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Abstract

Theoretical approaches to calculating electrostatic interactions between charged

particles of dielectric materials are presented and applied to diverse examples of

electrostatic behaviour. The accuracy of numerical predictions based on the mul-

tipole expansion used in calculations of the electrostatic force is discussed. Strict

corresponding convergence criteria are established, particularly when addressing

problems involving materials with high dielectric constants, large differences in

particles size and short inter-particle separation distances. An extensive study of

various types of electrostatic interactions is undertaken, with greater stress on

the circumstances in which rather counterintuitive events might exist, namely

the attraction between like-charged particles, generally dependant on certain

degrees of asymmetry in charge density and charge distribution on the surface of

the interacting particles, and the repulsion between oppositely charged particles,

which involves magnitudes of charge that are below some critical limit and the

presence of a sufficiently polarisable medium. Several examples addressing exper-

imental problems, notably the growth mechanism of aerosols in the atmosphere

of Saturn’s moon Titan, and electrostatic self-assembly processes, are included.

Many-particle dynamics simulations of electrostatically driven systems are finally

presented through some selected scenarios.
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Chapter 1

Introduction

1.1 An electromagnetic world

There are only four fundamental types of force known in nature. In order of

decreasing magnitude, they are: strong, electromagnetic, weak, and gravitational.

[1, 2] The first and third types are restricted to the nuclei of atoms and have

extremely short range, therefore being essentially encountered only in the study

of nuclear physics. The last one is quite familiar to everyone, being responsible

for governing the motion of celestial bodies, like planets, stars, galaxies, etc., and

also, in a more usual aspect, for many phenomena that are part of daily life, like

the fall of an apple from a tree, and the fact that we are bound to the ground,

and not suspended in space. It may not be evident to an uninformed person at

first, but the second type of force, i.e. the electromagnetic force, is responsible

for many other phenomena. Its existence is quite obvious when a lighting bolt

strikes, when a comb attracts small pieces of paper after being used, or even when

crackling sounds can be heard when one takes a shirt off. But the extent of the

electromagnetic force is, in fact, considerably more wide. Ultimately, such force

is largely responsible for the structure and behaviour of matter at many different

levels. [1, 3]



2 Introduction

A good part of the universe, at least the known world, is made of baryonic

(ordinary) matter [4] which, in turn, is composed of discrete constituents—the

atoms. These are basically formed by a positive nucleus, with a particular number

of neutrons and protons, and a negative cloud of electrons that surrounds the

nucleus.1 As suggested by its name, neutrons have no electric charge, but protons

and electrons carry one positive and one negative elementary charge, respectively.

Evidently, if the core of matter is made of particles that are electrically charged,

it is not by accident that effects of these charges affect the macroscopic world.

Gravitational force happens between any two bodies with mass, but it requires

the presence of massive amounts of matter to be significant, at least in one of

the interacting bodies. A good example would be the interaction of the Earth, a

massive body, with any other body in the presence of the former’s gravitational

field. Electromagnetic force occurs between electrically charged particles and,

differently, can be significant even when only small quantities of charge are

involved. More specifically, it is manifested through two components: the electric

force and the magnetic force. The first is always present where there are charges,

while the latter manifest itself through elementary particles with their intrinsic

magnetism, and also when charges are moving. At the atomic and molecular

level, however, the former is so dominant that the effects of the latter can be

considered to be negligible in most circumstances.

Of all fundamental forces, the electromagnetic is the only one that is com-

pletely understood at the present, being fully described by the branch of physics

named electromagnetism. [3] The electromagnetic theory was gradually developed

through the work of great names of science, such as Coulomb, Ampère, Faraday

and Ørsted, until Maxwell, in the 19th century, presented an unified and consis-

tent form of the theory, with the publication of a series of four papers entitled On
1An electron is in reality a lepton (therefore not a baryon), but it shall be considered here

as a constituent of "ordinary" matter, for convenience and because it has an insignificant
contribution to the mass of an atom. [4]
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Physical Lines of Force, [5–8] where its fundamentals were formulated in a set of

four partial differential equations, commonly known as Maxwell’s equations.2

The work that is subject of this thesis only relates to situations where distribu-

tions of charges are stationary and, for all intents and purposes, its applicability

is essentially restricted to length scales that are greater than the atomic one.

As a consequence of charges being stationary, consideration of magnetic force

is not required and, therefore, only one of Maxwell’s equations, namely Gauss’s

law, appears in the subsequent discussions. In addition, quantum effects do not

needed to be accounted for, since they are generally not relevant at the considered

length scales, or at least their disregard can be justified as a good approximation.

Electrostatics, a sub-field of the electromagnetic theory, provides then the basic

theoretical background necessary for the developed of the work presented in this

thesis, thus some of its relevant aspects are addressed next.

1.2 Electrostatics and polarisation of matter

The effects of static electricity are ubiquitous, impacting on many natural

phenomena and human activities. A few examples drawn from the first category

include the formation of clouds on Earth, [10, 11] the behaviour of volcanic ash,

[12, 13] the aggregation of dust particles in space, [14, 15] and the stability of

casein micelles in milk, [16] whilst in the latter category, electrostatic gas cleaning

such as in coal-fired power stations, [17] food processing, [18] powder coating,

[19] inkjet and laser printing, [20] and electronic ink, [21] can be included in

a long list of applications where particles are deliberately charged in order to

facilitate particular industrial processes or operations. [22] Underpinning all these

examples is the need of a quantitative understanding of electrostatic interactions

that exist between charged particles of widely varying composition.
2On a historical note, Maxwell ended up with not four but twenty equations. It was Oliver

Heaviside in Great Britain and Heinrich Hertz in Germany who combined such equations into a
set of only four equations via vector notation, during the two decades after Maxwell’s death. [9]
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It has been over two centuries since Charles Augustin de Coulomb published

his famous law, which fundamentally asserts that the force exerted by a point

charge on another is directly proportional to the product of their magnitudes,

and inversely proportional to the square of the distance between them: [3]

F12 = K
q1q2
h2

ĥ,

Coulomb’s law
(1.1)

where K = 1/ (4πϵ0) is the Coulomb’s constant, ϵ0 is the permittivity of free

space (vacuum), and ĥ is an unit vector directed from the first point charge to

the second one. Similarly, according to Newton’s third law, the force on the first

point charge due to the second one is given by F21 = −F12. Considering that the

electric field E generated by a point charge is spherically symmetric, it can be

seen that Coulomb’s law, in fact, follows directly from Gauss’s law:

∮
S

E · dA = E(h) · 4πh2 ĥ =
q1
ϵ0

=⇒ E(h) = K
q1
h2

ĥ ∴ F12 = E(h) q2 ,

(1.2)

where dA is the infinitesimal area element, and the integral is performed over a

spherical surface S of radius h, centred at the point charge q1.

However, interactions involving a charged finite-sized particle, i.e. a physical

body with an unbalance of positive and negative charges, cannot be, in general,

accurately described by a simple application of Coulomb’s law, the reason being

that, under influence of an electric field created by an external source, charges in

a finite-sized particle might be redistributed before assuming an static equilibrium

position. It’s only when and if such static configuration of charges is known that

Coulomb’s law can be applied.
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Particularly, the response of a certain material to an external electric field

E created, for instance, by a point charge or a collection of point charges in a

charged object, generally depends on the nature of such material. Accordingly,

most of ordinary matter can be essentially classified in two categories: conductors

or dielectrics, [3], where the main difference between the two is that, while in the

former electric current can flow freely through the material, in the latter charges

are bound to its constituent atoms. As an example, consider a solid object made

of gold placed in an electric field. As it is a metal, outer electrons are loosely

bound to its atoms, so they move under influence of the electric field until the

whole object becomes an equipotential, with E vanishing in its interior.

Dielectrics, in contrast, respond to an electric field in a more subtle way. In

fact, their response is closely related to the behaviour of each of its constituents

atoms. In an isolated state, an atom can be classically described as being consisted

of a positive nucleus surrounded by a spherical negative cloud of electrons. When

such atom is placed in the vicinity of a positive point charge, however, its structure

gets disturbed in a way that the positive nucleus is slightly displaced away from

such external point charge, as both exert a repulsive force on each other and,

oppositely, the electrons in the cloud are, in average, slightly displaced towards

the external point charge, as there is an attractive interaction between them.

The effective outcome of this phenomenon, as illustrated in Figure 1.1, is that

an electric dipole is created as the average centres of the positive and negative

charges in the atom no longer coincide with each other and, therefore, the atom

is regarded as being polarised. If the external point charge was negative, the

response would be identical, but oppositely symmetric. Regardless, an electric

dipole with the same magnitude and aligned in the direction of the field would be

observed in both cases. Accordingly, the polarisability α of atoms or molecules

is defined according to the strength of the electric dipole moment p induced on

them by an external electric field E, as follows: [23]
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p

E

(a) (b)

Fig. 1.1 (a) Classical view of a neutral and unperturbed atom, consisted of a
positive nucleus surrounded by a negative cloud of electrons. (b) Same atom,
polarised by an electric field E, created by an external positive point charge.
Note the creation of a dipole p, aligned and pointing in the same direction of the
electric field.

p = αE. (1.3)

For polar molecules, however, there are other contributions to the polarisability,

particularly from their intrinsic dipole, that results from the arrangement coupled

with differences in electronegativity of its constituents atoms.

Consider now an object made of a dielectric material such as glass, for instance.

When such object is placed under influence of an external electric field, each

of its constituents atoms gets polarised in the way described above, and every

corresponding tiny induced dipole, created across the bulk and extending to the

surface of the material, effectively adds up so that the object as a whole becomes

polarised, resulting in the creation of bound charges at the surface of the object,

as depicted in Figure 1.2. A convenient description of such effect can be given

in terms of the polarisation P, defined as dipole moment per unit volume, and

related to the applied electric field, E, as:3

P = ϵ0 χe E, (1.4)
3Provided E is not too strong.
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E

(a) (b)

bound charges

δ

δ

δ

δ

δ

δ

δ

δ

δ

δ

bulk

Fig. 1.2 (a) Illustration of a neutral and unperturbed object made of a dielectric
material. (b) View of the same object, polarised by an external electric field E.
Note that, while in the bulk (shaded in grey) the opposite charges corresponding
to adjacent dipoles tend to cancel each other out, at the surfaces there is no
cancellation, which leads to the accumulation of a special type of charge known
as bound charges.

where χe is the electric susceptibility, a dimensionless constant of proportionality

that effectively indicates the degree of polarisation of a material in response to

an electric field. The electric susceptibility is more commonly expressed in terms

of the relative permittivity, also known as dielectric constant k of the material:

k = χe + 1, (1.5)

where k is defined as the ratio between the absolute permittivity of the material

and the permittivity of free space, i.e. k = ϵ/ϵ0. A material that has a dielectric

constant equal to unity does not become polarised by an external electric field,

as can be inferred by substituting k = 1 in Equations 1.5 and 1.4, respectively. A

good example of a non-polarisable material would be vacuum4, whose dielectric

constant is, by definition, exactly equal to unity. An example of an approximately

non-polarisable material would be air under normal conditions, as its gaseous

constituents are sparsely dispersed. If a non-polarisable material is also neutral,

i.e. if it contains the same amount of positive and negative charges, it does
4Strictly speaking, vacuum is not a material, but any particular volume in space that is void

of matter.



8 Introduction

not respond in any way to an applied electric field, as no bound charges are

created and, consequently, the electric field propagates unperturbedly through the

material. Materials with low dielectric constants are generally nonpolar in nature,

getting only weakly polarised under influence of an electric field. Examples of

such materials include, oils, plastics, dust and wood. Conversely, materials with

moderate to high dielectric constants are generally of polar character, being

constituted by molecules with an intrinsic, permanent electric dipole moment.

When placed in an electric field, the already present dipoles become slightly

enhanced and also tend to align with such field, effectively polarising the material,

which then becomes more strongly able to counterbalance the magnitude of the

electric field through the extent of the material itself. Water, certain ceramics

and nitrogen-substituted compounds such as ammonia and hydrogen cyanide, are

just few examples of considerably polarisable materials, with moderate to high

dielectric constants.

It should be noted, however, that the dielectric constant is a bulk property

and when used in the context of a very small particle, especially molecules and

atoms, it may lose its significance. Instead, it can take the form of a parameter,

which reflects the total polarisability of the corresponding particle by treating it

as a sphere of dielectric constant k and radius a, as given by Clausius-Mossotti

relation: [23]

α =

(
k − 1

k + 2

)
4π ϵ0 a

3. (1.6)

For instance, the smallest object addressed in this thesis corresponds to a poly-

oxometalate particle; a spherical macromolecule with 1 nm of diameter and an

estimated dielectric constant k = 10. Accordingly, its corresponding polarisability

is equal to 93.7× (4πϵ0)10
−30 m3 according to Equation 1.6, a value relatively

higher than the usual tabulated polarisabilities, [24] which corresponds to smaller

chemical species.
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Early research on models to describe the interaction between charged particles

was aided by comparatively simple boundary conditions and driven by a desire

to better understand the emerging field of electrostatics. It was also focused

primarily on conducting spheres, deriving from the work of W. Thomson (also

known as Lord Kelvin). [25, 26] A complete solution to the interaction between

two conducting spheres did not appear until 1964, when Davis used a bispherical

coordinate system to derive an expression for the electrostatic force; [27] research

that has subsequently seen extensive application in the field of cloud physics. The

high dielectric constant of water means that a conducting sphere solution remains

effective to this date. [11] However, the vast majority of materials from which

charged particles are composed, for example, volcanic ash, [12, 13] cosmic dust

grains, [14, 15] printer toner, [20] food coatings, [18] colloids, [28] etc., are not

conducting and therefore require a formalism that is more universally applicable.

To this end, a solution to the more difficult problem of how charged dielectric

particles interact with one another has been sought for many years.

Recently, a series of new and more sophisticated solutions to the problem

of calculating the electrostatic interactions between charged particles, dielectric

or conducting, have been presented literature. In particular, a number of the

proposed solutions that target the dielectric particle interaction problem have

built on the early conducting sphere solution and used the image charge approach.

[29–36] Furthermore, a number of studies have alternatively adopted a multipole

approach, whereby each particle possesses a defined set of electrostatic multipoles,

the sum of which describe the total interaction force or energy. [37–40] An

advantage of this latter approach is that it can provide a physical picture of

the extent to which the charge on both particles is polarised through a mutual

interaction. When reduced to a point charge − charged sphere configuration,

these theories can provide the classical electrostatic multipole terms, i.e. ion −

induced dipole, ion − induced quadrupole etc.
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The work presented in this thesis starts with a deep investigation of the intrinsic

aspects and outcomes of the multipole approach, more specifically the proposed

two-body solution by Bichoutskaia et al., [37] where the theory is extensively

tested and developed further. Emphasis is given to the fundamentals of a two-

body electrostatic interaction, focusing on the development of a certain intuition

regarding the physics of the problem, that might possibly help in the understanding

of more complicated scenarios. The crucial treatment of the presence of a dielectric

medium (solvent) is introduced, making the theory suitable for treating not only

the restricted cases where interaction between charged particles happens in

vacuum, but also the vast majority of problems where the particles are immersed

in a medium. Finally, a solution to the more general problem of calculating

the electrostatic interactions between many particles, with arbitrary properties,

namely size, charge, dielectric constant and position in the three-dimensional

space, also immersed in a dielectric medium, is presented. Analysis of the many-

body theory starts with the consideration of systems containing a small number

of particles, where the fundamentals underlined for the two-body case can be

readily extrapolated. Larger systems are addressed afterwards, culminating in an

adaptation of the model as a force field for Newtonian dynamics comprising a

limited number of particles. Additionally, application of the theoretical methods

in the comprehension of experimental problems are given throughout the thesis,

at relevant points.



Chapter 2

Electrostatic interactions in

two-body systems

2.1 Theoretical background

This chapter builds upon the solution introduced by Bichoutskaia et al. [37] to

the problem of calculating electrostatic interactions between charged particles of

dielectric materials. The model [37] describes the electrostatic interaction between

a pair of spherical particles suspended in vacuum, with net charges q1 and q2

(contributed solely by the presence of free charges on the surface of each particle),

radii a1 and a2, and dielectric constants k1 and k2. The particles are assumed

to be electrically non-conducting, where electrical conductivity is defined as the

product of carrier mobility and charge density. [3] Therefore, a non-conducting

case implies either the absence of free charge in the system or, if free charge is

present, no mobility for the free charge carriers. For a homogeneous polarisable

material with a bulk polarisability described by the dielectric constant, Gauss’s

law states that the volume densities of free charge, bound (polarisation) charge,

and total charge (the sum of free and bound charge) are proportional. [3, 41] At

the surface of a dielectric particle, the density of free and total charge can be

described by a set of field discontinuities accounted by boundary conditions, which
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involve dielectric constants from both sides of the surface. It is assumed that the

free charge is uniformly distributed on the surface of a charged dielectric particle,

which corresponds to the lowest-energy configuration, and remains immobile

during interaction; the latter assumption is justified by the zero mobility of free

charge carriers. This condition also implies in an absence of free charge inside

the particle, so that only charge on the surface needs to be considered. The total

surface charge density σ on a particle can be written as a sum of contributions

from the bound charge density σb and the free charge density σf , i.e. σ = σb + σf ,

where the bound charge is a dynamic quantity that varies as a function of the

separation between the interacting particles, amongst other factors.

Figure 2.1 gives a geometric representation of the problem being addressed.

The dielectric constants (relative permittivities) of the particles are defined as

ki = ϵi/ϵ0 (i = 1, 2), where ϵ0 is the permittivity of free space (vacuum), and ϵi is

the absolute permittivity of particle i.

a1
a2

s

q1,k1 q2,k2

h

ε0

48.30

r1

β1 β2

1 2

ε1 ε2

r2

Fig. 2.1 A general geometric representation of two interacting spherical dielectric
particles suspended in vacuum. Dielectric constants, charges, radii, and the
polar angles of particles 1 and 2 are denoted as k1, q1, a1, β1 and k2, q2, a2, β2,
respectively. The centre-to-centre separation is defined as h and the corresponding
surface-to-surface separation is given by s = h− a1 − a2.

The electric potential at a designated point ri (i = 1, 2) due to the presence of

charge on the particles is represented through a multipole expansion in terms of

Legendre polynomials about the centre of each particle, resulting in the following

expressions for the potential inside and in the vicinity of each respective particle:
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Φ (r1) =
∞∑
l=0

A1,l
rl1

a2l+1
1

Pl (cos β1)

+
∞∑
l=0

∞∑
m=0

A2,m
(l +m)!

l!m!

rl1
hl+m+1

Pl (cos β1)

for r1 < a1,

(2.1)

Φ (r1) =
∞∑
l=0

A1,l
1

rl+1
1

Pl (cos β1)

+
∞∑
l=0

∞∑
m=0

A2,m
(l +m)!

l!m!

rl1
hl+m+1

Pl (cos β1)

for r1 > a1,

(2.2)

Φ (r2) =
∞∑
l=0

A2,l
rl2

a2l+1
2

Pl (cos β2)

+
∞∑
l=0

∞∑
m=0

A1,m
(l +m)!

l!m!

rl2
hl+m+1

Pl (cos β2)

for r2 < a2,

(2.3)

Φ (r2) =
∞∑
l=0

A2,l
1

rl+1
2

Pl (cos β2)

+
∞∑
l=0

∞∑
m=0

A1,m
(l +m)!

l!m!

rl2
hl+m+1

Pl (cos β2)

for r2 > a2,

(2.4)

where Pl are the Legendre polynomials, and Ai,(l∨m) (i = 1, 2) are the multipole

moment coefficients (expressions given below).

With the knowledge of the electric potential, the following standard boundary

conditions in the theory of electrostatics [3, 41, 42] can be imposed:
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i. The electric potential Φ, on the surface of each particle is continuous due to

the continuity of the tangential component of the electric field E:

1

ri

∂Φ

∂β

∣∣∣∣
ri=a+i

− 1

ri

∂Φ

∂β

∣∣∣∣
ri=a−i

= 0 ; (2.5)

ii. The normal component of the electric field is discontinuous due to the presence

of a net charge on the surface of each particle:

4πKσi =
∂Φ

∂ri

∣∣∣∣
ri=a+i

− ∂Φ

∂ri

∣∣∣∣
ri=a−i

; (2.6)

iii. The normal component of the electric displacement field D is discontinuous

due to the presence of a free charge on the surface of each particle:

4πKσf,i =
∂Φ

∂ri

∣∣∣∣
ri=a+i

− ki
∂Φ

∂ri

∣∣∣∣
ri=a−i

; (2.7)

where i = 1, 2 and the subscripts a+i and a−i respectively denote radial positions

in the outside and the inside of the surface of the ith particle. The electric

displacement field is related to the electric field as D = ki ϵ0 E = ϵi E.

Application of the boundary conditions (Equations 2.5−2.7) to the set of

equations for the electric potential (2.1-2.4) results in the following expressions

for the total surface charge density:

σi (β) =
1

4πK

∞∑
l=0

Ai,l
2l + 1

al+2
i

Pl (cos βi) for i = 1, 2 ; (2.8)

and the multipole moment coefficients:

4πKa1σf,1δl,0 =
A1,l

al+1
1

+
(k1 − 1)l

(k1 + 1)l + 1

∞∑
m=0

A2,m
(l +m)!

l!m!

al1
hl+m+1

(2.9)

for particle 1, and
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4πKa2σf,2δl,0 =
A2,l

al+1
2

+
(k2 − 1)l

(k2 + 1)l + 1

∞∑
m=0

A1,m
(l +m)!

l!m!

al2
hl+m+1

(2.10)

for particle 2. The complementary expressions for the multipole moment coeffi-

cients (Equations 2.9 and 2.10) account for the mutual polarisation experienced

by the two interacting particles as a function of their dielectric constants (k1 and

k2), radii (a1 and a2), charges (q1 and q2), and the centre-to-centre separation, h.

The electrostatic force due to the presence of a total charge on the surface

of each particle is calculated from a generalisation of Coulomb’s law for point

charges and is given by

F12 = K

∫
dq1(r1)

∫
dq2(r2)

r1 − r2
|r1 − r2|3

, (2.11)

where r1 and r2 are position vectors on the surface of each respective particle,

dq1(r1) and dq2(r2) are the corresponding charge elements, and K is the Coulomb’s

constant. The first integral in Equation 2.11 takes into account the total charge

residing on particle 1 and the second integral is the electric field generated by the

total charge residing on particle 2. By symmetry and according to Newton’s third

law, an equivalent expression, F21 = −F12, would take into account the total

charge residing on particle 2 and the electric field generated by the total charge

residing on particle 1. Throughout this thesis, it has been adopted the convention

that a negative magnitude of the force denotes an attractive interaction and a

positive magnitude denotes a repulsive interaction.

Integration of the total charge (Equation 2.8) over the surface of each particle

in Equation 2.11 results, after futher mathematical developments, in the following

analytical expression for the electrostatic force:



16 Electrostatic interactions in two-body systems

F12 = K
q1q2
h2

+

(
−q1

∞∑
m=1

∞∑
l=0

A1,l
(k2 − 1)m(m+ 1)

(k2 + 1)m+ 1

× (l +m)!

l!m!

a2m+1
2

h2m+l+3
− 1

K

∞∑
l=1

A1,lA1,l+1
(k1 + 1)(l + 1) + 1

(k1 − 1)a2l+3
1

)
,

(2.12)

which gives a simple and well-behaved solution for the electrostatic force between

two charged polarisable particles as a function of the input parameters of the

system, namely the particles’s dielectric constants, radii, (given free) charges, and

the centre-to-centre separation. The first expression in Equation 2.12 corresponds

to Coulomb’s law and, therefore, accounts for the force due to the uniformely

distributed free charges on the surface of each particle. The second expression

(inside parentheses) in Equation 2.12 derives from the multipole expansion of the

electric potential, being consisted then of an infinite series of multipole terms,

that accounts for the contribution polarisation makes to the overall electrostatic

force. This second expression is always negative and, consequently, contributes as

an attractive component of the force. If the particles are non-polarisable, i.e. in

the limit of k1 = k2 → 1, the sum of the multipole terms in Equation 2.12 goes

to zero, so the interaction is naturally and fully described by the first term, i.e.

Coulomb’s law. If the particles have dielectric constants that are greater than

unity, however, then the attractive multipole terms gain in magnitude, weakening

the repulsion between the particles if these are like-charged, or strengthening the

attraction if the particles are oppositely charged. As presented, the formalism

[37] is able to treat and differentiate a broad range of dielectric materials, ranging

from oils (k ≈ 2) through to water (k ≈ 80), and on to particles of metallic

character (k & 1000). At the limit l = 0, Equation 2.12 is reduced to represent the

electrostatic force between a charged polarisable particle and a non-polarisable

particle (or a point charge), and if taken a step further with q2 = 0, the following
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classical textbook [43] expression that describes the attraction between a point

charge (i = 1) and a neutral polarisable particle (i = 2) is obtained:

F12 = K
q21
h2

∞∑
m=1

(1− k2)m (m+ 1)

(k2 + 1)m+ 1

a2m+1
2

h2m+1
. (2.13)

Since Equation 2.12 contains an infinite series, if at least one of the particles

is polarisable (ki > 1, where i = 1 ∨ 2), only an approximate solution to the

problem can be obtained. As the series is convergent, then in practice it only

needs to be evaluated to an upper bound N , that fulfils a determined convergence

criterion, so that Equations 2.9, 2.10 and 2.12 can be rewritten as

4πKa1σf,1δl,0 =
A1,l

al+1
1

+
(k1 − 1)l

(k1 + 1)l + 1

N∑
m=0

A2,m
(l +m)!

l!m!

al1
hl+m+1

, (2.14)

4πKa2σf,2δl,0 =
A2,l

al+1
2

+
(k2 − 1)l

(k2 + 1)l + 1

N∑
m=0

A1,m
(l +m)!

l!m!

al2
hl+m+1

, (2.15)

and

F12 = K
q1q2
h2

+

(
−q1

N∑
m=1

N∑
l=0

A1,l
(k2 − 1)m(m+ 1)

(k2 + 1)m+ 1

× (l +m)!

l!m!

a2m+1
2

h2m+l+3
− 1

K

N∑
l=1

A1,lA1,l+1
(k1 + 1)(l + 1) + 1

(k1 − 1)a2l+3
1

)
,

(2.16)

respectively. Once the input parameters of the system are given and the multipole

moment coefficients (Equations 2.14 and 2.15) determined, the electrostatic force

between two interacting spherical particles can be straightforwardly obtained

through Equation 2.16. A solution based on matrix algebra for efficiently com-

puting the multipole moment coefficients (Equations 2.14 and 2.15) has been
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developed and its details are presented in Appendix A, along with an assessment

of the performance of the computer program written in the implementation of

the model.

An alternative solution based on the same considerations underlined above,

but derived using the bispherical coordinate system, which makes it suitable for

treating spherical particles and planar surfaces (but not point particles), has

also been developed [38]. It has been proved later, though, that this approach

does not converges when free charge is imputed to a plane and that, in virtually

all other situations, it converges more slowly than its counterpart solution, [37]

based on the spherical coordinate system. Nonetheless, this alternative solution

stands as the most indicated for calculating the electrostatic interaction between

a charge spherical particle and a neutral planar surface.

2.2 General numerical results

2.2.1 Electrostatic force

Next it is presented a series of cases where it is investigated how the electro-

static interaction between a pair of charged particles can be influenced by the

value of their dielectric constants. In all these initial calculations the various phys-

ical quantities are considered to be dimensionless, for simplicity. Consequently,

Coulomb’s constant has been replaced by unity.

The first example concerns a case where the first particle carries a positive

charge and the second particle is neutral, such that the existence of an electrostatic

interaction depends upon the neutral particle being polarisable. As shown in

Figure 2.2(a), when the particles have a dielectric constant equal to unity, i.e.

when they are non-polarisable, no bound charges are induced, especially on

the neutral particle, so there is a complete absence of electrostatic interaction.

However, as the value of their dielectric constants increases, i.e. as the particles

become more polarisable, bound charges are induced, and the interaction becomes
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progressively more attractive. Fundamentally, the electric field created by the

positive free charges on the first particle induces the appearance of negative

bound charges on the second particle, particularly on the side that is adjacent

to the former, as shown in Figure 2.2(b). Since the second particle is neutral,

its total charge must remain zero, hence positive bound charges emerge on the

side that is farthest from the first particle. As it is an iterative process, the

electric field created by the induced bound charges on the second particle also

polarises the first particle, which then becomes more positively charged at the

end closest to the neutral particle. The ability of the particles to be polarised

is in practice, then, translated to an effective displacement of opposite charges

towards one another and, similarly, an effective displacement of like charges away

from one another, so the overall effect is that, when all charges on the surface of

each particle are integrated and each pairwise interaction computed, the total

electrostatic force becomes attractive.
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Fig. 2.2 (a) Plot of the electrostatic force F as function of the surface-to-surface
separation s for a case of charged particle − neutral particle interaction. The first
particle has a nominal charge of +10, whilst the second particle is neutral. The
two particles are equal-sized, with a nominal radii of 1 and each curve corresponds
to a distinct value of the particles’s dielectric constants, k1 = k2. (b) Plot of
the total surface charge densities σi (i = 1, 2) as function of the polar angles
βi, corresponding to the curve where k1 = k2 = 20 and s = 0.1. Inset shows a
geometrical representation of the problem, with the total surface charge density
(charge per unit area) mapped out for each of the particles. Blue tones denote
positive charge densities, and red tones denote negative charge densities.
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The second example addresses a case where the particles are oppositely charged.

As shown in Figure 2.3(a) when the particles are non-polarisable (k1 = k2 = 1), the

electrostatic interaction is always attractive and described entirely by Coulomb’s

law. In this particular example, attraction is due to an opposite-charge interaction

between the positive free charges on the first particle and the negative free charges

on the second particle. When the dielectric constants of the particles become

larger than unity, bound charges are induced on the particles in a manner similar

to the case depicted in Figure 2.2, as can be seen from Figure 2.3(b), such that as

the value of k1 = k2 increases, the interaction becomes more attractive. Here, the

practical effect of polarisation is then to enhance the already existing attractive

interaction between the oppositely charged particles.
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Fig. 2.3 (a) Plot of the electrostatic force F as function of the surface-to-surface
separation s for a case of opposite-charge interaction. The first particle has a
nominal charge of +10, whilst the second particle has an opposite charge of
-10. The two particles are equal-sized, with a nominal radii of 1 and each curve
corresponds to a distinct value of the particles’s dielectric constants, k1 = k2. (b)
Plot of the total surface charge densities σi (i = 1, 2) as function of the polar
angles βi, corresponding to the curve where k1 = k2 = 20 and s = 0.1. Inset
shows a geometrical representation of the problem, with the total surface charge
density mapped out for each of the particles. Blue tones denote positive charge
densities, and red tones denote negative charge densities.

In the third example, a case where the particles are like-charged is investigated.

Figure 2.4(a) shows that when the particles are identical, which includes a

consideration of the magnitude and sign of charge, the electrostatic interaction

will always be repulsive, no matter how polarisable the particles are. Polarisation
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effects, in this case, merely serve to weaken the electrostatic repulsion between

the particles, so as the value of k1 = k2 increases, the magnitude of the repulsive

force decreases. Since such particles have equivalent electrostatic properties

(they are identical), there exists a balance between the mutual repulsive and

polarising effects they exert on each other and, as a result, the particles present

mirror-symmetric surface charge distributions, as illustrated in Figure 2.4(b).
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Fig. 2.4 (a) Plot of the electrostatic force F as function of the surface-to-surface
separation s for a case of like-charge interaction. The two particles are identical,
having a nominal charge of +10 and a nominal radii of 1. Each curve corresponds
to a distinct value of the particles’s dielectric constants, k1 = k2. (b) Plot of
the total surface charge densities σi (i = 1, 2) as function of the polar angles
βi, corresponding to the curve where k1 = k2 = 20 and s = 0.1. Inset shows a
geometrical representation of the problem, with the total surface charge density
mapped out for each of the particles.

Interestingly, it can been seen from the fourth example that, in the case of

like-charged particles, a rather counterintuitive effect can be achieved by the

introduction of asymmetry in one of the parameters of the particles, namely

the given free charge. As depicted in Figure 2.5(a), two times more charge

has been assigned to the second particle, compared to the first one, such that

they now have different surface charge densities. As in the previous case, when

the particles are non-polarisable, the electrostatic interaction can be described

entirely by Coulomb’s law. Similarly still, as the value of k1 = k2 increases, the

polarisation effects start to weaken the electrostatic repulsion between particles

but, as the dielectric constants of the particles reach a particular value (in this
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case, k1 = k2 ≥ 20), the polarisation effects become strong enough to overcome

the Coulomb repulsion. Equivalently, the multipole terms become larger than

the monopole term (Coulomb’s law) in Equation 2.16, which results in the onset

of an overall attractive interaction at short inter-particle separation distances,

even though the particles are like-charged. As the second particle has the highest

charge density, it is the first particle that gets polarised in a way that negative

bound charges are induced on it, specifically on the side that is closest to former,

and not the contrary, as suggested by Figure 2.5(b).
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Fig. 2.5 (a) Plot of the electrostatic force F as function of the surface-to-surface
separation s for a case of like-charge interaction, where it exists an asymmetry in
the given free charge. The first particle has a nominal charge of +10 while the
second particle has a nominal charge of +20. Both particles have a nominal radii
of 1, and each curve corresponds to a distinct value of the particles’s dielectric
constants, k1 = k2. (b) Plot of the total surface charge densities σi (i = 1, 2) as
function of the polar angles βi, corresponding to the curve where k1 = k2 = 20
and s = 0.1. Inset shows a geometrical representation of the problem, with the
total surface charge density mapped out for each of the particles. Blue tones
denote positive charge densities, and red tones denote negative charge densities.

Attraction between like-charged particles can also be achieved by introducing

another sort of asymmetry, this time regarding the radii. In the case illustrated

in Figure 2.6, the particles are equally charged but differ in size, with the second

particle being twice as large as the first one. In a similar manner to the previous

case (Figure 2.5), it can be seen from Figure 2.6(a) that, at sufficiently short
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inter-particle separation distances, an attractive regime can occur if the dielectric

constants of the interacting particles are at least equal to 20. Since it is the

first particle that has a higher charger density in this example, for it bears the

same amount of surface charge as the second particle, but smeared over a smaller

surface area, it is the latter that gets polarised in a way that negative bound

charges are induced on the side that is closest to former, and not the contrary, as

suggested by Figure 2.6(b).
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Fig. 2.6 (a) Plot of the electrostatic force F as function of the surface-to-surface
separation s for a case of like-charge interaction, where it exists an asymmetry
in size. Both particles carry the same nominal charge of +10 but the second
one is two times larger than the first, with a nominal radius of 2. Each curve
corresponds to a distinct value of the particles’s dielectric constants, k1 = k2. (b)
Plot of the total surface charge densities σi (i = 1, 2) as function of the polar
angles βi, corresponding to the curve where k1 = k2 = 20 and s = 0.1. Inset
shows a geometrical representation of the problem, with the total surface charge
density mapped out for each of the particles. Blue tones denote positive charge
densities, and red tones denote negative charge densities.

It can be noticed in all of the examples discussed above that the various force-

separation curves converge at large surface-to-surface separation. The reason being

that induced multipoles, namely the dipole, quadrupole, octupole, etc., diminish

in magnitude more rapidly than the permanent monopole, as the separation

between particles increases. Whilst the Coulomb (monopole) contribution to the

force is inversely proportional to the square of the distance between interacting

particles, as described in Equation 2.16, the multipole terms have higher inverse

orders of relation with this variable. As a consequence, polarisation effects are only
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significant at short inter-particle separation distances and, therefore, it can be

inferred that the dielectric constant of a particle will only have an important role

in a two-body electrostatic interaction (in vacuum) if this geometrical requirement

is met.

2.2.2 A point charge distribution parallel

It has already been shown in Section 1.2 how Coulomb’s law can be used

to calculate the electrostatic force between two point charges. However, since

Coulomb’s law obeys the principle of superposition, the electrostatic force on

a third point charge can be also obtained by a simple vector sum of the forces

exerted on it by the first two point charges: F3 = F13 +F23. Indeed, the force on

a test charge qt due to n point charges can be generalised as: [3]

Fqt = K
q1 qt∣∣r − r′

1

∣∣2 (r − r′
1)∣∣r − r′
1

∣∣ +K
q2 qt∣∣r − r′

2

∣∣2 (r − r′
2)∣∣r − r′
2

∣∣ + . . .

= Kqt

n∑
i=1

qi∣∣r − r′
i

∣∣2 (r − r′
i)∣∣r − r′
i

∣∣
(2.17)

where r is the position vector corresponding to the test charge qt and r′
i is the

position vector of the ith point charge qi, so that the last fraction on Equation

2.17 corresponds to a unit vector pointing from qi to qt.

The inverse distance-square character of Coulomb’s law is a remarkable feature

that can actually explain why particles carrying the same sign of charge can

be attracted to one another in some circumstances. As an illustration, consider

a set of elementary charges qi (i = 1, 2, . . . , 36) displaced in a circular manner,

and a test charge qt placed at a distance h from the geometric centre of the set.

Figure 2.7 gives a plot of the electrostatic force acting on qt as function of h,

easily obtained from Equation 2.17, for the case where all charges are positive

and have the same magnitude of +1 e, qt inclusive. As expected, the force is

always repulsive and its magnitude increases as h shortens.
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Fig. 2.7 (a) Plot of the electrostatic force F , given in piconewtons (pN), as
function of the distance h between the centre of the circular distribution of
positive charges and the positive test charge qt, given in nanometres (nm). (b)
Schematic illustration of the problem, where each point charge is visually of finite
size, for clarity, and coloured in blue.

Consider now a similar case where the only difference is that the three point

charges in the circular distribution that are closest to the test charge are negative,

with a magnitude of -1 e each, and the three point charges in the circular

distribution that are farthest to the test charge are positive, but with a magnitude

of +3 e each, so that the net charge in the set remains the same, i.e. equal

to +36 e. A plot of the electrostatic force acting on the test charge qt for this

scenario (Figure 2.8) shows that, if the magnitude of h is sufficiently small, the

interaction changes from repulsive to attractive. Because of the inverse distance-

square character of Coulomb’s law, when the positive test charge is close enough

to the three negative point charges in the set, the magnitude of the attractive

force felt by the former due to the latter is sufficiently large so it overcomes the

repulsive force exerted by all other positive point charges. As the magnitude of h

increases, however, the distances between each point charge in the set and the test

charge become asymptotically equal, so that the force acting on the latter can be

effectively approximated by the force that would be exerted by a point charge

with magnitude +36 e placed at nearly the centre of the charge distribution. For

an equivalent spherical distribution, this position would be exactly at the centre,

as predicted by Gauss’s law.
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Fig. 2.8 (a) Plot of the electrostatic force F (pN), as function of the distance
h (nm) between the centre of the circular distribution of charges and the test
charge qt. (b) Schematic illustration of the problem, where each point charge is
visually of finite size, the point charges with magnitude +3 e are grey coloured,
the ones with magnitude +1 e are coloured in blue, and the ones with magnitude
-1 e are coloured in red.

This case of like-charge attraction between the positive set of charges and the

positive test charge (Figure 2.8) is in fact comparable to the cases of attraction

between like-charged dielectric particles described earlier in Figures 2.5 and 2.6.

When a dielectric particle is polarised, bound charges are displaced, which leads

to the creation of regions with different charge densities on the surface of the

particle. In a similar way, it could be considered that the circular distribution of

point charges depicted in Figure 2.8 is a "polarised" version of the one shown in

Figure 2.7, for there is also creation of regions with different density of charges,

while the net charge in the set is unchanged. Apart from the dissimilar geometries,

the difference between these two cases where like-charge attraction occurs, namely

the circular distribution of point charges with a test charge (Figure 2.8) and the

dielectric spherical particles (Figures 2.5 and 2.6), is that while in the former the

pairwise interaction between each relevant point charge is computed explicitly, in

the latter the pairwise interactions are computed through integration of charge

densities over the surface of the corresponding particles, in a generalisation of

Coulomb’s law (Equation 2.11). Nonetheless, it is the inverse distance-square

character of Coulomb’s law that is responsible for the advent of an attractive
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regime in both instances, given that the appropriate separation distances are

sufficiently short.

2.2.3 Electrostatic potential energy

The electrostatic potential energy of an interaction between two charged

particles can be accurately obtained through a numerical integration of the

electrostatic force over the inter-particle separation distance. By definition,

infinity is the point of reference where the energy of interaction between two

charged particles is zero. In practice, then, the integration must be performed

from a sufficiently large separation where the interaction energy can be considered

to be negligible, where the criteria of negligibility can be defined as the obtained

energy or corresponding force being smaller than a threshold of choice. The

criterion adopted in this chapter for all numerical calculations of the energy

considers the integration starting point as the separation where the electrostatic

force is smaller than 10−6 (in the considered force unit).

In a two-body system there exist essentially three possible types of interaction

between like-charge particles from the perspective of energy, as illustrated in

Figure 2.9. When particles repel one another at all values of inter-particle

separation distance, the potential energy increases continuously as the particles

approach each other. As a consequence, the interaction energy reaches a maximum

at the minimum possible separation, i.e. at the touching point, where the surface-

to-surface separation s = 0, so the electrostatic interaction can be classified as

unstable, since the particles would be at a lower energy level at any other point.

However, if a like-charge attractive interaction occurs at sufficiently short

inter-particle separation distances, then the location where the energy is maximum

happens before the touching point. Accordingly, the magnitude of this maximum

energy can be identified as a potential energy barrier that needs to be overcome

by approaching particles if they are to get closer. The barrier happens exactly

at the point where the electrostatic force between the interacting particles is
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Fig. 2.9 (a) Plots of the electrostatic potential energy U , and (b) electrostatic
force F , as function of the surface-to-surface separation s between two interacting
particles, for cases of stable (solid line; a2 = 3, q1 = 30), metastable (dashed
line; a2 = 2, q1 = 20) and unstable (dotted line; a2 = 1, q1 = 10) interactions.
The dielectric constant of both particles, the radius particle 1, and the charge of
particle 2 are maintained fixed at k1 = k2 = 20, a1 = 1 and q2 = 10, respectively.
The presented results are dimensionless. Note that the scale of the x-axis is
different on each plot.

zero, i.e. at the inflection point that marks the division between the attractive

and repulsive regimes. When the energy over the barrier, towards the touching

point, is just a local minimum, the interaction can be classified as metastable. If

the energy over the barrier eventually reaches a value that corresponds to the

global minimum energy, however, then the interaction can be classified as stable.

Equivalently, a reverse energy barrier can be defined as the difference between

the global maximum energy and the local minimum energy at shorter separations,

which can also be global or not, and that would correspond to an energy barrier

that needs to be overcome by touching particles if they are to get separated from

each other.

The interaction between two oppositely charged particles or a charged particle

and a neutral particle is naturally classified as stable, since it is always attractive,

at least when the interaction happens in vaccum.



2.3 The effects of system’s parameters on electrostatic interactions 29

2.3 The effects of system’s parameters on elec-

trostatic interactions

In this section, a more detailed investigation into cases where dielectric particles

carrying the same sign of charge interact and the conditions under which like-

charge attraction occurs are presented, in the form of a series of calculations that

examine how the nature of electrostatic interactions depends on the parameters

of the system, namely the dielectric constants, radii and charges of the interacting

particles, and the separation between them.

For six different values of dielectric constant of the particles (k1 = k2), the

magnitude of the electrostatic force has been determined as a function of charge

ratio (q2/q1), ranging from 0 to 10, with q1 = 103 e, and radius ratio (a2/a1), also

ranging from 0 to 10, with a1 = 1 µm. These results are plotted in Figure 2.10. For

the purpose of comparison, analytical zero force curves obtained from Lekner’s

model, [44] which describes the electrostatic interactions between equivalent

charged conducting spherical particles, are also plotted in light blue colour.

Essentially, each of the diagrams shown in Figure 2.10 can be divided into three

regions: (i) when a2 ≫ a1, the scale of the attractive interaction is dominated

by the ability of the particle with higher charge density to polarise the other;

this can be achieved even under circumstances where the charge ratio q2/q1 is

also increasing; (ii) as the ratio a2/a1 decreases, the contribution polarisation

makes to the interaction diminishes and the force between particles becomes

dominated by Coulomb repulsion; (iii) as a2/a1 decreases still further, particle

polarisation again begins to dominate the strength of the interaction, particularly

as the ratio q2/q1 increases. For dielectric particles of any composition, this

latter combination of a2/a1 and q2/q1 would appear to provide the most favour

conditions for a strong attractive interaction. As Figure 2.10 shows, the dielectric

response of each particle makes a significant contribution to the nature of the

mutual interaction they experience in close proximity. Even particles composed of
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weakly polarisable materials, for example oils, plastics, and dust, as represented

by plot (a) in Figure 2.10, can be attracted to one another at certain values of size

and/or charge ratios; large differences in charge can lead to particularly strong

attraction. As the dielectric constant increases towards the values appropriate

for water droplets, [11, 45] a very significant fraction of the contour plot denotes

the presence of an attractive interaction between particles.
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Fig. 2.10 Contour maps of the electrostatic force (pN) as a function of the charge
ratio q2/q1, and radius ratio a2/a1, for a pair of like-charged particles separated
by a fixed distance of s = 0.01 µm and with different values of the dielectric
constant: (a) k1 = k2 = 2, (b) 5, (c) 10, (d) 40, (e) 80 and (f) 1000. The radius
of particle 1 is fixed at a1 = 1 µm and its charge at q1 = 103 e. Black coloured
curves denote the points where the electrostatic force is zero. Equivalent zero
force curves for two conducting particles are also shown in light blue colour.
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Figure 2.10 also shows that Lekner’s model [44] agrees almost exactly with

results obtained from the dielectric model [37] when k1 = k2 = 1000. Indeed, an

increase in the dielectric constants of the particles should enhance their electric

susceptibility, so it might be reasonable to assume that, with such high value of

dielectric constant, the particles can be so strongly polarised that they effectively

adopt a metallic character, consequently being able to mimic the behaviour of a

metallic particle when exposed to an external electric field (further details are

given later in this chapter).

As Figures 2.2−2.6 would suggest, changing the separation between particles

can alter the balance between contributions to the force from the long-range

Coulomb repulsion component and the short-range attractive multipole terms.

Therefore, the next few examples focus on how the degree of attraction between

like-charged particles varies as a function of their separation. For six values of the

surface-to-surface separation s, the magnitude of the electrostatic force has been

determined as a function of q2/q1, again ranging from 0 to 10 with q1 = 103 e, and

a2/a1, likewise ranging from 0 to 10 with a1 = 1 µm. These results are plotted

in Figure 2.11. To better illustrate the effect of polarisation and, consequently,

the attractive component of the force, the dielectric constants have been fixed at

a value of k1 = k2 = 1000. Analytical zero force curves (in blue) obtained from

Lekner’s model for conducting particles [44] are once again superimposed in each

diagram.

As Figure 2.11 shows, there are clearly defined circumstances where like-

charged particles are attracted to one another, even when the separations involved

are comparable to their size. For example, particles separated by 1 µm could

coalesce if they carry the same amount of charge, but have a radii ratio of 4:1.

Both Figures 2.10 and 2.11 show that the attraction between particles can become

markedly stronger if there is a large disparity in the amount of charge they carry.

The latter effect becomes amplified when it is also accompanied by an increase in

the value of the dielectric constant of the interacting particles. It is interesting
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Fig. 2.11 Contour maps of the electrostatic force (pN) as a function of the charge
ratio q2/q1, and radius ratio a2/a1, for a pair of like-charged particles at various
surface-to-surface separations: (a) s = 5 µm, (b) 1, (c) 0.1, (d) 0.01, (e) 0.001
and (f) 0.0001. The value of the dielectric constant of the particles, the radius
of particle 1 and its charge are held fixed at k1 = k2 = 1000, a1 = 1 µm and
q1 = 103 e, respectively. Zero force curves are shown in black, and equivalent zero
force curves for two conducting particles are shown in blue.

to note that the results in Figure 2.11(a) would suggest that particles of radius

1 µm and 10 µm, both composed of a material of high dielectric constant and

carrying a similar amount of charge, would be attracted to one another over

a distance of 5 µm. Since these effects scale up, it is straightforward to see

how physical processes, such as charge scavenging, [11, 17, 46] can operate quite

readily under conditions where one of the particles may have a radius of 1 µm or
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more. Also, the good agreement between Lekner’s model for conducting particles

and the dielectric model with k1 = k2 = 1000 suggests that results from the latter

converge to the correct limit when the theory is applied to particles with very

high dielectric constants.

2.4 Electrostatic interactions with respect to the

geometry of the system

Much of the research carried out on pair interactions in the field of electrostatics

describes the interacting bodies as point particles, spheres or planes. As shown

in Figure 2.12, the possible geometries of a two-body interaction include a pair

of point particles (which can be described by Coulomb’s law in the case of

two point charges), the interaction between two spheres, as well as four other

geometric combinations drawn from the set of point particles, spheres and planes.

Accordingly, a point particle and a plane can be defined as a sphere of infinitely

small and infinitely large radius, respectively, as in Lie sphere geometry [47].

However, while the absolute geometry of an indiviual object is mathematically

well defined, the geometry of a pair of interacting objects can only be described

with respect to their surface-to-surface separation s, for an alternative description

based on the centre-to-centre separation h distance would be ambiguous if one of

the interacting objects is a plane.

It has already been shown in this chapter that the nature of the electrostatic

interaction between two dielectric spherical particles can change markedly depend-

ing on the separation between them. If the separation is sufficiently short, the

total electrostatic force (obtained from Equation 2.16) deviates from the Coulomb

force (obtained from Coulomb’s law). However, as the separation increases, the

first type of force becomes asymptotically equal to the the latter, irrespective of

the particles’s dielectric constants. Clearly this change in the geometry of the

system seems to have an influence in the nature of the electrostatic interaction.
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Fig. 2.12 The six different possible geometric combinations of pairwise interactions
involving point particles, spheres and planes.

The fact that the force between two finite size dielectric particles can be virtually

described by Coulomb’s law at sufficiently large separations is already a hint

that they might have approached a geometrical limit that is equivalent to two

point charges at such condition, i.e. they might effectively "perceive" each other

as being point charges instead of finite size particles, if the separation between

them is sufficiently large. But the question of how much "sufficiently large" is

remains. Therefore, to address this problem, a dimensionless length-scale inde-

pendent parameter based on the bispherical coordinate system, that describes all

possible combinations of sphere size and surface-to-surface separation distance in

a two-body system, is introduced next.

2.4.1 The scaled surface-to-surface separation parameter

The bispherical coordinate system, illustrated in Figure 2.13, was first intro-

duced by Jeffery [48] in the derivation of a solution of Laplace’s equation in a

form that is suitable for a system made of two interacting spheres. In this unusual

coordinate system, the position of a point X in space is described with reference

to a pair of foci, which are separated by a distance of 2a. The foci are defined as
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inverse points of each other such that

c1d1 = a21 (2.18)

and

c2d2 = a22, (2.19)

where c1 and d1 are inverse-point separations with respect to sphere 1, and c2 and

d2 are inverse-point separations with respect to sphere 2. The centre-to-centre

separation is given by

h = s+ a1 + a2 = 2a+ c1 + c2. (2.20)
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Fig. 2.13 The bispherical coordinate system. (a) Illustration of how the various
length quantities, c1, c2, d1 and d2 are related to the inter-focal separation 2a,
centre-to-centre separation h, and surface-to-surface separation s, and (b) how
the position of an arbitrary point X in space is described with reference to the
two foci.

The bispherical coordinates (η, ξ, ϕ) are defined as: [48, 49]

η ≡ − ln

(
r1
r2

)
, ξ ≡ θ1 − θ2,

where r1 and r2, θ1 and θ2 are respectively the distances and angular positions of

a point X relative to the two foci. The third coordinate, ϕ, is the azimuthal angle
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about the axis that joins the centres of the spheres. The cartesian coordinates

are related as follows:

x =
a sin ξ cosϕ

cosh η − cos ξ
, y =

a sin ξ sinϕ

cosh η − cos ξ
, z =

a sinh η

cosh η − cos ξ
.

Consideration of equations 2.18−2.20, together with

d1 = c1 + 2a (2.21)

and

d2 = c2 + 2a (2.22)

allows the geometric quantity a, which corresponds to half of the interfocal

separation, to be expressed in terms of input paramters of the system, namely

the centre-to-centre separation h and the radii a1 and a2:

a =

√
h4 + (a21 − a22)

2 − 2h2 (a21 + a22)

4h2
, (2.23)

but since h can be written as function of the sphere’s radii and the surface-to-

surface separation s as h = a1 + a2 + s, Equation 2.23 becomes

a =

√
(a1 + a2 + s)4 + (a21 − a22)

2 − 2 (a1 + a2 + s)2 (a21 + a22)

4 (a1 + a2 + s)2
. (2.24)

Equation 2.24 diverges only if the radius of both spheres approach infinity,

which suggests that this quantity can be used as a parameter to distinguish

between geometries of sphere-plane and plane-plane interactions. Accordingly, a

scaled surface-to-surface separation s∗ ≡ s/2a can be defined, where

lim
(a1,a2)→(0,0)

s∗ = 1 (2.25)

for the interaction between two point charges (spheres of infinitely small radius),
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lim
(a1,a2)→(0,∞)

s∗ =
1

2
(2.26)

for an interacting point charge and plane (the latter being a sphere of infinitely

large radius), and

lim
(a1,a2)→(∞,∞)

s∗ = 0 (2.27)

for two interacting planes. For any possible combination of sphere size and

separation distance, the value of the parameter s∗ lies within the range [0, 1]. A

value of s∗ close to unity indicates that the system has approached the geometric

limit of two point particles, and a value of s∗ close to zero indicates that the

system has approached the geometric limit of two planes, as depicted in Figure

2.14.
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Fig. 2.14 Three-dimensional plot of the scaled surface-to-surface separation s∗, as
function of the radii of the spheres divided by the surface-to-surface separation s.
It can be noted that, as the radius of both spheres becomes much larger than s,
the value of s∗ approaches zero. Conversely, as the spheres’s radii become much
smaller than s, the value of s∗ approaches unity.

The parameter s∗ proves to be useful in discerning when the distance between

two interacting charged particles is sufficiently large, so that the electrostatic

interaction can be accurately calculated by Coulomb’s law, or oppositely, when
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such distance is sufficiently small, which would imply that an accurate computation

of the electrostatic interaction must take into account the effects of polarisation.

As an example, consider the case where two particles are separated by a fixed

distance of s = 10 µm. As shown in Figure 2.15, if the radius of both particles

are equal to 5 nm, s∗ assumes a value that is approximately equal to unity, which

indicates that such configuration has approached the geometric limit of two point

charges and can be accurately treated only by Coulomb’s law. However, for the

other configurations in Figure 2.15, the particles’s radii are either comparable or

much larger than the fixed separation s = 10 µm, so the corresponding values

of s∗ are distant from unity, and so polarisation effects must be accounted for.

Similar results could be achieved by varying the surface-to-surface separation s

while the radius of both particles are maintained fixed. The key factor here is

how the radii of the particles compare to the separation between them.

0 10.5

2.2x10-2 0.54 0.99

10 μm

(a)

10 μm 10 μm

(b) (c)

Fig. 2.15 A geometric representation of two spheres with radii (a) a1 = a2 = 5
mm, (b) a1 = 5 µm and a1 = 7.5 µm, and (c) a1 = a2 = 5 nm, separated by a
fixed surface-to-surface separation s = 10 µm. The bar in the bottom represents
the scale of the scaled surface-to-surface separation, s∗, and the corresponding
value of this parameter is given for each of the three cases.

2.4.2 Electrostatic force and the scaled surface-to-surface

separation parameter

For any given charge ratio q2/q1, the electrostatic force can now be studied

as a function of s∗ with respect to any given geometric configuration. As an
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Fig. 2.16 Contour maps of the electrostatic force (pN) between a pair of equal-
sized, like-charged particles, with dielectric constants (a) k1 = k2 = 1000 and (b)
k1 = k2 = 10. The force is plotted as a function of the scaled surface-to-surface
separation s∗ and the charge ratio q2/q1, with a1 = a2 = 1 µm and q1 = 103 e.
The regions of attractive and repulsive forces are separated by a thin black solid
line, which denotes the cases of zero force.

example, consider a pair of like-charged particles with radius a1 = a2 = 1 µm. Let

the free charge on particle 1 be fixed at q1 = 103 e such that the free charge on

particle 2 and the surface-to-surface separation account for the only two variables

in the system, which can be expressed as the charge ratio q2/q1 and the scaled

surface-to-surface separation s∗. Figure 2.16 shows how the electrostatic force

depends on these two parameters, for two cases: (a) k1 = k2 = 1000; and (b)

k1 = k2 = 10. For (a), at the limit s∗ = 0, which can correspond to either two

planar surfaces or two large spheres in very close proximity, the repulsive force

vanishes completely apart from when q2/q1 → 1; as the charge ratio approaches

unity from either direction, the magnitude of the repulsive Coulomb term (see

Equation 2.12) increases gradually until it balances the attractive multipole

terms of the force. However, under all circumstances other than q2/q1 → 1, two

like-charged equal-sized spherical particles at the limit of s∗ = 0 will always be

attracted to one another if they are of metallic nature. This result is consistent

with Lekner’s [44] conclusion regarding the behaviour of charged metallic spheres

in close proximity. One can note a marked difference at the limit of s∗ → 0 for

case (b), where the particles have considerably lower dielectric constants and
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are therefore less polarisable. The range of q2/q1 values over which the particles

will repel each other is much larger than for case (a) and, overall, the attractive

polarisation contributions to the force are smaller, which means that the region

of repulsion is more pronounced. Towards the other geometric limit of s∗ = 1,

for two point particles, the attractive contributions to the total force become

increasingly less significant and at some point are overtaken by a more pronounced

repulsive Coulomb component. Consequently, the forces in both case (a) and (b)

are dominated by the Coulomb term for two point charges and the corresponding

contour plots become very similar.

2.4.3 Large sphere approximation to an infinite planar sur-

face

As already mentioned in Section 2.1, a solution to the problem of calculating

electrostatic interactions between a pair of objects, made from a combination

of dielectric spherical particles and planar surfaces, has also been presented.

[38] Further developments demonstrated, however, that this approach does not

converge when it considers a charged planar surface. Notwithstanding, any given

case involving a sphere − planar surface geometry can still be accurately treated

by the formalism based on spherical coordinates [37] as a small particle interacting

with a larger particle, provided the ratio involving their radii is sufficiently large.

For instance, consider the case where a small particle with fixed radius a1 = 1

µm and charge q1 = 103 e interacts with a neutral particle of increasing radius

a2 that is supposed to mimic a planar surface. Figure 2.17 shows that as the

radius of the second particle increases, the difference between the calculated force

and the real force between the same small particle and an actual neutral planar

surface, obtained from the model based on bispherical coordinates [38], becomes

negligible. Hence, this approximation of an infinite planar surface as a sufficiently

large sphere provides a mechanism for treating infinite dielectric surfaces that

also carry a charge.
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Fig. 2.17 (a) Calculated electrostatic force (pN) as function of the radius ratio
between a small charged particle with fixed radius a1 = 1 µm and charge q1 = 103

e, and a larger neutral particle (that should mimic an infinite planar surface)
with varying radius a2, separated by a distance of s = 1 µm. The line with hollow
circle markers denotes the force obtained by the formalism based on bispherical
coordinates, considering an actual (neutral) infinite planar surface. (b) Percentage
error between the forces given in (a) as function of the radius ratio.

The exact geometry of the target configuration considered in Figure 2.17,

namely a particle of radius equal to 1 µm and a planar surface (sphere of infinitely

large radius) separated by a distance of s = 1 µm, corresponds to a scaled surface-

to-surface separation value of s∗ = 0.288675. In the approximation involving a

small and a larger particle, when a2/a1 = 10, such parameter assumes the value

of s∗ = 0.315244, hence corresponding to an error in s∗ of approximately 9.2%

when compared to the real planar surface − spherical particle case. When the

ratio between the radii increases to a2/a1 = 1000, however, s∗ becomes equal to

0.288964, and the error in s∗ drops to less than 0.1%.

2.5 Dimension and scaling of results

In some of the calculations presented in this chapter, e.g. Figures 2.2−2.6, one

can note that no units were imputed to the physical quantities, while in others,

e.g. Figures 2.7 and 2.8, results were given in particular units, with Coulomb’s

constant being equated to its reference value of K ≈ 8.987×109 N ·m2 ·C−2. Units
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can be straightforwardly assigned to a dimensionless result, however. Consider

the electrostatic force, for example. Since it is obtained from a generalisation of

Coulomb’s law (Equation 2.11), units can be imputed to a dimensionless force

through multiplication of its value by Coulomb’s constant and the appropriate

units of charge and distance. For instance, if lengths (surface-to-surface separation

and radii of particles) and charges in Figure 2.6 were to be given in micrometres

(µm) and elementary units (e), respectively, then a dimensioneless force of -10

would correspond to a force of:

F = −10×
(
8.987× 109 N · m2 · C−2 (1.602× 10−19 C)2

(10−9 m)2

)
= −2.31× 10−9N = −2.31 nN.

A similar rationale can be also applied to a dimensioneless energy or surface

charge density. Such generality in the results allows for a scaling to be performed

with very little restriction. For instance, if the quantities related to the geometry

of the system, namely the radii of both particles and their separation, are all

scaled by an arbitrary factor α, the electrostatic force will change by a factor

of 1/α2, in accordance with the inverse distance-square character of Coulomb’s

law (recall that the force is obtained from a generalisation of Coulomb’s law,

Equation 2.11). Note that the particles’s radii must also be multiplied by the

factor α in order to keep the geometry of the system unchanged, which translates

to a constant value of the scaled surface-to-surface separation s∗, before and after

the scaling. Similarly, the surface charge density of each particle also changes

by a factor of 1/α2 when such geometric scaling is performed, but the reason is

purely geometric. Since it is defined as "charge per surface area" and the area of

a spherical particle is equal to 4πa2i (i = 1, 2), it follows that the surface charge

density assumes an inverse radius-square character. The interaction energy, on

the other hand, only changes by a factor of 1/α when the particles’s radii and

their separation are scaled by α. This comes from the fact that the energy is
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inversely proportional to the separation between charges, as evidenced by its

definition:

U = −
∫

Fdh = −K q1q2

∫
1

h2
dh = K

q1q2
h

.

An illustration of such scaling process involving the geometric quantities of the

system is given in Figures 2.18 and 2.19. Additionally, a scaling can also be

performed with respect to the particles’s charges, as illustrated in Figures 2.20

and 2.21. It follows directly from the definition of the electrostatic force, energy

and surface charge density that, if the charges of each particle are scaled by an

arbitrary factor α, the three above-mentioned quantities will change by a factor

of α2, α2 and α, respectively.
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Fig. 2.18 Plots of the (a) electrostatic force (pN) and (b) interaction energy (eV)
as function of the radius ratio a2/a1, where a1 = 1 µm and a2 accounts for the
only variable of the system. The other parameters are held fixed at k1 = k2 = 10,
q1 = q2 = 103 e and s = 0.01 µm. Inset shows the total surface charge density
(e · µm−2) mapped out for each of the particles, corresponding to the point where
a2/a1 = 1.5.

These observations suggest a certain degree of generality of the results, in

the sense that values for the physical quantities can be scaled up or down to any

desired order of magnitude. For example, in the results shown in Figure 2.10

and 2.11, the values of force, length (radii and separation distances) and charge

are given respectively in units of piconewtons, micrometres and orders of 103 e;

however, the same contour maps would be obtained if these same values were
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Fig. 2.19 Plots of the (a) electrostatic force (pN) and (b) interaction energy (eV)
as function of the radius ratio a2/a1, for the same case addressed in Figure 2.18,
with the difference that quantities related to the geometry of the system, a1 and
s, have been multiplied by a factor α = 10.

given in micronewtons, millimetres and orders of 109 e. The only restriction one

needs to be aware of when performing a scaling of results is that if, for instance, a

geometric scaling is to be executed, then all geometric quantities must be involved.

Equivalently, if a scaling is with respect to the charges on the particle, then the

charges of both interacting particles must be involved.

Although the model [37] is mathematically indifferent to numbers and units

imputed to it, so one could easily determine, for instance, the electrostatic
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Fig. 2.20 Plots of the (a) electrostatic force (pN) and (b) interaction energy (eV)
as function of the charge ratio q2/q1, where q1 = 103 e and q2 accounts for the
only variable of the system. The other parameters are held fixed at k1 = k2 = 10,
a1 = a2 = 10 µm and s = 0.01 µm. Inset shows the total surface charge density
(e · µm−2) mapped out for each of the particles, corresponding to the point where
q2/q1 = 1.5.
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Fig. 2.21 Plots of the (a) electrostatic force (pN) and (b) interaction energy (MeV)
as function of the charge ratio q2/q1, for the same case addressed in Figure 2.20,
with the difference that q1 has been multiplied by a factor α = 10.

interaction between two dielectric particles with radii equal to 1 femtometres (fm),

the result would have no physical significance, since at this order of magnitude the

calculation looses its validity. Therefore, one should always have good judgement

regarding the choice of parameters in a calculation, so that the results are in

accordance with the physics of the problem.

2.6 Convergence rates

Since the electrostatic force between two dielectric particles, given by Equation

2.16, is represented as a sum of a Coulomb (monopole) term and a convergent

expansion of several (N) multipole terms, it is instructive to examine how rapidly

such expression converges. Presented next then is a series of convergence tests,

where is also investigated the differences between the solution based on spherical

coordinates [37] and the equivalent solution based on bispherical coordinates [38].

Figure 2.22 shows the results of calculations, where the number of terms in

the multipole expansion that is required to achieve a precision of ten significant

figures in the calculated electrostatic force has been explored in terms of three

variables of the system: surface-to-surface separation s, radius ratio a2/a1, and

dielectric constants, k1 = k2. The influence of the charge ratio q2/q1 is considered
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separately in Figure 2.24. Since the effects of polarisation are manifested through

multipole terms, the results in Figures 2.10 and 2.11 would suggest that consider-

able differences might be expected in the number of terms required to achieve

convergence when the ratios of particle size and charge are different from unity

and/or when there are variations in particle−particle separation.

According to Figure 2.22(a), it appears that the number of necessary terms

responds to the surface-to-surface separation s as would be expected; the result

reflects the distance-dependence of the multipole terms that appear in the ex-

pansion, which vary as a combination of increasing inverse powers of h. The

first few multipole terms contributing to the force are monopolar, dipolar, and

quadrupolar in nature and, at sufficiently large distances, namely where the

system is close to the limit of two point charges (s∗ → 1), Figure 2.22(a) would

imply that only the monopole term prevails (also see Figures 2.2−2.6). However,

as the particle−particle separation decreases, there is a very evident and rapid

increase in the number of terms required to achieve convergence. In some respects,

the number of terms in the expansion can be considered as an indirect measure

of the level of induced polarisation taking place between the two interacting

particles. At very large values of s, there is virtually no polarisation and therefore

a minimum number of terms is required; however, close to the touching limit of

s = 0, the degree of induced polarisation is very high. As can also be seen, for

small values of s, the solution based on spherical coordinates [37] converges with

fewer terms than the equivalent bispherical solution [38].

Figure 2.22(b) shows how the convergence of the multipole series depends on

the radius ratio a2/a1 where, to simplify the problem, the geometric variables

a1 and s have been fixed and only a2 has been allowed to vary. As can be

seen, the number of terms required to achieve convergence increases as the ratio

a2/a1 moves away from unity in either direction; however, for a2/a1 > 1 there

is a particularly dramatic increase seen in the number of terms required. As in

the discussions for Figures 2.5, 2.6, 2.10 and 2.11, the occurrence of like-charge
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Fig. 2.22 Plots of the minimum number of terms N in the multipole expansion
of Equation 2.16, required to obtain a converged electrostatic force between two
particles with a precision of ten significant figures, as function of the (a) surface-
to-surface separation s, (b) radius ratio a2/a1, and (c) and (d) dielectric constants
k1 = k2, determined using the solution based on spherical coordinates (curves
with hollow circle markers) and the equivalent solution based on bispherical
coordinates (curves with hollow square markers). In all instances, the particles’s
parameters are fixed at k1 = k2 = 40, a1 = 2, a2 = 1, q1 = 2× 103, q2 = 1× 103,
and s = 0.1, unless the respective parameter is being considered as a variable in
the plot. In (b), a1 is still fixed and a2 is allowed to vary.

attraction is conditional upon either a sufficiently large asymmetry with respect

to the particles’s radius or charge. In the situation where a2/a1 ≈ 1, neither of

these conditions is met, and therefore the number of terms required to describe

the effects of polarisation reaches a minimum. With a progressive decrease in a2,

the system begins to resemble the point charge − spherical particle case, where

mutual polarisation no longer occurs and the number of terms needed to account
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for the behaviour of (a fixed radius) particle 1 rapidly reaches an upper limit. In

contrast, a progressive increase in the radius of particle 2, such that a2/a1 > 1,

moves the system towards the planar surface − spherical particle limit. Hence, as

a2 increases (whilst maintaining fixed values for a1 and s) the polarisable volume

available within particle 2 increases rapidly, and this is reflected in the number of

terms required to achieve convergence.

The behaviour of the two mathematical solutions in response to changes in the

value of the dielectric constant assigned to each particle is illustrated in Figures

2.22(c) and (d). While there is a marked difference between the two cases for

relatively low values of the dielectric constant, in both cases the number of terms

required for convergence approaches a constant value for increasing dielectric

constant, and it eventually flattens out. Indeed, a particle i in an external electric

field has an electric susceptibility that is proportional to (ki − 1), and for high

values of the dielectric constant ki, a dielectric particle will have a great degree of

freedom to counterbalance an external electric field and so minimise the system’s

electrostatic energy by means of an induced bound charge. At the theoretical limit

of infinite ki, a particle will enjoy complete freedom to polarise itself to achieve

energy minimisation. This is analogous to the case of a charged metallic particle,

where its charge is free to redistribute virtually instantaneously in response to

an electric field, effectively minimising its energy. Zettergren et al. have shown

theoretically [30] that a charged spherical particle of infinite dielectric constant

will achieve the same lowest-energy charge distribution as a charged metallic

sphere, if they are placed in the neighbourhood of a point charge. Moreover,

Figure 2.23 depicts vector plots of the electric field relative to two interacting

particles, where it is shown that, as the dielectric constant of a particle increases,

the electric field in its interior fades away, and for a particle with sufficiently

high dielectric constant, the electric field in its interior goes to zero; behaviour

similar to that observed in a particle of metallic nature. So it becomes clear

to understand that the number of terms required for convergence eventually
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flattens out at high values of k1 = k2 in Figures 2.22(c) and (d) once the charge

distribution corresponding to the lowest electrostatic energy is achieved. Also,

while the difference between Figures 2.22(c) and (d) would imply that fewer terms

are needed in the solution based on spherical coordinates to provide an accurate

representation of the polarisation of a particle, from either solution it is evident

that a considerable number of terms is required to provide an accurate description

of the interaction between highly polarisable particles, such as two water droplets.

[11] As noted earlier, although slower to converge, the strength of the bispherical

solution lies in the ability to model charged particle - neutral surface interactions.

(a)

E ≈ 0

(b) (c)

Fig. 2.23 Vector plots of the electric field related to an interaction between two
equal-sized and oppositely charged particles, with dielectric constants (a) k1 = 1,
k2 = 80, (b) k1 = 10, k2 = 1000, and (c) k1 = 20, k2 = 106. Note that the size
of the arrows is proportional to the magnitude of the field at the corresponding
point and the particle i = 1 is placed at the bottom. As can be seen, as the
dielectric constant of a particle increases, the arrow in its interior and, hence, the
magnitude of the corresponding electric field, diminishes.

The convergence profile with respect to the charge ratio q2/q1 is shown in

Figure 2.24. In contrast to the previous tests, depicted in Figure 2.22, the number

of terms in the multipole series only fluctuates as the charge ratio changes. Since

polarisation effects depend on the size of the interacting particles, the fixed radii

(limited volume) mean that the level of polarisation of both particles becomes
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saturated, even if they continuously acquire more charge. The y-axis on Figure

2.24 is deliberately set to be the same as that for Figure 2.22(b) in order to

show that the response of the multipole expansion to changes in q2/q1 is reduced

significantly from that seen for changes in particle separation, radius and dielectric

constant. Nevertheless, as already mentioned above, there are fluctuations in the

conditions necessary for series convergence and these can be seen on an expanded

scale in the inset to Figure 2.24. In response to changes in q2/q1, there is no

significant difference between the two mathematical solutions.
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Fig. 2.24 Plot of the minimum number of terms N in the multipole expansion,
required to obtain a converged electrostatic force between two particles with a
precision of ten significant figures, as function of the charge ratio q2/q1, where
q1 = 2× 103. The remaining parameters are fixed at k1 = k2 = 40, a1 = 2, a2 = 1,
and s = 0.1. Inset shows an expanded y-axis. Only data points taken from the
solution based on spherical coordinates are shown, due to a great similarity to its
counterpart in this case.

In a number of applications, particularly when used in conjunction with water

droplets, the equivalent point charge − spherical particle series expansion is often

truncated after the first few terms. [11]. To verify if such approximation is

justified, the consequences on the calculated force of neglecting higher order terms

in the multipole expansion is examined next, in a few practical examples where

two dielectric particles interact. Figure 2.25 gives the percentage error in the

calculated force obtained by truncating the number of terms at N , corresponding

to four different sets of parameters, where two possible values for the particles’s
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dielectric constants are considered: k1 = k2 = 5, a value that might be appropriate

for an interaction between charged oil droplets, and k1 = k2 = 80, matching the

conditions of the charge scavenging mechanism used to describe the growth of

water droplets in clouds. [11] According to Figure 2.25, if a calculation of the

electrostatic force between two water droplets separated by 1 µm just used the

first 10 terms in the multipole expansion, then the final result would be in error

by ≈ 35%. To maintain the same percentage error when the surface-to-surface

separation is reduced to 0.1 µm it would require over 20 terms. Even for materials

with a low dielectric constant, there would appear to be a need for significantly

more terms than just the usual charge − induced dipole to give a quantitative

account of a particle−particle interaction.
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Fig. 2.25 Plot of the percentage error in the calculated electrostatic force with
respect to the reference value (with a precision of ten significant figures) as a
function of the number of terms N in the multipole expansion of Equation 2.16.

2.7 The growth of charged aerosol particles in Ti-

tan’s atmosphere

In the last section of this chapter, a direct application of the two-body

formalism [37] to an experimental case is presented, where it is investigated the
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role certain types of charged particles might have in the formation of aerosols in

the atmosphere of Titan.

2.7.1 Experimental data and the Cassini–Huygens mission

Titan is Saturn’s largest moon and the only satellite in the Solar System

known to display a dense atmosphere [50], harbouring several organic compounds

and particular conditions that led some authors to even consider the presence of

different life forms [51–54]. Over the past few decades, a significant amount of

new information about Titan has been acquired, especially with the arrival of

the Cassini-Huygens spacecraft in 2004 at Saturn and its moons, which allowed

Titan’s atmosphere and surface to be studied in greater detail, through in situ

measurements made by the lander Huygens and the Cassini orbiter.

The atmosphere of Titan is presently known to stage a series of chemical

and physical processes that are ultimately responsible for the formation of its

characteristic orange haze. Composed primarily of nitrogen (N2) and methane

(CH4) [50, 55, 56], Titan’s atmosphere is constantly bombarded by sources of

energy such as solar ultraviolet radiation and energetic particles from Saturn’s

magnetosphere. Such events trigger the dissociation and ionisation of these simple

primordial molecules and subsequently leads, through a series of chemical and

physical processes, to the formation of charged aerosol particles with an average

mass of 500 Da [57] at altitudes between 950 and 1150 km (upper atmosphere)

[55, 56, 58–60]. With decreasing altitude, these particles grow spherically until

they reach the detached haze layer at 520 km in Titan’s mesosphere, from where

they start to form fractal aggregates [56, 61–63].

Several studies have already shown the crucial role of ion-neutral chemistry

and physical aggregation in the production of aerosols in Titan’s atmosphere

[56–58, 61–70]. However, in all of them, it was broadly assumed that like-charged

particles will always repel one another and so any such interactions will make no

contribution to the growth of aerosols [57]. Whilst this concept is generally true,
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it has been shown through this chapter that, if certain circumstances are met,

attraction between particles with the same sign of charge can occur due to effects

of polarisation.

In the following, calculations for the interaction between a range of particles

of various radius and charge, representative of the aerosols found in Titan’s

atmosphere, are presented. Interactions between neutral and charged particles

as well as between oppositely charged particles are not considered, though, since

these are already taken to be attractive under similar conditions. The calculations

also examine how differences in the dielectric constants of particles could lead to a

preferential concentration of nitrogen-containing aerosols in the lower atmosphere

of Titan.

2.7.2 The potential contribution of like-charge attraction

Depending on the assumed mass density, particles produced in the upper

atmosphere of Titan have an estimated radius of either 0.6 nm or 6 nm if 1

elementary charge per particle and densities of 1000 kg ·m−3 [57] or 1 kg ·m−3

[71, 72], respectively, are considered. Regardless of their initial size, these particles

grow as they sink towards lower altitudes eventually forming large particles with

radii of 40-50 nm, which have been identified as being present in the detached haze

layer [61, 62, 73, 74]. Since the amount of charge on the embryonic particles cannot

be independently measured, actual sizes could be larger than those estimated

above [55, 58]. For example, a particle bearing 5 elementary charges would have

a radius approximately 1.7 greater than the same particle carrying just 1 charge.

To take into account this degree of uncertainty, the calculations presented here

consider charge per particle values that range from 1 to 5 e.

Table 2.1 shows values of potential energy barriers (eV) calculated for different

cases where two like-charged particles interact. These examples have been chosen

to represent the process of particle growth that occur in Titan’s upper atmosphere,

leading to the production of aerosol monomers in the detached haze layer. In each
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sub-table, the radius a2 and charge q2 of particle 2 have been allowed to vary from

5 to 50 nm and 1 to 5 e, respectively, whilst the equivalent parameters a1 and q1

for particle 1 have remained fixed. Each particle has been assigned a dielectric

constant of k i = 20, since this value is comparable to that of many hydrocarbon-

nitrile compounds [45], and so should be representative of nitrile-rich aerosols.

It is worth noting that the spherical geometry of the particles in the model [37]

is in accordance with the spherical nature of the particles that are present at

the region considered in the calculations, i.e. from the upper atmosphere to the

detached haze layer. [56, 61–63].

As can be seen from Table 2.1, examples of unstable interactions occur at or

near the point where the interacting particles have identical characteristics, i.e.

a1 = a2 and q1 = q2, and in general they extend across points where a2/a1 and

q2/q1 increase concurrently. Cases of stable interaction occur when the particles

have sufficiently dissimilar sizes, and are more generally favoured when the smaller

of the two particles carries more charge. Metastable interactions fall between

these two scenarios. The magnitude of the energy barrier varies inversely with

particle radii and increases with the amount of charge. Broadly speaking, as

interacting particles increase in size, the free charge on one becomes, on average,

more distant from the free charge on the second particle, which then contributes

to a decrease in Coulomb repulsion and, consequently, a decrease in the energy

barrier. In contrast, for a fixed particle size, an increase in the amount of free

charge on one or both particles means that more charge occupies a fixed area,

which then contributes to an increase in Coulomb repulsion and, consequently,

an increase in the magnitude of the energy barrier.

Figure 2.26(a) shows a Maxwell-Boltzmann distribution of the kinetic energy of

particles, calculated for the upper and lower average temperatures, 112 K and 175

K [75], as identified for Titan’s thermosphere. The calculations presented in Table

2.1 suggest that at the beginning of the aerosol growth process, when particles

are particularly small, the Coulomb repulsion barrier, generally greater than kT ,



2.7 The growth of charged aerosol particles in Titan’s atmosphere 55

Table 2.1 Calculated energy barriers (eV) between two interacting like-charged,
dielectric particles, for a range of radii (nm) and charge (e). White, light and dark
grey shades denote stable, metastable, and unstable interactions, respectively.
The charge q1 and q2 can be simultaneously regarded as either positive or negative.

(a) a1 = 5; q1 = 1; k1 = k2 = 20
q2
5 0.49 0.43 0.33 0.25 0.20 0.17 0.14 0.13 0.11 0.10
4 0.41 0.35 0.25 0.19 0.16 0.13 0.11 0.097 0.086 0.078
3 0.33 0.26 0.18 0.14 0.11 0.092 0.079 0.069 0.062 0.055
2 0.24 0.17 0.11 0.086 0.069 0.057 0.049 0.043 0.038 0.034
1 0.13 0.074 0.049 0.037 0.030 0.025 0.021 0.019 0.016 0.015

a2 5 10 15 20 25 30 35 40 45 50

(b) a1 = 10; q1 = 1; k1 = k2 = 20
q2
5 0.24 0.24 0.24 0.21 0.19 0.16 0.14 0.12 0.11 0.10
4 0.21 0.21 0.20 0.17 0.15 0.13 0.11 0.097 0.086 0.078
3 0.17 0.17 0.15 0.13 0.11 0.092 0.079 0.069 0.062 0.055
2 0.13 0.12 0.10 0.084 0.068 0.057 0.049 0.043 0.038 0.034
1 0.074 0.064 0.048 0.037 0.030 0.025 0.021 0.019 0.016 0.015

a2 5 10 15 20 25 30 35 40 45 50

(c) a1 = 20; q1 = 1; k1 = k2 = 20
q2
5 0.12 0.12 0.12 0.12 0.12 0.12 0.11 0.11 0.10 0.094
4 0.10 0.10 0.10 0.10 0.10 0.098 0.093 0.087 0.080 0.074
3 0.084 0.084 0.084 0.083 0.081 0.076 0.071 0.065 0.059 0.054
2 0.063 0.063 0.062 0.061 0.057 0.052 0.047 0.042 0.038 0.034
1 0.037 0.037 0.036 0.032 0.028 0.024 0.021 0.018 0.016 0.015

a2 5 10 15 20 25 30 35 40 45 50

(d) a1 = 30; q1 = 1; k1 = k2 = 20
q2
5 0.081 0.081 0.081 0.081 0.081 0.081 0.081 0.080 0.079 0.077
4 0.069 0.069 0.069 0.069 0.069 0.069 0.068 0.067 0.065 0.063
3 0.056 0.056 0.056 0.056 0.056 0.056 0.055 0.053 0.051 0.048
2 0.042 0.042 0.042 0.042 0.041 0.040 0.039 0.037 0.034 0.032
1 0.025 0.025 0.025 0.024 0.023 0.021 0.020 0.018 0.016 0.015

a2 5 10 15 20 25 30 35 40 45 50

(e) a1 = 40; q1 = 1; k1 = k2 = 20
q2
5 0.061 0.061 0.061 0.061 0.061 0.061 0.061 0.061 0.061 0.060
4 0.052 0.052 0.052 0.052 0.052 0.052 0.052 0.052 0.051 0.051
3 0.042 0.042 0.042 0.042 0.042 0.042 0.042 0.042 0.041 0.040
2 0.031 0.031 0.031 0.031 0.031 0.031 0.031 0.030 0.029 0.028
1 0.019 0.019 0.019 0.018 0.018 0.018 0.017 0.016 0.015 0.014

a2 5 10 15 20 25 30 35 40 45 50

is high enough to reduce the coagulation rates between like-charged particles.

Hence growth is restricted to oppositely charged interactions, and notably the
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Fig. 2.26 (a) Maxwell-Boltzmann distribution of the kinetic energy of the particles
at the upper and lower Titan’s thermosphere average temperatures. (b) Probabil-
ity (%) that particles, with a thermal energy of kT , will overcome the barrier as
function of the latter’s magnitude, evaluated for the two extreme temperatures.
In the second plot, any point after the maximum value for the x-axis has a
corresponding probability that is always lower than 0.5 %.

absorption of positive ions by the large negatively charged particles [57], or even

neutral-charged particle interactions. However, as particle growth continues,

the charge density drops and the corresponding Coulomb barrier decreases in

magnitude, eventually becoming comparable to or even smaller than kT . In

which case, a colliding pair of like-charged particles could interact under stable or

metastable conditions and contribute to the growth process. For example, taking

the case shown in Table 2.1(c) where a1 = 20 nm, a2 = 10 nm and q1 = q2 = 1

e, the interaction is predicted to be metastable with a barrier height of 0.037

eV. According to Figure 2.26(b), there is, at the above temperatures, an 8−18 %

probability that the particles will have sufficient energy to overcome the barrier.

Any barrier higher than 0.1 eV is unlikely to be overcome.

In cases that involve low Coulomb barriers it can be considered that like-

charged interactions, especially those between the more abundant negatively

charged particles, can contribute to growth via a scavenging mechanism, similar

to that identified for the formation of clouds on Earth [10, 76, 46]. In that

case, sufficiently large aerosol droplets will grow by assimilating smaller particles

even when they are like-charged. This mechanism should then be regarded as a
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potential component of the whole aerosol growth process, along with the usually

considered interactions between oppositely charged particles and neutral-charged

particle collisions. Table 2.1 also suggests that an increase in the Coulomb

repulsion barrier with the amount of charge residing on particles should prevent

large departures from neutrality with respect to the growing aggregates. Therefore,

the absorption of positive ions by large negatively charged particles and a charge

scavenging mechanism are very likely to operate synergistically. The presence

of positively charged particles would act to keep a low net charge on growing

particles, whilst a charge scavenging mechanism would be highly favourable due

to the higher abundance of negatively charged particles. It is worth mentioning

that this mechanism operates irrespective of the sign of particle’s charge. That is,

if there is an initial bias towards, for instance, the production negative ions, as

suggested by experimental evidence to be the case for Titan [57, 77–79], then the

mechanism will act to enhance the growth of such particles until possibly reaching

an upper limit to the amount of charge each growing particle can carry when

Coulomb repulsion becomes the dominant interaction. Similarly, if the initial

bias is towards the production of positive ions then the mechanism would operate

identically, since the magnitude of electrostatic interactions is independent of sign

of charge (vide Coulomb’s law). As already noted elsewhere [71], the preferential

formation of negatively charged particles seems understandable considering the

electron affinity of the molecules that compose Titan’s upper atmosphere.

Table 2.2 Energy barrier (eV) for the case of two interacting dielectric particles
as depicted in Table 2.1(b), but with a lower dielectric constant of k 1 = k2 = 3.

q2
5 0.30 0.30 0.26 0.23 0.20 0.17 0.15 0.13 0.12 0.11
4 0.25 0.25 0.21 0.18 0.16 0.14 0.12 0.11 0.095 0.085
3 0.20 0.19 0.16 0.14 0.12 0.10 0.087 0.077 0.069 0.062
2 0.15 0.13 0.11 0.090 0.075 0.064 0.055 0.049 0.043 0.039
1 0.085 0.068 0.053 0.042 0.034 0.029 0.025 0.022 0.019 0.017

a2 5 10 15 20 25 30 35 40 45 50

Table 2.2 shows the consequences of like-charged particles interacting under

circumstances identical to those given in Table 2.1(b), but with a dielectric
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constant of k 1 = k2 = 3. Such a value would be appropriate for many hydrocarbon

and polycyclic aromatic hydrocarbon (PAH) compounds [45]. As can be seen

from Table 2.2, there are no interactions where the outcome of a collision would

be a larger, stable particle. There are a few metastable interactions, but the

majority of collisions would take place on a repulsive energy surface and lead to

an immediate separation of particles. In general, energy barriers are also higher

than those calculated when k 1 = k2 = 20. Consequently, it could be inferred

that an enrichment in nitrogen content of Titan’s atmospheric aerosols might

be favoured as a consequence of a charge scavenging mechanism operated by

the abundant large negatively charged particles. Critical to the effectiveness

of this enrichment mechanism is the large difference in dielectric constant that

exists between hydrocarbon-based particles and those where the constituent

molecules predominantly include nitrogen atoms. Ergo, a lack of nitrogen atoms

in the constituent molecules of a particle, for example, a droplet that is mostly

composed of methane or ethane, would lead to a considerable reduction in

dielectric constant, which in turn, would make attractive or stabilising like-charge

interactions much less likely. Pure hydrocarbons generally have low dielectric

constants due to their non-polar character. Methane (CH4) and ethane (C2H6),

compounds that are presented at an early stage of aerosol formation in Titan’s

atmosphere, have dielectric constant values of just 1.6761 and 1.9356, respectively

[45]. Polar-substituted hydrocarbons naturally have higher dielectric constants,

so that the incorporation of a functional group containing nitrogen, for example,

usually increases the dielectric constant of the substituted hydrocarbon. Hydrogen

cyanide (HCN), one of the main nitrogen-substituted compounds found in Titan’s

atmosphere, has a particular high dielectric constant value of 114.9 [45]. Figure

2.27 shows estimated values (according to [80]) for the dielectric constant of a

mixture consisting of methane/hydrogen cyanide, and ethane/hydrogen cyanide,

both as function of the molar fraction of hydrogen cyanide (xHCN). As can be

seen, a mixture that contains at least about 20 percent of molar fraction of HCN
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will have a dielectric constant of 20 or greater in both cases; stressing the assertion

that the incorporation of nitrogen by the growing aerosol particle favours the

scavenging mechanism.
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Fig. 2.27 Plot of the dielectric constant as function of hydrogen cyanide molar
fraction for methane/hydrogen cyanide (solid line) and ethane/hydrogen cyanide
(dotted line) mixtures.

As part of this growth process, it should be noted that all other factors which

contribute towards the calculation of collision efficiencies, i.e. Reynolds number,

terminal velocity, etc., will be identical for all particles with the same radius,

mass and charge, irrespective of composition [81]. Hence, the only quantity that

will differentiate collision efficiencies and, as a result, the degree of enrichment

for each of the cases in Tables 2.1 and 2.2, is the dielectric constant.





Chapter 3

Electrostatic interactions in the

presence of a dielectric medium

In many occasions where electrostatic interactions play an important role,

especially those involving technological applications, the interacting particles are

immersed in a dielectric medium. A couple of examples are charged colloidal sys-

tems [28] and electrostatic self-assembly processes. [82–84] As already thoroughly

discussed in the previous chapters, the electrostatic force between any pair of

point charges in vacuum is universally expressed by Coulomb’s law. However,

if the charges are immersed in a homogeneous medium or solvent of dielectric

constant km, the Coulomb force is attenuated by a factor equal to km, as a result

of polarisation being induced in the medium. [3, 23] In these circumstances, the

presence of a medium does not actually alter the nature of the electrostatic inter-

action, i.e. the sign of the force remains the same. Notwithstanding, describing

electrostatic interactions becomes much more complicated when finite-sized bodies

are involved, besides potentially unveiling non-trivial situations; [23] a notable

example being the counterintuitive like-charge attraction between polarisable

particles in vacuum, as described earlier in this thesis and elsewhere [37, 85].

Most self-assembly processes, for example, take place in aqueous solution [86],

but there is also a growing realisation that for many of newer materials, such
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as magnetic nanoparticles [87] and quantum dots, [88] assembly in a non-polar

solvent would offer distinct advantages. [89, 90] In all cases, nevertheless, it is

of fundamental importance to acquire a greater quantitative understanding of

how interactions between charged, polarisable, finite-sized objects are influenced

by the presence of a medium. From such considerations then arises the question

whether attenuation by km still apply or does the force, and possibly the very

nature of the interaction, depend critically on the dielectric constants of the

various materials involved.

The two-body formalism [37], presented and discussed in the previous chapter,

was originally designed to treat only particles in vacuum. However, it will be

demonstrated in the following that, through mathematical manipulation of the

boundary conditions without actually changing them, therefore maintaining the

physics of the problem consistent, it is possible to adapt the original solution for

two particles in vacuum and obtain an equivalent solution able of treating two

interacting particles immersed in a dielectric medium.

3.1 Theory for implementing the presence of a

medium

The boundary condition that relates the presence of free charge on the surface

of each particle to a discontinuity in the normal component of the electric

displacement field, Equation 2.7, can be rewritten in a more general form, by

considering that the dielectric constant of the material outside the particles,

namely the medium, is not necessarily equal to unity, but actually equal to an

arbitrary value km:

4πKσf,i = km
∂Φ

∂ri

∣∣∣∣
ri=a+i

− ki
∂Φ

∂ri

∣∣∣∣
ri=a−i

. (3.1)
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Additionally, since multiplication of both the left-hand and right-hand sides by a

factor of 1/km does not alter Equation 3.1, it can be expressed as:

4πKσf,i

km
=

∂Φ

∂ri

∣∣∣∣
ri=a+i

− ki
km

∂Φ

∂ri

∣∣∣∣
ri=a−i

. (3.2)

When the particles are immersed in a medium, the total surface charge on each

dielectric boundary includes free and bound charges related to both the particles

and the medium. Therefore, by conveniently introducing an effective dielectric

constant k′
i = ki/km, and an effective free charge q′f,i = qf,i/km for each particle,

which yields an identical electric potential (or field) that satisfies Equations 2.6

and 2.7, it becomes possible to adapt the original two-body formalism [37] for

the treatment of electrostatic interactions in the presence of a medium with

dielectric constant km. Implementation of this new defined quantities in Equation

3.2 results in:

4πKσ′
f,i =

∂Φ

∂ri

∣∣∣∣
ri=a+i

− k′
i

∂Φ

∂ri

∣∣∣∣
ri=a−i

. (3.3)

Accordingly, the boundary condition that relates the presence of a net charge on

the surface of each particle to a discontinuity in the normal component of the

electric field, namely Equation 2.6, becomes:

4πKσ′
i =

∂Φ

∂ri

∣∣∣∣
ri=a+i

− ∂Φ

∂ri

∣∣∣∣
ri=a−i

. (3.4)

However, this latter condition means that the total charge integrated over the

surface of a particle i gives q′f,i, and not qf,i. Consequently the corresponding

force,

F′
12 = K

∫
dq′1(r1)

∫
dq′2(r2)

r1 − r2
|r1 − r2|3

,

is not actually the real force, but a hypothetical force that describes the interaction

between two particles with dielectric constants k′
1 and k′

2, and given charges q′f,1
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and q′f,2, interacting in vacuum. To transform such hypothetical force into a

real force, the total charge should be multiplied by km, corresponding then to

qi = km q′i. With the above considerations in mind, the electrostatic force between

two particles immersed in a medium can be likewise obtained from a generalisation

of Coulomb’s law, attenuated by a factor of km to account for the presence of the

medium:

F12 =
1

km
K

∫
km dq′1(r1)

∫
km dq′2(r2)

r1 − r2
|r1 − r2|3

= km F′
12,

(3.5)

effectively extending the vacuum solution [37] to the case of two charged dielectric

particles immersed in a polarisable medium.

3.2 General numerical results

Having already an understanding of how electrostatic interactions occur in

vacuum, especially regarding the conditions required for allowing non-trivial

interactions to happen, as underlined in Figures 2.10 and 2.11, it becomes

instructive to examine now the natural extension of these results to situations

where the particles can be oppositely charged and also immersed in a medium

of dielectric constant km. Figure 3.1 presents a series of calculations, where the

electrostatic force has been computed for six different values of km, as a function

of the charge ratio (q2/q1) and radius ratio (a2/a1), covering both opposite- and

like-charged interactions, and size ratios which span from particles of equal size

through to differences in size that are almost representative of a particle − planar

surface interaction (vide Section 2.4.3).

Given that each particle has a dielectric constant of 10, it can be seen that

the most dramatic changes take place as the dielectric constant of the medium

shifts from 9 through to 11. At km = 5 and km = 9, all interactions where
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Fig. 3.1 Electrostatic maps showing regions of repulsive (light purple) and at-
tractive (white) interactions. The electrostatic force has been calculated as a
function of the charge ratio, q2/q1 and the radius ratio, a2/a1, with the radius
and charge of particle 1 fixed at a1 = 1 and q1 = 1. The dielectric constants of
the particles are k1 = k2 = 10 and the calculations have been undertaken at a
fixed separation distance of s = 0.1 a1; km in each diagram denotes the dielectric
constant of the solvent or medium, and the solid deep purple line denotes points
where the electrostatic force is zero.

the particles are oppositely charged are attractive, as are a significant fraction

of those between like-charged particles, but under two quite distinct sets of

conditions; similarly to the vacuum case (Figures 2.10 and 2.11), attraction

between like-charged particles occurs when there are either a sufficiently large

difference with respect to their sizes or charge. As km switches to 10, the cases

where like-charged particles attract each other cease to exist and, as would be

normally expected, all interactions where the particles are oppositely charged

continue to be attractive. However, a remarkable phenomenon happens when

km changes to 11; not only all like-charged interactions are repulsive, but also

a portion of the oppositely-charged interactions become repulsive, revealing yet
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another type of counterintuitive electrostatic interaction, namely opposite-charge

repulsion. As the dielectric constant of the medium keeps increasing in magnitude,

to 15 and on to 80, the region of attraction between oppositely charged particles

diminishes markedly, remaining, in contrast, predominantly dependent on not so

large differences in charge density between the interacting particles.

The results given by Figure 3.1 strongly suggest that the ratio between the

dielectric constants of the interacting particles and the medium, ki/km (i = 1, 2),

can be viewed as a critical parameter for the interaction. Accordingly, if ki/km ≈ 1,

the classical assumption regarding electrostatic interactions, which is independent

of the presence of a medium, seems to apply, i.e. like-charged particles repel and

oppositely charged particles attract. In contrast, when ki/km ≪ 1 or ki/km ≫ 1,

the nature of the electrostatic force unusually changes in some circumstances,

switching from attractive to repulsive and vice versa. Since polarisation effects are

responsible for these changes, next it is examined in more details how the dielectric

constant of the medium affects quantitatively the magnitude and direction of

the force, as well the distribution of induced bound charges on the surface of the

interacting particles.

Consider the interaction between a neutral and a positively charged, equal-

sized particles with dielectric constants k1 = k2 = 10, immersed in a medium of

dielectric constant km. Figure 3.2 shows the calculated electrostatic forces and

surface charge densities for cases where ki/km > 1 (i = 1, 2). The first case, where

the interaction happens in vacuum (km = 1), in fact corresponds to one of the

scenarios presented in Figure 2.2, where the interaction becomes progressively

more attractive as polarisation effects become stronger with decreasing inter-

particle separation distance. In addition, it can be seen from Figure 3.2(a1) that

the effective electric dipole1 calculated for the neutral particle is aligned with and

points in the same direction of the electric field generated by the positive charges

on the second particle, as would be expected. When km = 2, the profile of the
1The methodology to calculate effective electric dipoles from the information about the

distribution of surface charges is given in Appendix B.
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Fig. 3.2 (a1−3) Plot of the electrostatic force F as function of the surface-to-
surface separation s for cases of neutral particle − charged particle interaction,
corresponding to different values of km that are lower than that of the particles,
as explicit in the figure. The first particle is neutral whilst the second particle
has a nominal charge of +10. The two particles are equal-sized, with a nominal
radii of 1 and dielectric constants k1 = k2 = 10. (b1−3) Corresponding plots of
the total surface charge densities σi (i = 1, 2) as function of the polar angle βi at
a separation of s = 0.1. Inset shows a geometrical representation of the problem,
with the total surface charge density (charge per unit area) mapped out for each
of the particles. Blue tones denote positive charge densities, and red tones denote
negative charge densities.
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interaction remains similar but, unlikely what would be predicted by a simple

application of Coulomb’s law in a medium, the electrostatic is not attenuated by

a factor of 2. Here, polarisation effects influence not only the particles but also

the dielectric medium, so that the total charge at the interface particle − medium

includes contributions from both the bound charges induced in the medium and

on the particle, besides the free charge on the surface of the particle, when present.

The consequence is that the force effectively diminishes by a factor that is actually

greater than km, as the total charge at the interface particle − medium becomes

smaller due to contribution of bound charges originated from the medium. In

a similar way, when km increases to 5, the force is effectively attenuated by a

factor greater than km and the distribution of total charge on the surface of the

particles becomes more closer to uniform.

Correspondingly, Figure 3.3 shows the calculated electrostatic forces and

surface charge densities for the interaction between the same neutral and positively

charged particles, with the difference that ki/km ≤ 1 (i = 1, 2). Right in the

first case, where the dielectric constants of both the medium and particles are

identical, a singular outcome is obtained; there is an absence of electrostatic

interaction despite both particles being polarisable and at least one of them

being charged. In this particular situation, the lack of dielectric discontinuity

between the neutral particle and the medium means that no bound charge is

induced on the former, which can be seen by the absence of an electric dipole on it.

Effectively, the charged particle does not "see" the neutral one, so the electrostatic

force acting on both is zero and the distribution of surface charge on the charged

particle is uniform. This scenario is analogous to cases of a neutral and a charged,

non-polarisable particles (see corresponding curve in Figure 2.2) or a single point

charge, all in vacuum. The key factor present in these cases is that there is no

induction of bound charges, which implies that only one body in the system is

charged, so no electrostatic interaction can exist. As anticipated in Figure 3.1,

when ki/km < 1 (i = 1, 2), the nature of a neutral particle − charged particle
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Fig. 3.3 Plots of the electrostatic force and total surface charge density for the
same scenario described in Figure 3.2, but corresponding to different values of
km that are now equal or greater than that of the particles (k1 = k2 = 10), as
explicit in the figure.

interaction changes completely, becoming always repulsive. Now, the medium is

the component of the system with the highest dielectric constant, having then an

ability to be polarised more strongly than both particles. So, in the presence of

the electric field created by the charged particle, bound charges are induced in a
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greater degree in the medium when compared to the neutral particle, so that an

effective reverse polarisation of the latter occurs, producing an effective dipole

moment that is aligned with the electric field but points contrarily to it, as shown

in Figure 3.3, which implies in a constant repulsive regime. As the dielectric

constant of the medium increases to 20 and then 80, it can also be seen that

the magnitude of the force decreases, but now with a factor that is smaller than

km. Since the charged particle is the only component of the system with a net

charge and, therefore, also the primary source of electric field, neither changing

its dielectric constant nor the magnitude of its charge will change qualitatively

the results presented in Figures 3.2 and 3.3.

A more comprehensive perspective of the three fundamental states of a neutral

particle − charged particle interaction in a dielectric medium can be obtained by

examining the behaviour of electric field at the vicinity of the neutral particle, as

given in Figure 3.4, which addresses the same system considered in Figures 3.2

and 3.3. When such interaction happens in vacuum, negative bound charges are

induced in the area of the neutral particle that is closest to the charged one, as can

be noted from Figure 3.2(a1) and (b1), so field lines that are originated from the

latter ends up in these areas of negative surface charge of the former, as depicted in

3.4(a). Accordingly, positive bound charges appear in the corresponding opposite

area of the neutral particle, so that a net zero amount of charge is maintained,

and field lines can be seen originating and pointing away from these positive

areas. When the dielectric constant of the medium has the same magnitude of

that of the particles, a lack of dielectric discontinuity is established in the system,

so no bound charges are induced. Consequently, the electric field, originated in

the charged particle, passes unperturbed through the neutral particle as if such

particle was not present; situation that is illustrated in Figure 3.4(b). An effective

reverse polarisation of the neutral particle occurs when the medium becomes the

most polarisable component of the system. In this case, a total positive bound

charge is induced at the neutral particle − medium interface that is closest to the
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(a) (b) (c)

Fig. 3.4 Vector plots of the electric field, generated by a positively charged particle,
at the vicinity of a neutral particle, for three different values of the dielectric
constant of the medium: (a) km = 1, (b) km = 10, and (c) km = 80. In each
plot, the size of the arrows is proportional to the magnitude of the field at the
corresponding point, and the charged particle (not shown) is situated above the
region plotted. The particles are equal-sized, with a nominal radii of 1, dielectric
constants k1 = k2 = 10, and separated by a distance of s = 1.0.

charged particle, so the electric field lines that is originated from the latter curves

around the neutral particle, as can be seen from Figure 3.4(c). Additionally,

it can also be noted that the magnitude of the field inside the latter becomes

stronger as km increases.

3.3 The significance of the medium in electrostatic

self-assembly processes

In the following it is presented an application of the formalism [37], that has

been adapted to treat also the presence of a dielectric medium, to two cases of

great experimental relevance, where it is investigated the role of the solvent and

how modulation of characteristics of the system can be used to control outcomes

in self-assembly processes that are driven by electrostatic forces.

3.3.1 Current state of research

The effective use of electrostatic forces in the self-assembly and fabrication of

nano-materials is rapidly gaining significance in the technological development
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of new devices and processes. [91] Examples of electrostatic self-assembly range

from isolated nanoscale structures, [92–94] through patterned [95, 96] and layered

surfaces [89] to macroscopic crystals consisting of millimetre diameter spherical

polymer particles. [97] In many assembly processes, particularly with reference

to the fabrication of new devices, an important component in the initial stage

is the self-assembled monolayer (SAM). A SAM acts as a template that enables

surface characteristics to be fine-tuned for the purpose of accommodating either

individual nanoparticles or multilayers in the form of layer-by-layer structures.

[86, 98] SAMs can be either polar or non-polar, or they can be induced to attract

or release protons, all of which influence the electrostatic forces experienced by

nanoparticles when forming a layered surface: this electrostatic constituent is

central to almost all significant developments in the field of thin film fabrication.

[99] As previously discussed, if described in terms of point charges (e.g. H+

and O−) located on self-assembly components, the fabrication mechanism would

be, at first sight, straightforward, as the electrostatic force between any pair

of point charges can be universally expressed by Coulomb’s law attenuated by

the dielectric constant of the solvent. [3, 23] However this simple description

becomes invalid when the interacting objects are polarisable and of finite size,

as has been extensively demonstrated in this chapter. To date there is only

qualitative evidence for a "solvent effect" in electrostatic self-assembly; [99–101]

therefore, the following quantitative analysis of such behaviour contributes to a

more rigorous evaluation of the role of the solvent.

3.3.2 A self-assembly case involving neutral and charged

objects

A straightforward example of how the properties of the solvent could either

facilitate or suppress electrostatic fabrication, can be seen from experiments [83]

involving the interaction of neutral spherical alumina particles of approximately

50 nm diameter and dielectric constant kparticle = 9.9, with a charged nano-
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Fig. 3.5 Plot of the electrostatic force F (nN) as a function of the surface-to-surface
separation s between a neutral alumina spherical particle and a charged nano-
diamond surface, immersed in a solvent with dielectric constant (a) ksolvent = 1.86,
and (b) ksolvent = 20. The particle has a radius of 25 nm and a dielectric constant
kparticle = 9.9. The surface charge density of the planar surface is +1 e · nm−2,
and the dielectric constant is ksurface = 5.3.

diamond surface of dielectric constant ksurface = 5.3. The expectation is that

a neutral particle will be attracted to a surface with a given charge density of

σsurface = +1 e · nm−2, and that is exactly what the experiments show if the

particles are immersed in a liquid solvent of dielectric constant ksolvent = 1.86

(insulating fluorocarbon solution, fluorinert FC-90). Figure 3.5(a) reinforces this

observation by showing that the computed electrostatic force is attractive at all

separation distances up to touching point. However, further calculations show

that the nature of the interaction can switch markedly from being attractive to

repulsive if a solvent with a dielectric constant, ksolvent = 20, for example, acetone,

were to be used instead, as suggested by Figure 3.5(b).

This transition from attractive to repulsive electrostatic behaviour occurs at

ksolvent = kparticle = 9.9, where the lack of a dielectric discontinuity at the interface

between the particle and the solvent implies an absence of bound charge, resulting

in the elimination of any electrostatic interaction between the particle and the

surface. At ksolvent = 1.86, where the solvent is less polarisable than both the

alumina particle and the nano-diamond surface, the positively charged planar

surface can induce an effective dipole on the neutral particle which, as shown in
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Fig. 3.6 Illustration of the electrostatic interactions presented in Figure 3.5,
showing equipotential lines, the electric field, the effective dipole moment in the
neutral alumina particle, values of the effective surface charge density at selected
points, and values of the electric potential at selected points away from the surface.
Note the switch in the direction of the effective dipole moment when the dielectric
constant of the solvent changes from (a) ksolvent = 1.86 to (b) ksolvent = 20.

Figure 3.6(a), points away from the surface. Since the negative component of the

dipole is adjacent to the positively charged surface, the overall interaction between

the particle and the surface is dominated by an attractive electrostatic force.

However, if a solvent with a higher dielectric constant is chosen, for instance

ksolvent = 20, the solvent is now more polarisable than either the particle or

the surface and, as shown in Figure 3.6(b), there is a corresponding switch in

the direction of the induced dipole. The result is a net repulsive interaction

between the particle and the surface, which would not be predicted from a simple

application of Coulomb’s law. Note also that, although a charge density of

+1e · nm−2 has been imposed on the surface, the effective charge experienced by

the neutral particle is severely depleted in the presence of a highly polarisable

solvent. The observed repulsive interaction between a neutral particle and a

charged planar surface will persist with solvents of higher dielectric constant,

such as water (ksolvent ≈ 80), that are increasingly more polarisable than the

components offered for electrostatic self-assembly. It is worth remembering that
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neither changing the sign of the charge on the planar surface nor changing its

magnitude can change these circumstances.

3.3.3 A self-assembly case involving oppositely charged ob-

jects

As a second illustration of the importance of the solvent in influencing fabri-

cation processes, the assembly of thin films from polyoxometalate (POM) nan-

oclusters is examined next. Nanostructured materials containing POMs are

increasingly seen as an attractive route to the development of functional materials

and devices; [82, 102] however, to achieve these objectives, it is necessary to

develop a strategy for creating coherent thin-film structures. Most POMs are

soluble in water, [103] but it is widely recognized that from such a polar solvent

it is not possible to fabricate layers without first creating a charged substrate.

[82] The following calculations have been designed to model deposition of the

quasi-spherical Eu-POM onto a layer of positively charged macromolecules in the

form of a planar substrate. [82] Liu et al. have subsequently shown that this

particular combination of materials can form the base of an electrochromic device.

[102] The Eu-POM is an anion, [Eu(H2O)P5W30O110]12−, and a polyelectrolyte

layer residing on a quartz or silicon substrate provides the positive charge. The

charge density associated with the substrate is unknown, and it is this quantity

that is explored here in terms of the minimum density required to promote the

surface deposition of POMs in a solvent with a given dielectric constant. Although

the presence of an electrolyte (NaCl) does improve surface coverage, it has been

shown that fabrication can proceed in the absence of sodium chloride2. [82]

Table 3.1 shows the variation of the calculated electrostatic force between

the Eu-POM particle, [Eu(H2O)P5W30O110]12−, and an uniform polyelectrolyte
2It is assumed that any considered solvent is not acting as or does not contain an electrolyte.

Nonetheless, it is acknowledged that pure water (ksolvent ≈ 80), for example, is itself a very
weak electrolyte providing screening from H+ and OH− in equilibrium, but it has a Debye
length that far exceeds the discussed length scales (λD ≈ 1 micron, at room temperature.)
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layer as a function of both the charge density on the substrate and the dielectric

constant of the solvent in which the Eu-POM is suspended. As can be seen, at

very low surface charge densities, the two interacting objects are only attracted

to one another in vacuum (k"solvent" = 1) and in all other types of solvent a

layered structure would fail to form. The reason for this failure is related to

the observations accompanying Figure 3.3, in that for constituents with the

dielectric constants kPOM = 10 and ksurface = 5 in the presence of a solvent

where ksolvent ≥ 10, there will be a weakly repulsive electrostatic force preventing

assembly. However, as Table 3.1 shows, a gradual increase in surface charge

density reveals the existence of a critical density, σcritical = 0.1 e · nm−2, beyond

which layer formation is assured for all solvents, including water.

Table 3.1 The electrostatic force (pN) calculated for the experimental case [82,
102] of an interaction between a Eu-POM, [Eu(H2O)P5W30O110]12−, and an
oppositely charged planar surface at a surface-to-surface separation distance
of 1 nm. Calculations have been undertaken using different combinations of
charge density on the planar surface (σsurface) and dielectric constant of the
solvent (ksolvent). The POM particle has a radius of 0.5 nm and an estimated
dielectric constant of kPOM = 10†. The planar surface has an outer coating of
poly(ethylenimine)/poly(styrenesulfonate)/poly(allylamine hydrochloride), with
an estimated dielectric constant of ksurface = 5. [104] The charge density on the
planar surface is in units of e · nm−2.

ksolvent ↓ / σsurface → 0.001 0.005 0.01 0.05 0.1 0.5 1
1 -2510.4 -2649.6 -2823.7 -4216.2 -5957.1 -19889.0 -37317.1

10 118.8 105.0 87.7 -50.2 -222.7 -1602.2 -3326.6
20 108.4 101.5 92.9 23.8 -62.7 -753.9 -1617.9
30 86.4 81.8 76.0 29.8 -27.8 -489.4 -1066.2
40 70.7 67.2 62.9 28.2 -15.1 -361.6 -794.6
50 59.6 56.8 53.3 25.6 -9.1 -286.5 -633.1
60 51.4 49.1 46.2 23.0 -5.9 -237.1 -526.1
70 45.1 43.2 40.7 20.8 -4.0 -202.3 -450.1
80 40.2 38.5 36.3 19.0 -2.7 -176.3 -393.2

†There do not appear to be any reliable data on the dielectric constants of POMs.
A value of 10 is based on values for metal oxides. [105], and metal-containing
nanoparticles [106].

To demonstrate the consequence of introducing a solvent in terms of changes

that take place in the distribution of charge, Figure 3.7 gives a graphical illustration

of an example taken from Table 3.1. For a net charge of -12 e on the POM
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Fig. 3.7 Schematic illustration of the POM − surface interaction. In (a)
the medium/solvent has a dielectric constant of 1 (vacuum) and in (b) the
medium/solvent has a dielectric constant of 20. The planar surface has a surface
charge density of 0.05 e · nm−2 and the POM particle has a net charge of -12 e.
The total charge density on the planar surface, σsurface (dashed curve), and on the
POM particle, σPOM (solid curve), are also shown for each interaction case: for
σsurface, the x-axis denotes the radial position y, with y = 0 indicating the centre
of POM projected on the surface; for σPOM, the x-axis denotes the polar angle
(β), where β = 0 represents the nearest point to the plane. The colour shades on
both objects reflect qualitatively the calculated charge distribution, however the
colour scale is different in each example.

and a planar surface charge density of 0.05 e · nm−2, changes in density as the

two interacting objects approach one another have been calculated for vacuum

(Figure 3.7(a)) and for a solvent with a dielectric constant of 20 (Figure 3.7(b)).

For the vacuum case, Figure 3.7(a) also shows how charge density on the surface

changes from σsurface = 0.05 e ·nm−2, at a radial distance of 10 nm from the POM,

to σsurface ≈ 0.6 e · nm−2 immediately below the POM. A comparable change in

negative charge density is seen on the POM, and the net result is that oppositely

charged bodies attract. With the introduction of a solvent, the transition in

behaviour is dramatic. The POM retains a negative charge and the presence of

the surface has minimal effect on how it is distributed. In contrast, the planar

surface is, as expected, positively charged at a radial distance of 10 nm from the

POM, but as Figure 3.7(b) shows, in close proximity to the POM, the charge

on the surface changes sign to become σsurface ≈ −0.25 e · nm−2 at the point of
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closest contact. The net result now is that the two interacting objects repel one

another. As demonstrated in Figure 3.6, polarisation of the solvent leads to a

dramatic attenuation of charge density; however, in that example, it was the

neutral particle that switched density, whereas in Figure 3.7, it is the charge on

the planar surface that is most influenced by the choice of solvent.

There are several examples in the literature of deposition processes where

there is evidence of a critical charge density being required for the growth of layers.

[98, 107] The exact numbers in Table 3.1 are specific to the model system being

studied; however, it is instructive to see what the values equate to in molecular

terms: given that a Eu-POM has a diameter of approximately 1 nm, which would

give it a projected surface coverage of 3.14 nm2, the required critical surface

charge density is less than one proton per POM. If, however, the attractive force

needs to be greater than the minimum, then at σplane = 0.5 e · nm−2, for example,

the surface coverage would need to be closer to two protons per POM. Some of

the experimental evidence for a critical charge density in layer-by-layer assembly

is complicated by the need to invert surface charge in order to accommodate

subsequent layers; [108] however, there is supporting evidence for such an effect

when, under aqueous conditions, polystyrene nanoparticles with varying degrees

of negative charge are adsorbed onto the surface of a positively charged polymer

film. [109]

There are important differences between the two examples of self-assembly

discussed above. In the first case, any attractive interaction between the charged

nano-diamond surface and the neutral alumina particle is due entirely to polari-

sation effects, and these are readily suppressed when the dielectric constant of

the medium exceeds that of the interacting particles. In contrast, the second

example represents a case where oppositely charged bodies should experience an

interaction, which Coulomb’s law would describe as being attractive under all

circumstances (vacuum and solvent). However, that is clearly not the case, and

the calculations reveal the existence of a critical charge density that is required to
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be present on a substrate in order to overcome polarisation effects in a medium

that may serve to suppress any attraction.

In summary, a consistent message to emerge from these calculations is that

electrostatic self-assembly is more likely to proceed if undertaken in a solvent with

a low dielectric constant. [89] Although such conditions make it more difficult

for particles and surfaces to acquire charge, the calculations show that assembly

can proceed at significantly lower levels of charge than are typical for an aqueous

medium. The absence of strong screening also means that low charge levels can be

effective over large distances, which again should be important for self-assembly.





Chapter 4

Electrostatic interactions in

many-body systems

In the previous chapters, a solution to the problem of calculating electrostatic

interactions between pairs of charged particles, of dielectric or effectively metallic

character, has been extensively analysed and also further developed to accurately

describe de presence of a dielectric medium. Such solution has proved to be

an excellent platform for understanding the fundamentals of the physics behind

the problem besides generating predictive results that can be applied to the

interpretation of experimental observations. However, there are many situations

where a knowledge of two-body interactions is not sufficient for a quantitative

description of a problem, and under those circumstances a solution to more

complex systems where more than two particles interact would appear necessary.

Examples where the latter may be appropriate include concentrated colloidal

solutions [110], Coulombic crystals [97], electrostatic self-assembly and, more

recently, super lattices [111]. In general terms, a two-body electrostatic interaction

involving polarisation arises when the presence of electric charge in one of the

particles creates an electric field that induces the redistribution of surface charge

and/or the polarisation of bound charge on a second particle, which, in turn,

generates its own electric field, that prompts the same effect on the first particle.
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This iterative process results in an equilibrium state where both particles acquire

a static charged configuration that can promote attraction, repulsion or even a

null force between them. It is straightforward to anticipate then, that if a third

particle is now introduced, the aforementioned iterative process will take place

between all three particles, potentially altering the global state of the system.

A number of solutions to calculating electrostatic interactions in many-body

systems can be found in the literature, with the majority relying on image charge

methods [32, 35, 112, 113] and a few others on a multipole expansion approach.

[40, 114, 115] However, an accurate description of a particular problem by such

methods often becomes prohibited in terms of computation time, particularly when

the configuration of the system requires use of a large number of corresponding

"images" or multipole terms. Indeed, describing electrostatic interactions in many-

body systems is an intrinsically more complex problem, as the induction of bound

charges due to polarisation effects in one particle is coupled with the same process

in all others; as a consequence, each pairwise interaction cannot be resolved

independently. In addition, simplification based on symmetry assumptions, that

can be naturally imposed in a two-body system, is rarely allowed if three or more

particles are involved.

As an alternative to the current available methods, a numerical solution to the

problem of calculating electrostatic interactions between many dielectric particles

is presented in the following. This new development, based on an integral equation

approach, is comparable to the multipole expansion, considering that it can also

provide an accurate quantitative description about the various physical quantities

of the problem, but with the advantage of being very computationally efficient.

The solution is able to treat a number M of particles with arbitrary size, charge,

dielectric constant, and position in a three-dimensional space, embedded in a

homogeneous medium of arbitrary dielectric constant. As presented, it constitutes

an effective generalisation of the two-body solution, perfectly agreeing with latter

in terms of the numerical results for any calculated physical quantity. Additionally,
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it converges up to the point where particles touch and therefore can be readily

adapted as a force field for particle dynamics simulations.

4.1 Theory

ri

rM

Ωi

ΩM

ai
Ω1

Ω2

ki

kM
k0

Fig. 4.1 Geometric representation of the system comprised of M non-overlapping
spherical particles Ω1, . . . ,ΩM with radius ai, dielectric constant ki, and centred
at ri, surrounded by a homogeneous medium of dielectric constant k0.

The considered system, illustrated in Figure 4.1, can be described in terms

of a collection of M non-overlapping spherical particles Ω1, . . . ,ΩM in a three-

dimensional space, whereby each Ωi (i = 1, 2, . . . ,M) has radius ai, and position

ri = (ri,x, ri,y, ri,z). The dielectric constant within each particle Ωi is denoted by

ki ≥ 1 and, correspondingly, the dielectric constant of the surrounding medium is

denoted by k0 ≥ 1. Accordingly, the dielectric constant as a function of space is

given by

k(r) = k0 +
∑

i∈{1,...,M}

(ki − k0)1Ωi
(r), r ∈ R3, (4.1)

where 1Ωi
denotes the characteristic function of Ωi. The function k is the piecewise

relative permittivity of the system. Let Ω0 = R3\ ∪M
i=1 Ω

c

i be the complementary
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part to the particles and set Γi = ∂Ωi for i = 0, 1, . . . ,M . Note that

Ω
c

0 = Ω1 ∪ . . . ∪ ΩM ,

Γ0 = Γ1 ∪ . . . ∪ ΓM .

Each particle Ωi carries a free charge σf,i = qi/(4πa
2
i ) that is completely supported

at its boundary Γi, such that a global function can be defined:

σf (r) =


σf,i if r ∈ Γi,

0 otherwise.

If the electric potential Φ created by a free charge σf,i residing on each particle

can be determined, then the electrostatic potential energy U follows directly from:

[3, 41]

U =
1

2

∫
Γ0

σf (s)Φ(s)ds, (4.2)

where, exclusively in this section, s denotes a point on the surface of a particle,

and not a surface-to-surface separation.

In order to use an approach that allows for a representation in terms of integral

equations, [116, 117] the problem is formulated as an interface problem, where a

potential Φ needs to be determined such that, in a similar way to the two-body

problem, the standard set of boundary conditions are observed; in particular:

∆Φ = 0 in each Ωi, i = 0, 1, . . . ,M, (4.3)

[[Φ]] = 0 on Γ0, (4.4)

[[k∇Φ]] = 4πKσf on Γ0, (4.5)
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where [[Φ]] and [[k∇Φ]] are the discontinuities defined by

[[Φ]]|Γi
(r) = Φ|Ω0(r)n0(r) + Φ|Ωi

(r)ni(r),

[[k∇Φ]]|Γi
(r) = (k∇Φ)|Ω0(r) · n0(r) + (k∇Φ)|Ωi

(r) · ni(r),

for all r ∈ Γi, i = 1, . . . ,M , where n0(r) denotes the outward pointing normal to

Ω0, and ni(r) denotes the outward pointing normal to Ωi.

4.1.1 Representation in terms of integral equations

At a local level, i.e., for each interface Γi with i = 1, . . . ,M , a local single

layer potential S̃i is defined by

(S̃iν)(r) :=

∫
Γi

ν(s)

|r − s|
ds, ∀r ∈ R3\Γi.

Further, any harmonic function w in Ωi∪Ω
c

i that is continuous across the interfaces

Γi can be represented by the discontinuity in its normal derivative on Γi across

the interface by the local single layer potential

w = S̃iνi with νi =
1

4π
[[∇w]]. (4.6)

The local single layer boundary operator Si can be introduced by restricting the

single layer potential to Γi:

(Siν)(s) = γD,i(S̃iν)(s) =

∫
Γi

ν(s′)

|s− s′|
ds′, ∀s ∈ Γi,

where γD,i denotes the Dirichlet trace onto Γi. In addition, the interior Neumann

trace is given by

∇w|Ωi
·ni = (2π +D⋆

i )νi, (4.7)
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where D⋆
i is the adjoint operator for the double layer boundary operator which,

in turn, is self-adjoint and equal to

D⋆
i = Di = − 1

2ai
Si (4.8)

for the case of a sphere of radius ai.

It follows from potential theory that any function satisfying Equations 4.3−4.5

can be represented by a global single layer potential

Φ(r) = (S̃Gσ)(r) :=
∑

i∈{1,...,M}

(S̃iσi)(r), (4.9)

where S̃G is the global single layer potential and

σi = σ|Γi
=

1

4π
[[∇Φ]], on each Γi.

The evaluation of Φ at each boundary Γi, i ∈ {1, . . . ,M}, can be denoted by λi,

i.e.

λi(s) = SGσ(s), ∀s ∈ Γi. (4.10)

where SG is the global single layer boundary operator. In addition, Φ can be

locally represented in Ωi by a local density νi which is supported only on Γi, such

that

Φ(r) = (S̃iνi)(r) :=

∫
Γi

νi(s)

|r − s|
ds, (4.11)

for all r ∈ Ωi. The local density νi can be uniquely determined by the following

local integral equation

Siνi = λi,
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assuming for now that λi is known. Having a representation for Φ in the interior

of Ωi, it follows from its Neumann trace, Equations 4.7 and 4.8:

∇Φ|Ωi
·ni =

(
2π − 1

2ai
Si

)
νi.

Using the discontinuity condition, Equation 4.5, the exterior (to Ωi) Neumann

trace becomes

∇Φ|Ω0 ·n0 =
1

k0
(4πKσf,i − ki∇Φ|Ωi

·ni),

on each Γi, i ∈ {1, . . . ,M}, where K = 1 hereafter in this section, as units can be

imputed later, vide Section 2.5. However, it has already been shown in Equation

4.9 that the solution Φ can be represented globally by the density σi and therefore

it holds locally on each Γi that

σi =
1

4π
[[∇Φ]]|Ωi

=
1

k0
σf,i +

k0 − ki
4πk0

∇Φ|Ωi
·ni =

1

k0
σf,i +

k0 − ki
4πk0

(
2π − 1

2ai
Si

)
S−1
i λi.

Recalling Equation 4.10, a globally coupled integral equation can be given by

[
Iid −

k0 − ki
4πk0

(
2πS−1

i − 1

2ai

)
SG

]
σ =

σf,i

k0
(4.12)

on each Γi.

Considering the energy expression, Equation 4.2, it can be observed that

U(Φ, σf ) =
1

2

∫
Γ0

σf (s)Φ(s)ds

=
1

2

∫
Γ0

σf (s)λ(s)ds =
1

2

M∑
i=1

∫
Γi

σf,i(s)λi(s)ds,

(4.13)

The energy is computed starting from λ = SGσ and not from σ, which is an

unknown quantity in Equation 4.12. Accordingly, an equivalent equation for σ
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can be defined by applying SG to both sides in Equation 4.12:

λ− SGLλ =
1

k0
SGσf , (4.14)

where the local operator Lj is defined by

(Lλ)|Γj
:= Ljλj, (4.15)

Ljλj :=
k0 − kj
4πk0

(
2πS−1

j − 1

2aj

)
λj. (4.16)

The problem consists of solving Equation 4.14 and then computing the energy

following Equation 4.13. The electrostatic force acting on each of the particles

Ωi follows as the negative gradient of the energy with respect to changes in the

location of the position ri = (ri,x, ri,y, ri,z) = (r1i , r
2
i , r

3
i ) of Ωi.

4.1.2 Discretisation

Let VN,i be the set of functions spanned by spherical harmonics on Γi of

maximum degree N :

VN,i =

{
N∑
ℓ=0

ℓ∑
m=−ℓ

[v]mℓ Yℓm

(
r − ri
ai

)}
,

where

[v]mℓ =

∫
S2
v(ri + ais)Yℓm (s) ds. (4.17)

Since the integral in Equation 4.17 can not always be computed exactly, a

quadrature (numerical integration) scheme is therefore introduced, by a set

{sn, ωn}Ng

n=1 of integration points and weights, respectively, on the unit sphere S2,

defined by

⟨u, v⟩n,i :=
Ng∑
n=1

ωnu(ri + aisn) v(ri + aisn). (4.18)
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In practice, the Lebedev quadrature [118] is used, as it can integrate couples

of spherical harmonics very accurately depending on the number of integration

points.

The Galerkin approximation to Equation 4.14 is then given by: on each Γi,

find λN |Γi
= λN,i ∈ VN,i such that

∀vN,i ∈ VN,i : ⟨λN,i − SGLλN , vN,i⟩n,i =
〈

1

k0
SGσf , vN,i

〉
n,i

. (4.19)

Since each λN,i ∈ VN,i, it is represented by a set of coefficients [λi]
m
ℓ so that

λN |Γi
(r) = λN,i(r) =

N∑
ℓ=0

ℓ∑
m=−ℓ

[λi]
m
ℓ Yℓm

(
r − ri
ai

)
. (4.20)

Therefore the function λN has a discrete representation by means of a vector

λ ∈ RM(N+1)2 consisting of all coefficients [λi]
m
ℓ . The corresponding linear system,

denoted here by

Lλ = f , (4.21)

is characterized by the entries of the solution matrix and the right-hand side

[Lij]
mm′

ℓℓ′ = ⟨δijYℓ′m′ − SGLjYℓ′m′ ,Yℓm⟩n,i , (4.22)

[fi]
m
ℓ =

〈
1

k0
SGσf ,Yℓm

〉
n,i

, (4.23)

which are derived as follows.

Focusing on Equation 4.14, it is first observed that the spherical harmonics

are eigenfunctions of the local single layer operator Sj, i.e.

SjYℓm =
4πaj
2ℓ+ 1

Yℓm, on Γj.
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As a consequence,

(LjYℓ′m′)

(
r − rj
aj

)
=

[
k0 − kj
4πk0

(
2πS−1

j − 1

2aj

)
Yℓ′m′

](
r − rj
aj

)
= ℓ′

k0 − kj
4πk0aj

Yℓ′m′

(
r − rj
aj

)
,

(4.24)

for all r ∈ Γj . Second, the single layer potential of Yℓ′m′

(
r−rj
aj

)
in R3\Ωi is given

by

(S̃jYℓ′m′)(r) =
4πaj
2ℓ′ + 1

(
aj

|r − rj|

)ℓ′+1

Yℓ′m′

(
r − rj
|r − rj|

)
, ∀r ∈ R3\Ωi. (4.25)

Introducing

vijn := ri + aisn − rj, sijn :=
vijn
|vijn |

and tijn :=
|vijn |
aj

,

and combining Equations 4.24 and 4.25 yields

(SGLjYℓ′m′)(ri + aisn) =
ℓ′

2ℓ′ + 1

k0 − kj
k0

(tijn )
−(ℓ′+1)Yℓ′m′(sijn ). (4.26)

The numerical integration becomes

⟨SGLjYℓ′m′ ,Yℓm⟩n,i =
Ng∑
n=1

ωn Yℓm(sn) (SGLjYℓ′m′)(ri + aisn)

=
ℓ′

2ℓ′ + 1

k0 − kj
k0

Ng∑
n=1

ωn Yℓm(sn) (t
ij
n )

−(ℓ′+1)Yℓ′m′(sijn ).

Therefore, it holds that

[Lii]
mm′

ℓℓ′ = δℓℓ′δmm′

(
1− ℓ

2ℓ+ 1

k0 − ki
k0

)
(4.27)

[Lij]
mm′

ℓℓ′ = −
Ng∑
n=1

[Ln
ij]

mm′

ℓℓ′ (tijn )
−(ℓ′+1) Yℓ′m′(sijn ), j ̸= i, (4.28)
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with

[Ln
ij]

mm′

ℓℓ′ := ωn
ℓ′

2ℓ′ + 1

k0 − kj
k0

Yℓm(sn).

For the right-hand side, it can be similarly obtained:

[fi]
m
ℓ = [σf,i]

0
0

4πai
k0

δℓ0 +
1

k0

∑
j∈{1,...,M}

j ̸=i

Ng∑
n=1

ωn(S̃jσf,j)(ri + aisn)Yℓm (sn) (4.29)

= [σf,i]
0
0

4πai
k0

δℓ0 +
∑

j∈{1,...,M}
j ̸=i

4πaj
k0

Ng∑
n=1

ωnYℓm (sn) [σf,j]
0
0 (t

ij
n )

−1 Y00 (4.30)

= [σf,i]
0
0

4πai
k0

δℓ0 +
∑

j∈{1,...,M}
j ̸=i

Ng∑
n=1

[fn
j ]

m
ℓ (tijn )

−1, (4.31)

with

[fn
j ]

m
ℓ :=

4πaj
k0

ωn Yℓm(sn) [σf,j]
0
0 Y00..

4.1.3 Electrostatic potential energy

Having solved the linear system Lλ = f , the energy can be computed following

Equation 4.13 as

U(λN , σf ) =
1

2

M∑
i=1

∫
Γi

σf,i(s)λN,i(s)ds,

First, σf,i is written in terms of spherical harmonics of degree 0, i.e.

σf,i = [σf,i]
0
0 Y00

(
r − ri
ai

)
, with [σf,i]

0
0 = 2

√
πσf,i. (4.32)

Then

U(λN , σf ) =
1

2

M∑
i=1

∫
Γi

σf,i(s)λi(s)ds = ⟨Ψ,λ⟩, (4.33)
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where entries for the vector Ψ are given by

[Ψi]
m
ℓ = δℓ0

a2i
2
[σf,i]

0
0

and

⟨Ψ,λ⟩ :=
∑

i∈{1,...,M}

N∑
ℓ=0

ℓ∑
m=−ℓ

[Ψi]
m
ℓ [λi]

m
ℓ .

This corresponds to the total electrostatic potential energy of the system. In

order to determine the interaction energy, the solution can be defined only for a

single particle, neglecting the presence of all other particles in the system. Thus,

the solution on Γi, denoted here by λf,i, is given by

λf,i =
1

k0
Siσf,i,

such that the total self-energy of the system, given by the sum of the individual

self-energies (Born energies), is defined as

U self(σf ) =
1

2

M∑
i=1

∫
Γi

σf,i(s)λf,i(s)ds = ⟨Ψ,λf⟩. (4.34)

Here, entries for the vector λf are given by

[λf,i]
m
ℓ = δℓ0

4πai
k0

[σf,i]
0
0.

The interaction energy is then given as the difference between the total energy

and the self-energy of the system:

U int(λN , σf ) = U(λN , σf )− U self(σf ).

4.1.4 Electrostatic force

The force acting on each of the particles Ωi is the negative gradient of the

energy with respect to changes in the location of the centre ri = (r1i , r
2
i , r

3
i ) of Ωi,
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that is

Fα
i = −∂rαi U(λN , σf ) = −∂rαi ⟨Ψ,λ⟩ = −⟨Ψ, ∂rαi λ⟩,

where ∂rαi = ∂
∂rαi

for α = 1, 2, 3. Note first that σf,i and thus Ψ do not depend

on the position ri of the particle Ωi, and second, the self-energy U self(σf ) also is

independent of ri.

Considering now the linear system Lλ = f , the derivative with respect to ri

on both sides yields

∂rαi (Lλ) = (∂rαi L)λ+ L(∂rαi λ) = ∂rαi f .

Regrouping the terms gives

L(∂rαi λ) = ∂rαi f − (∂rαi L)λ =: hα
i . (4.35)

Then,

Fα
i = −⟨Ψ, L−1hα

i ⟩ = −⟨L−TΨ,hα
i ⟩ = −⟨s,hα

i ⟩,

where s is a solution to the adjoint system

LTs = Ψ. (4.36)

Thus the force acting on the ith particle is given by

Fi = (F 1
i , F

2
i , F

3
i ).
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It remains to characterize the different coefficients of hα
i . Applying the chain

rule implies

∂rαi [Lii]
mm′

ℓℓ′ = 0

∂rαi [Lij]
mm′

ℓℓ′ = −
Ng∑
n=1

[Ln
ij]

mm′

ℓℓ′ ∂rαi

(
(tijn )

−(ℓ′+1) Yℓ′m′(sijn )
)

= −
Ng∑
n=1

[Ln
ij]

mm′

ℓℓ′ (tijn )
−(ℓ′+1)

×
(
∂rαi Yℓ′m′(sijn )− (ℓ′ + 1)(tijn )

−1 (∂rαi t
ij
n )Yℓ′m′(sijn )

)
, j ̸= i,

and

∂rαi [fi]
m
ℓ = −

∑
j∈{1,...,M}

j ̸=i

Ng∑
n=1

[fn
j ]

m
ℓ (tijn )

−2(∂rαi t
ij
n ).

Note that

∂rαi t
ij
n =

1

aj
∂rαi |v

ij
n |,

and thus, using the notation vijn = ((vijn )1, (v
ij
n )2, (v

ij
n )3), yields

∂rαi |v
ij
n | = ∂rαi

(
3∑

β=1

(vijn )
2
β

) 1
2

=
(vijn )α

|vijn |
∂rαi (ri + aisn − rj)α =

(vijn )α

|vijn |
fijk,

where

fijk =



1 if k = i ̸= j

−1 if k = j ̸= j

0 if k = i = j

0 if k ̸= i, j

.

Further

∂rαi Yℓ′m′(sijn ) =
1

|vijn |
∂sαYℓ′m′(sijn )∂rαi v

ij
n =

1

|vijn |
∂sαYℓ′m′(sijn )fijk,
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where ∂sαYℓ′m′(sijn ) denotes the α-component of the gradient in Cartesian coordi-

nates of Yℓ′m′(s) for s ∈ S2.

4.2 General numerical results

In this section the focus is turned to the presentation of a number of many-

body interaction cases that illustrate the capability of this new model. Once

again, the various physical quantities are considered to be dimensionless in this

initial calculations, unless otherwise stated. In this first few examples, the number

of particles has been restricted to M = 3, so that physical intuition regarding the

problem can be preserved as part of the interpretation.

As already discussed in the previous chapters, in a system containing a neutral

particle and a charged particle, the existence of an electrostatic interaction depends

upon the electric susceptibility of the former, i.e. the neutral particle must have

a corresponding dielectric constant that is greater than unity. Consider the case

shown in Figure 4.2, where three interacting particles are displaced in a linear

geometry; the central particle carries a positive charge and two neutral particles

sit equidistant either side. When each particle have a dielectric constant equal to

unity, i.e. when they are non-polarisable, no bound charges are induced and there

is a complete absence of any type of electrostatic interaction. As the value of

ki (i = 1, 2, 3) is increased, i.e. as the particles become more polarisable, bound

charges are induced and the interaction becomes progressively more attractive.

As can be seen from the surface charge density map (inset in Figure 4.2), the

electric field created by the positive free charge on the central particle induces

the appearance of negative bound charge on the left- and right-hand particles,

particularly on the two sides adjacent to the central charged particle. Since the

left and right particles are neutral, their total charge should remain zero, hence

positive bound charge emerge on the two sides farthest from the central particle.

As it is an iterative process, the electric field created by the induced bound
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Fig. 4.2 Plot of the total electrostatic force F acting on the left-hand particle as
function of the surface-to-surface separation s, for a case of charged particle −
neutral particle interaction. The particle in the centre has a nominal charge of
+1, whilst the left- and right-hand particles are neutral. The three particles are
equal-sized, with nominal radii of 1 and each curve corresponds to a distinct value
of the particles’s dielectric constants, k1 = k2 = k3. Also shown is a geometrical
representation of the problem, with the total surface charge density (charge per
unit area) mapped out for each of the particles, corresponding to the curve where
k1 = k2 = k3 = 20 and s = 0.2.

charges on the left and right particles also polarises the central particle, which

then becomes more positively charged at the two ends closest to the adjacent

neutral particles. The overall effect is that the total force on the left-hand particle

is attractive and directed towards the other two particles. By symmetry, the total

force on the right-hand particle is also attractive, acting with equal magnitude in

the opposite direction; accordingly the total force on the central particle is zero.

In a second example, illustrated in Figure 4.3(a), there are again three in-

teracting particles in a linear configuration, but this time they are all charged.

The central particle is positively charged and the other two particles are equidis-

tant and carry negatives charges. When the particles are non-polarisable, i.e.

ki = 1 (i = 1, 2, 3), the electrostatic interaction is always attractive and described

entirely by Coulomb’s law. In this particular example, attraction is due to an

opposite-charge interaction between the positive free charge on the central particle

and the negative free charges on the two other particles. When ki becomes larger

than unity, bound charges are induced on the particles in a manner similar to the

case depicted in Figure 4.2, such that, as the value of ki increases, the interaction
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Fig. 4.3 Plot of the total electrostatic force F acting on the left-hand particle
as function of the surface-to-surface separation s, for a case of opposite-charge
interaction. In (a) the particle at the centre has a nominal charge of +1, while
the left- and right-hand particles have nominal charges of -1. In (b) the particle
at the centre has a nominal charge of +0.01, whilst the left and right particles
have nominal charges of -10. In all cases the particles are equal-sized, with
nominal radii of 1 and each curve corresponds to a distinct value of the particles’s
dielectric constants, k1 = k2 = k3. Inset shows a geometrical representation of
the problem, with the total surface charge density mapped out for each of the
particles, corresponding to the curve in (b) where k1 = k2 = k3 = 20 and s = 0.2.

becomes more attractive. In the case shown in Figure 4.3(b), the central particle

carries significantly less charge than the other two particles in a way that a

critical value of ki is now necessary for the onset of an attractive interaction.

As shown by the calculations, if ki ≤ 10, the combination of an opposite (free)

charge interaction and additional attraction due to polarisation effects is not

sufficient to balance the repulsion between the negative free charges on the left-

and right-hand particles; therefore the overall force on the left-hand particle is

repulsive. However, when ki ≥ 20, polarisation effects become stronger and can

now promote the onset of an overall attractive interaction at sufficiently short

inter-particle separation distances. As in the previous example, by symmetry, the

total force on central particle is zero in all cases and what is changing are the

forces on the left- and right-hand particles, which have the same magnitude but

act in opposite directions.
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Finally, consider again the case of three interacting particles placed in a

linear configuration, but here the difference is that all carry a net positive charge,

i.e. they are like-charged. Figure 4.4(a) shows that when the particles are

identical, which includes a consideration of the magnitude and sign of charge,

the electrostatic interaction will be always repulsive, no matter how polarisable

the particles are; polarisation effects merely serve to weaken the electrostatic

repulsion between particles, so as ki = 1 (i = 1, 2, 3) increases, the magnitude of

the repulsive force decreases. However by changing one of the parameters, such

that the polarisation effects become stronger, this scenario can be modulated. For

example, in Figure 4.4(b), the central particle has been made three times larger

than the left- and right-hand particles, such that they now have different surface

charge densities. As can be inferred from the inset, the higher charge density on

the two smaller particles induces negative bound charge on the central particle,

specifically on the surfaces that are closest to either particle. In contrast, the left-
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 k1,2,3 = 5
 k1,2,3 = 10
 k1,2,3 = 20
 k1,2,3 = 80   
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Fig. 4.4 Plot of the total electrostatic force F acting on the left-hand particle as
function of the surface-to-surface separation s, for a case of like-charge interaction.
In (a) all particles are identical, with a nominal charge of +1 and nominal radius
of 1. In (b) all particles have a nominal charge of +1, the central particle has
a nominal radius of 3, whilst the left- and right-hand particles have a nominal
radius of 1. Each curve corresponds to a distinct value of the particles’s dielectric
constants, k1 = k2 = k3, and the inset shows a geometrical representation of
the problem, with the total surface charge density mapped out for each of the
particles, corresponding to the curve in (b) where k1 = k2 = k3 = 20 and s = 0.2.
Note that the visual scale differs from that employed in the two previous figures.
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and right-hand particles become more positively charged at those sides nearest to

the central particle. The overall effect is that, at sufficiently short separations, an

overall attractive interaction exists between the particles, even though they are

all like-charged; a scenario comparable to that involving only two like-charged

particles, presented in Section 2.2.

Figure 4.5 addresses another example of like-charge interaction, but this time

the particles are displaced in a triangular geometry. Similarly to the previous

case, shown in Figure 4.4, the particles in (a) are identical, and therefore the

electrostatic interaction is always repulsive, with polarisation merely weakening its

magnitude. However, when there is an asymmetry in one of the parameters, which

in this case is the amount of charge on each particle, then as shown in Figure

4.5(b), an attractive interaction can emerge at sufficiently short separations.
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Fig. 4.5 Plot of the total electrostatic force F acting on the left-hand particle
as function of the surface-to-surface separation s, for another case of like-charge
interaction. In (a) all particles are identical, with a nominal charge of +1 and
nominal radius of 1. In (b) all particles have a nominal radius of 1, but the
left-hand particle has a nominal charge of +3, whilst the particles on the right-
hand each have a nominal charge of +1. Each curve corresponds to a distinct
value of the particles’s dielectric constants, k1 = k2 = k3, and the inset shows a
geometrical representation of the problem, with the total surface charge density
mapped out for each of the particles, corresponding to the curve in (b) where
k1 = k2 = k3 = 20 and s = 0.2.
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4.3 Nonadditivity of the electrostatic force in many-

body systems

As Coulomb’s law obeys the principle of superposition (recall Equation 2.17),

in the case of a system containing any number of uniformly charged non-polarisable

spherical particles, or equivalent point charges at the centre of each respective

particle, it is straightforward to recognise that the total electrostatic force acting

on a specific particle is equal to the sum of forces corresponding to pairwise

interactions between such particle and all other particles in the system.

Consider then the case depicted in Figure 4.6, which has the same geometry of

the system previously considered in Figure 4.5, where each particle is positioned

at a different vertex of an equilateral triangle. All particles are non-polarisable

(k1 = k2 = k3 = 1), equal-sized with nominal radii of 1, and separated by a

distance s = 1; the left-hand particle has a nominal charge of 10, and both right-

hand particles have a nominal charge of -10. The three upper representations in

Figure 4.6 denote each isolated pairwise interaction, while the representation on

the bottom shows the overall interaction between all three particles. As can be

seen, the x and y components of the total force acting on each particle is simply

the sum of the x and y components of the force due to the two corresponding

pairwise interactions with the other particles. Therefore, for a system containing

non-polarisable particles, likewise as for a collection of point charges, the principle

of superposition holds and the force can be said to be additive.

Consider now the case illustrated in Figure 4.7, which has the same parameters

of the system addressed in Figure 4.6, except for the dielectric constants of the

particles, that now are equal to 20. Contrarily to the previous case, where the

particles are non-polarisable, Figure 4.7 shows that when the particles have the

ability to be polarised, the electrostatic force ceases to obey the principle of

superposition and becomes nonadditive. Accordingly, in each of the isolated

pairwise interactions, depicted in the three upper representations in Figure 4.7,
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Fig. 4.6 Schematic illustration of the electrostatic interaction between three
non-polarisable particles placed at the vertices of an equilateral triangle of side
h = 3. The three upper diagrams represent an isolated pairwise interaction in the
absence of the third particle, whose phantom location is shown as a dashed circle,
and the bottom diagram represents the overall interaction, involving all three
particles. The x and y components of the force are shaded in grey, while the total
force is denoted in black. Accordingly, the arrows represent unit vectors (not in
the same scale of the other length quantities, for clarity), portraying the direction
of each force, whose corresponding absolute magnitude is displayed right below
in each case.

the two particles become polarised by one another in such a way that they

assume a static surface charge distribution that corresponds to the equilibrium

configuration for each particular scenario. However, when a third particle is added

to the system, it disrupts the static charge distributions on the two previously

isolated interacting particles, and the system as whole, now composed by three

particles, assumes a new equilibrium static surface charge distribution, as shown
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Fig. 4.7 Schematic illustration of the same system considered in Figure 4.6, but
with the key difference that the particles are polarisable, with dielectric constants
k1 = k2 = k3 = 20. Clearly shown is the total surface charge density, mapped
out for the particles, assuming a different distribution for each of the depicted
diagrams. Values within brackets denote absolute force magnitudes that would
be obtained if such interaction obeyed the principle of superposition, while values
without brackets denotes the real force.

by the lower representation. In other words, the charge distribution on a specific

particle in an isolated pairwise interaction is different from the charge distribution

on the same particle when it is placed under influence of additional particles. As

a consequence of such kind of change in a system, the various force components

are also modified and the electrostatic force is characterized as nonadditive. This

is evident from Figure 4.7 when one compares the force that would be obtained

if the interaction obeyed the principle of superposition (within brackets) to the
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real force resulting from the interaction. This effect is similar to that involving

the induction component of intermolecular forces, which is recognised as being

strongly nonadditive, since the fields of the different interacting neighbouring

molecules may reinforce or cancel out each other. [119]

4.4 Calculations for systems with a larger number

of particles

A couple of examples where the system contains a large number of particles

are addressed next, in the form of calculations for the crystal structure of sodium

chloride (NaCl) and estimation of its correspondent Madelung constant, and

calculations for an electrostatic self-assembly process involving charged polystyrene

microspheres.

4.4.1 Halite lattice and estimation of Madelung constant

M = 27
(unit cell)

M = 125

M = 343

Fig. 4.8 Halite (‘rock-salt’) structure of sodium chloride (NaCl), where the sodium
cation is depicted in yellow and the chlorine anion in blue. Shown are the first
three possible cubic structures starting with the unit cell.

Sodium chloride (NaCl) occurs naturally in a (6,6)-coordinate halite (‘rock-

salt’), cubic structure, where each cation is surrounded by six anions and vice

versa [120], as illustrated in Figure 4.8. As for any crystal, the lattice energy

is defined as the difference in electrostatic potential energy between the salt
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packed in a solid form and its isolated constituents, in this case Na+ and Cl−.

If the constituents interacted to form ion pairs instead of the usual lattice then

the energy released when the pairs form would be considerably smaller than

that observed for the lattice energy. This difference is reflected in the Madelung

constant, which is defined as the ratio between the lattice energy per mol of a

substance in crystal form and the potential energy per mol of isolated ion pairs

[121]. A knowledge of Madelung constants for crystals is important as they can

be used to estimate lattice energies directly by treating a crystal’s constituents

as point charges. The Madelung constant also reflects geometric features of a

crystal as, for example, the type of lattice present in a crystalline structure.
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Fig. 4.9 (a) Semi-log plot of the estimated lattice energy and (b) estimated
Madelung constant, as function of the number of particles M in the structure.
The sodium cation is represented by a sphere of radius 1.02 Å [122] carrying a
positive elementary charge, and the chlorine anion is represented by a sphere
of radius 1.81 Å [122] carrying a negative elementary charge. Unlike some
previous calculations, these results are not dimensionless, hence, the actual value
of Coulomb’s constant has been used. The lattice energy is presented as the
Coulomb interaction added by the Born forces component from Born-Landé
equation [123].

The potential energy of a single unit cell of a crystal is naturally expected

to differ from the correspondent crystal lattice energy since the unit cell is not

sufficiently large as to be representative of a crystal and edge effects cannot be

appropriately smoothed, i.e. the pairwise interaction between any two of the

constituents is significant enough to be neglected. As the unit cell is allowed to
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grow in composition towards the structure of a larger crystal, interactions between

distant ions becomes progressively smaller to a point where their contribution to

the lattice energy becomes insignificant and the potential energy of the growing

structure approximates that of the lattice energy. This is precisely what can be

observed in Figure 4.9, where the estimated lattice energy and Madelung constant

are plotted as function of the number of particles M in the evolving crystalline

structure. As M increases, the estimated lattice energy and Madelung constant

asymptotically approach their corresponding reference values [124, 125] of 750.619

kJ mol-1 and 1.74756, respectively.

4.4.2 Electrostatic self-assembly of polystyrene microspheres

About a decade ago, McCarty et al. [126] have described a process whereby

polystyrene microspheres with opposite charges and different sizes self-assemble

to form uniform multilayered microstructures. The microspheres are charged

by means of a chemically directed contact electrification technique; some of the

particles are covalently bound to tetraalkylammonium groups, which renders

an uniformly distributed positive charge at the surface upon contact with an

appropriated material that carries away negative charges, while others are cova-

lently bound to sulfonate groups, oppositely rendering an uniformly distributed

negative charge on the surface, upon contact with another type of material, that

carries away positive charges. Information about the amount of charge on the

largest of the manipulated particles, with 100 µm-radius, has been obtained

through a device that essentially consists of an aluminium tube connected to an

electrometer.

In one example, several of these 100 µm-radius sulfonate-functionalised mi-

crospheres with -0.01 nC of charge were placed in an aluminium dish with 10

µm-radius tetraalkylammonium-functionalised microspheres of undisclosed charge,

and the arrangement was subsequently agitated until the particles were thoroughly

mixed. Within seconds it was observed that each of the large 100 µm microspheres
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were surrounded by the smaller, oppositely charged 10 µm microspheres, which

effectively formed a layer of particles around the former. The authors estimated

that the interaction energy for such kind of system is negative, by considering

each microsphere as a non-polarisable spherical particle with a corresponding

point charge at its centre, therefore showing that the assembly can be stable as

a result of interactions of Coulombic nature alone. The obtained energy values

can be in fact readily reproduced with the formalism introduced in this chapter,

by considering only the spherical harmonic of degree zero in the truncated series

utilised in its solution or, alternatively, by assigning dielectric constants equal to

unity to all particles in the system. However, it is not strictly accurate to consider

materials made of polystyrene as being non-polarisable; indeed polystyrene has a

dielectric constant equal to 2.6 [127] and therefore it’s possible that polarisation

effects can make a significant contribution towards the overall stability of the

assembly. To investigate such possibility, calculations have been undertaken where

the charge qcentral on the central 100 µm-radius microsphere has been fixed to

-0.01 nC, while the charge q1layer on each of the 339 10 µm-radius microspheres

that form the outer layer has been allowed to vary from 10−6 nC to 10−4 nC.

Figure 4.10 shows the results, where the various energy curves, each corresponding

to a different degree N of spherical harmonics, has been plotted as function of

q1layer. Since the maximum considered degree is N = 10, only the polarisation of

the 339 smaller microspheres is accurately accounted for. Accordingly, a much

higher degree would be necessary to properly describe the polarisation of the

larger central particle, characterised by spots of high charge density each related

to one of the 339 smaller microspheres, but that would require a calculation that

is currently not viable in terms of computation time for this particular system.

As can be seen from the figure, polarisation effects are only significant when

the amount of charge on the smaller particles is small. This is especially true due

to the low value of the particles’s dielectric constant. Accordingly, for most of

the plot regions, opposite-charge attraction between the negative free charges
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Fig. 4.10 Plot of the interaction energy U (J) as function of the amount of charge
q1layer (nC) on each of the 339 10 µm-radius microspheres that constitute the
particles layer, for three different degrees N of spherical harmonics utilised in the
truncated series. Placed on the right is an illustration of the system, with the
total surface charge density mapped out for each of the particles.

on the central particle and the positive free charges on each of the particles in

the layer dominates the overall interaction. It is only when the smaller particles

are weakly charged that a residual attraction particularly due to interactions

involving the induced bound charges on the smaller particles becomes significant

enough so that the different curves in the plot do not superimpose one another.

It can also be noted from the plot that, for a central particle carrying -0.01 nC

of negative charge, the assembly is at the lowest energy configuration when the

amount of positive charge on each of the 339 smaller particles is about 3× 10−5

nC. Indeed, when the magnitude of charge on such particles decreases from

the lowest energy point, the interaction energy goes to zero in the case of non-

polarisable particles (N = 0), or it plateaus at a value close to zero, corresponding

to the residual attractive interaction due to polarisation effects, when N > 0.

Conversely, as such magnitude of charge increases from the lowest energy point,

the energy increases continuously, eventually becoming positive at the point where

the mutual repulsion between the positive smaller particles dominates over the

atractive interation between these particles and the central microsphere.
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In a second scenario, the authors have shown that when 35 µm-radius sulfonate-

functionalised microspheres were added to the system, in addition to the other

two types of microspheres considered in the previous case, a second layer of

particles, constituted by these 35 µm-radius microspheres, was formed, effectively

producing a multilayered assembly of alternating charges. Figure 4.11 shows

electrostatic potential energy surfaces calculated for this case, where the charges

q1layer and q2layer on each particle, respectively corresponding to the first layer

made of 339 microspheres of 10 µm-radius, and the second layer constituted by

60 microspheres of 35 µm-radius, were allowed to vary. Each surface correspond

to a different degree N of spherical harmonics, so polarisation effects can be also

gauged in this case. Similarly to the previous case, since the maximum considered

degree of spherical harmonics is N = 10, only the polarisation of the particles

that form the first and second layers is accurately accounted for.

As illustrated in Figure 4.11, the three cases show a distinct "valley" where the

interaction energy is close to the minimum, corresponding to an approximately

constant value for the charge on the 10 µm-radius microspheres that constitute the

first layer, except when the magnitude of charge on the 35 µm-radius microspheres

in the second layer assumes a particular value of about -4×10−4 nC, which causes

the "valley" to shift towards larger magnitudes of charge in the first layer. When

the magnitude of charge on the 10 µm-radius microspheres is small, the assembly

is predominantly unstable due to the repulsive interaction between the like charges

in the 100 µm-radius central particle and in the particles that constitute the

second layer, which is reflected in the positive value of the energy, especially if

the particles are treated as being non-polarisable (N = 0). As the magnitude

of charge on the microspheres in the first layer increases, the interaction energy

shifts towards the above-mentioned "valley" until increasing again when such

magnitude of charge is sufficiently large. At this latter condition, the interaction

is mostly unstable due to either repulsion between the 10 µm-radius microspheres

or repulsion between the 35 µm-radius microspheres, and also between these
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Fig. 4.11 Interaction potential energy U (J) surfaces, calculated as function of the
amount of charge, q1layer and q2layer, on each particle that constitutes the first and
second layer, respectively, for three different degrees N of spherical harmonics
utilised in the truncated series. Shown are only the regions of surfaces where
the energy is negative, so accordingly the flat parts represent regions of positive
energy that have been clipped out, for clarity. Placed on the centre-right is an
illustration of the system, with the total surface charge density mapped out for
each of the particles.

latter particles and the central particle, apart from where the microspheres on

the second layer aquire the already mentioned particular value of charge of about

-4 × 10−4 nC, by which the "valley" passes. Figure 4.11 also shows that the
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difference between the surfaces calculated with N = 5 and N = 10 are virtually

non-existent, indirectly revealing that the accounted polarisation effects are not

very significant for most of the graph, particularly because of the low dielectric

constant of the microspheres.

Even though the stabilising effects in these cases addressed by McCarty et al.

[126] are mainly of Coulomb nature, especially due to the low dielectric constant

of the microspheres, the calculations suggest that, by considering particles that

are able to be more strongly polarised, such stabilising effects can be pushed

further due to a corresponding contribution made by polarisation effects.

4.5 Newtonian particle dynamics

As the last development addressed in this thesis, next it is demonstrated

how the new formalism for calculating electrostatic interactions in many-body

systems, introduced earlier in this chapter, can be implemented as a force field

for Newtonian dynamics of many particles.

4.5.1 Physics engine

In the simple physics engine that has been initially developed for such dynamics

simulations, a system that is composed by a given number of non-overlapping

particles, each with a determined dielectric constant, charge, radius, mass, initial

three-dimensional velocity and position, is considered. It is recognised that,

since electric charges are effectively moving during a simulation, magnetic fields

and hence magnetic forces also exist in the system. Accordingly, the total

electromagnetic force corresponding to each pairwise interaction between charge

elements can be obtained by [128]

F12 = K
q1q2
h2

ĥ +
v2 ×

(
v1 × ĥ

)
c2

 . (4.37)
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where vi (i = 1, 2) is the particles’s velocity and c is the speed of light. However,

unless the speeds of the moving charged particles are close to that of light

(c ≈ 3.0× 108 m/s), which does not apply in what is presented next, the second

term within square brackets in Equation 4.37 is considerably smaller than the first.

Consequently, the magnetic component of the force can be safely neglected and any

interaction can be accurately described by only considering the electric component.

It is assumed that the particles are also not subject to any gravitational field,

from either internal or external sources. Therefore, the only force acting on each

particle is the electrostatic force due to the presence of charge on other particles.

The motion of the particles is governed by Newton’s laws of motion, [129]

especially the second law, Fi = mi ai, which relates the acceleration ai experienced

by a given particle i of mass mi, with the total force Fi acting on it. Since the

acceleration is subjected to any changes in total force, both the velocity and

corresponding displacement of a particle are appropriately updated at each time

step, according to the so-called Euler method. [130] In addition, as there should

be no overlapping between particles, a serial collision handler, which is responsible

for processing detection and response of any collision, has also been integrated in

the engine.

4.5.2 Bouncing frequency of attracting particles

To investigate how polarisation effects can influence the progression of a

dynamics simulation, consider a system composed by two equal-sized particles

of varying dielectric constants, with nominal radii a1 = a2 = 1, nominal charges

q1 = 1 and q2 = 0, and nominal masses m1 = m2 = 1. The charged particle is

centred at the origin, i.e. with coordinates (r1,x, r1,y, r1,z) = (0,0,0), while the

neutral particle is initially placed at the position (r2,x, r2,y, r2,z) = (h,0,0), where

h = 3. The simulation starts with the particles at rest and the system is then

allowed to evolve over time. Each collision is at first treated as being perfectly
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elastic, wherefore the conservation of both the corresponding linear momentum

and (translational) kinetic energy are observed.

In such simple scenario, the free charge on the first particle induces the

appearance of bound charges on the second particle, which in response also

induces the appearance of bound charges on the first particle, in an iterative

process that is familiar from previous chapters. The net result is that a total

electrostatic force of equal magnitude acts on both particles, accelerating them

towards each other. With increasing acceleration, the particles collide elastically

at halfway of their initial centre-to-centre separation distance, namely at the

point (h/2,0,0), leading to an inversion in the direction of their linear momentum.

After collision, the particles move away from each other, being decelerated by a

restoring electrostatic force, until assuming a velocity of magnitude zero once

they reach their initial positions, therefore completing a cycle.
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Fig. 4.12 Plot of the interaction energy U as function of simulation time t for
distinct values of the particles’s dielectric constants, k1 = k2. Each collision is
treated as being perfectly elastic, where CR = 1. Diagram on the right shows a
geometrical representation of the bouncing cycle.

Figure 4.12 illustrates how the electrostatic interaction energy varies as func-

tion of time, for distinct values of the particles’s dielectric constants k1 = k2. As

expected, lower interaction energies, especially at close proximity, are achieved as

the particles become more able to be polarised, i.e. as their dielectric constants

increase. Most interestingly for such time-evolving process is the fact that the
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bouncing period, namely the time required to complete a cycle, is smaller for

more polarisable particles. Understandably, higher dielectric constants results in

stronger electrostatic forces between the particles, which consequently acquire

faster speeds, allowing them to bounce in a higher frequency.

However, a real scenario collision can be rarely considered as being perfectly

elastic, since the kinetic energies of the particles are generally converted into

another form of energy in the process, such as thermal energy—in this scenario the

kinetic energy can be absorbed either by surface vibrational modes or by internal

vibrational modes associated with the constituent molecules of the colliding

bodies; in return, the excess energy associated with these vibrational modes

can be subsequently dissipated by a surrounding medium (e.g., air). [129] A

more appropriate way of dealing with such problem is then to consider any

given collision as being partially elastic, wherefore the linear momentum is still

conserved, in contrast to the kinetic energy that is not. Such behaviour can be

defined through a parameter known as the coefficient of restitution (CR), which

relates the relative speeds of the colliding particles before and after the collision

as

CR =
relative speed after collision
relative speed before collision

. (4.38)

Accordingly, for a perfectly elastic collision the coefficient of restitution assumes

a value equal to unity, and for a perfectly inelastic collision it assumes a value

equal to zero. Values of CR in-between 0 and 1 represents then a partially elastic

collision (or partially inelastic collision, depending on one’s point of view). In

order to investigate the effects of treating collisions as belonging to the latter

category, calculations for the same cases addressed in Figure 4.12 have been

repeated with a coefficient of restitution equal to 0.9, and the new results are

given in Figure 4.13. As can be seen, the main difference in such scenario is that,

after each collision, the bouncing frequency increases as the particles don’t return
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to their previous initial cycle position, as a consequence of part of their kinetic

energies being repeatedly lost in the process.
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Fig. 4.13 Plot of the interaction energy U as function of simulation time t for
distinct values of the particles’s dielectric constants, k1 = k2. Each collision is
treated as being partially elastic, where CR = 0.9. Diagram on the right shows a
geometrical representation of the bouncing cycle.

The consideration of partially elastic collisions allows the simulation of pro-

cesses where particles might aggregate, since no energy redistribution are explicitly

taken into account in the current hard-sphere model. In the case of perfectly

elastic collisions, attracting particles would bounce permanently and no aggrega-

tion would be observed, no matter how attractive the interaction. By making the

collisions partially elastic, attracting particles are able to dissipate their kinetic

energy at each collision, which makes their relative velocities go to zero, until

a point they aggregate, i.e. until they are found in a configuration of constant

contact with one another, if not perturbed by appropriate external forces, as it

will be illustrated next.

4.5.3 A dynamics example of electrostatic self-assembly

As has already been thoroughly exposed in the previous sections and chapters,

an attractive electrostatic regime can exist between particles that are oppositely

charged, also between neutral but polarisable particles and charged particles, and

even between like-charged polarisable particles, given the right circumstances.
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However, until the present section, calculations have been performed by consid-

ering a static scenario, whereby parameters of the system are required at every

single calculation step. For example, in the determination of a force − separation

curve, like the ones presented in Figures 4.2 to 4.5, dielectric constants, radii

and charge of the interacting particles are given and calculations are performed

for a number of predetermined inter-particle separation distances, rendering a

"snapshot" of the electrostatic interaction at each particular sub-configuration.

Dynamics simulations, on the other hand, offer the extra information of how the

system evolves over time, so in addition to knowing the regions of stability of a

particular system through determination of potential energy curves or surfaces,

for instance, dynamics calculations can also picture possible paths of how the

system could transit from a particular configuration to another.

As an illustration, consider a system whose boundaries are defined by a cubic

box which is effectively just an elastic boundary with fixed internal volume equal

to 1.726× 1010 nm3, and a number of particles inside it, as depicted in Figure

4.14. Fixed at the centre of the box is a 500 nm-radius non-polarisable particle,

bearing 25 elementary charges on its surface, that will serve as a constant source

of radially distributed and spherically symmetric electric field. Surrounding this

central particle are eight 100 nm-radius free to move particles, placed initially at

positions corresponding to the vertices and half-sides of a square of side equal to

1414.2 nm, situated on the x− y plane, whose centre also coincides with the one

of the box. Such smaller particles have dielectric constants equal to 4.5, being

then representative of materials that are of made of silica (silicon dioxide). [131]

An extrapolation of the kinetic theory of gases has been made for the system,

so that the eight small particles can be given an initial speed that correspond to

the root-mean-square (RMS) speed that the same collection of particles would

have at a temperature T = 298.15 K. Note that there is no consideration of

temperature in the simulation, and that such variable is utilised only for the

calculation of an initial speed of the smaller particles. Accordingly, the particles
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Fig. 4.14 Geometric representation of a system comprised of a 500 nm-radius
particle fixed at the centre of a volume contained by a closed box, and eight
surrounding 100 nm-radius free to move particles, placed initially at the vertices
and half-sides of a virtual square situated on the x− y plane and whose centre
coincides with the one of the box.

are considered to be made of silica, having then a mass density of 2.21 g/cm3,

[132] which translates to a mass of 1.16× 10−15 kg to the larger 500 nm-radius

particle, and 9.26×10−18 kg to the smaller 100 nm-radius particles. As mentioned

before, the former is fixed at the centre of the box but, in contrast, each of the

latter have an initial velocity magnitude (speed) given by [120]

vi =

√
3RT

"molar mass"
, (4.39)

where R is the universal gas constant, and the "molar mass" is determined

as the product of the mass of the smaller particles with Avogadro’s constant,

relying then in the approximation of considering each particle as a spherical

gas molecule. The directions of the particle’s velocity are given by randomly
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decomposed (vi,x, vi,y, vi,z) components (i = 1, 2, . . . , 8), therefore inducing the

small particles to permeate the whole box and not being restricted to the x− y

plane.

Note that such small system cannot be considered to be ergodic and it is not

represented by an ensemble. The simulation simply constitutes an evolution of

the system over time according to Newton’s laws of motion, with the electrostatic

force experienced by the particles acting as a modulator of their velocities through

F = m a. The box merely acts as an elastic boundary that serves to contain

the particles within the considered volume. The consideration of CR < 1 allows

the kinetic energy to be partially lost with each particle−particle collision, as

explained in Subsection 4.5.2, so if the electrostatic interactions are attractive,

aggregation is expected to occur given sufficient time. For consistence, it could

also be considered that the box is filled with an inert gas, that does not impose any

mechanical resistance to the moving particles, and that can aid in the dissipation

of the kinetic energy released during partially elastic collisions, through the

mechanism mentioned in Subsection 4.5.2.

Figure 4.15 gives equally time-spaced snapshots of a 1000 µs simulation,

calculated through 4000 steps of 0.25 µs, where each of the 100 nm-radius

particles carry -1 e, which corresponds to the same absolute surface charge density

of the larger 500 nm-radius particle. Any particle−particle collision has been

treated as being partially elastic, with CR = 0.9, and collisions with the box wall

has been treated as being perfectly elastic. As can be seen from this figure, the

small particles progressively gather around the central particle as time evolves,

until aggregation is virtually complete by the last frame. Note that the small

particle tend to be displaced over the central one in a way that the system’s

energy is minimised, i.e. apart from being attracted to the central particle, the

small particles generally assume positions that further minimise the repulsion

that exists between one another. Additionally, Figure 4.15 also illustrates the

path travelled by the particle that is initially placed at the origin, projected on
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Fig. 4.15 Snapshots of a 1000 µs dynamics simulation involving a 500 nm-radius
particle with 25 e of charge, and eight 100 nm-radius particles, each with -1 e of
charge. Diagram in the bottom right corner shows the path traced by the particle
that is initially placed at the origin. The spectrum of colours goes from deep
blue to bright yellow, respectively representing the smallest and largest value of
surface charge density in each frame.

the x− y plane, showing that such particle is attracted by the oppositely charged

central particle, bounces around it, as can be noted from some convolutions in

the path trace, effectively loosing its kinetic energy and speed at each collision,

until the point where aggregation occurs.

Such dynamics events are also reflected on Figure 4.16. Accordingly, Figure

4.16(a) shows that, as a consequence of the small particles progressively loosing

speed and becoming, in average, closer to the central particle, the electrostatic

interaction energy (U) decreases as the simulation evolves, due to the favourable

attractive interaction that exists between the small particles and the oppositely

charged central particle. Figure 4.16(b) shows that such events are naturally

accompanied by a decrease in the RMS speed of the moving particles in the system,

which assumes a value that approximates zero by the end of the simulation.
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Fig. 4.16 Plots of the (a) electrostatic interaction energy U (eV), and (b) RMS
speed (m/s), as function of time t (µs) for the simulation presented in Figure
4.15.

Aggregation is also possible if the 100 nm-radius particles are neutral, as

illustrated in Figure 4.17. Even though such particles are not strongly polarisable,

having a dielectric constant of just 4.5, the induced bound charges allied with a

reduced coefficient of restitution of CR = 0.4 in this particular case, is sufficient to

allow some aggregation to happen within the considered time frame. Differently

from the previous case, attractive interactions rely entirely on the existence

of polarisation of the small particles in the current example. However, since

polarisation effects fade away quickly as the neutral particles get distanced from

the central charged particle, the trajectories of each of the former become less

influenced by the latter and shaped more like straight lines, as indicated by the

traced path shown in Figure 4.17. Nevertheless, once any of the neutral particles

collide with the central one, the low coefficient of restitution assures a considerable

loss of kinetic energy, making the 100 nm-radius particles more susceptible to

the attractive forces exerted by the central one, as evidenced by Figure 4.18,

which shows an average decrease with a step-like pattern of both the electrostatic

interaction energy and RMS speed, reflecting such more sharp losses of kinetic

energy with the occurrence of a collision.

Interestingly, it can be noted that the distribution of the 100 nm-radius

particles over the larger one in the current example does not result in the same
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Fig. 4.17 Snapshots of a 1000 µs dynamics simulation involving a 500 nm-radius
particle with 25 e of charge, and eight neutral 100 nm-radius particles. Diagram
in the bottom right corner shows the path traced by the particle that is initially
placed at the origin. The spectrum of colours goes from deep blue to bright
yellow, respectively representing the lowest and highest value of surface charge
density in each frame.
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Fig. 4.18 Plots of the (a) electrostatic interaction energy U (eV), and (b) RMS
speed (m/s), as function of time t (µs) for the simulation presented in Figure
4.17.

configuration that has been assumed by the equivalent particles in the previous

case (see Figure 4.15). The difference here is that the repulsion between the

bound charges induced in each of the neutral particles are virtually non-existent.
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Effectively, the total charge on their surfaces is still zero, so it’s only when they

are at sufficiently close distances from each other that any interaction between

them become significant.

Figure 4.19 reveals that no aggregation occurs when the 100 nm-radius particles

have the same sign of charge in addition to the same absolute surface charge

density as the 500 nm-radius central particle, i.e. when each carry 1 e. Clearly

evidenced in this figure is the fact that through each frame the small particles

are, in average, thoroughly dispersed within the box. In essence, such particles

experience a constant cycle that consists of being accelerated when repealed by

one another and especially by the central particle, and subsequently decelerated

after colliding elastically with the wall and returning towards the latter, tracing

generally curved trajectories, as depicted in the specific traced path also shown

in Figure 4.19. As the coefficient of restitution in this case is equal to to 0.9, part

t = 200 μs t = 400 μs t = 600 μs

t = 800 μs t = 1000 μs

 

 

Fig. 4.19 Snapshots of a 1000 µs dynamics simulation involving a 500 nm-radius
particle with 25 e of charge, and eight 100 nm-radius particles, each with 1 e of
charge. Diagram in the bottom right corner shows the path traced by the particle
that is initially placed at the origin. The spectrum of colours goes from deep blue
to bright yellow, respectively representing the lowest and highest value of surface
charge density in each frame.
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of the kinetic energies is lost during each particle−particle collision, process that

is reflected in Figure 4.20, which shows that, in average, both the interaction

energy and the RMS speed decreases with time, but oscillates sharply along the

way, reflecting the cycle of acceleration/deceleration experienced by the small

particles.
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Fig. 4.20 Plots of the (a) electrostatic interaction energy U (eV), and (b) RMS
speed (m/s), as function of time t (µs) for the simulation presented in Figure
4.19.

Aggregation when particles are like-charged is nevertheless possible to occur,

given favourable circumstances. One of these circumstances is characterised by

an inversion in the polarisation pattern, where it is the central 500 nm-radius

particle that has a dielectric constant of 4.5 and gets polarised by the 100 nm-

radius, turned non-polarisable particles. Figure 4.21 presents simulation snapshots

for such case where, in addition, the central particle is singly charged and the

surrounding particles are each charged with 4 e. Accordingly, as the particles are

like-charged, it’s only at sufficiently short separations distances that attraction

can occur between each of the small particles and the central one. As the process

evolves over time, each collision, where CR = 0.9, is followed by a loss of kinetic

energy of the colliding particle. Consequently, in the event of any of the small

particles having lost sufficient kinetic energy and also being situated at a distance

where the interaction with the central particle is attractive, then aggregation is

most likely to occur.
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Fig. 4.21 Snapshots of a 1000 µs dynamics simulation involving a 500 nm-radius
polarisable particle with 1 e of charge, and eight 100 nm-radius particles, each
with 4 e of charge. Diagram in the bottom right corner shows the path traced by
the particle that is initially placed at the origin. The spectrum of colours goes
from deep blue to bright yellow, respectively representing the lowest and highest
value of surface charge density in each frame.
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Fig. 4.22 Plots of the (a) electrostatic interaction energy U (eV), and (b) RMS
speed (m/s), as function of time t (µs) for the simulation presented in Figure
4.21.

The trajectories traced by the smaller particles in this situation is in fact

similar to the ones traced in the last example (see corresponding diagrams

in Figure 4.19 and 4.21), as for most separation distances, the interaction is
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repulsive. Figure 4.22 reveals that the interaction energy and RMS speed also

evolves similarly to the previous example, decreasing in average but oscillating

over time. Fundamentally, the systems addressed in the previous (Figures 4.19

and 4.20) and present (Figures 4.21 and 4.22) cases behave similarly in a great

part of its corresponding possible configurations. It only when the small particles

are at sufficiently close distances to the central particle in the present case that

the possibility of aggregation exists, event that is impossible in the former.

4.5.4 Effusion through a charged array

In the next and final example, it is investigated whether same-sized but

differently charged particles are able to effuse through a two-dimensional positively

charged array. As depicted in Figure 4.23, the corresponding system for this case

consists of a box with an opening in its far right side, that encloses an unmovable

array of equally spaced 200 nm-radius non-polarisable particles, and four different

100 nm-radius particles. The array is positioned through the opening of the

box, effectively constituting an interface across which the 100 nm-radius particles

should pass in order to effuse to the outside. Similarly to the previous cases

addressed in Subsection 4.5.3, the present system also can not be considered to

be ergodic and it is not represented by an ensemble. In addition, the box merely

acts as an elastic boundary and an inert air is considered to permeate the interior

and exterior of the box, so that it can aid in the dissipation of the kinetic energy

released during particle−particle collisions.

This case closely resembles the process of effusion of perfect gas molecules

from a container, classically explained by the kinetic theory of gases. From

such theory, it is known that lighter particles effuse more rapidly than heavier

counterparts. [120] Therefore, in order to eliminate such variable, all four moving,

100 nm-radius particles have been assigned the same mass density of 2.21 g/cm3

and a dielectric constant of 4.5, being then representative of silica made materials.

Initial speeds were also assigned for each of them in a similar fashion to the
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Fig. 4.23 Geometric representation of a system comprised of a box with an opening
in its far right side, a two-dimensional fixed array consisted of nine 200 nm-radius
particles, and 4 different, free to move 100 nm-radius particles, initially positioned
at the innermost side of the box.

previous subsection, with directions that are randomly decomposed in (vi,x, vi,y, 0)

components (i = 1, 2, 3, 4), therefore restricting their positions to the x− y plane.

In addition, such particles are also considered to be charged in different ways; a

key difference that directly influences the way they interact with the unmovable

array and the possibility they have to effuse.

Figure 4.24 shows selected snapshots of a 1000 µs simulation, where the

particles in the array are each charged with 4 e, and the set of four moving

particles are composed by a neutral particle, a negatively charged particle with

-1 e, and two positively charged particles, one with 0.1 e and the other with 1 e.

Appropriately, the walls are considered to be elastic, and each particle−particle

collision has been treated as being partially elastic, with CR = 0.9. In the

course of the simulation, it can be seen that the neutral and the slightly charged

particle are able to effuse to the outside of the box, the negatively charged particle

is sucked in and gets entrapped inside the attracting array, and the positively

charged particle is unable to penetrate, let alone pass through the like-charged

array. Further information is given in Figure 4.25, which shows corresponding

plots of the electrostatic interaction energy and RMS speed of the moving particles
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as function of time. Accordingly, it can be noted that until about 400 µs have

passed, period of time in which two of the moving particles are able to effuse out

of the box, both plotted quantities decrease in average, reflecting some losses of

kinetic energy due to the occurrence of collisions, and the energetically favourable

entrapment of the negatively charged particle. By the end of the simulation, as

the latter assumes a stable position inside the array, the plots become dominated

by the movement of the positively charged particle that remains trapped inside

 

t = 25 μs t = 50 μs

t = 200 μs t = 400 μs

t = 1000 μs

Fig. 4.24 Selected snapshots of a 1000 µs dynamics simulation involving an
unmovable array of equally spaced 200 nm-radius non-polarisable particles, each
carrying 4 e of charge, and a set of four different 100 nm-radius polarisable
particles, with constituents carrying -1, 0, 0.1, and 1 e of charge, all placed in a
box with an opening in its far right side. Diagram in the bottom right corner
shows the path traced by the particle that is initially placed at a position that
is closest to the origin. The spectrum of colours goes from deep blue to bright
yellow, respectively representing the lowest and highest value of surface charge
density in each frame.
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Fig. 4.25 Plots of the (a) electrostatic interaction energy U (eV), and (b) RMS
speed (m/s), as function of time t (µs) for the simulation presented in Figure
4.24.

the box, being constantly repelled by the charged array, in a vicious cycle of

alternating acceleration and deceleration in-between elastic collisions with the

left side wall. In this example, the charged array acts effectively like a particle

"sieve", favouring or disfavouring the transit of distinct types of particles, in this

case by promoting appropriate electrostatic interactions, but also with potential

to be size-selective through the adjustment of the spacing between its constituent

particles.





Chapter 5

Outlook

Theoretical models for calculating electrostatic interactions between charged

particles, henceforth named M1 and M2, have been presented. The first model

(M1), based on a multipole expansion of the electric potential due to a pair of

charged particles and originally introduced by Bichoutskaia et al. [37], has been

extensively scrutinised, mathematically and computationally optimised, and later

adapted to take into account the presence of a dielectric medium. In the context

of M1, it has been described how dielectric particles are polarised when under

influence of an external electric field, phenomenon that can be quantitatively

accounted for by the dielectric constant of the material that the particles are made

of. Accordingly, it has been shown that polarisation leads to creation of bound

charges, that are in fact real charges originated from the displacement of nuclei

and electron clouds of the atoms that constitute the material being polarised.

Such charges are dynamically dependant on the configuration of the system and,

when summed to the free charges that might be present on each particle, accounts

for the total charge of each respective particle. Since it’s a dynamic quantity, it

can modulate the nature of an electrostatic interaction that would be otherwise

slightly different or, in some cases, completely different if the particles were not

able to be polarised. Correspondingly, the occurrence of rather counterintuitive

phenomena have been theoretically shown to be possible, namely the so-called
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like-charge attraction, that happens between particles bearing the same sign of

charge, and opposite-charge repulsion, that occurs between particles with opposite

signs of charge in the presence of a medium. The circumstances under which the

former happens generally involves some sort of asymmetry between interacting

particles, while the latter requires the presence of a sufficiently polarisable medium

and magnitudes of charge that are below some critical limit.

It has been shown, through introduction of a general geometric parameter

based on the bispherical coordinate system, that the initially assumed geometry

of two interacting spherical particles can be actually extended to combinations

of spheres, point particles and surface planes, by considering appropriate values

of the objects’s radii and surface-to-surface separation distance, according to

what is determined by the parameter. The assessment of convergence has also

been performed in terms of M1, where it has been determined how the various

parameters of the system influence the number of terms that are needed to be

employed in the perturbative solution in order to achieve a converged result that

is in accordance with a chosen criterion. Accordingly, it has been illustrated

that critical to some cases is the use of a sufficiently large number of terms that

goes beyond the usual low order multipoles, such as the corresponding monopole,

dipole and quadrupoles, commonly considered in some alternative approaches.

Calculations for experimental cases have also been performed by employing

M1, with the respective results revealing significant information and new insights

about the peculiarities of each problem. In the calculations for the process of

aerosol formation in the atmosphere of Saturn’s moon Titan, it has been suggested

that aggregates can grow by a process of charge scavenging, whereby a large

particle grows by assimilating smaller ones, even if they are like charged. In the

calculations for electrostatic self-assembly processes, explanation for experimental

findings have been given, where it has been show that by choosing a particular

characteristic of the solvent (medium) in which the self-assembling particles are
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dispersed, namely its dielectric constant, and the magnitude of charge on the

interacting particles, the process might be suppressed or allowed to happen.

Introduction to a new model (M2) for calculating electrostatic interactions in

many-body systems, developed by means of an integral equation approach, has

been presented in Chapter 4. In practice, M1 and M2 can be used interchangeably

in cases that involve two interacting dielectric particles as their numerics agree

perfectly with each other. However, it is for scenarios where three or more

particles interact that M2 is differentiated. Accordingly, it has been shown that

the addition of a third body in an originally two-body system has the potential of

significantly altering the pairwise interaction between the two original particles,

and it is in situations of this nature that a model like M2 appears necessary.

The conclusions drawn from the extensive analysis of M1 can be, in general,

extrapolated in the context M2, as the physics of the problem remains unchanged.

Particularly, the guidelines that were underlined in the convergence studies of M1

are also useful in the application of M2.

A simple physics engine has been developed for dynamics simulations of many

particles, where M2 has been implemented as the force field, that is accompanied

by a collision handler and a numerical integrator of classical equations of motion.

It has been shown that dynamics calculations, in contrast to determination of

static configurations, can provide the extra information of how a system evolves

over time and, particularly, can also show paths a system can take to go from a

particular configuration to another. Such calculations have in fact a far-reaching

applicability potential, as it can be used as a powerful tool in the study of many

processes that involve charged particles of size magnitudes that are too large to be

considered by usual classical and quantum chemistry based molecular methods.

Future work

As presented, both M1 and M2 are very robust and well-behaved models,

capable of accurately determining electrostatic interactions in a range of different
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systems, that involve dielectric particles with relevant adjustable characteristics

and the optional presence of a dielectric medium. Notwithstanding, the addition

of other features, that would make their applicability more universal, would be

greatly advantageous. Examples of desirable features are: the consideration of

magnetic forces, so that systems involving high-speed charged particles can be

also addressed; the addition of components that accounts for non-fundamental

forces, such as van der Waals dispersion forces, [23] extremely relevant for a

number of problems in physics and chemistry; the ability to treat particles of

a variety of other shapes, like ellipsoids and cylinders, making the solutions

more appropriate for systems that can be better approximated by considering

other types of geometry, as for instance the asymmetric breaking of magnetically

levitated ethanol droplets with different degrees of charge [Dr Richard J. A. Hill,

personal communication, 2015-2016], that assume shapes ranging from spheres

to prolate spheroids during the process; the consideration of charge exchange

between any combination of particles and the medium, especially relevant in

the treatment of the limiting case involving particles of conducting character;

incorporation of a method capable of considering the presence of electrolytes in

the medium, such as the proposed by Derbenev et al. [133], particularly in the

presented many-body formalism.

Likewise, the introduced physics engine for dynamics simulations would benefit

from a number of upgrades, such as: the consideration of ergodic systems and

appropriate statistical ensembles so that relevant thermodynamic properties of

such systems can be extracted; the consideration of the angular momentum of

particles, an important component for a more realistic modelling of collisions

and very concentrated systems, as it would allow, for instance, the rolling of

particles over one another; a certain degree of allowed particle deformation,

which, coupled with the electrostatic treatment of other shapes of particles, would

further approximate the solution to real soft-matter systems; the consideration

of the possibility of coalescence between particles, particularly relevant to some
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aggregation processes; the consideration of drag forces and other fluid-related

properties, for a better description of dynamics involving the presence of a medium;

the implementation of more general collision solvers and more accurate algorithms

for the equations of motion, such as the Runge-Kutta method.
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Appendix A

A.1 Matrix solution for the multipole moment co-

efficients

Equations 2.14 and 2.15 can be rewritten in the following form:

4πKa1σf,1δl,0 = Ã1,l +
(k1 − 1)l

(k1 + 1)l + 1

N∑
m=0

Ã2,m
(l +m)!

l!m!

al1a
m+1
2

hl+m+1
, (A.1)

4πKa2σf,2δl,0 = Ã2,l +
(k2 − 1)l

(k2 + 1)l + 1

N∑
m=0

Ã1,m
(l +m)!

l!m!

al2a
m+1
1

hl+m+1
, (A.2)

where

Ãi,(l∨m) =
Ai,(l∨m)

a
(l∨m)+1
i

(i = 1, 2), (A.3)

which allows Equations A.1 and A.2 to be represented in matrix notation as:

b1 = C̃1Ã1 + D̃1Ã2, (A.4)

and

b2 = D̃2Ã1 + C̃2Ã2, (A.5)



148

where

(bi) = 4πKaiσf,iδl,0,

(C̃i)l,m = δl,m,

(D̃i)l,m =
aj
h

(ki − 1)l

(ki + 1)l + 1

(l +m)!

l!m!

(ai
h

)l (aj
h

)m
=

aj
h

(ki − 1)l

(ki + 1)l + 1
(d̃i)l,m,

and (d̃i)l,m =
(l +m)!

l!m!

(ai
h

)l (aj
h

)m
.

(A.6)

Equation A.5 can be rearranged to give

Ã2 = C̃−1
2

(
b2 − D̃2Ã1

)
, (A.7)

which can then be substituted into Equation A.4 resulting in

b1 = C̃1Ã1 + D̃1

[
C̃−1

2 (b2 − D̃2Ã1)
]
. (A.8)

Similarly, Equation A.4 can also be rearranged, giving

Ã1 = C̃−1
1

(
b1 − D̃1Ã2

)
, (A.9)

which can then be substituted into Equation A.5 resulting in

b2 = C̃2Ã2 + D̃2

[
C̃−1

1 (b1 − D̃1Ã2)
]
. (A.10)

From Equation A.8, the multipole moment coefficient for sphere 1 when l = 0 is

Ã1,0 = b1 = 4πKa1σf,1 =
Kq1
a1

. (A.11)

Similarly, from Equation A.10, the multipole moment coefficient for sphere 2

when l = 0 is
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Ã2,0 = b2 = 4πKa2σf,2 = V2 =
Kq2
a2

. (A.12)

Now, when l > 0 the Kronecker delta function makes b1 = 0, so that Equation

A.4 gives

b1 = C̃1Ã1 + D̃1Ã2 = 0. (A.13)

Substituting the expressions for C̃1 and D̃1, as given by Equation A.6, on Eq.

A.13 gives

δl,m · Ã1,l +

(
a2
h

(k1 − 1)l

(k1 + 1)l + 1

) N∑
m=0

d̃1lmÃ2,m = 0. (A.14)

The first term inside the summation is known and therefore can be isolated in

the right-hand side of the equation:

1(
a2
h

(k1 − 1)l

(k1 + 1)l + 1

)δl,m · Ã1,l +
N∑

m=1

d̃1lmÃ2,m = −d̃1l0Ã2,0. (A.15)

Similarly, when l > 0 the delta function makes b2 = 0, so that Eq. A.5 gives

b2 = D̃2Ã1 + C̃2Ã2 = 0. (A.16)

Substituting the expressions for C̃1 and D̃1 on Eq. A.16 gives

δl,m · Ã2,m +

(
a1
h

(k2 − 1)l

(k2 + 1)l + 1

) N∑
m=0

d̃2lmÃ1,l = 0. (A.17)

Isolating the first term in the summation (which is also known) in the right-hand

side of the equation gives

1(
a1
h

(k2 − 1)l

(k2 + 1)l + 1

)δl,m · Ã2,m +
N∑

m=1

d̃2lmÃ1,l = −d̃20mÃ1,0. (A.18)

Equations A.15 and Eq. A.18 can then be written in the following matrix form:
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

1(
a2
h

(k1 − 1)l

(k1 + 1)l + 1

)δl,m d̃1lm

d̃2lm
1(

a1
h

(k2 − 1)l

(k2 + 1)l + 1

)δl,m

 ·

 Ã1,l

Ã2,m



=

−d̃1l0Ã2,0

−d̃20mÃ1,0

 ,

(A.19)

which consists of a system of linear equations Ax = b that can be solved by

iterative methods. As d̃2lm is the transpose of d̃1lm , the block matrix is symmetric

with respect to the main diagonal. Besides that, the block matrix is also positive-

definite, which makes it suitable to be efficiently solved by the conjugate gradient

method. Once all elements of the column vector x are determined, then it’s

straightforward to obtain the multipole coefficients for each sphere through

Equation A.3.

Equation A.20 illustrates the general case of the linear system that is Equation

A.19, when the series expansion in Equation 2.16 needs to be evaluated to an

upper value of N = 2.
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(A.20)

A.2 Benchmark of the two-body formalism related

computer program

The two-body formalism [37] has been implemented in Mathematica [134]

and the performance of the code is presented next, particularly with respect

to its scaling properties as function of the number of terms N in the multipole

expansion of Equation 2.16, and the computation time to build and solve the

linear system, i.e. Equation A.19. All timing calculations have been performed on

a single desktop-class computer, with an Intel Core i7-3820@3.60 GHz processor,

16 GB of DDR3@1333 MHz, running a Linux based operating system. Since

computation time can be sensitive to background activities of the operating

system, the calculations were repeated ten times, hence standard deviations are

shown as error bars in the resulting figures.

The code can be divided in two main parts:
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(i) Computation of the multipole moment coefficients through computation

and evaluation of the linear system shown in Equation A.19;

(ii) Evaluation of Equation 2.16.

Part (i) is by far the most computationally expensive and benefits if each expression

that is present on it is constructed as compiled functions in the Wolfram Language

(the programming language of Mathematica), which are then evaluated by the

program assuming that all the parameters which appear are numbers (or logical

variables). The compilation of a function in Mathematica creates an object that

contains a sequence of simple instructions for evaluating the compiled function.

These instructions are chosen in such a way that they are close to those found in

the machine code of a typical computer, and therefore are executed more rapidly.

[135] Pre-computation of the factorials present at d̃ilm (i = 1, 2) (Equation A.6)

also helps increasing the performance of the code.

The timing and scaling of the code with respect to the number of terms N

are shown in Figure A.1. As can be seen, the code is very efficient, considering

in takes less than ten seconds to perform a calculation where N = 1000 and

that, in most circumstances, a value of N with considerably smaller magnitude is

sufficient. Figure A.1 also reveals that the code scales with the number of terms

in an approximately quadratic manner, therefore allowing it to be pushed up to

higher orders of N as convenient.

Figure A.2 shows a breakdown of the time to build and evaluate the linear

system (Equation A.19), in terms of its components, (a)−(g), as defined in the

figure. Interestingly, it is shown that the time required to build some elements

of the block matrix is greater than the time to solve the actual linear system.

One can also note the advantage of such matrix being symmetric, which allows

component (d) to be computed very efficiently, since it is just the transpose of

component (c), the latter being the most computationally expensive component.
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Fig. A.1 (a) Plot of the wall time (s) as function of the number of terms N in
the multipole expansion. (b) Equivalent log-log plot, showing the approximately
quadratic scaling behaviour.
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Fig. A.2 Plot of the wall time (s) to compute each component and solve the linear
system (Equation A.19). The y-axis in the right-hand side reflects the percentage
of computation time with respect to the total wall time.





Appendix B

B.1 Effective electric dipole moment of a polarised

particle

For some examples addressed in Chapter 3, where a neutral dielectric particle

interacts with a second object that is charged, the former, under the influence

of an electric field generated by latter, becomes polarised, which leads to the

appearance of a dipolar distribution of positive and negative bound charge on its

surface such that:

∫
dqb =

∫
dqb+ +

∫
dqb− = 0.

The averages of the position vectors rb+ and rb− of the respective bound charge

elements, dqb+ and dqb−, are given by

⟨rb+⟩ ≡
∫

rb+ dqb+∫
dqb+

=

∫
rb+ dqb+

δq
,

and

⟨rb−⟩ ≡
∫

rb− dqb−∫
dqb−

=

∫
rb− dqb−

−δq
,

where
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δq ≡
∫

dqb+ = −
∫

dqb− ∴
∫

dqb− = −δq.

By definition, the effective dipole moment on the neutral polarised sphere can

be written as:

peff ≡ δq [⟨rb+⟩ − ⟨rb−⟩] =
∫

rb+dqb+ +

∫
rb−dqb−

=

∫
rbdqb.

+

 

rb+

rb-

rb+ rb-

+δq -δq

Fig. B.1 Geometric representation of the various relevant quantities to the calcu-
lation of the effective dipole moment of a polarised spherical particle.

With the origin of the spherical coordinate system at the center of the sphere,

positions at the surface of the sphere are defined as follows: r = as (sphere radius),

θ ∈ {0, π} and ϕ ∈ {0, 2π}. For a bound charge element dqb = σbdS, where σb is

the surface bound charge density and dS = a2s sin θ dθ dϕ is the surface element,

an effective dipole moment on the polarised sphere can be derived as follows:
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peff =

∫
rbdqb

= a3s

 ϕ=2π∫
ϕ=0

θ=π∫
θ=0

σb(θ, ϕ) sin θ cos θ dθ dϕ k̂

+

ϕ=2π∫
ϕ=0

θ=π∫
θ=0

σb(θ, ϕ) sin
2 dθ cosϕdϕ î

+

ϕ=2π∫
ϕ=0

θ=π∫
θ=0

σb(θ, ϕ) sin
2 dθ cosϕdϕ ĵ

 .

(B.1)

The azimuthal symmetry inherent in this two-body problem allows a cancella-

tion of the dependence of surface-bound charge density on the azimuthal angle ϕ,

such that the second and third terms inside the brackets in Equation B.1 become

zero and the expression for the effective dipole moment can be simplified to

peff = a3s

θ=π∫
θ=0

σb(θ) sin θ cos θ dθ

ϕ=2π∫
ϕ=0

dϕ k̂

= 2πa3s

θ=π∫
θ=0

σb(θ) sin θ cos θ dθ k̂.

(B.2)

Accordingly, the effective polarisation (dipole moment per unit volume) can

then be defined as

Peff ≡ 3

4

peff

πa3s
=

3

2

θ=π∫
θ=0

σb(θ) sin θ cos θ dθ k̂. (B.3)





Appendix C

C.1 Benchmark of the many-body formalism re-

lated computer program

The new solution to the problem of calculating electrostatic interactions in

many-body system, briefly introduced in Chapter 4, has been implemented in a

Matlab [136] code and the performance of the latter is presented next, particularly

with respect to its scaling properties as function of the number of particles M

in the system and the degree of spherical harmonics N utilized in the truncated

series. In a similar way to the benchmark of the two-body formalism code, all

timing calculations, performed on a single desktop-class computer with an Intel

Core i7-3820@3.60 GHz processor, 16 GB of DDR3@1333 MHz, were repeated ten

times, hence standard deviations are shown as error bars in the resulting figures.

In order to address the behaviour of the code with respect to the number

of particles, initially a system that grows linearly with the progressive addition

of identical particles is considered, and the corresponding results are plotted in

Figure C.1. As can be seen from Figure C.1(a), it is clear that the calculation of

systems with a large number of particles benefits from the implementation of the

fast multipole method (FMM). When the number of particles is sufficiently small,

the calculation that does not implement the FMM performs better. However, as

the number of particles in the system increases, a crossover between the two curves

happens at about M = 50 (for this particular example), and the FMM calculation
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Fig. C.1 (a) Plot of the wall time (s) as function of the number of particles M in
the system. Although visually indistinguishable, the elapsed time in the FMM
calculation varies from ≈ 0.8 to 1.2 seconds. (b) Log-log plot of the calculation
performed without the FMM, showing its quadratic scaling profile.

0 10000 20000 30000
0

500

1000

1500

2000

2500

W
al

l t
im

e 
(s

)

M

 Tree Height = 3
 Tree Height = 4
 Tree Height = 5
 Tree Height = 6

1.5 2.0 2.5 3.0 3.5 4.0 4.5

0.0

0.5

1.0

1.5

2.0

lo
g 10

 (w
al

l t
im

e)

log10 M

(a) (b)

 From Tree Height = 3
 From Tree Height = 4
 From Tree Height = 5
 Slope = 1.039

Outliers

Fig. C.2 (a) Plot of the wall time (s) as function of the number of particles M in
the system, for various curves representing different Tree Heights in the FMM
calculation. (b) Log-log plot of the piecewise composition of parabolic profiles,
each corresponding to a particular value of Tree Height, showing that a regular
effective linear scaling can be obtained.

becomes the fastest. Figure C.1(b) shows that the calculation scales quadratically

when FMM is not used. In fact, the FMM calculations also scales quadratically,

but an approximately linear scaling in computational cost can be achieved, by

adapting the Tree Height1 to the magnitude of M . Accordingly, a quasi-linear
1In the FMM, particles are distributed in small boxes that belong to the finest level of an

oct-tree. When the number of particles in such boxes increases, the calculation presents an
asymptotically quadratic scaling behaviour.
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curve that is in reality a piecewise composition of parabolic (quadratic) profiles,

each corresponding to a different Tree Height, can be obtained. To illustrate this

fact, consider next a system that assumes the halite cubic structure of sodium

chloride, where each positive particle is surrounded by six negative particles and

vice versa. For simplicity, the particles were made identical with regard to their

dielectric constant, size and charge magnitudes. As shown in Figure C.2(a), each

level of Tree Height performs best at a particular segment of the graph, being

surpassed by the next level when the magnitude of M has increased sufficiently.

Figure C.2(b) shows then the quasi-linear curve obtained by combining each

segment, calculated with the optimum corresponding Tree Height.
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Fig. C.3 (a) Plot of the wall time (s) as function of the degree of spherical
harmonics N utilized in the truncated series. Although visually indistinguishable,
the elapsed time in the axisymmetric calculation varies from ≈ 0.03 to 3 seconds.
(b) Log-log plot of both curves, showing that an imposition of symmetry reduces
the scaling profile from ≈ N4 to N2.

The behaviour of the code with respect to the degree of spherical harmonics N

utilized in the truncated series is accessed in Figure C.3, where the case portrayed

in Figure 4.2 is considered. Since this particular case exhibits a perfect linear

geometry, an additional simplication can be imposed from the azimuthal symmetry

of the system, which is that the spherical harmonics Y m
l (l∈N,−l≤m≤l)(β, ϕ) utilized

in the truncated series present no ϕ-dependance so that m = 0. For the majority

of problems, however, this later simplication cannot be made and the full set
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of spherical harmonics needs to be considered. As shown in Figure C.3(a), the

calculation where the axisymmetric simplication is adopted is considerably faster.

Moreover, while the the calculation where the full set of spherical harmonics is

applied scales as N4, the use of symmetry reduces it to a quadratic scaling, as

shown in Figure C.3(b). In absolute terms, the use of high orders of spherical

harmonics inevitably causes the code to run considerably slower, especially when

no symmetry can be imposed. However, the situations where the use of such

high orders are necessary are, in fact, limited. It has already been shown for

two-body systems, more specifically at Section 2.6, how the necessary number

of terms in a truncated series generally depends on parameters of the system,

namely the particles’s dielectric constant, charge and radius, and the inter-particle

separation distance. The conclusions drawn from this investigation can actually

be extrapolated to a many-body system, if one takes into account each pairwise

interaction separately.
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