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Abstract

Modelling detailed electromagnetic interactions in Electromagnetic
Compatibility predictions is an extremely demanding task, made more difficult by
the increasing complexity of modern engineering problems. Over the last decade
major innovations in numerical models and methods have been introduced to
reduce demands on computational resources or render the simulations of large

systems containing a diverse range of physical features possible.

This thesis presents one of the methods of dealing with large systems which
utilises the concept of sub-cells containing fine geometrical objects. A general
approach to embedding fine features into a coarse numerical time-domain
techniques such as the Transmission Line Modelling (TLM) method is proposed.
A non-standard node has been developed that mimics the electro- magnetic
behaviour of virtually any object or group of small objects wholly or partially

enclosed by a volume of space represented by the numerical cell.

The core of this scheme is to identify a suitable set of local field solutions to
Maxwell’s equations within the vicinity of the enclosed objects and, by correctly
sampling the fields on the boundary of the cell, to integrate these with field

solutions represented by the neighbouring nodes, ensuring both field continuity



and power conservation. The idea whilst simple leads to an algorithm that is both
explicitly stable and conservative as well as only incurring a minor computational
overhead compared to a conventional TLM algorithm. It is noted that, as the
required identification and evaluation of the local field solutions occurs as a pre-
processing stage prior to the main TLM run and that the non-standard nodes are a
small proportion of the coarse grid, a significant overall reduction in
computational requirements is achieved in comparison to direct fine meshing of
the features. Another advantage of this approach lies in the fact that the local
solutions to Maxwell’s equations calculated in the pre-run process can be obtained
by any suitable means. Analytical formulations, numerical results of another

simulation or simply experimental measurements are some of the possibilities.

The approach is employed to investigate a variety of EMC problems. An analysis
of the field scattered from multiple cylindrical geometries embedded within a
single two-dimensional cell is presented. Multiple conducting and lossy wires,
dielectric rods and dielectric coated wires, conducting strips and slots are also
studied. Three-dimensional simulations are shown for an arbitrarily orientated
wires, small dielectric and conducting spheres and other canonical shapes. The
approach is also successfully applied to other disciplines where modelling plays
an important role. The flexibility of the algorithm is demonstrated for simulations

of photonic structures with the primary focus placed upon photonic band-gap

materials.
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‘Chapter 1

Multi-Scale Modelling

The material presented in this thesis is primarily concerned with the
development of modelling techniques and simulation tools for multi-scale
environments such as those encountered in Electromagnetic Compatibility (EMC)
predictions. An introduction to the problems found in this kind of system will now
be given with the main focus placed upon EMC applications. The state-of-art in
this area will be covered and the main techniques and solutions proposed to-date

will be reviewed. Subsequently, an overview of the work described in this thesis

will be presented.

1.1. The General Nature of Multi-scale Systems

A broad range of scientific and engineering problems involve multiple
scales. Traditional mono-scale models for this kind of system have proven to be
inadequate, even with the fast growing computational power of modern
supercomputers. This is due to the wide variety of scales and the prohibitively
large number of variables involved in actual systems. In addition, it is often the
case that none of the elements in the system, regardless of their size, can be easily
simplified nor neglected in the design, as they all contribute significantly to the

overall response of the modelled structure. More difficulties arise when one deals
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with a variety of scales distributed over a large system which cannot be divided
into parts that are considered separately, and subsequently connected. Thus, there
is a great demand to develop systematic modelling and simulation approaches for
such large multi-scale configurations. One of the disciplines where multi-scale

features are commonly encountered is Electromagnetic Compatibility (EMC).

1.2. Multi-scale Problems in Electromagnetic Compatibility (EMC)
Electromagnetic Compatibility (EMC) is the branch of electrical sciences
which studies the unintentional generation, propagation and reception of
electromagnetic disturbances with reference to the unwanted effects that the
energy carried by such disturbance may induce. EMC is also defined as the ability
of different electrical and electronic components to function together in the same
environment without suffering the effects of mutual electromagnetic interference
(EMI) or introducing the intolerable disturbance to that environment. Thus, this
implies a limit on radio frequency (RF) emissions from the device or system, as
well as a certain level of immunity (susceptibility) to interference that must be
expected from other devices and systems in the surroundings. The susceptibility to
EMI is determined by the strength of signals coupled into the equipment and the
impact they have on its operation, whereas emission from the equipment is
described by the radiation from elements of the system such as wires, circuits and

its propagation in the external environment [1.1].

The proliferation of electronic devices in the modern world and constant pursuit

of higher circuit integration and dense packaging increases the likelihood that
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sensitive and “noisy” devices are operated in close vicinity. This is especially
observed with the rapid growth of technologies that utilise frequencies above the
gigahertz band; broadband and wireless telecommunication and electronic
components present in almost every aspect of everyday life and every household.
Therefore, EMC compliance became not only a matter of increasing interest but in
fact a practical necessity. Indeed, it has been already widely recognised in the
defence/military, information technology (IT), rail, medicine, radio, telecoms and
power industries, [1.2-1.5]. Due to its breadth, it is impossible to cover every
aspect of EMC here and therefore the focus will now be placed upon a number of
illustrative examples that are important from the point of view of the work

presented in this thesis.

1.3. Areas of EMC Applications

Signal transmission at high speed and high capacity has been substantially
increasing in the mobile communication industry over recent years. In this area,
EMC faces challenging problem due to the coexistence of many sources utilising
the same frequency bandwidth. One particular example is the use of the 2.45 GHz
band, where such activity as Bluetooth, cordless phones, home RF, and
transmissions of other systems are all present and must work with close proximity

to each other [1.2].

EMI radiating from and coupling to signal transmission cables inside equipment
cabinets is one of the particularly critical issues for compliance with EMC
requirements. It is recognized that these cable assemblies can be EMI sources

radiating significant electromagnetic fields often due to discontinuities between
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signal cables and terminal connectors. From the view point of providing shielding
from these electromagnetic fields, this issue not only concerns individual
assessment of the cable and connectors but also the influence of the equipment

enclosures, [1.6, 1.7] .

When operating at frequencies above 1 GHz, most structures in the system,
including cabinets, enclosures, cabling, and others can act as effective radiators
due to the wavelength being comparable to the size of the components [1.8]. At
such frequencies a ventilation slot, a chassis door without correctly installed
radio-frequency-interference (RFI) gasketing, a gap due to improper fitting or
even a card cage can potentially become an antenna. For such scenarios little
shielding attenuation exists, hence, once an emission from the product escapes
through the slots or gaps, it spreads out affecting devices in both its near and far-
field region [1.8]. Similarly, the slot is a receiving aperture or antenna that passes
RFI environmental noise into the system [1.9, 1.10]. This in effect, moves EMC

design down to the printed circuit board (PCB) level [1.11] .

A relatively new area of concern involves the generation of power frequency
harmonics by electronic equipment. Due to the large number of new electronic
equipment with switched-mode power supplies, these harmonics can be

significant enough to propagate within the power network and cause interference

to other equipment connected to it [1.5].



Chapter 1 — Multi-Scale Modelling

The aerospace industry has long been aware of EMC-related functional safety
issues, due to their long-term use of electronics in mission-critical and safety-
critical applications such as autopilots and automatic landing systems [1.4]. The
modern aircraft is vitally dependent on electronics, even for manual controls the
pilot’s movements of his controls are mediated by computers and servo-systems
before being applied to the aircraft systems or control surfaces. In addition, all
aircraft are exposed to very powerful EM disturbances, ¢.g. from airfield radars,
radio broadcasting transmitters, and direct lightning strikes. The latter results in
huge pulsed currents flowing through the airframe and therefore through the
systems. Once again, EMC compliance necessitates the demonstration of
continued operation of all systems during high induced pulsed currents. Military
aircraft have the further burdens of electronic warfare and countermeasure
equipment to take into consideration [1.4].

The difficulty in performing EMC or EMI predications in the aerospace area
arises from the fact that aircraft are highly integrated. Hence, it is hard to divide
the problem up into distinct parts from an electromagnetic point of view and be

confident that synergistic effects have not been missed.

An issue closely connected to dealing with large system such as aircraft or ships is
the analysis of radiation and scattering from the thin wire structures that form a
wide range of antennas. Such analysis is very challenging when only free space
environment is considered. In practice, however, the problem is exacerbated as
antennas are installed on structures which influence their ideal “free-space”
radiation characteristics. The objective is to design antennas, determine the

influence of the platform on the antenna's radiation characteristics and their best
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position and orientation. Also of great importance is to estimate the impact of the
radiated beams on other elements of the platform, such as cabling systems that
link and enable communication between components of the aircraft or ship;

malfunction or failure of which can have irreversible consequences.

1.4. Numerical Modelling and Measurements in EMC

Rather than waiting for interference to happen and then fixing the problem,
which is a very expensive process, it is advisable to specify electromagnetic
requirements for devices before they are installed, to ensure they are compatible
when operated in their intended environment. For this purpose, both
measurements and numerical modelling are typically conducted to enable better
understanding of electromagnetic interference mechanisms. For both methods size
is a very important factor, especially in measurements since test facilities such as
screen rooms, are very expensive to build. Immunity testing in open-field
environments requires large test generators and produces "threats" to other
equipment that are not under test. Even in the case of emissions testing, it can be
difficult to establish the level of emissions from a particular piece of equipment |
after it has been installed in an operating platform. Other complications arise
when moving to high frequencies concerning narrow emission beamwidths from
products that can be hard to identify. Measuring antennas also tend to have narrow

beamwidths, making it hard to capture the radiated signal at the limit distance

away from the product [1.12].
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Numerical modelling offers the potential for obtaining accurate results for
complex systems without the problems associated with direct measurements.
However, the increasing demand to model fields in a large three-dimensional (3D)
space while at the same time keeping a fine mesh resolution around small features
(wires, slots, gaps, gaskets, etc.) makes conventional methods computationally
expensive and in many cases prohibitive, In order to make differential equation
methods such as Transmission Line Modelling (TLM) [1.13] or Finite Difference
(FD) [1.14] more suitable for EMC problems, so-called compact models must be
developed. Compact models take into account the electromagnetic presence of
fine features without resorting to an extremely fine mesh. Since these compact
models are often implemented locally, within a single cell, or a tube of cells, they
are also referred to as sub-cell models. In order to maintain time synchronism with
the rest of the problem, compact models must always be integrated into the main

time-marching process.

The work presented in this thesis describes new developments in numerical
approaches for sub-cell models embedded in a coarse mesh for simulation of large
platforms such as aircrafts and ships. Of particular interest is the modelling of thin
wires for antenna design and for studying the phenomenon of fields scattered from
antennas positioned on large platforms. To appreciate the scale of the difficulties
encountered when dealing with large platforms two examples are illustrated in
Figure 1.1. In Figure 1.1(a) a spiral antenna is positioned on a wing pod whereas

in Figure 1.1(b) an antenna is placed on the top of the fuselage.
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antenna

Figure 1.1. Aircraft models with different positions of antenna

It should be clear that discretising the whole platform with a fine mesh that
describes in detail the small geometry of the wire antenna will result in extensive
computational requirements that may not be satisfied by available resources.
Therefore, over the years a substantial effort has been made to develop models of
thin wires that can be embedded in a coarse simulation grid. These models will be

next briefly overviewed.

1.5. History of Thin Wire Models

As discussed in the previous section, Electromagnetic Compatibility (EMC)
prediction often requires dealing with electrically large systems that are
characterised by a diverse range of physical scales, all of which discernibly affect
the overall behaviour of the body under consideration. A practically important and
commonly occurring example of such a scenario arises whenever thin wires are
present. As demonstrated above, whenever the wire is in a close proximity to
large-scale objects, it is usually prohibitively expensive in terms of computational
resources to employ direct fine meshes with resolution sufficient to describe the

geometry of the wire in detail. The difficulty is further exacerbated when a



Chapter 1 — Multi-Scale Modelling

number of wires, wire looms or bundles, are placed in close vicinity, each of
different insulation. In addition, the elements of the system interact and interfere
through a large volume of empty space, which introduces another very substantial
level of complexity to an otherwise challenging problem. Therefore, all the
aspects over last decade have become a factor driving innovations and new
developments in numerical models of thin wires that can be applied to such a

multi-scale environment utilising the best available computational resources.

One of the techniques that have been considered and widely investigated is multi-
gridding or the use of graded meshes. These methods deploy a distortion of the
numerical grid in the region where small wires and other small objects are highly
concentrated to give accurate description of those features [1.13-1.18]. However,
it is common that the extent of the finely meshed region continues to the edges on
the computational window in order to prevail the one-to-one connection between
the numerical cells. This is done to avoid both problems with stability and to
maintain a structured grid, which is computationally efficient. Therefore, in the
realm of EMC applications, the computational requirements may not actually be
that significantly reduced. Whenever the grid is locally refined using multi-grid
approaches, the connection of one-to-many nodes has to be considered. The issues
regarding flexibility, stability and conservation of energy which relate to that fact,

are not yet completely resolved but are under severe examination [1.15-1.18].

The use of completely unstructured meshing has also been propospd for modelling

multi-scale environments. This approach allows a significantly graded mesh to be
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employed, albeit at the cost of computational efficiency per mesh element [1.19-
1.20]. These schemes also have the attraction of providing piecewise linear
approximation of smooth geometrical boundaries and material interfaces to

alleviate the staircasing that is inevitable with structured schemes.

Separated or integrated solution techniques [1.20] or diakoptics [1.22] have also
been employed in the past to model conducting thin wires. Here, the conductors
are treated separately from the rest of the problem, allowing for field coupling to
the wires by introducing equivalent sources derived from knowledge of the
incident field. Although this method is simple, it involves several restrictions, the
most important being that any electromagnetic interaction of the wires with the
rest of the structure must be negligibly small thus questions of the applicability of

such methods to EMC environment arise.

Another scheme that has recently attracted a lot of attention is the use of the sub-
cell models previously mentioned. This results in a small number of non-standard
nodes embedded within the large-scale model whose macroscopic behaviour is
engineered to account for the presence of a small scale object enclosed within the
FDTD [1.23-1.28] or TLM [1.29-1.37] cell. It is noted that using this concept, the
majority of the computational space is described with conventional coarse nodes
thus significantly reducing the memory consumption and calculation run-times.

The early design of such elements or nodes for thin wires was based upon
physical approximations and involved the use of empirically fitted parameters

[1.24-1.26]. Specifically, for the case of the TLM method, the emphasis was on

10
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modifying the capacitance and inductance of the TLM node to take into
consideration the presence of the wire. By using an arbitrarily defined outer return
radius, the capacitance and inductance of a particular thin wire was calculated and
then the return radius scaled using the empirical factors to recover the node step
size [1.29-1.31]. Furthermore, for TLM, these models have also been developed to
include thin wire junctions and multi-wire systems [1.32, 1.33]. Generally, the
empirical factors have been determined either experimentally or by fine numerical
meshing.

As the use of empirical factors is neither robust nor sufficiently flexible, an
innovative formulation, the so called macro-node, was subsequently developed
from the theoretically known local field behaviour in the proximity of the wire.
Taking into account an appropriate éet of lowest order field solutions, a thin wire
has been embedded within a single cell of the TLM method without the use of
empirical factors [1.34-1.37]. In particular, this variant describes a straight wire
placed at the centre of the node in 2D and 3D TLM. This approach has been found
to be very accurate for applications to EMC problems, incurring only slight
computational overheads compared to the conventional coarse TLM node and
subsequently better that using fine meshes. It also has been extended to the case of
a wire offset from the centre of the node for two-dimensional simulations.
However, this previous work is restricted to straight wires orientated along one of
the Cartesian axes. Another limitation that preludes its use for the important case
of v;'ires clustered in close proximity, or for modelling of wire looms, bundles and

cables, is the fact that it allows the embedding of only one wire per numerical cell.

11
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1.6. Aims of the Work Described in the Thesis

This thesis substantially extends the concept of macro-nodes or sub-cell
models incorporated within time-domain numerical networks. It significantly
extends the scope of the approach and removes all the restrictions and limitations
listed above. It allows features of arbitrary geometry to be arbitrarily positioned
within the cell. In addition these fine objects may be wholly enclosed within a
single cell or pass across several cells. The approach also accounts for multiple
objects inserted into a single numerical cell, recognising at the same time the
interaction of near fields scattered from the encased bodies. The technique
combines a rigorous field approach with the simplicity and versatility of the
network approach, while maintaining second order accuracy which is acceptable

for the simulation of EMC problems.

1.7. Overview of the Thesis

Chapter 2 introduces the fundamentals of electromagnetic theory required to
understand the phenomenon of waves propagating in the presence of potential
scatterers. From a general statement of Maxwell’s equations, the wave equation is
derived. As the majority of the work presented in this thesis is concerned with
cylindrical and circular-shaped scatterers the solution to the cylindrical wave
equation is demonstrated. In addition, this solution is presented from the point of
view of field decomposition into different local modes. Finally, the principles of
TLM method are discussed, a technique widely used in electromagnetic field

modelling and which is also employed throughout this project.

12
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Chapter 3 describes the generic algorithm for embedding fine feature into a
single cell of TLM method. The procedure for identifying a suitable set of field
solutions so they can be incorporated within a time-domain network is detailed.
Finally, the algorithm that maps the field solutions to passive components of a

network consisting of short transmission lines is studied.

A two-dimensional analysis of the generic algorithm from Chapter 3 is
presented in Chapter 4, based initially on the example of a single infinitely long
conducting wire placed at the centre of numerical cell. An insight into the process
of selecting appropriate modal solutions from the general field is given. Following
this, the approach is employed to embed multiple conducting wires within a single

TLM cell. In both cases the results are validated against analytical solutions.

Chapter 5 shows the flexibility of the approach for modelling fields
scattered from cylindrical media of various characteristics. This includes a cluster
of dielectric rods, dielectric coated wires and conductors with multi-layered

dielectric insulation.

An important group of EMC problems that involves field distribution in the
presence of cylindrical lossy wires is illustrated at the beginning of Chapter 6.
The second part of this chapter demonstrates the applicability of macro-nodes in
disciplines other than EMC. Of special interest is a prediction of the macroscopic

behaviour of nanostructures in photonic applications with a primarily focus placed

on photonic band-gap materials.

13
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The two-dimensional simulations are extended in Chapter 7 to include
objects described by elliptical coordinates. At first, the solution to the wave
equation in an elliptical coordinate system is derived in the form of superposition
of angular and radial Mathieu functions. Instead of presenting the canonical
problem of field scattering from elliptical cylinder, this solution is applied to
design a node that mimics the presence of thin conducting strips or a narrow slots.

These particular features are of great importance in EMC problems as previously

discussed.

Finally, in Chapter 8 three-dimensional simulations are presented. The
practical illustration of the power of this technique is demonstrated for the case of
arbitrarily routed wires. Another example considers a conducting ring constructed
from piecewise linear segments of wire. For both of these problems the local field
solutions are evaluated analytically in a pre-processing stage. Next, the use of
numerical estimation of the local field solutions prior to the main TLM simulation
is demonstrated based on a canonical problem of field scattering from a small
metal cube. A simplification of the method for scatterers of symmetrical
geometries is given and illustrated for both conducting and dielectric small

spheres embedded in a single 3D TLM cell.

The work described in this thesis is summarised in Chapter 9.

14
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Chapter 2

Principles of Electromagnetic Field Theory
and the TLM Method

This chapter introduces the fundamentals of electromagnetic theory. In’
order to understand field scattering phenomena, the wave equation is derived from
a general form of Maxwell’s equations. Due to the fact that the majority of the
work presented in this thesis is concerned with circular-shaped scatterers the
solution to the cylindrical wave equation is also considered. Decomposition of this
general field solution into different local solutions is presented. Finally, the
principles of Transmission Line Modelling method are given as this technique is

widely used in EMC predictions and also is the main numerical means employed

in this thesis.

2.1. Basic Theory of Electromagnetism

Electromagnetic fields are time dependent fields, in the general harmonic

time form given by:
E=Re{Ee¢*'} and H=Re{He"} 2.1)
where o is the angular frequency. The behaviour of such fields is fully described

by the set of Maxwell’s equations. In a source free and lossless region these are:
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V-D=0 2.2)

V-B=0 (2.3)

VxE=-2B - _jouH (2.4)
ot

VxH= %—lt) = joeE 2.5)

The vector quantities denoted above in bold are: D (C/m) — the electric flux
density, B (T) — the magnetic flux density, E (V/m) — the electric field intensity,
and H (A/m) is the magnetic field intensity. Two constitutive relationships that
provide the dependence between the fields and the medium the fields exist in,
have been introduced in Equation (2.2) and (2.3). For linear isotropic media these
are:

D=¢E (2.6)

B=uH 2.7
where € is a dielectric permittivity and p magnetic permeability usually

expressed as:

£E=¢€ € B=H,H, (2.8)

r-o

In Equation (2.8) €, and p, are the relative permittivity and permeability of the
medium and €, p, of the free space respectively. This work involves isotropic

and non-magnetic materials only, hence p, =1.

The wave equation for electric field E is readily obtained by taking the curl of
Equation (2.4) and substituting for the curl of H on the right-hand side with
Equation (2.5), thus

VxVxE=-jopVxH=o’ueE =k’E 2.9)
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where k = m\[ﬁ is the wavenumber.
Using the vector identity (A.1) given in Appendix A the following can be
formulated:

VxVxE=VV.E-VE (2.10)
Substituting Equation (2.6) into Equation (2.2) and utilising identity (A.2) it
should be clear that in a homogenous and isotropic medium, the component of
VV.-E from Equation (2.10) equals zero and Equation (2.9) simplifies to:

VE+k’E=0 (2.11)

which is the Helmholtz equation [2.1].
o 0e _oOu . . .
In a cylindrical structure where P =2 0 separation of the variables permits

2

.. 0 . .
the substitution —s = —P? in which case
z

VE+(k*-B)E=0 (2.12)
2

In the above equation V2 (VZ =V? +§7) operates now only on two variables
z

(x,y) or (r,9) depending which coordinate system is under consideration.
Similarly, taking the curl of Equation (2.5) and substituting on the right-hand side
for VxE from Equation (2.4), then by analogy to the process presented above,
the equation for H field can be derived in the form:

V:H+(K*-BHH=0 (2.13)
Equations (2.12) and (2.13) are vector Helmholtz equations in which permittivity

and permeability are assumed to be constants. These equations are solved subject
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to the field boundary conditions at any discontinuity surface as will be discussed

in section 2.5.1.

2.2. Wave Equation in Cylindrical Coordinates

The majority of the work presented in this thesis is dedicated to systems of a
cylindrical configuration. Therefore, it advisable to solve the boundary-value
problem for the E and H fields using cylindrical coordinates. Thus, Maxwell’s
equations and the Helmholtz equation presented in the previous section will be
now expressed using cylindrical coordinates. The solution for the E field is
considered 1n a source-free and lossless medium. A similar procedure can be used

for the H field formulations.

In cylindrical coordinates, a general solution to the vector Helmholtz equation for

electric field and conditions mentioned above can be written as [2.2]:

E(r,9,2) =4 .E (r,4,2) +4,E,(1,4,2) +4,E,(1,9,2) (2.14)
where 1, ¢,z are the cylindrical coordinates and 4,,4,,4, are unit vectors.
Substituting Equation (2.14) in Equation (2.11) leads to:.

V2@,E, +a,E, +4,E,)=-k’(4,E, +4,E, +4,E,) (2.15)
According to the formula (A.12) shown in Appendix A, one of the three scalar
equations which Equation (2.15) provides is:

V’E,+K’E, =0 (2.16)
In the above equation the scalar Laplacian is defined in Appendix A in

Equation (A.11) which allows Equation (2.16) to be generalised to:

oy 1 1y &
VZW(r,¢,Z)+k2\p=—ér—\f+;%+76—¢l¥+—az—f+k2w=O 2.17)
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where y is a scalar function that can represent a field or a vector potential
component.
The second order partial differential equation presented in Equation (2.17) is
highlighted as its solutions will be shown to lead to the transverse electric (TE)
and transverse magnetic (TM) fields.
Assuming a separable solution for y(r,$,z) defined as:

y(r,9,2) =R(r) D(9) Z(2) (2.18)
it can be shown [2.2] that Equation (2.17) reduces to three independent solutions

»d’R . _dR

r F+rg+(ﬁfr2-n2)R=0 (2.19)
2
%4%) =-n’® (2.20)
d’z _ 27
2 -B; (2.21)

where n, B, and B, are separation constants and the wavenumber £ equals
k?=B+p: (2.22)
The general solution to Equation (2.17) is formulated as [2.2]:

y(r,9,2z) = R(1) D($) Z(2)
=[AJ,B,)+BHY®,1)]x 2.23)

[Ae7™ +B,e™™ |[A; cos(B,z) + B, sin(B,2)]

and n is of integer order.

In this solution the Bessel functions J (B,r) represent radial standing waves,

whereas the Hankel functions H?(B,r) represent waves carrying energy away

from the origin. It should be noted that the particular form of the solution can be
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modified depending on the application. The exponential functions of ¢ can be
substituted by trigonometric cosine and sine functions to form a periodic wave
solution and similarly exponential functions of z can be used to describe travelling
waves. Also, the kind of Bessel functions can be chosen appropriately for the
physical solution they are to represent.

As mentioned previously the solution presented in Equation (2.23) can represent a
vector potential function and can be applied to decoupled general field solution
into different types of transverse modes. It is noted that general Maxwell’s
equations are valid for all space and boundary conditions. However, by deriving
the fields from vector potential functions, the transverse modes can be expressed
in terms of a single scalar solution which in practice is easier to obtain than the

full vector fields. Therefore, a brief introduction to vector potentials will be given.

2.3. Vector Potentials
2.3.1. Vector Potential A
In a source-free region the magnetic density B satisfies V-B =0. It can be
therefore represented as a curl of another vector as it obeys the vector identity
V(VxA)=0 (2.24)

where A is an arbitrary vector. Thus,

B, =pH, =VxA or H,=L1VxA (2.25)
M

where the subscript A indicates the fields present due to the potential A . Hence

Maxwell’s equations can be written as:

VxE, = -jopH, (2.26)
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VxH, = joeE, (2.27)
By mathematical manipulation of the above equations and Equation (2.25) it can

be shown that [2.2]:

E, =—joA-j——V(V-A) (2.28)
OLE

where A is the solution of
(V*+K*)A=0 (2.29)
Once the vector potential A is known both H, and E, can be calculated from

Equations (2.25) and (2.28) respectively.

2.3.2. Vector Potential F
In a source-free region the magnetic density D satisfies V-D =0. It can be
therefore represented as a curl of another vector as it obeys the vector identity

V.(-VxF)=0 (2.30)

where F is an arbitrary vector. Thus,
D,=-VxF or E, =—éVxF @
where a subscript F indicates the fields present due to the potential F. The

Maxwell’s equations can be formulated as:

VxH; = joeE; (232
VxEg =-jopH; (2.33)
By mathematical arrangements of the above equations and Equation (2.31) it can

be shown that [2.2]:
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H, = —joF - j——V(V.F) (2.34)
Oue

where F is the solution of
(V*+K*)F=0 (2.35)
Once the vector potential F is known both E, and H, can be obtained from

Equations (2.31) and (2.34) respectively.
It should be clear that the vector potentials A and F must satisfy the vector
Helmholtz equation. It is also noted that the total fields can be expressed as a

superposition of both vector potentials, i.e.

E=E, +E, = —joA - j——V(V-A)+LVxF (2.36)
OpE €

H=H, +H, =LVxA - joF - j—V(V.F) 2.37)
W wpE

In practice, rather than constructing three components of A or F it is more

convenient to use for example A =ZA, or F =ZF, as the unknowns.

2.4. Modal Solutions

The aim of this section is to present the field conﬁgurations (modes) that are
used in this work as local field solutions. These are: Transverse ElectroMagnetic
(TEM) modes whose electric and magnetic field components are both transverse
to the direction of propagation; Transverse Magnetic (TM) mode whose magnetic
field components are transverse to the direction of propagation and finally
Transverse Electric (TE) mode with electric field components transverse to the
direction of propagation. Again the focus is placed upon cylindrical modes.

For any z-directed field potential defined by:
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A(r,0,2)=2a,A,(1,,2) (2.38)
F(r,$,z)=2,F,(r,9,2) (2.39)
the total electric and magnetic field solutions can be derived from Equations

(2.36) and (2.37) utilising the differential operators detailed in section 3 of

Appendix A and are expressed by:

o 1 00A, 110F | . A
E=a {-j———%——- +ay{—j———— -
opeor 0z €r 0 operop 0z € or

1 10 oA, 1aF}

(2.40)
2
+ﬁz{—jL(k2+—a—2JAz}
oue 0z
(.1 86 116, . [ .1 100 10A
H=4 {~j———2+—- +84{—j————2-———2=
| "opeor 6z pr 0¢ OpeTr 09 8z p Or
(2.41)

where k? =B’ +p:

Utilising this general solution for total fields the transverse modes will be next

discussed.

2.4.1. Transverse Magnetic (TM) Mode
For a TM mode the magnetic field components are transverse to the

direction of propagation. The expression that is valid for TM fields will be derived
here for any general field in the form of e’ @2 To accomplish this, the

following is assumed:

A o a‘\ A ,¢,Z
y Z(r ) (2.42)
F - O
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Recognising the fact that for exponential variation of field as described above

o _. :
Ez- = JBZ and —aQZT = —B: (2.43)

and furthermore that for TM mode there is no variation along z-direction, hence

B, =0, the wave equation given in Equation (2.17) that must be satisfied by the

vector potential A reduces to:

O’A, 10A, 10°A
7 TRV
or ror 1 0

2 + KA, =0 (2.44)

where k? =p2 = o’pe.
Separating this equation to an ordinary differential equation, as shown above, the

vector potential can be identified in the form [2.3]:
A,(r,6,2)=[AJ,B,0+BHP B0 ]x[Ae™+Be™]  (245)
The remaining field components are found using Equation (2.40) and (2.41) and

are respectively:

E, =0 H, =119,
pr o
10A,
E, =0 Hy=-" (2.46)
2
E, =—j~_a, H,=0
OME

2.4.2. Transverse Electric (TE) Mode

For a TE mode the electric field components are transverse to the direction
of propagation. The TE mode can be derived by analogy to the TM polarisation

presented above by assuming:
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A=0
X (2.47)
F=a,F (r,9,2)
Similarly, the vector F must satisfy the Helmholtz equation:
&°F,  16F, o’
e 16 LOE g g (2.48)

orr ror 1 oy
where B, =0 and k’ =B’ = 0’ue.
Utilising the separation of variables method the following solution can be
obtained:
F(r,0,2)=[ AJ,(B,)+ BHOB,1) |x[ A,e ™ +Be™ ] (2.49)

and remaining field components are found using Equation (2.40) and (2.41)

1 JF
= H, =0

er 0 ’

1 oF
Ej =——- H,=0 .
°= T ar 0 (2.50)

2 .
E, =0 H, =-j~<_F
OuE

2.4.3. Transverse Electro-Magnetic (TEM) Mode
The Transverse Electro-Magnetic mode is defined by existence only of

electric and magnetic field components that are transverse to the direction of

propagation. Hence E, =0 and H, =0. From Equation (2.43) and the definition
of z-components given in Equation (2.40) and (2.41) it is clear that the E, and
H, can be forced to zero when B, =0. Hence k=P =w’ue. The transverse

field elements are:
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1 006A, 110F

Er =—j—— i
opedr 0z er 0¢
1 10606A, 16F,
i iy t-=
Oper 09 0z € Or
(2.51)
. 1 00F 110A,
Hr =—)—— +——
Oueldr 0z pr 09
__j L 100K 104,
® Ouerod 60z pu or
where A, and F, can be proven to be in the form:
A,(1,0.2)=F,(r,0,2) =[Ar" +B;r ™|
(2.52)

x[Aze'm‘ + Bze‘“"""][A3 cos(B,z) + B, sin(B,z)]
It is noted that for the case of k=, the Helmholtz equation presented in

Equation (2.12) or (2.13) reduces to the Laplace equation. Therefore, the solution
presented in Equation (2.52) represents static field. Hence, the solution of R(r) is

no longer represented by Bessel and Hankel functions as in the case of TM and
TE mode but is given by:

R(r)=Ar"+Br™ (2.53)
It can be interpreted as a limiting case of Bessel and Hankel functions when
B,=0. It is can be shown that in such scenario J,(B,r)=Cr" and
H2(B,r)=C,r™ where C, and C, are constants. It is also underlined that in

Equation (2.51) only one of the vector potentials needs to be used to calculate the
transverse field components, as in this static problem potentials A and F give rise

to the same E and H fields.
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2.5. Plane Wave Scattering from a Cylinder

The aim of this section is to describe the problem of plane wave scattering
by cylindrical structures in a homogenous space as this configuration often recurs
in the models presented in this thesis. Consider an infinitely long cylinder is
placed along the z-axis, as presented in Figure 2.1. A plane wave travelling in the

+x-direction is incident normally upon the structure with electric field:

E'=4F =8 B ™ =4 E giroe (2.54)

T

l

Figure 2.1. Plane wave incident normally upon cylinder

To satisfy the boundary conditions on the cylinder it is convenient to express the
plane wave in terms of cylindrical functions. Specifically, the incident field can be

expressed as an infinite sum of cylindrical wave functions using the Jacobi-Anger

expansion of the form:

B! =e et = 37 (<)), (Brye (2.55)

J (Br) are Bessel functions of the first kind and order n and the propagation

constant =k as the field is invariant in the z-direction, where k is the

wavenumber of the medium, for free space assigned as k.
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To represent the outgoing or scattered wave the Bessel functions of the second
kind, known also as Hankel functions are employed and the expansion takes the

form:

E: =3 B,HOBr)e ™ (2.56)

n=—

Therefore the total field, defined as the superposition of the incident field E. and

the scattered field E;, is given by:

E!=Ei+El= 3 [(-)"JBr) + B,HP (Br)]e™* 2.57)

To determine the total field, the unknown so far scattered field coefficients, B,,
need to be calculated. To accomplish this, the boundary conditions at the surface

of the cylinder must be applied.

2.5.1. Boundary Conditions at the Surface of Cylinder
Consider an infinitely long z-directed cylinder as presented in Figure 2.1.
The surface of the cylinder divides the space into two regions of parameters
(g,,1,) outside cylinder and (g,,1,) enclosed by the cylinder. Faraday’s law for
electric and magnetic field enforces the con‘tinuity of the tangential field
components at the interface [2.3], which is defined as:
E,=E, and H,=H, (2.58)
where the subscript t denotes tangential field and the numbers 1 and 2 regions
outside and inside the cylinder respectively. In vector form the above can be

expressed as:

Ax(E -E,)=0 and Ax(H,-H,)=0 (2.59)
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where n is a vector normal to the cylinder surface.
To sum up, the tangential components of electric and magnetic field must be equal
on the two sides of any boundary between physical media. This condition
however may be modified for an idealised case such as perfect conductor. In such
model, since the electric field is zero within the perfect conducting cylinder,
continuity of tangential electric field at the boundary requires that the surface
tangential electric field be zero just outside the boundary, hence
E,=0 (2.60)

From the integral form of Gauss’s law for a charge-free region the following can
be concluded [2.3]:

D,=D,, o ¢gE, =¢E, (2.61)

B, =B,, or wH, =p,H, (2.62)
That is, normal components of electric and magnetic flux density are continuous
at the boundary. For the case of perfect conductor the magnetic field vanishes

inside the cylinder, hence

B, =0 (2.63)

These boundary conditions will be discussed in detail when practical

configurations are studied in the following chapters and calculations of scattered

field coefficients will be shown.

In the above sections the analytical solution to Maxwell’s equations has been
introduced based on the problem of electromagnetic field scattered from a
cylindrical structure. However, in many engineering problems the analytical

solution is intractable and Maxwell’s equation can only be solved by numerical
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means. Therefore, in the next section the numerical techniques will be discussed

with the main focus placed on the Transmission Line Modelling method.

2.6. Transmission Line Modelling (TLM) Method

There are a variety of numerical methods available for obtaining the
solution to Maxwell’s equations. The two that have become widespread due to
their flexibility and relative ease of use are the Finite Difference Time Domain
(FDTD) [2.5] and Transmission Line Modelling (TLM) methods [2.6]. Both these
techniques have been successfully applied to a variety of complex electromagnetic
problems. Owing to the time-domain nature of these algorithms, a response
containing a wide range of frequencies can be obtained in a single computational
run. In the well-known FDTD method, the problem space is overlayed by a
system of meshes and the derivatives in Maxwell’s equations are directly
approximated in terms of difference quotients over a small interval [2.7]. Hence,
field at each point of the mesh is calculated with relation to its neighbours. The
TLM method is based on a discrete representation of Huygens’ principle [2.8, 2.9]
which is implemented by the scattering of voltages impulses in a mesh of short
commensurate transmission lines interconnected at junctions called nodes. The
pulses are partially reflected and transmitted according to transmission line theory
and the scattered pulses at a particular time step become incident at the adjacent
nodes at the next time step. In this way the disturbance propagates and spreads in
space. Therefore, the TLM method exhibits a clear isomorphism between the

field quantities and the lumped circuit equivalents of transmission lines which

results in an explicit scheme.
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TLM also offers two important advantages over FDTD. Whilst in FDTD the
electric and magnetic fields are separated in space and time by a half of the cell
size and a half of the time step respectively, all fields in TLM coincide at the same
point in time and space. This makes TLM highly applicable for simulations of EM
wave propagation in complex materials, such as frequency-dependent [2.10],
anisotropic [2.11], and nonlinear materials [2.12]. An additional advantage when
developing TLM algorithms comes from the fact that the field quantities are
mapped onto a passive electrical circuit equivalent which ensures that TLM is
provably stable and conservative at a local level. Furthermore, the circuit
representation allows a high level of hybridisation of TLM with other techniques
[2.13] and lumped circuit models of components and devices.

A detailed formulation of the TLM method which has been employed throughout

this project is available in [2.6, 2.8, 2.9]. However, the necessary fundamentals

are presented below.

2.6.1. Two-Dimensional TLM

In two-dimensional problem with —ag-:O, Maxwell’s equations can be
z

decoupled into two field configurations, namely Transverse Magnetic (TM) and
Transverse Electric (TE) modes. Depending on the mode selection, two different

nodal implementations of TLM circuit are considered, i.e. the shunt and series

node models.
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2.6.1.1. Shunt Node
To maintain consistency with the notation common in TLM literature [2.8]
and the derivations given in previous sections, the fields are taken to propagate in

the x-y plane with no variation along the z-direction. Hence, the Transverse

Magnetic (TM) modes comprise only three non-zero components, i.e. H,,H, and
E,. Maxwell’s equations presented in general form in section 4 of Appendix A,

now reduce to:

oH, oH
OE, __ oH, _OE,__ OH, y_0oH, _ OE, (2.64)

oy Pac Tax Ma ax oy ot

The rearrangement carried out by differentiating and then eliminating the
magnetic field component gives the 2D wave equation:

0’E. O’E o’E
Z 4 =g z 2.65
ox* oy’ # ot? (265)

The shunt lumped element model, which is the building block or unit cell of two-
dimensional TLM network for TM polarisation is presented in Figure
2.2(a). It will be now argued that the voltage and current in the circuit are
analogous to electric and magnetic field in Maxwell’s equations.

Setting Al = Ax = Ay = Az very small compared to the shortest wavelength of
interest, the size of each mesh element can be considered inﬁniteéimal, then the

voltages and currents change according to Kirchhoff’s and Ampere’s laws:

ol ol
CAZJR L PR A o S L PO Y. oA/ (2.66)

0x ot oy ot 0x Oy ot

It is noted that the node capacitance is twice that of an individual line section due
to the parallel connection at the node where L and C are assumed to be the

inductance and capacitance per unit length of 1. Differentiating the above
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equations in pairs with respect to x and t or y and t, and combining them together

leads to a similar expression to Equation (2.65):

o' (V. o* o?
b?(ﬁ)*ay( ) oL (Xl) @67

Thus, comparing Equation (2.67) with Equation (2.65), the following
equivalences are established:

V,=E,, I =H,  I,=H p=L £=2C (2.68)

X X y

As observed, the shunt node models a medium of parameters (2¢,t) .

»
»

‘ .
NN
kY ~
. N
4.
>
"

Figure 2.2. TLM shunt node (a) and its transmission line equivalent (b)

Figure 2.2(a) shows a circuit representation of Maxwell’s equations in a shunt
configuration. In principle, this LC circuit can be solved using any circuit
technique. However, an explicit algorithm, which is computationally simpler can
be obtained by replacing the LC circuit with an equivalent transmission line
model, as presented in Figure 2.2(b). To achieve this, the equivalences between

the LC components and characteristic impedance of a transmission line need to be

identified.

38



Chapter 2 — Principles of Electromagnetic Field Theory and the TLM Method

TLM Models of Inductor and Capacitor

The models of capacitors and inductors that form the basic components of TLM
network will now be developed. Let the capacitance and inductance per unit
length of a transmission line of Al presented in Figure 2.3(a) be C; and L, and

the propagation delay be defined as At,

A b)
L Z
———I— —m———

Figure 2.3. A segment of LC circuit (a) and its transmission line equivalent (b)

The components of the LC circuit shown in Figure 2.3(b) are:

C,Al=C L,Al=L (2.69)
As the velocity of propagation along the line is given by:

.| 2.70)

the capacitance and inductance per unit length are determined as:

2 2
Al) C, At) 1,

The transmission line characteristic impedance is:

L, _at L
= = |[Zd == d Z=7 = [4=—= 2.72
Z ZC (:d C an L Cd At ( )

Hence, the capacitor can be modelled by a transmission line of characteristic

impedance Z. but with associated inductance equal to

’ 2
L =L,Al= (Act)— @.73)
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whereas the inductor can be replaced by a line of impedance Z, with associated

capacitance of

2
Q=QM=%%— (2.74)

Both, L, and C, can be regarded as a modelling error and could be minimised by

decreasing the time step At. It is therefore argued that a transmission line with
large impedance value can represent an inductor of L = ZAt, with the second
order accurate approximation and a line with small impedance corresponds to
a capacitor of C = At/Z. Such models are known in the literature as link models.
Based on the above discussion special cases can be derived, for instance when
a capacitor or inductor terminates the LC circuit. In such scenarios, a capacitor is
modelled by an open-circuited transmission line and an inductor by a short-
circuited transmission line. Such models are referred to as stubs and their
characteristic impedances can be derived analogously to the link line impedances.

The propagation velocity on a line is now defined as:

Al 1
_AL 2.75
YTa2 T LG, @7)
from which
2 2
L,=8 g =0 2.76)
4CAl 4LAl

Hence, the characteristic impedances of capacitive and inductive stubs are:

L, At L, 2L
=Z = —d=——— d Z=Z = —d=—— 2.77
£=Z.=yc "¢ ™ LTyc, T a @77

with associated errors in the form of inductance and capacitance respectively

given by:
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2 2
L, =LAt= %—tc)— and C,=C,Al= (3—2 2.78)

Although identifying the corresponding series inductor-capacitor combinations
required in the equivalent transmission line model is perfectly valid, in this thesis
the transmission line parameters are often implemented as the input impedance to

the stub. Using a general formula for an input impedance of a transmission line

loaded with impedance Z, of the form:

=7 Z, + jZ, tan(BAl)

in = £ Z, +JZ, tan(BAl) 2.79)

and assuming open circuit termination which requires that Z =co the input

impedance looking into a capacitive stub can be calculated as:

Zy =l (2.80)
jtan(BAI)

where
ﬁAl:%Al:m%‘- | 2.81)

As for the short-circuited stub the inductor model can be examined in the
frequency model when the input impedance for a transmission line of

Equation (2.79) is considered with the load impedance Z, =0. Thus, the input
impedance looking into an inductive stub model takes the form of:

Z,, = jZ, tan(BAl) (2.82)
Having established equivalences between LC circuit and a transmission line the

shunt node from Figure 2.2(a) is then replaced by a model shown in Figure 2.2(b).

A time domain algorithm is recovered using principles of transmission line theory.
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The voltages and currents at port 1 to 4 presented in Figure 2.2(b) are defined in

terms of the incident and reflected voltages on the transmission lines utilising:
V,=Vi+V! and I=YJ (Vi-V) (2.83)

where V! and V! are the incident and reflected voltages respectively on line n and

Y, is the link line admittance of line n; in case of free space being considered as

a medium this admittance is Y;, = (120n)™" S. Computations in a shunt node are
then performed by introducing the relationship between the incident and reflected
voltages in the form:

V=5,V (2.84)
where k_\_’_i and , V' are vectors of the four incident and reflected voltages

respectively at the ports at time step k, and scattering matrix S is defined as:

-1 1 1 1
1 -1 1 1
S=0.5 2.85
= 1 1 -1 1 (2.85)
1 1 1 -1

Pulses incident on the ports of the node defined in space by (x,y) at the time step
k+1 are the pulses reflected from adjacent nodes at the previous time step k.
Therefore, the incident voltages on node (x,y) for vacuum depend entirely on the

nodes connected to it and the so-called connection process is described as:

i (XY) = Vix,y-1)
k+lV2 (x’ Y) = kv4 (x _l’ y) (2.86)
Vi (X%Y) = Vi(x,y+1)
wiVa(X¥) =  V,(x+1LYy)

where x, y are the space indices of the mesh cells and this is schematically

illustrated in Figure 2.4.
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Figure 2.4. A diagram illustrating connection process for empty space two-

dimensional TLM mesh

2.6.1.2. Series Node

The Transverse Electric (TE) modes consist of only the three non-zero

components, i.e. E_, E, and H,, and hence, Maxwell’s equations reduce to:

OE,  OE
oM, _ 9B, _0H, _ OE, y_aExz_ui;z (2.87)

B Be—" ,
oy ot ox ot ox 0y

These can be rearranged by differentiating and eliminating the electric field

component to give the 2D wave equation:

2 2 2
O°H, oH, _ o°H, 2.88)

+
ox* oy’ ot?

The structure referred to as a series node is presented in Figure 2.5(a).
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It is desirable to devise circuits in which the variation of the circuit quantities
exhibit isomorphic behaviour to those in Equation (2.88). From Kirchhoff’s

voltage and Ampere’s current law the following can be formulated:

ol v, o, _ 9% oV, 9V,

¥4 X z

: =-21%

, (2.89)
oy ot 0x ot oy 0Ox ot

Differentiating the above equations in pairs with respect to x and t or y and t, and

combining them together gives the required isomorphism to Equation (2.88):

2 2 2
_?_z(l_z) + _Q_Z(I_z) =(2L) ca_z(.li) (2.90)
ox“\Al) oy“\ Al ot \ Al

Comparing Equation (2.90) with wave Equation (2.88) the following equivalences

are determined:

I,=H,, V,=E,  V =E e=C pu=2L (2.91)

Thus, the series node models a medium of parameters (2,€) .

3
a) - b) 3
ci2 A \f ‘fr
L/2 Ay
Y
L2 \'A I
—y .
_L__IYY'\_ == —
2 = Otv,  ceg42i " vo Yn 4
y Yo
e L ]
1 Vf
— Ax oY .

4

1

Figure 2.5. TLM series node (a) and its transmission line equivalent (b)
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Computations in a series node are performed by employing the transmission line
equivalent shown in Figure 2.5(b) and using similar scattering and connection
paradigm as for a shunt node with the only difference lying in the scattering

matrix representation, which now is:

1 1 1 -1

1 -
S=0.5- : bl
= I -1 1 1

-1 1 1 1

The explicit algorithm has been formulated for both shunt and series node that
calculates the EM field at each point of the mesh at an incremental time step At
starting from time tp at which all the initial conditions are set. The boundary
conditions at the edges of the computational window are implemented in the
connection phase at the appropriate port(s) for the boundary points. Typical

examples of boundaries are illustrated in the next sub-section.

2.6.1.3. Boundary Conditions

Due to finite computational resources the extent of the computational
domain is restricted in simulations by introducing numerical or physical
boundaries. Furthermore, either symmetry or material boundaries need to be
accounted for. Typical examples of boundary conditions are presented in
Figure 2.6; so called short circuit (s/c), open circuit (o/c) and matched boundary
condition.
It is noticeable that the boundaries are modelled by introducing the impulse
reflection coefficient I in the TLM network. For s/c ' =-1 and the o/c boundary

sets ' =1. Such boundaries are perfect reflecting walls of either zero or infinite
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impedance. For the matched boundary condition of Figure 2.6(c), which is used to
model open boundaries at the interface with an infinite region or free space, the
reflection coefficient is defined as I'=(Y; —-Y)/(Yy +Y). Matching the
admittance Y to the one of simulated media allows the outward propagating
radiation to be absorbed and hence truncate the problem in space. This creates an
illusion of an infinite space for unbounded field simulations, which otherwise

would require an unlimited data storage.

a) \A b) Vi c) Vi
s B i ——
Yo Yo Y1 | IY
p—— T _bO A —
\A \A Va
k+]Vrl; ==V, k+1v; =Va k+1Va ='(1[TL—Y) Va

(YR +Y)“ "

Figure 2.6. Boundary conditions: short-circuit (a), open-circuit (b)

and matched (c)

It should be pointed out that for 2D TLM the discretisation error called dispersion,
which is manifested by phase velocity error for high frequencies, requires the cell
size to be set approximately one-tenth of the smallest simulated wavelength [2.8],
for either of the node configurations illustrated above. It is also noteworthy that
shunt and series representations are perfectly dual. According to the Babinet’s
principle, one case can be transformed into the other by simply replacing voltages

V with currents I, € with p, and admittances Y with impedances Z, [2.10]. This

implies that both TM and TE case can be modelled with only one of the node type
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shown above. However, as will be shown later, both shunt and series nodes are

applied in this work.

2.6.2. Time Step Criteria and Stability

In this section the time step requirements and the stability of the 2D TLM
model will be briefly discussed. Consider a medium of (g,j1) modelled by a shunt
node presented in Figure 2.7(a). If the time step of the calculation is chosen to be
At, the propagation time on each line presented in Figure 2.7(c) is At/2. It is

now intended to identify transmission line parameters for such a node.

a) b)

L2 /2 L2

Tzc/
/ A2

Figure 2.7. Shunt node and its transmission line implementation

The values of inductor and capacitor as discussed previously are L = ZAt=p Al
and C=At/Z =¢gAl/2 respectively. The link line impedance of the equivalent
transmission line presented in Figure 2.7(c) is now chosen to be Z=pAl/At.
Each of the link inductor models is associated with a capacitance C, given in
Equation (2.74). Hence, the effective capacitance to be modelled is now

C =2C-4C, =2C-4(At/ 2)*/L/2. Therefore, the required value of stub

2
admittance Y, is:Ys=-CL“-= e:Al—2At /At.
At p Al
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It is well known that the TLM model is stable provided that all components of
transmission lines have non-negative values [2.8], thus Y, >0. This places a
constraint on the time step that has to be selected according to formula:

A< 2 Al . For empty space this equals At < ko4 < Al and the transmission

V2 V2 T Vae

line velocity u= % <2¢ where c is speed of light.

The last statement indicates that the wave on the transmission line cannot travel
faster than the speed of light. It is also pointed out that in the TLM simulation it is
required to keep the time step constant for the whole network, therefore, the only
parameter that can be manipulated is the impedance of the line. Thus, by
identifying the required capacitance and inductance the transmission line model

can be designed and implemented using appropriate link and stub values

2.63. 3DTLM

Most of the problems encountered in engineering applications are three
dimensional and cannot be meaningfully simplified to two-dimensional systems,
therefore 3D, full-vector models are of great demand. It is intuitive that whereas
shunt and series nodes model TM and TE modes, each consist of three field
components, the combination of these two variations should give a full
description, six vectors of the field, i.e. three magnetic and three electric field
elements. The appropriate topology of a 3D unit cell called Symmetrical

Condensed Node (SCN) is shown in Figure 2.8.
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Figure 2.8. Three-dimensional Symmetrical Condensed Node (SCN)

The 3D node consists of 12 ports representing 2 polarisations in each coordinate
direction. The voltages corresponding to those two configurations are carried on
transmission line pairs highlighted in Figure 2.8 by the lines of different colours.
Following the same approach as for the 2D nodes the equivalence between fields

and circuit parameters is established in the form [2.8]:

Ex . Vx’ I_Ix - Ix
E, =V, H =1, (2.92)
Ez = Vz’ Hz = Iz

Computations in 3D case follow similarly to the procedure obtained for a mesh of
transmission lines in 2D. The calculation starts by imposing initial conditions and
excitation. The pulses propagate along transmission lines and are scattered
according to the transmission line theory. For empty space simulation the

scattering matrix is derived as [2.8]:
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[0 11000001 0-10]
100001 000-101
1001000100 0-1
001010-1000T1020
0001010-10100
S_os/ 0100101 0-1000
= 000-101010T1T200
001 0-101000T120
10000-1000101
0-10010101000
-10 0100010001
(01 -100000T10T1 0]

The scattering matrix refers to the Figure 2.8 where the port voltages are
numbered from 1 to 12. The connection algorithm for the empty space simulation
is similar to the 2D approach and is expressed by simple exchanging of voltages

between neighbouring nodes.

2.7. Closing Remarks

In this chapter the principles of electromagnetic field theory have been
presented. The main focus has been placed on cylindrical waves scattered from
the circular-shaped cylinders as this problem is widely studied in this thesis for
different practical configurations. Therefofe, the wave equation was derived from
Maxwell’s equations and its solution was discussed from the modal point of view.
The necessary background theory of the Transmission Line Modelling (TLM)
method was also given. Two nodal configurations, namely the shunt and series
nodes were shown as these are frequently used throughout this project. The basic

unit of a 3D network, the so called Symmetrical Condensed Node was also
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demonstrated. Finally, the concept of link and stub components is described as

these elements form fundamental building blocks of TLM networks.
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Chapter 3

A General Approach to Embedding Sub-
Wavelength Objects into TLM

In this chapter the approach used in this thesis that enables arbitrarily
shaped sub-wavelength structures to be embedded into a single 3D TLM cell will
be presented. A special node will be derived that encloses fine objects and mimics
the behaviour of such features under the exposure to electromagnetic fields.
Solutions for electromagnetic fields in the presence of the small objects under
consideration will be given in the first part of this chapter, followed by a
description of the process of linking these solutions with the adjacent cells of a
time-domain numerical network. A scattering algorithm for the special node

developed will be presented at the final stage of this section.

3.1. General Concepts

The philosophy of the approach is to identify a suitable set of local
frequency domain solutions to Maxwell’s equations within the vicinity of the
enclosed object and, by sampling the fields on the boundary of the TLM cell, to
interface these with the numerical algorithm. The idea, whilst straightforward in

principle, must yield an overall algorithm that is computationally stable and, as
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will be shown below, this requires that the local field solutions must be sampled
in a physically consistent manner. It is underlined that identifying the required
local field solutions is a pre-processing activity of the proposed scheme and
furthermore there is no requirement placed upon how these are obtained, only on
how they are interfaced with the rest of the numerical algorithm. As will be
demonstrated further in this thesis, in some cases it is possible to obtain a suitable
set of local solutions by completely analytic means. However, it is equally
permissible to use purely numerical or experimental techniques to obfain the
required set for those structures where an analytical solution is hard to formulate
or is unavailable. This important observation emphasizes the flexibility of this

work and the generic nature of the special node with fine features embedded to be

described.

3.2. Theoretical Formulations

Consider a small object bounded by a cuboidal surface, a 3D TLM cell, as
shown in Figure 3.1. To clarify the terminology used in this work, a volume of
empty space in the presence of EM fields is referred to as a cell and an equivalent
electrical circuit model used in the TLM method to mimic the behaviour of the
fields in that cell as a node. It is intended to map the tangential electric and
magnetic field on each face of the cube to a voltage and current in an equivalent
electrical network. As all passive electrical networks are reciprocal this places a
constraint upon the relationship between the fields and the network quantities.
However as the cubical surface, which contains a scattering object, completely

encloses the volume of space, the tangential fields on the faces of the cube also
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satisfy a well known reciprocity relationship, a fact that underpins the viability of
finding a suitable mapping from fields to voltages and currents. In practice, this
mapping must involve discretely sampling the continuous fields and if this is not
performed correctly, the reciprocity exhibited by the fields will not carry over to
the electrical network as required. For instance, simply directly sampling the
tangential electric and magnetic fields at the centre of each face, numbered from 1

to 6 in Figure 3.1, does not, in general, maintain reciprocity.

6

‘

4 ' 2
5

z 1
Za

X

Figure 3.1. An example of a fine feature enclosed by a 3D TLM cell

The fields inside the cube are represented as a superposition of local vector field

solutions, e, and h, weighted by expansion coefficients X,. Each local solution is
required to satisfy the boundary conditions on the enclosed object.

E=YeX,=¢'X and H=)hX,=h'X (3.1)

Here and throughout, (double) underlined quantities denote (matrices) column

vectors and full field vectors are denoted in bold.

It will be shown that it is possible to identify such a representation that is

complete with respect to the tangential fields on the surfaces of the cubic cell.
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A set of ports is defined as spatially non-overlapping regions of the surface
enclosing the volume of the computational cell, in this case the faces of the cube.
Each port corresponds to a surface denoted by S, where p=1,2,..,6. Port
voltages can be now defined so that the tangential electric field on Sp is

represented in the form:

E,=>1.V. (3-2)

where the port voltages are expressed by

Vo = ([, -E;dS (3.3)
SP

and f; is a set of orthonormal vector basis functions defined for port p. In addition

the normalisation of I I f;m -f,dS=3_, has also been assumed; where subscripts

Sp

n, m denote a pair of basis functions.

Often in practice only two terms of f, will be used in Equation (3.2), each
representing one of the orthogonal polarisations of the tangential electric field on
each face as is the case for the conventional TLM node. This is consistent with the
TLM cell being small compared to the smallest wavelength available in
simulation (although modification may be needed if enclosed object is close to the
'face). For instance, when considering the Cartesian coordinate system and the

surface p=1 of the cubical cell illustrated in Figure 3.1, two basis functions can
be chosen f,, =% and f|, =§. It is noted that choosing these two terms to be the

two unit vectors in the plane of the face allows straightforward interfacing with

adjacent conventional TLM nodes. Nevertheless, more complex basis functions
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could be used to allow higher order schemes to be derived, if desired or if deemed
necessary, 'to correctly caﬁture the physical processes involved. For example,
when considering an object that passes through the surface S, it might be
necessary to increase the number of basis functions to remain consistent with the
boundary conditions existing at that face. This scenario will be discussed later in
this thesis based on the example of tilted wire passing through the cell. Further
detailed consideration of these cases is omitted at this stage, as the emphasis of

this chapter is the development of the overall framework of the model.

Substituting Equation (3.1), the electric field formulation, into Equation (3.3)

leads to a definition of a general voltage vector defined as:

V= [ft-e'asx=ux (34)
S .

The vector of expansion coefficients X in Equation (3.1) can be now determined

from the port voltages as:

}_{_ = u-lv = WV (3.5)

E=e'wV and H=h'wV (3.6)

It should be pointed out that Equation (3.5) indicates that matrix u must be non-

singular and invertible-square, which in effect requires that the number of basis
fields in Equation (3.1) is the same as the number of port voltages. It will be
shown later in this thesis that this is not necessarily the case and consequently

matrix w should be interpreted as the general inverse of u, as discussed in [3.1].
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Having defined the relationship between the tangential electric fields and the port

voltages, port currents are now defined in a similar manner, i.e.

H, xS, =11, (3.7)

where §p is the unit vector normal to the surface Sp .
Thus

[[E°xH-d8 = [dSY 6.V, D fuln =D Vol (3.8)
S . S, n m "

When mapping the fields to passive network quantities the power must be

conserved, i.e.

[[E'xH.ds =V"I (3.9)

S

where the superscript H denotes Hermitian, i.e. conjugate transpose. Combining

Equations (3.6) and (3.9) the following can be derived:
X“;V,"[HQ’XhT-dS]gkX“l (3.10)
s

This condition leads to a reciprocal admittance relationship between the discrete

sets of port currents and voltages which completely characterise the response of

the special node:

l=gHI:Hg.th-dS]¥\_/ (3.11)
S

or in a general form:

I=YV (3.12)
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It should be clear that the reciprocity relationship satisfied by the local field
solutions €, and h,, which are used to represent the total electric and magnetic

fields, i.e.
—j jg;xgj.ds=(-jjj_e;xg§.ds) | (3.13)
S S

is embedded within Equation (3.11) in such a manner so as to ensure a
corresponding reciprocal relationship between the port voltages and port currents.
Equation (3.11) also holds a recipe to proceed from physical fields into an

equivalent transmission line network.

An alternative approach working from the magnetic field solutions leads to the

derivation of an impedance matrix in a similar fashion.

As mentioned previously, in the cases where local analytical solutions are not
available for the local field solutions, e, and h,, these can be obtained by a pre-
processing numerical simulation on a fine mesh, or any other method such as
Method of Moments (MoM) [3.1], and the integrations in Equations (3.4) and
(3.9) are performed numerically. Having obtained the admittance relationship
presented in Equation (3.11), the implementa'tion into a real time-domain

numerical network will now be addressed.
3.3. Implementation into a TLM Scheme -

In many engineering problems the solutions to Maxwell’s equation (e, and

hy) are available via the frequency domain, especially when analytical description
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is considered. Therefore, attention will now be focused upon the implementation
of these frequency-domain tangential field solutions into a time-domain numerical
technique such as TLM. In order to do so the equivalent circuit elements will be
now extracted from Equatioh (3.11) and the corresponding network topology

designed.

The TLM algorithm is derived by making an analogy between the behaviour of
the electric and magnetic fields in a small region of space and the voltage.s and
currents in an equivalent electrical network. Once the mapping between field and
network quantities has been identified, the individual networks representing the
different regions of space are interconnected, recognizing that continuity of the
fields is ensured by enforcing the appropriate continuity of voltages and currents
between adjacent nodes. A simulation then proceeds by simply solving the overall
electrical network problem by any suitable means. As described in Chapter 2 in
the case of a TLM method the simulations are performed in an explicit manner by
scattering and propagating voltage impulses along short lengths of commensurate
transmission lines. One particular attraction of developing TLM algorithms is that
stabilify and energy conservation can be easily assured by inspection; if the
equivalent electrical network only contains inductive and capacitive elements with

positive component values, then the scheme will conserve and be stable, [3.3].
It is emphasised that for acceptable accuracy the size of the cubes corresponding

to each TLM node are small, typically one tenth of the smallest wavelength of

interest. Consequently, each element of the admittance matrix, Y, in Equation
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(3.12) is apprqximated to a second order accuracy by a sum of two terms, one
proportional to frequency, and the other inversely proportional to frequency. It is
therefore simple to identify the corresponding series of inductor-capacitor
combinations required in the equivalent circuit. However, in this work a slightly
different approach will be presented that is believed to be more flexible and

efficient for practical implementation.

Decomposing the admittance matrix Y from Equation (3.12) into its

eigensolutions defined by:

ZIy =YIy (3‘14)
the admittance relationship can be re-expressed as follows:
I=TyT"V (3.15)

where T is a matrix whose columns consist of the eigenvectors of Y and y isa

diagonal matrix of elements containing its eigenvalues.
Given that l”l is the identity matrix, the above equation can be equivalently

written in the following manner:

T'1=yT"V (3.16)

Physically the eigensolutions of Y,y, correspond to the field solutions where

electric and magnetic field samples are proportional to each other and the
eigenvalues are proportional to the input admittance at the particular frequency.

Those eigensolutions can be considered as modal solutions of Maxwell’s

equations.
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It is noted that Y is reciprocal and its eigenvalues ,y, are all purely imaginary

which physically means that the system is lossless. Furthermore, for the range of
frequencies over which TLM is regarded as acceptably accurate, the eigenvectors
are almost purely real and frequency independent, with the corresponding
eigenvalue either proportional or inversely proportional to the frequency as has
been pinpointed before, i.e.

V,=joL,L, or I, =joC,V, (3.17)
In this regime the electrical network presented in Figure 3.2 can be constructed to

embody Equation (3.11) in which the N-port transformer is defined so that:

x=I"V and V=

g

X (3.18)
N represents the number of ports i.e. 12 for three-dimensional and 4 for two-

dimensional TLM and x is a vector of modal solutions with the element x, being

an amplitude of the selected n-th mode that the total field consists of.

..'._'"

N-port transformer

Y
4
5

% T =joLyn

Vil

Figure 3.2. A general equivalent circuit for the TLM node in the frequency

domain

The circuit of Figure 3.2 follows from the derivation of Equation (3.16) and has ’

been identified in the frequency domain. An explicit time domain model is
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recovered if the lumped capacitors and inductors are implemented using short
commensurate lengths of open or short-circuit transmission lines and this is

illustrated in the next section.

3.3.1. A Modal View of TLM

In order to recover the time domain algorithm, closer focus has to be placed
upon what happens when the pulse from neighbouring nodes is incident upon the
special node under consideration. As is known, TLM represents fields as voltages
travelling along transmission lines. On all transmission lines, the relationship
between the total voltage and current and the travelling wave amplitudes is given
by

V,()=Vi()+V;(t) and L=y, (Vs()- V(1) (3.19)
as shown in Figure 3.3 where superscripts i and r denote incident and reflected

voltages respectively and y, is the characteristic impedance of the transmission

line.
I

>| Vll)

o v,
—=V,

Figure 3.3. Total voltage and current on the transmission line

Combining Equation (3.19) with the general admittance relationship given by
Equation (3.12) and rearranging gives:

I+ YY)V =(y, I-Y)V' (3.20)

where [ is the identity matrix.
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Using the definition of the N-port transformer from Equation (3.18) in
Equation- (3.20) leads to a scattering relationship for the modal amplitudes

travelling on each individual line of Figure 3.2:

xl' — YL _Yn xi

. = —— (3.21)
when # denotes the n” line and n=1,..,N
It can be easily shown that the modal scattering, Equation (3.21), can be
approximated to second order accuracy as a time delay on the individual
transmission lines:

x! = e %y} (3.22)
The sign depends on the termination; (+) for open and (-) for short-circuit. By

comparison of Equations (3.21) and (3.22) it can be also demonstrated that

c,=— j-2—YA for an open and o, =— jglL— for a short-circuit termination.

YL ‘Yn
—
YL oy YaAt=C,;
— —
Vi(t) . < : X(t)
V'(t) . 5 g X\(t)
Yo 3 o
YL “ ZsNAt=L£]
-

Figure 3.4. A transmission line implementation of a general equivalent circuit

model for the special node
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Hence, an explicit time-domain model of the circuit presented in Figure 3.2 can be
obtained when the lumped components, capacitors and inductors are implemented
using short-circuited or open-circuited stubs respectively, as shown in Figure 3.4.

The eigenvalues of Y, y,, correspond to the input admittance looking into a

short-circuited or open-circuited stub, as shown in Figure 3.5(a) and (b)

respectively.
a) b)
e ~—— 0
\Y Z, s/c \Y% Y olc
— e N0

Figure 3.5. A Short-circuited (a) and an open-circuited termination (b)

Thus, using transmission line properties presented in Chapter 2, the input
impedance looking into the stub can be calculated as [3.1]:

v =jZ, tan(0At/2) and 7, =jY, tan (©At/2) (3.23)
for a short-circuit and open-circuit termination respectively. The appropriate
values of circuit components can be then found as L, =Z At for a short-circuited
and C =Y At for. open-circuited stub, where At is a round trip transit time of

the pulses propagating along each of the transmission line. Such stubs are well
established within the TLM algorithm and were already discussed in Chapter 2.

For more detailed information the reader is referred to [3.1].

For a better understanding of the general implementation shown in Figure 3.4 an

additional diagram is presented in Figure 3.6. An example of a two-dimensional
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TLM network with the special node embedded is illustrated showing the manner

in which the link-lines from neighbouring nodes are connected to the modal

transformer.
b)Hasaiing 1 F 1
S =}
: S y L E E Yl '
s =] MRS L HE T =0 R
Wy § 25y) I ;
H—— g :
P ———H & R §
E N y i + = ! s H
P ——1+ ° B :
: —p P } |
s E YL E E Ya ;
o — :zji :
{ TLM space_ { Modal space

Figure 3.6. 2D TLM network with a special node (SN) (a) and the connection to

the neighbouring nodes (b)

The model presented in Figure 3.4 is a general nodal network for the TLM
method and the inclusion of different objects simply changes the values of the

passive components. These values are defined by the solutions of Equation (3.11),

the set of local field solutions e, h being either analytically or numerically
determined by any means. Examples of calculations for e and h using both

approaches will be presented further in this thesis.

In practice, the TLM technique presented here is implemented in the time domain
as an explicit algorithm using the scatter-connect paradigm of the conventional

SCN node [3.4]. The overall scattering process in the special node can be

summarised as:
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= transform the real space port voltages into modal space amplitudes using the
transformer matrix l“

s scatter each mode individually

= convert modal reflected amplitudes back to port voltages using matrix T

The scattering operation of the special node énclosing the small object(s) is then
explicitly implemented as:

X" (t) = £x! (t-At) (3.24)
where the + and — signs are used for the open and short-circuited stubs
respectively. The action of the N-port transformer in the node is described by the
following equations:

2y, ) T, V,()+2Y, x, (D)

t)= £ ,
xn( ) yL+Ym

X, (1) =X, (0%, 0, (3.25)
Vi)=Y T, xi (0-Vi(t)

th

where Y, is the characteristic admittance of the n” stub, n denoting an

eigensolution.

Applying this scheme to the problem of fields scattered from objects positioned in
air gives more flexibility as only the special nodes in the network contains stubs
that in TLM algorithm contribute to the dispersion error [3.1]. As it will be
demonstrated further in this thesis for some examples, especially for symmetrical

structures placed centrally in the cell, it is possible to eliminate the N-port
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transformer and construct an equivalent circuit model for a special node without

explicit conversion from real-space voltages to modal amplitudes.

3.4. Closing Remarks

In this chapter the basic theoretical framework has been presented to allow
fine-features to be embedded into a single cell of a TLM method. A set of local
field solutions to Maxwell’s equations has been derived in a manner that provides
a robust and stable algorithm. Linking these field solutions with a real time-
domain network has also been illustrated. This approach allows features of
different geometries to be arbitrarily located within a cell. The objects can be
wholly enclosed by a single cell or pass across several cells. It accounts for
multiple bodies of various characteristics to be modelled within a sihgle cell
provided that the tangential field solutions at the surfaces of the mesh cell can be
identified. It is highlighted that the algorithm has been developed based upon

implementation with the TLM method, however it can also be readily applied to

other time-domain techniques.
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Chapter 4

Embedding Conducting Wires into
a Single Cell of 2D TLM model

In this chapter, the general methodology presented in the previous chapter
will be applied to develop a special node, referred to in this work as a multi-
Jeature node, that enables various scatterers to be embedded in a single cell of a
two-dimensional TLM model. Particular focus will be placed upon the inclusion
of conducting wires that play a vital role in the EMC simulations. In the pre-
processing stage prior to a TLM run, the total electromagnetic fields around wires
will be evaluated theoretically, in terms of local field solutions expressed as a
series of cylindrical harmonics. As will be shown, the infinite number of
harmonics (modes) must be truncated and discretised in a consistent manner to
provide a suitable set of solutions that can be linked with the adjacent nodes of a
time-domain numerical mesh, as has already been discussed in Chapter 3. Finally,
the flexibility of the algorithm, its robustness and the ease of its application to
various practical configurations will be demonstrated. This will be based on an
example of field scattering from conducting wires clustered in a single cell of 2D

TLM. All results will be verified against the known analytical solutions for this

problem.
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4.1. Introduction

In this part of the thesis the general approach to embedding small objects
into a 3D TLM cell will be applied to two-dimensional simulations of waves
propagating in the presence of conducting wires. In order to derive the reciprocal
admittance relationship between the electric and magnetic fields, or
correspondingly the relationship between the port voltages and port currents in the
equivalent circuit model for a special node, the local field solutions will be
formulated analytically. The behgviour of such fields is expressed as infinite
series of cylindrical harmonics, which are in turn represented by the Bessel
functions of the first and second kind. However the infinite number of modes that
contribute to the total field needs to be truncated in order to maintain consistency
with the 2D numerical network; to form a reciprocal set of solutions applicable for
a mapping process presented in Chapter 3. The results of our multi-feature node
will be first validated for the case of a single wire placed at the centre of the cell
against analytical solution and the previously reputed macro-node designed for
this scenario [4.1]. Next, the ability of the approach to mimic the behaviour of a
cluster of wires (enclosed within a single cell) and excited by an EM field, will be
demonstrated and the results verified against the known solution. To begin with,

the analytical solution for a cluster of metal wires will be formulated in the next

paragraph.
4.2. Fields Around Wires — Analytical Formulations

The analytical formulations of field scattering from metal wires clustered in

a close proximity will be derived in this section for two electromagnetic field

71



Chapter 4 — Embedding Conducting Wires into a Single Cell of 2D TLM model

polarisations, namely Transverse Electric (TE) with the electric field polarised
perpendicular and Transverse Magnetic (TM) mode with the electric field
polarised parallel to the axis of a cylinder. Therefore, consideration is now placed
upon an arbitrary number of infinitely long z-directed wires in a close proximity
so that they all lie within the scope of a single TLM cell as shown in Figure 4.1. In
order to estimate the near field interactions between the wires and derive all the
necessary formulations that govern the scattering phenomenon, it is convenient
and most clear to focus upon the behaviour of only two wires and then to
generalise the expressions obtained to the case of an arbitrary number of

cylindrical wires clustered in a single TLM cell.

Port 2

The boundary of
a numerical cell

Figure 4.1. A representation of a TLM cell with wires enclosed within

Figure 4.1 shows the notation used to describe the pair of wires where the centre

of the cell is the origin of a polar coordinate system (1,,¢,) and OP indicates an
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observation point at a distance r, from the cell centre. Similarly the wires’
coordinate systems are denoted by radii and angles: (r,,¢,) and (r,,¢,) for wire ‘p
and wire ¢ respectively. The distance between the wires is labelled t,=r, and

the angle of rotation between the p and g coordinate systems o, =a, — 7.

As has already demonstrated in section 2.5 of Chapter 2, the total field in the
presence of any scatterers can be expressed as follows:

F =F +F, 4.1)
where the subscripts ¢, i and s denote the total, incident and scattered fields
respectively and F represents either the electric field in the case of TM

(E, #0and H,=0) polarisation being considered or the magnetic field for TE

(H,#0and E, = 0) polarisation. In the case of cylindrical scatterers each of the
two components of the total field are expressed in terms of Besselr and Hankel
functions, as discussed in Chapter 2. The incident field (F) is expanded in terms
of cylindrical harmonics centred on the cell coordinate system, whereas the
scattered field (F) is obtained as a sum of fields reflected from each scatterer.

Each element of the sum is calculated using a series of outgoing Hankel functions
originating at the centre of each of the scatterers. In the next two sections, these

contributors to the total field will be examined in more detail, starting with the

scattered field formulations.
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4.2.1. Total Field Formulae
Based on the approach outlined in section 2.5 of Chapter 2, the scattered
electric and magnetic fields due to the presence of the g wire can be defined as a

series of Hankel functions centred on the ¢ wire in the form:

T™: E, (nd)= Y e ™HP( )X, = 3 £,X, =f1X,,

"':’ "':’ “4.2)
TE Hy(nd)= 3 €™ HOG)X, = 3 X, =11X,,
where
f, =e""H®(kr,) 4.3)

and X is a vector of the yet unknown scattering coefficients, k being the
wavenumber of the medium under consideration, in this case empty space k =K.
The total scattered field at wire p can be obtained as a sum of the fields reflected
from each of the wires:

T T
F=f,X,+> f,X, (4.4)

q#p

The incident field F, is given in terms of harmonics centred on the TLM node:
F=g,X, (4.5)
where
B =€, (kr,) 49
and vector X, contains a set of as yet unknown incident coefficients.

Thus, the total field in the presence of a number of wires can be calculated

according to Equation (4.1) as:

F =g, X, +£,X,+ 3., X, X))

q#p

74



Chapter 4 — Embedding Conducting Wires into a Single Cell of 2D TLM model

In order to calculate scattering coefficients X, given incident wave coefficients

X, the physical boundary conditions at the surface of each wire needs to be

imposed. However, it is observed that different coordinate systems have been
utilised in the formulation of the total field which is inconvenient for this purpose.
Therefore, Equation (4.7) must be re-expressed in the coordinate system of the
particular cylindrical wire at which the boundary condition is to be imposed.
Using the Bessel summation theorem presented in [4.2] and utilising the
properties of the Bessel functions, Equation (B.1) in Appendix B, the components
of the scattered field can be rearranged as follows:

e'j"°“Hf,2) (k) = e—jn(a.,-l‘,)ng)(qu) — ¢ Mapginy ng)(qu)

=e ™ S I (ki )H,,,, (ke )™

m=-a

= ¢ M i (-1)"J, (ke )H, _, (ke )e ™ (4.8)

m=—x

=e P 3 (DM, (RH,, (kg Je e

mms—a

= 3 N, (k) H, L (k)™

m=—a

where I'),[", are the angles between r,r, and r, respectively shown in

Figure 4.1. Hence, it is observed that the scattered field from one cylinder can be
re-expressed in the coordinate system centred on another cylinder. Thus, in

general, the components of the field scattered from wire are:

e-jn% Hf,z) (qu) = i e-jm¢me (krp) [TQP ]nm (4.9)

m=-w

where [qu ]nm is the n,m element of a matrix lqp , specifically

[T, ] =e™™%H, (k) (4.10)

n-m
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Taking advantage of the definition presented in Equation (4.6), the following can

be concluded.

g'T

qn __p apn

and f =g:lqp ' 4.11)

Finally, the total scattered field is formulated entirely in the p™ wire’s coordinate

system as:

E=fX,+28TX, (4.12)

q=p
Similarly, the incident field can be evaluated in the coordinate system centred on

th . . . . . o e . .
the p” wire using a matrix U, derived in a similar manner to matrix T in

Equation (4.8) .
e (kr,) = f: e""““va(krp)[qu]m ' (4.13)
where [qu :Lm is the n,m element of a matrix gqp , 1.e.
[Up ] =™, (k) (4.14)
Applying Equations (4.13) and (4.14) into (4.5) and identifying that gz = EZH@

yieldé:

F=g U X, (4.15)

=p==0p
The total field introduced initially in Equation (4.1) can now be expressed in P

wire coordinate system only:

F=g U X, +,X,+>¢ T X, (4.16)
q=#p

It should be clear that this formula accounts for all the interactions that occur

between the wires bounded by the TLM cell. Thus, it is now possible to apply the

boundary condition at the surface of the p™ wire.
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4.2.1.1. Boundary Conditions at the Surface of Wires

So far no physical requirements have been imposed on the surface of the
éylindrical wires. Assuming that they are perfect conductors, the total electric
field is wholly reflected from the surface of the wire, which means that the
Dirichlet or Neumann boundary condition [4.3] for perfect electric (TM) or
perfect magnetic (TE) scattering needs to be satisfied at the surface of the p* wire.
Thus:
™: E,(r,¢)=0
1 oH, _ (4.17)

TE: E,(r,¢)=—— =0
(5:9) jog Or

Combining Equation (4.17) with (4.16) given that r, =a_, where a, is the radius

of the p™ wire leads to:

T T T
™: g U X,+£,X, +§gplqpxq - =0
5 (4.18)
T T T _
TE: E(gp U X, +£,X, +q§gp1qpxqj =0
i =8y
For convenience, Equation (4.18) can be reorganised into the form:
gop>_<0+épxp+§lqpxq=o 4.19)
where the elements of the diagonal matrix A are defined as follows:
HP(ka, )/, (ka,) for TM mode
= 4.20
Apea -g—r-Hf)(krp)/gr-Jn(krp) for TE mode 00

The boundary condition is consecutively applied at the surface of every single

wire bounded by a TLM cell which results in a set of linear equations as detailed

below, with the wires numbered from 1:
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( A { A { A
AT, L, - X, UuXo Yo
121 éz =23 X == Eoz X, == goz X, 4.21)
X a
131 lsz és = 203 X, 203
\ e ..J - \ e ) | e J
or in general form: M _X.= -U, X, (4.22)

Vector X"=[X, X, X; ..]" represents the scattered field coefficients.

In principle, Equation (4.21) can be solved for the scattered coefficients X given
the excitation coefficients X,, which provides the reference results used to

validate the accuracy o-f the multi-feature node. However, in order to implement
the solution of Equation (4.21) into a TLM algorithm it is necessary for the
incident and reflected waves to be expressed in terms of the coordinate system
centred at the numerical cell and not at the centres of the wires, as Equation (4.21)

indicates. Thus, it is necessary to seek a solution of the scattered field in the

following form:

= > HO(kg) e ™X, =£, X, 4.23)

N=-0

F

where X, is a vector of coefficients for the scattered field expressed in the

coordinates centred on the numerical cell.

4.3. Mapping the Analytical Solution into Numerical Network

In order to discretise the analytical solution and to carry out the procedure of
linking it with a numerical network, the scattered coefficients X, from
Equation (4.23) have to be determined. Therefore the solution of Equation (4.21)

needs to be transformed back from the coordinate systems of the individual
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scatterers to the cell-centred one. This is done by means of Green’s functions. The
process is illustrated below, the cases of TM and TE mode being considered

separately.

4.3.1. Scattering Coefficients for a TM Polarisation
In the presence of a current along the wire J;, the electric field E; due to

electric current source is given by [4.3]

E,=-jop IH dx'dy'dz'Gg, (x,y,z:x\y',2)], (x,y',2) (4.24)

where p is a permeability of the space modelled and o is the angular frequency.
Here, primed quantities denote source points, unprimed observation points unless
stated otherwise.
In 2D the Green’s function Gy, is given by:

% 31, (ke HO (k) €M% g <!

G =1, (4.25)
3 TGP k) ™ g <,

v=—00

The current on the surface of the perfect metal wire is J, =-H,, and from

Maxwell’s equations for TM polarised wave one obtains the relationship:

. OE
jopuH, =- 6; (4.26)

The electric field has already been derived in Equation (4.16) and is

E,=g U, Xo+£,X,+ 2 g T X 4.27)

=qp —q
q=p

Updating the expression for the electric field from Equation (4.27) into (4.26)

yields the formulation of the “total” wire currents:
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1, =5, ~a,) [gTU X+ X, + > gTT x] (4.28)

J(’)“' P q#p

PP

Therefore, the scattered field E, is represented as:

E,= ﬂ dx'dy'dz"l Z T, (kr,)H® (kr) e 40 .

v-—oo

(4.29)
ZS(r -a )——[ g U, Xo+ 5, X,+ D e T ]
q#p
Rearranging,
E,= Z HO(kr,) e j j | dxdy'dz' 35 aape.
o (4.30)

q=p

~25(rp' - ap)'a—r_v—[gggorx-o + f:Xp + Zgzlqpxq:l
P P

which by inspection with the required solution from Equation (4.23) identifies X,

as:

X, == m' dx’dy'dng 8t ~a,) = [g U, X, +I1 X, + 2 g T X ]

q=p
It should be noted that g =U'g" by the definition of matrix U in

Equation (4.14), so that:

JZ _m‘ 'dr,'d¢,’ UH g'6(r -a,)

4.31)
a,['TU X+ 55X, + 287 T x]
al' q#p
Applying identities (4.32) and (4.33) to Equation (4.31):
2x
+jvéy ] —jnd’, ' y
J’d¢ gpa, "= (e Jv(krp))(e a0 Jdd)p
’ (4.32)
=2n(amjvad,)_é_1,,ad,,)]
or'y
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) c 0 = +jv, y ~jnd, 0 ' '
J‘d(b Pau f _J(e J"(krp))(ej or, H(Z)(kr ) |d¢',
(4.33)
=2n[stv(kr'p)in>(1q'p)]
6r'p
leads to:

Z P_OP[J P U X+I H X, +17J ZT X] (4.34)

In Equations (4.34), the prime on Bessel and Hankel functions now denotes

J 'v(kr)=%1v(kr)|r and H® '(kr) = H(z)(kr)l respectively. Overall J and

I, are diagonal matrices of elements J,(ka ) and J',(ka,),and H and H are

diagonal matrices of elements H (ka,) and H '(ka,).

From Equation (4.18) for TM mode boundary condition, the following can be

concluded: J pg opz(_o +J leqp X, = —EPXP , Therefore, Equation (4.34) is

q#p

rearranged into a form:

=p==p =p=pP

X, =253, (3,8 -1 11X, (4.35)
P

Using the Bessel Wronskian Equation (B.2), shown in Appendix B, gives

JH -JTH =- ilc 2 . Hence, the vector of scattered coefficients for the field of
4

Equation (4.23) is finally derived as:

H
X,=2.U X, (4.36)
p
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It is observed that the vector of scattered field coefficients for a TM mode is now

expressed in a coordinate system centred at the TLM cell.

Having obtained both incident and reflected fields in the coordinate system
centred at the cell, the total field can be calculated. It can then be discretised and
the mapping process carried out. This will be presented later in this chapter. Prior
to this, the focus of the next subsection is to evaluate scattering coefficients for

the TE polarisation using a similar procedure to that presented above.

4.3.2. Scattering Coefficients for a TE Polarisation

In the presence of a current around the wire J,, the magnetic field H, due to

magnetic current source is given by:

H, = [[[ dxdydzGyy(oy.zx,y'2)] (x.y'2) @.37)
where the Green’s function Gy is defined by:

13 5,0a) L HO () 740 <ty
4 V=-0 or'
G =9. ., 5 (4.38)
33 2 () HO (k) e 0™ gl <,
4, 0r'
Again, the primed quantities here denote source points and unpriméd observation

points as in previous section, unless stated otherwise.

The currents that flow around the wire due to applied magnetic field are J, =H,,

where H, = g: LJOP X, +f : X, + z g:lqp X, by the definition presented in

q#p

Equation (4.16). Hence the wire currents are:
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P=qp—4
q=p £
L 4

J —ZS(r -a )[g’ U, X, +00X,+2.60T XJ (4.39)

Using the Green’s function Gym given in Equation (4.38), the scattered field H, is

determined as:

t 3! a [ = jv(¢o—do"
H, = j j [axidy'dz j jg;ukro)H‘f’(kro)e ot

(4.40)
ZS(r -a )[ U, X0 +£7X +Zg'T qp_q]
q#p
Regrouping:
H, = VZ:QH‘”(kr Ye i {If dx'dy'dz'Z—J (kr,) e
(4.41)

ZS(r -a )[g‘TU Xo+£,X,+>.¢7 T x]

q#p
which comparing to desired form of scattered field presented in Equation (4.23)

identifies X, as:

H dx’dy'dzz—g 8, -a )[ U, xo+f§zp+2g§_1_qp_xq] (4.42)

q=p
By the definition of matrix U specified in Equation (4.14) the following can be

. a * _H a .
assumed: —a—r-_o -gopagp, so that

Z er'dr 'd¢,’ U

al) source (443)
—-g 8, -2 )[g U, Xo+£IXp+Z€§I@X«]

q=p

Similarly, employing the identities from Equations (4.32) and (4.33) gives:

X,:ig_" UOP[J FU X +] H X, +1 13T x] (4.44)
P

_p_
q#p
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Analogously to Equations (4.34), the prime on Bessel and Hankel functions now

denotes the derivative of those functions with respect to r when r=a, Utilising

Equation (4.18) for a TE mode boundary condition that brings the equality of

J'U Xo+J 'PZqu—x‘l =-H' X, into Equation (4.44), the final vector of

q9=p

scattering field coefficients for TE polarisation can be formulated in a coordinate

system centred at the TLM cell
— ;i_lff H ' _ (] _ H
_X—s B 2 > apgop [l P r}ip gp ip]—xp - ;EOp X.p (4.45)

As has been shown for the TM mode, the incident and scattered field for a TE
mode are now expressed in a coordinate system centred at the TLM cell. This
formula can be substituted back into Equation (4.21), to form a complete
analytical solution for a wave propagating in the presence of a cluster of
conducting wires bounded by a single TLM cell. The total field formulation that is
suitable for mapping into a TLM method is:

F=g,Xo+£X, (4.46)

where F; denotes the total electric field in the case of.a TM and total magnetic

field in the case of a TE polarised wave.

4.3.3. Formulating the Admittance Relationship

In order to implement the total fields derived in the previous two sub-
sections into the TLM algorithm, the technique presented in Chapter 3 is now
applied. As has been demonstrated, the backbone for the mapping précess is to

identify the tangential fields at the edges of the numerical node and to obtain the
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admittance relationship in the form: E=YH. Therefore, the observation point
(OP) is now placed at the points where the information between two two-
dimensional TLM cells is interchanged, i.e. ports 0,1,2 or 3 as illustrated in
Figure 4.1. The values of electric field E, (for TM mode) and magnetic fields H,
(for TE mode) at those four ports, where r,=A and A is the radius of the node,
are evaluated from the total fields derived above, Equation (4.46). The remaining

fields components, i.e. magnetic field H, (for TM) and electric field E, (for TE

polarisation) are determined from Maxwell’s equations. Therefore, for TM fields:

E,+E, = Z I (kA)e "X, + z; HP(kA)e "X @47)

® . o JH® _
jouH; +H,)= Z i‘lld(l(—A—)e”“""X011 + ._____.dHﬂd ikA_) e X

- . (4.48)
dg (kA) dfy(kA)
=== Xot X,
dA dA
and for TE fields:
H+H =51 (kA e X, + 3 H®kA)e ™ X,
P 2 () ’ Z» (k (4.49)
=g, k)X, +£, kA)X,
: > I, (kA) = dHP (kA) o,
—jwe(E; +E,) =n§—‘-‘§kA-—)e 0% +,,_Z_,,Te by
(4.50)

dg’ (kA T
_dg( )Xo+dfo(kA)_Xs
dA dA

where the functions f(kA), g(kA), are defined in Equations (4.3) and (4.6)

respectively and are evaluated at the node radius A.
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It should be noticed at this point that ¢, in Equation (4.47) - (4.50) can take only
discrete values of ¢, = {0,§,n,%n} corresponding to the four ports of the 2D

TLM node. Thus the cylindrical harmonics (ej“"“) will be represented by a

combination of the trigonometric functions cos(n¢,) and sin(n¢,). Furthermore,
to obtain compatibility with the four ports of the 2D TLM node, the infinite
number of solutions need to be truncated and only the lowest order harmonics are
used to calculate the fields at the link points of the node. The lowest order
harmonics in the analytical series are those for n=-1,0,1,2 . The superposition of
these harmonics will produce all possible combinations of discrete voltages
incident into the node. The approximation of analytical solution to only four
harmonics is fully justified as the series of Bessel and Hankel functions converge
very rapidly and is consistent with second order accuracy with respect to A. The
convergence of these series will be shown later in this chapter for particular

practical problems.

Attention will now be focused upon the manner the eigenvalue problem is

imposed in practice. In order to discretise the fields the vector of scattered field

coefficients X, needs to be determined. This, according to the formula given in
Equation (4.36) and (4.45) requires obtaining the solution of X from Equation
(4.21) which is completely determined by the vector of incident harmonics X, .

This would necessitate calculating the inverse of matrix M given in
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Equation (4.22) which numerically might be difficult. Instead a sequence of linear
equations is solved as described below.

Assume ¢, to be a vector of the same size as X, large enough for the summation

theorem to converge, with all elements equals 0 except for the nth which is equal

L. If the “incident” field X, =¢, which means that there is only 6ne incident
harmonic, then the Equation (4.21) is solved for the scattered field coefficients X

and this solution is labelled as Y, . For any general vector of incident modes

. .
Xo =ZanOn the scattered field coefficients will be formulated as

4
X=3Y,X,,, or in the matrix form as X=[Y,, Y, Y, Y,]X,=YX,.

n=|

Hence, the vector of coefficients representing scattered field in coordinate system

=lU=8s—

centred at the cell is calculated as X, = > Uy X, =U Y X,.
p

Thus, the fields at the ports, shown initially in Equation (4.47) to (4.50) are:

for TM fields:
E, +E, =(g; (ka)+£5 kAU, .X_,) X, (4.51)
. dgl(kA) dfT(kA)
jou(H; + H,) =[ —21 e _21 n Uy, X, (4.52)
and for TE fields:
H, +H, = (g:(kA) +£5 (kAU l,) X, (4.53)
. dgl (kA) dfT(kA)
~joe(E; +E,) =[ —iiA + _(ZIA Uy |X, (4.54)
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Formulating the eigenvalue problem, i.e. enforcing the total electric field at the
node edge to be proportional to the total magnetic field at the edge of the node,

leads to the admittance relationship:

d T kA T .
( g,ka) dfhka),; v Jx 1(g kA +E (kALY )X, (4.55)

dA dA == |7

The eigenvalues y, represents the value of the admittance looking into the cell

centre for TM polarisation and value of the impedance in case of TE polarisation.
In addition, the eigenvalues will be purely imaginary and scaled by the intrinsic

admittance or impedance of the medium, in this case empty space for which the
intrinsic impedance equals Z, = /i, /€, #120n Q~377Q. The implementation

of the eigensolutions into a time-domain numerical network using a short or open-

circuited stubs and voltage-to-mode port-transformer, T, has been already

presented in Chapter 3 and will not be repeated here. Instead, in the next section
the formulations presented above will be applied to the case of field scattering
from a single wire placed in the centre of a TLM cell. Due to the particular
symmetry of this problem it is also possible to design an equivalent circuit that
mimics the behaviour of the node containing a single, centrally positioned wire
without the use of the port-transformer. Although it is just a special case of
proceeding multi-wire analysis, it is instructive to determine the approach for this

simple scenario. The results of this wire node will be verified against analytical

solutions.
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4.4. A Validation for a Single Wire

In order to verify the accuracy and demonstrate the results of our approach,
consideration will now be focused upon a single wire centred in the TLM node.
This example has been already widely studied in literature [4.1, 4.4, 4.5],
therefore is an excellent benchmark for comparison. For the scenario described
above it is possible to develop a simple equivalent electrical circuit that mimics
the behaviour of the multi-feature node. The equivalent circuit for a TM polarised
fields was already introduced in [4.1], however the necessary derivations will also
be presented here with extension to TE field, as they help to better understand the

overall framework of 2D multi-feature model.

4.4.1. Electrical Equivalent Circuit for a Single Wire

In a case of electromagnetic fields in the presence of a single conducting
wire, two different polarisations ought to be considered, namely the TM and TE
fields. Intuitively, to model TM polarised fields a shunt node of two-dimensional
TLM network is used and the series node for a TE configuration. Each of those
nodes has been presented in Chapter 2. It is underlined that due to the duality of
the network models either shunt or series node are sufficient to simulate both field
polarisations [4.6]. However, for a single wire case, the accuracy of both models
will be addressed below for comparison with our multi-feature approach.
Consider a single cylindrical conductor placed at the centre of the TLM cell
representing homogeneous and source free region of empty space. The total ficld
can be obtain using the formula given in Equation (4.46). However, recognising

the fact that now the wire coordinate system and the node coordinate system
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overlap each other ie. (r,,¢,) =(r,$,) the total field formulae can be obtained

directly as discussed in Chapter 2:

for TM fields
E,(r2a )= ;z'i:me"'"‘oxon [1.() + HO(k,0)X,, | (4.56)
Hy(r2a,$)= j Ko : Z: e "X, [J',(kor) + H’f,”(kor)f(m] 4.57)
and for TE fields
H,(r2a,¢)= i e X [ 1, (kor) + HO (k)X , | (4.58)
E,(r>a,0)= ,k° i e "X, [ Ty (kot) + HO (ko)X | (4.59)

0 ne-w
By applying the boundary conditions, i.e. enforcing the total electric field at the

surface of the wire to zero, the scattering coefficients are explicitly determined:

R, =--&@ o M mode (4.60)
H (k,a)
% =-0ked) e TE mode (4.61)

" H'¥(ka)
In order to map the field solutions to 2D numerical network the admittance

relationship in a form of H = Y -E can be now constructed:

for TM fields:
D e E,(kor)—}—fff%%fl':’kkor)]
Y=2-= .k = J“ (k") (4.62)
= Jm“ - - n a
..Z—‘C ,n‘nXOn [Jn(kor) - I-If,”(lioa) H?)(kor):l
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for TE fields:
> - I (Kea) 11
e X |J (k) - —21 "2 H®k
v H_Jjoe § “[ (Kot HP(ka) ° ( °r)], “.63)
- .E. k C -J ' J'n(k a) ' .
n-zqe MXOI: [J -(kor) - Hv(.Z)(lzoa) H gz)(kor):l

It is clear that the admittance operator Y is frequency dependent and contains
information about the properties and geometry of the object inserted into the node.
- To maintain consistency of field solutions to Maxwell’s equations with 2D TLM
network, the admittance relationship is now evaluated at the four positions
corresponding to four ports of 2D TLM node. As discussed in the previous
section, the series solution is also calculated for the four lowest order harmonics.

The 4-port transformer, T, that decomposes the modal field solutions to port

voltages can be easily identified as:

'y %/5 0o YT

cos0 cosd, sin¢, cos2¢,
1 1 -1
cos0 cos¢, sing, €0s2¢,| pup A 0 / V2 A (4.64)

T=
- H - 1
cos0 cos, s.m é, cos2é¢, % /ﬁ 0 A
cos0 cosd, sind, cos2¢, : | |
Y ]
. . . n_3n
where 1 is the identity matrix and the angles ¢, are 0,-2-,7t,-2- .

The combination of port voltages that produces the appropriate modal field

solution is presented in Table 4.1 and also illustrated symbolically in Figure 4.2.
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n V| Vz V3 V4

1
-1
2

— S| | —
[
(=
=

Table 4.1. Modal field solutions in terms of port voltages entering

the 2D TLM node

SR e s
. .

Figure 4.2. Symbolic representation of 2D TLM node (a)

and its modal patterns (b)

Attention will now be focused on the simplification of the mode admittances from
Equation (4.62) and (4.63). Replacing the Bessel functions with their small
argument approximations (shown in Equation (B.3) in Appendix B) is consistent
with the scale of the object and the frequency range of interest. As TLM is
restricted by its dispersion behaviour to 10% of the maximum frequency
modelled, i.e. ten spatial samples per wavelength [4.7], the modal admittances can

be reduced as follows,

for TM modes:
Yn_o=ﬂz.l 1 forn=0
E jou Aln(A/a)
(4.65)
2| , 2o
-E- ! M(A +a ) forn#0
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for TE modes:

H 1 2A

== forn=0

" E  jop(A-a?)
(4.66)

A (A +a™)

Hm forn=0

Y ,=—=joc
nw) E J

A detailed derivation is given in section 4 of Appendix B.

It is seen that admittances are either proportional or inversely proportional to
frequency. Therefore, a short-circuited or an open-circuited line can be used to
provide these frequency dependent admittances in a time-domain method.
According to transmission line theory [4.8], the impedance of a short or open-
circuit termination is given by:

jZ,tan(wAt/2) =y;'  for a short-circuited termination
(4.67)

-jZ, ctan(wAt/2)=v;' for an open-circuited termination

where wAt/2 is a phase delay on each transmission line, [4.7].

It can easily be shown that the phase delay for 2D TLM equals k,A/ V2. By
inspection, comparing the expressions given in Equation (4.67) with Equations
(4.65) and (4.66) it is concluded that a short-circuit stub is required for all the
modes representing TM polarised fields and for the n=0 harmonic of TE
polarised ficlds. For the remaining modes corresponding to n#0 for TE

polarisation an open-circuit stub needs to be used.

As the admittances and impedances are reciprocal quantities, only impedances

will be employed for convenience in further analysis.
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By assuming that for small arguments x <<1=tan(x)~x and taking into
account the fact that for an empty space shunt node and a series node the link-line
impedance of the numerical network Z, equals Z, = \/-2_2o and Z, =Z,/ 2

respectively, the input impedances looking into the stubs can be calculated as:

for a TM mode and a shunt node:

Z,=Z In(A/a) - forn=0

(4.68)
2An| _ 2
"= E’*-@T——az—)- forn=0
lnl (A I"l+al"|) ‘
and for a TE mode and a series node
1_ 2

z,,=zLAA,al for n=0

(4.69)
o} _ o 2l
V4 =Z|l(A a_) forn#0

Having calculated the impedances looking into the stubs, the time-domain

network presented in Figure 4.3 for (a) TM and (b) TE modes can be designed.

a) ., — s s = b) .
V, x! v! X!
O:J;. Oi‘ Z--o :—_h. 0_—L’ Zn-o
vi L N Vi 1 5
St St
— — i— & p———L—o
.YZ'.. E X; v E X,
—— o) ....__L. Zn-l -— O o_—L' Z,.,
V! b X; Vv, g7 X3
H E L 2 — g L —
: - ;  — -——l |—-°
vitl & X; Vietl £ |t x,
4: 8. ’_—%’ Z--—-l < 8- < Zn--l
il 3 (R I L e T
— ) i — —— [}
v, X, V4 X
D, X4, 2 = = Z.,
— -— a2 T T =
Vi 4 X Ve T e Y

Figure 4.3. Time-domain network model that mimics behaviour of

TM (a) and TE (b) polarised wire
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It is noted that in both models the impedances related to harmonics n=1 and
n=~1 are equal. Furthermore, for any wire radius 0 <a < A the stub impedances

are related as: Z__,>Z,,>Z, _, for TM polarisation,and Z _,>Z_,>Z _, for

TE polarisation respectively.

The impedances Z,_, and Z,_, are the dominant terms for TM polarisation. The

TM model can therefore be further simplified without significant loss in accuracy
if the impedance corresponding to n =2 is approximated to that of n=t1. This
provides an advantage when developing an equivalent circuit for the TM case. To
achieve this, first the circuit link line impedance, Z, is set to that of the line
impedance for the mode n=1l,ie. Z=Z __,, . A standard time delay can then be
implemented for all the modal link lines and a short circuit stub is used to model a
deficit in impedance for the mode n =0, as shown in Figure 4.4(a). It can be seen
that according to transmission line theory the stub impedance of Figure 4.4(a)

Zy=Z,-Z. A similar approach can be adopted for the TE case. First the

admittance corresponding to n =2 is approximated to Z,_,, . This value is used as
a link line impedance, Z, for the node and the impedance deficit for the mode

n =0 is compensated by the stub Z; =Z, - Z, as shown in Figure 4.4(b).
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a) b)
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Figure 4.4. Standardised modal network for a conducting wire

in a shunt node (a) and series node (b)

Extracting a common link line impedance, Z, for all the modes in both of the

models permits moving them before the 4-port transformer as depicted in

Figure 4.5.

a) b)
v 5 ~ vi 5 T—H =
=z = z = z =L 7,
Vi le—- A Vi d
vw——H & , vi=T—H & |—
=z E [l = z E |14
v < X3 V; G X;

——H g ——H & o
v =+ B : v e &
=lz | E[[& =lz | g ||=
Vi le—d ¢ Hx Vide—] ¢ Hieo
v e I - V! —{H ‘_uo

X 4 X

=z —is — | Z —
v’ x V! X,
R s 4 ¢ —{H °

Figure 4.5. A standardised network model for a single wire

in a shunt node (a) and series node (b)
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Due to symmetry of the problem and by taking into account the properties of the
shunt and series node, the standardised model presented above can be simplified

further into the equivalent circuits presented in Figure 4.6(a) and (b).

3
\'a'd
v N
v
/4 Z
4—V'42V‘—0 z o—-v'4
— Vie— —\r
”z” i‘;
Vv

Figure 4.6. An equivalent circuit model for a centrally placed single wire in shunt

node (a) and series node (b)

The short circuit stub of line 1 presented in Figure 4.5(a) has been placed at the
centre of the node, as shown in Figure 4.6(a). This is consistent with the mode
distributions presented in Figure 4.2 as only the n=0 modal amplitudes couple
with the short-circuited stub. For the remaining modes, the voltage at the centre of
the node is zero therefore those modes do not couple with the short-circuited stub.
In addition, the stub value has been divided by four due to the parallel
combination of ﬁe four link lines present for the n=0 mode. An equivalent
circuit for TE fields is shown in Figure 4.6(b). Similarly, only the current of the
n =0 mode will flow through the stub.

It should be pointed out that the proposed approach is not the only way to develop
an equivalent circuit. The expanded model can be designed by extracting a

different common value of the link line impedance, Z, and the deficit in modal
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impedances can be modelled using stubs on all four modal lines. The only
constraint in manipulating the stub impedances is that the stub value is required to
be positive to ensure that the circuit components, i.e. lumped capacitors and
inductor, are positive. This condition also guarantees the stability of the approach

presented, as already discussed in Chapter 2.

4.4.2. Two-Dimensional Numerical Experiment
Before the numerical validations are presented, the experimental set-up will
briefly be explained, as the majority of 2D simulations presented in this thesis are

based on the same geometric configuration.

Figure 4.7 shows a computational window for two-dimensional simulations that is
centred at point (0,0). The multi-feature node (MN) with the feature(s) embedded
in it is placed at the centre of the window. The position of the enclosed feature(s)

in a cell, e.g. wires, is described by (r,¢) where r is the distance between the
centre of the node, position (0,0), and the centre of the object and ¢ is the angle
between the positive x-axis and the radius r.

Computational window

———— -

I
1
—_———— d /l y :l
|}
Incident | ! o J:
Pulse | ® Ol X\ 1
L~ OP MN | i
I
y | | ]
I b - —-—- 1
| 1
I

Figure 4.7. Numerical configuration for 2D simulations
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The problem is excited by an incident pulsed plane wave as indicated in
Figure 4.7 and the fields are recorded at observation point (OP) at a distance d
from the multi-feature node. The distance, d, will be usually expressed in terms of
number of cells. For example, (-2,0) indicates that OP is positioned two nodes
from the MN on the negative x-axis; (2,0) OP is positioned two nodes from the
MN on the positive x-axis etc. The fields will be recorded and verified for two
zones, namely the near-field zone, defined 2 nodes distant and the far-field zone at
8 nodes distant from the MN. A matched boundary condition has been imposed on
the edges of the computational window parallel to x-axis (half-shaded lines) and
an open-circuit boundary condition on the edges perpendicular to the x-axis

(dashed lines) unless stated otherwise.

4.4.3. Convergence of the Analytical Solution

The aim of this section is to demonstrate the convergence of the analytical
solution represented in terms of Bessel functions and therefore to justify
approximating the infinite series to only four harmonics, made when mapping the
fields into a numerical network.
The convergence of total fields for TM and TE polarisation are shown in
Figure 4.8 at the point corresponding to one of the ports of TLM cell,

(r=A=0.5m, $=7) over the frequency range that would normally be applied
for TLM simulations. The frequency is scaled to the maximum frequency in a 2D

TLM simulation, i.e. f, =(2At)" with the time-step At = —-2% = —A—E\/z where ¢
c

is the speed of light in vacuo.
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Figure 4.8. A convergence of analytical solution for a single wire for TM (a) and

TE (b) polarisation

The analytical solution for a single wire of radius a=0.125A is illustrated in

Figure 4.8 for different truncation of the series in Equations (4.56) and (4.59).
[The Hankel and Bessel functions that the total field is represented by have been
calculated using routines from Numerical Algorithms Group (NAG) Fortran
Library].

It is noted that number of terms that must be retained increases with distance from

the scatterer. Here, with r<A, 30 harmonic terms are sufficient for good
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convergence which is the case labelled “Exact” in Figure 4.8. Over the frequency
range that TLM is valid (10 samples per wavelength) which corresponds to

f/f,, =0.1 in both graphs, the lowest order harmonics play the dominant role

and very good agreement is seen between the exact solution and the use of just
four lowest order modes. This justifies the approximation of using only four

harmonics when mapping analytically derived fields into the time-domain

numerical network.

4.4.4. Numerical Validations for a Single Wire

Although the multi-feature node has been developed to mimic EM field
behaviour in the presence of an arbitrary number of wires clﬁstered in a single
numerical cell, it is appropriate to verify its accuracy for a single wire centrally
positioned within the cell, as this problem has been widély studied in literature
[4.1, 4.4, 4.5]. Therefore the aim of this section is to validate the theory of multi-
feature node and its equivalent circuit developed above.against the analytical
solution for this configuration. It is emphasised that two TLM nodes have been
presented: (i) the full multi-feature node implemented in Figure 4.3 and (ii) its

approximation referred to as an “equivalent circuit” shown in Figure 4.6.

Consider the configuration presented in Figure 4.7, where the multi-feature node
contains a single conducting wire placed at the centre of the TLM cell. The
problem is excited by a Gaussian pulse of RMS width 2.5 time steps. For the
simulations presented in this section, a computational window of 1000 by 1000

cells is used and 2048 time-step iterations are taken to ensure sufficient frequency
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domain granularity, when the Fast Fourier Transform (FFT) routine is conducted
to convert the time-domain field data. Figure 4.9 shows the total electric field
amplitude at OPs placed in the near-field zone (2 nodes away from the MN) and
the far-field zone (8 nodes away from the MN) in front, behind and to the sides of
the node with a single wire. The wire radius equals a =0.25A and A =0.025m,
where A is the radius of the TLM node. The results are presented versus

normalised frequency.

a) 14
L 2 S L s © i e s
E
2 10
[
°
-
% 0.8 gl e Nt e e e T
E L
<
Q06— e
)
L { i
Q
§ 0.4 - Analytical Solution
) —%— TLM Multi-Feature Node
pter o s i ¥, + TLM Equivalent Circuit
00 | i i . i : | :
0.00 0.05 0.10 0.15 f/f 0.20
b) 0.90
__ 075
E
=
o 060
E
Q.
Eosk
%
i |
-g D30 """ — Analytical Solution
@ —%— TLM Multi-Feature Node
1 ) s, S e L + TLMEquivalent Circuit |
o.m i ; A l: " i A
0.00 0.05 0.10 015 g 020

max

102



Chapter 4 — Embedding Conducting Wires into a Single Cell of 2D TLM model
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Figure 4.9. Amplitude of the total electric field measured in the near and far-field

zone in front (a) behind (b) and to both sides (c) of the single TM polarised wire

It can be seen clearly that very good agreement is achieved between the multi-
feature node, its equivalent circuit and the exact solution. The results for the TE
polarised case are illustrated in Figure 4.10. The simulation parameters are the

same as for the TM case.
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Figure 4.10. Amplitude of the total electric field measured in the near and far-

field zone in front (a) behind (b) and to both sides (c)

of the single TE polarised wire

Figure 4.10 presents the total electric field amplitude for OPs in near and far-field
zones. The TE fields are captured in front, behind and to both sides of the node
containing a single wire. As expected, the TE polarised case exhibits much

weaker scattering compared to the TM polarised scattering.
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Despite the small field variation for TE polarisation, the results using the multi-
feature node and its equivalent circuit are in very good agreement with the exact
solution up to 10% of the maximum frequency. A slight discrepancy can be
observed beyond the cut-off point due to the dispersion that occurs in the TLM
mesh and this is much more visible for such a weak scattering. The results for the
equivalent circuit show a marginally larger error then those for the multi-feature
node itself, especially with the near-field zone. It is believed that the error is due
to the impedance approximation for the mode n=2 to that of the mode n==I.
For such a weak field disturbance, the contribution of the second harmonic
becomes of greater significance than was observed for a wave in the TM
configuration.

In the next two graphs, the impact of the wire radius will be demonstrated for both

polarisations. Again, the simulation parameters remain unchanged with the

numerical mesh size being 2A = 0.05m.
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Figure 4.11. Amplitude of the total electric field for a TM polarised

wire of radius a = 0.5A
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Figure 4.12. Amplitude of the total electric field for a TM polarised

wire of radius a = (0.75A

It is observed in Figure 4.11 and Figure 4.12, for TM fields that the match
between the numerical and the analytical results is extremely close and

independent of the wire radius.
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Figure 4.13. Amplitude of the total electric field for a TE polarised

wire of radius a = 0.5A
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Figure 4.14. Amplitude of the total electric field for a TE polarised

wire of radius a = 0.75A

A slight dependency upon radius is observed for TE polarised scattering as
illustrated in Figure 4.13 and Figure 4.14, where the results exhibits more error
with increasing wire radius. The results for the near-field zone exhibit this error
much more than those in the far-field zone. The maximum absolute error in that
zone, at the f/f__ =0.1 is approximately 3-4%. It should be pointed out that the
approach has been developed for EMC applications and such an error is typically

acceptable. The present approach accounts for the wire geometry as is also

confirmed by the time-domain numerical simulations presented in Figure 4.15.
The time-domain electric fields scattered from a single wire for both polarisations

are presented in Figure 4.15. The field is observed in the far-field region, 8 nodes

in front of the multi-feature node for a wire radius of 0.1A to 0.9A. It is clear
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that the information about the geometry of the object is correctly embedded within

the multi-feature node, as larger field is reflected back from the wires of larger

radii.
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Figure 4.15. Fields scattered from a single wire for TM polarisation (a)

and TE polarisation (b)
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In electromagnetic field simulations it is very often required to adequately model

not only the amplitude of the signal, but also its phase. Therefore, in Figure 4.16

the accuracy of our approach in modelling the electric field phase based on the

example of the field scattered from a single wire of radius a=0.25A is

demonstrated.
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It can be seen in Figure 4.16 that the comparison between the numerical and
analytical solution is exact over the frequency range of interest for both

polarisations.

In order to further examine the accuracy of the proposed approach the coupling

through the near fields of two wires in different cells will be shown in the next

experiment.
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Figure 4.17 shows the configuration for the next simulation, Two multi-feature
nodes each containing a single wire have been placed in close proximity in such a
manner that there is a single empty node in-between them. The radii of both wires
embedded in the cells are a =0.5A where A =0.025m. The fields are shown in
Figure 4.18 and are observed at the point in line with the empty node positioned

between the multi-feature nodes in a far and near-field zone on the negative x-

axis.

Again, the analytical and numerical solutions are in good agreement for TM

fields. The error for TE polarisation is similar to that exhibited by a single node
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with a wire embedded inside. Therefore, placing two multi-feature nodes in close
proximity does not introduce any additional errors other than that associated with

the accuracy of the multi-feature approach and the dispersion of TLM method.
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Figure 4.18. Electric field amplitude 2 and 8 nodes in front of two multi-feature

nodes placed in close proximity for TM (a) and TE (b) polarisation
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In many practical configurations it might be very difficult to employ a uniform
coarse mesh distribution that ensures that single wires are located at the centre of
a cell. Additional problematic examples involve modelling wire cables, looms and
bundles. However, such f)roblems can easily be resolved with the multi-feature
approach as it allows embedding of many features inside a single TLM cell. The

results of these scenarios are the subject of the next section.

4.5. A Single TLM Node with Multiple Wires

In the section above, the multi-feature node has been proven to provide a
good accuracy for the simulation of the fields scattered from a single wire
embedded in a coarse cell of TLM mesh. This section validates the more complex
problems for which the multi-feature node has been designed, i.e. embedding
multiple objects into a single TLM cell. Consideration will now be given to
inserting an arbitrary number of conducting wires within a single cell, with
arbitrary placement within the cell. It should be clear that it is not expected to be
able to develop a universal equivalent circuit analogous to that in Figure 4.6 that
mimics the behaviour of such a cell containing many conducting wires. Therefore,

only the approach utilising multi-feature node can be employed to describe in

sufficient detail the complexity of the problem.

From the derivation presented in this chapter it should be clear that there is no
restriction on the positions or radii of the wires, provided that they all lie within
the scope of a TLM cell and they do not overlap one another. This method is

applicable to a wide range of EMC problems, including a scattering from a single
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wire placed centrally, as shown in section 4.4.4 of this chapter, scattering from a
single wire which is offset from the centre of the cell, through wave propagation
in the presence of cluster of wires, to simulation of the fields scattered from wire
shields, metal cables and bundles, linear antenna arrays and so on. In this section,
the validation of the approach will be presented for the case of fields scattered

from a cluster of conducting wires.

Consider the multi-feature node that is positioned at the point (0,0), at the centre
of the computational window presented in Figure 4.7. The MN encapsulates six
metal wires of arbitrary placement within the node and various radii, as presented

in Figure 4.19. Details on the parameters of the wires, their positions and radii are

specified in Table 4.2.
No | Radius | Distancer | Angle¢

1 0.25A 0.00A 0°

2 0.40A 0.67A 40°
3 0.12A 0.50A 130°
4 0.10A 0.62A 160°
5 0.35A 0.65A 2255
6 0.30A 0.60A 320°

Table 4.2. Parameters of the wires embedded in a single TLM cell.

In Table 4.2, the position of each of the wires is given by (r,¢), where r denotes

the distance between the wire centre and the centre of the node and ¢ is the angle
between the node’s positive x-axis and the radius r. The simulation is excited by a
Gaussian Pulse of RMS width 2.5 time-steps and the fields are measured in a near

and far-field region, assigned 2 and 8 nodes respectively in line with the MN and
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in front of it, looking from the direction of wave propagation. A computational

window of 1000 by 1000 nodes is used. The TLM nodes of radius A =0.025m

are used and the time-domain procedure iterates for 2048 time-steps.

Computational window .

A Y
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Figure 4.19. A numerical configuration for a simulation of a TLM cell
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containing multiple wires

Before the complete numerical results are presented, justification of the

approximation to the analytical solution for this problem to only four harmonics

will be given in a similar fashion to that for the single wire case.

The exact solution illustrated in Figure 4.20 was calculated using n=20
harmonics. It is observed that over the frequency range for which the TLM

method is regarded as accurate, i.e. £/f , =0.1, the four lowest order harmonics

closely match the exact solution.
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Figure 4.20. A Convergence of analytical solution for a cluster of wires

0.30

o
&R

o
3

0.15

0.10 |-

o
&

— Exact { !
. n= O il .. ................... ~ ,,,,,,,,,,
—v—n=-1,0,1 ’ \
—*—n=-1,012
——n=-2-1012

...................................................

PO == B Wy et A R s

..................................................................................

0.00
0.00 0.05 0.10 0.15 f/f 0.20
11
1.0
] ] B LR SO R RIS RS R SR R, L i I N GRS
—— Exact ; |
08 I — n=0 Pl b T NN
—v—n=-1,0,1 | ‘
——n=-1,0,1,2
—o—n=-2-1012
07 i . | : 1 :
0.00 0.05 0.10 015  ff 020

for TM (a) and TE (b) polarisation

The results of the numerical simulations are presented in Figure 4.21 for the TM

polarisation and Figure 4.22 for the TE polarisations.
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Figure 4.21. Amplitude of the TM polarised total electric field in the near and far-

field zone in front (a) behind (b), and to both sides (¢) and (d) of the MN

Figure 4.21 presents the amplitude of the total electric field scattered from the
multi-feature node with six wires embedded within in both the near and far-field
zones. The fields are observed in front, behind and to both sides of the multi-
feature node. As can be seen, the numerical results for the TM polarisation are in
excellent agreement with the analytical solution for both the near and far-field
regions, even for frequencies well beyond the dispersion-less operating range of

the TLM method.

Figure 4.22 presents the TE polarised total electric field amplitude for the case of

the multi-feature node containing six wires.
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Figure 4.22. Amplitude of the TE polarised total electric field in the near and far-

field zone in front (a) behind (b) and to both sides (c) and (d) of the MN

It is again observed that very good agreement between the results using multi-
feature node and from the analytical solution for TE polarisation is achieved.
Almost exact matching is seen for fields in front and both of the sides of the node
containing six wires. Even the weak scattering is quite well estimated. A slightly
larger error is observed when the OP is positioned in the shadow of the multi-
feature node, i.e. behind the MN. The near field for that scenario is more in error
when compared to the fields measured at the remaining OPs. However, the
distribution follows the trend of changes exhibited by analytical solution. Despite

the visible deviation the absolute error for the near field is only 1.3% for

f/f, =0.1

The ability of a multi-feature node with multiple embedded wires to correctly

predict the phase of the signal is demonstrated in Figure 4.23. Both, TM and TE
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polarisations are considered. The phase of the scattered signal is captured at 2 and

8 nodes in front of the multi-feature node. It is observed in Figure 4.23 that the

multi-node is capable, not only of accurately modelling the amplitudes of the

fields, but also their phases. For both polarisations, the analytical solution is well

rendered by the results of the numerical simulations.
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Figure 4.23. The phase of the field scattered from TM polarised (a)

and TE polarised (b) node with multiple wires
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- 4.6. Closing Remarks

In this chapter, the multi-feature node has been developed that enables
multiple conducting wires to be embedded with second order accuracy into a
single TLM cell. The approach utilises an analytical derivation to account for
mutual interactions between the wires in close proximity. This analytical solution
is appropriately sampled at the edges of the 2D TLM node and linked with the
time-domain algorithm, using the mode decomposition and short length
transmission lines with short or open-circuit terminations.
The results of the approach was first validated for the case of a single wire,
positioned centrally within the node before the technique was applied to cells
enclosing multiple wires. In both scenarios the approach was proven to be
accurate even for frequencies beyond which the TLM is regarded as
dispersionless. Both the amplitude of the field and its phase were modelled well
and the results were shown for two different polarisations, namely TM and TE.
No numerical instabilities were found when employing the multi-feature approach
to a range of engineering problems. It is underlined that the TM polarisation
features stronger scattering which increases the level of mutual interactions and
interference between the elements of the system, placing a greater demand for
_ high EMI immunity of the body under EMC tests. Nevertheless, the results for TE
polarisation were demonstrated to illustrate that even when a weak
electromagnetic field variation is concerned, the proposed approach is capable of

modelling those small deviations with the accuracy required for EMC

applications.
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Chapter 5

Modelling Dielectric Fine Features
in a Coarse Mesh

In this chapter, the theoretical formulations for the problem of a wave
scattered from a cluster of cylinders of different characteristics, rather than perfect
conductors, ‘will be presented. This includes scattering from dielectric rods,
dieleétric coated wires and wires shielded with an arbitrary number of dielectric
layers. Initially, the necessary conditions that have to be satisfied at the surface of
dielectric rods to maintain field continuity will be considered. Similarly to the
case of conducting wires embedded in a single numerical cell presented in
Chapter 4, the admittance relationship between the field quantities H=Y-E will
be evaluated at the edges of the cell containing the objects. The derivations will be
delivered for both field polarisations, namely TE and TM. Validation of the theory

given will be demonstrated for a number of practical examples.

5.1. -Formulation of Dielectric Cylindrical Boundary

In this section, the analytical formulations for a field scattered from a cluster
of dielectric cylinders will be given. The derivations will be based upon the case

of conducting wires enclosed in a single TLM cell demonstrated in Chapter 4, and

will deal with the two field polarisations separately.
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5.1.1. TM Polarised Wave

This paragraph presents the field formulae for the case of dielectric rods
embedded in a single TLM cell, with reference to Figure 4.1 from Chapter 4
where now the cylindrical scatterers are dielectric rods rather than conducting
wires. In the case of electromagnetic wave incident from free space and scattered

from dielectric surface, two regions of interest are distinguished:
(i) free space region of intrinsic admittance y=y, = \/EO_/TO and the
wavenumber k =k, = 0\/l,€, , and
(ii) dielectric region of parameters Y, =./€,€p/HMp =Tonp and

kp =wm =k, np, where n, =\/8—D_ is a refractive index of the
dielectric.
Both areas consist of non-magnetic materials, therefore the permeability p, =1.
In the presence of homogeneous dielectric posts the total electric and magnetic
field for TM polarised fields in the region (g,,},) can be described in a polar
coordinate system centred on the p™ cylinder, as derived in Chapter 4:

E(r2a,$)=g;U, X, +{1X,+>g;T X, (5.1)

q#p

1 ¢E, k r T
Hy(r2a, )= 2 =0 X+, X, + 2,8, T X,
2= o o Jou, (g"‘"” = g J
(5.2)

= Jyo(ng X+ X, +2 85T x)

q*p

The elements f,f',,8,,,8", are specified by:
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-.n¢ﬂ LI, _.np '
f,=e"HPkr) and f',=e""HOkr)

. (5.3)
—n¢P LI -‘"p '
gn=€¢""J, (k) and g, =" (k)

dJ', (kr,) dHO (ke )
where J' (kr,) = —2>—2~ and H@(kr ) = —2——2~,
' P d(kr,) P d(kr,)

The boundary condition requires continuity of the tangential field components at

the interface 1, =a, where a, is the radius of the p” cylinder, thus:

(E'-E”)xr=0
. 54)
H -H’)xr=0
where the superscript D denotes fields in the dielectric region and 0 fields in

empty space. Hence, the boundary condition can be formulated in the form:

(20) U, X0+ (62) X0+ 2 (85) I,

q"’ (5.5

=(5) U X0 +(£7) X0+ X(ep) To X3

q#p

(5.6)

At the origin r, =0, the Bessel functions of the second kind are infinite for any
order and for that reason are not included in the final field solutions on the rods,

hence Xf =0. Assuming linear, homogenous and isotropic media the boundary

conditions are finally expressed as:

(22) L0 X0+ (£0) X0 + 2 (e0) Io.X: = (e5) LD XT 7

q=p
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(g5) U5, X5 +(£5) X5+ Xo(e5) To.Xe =130 (g7) UDXD (5.8)

opRo 2 Lo
It should be pointed out that having only two sets of equations for each wire it is
impossible to obtain an explicit solution for the three unknown vectors of
coefficients; namely X7, X;, Xp(q) One way to resolve that problem is to
construct the admittance relationship at the interface between the regions of

different permittivity in the form of H=Y-E. Substituting the expression for the

E and H-field given by Equations (5.1) and (5.2) yields:

(g'°) U, Xo +(f'°) X+ (g '°) T X;

q=p

=jyl((g X8 (% + S )_qp_q]

0

(5.9)

where the functions f, g, and their derivatives are evaluated for the argument
kr, =k,a,. Utilising the right-hand side of Equation (5.7) and (5.8) into (5.9)
leads to:

o (g 0o 2 =i a2) o 2 510
0

Rearranging gives:

K (5.11)

where the vectors J°and J'° consist of elements J (kpa,) and J',(kpa,)

respectively. Substituting Equation (5.11) into the boundary admittance

relationship defined in Equation (5.9) results in:
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(7) Lo x0+(£5) X3+ 2 (e5) Ty X0

q#p

e (5.12)
Yp 3
2o (e e (6 - e )
0 < q=p
After some mathematical arrangements one obtains:
f'O T__ fO T
U, Xo+ (t )T E('z)T Xp+> T X0 =0 (5.13)

(gp S gp) a*p

where «x is determined in Equation (5.11).

Analogously to the scheme adopted in Chapter 4, the procedure described by
Equations (5.1) to (5.13) needs to be carried out for every single dielectric rod
enclosed in the TLM cell and the boundary condition applied at the surface of

each. This process will result in a set of linear equations of the form:

A ( 0 (11 )
(él 112 Ls °* _x_:) gm)—( 201
0 0
L& Ly || %] BaXe | Uy lyo (5.14)
0 0 -
lSl 132 éa || s __I{(,on gos
\ - . . iy, i \ e J \ e }

where the dielectric posts are numbered from 1.

This is a similar expression to that presented in Equation (4.21) in Chapter 4, with

the only difference lying in the components ép constructed as:

Thus the n” element of the diagonal matrix A is defined by:

_ YOH’SIZ)(kOap)Jn (kDap) - YDJ'n (kDap)H?)(kOap)

= . (5.16)
P v (koa, o kpa,) - 1o (kpa ), (Keay)
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It is clear from the foregoing derivation that each cylindrical object embedded in

the cell can possess a different geometry and material properties.

In order to use the solution of Equation (5.14) in the numerical scheme, the vector

of scattered field coefficients X, =[)_(, X X3 e ]T has to be now re-

expressed in a polar coordinate system centred at the TLM cell. This is done by
means of Green’s functions. This procedure has already been demonstrated in
Chapter 4, for the case of conducting wires encased in a TLM cell, and for brevity
will not be repeated here. Also the algorithm to impose the eigenvalue problem,
necessary to link the field solutions with the adjacent nodes of the TLM grid, has
been illustrated in the Chapter 4 and is therefore omitted from this section. Instead

in the next section, the field derivations for a cluster of dielectric posts excited by

a TE polarised plane wave will be presented.

5.1.2. TE Polarised Wave

Here, the solution for the electromagnetic field behaviour in the presence of
dielectric rods inserted in a single empty space cell of TLM model and excited by
a plane wave with its electric field polarised perpendicular to the cylinder axis is

derived. In the region (g,,},), the fields are described by Maxwell’s equations

and can be expressed in a polar coordinate system centred on the cylinder p"' as:

H,(rZap,m=jy(g:go,,xo+£:x, +Zg:1q,,xq) 5.17)

q=p
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1 oH jk Ty T T
E . (r=a_,$)= L= ' + X, + 'TX
o(r28,,9) joe or jcoey(g"—"" ;g

(5.18)
=go U, X+ X, + 2 g0 T X,

q*p
where 7y, =/g, /L, is the intrinsic admittance of the medium, k, is the empty

space wavenumber and f_,f' ,g . .8', have been defined in Equation (5.3). To

o’
ensure that the fields are continuous at the interface between empty space and the
dielectric material, the boundary conditions formulated in Equation (5.4) have to

be satisfied.

Thus, for the magnetic field continuity one obtains:

(@) (e 2 o

q»p

- (82 003 X0+ B 13

q#p

(5.19)

and for electric field continuity:

(22) U Xa+(13) X+ 2 (g5) To X
b (5.20)

= (g2) R Xp +(£2) XD + 3 (g2) IO X?

q#p

The admittance relationship in the form of H=Y-E is now constructed for a TE

mode from Maxwell’s equations at the surface of the p" rod leading to:

(gp) Eo Xo+ (f )T—XgJ'Z(g ) ToX,
(5.21)
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Assuming finite fields, the terms containing Hankel functions in the region where
r=0 are removed from Equations (5.19) and (5.20), and these two equations are

substituted into Equation (5.21), resulting in:

Io(gp) UP X7 =.—‘—(—(g‘§,’ ) U, Xo (5.22)
Yo o
Rearranging yields:
X nE) nl) (5.23)

P
o Yo (_g_':,))T Yo (l'D)T
where the vectors J° and J consist of elements J,(kpa,) and J',(kpa,)

respectively. Substituting Equation (5.23) into the boundary admittance

relationship given by Equation (5.21) leads to:

(e2) 18 X3 +(£2) X0+ 3 (g2) T XS

=0
q*p

5.24
YD lD 10 T 0 0 flo T 0 10 TTO 0 ( )
=70"l'5 (_g.p) EOpXO +(—p) X, +§(gp) =qp-X—q
After some rearrangement,
0 T_ 10 T .
Egpxg"' (fp) .‘S(-fp) X° +ZIZP-X2 =0 (5.25)

IR
-]
%
~

(29) -s(es)

where x is defined in Equation (5.23).

Applying the procedure described by Equation (5.19) to (5.25) for every single
dielectric rod enclosed by a single TLM cell, the set of linear equations already

presented in Equation (5.14) is obtained, except that the elements of diagonal

matrix Ap are now identified as:
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o\T _ . (¢0)\T

Thus the n™ element of a matrix A is given by:

_ YoH (ke )T (kpa,) ~vpTa(kpa, JHE (koa, )
" YOJn(kOap )J 'n (kDap) - YDJn(kDap)J'n (koap)

(5.27)

The algorithm for solving for the scattered field coefficients as well as the
mapping process has already been demonstrated in Chapter 4 for the case of TE

polarised perfectly conducting cylinders and for brevity will not be repeated here.

5.2. Wires with a Single and Multi-Layered Dielectric Coating

An extension of the work discussed in the previous two sub-sections is now
presented that allows the incorporation of an arbitrary number of conducting wires
(or dielectric rods) with dielectric coatings within a multi-feature node.
A derivation of TM polarised electromagnetic field in the presence of dielectric
coated conducting wires will be given. The algorithm will be then generalised to
the case of wires with coatings that consist of many dielectric layers of different

permittivity € . Although the algorithm is demonstrated based on TM polarised

excitation, the essential aspects of TE mode are indicated when necessary. Results -

will be shown for both TM and TE polarisations.

5.2.1. Dielectric Coated Perfect Conducting Wires
Scattering from wires with dielectric coatings can be carried out using the

same approach as scattering from simple dielectric rods. The general EM field
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formulations need to be re-expressed in terms of a polar coordinate system based

on one of wires, e.g. the p” wire. For a TM polarized plane wave the fields can be

assigned as:
E,(r>d,.9)=g,U, X +£,X;+> g]T X (5.28)
q#p
Hy(r > d,,0) = =jv, (g': U, Xo+£5 X5+ 87 _I_q,,xf:] (5.29)
q#p

The outstanding task is to determine the scattered field coefficients Xg given the
excitation coefficients X . In order to achieve this, two boundary conditions have
to be taken into account, i.e. at the conductor/dielectric interface where r = a, and
at the dielectric/empty space interface where r=d_, and d, is the radius of a
dielectric coating measured from the centre of the cylinder, as shown in

Figure 5.1.

Figure 5.1. An example of dielectric coated wire with marked interfaces

between the regions of different permittivity €

At the first interface r=a, the total electric field is given by a similar formula to

that presented in Equation (5.28)
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E(r=2,0)=g,U, X;+{;X; + > g, T_X; =0 (5.30)

- q#p
It is underlined that the excitation coefficients and scattered coefficients now have
superscript a, compared to those for fields outside the scatterer in empty space
denoted by 0, as in Equations (5.28) and (5.29). Recognising the fact that the
eléctric field on the surface of each metal wire is zero, a set of linear equations

will be formed, with the cylinders numbered from 1:

A T, T, (&) (U,
121 éz lzs " X; -_ 202 (5.3
131 132 és * X; 203

* \...)

where the scattered field coefficients have been normalised by the incident wave

coefficients i.e. Xp =X,/X,, and elements of diagonal matrices A are

evaluated in the form:

for a TM mode: A, = HP(ka,)/J, (ka,) (5.32)

and for a TE mode A, = HP(ka,)/T',(ka,) (5.33)

It should be clear that given the excitation coefficients the vector of coefficients
weighting the scattered field Xp can be explicitly calculated from
Equation (5.31).

At the second interface r= dp , the continuity of the electric and magnetic field

needs to be preserved. Hence, the following equalities have to be accounted for, as

defined in Equation (5.5) and (5.6):
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(80) U, +(£3) X+ e )_Z,,ZL’

(5.34)

and

NSRS RS

q#p

Yo [(g::)Ty,a,+(f:?fX:+Z(g':’)Tzz>_‘<;]

q*p

(5.35)

Contrary to the case of dielectric rods, the Hankel functions cannot be ignored,
here they do not represent fields at the origin r =0. Expanding the admittance

relationship H=Y-E formulated at the boundary, r =d, with the expressions for

the electric and magnetic fields given in Equation (5.28) and (5.29) yields:

(g5 ) U (f'o) X +Z( ) qp—q

q#p

=ji((.g_::)’s_zz.,+(f:>sz+z<gz)Tzszzj

0

(5.36)

The left and right-hand side of Equation (5.36) can be substituted from Equations

(5.34) and (5.35) respectively, which leads to the following:

.Y v g#p _
T™ fields: j==4 — =k (5.37)
A R T S P

TE fields:  j~=12 o —=x (5.38)
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Updating and rearranging Equation (5.36) gives:

10 T_ 0\T
(fz) 5(%) XO"’ZI:;,XO:—UO (5.39)

_A_l 112 213 —X—l =01
L, A T, X, —_ Ua, (5.40)
L, L, A X: U,
K es
(£9) ~x(£2)"
where for TM fields: A = P (5.4D)
=p 10 T 0 T
(g p) - -'g(gp)
h fO T -K f'O T
and for TE fields: A = (_p) — (_ p) (5.42)

and x has been defined in Equation (5.37) and (5.38) for TM and TE polarisation
respectively. In order to solve Equation (5.40) a set of linear equations from

Equation (5.31) needs to be calculated for the scattered coefficients X > and the

vector x obtained. As was shown in Chapter 4, the scattered coefficients can be

then redefined in a coordinate system centred at the TLM cell by means of the

' Green’s function and the final fields for the TM fields formulated as:

E,(r.) =giX +£1K,X; (5:43)
Hy(r$)=-jy(g0X0 + £1X.X3) (5.44)

These solutions can be used to construct the admittance relationship between the

electric and magnetic field at the edge of the node, which is essential for the
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process of integrating the multi-feature node with the time-domain TLM

algorithm.

5.2.2. Wires with Multiple Dielectric Coatings

The extension to problems of scattering from cluster of wires or dielectric

rods with m dielectric coating layers of radii d,,d,,..,d, is now very
straightforward. The algorithm starts at the interface r=a, between the inner

conducting wire (or dielectric rod) of radius a, and the first dielectric coating

-~

layer of radius d,. At this interface, the vector of scattering coefficients X: is

obtained directly by solving the set of linear equations discussed in the previous

section. Then the algorithm proceeds in the same fashion for consecutive
interfaces r =d, where i=1,2,...,m~1:
1. Apply the appropriate boundary conditions at the interface r=d; which
preserves continuity of the fields at the i" dielectric interface

2. Construct the; adminance relationship H = Y-E at the interface r=d,

3. Calculate the vector of normalised scattered coefficients Xi‘ taking into
account the vector of scattered coefficients obtained in the previous step,
i.e. for X: fori=1,and Xg’ fori>1

4. Follow points 1-3 until the interface r=d, between the last dielectric

layer and the free space is reached

136



Chapter 5 — Modelling Dielectric Fine Features in a Coarse Mesh

The condition at interface r=d, enables the last vector of normalised scattering

. S0 . N
coefficients X, to be calculated in the same manner as for the case of a wire with

a single dielectric coating.

Clearly, the algorithm accounts for the boundary conditions separately at the
surface of every single scatterer enclosed within a TLM cell. Therefore, it is
possible to change the material properties or geometries of a scatterer without
redefining the whole procedure. Thus, the approach allows embedding scatterers
of various radii and properties in one TLM cell without restriction to a particular
class of objects, e.g. a cell with only conducting wires or with only dielectric rods,

which can be very beneficial in simulations of waves scattered from cable looms

and cable bundles.

5.3. Numerical Validation for a Cell with Multiple Dielectric Rodsv

In this section the numerical validation of the theory given above will be
presented. As for the case of metal wires embedded in a single TLM cell, an
illustration that practically justifies the truncation of analytical soluﬁon to four.

incident harmonics will first be provided for each simulation.

Consider the single square TLM cell containing four dielectric rods of material
permittivity £, =10, shown in Figure 5.2. The positions of the cylinders within
the cell and their geometries are randomly chosen assuring that all of them lie

completely within the cell and that they do not overlap one another; details are

listed in Table 5.1. For the time-domain numerical simulation the node radius was
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selected to be A =0.025m, the computational window 1000 by 1000 nodes and
the number of iterations is 2048. The multi-feature node (MN) enclosing the
dielectric cylinders is illuminated with a plane wave Gaussian pulse of RMS
width 2.5 time-steps. The fields are captured in both near and far-field regions and

the accuracy is verified with the exact solution.

No | Radius | Distancer | Angle ¢
1 0.40A 0.5A 45°
2 0.30A 0.4A 300°
3 0.20A 0.5A 130°
-+ 0.25A 0.5A 190°

Table 5.1. Position and geometry of dielectric rods clustered in a TLM cell
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Figure 5.2. The numerical set-up for a simulation of a TLM cell with multiple

1 ’J

H el |

| ’4’ I
—t < '
Incident] ,"5’ - r[ i
Pulse sd el 8 -
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dielectric rods

For the scenario described above an explicit justification of the truncation of the
cylindrical harmonic series within the TLM node is presented in Figure 5.3. Here,
the total electric field is observed at the boundary of the node containing the rods
(point (=A,0) corresponding to port 2 of Figure 4.1 in Chapter 4) for different
degrees of truncation. It is clear that four terms give a very good approximation to

the exact solution over the normalised frequency range (f/f  <0.1).
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It is noted that to ensure convergence of the analytic result at larger distances from
the scatterer, 40 harmonic terms have been selected for that purpose and is

labelled in Figure 5.3 as “Exact”.
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Figure 5.3. Convergence of analytical solution for a cluster of dielectric rods for

TM (a) and TE (b) polarisation
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Figure 5.4. Amplitude of the total electric field measured in near and far-field

zones in front (a), behind (b) and to both sides (c), (d) of TM polarised MN

The comparison presented in Figure 5.4 between the analytical and numerical

solution for a cluster of dielectric cylinders illuminated by a TM polarised plane

wave shows excellent agreement for observation points placed in front of, behind

and to both sides of the multi-feature node in the near and far-field zones.

Moreover, the good agreement is observed well beyond f/f , =0.1.

Figure 5.5 shows a similar comparison for a TE polarised case. As observed, the

analytical and numerical results for scattering from a cluster of dielectric cylinders

correspond very closely notwithstanding the relatively weak scattering that occurs

in this case. Again, the agreement extends beyond f/f _ =0.1.
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Figure 5.5. Amplitude of the total electric field measured in near and far-field

zones in front (a), behind (b) and to both sides (c), (d) of TE polarised MN

In order to further investigate the behaviour of the node with dielectric cylinders

embedded within, the influence of dielectric constant will be studied for the same

cluster of posts and both field polarisations.
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Figure 5.7. Amplitude of electric field 2 and 8 nodes in front of the MN

containing TE polarised dielectric rods of permittivity

£, =50 (a)and &, =100 (b)

Figure 5.6 and Figure 5.7 demonstrate the capability of the approach to model
dielectric cylindrical rods of different material properties. The increase in the
value of permittivity does not incur additional errors for TM polarisation and good
agreement is achieved between the exact solution and the numerical
approximation. An increase in a value of permittivity for a TE case leads to a
slight overestimation in the numerical prediction, especially visible in the near-
field region. The near-field errors in both cases can be explained by the limited
number of sample points available when observing field in the near-field, since
the field around the object, although modelled accurately by the analytical

expansion, is sparsely sampled by the small number of TLM nodes in close

vicinity to the objects.
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Finally, it is shown that in the case of dielectric rods enclosed by a single TLM
cell, the approach discussed in this work is capable of accurately identifying the
phase of the signal under investigation for both field polarisations. Excellent
matching is observed for a wide range of frequencies in the near and far-field

regions as seen in Figure 5.8.
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Figure 5.8. The phase of the field scattered from TM (a) and TE (b) TE polarised
cluster of dielectric rods of permittivity & =10 captured

2 and 8 nodes in front of MN
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5.4. Numerical Validation for a Cell with Dielectric Coated Wires

In this section, the multi-feature node is applied to modelling dielectric
coated wires. In order to explore the flexibility of the approach in simulating such
objects, three coated wires of different material properties and geometries

embedded within a single TLM cell are investigated, as demonstrated in Figure

5.9(a).
aw ac e[ r ¢

1 0.30A 0.35A 10 0.70A 45°

0.15A 0.45A 89 0.45A 315°

3 0.20A 0.30A 79 0.50A 175°

Table 5.2. Parameters of the wires embedded in a single TLM cell
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Figure 5.9. Numerical set-up for a simulation of a TLM cell containing multiple
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dielectric coated wires (a), illustration of wires parameters (b)
The characteristics of the coated wires are listed in Table 5.2, where (r,¢) denotes

the position of the wires within the MN, a,, being the radius of the conductor, a,

and €, are radius and dielectric permittivity of the coating layers respectively.
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Figure 5.10. Amplitude of electric field 2 and 8 nodes in front (a), behind (b) and

to both sides (c), (d) of the MN containing TM polarised dielectric coated wires

For TM fields the comparison between the analytical solution and the numerical
prediction for a cluster of multiple wires with dielectric coatings is presented in
Figure 5.10 and is excellent for a wide range of frequencies. As expected, the
influence of the dielectric layers is minor; as the field hits the dielectric boundary
only a small part is reflected from the surface of dielectric, the majority of the
field penetrating inside is totally scattered from the surface of the perfect
conductor. Thus one expects that for a wave propagating in a presence of coated

wires the scattered field should resemble that for perfect conductors.
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Figure 5.11. Amplitude of electric field 2 and 8 nodes in front (a), behind (b) and

to both sides (c), (d) front of the MN containing

TE polarised dielectric coated wires

As observed in Figure 5.11 for a cell with multiple dielectric coated wires
illuminated by a TE polarised wave, the results in the far-field zone are in good
agreement with the analytical solution up to 10% of maximum frequency of the
TLM simulation. Beyond that point the dispersion of numerical method causes
greater deviation between those two solutions especially when such weak
scattering is considered. Numerical estimation for the near-field becomes more
erroneous compared to the far-field zone due to the number of available sampling
points in close vicinity of the multi-feature node. As the distance from the
scatterers increases, the TLM grid provides better numerical resolution of the

reflected wavefronts which leads to a more accurate field description.
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Validation for phase is illustrated in Figure 5.12 for both field illuminations.
Again, excellent matching is observed for a wide range of frequencies for

observation points placed in both the near and far-field regions.
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Figure 5.12. The phase of the field scattered from TM (a) and TE (b) polarised

cluster of coated wires captured 2 and 8 nodes in front of MN
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5.5. Closing Remarks

In this chapter the approach for embedding small objects into a time-domain
numerical algorithm has been presented based on the example of dielectric
cylinders and dielectric coated conducting wires. The results were verified against
exact solutions and show excellent agreement even for frequencies beyond the
conventional operating range of TLM. Having presented the approach for a
variety of EMC application, the next chapter explores possible application in other

arcas.
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Generalised Multi-Feature Node

In this chapter attention will be focused upon the implementation of the
multi-feature node in simulations of various practical configurations. This will be
carried out by dividing the examples into two categories. The first section
explores further opportunities for employing the proposed scheme in EMC
analysis, such as predictions of fields scattered from lossy wires. The second part

focuses mainly on photonic applications and presents a description of the

macroscopic behaviour of photonic systems.

6.1. Wires with Losses

Consi_dcra'tion has so far been focused on waves propagating in lossless
media and incident upon lossless cylindrical structures. Therefore, it was assumed
that the cylinder was either a perfect conductor whose conductivity o —» o or else
a lossless (perfect) dielectric in which case o=0. Here, the application of the
approach for embedding cylindrical wires that exhibit losses will be demonstrated.
General lossy round dielectric structures are now studied from which special cases
such as lossy wires can be derived. It should be noted that a lossy dielectric can be

alternatively regarded as a partially conducting medium (imperfect dielectric or
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imperfect conductor) in which an EM wave loses power as it propagates due to

a finite conductivity c#0.

6.1.1. Theoretical Formulation
To incorporate losses within the system one needs to start with Maxwell’s

equations. Consider a linear, isotropic, homogeneous, lossy dielectric medium that

is charge-neutral. Suppressing the time factor ¢, Maxwell’s equations become:

V-D=0 6.1)
V.-B=0 6.2)
VxE==jopH 6.3)
VxH=joeE+J 6.4)

where € =¢,¢, and p=p,p, are real values where ¢y,p, and ¢ ,p, characterise
the permittivity and permeability of empty space and the material respectively.

Comparison with Maxwell’s equations in Chapter 2 reveals that there is an
additional element in the form of conduction current density J (A/m?) present

in Equation (6.4). This current occurs due to the drift of charge carriers when an

electric field is applied to conductor, which in the low velocity case is modelled

by:
J=cE (6.5)

where o is the conductivity of the material expressed in Siemens per metre.

Substituting Equation (6.5) into (6.4) leads to:

VxH = (joe+0)E (6.6)

This equation can be rearranged to the form:
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VxH=jm(e—jg)E=jws(l—j£—)E=jmseﬁE 6.7)
o o€
where an effective permittivity is identified as:

Eur = s(l —ji) (6.8)

(Y

Finally, Equation (6.4) is formulated as:
VxH = jog -E (6.9)
From Equation (6.9) it is clear that embedding lossy dielectric(s) into the
proposed multi-feature node should not significantly differ from the
implementation of perfect dielectric(s) case. However, the fact that the effective
dielectric constant appears in Equation (6.8) is now complex needs to be

addressed; this effective permittivity equals:

. O . ©
€q =€ [l—jEJ=SO(1—J&;8—OJ=€OSI (6.10)

0
where ¢ is the speed of light in vacuo and k, is the empty space wavenumber.
Having obtained this complex relative permittivity the scheme for embedding
lossy scatterers is similar to the approach presented in Chapter 5. A brief
description will now be given for the case of a TM polarised wave incident upon

round lossy conductors clustered within a single TLM cell.

6.1.2. TLM Implementation

In the presence of homogeneous dielectric posts the behaviour of the total

electric and magnetic can be described in a polar coordinate system centred on the

p" cylinder as shown in Chapter 5:
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E(r2a, =g, X, +£1X,+ T el T X, (6.11)

q=p

Hy(r2a,,¢)=-jy, (g'ﬁ U, Xo+f5 X, + Zg’,fl@z(.q) (6.12)

q*p
where 7, =\/e,/, is the intrinsic admittance of the medium and k, is the

wavenumber. The elements f_,f",,g,,.8',, are specified by:

pn

. | | (6.13)
go=¢ " (kr,) and g, =" (k)

= jné, RS . '3 1)
f,=¢"™HPks) and f, =e ™ HP(ks)

' dJ',(kr) " _ dH®(kr) .
where J',(kr,) = W and H :‘2)(10.9) = -_d(-lEr_JL , and the matrices U, and

I, have been already introduced in Chapter 4.
The boundary condition at the interface between the dielectric post and the
surrounding homogeneous medium has to be taken into account. In the lossy
dielectric the intrinsic admittance y, and wavenumber k; now are both complex
quantities.
Continuity of tangential field components at the interface r, =a_, where a, is the
radius of the p cylinder, requjres that:

(E’ - E")xr=0

(6.14)

(H'-H)xr=0

where the superscript D denotes fields in the lossy dielectric region and 0 fields in

the homogeneous space. Explicitly, the boundary condition can be formulated as

in Chapter 5 as:

(20) U XS +(£3)' X + 2 (0) IO X0 = (e7) UO X (6.15)

2p —Op - P ap
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(29) U2 X3+ (£5) X0+ X(29) T0 XS =v5'1o (27) LD XD (6.16)

LIP. ¢
q#p
As before the concept of the admittance relationship at the interface between the

regions of different permittivity in the form of H=Y-E is now investigated.
Substituting the expression for the E and H-fields given by Equations (6.11) and
(6.12) into the admittance relationship yields:

(g0) U, X0+ (63) X0+ 2(es) T X,
v ) 6.17)
() v 02 2+ T T

where the functions f,, g, and their derivatives are evaluated for the argument

kr, =ka,. Utilising the right-hand side of Equation (6.15) and (6.16) in (6.17)

leads to:
YD(oDT D D_-_X_. p\T y{D D 6.18
v gp) 209X0 =J (gp) EOPXO (6.18)
Yo Yo
Rearranging yields
j-—’Y==Z_‘?.(g"l’))T =-Y—D(ID)T =K (6.19)
Yo Yo (_g_'[,’)T Yo (JD)T -

where the vectors J°and J® consist of elements J (kpa,) and J,(kpa,)

respectively. Substituting Equation (6.19) into the boundary admittance

relationship defined in Equation (6.17) results in:

(1) (02 30 Se2 T
) (6.20)

"?K((gz)*gz.,x: + () %+ X(er) X
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After some mathematical arrangements one obtains:

o) (o)
22,2(.3+§;,:;T_i§;3} X+ 218K =0 621
2p —\=P

where x is determined in Equation (6.19).

As studied in Chapter 4 and 5, the boundary conditions need to be applied at the
surface of every lossy cylinder enclosed in a TLM cell and the procedure
described by Equations (6.11) to (6.21) carried out for each of them. As a result, a

set of linear equations is formed:

( A 0) \
é| Ixz IIS - _X? (Eon-xo (Hol
0 0
Izl .A-z Izs . X—z == Eozxz - 202 Xg (6.22)
Isl Isz és || &s Eosxo gos
k oo »e s --J eoe \ J \ TS )

where the lossy cylinders are numbered from 1. The components A are

constructed in the same way as in Equation (5.15)'and (5.16) presented in
Chapter 5.

Similarly to tl;e procedure presented in previous two chapters, the vector of
scattered field coefficients X; =[X, X, X, .. ]T from Equation (6.22) is
now calculated and the fields are re-expressed back from the wire coordinate
sysfems to the node coordinates by the means of Green’s functions. Also the

algorithm to impose the eigenvalue problem, necessary to link the field solutions

with the adjacent nodes of TLM grid, has already been given in Chapter 4 and for

brevity is not repeated here.

However, an important point needs to be highlighted when implementing the local

field solutions into a TLM model. Solving the eigenvalue problem HX, =yEX,
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(Equation (4.54) in Chapter 4) at the edges of the node will this time result in
complex eigenvalues. As discussed in Chapter 3 and 4, the vector of

eigenvalues, y, represents input impedances looking into the multi-feature node.

In addition to components that are proportional or inversely proportional to
frequency, the eigenvalues, i.e. modal admittances also possess a frequency-

independent element. Thus, the circuit model reflecting the character of these
admittances is formulated as y;' = joL; + R, or y; = joC, +G,, where R; and G;
denote resistance and conductance on the i line respectively. In previous chapters
circuit models were implemented in the time-domain model using open or short-
circuited transmission lines. Modifications to that model are now devised to

account for this extra, frequency-independent behaviour and are shown in Figure

6.1. Therefore, additional components in the form of conductances that represent
the losses the wave encounters while propagating on the transmission line are now

included in the line model.

- ~—
i x' SN,
:-'—-L’ Io—r Y, GID
V] xr—
- .
] ﬁ L ' em—t
=1 E 12y, o
A G X} —
1 B —
V‘ © xi
._.’;’ 8_ :—'TJ" Y, G,
V; -] V' X  p—
vi 1 <" I
3
-— oi,’ Y, G, D
V" — X —

Figure 6.1. General transmission line implementation of non-standard node

for embedding lossy scatterers
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The value of each conductance can be calculated using transmission line theory.
The input admittance for a transmission line of characteristic admittance Y
terminated by a conductance G equals:

=Y G, + Y, tan(kA)

n =T - (6.23)
Y; + jG; tan(ka)

where k is the wavenumber in the transmission line of length A.

After some mathematical rearrangements shown in Appendix C this admittance

can be expressed for low frequencies as:

Y.

Y, =G, + jkAG, (g--QJ (6.24)

On the other hand the complex admittance calculated from the eigenvalue

problem can be written in the form:

Y =Y+ jopy" (6.25)
By direct inspection of the two above equations, the values of network elements

are evaluated:

G, =7 (6.26)
" Y, G (ri)
Yi.g|ai-Ziloy - (6.27)
Y6 G Y Y;

Equation (6.27) is a quadratic equation of

v -LiY, ~(y,) =0 (6.28)
AT, (v4)

which is solved for the value of Y,.

2
-Y"’ 1 y"' '
y="Vigo X6 gy, 6.29
bo28y, 2 ( J ! ( )
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Only the positive value of the two solutions presented in Equation (6.29) is used.

Having calculated the values of Y, and G; for all the i=1,2,3,4 lines, the
network model presented in Figure 6.1 is considered, where Y; is a link line
admittance terminated by conductance G,. The computations in the multi-feature

node will differ slightly from those presented in Chapter 3. The connection
process remains unchanged and is described by Equation (3.25), however the

scattering in the node is now expressed by:

X™(t) =T, x™(t-At) (6.30)

where T, is a reflection coefficient:

[ =—i— (6.31)

6.1.3. Numerical Validations

In this section numerical results will be validated against the analytical
solutions presented in Equations (6.11) and (6.12) where the scattered coefficients
were obtained by solving the boundary condition formulated in Equation (6.22).
The numerical set-up is shown in Figure 6.2. The multi-feature node (MN)
contains a single lossy wire positioned at the centre of the node. The set-up is
excited by a plane wave with the electric field polarised in the z-direction, i.c.
parallel to the cylinder’s axis. The field is observed 2 and 8 nodes in front and in
line with the wire embedded in the node on the negative x-axis. The remaining
simulation parameters are: the computational window 60mx60m, TLM node size

9A=0.05m and the radius of the wire a=0.5A. Three different values of
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conductivity are considered as presented in Figure 6.3, i.e. c=1, c=50 and

c=100 S/m.

Computational window

[ 1 |
I
|l © . 1
i 1
(o D '
o !
B '
aglesi® Oifd
l o
\§— OP MN '
1 e :
| é’ ) Boundary:
: ‘ sssas Open-Circuit 1
- = - Matched !

Figure 6.2. Experimental set-up for the analysis of lossy wires

It is clear that very good agreement between the analytical and numerical

solutions is achieved. The excellent match extends over the full frequency range

over which TLM dispersion is negligible, that is f/f _ <0.1 or in other words to

10 samples per wavelength.

Conductivity = 1

(-2,0)

-
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1
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b) 14
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Figure 6.3. Total electric field amplitude observed 2 and 8 nodes in front on the

multi-feature node containing a lossy wire for different values

of wire conductivity: (a) o =1, (b) 6 =50, (¢) c=100

It is noted that for a conductivity larger than 100 S/m results tend to the solutions

obtained for a perfect conducting wire and only a small difference in the low

frequency range distinguishes between imperfect and perfect conductors. To
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verify accuracy in this range the solutions from Figure 6.3 are also presented in

Figure 6.4.

084

06

= Analytic Solution
——  TLM Multi-Feature Node

04 - y . . 03
0000 0005 0010 001 002 1,002 00000 00125 00250 00375 t1_ 00500
max

Figure 6.4. Total electric fields from Figure 6.3 presented in a low

frequency range

It is observed that in this range the numerical approximation strictly adheres to the

exact analytical solution and furthermore, more accurate results are obtained for

increasing value of conductivity.

In the next section the possibility of employing the multi-feature node for

simulations in other areas rather than EMC modelling will be examined.
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6.2. Photonic Band-Gap Structures

In this section the possibility of implementing the 2D multi-feature node for
simulations of photonic systems will be explored. Of significant interest is the
ability to predict the performance of photonic band-gap materials that have
already attracted a lot of attention over the last decade [6.1-6.5]. These kind of
structures are often constructed from a lattice of dielectric rods or air holes etched
into a substrate and possess frequency stop-bands in which the propagation of
energy through the material is forbidden [6.1, 6.2]). The conventional approach to
numerical modellihg of PBG lattice utilises direct discretisation with fine meshes,
notably smaller than the size of the individual rods or holés. This guarantees
correct representation of the scatterer geometry and provides high accuracy.
However this approach results in very long computational run-times and huge
memory consumption. Therefore, such direct numerical approaches to PBG
characterisation are only suited to the analysis of singie unit cells or for
benchmarking. In practice, the computatior;al overheads significantly increase
when one deals with an array of cells or when modelling the global response of a
large number of devices integrated on a single substrate. For this reason many
simulations of PBG structures are so intensive as to render the possibility of their
application for modelling sub-system performance impossible. Hence, the
objective here is to produce simulations of the macroscopic behaviour of PBG
devices, recovering the essential features of their characteristics, albeit without
providing resolution of all the fine detail.
For this purpose the 2D multi-feature node approach seems to be very suitable as

it employs meshes much larger than the geometry of individual scatterer. In the
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previous chapters it proved to be a very powerful tool for predicting the
performance of sub-system models for EMC applications. In the following
sections the algorithm will be scaled to micro-wavelength operation and its use in

simulations of photonic devices will be demonstrated.

6.2.1. Photonic Crystal Devices

Consider a periodic structure consisting of dielectric rods distributed within

a region of empty space with periodicity a, as presented in Figure 6.5(a).

a) Computational window b)
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Figure 6.5. Numerical set-up: Lattice of 15x15 dielectric rods (a) and a segment

of lattice presenting mesh fitting and lattice parameters (b)

It has been found that when the refractive index contrast between the dielectric
material and the surrounding space is high enough, a range of wavelengths exists
for which propagation is forbidden in all directions [6.1]. A straightforward
method for determining the band-gap is to calculate the transmission of a broad-
band 'electromagnetic signal through the structure in all dimensions for the
reduced Brillouin Zone (BZ). To achieve this, a TLM method with multi-feature

nodes is utilised. The square lattice of 15x15 dielectric rods in Figure 6.5(a) is
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discretised so that there are two empty TLM nodes in between multi-feature nodes
each containing a centrally placed dielectric cylinder, as shown in Figure 6.5(b).

The lattice parameters are chosen after [6.3] and with reference to Figure 6.5(b)

these are: a=0.6um, d=0.15um, refractive index n= \/g =3.4 and the TLM

mesh radius is A =0.1um.
Prior to the TLM simulation, the band-gap for the structure described above is

first calculated using a planewave-based block-iterative algorithm [6.5] available

commercially in [6.6] as a benchmark.
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Figure 6.6. Diagrams of photonic band structure from Figure 6.5 for TE and TM

polarisation.

Figure 6.6 shows the diagram of the band structure presented in Figure 6.5 for TE
and TM illumination calculated by the MIT Photonic Band package [6.6]. In these
diagrams the dispersion is calculated along the high-symmetry line I'-X-M-T,
where I'=(0,0), X=(n/a,0) and M=(n/a,n/a) are the high-symmetric
péints in the first BZ. It can be observed that the lattice from Figure 6.5 exhibits

a forbidden frequency band only for TM polarised waves. This band-gap is
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estimated to lie in the frequency range from 0.375 to 0.485 (c/a), where c is the

speed of light in vacuum and a is the periodicity of the lattice.

Similar results are obtained using the TLM method. A TM polarised, pulse of
RMS width 1.5 time-steps, short enough so that the resulting electromagnetic
wave contains a wide range of wavelengths, is injected into bottom corner of the
left-hand side of the structure, position I' in the diagram in Figure 6.7. The Fast
Fourier transform is performed for the transmitted fields recorded at the right-
hand side of the lattice for a range of propagation angles, between 0 and 45° that

covers the reduced BZ of the square lattice.
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Figure 6.7. Frequency spectrum for a TM illuminated square lattice of d =0.15a

output at point M of band diagram.

Plotting out the frequency responses in the first BZ allows the band-gap to be

evaluated. This band-stop is confirmed and clearly visible in Figure 6.7, where the
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frequency response for a lattice from Figure 6.5(a) is observed at point M of the

first BZ.

By creating a defect in a lattice which consequently breaks its periodicity,
photonic devices in various configurations can be designed [6.3]. As an example,
a waveguide can be formed by simply eliminating a row of rods from the lattice.
Modulating the input signal with the frequency from the band-gap the light is
confined within the waveguide. Similarly, other configurations can be created;
some of them are illustrated in Figure 6.8. These include: a straight waveguide, a
sharp-bend waveguide, a beam splitter and a coupler shown in Figure 6.8(a), (b),
(c) and (d) respectively. In each of the designs presented in Figure 6.8, the TLM
mesh was illuminated with a TM polarised Gaussian Pulse modulated with a
frequency of 0.4 (c¢/a) and the time-domain electric field was plotted out after 300
time-steps. An impedance absorbing boundary condition was assumed at the

edges of the computational window enclosing the lattice.

It should be pointed out that light with a frequency outside the stop-band does not
provide light confinement within the waveguide. In such a scenario conventional

scattering phenomenon occurs; the wave is scattered from particular dielectric

rods throughout the whole lattice.
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Figure 6.8. Photonic devices based on a lattice of dielectric rods:
straight waveguide (a), sharp-bend waveguide (b),

beam splitter (c) and coupler (d)

The results presented above indicate that the multi-feature node is highly
applicable for the simulation of photonic band-gap devices. As the number of
mesh nodes is significantly reduced compared to a fine mesh discretisation, the
performance of the photonic component can be obtained within a short period of
computational time. Furthermore, embedding dielectric rods within a TLM model

incurs only slight additional overheads compared to the conventional TLM cells.

171



Chapter 6 — Generalised Multi-Feature Node

The extra quantities that have to be stored in the node are typically stub

impedances and stub voltages, as pointed out in Chapter 3.

Although only canonical examples have been presented above it should be
underlinéd that the multi-feature scheme is very attractive for the simulation of
practical systems. The fact that it allows objects of different characteristics to be
arbitrarily placed within the numerical cells is very advantageous for models

where the periodicity of the lattice does not coincide with that of the numerical

grid.

In summary, the approach provides a rapid assessment of photonic crystal devices

in the context of larger sub-systems and circuits. The ability to assess the global
performance of many elements integrated on a single chip is illustrated in

Figure 6.9.

In terms of the design and optimisation process, it is very desirable to simulate
a system consisting of many elements integrated on a single chip. This gives
an opportunity to verify whether or not the system responds as predicted based on
a single device, account for factors such as mutual interference caused by high-
levels of integration and generally to improve the model. An example of such
an integrated system is presented in Figure 6.9 which shows a 1x16 beam splitter
designed on a lattice of 81x51 dielectric rods with lattice parameters as specified
in the previous examples. It is clear that simulation of such a system with a mesh

of a fine granularity would be very expensive in terms of computational resources.
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Figure 6.9. 1x16 beam splitter based on a lattice of dielectric posts

In the next example presented in Figure 6.10, the multi-feature node is used to
simulate another computationally demanding configuration, the Mach-Zehnder
interferometer. The Mach-Zehnder interferometer is a simple device which is used
for many purposes in integrated optics. A light beam is first split into two parts by
a beam splitter and then recombined by a second beam splitter (not shown in
Figure 6.10). Depending on the relative phase acquired by the beam along the two
paths the output from second beam splitter will lie between 0 and 100% of the
input power. In a design 6f this seemingly simple device, many parameters have
to be taken into account, amongst which the following can be included: the
necessary length of the arms so that the phase shift can be applied to one of them;

angle of alignment and the minimum distance between the arms that guarantees
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transmission of the two signals propagating down the arms with the lowest
possible interference. In order to estimate those optimal working characteristics, it
is required to model a slightly over-designed configuration, at least at the early
stage. Hence, a lattice of large dimensions can be used for such purpose, as
presented in Figure 6.10 where the interferometer is incorporated in a periodic

material built from 101x45 dielectric cylinders.

Figure 6.10. Mach-Zehnder interferometer design on a lattice of dielectric rods

It is clear that with growing complexity of the systems, simulations involving
techniques based on a direct meshing can be hard, if at all feasible, to implement
for such large problems. Therefore there is a great demand for approaches such as
the one presented above to deal with complex structures utilising best the
available resources to provide a quick and yet accurately enough assessment.

More information about the implementation of the 2D multi-feature node in

photonic applications including different practical examples can be found in the

author’s paper [6.7].
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6.3. Closing remarks

In this chapter the multi-feature node has been extended to simulate an
important group of problems as scattering from a lossy wires and lossy dielectric
rods. It was shown that the multi-feature node is very suitable for application to
such practical configurations. By changing slightly the derivation in order to
account for a new boundary-value problem, a lossy wire was embedded in a single
TLM cell and the numerical results demonstrate excellent agreement with the
known solution. It was also demonstrated that EMC problems are not the only
ones that can be solved using this technique. As shown, it was successfully
employed in photonics where the macroscopic behaviour of microstructures like
photonic band-gap materials can be easily estimated without the need to

characterise in detail every single feature.
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Chapter 7

A Special Node Containing a Strip or Slot

The aim of the work discussed in this chapter is to demonstrate the
applicability of the general approach presented in Chapter 3 in combination with
an elliptical coordinate system which can characterise non circular objects
embedded in a TLM model. The set of local field soiutions to Maxwell’s
equations that forms the key component of our technique will be obtained by
analytical means. The problem of an electromagnetic wave incident upon
homogeneous elliptic cylinders will be derived in terms of Mathieu functions. The
analytical solutions for wave scattered from a small conducting strip or
penetrating through a narrow slot will be presented. Finally, numerical results will

be shown for both a strip and a slot embedded in a single cell of a coarse TLM

mesh.

7.1. Introduction

The flexibility of the approach introduced in Chabter 3 will now be
demonstrated in its application to various scattering objects described
mathematically by different coordinate systems. Particular attention will be
focused on the elliptical coordinate system. The fundamental reason for selecting

this system lies in geometrical considerations. Owing to the fact that elliptic cross-
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sections can be modified by changing the axes ratio, elliptical cylinders can be
effectively used to approximate a variety of important geometrical shapes. Indeed,
the example scattering problems illustrated in this chapter will not be restricted to
canonical diffraction from elliptic cylinders but also encompass thin metallic
strips, which are often encountered as tracks on Printed Circuit Boards (PCB) and
narrow slots in metal planes that form ground plane slotlines or enclosure
apertures for cooling. Both of these models are very useful in their own right and
also pave the way for the future development of accurate 3D modelling of multi-
track and multi-layer PCBs. The technique starts with a formulation of the wave
equation in elliptical coordinates systems and identifies its solutions by the
separation of variables. Appropriate boundary condi.tions ar'e imposed at the
surface of the small feature under consideration and the infinite number of
elliptical harmonics is approximated to form a set of solutions that is suitable for
linking the multi-feature node with the adjacent nodes of the TLM model ensuring

continuity of the fields and conservation of the power in the network.

7.2. Wave Equation in the Elliptical Coordinate System

In this section, the elliptical coordinate system will be introduced and
analytical solutions for the fields in the presence of an elliptical cylinder will be
obtained. For brevity, only the necessary theory will be demonstrated here and for
more details the reader is referred to the literature [7.1-7.7). The elliptical
coordinate system in the (x,y) plane is presented in Figure 7.1. The surfaces
u = constant represent a family of elliptic cylinders having the same foci at

x =+d on the x-axis and v = constant represent a family of confocal hyperbolic
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cylinders. The transformation from the elliptic to the Cartesian (x,y,z) coordinate

system is given by:

d
X =— coshu cosv

2

d . .
y=5 sinhu sinv 7.1
"Z=Z

where d is the distance between foci of the ellipse as shown in Figure 7.1.

4

u y L~V = CcOonst

u = const

Figure 7.1. Elliptic cylinder coordinate

In order to facilitate the derivation additional variables are introduced:
€ =coshu (7.2)
N=cosv (7.3)

The inverse transformation from Cartesian to elliptic coordinates is given by [7.1]:

2,2 2 2 L0232 4 34 _ QA2 (w2 _ 2
‘e 4x*+y2) +d +\/l6(x2;-2y)+d 8d%(x y),and”=§_x 4

Time-harmonic fields are considered and the time-dependence ¢ is suppressed

for clarity, Two illuminations will be discussed, i.e. (i) a uniform plane wave of
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transverse magnetic type with the electric field vector polarised along z-axis; and
(i) a uniform plane wave of transverse electric with magnetic field vector

orientated along z-axis. It is assumed that the elliptical object is surrounded by a

volume of empty space (€y,H,) -

In all coordinate systems, the field solutions obey the Helmholz equation:
V’E,+k’F, =0 (7.5)

where F, denotes E, for TM and H, for TE polarisation.

In elliptical coordinates, this equation is expressed in the form [7.4]:

2 2 2 .
?3:;‘ + %—\%— +d?(cosh?u - cos? v)l:—aa—ZT + kz] F =0 (7.6)

Equation (7.6) can be solved by separation of the variables:

F, =U)V(v)Z(2) 7.7
Substituting Equation (7.7) into Equation (7.6) leads to:
Tj—+l\ll—+d’(cosh2u—cos2 v)[—zz-+k2:|= 0 (7.8)

Defining the separation constant C so that:

Z'

S+C=0 (7.9)

then U and V must satisfy:
U"-(a-1/2¢*cosh2u)U =0 (7.10)
V'+(a+1/2c%cos2v)V =0 @7.1)

‘where ¢=vk?*+Cd/2, [7.4], and k is the wavenumber, k =k, . In exploiting
Equation (7.10) and (7.11) it will be assumed that there is no z-dependence and

therefore in Equation (7.9) C — 0. Equation (7.10) is known as Mathieu equation
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and Equation (7.11) as the modified Mathieu equation. Equation (7.11) is a linear
second-order differential equation that has two families of independent solutions,

namely the even and odd angular Mathieu functions (AMF):

(1.12)

Se,, (c,m) m=12,3,...,

_ {Cem (c,m) m=0,12,...,

The cosine-elliptic Ce(c,n) and sine-elliptic Se(c,n) functions are analogous to
trigonometric cosine and sine functions and with vanishing ¢ they become
trigonometric functions. The symmetry and periodicity of these functions is the
same as for their trigonometric counterparts; the corresponding expansions fall
into four classes: even solution of period of z: Ce,,(c,n), even solution of period
of 27 :Ce,,,,(c,m), odd solution of period of #: Se, (c,m) and finally odd
solution of period of 27 : Se,,, (c,n), where r=0,1,2,...,. In addition, any even

AMF is orthogonal to any odd AMF on the interval of (0,27), thus,
[ ce.(emSe, (cmdv=0 (7.13)

The solution to Equation (7.10), is expressed in the form of even Mc%(c,£) and

odd Ms®(c,&) radial Mathieu functions (RMF), where i denotes the kind and m

the order of the RMF. In elliptic coordinates the RMF play a similar role to the
Bessel functions in circular cylindrical coordinates. Analogously to the Bessel
functions, the family of radial Mathieu functions splits into four independent
solutions, odd and even RMF of the first and the second kind. Further analysis of
Mathieu functions is out of the scope of this work and the reader is referred to

[7.5] where a visualisation of those functions is given and [7.6] where a full study

is carried out.
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7.3. Scattering from the Strip

Here, the expansion of a plane wave in the form of elliptic-cylinder
harmonics will be considered and applied to the problem of a wave scattered from
a thin conducting strip. In elliptic cylindrical coordinates the strip is defined by
u=0 and the strip width is denoted as d. Both TM and TE illuminations will be

analysed simultaneously.

7.3.1. Analytical Description
The z-directed, electric and magnetic, field incident at an angle ¢, from the
positive x-axis, in terms of elliptical harmonics is expressed as a rapidly

converging series of Mathieu functions [7.7]:

T™™: B = a*Mc(c,£)Ce, () + Y bEMs(c,£)Se,(cr)  (7.14)
m=( ms=]

TE: H =) ap'Mcl(c,£)Ce,(c,m) + D beMsD(c,&)Se, (cm)  (7.15)
me(0 ms=l

where

a™ =87z (;I{);n Ce(c,cosd,)

e (7.16)
b =87 (I:I'B;n Se(c,cosd,)
and N and N are functions of ¢ defined as:
N = ["se?(c,n)dv (7.17)
N© = ["Ce?(c,mdv (7.18)

These two functions are usually presented as a Fourier series of ¢ and the

recurrence formula for calculating them is given in [7.6].
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The scattered field can be expressed in terms of Mathieu functions of the fourth
kind, Mc and Ms!¥, which represent outgoing waves similar to the Hankel
functions for the circular case discussed in Chapter 2. As for Hankel functions
these fourth kind functions are linear combinations of the corresponding RMF of
the first and second kinds, i.e. Mc! = Mc® - jMc® and Ms® = Ms¥ - jMs?,

Thus, the scattered field is written in the form:

T™: Ei“‘=ia:.f"Mcin"(c,:>Ce.,,(c,n)+ib:"Msi.?(c,:)Sem(c,n) (7.19)

m=0 m=}

TE: H™ = i a**McW(c,&)Ce, (c, 1) + i b Ms (¢, £)Se, (c,7)  (7.20)

m=0 m=]
where the scattering coefficients a’™ and b* are yet to be determined.

The total ficlds are now:

E™ =3 Ce, (e [alMe (e, &) + 2 Mc (¢, &) ]
™: e (7.21)
+ Se, (e, birMs(e,6) + b Ms (¢, )]

HE = 3 Ce (e m)[25Me0(c,£) + a5 Mc (c,6)
TE: e (7.22)
+ Y Se, (e, bEMsD(c, &) + b Msi(c,£) |

The total magnetic and electric ficlds follow from Maxwell’s equations [7.1]:

1 (_éE™ _oE™
: H" = 1 7 (7.23)
™ jwpoh[u oy )
. w_ -1 (_oH® _oH™ 7o
TE: E —jmsohuau vav (7.24)
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where h = %\/ cosh’u-cos’v.

Accounting for the fact that the electric field is entirely reflected from the surface

of a conducting strip (E' =0) and comparing terms in the tangential electric

field expansion, the scattered field coefficients are:

_ M
T™: ay" =—a'“°MQ and bX* =-b

" Me(e.8,)

seat _ _ine MCE,?'(C, E.ia) and bscat = _binc MSS)'(C, E_;g)
" " Ms¥'(c,E,)

TE: a¥® =
" " Mcl'(c,&,)

_ inc Msg)(C,ga)
" MsiP(c,E,)

(7.25)

(7.26)

where & =1 and the derivative given in Mc(\'(c,£,) is calculated with respect

tou, i.e.

OMe(s)'(c,£) BE

Mc(s)y'(c,&,) = %

Thus, the fields in the final form are expressed as:

T™™:  E% =3 ™ Cey () fen(c )+ b S, (cm)fs, (c:8)
m=0 m=]
" TE: H = i a™ Ce_(c,77)gen (¢, &) + i b™ Se_ (c,7)gs, (¢, &)
m=0 m=1
where
1)
fc_(c,&)=Mc{(c,&) - —I\l\—:—g’%—; Mc
(1
5 (6:6) = M (0.) = B MY (5
(D
gea(0€) = Mc(c, &) - %)—g% Mc®(c,£)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)
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Ms'(c,£,)

MsW(c, &) Msi(c,£) (7.33)

g5a(c,&) = Ms()(c,&) -

It is noted that each term of the field series intrinsically exhibiis the known
singular field behaviour at the metal edges so that even a single term of the correct
symmetry is a good representation of the fields near to the feature. Having
obtained the general analytical description of electromagnetic waves in the
presence of the conducting strip, the procedure of linking these solutions with real

time-domain network will be now discussed.

7.3.2. Embedding into TLM model

The process of embedding the analytical solutions into a time-domain
numerical technique was first introduced in Chapter 3 and described in detail
- whilst considering a conducting wire placed centrally in the node in Chapter 4.
The study of the latter revealed that the key component of the mapping process
lies in constructing the admittance relationship between the port voltages and port
currents, or equivalently between the electric and magnetic fields, by selecting
a suitable set of tangential field solutions at the edges of the node. The node
containing the strip in the TM configuration is presented in Figure 7.2(a) showing
also the sampling points at the edges of the 2D TLM cell.

The outstanding task is to evaluate the tangential field components (H,,H,) and
(E\,E,) for TM and TE illumination respectively. To achieve this the infinite

expansion of fields is approximated to the four lowest order symmetrical

harmonics only m=-1,0,1,2, as discussed in Chapter 4.
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Figure 7.2. Thin strip geometry and field sampling points at the edges of the

“node (a). The equivalent electrical circuit of the non-standard TLM node (b)

Thus truncating the series in fields from Equations (7.28) and (7.29) results in:

rf(.';o (C,g) Ceo (C,'ﬂ)’
fe,(c.8) Ce,(c,n),
T™: E =4 7.34
= {fs,(c.8) Se (em)s (739

e, (c,€) Ce, (c,m)

(gco (C,g) Ceo(C,n),
gc,(c,) Ce,(c,m), (7.35)
gs,(¢.8) Se,(c,m),
8¢,(c,8) Ce,(c;n)

TE: H, =4

The remaining tangential field components can be derived from Maxwell’s

equations, for TM:

—jout, = L= a2, S 2 (7.36)
oy moy oo
and for TE:
jock, = Zx = Te T T (738)
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: SH, 6H,ou oH, ov
-jogE =—t=—2—+—L—
ox  ou ox  ov o&x

(7.39)

Restricting Equation (7.36), (7.37), (7.38) and (7.39) to the permissible harmonics

only yields:
~jopH, =
jopH, =
~joeE =
and

(du ov . )
—fc (qsu)ce (q,V)""""fC (q,“)ce' ( ,V),
By 0 0 By 0 o\d

%y“—fc'. (4,0 Cey(q,v) %fc.(q, w)Ce',(q,V),

g“;fs'. (q,0) Se,(q,) +-g—fs1<q,u>8en(q,v),

Ju ov

—f¢',(q,u)Ce,(q, V) +—fc,(q,u)Ce',(q,V),
\ay 2 2 ay 2 2 )
(Qug Ce.(a,v) + 2 fe,(q,u)C )
—fc' ’ +— ’ ! s >
= co(q,u) e, (q,V P co(q,u)Ce'y(q, V)
au ) av 1

'a"x"fc ,(q,u)Ce,(q,v) + Ex'fcl(qs u) Ce l(q’v)’

-gu—; fS'l (q, U) Se.(q, V) + % fSl (q’ u) Se’l(q’ V)’

du ov ,
\‘a_x' fc',(q,u)Ce,(q,v) + 'a_x‘fcz(cb u)Ce',(q, V)s)

3\
(gyﬂ gc'o(q,u)Cey(q,v) + gylgco(q,U)Ce'o(q,v),
gy“-gc'.(q,u) Ce,(q,v)+ %gc,(q,u) Ce',(@.V),

gy—‘igs'.(q,u) Se,(q,v) + gy!gsl(q,u) Se'(a, ),

du ov
—g¢',(q,u)Ce,(q, V) + —gc,(q,u)Ce',(q, V),
\ 6yg 2 2 By 2 2 )

(7.40)

(741)

(7.42)
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ou ov )
(5 gc'5(q,u)Cey(q, V) + agco(q, u)Ce'y(q, v),

u v
a £¢C, (q’ u)Cel (q’ V) + EX— g¢, (qs U)Ce'] (qa V)a
j(ery = (7.43)

&, ov '
"a"x"gs |(q’ u) Sel(q’ V) + 'a;gsl(qa u) Se ,(q,v),

o, ov
2 gc',(q,u)Ce,(q,v) + 5gcz(q,u)Ce'z q,v), )

where the derivatives ou R du ov and o are derived in Appendix D.

ox’'dy’ox oy

The use of the lowest order cosine-elliptic and sine-elliptic functions results in
a 4-port transformer which is identical to that presented in Chapter 4 for a single
wire embedded at the centre of the node.
The tangential field components can be identified using Equations (7.34), (7.35)
and (7.40), (7.41), (7.42), (7.43) depending on the port at which they are
evaluated, as indicated in Figure 7.2. The general admittance relationship

E=YH (7.44)
is constructed as before. The eigenvalue analysis yields a purely inductive or
a capacitive relationship between the tangential electric and magnetic fields at the
sample points in the limiting case of large wavelengths with respect to the node
size for ca;:h of the elliptic harmonics. In the equivalent circuit shown in Figure
7.2(b) the voltage on each of the stub transmission lines corresponds to ihe
amplitude of one of the eigensolutions and the stub is either open or short
circuited respectively to produce the required capacitive or inductive behaviour.
The transformer T simply maps the sampled field values onto the eigensolution

amplitudes. It is noted that stability is ensured as the new node corresponds to
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a passive electrical network with non-negative component values and that the

simulation time step remains the same as for the conventional TLM node.

The approach of embedding the tangential field solution into a time-domain
model was discussed in detail in Chapter 3 and repeated in Chapter 4 for the case
of a single conducting wire placed in the node. Therefore, for brevity is omitted at

this point. Instead, numerical results will be presented to validate the model

discussed above.

7.3.3. Numerical Validations
In this section, numerical results are presented to support the theory of
wave scattering from a small conductive strip presented above. The results for that

section were prepared in cooperation with Dr Y. Liu of the GGIEMR at The

University of Nottingham.

The numerical set-up for this experiment is shown in Figure 7.3. In this case, the
total mesh area is 60m by 60m, with the TLM node size of 0.05m and the width of
the strip is 0.04m. The problem is illuminated by é TM polarised plane wave

travelling in the +x direction. The total field is observed at a distance 0.3m in line

and in front of the strip node.

The AMF and RMF necessary to obtain the field solutions were calculated using

FORTRAN routines for computation of special functions [7.8].
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Computational window
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Figure 7.3. This strip simulation configuration

In Figure 7.4, the amplitude of the total field observed in front of the conducting

strip is plotted against frequency normalised to the maximum frequency in the
simulation (f,., =(2At)", At being the simulation time step). The results of the

multi-feature node with strip embedded inside are compared to both the analytic
solution as well as the simulation of a round cross section wire inserted into
a single TLM node presented in Chapter 4, where the diameter of the round wire
equals the width of the metal strip.

It is clear that the accuracy obtained with the TLM simulation of the strip model is
excellent over a wide range of frequencies. Furthermore, it is noted that the large
scale consequences of the different nature of the fields close to the wire and strip
are clearly apparent at even moderate frequencies. Attention is particularly drawn
to the fact that at higher frequencies the small difference in the phase of the
reflected field due to the fact that the front of the wire is slightly closer to the

observation point is detected, even though this distance is smaller than the node

size.
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Figure 7.4. Results of the thin strip simulations for the set-up from Figure 7.3

7.4. Fields Penetrating Through a Narrow Slot

In this section the elliptical coordinate system is used to describe the fields
penetrating through a slot in a zero thickness conductor. Similar to the analysis of

the strip presented above the analytical solution will be first derived, followed by

the results of numerical simulations.

7.4.1. Analytical Description

The study of the fields penetrating through a narrow slot is performed based
on the field derivation carried out for a conducting strip presented in the previous
section. The only difference in the description accounts for a new boundary
condition that requires the total electric field to be zero at the edges of the slot.
Thus, the total fields are described by Equation (7.28) and (7.29) for TM and TE

polarisations respectively, where the functions f (c,£) and g _(c,&) are now

defined with respect to the new boundary condition as:
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lim Mc{’(c,&,)

fe, (c,€) = Ml (c,£) - *‘-"‘”M Do L) Mc(c, &) (7.45)
lim MsQ(c,£)
fs,(c,&) = Ms{)(c,&) - f‘*"M e f)Ms‘.:’(c,:) (7.46)
lim Mc{'(c,£,)
ge. (¢,&) =Mc®(c,&) - j-:Mc(4,,(c 5 Me (¢, &) (7.47)
& m ’Da
lim Ms®'(c,£,)
Ms((c,&) (7.48)

1) {.—bm
85.(c,&) =Ms)(c,&) - Jin im M5 (0,2

and the derivatives of RMF Mc(s)>¥'(c,&,) are defined in Equation (7.27).

7.4.2. Mapping into TLM model

The TLM slot node is illustrated in Figure 7.5 with the field sampling points
shown. It is observed thét compared to the conducting strip, only two of the field
sample points of the TLM slot node are not on the conducting surfaces. Hence,
only a pair of Mathieu functions, the lowest order functions of each symmetry, is
used to interpolate the tangential field values at these points. Therefore, at points

corresponding to n=0 and n=7 the tangential fields are zero. Taking into
account the form of the functions f_(c,&) and g, (c,£) defined in Equations

(7.45) and (7.48), the remaining field components necessary to construct the
admittance relationship are obtained from Equations (7.36)-(7.43) by analogy to

the conducting strip case presented above.
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Figure 7.5. Thin slot geometry and field sampling points at the edges of the node.

7.4.3. Numerical Validations

A simple test is now conducted to verify the model of waves penetrating

through a narrow slot given in the previous two sections. The numerical set-up for

this experiment is presented in Figure 7.6.

Computational window
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Figure 7.6. This slot simulation configuration.

The simulation parameters used in this example are a total mesh area of 60m by

60m, where the TLM node size is 0.05m. The problem is excited by a plane wave

travelling in the +x direction and the fields are observed in line with and behind
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the slot at observation points 0.5m distant from the slot. The tests are carried out
for two slot widths, 0.04m and 0.01m.

40

Analytic solution
@ Slot by Full node TLM
—&— Slot by Multi-feature node

8

2

Shielding Effectiveness (dB)
)
1

0.00 0.05 0.10 0.15 f/fm 0.20

Figure 7.7. Results of the narrow slot simulations for the set-up from Figure 7.6

In Figure 7.7 the electric field that penetrates through a narrow slot is plotted

against normalised frequency expressed in the form of the shielding effectiveness.
The shielding effectiveness is defined as —2010g|E| , where E is the observed field

for unit amplitude excitation. To demonstrate how accurate the approach is,
results are also shown for the case where the slot is modelled without the special
slot node, simply by just using one full width conventional TLM node to model
the slot. It is seen that even for the 4cm wide slot (80% of the node width) the
special node model clearly provides more accurate results than when the slot is
quantised to a full node width. This effect is far more dramatic for the case of a

lem wide slot (20% of the node width). For that case the multi-feature node
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model still demonstrates extremely good agreement with the analytical results and

now the full node width approximation is 8dB in error.

7.5. Closing Remarks

In this chapter, the general approach for embedding small features in a
single cell of numerical method has been applied to objects described by an
elliptical coordinate system. Verification of the model for thin conducting flat
strips and narrow slots in conducting planes with analytical results proved the
approach to be extremely accurate. Very good matching is observed for
frequencies even beyond the range of TLM dispersionless operation (10 samples
per wavelength). The significance of this technique is that it allows substantial
savings in both run time and memory to be achieved over simulations that directly
resolve these features by fine meshing. This is of particular importance in the

realm of EMC where a wide range of physical scales is a common occurrence.
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Chapter 8

3D Simulations of Small Objects

In this chapter further modelling of the behaviour of small objects exposed
to electromagnetic fields is presentéd based upon the approach introduced in
.Chapter 3. The simulations here are dedicated to three-dimensional models
seeking to utilise a uniform coarse mesh throughout the problem space with a
small number of non-standard nodes containing the scatterers. As demonstrated in
Chapter 3 the backbone of the proposed technique is to identify a suitable set of
local field solutions and interface therh with a numerical network that represent
the empty space. It has been underlined that the set of local field solutions to -
Maxwell’s equations can be obtained by any means; the key possibilities being: (i)
analytical formulations of the local problem or (ii) numerical approximation to the
local fields. Both representations will be explored in this chapter. Initially, the
analytical approach is illustrated for the example of tilted conducting wires and
rings, each built from small linear segments of thin cylindrical wire. Numerical
analysis of the local fields is investigated for the canonical problem of a small
conducting cubic box embedded within a 3D TLM cell. In the final section, the
potential to apply the spherical coordinate system with our approach is studied

and validations are presented for the fields scattered from small conducting and

dielectric spheres.



Chapter 8 — 3D Simulations of Small Objects

8.1. Analytical Approximation to Local Field Solutions

In this section, the analytical approach is adopted to derive an appropriate
set of local field solutions to Maxwell’s equations within a 3D cubic cell
containing an arbitrarily routed conducting wire. The analytical description of the
wire embedded in 3D TLM was previously proposed [8.1], although there the
method was restricted to only a single, centrally placed infinitely long z-directed
wire. Here, a significant extension will be given to enable simulation of a wire
passing arbitrarily through the cell. This goal is achieved by applying a piecewise
linear segmentation of the wire in each cell of the 3D mesh. The canonical node

required to model such a piecewise linear approximation of the arbitrarily routed

wire is illustrated in Figure 8.1.

Figure 8.1. A piecewise linear wire segment within a single 3D TLM cell

Each non-standard node contains only a segment of straight wire which is
arbitrarily oriented with respect to the node and passes through two of the

bounding surfaces, as demonstrated in Figure 8.2.
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Figure 8.2. Unfolded cubic node with the wires passing through two faces (a),

face 1 with the wire description (b)

Similarly to the case of the centred, straight wire in [8.1], four different types of

modes have been utilised in the analytical solutions to represent the fields in the

vicinity of the wire segment

a)

b)

d)

Transverse Magnetic, TM, with E, #0, H, =0 and no variation in the z'

direction.

Transverse Electric, TE, with H, #0, E, =0 and no variation in the Z'

direction.

Transverse Electromagnetic, TEM, with E, =0, H,=0 and even

symmetry along z'-axis.

Transverse Electromagnetic, TEM, with E,, =0, H, =0 and odd symmetry

along z'-axis.

The modes listed above have already been discussed in Chapter 2, however a brief

summary is given below for the case of a single conducting wire.
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The total electric and magnetic field around the wire is described in wire

coordinate system (r',¢',z") as presented in Figure 8.1 and 8.2(b), and as derived

in Chapter 2 and also studied in Chapter 4 in section 4.1 these are:

for TM fields: E* = i Xo, ( J (k') - I, (kq2) Hn(:Z)(kor')J e

H;? (k,a)

n=—c0

HP(k,a)

N=—0

8.1)

for TE fields: H{ = -jy, Z X, [ T (k,t" _ Jalkea) Hf,z)(kor’)) e i 8.2)

where k, and a is the wavenumber in free space and the radius of the wire

" respectively. Assuming

£.(r) =T, (k") - Mﬁ)—ng”(kor')

H,” (koa)
and
' n Jhk ,
£,(t) =1, (k;t) ——ﬁ,(—zf—a(%H9><kor)
these fields take the form of:
for TM fields: EY =) X,f, (r')e™™
for TE fields: HY =—jy, D X ga(r)e™™

n=—-a0

(8.3)

8.4)

(8.5)

(8.6)

The remaining field components can be calculated from Maxwell’s equations

given in Appendix A in Equation (A.14) taking into account the properties of the

modes discussed in section 2.4 in Chapter 2:
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for TM mode: for TE mode:

E =0 H =0

E,=0 H,=0

H,=0 E, =0 8.7
__1 10E, g -_1 10H,

" jom, T 06 " joe, T 09

H¢=,1 OE, E¢=—,1 OH,

jop, or jog, Or

For TEM fields, introduced in section 2.4.3 in Chapter 2 the Maxwell’s Equations

can be written as follows:

OE ) oH
i H — —;. 1 E — __.
J(D}"'O r 5Z Jweo r 6z
. JE . o0H
H =-—t H =—=¢ 8.8

JoOHH, . Jog,H, oz (8.8)
OCE,) _2E, o(rH,) _oH,

or 0% or 0%

The TEM mode is a solution for transverse static fields and can be determined by
introducing a vector potential which is evaluated in the form of cylindrical

harmonics as:

A, (F)=("+X:r™") % (n$) 25 (k,2) (8.9)

sin sin
The coefficient X; is explicitly determined by the boundary condition that

requires tangential electric field be zero at the surface of the wire, i.e.

E,(r= a,0,2)=0.

201



Chapter 8 — 3D Simulations of Small Objects

Utilising Equation (2.51) shown in Chapter 2 in section 2.4.3 and Maxwell’s
equations for the TEM mode defined in Equation (8.8) the field components can
be identified. Those solutions are evaluated for the low order modes,

ie. n=-2,-1,0,1,2 aslisted in Tables 8.1 and 8.2.

From the discussion given in section 2.4 of Chapter 2 it is clear that the TM and
TE mode are selected under the condition that there is no variation of the field
along the z'-direction. As shown in the same section, the TEM mode provides
a link to the three-dimensional case where the z'-directed variation is considered
with the transverse wavenumber approaching zero. Such a solution describes the

static transverse fields on the surface of the wire.

Both, the even and odd solutions with respect to z'-direction are selected for the
TEM configuration. Compared to the modes derived for the two-dimensional wire
case presented in Chapter 4 an additional harmonic appears in the form of sin2¢.
This is because the wire is not placed at the centre of the cell and therefore this
solution is not zero at the sampling points as in the centred wire case. Overall,
a set of 20 modes is selected that provides a physically realistic, second order

accurate description of the fields around the wire offset from the centre of the cell.
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MODE| E, E, E,
™, fo(r') 0 0
TMj | fi(r')cos®' 0 0
TM](') f,(r')sin 0 0 0
TMy(q | f(r)cos26' 0 0
TMyg) | f,(r)sin 26 0 0
TEo 0 8(r) 0
TE e 0 g (r)cos®' g,ir )i sin@'
TE s 0 g,(r')sin@' g,(r )COSG'
TEse 0 g,(')c0s 26" 2—2('L)sin 20
TExs) 0 g,(r)sin 20’ -24(—lcos 20'
TEMY 0 0 %cos (koz')
() afa r'). . . af{a r , ,
TEM,,, 0 —E(F_ ;)sme cos(k,z') T(F+ ;)cose cos(k,z')
(® afa r . afa r'}). .
TEM\,, 0 ?(r -a-) 0s0'cos(k,z') 7(;4- ;—)sm 6'cos(k,z')
a r alfa ! Y
(e) ' J
TEM$), 0 [(?) T Jsm 20'cos(k,z') -27[ ;—) + (;) ]cosZG cos(k,z')
® a) r , af(a) (Y
TEMy,, 0 2r = -; cos20'cos(k,z') il + ( " ) sin 20" cos (k,z')
TEM®| 0 0 %sm(koz')
TEM;{) 0 ~2 (2 _Flsnersin(k afa r) e
i(e) v sin®'sin(k,z') ol ot feos sin(k,z')
o) afa ) afa 1 ). ,
TEM{), 0 ;(: " Jcose sin(k,z') 7(—; + ;) sin@'sin (k,z')
T M(o) a a : r ! . y . ' a a r' 2 R
EM§,, 0 eyl bl el by sin20'sin(k,z') 27 G c0s20'sin (k,z')
(® af(aY (rY affa rY
TEMS,, 0 > (F) (;—) cos20'sin(k,z') > (;) +(;— sin20'sin (k,z')

Table 8.1. A set TM, TE and TEM modes of electric field. The subscript s and ¢

denote sine and cosine function for angular dependence. For the TEM modes (e)

and (o) denote even and odd solution with respect to z.
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MODE jopH, jopH, jouH,
™, 0 f2(r) 0
T™ie 0 £,(r') cos @' '(") A Ging'
TMl(.) 0 f', (r')sin 0 -—f‘(LCOS 9'
T™ae 0 £',(r')cos 20' 2-ﬂsm 20’
.] ¥ M ' f (r \J
TMyy, 0 f',(r')sin 20 2—1-—cos29
TE, k2g,(r") 0 0
TEiq | kig,(r)cos®' 0 0
TEis | kg (r)sin®' 0 0
TEzq | kig,(r')cos20’ 0 0
TExg | K2g,(r)sin26’ 0 0
My 0 ko Ssin(k2) 0
e afa r . . afa r). .. R
TEM{?), 0 -k, 5;,-(; +:]cos6 sin(k,z') k, -27(-‘: -;-Jsme sin(koz')
o afa ). . . . afa r L. R
TEM;?) 0 -k, -2—;[;; + ;)sm 6'sin (ky2') -k, EF(F -2 cos 0'sin (kyz')
© alfa : ) a{fa ry
TEM ° 0 -k —1] - —_— 'sin(k.z' =112 g
2 k°2r'[(r') +(a) ]cosZG sin(k,z') k°2r'[( ] a) ]stB sin(k,z')
2 ' \2
TEM(E) - i 1 (L) H (P t - i 2 L ¢
o 0 ' o [[r’) +H o) fsin 20'sin(k,z') |-k, > r " cos 20'sin (k,z')
TEM® 0 ko %M(k#') 0
o afa r , . afa r}. . .
o a_r ) ' a ' ' '
TEM;)) 0 k°%(7+;) in 0 cos(k,z') -k, F(}{'-%ste cos(kyz')
2 \2 (]
MG 0 k-z-—((—) (5) ]mze-cos(kozv) k,,zi[ _) -5) ]s.nze-cos(k,,z)
4] 2 '
MO alfa (L 20 x2(2 ( ) .
TEM}), 0 k, >y [(r') 3 sin20'cos(k,z') |-k, ol cos20'cos (k,z')

Table 8.2. A set TM, TE and TEM modes of magnetic field. The subscript s and ¢

denote sine and cosine function for angular dependence. For the TEM modes (e)

and (0) denote even and odd solution with respect to z.
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It is further underlined that the selected set of modes is not the only one possible.
The general algorithm allows the use of a larger or smaller number of modes
provided that a sufficient description of the fields around the wire is given.
Intuitively, only low order harmonics should be taken into account. However
with 20 inodes and only 12 field sample points this system is underdetermined
and physical reasoning argues that the modal amplitudes determined are such that

the total energy stored in the cell is minimised.

Having obtained the solution for the total electric and magnetic field, the
algorithm for interfacing these fields with the numerical network will be
presented. However, the aim here is to provide more insight into the
implementation, rather than repeating the formulae given in Chapter 3.

As presented in Chapter 3, Equation (3.1), the total fields inside the cell are

expressed as:

E=YeX,=¢'X and H=YhX,=h'X (8.10)

where the vectors E, H consist of components:
E=(E,.E,.E,) H=(H,,H, ,H,) 8.11)

To start with, the fields of the 20 modal solutions are evaluated on each surface of
the cubic node at a number of quadrature points. It is clear that in order to utilise

the formulae defined in Tables 8.1 and 8.2, the cell coordinate system (X,y,z)
must be translated into the wire coordinate system (r',¢',z'). This is achieved by

using Euler’s rotation theorem [8.2] and is mathematically described by:
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r' x' X T,
Plelyl=l A y|+|T, (8.12)
z' z' z T

where A is arotation matrix and T = [Tx,Ty_Tz] is a translation vector. Next, the

point (x',y',z") is re-expressed in the polar coordinates (r',¢',z") [8.3].

Hence, each quadrature point on the surface of the cell is first re-expressed in
terms of the wire coordinate system in which the modal fields are easily
evaluated. At each face of the cell the tangential field is calculated and
represented in a local Cartesian coordinate system centred on the cell in order to

enable straightforward connection with neighbouring nodes.

Prior to the numerical evaluation of the integral appearing in the definition of

matrix u in Equation (3.4) of Chapter 3, a set of basis functions is also evaluated

at each point belonging to each surface. Due to the fact that the tangential fields
are evaluated in Cartesian system, one of the two unit vectors tangential to the
face is used to represent each basis function. These are:
£,=(%0,0), £,=(0.5.0)
foy = (0.5.0), £, =(00, 7)
£, =(%0,0), £,,=(0,0,%)
(8.13)
£, =(0.%,0), £,=(00,%)
f.=(%0,0), f,=(0,0,%)

.f.6x = (i’ 0’ 0)’ £6y = (O’ 37’ 0)
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Integration of the 20 modal solutions over the 6 surfaces with 2 basis functions

defined at each of them results in matrix u of size 12x20. This matrix describes

the relationship between 12 port voltages and 20 modal solutions as defined in

Chapter 3. The matrix u is then inverted in a generalised sense using for instance
the Singular Value Decomposition (SVD) method [8.5], to construct a matrix
g:g" from Equation (3.5). The fact that matrix w is treated as a general
in\./erse of matrix u allows to utilise an arbitrary number of modes that provides a
sufficient description of the field. As Equatiog (3.10) of chapter 3 indicates, the

expression Hg' xh' -dS needs to be evaluated which is performed numerically
s

[8.4],

* N » a
{Ig xb'-dS=Lii?°§(g xh")-R,a, (8.14)

where the normal vectors to the cell faces are defined in a rectangular coordinate

system as:

S,:0,=(0,0-1,  S,:n=(10,0),  S;:n,=(1,0,0) (8.15)
S,:n,=(-1,0,0,  S;:Ns=(-1,0,0), S, R = (0,0,1)

The integration defined in Equation (8.14) will result in the matrix
|:Hg' x QT ~dS] of size 20x20.
s
Finally, the eigenvalue problem, Equation (3.11) in Chapter 3
1=g”[ Hs.th'dS:IZ_V_K=ZX (8.16)
S

is solved relating the port voltages to the port currents by an admittance

relationship. At this point implementation of the admittance relationship is
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straightforward and the algorithm to link the solutions obtained with the adjacent
nodes of TLM algorithm was studied in Chapter 3 and therefore will not be
repeated here. Instead, in the next section the numerical validation will be

illustrated.

8.1.1. Numerical Validations

In this section, a number of simple test problems will be investigated to
demonstrate the accuracy provided by the new wire nodes. These new nodes are
used in conjunction with the conventional SCN node for the remaining problem
space. It is emphasised that as only relatively small number of the nodes in the
overall simulation are non-standard, the improvements in accuracy incur
negligible computational penalty. The results presented in this sub-section were

prepared in cooperation with Dr Y. Liu of the GGIEMR at The University of

Nottingham.

8.1.1.1. Scattering from Vertical and Straight Dipole

The first example involves a plane wave incident normally upon a straight
and slightly tilted wire dipole, which is shown in Figure 8.3. The incident pulse
has a Gaussian profile in time of RMS width 6.6 time steps. Initially both the
dipole and the vector of incident electric field are orientated in the z-direction and
subsequently the dipole is tilted slightly. In the case of a vertical dipole, the ends
of the dipole are positioned at the points (x =20m, y =20m, z=0.5m) and
(x=20m, y=20m, z=1.5m) , whereas for tilted wire these are

(x=20m, y=20m, z=0.5m) and (x=20.4m, y=20.2m, z=1.5m). A TLM
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node size,2A, of 0.1m is used and the wire radius is 0.01m. The computational
window applied is 60mx60mx3m and the simulation run-time is 512 time-steps.
The simulation region forms a TEM waveguide supporting propagation of a plane
wave and is truncated by short-circuit, open-circuit and matched boundary
conditions on the top and bottom, sides and ends respectively. It is noted that no
special treatment is required at the ends of the wire, a conventional TLM node is

simply connected to the last wire node.

Open circuit

Short circuit

X

Figure 8.3. A tilted thin wire dipole excited by a vertically polarised plane

Figure 8.4 shows the frequency dependence of the vertically polarised electric
field observed 0.2m (2 nodes) in front of the wire for the vertical and tilted

dipoles. The frequency is normalised to the maximum frequency of the TLM
simulation, i.e. f.. =(2At)™" and At=A/c, c being speed of light in vacuo. For

the vertical dipole the TLM results are seen to agree remarkably well with those

from a Method of Moments (MoM) solution [8.6], both in terms of the resonant

frequency and the shape of the curve.
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Figure 8.4. Amplitude of the scattered field observed in front of the wire for
vertical and tilted dipoles lying in the x-z plane versus the normalised frequency
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Figure 8.5. Variation of the resonant frequency with the angle of tilt in the x-z

plane
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The slight increase in the length of the tilted dipole compared to the vertical
dipole causes a drop in the resonant frequency and Figure 8.5 shows that this shift
compares very well with that predicted from the moments method. This is
significant as staircased approximations to tilted wires can often resonate at

a frequency corresponding to the total length of the staircase, not the true length

of the wire.

8.1.1.2. Scattering from a Circular Wire Loop

In the second example the circular wire loop shown in Figure 8.6 is
considered. The loop is placed in the plane y = 15m of a computational region
60mx30mx30m discretised by a TLM mesh of size 0.1m. The same boundary
conditions at the edges are assumed as described in the previous test. The loop has
a diameter of 1.2m and a wire radius of 0.0lm. A plane wave of a Gaussian
profile of RMS 6.6 time-steps propagating in the y-direction whose electric field

is polarised in the z-direction is incident on the loop and the back-scattered field

observed 0.2m in front of the loop.

m Open circuit

Short circuit

Figure 8.6. A circular wire loop excited by vertically polarised plane wave
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Figure 8.7. The amplitude of the scattered field for a circular wire loop versus
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Figure 8.9. Variation of the resonant frequency with the wire radius for a loop

diameter d=1.2m

Figure 8.7 shows the frequency dependent scattering from the loop and it is clear
that excellent results are provided by the new node. Figure 8.8 and Figure 8.9
show the dependence of the loop’s resonant frequency on the radius of the wire
and the diameter of the loop, relative to the reference case in Figure 8.7. In both

cases, agreement with the moments solution is remarkably close.

As seen, the analytical description of local fields combined with the general
procedure of embedding small objects in 3D TLM model gives very good
approximation in both cases presented above. In the next section, the procedure to

obtain the solutions to local fields by numerical means will be demonstrated.
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8.2. Numerical Approximation to Near Field Solutions

A canonical example of a small metal cube embedded into a coarse
numerical grid of 3D TLM will be presented in this section. The novelty here lies
in the pre-processing stage, in which the numerical approximation is utilised to
obtain solutions to the local fields.
Consider a small cubic metal box embedded in a single 3D TLM cell as illustrated
in Figure 8.10(a). It is desirable to seek a suitable set of numerical modal solutions
to Maxwell’s equations which sétisfy the boundary conditions on the surface of
the scatterer, in this case the conducting box. These solutions come from TLM
simulations with the problem space directly meshed by a fine grid, as shown for
two-dimensional cross-section position in xz-plane in Figure 8.10(b). The mesh
employed must be much smaller or at least, as in our case, of the same size as the
conducting cube under consideration. A number of such fine mesh TLM
simulations is carried out, each with different field illuminations. Consequently,
the problem is excited by a series of plane waves in either direction along each
coordinate axis for each of the two orthogonal polarisations in turn. For instance
a plane wave is used that propagates in the +z-direction with electric field
polarised in x-direction, or a plane wave travelling in +z-direction with electric
field vector polarised in the y-direction, etc. This gives a combination of 12 modal
solutions in total and for illustration purpose the analytical representation of these

plane waves is given in Table 8.3.
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Polarisation Directioq of | Electric Field Magnetic Field
Propagation Component Component

1 X -z E=E e H=—y,H e
2 X +z E=E e H= yH e
3 X -y E=E e" H= yH e
4 X +y E=E e’ H=—y,H, e
5 y -X E=E " H=-yH, e
6 y +x E=E e H= yH, e
7 y -z E=E e"** H= y,H_e"""
8 y +z E=E ¢’ H = -y, H ¢
9 z -y E=E_ " H=-y,H e’
10 z +y E=E_ e H= yHe'
11 z —x E=E, e H= yH e
12 z +x E=E e H=-y H, e

Table 8.3. Analytical representation of the 12 combinations of plane wave used to

illuminate the numerical simulation with fine meshes

For each of the possible excitation the fields, €, and h,, are recorded at the
surfaces 1 to 6 shown in Figure 8.10(a), at frequency much lower than 10% of the
maximum frequency available in TLM run. Those six surfaces at which the fields
are captured in turn form a coarse node in which the small cube will be modelled
in the main coarse mesh TLM simulation, see Figure 8.10(b) for details. The
output fields at a chosen frequency are next integrated over the surfaces in
a similar fashion to that presented above for the case when the local fields are
obtained analytically and the admittance relationship is constructed. The only
difference in the approach lies in the number of modal solutions, here 12 instead
of 20 modes. At the final stage using the admittance relationship and the scheme

presented in Chapter 3, the solution from the fine mesh simulations are embedded
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into the coarse TLM model. Both results, obtained with an explicitly (fine)

meshed node of the cube and the coarse node with small cube embedded within

are presented in Figure 8.11.

a) b) plane wave launch surface

z 6
y

x

1 — Scattered Field Region

2 — Total Field Region

3 — Coarse TLM node with object coarse node surface
embedded X (fields recording surface)

Figure 8.10. The experimental set-up: TLM coarse node with object embedded

(a) and computational window for local field pre-processing in xz plane (b)

Figure 8.11 shows the scattered electric field observed at three different locations
in front of the x-face of the conducting cube. In this particular case the incident
field has a Gaussian profile in time of RMS width 3.6 time steps. The simulations
are performed with mesh sizes of 0.3m for the coarse and 0.1m for the fine grid
with the calculation area consisting of 33 cells in each direction for the coarse and
99 cells in each direction for the fine mesh respectively. The observation points
are placed 13, 10 and 7 nodes for points labelled in Figure 8.11 as 1, 2 and 3
respectively for a coarse mesh and 40, 31 and 22 cells for a fine mesh. This

corresponds to a distance from the non-standard node of 4.05m for point 1, 3.15m

for point 2 and 2.25m for point 3 in both cases.
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Figure 8.11. Scattered electric field output at three different points in front of the

x-face of conducting cube for coarse and fine mesh

Good overall agreement is observed between the two solutions. The far field
solution exhibits less error in comparison with the near field results. To explain
this it is noted that there will be a contribution to the error from the different
dispersion characteristics of the two grid sizes. The small errors in a near field are
however compensated by a saving in computational resources. For that particular

configuration a run time for a large mesh was decreased by a factor of 20

compared to the fine grid simulation.

8.3. One Point of Integration for 3D Symmetrical Problems

To complete the description of 3D models of objects embedded in a single
cell, symmetrical problems will be now considered. In these scenarios, certain
simplifications can be adopted and only one point of integration utilised for local

field solutions, similarly to the single wire case placed centrally in a 2D cell. This
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is specifically shown for the example of wave scattering from spherical objects
such as conducting and dielectric spheres. In these cases a decomposition of EM

field into spherical modes is exploited to developed the spherical node’s scattering

parameters.

8.3.1. Spherical Modes

Prior to embedding small spherical objects the evaluation of empty non-
standard node in spherical coordinate system will be given for comparison.
Spherical modes are studied and the impedance relationship between the port
voltages and the port currents is evaluated. An expansion of electromagnetic field

can be written with reference to the spherical coordinate system shown in section

1 in Appendix E in the following form [8.7]:

E==3 3" (8pofinn +byyTine )™

n=l m=0

(8.17)

H= j—(i)(ﬁg,g(amﬁm +b,_ Mna )ej“"

where:

Mma = A, x 2 o z, (kr)P"(cos6) on m¢
cos

sin® (8.1 8

a, x —zn(kr)a—ae P™ (cos6) ::’: mé

and
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T = a >(n(n+1)

2. (kr) P (cos6) " mo
Sin .
u 1 a 0 m COS
a, x +ﬁa[rzn(kr)]£ P (cos0) Gin mé (8.19)

n 0
a.xi —
krsin6 or

[rz,(kr)] P (cos6) sin mé
cos

and k denotes the wavenumber, that in the present case equals k=k,, z,(kr)

represents a spherical Bessel functions of order n, P, denotes Legendre

polynomials with respect to the angle dependency with 8 and trigonometric
functions denote odd and even solutions with respect to the angle dependency

with ¢. The field weighting coefficients a and b are: a_, #0, b, =0 for TE

modes and b__ #0, a,, =0 for TM modes.

In order to derive the admittance relationship necessary to link the non-standard
node with the real-time numerical network, it is desirable to identify the tangential
“electric and magnetic field at each face of the cubical node enclosing the volume

of empty space. The tangential field components are formulated for both field

illuminations,
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:for TE modes:

E, = -ZZ(:ta —z . (kr) P“‘(cosO) m¢]ej°"

n=l m=0
€0

0 0 cos .
H - m jot
ZZ( m s 3y [rzn(kr)] » P (cos8) in m¢)e

JOR o mmo

o0 n

E, = ZZ(amn n(kr)—P'“(cose) m¢)ejwt

=l m=0
e,0

o= _ZZ( T krsm() 6r (kR)]P‘“(cosO) ¢) "

J(Dp' n=} m=0

and for TM modes:

o0 n

o ==2. Z( oy — [rz (kr)] P™(cos 6) m¢) el

n=] m=0

- _iZ(ib 2, (kn) P (cos6) " m¢)ej‘°‘

J(‘Op' n=} m=0

E‘ = —i Zn: (ibmn Krsin® 0 —[I'Z (kl')] Pm (COS 9) ¢)e.iwt

a

H =—ZZ( b,z n(kr)—P“‘(cosO) m¢Je"‘"

JCOP« n=] m=0

(8.20)

(8.21)

It is clear that in order to employ the scheme presented in Chapter 3 the infinite

summation needs be truncated to the lowest order harmonics and can possess only

discrete values at the points corresponding to the ports of standard SCN node

[8.8]. Due to the character of the problem it is intuitive to seek 12 modal

solutions that are symmetrical and also orthogonal, as required by the approach

presented in Chapter 3. Taking into account the values and properties of the

Legendre polynomials and values of trigonometric functions at the ports, listed in
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section 2 of Appendix E, twelve low order spherical modes are selected which are

illustrated in Figure 8.12.

TElo TMIO
a | e
-~ 7 | l { y
A —
TEj , TEn T™n T™n

Figure 8.12. A selection of spherical symmetrical modes of the lowest order; the

arrows represent the E-field direction

Using this selection the 12-port transformer, presented in Chapter 3, necessary to

decompose the incoming voltages into modal amplitudes is constructed as:

000000001111
001-1-11 000000
0000001-1-1100
11000000001 -1
111100000008
T 00001111000
I=050000-1-1110000 (8.22)
<1-11 100000000
-1100000000-11
000000-11-1100
000000O0O0-1-111
_00-11-11000000J
The values of admittances at the ports are evaluated as Y =—= which by

8-t
H, H,

decomposition of the series to particular terms results in:

221



Chapter 8 — 3D Simulations of Small Objects

2(r ju(kr))
TE: YE =L O (8.23)
" jour  j(kr) '
2 .
™: Y™ =X (ko) (8.24)

3 O .
Jou E[rj,.(kr)]

For an empty space node z (kr)= j,(k,r) and the admittances are evaluated at

r=A, where A is the radius of the TLM node.
Using a small value approximation to the Bessel function, detailed in section 3 of

Appendix E, it can be demonstrated that those admittances are, for the low order

modes, equal to:

YE- 2 yE =L%; Y™ = jme%; Y™ = jcoe% (8.25)

jop A jop
Implementing these values as a scattering relationship on each individual modal
line, given in Equation (3.21) in Chapter 3, the time delay from Equation (3.22)

can be estimated as:

YT —eTiomt At =py,A

2.
25 2
Y e A, = wyod s
LWEA
YM.e n At = L) (8:26)
: Yo
20e8 |
YlTM:e’iyo' At2=-2—§—A-
39,

where y, is the intrinsic admittance of empty space (€ =g,,]t =H,).
It should be clear that the lines representing TE mode must use a short-circuit
termination and the open-circuited stub is applied for lines corresponding to TM

modes. The time-delay for the whole non-standard node can be simplified and
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made exactly the same as SCN case by approximating the impedance of mode
n = 2 to that of line n = 1, analogously to the 2D symmetrical formulation for
conducting wires in Chapter 4. It was found that such approximation reduces
significantly the computations in the non-standard node without compromising
the accuracy. The admittances obtained and the 12-port transformer developed for
the non-standard node based on spherical coordinate system can be then

embedded into a time-domain TLM model by employing the approach presented

in Chapter 3.

8.3.2. Theory of Scattering from a Conductive Sphere

Having established the framework for symmetrical problems described in
spherical coordinate system, a simple test is carried out to verify the accuracy of
the technique. As a first example, a small conductive sphere is embedded in

a coarse mesh of TLM model as shown in Figure 8.13.

z 6
y

X

Figure 8.13. Small sphere embedded in a 3D TLM cell

The modal impedances are now modified by taking into account fields scattered

from the object and these are
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2 [r(3itkor) + ATy, (k1)) ]

H H 1 or
Y=t : 8.27
‘ Eo E, jour Ji(k,r) +A1TEY (ko) ( )
Y]TM = HO - H‘ - kzl' jl(kor) + A;I.My](kor) (8.28)

E. E, jop -a-a; [r (jx(kor) + AlTMyl(kor))]

for TE and TM modes respectively.

On the surface of the conducting sphere the total tangential electric field is forced

to zero, thus the scattered field coefficients are calculated as follows:

TE _ _ Ji(kqt)
= ——YI( = 8.29)
0
—|ri(k
A™ _ _ or [U]( of)]j - Ji(koa) +kga j', (kea) (8.30)
1 —a—[ry,(kor)] y,(ka) +ksay' (k,a)
or -

where ' denotes the derivative, i.e. and a is the radius of the sphere.

0
o(k,a)
Utilising a small value approximation to Bessel functions it can be shown that at

r=A the admittances are: (the complete derivation is given in Appendix E

section 4)
1 2A’+a’
v =prA A’-a’ (831)
A A®+22°
YlTM = jO)S EW (832)

It is noted that as the sphere radius a — 0, the values of the modal admittances
for a conducting sphere will approach the admittances for empty-space node
presented in Equation (8.25). It should be clear that the distribution of the modes

and the modal transformer remain unchanged compared to the spherical empty-
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space node. The theory derived above will be now validated for an example of
small conducting sphere inserted into a coarse 3D TLM node. The numerical

results will be verified against the analytical solution that is given below.

8.3.2.1. Analytical Description

The analytical description for the problem of plane wave scattering from the
conducting sphere will be briefly discussed in this sub-section. For detailed
information and full derivation the reader is referred to [8.3]. As demonstrated in
the reference provided the total field potentials can be formulated as:
A=Al +A'= &?‘Z[anjn(kr) +b,f1?(kr) | (cos6)

@ (8.33)
F'=F +F = sin¢ Z[anjn(kr) +¢, AP (kr) | Pl(cos6)
on

n=l

where incident field coefficients are a, =j™ 2n+1
n(n+1)

and J_ (kr),H?(kr) are

modified Bessel functions defined in Appendix E in section 5. The remaining

field components are related by the following sets of equations [8.3]:

B = (—6-22—+k2)A;
" jopelor

po 1 104 1 1 OF (8.34)
® joperordd ersind® 9o

_ 1 1 azA:+llaF,‘

joue rsin@ ord¢ er 00

2
HY = — (-_2-+k2JFrt
joue\ Or
2t
e 101 6A:+ 1 10°F (8.35)

° LW rsin® 8¢ = jope r Ordo

., 110A' 1 1 O'F
H=-———"7-"-F+
* pr 00  jopersin® ordd

E,

225



Chapter 8 — 3D Simulations of Small Objects

To determine the unknown coefficients b,,c, the boundary conditions at the
surface of the conducting sphere are enforced:

Ey(r=a,0<0<7,0<¢<2m)=0

(8.36)
Ey(r=2,050<m,0<¢<2m)=0
which requires that:
b =ma, a0 g, () 8.37)

—2——_ an =-a, =i
° H"z)(ka) ! H? (ka)
Finally the total electric field components, incident and scattered, used for
validation purpose in the following sections can be determined as:

incident electric field:

Ei =—jcos ¢i a,[J", (k) + J,(ke) [Pi(cos6)

n=|

E} °°S¢Z [(JJ (kr)sin 6P (cos8) - J (1«))31—(%19%92} (8.38)

n=|

B sm¢Z [J. (kr) 2222222 n(co;@) jn(kr)sinGP'},(cose)]

scattered electric field:

E! = -jcos ¢i b, [f{ "D (kr) + ﬁff)(kr)] P!(cos6)

o , 0
E;:c;’:bZl[jan'f,”(lq)smE)P'L(cose) ¢, H? (kr)2——= ":o; )] (8.39)

P (cos )
in®

E: = sin¢ Z[ b, A" (kr) 22— ¢, H? (kr) sinOP'L(cosG)]

=l

It is noted that a large number of terms used in the analytical expansion is taken to

guarantee the convergence of the series.

226



Chapter 8 — 3D Simulations of Small Objects

8.3.2.2. Numerical Validations

A simple verification test will now be provided for a small conducting

sphere embedded within a single TLM cell. The problem is excited by a plane

wave with Gaussian profile of 2.5 time-steps RMS width and travelling in the +z

direction with +y polarisation. The sphere radius selected for this simulation is

a=0.5A where the radius of the TLM node is A=0.05m. A perfect TEM

waveguide was created to support the plane wave propagation in a computational

region of 61x61x61 numerical nodes, i.e. a short-circuit boundary is assumed at

the surfaces 5,3; an open-circuit at 2,4; and a matched boundary is at the surfaces

1,6 from Figure 8.13.
1.004
_1.002
E
S
E 1.000 +
2
w
:
g 0998
w
= TLM  EXACT |
OP (6,0) —d— —
0896 op(-100) —o— —
OP(-20,0) —v— ——
0.994 : ; ; ; -
0.000 0.045 0.090 0.135 f/fmax 0.180

Figure 8.14. Total electric field calculated 5, 10 and 20 nodes on the negative z-

axis in front of the non-standard node containing a conductive sphere

Figure 8.14 shows the total electric field observed 5, 10 and 20 nodes on the

negative z-axis in front of the non-standard node containing the conducting

sphere. The frequency for the experiment is normalised against the maximum
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frequency of the TLM run, ie. f, = (2At)™. Very good agreement is achie;ved
between the analytical solution, labelled as exact, and numerical results for each
of the points presented, even beyond the 10% of maximum frequency, the limit
below which TLM is regarded as accurate [8.9]. Similarly to the single wi;e case
studied in Chapter 4, the curves representing far field solutions exhibit excellent
agreement. This is due to improved numerical resolution at the wavefront
curvature that enables the solution to converge rapidly. A slight error is observed
for a near field, however, with such weak scattering those errors are negligible

when EMC applications are considered.

8.3.3. Scattering from Dielectric Sphere

An extension to the problem of wave scattering from a dielectric sphere is
straightforward. It requires updating the values of admittances taking into account
a new boundary between air and a dielectric material. At such interfaces it is
necessary to maintain continuity of all the tangential electric and magnetic field
components. However, the interface considered here is generalised to the
boundary between two dielectric materials, one for a medium of €, = &,€,, and the
second €, =g, of the object inserted in the medium. This concept covers
a much greater range of engineering problems. By simply assuming the
permittivity €, =1 and €, =¢,, where ¢, is the dielectric constant of the sphere,
the result for the problem of wave scattered from a dielectric sphere placed in the

empty space medium will be generated.
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Thus, at the boundary r =a, where a is the radius of the sphere, the condition of

E4(E,,) =E,(E,,) and H,y(H,,) =H,,(H,,) needs to be satisfied. Expanding

those expressions using the field expansions given in Equation (8.20) and (8.21)

fdr TE and TM modes leads to:

for TE modes:

Allj,(ka)+Ayy, (ka) = ATj, (k;2) (8.40)

e oAb Al (0] = A S i) (841)

and for TM modes:

I(l-ai[r(Aj,‘ jn(kD)+ Ay, (k)] = kiAjf ai[rj,, k0], (8.42)
1 OT 2 I

L (Al k) + ALy, (o) = - ATi G 38.43)
!

where k,,k, are the wavenumbers in the dielectric materials and ,,n, are their

intrinsic impedances.

It should be noted that the Neumann function y,(k,r) has been excluded from the

solutions, since the fields are required to be finite and continuous and the function

y,(k,r) is infinite at r =0. Calculating derivatives in Equation (8.41) and (8.42)
yields:

Xl (A2 (5 (k@) + ki, (ki) + A2 (va(k@) + kay 'y (ki)

kymy (8.44)
= A:‘z (Jn (k,a) +k,aj 'n(kza))
A;] (Jn (k,a) +k;af, (k]a)) + A:l (Yn (k) +kay', (kla))
. : (8.45)
= SLAT (1, (2) + kot ()
2
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Dividing simultaneously Equation (8.40) by (8.44) and Equation (8.45) by (8.43)
and rearranging the normalised scattering coefficients are obtained in the form,

for TE modes:

I_A‘;_= k2n2jn(kza)(jn(kla)+klaj'n(kla))-klnljn(kla)(jn(k2a)+k2aj'n(k2a)) (8.46)
A::l kmn,y.(ka) (jn(kza)"‘kzaj'n(kza))"kznzjn(kza)(yn(kla)"'klay'n (k|a)) » .

for TM modes:

A _ kol (k) (i) Hesay ) -konidyOa) (k) Hadu k) g 0
A: kznljn(kza)(yn(kla)+klay'n(kla))—klnzyn(kla)(jn(kza)+k2aj'n(k2a)) .

Thus, the scattered field coefficients necessary to evaluate the admittances at the
faces of the node, as demonstrated in Equations (8.27) and (8.28) for TE and TM
modes respectively are:

TE A:l kznzjl(kza)(j](kla)+klaj'l(kla))-klnljl(kla)(jl(kza)+k2aj'|(kza))
I Aill klnlYI(kla)(jl(kza)+k2aj'l(kza))_kznzjl(kza)(yl(kla)+k|ay'l(kla))

™ A;I kln2jl(kla)(jl(kza)+k2aj'l(kza))—kznljl(kza)(j](k|a)+klaj'1(k1a))
l A} kznljl(k2a)(YI(kla)+klay'l(kla))-kanYI(kla)(jl(kza)+k2aj'1(kza))

Utilising a small value approximation to Bessel functions detailed in Appendix E

section 3 the above can be written as:

AT = 2 k’a® k., -k (8.48)
3 2k, +kym,

A™ =213 [_-———-kmz — ks, ] (8.49)
kn, +2km,

Substituting Equation (8.48) and (8.49) into Equation (8.27) and (8.28)
respectively and approximating the Bessel functions, the final form of the

admittances can be derived. For more details see Appendix E section 6:

YE =- 2 (8.50)
jop,A
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. Ae,(A*+2a%)+2¢ (A’ -2a%)
Y™ e 12 1l 8.51
L%y €,(A°-2a%)+€,(2A° +2°) @31

For the case of waves propagating in air and scattering from a dielectric sphere of

permittivity €, the admittances are:

2 . Ag (A’ +2a%)+2(A-a’
iou,A and Y™ = jog, = ( 3 3) (3 3)
Jou, 2 g(A"—-a)+(2A° +a’%)

Y]TE -

Having derived the admittances looking into the node centre for both TE and TM

modes, the numerical results will be validated againsf an analytical solution.

8.3.3.1. Numerical Validations

A verification test will be carried out to demonstrate the accuracy of the
above description when modelling scattering from a dielectric sphere using coarse
meshes. The simulations parameters are chosen as in the previous example when

conducting sphere were considered. The sphere consists of material of

permittivity € =10.

Figure 8.15 shows the total field output 5, 10 and 20 nodes in from of the non-
standard node with the dielectric sphere and the observation points are positioned
or; the negative z-axis. It is seen that much weaker scattering is observed when
compared to the conducting sphere case. Again the results in the near-field are
slightly more in error compared to the far-field results. However, very good

overall agreement is achieved between the analytical and numerical solutions.
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Figure 8.15. Total electric field calculated 5, 10 and 20 nodes on the negative z-

axis in front of the node containing a dielectric sphere of €, =10

8.4. Closing Remarks

In this chapter the approach presented in Chapter 3 that allows TLM nodes
to be designed in the presence of small-scale scatterers wholly or partially
contained within the volume of space the node represents, has been verified by 3D
practical tests. Identification of the parameters of the non-standard nodes require
local field solutions in the presence of the scatterers and, as was shown, those may
be obtained by either exact field analysis or by purely numerical means. Both
concepts were investigated. Analytical description of the tilted dipole and the wire
loop and numerical approximation to a small conducting cube was used to
demonstrate the power of the approach. In both cases excellent agreement with
reference results were obtained at a fraction of the computational effort required

to directly mesh the specific problems. Finally, a study of spherical geometries
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was given to present a quick and efficient implementation of our approach to

embedding objects analysed in spherical coordinate system.
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Chapter 9

Conclusions

The aim of the work presented in this thesis was to develop techniques that
would enable efficient and accurate description of fine features present in multi-
scale systems, such as EMC environments within large-scale numerical
simulations. The novel approach proposed here provides a stable and robust
algorithm that embeds groups of arbitrarily-shaped small objects clustered in close
proximity within a single cell of TLM method, or a combination of cells if
necessary. Hence, it allows large and highly-integrated platforms such as aircraft
and ships to be accurately modelled without utilising explicit fine meshing which
is prohibitive in terms of computational requirements. This chapter will review the
work presented in this thesis and draw conclusions and suggestions for

improvements where appropriate.

Electromagnetic field simulations of multi-scale environments have been proven
to be a very challenging task. The difficulty in modelling such systems is due to
the large volume of space over which small and large elements interfere and
interact with one another, all of them often being equally important from an

electromagnetic point of view. Traditional numerical approaches resulting in
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direct sampling of the problem space with the grid resolution required by the

smallest component lead to prohibitive computational demands.

The review of possible practical problems encountered in structures comprising
a variety of physical scales was given with the main focus being placed on EMC
applications. In the realm of EMC, the prediction of fields scattered from thin
wires is of great importance. Such features are fundamental components of a wide
range of antennas and are commonly used in cables and bundles that link and
provide communication between elements and systems. In order to familiarise the
reader with the impact that radiated or scattered fields from thin wires have on
surrounding systems, the necessary background electromagnetic theory was
provided. A detailed description of the field behaviour in the presence of such

cylindrical scatterers was also given.

Several different attempts were proposed in the past to model thin wires. These
were discussed and the pros and cons of their application to EMC problems were
highlighted. One of the particular techniques based on a sub-cell approach utilises
the so called macro-node [9.1-9.3]. In this concept the problem space is
discretised with a coarse mesh and the response of a large computational cell is
engineered to mimic the behaviour of the fine feature enclosed within it. This
results in a significant reduction in computational memory requirements and
simulation run-times, as the number of those non-standard nodes containing wires
is relatively small compared to the total number of spatial cells. The macro-node

approach is stable and robust. It utilises known analytical solutions for the fields
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around the wire to account for the presence of such a feature and is not based on
any empirical factors. However, before this work it was limited to embedding
only one wire that is placed at the centre of numerical cell which restricts its
applicability to modeling fine features clustered together. Such scenarios are often
encountered when modelling for EMC and would again necessitate the use of

relatively small grids.

Consequently, a novel extension to this approach was presented that removes the
limitations of its predecessor. In the proposed method no restriction is placed
upon the geometry of the object or its position and orientation within the cell. In
addition, the fine feature may be wholly enclosed within a single cell or pass
across several cells. A significant improvement was made so that the algorithm
accounts also for multiple objects/wires inserted into one TLM cell coupled by
their near fields with each other and the surrounding space. Furthermore, the local
field solutions around the features that form a key component of the algorithm, do
not have to be calculated analytically. They can alternatively be obtained from
numerical simulations or simply measurements thus ensuring the versatility of the
approach and its applicability to many engineering problems for which an

analytical solution is intractable.

Initially, the accuracy of the approach was verified for a two-dimensional problem -
of wave scattering from a single conducting wire placed centrally in the cell.
A comparison was made with analytical solutions, the multi-feature node yielding

very good agreement for the field intensity in both the near and far-field regions.
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Furthermore, the approach was applied to modelling a cluster of conducting wires
in a single TLM cell. Again, very good agreement was found with the exact
solution. As was shown this good accuracy even goes beyond the 10% of the
maximum simulation frequency, a limit that guarantees almost dispersionless
operation of schemes such as TLM [9.4]. The wire model presented here can be
widely utilised in many examples, for instaﬁce to model linear array antennas with
the flexibility of employing different mesh periodicity compared to the periodicity

of antenna’s elements.

Of great importance in EMC simulations is the modelling of wire bundles and
cables comprising conducting wires, dielectric rods and wires coated with
dielectric insulation. Examples of such features embedded in TLM cells were also
investigated and again very good agreement with the known behaviour of the
scattered field was found. As discussed, the approach allows use of a cell that
contains cylindrical structures of different material characteristics. This is
implemented by simply applying the appropriate boundary conditions at the
surface of the cylinders in the pre-processing stage. Similarly, losses can be

incorporated in the system as was demonstrated when a single lossy wire was

studied.

Models of conducting thin strips or narrow slots in conducting planes embedded
in a single 2D cell were also examined. Here, the fields in the vicinity of the
feature were decomposed into elliptical harmonics which were in turn used to

construct the admittance relationship between the magnetic and electric field
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necessary to connect the multi-feature node with the rest of the numerical grid.
The node with such features performed exceedingly well when validated against

analytical solutions.

It was also shown that not only EMC predictions can benefit from the advantages
the proposed technique offers. As presented, it was successfully employed in
photonics where the macroscopic behaviour of microstructure photonic band-gap
materials were easily estimated without the need to grade the mesh so that it
characterised in detail every single feature of the photonic lattice. This is
especially practically important when a high degree of integration of devices on

a single substrate is involved.

It is observed that the 2D models reviewed above were developed for EMC
applications, hence only second order accuracy was considered. However, for
certain areas such accuracy may not be sufficient. In this case the methodology
needs to be adjusted to include a higher order scheme. One possible concept for
achieving higher accuracy is to replace the traditional communication between the
nodes that is conventionally conducted through one point, with two points on each
edge of the 2D node. Hence, the new 2D node would consist of eight ports in
total. Such a configuration would allow incorporating higher order harmonics, up
to eight, and the near fields around the wires would be approximated by eight
points instead of four. This would increase the accuracy of the approach, however
at the cost of computational resources, as the number of variables stored per cell,

with or without objects inside, would double. Nevertheless such a trade-off may
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be profitable when better resolution is required and only a part of a large system is
analysed so that the volume of space that needs to be discretised is reasonably

small.

Another area where the approach could be employed is a modelling of materials
with complex frequency-dependent characteristics. As far as the geometry is
concerned, special attention is placed upon cylindrical nanowires [9.5] and the
phenomenon of surface plasmons [9.6] that are excited in response to applied
electromagnetic field whenever such nanoparticles are placed in closed proximity.
Preliminary calculations revealed that the admittances obtained from the general
eigenvalue problem representing relationship between the tangential electric and
magnetic field at the edges of the node possess complex frequency-dependent
characteristics. They are no longer simply proportional or inversely proportional
to frequency due to the material, silver for example [9.7]. Therefore the equivalent
circuit model is no longer valid and cannot be used to implement the admittance
relationship into the time-domain method. Instead digital filters [9.8] can be
utilised to enable the frequency-dependent characteristics of the admittances to be
embedded in TLM. In order to conduct such a process the admittance
characteristics have to be represented in a form of a Padé approximation [9.8].
Hence, the vector fitting technique [9.9] or Prony’s method [9.10] can be used to
identify the necessary poles and zeros and consti'uct formulae that can be applied

in time domain schemes by the means of Z — transform [9.8].
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The true potential and power of the approach was presented in 3D simulations.
Thin dipoles obliquely orientated to the nodal axes as well as circular thin wire
loops evaluated by linear piecewise approximation were considered. In both cases
excellent agreement with reference results were obtained. Not only are these
examples suitable test problems for the general approach, but also important
practical configurations in their own right. In both those tests the fields around the
features were still calculated using analytical expansion in terms of cylindrical
harmonics. However, as pointed out at the pre-processing stage, a numerical
approximation can be used to estimate such fields. This was shown for fields
scattered from a small cube. Very good agreement was ‘achieved between fine
mesh simulations and coarse mesh results. For that particular configuration the
run time for a large mesh was reduced by a factor of 20 compared to the fine grid
simulation. Finally, the possibility of embedding objects characterised by
a spherical coordinates was demonstrated. The results of numerical simulations of
field scattered from small conducting or dielectric spheres matched very well with

the analytical solutions, again well beyond 10% of the maximum frequency.

The 3D approach could be easily extended to account for multiple wires passing
through a cell as was done for the two-dimensional case. However, it should be
recognized that a number of independent wire-to-wire voltages will exist and that
these ought to be explicitly present in the algorithm to allow interfacing with
lumped circuit components. This is achieved by simply choosing sufficient
additional ports on the appropriate cell surfaces each of which represents an

independent local, quasi-static field that gives rise to inter-wire voltages. This
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would necessitate an increase in the number of basis functions £, on each surface
of the cell to remain consistent with the boundary conditions placed on the
tangential electric field around the wires and ensure continuity of the fields at the

interface.

In summary, this thesis presented a stable and robust approach to model sub-
wavelength features in a coarse grid simulation without placing any restriction on
the geometry or position of the object(s) inside the cell. The technique was

successfully implemented to many practical problems and the results verified

showing second order accuracy.
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Appendix A

1. Vector Formulae
VxVxA=V(V-A)-VA A1)

V-(yA)=A-Vy+yV-A (A2)

2.  Vector Differential Operations in Rectangular Coordinates
Assuming a rectangular coordinate system (x,y,z) and defining a scalar

function @ =®d(x,y,z) and a vector A =XA, +yA +ZA, the following can be

written.:
.00 .00 .00
VO=X—+y—+I— A.
xax+yay+zaz (A.3)
OA
v.a=98: %% 0A (A4)
0x 0dy 0z
oA, OA OA, OA 0A, O0A
VxA=xX z .Yty Xz |y L= A.S
* x[@y 62] Y[az ax] z[ax ay] (-3
oo v I |
Vo= + + A.6
ox! oyt o7 : (4.6)

VIA=IV?A _+§V'A +iIV’A, - (A7)
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3.  Vector Differential Operations in Cylindrical Coordinates

Assuming a cylindrical coordinate system (r,¢,z) ahd defining a scalar

function ®=®d(r,$,z) and a vector A=rA, +$A’ +2A, the following can be

written.;

r Or rdd 0Oz

16( o0) 18°® o'®
VD =m— | 1= [ e —
ror (r 6r] rop* oz’
20A, A} - 20A, A,). .
A 2 ¢ T 2 v ¢ 2
V2A=r(V Ar—;z——a‘;-——r?Ji-d)(V A. +r—za—¢—?—)+l(v Az)

r or r 0¢

4. Maxwell’s Equations in Rectangular Coordinates

(A.8)

(A9

(A.10)

(A.11)

(A.12)

In a homogenous, source-free and isotropic medium described via

rectangular coordinate system Maxwell’s equations are:

JH

VxE= —p—aT

CE, OE, __ OoH,
dy Oz ot
dE, OE,  OH,
oz ox | ot
J0E, OE 6H

y X - 4

x oy "ot

O
VxH =g
=5

6H, OH, E,
€

oy o0z ot
OH, OH, 0k,
oz ox ot
0H, 0oH =saE‘
ox 0y ot

(A.13)
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S.  Mazxwell’s Equations in Cylindrical Coordinates

In a homogenous, source-free and isotropic medium described via

cylindrical coordinate system Maxwell’s equations are:

VxE=-jouH VxH = joeE

7)) oH

l.a_EL__’=—j(,)p,Hr laHz - j(DSEr (A.14)

r oy oz r op Oz

JE, ©OE . 0H., o&H
_—r T H ——r _ z = ioeE
0z or JOHH 0z oOr 055

10 10E . ' 10 10H
~Z(rE,)--—t =-jouH ——|tH, )-~—= = joeE
For D) Ty gy oM, o (rH) -5 = oeE,

6. Jacobi-Anger Expansion

e = 37 ()T, (s)e (A.15)

N=—00

i
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1. Bessel’s function properties
I (2)=(-1)"] (2) forn=0,1,2,.... (B.1)
2.  Bessel Wronskian
0 D 1O, 0 _
1.2 WP @)~ HY ()1, () =
0 . 0 .
=J..(Z)"a;(h(z)-J'N..(Z))—é-Z-J..(Z)-(J..(Z)-J°Nn(2)) (B.2)

= —j(J, (Z)g—z-N..(z)—N,,(z)(—;ziJn (z)) = -jfz.

3.  Small Argument Approximation to Cylindrical Bessel’s Functions

. e

forn=0 J (2)= 27‘}1—1—]7 2 and N (z)=- (|n|1t n! %
: zZ

(B.3)

2

frn=0 J@=1-Z  and No(z)=%1n(yz/2)

4. A Derivation of Modal Admittances for a Single Wire

4.1. TM polarisation

Form Equation (4.61) for a TM polarised single wire the admittance

relationship can be formulated as follows.

( ™\
= kO J n (kor) + X;nMN n (kor) , where X;M [ J’n (koa)
jop, J, (koD + X "N, (k1) N, (k,a)

Utilising the small argument approximation to the Bessel functions detailed in the

section above yields;

forn=0
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1- kia’ -
™ _ 4 m(4-Kia)
0 - 2
2 In(yk,a/2) 81n(yk2a/2)
T

and
1,2, m(4- -ksa®) 2
=S %0 171 N
Y, =- 1 : 22 81n2(y£(0a/2) A
Jou, 1__koA n(4-kya%) Zln( K A/2)
4 8In(vka/2)n
—2k2A? In(yk,a/2) - (4 -k2a?)
1 4Aln(yk,a/2) _
jop, (4-k2A?)In(yk,a/2)-(4-k2a?)In(yk,A/2)
4In(yk,a/2)
1 —2k2A? In(vk,a/2) - (4-kia?
jopA (4-k2A?) In(vk,a/2) - (4 -k2a?) In(yk, A/2)
1 —2k2A? In(yk,a/2) -4 +kla?
jop,A 4In(yk,a/2)-k2A% In(vk,a/2)-4In(vk,A/2) + k2a® In(yk,A/2)
1 —2k2A? In(yk,a/2) -4 + k2a® _
jop,A 4In(vk,a’/2)~k2A? In(vk,a/2) - 4In(yk,A/2) + k2a? In(yk,A/2)
1 -2k3A?In(vk,a/2) -4 +kla’ 1 1

jop,A -41n(zy )+kj[a? In(yk,A/2) - A’ ln(ykoa/Z)] jou, Aln(A/a)

forn=0
(koa)'"I
m___ 2% w(ka)™
" 2"(n[-1)! 2% |n|t(n|-1)!
7 (k,a)"

and
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Y, =

k(A m(a)® k2" In|!

jore kA m(k,a)*  2V(n|-1)!
2njt 2 |n[in]-D! R
k(A - (k@) K,
1 2%(n]-11  2M(n)-11 @A
joms (kAP _ (k@)* 1 )
2Mnjt 2" nft ka)"
k&) k@) K,
1 2"(n|-Dik8)™" 2" (Jn]-1)! (k,A)™
jope (e A(keA) _ (kea)™ 1
2 n|tk,a)" 27 |n]t (k AY
k(z)]n|+1 ( A2[n[ + az[n|)
1 2%0n]-Dik, )™ 1 |n] A% +a)

1 2|n|(]n, ~1! 22"1' lnl '(ln, -D!in (koA)I“l"'l

jou, kglnl(Aﬂ“l_azlnl) _jmuo A (Azl"l_azl"l)
2" |n|1(k, )"

4.2. TE polarisation

i

Form Equation (4.62) for a TE polarised single wire the admittance

relationship can be formulated as follows.

__joeJ, (ko) + XTEN. (k,1)
Tk, T (kD) +XIEN' (K1)

Utilising the small argument approximation to the Bessel functions leads to:

forn=0
....l_k a
™2 " _ kot ko2 _ n(k,a)”
0 2 2 2 4
nk,a
and

, Where X

™ _ _ Ja(ked)
"N, (k)
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(koA)’ | mkoa)’ 2
_ joey Joke) +XoNoGkot) _ . I-= 4+ Inrk,A/2)
"k Tyt XEN ) Lieas ey 2
2 4 1A
’ ’ k2 (A% +a’ In(yk,A/2
jog, . 2 = jog, 2,2 4 )
___k2 (koa) 1 k2(a’-A?)
2 2 A A
. 4-K(A+a’ln(k,AID)) A oA
Jog, > il =~ OBy = =
2(a’-A%) ki(a’-A?%)
—joe 2A 1 2A

*ki(A?-a?) - jop, (A?-a?)

forn#0
( .2 )Inl-—l
i __ 27a[-1! | -1)! )™ m@™_ n (k@)™
" ] TM(a[-Dt 2Mpjt  [o[ial-1r 2
7lt(koa)|n|+l
and

Y = jog, I (kD)+XEN (ko)
Yok, T (kor)+XTEN' (kof)

(k,2)™ 2" (n]-1)!

( )ln] T
. zlnll |y oA I Iu(lnl_l)! A2 n(koA)lnl
108 -l 2In| |n|
kAT kg k@)™ 2%n]
*Mn|-1t Jaltfa[-D! 2wk, A
(ko)™ + (kp2) ™!
: 2" |n]1(k,A)"
jo

e (AT (oA — kg (k@)™
2In|(ln| 1)'(koA)lnI+l
k(2)|n| (A2|n| + a2]n])
2|1k, A
kglﬂlﬂ ( A _ azlnl) -
P ( nl -k, A)'"l"‘

JOE,

A (A% +a¥h
0 |nl (AZInl -a

2|"|)
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The input admittance of a transmission line of characteristic admittance Y, length
A and terminated by a conductance G is:

_yG+jYtan(ka) Y - jGtan(ka)
"7 Y + jGtan(kA) Y - jGtan(kA)

(C.1)
GY +jY? tan(kA) - jG? tan(kA) + YG tan?(kA)

=Y
Y2 + G tan’(kA)

For low frequencies, so that the argument of the tangent function is small, this can

be approximated to second order accuracy as:

2

Y, zG+than(kA)—j%tan(kA)

input

=G +jG tan(kA)(% - %) C2)

Y G
= JKAG| ———
G+) (G Y)



Appendix D

" The elliptical coordinate system is defined with reference to Figure 7.1 of Chapter

7 as:

d
X = 5 coshu cosv

d . .
y=-2— sinhu sinv D.1)
zZ=2

Form the above Equations the following can be formulated:

. 4x? . 4y?
2

Using the properties of trigonometric functions:

4x? 4y?
+ =1 D.3
d?cosh?*u  d%sinh’u (D-3)

Rearranging,

d?sinh*u+ (d? - 4x? - 4y?)sinh*u-4y* =0 (D.4)

One of the solutions to the quadratic equations is given by:

2 2 _ 52 2 _ 2_4 2 2+16 2d2
sinhu=\/4x +dy -d +‘/(d2 d24x y) +16y (D.5)
Define
) 2_ 2 2 _ 4.2 _-4u2)2 232
A___4x +4y“-d +\/(d2d24x 4y*)* +16y-d D.6)

Thus, Equation (D.5) is in the form:
sinhu=+JA (D.7
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Therefore the variable u is obtained as:

u=arcsinh\/—1§=ln(\/x+\/A+1) (D.8)
. L. Ju ou
The derivatives — and — are calculated as follows:
ox oy
gg=@g{x_( 1 1 1 )6A 1 0A (D.9)
0x OA Ox \JA+vA+l 2A 2JA+1)ox 2 JA(A+]) 8 '
du_oudA_ oA 0.10)
0y O0A dy 2,/A(A+1 oy '
where
240242 :
OA _4x | 4@ -4x’-4y')x (D.11)

ox  d' @J(d?-4x? —4y?) +16y°d’

2 2 2
?_é___iz_'_’_ 4y(d” +4x* +4y?) D.12)
Oy db @ (d? - 4x? - 4y?)? +16y4d?

From Equation (D.1) the following can be formulated:;

4x2 . 12 4y2
coshzu = m sinh“u = FE sinzv (D13)

Using the cosh?u -sinh?u =1 leads to:

4x? 4y*
- =] D.14)
d*cos’v d’sin’v (

This after some mathematical rearrangements yields:
d?sin*v +(4x’ +4y? —-d?)sin’v-4y* =0 (D.15)

One of the solutions to the above quadratic equations can be found as follows:

2 _ 2 _ 2 2 2 _ 3232 16 2d2
o \/d 4x* =4y +\/(4;d:-4y d?)! +16y D16

Define
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_d2—4x? —4y? +/(4x? +4y? - d%)? +16y°d?

B D.17
¥E (D.17)
4 Equation (D.16) can be written as:
sinv =B (D.18)
From Equation (D.18) the variable v can be calculated in the form:
v = arcsinvB (D.19)
. . OV ov
Thus, the derivatives — and — are found from:
ox oy
a_V = QXQE 1 6B (D 20)
ox 0B dx 2,/B(1-B) ox '
ov 0OvoB 1
A A D.21
0y OB dy 2:}B(1 - ay ( )
where
B _ 4x(4x* +4y’ -d%) _4x 0.22)
ox  d2\J(dx? +4yt —d%)? +16y° >
0B _ 4y(4x® +4y* +4d%) 4y (D.23)

8y  diJ(dx? +4y? —d?)? +16y°d* d
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Appendix E

1.  Spherical Coordinate System

2.  Possible Combinations of Spherical Modes.
The discrete values of angles at the points corresponding to the ports on
each of the 6 surfaces of the cubic TLM node.

S,:(0=m); S;:(0=7/2,6=0); S,:(6=n/2,¢0=7n/2);
S,:(0=7n/2,¢=m) S;:(0=n/2,¢0=3n/2); S,:(0=0)

(E.1)

The fields at the ports are either proportional to 4 or B, where A = __r_n_e_ P"(cos )
sin

and B= 2 P (cos0)
00

The values of 4 and B for the lowest order harmonics are given as:

A |m=0{m=1|m=2 B m=90 m=1| m=2
n=1 0 1 0 n=1 -sin0 cosO 0
n=2 0 3cosO | 6sind n=2 | -3/2sin20 | 3c0s20 | 3sin20
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It should be noted that

P'(x)=0 m>n

3. Small Argument Approximation to Spherical Bessel Functions

for x «1

. x" -1.3-5-....(2n-1)
~ d ~
W)~ T3S Gaep 2 X

4. Derivation of Admittances for a Conductive Sphere

3 k—‘f31+lka
e _ (ka) ™m___ 3 3° _<
Al - 3 ’and Al = -1 2k0a (koa)
k2’ k’a’ k,'a’
0
gL (51(ked) + ATy, (koA)) + KR (3 (ko) + ATy (o))
' jopA ji(koA) + ATRy, (koA)
1 (ka) 1 1 (ka) 2
~k,R -2~ +k Al -+ ———
1 (3 ° 3 (koA)ZJ ° (3 3 (kA
jouA 1, (k@) 1
k A 3 (k,A)
1 a
— 2+__
i J+ fiag) | ().
. 3\
jopA —k A( %_) jmuA (1 a

1 (2A3+a )
jopuA (A’—a’)

(E2)

(E3)
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ym - kA Ji(koA) + Ay, (koA)
jop j(k,A)+ A™y (K, A)+k Al j',(k AY+AMy' (koA) |
1
kA+Z (k ay ——
= joeA " 3 (k A)
—koA + k A
1 K, 3
-kAj1+2—
: 3 [ R3) . AN +2d°
= joeA " = 7 > =j0)8'§-———A3 a2
§k°A(1+2PJ+§k°A[1—4°}_{T]

5. Modified Bessel Function

A k
7. (kr) =krz,(kr) =kr /%zm,z(kr) =, /"T’zm,,z(kr) | (E.4)

where z, (kr) is a spherical and Z, (kr) a cylindrical Bessel function.

6. Derivation of Admittances for a Dielectric Sphere

For TE mode

TE = 1 (jl (klA) + klAj'l (klA)) + A;rE (yl(klA) + kAy'|(k1A))
: jop,A (k) + AITEYI(klA)
2 1
Ek A +ATE szz %kas + AlTE

I
" joma kA=A k21 - %ka’ ~AT

where ATE = Zkfa l:—mz——km—‘-], thus
3 2km, +k;m,

TE _ 2 17]1(2A3 +a’)+ kznz(A3 -a’) 2
' jopA k(247 -22%) +k;my (A + 227) " jomA
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For TM mode
™ _ KA ik,A) + AMy, (kA)
! jou, (j(kA) +kAj (k,A)) +AM(y,(k,A) + k,Ay' (k,A))
1 KA -A
= jog,A 5
gkfﬁ +A™

where A™ = —2—kfa’ l:_li“_z__kz_W], thus
3 k,n, +2km,

| AKn (A 428°) 4 2kmy (4 - 2)
'2 k(87 -2%) +km, 24° +2°)

Y™ =

= o Ag,(A'+22°) +2¢,(A’-2°)
S e (BT )+, A + )
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