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Abstract

Various physical phenomena have found use as resources in quantum
information processing tasks, and the study of their properties is necessary
to provide optimal methods to harness their power. ¿e thesis presents
a series of results aiming to characterise the quantitative and operational
aspects of general quantum resources, and in particular to establish meth-
ods applicable to a variety of resources and emphasise the similarities
in their characterisation. Our approach relies on the underlying convex
structure of quantum resource theories, employing techniques from con-
vex analysis and optimisation to gain a better understanding of both the
fundamental properties of quantum resources as well as our ability to
manipulate them e�ciently in information processing protocols such as
resource distillation.

¿e �rst part of the thesis introduces a uni�ed framework for resource
quanti�cation, establishing general properties of arbitrary convex quan-
tum resource theories and providing insight into the common structure
of many physically relevant resources. ¿e second part of the thesis deals
with the convex optimisation problems involved in the operational char-
acterisation of two representative quantum resources, quantum entangle-
ment and quantum coherence, where we in particular establish a detailed
description of their distillation under several classes of operations, and
introduce methods for the interconversion between the two resources. In
the �nal part, we employ geometric methods to characterise the quan-
ti�cation of entanglement measures based on polynomial invariants and
apply the results to investigate the monogamy properties of multipartite
entanglement.
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1Introduction

¿e overarching aim of quantum information theory is to understand how in-
formation can be transferred, processed, and encoded in physical systems. In
recent years, many physical phenomena in quantum information have gone
from being of purely theoretical interest to enjoying a variety of operational
uses in quantum information protocols, enabling tasks impossible within the
realm of classical physics, and prompting a technological revolution currently
transforming areas such as communication, computation, cryptography, and
sensing. ¿e realisation that intrinsic physical properties of quantum systems
can be regarded precisely as resources in information processing tasks sparked
an investigation of quantum information in a resource-theoretic setting [1–6].

¿e prototypical example of a quantum resource is quantum entanglement,
characterising how nonlocal correlations can signi�cantly enhance the informa-
tion processing capabilities of two agents restricted to spatially separated labora-
tories [7]. Following this paradigm, a variety of quantum resource theories have
been investigated, including asymmetry [8,9], athermality [10], purity [11], non-
locality [12,13], coherence [8,14–16], nonclassicality [17–20], Einstein-Podolsky-
Rosen steering [21], contextuality [22], magic state quantum computation [23],
or non-Markovianity [24].

A general resource theory can be understood as the investigation of the prop-
erties of a restricted set of quantum states and our ability to manipulate them
e�ciently with a restricted set of quantum channels. In particular, two crucial
aspects of such a characterisation are the quanti�cation of the given resource, al-
lowing us to discriminate which quantum states are the most useful in the given
physical task, as well as the conversion of resourceful states, describing the lim-
itations on transformations between quantum states under the restricted class
of operations. Both of the fundamental aspects rely heavily on complicated opti-
misation problems, making them very di�cult to answer in general terms, and
frequently requiring resource-speci�c approaches which cannot be generalised
to encompass multiple physically relevant resources.

¿e purpose of this thesis is to reveal the connections between seemingly un-
related resource theories, develop universal methods applicable to wide ranges
of quantum resources, and characterise the quantitative as well as operational
properties of a variety of resources. ¿e common theme connecting all of our
results is convexity, which underlies the structure of quantum states and quan-
tum resources, allowing us to exploit it in an e�cient and general description of
their properties.

¿e thesis is organised as follows.

[1] Horodecki & Oppenheim,
Int. J. Mod. Phys. B 2012

[2] Sperling & Vogel,
Phys. Scr. 2015

[3] Brandão & Gour, prl 2015
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Inf. Comput. 2016
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In Chapters 2 and 3, we introduce the mathematical basics of quantum infor-
mation and quantum resources. Chapter 3 in particular presents an operational
characterisation of quantum entanglement,which can be seen as the basis for the
de�nition of more general resource theories. We discuss the problems that one
might encounter when trying to establish a fully general approach to quantum
resources, and motivate the questions that the remainder of the thesis aims to
answer. Chapter 4 then introduces the fundamentals of convex analysis and opti-
misation, which will form the foundation of the methods used in the subsequent
chapters.

In Chapter 5, we introduce a unifying formalism for the quanti�cation of
quantum resources basedon the gauge functions of convex sets, signi�cantly sim-
plifying the construction and characterisation of quanti�ers of general quantum
resources, and establishing a consolidated view of many resource measures. In
particular, we show that many commonly used and well-known resource quanti-
�ers — such as ones based on matrix norms, measures built through the convex
roof, the so-called robustness measures, as well as various witness-based quan-
ti�ers — are all examples of such gauge functions, allowing us to relate them
in a common geometric framework. ¿is allows us to establish an extensive
family of quanti�ers for any given quantum resource, introduce easily veri�-
able criteria for a measure to satisfy desirable properties such as faithfulness
and strong monotonicity under relevant free operations, and generalise known
measures to new quantum resources very easily. Further, we show that many re-
lations and bounds between the measures are in fact universal among quantum
resources, and the proofs of such properties can be simpli�ed in our framework.
¿e applications of this formalism to a choice of physically relevant resources
such as entanglement (including multipartite entanglement and entanglement
of Schmidt number k), quantum coherence, and magic states are discussed in
Chapter 6.

Chapter 7 establishes a novel framework for the one-shot distillation of quan-
tum coherence, characterising the operational task in a realistic, non-asymptotic
setting. We investigate coherence distillation under several di�erent classes of
relevant quantum operations, highlighting di�erences in their capabilities and
establishing their fundamental limitations in state transformations.We then gen-
eralise this task to several di�erent operational settings, including probabilistic
distillation, where the protocol succeeds only with a certain probability, as well
as assisted distillation, which is performed with the assistance of a third party.
We provide detailed characterisation and comparison of the operational proper-
ties of quantum coherence, and in particular provide a complete description of
distillation from pure input states for all classes of free operations.

In Chapter 8, we show that the approach of Chapter 7 generalises also to
quantum entanglement, where we employ it to characterise the distillation of
entanglement in the one-shot setting. We provide insight into entanglement ma-
nipulation under classes of operations which extend the fundamental class of
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local operations and classical operations, such as separability-preserving opera-
tions and operations with a positive partial transpose. We establish in particular
simpli�ed properties of entanglement distillation for pure and maximally corre-
lated states.

Chapter 9 develops an operational equivalence between the two resources of
coherence and entanglement in multipartite settings, showing that the resources
can always be interconverted with each other. We exemplify the results with an
explicit protocol which converts quantum coherence into multipartite entan-
glement faithfully, and show that in additional to a qualitative equivalence, the
resources are related quantitatively, in the sense that the amount of entangle-
ment which can be generated is exactly equal to the coherence in the conversion
protocol under a suitable choice of quanti�ers.

Finally, Chapter 10 deals with the problem of quantifying a class of polyno-
mial measures of entanglement. We present an exact solution to the convex roof,
a notoriously di�cult optimisation problem which makes the quanti�cation of
mixed-state entanglement di�cult in general. By providing geometric insight
into the structure of this problem, we solve it for a simpli�ed class of states. ¿e
result �nds an immediate application in the monogamy relations of multipartite
entanglement,where we show that a natural generalisation of known three-qubit
monogamy inequalities is violated in four-qubit systems.
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Preliminaries
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2Basics of quantum information

¿is chapter reviews the basic concepts of quantum information and establishes
the notation used throughout the thesis. ¿e de�nitions follow standard litera-
ture [25–27].

2.1 quantum states and operators
¿e formalism of quantum information is built upon a complex Hilbert spaceH
with the inner product ⟨⋅, ⋅⟩, which we will take to be linear in the second argu-
ment. Vectors inH will be represented with the notation ∣ψ⟩, while elements of
the corresponding dual space of linear functionalsH* are represented by ⟨ϕ∣. By
the Riesz representation theorem, we can uniquely identify each ∣ϕ⟩ ∈ H with
a vector ⟨ϕ∣ ∈ H* such that ⟨ϕ∣ψ⟩ = ⟨∣ϕ⟩ , ∣ψ⟩⟩, and we will herea er follow the
convention to use ⟨ϕ∣ψ⟩ to denote the inner product onH. ¿roughout this the-
sis, we will concern ourselves with Hilbert spaces which are �nite-dimensional,
and this will herea er be assumed without further comment.

¿e vector space of linear operators acting onH will be denoted as L(H),
and the notation A† will mean the adjoint of A ∈ L(H). An operator is called
self-adjoint if A = A†, positive if it is self-adjoint and ⟨ψ∣A∣ψ⟩ ≥ 0 for all ∣ψ⟩ ∈ H,
and positive de�nite if it self-adjoint and ⟨ψ∣A∣ψ⟩ > 0 for all ∣ψ⟩ ∈ H. Notice
that, when equipped with the Hilbert-Schmidt inner product ⟨A, B⟩ = Tr(A†B),L(H) forms a Hilbert space of its own.We will o en employ the notation A ⪰ B
to denote an operator inequality, equivalent to the fact that the operator A− B
is positive. We will use ker(A) to denote the kernel, and supp(A) ∶= ker(A)⊥
to denote the support of an operator A. Notice that if A is self-adjoint, then
supp(A) is the range of A. We will also write L(H1,H2) for the space of linear
maps from a Hilbert spaceH1 to another Hilbert spaceH2.

Since we are only concerned with �nite-dimensional Hilbert spaces, it holds
that H ≅ Cd , and we will make no notational distinction between a vector∣ψ⟩ ∈ H and its corresponding column vector ∣ψ⟩ ∈ Cd in a �xed basis, ⟨ϕ∣ ∈ H*
and its corresponding row vector ⟨ϕ∣ = ∣ϕ⟩† with † denoting conjugate transpose,
or an operator A ∈ L(H) and its corresponding d × d matrix A ∈ Cd×d . Self-
adjoint operators can then be identi�ed with Hermitian matricesH (the dimen-
sion will be omitted when it is unambiguous), positive operators with positive
semide�nite matricesH+, and positive de�nite operators with positive de�nite
matricesH++. ¿e norm induced onH by the inner product then corresponds

[25] Nielsen & Chuang, 2011

[26] Wilde, 2017

[27] Watrous, 2018
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Quantum states and operators

to the vector ℓ2 norm, denoted as ∥∣ψ⟩∥ℓ2 = √⟨ψ∣ψ⟩, and the induced norm onL(H) corresponds to the Frobenius norm ∥A∥2 = √
Tr ⟨A,A⟩ = √

TrA†A.
Quantum states are o en identi�edwith a vector ∣ψ⟩ ∈ H, normalised so that⟨ψ∣ψ⟩ = 1. Strictly speaking, the physical state of a quantum system corresponds

to a whole equivalence class of such vectors, in the sense that the vectors ∣ψ⟩ and
e iθ ∣ψ⟩with θ ∈ R describe the same system and are physically indistinguishable.
¿is motivates us to identify quantum states with the one-dimensional projec-
tions ∣ψ⟩⟨ψ∣, which are referred to as pure states. We will o en use the notation
ψ ∶= ∣ψ⟩⟨ψ∣ for pure-state projectors.

More generally, one might not have a perfect knowledge about the state
of a quantum system — it can be the case that a physical system is described
by a statistical ensemble of states {∣ψi⟩}, and the only information we have is
that the system can be found in one of the states ∣ψi⟩ with some corresponding
probability pi . Such a quantum system is said to be in amixed state, described
by the so-called density matrix ρ = ∑i pi ∣ψi⟩⟨ψi ∣. Since each pure state ∣ψi⟩ is
normalised and a probability distribution satis�es pi ∈ R+ and ∑i pi = 1, we
then have that themost general representation of a quantum system corresponds
to a matrix ρ ∈ H+ such that Tr(ρ) = 1. We will useD orD(H) to denote the set
of all such density matrices.

¿e lack of knowledge about the state of a quantum system is naturally quan-
ti�ed by the von Neumann entropy S(ρ), de�ned as

S(ρ) ∶= −Tr(ρ log ρ) (2.1)

where for any state ρ written in its spectral decomposition as ρ = ∑i λi ∣ψi⟩⟨ψi ∣
with λi > 0 we de�ne log ρ ∶= ∑i log λi ∣ψi⟩⟨ψi ∣, and the logarithm is taken in
base 2. ¿e von Neumann entropy vanishes for any pure state, and reaches its
maximal value of log d if and only if ρ is the maximally mixed state 1/d.

2.1.1 Composition of states

Quantum states are o en parts of a composite system,where one physical system
consists of several subsystems indexed by {1, . . . , n}, each described by its corre-
sponding Hilbert spaceHi . ¿e state space of such a composite system is then
given by the tensor productH1⋯n = H1⊗⋯⊗Hn, and any state in this composite
space corresponds to a density operator ρ ∈ L(H1⋯n) = L(H1) ⊗⋯⊗L(Hn).
We will o en use the shorthand notation ∣ii⟩ ∶= ∣i⟩⊗∣i⟩where {∣i⟩} denote some
orthonormal bases of the corresponding subsystems.

¿e operation of partial trace Tr j corresponds to discarding a given subsys-
tem j. It is de�ned as the linear map satisfying

Tr j(B1 ⊗⋯⊗ Bn) = Tr(B j)B1 ⊗⋯B j−1 ⊗ B j+1 ⊗⋯⊗ Bn (2.2)

where each Bi ∈ L(Hi). More generally, we will denote by Tr j1⋯ jm the partial
trace over any collection of subsystems. Notice that Tr = Tr1⋯n.

12



Channels and measurements

For any state ρ ∈ D(H1), one can append an auxiliary Hilbert spaceH2 such
that ρ = Tr2 σ for some (non-unique) extension σ ∈ D(H1⊗H2). If the operator
σ is pure, we call such an extension a puri�cation of ρ and we will denote it
as σ = ∣Ψρ⟩⟨Ψρ ∣. Note that every state has a puri�cation in a su�ciently large
purifying Hilbert space — for an arbitrary density matrix ρ = ∑i λi ∣ψi⟩⟨ψi ∣, a
puri�cation can be obtained as

∣Ψρ⟩ = ∑
i

√
λi ∣ψi⟩ ⊗ ∣i⟩ (2.3)

where {∣i⟩} are mutually orthogonal states onH2.

2.1.2 Distance measures

¿e trace norm (Schatten 1-norm) of an operator X is given by ∥X∥1 = Tr√X†X.
A common measure of distance between two states ρ, σ is given by the trace
distance ∥ρ − σ∥1. ¿is quantity vanishes if and only if ρ = σ , and reaches its
maximal value 2 if and only if supp(ρ) ⊆ supp(σ)⊥. Another useful quantity is
the �delity, de�ned as F(ρ, σ) ∶= ∥√ρ

√
σ∥21 and satisfying F(ρ, σ) = 1 i� ρ = σ .

Notably, if one of the states is a pure state ψ = ∣ψ⟩⟨ψ∣, then F(ψ, σ) = ⟨ψ∣σ ∣ψ⟩,
and in particular for two pure states we have F(ψ, ϕ) = ∣⟨ψ∣ϕ⟩∣2. An important
property of the �delity is that it can be computed as [28]

F(ρ, σ) = max∣Ψρ⟩,∣Ψσ ⟩ ∣⟨Ψρ ∣Ψσ⟩∣2 (2.4)

where the maximisation is over all puri�cations of ρ and σ .

2.2 channels and measurements
Consider the Hilbert spaces of two parties, HA and HA′ . Any linear map Λ ∶L(HA) → L(HA′) is referred to as a superoperator, and we will o en write Λ ∶
A→ A′ for simplicity. We will use idA to denote the identity map onL(HA). For
any twomaps Λ ∶ A→ A′ andΦ ∶ B → B′, the linearmap Λ⊗Φ ∶ A⊗B → A′⊗B′
is de�ned by Λ ⊗ Φ(X ⊗ Y) = Λ(X) ⊗ Φ(Y). A map Λ is called Hermiticity-
preserving if X ∈ H⇒ Λ(X) ∈ H, positive if X ∈ H+ ⇒ Λ(X) ∈ H+, completely
positive if Λ ⊗ idÂ is positive for Â ≅ A, and trace-preserving if for any X we
have TrΛ(X) = TrX. For any Λ, we de�ne the adjoint map Λ† ∶ A′ → A as the
unique map which satis�es

⟨Λ(X),Y⟩ = ⟨X , Λ†(Y)⟩ (2.5)

for all X ∈ L(HA) and Y ∈ L(HA′).
Of particular interest are maps which correspond to physically allowed dy-

namics of a quantum system, that is, they always map a quantum state into a

[28] Uhlmann,
Rep. Math. Phys. 1976

13

http://dx.doi.org/10.1016/0034-4877(76)90060-4


Channels and measurements

valid quantum state. Such maps will be referred to as quantum channels, and
they correspond exactly to the set of all completely positive and trace-preserving
(CPTP) maps.

Superoperators admit several di�erent representations which allow for an
easier characterisation of their properties. One such representation is obtained
through the Choi-Jamiołkowski isomorphism, which to each map Λ ∶ A → A′
associates an operator JΛ ∈ L(A⊗ A′) de�ned by

JΛ ∶= ∑
i, j

∣i⟩⟨ j∣A ⊗ Λ(∣i⟩⟨ j∣A) (2.6)

where {∣i⟩} is an orthonormal basis forHA, and for simplicity of notation we do
not di�erentiate between the spaceHA and the space of an ancillary reference
system isomorphic toHA. ¿e action of the map Λ on an arbitrary operator X
can be obtained as

Λ(X) = TrA (JΛ [XT ⊗ 1A′]) . (2.7)

A map Λ is Hermiticity-preserving i� JΛ ∈ H, completely positive i� JΛ ∈ H+,
and trace-preserving i� TrA′ JΛ = 1A.

Another equivalent way to represent superoperators is the so-called Kraus
representation, which allows us to write the action of any superoperator as

Λ(X) = ∑
j
K jXL†j (2.8)

where each K j , L j ∈ L(HA,HA′). Note that such a representation is not unique.
A map is trace-preserving i� ∑ j L†jK j = 1A, and completely positive i� there
exists a Kraus decomposition such that Λ(X) = ∑ j K jXK†

j .

2.2.1 Measurement

A generalised quantum measurement is de�ned in terms of a positive operator-
valued measure (POVM), which can be understood as a collection of operators{Mi}with each eachMi ∈ H+ and such that∑i Mi = 1.¿emeasurement {Mi}
applied to a quantum state ρ yields the ith outcome with probability ⟨Mi , ρ⟩.
If the measurement is projective, i.e. {Mi} are mutually orthogonal projection
operators, then the state of the quantum system ρ a er themeasurement is given
by

MiρMi⟨Mi , ρ⟩ (2.9)

provided that outcome i wasmeasured. If {∣i⟩} is an orthonormal basis ofH, the
measurement formed by {∣i⟩⟨i∣} is referred to as the projective measurement in
the basis {∣i⟩}.
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3Quantum resources

¿is chapter ismeant to provide intuition about themathematical framework for
quantum resources, as well as motivate the main questions that we investigate in
this thesis. We will begin with an operational characterisation of entanglement
as an archetypal example of a resource theory, and later discuss about how some
of the insights obtained in this way can be generalised to other resources.

3.1 quantum entanglement
Entanglement was recognised as a fundamental resource in quantum informa-
tion processing since the early days of the �eld. Indeed, shared entanglement
between two parties enables them to perform protocols which are impossible
within the realm of classical information processing, such as quantum teleporta-
tion [29] or superdense coding [30]. Entanglement has found use as a resource
in a wide variety of tasks underlying quantum communication, computation,
cryptography, and many other applications [7], and an e�cient characterisation
of entanglement manipulation remains at the forefront of quantum information
research.

Intuitively, the entanglement of a pure state ∣ψAB⟩ shared by two spatially
separated parties is meant to capture nonlocal quantum correlations between
the subsystems possessed by each party. If one treats entanglement as a resource
which enables the parties to go beyond the restrictions of locality and classical
correlations, this places a natural set of constraints on what kind of operations
the separated parties are allowed to perform without using any entanglement
— these are the local operations and classical communication (LOCC), estab-
lishing a fundamental paradigm in the theory of entanglement. In this setting,
LOCC are free operations, and the two parties are allowed unlimited use of local
quantum operations and classical communication without having to spend any
of the resource (in the form of entanglement) to implement these operations.

¿e precise de�nition of entanglement is as follows. Given a pure state ∣ψAB⟩
in the space HA ⊗ HB, we call this state separable (or a product state) if there
exist states ∣ψA⟩ ∈ HA, ∣ψB⟩ ∈ HB such that

∣ψAB⟩ = ∣ψ⟩A ⊗ ∣ψ⟩B . (3.1)

Conversely, if no such states exist, then the system is entangled.
Describing the entanglement of mixed states is much more involved. As a

statistical mixture of pure states, a given mixed state can contain both quantum

[29] Bennett et al., prl 1993

[30] Bennett & Wiesner,
prl 1992

[7] Horodecki et al., rmp 2009
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as well as classical correlations, which have to be di�erentiated. Additionally, any
mixed state ρ can be decomposed into a set of pure states {∣ψi⟩} in in�nitely
many ways, with the di�erent decompositions possessing, in general, di�erent
values of entanglement on average. To verify that a state ρ is separable, we then
need to �nd at least one way of preparing the state using only local operations on
its constituent subsystems,making the system fully characterised by the classical
probabilities in this particular decomposition. In other words, we want to de-
scribe a mixed state as separable not only if it itself is a tensor product of states as
in the pure-state case (3.1), but also if it is a convex combination of such product
states.

Consider then a composite system ρAB in the space L(HA ⊗HB). If there
exist states {ρ(k)A } ∈ L(HA), {ρ(k)B } ∈ L(HB) and coe�cients pk ∈ R+ with∑k pk = 1 such that

ρAB = ∑
k
pk ρ

(k)
A ⊗ ρ(k)B , (3.2)

then the state ρAB is separable. Conversely, if no such states exist, the state is
entangled. Separable states are the free states in the resource theory of entangle-
ment.

As can be expected, such a de�nition makes verifying the separability of a
state more di�cult — in fact, it becomes computationally intractable with grow-
ing system dimensions [31]. One can then aim to establish useful separability
criteria for a given state that would allow us to verify the lack (or the presence of)
entanglement. A particularly simple and useful separability criterion for mixed
states is the positive partial transpose (PPT) criterion [32,33], also known as
the Peres-Horodecki criterion. ¿e partial transpose operation, denoted TA or
TB, is de�ned simply as the transposition applied to one part of a composite
system; more precisely, for any operator X ∈ L(HA ⊗HB) we de�ne its partial
transpose as XTB ∶= (idA ⊗ TB)X where TB is the transposition with respect to
any orthonormal basis forHB. ¿e PPT criterion then states that, if a bipartite
state ρAB is separable, then its partial transpose with respect to either A or B
is positive. ¿is criterion is a su�cient condition for separability only for low-
dimensional (dAdB ≤ 6) systems, while in higher dimensions, there exist states
which are entangled despite having a positive partial transpose [34].

3.1.1 Pure-state entanglement

In order to characterise the entanglement of pure states, we will o en use the
following fundamental property: for every pure state ∣ψAB⟩ of two systems A, B,
there exist orthonormal bases {∣ai⟩} ∈ HA and {∣bi⟩} ∈ HB such that ∣ψ⟩ can be
written in its Schmidt decomposition as

∣ψAB⟩ = ∑
i=1 λi ∣ai⟩ ⊗ ∣bi⟩ (3.3)

[31] Gurvits, 2003

[32] Peres, prl 1996

[33] Horodecki et al., pla 1996

[34] Horodecki, pla 1997
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where λi are non-negative Schmidt coe�cients satisfying∑i λ2i = 1. Notice that
a bipartite system is in a pure product state i� it has precisely one non-zero
Schmidt coe�cient.

An important feature of pure-state entanglement is that it makes it impossi-
ble to assign a single pure state vector to the subsystems of an entangled state;
instead, their description has to include the correlations they share with each
other. ¿is can be understood by noting that for a separable state ∣ψAB⟩, the
partial trace over either of its subsystems gives the pure state corresponding to
the other subsystem:

TrAψAB = ψB . (3.4)

However, in the case of entangled states, the state of the reduced subsystem is
mixed, signifying a loss of information about it. We can then employ the von
Neumann entropy (2.1) to quantify this mixedness. It follows from the Schmidt
decomposition (3.3) that the partial trace of ∣ψAB⟩ with respect to either A or B
will have the squares of the Schmidt compositions as its non-zero eigenvalues.
¿is means in particular that

S (TrAψAB) = S (TrB ψAB) (3.5)

for any bipartite state. We can conclude that the von Neumann entropy for any
reduced subsystem of a bipartite state vanishes if and only if the state is separable.
Indeed, this quantity is o en referred to as the entropy of entanglement, and
provides a particularly useful separability criterion and entanglement measure
for all bipartite systems.

Since the vonNeumann entropy ismaximal only formaximallymixed states,
the entropy of entanglement will be maximised by a state with maximally mixed
reduced subsystems. ¿e states with this property are the maximally entangled
states (Bell states), de�ned as

∣Ψd⟩ = 1√
d

d∑
i=1 ∣ii⟩ , (3.6)

where ∣ii⟩ can be any orthonormal product basis. Similarly as to how the bit was
introduced to provide a way to quantify the information content of an informa-
tion source [35], the ebit (or singlet), de�ned as the maximally entangled state of
two qubits

∣Ψ2⟩ = 1√
2
(∣00⟩ + ∣11⟩) (3.7)

can be understood as the basic unit of entanglement as a resource in quantum
information processing— in the characterisation of information-theoretic tasks
requiring the use of entanglement, the parties are usually assumed to possess
entanglement in the form of shared ebits. Notice that a general maximally en-
tangled state ∣Ψd⟩ is equivalent to log d ebits.

[35] Shannon,
Bell Syst. Tech. J. 1948

17

http://dx.doi.org/10.1002/j.1538-7305.1948.tb01338.x


Quantum entanglement

We make note of the fact that, despite the name of maximally entangled
states, the notion of what “maximal” entanglement is can also depend on the
operational setting. As an example, in entanglement manipulations under local
operations with no communication allowed, the so-called embezzling states
constitute a resource signi�cantly more powerful than ebits [36].

3.1.2 Mixed-state entanglement and entanglement quanti�cation

Obviously, the fact that two quantum states are entangled does not mean that
both of them are equally useful in any operational task which requires entangle-
ment. Intuitively, if an entangled state ρ′ can be obtained from another entangled
state ρ by an application of a LOCC transformation, it should have quantita-
tively less entanglement, since the resource content cannot be increased by free
operations.¿is motivates the de�nition of an entanglement measure as any non-
negative function f ∶ L(HA ⊗HB) → R which vanishes for all separable states
and satis�es f (Λ(ρ)) ≤ f (ρ) for any LOCC map Λ. If the measure f vanishes
only on the set of separable states, it will be called faithful.

Based on the privileged status of the ebit in information processing, an
operationally-motivated way to quantify the resource content of an arbitrary
bipartite density matrix ρ can be obtained in two ways: the number of ebits one
can obtain from ρ without spending any additional resource, or the number of
ebits which are necessary to prepare the state ρ without spending any additional
resource.¿ese two ways correspond to two fundamental quantum information
processing protocols: entanglement distillation [37] that is, the conversion of
arbitrary quantum states into singlets with LOCC only, as well as entanglement
dilution [38], that is, the conversion of singlets into arbitrary quantum states
with LOCC only. Precisely, the distillable entanglement of a state ρ is de�ned
as the best rate of distillation achievable with LOCC operations in the limit of
in�nitely many independent and identically distributed copies of ρ [39], that is,

E∞d ,LOCC(ρ) ∶= sup{ r ∣ lim
n→∞ sup

Λ∈LOCC F(Λ(ρ⊗n), Ψ⊗rn
2 ) = 1}

= sup{ lim
n→∞

logm
n

∣ lim
n→∞ sup

Λ∈LOCC F(Λ(ρ⊗n), Ψm) = 1} . (3.8)

Similarly, the entanglement cost is de�ned as the best rate of dilution of entan-
glement:

E∞c,LOCC(ρ) ∶= inf { lim
n→∞

logm
n

∣ lim
n→∞ sup

Λ∈LOCC F(ρ⊗n , Λ(Ψm)) = 1} . (3.9)

Importantly, we know that for any pure state it holds that [37,38]

E∞d ,LOCC(ψ) = E∞c,LOCC(ψ) = S(TrB ψ), (3.10)

[36] van Dam & Hayden,
pra 2003

[37] Bennett et al., prl 1996

[38] Bennett et al., pra 1996

[39] Rains, pra 1999
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which in particular implies that LOCC transformations between pure states are
asymptotically reversible. Using the closed formula for the entanglement cost of
a pure state, Bennett et al. [40] proposed to quantify the entanglement cost of a
general mixed state ρ with the measure referred to as entanglement of formation,

E f (ρ) = min{∑
i
piS(TrB ψi) ∣ ρ = ∑

i
piψi} , (3.11)

where the optimisation is over all pure-state convex decompositions of ρ. ¿e
reasoning for this choice is as follows: since a mixed state ρ is de�ned as an en-
semble of pure states, we should average over the entanglement of these states to
obtain the corresponding entanglement of the ensemble. However, the decom-
position of ρ into a set of pure states is not unique, and di�erent decompositions
have di�erent entanglement in general.We therefore look for theminimal cost of
creating entanglement, that is, the most economical decomposition of ρ, which
leads to the de�nition in (3.11).¿is intuitive approach turned out to be not quite
correct, and the entanglement cost was shown to be equal to the regularised en-
tanglement of formation [41], that is,

E∞c,LOCC(ρ) = lim
n→∞

1
n
E f (ρ⊗n). (3.12)

¿e property that E f (ρ⊗n) ≠ nE f (ρ) is a non-trivial fact in itself, and relies on
a series of fundamental results in quantum information theory [42–44].

Both the entanglement cost and the entanglement of formation are faith-
ful entanglement measures. ¿is is not the case for distillable entanglement,
since any state with positive partial transpose is, in fact, undistillable, i.e. ρTB ∈
H+ ⇒ E∞d ,LOCC(ρ) = 0 [45]. A complete characterisation of distillability is a
long-standing open problem [46,47].

¿e approach taken by Bennett et al. in de�ning the entanglement of for-
mation — the “worst-case” entanglement, i.e. the minimisation of a function
over all pure-state decompositions — was later formalised by Uhlmann [48] as
the convex roof extension of S(TrB ψ) (see Sec. 4.4 where we treat this in more
detail). ¿e convex roof has many useful properties and has become the stan-
dard way to quantify mixed-state entanglement in many operational settings.
In particular, general pure-state entanglement monotones can be extended by
the convex roof to entanglement monotones on the set of all mixed states [49].
However, the optimisation in Eq. (3.11) is in general very complicated, and a full
quanti�cation of the convex roof has only been established in limited special
cases. Remarkably, the entanglement of formation has been obtained exactly for
any state of two qubits [50], and constitutes a very rare instance of a fully general
quanti�cation of mixed-state entanglement.

Besides the operational and convex roof–basedmeasures, a plethora of other
entanglement quanti�ers can be de�ned [7,51], based primarily on geometric

[40] Bennett et al., pra 1996

[41] Hayden et al., jpa 2001

[42] Shor, cmp 2004

[43] Hayden & Winter,
cmp 2008

[44] Hastings, Nat. Phys. 2009

[45] Horodecki et al., prl 1998

[46] Horodecki & Horodecki,
qic 2001

[47] Clarisse, preprint 2006

[48] Uhlmann, osid 1998

[49] Vidal, J. Mod. Opt. 2000

[50] Wootters, prl 1998

[7] Horodecki et al., rmp 2009

[51] Eltschka & Siewert, jpa 2014
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considerations—e.g., one can de�ne a faithful quanti�er of entanglement simply
by considering the distance to the set of separable states. ¿at is, we can de�ne

DSEP(ρ) ∶= inf
σ∈SEP

D(ρ, σ) (3.13)

where SEP denotes the set of separable states and D is some distance function
such that D(Λ(ρ), Λ(σ)) ≤ D(ρ, σ) for arbitrary CPTPmaps Λ [52,53], e.g. the
trace distance. Another major class of entanglement measures can be obtained
in a general formalism based on the so-called convex gauge functions, which
we discuss in detail in Chapters 5 and 6.

3.2 quantum coherence
Quantum coherence is a fundamental property which truly distinguishes quan-
tum systems from their classical counterparts: the ability to be in a superposition
of classical states. To motivate the de�nition of coherent and incoherent states,
notice that for any pure state written as a superposition of vectors in a given or-
thonormal basis {∣i⟩} as ∣ψ⟩ = ∑i ci ∣i⟩, performing a rank-one projective mea-
surement in this basis then collapses the state ∣ψ⟩ into one of the basis vectors{∣i⟩} with the corresponding probability ∣ci ∣2. ¿e uncertainty in the outcome
of this measurement is a fundamentally quantum property, arising from the very
nature of quantum mechanics, and not our lack of knowledge of the state of the
system— indeed, the only way to avoid this uncertainty is to require ∣ψ⟩ to be
classical, in the sense that ∣ψ⟩⟨ψ∣ = ∣i⟩⟨i∣.

As such, quantum coherence is fundamentally a basis-dependent concept:
the set of free pure states of this resource theory — so-called incoherent (classi-
cal) pure states — is formed only by the projectors ∣i⟩⟨i∣ corresponding to the
basis vectors {∣i⟩}, and the set of all incoherent density operators I consists of
all convex combinations of such free pure states, that is, it corresponds to the set
of density matrices diagonal in the given basis.

¿e resource-theoretic framework of quantum coherence in �nite dimen-
sions was established relatively recently [8,14,15,54] (see [16] for a comprehensive
overview). A major conceptual di�erence between the framework of coherence
and entanglement is that the de�nition of coherence as a resource lacks a clear op-
erational interpretation. ¿at is not to say that coherence has no applications in
quantum information processing— in fact, quite the contrary — but rather that
the physical setting does notmake it clear what set of operations we should allow
as the free operations, and what operational paradigm can mirror the natural
setting of “spatially separated labs” of entanglement theory.

¿e lack of a unique, physically-motivated choice of free operations has not
stopped the development of the resource theory of coherence, and in fact it has
encouraged the characterisation of coherence under several di�erent possible
choices of free operations [16,55–58], necessitating a detailed comparison of the

[52] Vedral et al., prl 1997

[53] Bengtsson & Życzkowski,
2007

[8] Gour & Spekkens, njp 2008

[14] Aberg, preprint 2006

[15] Baumgratz et al., prl 2014

[54] Levi & Mintert, njp 2014

[16] Streltsov et al., rmp 2017

[55] Winter & Yang, prl 2016

[56] Chitambar & Gour,
prl 2016

[57] Marvian & Spekkens,
pra 2016

[58] de Vicente & Streltsov,
jpa 2017
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properties and capabilities of each type of free operations. We outline the possi-
ble choices below.

¿e largest possible set of free operations are themaximally incoherent oper-
ations (MIO) [14], which are given by quantum channels E such that E(ρ) ∈ I
for every ρ ∈ I . ¿ey are clearly the largest set of operations which cannot
create coherence. A smaller class are the dephasing-covariant incoherent oper-
ations (DIO) [56,57], which are maps E which commute with the dephasing
operation ∆(⋅) ∶= ∑i ∣i⟩⟨i∣ ⋅ ∣i⟩⟨i∣, that is, [∆, E] = 0. ¿e incoherent operations
(IO) [15] are those for which there exists a Kraus decomposition into incoherent
Kraus operators, that is, {Kℓ} such that KℓρK†

ℓ /Tr(KℓρK†
ℓ ) ∈ I for all ℓ and all

ρ ∈ I . ¿ese transformations can be interpreted as incoherent measurements
which cannot create coherence even if postselection is applied to the individual
measurement outcomes. ¿e strictly incoherent operations (SIO) [55,59] are op-
erations for which both {Kℓ} and {K†

ℓ} are sets of incoherent operators. ¿e
following strict inclusions hold [57,60]:

MIO ⊋ IO ⊋ SIO
MIO ⊋ DIO ⊋ SIO (3.14)

and there is no inclusion between IO andDIO.WhileMIO is the largest possible
choice of free operations, SIO can be regarded as the smallest known choice for
which the resource theory does not become trivial in some regards, and which
satis�es all properties desired from a valid choice of free operations [16].

¿e operational tasks such as coherence distillation and coherence dilution
can then be de�ned analogously as in the resource theory of entanglement,where
now the unit of the resource is represented by the maximally coherent state

∣Ψd⟩ = 1√
d
∑
i
∣i⟩ . (3.15)

In particular, for any choice of operationsO ∈ {MIO,DIO, IO, SIO}, we de�ne
the distillable coherence and the coherence cost as

C∞d ,O(ρ) ∶= sup{ lim
n→∞

logm
n

∣ lim
n→∞ sup

Λ∈O F(Λ(ρ⊗n), Ψm) = 1}
C∞c,O(ρ) ∶= inf { lim

n→∞
logm
n

∣ lim
n→∞ sup

Λ∈O F(ρ⊗n , Λ(Ψm)) = 1} . (3.16)

Interestingly, it has been found that both of these quantities can be computed
exactly for the set of incoherent operations [55], leading to

C∞d ,IO(ρ) = S(∆(ρ)) − S(ρ)
C∞c,IO(ρ) = min{∑

i
piS(∆(ψi)) ∣ ρ = ∑

i
piψi} , (3.17)

[14] Aberg, preprint 2006

[56] Chitambar & Gour,
prl 2016

[57] Marvian & Spekkens,
pra 2016

[15] Baumgratz et al., prl 2014

[55] Winter & Yang, prl 2016

[59] Yadin et al., prx 2016

[60] Chitambar & Gour,
pra 2016

[16] Streltsov et al., rmp 2017
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whereC∞c,IO can be identi�ed as the so-called coherence of formation.¿is shows
in particular the much simpler structure of the resource theory of coherence
compared to entanglement theory. We will consider the optimal rates under
other choices of operations in Chapter 7.

¿e quantitative aspects of quantum coherence have been a large part of
the focus of recent research into this resource theory [14–16,61,62]. One can
establish some obvious parallels with the resource theory of entanglement, and
many measures of coherence — both operational ones as well as ones based on
geometric and algebraic considerations — can be de�ned by mirroring the cor-
responding entanglement measures. However, establishing that these measures
have the desired properties, characterising the interrelations between them, and
quantifying them for general states is still by nomeans trivial, as the results from
entanglement theory cannot be applied directly in most cases. It then becomes
a natural question to ask whether there is a better and more general way to ap-
proach this problem — that is, whether a universal quantitative approach to
quantum resources, which could allow us to exploit similarities between gen-
eral resource theories and eliminate the need to consider every single resource
separately, can be established.

3.3 towards characterising general resources
We are now in position to de�ne what we mean by a resource theory in the most
general sense. We de�ne a resource theory to consist of a set of free states S ,
which do not possess the given resource, as well as a set of free operations O,
which cannot generate the given resource. ¿e goal of the characterisation of
general resources is then to understand two main tasks: resource quanti�cation
as well as resource conversion. ¿e former deals with establishing methods for
measuring the resource content of a given state, and the latter with describing
the possible state transformations achievable under the class of free operations.

Notice that the operational description of a resource is heavily dependent
on physical considerations, and the choice of the free operations re�ects the
physical restrictions placed on resource manipulation by the setting of the re-
source theory. In many cases, such as the aforementioned quantum coherence, a
unique physically-motivated choices of free operations might not exist. In other
cases, it might not be possible to de�ne operational tasks such as “resource dis-
tillation”, since arbitrary resource theories usually do not possess a standard unit
of a resource such as a maximally entangled or maximally coherent states. ¿is
makes it di�cult, if not impossible, to make precise statements about the opera-
tional capabilities of free operations of general quantum resource theories, and
frequently requires resource-speci�c approaches.

However, it is o en possible to characterise the set of free states very well.
¿e leading question for our investigation is then: how much can we say about
a resource theory knowing only the free states, but not the operations in con-

[14] Aberg, preprint 2006

[15] Baumgratz et al., prl 2014

[16] Streltsov et al., rmp 2017

[61] Streltsov et al., prl 2015

[62] Napoli et al., prl 2016
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Towards characterising general resources

sideration? In particular, which results concerning the quantitative properties
can be shown to hold regardless of the choice of free operations, or for a wide
range of possible choices of operations? In Chapters 5 and 6, we aim to answer
these question by presenting amathematical framework for the quanti�cation of
resources, which shows that general statements about the properties of quantum
resource theories can bemade by only relying on an underlying convex structure
of the relevant set of free states, establishing many relations which are universal
among most resource theories, and straightforwardly generalising many results
obtained in the resource theories of entanglement and coherence.

Coming back to the resource theories of coherence and entanglement, we
investigate in Chapters 7 and 8 how changing the class of free operations in
consideration a�ects the performance of distillation of the two resources, also
generalising coherence and entanglement distillation to non-asymptotic settings.
By construction, these approaches are resource-speci�c, but we focus on devel-
oping methods which encompass both of the resources and show interrelations
between them. Another aspect of resource conversion— transformations which
enable us to convert coherence into entanglement and vice versa— are explored
in Chapter 9.
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4Convex analysis and
optimisation

¿is chapter establishes some basic results in convex analysis, as well as intro-
duces the formalism of gauge functions, which will be employed extensively
throughout the thesis.

¿e de�nitions in this chapter follow standard literature, in particular Rock-
afellar [63] as well as Hiriart-Urruty and Lemaréchal [64,65].

4.1 basic notions
We will use R+ to denote non-negative reals and R++ to denote positive reals.
¿roughout this section, we will consider a general �nite-dimensional real vec-
tor space V with an inner product ⟨⋅, ⋅⟩, where for simplicity we will make no
distinction between the space and its dual. We will then use ∥ ⋅ ∥ for the norm
induced by the inner product.

Given a set S , a linear combination of its elements is de�ned as∑i tixi for
some xi ∈ S and any choice of coe�cients ti ∈ R; an a�ne combination is a
linear combination with the additional constraint that ∑i ti = 1; and a convex
combination of elements ofS is an a�ne combination which satis�es ti ∈ R+ ∀i.
A set S is then called linear (respectively, a�ne / convex) if it contains any linear
(respectively, a�ne / convex) combination of its elements. Notice in particular
that any linear set is a subspace of V , and any a�ne set can be thought of as
a translated subspace (it need not contain the origin). Yet another equivalent
de�nition is that a set is linear i� it is the kernel of a linear transformation x ↦
Λ(x), and similarly a set is a�ne i� it is the kernel of an a�ne transformation
x ↦ Λ(x) + b for some b ∈ V . Notice that the intersection of two linear / a�ne
/ convex sets is again linear / a�ne / convex.

¿e linear span (linear hull) of a set S , denoted span(S), is the smallest
linear set which contains S ; analogously, the a�ne hull a�(S) and the convex
hull conv(S) are, respectively, the smallest a�ne set and the smallest convex
set which contains S . Alternatively, span(S) / a�(S) / conv(S) can be under-
stood as the set of all linear / a�ne / convex combinations of the elements of S ;
explicitly,

conv(S) = {∑
i
tixi ∣ ti ∈ R+, ∑

i
ti = 1, xi ∈ S} (4.1)

and similarly for the other cases.
A setK is called a cone if it contains any non-negative scalar multiple of its

elements, i.e. x ∈ K ⇒ λx ∈ K ∀λ ∈ R+. A convex coneK is then a cone which

[63] Rockafellar, 1970

[64] Hiriart-Urruty& Lemaréchal,
1993

[65] Hiriart-Urruty& Lemaréchal,
1993
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Basic notions

contains any conic combination of elements inK, that is, any linear combination
which satis�es ti ∈ R+ ∀i. An important object is the dual coneS* of an arbitrary
set S , de�ned as S* = {x ∣ ⟨x , s⟩ ≥ 0 ∀s ∈ S} . (4.2)

¿is cone is always convex and closed, regardless of whether S is. Furthermore,S** ∶= (S*)* is the so-called closed conic hull of S , in the sense that it is the
smallest closed convex cone which contains S .

A hyperplane is an a�ne set de�ned as a translation of a linear subspace of
dimension dimV − 1. Each hyperplane H can be written as

H = {x ∣ ⟨x , y⟩ = a} (4.3)

for some y ∈ V , a ∈ R. Given two convex sets S1,S2, the hyperplane H is said to
separate S1 and S2 if for all x ∈ S1 it holds that ⟨x , y⟩ ≥ a, while for all x ∈ S2
it holds that ⟨x , y⟩ ≤ a. H strongly separates the two sets if the inequalities are
strict. An important property,o en known as the strongly separating hyperplane
theorem or the Hahn-Banach theorem, is that two disjoint closed and convex
sets can always be strongly separated with a hyperplane provided that at least
one of them is bounded.

A point x ∈ S is an extreme point of the convex set S if there is no way to
express x as a convex combination of points {yi} ∈ S except for taking yi = x ∀i.
We will use ext (S) to denote the set of all extreme points of S . Importantly, for
any convex set it holds that S = conv(ext (S)).

De�ne the ε-ball around a point x as Bε(x) ∶= { x̃ ∈ V ∣ ∥x − x̃∥ ≤ ε}. ¿e
relative interior of a set S is then de�ned as the interior of S regarded as a subset
of a�(S); precisely,

relint(S) = { x ∈ a�(S) ∣ ∃ ε ∈ R++ s.t. Bε(x) ∩ a�(S) ⊆ S } . (4.4)

We will also use the notation relintX (S) to mean the relative interior of S re-
garded as a subset of X .

4.1.1 Convex functions

A function f ∶ V → R is called convex if its epigraph

epi( f ) ∶= {(x , t) ∣ f (x) ≤ t} ∈ V ⊕R (4.5)

is a convex set. Alternatively, f is convex if and only if

f (∑
i
tixi) ≤ ∑

i
ti f (xi) (4.6)

for any convex combination of elements xi ∈ V . A function is called concave if− f is convex.
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Wewill extend the above de�nition to functions which can take values in the
extended real numbers R ∪ {±∞}. ¿e algebraic operations involving in�nity
are mostly obvious, such as c +∞ = ∞ or c∞ = sgn(c)∞ for any c ∈ R, where
0∞ ∶= 0 and sgn is the sign function. ¿e operation∞−∞, which could lead
to contradictions, is le unde�ned and will be avoided. We will herea er work
with functions which are proper, that is, f (x) > −∞ for all x and f (x) < ∞
for at least one x, as improper functions can lead to undesired behaviour — in
particular, an improper convex function cannot take any �nite values, because
it would violate convexity. ¿e e�ective domain of a proper function f is then
de�ned as

dom( f ) ∶= {x ∈ V ∣ f (x) < ∞} . (4.7)

To see the applicability of this convention, de�ne the function f̃ ∶ dom( f ) → R
as f̃ (x) = f (x) ∀x ∈ dom( f ), and notice that if f̃ is convex on dom( f ), then
f ∶ V → R∪{∞} is convex on the whole space V . ¿is allows us to derive results
about convex functions without having to explicitly consider their domains.

De�ne the indicator function associated with a set S as
δS(x) ∶= ⎧⎪⎪⎨⎪⎪⎩

0 x ∈ S∞ x ∉ S . (4.8)

¿e indicator function is convex as long as S is (notice, however, that this would
not be true if δS was allowed to take a �nite value outside of S). Another basic
convention we will take is inf ∅ = ∞ and analogously sup∅ = −∞, which in
particular allows us to use the indicator function to express the minimisation of
any function as

inf
x∈S f (x) = inf ( f (x) + δS(x)) . (4.9)

A function f is lower semicontinuous (l.s.c.) if

lim inf
x→x0 f (x) ≥ f (x0) ∀ x . (4.10)

Convex and l.s.c. functions are o en called closed, since for proper convex func-
tions lower semicontinuity is equivalent to their epigraph being closed.

¿e convex conjugate (also known as the Fenchel conjugate or the Legendre-
Fenchel transform) of a function f ∶ V → R ∪ {∞} is de�ned as

f *(y) ∶= sup
x

⟨y, x⟩ − f (x). (4.11)

¿is function is always l.s.c. and convex — the convex biconjugate f ** is in fact
the largest l.s.c. and convex function smaller than f , o en referred to as the
convex closure of f . An example of a convex conjugate is

δS*(y) = sup
x∈S ⟨y, x⟩ , (4.12)
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called the support function of S .
Finally, we will employ the operation of in�mal convolution, de�ned for two

proper functions f , g as

( f ∨+ g)(x) ∶= inf
x=y+z f (y) + g(z). (4.13)

Many important functions can be written as an in�mal convolution — notice,
for example, that ( f ∨+ δS)(x) = infy∈S f (x − y) (4.14)

which is an expression that one commonly encounters e.g. whenminimising the
distance to a particular setS .¿is operation satis�es several useful properties. As
long as f and g are both convex and l.s.c., so is f ∨+ g. Furthermore, the following
fact will be useful.

Lemma 4.1. If f and g are proper, convex, l.s.c., and such that dom f ∩
dom g ≠ ∅, then ( f ∨+ g)* = f * + g*. (4.15)

If, furthermore, relint(dom f ) ∩ relint(dom g) ≠ ∅, then
( f + g)* = f *∨+ g*. (4.16)

¿e proof is rather technical and we refer e.g. to [63, ¿m. 16.4] for details. ¿e
in�mal convolution has an intuitive geometric interpretation: as long as the
functions satisfy the assumptions of Lemma 4.1, then

epi( f ∨+ g) = epi f + epi g (4.17)

where we have de�ned the Minkowski sum of arbitrary setsA,B as
A+B ∶= {a + b ∣ a ∈ A, b ∈ B} . (4.18)

All of the above considerations extend to the in�mal convolution of any �nite
number of proper functions,

( f1 ∨+⋯∨+ fn)(x) = inf
x=x1+...+xn f1(x1) + . . . + fn(xn). (4.19)

4.2 gauge functions
¿ede�nitions in this section follow [63, §14-15] in particular; see also [64,66,67],
where much of this information is reviewed and expanded on.

Given a set S , we de�ne its polar set S○ as
S○ = {x ∣ ⟨x , s⟩ ≤ 1 ∀s ∈ S} (4.20)

[63] Rockafellar, 1970

[64] Hiriart-Urruty& Lemaréchal,
1993

[66] Bach, preprint 2013

[67] Friedlander et al.,
siam J. Optim. 2014
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Gauge functions

S
λS ρ

ω

Figure .: Gauge function of a set. The gauge function γS has a finite value at the
point ρ, while ω lies outside of the domain of this gauge.

¿e polar set is always convex and closed, and always contains the origin. ¿e
bipolar set, given by

S○○ ∶= (S○)○ = conv (S ∪ {0}) (4.21)

where ⋅ denotes closure, is the smallest closed convex set containing S and the
origin. Note that the polar set of a coneK is given byK○ = −K*, where we recall
thatK* denotes the dual cone.

¿e gauge function γS for a set S (also known as the Minkowski functional)
is de�ned as

γS(x) = inf { λ ∈ R+ ∣ x ∈ λS} = inf
s∈S { λ ∈ R+ ∣ x = λs} (4.22)

where we note that the e�ective domain of γS is the cone generated by S , that
is { µs ∣ µ ∈ R+, s ∈ S} =∶ R+S . Notice that, if S is a cone, then γS = δS .

One of the most common examples of gauge functions are norms, which
are the gauge functions of their unit balls. Norms are de�ned as �nite functions
satisfying the following axioms: absolute homogeneity (of degree 1), subaddi-
tivity (triangle inequality), and positivity everywhere except the origin. ¿is
corresponds to gauge functions of sets S which are convex, compact, centrally
symmetric (S = −S), and such that 0 ∈ int(S). In general, we have the following
relations between sets and their corresponding gauges [63,68]: [63] Rockafellar, 1970

[68] Freund,
Math. Program. 1987
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Gauge functions

S is convex and γS is
— convex

positively homogeneous, i.e. γS(αx)=αγS(x)∀α ∈R++
closed lower semicontinuous
compact positive everywhere except 0, i.e. γS(x) > 0 ∀x ≠ 0
centrally symmetric symmetric (even), i.e. γS(x) = γS(−x)
0 ∈ int(S) �nite everywhere, i.e. γS(x) < ∞ ∀x
where we note that evenness together with positive homogeneity implies abso-
lute homogeneity, and convexity with positive homogeneity implies subadditiv-
ity.

An important property of any gauge corresponding to a closed convex set S
is that if 0 ∈ S , then the unit ball of γS is given exactly by S , and each such unit
ball uniquely determines its corresponding gauge —more generally, all closed
convex gauge functions are in a one-to-one correspondence with closed convex
sets containing the origin. In full generality, the unit ball of a convex gauge is
given by {x ∣ γS(x) ≤ 1} = S○○ (4.23)
which in particular means that γS = γS○○ .

4.2.1 Polarity

¿e relation between a gauge function of a convex set S and its polar set S○ is
established through convex conjugation. In particular, notice that

γS* (y) = sup ⟨x , y⟩ − γS(x)= δS○(y), (4.24)

which can be seen by noting that if y ∉ S○ then we can always choose x ∈ S
such that ⟨x , y⟩ > γS(x) and then use the homegeneity of γS , and on the other
hand if y ∈ S○ then ⟨x , y⟩ ≤ γS(x) ∀x holds by de�nition of the polar set.

It is well-known that any norm ∥ ⋅ ∥ and its dual ∥ ⋅ ∥○ satisfy the Cauchy-
Schwarz inequality, ⟨x , y⟩ ≤ ∥x∥∥y∥○. In an analogous fashion, we de�ne the
polar function of a convex gauge γS as the function which satis�es the Cauchy-
Schwarz inequality most closely:

γ○S(y) ∶= inf { µ ∈ R+ ∣ ⟨x , y⟩ ≤ µγS(x) ∀x} . (4.25)

Using the positive homogeneity of γS , this can be written as
γ○S(y) = sup{⟨x , y⟩ ∣ γS(x) ≤ 1}= sup

x∈S○○ ⟨x , y⟩
= [sup

x∈S ⟨x , y⟩]+
(4.26)
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S

S○

(a)

S

S○

(b)

S

S

S○

(c)

Figure .: Examples of polars of different sets inR2. The set S in (a) can be identified with the unit ball of the
ℓ∞ norm, whose polar set S○ is the unit ball of the ℓ1 norm. Restricting the set S to the non-negative orthant
in (b) leads to an unbounded polar S○. The boundedness is then restored in (c) by considering a set consisting
of the restricted unit ball mirrored through the origin. Notice that all cases leave the part of the polar in the
non-negative orthant unaffected.

where [λ]+ ∶= max{0, λ}. Notice in particular that γ○S = δS○○* . But since we know
that γS○* = δS○○ and the closedness of S○ implies that γS○ = γS○** = δS○○* , we then
have γ○S = γS○ . ¿is provides a justi�cation for the name of “polar function” by
expressing it as a gauge of the polar set S○. When γS de�nes a valid norm, γ○S is
its dual norm.

Dually, by considering the polar function of the set S○ we can also write
γS(x) = γS○○(x) = sup

y∈S○ ⟨x , y⟩ , (4.27)

where we note that 0 ∈ S○ for any S . We will refer to this as the dual formulation
of the gauge function γS .

¿e polarity operation induces a one-to-one symmetric correspondence be-
tween closed convex gauge functions, which means that any gauge of a compact
convex set is uniquely determined by its polar. Note that the polarity opera-
tion is inclusion-reversing, i.e. S1 ⊆ S2 ⇒ S○1 ⊇ S○2 ; this means that γS1(x) ≥
γS2(x) ∀x ∈ dom(γS1) and γ○S1(y) ≤ γ○S2(y) ∀y ∈ dom(γ○S2) for such sets.

We remark the useful fact that a closed and convex set S is bounded if and
only if 0 ∈ int(S○). For any compact and convex S , γ○S then has full domain.

4.2.2 Atomic gauges

Following the terminology of [69] and subsequent works, given a compact setC we de�ne the atomic gauge as the gauge function of the convex hull conv(C):
ΓC(x) ∶= γconv(C)(x). (4.28)

[69] Chandrasekaran et al.,
Found Comput Math 2012
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¿e terminology comes from understanding C as a set of “atoms”, o en enjoying
some simple structure which we want ΓC to characterise. In particular, notice
that ΓC can be expressed as an optimisation over conic combinations of such
atoms:

ΓC(x) = inf {λ ∣ x = λ∑
i
ciai , ai ∈ C , ci ∈ R+,∑

i
ci = 1}

= inf {∑
i
ci ∣ x = ∑

i
ciai , ai ∈ C , ci ∈ R+} .

(4.29)

Recall that all norms are gauge functions, but in addition many common norms
can be conveniently expressed as an optimisation over simple sets of atoms —
as two representative examples in Rd×d , consider the trace norm (Schatten 1-
norm), which is given for C = {xyT ∣ x , y ∈ Rd , ∥x∥ℓ2 = ∥y∥ℓ2 = 1}, and the
operator norm (Schatten∞-norm), which corresponds to C being the set of all
orthogonal matrices. We will look into the structure of similar norms in the
succeeding chapters, where a suitable choice of atoms will enable us to develop
a general geometric description of quantum resources.

By Carathéodory’s theorem, it su�ces to consider combinations of at most
dim(V) elements in (4.29). Note that in general ΓC need not be symmetric or
�nite everywhere, and so it only de�nes a valid normwhen the linear span of C is
the whole space and C is centrally symmetric. ¿e domain of ΓC is the conic hull
of C, given byR+ conv(C) = C**. Notice that conv(C)○ = C○ and conv(C)* = C*.

An important property is how atomic gauges of intersections and unions
can be characterised using the gauges of their constituent parts. Let us consider
arbitrary compact set C andD. It is then easy to see that

γC○○∩D○○ = max{ΓC , ΓD}, (4.30)

and, more generally, (conv C ∩ convD)○ = conv (C○ ∪D○). To consider ΓC∪D,
we �rst observe the general composition rule (C ∪ D)○ = C○ ∩D○, using which
we get

ΓC∪D* = δ(C∪D)○ = δC○∩D○ = δC○ + δD○ = ΓC* + ΓD* . (4.31)

Notice that the conditions relint(dom δC○) ∩ relint(dom δD○) ≠ ∅ in Lemma
4.1 reduce in this case to relintC○ ∩ relintD○ ≠ ∅. ¿is is satis�ed for any two
compact C andD, since from their compactness it follows that 0 is in the interior
of their polars, and thus

ΓC∪D = ΓC ∨+ ΓD . (4.32)

¿is extends also to the union of more than two sets, in the sense that

ΓC1∪⋯∪Cn = ΓC1 ∨+⋯∨+ ΓCn . (4.33)

Note that the conditions in Lemma 4.1 can be satis�ed even if one of the sets is
unbounded — as a simple example, the above composition relation holds for n
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sets {Ci}, n − 1 of which are compact, with at most one Cn being unbounded,
closed, and such that C○n ≠ {0} (i.e. Cn is not the whole space), since this is
su�cient to guarantee the existence of a point in the relative interior of C○n which
is in the neighbourhood of the origin (and thus in the interior of the other C○i ).

We will herea er mostly work with atomic gauges, and for simplicity we will
o en write ΓC even if C is already convex and the notation is super�uous.

4.2.3 Complex vector spaces

In a complex vector space, we de�ne the polar with respect to the real inner
product Re ⟨x , y⟩, and similarly for other de�nitions. A generalisation of the
concept of a centrally symmetric set is then a balanced set, that is S s.t. s ∈ S ⇒
ξs ∈ S ∀ξ ∈ C ∶ ∣ξ∣ = 1. In particular, for a balanced set we have ΓS(x) = ΓS(ξx)
for all ξ as above, andwe can then take a simpli�ed de�nition of a polar function:

Γ○S(x) = [sup
a∈S Re ⟨x , a⟩]+ = supa∈S ∣⟨x , a⟩∣ . (4.34)

Any convex, balanced, compact set which spans the whole space de�nes a valid
norm.Wewill henceforth only encounter balanced sets in complex vector spaces,
so we do not expand on other properties and de�nitions— see e.g. [70] formore
general cases.

4.3 convex optimisation and duality
¿ere aremany equivalentways to express general convexoptimisation problems
(see e.g. [63,71]). In the following,we will derive a particularly useful formwhich
allows us to easily represent many problems which we will encounter later, while
retaining full generality.

In themost general sense, convex optimisation is simply theminimisation of
a convex function over a convex set. ¿at is, any problem which we can express
as

c̃ ∶= inf
x∈C f (x) (4.35)

for some convex set C and a convex objective function f ∶ V → R is a convex
optimisation problem. ¿e value c̃ is the optimal value, and the set of all points
which satisfy the constraint of the given problem— in this case, all x ∈ C — is
referred to as the feasible set. We will denote by x̃ any feasible x which achieves
the in�mum, that is, c̃ = f (x̃). Note that this optimal solution does not need to
exist, and even if it does, it does not have to be unique. In the case where c̃ = −∞,
the problem is called unbounded, and if C = ∅, we have c̃ = ∞ and the problem
is referred to as infeasible.

[70] Bourbaki, 2003

[63] Rockafellar, 1970

[71] Boyd & Vandenberghe,
2004
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¿e �rst observation we can make is that one can, without loss of generality,
take f to be linear. ¿is is because the program de�ned as

inf
x ,t

{ t ∈ R ∣ f (x) ≤ t, x ∈ C} (4.36)

can be straightforwardly seen to be equivalent to (4.35), in the sense that every
feasible solution to (4.35) gives a feasible solution (x , f (x)) to problem (4.36)
and vice versa, and similarly every optimal value of one problem gives a feasible
optimal value of the other, hence theymust be equal. Noting that (4.36) is a valid
convex optimisation problem, since the feasible set is obtained from the epigraph
of the convex function f over the convex set C, we can equivalently rede�ne
convex optimisation to be the minimisation of a linear objective function. ¿is
means that we can write any convex optimisation problem as

inf
x∈C ⟨a, x⟩ (4.37)

for some �xed a and a convex set C by suitably enlarging the optimisation space
from the original vector space V to V ⊕R.

A particularly important class of convex optimisation problems are the so-
called conic programs, where the feasible set takes the formK∩F withK being
a convex cone and F an a�ne set. Crucially, it is important to note that we can
consider only sets of this formwithout any loss of generality: indeed, any general
convex optimisation problem of the form (4.37) with a, x ∈ V can be expressed
as the conic program

inf
x′∈K∩F ⟨a′, x′⟩ (4.38)

in the enlarged space V ⊕R, whereK ∶= {(c, t) ∣ c ∈ tC , t ∈ R+}, F is de�ned
as {(r, s) ∣ r ∈ V , s = 1}, and a′ ∶= a ⊕ 0.

Let us therefore consider a general convex optimisation problem de�ned as

p̃ ∶= inf {⟨a, x⟩ ∣ Λ(x) = b, x ∈ K} (P)

whereK ⊆ V is a convex cone, Λ ∶ V → V ′ is an arbitrary linear map, and a ∈ V ,
b ∈ V ′ are �xed. To simplify some of the considerations, we will assume thatK
is closed.

We will herea er refer to the program (P) as the primal problem, and useFP ∶= {x ∣ Λ(x) = b, x ∈ K} to denote its feasible set. Notice that FP is the
intersection of a closed convex cone and an a�ne (and thus closed) set, and so
it is also closed.

4.3.1 Lagrange duality

Given the primal in (P), we de�ne the Lagrangian for this problem as

L(x; µ, η) ∶= ⟨a, x⟩ − ⟨µ, Λ(x) − b⟩ − ⟨η, x⟩ (4.39)
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where µ ∈ V ′ and η ∈ V are referred to as Lagrange multipliers. It follows
immediately from this de�nition that, for any feasible x ∈ FP , any µ ∈ V ′, and
any η ∈ K*, we necessarily have

⟨a, x⟩ ≥ L(x; µ, η). (4.40)

Further, for any x ∉ FP the sets FP and {x} can be strongly separated by the
closedness of FP , and we thus have

sup
η∈K*L(x; µ, η) =

⎧⎪⎪⎨⎪⎪⎩
⟨a, x⟩ if x ∈ FP∞ otherwise

(4.41)

which in particular tells us that

p̃ = inf
x
sup
η∈K*L(x; µ, η), (4.42)

where µ is unconstrained. ¿e Lagrange dual of the problem (P) is then de�ned
by interchanging the minimisation and maximisation in the above:

d̃ ∶= sup
η∈K* infx L(x; µ, η). (4.43)

To provide a strongermotivation for this de�nition, one can intuitively think
of the Lagrangian as a way to lower bound to the optimal value of the problem
(P). Indeed, de�ning the so-called dual function as

g(µ, η) ∶= inf
x
L(x; µ, η) (4.44)

we have precisely the desired property: for any µ ∈ V ′ and η ∈ K*, it necessarily
holds that g(µ, η) ≤ p̃. ¿e Lagrange dual is then de�ned simply as the best
such lower bound.

In the case of the conic program (P), the dual function g(µ, η) can be com-
puted exactly, simplifying the characterisation of the dual problem. De�ning
Λ† ∶ V ′ → V as the adjoint map, that is, the unique linear map such that⟨w , Λ(v)⟩ = ⟨Λ†(w), v⟩ ∀v ∈ V , w ∈ V ′, we can see that

g(µ, η) = inf
x

⟨x , a − Λ†(µ) − η⟩ + ⟨µ, b⟩
= ⎧⎪⎪⎨⎪⎪⎩

⟨µ, b⟩ if a − Λ†(µ) − η = 0−∞ otherwise

(4.45)

since ⟨x , a − Λ†(µ) − η⟩ is a linear function of x. Noting that the conditions
a − Λ†(µ) − η = 0 and η ∈ K* are together equivalent to a − Λ†(µ) ∈ K*, we
then have the Lagrange dual as
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d̃ = sup{⟨µ, b⟩ ∣ a − Λ†(µ) ∈ K*} . (D)

¿e set FD ∶= { µ ∣ a − Λ†(µ) ∈ K*} is the dual feasible set. We remark the
easily veri�able fact that the Lagrange dual of (D) is

inf {⟨a, x⟩ ∣ Λ(x) = b, x ∈ K**} (4.46)

and is therefore equal to the primal.
A particularly useful class of optimisation problems are semide�nite pro-

grams (SDP), which correspond to the case when V = H (the space of Hermitian
matrices), K = H+ (the cone of positive semide�nite matrices), and the inner
product is given by ⟨A, B⟩ = Tr(AB). In this particular case, the cone is in fact
self-dual, i.e.K* = K. Semide�nite programs are very commonly encountered
in quantum information [27] and beyond [72], and their popularity is ampli�ed
by the fact that very e�cient solvers exist which can solve SDPs to arbitrary
precision in polynomial time (polynomial in the dimension of the problem and
in log( 1ε), where ε is the allowed additive error) [72].

4.3.2 Strong duality

¿e fact that we always have d̃ ≤ p̃ is referred to as weak duality. We have seen
that it holds for all convex optimisation problems, and in fact it extends also to
non-convex primal problems. However, a very desirable property is the so-called
strong duality, that is, the equality p̃ = d̃. One of the most appealing aspects of
convex optimisation problems is precisely the fact that the conditions under
which strong duality occurs are easier to characterise. Among them, one of the
most useful is Slater’s condition, formalised as follows.

Theorem 4.2 (Slater’s condition). If both the primal and dual feasible sets
are non-empty and at least one of them has a non-empty relative interior,
then strong duality holds.

See e.g. [64,71] for a proof.
Strong duality is a particular case of a so-called minimax theorem, allow-

ing us to interchange the maximisation and minimisation in an optimisation
problem without a�ecting its optimal value. We will in particular use a general
minimax formulation from [73], although in simpli�ed form, which we state as
follows.

Theorem 4.3 (Sion’s minimax theorem). Let C and D be convex sets, at
least one of which is compact. ¿en

inf
x∈C supy∈D ⟨x , y⟩ = sup

y∈D inf
x∈C ⟨x , y⟩ . (4.47)

[27] Watrous, 2018

[72] Vandenberghe & Boyd,
siam Rev. 1996

[64] Hiriart-Urruty& Lemaréchal,
1993

[71] Boyd & Vandenberghe,
2004

[73] Sion, Pac. J. Math. 1958
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4.4 roof extensions
¿e intuition behind the convex roof approach is due to Uhlmann [48,74]. He de-
scribes the basic idea of the procedure as a way to extend entanglementmeasures
“as linearly as possible” to the set of mixed states. It is formalised as follows.

LetS be a compact convex set, and let ext (S) be the set of its extreme points,
such that S = conv(ext (S)). Given a function f de�ned on ext (S), we now
would like to consider a function f̃ de�ned on the whole set S such that the two
functions are equal on ext (S) — we will call such functions extensions of f .
Extensions of this kind were brie�y investigated in the mathematical literature
before Uhlmann’s work [75,76] and have also received attention in other areas
a er �nding use in quantum information [77–80]. A particularly useful class of
them is de�ned as follows:

De�nition 4.4. A function f̃ ∶ S → R+ is a roof extension of f ∶
ext (S) → R+ if for every point x ∈ S there exists at least one extremal
convex decomposition {ci , πi} of the form x = ∑i ciπi with ci ∈ R+,∑i ci = 1, πi ∈ ext (S), such that f̃ (x) = ∑i ci f (πi).
¿e justi�cation for the terminology of roofs can be understood by noting

that if we know a set of extremal points {π1, . . . , πk} which constitutes an op-
timal decomposition for some x ∈ S , the roof extension f̃ will be a�ne on the
convex hull of these points — that is, the same set of points will be an optimal
decomposition for any other convex combination thereof. ¿is means that the
graph of f̃ consists of �at (a�ne) pieces covering the set S , not unlike a roof
covering a �oor (see Fig. 4.3).

¿is de�nition, however, might seem arbitrary — since there are no restric-
tions on the choice of a roof, it does not tell us much about the properties of the
function f . Here is where the convexity of f̃ comes useful.

Theorem 4.5 (Uhlmann [48]). [48] Uhlmann, osid 1998If a convex roof extension f ∪ of f ∶
ext (S) → R+ onto S exists, then it is unique and satis�es the following
properties:

(i) f ∪ is the pointwise largest convex extension of f from ext (S) to S
(ii) f ∪ is the pointwise smallest roof extension of f from ext (S) to S
(iii) f ∪ is given by

f ∪(x) = inf {∑
i
ci f (πi) ∣ ∑

i
ci πi = x , ∑

i
ci = 1, ci ∈ R+}

(4.48)
with the in�mum taken over all extremal convex decompositions{ci , πi} with each πi ∈ ext (S).

[48] Uhlmann, osid 1998

[74] Uhlmann, Entropy 2010

[75] Lima, Proc. lms 1972

[76] Peters & Wakker,
Econ. Lett. 1986

[77] Tawarmalani & Sahinidis,
Math. Program. 2002

[78] Bucicovschi & Lebl,
J. Convex Anal. 2013

[79] Yan, J. Convex Anal. 2014

[80] Shcherbatyi & Andres, 2016
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¿e result tells us that �nding the largest convex function on S which coin-
cides with f on ext (S) is equivalent to �nding the unique convex roof extension
of f . For a lower semicontinuous function f , an optimal decomposition realising
the in�mum in eq. (4.48) always exists.

Since we will be dealing with functions f ∶ ext (S) → R+ ∪ {∞}, we extend
the de�nition by taking f ∪(x) = ∞ when x ∉ conv(dom f ). For a function g
already de�ned on the whole set S , we can de�ne its convex roof extension as
the convex roof extension of the restriction of g to ext (S)— if g is convex, it is
then clear from the above¿eorem that g∪(x) ≥ g(x)∀x.

Note also the related concept of the concave roof f ∩: it is the pointwise
smallest concave extension (or pointwise largest roof extension) of f , and can
be calculated by replacing the minimisation with a maximisation in Eq. (4.48):

f ∩(x) = sup{c i ,π i}{∑i ci f (πi) ∣ ∑
i
ci πi = x , ∑

i
ci = 1, ci ∈ R+} . (4.49)

One can notice a similarity between the concept of the convex roof and the
convex envelope (also known as the convex hull or the largest convex underesti-
mator). For a function g which is already de�ned on the whole convex set S , its
convex envelope is the largest convex function smaller than g. In practice, �nd-
ing the convex envelope means that the optimisation in eq. (4.48) is performed
over all decompositions of x into si ∈ S , instead of πi ∈ ext (S) as in the case of
the convex roof extension. For this reason, in quantum information literature
the convex envelope has sometimes been referred to as the mixed convex roof,
identifying ext (S) with the set of pure quantum states. Note that the convex
envelope of a concave function de�ned on S coincides with its convex roof ex-
tension, since the in�mum of any concave function over a bounded convex set
is equal to the in�mum over its extremal points [63, 32.2].

A simple relation between the convex roof and the formalism of atomic
gauges can be obtained as follows.

Proposition 4.6. Given a compact set C ⊆ ext (S), for any x ∈ S we have
ΓC(x) = γ∪C(x). (4.50)

[63] Rockafellar, 1970
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π1

π2π3

π4

π5

f (π1)

f (π2)

f (π3)f (π4)

f (π5)

ω

f ′(ω)

Figure .: Constructing a roof extension. The roof f̃ is constructed for a choice of
points π i ∈ ext (S) and a function f ∶ ext (S) → R, where ext (S) is the circle. The
value of f̃ at any ω ∈ S is given by the height of the “roof” above it.

Proof. ¿e atomic gauge ΓC can be written as

ΓC(x) = inf {∑
i
ci ∣ x = ∑

i
cixi , ci ∈ R+, xi ∈ C}

(i)= inf {∑
i
ci γC(xi) ∣ x = ∑

i
cixi , ci ∈ R+, xi ∈ C} (4.51)

(ii)= inf {∑
i
ci γC(xi) ∣ x = ∑

i
cixi , ci ∈ R+, ∑

i
ci = 1, xi ∈ C**}

(iii)= inf {∑
i
ci γC(xi) ∣ x = ∑

i
cixi , ci ∈ R+, ∑

i
ci = 1, xi ∈ ext (S)}

= γ∪C(x).
¿e line (i) follows since, without loss of generality, we can consider only xi such
that γC(xi) = 1. To see this, notice that for any c′ix′i with γC(x′i) ∈ (0, 1) we can
de�ne xi ∶= x′i/γC(x′i) and ci ∶= c′iγC(x′i) such that c′iγC(x′i) = ciγC(xi) = ci .¿e
step (ii) follows similarly, and (iii) is a straightforward consequence of the fact
that γC(xi) = ∞ for any xi ∉ C**, so the optimisation is e�ectively constrained
to be over xi ∈ C**, in the sense that the in�mum (if �nite) will necessarily be
given for x in a decomposition into xi ∈ C**.

We remark that, following a very similar reasoning as in the proof above,
one can write any gauge function of this form as

ΓC(x) = inf {∑
i
γC(xi) ∣ x = ∑

i
xi , xi ∈ ext (S)} . (4.52)
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¿e applications of this result and further relations of this kind will be explored
in subsequent chapters.
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Convex geometry of quantum resources
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5Gauges for sets of quantum
states

¿roughout the development of the resource theory of entanglement, various
measures were established [7,81], many of which have been adapted to other
resource theories recently [3,6,15,16,19,82,83]. However, de�ning and character-
ising the measures of a given quantum resource is usually a cumbersome task —
the investigation of such functions typically has to be approached in a resource-
dependent way, and desired properties of the quanti�ers have to be explicitly
veri�ed for every resource in consideration. Although some connections be-
tween the various quantities are known, there are very few known results which
provide a common framework relating them and their features together.

In this chapter, we introduce a unifying formalism based on the convex ge-
ometry of the underlying sets of quantum states, signi�cantly simplifying the
construction and characterisation of quanti�ers of general quantum resources.
We employ the concept of gauge functions to establish a consolidated view of
many resource measures. In particular, we show that many commonly used and
well-known quanti�ers — such as ones based on matrix norms, measures built
through the convex roof, the so-called robustness measures, as well as various
witness-based quanti�ers — are all examples of such gauge functions, allowing
us to relate them in a common geometric framework. ¿is lets us establish an
extensive family of quanti�ers for any given quantum resource, introduce easily
veri�able criteria for a measure to satisfy desirable properties such as faithful-
ness and strong monotonicity under relevant free operations, and generalise
known measures to new quantum resources very easily. Further, we show that
many relations and bounds between the measures, some of which known in the
resource theories of entanglement and coherence, are in fact universal among
quantum resources, and the proofs of such properties can be simpli�ed in the
present framework.

To begin with, recall that the essential element of the characterisation of a
general resource theory are the free states, that is, states not possessing a given
resource. We therefore begin by de�ning the set of resource-free normalised
pure state vectors V ⊆ Cd , which we will assume to be non-empty. Another
intuitive assumption is that the set V should be compact, which ensures the
continuity of the given resource theory [3]. Since the global phase factor e iθ ∣ψ⟩
of a quantum state ∣ψ⟩ is physically irrelevant, we further assume that ∣ψ⟩ ∈ V
implies e iθ ∣ψ⟩ ∈ V ∀θ ∈ R+,whichmeans the set is balanced and so 0 ∈ conv(V).

[7] Horodecki et al., rmp 2009

[81] Plenio & Virmani, qic 2007

[3] Brandão & Gour, prl 2015

[6] Gour, pra 2017

[15] Baumgratz et al., prl 2014

[16] Streltsov et al., rmp 2017

[19] Theurer et al., prl 2017

[82] Piani et al., pra 2016

[83] Howard & Campbell,
prl 2017
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We then get the atomic gauge

ΓV(∣ψ⟩) = inf {∑
i
ci ∣ ∣ψ⟩ = ∑

i
ci ∣vi⟩ , ∣vi⟩ ∈ V , ci ∈ R+} (5.1)

= sup∣x⟩∈V○ ∣⟨ψ∣x⟩∣
Γ○V(∣ψ⟩) = sup∣y⟩∈V ∣⟨ψ∣y⟩∣ . (5.2)

Under the assumptions above, ΓV is a validnorm forCd whenever0 ∈ int(convV),
i.e. span(V) = Cd . ¿is property is very desirable for the set V , as we will see
later, but we do not assume it to hold in all cases. Note that, by the compactness
of V , the in�ma and suprema in (5.1)-(5.2) will be achieved as long as they are
�nite.

Given the set V de�ned at the level of vectors, we now de�ne our set of
interest: the set of resource-free density matrices, given by the convex hull of the
set S+ ∶= { ∣v⟩ ⟨v∣ ∣ ∣v⟩ ∈ V} ⊆ D. (5.3)

Since all density matrices which do not lie in conv(S+) are resourceful states in
the given resource theory, we would now like to use the set S+ to introduce
a gauge function which could e�ectively quantify this resource. ¿e atomic
gauge ΓS+ itself is not very useful: since the domain of this function is S+** =
R+ conv(S+) (the convex cone generated by S+) and all density operators lie
in the hyperplane de�ned by ⟨1, ρ⟩ = 1, there are actually no density operators
in the domain of ΓS+ which do not lie in the convex hull of S+. ¿at is, for any
density matrix ρ we have

ΓS+(ρ) ≤ 1 if ρ ∈ conv(S+),
ΓS+(ρ) = ∞ if ρ ∉ conv(S+). (5.4)

We will now look at ways of circumventing this problem by making a di�erent
choice of the gauge function to use.

¿is chapter is based on results published in [br4].

5.1 selection of gauges
¿roughout this chapter, we will be working in several di�erent vector spaces:
the underlying Hilbert space, identi�ed with Cd ; the real vector space of self-
adjoint linear operators, idenitifed with the space of Hermitian matricesH and
endowed with the real inner product ⟨A, B⟩ = Tr(AB); as well as the complex
vector space of linearoperators acting onCd , identi�edwith the space of complex
square matrices Cd×d and endowed with the (degenerate) real inner product
Re ⟨A, B⟩ = ReTr(A†B). Unless otherwise speci�ed, the default setting will be
the real vector spaceH.

[br4] Regula, jpa 2018
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S

−S
ω

Figure .: Extending the domain of a gauge. The point ω, which lies outside of the
domain of the gauge γS (cf. Fig. .), is included in the domain of ΓS∪(−S).

Wewill useH1 to denote the set{X ∈ H ∣ ⟨1, X⟩ = 1} ofunit traceHermitian
matrices,H+ to denote the cone of positive semide�nite matrices, andD = H1 ∩
H+ to denote the set of valid densitymatrices.Wewill use ∣x⟩ to denote vectors in
the Hilbert space which are not necessarily normalised, and reserve the standard
Greek lettersψ, ϕ etc. to represent normalised pure states. Similarly,Greek letters
ρ, σ ,ω will denote normalised density operators.

Our aim now is to de�ne a choice of non-trivial atomic gauges which provide
a natural way to quantify the given resource.

An intuition for the possible choices of suitable quanti�ers can be obtained
by looking at the simple example where V is taken to be the set of all normalised
pure state vectors, and thus ΓV(⋅) = ∥⋅∥ℓ2 . In this case, we have conv(S+) = D,
and the gauge ΓD can be thought of as the trace norm ∥⋅∥1, but de�ned only on
the limited domain R+D = H+. It is straightforward to see that the convex roof
extension of ΓV corresponds to the same function. A natural way to extend the
domain of this gauge beyondH+ is to symmetrise the set under consideration,
and consider the gauge ΓD∪(−D) instead — since the origin is now contained
in the convex hull of the set, the function takes �nite values for all Hermitian
matrices (see Fig. 5.1). In fact, ΓD∪(−D) is simply equal to the trace norm itself
[84], with the domain now extended toH. One can go a step further and, instead
of limiting ourselves to the real vector space of Hermitian matrices, de�ne the
set S = {∣a⟩⟨b∣ ∣ ∣a⟩ , ∣b⟩ ∈ V}. ¿e gauge ΓS is then precisely the trace norm∥⋅∥1 in its most general formulation, which has full domain in Cd×d .

In these simple examples, we have seen that di�erent ways of extending
the domain of the gauge ΓS+ actually correspond to the same function (on their

[84] Hartkämper & Neumann,
1974
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e�ective domains), and so there is little ambiguity in the choice of the appropriate
extension.¿is does not, however, hold in more general cases, and so it becomes
useful to be able to characterise all the di�erent possible gauges that we can
obtain from the initial set V .

Returning to the case of general quantum resources, we can take inspiration
from the above procedure and consider the atomic gauge with respect to the
symmetrised set S+ ∪ (−S+). ¿is extends the domain of the gauge function to
span(S+), that is, the vector space generated by S+. We then get the gauge

ΓS+∪(−S+)(ρ) = inf
S i∈S+∪(−S+){∑i ci ∣ ρ = ∑i ci Si , ci ∈ R+}
= inf∣v i⟩∈V {∑i ∣ci ∣ ∣ ρ = ∑

i
ci ∣vi⟩⟨vi ∣ , ci ∈ R}

Γ○S+∪(−S+)(ρ) = sup{∣⟨v∣ρ∣v⟩∣ ∣ ∣v⟩ ∈ V} .
(5.5)

Analogously to Prop. 4.6, the above can be equivalently expressed as

ΓS+∪(−S+)(ρ) = inf
X i∈H{∑

i
ΓS+∪(−S+)(Xi) ∣ ρ = ∑

i
Xi , rank(Xi) = 1}

= inf∣x i⟩∈Cd
{∑

i
∣ci ∣ ΓS+∪(−S+)(∣xi⟩⟨xi ∣) ∣ ρ = ∑

i
ci ∣xi⟩⟨xi ∣ , ci ∈ R}.

(5.6)
ΓS+∪(−S+) de�nes a valid norm for Hermitian matrices as long as span(S+) = H.

Another straightforward way to de�ne a quanti�er is to consider instead the
set S ∶= { ∣a⟩⟨b∣ ∣ ∣a⟩ ∈ V , ∣b⟩ ∈ V} , (5.7)

which we note to be balanced in the complex vector spaceCd×d with the Hilbert-
Schmidt inner product Re ⟨⋅, ⋅⟩. ¿e corresponding atomic gauge is:

ΓS(ρ) = inf∣v i⟩,∣w i⟩∈V {∑i ci ∣ ρ = ∑i ci ∣vi⟩⟨wi ∣ , ci ∈ R+}
Γ○S(ρ) = sup{∣⟨v∣ρ∣w⟩∣ ∣ ∣v⟩ , ∣w⟩ ∈ V} . (5.8)

¿is gauge admits an alternative representation, as we show below. ¿e result is
a slight generalisation of a lemma in [85,86], where norms for real matrices are
considered.

Lemma5.1. ΓS(ρ) = inf∣x i⟩,∣y i⟩∈Cd
{∑

i
ΓV(∣xi⟩) ΓV(∣yi⟩) ∣ ρ = ∑

i
∣xi⟩⟨yi ∣} .

Proof. ¿e function on the right-hand side can be noticed to be the gauge func-
tion of the set S ′ ∶= { ∣a⟩⟨b∣ ∣ ΓV(∣a⟩) ≤ 1, ΓV(∣b⟩) ≤ 1}={∣a⟩⟨b∣ ∣ ∣a⟩ , ∣b⟩ ∈ V○○} . (5.9)

[85] Richard et al., 2014

[86] Richard et al., preprint 2014
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¿e straightforward inclusion S ⊆ S ′ gives S○○ ⊆ S ′○○ = S ′, as S ′ is already
a closed convex set containing the origin. On the other hand, noticing that for
any ∣a⟩⟨b∣ ∈ S ′ we can write ∣a⟩ = ∑i ci ∣ai⟩ and ∣b⟩ = ∑ j d j ∣b j⟩, where ci , d j ∈
R+, ∣ai⟩ , ∣b j⟩ ∈ V , and ∑i ci ,∑ j d j ≤ 1, we get ∣a⟩⟨b∣ = ∑i, j cid j ∣ai⟩ ⟨b j∣ with∑i, j cid j ≤ 1, which means that ∣a⟩⟨b∣ ∈ S○○ and so S ′ ⊆ S○○. ¿e sets S ′ andS○○ are therefore equal, and so ΓS = ΓS′ .
Gauges of the form encountered on the right-hand side of Lemma 5.1 are re-
ferred to as nuclear gauges [66,87]. ΓS de�nes a valid norm for Cd×d , called a
generalised nuclear norm, as long as ΓV is a norm for Cd , i.e. span(V) = Cd .

Considering the values of the gauge function ΓV for pure states is appealing,
as this function is typically signi�cantly simpler to compute than gauges de�ned
at the level ofmatrices.We can then extend ΓV to general quantum states through
the convex roof. To ensure homogeneity at the level of projectors ∣ψ⟩⟨ψ∣, we will
take the extension of ΓV(∣ψ⟩)2, giving

Γ∪S+(ρ) ∶= (Γ2V)∪ (ρ)
= inf {∑

i
piΓV(∣ψi⟩)2 ∣ ρ = ∑

i
pi ∣ψi⟩⟨ψi ∣ ,∑

i
pi = 1, pi ∈ R+}

(5.10)
where the optimisation is over normalised pure states.¿e convex roof extension
can therefore be regarded as a natural extension of ΓS+ out of its limited domain,
since it will be �nite for any density matrix as long as span(V) = Cd . We can
characterise it as a gauge function as follows.

Proposition 5.2. For any ρ ∈ D, the convex roof extension Γ∪S+(ρ) is equal
to the atomic gauge ΓS∪+ (ρ), where

S∪+ ∶= { ∣a⟩⟨a∣ ∣ ∣a⟩ ∈ conv(V)} . (5.11)

Proof. By Prop. 4.6, the gauge function of S∪+ can be written as
ΓS∪+ (ρ) = inf {∑

i
piΓV(∣xi⟩)2 ∣ ρ = ∑

i
pi ∣xi⟩⟨xi ∣ ,∑

i
pi = 1, pi ∈ R+} ,

(5.12)
where we now optimise over general rank-one terms. ¿e result follows simply
by noting that we can renormalise any such decomposition ρ = ∑i pi ∣xi⟩⟨xi ∣ as
ρ = ∑i p′i ∣ψi⟩⟨ψi ∣ where p′i ∶= pi ∥∣xi⟩∥2ℓ2 and ∣ψi⟩ ∶= ∣xi⟩ / ∥∣xi⟩∥ℓ2 , giving

∑
i
p′i = ∑

i
pi Tr ∣xi⟩⟨xi ∣ = Tr(∑

i
pi ∣xi⟩⟨xi ∣) = Tr ρ = 1. (5.13)

Using the homogeneity of ΓV , this ensures that ΓS∪+ (ρ) = Γ∪S+(ρ).

[66] Bach, preprint 2013

[87] Jameson, 1987
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Before we proceedwith the characterisation of the introduced atomic gauges,
let us make explicit the e�ective domains on which the functions are �nite.

Gauge E�ective domain D in the e�ective domain?

ΓV span(V) (not applicable)
Γ○V Cd (not applicable)
ΓS+ S+** no, dom(ΓS+) ∩D = conv(S+)
ΓS+∪(−S+) span(S+) if relintD(convS+) ≠ ∅
ΓS span(S) if span(V) = Cd

Γ∪S+ S∪+** if span(V) = Cd

Γ○S+ , Γ○S+∪(−S+), Γ∪○S+ H yes
Γ○S Cd×d yes

In the above, relintD(convS+) is the interior of conv(S+) relative to D. ¿e setS∪+** can be understood as the set of positive semide�nite matrices supported
on the subspace spanned by V , i.e.

S∪+** = {X ∈ H+ ∣ supp(X) ⊆ span(V)} . (5.14)

We also remark that in general we have

ΓS+(ρ) ≥ ΓS+∪(−S+)(ρ) ≥ ΓS(ρ)
ΓS+(ρ) ≥ Γ∪S+(ρ) ≥ ΓS(ρ) (5.15)

and reverse inequalities for the polar gauges,which follows from the set inclusion
of their corresponding unit balls.

Theorem 5.3. For pure states ∣ψ⟩⟨ψ∣ s.t. ∣ψ⟩ ∈ span(V), we have
Γ∪S+(∣ψ⟩⟨ψ∣) = ΓV(∣ψ⟩)2
ΓS(∣ψ⟩⟨ψ∣) = ΓV(∣ψ⟩)2. (5.16)

For arbitrary pure states we also have

Γ○S+(∣ψ⟩⟨ψ∣) = Γ○V(∣ψ⟩)2
Γ○S(∣ψ⟩⟨ψ∣) = Γ○V(∣ψ⟩)2. (5.17)

Proof. ¿e case of Γ∪S+ is obvious from the de�nition.
For ΓS , notice that by the compactness of V there exist λ⋆ ∈ R+ and ∣v⋆⟩ ∈

conv(V) such that
λ⋆ = min{ λ ∈ R+ ∣ ∣ψ⟩ ∈ λ conv(V)} = ΓV(∣ψ⟩) (5.18)

46



Selection of gauges

with ∣ψ⟩ = λ⋆ ∣v⋆⟩. ¿is gives ∣ψ⟩⟨ψ∣ = λ⋆2 ∣v⋆⟩⟨v⋆∣with ∣v⋆⟩⟨v⋆∣ ∈ conv(S), and
so

ΓV(∣ψ⟩)2 = λ⋆2 ≥ inf {η ∈ R+ ∣ ∣ψ⟩⟨ψ∣ ∈ η conv(S)} = ΓS(∣ψ⟩⟨ψ∣). (5.19)

Now, from the dual formulation of the atomic gauge we get

ΓS(∣ψ⟩⟨ψ∣) = sup{∣⟨∣ψ⟩⟨ψ∣ , X⟩∣ ∣ X ∈ S○}
≥ sup{∣⟨∣ψ⟩⟨ψ∣ , ∣x⟩⟨x∣⟩∣ ∣ ∣x⟩ ∈ V○}
= sup{∣⟨ψ∣x⟩∣2 ∣ ∣x⟩ ∈ V○}
= ΓV(∣ψ⟩)2

(5.20)

since ∣x⟩ ∈ V○ ⇒ ∣x⟩⟨x∣ ∈ S○, and so the claim follows.
¿e case of Γ○S+ follows immediately from the de�nition. For Γ○S , we have

Γ○S(∣ψ⟩⟨ψ∣) = sup{∣⟨x∣ψ⟩ ⟨ψ∣y⟩∣ ∣ ∣x⟩ , ∣y⟩ ∈ V}
= ⎛⎝ sup∣x⟩∈V ∣⟨x∣ψ⟩∣

⎞⎠⎛⎝ sup∣y⟩∈V ∣⟨y∣ψ⟩∣
⎞⎠

= Γ○V(∣ψ⟩)Γ○V(∣ψ⟩)
(5.21)

since the optimisation is over two compact sets of non-negative real numbers.

Remark 5.4.We can also note a stronger property that

ΓS(∣ψ⟩⟨ϕ∣) = ΓV(∣ψ⟩) ΓV(∣ϕ⟩)
Γ○S(∣ψ⟩⟨ϕ∣) = Γ○V(∣ψ⟩) Γ○V(∣ϕ⟩). (5.22)

Proposition 5.5. For positive semide�nite matrices P, we have

Γ○S+(P) = Γ○S(P) = Γ○S∪+ (P) = Γ○S+∪(−S+)(P) (5.23)

In the proof of the Proposition, we will make use of the following lemma.

Lemma 5.6. For any P ∈ H+, it holds that
sup{∣⟨a∣P∣b⟩∣ ∣ ∣a⟩ , ∣b⟩ ∈ V} = sup{⟨a∣P∣a⟩ ∣ ∣a⟩ ∈ V} . (5.24)

Proof. First, notice that the le -hand side clearly cannot be smaller than the
right-hand side. By the compactness of V , there exists a ∣a⋆⟩ which realises
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the maximum on the right-hand side. Writing P in its spectral decomposition
P = ∑i χi ∣pi⟩⟨pi ∣, we then have for any ∣a⟩, ∣b⟩ that

∣⟨a∣P∣b⟩∣2 = ∣∑
i
χi ⟨a∣pi⟩ ⟨pi ∣b⟩∣2

≤ (∑
i
χi ∣⟨a∣pi⟩∣2)(∑

i
χi ∣⟨b∣pi⟩∣2)

≤ (∑
i
χi ∣⟨a⋆∣pi⟩∣2)(∑

i
χi ∣⟨a⋆∣pi⟩∣2)

= ⟨a⋆∣P∣a⋆⟩2

(5.25)

using the Cauchy-Schwarz inequality, which proves the Lemma.

Proof of Proposition 5.5. By the above Lemma,one immediately obtains Γ○S+(P) =
Γ○S(P) from the de�nitions. It is also straightforward to see that Γ○S+∪(−S+)(P)
follows in a similar way. For Γ○S∪+ , we have that

Γ○S∪+ (P) = sup{⟨P, Z⟩ ∣ Z ∈ conv(S∪+)}
= sup{⟨P,∑

i
pi ∣νi⟩⟨νi ∣⟩ ∣ ∣νi⟩ ∈ conv(V), pi ∈ R+,∑

i
pi = 1}

= sup{∑
i
pi ⟨νi ∣P∣νi⟩ ∣ ∣νi⟩ ∈ conv(V), pi ∈ R+,∑

i
pi = 1}

= sup{∑
i
pi ⟨νi ∣P∣νi⟩ ∣ ∣νi⟩ ∈ V , pi ∈ R+,∑

i
pi = 1}

= sup{⟨P, Z⟩ ∣ Z ∈ S+}= Γ○S+(P)
(5.26)

where the fourth equality follows since each ⟨νi ∣P∣νi⟩ is a convex quadratic form
in ∣νi⟩ by the positive semide�niteness of P [71], and the maximum of a convex
function over a bounded convex set is reached at an extremal point of the set
[63, 32.2].

5.2 base norms and robustness
If the set S+ spans the whole space of Hermitian matrices, the gauge ΓS+∪(−S+)
de�nes a valid norm for H called the base norm [84]. Base norms have found
a variety of uses in state and channel discrimination [88–91]. More generally,
one can consider other gauges of the type ΓS+∪(−X) with X being another set
satisfying some desired properties. A connection between such gauges and mea-
sures commonly used in entanglement theory — robustness and negativity —

[71] Boyd & Vandenberghe,
2004

[63] Rockafellar, 1970

[84] Hartkämper & Neumann,
1974

[88] Matthews et al., cmp 2009

[89] Reeb et al., jmp 2011

[90] Jenčová, jmp 2014

[91] Lami et al., cmp 2018

48

http://books.google.com/books?vid=ISBN978-0-521-83378-3
http://books.google.com/books?vid=ISBN978-0-691-01586-6
http://books.google.com/books?vid=ISBN978-0-387-06725-4
http://dx.doi.org/10.1007/s00220-009-0890-5
http://dx.doi.org/10.1063/1.3615729
http://dx.doi.org/10.1063/1.4863715
http://dx.doi.org/10.1007/s00220-018-3154-4


Base norms and robustness

was noticed by Vidal and Werner [92] as well as Rudolph [93] and later brie�y
expanded on by Plenio and Virmani [81]. We extend and further generalise the
relation between gauges of this type and resource quanti�ers.

Assuming that X is a compact set of Hermitian operators, we know that in
general we have

ΓS+∪(−X)(ρ) = (ΓS+ ∨+ Γ−X )(ρ)= inf
ρ=A−B ΓS+(A) + Γ−X (−B)= inf ΓS+(ρ + B) + ΓX (B)

(5.27)

where the optimisation can be taken to be over arbitrary Hermitian B, but ef-
fectively we are constrained to B ∈ X ** since ΓX (B) = ∞ for any B ∉ X **. ¿is
problem admits a simpli�ed form when the setX consists of trace-one matrices
only:

ΓS+∪(−X)(ρ) = inf
B∈X ** ΓS+(ρ + B) + TrB= inf {Tr(ρ + 2B) ∣ B ∈ X **, ρ + B ∈ S+**} (5.28)

where we have used that ΓX (B) = TrB for any B ∈ X **, and similarly forS+**. By
de�ning a general quantity which we will refer to as the robustness with respect
to X as

RXS+(ρ) ∶= inf
Z∈convX { λ ∈ R+ ∣ ρ + λZ ∈ S+**} , (5.29)

we can write ΓS+∪(−X)(ρ) = 1 + 2RXS+(ρ) as long as X ⊆ H1. We remark that
both the robustness and the gauge ΓS+∪(−X) can, of course, be de�ned for more
general sets X ∉ H1, and we will later encounter also such cases.

For the remainder of this section, we will assume that X ⊆ D, which gives
RXS+ an intuitive physical interpretation as the robustness of ρ to noise inX [94],
that is, the smallest amount of mixing with a state in the set conv(X) necessary
in order for the resulting mixture to be in conv(S+) (see Fig. 5.2). Speci�cally,
we have

RXS+(ρ) = inf
ω∈convX { λ ∈ R+ ∣ ρ + λω

1 + λ ∈ conv(S+)} . (5.30)

¿e robustness itself is also a gauge function, albeit corresponding to an
unbounded set: a straightforward manipulation gives

RXS+(ρ) = ΓS+**∪(−X)(ρ)= ΓS+∪(−X **)(ρ) − 1. (5.31)

Alternatively, by introducing the generalised inequality A ⪰X B ⇐⇒ A− B ∈X **, we can also write the above as
RXS+(ρ) = inf

ω∈convX { λ ∈ R+ ∣ ρ ⪰S+ −λ ω}
= inf
σ∈convS+ { λ ∈ R+ ∣ ρ ⪯X (1 + λ) σ} . (5.32)

[92] Vidal & Werner, pra 2002

[93] Rudolph, qip 2005

[81] Plenio & Virmani, qic 2007

[94] Vidal & Tarrach, pra 1999
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X S+
D

{RXS+(ρ)1 + RXS+(ρ)
ρω σ

Figure .: Robustness of a resource. The quantity RXS+(ρ) corresponds to the least
weight of a state in conv(X) ⊆ D in a convex combination with ρ, such that the
convex combination lies in conv(S+).

We note the similarity of this expression to geometric concepts such as the
¿ompson metric [95,96] and Hilbert’s metric [97,98], the latter having been
applied to the study of distinguishability norms in quantum information [89].

Two choices of the set X will be particularly useful: following the naming
conventions of the theory of quantum entanglement, we introduce the (stan-
dard) robustness RS+S+ and the generalised robustness RDS+ [94]. ¿e latter is, up to
logarithm, equivalent to the so-called max-relative entropy [99]. We recall that
we generally the subscript in ⪰D and simply use ⪰ to refer to the inequality with
respect to the positive semide�nite cone (Löwner partial order).

By the above consideration, the standard robustness is an a�ne function
of the base gauge ΓS+∪(−S+), and the generalised robustness of ΓS+∪(−D). We
recall that the e�ective domain of ΓS+∪(−S+) is span(S+), and so again we have
D ⊆ dom(RS+S+) only if relintD(convS+) ≠ ∅. ¿e domain of the generalised
robustness RDS+ consists of all states supported on the subspace spanned by V ,
i.e. dom(RDS+) = S∪+**, and so span(V) = Cd is necessary and su�cient for RDS+
to be �nite for all states.

Wenowconsider the dual formulations of the gauges. Noting that (S+ ∪ −D)○= S○+ ∩ (−D)○ and similarly for S+ ∪ (−S+), we have
RDS+(ρ) = 1

2
sup{⟨ρ,W ′⟩ ∣ W ′ ∈ S○+ ∩ (−D)○} − 1

2
(5.33)

RS+S+(ρ) = 1
2
sup{⟨ρ,W ′⟩ ∣ W ′ ∈ S○+ ∩ (−S+)○} − 1

2
. (5.34)

With the change of variablesW ′ = 1−2W , we obtain a common representation

[95] Thompson,
Proc. Amer. Math. Soc. 1963

[96] Cobzaş & Rus, 2014

[97] Hilbert, Math. Ann. 1895

[98] Bushell,
Arch. Rat. Mech. Anal. 1973

[89] Reeb et al., jmp 2011

[94] Vidal & Tarrach, pra 1999

[99] Datta, ieee tit 2009
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of the Lagrange duals of the robustnesses [100]:

RDS+(ρ) = sup{− ⟨ρ,W⟩ ∣ W ∈ S+* ∩D○} (5.35)
RS+S+(ρ) = sup{− ⟨ρ,W⟩ ∣ W ∈ S+* ∩ S○+} . (5.36)

It follows that strong Lagrange duality always holds for the robustness quanti-
�ers by virtue of their being gauge functions. ¿is will be considered in more
generality in Sec. 5.3.2.

5.2.1 Relations between robustness and other gauges

Weproceed by characterising various relations between the robustnessmeasures
and the previously introduced atomic gauges, and in particular showing that the
generalised robustness RDS+ always reduces to the vector atomic gauge ΓV on
pure states.

Theorem 5.7. For any state ρ ∈ dom(RDS+), we have
ΓS(ρ) − 1 ≥ RDS+(ρ). (5.37)

Proof. First, note that the generalised robustness can be expressed as

2RDS+(ρ) + 1 = ΓS+∪(−D)(ρ)= sup{⟨ρ,W⟩ ∣ W ∈ S○+, ⟨W , σ⟩ ≥ −1 ∀σ ∈ D}
= 2 sup{⟨ρ,W ′⟩ ∣ W ′ ∈ S○+, W ′ ∈ D∗} − 1 (5.38a)
= 2 sup{⟨ρ,W ′⟩ ∣ W ′ ∈ S○+, W ′ ∈ H+} − 1 (5.38b)

where in (5.38a) we make the change of variablesW ′ = 1
2 (W + 1), and (5.38b)

follows from the self-duality of the positive semide�nite cone H+ and the fact
that R+D = H+. We now have

ΓS(ρ) = sup{Re ⟨ρ, Z⟩ ∣ Z ∈ S○}
≥ sup{Re ⟨ρ, Z⟩ ∣ Z ∈ H+, Z ∈ S○}
= sup{⟨ρ, Z⟩ ∣ Z ∈ H+, ∣⟨a∣Z∣b⟩∣ ≤ 1 ∀ ∣a⟩ , ∣b⟩ ∈ V}
= sup{⟨ρ, Z⟩ ∣ Z ∈ H+, ⟨a∣Z∣a⟩ ≤ 1 ∀ ∣a⟩ ∈ V}
= sup{⟨ρ, Z⟩ ∣ Z ∈ H+, Z ∈ S○+}= RDS+(ρ) + 1

where the third equality follows from Lemma 5.6.

[100] Brandão, pra 2005
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Theorem 5.8. For any pure state ∣ψ⟩⟨ψ∣ ∈ dom(RDS+), the generalised ro-
bustness is equivalent to the vector atomic gauge for the set V :

RDS+(∣ψ⟩⟨ψ∣) = ΓV(∣ψ⟩)2 − 1 (5.39)

Proof. ¿e fact that we have RDS+(∣ψ⟩⟨ψ∣) ≤ ΓV(∣ψ⟩)2 − 1 follows from¿m. 5.7,
since by¿m. 5.3 we have ΓS(∣ψ⟩⟨ψ∣) = ΓV(∣ψ⟩)2 for any ∣ψ⟩ ∈ span(V).

To show that RDS+(∣ψ⟩⟨ψ∣) ≥ ΓV(∣ψ⟩⟨ψ∣)2 − 1, from the dual characterisation
of the robustness we have

2RDS+(∣ψ⟩⟨ψ∣) + 1 = 2 sup{⟨∣ψ⟩⟨ψ∣ ,W ′⟩ ∣ W ′ ∈ S○+, W ′ ∈ H+} − 1≥ 2 sup{⟨∣ψ⟩⟨ψ∣ , ∣w⟩⟨w∣⟩ ∣ ∣w⟩⟨w∣ ∈ S○+} − 1= 2 sup{∣⟨ψ∣w⟩∣2 ∣ ⟨∣w⟩⟨w∣ , ∣v⟩⟨v∣⟩ ≤ 1 ∀ ∣v⟩ ∈ V} − 1 (5.40)
= 2 sup{∣⟨ψ∣w⟩∣2 ∣ ∣w⟩ ∈ V○} − 1
= 2ΓV(∣ψ⟩)2 − 1.

Let us brie�y discuss the implications of the above ¿eorem. It shows that
the quanti�cation of the robustness RDS+ for pure states, which can be a very non-
trivial problem to solve for speci�c resource theories explicitly [101–104], always
reduces to an optimisation over the underlying Hilbert space only. ¿is gener-
alises results previously obtained in the resource theory of entanglement [101]
and coherence [82], providing novel computable formulas and solving conjec-
tures raised in the literature regarding the quanti�cation of robustness measures
of di�erent resources [102,104,105], as we will discuss in detail in Chapter 6.
Remark 5.9. Notice that the proofs of¿eorems 5.7 and 5.8 do not rely on the fact
that S+ consists of normalised density matrices. We can obtain a more general
result in the following form.

Corollary 5.10. Let Q ∶= conv {∣v⟩⟨v∣ ∣ ∣v⟩ ∈ V} where V ⊆ Cd is a bal-
anced and compact set. For any ∣x⟩ ∈ Cd , it then holds that

sup{⟨x∣W ∣x⟩ ∣ W ∈ H+ ∩Q○} = sup{∣⟨x∣w⟩∣2 ∣ ∣w⟩ ∈ V○} . (5.41)

We can furthermore relate the standard robustness RS+S+ with the other con-
sidered gauge functions.

Theorem 5.11. For any state ρ ∈ span(S+) we have
RS+S+(ρ) ≥ ΓS(ρ) − 1 (5.42)

Proof. First, recall that by¿eorems 5.3 and 5.8 we have

RS+S+(∣ψ⟩⟨ψ∣) ≥ RDS+(∣ψ⟩⟨ψ∣) = ΓS(∣ψ⟩⟨ψ∣) − 1 (5.43)

[101] Steiner, pra 2003

[102] Clarisse, jpa 2006

[103] Cavalcanti et al., pra 2005

[104] Ringbauer et al.,
preprint 2017

[105] Johnston & Kribs,
Houst. J. Math. 2015
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for any ∣ψ⟩⟨ψ∣ ∈ dom(RS+S+). Togetherwith the fact that 2RS+S+(ρ)+1 =ΓS+∪(−S+)(ρ),
it means that we have ΓS+∪(−S+)(∣ψ⟩⟨ψ∣) ≥ 2ΓS(∣ψ⟩⟨ψ∣)− 1. We then use the rep-
resentation of ΓS+∪(−S+) in Eq. (5.6) to write

ΓS+∪(−S+)(ρ) = inf {∑
i
∣ci ∣ ΓS+∪(−S+) (∣ai⟩⟨ai ∣) ∣ ρ = ∑

i
ci ∣ai⟩⟨ai ∣ , ci ∈ R}

≥ 2 inf {∑
i
∣ci ∣ ΓS (∣ai⟩⟨ai ∣) ∣ ρ = ∑

i
ci ∣ai⟩⟨ai ∣ , ci ∈ R} − 1

≥ 2 inf {∑
i
∣ci ∣ ΓS (∣ai⟩⟨bi ∣) ∣ ρ = ∑

i
ci ∣ai⟩⟨bi ∣ , ci ∈ R} − 1

= 2ΓS(ρ) − 1.
(5.44)

¿is gives RS+S+(ρ) ≥ ΓS(ρ) − 1 as required.
Combining¿m. 5.7 and 5.11, we have established a hierarchy of measures

valid for any resource theory in the considered framework:

RS+S+(ρ) ≥ ΓS(ρ) − 1 ≥ RDS+(ρ) (5.45)

where the second inequality is tight for all pure states.
It is known that in the resource theory of entanglement, not only the gener-

alised robustness, but also the standard robustness of entanglement reduces to
the vector atomic gauge ΓV for pure states, i.e. RS+S+(∣ψ⟩⟨ψ∣) = ΓV(∣ψ⟩)2 − 1 [94].
Very recently, this has been generalised also to resource theories of k-coherence
and entanglement of Schmidt number k [br11]. However, one can �nd that this
does not hold for all quantum resources (see Sec. 6.4 for an explicit example in
the resource theory of magic states) — it is then an interesting open question to
characterise exactly when RS+S+ is equivalent to ΓV on pure states. We remark that
in any resource theory where RS+S+(∣ψ⟩⟨ψ∣) = ΓV(∣ψ⟩)2 − 1 does hold, we have an
extended hierarchy of quanti�ers, all of which are equal on pure states:

Γ∪S+(ρ) − 1 ≥ RS+S+(ρ) ≥ ΓS(ρ) − 1 ≥ RDS+(ρ) (5.46)

which follows since Γ∪S+ is the largest convex function equal to Γ2V on pure states.
Proposition 5.12. For any P ∈ H+ it holds that

Γ○S+∪(−D)(P) = Γ○S+(P). (5.47)

Proof. By the positive semide�niteness of P we have

Γ○S+∪(−D)(P) = sup{⟨P, Z⟩ ∣ Z ∈ conv (S+ ∪ (−D))}
= max{0, sup{⟨P, Z⟩ ∣ Z ∈ S+}} (5.48)
= Γ○S+(P).

[94] Vidal & Tarrach, pra 1999

[br11] Johnston et al.,
preprint 2018
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One can use the result of Prop. 5.12 to give a bound on the value of RDS+ using
the Cauchy-Schwarz inequality for ΓS+∪(−D), namely

RDS+(ρ) ≥ 1
2
⎛⎝Tr

(ρ2)
Γ○S+(ρ) − 1

⎞⎠ . (5.49)

However, a tighter bound can be obtained.

Proposition 5.13. For any state ρ ∈ dom(RDS+) it holds that
RDS+(ρ) ≥ Tr (ρ2)

Γ○S+(ρ) − 1. (5.50)

Proof. First, notice that we do not need to assume Γ○S+(ρ) ≠ 0, since any positive
semide�nite ρ ∈ dom(RDS+) satis�es supp(ρ) ⊆ span(V) and so we cannot have
that ⟨ρ, σ⟩ = 0 ∀σ ∈ S+. From Γ○S+ = γS○+ we then have that ρ

Γ○S+(ρ) ∈ S○+. Since
ρ ∈ H+, this is then a feasible solution to the dual formulation of the generalised
robustness (Eq. 5.38) and so we have

RDS+(ρ) ≥ ⟨ρ, ρ
Γ○S+(ρ)⟩ − 1 (5.51)

as required.

5.3 resource monotones
A full characterisation of a resource theory requires, in addition to the chosen
set of free states without a given resource, the choice of a relevant set of free
operations which cannot generate the resource. For simplicity, in the following
we will limit ourselves to the discussion of maps acting as linear operators on
H; the results can be generalised to maps between di�erent spaces by suitably
de�ning the set of free states in the input space as well as the set of free states
in the output space (see e.g. [6]). We will in general consider maps which are
completely positive, but not necessarily trace preserving.

¿e de�nition of what exactly constitutes the free operations is frequently de-
pendent on the resource theory or the physical setting under consideration.¿e
largest possible set of free operations are the resource non-generatingmapsORNG,
which are all completely positive maps Φ such that σ ∈ S+** ⇒ Φ(σ) ∈ S+**.
In particular, a trace-preserving resource non-generating operation acting on
a free state always results in another free state. O en, a smaller subset of oper-
ations is considered: they are the resource-free maps ORF, consisting of maps
Λ which admit a Kraus decomposition of the form Λ(ρ) = ∑n KnρK†

n such
that σ ∈ S+** ⇒ KnσK†

n ∈ S+** ∀ n. ¿e physical motivation for the choice of

[6] Gour, pra 2017

54

http://dx.doi.org/10.1103/PhysRevA.95.062314


Resource monotones

resource-free operations is that it guarantees that no resource can be created
from a non-resource state in any possible measurement outcome. In the theory
of entanglement, these are the separable operations [106], while in the theory
of coherence they are called incoherent operations [15]. Even these operations
are o en considered to not re�ect the physical restrictions su�ciently well, and
much smaller subsets of physically relevant operations are used; as discussed
before, in entanglement theory the set of operations of interest are the local oper-
ations and classical communication [52,107], and in coherence theory a common
choice are the strictly incoherent operations [55] or even smaller subsets [56–58].

Identifying conv(S+) with the set of free states and F with a chosen set of
free operations, we de�ne a validmeasure for the given resource to be a function
M ∶ D→ R+ ∪ {∞} which satis�es two basic criteria:
(C1) Faithfulness:M(ρ) = 0 if and only if ρ ∈ conv(S+).
(C2) Monotonicity: M(Θ(ρ)) ≤ M(ρ) for all completely positive trace-pre-

serving operations Θ ∈ F .
O en, additional conditions are imposed, the two most common ones being:

(C3) Convexity:M (∑i tiρi) ≤ ∑i tiM(ρi) for ti ∈ R+, ρi ∈ D,∑i ti = 1.
(C4) Strong monotonicity: ∑i piM (Θ i(ρ)

p i ) ≤ M(ρ) with pi = TrΘi(ρ),
where Θi ∈ F are completely positive operations such that∑i Θi is trace
preserving.

¿e choice of the free operations of interestF will, in general, not be unique
—however,we stress that (strong)monotonicity under a given class of operations
implies (strong) monotonicity under any subset of this class, and so it su�ces
to investigate monotonicity under larger sets of operations. Further, note that
strong monotonicity implies monotonicity.

5.3.1 Properties of atomic gauges

We now verify the criteria for the candidate measures: ΓS(ρ) − 1, Γ∪S+(ρ) − 1,
RS+S+(ρ), and RDS+(ρ).

Theorem 5.14. A state ρ ∈ D belongs to the set conv(S+) if and only if
0 = ΓS+(ρ) − 1 = ΓS(ρ) − 1 = ΓS+∪(−S+)(ρ) − 1 = Γ∪S+(ρ) − 1= RS+S+(ρ) = RDS+(ρ) (5.52)

¿at is, all of the considered measures are faithful.

[106] Bennett et al., pra 1999

[15] Baumgratz et al., prl 2014

[52] Vedral et al., prl 1997

[107] Chitambar et al., cmp 2014

[55] Winter & Yang, prl 2016

[56] Chitambar & Gour,
prl 2016

[57] Marvian & Spekkens,
pra 2016

[58] de Vicente & Streltsov,
jpa 2017
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Proof. It is helpful to recall that the gauge function of the set

U = {∣x⟩⟨y∣ ∣ ∥∣x⟩∥ℓ2 ≤ 1, ∥∣y⟩∥ℓ2 ≤ 1} (5.53)

is just the trace norm ∥⋅∥1. Since S+ ⊆ S+ ∪ (−S+) ⊆ S ⊆ U , S+ ⊆ S∪+ ⊆ U , andS+ ⊆ S+∪(−D) ⊆ U it follows that ΓU lower bounds all of the considered gauges,
and so each of the gauges cannot be smaller than 1 when ρ ∈ D because ∥ρ∥1 = 1.

¿en if ρ ∈ conv(S+), we have ΓS+(ρ) = 1 by de�nition, and all the other
gauges also have to be equal to 1 because they are upper bounded by ΓS+ (Eq.
(5.15)), which in turn means the robustnesses will be zero.

Conversely, assume that RDS+(ρ) = 0, which means that ΓS+∪(−D)(ρ) = 1.
¿is gives that ρ ∈ conv(S+ ∪ (−D)), but since ρ ∈ D by assumption and
conv (S+ ∪ (−D)) ∩ D = conv(S+), we necessarily have ρ ∈ conv(S+). Not-
ing by¿m. 5.7 and the inequalities between the gauges that RDS+(ρ) + 1 lower
bounds all other gauges in consideration, it follows that any of the gauges being
equal to 1 implies that RDS+ is zero, proving the claim.

Proposition 5.15. All of the considered measures are convex.

Proof. Every gauge function of a convex set is convex.

Lemma 5.16. Let C denote either conv (S+ ∪ (−S+)) or
conv (S+ ∪ (−D)). ¿en, given a resource non-generating completely pos-
itive map Φ ∈ ORNG and an operator X, we have X ∈ C ⇒ Φ(X) ∈ R+C.

Proof. For C = conv (S+ ∪ (−S+)), write X = sσ+ − (1 − s)σ− with σ± ∈
conv(S+), s ∈ [0, 1]. ¿en Φ(X) = sΦ(σ+)− (1− s)Φ(σ−) = sTr (Φ(σ+)) ς+ +(1− s)Tr (Φ(σ−)) ς− for some ς± ∈ conv(S+) by linearity and the resource non-
generating property of Φ. We then have Φ(X) = Tr (Φ(X)) (sς+ − (1 − s)ς−)
as required.

For C = conv (S+ ∪ (−D)), write X = sσ − (1 − s)π with σ ∈ conv(S+),
π ∈ D, s ∈ [0, 1]. ¿en Φ(X) = sΦ(σ) − (1 − s)Φ(π) = sTr (Φ(σ)) ς − (1 −
s)Tr (Φ(π))ϖ with ς ∈ conv(S+) by linearity and the resource non-generating
property of Φ, and ϖ ∈ D as Φ is completely positive. ¿is gives Φ(X) =
Tr (Φ(X)) (sς − (1 − s)ϖ) as required.

Lemma 5.17. Let C denote either conv(S) or conv(S∪+). ¿en, given a
resource-free completely positive map Λ ∈ ORF and an operator X, we
have X ∈ C ⇒ Λ(X) ∈ R+C.

Proof. Let us consider C = conv(S) �rst. Write any Λ ∈ ORF in its Kraus de-
composition as Λ(ρ) = ∑n KnρK†

n. By de�nition of the resource-free operations,
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we can note that for every pure state ∣vi⟩ ∈ V , we have Kn ∣vi⟩ = ∣vni ⟩ for some∣vni ⟩ ∈ R+V as the complex phase can be absorbed into the state ∣vni ⟩. By de�-
nition, any operator X ∈ conv(S) can be written as X = ∑i ci ∣vi⟩⟨ui ∣ for some
coe�cients ci ∈ R+ with∑i ci = 1 and states ∣vi⟩ ∈ V , ∣ui⟩ ∈ V , which then gives

Λ(X) = ∑
n
Kn (∑

i
ci ∣vi⟩⟨ui ∣)K†

n

= ∑
i,n
ciKn ∣vi⟩⟨ui ∣K†

n

= ∑
i,n
ci ∣vni ⟩⟨uni ∣

(5.54)

which is explicitly in S**.
Take now conv(S∪+). Noting that any state in conv(S∪+) can be written as

ρ = ∑i ci ∣wi⟩⟨wi ∣ with ∣wi⟩ ∈ conv(V), ci ∈ R+, and ∑i ci = 1, and similarly
each ∣wi⟩ can be written as ∣wi⟩ = ∑ j di j ∣vi j⟩ with ∣vi j⟩ ∈ V , di j ∈ R+,∑ j di j = 1.
¿is then gives

Λ(ρ) = ∑
n
Kn

⎛⎝∑i, j,k cidi jdik ∣vi j⟩⟨vik ∣
⎞⎠K†

n

= ∑
i, j,k,n

cidi jdik ∣vni j⟩⟨vnik ∣
= ∑

i
ci ∣qi⟩⟨qi ∣

(5.55)

where ∣qi⟩ = ∑
j,n
di j ∣vni j⟩ . (5.56)

Since each ∣qi⟩ ∈ V**, we have that Λ(ρ) ∈ S∪+** as required.
Theorem 5.18.¿e robustness measures RDS+ and RS+S+ satisfy strong mono-
tonicity under resource non-generating mapsORNG.

Theorem 5.19.¿e atomic gauges ΓS and Γ∪S+ satisfy strong monotonicity
under resource-free mapsORF.

Proof. Let C denote one of the sets: (S+ ∪ (−S+)), (S+ ∪ (−D)), S , or S∪+ . De-
pending on the choice of the set, let F denote the relevant set of free operations
—ORNG orORF. Now, let Θ = ∑i Φi ∈ F denote a free CPTP map, where each
Φi ∈ F is a trace non-increasing, completely positive map.

By de�nition of the atomic gauge ΓC , for any ρ ∈ dom(ΓC) ∩D we have that
ρ

ΓC(ρ) = X ∈ conv(C). (5.57)
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¿en
Φi(ρ) = Φi (ΓC(ρ)X)= ΓC(ρ)Φi(X)= ΓC(ρ)Yi

(5.58)

for some Yi ∈ TrYi conv(C) by Lemma 5.16 or Lemma 5.17. Now let pi =
Tr (Φi(ρ)). Dividing Eq. (5.58) by pi , we have that

Φi(ρ)
pi

∈ ΓC(ρ)TrYi
pi

conv(C) (5.59)

and hence
ΓC (Φi(ρ)

pi
) ≤ ΓC(ρ)TrYi

pi
. (5.60)

Notice now that, since ΓC(ρ) ≥ 1 and ∑i Φi is trace preserving, we have 1 =
Tr ρ ≥ TrX = Tr∑i Yi , which then gives

∑
i
pi ΓC (Φi(ρ)

pi
) ≤ ΓC(ρ)∑

i
TrYi ≤ ΓC(ρ) (5.61)

and so strong monotonicity is satis�ed.

Remark 5.20.¿e gauges ΓS and Γ∪S+ are, in general, not strongly monotonic
underORNG. An explicit counterexample has been given in the resource theory
of coherence [108].

Although the choice of the four measures ΓS , Γ∪S+ , RDS+ and RS+S+ is somewhat
natural in the framework of the gauge functions, there is of course no reason to
limit oneself to these particular measures and the two types of free operations
thatwe have considered. One can establish a similar su�cient condition for other
gauge-based measures, which we will in particular employ in the succeeding
section to characterise other classes of resource quanti�ers.

Theorem 5.21. Let ΓC be the atomic gauge function corresponding to a
compact set C. Let F denote a chosen set of completely positive maps. We
then have that if the convex cone C** is closed under the operations F , i.e.
σ ∈ C**⇒ Θ(σ) ∈ C** ∀Θ ∈ F , then ΓC is strongly monotonic under F .
¿e proof is the same as above.

Remark 5.22. Instead of choosing the resource quanti�er as M = ΓC − 1 for
one of the gauge functions ΓC , one can instead consider M = f ○ ΓC for any
monotonically non-decreasing function f on the interval [1,∞) s.t. f (1) = 0.
Any choice of a convex f then preserves the convexity of the measure, and any
choice of a concave f preserves the strong monotonicity — a common choice
of a concave function is f = log.

[108] Bu & Xiong, qic 2017
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5.3.2 Dual characterisation and resource witnesses

In quantum resource theories, elements of the dual cone S+* are o en called
witnesses of the given resource.¿e notion of witnesses is a fundamental concept
that found a variety of uses in the characterisation, detection, and quanti�cation
of quantum resources [33,100,109,110].

¿e set of witnesses can also be described in terms of the polar set S○+— the
equivalence is made explicit by noting that a witness can be obtained from any
S ∈ S○+ simply by considering 1 − S ∈ S+*, and vice versa. ¿is gives an intuitive
interpretation of the polar gauge in this sense:

Proposition 5.23. For any X ∈ H it holds that

Γ○S+(X) = inf { λ ∈ R+ ∣ λ1 − X ∈ S+*} . (5.62)

Proof. Recalling that Γ○S+ = ΓS○+ = γS○+ ,we have Γ○S+(X) = inf { λ ∈ R+ ∣ X ∈ λS○+}
and the result follows since ⟨1, σ⟩ = 1 ∀σ ∈ S+.
Remark 5.24. Notice that if X is such that ⟨σ , X⟩ ≤ 0 ∀σ ∈ S+, then Γ○S+(X) = 0.
In particular, a positive semide�nite matrix can have Γ○S+(X) = 0 if and only if
X ∈ S⊥+ , where S⊥+ = S+* ∩ (−S+)* is the orthogonal complement of S+. Note
that S⊥+ ∩H+ = {0} when span(V) = Cd .

¿e crucial property of witnesses applied to quantum resources is that, since
conv(S+) is a convex and closed set, by the strongly separating hyperplane theo-
rem, for every ρ ∉ conv(S+) there exists a witnessW ∈ S+* such that ⟨ρ,W⟩ < 0,
thus detecting a given resource. On the other hand, if ρ ∈ conv(S+), then we
necessarily have ⟨ρ,W⟩ ≥ 0 ∀W ∈ S+*. ¿is leads to a natural formalism of
witness-based measures, quantifying how much a given state can violate the
condition ⟨ρ,W⟩ ≥ 0: one constructs a general witness-based measure as [100]

V CS+(ρ) = sup{− ⟨ρ,W⟩ ∣ W ∈ S+* ∩ C} (5.63)

where C is a set representing some additional constraints on the set of witnesses
under consideration. ¿is approach is particularly useful in experimental set-
tings, allowing for the detection and quanti�cation of resources without the need
for full state tomography [111,112].

Many of the gauge functions considered in this work can be written in this
form with a suitable choice of C (up to a constant), which can be seen from their
dual representation. For example, the standard robustness corresponds to V CS+
with the choice C = S○+, and the generalised robustness to C = D○ = {X ∣ X ⪯ 1}.
More generally, we can establish the following equivalence.

Proposition 5.25. If C can be expressed as C = X ○ for some subsetX ⊆ H1,

[33] Horodecki et al., pla 1996

[100] Brandão, pra 2005

[109] Terhal,
Theor. Comput. Sci. 2002

[110] Gühne & Tóth,
Phys. Rep. 2009

[111] Gühne et al., prl 2007

[112] Eisert et al., njp 2007
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then
V CS+(ρ) = 1

2
(ΓS+∪(−X)(ρ) − 1) (5.64)

for any ρ ∈ D. Likewise, if C = Y○ for some Y ⊆ −H1, then

V CS+(ρ) = ΓS+∪(− 1
2Y)(ρ) − 1. (5.65)

Proof. Take the standard expression for the witness-basedmeasure in Eq. (5.63)
and apply the change of variablesW ′ = 1−2W in the case ofX , orW ′ = 1−W
in the case of Y . ¿e result then follows from the dual characterisation of the
gauge functions.

One can note a similarity of the above forms to the generalised base gauges
considered in section 5.2.

An example of a witness-based measure is obtained by taking V CS+ with C ={X ∣ TrX ≤ d} [113]. Noting that this corresponds to C = X ○ withX = {1d }, we
obtain

V CS+(ρ) = R{1/d}S+ (ρ) = inf { s ∈ R+ ∣ ρ + s1
d
∈ S+**} (5.66)

which de�nes the random robustness [94]. Random robustness has full domain
i� 1

d ∈ relintD(S+), and it corresponds to the gauge function 1
2 (ΓS+∪{−1/d} − 1).

Alternatively, one can think of it as the atomic gauge function of S+ under a
reparametrisation such that 1d is the origin. Note that the random robustness is
not a monotone under the general free operationsORNG, but by¿eorem 5.21 it
can be noted to be faithful and strongly monotonic under unital resource non-
generating operations (i.e. Φ ∈ ORNG such that Φ(1) = 1). By the set inclusion
of the corresponding unit balls we get R{1/d}S+ (ρ) ≥ RS+S+(ρ).

Another common choice is to considerV CS+ withC = (−D)○ = {X ∣ X ⪰ −1},
which by strong Lagrange duality is equal to the so-called best free approximation
BFA, generalising the best separable approximation [114]:

BFAS+(ρ) = min
σ∈convS+ { 1 − λ ∣ ρ ⪰ λσ} . (5.67)

Here, the optimal λ is the largest weight that a free state can take in a convex
decomposition of ρ = λσ + (1 − λ)ω where σ ∈ conv(S+) and ω ∈ D. ¿is
expression is then equivalent to the gauge function ΓS+∪( 1

2D) − 1. Since the cone
generated by the set S+ ∪ ( 12D) is closed under resource non-generating oper-
ations, we have that the best free approximation is a faithful strong monotone
underORNG by¿eorem 5.21. Note, however, that it has some unusual proper-
ties for a resource monotone; for example, any resourceful pure state ∣ψ⟩ ∉ V
has BFAS+(∣ψ⟩⟨ψ∣) = 1, which fails to account for the fact that some pure states
can be strictly more resourceful than others.

[113] Brandão & Vianna,
ijqi 2006

[94] Vidal & Tarrach, pra 1999

[114] Lewenstein & Sanpera,
prl 1998
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5.4 relations with distance-based measures
One can de�ne a faithful quanti�er of any resource simply by considering the
distance to the set of free states. ¿at is, we can de�ne

DS+(ρ) ∶= inf
σ∈conv(S+)D(ρ, σ) (5.68)

for some quasi-metric D such that D(Λ(ρ), Λ(σ)) ≤ D(ρ, σ) for arbitrary
CPTP maps Λ [52,53]. Any such measure is then a (weak) monotone under
resource non-generating operations. Although the representation is appealing
from an intuitive point of view, the measures de�ned in this way are frequently
di�cult to evaluate and investigate in practice, and few results about their prop-
erties such as strong monotonicity are known.

¿e distance-based quanti�ers do not �t into the gauge function formalism
directly, but we can nevertheless obtain relations between the gauge-based and
distance-basedmeasures in several cases—wewill consider some representative
examples of such quanti�ers.

5.4.1 Trace distance and other gauge-based distances

A commonly encountered case is when D is itself based on a gauge function —
this includes, for instance, the fundamental measure of trace distance obtained
for D(ρ, σ) = ∥ρ − σ∥1. In general, one can consider

DS+(ρ) = inf
σ∈convS+ ΓC(ρ − σ) (5.69)

where we will take C ⊆ H for simplicity, but the same considerations apply to
more general sets of complex matrices with the inner product Re ⟨⋅, ⋅⟩. To see
the di�erence between the distance-based measures and gauge functions, we
can consider the dual form of the general quanti�er DS+ :

DS+(ρ) = inf
σ∈conv(S+) supW∈C○ ⟨W , ρ − σ⟩

= sup{⟨W , ρ⟩ − sup
σ∈S+ ⟨W , σ⟩ ∣ W ∈ C○} (5.70)

which follows by Sion’s minimax theorem (or can be equivalently derived by
considering the Lagrange dual of the original problem explicitly). We emphasise
that the function µS+(W) ∶= supσ∈S+ ⟨W , σ⟩ is, in general, di�erent from the
polar gauge Γ○S+(W) = [µS+(W)]+. ¿is representation can nevertheless be
helpful since the polar gauges, and as a result the function µS+ , can be relatively
easy to characterise (see e.g. Ch. 6).

It is explicit from the above representation that, although distance measures
can be based on gauge functions, they are not gauges themselves. An easy way to

[52] Vedral et al., prl 1997

[53] Bengtsson & Życzkowski,
2007
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modify any gauge-based distance measure DS+ to turn it into a gauge function
is simply to consider instead the distance to the cone generated by S+:

D′S+(ρ) ∶= inf
X∈S+**ΓC(ρ − X)

= sup⎧⎪⎪⎨⎪⎪⎩⟨W , ρ⟩ − sup
X∈S+**

⟨W , X⟩ RRRRRRRRRRRR W ∈ C○⎫⎪⎪⎬⎪⎪⎭= sup{⟨W , ρ⟩ ∣ W ∈ C○ ∩ (−S+*)}=ΓC∪S+**(ρ).
(5.71)

As an explicit example, consider �rst the trace distance TS+(ρ), which cor-
responds to DS+ with the choice C = {X ∣ ∥X∥1 ≤ 1} and thus gives

TS+(ρ) = sup{⟨W , ρ⟩ − µS+(W) ∣ ∥W∥∞ ≤ 1} . (5.72)

An alternative formulation of the trace distance can be obtained by recalling
that the trace norm ∥⋅∥1 admits a representation as the base norm ΓD∪(−D) in the
space of Hermitian matrices, allowing us to write

TS+(ρ) = inf
σ∈conv(S+) sup{⟨W , ρ − σ⟩ ∣ W ∈ D○ ∩ (−D)○}

= inf
σ∈conv(S+) sup{⟨W ′, ρ − σ⟩ − ⟨1, ρ⟩ + ⟨1, σ⟩ ∣ W ′ ∈ ( 1

2
D)○ ∩D*}

= 2 sup{⟨W ′, ρ⟩ − Γ○S+(W ′) ∣ 1 ⪰W ′ ⪰ 0}
(5.73)

where in the second line we make the change of variables W ′ = W + 1, and
the last equality follows because µS+(W ′) = Γ○S+(W ′) for anyW ′ ∈ D* = H+.
¿e trace distance can then be turned into a gauge function by considering
T ′S+(ρ) = minX∈S+** ∥ρ − X∥1, a quantity known as the modi�ed trace distance.
We can relate it to the generalised robustness as

T ′S+(ρ) = sup{− ⟨ρ,W⟩ ∣ W ∈ D○ ∩ (−D○) ∩ S+*}≤ sup{− ⟨ρ,W⟩ ∣ W ∈ D○ ∩ S+*}= RDS+(ρ).
(5.74)

¿e advantage of using T ′S+ over TS+ is, once again, that the modi�ed trace dis-
tance is a gauge function, and therefore immediately inherits all of the desirable
properties of gauges in resource quanti�cation that we discussed in Sec. 5.3. As
an example, a long-standing conjecture that the trace distance of entanglement
is a strong monotone [115] was recently put to rest by employing results from
the resource theory of coherence to show that the trace distance does not satisfy
strongmonotonicity under the relevant resource-free operations [116,117]— this
gives an interesting example of a case where it becomes necessary to consider
distances with respect to the unnormalised cone S+** in order to ensure strong
monotonicity.

[115] Eisert et al., jpa 2003

[116] Yu et al., pra 2016

[117] Qiao et al., preprint 2017
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5.4.2 Geometric measures

¿e family of the so-called geometric measures with respect to S+ is de�ned
by noting that, for pure states, the quantity Γ○V(∣ψ⟩) e�ectively quanti�es the
resource contained in a state by measuring the largest possible overlap with a
free state [118,119], reaching its maximal value 1 only on the set of free states. One
can then de�ne a resource quanti�er simply as

GS+(∣ψ⟩⟨ψ∣) ∶= 1 − Γ○V(∣ψ⟩)2. (5.75)

¿is function can now be extended to all mixed states through the convex roof,
giving

GS+(ρ) ∶= (1 − Γ○2V )∪ (ρ) = 1 − Γ○∩S+(ρ)
= 1 −max{∑

i
pi Γ○V (∣ψi⟩)2 ∣ ρ = ∑

i
pi ∣ψi⟩⟨ψi ∣ , pi ∈ R+, ∑

i
pi = 1} .
(5.76)

Since GS+(∣ψ⟩⟨ψ∣) = 1 −max∣η⟩∈V ∣⟨ψ∣η⟩∣2 = 1 − supσ∈convS+ F(∣ψ⟩⟨ψ∣ , σ), one
could expect this measure to be related to the �delity-based distance quanti�er:

G′S+(ρ) ∶= 1 − max
σ∈conv(S+)F(ρ, σ). (5.77)

Surprisingly, the two quantities are in fact equal, which can be seen as follows.

Theorem 5.26 (Streltsov et al. [120]). [120] Streltsov et al., njp 2010For any ρ ∈ D,
max

σ∈convS+F(ρ, σ) = max{∑i pi max
σ∈convS+F(∣ψi⟩⟨ψi ∣ , σ) ∣ ρ = ∑

i
pi ∣ψi⟩⟨ψi ∣}

(5.78)
where the maximisation is over all pure-state convex decompositions of ρ.
In particular,

GS+(ρ) = G′S+(ρ). (5.79)

Proof. By Uhlmann’s theorem [28], the le -hand side can be expressed as

max
σ∈S+ F(ρ, σ) = maxσ∈S+ max

Ψσ ,Ψρ
∣⟨Ψρ ∣Ψσ⟩∣2 , (5.80)

where the internal maximisation on the right-hand side is over all puri�cations
of ρ and σ . Furthermore,we can restrict ourselves to a�xed puri�cation of σ [121].
If σ = ∑i qi ∣ηi⟩⟨ηi ∣ is a decomposition of σ into pure states ∣ηi⟩ ∈ V , we choose∣Ψσ⟩ ∶= ∑i

√qi ∣ηi⟩ ∣i⟩. Any puri�cation of ρ over the same system can then be
expanded as ∣Ψρ⟩ = ∑i

√pi ∣ψi⟩ ∣i⟩ with respect to the orthonormal basis {∣i⟩}
on the purifying system. Here, {pi , ∣ψi⟩} forms a pure-state decomposition of

[118] Shimony,
Ann. NY Ac. 1995

[119] Wei & Goldbart, pra 2003

[28] Uhlmann,
Rep. Math. Phys. 1976

[121] Jozsa, J. Mod. Opt. 1994
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ρ. Since ⟨Ψσ ∣Ψρ⟩ = ∑i
√piqi ⟨ηi ∣ψi⟩, we deduce that

max
σ∈S+ F(ρ, σ) = max

⎧⎪⎪⎨⎪⎪⎩∣∑i
√
piqi ⟨ηi ∣ψi⟩∣2 RRRRRRRRRRR ρ = ∑i pi ∣ψi⟩⟨ψi ∣ ,

ω = ∑
i
qi ∣ηi⟩⟨ηi ∣ , ∣ηi⟩ ∈ V ⎫⎪⎪⎬⎪⎪⎭ (5.81)

= max{∑
i
pi ∣⟨ηi ∣ψi⟩∣2 ∣ ρ = ∑

i
pi ∣ψi⟩⟨ψi ∣ , ∣ηi⟩ ∈ V}

= max{∑
i
pi max

σ∈Mm
F(∣ψi⟩⟨ψi ∣ , σ) ∣ ρ = ∑

i
pi ∣ψi⟩⟨ψi ∣} .

¿e above result is rather remarkable in that it reduces the quanti�cation
of the convex roof–based measure GS+ to a much simpler convex optimisation
problem.

Γ○∩S+ is concave and therefore is larger on D than any convex function equal
to it on the extremal points of the set, including in particular the gauge Γ○S+ itself.
We thus obtain the bound

GS+(ρ) ≤ 1 − Γ○S+(ρ) (5.82)

which holds for any density matrix ρ. From Prop. 5.13 we then have that

RDS+(ρ) ≥ Tr(ρ2)
Γ○S+(ρ) − 1 ≥

Tr(ρ2)
1 −GS+(ρ) − 1. (5.83)

for any ρ ∈ dom(RDS+). ¿is in particular establishes the relation

RDS+(∣ψ⟩⟨ψ∣) ≥ 1
1 −GS+(∣ψ⟩⟨ψ∣) − 1 =

GS+(∣ψ⟩⟨ψ∣)
1 −GS+(∣ψ⟩⟨ψ∣) (5.84)

for all ∣ψ⟩ ∈ span(V), which generalises a known property of the robustness of
entanglement [122].

5.4.3 Relative entropy

Let D(ρ∥σ) denote the quantum relative entropy, de�ned as

D(ρ∥σ) = ⎧⎪⎪⎨⎪⎪⎩
Tr (ρ log ρ − ρ log σ) if supp(ρ) ⊆ supp(σ),∞ otherwise.

(5.85)

¿is quantity is neither symmetric nor does it satisfy the triangle inequality, but it
nevertheless can be treated as a quasi-metric and used as a measure to faithfully

[122] Cavalcanti, pra 2006
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quantify a given quantum resource [52,53]. A quanti�er of interest is then the
relative entropy with respect to S+,

SS+(ρ) = inf
σ∈convS+D(ρ∥σ). (5.86)

Note that dom(SS+) = dom(RDS+).
One can obtain useful relations between this quantity and atomic gauges,

generalising results for entanglement and coherence theories found for example
in [99,123,124]. ¿e connection between the two frameworks is made through
quantities called the max- and min-relative entropy, de�ned as [99,125]

Dmax(ρ∥σ) = inf { s ∈ R+ ∣ ρ ⪯ 2sσ} = log inf { s ∈ R+ ∣ ρ ⪯ sσ}
Dmin(ρ∥σ) = −2 log F(ρ, σ) (5.87)

We make note of the di�erence between this quantity and a di�erent Dmin de-
�ned in [99], which we will later encounter as the hypothesis testing relative
entropy DH . From the de�nition of the generalised robustness RDS+ , it then fol-
lows that

inf
σ∈conv(S+)Dmax(ρ∥σ) = log (1 + RDS+(ρ)) , (5.88)

making the Dmax-based measure strongly monotonic under resource non-ge-
nerating operations. Using the relation Dmin(ρ∥σ) ≤ D(ρ∥σ) ≤ Dmax(ρ∥σ)
[99,125], we then have

GS+(ρ) ≤ −2 log(1−GS+(ρ)) ≤ SS+(ρ) ≤ log (1 + RDS+(ρ)) ≤ log ΓS(ρ) (5.89)

where the �rst inequality comes from the fact that −2 log(x) ≥ 1 − x ∀x ∈ [0, 1],
and the last inequality from¿eorem 5.7. ¿is establishes a quantitative relation
between some non-convex resource monotones and the relative entropy. In
the resource theory of quantum coherence, it has been conjectured that the
inequality SS+(ρ) ≤ ΓS(ρ) − 1 also holds [124,126]. Following [124], we can use
the fact that x ≥ log(1 + x)∀x ≥ 1 to similarly establish

SS+(ρ) ≤ RDS+(ρ) ≤ ΓS(ρ) − 1 ∀ ρ s.t. RDS+(ρ) ≥ 1 (5.90)
SS+(ρ) ≤ RDS+(ρ) log e ≤ (ΓS(ρ) − 1) log e ∀ ρ, (5.91)

and it is an interesting open question whether one can tighten the relation.

[52] Vedral et al., prl 1997

[53] Bengtsson & Życzkowski,
2007

[99] Datta, ieee tit 2009

[123] Zhu et al., jpa 2017

[124] Rana et al., pra 2017

[125] Dupuis et al., 2012

[126] Rana et al., pra 2016
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6Gauges for physical resources

We now show how to apply the formalism introduced in the previous chapter
to two representative quantum resources — entanglement and coherence — as
well as the recently established resource theory of magic states, demonstrating
the universality of the results. We introduce new gauge-based quanti�ers as well
as show that many known measures of the three resources �t into the gauge
function framework, allowing for their characterisation in this formalism. An
important point to note here is that the properties of themeasures such as strong
monotonicity under relevant free operations, faithfulness, as well as quantitative
bounds and relations, all follow straightforwardly from our discussion in Ch. 5.
Since these properties are o en not easy to show explicitly for a given measure,
one can bene�t from exploiting the convex geometry of the quanti�ers.

¿is chapter is based on results published in [br4]. We begin with the dis-
cussion of quantum coherence, as the introduced measures will form a basis for
our investigation of bipartite entanglement.

6.1 k-coherence
Let us recall the setting of the resource theory of quantum coherence. ¿e set of
free pure states in this resource theory, which we will denote as B, corresponds
to state vectors which have only one coe�cient in a �xed orthonormal basis{∣i⟩}, that is, each free pure state vector is a normalised scalar multiple of a basis
vector. ¿e free density matrices, de�ned in the usual way as the convex hull of{∣ψ⟩⟨ψ∣ ∣ ∣ψ⟩ ∈ B}, are called the incoherent states. Any state which cannot be
written as a convex combination of incoherent pure states is then coherent, and
can be used as a resource.

In some applications, however, not every coherent state is useful for the
considered physical tasks [br5,18,19,104,127,128] — in these circumstances, a
�ne-grained quanti�cation of quantum coherence is necessary. Given a �xed
orthonormal basis {∣i⟩}, the coherence rankCR(∣ψ⟩) is de�ned as the cardinality
of the state vector ∣ψ⟩, that is, the number of non-zero coe�cients in this basis.
¿e set of free pure states is then given byBk ∶= { ∣ϕ⟩ ∣ CR(∣ψ⟩) ≤ k, ⟨ψ∣ψ⟩ = 1}
and we extend this to mixed states as done previously; for the simplicity of
notation, we will herea er work with the convex hull directly:

Ik+ ∶= conv {∣ψ⟩⟨ψ∣ ∣ ∣ψ⟩ ∈ Bk} . (6.1)

[br4] Regula, jpa 2018

[br5] Regula et al., njp 2018

[18] Killoran et al., prl 2016

[19] Theurer et al., prl 2017

[104] Ringbauer et al.,
preprint 2017

[127] Chin, pra 2017

[128] Chin, jpa 2017
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k-coherence

Any state ρ ∈ Ik+ is then a free state in the resource theory of k + 1-coherence,
with all states ρ ∉ Ik+ being k + 1-coherent. Note that k = 1, that is the quan-
ti�cation of 2-coherence, corresponds to the standard notion of quantum co-
herence, where the only resource-free states are convex combinations of the
basis projectors; also, note that Id+ = D. Let us also de�ne the corresponding setIk ∶= conv {∣ψ⟩ ⟨ϕ∣ ∣ ∣ψ⟩ ∈ Bk , ∣ϕ⟩ ∈ Bk} as before.

6.1.1 k = 1 and k = d
¿e resource theory of quantum coherence (k = 1) has been investigated inmany
works, and a variety of quanti�ers have been considered [55,61,62,82,129,130].
Applying the formalism of this work to the states Ik+ with k = 1, one can notice
that we have:

ΓB1(∣ψ⟩) = inf {∑
i
ci ∣ ∣ψ⟩ = ∑

i
ci ∣vi⟩ , ci ∈ R+, ∣vi⟩ ∈ B1}

= inf {∑
i
∣ci ∣ ∣ ∣ψ⟩ = ∑

i
ci ∣i⟩ , ci ∈ C}

= ∥∣ψ⟩∥ℓ1 .
(6.2)

Following in a similar way for the other quanti�ers, we obtain several known
norms and gauges for Hermitian matrices, many of which have been used as
coherence measures:

Gauge Also known as

ΓB1 vector ℓ1 norm ∥⋅∥ℓ1
Γ○B1 vector in�nity norm ∥⋅∥ℓ∞
ΓI 1 element-wise ℓ1 norm ∥⋅∥ℓ1
Γ○I 1 element-wise max norm ∥⋅∥ℓ∞
Γ○I 1+ maximum of diagonal elements and 0
Γ○I 1+∪(−I 1+) maximum of absolute diagonal elements
RI 1+I 1+ (standard robustness of coherence)
RDI 1+ generalised robustness of coherence [82]
Γ∪I 1+ − 1 coherence concurrence [129, 130] [129] Yuan et al., pra 2015

[130] Qi et al., jpa 20171 − Γ○∩I 1+ geometric measure of coherence[61]

Note that the set I1+ only spans the set of diagonal matrices in the given ba-
sis, which means that the measure RI 1+I 1+ is not a practically useful measure of
2-coherence as it is in�nite for ρ ∉ I1+.

For comparison, we also characterise the quantities obtained for k = d, i.e.
when Id+ = D:

[55] Winter & Yang, prl 2016

[61] Streltsov et al., prl 2015

[62] Napoli et al., prl 2016

[82] Piani et al., pra 2016

[129] Yuan et al., pra 2015

[130] Qi et al., jpa 2017
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Gauge Also known as

ΓBd vector ℓ2 norm ∥⋅∥ℓ2
Γ○Bd vector ℓ2 norm ∥⋅∥ℓ2
ΓId trace (nuclear) norm ∥⋅∥1
Γ○Id operator (spectral) norm ∥⋅∥∞
Γ○Id+ maximum of the eigenvalues and 0

Γ○Id+∪(−Id+) spectral (numerical) radius [ [131] Horn & Johnson, 2012131]
RId+Id+ trace of positive part −1
RDId+ trace of positive part −1
Γ∪Id+ − 1 trace norm −1
1 − Γ○∩Id+ 1− trace

By the trace of the positive part of a Hermitian matrix M we understand the
quantity Tr(Π+M) with Π+ denoting the orthogonal projection onto the sub-
space spanned by the non-negative eigenvalues of M. Further, we recall that
ΓId+∪(−Id+) corresponds to the trace norm itself for all Hermitian matrices [84].

6.1.2 1 ≤ k ≤ d
We will now consider the extension of the atomic gauge formalism to arbitrary
k. Several of the measures in this resource theory have been de�ned in the
literature already: they are the geometric measure of k-coherence [br5] and
the generalised robustness RDIk+ [104]. All of the other measures that we have
considered in Chapter 5 can be de�ned analogously. We will consider some
explicit examples.

¿e sets Ik+ for k ≥ 2 have been shown to span the whole spaceH [104], and
so RIk+Ik+ can be used as a quanti�er for k ≥ 2. ¿e other considered measures ΓBk ,
ΓIk , Γ∪Ik+ , and RDIk+ have no domain problems because span(Ik) = Cd ∀k.

¿e atomic vector norm on the setBk , called the k-support norm ∥⋅∥(k), was
introduced in [132] in the context of machine learning and optimisation. ¿e
norm is in fact exactly computable for any k.

De�nition 6.1 (Argyriou et al. [132]). Let Pk be the set of all possi-
ble subsets of {1, . . . , d} of at most k elements, and let esupp(∣x⟩) ∶={ i ∣ xi ≠ 0} where xi is the ith coe�cient of ∣x⟩ in the given basis. ¿e
k-support norm1 is de�ned as the atomic norm for the setBk and is given

[84] Hartkämper & Neumann,
1974

[br5] Regula et al., njp 2018

[104] Ringbauer et al.,
preprint 2017

[132] Argyriou et al., 2012
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by

ΓBk(∣x⟩) = ∥∣x⟩∥(k)
∶= inf ⎧⎪⎪⎨⎪⎪⎩ ∑

I∈Pk

∥∣vI⟩∥ℓ2
RRRRRRRRRRR esupp(∣vI⟩) ⊆ I, ∑I∈Pk

∣vI⟩ = ∣x⟩⎫⎪⎪⎬⎪⎪⎭
=
¿ÁÁÁÀk−r−1∑

i=1 ∣x↓i ∣2 + 1
r + 1 ⎛⎝

d∑
i=k−r ∣x↓i ∣

⎞⎠
2

(6.3)

where x↓ denotes the coe�cients of ∣x⟩ sorted in non-increasing order by
magnitude (∣x↓1 ∣ ≥ ∣x↓2 ∣ ≥ . . .), and r is the unique integer in {1, . . . , k− 1}
satisfying

∣x↓k−r−1∣ > 1
r + 1

d∑
i=k−r ∣x↓i ∣ ≥ ∣x↓k−r ∣ (6.4)

or 0 if no such integer exists.

It is explicit from Eq. (6.3) that the k-support norm interpolates between the
ℓ1 and ℓ2 norms for vectors — indeed, we have that ∥⋅∥(1) = ∥⋅∥ℓ1 and ∥⋅∥(d) =∥⋅∥ℓ2 .

¿e polar (dual norm) of the k-support norm is given by

∥∣x⟩∥○(k) =
¿ÁÁÀ k∑

i=1 ∣x↓i ∣2, (6.5)

that is, the ℓ2 norm of the k largest coe�cients. In general, we have that ∥∣x⟩∥ℓ1 ≥∥∣x⟩∥(k) ≥ ∥∣x⟩∥ℓ2 ≥ ∥∣x⟩∥○(k) ≥ ∥∣x⟩∥ℓ∞ .
We remark that an alternative way to derive the exact formula for the k-

support norm is to start with the dual norm ∥⋅∥○(k), which is easier to compute
explicitly [br5], and apply a duality result from [134] which immediately gives
the form in Eq. (6.3). ¿is approach was taken in [105] for a related problem in
entanglement theory.

1¿e terminology of “k-support” comes from the fact that the set of non-zero coe�cients of
a matrix is frequently referred to as “support” in statistical learning and optimisation literature
[133]. Since this di�ers from the usual de�nition of “support” in quantum information, to avoid
confusion we use the notation of esupp to refer to the “element-wise support”.

[br5] Regula et al., njp 2018

[134] Mudholkar & Freimer,
Proc. Amer. Math. Soc. 1985

[105] Johnston & Kribs,
Houst. J. Math. 2015

69

http://dx.doi.org/10.1088/1367-2630/aaae9d
http://dx.doi.org/10.1090/S0002-9939-1985-0806065-9
http://arxiv.org/abs/1304.2328
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¿e atomic norm ΓIk on the set Ik is the (k,k)-trace norm, de�ned as [85,86]:
∥ρ∥(k,k) = inf {∑

i
∥∣ai⟩∥(k) ∥∣bi⟩∥(k) ∣ ρ = ∑

i
∣ai⟩ ⟨bi ∣}

= inf
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
∑
I∈Pk
J∈Pk

∥ZI,J∥1
RRRRRRRRRRRRRRRRR
esupp (ZI,J) ⊆ I × J , ρ = ∑

I,J
ZI,J

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
(6.6)

∥ρ∥○(k,k) = sup{∣⟨a∣ρ∣b⟩∣ ∣ ∣a⟩ , ∣b⟩ ∈ Vk} (6.7)

where esupp(M) is de�ned for a matrix with elements Mi j as esupp(M) ={(i , j) ∣ Mi j ≠ 0}. ¿is norm interpolates between the entrywise ℓ1 norm for∥⋅∥(1,1) and the standard trace norm for ∥⋅∥(d ,d). ¿e (k, k)-trace norm is there-
fore a natural generalisation of the ℓ1-normof coherence, a fundamentalmeasure
of quantum coherence [15,126], to the formalism of k-coherence.

While ∥⋅∥(k,k) is in general NP-hard to compute exactly, a numerical algo-
rithm to approximate it was introduced in [85]. Note also that the generalised
robustness of k-coherence RDIk+ was shown to be computable with a semide�nite
program (SDP) [104]. It follows easily that the same property holds for the stan-
dard robustness RIk+Ik+ , and since this quantity is well-de�ned for any k ≥ 2, we
obtain tight bounds for the (k, k)-trace norm as

RIkIk (ρ) ≥ ∥ρ∥(k,k) − 1 ≥ RDIk(ρ). (6.8)

Interestingly, it has been shown that RIkIk (∣ψ⟩⟨ψ∣) = ∥∣ψ⟩∥2(k) − 1 for any pure
state [br11], which means that both of the above inequalities are tight for pure
states.

¿e convex roof extension of the k-support norm Γ∪Ik+ is the natural convex
roofmeasure in this formalism. By¿eorem 5.19, both the convex roof–extended
k-support norm as well as the (k, k)-trace norm are strongly monotonic un-
der k-incoherent operations [104]. We remark that another convex roof–based
measure was de�ned in [127], based on an entanglement monotone called k-
concurrence; it is not a generalisation of the ℓ1 norm in the present framework.
A quantitative comparison of the k-concurrence and an equivalent entangle-
ment monotone based on the k-support norm will be considered in the next
section.

6.2 bipartite entanglement
Let ∣ψ⟩ ∈ CdA ⊗CdB denote a bipartite pure state shared between two parties A
and B, with the dimensions of the corresponding spaces denoted as dA and dB.
A pure state is called separable or a product state (in the A∣B bipartition) if it
can be written as ∣ψ⟩ = ∣ψA⟩ ⊗ ∣ψB⟩, and entangled otherwise. We denote the set

[85] Richard et al., 2014

[86] Richard et al., preprint 2014

[15] Baumgratz et al., prl 2014

[126] Rana et al., pra 2016

[104] Ringbauer et al.,
preprint 2017

[br11] Johnston et al.,
preprint 2018

[127] Chin, pra 2017
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of all product state vectors as V , and we de�ne S+ to be the set of all separable
density matrices de�ned through the convex hull. ¿e Schmidt rank of a state∣ψ⟩ is de�ned as

SR(∣ψ⟩) = min{r ∈ N ∣ ∣ψ⟩ = r∑
i=1 λi ∣vi⟩ , ∣vi⟩ ∈ V } . (6.9)

¿en ∣ψ⟩ is unentangled if and only if SR (∣ψ⟩) = 1, and in general we have
1 ≤ SR(∣ψ⟩) ≤ min(dA, dB). A crucial property of bipartite entanglement is that
every state can be expressed in the so-called Schmidt decomposition as

∣ψ⟩ = SR(∣ψ⟩)∑
i=1 λi ∣ai⟩ ⊗ ∣bi⟩ (6.10)

where {∣ai⟩} and {∣bi⟩} form orthonormal bases for CdA and CdB , respectively,
and the terms λi are called Schmidt coe�cients.

As previously, we now want to consider situations where not all entangled
states are resourceful; that is, for our particular task, a state with at least a given
Schmidt rank k is necessary, and we would like to quantify the entanglement
corresponding to a particular Schmidt rank [135–138]. We de�ne the Schmidt
vector ξ(∣ψ⟩) of a state ∣ψ⟩ to be the vector consisting of its Schmidt coe�cients
including the zero terms, so that it is always min(dA, dB)-dimensional. Since
the Schmidt rank of a state corresponds to the cardinality of the Schmidt vec-
tor just as the coherence rank corresponds to the cardinality of the state vector
in the given basis, in the case of pure states, the resource theory of bipartite
entanglement of Schmidt rank k can be seen to be analogous to the resource the-
ory of k-coherence applied to the Schmidt vector. Indeed, this relation between
the two resource theories has been used to relate the corresponding quanti�ers
[123,139,140].

We now de�ne the relevant sets of free pure state vectors and free density
matrices as, respectively:

Vk = {∣ψ⟩ ∣ SR (∣ψ⟩) ≤ k, ∥∣ψ⟩∥ℓ2 = 1}Sk+ = conv {∣ψ⟩⟨ψ∣ ∣ ∣ψ⟩ ∈ Vk} (6.11)

and de�ne the corresponding set

Sk = conv {∣ψ⟩ ⟨ϕ∣ ∣ ∣ψ⟩ ∈ Vk , ∣ϕ⟩ ∈ Vk} . (6.12)

S1+ is then the set of separable states, and Sd+ = D. A mixed state ρ ∈ Sk+ is said
to have Schmidt number at most k [135]. ¿e dual cone Sk+* de�nes the set of
the so-called k-block positive operators [141].

Note that for any k, we have that span(Vk) = Cd and span(Sk+) = H [142],
which in particular means that all of the considered functions are �nite for any
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cmp 2009

[137] Johnston & Kribs,
jmp 2010

[138] Sentís et al., prl 2016

[123] Zhu et al., jpa 2017

[139] Chen et al., pra 2016

[140] Zhu et al., pra 2017

[141] Skowronek et al., jmp 2009
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density matrix, and that the relevant symmetric gauges (ΓV k , ΓS k+∪(−S k+), ΓS k ) all
de�ne valid norms.

¿e set of operations of interest in the theory of entanglement—LOCC— is
a strict subset of both the resource non-generating (separability-preserving) and
the resource-free (separable) operations [107], which by the results of Sec. 5.3
means that all of the considered measures are strong monotones under LOCC.
We stress that the measures introduced herein are monotonic not only under
free operations which do not generate entanglement, but also under a larger set
of operations which do not generate entanglement of Schmidt rank k + 1.

6.2.1 k = 1
For k = 1, we obtain many familiar measures and quanti�ers in this formalism:

Gauge Also known as

ΓV 1 sum of Schmidt coe�cients
Γ○V 1 largest Schmidt coe�cient [ [118] Shimony, Ann. NY Ac. 1995118]
ΓS 1 greatest cross norm (projective tensor norm) [ [143] Rudolph, jpa 2000143]
Γ○S 1 Schmidt operator norm (injective tensor norm) [ [137] Johnston & Kribs, jmp 2010137]
Γ○S 1+ —
Γ○S 1+∪(−S 1+) product numerical radius [ [144] Gawron et al., jmp 2010144]

RS 1+S 1+ robustness of entanglement [ [94] Vidal & Tarrach, pra 199994]
RDS 1+ generalised robustness of entanglement [94 [101] Steiner, pra 2003,101]
Γ∪S 1+ − 1 (2×) convex roof–extended negativity [ [145] Lee et al., pra 2003145]
1 − Γ○∩S 1+ geometric measure of entanglement [ [119] Wei & Goldbart, pra 2003119]

where by “—” we denote functions which, to our knowledge, have not been
previously de�ned in the literature explicitly or do not correspond to known
quantities, although they can of course be de�ned as detailed before.

¿e vector gauge ΓV 1 is the ℓ1 norm of the Schmidt vector, corresponding
to the sum of Schmidt coe�cients and constituting a convex relaxation of the
Schmidt rank of a pure state.

¿e negativity of a state is de�ned as N(ρ) = 1
2 (∥ρTB∥1 − 1) [92,142], where

ρTB denotes the partial transpose. ¿e negativity of pure states is precisely [92]

N(∣ψ⟩⟨ψ∣) = ∑
j<k λ jλk =

ΓV 1(∣ψ⟩)2 − 1
2

, (6.13)

which means that the convex roof–based quanti�er Γ∪S 1 is (twice) the convex
roof–extended negativity. ¿is function was proposed as an alternative general-
isation of concurrence to systems beyond two qubits [145], and it was further

[107] Chitambar et al., cmp 2014

[92] Vidal & Werner, pra 2002

[142] Życzkowski et al.,
pra 1998
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suggested as the measure most suitable to characterise the so-called monogamy
relations of entanglement between qudits [146–149], which the concurrence fails
to satisfy. Here we also see that the convex roof–extended negativity arises as
the natural gauge-based generalisation of the concurrence. ¿e faithfulness and
strong monotonicity of Γ∪S 1 under separable operations follow from ¿eorem
5.19.

¿e atomic norm ΓS 1 has been �rst considered in the context of entangle-
ment quanti�cation by Rudolph [143,150]. In fact, both ΓS 1 and ΓV 1 are what is
known as projective tensor norms [87,151], but de�ned on di�erent underlying
spaces — ΓV 1 on the tensor product of the Hilbert spaces, or equivalently on
the tensor product CdA ⊗CdB both endowed with the ℓ2 norm; and ΓS 1 on the
tensor product of the corresponding spaces of trace-class linear operators, or
equivalently CdA×dA ⊗ CdB×dB endowed with the trace norm. Speci�cally, we
can write

ΓV 1(∣ψ⟩) = inf {∑
i
∥∣x(i)A ⟩∥

ℓ2
∥∣x(i)B ⟩∥

ℓ2
∣ ∣ψ⟩ = ∑

i
∣x(i)A ⟩ ⊗ ∣x(i)B ⟩ ,

∣x(i)A ⟩ ∈ CdA , ∣x(i)B ⟩ ∈ CdB } (6.14)

and

ΓS 1(ρ) = min{∑
i
∥X(i)

A ∥
1
∥X(i)

B ∥
1
∣ ρ = ∑

i
X(i)
A ⊗ X(i)

B ,

X(i)
A ∈ CdA×dA , X(i)

B ∈ CdB×dB } . (6.15)

¿is characterisation will allow for a straightforward generalisation of the quan-
tities later. Also, notice that the base norm ΓS 1+∪(−S 1+) can be expressed simply
by replacing the optimisation over arbitrary complex matrices in the above with
an optimisation over Hermitian matrices only [93], that is,

ΓS 1(ρ) = min{∑
i
∥X(i)

A ∥
1
∥X(i)

B ∥
1
∣ ρ = ∑

i
X(i)
A ⊗ X(i)

B ,

X(i)
A ∈ HdA×dA , X(i)

B ∈ HdB×dB } . (6.16)

6.2.2 k ≥ 1
¿e generalisation of the robustness measures to the set of bipartite states with a
given Schmidt number k was considered by Clarisse [102], although exact quan-
titative expressions were not previously known, even for pure states. Many of
the other gauge-based quantities were later described by Johnston and Kribs in
[105,137,153]. Similarly to the case of coherence, we obtain a hierarchy of quanti-
�ers, each corresponding to a di�erent level of bipartite entanglement.
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(c) dA = dB = 6, k = 3
Figure .: Comparison of the different Schmidt rank k entanglement measures for 106 randomly generated
pure states (uniformly distributed with respect to the Haar measure). On the x axis is the quantity ΓV k(∣ψ⟩)2 − 1 =∥ξ(∣ψ⟩)∥2(k)− 1 (with a normalisation factor k

dA−k ), and on the y axis is the k+ 1-concurrence monotone from [].

¿e quantity ΓV k is nothing but the k-support norm of the Schmidt vector,∥ξ(∣ψ⟩)∥(k). ¿is gives a natural generalisation of the convex roof–extended
negativity to a measure of Schmidt rank k entanglement:

Γ∪S k(ρ) = inf {∑
i
pi ∥ξ(∣ψi⟩)∥2(k) ∣ ρ = ∑

i
pi ∣ψi⟩⟨ψi ∣ , pi ∈ R+,∑

i
pi = 1} .

(6.17)
Another common convex roof–based measure of Schmidt rank k entanglement
is Gour’s k+ 1-concurrence [152] — a comparison between the values of ΓV k and
the k + 1-concurrence on pure states can be found in Fig. 6.1.

¿e choice of ΓV k as a quanti�er of pure-state entanglement of Schmidt
rank k + 1 has the advantage that several natural resource measures such as
the robustness RDS k+ reduce to it on all pure states. In fact, it has been shown in
[br11] that the robustness RS k+S k+ of a pure state is upper bounded by ΓV k(∣ψ⟩)2 −
1, which implies that RS k+S k+(∣ψ⟩⟨ψ∣) = RDS k+(∣ψ⟩⟨ψ∣). ¿is generalises a known
relation between the robustness of entanglement and negativity [94].

¿e norm ΓS k generalises the greatest cross norm to a faithful quanti�er of
entanglement of a given Schmidt rank [105]. One can also express ΓS k as the
nuclear norm

ΓS k(ρ) = inf {∑
i
∥ξ(∣xi⟩)∥(k) ∥ξ(∣yi⟩)∥(k) ∣ ρ = ∑

i
∣xi⟩ ⟨yi ∣} . (6.18)

We remark that, just as in the case of coherence, the robustnesses RS k+S k+ and RDS k+
provide tight upper and lower bounds for this norm. Note also that the polar
gauge Γ○S k can be computed exactly in small dimensions, and in general bounded
by semide�nite programs [153], allowing for an e�cient characterisation of k-
block positive operators [137].
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¿e quantity 1 − Γ○∩S k+ provides a generalisation of the geometric measure of
entanglement, and in fact corresponds to a family of convex roof–based mono-
tones introduced by Vidal [154]. ¿ese monotones can be computed exactly for
special cases such as isotropic or Werner states [155].

6.2.3 Remarks about the resource theory of negative partial transpose

¿e set of states with positive partial transpose is PPT+ = {ρ ∈ D ∣ ρTB ∈ H+}.
¿is set is not a convex hull of rank-one terms, and therefore does not precisely
�t into the formalism considered here; however, many of our considerations,
including in particular the robustness quanti�ers, apply to it very straightfor-
wardly.

Recall that S1+ ⊆ PPT+ and note that the separable operations (resource-
free operations in the resource theory of bipartite entanglement) are a subset of
the so-called PPT-preserving operations (resource non-generating operations
in the resource theory corresponding to PPT states) [34,156]. What this means in
particular is that, by considering the resource theory in which PPT+ is the set of
free states, any monotone under PPT-preserving operations is an entanglement
monotone under separable operations — including the quantities RPPT+

PPT+ and
RD

PPT+ .
A di�erent choice of the reference set of free states is o en made, taking

instead the set of unit trace Hermitian matrices with a positive partial transpose,
PPT = {X ∈ H1 ∣ XTB ∈ H+}. ¿e gauge function formalism straightforwardly
applies to such cases as well — indeed, the negativity of any mixed state, de�ned
as N(ρ) = 1

2 (∥ρTB∥1 − 1), can be written simply as N(ρ) = RPPT
PPT(ρ) [81,92]. ¿e

function RPPT+
PPT+ was in fact mentioned in the original work of Vidal and Werner

[92] as an alternative to negativity, leading to the relation RS1+S1+(ρ) ≥ RPPT+
PPT+(ρ) ≥

N(ρ) by the set inclusion of their unit balls. As we remarked before, it is known
that RS1+S1+(∣ψ⟩⟨ψ∣) = 2N(∣ψ⟩⟨ψ∣) [92]. More recently, other gauge functions in
the resource theory of negative partial transpose have been employed to pro-
vide bounds on distillable entanglement [157], and we will encounter further
examples in Ch. 8.

¿ese considerations generalise also to multipartite entanglement in the
form of quanti�ers such as the genuine multipartite negativity [158,159], as we
will consider explicitly in the next section. Furthermore, we will explicitly inves-
tigate the quantitative and operational properties of measures associated with
the sets PPT+ and PPT in Chapter 8.

6.3 k-partite entanglement
Let us now consider a system consisting of n ≥ 2 parties, ∣ψ⟩ ∈ Cd1 ⊗⋯⊗Cdn .
Similarly to the hierarchy of the Schmidt rank in the case of bipartite entangle-
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ment, one can de�ne a hierarchy of multipartite entanglement. We will take Pk
with 1 ≤ k ≤ n to be the set of pure states which are k-producible — that is, they
can be expressed as [160]

∣ψ⟩ = ∣ϕ1⟩ ⊗ ∣ϕ2⟩ ⊗ ⋅ ⊗ ∣ϕm⟩ (6.19)

where each of the m states ∣ϕi⟩ consists of at most k parties. Since such states
are at most k-partite entangled, they are precisely the free states in the resource
theory of k+1-partite entanglement.¿e convex hull of the corresponding set of
matricesMk+ = conv {∣a⟩ ⟨a∣ ∣ ∣a⟩ ∈ Pk} then de�nes the set of k-producible
mixed states, and we analogously de�neMk = conv {∣a⟩ ⟨b∣ ∣ ∣a⟩ , ∣b⟩ ∈ Pk}.
Note thatM1+ is the set of fully separable states andMn+ = D.

Unlike the theory of bipartite entanglement, our understanding of the theory
of multipartite entanglement is still very limited [7,161]. While one can straight-
forwardly generalise the quantities de�ned previously for bipartite entanglement
— for instance, as the robustness of k-partite entanglement [103], geometric mea-
sure of k-partite entanglement [162], and product numerical radius [163]— their
quanti�cation and characterisation is in general a much more di�cult task.

In the case of k = 1, the corresponding norm ΓM1 generalises the greatest
cross norm [150]. ¿is quantity along with its dual norm Γ○M1 have been inves-
tigated in detail in [164], including the in�nite-dimensional case. Again, the
norms ΓP 1 and ΓM1 are both projective tensor norms, and can be written as

ΓP 1(∣ψ⟩) = inf {∑
i
∥∣a(i)1 ⟩∥

ℓ2
∥∣a(i)2 ⟩∥

ℓ2
⋯∥∣a(i)n ⟩∥

ℓ2
∣ ∣a(i)j ⟩ ∈ Cd j ,

∣ψ⟩ = ∑
i
∣a(i)1 ⟩ ⊗ ∣a(i)2 ⟩ ⊗⋯⊗ ∣a(i)n ⟩ }

ΓM1(ρ) = inf {∑
i
∥X(i)

1 ∥
1
∥X(i)

2 ∥
1
⋯∥X(i)

n ∥
1
∣ ρ = ∑

i
X(i)
1 ⊗ X(i)

2 ⊗⋯⊗ X(i)
n ,

X(i)
j ∈ Cd j×d j⎫⎪⎪⎬⎪⎪⎭ (6.20)

following [150,164], where d j denotes the dimension of the Hilbert space of the
jth system. Note that the base norm ΓM1+∪(−M1+) can be expressed by replacing
X(i)
j ∈ Cd j×d j with X(i)

j ∈ Hd j×d j in Eq. (6.20) [93].
Generalising this norm to the �ne-grained classi�cation of k-partite entan-

glement, one obtains a hierarchy of norms akin to the one de�ned for Schmidt
rank k entanglement. Explicitly, we have:

ΓMk(ρ) = inf {∑
i
ci ∣ ρ = ∑

i
ci ∣vi⟩ ⟨wi ∣ , ∣vi⟩ , ∣wi⟩ ∈ Pk}

= inf {∑
i
ΓP k(∣xi⟩)ΓP k(∣yi⟩) ∣ ρ = ∑

i
∣xi⟩ ⟨yi ∣}

Γ○Mk(ρ) = sup{∣⟨a∣ρ∣b⟩∣ ∣ ∣a⟩ , ∣b⟩ ∈ Pk}
(6.21)

[160] Gühne et al., njp 2005

[7] Horodecki et al., rmp 2009

[161] Walter et al., preprint 2016

[103] Cavalcanti et al., pra 2005

[162] Blasone et al., pra 2008

[163] Puchała et al.,
Lin. Alg. Appl. 2011

[150] Rudolph, jmp 2001

[164] Arveson,
J. Funct. Anal. 2009

[93] Rudolph, qip 2005

76

http://dx.doi.org/10.1088/1367-2630/7/1/229
http://dx.doi.org/10.1103/RevModPhys.81.865
http://arxiv.org/abs/1612.02437
http://dx.doi.org/10.1103/PhysRevA.72.040303
http://dx.doi.org/10.1103/PhysRevA.77.062304
http://dx.doi.org/10.1016/j.laa.2010.08.026
http://dx.doi.org/10.1063/1.1398062
http://dx.doi.org/10.1016/j.jfa.2008.08.004
http://dx.doi.org/10.1007/s11128-005-5664-1


Magic states

and analogously for the other de�nitions. ¿e computation of these quantities
is of course not easy, especially without being able to rely on tools such as the
bipartite Schmidt decomposition, although let us remark that generalisations
of the Schmidt decomposition have been proposed [165–167] and one of them
in particular has been related to the quanti�cation of the ΓM1 norm for some
special cases of states [167].

A case of particular interest is the so-called genuine n-partite entanglement,
corresponding to states which are not separable across any bipartition; in other
words, the resource theory whose free states are constituted by the (n − 1)-
producible statesMn−1+ . ¿is case is particularly simple to consider for pure
states, where it su�ces to minimise the bipartite atomic gauge over all possible
2n−1 − 1 bipartitions of the system:

ΓPn−1(∣ψ⟩) = min
bipartition(A∣B)

Γ(A∣B)V 1 (∣ψ⟩) (6.22)

with Γ(A∣B)V 1 denoting the bipartite atomic gauge ΓV 1 introduced in Sec. 6.2 com-
puted in the given bipartition (A∣B). Since we have shown Γ2V 1 − 1 to be equal
to twice the bipartite negativity, it means that Γ2Pn−1 − 1 is in fact equal to twice
the so-called renormalised genuine multiparticle negativity (rgmn) [159]. ¿e
convex roof extension of Γ2Pn−1 − 1 then generalises the convex roof–extended
negativity to a measure of genuine multipartite entanglement.

¿e rgmn itself, computable with a semide�nite program [159], can be used
to provide lower bounds for the measures. Furthermore, we have that the quan-
ti�ers such as the generalised robustness of genuine multipartite entanglement
are equal to twice the rgmn on pure states, generalising the known relation of
the negativity and robustness for n = 2 [92,101] and allowing for an e�cient
quanti�cation of genuine multipartite entanglement for pure states.

¿e properties of the quantities introduced above such as faithfulness, strong
monotonicity under free operations (which includes LOCC as a subset), quanti-
tative bounds, and their relation to witnesses of k-partite entanglement all follow
from the results of Ch. 5. We remark that since for each k,Pk andMk+ span the
whole space, the considered measures all have full domain and ΓP k , ΓMk , and
ΓMk+∪(−Mk+) all de�ne valid norms.

6.4 magic states
As the �nal example of the application of the atomic gauge formalism, we brie�y
consider the resource theory ofmagic states, recently characterised in [23,83,168–
173]. Here, the free pure states are the so-called stabiliser states, consisting of the
eigenvectors of Heisenberg-Weyl operators, and states outside of their convex
hull are called magic states. Since there is always a �nite number of pure sta-
biliser states (although it scales superexponentially with the number of involved
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Magic states

subsystems [174]), the set of free density matrices is given by

W+ = conv {∣v1⟩⟨v1∣ , . . . , ∣vk⟩⟨vk ∣} (6.23)

and forms a polytope in the space of Hermitian matrices, which means that the
quanti�cation of many measures in the atomic gauge formalism will reduce to
solving a linear or semide�nite programming problem [83,173]. We will make
this explicit by expressing the optimisation problems in simpli�ed forms.

To begin, let us de�ne the non-balanced set T ′ = {∣v1⟩ , . . . , ∣vk⟩}, where{∣vi⟩} are the pure stabiliser states with any complex phase. Since we require the
set of free states to be balanced, the set of interest T ⊂ Cd is given by T ′ sym-
metrised around the origin. ¿e atomic gauge function corresponding to this
set can be obtained by considering the d × k matrix whose columns correspond
to the free states, i.e. T = ( ∣v1⟩ , . . . , ∣vk⟩ ), which then gives

ΓT (∣ψ⟩) = min{∑
i
ci ∣ ∣ψ⟩ = ∑

i
ci ∣wi⟩ , ∣wi⟩ ∈ T , ci ∈ R+}

= min{∑
i
∣ci ∣ ∣ ∣ψ⟩ = ∑

i
ci ∣vi⟩ , ∣vi⟩ ∈ T ′, ci ∈ C}

= min
x∈Ck

{∥x∥ℓ1 ∣ Tx = ∣ψ⟩}
(6.24)

where we do not use the Dirac notation for x ∈ Ck to di�erentiate the two dif-
ferent spaces Ck and Cd . ¿is quantity can be thought of as a convex relaxation
of the stabiliser rank, quantifying the least number of stabiliser states one needs
to superpose to express the state ∣ψ⟩ [171].

De�ning the setW = {∣wi⟩ ⟨w j∣ ∣ ∣wi⟩ , ∣w j⟩ ∈ T }, it is straightforward to
see from the above characterisation that the nuclear gauge of the setW is given
by

ΓW(ρ) = min
X∈Ck×k {∥X∥ℓ1 ∣ TXT† = ρ} . (6.25)

By the discussion in Sec. 5.3, this de�nes a faithful monotone of magic. Since
the set T spans the space Cd , we have that ΓW is a valid norm for all complex
matrices. Again in a similar way, we get the atomic gauges corresponding to the
robustness measures as

2RW+W+(ρ) + 1 = ΓW+∪(−W+)(ρ) = minx∈Rk
{∥x∥ℓ1 ∣ T diag(x)T† = ρ} (6.26)

RDW+(ρ) + 1 = minx∈Rk+
{∥x∥ℓ1 ∣ T diag(x)T† ⪰ ρ} . (6.27)

Although no longer a linear program, the generalised robustness has the advan-
tage that, once again, its quanti�cation reduces to computing the gauge ΓT for
pure states by ¿eorem 5.8. An alternative characterisation of the above quan-
tities in terms of generalised Bloch vectors can be obtained by following [83],
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Figure .: Quantitative comparison of the measures of magic for: (a) the one-qubit state (1 − α)12 + α ∣T⟩⟨T ∣,
(b) the two-qubit state (1 − α)14 + α ∣T ⊗ T⟩⟨T ⊗ T ∣.
where we remark that in [83] the quantity ΓW+∪(−W+) itself was referred to as
the robustness of magic.

¿e resource theory ofmagic states is an example of a resource theory where
the standard robustness RW+W+ is in general strictly larger than the othermeasures
on pure states: as an explicit example, consider the one-qubit pure state ∣T⟩⟨T ∣ =
1
2 (1 + σx+σy+σz√

3 ) [175] with σi being the Pauli matrices.¿e standard robustness
of this state can be computed exactly as RW+W+(∣T⟩⟨T ∣) = 1

2(√3 − 1) [83], while a
similar calculation for the other measures yields

ΓT (∣T⟩)2 − 1 = 2 −√
3 ≈ 0.268 < RW+W+(∣T⟩⟨T ∣) =

√
3 − 1
2

≈ 0.366 (6.28)

where we recall that RDW+(∣T⟩⟨T ∣) = ΓW(∣T⟩⟨T ∣) − 1 = ΓT (∣T⟩)2 − 1. However,
the di�erence appears to become less pronounced with increasing dimension,
with the two-qubit state ∣T ⊗ T⟩ having standard robustness of approx. 0.616
and generalised robustness of approx. 0.607. A comparison of the measures for
a class of mixed states is plotted in Fig. 6.2.

We remark that a very similar formalism applies to any resource theory
where the set of free states is �nite (polytopic). For example, the resource theory
of quantum coherence (k = 1) can be obtained by taking T to consist of the
vectors of the reference orthonormal basis, although care has to be taken about
the e�ective domains of the measures as discussed before.
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7One-shot distillation of quantum
coherence

¿e standard approach to the problem of distillation in quantum information
theory, both in the resource theories of entanglement [37–39] and coherence
[55,176], is to consider the asymptotic limit — that is, assume that we have ac-
cess to an unbounded number of independent and identically distributed (i.i.d.)
copies of a quantum system. In a realistic setting, however, the resources are
�nite and the number of i.i.d. prepared states is necessarily limited. More im-
portantly, it is very di�cult to perform coherent state manipulations over large
numbers of systems.¿erefore, it becomes crucial to be able to characterise how
well we can distill maximally coherent states from a �nite number of copies of
the prepared states. ¿e study of such non-asymptotic scenarios has garnered
great interest in quantum information theory [177–184], including work in the
one-shot theory of entanglement distillation [185–187]. More recently, one-shot
results in the resource theory of coherence [188,189] and more general quantum
resource theories [6,190] were obtained.

In this chapter, we develop the framework for non-asymptotic coherence
distillation, in which one has access only to a single copy of a quantum system
and allows for a �nite accuracy, re�ecting the realistic restrictions on state trans-
formations. In this non-asymptotic setting, the characterisation of resource dis-
tillation can be understood as the study of the trade-o� between the achievable
rate of distillation and the realistic restrictions on state transformations, includ-
ing the number of accessible i.i.d. copies of a given state as well as the allowed
error tolerance. In particular, we establish an exact expression for the one-shot
distillable coherence under MIO and DIO, which can be e�ciently computed as
a semide�nite program. Interestingly, we show that the two quantities are in fact
the same, demonstrating that MIO and DIO have the same power in the task
of coherence distillation, and together with recent results in coherence dilution
[188,191] shedding light on the asymptotic reversibility of state transformations
underDIO. Further,we generalise two fundamental quanti�ers of coherence, the
robustness of coherence [62] and the modi�ed trace distance of coherence [116],
establishing a family of measures of coherence which we show to have an oper-
ational application in characterizing the maximal �delity of distillation under
di�erent sets of operations.We derive exact expressions for thesemeasures for all
pure states, leading to a complete characterisation of pure-state one-shot distil-
lation of coherence and showing that all the considered sets of operations — IO,
SIO, DIO, MIO— have exactly the same power in such a task. Furthermore, we
develop a general framework of probabilistic distillation of quantum coherence,
in which the distillation will succeed only with some probability. We investigate
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A family of coherence quanti�ers

MIO
DIO

IO

SIO

Figure .: The hierarchy of free operations. The diagram presents a schematic rep-
resentation of the relations between the different sets of operations. Based on [ [60] Chitambar & Gour, pra

2016
].

probabilistic distillation under di�erent classes of free operations, highlighting
di�erences in their capabilities and establishing their fundamental limitations
in state transformations. In particular, we achieve a complete characterisation
of probabilistic coherence distillation with pure input states.

¿is chapter is based on results contained in the works [br6,br7,br8].

7.1 a family of coherence quantifiers
Let us recall the basic structure of the resource theory of quantum coherence.
We use ∆ to denote the diagonal map (fully dephasing channel) in the basis{∣i⟩}. We will denote by I the set of density matrices which are diagonal in this
basis, i.e. ρ ∈ D such that ρ = ∆(ρ), and by I** the cone of diagonal positive
semide�nite matrices which are not necessarily normalised.¿e largest possible
set of such free operations are the maximally incoherent operations, which are
given by completely positive and trace-preservingmaps E such that E(ρ) ∈ I for
every ρ ∈ I . ¿e incoherent operations are those for which there exists a Kraus
decomposition into incoherent Kraus operators, that is, {Kℓ} such that KℓρK†

ℓ ∈I** for all ℓ and all ρ ∈ I . ¿e strictly incoherent operations are operations
for which both {Kℓ} and {K†

ℓ} are sets of incoherent operators. Finally, the
dephasing-covariant incoherent operations are maps E such that [∆, E] = 0, or
equivalently E(∣i⟩ ⟨i∣) ∈ I and ∆(E(∣i⟩ ⟨ j∣)) = 0. ¿e inclusions between the
sets of operations are visualised in Fig. 7.1.

A natural example of a coherence quanti�er is the trace distance of coherence,
given by [15,126]

TI(ρ) = min{∥ρ − σ∥1 ∣ σ ∈ I} . (7.1)
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A family of coherence quanti�ers

Although the trace distance is a fundamental quantity in quantum information
theory [25,26], the trace distance of coherence was found to violate the property
of strongmonotonicity under incoherent operations [116],which is considered as
one of the requirements that a valid measure of coherence should satisfy [15,16].
¿erefore, an alternative measure called themodi�ed trace distance of coherence
satisfying strong monotonicity under IO was proposed [116]:

T ′I(ρ) = min{∥ρ − λσ∥1 ∣ σ ∈ I , λ ≥ 0}
= min{∥ρ − X∥1 ∣ X ∈ I**} . (7.2)

We have seen in Sec. 5.4.1 that this is a valid gauge function. Noting that strong
duality holds, we can then consider the Lagrange dual of the above expression
to obtain a characterisation of the modi�ed trace distance of coherence as

T ′I(ρ) = max{⟨ρ,W⟩ ∣ − 1 ⪯W ⪯ 1, ∆(W) ⪯ 0} . (7.3)

We can then extend the above to a family of quanti�ers given by SDPs of the
form

T(m)I (ρ) = max{⟨ρ,W⟩ ∣ − 1 ⪯W ⪯ m1, ∆(W) ⪯ 0} (7.4)

similarly to the approach of Brandão [100] for entanglement measures. Here,
we will take m ∈ N, although it can be treated as a continuous parameter in
general. ¿e fact that each such measure is a valid coherence monotone is a
simple consequence of the characterisation of T(m)I as a gauge function, and by
a direct application of ¿eorem 5.21 we have the following.

Proposition 7.1. For each m ≥ 1, T(m)I is a faithful and convex coherence
measure satisfying strong monotonicity under MIO.

Note thatm = 1 gives T ′I(ρ). Form = d−1, one can notice that the constraint
W ⪯ (d − 1)1 is redundant: the other constraints ensure that the smallest eigen-
value ofW is at least −1 and that the trace ofW is at most 0, together implying
that there cannot exist an eigenvalue ofW which is larger than d − 1. ¿erefore,
we get

T(d−1)I (ρ) = max{⟨ρ,W⟩ ∣ − 1 ⪯W , ∆(W) ⪯ 0 }
= RDI (ρ) , (7.5)

where RDI (ρ) is the robustness of coherence [62,82].¿is shows that T(m)I can be
thought of as a family of measures interpolating between the modi�ed trace dis-
tance and the robustness of coherence. Notice thatwe clearly also haveT(m)I (ρ) =
RDI (ρ) for any m > d − 1. For m = 0, the optimisation is over negative semidef-
inite matrices, which means that the maximum is reached at W = 0 and so
T0I(ρ) = 0 for all ρ. In general we have that 0 ≤ T(m)I (ρ) ≤ m ∀ρ ∈ D. ¿e dual
form of the measures can be obtained as follows.
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A family of coherence quanti�ers

Proposition 7.2.¿e measures TmS can be equivalently expressed as

T(m)I (ρ) = min
X∈I** mTr (ρ − X)+ + Tr (ρ − X)− , (7.6)

where (ρ − X)+ (respectively, (ρ − X)−) denotes the positive (negative)
part of the Hermitian operator ρ − X.

Proof. For any self-adjoint operator X, let {X ⪰ 0} (respectively, {X ⪯ 0})
denote the orthogonal projection operator onto the span of the eigenvectors
corresponding to non-negative (non-positive) eigenvalues of X. ¿e positive
and negative parts of X are then given by X+ = {X ⪰ 0}X and X− = −{X ⪯ 0}X,
such that X = X+ − X−.

By strong Lagrange duality we have

TmI (ρ) = min{mTrA+ TrB ∣ ρ − X = A− B, A, B ⪰ 0, X ∈ I**} . (7.7)

We will now show that for each feasible X, the optimal value of the optimisation
problem

min{mTrA+ TrB ∣ ρ − X = A− B, A, B ⪰ 0} (7.8)

is given by mTr (ρ − X)+ + Tr (ρ − X)−. To see this, note that on one hand we
can take A = (ρ − X)+ and B = (ρ − X)−, and on the other hand by strong
Lagrange duality we have

min{mTrA+ TrB ∣ ρ − X = A− B, A, B ⪰ 0}
=max{⟨ρ − X ,W⟩ ∣ − 1 ⪯W ⪯ m1} (7.9)

for whichW = m{ρ ⪰ X} − {ρ ⪯ X} is a feasible solution.
To characterise the values of the family of quanti�ers T(m)I on pure states,

we consider the following quantity:

∥∣ψ⟩∥[m] = min∣ψ⟩=∣x⟩+∣y⟩ ∥∣x⟩∥ℓ1 +√
m ∥∣y⟩∥ℓ2 , (7.10)

which we (for reasons that will become clear later) call the m-distillation norm.
One can immediately notice from the inequality ∥⋅∥ℓ2 ≤ ∥⋅∥ℓ1 ≤ √

d ∥⋅∥ℓ2 that
for any normalised pure state we have ∥∣ψ⟩∥[1] = ∥∣ψ⟩∥ℓ2 and ∥∣ψ⟩∥[d] = ∥∣ψ⟩∥ℓ1 .
Further, we can obtain the following result.

Theorem 7.3. For any pure state ∣ψ⟩ and any m ≥ 1,
T(m−1)I (ψ) = ∥∣ψ⟩∥2[m] − 1. (7.11)
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A family of coherence quanti�ers

Proof. ¿e proof follows by noting that each T(m−1)I can be viewed as the ro-
bustness RDQm

, whereQm ∶= I ∪ 1
mD, and applying¿eorem 5.8. ¿e details are

as follows.
Notice that with the change of variablesW ′ =W + 1 we have
T(m−1)I (ρ) = max{⟨ρ,W⟩ ∣ − 1 ⪯W ⪯ (m − 1)1, ∆(W) ⪯ 0}

= max{⟨ρ,W ′⟩ ∣ 0 ⪯W ′ ⪯ m1, ∆(W ′) ⪯ 1} − 1
= RDQm(ρ).

(7.12)

Let us then de�ne the sets

B ∶= { ∣ψ⟩ ∣ ∣ψ⟩⟨ψ∣ ∈ I}
Nm ∶= { ∣ψ⟩ ∣ ∥∣ψ⟩∥ℓ2 = 1√

m
}

Vm ∶= B ∪Nm

(7.13)

using which we get Qm = {∣ψ⟩⟨ψ∣ ∣ ∣ψ⟩ ∈ Vm} . (7.14)

Notice that the atomic gauge function of the set Vm can be given as

ΓVm(∣ψ⟩) = (ΓB ∨+ ΓNm)(∣ψ⟩)= inf∣ψ⟩=∣x⟩+∣y⟩ ΓB(∣x⟩) + ΓNm(∣y⟩)
= inf∣ψ⟩=∣x⟩+∣y⟩ ∥∣x⟩∥ℓ1 +√

m ∥∣y⟩∥ℓ2
= ∥∣ψ⟩∥[m] .

(7.15)

¿e result is then a direct application of ¿eorem 5.8.

A property of the m-distillation norm which will be crucial in the charac-
terisation of coherence distillation is that it can, in fact, be computed exactly. In
particular, the following holds.

Theorem 7.4. For a pure state ∣ψ⟩, let ψ↓1∶k denote the vector consisting of
the k largest (by magnitude) coe�cients of ∣ψ⟩, and analogously let ψ↓k+1∶d
denote the vector of the d−k smallest coe�cients of ∣ψ⟩, with ψ↓1∶0 being the
zero vector. ¿en, for any pure state ∣ψ⟩ and any integer m ∈ {1, . . . , d}
we have ∥∣ψ⟩∥[m] = ∥ψ↓1∶m−k⋆∥ℓ1 +√

k⋆ ∥ψ↓m−k⋆+1∶d∥ℓ2 ,
where

k⋆ = argmin
1≤k≤m

1
k
∥ψ↓m−k+1∶d∥2ℓ2 . (7.16)
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Proof. Without loss of generality, assume that ∣ψ⟩ has non-negative coe�cients
arranged in non-increasing order. Let

L1 ∶= ∥ψ↓1∶m−k⋆∥ℓ1
L2 ∶= ∥ψ↓m−k⋆+1∶d∥ℓ2 (7.17)

and take the feasible solutions

∣x⟩ = (ψ1 − L2√
k⋆ , . . . ,ψm−k⋆ − L2√

k⋆ , 0, . . . , 0)
T

∣y⟩ = ⎛⎝ L2√
k⋆ , . . . ,

L2√
k⋆´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

m−k⋆ times
,ψm−k⋆+1, . . . ,ψd⎞⎠

T

.
(7.18)

Since ∣ψ⟩ = ∣x⟩ + ∣y⟩, we have
∥∣ψ⟩∥[m] ≤ ∥∣x⟩∥ℓ1 +√

m ∥∣y⟩∥ℓ2
= L1 − (m − k⋆) L2√

k⋆ +
√
m

√
(m − k⋆)L22

k⋆ + L22
= L1 − (m − k⋆) L2√

k⋆ +
√

m(m − k⋆)
k⋆ L22 +mL22

= L1 − (m − k⋆) L2√
k⋆ + m√

k⋆ L2= L1 +√
k⋆L2.

(7.19)

Now, by strong Lagrange duality we have

∥∣ψ⟩∥[m] = max{∣⟨ψ∣x⟩∣ ∣ ∥∣x⟩∥ℓ∞ ≤ 1, ∥∣x⟩∥ℓ2 ≤ √
m} . (7.20)

Choosing

∣x⟩ = ⎛⎝ 1, . . . , 1´¹¹¹¹¹¸¹¹¹¹¹¹¶
m−k⋆ times

,
√
k⋆
L2

ψm−k⋆+1, . . . ,
√
k⋆
L2

ψd
⎞⎠
T

(7.21)

we have that

∥∣x⟩∥ℓ2 =
¿ÁÁÀm − k⋆ + k⋆

L22
L22 = √

m

∥∣x⟩∥ℓ∞ = max{1, √
k⋆
L2

ψm−k⋆+1} .
(7.22)

To see that ∥∣x⟩∥ℓ∞ is upper bounded by 1, consider �rst the case when k⋆ = 1.
We then have √

k⋆
L2

ψm−k⋆+1 = ψm
ψm + ∥ψ↓m+1∶d∥2ℓ2

≤ 1. (7.23)
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Assume now that k⋆ > 1 and consider the following chain of equivalent inequal-
ities: ∥ψ↓m−k⋆+1∶d∥2ℓ2

k⋆ ≤ ∥ψ↓m−k⋆+2∶d∥2ℓ2
k⋆ − 1

ψ2m−k⋆+1 + ∥ψ↓m−k⋆+2∶d∥2ℓ2 ≤ k⋆
k⋆ − 1 ∥ψ↓m−k⋆+2∶d∥ℓ2

ψ2m−k⋆+1 ≤ 1
k⋆ − 1 (1 − ∥ψ↓1∶m−k⋆+1∥2ℓ2)

k⋆ψ2m−k⋆+1 ≤ (1 − ∥ψ↓1∶m−k⋆∥2ℓ2)√
k⋆ψm−k⋆+1 ≤ L2

(7.24)

where the �rst line follows by de�nition of k⋆, and in the third and � h lines we
have used the fact that ∣ψ⟩ is a normalised pure state. ¿is means that√

k⋆
L2

ψm−k⋆+1 ≤ L2
L2

= 1 (7.25)

and so ∣x⟩ is indeed a feasible solution to the dual optimisation problem. We
then have ∥∣ψ⟩∥[m] ≥ ∣⟨ψ∣x⟩∣

= L1 +√
k⋆L2 (7.26)

which completes the proof.

¿e above result generalises the recent result of Johnston et al. [192], where
an explicit formula for the modi�ed trace distance T(1)I was obtained for all pure
states. Notice in particular that, if all coe�cients of ∣ψ⟩ satisfy ∣ψi ∣ ≤ 1√

m , then

k⋆ = m is optimal and we have ∥∣ψ⟩∥[m] = √
m, which means that T(m−1)I (ψ)

reaches its maximum value m − 1. As a consequence, T(m−1)I does not, in gen-
eral, admit a unique maximiser in the form of the maximally coherent state,
which in [192] was considered as a possible indication that this quantity is not
suitable as a coherence quanti�er. In the following, however, we will instead
demonstrate its operational usefulness in the characterisation of the �delity of
one-shot coherence distillation.

7.2 one-shot coherence distillation
Wewill denote by Ψm = ∣Ψm⟩⟨Ψm∣ them-dimensional maximally coherent state∣Ψm⟩ = ∑m

i=1 1√
m ∣i⟩ in the reference basis. Recall that the distillable coherence

C∞d ,IO(ρ) is the asymptotic rate at which Ψ2 can be obtained per copy of a given
state ρ via incoherent operations. Winter and Yang [55] showed that the distil-
lable coherence of an arbitrary mixed state coincides with the relative entropy

[192] Johnston et al.,
preprint 2017

[55] Winter & Yang, prl 2016
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of coherence Cr(ρ) ∶= minσ∈I D(ρ∥σ) = S(∆(ρ)) − S(ρ) introduced in [14],
where the quantum relative entropy is given as D(ρ∥σ) ∶= Tr ρ(log ρ − log σ)
For any state ρ, the distillable coherence is then given by C∞d ,IO(ρ) = Cr(ρ).

We now consider the non-asymptotic setting. For any quantum state ρ, the
�delity of coherence distillation under the class of operationsO is de�ned by

FO(ρ,m) ∶= max
Λ∈O ⟨Λ(ρ), Ψm⟩ . (7.27)

¿e one-shot ε-error distillable coherence is then de�ned as the maximum over
all distillation rates achievable under the given class of operations with an error
tolerance of ε ∈ [0, 1), that is,

C(1),ε
d ,O (ρ) ∶= logmax{m ∈ N ∣ FO(ρ,m) ≥ 1 − ε} . (7.28)

As a consequence, the asymptotic distillable coherence can be given as

C∞d ,O(ρ) = limε→0 limn→∞
1
n
C(1),ε
d ,O (ρ⊗n). (7.29)

One of our main results is that the one-shot distillable coherence can be
computed exactly. Using the shorthand notation

⌊x⌋log ∶= log ⌊2x⌋ , (7.30)

we can obtain the following result.

Theorem 7.5. IfO ∈ {MIO,DIO}, then for any state ρ ∈ D, the �delity of
coherence distillation and one-shot ε-error distillable coherence can both
be written as the following semide�nite programs:

FO(ρ,m) = max{⟨G , ρ⟩ ∣ 0 ≤ G ≤ 1, ∆(G) = 1
m
1} , (7.31)

C(1),ε
d ,O (ρ) = ⌊ − logmin{m ∈ R ∣ ⟨G , ρ⟩ ≥ 1 − ε,

0 ≤ G ≤ 1, ∆(G) = m1}⌋
log

Proof. Consider �rst the class MIO. Denote J as the Choi matrix of operation
Λ. ¿en

⟨Λ(ρ), Ψm⟩ = ⟨TrA (J[ρT ⊗ 1m]) , Ψm⟩ = ⟨TrB (J[1d ⊗ Ψm]) , ρT⟩ . (7.32)

Denote Uπ as the unitary that permutes the basis {∣i⟩} to {∣π(i)⟩}. Noting that
Ψm is invariant under all Uπ , we can exploit this symmetry and consider only

[14] Aberg, preprint 2006
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operations such that J = ∑1d⊗Uπ J1d⊗U†
π . Since any operator invariant under

all Uπ can be written as a1m + b(Ψm − 1
m1m) for some a, b ∈ R, we can write

J = R ⊗ 1m + Q ⊗ (Ψm − 1
m
1m) (7.33)

for some Hermitian operators R,Q. Now, since Λ is a trace-preserving map, we
have TrB J = 1d , and thus R = 1

m1d .
¿e condition that Λ ∈ MIO then corresponds to Λ(∣i⟩⟨i∣) ∈ I ∀i. Since

Λ(∣i⟩⟨i∣) = 1
m1 + ⟨i∣Q∣i⟩ ⊗ (Ψm − 1

m1m), the condition can only be satis�ed if
∆(Q) = 0. ¿us, the optimal operation has the structure

J = Q ⊗ (Ψm − 1
m
1m) + 1d ⊗ 1

m
1m , ∆(Q) = 0. (7.34)

It is then easy to check that J ⪰ 0 if and only if − 1
m−11d ≤ Q ≤ 1d . By direct

calculation, ⟨Λ(ρ), Ψm⟩ = (1 − 1
m) ⟨Q , ρT⟩ + 1

m , which gives

FMIO(ρ,m) = max{(1 − 1
m

) ⟨Q , ρ⟩ + 1
m

∣ − 1
m − 11d ⪯ Q ⪯ 1d , ∆(Q) = 0} .

(7.35)

Performing the substitution G ∶= m−1
m Q + 1

m1d , we get

FMIO(ρ,m) = max{⟨G , ρ⟩ ∣ 0 ≤ G ≤ 1d , ∆(G) = 1
m
1d } . (7.36)

¿e optimal operation is therefore given as

Λ(ρ) = (TrGρ)Ψm + (1 − TrGρ)1m − Ψm
m − 1 , 0 ≤ G ≤ 1d , ∆(G) = 1

m
1d .

(7.37)

Following the de�nition of one-shot distillable coherence, we have the SDP for
C(1),ε
d ,MIO(ρ).
Now, notice that the optimal operation for MIO in Eq. (7.34) is actually DIO

— this can be seen explicitly by noting that Λ(∣i⟩⟨ j∣) ∝ (Ψm − 1
m1m), whose

diagonal is zero. ¿us we have

FMIO(ρ,m) = FDIO(ρ,m) (7.38)

and therefore the rates of one-shot distillation are also equal.

¿e result reveals a fundamental relation between di�erent sets of opera-
tions in the resource theory of coherence, showing that MIO and DIO have the
same power in the task of coherence distillation. ¿is correspondence is in fact
surprising: not only is DIO a strict subset of MIO, it is also known that MIO
is strictly more powerful than DIO in state transformations [57,60], that there

[57] Marvian & Spekkens,
pra 2016

[60] Chitambar & Gour,
pra 2016
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One-shot coherence distillation

exist entropic coherencemonotones underDIOwhich are notmonotones under
MIO [60], and that the two sets can exhibit di�erent operational capabilities in
tasks such as coherence dilution [188]. Furthermore, since MIO constitutes the
largest class of free operations in the resource theory of coherence, the result is
of practical relevance as it shows that using DIO is su�cient to achieve the best
rates of distillation achievable under any class of free operations.

¿e result also has important consequences beyond the one-shot regime,
in particular for the asymptotic reversibility of state transformations in the re-
source theory of coherence — that is, the question whether the amount of co-
herence which can be distilled from a number of copies of a state ρ (distill-
able coherence C∞d ) is the same as the amount of coherence needed to prepare
the same number of copies (coherence cost C∞c ) in the asymptotic limit of an
arbitrarily large number of i.i.d. copies. It is known that the resource theory
of coherence is reversible under MIO [3,188], but irreversible under IO as we
have C∞d ,IO(ρ) < C∞c,IO(ρ) in general [55]. Recently, it has also been shown that
C∞c,DIO(ρ) = C∞c,MIO(ρ) = Cr(ρ) [188,191]. Our result in ¿m. 7.5 in particu-
lar shows that C(1),ε

d ,DIO(ρ) = C(1),ε
d ,MIO(ρ) and therefore C∞d ,DIO(ρ) = C∞d ,MIO(ρ) =

Cr(ρ), complementing the claims of Ref. [188] and strengthening the asymptotic
results of Ref. [191] by showing their applicability even in the one-shot case. ¿e
fact that state transformations are indeed reversible underDIO and themaximal
set of operations MIO is not necessary for full reversibility contrasts with other
resource theories such as entanglement, where the maximal set of operations is
the only one known to provide asymptotic reversibility [193–196].

7.2.1 Zero-error distillation

In the case of exact distillation, that is ε = 0, the problem can be given as follows.

C(1),0
d ,O (ρ) = ⌊− logmin{m ∈ R ∣ 0 ⪯ G ⪯ 1, ⟨G , ρ⟩ = 1, ∆(G) = m1}⌋log .

(7.39)
Let us look at the structure of this SDP.

Lemma 7.6. Any feasible G in the SDP (7.39) has the form G = Πρ + H,
whereΠρ is the projector onto the support of ρ, 0 ⪯ H ⪯ 1, and supp(H) ∈
ker(ρ).

Proof. Write ρ in its spectral decomposition as ρ = ∑r
i=1 λi ∣ψi⟩⟨ψi ∣. We then

have
r∑
i=1 λi = Tr ρ = 1 = ⟨G , ρ⟩ = r∑

i=1 λi ⟨G , ∣ψi⟩⟨ψi ∣⟩ (7.40)

and so ⟨ψi ∣G∣ψi⟩ = 1 for each i ∈ {1, . . . , r} since 0 ⪯ G ⪯ 1.¿e constraintG ≤ 1
then implies that ΠρGΠρ = Πρ as well as ΠρG(1−Πρ) = 0 and (1−Πρ)GΠρ =
0, since otherwise one could always �nd a pure state such that ⟨ϕ∣G∣ϕ⟩ > 1.

[60] Chitambar & Gour,
pra 2016

[188] Zhao et al., prl 2018

[3] Brandão & Gour, prl 2015

[55] Winter & Yang, prl 2016

[191] Chitambar, pra 2018

[193] Vidal & Cirac, prl 2001

[194] Vidal et al., prl 2002

[195] Brandão & Plenio,
Nat Phys 2008

[196] Wang & Duan, prl 2017
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One-shot coherence distillation

¿is immediately gives us the following fundamental restriction on coher-
ence distillation under all sets of free operations.

Corollary 7.7. Zero-error coherence distillation from a full-rank state is
impossible.

Proof. For any full-rank state ρ, the only feasible solution is G = 1 with m =
1.

Corollary 7.8.¿e zero-error one-shot distillable coherence can be ex-
pressed as

C(1),0
d ,O (ρ) = ⌊− logmin{m ∣ Πρ ⪯ G ⪯ 1, ∆(G) = m1}⌋log . (7.41)

Proof. We have seen that any feasible solution of (7.39) satis�es G ≥ Πρ, and
on the other hand any G ≥ Πρ satis�es G ⪰ 0 and ⟨G , ρ⟩ ≥ 1, so the feasible sets
of the two problems are equal.

Let us now de�ne the relaxation

C̃(ρ) ∶= − logmin{m ∣ Πρ ⪯ G ⪯ 1, ∆(G) ⪯ m1} . (7.42)

Noticing that ∆(Πρ) ⪯ ∆(Πρ + H) for any H ⪰ 0, we have that G = Πρ is
optimal, giving

C̃(ρ) = − log ∥∆(Πρ)∥∞ (7.43)

which straightforwardly leads to

C̃(ρ ⊗ ω) = C̃(ρ) + C̃(ω) (7.44)

for any ρ,ω ∈ D. ¿is gives a bound on the asymptotic zero-error distillable
coherence:

Proposition 7.9. IfO ∈ {MIO,DIO}, then
lim
n→∞

1
n
C(1),0
d ,O (ρ⊗n) ≤ − log ∥∆(Πρ)∥∞ . (7.45)

As we will see, this bound is tight for all pure ρ.

7.2.2 Hypothesis testing and pure-state distillation

We will now show that the quantities introduced in¿eorem 7.5 admit alterna-
tive characterisations. In particular, we will express the �delity of distillation as
a measure related to the family T(m)I introduced before, and the one-shot distill-
able coherence as a quantum hypothesis testing problem. To do so, we will need
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to optimise over a larger set of matrices than the incoherent states I : namely,
the set J ∶= {X ∣ Tr(X) = 1, ∆(X) = X} of unit-trace diagonal Hermitian ma-
trices, and analogously the setJ ** of unnormalised diagonal matrices. We then
de�ne the quantities

T(m)J (ρ) ∶= min
X∈J ** mTr (ρ − X)+ + Tr (ρ − X)−

=max{⟨ρ,W⟩ ∣ − 1 ⪯W ⪯ m1, ∆(W) = 0} , (7.46)

in analogy with the measures T(m)I . Following the proof of Prop. 7.1 one can
easily see that T(m)J are also faithful strong monotones under MIO. Let us now
consider the hypothesis testing relative entropy Dε

H [177,179], de�ned as

Dε
H(ρ∣∣σ) ∶= − logmin{⟨M , σ⟩ ∣ 0 ⪯ M ⪯ 1, 1 − ⟨M , ρ⟩ ≤ ε} (7.47)

In the setting of quantum hypothesis testing, one is interested in distinguishing
between two quantum states — ρ and σ — by performing a test measurement{M ,1 −M} where 0 ⪯ M ⪯ 1. ¿e probability of incorrectly accepting state σ
as true (type-I error) is given by ⟨1 −M , ρ⟩, and the probability of incorrectly
accepting state ρ as true (type-II error) is given by ⟨M , σ⟩ [197]. ¿e quantity
Dε
H(ρ∣∣σ) then characterises the minimum type-II error while constraining the

type-I error to be no greater than ε. Alternatively, Dε
H(ρ∣∣σ) can be viewed as

the operator-smoothed version of min-relative entropy [99,186]. We remark
that − log is a convex function on its e�ective domainR++, and so the extension
obtained by setting − log(x) = ∞ ∀x ≤ 0 is a convex function on R.

Proposition 7.10.¿e�delity of coherence distillation and one-shot ε-error
distillable coherence underO ∈ {MIO,DIO} admit a characterisation as

FO(ρ,m) = 1
m

(T(m−1)J (ρ) + 1) ,
C(1),ε
d ,O (ρ) = ⌊min

X∈J Dε
H(ρ∣∣X)⌋

log
.

(7.48)

Proof. To begin with, note that

inf {k ∣ ∆(W) = k1} = sup{⟨M , ∆(W)⟩ ∣ Tr(M) ≤ 1} (7.49)

by strong Lagrange duality. ¿e formula for FO(ρ,m) is then a simple change

[177] Wang & Renner, prl 2012

[179] Tomamichel & Hayashi,
ieee tit 2013

[197] Hayashi, 2016

[99] Datta, ieee tit 2009

[186] Buscemi & Datta, jmp 2010
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of variables. For the rate of one-shot distillation, we obtain

C(1),ε
d ,O (ρ) =

⎢⎢⎢⎢⎢⎢⎣
− log min⟨ρ,G⟩≥1−ε

0⪯G⪯1
inf {k ∣ ∆(G) = k1}

⎥⎥⎥⎥⎥⎥⎦log
=
⎢⎢⎢⎢⎢⎢⎣
− log min⟨ρ,G⟩≥1−ε

0⪯G⪯1
sup

Tr(M)≤1 ⟨M , ∆(G)⟩
⎥⎥⎥⎥⎥⎥⎦log

=
⎢⎢⎢⎢⎢⎢⎣
− log sup

Tr(M)≤1 min⟨ρ,G⟩≥1−ε
0⪯G⪯1

⟨∆(M),G⟩
⎥⎥⎥⎥⎥⎥⎦log

=
⎢⎢⎢⎢⎢⎢⎢⎣

inf
Tr(M)≤1
M=∆(M)

− log min⟨ρ,G⟩≥1−ε
0⪯G⪯1

⟨M ,G⟩
⎥⎥⎥⎥⎥⎥⎥⎦log

= ⌊ inf
M∈J ○○ D

ε
H(ρ∥M)⌋

log

(7.50)

where the third equality follows by Sion’s minimax theorem and the self-duality
of the diagonal map ∆. Notice now that the problem is always feasible (take
G = 1, k = 1 in the �rst line) and bounded (take M = 1/d in the last line,
showing that the optimal value cannot be∞), and in particular we can optimise
only overM ∈ J .

Although the optimisation in the above problems is over matrices which are
not necessarily positive semide�nite, one can show that if one of the problems
admits a positive semide�nite optimal solution, then so does the other. ¿is
occurs in particular in the case m = d; in fact, not only does the �delity of distil-
lation for m = d simplify to an optimisation over I , but it has previously been
shown that FDIO(ρ, d) = FIO(ρ, d) = FSIO(ρ, d) [189], which combined with
Prop. 7.10 shows that FO(ρ, d) is the same for any O ∈ {MIO,DIO, SIO, IO}.
However, the case of interest is when we can optimise only over I for all values
of m, as this will allow us to simplify the computation of the quantities. We will
now show that this is true for all pure states.

We �rst notice that each T(m)I provides an upper bound on the correspond-
ing T(m)J , giving FMIO(ρ,m) ≤ 1

m (T(m−1)I (ρ) + 1). To show that this bound is
in fact tight for all pure states, we consider di�erent sets of operations — SIO
as well as IO. Pure state transformations under IO and SIO are known to be
fully characterised by majorisation relations [55,60,198,199], which we can use
to obtain the following result.
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Theorem 7.11. For any pure state ∣ψ⟩ and any integer m ≥ 1
FSIO(ψ,m) = FIO(ψ,m) = FDIO(ψ,m) = FMIO(ψ,m)

= 1
m

∥∣ψ⟩∥2[m] . (7.51)

Proof. Using the fact that SIO ⊂ DIO ⊂ MIO, the inclusion I ⊂ J , as well as
¿eorem 7.3, we have

FSIO(ψ,m) ≤ FDIO(ψ,m) ≤ FMIO(ψ,m) ≤ 1
m

(T(m−1)I (ψ) + 1) = 1
m

∥∣ψ⟩∥2[m] .
(7.52)

We will now show that FSIO(ψ,m) ≥ 1
m ∥∣ψ⟩∥2[m] , thus concluding the proof.

To this end, we use the fact that the deterministic transformation from ∣ψ⟩
to another pure state ∣η⟩ is possible by SIO or IO if and only if the vector of
squared coe�cients of ∣ψ⟩ is majorised by the vector of squared coe�cients of∣η⟩ [55,56,198,199], that is,

k∑
i=1 ψ

2
i ≤ k∑

i=1 η
2
i ∀k ∈ {1, . . . , d} (7.53)

where we have assumed without loss of generality that the coe�cients of ∣ψ⟩ and∣η⟩ are non-negative and arranged in non-increasing order.
Assuming that m ≤ d (since otherwise we have ∥∣ψ⟩∥[m] = ∥∣ψ⟩∥[d], so we

can take m = d and proceed analogously), let k⋆ = argmin
1≤k≤m

1
k
∥ψ↓m−k+1∶d∥2ℓ2 and

L2 = ∥ψ↓m−k⋆+1∶d∥ℓ2 . Consider then the m-dimensional state
∣η⟩ = ⎛⎝ψ1, . . . , ψm−k⋆ , L2√

k⋆ , . . . ,
L2√
k⋆´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

k⋆ times

⎞⎠
T

. (7.54)

To show that ∣ψ⟩ can be transformed into ∣η⟩ by IO/SIO, recall from (7.24) that

ψ2m−k⋆+1 ≤ L22
k⋆ , (7.55)

whichmeans that the squared coe�cients of ∣η⟩majorise the squared coe�cients
of ∣ψ⟩. ¿is then gives

FSIO(ψ,m) ≥ ∣⟨Ψm∣η⟩∣2
= 1
m

(∥ψ↓1∶m−k⋆∥ℓ1 +√
k⋆ ∥ψ↓m−k⋆+1∶d∥ℓ2)2

= 1
m

∥∣ψ⟩∥2[m]
(7.56)

by¿eorem 7.4, as required.
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¿is extends the operational equivalence between MIO and DIO in coher-
ence distillation to the strictly smaller set SIO, and has several important conse-
quences. Firstly, it shows that the one-shot distillable coherence of pure states
under any of the classes of operationsO ∈ {MIO,DIO, SIO, IO} is exactly the
same, and in fact can be expressed as the quantum hypothesis testing problem

C(1),ε
d ,O (ψ) = ⌊min

σ∈I Dε
H(ψ∣∣σ)⌋

log

=
⎢⎢⎢⎢⎢⎢⎣
− log min⟨ψ,G⟩≥1−ε

0⪯G⪯1
∥∆(G)∥∞

⎥⎥⎥⎥⎥⎥⎦log
.

(7.57)

Secondly, we can use the properties of the m-distillation norm to obtain ex-
act formulas for the one-shot distillable coherence. In particular, noting that∥∣ψ⟩∥[m] = √

m (or equivalently FO(ψ,m) = 1) if and only if ∥∣ψ⟩∥ℓ∞ ≤ 1√
m , we

see that the zero-error distillable coherence is given by

C(1),0
d ,O (ψ) = log ⌊∥∣ψ⟩∥−2ℓ∞⌋ . (7.58)

Relating the m-distillation norm with the �delity of distillation also allows
us to more easily make quantitative statements about the distillability of pure
states on average. For example, in Ref. [192] it was shown that the proportion of
pure states with respect to the Haar measure for which ∥∣ψ⟩∥[2] = 1 is given by
1−d 21−d , which sharply tends to 1 as d increases. In light of our results, this then
shows that, with growing dimension, only an exponentially small fraction of
pure states are one-shot undistillable, while a signi�cant majority of pure states
satisfy C(1),0

d ,O (ψ) ≥ 1 and therefore allow for a zero-error one-shot distillation of
at least one bit of coherence.

7.3 probabilistic distillation of coherence
Deterministic protocols such as the ones studied in the previous section may
not always be the most suitable choice, particularly when the maximal �delity
of distillation achievable in such protocols is not su�cient for the desired appli-
cations. In such cases, one might instead opt for probabilistic protocols, which
could yield a higher amount of coherence, albeit only with some non-unit prob-
ability. ¿is framework can be considered as a more general characterisation
of distillation in non-asymptotic regimes, where the allowed error is described
by two key parameters with practical relevance: the success probability of the
one-shot distillation process, and the �delity between the extracted state and the
target state ∣Ψm⟩. To have a systematic understanding of coherence distillation
with �nite resources and be able to implement practical schemes for this task, it
is crucial to describe and optimise the fundamental relations between these two
parameters.

[192] Johnston et al.,
preprint 2017
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¿e basic task of probabilistic distillation can be understood as follows (see
also Fig. 7.2). For any given quantum state ρ held by a single party A, we aim to
transform this state to anm-dimensional maximally coherent state (target state)∣Ψm⟩ ∶= m−1/2∑m

i=1 ∣i⟩ with high �delity. A single-bit classical �ag register L is
used to indicate whether the transformation succeeds or not. If the �ag is in the
0 state, it tells that the distillation process succeeded and the output state σ has
�delity at least 1 − ε with the target state. Otherwise, the process has failed, and
we discard the unwanted output state ω. Since the output state behaves prob-
abilistically, there is an inherent trade-o� between the success probability and
the transformation �delity. Our goal is then to maximise the success probability
while keeping the transformation in�delity within some tolerance ε.

Πρ A

0 or 1
L

B σ or ω

Figure .: General framework of probabilistic coherence distillation with classical
register L and quantum registers A, B.

Formally, for any triplet (ρ,m, ε) with a given initial state ρ, target state di-
mension m, and in�delity tolerance ε, the maximal success probability of coher-
ence distillation under the operation classO ∈ {SIO, IO,DIO,MIO} is denoted
as PO(ρ→Ψm , ε), where Ψm ∶= ∣Ψm⟩ ⟨Ψm∣. ¿is is given by themaximal value of
p such that there exists a transformation ΠA→LB ∈ O satisfying the constraints

ΠA→LB(ρ) = p ∣0⟩⟨0∣L ⊗ σ + (1 − p) ∣1⟩⟨1∣L ⊗ ω,
F(σ , Ψm) ≥ 1 − ε. (7.59)

If the distillation fails, we can perform a free operation to make the unwanted
state ω completely mixed without changing the success probability. ¿us, with-
out loss of generality, we can take ω = 1/m. Exploiting the fact that the target
state Ψm is invariant under the twirling operation T (ρ) = 1

d! ∑d!
i=1 PiρPi , where

Pi are all the permutations on the input system and d is the input dimension,
we can also �x the optimal output state as σ = Ψε

m where

Ψε
m ∶= (1 − ε)Ψm + ε1 − Ψmm − 1 . (7.60)

More precisely, for any optimal output state σ , we can further perform the free
operation T , which gives a new output state T (σ) always in the form of aΨm +
b(1 − Ψm)/(m − 1), where we can choose a = 1 − ε and b = ε while keeping
the �delity with the target state and the optimal success probability unchanged.
¿is allows us to write

PO(ρ→Ψm , ε) = PO(ρ→Ψε
m , 0), (7.61)

96



Probabilistic distillation of coherence

meaning that the maximal success probability of coherence distillation is the
same as the maximal success probability of transforming the given state to the
target Ψε

m with �delity one.

7.3.1 Computing the maximum distillation probability

We now set out to �nd e�ciently computable expressions for the maximal dis-
tillation probability. Consider a generalisation of the set O to the class Osub
of subnormalised quantum operations, that is, completely positive and trace-
nonincreasing maps. Using this notation, we can conveniently express the max-
imal success probability as follows (see also [200,201]).

Lemma 7.12. For any triplet (ρ,m, ε) and operation class O ∈{SIO, IO,DIO,MIO}, the maximal success probability PO(ρ → Ψm , ε)
is given by

max{ p ∈ R+ ∣ E(ρ) = p ⋅ Ψε
m , E ∈ Osub } . (7.62)

Proof. For any quantum operation ΠA→LB such that ΠA→LB(ρ) = ∣0⟩⟨0∣L ⊗E0(ρ) + ∣1⟩⟨1∣L ⊗ E1(ρ) where E0 and E1 are two subnormalised operations, it
is not di�cult to see that ΠA→LB ∈ O if and only if E0, E1 ∈ Osub and E0 + E1 is
trace preserving. ¿us, �nding the optimal solution in the optimisation (7.59)
is equivalent to �nding the optimal subnormalised operations E0 and E1 such
that E0(ρ) = p ⋅ Ψε

m, E1(ρ) = (1 − p)1/m and E0 + E1 trace-preserving. Since
we can always take E1(ρ) = (Tr ρ − TrE0(ρ))1/m without compromising the
success probability, the maximal success probability of coherence distillation is
only dependent on E0, and the result follows.

In particular, notice from the above Lemma that

PO (ρ→Ψm , ε)−1 = ΓSρ(Ψε
m) (7.63)

where Sρ ∶= {E(ρ) ∣ E ∈ Osub} is the set of all the output operators of ρ under
the operation classOsub. ¿e result simpli�es the optimisation of the maximal
success probability via subnormalised free operations, providing a geometric
interpretation for the maximal success probability as a gauge function. ¿is
justi�es our intuition that the closer the state ρ to Ψε

m, the less we need to expand
the set Sρ, and thus the larger success probability we can obtain.

By further exploiting the symmetry of Ψε
m, we can compute the maximal

success probability under MIO/DIO via the following semide�nite programs.

Theorem 7.13. For any triplet (ρ,m, ε), the maximal success probability

[200] Ishizaka & Plenio,
pra 2005

[201] Buscemi & Gour, pra 2017
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of distillation under MIO and DIO are

PMIO(ρ→Ψm , ε) = maximise
C,G

⟨G , ρ⟩
subject to ∆(G) = m∆(C), (7.64 a)

0 ⪯ C ⪯ G ⪯ 1, (7.64 b)⟨C , ρ⟩ ≥ (1 − ε) ⟨G , ρ⟩ (7.64 c)

PDIO(ρ→Ψm , ε) = maximise
C,G

⟨G , ρ⟩
subject to Eqs. (7.64 a,7.64 b,7.64 c),

G = ∆(G)
= maximise

C
m ⟨∆(C), ρ⟩

subject to 0 ⪯ C ⪯ m∆(C) ⪯ 1,⟨C , ρ⟩ ≥ m(1 − ε) ⟨∆(C), ρ⟩ .
Proof. ¿e approach is very similar to ¿eorem 7.5, so we only sketch the full
proof. For any optimal subnormalised quantum operation E in Lemma 7.12, the
operation Ẽ = T ○ E is also optimal since Ψε

m is invariant under the twirling
operation T . Denoting JN as the Choi matrix of the operationN , we then have
JẼ = C ⊗ Ψm + D ⊗ (1 − Ψm) for some operators C and D. Taking this form of
Choi matrix into the conditions of the optimisation in Lemma 7.12, we obtain
the desired forms of the SDPs.

¿ese SDPs provide us with an e�cient way to numerically calculate the
maximal success probability for general triplets (ρ,m, ε). ¿ey also allow us to
obtain fundamental results about the capabilities of the di�erent sets of opera-
tions for probabilistic coherence distillation.

In this respect, let us also consider the choice of IO or SIO as the free op-
erations. It is known that these two sets of operations have the same power in
pure-state transformations, completely characterised by majorisation relations.
¿is yields [56,140,154,202,203]

P(S)IO(φ→Ψm , 0)=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 if rank ∆(φ) < m,
min
k∈[1,m]

m
k

d∑
i=m−k+1φ

2
i otherwise,

(7.65)

where we have assumed without loss of generality that the coe�cients of φ are
non-negative and arranged in non-increasing order. Notice in particular that
IO and SIO can never increase the coherence rank of a pure state — it is known
that DIO also obeys this restriction, MIO does in fact allow for the rank to in-
crease [56], suggesting that MIO is a much stronger class. It is therefore surpris-

[56] Chitambar & Gour,
prl 2016

[140] Zhu et al., pra 2017

[154] Vidal, prl 1999

[202] Lo & Popescu, pra 2001

[203] Du et al.,
Quantum Inf Comput 2015

98

http://dx.doi.org/10.1103/PhysRevLett.117.030401
http://dx.doi.org/10.1103/PhysRevA.96.032316
http://dx.doi.org/10.1103/PhysRevLett.83.1046
http://dx.doi.org/10.1103/PhysRevA.63.022301
http://dl.acm.org/citation.cfm?id=2871378.2871381


Probabilistic distillation of coherence

ing that MIO and DIO have exactly the same power in the task of deterministic
coherence distillation (as we have shown in Sec. 7.2), and that the two sets of
operations lead to the same asymptotic transformation rates for all states [191].
In the following,we will instead explicitly show crucial di�erences betweenMIO
andDIOwhen one goes beyond deterministic transformations, highlighting the
increased capabilities of MIO in probabilistic distillation, as well as establishing
the limitations on coherence distillation in general.

Theorem 7.14. For any triplet (ρ,m, 0) with a full-rank state ρ, it holds
that PMIO(ρ→Ψm , 0) = 0.

Proof. Using the notation from¿m. 7.13, we know that G − C ≥ 0 and Tr(G −
C)ρ = 0. Since ρ is full rank, we have G = C. Together with ∆(G) = m∆(C), we
have G = C = 0 and PMIO(ρ→Ψm , 0) = 0.

¿e results establishes a no-go theorem for coherence distillation, showing
that no class of free operations preserving incoherent states can allow to distill
any perfect coherence from a full-rank state, even probabilistically. Note that
any generic density matrix has full rank, and so does Ψε

m for any ε > 0. ¿us

∣PMIO(Ψε
m→Ψm , 0) − PMIO(Ψm→Ψm , 0)∣ = 1, (7.66)

even though Ψε
m can be arbitrarily close to Ψm, implying that the maximal suc-

cess probability is not continuous with respect to the input state. In practical
terms, any amount of depolarizing noise will result in a full-rank state, so in a
scenario where the coherent state Ψm is stored in a quantum memory exposed
to depolarizing noise, it is impossible to recover it perfectly using free operations
with any non-zero probability.

Theorem 7.15. For any triplet (φ,m, 0) with a coherent pure state ∣φ⟩ =∑n
i=1 φi ∣i⟩, φi ≠ 0, it holds that PMIO(φ→Ψm , 0) > 0.

Proof. We will �rst establish the general bound

PMIO(φ → Ψm , 0) ≥ n2∑n
i=1 ∣φi ∣−2 ∥n −m

n − 1 φ̃ + n(m − 1)
n − 1 ∆(φ̃)∥−1∞ (7.67)

where

∣φ̃⟩ ∶= 1√
s

n∑
i=1

φi∣φi ∣2 ∣i⟩ with s = n∑
j=1 ∣φ j∣−2. (7.68)

To this end, let us choose

C = cφ̃,
G = cφ̃ + (m − 1)c

n − 1 (n∆(φ̃) − φ̃) , (7.69)

[191] Chitambar, pra 2018
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where

c = ∥n −m
n − 1 φ̃ + n(m − 1)

n − 1 ∆(φ̃)∥−1∞ . (7.70)

We check the constraints in (7.64) one by one.¿e �rst condition (7.64 a) trivially
holds by the construction.¿e last condition (7.64 c) holds since ⟨φ∣n∆(φ̃) − φ̃∣φ⟩ =
0, which implies that ⟨φ∣C∣φ⟩ = ⟨φ∣G∣φ⟩. We now move on to the second con-
dition in Eq. (7.64 b). Clearly C ⪰ 0 and furthermore G ⪰ C as follows from
φ ⪯ n∆(φ). To show that G ⪯ 1, just observe that

∥G∥∞ = c ∥φ̃ + m − 1
n − 1 (n∆(φ̃) − φ̃)∥∞

= c ∥n −m
n − 1 φ̃ + n(m − 1)

n − 1 ∆(φ̃)∥∞= 1.
(7.71)

Hence, C ,G as de�ned above form a valid ansatz for the semide�nite program
(7.64) and

PMIO(φ,m, 0) ≥ ⟨G , φ⟩ = n2c
s
, (7.72)

which yields the lower bound in (7.67).
Finally, we will show that

PMIO(φ→Ψm , 0) ≥ n2

m(∑n
i=1 ∣φi ∣−2) > 0. (7.73)

To this end, it su�ces to show that c ≥ 1/m, i.e. that c−1 ≤ m. ¿is can be done
using the triangle inequality:

c−1 = ∥φ̃ + m − 1
n − 1 (n∆(φ̃) − φ̃)∥∞

≤ ∥φ̃∥∞ + (m − 1) ∥n∆(φ̃) − φ̃
n − 1 ∥∞≤ 1 + (m − 1)= m,

(7.74)

where we have used the fact that n∆(φ̃)−φ̃n−1 is a valid density matrix.

In contrast to ¿m. 7.14, the above result shows that it is always possible to
probabilistically distill a maximally coherent state of arbitrary dimension via
MIO from any pure state. In particular, the bound in Eq. (7.67) shows that

PMIO(Ψn→Ψm , 0) ≥
⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if m ≤ n,
n−1
m−1 if m > n. (7.75)
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Observe that instead PDIO(Ψn→Ψm , 0) = 0 for m > n. ¿is tells us that, as the
dimension n increases, there are n-dimensional density matrices ρn such that
PMIO(ρn→Ψn+1, 0) → 1 while PDIO(ρn→Ψn+1, 0) = 0 for all n, i.e., PMIO and
PDIO can exhibit an arbitrarily large gap. ¿is shows that in the probabilistic
distillation scenario, MIO can be much more powerful than DIO in general, in
a stark contrast with the case of deterministic coherence distillation (Sec. 7.2).

¿e relations between the capabilities of DIO and other classes of operations
is made precise by the following result, characterizing the fundamental problem
of distilling coherence from pure input states.

Theorem 7.16. For any pure state φ and any m, we have

PDIO(φ→Ψm , 0) = P(S)IO(φ→Ψm , 0). (7.76)

Due to the length and technicality of the proof, we defer it to Appendix A.
We can therefore see that DIO does not provide any operational advantage

over SIO and IO in pure-state probabilistic coherence distillation. ¿e result
is not a priori obvious, since the class DIO is known to be strictly larger than
SIO, with fundamental quantitative di�erences between the two types of op-
erations [56,108]. Putting together the results of ¿eorems 7.14 and 7.16, we
have shown that a large gap in the operational capabilities of operations in
the one-shot resource theory of quantum coherence exists between MIO and
DIO, but not between DIO and SIO/IO — this can be compared with the case
of deterministic distillation, where we have shown that all sets of operationsO ∈ {SIO, IO,DIO,MIO} allow for the same achievable rate of distillation from
pure states.

In the task of distillingmaximally coherent qubit states Ψ2, we can extend the
above result and characterise analytically the maximal probability of distillation
under DIO and MIO with an arbitrary in�delity ε. In this particular case, MIO
does not provide any advantage over DIO.

Proposition 7.17. For O ∈ {DIO,MIO} and any pure state φ with φ1 ≥
... ≥ φn > 0, it holds that

PO(φ→Ψ2, ε)=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if ε≥ ε0(φ1),
2(1 − φ21 ) (√

1−ε+√ε
1−2ε )2 otherwise,

where ε0(φ1) ∶= ⎧⎪⎪⎨⎪⎪⎩
0 if φ1 ≤ 1√

2 ,
1
2 − φ1√1 − φ21 otherwise.

¿e full proof is presented in Appendix A. Using this analytical result, we
can give a concrete example to show that the probabilistic distillation framework

[56] Chitambar & Gour,
prl 2016

[108] Bu & Xiong, qic 2017
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can outperform the deterministic one. Suppose we need to distill amaximally co-
herent qubit state Ψ2 from the input state ∣φ⟩ = (3 ∣0⟩+ ∣1⟩)/√10 with acceptable
�delity at least 0.9.¿e input state becomes useless in the deterministic scenario,
since the maximal �delity achievable via deterministic protocols is given by 0.8.
However, probabilistic operations allow us to achieve the required distillation
�delity with 1/2 success probability, demonstrating an explicit operational advan-
tage of probabilistic distillation. In another scenario, if the acceptable �delity is
0.8, we can gain higher distillation �delity by compromising some success prob-
ability even though deterministic protocols are su�cient to accomplish the task.
Such a setting may be dubbed “gambling with coherence”, adapting terminology
from [38, 202].

7.3.2 Relations between the probability and �delity of distillation

For any given input state ρ and target state dimension m, the maximal success
probability is only dependent on the transformation �delity. ¿e higher the �-
delity we require from our output state, the lower the probability that we will
succeed. Intuitively, one would expect that the success probability will smoothly
decrease as the �delity increases; however, we �nd a phenomenon which breaks
this expectation. Speci�cally, we will now show that the maximal success proba-
bility may happen to vanish if the �delity goes beyond some threshold. ¿is can
be thought of as similar in spirit to a phase transition in thermodynamics or to
the strong converse theorem in channel coding theory [204–206], which says
that the coding success probability goes to zero if the coding rate exceeds the
capacity of the channel. Note that this phenomenon will not occur in the case
of distillation from pure input states under MIO due to ¿eorem 7.14. In the
following result, we completely characterise this property for pure input states
under DIO.

Proposition 7.18. For any pure state ∣φ⟩ = ∑n
i=1 φi ∣i⟩ with nonzero coe�-

cients φi , it holds that

PDIO(φ→Ψm , ε) ⎧⎪⎪⎨⎪⎪⎩
> 0 if n ≥ m or if n < m and ε ≥ 1− n

m ,= 0 if n < m and ε < 1− n
m .

Proof. For the �rst argument, if n ≥ m, we know that

PDIO(φ→Ψm , ε) ≥ PSIO(φ→Ψm , 0) > 0, (7.77)

where the second inequality follows from Eq. (7.65).
Note that if PO(σ1→σ2, 0) = 1, then PO(ρ→σ2, 0) ≥ PO(ρ→σ1, 0) since we

can �rst transform ρ to σ1 perfectly and then to get σ2. For the second argument,
if ε ≥ 1 − n

m , we have

PDIO(Ψn→Ψε
m , 0) = PDIO(Ψn→Ψm , ε) = 1. (7.78)

[204] Wolfowitz, 1978

[205] Ogawa & Nagaoka,
ieee tit 1999

[206] Winter, ieee tit 1999
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Figure .:An example of the threshold in the trade-off between the fidelity (F = 1−ε)
and success probability of distillation (p) for the transformation (∣0⟩+3 ∣1⟩)/√10→Ψ3 .
The auxiliary dotted line F = 2/3 is perpendicular to the horizontal axis.

¿e �rst equality follows from the fact that PO(ρ→ Ψm , ε) = PO(ρ→ Ψε
m , 0).

¿e second equality follows from Lemma 7.19 below. ¿en

PDIO(φ→Ψm , ε) = PDIO(φ→Ψε
m , 0)≥ PDIO(φ→Ψn , 0)≥ PSIO(φ→Ψn , 0)> 0.

(7.79)

¿e �rst inequality follows from Eq. (7.78). ¿e last inequality follows from
Eq. (7.65). If ε ≤ 1 − n

m , we have PDIO(φ → Ψm , ε) ≤ PDIO(Ψn → Ψm , ε) = 0,
where the second equality follows from Lemma 7.19 below.

Lemma 7.19. For any integer n ≤ m, it holds that
PDIO(Ψn→Ψm , ε) = ⎧⎪⎪⎨⎪⎪⎩

1, ε ≥ 1 − n
m ,

0, ε < 1 − n
m .

(7.80)

¿e result shows that if the input dimension is larger than the target state
dimension, there is always a trade-o� as expected between the maximal success
probability and the transformation �delity. However, the trade-o� curve will al-
ways be truncated at the �delity threshold n

m . At the point of ε = 1− n
m , demanding

a slightly higher �delity will make the probabilistic distillation impossible, as
shown in Fig. 7.3.
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7.4 assisted distillation of coherence
¿e setting of assisted distillation is based on a scenario in which the distillation
of a resource is aided by another party, typically assumed to hold a purifying
quantum state, whose assistance is limited to performing local measurements
and communicating their results via a classical channel. Just as assisted entan-
glement distillation [207,208] found a natural application in tasks involving
environment-assisted communication and quantum error correction [208–211],
the assisted distillation of coherence can �nd use in any remote quantum infor-
mation processing protocol where one aims to increase the coherence available
to a spatially separated system without direct access to it [176]. Although this
setting has recently garnered both theoretical [212,213] as well as experimental
[214,215] attention, assisted coherence distillation has not been characterised in
practical scenarios with physically relevant restrictions in mind.

In this section, we establish an operational characterisation of assisted co-
herence distillation in the one-shot setting based on the results derived in Sec.
7.2. Speci�cally, we evaluate the one-shot rate of assisted coherence distillation
exactly, obtaining several equivalent representations of this quantity. We intro-
duce an e�ciently computable semide�nite programming bound on the rate of
distillation, and show in particular that the bound is tight for all qubit and qutrit
systems. A point of note is that the approach presented here does not rely on the
entropy-based methods established for the characterisation of similar tasks in
the resource theory of entanglement [185,187], leading to a signi�cantly simpler
framework and streamlined proofs.

In the protocol of assisted distillation, we consider two parties (Alice and
Bob) who share a pure quantum state ∣ψAB⟩, and Alice’s task is to assist Bob
in distilling coherence from his part of the shared system by performing local
measurements on her part of the system and communicating the results to Bob.
Since each suchmeasurement (which can, without loss of generality, assumed to
be rank one [187]) is in a one-to-one correspondence with a particular decom-
position of Bob’s system ρB ∶= TrA ∣ψAB⟩⟨ψAB∣ [216,217], this e�ectively means
that Alice’s role in the protocol is to allow Bob to access any pure-state decom-
position of ρB. ¿erefore, the best achievable assisted distillation rate under a
class of operationsO on Bob’s system can be expressed as

C(1),ε
A,O (ρB) ∶= logmax {m ∈ N ∣ FA,O (ρB ,m) ≥ 1 − ε} (7.81)

with the �gure of merit being the average �delity of distillation [187], de�ned as

FA,O (ρB ,m) ∶= max{⟨∑
i
pi Λi (ψi) , Ψm⟩ ∣ ρB = ∑

i
piψi , Λi ∈ O ∀i}

(7.82)
where the maximisation is over all pure-state decompositions of ρB. ¿e de�ni-
tion of FA,O ismotivated by the fact that, a erAlice announces hermeasurement

[207] DiVincenzo et al., 1999

[208] Smolin et al., pra 2005

[209] Gregoratti & Werner,
J. Mod. Opt. 2003

[210] Hayden & King, qic 2005

[211] Winter,
Markov Proc. Rel. Fld. 2007

[176] Chitambar et al., prl 2016

[212] Chitambar & Hsieh,
prl 2016

[213] Streltsov et al., prx 2017

[214] Wu et al., Optica 2017

[215] Wu et al., prl 2018

[185] Brandão & Datta,
ieee tit 2011

[187] Buscemi & Datta,
ieee tit 2013

[216] Schrödinger,
Math. Pr.Cam.Phil. S. 1936

[217] Hughston et al., pla 1993
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result to Bob, he knows exactly which of the states {∣ψi⟩} he is in possession of,
and can apply an appropriate operation Λi best suited for the particular state;
since the measurement outcome itself behaves probabilistically, FA,O is then
de�ned to characterise the best �delity of assisted distillation achievable on av-
erage.

Employing results from the theory of entanglement distillation [208], it has
been shown that the asymptotic rate of assisted coherence distillation under
incoherent operations is given by the regularised coherence of assistance Ca
[176], that is,

C∞A,IO(ρB) ∶= limε→0 limn→∞
1
n
C(1),ε
A,IO(ρ⊗n) = lim

n→∞
1
n
Ca(ρ⊗nB ) (7.83)

where
Ca(ρB) ∶= max{∑

i
pi S (∆(ψi)) ∣ ρB = ∑

i
piψi} (7.84)

with the optimisation performed over all pure-state decompositions of ρB. Per-
haps surprisingly, it turns out that the above regularised coherence of assistance
admits a closed formula given by the entropy of the diagonal part of the state in
consideration:

lim
n→∞

1
n
Ca(ρ⊗nB ) = S (∆(ρB)) . (7.85)

We stress that the coherence of assistance (7.84) acquires an operational
meaning in the task of assisted coherence distillation only in this asymptotic
setting—although several authors have referred toCa as the one-shot equivalent
of C∞A,IO, this is not motivated operationally, and the best achievable rate in the
non-asymptotic regime has not been characterised thus far.

In the following, we will omit the subscript B and write ρ for Bob’s system,
working under the assumption that Alice holds a purifying system.

7.4.1 Fidelity and rate of distillation

Notice �rst that the average �delity of assisted distillation can be equivalently
given as

FA,O (ρ,m) = max{∑
i
pi max

Λ i∈O ⟨Λi(ψi), Ψm⟩ ∣ ρ = ∑
i
piψi}

= max{∑
i
piFO (ψi ,m) ∣ ρ = ∑

i
piψi}

(7.86)

since the diagonal unitary operation adjusting the phases of the given pure state∣ψi⟩ is always a free operation.
Now, we know from¿m. 7.11 that the �delity of distillation under any of the

sets of operationsO ∈ {MIO,DIO, SIO, IO} is the same, and admits an explicit
formula as

FO(ψ,m) = 1
m

∥∣ψ⟩∥2[m] . (7.87)

[208] Smolin et al., pra 2005

[176] Chitambar et al., prl 2016
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Interestingly, this immediately implies that the rate of assisted coherence dis-
tillation, one-shot as well asymptotic, will be the same under any of the setsO ∈ {MIO,DIO, SIO, IO}.

Although ∥∣ψ⟩∥[m] is exactly computable for any pure state, we will now not
make use of this exact expression, and instead use its dual representation:

∥∣ψ⟩∥[m] = max{∣⟨ψ∣ω⟩∣ ∣ ∥∣ω⟩∥ℓ∞ ≤ 1, ∥∣ω⟩∥ℓ2 = √
m} . (7.88)

Notice that now m can be considered as a continuous parameter, and we will
herea er treat it as such. Consider then a family of sets of density matrices de-
�ned by

Mm ∶= conv{∣ω⟩⟨ω∣ ∣ ∥∣ω⟩∥ℓ∞ ≤ 1√
m
, ∥∣ω⟩∥ℓ2 = 1} (7.89)

which allows us to equivalently write

FO(ψ,m) = max
ω∈Mm

⟨ψ,ω⟩ = max
ω∈Mm

F(ψ,ω). (7.90)

¿m. 5.26 tells us that, sinceMm is a convex hull of rank-one projectors, we
have

FA,O (ρ,m) = max{∑
i
pi max

ω∈Mm
F(ψi ,ω) ∣ ρ = ∑

i
piψi}

= max
ω∈Mm

F(ρ,ω), (7.91)

that is, to compute the average �delity of assisted distillation it su�ces to max-
imise the �delity of the state ρ over the setMm, and the optimisation over
pure-state decompositions of ρ is not necessary.

Consider now the function de�ned as

ϑ(ω) ∶= min{max
i

∥∣ψi⟩∥2ℓ∞ ∣ ω = ∑
i
piψi} . (7.92)

¿e crucial property of ϑ is that, for any m ≥ 1 and any ω ∈ D, we have ω ∈Mm ⇐⇒ ϑ(ω) ≤ 1
m by de�nition ofMm. Letting

Bε(ρ) ∶= {ω ∈ D ∣ F(ρ,ω) ≥ 1 − ε} (7.93)

be the ε-ball of ρ in puri�ed distance, we can then use this function to represent
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the one-shot assisted distillation rate as

C(1),ε
A,O (ρ) = logmax{m ∈ N ∣ FA,O(ρ,m) ≥ 1 − ε}

= logmax{m ∈ N ∣ F(ρ,ω) ≥ 1 − ε, ω ∈ Mm }
= ⌊logmax{m ∣ F(ρ,ω) ≥ 1 − ε, ω ∈ D, ϑ(ω) ≤ 1

m
}⌋

log

= ⌊− log min
ω∈Bε(ρ){k ∣ ϑ(ω) ≤ k}⌋

log

= ⌊− log min
ω∈Bε(ρ) ϑ(ω)⌋log .

(7.94)

¿e di�culty in evaluating ϑ, however, means that one cannot expect C(1),ε
A,O (ρ)

to be computable in general cases, and prompts our investigation of appropriate
relaxations.

Note that a quanti�er equivalent to ϑ was used to bound the one-shot assisted
distillable entanglement by Buscemi and Datta in Ref. [187], derived there using
a complementary set of methods.

We remark that [213] considered also more general settings of asymptotic
assisted distillation, for example the scenario where Alice is restricted to per-
forming incoherent local operations, as well as the case where Alice and Bob
together can perform a larger class of operations called the separable incoher-
ent operations. Interestingly, it was shown that the asymptotic rate of assisted
distillation is the same in all of these cases. Our results extend this analysis by
showing that even by allowing Bob access to the maximal set of operations MIO
one still cannot improve the rate of assisted distillation. We also generalise this
equivalence to the non-asymptotic regime.

7.4.2 SDP relaxation

Consider a relaxation of the setMm de�ned as follows:

M̃m ∶= {ω ∈ D ∣ ∥∆(ω)∥∞ ≤ 1
m

} . (7.95)

¿e inclusionMm ⊆ M̃m is then obvious, since any ∣ψ⟩⟨ψ∣ ∈ Mm is contained
in M̃m, and hence also all convex combinations of such rank-one terms. Al-
though it might be tempting to conjecture thatMm = M̃m, this can be shown
to be true only in dimension d ≤ 3, and in general the inclusion can be strict.

Theorem 7.20. In dimension d ∈ {2, 3} it holds thatMm = M̃m for all
m, but for all d ≥ 4 there exist m s.t.Mm ⫋ M̃m.

[187] Buscemi & Datta,
ieee tit 2013

[213] Streltsov et al., prx 2017
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Proof. A particular simpli�cation occurs in the case m = d, where we get
M̃d = {X ≥ 0 ∣ Xii = 1

d
∀i} . (7.96)

¿is set (up to a multiplicative factor of 1
d ) corresponds to the set of so-called

correlation matrices. In particular, it is known that the extremal points of the setM̃d are given by rank-one matrices only in the case of d ∈ {2, 3}, and for any
d ≥ 4, there exist extremal points of M̃d of rank at least 2 [218–220]. Since no
such extremal rank-2matrix can bewritten as a convex combination of rank-one
matrices in M̃d , we have M̃d ≠Md when d ≥ 4.

Consider now the case of d ∈ {2, 3} and take ρ ∈ M̃m for anym ≥ 1. We will
assume without loss of generality that ∆(ρ) > 0, since otherwise one can apply
an inconsequential permutation to write ρ = ρ′ ⊕ 0, reducing the problem to
the lower-dimensional case. De�ne X ∶= ∆(ρ)−1/2 ρ ∆(ρ)−1/2 so that ∆(X) = 1.
Since X is a correlation matrix, by the result of [218] discussed above it admits
a convex pure-state convex decomposition as X = ∑i pi ξ′i with each ∆(ξ′i) = 1.
De�ning ∣ξi⟩ ∶= ∆(ρ)1/2 ∣ξ′i⟩ we get ρ = ∑i pi ξi with ∆(ξi) = ∆(ρ) for all i,
which means in particular that ρ admits a rank-one convex decomposition inM̃m. ¿is implies that M̃m ⊆ Mm, concluding the proof that M̃m = Mm in
dimension 2 and 3.

Notice that the proof of the above ¿eorem also shows a general property
of quantum states:

Corollary 7.21. Every ρ ∈ D in dimension d ≤ 3 admits a convex decom-
position into pure states as ρ = ∑i piψi such that ∆(ψi) = ∆(ρ) for all
i.

¿is in particular solves an open question raised in [176] concerning the addi-
tivity of the coherence of assistance Ca in dimension d = 3; we will address this
point in more detail in Sec. 7.4.3.

¿emost important point about relaxing the setMm toM̃m is thatM̃m can
be represented by simple linear matrix inequalities, allowing us to reduce many
of the intractable optimisation problems involved in computing the one-shot
assisted distillable coherence to e�ciently computable semide�nite programs
(SDP). In particular, since the �delity function is known to be computable with
an SDP [221,222], we can de�ne the semide�nite program

F̃A,O (ρ,m) ∶= max
ω∈M̃m

F(ρ,ω) (7.97)

and the following SDP relaxation of the one-shot assisted distillation rate, which

[218] Christensen & Vesterstrøm,
Math. Ann. 1979

[219] Grone et al.,
Lin. Alg. Appl. 1990

[220] Li & Tam,
siam J. Matrix Anal. 1994

[176] Chitambar et al., prl 2016

[221] Watrous,
Theory Comput. 2009

[222] Watrous,
Chic. J. Th.Comp. Sci. 2013
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is tight for all states in dimension 2 and 3:

C̃(1),ε
A,O (ρ) ∶= logmax{m ∣ F̃A,O(ρ,m) ≥ 1 − ε}

= logmax{m ∣ F(ρ,ω) ≥ 1 − ε, ω ∈ D, ∥∆(ω)∥∞ ≤ 1
m

}
= − log min

ω∈Bε(ρ) ∥∆(ω)∥∞ .

(7.98)

In fact, we can show that the �delity of assisted distillation for qubit and
qutrit systems admits an analytical solution. To this end, let ∣δ(ρ)⟩ denote the
d-dimensional vector obtained from the square roots of the diagonal elements
of ρ, i.e. δ(ρ) = diag(√∆(ρ)). We can then notice the following relation:

Proposition 7.22. FA,O(ρ,m) ≤ 1
m

∥δ(ρ)∥2[m] , with equality if d ∈ {2, 3}.
Proof. Let Rd+ denote the set of all vectors ∣x⟩ such that xi ≥ 0 for all i. We �rst
make note of the fact that

{ ∣δ(ω)⟩ ∣ ω ∈ M̃m } = { ∣x⟩ ∣ ∥∣x⟩∥ℓ∞ ≤ 1√
m
, ∥∣x⟩∥ℓ2 ≤ 1, ∣x⟩ ∈ Rd+} .

(7.99)
¿is can be seen by noting that every matrix ω ∈ M̃m is a normalised den-
sity matrix, which implies the conditions that δ(ω) ∈ Rd+ as well as Tr(ω) =∥∣δ(ω)⟩∥2ℓ2 = 1, and each such ω satis�es ∥∆(ω)∥∞ = ∥∣δ(ω)⟩∥2ℓ∞ ≤ 1

m . We now
use the fact that, for any vector ∣y⟩ ∈ Rd+, to compute the m-distillation norm it
su�ces to optimise over vectors in Rd+ (see ¿m. 7.4), that is

∥∣y⟩∥[m] = max{⟨y∣x⟩ ∣ ∥∣x⟩∥ℓ∞ ≤ 1, ∥∣x⟩∥ℓ2 = √
m, ∣x⟩ ∈ Rd+} . (7.100)

Using the monotonicity of �delity under quantum channels, we now have

FA,O(ρ,m) ≤ F̃A,O(ρ,m)= max
ω∈M̃m

F(ρ,ω)
≤ max
ω∈M̃m

F(∆(ρ), ∆(ω))
= max
ω∈M̃m

∥√∆(ρ)√∆(ω)∥2
1

= max
ω∈M̃m

(∑
i
δ(ρ)i δ(ω)i)2

= max{ ⟨δ(ρ)∣x⟩2 ∣ ∥∣x⟩∥ℓ∞ ≤ 1√
m
, ∥∣x⟩∥ℓ2 = 1, ∣x⟩ ∈ Rd+}

= 1
m

∥δ(ρ)∥2[m] .
(7.101)
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¿is establishes the �rst part of the Proposition. To show achievability, note by
Corr. 7.21 that any densitymatrix in d ∈ {2, 3} admits a pure-state decomposition
into ρ = ∑i piψi such that ∆(ψi) = ∆(ρ) ∀i. Writing ρ in this decomposition,
we then have

FA,O(ρ,m) ≥ ∑
i
piFO (ψi ,m)

= ∑
i
pi ∥∣ψi⟩∥2[m]

= ∥∣ψi⟩∥2[m]= ∥δ(ρ)∥2[m] .
(7.102)

Based on numerical evidence, we can conjecture that F̃A,O(ρ,m) is equal to
1
m ∥δ(ρ)∥2[m] in any dimension, which would give a clear interpretation to the
considered quantity ∥δ(ρ)∥[m] .

7.4.3 Coherence of assistance

A characterisation of the protocol of assisted coherence distillation in the limit
of in�nitely many i.i.d. copies was introduced in Ref. [176], where the relation
between the operational quantity C∞A,IO and the coherence of assistance was
explored. Recall that the coherence of assistance, de�ned in (7.84), satis�es

C∞a (ρ) ∶= lim
n→∞

1
n
Ca(ρ⊗n) = C∞A,IO(ρ) = S(∆(ρ)), (7.103)

and the results of our work show that one can replace IO with any set of opera-
tions SIO, DIO, MIO.

In [176] it was shown that Ca(ρ) = C∞a (ρ) for any qubit state ρ, but the
problem of additivity of Ca(ρ) for qutrit systems was le as an open question,
later explored also in [223]. Below, we answer it in the a�rmative 1.

Proposition 7.23. Ca(ρ) = C∞a (ρ) for any state ρ with d ≤ 3, but in d ≥ 4
there exist states such that C∞a > Ca(ρ).

Proof. Recall that, in general, C∞a (ρ) ≥ Ca(ρ). By Corollary 7.21, every state ρ
in d ≤ 3 admits a pure-state decomposition into states with diagonal elements
equal to those of ρ. Writing ρ in this decomposition, we have

Ca(ρ) ≥ ∑
i
piS(∆(ρ)) = S(∆(ρ)) = C∞a (ρ). (7.104)

When d ≥ 4, from ¿m. 7.20 we know that there exist states ρ ∈ Md
which cannot be written as a convex combination of pure states which all satisfy

1¿e fact that coherence of assistance is not additive for d > 3 has been correctly pointed out
in Ref. [176], but the proof provided there has a gap.

[176] Chitambar et al., prl 2016

[223] Zhao et al., pra 2017
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∆(ψi) = 1
d1, which in particular means that for every decomposition of such a

state we have

∑
i
piS(∆(ψi)) < ∑

i
piS(∆(ρ)) = S ( 1d1) (7.105)

since the uniform distribution is the unique maximiser of the Shannon entropy.

We remark that Proposition 7.23 disproves a claim in Ref. [74] that Ca is
additive for any d.

[74] Uhlmann, Entropy 2010
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8One-shot entanglement
manipulation beyond LOCC

Although the choice of LOCC as the free operations in the resource theory of
entanglement is very well-motivated operationally, this class of operations is
di�cult to characterise in practice. Several relaxations of this class have been
considered: most notably the class of separable operations [106], separability-
preserving operations [224], as well as PPT operations [225].¿e purpose of this
chapter is to establish a description of the one-shot distillation of entanglement
under such extensions of LOCC, thus providing upper bounds on the capabilities
of LOCC and new insights about entanglement manipulation in the one-shot
setting. ¿e methods generalise our approach to the distillation of coherence
in Ch. 7, showing that equivalent results hold also for the resource theory of
entanglement. We will express the relevant operational quantities in the convex
geometric framework of gauge functions, allowing us to adapt the methods of
this thesis straightforwardly.We in particular show that the quanti�cation of one-
shot distillable entanglement reduces to the computation of one-shot distillable
coherence for the simpli�ed cases of pure states as well as maximally correlated
states.

We begin with the establishment of a family of entanglement quanti�ers,
akin to the approach taken for coherence.

8.1 a family of entanglement quantifiers
Wewill consider a bipartite system shared between parties A and B, with dA and
dB denoting the dimensions of the corresponding spaces. Let d = min{dA, dB}.
For a pure state ∣ψ⟩, let ξ(∣ψ⟩) denote the vector of the Schmidt coe�cients of
ψ. We will consider the following sets of Hermitian matrices:

PPT = {X ∣ Tr(X) = 1, XTB ⪰ 0}
PPT+ = {X ∣ Tr(X) = 1, X ⪰ 0, XTB ⪰ 0}
SEP = conv {∣ψ⟩⟨ψ∣ ∣ ∣ψ⟩ ∈ V}

(8.1)

where XTB is the partial transpose of X and V is the set of all pure product states.
We have discussed the choices of gauges for the sets SEP and PPT+ in Ch. 6,
but we would now like to consider an operational framework mirroring our
considerations for quantum coherence. To this end, letting S denote one of the

[106] Bennett et al., pra 1999

[224] Brandão & Plenio,
cmp 2010

[225] Rains, pra 1999
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above sets, recall that the generalised robustness is given as

RDS(ρ) = min{ λ ≥ 0 ∣ ρ ⪯ (λ + 1)X , X ∈ S} .
= max{⟨ρ,W⟩ ∣ − 1 ⪯W , W ∈ −S*} (8.2)

and extend the de�nition to the family of measures

TmS (ρ) ∶= max{⟨ρ,W⟩ ∣ − 1 ⪯W ⪯ m1, W ∈ −S*} . (8.3)

We note this class of measures has also been considered in [100]. We include a
complete investigation of the measures below.

First of all, by a direct application of ¿m. 5.21 we have the following.

Proposition 8.1. Let S ∈ {PPT, PPT+, SEP}, and consider the class of
CPTP operations O such that ρ ∈ S ⇒ Λ(ρ) ∈ S ∀Λ ∈ O. ¿en, for
each m ≥ 1, TmS is faithful with respect to the set S and strongly monotonic
under the operationsO.
¿e above established in particular that all of the measures are strong mono-

tones under LOCC (we will consider the classes of operations in more detail in
the next section). Note, however, that TmPPT and T

m
PPT+ are not faithful as entan-

glement measures, as they are zero for all PPT states.

Proposition 8.2.¿e measures TmS can be equivalently expressed as

TmS (ρ) = min{mTr (ρ − X)+ + Tr (ρ − X)− ∣ X ∈ S**} . (8.4)

Proof. Same as Prop. 7.2.

Proposition 8.3. For any S ∈ {PPT, PPT+, SEP} it holds that
T(d−1)S (ρ) = RDS(ρ). (8.5)

Proof. Notice that SEP ⊂ PPT+ ⊂ PPT ⇒ PPT* ⊂ PPT+* ⊂ SEP*. Letting λmin
denote the smallest and λmax the largest eigenvalue of a given matrix, we now
use the property that −W ∈ SEP*⇒ λmin(−W) ≥ (1 − d) λmax(−W) [137, 5.5]
to obtain

λmax(W) ≤ d − 1. (8.6)

It follows that the feasible sets for RDS and T(d−1)S are equal and so the problems
are equivalent.

From the above two Propositions, we have that the family of measures T(m)S
interpolates between the modi�ed trace distance T(1)S (ρ) = minX∈S** ∥ρ − X∥1
(for m = 1) and the robustness of S (for m = d − 1).

[100] Brandão, pra 2005

[137] Johnston & Kribs,
jmp 2010

113

http://dx.doi.org/10.1103/PhysRevA.72.022310
http://dx.doi.org/10.1063/1.3459068


A family of entanglement quanti�ers

Recall the de�nition of the m-distillation norm as

∥∣x⟩∥[m] = inf∣x⟩=∣y⟩+∣z⟩ ∥∣y⟩∥ℓ1 +√
m ∥∣z⟩∥ℓ2 . (8.7)

We then have the following.

Theorem 8.4. For a pure state ∣ψ⟩, let ξ(∣ψ⟩) denote the vector of its
Schmidt coe�cients. We then have

T(m−1)
SEP (ψ) = ∥ξ(∣ψ⟩)∥2[m] − 1. (8.8)

Proof. To begin, mirroring exactly the proof of ¿m. 7.4 we obtain that

T(m−1)
SEP (ψ) = ( min∣ψ⟩=∣x⟩+∣y⟩ ΓV(∣x⟩) + ΓNm(∣y⟩))2 − 1 (8.9)

where Nm = {∣ψ⟩ ∣ ∥∣ψ⟩∥ℓ2 = 1√
m} and V is the set of all pure product states.

Writing any vector ∣x⟩ in its Schmidt decomposition as ∣x⟩ = ∑i ηi ∣ii⟩, we have
that ΓNm(∣x⟩)2 = m∑i η2i and ΓV(∣x⟩) = ∑i ηi (see our discussion in Ch. 6). By
optimising over vectors in the Schmidt basis of ∣ψ⟩ only, the problem reduces to
the m-distillation norm of the Schmidt vector, and we thus have T(m−1)

SEP (ψ) ≤∥ξ(∣ψ⟩)∥2[m] − 1.
To show the opposite inequality, we use gauge duality to write

T(m−1)
SEP (ψ) = max{∣⟨ψ∣x⟩∣2 ∣ Γ○Nm(∣x⟩) ≤ 1, Γ○V(∣x⟩) ≤ 1} − 1 (8.10)

where we have, for ∣x⟩ = ∑i ηi ∣ii⟩, Γ○Nm
(∣x⟩)2 = 1

m ∑i η2i , and Γ○V(∣x⟩) = maxi ηi .
By optimising over all vectors in the Schmidt basis of ∣ψ⟩, the result follows.

Proposition 8.5. For any state we have

RD
PPT(ρ) = RD

PPT+(ρ). (8.11)

Proof. LetW ∈ −PPT+* be the optimal dual solution for RD
PPT+ , which means it

satis�es −1 ⪯ W andW = N + QTB for N ,Q ⪯ 0. But then notice thatW ′ ∶=
W−N ∈ −PPT* is also feasible, and we have ⟨ρ,W ′⟩ = ⟨ρ,W⟩−⟨ρ,N⟩ ≥ ⟨ρ,W⟩,
so in fact it su�ces to optimise overW ∈ −PPT*.

8.1.1 Generalisation to arbitrary sets

In the operational characterisation of entanglement distillation, it will be nec-
essary to consider also generalisations of the above measures beyond sets of
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normalised (unit trace) Hermitian operators. To allow for this, we will now con-
sider more general sets of Hermitian operatorsQ and de�ne the quantity

G(m)Q (ρ) ∶= sup{⟨ρ,W⟩ ∣ 0 ⪯W ⪯ 1, W ∈ 1
m
Q○} . (8.12)

It is straightforward to see that if Q ⊆ H1, then G(m)Q (ρ) is equal to
1
m (T(m−1)Q (ρ) + 1), although this relation does not hold in general.

Proposition 8.6. For any compact setQ ⊆ H, we have that

G(m)Q (ρ) = inf
D∈H Tr(ρ − D)+ + 1

m
ΓQ(D). (8.13)

Proof. Notice from the de�nition that

G(m)Q = Γ(−H+)∪D∪mQ. (8.14)

Using the composition rule for gauge functions, we have

G(m)Q (ρ) = (Γ(−H+) ∨+ ΓD ∨+ ΓmQ)(ρ)= inf {ΓD(Y) + ΓmQ(Z) ∣ ρ = X + Y + Z , X ∈ −H+}
= inf {TrY + 1

m
ΓQ(Z) ∣ ρ − Z ⪯ Y , Y ∈ H+} (8.15)

= inf Tr(ρ − Z)+ + 1
m
ΓQ(Z).

In our consideration of entanglement distillation, we will relate G(m)Q with
another quantity that we previously encountered, the hypothesis testing relative
entropy

Dε
H(ρ∣∣X) = − logmin{⟨M , X⟩ ∣ 0 ≤ M ≤ 1, 1 − ⟨M , ρ⟩ ≤ ε} . (8.16)

Let us �rst note a general correspondence between the hypothesis testing relative
entropy and gauge functions, showing thatDε

H minimised over a set of operators
gives a suitably “smoothed” polar gauge.

Theorem 8.7. LetQ be a compact set of Hermitian operators. ¿en

inf
X∈convQDε

H(ρ∥X) = − log inf⟨ρ,W⟩≥1−ε
0⪯W⪯1

Γ○Q(W). (8.17)
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Proof. We have

− log inf⟨ρ,W⟩≥1−ε
0⪯W⪯1

Γ○Q(W) = − log inf⟨ρ,W⟩≥1−ε
0⪯W⪯1

sup
X∈Q○○ ⟨X ,W⟩

= − log sup
X∈Q○○ inf⟨ρ,W⟩≥1−ε

0⪯W⪯1
⟨X ,W⟩

= − log sup
X∈convQ inf⟨ρ,W⟩≥1−ε

0⪯W⪯1
⟨X ,W⟩

= inf
X∈convQ− log inf⟨ρ,W⟩≥1−ε

0⪯W⪯1
⟨X ,W⟩

= inf
X∈convQDε

H(ρ∥X)

(8.18)

where the second equality follows by Sion’s minimax theorem, since the sets{W ∣ ⟨ρ,W⟩ ≥ 1 − ε, 0 ⪯ W ⪯ 1} andQ○○ are both convex and compact. We
have replaced the optimisation over Q○○ with an optimisation over conv(Q)
without loss of generality, since the problem has the same optimal value in both
cases — either there exists an X ∈ conv(Q) such that Dε

H(ρ∥X) < ∞, or we
have Dε

H(ρ∥X) = Dε
H(ρ∥0) = ∞ for all X.

8.2 one-shot entanglement distillation
Denoting byΨm themaximally entangled state ∣Ψm⟩ = ∑m

i=1 1√
m ∣ii⟩,we consider

the task of distilling copies of Ψm under a given class of operationsO.¿e �delity
of distillation underO is de�ned by

FO(ρ,m) ∶= max
Λ∈O ⟨Λ(ρ), Ψm⟩ . (8.19)

¿e one-shot ε-error distillable entanglement is then de�ned as the maximum
over all distillation rates achievable under the given class of operations with an
error tolerance of ε, that is,

E(1),ε
d ,O (ρ) ∶= logmax{m ∈ N ∣ FO(ρ,m) ≥ 1 − ε} . (8.20)

We then have the asymptotic distillable entanglement as

E∞d ,O(ρ) = limε→0 limn→∞
1
n
E(1),ε
d ,O (ρ⊗n). (8.21)

We can nowmake explicit the connection between the quanti�ers discussed
earlier and entanglement distillation. Speci�cally, if one can show that the �delity
of distillation under a given class of operations is given by G(m)Q for some setQ,
then the optimal rate of distillation can be computed as the hypothesis testing
entropy minimised over convQ. Formally, we have the following.
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Theorem 8.8. LetO be a class of CPTP operations, andQ a compact set
of Hermitian operators. If a given state ρ satis�es

FO(ρ,m) = G(m)Q (ρ), (8.22)

then
E(1),ε
d ,O (ρ) = ⌊ min

X∈convQDε
H(ρ∥X)⌋

log
. (8.23)

Proof. By assumption, we have

E(1),ε
d ,O (ρ) = logmax{m ∈ N ∣ ⟨ρ,W⟩ ≥ 1 − ε, 0 ⪯W ⪯ 1, W ∈ 1

m
Q○}

= ⌊− logmin{k ∈ R ∣ ⟨ρ,W⟩ ≥ 1 − ε, 0 ⪯W ⪯ 1, W ∈ kQ○}⌋log
=
⎢⎢⎢⎢⎢⎢⎣
− log min⟨ρ,W⟩≥1−ε

0⪯W⪯1
ΓQ○(W)

⎥⎥⎥⎥⎥⎥⎦log
= ⌊ min

X∈convQDε
H(ρ∥X)⌋

log
(8.24)

where the last equality follows from¿m. 8.7.

Although we leave open the question of when exactly a given class of opera-
tions leads to a �delity of distillation of the form given byG(m)Q , we will see below
that this is a very common phenomenon among di�erent classes of operations
relevant to the resource theory of entanglement.

8.2.1 PPT and PPT-preserving operations

¿e class of PPT operations, due to Rains [156,225], is de�ned to consist of all
CPTP maps Λ ∶ AB → A′B′ whose Choi matrix JΛ ∈ L(ABA′B′) satis�es
JTBB′Λ ⪰ 0. In the literature, PPT operations have sometimes been referred to as
“PPT-preserving operations” (see e.g. [226,227]), motivated by the fact that they
preserve the positivity of the partial transpose of any Hermitian operator. ¿is
name has o en caused confusion, as it could suggest that the only requirement
placed on this class of operations is such that if σ ∈ PPT+ then Λ(σ) ∈ PPT+.
It is not di�cult to see that the de�nitions are, in fact, inequivalent, and this
di�erence was already pointed out in [228]. An accurate way of referring to
the class of PPT operations could be completely PPT-preserving [229], since the
condition JTBB′Λ ⪰ 0 ensures the preservation of positivity when the map acts on
a part of a larger system, akin to completely positive maps.

For clarity, let us begin with the precise de�nitions.

[156] Rains, ieee tit 2001

[225] Rains, pra 1999

[226] Eggeling et al., prl 2001

[227] Audenaert et al., prl 2003

[228] Horodecki, qic 2001

[229] Matthews & Winter,
pra 2008
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De�nition 8.9. A CPTP map Λ ∶ AB → A′B′ is called PPT if either of
the following equivalent conditions is satis�ed [ [225] Rains, pra 1999225]:

(i) ¿e Choi matrix JΛ is PPT with respect to the partition AA′∣BB′,
i.e. JTBB′Λ ⪰ 0.

(ii) ¿e map TB′ ○ Λ ○ TB is completely positive.
We will use PPT to denote the set of all such maps.

A CPTP map Λ ∶ AB → A′B′ is called PPT+-preserving if
σ ∈ PPT+ ⇒ Λ(σ) ∈ PPT+. (8.25)

We will use P-PPT+ to denote the set of all such maps.
A CPTP map Λ ∶ AB → A′B′ is called PPT-preserving if either of the
following equivalent conditions is satis�ed:

(i) X ∈ PPT⇒ Λ(X) ∈ PPT.

(ii) ¿e map TB′ ○ Λ ○ TB is positive.
We will use P-PPT to denote the set of all such maps.

We now characterise the operational capabilities of the di�erent sets of op-
erations. Note that the �delity of distillation under the class PPT has previously
been obtained by Rains [156], and an explicit expression for the rate of distil-
lation in terms of Dε

H appeared more recently in [184]. To our knowledge, the
other classes have not been considered before in this context.

Theorem 8.10.¿e one-shot distillable entanglement under the classes of
operations PPT, P-PPT, and P-PPT+ is given by

E(1),ε
d ,P-PPT+(ρ) = ⌊ min

σ∈PPT+ D
ε
H(ρ∥σ)⌋

log

E(1),ε
d ,PPT(ρ) = E(1),ε

d ,P-PPT(ρ) = ⌊ min
X∈PPT ′ D

ε
H(ρ∥X)⌋

log

(8.26)

where PPT ′ = conv(PPT ∪ −PPT) = {X ∣ ∥XTB∥1 ≤ 1}.
Proof. Since Ψm is invariant under any unitary of the form U ⊗ U∗, it is in
particular invariant under the twirling T (⋅) ∶= ∫ (U⊗U∗)⋅(U⊗U∗)† dU , where
the integration is performed with respect to the Haar measure of the unitary
group. We can then without loss of generality consider only trace-preserving

[156] Rains, ieee tit 2001

[184] Fang et al., preprint 2017
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operations of the form Λ = T ○ Λ, giving
Λ(Z) = ⟨Z , X⟩Ψm + ⟨Z ,1 − X⟩

m2 − 1 (1 −Ψm) (8.27)

as this is the most general form of an operator invariant under twirling [230].
Note in particular that

Λ(Z) ⪰ 0 ⇐⇒ ⟨Z , X⟩ ≥ 0
Λ(Z)TB ⪰ 0 ⇐⇒ − 1

m
≤ ⟨Z , X⟩ ≤ 1

m
.

(8.28)

Noting in addition that the complete positivity of Λ imposes 0 ⪯ X ⪯ 1, we can
constrain the map Λ such that Λ(σ) ∈ PPT+ for any σ ∈ PPT+ to get

Fd ,P-PPT+(ρ,m) = max{ ⟨ρ, X⟩ ∣ 0 ≤ X ≤ 1, ⟨σ , X⟩ ≤ 1
m
∀σ ∈ PPT+} ,

(8.29)
and similarly, by imposing that S ∈ PPT⇒ Λ(S) ∈ PPT we have

Fd ,P-PPT(ρ,m) = max{ ⟨ρ, X⟩ ∣ 0 ≤ X ≤ 1, ∣⟨S , X⟩∣ ≤ 1
m
∀S ∈ PPT}

= max{ ⟨ρ, X⟩ ∣ 0 ≤ X ≤ 1, ⟨S , X⟩ ≤ 1
m
∀S ∈ PPT ′} . (8.30)

Noting that the Choi matrix of the map (8.27) is given by JΛ = XAB ⊗ ΨmA′B′ +1
m2−1 (1 − X)AB ⊗ (1 −Ψm)A′B′ , an explicit computation yields

JTBB′Λ ⪰ 0 ⇐⇒ − 1
m
1 ⪯ XTB ⪯ 1

m
1, (8.31)

which is precisely the condition ⟨S , X⟩ ≤ 1
m ∀S ∈ PPT ′, yielding the equality

between Fd ,P-PPT(ρ,m) and Fd ,PPT(ρ,m).
Since the distillation �delities Fd ,P-PPT+ and Fd ,P-PPT are precisely of the form

GPPT+ and GPPT ′ , respectively, the result follows by¿m. 8.8.

¿e¿eorem establishes an interesting operational equivalence between the
set of operations PPT and P-PPT, while explicitly showing a di�erence with the
channels P-PPT+. In addition,we recall an argument in [231] which showed a gap
between PPT and P-PPT+ operations by proving that the negativity (a known
monotone under PPT [92]) is not a monotone under P-PPT+. ¿is no longer
applies to P-PPT — by de�nition, the negativity corresponds to the robustness
RPPT

PPT and it follows straightforwardly from¿m. 5.21 that this is a strong mono-
tone under P-PPT. Further monotones under P-PPT+ can be easily established
as RPPT+

PPT+ or RD
PPT+ , where we recall from Prop. 8.5 that RD

PPT+(ρ) = RD
PPT(ρ). A

monotone which lower bounds all of these can additionally be obtained as RD
PPT ′ ,

and it has recently found use in providing bounds for distillable of entanglement
[157] as well as quantum channel capacities [232,233].

[230] Horodecki & Horodecki,
pra 1999

[231] Chitambar et al.,
preprint 2017

[92] Vidal & Werner, pra 2002

[157] Wang & Duan, pra 2016

[232] Wang et al., preprint 2017

[233] Berta & Wilde, njp 2018
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Although it is not easy to characterise the asymptotic rates of distillation
under PPT and P-PPT maps, we have the following characterisation of distill-
able entanglement under P-PPT+, thus establishing a limit on the asymptotic
performance of PPT and P-PPT.

Corollary 8.11.¿e asymptotic distillable entanglement under P-PPT+ is
given by the regularised relative entropy with respect to the set PPT+,

E∞d ,P-PPT+(ρ) = lim
n→∞ min

σ∈PPT+
1
n
D(ρ⊗n∥σ). (8.32)

Proof. Follows directly from the generalised quantum Stein’s lemma [234].

We remark that, although E∞d ,PPT(ρ) is not known in general, it has been
shown that there exist states such that E∞d ,PPT(ρ) < E∞d ,P-PPT+(ρ) [196].

One can thenwonder if the operational equivalence between PPT andP-PPT
extends beyond the task of entanglement distillation. We will now show that,
indeed, it does, and the one-shot entanglement cost is also equal under the two
sets of operations. Precisely, we de�ne

E(1),ε
c,O (ρ) ∶= logmin

Λ∈O {m ∈ N ∣ F(ρ, Λ(Ψm)) ≥ 1 − ε} (8.33)

and we obtain the following result.

Theorem 8.12.¿e one-shot entanglement cost under the classes of opera-
tions PPT, P-PPT, and P-PPT+ is given by

E(1),ε
c,P-PPT+(ρ) = ⌈ min

ρ̃∈Bε(ρ) log (RPPT+
PPT+(ρ̃) + 1)⌉

log

E(1),ε
c,PPT(ρ) = E(1),ε

c,P-PPT(ρ) = ⌈ min
ρ̃∈Bε(ρ)ΥPPT(ρ̃)⌉

log

(8.34)

where

ΥPPT(ρ) ∶= log min
σ∈PPT+{ λ ∈ R+ ∣ ρ + (λ − 1)σ

λ
∈ PPT, (λ + 1)σ − ρ

λ
∈ PPT}

= logmin
ω∈D { λ ∣ −(λ − 1)ωTB ⪯ ρTB ⪯ (λ + 1)ωTB } .

(8.35)

We defer the proof to the Appendix.¿e crucial point of this result, together
with ¿m. 8.10, is that the classes PPT and P-PPT are equivalent in all entan-
glement manipulation protocols, leading to the same rates of distillation and
dilution already in the one-shot setting. ¿is is not a priori obvious, as the de�-
nitions allow for a gap between the two operations to exist.

[234] Brandão & Plenio,
cmp 2010

[196] Wang & Duan, prl 2017
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P-PPT+
P-PPT

PPT
SEPP

SEP

LOCC

Figure .: The hierarchy of operations considered in this chapter. Each of the
considered classes of CPTP maps constitutes a relaxation of the class LOCC.

8.2.2 Pure-state distillation and separability-preserving operations

One of the �rst relaxations of LOCC in the literaturewas the class of separable op-
erations (SEP) [52,106], corresponding to all quantum channels Λ ∶ AB → A′B′
whose Choi matrix is separable across the bipartition AA′∣BB′. Alternatively,
this can be viewed as the class of resource-free operations in the resource theory
of entanglement (cf. Sec. 5.3), that is, all operations which admit a Kraus decom-
position into separable operators. It is obvious that this is a strictly smaller class
than PPT, and it has been shown to be strictly larger than LOCC [106].

¿e class of separability-preserving operations SEPP is de�ned as all CPTP
maps Λ such that σ ∈ SEP⇒ Λ(σ) ∈ SEP, that is, as the maximal class of free op-
erations in the resource theory of entanglement. Notice that, this class does not
completely preserve separability, in the sense that it could generate entanglement
if applied to a part of a larger system; if such complete preservation is imposed,
we instead obtain the class of separable operations again.¿e inclusions between
the di�erent classes of operations are shown in Fig. 8.1.

We will additionally consider a subset of LOCC operations in which only
one party can send classical information to the other party, denoted as one-way
LOCC (1-LOCC).

¿e �delity of distillation under SEPP was �rst derived in [224], and can be
characterised as follows.

Lemma 8.13. FSEPP(ρ,m) = G(m)
SEP (ρ) = 1

m
(T(m−1)

SEP (ρ) + 1).

[52] Vedral et al., prl 1997

[106] Bennett et al., pra 1999

[224] Brandão & Plenio,
cmp 2010
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Proof. Follows in exactly the same way as the proof of¿m. 8.10, since isotropic
states of the form

⟨Z , X⟩Ψm + ⟨Z ,1 − X⟩
m2 − 1 (1 − Ψm) (8.36)

are separable if and only if they are PPT [230].

By the inclusion SEP ⊂ PPT+ ⊂ PPT ′, we then have that
FSEPP(ρ,m) ≥ FP-PPT+(ρ,m)≥ FPPT(ρ,m) (8.37)

thus establishing a hierarchy of rates of distillation between the operations SEPP,
P-PPT+, and PPT — notice that this does not follow from their de�nition, as
there is no inclusion between the sets SEPP and PPT or between SEPP and
P-PPT+.

From¿eorem 8.4, we then immediately get the �delity of distillation under
SEPPof a pure state ∣ψ⟩ as 1

m ∥ξ(∣ψ⟩)∥2[m] ,wherewe recall that ξ(∣ψ⟩) is the vector
of the Schmidt coe�cients. ¿is can then be related to the optimal �delity of
pure-state distillation under LOCC and one-way LOCC, which can be obtained
from a result by Vidal et al. [235]. We will now rederive the exact expression for
the �delity of pure-state distillation under LOCC in terms of the m-distillation
norm, and in particular establish an operational equivalence between all relevant
sets of operations in the distillation of entanglement from pure states.

Theorem 8.14. For any pure state ∣ψ⟩, any integer m ≥ 1, and any set
of operations O ∈ {1-LOCC, LOCC, PPT, P-PPT, P-PPT+, SEPP}, the
�delity of distillation is given by

FO(ψ,m) = 1
m

∥ξ(∣ψ⟩)∥2[m] . (8.38)

Proof. It is well-known that the deterministic transformation from ∣ψ⟩ to an-
other pure state ∣η⟩ is possible with (both one-way and two-way) LOCC if and
only if the Schmidt vector ξ(∣ψ⟩) ∶= (α1, . . . , αd)T is majorised by the Schmidt
vector ξ(∣η⟩) ∶= (β1, . . . , βd)T [198], that is,

k∑
i=1 α

2
i ≤ k∑

i=1 β
2
i ∀k ∈ {1, . . . , d} (8.39)

where we have assumed without loss of generality that the Schmidt coe�cients
are given in non-increasing order. Following the proof of¿m. 7.11, we can then
see that the Schmidt coe�cients of ∣ψ⟩ are majorised by the Schmidt coe�cients
of the state

∣η⟩ = ⎛⎝α1, . . . , αm−k⋆ , L2√
k⋆ , . . . ,

L2√
k⋆´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

k⋆ times

⎞⎠
T

(8.40)

[230] Horodecki & Horodecki,
pra 1999

[235] Vidal et al., pra 2000

[198] Nielsen, prl 1999
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expressed in the Schmidt basis of ∣Ψm⟩, where k⋆ = argmin
1≤k≤m

1
k
∥αm−k+1∶d∥2ℓ2 and

L2 = ∥αm−k⋆+1∶d∥ℓ2 . ¿is then gives

F1-LOCC(ψ,m) ≥ ∣⟨Ψm∣η⟩∣2
= 1
m

(∥α1∶m−k⋆∥ℓ1 +√
k⋆ ∥αm−k⋆+1∶d∥ℓ2)2

= 1
m

∥ξ(∣ψ⟩)∥2[m] .
(8.41)

On the other hand, since 1-LOCC ⊂ SEPP, we have
FLOCC(ψ,m) ≤ FSEPP(ψm) = 1

m
(T(m−1)

SEP (ψ) + 1) = 1
m

∥ξ(∣ψ⟩)∥2[m] (8.42)

by¿m. 8.4, which concludes the proof.

¿is leads to an interesting characterisation of the m-distillation norm in
two di�erent ways. Writing ∣ψ⟩ LOCCÐÐÐ→ ∣η⟩ to denote that the pure state transfor-
mation is possible with LOCC, we have

∥ξ(∣ψ⟩)∥[m] = √
m max{ ∣⟨Ψm∣η⟩∣ ∣ ∣ψ⟩ LOCCÐÐÐ→ ∣η⟩}

= √
m max{ ∣⟨ψ∣η⟩∣ ∣ ∣η⟩ LOCCÐÐÐ→ ∣Ψm⟩} , (8.43)

where the maximisation is over normalised state vectors ∣η⟩.
As a straightforward corollary of the above result, we can characterise the

quanti�ers G(m)S for several di�erent sets.

Corollary 8.15. For any 1 ≤ m ≤ d, any pure state ∣ψ⟩, and any S ∈{SEP, PPT, PPT+, PPT ′} we have
G(m)S (∣ψ⟩⟨ψ∣) = 1

m
∥ξ(∣ψ⟩)∥2[m] (8.44)

8.2.3 Maximally correlated states

Let us consider a bipartite system with d = dA = dB. A maximally correlated
state is any state of the form ρmc = ∑i, j ai j ∣ii⟩⟨ j j∣ for some local orthonormal
bases {∣i⟩}. ¿e name for this class of states comes from the fact is that the two
parties are guaranteed to obtain the same measurement results for any measure-
ment in their local basis {∣i⟩}. Notice that any maximally correlated state has a
corresponding single-party state ρ = ∑i, j ai j ∣i⟩⟨ j∣ with the same coe�cients in
the local basis.
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It has been conjectured in several works that the resource theory of coher-
ence is equivalent to the resource theory of entanglement restricted tomaximally
correlated states [55,56]. Although this conjecture is still unsolved in full gener-
ality, we know that many operational quanti�ers such as the entanglement of
formation, relative entropy of entanglement (and other Rényi entropy–based en-
tanglementmeasures), and asymptotic distillable entanglement can be evaluated
onmaximally correlated states by computing the corresponding coherence quan-
ti�ers, typically signi�cantly simpler to evaluate and satisfying useful properties
such as additivity [55,123]. Furthermore, an operational equivalence between
SIO or IO transformations acting on ρ and LOCC operations acting on ρmc has
been suggested, although so far this conjecture has been proved only in speci�c
cases [55,56].

To obtain a result allowing us to quantify the one-shot distillable entangle-
ment of maximally correlated states, we will �x a choice of basis {∣i⟩} for the
single-party state ρ, and use I to denote the set of all incoherent states in this ba-
sis. Furthermore,we de�ne the subset of separable states SEPmc ∶= conv{∣ii⟩⟨ii∣}
where {∣ii⟩}di=1 is the basis of the corresponding maximally correlated state ρmc.

Theorem 8.16. For any maximally correlated state and any m ≥ 1 it holds
that

FPPT(ρmc,m) = FSEPP(ρmc,m) = G(m)I (ρ). (8.45)

Proof. Using¿m. 8.6, we have

FPPT(ρmc,m) ≤ FSEPP(ρmc,m)
= min
X∈SEP**

Tr(ρmc − X)+ + 1
m
Tr(X)

≤ min
X∈SEPmc**

Tr(ρmc − X)+ + 1
m
Tr(X)

= min
X∈I**Tr(ρ − X)+ + 1

m
Tr(X)

= G(m)I (ρ).

(8.46)

On the other hand, letW⋆ = ∑i, jWi j ∣i⟩ ⟨ j∣ be the optimal solution to the dual
problem of

G(m)I (ρ) = max{⟨ρ,W⟩ ∣ 0 ⪯W ⪯ 1, W ∈ 1
m
I○} . (8.47)

Notice thatW⋆ ∈ 1
mI○ is equivalent to ∆(W) ⪯ 1

m1, that is, maxiWii ≤ 1
m . Con-

sider then the matrixWmc ∶= ∑i, jWi j ∣ii⟩ ⟨ j j∣, de�ned in the basis of ρmc. ¿e
eigenvalues ofWTB

mc can be straightforwardly veri�ed to be {Wii , ±∣Wi j∣}di, j=1.
Positivity ofW⋆ imposes that

max
i, j

∣Wi j∣ ≤ maxi Wii (8.48)

[55] Winter & Yang, prl 2016

[56] Chitambar & Gour,
prl 2016

[123] Zhu et al., jpa 2017
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from which it follows that

Γ○PPT ′(Wmc) = ∥WTB
mc∥∞ = max

i
Wii ≤ 1

m
. (8.49)

¿is means thatWmc ∈ 1
mPPT ′○, and so

FPPT(ρmc,m) = G(m)
PPT ′(ρmc)

= max{⟨ρmc,W⟩ ∣ 0 ⪯W ⪯ 1, W ∈ 1
m

PPT ′○}
≥ ⟨ρmc,Wmc⟩
= G(m)I (ρ).

(8.50)

Notice that
G(m)I (ρ) = 1

m
(T(m−1)I (ρ) + 1) (8.51)

with T(m)I being the coherence measures de�ned in Ch. 7.
Interestingly, in contrast to many other results which show an exact equality

between operational quantities in the resource theory of coherence and the re-
source theory of entanglement of maximally correlated states, our result above
shows a slight discrepancy between the two resource theories: in particular, it is
not di�cult to �nd numerical examples of states such that

FSEPP(ρmc,m) = G(m)I (ρ) > G(m)J (ρ) = FMIO(ρ,m), (8.52)

and so the distillable entanglement of a maximally correlated state under the
maximal set of operations in the resource theory of entanglement (SEPP) can be
strictly larger than the distillable entanglement the corresponding single-partite
state under the maximal set of operations in the resource theory of coherence
(MIO). ¿is shows in particular that, in the distillation of entanglement from
maximally correlated states under SEPP, it is not su�cient to consider opera-
tions whose output remains in the maximally correlated subspace — indeed, if
this were the case, any such operation could always be mapped to a correspond-
ing MIO operation, and the �delities FMIO(ρ,m) and FSEPP(ρmc,m) would be
equal.

Nevertheless, the result reduces the much more complicated optimisation
problems in the quanti�cation of one-shot distillable entanglement to the simple
task of evaluating coherence measures.

8.2.4 Isotropic states

Consider d = dA = dB and de�ne the isotropic states as
ρ f = fΨd + 1 − f

d2 − 1 (1 −Ψd) (8.53)

with 0 ≤ f ≤ 1. We then have the following result.
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Proposition 8.17. For any isotropic state ρ f and any O ∈{PPT, P-PPT+, SEPP}, it holds that
FO(ρ f ,m) = ⎧⎪⎪⎨⎪⎪⎩

1
m f ≤ 1

d
d f−1
d−1 + d(1− f )

m(d−1) f ≥ 1
d .

(8.54)

Proof. ¿is is a slight extension of the result in [156], and the proof is based
thereon.

Take 1 ≤ m ≤ d. If f ≤ 1
d , then ρ f ∈ SEP, and we have FPPT(ρ f ,m) =

FSEPP(ρ f ,m) = 1
m . If f ≥ 1

d , then on one hand we can take

W = k − 1(d − 1)k dΨd + d − k(d − 1)k1 (8.55)

which satis�es

∥WTB∥∞ ≤ k − 1(d − 1)k ∥(dΨd)TB∥∞ + d − k(d − 1)k ∥1∥∞
= 1
k

(8.56)

since (dΨd)TB is the swap operator, whose eigenvalues are easily checked to be±1. ¿is gives
FPPT(ρ,m) ≥ ⟨ρ f ,W⟩

= d f − 1
d − 1 + d(1 − f )

m(d − 1) . (8.57)

On the other hand, take

X = d(1 − f )
d2 − 1 (Ψd + 1

d
1) . (8.58)

It is known that Ψd + 1
d ∈ SEP** [94], which gives

FSEPP(ρ f ,m) ≤ Tr(ρ f − X)+ + 1
m
TrX

= d f − 1
d − 1 + d(1 − f )

m(d − 1) .
(8.59)

8.2.5 Beyond deterministic distillation

¿e investigation of probabilistic entanglement transformations and distilla-
tion under di�erent classes of operations has been considered in several works

[156] Rains, ieee tit 2001

[94] Vidal & Tarrach, pra 1999
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[38,154,200,202,236,237].¿e setting can be de�ned analogously to the character-
isation of coherence distillation in Sec. 7.3. We do not consider this task explicitly
here, although a particularly interesting open question in this regard is to char-
acterise the capabilities of separability-preserving operations in probabilistic
distillation.

Similarly, the formalism of assisted distillation of entanglement has been
considered before [187]. Here, in direct analogy with our results for coherence
in Sec. 7.4, we obtain several new results as direct corollaries of our investigation
in this Chapter. Most notably, it follows immediately that one-shot assisted dis-
tillable entanglement is exactly the same under any class of operations ranging
from one-way LOCC to P-PPT+ to SEPP, and some of the proofs in [187] can be
simpli�ed by employing our de�nition of the m-distillation norm. ¿e results
follow in exactly the same way as 7.4, so we do not consider them again.

[38] Bennett et al., pra 1996

[154] Vidal, prl 1999

[200] Ishizaka & Plenio,
pra 2005

[202] Lo & Popescu, pra 2001

[236] Jonathan & Plenio,
prl 1999

[237] Rozpędek et al., pra 2018

[187] Buscemi & Datta,
ieee tit 2013
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9Conversion of nonclassicality
into entanglement

Wehave so far investigated two signature features of quantum theory: coherence
and entanglement. Coherence embodies the nonclassicality of quantummechan-
ics, that is, the possibility for a quantum system to exist in a superposition of “clas-
sical” states. ¿e latter are usually determined based on physical considerations:
in preceding chapters, we looked speci�cally at the resource theory of coher-
ence, where the classical states form an orthonormal basis, while in continuous-
variable systems, they are o en identi�ed with the Glauber-Sudarshan coherent
states [238,239].

Superposition underlies other nonclassical phenomena such as quantum cor-
relations among parts of a quantum system. In particular, entanglement itself
stems from the superposition principle in conjunction with the tensor product
structure associated to composite systems. Despite the common origin, entangle-
ment and superposition are formalised according to di�erent resource theories:
the former being tied to the paradigm of spatially separated laboratories which
can only implement LOCC operations for free, while the second speci�ed by the
inability to create superpositions of the classical states for free. Consequently,
these two resources, like two currencies, enjoy di�erent uses in quantum tech-
nologies. It thus becomes particularly relevant to investigate the connection
between these two types of resource beyond a merely conceptual standpoint,
and to devise operational schemes that allow the dynamical transformation of
one into the other.

Several works have analyzed this problem. In quantum optics, nonclassical-
ity gets mapped into entanglement by a beam splitter [240–244], while, in the
discrete-variable scenario, it is the controlled NOT (CNOT) gate [245,246] that
plays a similar role. ¿e quantitative interplay between the degree of nonclas-
sicality and the bipartite entanglement obtained from it has been investigated
as well [2,17–19,61,243,247]. ¿ese studies have advanced our understanding of
nonclassicality as a resource in systems of arbitrary dimension [15,18,19,248–
253].

In this chapter, we will investigate the conversion of nonclassicality, which
generalises the previously considered notion of quantum coherence, into multi-
partite entanglement. We will �rst show that there always exists a state-indepen-
dent unitarymapping, realised by operations which alone cannot create nonclas-
sicality, such that the presence of k-level nonclassicality in the state of a single
d-level system is necessary and su�cient to create k + 1-partite entanglement
between the system and k ancillas. To exemplify such a conversion procedure,
we specialise to quantum coherence as an instance of nonclassicality, and in-

[238] Glauber, Phys. Rev. 1963

[239] Sudarshan, prl 1963

[240] Kim et al., pra 2002

[241] Wang, pra 2002

[242] Wolf et al., prl 2003

[243] Asbóth et al., prl 2005

[244] Ivan et al.,
Phys Rev A 2011

[245] Streltsov et al., prl 2011

[246] Piani et al., prl 2011

[2] Sperling & Vogel,
Phys. Scr. 2015

[17] Vogel & Sperling, pra 2014

[18] Killoran et al., prl 2016

[19] Theurer et al., prl 2017

[61] Streltsov et al., prl 2015

[247] Ge et al., pra 2015

[15] Baumgratz et al., prl 2014

[248] Brandão & Plenio,
Nat. Phys 2008

[249] Zhang et al., pra 2016

[250] Streltsov et al., prl 2016

[251] Xu, pra 2016

[252] Tan et al., prl 2017

[253] Mukhopadhyay et al.,
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troduce an explicit physical protocol which directly converts k-level coherence
into k+ 1-body multipartite entanglement. ¿e protocol entangles a single qudit
with up to d qubits by a sequential application of generalised CNOT gates (free
operations in the resource theory of coherence). ¿e protocol can be further
extended via the decoupling of the qudit system by LOCC (free operations in
the resource theory of entanglement), to provide a mapping of k-coherence into
multipartite entanglement of the ancillary qubits alone. Finally, we show that the
initial amount of k-coherence places a quantitative restriction on the amount of
entanglement that can be converted from it — in particular, the �delity-based
geometric measure of k + 1-partite entanglement at the output of the protocol
is exactly equal to the �delity-based geometric measure of k-coherence in the
input state of the d-level system. ¿e chapter is based on results published in
[br5].

9.1 relations between nonclassicality and
entanglement
Nonclassicality is a notion that depends on the preassigned set of states that
are deemed “classical”. Choosing a �nite set of states {∣χi⟩} which spans the
whole Hilbert spaceH to constitute the pure classical states, as dictated by the
physics of the problem under investigation, one asks whether a mixed state ρ
can be represented as a convex combination of classical states only. Nonclassi-
cality therefore naturally �ts into the resource theoretic formalism considered
throughout this thesis, where the set of free states C is formed by the convex hull
of {∣χi⟩}.

For �nite-dimensional systems, the notion of nonclassicality is o en un-
derstood as quantum coherence. However, following [18,19], we note that the
approach considered here is more general, since one does not require the states{∣χi⟩} to be orthogonal. ¿is provides a common framework applicable e.g. to
classical sets formed by SU(N) Gilmore-Perelomov coherent states [254,255] in
discrete-variable systems and Glauber-Sudarshan coherent states [238,239] in
continuous-variable systems, where the latter are not orthogonal yet such that
any �nite subset thereof is linearly independent [17].

¿e framework adopted here leads to a natural measure of the level of non-
classicality of a state. For a pure state, one can indeed de�ne the nonclassical
rank (NR) [2,18] as

NR (∣ψ⟩) = min{r ∈ N ∣ ∣ψ⟩ = r∑
i=1 ci ∣χi⟩ , ∣χi⟩ ∈ C} , (9.1)

with nonzero complex coe�cients ci . ¿is clearly resembles the de�nition of the
Schmidt rank SR(∣ψ⟩) of bipartite entangled states, and it can be extended to
mixed states in the same way as the the Schmidt rank is extended to the Schmidt

[br5] Regula et al., njp 2018

[18] Killoran et al., prl 2016

[19] Theurer et al., prl 2017

[254] Gilmore,
Annals of Physics 1972

[255] Perelomov,
Commun.Math. Phys. 1972

[238] Glauber, Phys. Rev. 1963

[239] Sudarshan, prl 1963

[17] Vogel & Sperling, pra 2014

[2] Sperling & Vogel,
Phys. Scr. 2015
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number SN: we thus de�ne the nonclassical number (NN) of a mixed state ρ as

NN (ρ) = min{p i ,∣ψ i⟩}maxi NR (∣ψi⟩) , (9.2)

where the minimisation is performed over all pure-state convex decompositions
of ρ into ρ = ∑i pi ∣ψi⟩ ⟨ψi ∣. In other words, in every such decomposition at least
one state has nonclassical rank NR(∣ψi⟩) ≥ NN(ρ), and there exists a decompo-
sition where all pure states have nonclassical rank NR(∣ψi⟩) ≤ NN(ρ).

Killoran et al. [18] showed that there always exists an isometry, consisting
of adding an ancilla and applying a global unitary, which maps each pure state
of nonclassical rank k into a bipartite entangled pure state of Schmidt rank k.
In fact, as we show below, this result can be straightforwardly extended to the
general case of mixed states:

Proposition 9.1. Let H be a d-dimensional Hilbert space, D the corre-
sponding set of density operators, andHanc ≅ H the Hilbert space of an
ancillary system. ¿en if the classical pure states {∣χi⟩}di=1 form a linearly
independent set spanningH, there exists an isometry W ∶ H → H⊗Hanc
such that for any state ρ ∈ D we have NN(ρ) = SN(WρW†).

Proof. To begin, let us note the fact that the set of all possible pure states be-
longing to pure-state decompositions of ρ ∈ D is given precisely by the set of
pure states in the support of ρ [216,217]. By the result of [18], we have that there
exists a unitary U such that NR(∣ψ⟩) = SR (U(∣ψ⟩ ⊗ ∣ψanc⟩)) ∀ ∣ψ⟩ ∈ H where∣ψanc⟩ ∈ Hanc is a �xed reference state for the ancilla system. ¿e isometryW
is given by attaching the ancilla state ∣ψanc⟩ composed with the action of the
unitary U . Following [243,256], we note that there is a one-to-one correspon-
dence between the pure-state decompositions of ρ and the decompositions of
ρ′ = WρW†, given exactly by the action of W . Notice in particular that W
can be inverted on its image, and that any ∣ψ′⟩ in the support of ρ′ has as pre-
imageW† ∣ψ′⟩ in the support of ρ, which means that by the properties ofW one
has NR(W† ∣ψ′⟩) = SR (∣ψ′⟩). Assuming ρ has NN(ρ) = k, then it is possible
to �nd a pure-state decomposition of it which only contains states with non-
classicality rank less or equal to k. ¿e pure states in one such decomposition
will then be transformed by the action ofW into entangled states of Schmidt
rank at most k, which will form a pure-state decomposition of ρ′. ¿is proves
that SN(ρ′) ≤ NN(ρ). On the other hand, suppose SN(ρ′) = l ; then it is pos-
sible to �nd a pure-state decomposition of ρ′ such that it only contains states
with Schmidt rank less or equal to l . Under the action ofW†, such a decompo-
sition gives rise to a pure-state decomposition of ρ whose elements have non-
classicality rank at most l . ¿is proves that NN(ρ) ≤ SN(ρ′).

¿e simplest example of a relation of this kind can be obtained in the re-
source theory of coherence, where the faithful conversion of coherent states into

[18] Killoran et al., prl 2016

[216] Schrödinger,
Math. Pr.Cam.Phil. S. 1936

[217] Hughston et al., pla 1993

[243] Asbóth et al., prl 2005

[256] Piani & Adesso, pra 2012
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maximally correlated states of the form ρmc = ∑i, j ρi j ∣ii⟩⟨ j j∣ can be performed
with the isometryW ∣i⟩ = ∣ii⟩. As a corollary of this relation, the Schmidt num-
ber of a maximally correlated state can be computed by considering the nonclas-
sical number of the single-party state ρ = ρi, j ∣i⟩⟨ j∣.

Wewill show that an analogous faithful conversion ofmultilevel nonclassical-
ity into genuine multipartite entanglement is always possible. As before, we de-
�ne a pure state ∣ψ⟩ to be k-producible if it can bewritten as ∣ψ⟩ = ∣ψ1⟩⊗. . .⊗∣ψm⟩
with each ∣ψ j⟩ pertaining to at most k parties, and a mixed state ρ to be k-
producible if it can be written as a convex combination of k-producible pure
states. We call a state ρ genuinely k-partite entangled if it is k-producible but
not k − 1-producible; equivalently, under such conditions we say that ρ has en-
tanglement depth DE(ρ) = k [257]. A 1-producible state ρ has DE(ρ) = 1 and is
fully separable.

Theorem 9.2. Let H be a d-dimensional Hilbert space, and Hanc the
Hilbert space of an ancillary system. ¿en if the classical pure states{∣χi⟩}di=1 ∈ H form a linearly independent set spanning H, there exists
an isometry U ∶ H → H⊗H⊗d

anc such that for any state ρ ∈ Dwith nonclas-
sical number NN(ρ) = k, UρU† is genuinely k + 1-partite entangled i�
ρ is nonclassical (2 ≤ k ≤ d) and UρU† is fully separable i� ρ is classical
(k = 1).

Proof. We adapt the methods of Ref. [18] to show the existence of this mapping.
Let us consider the case of pure states �rst. De�ne

∣ci⟩ = ∣χi⟩ ⊗ ∣ψanc⟩ ∈ H ⊗H⊗d
anc (9.3)

with ∣ψanc⟩ ∈ H⊗d
anc a �xed (fully unentangled) reference state of the ancilla sys-

tems. De�ne {∣bi⟩}di=1 ∈ H⊗d
anc as

∣bi⟩ ∶= ∣0⟩⊗i−1 ⊗ ∣λ⟩ ⊗ ∣0⟩⊗d−i (9.4)

with ∣λ⟩ ∶= √
λ ∣0⟩+√1 − λ ∣1⟩,where ∣0⟩ , ∣1⟩ ∈ Hanc are orthonormal, and0 ≤ λ ≤

1. ¿e Gram matrix of a set of states {∣ϕi⟩} is de�ned as [G(ϕ)]i j = ⟨ϕi ∣ϕ j⟩, and
has full rank i� the ∣ϕi⟩′ s are linearly independent [258]. De�ne a µ-dependent
matrix B(µ) by

[B(µ)]i j = ⎧⎪⎪⎨⎪⎪⎩
1 i = j
µ i ≠ j

. (9.5)

We have G(b) = B(λ). De�neM(є) ∶= G(c) ○ B(1 + є) where ○ is the Schur (en-
trywise) product. Since limє→0M(є) = G(c) > 0 and diag(M(є)) = (1, 1, . . . , 1),
it follows that, for su�ciently small є > 0,M(є) is the Grammatrix G(a) of a set
of linearly independent states {∣ai⟩}di=1. We then have G(c) = G(a) ○ B ( 1

1+є) =
G(a) ○ G(b), for λ = (1 + є)−1, which means that the sets of states {∣ci⟩} and

[257] Sørensen & Mølmer,
prl 2001

[18] Killoran et al., prl 2016

[258] Jozsa & Schlienz,
pra 2000
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{∣ai⟩⊗∣bi⟩} have equal Grammatrices, and so there exists a unitaryU such that
U ∣ci⟩ = ∣ai⟩ ⊗ ∣bi⟩ ∀ i [258,259]. ¿e isometry V is de�ned by the composition
of attaching the ancilla state ∣ψanc⟩ followed by the action of U .

Now consider a general pure qudit state ∣ψ⟩ = ∑d
i=1 ψi ∣χi⟩. ¿en,

∣ψ′⟩ = V ∣ψ⟩ = d∑
i=1 ψi ∣ai⟩ ∣bi⟩

= d∑
i=1 ψi ∣ai⟩ ∣0⟩⊗i−1 ∣λ⟩ ∣0⟩⊗d−i .

(9.6)

It is convenient to use the fact that the entanglement depth of ∣ψ′⟩ is not a�ected
by a local �lter S⊗L⊗d ,with S a qudit operator such that S ∣ai⟩ = ∣i⟩, and L a qubit
operator such that L ∣0⟩ = ∣0⟩, L ∣λ⟩ = ∣1⟩. ¿us, we can study the entanglement
depth of the state

∣ψ̃′⟩ ∝ d∑
i=1 ψi ∣i⟩ ∣0⟩⊗i−1 ∣1⟩ ∣0⟩⊗d−i =

d∑
i=1 ψi ∣i⟩ ∣2d−i⟩ , (9.7)

where ∣2d−i⟩ is the string of qubits corresponding to 2d−i in binary (padded
with zeros from the le as needed), e.g. ∣23⟩ = ∣00⋯01000⟩ since 23 = 10002. It is
evident that ∣ψ̃′⟩ is fully product i� there is only one term in the superposition,
that is NR(∣ψ⟩) = 1 i� DE(∣ψ′⟩) = 1. In the following we will consider NR(∣ψ⟩) ≥
2, and in this case we will prove that DE(∣ψ′⟩) = NR(∣ψ⟩) + 1.

To show that NR(∣ψ⟩) = k ≥ 2 implies DE(∣ψ̃′⟩) = k + 1, assume w.l.o.g. that
the k nonzero coe�cients ψi are the �rst ones. ¿en

∣ψ̃′⟩ ∝ ( k∑
i=1 ψi ∣i⟩ ∣0⟩⊗i−1 ∣1⟩ ∣0⟩⊗k−i ) ∣0⟩⊗d−k , (9.8)

and the claim follows by showing that∑k
i=1 ψi ∣i⟩ ∣0⟩⊗i−1 ∣1⟩ ∣0⟩⊗k−i cannot be fac-

torised in any non-trivial way. ¿is holds, as the reduced state of the k ancillary
qubits is proportional to∑k

i=1 ∣ψi ∣2 ∣0⟩⟨0∣⊗i−1⊗∣1⟩⟨1∣⊗∣0⟩⟨0∣⊗k−i , so themarginal
state of any subset of these k qubits is evidently mixed. On the other hand, to
prove that DE(∣ψ′⟩) = DE(V ∣ψ⟩) = k + 1 ≥ 3 implies NR(∣ψ⟩) = k, notice that
the isometry is invertible on its image. ¿us, ∣ψ⟩ = V† ∣ψ′⟩; since we have just
proven that DE(V ∣ψ⟩) = NR(∣ψ⟩) + 1, we arrive at the claim for pure states.

¿emixed-state case again begins by noting that there is a one-to-one corre-
spondence between the pure state decompositions {pi , ∣ψi⟩} of ρ and {pi , ∣ψ′i⟩}
of ρ′ = VρV†, with each input-output pair of states respecting the relation just
discussed: either NR(∣ψi⟩) = DE(∣ψ′i⟩) = 1 or NR(∣ψi⟩) + 1 = DE(∣ψ′i⟩). ¿us,
with the exception of the �rst (trivial) case, we have NR(ρ)+1 = DE(ρ′). Indeed,
the pure-state mapping with the above properties, together with the de�nitions
of nonclassical number and entanglement depth, entail that NN(ρ) = m implies
DE(ρ′) ≤ m+ 1, and, in turn, DE(ρ′) = l implies NN(ρ′) ≤ l − 1. ¿ese relations
can only be satis�ed for l = m + 1.

[258] Jozsa & Schlienz,
pra 2000

[259] Chefles et al., ijqi 2004
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¿eorem 9.2 shows that there always exists an isometry which faithfully
converts the k-level nonclassicality of a quantum system into multipartite en-
tanglement with k other ancillary systems. We note that the speci�cs of the
mappings are not �xed by the theorem, and one could always devise other ways
to convert the nonclassicality into entanglement. In particular, the mappings
presented in the proofs only use two levels of each ancillary system, resulting in
entanglement akin to that of W states [260]. One may consider other kinds of
operations which create qualitatively di�erent multipartite entanglement — for
instance, one can instead attach a number d of d+ 1-dimensional ancilla systems
and choose {∣b j⟩}dj=1 such that ∣b j⟩ = ∣λ j⟩⊗d and ∣λ j⟩ = √

λ1/d ∣0⟩ +√
1 − λ1/d ∣ j⟩

where {∣ j⟩} is now an orthonormal basis forHanc. Following a similar argument
to ¿m. 9.2, this will then introduce a generalised GHZ-type entanglement be-
tween the qudits, entangling as many levels of the systems as the nonclassical
rank of the original state. However, the choice of a W-type mapping in the theo-
rems makes the conversion quite appealing in practice, as it only requires qubit
ancillas, and, as we show below, enables one to create entanglement by a sequen-
tial application of two-body gates on the nonclassical system and each ancilla.

9.2 coherence conversion protocol
We will now specialise to the framework of quantum coherence. Here, the clas-
sical states {∣i⟩}di=1 are taken to form a �xed orthonormal basis forH. As before
(cf. Sec. 6.1), we can then de�ne a hierarchy of coherence levels by considering
the coherence rank CR(∣ψ⟩) and the coherence number

CN(ρ) ∶= min{p i ,∣ψ i⟩}maxi CR (∣ψi⟩) . (9.9)

We will refer to states with coherence number at most k as k-coherent states.
Clearly, 1-coherence corresponds to classicality, k-coherence for any k ≥ 2 stands
as a �ne graining of the usual notion of coherence, and d-coherence is the max-
imal coherence level of a d-level system.

¿e k-coherence of a single qudit can be converted into multipartite entan-
glement in di�erent physical ways. To show this, we design a protocol to convert
k-coherence into k + 1-partite entanglement between the qudit and k qubit an-
cillas (following¿m. 9.2), realisable by a sequential application of CNOT gates
(see Fig. 9.1). We then provide a natural mapping of k-coherence into k-body
entanglement, which can be accomplished by a second step which disentangles
the qudit system— either by unitary transformations as in Fig. 9.1(a), or by one-
way LOCC as in Fig. 9.1(b). ¿e latter scheme re�ects an operational scenario
in which input agents are constrained to the resource theory of k-coherence,
having at disposal only incoherent ancillas and incoherent operations as used
in the �rst step, while output agents are constrained to the resource theory of
entanglement, being bound to use LOCC as in the second step.

[260] Dür et al., pra 2000
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Figure .: Schemes of two protocols to convert k-coherence into multipartite entan-
glement. Both protocols begin with the global unitary operation UA which sequen-
tially entangles each level of the qudit system in the state ∣ψd⟩ with a corresponding
ancillary qubit by generalised CNOT gates, resulting in a k+1-partite entangled state.
One can then decouple the qudit system either (a) by a unitary transformation UB ,
consisting of a Fourier transform and a disentangling unitary UD , or (b) via a one-
way LOCC operation Ω. Both protocols result in genuine k-partite entanglement
between the ancillary qubits.

We illustrate the scheme for pure states, noting that it extends straightfor-
wardly to mixed states. Let ∣Ψ⟩ = ∣ψd⟩ ⊗ ∣0⟩⊗d be the state of the composite
system consisting of the qudit initialised in ∣ψd⟩ and d ancilla qubits in a refer-
ence pure state ∣0⟩⊗d . Consider a unitary activation operationUAwhich consists
of a sequence of generalised CNOT gates (1d − ∣i⟩⟨i∣) ⊗ 12 + ∣i⟩⟨i∣ ⊗ σx , with
σx the Pauli x matrix, between the qudit and the i-th ancillary qubit. Explicitly,
the sequence realises the unitary

UA = d∑
i=1 ∣i⟩ ⟨i∣ ⊗ 1⊗i−12 ⊗ σx ⊗ 1⊗d−i2 , (9.10)
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which transforms the state ∣Ψ⟩ = ∑d
i=1 ci ∣i⟩ ∣0⟩⊗d into

∣Ψ′⟩ = UA ∣Ψ⟩ = d∑
i=1 ci ∣i⟩ ∣2d−i⟩ . (9.11)

To complete the protocol bymapping into k-partite entanglement among the
qubit ancillas only, we now give two alternative approaches. Bothmethods begin
by performing a quantum Fourier transform (QFT) ∣ j⟩ → 1√

d ∑m e 2πi jk/d ∣m⟩
on the qudit only. ¿en, in the �rst approach (cf. Fig. 9.1(a)), we can apply a
unitary

UD = d∑
j,m=1 e

−2πi jm/d ∣m⟩ ⟨m∣ ⊗ ∣2d− j⟩ ⟨2d− j∣ (9.12)

to e�ectively decouple the qudit and the ancilla qubits. ¿is can be understood
as the sequential application of d2 controlled local operations (1d − ∣m⟩⟨m∣) ⊗
12 + ∣m⟩⟨m∣ ⊗U(m)

D j
, with control on the qudit and

U(m)
D j

= ∣0⟩ ⟨0∣ + e−2πi jm/d ∣1⟩⟨1∣ (9.13)

acting on the j-th ancillary qubit. A er the action of the QFT and UD, which
jointly de�ne the global unitaryUB, the outputwill be the product stateUB ∣Ψ′⟩ =∣Φ+⟩ ∣Ψ′′⟩, where ∣Φ+⟩ = ∑i

1√
d
∣i⟩ is the maximally coherent state of the qudit,

and ∣Ψ′′⟩ = ∑d
i=1 ci ∣2d−i⟩ is a k-partite entangled state of the qubit ancillas.

An alternative approach (cf. Fig. 9.1(b)), which might lend itself to a more
e�cient implementation as it does not require global interactions, is to realise
the decoupling of the qudit by an operation Ω consisting of one-way LOCC
(see e.g. Ref. [256]). A er performing the QFT, one can measure the qudit in the{∣m⟩} basis and,depending on themeasurement resultm, apply the local unitary
U(m)
D = ∑d

j=1 e−2πi jm/d ∣2d− j⟩ ⟨2d− j∣ = ⊗ jU
(m)
D j

to the remaining d qubits. We
then obtain the �nal state Ω (∣Ψ′⟩) = ∣Ψ′′⟩, which is exactly the same as the state
of the qubits a er the unitary transformation UB from the previous approach.

We can formalise the properties of the protocol as follows, casting the result
in terms of mixed states in general.

Theorem 9.3. Given the above conversion protocol, consisting of the acti-
vation unitary UA and the decoupling operation (either via UB orΩ), with
ρ′ = UA(ρ ⊗ ∣0⟩⟨0∣⊗d)U†

A and ρ
′′ = Ω(ρ′), the following statements are

equivalent for 2 ≤ k ≤ d:
(i) CN(ρ) = k;
(ii) DE(ρ′) = k + 1;
(iii) DE(ρ′′) = k.

[256] Piani & Adesso, pra 2012
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Proof. ¿e equivalence between (i) and (ii) is a direct application of ¿m. 9.2.
To prove that (i) implies (iii), we �rst consider pure states, and assume w.l.o.g.
that the k nonzero coe�cients are the �rst ones. ¿en the last d − k qubits in∣Ψ′′⟩ are in the initial product state ∣0⟩⊗d−k , and we need to prove that the �rst
k qubits are genuinely multipartite entangled. ¿is is the case since any non-
trivial subset of such qubits is mixed. ¿at (iii) implies (i) can then be proven by
observing, as in the proof of ¿m. 9.2, that the isometry from ∣ψd⟩ to ∣Ψ′′⟩ can
be inverted, and using the just proven fact that (i) implies (ii). ¿e extension to
mixed states follows the exact same steps as in ¿m. 9.2.

9.2.1 Quantitative relations

We will �rst consider general distance-based resource quanti�ers, as discussed
in Sec. 5.4. Adapting a notation similar to the previous sections, we will useI(k−1) to denote the set of states which are at most k − 1-coherent, and similarlyM(k−1) to denote the set of k − 1-producible states, i.e. states which are at most
k − 1-partite entangled.

De�nition 9.4. Given a quasi-metric D(ρ, σ) contractive under CPTP
maps, we de�ne the distance-based measure of k-partite entanglement
as

E(k)
D (ρ) = inf

ς∈M(k−1) D(ρ, ς) (9.14)

and the distance-based measure of k-coherence as

C(k)
D (ρ) = inf

σ∈I(k−1) D(ρ, σ). (9.15)

¿e distance-based quanti�ers of k-coherence and k-partite entanglement
have useful properties which will allow us to relate the two resource quantita-
tively. In particular, within the distance-based framework, we prove the follow-
ing relation between the degree of coherence of a state ρ and the multipartite
entanglement of the output states ρ′ = UA(ρ ⊗ ∣0⟩⟨0∣⊗d)U†

A and ρ
′′ = Ω(ρ′)

obtained from the conversion protocol of ¿m. 9.3:

Proposition 9.5. Let D be any distance contractive under CPTP maps.
¿en

C(k)
D (ρ) ≥ E(k+1)

D (ρ′),
C(k)
D (ρ) ≥ E(k)

D (ρ′′).
Proof. LetB(k) denote the subset ofM(k) spanned by states of the form ∣Ψ′⟩ =∑d
i=1 ci ∣i⟩ ∣2d−i⟩ as obtained from the �rst step of the conversion protocol in
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¿m. 9.3. Similarly, letR(k−1) denote the subset ofM(k−1) spanned by ∣Ψ′′⟩ =∑d
i=1 ci ∣2d−i⟩ as obtained from the second step of the same protocol.
Let us consider ρ′ �rst. We have that

C(k)
D (ρ) = inf

σ∈I(k−1) D(ρ, σ)
= inf
σ∈I(k−1) D(UAρ ⊗ ∣0⟩ ⟨0∣⊗d U†

A,UAσ ⊗ ∣0⟩ ⟨0∣⊗d U†
A)

= inf
σ∈I(k−1) D(ρ′,UAσ ⊗ ∣0⟩ ⟨0∣⊗d U†

A)
= inf
δ∈B(k) D(ρ′, δ)
≥ inf
ς∈M(k) D(ρ′, ς)
= E(k+1)

D (ρ′),

(9.16)

where we have used¿m. 9.3, as well as the facts that D(ρ⊗ τ, σ ⊗ τ) = D(ρ, σ)
andD(UρU†,UσU†) = D(ρ, σ) for any contractive distanceD. Equality clearly
holds when there exists δ ∈ B(k) such that

inf
ς∈M(k) D(ρ′, ς) = D(ρ′, δ). (9.17)

An analogous argument holds for ρ′′, One can either follow the steps above
with the unitary transformation UB, or note the contractivity of the distance D
under the LOCC operation Ω and obtain:

C(k)
D (ρ) = inf

σ∈I(k−1) D(ρ, σ)
= inf
σ∈I(k−1) D(ρ′,Uσ ⊗ ∣0⟩ ⟨0∣⊗d U†)

≥ inf
σ∈I(k−1) D (Ω(ρ′), Ω (Uσ ⊗ ∣0⟩ ⟨0∣⊗d U†))

= inf
δ∈R(k−1) D(ρ′′, δ) (9.18)

≥ inf
ς∈M(k−1) D(ρ′′, ς)

= E(k)
D (ρ′′).

¿e amount of k-coherence present in the initial state thus places quantita-
tive constraints on the multipartite entanglement one can obtain from it.

Of particular interest will be the choice D(ρ, σ) = 1 − F(ρ, σ), that is, the
geometric measures as considered in Sec. 5.4.2). We will use the notation E(k)

G
and C(k)

G for these quantities. In particular, recall from¿m. 5.26 that

E(k)
G (ρ) = 1 −max{∑

i
piE(k)

G (∣ψi⟩⟨ψi ∣) ∣ ρ = ∑
i
pi ∣ψi⟩⟨ψi ∣} . (9.19)
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Remarkably, under the geometric quanti�ers, the k-coherence of any state
and the converted k+1-partite entanglement are in fact equal.¿e result relies on
the following lemma, which shows that for any pure state ∣Ψ′⟩ obtained from the
conversion protocol, it su�ces to optimise the distance-based quanti�er of k+ 1-
partite entanglement over the set of k-producible output states of the protocol,
instead of the whole set of k-producible states.

Lemma 9.6. Given a state of the form

∣ψ⟩ = d∑
i=1 ci ∣i⟩ ∣2d−i⟩ (9.20)

where we can take ∣c1∣ ≥ ∣c2∣ ≥ . . . ≥ ∣cd ∣ without loss of generality, the clos-
est k-producible state with respect to the �delity-based geometric measure
of entanglement can be chosen as a state ∣ψc⟩ ∈ B(k).
In other words, there exists ∣ψc⟩ ∈ B(k) such that

max∣ς⟩∈M(k) F(∣ψ⟩ , ∣ς⟩) = max∣σ⟩∈B(k) F(∣ψ⟩ , ∣σ⟩) = F(∣ψ⟩ , ∣ψc⟩). (9.21)

¿e proof is deferred to the Appendix.
¿e above Lemma �nally allows us to prove the equality between the geo-

metric quanti�ers for k-coherence and k + 1-partite entanglement in the �rst
step of the conversion protocol.

Theorem 9.7. Given ρ and the transformed state ρ′ as described in the
conversion protocol, we have

C(k)
G (ρ) = E(k+1)

G (ρ′). (9.22)

Proof. ¿e proof follows the methods of Refs. [120] and [61].
¿is result amounts to showing that there exists a state χ ∈ B(k) which is the

closest k-producible state to ρ′ with respect to the distance given by D(ρ, σ) =
1−F(ρ, σ). In other words, we need to �nd χ ∈ B(k) s.t. E(k+1)

G (ρ′) = 1−F(ρ′, χ).
First, let {pi , ∣ϕi⟩} be the optimal convex decomposition of ρ′ which realises

the in�mum in the convex roof extension of E(k+1)
G , that is,

E(k+1)
G (ρ′) = ∑

i
pi E(k+1)

G (∣ϕi⟩). (9.23)

De�ne {∣ξi⟩} ∈ M(k) to be the closest k-producible states to each of the states{∣ϕi⟩} with respect to the �delity-based distance, that is,
E(k+1)
G (∣ϕi⟩) = 1 − F(∣ξi⟩ , ∣ϕi⟩) ∀ i . (9.24)

[120] Streltsov et al., njp 2010

[61] Streltsov et al., prl 2015
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Now, notice that the support of ρ′ is spanned by states of the form
∣ψ′⟩ = ∑

i
pi ∣i⟩ ∣2d−i⟩ ∈ B(k), (9.25)

which means that any pure state in a convex decomposition of ρ′ can be ex-
pressed as a complex linear combination of such ∣ψ′⟩. In particular, each of the
states {∣ϕi⟩} can be written as

∣ϕi⟩ = ∑
j
r j ∣ j⟩ ∣2d− j⟩ . (9.26)

By Lemma 9.6, the closest k-producible state to each ∣ϕi⟩ is a state ∣ξi⟩ ∈ B(k),
and so we have

∣ξi⟩ = k−1∑
j=1 e j ∣ j⟩ ∣2d− j⟩ . (9.27)

Now, de�ne
χ = ∑

j
q j ∣ξ j⟩ ⟨ξ j∣ (9.28)

with coe�cients

q j = p j 1 − E(k+1)
G (∣ϕ j⟩)

1 − E(k+1)
G (ρ′) . (9.29)

Since each ∣ξi⟩ is in B(k), we get that χ ∈ B(k). Recalling that√F satis�es the
so-called strong joint concavity property [25], de�ned as¿ÁÁÀF (∑

i
ai ∣αi⟩ ⟨αi ∣ ,∑

i
bi ∣βi⟩ ⟨βi ∣) ≥ ∑

i

√
ai bi F (∣αi⟩ , ∣βi⟩), (9.30)

we get √
F(ρ′, χ) ≥ ∑

j

√
p j q j F (∣ϕ j⟩ , ∣ξ j⟩)

= ∑
j

¿ÁÁÁÀp2j
F (∣ϕ j⟩ , ∣ξ j⟩)2
1 − E(k+1)

G (ρ′)
= √

1 − E(k+1)
G (ρ′)

(9.31)

which follows by Eqs. (9.24) and (9.23). ¿is gives

E(k+1)
G (ρ′) ≥ 1 − F(ρ′, χ) (9.32)

and since χ ∈ M(k) is a convex combination of k-producible pure states, by
de�nition we also have

E(k+1)
G (ρ′) ≤ 1 − F(ρ′, χ) (9.33)

[25] Nielsen & Chuang, 2011
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and so χ is the closest k-producible state to ρ′. But since χ ∈ B(k) by construction,
Prop. 9.5 gives

C(k)
G (ρ) = E(k+1)

G (ρ′) (9.34)

as required.

¿e above result has implications for the quanti�cation of k + 1-partite en-
tanglement, since for any state of the form ρ′ as obtained from the conversion
protocol in ¿m. 9.3, the entanglement can be quanti�ed by considering the
quanti�cation of k-coherence instead. It has been recently shown that optimi-
sation over sets of k-coherent states can be expressed as semide�nite programs
[104], and together with the fact that the computation of the �delity function
can be cast as an SDP as well [221,222], we have that the geometric measure
of k + 1-partite entanglement of any state ρ′ can be quanti�ed as an SDP. ¿is
reduces the very complex problem of k-partite entanglement to a much simpler
optimisation with semide�nite constraints, and includes among others the class
of maximally correlated states considered previously.

[104] Ringbauer et al.,
preprint 2017

[221] Watrous,
Theory Comput. 2009

[222] Watrous,
Chic. J. Th.Comp. Sci. 2013
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10Polynomial measures of
entanglement and monogamy

¿e �nal chapter of the thesis deals with the problem of quantifying a class of
multipartite entanglement measures based on the so-called polynomial invari-
ants. Although the original measure of this kind — the concurrence [261] —
was introduced in order to characterise the operationally-motivated entangle-
ment of formation, the theory of polynomial invariants and their applications
to entanglement quanti�cation has since diverged from the strictly operational
considerations and has been investigated in purely mathematical terms. Many
of suchmeasures are relatively simple to quantify for pure states by construction,
but their computation for mixed states again relies on the concept of the con-
vex roof, which is notoriously di�cult to evaluate in general cases. We begin by
showing that under certain conditions this problem becomes trivial — precisely,
we prove that polynomial entanglement measures of degree 2 are independent
of the choice of pure-state decomposition of a mixed state when the latter has
only one pure unentangled state in its support.¿is allows for the analytical eval-
uation of convex roof extended entanglement measures in classes of rank-two
states obeying such condition. As an explicit application of this approach, we in-
vestigate possible generalisations of the Co�man-Kundu-Wootters monogamy
inequality from three to four qubits, accounting for multipartite entanglement
in addition to the bipartite terms. We show that the most natural extension of
the inequality does not hold in general, and our results allow us to characterise
exactly the violations of this inequality.

¿is chapter is based on results published in [br1,br2,br12].

10.1 a geometric approach to entanglement
quantification
In the characterisation of properties of multipartite entanglement, the formal-
ism of LOCC is o en extended to the so-called stochastic LOCC (SLOCC),
representing probabilistic LOCC transformations.¿is class admits a simpli�ed
mathematical structure: given two pure state ∣ψ⟩, ∣ϕ⟩ consisting of n systems
of dimension d, the transformation ∣ψ⟩ → ∣ϕ⟩ is possible with SLOCC if and
only if there exist local invertible linear operators L1, . . . , Ln ∈ Cd×d such that∣ϕ⟩ = L1⊗⋯⊗ Ln ∣ψ⟩ [51,260]. Disregarding normalisation, we can take each Li
to have determinant one, and thus belong to the special linear group SL(d ,C).

A polynomial invariant is then a polynomial function in the coe�cients
of a pure state ∣ψ⟩ which is invariant under SLOCC [51]. For a system of n d-

[261] Hill & Wootters, prl 1997

[br1] Regula & Adesso, prl 2016

[br2] Regula et al., pra 2016

[br12] Regula et al., prl 2014

[51] Eltschka & Siewert, jpa 2014

[260] Dür et al., pra 2000
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dimensional system, any such a polynomial invariant P of homogeneous degree
h can be written as

Ph (c L ∣ψ⟩) = ch Ph (∣ψ⟩), (10.1)

for any c > 0 and an invertible linear operator L ∈ SL(d ,C)⊗n representing a
SLOCC transformation. ¿en, one can take an appropriate power p of the abso-
lute value of any polynomial invariant P to construct an entanglement measure
on pure states,

Eph(∣ψ⟩) ∶= ∣Ph(∣ψ⟩)∣p . (10.2)

For n-qubit states (d = 2), the above expression de�nes a valid entanglement
monotone provided hp ≤ 4 [262,263], and in a slight abuse of terminology we
will refer to all such quantities as polynomial measures of entanglement. ¿e
concept of polynomial invariants can be used to obtain entanglement measures
for di�erent types of entanglement in any number of qubits [264,265] and qudits
[266]. Two particularly commonmonotones obtained in this way are the concur-
rence for two qubits [50,261] and the three-tangle for three qubits [267]. Notably,
the convex roof extension of the concurrence can be quanti�ed exactly for any
system of two qubits [50], although analytical solutions for the convex roof of
the three-tangle have been found only in very special cases [268–275] and the
�rst insights into the solutions of the even more complicated case of the convex
roof of four-qubit polynomial measures have been obtained only recently [276].

One can relate the properties of entanglement measures based on polyno-
mial invariants with the geometric representation of quantum states on a hyper-
sphere [268,277]. Here, we will limit ourselves to the case of density matrices ρ
of rank 2 and the familiar Bloch sphere. Any such state can always be written in
its spectral decomposition into the two eigenvectors {∣ϕ0⟩ , ∣ϕ1⟩} corresponding
to the two non-zero eigenvalues {λ0, λ1} as ρ = λ0 ∣ϕ0⟩⟨ϕ0∣ + λ1 ∣ϕ1⟩⟨ϕ1∣, with
λ0 + λ1 = 1. We can then visualise the support of ρ as the Bloch sphere with
the two eigenvectors as poles, and any state ∣ω⟩ on the surface of the sphere as
corresponding (up to normalisation) to a linear combination of the two eigen-
vectors, ∣ω⟩ = ∣ϕ0⟩ + ω ∣ϕ1⟩ for some ω ∈ C, with ∣ϕ1⟩ itself obtained in the limit
ω →∞. ¿is, in fact, can be understood as the stereographic projection of the
Bloch sphere, establishing a bijection between the sphere and the extended com-
plex plane Ĉ = C ∪ {∞} (see Fig. 10.1). To avoid ambiguities, we will use the
notation ω to denote the Bloch vector ω ∈ R3 corresponding to the given state∣ω⟩ ∈ span(ρ), with ϕ0 = (0, 0, 1)T and ϕ1 =∞ = (0, 0,−1)T .

Let E1h denote a polynomial entanglement measure based on a polynomial
invariant Ph of degree h as in Eq. (10.2), with p = 1 for simplicity. Let {∣ϕ0⟩,∣ϕ1⟩} be the two eigenvectors of a rank-2 state ρ corresponding to its non-zero
eigenvalues. ¿en, the entanglement E1h of any state ∣ω⟩ in the support of ρ can
be expressed as the absolute value of a polynomial in one complex variable ω:

E1h ( ∣ϕ0⟩ + ω ∣ϕ1⟩ ) = N h∏
i=1 ∣ω − zi ∣, (10.3)
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C

∣ϕ0⟩

∣ϕ1⟩

∣ω⟩

∣z⟩

ω
z

Figure .: The Bloch sphere as the stereographic projection onto the complex
plane (shaded blue plane). Every pure state ∣ω⟩ with a Bloch vector on the sphere
corresponds to the point ω ∈ C which lies at the intersection of the plane with the
line containing the Bloch vectors of ∣ω⟩ and the projection point ∣ϕ1⟩. States in the
upper hemisphere are mapped to the region of the plane inside the sphere, and
states in the lower hemisphere are mapped outside of it. The projection point itself,
corresponding to the state ∣ϕ1⟩, is mapped to a point at infinity.

where N is a normalisation constant, and {z1, . . . , zh} are the roots of the poly-
nomial E1h in Ĉ, de�ned by

E1h ( ∣ϕ0⟩ + zi ∣ϕ1⟩ ) = 0. (10.4)

¿e convex hull of the points on the Bloch sphere corresponding to these co-
e�cients {zi} de�nes the zero polytope [268,277]. ¿is concept provides a use-
ful representation of the set of all separable states within the considered Bloch
sphere, since the entanglement as measured by the convex roof extension of E1h
has to vanish for any convex combination of pure separable states (i.e., for any
mixed state inside the zero polytope), but will be strictly positive outside of their
convex hull. Various methods for constructing bounds to polynomial entangle-
ment measures in mixed states rely on �nding states within the zero polytope
and using them to form suitable convex combinations with states outside of it
[114,278,279].

A crucial observation is that this expression is in fact proportional to the Eu-
clidean distances between the Bloch vectors of the qubits. We make this precise
in the following lemma.

Lemma 10.1. Any polynomial entanglement measure can be computed for
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a pure state ∣ω⟩ = ∣ϕ0⟩ + ω ∣ϕ1⟩ in the support of a rank-2 state ρ as
E1h (∣ϕ0⟩ + ω ∣ϕ1⟩) = Nρ∏

i
∥ω − z i∥ (10.5)

where ω and z i are the Bloch vectors corresponding to ∣ω⟩ and each ∣zi⟩,
respectively, and Nρ is a normalisation constant, which can depend on the
given state ρ.

Proof. We begin by explicitly normalising the state ∣ω⟩ and additionally divid-
ing the expression (10.3) by the normalisation factors of all the states {∣zi⟩}, to
obtain

1
∏i

√
1 + ∣zi ∣2 E1h

⎛⎝∣ϕ0⟩ + ω ∣ϕ1⟩√
1 + ∣ω∣2

⎞⎠ = N∏i ∣ω − zi ∣√
1 + ∣ω∣2 h∏i

√
1 + ∣zi ∣2 . (10.6)

Let us now recall the de�nition of the chordal distance in the stereographic
projection, that is, the Euclidean distance between points xk on the sphere S2
corresponding to their stereographic projection ξk ∈ Ĉ [280]:

∥x1 − x2∥ = 2 ∣ξ1 − ξ2∣√
1 + ∣ξ1∣2√1 + ∣ξ2∣2 , (10.7)

with ∥x1 −∞∥ = 2√
1 + ∣ξ1∣2 . (10.8)

As we discussed, the Bloch sphere is precisely an (inverse) stereographic projec-
tion of Ĉ onto a sphere S2, and so we identify the right-hand side of Eq. (10.6)
with a product of distances between pure-state Bloch vectors de�ned by their
respective complex coe�cients. ¿is leads to the simple relation

E1h
⎛⎝∣ϕ0⟩ + ω ∣ϕ1⟩√

1 + ∣ω∣2
⎞⎠ = N

2h ∏i
√
1 + ∣zi ∣2∏

i
∥ω − z i∥

= Nρ∏
i
∥ω − z i∥ (10.9)

where we de�ned Nρ ∶= N
2h ∏i

√
1 + ∣zi ∣2.

We remark that the constant Nρ only depends on the support of ρ, and as
such it will be the same for any two states sharing the same support.

10.1.1 One-root states

We begin by noting that an entanglement measure of degree 2 can be obtained
simply by choosing E2/hh . Any such quantity is then a valid entanglement mono-
tone for both pure andmixed states [262,263], and the particular choice of degree

[280] Carathéodory, 1954

[262] Verstraete et al., pra 2003

[263] Eltschka et al., pra 2012

144

http://books.google.com/books?vid=ISBN978-0-8218-2831-1
http://dx.doi.org/10.1103/PhysRevA.68.012103
http://dx.doi.org/10.1103/PhysRevA.85.022301


A geometric approach to entanglement quanti�cation

2 was found to be particularly useful as it enjoys some simpli�ed scaling proper-
ties [274]. We will herea er make this choice of the degree of the measure.

We consider now a particular case of a state ρ such that there is only one
pure product state in its support, that is, the equation E2/hh (∣ϕ0⟩ + zi ∣ϕ1⟩) = 0
has only one unique root z with multiplicity h. We will refer to such states as
one-root states. For any such state, we can then use Lemma 10.1 to express the
value of the polynomial entanglement measure as

E2/hh (ρ) = Nρ min{∑
i
pi∥ψ i − z∥2 ∣ ρ = ∑

i
pi ∣ψi⟩⟨ψi ∣} . (10.10)

Geometrically, any state ρ can be identi�ed with a Bloch vector g in the Bloch
ball, and any pure-state decomposition of such a state gives a set of Bloch vectors{ai} on the sphere andweights {αi} such that∑i αiai = g. We will now use this
correspondence to establish a surprising property: the value of the convex roof
optimisation in (10.10) is in fact independent of the chosen pure state decom-
position, and no optimisation is necessary. ¿e result is based on the following
geometric argument.

Theorem 10.2. Consider an n-sphere with radius R and center located at
o. We will indicate by {λi , pi} a �nite set of points pi ∈ Rn+1 on the sphere
with corresponding weights λi , normalised so that∑i λi = 1. Let us choose
a particular point z on the sphere and denote by {αi , ai} a set such that
all points {ai} are equidistant from z, that is ∥z − ai∥ = ∥z − ak∥ ∀ i , k,
according to the standard Euclidean distance. Let g denote the barycenter
of the family of points, that is, g = ∑i αiai . ¿en, for any other set of points{β j , b j}which lie on the same sphere and share the same barycenter g, the
following holds:

∑ j β j∥z − b j∥2 = ∥z − al∥2, ∀ l . (10.11)

Proof. Apollonius’ formula [281] says that for any set of points {αi , ai} with
barycenter g and any chosen point z ∈ Rn+1 we can write

∑
i
αi ∥z − ai∥2 = ∥z − g∥2 +∑

i
αi ∥g − ai∥2 , (10.12)

but since we chose {αi , ai} to be equidistant from z, we get

∥z − g∥2 = ∥z − al∥2 −∑
i
αi ∥g − ai∥2 , (10.13)

for any chosen al . Applying the same formula to any other set of points {β j , b j}
with the same barycenter g gives:

∑
j
β j ∥z − b j∥2 = ∥z − g∥2 +∑

j
β j ∥g − b j∥2

= ∥z − al∥2 −∑
i
αi ∥g − ai∥2 +∑

j
β j ∥g − b j∥2 , (10.14)

[274] Viehmann et al.,
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by Eq. (10.13). Since the points {αi , ai} lie on the n-sphere, we get
R2 = ∥ai − o∥2 = ∥ai∥2 − 2 ⟨ai , o⟩ + ∥o∥2 (10.15)

for each ai , where ⟨⋅, ⋅⟩ denotes the standard Euclidean inner product. We can
average over this expression with the weights {αi} to obtain

R2 = (∑
i
αi ∥ai∥2 ) − 2 ⟨∑

i
αiai , o⟩ + ∥o∥2 , (10.16)

that is,∑i αi ∥ai∥2 = R2+2 ⟨g, o⟩−∥o∥2. Since the points {β j , b j} lie on the same
n-sphere and share the same barycenter g, we can conclude that∑i αi ∥ai∥2 =∑ j β j ∥b j∥2, and therefore ∑i αi ∥g − ai∥2 = ∑ j β j ∥g − b j∥2. Using this in Eq.
(10.14) gives the �nal result announced in Eq. (10.11).

¿e evaluation of E(ρ) is thus made easy and can be carried out exactly in
any decomposition. ¿at is, the measure E2/hh is an a�ne function on the whole
Bloch sphere,

E2/hh (∑
i
pi ∣ψi⟩ ⟨ψi ∣) = ∑

i
piE2/hh (∣ψi⟩) . (10.17)

It is particularly instructive to consider a decomposition of ρ such that all pure
states {∣ψi⟩} with Bloch vectors {ai} (in the notation of ¿eorem 10.2) lie on
the secant plane equidistant from the root point z, see Fig. 10.2. ¿e value of
E(ρ) then corresponds to the squared distance from any of these points ai to z,
according to Lemma 10.1. But since this can be done for any other state with a
Bloch vector lying in the same plane, the equidistant plane is in fact a plane of
constant entanglement.

Let us now introduce the radial state ρc whose vector c is at the centre of
the secant plane, i.e. at the intersection between the plane and the Bloch sphere
diameter joining zwith the antipodal point z′.¿e latter point corresponds to the
pure state ∣z′⟩ with maximal entanglement E on the sphere. As ρ and ρc are on
the same secant plane, one has E2/hh (ρ) = E2/hh (ρc). ¿e latter can be evaluated
by exploiting the a�nity of E2/hh , Eq. (10.17), and taking the decomposition ρc =
1
2 ∥c − z′∥ ∣z⟩ ⟨z∣ + 1

2 ∥c − z∥ ∣z′⟩ ⟨z′∣. Since E2/hh (∣z⟩) = 0, we �nally get, for any
one-root state ρ in the Bloch sphere, the closed formula

E2/hh (ρ) = E2/hh (ρc) = 1
2
∥c − z∥ E2/hh (∣z′⟩)

= 1
2
∥ρc − ∣z⟩⟨z∣∥1 E2/hh (∣z′⟩), (10.18)

where we have exploited the fact that the trace distance between 2-dimensional
density matrices is equal to the Euclidean distance between their Bloch vectors
[53]. With some simple geometry, this can be computed as

E(ρ) = 1
2
∣1 − ⟨z∣ρ∣z⟩ + ⟨z′∣ρ∣z′⟩∣ E(∣z′⟩). (10.19)

[53] Bengtsson & Życzkowski,
2007
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ρ

ρc

∣z⟩

∣z′⟩
∣ψ0⟩

∣ψ1⟩

∣ϕ0⟩

∣ϕ1⟩
Figure .: The entanglement of a rank- one-root state ρ, with detail of an equidis-
tant decomposition ρ = p ∣ψ0⟩ ⟨ψ0∣ + (1 − p) ∣ψ1⟩ ⟨ψ1∣, visualised on the Bloch sphere
with the polar states {∣ϕ0⟩ , ∣ϕ1⟩} being the eigenvectors of ρ. The flat shaded surface
is the plane of constant entanglement for ρ and the radial state ρc . The coloring on
the sphere corresponds to the value of entanglement, which amounts to the dis-
tance from the root state ∣z⟩, with red meaning vanishing entanglement, and blue
meaning maximum entanglement, reached on the antipodal state ∣z′⟩.

Remark 10.3. Similar methods can be employed to show that, for any rank-2
density matrix, the convex roof of polynomial measures of any degree can be
quanti�ed exactly when the measure has two unique roots with equal multiplic-
ity [br3].¿is provides a generalisation of the results discussed herein, but these
cases are not relevant to the applications we wish to discuss, so we have decided
not to include them for the sake of brevity.

10.1.2 Examples

¿e result can be readily applied to any suitable measure. For two qubits, a poly-
nomial measure of degree 2 is the concurrence C [261], for which our result can
be veri�ed to coincide with the known general solutions from [50,261]. A more
complicated case is that of three qubits, where the representative choice of a tri-
partite entanglement measure is the so-called three-tangle τ, and its square root
de�nes a valid quanti�er of degree 2 [267,274]. Although this quantity found a
fundamental application in describing the monogamy relations of entanglement
[267], at present no closed solution exists in general for its evaluation on mixed
states, beyond a few special cases [268–275]. Using our results, one can construct
examples of states which have not been characterised before [br1].
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pra 2016
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Beyond speci�c examples, one can wonder whether a more systematic char-
acterisation of one-root three-qubit states is possible, so as to gauge the relevant
range of applicability of our exact results. ¿e answer is a�rmative. Notice that
every rank-2 three-qubit state ρ can be puri�ed to a four-qubit state ∣Ψ⟩ ∈ C16,
and conversely the set of marginals obtained by tracing out one qubit from arbi-
trary four-qubit pure states ∣Ψ⟩ completely characterises the set of rank-2 three-
qubit states ρ. We can then aim to identify the one-root three-qubit states in
terms of their four-qubit puri�cations. To this end, we recall that while pure four-
qubit states have an in�nite number of SLOCC-inequivalent classes [260], that
is, subsets of states which cannot be transformed into one another by perform-
ing SLOCC operations, from the point of view of classifying their entanglement
properties they can in fact be conveniently grouped into 9 classes [282,283]. Each
of these classes then forms a subset Υµ ⊂ C16 (for µ = 1, . . . , 9) represented by
a generating family ∣Ga,b,c,d

µ ⟩ (dependent on at most four continuous complex
parameters a, b, c, d), such that all the states ∣Ψµ⟩ ∈ Υµ belonging to the µth class
are constructed as ∣Ψµ⟩ = L ∣Gµ⟩ /∥L ∣Gµ⟩ ∥, where L ∈ SL(2,C)⊗4 is a SLOCC
operation. ¿e union of all the nine classes ⋃9

µ=1 Υµ covers the Hilbert space of
all four-qubit pure states, up to permutations of the qubits.

We now make a useful observation. When two pure states are SLOCC-
equivalent, the supports of their corresponding reduced subsystems are spanned
by SLOCC-equivalent bases, whichmeans that all states in the reduced supports
are related by an invertible linear transformation [284,285]. Since for any two
SLOCC-equivalent states the polynomial entanglement measure Eph either van-
ishes on bothor is strictly nonzero on both [274],we have that SLOCCoperations
preserve the number of product states in the support of the reduced subsystems.
In other words, the number of roots in the zero polytope for the marginals of
four-qubit states is a SLOCC invariant.

It then su�ces to check the three-qubit marginals of the generators ∣Gµ⟩ to
look for the one-root property. ¿is can be done analytically a er some straight-
forward algebra, andwe �nd as a result that three of the nine classes of four-qubit
pure states have three-qubit marginals which can enjoy the one-root property,
thus establishing whole classes of three-qubit one-root states. We stress that our
results entail that for all these rank-2 mixed states ρ we can exactly calculate the
convex roof extended entanglement measure

√
τ thanks to ¿eorem 10.2.

Explicitly, the classes whose marginals are generally one-root are: class 5
(tracing out qubit 2 or qubit 4 only), and classes 7 and 8 (tracing out qubit 2,
3, or 4 only). ¿e corresponding sets of three-qubit one-root states are given

[260] Dür et al., pra 2000

[282] Verstraete et al., pra 2002

[283] Chterental & Djokovic,
2007
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therefore by

ρLµ,k = Trk ⎡⎢⎢⎢⎣
L ∣Ga

µ⟩⟨Ga
µ ∣ L†

Tr(L ∣Ga
µ⟩⟨Ga

µ ∣ L†)
⎤⎥⎥⎥⎦ , ∀ L ∈ SL(2,C)⊗4 ,

with k ∈ ⎧⎪⎪⎨⎪⎪⎩
{2, 4}, if µ = 5;
{2, 3, 4}, if µ = 7 or 8. (10.20)

For completeness, we report the relevant (unnormalised) generators: ∣Ga
5 ⟩ =

a(∣0000⟩ + ∣0101⟩ + ∣1010⟩ + ∣1111⟩) + i ∣0001⟩ + ∣0110⟩ − i ∣1011⟩, ∣G7⟩ = ∣0000⟩ +∣0101⟩ + ∣1000⟩ + ∣1110⟩, ∣G8⟩ = ∣0000⟩ + ∣1011⟩ + ∣1101⟩ + ∣1110⟩, where a ∈ C
with Re(a) ≥ 0. More classes of four-qubit states with one-root marginals can
be obtained as special cases of the states in other SLOCC classes; of particular
importance will be the class ∣Ga,b,c

2 ⟩, which has one-root marginals for certain
values of the parameters a, b, c. ¿is will be addressed in more detail in the next
section.

¿e square root of three-tangle for all the states in Eq. (10.20) is given ex-
actly by Eq. (10.18); if one prefers, it can also be evaluated numerically in any
convex decomposition (e.g. the spectral one), with no optimisation required.
We �nally note that many entanglement bounds for convex roof extended mea-
sures will be tight on the one-root states because of their simpli�ed properties.
For instance, bounds such as the best separable approximation for two qubits
[114], the bestW approximation for three qubits [278], and the generalised best
zero-E approximation [279] are based on �nding a convex decomposition for
an arbitrary state ρ in terms of states with vanishing entanglement and at most
one state with non-vanishing entanglement. However, for one-root states, such
a decomposition is possible only in one way: that is, into a pair formed by the
root ∣z⟩ and some other state ∣ω⟩; hence the entanglement of ρ is trivially given
by E(∣ω⟩) with the corresponding weight.

¿e main issue with our characterisation of the SLOCC classes discussed
above is that any generic four-qubit pure state in fact belongs to the class ∣G1⟩
[282], which does not enjoy the one-root property on its marginals. ¿is in par-
ticular means that this property is only encountered on zero-measure subsets of
the set of all rank-2 three-qubit densitymatrices, and therefore does not describe
a generic behaviour of such systems. One can then ask: are one-root states useful
in the characterisation of multipartite entanglement at all? We will now show
that they indeed are.

10.2 monogamy of entanglement
One of the fundamental traits of multipartite quantum entanglement is itsmono-
gamy— an inherent constraint on how it can be shared among multiple parties.
¿e concept was �rst formalised for a system of three qubits in the seminal work

[114] Lewenstein & Sanpera,
prl 1998

[278] Acín et al., prl 2001

[279] Rodriques et al., pra 2014

[282] Verstraete et al., pra 2002
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of Co�man, Kundu, andWootters (CKW) [267], showing that the entanglement
of a qubit with another pair of qubits (quanti�ed with the tangle τ) places a
bound on the total amount of pairwise entanglement between the considered
qubit and each qubit from the pair. ¿is relation, referred to as the CKWmono-
gamy inequality, can be expressed for a pure state ∣ϕ⟩ of three qubits as

τ(1)1∣23 (∣ϕ⟩) ≥ τ(2)1∣2 (∣ϕ⟩) + τ(2)1∣3 (∣ϕ⟩) (10.21)

where τ(1)i∣ jk represents the one-tangle, also known as the linear entropy, quanti-
fying the bipartite entanglement between a chosen qubit i and the rest of the
system in the state ∣ϕ⟩:

τ(1)i∣ jk (∣ϕ⟩) = 4det (Tr jk ∣ϕ⟩⟨ϕ∣) (10.22)

and τ(2)i∣ j denotes the two-tangle, which measures the pairwise entanglement for
the reduced subsystem of qubits i and j:

τ(2)i∣ j (∣ϕ⟩) = C (Trk ∣ϕ⟩⟨ϕ∣)2 (10.23)

where C is the concurrence.
Remarkably, the residual term in this inequality is invariant under SLOCC as

well as under permutations of the parties i jk, and in fact quanti�es the genuine
three-partite entanglement in the system [260]. It is is now known as the three-
tangle:

τ(3)1∣2∣3 (∣ϕ⟩) = τ(1)1∣23 (∣ϕ⟩) − τ(2)1∣2 (∣ϕ⟩) − τ(2)1∣3 (∣ϕ⟩) (10.24)

and it admits a straightforward closed-form expression as a polynomial of ho-
mogeneous degree 4 in the coe�cients of the state ∣ϕ⟩ [262,264,267].

Even though it is tailored for particular choices of the entanglementmeasure,
the CKW monogamy inequality is o en regarded as a quantitative constraint
capturing a characteristic property of entanglement itself, which distinguishes
it from other, weaker forms of nonclassical correlations [286,287]. ¿e relation
was later extended by Osborne and Verstraete [288] to describe the distribution
of pairwise entanglement in a system of n qubits, following the conjecture by
CKW [267], and takes the form

τ(1)1∣ 2⋯ n (∣ϕ⟩) ≥ n∑
j=2 τ

(2)
1∣ j (∣ϕ⟩). (10.25)

It is, however, obvious that this relation does not fully describe the entanglement
of an n-partite state, since on the right-hand side it only contains the entan-
glement of pairs of particles and disregards genuine multipartite correlations.
Indeed, many attempts have been made to construct a generalised monogamy
inequality for n qubits [br12,289–292]. To date, no extension in the spirit of
inequality (10.25) was found to provide a constraint on entanglement sharing
which could satisfactorily take into account all the forms of multipartite entan-
glement in the system.
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10.2.1 Strong monogamy inequalities

From eqs. (10.21) and (10.25), one might expect a natural extension of the CKW
inequality to hold, where the terms corresponding to di�erent kinds of entan-
glement of up to (n − 1) subsystems are considered. However, there are several
questions which make such a generalisation non-trivial; most importantly, how
exactly to de�ne and quantify the di�erent types of multipartite entanglement.
Let us consider the simplest generalisation of the monogamy inequality for ar-
bitrary pure states ∣ϕ⟩ of four qubits, which could take the form (referred to as
“strong monogamy” [br12,293]):

τ(1)1∣234
?≥ τ(2)1∣2 + τ(2)1∣3 + τ(2)1∣4 + τ(3)1∣2∣3 + τ(3)1∣2∣4 + τ(3)1∣3∣4, (10.26)

with ∣ϕ⟩ omitted for simplicity. Here, the square root of the three-tangle τ(3) can
be extended to mixed states by taking the convex roof as

τ(3)i∣ j∣k(ρ) = [min{∑
n
pn

√
τ(3)i∣ j∣k(∣ψn⟩) ∣ ρ = ∑

n
pn ∣ψn⟩⟨ψn∣}]2 (10.27)

Interestingly, this generalised form of monogamy has been shown to hold in a
range of systems of not just four, but n qubits, includingmixtures ofW states and
generalised GHZ states [br12] as well as generalisedW states, which saturate the
inequality [267,269,294]. It has also been investigated using di�erent entangle-
ment measures, including the square of convex-roof extended negativity [148]
and the standard negativity [295]. Additionally, a relation equivalent to (10.26)
has been shown to hold for all permutationally-invariant continuous-variable
Gaussian states [293]. All of these results suggest that it might be possible to
establish a similar relation for qubits.

However, and rather surprisingly, this natural extension turns out not to
hold in general, even for four qubits.

10.2.2 Violations of strong monogamy

Let us now denote by τ(4)1∣2∣3∣4 the residual term of the inequality, that is,

τ(4)1∣2∣3∣4 ∶= τ(1)1∣234 − τ(2)1∣2 − τ(2)1∣3 − τ(2)1∣4 − τ(3)1∣2∣3 − τ(3)1∣2∣4 − τ(3)1∣3∣4, (10.28)

which makes Eq. (10.26) equivalent to τ(4)1∣2∣3∣4
?≥ 0. To investigate the violations

of strong monogamy, we �rst performed extensive numerical tests in search of
states whose residual τ(4)1∣2∣3∣4 is negative. As described in Sec. 10.1.2, any pure
four-qubit state can be written as

∣ϕ⟩ = (A1 ⊗ A2 ⊗ A3 ⊗ A4) ∣Ga,b,c,d
i ⟩ , (10.29)

[br12] Regula et al., prl 2014
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[294] Kim, pra 2014
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[295] Karmakar et al., pra 2016
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where Ak are invertible linear operators, ∣Ga,b,c,d
i ⟩ is one of the nine generating

states corresponding to one of the nine SLOCC classes of four-qubit entangle-
ment, and a, b, c, d are complex parameters. A natural method to optimise over
the set of pure four-qubit states is then to randomise the parameters a, b, c, d as
well as the SLOCC transformations Ak applied to the generating states of each
class.

Noting that the three-qubit reduced subsystems of each pure four-qubit state
are mixed states of rank 2, we employed the so-called zero-E approximation
[279] to provide a tight upper bound on the convex roof of the mixed-state three-
tangle. ¿is means that our numerical tests in fact bound the residual τ(4)1∣2∣3∣4
from below, and while violations are a priori inconclusive, all positive results
con�rm the inequality. It is not possible to strictly falsify the strong monogamy
inequality unless we have an exact result for the convex roof.

A test of 106 randomly generated pure states in each SLOCC class, with all
parameters a,b,c,d and invertible linear operators Ak randomised, has returned
no violations of the inequality. ¿is provides strong evidence that the natural
extension of monogamy given by Eq. (10.26) holds for a generic choice of pa-
rameters de�ning the SLOCC classes. However, the situation is more subtle for
non-generic states. Speci�cally, in class 2, generated by

∣Ga,b,c
2 ⟩ = a + b

2
( ∣0000⟩ + ∣1111⟩ ) + a − b

2
( ∣0011⟩ + ∣1100⟩ )

+ c( ∣0101⟩ + ∣1010⟩ ) + ∣0110⟩ , (10.30)

we can �nd degenerate subclasses with a = c or b = c which do, in fact, lead to vi-
olations of the strongmonogamy inequality. A further numerical test of random
invertible linear operators applied to 5 × 106 states in each of these degenerate
subclasses revealed 24,626 violations in the former and 24,654 in the latter, with
the most violating state having a residual value of τ(4)1∣2∣3∣4 ≈ −0.097, which is
far beyond any possible error due to numerical precision. As anticipated, viola-
tions cannot be conclusively con�rmed until one establishes that the adopted
upper bound for the mixed-state three-tangles is in fact tight. Fortunately, this
is possible in the considered case.

To see this, we note the peculiarity of the two degenerate subclasses of
SLOCC class 2. Although the marginals of ∣Ga,b,c

2 ⟩ are not one-root states in
general, it can be straightforwardly veri�ed that taking a = c or b = c does in
fact always give four-qubit state whose marginals are all one-root, that is, they
only have a single unentangled pure state in their support. By ¿m. 10.2, we
know that not only can the value of the three-tangle be evaluated exactly for
such states, it is in fact the same in every convex decomposition. ¿erefore, the
values of the residual τ(4)1∣2∣3∣4 calculated numerically are in fact the exact values,
and any violation of the inequality found in these subclasses is a true violation.

In order to present an explicit example,wewould like to characterise a family
of violations analytically. An example family of states with particularly large vio-

[279] Rodriques et al., pra 2014
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Figure .: The exact residual τ(4)1∣2∣3∣4 as defined in Eq. (10.28) of the state ρa ,x in
(10.32) with respect to the parameters a and x.

lations of the inequality can be constructed by beginning with the state ∣Ga,b,c
2 ⟩

with b = c and additionally imposing b = c = ia for a parameter a ≥ 0. We can
then choose to parametrise an invertible linear operator Ax of determinant 1 in
a form which leads to an analytically tractable violating state:

Ax = ⎛⎝ (1 + i) (x + 1
3) ( 13 − i) + x

i (x − 2
3) 1+i

6 (3x − 2 − 3i)
⎞⎠ (10.31)

with a real parameter x. ¿e simplest case to consider is to apply the transfor-
mation to the �rst qubit only, giving the state (up to normalisation)

ρa,x = (Ax ⊗ 1⊗ 1⊗ 1) ∣Ga,ia,ia
2 ⟩⟨Ga,ia,ia

2 ∣ (Ax ⊗ 1⊗ 1⊗ 1)† (10.32)

with an explicit dependence on the parameters a and x. We stress that ρa,x be-
longs to the degenerate subclass of SLOCC class 2 for all a and x, so we know
that we can reach the convex roof of the three-tangles τ(3)i∣ j∣k(ρa,x) in any decom-
position, and therefore the residual τ(4)1∣2∣3∣4 of ρa,x can be quanti�ed exactly by
simply computing the spectral decomposition of the state. While the explicit
analytical expression for the residual is lengthy and omitted here, we plot it in
Figure 10.3 for di�erent values of the parameters.

As can be seen from the �gure, the strong monogamy inequality is violated
for a large subset of values of a and x. One can easily notice that the SLOCC
transformation with x = 0 leads to the biggest violations. To obtain the mini-
mum with regards to a, we analyze the marginal one-, two-, and three-tangles
of the subsystems, and �nd that the value of a = a0 = 5

6
√
2 leads in fact to the
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minimum value of the residual τ(4)1∣2∣3∣4 ≈ −0.076 within the considered family of
states.

We have thus explicitly demonstrated a signi�cant violation of the strong
monogamy inequality. ¿is shows that the natural extension of the CKW mo-
nogamy inequality in Eqs. (10.26) does not hold in general. A natural follow-up
question is then whether there exists a di�erent form of amonogamy relation for
which violations do not occur. ¿e fact that the natural extension of the CKW
inequality does not hold suggests that the three-partite terms in the inequality
should not be given the same weight as the bi- and single-partite terms.¿is can
be achieved e.g. by modifying the de�nition of the three-tangle to

τ(3)i∣ j∣k(ρ) = [min{∑
n
pn

√
τ(3)i∣ j∣k(∣ψn⟩) ∣ ρ = ∑

n
pn ∣ψn⟩⟨ψn∣}] µ

. (10.33)

or to

τ(3)i∣ j∣k(ρ) = [min{∑
n
pn (τ(3)i∣ j∣k(∣ψn⟩))1/µ ∣ ρ = ∑

n
pn ∣ψn⟩⟨ψn∣}]µ (10.34)

for some power µ > 2. ¿e �rst approach has the advantage that it preserves
the degree of the measure inside the convex roof, and we thus recover many
useful properties such as the one-root property. On the other hand, the second
approach preserves the overall degree of the inequality, which could be consid-
ered to be a more desirable behaviour. Although one can verify numerically
that both of these approaches are able to remove the violations of the inequality
encountered before, we were not able to prove the validity of either of the ap-
proaches in the general case, and thus leave a possible extension of the strong
monogamy inequality as an open question.
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AProofs and auxiliary results

chapter 7

Theorem 7.16. For any pure state φ and any m, we have

PDIO(φ→Ψm , 0) = P(S)IO(φ→Ψm , 0). (A.1)

Proof. We will assume without loss of generality that the coe�cients of ∣φ⟩ are
non-negative and arranged in non-increasing order. Let

k ∶= argmin
1≤ j≤m

1
j

d∑
i=m− j+1φ

2
i (A.2)

such that PSIO(φ → Ψm , 0) = m
k ∑d

i=m−k+1 φ2i . Note that if k = m, then 1 ≥
PDIO(φ → Ψm , 0) ≥ PSIO(φ → Ψm , 0) = 1. In the following, we will therefore
assume that 1 ≤ k ≤ m − 1. Further, let us begin by considering strictly positive ε.

De�ne

φA ∶= m−k∑
i, j=1 ∣i⟩⟨i∣φ ∣ j⟩⟨ j∣

φB ∶= d∑
i, j=m−k+1 ∣i⟩⟨i∣φ ∣ j⟩⟨ j∣

(A.3)

and notice that PSIO(φ→Ψm , 0) = m
k TrφB.

Taking the dual of the SDP for the maximum distillation probability
PDIO(ρ→Ψm , ε), we get

minimise
X ,P,λ

TrX

subject to m∆(ρ) +m∆(P) − P −m∆(X) + λρ −m(1 − ε)λ∆(ρ) ⪯ 0
P, X ⪰ 0 (A.4)
λ ∈ R+.

We will take the ansatz
P = µ1φB − µ2φA + [(1 − ε)λ − 1]φ
X = µ1∆(φB) (A.5)

for some coe�cients µ1, µ2 ∈ R+. Our aim will now be to show that there exists
a suitable choice of λ, µ1, and µ2 such that (X , P, λ) is feasible for the SDP (A.4).
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To this end, denote by Θ the all-ones matrix of appropriate size, and notice
that the �rst condition in (A.4) reduces to

0 ⪰ m∆(φ) +m∆(P) − P −m∆(X) + λφ −m(1 − ε)λ∆(φ)= µ2 (φA −m∆(φA)) − µ1φB + (1 + λε)φ
= ⎛⎝[µ2 + 1 + λε]ΘA −mµ21A [1 + λε]ΘO[1 + λε]ΘT

O [1 + λε − µ1]ΘB

⎞⎠ ○ φ
=∶ Q ○ φ

(A.6)

where ○ denotes the Schur product. Showing that Q ⪯ 0 will then imply
the desired relation Q ○ φ ⪯ 0 by the Schur product theorem. From the
generalised Schur complement condition, Q ⪯ 0 if and only if the following all
hold [296,297]:

(i) (µ2 + 1 + λε)ΘA −mµ21A ⪯ 0,
(ii) (1 + λε − µ1)ΘB ⪯ 0,
(iii) (µ2 + 1 + λε)ΘA −mµ21A − (1 + λε)2ΘO ([1 + λε − µ1]ΘB)−1ΘT

O ⪯ 0
(A.7)

whereM−1 denotes the Moore-Penrose pseudoinverse, which in particular satis-
�esM−1 = M/Tr(M)2 for any rank-one HermitianM [298]. From the �rst two
conditions, we have

(i) µ2 ≥ (1 + λε)m − k
k

,

(ii) µ1 ≥ 1 + λε, (A.8)

and the third condition reduces to

0 ⪰ (µ2 + 1 + λε)ΘA −mµ21A − (1 + λε)2[1 + λε − µ1]TrΘ2
B
ΘOΘBΘT

O

= (µ2 + 1 + λε)ΘA −mµ21A − (1 + λε)2
1 + λε − µ1ΘA

= [µ2 − (1 + λε)µ1
1 + λε − µ1 ]ΘA −mµ21A.

(A.9)

Noting that the coe�cient µ2 − (1+λε)µ1
1+λε−µ1 can never be negative when conditions

(i) and (ii) are satis�ed, we have

(iii) mµ2 ≥ (m − k) [µ2 − (1 + λε)µ1
1 + λε − µ1 ] . (A.10)

To ensure that P ⪰ 0, notice that since
P = ⎛⎝[−µ2 + (1 − ε)λ − 1]ΘA [(1 − ε)λ − 1]ΘO[(1 − ε)λ − 1]ΘT

O [µ1 + (1 − ε)λ − 1]ΘB

⎞⎠ ○ φ, (A.11)

[296] Zhang, 2005

[297] Bhatia, 2007

[298] Ben-Israel & Greville,
2003
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the positivity of P is equivalent to the positivity of the matrix

P′ ∶= ⎛⎝−µ2 + (1 − ε)λ − 1 (1 − ε)λ − 1
(1 − ε)λ − 1 µ1 + (1 − ε)λ − 1

⎞⎠ . (A.12)

We therefore have two additional conditions:
(iv) 0 ≤ Tr P′ = 2(1 − ε)λ + µ1 − µ2 − 2
(v) 0 ≤ det P′ = µ2 − (1 − ε)λµ2 − µ1 [1 − (1 − ε)λ + µ2] . (A.13)

Let us stress that conditions (i)–(v) together with µ1 ≥ 0 constitute a set of
su�cient conditions for a given choice of (X , P, λ) of the form (A.5) to satisfy
the feasibility conditions of SDP (A.4).

We will now make the ansatz

λ = µ1 − µ2
εµ2

µ1 = kµ2(µ2 − 1)
m − k

(A.14)

leaving µ2 as a free variable for now. With this choice, conditions (i)–(iii) are
always satis�ed for any µ2 ∈ R, while the other conditions reduce to

(iv) 2(kµ2 −m) + ε(2k − (2k +m)µ2 + kµ22) ≥ 0
(v) µ2 (εkm(1 − µ2)2 − (m − kµ2)2) ≤ 0 (A.15)

We will now make a choice of µ2 which can be veri�ed to satisfy the above the
inequalities for any ε < k

m as

µ2 = m +m2√ε
k − εm (A.16)

where we note that µ2 ≥ 1 and limε→0 µ1 = limε→0 µ2 = m
k . Since all conditions

(i)–(v) are satis�ed for our choice of (X , P, λ) with the given µ1 and µ2 for any
ε < k

m , the triple (X , P, λ) is a valid feasible solution for the SDP (A.4). ¿is
means in particular that for any 0 < ε < k

m we have

PDIO(φ→Ψm , ε) ≤ TrX = µ1 TrφB . (A.17)

Using the fact that SIO ⊂ DIO as well as that PDIO(φ → Ψm , ε) ≥ PDIO(φ →
Ψm , 0) for any ε, this then gives

PSIO(φ→Ψm , 0) ≤ PDIO(φ→Ψm , 0)≤ lim
ε→0 PDIO(φ→Ψm , ε)

≤ m
k
TrφB

= PSIO(φ→Ψm , 0)
(A.18)

which completes the proof.
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Proposition 7.17. For O ∈ {DIO,MIO} and any pure state φ with φ1 ≥
. . . ≥ φn > 0, it holds that

PO(φ→Ψ2, ε)=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if ε≥ ε0(φ1),
2(1 − φ21 ) (√

1−ε+√ε
1−2ε )2 otherwise,

where ε0(φ1) ∶= ⎧⎪⎪⎨⎪⎪⎩
0 if φ1 ≤ 1√

2 ,
1
2 − φ1√1 − φ21 otherwise.

Proof. Since the case ε = 0 follows from¿m. 7.16, we will assume ε > 0. For
the case of φ1 ≤ 1√

2 , we have

PO(φ→Ψ2, ε) ≥ PSIO(φ→Ψ2, 0) = 1. (A.19)

From the result in ¿m. 7.11, we know that if ε ≥ 1
2 − φ1√1 − φ21 , then PDIO(φ→

Ψ2, ε) = 1. In the following,we therefore only consider the case ε < 1
2−φ1√1 − φ21 .

We prove this result by explicit constructing feasible solutions in both primal
and dual SDPs. ¿e primal SDP under DIO is given by

PDIO(φ→Ψ2, ε) = max{TrGφ ∣ TrCφ ≥ (1 − ε)TrGφ, (A.20)

0 ≤ C ≤ G ≤ 1, ∆(G) = 2∆(C), G = ∆(G)}.
We take the ansatz

G = 1 − x ∣0⟩ ⟨0∣ , C = 1
2
G + y n∑

i=2 φ1φn(∣1⟩ ⟨i∣ + ∣i⟩ ⟨1∣). (A.21)

¿en we have

TrGρ = 1 − xφ21 , TrCρ = 1
2
(1 − xφ21 ) + 2yφ21 (1 − φ21 ), (A.22)

and

spec(C) = spec(G − C) (A.23)

=
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
1
2
,⋯, 1

2´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶
n−2 fold

, 1
2
− x
4
−
√

y2φ21 (1 − φ21 ) + x2
16
, 1
2
− x
4
+
√

y2φ21 (1 − φ21 ) + x2
16

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
.

(A.24)
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¿en we have the relaxation

PDIO(φ→Ψ2, ε) ≥ maximise 1 − xφ21
subject to 4yφ21 (1 − φ21 ) = (1 − 2ε)(1 − xφ21 ),

1 − x ≥ 4y2φ21 (1 − φ21 ),
0 ≤ x ≤ 1.

(A.25)

By choosing

x = 1 − 2(1 − φ21 )(√
1−ε+√ε
1−2ε )2

φ21
, y = (√1 − ε +√

ε)2
2φ21 (1 − 2ε) , (A.26)

we can verify that this is a feasible solution. ¿us we have

PDIO(φ→Ψ2, ε) ≥ 2(1 − φ21 )(
√
1 − ε +√

ε
1 − 2ε )2 . (A.27)

As for the dual problem, we consider the dual SDP under MIO,

PMIO(φ→Ψ2, ε) = minimise TrY
subject to (1 − (1 − ε)x)φ + X + ∆(Z) ⪯ Y ,

xφ − X − 2∆(Z) ⪯ 0,
x ≥ 0, X ⪰ 0,Y ⪰ 0

(A.28)

Taking

x = (√1 − ε +√
ε)2√

1 − ε√ε(1 − 2ε) , Y = 2(√
1 − ε +√

ε
1 − 2ε )2 (1 − ∣0⟩ ⟨0∣)φ(1 − ∣0⟩ ⟨0∣),

(A.29)

Z = 2
1 − 2ε ∣0⟩ ⟨0∣φ ∣0⟩ ⟨0∣ , X = Y − ∆(Z) − (1 − (1 − ε)x)φ, (A.30)

we can verify that {x , X ,Y , Z} is a valid feasible solution. ¿us

PMIO(φ→Ψ2, ε) ≤ 2(1 − φ21 )(
√
1 − ε +√

ε
1 − 2ε )2 . (A.31)

Combining Eqs. (A.27) and (A.31), we have the desired result.
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Theorem 8.12.¿e one-shot entanglement cost under the classes of opera-
tions PPT, P-PPT, and P-PPT+ is given by

E(1),ε
c,P-PPT+(ρ) = ⌈ min

ρ̃∈Bε(ρ) log (RPPT+
PPT+(ρ̃) + 1)⌉

log

E(1),ε
c,PPT(ρ) = E(1),ε

c,P-PPT(ρ) = ⌈ min
ρ̃∈Bε(ρ)ΥPPT(ρ̃)⌉

log

(A.32)

where

ΥPPT(ρ) ∶= log min
ω∈PPT+{ λ ∈ R+ ∣ ρ + (λ − 1)ω

λ
∈ PPT, (λ + 1)ω − ρ

λ
∈ PPT}

= log min
Z∈H+ {mTr Z ∣ −(m − 1)ZTB ⪯ ρTB ⪯ (m + 1)Tr ZTB } .

(A.33)

For convenience,wewill split the proof of the¿eorem into separate lemmas.

Lemma A.4. E(1),ε
c,P-PPT+(ρ) = ⌈ min

ρ̃∈Bε(ρ) log (RPPT+
PPT+(ρ̃) + 1)⌉

log
.

Proof. Since Ψm is invariant under any unitary of the form U ⊗ U∗, it is in
particular invariant under the twirling T , and we can without loss of generality
consider only operations of the form Λ = Λ ○ T , giving

Λ(ρ) = Tr(ρΨm)X + [1 − Tr(ρΨm)] Z . (A.34)

for some operators X , Z. ¿e condition that Λ is a CPTP map then constraints
X and Z to be density operators. To constrain the operation Λ to be in P-PPT+,
we restrict without loss of generality to isotropic input states of the form

I f ∶= fΨm + 1 − f
m2 − 1 (1 − Ψm) . (A.35)

Recalling that I f ∈ SEP i� I f ∈ PPT+ i� 0 ≤ f ≤ 1
m [230], we have that every PPT

isotropic state can be written as

qI 1
m
+ (1 − q)1 − Ψm

m2 − 1 (A.36)

with q ∈ [0, 1], and therefore for any Λ ∈ PPT+ it is su�cient and necessary to
impose that

Λ (I 1
m
) = X + (m − 1)Z

m
∈ PPT+

Λ (1 −Ψm
m2 − 1 ) = Z ∈ PPT+.

(A.37)

[230] Horodecki & Horodecki,
pra 1999
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Noticing that Λ(Ψm) = X, we then have
max{F(ρ, Λ(Ψm)) ∣ Λ ∈ P-PPT+}

=max{ F(ρ,ω) ∣ ∃ σ ∈ PPT+ s.t. ω + (m − 1)σ
m

∈ PPT+}
=max{ F(ρ,ω) ∣ RPPT+

PPT+(ω) ≤ m − 1}
(A.38)

and the result follows by de�nition of entanglement cost.

Lemma A.5. E(1),ε
c,P-PPT(ρ) = ⌈ min

ρ̃∈Bε(ρ)ΥPPT(ρ̃)⌉
log
.

Proof. ¿e argument is similar to Lemma A.4. To constrain the operation Λ to
be in P-PPT, we again restrict without loss of generality to isotropic normalised
operators

I f ∶= fΨm + 1 − f
m2 − 1 (1 − Ψm) (A.39)

where we note that I f ∈ PPT i� − 1
m ≤ f ≤ 1

m . ¿is means that every isotropic
PPT operator of trace 1 can be written as either

qI 1
m
+ (1 − q)1 − Ψm

m2 − 1 (A.40)

or
qI− 1

m
+ (1 − q)1 − Ψm

m2 − 1 . (A.41)

with q ∈ [0, 1]. We therefore get the constraints:

Λ (I 1
m
) = X + (m − 1)Z

m
∈ PPT

Λ (I− 1
m
) = (m + 1)Z − X

m
∈ PPT

Λ (1 −Ψm
m2 − 1 ) = Z ∈ PPT

(A.42)

Recalling that the complete positivity of Λ imposes Z ∈ D and hence Z ∈ PPT+,
we then get

max{F(ρ, Λ(Ψm)) ∣ Λ ∈ P-PPT}
=max{ F(ρ,ω) ∣ ∃ σ ∈ PPT+ s.t. ρ + (m − 1)σ

m
∈ PPT, (m + 1)σ − ρ

m
∈ PPT}

=max{ F(ρ,ω) ∣ ΥPPT(ρ) ≤ m}
(A.43)

as required.
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Lemma A.6. E(1),ε
c,PPT(ρ) = ⌈ min

ρ̃∈Bε(ρ)ΥPPT(ρ̃)⌉
log
.

Proof. We again consider operations of the form

Λ(ρ) = Tr(ρΨm)X + [1 − Tr(ρΨm)] Z . (A.44)

¿e problem of entanglement cost under PPT operations has already been con-
sidered in [227], where it was shown that any operation of the form (A.44) is
PPT if and only if −(m − 1)ZTB ⪯ XTB ⪯ (m + 1)ZTB .
chapter 9

Lemma 9.6. Given a state of the form

∣ψ⟩ = d∑
i=1 ci ∣i⟩ ∣2d−i⟩ (A.45)

where we can take ∣c1∣ ≥ ∣c2∣ ≥ . . . ≥ ∣cd ∣ without loss of generality, the clos-
est k-producible state with respect to the �delity-based geometric measure
of entanglement can be chosen as a state ∣ψc⟩ ∈ B(k).
In other words, there exists ∣ψc⟩ ∈ B(k) such that

max∣ς⟩∈P(k) F(∣ψ⟩ , ∣ς⟩) = max∣σ⟩∈B(k) F(∣ψ⟩ , ∣σ⟩) = F(∣ψ⟩ , ∣ψc⟩). (A.46)

Proof. Recall that, by¿m. 1, a state in B(k) has p nonzero coe�cients (2 ≤ p ≤
d) i� it is p+ 1-partite entangled. ¿erefore, we have that any ∣ω⟩ ∈ B(k) is given
by ∣ω⟩ = ∑

j∈J d j ∣ j⟩ ∣2d− j⟩ (A.47)

[227] Audenaert et al., prl 2003

185

http://dx.doi.org/10.1103/PhysRevLett.90.027901


where J is a subset of at most k − 1 elements of {1, . . . , d}. Hence
F(∣ψ⟩ , ∣ω⟩) = ∣ ⟨ψ∣ω⟩ ∣2

= RRRRRRRRRRRR
d∑
i=1 ∑j∈J cid j ⟨i∣ j⟩ ⟨2d−i ∣2d− j⟩

RRRRRRRRRRRR
2

= RRRRRRRRRRRR∑j∈J c jd j
RRRRRRRRRRRR
2

≤ ∑
j∈J ∣c j∣2 ∑

j∈J ∣d j∣2
= ∑
j∈J ∣c j∣2

≤ k−1∑
i=1 ∣ci ∣2

(A.48)

using the Cauchy-Schwarz inequality and the fact that the coe�cients ∣ci ∣ are
arranged in non-increasing order, so the choice of the �rst k − 1 coe�cients
maximises the expression. ¿is bound is saturated by the renormalised state
given by

∣ψc⟩ = ∑k−1
i=1 ci ∣i⟩ ∣2d−i⟩√∑k−1

j=1 ∣ci ∣2 ∈ B(k) (A.49)

and so it is tight.
¿erefore, we need to show that for any ∣ϕ⟩ ∈ P(k) we have ∣ ⟨ψ∣ϕ⟩ ∣2 ≤∑k−1

j=1 ∣ci ∣2.
For a general k-producible state, we have to consider several di�erent cases

corresponding to di�erent partitions. Consider a general k-producible state∣ϕ(n)⟩, where the qudit is entangled with n qubits and the remaining (d − n)
qubits are in some arrangement — we do not explicitly assume anything about
the state of the (d − n) qubits. ¿e state has the following form:

∣ϕ(n)⟩ = ∣qudit + n qubits⟩ ⊗ ∣d − n qubits⟩
= ∣ϕ(n)

A ⟩ ⊗ ∣ϕ(n)
B ⟩ . (A.50)

We necessarily have that n ≤ k − 1, because otherwise ∣ϕ(n)⟩ would not be k-
producible.

Note that for a general bipartite state ∣αAB⟩, it follows from the Schmidt
decomposition that [118]

max
separable ∣ηAB⟩ ∣ ⟨ηAB∣αAB⟩ ∣2 = λmax(TrA ( ∣αAB⟩ ⟨αAB∣ )) (A.51)

where λmax denotes the largest eigenvalue. In our case, we can treat ∣ψ⟩ as a
bipartite state where the subsystem A is comprised of the qudit and n qubits,

[118] Shimony,
Ann. NY Ac. 1995
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and ∣ϕ(n)⟩ is the corresponding product state. We then have

Tr(qudit) ( ∣ψ⟩ ⟨ψ∣ ) = d∑
i, j,m=1 cic j ⟨m∣i⟩ ⟨ j∣m⟩ ∣2d−i⟩d ⟨2d− j∣

= d∑
i=1 ∣ci ∣2 ∣2d−i⟩d ⟨2d−i ∣=∶ ρ′

Tr(n le most qubits)(ρ′) = n∑
j=1 ∣c j∣2 ∣00 . . . 0⟩ ⟨00 . . . 0∣ +
+ d∑
i=n+1 ∣ci ∣2 ∣2d−i⟩d−n ⟨2d−i ∣=∶ ρ(n)

(A.52)

where we have introduced a subscript in the notation ∣2d−i⟩d−n to indicate that
there are d−n qubits le over. Notice that the only possible nonzero eigenvalues
of ρ(n) are given by:∑n

i=1 ∣ci ∣2, ∣cn+1∣2, ∣cn+2∣2, . . . , ∣cd ∣2. Since the coe�cients ∣ci ∣
are arranged in non-increasing order by assumption, it follows that

max∣ϕ(n)⟩∈P(k) ∣ ⟨ϕ(n)∣ψ⟩ ∣2 ≤ λmax (ρ(n)) = n∑
i=1 ∣ci ∣2 ≤

k−1∑
j=1 ∣ci ∣2 (A.53)

as required.
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