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Abstract

Various physical phenomena have found use as resources in quantum
information processing tasks, and the study of their properties is necessary
to provide optimal methods to harness their power. The thesis presents
a series of results aiming to characterise the quantitative and operational
aspects of general quantum resources, and in particular to establish meth-
ods applicable to a variety of resources and emphasise the similarities
in their characterisation. Our approach relies on the underlying convex
structure of quantum resource theories, employing techniques from con-
vex analysis and optimisation to gain a better understanding of both the
fundamental properties of quantum resources as well as our ability to
manipulate them efficiently in information processing protocols such as
resource distillation.

The first part of the thesis introduces a unified framework for resource
quantification, establishing general properties of arbitrary convex quan-
tum resource theories and providing insight into the common structure
of many physically relevant resources. The second part of the thesis deals
with the convex optimisation problems involved in the operational char-
acterisation of two representative quantum resources, quantum entangle-
ment and quantum coherence, where we in particular establish a detailed
description of their distillation under several classes of operations, and
introduce methods for the interconversion between the two resources. In
the final part, we employ geometric methods to characterise the quan-
tification of entanglement measures based on polynomial invariants and
apply the results to investigate the monogamy properties of multipartite
entanglement.
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Introduction

The overarching aim of quantum information theory is to understand how in-
formation can be transferred, processed, and encoded in physical systems. In
recent years, many physical phenomena in quantum information have gone
from being of purely theoretical interest to enjoying a variety of operational
uses in quantum information protocols, enabling tasks impossible within the
realm of classical physics, and prompting a technological revolution currently
transforming areas such as communication, computation, cryptography, and
sensing. The realisation that intrinsic physical properties of quantum systems
can be regarded precisely as resources in information processing tasks sparked
an investigation of quantum information in a resource-theoretic setting [1-6].

The prototypical example of a quantum resource is quantum entanglement,
characterising how nonlocal correlations can significantly enhance the informa-
tion processing capabilities of two agents restricted to spatially separated labora-
tories [7]. Following this paradigm, a variety of quantum resource theories have
been investigated, including asymmetry [8,9], athermality [10], purity [11], non-
locality [12,13], coherence [8,14-16], nonclassicality [17-20], Einstein-Podolsky-
Rosen steering [21], contextuality [22], magic state quantum computation [23],
or non-Markovianity [24].

A general resource theory can be understood as the investigation of the prop-
erties of a restricted set of quantum states and our ability to manipulate them
efficiently with a restricted set of quantum channels. In particular, two crucial
aspects of such a characterisation are the quantification of the given resource, al-
lowing us to discriminate which quantum states are the most useful in the given
physical task, as well as the conversion of resourceful states, describing the lim-
itations on transformations between quantum states under the restricted class
of operations. Both of the fundamental aspects rely heavily on complicated opti-
misation problems, making them very difficult to answer in general terms, and
frequently requiring resource-specific approaches which cannot be generalised
to encompass multiple physically relevant resources.

The purpose of this thesis is to reveal the connections between seemingly un-
related resource theories, develop universal methods applicable to wide ranges
of quantum resources, and characterise the quantitative as well as operational
properties of a variety of resources. The common theme connecting all of our
results is convexity, which underlies the structure of quantum states and quan-
tum resources, allowing us to exploit it in an efficient and general description of
their properties.

The thesis is organised as follows.
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In Chapters 2 and 3, we introduce the mathematical basics of quantum infor-
mation and quantum resources. Chapter 3 in particular presents an operational
characterisation of quantum entanglement, which can be seen as the basis for the
definition of more general resource theories. We discuss the problems that one
might encounter when trying to establish a fully general approach to quantum
resources, and motivate the questions that the remainder of the thesis aims to
answer. Chapter 4 then introduces the fundamentals of convex analysis and opti-
misation, which will form the foundation of the methods used in the subsequent
chapters.

In Chapter 5, we introduce a unifying formalism for the quantification of
quantum resources based on the gauge functions of convex sets, significantly sim-
plifying the construction and characterisation of quantifiers of general quantum
resources, and establishing a consolidated view of many resource measures. In
particular, we show that many commonly used and well-known resource quanti-
fiers — such as ones based on matrix norms, measures built through the convex
roof, the so-called robustness measures, as well as various witness-based quan-
tifiers — are all examples of such gauge functions, allowing us to relate them
in a common geometric framework. This allows us to establish an extensive
family of quantifiers for any given quantum resource, introduce easily verifi-
able criteria for a measure to satisfy desirable properties such as faithfulness
and strong monotonicity under relevant free operations, and generalise known
measures to new quantum resources very easily. Further, we show that many re-
lations and bounds between the measures are in fact universal among quantum
resources, and the proofs of such properties can be simplified in our framework.
The applications of this formalism to a choice of physically relevant resources
such as entanglement (including multipartite entanglement and entanglement
of Schmidt number k), quantum coherence, and magic states are discussed in
Chapter 6.

Chapter 7 establishes a novel framework for the one-shot distillation of quan-
tum coherence, characterising the operational task in a realistic, non-asymptotic
setting. We investigate coherence distillation under several different classes of
relevant quantum operations, highlighting differences in their capabilities and
establishing their fundamental limitations in state transformations. We then gen-
eralise this task to several different operational settings, including probabilistic
distillation, where the protocol succeeds only with a certain probability, as well
as assisted distillation, which is performed with the assistance of a third party.
We provide detailed characterisation and comparison of the operational proper-
ties of quantum coherence, and in particular provide a complete description of
distillation from pure input states for all classes of free operations.

In Chapter 8, we show that the approach of Chapter 7 generalises also to
quantum entanglement, where we employ it to characterise the distillation of
entanglement in the one-shot setting. We provide insight into entanglement ma-
nipulation under classes of operations which extend the fundamental class of



local operations and classical operations, such as separability-preserving opera-
tions and operations with a positive partial transpose. We establish in particular
simplified properties of entanglement distillation for pure and maximally corre-
lated states.

Chapter 9 develops an operational equivalence between the two resources of
coherence and entanglement in multipartite settings, showing that the resources
can always be interconverted with each other. We exemplify the results with an
explicit protocol which converts quantum coherence into multipartite entan-
glement faithfully, and show that in additional to a qualitative equivalence, the
resources are related quantitatively, in the sense that the amount of entangle-
ment which can be generated is exactly equal to the coherence in the conversion
protocol under a suitable choice of quantifiers.

Finally, Chapter 10 deals with the problem of quantifying a class of polyno-
mial measures of entanglement. We present an exact solution to the convex roof,
a notoriously difficult optimisation problem which makes the quantification of
mixed-state entanglement difficult in general. By providing geometric insight
into the structure of this problem, we solve it for a simplified class of states. The
result finds an immediate application in the monogamy relations of multipartite
entanglement, where we show that a natural generalisation of known three-qubit
monogamy inequalities is violated in four-qubit systems.



PART 1

PRELIMINARIES
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2.1

Basics of quantum information '.

This chapter reviews the basic concepts of quantum information and establishes
the notation used throughout the thesis. The definitions follow standard litera-
ture [25-27].

QUANTUM STATES AND OPERATORS

The formalism of quantum information is built upon a complex Hilbert space H
with the inner product (-, -), which we will take to be linear in the second argu-
ment. Vectors in H will be represented with the notation |y), while elements of
the corresponding dual space of linear functionals #* are represented by (¢|. By
the Riesz representation theorem, we can uniquely identify each |¢) € H with
a vector (¢| € H* such that (¢|y) = (|¢),|v)), and we will hereafter follow the
convention to use (¢|y) to denote the inner product on H. Throughout this the-
sis, we will concern ourselves with Hilbert spaces which are finite-dimensional,
and this will hereafter be assumed without further comment.

The vector space of linear operators acting on # will be denoted as L(#),
and the notation A" will mean the adjoint of A € £(#). An operator is called
self-adjoint if A = AT, positive if it is self-adjoint and (y|A|y) > 0 for all |y) € H,
and positive definite if it self-adjoint and (y|A|y) > 0 for all |y) € H. Notice
that, when equipped with the Hilbert-Schmidt inner product (A, B) = Tr(A'B),
L(#H) forms a Hilbert space of its own. We will often employ the notation A > B
to denote an operator inequality, equivalent to the fact that the operator A — B
is positive. We will use ker(A) to denote the kernel, and supp(A) := ker(A)*
to denote the support of an operator A. Notice that if A is self-adjoint, then
supp(A) is the range of A. We will also write £(H;, H>) for the space of linear
maps from a Hilbert space #; to another Hilbert space H,.

Since we are only concerned with finite-dimensional Hilbert spaces, it holds
that # = C4, and we will make no notational distinction between a vector
|y} € H and its corresponding column vector |y) € C? in a fixed basis, (¢| € H*
and its corresponding row vector (¢| = |¢)" with T denoting conjugate transpose,
or an operator A € £(H) and its corresponding d x d matrix A € C*9, Self-
adjoint operators can then be identified with Hermitian matrices H (the dimen-
sion will be omitted when it is unambiguous), positive operators with positive
semidefinite matrices Hl,, and positive definite operators with positive definite
matrices H, ;. The norm induced on # by the inner product then corresponds

11
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2.1.1

Quantum states and operators

to the vector £, norm, denoted as ||[y}[,, = \/(¥|w), and the induced norm on

L(H) corresponds to the Frobenius norm [|A[, = \/Tr (A, A) = V' Tr ATA.

Quantum states are often identified with a vector |y) € H, normalised so that
(v|y) = 1. Strictly speaking, the physical state of a quantum system corresponds
to a whole equivalence class of such vectors, in the sense that the vectors |y) and
e’ |y) with 6 € R describe the same system and are physically indistinguishable.
This motivates us to identify quantum states with the one-dimensional projec-
tions |y)(y|, which are referred to as pure states. We will often use the notation
v = |w)(y] for pure-state projectors.

More generally, one might not have a perfect knowledge about the state
of a quantum system — it can be the case that a physical system is described
by a statistical ensemble of states {|y;) }, and the only information we have is
that the system can be found in one of the states |y;) with some corresponding
probability p;. Such a quantum system is said to be in a mixed state, described
by the so-called density matrix p = ¥; p; | )(wi|. Since each pure state |y;) is
normalised and a probability distribution satisfies p; € R, and }; p; = 1, we
then have that the most general representation of a quantum system corresponds
to a matrix p € H such that Tr(p) = 1. We will use D or D(#) to denote the set
of all such density matrices.

The lack of knowledge about the state of a quantum system is naturally quan-
tified by the von Neumann entropy S(p), defined as

S(p) = —Tr(plogp) (2.1)

where for any state p written in its spectral decomposition as p = >; A; [wi ) (il
with 1; > 0 we define logp = ¥ ;logA; |y;){v;|, and the logarithm is taken in
base 2. The von Neumann entropy vanishes for any pure state, and reaches its
maximal value of log d if and only if p is the maximally mixed state 1/d.

Composition of states

Quantum states are often parts of a composite system, where one physical system
consists of several subsystems indexed by {1, ..., n}, each described by its corre-
sponding Hilbert space H;. The state space of such a composite system is then
given by the tensor product H;..., = H;®---® H,,, and any state in this composite
space corresponds to a density operator p € L(Hy...n) = L(H1) ® - @ L(H ).
We will often use the shorthand notation |ii) = |i) ®|i) where {|i) } denote some
orthonormal bases of the corresponding subsystems.

The operation of partial trace Tr; corresponds to discarding a given subsys-
tem j. It is defined as the linear map satistying

Trj(Bi®-®B,) =Tr(Bj) Bi®-Bj.1®Bj;; ® - ® B, (2.2)

where each B; € £(H;). More generally, we will denote by Tr;,...;, the partial
trace over any collection of subsystems. Notice that Tr = Trj...,,.

12



2.1.2

2.2

Channels and measurements

For any state p € D(#; ), one can append an auxiliary Hilbert space H, such
that p = Tr, o for some (non-unique) extension o € D(#; ® H,). If the operator
o is pure, we call such an extension a purification of p and we will denote it
as 0 = |¥,)(¥,|. Note that every state has a purification in a sufficiently large
purifying Hilbert space — for an arbitrary density matrix p = Y; A; |y )(vil, a
purification can be obtained as

%) = X Vi) @]i) (23)
where {|i)} are mutually orthogonal states on H.

Distance measures

The trace norm (Schatten 1-norm) of an operator X is given by | X||, = Tr vV XTX.
A common measure of distance between two states p, o is given by the trace
distance ||p — o||,. This quantity vanishes if and only if p = o, and reaches its
maximal value 2 if and only if supp(p) € supp(o)*. Another useful quantity is
the fidelity, defined as F(p, o) = H\/;_)\/Euf and satisfying F(p, o) = 1iff p = 0.
Notably, if one of the states is a pure state v = |y)(y|, then F(y, o) = (v|a|y),
and in particular for two pure states we have F(y, ¢) = |(y|¢)[*. An important
property of the fidelity is that it can be computed as [28]
‘2

F(p,0) = max )‘(‘Pp\‘lfa) (2.4)

[¥p),[¥o

where the maximisation is over all purifications of p and o.

CHANNELS AND MEASUREMENTS

Consider the Hilbert spaces of two parties, {4 and H /. Any linear map A :
L(Ha) = L(Ha) is referred to as a superoperator, and we will often write A :
A — A’ for simplicity. We will use id4 to denote the identity map on £(# ). For
anytwomaps A : A - A’and ®@ : B — B, thelinearmap AQ® : A®B - A’®B’
is defined by AQ ®(X ® Y) = A(X) ® ©(Y). A map A is called Hermiticity-
preserving if X e H = A(X) € H, positive if X € H, = A(X) € H., completely
positive if A ® id is positive for A = A, and trace-preserving if for any X we
have Tr A(X) = Tr X. For any A, we define the adjoint map AT : A’ — A as the
unique map which satisfies

(A(X),Y) = (X,AN(Y)) (25)

forall X e L(Hy) and Y € L(Hy/).
Of particular interest are maps which correspond to physically allowed dy-
namics of a quantum system, that is, they always map a quantum state into a

13
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2.2.1

Channels and measurements

valid quantum state. Such maps will be referred to as quantum channels, and
they correspond exactly to the set of all completely positive and trace-preserving
(CPTP) maps.

Superoperators admit several different representations which allow for an
easier characterisation of their properties. One such representation is obtained
through the Choi-Jamiotkowski isomorphism, which to each map A : A - A’
associates an operator J5 € L(A ® A’) defined by

Ja = ZI Yijila ® A1) {jl,) (2.6)

where {]i)} is an orthonormal basis for 4, and for simplicity of notation we do
not differentiate between the space H 4 and the space of an ancillary reference
system isomorphic to H 4. The action of the map A on an arbitrary operator X
can be obtained as

A(X)ZTIA(]A[XT®]1AI]). (2.7)
A map A is Hermiticity-preserving ift J, € H, completely positive iff J, € H,,
and trace-preserving iff Tras Jo = 1 4.
Another equivalent way to represent superoperators is the so-called Kraus
representation, which allows us to write the action of any superoperator as

A(X) = Z K;XL} (2.8)
]

where each K, Lj € L(H 4, Har). Note that such a representation is not unique.
A map is trace-preserving iff }; L;K ; = 14, and completely positive iff there

exists a Kraus decomposition such that A(X) = 33; K jXK]T.

Measurement

A generalised quantum measurement is defined in terms of a positive operator-
valued measure (POVM), which can be understood as a collection of operators
{M;} with each each M; € H, and such that }°; M; = 1. The measurement { M; }
applied to a quantum state p yields the ith outcome with probability (M;, p).
If the measurement is projective, i.e. { M;} are mutually orthogonal projection
operators, then the state of the quantum system p after the measurement is given
by

MipMi

<Mi’ P)
provided that outcome i was measured. If {|i) } is an orthonormal basis of {, the
measurement formed by {|i)(i|} is referred to as the projective measurement in

the basis {|i)}.

(2.9)
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3.1

Quantum resources

This chapter is meant to provide intuition about the mathematical framework for
quantum resources, as well as motivate the main questions that we investigate in
this thesis. We will begin with an operational characterisation of entanglement
as an archetypal example of a resource theory, and later discuss about how some
of the insights obtained in this way can be generalised to other resources.

QUANTUM ENTANGLEMENT

Entanglement was recognised as a fundamental resource in quantum informa-
tion processing since the early days of the field. Indeed, shared entanglement
between two parties enables them to perform protocols which are impossible
within the realm of classical information processing, such as quantum teleporta-
tion [29] or superdense coding [30]. Entanglement has found use as a resource
in a wide variety of tasks underlying quantum communication, computation,
cryptography, and many other applications [7], and an efficient characterisation
of entanglement manipulation remains at the forefront of quantum information
research.

Intuitively, the entanglement of a pure state |y45) shared by two spatially
separated parties is meant to capture nonlocal quantum correlations between
the subsystems possessed by each party. If one treats entanglement as a resource
which enables the parties to go beyond the restrictions of locality and classical
correlations, this places a natural set of constraints on what kind of operations
the separated parties are allowed to perform without using any entanglement
— these are the local operations and classical communication (LOCC), estab-
lishing a fundamental paradigm in the theory of entanglement. In this setting,
LOCC are free operations, and the two parties are allowed unlimited use of local
quantum operations and classical communication without having to spend any
of the resource (in the form of entanglement) to implement these operations.

The precise definition of entanglement is as follows. Given a pure state |y 45)
in the space H4 ® Hp, we call this state separable (or a product state) if there
exist states [y4) € Ha, [yp) € Hp such that

Va) = [¥), ®[¥)5- (3.1)

Conversely, if no such states exist, then the system is entangled.
Describing the entanglement of mixed states is much more involved. As a
statistical mixture of pure states, a given mixed state can contain both quantum
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as well as classical correlations, which have to be differentiated. Additionally, any
mixed state p can be decomposed into a set of pure states {|y;)} in infinitely
many ways, with the different decompositions possessing, in general, different
values of entanglement on average. To verify that a state p is separable, we then
need to find at least one way of preparing the state using only local operations on
its constituent subsystems, making the system fully characterised by the classical
probabilities in this particular decomposition. In other words, we want to de-
scribe a mixed state as separable not only if it itself is a tensor product of states as
in the pure-state case (3.1), but also if it is a convex combination of such product
states.

Consider then a composite system p4p in the space L(H 4 ® Hp). If there
exist states {pgk)} € L(Ha), {pék)} € L(Hp) and coefficients py € R, with

>k Pk = 1 such that

PAB = ZPk ng) ® Pz(gk) > (3:2)
k

then the state p4p is separable. Conversely, if no such states exist, the state is
entangled. Separable states are the free states in the resource theory of entangle-
ment.

As can be expected, such a definition makes verifying the separability of a
state more difficult — in fact, it becomes computationally intractable with grow-
ing system dimensions [31]. One can then aim to establish useful separability
criteria for a given state that would allow us to verify the lack (or the presence of)
entanglement. A particularly simple and useful separability criterion for mixed
states is the positive partial transpose (PPT) criterion [32,33], also known as
the Peres-Horodecki criterion. The partial transpose operation, denoted T4 or
T, is defined simply as the transposition applied to one part of a composite
system; more precisely, for any operator X € £(H 4 ® Hp) we define its partial
transpose as X 18 := (id4 ® Tg)X where Tj is the transposition with respect to
any orthonormal basis for Hp. The PPT criterion then states that, if a bipartite
state p4p is separable, then its partial transpose with respect to either A or B
is positive. This criterion is a sufficient condition for separability only for low-
dimensional (d4dp < 6) systems, while in higher dimensions, there exist states
which are entangled despite having a positive partial transpose [34].

Pure-state entanglement

In order to characterise the entanglement of pure states, we will often use the
following fundamental property: for every pure state |y 45) of two systems A, B,
there exist orthonormal bases {|a;)} € H4 and {|b;)} € Hp such that |y) can be
written in its Schmidt decomposition as

lwag) = > Ailai) ® |b;) (3.3)
i-1
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where 1; are non-negative Schmidt coefficients satisfying 3°; A% = 1. Notice that
a bipartite system is in a pure product state iff it has precisely one non-zero
Schmidt coefficient.

An important feature of pure-state entanglement is that it makes it impossi-
ble to assign a single pure state vector to the subsystems of an entangled state;
instead, their description has to include the correlations they share with each
other. This can be understood by noting that for a separable state |y45), the
partial trace over either of its subsystems gives the pure state corresponding to
the other subsystem:

TI‘A VaAB = VB. (3-4)

However, in the case of entangled states, the state of the reduced subsystem is
mixed, signifying a loss of information about it. We can then employ the von
Neumann entropy (2.1) to quantify this mixedness. It follows from the Schmidt
decomposition (3.3) that the partial trace of |y4p5) with respect to either A or B
will have the squares of the Schmidt compositions as its non-zero eigenvalues.
This means in particular that

S(Trayas) = S (Trp Yap) (3:5)

for any bipartite state. We can conclude that the von Neumann entropy for any
reduced subsystem of a bipartite state vanishes if and only if the state is separable.
Indeed, this quantity is often referred to as the entropy of entanglement, and
provides a particularly useful separability criterion and entanglement measure
for all bipartite systems.

Since the von Neumann entropy is maximal only for maximally mixed states,
the entropy of entanglement will be maximised by a state with maximally mixed
reduced subsystems. The states with this property are the maximally entangled
states (Bell states), defined as

1 d
¥,) = — 3 i), .
| d> \/Ei:1|”> (36)

where |ii) can be any orthonormal product basis. Similarly as to how the bit was
introduced to provide a way to quantify the information content of an informa-
tion source [35], the ebit (or singlet), defined as the maximally entangled state of
two qubits

¥, = %uom +[)) (37)

can be understood as the basic unit of entanglement as a resource in quantum
information processing — in the characterisation of information-theoretic tasks
requiring the use of entanglement, the parties are usually assumed to possess
entanglement in the form of shared ebits. Notice that a general maximally en-
tangled state [¥;) is equivalent to log d ebits.
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We make note of the fact that, despite the name of maximally entangled
states, the notion of what “maximal” entanglement is can also depend on the
operational setting. As an example, in entanglement manipulations under local
operations with no communication allowed, the so-called embezzling states

constitute a resource significantly more powerful than ebits [36]. [36] van Dam & Hayden,
PRA 2003

Mixed-state entanglement and entanglement quantification

Obviously, the fact that two quantum states are entangled does not mean that
both of them are equally useful in any operational task which requires entangle-
ment. Intuitively, if an entangled state p’ can be obtained from another entangled
state p by an application of a LOCC transformation, it should have quantita-
tively Jess entanglement, since the resource content cannot be increased by free
operations. This motivates the definition of an entanglement measure as any non-
negative function f : £L(H4 ® Hp) — R which vanishes for all separable states
and satisfies f(A(p)) < f(p) for any LOCC map A. If the measure f vanishes
only on the set of separable states, it will be called faithful.
Based on the privileged status of the ebit in information processing, an
operationally-motivated way to quantify the resource content of an arbitrary
bipartite density matrix p can be obtained in two ways: the number of ebits one
can obtain from p without spending any additional resource, or the number of
ebits which are necessary to prepare the state p without spending any additional
resource. These two ways correspond to two fundamental quantum information
processing protocols: entanglement distillation [37] that is, the conversion of  [37] Bennett et al, pre 1996
arbitrary quantum states into singlets with LOCC only, as well as entanglement
dilution [38], that is, the conversion of singlets into arbitrary quantum states [38] Bennett et al., PrRA 1996
with LOCC only. Precisely, the distillable entanglement of a state p is defined
as the best rate of distillation achievable with LOCC operations in the limit of
infinitely many independent and identically distributed copies of p [39], thatis,  [30] Rains, pra 1909

lim sup F(A(p®”),‘{’§§r"):1}
n

oo —
Ed,Locc(P) =sup { roam
AeLOCC

(3.8)

{ ~ logm
=sup4 lim

n—oo n

lim sup F(A(p®"), ¥p) = 1}.
7% AeLOCC

Similarly, the entanglement cost is defined as the best rate of dilution of entan-
glement:

log m

Eclocc(p) = inf{,}i_,ngo lim sup F(p®", A(¥m)) = 1}- (3.9)

n n=20 AcLOCC

Importantly, we know that for any pure state it holds that [37,38]

EZrocc(¥) = EcLocc(¥) = S(Trpy), (3.10)
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which in particular implies that LOCC transformations between pure states are
asymptotically reversible. Using the closed formula for the entanglement cost of
a pure state, Bennett et al. [40] proposed to quantify the entanglement cost of a
general mixed state p with the measure referred to as entanglement of formation,

Ef(p) = min{ZPiS(TrB Vi) ‘ p= ZP:‘%}, (3.11)

where the optimisation is over all pure-state convex decompositions of p. The
reasoning for this choice is as follows: since a mixed state p is defined as an en-
semble of pure states, we should average over the entanglement of these states to
obtain the corresponding entanglement of the ensemble. However, the decom-
position of p into a set of pure states is not unique, and different decompositions
have different entanglement in general. We therefore look for the minimal cost of
creating entanglement, that is, the most economical decomposition of p, which
leads to the definition in (3.11). This intuitive approach turned out to be not quite
correct, and the entanglement cost was shown to be equal to the regularised en-
tanglement of formation [41], that is,

00 .1 "
Ellocc(p) = nhj{)lo ;Ef(P® )- (3.12)

The property that Ef(p®") # nE¢(p) is a non-trivial fact in itself, and relies on
a series of fundamental results in quantum information theory [42-44].

Both the entanglement cost and the entanglement of formation are faith-
ful entanglement measures. This is not the case for distillable entanglement,
since any state with positive partial transpose is, in fact, undistillable, i.e. pT» €
H, = E;?LOCC( p) = 0 [45]. A complete characterisation of distillability is a
long-standing open problem [46,47].

The approach taken by Bennett et al. in defining the entanglement of for-
mation — the “worst-case” entanglement, i.e. the minimisation of a function
over all pure-state decompositions — was later formalised by Uhlmann [48] as
the convex roof extension of S(Trp ) (see Sec. 4.4 where we treat this in more
detail). The convex roof has many useful properties and has become the stan-
dard way to quantify mixed-state entanglement in many operational settings.
In particular, general pure-state entanglement monotones can be extended by
the convex roof to entanglement monotones on the set of all mixed states [49].
However, the optimisation in Eq. (3.11) is in general very complicated, and a full
quantification of the convex roof has only been established in limited special
cases. Remarkably, the entanglement of formation has been obtained exactly for
any state of two qubits [50], and constitutes a very rare instance of a fully general
quantification of mixed-state entanglement.

Besides the operational and convex roof-based measures, a plethora of other
entanglement quantifiers can be defined [7,51], based primarily on geometric
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considerations — e.g., one can define a faithful quantifier of entanglement simply
by considering the distance to the set of separable states. That is, we can define

DSEp(p) = gielggP D(P, U) (3.13)

where SEP denotes the set of separable states and D is some distance function
such that D(A(p), A(0)) < D(p, o) for arbitrary CPTP maps A [52,53], e.g. the
trace distance. Another major class of entanglement measures can be obtained
in a general formalism based on the so-called convex gauge functions, which
we discuss in detail in Chapters 5 and 6.

QUANTUM COHERENCE

Quantum coherence is a fundamental property which truly distinguishes quan-
tum systems from their classical counterparts: the ability to be in a superposition
of classical states. To motivate the definition of coherent and incoherent states,
notice that for any pure state written as a superposition of vectors in a given or-
thonormal basis {|i) } as |y) = 3; ¢; |i), performing a rank-one projective mea-
surement in this basis then collapses the state |y) into one of the basis vectors
{]i)} with the corresponding probability |c;|*. The uncertainty in the outcome
of this measurement is a fundamentally quantum property, arising from the very
nature of quantum mechanics, and not our lack of knowledge of the state of the
system — indeed, the only way to avoid this uncertainty is to require |y') to be
classical, in the sense that |y)(y| = |i)(i|.

As such, quantum coherence is fundamentally a basis-dependent concept:
the set of free pure states of this resource theory — so-called incoherent (classi-
cal) pure states — is formed only by the projectors |i)(i| corresponding to the
basis vectors {|i)}, and the set of all incoherent density operators Z consists of
all convex combinations of such free pure states, that is, it corresponds to the set
of density matrices diagonal in the given basis.

The resource-theoretic framework of quantum coherence in finite dimen-
sions was established relatively recently [8,14,15,54] (see [16] for a comprehensive
overview). A major conceptual difference between the framework of coherence
and entanglement is that the definition of coherence as a resource lacks a clear op-
erational interpretation. That is not to say that coherence has no applications in
quantum information processing — in fact, quite the contrary — but rather that
the physical setting does not make it clear what set of operations we should allow
as the free operations, and what operational paradigm can mirror the natural
setting of “spatially separated labs” of entanglement theory.

The lack of a unique, physically-motivated choice of free operations has not
stopped the development of the resource theory of coherence, and in fact it has
encouraged the characterisation of coherence under several different possible
choices of free operations [16,55-58], necessitating a detailed comparison of the
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properties and capabilities of each type of free operations. We outline the possi-
ble choices below.

The largest possible set of free operations are the maximally incoherent oper-
ations (MIO) [14], which are given by quantum channels £ such that £(p) € Z
for every p € Z. They are clearly the largest set of operations which cannot
create coherence. A smaller class are the dephasing-covariant incoherent oper-
ations (DIO) [56,57], which are maps £ which commute with the dephasing
operation A(+) = ; |i)(i| - |i){i], that is, [A, £] = 0. The incoherent operations
(IO) [15] are those for which there exists a Kraus decomposition into incoherent
Kraus operators, that is, {K,} such that KepK} / Tr(KepK}) € T for all £ and all
p € Z. These transformations can be interpreted as incoherent measurements
which cannot create coherence even if postselection is applied to the individual
measurement outcomes. The strictly incoherent operations (SIO) [55,59] are op-
erations for which both {K,} and {K}} are sets of incoherent operators. The
following strict inclusions hold [57,60]:

MIO 2 10 2 SIO

1
MIO 2 DIO 2 SIO (314)

and there is no inclusion between IO and DIO. While MIO is the largest possible
choice of free operations, SIO can be regarded as the smallest known choice for
which the resource theory does not become trivial in some regards, and which
satisfies all properties desired from a valid choice of free operations [16].

The operational tasks such as coherence distillation and coherence dilution
can then be defined analogously as in the resource theory of entanglement, where
now the unit of the resource is represented by the maximally coherent state

) = % 1. (315)

In particular, for any choice of operations O € {MIO, DIO, IO, SIO}, we define
the distillable coherence and the coherence cost as

1
Cao(p) =:sup{ lim —27
? n

n—>oo n—>oo

lim sup F(A(p®"), ¥p) = 1}
AeO
(3.16)

n—oo n n— 00

1
C2o(p) :=inf{1im %™ | lim sup F(p®", A(\Pm))=1}.
AeO

Interestingly, it has been found that both of these quantities can be computed
exactly for the set of incoherent operations [55], leading to

Ciro(p) = S(A(p)) - S(p)

Sio(p) = min | S pis(a(w)) | o= T o).

(3.17)
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Towards characterising general resources

where CZ g can be identified as the so-called coherence of formation. This shows
in particular the much simpler structure of the resource theory of coherence
compared to entanglement theory. We will consider the optimal rates under
other choices of operations in Chapter 7.

The quantitative aspects of quantum coherence have been a large part of
the focus of recent research into this resource theory [14-16,61,62]. One can
establish some obvious parallels with the resource theory of entanglement, and
many measures of coherence — both operational ones as well as ones based on
geometric and algebraic considerations — can be defined by mirroring the cor-
responding entanglement measures. However, establishing that these measures
have the desired properties, characterising the interrelations between them, and
quantifying them for general states is still by no means trivial, as the results from
entanglement theory cannot be applied directly in most cases. It then becomes
a natural question to ask whether there is a better and more general way to ap-
proach this problem — that is, whether a universal quantitative approach to
quantum resources, which could allow us to exploit similarities between gen-
eral resource theories and eliminate the need to consider every single resource
separately, can be established.

TOWARDS CHARACTERISING GENERAL RESOURCES

We are now in position to define what we mean by a resource theory in the most
general sense. We define a resource theory to consist of a set of free states S,
which do not possess the given resource, as well as a set of free operations O,
which cannot generate the given resource. The goal of the characterisation of
general resources is then to understand two main tasks: resource quantification
as well as resource conversion. The former deals with establishing methods for
measuring the resource content of a given state, and the latter with describing
the possible state transformations achievable under the class of free operations.

Notice that the operational description of a resource is heavily dependent
on physical considerations, and the choice of the free operations reflects the
physical restrictions placed on resource manipulation by the setting of the re-
source theory. In many cases, such as the aforementioned quantum coherence, a
unique physically-motivated choices of free operations might not exist. In other
cases, it might not be possible to define operational tasks such as “resource dis-
tillation”, since arbitrary resource theories usually do not possess a standard unit
of a resource such as a maximally entangled or maximally coherent states. This
makes it difficult, if not impossible, to make precise statements about the opera-
tional capabilities of free operations of general quantum resource theories, and
frequently requires resource-specific approaches.

However, it is often possible to characterise the set of free states very well.
The leading question for our investigation is then: how much can we say about
a resource theory knowing only the free states, but not the operations in con-
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Towards characterising general resources

sideration? In particular, which results concerning the quantitative properties
can be shown to hold regardless of the choice of free operations, or for a wide
range of possible choices of operations? In Chapters 5 and 6, we aim to answer
these question by presenting a mathematical framework for the quantification of
resources, which shows that general statements about the properties of quantum
resource theories can be made by only relying on an underlying convex structure
of the relevant set of free states, establishing many relations which are universal
among most resource theories, and straightforwardly generalising many results
obtained in the resource theories of entanglement and coherence.

Coming back to the resource theories of coherence and entanglement, we
investigate in Chapters 7 and 8 how changing the class of free operations in
consideration affects the performance of distillation of the two resources, also
generalising coherence and entanglement distillation to non-asymptotic settings.
By construction, these approaches are resource-specific, but we focus on devel-
oping methods which encompass both of the resources and show interrelations
between them. Another aspect of resource conversion — transformations which
enable us to convert coherence into entanglement and vice versa — are explored
in Chapter 9.
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4.1

Convex analysis and
optimisation

This chapter establishes some basic results in convex analysis, as well as intro-
duces the formalism of gauge functions, which will be employed extensively
throughout the thesis.

The definitions in this chapter follow standard literature, in particular Rock-
afellar [63] as well as Hiriart-Urruty and Lemaréchal [64,65].

BASIC NOTIONS

We will use R, to denote non-negative reals and R, ; to denote positive reals.
Throughout this section, we will consider a general finite-dimensional real vec-
tor space V with an inner product (-, -), where for simplicity we will make no
distinction between the space and its dual. We will then use | - | for the norm
induced by the inner product.

Given a set S, a linear combination of its elements is defined as }°; t;x; for
some x; € S and any choice of coefficients t; € R; an affine combination is a
linear combination with the additional constraint that }; ¢; = 1; and a convex
combination of elements of S is an affine combination which satisfies t; € R, Vi.
A set S is then called linear (respectively, affine / convex) if it contains any linear
(respectively, affine / convex) combination of its elements. Notice in particular
that any linear set is a subspace of V, and any affine set can be thought of as
a translated subspace (it need not contain the origin). Yet another equivalent
definition is that a set is linear iff it is the kernel of a linear transformation x
A(x), and similarly a set is affine iff it is the kernel of an affine transformation
x = A(x) + b for some b € V. Notice that the intersection of two linear / affine
/ convex sets is again linear / affine / convex.

The linear span (linear hull) of a set S, denoted span(S), is the smallest
linear set which contains S; analogously, the affine hull aff (S) and the convex
hull conv(S) are, respectively, the smallest affine set and the smallest convex
set which contains S. Alternatively, span(S) / aff (S) / conv(S) can be under-
stood as the set of all linear / affine / convex combinations of the elements of S;
explicitly,

conv(S) = {Z tix;

t,’ER.,_, Ztizl, x,-eS} (41)
i
and similarly for the other cases.

A set K is called a cone if it contains any non-negative scalar multiple of its
elements, i.e. x € IC = Ax € K VA € R,.. A convex cone K is then a cone which
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4.1.1

Basic notions

contains any conic combination of elements in £, that is, any linear combination
which satisfies ¢; € R, Vi. Animportant object is the dual cone S* of an arbitrary
set S, defined as

St={x| (x,s)>0VseS}. (4.2)

This cone is always convex and closed, regardless of whether S is. Furthermore,
S** = (8*)* is the so-called closed conic hull of S, in the sense that it is the
smallest closed convex cone which contains S.

A hyperplane is an affine set defined as a translation of a linear subspace of
dimension dim V — 1. Each hyperplane H can be written as

H={x| (x,y)za} (4.3)

for some y € V, a € R. Given two convex sets S;, S, the hyperplane H is said to
separate Sy and S, if for all x € Sy it holds that (x, y) > a, while for all x € S,
it holds that (x, y) < a. H strongly separates the two sets if the inequalities are
strict. An important property, often known as the strongly separating hyperplane
theorem or the Hahn-Banach theorem, is that two disjoint closed and convex
sets can always be strongly separated with a hyperplane provided that at least
one of them is bounded.

A point x € S is an extreme point of the convex set S if there is no way to
express x as a convex combination of points { y; } € S except for taking y; = x Vi.
We will use ext (S) to denote the set of all extreme points of S. Importantly, for
any convex set it holds that S = conv(ext (S)).

Define the e-ball around a point x as B¢(x) := {35 ey ‘ |x —%]| < s}. The
relative interior of a set S is then defined as the interior of S regarded as a subset
of aff (S); precisely,

relint(S) = { x e aff (S) | Je e Ru s.t. Bo(x) naff(S) c S }. (4-4)

We will also use the notation relinty (S) to mean the relative interior of S re-
garded as a subset of X

Convex functions

A function f : V — R is called convex if its epigraph

epi(f) ={(x,1)| f(x)<t}eVeR (4.5)
is a convex set. Alternatively, f is convex if and only if
f(Z tixi) < otif (xi) (4.6)
i i

for any convex combination of elements x; € V. A function is called concave if
—f is convex.
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Basic notions

We will extend the above definition to functions which can take values in the
extended real numbers R U {+o0}. The algebraic operations involving infinity
are mostly obvious, such as ¢ + oo = 0o or coo = sgn(c)oo for any ¢ € R, where
0oo := 0 and sgn is the sign function. The operation co — oo, which could lead
to contradictions, is left undefined and will be avoided. We will hereafter work
with functions which are proper, that is, f(x) > —oo for all x and f(x) < oo
for at least one x, as improper functions can lead to undesired behaviour — in
particular, an improper convex function cannot take any finite values, because
it would violate convexity. The effective domain of a proper function f is then
defined as

dom(f)={xeV| f(x)<oo}. (4.7)

To see the applicability of this convention, define the function ]7: dom(f) >R

as f(x) = f(x) Vx € dom(f), and notice that if f is convex on dom( f), then

f:V - Ru{oo} is convex on the whole space V. This allows us to derive results

about convex functions without having to explicitly consider their domains.
Define the indicator function associated with a set S as

0 S
8s(x) = {oo i; s (4.8)

The indicator function is convex as long as S is (notice, however, that this would
not be true if §5 was allowed to take a finite value outside of S). Another basic
convention we will take is inf @ = co and analogously sup @ = —oo, which in
particular allows us to use the indicator function to express the minimisation of
any function as

chrel‘gf(x) =inf (f(x) +ds(x)). (4.9)
A function f is lower semicontinuous (l.s.c.) if
lim inf f(x) 2 f(x0) ¥ x. (4.10)

Convex and Ls.c. functions are often called closed, since for proper convex func-
tions lower semicontinuity is equivalent to their epigraph being closed.

The convex conjugate (also known as the Fenchel conjugate or the Legendre-
Fenchel transform) of a function f : V - R U {0} is defined as

f*(y) =sup (y,x) - f(x). (4.11)

X
This function is always Ls.c. and convex — the convex biconjugate f** is in fact
the largest l.s.c. and convex function smaller than f, often referred to as the

convex closure of f. An example of a convex conjugate is

35 (y) = sup {7:%). (4.12)
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4.2

Gauge functions

called the support function of S.
Finally, we will employ the operation of infimal convolution, defined for two
proper functions f, g as

(fV8)(x) = inf f(y)+g(2). (4.13)

Many important functions can be written as an infimal convolution — notice,
for example, that

(fyds)(x) = ;Iel‘gf(x -7) (4.14)

which is an expression that one commonly encounters e.g. when minimising the
distance to a particular set S. This operation satisfies several useful properties. As
long as f and g are both convex and l.s.c., so is f { g. Furthermore, the following
fact will be useful.

Lemma 4.1. If f and g are proper, convex, Ls.c., and such that dom f n
dom g # @, then

(fyg)=r+g (415)
If, furthermore, relint(dom f) N relint(dom g) + @, then
(f+e)=rvg (416)

The proof is rather technical and we refer e.g. to [63, Thm. 16.4] for details. The
infimal convolution has an intuitive geometric interpretation: as long as the
functions satisfy the assumptions of Lemma 4.1, then

epi(fg) =epif +epig (4.17)
where we have defined the Minkowski sum of arbitrary sets A, B as
A+B={a+b|acA beB}. (4.18)

All of the above considerations extend to the infimal convolution of any finite
number of proper functions,

(fy-fa)(x) = _inf - ACa)+ooot falxn). (4.19)

GAUGE FUNCTIONS

The definitions in this section follow [63, §14-15] in particular; see also [64,66,67],
where much of this information is reviewed and expanded on.
Given a set S, we define its polar set S° as

Soz{x‘ (x,s)SIVseS} (4.20)
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Gauge functions
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Figure 4.1: Gauge function of a set. The gauge function ys has a finite value at the
point p, while w lies outside of the domain of this gauge.

The polar set is always convex and closed, and always contains the origin. The
bipolar set, given by

§°° = (8°)° = conv (Su{0}) (4.21)

where ~ denotes closure, is the smallest closed convex set containing S and the
origin. Note that the polar set of a cone K is given by K° = —K*, where we recall
that IC* denotes the dual cone.

The gauge function ys for a set S (also known as the Minkowski functional)
is defined as

yg(x):inf{/leR+|xeAS}zig§{AeR+‘x:As} (4.22)

where we note that the effective domain of ys is the cone generated by S, that
is {ys ‘ peR,, se S} =R, S. Notice that, if S is a cone, then ys = d5s.

One of the most common examples of gauge functions are norms, which
are the gauge functions of their unit balls. Norms are defined as finite functions
satisfying the following axioms: absolute homogeneity (of degree 1), subaddi-
tivity (triangle inequality), and positivity everywhere except the origin. This
corresponds to gauge functions of sets S which are convex, compact, centrally
symmetric (S = —-§), and such that 0 € int(S). In general, we have the following
relations between sets and their corresponding gauges [63,68]:
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4.2.1

Gauge functions

S is convex and ys is
_ convex
positively homogeneous, i.e. ys(ax)=ays(x)VaeR,,
closed lower semicontinuous
compact positive everywhere except 0, i.e. ys(x) >0 Vx #0

centrally symmetric ~ symmetric (even), i.e. ys(x) = ys(—x)

0 € int(S) finite everywhere, i.e. ys(x) < co Vx

where we note that evenness together with positive homogeneity implies abso-
lute homogeneity, and convexity with positive homogeneity implies subadditiv-
ity.

An important property of any gauge corresponding to a closed convex set S
is that if 0 € S, then the unit ball of ys is given exactly by S, and each such unit
ball uniquely determines its corresponding gauge — more generally, all closed
convex gauge functions are in a one-to-one correspondence with closed convex
sets containing the origin. In full generality, the unit ball of a convex gauge is
given by

{x]ys(x) <1} =8> (4.23)

which in particular means that ys = pgeo.

Polarity

The relation between a gauge function of a convex set S and its polar set S° is
established through convex conjugation. In particular, notice that

¥5(y) = sup (x, y) - ys(x)
= 850 (y) s
which can be seen by noting that if y ¢ S° then we can always choose x € S
such that (x, y) > ys(x) and then use the homegeneity of ys, and on the other
hand if y € §° then (x, y) < ys(x) Vx holds by definition of the polar set.

It is well-known that any norm | - | and its dual | - ||° satisfy the Cauchy-
Schwarz inequality, (x, y) < ||x|/|y]°. In an analogous fashion, we define the
polar function of a convex gauge ys as the function which satisfies the Cauchy-
Schwarz inequality most closely:

(4.24)

ys(y) =inf {p e R, | (x,y) < pys(x) Vx}. (4.25)

Using the positive homogeneity of ys, this can be written as

ys(y) =sup{(x,y) | ys(x) <1}

x€8°° (4.26)
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4.2.2

Gauge functions

So

(a) (b) (c)

Figure 4.2: Examples of polars of different sets in R%. The set S in (a) can be identified with the unit ball of the
£ norm, whose polar set S° is the unit ball of the £; norm. Restricting the set S to the non-negative orthant
in (b) leads to an unbounded polar §°. The boundedness is then restored in (c) by considering a set consisting
of the restricted unit ball mirrored through the origin. Notice that all cases leave the part of the polar in the
non-negative orthant unaffected.

where [1]. := max{0, 1}. Notice in particular that yg = 85-.. But since we know
that y5o = 8500 and the closedness of S° implies that yso = 955 = 800, we then
have y& = yso. This provides a justification for the name of “polar function” by
expressing it as a gauge of the polar set S°. When ys defines a valid norm, yg is
its dual norm.

Dually, by considering the polar function of the set S° we can also write

ys(x) = yseo(x) = sup (x,y), (427)
yeS°
where we note that 0 € S° for any S. We will refer to this as the dual formulation
of the gauge function ys.

The polarity operation induces a one-to-one symmetric correspondence be-
tween closed convex gauge functions, which means that any gauge of a compact
convex set is uniquely determined by its polar. Note that the polarity opera-
tion is inclusion-reversing, i.e. §; € S, = &7 2 S5; this means that ys, (x) >
ys,(x) Vx € dom(ys,) and yg (y) < yg,(y) Vy € dom(yg, ) for such sets.

We remark the useful fact that a closed and convex set S is bounded if and
only if 0 € int(S°). For any compact and convex S, y3 then has full domain.

Atomic gauges

Following the terminology of [69] and subsequent works, given a compact set  [6] Chandrasekaran et al.,
C we define the atomic gauge as the gauge function of the convex hull conv(C): Found Comput Math 2012

Te(x) = Yconv(C) (x). (4.28)
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Gauge functions

The terminology comes from understanding C as a set of “atoms”, often enjoying
some simple structure which we want I¢ to characterise. In particular, notice
that Tz can be expressed as an optimisation over conic combinations of such
atoms:

x:/\Zcia,', a;€C, c; e Ry, Zcizl}
i i
:inf{Zci
i

Recall that all norms are gauge functions, but in addition many common norms
can be conveniently expressed as an optimisation over simple sets of atoms —
as two representative examples in R?*?, consider the trace norm (Schatten 1-
norm), which is given for C = {xy” | x,y e R?, lxllg, =¥, = 1}, and the
operator norm (Schatten co-norm), which corresponds to C being the set of all
orthogonal matrices. We will look into the structure of similar norms in the
succeeding chapters, where a suitable choice of atoms will enable us to develop
a general geometric description of quantum resources.

By Carathéodory’s theorem, it suffices to consider combinations of at most
dim(V) elements in (4.29). Note that in general I need not be symmetric or
finite everywhere, and so it only defines a valid norm when the linear span of C is
the whole space and C is centrally symmetric. The domain of I; is the conic hull
of C, given by R, conv(C) = C**. Notice that conv(C)° = C° and conv(C)* = C*.

An important property is how atomic gauges of intersections and unions
can be characterised using the gauges of their constituent parts. Let us consider
arbitrary compact set C and D. It is then easy to see that

Ic(x) = inf {A

(4.29)
x:Zciai, a; €C, ¢ E]R+}.
i

choﬁDoo = maX{rC, r’D}, (430)

and, more generally, (convC nconvD)° = conv (C° u D°). To consider I'cyp,
we first observe the general composition rule (C UD)° = C° n D°, using which
we get

[2up = 8(cup)e = Oconpe = O¢ce + Ope = T¢ + I'p. (4.31)

Notice that the conditions relint(dom d¢- ) N relint(dom dp-) # @ in Lemma
4.1 reduce in this case to relintC° N relint D° # @. This is satisfied for any two
compact C and D, since from their compactness it follows that 0 is in the interior
of their polars, and thus

Teup = Te & I'p. (4.32)

This extends also to the union of more than two sets, in the sense that
Teoue, =Tey &Y e, (4.33)

Note that the conditions in Lemma 4.1 can be satisfied even if one of the sets is
unbounded — as a simple example, the above composition relation holds for #
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4.2.3

4.3

Convex optimisation and duality

sets {C;}, n — 1 of which are compact, with at most one C, being unbounded,
closed, and such that C;, # {0} (i.e. C, is not the whole space), since this is
sufficient to guarantee the existence of a point in the relative interior of C,, which
is in the neighbourhood of the origin (and thus in the interior of the other C;).

We will hereafter mostly work with atomic gauges, and for simplicity we will
often write I'c even if C is already convex and the notation is superfluous.

Complex vector spaces

In a complex vector space, we define the polar with respect to the real inner
product Re (x, y), and similarly for other definitions. A generalisation of the
concept of a centrally symmetric set is then a balanced set, thatis Ss.t.s € S =
Es e SVEeC:|E| =1 In particular, for a balanced set we have I's(x) = [s(&x)
for all £ as above, and we can then take a simplified definition of a polar function:

Ie(x) = [sup Re(x,a):| =sup [(x,a)]|. (4.34)
aeS + aeS

Any convex, balanced, compact set which spans the whole space defines a valid
norm. We will henceforth only encounter balanced sets in complex vector spaces,
so we do not expand on other properties and definitions — see e.g. [70] for more
general cases.

CONVEX OPTIMISATION AND DUALITY

There are many equivalent ways to express general convex optimisation problems
(see e.g. [63,71]). In the following, we will derive a particularly useful form which
allows us to easily represent many problems which we will encounter later, while
retaining full generality.

In the most general sense, convex optimisation is simply the minimisation of
a convex function over a convex set. That is, any problem which we can express

as
¢=1inf f(x) (4.35)

xeC

for some convex set C and a convex objective function f : V — R is a convex
optimisation problem. The value € is the optimal value, and the set of all points
which satisfy the constraint of the given problem — in this case, all x € C — is
referred to as the feasible set. We will denote by X any feasible x which achieves
the infimum, that is, ¢ = f(X). Note that this optimal solution does not need to
exist, and even if it does, it does not have to be unique. In the case where ¢ = — oo,
the problem is called unbounded, and if C = @, we have ¢ = co and the problem
is referred to as infeasible.
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4.3.1

Convex optimisation and duality

The first observation we can make is that one can, without loss of generality,
take f to be linear. This is because the program defined as

i}gtf{tER‘f(x)st,xEC} (4.36)

can be straightforwardly seen to be equivalent to (4.35), in the sense that every
feasible solution to (4.35) gives a feasible solution (x, f(x)) to problem (4.36)
and vice versa, and similarly every optimal value of one problem gives a feasible
optimal value of the other, hence they must be equal. Noting that (4.36) is a valid
convex optimisation problem, since the feasible set is obtained from the epigraph
of the convex function f over the convex set C, we can equivalently redefine
convex optimisation to be the minimisation of a linear objective function. This
means that we can write any convex optimisation problem as

inf (2, x) (4.37)

XE€

for some fixed a and a convex set C by suitably enlarging the optimisation space
from the original vector space V to V @ R.

A particularly important class of convex optimisation problems are the so-
called conic programs, where the feasible set takes the form ' n F with K being
a convex cone and F an affine set. Crucially, it is important to note that we can
consider only sets of this form without any loss of generality: indeed, any general
convex optimisation problem of the form (4.37) with a, x € V can be expressed
as the conic program

. ! !
inf _(a',x') (438)
in the enlarged space V @ R, where K = { (c, 1) ‘ cetC, te R+}, F is defined

as{(r,s) ‘ re), s:l},anda’ =a®0.
Let us therefore consider a general convex optimisation problem defined as

= inf{(a,x} | A(x) =D, xE/C} (P)

where KC €V is a convex cone, A : V — V' is an arbitrary linear map, and a € V,
b € V' are fixed. To simplify some of the considerations, we will assume that /C
is closed.

We will hereafter refer to the program (P) as the primal problem, and use
Fp = {x ‘ A(x)=0b, x € IC} to denote its feasible set. Notice that Fp is the
intersection of a closed convex cone and an affine (and thus closed) set, and so
it is also closed.

Lagrange duality

Given the primal in (P), we define the Lagrangian for this problem as
L(xspon) = {ax) = {u, A(x) = b) = {1, x) (439)
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Convex optimisation and duality

where y € V' and n € V are referred to as Lagrange multipliers. It follows
immediately from this definition that, for any feasible x € Fp, any y € V', and
any 7 € C*, we necessarily have

(a,x) > L(x;p,7). (4.40)

Further, for any x ¢ Fp the sets Fp and {x} can be strongly separated by the
closedness of Fp, and we thus have

a,x) iftxel,
sup L(x;u,7) = {< ) ’ (4.41)
nekx 00 otherwise
which in particular tells us that
p =inf sup L(x;u,7), (4.42)

x nek*

where p is unconstrained. The Lagrange dual of the problem (P) is then defined
by interchanging the minimisation and maximisation in the above:

d = sup inf £(x; 4, 7).

i (xspt217) (4.43)

To provide a stronger motivation for this definition, one can intuitively think

of the Lagrangian as a way to lower bound to the optimal value of the problem
(P). Indeed, defining the so-called dual function as

g n) = inf Lx; 4, 1) (4.44)

we have precisely the desired property: for any y € V' and 5 € K*, it necessarily
holds that g(u, ) < p. The Lagrange dual is then defined simply as the best
such lower bound.

In the case of the conic program (P), the dual function g(u, ) can be com-
puted exactly, simplifying the characterisation of the dual problem. Defining
AY : V' — V as the adjoint map, that is, the unique linear map such that
(w,A(v)) = <AT(w),v> Vv eV, we)’, we can see that

g(u.n) = inf (x,a - A"(4) = 1) + (. b)
:{(”’b> ifa—AT(u)-n=0 (4.45)

—00 otherwise

since (x, a-A"(u) - 17) is a linear function of x. Noting that the conditions
a—-AT(u) -5 =0and 5 € K* are together equivalent to a — AT (u) € K*, we
then have the Lagrange dual as
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Convex optimisation and duality

d= sup{(y,b) ‘ a-Af(u)e IC*}. (D)

The set Fp := { 4 | a— AT(y) € K*} is the dual feasible set. We remark the
easily verifiable fact that the Lagrange dual of (D) is

inf{(a,x) ‘ A(x)=Db, x € IC**} (4.46)

and is therefore equal to the primal.

A particularly useful class of optimisation problems are semidefinite pro-
grams (SDP), which correspond to the case when V = H (the space of Hermitian
matrices), L = H, (the cone of positive semidefinite matrices), and the inner
product is given by (A, B) = Tr(AB). In this particular case, the cone is in fact
self-dual, i.e. * = K. Semidefinite programs are very commonly encountered
in quantum information [27] and beyond [72], and their popularity is amplified
by the fact that very efficient solvers exist which can solve SDPs to arbitrary
precision in polynomial time (polynomial in the dimension of the problem and
in log(%), where ¢ is the allowed additive error) [72].

Strong duality

The fact that we always have d < 7 is referred to as weak duality. We have seen
that it holds for all convex optimisation problems, and in fact it extends also to
non-convex primal problems. However, a very desirable property is the so-called
strong duality, that is, the equality p = d. One of the most appealing aspects of
convex optimisation problems is precisely the fact that the conditions under
which strong duality occurs are easier to characterise. Among them, one of the
most useful is Slater’s condition, formalised as follows.

Theorem 4.2 (Slater’s condition). If both the primal and dual feasible sets
are non-empty and at least one of them has a non-empty relative interior,
then strong duality holds.

See e.g. [64,71] for a proof.

Strong duality is a particular case of a so-called minimax theorem, allow-
ing us to interchange the maximisation and minimisation in an optimisation
problem without affecting its optimal value. We will in particular use a general
minimax formulation from [73], although in simplified form, which we state as
follows.

Theorem 4.3 (Sion’s minimax theorem). Let C and D be convex sets, at
least one of which is compact. Then

inf sup (x, y) = sup inf (x, y) .

xeC yeD yeD xeC (4.47)
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4.4

Roof extensions

ROOF EXTENSIONS

The intuition behind the convex roof approach is due to Uhlmann [48,74]. He de-
scribes the basic idea of the procedure as a way to extend entanglement measures
“as linearly as possible” to the set of mixed states. It is formalised as follows.

Let S be a compact convex set, and let ext (S) be the set of its extreme points,
such that S = conv(ext (S)). Given a function f defined on ext (S), we now
would like to consider a function f defined on the whole set S such that the two
functions are equal on ext (S) — we will call such functions extensions of f.
Extensions of this kind were briefly investigated in the mathematical literature
before Uhlmann’s work [75,76] and have also received attention in other areas
after finding use in quantum information [77-80]. A particularly useful class of
them is defined as follows:

Definition 4.4. A function }’v : § - R, is a roof extension of f :
ext (§) — R, if for every point x € S there exists at least one extremal
convex decomposition {¢;, 77;} of the form x = ¥, ¢;7; with ¢; € R,,
Y, ci =1, m; € ext(S), such that f(x) = ¥, ¢; f(m).

The justification for the terminology of roofs can be understood by noting
that if we know a set of extremal points {7, ..., 7x } which constitutes an op-
timal decomposition for some x € S, the roof extension f will be affine on the
convex hull of these points — that is, the same set of points will be an optimal
decomposition for any other convex combination thereof. This means that the
graph of f consists of flat (affine) pieces covering the set S, not unlike a roof
covering a floor (see Fig. 4.3).

This definition, however, might seem arbitrary — since there are no restric-
tions on the choice of a roof, it does not tell us much about the properties of the
function f. Here is where the convexity of fcomes useful.

Theorem 4.5 (Uhlmann [48]). If a convex roof extension f“ of f :
ext(S) — R, onto S exists, then it is unique and satisfies the following
properties:

(i) f* is the pointwise largest convex extension of f from ext(S) to S

(ii) f“ is the pointwise smallest roof extension of f from ext (S) to S
(iii) f* is given by

fu(x)=inf{ZCif(7Ti)‘ ZC,‘T[,’=X, ZC,‘=1, CiERJr}

(4.48)
with the infimum taken over all extremal convex decompositions
{ci, m;} with each ; € ext (S).
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Roof extensions

The result tells us that finding the largest convex function on S which coin-
cides with f on ext (S) is equivalent to finding the unique convex roof extension
of f. For alower semicontinuous function f, an optimal decomposition realising
the infimum in eq. (4.48) always exists.

Since we will be dealing with functions f : ext (S) - R, U {o0}, we extend
the definition by taking f“(x) = co when x ¢ conv(dom f). For a function g
already defined on the whole set S, we can define its convex roof extension as
the convex roof extension of the restriction of g to ext (S) — if g is convex, it is
then clear from the above Theorem that g"(x) > g(x) Vx.

Note also the related concept of the concave roof f™: it is the pointwise
smallest concave extension (or pointwise largest roof extension) of f, and can
be calculated by replacing the minimisation with a maximisation in Eq. (4.48):

f7(x) = sup {Zcif(ﬂi) Zci T =X, Zci =1, ¢ € R+}. (4.49)

{eimi}

One can notice a similarity between the concept of the convex roof and the
convex envelope (also known as the convex hull or the largest convex underesti-
mator). For a function g which is already defined on the whole convex set S, its
convex envelope is the largest convex function smaller than g. In practice, find-
ing the convex envelope means that the optimisation in eq. (4.48) is performed
over all decompositions of x into s; € S, instead of 71; € ext (S) as in the case of
the convex roof extension. For this reason, in quantum information literature
the convex envelope has sometimes been referred to as the mixed convex roof,
identifying ext (S) with the set of pure quantum states. Note that the convex
envelope of a concave function defined on S coincides with its convex roof ex-
tension, since the infimum of any concave function over a bounded convex set
is equal to the infimum over its extremal points [63, 32.2].

A simple relation between the convex roof and the formalism of atomic
gauges can be obtained as follows.

Proposition 4.6. Given a compact set C € ext (S), for any x € S we have

Te(x) = ya(x). (4.50)
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Figure 4.3: Constructing a roof extension. The roof]?is constructed for a choice of
points 7; € ext (S) and a function f : ext (S) — R, where ext (S) is the circle. The
value of f atany w € S is given by the height of the “roof” above it.

Proof. The atomic gauge Iz can be written as

rc(x) Zin{ZCi
@inf{zcz' ye(xi) | x =) cixi, ci € Ry, x; € C} (4.51)
i i

@inf{zci ye(xi) | x = cixi, cieRy, Yoci=1, x; EC“}
i i i

x =) cixi, i € Ry, x; GC}
i

(iﬁ)inf{Zci ye(xi) | x = Ec,-xi, ci eRy, Zc,- =1, x; € ext (8)}
= ye(x).

The line (i) follows since, without loss of generality, we can consider only x; such
that yc(x;) = 1. To see this, notice that for any c}x; with yc(x;) € (0,1) we can
definex; = x!/yc(x})and¢; = ciyc(x!) suchthatclyc(x!) = ciyc(xi) = c;. The
step (ii) follows similarly, and (iii) is a straightforward consequence of the fact
that yc(x;) = oo for any x; ¢ C**, so the optimisation is effectively constrained
to be over x; € C**, in the sense that the infimum (if finite) will necessarily be
given for x in a decomposition into x; € C**. [ |

We remark that, following a very similar reasoning as in the proof above,
one can write any gauge function of this form as

Ie(x) = inf{Zyc(xi) x = in, x; € ext (8)} (4.52)
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Roof extensions

The applications of this result and further relations of this kind will be explored
in subsequent chapters.
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PART 11

CONVEX GEOMETRY OF QUANTUM RESOURCES
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Gauges for sets of quantum
states

Throughout the development of the resource theory of entanglement, various
measures were established [7,81], many of which have been adapted to other
resource theories recently [3,6,15,16,19,82,83]. However, defining and character-
ising the measures of a given quantum resource is usually a cumbersome task —
the investigation of such functions typically has to be approached in a resource-
dependent way, and desired properties of the quantifiers have to be explicitly
verified for every resource in consideration. Although some connections be-
tween the various quantities are known, there are very few known results which
provide a common framework relating them and their features together.

In this chapter, we introduce a unifying formalism based on the convex ge-
ometry of the underlying sets of quantum states, significantly simplifying the
construction and characterisation of quantifiers of general quantum resources.
We employ the concept of gauge functions to establish a consolidated view of
many resource measures. In particular, we show that many commonly used and
well-known quantifiers — such as ones based on matrix norms, measures built
through the convex roof, the so-called robustness measures, as well as various
witness-based quantifiers — are all examples of such gauge functions, allowing
us to relate them in a common geometric framework. This lets us establish an
extensive family of quantifiers for any given quantum resource, introduce easily
verifiable criteria for a measure to satisfy desirable properties such as faithful-
ness and strong monotonicity under relevant free operations, and generalise
known measures to new quantum resources very easily. Further, we show that
many relations and bounds between the measures, some of which known in the
resource theories of entanglement and coherence, are in fact universal among
quantum resources, and the proofs of such properties can be simplified in the
present framework.

To begin with, recall that the essential element of the characterisation of a
general resource theory are the free states, that is, states not possessing a given
resource. We therefore begin by defining the set of resource-free normalised
pure state vectors V € C%, which we will assume to be non-empty. Another
intuitive assumption is that the set V should be compact, which ensures the
continuity of the given resource theory [3]. Since the global phase factor e'? [y)
of a quantum state |y) is physically irrelevant, we further assume that |y) € V
implies e’® |y) € V V6 € R, which means the setis balanced and s0 0 € conv()).
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5.1

Selection of gauges

We then get the atomic gauge

1

Iy(ly)) = inf{Zci W) =Y cilvi), [vi) eV, ci e R+} (5.1)

= sup [(ylx)]
|x)eve

Iy (ly)) = sup [(yly)]. (5.2)
[y)eV

Under the assumptions above, Iy is a valid norm for C¢ whenever 0 € int(conv V),
i.e. span(V) = C¥. This property is very desirable for the set V, as we will see
later, but we do not assume it to hold in all cases. Note that, by the compactness
of V, the infima and suprema in (5.1)-(5.2) will be achieved as long as they are
finite.

Given the set V defined at the level of vectors, we now define our set of
interest: the set of resource-free density matrices, given by the convex hull of the
set

Sy = {|v) (v| | [v) € V} c D. (5.3)

Since all density matrices which do not lie in conv (S, ) are resourceful states in
the given resource theory, we would now like to use the set S, to introduce
a gauge function which could effectively quantify this resource. The atomic
gauge I's, itself is not very useful: since the domain of this function is S;* =
R, conv(S, ) (the convex cone generated by S.) and all density operators lie
in the hyperplane defined by (1, p) = 1, there are actually no density operators
in the domain of I's, which do not lie in the convex hull of S,. That is, for any
density matrix p we have

Is,(p) <1 if p e conv(S,),

Is,(p) = oo ifp ¢ conv(S,). (5.4)

We will now look at ways of circumventing this problem by making a different
choice of the gauge function to use.
This chapter is based on results published in [Br4].

SELECTION OF GAUGES

Throughout this chapter, we will be working in several different vector spaces:
the underlying Hilbert space, identified with C¥; the real vector space of self-
adjoint linear operators, idenitifed with the space of Hermitian matrices H and
endowed with the real inner product (A, B) = Tr(AB); as well as the complex
vector space of linear operators acting on C¢, identified with the space of complex
square matrices C**? and endowed with the (degenerate) real inner product
Re (A, B) = Re Tr(A'B). Unless otherwise specified, the default setting will be
the real vector space H.
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Selection of gauges

Figure 5.1: Extending the domain of a gauge. The point w, which lies outside of the
domain of the gauge ys (cf. Fig. 4.1), is included in the domain of Tsu(-s)-

We will use H to denote the set { X € H | (1, X) = 1} of unit trace Hermitian
matrices, H, to denote the cone of positive semidefinite matrices, and D = Hj; n
H., to denote the set of valid density matrices. We will use |x) to denote vectors in
the Hilbert space which are not necessarily normalised, and reserve the standard
Greek letters y, ¢ etc. to represent normalised pure states. Similarly, Greek letters
p, 0, w will denote normalised density operators.

Our aim now is to define a choice of non-trivial atomic gauges which provide
a natural way to quantify the given resource.

An intuition for the possible choices of suitable quantifiers can be obtained
by looking at the simple example where V is taken to be the set of all normalised
pure state vectors, and thus Ty,(+) = [-|,,. In this case, we have conv(S,) = D,
and the gauge I'p can be thought of as the trace norm |-||;, but defined only on
the limited domain R, D = H,. It is straightforward to see that the convex roof
extension of Iy, corresponds to the same function. A natural way to extend the
domain of this gauge beyond H, is to symmetrise the set under consideration,
and consider the gauge I'p,(_p) instead — since the origin is now contained
in the convex hull of the set, the function takes finite values for all Hermitian
matrices (see Fig. 5.1). In fact, I'yy(_p) is simply equal to the trace norm itself
[84], with the domain now extended to H. One can go a step further and, instead
of limiting ourselves to the real vector space of Hermitian matrices, define the
set S = {|a)(b| | |a),|b) € V}. The gauge s is then precisely the trace norm
[, in its most general formulation, which has full domain in C#*4,

In these simple examples, we have seen that different ways of extending
the domain of the gauge I's, actually correspond to the same function (on their
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Selection of gauges

effective domains), and so there is little ambiguity in the choice of the appropriate
extension. This does not, however, hold in more general cases, and so it becomes
useful to be able to characterise all the different possible gauges that we can
obtain from the initial set V.

Returning to the case of general quantum resources, we can take inspiration
from the above procedure and consider the atomic gauge with respect to the
symmetrised set S, U (=S, ). This extends the domain of the gauge function to
span(S. ), that is, the vector space generated by S,. We then get the gauge

IS+U(_$+)(F) ,gsill(f s ){ E Ci P = Z(i Sia i € R }
SieS+u(— 7 1 C
L Z i ’li)(ll'” Ci ER} (55)

= inf {Z ’C,"
L3050y (P) = sup {[(v]pIv)] | v} € V).

“V,' )EV
Analogously to Prop. 4.6, the above can be equivalently expressed as

Is,u(-s,)(p) = };fgﬂ{z Ts.u(-s.)(Xi) ‘ p =X, rank(X;) = 1}

- it { Telto.cay(atsd) | o= Dalsats, o e R,

xi)eCd (5
(5.6)
I's,u(-s,) defines a valid norm for Hermitian matrices as long as span(S..) = H.
Another straightforward way to define a quantifier is to consider instead the
set

S:={la)(b] | |a) eV, |b) e V}, (5.7)

which we note to be balanced in the complex vector space C4*¢ with the Hilbert-
Schmidt inner product Re (-, ). The corresponding atomic gauge is:

Is(p)= inf > ci| p=> ci|vifwil, ci e R4
‘viMW,‘)EV i i

I§(p) = sup {[{(vlplw)| | [v),|w) e V}.

This gauge admits an alternative representation, as we show below. The result is
a slight generalisation of a lemma in [85,86], where norms for real matrices are
considered.

(5.8)

Lemmas.a. [s(p) =  inf {ZFV(|xi)) y(lyi)) ‘ p= Z|xi><)’i|}~

[x:).lyi)eCe

Proof. The function on the right-hand side can be noticed to be the gauge func-

tion of the set
S"={la)(b| | Tv(|a)) <1, Ty(|b)) <1}
={la)(®l | a),|b) € V*°}.

(5.9)
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Selection of gauges

The straightforward inclusion S ¢ S’ gives S°° ¢ §'*° = &', as §' is already
a closed convex set containing the origin. On the other hand, noticing that for
any |a)(b| € S’ we can write |a) = }; ¢;|a;) and |[b) = 3;d;|b;), where ¢;, d; €
Ry, |ai),[bj) € V,and ¥ ¢i, ¥ ;dj < 1, we get [a)(b| = ¥; ; cidj|a;) (bj| with
¥i,jcidj < 1, which means that [a)(b| € S°° and so &’ ¢ S°°. The sets S’ and
S°° are therefore equal, and so I's = I's. [ |

Gauges of the form encountered on the right-hand side of Lemma 5.1 are re-
ferred to as nuclear gauges [66,87]. I's defines a valid norm for C4 called a
generalised nuclear norm, as long as I, is a norm for C%, i.e. span()) = C“.

Considering the values of the gauge function I'y for pure states is appealing,
as this function is typically significantly simpler to compute than gauges defined
at the level of matrices. We can then extend I'), to general quantum states through
the convex roof. To ensure homogeneity at the level of projectors |y)(y/|, we will
take the extension of Ty (|y))?, giving

I5.(p) = (T5)" (p)
—mf{Zpva lvi)) ‘p Zpllwl yil» sz—lpze&}

(5.10)
where the optimisation is over normalised pure states. The convex roof extension
can therefore be regarded as a natural extension of I's, out of its limited domain,
since it will be finite for any density matrix as long as span(V) = C?. We can
characterise it as a gauge function as follows.

Proposition 5.2. For any p € D, the convex roof extension T's_(p) is equal
to the atomic gauge Tsu(p), where

SY={la)(al | |a) € conv(V)}. (5.11)

Proof. By Prop. 4.6, the gauge function of S} can be written as

Isu(p) —lnf{ZP:Fv(lxl ‘ p= ZP: i) (xil, ZP: =L pi €R+}

(5.12)
where we now optimise over general rank-one terms. The result follows simply
by noting that we can renormalise any such decomposition p = 3; p; |x;)(x;| as

p =X Pl lwi) (il where p} = p; |[|x:) [, and |y;) = |x;) / ), giving
ZP§ = ZP:’TY|X:‘)<X:'| = Tf(ZPi |Xi>(xi|) =Trp =1 (5.13)

Using the homogeneity of I'y, this ensures that Tsu (p) = Tg, (p). [
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Selection of gauges

Before we proceed with the characterisation of the introduced atomic gauges,
let us make explicit the effective domains on which the functions are finite.

Gauge Effective domain D in the effective domain?

Iy span()) (not applicable)

Iy, ct (not applicable)

Ts, hial no, dom(Ts, ) N D = conv(S;)
s, u(-s:) span(S.) if relintp(conv S, ) # @

Is span(S) if span(V) = C¢

Ts, S if span(V) = C*
Isolsuslsl H yes

I's cdxd yes

In the above, relintp (conv S, ) is the interior of conv(S, ) relative to D. The set
S7** can be understood as the set of positive semidefinite matrices supported
on the subspace spanned by V, i.e.

S = {X e H, | supp(X) < span(V)}. (5.14)
We also remark that in general we have

Is,(p) 2 Ts,u(-s,)(p) 2 Ts(p)
Is.(p) 2 Tg, (p) > Ts(p)

and reverse inequalities for the polar gauges, which follows from the set inclusion
of their corresponding unit balls.

(5.15)

Theorem 5.3. For pure states |y)(y] s.t. |y) € span()V), we have

Ig, ([v)D) = I (|y))®

(5.16)
Ls(ly){yl) = v (lv))*.
For arbitrary pure states we also have
I, (ly){wh) = T (Iv))*
(5.17)

Ig (fy)(wl) = To(lw))*.

Proof. The case of I'g_is obvious from the definition.
For I's, notice that by the compactness of V there exist A* € R, and |[v*) €
conv(V) such that

A =min{1eR, | |y)eAconv(V)} = Tv(|y)) (5.18)
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with |y) = A* [v*). This gives |y)(y| = A*2 |v*){v*| with [v*){v*| € conv(S), and
$O

Do(ly))? = A" > inf {n e R, | [y)y| € neonv(S)} = Is(ly)y)).  (519)

Now, from the dual formulation of the atomic gauge we get

Cs(ly)(wl) = sup {|([v) (v]. X)| | X € 5°)
> sup { [(ly)(yl. [x){x])] | Jx) € V°) -
= sup { [(ylx)? | |x) € V°) |
- Ty (ly))?

since |x) € V° = |x)(x| € S§°, and so the claim follows.
The case of F§+ follows immediately from the definition. For I', we have

I§([y)(yD) = sup { [{xly) (W)l | |x),1y) € V}

= (Sup \(x\w)l) (Sup |<y|1//)|) (5.21)

|x)eV ly)eV
= (yH ()
since the optimisation is over two compact sets of non-negative real numbers.
u
Remark 5.4. We can also note a stronger property that
Ls(ly)¢l) = Tv(ly)) Iv(I$))
(5.22)

Ts(ly)(¢D) = T (Jv) B (1¢))-

Proposition 5.5. For positive semidefinite matrices P, we have

3. (P) = T3(P) = Tu(P) = I3, s, (P) (523)

In the proof of the Proposition, we will make use of the following lemma.

Lemma 5.6. For any P € H.,, it holds that

sup{|(a|P|b)| ’ la),|b) EV} :sup{(a|P|a) ‘ |a) EV}‘ (5.24)

Proof. First, notice that the left-hand side clearly cannot be smaller than the
right-hand side. By the compactness of V, there exists a |a*) which realises
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Base norms and robustness

the maximum on the right-hand side. Writing P in its spectral decomposition
P =Y xilpi){pil, we then have for any |a), |b) that

2

alPIF =[xl i)

< (Sxltlpdr) (L lip?)

(5.25)
* 2 * 2
(S ltlpdl) (Sl
* *1\2
= (a’[Pla”)
using the Cauchy-Schwarz inequality, which proves the Lemma. [ |

Proof of Proposition 5.5. Bytheabove Lemma, one immediately obtains I's (P) =
I'3(P) from the definitions. It is also straightforward to see that Tg (-5.) (P)
follows in a similar way. For I'c,, we have that

Igu(P) = sup {(P,Z) | Z € conv(S})}

sup { <P, Zpi \W)(W‘)
sup { Zpi (vilPlvi)

lvi) € conv(V), pi € Ry, Y pi = 1}

|V,‘> € COHV(V), pi€ R+, ZP’ = 1}

sup { 32 (1)
sup{(P,Z) | ZeS,}
-13.(7)

|V,~> eV, pi eR,, Zp, 21}

(5.26)
where the fourth equality follows since each (v;|P|v;) is a convex quadratic form

in |v;) by the positive semidefiniteness of P [71], and the maximum of a convex 1] Boyd & Vandenberghe,
function over a bounded convex set is reached at an extremal point of the set 2004
[63, 32.2] . | [63] Rockafellar, 1970

BASE NORMS AND ROBUSTNESS (4] Bardimper & Newsnao,

1974

If the set S, spans the whole space of Hermitian matrices, the gauge I's, y(-s,)
defines a valid norm for H called the base norm [84]. Base norms have found
a variety of uses in state and channel discrimination [88-91]. More generally,  [ss] Matthews et al, cm 2009
one can consider other gauges of the type I's, ,(_x) with X being another set  (s5] Reeb etal., jmp 201

satisfying some desired properties. A connection between such gauges and mea-
sures commonly used in entanglement theory — robustness and negativity —

[90] Jencov4, jMP 2014

[91] Lami et al., cMP 2018
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Base norms and robustness

was noticed by Vidal and Werner [92] as well as Rudolph [93] and later briefly
expanded on by Plenio and Virmani [81]. We extend and further generalise the
relation between gauges of this type and resource quantifiers.

Assuming that X is a compact set of Hermitian operators, we know that in
general we have

Ts,u-x)(p) = (Ts, $T-x)(p)
= p:ing Is, (A) +T_x(-B) (5.27)
=infTs, (p + B) + Tx(B)

where the optimisation can be taken to be over arbitrary Hermitian B, but ef-
fectively we are constrained to B € X** since 'y (B) = oo for any B ¢ X**. This
problem admits a simplified form when the set X’ consists of trace-one matrices
only:

Is,u-x)(p) = inf Ts.(p+B)+TrB

(5.28)
=inf {Tr(p+2B) | Be X**, p+BeS}*}

where we have used that Ty (B) = Tr B for any B € X**, and similarly for S;. By
defining a general quantity which we will refer to as the robustness with respect
to X' as

RS (p) = inf {1eR.|p+AzesSr}, (5.29)

we can write T, ,(_x)(p) = 1+ 2R§+ (p) as long as X < H;. We remark that
both the robustness and the gauge I's, ,(_x) can, of course, be defined for more
general sets X' ¢ H;, and we will later encounter also such cases.

For the remainder of this section, we will assume that X ¢ D, which gives
R§+ an intuitive physical interpretation as the robustness of p to noise in X [94],
that is, the smallest amount of mixing with a state in the set conv(X’) necessary
in order for the resulting mixture to be in conv(S. ) (see Fig. 5.2). Specifically,
we have

R§+(p) = inf {/\ eR,

weconv X

+A
P - ;" e conv(S,) } . (5.30)

The robustness itself is also a gauge function, albeit corresponding to an
unbounded set: a straightforward manipulation gives

RS, (p) = Tseru(-ay (p)

(5.31)
= rS+U(—X**) (p) - 1'

Alternatively, by introducing the generalised inequality A >y B <= A- B¢
AX**, we can also write the above as
X _ _
B ()=, Jof o (1 <R | p s, —ho)
: (5.32)
= inf {1eR,|p=x(1+1)0}.

oeconv Sy
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Base norms and robustness

Figure 5.2: Robustness of a resource. The quantity Rj;f+ (p) corresponds to the least
weight of a state in conv(X’) ¢ D in a convex combination with p, such that the
convex combination lies in conv(S, ).

We note the similarity of this expression to geometric concepts such as the
Thompson metric [95,96] and Hilbert’s metric [97,98], the latter having been
applied to the study of distinguishability norms in quantum information [89].

Two choices of the set X’ will be particularly useful: following the naming
conventions of the theory of quantum entanglement, we introduce the (stan-
dard) robustness Rgi and the generalised robustness Rg [94]. The latter is, up to
logarithm, equivalent to the so-called max-relative entropy [99]. We recall that
we generally the subscript in > and simply use > to refer to the inequality with
respect to the positive semidefinite cone (Léwner partial order).

By the above consideration, the standard robustness is an affine function
of the base gauge I's, (s, ), and the generalised robustness of I's, ,(_p). We
recall that the effective domain of I's, ,(_s, ) is span(S. ), and so again we have
D ¢ dom(Rg") only if relintp(convS,) # @. The domain of the generalised
robustness Rg consists of all states supported on the subspace spanned by V,
ie. dom(Rg) = SU**, and so span()) = C? is necessary and sufficient for Rg
to be finite for all states.

We now consider the dual formulations of the gauges. Noting that (S, U -D)°
=S, n (-D)° and similarly for S, U (=S, ), we have

RS,(p) = 5sup{{p W) [ WeSIn(-D)Y} -3 G
RS ()= 55 {{p. W) | W eSIn(-80) -5 (a0

With the change of variables W’ = 1 —2W, we obtain a common representation
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5.2.1

Base norms and robustness

of the Lagrange duals of the robustnesses [100]:

RS, (p) =sup{—(p, W) | W e S:nD°} (5.35)
RS (p) =sup{—(p, W) | WeSInS:}. (5.36)

It follows that strong Lagrange duality always holds for the robustness quanti-
fiers by virtue of their being gauge functions. This will be considered in more
generality in Sec. 5.3.2.

Relations between robustness and other gauges

We proceed by characterising various relations between the robustness measures
and the previously introduced atomic gauges, and in particular showing that the
generalised robustness Rg always reduces to the vector atomic gauge Iy on
pure states.

Theorem 5.7. For any state p € dom(RE+ ), we have

Ts(p) -1>R2, (p). (5.37)

Proof. First, note that the generalised robustness can be expressed as

2RS (p) +1=Ts, (-m)(p)
:sup{(p,W) ‘ WeS?, (W,o)>-1 Voe]D)}
=Zsup{(p, W') ‘ W' eSS, W'eID*}—l (5.38a)
:2sup{<p, W') ‘ W'eSs, W'E]HL,}—I (5.38b)
where in (5.38a) we make the change of variables W' = % (W +1),and (5.38b)

follows from the self-duality of the positive semidefinite cone H., and the fact
that R, D = H,. We now have

Ts(p) =sup{Re(p,Z) | ZeS°}
>sup{Re(p,Z) | ZeH,,ZeS°}
=sup{(p,Z) | ZeH,, [(a|Z|b)| <1V|a),|b) e V}
=sup{(p,Z) | Z<eH,, (alZ|a) <1V |a) eV}
=sup{(p,Z) | ZeH,,ZeS}
=Rs,(p) +1

where the third equality follows from Lemma 5.6. [ |
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Theorem 5.8. For any pure state |y)(y/| € dom(Rg ), the generalised ro-
bustness is equivalent to the vector atomic gauge for the set V:

R3, (ly)yl) = Ty(ly))* -1 (5.39)

Proof. The fact that we have Rg (lv){w]) < Ty (|w))?* -1 follows from Thm. 5.7,
since by Thm. 5.3 we have I's(|y){y]) = [y, (Jy))? for any |y) € span(V).

To show that Rg (lyMw]) > Ty (Jy){y|)* -1, from the dual characterisation
of the robustness we have

2R3, (Jw){(yl) +1=2sup { ([y)(yl, W') | W' e 87, W' eH,} -1
> 25up { ([¥)(y], ) (wl) | W) 53} -1
= 25up {[(yw) | (w)(wl, ) (v]) <19 ]v) € V} -1 G.0)
= 2sup {|(ylw) | Iw) eV} -1
=20y ([y)* - L u

Let us briefly discuss the implications of the above Theorem. It shows that
the quantification of the robustness Rg for pure states, which can be a very non-
trivial problem to solve for specific resource theories explicitly [101-104], always
reduces to an optimisation over the underlying Hilbert space only. This gener-
alises results previously obtained in the resource theory of entanglement [101]
and coherence [82], providing novel computable formulas and solving conjec-
tures raised in the literature regarding the quantification of robustness measures
of different resources [102,104,105], as we will discuss in detail in Chapter 6.

Remark 5.9. Notice that the proofs of Theorems 5.7 and 5.8 do not rely on the fact
that S, consists of normalised density matrices. We can obtain a more general
result in the following form.

Corollary 5.10. Let Q := conv { |[v)(v| | [v) €V} whereV ¢ C? is a bal-
anced and compact set. For any |x) € C%, it then holds that

sup { (x| W]x) | WeH, n Q°} = sup{\(x|w)\2 ’ |w) € V°}. (5.41)

We can furthermore relate the standard robustness R s with the other con-
sidered gauge functions.

Theorem 5.11. For any state p € span(S,.) we have

R3 (p) > Ts(p) -1 (5.42)

Proof. First, recall that by Theorems 5.3 and 5.8 we have
RS (1)) = RS, (Iy)(y]) = Ts(jy)(yl) -1 (5.43)
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forany |y)(y] € dom(Rgi ). Together with the fact that 2R§: (p)+1=Ts, -5,y (p),
it means that we have I's, ,(_s, ) ([¥}{(y]) > 2Ls(|w){y|) — 1. We then use the rep-
resentation of I's, ,(_s, ) in Eq. (5.6) to write

Fos0(p) =t | SlelToies () | o= Dlon(a e <}

> 21nf{2|ci|F3 (lai){ail) ‘ p= Zc,- lai){ail, ci € R} -1

> Zinf{Z |c,~|l"5 (|a,)(b,|) ‘ p= Zci |tl,‘>(bi| » Cj € R} -1

=2Is(p) - 1.
(5.44)
This gives Rg: (p) 2 Ts(p) — 1as required. [ |

Combining Thm. 5.7 and 5.11, we have established a hierarchy of measures
valid for any resource theory in the considered framework:

R3 (p) >Ts(p) -1>RZ, (p) (5.45)

where the second inequality is tight for all pure states.
It is known that in the resource theory of entanglement, not only the gener-
alised robustness, but also the standard robustness of entanglement reduces to
the vector atomic gauge I, for pure states, i.e. RSI (lv)(w]) = Ty ([w))* = 1[94]. (o4 Vidal & Tarrach, pra 1999
Very recently, this has been generalised also to resource theories of k-coherence
and entanglement of Schmidt number k [Br11]. However, one can find that this  [sru1] Johnston et al.,
does not hold for all quantum resources (see Sec. 6.4 for an explicit example in preprint 2018
the resource theory of magic states) — it is then an interesting open question to
characterise exactly when Rg: is equivalent to I'y, on pure states. We remark that
in any resource theory where Rg: (lv){(w|) = Ty(|lw))? -1 does hold, we have an
extended hierarchy of quantifiers, all of which are equal on pure states:

IS, (p) -1 Rg (p) 2 Ts(p) - 12 RS (p) (5.46)

which follows since T'g_is the largest convex function equal to I, on pure states.

Proposition 5.12. For any P € H., it holds that

I's,u(-my(P) =Tg, (P). (5-47)

Proof. By the positive semidefiniteness of P we have
F§+u(_D)(P) = sup { (P, Z) ‘ Z econv (S, U (—]D)))}
= max {O, sup { (P, Z) ‘ Z¢€ S+}} (5.48)
=Tg, (P). [
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5-3

Resource monotones

One can use the result of Prop. 5.12 to give a bound on the value of Rg using
the Cauchy-Schwarz inequality for T's, ,(_p), namely

r 2
Rg,(p) 2 % (i‘;(fpz - 1). (5.49)

However, a tighter bound can be obtained.

Proposition 5.13. For any state p € dom(Rg) it holds that

Tr (p?)
IS (p)

Rg (p) = -1 (5.50)

Proof. First, notice that we do not need to assume I'g_(p) # 0, since any positive

semidefinite p € dom(Rg) satisfies supp(p) < span()V) and so we cannot have

that (p,0) = 0 Vo € S;. From I'g_ = yse we then have that r"L(m € 8. Since
+ + Sy

p € H,, this is then a feasible solution to the dual formulation of the generalised

robustness (Eq. 5.38) and so we have

Rs, (p) > (p, = p( ) ) -1 (5:51)
Sy

as required. ]

RESOURCE MONOTONES

A full characterisation of a resource theory requires, in addition to the chosen
set of free states without a given resource, the choice of a relevant set of free
operations which cannot generate the resource. For simplicity, in the following
we will limit ourselves to the discussion of maps acting as linear operators on
H; the results can be generalised to maps between different spaces by suitably
defining the set of free states in the input space as well as the set of free states
in the output space (see e.g. [6]). We will in general consider maps which are
completely positive, but not necessarily trace preserving.

The definition of what exactly constitutes the free operations is frequently de-
pendent on the resource theory or the physical setting under consideration. The
largest possible set of free operations are the resource non-generating maps Orne,
which are all completely positive maps @ such that ¢ € S = ®(0) € S
In particular, a trace-preserving resource non-generating operation acting on
a free state always results in another free state. Often, a smaller subset of oper-
ations is considered: they are the resource-free maps Ogg, consisting of maps
A which admit a Kraus decomposition of the form A(p) = ¥, K,pK} such
that 0 € SI* = K, 0K} € S* V¥ n. The physical motivation for the choice of
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Resource monotones

resource-free operations is that it guarantees that no resource can be created
from a non-resource state in any possible measurement outcome. In the theory
of entanglement, these are the separable operations [106], while in the theory
of coherence they are called incoherent operations [15]. Even these operations
are often considered to not reflect the physical restrictions sufficiently well, and
much smaller subsets of physically relevant operations are used; as discussed
before, in entanglement theory the set of operations of interest are the local oper-
ations and classical communication [52,107], and in coherence theory a common
choice are the strictly incoherent operations [55] or even smaller subsets [56-58].

Identifying conv(S; ) with the set of free states and F with a chosen set of
free operations, we define a valid measure for the given resource to be a function
M : D — R, U {oo} which satisfies two basic criteria:

(C1) Faithfulness: M(p) = 0 if and only if p € conv(S,).

(C2) Monotonicity: M(®(p)) < M(p) for all completely positive trace-pre-
serving operations © € F.

Often, additional conditions are imposed, the two most common ones being:

(C3) Convexity: M (Z, tip,‘) <Y t,‘M(p,') for t; e Ry, pi € D, Y;ti=1L

(C4) Strong monotonicity: Y; p;M (%) < M(p) with p; = Tr®;(p),
where ©; € F are completely positive operations such that }*; ©; is trace

preserving.

The choice of the free operations of interest 7 will, in general, not be unique
— however, we stress that (strong) monotonicity under a given class of operations
implies (strong) monotonicity under any subset of this class, and so it suffices
to investigate monotonicity under larger sets of operations. Further, note that
strong monotonicity implies monotonicity.

Properties of atomic gauges

We now verify the criteria for the candidate measures: I['s(p) - 1, Tg_(p) - 1,
RS: (p), and R, (p).

Theorem 5.14. A state p € D belongs to the set conv(S..) if and only if

0=Ts,(p) -1=Ts(p) ~1=Ts,y-s,)(p) ~1=Tg,(p) -1
= RS (p) = R, (p)

That is, all of the considered measures are faithful.

(5.52)
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Proof. It is helpful to recall that the gauge function of the set

U= {1l | 1x)e, <1 1), <1} (5.53)

is just the trace norm ||-|;. Since S, € S, U (-S;) cScU, S, €S cU,and
S; € S u(-D) c U it follows that I;; lower bounds all of the considered gauges,
and so each of the gauges cannot be smaller than 1 when p € D because |p|, = 1.

Then if p € conv(S, ), we have I's, (p) = 1 by definition, and all the other
gauges also have to be equal to 1 because they are upper bounded by I's, (Eq.
(5.15)), which in turn means the robustnesses will be zero.

Conversely, assume that Rg (p) = 0, which means that I's, ,_p)(p) = L
This gives that p € conv(S; u (-D)), but since p € I by assumption and
conv (S, U (-D)) nD = conv(S, ), we necessarily have p € conv(S,). Not-
ing by Thm. 5.7 and the inequalities between the gauges that Rg (p) +1lower
bounds all other gauges in consideration, it follows that any of the gauges being
equal to 1 implies that Rg is zero, proving the claim. ]

| Proposition 5.15. All of the considered measures are convex.

Proof. Every gauge function of a convex set is convex. |

Lemma 5.16.Let C denote either conv(S,uU(-S;)) or
conv (S; U (=D)). Then, given a resource non-generating completely pos-
itive map © € Orng and an operator X, we have X € C = ®(X) € R.C.

Proof. For C = conv(S; U (=8;)), write X = so* - (1 — s)o~ with 0* ¢
conv(S;),s €[0,1]. Then ®(X) =s®@(0%) - (1-s5)®(07) =sTr (®(c*)) ¢* +
(1-s) Tr (®(07)) ¢~ for some ¢* € conv(S, ) by linearity and the resource non-
generating property of ®. We then have ®(X) = Tr (O(X)) (s¢* - (1-s)¢7)
as required.

For C = conv (S, U (-D)), write X = so — (1 - s)7 with ¢ € conv(S,),
meD,s e [0,1]. Then ®(X) = s@(0) - (1-5)D(n) = sTr(P(0))¢— (1-
s) Tr (©(m)) @ with ¢ € conv(S, ) by linearity and the resource non-generating
property of @, and @ € D as @ is completely positive. This gives ®(X) =
Tr (@(X)) (s¢— (1-5)@) as required. [ |

Lemma 5.17. Let C denote either conv(S) or conv(SY). Then, given a
resource-free completely positive map A € Ogp and an operator X, we
have X e C = A(X) € R,C.

Proof. Let us consider C = conv(S) first. Write any A € Ogg in its Kraus de-
compositionas A(p) = 3, K,pK}.. By definition of the resource-free operations,
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we can note that for every pure state |v;) € V, we have K, |v;) = |[v}') for some
[v?) € R,V as the complex phase can be absorbed into the state |[v}'). By defi-
nition, any operator X € conv(S) can be written as X = ¥, ¢; |[v;)(u;| for some
coefficients ¢; € R, with }; ¢; =1 and states |v;) € V, |u;) € V, which then gives

M) = S )

1

= ZCiKn [vi)(ui K (5.54)

i,n
= Y cilviWui|
in

which is explicitly in S**.

Take now conv(SY). Noting that any state in conv(SY') can be written as
p = Yici|wi){wi| with |w;) € conv(V), ¢; € Ry, and ¥ ; ¢; = 1, and similarly
each |w;) can be written as [w;) = ¥, d;; |vij) with [vij) € V, dij e Ry, ¥ dij = 1.
This then gives

A(p) =) Ky ( Y. cidijdik |Vij)(Vik|) K,
n i,j,k
= > adijdi Vi) Vil (5.55)
i,j,k,n
= cilai)(ail
1
where
|qi) = > dijviy) - (5.56)
j-n
Since each |g;) € V**, we have that A(p) € SY** as required. [ |

Theorem 5.18. The robustness measures Rg and Rgi satisfy strong mono-
tonicity under resource non-generating maps OrngG.

Theorem 5.19. The atomic gauges I's and Tg,_satisfy strong monotonicity
under resource-free maps Ogp.

Proof. Let C denote one of the sets: (S, U (=S;)), (S+ U (-D)), S, or S;. De-
pending on the choice of the set, let 7 denote the relevant set of free operations
— OgrngG or Ogrg. Now, let @ = Y°; @; € F denote a free CPTP map, where each
®; € F is a trace non-increasing, completely positive map.

By definition of the atomic gauge I¢, for any p € dom(I¢) N D we have that

p
Te(p)

= X e conv(C). (5.57)
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Then
i(p) = ;i (Te(p) X)
=Te(p) @i(X) (5.58)
=Te(p) Vi
for some Y; € TrY;conv(C) by Lemma 5.16 or Lemma 5.17. Now let p; =
Tr (®;(p)). Dividing Eq. (5.58) by p;, we have that

@i(p)  Te(p) TrY;
pi pi

conv(C) (5.59)

and hence

(5.60)

i(p) | _ Le(p) TrY;
Ic < .
pi pi
Notice now that, since I¢(p) > 1 and }; ®; is trace preserving, we have 1 =
Trp >Tr X = Tr Y ; Y;, which then gives

St (P42 < rep) S0 < Telp) 560

and so strong monotonicity is satisfied. [ |

Remark s5.20. The gauges I's and Iy are, in general, not strongly monotonic
under OrngG. An explicit counterexample has been given in the resource theory
of coherence [108].

Although the choice of the four measures I's, F§+, Rg and Rg: is somewhat
natural in the framework of the gauge functions, there is of course no reason to
limit oneself to these particular measures and the two types of free operations
that we have considered. One can establish a similar sufficient condition for other
gauge-based measures, which we will in particular employ in the succeeding
section to characterise other classes of resource quantifiers.

Theorem 5.21. Let I be the atomic gauge function corresponding to a
compact set C. Let F denote a chosen set of completely positive maps. We
then have that if the convex cone C** is closed under the operations F, i.e.
0 eC™* = 0O(0) € C™* VO e F, then I is strongly monotonic under F.

The proof is the same as above.

Remark 5.22. Instead of choosing the resource quantifier as M = Iz — 1 for
one of the gauge functions Ic, one can instead consider M = f o Iz for any
monotonically non-decreasing function f on the interval [1, 00) s.t. f(1) = 0.
Any choice of a convex f then preserves the convexity of the measure, and any
choice of a concave f preserves the strong monotonicity — a common choice
of a concave function is f = log.
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5.3.2  Dual characterisation and resource witnesses

In quantum resource theories, elements of the dual cone S are often called

witnesses of the given resource. The notion of witnesses is a fundamental concept

that found a variety of uses in the characterisation, detection, and quantification

Of quantum resources [33,100,109,110] . [33] Horodecki et al., PLA 1996
The set of witnesses can also be described in terms of the polar set S} — the  [100] Brandio, pra 2005

equivalence is made explicit by noting that a witness can be obtained from any  [,09] Terhal,

S € 87 simply by considering 1 — S € S, and vice versa. This gives an intuitive Theor. Comput. Sci. 2002

interpretation of the polar gauge in this sense: [110] Giihne & Téth,
Phys. Rep. 2009

Proposition 5.23. For any X € H it holds that

1"§+(X)=inf{)te]R+‘ A]l—XeSI}. (5.62)

Proof. RecallingthatIg =TIse = yso,wehaveTg (X) = inf {reR, ‘ XelSs}
and the result follows since (1,0) =1Vo € S,. [

Remark 5.24. Notice that if X is such that (0, X) <0 Vo € S,, then Tg_(X) =0.
In particular, a positive semidefinite matrix can have I'g (X) = 0 if and only if
X € 8;, where St = 8f n (=8;)* is the orthogonal complement of S,.. Note
that St N H, = {0} when span(V) = C“.

The crucial property of witnesses applied to quantum resources is that, since
conv(S, ) is a convex and closed set, by the strongly separating hyperplane theo-
rem, for every p ¢ conv(S, ) there exists a witness W € S such that (p, W) < 0,
thus detecting a given resource. On the other hand, if p € conv(S., ), then we
necessarily have (p, W) > 0 VW € S. This leads to a natural formalism of
witness-based measures, quantifying how much a given state can violate the
condition (p, W) > 0: one constructs a general witness-based measure as [100]

Vs (p) =sup{—(p, W) | WeSincC} (5.63)

where C is a set representing some additional constraints on the set of witnesses

under consideration. This approach is particularly useful in experimental set-

tings, allowing for the detection and quantification of resources without the need

for full state tomography [111,112]. [111] Githne et al., PRL 2007
Many of the gauge functions considered in this work can be written in this  [112] Bisert et al,, yp 2007

form with a suitable choice of C (up to a constant), which can be seen from their

dual representation. For example, the standard robustness corresponds to VSC+

with the choice C = §7, and the generalised robustness to C = D° = {X | X< ]l}.

More generally, we can establish the following equivalence.

I Proposition 5.25. IfC can be expressed as C = X° for some subset X ¢ Hj,
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then .
Vs (p) = 3 (Ts,u-x)(p) - 1) (5.64)

for any p € D. Likewise, if C = Y° for some Y ¢ —H, then

Vs (p) = Ts,u(-13)(p) — 1. (5.65)

"2

Proof. Take the standard expression for the witness-based measure in Eq. (5.63)
and apply the change of variables W' = 1 -2W in the caseof X,or W/ =1-W
in the case of ). The result then follows from the dual characterisation of the
gauge functions. [ |

One can note a similarity of the above forms to the generalised base gauges
considered in section s.2.

An example of a witness-based measure is obtained by taking VSC+ with C =
{X ‘ TrX < d} [113]. Noting that this corresponds to C = A'° with &’ = {%}, we
obtain

VE (p) = RV (p) = inf{s R, | p+s% ¢ 5:*} (5.66)

which defines the random robustness [94]. Random robustness has full domain
iff % e relintp (S ), and it corresponds to the gauge function % (F&U (-1/d} ~ 1).
Alternatively, one can think of it as the atomic gauge function of S, under a
reparametrisation such that % is the origin. Note that the random robustness is
not a monotone under the general free operations Orng, but by Theorem 5.21 it
can be noted to be faithful and strongly monotonic under unital resource non-
generating operations (i.e. ® € Ogrng such that ®(1) = 1). By the set inclusion

of the corresponding unit balls we get Réli/ 4} (p) = Rg: (p)-

Another common choice is to consider Vs‘i withC = (-D)° = {X ‘ X > —11},
which by strong Lagrange duality is equal to the so-called best free approximation
BFA, generalising the best separable approximation [114]:

BFAs, (p) = min_ {1-21 | p > )LO'} ) (5.67)
geconv Sy
Here, the optimal A is the largest weight that a free state can take in a convex
decomposition of p = Ag + (1 — 1)w where ¢ € conv(S,) and w € D. This
expression is then equivalent to the gauge function s, u(ip) L Since the cone
2

generated by the set S, U (%D) is closed under resource non-generating oper-
ations, we have that the best free approximation is a faithful strong monotone
under Ogrng by Theorem 5.21. Note, however, that it has some unusual proper-
ties for a resource monotone; for example, any resourceful pure state |y) ¢ V
has BFAs, (lw)(v]) = 1, which fails to account for the fact that some pure states

can be strictly more resourceful than others.
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5.4

5.4.1

Relations with distance-based measures

RELATIONS WITH DISTANCE-BASED MEASURES

One can define a faithful quantifier of any resource simply by considering the
distance to the set of free states. That is, we can define

Ds,(p) = inf D(p,0) (5.68)

geconv(Sy)

for some quasi-metric D such that D(A(p), A(g)) < D(p, o) for arbitrary
CPTP maps A [52,53]. Any such measure is then a (weak) monotone under
resource non-generating operations. Although the representation is appealing
from an intuitive point of view, the measures defined in this way are frequently
difficult to evaluate and investigate in practice, and few results about their prop-
erties such as strong monotonicity are known.

The distance-based quantifiers do not fit into the gauge function formalism
directly, but we can nevertheless obtain relations between the gauge-based and
distance-based measures in several cases — we will consider some representative
examples of such quantifiers.

Trace distance and other gauge-based distances

A commonly encountered case is when D is itself based on a gauge function —
this includes, for instance, the fundamental measure of trace distance obtained
for D(p,0) = ||p — o||;- In general, one can consider

Ds,(p) = inf Te(p-o) (5.69)
oeconv Sy

where we will take C ¢ H for simplicity, but the same considerations apply to

more general sets of complex matrices with the inner product Re (-, -). To see

the difference between the distance-based measures and gauge functions, we

can consider the dual form of the general quantifier Dg, :

Ds,(p) = inf  sup (W,p-o0)
ogeconv(Sy) weCe

. sup{<w,p> ~ sup (W, o)

oSt

(5.70)

WECO}

which follows by Sion’s minimax theorem (or can be equivalently derived by
considering the Lagrange dual of the original problem explicitly). We emphasise
that the function us, (W) = sup,.s, (W, 0) is, in general, different from the
polar gauge I's (W) = [us,(W)],. This representation can nevertheless be
helpful since the polar gauges, and as a result the function ys, , can be relatively
easy to characterise (see e.g. Ch. 6).

It is explicit from the above representation that, although distance measures
can be based on gauge functions, they are not gauges themselves. An easy way to
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Relations with distance-based measures

modify any gauge-based distance measure Dg, to turn it into a gauge function
is simply to consider instead the distance to the cone generated by S,

D5, (p) = Xiréf**rc(/) - X)

=sup{ (W,p)— sup (W, X) WECO}
{ XesH* (5.71)
=sup{(W,p) ‘ WeC"m(—SI)}

:rCUSI*(p)'

As an explicit example, consider first the trace distance Ts, (p), which cor-
responds to D, with the choice C = { X | |X||; <1} and thus gives

Ts, (p) = sup { (W, p) — s, (W) | [ W], <1}. (572)

An alternative formulation of the trace distance can be obtained by recalling
that the trace norm |-||, admits a representation as the base norm Tpp,(_p) in the
space of Hermitian matrices, allowing us to write

Ts.(p) = inf(s )sup{(W,p—o) | WeD®n (-D)°}
1 (e}
= i f W/a - - 1) :H-; W/ (_D) D*}
aecc;lrg($+)sup{< p 0') < P)"‘( 0> ‘ € 2 "

=2sup { (W', p) -Ts, (W) | 1> W' >0}

(5.73)
where in the second line we make the change of variables W' = W + 1, and
the last equality follows because ps, (W') = I (W') for any W’ € D* = H,.
The trace distance can then be turned into a gauge function by considering
T, (p) = min, o [|p — X[, a quantity known as the modified trace distance.

XeSy
We can relate it to the generalised robustness as

Ts, (p) =sup{—(p, W) | W eD° n (-D°) n S}}
<sup{—(p, W) | WeD’nS} (5.74)
= Rs. (p)-

The advantage of using T _over Ts, is, once again, that the modified trace dis-
tance is a gauge function, and therefore immediately inherits all of the desirable
properties of gauges in resource quantification that we discussed in Sec. 5.3. As
an example, a long-standing conjecture that the trace distance of entanglement
is a strong monotone [115] was recently put to rest by employing results from
the resource theory of coherence to show that the trace distance does not satisfy
strong monotonicity under the relevant resource-free operations [116,117] — this
gives an interesting example of a case where it becomes necessary to consider
distances with respect to the unnormalised cone S} in order to ensure strong
monotonicity.
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5.4.2

Relations with distance-based measures

Geometric measures

The family of the so-called geometric measures with respect to S, is defined
by noting that, for pure states, the quantity I},(|y)) effectively quantifies the
resource contained in a state by measuring the largest possible overlap with a
free state [118,119], reaching its maximal value 1 only on the set of free states. One
can then define a resource quantifier simply as

Gs, (J[v)(y]) =1-Ty (). (5.75)

This function can now be extended to all mixed states through the convex roof,

giving
Gs.(p) = (1-13%)" (p) =1- T (p)

—l—max{sz Iy (ly:))?

p= ZP lwi)(wil, P16R+,2p,—1}

(5.76)

Since GS+ (|W><W|) =1- max\q)év |<W|’7>|2 =1- Supaeconv8+ F(lv/><W| > 0)’ one
could expect this measure to be related to the fidelity-based distance quantifier:

Gs (p) =1- max F(p,o) (5.77)

geconv(Sy)

Surprisingly, the two quantities are in fact equal, which can be seen as follows.

Theorem 5.26 (Streltsov et al. [120]). For any p € D,

max F(p,0) = maX{ZPz max_ F(|lyi{(yil,0) | p= ZP:W’: l/’z|}

oeconv St econv Sy
(5.78)
where the maximisation is over all pure-state convex decompositions of p.
In particular,
Gs, (p) = Gs, (p). (5.79)

Proof. By Uhlmann’s theorem [28], the left-hand side can be expressed as

max F(p, o) = max max‘ Y, ¥, ) (5.80)

€Sy €S Yo, ¥,
where the internal maximisation on the right-hand side is over all purifications
of p and 0. Furthermore, we can restrict ourselves to a fixed purification of o [121].
If 0 = ¥, qi|ni)(ni| is a decomposition of ¢ into pure states |1;) € V, we choose
|¥o) = >; \/qi |ni) |i). Any purification of p over the same system can then be
expanded as |¥,) = 3; \/pi |i) |i) with respect to the orthonormal basis {|i)}
on the purifying system. Here, { p;, |y;)} forms a pure-state decomposition of
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Relations with distance-based measures

p. Since (¥,|¥,) = X; \/Piqi (1i|vi), we deduce that

2

>-VPidi (nilyi)

fgg}F(P’U):maX{ p =2 pilvi)vil,
w:Zq,-|;7i)(;7,-|, \ﬂi)EV} (5.81)

- max{ S pillnlyil® | o= S byl b e v

= max{Zpi aren/el)f,, F(lyiXvil,o) | p= ZP:‘ |V’i><‘/’i|}.

The above result is rather remarkable in that it reduces the quantification
of the convex roof-based measure G, to a much simpler convex optimisation
problem.

I’ is concave and therefore is larger on ID than any convex function equal
to it on the extremal points of the set, including in particular the gauge I'g_itself.
We thus obtain the bound

Gs.(p) <1-Tg,(p) (5.82)

which holds for any density matrix p. From Prop. 5.13 we then have that

Tr(p?) _ _Te(p?)

> - 1. .8
(o) 2 1-Gs.(p) (58

R3. (p) >

forany p € dom(RE+ ). This in particular establishes the relation

1 1. _Gs.(Jw)vD)
1-Gs, (ly)vl) 1-Gs, (lyNvl)

for all |y) € span()), which generalises a known property of the robustness of
entanglement [122].

Rg, ([)(vl) > (5.84)

5.4.3 Relative entropy

Let D(p||o) denote the quantum relative entropy, defined as

D(p|o) = (5.85)

Tr(plogp — plogo) if supp(p) < supp(0),
00 otherwise.

This quantity is neither symmetric nor does it satisfy the triangle inequality, but it
nevertheless can be treated as a quasi-metric and used as a measure to faithfully
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Relations with distance-based measures

quantify a given quantum resource [52,53]. A quantifier of interest is then the
relative entropy with respect to S,

$s.(p) = _inf_D(p|o). (5.86)
oeconv Sy
Note that dom(Ss, ) = dom(Rg ).

One can obtain useful relations between this quantity and atomic gauges,
generalising results for entanglement and coherence theories found for example
in [99,123,124]. The connection between the two frameworks is made through
quantities called the max- and min-relative entropy, defined as [99,125]

Dmax(plo) = inf{s eR, ‘ p < 250} :loginf{s eR, | p < so}

(5.87)
Dmin(p[ o) = -2log F(p, o)

We make note of the difference between this quantity and a different Dy, de-
fined in [99], which we will later encounter as the hypothesis testing relative
entropy Dy. From the definition of the generalised robustness Rg, it then fol-
lows that

inf  Dmax(p|o) =log(1+ Rg () (5.88)

oeconv(Sy)

making the Dp,x-based measure strongly monotonic under resource non-ge-
nerating operations. Using the relation Dy (pllo) < D(p|o) < Dmax(p|o)
[99,125], we then have

Gs, (p) < -210g(1-Gs, (p)) < Ss, (p) <log (1+ R, (p)) <logTs(p) (5.89)

where the first inequality comes from the fact that —2log(x) >1-x Vx € [0,1],
and the last inequality from Theorem 5.7. This establishes a quantitative relation
between some non-convex resource monotones and the relative entropy. In
the resource theory of quantum coherence, it has been conjectured that the
inequality Ss, (p) < I's(p) — 1 also holds [124,126]. Following [124], we can use
the fact that x > log(1+ x) Vx > 1 to similarly establish

Ss. (p) <R3, (p) <Ts(p) -1 VpstRS (p)21  (5.90)
Ss.(p) <R3, (p)loge < (Is(p) ~1)loge  Vp, (5.91)

and it is an interesting open question whether one can tighten the relation.
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6.1

Gauges for physical resources

We now show how to apply the formalism introduced in the previous chapter
to two representative quantum resources — entanglement and coherence — as
well as the recently established resource theory of magic states, demonstrating
the universality of the results. We introduce new gauge-based quantifiers as well
as show that many known measures of the three resources fit into the gauge
function framework, allowing for their characterisation in this formalism. An
important point to note here is that the properties of the measures such as strong
monotonicity under relevant free operations, faithfulness, as well as quantitative
bounds and relations, all follow straightforwardly from our discussion in Ch. 5.
Since these properties are often not easy to show explicitly for a given measure,
one can benefit from exploiting the convex geometry of the quantifiers.

This chapter is based on results published in [BrR4]. We begin with the dis-
cussion of quantum coherence, as the introduced measures will form a basis for
our investigation of bipartite entanglement.

k-COHERENCE

Let us recall the setting of the resource theory of quantum coherence. The set of
free pure states in this resource theory, which we will denote as 3, corresponds
to state vectors which have only one coefficient in a fixed orthonormal basis
{|i)}, that is, each free pure state vector is a normalised scalar multiple of a basis
vector. The free density matrices, defined in the usual way as the convex hull of
{ lw) (v ‘ lv) e B }, are called the incoherent states. Any state which cannot be
written as a convex combination of incoherent pure states is then coherent, and
can be used as a resource.

In some applications, however, not every coherent state is useful for the
considered physical tasks [BR5,18,19,104,127,128] — in these circumstances, a
fine-grained quantification of quantum coherence is necessary. Given a fixed
orthonormal basis {|i) }, the coherence rank CR(|y)) is defined as the cardinality
of the state vector |y), that is, the number of non-zero coefficients in this basis.
The set of free pure states is then given by B* == {|¢) | CR(|y)) <k, (yly) =1}
and we extend this to mixed states as done previously; for the simplicity of
notation, we will hereafter work with the convex hull directly:

Ik = conv { [y){y| ‘ ly) € Bk}. (6.1)
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6.1.1

k-coherence

Any state p € Z¥ is then a free state in the resource theory of k + 1-coherence,
with all states p ¢ Z¥ being k + 1-coherent. Note that k = 1, that is the quan-
tification of 2-coherence, corresponds to the standard notion of quantum co-
herence, where the only resource-free states are convex combinations of the
basis projectors; also, note that Z¢ = ID. Let us also define the corresponding set
Tk = conv{ lv) (4] ‘ ly) e B, |¢) € Bk} as before.

k=landk=d

The resource theory of quantum coherence (k = 1) has been investigated in many
works, and a variety of quantifiers have been considered [55,61,62,82,129,130].
Applying the formalism of this work to the states Z¥ with k = 1, one can notice
that we have:

fn () = | T
= il‘lf{z |Ci|

1

|l//> = Zci ‘V;’), Ci €R+: |Vi> c Bl}

1

1

v =S aili)cie c} (6.2)

= [lw)le, -

Following in a similar way for the other quantifiers, we obtain several known
norms and gauges for Hermitian matrices, many of which have been used as
coherence measures:

Gauge Also known as
[ vector ¢; norm |-,
B vector infinity norm |-|,_
I'n element-wise & norm |-,
p element-wise max norm ||, _
T maximum of diagonal elements and 0
1
[71,(-z1) maximum of absolute diagonal elements
1
R%f (standard robustness of coherence)
+
R]II))1 generalised robustness of coherence [82]
+
;1 -1 coherence concurrence [129, 130]
1
1-I0 geometric measure of coherence([61]

Note that the set Z} only spans the set of diagonal matrices in the given ba-
1

sis, which means that the measure R% is not a practically useful measure of
+

2-coherence as it is infinite for p ¢ 7.
For comparison, we also characterise the quantities obtained for k = d, i.e.
when Z¢ = :
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6.1.2

k-coherence

Gauge Also known as
I'ga vector £, norm H'Hez
I vector £ norm |-,
T7a trace (nuclear) norm |-
7, operator (spectral) norm ||-|
7 maximum of the eigenvalues and 0
+
F%fdu(,ﬂ) spectral (numerical) radius [131]
R%g trace of positive part —1
+
D i
RI;{ trace of positive part —1
F;d -1 trace norm —1
+
1 I"If 1- trace

By the trace of the positive part of a Hermitian matrix M we understand the
quantity Tr(IT, M) with IT, denoting the orthogonal projection onto the sub-
space spanned by the non-negative eigenvalues of M. Further, we recall that
rIf_’u(—If) corresponds to the trace norm itself for all Hermitian matrices [84].

1<k<d

We will now consider the extension of the atomic gauge formalism to arbitrary
k. Several of the measures in this resource theory have been defined in the
literature already: they are the geometric measure of k-coherence [BR5] and
the generalised robustness RD [104]. All of the other measures that we have
considered in Chapter 5 can be defined analogously. We will consider some
explicit examples.

The sets Z* for k > 2 have been shown to span the whole space H [104], and
SO RI;E can be used as a quantifier for k > 2. The other considered measures I'zx,

Lz, T 7o and R have no domain problems because span(Z*) = C? Vk.

The atomic Vector norm on the set B%, called the k-support norm ||-| (k)» Was
introduced in [132] in the context of machine learning and optimisation. The
norm is in fact exactly computable for any k.

Definition 6.1 (Argyriou et al. [132]). Let & be the set of all possi-
ble subsets of {1,...,d} of at most k elements, and let esupp(|x)) :=
{ i | X # 0} where x; is the ith coefficient of |x) in the given basis. The
k-support norm" is defined as the atomic norm for the set B¥ and is given
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k-coherence

by
T ([x)) = [} k)

=inf{ > [vi)le, | esupp(lvi)) €I, Y. |vi) = |x)

1P Ie Py
kot 1 a 2
= i+ — ;| (6.3)
; l r+1 i=kz:—r l

where x* denotes the coefficients of |x) sorted in non-increasing order by
magnitude (|x;| > |x}| > ...),and r is the unique integer in {1,..., k—1}
satisfying

1 d
1 1 1
> E 2 6.
|xk_r_1| 1.4 _r|x,| |xk_r| (6.4)

or 0 if no such integer exists.

It is explicit from Eq. (6.3) that the k-support norm interpolates between the
¢ and ¢, norms for vectors — indeed, we have that || ;) = ||, and |-[ 4 =

Ile,-
The polar (dual norm) of the k-support norm is given by

1)k = (6.5)

that is, the £, norm of the k largest coefficients. In general, we have that | |x)]|, >
1)y 2 e, > M) iy > D) -

We remark that an alternative way to derive the exact formula for the k-
support norm is to start with the dual norm ||-||<()k), which is easier to compute
explicitly [BRs], and apply a duality result from [134] which immediately gives
the form in Eq. (6.3). This approach was taken in [105] for a related problem in
entanglement theory.

"The terminology of “k-support” comes from the fact that the set of non-zero coefficients of
a matrix is frequently referred to as “support” in statistical learning and optimisation literature
[133]. Since this differs from the usual definition of “support” in quantum information, to avoid
confusion we use the notation of esupp to refer to the “element-wise support”
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6.2

Bipartite entanglement
The atomic norm I'z« on the set 7 k is the (k,k)-trace norm, defined as [85,86]:

Il o = inf{z la)l o 1103y | o= 3 la) <bz-|}

= inf Z |Z1sly | esupp(Zry) cIx], p= ZZIJ (6.6)
IE{)Mk I’]
Je Py
lo 0k k) = sup {[{alplb)] | |a),|b) € V¥} (6.7)

where esupp(M) is defined for a matrix with elements M;; as esupp(M) =
{ (i, ) ‘ M;; # O}. This norm interpolates between the entrywise ¢; norm for
[l 1,1y and the standard trace norm for || 4 4. The (k, k)-trace norm is there-
fore a natural generalisation of the £;-norm of coherence, a fundamental measure
of quantum coherence [15,126], to the formalism of k-coherence.

While |- x) is in general NP-hard to compute exactly, a numerical algo-
rithm to approximate it was introduced in [85]. Note also that the generalised

robustness of k-coherence R;Dk was shown to be computable with a semidefinite

program (SDP) [1o4k]. It follows easily that the same property holds for the stan-
dard robustness R%};, and since this quantity is well-defined for any k > 2, we

obtain tight bounds for the (k, k)-trace norm as
k
R (p) > Il ey =12 RZ.(p). (6.8)

. . Tk 2
Interestingly, it has been shown that R7, ([y)(y|) = [[y}[{x) — 1 for any pure
state [BR11], which means that both of the above inequalities are tight for pure
states.
The convex roof extension of the k-support norm F;k is the natural convex

roof measure in this formalism. By Theorem 5.19, both the convex roof-extended
k-support norm as well as the (k, k)-trace norm are strongly monotonic un-
der k-incoherent operations [104]. We remark that another convex roof-based
measure was defined in [127], based on an entanglement monotone called k-
concurrence; it is not a generalisation of the ¢; norm in the present framework.
A quantitative comparison of the k-concurrence and an equivalent entangle-
ment monotone based on the k-support norm will be considered in the next
section.

BIPARTITE ENTANGLEMENT

Let |y) € C% ® C%8 denote a bipartite pure state shared between two parties A
and B, with the dimensions of the corresponding spaces denoted as d4 and dp.
A pure state is called separable or a product state (in the A|B bipartition) if it
can be written as |y) = |y4) ® |y), and entangled otherwise. We denote the set
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Bipartite entanglement

of all product state vectors as V, and we define S, to be the set of all separable
density matrices defined through the convex hull. The Schmidt rank of a state
|y} is defined as

SR(y) - mm{r eN ‘ =S ) v}. 69)

Then |y) is unentangled if and only if SR (|¢)) = 1, and in general we have
1< SR(Jy)) < min(dy, dp). A crucial property of bipartite entanglement is that
every state can be expressed in the so-called Schmidt decomposition as

SR(|y))
ly)= > Ailai) ®|b;) (6.10)
i1

where {|a;)} and {|b;)} form orthonormal bases for C% and C?5, respectively,
and the terms A; are called Schmidt coefficients.

As previously, we now want to consider situations where not all entangled
states are resourceful; that is, for our particular task, a state with at least a given
Schmidt rank k is necessary, and we would like to quantify the entanglement
corresponding to a particular Schmidt rank [135-138]. We define the Schmidt
vector &(|y)) of a state |y) to be the vector consisting of its Schmidt coefficients
including the zero terms, so that it is always min(d,, dp)-dimensional. Since
the Schmidt rank of a state corresponds to the cardinality of the Schmidt vec-
tor just as the coherence rank corresponds to the cardinality of the state vector
in the given basis, in the case of pure states, the resource theory of bipartite
entanglement of Schmidt rank k can be seen to be analogous to the resource the-
ory of k-coherence applied to the Schmidt vector. Indeed, this relation between
the two resource theories has been used to relate the corresponding quantifiers
[123,139,140].

We now define the relevant sets of free pure state vectors and free density
matrices as, respectively:

VE={ly) | SR(ly)) <k [lv)l,, =1}

(6.11)
St = conv { [y)(y] | [y) e V*}
and define the corresponding set
S = conv {|y) (9] | ly) e VE, |¢) e V. (6.12)

S! is then the set of separable states, and S¢ = ID. A mixed state p € S¥ is said
to have Schmidt number at most k [135]. The dual cone S f* defines the set of
the so-called k-block positive operators [141].

Note that for any k, we have that span(V¥) = C and span(S*) = H [142],
which in particular means that all of the considered functions are finite for any

71

[135] Terhal & Horodecki,
PRA 2000

[136] Chruscinski & Kossakowski,
CMP 2009

[137] Johnston & Kribs,
JMP 2010

[138] Sentis et al., PRL 2016

[123] Zhu et al., ypA 2017
[139] Chen et al., PRA 2016

[140] Zhu et al., PRA 2017

[141] Skowronek et al., jMP 2009

[142] Zyczkowski et al.,
PRA 1998


http://dx.doi.org/10.1103/PhysRevA.61.040301
http://dx.doi.org/10.1007/s00220-009-0790-8
http://dx.doi.org/10.1063/1.3459068
http://dx.doi.org/10.1103/PhysRevLett.117.190502
http://dx.doi.org/10.1088/1751-8121/aa8ffc
http://dx.doi.org/10.1103/PhysRevA.94.042313
http://dx.doi.org/10.1103/PhysRevA.96.032316
http://dx.doi.org/10.1063/1.3155378
http://dx.doi.org/10.1103/PhysRevA.58.883

6.2.1

Bipartite entanglement

density matrix, and that the relevant symmetric gauges (T, Tsku(-sky» Igi)all
define valid norms.

The set of operations of interest in the theory of entanglement — LOCC — is
a strict subset of both the resource non-generating (separability-preserving) and
the resource-free (separable) operations [107], which by the results of Sec. 5.3
means that all of the considered measures are strong monotones under LOCC.
We stress that the measures introduced herein are monotonic not only under
free operations which do not generate entanglement, but also under a larger set
of operations which do not generate entanglement of Schmidt rank k + 1.

k=1

For k =1, we obtain many familiar measures and quantifiers in this formalism:

Gauge Also known as

I sum of Schmidt coefficients
I largest Schmidt coefficient [118]
I's1 greatest cross norm (projective tensor norm) [143]
P Schmidt operator norm (injective tensor norm) [137]
1":,;i —
[$1y_sty product numerical radius [144]
Rgir robustness of entanglement [94]
Rg generalised robustness of entanglement [94,101]
Fgl -1 (2x) convex roof-extended negativity [145]
1- 1“;? geometric measure of entanglement [119]
where by “—” we denote functions which, to our knowledge, have not been

previously defined in the literature explicitly or do not correspond to known
quantities, although they can of course be defined as detailed before.

The vector gauge I is the ¢; norm of the Schmidt vector, corresponding
to the sum of Schmidt coefficients and constituting a convex relaxation of the
Schmidt rank of a pure state.

The negativity of a state is defined as N(p) = 1 (||’ H1 —1) [92,142], where
pT® denotes the partial transpose. The negativity of pure states is precisely [92]

2 _
N(w)ul) = 3 A, = =1 (613)

j<k 2
which means that the convex roof-based quantifier I'g, is (twice) the convex
roof-extended negativity. This function was proposed as an alternative general-
isation of concurrence to systems beyond two qubits [145], and it was further
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suggested as the measure most suitable to characterise the so-called monogamy
relations of entanglement between qudits [146-149], which the concurrence fails
to satisfy. Here we also see that the convex roof-extended negativity arises as
the natural gauge-based generalisation of the concurrence. The faithfulness and
strong monotonicity of I'g, under separable operations follow from Theorem
5.19.

The atomic norm I's1 has been first considered in the context of entangle-
ment quantification by Rudolph [143,150]. In fact, both I'si and I'}x are what is
known as projective tensor norms [87,151], but defined on different underlying
spaces — I on the tensor product of the Hilbert spaces, or equivalently on
the tensor product C% ® C? both endowed with the £, norm; and I's: on the
tensor product of the corresponding spaces of trace-class linear operators, or
equivalently C44*94 @ C48*5 endowed with the trace norm. Specifically, we
can write

o) =i {2 [0} [0}, |19 = S0} ).
1 l (6.14)
[(7) e, [0 e o }
and
Toi(p) - mm{z [xO] %] | o= 5 x4 0 X0,
l l (615)

Xl(ql) E(CdAXdA, Xél) € CdBXdB }.

This characterisation will allow for a straightforward generalisation of the quan-
tities later. Also, notice that the base norm I's1,(_s1) can be expressed simply
by replacing the optimisation over arbitrary complex matrices in the above with
an optimisation over Hermitian matrices only [93], that is,

!

%5

Loi(p) = min{z | x5

p=Yx{exy,
' (6.16)
Xl(ql) EHdAXdA, XI(;) EHdBXdB }

k>1

The generalisation of the robustness measures to the set of bipartite states with a
given Schmidt number k was considered by Clarisse [102], although exact quan-
titative expressions were not previously known, even for pure states. Many of
the other gauge-based quantities were later described by Johnston and Kribs in
[105,137,153]. Similarly to the case of coherence, we obtain a hierarchy of quanti-
fiers, each corresponding to a different level of bipartite entanglement.
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Figure 6.1: Comparison of the different Schmidt rank k entanglement measures for 10° randomly generated
pure states (uniformly distributed with respect to the Haar measure). On the x axis is the quantity T« (|y))* -1 =
1€(lw)) H%k) -1 (with a normalisation factor ﬁ), and on the y axis is the k +1-concurrence monotone from [152].

The quantity I')x is nothing but the k-support norm of the Schmidt vector,
[€Clw))[l (k- This gives a natural generalisation of the convex roof-extended
negativity to a measure of Schmidt rank k entanglement:

r§k<p>:mf{zpz- I p=zpi|wi><wi|,p,-eR+,Zpsl}.

(6.17)
Another common convex roof-based measure of Schmidt rank k entanglement
is Gour’s k +1-concurrence [152] — a comparison between the values of I}, and  [152] Gour, pra 2005
the k + 1-concurrence on pure states can be found in Fig. 6.1.
The choice of T,k as a quantifier of pure-state entanglement of Schmidt
rank k + 1 has the advantage that several natural resource measures such as

the robustness ng reduce to it on all pure states. In fact, it has been shown in
+

[BRr11] that the robustness Rgli of a pure state is upper bounded by Tk ()2 = [sru] Johnston etal,

+ preprint 2018

k
1, which implies that Rg;;(|1//)(1//|) = ng(|y/)(1//|). This generalises a known
+ +
relation between the robustness of entanglement and negativity [94]. [04] Vidal & Tarrach, PRA 1999
The norm I'sx generalises the greatest cross norm to a faithful quantifier of
entanglement of a given Schmidt rank [105]. One can also express I'sk as the  [105] johnston & Kribs,
Houst. J. Math. 2015
nuclear norm

Isi(p) = inf{z 1ECxiD oy [EAYiD Ty | P = 20 1i) ()’i|}- (6.18)

k
We remark that, just as in the case of coherence, the robustnesses Rg;; and REk
+ +
provide tight upper and lower bounds for this norm. Note also that the polar
gauge 'y, can be computed exactly in small dimensions, and in general bounded

by semidefinite programs [153], allowing for an efficient characterisation of k- (137] Johnston & Kibs,
block positive operators [137]. JMP 2010

[153] Johnston & Kribs, Qic 2011
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6.2.3

k-partite entanglement

The quantity 1 - Fg,j provides a generalisation of the geometric measure of
+

entanglement, and in fact corresponds to a family of convex roof-based mono-
tones introduced by Vidal [154]. These monotones can be computed exactly for
special cases such as isotropic or Werner states [155].

Remarks about the resource theory of negative partial transpose

The set of states with positive partial transpose is PPT, = { peD | pTe e IHL}.
This set is not a convex hull of rank-one terms, and therefore does not precisely
fit into the formalism considered here; however, many of our considerations,
including in particular the robustness quantifiers, apply to it very straightfor-
wardly.

Recall that S! ¢ PPT, and note that the separable operations (resource-
free operations in the resource theory of bipartite entanglement) are a subset of
the so-called PPT-preserving operations (resource non-generating operations
in the resource theory corresponding to PPT states) [34,156]. What this means in
particular is that, by considering the resource theory in which PPT, is the set of
free states, any monotone under PPT-preserving operations is an entanglement
monotone under separable operations — including the quantities REE% and
RHP)PT+-

A different choice of the reference set of free states is often made, taking
instead the set of unit trace Hermitian matrices with a positive partial transpose,
PPT = {X e Hj ’ XTs e ]HL}. The gauge function formalism straightforwardly
applies to such cases as well — indeed, the negativity of any mixed state, defined
asN(p) =1 (]p™ H1 —1), can be written simply as N (p) = REFT(p) [81,92]. The
function Rggk was in fact mentioned in the original work of1 Vidal and Werner
[92] as an alternative to negativity, leading to the relation Rgi (p) > REE% (p) >
N(p) by the set inclusion of their unit balls. As we remarked before, it is known
that Rgi (lvXy]) = 2N(Jy)(y|) [92]. More recently, other gauge functions in
the resource theory of negative partial transpose have been employed to pro-
vide bounds on distillable entanglement [157], and we will encounter further
examples in Ch. 8.

These considerations generalise also to multipartite entanglement in the
form of quantifiers such as the genuine multipartite negativity [158,159], as we
will consider explicitly in the next section. Furthermore, we will explicitly inves-
tigate the quantitative and operational properties of measures associated with
the sets PPT, and PPT in Chapter 8.

k-PARTITE ENTANGLEMENT

Let us now consider a system consisting of n > 2 parties, |y) € C* ® --- @ C,
Similarly to the hierarchy of the Schmidt rank in the case of bipartite entangle-
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k-partite entanglement

ment, one can define a hierarchy of multipartite entanglement. We will take P*
with 1 < k < n to be the set of pure states which are k-producible — that is, they
can be expressed as [160]

V) = 1¢1) @ [¢2) ® - @ [$m) (6.19)

where each of the m states |¢;) consists of at most k parties. Since such states
are at most k-partite entangled, they are precisely the free states in the resource
theory of k +1-partite entanglement. The convex hull of the corresponding set of
matrices M = conv{|a) (a| | |a) € P*} then defines the set of k-producible
mixed states, and we analogously define M* = conv{|a) (b| | |a),|b) € P¥}.
Note that M is the set of fully separable states and M”" = D.

Unlike the theory of bipartite entanglement, our understanding of the theory
of multipartite entanglement is still very limited [7,161]. While one can straight-
forwardly generalise the quantities defined previously for bipartite entanglement
— for instance, as the robustness of k-partite entanglement [103], geometric mea-
sure of k-partite entanglement [162], and product numerical radius [163] — their
quantification and characterisation is in general a much more difficult task.

In the case of k = 1, the corresponding norm I'y 1 generalises the greatest
cross norm [150]. This quantity along with its dual norm F}’\Al have been inves-
tigated in detail in [164], including the infinite-dimensional case. Again, the
norms I'p1 and Ty 1 are both projective tensor norms, and can be written as

o) - S, I, -, | ) <
1
-l o i) o o]
) = [ [, [0) = S0 010 o

XJ(.i) c @dfxdf} (6.20)

following [150,164], where d; denotes the dimension of the Hilbert space of the
jth system. Note that the base norm T'y 1 ,(_ x4 ) can be expressed by replacing
X](") e C%™% with X]@ e HY*% in Eq. (6.20) [93].

Generalising this norm to the fine-grained classification of k-partite entan-

glement, one obtains a hierarchy of norms akin to the one defined for Schmidt
rank k entanglement. Explicitly, we have:

Cuap) =inf{ S | o= T estd b s o) € )

i SO ) [ o= S ) ¢

IR (p) = sup { [(alplb)]| | [a).[b) € P¥}
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Magic states

and analogously for the other definitions. The computation of these quantities
is of course not easy, especially without being able to rely on tools such as the
bipartite Schmidt decomposition, although let us remark that generalisations
of the Schmidt decomposition have been proposed [165-167] and one of them
in particular has been related to the quantification of the I'y ;1 norm for some
special cases of states [167].

A case of particular interest is the so-called genuine n-partite entanglement,
corresponding to states which are not separable across any bipartition; in other
words, the resource theory whose free states are constituted by the (n — 1)-
producible states M"™!. This case is particularly simple to consider for pure
states, where it suffices to minimise the bipartite atomic gauge over all possible
2"71 — 1 bipartitions of the system:

Lpia(ly)) = min 15 () (6.22)

bipartition
(AlB)

with l“](;'B) denoting the bipartite atomic gauge I introduced in Sec. 6.2 com-
puted in the given bipartition (A|B). Since we have shown I}, -1 to be equal
to twice the bipartite negativity, it means that 1"723,1_1 — lis in fact equal to twice
the so-called renormalised genuine multiparticle negativity (RGMN) [159]. The
convex roof extension of 1"72;.,1_1 — 1 then generalises the convex roof-extended
negativity to a measure of genuine multipartite entanglement.

The RGMN itself, computable with a semidefinite program [159], can be used
to provide lower bounds for the measures. Furthermore, we have that the quan-
tifiers such as the generalised robustness of genuine multipartite entanglement
are equal to twice the RGMN on pure states, generalising the known relation of
the negativity and robustness for n = 2 [92,101] and allowing for an efficient
quantification of genuine multipartite entanglement for pure states.

The properties of the quantities introduced above such as faithfulness, strong
monotonicity under free operations (which includes LOCC as a subset), quanti-
tative bounds, and their relation to witnesses of k-partite entanglement all follow
from the results of Ch. 5. We remark that since for each k, P¥ and M¥* span the
whole space, the considered measures all have full domain and I'p«, Ty, and
r MEG(-ME) all define valid norms.

MAGIC STATES

As the final example of the application of the atomic gauge formalism, we briefly
consider the resource theory of magic states, recently characterised in [23,83,168-
173]. Here, the free pure states are the so-called stabiliser states, consisting of the
eigenvectors of Heisenberg-Weyl operators, and states outside of their convex
hull are called magic states. Since there is always a finite number of pure sta-
biliser states (although it scales superexponentially with the number of involved
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Magic states

subsystems [174]), the set of free density matrices is given by

W, = conv{|vi)(wi|, ..., [vi)(vk|} (6.23)

and forms a polytope in the space of Hermitian matrices, which means that the
quantification of many measures in the atomic gauge formalism will reduce to
solving a linear or semidefinite programming problem [83,173]. We will make
this explicit by expressing the optimisation problems in simplified forms.

To begin, let us define the non-balanced set 7" = {|w1),...,|vk)}, where
{|[vi)} are the pure stabiliser states with any complex phase. Since we require the
set of free states to be balanced, the set of interest 7 ¢ C? is given by 7’ sym-
metrised around the origin. The atomic gauge function corresponding to this
set can be obtained by considering the d x k matrix whose columns correspond
to the free states, i.e. T = ( i), vi) ), which then gives

T7(ly)) = min { Z Ci
= min { Z |ci

=min {|x[,, | Tx =[y)}

lw)=> cilwi), [wi) €T, ¢ E]R+}

1

W’) = Z Ci ‘Vi> , ‘Vi> € 7-,, ¢ € C} (6.24)

where we do not use the Dirac notation for x € C* to differentiate the two dif-
ferent spaces C¥ and C?. This quantity can be thought of as a convex relaxation
of the stabiliser rank, quantifying the least number of stabiliser states one needs
to superpose to express the state [y) [171].

Defining the set W = {|w;) (w;| | |wi),|w;) € T}, it is straightforward to
see from the above characterisation that the nuclear gauge of the set W is given
by

w(p) = min {IX], | TXT" = p}. (6.25)
By the discussion in Sec. 5.3, this defines a faithful monotone of magic. Since
the set 7 spans the space C%, we have that I}y is a valid norm for all complex

matrices. Again in a similar way, we get the atomic gauges corresponding to the
robustness measures as

2R () +1= Tow,o(-w.) (p) = min{ ||, | Tdiag(x)T" = p}  (6.26)

R}y, (p) +1= min {Ixl,, | Tdiag(x)T">p}. (6:27)

xeR%
Although no longer a linear program, the generalised robustness has the advan-
tage that, once again, its quantification reduces to computing the gauge I's for

pure states by Theorem 5.8. An alternative characterisation of the above quan-
tities in terms of generalised Bloch vectors can be obtained by following [83],
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Figure 6.2: Quantitative comparison of the measures of magic for: (a) the one-qubit state (1- )3 + a|T)(T|,
(b) the two-qubit state (1-a)% + a|T® T)(T ® T|.

where we remark that in [83] the quantity [y, (-, ) itself was referred to as
the robustness of magic.

The resource theory of magic states is an example of a resource theory where
the standard robustness R%i is in general strictly larger than the other measures

on pure states: as an explicit example, consider the one-qubit pure state |T)(T| =
0x+0y+0;

1

2 (]1 + \/5
of this state can be computed exactly as Rw: (ITNT|) = 1(v/3-1) [83], while a
similar calculation for the other measures yields

[83] Howard & Campbell,
PRL 2017

) [175] with 0; being the Pauli matrices. The standard robustness  [175] Bravyi & Kitaev, pra 2005

V3-1

2

Lr(|T))* -1=2-V3%0.268 < R (|T)T]) = ~0.366  (6.28)

where we recall that R]B’w (ITIT|) = Tw(|T)T|) -1 = T7(|T))? - 1. However,
the difference appears to become less pronounced with increasing dimension,
with the two-qubit state | T ® T') having standard robustness of approx. 0.616
and generalised robustness of approx. 0.607. A comparison of the measures for
a class of mixed states is plotted in Fig. 6.2.

We remark that a very similar formalism applies to any resource theory
where the set of free states is finite (polytopic). For example, the resource theory
of quantum coherence (k = 1) can be obtained by taking T to consist of the
vectors of the reference orthonormal basis, although care has to be taken about
the effective domains of the measures as discussed before.
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One-shot distillation of quantum
coherence

The standard approach to the problem of distillation in quantum information
theory, both in the resource theories of entanglement [37-39] and coherence
[55,176], is to consider the asymptotic limit — that is, assume that we have ac-
cess to an unbounded number of independent and identically distributed (i.i.d.)
copies of a quantum system. In a realistic setting, however, the resources are
finite and the number of i.i.d. prepared states is necessarily limited. More im-
portantly, it is very difficult to perform coherent state manipulations over large
numbers of systems. Therefore, it becomes crucial to be able to characterise how
well we can distill maximally coherent states from a finite number of copies of
the prepared states. The study of such non-asymptotic scenarios has garnered
great interest in quantum information theory [177-184], including work in the
one-shot theory of entanglement distillation [185-187]. More recently, one-shot
results in the resource theory of coherence [188,189] and more general quantum
resource theories [6,190] were obtained.

In this chapter, we develop the framework for non-asymptotic coherence
distillation, in which one has access only to a single copy of a quantum system
and allows for a finite accuracy, reflecting the realistic restrictions on state trans-
formations. In this non-asymptotic setting, the characterisation of resource dis-
tillation can be understood as the study of the trade-off between the achievable
rate of distillation and the realistic restrictions on state transformations, includ-
ing the number of accessible i.i.d. copies of a given state as well as the allowed
error tolerance. In particular, we establish an exact expression for the one-shot
distillable coherence under MIO and DIO, which can be efficiently computed as
a semidefinite program. Interestingly, we show that the two quantities are in fact
the same, demonstrating that MIO and DIO have the same power in the task
of coherence distillation, and together with recent results in coherence dilution
[188,191] shedding light on the asymptotic reversibility of state transformations
under DIO. Further, we generalise two fundamental quantifiers of coherence, the
robustness of coherence [62] and the modified trace distance of coherence [116],
establishing a family of measures of coherence which we show to have an oper-
ational application in characterizing the maximal fidelity of distillation under
different sets of operations. We derive exact expressions for these measures for all
pure states, leading to a complete characterisation of pure-state one-shot distil-
lation of coherence and showing that all the considered sets of operations — 10,
SIO, DIO, MIO — have exactly the same power in such a task. Furthermore, we
develop a general framework of probabilistic distillation of quantum coherence,
in which the distillation will succeed only with some probability. We investigate
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7.1

A family of coherence quantifiers

MIO

Figure 7.1: The hierarchy of free operations. The diagram presents a schematic rep-
resentation of the relations between the different sets of operations. Based on [60].

probabilistic distillation under different classes of free operations, highlighting
differences in their capabilities and establishing their fundamental limitations
in state transformations. In particular, we achieve a complete characterisation
of probabilistic coherence distillation with pure input states.

This chapter is based on results contained in the works [BR6,BR7,BR8].

A FAMILY OF COHERENCE QUANTIFIERS

Let us recall the basic structure of the resource theory of quantum coherence.
We use A to denote the diagonal map (fully dephasing channel) in the basis
{li)}. We will denote by Z the set of density matrices which are diagonal in this
basis, i.e. p € D such that p = A(p), and by Z** the cone of diagonal positive
semidefinite matrices which are not necessarily normalised. The largest possible
set of such free operations are the maximally incoherent operations, which are
given by completely positive and trace-preserving maps € such that £(p) € Z for
every p € Z. The incoherent operations are those for which there exists a Kraus
decomposition into incoherent Kraus operators, that is, { K¢ } such that Kng; €
Z** for all € and all p € Z. The strictly incoherent operations are operations
for which both {K,} and {K]} are sets of incoherent operators. Finally, the
dephasing-covariant incoherent operations are maps £ such that [A, €] = 0, or
equivalently £(|i) (i|) € Z and A(E(]i) (j|)) = 0. The inclusions between the
sets of operations are visualised in Fig. 7.1.
A natural example of a coherence quantifier is the trace distance of coherence,
given by [15,126]
Tr(p) =min{|p-o, | o€ Z}. (71)
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A family of coherence quantifiers

Although the trace distance is a fundamental quantity in quantum information
theory [25,26], the trace distance of coherence was found to violate the property
of strong monotonicity under incoherent operations [116], which is considered as
one of the requirements that a valid measure of coherence should satisfy [15,16].
Therefore, an alternative measure called the modified trace distance of coherence
satisfying strong monotonicity under IO was proposed [116]:

T7(p) =min{ |p - Ao, | 0 €Z, 1 >0}

—min{p- X[, | X T} (72)

We have seen in Sec. 5.4.1 that this is a valid gauge function. Noting that strong
duality holds, we can then consider the Lagrange dual of the above expression
to obtain a characterisation of the modified trace distance of coherence as

T7(p) =max{(p, W) | — 1< W =1, A(W)=<0}. (7.3)

We can then extend the above to a family of quantifiers given by SDPs of the
form

TI(m)(p)zmax{(p, W) | -1<W=ml, A(W)=<0} (7.4)

similarly to the approach of Brandao [100] for entanglement measures. Here,
we will take m ¢ N, although it can be treated as a continuous parameter in
general. The fact that each such measure is a valid coherence monotone is a
simple consequence of the characterisation of TI(m) as a gauge function, and by
a direct application of Theorem 5.21 we have the following.

Proposition 7.1. For each m > 1, TI(m) is a faithful and convex coherence
measure satisfying strong monotonicity under MIO.

Note that m = 1gives T7(p). For m = d -1, one can notice that the constraint

W < (d —1)1 is redundant: the other constraints ensure that the smallest eigen-

value of W is at least —1 and that the trace of W is at most 0, together implying

that there cannot exist an eigenvalue of W which is larger than d — 1. Therefore,
we get

T (p) = max { (o, W) | —1 =W, A(W) <0}

=R7(p),

where R2(p) is the robustness of coherence [62,82]. This shows that Tz(m) can be
thought of as a family of measures interpolating between the modified trace dis-

(7.5)

tance and the robustness of coherence. Notice that we clearly also have TI(m) (p) =
R2(p) for any m > d — 1. For m = 0, the optimisation is over negative semidef-
inite matrices, which means that the maximum is reached at W = 0 and so
T2(p) = 0 for all p. In general we have that 0 < Tz(m)(p) < m Vp €D. The dual
form of the measures can be obtained as follows.
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A family of coherence quantifiers

Proposition 7.2. The measures Tg' can be equivalently expressed as
™ (p) =min mTr(p-X), +Tr(p-X)_, (7.6)

where (p — X), (respectively, (p — X)-) denotes the positive (negative)
part of the Hermitian operator p — X.

Proof. For any self-adjoint operator X, let {X > 0} (respectively, {X < 0})
denote the orthogonal projection operator onto the span of the eigenvectors
corresponding to non-negative (non-positive) eigenvalues of X. The positive
and negative parts of X are then givenby X, = {X > 0} X and X_ = -{X <0} X,
such that X = X, - X_.

By strong Lagrange duality we have

T%”(p):min{mTrA+TrB| p-X=A-B, A,B>0, XEI”*}. (7.7)

We will now show that for each feasible X, the optimal value of the optimisation
problem
min{mTrA+TrB‘p—X:A—B, A,BZO} (7.8)

is given by m Tr (p — X)), + Tr (p — X)_. To see this, note that on one hand we
can take A = (p — X); and B = (p — X)_, and on the other hand by strong
Lagrange duality we have

min{mTrA+TrB| p-X=A-B, A,B>0}

:max{(p—X,W) ‘ —IlﬁWﬁm]l} 79)

for which W = m{p > X} — {p < X} is a feasible solution. [ |

To characterise the values of the family of quantifiers TI(m) on pure states,
we consider the following quantity:

= min X +Vm ,

W) i Ilx}e, [y e, (7.10)
which we (for reasons that will become clear later) call the m-distillation norm.
One can immediately notice from the inequality |- ,, < [-],, < V|| ¢, that
for any normalised pure state we have | |y)| ;1 = [}, and [[y) 47 = [¥),,-
Further, we can obtain the following result.

Theorem 7.3. For any pure state |y) and any m > 1,

"D () = vy -1 (7:11)
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A family of coherence quantifiers

Proof. The proof follows by noting that each TI("H)

can be viewed as the ro-

bustness Rgm, where Q,, =7 U %D, and applying Theorem 5.8. The details are

as follows.
Notice that with the change of variables W' = W + 1 we have

78" (p) = max { (p, W) | =1 < W < (m - 1)1, A(W) <0}
= max{(p, W') ‘ 0<W <ml, A(W') < Il} -1
= RQ,, (p)-
Let us then define the sets

B:={ly) | ly)vl 2}
: :{M 1)1, ﬁ}
Vm = BUNm

using which we get
Q= { W)yl | [y} €V}

Notice that the atomic gauge function of the set V,, can be given as

Iy, () = (T4 Ins, ) (1))
=yt Te(x) + I, (1y)

\w>:lx)+
Nl ), + Ve [1yMe,

\w)
= [y || .

The result is then a direct application of Theorem 5.8.

(7.12)

(7.13)

(7.14)

(7.15)

A property of the m-distillation norm which will be crucial in the charac-
terisation of coherence distillation is that it can, in fact, be computed exactly. In

particular, the following holds.

Theorem 7.4. For a pure state |y), let 1//%: « denote the vector consisting of
the k largest (by magnitude) coefficients of |w), and analogously let 1//}< 1d
denote the vector of the d — k smallest coefficients of |y), with 1//%:0 being the

zero vector. Then, for any pure state |y) and any integer m € {1,...,d}
we have
I ) = [V Lo+ Nl
where
K = argmin v, sl (716)
1<k<m
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A family of coherence quantifiers

Proof. Without loss of generality, assume that i) has non-negative coefficients

arranged in non-increasing order. Let

Ly:= lel:m—k* &

2= H‘//;lnfkwl:duez

and take the feasible solutions

x) ( L L, o)T
x) = - e Umgr — ——, 0,...,
(41 \/F Y-k \/F

T
ly) = L L2
y \/F,...,\/k_*,ll/m_k +b--s Vg .

| S ——
m—k* times

Since |y) = |x) + |y), we have
1) g < 1) g, + v/ 19},

LZ
= Ll — (m — k*)% + \/E\/(m — k*)k_f +L%

o L - k*
:Ll—(m—k)\/2_+\/m(m* )L§+mL§
-(m-k")—=
=L1+\/k_*L2.

Now, by strong Lagrange duality we have

1) g = max {[(wl)] | 1%}, <1 1), < V/m}.
Choosing

V_f

|x):( L...,1 vk \/Fllfd)

’L_ZI//m—k*+1>---’ L

m—k* times

we have that
o) g, = | m - k*+—L2 Vm

*

i
), = max{l, L—Z‘mG*ﬂ}-

(717)

(718)

(7.19)

(7.20)

(7.21)

(7.22)

To see that ||x)|,_ is upper bounded by 1, consider first the case when k* = 1.

We then have
vV k* Ym

Ymkrs1=—— 5 <
L Yo+ [Wnsrally,

(7.23)
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One-shot coherence distillation

Assume now that k* > 1 and consider the following chain of equivalent inequal-
ities:
2 2
Hwin—kwl:duez c H‘Vin—szzduez
k* N k* -1
2 k*
Voot + Hwin—sz:d Hez = -1 Hl//in—k*+2:d Hez

1 ) (7.24)
wzn—k*ﬂ < m (1 - lel:m—k*HHez)

k*vlfn—k*ﬂ < (1 - Hwim—k* iz)
\/k_*v/m—k*ﬂ <L

where the first line follows by definition of k*, and in the third and fifth lines we
have used the fact that |y) is a normalised pure state. This means that

Vk* L,
—Ypygr < — =1 (7.25)
L2 Wm k*+1 L2

and so |x) is indeed a feasible solution to the dual optimisation problem. We
then have

19}l > Iyl
= Ll + \/k_*Lz

which completes the proof. ]

(7.26)

The above result generalises the recent result of Johnston et al. [192], where

an explicit formula for the modified trace distance TI(I) was obtained for all pure
states. Notice in particular that, if all coefficients of |y) satisfy |y;| < %, then
m

k* = m is optimal and we have |||y} | ] = /m, which means that Tz(m_l)(‘//)

reaches its maximum value m — 1. As a consequence, Tz(mfl) does not, in gen-
eral, admit a unique maximiser in the form of the maximally coherent state,
which in [192] was considered as a possible indication that this quantity is not
suitable as a coherence quantifier. In the following, however, we will instead
demonstrate its operational usefulness in the characterisation of the fidelity of
one-shot coherence distillation.

ONE-SHOT COHERENCE DISTILLATION

We will denote by ¥, = |¥p, ) (| the m-dimensional maximally coherent state
W) = 20, ﬁ |i) in the reference basis. Recall that the distillable coherence
C10(p) is the asymptotic rate at which ¥, can be obtained per copy of a given
state p via incoherent operations. Winter and Yang [55] showed that the distil-
lable coherence of an arbitrary mixed state coincides with the relative entropy
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One-shot coherence distillation

of coherence C,(p) := mingez D(p|o) = S(A(p)) — S(p) introduced in [14],
where the quantum relative entropy is given as D(p||o) = Tr p(logp — log o)
For any state p, the distillable coherence is then given by C34(p) = C/(p)-
We now consider the non-asymptotic setting. For any quantum state p, the
fidelity of coherence distillation under the class of operations O is defined by

Eo(p,m) := max(A(p), ¥m). (7.27)

The one-shot e-error distillable coherence is then defined as the maximum over
all distillation rates achievable under the given class of operations with an error
tolerance of ¢ € [0,1), that is,

Ciu (p) = logmax {m € N| Fo(p,m) 21~} (728)

As a consequence, the asymptotic distillable coherence can be given as

1 . n
Cio(p) =lim lim —Cg}é (p®™). (7.29)

e>0n—oco n

One of our main results is that the one-shot distillable coherence can be
computed exactly. Using the shorthand notation

lilog = log lsz > (7-30)

we can obtain the following result.

Theorem 7.5. If O € {MIO, DIO}, then for any state p € D, the fidelity of
coherence distillation and one-shot e-error distillable coherence can both
be written as the following semidefinite programs:

Fo(p,m)=max{(G,p) ‘OsGsﬂ, A(G):lﬂ}’ (7:31)
m
CSI%S(P) - {—logmin{m eR ‘ (G,p)>1-¢,

0<G<, A(G):mﬂ}J
log

Proof. Consider first the class MIO. Denote J as the Choi matrix of operation
A. Then

(A(P), ¥m) = (Tra (J[pT @ L)), ¥m) = (Trs J[14 ® ¥]) . 7). (732)

Denote Uy, as the unitary that permutes the basis {|i)} to {|(i))}. Noting that
V), is invariant under all U, we can exploit this symmetry and consider only
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One-shot coherence distillation

operations such that J = ¥ 1,® U,J1,4® U}.. Since any operator invariant under
all U, can be written as al,, + b(\¥,, — %]lm) for some a, b € R, we can write

1
]:R®]]-m+Q®(\Pm_Zﬂm) (7~33)

for some Hermitian operators R, Q. Now, since A is a trace-preserving map, we
have Trg J = 14, and thus R = %]ld.

The condition that A € MIO then corresponds to A(|i){i|) € Z Vi. Since
A(li)(i]) = -1+ (i|Qli) ® (¥ — -5 1,u), the condition can only be satisfied if
A(Q) = 0. Thus, the optimal operation has the structure

1 1
]:Q®(‘Pm__ﬂm)+ﬂd®_ﬂm> A(Q):O (7-34)
m m

It is then easy to check that J > 0 if and only if —ﬁﬂd < Q < 1,. By direct
calculation, (A(p), ¥m) = (1- 2)(Q,pT) + L, which gives

Fatio(p, m) = max{(l— %) (Q.p) + % ‘ —ﬁnd <Q<1,A(Q)= o}.
(7.35)

Performing the substitution G = mT_lQ + # 14, we get

1
Fuio(p.m) =max{(G.p) [0<G <10 AG) = af.  (230)
The optimal operation is therefore given as

]]-m _\Pm 1
Alp) = (TrGp)¥m + (1= Tr Gp)——=, 0< G < 1y, A(G) = — 1.
m - m
(7.37)

Following the definition of one-shot distillable coherence, we have the SDP for
(1),
Camio(P)-
Now, notice that the optimal operation for MIO in Eq. (7.34) is actually DIO
— this can be seen explicitly by noting that A(|i){j]) o< (¥ — ~1,,), whose
diagonal is zero. Thus we have

Fyvio(p, m) = Fpio(p, m) (7.38)
and therefore the rates of one-shot distillation are also equal. [ |

The result reveals a fundamental relation between different sets of opera-
tions in the resource theory of coherence, showing that MIO and DIO have the
same power in the task of coherence distillation. This correspondence is in fact
surprising: not only is DIO a strict subset of MIO, it is also known that MIO
is strictly more powerful than DIO in state transformations [57,60], that there
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One-shot coherence distillation

exist entropic coherence monotones under DIO which are not monotones under
MIO [60], and that the two sets can exhibit different operational capabilities in
tasks such as coherence dilution [188]. Furthermore, since MIO constitutes the
largest class of free operations in the resource theory of coherence, the result is
of practical relevance as it shows that using DIO is sufficient to achieve the best
rates of distillation achievable under any class of free operations.

The result also has important consequences beyond the one-shot regime,
in particular for the asymptotic reversibility of state transformations in the re-
source theory of coherence — that is, the question whether the amount of co-
herence which can be distilled from a number of copies of a state p (distill-
able coherence C7°) is the same as the amount of coherence needed to prepare
the same number of copies (coherence cost C.°) in the asymptotic limit of an
arbitrarily large number of i.i.d. copies. It is known that the resource theory
of coherence is reversible under MIO [3,188], but irreversible under IO as we
have Co0(p) < Cio(p) in general [55]. Recently, it has also been shown that

o DIO(p) Como(p) = Cr(p) [188,191]. Our result in Thm. 7.5 in particu-

lar shows that C(IDIO(p) C(IMIO(p) and therefore C3° 1 (p) = Cl o (p) =
C;(p), complementing the claims of Ref. [188] and strengthening the asymptotic
results of Ref. [191] by showing their applicability even in the one-shot case. The
fact that state transformations are indeed reversible under DIO and the maximal
set of operations MIO is not necessary for full reversibility contrasts with other
resource theories such as entanglement, where the maximal set of operations is
the only one known to provide asymptotic reversibility [193-196].

Zero-error distillation
In the case of exact distillation, that is & = 0, the problem can be given as follows.

Cio (p) = [~logmin {m eR[0<G <1, (G,p) =1, A(G) = m1} ],

(7.39)
Let us look at the structure of this SDP.

Lemma 7.6. Any feasible G in the SDP (7.39) has the form G = I1, + H,
where I1, is the projector onto the support of p, 0 < H < 1, and supp(H) €

ker(p).

Proof. Write p in its spectral decomposition as p = >7_, A; [y;){(yi]. We then

have
.

Y Ai=Trp=1=(G,p) = i (G, lyi){yil) (7.40)
i=1

i=1

andso (y;|Gly;) = 1foreachi € {1,...,r} since 0 < G < 1. The constraint G < 1
then implies that IT,GII, = IT, as well as IT,G(1-1I,) = O and (1-1II,)GII, =
0, since otherwise one could always find a pure state such that (¢|G|¢) >1. |
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This immediately gives us the following fundamental restriction on coher-
ence distillation under all sets of free operations.

Corollary 7.7. Zero-error coherence distillation from a full-rank state is
impossible.

Proof. For any full-rank state p, the only feasible solution is G = 1 with m =
1. |

Corollary 7.8. The zero-error one-shot distillable coherence can be ex-
pressed as
% (p) = |~logmin{m |1, < G <1, A(G) = m1}]

og: (741

Proof. We have seen that any feasible solution of (7.39) satisfies G > I, and
on the other hand any G > II, satisfies G > 0 and (G, p) > 1, so the feasible sets
of the two problems are equal. ]

Let us now define the relaxation
C(p) == —logmin { m ‘HpsGs]l, A(G) <ml}. (7.42)

Noticing that A(II,) < A(II, + H) for any H > 0, we have that G = II, is
optimal, giving _
C(p) = ~log [A(1T1,)] (7.43)

which straightforwardly leads to
C(p®w)=C(p) +C(w) (7.44)

for any p, w € . This gives a bound on the asymptotic zero-error distillable
coherence:

Proposition 7.9. If O € {MIO, DIO}, then

1
lim —Cc(il,éo(pm) < -log HA(HP)Hoo . (7.45)

n—-oo n

As we will see, this bound is tight for all pure p.

Hypothesis testing and pure-state distillation

We will now show that the quantities introduced in Theorem 7.5 admit alterna-
tive characterisations. In particular, we will express the fidelity of distillation as

a measure related to the family TI(m) introduced before, and the one-shot distill-
able coherence as a quantum hypothesis testing problem. To do so, we will need
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to optimise over a larger set of matrices than the incoherent states Z: namely,
the set J = {X ‘ Tr(X) =1 A(X)=X } of unit-trace diagonal Hermitian ma-
trices, and analogously the set J** of unnormalised diagonal matrices. We then
define the quantities

(M) N — mi
T:7(p)=min mTr(p-X), +Tr(p-X)_
R ' (746)
=max{(p, W) | -1<W=<ml, A(W)=0},

in analogy with the measures TI(m). Following the proof of Prop. 7.1 one can

easily see that T}m) are also faithful strong monotones under MIO. Let us now
consider the hypothesis testing relative entropy D5, [177,179], defined as

Dy (pllo) = -logmin{(M,0) | 0< M <1, 1-(M,p) < ¢} (7.47)

In the setting of quantum hypothesis testing, one is interested in distinguishing
between two quantum states — p and ¢ — by performing a test measurement
{M, 1 — M} where 0 < M < 1. The probability of incorrectly accepting state o
as true (type-I error) is given by (1 — M, p), and the probability of incorrectly
accepting state p as true (type-II error) is given by (M, o) [197]. The quantity
D{,(pl|o) then characterises the minimum type-II error while constraining the
type-I error to be no greater than e. Alternatively, Df;(p||o) can be viewed as
the operator-smoothed version of min-relative entropy [99,186]. We remark
that —log is a convex function on its effective domain R ;, and so the extension
obtained by setting —log(x) = oo Vx < 0 is a convex function on R.

Proposition 7.10. The fidelity of coherence distillation and one-shot e-error
distillable coherence under O € {MIO, DIO} admit a characterisation as

Fo(p.m) = - (19" D(p) +1).

(e . (7.48)
C3%(p) = |min DH<p||X>JIOg
Proof. To begin with, note that
inf {k | A(W) = k1} = sup { (M, A(W)) | Tr(M) <1} (7.49)

by strong Lagrange duality. The formula for Fo(p, m) is then a simple change
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One-shot coherence distillation
of variables. For the rate of one-shot distillation, we obtain

1), _ L .
Cd,os(P) = —log(p)Grn;Zr}_smf{k ‘ A(G) = k]l}
0=<G=<1 log

= —log mln Sup <M)A(G)>
(p,G)21-¢ Tr(M)<1

| 0<G<1 log
=|-log sup min (A(M),G) (750)
Tr(M)<1 {p,G)1-¢
L 0<G=<1 log

=| inf -log min (M,G)

Tr(M)<1 (p,G)>1-¢

| M=A(M) 0=G<1 log
=| inf D} MJ

g DRG0 |

where the third equality follows by Sion’s minimax theorem and the self-duality
of the diagonal map A. Notice now that the problem is always feasible (take
G = 1,k = 1in the first line) and bounded (take M = 1/d in the last line,
showing that the optimal value cannot be c0), and in particular we can optimise
only over M € J. [ |

Although the optimisation in the above problems is over matrices which are
not necessarily positive semidefinite, one can show that if one of the problems
admits a positive semidefinite optimal solution, then so does the other. This
occurs in particular in the case m = d; in fact, not only does the fidelity of distil-
lation for m = d simplify to an optimisation over Z, but it has previously been
shown that Fpio(p,d) = Fio(p,d) = Fsio(p,d) [189], which combined with
Prop. 7.10 shows that Fo(p, d) is the same for any O € {MIO, DIO, SIO, IO}.
However, the case of interest is when we can optimise only over Z for all values
of m, as this will allow us to simplify the computation of the quantities. We will
now show that this is true for all pure states.

We first notice that each TI(m) provides an upper bound on the correspond-
ing Tém), giving Fyio(p, m) < = (Tém_l) (p) + 1). To show that this bound is
in fact tight for all pure states, we consider different sets of operations — SIO
as well as IO. Pure state transformations under IO and SIO are known to be
tully characterised by majorisation relations [55,60,198,199], which we can use
to obtain the following result.
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One-shot coherence distillation

Theorem 7.11. For any pure state |y) and any integer m > 1

Fsio(y, m) = Fio(y, m) = Fpio(y, m) = Fvio (y, m)

1 (7.51)
= — W), -
m

Proof. Using the fact that SIO c DIO c MIO, the inclusion Z c 7, as well as
Theorem 7.3, we have

Fsio(y>m) < Fpro(y>m) < Fmio(y, m) < %(Tz(m_l)(‘/’) +1) = i HW/)H%m] .
(7.52)
We will now show that Fsio (v, m) > L ||y) ||fm] , thus concluding the proof.
To this end, we use the fact that the deterministic transformation from |y)
to another pure state |77) is possible by SIO or IO if and only if the vector of
squared coeflicients of |y) is majorised by the vector of squared coefficients of
1) [55,56,198,199], that is,

k k
Svi<yn Vke{l,....d} (7:53)
i=1 i=1

where we have assumed without loss of generality that the coeflicients of |y) and
|#7) are non-negative and arranged in non-increasing order.
Assuming that m < d (since otherwise we have |[[y)[,; = [|¥) 4 so we
1
can take m = d and proceed analogously), let k* = argmin —
1<k<m k
L, = Hwin ke nd H 6 Consider then the m-dimensional state

2
[kl e, and

) - a..2)
)=V oo Vin—k*> \/k_*""’\/k_* ’ (754)

—_———
k* times

To show that |y) can be transformed into |#7) by IO/SIO, recall from (7.24) that
LZ
Yo ke < k—2 (7.55)

which means that the squared coefficients of |7) majorise the squared coeflicients
of |y). This then gives

Fsio(y,m) 2 |(¥mln)[*

1 2
= ; (lel:mfk* 2] + \/F Hwinfk*ﬂ:duez) (7.56)
1
= v,
by Theorem 7.4, as required. [ |
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This extends the operational equivalence between MIO and DIO in coher-
ence distillation to the strictly smaller set SIO, and has several important conse-
quences. Firstly, it shows that the one-shot distillable coherence of pure states
under any of the classes of operations O € {MIO, DIO, SIO, IO} is exactly the
same, and in fact can be expressed as the quantum hypothesis testing problem

Ci5 ) = | minD(vllo) |

(7.57)

-1 i A(G
og  min 1A(G) o
0=G=1 log
Secondly, we can use the properties of the m-distillation norm to obtain ex-
act formulas for the one-shot distillable coherence. In particular, noting that
[}y = /m (or equivalently Fo(y, m) =1) if and only if | |y}, < ﬁ, we
see that the zero-error distillable coherence is given by

%0 (y) = log Il |- (758)

Relating the m-distillation norm with the fidelity of distillation also allows
us to more easily make quantitative statements about the distillability of pure
states on average. For example, in Ref. [192] it was shown that the proportion of
pure states with respect to the Haar measure for which |[[y)[,) = 1is given by

1-d 2% which sharply tends to 1 as d increases. In light of our results, this then
shows that, with growing dimension, only an exponentially small fraction of
pure states are one-shot undistillable, while a significant majority of pure states
satisfy Cg%o(l//) > 1 and therefore allow for a zero-error one-shot distillation of

at least one bit of coherence.

PROBABILISTIC DISTILLATION OF COHERENCE

Deterministic protocols such as the ones studied in the previous section may
not always be the most suitable choice, particularly when the maximal fidelity
of distillation achievable in such protocols is not sufficient for the desired appli-
cations. In such cases, one might instead opt for probabilistic protocols, which
could yield a higher amount of coherence, albeit only with some non-unit prob-
ability. This framework can be considered as a more general characterisation
of distillation in non-asymptotic regimes, where the allowed error is described
by two key parameters with practical relevance: the success probability of the
one-shot distillation process, and the fidelity between the extracted state and the
target state | ¥, ). To have a systematic understanding of coherence distillation
with finite resources and be able to implement practical schemes for this task, it
is crucial to describe and optimise the fundamental relations between these two
parameters.
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Probabilistic distillation of coherence

The basic task of probabilistic distillation can be understood as follows (see
also Fig. 7.2). For any given quantum state p held by a single party A, we aim to
transform this state to an m-dimensional maximally coherent state (target state)
|¥,,) := m™Y/2 3™ |i) with high fidelity. A single-bit classical flag register L is
used to indicate whether the transformation succeeds or not. If the flag is in the
0 state, it tells that the distillation process succeeded and the output state ¢ has
fidelity at least 1 — € with the target state. Otherwise, the process has failed, and
we discard the unwanted output state w. Since the output state behaves prob-
abilistically, there is an inherent trade-off between the success probability and
the transformation fidelity. Our goal is then to maximise the success probability
while keeping the transformation infidelity within some tolerance e.

Oorl
2
P—A> T1 B—)aorw

Figure 7.2: General framework of probabilistic coherence distillation with classical
register L and quantum registers A, B.

Formally, for any triplet (p, m, €) with a given initial state p, target state di-
mension m, and infidelity tolerance ¢, the maximal success probability of coher-
ence distillation under the operation class O € {SIO, 10, DIO, MIO} is denoted
as Po(p =Y, €), where ¥y, := | ¥y, ) ( Wy |- This is given by the maximal value of
p such that there exists a transformation II4_,; 5 € O satisfying the constraints

Ma-r8(p) = p[0)(0], ® 0 + (1= p) 1){1], ® @,

F(a)\Pm) >1-e¢. (759)

If the distillation fails, we can perform a free operation to make the unwanted
state w completely mixed without changing the success probability. Thus, with-
out loss of generality, we can take w = 1/m. Exploiting the fact that the target
state ¥, is invariant under the twirling operation 7 (p) = >4 P;pP;, where
P; are all the permutations on the input system and d is the input dimension,
we can also fix the optimal output state as o = ¥}, where

1-¥
Vo= (1-¢e)¥y, +e =
m—

(7.60)

More precisely, for any optimal output state o, we can further perform the free
operation 7, which gives a new output state 7 (o) always in the form of a\¥,, +
b(1 - ¥,)/(m —1), where we can choose a = 1 — ¢ and b = ¢ while keeping
the fidelity with the target state and the optimal success probability unchanged.
This allows us to write

Po(p—¥m.€) = Po(p—Y;,,0), (7.61)
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meaning that the maximal success probability of coherence distillation is the
same as the maximal success probability of transforming the given state to the
target ¥y, with fidelity one.

Computing the maximum distillation probability

We now set out to find efficiently computable expressions for the maximal dis-
tillation probability. Consider a generalisation of the set O to the class Ogyp,
of subnormalised quantum operations, that is, completely positive and trace-
nonincreasing maps. Using this notation, we can conveniently express the max-
imal success probability as follows (see also [200,201]).

Lemma 7.12. For any triplet (p,m,e) and operation class O €
{SIO, 10, DIO, MIO}, the maximal success probability Po(p - Vi, €)
is given by

max{peR, |E(p)=p-¥;, €€ Ogp - (7.62)

Proof. For any quantum operation IT4_,1p such that T4, 5(p) = |0){(0], ®
Eo(p) +1)(1], ® &(p) where & and & are two subnormalised operations, it
is not difficult to see that ITy_,;p € O if and only if &, & € Ogyp and & + & is
trace preserving. Thus, finding the optimal solution in the optimisation (7.59)
is equivalent to finding the optimal subnormalised operations & and & such
that E(p) = p- Y5, &E1(p) = (1 - p)1/m and & + & trace-preserving. Since
we can always take & (p) = (Trp — Tr&(p))1/m without compromising the
success probability, the maximal success probability of coherence distillation is
only dependent on &, and the result follows. [ |

In particular, notice from the above Lemma that
Po (p—>¥m €)™ =Ts, (¥5) (7.63)

where S, := {5 (p) ‘ Ee Osub} is the set of all the output operators of p under
the operation class Ogyp,. The result simplifies the optimisation of the maximal
success probability via subnormalised free operations, providing a geometric
interpretation for the maximal success probability as a gauge function. This
justifies our intuition that the closer the state p to W5, the less we need to expand
the set S,, and thus the larger success probability we can obtain.

By further exploiting the symmetry of ¥}, we can compute the maximal
success probability under MIO/DIO via the following semidefinite programs.

I Theorem 7.13. For any triplet (p, m, €), the maximal success probability
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of distillation under MIO and DIO are
Pvio(p—= ¥, €) = ma)éignise (G, p)

subject to A(G) = mA(C), (7.64 )
0<C=<G<x1, (7.64 b)
(C,p)>(1-¢)(G,p) (7.64 c)

Poio(p—=>¥m, €) = ma)éiglise (G, p)

subject to Eqgs. (7.64 a,7.64 b,7.64 ¢),
G =A(G)
= maxicmise m(A(C), p)
subjectto 0 < C <mA(C) <1,
(C.p) > m(1-e) (A(C).p).

Proof. The approach is very similar to Theorem 7.5, so we only sketch the full
proof. For any optimal subnormalised quantum operation £ in Lemma 7.12, the
operation £ = T o £ is also optimal since Wi, is invariant under the twirling
operation 7. Denoting ]/ as the Choi matrix of the operation A/, we then have
Jg=C® ¥y +D® (1 -Y,) for some operators C and D. Taking this form of
Choi matrix into the conditions of the optimisation in Lemma 7.12, we obtain
the desired forms of the SDPs. ]

These SDPs provide us with an efficient way to numerically calculate the
maximal success probability for general triplets (p, m, €). They also allow us to
obtain fundamental results about the capabilities of the different sets of opera-
tions for probabilistic coherence distillation.

In this respect, let us also consider the choice of IO or SIO as the free op-
erations. It is known that these two sets of operations have the same power in
pure-state transformations, completely characterised by majorisation relations.
This yields [56,140,154,202,203]

0 if rank A(¢p) < m,

p L 0)= d .6
©10(9—=>¥m,0) min = 3 ¢? otherwise, (765

where we have assumed without loss of generality that the coefficients of ¢ are
non-negative and arranged in non-increasing order. Notice in particular that
IO and SIO can never increase the coherence rank of a pure state — it is known
that DIO also obeys this restriction, MIO does in fact allow for the rank to in-
crease [56], suggesting that MIO is a much stronger class. It is therefore surpris-
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ing that MIO and DIO have exactly the same power in the task of deterministic
coherence distillation (as we have shown in Sec. 7.2), and that the two sets of
operations lead to the same asymptotic transformation rates for all states [191].
In the following, we will instead explicitly show crucial differences between MIO
and DIO when one goes beyond deterministic transformations, highlighting the
increased capabilities of MIO in probabilistic distillation, as well as establishing
the limitations on coherence distillation in general.

Theorem 7.14. For any triplet (p, m,0) with a full-rank state p, it holds
that PMIO(P -V¥,, 0) =0.

Proof. Using the notation from Thm. 7.13, we know that G - C > 0 and Tr(G -
C)p = 0. Since p is full rank, we have G = C. Together with A(G) = mA(C), we
have G = C = 0 and Pyviio(p = ¥, 0) = 0. [ |

The results establishes a no-go theorem for coherence distillation, showing
that no class of free operations preserving incoherent states can allow to distill
any perfect coherence from a full-rank state, even probabilistically. Note that
any generic density matrix has full rank, and so does ¥y, for any & > 0. Thus

|Pvio (W;, = W, 0) = Pyiio (W = W, 0)| = 1, (7.66)

even though ¥}, can be arbitrarily close to ¥, implying that the maximal suc-
cess probability is not continuous with respect to the input state. In practical
terms, any amount of depolarizing noise will result in a full-rank state, so in a
scenario where the coherent state \¥,, is stored in a quantum memory exposed
to depolarizing noise, it is impossible to recover it perfectly using free operations
with any non-zero probability.

Theorem 7.15. For any triplet (¢, m,0) with a coherent pure state |@) =
Y @ili), 9i # 0, it holds that Pyio (¢ > Wi, 0) > 0.

Proof. We will first establish the general bound

2 -1

n n—m._ n(m
+

1) -
Pyviio(@ - ¥,,,,0) > 7 (7.67)
(¢ ) S A(p )
where
4’ . . v -2
Z ——i) with s=>"|¢;[ (7.68)
1 g a
To this end, let us choose
C =cop,
(m-1)c ~ (7.69)

G=cp+ ﬁ(’m((/’) -9),
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where

n-m_ n(m-1)

c= +
n—l(P

-1
A(9) (7.70)

n-1 o

We check the constraints in (7.64) one by one. The first condition (7.64 a) trivially

holds by the construction. The last condition (7.64 ¢) holds since (@|nA(9) — ¢|p) =

0, which implies that (¢|C|¢) = (¢|G|@). We now move on to the second con-

dition in Eq. (7.64 b). Clearly C > 0 and furthermore G > C as follows from

¢ < nA(¢). To show that G < 1, just observe that

~ m-1 ~ o~
61 = ¢ [7+ 2= (n87) - 9)|
n-1 0
_ormme n(m—l)A(a) (7.71)
n-1 n-1 o
=1.

Hence, C, G as defined above form a valid ansatz for the semidefinite program

(7.64) and
1’12C
Pyvio (¢, m,0) > (G, ¢) = ~ (7.72)

which yields the lower bound in (7.67).
Finally, we will show that

n—2 >0
m(Zialeil)

To this end, it suffices to show that ¢ > 1/m, i.e. that ¢™! < m. This can be done
using the triangle inequality:

Pyio (9= V¥, 0) > (7.73)

- ~ m-1 ~ o~
=7+ 2 8@ -9
~ nA(g) -9
<9l + (m—1) e (7.74)
<1+ (m-1)
= m)
where we have used the fact that % is a valid density matrix. [ |

In contrast to Thm. 7.14, the above result shows that it is always possible to
probabilistically distill a maximally coherent state of arbitrary dimension via
MIO from any pure state. In particular, the bound in Eq. (7.67) shows that

1 if m<n,
Pyiio (Wn =¥, 0) > (7.75)

2= ifm > n.

—
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Observe that instead Ppio (¥, = ¥, 0) = 0 for m > n. This tells us that, as the
dimension n increases, there are n-dimensional density matrices p, such that
Pyvio(pn = ¥n41,0) = 1 while Ppio(pn = Wns1,0) = 0 for all #, i.e., Pyo and
Ppio can exhibit an arbitrarily large gap. This shows that in the probabilistic
distillation scenario, MIO can be much more powerful than DIO in general, in
a stark contrast with the case of deterministic coherence distillation (Sec. 7.2).

The relations between the capabilities of DIO and other classes of operations
is made precise by the following result, characterizing the fundamental problem
of distilling coherence from pure input states.

Theorem 7.16. For any pure state ¢ and any m, we have

Ppio(¢—=¥m,0) = Psyio(¢ = ¥, 0). (7.76)

Due to the length and technicality of the proof, we defer it to Appendix A.

We can therefore see that DIO does not provide any operational advantage
over SIO and IO in pure-state probabilistic coherence distillation. The result
is not a priori obvious, since the class DIO is known to be strictly larger than
SIO, with fundamental quantitative differences between the two types of op-
erations [56,108]. Putting together the results of Theorems 7.14 and 7.16, we
have shown that a large gap in the operational capabilities of operations in
the one-shot resource theory of quantum coherence exists between MIO and
DIO, but not between DIO and SIO/IO — this can be compared with the case
of deterministic distillation, where we have shown that all sets of operations
O € {SIO, 10, DIO, MIO} allow for the same achievable rate of distillation from
pure states.

In the task of distilling maximally coherent qubit states ¥, we can extend the
above result and characterise analytically the maximal probability of distillation
under DIO and MIO with an arbitrary infidelity €. In this particular case, MIO
does not provide any advantage over DIO.

Proposition 7.17. For O € {DIO, MIO} and any pure state ¢ with ¢; >
e 2 @y > 0, it holds that

1 ife>eo( 1),
Po(¢p—Y¥s, €)= 2
2(1-¢?) (‘/11___8;8\/5) otherwise,
0 if 1< 5,

where &(¢1) = {

> -9/1- 97 otherwise.

The full proof is presented in Appendix A. Using this analytical result, we
can give a concrete example to show that the probabilistic distillation framework
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can outperform the deterministic one. Suppose we need to distill a maximally co-
herent qubit state ¥, from the input state |¢@) = (3]0) +|[1))/1/10 with acceptable
fidelity at least 0.9. The input state becomes useless in the deterministic scenario,
since the maximal fidelity achievable via deterministic protocols is given by 0.8.
However, probabilistic operations allow us to achieve the required distillation
fidelity with 1/2 success probability, demonstrating an explicit operational advan-
tage of probabilistic distillation. In another scenario, if the acceptable fidelity is
0.8, we can gain higher distillation fidelity by compromising some success prob-
ability even though deterministic protocols are sufficient to accomplish the task.
Such a setting may be dubbed “gambling with coherence”, adapting terminology
from [38, 202].

Relations between the probability and fidelity of distillation

For any given input state p and target state dimension m, the maximal success
probability is only dependent on the transformation fidelity. The higher the fi-
delity we require from our output state, the lower the probability that we will
succeed. Intuitively, one would expect that the success probability will smoothly
decrease as the fidelity increases; however, we find a phenomenon which breaks
this expectation. Specifically, we will now show that the maximal success proba-
bility may happen to vanish if the fidelity goes beyond some threshold. This can
be thought of as similar in spirit to a phase transition in thermodynamics or to
the strong converse theorem in channel coding theory [204-206], which says
that the coding success probability goes to zero if the coding rate exceeds the
capacity of the channel. Note that this phenomenon will not occur in the case
of distillation from pure input states under MIO due to Theorem 7.14. In the
following result, we completely characterise this property for pure input states
under DIO.

Proposition 7.18. For any pure state |p) = Y1, ¢; |i) with nonzero coeffi-
cients @, it holds that

>0 ifn>morifn<mande>1--,

P =¥, ¢
bio (¢ =4, ){=0 ifn<mande<l-7.

Proof. For the first argument, if n > m, we know that

Poio(¢—=>Ym, €) > Psio(¢—> ¥, 0) >0, (7.77)

where the second inequality follows from Eq. (7.65).

Note that if Po (01— 02,0) =1, then Po(p—02,0) > Po(p— 01, 0) since we
can first transform p to oy perfectly and then to get o,. For the second argument,
ifezl—%,wehave

Ppio(¥Yy—Y;,,0) = Poio(¥y— ¥, €) = 1. (7.78)
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Figure 7.3: An example of the threshold in the trade-off between the fidelity (F = 1-¢)

and success probability of distillation (p) for the transformation (]0)+3 [1))/1/10 - ;.
The auxiliary dotted line F = 2/3 is perpendicular to the horizontal axis.

The first equality follows from the fact that Po(p - ¥y, €) = Po(p - ¥},,0).
The second equality follows from Lemma 7.19 below. Then

Ppio(¢—>¥m, e) = Poio(¢ > ¥y, 0)
ZPDIO((P_”PnaO)
> Psio (9~ ¥, 0)
> 0.

(7.79)

The first inequality follows from Eq. (7.78). The last inequality follows from
Eq. (7.65). If ¢ < 1- 2, we have Ppio(¢ = ¥, ¢) < Ppio(¥n = ¥m, ) = 0,
where the second equality follows from Lemma 7.19 below. [ |

Lemma 7.19. For any integer n < m, it holds that

1, 821—%,

. (7.80)

Poio (¥ > Y, €) =
0, £<1_E'

The result shows that if the input dimension is larger than the target state
dimension, there is always a trade-off as expected between the maximal success
probability and the transformation fidelity. However, the trade-oft curve will al-
ways be truncated at the fidelity threshold -*. Atthe pointof ¢ = 1---, demanding
a slightly higher fidelity will make the probabilistic distillation impossible, as
shown in Fig. 7.3.
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7.4

Assisted distillation of coherence

ASSISTED DISTILLATION OF COHERENCE

The setting of assisted distillation is based on a scenario in which the distillation
of a resource is aided by another party, typically assumed to hold a purifying
quantum state, whose assistance is limited to performing local measurements
and communicating their results via a classical channel. Just as assisted entan-
glement distillation [207,208] found a natural application in tasks involving
environment-assisted communication and quantum error correction [208-211],
the assisted distillation of coherence can find use in any remote quantum infor-
mation processing protocol where one aims to increase the coherence available
to a spatially separated system without direct access to it [176]. Although this
setting has recently garnered both theoretical [212,213] as well as experimental
[214,215] attention, assisted coherence distillation has not been characterised in
practical scenarios with physically relevant restrictions in mind.

In this section, we establish an operational characterisation of assisted co-
herence distillation in the one-shot setting based on the results derived in Sec.
7.2. Specifically, we evaluate the one-shot rate of assisted coherence distillation
exactly, obtaining several equivalent representations of this quantity. We intro-
duce an efficiently computable semidefinite programming bound on the rate of
distillation, and show in particular that the bound is tight for all qubit and qutrit
systems. A point of note is that the approach presented here does not rely on the
entropy-based methods established for the characterisation of similar tasks in
the resource theory of entanglement [185,187], leading to a significantly simpler
framework and streamlined proofs.

In the protocol of assisted distillation, we consider two parties (Alice and
Bob) who share a pure quantum state |y4p), and Alice’s task is to assist Bob
in distilling coherence from his part of the shared system by performing local
measurements on her part of the system and communicating the results to Bob.
Since each such measurement (which can, without loss of generality, assumed to
be rank one [187]) is in a one-to-one correspondence with a particular decom-
position of Bob’s system pg = Tra [Wap){wap| [216,217], this effectively means
that Alice’s role in the protocol is to allow Bob to access any pure-state decom-
position of pp. Therefore, the best achievable assisted distillation rate under a
class of operations O on Bob’s system can be expressed as

Cz(ﬁl,)és(PB) =logmax{m eN | Fy 0 (pp,m) >1-¢} (7.81)

with the figure of merit being the average fidelity of distillation [187], defined as

p =Y. pivi» Ai€O Vi}

(7.82)
where the maximisation is over all pure-state decompositions of pp. The defini-
tion of F4 o is motivated by the fact that, after Alice announces her measurement

Fao (p,m) = maX{(ZPi Ai (yi), ‘I’m>
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7.4.1

Assisted distillation of coherence

result to Bob, he knows exactly which of the states {|y;)} he is in possession of,
and can apply an appropriate operation A; best suited for the particular state;
since the measurement outcome itself behaves probabilistically, F4 ¢ is then
defined to characterise the best fidelity of assisted distillation achievable on av-
erage.

Employing results from the theory of entanglement distillation [208], it has
been shown that the asymptotic rate of assisted coherence distillation under
incoherent operations is given by the regularised coherence of assistance C,
[176], that is,

00 . . 1 5€ . 1 n
Ciro(pp) = lim lim ;Cff}o(p@") = lim ~Ca(p3") (7.83)

where

Ca(pp) = max{Zpi S(A(vi)) | pB = ZP:‘W:} (7.84)

with the optimisation performed over all pure-state decompositions of pp. Per-
haps surprisingly, it turns out that the above regularised coherence of assistance
admits a closed formula given by the entropy of the diagonal part of the state in
consideration:

lim —Ca(p§") =S (A(pp). (785)

We stress that the coherence of assistance (7.84) acquires an operational
meaning in the task of assisted coherence distillation only in this asymptotic
setting — although several authors have referred to C, as the one-shot equivalent
of CZ’IO, this is not motivated operationally, and the best achievable rate in the
non-asymptotic regime has not been characterised thus far.

In the following, we will omit the subscript B and write p for Bob’s system,
working under the assumption that Alice holds a purifying system.

Fidelity and rate of distillation

Notice first that the average fidelity of assisted distillation can be equivalently
given as

p= ZP:’%’}
:max{zpifb (1//,-,m) ‘ p= Epzll/z}

since the diagonal unitary operation adjusting the phases of the given pure state
|y;) is always a free operation.

Now, we know from Thm. 7.11 that the fidelity of distillation under any of the
sets of operations O € {MIO, DIO, SIO, IO} is the same, and admits an explicit
formula as

Fao (pom) = max{zp,- ma (A (1), o)
’ (7.86)

1
Fo(ysm) = — [Iy)lF, - (87)
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Assisted distillation of coherence

Interestingly, this immediately implies that the rate of assisted coherence dis-
tillation, one-shot as well asymptotic, will be the same under any of the sets
O e {MIO, DIO, SIO, I0}.

Although |||y}, is exactly computable for any pure state, we will now not
make use of this exact expression, and instead use its dual representation:

[19) gy = max{[{wlo)| | [0}, <1 llw)l, =V}, (7.88)

Notice that now m can be considered as a continuous parameter, and we will

hereafter treat it as such. Consider then a family of sets of density matrices de-
fined by

My = conv{|w)(w|

1
[l s = ol =1} 89
which allows us to equivalently write
Fo(y,m) = max {y,w) = max F(y,w). (7.90)

Thm. 5.26 tells us that, since M,, is a convex hull of rank-one projectors, we
have

Fa0 (p,m) =maX{Zpi max F(yi,w) | p= ZPiV/i} o)
i m i 7.91

= F b bl
max (p>w)

that is, to compute the average fidelity of assisted distillation it suffices to max-
imise the fidelity of the state p over the set M,,, and the optimisation over
pure-state decompositions of p is not necessary.

Consider now the function defined as

Z pi 1//:} (7.92)

5(a) s min ma [yl |

The crucial property of 9 is that, for any m > 1 and any w € DD, we have w ¢
M, — 9(w) < # by definition of M,,. Letting

B:(p) ::{weID)‘ F(p,w)zl—s} (7.93)

be the e-ball of p in purified distance, we can then use this function to represent

106



7.4.2

Assisted distillation of coherence

the one-shot assisted distillation rate as

Cz(al,)(;(/)) = logmax{m eN ‘ Fao(p,m) > 1—8}
logmax{m eN|F(p,w) >1-¢, w e My}

= logmax{m ’F(p,w) >l-¢ weD, 9(w) < i}J
log

m

(7.94)
Jlog

=|-1 i k|9 <k
108 i, (k| 9w < 1)

=|-log min Y(w .
L gweBg(p) ( )Jlog

The difficulty in evaluating 9, however, means that one cannot expect C/({I,)(;( p)
to be computable in general cases, and prompts our investigation of appropriate
relaxations.

Note thata quantifier equivalent to 9 was used to bound the one-shot assisted
distillable entanglement by Buscemi and Datta in Ref. [187], derived there using
a complementary set of methods.

We remark that [213] considered also more general settings of asymptotic
assisted distillation, for example the scenario where Alice is restricted to per-
forming incoherent local operations, as well as the case where Alice and Bob
together can perform a larger class of operations called the separable incoher-
ent operations. Interestingly, it was shown that the asymptotic rate of assisted
distillation is the same in all of these cases. Our results extend this analysis by
showing that even by allowing Bob access to the maximal set of operations MIO
one still cannot improve the rate of assisted distillation. We also generalise this
equivalence to the non-asymptotic regime.

SDP relaxation

Consider a relaxation of the set M, defined as follows:
— 1
M, = {a)E]D) ‘ ||A(w)||°os;} (7.95)

The inclusion M, € M,y, is then obvious, since any |y)(y| € M,, is contained
in M m»> and hence also all convex combinations of such rank-one terms. Al-
though it might be tempting to conjecture that M,, = M, this can be shown
to be true only in dimension d < 3, and in general the inclusion can be strict.

Theorem 7.20. In dimension d € {2,3} it ho/lis that M, = M, for all
m, but for all d > 4 there exist m s.t. M,, & M.
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Assisted distillation of coherence

Proof. A particular simplification occurs in the case m = d, where we get
— 1
Md:{Xzo‘Xﬁ:EVz}. (7.96)

This set (up to a multiplicative factor of %) corresponds to the set of so-called
correlation matrices. In particular, it is known that the extremal points of the set
M are given by rank-one matrices only in the case of d € {2,3}, and for any
d > 4, there exist extremal points of M of rank at least 2 [218—-220]. Since no
such extremal rank-2 matrix can be written as a convex combination of rank-one
matrices in M, we have My + M, when d > 4.

Consider now the case of d € {2,3} and take p ¢ M.y, for any m > 1. We will
assume without loss of generality that A(p) > 0, since otherwise one can apply
an inconsequential permutation to write p = p’ @ 0, reducing the problem to
the lower-dimensional case. Define X = A(p) /2 p A(p)~"/? so that A(X) = 1.
Since X is a correlation matrix, by the result of [218] discussed above it admits
a convex pure-state convex decomposition as X = Y; p; &} with each A(¢}) = 1.
Defining |£;) = A(p)Y2|&)) we get p = 3, pi&; with A(&;) = A(p) for all 4,
which means in particular that p admits a rank-one convex decomposition in
M,,. This implies that My € My, concluding the proof that My = M,y in

dimension 2 and 3. |

Notice that the proof of the above Theorem also shows a general property
of quantum states:

Corollary 7.21. Every p € D in dimension d < 3 admits a convex decom-
position into pure states as p = ¥; piy; such that A(y;) = A(p) for all

1.

This in particular solves an open question raised in [176] concerning the addi-
tivity of the coherence of assistance C, in dimension d = 3; we will address this
point in more detail in Sec. 7.4.3.

The most important point about relaxing the set M, to M, is that M, can
be represented by simple linear matrix inequalities, allowing us to reduce many
of the intractable optimisation problems involved in computing the one-shot
assisted distillable coherence to efficiently computable semidefinite programs
(SDP). In particular, since the fidelity function is known to be computable with
an SDP [221,222], we can define the semidefinite program

Fao (p,m) = max F(p,w) (7.97)

weM oy,

and the following SDP relaxation of the one-shot assisted distillation rate, which
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Assisted distillation of coherence

is tight for all states in dimension 2 and 3:
C% (p) =logmax {m | Fao(p.m) 21-e)

1
=logmax{m ‘F(p,w) >1-¢ weD, [A(w)],, < _} (7.98)
m

=—-log min |A(w)| -
g, min [4(0)]

In fact, we can show that the fidelity of assisted distillation for qubit and
qutrit systems admits an analytical solution. To this end, let |§(p)) denote the
d-dimensional vector obtained from the square roots of the diagonal elements
of p,i.e. 8(p) = diag(1/A(p)). We can then notice the following relation:

1
Proposition 7.22. F4 o (p, m) < — Hé‘(p)Hfm], with equality ifd € {2,3}.
m

Proof. Let R? denote the set of all vectors |x) such that x; > 0 for all i. We first
make note of the fact that

{ww»MWEM%{m

1 d
Wl s i sl 1 ) e S .

(7.99)
This can be seen by noting that every matrix w € M,, is a normalised den-

sity matrix, which implies the conditions that §(w) € R? as well as Tr(w) =
H|8(w))H§,2 =1, and each such w satisfies [A(w)]|,, = H|8(w))||§oo < . We now

use the fact that, for any vector |y) € R?, to compute the m-distillation norm it
suffices to optimise over vectors in ]R‘jr’ (see Thm. 7.4), that is

117} = max{ {ylx) | [Ix}le, <L [lx)]e, = Vm, |x) eRI}. (7100)

Using the monotonicity of fidelity under quantum channels, we now have

Fp0(p.m) < F40(p,m)

= max F(p,w)
wWeM

< max F(A(p),A(w))
WeM

- max |V/a()VAGw]|

ﬁ%jgammwﬂ

:mm%ammzmw

1
le. < == llx)le, = 1 |x) € RE
oo m 2

1
= (eI}, -
(7.101)
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This establishes the first part of the Proposition. To show achievability, note by
Corr. 7.21 thatany density matrixin d € {2,3} admits a pure-state decomposition
into p = Y; piy; such that A(y;) = A(p) Vi. Writing p in this decomposition,
we then have

Fao(p,m) > ZP:‘FO (i, m)

= pi llyi) I
i (7.102)
2
= [[[wi)
= 18(p) Iy -
m

Based on numerical evidence, we can conjecture that F4 o (p, m) is equal to
% 16(p) Hfm] in any dimension, which would give a clear interpretation to the
considered quantity |6(p) |, -

Coherence of assistance

A characterisation of the protocol of assisted coherence distillation in the limit
of infinitely many i.i.d. copies was introduced in Ref. [176], where the relation
between the operational quantity C7’,, and the coherence of assistance was
explored. Recall that the coherence of assistance, defined in (7.84), satisfies

C(p) = lim —Ca(p®) = Ciio(p) = S(B(p)), (7103)
and the results of our work show that one can replace IO with any set of opera-
tions SIO, DIO, MIO.

In [176] it was shown that C,(p) = C°(p) for any qubit state p, but the
problem of additivity of C,(p) for qutrit systems was left as an open question,
later explored also in [223]. Below, we answer it in the affirmative *.

Proposition 7.23. C,(p) = C°(p) for any state p withd < 3, butind > 4
there exist states such that C;° > C,(p).

Proof. Recall that, in general, C°(p) > C,(p). By Corollary 7.21, every state p
in d < 3 admits a pure-state decomposition into states with diagonal elements
equal to those of p. Writing p in this decomposition, we have

Ca(p) 2 2. piS(A(p)) = S(A(p)) = CZ(p)- (7.104)

When d > 4, from Thm. 7.20 we know that there exist states p € My
which cannot be written as a convex combination of pure states which all satisfy

"The fact that coherence of assistance is not additive for d > 3 has been correctly pointed out
in Ref. [176], but the proof provided there has a gap.
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A(y;) = %]l, which in particular means that for every decomposition of such a
state we have

> piS(a)) < X pis(a(e) =5 (51) (7105

since the uniform distribution is the unique maximiser of the Shannon entropy.
|

We remark that Proposition 7.23 disproves a claim in Ref. [74] that C; is  [74] Uhlmann, Entropy 2010
additive for any d.
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8.1

One-shot entanglement
manipulation beyond LOCC

Although the choice of LOCC as the free operations in the resource theory of
entanglement is very well-motivated operationally, this class of operations is
difficult to characterise in practice. Several relaxations of this class have been
considered: most notably the class of separable operations [106], separability-
preserving operations [224], as well as PPT operations [225]. The purpose of this
chapter is to establish a description of the one-shot distillation of entanglement
under such extensions of LOCC, thus providing upper bounds on the capabilities
of LOCC and new insights about entanglement manipulation in the one-shot
setting. The methods generalise our approach to the distillation of coherence
in Ch. 7, showing that equivalent results hold also for the resource theory of
entanglement. We will express the relevant operational quantities in the convex
geometric framework of gauge functions, allowing us to adapt the methods of
this thesis straightforwardly. We in particular show that the quantification of one-
shot distillable entanglement reduces to the computation of one-shot distillable
coherence for the simplified cases of pure states as well as maximally correlated
states.

We begin with the establishment of a family of entanglement quantifiers,
akin to the approach taken for coherence.

A FAMILY OF ENTANGLEMENT QUANTIFIERS

We will consider a bipartite system shared between parties A and B, with d4 and
dp denoting the dimensions of the corresponding spaces. Let d = min{dy, dp}.
For a pure state |y), let £(]y’)) denote the vector of the Schmidt coefficients of
y. We will consider the following sets of Hermitian matrices:

PPT={X| Tr(X)=1, X" > 0}
PPT, = {X| Tr(X) =1, X >0, X"* > 0} (8.1)
SEP = conv{ lw)(v] | ly) € V}

where X T? is the partial transpose of X and V is the set of all pure product states.
We have discussed the choices of gauges for the sets SEP and PPT. in Ch. 6,

but we would now like to consider an operational framework mirroring our
considerations for quantum coherence. To this end, letting S denote one of the
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A family of entanglement quantifiers

above sets, recall that the generalised robustness is given as

R2(p) =min{1>0] p< (A +1)X, X € S}.

(8.2)
=max{(p, W) | —1=W, We-8*}
and extend the definition to the family of measures
T (p) =max{(p, W) | —1< W <ml, We-5*}. (8.3)

We note this class of measures has also been considered in [100]. We include a
complete investigation of the measures below.
First of all, by a direct application of Thm. 5.21 we have the following.

Proposition 8.1. Let S € {PPT,PPT,,SEP}, and consider the class of
CPTP operations O such that p € S = A(p) € S YA € O. Then, for
each m > 1, TS is faithful with respect to the set S and strongly monotonic
under the operations Q.

The above established in particular that all of the measures are strong mono-
tones under LOCC (we will consider the classes of operations in more detail in
the next section). Note, however, that Tgpr and Tppy  are not faithful as entan-
glement measures, as they are zero for all PPT states.

Proposition 8.2. The measures Tg' can be equivalently expressed as

Tg(p):min{mTr(p—X)++Tr(p—X)_ ‘ XES**}. (8.4)

Proof. Same as Prop. 7.2. ]

Proposition 8.3. For any S € {PPT, PPT,, SEP} it holds that

8 (p) = R3(p). (85)

Proof. Notice that SEP c PPT, c PPT = PPT* c PPT} c SEP*. Letting Amin
denote the smallest and A,y the largest eigenvalue of a given matrix, we now
use the property that —W € SEP* = Apnin(-W) > (1= d) Amax(-W) [137, 5.5]
to obtain

Amax(W) <d-1 (8.6)

It follows that the feasible sets for R2 and T‘gd*l) are equal and so the problems
are equivalent. ]

From the above two Propositions, we have that the family of measures Tém)

interpolates between the modified trace distance T‘g) (p) = minxes+ | p - X[
(for m = 1) and the robustness of S (for m = d - 1).
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8.1.1

A family of entanglement quantifiers

Recall the definition of the m-distillation norm as

Ml =, I0f H!yﬂleﬁf [12)e, (8.7)

We then have the following.

Theorem 8.4. For a pure state |y), let £(|y)) denote the vector of its
Schmidt coefficients. We then have

T8 () = €GN I3, -1 (8.8)

Proof. To begin, mirroring exactly the proof of Thm. 7.4 we obtain that

T () = ( min rv<|x>>+er<ry>>) o ©9)

where N, = { ) | )] 0= } and V is the set of all pure product states.
Writing any vector |x) in its Schm1dt decomposition as |x) = 3°; ; |ii), we have
that Ty, (Jx))* = m ¥; 7 and Ty, (Jx)) = 3; 1 (see our discussion in Ch. 6). By
optimising over vectors in the Schmidt basis of |y) only, the problem reduces to

the m-distillation norm of the Schmidt vector, and we thus have TS(E”F', D (v) <

O

To show the opposite inequality, we use gauge duality to write

TS (y) = max { [(ylx)]® | Ty, (Ix) <L Tp(jx)) <1} -1 (8.10)

where we have, for |x) = 3, #;]ii), T3, (1x))* = + 3, #},and I3 (|x)) = max; 7;.
By optimising over all vectors in the Schmidt basis of |y/), the result follows. |

Proposition 8.5. For any state we have

R]I?)PT( ) = RPPT+(p) (8.11)

Proof. Let W € —PPT]' be the optimal dual solution for RPPT , which means it
satisfies —1 < W and W = N + Q™8 for N, Q < 0. But then notice that W' :
W —N € —PPT* is also feasible, and we have (p, W') = (p, W)—(p,N) > (p, W
so in fact it suffices to optimise over W € —PPT*.

>

lv i

Generalisation to arbitrary sets

In the operational characterisation of entanglement distillation, it will be nec-
essary to consider also generalisations of the above measures beyond sets of
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normalised (unit trace) Hermitian operators. To allow for this, we will now con-
sider more general sets of Hermitian operators Q and define the quantity

1
G( )(p) —sup{ p W) |0xW<1, WE;Q}. (8.12)

It is straightforward to see that if Q@ ¢ Hij, then G(Qm)(p) is equal to

L (Tg”fl) (p) + 1), although this relation does not hold in general.

Proposition 8.6. For any compact set Q € H, we have that

™) (oY = L
Gy '(p) = ll)rellgl Tr(p—- D), + ;FQ(D). (8.13)

Proof. Notice from the definition that

G(m) 1—‘( ~H. )uDumQ- (8.14)

Using the composition rule for gauge functions, we have

Gg" (p) = (T(m,) ¥ Tn 9 Tm) (p)
_mf{rD(Y +er(Z) | p=X+Y+2Z Xe-H,}
:inf{TrY+ l1"Q(Z) ‘ p-2Z<Y, YE]HL,} (8.15)
m
—infTr(p— Z)s + —To(Z). 0
m

In our consideration of entanglement distillation, we will relate G(Qm) with
another quantity that we previously encountered, the hypothesis testing relative
entropy

Dy (p|IX) = —logmin { (M, X) | 0<M <1, 1-(M,p)<e}. (8.16)

Let us first note a general correspondence between the hypothesis testing relative
entropy and gauge functions, showing that D}, minimised over a set of operators
gives a suitably “smoothed” polar gauge.

Theorem 8.7. Let Q be a compact set of Hermitian operators. Then

Xe g)lerQ DH(pHX) - _log( I}lggl—s FQ(W)' (8.17)

0<W<1
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Proof. We have

=) inf TH(W)=-lo inf sup (X, W

g(p,W)zl—e Q( ) g(p,W)zl—s XEQPOO( >
0<wWx<1 0<Wx<1
= —log su inf X, W
ngQP:O (p,W)>1-¢ ( )
0<W=<1
=-log su inf (X, W
gXEcorllij {pW)zl-¢ < > (8.18)

0<Wx<1
= inf -log inf (X,W)
XeconvQ (p,W)>1-¢
0<W<1
= _inf Dy (p|X)

XeconvQ

where the second equality follows by Sion’s minimax theorem, since the sets
{W ‘ (p,W)21-¢, 0<W < ]l} and Q°° are both convex and compact. We
have replaced the optimisation over Q°° with an optimisation over conv(Q)
without loss of generality, since the problem has the same optimal value in both
cases — either there exists an X € conv(Q) such that D (p|X) < oo, or we
have D}, (p[ X) = D3 (p|0) = oo for all X. [

ONE-SHOT ENTANGLEMENT DISTILLATION

Denoting by ¥, the maximally entangled state |¥,,) = >, ﬁ |ii), we consider

the task of distilling copies of ¥,,, under a given class of operations O. The fidelity
of distillation under O is defined by

Fo(p,m) := TE%((A(p),\Pm). (8.19)

The one-shot e-error distillable entanglement is then defined as the maximum
over all distillation rates achievable under the given class of operations with an
error tolerance of ¢, that is,

Egl)gs(p) == logmax {m e N | Fo(p,m) >1-¢}. (8.20)

We then have the asymptotic distillable entanglement as

Efo(p) = lim lim ~ EQY(p°"). (8.1

We can now make explicit the connection between the quantifiers discussed
earlier and entanglement distillation. Specifically, if one can show that the fidelity
of distillation under a given class of operations is given by G(Qm) for some set Q,
then the optimal rate of distillation can be computed as the hypothesis testing
entropy minimised over conv Q. Formally, we have the following.
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Theorem 8.8. Let O be a class of CPTP operations, and Q a compact set
of Hermitian operators. If a given state p satisfies

Fo(p.m) = G3”(p), (8.22)
then
(1),e _ .
Eio(p) = [XGCHL‘IE o qu(pX)JlOg- (8.23)

Proof. By assumption, we have

m
[—logmin{keR‘ (p,W)>1-¢, 0xW<1, WekQ°}J

1
E‘(i%’s(p) =logmax{meN ‘ (p,W)21-¢, 0=W=x<1, We —QO}

log

—log min Too(W
g, min To (W)
0<W=<1 log

[xgélrfi o DH(pHX)J

log
(8.24)
where the last equality follows from Thm. 8.7. [ |

Although we leave open the question of when exactly a given class of opera-

tions leads to a fidelity of distillation of the form given by G(Qm) , we will see below
that this is a very common phenomenon among different classes of operations
relevant to the resource theory of entanglement.

PPT and PPT-preserving operations

The class of PPT operations, due to Rains [156,225], is defined to consist of all
CPTP maps A : AB — A’B’ whose Choi matrix J5 € L(ABA’B’) satisfies
]ZBB' > 0. In the literature, PPT operations have sometimes been referred to as
“PPT-preserving operations” (see e.g. [226,227]), motivated by the fact that they
preserve the positivity of the partial transpose of any Hermitian operator. This
name has often caused confusion, as it could suggest that the only requirement
placed on this class of operations is such that if ¢ € PPT, then A(o) € PPT,.
It is not difficult to see that the definitions are, in fact, inequivalent, and this
difference was already pointed out in [228]. An accurate way of referring to
the class of PPT operations could be completely PPT-preserving [229], since the
condition ]IBB' > 0 ensures the preservation of positivity when the map acts on
a part of a larger system, akin to completely positive maps.
For clarity, let us begin with the precise definitions.
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Definition 8.9. A CPTP map A : AB - A’B' is called PPT if either of
the following equivalent conditions is satisfied [225]: [225] Rains, PRA 1999

(i) The Choi matrix J is PPT with respect to the partition AA’|BB’,
ie. ] > 0.

(ii) The map Tpr o A o Tp is completely positive.
We will use PPT to denote the set of all such maps.
A CPTP map A : AB — A’B’ is called PPT, -preserving if

o € PPT, = A(0) € PPT,. (8.25)

We will use P-PPT, to denote the set of all such maps.

A CPTP map A : AB — A’'B'’ is called PPT-preserving if either of the
following equivalent conditions is satisfied:

(i) X € PPT= A(X) € PPT.
(ii) The map Tpr o A o Ty is positive.

We will use P-PPT to denote the set of all such maps.

We now characterise the operational capabilities of the different sets of op-
erations. Note that the fidelity of distillation under the class PPT has previously
been obtained by Rains [156], and an explicit expression for the rate of distil-  [156] Rains, e 117 2001
lation in terms of Dj; appeared more recently in [184]. To our knowledge, the  [184] Fanget al, preprint 2017
other classes have not been considered before in this context.

Theorem 8.10. The one-shot distillable entanglement under the classes of
operations PPT, P-PPT, and P-PPT, is given by
E(l)’s _ g D£
apeer, (P) = | min Dy(p|o)
+ aePPT, log
(8.26)

1), 1), . .
B (1) = Ef¥oene) = | min DRG0

where PPT’ = conv(PPT U -PPT) = { X | | x"# |, <1}.

Proof. Since V¥,, is invariant under any unitary of the form U ® U*, it is in
particular invariant under the twirling 7(+) := [(U®U*)-(U®U*)" dU, where
the integration is performed with respect to the Haar measure of the unitary
group. We can then without loss of generality consider only trace-preserving
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operations of the form A = 7 o A, giving

A@) = (2,5 + X

(1-Y,) (8.27)
as this is the most general form of an operator invariant under twirling [230].
Note in particular that

AZ)>0 «— (Z,X)>0
1 1 (8.28)
A2D)B>0 = ——<(Z,X) < —.
m m
Noting in addition that the complete positivity of A imposes 0 < X < 1, we can
constrain the map A such that A(o) € PPT, for any o € PPT, to get

1
Fypppr, (p,m) = max{ (p, X) ’ 0<X<1, (0,X)<—VoePPT, ¢,
m
(8.29)
and similarly, by imposing that S € PPT = A(S) € PPT we have
1
Fypppr(p,m) = max{ ‘ (S, X)| < — VSePPT}
m
1 (8.30)
=max{ ’ SX)<—\7’SePPT'}.
m

Noting that the Choi matrix of the map (8.27) is given by Jo = Xap ® Wi, +
ﬁ (1-X),5® (1 —W¥m)ap an explicit computation yields

1 1
]IBB’ >0 = ——1=<XB< 1, (8.31)
m m
which is precisely the condition (S, X) < - VS ¢ PPT’, yielding the equality
between Fg p.ppr(p, m) and Fgppr(p, m).
Since the distillation fidelities F; p_ppr, and F; p_ppr are precisely of the form
Gppr, and Gppy/, respectively, the result follows by Thm. 8.8. ]

The Theorem establishes an interesting operational equivalence between the
set of operations PPT and P-PPT, while explicitly showing a difference with the
channels P-PPT,. In addition, we recall an argument in [231] which showed a gap
between PPT and P-PPT. operations by proving that the negativity (a known
monotone under PPT [92]) is not a monotone under P-PPT,. This no longer
applies to P-PPT — by definition, the negativity corresponds to the robustness
RPET and it follows straightforwardly from Thm. 5.21 that this is a strong mono-
tone under P-PPT. Further monotones under P-PPT., can be easily established

as REE;* or RPPT , where we recall from Prop. 8.5 that RH,,)PT+ (p) = REr(p)- A

monotone which lower bounds all of these can additionally be obtained as RPPT,,
and it has recently found use in providing bounds for distillable of entanglement
[157] as well as quantum channel capacities [232,233].
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Although it is not easy to characterise the asymptotic rates of distillation
under PPT and P-PPT maps, we have the following characterisation of distill-
able entanglement under P-PPT,, thus establishing a limit on the asymptotic
performance of PPT and P-PPT.

Corollary 8.11. The asymptotic distillable entanglement under P-PPT., is
given by the regularised relative entropy with respect to the set PPT,,

1 n
EZpppr, (p) = lim min —D(P® lo). (8.32)

n—>oo gePPT,

Proof. Follows directly from the generalised quantum Stein’s lemma [234]. H

We remark that, although E;%p1(p) is not known in general, it has been
shown that there exist states such that EJ’,p1(p) < EZpppr, (p) [196].

One can then wonder if the operational equivalence between PPT and P-PPT
extends beyond the task of entanglement distillation. We will now show that,
indeed, it does, and the one-shot entanglement cost is also equal under the two
sets of operations. Precisely, we define

EC (p) =logmin {m e N | F(p, A(¥n)) 216} (833)

and we obtain the following result.

Theorem 8.12. The one-shot entanglement cost under the classes of opera-
tions PPT, P-PPT, and P-PPT, is given by

E% e (p) = | _min log (REEE: () +1)
peBe(p) log (8 )
34

£

EYer) = EQer(0) = | i Yo7
log

where

Yopr(p) i= 1og£%g1+{ AeR, w ¢ PPT, w c PPT}

=logmin { A ‘ ~A-Do® <pB < (A +1)0’™ }.
weD
(8.35)

We defer the proof to the Appendix. The crucial point of this result, together
with Thm. 8.10, is that the classes PPT and P-PPT are equivalent in all entan-
glement manipulation protocols, leading to the same rates of distillation and
dilution already in the one-shot setting. This is not a priori obvious, as the defi-
nitions allow for a gap between the two operations to exist.
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Figure 8.1: The hierarchy of operations considered in this chapter. Each of the
considered classes of CPTP maps constitutes a relaxation of the class LOCC.

Pure-state distillation and separability-preserving operations

One of the first relaxations of LOCC in the literature was the class of separable op-
erations (SEP) [52,106], corresponding to all quantum channels A : AB - A’B’
whose Choi matrix is separable across the bipartition AA’|BB’. Alternatively,
this can be viewed as the class of resource-free operations in the resource theory
of entanglement (cf. Sec. 5.3), that is, all operations which admit a Kraus decom-
position into separable operators. It is obvious that this is a strictly smaller class
than PPT, and it has been shown to be strictly larger than LOCC [106].

The class of separability-preserving operations SEPP is defined as all CPTP
maps A such that o € SEP = A(0) € SEP, that is, as the maximal class of free op-
erations in the resource theory of entanglement. Notice that, this class does not
completely preserve separability, in the sense that it could generate entanglement
if applied to a part of a larger system; if such complete preservation is imposed,
we instead obtain the class of separable operations again. The inclusions between
the different classes of operations are shown in Fig. 8.1.

We will additionally consider a subset of LOCC operations in which only
one party can send classical information to the other party, denoted as one-way
LOCC (1-LOCCQ).

The fidelity of distillation under SEPP was first derived in [224], and can be
characterised as follows.

" 1/ (me
Lemma 8.13. Fsgpp(p, m) = GgEP)(p) = (TS(EP 1)(p) + 1).
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Proof. Follows in exactly the same way as the proof of Thm. 8.10, since isotropic
states of the form
(Z,1-X)

(Z, X)W + o

(1-¥,) (8.36)
are separable if and only if they are PPT [230]. [ |
By the inclusion SEP c PPT,. c PPT’, we then have that

Fsgpp(p, m) > Fpppr, (p, m)
> Fppr(p, m)

thus establishing a hierarchy of rates of distillation between the operations SEPP,
P-PPT,, and PPT — notice that this does not follow from their definition, as
there is no inclusion between the sets SEPP and PPT or between SEPP and
P-PPT,.

From Theorem 8.4, we then immediately get the fidelity of distillation under
SEPP ofa pure state |y) as - | £(|y)) ||fm] ,where we recall that &(|y)) is the vector
of the Schmidt coefficients. This can then be related to the optimal fidelity of
pure-state distillation under LOCC and one-way LOCC, which can be obtained
from a result by Vidal et al. [235]. We will now rederive the exact expression for
the fidelity of pure-state distillation under LOCC in terms of the m-distillation
norm, and in particular establish an operational equivalence between all relevant
sets of operations in the distillation of entanglement from pure states.

(8.37)

Theorem 8.14. For any pure state |y), any integer m > 1, and any set
of operations O € {1-LOCC,LOCC, PPT, P-PPT, P-PPT,, SEPP}, the
fidelity of distillation is given by

Fo(ym) = — &I, - (839)

Proof. It is well-known that the deterministic transformation from |y) to an-
other pure state |17) is possible with (both one-way and two-way) LOCC if and
only if the Schmidt vector £(|y)) := (a1, ..., aq)" is majorised by the Schmidt
vector £(|7)) = (B1,...,Ba) " [198], that is,

k

k
Sai<> B; Vke{l,....d} (8.39)
i=1 i=1

where we have assumed without loss of generality that the Schmidt coefficients
are given in non-increasing order. Following the proof of Thm. 7.11, we can then
see that the Schmidt coeficients of |y) are majorised by the Schmidt coefficients
of the state

T
)= (@1 s s a2
ny= | B A 77 \/F""’\/k_* (8.40)
—
k* times

122

[230] Horodecki & Horodecki,
PRA 1999

[235] Vidal et al., PrRA 2000

[198] Nielsen, PRL 1999


http://dx.doi.org/10.1103/PhysRevA.59.4206
http://dx.doi.org/10.1103/PhysRevA.62.012304
http://dx.doi.org/10.1103/PhysRevLett.83.436

8.2.3

One-shot entanglement distillation

1
expressed in the Schmidt basis of |¥,, ), where k™ = argmin — ||a,;,_k41.4 H%z and

1<k<m
Ly = ||tk +1d | ¢,- This then gives
Frroce(w, m) > [(¥uln)?
1 2
= (ol + VE Jomenale) s

= &I

On the other hand, since 1-LOCC c SEPP, we have
1 4 1
Froce(y>m) < Fssen(ym) = — (Tage V() +1) = — (WD) [y (842)
by Thm. 8.4, which concludes the proof. [ |
This leads to an interesting characterisation of the m-distillation norm in
two different ways. Writing |y/) Locg, |#7) to denote that the pure state transfor-

mation is possible with LOCC, we have

LOCC }

1)) Iy = v/ max{ [0} | 1) 22 1)

LOCC }

= o max{ ()] | 1) <5 )

(8.43)

where the maximisation is over normalised state vectors |#).
As a straightforward corollary of the above result, we can characterise the

quantifiers Gfgm) for several different sets.

Corollary 8.15. For any 1 < m < d, any pure state |y), and any S €
{SEP, PPT,PPT,,PPT'} we have

G (W) = - 1w I (8.44)

Maximally correlated states

Let us consider a bipartite system with d = d4 = dp. A maximally correlated
state is any state of the form pmc = ¥; ; aij]ii)(jj| for some local orthonormal
bases {|i) }. The name for this class of states comes from the fact is that the two
parties are guaranteed to obtain the same measurement results for any measure-
ment in their local basis {|i) }. Notice that any maximally correlated state has a
corresponding single-party state p = 3, ; a;;[i)(j| with the same coefficients in
the local basis.
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It has been conjectured in several works that the resource theory of coher-
ence is equivalent to the resource theory of entanglement restricted to maximally
correlated states [55,56]. Although this conjecture is still unsolved in full gener-
ality, we know that many operational quantifiers such as the entanglement of
formation, relative entropy of entanglement (and other Rényi entropy-based en-
tanglement measures), and asymptotic distillable entanglement can be evaluated
on maximally correlated states by computing the corresponding coherence quan-
tifiers, typically significantly simpler to evaluate and satisfying useful properties
such as additivity [55,123]. Furthermore, an operational equivalence between
SIO or IO transformations acting on p and LOCC operations acting on pp has
been suggested, although so far this conjecture has been proved only in specific
cases [55,56].

To obtain a result allowing us to quantify the one-shot distillable entangle-
ment of maximally correlated states, we will fix a choice of basis {|i)} for the
single-party state p, and use 7 to denote the set of all incoherent states in this ba-
sis. Furthermore, we define the subset of separable states SEP . := conv{|ii)(ii|}
where {|ii)}4_, is the basis of the corresponding maximally correlated state ppc.

Theorem 8.16. For any maximally correlated state and any m > 1 it holds
that

Fopr(pme> M) = Fsgpp(Pme, M) = Gém)(p). (8.45)

Proof. Using Thm. 8.6, we have
Fppr(pme> m) < Fsgpp(Pme> M)

1
= XIelgélr}** Tr(pme — X)+ + . Tr(X)

1
< mm Tr(pmc -X)s+— TT(X) (8.46)
XESEPmc

= )I(I;I%EI*TI‘(‘D X), + —Tr(X)

=Gy (p).
On the other hand, let W* = 3, ; W;;|i) (j| be the optimal solution to the dual
problem of
G(m)(p) max{ P, W ‘ 0<W<1, We —I°} (8.47)

Notice that W* € %I" is equivalent to A(W) < %Il,that is, max; Wj; < % Con-
sider then the matrix Wiy == 3; ; Wi;ii) (jj|, defined in the basis of pic. The

eigenvalues of Wy? can be straightforwardly verified to be {W;, +|W; e

i,j=1°
Positivity of W* imposes that

n}Ex\mj| < max Wii (8.48)
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from which it follows that

o 1
Iopr'(Wine) = H Wgﬁ”m = max Wi; < - (8.49)
This means that Wy, € #PPT'O, and so
FPPT(Pmc» m) = Gé;?f(PmC)
1 o
:Inax{(Pmc)W> ’ 0<Wc< 1, W e _PPT, }
m (8.50)
2 (Pmc; Wmc)
=G (p).
|
Notice that )
(m) (m-1)
G =—|T +1 8.
7= — (17" (p) +1) (8.51)

with TI(m) being the coherence measures defined in Ch. 7.

Interestingly, in contrast to many other results which show an exact equality
between operational quantities in the resource theory of coherence and the re-
source theory of entanglement of maximally correlated states, our result above
shows a slight discrepancy between the two resource theories: in particular, it is
not difficult to find numerical examples of states such that

Fsgpp (pmem) = G (p) > G(jm)(P) = Fyio(p, m), (8.52)

and so the distillable entanglement of a maximally correlated state under the
maximal set of operations in the resource theory of entanglement (SEPP) can be
strictly larger than the distillable entanglement the corresponding single-partite
state under the maximal set of operations in the resource theory of coherence
(MIO). This shows in particular that, in the distillation of entanglement from
maximally correlated states under SEPP, it is not sufficient to consider opera-
tions whose output remains in the maximally correlated subspace — indeed, if
this were the case, any such operation could always be mapped to a correspond-
ing MIO operation, and the fidelities Fyiio(p, m) and Fsgpp (pmc, m) would be
equal.

Nevertheless, the result reduces the much more complicated optimisation
problems in the quantification of one-shot distillable entanglement to the simple
task of evaluating coherence measures.

Isotropic states

Consider d = d4 = dp and define the isotropic states as

pr=f¥a+ ;;_fl (1-¥) (8.53)

with 0 < f < 1. We then have the following result.
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Proposition 8.17. For any isotropic state p; and any O €
{PPT, P-PPT., SEPP}, it holds that

f 1
Fo(py,m) = {@ L d0n Z (8.54)
L x.

Proof. This is a slight extension of the result in [156], and the proof is based
thereon.

Take1 < m < d.If f < %, then py € SEP, and we have Fppr(pys, m) =
FSEpp(pf, m) = # Iff> %, then on one hand we can take

k-1 d-k
=—d¥;+ ——1 .
TR AR Y (8:55)
which satisfies
k-1 d-k
wh| < (d¥y)"™|_ + |1l oo
H Hoo (d-1)k H d Hoo (d-1)k (8.56)
1
Tk

since (d¥;) T is the swap operator, whose eigenvalues are easily checked to be
£1. This gives
Fppr(p,m) > <Pf> W)

_df-1, d(1-f) (8:57)
S d-1 m(d-1)’
On the other hand, take
d(1-f) ( 1 )
X=—=2|¥;,+-1). 8.58
21 d+ P ( 5 )

It is known that ¥; + % € SEP** [94], which gives

1
Fsepp(pg,m) <Tr(py - X)1 + - Tr X

_df-1_d(-f) (8:59)
d-1 m(d-1)

Beyond deterministic distillation

The investigation of probabilistic entanglement transformations and distilla-
tion under different classes of operations has been considered in several works
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One-shot entanglement distillation

[38,154,200,202,236,237]. The setting can be defined analogously to the character-
isation of coherence distillation in Sec. 7.3. We do not consider this task explicitly
here, although a particularly interesting open question in this regard is to char-
acterise the capabilities of separability-preserving operations in probabilistic
distillation.

Similarly, the formalism of assisted distillation of entanglement has been
considered before [187]. Here, in direct analogy with our results for coherence
in Sec. 7.4, we obtain several new results as direct corollaries of our investigation
in this Chapter. Most notably, it follows immediately that one-shot assisted dis-
tillable entanglement is exactly the same under any class of operations ranging
from one-way LOCC to P-PPT, to SEPP, and some of the proofs in [187] can be
simplified by employing our definition of the m-distillation norm. The results
follow in exactly the same way as 7.4, so we do not consider them again.
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Conversion of nonclassicality
into entanglement

We have so far investigated two signature features of quantum theory: coherence
and entanglement. Coherence embodies the nonclassicality of quantum mechan-
ics, that is, the possibility for a quantum system to exist in a superposition of “clas-
sical” states. The latter are usually determined based on physical considerations:
in preceding chapters, we looked specifically at the resource theory of coher-
ence, where the classical states form an orthonormal basis, while in continuous-
variable systems, they are often identified with the Glauber-Sudarshan coherent
states [238,239].

Superposition underlies other nonclassical phenomena such as quantum cor-
relations among parts of a quantum system. In particular, entanglement itself
stems from the superposition principle in conjunction with the tensor product
structure associated to composite systems. Despite the common origin, entangle-
ment and superposition are formalised according to different resource theories:
the former being tied to the paradigm of spatially separated laboratories which
can only implement LOCC operations for free, while the second specified by the
inability to create superpositions of the classical states for free. Consequently,
these two resources, like two currencies, enjoy different uses in quantum tech-
nologies. It thus becomes particularly relevant to investigate the connection
between these two types of resource beyond a merely conceptual standpoint,
and to devise operational schemes that allow the dynamical transformation of
one into the other.

Several works have analyzed this problem. In quantum optics, nonclassical-
ity gets mapped into entanglement by a beam splitter [240-244], while, in the
discrete-variable scenario, it is the controlled NOT (CNOT) gate [245,246] that
plays a similar role. The quantitative interplay between the degree of nonclas-
sicality and the bipartite entanglement obtained from it has been investigated
as well [2,17-19,61,243,247]. These studies have advanced our understanding of
nonclassicality as a resource in systems of arbitrary dimension [15,18,19,248-
253].

In this chapter, we will investigate the conversion of nonclassicality, which
generalises the previously considered notion of quantum coherence, into multi-
partite entanglement. We will first show that there always exists a state-indepen-
dent unitary mapping, realised by operations which alone cannot create nonclas-
sicality, such that the presence of k-level nonclassicality in the state of a single
d-level system is necessary and sufficient to create k + 1-partite entanglement
between the system and k ancillas. To exemplify such a conversion procedure,
we specialise to quantum coherence as an instance of nonclassicality, and in-
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9.1

Relations between nonclassicality and entanglement

troduce an explicit physical protocol which directly converts k-level coherence
into k +1-body multipartite entanglement. The protocol entangles a single qudit
with up to d qubits by a sequential application of generalised CNOT gates (free
operations in the resource theory of coherence). The protocol can be further
extended via the decoupling of the qudit system by LOCC (free operations in
the resource theory of entanglement), to provide a mapping of k-coherence into
multipartite entanglement of the ancillary qubits alone. Finally, we show that the
initial amount of k-coherence places a quantitative restriction on the amount of
entanglement that can be converted from it — in particular, the fidelity-based
geometric measure of k + 1-partite entanglement at the output of the protocol
is exactly equal to the fidelity-based geometric measure of k-coherence in the
input state of the d-level system. The chapter is based on results published in

[BR5].

RELATIONS BETWEEN NONCLASSICALITY AND
ENTANGLEMENT

Nonclassicality is a notion that depends on the preassigned set of states that
are deemed “classical”. Choosing a finite set of states {|x;)} which spans the
whole Hilbert space H to constitute the pure classical states, as dictated by the
physics of the problem under investigation, one asks whether a mixed state p
can be represented as a convex combination of classical states only. Nonclassi-
cality therefore naturally fits into the resource theoretic formalism considered
throughout this thesis, where the set of free states C is formed by the convex hull
of {I)}-

For finite-dimensional systems, the notion of nonclassicality is often un-
derstood as quantum coherence. However, following [18,19], we note that the
approach considered here is more general, since one does not require the states
{lxi)} to be orthogonal. This provides a common framework applicable e.g. to
classical sets formed by SU(N) Gilmore-Perelomov coherent states [254,255] in
discrete-variable systems and Glauber-Sudarshan coherent states [238,239] in
continuous-variable systems, where the latter are not orthogonal yet such that
any finite subset thereof is linearly independent [17].

The framework adopted here leads to a natural measure of the level of non-
classicality of a state. For a pure state, one can indeed define the nonclassical
rank (NR) [2,18] as

NR (Iy)) =min{reN\ W)= el ) ec}, (o)
i=1

with nonzero complex coefficients ;. This clearly resembles the definition of the
Schmidt rank SR(|y)) of bipartite entangled states, and it can be extended to
mixed states in the same way as the the Schmidt rank is extended to the Schmidt
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Relations between nonclassicality and entanglement

number SN: we thus define the nonclassical number (NN) of a mixed state p as

NN (p) = min maxNR (Jy;)),

pislvi)} (9'2)

where the minimisation is performed over all pure-state convex decompositions
of pinto p = ¥; pi|wi) (wil. In other words, in every such decomposition at least
one state has nonclassical rank NR(|y;)) > NN(p), and there exists a decompo-
sition where all pure states have nonclassical rank NR(|y;)) < NN(p).

Killoran et al. [18] showed that there always exists an isometry, consisting
of adding an ancilla and applying a global unitary, which maps each pure state
of nonclassical rank k into a bipartite entangled pure state of Schmidt rank k.
In fact, as we show below, this result can be straightforwardly extended to the
general case of mixed states:

Proposition 9.1. Let H be a d-dimensional Hilbert space, D the corre-
sponding set of density operators, and Hgyc = H the Hilbert space of an
ancillary system. Then if the classical pure states {|x;)}%, form a linearly
independent set spanning H, there exists an isometry W : H — H ® Hanc
such that for any state p € D we have NN(p) = SN(Wp W),

Proof. To begin, let us note the fact that the set of all possible pure states be-
longing to pure-state decompositions of p € ID is given precisely by the set of
pure states in the support of p [216,217]. By the result of [18], we have that there
exists a unitary U such that NR(|y)) = SR(U(|y) ® |¥anc))) Y |v) € H where
[Wanc) € Hanc is a fixed reference state for the ancilla system. The isometry W
is given by attaching the ancilla state |yanc) composed with the action of the
unitary U. Following [243,256], we note that there is a one-to-one correspon-
dence between the pure-state decompositions of p and the decompositions of
p' = WpWT, given exactly by the action of W. Notice in particular that W
can be inverted on its image, and that any |¢’) in the support of p’ has as pre-
image W' |y’) in the support of p, which means that by the properties of W one
has NR(WT [y/)) = SR (|¢’)). Assuming p has NN(p) = k, then it is possible
to find a pure-state decomposition of it which only contains states with non-
classicality rank less or equal to k. The pure states in one such decomposition
will then be transformed by the action of W into entangled states of Schmidt
rank at most k, which will form a pure-state decomposition of p’. This proves
that SN(p’) < NN(p). On the other hand, suppose SN(p’) = I; then it is pos-
sible to find a pure-state decomposition of p’ such that it only contains states
with Schmidt rank less or equal to /. Under the action of W, such a decompo-
sition gives rise to a pure-state decomposition of p whose elements have non-
classicality rank at most /. This proves that NN(p) < SN(p’). [

The simplest example of a relation of this kind can be obtained in the re-
source theory of coherence, where the faithful conversion of coherent states into
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Relations between nonclassicality and entanglement

maximally correlated states of the form pyc = ¥; ; pij|i1)(jj| can be performed
with the isometry W |i) = |ii). As a corollary of this relation, the Schmidt num-
ber of a maximally correlated state can be computed by considering the nonclas-
sical number of the single-party state p = p; ; |i)(j.

We will show that an analogous faithful conversion of multilevel nonclassical-
ity into genuine multipartite entanglement is always possible. As before, we de-
fine a pure state |y/) to be k-producible if it can be written as |y) = [y1)®. ..®|yp)
with each |y;) pertaining to at most k parties, and a mixed state p to be k-
producible if it can be written as a convex combination of k-producible pure
states. We call a state p genuinely k-partite entangled if it is k-producible but
not k — 1-producible; equivalently, under such conditions we say that p has en-
tanglement depth Dg(p) = k [257]. A 1-producible state p has Dg(p) =1and is
fully separable.

Theorem 9.2. Let H be a d-dimensional Hilbert space, and H gy the
Hilbert space of an ancillary system. Then if the classical pure states
{lxi)}L, € H form a linearly independent set spanning H, there exists
an isometry U : H — H @ HEL such that for any state p € D with nonclas-
sical number NN(p) = k, UpU" is genuinely k + 1-partite entangled iff
p is nonclassical (2 < k < d) and UpU? is fully separable iff p is classical
(k=1).

Proof. We adapt the methods of Ref. [18] to show the existence of this mapping.
Let us consider the case of pure states first. Define

|ci) = [Xi) ® |[Wanc) € H ® H?nl{: (93)

with |Wanc) € HEY a fixed (fully unentangled) reference state of the ancilla sys-
tems. Define {|b;)}%, e HED as

b5} =10)* @ 1) @]0) > (9-4)

with 1) = V/A]0)++/1 — A |1),where |0), 1) € Hqnc are orthonormal,and 0 < A <
1. The Gram matrix of a set of states {|¢;) } is defined as [G(¢)]ij = (¢i|¢;), and
has full rank iff the |¢;) s are linearly independent [258]. Define a y-dependent
matrix B(u) by

1 i=j
woizj
We have G(*) = B(1). Define M(e) = G() o B(1 + €) where o is the Schur (en-
trywise) product. Since lim,_o M(¢) = G(©) > 0 and diag(M(¢)) = (1,1,...,1),
it follows that, for sufficiently small e > 0, M(¢) is the Gram matrix G(*) of a set
of linearly independent states {|a;)}%,. We then have G(°) = G(*) o B (ﬁ) =
G o G®), for A = (1+ ¢€)7", which means that the sets of states {|c;)} and

(9.5)

[B(1)]ij :{
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{|ai) ®1|b;)} have equal Gram matrices, and so there exists a unitary U such that
Ulci) = |ai) ® |bi) Vi [258,259]. The isometry V is defined by the composition
of attaching the ancilla state |y, ) followed by the action of U.

Now consider a general pure qudit state [y) = Y%, y; |x;). Then,

d
v')=Viy) = ;vff |ai) [bi)

(9.6)

yila:) [0} 1) o).

Me

I
—

It is convenient to use the fact that the entanglement depth of |y is not affected
by alocal filter S® L®¢, with S a qudit operator such that S |a;) = |i),and L a qubit
operator such that L|0) = |0), L |1) = |1). Thus, we can study the entanglement
depth of the state

QU

d
[7) o< 2wl 10)* 7 1) 0)%47 = oy i) 2970, (97)

i=1 i=1
where [2977) is the string of qubits corresponding to 29~% in binary (padded
with zeros from the left as needed), e.g. [2°) = |00---01000) since 2° = 1000,. It is
evident that [¢”) is fully product iff there is only one term in the superposition,
thatis NR(|y)) = 1iff Dg(|y’)) = 1. In the following we will consider NR(|y)) >

2, and in this case we will prove that Dg(|y’)) = NR(|y)) + L

To show that NR(|y)) = k > 2 implies Dg(|y’)) = k + 1, assume w.l.o.g. that

the k nonzero coefficients y; are the first ones. Then

k . .
[7) o< (o wili) 100 1) [0)°57 ) o) *F, (9-8)
i=1

and the claim follows by showing that % v; [i) |0)®"™ [1) 10)2¥~* cannot be fac-
torised in any non-trivial way. This holds, as the reduced state of the k ancillary
qubits is proportional to X |v;[?[0)(0]* " ®[1)(1|® 10)(0|®¥~, s0 the marginal
state of any subset of these k qubits is evidently mixed. On the other hand, to
prove that Dg(|y’)) = De(V |¢)) = k +1 > 3 implies NR(|y)) = k, notice that
the isometry is invertible on its image. Thus, [y) = VT |y’); since we have just
proven that Dg(V |y)) = NR(|y)) + 1, we arrive at the claim for pure states.
The mixed-state case again begins by noting that there is a one-to-one corre-
spondence between the pure state decompositions { p;, |y;)} of p and {p;, |y})}
of p’ = VpV1, with each input-output pair of states respecting the relation just
discussed: either NR(|y;)) = Dg(|y})) = 1or NR(|y;)) +1 = Dg(|y})). Thus,
with the exception of the first (trivial) case, we have NR(p) +1 = Dg(p’). Indeed,
the pure-state mapping with the above properties, together with the definitions
of nonclassical number and entanglement depth, entail that NN(p) = m implies
De(p’) < m+1,and, in turn, Dg(p") = I implies NN(p") < I - 1. These relations
can only be satisfied for [ = m + 1. [ |
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9.2

Coherence conversion protocol

Theorem 9.2 shows that there always exists an isometry which faithfully
converts the k-level nonclassicality of a quantum system into multipartite en-
tanglement with k other ancillary systems. We note that the specifics of the
mappings are not fixed by the theorem, and one could always devise other ways
to convert the nonclassicality into entanglement. In particular, the mappings
presented in the proofs only use two levels of each ancillary system, resulting in
entanglement akin to that of W states [260]. One may consider other kinds of
operations which create qualitatively different multipartite entanglement — for
instance, one can instead attach a number d of d + 1-dimensional ancilla systems
and choose {|bj)}?:1 such that |b;) = |/1j)®d and [1;) = VA |0) + /1 - AV |
where {|j)} is now an orthonormal basis for H,pc. Following a similar argument
to Thm. 9.2, this will then introduce a generalised GHZ-type entanglement be-
tween the qudits, entangling as many levels of the systems as the nonclassical
rank of the original state. However, the choice of a W-type mapping in the theo-
rems makes the conversion quite appealing in practice, as it only requires qubit
ancillas, and, as we show below, enables one to create entanglement by a sequen-
tial application of two-body gates on the nonclassical system and each ancilla.

COHERENCE CONVERSION PROTOCOL

We will now specialise to the framework of quantum coherence. Here, the clas-
sical states {|i)}% , are taken to form a fixed orthonormal basis for H. As before
(cf. Sec. 6.1), we can then define a hierarchy of coherence levels by considering
the coherence rank CR(|y)) and the coherence number

CN(p) = min }m?‘XCR(W’i))-
Pis|Vi !

> 1

(9.9)

We will refer to states with coherence number at most k as k-coherent states.
Clearly, 1-coherence corresponds to classicality, k-coherence for any k > 2 stands
as a fine graining of the usual notion of coherence, and d-coherence is the max-
imal coherence level of a d-level system.

The k-coherence of a single qudit can be converted into multipartite entan-
glement in different physical ways. To show this, we design a protocol to convert
k-coherence into k + 1-partite entanglement between the qudit and k qubit an-
cillas (following Thm. 9.2), realisable by a sequential application of CNOT gates
(see Fig. 9.1). We then provide a natural mapping of k-coherence into k-body
entanglement, which can be accomplished by a second step which disentangles
the qudit system — either by unitary transformations as in Fig. 9.1(a), or by one-
way LOCC as in Fig. 9.1(b). The latter scheme reflects an operational scenario
in which input agents are constrained to the resource theory of k-coherence,
having at disposal only incoherent ancillas and incoherent operations as used
in the first step, while output agents are constrained to the resource theory of
entanglement, being bound to use LOCC as in the second step.
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Figure 9.1: Schemes of two protocols to convert k-coherence into multipartite entan-
glement. Both protocols begin with the global unitary operation U4 which sequen-
tially entangles each level of the qudit system in the state |y ) with a corresponding
ancillary qubit by generalised CNOT gates, resulting in a k + 1-partite entangled state.
One can then decouple the qudit system either (a) by a unitary transformation Ug,
consisting of a Fourier transform and a disentangling unitary Up, or (b) via a one-
way LOCC operation Q. Both protocols result in genuine k-partite entanglement
between the ancillary qubits.

We illustrate the scheme for pure states, noting that it extends straightfor-
wardly to mixed states. Let |¥) = [y?)  [0)®¢ be the state of the composite
system consisting of the qudit initialised in |y) and d ancilla qubits in a refer-
ence pure state |0)®d. Consider a unitary activation operation U, which consists
of a sequence of generalised CNOT gates (1,4 — |i)(i]) ® 1, + |i){i| ® 0x, with
0y the Pauli x matrix, between the qudit and the i-th ancillary qubit. Explicitly,
the sequence realises the unitary

d
Ua=Yli)(i|@ 1 @ 0y @ 15977, (9.10)
i=1
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which transforms the state |[¥) = X% ¢; i) 10)*? into

d .
¥) = Ual¥) = 3 aili) 227). (9.11)
i=1

To complete the protocol by mapping into k-partite entanglement among the
qubit ancillas only, we now give two alternative approaches. Both methods begin
by performing a quantum Fourier transform (QFT) |j) — ﬁ Y € 27k (1)
on the qudit only. Then, in the first approach (cf. Fig. 9.1(a)), we can apply a
unitary

d ') . .
Up= 3 e ™ m) (m| @ [277) (2] (9.12)
j>m=1
to effectively decouple the qudit and the ancilla qubits. This can be understood
as the sequential application of d* controlled local operations (14 — |m)({m|) ®

1+ |m)(m|® U](DT), with control on the qudit and

UG = [0} (0] + e 24 (9.13)

acting on the j-th ancillary qubit. After the action of the QFT and Up, which
jointly define the global unitary Usg, the output will be the product state Ug [¥') =
|©F) [¥""), where |[©F) = ¥; ﬁ |i) is the maximally coherent state of the qudit,

and [¥"') = %, ¢; [2%77) is a k-partite entangled state of the qubit ancillas.

An alternative approach (cf. Fig. 9.1(b)), which might lend itself to a more
efficient implementation as it does not require global interactions, is to realise
the decoupling of the qudit by an operation Q consisting of one-way LOCC
(see e.g. Ref. [256]). After performing the QFT, one can measure the qudit in the
{|m)} basis and, depending on the measurement result m, apply the local unitary
Uém) = Z?:l e~ 2miim/d pd-j) (24-]| = ®;j Ug:') to the remaining d qubits. We
then obtain the final state Q (|¥')) = |¥"'), which is exactly the same as the state
of the qubits after the unitary transformation Ug from the previous approach.

We can formalise the properties of the protocol as follows, casting the result
in terms of mixed states in general.

Theorem 9.3. Given the above conversion protocol, consisting of the acti-
vation unitary U, and the decoupling operation (either via Ug or Q)), with
p'=Ualp® |O)(O|®d)U; and p" = Q(p"), the following statements are
equivalent for 2 < k < d:

(i) CN(p) = k;
(i) De(p’) =k +1;
(iii) Dg(p") = k.
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9.2.1

Coherence conversion protocol

Proof. The equivalence between (i) and (ii) is a direct application of Thm. 9.2.
To prove that (i) implies (iii), we first consider pure states, and assume w.l.o.g.
that the k nonzero coeflicients are the first ones. Then the last d — k qubits in
|¥"") are in the initial product state [0)®?*, and we need to prove that the first
k qubits are genuinely multipartite entangled. This is the case since any non-
trivial subset of such qubits is mixed. That (iii) implies (i) can then be proven by
observing, as in the proof of Thm. 9.2, that the isometry from |y?) to |¥”') can
be inverted, and using the just proven fact that (i) implies (ii). The extension to
mixed states follows the exact same steps as in Thm. 9.2. ]

Quantitative relations

We will first consider general distance-based resource quantifiers, as discussed
in Sec. 5.4. Adapting a notation similar to the previous sections, we will use
Z(k=1) to denote the set of states which are at most k — 1-coherent, and similarly
MED to denote the set of k — 1-producible states, i.e. states which are at most
k — 1-partite entangled.

Definition 9.4. Given a quasi-metric D(p, o) contractive under CPTP
maps, we define the distance-based measure of k-partite entanglement
as

E(Dk)(p): inf D(p,¢) (9.14)

ce/\/((k—l)

and the distance-based measure of k-coherence as

Cl()k)(p) = aeiII(lkf—U D(p,0). (9.15)

The distance-based quantifiers of k-coherence and k-partite entanglement
have useful properties which will allow us to relate the two resource quantita-
tively. In particular, within the distance-based framework, we prove the follow-
ing relation between the degree of coherence of a state p and the multipartite
entanglement of the output states p’ = Ua(p ® |0)(0\®d)U:g and p”" = Q(p")
obtained from the conversion protocol of Thm. 9.3:

Proposition 9.5. Let D be any distance contractive under CPTP maps.
Then

cy)(p) 2 ESY (0,
k k
5 (p) 2 ES) (p").

Proof. Let B) denote the subset of M () spanned by states of the form [¥') =
Y4 ci|i)|297") as obtained from the first step of the conversion protocol in
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Thm. 9.3. Similarly, let R~V denote the subset of M) spanned by [¥"') =
Zle ¢i [2%7) as obtained from the second step of the same protocol.
Let us consider p’ first. We have that

k .
) (p) = Inf "D(p,0)

= inf D(Uap®|0) (0 UL, Uso ®0) (0% UT)

geT (k-1
= inf D(p,Uqo ®10)(0[®¢ Ut
 inf (p's Uao ®10) (0" U})

=inf D(p’,8
5elg<k> (p )

> inf D(p,5)
gg/\/{(k)

=y (),

(9.16)

where we have used Thm. 9.3, as well as the facts that D(p® 7,0 ® 7) = D(p, 0)
and D(UpU™, UaU") = D(p, o) for any contractive distance D. Equality clearly
holds when there exists 8 € B) such that

inf D(p',¢) =D(p",9). (9.17)
ceM (k)

An analogous argument holds for p”, One can either follow the steps above
with the unitary transformation Up, or note the contractivity of the distance D
under the LOCC operation Q and obtain:

k .
cH(p) = _inf D(p0)

inf D(p’,Uc ®]0) (0| U")
oeZ(k-1)

oeizrg—l) b (Q(Pl)’ Q (Ua ®(0) <0|®d UT))

inf D(p”,9) (9.18)
SeR (k-1)

> inf D(p",
v (p"9)

_ El()k) (P")- [}

[\

The amount of k-coherence present in the initial state thus places quantita-
tive constraints on the multipartite entanglement one can obtain from it.
Of particular interest will be the choice D(p,0) =1- F(p, o), that is, the

geometric measures as considered in Sec. 5.4.2). We will use the notation Eék)

and C(Gk) for these quantities. In particular, recall from Thm. 5.26 that
EP(p)=1- ES (1) ;i =S p lwi) v
¢ (p)=1-max{ > piE” (lyilwil) | p = pilwilwilp . (9.19)
1 1
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Remarkably, under the geometric quantifiers, the k-coherence of any state
and the converted k +1-partite entanglement are in fact equal. The result relies on
the following lemma, which shows that for any pure state |¥’) obtained from the
conversion protocol, it suffices to optimise the distance-based quantifier of k + 1-
partite entanglement over the set of k-producible output states of the protocol,
instead of the whole set of k-producible states.

Lemma 9.6. Given a state of the form

d

v) = cili) [2%77) (9.20)

i=1

where we can take |c1| > |ca| > ... > |cg| without loss of generality, the clos-
est k-producible state with respect to the fidelity-based geometric measure
of entanglement can be chosen as a state |y©) € BK).

In other words, there exists [y¢) € B%®) such that

max F(ly),[c)) = max F(|y).[0)) =F(ly),ly)).  (9.21)
l¢)eM (k) lo)eB(H)

The proof is deferred to the Appendix.

The above Lemma finally allows us to prove the equality between the geo-
metric quantifiers for k-coherence and k + 1-partite entanglement in the first
step of the conversion protocol.

Theorem 9.7. Given p and the transformed state p' as described in the
conversion protocol, we have

c(p) = EF(p)). (9:22)

Proof. The proof follows the methods of Refs. [120] and [61].

This result amounts to showing that there exists a state y € ) which is the
closest k-producible state to p’ with respect to the distance given by D(p, o) =
1-F(p, 0). In other words, we need to find y € BK¥) s.t. E(Gk+1) (p") =1-F(p', x)-

First, let { p;, |¢;) } be the optimal convex decomposition of p’ which realises
the infimum in the convex roof extension of E (Gk+1), that is,

EE V(0" = 3 pi ES D (194)). (9.23)

Define {|&;)} € M) to be the closest k-producible states to each of the states
{|¢:)} with respect to the fidelity-based distance, that is,

EED(1¢) = 1-F(I&), I¢:) Vi (9:24)
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Now, notice that the support of p’ is spanned by states of the form

) =Y pi i) 220 e B, (9.25)

which means that any pure state in a convex decomposition of p’ can be ex-
pressed as a complex linear combination of such |y’). In particular, each of the
states {|§;) } can be written as

i) = Z ri i) [2977). (9.26)
J

By Lemma 9.6, the closest k-producible state to each |¢;) is a state |£;) € BK),
and so we have

k-1 .
&) = Y ejlj) [2777). (9.27)
j=1
Now, define
x=224;1&) (&l (9.28)
j

with coeflicients (+1)
+
1- EG (|‘/5J>)

. (9.29)
1-ES (p)

qj = Pj

Since each |;) is in B¥), we get that y € B, Recalling that \/F satisfies the
so-called strong joint concavity property [25], defined as

\} F(Z a;loi) (ail, Zbi 1Bi) (ﬁl]) > Z\/a,- bi F(|ai),|Bi)), (9.30)

we get

VEE 0 > S\ /piai F(19)).18)
J

_ Z\l sz(|¢>;> 16))° (9.31)
J

j k
155 ()

=VI-E¢ ()

which follows by Egs. (9.24) and (9.23). This gives

Eékﬂ) (p')>1-F(p', x) (9.32)

and since y € M) s a convex combination of k-producible pure states, by
definition we also have

EFD (p') <1-F(p', ) (9.33)
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and so y is the closest k-producible state to p’. But since y € B%) by construction,
Prop. 9.5 gives

c®(p) = ELV(p") (9.34)

as required. ]

The above result has implications for the quantification of k + 1-partite en-
tanglement, since for any state of the form p’ as obtained from the conversion
protocol in Thm. 9.3, the entanglement can be quantified by considering the
quantification of k-coherence instead. It has been recently shown that optimi-
sation over sets of k-coherent states can be expressed as semidefinite programs
[104], and together with the fact that the computation of the fidelity function
can be cast as an SDP as well [221,222], we have that the geometric measure
of k + 1-partite entanglement of any state p’ can be quantified as an SDP. This
reduces the very complex problem of k-partite entanglement to a much simpler
optimisation with semidefinite constraints, and includes among others the class
of maximally correlated states considered previously.
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10.1

Polynomial measures of
entanglement and monogamy

The final chapter of the thesis deals with the problem of quantifying a class of
multipartite entanglement measures based on the so-called polynomial invari-
ants. Although the original measure of this kind — the concurrence [261] —
was introduced in order to characterise the operationally-motivated entangle-
ment of formation, the theory of polynomial invariants and their applications
to entanglement quantification has since diverged from the strictly operational
considerations and has been investigated in purely mathematical terms. Many
of such measures are relatively simple to quantify for pure states by construction,
but their computation for mixed states again relies on the concept of the con-
vex roof, which is notoriously difficult to evaluate in general cases. We begin by
showing that under certain conditions this problem becomes trivial — precisely,
we prove that polynomial entanglement measures of degree 2 are independent
of the choice of pure-state decomposition of a mixed state when the latter has
only one pure unentangled state in its support. This allows for the analytical eval-
uation of convex roof extended entanglement measures in classes of rank-two
states obeying such condition. As an explicit application of this approach, we in-
vestigate possible generalisations of the Coffman-Kundu-Wootters monogamy
inequality from three to four qubits, accounting for multipartite entanglement
in addition to the bipartite terms. We show that the most natural extension of
the inequality does not hold in general, and our results allow us to characterise
exactly the violations of this inequality.
This chapter is based on results published in [BR1,BR2,BR12].

A GEOMETRIC APPROACH TO ENTANGLEMENT
QUANTIFICATION

In the characterisation of properties of multipartite entanglement, the formal-
ism of LOCC is often extended to the so-called stochastic LOCC (SLOCC),
representing probabilistic LOCC transformations. This class admits a simplified
mathematical structure: given two pure state |y), |¢) consisting of n systems
of dimension d, the transformation |y) — |¢) is possible with SLOCC if and
only if there exist local invertible linear operators Ly, ..., L, € C*4 guch that
|¢) = L1 ® - ® Ly, |y) [51,260]. Disregarding normalisation, we can take each L;
to have determinant one, and thus belong to the special linear group SL(d, C).

A polynomial invariant is then a polynomial function in the coefficients
of a pure state |y) which is invariant under SLOCC [s51]. For a system of n d-
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dimensional system, any such a polynomial invariant P of homogeneous degree
h can be written as
(10.1)

Py (cLly)) = c" P (Jy)),

for any ¢ > 0 and an invertible linear operator L € SL(d, C)®" representing a
SLOCC transformation. Then, one can take an appropriate power p of the abso-
lute value of any polynomial invariant P to construct an entanglement measure
on pure states,

(10.2)

Ep([y)) = [Pa(jy))IP-

For n-qubit states (d = 2), the above expression defines a valid entanglement
monotone provided hp < 4 [262,263], and in a slight abuse of terminology we
will refer to all such quantities as polynomial measures of entanglement. The
concept of polynomial invariants can be used to obtain entanglement measures
for different types of entanglement in any number of qubits [264,265] and qudits
[266]. Two particularly common monotones obtained in this way are the concur-
rence for two qubits [50,261] and the three-tangle for three qubits [267]. Notably,
the convex roof extension of the concurrence can be quantified exactly for any
system of two qubits [50], although analytical solutions for the convex roof of
the three-tangle have been found only in very special cases [268-275] and the
first insights into the solutions of the even more complicated case of the convex
roof of four-qubit polynomial measures have been obtained only recently [276].

One can relate the properties of entanglement measures based on polyno-
mial invariants with the geometric representation of quantum states on a hyper-
sphere [268,277]. Here, we will limit ourselves to the case of density matrices p
of rank 2 and the familiar Bloch sphere. Any such state can always be written in
its spectral decomposition into the two eigenvectors {|@o) , |¢1) } corresponding
to the two non-zero eigenvalues {19, A1} as p = Ao |po)(Po| + A1 |¢1) (1], with
Ao + A1 = 1. We can then visualise the support of p as the Bloch sphere with
the two eigenvectors as poles, and any state |w) on the surface of the sphere as
corresponding (up to normalisation) to a linear combination of the two eigen-
vectors, |w) = [¢o) + w |¢) for some w € C, with |¢,) itself obtained in the limit
w — oo. This, in fact, can be understood as the stereographic projection of the
Bloch sphere, establishing a bijection between the sphere and the extended com-
plex plane € = C U {oo} (see Fig. 10.1). To avoid ambiguities, we will use the
notation @ to denote the Bloch vector @ € R* corresponding to the given state
|w) € span(p), with ¢, = (0,0,1)T and ¢, = o0 = (0,0,-1)T.

Let E}, denote a polynomial entanglement measure based on a polynomial
invariant P, of degree h as in Eq. (10.2), with p = 1 for simplicity. Let {|¢o),
|¢1) } be the two eigenvectors of a rank-2 state p corresponding to its non-zero
eigenvalues. Then, the entanglement E} of any state |@) in the support of p can
be expressed as the absolute value of a polynomial in one complex variable w:

h
E} (Igo) +@lg) ) = N0 - 2], (103)
i=1
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|¢0)

Figure 10.1: The Bloch sphere as the stereographic projection onto the complex
plane (shaded blue plane). Every pure state |w) with a Bloch vector on the sphere
corresponds to the point w € C which lies at the intersection of the plane with the
line containing the Bloch vectors of |w) and the projection point |¢;). States in the
upper hemisphere are mapped to the region of the plane inside the sphere, and
states in the lower hemisphere are mapped outside of it. The projection point itself,
corresponding to the state |¢, ), is mapped to a point at infinity.

where N is a normalisation constant, and {zi, ...,z } are the roots of the poly-
nomial E; in C, defined by

E, ( $o) + zi |¢1)) = 0. (10.4)

The convex hull of the points on the Bloch sphere corresponding to these co-
efficients {z; } defines the zero polytope [268,277]. This concept provides a use-
ful representation of the set of all separable states within the considered Bloch
sphere, since the entanglement as measured by the convex roof extension of E},
has to vanish for any convex combination of pure separable states (i.e., for any
mixed state inside the zero polytope), but will be strictly positive outside of their
convex hull. Various methods for constructing bounds to polynomial entangle-
ment measures in mixed states rely on finding states within the zero polytope
and using them to form suitable convex combinations with states outside of it
[114,278,279].

A crucial observation is that this expression is in fact proportional to the Eu-
clidean distances between the Bloch vectors of the qubits. We make this precise
in the following lemma.

I Lemma 10.1. Any polynomial entanglement measure can be computed for
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a pure state |w) = |¢o) + w [¢1) in the support of a rank-2 state p as
EL (190} + @) = N, [T o - =] (103)

where w and z; are the Bloch vectors corresponding to |w) and each |z;),
respectively, and N, is a normalisation constant, which can depend on the
given state p.

Proof. We begin by explicitly normalising the state |w) and additionally divid-
ing the expression (10.3) by the normalisation factors of all the states {|z;)}, to
obtain

L (|¢o>+w|¢>l>) NI |-z

_ ) (10.6)
h
1+ z;? V1+]wf? V1+ 0P T /1+ |z

Let us now recall the definition of the chordal distance in the stereographic
projection, that is, the Euclidean distance between points x on the sphere S?

corresponding to their stereographic projection & € o [280]: [280] Carathéodory, 1954
216 - &
[x1 = %2 = , (10.7)
VI GRI 6P
with
2
|21 = 00| = ——= (10.8)

V1+ &
As we discussed, the Bloch sphere is precisely an (inverse) stereographic projec-
tion of C onto a sphere S, and so we identify the right-hand side of Eq. (10.6)
with a product of distances between pure-state Bloch vectors defined by their
respective complex coefficients. This leads to the simple relation

L e R4 R (TR

V1+|w? (10.9)
- N, [T -l
1
where we defined N, := zﬂh [T /1+|zif* u

We remark that the constant N, only depends on the support of p, and as
such it will be the same for any two states sharing the same support.

10.1.1 One-root states

We begin by noting that an entanglement measure of degree 2 can be obtained

simply by choosing Efl/ " Any such quantity is then a valid entanglement mono-  [262] Verstracte et al,, pra 2003
tone for both pure and mixed states [262,263], and the particular choice of degree ~ [263] Eltschka et al,, pra 2012
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2 was found to be particularly useful as it enjoys some simplified scaling proper-
ties [274]. We will hereafter make this choice of the degree of the measure.

We consider now a particular case of a state p such that there is only one
pure product state in its support, that is, the equation Ei/ h (|po) +zi|¢1)) =0
has only one unique root z with multiplicity h. We will refer to such states as
one-root states. For any such state, we can then use Lemma 10.1 to express the
value of the polynomial entanglement measure as

E"(p) = N, min{zpiwi -z

Geometrically, any state p can be identified with a Bloch vector g in the Bloch
ball, and any pure-state decomposition of such a state gives a set of Bloch vectors
{a;} on the sphere and weights {«; } such that }°; a;a; = g. We will now use this
correspondence to establish a surprising property: the value of the convex roof
optimisation in (10.10) is in fact independent of the chosen pure state decom-
position, and no optimisation is necessary. The result is based on the following
geometric argument.

p-Enll].  Gom

Theorem 10.2. Consider an n-sphere with radius R and center located at
o. We will indicate by {A;, p;} a finite set of points p; € R"* on the sphere
with corresponding weights A;, normalised so that )>; A; = 1. Let us choose
a particular point z on the sphere and denote by {a;,a;} a set such that
all points {a;} are equidistant from z, that is |z — a;|| = ||z —ax| Vi, k,
according to the standard Euclidean distance. Let g denote the barycenter
of the family of points, that is, g = 3. ; «;a;. Then, for any other set of points
{B;j>b;} which lie on the same sphere and share the same barycenter g, the
following holds:

Zj/joZ‘bj”Z: Hz—alHZ, VI (10.11)

Proof. Apollonius’ formula [281] says that for any set of points {«;,a;} with
barycenter g and any chosen point z € R"*! we can write

2 2 2
dailz-ail”=z-g|"+ Y ailg-ail”, (10.12)
1 1
but since we chose {«a;,a;} to be equidistant from z, we get
lz—gl* = lz-ai* = X ai [g—ail”, (10.13)
i

for any chosen a;. Applying the same formula to any other set of points {;,b;}
with the same barycenter g gives:

> Billz b5 = lz—g*+ 3 8; |8~ by
J J
=z -af* - Y i lg - ail* + 3B, g - b)|
! ]

) (10.14)
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by Eq. (10.13). Since the points {«;, a; } lie on the n-sphere, we get
R? = |a; - o|” = |a;|* - 2(a;, 0) + [ o] (10.15)

for each a;, where (-, -) denotes the standard Euclidean inner product. We can
average over this expression with the weights {«;} to obtain

R = (Y a ||ai||2)—2<2aiai, 0>+ lo|?, (10.16)
i i

thatis, ¥; a; |a;|* = R*+2(g, 0)— | o|*. Since the points {B;,b;} lie on the same

n-sphere and share the same barycenter g, we can conclude that ¥; a; |a;|* =
2 2 . o

> Bj |b;|", and therefore ¥°; a; g - a; I* = X Bj |lg - bj||". Using this in Eq.

(10.14) gives the final result announced in Eq. (10.11). [ |

The evaluation of E(p) is thus made easy and can be carried out exactly in

any decomposition. That is, the measure Ei/ " is an affine function on the whole
Bloch sphere,

B (Zpi ) <w,-l) =i (). (1017)

It is particularly instructive to consider a decomposition of p such that all pure
states {|y;)} with Bloch vectors {a;} (in the notation of Theorem 10.2) lie on
the secant plane equidistant from the root point z, see Fig. 10.2. The value of
E(p) then corresponds to the squared distance from any of these points a; to z,
according to Lemma 10.1. But since this can be done for any other state with a
Bloch vector lying in the same plane, the equidistant plane is in fact a plane of
constant entanglement.

Let us now introduce the radial state p, whose vector ¢ is at the centre of
the secant plane, i.e. at the intersection between the plane and the Bloch sphere
diameter joining z with the antipodal point z’. The latter point corresponds to the
pure state |z’) with maximal entanglement E on the sphere. As p and p, are on
the same secant plane, one has Ei/ h( p)= EZ/ h (pc)- The latter can be evaluated
by exploiting the affinity of Ei/ " Eq. (10.17), and taking the decomposition p, =
Hle=2'|[|z) (2] +  |c 2| ') ('] Since Ez/h(|z)) = 0, we finally get, for any
one-root state p in the Bloch sphere, the closed formula

1
B (p) = B (pe) = 3 e~z B (1))
] o (10.18)
= 5 lpe - |Z><Z|”1 E, (|Z,>)’

where we have exploited the fact that the trace distance between 2-dimensional
density matrices is equal to the Euclidean distance between their Bloch vectors
[53]. With some simple geometry, this can be computed as

E(p) = > |1~ (zlple) + (/lple")] E(l<')). (1019)
2
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[¥o) —

o)

Figure 10.2: The entanglement of a rank-2 one-root state p, with detail of an equidis-
tant decomposition p = p |wo) (wo| + (1— p) [y1) (v1], visualised on the Bloch sphere
with the polar states {|¢o ) , |¢1) } being the eigenvectors of p. The flat shaded surface
is the plane of constant entanglement for p and the radial state p.. The coloring on
the sphere corresponds to the value of entanglement, which amounts to the dis-
tance from the root state |z), with red meaning vanishing entanglement, and blue
meaning maximum entanglement, reached on the antipodal state |2’).

Remark 10.3. Similar methods can be employed to show that, for any rank-2
density matrix, the convex roof of polynomial measures of any degree can be
quantified exactly when the measure has two unique roots with equal multiplic-
ity [Br3]. This provides a generalisation of the results discussed herein, but these
cases are not relevant to the applications we wish to discuss, so we have decided
not to include them for the sake of brevity.

Examples

The result can be readily applied to any suitable measure. For two qubits, a poly-
nomial measure of degree 2 is the concurrence C [261], for which our result can
be verified to coincide with the known general solutions from [50,261]. A more
complicated case is that of three qubits, where the representative choice of a tri-
partite entanglement measure is the so-called three-tangle 7, and its square root
defines a valid quantifier of degree 2 [267,274]. Although this quantity found a
fundamental application in describing the monogamy relations of entanglement
[267], at present no closed solution exists in general for its evaluation on mixed
states, beyond a few special cases [268-275]. Using our results, one can construct
examples of states which have not been characterised before [Br1].
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A geometric approach to entanglement quantification

Beyond specific examples, one can wonder whether a more systematic char-
acterisation of one-root three-qubit states is possible, so as to gauge the relevant
range of applicability of our exact results. The answer is affirmative. Notice that
every rank-2 three-qubit state p can be purified to a four-qubit state |¥) € C'6,
and conversely the set of marginals obtained by tracing out one qubit from arbi-
trary four-qubit pure states |¥') completely characterises the set of rank-2 three-
qubit states p. We can then aim to identify the one-root three-qubit states in
terms of their four-qubit purifications. To this end, we recall that while pure four-
qubit states have an infinite number of SLOCC-inequivalent classes [260], that
is, subsets of states which cannot be transformed into one another by perform-
ing SLOCC operations, from the point of view of classifying their entanglement
properties they can in fact be conveniently grouped into 9 classes [282,283]. Each
of these classes then forms a subset Y, ¢ C' (for 4 = 1,...,9) represented by
a generating family ]Gﬁ’b’c’d) (dependent on at most four continuous complex

parameters a, b, ¢, d), such that all the states |¥,,) € Y, belonging to the u'™ class
are constructed as |¥,) = L|G,) /|L|Gy) |, where L € SL(2,C)®* is a SLOCC
operation. The union of all the nine classes Ui:l Y, covers the Hilbert space of
all four-qubit pure states, up to permutations of the qubits.

We now make a useful observation. When two pure states are SLOCC-
equivalent, the supports of their corresponding reduced subsystems are spanned
by SLOCC-equivalent bases, which means that all states in the reduced supports
are related by an invertible linear transformation [284,285]. Since for any two
SLOCC-equivalent states the polynomial entanglement measure Eﬁ either van-
ishes on both or is strictly nonzero on both [274], we have that SLOCC operations
preserve the number of product states in the support of the reduced subsystems.
In other words, the number of roots in the zero polytope for the marginals of
four-qubit states is a SLOCC invariant.

It then suffices to check the three-qubit marginals of the generators |G,,) to
look for the one-root property. This can be done analytically after some straight-
forward algebra, and we find as a result that three of the nine classes of four-qubit
pure states have three-qubit marginals which can enjoy the one-root property,
thus establishing whole classes of three-qubit one-root states. We stress that our
results entail that for all these rank-2 mixed states p we can exactly calculate the
convex roof extended entanglement measure /7 thanks to Theorem 10.2.

Explicitly, the classes whose marginals are generally one-root are: class 5
(tracing out qubit 2 or qubit 4 only), and classes 7 and 8 (tracing out qubit 2,
3, or 4 only). The corresponding sets of three-qubit one-root states are given
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therefore by

:
b gy [ LIGRGIL
wk Tr(L|G2)(Gg| LT)

] , VY LeSL(2,C)%*,

(2,4}, ifu=5

10.20
{2,3,4}, ifu=7or8. ( )

with k € {

For completeness, we report the relevant (unnormalised) generators: |G¢) =
a(]0000) + [0101) + [1010) + |1111)) + 7 |0001) + |0110) — #|1011), |G, ) = |0000) +
|0101) + [1000) + |1110), |Gg) = [0000) + [1011) + [1101) + [1110), where a € C
with Re(a) > 0. More classes of four-qubit states with one-root marginals can
be obtained as special cases of the states in other SLOCC classes; of particular
importance will be the class |G ’b’c), which has one-root marginals for certain
values of the parameters a, b, c. This will be addressed in more detail in the next
section.

The square root of three-tangle for all the states in Eq. (10.20) is given ex-
actly by Eq. (10.18); if one prefers, it can also be evaluated numerically in any
convex decomposition (e.g. the spectral one), with no optimisation required.
We finally note that many entanglement bounds for convex roof extended mea-
sures will be tight on the one-root states because of their simplified properties.
For instance, bounds such as the best separable approximation for two qubits
[114], the best W approximation for three qubits [278], and the generalised best
zero-E approximation [279] are based on finding a convex decomposition for
an arbitrary state p in terms of states with vanishing entanglement and at most
one state with non-vanishing entanglement. However, for one-root states, such
a decomposition is possible only in one way: that is, into a pair formed by the
root |z) and some other state |w); hence the entanglement of p is trivially given
by E(|w)) with the corresponding weight.

The main issue with our characterisation of the SLOCC classes discussed
above is that any generic four-qubit pure state in fact belongs to the class |G;)
[282], which does not enjoy the one-root property on its marginals. This in par-
ticular means that this property is only encountered on zero-measure subsets of
the set of all rank-2 three-qubit density matrices, and therefore does not describe
a generic behaviour of such systems. One can then ask: are one-root states useful
in the characterisation of multipartite entanglement at all? We will now show
that they indeed are.

MONOGAMY OF ENTANGLEMENT

One of the fundamental traits of multipartite quantum entanglement is its mono-
gamy — an inherent constraint on how it can be shared among multiple parties.
The concept was first formalised for a system of three qubits in the seminal work
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of Coftman, Kundu, and Wootters (CKW) [267], showing that the entanglement
of a qubit with another pair of qubits (quantified with the tangle 7) places a
bound on the total amount of pairwise entanglement between the considered
qubit and each qubit from the pair. This relation, referred to as the CKW mono-
gamy inequality, can be expressed for a pure state |¢) of three qubits as

i (18) > 73 (1¢)) + 713 (9))

. represents the one-tangle, also known as the linear entropy, quanti-

(10.21)

(1)

where 7 iljk
fying the bipartite entanglement between a chosen qubit i and the rest of the
system in the state |¢):

(10.22)

o) (19)) = 4det (Trje [9)(g])

and T§|2.) denotes the two-tangle, which measures the pairwise entanglement for
the reduced subsystem of qubits i and j:

P (19)) = C (Tri |g){g])’

where C is the concurrence.

Remarkably, the residual term in this inequality is invariant under SLOCC as
well as under permutations of the parties i jk, and in fact quantifies the genuine
three-partite entanglement in the system [260]. It is is now known as the three-
tangle:

(10.23)

riol (18)) = 7i5s (180 = 713 (1#)) - 7 (1)) (10.24)
and it admits a straightforward closed-form expression as a polynomial of ho-
mogeneous degree 4 in the coeflicients of the state |¢) [262,264,267].

Even though it is tailored for particular choices of the entanglement measure,
the CKW monogamy inequality is often regarded as a quantitative constraint
capturing a characteristic property of entanglement itself, which distinguishes
it from other, weaker forms of nonclassical correlations [286,287]. The relation
was later extended by Osborne and Verstraete [288] to describe the distribution
of pairwise entanglement in a system of n qubits, following the conjecture by
CKW [267], and takes the form

7. (19)) 2 zr“’ (19))- (10.25)
It is, however, obvious that this relation does not fully describe the entanglement
of an n-partite state, since on the right-hand side it only contains the entan-
glement of pairs of particles and disregards genuine multipartite correlations.
Indeed, many attempts have been made to construct a generalised monogamy
inequality for n qubits [BR12,289-292]. To date, no extension in the spirit of
inequality (10.25) was found to provide a constraint on entanglement sharing
which could satisfactorily take into account all the forms of multipartite entan-
glement in the system.
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Strong monogamy inequalities

From egs. (10.21) and (10.25), one might expect a natural extension of the CKW
inequality to hold, where the terms corresponding to different kinds of entan-
glement of up to (n — 1) subsystems are considered. However, there are several
questions which make such a generalisation non-trivial; most importantly, how
exactly to define and quantify the different types of multipartite entanglement.
Let us consider the simplest generalisation of the monogamy inequality for ar-
bitrary pure states |¢) of four qubits, which could take the form (referred to as
“strong monogamy” [BR12,293]):

(2)
13

(2)
14

(3)

M @
T34 2 T 1123

1234 2 T2 + 1(3) + 1(3) (10.26)

tT 1214 T Tapje

+T + T

with |¢) omitted for simplicity. Here, the square root of the three-tangle () can
be extended to mixed states by taking the convex roof as

) (p) - [mm{zpn ) () ‘ =3 pn |wn><wn|}] (10.27)

Interestingly, this generalised form of monogamy has been shown to hold in a
range of systems of not just four, but n qubits, including mixtures of W states and
generalised GHZ states [BR12] as well as generalised W states, which saturate the
inequality [267,269,294]. It has also been investigated using different entangle-
ment measures, including the square of convex-roof extended negativity [148]
and the standard negativity [295]. Additionally, a relation equivalent to (10.26)
has been shown to hold for all permutationally-invariant continuous-variable
Gaussian states [293]. All of these results suggest that it might be possible to
establish a similar relation for qubits.

However, and rather surprisingly, this natural extension turns out not to
hold in general, even for four qubits.

Violations of strong monogamy

(4)

Let us now denote by LR

the residual term of the inequality, that is,

(2) _ _(2)

(3) (3)
T4

4 __@©
=T 123~ Fajele ~

. _®
12314 = “1)234

12 T(3) (10.28)

T 1314

T

-7

?
4) 3
1234 =
of strong monogamy, we first performed extensive numerical tests in search of

which makes Eq. (10.26) equivalent to T 0. To investigate the violations

. (4)
states whose residual T1‘2|3‘ 4

four-qubit state can be written as

is negative. As described in Sec. 10.1.2, any pure

|(p> = (Al ®A; ®A3® A4) |Gia,b,c,d> > (10.29)
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where Ay are invertible linear operators, |G?’h’c’d) is one of the nine generating
states corresponding to one of the nine SLOCC classes of four-qubit entangle-
ment, and a, b, ¢, d are complex parameters. A natural method to optimise over
the set of pure four-qubit states is then to randomise the parameters a, b, ¢, d as
well as the SLOCC transformations A applied to the generating states of each
class.

Noting that the three-qubit reduced subsystems of each pure four-qubit state
are mixed states of rank 2, we employed the so-called zero-E approximation

[279] to provide a tight upper bound on the convex roof of the mixed-state three-
(4)

12/3]4
from below, and while violations are a priori inconclusive, all positive results

confirm the inequality. It is not possible to strictly falsify the strong monogamy
inequality unless we have an exact result for the convex roof.

A test of 10° randomly generated pure states in each SLOCC class, with all
parameters a,b,c,d and invertible linear operators Ay randomised, has returned
no violations of the inequality. This provides strong evidence that the natural
extension of monogamy given by Eq. (10.26) holds for a generic choice of pa-
rameters defining the SLOCC classes. However, the situation is more subtle for
non-generic states. Specifically, in class 2, generated by

a->b

tangle. This means that our numerical tests in fact bound the residual 7

a+b
2
+ ¢([o101) + [1010) ) + |0110),,

G-bey = (10000) + [1111) ) + (|oo11) + |1100) )

(10.30)

we can find degenerate subclasses with a = ¢ or b = ¢ which do, in fact, lead to vi-
olations of the strong monogamy inequality. A further numerical test of random
invertible linear operators applied to 5 x 10° states in each of these degenerate
subclasses revealed 24,626 violations in the former and 24,654 in the latter, with
the most violating state having a residual value of Tl(é|)3| 4 ~ —0.097, which is
far beyond any possible error due to numerical precision. As anticipated, viola-
tions cannot be conclusively confirmed until one establishes that the adopted
upper bound for the mixed-state three-tangles is in fact tight. Fortunately, this
is possible in the considered case.

To see this, we note the peculiarity of the two degenerate subclasses of
SLOCC class 2. Although the marginals of |G§’b’c) are not one-root states in
general, it can be straightforwardly verified that taking a = c or b = ¢ does in
fact always give four-qubit state whose marginals are all one-root, that is, they
only have a single unentangled pure state in their support. By Thm. 10.2, we
know that not only can the value of the three-tangle be evaluated exactly for
such states, it is in fact the same in every convex decomposition. Therefore, the

values of the residual T1(é|)3‘ 4
and any violation of the inequality found in these subclasses is a true violation.
In order to present an explicit example, we would like to characterise a family

of violations analytically. An example family of states with particularly large vio-

calculated numerically are in fact the exact values,
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Figure 10.3: The exact residual Tl(li‘)3|4 as defined in Eq. (10.28) of the state p, . in

(10.32) with respect to the parameters a and x.

lations of the inequality can be constructed by beginning with the state |G)
with b = ¢ and additionally imposing b = ¢ = ia for a parameter a > 0. We can
then choose to parametrise an invertible linear operator A, of determinant 1 in
a form which leads to an analytically tractable violating state:

Ax:( a+i)(x+1)  (L-i)+x )

i(x-2%) H(3x-2-3i)

(10.31)

with a real parameter x. The simplest case to consider is to apply the transfor-
mation to the first qubit only, giving the state (up to normalisation)

. L T
Pax = (Ax ®1®1® 11) |GRimiay(Ginia) (Ax R1®1l® 11) (10.32)

with an explicit dependence on the parameters a and x. We stress that p,  be-
longs to the degenerate subclass of SLOCC class 2 for all a and x, so we know

that we can reach the convex roof of the three-tangles Tgf;.')k (pa,x) in any decom-

position, and therefore the residual 1(4)

1234
simply computing the spectral decomlp‘olsition of the state. While the explicit
analytical expression for the residual is lengthy and omitted here, we plot it in
Figure 10.3 for different values of the parameters.

As can be seen from the figure, the strong monogamy inequality is violated
for a large subset of values of a and x. One can easily notice that the SLOCC
transformation with x = 0 leads to the biggest violations. To obtain the mini-
mum with regards to a, we analyze the marginal one-, two-, and three-tangles

of the subsystems, and find that the value of a = a¢ = %ﬁ leads in fact to the

of pa,x can be quantified exactly by

153



Monogamy of entanglement

minimum value of the residual Tl(é|)3| 4 ® —0.076 within the considered family of
states.

We have thus explicitly demonstrated a significant violation of the strong
monogamy inequality. This shows that the natural extension of the CKW mo-
nogamy inequality in Egs. (10.26) does not hold in general. A natural follow-up
question is then whether there exists a different form of a monogamy relation for
which violations do not occur. The fact that the natural extension of the CKW
inequality does not hold suggests that the three-partite terms in the inequality
should not be given the same weight as the bi- and single-partite terms. This can
be achieved e.g. by modifying the definition of the three-tangle to

u
T§|3|)k(P) = [min{an T§|i~|)k(|‘//n>) ’ p=2.pn |1//n>(1/’n|}:| . (1033)

or to
/ “
000) = [min{ S (5 a))™ | o= Sl || 039

for some power y > 2. The first approach has the advantage that it preserves
the degree of the measure inside the convex roof, and we thus recover many
useful properties such as the one-root property. On the other hand, the second
approach preserves the overall degree of the inequality, which could be consid-
ered to be a more desirable behaviour. Although one can verify numerically
that both of these approaches are able to remove the violations of the inequality
encountered before, we were not able to prove the validity of either of the ap-
proaches in the general case, and thus leave a possible extension of the strong
monogamy inequality as an open question.
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Proofs and auxiliary results

CHAPTER 7

Theorem 7.16. For any pure state ¢ and any m, we have

Pp1o (¢ —¥m,0) = Psyio(@ = ¥m, 0). (A1)

Proof. We will assume without loss of generality that the coefficients of |¢) are
non-negative and arranged in non-increasing order. Let

1 d
k := argmin - Z o7 (A2)

1<jsm J i=m—j+1

such that Psjo(¢ > ¥, 0) = % Z‘iizm—kﬂ (p%. Note that if k = m, then 1 >
Poio(¢ = ¥, 0) > Psio(¢ = ¥, 0) = 1. In the following, we will therefore
assume that 1 < k < m — 1. Further, let us begin by considering strictly positive e.
Define

m-k
oa= 2 li)iloli){i

i,j=1

d

ps= 2 |iMiloli)il

i,j=m—k+1

(A.3)

and notice that Psjo (¢ —¥m,0) = % Tr ¢p.
Taking the dual of the SDP for the maximum distillation probability
Poro(p—=Ym, €), we get

minimise TrX

X,P,\
subjectto  mA(p) + mA(P) - P-mA(X) +Ap—m(1—¢€)AA(p) <0
P,X>0 (A.4)
AeR,.
We will take the ansatz
pP= — 1-e)l -1
mep — paga+[(1-e)A-1] ¢ (As)
X = mA(¢p)

for some coeflicients yy, 4, € R.,. Our aim will now be to show that there exists

a suitable choice of A, y1, and y; such that (X, P, 1) is feasible for the SDP (A.4).
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To this end, denote by ® the all-ones matrix of appropriate size, and notice
that the first condition in (A.4) reduces to

0> mA(p)+mA(P) —P—-mA(X) +Ap - m(1—€)AA(¢p)
= 2 (9a—mA(9a)) = pngp + (1+ 1)
~ [pa+1+1e] @ —muyly [1+1e] ®p (A.6)
_( [1+1e]OF [1+As—y1]®3)o¢
= Qoo

where o denotes the Schur product. Showing that Q < 0 will then imply
the desired relation Q o ¢ < 0 by the Schur product theorem. From the
generalised Schur complement condition, Q < 0 if and only if the following all
hold [296,297]:

(i) (/,¢2+1+Ae)®A—mpt2]lA§0,
(ii) (1+/\8—‘M1) ®p <0,
(iil) (g2 +1+1e)@4—muls— (1+21e)*@0 ([1+Ae -] O@p) ' ©5 <0
(A.7)
where M ! denotes the Moore-Penrose pseudoinverse, which in particular satis-
fies M' = M/ Tr(M)? for any rank-one Hermitian M [298]. From the first two
conditions, we have

m—k
. > (1 )
@ g2z (1+Ae) = (A.8)
(i) 1 >1+Ae,
and the third condition reduces to
(1+A8)2 T
0> 1+1e)®y - 14- OO0
> (U +1+1e) Oy —muyly [+ he— ] Tr 02 00950,
(1+ Xe)?
= 1+1e) @y - Tgp- —m— A.
(2 +1+ ) Op - muzly T v— (A.9)

:[ ~ (1+Ae)m

O4 - 14.
1+)Ls—ptl:| AT A

(1+Ae)m

Noting that the coefficient y, — 35~ i

can never be negative when conditions
(i) and (ii) are satisfied, we have

(A.10)

~ (A+Ae)m
1+de—p |

(ili) myp > (m—k) |:y2
To ensure that P > 0, notice that since

P:([—[,tz-i-(l—e)/\—l]@A [(1-e)A-1]©0 ) O am
[(1-e)A-1]0F [+ (1-e)A-1]05
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the positivity of P is equivalent to the positivity of the matrix

P -+ (1-e)A-1  (1-¢)A-1 (A12)
(I-¢e)r-1 p+(l-¢)A-1
We therefore have two additional conditions:
iv) 0<TrP' =2(1-¢)) — Uy =2
(iv) 'Y (1-e)A+p—pa (A13)

(v) 0<detP =py— (1-e)dpay—pr[1-(1-e)A+pz].

Let us stress that conditions (i)-(v) together with y; > 0 constitute a set of
sufficient conditions for a given choice of (X, P, 1) of the form (A.5) to satisfy
the feasibility conditions of SDP (A.4).

We will now make the ansatz

ez
EUs
Aa
k(- 1) (A14)
i m-—k

leaving u, as a free variable for now. With this choice, conditions (i)-(iii) are
always satisfied for any y, € R, while the other conditions reduce to

(iv) 2(kpy —m) +e(2k — (2k + m)uy + kus) >0
V) (skm(l - #2)2 - (m- k/,tz)z) <0

We will now make a choice of y; which can be verified to satisty the above the

inequalities for any ¢ < K as
m

(Aas)

m+ m?\/¢e
- V= (A.16)
H2 k—em
where we note that y; > 1and lim,_,o g = lim,o p2 = 7. Since all conditions
(i)-(v) are satisfied for our choice of (X, P, 1) with the given y; and y; for any

e < £ the triple (X, P, 1) is a valid feasible solution for the SDP (A.4). This

m

means in particular that for any 0 < & < % we have
PDIO(¢—>‘I’m,£) <TrX = [/llTI'gDB. (Aay)

Using the fact that SIO c DIO as well as that Ppio(¢ = ¥, €) > Ppro(¢ —
W, 0) for any e, this then gives

Psi0(¢ >¥m, 0) < Poio(¢— ¥im,0)
< hngPDIO((P_’\I’mME)
P (A.18)
< %Tr 9B
= Psio(¢ =¥, 0)

which completes the proof. ]
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Proposition 7.17. For O € {DIO, MIO} and any pure state ¢ with ¢; >
... 2 @n >0, it holds that

1 ife2e0(gn),
PO W, ¢)= 2
(p=¥2¢) { 2(1- ¢}) (%) otherwise,

0 if o1 < ==,
where €o(¢p1) ::{ . o V2

3 —9n/1-97 otherwise.

Proof. Since the case ¢ = 0 follows from Thm. 7.16, we will assume ¢ > 0. For
the case of ¢; < %, we have

Po(¢—Y¥2,¢) > Psio(p—¥2,0) = L. (A.19)

From the result in Thm. 7.11, we know that if ¢ > % - ¢1/1 - 9%, then Ppio (¢~

¥,, €) = 1. In the following, we therefore only consider the case € < %—(pp /1- ¢}
We prove this result by explicit constructing feasible solutions in both primal
and dual SDPs. The primal SDP under DIO is given by

Ppio(@—>Y¥2,¢) = max{Tr Go ‘ TrCo > (1-¢) TrGo, (A.20)
0<C<G<1, A(G) =2A(C), G=A(G)}.
We take the ansatz
1 1 . .
G=1-x[0){0], C= 56 +y > o190 (1) (] + |i) (1]). (A.21)
i=2
Then we have
_ 2 _1 2 2 2
TrGp =1-x¢f, TGC—5(1—x¢1)+2y(p1(1—g01), (A.22)

and

spec(C) = spec(G - C) (A.23)

11 x x2 1 x x2

Gy — — — — 221_ 2+_,___+\/221_ 2+_

371 \/)"Pl( ) 6’2 1 Y21 (1-¢7) 16
———

(A.24)
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Then we have the relaxation

Ppio(¢— ¥y, €) > maximise 1-— x¢7

subjectto  4ypi(1-¢?) = (1-2¢)(1- x¢7),

(A.25)
1-x>4y’97(1- 9}),
0<x<1.
By choosing
1-2(1- g}) (L y? (Ve + /e
x = > s Y E (A.26)
P1 297(1-2¢)
we can verify that this is a feasible solution. Thus we have
V1-e+/¢ 2
PD10(¢—>\P2,8) > 2(1— (PIZ) (1——28\/_ . (A.27)
As for the dual problem, we consider the dual SDP under MIO,
Pvio(¢ > Y5, €) = minimise  TrY
subjectto (1-(1-&)x)p+X+A(Z) <Y,
jectto (1-(L-0))p + X+ A(Z) <Y,

xp-X-2A(Z) <0,
x>20,X>0,Y>0

Taking
1-¢++/¢)? 1-e+ /¢ 2
o eV oy (VEZERVEN (5 o) o)g(1 - fo) (o)),
V1-e/e(1-2¢) 1-2¢
(A.29)
2
Z = Iy |0) (0] @[0) (0], X=Y-A(Z)-(1-(1-¢)x)op, (A.30)
we can verify that {x, X, Y, Z} is a valid feasible solution. Thus
2
V1i-e+/¢€
Pyiio (¢, €) <2(1- ¢7) (1——23\/_) . (A31)
Combining Egs. (A.27) and (A.31), we have the desired result. [ |
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Theorem 8.12. The one-shot entanglement cost under the classes of opera-
tions PPT, P-PPT, and P-PPT, is given by

E e, (p) - [ min 10g (R85 + 1)]
o (A.32)
1I)’I;ET(/)) E(l) PPT(P) {%IIP)YPPT(/A’/)]

log

where

YPPT(P) 8= lngI;I;}DI%+{ Ae RJr

—’”(AA_U“’ ¢ PPT, —(’\+1))L“’_p ePPT}

:logélgﬂi{n{mTrZ | ~(m-1)Z" <p™ < (m+1) TrZTB}.
(A.33)

For convenience, we will split the proof of the Theorem into separate lemmas.

Lemma A.4. EE}B,:;PK (p) = [ mla) log (REE% (p) + 1)}
log

Proof. Since V¥,, is invariant under any unitary of the form U ® U*, it is in
particular invariant under the twirling 7, and we can without loss of generality
consider only operations of the form A = A o T, giving

Ap) =Tr(p¥m)X + [1-Tr(p¥m)] Z. (A.34)

for some operators X, Z. The condition that A is a CPTP map then constraints
X and Z to be density operators. To constrain the operation A to be in P-PPT,,
we restrict without loss of generality to isotropic input states of the form

Iy = f¥y +1 f - (1-¥). (A.35)

Recalling that Iy € SEP iff Iy € PPT, iff 0 < f < % [230], we have that every PPT
isotropic state can be written as

_\Ilm

1
qlr +(1-9)—; (A.36)
m m*—1

with g € [0,1], and therefore for any A € PPT, it is sufficient and necessary to
impose that

X -1z
A1) = X0 D2 o
m
(A.37)
1-V¥
A( . m):zwpn.
m=—1
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Noticing that A(\¥,,) = X, we then have

max { F(p, A(¥)) | A € P-PPT, }

:max{F(p, ©) |30 eppT, sp LMD PPT+} (A.38)
m
_ PPT.
=max { F(p,w) | Rppr’ (0) <m -1}
and the result follows by definition of entanglement cost. [ |

Lemma A.5. EE}I),j;PT(p) = [~min YppT(ﬁ)“ .
peBe(p) log

Proof. The argument is similar to Lemma A.4. To constrain the operation A to
be in P-PPT, we again restrict without loss of generality to isotropic normalised
operators

1-f
Ip= fWp + 1 (1-¥n) (A.39)

where we note that I € PPT iff —# <f< % This means that every isotropic
PPT operator of trace 1 can be written as either
1-Y,

_ A.40
o (A.40)

ql1 +(1-q)
or
1- ¥,

. A.q1
o (A.41)

ql_1 +(1-q)
with g € [0,1]. We therefore get the constraints:

A1) = X+(m-1)z (’:1_1)2 ¢ PPT

A (14) _(mA)Z-X oor (A.42)
" m

A(ﬂ_\y’f)zzww

m2 —

Recalling that the complete positivity of A imposes Z € D and hence Z € PPT,,
we then get

max { F(p, A(¥)) | A € P-PPT}

:max{F(p,w) 30 ePPT, st LM =DI ppp (mrDo—p PPT}
m m
=max { F(p,w) | Yppr(p) <m}
(A.43)
as required. ]
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Lemma A.6. EslgpeT(p) [ min YppT(f)')]

Be(p) log

Proof. We again consider operations of the form

A(P) = Tr(P\Pm)X + [1 - Tr(P\Pm)] Z. (A.44)

The problem of entanglement cost under PPT operations has already been con-
sidered in [227], where it was shown that any operation of the form (A.44) is
PPT ifand only if —(m - 1)ZT8 < X8 < (m +1)2Ts, [ |

CHAPTER 9

Lemma 9.6. Given a state of the form

d
)= > cili)[247) (A.45)

i=1

where we can take |c1| > |ca| > ... > |cq| without loss of generality, the clos-
est k-producible state with respect to the fidelity-based geometric measure
of entanglement can be chosen as a state [y¢) € BK),

In other words, there exists [y¢) € B%) such that

max F(|y), IC>)— max F(ly),lo)) = F(ly).[y%)).  (A.46)
l5)eP k) BK)

Proof. Recall that, by Thm. 1, a state in B) has p nonzero coefficients (2 < p <
d) iff it is p + 1-partite entangled. Therefore, we have that any |w) € BK) is given
by

w) = Y djlj) 27) (A.47)
jer
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where J is a subset of at most k — 1 elements of {1,...,d}. Hence

F(ly), 1)) = [ {ylw) [

d .
= 130 > @ (ilj) (27 27)

i1 jeJ

=2 d;
jeT

> el > 1df?
jer e
=2 lei?

j€J

k-1
<> el

i=1

using the Cauchy-Schwarz inequality and the fact that the coefficients |c;| are
arranged in non-increasing order, so the choice of the first k — 1 coeflicients
maximises the expression. This bound is saturated by the renormalised state
given by

2

2

(A.48)

IA

_ i ali)247)

eB® (A.49)
S el

[v©)
and so it is tight.

Therefore, we need to show that for any |¢) € PK) we have | (y|¢) > <
Zﬁll leif.

For a general k-producible state, we have to consider several different cases
corresponding to different partitions. Consider a general k-producible state
|¢(™), where the qudit is entangled with # qubits and the remaining (d — n)
qubits are in some arrangement — we do not explicitly assume anything about
the state of the (d — n) qubits. The state has the following form:

\gb(")) = |qudit + n qubits) ® |d — n qubits)
=165y @1957)

We necessarily have that n < k — 1, because otherwise |¢(")) would not be k-
producible.

Note that for a general bipartite state |a4p), it follows from the Schmidt
decomposition that [118]

(A.50)

max  |(naslaas)|* = Amax( Tra ( loag) (cas| )) (A.51)

separable |1745)

where Amax denotes the largest eigenvalue. In our case, we can treat |y) as a
bipartite state where the subsystem A is comprised of the qudit and #n qubits,
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and |¢(") is the corresponding product state. We then have
d - d—i d-j
Trequain (1) (Wl) = X e {mli) (jlm) [220) ; (227]

ijmzl
el ), 2
i=1

:p!

n (A52)
Tr(n leftmost qubits) Z |CJ|2 |00 00 ... 0| +
j=1

d-i d-i
* Z Jeil* 2270, (227

i=n+l

= p(i’l)

where we have introduced a subscript in the notation [2477) 4—n to indicate that
there are d — n qubits left over. Notice that the only possible nonzero eigenvalues
of p(") are given by: X7 |ci[?, [cns1l? |cnial?s - - - » |cal?. Since the coefficients |¢;]|
are arranged in non-increasing order by assumption, it follows that

n k-1
max |(¢(n)|1l’> * < Amax (,D(n)) = Z |ci* < Z |cil? (A.53)
i=1 =1

p()eP ()

as required. ]
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