocurrent gen-
erated by the infinite cylinder, any image current formed
by applying the method of mirror images continues to sat-
isfy the radial boundary condition. Consequently, we can
decouple the boundary conditions on the high-permeability
cylinder and at the planar end cap boundaries. This must
be done sequentially to generate mirror images of the
pseudocurrent density induced on the high-permeability
cylindrical shell and, hence, satisfy the boundary condi-
tions over the entire domain of the closed finite high-
permeability cylinder. As a result, using Eqs. (15)–(17) and
the usual formulation of the method of mirror images with
two infinite parallel planes, depicted in Fig. 2, the vector
potential in the region ρc ≤ ρ ≤ ρs, including the effect of
the high-permeability cylinder, may be written in terms of
an infinite summation over the reflected image currents,

Aρ(ρ, φ, z) = − iμ0

4π

∞
∑

m=−∞

∞
∑

p=−∞

∫ ∞

−∞
dk eimφeikz

× {ρc[Im−1(|k|ρc)Km−1(|k|ρ)

− Im+1(|k|ρc)Km+1(|k|ρ)]J mp
φ (k)

+ ρs[Im−1(|k|ρ)Km−1(|k|ρs)

− Im+1(|k|ρ)Km+1(|k|ρs)]˜J
mp
φ (k)}, (22)

Aφ(ρ, φ, z) = μ0

4π

∞
∑

m=−∞

∞
∑

p=−∞

∫ ∞

−∞
dk eimφeikz

× {ρc[Im−1(|k|ρc)Km−1(|k|ρ)

+ Im+1(|k|ρc)Km+1(|k|ρ)]J mp
φ (k)

+ ρs[Im−1(|k|ρ)Km−1(|k|ρs)

+ Im+1(|k|ρ)Km+1(|k|ρs)]˜J
mp
φ (k)}, (23)

Az(ρ, φ, z) = μ0

2π

∞
∑

m=−∞

∞
∑

p=−∞

∫ ∞

−∞
dk eimφeikz

× [ρcIm(|k|ρc)Km(|k|ρ)J mp
z (k)

+ ρsIm(|k|ρ)Km(|k|ρs)
˜J mp

z (k)], (24)

where

J mp
φ (k) = 1

2π

∫ 2π

0
dφ′ e−imφ′

∫ ∞

−∞
dz′ e−ikz′

J p
φ (φ′, z′),

(25)

J mp
z (k) = 1

2π

∫ 2π

0
dφ′ e−imφ′

∫ ∞

−∞
dz′ e−ikz′

J p
z (φ′, z′)

(26)

054004-4



OPTIMAL INVERSE DESIGN OF MAGNETIC FIELD PROFILES. . . PHYS. REV. APPLIED 14, 054004 (2020)

are the Fourier transforms of the pth reflected image
current and ˜J mp

φ,z (k) is the Fourier transform of the pth
reflected pseudocurrent induced on the high-permeability
cylinder. In Fig. 2 we depict how azimuthal, J p

φ (φ′, z′),
and axial, J p

z (φ′, z′), image currents are generated by two
parallel planar perfect magnetic conductors.

Writing the magnetic field in cylindrical coordinates,

B = ∇ ∧ A =
(

1
ρ

∂Az

∂φ
− ∂Aφ

∂z

)

ρ̂ +
(

∂Aρ

∂z
− ∂Az

∂ρ

)

φ̂

+ 1
ρ

(

∂

∂ρ
(ρAφ) − ∂Aρ

∂φ

)

ẑ, (27)

boundary conditions (8) on the magnetic field at ρ = ρs are

1
ρ

(

∂

∂ρ
(ρAφ) − ∂Aρ

∂φ

)∣

∣

∣

∣

ρ=ρs

= 0, (28)

(

∂Aρ

∂z
− ∂Az

∂ρ

)∣

∣

∣

∣

ρ=ρs

= 0. (29)

Substituting Eqs. (22)–(24) into Eqs. (28)–(29), the Fourier
transformed pseudocurrent density on the cylindrical wall
of the high-permeability cylinder is found to be

˜J mp
φ,z (k) = −ρcI ′

m(|k|ρc)Km(|k|ρs)

ρsIm(|k|ρs)K ′
m(|k|ρs)

J mp
φ,z (k), (30)

where I ′
m(z) and K ′

m(z) are the derivatives with respect to
z of Im(z) and Km(z), respectively. Using the continuity
equation, Eqs. (20)–(24), and Eq. (30), the magnetic field
interior to the conducting cylinder, for all points ρ < ρc, is
given by

Bρ(ρ, φ, z) = iμ0ρc

2π

∞
∑

m=−∞

∞
∑

p=−∞

∫ ∞

−∞
dk keimφeikz

× I ′
m(|k|ρ)Rm(k, ρc, ρs)J

mp
φ (k), (31)

FIG. 2. Schematic diagram showing how azimuthal (left) and axial (right) currents are reflected by two infinite parallel planes
(hatched) of infinite extension and permeability (i.e., perfect magnetic conductors) located at z = ±Ls/2. Left: Azimuthal currents
located in the z′ = d plane are translated, by the reflection process, to the z′ = (−1)p d + pLs planes. Right: Axial currents flowing from
z′ = d1 to z′ = d2 are reflected to positions z′ = (−1)p d1 + pLs and z′ = (−1)p d2 + pLs, respectively, with odd reflections reversing
the initial current flow direction. Black circles show cross sections of wires carrying current into (red crosses) and out of (red circles)
the page.
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Bφ(ρ, φ, z) = −μ0ρc

2πρ

∞
∑

m=−∞

∞
∑

p=−∞

∫ ∞

−∞
dk m

|k|
k

eimφeikz

× Im(|k|ρ)Rm(k, ρc, ρs)J
mp
φ (k), (32)

Bz(ρ, φ, z) = −μ0ρc

2π

∞
∑

m=−∞

∞
∑

p=−∞

∫ ∞

−∞
dk |k|eimφeikz

× Im(|k|ρ)Rm(k, ρc, ρs)J
mp
φ (k), (33)

where Rm(k, ρc, ρs) = K ′
m(|k|ρc) − I ′

m(|k|ρc)Km(|k|ρs)/

Im(|k|ρs). In order to determine the magnetic field gener-
ated by an arbitrary cylindrical current source, we must
construct an orthogonal basis defined on a finite cylinder,
which accounts for the mirror images. To this end, we use a
modified Fourier basis, defining the pth reflected azimuthal
current to be

J p
φ (φ′, z′) = [Tp

e (z′; L1, L2, Ls) + Tp
o (z′; L1, L2, Ls)]

×
{ N
∑

n=1

Wn0 sin
(

nπ [(−1)p(z′ − pLs) − L2]
Lc

)

+
N

∑

n=1

M
∑

m=1

[Wnm cos(mφ′) + Qnm sin(mφ′)]

× cos
(

nπ [(−1)p(z′ − pLs) − L2]
Lc

)}

, (34)

in which

Tp
e (z′; L1, L2, Ls) = [H(z′ − L2 − pLs)

− H(z′ − L1 − pLs)]
1 + (−1)p

2
,

(35)

Tp
o (z′; L1, L2, Ls) = [H(z′ + L1 − pLs)

− H(z′ + L2 − pLs)]
1 − (−1)p

2
,

(36)

where H(x) is the Heaviside function and (Wn0, Wnm, Qnm)

are Fourier coefficients to be determined. Substituting Eq.
(34) into Eqs. (31)–(33), we derive a set of governing equa-
tions that relate the magnetic field to the set of weighted
Fourier coefficients,

Bρ(ρ, φ, z) =
N

∑

n=1

Wn0Fn(ρ, z) +
N

∑

n=1

M
∑

m=1

[WnmGw
nm(ρ, φ, z)

+ QnmGq
nm(ρ, φ, z)], (37)

Bφ(ρ, φ, z) =
N

∑

n=1

M
∑

m=1

[WnmH w
nm(ρ, φ, z)

+ QnmH q
nm(ρ, φ, z)], (38)

Bz(ρ, φ, z) =
N

∑

n=1

Wn0Dn(ρ, z) +
N

∑

n=1

M
∑

m=1

[WnmSw
nm(ρ, φ, z)

+ QnmSq
nm(ρ, φ, z)], (39)

where the functions Fn(ρ, z), Gw,q
nm (ρ, φ, z), H w,q

nm (ρ, φ, z),
Dn(ρ, z), and Sw,q

nm (ρ, φ, z) are defined in Appendix A.
Having determined the magnetic field produced by an
arbitrary cylindrical current, we may now use an inverse
method to solve the system of governing equations, Eqs.
(37)–(39), to determine the unknown Fourier coefficients
(Wn0, Wnm, Qnm) for a specified target magnetic field. Fol-
lowing work done by Carlson et al. [46], this may be
done by a least-squares minimization with the addition
of a penalty term to regularize the problem. This reg-
ularization term may take many forms, with individual
contributions to it representing, for example, the curva-
ture of a given wire geometry, the power consumption,
or any other physical parameter that depends quadrati-
cally on the geometry of the coil. In this work we focus
on the overall power dissipated in the cylindrical current
flow, but this choice is somewhat arbitrary since all of
the regularization parameters act to achieve the same gen-
eral goal. If the regularization term is large, the result is a
well-conditioned inverse problem that yields a simple cur-
rent flow, but reduced field fidelity. On the other hand, if
the regularization term is small then the result is a less
well-conditioned inverse problem that yields a more intri-
cate pattern of current flow but a higher-fidelity magnetic
field. The power dissipation in the conducting cylinder of
thickness t and resistivity � is given by

P = ρc�

t

∫ L1

L2

dz′
∫ 2π

0
dφ′ |Jz(φ

′, z′)|2 + |Jφ(φ′, z′)|2,

(40)

which, when integrated over the surface of the cylinder,
using the continuity equation and Eq. (34), gives

P = ρc�

t

[ N
∑

n=1

W2
n0πLc +

N
∑

n=1

M
∑

m=1

(W2
nm + Q2

nm)

×
(

πLc

2
+ m2L3

c

2πn2ρ2
c

)]

. (41)

We now construct a cost function using a least-squares
optimization procedure,

� =
∑

k

[Bdesired(rk) − B(rk)]2 + βP, (42)
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evaluated at K target field points, where β is a weighting
parameter chosen such that the physical parameters may
be adjusted to achieve specified physical constraints. The
minimization is achieved by taking the derivative of the
cost function with respect to the Fourier coefficients,

∂�

∂Wi0
= 0,

∂�

∂Wij
= 0,

∂�

∂Qij
= 0, i, j > 1,

(43)

allowing the optimal Fourier coefficients to be found by
matrix inversion for any physically attainable target mag-
netic field. The current density is then related, through the
continuity equation, to the streamfunction

ϕ(φ′, z′) = [H(z′ − L1) − H(z′ − L2)]

×
{ N

∑

n=1

Lc

nπ
Wn0 cos

(

nπ(z′ − L2)

Lc

)

−
N

∑

n=1

M
∑

m=1

Lc

nπ
[Wnm cos(mφ′)

+ Qnm sin(mφ′)] sin
(

nπ(z′ − L2)

Lc

)}

, (44)

on the inner conducting cylindrical surface.
Ideally, the Fourier series would have an infinite num-

ber of coefficients. However, truncating the series at a large
finite number of terms still provides accurate solutions for
sufficiently regularized problems. This is because higher-
order terms contribute less at distances much larger than
their spatial period. When designing fields in regions close
to the conducting surface, if a sufficiently large number
of coefficients is chosen, the real-world field fidelity is
limited by the accuracy to which the current continuum
can be approximated by discretized wire configurations,
rather than by the number of Fourier coefficients. Typi-
cally, setting N = 200 and equating M to the degree of
the desired field harmonic is adequate. An approximate
solution to the current continuum is then found by dis-
cretizing the streamfunction into Nϕ values, where ϕj =
min ϕ + (j − 1/2)
ϕ, j = 1, . . . , Nϕ , separated by 
ϕ =
(max ϕ − min ϕ)/Nϕ . The number of contours should be
maximized according to the constraints in manufacturing
because the accuracy of the model depends on the approxi-
mation of the continuum. For situations where only coarse
discretization is possible, we recommend that a form of
discrete optimization is used instead. When physically
manufacturing these structures, the distance of the wires
from the high-permeability material is important. Without
the passive shield, one can determine how accurately the
discrete coil represents the current continuum by using the
elemental Biot-Savart law to calculate the error as Nϕ is
adjusted.

III. RESULTS

We now analyze our theoretical model by designing and
testing hybrid active–passive magnetic field-generating
systems. Regarding the validation of our calculations, we
first note that, as expected from previous work [36–38]
and shown in Appendix B, our calculations confirm that
the optimal coil design for generating a constant axial
field inside a closed cylindrical perfect magnetic shield is
a perfect solenoid that runs along the full length of the
cylindrical shield.

In Figs. 3 and 4 we respectively show active–passive
systems for generating a constant transverse field Bx nor-
mal to the axis of the cylinder, and a linear transverse
field gradient B = (zx̂ + xẑ) along the axis of the cylinder.
Each of these systems has a cylindrical surface of length
Lc = 0.95 m and radius ρc = 0.245 m, which carries the
coil current distribution. This current distribution is inte-
rior to and centered about the origin of a closed perfect
magnetically conducting cylinder of length Ls = 1 m and
radius ρs = 0.25 m. The field is optimized over the cen-
tral cylindrical region spanning half the radius and length
of the coil cylinder. In Figs. 3(a) and 4(a) we show the
respective streamfunctions on the surface of the cylinder
and their discretization into wire patterns. The magnetic
fields shown in Figs. 3(b)–3(c) and 4(b) are calculated in
three ways: analytically, using our theoretical model in
Eqs. (37)–(39); numerically, using COMSOL Multiphysics®
with the shield treated as a perfect magnetic conductor;
and numerically in free space, i.e., excluding the high-
permeability material and calculating the magnetic fields
by applying the elemental Biot-Savart law directly to the
discrete coil geometries in Figs. 3(a) and 4(a). It is clear
from Figs. 3–4 that our design methodology is capable
of generating highly accurate user-specified target mag-
netic fields inside the optimized field region with good
agreement between the theoretical model and numerical
simulations.

We quantify this agreement by analyzing the devia-
tion from the target fields in the optimization region, 
Bx
and 
dBx/dz, for the constant transverse field and linear
transverse field gradient systems, respectively. Specifi-
cally, along the z axis of the optimized region the maxi-
mum absolute deviations from the target fields are 0.11%
and 0.24%, respectively. Over the same region, the max-
imum absolute deviations between the numerically simu-
lated and analytically calculated field profiles are 0.002%
and 0.003%, respectively. We can also see the hybrid
nature of our optimization by the improved performance
of the active systems when inside, and coupled to, the
passive shield. For example, the strength of the Bx field
is nearly doubled, and its uniformity is improved by
a factor of 20, when the high-permeability cylinder is
added to the constant transverse field-generating system
[see Fig. 3(b)].
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(a)

(b)

(c)

FIG. 3. Wire layouts (a) and performance (b),(c) of an optimized hybrid active–passive constant transverse field-generating system
in which current flows on a cylinder of length Lc = 0.95 m and radius ρc = 0.245 m. The wire layouts are optimized to generate a
constant transverse field, Bx = 1 μT, across the cylinder and normal to its axis of symmetry. The current-carrying cylinder is placed
symmetrically inside a perfect closed magnetic shield of length Ls = 1 m and radius ρs = 0.25 m and the magnetic field is optimized
between ρ = [0, ρc/2] and z = ±Lc/4; see the dashed black lines in (b),(c). The least-squares optimization is performed with param-
eters N = 200, M = 1, and β = 5.95 × 10−12. (a) Color map of the optimal current streamfunction on the cylinder [blue and red
shaded regions correspond to the flow of current in opposite senses and their intensity shows the streamfunction magnitude from low
(white) to high (intense color)]. Solid and dashed black curves represent discrete wires with opposite senses of current flow, approxi-
mating the current continuum with Nϕ = 24 contour levels. (b) Transverse magnetic field Bx versus axial position z calculated from the
current continuum in (a) in three ways: analytically using Eqs. (37)–(39) (solid red curve); numerically using COMSOL Multiphysics
version 5.3a and modeling the high-permeability cylinder as a perfect magnetic conductor (blue dotted curve); numerically without
the high-permeability cylinder and using the Biot-Savart law with Nϕ = 100 contour levels (dashed green). (c) Enlarged section of (b)
emphasizing the high level of field uniformity and the agreement between the numerical and analytical results over the optimization
region.

In Fig. 5 we show the numerically calculated color maps
of the Bx field in the y-z plane generated by the constant
transverse field [Fig. 3(a)] and linear transverse field gra-
dient [Fig. 4(a)] systems, using COMSOL Multiphysics with
the shield treated as a perfect magnetic conductor. We
summarize the performance of both systems in Table I,
calculating the cylindrical shield fractions—the ratio of the
radial and axial extents of the central region to that of the
passive shield—where the maximum deviations from the

target fields are less than 0.01%, 0.05%, 0.1%, 0.5%, 1%,
and 5%.

When physically constructing active–passive structures
for real-world experiments, additional limitations must
be taken into consideration in order to generate accu-
rate magnetic fields using our design methodology. These
limitations originate either from the theoretical model
itself or from experimental practicalities. The limitations
in the theoretical model are primarily associated with
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(a) (b)

FIG. 4. Wire layouts (a) and performance (b) of an optimized hybrid active–passive linear transverse gradient field-generating
system in which current flows on a cylinder of length Lc = 0.95 m and radius ρc = 0.245 m. The wire layouts are optimized to
generate a linear transverse field gradient, dBx/dz = 1 μT/m, along the z axis of the cylinder. The current-carrying cylinder is placed
symmetrically inside a perfect closed magnetic shield of length Ls = 1 m and radius ρs = 0.25 m and the magnetic field is optimized
between ρ = [0, ρc/2] and z = ±Lc/4; see the dashed black lines in (b). The least-squares optimization is performed with parameters
N = 200, M = 1, and β = 5.95 × 10−12. (a) Color map of the optimal current streamfunction on the cylinder [blue and red shaded
regions correspond to the flow of current in opposite senses and their intensity shows the streamfunction magnitude from low (white)
to high (intense color)]. Solid and dashed black curves represent discrete wires with opposite senses of current flow, approximating
the current continuum with Nϕ = 24 contour levels. (b) Transverse magnetic field Bx versus axial position z calculated from the
current continuum in (a) in three ways: analytically using Eqs. (37)–(39) (solid red curve); numerically using COMSOL Multiphysics
version 5.3a and modeling the high-permeability cylinder as a perfect magnetic conductor (blue dotted curve); numerically without the
high-permeability cylinder and using the Biot-Savart law with Nϕ = 100 contour levels (dashed green).

how accurately the high-permeability cylinder approxi-
mates a perfect magnetic conductor. This depends on
the value of the finite permeability, the thickness of the
shielding material, and the required experimental access
holes in the shielding system. The errors introduced by

these parameters depend on the lengths, radii, and posi-
tions of the conducting and high-permeability cylinders
relative to the location of the optimization region. The
experimental limitations on the field fidelity relate to
the stability of the experimental equipment and errors in

(a) (b)

FIG. 5. Color maps showing the magnitude of the transverse magnetic field Bx in the y-z plane inside a closed finite length perfect
magnetic conductor generated by two active–passive systems: (a) the constant transverse field-generating system depicted in Fig. 3;
(b) the linear transverse gradient field-generating system depicted in Fig. 4. The field profiles are calculated numerically using COMSOL
Multiphysics version 5.3a. Contours show where the field deviates from the target field by 1% (solid curves), 0.1% (dashed curves),
0.01% (dash–dot curves), and 0.001% (dotted curves; in (a) only).
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TABLE I. Cylindrical shield fractions—defined as the ratio of
the radius and length of the central region to those of the passive
shield—where the maximum magnetic field deviations are within
0.01%, 0.05%, 0.1%, 0.5%, 1%, and 5% of the target fields
generated by the constant transverse, Bx, and linear transverse
gradient, dBx/dz, systems, depicted in Figs. 3(a) and 4(a), respec-
tively. The magnetic field deviations are calculated numerically
using COMSOL Multiphysics version 5.3a in two ways: inside
a perfect magnetic conductor (perfect case); inside a magnetic
shield with finite permeability μr = 20 000, thickness d = 1 mm,
and a circular entry hole of normalized radius ρh = 0.25ρs in
both end caps (imperfect case).

Cylindrical shield fraction

Perfect Imperfect

Maximum field
deviation (%) Bx dBx/dz Bx dBx/dz

0.01 0.320 0.237 0.190 0.168
0.05 0.398 0.315 0.350 0.268
0.1 0.437 0.348 0.442 0.320
0.5 0.472 0.448 0.474 0.440
1 0.496 0.470 0.499 0.470
5 0.598 0.553 0.598 0.551

manufacturing an accurate representation of the current
continuum. These errors include coarse discretization of
the current continuum, inexact wire placement and con-
struction, and imprecise positioning of the active structure

inside the high-permeability shield. In practice, highly
stable experimental equipment is available, particularly
power supplies and current drivers [51], and it is possi-
ble to manufacture structures that approximate the current
continuum accurately [45]. Consequently, the error intro-
duced in the formulation of our model must be calculated
to determine the accuracy of any future potential designs
in a real-world experimental setup. Our active–passive
systems must, therefore, be analyzed for the case of a
high-permeability cylinder that is not a closed perfect mag-
netic conductor. To do this, we use COMSOL Multiphysics
working in the magnetostatic regime, to determine how
the uniformity of the Bx field generated by the constant
transverse field-generating system in Fig. 3(a) changes
when the perfect closed magnetic conductor is replaced
by one that is imperfect. To construct an imperfect shield,
we define the magnetic permeability μr = 20 000 to match
the permeability of industrial standard mumetal regularly
used as a passive shield. We then vary the wall thick-
ness d of a closed magnetic shield and determine how
small d can be while maintaining high field uniformity.
Finally, using this minimum thickness, we introduce a cir-
cular axial entry hole of radius ρh at the center of each end
cap and determine how large the hole can be to preserve
field uniformity.

We use the root-mean-square (rms) field deviation

Brms

x of the attained field from the uniform target field,
calculated along the z axis of the optimized field region,

(a) (b)

Δ
B

xrm
s  
(%

)

ΔBx
rms = 0.0232% ΔBx

rms = 0.0190%

Δ
B

xrm
s  
(%

)

FIG. 6. Plots showing how the performance of the optimized hybrid active–passive constant transverse field-generating system
depicted in Fig. 3 depends (a) on the thickness d of the high-permeability cylinder (inset), and (b) on the radius ρh of the circular axial
entry hole in the two end caps (inset), which allow access to the interior of the system. (a) Root-mean-square deviation 
Brms

x evaluated
along the axis of the optimized field region, as a function of the high-permeability shield thickness d, taking μr = 20 000 and ρh = 0.
Light blue crosses show 
Brms

x values calculated numerically from the current continuum in Fig. 3(a) using COMSOL Multiphysics
version 5.3a. Horizontal dashed red line shows the analytical value of 
Brms

x = 0.0232% calculated using Eqs. (37)–(39). (b) Root-
mean-square deviation 
Brms

x evaluated along the axis of the optimized field region, as a function of the normalized axial hole radius
ρh/ρs, taking μr = 20 000 and d = 1 mm. Purple crosses show 
Brms

x values calculated numerically from the current continuum in
Fig. 3(a) using COMSOL Multiphysics version 5.3a. For comparison, the horizontal dashed light blue line shows the numerical rms
deviation 
Brms

x = 0.0190% calculated when d = 1 mm and ρh = 0.
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(a) (b)

FIG. 7. Color maps showing the magnitude of the transverse magnetic field Bx in the y-z plane inside a magnetic shield with
permeability μr = 20 000, thickness d = 1 mm, and a circular axial entry hole of normalized radius ρh = 0.25ρs around the center
of each end cap generated by two active–passive systems: (a) the constant transverse field-generating system depicted in Fig. 3; (b)
the linear transverse gradient field-generating system depicted in Fig. 4. The field profiles are calculated numerically using COMSOL
Multiphysics version 5.3a. Contours show where the field deviates from the target field by 1% (solid curves), 0.1% (dashed curves),
0.01% (dash–dot curves), and 0.001% (dotted curves; in (a) only).

to evaluate the performance of the active–passive sys-
tem. The light blue crosses in Fig. 6(a) show that 
Brms

x
values calculated numerically from the current contin-
uum in Fig. 3(a) using COMSOL Multiphysics decrease as
d increases in the range 0.05–2.5 mm with interval size
0.05 mm, converging to the thick material limit where the
thickness is assumed to be infinite. The horizontal dashed
red line shows the analytical value of 
Brms

x = 0.0232%
calculated using Eqs. (37)–(39). The numerical 
Brms

x val-
ues decrease asymptotically below this analytical limit
and approach the difference O(μ−1

r ) ≈ 0.005% [48,49]
that we predicted for our model in Sec. II. This intrin-
sic error, resulting from the small difference between thick
high-permeability materials and a perfect magnetic con-
ductor, sets the hard limit on the accuracy of any magnetic
field that can by designed using our theoretical model. In
reality, however, this limit is so small that, for a thick mate-
rial with a high permeability, such as mumetal, the errors
in manufacturing and construction will be much more
significant. As technologies advance that reduce these sys-
tem errors, such as screen-printed foldable printed circuit
boards [52] and three-dimensional printing technologies
[53], it may become more relevant to develop a model that
accounts ab initio for magnetic shields of finite permeabil-
ity and thickness.

We see from Fig. 6(a) that the asymptotic limit is
reached at approximately d = 1 mm, where 
Brms

x =
0.019%. At this point, regarding the accuracy of our model,
there is little advantage to increasing d further. Conse-
quently, in Fig. 6(b) we take d = 1 mm and examine the
effect of introducing circular axial entry holes in both end

caps of the high-permeability cylinder. Although 
Brms
x

increases as the hole radius ρh increases from no hole,
ρh = 0, to when there is no end cap, ρh = ρs, we see that
small holes in both end caps allow experimental access
without significantly reducing the fidelity of the desired
field profile. In particular, for our system, the hole radius
can be made as large as ρh = 0.25ρs while only increas-
ing 
Brms

x by 0.0012% when compared to the no hole case
(horizontal dashed light blue line).

In Fig. 7 we show the numerically calculated color
maps of the Bx field in the y-z plane generated by the
constant transverse field [Fig. 3(a)] and linear transverse
field gradient [Fig. 4(a)] systems. Both of these systems
are simulated with the same imperfect high-permeability
cylindrical magnetic shield that has had its properties
determined in the above analysis: μr = 20 000, d = 1 mm,
and ρh = 0.25ρs. The performance of both systems in
terms of the cylindrical shield fraction is summarized in
Table I.

Finally, we see from Table I that this imperfect mag-
netic shield does not introduce significant magnetic field
deviations above 0.1% when compared to a perfect shield
with the same geometry. In particular, the maximum dif-
ference between the perfect and imperfect cylindrical
shield fractions for deviations above 0.1% is only 0.028.
Large deviations in the field accuracy below 0.1% can be
graphically seen when comparing the color maps for the
perfect (Fig. 5) and imperfect (Fig. 7) cases. The con-
tours showing field deviations of 0.01% and 0.001% are
strongly perturbed, as expected from the analysis in Fig. 6,
demonstrating the hard intrinsic limit on our model when
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generating target field profiles inside real-world magnetic
shields. Similar analysis should be applied when designing
other active–passive systems using our theoretical model
in order to quantify its accuracy for a specific experi-
mental setup. Further analysis could also be performed
to determine the low-frequency limit in which a time-
dependent current source could be included. However, if
the magnitudes of any induced eddy currents are much
less than the magnitude of the coil current, such effects
will be negligible. Further designs generating more exotic
field profiles can be found in Appendix C. All designs
can be found in our open access PYTHON code that can
be used to design systems to generate a specific phys-
ical target field using our model (see below for more
details).

IV. CONCLUSION

In this paper, we develop an analytical model to cal-
culate the total magnetic field generated by an arbitrary
current flow on a cylinder that is coaxially nested within
a finite closed high-permeability cylinder. We modify
Green’s function for the magnetic vector potential, match
the radial and planar boundary conditions of the mag-
netic field through the introduction of a pseudocurrent
density, and incorporate a harmonic minimization proce-
dure to design optimal user-specified magnetic fields by
using a modified cylindrical Fourier basis. We then verify
this optimization procedure by designing coils to generate
a constant transverse field Bx across the cylinder, and a lin-
ear transverse field gradient dBx/dz along the length of the
cylinder. Our analytical calculations of these field profiles
agree well with numerical simulations. The optimization
procedure generates highly accurate Bx and dBx/dz field
profiles, inside a high-permeability cylinder, with peak-to-
peak deviations from the target profiles below 0.11% and
0.24%, respectively. The analytically predicted deviations
agree with the numerical simulations to within 0.002%
and 0.003% for the constant and linear gradient systems,
respectively.

We further investigate the validity of our model by
analyzing the behavior of the constant transverse field-
generating system inside a magnetic shield of permeability
μr = 20 000, finite thickness, and with circular axial entry
holes in the end caps. We find a range of parameters
where the analytical predictions for a perfect cylindrical
magnetic conductor remain close to numerical simulations
for a cylindrical shield with finite permeability and thick-
ness that includes entry holes, showing that the designs
generated by our model are applicable to real-world mag-
netic shields. Notably, when the active field-generating
systems are enclosed by a passive magnetic shield with
realistic experimental parameters (μr = 20 000, thickness
1 mm, and entry holes of radius equal to 25% of the
shield’s radius), the deviation from the desired constant

and linear gradient field profiles are less than 0.1% and
0.5%, respectively, over more than 40% of the central
radial and axial extents of this simulated real-world mag-
netic shield.

Our flexible optimization procedure enables the design
of new active–passive magnetic field shaping systems
to accurately generate any static magnetic field profile
in the interior of a finite closed magnetic shield, sub-
ject to satisfying Maxwell’s equations in free space and
not saturating the shielding material. This facilitates the
development and miniaturization of systems and technolo-
gies that require such control, including quantum sensors,
fundamental physics experiments, and medical technolo-
gies. Further investigation could consider an analytical
treatment of finite magnetic shield thickness and per-
meability and interactions with an open magnetic shield
topology.

The PYTHON code used to design arbitrary cylindri-
cal coils in a magnetically shielded cylinder is openly
available from GitHub [54]. Verification using COMSOL
Multiphysics requires a valid license.
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APPENDIX A: MATHEMATICAL DEFINITIONS

We have

Fn(ρ, z) =
∞

∑

p=−∞

∫ ∞

−∞
dk I ′

0(|k|ρ)

×
(

K ′
0(|k|ρc) − I ′

0(|k|ρc)K0(|k|ρs)

I0(|k|ρs)

)

C1
np(k, z),

(A1)

Gnm(ρ, z) =
∞

∑

p=−∞

∫ ∞

−∞
dk I ′

m(|k|ρ)

×
(

K ′
m(|k|ρc)− I ′

m(|k|ρc)Km(|k|ρs)

Im(|k|ρs)

)

C2
np(k, z),

(A2)
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Gw
nm(ρ, φ, z) = cos(mφ)Gnm(ρ, z),

Gq
nm(ρ, φ, z) = sin(mφ)Gnm(ρ, z), (A3)

Hnm(ρ, z) =
∞

∑

p=−∞

∫ ∞

−∞
dk mIm(|k|ρ)

×
(

K ′
m(|k|ρc) − I ′

m(|k|a)Km(|k|ρs)

Im(|k|ρs)

)

C3
np(k, z),

(A4)

H w
nm(ρ, φ, z) = sin(mφ)Hnm(ρ, z),

H q
nm(ρ, φ, z) = − cos(mφ)Hnm(ρ, z), (A5)

Dn(ρ, z) =
∞

∑

p=−∞

∫ ∞

−∞
dk I0(|k|ρ)

×
(

K ′
0(|k|ρc) − I ′

0(|k|ρc)K0(|k|ρs)

I0(|k|ρs)

)

C4
np(k, z),

(A6)

Snm(ρ, z) =
∞

∑

p=−∞

∫ ∞

−∞
dk Im(|k|ρ)

×
(

K ′
m(|k|ρc) − I ′

m(|k|ρc)Km(|k|ρs)

Im(|k|ρs)

)

C5
np(k, z),

(A7)

Sw
nm(ρ, φ, z) = cos(mφ)Snm(ρ, z),

Sq
nm(ρ, φ, z) = sin(mφ)Snm(ρ, z), (A8)

where

C1
np(k, z) = iμ0ρcnLckeik(z−pLs)

×
(

e−(−1)p ikL2 + (−1)n+1e−(−1)p ikL1

n2π2 − L2
ck2

)

, (A9)

C2
np(k, z) = i(−1)pLck

nπ
C1

np(k, z), (A10)

C3
np(k, z) = − i(−1)pLc|k|

nπkρ
C1

np(k, z), (A11)

C4
np(k, z) = i|k|

k
C1

np(k, z), (A12)

C5
np(k, z) = − (−1)pLc|k|

nπ
C1

np(k, z). (A13)

Performing the integrals over k by splitting up the odd and
even terms in p while expressing the summation over the

infinite pseudocurrent densities through a Fourier series
expansion

∞
∑

p=−∞
e2ikpLs = π

Ls

∞
∑

p=−∞
δ

(

k − πp
Ls

)

, (A14)

we can simplify the expressions in Eqs. (A1), (A2), (A4),
(A6), and (A7) as

Fn(ρ, z) =
∞

∑

p=−∞
I ′
0

(∣

∣

∣

∣

πp
Ls

∣

∣

∣

∣

ρ

)[

K ′
0

(∣

∣

∣

∣

πp
Ls

∣

∣

∣

∣

ρc

)

− I ′
0(|πp/Ls|ρc)K0(|πp/Ls|ρs)

I0(|πp/Ls|ρs)

]

C1
np(z),

(A15)

Gnm(ρ, z) =
∞

∑

p=−∞
I ′
m

(∣

∣

∣

∣

πp
Ls

∣

∣

∣

∣

ρ

)[

K ′
m

(∣

∣

∣

∣

πp
Ls

∣

∣

∣

∣

ρc

)

− I ′
m(|πp/Ls|ρc)Km(|πp/Ls|ρs)

Im(|πp/Ls|ρs)

]

C2
np(z),

(A16)

Hnm(ρ, z) =
∞

∑

p=−∞
mIm

(∣

∣

∣

∣

πp
Ls

∣

∣

∣

∣

ρ

)[

K ′
m

(∣

∣

∣

∣

πp
Ls

∣

∣

∣

∣

ρc

)

− I ′
m(|πp/Ls|ρc)Km(|πp/Ls|ρs)

Im(|πp/Ls|ρs)

]

C3
np(z),

(A17)

Dn(ρ, z) =
∞

∑

p=−∞
I0

(∣

∣

∣

∣

πp
Ls

∣

∣

∣

∣

ρ

)[

K ′
0

(∣

∣

∣

∣

πp
Ls

∣

∣

∣

∣

ρc

)

− I ′
0(|πp/Ls|ρc)K0(|πp/Ls|ρs)

I0(|πp/Ls|ρs)

]

C4
np(z),

(A18)

Snm(ρ, z) =
∞

∑

p=−∞
Im

(∣

∣

∣

∣

πp
Ls

∣

∣

∣

∣

ρ

)[

K ′
m

(∣

∣

∣

∣

πp
Ls

∣

∣

∣

∣

ρc

)

− I ′
m(|πp/Ls|ρc)Km(|πp/Ls|ρs)

Im(|πp/Ls|ρs)

]

C5
np(z),

(A19)

where

C1
np(z) = iμ0ρcnLc

pei(πpz/Ls)

n2L2
s − L2

cp2

× {[(−1)pei(πpL2/Ls) + e−i(πpL2/Ls)]

+ (−1)n+1[(−1)pei(πpL1/Ls) + e−i(πpL1/Ls)]},
(A20)
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(a) (b)

FIG. 8. Wire layouts (a) and performance (b) of an optimized hybrid active–passive uniform axial field-generating system in which
current flows on a cylinder of length Lc = 0.95 m and radius ρc = 0.245 m. The wire layouts are optimized to generate axial constant
fields Bz of two different magnitudes along the z axis of the cylinder in two separate regions. The current-carrying cylinder is placed
symmetrically inside a perfect closed magnetic shield of length Ls = 1 m and radius ρs = 0.25 m and target magnetic field values of
Bz = 1 μT and Bz = 2 μT are optimized between ρ = [0, ρc/2] and either z = [−0.45Lc, 0.15Lc] [dashed black lines in (b) where
target Bz = 1 μT] and z = [0.15Lc, 0.45Lc] [dash–dot black lines in (b) where target Bz = 2 μT]. The least-squares optimization is
performed with parameters N = 200, M = 0, and β = 2.97 × 10−11. (a) Color map of the optimal current streamfunction on the
cylinder [blue and red shaded regions correspond to the flow of current in opposite senses and their intensity shows the streamfunction
magnitude from low (white) to high (intense color)]. Solid and dashed black curves represent discrete wires with opposite senses
of current flow, approximating the current continuum with Nϕ = 8 contour levels. (b) Axial magnetic field Bz versus axial position
z calculated from the current continuum in (a) in three ways: analytically using Eqs. (37)–(39) (solid red curve); numerically using
COMSOL Multiphysics version 5.5a and modeling the high-permeability cylinder as a perfect magnetic conductor (blue dotted curve,
which essentially overlays the red curve); numerically without the high-permeability cylinder and using the Biot-Savart law with
Nϕ = 250 contour levels (dashed green curve).

C2
np(z) = μ0ρcL2

c

Ls

p2ei(πpz/Ls)

n2L2
s − L2

cp2

× {[(−1)pei(πpL2/Ls) − e−i(πpL2/Ls)]

+ (−1)n+1[(−1)pei(πpL1/Ls) − e−i(πpL1/Ls)]},
(A21)

C3
np(z) = − |p|Ls

p2πρ
C2

np(z), (A22)

C4
np(z) = i|p|

p
C1

np(z), (A23)

C5
np(z) = i|p|

p
C2

np(z). (A24)

APPENDIX B: SOLENOIDAL COIL

As shown in previous work [36–38], a solenoid of the
same length as the high-permeability cylinder provides the
most optimal solution for generating a constant axial field.
Because of the image currents, the finite solenoid effec-
tively acts as one of infinite extension, resulting in the

most homogeneously possible magnetic field in the z direc-
tion. A perfect finite solenoid of length Lc carries a total
current of

It =
∫ Lc/2

−Lc/2
dz′ I , (B1)

where I is the current density, i.e., the current per unit
solenoid length, resulting in the azimuthal current It/Lc.
Using Eq. (25), the Fourier transform of the current
through a finite solenoid is given by

J mp
φ (k) = Itδm0e−ikpLcSinc(kLc/2). (B2)

Substituting the above equation into Eq. (33) gives the
magnetic field in the z direction:

Bz(ρ, φ, z) = μ0Itρc

2π

∞
∑

p=−∞

∫ ∞

−∞
dk |k|eikze−ikpL

× Sinc
(

kLc

2

)

I0(|k|ρ)

×
[

K1(|k|ρc) + I1(|k|ρc)K0(|k|ρs)

I0(|k|ρs)

]

. (B3)
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(a) (b)

(c)

FIG. 9. Wire layouts (a) and performance (b),(c) of an optimized hybrid active–passive quadratic gradient field-generating system
in which current flows on a cylinder of length Lc = 0.95 m and radius ρc = 0.245 m. The wire layouts are optimized to generate a
quadratic gradient field B = (2xzx̂ − 2yzŷ + (x2 − y2)ẑ) μT. The current-carrying cylinder is placed symmetrically inside a perfect
closed magnetic shield of length Ls = 1 m and radius ρs = 0.25 m and the magnetic field is optimized between ρ = [0, ρc/2] and
z = ±Lc/4; see the dashed black lines in (b) and (c), respectively. The least-squares optimization is performed with parameters N =
200, M = 2, and β = 5.95 × 10−12. (a) Color map of the optimal current streamfunction on the cylinder [blue and red shaded regions
correspond to the flow of current in opposite senses and their intensity shows the streamfunction magnitude from low (white) to high
(intense color)]. Solid and dashed black curves represent discrete wires with opposite senses of current flow, approximating the current
continuum with Nϕ = 24 contour levels. (b) Axial magnetic field Bz versus transverse position x at z = 0 calculated from the current
continuum in (a) in three ways: analytically using Eqs. (37)–(39) (solid red curve); numerically using COMSOL Multiphysics version
5.5a and modeling the high-permeability cylinder as a perfect magnetic conductor (blue dotted curve, which essentially overlays the
red curve); numerically without the high-permeability cylinder and using the Biot-Savart law with Nϕ = 250 contour levels (dashed
green curve). (c) Transverse magnetic field Bx versus axial position z at x = 0.05 m calculated from the current continuum in (a) in the
same three ways as (b); labeled as in (b).

Performing the integral over k by expressing the summation over the infinite pseudocurrent reflections through a Fourier
series expansion

∞
∑

p=−∞
eikpLs = 2π

Ls

∞
∑

p=−∞
δ

(

k − 2πp
Ls

)

, (B4)

we find that

Bz(ρ, φ, z) = μ0Itρc

Lc

∞
∑

p=−∞

∣

∣

∣

∣

2πp
Lc

∣

∣

∣

∣

cos
(

2πpz
Lc

)

Sinc(πp)I0

(∣

∣

∣

∣

2πp
Lc

∣

∣

∣

∣

ρ

)[

K1

(∣

∣

∣

∣

2πp
Lc

∣

∣

∣

∣

ρc

)

+ I1(|2πp/Lc|ρc)K0(|2πp/Lc|ρs)

I0(|2πp/Lc|ρs)

]

.

(B5)
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This summation can be simplified as the only con-
tributing term is p = 0, which, when evaluated, results
in

Bz (ρ, φ, z) = μ0It

Lc
. (B6)

This result might seem counterintuitive because the mag-
netic field is identical to a long solenoid in free space
with N turns, i.e., Bz(ρ, φ, z) = μ0IN/Lc, with no field cre-
ated by the cylindrical surface of the passive shield. This
is, however, entirely physical as an infinite solenoid gen-
erates zero magnetic field outside of the solenoid itself.
Consequently, there is no response due to the surface of
the cylindrical wall and, therefore, no magnetic field gen-
erated by the cylindrical surface of the perfect magnetic
conductor, i.e., the high-permeability cylinder.

APPENDIX C: EXAMPLE COIL DESIGNS

In Figs. 8 and 9, we present further hybrid active–passive
systems, which generate more complex magnetic field
landscapes beyond the constant field and field gradient
considered in the main body of the paper. The coor-
dinate axes and magnetic field plots are labeled in the
same way as the systems presented in the main text. The
design in Fig. 8 generates uniform axial magnetic fields Bz
with different strengths in two different regions of a mag-
netic shield. The design in Fig. 9 generates a quadratic
gradient field whose spatial variation matches the har-
monic B = [2xzx̂ − 2yzŷ + (x2 − y2)ẑ]. Further systems
can be designed using the PYTHON code in the GitHub
repository [54].
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Hybrid magnetic shields with both active field generating components and high-permeability magnetic
shielding are increasingly needed for various technologies and experiments that require precision-
controlled magnetic field environments. However, the fields generated by the active components interact
with the passive magnetic shield, distorting the desired field profiles. Consequently, optimization of the
active components needed to generate user-specified target fields must include coupling to the high-
permeability passive components. Here, we consider the optimization of planar active systems, on which
an arbitrary static current flows, coupled to a closed high-permeability cylindrical shield. We modify the
Green’s function for the magnetic vector potential to match boundary conditions on the shield’s interior
surface, enabling us to construct an inverse optimization problem to design planar coils that generate
user-specified magnetic fields inside high-permeability shields. We validate our methodology by design-
ing two biplanar hybrid active-passive systems, which generate a constant transverse field, B = x̂, and a
linear field gradient, B = (−xx̂ − yŷ + 2zẑ), respectively. For both systems, the inverse-optimized mag-
netic field profiles agree well with forward numerical simulations. Our design methodology is accurate and
flexible, facilitating the miniaturization of high-performance hybrid magnetic field generating technologies
with strict design constraints and spatial limitations.

DOI: 10.1103/PhysRevApplied.15.064006

I. INTRODUCTION

Tailored, high-precision, low magnetic field environ-
ments are required for many applications, devices, and
experiments. Examples include magnetic field control in
quantum sensing of gravity for underground surveying
and mapping [1–4], magnetic field cancelation for atomic
magnetometry [5] with applications in medical imaging
such as magnetoencephalography [6–9] and neonatal and
fetal magnetocardiography [10–12], and noise suppres-
sion in fundamental physics experiments [13–15]. Usually,
these systems are enclosed by a shield formed from high-
permeability material, which reduces stray external mag-
netic fields that can limit the accuracy and sensitivity of the
measurements. In particular, cylindrical shield geometries
are often used because the dimensions and spacing of mul-
tiple cylindrical shield layers can be optimized to generate
a large interior shielded region [16,17]. The magnetic field
interior to the shield can then be adjusted by active field
generating components to either cancel background fields
further or to define a specific field environment. How-
ever, the surrounding passive shielding material deforms

*mark.fromhold@nottingham.ac.uk

the magnetic field profiles generated by the active compo-
nents, making it hard to design wire patterns that accurately
generate specified target magnetic field profiles [18].

Boundary element methods (BEMs) can be used to opti-
mize magnetic fields generated by surface currents on a
triangular mesh [19–22] to generate arbitrary target mag-
netic fields. BEMs are extremely powerful and flexible
since they can be used to define active systems with com-
plex geometries inside passive shields. They are, however,
limited by computational power with results depending
on mesh size and on the distance of the active compo-
nents from the shielding material. Alternatively, analytical
methods for optimizing hybrid active-passive systems are
advantageous since they provide intuition and understand-
ing of how magnetic fields are distorted by the presence of
high-permeability material. Analytical formulations also
provide a fast and efficient route to determine the best sys-
tem for generating a bespoke user-specified magnetic field
profile.

Currently, analytical models for hybrid active-passive
systems are restricted to a limited number of scenar-
ios. Simple discrete coil geometries have been formulated
in cylindrical high-permeability magnetic shields, where
the magnetic field is decomposed into azimuthal Fourier
modes [23–25] and matched at the shield boundary.

2331-7019/21/15(6)/064006(18) 064006-1 © 2021 American Physical Society
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Planar high-permeability materials have been incorpo-
rated into optimization procedures using the method of
mirror images [26,27] to determine the total magnetic
field generated by a static current source inside a mag-
netically shielded room [28–31]. Similar work in mag-
netic resonance imaging has investigated the interaction of
switched magnetic field gradients with high-conductivity
materials used for passive shielding [32]. These formu-
lations incorporate the effect of the shielding material by
explicitly solving Maxwell’s equations by matching the
required boundary conditions on the surface interface to
find the total magnetic field generated by the system.
More recently, solutions for the interaction between a
static current source and a finite-length closed cylindrical
high-permeability shield have been formulated for the spe-
cific case of cylindrical coaxial surface current geometries
[33]. The boundary conditions at the shield’s surface were
approximated to those of a perfect magnetic conductor and
the response of the shield was calculated by matching the
azimuthal Fourier modes and using the method of mirror
images. The magnetic field generated by the entire system
was then calculated in terms of the initial current source
and used in conjunction with a least squares optimization
to determine globally optimal cylindrical currents to gen-
erate arbitrary magnetic field profiles. However, coaxial
cylindrical coils are not appropriate to all systems because
of length and optical access limitations.

In this work, by applying the same approach as Packer
et al. [33], we analytically determine the effect of a finite-
length closed cylindrical high-permeability shield on the
magnetic field generated by an arbitrary static current
distribution on an interior circular plane, oriented perpen-
dicular to the axis of the cylinder. We calculate the effect of
the high-permeability cylinder on the magnetic field pro-
duced by current flow on the plane, which enables us to
determine optimal current paths to generate user-specified
target fields inside the cylinder. We first derive the vector
potential generated by an arbitrary planar current source.
Then, we calculate a pseudocurrent density induced on
the cylindrical surface of the high-permeability material in
response to the planar current source, and, hence, derive a
Green’s function for our system. Finally, we implement a
Fourier decomposition of the current paths to calculate the
total magnetic field in terms of a set of weighted Fourier
coefficients. This formulation allows the incorporation of
a quadratic optimization procedure to determine globally
optimal designs that generate user-specified target mag-
netic field profiles. Through the use of this optimization
procedure, we design two example biplanar coil systems
optimized for operation inside a finite-length closed high-
permeability cylindrical magnetic shield. In both cases,
we confirm that our analytical model agrees well with
the result of numerical finite element simulations. Our
work extends the range of coil geometries that can be
efficiently optimized to generate static user-specified target

magnetic fields in the presence of high-permeability mate-
rials, expanding design flexibility for systems that require
precision-controlled magnetic field environments.

II. THEORY

In Ref. [33] the interaction between an arbitrary static
current flow on a cylinder and an exterior finite-length
closed high-permeability cylindrical magnetic shield was
formulated analytically. The vector potential in free space
was related to an arbitrary current on the cylinder jc, and
a bound pseudocurrent on the shield’s cylindrical surface
˜j, which is equivalent to the induced magnetization of the
shield, resulting in

∇2A = −μ0(jc +˜j), (1)

with integral solution in terms of an arbitrary current
density

A(r) = μ0

∫

r′
d3r′G(r, r′)j(r′), (2)

where G(r, r′) is the associated Green’s function for the
system [26]. It was then shown that the high-permeability
magnetic shield could be assumed to be a perfect magnetic
conductor with minimal error, meaning a combination of
methods could be used to satisfy the boundary conditions
at the shield’s surface. From this, the total magnetic field
generated by the entire system could be efficiently calcu-
lated in terms of the initial current source. An orthogonal
current density basis was then used in conjunction with a
least squares optimization to determine globally optimal
current flow patterns in a cylindrical basis. The subse-
quent example designs were verified using numerical finite
element software, showing deviations from the analytical
model of O(μ−1), in line with previous findings [34,35].
Here, we use the same methodology to find optimal current
flow patterns on a planar basis interior to a finite-length
closed high-permeability cylindrical magnetic shield.

We consider a closed cylindrical magnetic shield sur-
rounded by free space, as shown in Fig. 1. This cylinder
has relative permeability, μr � 1, radius ρs, and length
Ls, with planar end caps located at z = ±Ls/2. Inside this
cylinder, an arbitrary current flows on a circular planar sur-
face of radius ρc < ρs, centered on the z axis and lying in
the z = z′ plane where |z′| < Ls/2.

The boundary conditions on the surface of the shield,
illustrated in Fig. 1, are approximated to that of a perfect
magnetic conductor

Bρ

∣

∣

z=±Ls/2 = 0, Bφ

∣

∣

z=±Ls/2,ρ=ρs
= 0, Bz

∣

∣

ρ=ρs
= 0,

(3)

provided the material permeability and thickness are suffi-
ciently large [33].
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FIG. 1. A cylindrical hollow high-permeability magnetic
shield of length Ls, radius ρs, and with planar end caps located at
z = ±Ls/2 encloses an interior circular current source (bounded
by the upper dashed curve) of radius ρc < ρs, which lies in the
z = z′ plane.

The vector potential generated by a current source in
cylindrical coordinates can be expressed as

Aρ(r) = μ0

∫

r′
d3r′G(r, r′)[jρ(r′) cos(φ − φ′)

+ jφ(r′) sin(φ − φ′)], (4)

Aφ(r) = −μ0

∫

r′
d3r′G(r, r′)[jρ(r′) sin(φ − φ′)

− jφ(r′) cos(φ − φ′)], (5)

Az(r) = μ0

∫

r′
d3r′G(r, r′)jz(r′). (6)

Since there is no current flow in the z direction for a
planar current source perpendicular to the axis of the
cylindrical shield, the continuity equation can be used to
express the planar current flow in terms of a single scalar
streamfunction defined on the planar surface

jρ(r′) = 1
ρ ′

∂ϕ(r′)
∂φ′ , jφ(r′) = −∂ϕ(r′)

∂ρ ′ , (7)

where ϕ(r′) = ϕ(ρ ′, φ′). To exploit the radial symmetries
of the system, we choose to decompose the Green’s func-
tion in cylindrical coordinates in terms of Bessel functions
of the first kind,

G(r, r′) = 1
4π

∞
∑

m=−∞
eim(φ−φ′)

×
∫ ∞

0
dk e−k|z−z′|Jm(kρ)Jm(kρ ′), (8)

allowing the vector potential to be expressed in terms of
cylindrical harmonics defined on a circular plane. Using
Eqs. (4)–(8), we cast the vector potential in a simplified
form

Aρ(r) = iμ0

2ρ

∞
∑

m=−∞
eimφ

∫ ∞

0
dk me−k|z−z′|Jm(kρ)ϕm(k),

(9)

Aφ(r) = −μ0

2

∞
∑

m=−∞
eimφ

∫ ∞

0
dk ke−k|z−z′|J ′

m(kρ)ϕm(k),

(10)

Az(r) = 0, (11)

where J ′
m(z) is the derivative of Jm(z) with respect to z, and

ϕm(k) is defined as the mth order Hankel transform

ϕm(k) = 1
2π

∫ ∞

0
dρ ′

∫ 2π

0
dφ′ e−imφ′

ρ ′Jm(kρ ′)ϕ(ρ ′, φ).

(12)

We now consider the vector potential generated by the
magnetic shield. We seek a Fourier representation of the
bound pseudocurrent density, j̃ = j̃φ(φ′, z′) φ̂ + j̃z(φ′, z′)ẑ,
which satisfies the boundary condition over the entire
domain of the shield. In particular, we wish to equate the
shared azimuthal Fourier modes at the radial boundary of
the shield cylinder. This is achieved using a combination
of methods that must be applied sequentially, since each
method satisfies the condition at an orthogonal boundary.
The radial condition is satisfied by equating the magnetic
field generated by the cylindrical pseudocurrent density
and planar current flow, generating a relation between the
response of an infinite cylindrical shield and the initial cur-
rent source. Then, the boundary condition at the end caps
can simultaneously be satisfied by applying the method
of mirror images [26]. These methods can be combined
because the infinite pseudocurrent density and planar cur-
rent flow are spatially orthogonal to the end caps, meaning
that any reflections generated by the application of the
method of mirror images continue to satisfy the radial con-
dition. The components of the vector potential generated
by a pseudocurrent density induced on an infinite cylinder
[32] in the region ρ < ρs are given by

Aρ(ρ, φ, z) = − iμ0ρs

4π

∞
∑

m=−∞

∫ ∞

−∞
dk eimφeikz

× [Im−1(|k|ρ)Km−1(|k|ρs)

− Im+1(|k|ρ)Km+1(|k|ρs)]j̃ m
φ (k), (13)
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Aφ(ρ, φ, z) = μ0ρs

4π

∞
∑

m=−∞

∫ ∞

−∞
dk eimφeikz

× [Im−1(|k|ρ)Km−1(|k|ρs)

+ Im+1(|k|ρ)Km+1(|k|ρs)]j̃ m
φ (k), (14)

Az(ρ, φ, z) = μ0ρs

2π

∞
∑

m=−∞

∫ ∞

−∞
dk eimφeikz

× Im(|k|ρ)Km(|k|ρs)j̃ m
z (k), (15)

where the Fourier transforms of the pseudocurrents are
defined by

j m
φ (k) = 1

2π

∫ 2π

0
dφ′ e−imφ′

∫ ∞

−∞
dz′ e−ikz′

j̃φ(φ′, z′), (16)

j m
z (k) = 1

2π

∫ 2π

0
dφ′ e−imφ′

∫ ∞

−∞
dz′ e−ikz′

j̃z(φ′, z′). (17)

The corresponding inverse transforms are given by

j̃φ(φ′, z′) = 1
2π

∞
∑

m=−∞

∫ ∞

−∞
dk eimφ′

eikz′
j m
φ (k), (18)

j̃z(φ′, z′) = 1
2π

∞
∑

m=−∞

∫ ∞

−∞
dk eimφ′

eikz′
j m
z (k). (19)

Therefore, adding the contributions from the planar current
flow, Eqs. (9)–(10), and the infinite pseudocurrent density,
Eqs. (13)–(15), while using Eqs. (16)–(19), and applying
the method of mirror images for two infinitely large paral-
lel planes, we can write the total magnetic field generated
by the system in the region ρ < ρs as

Bρ(ρ, φ, z) = − μ0

2π

∞
∑

p=−∞

∞
∑

m=−∞
eimφ

×
[ ∫ ∞

0
dk k2 z − (−1)pz′ + pLs

|z − (−1)pz′ + pLs|
× e−k|z−(−1)p z′+pLs|J ′

m(kρ)ϕm(k)

− iρs

π

∫ ∞

−∞
dk keikzI ′

m(|k|ρ)K ′
m(|k|ρs)j

mp
φ (k)

]

,

(20)

Bφ(ρ, φ, z) = − iμ0

2ρ

∞
∑

p=−∞

∞
∑

m=−∞
meimφ

×
[ ∫ ∞

0
dk k

z − (−1)pz′ + pLs

|z − (−1)pz′ + pLs|
× e−k|z−(−1)p z′+pLs|Jm(kρ)ϕm(k)

− iρs

π

∫ ∞

−∞
dk

|k|
k

eikzIm(|k|ρ)K ′
m(|k|ρs)j

mp
φ (k)

]

,

(21)

Bz(ρ, φ, z) = μ0

2

∞
∑

p=−∞

∞
∑

m=−∞
eimφ

×
[ ∫ ∞

0
dk k2e−k|z−(−1)p z′+pLs|Jm(kρ)ϕm(k)

− ρs

π

∫ ∞

−∞
dk |k|eikzIm(|k|ρ)K ′

m(|k|ρs)j
mp
φ (k)

]

,

(22)

where j mp
φ (k) is the pth reflected Fourier-transformed

azimuthal pseudocurrent density induced on the cylindri-
cal surface of the magnetic shield with I ′

m(z) and K ′
m(z)

defined as the derivatives with respect to z of the modified
Bessel functions of the first and second kinds, Im(z) and
Km(z), respectively. By applying the boundary condition
at the radial surface, Eq. (3), we can match the shared mth
azimuthal Fourier mode generated by each pth reflected
pseudocurrent and streamfunction, resulting in the relation

∫ ∞

−∞
dk |k|eikzIm(|k|ρs)K ′

m(|k|ρs)j
mp
φ (k)

= π

ρs

∫ ∞

0
dk k2e−k|z−(−1)p z′+pLs|Jm(kρs)ϕ

m(k). (23)

Physically, due to the formulation of the response in terms
of a pseudocurrent density, there must be a unique solution
that is independent of the axial position that satisfies the
boundary condition over the infinite domain of the cylin-
drical shield. Therefore, we perform an inverse Fourier
transform with respect to z to generate an integral represen-
tation of the pth reflected Fourier pseudocurrent density,
j mp
φ (k), in terms of the mth-order Hankel transform of the

streamfunction defined on the planar surface, ϕm(k),

j mp
φ (k) = e−ik[(−1)p z′+pLs]

ρs|k|Im(|k|ρs)K ′
m(|k|ρs)

×
∫ ∞

0
dk̃

k̃3

k̃2 + k2
Jm(k̃ρs)ϕ

m(k̃). (24)

This expression for j mp
φ (k) can now be substituted into

Eqs. (20)–(22) to determine the total magnetic field in
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terms of ϕm(k). Next, we must choose an appropriate
expansion of the streamfunction, ϕ(ρ ′, φ′). Although the
choice of orthogonal basis for the expansion of the stream-
function is somewhat arbitrary, a choice of basis that
considers the symmetries between the Hankel transform,

coordinate system, and the integral representation of the
pseudocurrent yields a simpler solution. Here, we choose
to decompose the radial component of the planar current
flow into a Fourier-Bessel series while using a Fourier
series representation of the azimuthal dependence,

ϕ(ρ ′, φ′) = [H(ρ ′) − H(ρ − ρc)]ρc

N
∑

n=1

M
∑

m′=0

Jm′

(

ρnm′ρ ′

ρc

)

[Wnm′ cos(m′φ′) + Qnm′ sin(m′φ′)], (25)

where (Wnm′ , Qnm′) are Fourier coefficients and ρnm′ is the nth zero of the m′th Bessel function of the first kind,
Jm′(ρnm′) = 0. Therefore, using Eqs. (20)–(22), (24), and (25), the total magnetic field generated by an arbitrary
current flow on the planar surface inside the closed finite high-permeability cylinder can be written as

Bρ(ρ, φ, z) = μ0ρ
3
c

2

N
∑

n=1

M
∑

m=0

ρnmJ ′
m(ρnm)[Wnm cos(mφ) + Qnm sin(mφ)]Bnm

ρ (ρ, z), (26)

Bφ(ρ, φ, z) = μ0ρ
3
c

2ρ

N
∑

n=1

M
∑

m=0

mρnmJ ′
m(ρnm)[Wnm sin(mφ) − Qnm cos(mφ)]Bnm

φ (ρ, z), (27)

Bz(ρ, φ, z) = μ0ρ
3
c

2

N
∑

n=1

M
∑

m=0

ρnmJ ′
m(ρnm)[Wnm cos(mφ) + Qnm sin(mφ)]Bnm

z (ρ, z), (28)

where

Bnm
ρ (ρ, z) = −

∫ ∞

0
dk k2σ(k; z, z′, Ls)

J ′
m(kρ)Jm(kρc)

k2ρ2
c − ρ2

nm
−

∞
∑

p=1

p̃|p̃|λp(z, z′, Ls)
I ′
m(|p̃|ρ)Im(|p̃|ρc)Km(|p̃|ρs)

Im(|p̃|ρs)(|p̃|2ρ2
c + ρ2

nm)
, (29)

Bnm
φ (ρ, z) =

∫ ∞

0
dk kσ(k; z, z′, Ls)

Jm(kρ)Jm(kρc)

k2ρ2
c − ρ2

nm
+

∞
∑

p=1

p̃λp(z, z′, Ls)
Im(|p̃|ρ)Im(|p̃|ρc)Km(|p̃|ρs)

Im(|p̃|ρs)(|p̃|2ρ2
c + ρ2

nm)
, (30)

Bnm
z (ρ, z) =

∫ ∞

0
dk k2γ (k; z, z′, Ls)

Jm(kρ)Jm(kρc)

k2ρ2
c − ρ2

nm
−

∞
∑

p=1

p̃2τp(z, z′, Ls)
Im(|p̃|ρ)Im(|p̃|ρc)Km(|p̃|ρs)

Im(|p̃|ρs)(|p̃|2ρ2
c + ρ2

nm)
, (31)

and

γ (k; z, z′, Ls) = e−k|z−z′| + 2
e2kLs − 1

{ekLs cosh[k(z + z′)] + cosh[k(z − z′)]}, (32)

σ(k; z, z′, Ls) = z − z′

|z − z′|e−k|z−z′| − 2
e2kLs − 1

{ekLs sinh[k(z + z′)] + sinh[k(z − z′)]}, (33)

λp(z, z′, Ls) = 2
Ls

{(−1)p sin[p̃(z + z′)] + sin[p̃(z − z′)]}, (34)

τp(z, z′, Ls) = 2
Ls

{(−1)p cos[p̃(z + z′)] + cos[p̃(z − z′)]}, (35)

with p̃ = pπ/Ls. A full derivation of these expressions is given in Appendix A. Here, as in Ref. [33], we solve for
the unknown Fourier coefficients, (Wnm, Qnm), using a least squares minimization with the addition of the power as
the regularization parameter. The power P dissipated by a circular planar current source of thickness t and resistivity
� is given by
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P = �

t

∫ ρc

0
dρ ′ρ ′

∫ 2π

0
dφ′|Jρ(ρ

′, φ′)|2 + |Jφ(ρ ′, φ′)|2. (36)

Substituting Eq. (25) into Eq. (7) and then Eq. (36), and integrating over the planar surface we find that, for m = 0,

P = �

t
πρ2

c

N
∑

n=1

W2
n0ρ

2
n0J1(ρn0)

2, (37)

and, for m ∈ Z
+,

P = �

t
πρ2

c

N
∑

n=1

M
∑

m=1

(W2
nm + Q2

nm)

(

ρnm

2

)2m 1
m! (m − 1)!

[

2F̃3

(

m, m + 1
2

; m + 1, m + 1, 2m + 1; −ρ2
nm

)

− ρ2
nm

2(m + 1)2 3F̃4

(

m + 1
2

, m + 1, m + 1; m, m + 2, m + 2, 2m + 1; −ρ2
nm

)]

, (38)

where iF̃j is the regularized hypergeometric function; see
Appendix B for a full derivation. The cost function for the
least squares minimization is thus given by

� =
K

∑

k

[Bdesired(rk) − B(rk)]2 + βP, (39)

where β is a weighting parameter chosen to adjust the
physical constraints of the system. The cost function is
minimized using a least squares fitting to calculate the opti-
mal Fourier coefficients to generate the desired magnetic
field at K target points. The minimization is achieved by
taking the differential of the cost function with respect to
the Fourier coefficients,

∂�

∂Wij
= 0,

∂�

∂Qij
= 0, for i ≥ 1, j ≥ 0, (40)

which enables the optimal Fourier coefficients to be found
for any given physical target magnetic field profile through
matrix inversion. The inversion process yields the optimal
continuous streamfunction defined on the planar surface
for a finite number of Fourier coefficients. The number of
Fourier coefficients should be chosen and the streamfunc-
tion discretized in accordance with previous work [33].
Other optimization methods, such as linear programming,
could be used to determine optimal designs to allow for
more direct constraints on the field fidelity at specific
target points [21,22]. Alternatively, the optimal Fourier
coefficients for a specific target region could be found
using a numerical procedure such as a particle swarm
optimization [36].

III. RESULTS

We now verify our analytical model by designing hybrid
active-passive systems composed of biplanar coils inside

a closed high-permeability magnetic shield and compare
the resulting magnetic field profiles with forward numer-
ical simulations of each optimized system. We consider
two distinct systems, each containing current confined to
two disks of radius ρc = 0.45 m and symmetrically placed
at z′ = ±0.45 m. Both systems are interior to a perfect
closed cylindrical magnetic shield of radius ρs = 0.5 m
and length Ls = 1 m centered on the origin, as shown in
Fig. 2. The first system is designed to generate a constant
transverse field, B = B0x̂, and the second system cre-
ates a linear field gradient, B = (−xx̂ − yŷ + 2zẑ), within
an optimization region defined by −z′/2 ≤ z ≤ z′/2 and
0 ≤ ρ ≤ ρc/4. The magnetic field profiles chosen, i.e., the
uniform transverse and linear gradient fields, are exam-
ples of tesseral (m 	= 0) and zonal (m = 0) harmonics,

FIG. 2. Schematic diagram showing the areas occupied by
the biplanar coils (light gray) inside a cylindrical closed
high-permeability magnetic shield (black outline). The high-
permeability shield is of length Ls = 1 m and radius ρs = 0.5 m,
with planar end caps located at z = ±Ls/2. The shield encloses
interior conducting planes of radius ρc = 0.45 m that are located
at z′ = ±0.45 m. The optimization region (red) is bounded
along the z axis between the coil planes with top and bottom
positions z = ±z′/2, respectively, and extends radially between
ρ = [0, ρc/4].
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(a) (b)

(c) (d)

FIG. 3. Wire layouts (a) and performance (b)–(d) of a hybrid active-passive system optimized to generate a constant transverse
magnetic field, Bx. Current flows on the surface of two disks of radius ρc = 0.45 m, which are separated symmetrically from the
origin and lie at z′ = ±0.45 m. The wire layouts are optimized to generate a constant transverse field, B0 = 1 μT, across the cylinder
and normal to its axis of symmetry. The current-carrying planes are placed symmetrically inside a perfect closed magnetic shield
of radius ρs = 0.5 m and length Ls = 1 m and the magnetic field is optimized between ρ = [0, ρc/4] and z = ±z′/2, as shown
in Fig. 2. The least squares optimization is performed with parameters N = 50, M = 1, β = 1.77 × 10−9 T2/W, t = 0.5 mm, and
ρ = 1.68 × 10−8 �m. (a) Color map of the optimal current streamfunction calculated for the upper current-carrying plane in Fig.
2. Blue and red shaded regions correspond to current counterflows and their intensity shows the streamfunction magnitude from low
(white) to high (intense color). Solid and dashed black curves represent discrete wires with opposite senses of current flow, approximat-
ing the current continuum with Nϕ = 12 global contour levels. Streamfunction on the lower light gray plane in Fig. 2 is geometrically
identical but the current direction is reversed. (b) Transverse magnetic field, Bx, calculated versus transverse position, x, for y = z = 0,
from the current continuum in (a) in three ways: analytically using Eqs. (26)–(28) (solid red curve); numerically using COMSOL Multi-
physics version 5.5a, modeling the high-permeability cylinder as a perfect magnetic conductor (blue dotted curve); numerically without
the high-permeability cylinder and using the Biot-Savart law with Nϕ = 100 contour levels (dashed green curve). Black lines enclose
the regions where the calculated field deviates from the target field by 5% (dashed) and 1% (dash-dot). (c) Transverse magnetic field,
Bx, calculated versus axial position, z, for x = y = 0, from the current continuum in the same three ways as for (b). (d) Enlarged
section of (c) showing good agreement between the numerical and analytical results throughout the optimization region.

respectively, which exhibit m-fold and complete azimuthal
symmetry [37], which facilitates analysis of the shield’s
particular response to tesseral and zonal harmonic fields
generated by planar current sources. The two systems
that we consider here are chosen to illustrate targeted

magnetic field compensation in situations where compact
systems are required, but space inside the central cylin-
drical cavity of the system is limited by the presence
of experimental equipment (e.g., magnetic sensors). Coil
designs generating other field profiles, for example using
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combinations of planar coils with varying sizes, can be
found in Appendix C. All designs can be replicated using
our open-access PYTHON code [38].

In Figs. 3(a) and 5(a), we show the optimized contoured
streamfunctions for the constant transverse and linear field
gradient systems, respectively. Because of the symmetric
placement of the biplanar coil systems and optimized field
regions within the shield (see Fig. 2), the magnitudes
of the streamfunctions defined on both coils are identi-
cal. The current flow directions, however, are opposite,
due to the form of the desired fields. Figures 3(b)–3(d)
show the transverse magnetic field, B0 = 1 μT, along the
x axis and z axis, respectively, generated by the bipla-
nar coil design shown in Fig. 3(a) calculated in three
different ways: analytically using Eqs. (26)–(28) (solid red
curves); numerically using COMSOL Multiphysics® with
the shield treated as a perfect magnetic conductor (blue
dotted curves); numerically in free space, i.e., excluding
the high-permeability material and evaluating the magnetic
fields through the Biot-Savart law for discretized biplanar
coils with Nϕ = 100 (dashed green curve). Furthermore,
color maps of the transverse and axial magnetic field com-
ponents in the x − z plane are presented in Figs. 4(a) and
4(b), respectively, calculated numerically using COMSOL
Multiphysics with the shield treated as a perfect magnetic
conductor. Similarly, Figs. 5(b) and 5(c) show the field
gradients, dBx/dx = −1 μT/m and dBz/dz = 2 μT/m,
along the x axis and z axis, respectively, generated by the
biplanar coil system shown in Fig. 5(a) in the same three
cases with similar color maps of the magnetic field com-
ponents in the x-z plane shown in Figs. 6(a) and 6(b).
For both designs, the analytical field profiles agree well
with numerical simulations. The maximum errors between
the analytical model and numerical simulation are 0.052%
and 0.043% for the constant transverse field and the gra-
dient of the linear gradient field, respectively, along the z
axis of the optimization region. The error between these
results could be decreased by reducing the mesh size at a
cost of increased computational effort. Here, the mesh size
has been adapted so that the maximum difference between
the analytical and numerical results is minimized, in line
with previous work [33], and, crucially, is below the error
introduced from the perfect magnetic conducting shield
approximation [34,35].

To quantify the performance of our optimization proce-
dure, we can analyze the deviations between the magnetic
fields generated by our theoretical model and the desired
target fields. Examining the fidelity of the fields gener-
ated by both systems along the x axis of the optimization
region, the maximum absolute deviations from the con-
stant transverse and linear axial gradient fields are 6.78%
and 0.380%, respectively. Along the z axis of the opti-
mization region, the maximum deviations are 7.50% and
0.306%, respectively. Clearly, the axial field gradient is
generated more accurately than the uniform transverse

(a) (b)

FIG. 4. Color maps showing the magnitude of the magnetic
field, in the x-z plane inside a closed finite-length perfect mag-
netic conductor generated by the active-passive system depicted
in Fig. 3: (a) transverse component, Bx, and (b) axial com-
ponent, Bz . The field profiles are calculated numerically using
COMSOL Multiphysics version 5.5a. The magnetic field is opti-
mized between ρ = [0, ρc/4] and z = ±z′/2; dashed red lines in
(a),(b). Contours, in (a) only, show where the field deviates from
the target field by 5% (dashed curves) and 1% (dash-dot curves).

field. This can be seen from Fig. 3(d), which reveals small
oscillations in the transverse field along the z axis of the
optimization region. To understand the difference between
the fidelity of the field profiles generated by the two sys-
tems, we must analyze how the passive magnetic shield
affects the fields from the planar current distributions,
decomposing its response into zonal (m = 0) and tesseral
(m 	= 0) harmonic components. These harmonic responses
relate to the variations in the induced pseudocurrent den-
sity, corresponding to the planar streamfunction (24),
required to satisfy the boundary condition at the shield
wall. Schematic approximations of the surface currents for
the m = 0 zonal and m = 1 tesseral harmonic responses
can be seen in Fig. 7. For the boundary condition on the
cylindrical surface to be satisfied, the induced azimuthal
pseudocurrents must mirror azimuthal current paths on the
planar coil surfaces, so that the associated fields cancel in
the region ρs > ρ > ρc. Since zonal responses are com-
posed of simple circular loops, which can be formed in
either a cylindrical or planar basis, the response of the mag-
netic shield enhances the magnetic field in the optimization
region. Consequently, the shield amplifies the axial mag-
netic field by a factor of 2.39 at the shield’s center, as
shown in Figs. 5(b) and 5(c). The uniform field gradient
therefore exhibits superior fidelity because the continuum
response of the passive shield approximates a distributed
cylindrical coil. The resulting system, composed of both
the coil and shield, completely encloses the interior region,
producing a high-fidelity magnetic field gradient.

The tesseral responses are more complicated, with the
cylindrical surface of the magnetic shield acting to oppose
the magnetic field generated by the planar system in the
region ρ < ρs due to the formation of saddle-type currents
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(a)

(c)

(b)

FIG. 5. Wire layouts (a) and performance (b),(c) of a hybrid active-passive system optimized to generate a linear variation of Bz with
z position. Current flows on the surface of two disks of radius ρc = 0.45 m, which are separated symmetrically from the origin and lie
at z′ = ±0.45 m. The wire layouts are optimized to generate a linear axial field gradient, dBz/dz = 2 μT/m, along the z axis of the
cylinder through the harmonic B = (−xx̂ − yŷ + 2zẑ). The current-carrying planes are placed symmetrically inside a perfect closed
magnetic shield of radius ρs = 0.5 m and length Ls = 1 m and the magnetic field is optimized between ρ = [0, ρc/4] and z = ±z′/2,
as shown in Fig. 2. The least squares optimization is performed with parameters N = 50, M = 0, β = 1.77 × 10−9 T2/W, t = 0.5
mm, and ρ = 1.68 × 10−8 �m. (a) Color map of the optimal current streamfunction calculated for the upper current-carrying plane
in Fig. 2. Intensity of red shaded regions shows the streamfunction magnitude from low (white) to high (intense color). Solid and
dashed black curves represent discrete wires with opposite senses of current flow, approximating the current continuum with Nϕ = 12
global contour levels. Streamfunction on the lower light gray plane in Fig. 2 is geometrically identical but the current direction is
reversed. (b) Transverse magnetic field, Bx, calculated versus transverse position, x, for y = z = 0, from the current continuum in (a)
in three ways: analytically using Eqs. (26)–(28) (solid red curve); numerically using COMSOL Multiphysics version 5.5a, modeling the
high-permeability cylinder as a perfect magnetic conductor (blue dotted curve); numerically without the high-permeability cylinder
and using the Biot-Savart law with Nϕ = 100 contour levels (dashed green curve). Black lines enclose the regions where the calculated
field deviates from the target field by 5% (dashed) and 1% (dash-dot). (c) Axial magnetic field, Bz , calculated versus axial position, z,
for x = y = 0, from the current continuum in (a) in the same three ways as for (b).

[37]. These currents result from the required continuity of
the induced azimuthal pseudocurrent density in a cylin-
drical basis. Because of the restricted current flow on the
planar surface, the only way to mitigate the opposing field
generated by the cylindrical surface of the shield is to
minimize the magnetic field at the boundary, resulting in
field coil designs that are oscillatory, as seen in Fig. 3(a).
The response of the passive shield, for this configuration,
reduces the magnetic field by a factor of 2.41 at the shield’s
center, as shown in Figs. 3(b) and 3(c).

The shield’s response not only makes the optimization
of tesseral harmonic fields more difficult in regions close
to the cylindrical surface of the magnetic shield, but also

has an effect on the level of fidelity that can be achieved
over any region when the coils are in close proximity to
the magnetic shield. To demonstrate this, we investigate
the fidelity of the constant transverse field generated by
optimized biplanar coils, similar to those in Fig. 3, within
a magnetic shield whose radius varies over the range ρs =
[ρc, 3ρc]. In Fig. 8(a) we plot field profiles at selected
shield radii to show how the uniformity of the transverse
field along the x axis improves as the radius of the shield
increases, as expected, due to the reduced inhomogeneities
introduced by the cylindrical surface of the magnetic shield
at distances further from the field coils. To evaluate the
deviation in the field uniformity, we can calculate the mean
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(a) (b)

FIG. 6. Color maps showing the magnitude of the magnetic
field, in the x-z plane inside a closed finite-length perfect mag-
netic conductor generated by the active-passive system depicted
in Fig. 5: (a) transverse component, Bx, and (b) axial com-
ponent, Bz . The field profiles are calculated numerically using
COMSOL Multiphysics version 5.5a. The magnetic field is opti-
mized between ρ = [0, ρc/4] and z = ±z′/2; dashed red lines in
(a),(b). Contours show where the field deviates from the target
field by 5% (dashed curves) and 1% (dash-dot curves).

rms error, which represents the averaged deviation of the
transverse field from perfect uniformity. In Fig. 8(b), we
evaluate the mean rms error in the transverse field along
the z axis of the optimization region as the radius of the
magnetic shield increases. The uniformity of the optimized

fields in Figs. 8(a) and 8(b) initially decreases rapidly as
the radius of the magnetic shield increases, but approaches
the wide shield limit when ρs ∼ 2ρc, at which point the
field generated by the cylindrical surface of the magnetic
shield becomes negligible. In the wide shield limit the
predominant contribution from the magnetic shield can
then be approximated through the use of the method of
mirror images from two infinite parallel perfect magnetic
conductors.

Although the pseudocurrents do not exist physically,
analysis of the magnetic fields generated by the shield in
response to the planar coils gives insight into how such
coils should be designed in order to best realize a speci-
fied target field. For example, generating magnetic fields
that require coil geometries with m-fold azimuthal sym-
metry causes the cylindrical surface of the magnetic shield
to oppose the magnetic field generated by the planar coil.
Consequently, if a tesseral field is required over a large
radial region, the distance from this region to the planar
coils and from the cylindrical shield surface should be min-
imized and maximized, respectively. The opposite is true
for the fields generated by the planar end caps of the shield.
When the biplanar coils are located near the end caps,
where −Ls/2 < −z′ < z < z′ < Ls/2, but radially distant
from the cylindrical surface of the magnetic shield, the
reflected pseudocurrents generated by the method of mirror

(a) (b)

FIG. 7. Schematic diagram showing how the approximate zonal (a) and tesseral (b) harmonic responses are generated by simple
current loops with cylindrical and m-fold azimuthal symmetries, respectively. The discrete current loops (black) are located at z = z′

1
and z = z′

2 with their pth reflected pseudoimage currents (red) generated by the surface of the cylindrical shield at ρ = ρs and by the
planar end caps at z = ±Ls/2, in accordance with the method of images described by Eq. (24). Images of the two planar (black) coils
resulting from the end caps are located at z = (−1)p z′

1 + pLs and z = (−1)p z′
2 + pLs, respectively, where p ∈ Z (two such image coils

are shown blue). For all odd reflections, the axial current direction is reversed.
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(a) (b)

FIG. 8. Improvement in the performance of a hybrid active-passive system, optimized to generate a constant transverse field
B0 = 1 μT, upon increasing the radius of the passive shield. Current flows on the surface of two disks of radius ρc = 0.45 m, which
are separated symmetrically from the origin and lie at z′ = ±0.45 m. The wire layouts are optimized to generate constant B0 = 1 μT
between ρ = [0, ρc/4] and z = ±z′/2, as shown in Fig. 2. The current-carrying planes lie within the bore of a perfect closed magnetic
shield of radius ρs = [ρc, 3ρc] and length Ls = 1 m. Each least squares optimization is performed with parameters N = 50, M = 1,
β = 1.77 × 10−9 T2/W, t = 0.5 mm, and ρ = 1.68 × 10−8 �m. (a) Transverse magnetic field, Bx, calculated analytically versus trans-
verse position, x, using Eqs. (26)–(28) (red curves), where ρs/ρc = 1.01 (dotted curve), ρs/ρc = 1.25 (dash-dot curve), ρs/ρc = 1.5
(dashed curve), and ρs/ρc = 2.5 (solid curve). (b) Root mean square (rms) deviation, �Brms

x , between the calculated and target fields
evaluated along the axis of the optimized field region and plotted as a function of ρs/ρc. Light blue crosses show �Brms

x values calcu-
lated analytically using Eqs. (26)–(28). Horizontal dashed red line shows the analytical value of �Brms

x = 1.18% obtained in the wide
shield limit (ρs/ρc � 1).

images provide a field similar to that of the planar coils,
resulting in a field that is magnified. Consequently, bipla-
nar coils are desirable in magnetic shields with large radii
and small aspect ratios, Ls/(2ρs) < 0.5. In comparison, the
magnetic field generated by the shield in response to coils
contained on a cylindrical surface [33] shows the oppo-
site effect. Tesseral fields generated by cylindrical coils are
enhanced by the cylindrical surface and are reduced by
the planar end caps, favoring long magnetic shields with
Ls/(2ρs) > 0.5. Because of the conflicting conditions on
the geometries (i.e., planar or cylindrical) of the coils and
the magnetic shield, a system composed of coupled planar
and cylindrical coils may have advantages for generating
desired tesseral field profiles with the greatest accuracy.

Intrinsic inaccuracies in calculating the optimum current
density and approximating the current continuum by dis-
crete wires are not the only sources of error that must be
considered when designing fields using our method. Partic-
ularly for the tesseral harmonic field generating coils, wire
patterns may be highly meandering, making them hard to
manufacture and, due to their high resistance, power con-
suming. When manufacturing these systems, the achiev-
able field fidelity is limited by the discretization of the
continuum current flow pattern and by the creation of mag-
netic dipoles via the interaction between separate current
streamlines and the wires that follow them. Fortunately,
new ways to realize the current continuum are emerging
due to advances in foldable printed circuit boards [39]
and three-dimensional printing technologies [40], which
enable more complex coils to be made accurately. It should

also be noted that approximating a perfect magnetic shield
by a material of finite permeability μr = 20 000 and thick-
ness d = 1 mm only introduces small deviations in the
model of 0.005% [33], which is much less than the error
introduced in the desired field by the coil designs. As a
result, given an accurate representation of the current con-
tinuum, our methodology can be used reliably to generate
target magnetic fields in high-permeability environments.
The PYTHON code used to design arbitrary the planar coils
in a magnetically shielded cylinder is openly available
from GitHub and can be cited at Ref. [38]. Verification
using COMSOL Multiphysics requires a valid license.

IV. CONCLUSION

Here we formulate an analytical model to calculate the
magnetic field generated by an arbitrary static current
distribution confined to a plane whose normal is parallel
to the axis of a finite closed high-permeability cylinder.
Our formalism is based on a Green’s function expansion of
the vector potential generated by a planar coil system. To
satisfy the boundary conditions at the surface of the cylin-
der, we assume that it is a perfect magnetic conductor and
express the induced magnetization in terms of a pseudocur-
rent density. Because of the shared azimuthal symmetries
of the planar current flows and the induced pseudocur-
rent on the cylindrical surface of the magnetic shield, the
response of the magnetic shield can be expressed in terms
of the planar current distribution. We use this formal-
ism to enable a priori optimization of the planar current
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distribution required to generate specified target magnetic
field profiles by combining a Fourier-Bessel decomposi-
tion of the current flow with a quadratic minimization
procedure.

We demonstrate this optimization methodology by using
it to design biplanar coils that accurately generate a con-
stant transverse field, Bx, across the cylinder, and a linear
gradient field, dBz/dz, along the axis of the cylinder.
Predictions from our analytical model agree well with sub-
sequent forward finite element simulations, validating our
methodology. We quantify the interaction of planar sys-
tems with a closed finite high-permeability cylinder and
find that all coil designs without complete azimuthal sym-
metry induce magnetic fields in the cylindrical surface of
the shield that opposed the field generated by the planar
current source. Conversely, planar end caps have the oppo-
site effect and amplify the field from the planar current
source.

Our analytical model and optimization procedure
extends the range of current geometries that can be tailored
within finite closed cylindrical magnetic shields in order
to accurately generate specified target field profiles. This
enables the development of systems that require the best
magnetic field control that can be achieved subject to size,
weight, power, and cost constraints. It may also enable
hybrid active-passive planar coils to be retrofitted to exist-
ing cylindrical magnetic shields in order to improve their

performance for a low cost and without disrupting existing
experimental setups. In the future, combining planar and
cylindrical coils could enable ultraprecise magnetic fields
to be generated through even larger interior fractions of
magnetic shields.
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APPENDIX A: MAGNETIC FIELD DERIVATION

In order to calculate the magnetic field, we must first
determine both the Fourier transform of the streamfunction
and the induced Fourier pseudocurrent density. Substi-
tuting Eq. (25) into Eq. (12) and integrating over the
azimuthal angle yields

ϕm(k) = ρc

2

N
∑

n=1

M
∑

m′=0

[Wnm′(δmm′ + δm,−m′) − iQnm′(δmm′ − δm,−m′)]
∫ ρc

0
dρ ′ ρ ′Jm(kρ ′)Jm′

(

ρnm′ρ ′

ρc

)

. (A1)

Upon substituting Eq. (A1) into the expressions for the magnetic field, Eqs. (20)–(22), the δ functions collapse the
infinite summation, resulting in every Bessel function of order m being replaced by one of order m′. Hence, without loss
of generality, applying a Bessel function product identity (Eq. 5.54.1 in Ref. [41]), we may now write

ϕm(k) = ρ3
c

2

N
∑

n=1

M
∑

m′=0

[Wnm′(δmm′ + δm,−m′) − iQnm′(δmm′ − δm,−m′)]
ρnm′

k2ρ2
c − ρ2

nm′
Jm′(kρc)J ′

m′(ρnm′). (A2)

Similarly, we may also calculate the induced Fourier pseudocurrent density. Substituting Eq. (25) into Eq. (24) and
integrating over the azimuthal coordinate yields

J mp
φ (k) = ρce−ik[(−1)p z′+pLs]

2ρs|k|Im(|k|ρs)K ′
m(|k|ρs)

N
∑

n=1

M
∑

m′=0

[Wnm′(δmm′ + δm,−m′) − iQnm′(δmm′ − δm,−m′)]

×
∫ ∞

0
dk̃

k̃3

k̃2 + k2
Jm(k̃ρs)

∫ ρc

0
dρ ′ρ ′Jm′(k̃ρ ′)Jm′

(

ρnm′ρ ′

ρc

)

. (A3)

To simplify these expressions, we evaluate the integral over k̃ first and then separate the integrand using partial fractions
to yield

∫ ∞

0
dk̃

k̃3

k̃2 + k2
Jm(k̃ρs)Jm(k̃ρ ′) =

∫ ∞

0
dk̃ k̃Jm(k̃ρs)Jm(k̃ρ ′) − k2

∫ ∞

0
dk̃

k̃

k̃2 + k2
Jm(k̃ρs)Jm(k̃ρ ′). (A4)
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Inspecting Eq. (A4) we see that the first component is simply the orthogonality relation between Bessel functions, and
the second has a known solution (Eq. 6.541.1 in [41]). Hence, we can state that

∫ ∞

0
dk̃

k̃3

k̃2 + k2
Jm(k̃ρs)Jm(k̃ρ ′) = δ(ρ ′ − ρs)

ρ ′ − k2Im′(|k|ρ ′)Km′(|k|ρs). (A5)

However, since ρ ′ < ρs, the first term in Eq. (A5) can be neglected. Inserting Eq. (A5) into Eq. (A3) and integrating over
ρ ′ results in the expression

J mp
φ (k) = ρck2e−ik[(−1)p z′+pLs]

2ρs|k|Im(|k|ρs)K ′
m(|k|ρs)

N
∑

n=1

M
∑

m′=0

[Wnm′(δmm′ + δm,−m′) − iQnm′(δmm′ − δm,−m′)]

× ρnm′

k2ρ2
c + ρ2

nm′
J ′

m′(ρnm′)Im′(|k|ρc)Km′(|k|ρs). (A6)

Substituting Eqs. (A2) and (A6) into Eqs. (20)–(22), we can express the summation over the exponentials associated with
the infinite reflections of the planar streamfunction as

∞
∑

p=−∞
e−k|z−(−1)p z′+pLs| = e−k|z−z′| + 2

e2kL − 1
{ekL cosh[k(z + z′)] + cosh[k(z − z′)]} (A7)

and

∞
∑

p=−∞

z − (−1)pz′ + pLs

|z − (−1)pz′ + pLs|e−k|z−(−1)p z′+pLs|

= z − z′

|z − z′|e−k|z−z′| − 2
e2kL − 1

{ekL sinh[k(z + z′)] + sinh[k(z − z′)]}. (A8)

Similarly, the summation over the infinite pseudocurrent reflections can be written as a Fourier series expansion,

∞
∑

p=−∞
eik[z−(−1)p z′+pLs] = π

L

∞
∑

p=−∞
δ

(

k − pπ

L

)

(eik(z+z′−L) + eik(z−z′)). (A9)

Using these expansions, we may finally write

Bρ(ρ, φ, z) = μ0ρ
3
c

2

N
∑

n=1

M
∑

m=0

ρnmJ ′
m(ρnm)[Wnm cos(mφ) + Qnm sin(mφ)]Bnm

ρ (ρ, z), (A10)

Bφ(ρ, φ, z) = μ0ρ
3
c

2ρ

N
∑

n=1

M
∑

m=0

mρnmJ ′
m(ρnm)[Wnm sin(mφ) − Qnm cos(mφ)]Bnm

φ (ρ, z), (A11)

Bz(ρ, φ, z) = μ0ρ
3
c

2

N
∑

n=1

M
∑

m=0

ρnmJ ′
m(ρnm)[Wnm cos(mφ) + Qnm sin(mφ)]Bnm

z (ρ, z), (A12)

where

Bnm
ρ (ρ, z) = −

∫ ∞

0
dk k2σ(k; z, z′, Ls)

J ′
m(kρ)Jm(kρc)

k2ρ2
c − ρ2

nm
−

∞
∑

p=1

p̃|p̃|λp(z, z′, Ls)
I ′
m(|p̃|ρ)Im(|p̃|ρc)Km(|p̃|ρs)

Im(|p̃|ρs)(|p̃|2ρ2
c + ρ2

nm)
, (A13)
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Bnm
φ (ρ, z) =

∫ ∞

0
dk kσ(k; z, z′, Ls)

Jm(kρ)Jm(kρc)

k2ρ2
c − ρ2

nm
+

∞
∑

p=1

p̃λp(z, z′, Ls)
Im(|p̃|ρ)Im(|p̃|ρc)Km(|p̃|ρs)

Im(|p̃|ρs)(|p̃|2ρ2
c + ρ2

nm)
, (A14)

Bnm
z (ρ, z) =

∫ ∞

0
dk k2γ (k; z, z′, Ls)

Jm(kρ)Jm(kρc)

k2ρ2
c − ρ2

nm
−

∞
∑

p=1

p̃2τp(z, z′, Ls)
Im(|p̃|ρ)Im(|p̃|ρc)Km(|p̃|ρs)

Im(|p̃|ρs)(|p̃|2ρ2
c + ρ2

nm)
, (A15)

where

γ (k; z, z′, Ls) = e−k|z−z′| + 2
e2kLs − 1

{ekLs cosh[k(z + z′)] + cosh[k(z − z′)]}, (A16)

σ(k; z, z′, Ls) = z − z′

|z − z′|e−k|z−z′| − 2
e2kLs − 1

{ekLs sinh[k(z + z′)] + sinh[k(z − z′)]}, (A17)

λp(z, z′, Ls) = 2
Ls

{(−1)p sin[p̃(z + z′)] + sin[p̃(z − z′)]}, (A18)

τp(z, z′, Ls) = 2
Ls

{(−1)p cos[p̃(z + z′)] + cos[p̃(z − z′)]}, (A19)

and p̃ = pπ/Ls.

APPENDIX B: POWER DISSIPATION

The power dissipated in the surface of a circular planar current source of thickness t and resistivity � is given by

P = �

t

∫ ρc

0
dρ ′ρ ′

∫ 2π

0
dφ′ |Jρ(ρ

′, φ′)|2 + |Jφ(ρ ′, φ′)|2. (B1)

We can substitute the streamfunction (25) into the continuity relations (7) to obtain

Jρ(ρ
′, φ′) = [H(ρ ′ − ρc) − H(ρ ′)]

ρc

ρ ′

N
∑

n=1

M
∑

m=0

mJm

(

ρnmρ ′

ρc

)

[Wnm sin(mφ′) − Qnm cos(mφ′)], (B2)

Jφ(ρ ′, φ′) = [H(ρ ′ − ρc) − H(ρ ′)]
N

∑

n=1

M
∑

m=0

ρnmJ ′
m

(

ρnmρ ′

ρc

)

[Wnm cos(mφ′) + Qnm sin(mφ′)]. (B3)

Inserting Eqs. (B2) and (B3) into Eq. (B1) and integrating over the azimuthal component results in

P = �

t
πρ2

c

N
∑

n=1

M
∑

m=0

[(1 + δm0)W2
nm + (1 − δm0)Q2

nm]

×
∫ 1

0
dρ̃

[

2m2

ρ̃
Jm(ρnmρ̃)2 − ρ2

nmρ̃Jm−1(ρnmρ̃)Jm+1(ρnmρ̃)

]

, (B4)

which, when integrated over the radial component, can be expressed as

P = �

t
πρ2

c

N
∑

n=1

W2
n0ρ

2
n0J1(ρn0)

2 (B5)

for m = 0, and

P = �

t
πρ2

c

N
∑

n=1

M
∑

m=1

(W2
nm + Q2

nm)

(

ρnm

2

)2m 1
m! (m − 1)!

[

2F̃3

(

m, m + 1
2

; m + 1, m + 1, 2m + 1; −ρ2
nm

)

− ρ2
nm

2(m + 1)2 3F̃4

(

m + 1
2

, m + 1, m + 1; m, m + 2, m + 2, 2m + 1; −ρ2
nm

)]

(B6)
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for m ∈ Z
+, where iF̃j is the regularized hypergeometric function. Some specific evaluations of Eq. (B6) are

P = �

2t
πρ2

c

N
∑

n=1

(W2
n1 + Q2

n1)ρ
2
n1J0(ρn1)

2 for m = 1, (B7)

P = �

2t
πρ2

c

N
∑

n=1

(W2
n2 + Q2

n2)

[

(ρ2
n2 − 4)J0(ρn2)

2 − 2(ρ2
n2 − 8)

ρn2
J0(ρn2)J1(ρn2) + ρ4

n2 − 16
ρ2

n2
J1(ρn2)

2
]

for m = 2, (B8)

P = �

2t
πρ2

c

N
∑

n=1

(W2
n3 + Q2

n3)

[

ρ4
n3 − 96
ρ2

n3
J0(ρn3)

2 − 48(ρ2
n3 − 8)ρ3

n3J0(ρn3)J1(ρn3) + ρ6
n3 − 10ρ4

n3 + 96ρ2
n3 − 384

ρ4
n3

J1(ρn3)
2
]

for m = 3. (B9)

APPENDIX C: EXAMPLE COIL DESIGNS

To further validate our design process, in Figs. 9 and 10
we show additional biplanar hybrid active-passive systems
and analyze their behavior. These systems are designed
using our open-access PYTHON code [38]. The coordinate
axes and magnetic field plots are labeled in the same way

(a) (b)

FIG. 9. Wire layouts (a) and performance (b) of a hybrid active-passive system optimized to generate a linear variation of Bx with
z position. Current flows on the surface of two disks of radius ρc = 0.45 m, which are separated symmetrically from the origin
and lie at z′ = ±0.45 m. The wire layouts are optimized to generate a linear transverse field gradient, dBx/dz = 1 μT/m, along the
z axis of the cylinder through the harmonic field profile B = (zx̂ + xẑ). The current-carrying planes are placed symmetrically inside a
perfect closed magnetic shield of radius ρs = 0.5 m and length Ls = 1 m and the magnetic field is optimized along the z axis between
z = ±z′/2. The least squares optimization is performed with parameters N = 100, M = 1, β = 1.77 × 10−8 T2/W, t = 0.5 mm, and
ρ = 1.68 × 10−8 �m. (a) Color map of the optimal current streamfunction calculated for the upper current-carrying plane in Fig.
2 [blue and red shaded regions correspond to current counterflows and their intensity shows the streamfunction magnitude from
low (white) to high (intense color)]. Solid and dashed black curves represent discrete wires with opposite senses of current flow,
approximating the current continuum with Nϕ = 12 global contour levels. Streamfunction on the lower light brown plane in Fig. 2 is
geometrically identical but the current direction is reversed. (b) Transverse magnetic field, Bx, calculated versus axial position, z, from
the current continuum in (a) in three ways: analytically using Eqs. (26)–(28) (solid red curve); numerically using COMSOL Multiphysics
version 5.5a, modeling the high-permeability cylinder as a perfect magnetic conductor (blue dotted curve); numerically without the
high-permeability cylinder and using the Biot-Savart law with Nϕ = 100 contour levels (dashed green curve). Black lines enclose the
regions where the axial field gradient deviates by 5% (dashed) and 1% (dash-dot).

as the systems presented in the main text. For both systems,
the coils lie in the z′ = ±0.45 m planes, as in the main text
and shown in Fig. 2, and the fields are optimized along the
z axis between z = ±z′/2. The design in Fig. 9 generates a
linear transverse field gradient, dBx/dz, whose spatial vari-
ation matches the harmonic B = (zx̂ + xẑ) between two
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(a) (b)

(c)

FIG. 10. Wire layouts (a),(b) and performance (c) of a hybrid active-passive linear system optimized to generate a constant axial
field, Bz . Current flows on the surface of two disks of radii ρc1 = 0.95 m (on the upper current-carrying plane in Fig. 2) and
ρc2 = 0.35 m (on the lower current-carrying plane in Fig. 2), respectively, which are separated symmetrically from the origin and
lie at z′ = ±0.45 m. The wire layouts are optimized to generate a constant axial field, B0 = 1 μT, along the cylinder and parallel to its
axis of symmetry. The current-carrying planes are placed symmetrically inside a perfect closed magnetic shield of radius ρs = 1 m and
length Ls = 1 m and the magnetic field is optimized along the z axis between z = ±z′/2. The least squares optimization is performed
with parameters N = 100, M = 0, β = 1.77 × 10−8 , T2/W, t = 0.5 mm, and ρ = 1.68 × 10−8 �m. (a),(b) Color maps of the optimal
current streamfunction on the upper and lower planar disks, respectively [blue and red shaded regions correspond to current counter-
flows and their intensity shows the streamfunction magnitude from low (white) to high (intense color)]. Solid and dashed black curves
represent discrete wires with opposite senses of current flow, approximating the current continuum with Nϕ = 6 global contour levels.
(c) Axial magnetic field, Bz , versus axial position, z, calculated from the current continuum in (a),(b) in three ways: analytically using
Eqs. (26)–(28) (solid red curve); numerically using COMSOL Multiphysics version 5.5a, modeling the high-permeability cylinder as a
perfect magnetic conductor (blue dotted curve); numerically without the high-permeability cylinder and using the Biot-Savart law with
Nϕ = 100 contour levels (dashed green curve). Black lines enclose the regions where the axial field gradient deviates by 5% (dashed)
and 1% (dash-dot).

identical plates of radius ρc = 0.45 m, inside a magnetic
shield of radius ρs = 0.5 m and length Ls = 1 m. The field
gradient is amplified by a factor of 1.06 at the shield’s
center. If the shield is lengthened, the field gradient is
diminished to 0.81 at the shield’s center in the long shield
limit, as expected from our analysis in the main body of the
text. The design in Fig. 10 generates a uniform field, Bz, in
the z direction and extending between two planes of dif-
ferent sizes, with upper and lower coil sizes ρc1 = 0.95 m
and ρc2 = 0.35 m, respectively, inside a magnetic shield of
radius ρs = 1 m and length Ls = 1 m. Since the shield and
coils have a relatively wide form factor, the field is highly
uniform, with the region of axial field deviation below 1%
extending over more than 70% of the distance between the
planes.
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Magnetically-sensitive experiments and newly-developed quantum technologies with integrated
high-permeability magnetic shields require increasing control of their magnetic field environment and
reductions in size, weight, power and cost. However, magnetic fields generated by active components
are distorted by high-permeability magnetic shielding, particularly when they are close to the shield’s
surface. Here, we present an efficient design methodology for creating target static magnetic field
profiles by using discrete coils electromagnetically-coupled to a cylindrical passive magnetic shield.
We utilize a modified Green’s function solution that accounts for the interior boundary conditions
on a closed finite-length high-permeability cylindrical magnetic shield, and determine simplified
expressions when a cylindrical coil approaches the interior surface of the shield. We use simple
discrete building blocks to provide a complete discrete coil basis to generate any physically-attainable
magnetic field in free space. We then use a genetic algorithm to find optimized discrete coil structures
composed of this basis. We use our methodology to generate an improved linear axial gradient field,
dBz/dz, and transverse bias field, Bx. These optimized structures increase, by a factor of seven
and three compared to the standard configurations, the volume in which the target and achieved
fields agree within 1% accuracy, respectively. This coil design method can be used to optimize
active–passive magnetic field shaping systems that are compact and simple to manufacture, enabling
accurate magnetic field control in spatially-confined experiments at low cost.

I. INTRODUCTION

The mathematical framework for magnetic field design was first formalized by Romeo and Hoult, who used discrete
loops and arcs as the building blocks of a coil basis to generate accurate fields for MRI shimming coils [1]. These
magnetic field profiles produced by these simple coil building blocks were expanded in a spherical harmonic basis and the
harmonic fields related to the geometry, position, and current of the coil basis elements. The geometries were selected,
and their positions adjusted, to minimize unwanted signals and, therefore, maximize the fidelity of a desired magnetic
field profile. It was subsequently found that inverse methods based on a continuum representation of the current
density could allow the design of higher-fidelity magnetic fields, albeit with more computational effort. Pissanetzky
first formulated arbitrary current densities on triangular boundary elements [2], allowing optimal designs to be found
through an entirely numerical method. This formulation was later improved upon by Poole [3], enabling the flexible
design of MRI gradient coils on surfaces of arbitrary geometry using sophisticated 3D-contouring methods. Pseudo-
analytical techniques have also been developed on specific surface geometries using Green’s function expansions and
quadratic optimization methods that enable the rapid design of accurate user-specified magnetic fields in free space [4–7].

Newly-developed quantum technologies with greater performance and reduced size have further increased the demand
for state-of-the-art magnetically-controlled environments. These technologies include: quantum sensing of gravity for
geological survey [8–11], atomic clocks for precision timing [12, 13], and atomic magnetometry [14–16] for material
characterization [17] and biomedical imaging [18–24]. Magnetic field control is required in many of these devices
to trap and manipulate atoms. To translate these laboratory experiments to usable devices in real-world settings,
high-permeability passive magnetic shields are used to attenuate stray magnetic fields caused by nearby electronic
equipment and/or the local Earth’s magnetic field. Specifically, cylindrical and cubic magnetic shields are often used in
these systems as they are simple to manufacture, provide good shielding, and can accommodate equipment easily inside
them [25–27]. However, previous longstanding methods of magnetic field design do not incorporate the interaction of
active current-carrying coils with the high-permeability passive shielding materials. Consequently, if these methods are
used to design coils to generate specific magnetic fields in shielded environments, the magnetic shield will distort the
field profile, prohibiting the desired level of field control [28].

Motivated by this problem, several novel numerical and analytical methods have recently been developed that
incorporate high-permeability passive shielding material into their design methodologies. The numerical methods use
an equipotential scalar field to enforce the boundary condition on the shield’s surface, and then account for this in the
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design of surface currents using boundary elements on arbitrary geometries inside the shield [29, 30]. The analytical
methods rely on modifying the Green’s function to satisfy the boundary condition on the shield’s surface. The currents
are then decomposed into an orthogonal basis set where the magnetic fields generated by the combined system can be
calculated [31, 32]. These methods can design complex current distributions that generate extremely accurate magnetic
fields inside shielded environments. However, to realize these high fidelity fields physically, the designs must be carefully
discretized and accurately represented in real systems. In many of these systems, magnetic field control is not the only
area of concern. Optical access, miniaturization, and cost also constrain the development of many of these technologies.
Consequently, field design methods in shielded environments must accommodate these additional constraints. In this
context, using optimally-placed discrete coil designs could allow for simplistic, cost-effective, and accurate generation of
magnetic fields with greater optical access at a much lower cost. Some simple discrete coil geometries have been formu-
lated that allow the design optimization of magnetic field-generating systems in shielded environments. However, these
are restricted to circular loops and simple transverse fields [33–36]. Currently, no generalized discrete coil optimization
method exists that incorporates the interaction with high-permeability shielding; partly due to the multitude of free
parameters associated with discrete coils and their complex electromagnetic interaction with an exterior magnetic shield.

Alongside this, multi-objective optimization procedures, such as genetic algorithms, particle swarm optimizations, and
differential evolution algorithms, have garnered considerable attention over the past decade because of their ability to
find optimal solutions to complicated problems with mixed constraints [37, 38]. Advances in computational power
and code accessibility have made these algorithms much easier to implement [39]. In this paper, using the analytical
formulation of cylindrical coils in a cylindrical magnetic shield [31], the framework of Romeo and Hoult [1], and a
genetic algorithm optimization procedure [40], we present a widely-applicable design methodology that enables the
construction of optimized discrete coils in cylindrical magnetic shields. Firstly, we expand on the analytical formulation
by determining an approximate form of the magnetic field when the coil is close to the surface of the magnetic shield.
Secondly, we formulate a complete coil basis in cylindrical coordinates that allows the simple construction of harmonic
fields using discrete coils. Finally, we find optimal configurations of multiple nested sets of the discrete coil basis
to generate specified harmonic fields utilizing a genetic algorithm. By incorporating these different elements, our
method enables the simple design of specified magnetic field profiles in high-permeability cylindrical magnetic shields
constrained by optical access, cost, and size, thereby enabling the miniaturization and commercialization of technologies
that require precisely-controlled magnetic field environments.

II. MODEL

Let us consider a region of air completely enclosed by a magnetic shield with a magnetic field incident on the shield.
As a direct result of Ampere’s law and Gauss’s law for magnetism, the tangential and normal components of the
magnetic field strength, H, and flux density, B, respectively, must be continuous across a surface interface, S. Working
in the magnetostatic regime, where no current exists on the surface of the magnetic shield, these boundary conditions
take the form (

1

µr
Bmat. −Bair

)
∧ n̂ = 0 on S, (1)

and

(Bmat. −Bair) · n̂ = 0 on S, (2)

where n̂ is the unit vector normal to S and µr is the relative permeability of the shielding material. At the surface of
materials with very high permeability, the condition (1) dictates that the parallel component of the flux density in air
near the surface is approximately zero. Thus, the field in air is directed almost entirely perpendicular to the material
surface. Within the material, however, from (2), the perpendicular component of the field strength is reduced by a
factor of µr and the field therefore runs almost parallel to the surface. This mechanism diverts external flux away
from the interior shielded region and is also responsible for the deviations introduced when using standard field design
methods in shielded environments.

The permeability of standard high-permeability magnetic shields has been shown experimentally to be in excess of
100000 once properly treated [41]. Consequently, for these materials, the boundary conditions can be approximated as

B(r)‖ ≈ 0 on S. (3)
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Here, we consider a closed high-permeability cylinder of inner radius ρs and length Ls, with planar end caps located
at z = ±Ls/2. Inside this cylindrical shield a current, J, flows on a co-axially nested cylindrical surface of radius
ρc, thickness 2ρw, and length Ls, as shown in Fig. 1, such that ρc + ρw ≤ ρs. In the high-permeability regime, the
boundary conditions at the shield’s surface can be approximated as

Bρ

∣∣∣∣
z=±Ls/2

= 0, Bφ

∣∣∣∣
z=±Ls/2,ρ=ρs

= 0, Bz

∣∣∣∣
ρ=ρs

= 0. (4)

x

y

z

ρs

z = Ls/2

z = −Ls/2

ρc ± ρw

FIG. 1: Cylindrical magnetic shield with high permeability, µr � 1, of length Ls and inner radius ρs with planar end
caps located at z = ±Ls/2. A coil of radius ρc and equal length to the shield is placed symmetrically inside the shield,
and the coils are formed of wire of radius ρw.

The magnetic field in free space can be calculated using the magnetic field strength generated by a current source and
the magnetization, M, induced within the shield,

B = µ0(H + M). (5)

The magnetization can be represented as a mathematically-equivalent surface pseudo-current, ∇ ∧M = J̃, which can
then be related to the vector potential, B = ∇ ∧A, to generate the Poisson equation,

∇2A = −µ0(J + J̃). (6)

In previous works [31, 32], a Green’s function solution for Poisson’s equation, (6), is formulated using a surface
pseudo-current to satisfy the boundary condition, (4), over the interior surface of the magnetic shield. The radial
boundary condition is satisfied by equating the magnetic field generated by an arbitrary cylindrical current and
pseudo-current on the surface of a shield of infinite length at ρ = ρs. The boundary conditions on the end caps can
then be satisfied by using the method of mirror images [42] to generate images of the current and pseudo-current.
Due to the orthogonality of the planar end caps, the reflected image currents continue to satisfy the radial boundary
condition, therefore satisfying the boundary condition over the entire domain of the magnetic shield. The total field,
in a region within the cylinder ρ < ρc, is then given by [31]

Bρ (ρ, φ, z) =
iµ0ρc

2π

∞∑
m=−∞

∞∑
p=−∞

∫ ∞
−∞

dk keimφeikzI ′m(|k|ρ)Rm(k, ρc, ρs)J
mp
φ (k), (7)

Bφ (ρ, φ, z) = −µ0ρc
2πρ

∞∑
m=−∞

∞∑
p=−∞

∫ ∞
−∞

dk m
|k|
k
eimφeikzIm(|k|ρ)Rm(k, ρc, ρs)J

mp
φ (k), (8)
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Bz (ρ, φ, z) = −µ0ρc
2π

∞∑
m=−∞

∞∑
p=−∞

∫ ∞
−∞

dk |k|eimφeikzIm(|k|ρ)Rm(k, ρc, ρs)J
mp
φ (k), (9)

where Rm(k, ρc, ρs) = K ′m(|k|ρc)− I ′m(|k|ρc)Km(|k|ρs)/Im(|k|ρs), and Jmpφ (k) is the Fourier transform with respect
to z and φ of the pth reflected image current determined via the method of mirror images, where the p = 0 term
represents the Fourier transform of the actual current distribution which is confined to the region |z′| < Ls/2

Jmpφ (k) =
1

2π

∫ 2π

0

dφ′ e−imφ
′
∫ ∞
−∞

dz′ e−ikz
′
Jφ (φ′, (−1)p (z′ + pLs)) , (10)

where (φ′,z′) specify position on the current-carrying surface.

Previously, this formulation has been used to design coils through a harmonic minimization method with a continuum
representation of the current. The optimal continuum solution can be found using a quadratic programming algorithm
wherein the continuum solution is discretized into a physical wire pattern that approximates the continuous current
distribution. The errors introduced in this method result either from assuming that the shield is a perfect magnetic
conductor, which doesn’t saturate, or from inaccurately discretizing the current continuum such that both the coil and,
consequently, the magnetic shield introduce erroneous fields. For most real-world applications, the perfect magnetic
conductor approximation introduces extremely small errors that are far less significant than the errors introduced in
manufacturing. For example, assuming µr > 20000 and material thickness ds = 1 mm, the typical deviation from the
analytical solution is < 0.005% [31, 43, 44]. Furthermore, high-grade annealed cylindrical mumetal shields have been ex-
perimentally shown to effectively shunt internal fields up to H = 40 A/m before complete saturation [41], which is more
than enough for the micro-Tesla field applications required for the majority of shielded experiments. Therefore, in many
systems, the dominant error is generated by discretization of the current continuum, which is hard to quantify a priori as
it is design dependent. The discretization error can only be alleviated by better representing the current continuum with
a higher wire density. Although technologies like flex-PCBs [45] and 3D-printers [46] offer the capability to represent
the continuum very accurately, such coils are expensive, time-consuming to manufacture, and hard to repair if there is
a breakage. Moreover, the required wire positions and high wire density may block experimental access to the interior
of the shield, for example blocking easy optical access. Thus, it follows that applying a formulation to design fields
using simple discrete coils that are robust and easy to manufacture will benefit numerous systems with design challenges.

To maximize the available interior volume of the system, as often required for real-world applications, we consider
discrete coils that are positioned at the shield’s inner surface, ρc = ρs − ρw, and determine their parameters using
forward numerical optimization techniques, thereby circumventing discretization error entirely. When the coil is pressed
against the inner surface of the shield, we can expand the magnetic field as a power series of the (small) wire radius
such that

B (ρ, φ, z) = B0 (ρ, φ, z) + ρwB
1 (ρ, φ, z) + ρ2wB

2 (ρ, φ, z) + . . . , (11)

where the Bν terms are νth order field perturbations for ν ∈ Z0+. If the radius of wire is sufficiently small compared
to the radius of the magnetic shield, the magnetic field can be approximated while only introducing small deviations.
Here, we give the example of a simple loop placed at the center of a shield with aspect ratio Ls/(2ρs) = 1 and wire
radii ρw < 0.01ρs. The error between the zeroth-order term and the complete solution is less than 0.06% at the center,
as shown by Fig. 2, but, moving away from the origin, this error increases dramatically. This increase is due to a
zero in the axial field caused by the magnetic shield’s interaction, disproportionately skewing the error. Discounting
this region, the error within a radial position ρ < 0.8ρs is less than 0.5%. Henceforth, in this paper, we assume that
ρw < 0.01ρs and use only the zeroth-order term to design coils in this regime. The magnetic field components are then
approximated, through the use of the Wronskian, resulting in the governing equations

Bρ (ρ, φ, z) = − iµ0

2π

∞∑
m=−∞

∞∑
p=−∞

∫ ∞
−∞

dk
k

|k|e
imφeikz

I ′m(|k|ρ)

Im(|k|ρs)
Jmpφ (k), (12)

Bφ (ρ, φ, z) =
µ0

2πρ

∞∑
m=−∞

∞∑
p=−∞

∫ ∞
−∞

dk
m

k
eimφeikz

Im(|k|ρ)

Im(|k|ρs)
Jmpφ (k), (13)
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Bz (ρ, φ, z) =
µ0

2π

∞∑
m=−∞

∞∑
p=−∞

∫ ∞
−∞

dk eimφeikz
Im(|k|ρ)

Im(|k|ρs)
Jmpφ (k). (14)

For a set-up where the ρw > 0.01ρs, the validity of the approximation should be determined for each individual scenario
and adjusted appropriately for a given field design tolerance and experimental system.

z

z = d

z = −d

Ls

ρs

(a) (b)

FIG. 2: (a) Schematic diagram of a loop of radius ρs at position z = 0 in a closed magnetic shield of radius ρs and
length Ls = 2ρs. (b) Color map showing the absolute error, |∆Bz|, between the axial zeroth-order contribution in (14)
and the exact solution in (9) for the example depicted in (a).

III. COIL BASIS

To here Decomposing the magnetic field into a complete set of orthogonal eigenfunctions, with associated eigenvalue
magnitudes, allows the desired field profile to be selected while minimizing erroneous contributions.

In free space, the magnetic field can be represented as the gradient of a scalar potential, B = −∇Ψ. The scalar
potential and magnetic field, (5), both satisfy Laplace’s equation and can be represented as a sum of orthogonal
functions in an orthogonal curvilinear coordinate system. In this work, following Romeo and Hoult [1], we represent
the scalar potential as the set of real spherical harmonics in spherical polar coordinates, and, therefore, the magnetic
field by

B(r, θ, φ) = ∇
∞∑
n=0

n∑
m=−n

Cn,mr
nPn|m| (cos θ)

cos (|m|φ)

sin (|m|φ)

 ,
m ≥ 0

m < 0
(15)

where the harmonic fields are classified through their order, n, and degree, m. Each harmonic has a magnitude,
Cn,m, and shows a variation with respect to θ that is described by one of the Ferrer’s associated Legendre poly-
nomials, Pn|m| (cos θ). The harmonics are mutually orthogonal on the surface of a sphere, with high-order n and
m harmonics representing higher frequency variations in the field along the zenith and azimuthal, respectively.
Due to their relation with the associated Legendre polynomials, the axial symmetry of the spherical harmonics
depends on the parity of (n + m). The degree is then divided into two cases, m = 0 and |m| > 0. The m = 0
harmonic fields exhibit total azimuthal symmetry and are known as zonal harmonics, Zn. The |m| > 0 harmonic
fields exhibit m-fold azimuthal symmetry and are known as tesseral harmonics, Tn,m, where negative m < 0 har-
monic fields are π/2m azimuthal rotations of their positive m > 0 counterparts. Using this basis any magnetic field
in free space can be simply decomposed into the combination of axially odd and even, zonal and tesseral harmonic fields.

Due to the link between the magnetic field and the scalar potential, every vector component of the magnetic field
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must depend on a single scalar function. However, some scalar fields are not present in every vector component of the
magnetic field. This is most clearly seen though the spherical harmonic decomposition of the axial magnetic field

Bz(r, θ, φ) =

∞∑
n=1

n−1∑
m=−n+1

Cn,m(n+m)rn−1Pn−1,|m| (cos θ)

cos (|m|φ)

sin (|m|φ)

 ,
m ≥ 0

m < 0
(16)

as derived in Appendix A. Again, due to the associated Legendre polynomials, the axial parity of the axial field is odd,
if (n+m− 1) = 2ν + 1, and even, if (n+m− 1) = 2ν, respectively, for ν ∈ Z0+. Here, no axial field exists where
m = n. Although the complete set of harmonic fields do not exist within the axial field, any harmonic can be indirectly
selected using it. This requires the correct current density basis to be chosen such that the harmonics that are not
present in the axial field can be removed independently. Here, we consider the appropriate cylindrical basis for discrete
currents placed symmetrically inside a cylindrical magnetic shield to efficiently construct the complete set of harmonic
fields using only the axial field. It should be noted that this could be performed with any vector component of the
magnetic field. However, using any other component it is more complicated [1].
As the axial magnetic field (9) is directly related to the Fourier transform of the azimuthal current density, the
axial parity and azimuthal symmetry in the magnetic field must mirror those in the azimuthal current density. As
the current density can be written as a product of two terms - one varying with z and one varying with φ, their
variations can be decoupled to independently maximize harmonics of a specific n and m, respectively. To generate
zonal harmonics this requires closed circular loops with complete azimuthal symmetry. To maximize the strength of a
specific tesseral harmonic, an arc with the same azimuthal periodicity as the desired harmonic is needed. Then, to
match the axial parity of a desired harmonic field, pairs of axially separated axially symmetric and anti-symmetric,
loops and arcs are used. These combinations of zonal and tesseral, symmetric and anti-symmetric pairs constitute the
coil basis that will be used to construct any arbitrary harmonic field, and, therefore, any physical magnetic field in
free space. Additionally, because arcs are not continuous, they must be connected with axial connections, forming
saddle-like systems [47]. These axial wires contribute to off axis field components, but, due to the formulation of the
magnetic field, these variations are accounted for and encoded within the azimuthal Fourier transform. Symmetric arc
pairs, therefore, require twice the number of axially separated arcs to satisfy the continuity of current. Hence, these
systems must be composed of double saddle Golay-type coils [48].

For simplicity, we formulate these building blocks centered about the origin, maintaining parity symmetry within the
magnetic shield. It must be noted, however, that a formulation can be performed with asymmetric placement, albeit
with the added complication of both axially odd and even parity harmonics being present simultaneously.

Let us decompose the current density into axial and azimuthal components

Jφ(φ′, z′) = IΦ(φ′)Z(z′), (17)

where I is the current in the wire. The axial variation of a symmetric or anti-symmetric pair separated by an axial
distance 2d, is given by

Z±(z′) = δ(z′ − d)± δ(z′ + d), (18)

with the resulting pth reflected Fourier transform from (10) written as

Jmpφ (k) = eikpLs
(
e−(−1)

pikd ± e(−1)pikd
)

Φm, (19)

where the azimuthal Fourier transform of the azimuthal variation of the current density is

Φm =
1

2π

∫ 2π

0

dφ′ e−imφ
′
Φ (φ′) . (20)

To maximize a specific degree of harmonic m = M , with either complete azimuthal symmetry, M = 0, or periodicity
π/|M |, the azimuthal component is chosen according to the desired harmonic field, given by

Φ(φ′) =


∑2M−1
λ=0 (−1)λ

[
H
(
φ′ + ϕ− λπ

M

)
−H

(
φ′ − ϕ− λπ

M

)]
, M > 0

1, M = 0∑2M−1
λ=0 (−1)λ

[
H
(
φ′ + ϕ− λπ

M − π
2M

)
−H

(
φ′ − ϕ− λπ

M − π
2M

)]
, M < 0

(21)
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where H(x) is the Heaviside function. These azimuthal variations are illustrated in Fig. 3. The azimuthal Fourier
transform, from (20), is then found to be

Φm(ϕ) =


sin(mϕ)
πm

∑2M−1
λ=0 (−1)λe−

imλπ
M , M > 0

δm0, M = 0
sin(mϕ)
πm e−

imπ
2M

∑2M−1
λ=0 (−1)λe−

imλπ
M . M < 0

(22)

Due to the preserved symmetries within the system, axial symmetric and anti-symmetric coils can only generate odd
and even parity harmonics, respectively. From this parity, the symmetry of a specific order of harmonic n = N , and,
subsequently, axial coil symmetry, can then be chosen to select the required field symmetries within the system. These
building blocks, composed of zonal and tesseral, symmetric and anti-symmetric coils, are depicted in Fig. 4.

Using (19), (17) and (14), noticing the expression can be written in terms of a Fourier series, the axial magnetic field
generated by symmetric and anti-symmetric pairs is given by

B±z (ρ, φ, z) =
2µ0I

Ls

∞∑
m=−∞

b±m(ρ, z; d)eimφΦm, (23)

respectively, where

b+m(ρ, z; d) =
∑
p even

cos

(
πpz

Ls

)
cos

(
πpd

Ls

) Im

(∣∣∣πpLs ∣∣∣ ρ)
Im

(∣∣∣πpLs ∣∣∣ ρs) , (24)

b−m(ρ, z; d) =
∑
p odd

sin

(
πpz

Ls

)
sin

(
πpd

Ls

) Im

(∣∣∣πpLs ∣∣∣ ρ)
Im

(∣∣∣πpLs ∣∣∣ ρs) , (25)

are symmetric and anti-symmetric axial magnetic field variations, respectively, of the coil basis. Using this coil basis
that generates zonal and tesseral, symmetric and anti-symmetric fields, we may now begin to construct coil structures
that select specific harmonic fields.
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λ = 4

λ = 4λ = 4

λ = 4

λ = 4

Zonal
M = 0

(a)

λ = 0

λ = 1λ = 1

λ = 1

λ = 1 λ = 1

π

ϕ

−ϕ

Tesseral
M = 1

(b)

λ = 0

λ = 1

λ = 2

λ = 3

π
2

ϕ

−ϕ

Tesseral
M = 2

(c)

λ = 0

λ = 1λ = 2

λ = 3

λ = 4 λ = 5

π
3

ϕ

−ϕ

Tesseral
M = 3

(d)

FIG. 3: Azimuthal variation in the basis currents on the ρφ-plane required by (21) to generate (a) the zonal, M = 0,
and (b–d) tesseral harmonics of degree one, two, and three, M = (1− 3), respectively, where the azimutal arc length
for each period, λ, is given by 2ϕ. Red arrows show the direction of current flow.
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Symmetric
N +M = 2ν + 1

Zonal Tesseral

d

−d

d2

−d2

d1

−d1

(a) (b)

Anti-symmetric
N +M = 2ν

Zonal Tesseral

d

−d

d

−d

(c) (d)

FIG. 4: Azimuthal and axial variation in the basis currents on the φz-plane required by (17) to generate (a)-(b)
symmetric, (N +M) = 2ν + 1, and (c)-(d) anti-symmetric, (N +M) = 2ν, zonal and tesseral harmonics, respectively,
where N and M are the order and degree of the harmonic and ν ∈ Z0+. Red arrows show the direction of current flow.
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IV. HARMONIC SELECTION

The methodology for designing a coil to generate a specific spherical harmonic variation in any vector direction relies
on the azimuthal variation and axial symmetries generated by the coil basis and their connection to the axial magnetic
and scalar spherical harmonic fields in free space.

The azimuthal variations and, subsequently, the degrees of harmonics generated, as described in (23), are dictated by
the periodicity of a given coil configuration. Thus, to maximize the degree of the desired harmonic we must consider
the azimuthal Fourier transform, (22). For M = 0, it is apparent that loops only generate fields of degree m = 0, and,
so, do not require azimuthal optimization. For |M | > 0, however, sets of arcs of periodicity π/|M | generate an infinite
number of harmonic fields of degree m = (2ν + 1)M , where ν ∈ Z0+. Therefore, to maximize the desired degree of a
tesseral harmonic field, the angular length, ϕ, should be adjusted to eliminate as many undesired azimuthal variations
as possible. From analysis of (22), the leading-order error term of degree m = 3M is removed simply if

sin(3Mϕ) = 0. (26)

However, depending on the required accuracy of the desired field, further variations might need to be removed. To
achieve this, additional arcs of angular length ϕj and azimuthal turn ratios, Iϕj , can be used to allow multiple degrees
to be minimized simultaneously, as depicted in Fig. 5a. Hence, generalizing (26), we can use M ′ arcs to simultaneously
minimize M̃ degrees of harmonics,

min
ϕj ,I

ϕ
j

M ′∑
j=1

Iϕj sin((2ν + 1)Mϕj)

 , ν ∈ Z : ν ∈ [1, M̃ ]. (27)

Therefore, using this relation, the harmonics which do not exist within the axial field, m = n, can be selected or
minimized. In theory, as there are 2M ′ independent free variables, 2M ′ degrees can be removed from the system. For
practical applications Iϕj must be integer ratios of one-another and connected in series, limiting the space in which
optimal ϕj can exist. The equations (27) can be solved analytically for integer Iϕj via substitution of the appropriate
Chebyshev polynomials, but it is often quicker to solve them using a numerically exhaustive search technique because
of the complexity of the Chebyshev polynomials when compared to the simplicity of (27). Typically, the best solutions
have significant angular extents and azimuthal turn ratios within an order of magnitude of each other to prevent
the finite size of the wires from introducing deviations. It should also be noted that the value of Iϕj can be negative,
indicating that the jth arc is flowing in the opposite direction. Designs with counter-propagating flows are useful if
there are specific regions where wires are prohibited, providing additional flexibility when designing coil setups. They
are, however, often very power-inefficient.

The same logic can also be applied to the radial and axial variations within the system to remove harmonics of odd or
even parity. First, let us transform the spherical harmonic field (16) into cylindrical coordinates, and separate it into
terms of even and odd order,

Bz =

[ ∞∑
n=0

2n∑
m=−2n

C2n+1,m(2n+m+ 1)(ρ2 + z2)nP2n,m

(
z

(ρ2 + z2)1/2

)
+ (28)

∞∑
n=1

2n−1∑
m=−2n−1

C2n,m(2n+m)(ρ2 + z2)
n−1
2 P2n−1,m

(
z

(ρ2 + z2)1/2

)]cos (|m|φ)

sin (|m|φ)

 m ≥ 0

m < 0
.

After analyzing (28) and (23), we can see that the radial and axial dependence of every harmonic of order n and degree
m, excluding m 6= n, must be completely contained within the symmetric and anti-symmetric axial field variations
(24)–(25). Therefore, we can write these variations in terms of the harmonic magnitudes

b+m(ρ, z; d) =

∞∑
n=0

C̃2n+1,m(d, ρs, Ls)(ρ
2 + z2)nP2n,m

(
z

(ρ2 + z2)1/2

)
, m ≤ 2n (29)
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π
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−ϕ1

ϕ2

−ϕ2

ϕM ′

−ϕM ′···

··
·

Iϕ1 Iϕ2 IϕM ′

Tesseral

(a)

...

...

...

...

dN′ , IzN′

d2, I
z
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z
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z
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(b) (c)

...

...

FIG. 5: Sets of the basis currents from (17) to generate more accurate (a) tesseral harmonics of degree M presented
on the ρφ-plane (b)-(c) symmetric and anti-symmetric zonal harmonics, respectively, presented on the φz-plane, where
N ′ and M ′ are the number of basis currents used. Red arrows show the direction of current flow.

b−m(ρ, z; d) =

∞∑
n=1

C̃2n,m(d, ρs, Ls)(ρ
2 + z2)

2n−1
2 P2n−1 m

(
z

(ρ2 + z2)1/2

)
, m ≤ 2n− 1 (30)

where C̃n,m(d, ρs, Ls) describes the effective harmonic magnitude that depends on the coil and shield parameters.
The relationship between C̃n,m(d, ρs, Ls) and the placement of loops and arcs is apparent when the series expansions
of both the trigonometric and Bessel functions are substituted into (24)-(25). The spatial variations can then be
separated and grouped into their constituent harmonics then related to the coil parameters. This must be done on
a case-by-case basis as only specific sets of harmonics exist within each of the basis coils. Once the harmonics have
been separated and effective harmonic magnitudes found in terms of loop or arc positions and shield parameters, the
positions can then be found to maximize a desired order of harmonic N . This, again, can be generalized to remove
the set of undesired harmonic fields of order n ∈ Z : n ∈ [n′1, n

′
N ] and degree M through the set of simultaneous

equations using pairs of symmetric and anti-symmetric loops or arcs at positions di with axial turn ratios Izi . This is
illustrated for zonal symmetric and anti-symmetric loops in Fig. 5b-c. The road map of this harmonic selection process
is summarized in Fig. 6.
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FIG. 6: Flow diagram describing the harmonic minimization method for a target harmonic of order N and degree M
using N ′ axial pairs of loops or arcs with M ′ arcs at each axial position.
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Example: Zonal linear gradient

Let us apply our analytical model to calculate the axial field generated by a pair of loops in the anti-Helmholtz
configuration in a shielded environment, depicted in Fig. 7, to demonstrate the effect of the magnetic shield. The
anti-Helmholtz configuration uses a pair of anti-symmetric axial loops to generate the scalar harmonic field, Z2, which
produces an axial linear gradient, dBz/dz. The optimal loop position in free space, d =

(√
3/2
)
ρc, can be derived

by eliminating the cubic variations in the generated field, i.e. the Z4 scalar harmonic, through a series expansion
of the spatially-varying terms, demonstrated in Appendix B. In Fig. 8a and Fig. 8b we examine the field linearity
of an anti-Helmholtz coil in free space and inside a magnetic shield, respectively. The magnetic shield, with shield
aspect ratio Ls/(2ρs) = 1, is chosen as an example similar to standard commercially available magnetic shields [49]
to demonstrate the impact of non-optimized designs in real-world systems. The presence of the magnetic shield
effects the inductance, gradient, and linearity of the design. The inductance and gradient are both increased by
approximately a factor of two. However, large deviations are introduced into the field due to the non-zero cubic
variations reducing the central volume of 1% accuracy to the desired gradient by approximately a factor of three. Evi-
dently, new optimal separations must be determined to improve the accuracy of magnetic fields in shielded environments.

(a)

z

z = d

z = −d

z = d

z = −d

Ls

ρs

(b)

FIG. 7: Schematic diagram of an anti-symmetric pair of loops of radius ρs showing the (a) azimuthal variation and (b)
axial position z = ±d placed symmetrically around the origin of a closed magnetic shield of radius ρs and length
Ls = 2ρs.

The axial magnetic field generated by a pair of anti-symmetric axial loops on the shield’s interior surface from (19),
(22), and (23) is given by

Bz (ρ, φ, z) =
2µ0I

Ls
b−0 (ρ, z; d). (31)

As directed in the previous section, the harmonic fields in the system can be found by expanding the spatially-varying
functions. By expanding these functions, we can group the spatial variations into their constituent spherical harmonic
functions, and thereby determine how their effective magnitudes relate to the coil parameters. Using (25), and
substituting the well-known series expansions,

Im(x) =

∞∑
l=0

1

l!(l +m)!

(x
2

)2l+m
and sin(x) =

∞∑
l=0

(−1)lx2l+1

(2l + 1)!
, (32)

the axial field generated by the anti-symmetric pair (31) can be written in terms of the harmonic fields

Bz (ρ, φ, z) =
2µ0I

π

(
zC̃2,0 (d, ρs, Ls) +

(
zρ2

4
− z3

6

)
C̃4,0 (d, ρs, Ls) + . . .

)
, (33)
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where the effective harmonic magnitudes are given by

C̃2n,0 (d, ρs, Ls) =
1

L2n−1
s

∞∑
p=1

(2p− 1)2n−1
sin
(
πd(2p−1)

Ls

)
I0

(
π(2p−1)ρs

Ls

) . (34)

(a) (b)

FIG. 8: Color maps showing the magnitude of the normalized axial magnetic field, Bz, in the xz-plane generated by
the coil depicted in Fig. 7 in the anti-Helmholtz arrangement with separation, d = ±

(√
3/2
)
ρs in two situations (a) in

free space and (b) placed symmetrically around the origin of a closed magnetic shield of radius ρs and length Ls = 2ρs
(solid black outline). White contours show where the field deviates from the target field by 5% (dashed curves) and 1%
(dot-dashed curves). Black contours represent lines of constant magnetic flux (dashed curves). The resistance, field per
unit current, and inductance of the coil both in free space and inside a unit length magnetic shield are presented in
Table I.

Using (34) the optimal positions, z = ±d, for a single anti-symmetric pair can be determined for a given shield aspect
ratio so that the leading-order error term is removed

C̃4,0 (d, ρs, Ls) =
1

L3
s

∞∑
p=1

(2p− 1)3
sin
(
πd(2p−1)

Ls

)
I0

(
π(2p−1)ρs

Ls

) = 0. (35)

In Fig. 9a-b, we present the optimal separation for any shield aspect ratio found through an exhaustive numerical
search and the gradient per unit current it generates for unit shield length, respectively. The red dotted lines within
Fig. 9a-b are the optimal separation, d = 0.824ρs as the shield aspect ratio tends to to infinity and the gradient per
unit current, 1.23, that is generated, respectively. The blue dotted lines within Fig. 9a-b are the separation for the
standard anti-Helmholtz configuration, d =

√
3ρs/2 and the gradient per unit current, 0.806, that is generated in free

space, respectively. Due to the interaction and finite length of the magnetic shield there exists a shield aspect ratio,
0 < Ls/(2ρs) / 0.831, where no separation entirely removes the cubic variation in the field. In this case, to determine
the optimal separation contributions from both the cubic and quintic variations should be minimized, but not nulled
entirely, to achieve the most uniform field linearity for a given application.

Expanding on this, we can generalize the above example using N ′ loops at positions di, to minimize Ñ harmonics
through the use of (34), resulting in the set of simultaneous equations

min
Izi ,di

 N ′∑
i=1

Izi
L2n−1
s

∞∑
p=1

(2p− 1)2n−1
sin
(
πdi(2p−1)

Ls

)
I0

(
π(2p−1)ρs

Ls

)
 , n ∈ Z : n ∈ [2, Ñ + 1]. (36)
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(a) (b)

FIG. 9: (a) Optimal normalized separation, d/ρs, of the anti-symmetric pair, depicted in Fig. 7, to generate the zonal
Z2 harmonic as the length of the shield increases (red curve). Horizontal dashed lines (red and blue) show the
analytical values of d = 0.824ρs and d =

(√
3/2
)
ρs obtained in the long shield limit (Ls � 2ρs) and in free space,

respectively. (b) Gradient per current, (dBz/dz)/I, of the optimal anti-symmetric pair as the length of the shield
increases (red curve). Horizontal dashed lines (red and blue) show the values of dBz/dz = 1.230I and
dBz/dz = 0.806I obtained in the long shield limit and in free space, respectively. Vertical dashed line (black) in (a)
and (b) shows the minimum shield length Ls = 1.62ρs below which no optimal solution can be found.

The manual removal of multiple harmonic fields is difficult and time consuming. To find the optimal separations each
undesired harmonic must be analyzed in turn, but, as n increases, the magnitude of each harmonic becomes increasingly
sensitive to the positions di. As such, the domain in which a solution exists that eliminates many harmonics becomes
progressively more challenging to find. Moreover, to easily manufacture these nested designs, like with the azimuthal
turn ratios, the axial turn ratios Izi should be integers within an order of magnitude range, which further increases the
difficulty in finding solutions.

Clearly, unlike the simultaneous equations used to determine optimal angular lengths, the construction of this problem
is nontrivial, and requires a level of intuition to solve effectively. The parity of each undesired harmonic magnitude over
the domain of allowed di can be determined and combined to find a suitable range of Izi where solutions exist. From
this, the domain where a solution for di exists can be searched efficiently. The process for determining the search regions
could be automated and be performed whenever a different harmonic field is selected or the aspect ratio of the shield
is altered. However, this is time consuming and can not be generalized effectively. This bounded multi-dimensional
minimization problem with integer constraints is an ideal candidate for a multi-objective optimization procedure which
can allow optimal positions and turn ratios to be found in a computationally-effective manner.

V. GENETIC ALGORITHM OPTIMIZATION

There are a vast array of optimization methods which can be used to find optimal solutions to minimization problems.
The applicability of these methods is dependent on the functional form and number of different of objective functions.
Multi-objective optimization describes a group of methods which allow the simultaneous optimization of many functions.
These methods allow the optimization of conflicting objectives, resulting in a higher quality solution. Here, we use a
genetic algorithm to solve the non-linear, mixed-integer, multi-objective optimization problem. The optimal continuous
separations di and discrete turn ratios Izi for N ′ loops or arcs are found to minimize the amplitudes of a set of undesired
harmonic fields, which are the objective functions, constrained by the minimum distance between any two loops D and
maximum turn ratio Izmax.. We pose the optimization problem by using the set of arbitrary user-defined undesired
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harmonic fields of order n ∈ Z : n ∈ [ñ1, ñÑ ] and degree M as the objective functions
min f1 = C̃ñ1,M (ρs, Ls; d1, . . . , dN ′ , I1, . . . , IN ′) ,

...
min fÑ = C̃ñÑ ,M (ρs, Ls; d1, . . . , dN ′ , I1, . . . , IN ′) .

(37)

Here, we assume that the required azimuthal variations have been eliminated using (27) and the remaining undesired
harmonics constitute the Ñ leading-order error terms of degree M that exist within axial magnetic field. The search
domain of the design parameters are 

D/2 < d1 < d2 −D,
d1 +D < d2 < d3 −D,

...
D + dN ′−1 < dN ′ < Ls/2,

1 ≤ Iz1 ≤ Izmax.,

−Izmax. ≤ Iz2 ≤ Izmax.,
...

−Izmax. ≤ IzN ′ ≤ Izmax.,

(38)

where the physical constraints on the system are that the axial turn ratios are less than the maximum axial turn ratio
Izmax., the separation of any two nested loops or arcs is less than the minimum separation D, and the outer loop arc is
axially inside the shield dN ′ < Ls/2.

Here, we use the Matlab function gamultiobj() from the multi-objective genetic algorithm toolbox, this function
uses the NSGA-II algorithm [40]. We modify the mutation, crossover, and creation functions to allow integer turn
ratios and continuous value separations to be optimized simultaneously. The population size, number of generations,
and function tolerance are changed depending on the number of design parameters and objective functions used in a
specific design to find solutions effectively. We now present two examples of optimized coil designs found through the
use of a genetic algorithm. Firstly, we design an improved linear gradient field Z2, and compare this result to the
previous anti-Helmholtz design. Then, we design a transverse bias field, T1,1, where m = n = 1, which, importantly, is
absent from the axial field in (14). We demonstrate how the desired field can be indirectly selected by removing the
leading-order error terms that are present in the axial field. This optimized transverse coil is then compared to an
equivalent non-optimized transverse coil for comparison.

Example I: Improved linear gradient field

To find an improved linear gradient field we choose to search for solutions using a four pair anti-symmetric loop setup
within a magnetic shield of aspect ratio Ls/(2ρs) = 1. The axial magnetic field is given by

Bz (ρ, φ, z) =
2µ0

Ls

4∑
i=1

Izi b
−
0 (ρ, z; di). (39)

and we choose to minimize the first three leading-order error terms
min f1 = C̃4,0 (ρs, Ls; d1, . . . , d4, I

z
1 , . . . , I

z
4 ) ,

min f2 = C̃6,0 (ρs, Ls; d1, . . . , d4, I
z
1 , . . . , I

z
4 ) ,

min f3 = C̃8,0 (ρs, Ls; d1, . . . , d4, I
z
1 , . . . , I

z
4 ) ,

(40)
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from (34), given by

C̃2n,0 =

4∑
i=1

Izi
L2n−1
s

∞∑
p=1

(2p− 1)2n−1
sin
(
πdi(2p−1)

Ls

)
I0

(
π(2p−1)ρs

Ls

) . (41)

We constrain the separation of the wires such that D = 0.01ρs, the upper bound of the small wire approximation, and
limit the maximum turn ratio Izmax. = 9, and search for optimal values of [d1, . . . , d4] and [Iz1 , . . . , I

z
4 ]. The genetic

algorithm outputs numerous Pareto-optimal solutions where the first three undesired contributions are minimized,
i.e. many solutions exist where no undesired harmonic can be minimized more without increasing the magnitude of
another undesired harmonic. To filter these solutions, we rank them according to their stability by adjusting the wire
placements slightly and analyzing their performance. The most stable solution which nearly entirely eliminates the first
three unwanted harmonics from the system is depicted in Fig. 10 with axial field generated in free space and inside the
magnetic shield in Fig. 11a-b, respectively. Due to the improved linearity from the additional pairs the central volume of
the region to within 1% accuracy is increased by a factor of seven compared to the standard anti-Helmholtz configuration
inside the same magnetic shield, shown in Fig. 8, demonstrating the effectiveness of the methodology and the applica-
bility of the genetic algorithm optimization to this problem. However, the resistance and inductance for the improved
system within the shield are an order of magnitude larger than the standard anti-Helmholtz configuration. The re-
sistance, gradient, and inductance both in free space and inside a unit length magnetic shield are summarized in Table. I.

Although not guaranteed, there could exist other multi-pair designs that minimize more undesired harmonics than the
example depicted in Fig. 10. However, the effect of removing high-order harmonics will reach a point of diminishing
returns where the sensitivity of the harmonic magnitudes to the position of the loops or arcs is so large that a suitable
solution can not be obtained in a reasonable amount of time. The unique benefits of discrete coil optimization are
lost if too large a number of harmonics need to be nulled and the design becomes more complex, meaning a coarse
discretization of a continuum-optimized current density could yield better results.
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z
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d2, I
z
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−d2, Iz2

d3, I
z
3

−d3, Iz3

d4, I
z
4

−d4, Iz4

z = d

Ls

ρs

(b)

FIG. 10: Schematic diagram of four anti-symmetric loop pairs of radius ρs showing the (a) azimuthal variations and
(b) axial positions z = ±di, where di = [0.592, 0.645, 0.777, 0.878]ρs, with axial turn ratios Izi = [3,−3,−2, 3], for
i ∈ Z : i ∈ [1, 4], placed symmetrically around the origin of a closed magnetic shield of radius ρs and length Ls = 2ρs.

Example II: transverse bias field

A transverse bias field, Bx, can be represented by a single spherical harmonic field of order n = 1 and degree m = 1.
As such, the symmetries within the desired harmonic field correspond to the anti-symmetric tesseral coil basis, with
azimuthal periodicity π depicted in Fig. 4d and Fig. 3b, respectively. As previously mentioned, the harmonic T1,1 is
not present within the axial field. However, we can still search for optimized transverse coils using the axial magnetic
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(b) (c)

FIG. 11: Color maps showing the magnitude of the normalized axial magnetic field, Bz, in the xz-plane generated the
design depicted in Fig. 10 in two situations (a) in free space and (b) placed symmetrically around the origin of a closed
magnetic shield of radius ρs and length Ls = 2ρs (solid black outline). White contours show where the field deviates
from the target field by 5% (dashed curves) and 1% (dot-dashed curves). Black contours represent lines of constant
magnetic flux (dashed curves). The resistance, gradient per unit current, and inductance of the coil both in free space
and inside a unit length magnetic shield are presented in Table I.

field. Here, we use a four pair setup with three overlapping arcs of different angular lengths, with axial magnetic field

Bz (ρ, φ, z) =
4µ0

Ls

∞∑
m=1

4∑
i=1

3∑
j=1

Izi I
ϕ
j b
−
m(ρ, z; di)Φ

m
j cos(mφ), (42)

where

Φm(ϕj) =
sin(mϕj)

πm
(1− (−1)m). (43)

Using three angular lengths, we are able to remove the first three sets of harmonics of degrees m = (3, 5, 7) by solving
the set of simultaneous equations

min
ϕj

M ′∑
j=1

Iϕj sin((2ν + 1)ϕj)

 , ν ∈ Z : ν ∈ [1, 3]. (44)

For simplicity and ease of manufacturing, we chose Iϕj = [1, 1, 1], and find optimized angular lengths of ϕj =

[1.367, 1.101, 0.592]. Having removed the leading-order azimuthal errors of degrees m = (3, 5, 7), the first three
leading-order error terms in the desired field now exist in the axial field (42), and are given by

C̃2n−1,1 =

N∑
i=1

Izi

∞∑
p=1

(2p− 1)2n
sin
(
πdi(2p−1)

Ls

)
I1

(
π(2p−1)ρs

Ls

) , n ∈ Z : n ∈ [2, 4]. (45)

where the objective functions are written as
min f1 = C̃3,1 (ρs, Ls; d1, . . . , d4, I1, . . . , I4) ,

min f2 = C̃5,1 (ρs, Ls; d1, . . . , d4, I1, . . . , I4) ,

min f3 = C̃7,1 (ρs, Ls; d1, . . . , d4, I1, . . . , I4) .

(46)



19

Again, we place the constraint on the separation between wires D = 0.01ρs, and limit the maximum turn ratio such
that Izmax. = 9. Again, we select the most stable Pareto-optimal solution which effectively eliminates the first two
leading-order error terms and greatly reduces the third. The solution is graphically depicted in Fig. 12 where the
transverse field variations in the xz−plane in free space and inside the magnetic shield are shown in Fig. 13a-b,
respectively. Although no standard transverse field design exists which fits within a magnetic shield with this aspect
ratio, we use a non-optimized saddle coil with separation d = Ls − ρw and azimuthal variation Fig. 12a, as the
comparison. This non-optimized coil is depicted in Fig. 14. The optimized transverse coil generates a 1% homogeneous
region approximately 4 times greater than the non-optimized design. However, the resistance and inductance for the
optimized transverse field coils are three and ten times larger than the non-optimized arrangement. The field per unit
current is also reduced by a factor of 7. The resistance, field per unit current, and inductance, for both optimized and
non-optimized designs in free space and within the magnetic shield are summarized in Table. I.

Additional constraints could be added to the optimization to minimize the resistance, inductance, or to maximized
the field per current. However, this would come at a cost of field fidelity. For a given experimental situation, the
Pareto-optimal solutions should be ranked according to achieve the most optimal outcome.
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FIG. 12: Schematic diagram of four axial anti-symmetric arc pairs of radius ρs with three azimuthal variations for
each pair, showing the (a) azimuthal variations of periodicity, π, for the three separate angular lengths
ϕj = [1.376, 1.101, 0.593] with azimuthal turn ratios Iϕj = [1, 1, 1], for j ∈ Z : j ∈ [1, 3], and (b) axial positions z = ±di,
where di = [0.068, 0.226, 0.525, 0.810]ρs, with axial turn ratios Izi = [5,−3, 2,−1], for i ∈ Z : i ∈ [1, 4], placed
symmetrically around the origin of a closed magnetic shield of radius ρs and length Ls = 2ρs. (c) Shows an expanded
schematic diagram of one azimuthal section of the coil depicted in (a)-(b) for clarity.
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(c) (d)

FIG. 13: Color maps showing the magnitude of the normalized transverse magnetic field, Bx, in the xz-plane
generated the design depicted in Fig. 12 in two situations (a) in free space and (b) placed symmetrically around the
origin of a closed magnetic shield of radius ρs and length Ls = 2ρs (solid black outline). White contours show where
the field deviates from the target field by 5% (dashed curves) and 1% (dot-dashed curves). Black contours represent
lines of constant magnetic flux (dashed curves). The resistance, field per unit current, and inductance of the coil both
in free space and inside a unit length magnetic shield are presented in Table I.
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FIG. 14: Schematic diagram of one axial anti-symmetric arc pair of radius ρs with three azimuthal variations, showing
the (a) azimuthal variations of periodicity, π, for the three separate angular lengths ϕj = [1.376, 1.101, 0.593] with
azimuthal turn ratios Iϕj = [1, 1, 1], for j ∈ Z : j ∈ [1, 3], and (b) axial positions z = ±d, where d = (Ls/2− ρw)ρs,
placed symmetrically around the origin of a closed magnetic shield of radius ρs and length Ls = 2ρs.
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(b) (c)

FIG. 15: Color maps showing the magnitude of the normalized transverse magnetic field, Bx, in the xz-plane
generated the design depicted in Fig. 14 in two situations (a) in free space and (b) placed symmetrically around the
origin of a closed magnetic shield of radius ρs and length Ls = 2ρs (solid black outline). White contours show where
the field deviates from the target field by 5% (dashed curves) and 1% (dot-dashed curves). Black contours represent
lines of constant magnetic flux (dashed curves). The resistance, field per unit current, and inductance of the coil both
in free space and inside a unit length magnetic shield are presented in Table I.

Coil Design
Resistance Field / Current Inductance

(Ω) (µT/mN-1) (µH)

Anti-Helmholtz
Unshielded

0.134
3.28 6.19

Shielded 7.16 12.4

Improved Linear Gradient
Unshielded

1.48
2.74 131

Shielded 6.92 184

Non-Optimized Transverse
Unshielded

1.03
4.21 51.8

Shielded 6.88 104

Optimized Transverse
Unshielded

3.63
0.65 724

Shielded 1.04 1010

TABLE I: The resistance R, field per unit current CNM/I, and inductance L, for example coils, with wire radius
ρw = 0.5 mm, depicted in the text both in free space and inside an example magnetic shield of unit length Ls = 1 m
and radius ρs = 0.5 m. The anti-Helmholtz and improved linear gradient coils are represented in Fig. 7 and Fig. 10,
respectively, and generate a N = 2 zonal harmonic field, Z2. The non-optimized and optimized transverse coils are
represented in Fig. 14 and Fig. 12, respectively, and generate a N = 1, M = 1 tesseral harmonic field, T1,1.

VI. CONCLUSION

Here, we have provided a coil design method based around simple discrete loops and arcs, allowing the construc-
tion of any physical magnetic field within a magnetically shielded cylinder. We utilized a previously formulated
Green’s function that satisfies the boundary conditions at the surface of a high-permeability cylinder and determined
simplified equations with leading-order corrections when the coil is resting on the magnetic shield’s surface. We
then presented a discrete coil basis composed of unit-coil building blocks. The magnetic fields generated by these
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building blocks were then decomposed into the set of harmonic magnetic fields generated in free space. The coil
parameters, namely the spacing, angular lengths, and currents through pairs of loops and arcs, were then related
to the set of harmonic fields within a specific design and chosen to select desired field profiles within the system.
Finally, we used this decomposition to find optimal discrete coil designs using a genetic algorithm optimization procedure.

Using the anti-Helmholtz pair as an example, we found that the central volume of 1% field gradient linearity diminished
by a factor of three when placed inside a high-permeability shield of equal length and diameter. We then used our
model to investigate the optimal separation of an anti-Helmholtz pair in a magnetic shield of arbitrary length. Taking
this optimization one step further, we formulated simultaneous equations to remove multiple harmonic fields using
multiple loops and arcs and used a genetic algorithm to find optimized turn ratios and separations. We applied this
optimization procedure to design a high fidelity transverse bias and linear-gradient field. Notably, we found that
the improved linear-gradient design increased the central volume of 1% linearity by a factor of seven compared to
the standard anti-Helmholtz arrangement in the same shield. However, this came at a cost of increased power and
inductance.

The analytical model, discrete coil basis, and optimization procedure presented here allow the efficient design of
compact discrete coils that generate accurate magnetic fields within a finite length cylindrical magnetic shield. This
methodology will facilitate new miniaturized technologies that require custom magnetic fields within a magnetically
shielded environment, and existing systems can easily be retrofitted to include simple discrete coils. Additional
objective functions could be added to the method such as sensitivity of the harmonic magnitudes to wire placement or
the minimization of power or inductance. These additions may come at the cost of field fidelity but would allow the
method to be tailored to the needs of individual experiments. Further research could investigate the use of discrete
planar coils on the surface of the end-plates to enable more power-efficient and accurate designs, or the coil basis could
be applied to generate self-canceling free space discrete coil sets with significant optical access.
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APPENDIX A: AXIAL DIFFERENTIATION OF SPHERICAL HARMONICS

Let us consider the harmonic

Rn,m(r, θ, φ) = rnPn,m (cos θ)

cos (|m|φ)

sin (|m|φ)

 ,
m ≥ 0

m < 0
(47)

The differential of an arbitrary curvilinear coordinate system with respect to another may be expressed as

∂Rn,m(r, θ, φ)

∂χi
=
∑
j

∂ξj
∂χi

∂

∂ξj
Rn,m(r, θ, φ). (48)

Using this, the differential in cylindrical coordinates may be determined. Spherical polar coordinates can be written as

r =
√
ρ2 + z2, θ = cos−1

(
z√

ρ2 + z2

)
, φ = φ. (49)

As a result the axial derivative is written by

∂Rn,m(r, θ, φ)

∂z
=

(
∂r

∂z

∂

∂r
+
∂θ

∂z

∂

∂θ

)
Rn,m(r, θ, φ), (50)
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Using (48) and (49) the differential with respect to z is given simply by

∂Rn,m(r, θ, φ)

∂z
=

(
cos θ

∂

∂r
− sin θ

r

∂

∂θ

)
Rn,m(r, θ, φ), (51)

which, using (47), becomes

∂Rn,m(r, θ, φ)

∂z
= rn−1

(
n cos θPn,m (cos θ)− sin θ

∂Pn,m (cos θ)

∂θ

)cos (|m|φ)

sin (|m|φ)

 ,
m ≥ 0

m < 0
(52)

Directly substituting the relation from [51]

∂Pn,m (cos θ)

∂θ
= m cot θPn,m (cos θ)− n+m

sin θ
Pn−1,m (cos θ) (53)

into (52) yields the final expression

∂Rn,m(r, θ, φ)

∂z
= (n+m)Pn−1,m (cos θ)

cos (|m|φ)

sin (|m|φ)

 ,
m ≥ 0

m < 0
(54)

APPENDIX B: HARMONIC DECOMPOSITION OF ANTI-HELMHOLTZ CONFIGURATION

An anti-Helmholtz configuration generates axial linear gradient with an axial anti-symmetric setup, z′ = ±d, with
complete azimuthal symmetry, Φ = 1. Let us find the optimal anti-Helmholtz separation in an unshielded environment
first using a spherical harmonic decomposition. Using the known magnetic field generated by a circular loop in free
space [50] the axial field generated by an anti-symmetric setup of radius ρc without a magnetic shield is given by

Bz (ρ, φ, z) =
2µ0I

ρcπ

∫ ∞
0

dk k sin

(
kz

ρc

)
sin

(
kd

ρc

)
I0

(
kρ

ρc

)
K1(k). (55)

In order to determine the optimal separation the field must be decomposed into its orthogonal eigenfunctions. This
can be done through expanding the spatially-varying terms, separating the harmonic fields generated, and removing
the leading-order error in the desired field. Taylor expanding (55) and grouping the terms into the harmonic fields in
cylindrical coordinates results in

Bz (ρ, φ, z) =
2µ0I

ρcπ

(
zC̃2,0 (ρc, d) +

(
zρ2

4
− z3

6

)
C̃4,0 (ρc, d) + . . .

)
, (56)

where C̃2,0 (ρc, d), C̃4,0 (ρc, d), . . ., C̃2n,0 (ρc, d) are the relative magnitudes of the harmonics in (15), respectively, which
are dependent on the coil geometry, given by

C̃2n,0 (d, ρc) =
1

ρ2n−1c

∫ ∞
0

dk k2n sin

(
kd

ρc

)
K1(k). (57)

To design an optimal linear gradient field using this set-up, the leading-order error in the desired field must be removed.
Therefore, to remove the cubic variations in the field it is required that

C̃4,0 =
1

ρ3c

∫ ∞
0

dk k4 sin

(
kd

ρc

)
K1(k) =

15ρ3cd
(
3ρ2c − 4d2

)
π

2 (ρ2c + d2)
9
2

= 0. (58)
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As expected, this is satisfied at the standard anti-Helmholtz separation d/ρc =
√

3/2.
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Chapter 6

Conclusion

A complete design method has been formulated within this body of work that

allows the generation of quasi-static magnetic fields within closed, finite-length

high-permeability cylinders. The magnetic shield’s response was formulated

in terms of the initial current source such that the magnetic field could be

found in terms of a coil basis and efficiently optimized to generate hybrid

field-generating systems. Each magnetic field design method presented a dif-

ferent solution to optimal magnetic field design, with their own advantages

and disadvantages, benefiting a wide range of applications.

Arbitrary cylindrical coils or cylindrical current distributions provide accurate

fields within magnetic shields with large aspect ratios. Due to the geometry

of the coil, these systems provide extensive axial access but reduced radial

access. The interaction of the cylindrical currents with the cylindrical surface

of the shield also magnifies the magnetic field. Therefore, these systems are

advantageous within experiments such as gravity gradient atom interferometers

where the region of interest is long and thin, requiring large amounts of free

space in the axial direction. One downside of this method is that accurate fields

in regions close to the magnetic shield’s end caps are hard to generate. This

difficulty arises due to the form of the interaction and geometric limitations of

the cylindrical current source. The planar end caps oppose the fields generated

by the current source due to the reflected image currents, resulting in large
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gradient fields.

Conversely, arbitrary planar currents are beneficial in the geometrically op-

posite scenario. These systems provide accurate fields within cylinders with

small aspect ratios. This coil geometry provides large amounts of radial ac-

cess with reduced axial access. Due to the planar coil’s interaction with the

shield, magnetic fields are easily made in regions close to the planar end caps

but hard to make radially close to the cylindrical surface. This design method

could benefit systems that are limited by axial size constraints. These designs

are also easily manufactured and retrofitted within existing systems allowing

for improvements within systems without system redesign.

Due to the systems’ symmetries and the form of the current sources’ interac-

tions with the magnetic shield, a combination of both planar and cylindrical

currents could maximize the benefits of each coil geometry. This combination

of designs could lead to ultra-precise field generating systems that are both ax-

ially and radially large. However, due to the designs’ complexity, these systems

would lack access and would have to be designed carefully to accommodate it.

Discrete coil systems provide a compromise with flexible optical access both

axially and radially but with limited field accuracy. However, since these

designs are composed of simple building blocks, they can be manufactured

relatively easily and provide cost-effective solutions. These designs could be

helpful when large amounts of access is required, and the constraint on the

magnetic field’s accuracy is flexible.

These methods can be used effectively when the material thickness is greater

than 0.5 mm, the material’s permeability is µr � 20000, and the frequency of

the initial current source is ω ≈ 0. However, these conditions are not always

met. Some experiments require time-varying fields, lightweight, and low-noise

systems. The finite frequency, permeability, and thickness could introduce de-

viations from the analytical model within these systems. If these deviations

are small, iterative numerical optimization using finite element software could

be performed to adjust the current density to account for these parameters.
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This optimization could be achieved by particle swarm, genetic algorithm, or

any other efficient optimization procedure that can traverse the highly non-

linear optimization landscape. In extreme cases, where the frequency of the

time-varying fields is the kHz regime, or the permeability and thickness are

too low, the theoretical model presented breaks down, and minor adjustments

to the approximate solution are no longer valid. In this case, further analyt-

ical models need to be formulated to take the eddy current mechanism, and

finite permeability and thickness into account. This inclusion would only be

possible if the complete time-dependent solution is found, including the mate-

rial’s conductivity, permeability, and thickness, and could be an area of further

research.

These methods provide a solution for a priori quasi-static magnetic field design

within high-permeability finite-length cylindrical shields, which are currently

being used in the development of gravity sensors at the University of Birming-

ham, low-field environments for medical imaging at the University of Notting-

ham, and a commercial shielding product being manufactured by Magnetic

Shields Limited. Future applications could include compact hybrid cancella-

tion systems for quantum computers, miniaturized gravity sensors, and other

developing quantum technologies which require magnetic shielding, resulting

in the next generation of commercialized quantum technologies.
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C. Tuck, R. Wildman, T. Fromhold, and L. Hackermüller, “Additively
manufactured ultra-high vacuum chamber for portable quantum technolo-
gies,” Additive Manufacturing, vol. 40, p. 101898, 2021.



BIBLIOGRAPHY 38

[32] S. H. Madkhaly, L. A. Coles, C. Morley, C. D. Colquhoun, T. M.
Fromhold, N. Cooper, and L. Hackermüller, “Performance-optimized com-
ponents for quantum technologies via additive manufacturing,” 2021.

[33] M. Purucker and K. Whaler, “5.06 - crustal magnetism,” in Treatise on
Geophysics (Second Edition), second edition ed., G. Schubert, Ed. Ox-
ford: Elsevier, 2015, pp. 185–218.

[34] G. McCracken and P. Stott, “Chapter 5 - magnetic confinement,” in Fu-
sion, G. McCracken and P. Stott, Eds. Burlington: Academic Press,
2005, pp. 47–60.

[35] H. Zhao, S. Crozier, and D. M. Doddrell, “Compact clinical mri magnet
design using a multi-layer current density approach,” Magnetic Resonance
in Medicine, vol. 45, no. 2, pp. 331–340, 2001.

[36] N. Holmes, T. M. Tierney, J. Leggett, E. Boto, S. Mellor, G. Roberts,
R. M. Hill, V. Shah, G. R. Barnes, M. J. Brookes, and R. Bowtell, “Bal-
anced, bi-planar magnetic field and field gradient coils for field compen-
sation in wearable magnetoencephalography,” Sci Rep, vol. 9, p. 14196,
2019.

[37] J. D. Jackson, Electrodynamics, Classical. American Cancer Society,
2003.

[38] M. J. E. Golay, “Field homogenizing coils for nuclear spin resonance in-
strumentation,” Review of Scientific Instruments, vol. 29, no. 4, pp. 313–
315, 1958.
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Boston: Academic Press, 2009, pp. 699–752.

[44] J. W. Carlson, K. A. Derby, K. C. Hawryszko, and M. Weideman, “De-
sign and evaluation of shielded gradient coils,” Magnetic Resonance in
Medicine, vol. 26, no. 2, pp. 191–206, 1992.

[45] K. Yoda, “Analytical design method of self-shielded planar coils,” Journal
of Applied Physics, vol. 67, no. 9, pp. 4349–4353, 1990.



BIBLIOGRAPHY 39

[46] W. Liu, X. Tang, and D. Zu, “A novel target-field approach to design
bi-planar shim coils for permanent-magnet mri,” Concepts in Magnetic
Resonance Part B: Magnetic Resonance Engineering, vol. 37B, no. 1, pp.
29–38, 2010.

[47] L. K. Forbes, M. A. Brideson, and S. Crozier, “A target-field method to
design circular biplanar coils for asymmetric shim and gradient fields,”
IEEE Transactions on Magnetics, vol. 41, no. 6, pp. 2134–2144, 2005.

[48] L. K. Forbes and S. Crozier, “A novel target-field method for finite-length
magnetic resonance shim coils: I. zonal shims,” Journal of Physics D:
Applied Physics, vol. 34, no. 24, pp. 3447–3455, 2001.

[49] L. Wen-Tao, Z. Dong-Lin, and T. Xin, “A novel approach to designing
cylindrical-surface shim coils for a superconducting magnet of magnetic
resonance imaging,” Chinese Physics B, vol. 19, no. 1, pp. 018 701–12,
2010.

[50] D. Green, J. Leggett, and R. Bowtell, “Hemispherical gradient coils for
magnetic resonance imaging,” Magnetic Resonance in Medicine, vol. 54,
no. 3, pp. 656–668, 2005.

[51] P. T. While, L. K. Forbes, and S. Crozier, “3d gradient coil design –
toroidal surfaces,” Journal of Magnetic Resonance, vol. 198, no. 1, pp.
31–40, 2009.

[52] P. T. While, J. G. Korvink, N. J. Shah, and M. S. Poole, “Theoretical
design of gradient coils with minimum power dissipation: Accounting
for the discretization of current density into coil windings,” Journal of
Magnetic Resonance, vol. 235, pp. 85–94, 2013.

[53] L. K. Forbes and S. Crozier, “A novel target-field method for magnetic
resonance shim coils: III. shielded zonal and tesseral coils,” Journal of
Physics D: Applied Physics, vol. 36, no. 2, pp. 68–80, 2002.

[54] L. K. Forbes and S. Crozier, “A novel target-field method for finite-length
magnetic resonance shim coils: II. tesseral shims,” Journal of Physics D:
Applied Physics, vol. 35, no. 9, pp. 839–849, 2002.

[55] S. Pissanetzky, “Minimum energy MRI gradient coils of general geome-
try,” Measurement Science and Technology, vol. 3, no. 7, pp. 667–673,
1992.

[56] C. A. Floudas and V. Visweswaran, Quadratic Optimization. Boston,
MA: Springer US, 1995, pp. 217–269.

[57] R. A. Lemdiasov and R. Ludwig, “A stream function method for gradient
coil design,” Concepts in Magnetic Resonance Part B: Magnetic Reso-
nance Engineering, vol. 26B, no. 1, pp. 67–80, 2005.

[58] M. Poole and R. Bowtell, “Novel gradient coils designed using a bound-
ary element method,” Concepts in Magnetic Resonance Part B: Magnetic
Resonance Engineering, vol. 31B, no. 3, pp. 162–175, 2007.



BIBLIOGRAPHY 40

[59] K.-H. Chang, “Chapter 19 - multiobjective optimization and advanced
topics,” in e-Design, K.-H. Chang, Ed. Boston: Academic Press, 2015,
pp. 1105–1173.

[60] F. A. Potra and S. J. Wright, “Interior-point methods,” Journal of Com-
putational and Applied Mathematics, vol. 124, no. 1, pp. 281–302, 2000,
numerical Analysis 2000. Vol. IV: Optimization and Nonlinear Equations.

[61] J. Christensen and C. Bastien, “Chapter — three - introduction to gen-
eral optimization principles and methods,” in Nonlinear Optimization of
Vehicle Safety Structures, J. Christensen and C. Bastien, Eds. Oxford:
Butterworth-Heinemann, 2016, pp. 107–168.

[62] F.-S. Wang and L.-H. Chen, Heuristic Optimization. New York, NY:
Springer New York, 2013, pp. 885–885.

[63] M. Zamani-Gargari, M. Nazari-Heris, and B. Mohammadi-Ivatloo, “Chap-
ter 30 - application of particle swarm optimization algorithm in power sys-
tem problems,” in Handbook of Neural Computation, P. Samui, S. Sekhar,
and V. E. Balas, Eds. Academic Press, 2017, pp. 571–579.
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[79] A. J. Mäkinen, R. Zetter, J. Iivanainen, K. C. J. Zevenhoven, L. Parkko-
nen, and R. J. Ilmoniemi, “Magnetic-field modeling with surface currents.
part i. physical and computational principles of bfieldtools,” Journal of
Applied Physics, vol. 128, no. 6, p. 063906, 2020.
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Appendix A

Cartesian Differentiation of
Spherical Harmonics

Let us consider the harmonic

Φnm = rnPnm (cos θ) cos (m (φ− φ′)) . (A.1)

The differential of an arbitrary curvilinear coordinate system with respect to
another may be expressed as

∂Φnm

∂χi
=
∑
j

∂ξj
∂χi

∂

∂ξj
Φnm. (A.2)

Using this, the differential with respect to a Cartesian direction may be deter-
mined. Let us start with the x-direction, resulting in

∂Φnm

∂x
=

(
∂r

∂x

∂

∂r
+
∂θ

∂x

∂

∂θ
+
∂φ

∂x

∂

∂φ

)
Φnm. (A.3)

Using the Spherical coordinates (r, θ, φ) obtained from the Cartesian coordi-
nates (x, y, z),

r =
√
x2 + y2 + z2, θ = cos−1

(z
r

)
, φ = tan−1

(y
x

)
. (A.4)

Together, using (A.3) and (A.4) results in

∂Φnm

∂x
=

(
cosφ sin θ

∂

∂r
+

cosφ cos θ

r

∂

∂θ
− sinφ

r sin θ

∂

∂φ

)
Φnm. (A.5)

Using the differentials of Ferrer’s associated Legendre polynomials [81],

∂Pnm (cos θ)

∂θ
= m cot θPnm (cos θ)− Pn,m+1 (cos θ) , (A.6)

as well as the relations

cos ((m+ 1)φ−mφ′) = cosφ cos (m (φ− φ′))− sinφ sin (m (φ− φ′)) (A.7)

cos ((m− 1)φ−mφ′) = cosφ cos (m (φ− φ′)) + sinφ sin (m (φ− φ′)) , (A.8)
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results in

∂Φnm

∂x
=
rn−1

2

[
cos ((m+ 1)φ−mφ′)A+ cos ((m− 1)φ−mφ′) (A+B)

]
,

(A.9)

where
A = (n−m) sin θPnm (cos θ)− cos θPn,m+1 (cos θ) , (A.10)

and

B =
2m

sin θ
Pnm (cos θ) . (A.11)

Substituting the identities in [81]

(2n+ 1) sin θPnm (cos θ) = Pn+1,m+1 (cos θ)− Pn−1,m+1 (cos θ) (A.12)

(2n+ 1) cos θPnm (cos θ) = (n−m+ 1)Pn+1,m (cos θ) + (n+m)Pn−1,m (cos θ)
(A.13)

directly into (A.10) yields

A = −Pn−1,m+1 (cos θ) . (A.14)

From this, and (A.11), it is seen that

A+B =
2m

sin θ
Pnm (cos θ)− Pn−1,m+1 (cos θ) . (A.15)

Using Rodrigues’ Legendre formula [82] the associated Legendre polynomials
may be represented by

Pnm(x) =
1

2nn!

(
x2 − 1

)m/2 ∂n+m

∂xn+m

(
x2 − 1

)n
. (A.16)

Using this relation, we can transform (A.15) into

A+B =
(1− x2)

m−1
2

2n−1(n− 1)!

[
m
∂n+m−1

∂xn+m−1

(
2x
(
x2 − 1

)n−1
)

(A.17)

−
(
1− x2

) ∂n+m

∂xn+m

(
x2 − 1

)n−1
]
,

where x = cos θ. Expanding (A.17) through the use of Leibnitz’ theorem [81]
yields

A+B =
(1− x2)

m−1
2

2n−1(n− 1)!

[
−
(
1− x2

) ∂2

∂x2
+ 2mx

∂

∂x
(A.18)

+ 2m (n+m− 1)

]
∂n+m−2

∂xn+m−2

(
x2 − 1

)n−1
.
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Legendre’s differential equation satisfied by Pn−1,0(x), which can be expanded
using (A.16), is

1

2n−1(n− 1)!

[(
1− x2

) ∂2

∂x2
− 2x

∂

∂x
+ n(n− 1)

]
∂n−1

∂xn−1

(
x2 − 1

)n−1
= 0.

(A.19)
Taking the (m−1)th derivative of (A.19), using Rodrigues’ formula once again,
whilst also multiplying by a prefactor in order to generate a function of the
same form as (A.18), results in

(1− x2)
m−1

2

2n−1(n− 1)!

[ (
1− x2

) ∂2

∂x2
− 2mx

∂

∂x
(A.20)

−m(m− 1) + n(n− 1)

]
∂n+m−2

∂xn+m−2

(
x2 − 1

)n−1
= 0.

Through the addition of (A.20) and (A.18), the first and second derivatives
may now be eliminated, resulting in the simplified equation

A+B = (n+m) (n+m− 1)
(1− x2)

m−1
2

2n−1(n− 1)!

∂n+m−2

∂xn+m−2

(
x2 − 1

)n−1
. (A.21)

Finally, through the use of (A.16), (A.21) can be written as

A+B = (n+m) (n+m− 1)Pn−1,m−1 (cos θ) . (A.22)

From (A.22), (A.14), and (A.9), we see that the derivative of a spherical har-
monic with respect to x is given by

∂Φnm

∂x
=
rn−1

2
(−(1 + δm,0)Pn−1,m+1 (cos θ) cos ((m+ 1)φ−mφ′) (A.23)

+ (1− δm,0)(n+m)(n+m− 1)Pn−1,m−1 (cos θ) cos ((m− 1)φ−mφ′) .

Similarly, the derivative of a spherical harmonic with respect to y can be shown
to be

∂Φnm

∂y
=
rn−1

2
(−(1 + δm,0)Pn−1,m+1 (cos θ) sin ((m+ 1)φ−mφ′) (A.24)

− (1− δm,0)(n+m)(n+m− 1)Pn−1,m−1 (cos θ) sin ((m− 1)φ−mφ′) .

Using (A.2) and (A.4) the differential with respect to z is given simply by

∂Φnm

∂z
=

(
cos θ

∂

∂r
− sin θ

r

∂

∂θ

)
Φnm, (A.25)

which, using (A.1), becomes

∂Φnm

∂z
= rn−1 cos (m (φ− φ′))

(
n cos θPnm (cos θ)− sin θ

∂Pnm (cos θ)

∂θ

)
.

(A.26)
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Directly substituting the relation

∂Pnm (cos θ)

∂θ
= m cot θPnm (cos θ)− n+m

sin θ
Pn−1,m (cos θ) (A.27)

into (A.26) yields the final expression

∂Φnm

∂z
= (n+m)Pn−1,m (cos θ) cos (m (φ− φ′)) . (A.28)
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