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Abstract 

 
 

Jack-in pile installation generates large deformations in the surrounding 

soil. These deformations cause significant changes to the soil stress levels. 

Such variations in stresses greatly influence the pile bearing capacity. 

Therefore, prediction of stresses in soil during the installation phase is 

crucial. However, over the past, limited knowledge has been gained on soil 

stress field during jack-in pile installation. The experimental techniques 

available for obtaining soil stress measurements involve a great level of 

complexity. Accurate simulation of the stress field necessitates pile to be 

modelled as an elastic or elastic-perfectly plastic material from the soil 

surface considering soil-pile interaction. However, most of the numerical 

models in the literature based on mesh-based or mesh-free methods have 

adopted various simplified assumptions in modelling the phenomenon. The 

models have provided limited knowledge regarding the progress of soil 

stress distribution with pile penetration. Furthermore, Smooth Particle 

Hydrodynamics (SPH), a renowned and a promising numerical approach 

for large deformation applications is yet unexplored in this field of 

research. Therefore, with mounting demand in SPH, current dissertation 

presents the development of SPH model for simulating soil stress field 

around jack-in pile. Unlike the numerical models in the literature, the SPH 

model is introduced with minimised simplified assumptions and increased 
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capabilities for delivering precise estimation and comprehensive 

understanding of the soil stress field. 

For achieving the goal of this thesis, the study initially presents the 

development of von-Mises and Drucker-Prager constitutive models in two-

dimensional (2D) SPH framework for plane stress condition. SPH models 

are developed comprising each of these constitutive models for examining 

the stresses and strains of materials under uniaxial compression. The 

models provide great insight into the behaviour of stresses in materials 

under loading. During simulation, stresses are experienced outside the 

yield surface. For eliminating this problem, two-dimensional tension 

cracking treatment and stress scaling back pressure are introduced for 

both criteria. Numerical results achieved utilizing the proposed SPH 

models establish good correlation with analytical solutions. It is found that 

the developed constitutive models function as fundamental computational 

frameworks for researchers for analysing stresses and strains in 2D plane 

stress materials.  

Following similar approach, the dissertation further presents von-

Mises and Drucker-Prager constitutive models in a complete two-

dimensional SPH framework for the investigation of stresses and strains 

in plane strain applications. SPH models with the proposed plane strain 

constitutive models are applied for modelling in-plane stresses and strains 

in materials under uniaxial compression. Numerical results achieved 

through the proposed plane strain models correlate well with analytical 

solutions proving the effectiveness of the proposed plane strain 
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constitutive models in simulating the stresses and strains in plane strain 

applications.  

The thesis finally presents the development of SPH model for 

simulating jack-in pile installation. The model simulates pile and soil by 

the proposed von-Mises and Drucker-Prager constitutive models for plane 

strain condition. In addition to soil stress estimation, the model generates 

visual representation of both horizontal and vertical soil stress distribution 

at various pile penetration depths. Such ability of the model provides great 

insight into the progress of soil stress distribution with pile penetration. 

Furthermore, the SPH model is proposed to contain the combined ability 

of simulating pile as an elastic-perfectly plastic material from the soil 

surface to the end of pile penetration with consideration of soil-pile 

interaction. This minimises the simplified assumptions made in most of 

the numerical models in literature. Numerical results achieved with the 

proposed approach establish good correlation with formerly published 

experimental solutions. Furthermore, results published using material 

point method (MPM) are compared. The SPH model successfully simulates 

the complex phenomenon with reduced simplified assumptions providing 

reliable estimations and in-depth knowledge of soil stress distribution 

throughout the installation process. Thus, the proposed model is 

considered to be a promising numerical approach. 
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Chapter 1                        

Introduction 
 

 

1.1 Background of the study 
 

Piles are the most important and widely used type of deep foundation. They 

are slender and relatively long structural members which transfer 

overlying structural loads to deeper firm layers of soil. Since primitive 

years, piles have been extensively employed for supporting overlying 

structures built in unfavourable soil conditions for shallow foundations.  

For designing purposes, piles have been categorized as end bearing 

piles and friction piles. End bearing piles support the overlying structure 

through its end bearing capacity by resting on a relatively incompressible 

stratum. On the other hand, friction piles sustain the overlying loads 

through the built in skin friction achieved during the installation [1]. 

However, the load bearing capacity of a pile depends on both end resistance 

and skin friction after installation. This is because, the dynamic response 

of soil due to soil-pile interaction resulting from the installation process 

greatly influence the designed values of end resistance and skin friction. 

This in result alters the designed pile bearing capacity. Thus, the method 

of pile installation plays a pivotal role in determining the pile bearing 

capacity. 
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The methods of pile installation vary from bored to driven piles. 

During installation, bored piles known as non-displacement piles cause 

little or no change to the displacements of surrounding soil. Instead, the 

piles are formed in or placed within the pre-bored holes in the soil stratum. 

Therefore, bored piles cause minimum variations in the soil stress levels 

[2]. As such, bored piles retain the designed values of pile bearing capacity. 

Conversely, driven piles identified as displacement piles generate extreme 

deformations in the surrounding soil during installation.  

Displacement piles are closed-end steel / timber / concrete piles 

driven with means of hammer / vibration / jacking mechanism [3]. Hammer 

driven piles are installed by means of hammer impacts. The hammer is 

dropped from a certain height for installing the pile and the motion is 

repeated until the final depth of penetration. Alternatively, piles could be 

driven with means of vibrations. Based on this method, the pile is driven 

into the ground using an appropriate level of vibration to overcome the 

skin friction. On the other hand, hydraulic jacks could be also employed for 

installing piles. According to this mechanism, piles are jacked into the 

ground at constant speed involving continuous cycles of loading and 

unloading.  

However, among the installation methods, hammer driven piles and 

piles driven through vibrations inherit several drawbacks. These methods 

generate impacts or vibrations on the piles. Such vibrations transfer from 

pile to the surrounding soil due to soil-pile interaction. Subsequently, these 

vibrations propagate from soil to neighbouring structures and may lead to 
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severe damages in adjacent structures. In addition, these installation 

methods cause great disturbance to surrounding occupants [4]. Hence, 

both the installation methods are inappropriate for urban environment. 

On the other hand, jacking mechanism is proven to minimise such impacts 

on the environment. The method causes reduced noise contributing to 

minimised disturbance to the surrounding occupants. As such, the 

installation method is most preferred in the urban environment [5], [6]. 

Therefore, jacking mechanism is the most promising installation technique 

in comparison to the conventional driven methods. 

Even though jack-in pile installation is most preferred and contains 

greater benefits, similar to other displacement piles, the method generates 

large amount of soil displacement around the pile’s vicinity [7], [8]. Such 

large deformations in soil significantly varies the soil stress levels 

contributing to changes in the estimated pile bearing capacity [9]–[11]. In 

addition, such changes in stresses not only affect the pile’s performance 

but also affect the stresses exerted on adjacent sub-structures [12]. 

Insufficient knowledge in the magnitude of stress changes cause great 

difficulty for engineers to understand the soil behaviour near the pile 

during installation.  Therefore, it is significantly important for obtaining 

an in-depth understanding of the soil stress response during the 

installation of a jack-in pile.  
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1.2 Statement of the problem 
 

Stresses in soil around jack-in pile is an intensely researched sector due to 

the increased complexity in understanding the soil response during 

installation [9], [10], [13], [14]. This phenomenon has been widely explored 

via several empirical methods. In these approaches, soil stress 

measurements have been increasingly performed through the placement 

of stress sensors [15]–[20] or null gauges [12] in the soil mass. However, 

great difficulties have been encountered in acquiring the soil stress 

measurements during the installation phase. Extreme deformations cause 

movements in the locations of sensors making it extremely troublesome for 

obtaining accurate stress measurements near the pile shaft. Furthermore, 

achievement of a detailed stress field demands large number of sensor 

placement in the soil. [15], [16]. In addition, sensors and cables tend to 

reinforce the surrounding soil resulting in considerable increment to local 

stress values. As such, it has become vitally important to record local stress 

values during the installation [14], [18]. 

In midst of the above experimental difficulties in obtaining precise 

soil stress measurements, it is essential to establish accurate 

measurement of soil stress field for complete understanding of soil-

structure interaction, load-displacement response and time-dependent 

behaviour of the phenomenon. An accurate numerical model contains the 

potential in providing the powerful insights. However, for accurate 

simulation, the numerical model should be capable of incorporating the 
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modelling of extreme stresses, large deformations, moving boundaries, 

pile-soil interaction, load cycling and particle breakage. Nevertheless, 

consideration of all these factors inflict great modelling difficulties [11], 

[12], [14]. As a result of such complications, stresses in soil around jack-in 

pile has been modelled with various simplified assumptions. 

Finite element method (FEM) has been primarily employed in 

modelling the scenario. The grid-based models either considered the pile 

as a rigid material [21]–[23] and / or performed the simulation on a pre-

embedded pile [24], [25] or modelled the pile as an elastic material [26]. 

Such simplified assumptions have been adopted for minimising the 

difficulties and complications involved in the simulation. 

Apart from grid based methods, stresses in soil around jack-in pile 

has been numerically attempted by a few meshless methods such as 

material point method (MPM) and discrete element method (DEM) [11], 

[27]–[29]. Even though the few attempts of employing meshless methods 

were able to handle large deformations with simplicity, most of the studies 

contained various simplified assumptions as the grid-based methods. The 

pile has been pre-embedded and / or modelled as a rigid material [27], [28]. 

Even though, Esposito et al. [11] avoided the above simplified assumptions, 

the study achieved only qualitative agreement with the empirical soil 

stress measurements. 

Furthermore, it should be emphasized that soil-pile interaction is an 

important feature to be considered when modelling the stresses in soil 

during installation. Stresses generated by jack-in motion is transferred 
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from the pile to surrounding soil through soil-pile interaction. Hence, 

neglecting soil-pile interaction contributes to reduced accuracy in soil 

stress estimation. However, soil-pile interaction has been seldom 

considered in the numerical studies of jack-in pile installation [11], [23], 

[26].  

Moreover, there is lack of clear visualisation of soil stress contour 

plots during the installation. Experimental and numerical soil stress 

distributions have mostly been presented at the final depth of penetration 

[14], [18], [23], [26], [30]. Nevertheless, it should be highlighted, 

presentation of visual images of soil stress distributions at various 

penetration depths will certainly contribute to greater understanding of 

the soil behaviour throughout the installation. 

It is obvious from above, none of the numerical models in the 

literature contained the combined ability of modelling the pile as an 

elastic-perfectly plastic material from the soil surface with consideration 

of soil-pile interaction and to provide graphical representation of the 

system behaviour throughout the installation.  

Apart from above, as mentioned earlier, FEM has been primarily 

employed to model stresses in soil around jacked pile. However, the 

traditional grid-dependent method is not well suited for large deformation 

applications involving excessive mesh distortions. Pile installation 

comprises large deformations in soil around the pile’s vicinity. Hence, the 

method fails to capture such deformations due to its grid-based system 

[28]. Its discontinuous property makes the approach unreliable for stress 
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computation. In addition, mesh generation is time consuming. As such, 

major costs are incurred. Therefore, grid-based methods may lead to 

serious computational difficulties and inaccuracies in modelling the jack-

in pile installation [31]–[33].   

In comparison to grid-based methods, meshless methods are more 

appropriate to simulate stresses in soil around jacked pile. This is because 

the methods not only contain the capability of handling large deformations, 

but also contribute to minimised computational difficulties and 

inaccuracies due to the absence of mesh distortions [31]–[33]. Based on 

literature, meshless methods MPM and DEM have been employed to model 

the phenomenon. Even though these numerical models can easily handle 

large deformation scenarios, the models either adopted several 

assumptions to simulate the scenario or provided qualitative agreement 

with the experimental solutions or delivered lack of knowledge in the soil 

stress distribution. Nevertheless, due to the advanced nature of meshless 

methods for large deformation applications, it is worth considering the 

development of a mesh-free method to analyse stresses in soil around jack-

in pile.  

Among the mesh-free methods, Smooth Particle Hydrodynamics 

(SPH), an ancient mesh-free method introduced in 1977 [34], [35] is yet 

unexplored in this field of research. SPH possess several advantages over 

grid-based methods.  It well simulates material interfaces, free surfaces 

and moving boundaries. Most importantly, SPH holds the capability of 

modelling extremely large deformations. Thus, the method has been 
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extensively employed in many engineering and science applications. SPH 

method has been developed and applied to various problems in hydraulics 

[36]–[40], failure of solids [41], free-surface and multiphase flows [42]–[44], 

fluid-structure, soil-water interaction [45], [46], heat transfer [47], 

dynamic responses of materials [48], [49] and many more. In addition, the 

enduring success of the method steered its development for many 

geotechnical applications [50]–[57]. The above studies prove the capability 

of SPH in successfully simulating multidisciplinary applications with 

extreme deformations. As such, due to the advanced nature and success of 

the method, it is worth considering the development of a SPH model to 

simulate jack-in pile installation with the lacking combined capabilities 

from the numerical models in the literature.  

 

1.3 Purpose of the study 
 

The aim of this research is to develop SPH model for providing increased 

understanding and reliable estimation of soil stress field around jack-in 

pile. As such, unlike previous numerical models, the study focuses on 

developing the numerical model with unique combined ability to model pile 

as an elastic-perfectly plastic material from the soil surface with 

consideration of soil-pile interaction and to present graphical images of soil 

stress distributions at various pile penetration depths. 
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1.4 Objectives of the study 
 

1. To develop plane stress von-Mises and Drucker-Prager constitutive 

models in two-dimensional SPH framework. 

2. To validate plane stress constitutive models with analytical 

solutions. 

3. To develop plane strain von-Mises and Drucker-Prager constitutive 

models in two-dimensional SPH framework. 

4. To validate plane strain constitutive models with analytical results. 

5. To develop SPH numerical model to analyse stress fields in soil 

around jack-in pile with minimised simplified assumptions. 

6. To validate SPH model with previously published experimental and 

numerical results. 

 

1.5 Summary of original contributions 
 

The novelty of this work is to expand the knowledge on soil stress fields 

around jack-in pile through the development of a plane strain SPH model 

with reduced simplified assumptions. Perseverance to this, the study 

initially presents von-Mises and Drucker-Prager elastic-perfectly plastic 

constitutive models in a complete two-dimensional SPH framework for 

plane stress condition. For the derivations of these constitutive models, the 

study introduces second invariant of deviatoric stress tensor in terms of 

hydrostatic stress rate tensor and deviatoric stress rate tensor. In addition, 
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two-dimensional tension cracking treatment and stress scaling back 

pressure are proposed for both criteria for eliminating the numerical error 

in stress computation. A method has been introduced for the stress 

computation at the solid boundary particles. Finally, SPH models 

comprising the above developments are proposed in present dissertation 

for examining the internal stresses and strains in 2D-plane stress 

materials under uniaxial compression. Analytical solutions are presented 

for the verification of the proposed numerical models.  

Once the developed models were capable of accurately simulating 

the stresses and strains in 2D plane stress materials, utilizing similar 

approach, the study presents the development of von-Mises and Drucker-

Prager constitutive models on xy space for plane strain condition. SPH 

models comprising these plane strain constitutive models are applied to 

simulate stresses and strains on xy space in plane strain materials under 

uniaxial compression. The study presents analytical results for verifying 

the numerical results.  

Subsequently, the thesis presents the development of the SPH 

model comprising the proposed plane strain constitutive models and 

treatments for both Drucker-Prager and von-Mises yield criterion 

including the proposed methodology of stress computation at the solid 

boundary for modelling the complex phenomenon. Results acquired using 

the developed SPH model are verified through previously published 

experimental results by Richard et al. [15], [18] and numerically simulated 

results by Lorenzo et al. [28].  
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The SPH models presented in this thesis are constructed with 

means of C++ language, OpenGL and OpenCL. OpenGL is employed to 

produce graphical images of system behaviour throughout the simulation 

and OpenCL is adopted to parallelize the programme code for minimizing 

the computational period.   

 

1.6 Significance of the study 
 

The thesis presents the development of general smooth particle 

hydrodynamics (SPH) constitutive models to solve plane stress (2D) 

elastic-perfectly plastic problems. These developed models function as a 

fundamental computational framework for researchers to analyse stresses 

and strains in 2D-plane stress structures. Similarly, developed plane 

strain elastic-perfectly plastic constitutive models on xy space could be 

utilized in plane strain applications to analyse stresses and strains under 

applied loads. Therefore, the developed general constitutive models for 

both plane stress and plane strain conditions in SPH framework are 

promising and significantly important platforms for the modelling of 

respective structures in engineering applications. 

In addition to above, none of the numerical models in the literature 

existed with the combined ability to model the pile as an elastic-perfectly 

plastic material from the soil surface along with the consideration of soil-

pile interaction and to provide graphical images of the model behaviour at 

various depths of pile penetration. Therefore, through the outcome of this 
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thesis, smooth particle hydrodynamics is not only developed for the first 

time in literature to simulate stresses in soil around jacked pile but is also 

developed with the lacking combined features in previous numerical 

models.  Large deformations were simulated with reduced difficulty, 

facilitating concurrent precise measurements of horizontal and vertical 

stresses in soil. Pile was modelled with ease from the soil surface due to 

the method’s mesh-free nature. Furthermore, generation of visual images 

provided greater insight into the progress of stress distribution which has 

not been performed well in the past. Hence this thesis not only developed 

general platforms to simulate plane stress and plane strain problems, but 

also developed SPH to handle a complex scenario and to study the stresses 

in the vicinity of the pile with minimised simplified assumptions. The 

acquaintance in stresses developed around jacked piles are essential as 

bearing capacity and skin friction are dependent on it. Therefore, present 

research enhances the knowledge in such complex phenomenon and 

contributes to engineers for establishing safe and economical installation.  

 

1.7 Organisation of the study 
 

Chapter 2 presents the literature review on current state of knowledge of 

pile foundations and its installation methods. The importance of soil stress 

measurements during the installation of a closed-end steel pile through 

jack-in mechanism is highlighted in this chapter. A comprehensive review 

is conducted on both experimental and numerical studies focusing on the 
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investigation of soil stress measurements around jack-in pile. In addition, 

the chapter comprises a brief discussion on the numerical methods which 

have been previously employed. Finally, the importance of adopting SPH 

method is emphasized and a review on the numerical method is included 

in this chapter. 

Chapter 3 presents the literature survey on SPH basic formulations. 

Additionally, for completing these basic formulations, detailed 

comprehension on total stress tensor, constitutive models and various 

types of failure criterion are included. Through this, the selected SPH basic 

formulations employed in the development of the SPH models are 

highlighted in this chapter.  

Chapter 4 introduces von-Mises and Drucker-Prager constitutive models 

in SPH framework for plane stress condition. For achieving these 

formulations, the chapter introduces second invariant of deviatoric stress 

tensor in terms of hydrostatic stress rate tensor and deviatoric stress rate 

tensor.  The chapter comprises the development of two-dimensional 

tension cracking treatment and stress scaling back pressure for both 

criteria. A stress computation method at the model boundaries is proposed 

in this chapter. Comprising the above, an SPH algorithm is introduced for 

analysing the stresses and strains in 2D plane stress materials under 

uniaxial compression. Analytical solutions are further included in this 

chapter for validating the proposed numerical models.  
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Chapter 5 presents the development of von-Mises and Drucker-Prager 

constitutive equations in two-dimensional SPH framework for plane strain 

condition. Utilizing the proposed SPH algorithm in chapter 4, SPH models 

are constructed with the proposed plane strain constitutive models in 

current chapter for the investigation of stresses and strains in 2D plane 

strain materials under uniaxial compression. Analytical solutions are 

obtained and presented in this chapter for the validation of the numerical 

results.  

Chapter 6 introduces the SPH model with the combined ability for the 

investigation of soil stress fields around jack-in pile. Detail description of 

the SPH algorithm employed for the enhancement of the SPH model for 

current analysis is presented in this chapter. The numerical results are 

validated through previously published experimental and numerical 

solutions.  

Chapter 7 concludes this thesis with the summary of findings and 

recommendations for future work.  
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Chapter 2                                                                                                                                                                 

Literature review 
 

 

2.1 Importance of piling 
 

Factors such as soil condition, weight and height of superstructure 

determines the type of foundation necessary for supporting the overlying 

structure. Foundations could be either built in shallow depths, widely 

known as shallow foundations or be driven or casted into deeper soil 

stratum which are under the category of deep foundations. As illustrated 

in Figure 2.1, structures comprising reduced weight and containing good 

soil conditions are generally supported by shallow foundations such as pad 

footing / raft foundation / strip footing. Alternatively, taller and heavier 

structures with multiple stores and / or containing poor soil conditions are 

commonly supported by pile foundations. As such, piling is an essential 

type of foundation as structures are able to be constructed at various 

locations despite its heavy weight, multi-storeyed structure and deprived 

soil condition.  

The demand for pile foundations have inclined over the years due to 

significant increase in number of multi-storey buildings. Heavy and 

multiple floored structures are being built due to increased population and 

limited space [58], [59]. Multi-storeyed structures require transferring of 
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loads to deeper firm stratum for acquiring sufficient bearing capacity. 

Hence, the demand for pile foundations have increased. As such, due to 

diverse soil conditions and design requirements various types of piles and 

pile installation methods have been introduced.  

 

 

 

Figure 2.1: Shallow foundations and Deep foundations. 

 

2.2 Problem with closed-end steel piles 
 

Even though steel piles are of high demand, during the installation of a 

closed-end steel pile, the soil is pushed away resulting in large 

deformations around the pile as shown in Figure 2.2a. Such deformations 

lead to changes of stress levels in the surrounding soil. The evolution of 

such changes in the stress field continues as the pile further penetrates 

the ground. Consequently, the disturbed soil results in a new stress state 

with new strength properties. It is well known that the load bearing 
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capacity (𝑄𝑣)𝑢𝑙𝑡  of a pile depends on the surrounding soil from which the 

pile gains its support through the skin friction (𝑄𝑓)  and end-bearing 

capacity (𝑄𝑃)  as illustrated in Figure 2.2b [7]. Therefore, since the skin 

friction and end bearing capacity depend on the final soil properties, the 

designed pile bearing capacity becomes inconstant with the in-situ pile 

bearing capacity [60], [61]. This problem exists for closed-end steel piles 

despite the differences in its installation methods.  

 

 
(a) 

 
(b) 

Figure 2.2 : (a) Soil displacement [71]; (b) Pile bearing capacity [7]. 

 



18 
 

2.3 Installation methods for closed-end steel piles 
 

Pile installation methods such as hammer, vibration, jacking have been 

adopted for the installation of closed-end steel piles [62], [63]. Among the 

methods, hammers are used to drive the piles into the ground by means of 

hammer impacts. A variety of hammers such as drop hammers, hydraulic 

hammers, single-acting vapour, double-acting vapour and diesel hammers 

have been employed in the industry. These categories differ based on the 

energy of the hammer in a single blow and on the rate of blow per unit 

time. A drop hammer is a steel block weighing half to two times the weight 

of pile which is dropped from a height onto the pile head and elevated back 

with means of pulley. The motion of releasing the hammer and lifting it to 

required height is repeated until the pile has reached its sufficient depth 

into the soil mass [63]. Similarly, in hydraulic hammers, hydraulic fluid is 

used instead of pulley. The mechanism includes fluid transportation from 

high pressure to low pressure chambers for lifting and dropping of the 

hammer. The cycle is repeated until the pile is driven into the final 

penetration depth [64]. On the other hand, vapour is used as a key factor 

in functioning both single-acting and double-acting vapour hammers. For 

single-acting vapour hammers, inflow of vapour is utilized to lift the 

hammer. Ones the inflow is terminated, the hammer strikes the pile. 

Having similar technique, double-acting vapour hammers further provide 

a second source of steam from the top during the release of the hammer. 

This facilitates rapid fall of the hammer onto the pile head [7]. 
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Furthermore, explosion of diesel in combustion chamber contributes to the 

function of diesel hammers. During the downward motion of hammer, 

diesel is injected into the combustion chamber filled with compressed air. 

Ones the hammer impacts the pile, explosion is induced for elevating the 

hammer. This process is repeated until the pile achieved its final depth 

[64]. 

Apart from above, piles are also driven with means of vibration. This 

is performed by providing stationary heavy weight and vibration in 

perpendicular direction to the pile length.  Such method is generally 

efficient for open-end than closed-end steel piles. Moreover, the method is 

limited to softer and unconsolidated soil, whereas impact hammers contain 

the capability of driving piles into wide range of soil conditions. The 

method further demands impact from drop hammer at the end of pile 

installation to ensure the achievement of final bearing capacity as the 

driving method does not involve a force to install the pile. Hence, in 

comparison, hammers are mostly employed to install closed-end steel piles 

than vibration method [65]. However, both driving methods generate 

significant disturbance to the surrounding habitat and nearby structures 

[60], [62].  

On the other hand, pile jacking is a quiet alternative approach. The 

method uses static load unlike the dynamic installation methods which 

results in reduced impact to the environment. Pile jacking is performed 

with means of pile jacking rig. The process is initiated by the installation 

of rig at a point of pile penetration. The pile is held in a vertical position at 
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the point by a clamping mechanism. Ones the pile is positioned, hydraulic 

jack presses the pile into the ground with means of a jacking force up to a 

standard length. As it reached, the pile is released, and the jacking 

mechanism is lifted to repeat the cycle. This is continued until the final 

penetration depth [66]. The press-in mechanism involved in jack-in pile 

installation reduces vibrations in the ground by an order of magnitude in 

comparison to dynamic piling methods such as hammers and vibrators. 

Hence, the method is well appropriate for the installation of piles in urban 

environment. Therefore, it is apparent, among the piling methods for 

closed-end steel piles, jacking method is most preferred due to its reduced 

generation of vibration and noise to the surroundings. Furthermore, due 

to such benefits the method has become increasingly valuable and has 

gained significant demand in construction industry [67]–[70].  

 

2.4 Problem with jack-in installation of closed-end steel 

piles 
 

Even though jack-in mechanism is the most popular and preferred method 

of pile installation for closed-end steel piles, the method inherits a major 

drawback similar to other installation methods. The installation approach 

displaces large amount of soil around the pile’s vicinity [12], [71]. As 

discussed in Section 2.2, the extreme deformations result in significant 

changes to the soil stress levels considerably affecting the pile bearing 

capacity [9], [10], [24]. In addition, such variations in stresses affect the 
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stresses exerted on adjacent sub-structures [12]. As such, it is significantly 

important for understanding the soil stress response during the 

installation. This will contribute to engineers for providing safe and 

economical designs of pile foundations. Therefore, a wide range of studies 

have been conducted in the past for well understanding this phenomenon.  

 

2.4.1 Experimental investigations on soil stress field 

around closed-end steel piles 
 

Experimental investigation of soil stresses requires the placement of stress 

sensors at various locations within the soil mass. Many considerations 

should be accounted when adopting these measuring devices. However, a 

complete attention is not often provided.  Placement of sensors itself alters 

the in-situ stress states contributing to imprecise readings. Stress sensors 

replacing sand materials should contain identical material properties 

which is impossible to obtain. This further demands the understanding of 

the interaction between soil and stress sensors. Based on these 

understandings authors have adopted correction factors for acquiring the 

field stresses from the measured values [61]. Therefore, it is apparent that 

understanding the stress levels in soil through experiments is of great 

complexity. In midst of such increased difficulty few researchers have 

performed experimental investigations on the analysis of soil stress field 

during the installation of jack-in pile.  
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Dijkstra et al. [14] made an attempt to empirically acquire soil stress 

field during the jacking of a steel model pile in a photoelastic material. The 

development of stresses and strains were quantified using the photoelastic 

method. This alternative approach has been adopted for avoiding the 

problems associated in measuring the stresses with means of transducers. 

The study managed to quantify horizontal stresses at various points in the 

soil mass. However, it should be emphasized that the experiment was 

performed on glass particles instead of soil and stress contour plots were 

not presented in the study.  

 

 
(a)                                                            (b) 

Figure 2.3 : (a) Horizontal stress at final penetration depth, (b) Vertical stress at final 

penetration depth. [17]. 

 

Thereafter, Jardine et al. [15] and Zhu et al. [16] proposed an 

experimental arrangement for jack-in installation of a closed-end steel pile 

in a calibration chamber. The method was introduced for obtaining reliable 

stress measurements in the soil. Jardine et al. [15] placed 12 diaphragm 

cells in the soil mass for measuring stresses in locations between 2R and 

20R distance from the pile axis, where R is considered to be the radius of 
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the pile. Similarly, Zhu et al. [16] measured stresses in soil at 40 locations 

within the calibration chamber. Locations were selected to be within the 

range 1-10 pile diameters from the pile axis. However, the authors 

provided horizontal stress values only at 0.55m depth and 2R distance 

from the pile axis throughout the installation process. The authors faced 

great difficulty during the measurement of soil stresses near the pile shaft 

due to extreme load fluctuations. Extreme loads varied the positions of 

sensors making it extremely troublesome for obtaining accurate stress 

measurements. Furthermore, the authors stated that, multiple number of 

sensors are necessary for acquiring reliable trends of soil stress 

distribution. As such, it is obvious that the process of obtaining reliable soil 

stress field during the installation is extremely complicated.  

Subsequently, employing similar experimental setup as Jardine et 

al. [15], Jardine et al. [18] provided both horizontal and vertical stresses 

for two additional points in the soil mass at 3R and 8R distances from pile 

axis at 0.7m depth. Even though the measurements were acquired, great 

difficulty was encountered by the authors during stress measurements. 

Some instrument cables parted during the installation process and several 

devices were overloaded. Furthermore, cells and cables had a tendency to 

reinforce the surrounding soil causing rise to the local stress value by 15-

17%. This further demanded the measurement of local stress values during 

the installation.  

Moreover, utilising similar experimental setup as Jardine et al. [18], 

Jardine et al. [17] provided horizontal and vertical stress contour plots in 
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the soil mass. This is shown in Figure 2.3. The plots have been 

experimentally achieved for the first time in the literature. The plots were 

obtained with means of sensor array placement at various levels within 

the soil mass. However, the authors faced great difficulty in establishing 

vertical stress trends near the pile shaft as the sensors and connecting 

cables tend to move apart due to steep radial and vertical soil movements.  

Subsequently, instead of employing stress sensors, Burali et al. [12] 

measured soil stresses through the placement of null-gauges embedded in 

adjacent pile and in surrounding soil. The study provided comprehension 

of soil stresses for piles jacked in adjacent to existing piles. However, the 

presence of adjacent pile disturbs the actual soil stress distribution from 

the jack-in of a closed-end steel pile. Thus, the approach prevents from 

achieving a complete understanding of the soil stress response during the 

installation of a jack-in pile. 

Furthermore, Wang and Zhang. [19] developed an experimental 

setup for exploring the behaviour of friction fatigue by soil stress variation 

around jack-in pile. The variations in soil stresses were empirically 

obtained with means of pressure sensors. Similarly, the study performed 

by Lu et al. [20] involved the investigation of horizontal soil stress field 

through the placement of pressure sensors at various locations within the 

soil mass. However, the employment of stress sensors in above studies are 

known to generate great level of complexity in achieving accurate stress 

measurements. 
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Therefore, it is apparent from above literature, obtaining accurate 

soil stress measurements through experiments is an extremely challenging 

process. It can be observed that, large soil deformations occurring around 

the pile shaft is the main contributing factor for such increased complexity.  

 

2.4.2 Numerical investigations on soil stress field 

around closed-end steel piles 
 

    
 

  (a)                                    (b)                                  (c)                                     (d) 

Figure 2.4 :  In centrifuge [25]: (a) Radial stress; (b) Vertical stress. In-situ test [23] : (c) 

Radial stress ; (d) Vertical stress. 

 

In midst of the difficulty in acquiring empirical soil stress measurements, 

the phenomenon has been widely explored via several numerical 

approaches. Sheng at al. [23] used a numerical approach using FEM for 

modelling jack-in installation of a closed-end steel pile in a centrifuge with 

dry sand. The study simulated soil-pile interaction using a Lagrangian 

multiplier method. The approach allowed the authors to simulate pile 

penetration from the soil surface to the desired depth. The study assumed 

the pile to be rigid and modelled soil using modified Cam Clay model. The 
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study quantified the stresses at three points in the soil mass and presented 

both horizontal and vertical soil stress distributions at the final depth as 

shown in Figure. 2.4 (a and b) respectively.  

Continuing the research by Sheng at al. [23], Sheng at al. [26] 

modelled the scenario with consideration to frictional contact at the soil-

pile interface. Instead of considering the pile as a rigid material, the pile 

was modelled as an elastic material. Even-though the research was focused 

on frictional contact between the pile and soil, the study provided both 

vertical and horizontal soil stress distribution at the final depth of 

penetration. However, stresses were not analysed at various points in the 

soil mass during the installation. The authors stated that severe mesh 

distortions resulting from the installation is yet a major challenge to be 

confronted by the numerical model.  

Similarly, Henke and Grabe. [21] introduced a three-dimensional 

finite element method for the investigation of pile installation process and 

its influence on adjacent structures. The pile was modelled as a rigid 

material and the behaviour of soil was investigated using a hypo-plasticity 

constitutive model. The study presented both horizontal and vertical in-

situ soil stress contour plots at the end of penetration of a jack-in pile as 

illustrated in Figure 2.4c and d. However, the work was not focused on the 

quantification of stresses at various points within the soil mass throughout 

the installation. Furthermore, it should be emphasized that a three-

dimensional model consumes greater computational cost than a 2D model. 
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 Dijkstra et al. [30] modelled jack-in installation of a closed-end steel 

pile using Eularian code. The study employed Mohr-Coulomb constitutive 

model for representing the soil material. Two approaches were carried out 

for the simulation of the installation process. In the first approach, pile 

was pre-embedded within the soil mass for avoiding large mesh distortions 

during the installation. The method involved the movement of soil while 

maintaining the pile fixed. On the other hand, the second approach moved 

the pile geometry while maintaining the mesh fixed. However, the force 

achieved on the pile base from each of these methods deviated from the 

experimental solutions. In addition, the study presented horizontal and 

vertical soil stress distributions for both approaches at 5 meters of pile 

penetration. 

Moreover, Qiu et al. [25] numerically simulated jacking pile 

installation process using Coupled Eulerian-Lagrangian (CEL) method. 

The method adopted hypo-plastic constitutive model for representing the 

soil material. Stress states in surrounding soil were analysed during the 

installation phase along the radial distance from the pile axis at 2.0m 

depth. The results were compared with classical FEM approach. In 

addition, horizontal stress contour plots were provided at 5m of pile 

penetration. Even though the model proved its success in simulating the 

stresses in soil around jack-in pile, the pile was modelled as a rigid 

material. The authors simulated the pile penetration from the top to the 

final depth of pile penetration which is an extremely challenging 

phenomenon to model. However, the pile was pre-embedded to an initial 
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depth of 40cm above the soil surface for avoiding large deformations at the 

beginning of the installation. This led to additional mesh generation above 

the soil surface. Moreover, such modelling procedure fails to replicate the 

actual loosening and uplift of the soil at the surface.  

Phuong et al. [27] numerically simulated the installation of a pushed 

in steel pile in a centrifuge using Material Point Method (MPM). Soil was 

modelled with means of an elasto-plastic Mohr-Coulomb constitutive 

model. The model considered the pile as a rigid material and the pile was 

pre-embedded to a depth of 1.13cm prior to installation. Visual image of 

horizontal stress distribution was only provided at the end of pile 

penetration. 

Zhang et al. [22] predicted stresses in soil around a jack-in steel pile 

using the FEM approach proposed by Zhang et al. [72] involving the 

breakage mechanics. The authors compared the numerically simulated 

stress results with experimental solutions published by Jardine et al. [15], 

[17]. However, the approach simulated the pile as a rigid material and the 

pile was only modelled for 4m of penetration within the soil mass. 

Furthermore, stress contour plots were not provided for in-depth 

understanding of the stress development during the pile installation. 

Thereafter, Liu and Wang. [29] developed a two-dimensional discrete 

element model to exploit development of stresses in soil during pile 

installation. Stresses at various locations within the soil mass were 

quantified. However, graphical representations of stress distributions 

were not presented at various pile penetration depths.  
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Subsequently, Lorenzo et al. [28] employed MPM for simulating the 

scenario featuring radial stresses in soil surrounding the jack-in 

installation of a steel pile. Nevertheless, pile was considered to be rigid and 

modelled with means of a moving boundary condition. Modified Cam Clay 

and Subloading Cam Clay constitutive models were employed for 

simulating the soil behaviour. The authors compared simulated results 

with measured values published by Jardine et al. [17] and Yang et al. [73]. 

Even though the simulated curves plotted for horizontal stresses 

comprised similar trend to the measured plots, the results were far from 

the experimental solutions. In addition, the numerical model failed to 

provide vertical or horizontal stress contour plots in the soil during the 

penetration process.  

Thereafter, Esposito et al. [11] numerically simulated stresses at 

two points within the soil using discrete element method (DEM) including 

the particle rotation during jack-in pile installation. The results were 

compared with previously published experimental results by Jardine et al. 

[17] and Yang et al. [73]. Even though the numerical model was capable on 

providing qualitative agreement with experimental solutions, stress 

contour plots were not presented. Moreover, an up to date summary on 

both experimental and numerical studies on soil stress fields during pile 

jacking are included in the study performed by Jardine and Yang. [74]. 

According to literature, numerical methods based on FEM, DEM 

and MPM have been employed to model the phenomenon. However, both 

mesh-based and mesh-free methods have adopted various simplified 
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assumptions in simulating the scenario. The models either considered the 

pile as a rigid / elastic material and / or performed the simulation on a pre-

embedded pile. In most of the previous studies, pile has been assumed to 

be pre-embedded or rigid for minimising the difficulty and complications 

involved in the simulation. However, such assumptions fail to characterize 

the actual soil stress response due to soil-pile interaction. Even though 

certain authors managed to avoid these assumptions, the models provided 

only qualitative agreement with experimental results and lacked visual 

understanding of the soil stress response throughout the installation 

contributing to insufficient knowledge of the phenomenon. Thus, it is 

obvious, there is no reliable numerical tool in the literature with minimised 

simplified assumptions and ability to provide graphical images of the soil 

stress distribution throughout the installation for delivering 

comprehensive understanding of the soil stress response during the jack-

in installation of a closed-end steel pile. 

 

2.5 Numerical Methods adopted for jack-in pile installa-

tion 
 

As discussed in Section 2.4.2, numerical methods such as FEM, MPM and 

DEM have been primarily attempted for exploring the soil stress fields 

around jack-in installation of closed-end steel piles. As such, these methods 

are discussed in brief as follows: 
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2.5.1 Finite Element Method (FEM) 
 

The fundamental feature of finite element method is that the method uses 

‘finite elements’ to model the problem domain (structures / solids). The 

method discretizes the structural system into multiple number of elements 

and connects each element through nodal points for assembling the desired 

structure. As an illustration, Figure 2.5 is included where a 2D rectangular 

structure is build-up by multiple number of triangular elements and nodal 

points.  

During modelling, FEM provides solution for the structure by 

combining the field variables (velocity / displacement / pressure / potential 

/ temperature) of each element. Variation in any of these properties within 

an element is computed by approximating functions in-terms of the values 

of the field variable at its nodal points. Thus, it is apparent that the value 

of a field variable of an element depends on the field variable’s value at the 

nodes of an element. Thus, the number and size of the elements through 

which the structure is discretized plays a pivotal role in determining the 

accuracy level of solutions. Greater the number and lesser the size of 

elements, the higher would be the level of accuracy. However, this 

significantly increases the computational cost of the numerical model [33], 

[75].  
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Figure 2.5 :  Discretization of a 2D structure in FEM with triangular elements and 

nodal points. 

 

FEM method has been widely employed for modelling many 

engineering applications. This has been due to its increased benefits such 

as its applicability to vast range of problems in fluids and solids involving 

elastic / non-elastic / linear / non-linear / plastic behaviours and crack 

propagations. The method further contains the ability for easily 

discretizing irregular shaped support domains. Since the grid is 

Lagrangian based, it allows to acquire time history of the field variables. 

Free surfaces, material interfaces and moving boundaries are easily 

achievable through the movement of the nodal points at the boundaries. 

Furthermore, the grid is restricted to the problem domain and there are no 

additional elements required outside the problem domain. This makes the 

approach computationally effective. Even though the method contains the 

above significant benefits, the conventional approach is very difficult to be 

applied for large deformation scenarios due to extreme mesh distortions. 

This is because, FEM formulations are based on grids and therefore 

extremely deformed mesh greatly affects the accuracy of the formulations, 
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resulting in imprecise solutions. For managing this problem, mesh should 

be rezoned. This is performed by overlaying the new mesh on the deformed 

mesh for the continuation of the computation. The properties of the new 

mesh are copied from the old mesh. However, this process of rezoning is 

extremely time consuming. Moreover, there is high possibility of losing 

material history during this process. Hence, great numerical difficulties 

are encountered by the grid-based method in accurately simulating large 

deformation applications such as penetration, fragmentation, impact, 

explosions, and fluid-structure interaction problems [76], [77]. According 

to literature in Section 2.4.2, FEM method has been significantly employed 

for the investigation of stresses in soil around jack-in pile. However, since 

the application comprises large deformations, for the prevention of 

excessive mesh distortions during simulation, various assumptions have 

been adopted for simplifying the problem.  

 

2.5.2 Material Point Method (MPM) 
 

MPM is a particle-based approach which discretizes the problem domain 

into discrete number of particles as illustrated in Figure 2.6. Each particle 

in the problem domain occupies a subdomain as shown in Figure 2.6a 

which contains its own set of variables such as velocity, stress tensor, 

density, mass, etc. In-addition to the particles, the method further involves 

a fixed Eulerian grid as presented in Figure 2.6b.  
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Figure 2.6 :  Discretization of problem domain in MPM: (a) Subdomain for each 

particle; (b) Fixed Eulerian grid. 

 

During computation, particles in the domain deform with the grid 

following the Lagrangian finite element approach. Thereafter, 

conservation of momentum is solved at the deformed grids instead of 

particles using the standard FEM formulation. Subsequently, the grid is 

reset to initial position while the particles are undisturbed from their 

deformed configurations. This cycle is repeated at every time-step of the 

modelling process. It should be emphasized that in MPM all the material 

properties are carried by the particles and not by the grid. The grid is solely 

employed for the computation of conservation of momentum and is reset at 

every time-step. Hence, unlike in FEM, this feature in MPM makes it 

prevalent for avoiding the problem related to heavy mesh distortions. 

Furthermore, the particle approach in MPM facilitates accurate flow of 

material properties and prevents tangling of meshes during simulation 

[78]. Thus, due to its increased benefits and its capability in handling large 

deformations, the method has been widely explored in the investigations 

of large deformation scenarios [79]–[81].  
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As discussed in Section 2.4.2, the method has been adopted for the 

analysis of soil stress fields around jack-in pile. Even-though the method 

has proven its success in many engineering applications involving large 

deformations, the soil stress field obtained through MPM around jack-in 

pile showed a considerable deviation from the experimental solutions. This 

may have been due to the employment of increased number of simplified 

assumptions.  

 

2.5.3 Discrete Element Method (DEM) 
 

Discrete element method is a popular numerical approach in many 

engineering applications where the evaluation of a system is based on the 

motion and behaviour of particles. Therefore, due to its great potential in 

providing the dynamic behaviour of discrete particles, the method has been 

predominantly employed in geotechnical, solid, and fluid problems. The 

method begins the simulation by the detection of interaction points 

between particles. Thereafter, by utilizing the force-displacement law, the 

method computes the interaction force for each particle by its point of 

interaction and overlapping distance. This computed value of interaction 

force is applied to cause particle movement. Subsequently, by utilizing 

Newton’s second law of motion and the value of interaction force, the 

properties of each particle such as velocity, acceleration and displacement 

are updated at every time-step of the simulation. This cycle is repeated 

until the final step of the simulation.  
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Although DEM is a powerful numerical tool, there are several 

challenges being encountered. The method tracks the movement and 

interaction of every particle in the system. This technique increases the 

computational cost of the approach. Thus, greater number of particles 

cause significant increase in the computational time. Moreover, particle 

shapes and the models used for obtaining contact forces affect the 

computational time. Apart from above limitations, it is extremely difficult 

to validate DEM results as experimental measurements are difficult to 

obtain or cost prohibitive [82], [83].  Having the above difficulties, the 

method has been adopted for the investigation of soil stress field around 

jack-in pile as discussed in Section 2.4.2. The models achieved qualitative 

agreement with the experimental solution and / or lacked the ability to 

provide in-depth understanding of the soil stress field for the duration of 

the installation process.  

Sections 2.5.1-2.5.3 included the summary about the numerical methods 

in the literature. Both advantages and disadvantages of each method have 

been discussed. Even-though the numerical methods such as FEM, DEM 

and MPM have been attempted for the analysis of stresses in soil around 

jack-in pile, it could be identified that the most popular and successful 

meshless method, Smooth Particle Hydrodynamics is still unexplored in 

this field of research.  

 

 



37 
 

2.6 Smooth particle hydrodynamics and its application 

in geomechanics 
 

 

 

Figure 2.7 : Particle approximation for particle i within the support domain defined by 

smoothing function. 

 

Smooth particle hydrodynamics (SPH) is a mesh-free Lagrangian approach 

which functions on particles instead of grids. In this approach, the problem 

domain is represented by particles and each particle contains its own set 

of variables such as mass, velocity, density, energy etc. During 

computation, as illustrated in Figure 2.7, variables of each particle (i) are 

updated by approximating from the variables from the surrounding 

particles (j) in the neighbourhood defined by the smoothing distance 2h 

where h is the smoothing length in the simulation [77].  

SPH was originally invented by Lucy. [35] and Gingold and 

Monaghan. [34] for simulating astrophysical problems. Due to its success, 

the method was further extended for macroscopic continuum problems in 

fluid and solid dynamics as well as for atomistic scale simulations. 

Furthermore, its ability in handling complex scenarios in three-dimension 
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and its application in astrophysics led to its development for simulating 

steller collisions and binary stars [84], collapse and formation of galaxies 

[85] and many more. Thereafter, the method was extensively employed to 

solve complex problems in fluid and solid mechanics due to its ability in 

incorporating complicated physical properties into its formulation [77]. 

The enduring success of the method further steered its development for 

many geo-mechanical applications. 

Bui et al. [50] developed a numerical model in SPH framework for 

simulating the collapse of dry soil and soil erosion in response to water 

flow. The approach not only proved to overcome the problem of grid 

distortion in traditional FEM method, but also contributed for reasonable 

solutions. This confirmed the ability of the approach in simply handling 

large deformation scenarios. The authors further introduced SPH method 

to simulate soil-water interaction [86]. Numerical results revealed that the 

SPH method successfully modelled the gross discontinuities involved in 

the phenomenon. Bui et al. [51] proposed SPH method for simulating large 

deformation and post failures of geomaterials. The results illustrated good 

correlation with existing methods. Due to its success, the method was 

further developed or applied to simulate several geotechnical applications 

involving extreme deformations such as seismic slope failures, large 

deformation and post failure behaviour of soils [56], [57], [87], [88], geo 

disasters [89], soil and solid structure interaction [87]. In addition, Peng et 

al. [52] introduced a hypoplastic constitutive model in SPH framework for 

simulating large deformation problems. The developed SPH model 
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reasonably captured the large deformations involved during the 

simulation of soil collapse between two plates and the failure of the soil 

slope. An et al. [53] extended Bui et al. [51]’s method to three-dimension 

for numerically simulating the deformation and failure of granular slopes. 

Good agreement with previously simulated results and experimental 

observations demonstrated that the developed model successfully 

simulated large deformations of the slope failure. Most recently, SPH 

models have been developed for simulating soil-water-structure 

interaction [54], quasi-static and dynamic collapse of sand columns [55] 

and explosions within the soil mass [90].  

It is apparent from above, SPH well simulated numerous large 

deformation applications in the field of geomechanics. Therefore, adoption 

of SPH method in current study is believed to contribute for reliable 

solutions.  

 

2.7 Summary of literature review 
 

The literature review is initiated with a detail discussion on piles. Piling 

methods for closed-end steel piles have been focused and the problems 

related to its installation methods have been discussed. Among the 

installation methods, jack-in pile installation is emphasised due to its 

increased benefits over the remaining methods.  Although it is the most 

preferred method of pile installation for closed-end steel piles, the method 

displaces large amount of soil resulting in significant changes to the soil 
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stress levels. Understanding these stress levels is significantly important 

due to its influence on pile bearing capacity. Therefore, this has been the 

subject of many researches.  

Thus, a comprehensive review has been included on past 

experimental and numerical works comprising the investigations on soil 

stress field around jack-in installation of a closed-end steel pile. The review 

confirmed that it was not only complicated to achieve experimental 

measurements of soil stresses, but it was also a major challenge for the 

grid based numerical models to precisely simulate large deformations 

involved in the phenomenon. Hence, many assumptions have been adopted 

in these models. In addition, only very few meshless methods such as MPM 

and DEM have been attempted for solving the problems related to large 

deformations. However, these mesh-free methods considered the pile as a 

rigid material or lacked capability in providing visual representation of the 

soil stress field throughout the installation.  

A gap is identified from the literature where the most popular and 

successful meshless method, Smooth Particle Hydrodynamics is still 

unattended for the analysis of stresses in soil around jack-in pile. 

Moreover, it should be emphasized that none of the numerical models in 

the literature possessed the combined ability of modelling the pile as an 

elastic-perfectly plastic material from the soil surface to the final 

penetration depth considering soil-pile interaction and to provide visual 

representation of both horizontal and vertical soil stress distributions at 

various penetration depths.  Therefore, due to the advanced nature and 
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success of the method, it is worth considering the development of a SPH 

model with aforementioned capabilities for providing a reliable numerical 

tool for the analysis of soil stress field around jack-in pile. 
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Chapter 3                               

Methodology 
 

 

3.1 Introduction  
 

As the goal of the thesis is to develop SPH model to simulate stresses in 

soil around jack-in pile, present chapter focuses in providing a detail 

information about the research methodology adopted as an initiation for 

achieving the final goal of the thesis. On this basis, as shown in Figure 3.1, 

the chapter initially presents the basic formulation of SPH.  This comprises 

a detail information about the integral representation and particle 

approximation of field functions through which the SPH formulations are 

formed. Followingly, a comprehensive review / understanding is provided 

on the derivation of SPH governing equations based on conservation of 

mass and conservation of momentum for describing motion. For 

completing the total stress tensor of these governing equations, 

constitutive models incorporating failure criteria are adopted. Thus, as 

shown in Figure 3.1, the key segments such as total stress tensor, 

constitutive models and failure criteria which require an in-depth 

knowledge are discussed prior to the development of constitutive models 

and SPH models for achieving the final goal of the thesis.  
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Figure 3.1: Flow chart of research methodology 

 

 

3.2 Basic formulation of SPH 
 

Physical phenomena in SPH are described by the governing equations 

which are in the form of partial differential equations (PDE). These PDE 

equations are of field variables such as velocity, density, energy etc. In 

SPH, the problem domain is divided into discrete number of particles and 

PDE equations are solved for every particle in the problem domain. Such 

complex computation requires computer aided solutions.  

Subsequent to the discretization of the problem domain, a 

computational framework is formed for the numerical approximation. 

Values for the field variables and their derivatives are generally 
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approximated using integral representation method. However, in SPH, the 

integral representation of a function is transformed into particle 

approximation where the integral sign is converted into summation sign 

over the neighbouring particles. These particle approximation formulas 

are ordinary differential equations with respect to time and are solved at 

every time step for each particle by the standard integration method. 

Hence, the values for field variables are computed at every time step and 

are dependent on the current local distribution of particles [77]. SPH 

Formulation based on ‘particle approximation’ begins from the derivation 

of ‘integral representation’ of field functions. Hence the following involves 

the detail understanding about the origination of SPH formulas.  

 

3.2.1 Integral representation of a function  
 

Integral representation, known as kernel approximation of a function is 

derived using the direc delta function. Direc delta function is a function 

which is used to model physical systems involving a rapid peak behaviour 

where it becomes infinitely strong and continues to be zero elsewhere. As 

illustrated in Figure 3.2a, if direc delta function is considered to vanish 

elsewhere except for 𝑥′ = 0, the equation for direc delta function is 

expressed as [91]:  

 ∫ 𝛿(𝑥′)𝑑𝑥′
∞

−∞

= 1 
(3.1) 
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where 𝛿(𝑥′) is the direc delta function and its integral is equal to 1. The 

function reaches infinity when 𝑥′ = 0. 

 

Figure 3.2: Dirac Delta function when (a) 𝒙′ = 𝟎 (b) 𝒙′ = 𝟐. 

 

Similarly, if direc delta function occurs when 𝑥′ = 2, the plot is 

shifted from 0 to 2 as shown in Figure 3.2b. Hence Eq. (3.1) becomes: 

∫ 𝛿(𝑥′ − 2)𝑑𝑥′
∞

−∞

= 1 
(3.2) 

Multiplying a field function 𝑓(𝑥′) by a dirac delta function leads to: 

𝑓(𝑥) = ∫ 𝑓(𝑥′) 𝛿(𝑥′ − 𝑥)𝑑𝑥′
∞

−∞

  
(3.3) 

where 𝑓(𝑥) represents a function of three-dimensional position vector 𝑥. As 

mentioned earlier, direc delta function achieves the peak at position vector 

𝑥 and becomes zero elsewhere. Therefore, multiplication of the field 

function by the direct delta function computes 𝑓(𝑥) at position vector 𝑥. As 

such, by employing Eq. (3.3), the value of a function is computed at a given 

position. This enables the modelling of a physical system.  
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In SPH, by restricting the limits to problem domain (Ω) and by 

replacing delta function by the smoothing function (𝑊(𝑥 − 𝑥′, ℎ)), Eq. (3.3) 

is rewritten as: 

𝑓(𝑥) ≐  ∫𝑓(𝑥′) 𝑊(𝑥 − 𝑥′, ℎ)𝑑𝑥′

Ω

 
(3.4) 

where ℎ is the smoothing length. 𝑊(𝑥 − 𝑥′, ℎ) is not a direc delta function. 

As such, the integral representation expressed in equation (3.4) is only an 

approximation of a function. This is how the integral representation of a 

function is originated in SPH and is expressed as: 

< 𝑓(𝑥) >= ∫𝑓(𝑥′) 𝑊(𝑥 − 𝑥′, ℎ)𝑑𝑥′

Ω

 
(3.5) 

 

3.2.2 Integral representation for the derivative of a 

function 
 

Derivative of a function measures the rate of change of a function. 

Therefore, Eq. (3.5) is written as: 

 < ∇. 𝑓(𝑥) > =  ∫[∇. 𝑓(𝑥′)] 𝑊(𝑥 − 𝑥′, ℎ)𝑑𝑥′

Ω

 
(3.6) 

Using partial derivations, Eq. (3.6) is expressed as:  

∇. [𝑓(𝑥′) 𝑊(𝑥 − 𝑥′, ℎ)] = [∇. 𝑓(𝑥′)]𝑊(𝑥 − 𝑥′, ℎ) +  𝑓(𝑥′) ∇𝑊(𝑥 − 𝑥′, ℎ) (3.7) 

By substituting Eq. (3.7) in Eq. (3.6), leads to: 
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< ∇. 𝑓(𝑥) > =  ∫∇. [𝑓(𝑥′) 𝑊(𝑥 − 𝑥′, ℎ)]𝑑𝑥′

Ω

− ∫𝑓(𝑥′) ∇𝑊(𝑥 − 𝑥′, ℎ)𝑑𝑥′

Ω

 

(3.8) 

According to divergence theorem [92]: 

∬F.𝑛 𝑑S =  ∭𝑑𝑖𝑣 F 𝑑𝑉

𝐸𝑆

 
(3.9) 

where, S and E represent the surface integral and volume integral 

respectively. By employing this theorem, Eq. (3.8) becomes: 

< ∇. 𝑓(𝑥) > =  ∫𝑓(𝑥′) 𝑊(𝑥 − 𝑥′, ℎ) 𝑛 𝑑𝑥′

S

− ∫𝑓(𝑥′) ∇𝑊(𝑥 − 𝑥′, ℎ)𝑑𝑥′

Ω

 
(3.10) 

It is essential for the support domain to lie within the problem 

domain. As such, the surface integral in equation (3.10) is considered zero. 

Therefore, integral representation for the derivative of a function in SPH 

is expressed as: 

< ∇. 𝑓(𝑥) > =  − ∫𝑓(𝑥′) ∇𝑊(𝑥 − 𝑥′, ℎ)𝑑𝑥′

Ω

 
(3.11) 

3.2.3 Particle approximation of a function 
 

As mentioned in the beginning of Section 3.2, the problem domain in SPH 

is represented by particles. Therefore, integral representation of a function 

should be converted into the form of particle approximation.  
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Considering particle i in Figure 2.7. The variable of particle i is 

found by summing the respective variable over the neighbouring particles 

within its support domain. Therefore Eq. (3.5) is expressed in particle form 

as: 

< 𝑓(𝑥) >=∑𝑓(𝑥𝑗  ) 

𝑁

𝑗=1

𝑊(𝑥 − 𝑥𝑗 , ℎ)𝑑𝑥 
(3.12) 

where j ranges from 1, 2, 3…N number of particles and  𝑊 is the smoothing 

function. If particle j occupies a finite volume  ∆𝑉𝑗, mass of the particle is 

considered as: 

𝑚𝑗= ∆𝑉𝑗𝜌𝑗 (3.13) 

where 𝜌 is the density of particle j. Therefore, by replacing 𝑑𝑥 by ∆𝑉𝑗, Eq. 

(3.12) is re-written as: 

< 𝑓(𝑥) >=∑𝑓(𝑥𝑗  ) 

𝑁

𝑗=1

𝑊(𝑥 − 𝑥𝑗 , ℎ)∆𝑉𝑗 
(3.14) 

By substituting Eq. (3.13) in Eq. (3.14), particle approximation of a 

function is presented as: 

< 𝑓(𝑥 ) > =∑ 
𝑚𝑗

𝜌𝑗
  𝑓(𝑥𝑗  ) 

𝑁

𝑗=1

𝑊(𝑥 − 𝑥𝑗 , ℎ) 
(3.15) 
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3.2.4 Particle approximation of a derivative of a function 
 

Similar to Section 3.2.2, particle approximation of a derivative of a function 

is expressed as: 

< ∇. 𝑓(𝑥 ) > = −∑ 
𝑚𝑗

𝜌𝑗
  𝑓(𝑥𝑗  ) . ∇

𝑁

𝑗=1

𝑊(𝑥 − 𝑥𝑗 , ℎ) 
(3.16) 

This is re-written to the final form as: 

𝜕𝑓(𝑥𝑖 )

𝜕𝑥
 = ∑

𝑚𝑗

𝜌𝑗
  𝑓(𝑥𝑗  ) .

𝑁

𝑗=1

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
 

(3.17) 

where, 𝑊𝑖𝑗 = 𝑊(𝑥𝑖 − 𝑥𝑗   , ℎ). 

 

3.2.5 Smoothing functions 
 

Smoothing function (𝑊) plays a pivotal role in SPH approximation. As 

illustrated in Figure 2.7, it determines the pattern of function 

approximation and defines the dimension of the support domain. Hence, 

the accuracy of particle approximation is governed by the smoothing 

function [93]. Smoothing functions should satisfy three main conditions for 

describing a physical phenomenon: 

Normalization condition:  

∫𝑊(𝑥 − 𝑥′, ℎ)𝑑𝑥′ = 1

Ω

 
(3.18) 

Delta function property: when ℎ ⟶ 0, 𝑊 becomes 𝛿 function. 
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lim
ℎ⟶0

𝑊(𝑥 − 𝑥′, ℎ) =  𝛿(𝑥 − 𝑥′) (3.19) 

Compact condition:  

𝑊(𝑥 − 𝑥′, ℎ) = 0 𝑤ℎ𝑒𝑛 |𝑥 − 𝑥′| > 𝑘ℎ (3.20) 

Several smoothing functions have been introduced in the literature. 

Among them, the commonly employed types include bell-shaped, gaussian 

and cubic-spline are discussed in present study [77]. Bell-shaped 

smoothing function is defined as: 

𝑊(𝑥 − 𝑥′, ℎ) = 𝑊(𝑅, ℎ) = 𝛼𝑑 {
(1 + 3𝑅)(1 − 𝑅)3         𝑅 ≤ 1
0                                        𝑅 > 1

 

𝑅 =
𝑟

ℎ
=
|𝑥 − 𝑥′|

ℎ
 

(3.21) 

where 𝛼𝑑 is 5/4h, 5/πh2 and 105/16πh3 for 1D, 2D, and 3D respectively. 𝑟 is 

the distance and R is the relative distance between the interacting pairs. 

On the other hand, gaussian smoothing function is expressed as: 

𝑊(𝑅, ℎ) = 𝛼𝑑𝑒
−𝑅2 (3.22) 

where 𝛼𝑑 is 1/π1/2h, 1/πh2 and 1/π3/2 h3 for 1D, 2D, and 3D respectively. 

Monaghan [84] stated that the employment of gaussian is better than bell-

shaped smoothing function for obtaining physical interpretation of SPH 

formulations. However, the method inherits several drawbacks. For 

satisfying the compact condition expressed in Eq. (3.20), R in Eq. (3.22) 

should approach infinity. As such, gaussian smoothing function is not very 

compact. In addition, the function requires longer duration for approaching 

zero. Thus, is computationally expensive and results in larger support 
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domain. As an alternative, cubic-spline smoothing function has been 

introduced as: 

𝑊(𝑅, ℎ) = 𝛼𝑑 ×

{
 
 

 
 
2

3
− 𝑅2 +

1

2
𝑅3                0 ≤ 𝑅 < 1

1

6
(2 − 𝑅)3                       1 ≤ 𝑅 < 2

0                                                 𝑅 ≥ 2

 

(3.23) 

where 𝛼𝑑: 1/h, 15/7πh2 and 3/2πh3 for one, two, and three-dimension 

respectively. Resembling gaussian, cubic-spline smoothing function 

comprises a narrower compact support. Therefore, among the widely 

known smoothing functions cubic-spline has been significantly applied 

[94]–[96]. Thus, it is adopted in present study.  

 

3.3 Governing equations in SPH 
 

A set of basic governing equations are used to describe the motion of a 

system. The equations are well known as Navier-Strokes equations and 

are based on conservation laws such as conservation of mass, momentum 

and energy. Conservation of energy is not considered in present study. As 

such, in current section, the derivation of SPH equations of motion 

obtained through the incorporation of particle approximation into the 

Largrangian form of conservation of mass and momentum equations are 

presented [77].  
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3.3.1 Derivation of governing equations in Lagrangian 

form 
 

Governing equations in Lagrangian form can be achieved either through 

the adoption of Lagrangian control volume which derives the governing 

equations in integral form or via the employment of infinitesimal fluid cell 

through which the governing equations are expressed in the form of partial 

differential equations.  

 

 

Figure 3.3: (a) Lagrangian control volume; (b) Change in control volume [77]. 

 

 In view of the first approach, as illustrated in Figure 3.3, 

Lagrangian control volume in a fluid flow is defined by a closed control 

volume V with a control surface S.  The mass within the control volume is 

kept unchanged even under the action of forces such as compression / 

expansion / deformation. Using this approach, the conservation laws are 

directly applied to the fluid within the control volume. However, movement 

of fluid within the control volume causes changes in the control surface. 
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This in result varies the control volume. Such variation in the control 

volume (∆𝑉) over time ∆𝑡 is expressed as: 

∆𝑉 = 𝑣∆𝑡 ∙ 𝑛𝑑𝑆 (3.24) 

where dS is the change in control surface, 𝑣 is the velocity vector and n is 

the unit vector normal to the surface as shown in Figure 3.3b. From this, 

the total volume change for the entire Lagrangian control volume is 

expressed as:  

∆𝑉 = ∫𝑣∆𝑡 ∙ 𝑛𝑑𝑆

𝑆

 
(3.25) 

where 𝑆 is the control surface. Thereafter, by dividing Eq. (3.25) by 

∆𝑡 and using divergence theorem, the governing equation in integral form 

is expressed as: 

∆𝑉

∆𝑡
= ∫∇ ∙ 𝑣 𝑑𝑉

𝑉

 
(3.26) 

where ∇ ∙ 𝑣  is the divergence of velocity vector and 𝑉 is the control volume. 

 

 

 

Figure 3.4: Infinitesimal fluid cell [79]. 
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On the other hand, infinitesimal fluid cell approach is performed by 

considering an infinitesimal fluid cell which moves along a streamline with 

velocity vector 𝑣 = (𝑣𝑥, 𝑣𝑦, 𝑣𝑧) as indicated in Figure 3.4. It consists of a very 

small control volume 𝛿𝑉 and control surface 𝛿𝑆 which consists of clumped 

particles. The field property within the cell is assumed to be identical 

throughout the entire cell.  

Applying conservation laws to the infinitesimal fluid cell, equation (3.26) 

becomes:  

∆(𝛿𝑉)

∆𝑡
= ∫∇ ∙ 𝑣 𝑑(𝛿𝑉)

𝑉

 
(3.27) 

By simplifying, governing equation in partial differential form is obtained 

as: 

∆(𝛿𝑉)

∆𝑡
= ∇ ∙ 𝑣 ∫  𝑑(𝛿𝑉)

𝑉

 
 

∆(𝛿𝑉)

∆𝑡
= (∇ ∙ 𝑣) 𝛿𝑉 

 

1

𝛿𝑉

𝐷(𝛿𝑉)

𝐷𝑡
= (∇ ∙ 𝑣) 

(3.28) 

Governing equations in SPH are in the form of partial differential 

equations. As such, the derivation of governing equation based on 

conservation of mass is achieved from the expression in Eq. (3.28) as 

follows: 
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Using the relationship 
𝐷(𝛿𝑚)

𝐷𝑡
= 0, the mass of infinitesimal fluid cell is 

expressed as: 

𝜌

𝛿𝑉

𝐷(𝛿𝑉)

𝐷𝑡
+
𝐷𝜌

𝐷𝑡
= 0 

(3.29) 

where 𝜌 is the density. By substituting Eq. (3.28) in Eq. (3.29), the mass 

conservation equation in Lagrangian form (continuity equation) is 

expressed as: 

𝐷𝜌

𝐷𝑡
= −𝜌∇ ∙ 𝑣 

(3.30) 

𝐷𝜌

𝐷𝑡
= −𝜌

∂𝑣𝛽

∂𝑥𝛽
 

(3.31) 

where 𝛽 denotes 𝑥, 𝑦, 𝑧 cartesian coordinates. Similarly, derivation of 

conservation of momentum equation is based on Newton’s second law of 

motion. Newton’s second law of motion states that the rate of change of 

momentum of an object is equal to sum of forces (body and surface forces) 

acting on it [97]. Therefore, by applying Newton’s second law of motion to 

the infinitesimal fluid cell illustrated in Figure 3.5, conservation of 

momentum equation in Lagrangian form is obtained for all three 

dimensions as follows: 
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Figure 3.5: Forces acting on an infinitesimal fluid cell in x direction [77]. 

 

Considering the forces along 𝑥 direction in Figure 3.5, Newton’s second law 

of motion is expressed as: 

𝜕𝜏𝑧𝑥
𝜕𝑧

𝑑𝑥𝑑𝑦𝑑𝑧 +
𝜕𝜏𝑦𝑥

𝜕𝑦
𝑑𝑥𝑑𝑦𝑑𝑧 +

𝜕𝜏𝑥𝑥
𝜕𝑥

𝑑𝑥𝑑𝑦𝑑𝑧 −
𝜕𝑝

𝜕𝑥
𝑑𝑥𝑑𝑦𝑑𝑧

+ 𝐹𝑥𝜌𝑑𝑥𝑑𝑦𝑑𝑧 = 𝜌𝑑𝑥𝑑𝑦𝑑𝑧 𝑎 

(3.32) 

where 𝐹𝑥 is body force per unit volume in the 𝑥 axis. Once simplified, 

momentum equation along the 𝑥 direction becomes: 

𝜌𝐹𝑥 +
𝜕𝜏𝑧𝑥
𝜕𝑧

+
𝜕𝜏𝑦𝑥

𝜕𝑦
+
𝜕𝜏𝑥𝑥
𝜕𝑥

−
𝜕𝑝

𝜕𝑥
= 𝜌

𝐷𝑣𝑥
𝐷𝑡

 
(3.33) 

Similarly, momentum equations along  𝑦 and 𝑧 directions are expressed by 

Eqs. (3.34) and (3.35) respectively. 

𝜌𝐹𝑦 +
𝜕𝜏𝑧𝑦

𝜕𝑧
+
𝜕𝜏𝑦𝑦

𝜕𝑦
+
𝜕𝜏𝑥𝑦

𝜕𝑥
−
𝜕𝑝

𝜕𝑦
= 𝜌

𝐷𝑣𝑦

𝐷𝑡
 

(3.34) 

𝜌𝐹𝑧 +
𝜕𝜏𝑧𝑧
𝜕𝑧

+
𝜕𝜏𝑦𝑧

𝜕𝑦
+
𝜕𝜏𝑥𝑧
𝜕𝑥

−
𝜕𝑝

𝜕𝑧
= 𝜌

𝐷𝑣𝑧
𝐷𝑡

  
(3.35) 
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Hence, from above, momentum conservation equation in Lagrangian form 

is expressed as: 

𝐷𝑣𝛼

𝐷𝑡
=
1

𝜌

𝜕𝜎𝛼𝛽

𝜕𝑥𝛽
+ 𝐹𝛼 

(3.36) 

where 𝜎𝛼𝛽 is the total stress tensor, superscripts 𝛼 and 𝛽 denote 

coordinate directions 𝑥, 𝑦 and 𝑧. 

 

3.3.2 Particle approximation for governing equations in 

Lagrangian form 
 

SPH is based on particle approximation. Therefore, the governing 

equations represented by Eqs. (3.31) and (3.36) should be expressed in 

terms of particle approximation. The method of arriving at these 

formulations in SPH framework are presented as follows: 

Density could be approximated with aid of the conservation of mass in Eq. 

(3.31). By using Eq. (3.17), (∂𝑣_𝑖^𝛽)/(∂𝑥^𝛽 ) in Eq. (3.31) is expressed as: 

∂𝑣𝑖
𝛽

∂𝑥𝛽
=∑

𝑚𝑗

𝜌𝑗
  𝑣𝑗

𝛽
 .

𝑁

𝑗=1

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽
  

(3.37) 

where 𝑣𝑗 and 𝑚𝑗 are the velocity and mass of particle 𝑗 respectively. 

Substituting Eq. (3.37) in Eq. (3.31) leads to:  

𝐷𝜌𝑖
𝐷𝑡

= −𝜌∑
𝑚𝑗

𝜌𝑗
  𝑣𝑗

𝛽
 .

𝑁

𝑗=1

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽

 
(3.38) 
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In practice it is more accurate to include velocity difference between the 

two interacting pairs. This is achieved by multiplying the gradient of unity 

expressed in Eq. (3.39) by 𝜌𝑖𝑣𝑖. This is conveyed by Eq. (3.40). 

∇1 =∑
𝑚𝑗

𝜌𝑗
  

𝑁

𝑗=1

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽
= 0 

(3.39) 

𝜌𝑖∑
𝑚𝑗

𝜌𝑗
  𝑣𝑖

𝛽
 .

𝑁

𝑗=1

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽
= 0 

(3.40) 

Addition of Eqs. (3.40) and (3.38) leads to: 

𝐷𝜌𝑖
𝐷𝑡

= 𝜌𝑖∑
𝑚𝑗

𝜌𝑗
  (

𝑁

𝑗=1

𝑣𝑖
𝛽
− 𝑣𝑗

𝛽
) 
𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽

 
(3.41) 

𝐷𝜌𝑖
𝐷𝑡

= 𝜌𝑖  ∑
𝑚𝑗

𝜌𝑗
 𝑣𝑖𝑗
𝛽
 

𝑁

𝑗=1

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽

 
(3.42) 

where   𝑣𝑖𝑗
𝛽
= (𝑣𝑖

𝛽
− 𝑣𝑗

𝛽
). Various transformations result in various forms of 

density equations. However, the derivation procedure of the most 

commonly used type of density equation in SPH literature is presented as 

follows.  

−𝜌
∂𝑣𝛽

∂𝑥𝛽
= −𝑣𝛽

𝜕𝜌

𝜕𝑥𝛽
−
𝜕(𝜌𝑣𝛽)

𝜕𝑥𝛽
 

(3.43) 

By using particle approximation, Eq. (3.43) is re-written as: 

𝐷𝜌𝑖
𝐷𝑡

=∑𝑚𝑗𝑣𝑖
𝛽
 
𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽
−∑𝑚𝑗𝑣𝑗

𝛽
 
𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽
 

𝑁

𝑗=1

𝑁

𝑗=1

 
(3.44) 

Finally, re-arranging Eq. (3.44) leads to the most commonly used mass 

conservation equation in SPH framework as:  
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𝐷𝜌𝑖
𝐷𝑡

=∑𝑚𝑗(𝑣𝑖
𝛽
− 𝑣𝑗

𝛽
)
𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽

𝑁

𝑗=1

 
(3.45) 

Apart from above, using the relationship in Eq. (3.46), the momentum 

equation in Eq. (3.36) could be re-written as expressed in Eq. (3.47).  

1

𝜌
(
𝜕𝜎𝛼𝛽

𝜕𝑥𝛽
) =

𝜕

𝜕𝑥
(
𝜎𝛼𝛽

𝜌
) +

𝜎𝛼𝛽

𝜌2
𝜕𝜌

𝜕𝑥𝛽
 

(3.46) 

𝐷𝑣𝛼

𝐷𝑡
=
𝜕

𝜕𝑥
(
𝜎𝛼𝛽

𝜌
) +

𝜎𝛼𝛽

𝜌2
𝜕𝜌

𝜕𝑥𝛽
+ 𝐹𝛼 

(3.47) 

Thereafter, by using particle approximation, Eq. (3.47) is expressed as:  

𝐷𝑣𝛼

𝐷𝑡
=∑

𝑚𝑗

𝜌𝑗
  

𝑁

𝑗=1

𝜎𝑗
𝛼𝛽

𝜌𝑗

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽
+∑𝑚𝑗  

𝜎𝑖
𝛼𝛽

𝜌𝑖
2  
𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽

𝑁

𝑗=1

+𝐹𝛼 
(3.48) 

Finally, by further simplifying Eq. (3.48), the most popular form of SPH 

approximation for momentum equation is obtained as  [77]: 

𝐷𝑣𝛼

𝐷𝑡
=∑ 𝑚𝑗 (

𝜎𝑗
𝛼𝛽

𝜌𝑗
2 +

𝜎𝑖
𝛼𝛽

𝜌𝑖
2 )

𝑁

𝑗=1

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽
+ 𝐹𝛼 

(3.49) 

To close down the above governing equations, constitutive models are 

employed for the total stress tensor (𝜎𝛼𝛽) as proposed by Bui et al. [51]. 
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3.4 Total stress tensor (𝜎𝛼𝛽) 
 

Stress at a point is defined by the internal forces acting in-between the 

particles of a body across the imaginary planes. For instance, if a cut plane 

of an area ∆𝐴 with a unit vector 𝑛 normal to its surface is considered to 

pass through a point 𝑃0 as shown in Figure 3.6a and if the resultant force 

is considered to be 𝐹𝑛, then the stress vector 𝑇𝑛 at point 𝑃0 is obtained 

as 𝑇𝑛 = 𝐹𝑛/∆𝐴.  

Infinite number of cut planes passes through a single point. 

Therefore, there are infinite number of values of 𝑇𝑛. These infinite number 

of values provide the stress state at a point. However, it is not necessary 

to obtain all the stress vectors passing though the point. Instead, if three 

mutually perpendicular stress vectors are known, it becomes possible for 

obtaining the stress vector acting on any plane passing through that point 

[98].  

 

 

Figure 3.6: (a) Stress vector at point P0; (b) Stress vector along each plane [98]. 
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As illustrated in Figure 3.6b, consider three mutually perpendicular 

planes 𝑥, 𝑦 and 𝑧 with stress vectors 𝑇1, 𝑇2 and 𝑇3 respectively. Each of these 

stress vectors contain three components by resolving into a normal and two 

shear components. For instance, stress vector  𝑇1 could be resolved as 𝜎11 

in normal and 𝜎12, 𝜎13 in parallel to its plane. Therefore, in summation, the 

stress vectors contain nine components. These nine components which are 

written to define stress vectors are the total components of a stress tensor. 

This is expressed in matrix form as: 

𝜎𝛼𝛽 = [
𝑇1
𝑇2
𝑇3

] = [

𝜎11 𝜎12 𝜎13
𝜎21 𝜎22 𝜎23
𝜎31 𝜎32 𝜎33

] 
(3.50) 

Present study focuses on the development of SPH numerical model 

in two-dimension (2D). Therefore, the stress tensor in 2D should be 

considered instead of a 3D stress tensor. Stress vector in 2D are restricted 

to lie on two mutually perpendicular planes along 𝑥 and 𝑦 directions. Each 

stress vector is resolved into one normal component and one shear 

component [99]. Therefore, the stress tensor in 2D contains four 

components. This is expresses as:  

𝜎𝛼𝛽 = [
𝑇1
𝑇2
] = [

𝜎11 𝜎12
𝜎21 𝜎22

] (3.51) 

Furthermore, in SPH formulation, total stress tensor is generally 

divided into deviatoric stress tensor and hydrostatic stress tensor. This is 

expressed in 3D as [98]: 
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[

𝜎11 𝜎12 𝜎13
𝜎21 𝜎22 𝜎23
𝜎31 𝜎32 𝜎33

] = [

𝜎11 − 𝑝 𝜎12 𝜎13
𝜎21 𝜎22 − 𝑝 𝜎23
𝜎31 𝜎32 𝜎33 − 𝑝

] + [

𝑝 0 0
0 𝑝 0
0 0 𝑝

] 
(3.52) 

And similarly Eq. (3.52) is presented in 2D as [100]:  

[
𝜎11 𝜎12
𝜎21 𝜎22

] = [
𝜎11 − 𝑝 𝜎12
𝜎21 𝜎22 − 𝑝

] + [
𝑝 0
0 𝑝

] (3.53) 

Moreover, the Eqs. (3.52) and (3.53) could be expressed in equation form 

as:  

𝜎𝛼𝛽 = 𝑠𝛼𝛽 + 𝑝𝛿𝛼𝛽 (3.54) 

where  𝑠𝛼𝛽 is the deviatoric stress tensor and 𝑝 is the hydrostatic stress 

tensor. 𝛼  and 𝛽 indicates cartesian coordinates depending on the number 

of dimensions. 𝛿𝛼𝛽 is the Kronecker’s delta where 𝛿𝛼𝛽 = 1 if 𝛼 = 𝛽 or 𝛿𝛼𝛽 =

0 if  𝛼 ≠ 𝛽.  

Eqs. (3.52) to (3.54) demonstrate the relationship between 

hydrostatic stress tensor and deviatoric stress tensor. Hydrostatic stress is 

a state of stress at which the principle stresses are equal and shear stresses 

are zero. These stresses are responsible for the volume change in a 

material. If the principal stresses are not equal, in that case the mean 

value of the stresses are considered as hydrostatic stresses. Hence, 

considering compression as positive the equation for hydrostatic stress is 

written for 3D as [99]: 

𝑝 =
𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧

3
=
𝜎𝛾𝛾

3
 

(3.55) 
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where 𝛾 denotes (𝑥, 𝑦, 𝑧) directions. Similarly in 2D, only 𝑥 and 𝑦 directions 

are considered [100], [101]. Hence Eq. (3.55) is expressed as: 

𝑝 =
𝜎𝑥𝑥 + 𝜎𝑦𝑦

2
=
𝜎𝛾𝛾

2
 

(3.56) 

On the other hand, the part of the stress tensor, which is remaining 

after subtracting hydrostatic stress tensor as presented in Eq. (3.52) and 

(3.53) is known as the deviatoric stress tensor. These are the stresses 

which are responsible for the shape change in a material [102]. All-in-all 

stress tensor presented for 2D will be employed in the development of the 

SPH constitutive models. 

 

3.5 Constitutive model 
 

In solid mechanics, constitutive models are used to describe the stress-

strain behaviour of a phenomenon [103]. Various types of constitutive 

models such as elastic, elastic-perfectly plastic, elasto-viscoplastic 

constitutive models are available and are adopted based on its suitability 

for modelling the application. The aim of this research is to analyse the 

development of stresses in soil during jack-in-pile installation. In this 

application, pile is considered as stainless steel which does not consider 

the effect of hydrostatic pressure. On the other hand, soil is a material 

which involves both volumetric and shear deformations. As such, for 

numerically simulating this complex phenomenon, both pile and soil 
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should be modelled with appropriate constitutive models suitable for 

describing the respective behaviour. 

It is more realistic to employ elasto-plastic and elasto-viscoplastic 

models for simulating the behaviour. As an initiation to this, present study 

employs elastic-perfectly plastic theory for the development of the 2D 

constitutive models in SPH framework for modelling the complex 

phenomenon. 

 

3.5.1 Elastic-perfectly plastic model 
 

 

 

Stress against strain response for an elastic-perfectly plastic model is of 

two sections such as a linear elastic part and a perfectly plastic part as 

illustrated by ‘a’ and ‘b’ in Figure 3.7 respectively [104]. The linear elastic 

section (‘a’) satisfies the linear stress-strain relationship by Hook’s law 

where the stress is proportional to strain and perfectly plastic section (‘b’) 

is indicated by a horizontal line signifying that the deformation beyond the 

Figure 3.7: Stress-Strain relationship for elastic-perfectly plastic model [106]. 
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yield point occurs under constant stress level. It is apparent from Figure 

3.7 that the total strain rate tensor is the summation of elastic strain rate 

tensor and plastic strain rate tensor which is expressed as: 

𝜀̇𝛼𝛽 = 𝜀𝑒̇
𝛼𝛽
+ 𝜀𝑝̇

𝛼𝛽
 (3.57) 

where 𝜀𝑒̇
𝛼𝛽

is the elastic strain rate tensor and 𝜀𝑝̇
𝛼𝛽

 is the plastic strain rate 

tensor. 

 

3.5.2 Elastic strain rate tensor 
 

Present study introduces the development of elastic-perfectly plastic 

constitutive models for both plane stress and plane strain condition in two-

dimensional SPH framework. The elastic strain rate tensor of these 

constitutive models is derived using plane stress Hooke’s law and plane 

strain Hooke’s law in index notation. As such, for achieving an in-depth 

knowledge prior to the constitutive model developments in chapter 4 and 

5, current section presents the derivation of Hooke’s law in index notation 

for both plane stress and plane strain condition. 

 

Hooke’s Law for plane stress condition and its derivation into an 

index form: 

According to Hooke, the stress-strain relationship for 2D-plane stress 

condition in matrix form is expressed as [105]: 
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[

𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑥𝑦

] =
𝐸

1 − 𝑣2
[
1 𝑣 0
𝑣 1 0
0 0 1 − 𝑣

] [

𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑥𝑦

] 
(3.58) 

where E is the Young’s modulus and 𝑣 is the Poisson’s ratio. By inversing 

the matrix in Eq. (3.58), the plane stress compliance matrix is obtained as: 

[

𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑥𝑦

] =
1

𝐸
[−
1 −𝑣 0
𝑣 1 0
0 0 1 + 𝑣

] [

𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑥𝑦

] 
(3.59) 

From the compliance matrix, strain equations on mutually perpendicular 

planes can be formed as: 

𝜀𝑥𝑥 =
1

𝐸
(𝜎𝑥𝑥 − 𝑣𝜎𝑦𝑦) 

𝜀𝑦𝑦 =
1

𝐸
(𝜎𝑦𝑦 − 𝑣𝜎𝑥𝑥) 

(3.60) 

Adding the term 𝑣𝜎𝑥𝑥 into Eq. (3.60) leads to: 

𝜀𝑥𝑥 =
1

𝐸
((1 + 𝑣)𝜎𝑥𝑥 − 𝑣(𝜎𝑥𝑥 + 𝜎𝑦𝑦)) 

(3.61) 

𝜀𝑦𝑦 =
1

𝐸
((1 + 𝑣)𝜎𝑦𝑦 − 𝑣(𝜎𝑥𝑥 + 𝜎𝑦𝑦)) 

 

Rearranging Eq. (3.61) derives into: 

𝜎𝑥𝑥 =
𝐸

1 + 𝑣
𝜀𝑥𝑥 +

𝑣

1 + 𝑣
(𝜎𝑥𝑥 + 𝜎𝑦𝑦) 

𝜎𝑦𝑦 =
𝐸

1 + 𝑣
𝜀𝑦𝑦 +

𝑣

1 + 𝑣
(𝜎𝑥𝑥 + 𝜎𝑦𝑦) 

(3.62) 

Addition of equations presented in Eq. (3.62) leads to: 

(𝜎𝑥𝑥 + 𝜎𝑦𝑦) =
𝐸

1 − 𝑣
(𝜀𝑥𝑥 + 𝜀𝑦𝑦) 

(3.63) 

Substituting Eq. (3.63) in Eq. (3.62) derives into: 
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𝜎𝑥𝑥 =
𝐸

1 + 𝑣
𝜀𝑥𝑥 +

𝑣

1 + 𝑣
(
𝐸

1 − 𝑣
(𝜀𝑥𝑥 + 𝜀𝑦𝑦)) 

𝜎𝑦𝑦 =
𝐸

1 + 𝑣
𝜀𝑦𝑦 +

𝑣

1 + 𝑣
(
𝐸

1 − 𝑣
(𝜀𝑥𝑥 + 𝜀𝑦𝑦)) 

(3.64) 

Finally, Hooke’s Law for plane stress condition could be represented in 

index form as: 

𝜎𝛼𝛽 =
𝐸

1 + 𝑣
𝜀𝛼𝛽 +

𝑣𝐸

(1 + 𝑣)(1 − 𝑣)
𝜀𝛾𝛾𝛿𝛼𝛽 

(3.65) 

Hooke’s Law for plane strain condition and its derivation into an 

index form: 

Stress-strain relationship for plane strain condition is provided by Hooke 

in matrix form as [106]: 

[

𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑥𝑦

] =
𝐸

(1 + 𝑣)(1 − 2𝑣)
[

1 − 𝑣 𝑣 0
𝑣 𝑣 0

0 0
1 − 2𝑣

2

] [

𝜀𝑥𝑥
𝜀𝑦𝑦
2𝜀𝑥𝑦

] 

(3.66) 

This is expressed in compliance matrix form as: 

[

𝜀𝑥𝑥
𝜀𝑦𝑦
2𝜀𝑥𝑦

] =
1 + 𝑣

𝐸
[
1 − 𝑣 −𝑣 0
−𝑣 1 − 𝑣 0
0 0 1

] [

𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑥𝑦

] 
(3.67) 

Considering strain along mutually perpendicular directions, following 

equations can be obtained from the compliance matrix in Eq. (3.67): 

𝜀𝑥𝑥 =
1 − 𝑣2

𝐸
(𝜎𝑥𝑥 −

𝑣

1 − 𝑣
𝜎𝑦𝑦) 

𝜀𝑦𝑦 =
1 − 𝑣2

𝐸
(𝜎𝑦𝑦 −

𝑣

1 − 𝑣
𝜎𝑥𝑥) 

(3.68) 
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Adding 
𝑣𝜎𝑥𝑥

(1−𝑣)
 and rearranging the formulas in Eq. (3.68) leads to: 

𝜎𝑥𝑥 =
𝐸

1 + 𝑣
𝜀𝑥𝑥 + 𝑣(𝜎𝑥𝑥 + 𝜎𝑦𝑦) 

𝜎𝑦𝑦 =
𝐸

1 + 𝑣
𝜀𝑦𝑦 + 𝑣(𝜎𝑥𝑥 + 𝜎𝑦𝑦) 

(3.69) 

Adding 𝜎𝑥𝑥 and 𝜎𝑦𝑦 derives into: 

(𝜎𝑥𝑥 + 𝜎𝑦𝑦) =
𝐸

(1 + 𝑣)(1 − 2𝑣)
(𝜀𝑥𝑥 + 𝜀𝑦𝑦) 

(3.70) 

Substituting Eq. (3.70) in Eq. (3.69) leads to: 

𝜎𝑥𝑥 =
𝐸

1 + 𝑣
𝜀𝑥𝑥 +

𝑣𝐸

(1 + 𝑣)(1 − 2𝑣)
(𝜀𝑥𝑥 + 𝜀𝑦𝑦) 

(3.71) 

𝜎𝑦𝑦 =
𝐸

1 + 𝑣
𝜀𝑦𝑦 +

𝑣𝐸

(1 + 𝑣)(1 − 2𝑣)
(𝜀𝑥𝑥 + 𝜀𝑦𝑦) 

 

Finally, plane strain Hooke’s law could be expressed in index form as: 

𝜎𝛼𝛽 =
𝐸

1 + 𝑣
𝜀𝛼𝛽 +

𝑣𝐸

(1 + 𝑣)(1 − 2𝑣)
𝜀𝛾𝛾𝛿𝛼𝛽 

(3.72) 

where 𝛼 and 𝛽 denote 𝑥 and 𝑦 coordinate directions and  𝜀𝛾𝛾 = 𝜀𝑥𝑥 + 𝜀𝑦𝑦. 

 

3.5.3 Plastic strain rate tensor 
 

Material’s elastic limit under all possible combinations of stresses defines 

the yield function. Geometrical representation of a yield function 

determines the yield surface. For an elastic-perfectly plastic material, the 

plastic deformation occurs when the stress state of the material is on the 
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yield surface. The plastic deformation (plastic flow) continues as the state 

of stress continues to be on the yield surface. Instead, if the stress state 

drops below the yield surface, all incremental deformations are considered 

as elastic. These states of stresses occur during the loading and unloading 

process of the material. 

For instance, if consider the stress of a material at plastic state 

is 𝜎𝛼𝛽 and an infinitesimal increment in the stress level (additional 

loading) is 𝑑𝜎𝛼𝛽. As illustrated in Figure 3.8a, this additional loading for 

an elastic-perfectly plastic material should not move beyond the yield 

surface, instead it should travel along the tangential direction to cause 

plastic flow [98]. As the stress level does not exist beyond the yield surface, 

change in yield function is considered to be zero. Thus, the condition is 

provided as: 

𝑑𝑓 =
𝜕𝑓

𝜕𝜎𝛼𝛽
𝑑𝜎𝛼𝛽 = 0 

(3.73) 

On the other hand, the plastic strain is obtained from the plastic 

flow rule. Plastic flow rule is derived by differentiating the plastic potential 

function g(𝜎𝛼𝛽) with respect to stress (𝜎𝛼𝛽) as shown in Figure 3.8b. 

Hence, the expression for plastic flow is: 

𝑑𝜀𝑝
𝛼𝛽
= 𝑑𝜆

𝜕g

𝜕𝜎𝛼𝛽
 

(3.74) 

From Eq. (3.74), the plastic strain rate tensor is defined as:  

𝜀𝑝̇
𝛼𝛽
= 𝜆̇

𝜕g

𝜕𝜎𝛼𝛽
 

(3.75) 
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where 𝜆̇ is the rate of change of plastic multiplier which is solved utilizing 

the relationship in Eq. (3.73).  

 

  

Figure 3.8: (a)  𝒅𝝈𝜶𝜷 for elastic-perfectly plastic model; (b) Plastic flow for elastic-

perfectly plastic model [100]. 

 

 

3.6 Failure criterion  
 

The shear stress on failure plane at which the material fails is defined as 

the shear strength of the material. However, identifying the plane at which 

the failure occurs is of question. Doubt arises to determine whether is it 

the plane at which the maximum stress takes place or is it the plane at 

which the ratio of shear stress to normal stress reaches maximum. Hence, 

in order to provide solutions to these problems, several failure criterion 

have been introduced for materials [107]. Some of the mainly used failure 

criteria are Tresca criterion, von-Mises yield criterion, Drucker-Prager and 

Mohr-Coulomb criterion.  
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3.6.1 Tresca criterion 
 

 

 

Figure 3.9: Tresca yield criterial in 2D space [110]. 

 

Tresca failure criterion was introduced by Tresca in the year 1864. It was 

the first failure criterion which was introduced for combined state of stress 

for metals. The hypothesis of this criterion is that the failure occurs when 

the maximum shear stress reaches the critical value of 𝑘. Hence, Tresca 

criterion is given by the expression [108]: 

𝜏𝑚𝑎𝑥 [|
𝜎1 − 𝜎2
2

| , |
𝜎2 − 𝜎3
2

| , |
𝜎3 − 𝜎1
2

|] =
𝜎𝑦

2
= 𝑘 (3.76) 

where 𝜎𝑦 is the yield stress in simple tension. Tresca criterion is 

plotted in 2D space by considering 𝜎3 = 0 as illustrated in Figure 3.9. 

However, the criterion inherits several drawbacks which prevent its 

application to soil material. The method ignores the effect of hydrostatic 

pressure in computing the shear strength. It predicts similar values of 

stresses at failure under both tension and compression. This is in 

contradiction to the soil behaviour as the material contains a lower tensile 
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strength than its compressive strength [109]. Furthermore, the criterion 

disregards the effect of intermediate principal stress 𝜎2  which makes it 

unreliable for metal applications [108].  

 

3.6.2 Von-Mises criterion 
 

 

 

Figure 3.10: Von-Mises yield criterion in 2D space [110]. 

 

Von-Mises yield criterion assumes that failure occurs when the square root 

of second invariant of deviatoric stress tensor 𝐽2 becomes equivalent to a 

critical value of 𝑘. The mathematical relationship for von-Mises yield 

criterion is defined as: 

√𝐽2 =
𝜎𝑦

√3
 = 𝑘 (3.77) 

where 𝜎𝑦  is the yield stress in simple tension. von-Mises failure 

criterion can be plotted in 2D space by considering 𝜎3 = 0 as illustrated in 

Figure 3.10. Similar to Tresca criterion, von-Mises failure criterion does 

not consider the effect of hydrostatic pressure. Therefore, the criterion is 
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only applicable for materials which are pressure insensitive such as 

metals. Furthermore, unlike Tresca criterion, von-Mises considers the 

effect of intermediate principal stress 𝜎2. As such, due to its advantages 

over Tresca criterion, von-Mises yield criterion is selected in present study 

for simulating the behaviour of metals.  

Tresca and von-Mises yield criterion are not applicable to simulate 

pressure dependent materials such as soil due to its nature in ignoring the 

effect of hydrostatic pressure. As such, other widely known failure criterion 

considering the effect of hydrostatic pressure such as Mohr-Coulomb 

criterion and Drucker-Prager yield criterion are discussed below.  

 

3.6.3 Mohr-Coulomb criterion 
 

 

 

Figure 3.11: Mohr-Coulomb criterion [110]. 

 

Mohr Coulomb failure criterion is the extended version of Tresca criterion 

[109]. This criterion suggests that the failure of material occurs when the 
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limiting value of shear stress reaches the failure envelope. The failure 

envelop is defined by:  

𝜏𝑓𝑓 = 𝜎𝑓𝑓𝑡𝑎𝑛𝜙 + 𝑐 (3.78) 

where 𝜎 is the normal stress, 𝜏 is the shear strength and subscripts 

𝑓𝑓 refers to the ‘failure plane’ and ‘at failure’ respectively.  𝑐 is the intercept 

at which failure envelope intersects 𝜏 axis. This is known as cohesion and 

𝜙 (angle of friction) is the slope of failure envelope [110]. Furthermore, 

Figure 3.11 illustrates Mohr-Coulomb failure criterion in 2D space. 

Mohr-Coulomb failure criterion is a frequently employed criterion 

for soil mechanics [107]. However, its failure surface consists sharp edges 

as shown in Figure 3.11. This feature causes numerical inconvenience and 

complications when the side of the hexagon to be employed is unknown or 

when each point fails to contain a set of fixed principal directions [111]. In 

addition, the criterion assumes that there is negligible effect of 

intermediate stress on failure. Nevertheless, these shortfalls are overcome 

in the extended version of von-Mises, which is known as Drucker-Prager 

failure criterion [109]. 

 

3.6.4 Drucker-Prager criterion 
 

Drucker-Prager failure criterion is the most often used criterion in 

practical applications [109]. It is not only the extended version of von-Mises 
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but also a smoothed version of Mohr-Coulomb criterion. The mathematical 

representation of the criterion is expressed as: 

√𝐽2 + 𝛼𝜙𝐼1 = 𝑘 (3.79) 

where 𝐽2 is the second invariant of deviatoric stress tensor, 𝐼1  is the 

first invariant of stress tensor, 𝛼𝜙 and 𝑘 are material constants which are 

related to 𝜙 and 𝑐. The relationship of material constants to shear strength 

parameters vary in many ways. For instance, if Mohr-Coulomb hexagon 

surface is considered to coincide with Drucker-Prager cone surface along 

the compression meridian (00, point A in Figure 3.12), the material 

constants are expressed as: 

𝛼𝜙 =
2 sin𝜙

√3(3 − sin𝜙)
 𝑎𝑛𝑑  𝑘 =

6𝑐 cos𝜙

√3(3 − sin𝜙)
 

(3.80) 

On the other hand, if Mohr-Coulomb hexagon surface coincides with 

smaller Drucker-Prager cone surface along tension meridian (600, point B 

in Figure 3.12), then the material constants are expressed as: 

𝛼𝜙 =
2 sin𝜙

√3(3 + sin𝜙)
 𝑎𝑛𝑑 𝑘 =

6𝑐 cos𝜙

√3(3 + sin𝜙)
 

(3.81) 

Drucker-Prager failure criterion consists of a smooth surface instead 

of sharp edges as Mohr-Coulomb yield criterion. This feature makes it 

convenient to acquire numerical solutions. Its material constants can be 

easily determined using conventional tri-axial tests. Furthermore, the 

criterion considers the effect of hydrostatic pressure in determining the soil 

strength [109]. Hence, the criterion has been widely applied in geotechnical 

applications [112]. As such, Drucker-Prager yield criterion is selected in 
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the development of SPH constitutive model to simulate the soil material in 

current study.  

 

 

Figure 3.12: Drucker-Prager failure criterion in 2D space [111]. 

 

3.7 Summary 
 

Zone 1 and 2 in Figure 3.13 present the summary of current chapter in the 

form of a flow chart. This is shown by the main categories of ‘SPH basic 

formulation’, ‘total stress tensor’ and ‘failure criterion’. ‘SPH basic 

formulation’ comprised the complete derivation process of SPH 

formulations. This contributed for an in-depth knowledge of the 

formulations for further improvement. Moreover, according to SPH 

formulations, there are various types of smoothing functions. However, 

subsequently to the study on three types of smoothing functions, Cubic-

Spline is selected as shown in Figure 3.13. Thereafter, for completing the 

SPH governing equations in two-dimension, 2D stress tensor is selected as 

shown under the category of ‘total stress tensor’ in Figure 3.13. 
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Figure 3.13: Methodology in flow chart. 

Zone 1 

Zone 2 

Zone 3 
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The chapter further involves an explanation on the selection of 

elastic-perfectly plastic constitutive model. This is shown in Zone 2 of 

Figure 3.13. The derivation of Hook’s law for both plane stress and plane 

strain conditions are mainly focused as these are the key to derive the 

elastic sections of the SPH constitutive models. Moreover, the study 

involves a review on failure criterion. Among the failure criterion, von-

Mises and Drucker-Prager yield criterion are selected as illustrated in 

Figure 3.13. 

All-in-all using the above segments, current study presents the 

development of six SPH constitutive models as shown by Zone 3 in Figure 

3.13. These developed constitutive models are initially examined on 

simulating the stress-strain behaviour of materials under uniaxial 

compression prior to its application to the complex scenario as indicated in 

Figure 3.13. Hence, the development of SPH constitutive models for plane 

stress and plane strain condition and their application to simulate stresses 

and strains in 2D materials under uniaxial compression are presented in 

chapter 4 and 5 respectively. Subsequently, SPH model development 

incorporating the proposed constitutive models to analyse stresses around 

jack-in pile is introduced in chapter 6. 
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Chapter 4                          

Development of smooth particle hy-

drodynamics models for plane 

stress condition 
 

 

4.1 Introduction 
 

Multitude of engineering applications such as bars under compression or 

tension, beams, aircraft wing panels, various components of vehicles, 

machines and thin plates are de-graded from three-dimensional to two-

dimensional (2D) problems and are assumed to be of plane stress condition 

[113]–[116]. Designing of such structures necessitate a complete 

comprehension of its stress and strain response including emphasis to 

plastic behaviour under plane stress condition to external stimuli. This is 

significantly important to create safe engineering structural designs [114], 

[117]. Therefore, constitutive equations under this condition plays a 

pivotal role in providing an in-depth knowledge on stress-strain 

relationship of such desired structures. This is an intensely researched 

sector due to the importance of precise constitutive models for applications 

in solids and structures [103], [118].  

Constitutive models for plane stress problems are of complex 

mathematical formulations and are predominantly solved using finite 
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element method (FEM) in solid mechanics [119]. Marcal and King. [120] 

developed constitutive equation based on FEM applicable for elastic-

perfectly plastic materials for both plane stress and plane strain conditions 

obeying von-Mises yield criterion. Yoshida et al. [121] performed numerical 

simulation using FEM for the development of elastic-perfectly plastic 

constitutive model to study the in-plane stresses and strains for two types 

of steel sheets. Furthermore, Feng et al. [122] derived Drucker-Prager 

yield criterion constitutive relation based on mechanism-based gradient-

dependent plasticity to study the behaviour of pressure-sensitive 

materials. Thereafter, Dharan et al. [123] extended elastic, elastic-plastic 

and fully plastic constitutive equations based on plane stress condition to 

predict fracture in flat plates. Having the above proof, FEM being a grid-

based method has efficiently solved constitutive models in solid mechanics. 

Despite its success, the method inherits several drawbacks. The 

grid-based system limits its application from many complex scenarios due 

to substantial difficulties in simulating certain aspects of the scenarios. It 

has become impossible for the method to accurately simulate free surfaces, 

moving interface, deformable boundaries and excessive deformations. 

Most importantly, stress computation under this method are of reduced 

accuracy due to the presence of their discontinuous property [31], [32], 

[124]. 

Alternatively, SPH possesses several advantages over the 

conventional grid-based method. The Lagrangian nature of the method 

allows to acquire the time history of the particles. Unlike the Eulerian 
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method, the approach naturally simulates material interfaces, free 

surfaces and moving boundaries through suitable arrangement of 

particles. In addition, it innates the potential of dealing with extreme 

deformations. The application of SPH in solid mechanics was initially 

introduced by Libersky and Petscheck. [48]. The authors presented von-

Mises elastic-perfectly plastic constitutive equation in SPH framework to 

model deformation of iron rod under plane strain condition. Subsequently, 

Libersky et al. [49] extended the above 2D elastic-perfectly plastic 

constitutive model to 3D to simulate solid dynamics. Benz and Asphaug. 

[41] implemented fracture into this 3D model to simulate fracture of brittle 

solids. Thereafter, Randles and Libersky. [125] modelled deformation, 

fracture and fragmentation in both 2D and 3D structures utilizing 2D 

plane strain and 3D elastic-perfectly plastic constitutive models 

respectively. Subsequently, utilizing the elastic SPH model, Gray et al. 

[126] studied the dynamic response of 2D elastic solids. Later, the elastic-

perfectly plastic constitutive model introduced by Libersky and Petschek. 

[48] for plane strain condition was modified by Gray and Monaghan. [127] 

by incorporating damage model to simulate fracture around magma 

chambers. Das and Cleary. [128] extended Gray et al. [126] elastic SPH 

model to predict the dynamic fracture in rock under impact. Patiño et al. 

[129] analysed deformations of 2D structures utilizing a visco-plastic 

model and an elastic-perfectly plastic constitutive model under plane 

strain condition. Thereafter, by coupling Drucker-Prager and Grady-Kipp 

constitutive models, Thomas et al. [130] examined fracture in rock 
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materials under plane strain condition. Subsequently, the authors 

simulated fracture in rock by utilizing 2D and 3D elastic SPH models [131]. 

Several constitutive models have been introduced in general SPH 

framework over the years. These models have been developed to analyse 

deformation, fracture and fragmentation of 2D and 3D structures [41], 

[48], [49], [125]–[131]. However, according to literature, constitutive 

equations incorporating plasticity for 2D structures have been mainly 

developed under plane strain condition [48], [125], [127], [129], [130]. Thus, 

it is apparent, the constitutive models involving plasticity are yet to be 

developed under plane stress condition in general SPH framework. 

Furthermore, utilizing these constitutive models incorporating plasticity, 

the standard SPH formulation has not been developed to analyse 

materials’ and structures’ stress-strain behaviour. Hence, due to the 

advanced nature and success of SPH method, it is worth considering the 

development of these constitutive models in general SPH framework for 

the investigation of stress-strain response of 2D structures under plane 

stress condition. 

Therefore, aim of this chapter is to introduce a SPH framework for 

plane stress applications involving plasticity and to deliver an efficient 

numerical tool for structural and mechanical engineers. Perseverance to 

this, it is essential to extend SPH with constitutive models containing 

elasto-plastic, elasto-viscous plastic flow rules. As an initiation to this, the 

chapter presents the development of three constitutive models in SPH 

framework under plane stress conditions. This includes the development 
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of von-Mises elastic-perfectly plastic constitutive model with associated 

flow rule and Drucker-Prager elastic-perfectly plastic constitutive model 

with associated and non-associated flow rule. SPH models are proposed 

comprising these constitutive models for simulating stresses and strains 

in materials under uniaxial compression. The models are constructed by 

developing the SPH programme code using C++ language. In addition, 

OpenGL is incorporated within the programme for providing continuous 

graphical representation of stress distribution in the materials. The results 

are validated with analytical solutions. However, during simulation 

stresses were experienced outside the yield surface. Hence, for eliminating 

the problem further contribution has been made by proposing tension 

cracking treatment and stress-scaling back pressure for both models under 

2D plane stress condition. Furthermore, stress computation is proposed at 

the solid boundary. Materials selected for uniaxial compression are within 

a wider range of Poisson’s ratio. Drucker-Prager model involves the 

hydrostatic component which facilitates its application in pressure 

sensitive dilatant materials. On the other hand, von-Mises is applicable for 

pressure-independent materials. Thus, the proposed constitutive models 

are applied to analyse the stress-strain behaviour of various materials 

within a wide range of Poisson’s ratio allowing us to examine the proposed 

models’ capability for numerous plane stress applications.  
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4.2 Geometrical setup for uniaxial compression 
 

                                                                      

Figure 4.1: Geometrical setup for uniaxial compression. 

 

The geometry of the system considered for the analysis is presented in 

Figure 4.1. The dimensions are 0.038 m and 0.076 m in width and height 

respectively. The model is generated with 200 real particles (10 particles 

along 𝑥 direction and 20 along 𝑦 direction) and 84 boundary particles to 

represent the upper and lower solid boundaries. Smoothing length ℎ is 

chosen to be 0.004 m. The material is loaded by the upper boundary with 

constant velocity 0.001m/s.  

The chapter presents nine computational cases, three cases for each 

proposed constitutive model. The analysis is performed by varying the 

parameters while maintaining the system unchanged as shown in Figure. 

4.1. Parameters considered for each case are listed in Table 4.1. Results 

obtained for each case includes stress-strain response of the system under 

loading. Apart from that, the modelling further comprises presentation of 
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graphical images. This provides the benefit of clear visualisation of vertical 

stress distribution in particles during uniaxial compression. 

 

Table 4.1: Material Parameters. 

 

 

4.3 Development of elastic-perfectly plastic constitutive 

models for 2D plane stress condition 
 

In this section, the development of both Drucker-Prager and von-Mises 

constitutive models for 2D plane stress condition are presented. Initially, 

the derivation of the general elastic-perfectly plastic constitutive equation 

is introduced. Thereafter, the development of these equations with the 

 

 

von-Mises plane stress 

Constitutive model 

Drucker-Prager plane stress 

Constitutive model for both 

non-associated and associated 

flow rule 

 Case 1: 

Berylliu

m alloy 

Case 2: 

Aluminium 

alloy 

Case 3:  

Lead 

alloy 

Case 4, 

7: 

Soil 1 

Case 5, 

8: 

Soil 2 

Case 6, 

9: 

Soil 3 

Bulk 

modulus 

(K) 

139.21 

GPa 

53.04GPa 14.55 

GPa 

70.59 

MPa 

147.86 

MPa 

93.51 

MPa 

Shear 

modulus 

(G) 

109.38 

GPa 

25.54GPa 5.52 

GPa 

52.17 

MPa 

79.62 

MPa 

58.54 

MPa 

Young’s 

modulus 

(E) 

245 

GPa 

68.95GPa 16GPa 120MPa 207 

MPa 

144MPa 

Yield 

stress 

(MPa) 

360 

 

500 33 - - - 

Poisson’s 

ratio  

0.12 0.35 0.45 0.15 0.3 0.23 

Friction 

angle (𝜙) 

- - - 30 30 30 

Cohesion 
(𝑐) 

- - - 69kPa 69kPa 69kPa 

density 2900 2700 11100 1380 1850 1430 
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incorporation of von-Mises and Drucker-Prager yield criterion are included 

in Sections 4.3.1 and 4.3.2 respectively.  

 

Derivation of the general elastic-perfectly plastic constitutive 

equation for 2D plane stress condition: 

The derivation is initiated by substituting Eq. (3.51) in Eq. (3.65) for 

obtaining the following expression for total stress tensor:  

𝑠𝛼𝛽 =
𝐸

1 + 𝑣
𝜀𝛼𝛽 +

𝑣𝐸

(1 + 𝑣)(1 − 𝑣)
𝜀𝛾𝛾𝛿𝛼𝛽 − 𝑃𝛿𝛼𝛽 

(4.1) 

where 𝜀𝛼𝛽 and 𝑠𝛼𝛽 are the total strain tensor and deviatoric shear stress 

tensor respectively. By using the expressions in Eq. (4.2) for 2D plane 

stress condition [132], Eq. (4.1) is rearranged as shown in Eq. (4.3): 

𝐾 =
𝐸

2(1 − 𝑣)
;  𝐺 =

𝐸

2(1 + 𝑣)
 ; 𝑃 = 𝐾𝜀𝛾𝛾 

(4.2) 

𝑠𝛼𝛽 =
𝐸

1 + 𝑣
𝜀𝛼𝛽 +

𝑣𝐸

(1 + 𝑣)(1 − 𝑣)
𝜀𝛾𝛾𝛿𝛼𝛽 −

𝐸

2(1 − 𝑣)
𝜀𝛾𝛾𝛿𝛼𝛽 

(4.3) 

where K and G are bulk and Shear modulus for plane stress condition. 

Furthermore, 𝜀𝛼𝛽 is the summation of deviatoric shear strain tensor (𝑒𝛼𝛽) 

and volumetric strain tensor  (𝜀𝛾𝛾). This is expressed for 2D as [133]: 

𝜀𝛼𝛽 = 𝑒𝛼𝛽 +
1

2
𝜀𝛾𝛾𝛿𝛼𝛽 

(4.4) 

Substituting Eq. (4.4) in Eq. (4.3) leads to: 



87 
 

𝑠𝛼𝛽 =
𝐸

1 + 𝑣
𝑒𝛼𝛽 +

(𝐸 − 𝐸𝑣 + 2𝐸𝑣 − 𝐸 − 𝐸𝑣)

2(1 + 𝑣)(1 − 𝑣)
𝜀𝛾𝛾𝛿𝛼𝛽 

(4.5) 

which simplifies into the expression for deviatoric shear strain tensor as: 

𝑒𝛼𝛽 =
𝑠𝛼𝛽

2𝐺
 

(4.6) 

On the other hand, by substituting the relationship 𝜀𝛾𝛾 =
𝑝

𝐾
=

𝜎𝛾𝛾

2𝐾
 and Eq. 

(4.2) in Eq. (4.4), the volumetric strain tensor is derived as: 

1

2
𝜀𝛾𝛾𝛿𝛼𝛽 = 

(1 − 𝑣)

2𝐸
𝜎𝛾𝛾  𝛿𝛼𝛽 

(4.7) 

Finally, by substituting Eq. (4.6) and Eq. (4.7) in Eq. (4.4), the elastic strain 

rate tensor for 2D plane stress condition is obtained as: 

𝜀𝑒̇
𝛼𝛽
=
𝑠̇𝛼𝛽

2𝐺
+
(1 − 𝑣)

2𝐸
𝜎̇𝛾𝛾  𝛿𝛼𝛽 

(4.8) 

Thereafter, substituting Eq. (4.8) and Eq. (3.75) in Eq. (3.57) derives the 

total strain rate tensor as: 

𝜀̇𝛼𝛽 =
𝑠̇𝛼𝛽

2𝐺
+
(1 − 𝑣)

2𝐸
𝜎̇𝛾𝛾 𝛿𝛼𝛽 + 𝜆̇

𝜕g

𝜕𝜎𝛼𝛽
 

(4.9) 

Using the relationships in Eqs. (3.54), (4.2) and (4.4), Eq. (4.9) is re-written 

as:  

𝜀̇𝛼𝛽 =
𝑠̇𝛼𝛽

2𝐺
+
𝜀̇𝛾𝛾

2
𝛿𝛼𝛽 + 𝜆̇

𝜕g

𝜕𝜎𝛼𝛽
 

(4.10) 

Multiplying Eq. (4.10) by 2𝐺 leads to: 

2𝐺𝜀̇𝛼𝛽 = 𝑠̇𝛼𝛽 + 𝐺𝜀̇𝛾𝛾𝛿𝛼𝛽 + 2𝐺𝜆̇
𝜕g

𝜕𝜎𝛼𝛽
 

(4.11) 
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Substituting Eqs. (4.4) and (3.54) into Eq. (4.11) derives the general elastic-

perfectly plastic constitutive equation for 2D-plane stress condition as: 

𝜎̇𝛼𝛽 = 2𝐺𝑒̇𝛼𝛽 + 𝐾𝜀̇𝛾𝛾𝛿𝛼𝛽 − 𝜆̇ [2𝐺
𝜕g

𝜕𝜎𝛼𝛽
] 

(4.12) 

The general form of rate of change of plastic multiplier  𝜆̇ is derived using 

the relationship in Eq. (3.73) as: 

𝜆̇ =
2𝐺𝜀̇𝛼𝛽

𝜕𝑓
𝜕𝜎𝛼𝛽

+ (𝐾 − 𝐺)𝜀̇𝛾𝛾
𝜕𝑓
𝜕𝜎𝛼𝛽

𝛿𝛼𝛽

2𝐺
𝜕𝑓
𝜕𝜎𝛼𝛽

𝜕g
𝜕𝜎𝛼𝛽

 

(4.13) 

 

where 𝑓 and 𝑔 are the yield function and plastic potential function 

respectively. Furthermore, for stress-strain relations, it is necessary to 

employ the rate of stress which is invariant with respect to the rotation of 

the solid body. As such, Jaumann stress rate is adopted in this study, 

which is expressed as [126]: 

𝜎̇̂𝛼𝛽 = 𝜎̇𝛼𝛽 − 𝜎𝛼𝛾𝜔̇𝛽𝛾 − 𝜎𝛾𝛽𝜔̇𝛼𝛾 (4.14) 

where  𝜔̇𝛼𝛽 is the spin rate tensor and is defined as: 

𝜔̇𝛼𝛽 =
1

2
(
𝜕𝑣𝛼

𝜕𝑥𝛽
−
𝜕𝑣𝛽

𝜕𝑥𝛼
) 

(4.15) 

Finally, by substituting Eq. (4.14) in Eq. (4.12) the final form of general 

elastic-perfectly plastic constitutive equation for 2D plane stress condition 

is proposed in this study as: 

𝜎̇𝛼𝛽 = 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 + 𝐾𝜀̇𝛾𝛾𝛿𝛼𝛽 − 𝜆̇ [2𝐺
𝜕g

𝜕𝜎𝛼𝛽
] 

(4.16) 

where 𝜆̇ is defined by Eq. (4.13). 
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4.3.1 Development of elastic-perfectly plastic constitu-

tive  equation for plane stress condition using von-Mises 

yield criterion 
 

Eq. (4.16) provides the general form of constitutive equation for 2D plane 

stress condition. It is now essential to develop it to suit the yield criterion. 

Therefore, this section proposes the development of the constitutive model 

for von-Mises yield criterion with associated flow rule. 

𝑓 = √𝐽2 −
𝜎𝑦

√3
 (4.17) 

𝐽2 = 
1

3
[𝜎11

2 − 𝜎11𝜎22 + 𝜎22
2 ] + 𝜎12

2  
(4.18) 

Von-Mises yield criterion is defined by Eq. (4.17). In the 

expression,  𝜎𝑦 is the yield stress, and 𝐽2 is the second invariant of 

deviatoric stress tensor. For plane stress condition, 𝐽2 is generally 

expressed by Eq. (4.18) [134]. However, the development of von-Mises 

constitutive model necessitates Eq. (4.18) in terms of 𝑠𝛼𝛽and 𝜎𝛾𝛾. 

Therefore, current study introduces  𝐽2 in terms of 𝑠𝛼𝛽and 𝜎𝛾𝛾 for two-

dimension. The derivation is presented as follows: 

Stress tensor in 2D space could be divided into deviatoric stress tensor and 

hydrostatic stress tensor as expressed by Eq. (3.53). This could be written 

in an alternative form as: 

[
𝜎11 𝜎12
𝜎12 𝜎22

] = [
𝑠11 𝑠12
𝑠12 𝑠22

] + [
𝜎𝑚 0
0 𝜎𝑚

] (4.19) 

where mean stress 𝜎𝑚  =  
𝜎11+𝜎22

 2
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Using the above formulation, Eq. (4.18) is re-written as: 

       𝐽2 = 
1

3
[(𝑠11 + 𝜎𝑚)

2 − (𝑠11 + 𝜎𝑚)(𝑠22 + 𝜎𝑚) + (𝑠22 + 𝜎𝑚)
2] + 𝑠12

2  
(4.19) 

𝐽2 = 
1

3
[(𝑠11)

2 + (𝑠22)
2 + (𝜎𝑚)

2 + (𝑠11𝜎𝑚) + (𝑠22𝜎𝑚) − (𝑠11𝑠22)]

+ 𝑠12
2  

(4.19) 

Simplifying the relationship (𝑠11 + 𝑠22)
2 = 0 leads to: 

(𝑠11)
2 + (𝑠22)

2 = −2𝑠11𝑠22 (4.20) 

Substituting Eq. (4.20) in Eq. (4.19) derives: 

𝐽2 = 
1

2
[(𝑠11)

2 + (𝑠22)
2] + 

1

3
[(𝜎𝑚)

2 + (𝑠11𝜎𝑚) + (𝑠22𝜎𝑚)] + 𝑠12
2  

(4.21) 

Using expression (𝑠11 + 𝑠22) = 0 [135], Eq. (4.21) is derived as: 

𝐽2 = 
1

2
[(𝑠11)

2 + (𝑠22)
2 + 2𝑠12

2 ] + 
(𝜎𝑚)

2

3
 

(4.22) 

Finally, the study introduces Eq. (4.22) in terms of deviatoric stress tensor 

(𝑠𝛼𝛽) and hydrostatic stress tensor (𝜎𝛾𝛾) as: 

𝐽2 = 
1

2
𝑠𝛼𝛽𝑠𝛼𝛽 +

1

12
 (𝜎𝛾𝛾)

2
 

(4.23) 

where  𝜎𝛾𝛾 = 𝜎11 + 𝜎22, and 𝛼 and 𝛽 denote 𝑥 and 𝑦 coordinate directions. 

In addition to above, for the completion of stress-strain relationship, 

it is essential to define the plastic potential function. Von-Mises plastic 

potential function for associated flow rule is equivalent to its yield function. 

This is expressed as: 
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𝑔 = √𝐽2 −
𝜎𝑦

√3
 (4.24) 

𝜕𝑓

𝜕𝜎𝛼𝛽
 and 

𝜕𝑔

𝜕𝜎𝛼𝛽
 for von-Mises yield criterion is: 

𝜕𝑓

𝜕𝜎𝛼𝛽
= 𝑠𝛼𝛽;   

𝜕𝑔

𝜕𝜎𝛼𝛽
= 𝑠𝛼𝛽 

(4.25) 

In present study, by substituting Eq. (4.25) in Eq. (4.16), von-Mises 

constitutive equation with associated flow rule is derived under plane 

stress condition as: 

𝜎̇𝛼𝛽 = 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 + 𝐾𝜀̇𝛾𝛾𝛿𝛼𝛽 − 𝜆̇[2𝐺𝑠𝛼𝛽] (4.26) 

Furthermore, by substituting Eq. (4.25) in Eq. (4.13), 𝜆̇ is obtained as: 

𝜆̇ =  
2𝐺𝑒̇𝛼𝛽𝑠𝛼𝛽 +  𝐾𝜀̇𝛾𝛾𝛿𝛼𝛽𝑠𝛼𝛽

2𝐺𝑠𝛼𝛽𝑠𝛼𝛽
 

(4.27) 

Thereafter, by using the relationship 𝑠𝛼𝛽𝛿𝛼𝛽= 0 and Eq. (4.23) in Eq. (4.27), 

𝜆̇ is derived as: 

𝜆̇ =  
𝑒̇𝛼𝛽𝑠𝛼𝛽

2 (
𝜎𝑦2

3 −
1
12
(𝜎𝛾𝛾)2)

 
(4.28) 

 

Finally, the ultimate form of von-Mises constitutive equation for plane 

stress condition is proposed in SPH framework as:  

𝐷𝜎𝑖
𝛼𝛽

𝐷𝑡
= 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 + 𝐾𝜀̇𝛾𝛾𝛿𝛼𝛽 − 𝜆̇[𝐺𝑠𝛼𝛽] 

(4.29) 

𝜆̇ =  
𝑒̇𝛼𝛽𝑠𝛼𝛽

(
𝜎𝑦2

3 −
1
12
(𝜎𝛾𝛾)2)
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Von-Mises failure criterion ignores the effect of hydrostatic pressure 

[108]. Hence, the developed model is applicable for pressure insensitive 

materials. Furthermore, pressure insensitive materials such as metals and 

metal structures are more suitable to be modelled using associated flow 

rule [136]. Therefore, the proposed constitutive model is applicable for 

modelling plane stress pressure independent materials such as metals and 

metal structures. Most importantly, the developed model could be utilized 

for clear understanding of their internal stresses and strains under applied 

loads. 

 

4.3.2 Development of elastic-perfectly plastic 

constitutive equation for plane stress condition using 

Drucker-Prager yield criterion 
 

In this section, Eqs. (4.16) and (4.13) are further derived incorporating 

Drucker-Prager yield criterion under plane stress condition for both non-

associated and associated flow rule. To begin with, the mathematical 

representation of the yield criterion is expressed as: 

𝑓 = √𝐽2 + 𝛼𝜙𝐼1 − 𝑘 (4.30) 

where  𝐽2 is the second invariant of deviatoric stress tensor expressed by 

Eq. (4.23) and 𝐼1 is the first invariant of two-dimensional stress tensor, 

which is defined as: 

  𝐼1 = 𝜎
𝑥𝑥 + 𝜎𝑦𝑦 (4.31) 

𝛼𝜙 and 𝑘 are Drucker-Prager constants expressed by Eq. (3.80) [111]: 
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4.3.2.1 Derivation of 2D-plane stress constitutive model 

for Drucker-Prager yield criterion with non-associated 

flow rule  
 

The plastic potential function for non-associated flow rule varies from its 

yield function as: 

𝑔 =  √𝐽2 + 3𝐼1𝑠𝑖𝑛𝜓 (4.32) 

where 𝜓 is the dilatancy angle, which is considered to be zero. This 

specifies that there will be absence of plastic volumetric deformations. 

Furthermore, for completing Eqs. (4.16) and (4.13), 
𝜕𝑓

𝜕𝜎𝛼𝛽
 and  

𝜕𝑔

𝜕𝜎𝛼𝛽
 for 

Drucker-Prager yield criterion with non-associated flow rule are defined 

as: 

𝜕𝑓

𝜕𝜎𝛼𝛽
= 𝛼𝜙𝛿

𝛼𝛽 + 
𝑠𝛼𝛽

2√𝐽2
;   𝑎𝑛𝑑 

𝜕𝑔

𝜕𝜎𝛼𝛽
=  3𝑠𝑖𝑛𝜓𝛿𝛼𝛽 +

𝑠𝛼𝛽

2√𝐽2
 

(4.33) 

 

In present study, by substituting Eq. (4.33) in Eq. (4.16), Drucker-Prager 

stress-strain relationship for plane stress condition with non-associated 

flow rule is derived as: 

𝜎̇𝛼𝛽 = 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 + 𝐾𝜀̇𝛾𝛾𝛿𝛼𝛽

− 𝜆̇ [6𝐺𝑠𝑖𝑛𝜓𝛿𝛼𝛽 + 
𝐺

√𝐽2
𝑠𝛼𝛽] 

(4.34) 

Similarly, by substituting Eq. (4.33) in Eq. (4.13), 𝜆̇ is obtained as: 

𝜆̇ =  

2𝐺𝑒̇𝛼𝛽 (𝛼𝜙𝛿
𝛼𝛽 + 

𝑠𝛼𝛽

2√𝐽2
) + 𝐾𝜀̇𝛾𝛾𝛿𝛼𝛽 (𝛼𝜙𝛿

𝛼𝛽 + 
𝑠𝛼𝛽

2√𝐽2
)

2𝐺 (𝛼𝜙𝛿𝛼𝛽 + 
𝑠𝛼𝛽

2√𝐽2
)(3𝑠𝑖𝑛𝜓𝛿𝛼𝛽 +

𝑠𝛼𝛽

2√𝐽2
)

 

(4.35) 
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Thereafter, by utilizing the expressions 𝑠𝛼𝛽𝛿𝛼𝛽= 0, 𝛿𝛼𝛽𝛿𝛼𝛽 = 2 and Eq. 

(4.23), Eq. (4.35) is simplified as: 

𝜆̇ =

2𝛼𝜙𝐾𝜀̇
𝛾𝛾 +

𝐺

√𝐽2
𝑠𝛼𝛽𝜀̇𝛼𝛽

12𝐺𝛼𝜙𝑠𝑖𝑛𝜓 + 𝐺 (
[𝐽2 −

(𝐼1)2

12 ]

𝐽2
)

 

(4.36) 

Finally, the ultimate form of Drucker-Prager constitutive equation with 

non-associated flow rule for plane stress condition is proposed in SPH 

framework as:  

𝐷𝜎𝑖
𝛼𝛽

𝐷𝑡
= 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 +𝐾𝜀̇𝛾𝛾𝛿𝛼𝛽

− 𝜆̇ [6𝐺𝑠𝑖𝑛𝜓𝛿𝛼𝛽 + 
𝐺

√𝐽2
𝑠𝛼𝛽] 

(4.37) 

 

𝜆̇ =

2𝛼𝜙𝐾𝜀̇
𝛾𝛾 +

𝐺

√𝐽2
𝑠𝛼𝛽𝜀̇𝛼𝛽

12𝐺𝛼𝜙𝑠𝑖𝑛𝜓 + 𝐺 (
[𝐽2 −

(𝐼1)2

12 ]

𝐽2
)

 

 

 

4.3.2.2 Derivation of 2D-plane stress constitutive model 

for Drucker-Prager yield criterion with associated flow 

rule  
 

The plastic potential function for associated flow rule is identical to the 

yield function of the criterion which is expressed as: 

𝑔 =  √𝐽2 + 𝛼𝜙𝐼1 − 𝑘 (4.38) 
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For completing Eqs. (4.16) and (4.13), 
𝜕𝑓

𝜕𝜎𝛼𝛽
 and  

𝜕𝑔

𝜕𝜎𝛼𝛽
 for Drucker-Prager 

yield criterion with associated flow rule are defined as: 

𝜕𝑓

𝜕𝜎𝛼𝛽
= 𝛼𝜙𝛿

𝛼𝛽 + 
𝑠𝛼𝛽

2√𝐽2
;   𝑎𝑛𝑑 

𝜕𝑔

𝜕𝜎𝛼𝛽
= 𝛼𝜙𝛿

𝛼𝛽 + 
𝑠𝛼𝛽

2√𝐽2
 

(4.39) 

By substituting Eq. (4.39) in Eq. (4.16), the stress-strain relationship for 

Drucker-Prager elastic-perfectly plastic model with associated flow rule is 

obtained as: 

𝜎̇𝛼𝛽 = 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 + 𝐾𝜀̇𝛾𝛾𝛿𝛼𝛽

− 𝜆̇ [2𝐺𝛼𝜙𝛿
𝛼𝛽 + 

𝐺

√𝐽2
𝑠𝛼𝛽] 

(4.40) 

Substituting Eq. (4.39) in Eq. (4.13) derives 𝜆̇ as: 

𝜆̇ =  

2𝐺𝑒̇𝛼𝛽 (𝛼𝜙𝛿
𝛼𝛽 + 

𝑠𝛼𝛽

2√𝐽2
) + 𝐾𝜀̇𝛾𝛾𝛿𝛼𝛽 (𝛼𝜙𝛿

𝛼𝛽 + 
𝑠𝛼𝛽

2√𝐽2
)

2𝐺 (𝛼𝜙𝛿𝛼𝛽 + 
𝑠𝛼𝛽

2√𝐽2
)(𝛼𝜙𝛿𝛼𝛽 + 

𝑠𝛼𝛽

2√𝐽2
)

 

(4.41) 

Using the expressions 𝑠𝑝𝑎𝛿𝑝𝑎= 0, 𝛿𝑝𝑎𝛿𝑝𝑎 = 2 and Eq. (4.23), 𝜆̇ is simplified 

as: 

𝜆̇ =

2𝛼𝜙𝐾𝜀̇
𝛾𝛾 +

𝐺

√𝐽2
𝑠𝛼𝛽𝜀̇𝛼𝛽

4𝐺𝛼𝜙2 + 𝐺 (
[𝐽2 −

(𝐼1)2

12 ]

𝐽2
)

 

 

(4.42) 

Finally, the ultimate form of Drucker-Prager constitutive equation with 

associated flow rule for plane stress condition is proposed in SPH 

framework as:  
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𝐷𝜎𝑖
𝛼𝛽

𝐷𝑡
= 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 +𝐾𝜀̇𝛾𝛾𝛿𝛼𝛽

− 𝜆̇ [2𝐺𝛼𝜙𝛿
𝛼𝛽 + 

𝐺

√𝐽2
𝑠𝛼𝛽] 

(4.43) 

𝜆̇ =

2𝛼𝜙𝐾𝜀̇
𝛾𝛾 +

𝐺

√𝐽2
𝑠𝛼𝛽𝜀̇𝛼𝛽

4𝐺𝛼𝜙2 + 𝐺 (
[𝐽2 −

(𝐼1)2

12 ]

𝐽2
)

 

 

Drucker-Prager yield criterion comprises hydrostatic pressure. 

Hence is appropriate for pressure dependent dilatant materials. Therefore, 

the developed stress-strain relationships in SPH framework for both 

associated and non-associated flow rules are applicable for investigating 

the behaviour of pressure sensitive dilatant plane stress materials and 

structures.  

 

4.4 SPH governing equations for 2D compression 
 

The continuity equation and momentum equation presented by Eqs. (3.45) 

and (3.49) are employed in this study. In addition, for completing these 

governing equations, the proposed constitutive models presented in section 

4.3 are adopted and are summarized as follows:  

von-Mises constitutive equation with associated flow rule: 

𝐷𝜎𝑖
𝛼𝛽

𝐷𝑡
= 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 + 𝐾𝜀̇𝛾𝛾𝛿𝛼𝛽 − 𝜆̇[𝐺𝑠𝛼𝛽] 

(4.44) 

𝜆̇ =  
𝑒̇𝛼𝛽𝑠𝛼𝛽

(
𝜎𝑦2

3 −
1
12
(𝜎𝛾𝛾)2)
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Drucker-Prager constitutive equation with non-associated flow rule: 

𝐷𝜎𝑖
𝛼𝛽

𝐷𝑡
= 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 +𝐾𝜀̇𝛾𝛾𝛿𝛼𝛽

− 𝜆̇ [6𝐺𝑠𝑖𝑛𝜓𝛿𝛼𝛽 + 
𝐺

√𝐽2
𝑠𝛼𝛽] 

(4.45) 

𝜆̇ =

2𝛼𝜙𝐾𝜀̇
𝛾𝛾 +

𝐺

√𝐽2
𝑠𝛼𝛽𝜀̇𝛼𝛽

12𝐺𝛼𝜙𝑠𝑖𝑛𝜓 + 𝐺 (
[𝐽2 −

(𝐼1)2

12 ]

𝐽2
)

 

 

Drucker-Prager constitutive equation with associated flow rule: 

Furthermore, to complete the above equations, strain and spin rate tensors 

in SPH framework are as follows [125]: 

𝜀̇𝛼𝛽 = 
1

2
(
𝜕𝑣𝛼

𝜕𝑥𝛽
+
𝜕𝑣𝛽

𝜕𝑥𝛼
)

=
1

2
[∑

𝑚𝑗

𝜌𝑗
(𝑣𝑗

𝛼 − 𝑣𝑖
𝛼)
𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽
+∑

𝑚𝑗

𝜌𝑗
(𝑣𝑗

𝛽
− 𝑣𝑖

𝛽
)
𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛼

𝑁

𝑗=1

𝑁

𝑗=1

] 

(4.47) 

𝜔̇𝛼𝛽 = 
1

2
(
𝜕𝑣𝛼

𝜕𝑥𝛽
−
𝜕𝑣𝛽

𝜕𝑥𝛼
)

=
1

2
[∑

𝑚𝑗

𝜌𝑗
(𝑣𝑗

𝛼 − 𝑣𝑖
𝛼)
𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽
−∑

𝑚𝑗

𝜌𝑗
(𝑣𝑗

𝛽
− 𝑣𝑖

𝛽
)
𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛼

𝑁

𝑗=1

𝑁

𝑗=1

] 

(4.48) 

𝐷𝜎𝑖
𝛼𝛽

𝐷𝑡
= 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 +𝐾𝜀̇𝛾𝛾𝛿𝛼𝛽

− 𝜆̇ [2𝐺𝛼𝜙𝛿
𝛼𝛽 + 

𝐺

√𝐽2
𝑠𝛼𝛽] 

(4.46) 

𝜆̇ =

2𝛼𝜙𝐾𝜀̇
𝛾𝛾 +

𝐺

√𝐽2
𝑠𝛼𝛽𝜀̇𝛼𝛽

4𝐺𝛼𝜙2 + 𝐺 (
[𝐽2 −

(𝐼1)2

12 ]

𝐽2
)
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4.5 Problems in SPH and solving techniques 
 

Even though SPH is an accurate and successful numerical method it 

inherits problems such as unphysical oscillation, clumping of particles and 

tensile instability. Several authors have introduced various methods to 

overcome such issues during the simulation. Similarly, problems such as 

unphysical oscillations and stresses outside the yield function were 

encountered during the modelling of uniaxial compression using the 

developed models. However, the problem of unphysical oscillation was 

solved by adopting artificial viscosity. In addition, present study proposes 

tension cracking treatment and stress-scaling back pressure for plane 

stress condition. This treatment is employed for preventing stresses 

outside the yield surface.  

Hence, in addition to artificial viscosity current section presents the 

development of tension cracking treatment for both von-Mises and 

Drucker-Prager yield criterion for 2D-plane stress condition.    

 

4.5.1 Artificial viscosity 
 

Artificial viscosity was initially discovered by VonNeumann and 

Richtmyer. [137] for simulating shockwaves. Thereafter, Monaghan and 

Gingold. [138], Monaghan and Pongracic. [139] developed an alternative 

approach of artificial viscosity.  Subsequently, many have been researching 

and introducing new methods of artificial viscosity [140], [141]. However, 
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among them the most widely used method, Monaghan’s artificial viscosity 

is employed in this study [138], [139]. There were unphysical oscillations 

in the numerical simulation. This occurs due to failure in smearing the 

shocks on a length scale greater than the discretization region. Such 

problem is eliminated by introducing artificial viscosity into the 

momentum equation as [138]: 

𝐷𝑣𝛼

𝐷𝑡
=∑ 𝑚𝑗 (

𝜎𝑗
𝛼𝛽

𝜌𝑗
2 +

𝜎𝑖
𝛼𝛽

𝜌𝑖
2 − Π𝑖𝑗𝛿

𝛼𝛽)

𝑁

𝑗=1

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽
+ 𝐹𝛼 

(4.49) 

 

where  (Π𝑖𝑗) is artificial viscosity and is defined as: 

Π𝑖𝑗 = {

−𝛼Πc𝑖𝑗𝜙𝑖𝑗 + 𝛽Π𝜙
2  

𝜌𝑖𝑗
𝑖𝑓 ( (𝑣𝑗 − 𝑣𝑖) ⋅ (𝑥𝑗 − 𝑥𝑖)) < 0 

0                                 𝑖𝑓   ( (𝑣𝑗 − 𝑣𝑖) ⋅ (𝑥𝑗 − 𝑥𝑖)) ≥ 0

 

        

 

 

𝜙𝑖𝑗 = 
ℎ𝑖𝑗 ( (𝑣𝑗 − 𝑣𝑖) ⋅ (𝑥𝑗 − 𝑥𝑖))

|𝑥𝑖𝑗|
2
+ 0.01ℎ𝑖𝑗

2
 ,     ℎ𝑖𝑗 = 

ℎ𝑖 + ℎ𝑗

2
,

𝜌𝑖𝑗 = 
𝜌𝑖 + 𝜌𝑗

2
, 𝑐𝑖𝑗 = 

𝑐𝑖 + 𝑐𝑗

2
 

 

where 𝛼Π and 𝛽Π are constants related to bulk viscosity and von-Newman-

Richtmyer artificial viscosity. Libersky et al. [49] proposed 2.5 for both 

constants for modelling solids. Alternatively, Monaghan. [84] employed 

𝛼Π = 1 and  𝛽Π = 2 and suggested values closer to 1 for best solutions. As 

such, in present study 𝛼Π = 𝛽Π = 1.0 is employed. 𝑐  is the speed of sound 

in the material. The values of 𝑐 considered for beryllium alloy, aluminium 

alloy, lead alloy and soil are considered to be 13000 m/s, 5100 m/s, 1260 

m/s and 600 m/s respectively. 
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4.5.2 Development of tension cracking treatment and 

stress scaling backpressure for plane stress condition 
 

It is necessary to ensure elastic-perfectly plastic response when both 

constitutive models are employed for current plane stress application. To 

elaborate further, the stress state should not exceed the yield surface 

during the plastic deformation. The problem existed for both constitutive 

models during simulation. Such instability is solvable using tension 

cracking treatment and stress scaling back pressure [142]. For instance, 

point A in Figure 4.2 indicates a point beyond −2σy of the yield surface. 

The process of re-allocating it to point B is identified as tension cracking 

treatment. Furthermore, point C in Figure 4.2 shows the point which is 

beyond the yield surface along √𝐽2 direction. The process of re-allocating it 

to point D is recognized as stress scaling back pressure. Hence, in this 

study both tension cracking treatment and stress scaling back pressure for 

plane stress condition is introduced for both von-Mises and Drucker-

Prager models as follows: 

 

4.5.2.1 Development of treatments for von-Mises yield 

criterion  
 

Using Eq. (4.23), Eq. (4.17) is expressed for plane stress as: 

√
1

2
(𝑠𝛼𝛽𝑠𝛼𝛽) + 

1

12
(𝜎𝛾𝛾)2 = 

𝜎𝑦

√3
 

(4.50) 
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Using  𝐼1 = 𝜎
𝑥𝑥 + 𝜎𝑦𝑦 = 𝜎𝛾𝛾, Eq. (4.50) is re-written as: 

√
1

2
(𝑠𝛼𝛽𝑠𝛼𝛽) + 

1

12
 𝐼1
2 = 

𝜎𝑦

√3
 

(4.51) 

 

To obtain √𝐽2 against  𝐼1 plot as presented in Figure 4.2, considering  𝐽2 =

 
1

2
(𝑠𝛼𝛽𝑠𝛼𝛽), Eq. (4.51) is expressed as: 

√𝐽2 = √−
1

12
 𝐼1
2 + 

𝜎𝑦2

3
 

(4.52) 

 

 

Figure 4.2: Tension cracking treatment and Stress-scaling back pressure for von-Mises 

yield criterion. 

 

Point A in Figure 4.2 satisfies the condition (𝐼1
𝑡 < − 2𝜎𝑦) under 

compression at time-step 𝑡. In such situation, normal stresses in  𝑥 and 𝑦 

directions require to be adjusted to lie within the yield surface which is 

indicated by point B in Figure 4.2. This is achieved via adopting 

expressions (4.53) and (4.54) in the simulation. 
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 𝜎𝑡
𝑥𝑥  ̃ =   𝜎𝑡

𝑥𝑥 − 
1

2
(𝐼1
𝑡 − (−2𝜎𝑦)) 

(4.53) 

 𝜎𝑡
𝑦𝑦
 ̃ =   𝜎𝑡

𝑦𝑦
− 
1

2
(𝐼1
𝑡 − (−2𝜎𝑦)) 

(4.54) 

On the other hand, if point A satisfies the condition (𝐼1
𝑡 > 2𝜎𝑦) under 

tension at time-step t, then instead of using expressions (4.53) and (4.54), 

(4.55) and (4.56) are employed. 

 𝜎𝑡
𝑥𝑥  ̃ =   𝜎𝑡

𝑥𝑥 − 
1

2
(𝐼1
𝑡 − 2𝜎𝑦) 

(4.55) 

 𝜎𝑡
𝑦𝑦
 ̃ =   𝜎𝑡

𝑦𝑦
− 
1

2
(𝐼1
𝑡 − 2𝜎𝑦) 

(4.56) 

Furthermore, if a stress state similar to point C as indicated in 

Figure 4.2 occurs satisfying the condition described in Eq. (4.57), stress 

scaling back pressure should be adopted, which is for plane stress (2D) is 

proposed from Eq. (4.58) to (4.61). 

√ 𝐽2
𝑡 > √−

1

12
( 𝐼1

𝑡)2 + 
𝜎𝑦2

3
 

(4.57) 

 

To transfer point from C to D, scaling factor at time-step t: 𝑠𝑓𝑣𝑚
𝑡  is 

employed, which is described as: 

𝑠𝑓𝑣𝑚
𝑡 = 

√−
1
12
( 𝐼1

𝑡)2 + 
𝜎𝑦2

3

√ 𝐽2
𝑡

 

(4.58) 

 

By reducing the deviatoric stress component in proportion to 𝑠𝑓𝑣𝑚
𝑡 , 

point C is re-allocated to point D along √𝐽2 direction. This is expressed as 

follows: 
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 𝜎𝑡
𝑥𝑥  ̃ =    𝑠𝑓𝑣𝑚

𝑡 𝑠𝑡
𝑥𝑥 + 

1

2
𝐼1
𝑡 

(4.59) 

 𝜎𝑡
𝑦𝑦
 ̃ =    𝑠𝑓𝑣𝑚

𝑡 𝑠𝑡
𝑦𝑦
+ 
1

2
𝐼1
𝑡 

(4.60) 

 𝜎𝑡
𝑥𝑦
 ̃ =    𝑠𝑓𝑣𝑚

𝑡 𝑠𝑡
𝑥𝑦

 (4.61) 

where  𝐼1
𝑡 =  𝜎𝑡

𝑥𝑥 +  𝜎𝑡
𝑦𝑦

 

 

4.5.2.2 Development of treatments for Drucker-Prager 

yield criterion 
 

 

Figure 4.3: Tension cracking treatment and Stress-scaling back pressure for von-Mises 

yield criterion. 

 

Using Eq. (4.23) and expression  𝐼1 = 𝜎𝑥𝑥 + 𝜎𝑦𝑦 = 𝜎𝛾𝛾, Eq. (4.30) is written 

for plane stress as: 

√
1

2
(𝑠𝛼𝛽𝑠𝛼𝛽) + 

1

12
 𝐼1
2 = −𝛼𝜙𝐼1 + 𝑘𝑐 

(4.62) 
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In order to achieve √𝐽2 against  𝐼1 plot as shown in Figure 4.3, using 

expression  𝐽2 =  
1

2
(𝑠𝛼𝛽𝑠𝛼𝛽), Eq. (4.62) is expressed as: 

√𝐽2 = √(𝛼2 −
1

12
)  𝐼1 2 − (2𝛼𝑘𝑐) 𝐼1  + 𝑘𝑐

2
 

(4.63) 

 

where expressions for 𝑎 in Figure 4.3 are as follows: 

𝑎1 = 
𝑘𝑐(2√3𝛼 + 1)

2√3(𝛼2 −
1
12)

 ,       𝑎2 = 
𝑘𝑐(2√3𝛼 − 1)

2√3 (𝛼2 −
1
12)

 
(4.64) 

If 𝑎1 > 0, 𝑎1 = +𝑎 else 𝑎1 = −𝑎 and if 𝑎2 > 0, 𝑎2 = +𝑎 else 𝑎2 = −𝑎. 

Hence, 𝑎1 and 𝑎2 whether it is positive or negative depends on the value 

of 𝛼, and 𝛼 depends on friction angle of the material. If point E in Figure 

4.3 satisfies the condition (𝐼1
𝑡 < −𝑎) under compression at time-step 𝑡, 

point E should be moved to point F within the yield surface. Therefore, 

similar to von-Mises, this is achieved via following expressions: 

 𝜎𝑡
𝑥𝑥  ̃ =   𝜎𝑡

𝑥𝑥 − 
1

2
(𝐼1
𝑡 − (−𝑎)) 

(4.65) 

 𝜎𝑡
𝑦𝑦
 ̃ =   𝜎𝑡

𝑦𝑦
− 
1

2
(𝐼1
𝑡 − (−𝑎)) 

(4.66) 

Likewise, if point E satisfies condition (𝐼1
𝑡 >  𝑎) under tension at 

time-step t, then Eqs. (4.67) and (4.68) are employed instead of Eqs. (4.65) 

and (4.66). 

 𝜎𝑡
𝑥𝑥  ̃ =   𝜎𝑡

𝑥𝑥 − 
1

2
(𝐼1
𝑡 −  𝑎) 

(4.67) 

 𝜎𝑡
𝑦𝑦
 ̃ =   𝜎𝑡

𝑦𝑦
− 
1

2
(𝐼1
𝑡 −  𝑎) 

(4.68) 
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Furthermore, if a stress state similar to G in Figure. 3.3 befalls 

satisfying the condition in Eq. (4.69), stress scaling back pressure should 

be employed to transfer the point from G to H as presented in Figure 4.3. 

This is achieved through scaling factor 𝑠𝑓𝑑𝑝
𝑡  at time-step 𝑡 which is for plane 

stress (2D) is proposed in Eq. (4.70). 

√ 𝐽2
𝑡 > √(∝2−

1

12
) (𝐼1

𝑡)2 − (2𝛼𝑘𝑐)𝐼1
𝑡 + 𝑘𝑐

2
 

(4.69) 

𝑠𝑓𝑑𝑝
𝑡 = 

√(∝2−
1
12) (𝐼1

𝑡)2 − (2𝛼𝑘𝑐)𝐼1
𝑡 + 𝑘𝑐

2

√ 𝐽2
𝑡

 

(4.70) 

By reducing the deviatoric stress component in proportion to 𝑠𝑓𝑑𝑝
𝑡  at 

time-step 𝑡, point G is reduced to point H along √𝐽2 direction. This is 

achieved by adopting Eqs. (4.59) to (4.61) by replacing 𝑠𝑓𝑣𝑚
𝑡  by 𝑠𝑓𝑑𝑝

𝑡 . 

 

4.6 Boundary conditions 
 

Particles at the solid boundary lack neighbouring particles. SPH particle’s 

material properties rely cardinally over the neighbourhood. Therefore, 

approximation of variables for these particles near the solid boundary 

becomes inaccurate leading to imprecise solutions. Thus, it is crucial to 

utilize an approach which minimises such errors in the physical behaviour 

[143]. Several methods have been introduced in the past and are commonly 

solved using virtual particles [144]–[146]. As such, virtual particles are 

adopted in current study for the solid boundaries.  
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For current application, two types of solid boundaries are employed 

which are fixed boundary and moving solid boundary. Both boundaries are 

generated using three rows of virtual particles at the upper and lower 

boundaries. Green particles in Figures 4.4a and 4.4b represent the fixed 

solid boundary at the lower end and moving solid boundary at the top end 

respectively. Each particle at the solid boundary is spaced similar to that 

of real particle and contains the same density as real particle. As stated by 

Morris et al. [145], boundary particles contribute to the computation of 

stress and velocity gradients. However, density of boundary particles is not 

evolved in current study. Morris et al. [145] proposed a method for no-slip 

boundary condition. This is adopted for fixed solid boundary particles. 

Under this approach, for every real particle R as shown in Figure 4.4a, 

normal distance 𝑑𝑟 is calculated from the solid wall. Similarly, normal 

distance 𝑑𝑣 is computed for imaginary boundary particles. Finally, 

artificial velocity of virtual particle V is computed using the following 

expression, assuming zero velocity on the plane: 

𝑣𝑉 = − (
𝑑𝑣

𝑑𝑟
) 𝑣𝑅 

(4.71) 

where 𝑣𝑅 is the velocity of real particle. Velocity 𝑣𝑉 contributes to 

the calculation of velocity gradient of real particles on or near the solid 

boundary. These boundary particles’ positions are not updated as they are 

assumed to be fixed. However, relative velocity between the real and 

imaginary particle is defined by: 
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𝑣𝑅𝑉 =  𝛽(𝑣𝑅) (4.72) 

where 

𝛽 = min (𝛽𝑚𝑎𝑥, 1 + 
𝑑𝑣

𝑑𝑟
) 

(4.73) 

  

Figure 4.4: Boundary particles: (a) solid boundary; (b) moving solid boundary. 

 

 As proposed by Morris et al. [145] 𝛽𝑚𝑎𝑥 is adopted to be 1.5. 

Furthermore, for moving solid boundary, loading velocity of 0.001m/s is 

assigned for every imaginary particle. Positions of these particles are 

updated at every time-step according to the constant loading velocity in 

the simulation. This velocity of moving solid boundary particles contribute 

to the computation of velocity gradient of real particles.  

Furthermore, Morris et al. [145] treatment alone was insufficient for 

handling the boundary condition for current application. During 

simulation, penetration of particles was observed through the solid 

boundaries. Moreover, it is also essential to assign stress to solid boundary 

particles for the estimation of stress on real particles. As such, Eq. (4.74) 
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is proposed in this study based on the assumption of opposing the real 

particle movement through the boundary by the assignment of stress to 

solid boundary particles. The way of assigning stress on boundary particle 

(V) is explained as follows. Firstly, for a boundary particle (V) stresses on 

its neighbouring real particles (R) are summed. Dividing this summed 

value by niac (total number of neighbouring real particles within the 

support domain) provides the average stress of real particles. Finally, the 

negative value of this averaged stress is assigned to the boundary particle 

(V). Through this formulation each particle at the solid boundary opposes 

the stresses from its nearing real particles.  

𝜎𝑉
𝛼𝛽
   = −

∑  𝜎𝑅
𝛼𝛽
 𝑁

𝑅=1

𝑛𝑖𝑎𝑐
 

(4.74) 

where 𝜎𝑅
𝛼𝛽

is the stress on real particle and 𝜎𝑉
𝛼𝛽
 is the stress on 

boundary particle. In addition, XSPH correction term introduced by 

Monaghan. [147] is adopted with  𝜀 = 0.5  to minimise the unphysical 

penetration of particles. 

 

4.7 Time integration 
 

To solve the SPH governing equations the most popular scheme Leap-Frog 

(LF) method is employed to integrate the field variables such as density, 

velocity, stress and particle position for every particle in the system [77]. 

Based on this method the field variables are updated at every time-step 

according to the following relationships: 
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𝜌
𝑡+(

1
2
)
= 𝜌

𝑡−(
1
2
)
+ ∆𝑡 (

𝐷𝜌

𝐷𝑡
)
𝑡
 

(4.75) 

𝑣
𝑡+(

1
2
)
= 𝑣

𝑡−(
1
2
)
+ ∆𝑡 (

𝐷𝑣

𝐷𝑡
)
𝑡
 

(4.76) 

𝑥𝑡+1 = 𝑥𝑡 + ∆𝑡𝑣𝑡+(1
2
)
 (4.77) 

𝜎
𝑡+(

1
2
)
= 𝜎

𝑡−(
1
2
)
+ ∆𝑡 (

𝐷𝜎𝛼𝛽

𝐷𝑡
)
𝑡

 
(4.78) 

Furthermore, under this method to determine the value of  ∆𝑡, 

Courant-Friedrichs-Levy condition is employed, which is defined by the 

following expression: 

∆𝑡 ≤  𝐶𝑐𝑜𝑢𝑟
ℎ

𝑐
 

(4.79) 

where ℎ is the smoothing legth, 𝑐 is the speed of sound through the 

media and 𝐶𝑐𝑜𝑢𝑟  is considered to be 0.2. Speed of sound through solids are 

large which results in extremely small value of time-step (∆𝑡). This 

consequently steered to capture clear details of changes in stresses and 

strains in the system.  

 

4.8 Flow chart for uniaxial compression 
 

SPH model is developed comprising each constitutive model for analysing 

stresses and strains in materials under uniaxial compression. The SPH 

algorithm proposed for each numerical model is similar except for the 

constitutive model employed. Therefore, the algorithm adopted in present 
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chapter for the development of SPH models for simulating uniaxial 

compression is presented by Figure 4.5. 

 

 

Figure 4.5: SPH algorithm for uniaxial compression. 

 

As shown in Figure 4.5, the algorithm begins with the initialization 

of particles’ physical properties and positions. Subsequently, particles in 

the system searches its neighbouring pairs. This is followed by the 

computation of field variables such as density and internal forces. 

Subsequently to the adoption of artificial viscosity, stress and strain of 

every particle are calculated with means of the proposed constitutive 

models. Thereafter, following the momentum calculation, physical 

properties are updated. If the updated values of stresses fall beyond the 



111 
 

yield surface the proposed treatments for plane stress condition are 

activated for eliminating the incorrect modelling of the physics. Finally, 

the updated particle positions and vertical stress distribution are not only 

stored on data files but also made visually available at every time-step 

using OpenGL. As illustrated in Figure 4.5, this loop is repeated until the 

final step of the programme is achieved.  

The programme is written in C++ language incorporating 

appropriate programme commands to create an OpenGL window. The 

complete programme is executed using command prompt (DOS) in 

Windows Operating System. 

 

4.9 Results  
 

Numerical simulation is conducted on six types of materials as shown in 

Table 4.1. The developed SPH model with von-Mises constitutive equation 

is used to simulate stresses and strains in three types of pressure 

insensitive materials such as aluminium, beryllium alloy and lead alloy. 

Poisson’s ratio of these materials are within the range 0 to 0.45. On the 

other hand, numerical models developed with Drucker-Prager constitutive 

equation for associated and non-associated flow rule are employed to model 

stresses and strains in three types of pressure sensitive materials such as 

soil with various parameters as presented in Table 4.1. Poisson’s ratio of 

these materials are selected within the range 0 to 0.3.  
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Thus, it is apparent that nine computational cases are analysed in 

present chapter. Parameters for cases 4 to 6 which are modelled with 

means of Drucker-Prager constitutive model with non-associated flow rule 

are common for cases 7 to 9 modelled using Drucker-Prager constitutive 

model with associated flow rule.  

Sections 4.9.1, 4.9.2 and 4.9.3 present internal stress against 

internal strain response obtained from modelling cases 1-3, 4-6 and 7-9 

respectively. These numerical stress-strain response for each material is 

plotted by averaging the summation of internal vertical stresses against 

internal vertical strains over the total number of particles in the system. 

Numerical stress-strain curves achieved for cases 1-9 are verified 

with analytical stress-strain plots. The following explains the method of 

obtaining these analytical plots. In general, stress-strain curve through 

uniaxial compression represent the material properties [148]. Therefore, 

the elastic and perfectly plastic stress-strain graph achieved through the 

model characterises the material properties: Young’s modulus and yield 

stress respectively. If these properties are known in the numerical model, 

the elastic-perfectly plastic sections could be directly validated via these 

material properties. In von-Mises SPH model, Young’s modulus and yield 

stress are used as input parameters. Therefore, if the algorithm is 

successful, the elastic and perfectly plastic sections of the stress-strain 

graph achieved via the numerical simulation for cases 1-3 should define 

the same input material properties: Young’s modulus and yield stress 

respectively. This theory is used to obtain the analytical stress-strain plots.  
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For von-Mises SPH model for cases 1-3, the gradient of the elastic 

section of analytical stress-strain curve should satisfy the Young’s modulus 

of the material. Therefore, by utilizing the simulated strain values of every 

particle, analytical stresses during the elastic behaviour are computed 

using the general linear relationship which is stress is equivalent to strain 

multiplied by Young’s modulus. These computed values of stresses are 

summed and averaged over the total number of particles. This averaged 

value of analytical stresses is plotted against averaged value of strains 

until the yield stress of the material. This is represented as ‘E’ in Figures. 

4.7, 4.10 and 4.13 for cases 1-3 respectively. Furthermore, according to 

theory, the perfectly plastic section begins at the yield stress of the 

material. As such, subsequent to the elastic deformation, analytical 

stresses become constant at the yield stress of the material. This continues 

for the remaining values of plastic strains in the material and is plotted as 

‘Y’ in Figures. 4.7, 4.10 and 4.13 for cases 1-3 respectively. These analytical 

stress-strain solutions represented by ‘E’ and ‘Y’ are used to verify the 

simulated stress-strain responses. 

Similarly, in Drucker-Prager SPH models for cases 4 to 9, Young’s 

modulus, friction angle and cohesion are used as input material 

parameters. The method of obtaining analytical stress-strain curve for 

these materials is similar as of cases 1-3 except for the perfectly plastic 

section, where constant  𝑘  is used instead of yield stress of the material. 

According to Drucker-Prager yield criterion, at plasticity,  𝑘  from 

simulation should become equivalent to constant  𝑘  which is made up of 
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material input parameters: friction angle and cohesion. This is computed 

by Eq. (3.80) and is shown in Figures 4.16, 4.19, 4.22, 4.24, 4.28 and 4.32 

for cases 4-9 by the plot 𝑘 = 82800. On the other hand, the curve ‘𝑘 from 

simulation’ shown in these figures are obtained through Eq. (4.80). For 

each particle, left side of Eq. (4.80) is computed utilizing the simulated 

stress components. Thereafter, the average of these 𝑘 values is plotted 

against strain as ‘𝑘 from simulation’ in Figures 4.16, 4.19, 4.22, 4.24, 4.28 

and 4.32 for cases 4-9 respectively. Finally, ‘𝑘 from simulation’ is compared 

with ‘𝑘 = 82800’ for validating the perfectly plastic section of the stress-

strain curves. 

𝛼(𝜎𝑥𝑥+𝜎𝑦𝑦) + √
1

3
((𝜎𝑥𝑥)2 − (𝜎𝑥𝑥𝜎𝑦𝑦) + (𝜎𝑦𝑦)2 + (3(𝜎𝑥𝑦)2)) = 𝑘 

(4.80) 

 

 

4.9.1 Results obtained using von-Mises constitutive 

model 
 

 

Figure 4.6: Average vertical stress-strain curve from simulation for case 1. 
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Figure 4.7: Verification of stress-strain curve from simulation with analytical result for 

case 1. 

 

 
𝑡 = 0.000062 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.769 × 10−7 

 
𝑡 = 0.012800 𝑠  

𝑎𝑡 208000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.316 × 10−4 

 
𝑡 = 0.016025 𝑠  

𝑎𝑡 260400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.278 × 10−4  

 
𝑡 = 0.26289 𝑠  

𝑎𝑡 427200 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.673 × 10−4 

 
𝑡 = 0.027363 𝑠  

𝑎𝑡 444650 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.818 × 10−4 

 
𝑡 = 0.033492 𝑠  

𝑎𝑡 544250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.642 × 10−4  

 
𝑡 = 0.040366 𝑠  

𝑎𝑡 655950 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.563 × 10−4 

 
𝑡 = 0.046163 𝑠  

𝑎𝑡 750150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.338 × 10−4 

 
𝑡 = 0.056046 𝑠  

𝑎𝑡 910750 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.656 × 10−4  
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𝑡 = 0.061843 𝑠  

𝑎𝑡 1004950 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 8.428 × 10−4 

 
𝑡 = 0.071760 𝑠  

𝑎𝑡 1166100 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.746 × 10−4 

 
𝑡 = 0.083929 𝑠  

𝑎𝑡 1363850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.136 × 10−3  

 
𝑡 = 0.091920 𝑠  

𝑎𝑡 1493700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.241 × 10−3 

 
𝑡 = 0.105348 𝑠  

𝑎𝑡 1711900 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.418 × 10−3 

 
𝑡 = 0.128031 𝑠  

𝑎𝑡 2080500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.715 × 10−3  

 
𝑡 = 0.220012 𝑠  

𝑎𝑡 3575200 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.904 × 10−3 

 
𝑡 = 0.279529 𝑠  

𝑎𝑡 4542350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.673 × 10−3 

 
𝑡 = 0.475019 𝑠  

𝑎𝑡 7719050 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.193 × 10−3  

Figure 4.8: Vertical stress distribution during simulation at different time-steps for 

case1.  

 

 

Figure 4.9: Average vertical stress-strain curve from simulation for case 2. 
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Figure 4.10: Verification of stress-strain curve from simulation with analytical result 

for case 2. 

 

 

 
𝑡 = 0.000157 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.978 × 10−6 

 
𝑡 = 0.059961 𝑠  

𝑎𝑡 382250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 8.162 × 10−4 

 
𝑡 = 0.079137 𝑠  

𝑎𝑡 504500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.072 × 10−3  

 
𝑡 = 0.134988 𝑠  

𝑎𝑡 860550 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.815 × 10−3 

 
𝑡 = 0.174432 𝑠  

𝑎𝑡 1112000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.341 × 10−3 

 
𝑡 = 0.204024 𝑠  

𝑎𝑡 1300650 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.735 × 10−3  

 
𝑡 = 0.228745 𝑠  

𝑎𝑡 1458250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.064 × 10−3 

 
𝑡 = 0.240510 𝑠  

𝑎𝑡 1533250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.2209 × 10−3 

 
𝑡 = 0.267388 𝑠  

𝑎𝑡 1704600 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.579 × 10−3 
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𝑡 = 0.318730 𝑠  

𝑎𝑡 2031900 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.262 × 10−3 

 
𝑡 = 0.354165 𝑠  

𝑎𝑡 2257800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.734 × 10−3 

 
𝑡 = 0.493232 𝑠  

𝑎𝑡 3144350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.580 × 10−3  

 
𝑡 = 0.547475 𝑠  

𝑎𝑡 3490150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.297 × 10−3 

 
𝑡 = 0.610510 𝑠  

𝑎𝑡 3892000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 8.128 × 10−3 

 
𝑡 = 0.726494 𝑠  

𝑎𝑡 4631400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.651 × 10−3  

 
𝑡 = 0.965922 𝑠  

𝑎𝑡 6157750 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑤ℎ𝑒𝑛 𝑠𝑡𝑟𝑎𝑖𝑛 = 0.0128 

 
𝑡 = 1.099561 𝑠  

𝑎𝑡 7009700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑤ℎ𝑒𝑛 𝑠𝑡𝑟𝑎𝑖𝑛 = 0.0145 

 
𝑡 = 1.947365 𝑠  

𝑎𝑡 12414450 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑤ℎ𝑒𝑛 𝑠𝑡𝑟𝑎𝑖𝑛 = 0.0257  

Figure 4.11: Vertical stress distribution during simulation at different time-steps for 

case 2. 

 

 

Figure 4.12: Average vertical stress-strain curve from simulation for case 3. 
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Figure 4.13: Verification of stress-strain curve from simulation with analytical result 

for case 3. 

 

 

 
𝑡 = 0.000636 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.990 × 10−6 

 
𝑡 = 0.017429 𝑠  

𝑎𝑡 27450 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.381 × 10−4 

 
𝑡 = 0.039715 𝑠  

𝑎𝑡 62550 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.438 × 10−4  

 
𝑡 = 0.051270 𝑠  

𝑎𝑡 80750 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.980 × 10−4 

 
𝑡 = 0.057969 𝑠  

𝑎𝑡 91300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.871 × 10−4 

 
𝑡 = 0.064572 𝑠  

𝑎𝑡 101700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 8.747 × 10−4  

 
𝑡 = 0.073969 𝑠  

𝑎𝑡116500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.994 × 10−4 

 
𝑡 = 0.084128 𝑠  

𝑎𝑡 132500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.134 × 10−3 

 
𝑡 = 0.113239 𝑠  

𝑎𝑡 178350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.519 × 10−3  
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𝑡 = 0.125143 𝑠  

𝑎𝑡 197100 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.675 × 10−3 

 
𝑡 = 0.138699 𝑠  

𝑎𝑡 218450 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.854 × 10−3 

 
𝑡 = 0.150032 𝑠  

𝑎𝑡 236300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.002 × 10−3  

 
𝑡 = 0.173842 𝑠  

𝑎𝑡 273800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.313 × 10−3 

 
𝑡 = 0.210699 𝑠  

𝑎𝑡 331850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.792 × 10−3 

 
𝑡 = 0.247969 𝑠  

𝑎𝑡 390550 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.274 × 10−3 
 

 
𝑡 = 0.332921 𝑠  

𝑎𝑡 524350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.370 × 10−3 

 
𝑡 = 0.674953 𝑠  

𝑎𝑡 1063050 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 8.789 × 10−3 

 
𝑡 = 1.134032 𝑠  

𝑎𝑡 1786100 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 0.0148  

 

Figure 4.14: Vertical stress distribution during simulation at different time-steps for 

case 3. 
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4.9.2 Results obtained using Drucker-Prager 

constitutive model with non-associated flow rule 
 

 

 

Figure 4.15: Average vertical stress-strain curve from simulation for case 4. 

 

Figure 4.16: Verification of stress-strain curve from simulation with analytical result 

for case 4. 

 

 

 
𝑡 = 0.000138 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.745 × 10−6 

 
𝑡 = 0.014743 𝑠  

𝑎𝑡 106700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.956 × 10−4 

 
𝑡 = 0.021485 𝑠  

𝑎𝑡 155500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.854 × 10−4  
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𝑡 = 0.029430 𝑠  

𝑎𝑡 213000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.911 × 10−4 

 
𝑡 = 0.042342 𝑠  

𝑎𝑡 306450 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.631 × 10−4 

 
𝑡 = 0.048518 𝑠  

𝑎𝑡 351150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.455 × 10−4  

 
𝑡 = 0.054266 𝑠  

𝑎𝑡 392750 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.221 × 10−4 

 
𝑡 = 0.062156 𝑠  

𝑎𝑡 449850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 8.274 × 10−4 

 
𝑡 = 0.073023 𝑠  

𝑎𝑡 528500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.723 × 10−4  

 
𝑡 = 0.092815 𝑠  

𝑎𝑡 671750 𝑡𝑖𝑚𝑒𝑠𝑡𝑒 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.236 × 10−3 

 
𝑡 = 0.109375 𝑠  

𝑎𝑡 791600 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.457 × 10−3 

 
𝑡 = 0.125444 𝑠  

𝑎𝑡 907900 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.670 × 10−3  

 
𝑡 = 0.135938 𝑠  

𝑎𝑡 983850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.809 × 10−3 

 
𝑡 = 0.157168 𝑠  

𝑎𝑡 1137500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.089 × 10−3 

 
𝑡 = 0.181195 𝑠  

𝑎𝑡 1311400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.403 × 10−3  

 
𝑡 = 0.251952 𝑠  

𝑎𝑡 1823500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.320 × 10−3 

 
𝑡 = 0.334301 𝑠  

𝑎𝑡 2419500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.384 × 10−3 

 
𝑡 = 0.663558 𝑠  

𝑎𝑡 4802500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 8.636 × 10−3  

Figure 4.17: Vertical stress distribution during simulation at different time-steps for 

case 4. 
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Figure 4.18: Average vertical stress-strain curve from simulation for case 5. 

 

Figure 4.19: Verification of stress-strain curve from simulation with analytical result 

for case 5. 

 

 

 
𝑡 = 0.000138 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.742 × 10−6 

 
𝑡 = 0.008553 𝑠  

𝑎𝑡 61900 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.133 × 10−4 

 
𝑡 = 0.0017064 𝑠  

𝑎𝑡 123500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.264 × 10−4  
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𝑡 = 0.021333 𝑠  

𝑎𝑡 154400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.832 × 10−4 

 
𝑡 = 0.033976 𝑠  

𝑎𝑡 245900 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.513 × 10−4 

 
𝑡 = 0.036705𝑠  

𝑎𝑡 265650 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.876 × 10−4  

 
𝑡 = 0.040076 𝑠  

𝑎𝑡 290050 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.325 × 10−4 

 
𝑡 = 0.048884 𝑠  

𝑎𝑡 353800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.496 × 10−4 

 
𝑡 = 0.054549 𝑠  

𝑎𝑡 394800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.249 × 10−4  

 
𝑡 = 0.058612 𝑠  

𝑎𝑡 424200 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.788 × 10−4 

 
𝑡 = 0.062902 𝑠  

𝑎𝑡 455250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 8.357 × 10−4 

 
𝑡 = 0.067890 𝑠  

𝑎𝑡 491350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.017 × 10−4  

 
𝑡 = 0.080518 𝑠  

𝑎𝑡 582750 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.068 × 10−3 

 
𝑡 = 0.098522 𝑠  

𝑎𝑡 713050 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.304 × 10−3 

 
𝑡 = 0.162646 𝑠  

𝑎𝑡 1177150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.135 × 10−3  

 
𝑡 = 0.273548 𝑠  

𝑎𝑡 1979800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.565 × 10−3 

 
𝑡 = 0.393748 𝑠  

𝑎𝑡 2849750 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.114 × 10−3 

 
𝑡 = 0.466342 𝑠  

𝑎𝑡 3375150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.049 × 10−3  

Figure 4.20: Vertical stress distribution during simulation at different time-steps for 

case 5. 
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Figure 4.21: Average vertical stress-strain curve from simulation for case 6. 

 

Figure 4.22: Verification of stress-strain curve from simulation with analytical results 

for case 6. 

 

 

 
𝑡 = 0.000138 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.742 × 10−6 

 
𝑡 = 0.012574 𝑠  

𝑎𝑡 91000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.668 × 10−4 

 
𝑡 = 0.017589 𝑠  

𝑎𝑡 127300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.335 × 10−4  
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𝑡 = 0.024822 𝑠  

𝑎𝑡 179650 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.298 × 10−4 

 
𝑡 = 0.031385 𝑠  

𝑎𝑡 227150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.172 × 10−4 

 
𝑡 = 0.42446 𝑠  

𝑎𝑡 307200 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.646 × 10−4  

 
𝑡 = 0.058287 𝑠  

𝑎𝑡 421850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.759 × 10−4 

 
𝑡 = 0.074791 𝑠  

𝑎𝑡 541300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.961 × 10−4 

 
𝑡 = 0.84947 𝑠  

𝑎𝑡 585850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.078 × 10−3  

 
𝑡 = 0.093852 𝑠  

𝑎𝑡 679250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.250 × 10−3 

 
𝑡 = 0.101637 𝑠  

𝑎𝑡 735600 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.353 × 10−3 

 
𝑡 = 0.109962 𝑠  

𝑎𝑡 795850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.464 × 10−3 
 

 
𝑡 = 0.121665 𝑠  

𝑎𝑡 880550 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.618 × 10−3 

 
𝑡 = 0.139551 𝑠  

𝑎𝑡 1010000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.853 × 10−3 

 
𝑡 = 0.200539 𝑠  

𝑎𝑡 1451400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.645 × 10−3 
 

 
𝑡 = 0.304864 𝑠  

𝑎𝑡 2206450 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.991 × 10−3 

 
𝑡 = 0.414570 𝑠  

𝑎𝑡 3000450 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.405 × 10−3 

 
𝑡 = 0.461707 𝑠  

𝑎𝑡 3341600 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.013 × 10−3 
 

Figure 4. 1: Vertical stress distribution during simulation at different time-steps for 

case 6.  
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4.9.3 Results obtained using Drucker-Prager constitu-

tive model with associated flow rule 
 

 

 

Figure 4.23: Average vertical stress-strain curve from simulation for case 7. 

 

Figure 4.24: Verification of stress-strain curve from simulation with analytical result 

for case 7. 

 

 

 
𝑡 = 0.000138 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.481 × 10−6 

 
𝑡 = 0.016504 𝑠  

𝑎𝑡 119450 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.191 × 10−4 

 
𝑡 = 0.023067 𝑠  

𝑎𝑡 166950 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.064 × 10−4  
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𝑡 = 0.034252 𝑠  

𝑎𝑡 247900 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.554 × 10−4 

 
𝑡 = 0.042425 𝑠  

𝑎𝑡 307050 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.643 × 10−4 

 
𝑡 = 0.049147 𝑠  

𝑎𝑡 355700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.539 × 10−4  

 
𝑡 = 0.053327 𝑠  

𝑎𝑡 385950 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.096 × 10−4 

 
𝑡 = 0.059599 𝑠  

𝑎𝑡 431350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.933 × 10−4 

 
𝑡 = 0.072249 𝑠  

𝑎𝑡 522900 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.620 × 10−4  

 
𝑡 = 0.078853 𝑠  

𝑎𝑡 570700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.050 × 10−3 

 
𝑡 = 0.092947 𝑠  

𝑎𝑡 672700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.238 × 10−3 

 
𝑡 = 0.098349 𝑠  

𝑎𝑡 711800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.310 × 10−3  

 
𝑡 = 0.111827 𝑠  

𝑎𝑡 809350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.490 × 10−3 

 
𝑡 = 0.119447 𝑠  

𝑎𝑡 864500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.591 × 10−3 

 
𝑡 = 0.128242 𝑠  

𝑎𝑡 928150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.708 × 10−3  

 
𝑡 = 0.160366 𝑠  

𝑎𝑡 1160650 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.131 × 10−3 

 
𝑡 = 0.0.210432 𝑠  

𝑎𝑡 1523000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.782 × 10−3 

 
𝑡 = 0.316960 𝑠  

𝑎𝑡 2294000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.160 × 10−3  

Figure 4.25: Vertical stress distribution during simulation at different time-steps for 

case 7. 
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Figure 4.26: Average vertical stress-strain curve from simulation for case 8. 

 

Figure 4.27: Verification of stress-strain curve from simulation with analytical result 

for case 8. 

 

 

 
𝑡 = 0.000138 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.742 × 10−6 

 
𝑡 = 0.013320 𝑠  

𝑎𝑡 96400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.768 × 10−4 

 
𝑡 = 0.018943 𝑠  

𝑎𝑡 137100 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.517 × 10−4  
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𝑡 = 0.022480 𝑠  

𝑎𝑡 162700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.988 × 10−4 

 
𝑡 = 0.029789 𝑠  

𝑎𝑡 215600 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.962 × 10−4 

 
𝑡 = 0.033119 𝑠  

𝑎𝑡 239700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.406 × 10−4  

 
𝑡 = 0.040297 𝑠  

𝑎𝑡 291650 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.363 × 10−4 

 
𝑡 = 0.047606 𝑠  

𝑎𝑡 344550 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.338 × 10−4 

 
𝑡 = 0.051413 𝑠  

𝑎𝑡 372100 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.845 × 10−4  

 
𝑡 = 0.055102 𝑠  

𝑎𝑡 398800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.337 × 10−4 

 
𝑡 = 0.063599 𝑠  

𝑎𝑡 460300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 8.468 × 10−4 

 
𝑡 = 0.070377 𝑠  

𝑎𝑡 509350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.369 × 10−4  

 
𝑡 = 0.078335 𝑠  

𝑎𝑡 566950 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.042 × 10−3 

 
𝑡 = 0.091254 𝑠  

𝑎𝑡 660450 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.212 × 10−3 

 
𝑡 = 0.103323 𝑠  

𝑎𝑡 747800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.370 × 10−3  

 
𝑡 = 0.147178 𝑠  

𝑎𝑡 1065200 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.936 × 10−3 

 
𝑡 = 0.208933 𝑠  

𝑎𝑡 1512150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖 = 2.730 × 10−3 

 
𝑡 = 0.316159 𝑠  

𝑎𝑡 2288200 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.102 × 10−3  

Figure 4.28: Vertical stress distribution during simulation at different time-steps for 

case 8. 
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Figure 4.29: Average vertical stress-strain curve from simulation for case 9. 

 

Figure 4.30: Verification of stress-strain curve from simulation with analytical results 

for case 9. 

 

 

 
𝑡 = 0.000138 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.743 × 10−6 

 
𝑡 = 0.013458 𝑠  

𝑎𝑡 97400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.787 × 10−4 

 
𝑡 = 0.020912 𝑠  

𝑎𝑡 151350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.780 × 10−4  
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𝑡 = 0.028145 𝑠  

𝑎𝑡 203700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.744 × 10−4 

 
𝑡 = 0.033700 𝑠  

𝑎𝑡 243900 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.485 × 10−4 

 
𝑡 = 0.044712 𝑠  

𝑎𝑡 323600 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.955 × 10−4  

 
𝑡 = 0.050266 𝑠  

𝑎𝑡 363800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.698 × 10−4 

 
𝑡 = 0.056173 𝑠  

𝑎𝑡 406550 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.487 × 10−4 

 
𝑡 = 0.065244 𝑠  

𝑎𝑡 472200 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 8.700 × 10−4  

 
𝑡 = 0.070757 𝑠  

𝑎𝑡 512100 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.438 × 10−4 

 
𝑡 = 0.076525 𝑠  

𝑎𝑡 553850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.021 × 10−3 

 
𝑡 = 0.082252 𝑠  

𝑎𝑡 595300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.098 × 10−3  

 
𝑡 = 0.094598 𝑠  

𝑎𝑡 684650 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.263 × 10−3 

 
𝑡 = 0.100636 𝑠  

𝑎𝑡 728350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.343 × 10−3 

 
𝑡 = 0.131966 𝑠  

𝑎𝑡 955100 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.758 × 10−3  

 
𝑡 = 0.190197 𝑠  

𝑎𝑡 1376550 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.513 × 10−3 

 
𝑡 = 0.245900 𝑠  

𝑎𝑡 1779700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.228 × 10−3 

 
𝑡 = 0.396960 𝑠  

𝑎𝑡 2873000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.155 × 10−3  

Figure 4.31: Vertical stress distribution during simulation at different time-steps for 

case 9. 
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4.9.4 Comparison between results obtained from associ-

ated and non- associated flow rule for Drucker-Prager 

constitutive model 
 

In this section, stress-strain responses achieved through Drucker-Prager 

constitutive model with associated flow rule are compared with the 

Drucker-Prager constitutive model with non-associated flow rule. As such, 

the comparison between cases 4 and 7, 5 and 8, 6 and 9 are presented as 

follows: 

 

Figure 4.32: Stress-Strain from simulation for soil with E=120MPa. 

 

Figure 4.33: Stress-Strain from simulation for soil with E=207MPa. 
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Figure 4.34: Stress-Strain from simulation for soil with E=144MPa. 

 

4.10 Discussion 
 

From Figures 4.7, 4.10 and 4.13, it is apparent that ‘E’ and ‘Y’ for cases 1-

3 agree well with the elastic and plastic sections of the simulated curves. 

As presented in Table 4.2, an accuracy greater than 98% and 95% is 

maintained by the developed von-Mises model in simulating the elastic 

and perfectly plastic response of various metals. As such, the proposed von-

Mises SPH model successfully simulates the stress-strain behaviour of 

metals such as beryllium alloy, aluminium alloy and lead alloy with 

Poisson’s ratio within the range 0 to 0.45.  

Figures. 4.16, 4.19, 4.22, 4.24, 4.27 and 4.30 show the comparison 

between simulated results and analytical solutions for cases 4-9 

respectively. As indicated in Table 4.3, the elastic section of the simulated 

curve correlates well with analytical curve ‘E’ proving greater than 97% 

accuracy. Furthermore, at plasticity, 𝑘 from simulation agree well with 
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input value of 𝑘 with accuracy greater than 90% as shown in Table 4.3. It 

is also apparent from these figures that when 𝑘 becomes constant, stress 

becomes constant. This satisfies the condition in Eq. (4.80). Therefore, it is 

obvious from above cases that both the developed Drucker-Prager SPH 

models with associated and non-associated flow rules effectively simulates 

the stress-strain behaviour of soil materials within Poisson’s ratio range 0-

0.3. 

 

Table 4.2: Accuracy of von-Mises constitutive model. 

Case Number Figure Number Accuracy to elastic 

section with ‘E’ 

Accuracy to plastic 

section with ‘Y’ 

 

1 

 

 

4.7 

 

98.663% 

 

95.512% 

2 

 

4.10 99.832% 95.729% 

3 

 

4.13 98.873% 95.636% 

 

 

Moreover, graphical representation of vertical stress distribution 

obtained during the simulation are presented in Figures. 4.8, 4.11, 4.14, 

4.17, 4.20, 4.24, 4.25, 4.28, and 4.31 for cases 1-9 respectively. Each figure 

includes several visual images of vertical stress distribution in the system 

obtained at various time-steps during the simulation. These individual 

images in Figures. 4.8, 4.11, 4.14, 4.17, 4.20, 4.24, 4.25, 4.28, and 4.31 could 

be matched according to the corresponding values of strain with the stress-

strain curves shown in Figures. 4.6, 4.9, 4.12, 4.15, 4.18, 4.21, 4.23, 4.26, 

and 4.29 respectively. This provides greater insight of the system 

behaviour at different points of the curve. Particles’ position is also 
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updated at every time-step of the simulation. It could be clearly observed 

from the final set of images presented in Figures. 4.8, 4.11, 4.14, 4.17, 4.20, 

4.24, 4.25, 4.28, and 4.31 that the vertical stresses in particles remain 

unchanged for extensive period satisfying the plastic section of the stress-

strain plots.  

Furthermore, the comparison between associated and non-

associated flow rule for Drucker-Prager constitutive model from Figures 

4.32, 4.33, 4.34 and Table 4.3 prove that even though the flow rules are 

similar in predicting the elastic behaviour, the associated flow rule (cases 

7,8,9) better predicted the plastic behaviour of pressure sensitive cohesive 

materials by 1.11%, 2.2% and 0.8% than the non-associated flow rule (cases 

4,5,6).  

Therefore, acquired simulation results and graphical images verify 

that the developed von-Mises and Drucker-Prager SPH models possess the 

capability of effectively simulating the internal stresses and strains of 

selected materials. As such, the proposed von-Mises SPH algorithm could 

be utilized for clear understanding of stress and strain response of 2D 

pressure independent materials such as metals and metal structures 

under compression. This is applicable for structures with Poisson’s ratio 

within the ranger 0-0.45. On the other hand, Drucker-Prager SPH 

algorithm for both associated and non-associated flow rule is suitable for 

modelling plane stress pressure sensitive dilatant materials and 

structures under compression. For effective simulation, these materials’ 

Poisson’s ratio should be maintained within the range 0-0.3. 
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Table 4.3: Accuracy of Drucker-Prager constitutive model. 

Case 

Number 

Flow rule Figure 

Number 

Accuracy to 

elastic section 

with ‘E’ 

Accuracy of ‘𝑘 

from 

simulation’ to 
𝑘 = 82800 

 

4 

 

 

non-associated 

 

4.16 

 

97.335% 

 

92.347% 

5 

 

non-associated 4.19 98.488% 90.229% 

6 

 

non-associated 4.22 97.693% 91.233% 

7 

 

associated 4.24 98.774% 93.452% 

8 

 

associated 4.27 98.773% 92.423% 

9 

 

associated 4.30 99.112% 92.023% 

 

 

4.11 Conclusion 
 

The chapter has introduced Drucker-Prager and von-Mises elastic-

perfectly plastic constitutive models in general SPH framework under 

plane stress condition. In addition, the study has proposed tension 

cracking treatment and stress-scaling backpressure for both criteria to 

eliminate the stress instability during the modelling process. A stress 

computation method at the solid boundary has also been proposed. 

Comprising the above developments, von-Mises and Drucker-Prager SPH 

models are further presented in this chapter for analysing stress and 

strain response of 2D structures.  

Utilizing the proposed SPH models, stress and strain behaviour of 

various materials were analysed under uniaxial compression. Pressure 

independent materials with Poisson’s ratio 0.12, 0.35, 0.45 and pressure 
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dependent dilatant materials with Poisson’s ratio 0.15, 0.3, 0.23 were 

simulated using the developed von-Mises and Drucker-Prager SPH models 

respectively.  

The results attained for considered materials agreed well with 

analytical solutions with greater than 90% of accuracy. As such, from the 

selected values of Poisson’s ratio, it could be predicted that the proposed 

von-Mises SPH model is capable of accurately simulating internal stress 

and strain of pressure in-sensitive materials within the Poisson’s ratio 0-

0.45. Similarly, Drucker-Prager SPH models with associated and non-

associated flow rule are capable of modelling pressure sensitive dilatant 

materials within the Poisson’s ratio 0-0.3. This verifies that the developed 

SPH models contain a wider application range. Furthermore, the results 

achieved have highlighted the effectiveness of the proposed constitutive 

models in accurately simulating the plane stress problems. Therefore, the 

developed models are promising tools for engineers to investigate stress 

and strain response of elastic-perfectly plastic plane stress structures.  
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Chapter 5                          

Development of smooth particle hy-

drodynamics for the analysis of 

stresses and strains in 2D-plane 

strain structures 
 

 

5.1 Introduction 
 

2D-plane strain condition is equally important as of 2D-plane stress 

condition. The condition aids three-dimensional structures (3D) containing 

greater thickness along the Z direction to be modelled in two-dimension. 

This causes significant reduction in the number of SPH particles and 

corresponding computational time [149], [150]. Multitude of geotechnical 

structures such as strip footing, retaining walls, dams, tunnels, 

embankments are modelled as plane strain structures [151]–[156]. 

Therefore, similar to plane stress constitutive models, plane strain 

constitutive models in SPH framework are of equal importance for 

modelling the stress-strain behaviour of plane strain structures in 

engineering applications. 

 Elastic-perfectly plastic constitutive model was firstly introduced by 

Libersky and Petschek. [48] in SPH framework for 2D applications in solid 

mechanics. Subsequently, Libersky et al. [49] extended the model to 3D for 
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numerically simulating solid dynamics. However, when the method was 

applied in solid mechanics, particles formed clumps. Such instability has 

been studied in detail by Swegle et al. [157] and several methods have been 

introduced for eliminating the problem for improving the numerical model 

[125], [126]. Apart from that, the hydrostatic pressure in SPH formulation 

are generally computed by an equation of state which is a function of 

density change. As such, Libersky and Petschek. [48] and Libersky et al. 

[49] calculated the hydrostatic pressure with means of Gruneisen equation 

of state to complete the elastic-perfectly plastic SPH models. On the other 

hand, Bui et al. [51], [87] used an alternative approach, which is 

constitutive equation to calculate the hydrostatic pressure. Using this, the 

authors proposed a plane strain elastic-perfectly plastic constitutive model 

in SPH framework for geotechnical applications. The study employed 

generalized Hooke’s law and plane strain formulation of yield criterion for 

the development of the constitutive models. As an alternative approach, 

current chapter introduces both Drucker-Prager and von Mises 

constitutive models for plane strain condition on 𝑥𝑦 space using Hooke’s 

law for plane strain condition and two-dimensional formulas focusing on 

in-plane stresses and strains. 

Therefore, the aim of this chapter is to develop a general two-

dimensional SPH framework for analysing in-plane stresses and strains of 

plane strain structures. Thus, similar to chapter 4, present chapter 

introduces the development of three elastic-perfectly plastic constitutive 

models on 𝑥𝑦 space for plane strain condition. The constitutive models are 
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developed for von Mises yield criterion, Drucker-Prager yield criterion for 

both associated and non-associated flow rules. SPH models comprising the 

proposed constitutive models are applied to simulate stresses and strains 

in various materials under uniaxial compression. This is performed for 

verifying the developed models’ accuracy and applicability range prior to 

its development to a complex problem which is to simulate the soil stress 

field around jack-in pile.  

 

5.2 Development of elastic-perfectly plastic constitutive 

models for 2D-plane strain condition 
 

Current section introduces the general constitutive models for both von-

Mises and Drucker-Prager yield criterion on 𝑥𝑦 space under plane strain 

condition. 

To begin with, total strain rate tensor defined by Eq. (3.57) is adopted. 𝛼 

and 𝛽 in Eq. (3.57) denote 𝑥 and 𝑦 coordinate directions. This is because, 

for plane strain condition, the components of the total strain rate tensor 

along the 𝑧 direction are zero.  

In present study, 𝜀𝑒̇
𝛼𝛽

 is computed using the Hooke’s Law for plane 

strain condition [158]. Based on this formulation, it can be observed that 

the elastic stress and strain components on 𝑥𝑦 plane are independent of 

the non-zero stress component along the 𝑧 direction (𝜎𝑧𝑧). As such, z 

coordinate can be eliminated and the plane strain formulation can be 

reduced to 𝑥𝑦 space as exemplified by Lee. [159]. Thus, 𝜀𝑒̇
𝛼𝛽
 is obtained from 
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the matrix formulation of Hooke’s law for plane strain condition expressed 

in Eq. (3.72) which describes the elastic stress-strain relationship on 𝑥𝑦 

plane. Substituting Eq. (3.54) in Eq. (3.72) leads to: 

𝑠𝛼𝛽 =
𝐸

1 + 𝑣
𝜀𝛼𝛽 +

𝑣𝐸

(1 + 𝑣)(1 − 2𝑣)
𝜀𝛾𝛾𝛿𝛼𝛽 − 𝑃𝛿𝛼𝛽 

(5.1) 

Using the expressions in Eq. (5.2), Eq. (5.1) is re-arranged as presented in 

Eq. (5.3) 

𝐾2D =
𝐸

2(1 + 𝑣)(1 − 2𝑣)
;  𝐺 =

𝐸

2(1 + 𝑣)
 ; 𝑃 = 𝐾2D𝜀

𝛾𝛾; 𝐾2𝐷 = 
3𝐾3𝐷

2(1 + 𝑣)
 

(5.2) 

𝑠𝛼𝛽 =
𝐸

1 + 𝑣
𝜀𝛼𝛽 +

𝑣𝐸

(1 + 𝑣)(1 − 2𝑣)
𝜀𝛾𝛾𝛿𝛼𝛽 −

𝐸

2(1 + 𝑣)(1 − 2𝑣)
𝜀𝛾𝛾𝛿𝛼𝛽 

(5.3) 

where 𝐾3𝐷 is the bulk modulus for 3D, 𝐾2D and G are bulk and shear 

modulus for 2D plane strain condition respectively [160], [161].  

Substituting Eq. (4.4) in Eq. (5.3) leads to: 

𝑠𝛼𝛽 =
𝐸

1 + 𝑣
𝑒𝛼𝛽 +

(𝐸 − 2𝐸𝑣 + 2𝐸𝑣 − 𝐸)

2(1 + 𝑣)(1 − 2𝑣)
𝜀𝛾𝛾𝛿𝛼𝛽 

(5.4) 

This simplifies into the expression for deviatoric shear strain tensor as: 

𝑒𝛼𝛽 =
𝑠𝛼𝛽

2𝐺
 

(5.5) 

On the other hand, by substituting the relationship 𝜀𝛾𝛾 =
𝑝

𝐾2D
=

𝜎𝛾𝛾

2𝐾2D
 and 

Eq. (5.2) in the volumetric part of Eq. (4.4), the volumetric strain tensor is 

derived as: 

1

2
𝜀𝛾𝛾𝛿𝛼𝛽 = 

(1 + 𝑣)(1 − 2𝑣)

2𝐸
𝜎𝛾𝛾  𝛿𝛼𝛽 

(5.6) 
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Finally, by substituting Eq. (5.5) and Eq. (5.6) in Eq. (4.4), 𝜀𝑒̇
𝛼𝛽

 is derived 

for plane strain condition on 𝑥𝑦 plane as: 

𝜀𝑒̇
𝛼𝛽
=
𝑠̇𝛼𝛽

2𝐺
+
(1 + 𝑣)(1 − 2𝑣)

2𝐸
𝜎̇𝛾𝛾 𝛿𝛼𝛽 

(5.7) 

where 𝜎̇𝛾𝛾 = 𝜎̇𝑥𝑥 + 𝜎̇𝑦𝑦,  𝜀𝑝̇
𝛼𝛽

 in Eq. (3.57) is obtained utilizing the plastic 

flow rule. As such, by substituting the plastic flow rule for 𝜀𝑝̇
𝛼𝛽

 and Eq. (5.7) 

for 𝜀𝑒̇
𝛼𝛽

 in Eq. (3.57), the total strain rate tensor is expressed for plane 

strain condition on 𝑥𝑦 space as: 

𝜀̇𝛼𝛽 =
𝑠̇𝛼𝛽

2𝐺
+
(1 + 𝑣)(1 − 2𝑣)

2𝐸
𝜎̇𝛾𝛾 𝛿𝛼𝛽 + 𝜆̇

𝜕g

𝜕𝜎𝛼𝛽
 

(5.8) 

Using the relationships in Eqs. (3.54), (5.2) and (4.4), Eq. (5.8) is simplified 

as:  

𝜀̇𝛼𝛽 =
𝑠̇𝛼𝛽

2𝐺
+
𝜀̇𝛾𝛾

2
𝛿𝛼𝛽 + 𝜆̇

𝜕g

𝜕𝜎𝛼𝛽
 

(5.9) 

Multiplying Eq. (5.9) by 2𝐺 leads to: 

2𝐺𝜀̇𝛼𝛽 = 𝑠̇𝛼𝛽 + 𝐺𝜀̇𝛾𝛾𝛿𝛼𝛽 + 2𝐺𝜆̇
𝜕g

𝜕𝜎𝛼𝛽
 

(5.10) 

Thereafter, by substituting Eqs. (4.4), (3.54) and (5.2) in Eq. (5.10), the 

general elastic-perfectly plastic constitutive equation is derived for plane 

strain condition on 𝑥𝑦 space as: 

𝜎̇𝛼𝛽 = 2𝐺𝑒̇𝛼𝛽 +
3𝐾3𝐷

2(1 + 𝑣)
𝜀̇𝛾𝛾𝛿𝛼𝛽 − 𝜆̇ [2𝐺

𝜕g

𝜕𝜎𝛼𝛽
] 

(5.11) 

Finally, by employing Jaumann stress rate tensor in Eq. (5.11), the general 

constitutive relationship for plane strain condition is proposed on 𝑥𝑦 space 

as: 



144 
 

𝜎̇𝛼𝛽 = 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 +
3𝐾3𝐷

2(1 + 𝑣)
𝜀̇𝛾𝛾𝛿𝛼𝛽 − 𝜆̇ [2𝐺

𝜕g

𝜕𝜎𝛼𝛽
] 

(5.12) 

where 𝜆̇ is derived using Eq. (3.73) as: 

𝜆̇ =
2𝐺𝜀̇𝛼𝛽

𝜕𝑓
𝜕𝜎𝛼𝛽

+ (
3𝐾3𝐷

2(1 + 𝑣)
− 𝐺) 𝜀̇𝛾𝛾

𝜕𝑓
𝜕𝜎𝛼𝛽

𝛿𝛼𝛽

2𝐺
𝜕𝑓
𝜕𝜎𝛼𝛽

𝜕g
𝜕𝜎𝛼𝛽

 

(5.13) 

 

Even though 𝜎𝑧𝑧 does not affect the computation of elastic stress-strain 

response on 𝑥𝑦 plane, it could be observed from Eqs. (5.12) and (5.13), the 

value of 𝜎𝑧𝑧 in the formulation of 
𝜕𝑓

𝜕𝜎𝛼𝛽
 and  

𝜕g

𝜕𝜎𝛼𝛽
 of the yield criterion for 

plane strain condition would contribute to the computation of plastic 

stress-strain response on 𝑥𝑦 plane. However, for maintaining the plane 

strain formulation on 𝑥𝑦 space,  𝜎𝑧𝑧 is avoided in the computation of plastic 

stress-strain response. As such, the plane strain formulations of yield 

criterion on 𝑥𝑦 space are employed in this approach.   

 

5.2.1 Development of von-Mises elastic-perfectly plastic 

constitutive model for 2D-plane strain condition 
 

In current section, von-Mises yield criterion with associated flow rule is 

incorporated into Eqs. (5.12) and (5.13) as follows: 

As 𝜎𝑧𝑧 is avoided from the plane strain formulation of the yield criterion, 

the expression of von Mises yield criterion employed in the derivation is 

similar to that of plane stress condition. Therefore, by substituting Eq. 

(4.25) in Eq. (5.12), von-Mises stress-strain relationship for plane strain 
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condition is derived on 𝑥𝑦 space as: 

𝜎̇𝛼𝛽 = 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 +
3𝐾3𝐷

2(1 + 𝑣)
𝜀̇𝛾𝛾𝛿𝛼𝛽 − 𝜆̇[2𝐺𝑠𝛼𝛽] 

(5.14) 

Similarly, by substituting Eqs. (4.25) and (4.4) in Eq. (5.13), 𝜆̇ is obtained 

as: 

𝜆̇ =  
2𝐺𝑒̇𝛼𝛽𝑠𝛼𝛽 + 

3𝐾3𝐷
2(1 + 𝑣)

𝜀̇𝛾𝛾𝛿𝛼𝛽𝑠𝛼𝛽

2𝐺𝑠𝛼𝛽𝑠𝛼𝛽
 

(5.15) 

Thereafter, by using the relationship 𝑠𝛼𝛽𝛿𝛼𝛽= 0 and Eq. (4.23), Eq. (5.15) 

is simplified as: 

𝜆̇ =  
𝑒̇𝛼𝛽𝑠𝛼𝛽

2 (
𝜎𝑦2

3 −
1
12
(𝜎𝛾𝛾)2)

 
(5.16) 

 

Finally, the ultimate form of von-Mises constitutive equation for plane 

strain condition is proposed on 𝑥𝑦 space in SPH framework as:  

𝐷𝜎𝑖
𝛼𝛽

𝐷𝑡
= 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 +

3𝐾3𝐷
2(1 + 𝑣)

𝜀̇𝛾𝛾𝛿𝛼𝛽 − 𝜆̇[𝐺𝑠𝛼𝛽] 
(5.17) 

 

𝜆̇ =  
𝑒̇𝛼𝛽𝑠𝛼𝛽

(
𝜎𝑦2

3 −
1
12
(𝜎𝛾𝛾)2)

 
 

The proposed constitutive model is applicable for the modelling of 

2D-plane strain pressure independent materials such as metals and metal 

structures which contains greater thickness along its z direction. Most 

importantly, the developed model could be utilized for clear understanding 

of their internal stresses and strains under applied loads. 
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5.2.2 Development of Drucker-Prager constitutive 

models for 2D-plane strain condition 
 

In this section, Eqs. (5.12) and (5.13) are developed incorporating Drucker-

Prager yield criterion for both non-associated and associated flow rule. The 

development of these constitutive models is presented in Sections 5.2.2.1 

and 5.2.2.2 respectively. 

The mathematical representation of Drucker-Prager yield criterion 

presented by Eq. (4.30) is employed for the derivation of both plane strain 

constitutive models. As 𝜎𝑧𝑧 is avoided from the plane strain formulation of 

the yield criterion, the mathematical representation of Drucker-Prager 

yield criterion is similar to that of plane stress condition except for 

Drucker-Prager constants. This is because, the constants 𝛼𝜙 and 𝑘 for 

plane strain condition varies from that of plane stress condition [111]. As 

such, the constants for plane strain condition are employed as: 

𝛼𝜙 =
tan𝜙

√9 + 12𝑡𝑎𝑛2𝜙
 𝑎𝑛𝑑  𝑘 =

3𝑐

√9 + 12𝑡𝑎𝑛2𝜙
 

(5.18) 

where 𝜙 is the friction angle and 𝑐 is the cohesion of material.  
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5.2.2.1 Derivation of 2D-plane strain Drucker-Prager 

constitutive model with non-associated flow rule in SPH 

framework 
 

By substituting Eq. (4.33) in Eq. (5.12), Drucker-Prager elastic-perfectly 

plastic constitutive model with non-associated flow rule for plane strain 

condition is derived on 𝑥𝑦 space as: 

𝜎̇𝛼𝛽 = 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 +
3𝐾3𝐷

2(1 + 𝑣)
𝜀̇𝛾𝛾𝛿𝛼𝛽

− 𝜆̇ [6𝐺𝑠𝑖𝑛𝜓𝛿𝛼𝛽 + 
𝐺

√𝐽2
𝑠𝛼𝛽] 

(5.19) 

 

Similarly, by substituting Eq. (4.33) in Eq. (5.13), 𝜆̇ is derived as: 

𝜆̇ =  

2𝐺𝑒̇𝛼𝛽 (𝛼𝜙𝛿
𝛼𝛽 + 

𝑠𝛼𝛽

2√𝐽2
) +

3𝐾3𝐷
2(1 + 𝑣)

𝜀̇𝛾𝛾𝛿𝛼𝛽 (𝛼𝜙𝛿
𝛼𝛽 + 

𝑠𝛼𝛽

2√𝐽2
)

2𝐺 (𝛼𝜙𝛿𝛼𝛽 + 
𝑠𝛼𝛽

2√𝐽2
)(3𝑠𝑖𝑛𝜓𝛿𝛼𝛽 +

𝑠𝛼𝛽

2√𝐽2
)

 

(5.20) 

Thereafter, by utilizing the expressions 𝑠𝑝𝑎𝛿𝑝𝑎= 0, 𝛿𝑝𝑎𝛿𝑝𝑎 = 2 and Eq. 

(4.23), Eq. (5.20) is simplified as: 

𝜆̇ =

2𝛼𝜙
3𝐾3𝐷

2(1 + 𝑣)
𝜀̇𝛾𝛾 +

𝐺

√𝐽2
𝑠𝛼𝛽𝜀̇𝛼𝛽

12𝐺𝛼𝜙𝑠𝑖𝑛𝜓 + 𝐺 (
[𝐽2 −

(𝐼1)2

12 ]

𝐽2
)

 

(5.21) 

 

Finally, the ultimate form of Drucker-Prager constitutive equation with 

non-associated flow rule for plane strain condition is introduced on 𝑥𝑦 

space in SPH framework as: 
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𝐷𝜎𝑖
𝛼𝛽

𝐷𝑡
= 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 +

3𝐾3𝐷
2(1 + 𝑣)

𝜀̇𝛾𝛾𝛿𝛼𝛽

− 𝜆̇ [6𝐺𝑠𝑖𝑛𝜓𝛿𝛼𝛽 + 
𝐺

√𝐽2
𝑠𝛼𝛽] 

(5.22) 

where 𝜆̇ is defined by Eq. (5.21). 

 

5.2.2.2 Derivation of 2D-plane strain Drucker-Prager 

constitutive model with associated flow rule in SPH 

framework 
 

𝜕𝑓

𝜕𝜎𝛼𝛽
 and  

𝜕𝑔

𝜕𝜎𝛼𝛽
 for Drucker-Prager yield criterion with associated flow rule 

are defined by Eq. (4.40). Hence, by substituting Eq. (4.40) in Eq. (5.12) 

leads to: 

𝜎̇𝛼𝛽 = 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 +
3𝐾3𝐷

2(1 + 𝑣)
𝜀̇𝛾𝛾𝛿𝛼𝛽

− 𝜆̇ [2𝐺𝛼𝜙𝛿
𝛼𝛽 + 

𝐺

√𝐽2
𝑠𝛼𝛽] 

(5.23) 

 

Similarly, by substituting Eq. (4.40) in Eq. (5.13) derives 𝜆̇ as: 

𝜆̇ =  

2𝐺𝑒̇𝛼𝛽 (𝛼𝜙𝛿
𝛼𝛽 + 

𝑠𝛼𝛽

2√𝐽2
) +

3𝐾3𝐷
2(1 + 𝑣)

𝜀̇𝛾𝛾𝛿𝛼𝛽 (𝛼𝜙𝛿
𝛼𝛽 + 

𝑠𝛼𝛽

2√𝐽2
)

2𝐺 (𝛼𝜙𝛿𝛼𝛽 + 
𝑠𝛼𝛽

2√𝐽2
)(𝛼𝜙𝛿𝛼𝛽 + 

𝑠𝛼𝛽

2√𝐽2
)

 

(5.24) 

Utilizing expressions 𝑠𝑝𝑎𝛿𝑝𝑎= 0, 𝛿𝑝𝑎𝛿𝑝𝑎 = 2 and Eq. (4.23), Eq. (5.24) is 

simplified as: 

𝜆̇ =

2𝛼𝜙
3𝐾3𝐷

2(1 + 𝑣)
𝜀̇𝛾𝛾 +

𝐺

√𝐽2
𝑠𝛼𝛽𝜀̇𝛼𝛽

4𝐺𝛼𝜙2 + 𝐺 (
[𝐽2 −

(𝐼1)2

12 ]

𝐽2
)

 

(5.25) 
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Finally, the ultimate form of Drucker-Prager constitutive equation with 

associated flow rule for plane strain condition is proposed on 𝑥𝑦 space in 

SPH framework as: 

𝐷𝜎𝑖
𝛼𝛽

𝐷𝑡
= 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 +

3𝐾3𝐷
2(1 + 𝑣)

𝜀̇𝛾𝛾𝛿𝛼𝛽

− 𝜆̇ [2𝐺𝛼𝜙𝛿
𝛼𝛽 + 

𝐺

√𝐽2
𝑠𝛼𝛽] 

(5.26) 

As discussed in chapter 4, Drucker-Prager yield criterion comprises 

hydrostatic pressure which makes it reliable for pressure dependent 

dilatant materials. As such, the proposed stress-strain relationships in 

SPH framework for both associated and non-associated flow rule are 

applicable for modelling pressure sensitive materials and structures for 

plane strain condition. As such, the proposed plane strain constitutive 

models are suitable for geotechnical applications.  

 

5.3 Numerical application  
 

For examining the application range and success of proposed von-Mises 

and Drucker-Prager constitutive models with associated and non-

associated flow rules for plane strain condition, SPH models are 

constructed for each constitutive model to analyse stresses and strains in 

materials under uniaxial compression. The SPH algorithm used for von-

Mises and Drucker-Prager SPH models with associated and non-

associated flow rules for plane strain condition is similar to the algorithm 

proposed in Section 4.8 except for the constitutive models. Section 4.8 
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introduced SPH models for analysing stresses and strains in materials 

under uniaxial compression for plane stress condition. In this section, this 

algorithm is adopted by replacing the plane stress constitutive models with 

the proposed plane strain constitutive models on xy space for examining 

the in-plane stresses and strains in materials under plane strain condition. 

For more details on the algorithm and geometry of the system please refer 

to chapter 4. 

 

Table 5.1: Material Parameters. 

 

 

 

 

 

von-Mises plane strain Constitutive 

model 

Drucker-Prager plane 

strain Constitutive model 

for non-associated and 

associated flow rules 

 Case 10: 

Beryllium 

alloy 

 

Case 11: 

Aluminium 

alloy 

Case 12:  

Lead 

alloy 

Case 

13, 16: 

Soil 1 

Case 

14, 17: 

Soil 2 

Case 

15, 18: 

Soil 3 

Bulk 

modulus 

(𝐾3D) 

107.46GPa 76.61GPa 53.33 

GPa 

57.14 

MPa 

172.5 

MPa 

88.89

MPa 

Shear 

modulus 

(G) 

109.38GPa 25.54GPa 5.52GPa 52.17 

MPa 

79.62 

MPa 

58.54

MPa 

Young’s 

modulus 

(E) 

245GPa 68.95GPa 16GPa 120 

MPa 

207 

MPa 

144 

MPa 

Yield 

stress 

360MPa 500MPa 33MPa - - - 

Poisson’s 

ratio  

0.12 0.35 0.45 0.15 0.3 0.23 

Friction 

angle (𝜙) 

- - - 30 30 30 

Cohesion 
(𝑐) 

- - - 69kPa 69kPa 69kPa 

Density 

 

2900 2700 11100 1380 1850 1430 
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Similar to Table 4.1, Numerical simulation is conducted on six types 

of materials as shown in Table 5.1. SPH model with von-Mises constitutive 

equation is adopted to simulate stresses and strains in three types of 

metals such as aluminium alloy, beryllium alloy and lead alloy (cases 10-

12). Poisson’s ratio of these materials are within the range 0-0.45. On the 

other hand, Drucker-Prager SPH model with non-associated flow rule is 

employed to model stresses and strains in three categories of soil (cases 13-

15) with various parameters as presented in Table 5.1. Poisson’s ratio of 

these materials are within the range 0-0.3. Comprising similar parameters 

of materials from cases 13-15, cases 16-18 are modelled utilizing Drucker-

Prager SPH model with associated flow rule.  

 

5.4 SPH governing equations for 2D compression 
 

The governing equations employed for modelling uniaxial compression for 

plane strain condition is identical to the governing equations presented in 

Section 4.4 apart from the constitutive models. As such, instead of Eqs. 

(4.44) to (4.46) the constitutive models proposed for plane strain condition 

are adopted as follows: 

von-Mises constitutive model with associated flow rule in SPH framework: 

𝐷𝜎𝑖
𝛼𝛽

𝐷𝑡
= 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 +

3𝐾3𝐷
2(1 + 𝑣)

𝜀̇𝛾𝛾𝛿𝛼𝛽 − 𝜆̇[𝐺𝑠𝛼𝛽] 
(5.27) 

𝜆̇ =  
𝑒̇𝛼𝛽𝑠𝛼𝛽

(
𝜎𝑦2

3 −
1
12
(𝜎𝛾𝛾)2)
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Drucker-Prager constitutive model with non-associated flow rule in SPH 

framework: 

𝐷𝜎𝑖
𝛼𝛽

𝐷𝑡
= 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 +

3𝐾3𝐷
2(1 + 𝑣)

𝜀̇𝛾𝛾𝛿𝛼𝛽

− 𝜆̇ [6𝐺𝑠𝑖𝑛𝜓𝛿𝛼𝛽 + 
𝐺

√𝐽2
𝑠𝛼𝛽] 

(5.28) 

𝜆̇ =

2𝛼𝜙
3𝐾3𝐷

2(1 + 𝑣)
𝜀̇𝛾𝛾 +

𝐺

√𝐽2
𝑠𝛼𝛽𝜀̇𝛼𝛽

12𝐺𝛼𝜙𝑠𝑖𝑛𝜓 + 𝐺 (
[𝐽2 −

(𝐼1)2

12
]

𝐽2
)

 

 

Drucker-Prager constitutive model with associated flow rule in SPH 

framework: 

𝐷𝜎𝑖
𝛼𝛽

𝐷𝑡
= 𝜎𝛼𝛾𝜔̇𝛽𝛾 + 𝜎𝛾𝛽𝜔̇𝛼𝛾 + 2𝐺𝑒̇𝛼𝛽 +

3𝐾3𝐷
2(1 + 𝑣)

𝜀̇𝛾𝛾𝛿𝛼𝛽

− 𝜆̇ [2𝐺𝛼𝜙𝛿
𝛼𝛽 + 

𝐺

√𝐽2
𝑠𝛼𝛽] 

(5.29) 

 

𝜆̇ =

2𝛼𝜙
3𝐾3𝐷

2(1 + 𝑣)
𝜀̇𝛾𝛾 +

𝐺

√𝐽2
𝑠𝛼𝛽𝜀̇𝛼𝛽

4𝐺𝛼𝜙2 + 𝐺 (
[𝐽2 −

(𝐼1)2

12 ]

𝐽2
)

 

 

 

5.5 Results 
 

Similar to the SPH models in chapter 4, von-Mises and Drucker-Prager 

SPH models for plane strain condition deliver the materials’ stress-strain 

behaviour and graphical representation of vertical stress distribution at 
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every time-step of the simulation. Stress-strain response for each material 

is plotted by averaging the summation of internal vertical stresses against 

internal vertical strains over the total number of particles in the system 

(200 particles).  

Sections 5.5.1, 5.5.2 and 5.5.3 present the results obtained from 

modelling cases 10-12, 13-15 and 16-18 respectively. Numerically achieved 

stress-strain plot for cases 10-18 are shown in Figures 5.2, 5.3, 5.5, 5.7, 

5.11, 5.15, 5.19, 5.23 and 5.27 respectively. These results clearly 

demonstrate the achievement of elastic-perfectly plastic response of the 

materials.  

The validation method of these numerical results is identical to the 

method explained for plane stress condition in Section 4.9 for both von-

Mises and Drucker-Prager yield criterion except for the value of 𝑘 used for 

cases 13-18. This is because, the expression of 𝑘 for plane stress condition 

is dissimilar from plane strain condition as defined by Eqs. (3.80) and 

(5.18) respectively. Hence, the input value of 𝑘 from Eq. (5.18) varies from 

Eq. (3.80). As such, ‘𝑘 from simulation’ for cases 13-18 are verified with the 

input value of 𝑘 = 57411.47031 from Eq. (5.18). Furthermore, the plane 

stress stress-strain plots achieved for cases 1-9 are compared with the 

plane strain stress-strain plots of cases 10-18 as shown in Figures. 5.2, 5.3, 

5.5, 5.9, 5.13, 5.17, 5.21, 5.25, 5.29 respectively. In addition, the stress-

strain curves achieved through Drucker-Prager SPH model with non-asso-

ciated flow rule (cases 13-15) are compared with the associated flow rule 

(cases 16-18) in Section 5.5.4. 
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5.5.1 Results obtained using von-Mises constitutive 

model 
 

 
𝑡 = 0.000062 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.769 × 10−7 

 
𝑡 = 0.011200 𝑠  

𝑎𝑡 182000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.602 × 10−4 

 
𝑡 = 0.024092 𝑠  

𝑎𝑡 391500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.376 × 10−4 
 

 
𝑡 = 0.029468 𝑠  

𝑎𝑡 478850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.100 × 10−4 

 
𝑡 = 0.034782 𝑠  

𝑎𝑡 565200 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.814 × 10−4 

 
𝑡 = 0.039631 𝑠  

𝑎𝑡 644000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.463 × 10−4  

 
𝑡 = 0.044111 𝑠  

𝑎𝑡 716800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.062 × 10−4 

 
𝑡 = 0.049499 𝑠  

𝑎𝑡 804350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.782 × 10−4 

 
𝑡 = 0.052877 𝑠  

𝑎𝑡 859250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.232 × 10−4  

 
𝑡 = 0.060249 𝑠  

𝑎𝑡 979050 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 8.214 × 10−4 

 
𝑡 = 0.070052 𝑠  

𝑎𝑡 1138350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.517 × 10−4 

 
𝑡 = 0.076428 𝑠  

𝑎𝑡 1241950 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.036 × 10−3  

 
𝑡 = 0.090360 𝑠  

𝑎𝑡 1468350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.220 × 10−3 

 
𝑡 = 0.121988 𝑠  

𝑎𝑡 1982300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.636 × 10−3 

 
𝑡 = 0.171080 𝑠  

𝑎𝑡 2780050 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑡𝑟𝑎𝑖𝑛 = 2.272 × 10−3  
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𝑡 = 0.286332 𝑠  

𝑎𝑡 4652900 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.758 × 10−3 

 
𝑡 = 0.339837 𝑠  

𝑎𝑡 5522350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.448 × 10−3 

 
𝑡 = 0.463892 𝑠  

𝑎𝑡 7438250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.969 × 10−3  

Figure 5.1: Vertical stress distribution at various time-steps for case 10. 

 

 

Figure 5.2: Comparison of plane strain and plane stress stress-strain curve for 

Beryllium alloy. 

 

 

Figure 5.3: Comparison of plane strain and plane stress stress-strain curve for 

Aluminium alloy. 
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𝑡 = 0.000157 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.971 × 10−6 

 
𝑡 = 0.119545 𝑠  

𝑎𝑡 762100 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.603 × 10−3 

 
𝑡 = 0.140094 𝑠  

𝑎𝑡 813900 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.711 × 10−3  

 
𝑡 = 0.161490 𝑠  

𝑎𝑡 1029500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.159 × 10−3 

 
𝑡 = 0.183106 𝑠  

𝑎𝑡 1167300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.446 × 10−3 

 
𝑡 = 0.206337 𝑠  

𝑎𝑡 1315400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.754 × 10−3  

 
𝑡 = 0.228973 𝑠  

𝑎𝑡 1459700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.054 × 10−3 

 
𝑡 = 0.304675 𝑠  

𝑎𝑡 1942300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.057 × 10−3 

 
𝑡 = 0.333310 𝑠  

𝑎𝑡 2124850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.436 × 10−3  

 
𝑡 = 0.401341 𝑠  

𝑎𝑡 2558550 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.334 × 10−3 

 
𝑡 = 0.445271 𝑠  

𝑎𝑡 2838600 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.914 × 10−3 

 
𝑡 = 0.505537 𝑠  

𝑎𝑡 3222800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.706 × 10−3  

 
𝑡 = 0.634863 𝑠  

𝑎𝑡 4047250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 8.399 × 10−3 

 
𝑡 = 0.702016 𝑠  

𝑎𝑡 4475350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.274 × 10−3 

 
𝑡 = 1.005130 𝑠  

𝑎𝑡 6407700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 0.0132  
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𝑡 = 1.256157 𝑠  

𝑎𝑡 8008000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 0.0165 

 
𝑡 = 1.611216 𝑠  

𝑎𝑡 10271500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 0.0211 

 
𝑡 = 1.959757 𝑠  

𝑎𝑡 12493450 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 0.0257  

 

Figure 5.4: Vertical stress distribution at various time-steps for case 11. 

 

 

 

Figure 5.5: Comparison of plane strain and plane stress stress-strain curve for Lead 

alloy. 

 

 

 
𝑡 = 0.000636 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.906 × 10−6 

 
𝑡 = 0.011620 𝑠  

𝑎𝑡 18300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.563 × 10−4 

 
𝑡 = 0.030223 𝑠  

𝑎𝑡 47600 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.121 × 10−4  
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𝑡 = 0.034921 𝑠  

𝑎𝑡 55000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.747 × 10−4 

 
𝑡 = 0.040636 𝑠  

𝑎𝑡 64000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.503 × 10−4 

 
𝑡 = 0.044064 𝑠  

𝑎𝑡 69400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.955 × 10−4  

 
𝑡 = 0.051302 𝑠  

𝑎𝑡 80800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.908 × 10−4 

 
𝑡 = 0.055334 𝑠  

𝑎𝑡 87150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.439 × 10−4 

 
𝑡 = 0.080159 𝑠  

𝑎𝑡 126250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.070 × 10−3  

 
𝑡 = 0.087715 𝑠  

𝑎𝑡 138150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.169 × 10−3 

 
𝑡 = 0.099366 𝑠  

𝑎𝑡 156500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.322 × 10−3 

 
𝑡 = 0.126286 𝑠  

𝑎𝑡 198900 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.674 × 10−3  

 
𝑡 = 0.159620 𝑠  

𝑎𝑡 251400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.108 × 10−3 

 
𝑡 = 0.483524 𝑠  

𝑎𝑡 761550 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.288 × 10−3 

 
𝑡 = 0.564080 𝑠  

𝑎𝑡 940050 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.752 × 10−3  

 
𝑡 = 0.784794 𝑠  

𝑎𝑡 1236050 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑤ℎ𝑒𝑛 𝑠𝑡𝑟𝑎𝑖𝑛 = 0.0102 

 
𝑡 = 0.938413 𝑠  

𝑎𝑡 1478000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑤ℎ𝑒𝑛 𝑠𝑡𝑟𝑎𝑖𝑛 = 0.0122 

 
𝑡 = 1.330509 𝑠  

𝑎𝑡 2095550 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑤ℎ𝑒𝑛 𝑠𝑡𝑟𝑎𝑖𝑛 = 0.0173  
 

Figure 5.6: Vertical stress distribution at various time-steps for case 12. 
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5.5.2 Results obtained using Drucker-Prager constitu-

tive model with non-associated flow rule 
 

 

Figure 5.7: Average vertical stress-strain curve from simulation for case 13. 

 

Figure 5.8: Verification of simulation result with analytical result for case 13. 

 

Figure 5.9: Comparison of plane strain and plane strain results for Soil with 

E=120MPa. 
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𝑡 = 0.000138 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.743 × 10−6 

 
𝑡 = 0.011530 𝑠  

𝑎𝑡 83450 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.530 × 10−4 

 
𝑡 = 0.017983 𝑠  

𝑎𝑡 130150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.388 × 10−4  

 
𝑡 = 0.021354 𝑠  

𝑎𝑡 154550 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.836 × 10−4 

 
𝑡 = 0.024919 𝑠  

𝑎𝑡 180350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.311 × 10−4 

 
𝑡 = 0.028587 𝑠  

𝑎𝑡 206900 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.799 × 10−4  

 
𝑡 = 0.032587 𝑠  

𝑎𝑡 235850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.331 × 10−4 

 
𝑡 = 0.035890 𝑠  

𝑎𝑡 259750 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.770 × 10−4 

 
𝑡 = 0.039662 𝑠  

𝑎𝑡 287050 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.272 × 10−4  

 
𝑡 = 0.047323 𝑠  

𝑎𝑡 342500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.291 × 10−4 

 
𝑡 = 0.052518 𝑠  

𝑎𝑡 380100 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.981 × 10−4 

 
𝑡 = 0.0.055461 𝑠  
𝑎𝑡 401400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.372 × 10−4  

 
𝑡 = 0.069555 𝑠  

𝑎𝑡 503400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.240 × 10−4 

 
𝑡 = 0.083040 𝑠  

𝑎𝑡 601000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.102 × 10−3 

 
𝑡 = 0.115821 𝑠  

𝑎𝑡 838250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.529 × 10−3  
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𝑡 = 0.170425 𝑠  

𝑎𝑡 1233450 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.235 × 10−3 

 
𝑡 = 0.263883 𝑠  

𝑎𝑡 1909850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.440 × 10−3 

 
𝑡 = 0.536651 𝑠  

𝑎𝑡 3421150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.132 × 10−3 
 

Figure 5.10: Vertical stress distribution at various time-steps for case 13. 

 

 

Figure 5.11: Average vertical stress-strain curve from simulation for case 14. 

 

 

Figure 5.12: Verification of simulation result with analytical result for case 14. 
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Figure 5.13: Comparison of plane strain and plane stress results for Soil with 

E=207MPa. 

 

 

 
𝑡 = 0.000138 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑛 = 1.740 × 10−6 

 
𝑡 = 0.004698 𝑠  

𝑎𝑡 34000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.202 × 10−5 

 
𝑡 = 0.010342 𝑠  

𝑎𝑡 74850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.368 × 10−4  

 
𝑡 = 0.013188 𝑠  

𝑎𝑡 95450 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.745 × 10−4 

 
𝑡 = 0.015005 𝑠  

𝑎𝑡 108600 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.986 × 10−4 

 
𝑡 = 0.017244 𝑠  

𝑎𝑡 124800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.282 × 10−4  

 
𝑡 = 0.018846 𝑠  

𝑎𝑡 136400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.494 × 10−4 

 
𝑡 = 0.021112 𝑠  

𝑎𝑡 152800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.794 × 10−3 

 
𝑡 = 0.022618 𝑠  

𝑎𝑡 163700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.994 × 10−4  
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𝑡 = 0.024843 𝑠  

𝑎𝑡 179800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.288 × 10−4 

 
𝑡 = 0.026971 𝑠  

𝑎𝑡 195200 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.569 × 10−4 

 
𝑡 = 0.029292 𝑠  

𝑎𝑡 212000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.876 × 10−4  

 
𝑡 = 0.034080 𝑠  

𝑎𝑡 246650 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.507 × 10−4 

 
𝑡 = 0.045292 𝑠  

𝑎𝑡 327800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.976 × 10−4 

 
𝑡 = 0.055171 𝑠  

𝑎𝑡 399300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.260 × 10−4  

 
𝑡 = 0.162045 𝑠  

𝑎𝑡 1172800 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.103 × 10−3 

 
𝑡 = 0.410321 𝑠  

𝑎𝑡 2969700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.301 × 10−3 

 
𝑡 = 0.539503 𝑠  

𝑎𝑡 3904650 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.350 × 10−3  

 

Figure 5.14: Vertical stress distribution at various time-steps for case 14. 

 

 

Figure 5.15: Average vertical stress-strain curve from simulation for case 15. 
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Figure 5.16: Verification of simulation result analytical results for case 15. 

 

Figure 5.17: Comparison of plane strain and plane stress results for Soil with 

E=144MPa. 

 

 

 
𝑡 = 0.000138 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.742 × 10−6 

 
𝑡 = 0.010135 𝑠  

𝑎𝑡 73350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.343 × 10−4 

 
𝑡 = 0.014218 𝑠  

𝑎𝑡 102900 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.885 × 10−4  
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𝑡 = 0.017057 𝑠  

𝑎𝑡 123450 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.262 × 10−4 

 
𝑡 = 0.022694 𝑠  

𝑎𝑡 164250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.011 × 10−4 

 
𝑡 = 0.028359 𝑠  

𝑎𝑡 205250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.764 × 10−4  

 
𝑡 = 0.031316 𝑠  

𝑎𝑡 226650 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.157 × 10−4 

 
𝑡 = 0.037561 𝑠  

𝑎𝑡 271850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.985 × 10−4 

 
𝑡 = 0.040629 𝑠  

𝑎𝑡 294050 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.392 × 10−4  

 
𝑡 = 0.043993 𝑠  

𝑎𝑡 318400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.838 × 10−4 

 
𝑡 = 0.051482 𝑠  

𝑎𝑡 372600 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.829 × 10−4 

 
𝑡 = 0.055496 𝑠  

𝑎𝑡 401650 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.359 × 10−4  

 
𝑡 = 0.060967 𝑠  

𝑎𝑡 441250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 8.079 × 10−4 

 
𝑡 = 0.066093 𝑠  

𝑎𝑡 478350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 8.752 × 10−4 

 
𝑡 = 0.075351 𝑠  

𝑎𝑡 545350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.963 × 10−4  

 
𝑡 = 0.092214 𝑠  

𝑎𝑡 667400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.215 × 10−3 

 
𝑡 = 0.442397 𝑠  

𝑎𝑡 3201850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.730 × 10−3 

 
𝑡 = 0.463599 𝑠  

𝑎𝑡 3355300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.003 × 10−3  
 

Figure 5.18: Vertical stress distribution at various time-steps for case 15. 
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5.5.3 Results obtained using Drucker-Prager constitu-

tive model with associated flow rule 
 

 

Figure 5.19: Average vertical stress-strain curve from simulation for case 16. 

 

Figure 5.20: Verification of simulation result with analytical result for case 16. 

 

Figure 5.21: Comparison of plane strain and plane stress results for soil with 

E=120MPa. 
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𝑡 = 0.000138 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.744 × 10−6 

 
𝑡 = 0.009009 𝑠  

𝑎𝑡 65200 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.195 × 10−4 

 
𝑡 = 0.018425 𝑠  

𝑎𝑡 133350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.448 × 10−4  

 
𝑡 = 0.021900 𝑠  

𝑎𝑡 158500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.911 × 10−4 

 
𝑡 = 0.025112 𝑠  

𝑎𝑡 181750 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.338 × 10−4 

 
𝑡 = 0.029099 𝑠  

𝑎𝑡 210600 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.869 × 10−4  

 
𝑡 = 0.037375 𝑠  

𝑎𝑡 270500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.972 × 10−4 

 
𝑡 = 0.041057 𝑠  

𝑎𝑡 297150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.463 × 10−4 

 
𝑡 = 0.041157 𝑠  

𝑎𝑡 341300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.275 × 10−4  

 
𝑡 = 0.050867 𝑠  

𝑎𝑡 368150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.769 × 10−4 

 
𝑡 = 0.055033 𝑠  

𝑎𝑡 398300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.324 × 10−4 

 
𝑡 = 0.063033 𝑠  

𝑎𝑡 456200 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 8.388 × 10−4  

 
𝑡 = 0.067959 𝑠  

𝑎𝑡 491850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.041 × 10−4 

 
𝑡 = 0.072435 𝑠  

𝑎𝑡 524250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.634 × 10−4 

 
𝑡 = 0.092580 𝑠  

𝑎𝑡 670050 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.228 × 10−3  
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𝑡 = 0.223993 𝑠  

𝑎𝑡 1621150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.922 × 10−3 

 
𝑡 = 0.288159 𝑠  

𝑎𝑡 2085550 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.745 × 10−3 

 
𝑡 = 0.466086 𝑠  

𝑎𝑡 3373300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑟𝑎𝑖𝑛 = 6.020 × 10−3  

 

Figure 5.22: Vertical stress distribution at various time-steps for case 16. 

 

 

Figure 5.23: Average vertical stress-strain curve from simulation for case 17. 

 

 

Figure 5.24: Verification of simulation result with analytical results for case 17. 
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Figure 5.25: Comparison of plane strain and plane stress results for Soil with 

E=207MPa. 

 

 

 
𝑡 = 0.000138 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.741 × 10−6 

 
𝑡 = 0.004387 𝑠  

𝑎𝑡 31750 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.794 × 10−5 

 
𝑡 = 0.012656 𝑠  

𝑎𝑡 91600 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.676 × 10−4  

 
𝑡 = 0.015192 𝑠  

𝑎𝑡 109950 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.012 × 10−4 

 
𝑡 = 0.017347 𝑠  

𝑎𝑡 125550 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.298 × 10−4 

 
𝑡 = 0.019772 𝑠  

𝑎𝑡 143100 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.620 × 10−4  

 
𝑡 = 0.020850 𝑠  

𝑎𝑡 150900 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.763 × 10−4 

 
𝑡 = 0.023302 𝑠  

𝑎𝑡 168650 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.088 × 10−4 

 
𝑡 = 0.026895 𝑠  

𝑎𝑡 194650 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.563 × 10−4  
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𝑡 = 0.028954 𝑠  

𝑎𝑡 209550 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖 = 3.836 × 10−4 

 
𝑡 = 0.033617 𝑠  

𝑎𝑡 243300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.451 × 10−4 

 
𝑡 = 0.036304 𝑠  

𝑎𝑡 262750 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.805 × 10−4  

 
𝑡 = 0.039061 𝑠  

𝑎𝑡 282700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.168 × 10−4 

 
𝑡 = 0.042826 𝑠  

𝑎𝑡 309950 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.661 × 10−4 

 
𝑡 = 0.051973 𝑠  

𝑎𝑡 376150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.853 × 10−4  

 
𝑡 = 0.243365 𝑠  

𝑎𝑡 1761350 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.146 × 10−3 

 
𝑡 = 0.311503 𝑠  

𝑎𝑡 2254500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.021 × 10−3 

 
𝑡 = 0.466390 𝑠  

𝑎𝑡 3375500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.008 × 10−3  
 

Figure 5.26: Vertical stress distribution at various time-steps for case 17. 

 

 

Figure 5.27: Average vertical stress-strain curve from simulation for case 18. 
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Figure 5.28: Verification of simulation result with analytical result for case 18. 

 

Figure 5.29: Comparison of plane strain and plane stress results for Soil with 

E=144MPa. 

 

 

 
𝑡 = 0.000138 𝑠  
𝑎𝑡 1000 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.742 × 10−6 

 
𝑡 = 0.007206 𝑠  

𝑎𝑡 52150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.545 × 10−5 

 
𝑡 = 0.016808 𝑠  

𝑎𝑡 121650 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.231 × 10−4  
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𝑡 = 0.017423 𝑠  

𝑎𝑡 126100 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.313 × 10−4 

 
𝑡 = 0.020346 𝑠  

𝑎𝑡 147250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 2.701 × 10−4 

 
𝑡 = 0.023109 𝑠  

𝑎𝑡 167250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.069 × 10−4  

 
𝑡 = 0.025859 𝑠  

𝑎𝑡 187150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.434 × 10−4 

 
𝑡 = 0.031952 𝑠  

𝑎𝑡 231250 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.245 × 10−4 

 
𝑡 = 0.042197 𝑠  

𝑎𝑡 305400 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.607 × 10−4  

 
𝑡 = 0.043924 𝑠  

𝑎𝑡 317900 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 5.836 × 10−4 

 
𝑡 = 0.050826 𝑠  

𝑎𝑡 367850 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.751 × 10−4 

 
𝑡 = 0.054294 𝑠  

𝑎𝑡 392950 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.208 × 10−4  

 
𝑡 = 0.058487 𝑠  

𝑎𝑡 423300 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 7.764 × 10−4 

 
𝑡 = 0.071026 𝑠  

𝑎𝑡 514050 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 9.411 × 10−4 

 
𝑡 = 0.078715 𝑠  

𝑎𝑡 569700 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 1.041 × 10−3  

 
𝑡 = 0.242909 𝑠  

𝑎𝑡 1758050 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 3.155 × 10−3 

 
𝑡 = 0.373679 𝑠  

𝑎𝑡 2704500 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 4.832 × 10−3 

 
𝑡 = 0.466342 𝑠  

𝑎𝑡 3375150 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 

𝑠𝑡𝑟𝑎𝑖𝑛 = 6.018 × 10−3  
 

Figure 5.30: Vertical stress distribution at various time-steps for case 18. 
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5.5.4 Comparison between Drucker-Prager non-associ-

ated and associated flow rule  
 

This section presents the comparison between the stress-strain responses 

obtained from Drucker-Prager SPH model with non-associated flow rule 

and the results from Drucker-Prager SPH model with associated flow rule. 

As such the comparison between cases 13-16, 14-17 and 15-18 are 

presented as follows: 

 

Figure 5.31: Comparison between associated and non-associated flow for soil with 

E=120MPa. 

 

Figure 5.32: Comparison between associated and non-associated flow for soil with 

E=207MPa. 
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Figure 5.33: Comparison between associated and non-associated flow for soil with 

E=144MPa. 

 

5.6 Discussion 
  

Figures 5.2, 5.3, 5.5, 5.8, 5.12, 5.16, 5.20, 5.24 and 5.28 present the simu-

lated results with analytical solutions for cases 10-18 respectively. It can 

be observed from the figures that the simulated stresses at elasticity cor-

relate well with ‘E’ for all considered cases. This is proven by the achieve-

ment of accuracy levels greater than 94% as listed in Table 5.2. 

Furthermore, numerically obtained stresses at plasticity using the 

proposed von-Mises constitutive model agree well with ‘Y’ in Figures 5.2, 

5.3 and 5.5 with greater than 95% of accuracy. For cases 10-12, the 

accuracy level of stresses at plasticity using the plane strain model is 

similar to the accuracy level obtained employing the plane stress model. 

However, as shown in Table 5.2, the plane-stress model well simulated the 

elasticity than the plane-strain model. Therefore, even though the 

developed plane-strain von-Mises elastic-perfectly plastic model provides 
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accurate solutions to sufficiency, the von-Mises elastic-perfectly plastic 

model for plane stress condition better simulated the scenario than the 

plane-strain model. This is further apparent from Figures 5.2, 5.3 and 5.5. 

 

Table 5.2: Accuracy for plane strain models. 

 

Case 

number 

 

Constitutive 

Model 

 

Figure 

Number 

Accuracy with 

analytical solution 

for plane-strain 

Accuracy with 

analytical solution 

for plane-stress 

Elastic 

section 

Plastic 

section 

Elastic 

section 

Plastic 

section 

 

10 

 

von-Mises 

 

5.2 

 

98.868% 

 

95.507% 

 

98.663% 

 

95.512% 

 

11 

 

von-Mises 

 

5.3 

 

97.472% 

 

96.006% 

 

99.832% 

 

95.729% 

 

12 

 

von-Mises 

 

5.5 

 

96.993% 

 

95.515% 

 

98.873% 

 

95.636% 

 

13 

 

DP-non-ass 

 

5.8 

 

97.446% 

 

92.247% 

 

97.335% 

 

92.340% 

 

14 

 

DP-non-ass 

 

 5.12 

 

94.708% 

 

90.163% 

 

98.488% 

 

90.229% 

 

15 

 

DP-non-ass 

 

 5.16 

 

96.369% 

 

91.256% 

 

97.693% 

 

91.233% 

 

16 

 

DP-ass 

 

 5.20 

 

98.070% 

 

91.875% 

 

98.774% 

 

93.452% 

 

17 

 

DP-ass 

 

 5.24 

 

95.135% 

 

90.049% 

 

98.773% 

 

92.423% 

 

18 

 

DP-ass 

 

 5.28 

 

95.083% 

 

90.899% 

 

99.112% 

 

92.023% 

 

Similarly, ‘k from simulation’ for cases 13-18 using Drucker-Prager 

constitutive model correlate well with input value of k in Figures. 5.8, 5.12, 

5.16, 5.20, 5.24, and 5.28 with accuracy greater than 90% as shown in 

Table 5.2. It can be observed from Table 5.2, the plane stress Drucker-

Prager model provide better estimation of elasticity than the plane strain 

model. Furthermore, greater the Poisson’s ratio, the larger the deviation 

of the plane strain model from the plane stress model in predicting the 

elastic behaviour of the material. This is evident in Figures 5.9, 5.13, 5.17, 
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5.21, 5.25 and 5.29. Even though both models were similar in predicting 

the plastic behaviour as shown in Table 5.2, plane-stress model simulated 

the scenario well due to its increased accuracy in predicting the elastic 

behaviour. Therefore, it is obvious that the proposed SPH models for plane 

stress condition are more accurate in predicting the stresses and strains in 

material under uniaxial compression than the plane-strain models.  

Furthermore, graphical images were generated to acquire insight 

into vertical stress distribution in particles at various time steps. These 

are presented in Figures. 5.1, 5.4, 5.6, 5.10, 5.14, 5.18, 5.22, 5.26 and 5.30 

for cases 10-18 respectively. This provide knowledge on the development 

of stresses of materials under compression and allows to match the 

individual images in Figures 5.1, 5.4, 5.6, 5.10, 5.14, 5.18, 5.22, 5.26, 5.30 

with the corresponding strain values in Figures 5.2, 5.3, 5.5, 5.7, 5.11, 5.15, 

5.19, 5.23, 5.27 respectively.   

Moreover, Figures 5.31, 5.32 and 5.33 demonstrate the comparison 

between stress-strain plots achieved using Drucker-Prager associated flow 

rule and non-associated flow rule. It is obvious that the associated flow rule 

is much closer to the analytical solutions. This further clarifies that soil 

with cohesion is accurately modelled with means of associated flow rule 

than the non-associated flow rule. 

All-in-all, the proposed elastic-perfectly plastic constitutive models 

for both von-Mises and Drucker-Prager yield criterion for plane strain 

condition well predicted the stress-strain behaviour of materials under 

uniaxial compression with greater than 90% of accuracy. Despite its 
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reduced accuracy in current application in comparison to the plane-stress 

models, the plane strain models are reliable engineering tools for the 

estimation of stresses and strains in plane strain structures.  

 

 

5.7 Conclusion 
 

A new approach has been proposed for the development of von-Mises and 

Drucker-Prager constitutive models under plane strain condition. The 

main feature of these plane strain models is their development in a 

complete two-dimensional SPH framework. This is ensured by deriving the 

elastic section of the constitutive equation with means of 2D Hooke’s law 

and by employing two-dimensional formulas of failure criterion. 

Furthermore, unlike most of the SPH formulation in solid mechanics, 

hydrostatic pressure has been computed with means of constitutive 

equation. According to our knowledge, this combined approach has been 

performed for the first time in 2D SPH framework. 

Simulated results using the proposed von-Mises SPH model agreed 

well with analytical solutions for all the considered materials comprising 

Poisson’s ratio 0.12, 0.35 and 0.45. These selected values of Poisson’s ratio 

ensured the capability of the developed model to accurately simulate any 

given material within the Poisson’s ratio range 0-0.45. Similarly, 

developed Drucker-Prager SPH models for associated and non-associated 

flow rule successfully simulated the stress-strain response of materials 

comprising Poisson’ ratio 0.15, 0.3 and 0.23. This allows the models’ 
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applicability range to be extended to materials with Poisson’s ratio within 

the range 0-0.3. Hence, the developed constitutive models embrace wider 

range of applications. 

Moreover, in comparison to plane stress and plane strain models, 

plane stress models simulated the stresses and strains of materials with 

greater precision than the plane strain models. Even though the plane 

strain models are slightly less accurate than the plane stress models for 

current application, the results achieved have emphasized the ability of 

the proposed constitutive models in effectively simulating plane strain 

problems. Therefore, the developed models are promising tools for 

engineers to model plane strain scenarios in engineering applications. The 

models could be further examined on large deformation applications. As 

such, the following chapter presents the development of a SPH model 

comprising the proposed plane strain constitutive models to a complex 

scenario.  
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Chapter 6                                 

Development of smooth particle hy-

drodynamics for the analysis of 

stresses around jack-in-pile 
 

 

6.1 Introduction 
 

The development of SPH model is presented in this chapter for simulating 

the soil stress field around jack-in pile. Maximum effort is made in the 

numerical model for reducing the simplified assumptions in previous 

studies. As such, by utilizing the proposed von-Mises constitutive model 

for plane strain condition, pile is represented as an elastic-perfectly plastic 

material and is modelled from the soil surface to the final penetration 

depth. The proposed Drucker-Prager constitutive model with non-

associated flow rule for plane strain condition is employed for modelling 

the soil material during installation. In addition, soil-pile interaction is 

considered. The model is developed with the ability of providing graphical 

representation of both horizontal and vertical soil stress distribution at 

various instants of the simulation. Results acquired using the proposed 

SPH model are compared with previously published experimental results 

by Jardine et al. [15], [18] and numerically simulated results by Lorenzo 

et al. [28] for validation. 
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6.2 Experimental set up of jack-in pile installation 
 

 

Figure 6.1: Experimental setup for measuring stresses in soil [15]. 

  

Jardine et al. [15] introduced an experimental method for acquiring 

reliable stress measurements within a calibration chamber. In the test, the 

calibration chamber with diameter 120cm and height 150cm was filled 

with sand deposit as illustrated in Figure 6.1. Pressurised membrane with 

diameter 50cm and thickness 6cm were placed between the surface of the 

sand and top cover to provide a surcharge pressure of 150kPa. A mini ICP 

stainless steel pile with diameter 3.6cm and length 140cm was jacked in 

for 92 cycles. Each cycle consisted a 1cm push and a pause where the pile 

was completely unloaded. The authors recorded radial stresses at point 
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55cm depth and 3.6cm distance from the pile axis at every push and pause 

as shown in Figure 6.2. 

 

Figure 6.2: Radial stress at point 55cm depth and 3.6cm radial distance from the pile 

axis [15]. 

 

Furthermore, utilizing similar experimental setup, Jardine et al. 

[18] measured stresses at two additional points in the soil mass. Both 

horizontal and vertical stresses were recorded for points at radial distances 

5.4cm and 14.4cm at a depth of 70cm from the soil surface. Figure 6.3a and 

b illustrate the vertical stress values obtained for both points at every push 

and pause respectively. Similarly, radial stresses recorded at both points 

are shown in Figure 6.4a and b for every push and pause respectively. 
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Figure 6.3: Vertical stress at end of: (a) push; (b) pause [18]. 

 

In present chapter, the SPH model is developed to numerically 

simulate the experimental values of stresses presented in Figures 6.2, 

6.3a, 6.3b, 6.4a and 6.4b. This is performed to verify the developed SPH 

model to analyse stresses in soil around jack-in pile. 

 

   

Figure 6.4: Radial stress at end of: (a) push; (b) pause [18]. 
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(a)                       (b) 

 
(c) 

 
 (d)                                                                            (e) 

 

Figure 6.5: (a)-(c) horizontal stress; (d)-(e) vertical stress during jack-in pile installation 

[29]. 
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Furthermore, Lorenzo et al. [28] assessed the capacity of Material 

Point Method (MPM) with means of MCC and SubCam constitutive models 

to numerically simulate the experimental results presented in Figures 6.2, 

6.3 and 6.4. The numerical approach achieved similar trends as the 

experimental solutions. However, the values were far from the 

experimental results as shown in Figure 6.5. Nevertheless, among the 

constitutive models, SubCam better simulated the scenario. 

Therefore, in addition to the SPH model’s verification with 

experimental solutions, current chapter involves the comparison study 

between the proposed SPH model and MPM numerical model. As such, the 

numerically simulated results from SPH model are compared with the 

results obtained using MPM for points at r/R=2, 55cm depth and r/R=3, 

70cm depth. This is performed to validate current model’s capability in 

simulating the stresses in soil around jack-in pile in comparison to the 

MPM numerical model.  

 

6.3 Numerical model for jack-in pile installation 
 

The numerical simulation of jack-in pile installation is performed under 

plane strain condition. In summation, 2156 SPH particles are employed to 

model the scenario. As illustrated in Figure 6.6, 1360 and 39 particles are 

adopted to form the soil and pile respectively. 237 virtual particles are used 

to create chamber’s boundary line. Jack-in motion is generated with means 

of the mass placed on the pile. This comprises 24 particles. 56 and 80 
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number of particles are employed to form the pressure membrane and top 

lid respectively. Finally, 360 particles are adopted to create the solid 

boundary to represent the chamber. Both the horizontal and vertical 

boundaries of the chamber were assumed fixed. The surcharge pressure 

(vertical stress) of 150kPa was applied to every particle of the membrane 

and horizontal stress of these particles were considered to be zero 

throughout the simulation.  

 

 

Figure 6.6: SPH particle arrangement for Jack-in pile installation. 

 

 

Table 6.1 summarizes the mechanical properties of soil taken from 

Jardine et al. [15] and Lorenzo et al. [28]. The pile employed in the 
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experimental investigation of soil stresses around jack-in pile is of 

stainless steel material [15]. Therefore, for completing the parameters of 

the proposed model, the standard mechanical properties of grade 304 

stainless steel are adopted in present study. Taking into consideration of 

the parameters listed in Table 6.1 in the numerical simulation, the pile is 

modelled from the soil surface to the final depth of 92cm. A constant 

vertical velocity of 10mm/sec is applied to the mass on top of the pile to 

induce jack-in motion. Every 1cm push is followed by a pause. The motion 

is repeated until the pile achieved its final depth of 92cm. The pile is 

assumed frictionless and initial stresses in soil were assumed to be zero.  

 

Table 6.1: Material parameters for jack-in pile simulation. 

Parameters Soil Pile 

 
𝑣 

 

0.3 

 

0.265 

 
𝜌 

 

720 kg/m3 

 

8060 kg/m3 

 
𝜙 

 

32.80 

 

- 

 
𝜎𝑦 

 

- 

 

205MPa 

 
ℎ 

 

0.06 

 

0.06 

 

 

 

Figure 6.7 presents the SPH algorithm for modelling stresses in soil 

around jack-in pile. The algorithm begins with the initialization of every 

particle in the system. Subsequently, particles in the system searches 

neighbouring pairs. This is followed by the computation of field variables 

such as density, internal forces, artificial viscosity, external force, artificial 
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stress, stress and strain of particles. Thereafter, following the momentum 

calculation, physical properties are updated. If the updated values of 

stresses fall beyond the yield surfaces, the proposed tension cracking 

treatment and stress scaling back pressure are activated for eliminating 

the incorrect modelling of the physics. Finally, the updated particle 

positions, vertical and horizontal soil stress distributions are stored on 

data files and made visually available at every time-step using OpenGL. 

As shown in Figure 6.7, this loop is repeated until the final step of the 

simulation. 

 

 

Figure 6.7: SPH algorithm for modelling jack-in pile installation. 
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SPH model comprising the algorithm in Figure 6.7 is developed from 

the SPH source code introduced by Liu and Liu. [77]. The model is 

developed using C++ language incorporating OpenCL and OpenGL 

programme codes. OpenCL is employed to parallelize the programme code 

for expediting the simulation and OpenGL is adopted for generating 

graphical images of the phenomenon. The developed programme is 

compiled and executed using command prompt in windows operating 

system. OpenGL window is updated at every time-step providing updates 

of soil stress distribution throughout the installation of jack-in pile. This 

feature provides the capability to the SPH model for delivering graphical 

images of soil stress distribution at various pile penetration depths. All-in-

all the output of the proposed model involves horizontal, vertical stress 

measurements at selected points within the soil mass and visual images of 

horizontal and vertical soil stress distribution throughout the installation.  

 

6.4 Development of SPH model to simulate jack-in pile 

installation 
 

Governing equations employed to model jack-in pile installation is similar 

to the governing equations presented in Section 4.4 except for the 

momentum equation and plane stress constitutive models. Jack-in pile 

installation is modelled under plane strain condition. Hence, the plane 

strain constitutive models introduced in chapter 5 for both von-Mises and 

Drucker-Prager yield criterion with non-associated flow rule are employed 
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to model pile and soil respectively. As such, Eqs. (5.27) and (5.28) are 

employed instead of Eqs. (4.44) to (4.46). Furthermore, momentum 

equation for current application varies from Eq. (3.49) due to the adoption 

of artificial viscosity and artificial stress method explained in Section 6.4.1. 

Apart from above, the methods essential for the completion of the 

numerical model are included from Sections 6.4.2 to 6.4.4. 

 

6.4.1 Problem during simulation and solving techniques 
 

Problems in SPH such as unphysical oscillation, stresses falling beyond 

the yield surface were experienced during the modelling of uniaxial 

compression of materials in chapter 4. These problems were also 

encountered during the modelling of jack-in pile installation. However, by 

utilizing the proposed tension cracking treatment and stress-scaling back 

pressure from chapter 4, the problem of stresses falling outside the yield 

surface is eliminated. Furthermore, the problem of unphysical oscillation 

is solved by adopting artificial viscosity. Detail information on these 

solution techniques are included in chapter 4. However, a brief explanation 

on these methods is provided in Section 6.4.1.1.  

Apart from above problems, particles forming clusters and particle 

penetration were observed during the simulation of jack-in pile 

installation. Such problems are eliminated through the employment of 

artificial stress method and Lennard-Jones form discussed in Sections 

6.4.1.2 and 6.4.1.3 respectively. 
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6.4.1.1 Artificial viscosity and treatments 
 

Artificial viscosity discussed in Section 4.5.1 is employed in the simulation 

of the complex scenario. The treatment is achieved by introducing artificial 

viscosity into the momentum equation which is defined by Eq. (4.49). The 

constants 𝛽Π and 𝛼Π are assumed to be 1 for current application. The values 

of 𝑐 considered for pile and soil are 5794 m/s and 600 m/s respectively.  

During the modelling of jack-in pile installation, values of stresses 

were found to lie outside the yield surface. It should be highlighted that 

the developed formulas of tension cracking treatment and stress scaling 

backpressure introduced in Section 4.5.2 are common for both plane stress 

and plane strain condition. As such, both tension cracking treatment and 

stress-scaling backpressure proposed in Section 4.5.2 for both von-Mises 

and Drucker-Prager criterion are employed for current application to 

eliminate the problem of stresses falling outside the yield surfaces. 

 

6.4.1.2 Artificial stress method 
 

Modelling of jack-in pile installation involved the problem of tensile 

instability. Although the problem did not appear within the soil mass or 

pile at the initial stage of the simulation, tensile instability became 

apparent in pile when the pile was driven into further depths as shown in 

Figure 6.8.  
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Figure 6.8: Tensile instability during jack-in pile installation. 

 

Tensile instability is a generally encountered problem in SPH and 

occurs due to the rearrangement of particles into cluster formation. The 

behaviour affects the general flow of particles leading to imprecise 

solutions. Such instability is preventable through the employment of 

artificial stress method. The method was initially attended in-detail by 

Swegle et al. [157] for eliminating the tensile instability. Thereafter, many 

approaches have been introduced for solving the problem [126], [162]–

[167]. Among the methods the most popular approach by Monaghan. [165] 

and Gray et al. [126] are employed in current application for treating the 

problem of tensile instability. This is achieved by involving the artificial 

stress term into the momentum equation as expressed by Eq. (6.1). The 

term functions when the separation of particles becomes lesser than the 

initial particle spacing. In such scenario, a repulsive force is generated in-

between the particles for opposing the clumping behaviour. 



192 
 

𝐷𝑣𝛼

𝐷𝑡
=∑ 𝑚𝑗 (

𝜎𝑗
𝛼𝛽

𝜌𝑗
2 +

𝜎𝑖
𝛼𝛽

𝜌𝑖
2 − Π𝑖𝑗𝛿

𝛼𝛽 + 𝑓𝑖𝑗
𝑛(𝑅𝑖

𝛼𝛽
+ 𝑅𝑗

𝛼𝛽
))

𝑁

𝑗=1

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽
+ 𝐹𝛼 

where, 

𝑅𝑖
𝑥𝑥 = 𝑐𝑜𝑠2𝜃𝑖𝑅́𝑖

𝑥𝑥 + 𝑠𝑖𝑛2𝜃𝑖𝑅́𝑖
𝑦𝑦

 

𝑅𝑖
𝑦𝑦
= 𝑠𝑖𝑛2𝜃𝑖𝑅́𝑖

𝑥𝑥 + 𝑐𝑜𝑠2𝜃𝑖𝑅́𝑖
𝑦𝑦

 

𝑅𝑖
𝑥𝑦
= 𝑠𝑖𝑛𝜃𝑖𝑐𝑜𝑠𝜃𝑖(𝑅́𝑖

𝑥𝑥 − 𝑅́𝑖
𝑦𝑦
) 

 

(6.1) 

 

𝜃𝑖 =
1

2
𝑡𝑎𝑛−1 (
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𝑥𝑦
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𝑦𝑦) 

𝑅́𝑖
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𝜎́𝑖
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𝜌𝑖
2      𝑖𝑓𝜎́𝑖

𝑦𝑦
> 0

0                         𝑒𝑙𝑠𝑒

      𝑟𝑒𝑝𝑙𝑎𝑐𝑖𝑛𝑔 𝑦 𝑏𝑦 𝑥 𝑙𝑒𝑎𝑑𝑠 𝑡𝑜 𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑅́𝑖
𝑥𝑥 

 

𝜎́𝑖
𝑥𝑥 = 𝜎𝑖

𝑥𝑥𝑐𝑜𝑠2𝜃𝑖 + 2 𝑠𝑖𝑛𝜃𝑖𝑐𝑜𝑠𝜃𝑖𝜎𝑖
𝑥𝑦
+ 𝑠𝑖𝑛2𝜃𝑖𝜎𝑖

𝑦𝑦
 

𝜎́𝑖
𝑦𝑦
= 𝜎𝑖

𝑥𝑥𝑠𝑖𝑛2𝜃𝑖 − 2 𝑠𝑖𝑛𝜃𝑖𝑐𝑜𝑠𝜃𝑖𝜎𝑖
𝑥𝑦
+ 𝑐𝑜𝑠2𝜃𝑖𝜎𝑖

𝑦𝑦
 

𝑓𝑖𝑗 =
𝑊𝑖𝑗

𝑊(∆𝑥, ℎ)
 

 

where 𝜃𝑖 is the angle of rotation. 𝜎́𝑖
𝑥𝑥, 𝜎́𝑖

𝑦𝑦
 and  𝑅́𝑖

𝑥𝑥, 𝑅́𝑖
𝑦𝑦

 are the stress and 

artificial stress components along principal coordinates. 𝑅𝑖
𝑥𝑥 and 𝑅𝑖

𝑦𝑦
 

represent the artificial stress components in original coordinates. ∆𝑥 is 

initial particle spacing and ℎ is the smoothing length which are assumed 

to be constant. The values of 𝑛 and 𝜀 are considered to be 2.55 and 0.5 

respectively.  
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6.4.1.3 Soil-pile interaction 
 

As proposed by Bui et al. [87], the general SPH particle summation method 

is applied to the soil particles interacting with pile particles and vice-versa 

despite the differences in its properties. A coupling condition is employed 

at the interface between the pile and soil as: 

𝑣𝑠
𝛼 =  𝑣𝑝𝑖𝑙𝑒

𝛼   (6.2) 

𝜎𝑠
𝛼𝛽
=  𝜎𝑝𝑖𝑙𝑒

𝛼𝛽
  

However, during soil-pile interaction soil particles penetrating the 

pile particles became apparent as illustrated in Figure 6.9. As such, for 

eliminating this adverse behaviour, similar to Bui et al. [87], Lennard-

Jones form is adopted [168]. The method provides a repulsive force to the 

soil particle preventing penetration when distance between the interacting 

pairs becomes lesser than the initial particle spacing  𝑟0. This is expressed 

as: 

𝐹(𝑟) = 𝐷 ((
𝑟0
𝑟𝑖𝑗
)

𝑛1

− (
𝑟0
𝑟𝑖𝑗
)

𝑛2

)

                                          

𝑥𝑖𝑗

𝑟𝑖𝑗
2              𝑟𝑖𝑗 <  𝑟0    

(6.3) 

 

where 𝑥𝑖𝑗 is the separation between interacting pairs, 𝐷 is the problem 

dependent parameter which scales with the largest velocity. 𝑛1 and 𝑛2 are 

considered to be 4 and 2 respectively.  
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Figure 6.9: Soil particle penetrating through pile particle. 

 
 

 

6.4.2 Method of stress computation 
 

Both vertical and horizontal stresses at selected points within the soil mass 

are computed at every time-step of the simulation utilizing the expression:   

𝜎𝑝
𝛼𝛽
   =

∑  𝜎𝑃𝐴
𝛼𝛽
 𝑁

PA=1

𝑛𝑖𝑎𝑐
 

(6.4) 

where, 𝑃𝐴 is the neighbouring particle within the smoothing length ℎ, niac 

is the total number of neighbouring pairs and 𝜎𝑝
𝛼𝛽

 is the stress at a given 

point.  

 

6.4.3 Boundary condition 
 

As mentioned in Section 4.6, real particles near solid boundary lack 

neighbouring particles. Therefore, summation approach over the 

neighbourhood leads to inaccurate solutions [139]. Furthermore, particle 
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penetration through the boundary was experienced during the modelling 

of pile installation process. Therefore, the method introduced by Morris et 

al. [145] for no-slip boundary condition is employed to represent the solid 

boundary. 

 

 

Figure 6.10: Solid boundary particles. 

 

As illustrated in Figure 6.10, three rows of virtual particles are 

utilized to generate the lower, left and right-side of the solid boundaries. 

Dark blue represents the boundary particles and lighter shade represents 

the real particles. Boundary particles hold similar parameters as of real 

particles except for the stress tensor and velocity. The particles are spaced 

equally to the real particles. They contribute to the stress and velocity 

computation of real particles as stated by Morris et al. [145]. However, 

density of boundary particles is not evolved in present study.  

Eqs. (4.71) to (4.73) are employed for no-slip boundary condition. 

𝛽𝑚𝑎𝑥 = 1.5 is adopted for current application. Furthermore, Morris et al. 

[145] treatment alone was insufficient for handling the boundary 
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condition. During the simulation of jack-in pile installation, penetration of 

particles was observed through the solid boundaries. Moreover, as 

mentioned in Section 4.6, it is essential to assign stress to solid boundary 

particles for the estimation of stress on real particles. As such, Eq. (4.74) 

proposed in Section 4.6 is adopted for preventing particle penetration 

through the assignment of stress on boundary particles.  

 

6.4.4 Time integration  
 

Leap-Frog method explained in Section 4.7 is adopted in the simulation of 

jack-in pile installation. As such Eqs. (4.75) to (4.79) are incorporated in 

the model for solving the SPH formulations.  

 

6.5 Results and discussion 
 

Figures 6.12a-b and 6.12c-d present the simulated radial stresses at 

specific points in the soil mass at the end of each push and pause 

respectively. The experimental values produced by Jardine et al. (2009, 

2013b) are included in these figures. The numerical peak stresses shown 

in these figures using the proposed SPH model correlate well with the 

experimental peak stress proving 82-85% of accuracy as presented in Table 

6.2. The proposed model simulates these peak values at depths closer to 

the experimental depths at which the peak stresses are experienced. This 

is proven through the achievement of accuracy levels greater than 98% as 
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shown in Table 6.2. It can be observed from Figure 6.11 that the radial 

stress peak when the pile tip is slightly above the measuring point. 

Thereafter, the stress values decrease with pile penetration. The stresses 

obtained for r=2R is greater than those for r=3R, exposing the propensity 

of decrease in stresses with the increase in horizontal distance from the 

pile axis.  

 

Table 6.2: Comparison between experiment and SPH results. 

Stress point At 

the 

end 

of 

Figure 

No 

Maximum Stress  Depth  

Exp 

(kPa) 

SPH 

(kPa) 

Error 

(%) 

Exp 

(cm) 

SPH 

(cm) 

Error 

(%) 

 

r/R=2,Z=550 

 

 

push 

 

 6.12a 

 

 

5213.42 

 

4394.23 

 

15.7 

 

54.1 

 

53.3 

 

1.5 

r/R=3,Z=700 

 

push  6.12b 

 

3742.08 3095.19 17.3 68.9 68.3 0.9 

r/R=2,Z=550 pause  6.12c 

 

2275.85 1874.89 17.6 54.0 54.3 0.5 

r/R=3,Z=700 pause 6.12d 

 

1907.49 1574.37 17.5 69.6 70.3 1.0 

r/R=3,Z=700 push 6.13a 

 

1815.98 2094.37 15.3 63.5 64.3 1.3 

r/R=3,Z=700 pause 6.13b 

 

619.39 703.05 11.9 64.0 64.3 0.5 

 

 

Figures 6.12a and 6.12b show vertical stresses at the end of each 

push and pause at a specific point in the soil mass. The measured values 

published by Jardine et al. [18] and simulated values using the proposed 

SPH model are presented. Similar to radial stresses, the vertical stress 

peaked just before passing the level of measuring sensor and over predicted 

the measured value by 15.3% at push and 11.9% at pause as illustrated in 

Table 6.2. The maximum value was observed at a depth of 64.3cm during 
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both push and pause with 1.3% and 0.5% of error from the respective 

measured values as presented in Table 6.2. Stress reduced as the 

penetration increased beyond the level of stress sensor. In average, the 

simulated results had similar trend as the measured graphs. 

 

 
 

 

(a) 

 

(b) 
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(c) 

 
 (d) 

 
Figure 6.11: Radial stress during jack-in pile installation at the end of each: (a) push; 

(b) push; (c) pause; (d) pause. 

 

In consideration to the literature, the previous numerical models 

have provided visual images of stress distribution only at a certain depth 

of pile penetration. However, in present study, with means of OpenGL, 

visual images of both horizontal and vertical stress contours were obtained 

from start to finish at several depths of pile penetration as presented in 

Figures 6.14 and 6.15 respectively. It is apparent from Figure 6.14 that the 

highest values of radial stresses are experienced at the pile toe and spreads 
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in a bulb shape on either side of the pile. Stress contours increase with the 

increase of pile penetration. It can be observed that the stress distribution 

from in-situ test results published by Henke & Grabe. [21] varies from 

small scale centrifuge test results presented in this chapter.  However, the 

stress distribution pattern matches the results provided for a centrifuge 

test involving the modelling of pile penetration by Dijkstra et al. [30].  The 

change in stress distribution from in-situ test to centrifuge test may be due 

to the boundary condition imposed by the chamber. When the horizontal 

stress approaches the boundary, the stress begins to distribute vertically 

from the concentrated area at the boundary. This allows distribution of 

horizontal stress to upper and lower regions as shown in Figure 6.13 at 

depths greater than 35cm. Therefore, due to the absence of chamber 

boundaries this scenario may not be experienced in the in-situ test results.  

Similarly, Figure 6.14 presents vertical stress distribution at 

various depths of pile penetration. It is apparent that the highest values of 

vertical stresses are experienced at the pile toe. Vertical stresses spread in 

an arch shape towards downward direction. This is obvious from Figures 

6.15a and 6.15b. However, as the vertical stress contour approaches the 

boundary, the arch pattern slightly varies due to boundary conditions. 

Pressurized membrane generated vertical stresses in soil on either side of 

the pile as shown in Figure 6.14f. Eventually it can be observed that the 

vertical stresses from pile and membrane combines and spread to 

remaining regions of the chamber. 
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(a) 

 
 (b) 

 

Figure 6.12: Vertical stress at the end of each: (a) push; (b) pause. 

 

Furthermore, at penetration depths greater than 50cm in Figure 

6.14, vertical stresses were noticed to spread from being near the pile toe 

to soil surrounding the pile shaft. Even though the deformation is not 

quantified in current study, it could be visualised in figures in-addition to 

the stress contours. Large deformation of soil around the vicinity of the pile 

can be observed.  It is apparent from the figures that soil surrounding the 

pile is heavily disturbed.  
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(a) Depth = 5cm; Time-step = 2419210 
 (b) Depth = 10cm; Time-step = 

3592620 

 

 

 

 

 
(c) Depth = 15cm; Time-step = 

5407050 
 

(d) Depth = 25cm; Time-step = 

8029180 
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(e) Depth = 30cm; Time-step = 

9889980 
 

(f) Depth = 35cm; Time-step = 

11951720 

 

 

 
(g) Depth = 40cm; Time-step = 

14087020 
 

(h) Depth = 45cm; Time-step = 

16559350 
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(i) Depth = 50cm; Time-step = 

18655770 
 

(j) Depth = 55cm; Time-step = 

21038690 

 

 

 
(k) Depth = 60cm; Time-step = 

22575270 
 

(l) Depth = 65cm; Time-step = 

24270140 
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(m) Depth = 70cm; Time-step = 

26447640 
 

(n) Depth = 75cm; Time-step = 

28741580 

 

(o) Depth = 92cm; Time-step = 36193380 

 

Figure 6.13: Horizontal stress distribution. 
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Figure 6.15 presents the comparison between the experimental 

values and numerical values obtained from SPH and MPM models. The 

MPM results presented by Lorenzo et al. [28] were compared to the 

measured values achieved at every pause of the pile installation process. 

Hence, the comparison study in present chapter is limited to horizontal 

and vertical stress plots achieved at every pause of the installation process. 

This is shown in Table 6.3. 

 

Table 6.3: Comparison between experiment and MPM results. 

Stress point At 

the 

end 

of 

Figure 

No 

Maximum Stress  Depth  

Exp 

(kPa) 

MPM 

(kPa) 

Error 

(%) 

Exp 

(cm) 

MPM 

(cm) 

Error 

(%) 

 

r/R=2,Z=550 

 

pause 

 

 6.15a 

 

2275.9 

 

1497.94 

 

34.2 

 

54.0 

 

57.1 

 

5.7 

 

r/R=3,Z=700 

 

pause 

 

 6.15b 

 

1907.5 

 

1595.11 

 

16.4 

 

69.6 

 

70.0 

 

0.6 

 

r/R=3,Z=700 

 

 

pause 

 

 6.15c 

 

619.4 

 

788.67 

 

27.3 

 

64.0 

 

67.9 

 

6.1 

 

 

 

Figure 6.15a offers the horizontal stresses achieved for point at 

55cm depth and 2R distance from the pile axis. SPH and MPM models 

simulated the maximum stress value with 17.6% and 34.2% error as 

presented in Table 6.2 and 6.3 respectively. Furthermore, SPH model 

simulated the maximum stress value at 54.3cm depth and MPM model 

simulated the value at a depth of 57.1cm. This proves an error of 0.5% for 

SPH model and 5.7% for MPM model. Hence, it is apparent that SPH 

model better predicted the horizontal stresses than MPM. 
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(a) Depth = 5cm; Time-step = 

2419210 

 (b) Depth = 10cm; Time-step = 

3592620 

 

 

 

 

 
(c) Depth = 15cm; Time-step = 

5407050 
 

(d) Depth = 25cm; Time-step = 

8029180 
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(e) Depth = 30cm; Time-step = 

9889980 
 

(f) Depth = 35cm; Time-step = 

11951720 

 

 

 
(g) Depth = 40cm; Time-step = 

14087020 
 

(h) Depth = 45cm; Time-step = 

16559350 



209 
 

 

 

 
(i) Depth = 50cm; Time-step = 

18655770 
 

(j) Depth = 55cm; Time-step = 

21038690 

 

 

 
(k) Depth = 60cm; Time-step = 

22575270 
 

(l) Depth = 65cm; Time-step = 

24270140 
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(m) Depth = 70cm; Time-step = 

26447640 
 

(n) Depth = 75cm; Time-step = 

28741580 

 

(o) Depth = 92cm; Time-step = 36193380 

 

Figure 6.14: Vertical stress distribution. 
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(a) 

  
(b) 

 
(c) 

 

Figure 6.15: SPH results with measured and MPM solutions. 
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Similarly, horizontal stresses for point at 70cm depth and 3R 

distance from the pile axis is presented in Figure 6.15b. SPH and MPM 

simulated the maximum stress with an error of 17.5% and 16.4% 

respectively. This shows that MPM better simulated the behaviour by a 

reduced error of 1.1% in comparison to the SPH model. However, due to 

the minor difference between the SPH and MPM values, it could be 

concluded that SPH and MPM are more or less similar in modelling the 

maximum stress for point at Z=700 and r=3R. 

Figure 6.15c provides the vertical stresses at 70cm depth and 3R 

distance from the pile axis. The maximum stress value using the proposed 

SPH model was observed at a depth of 64.3cm with an error of 0.5% with 

the measured value. On the other hand, MPM simulated the maximum 

stress at a depth of 67.9cm with 6.1% error. Furthermore, SPH and MPM 

modelled the peak stress value with an error of 11.9% and 27.3% 

respectively. The significant difference in these errors prove that the SPH 

model better simulated the vertical stresses than the MPM model. 

Therefore, from above results it is apparent that the developed SPH model 

not only predicted the peak stresses well (with accuracy between 80%-88%) 

but also better simulated the scenario than MPM model. 

 

6.6 Conclusion 
 

The chapter has introduced SPH model for the investigation of soil stress 

field around jacking pile. To the best of our knowledge, the implementation 
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of SPH method to simulate jack-in pile installation has been attempted for 

the first time in literature. Unlike the numerical models in previous 

studies for jack-in pile installation, current SPH model contains the 

combined capability of modelling the pile as an elastic-perfectly plastic 

material from the soil surface along with the consideration of soil-pile 

interaction and to deliver graphical images of both horizontal and vertical 

soil stress distribution throughout the installation.  

In the model, pile and soil are represented by the proposed two-

dimensional von-Mises and Drucker-Prager constitutive models. 

Comprising the proposed constitutive models, the proposed SPH model 

successfully simulated the soil peak stresses with accuracy within the 

range 80%-88%. In addition, SPH better simulated the distribution of 

stresses than MPM approach. Apart from above, the ability of the model in 

providing continuous insights into both horizontal and vertical stress 

distributions extended the knowledge and understanding on the progress 

of soil stress contours with pile penetration. The above outcomes have 

emphasised the model’s proficiency in modelling the complex scenario. 

Therefore, the SPH model is reliable and a promising numerical tool for 

modelling jack-in pile installation.  
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Chapter 7                             

Conclusion and future work 
 

 

7.1 Conclusions  
 

In current section, three conclusions are drawn addressing the objectives 

of present study in Chapter 1. The conclusions are presented as follows. 

 

7.1.1 Development and validation of plane stress von-

Mises and Drucker-Prager SPH constitutive models  
 

The proposed von-Mises SPH model successfully simulated the stress-

strain responses of three various pressure independent materials (metals) 

with greater than 95% of accuracy. Similarly, Drucker-Prager SPH models 

comprising either Drucker-Prager constitutive model with associated flow 

rule or non-associated flow rule simulated the stress-strain behaviour of 

three various pressure sensitive dilatant materials (soil) with greater than 

90% of accuracy. Moreover, the results highlight that the proposed von-

Mises SPH model is capable of accurately simulating internal stresses and 

strains of pressure in-sensitive materials within the Poisson’s ratio 0-0.45. 

Similarly, Drucker-Prager SPH models with associated and non-associated 

flow rule are capable of modelling pressure sensitive dilatant materials 
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within the Poisson’s ratio 0-0.3. This verifies that the developed 

constitutive models for plane stress condition introduced in present study 

contain a wider application range and therefore are promising numerical 

tools for engineers to investigate the internal stresses and strains of plane 

stress structures. 

 

7.1.2 Development and validation of plane strain von-

Mises and Drucker-Prager SPH constitutive models 
 

The study introduced three plane strain constitutive models. The 

significant feature of these proposed models is their development in a 

complete two-dimensional SPH framework. The proposed constitutive 

models for von-Mises with associated flow rule and Drucker-Prager with 

non-associated and associated flow rules successfully simulated the 

internal stresses and strains of all considered materials with greater than 

90% of accuracy. The materials considered under uniaxial compression 

using von-Mises and Drucker-Prager models are of Poisson’s ratio 0.12, 

0.35, 0.45 and 0.15, 0.3, 0.35 respectively. Therefore, similar to the plane 

stress constitutive models, the von-Mises and Drucker-Prager constitutive 

models proposed for plane strain condition on xy space are capable of 

accurately simulating the internal stresses and strains of many pressure 

independent materials with Poisson’s ratio within the range 0-0.45 and 

pressure dependent dilatant materials with Poisson’s ratio within the 

range 0-0.3 respectively. Hence, the developed constitutive models in 
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present study embrace a wider range of applications. Therefore, the 

developed plane strain constitutive models are promising tools for 

modelling plane strain scenarios in engineering applications.   

 

7.1.3 Development and validation of SPH numerical 

model with reduced simplified assumptions for model-

ling jack-in pile installation 
 

The developed SPH model introduced in present study simulates the soil 

stresses with accuracy within the range 80%-88% with previously 

published experimental results whereas the compared numerical model 

(MPM) simulated the peak stresses with accuracy between 65%-84%. This 

leaves the SPH numerical model to be a more reliable tool for engineers to 

analyse stresses in soil around jack-in pile. The model’s unique ability of 

modelling pile as an elastic-perfectly plastic material from the soil surface 

considering soil-pile interaction and to present graphical images of the soil 

stress distributions throughout the installation makes it superior in 

modelling jack-in pile installation than many other numerical models in 

the literature.  

 

7.2 Future work 
 

Based on the accomplishments in this project, recommendations on future 

work are outlined in this section. Due to the mesh-free nature of the 
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method, future studies could be performed by applying the proposed plane 

stress constitutive models to complex scenarios involving large 

deformations. The proposed constitutive models for both plane stress and 

plane strain condition proved their capability in precisely modelling 

stresses and strains of various materials within a wide range of Poisson’s 

ratio. As such, in future, the respective models could be utilized on 

numerous applications involving the modelling of pressure independent / 

dependent materials within the given range of Poisson’s ratio.  

SPH model proposed in current study for jack-in pile installation 

provided reliable soil stress estimations. However, the adoption of an 

elasto-plastic or elasto-viscous plastic constitutive model for soil material 

will further improve the precision in soil stress estimations. As such, the 

development of elasto-plastic or elasto-viscous plastic constitutive models 

could be considered in two-dimensional SPH framework for enhancing the 

performance of the existing model.  

Furthermore, future studies could be carried out on increasing the 

accuracy of the existing model through the incorporation of skin friction. 

The proposed model disregards skin friction of the pile contributing to 

numerical inaccuracies. As such, further research can be performed on 

introducing SPH techniques for modelling the skin friction. Consideration 

of skin friction in the numerical model will not only contribute to greater 

precision of soil stress estimation but will also facilitate the investigation 

on shear stresses along pile shaft and pile bearing capacity. Therefore, 

further improvement of the proposed model considering the above factors 
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is believed to aid engineers for accurate estimation of pile bearing capacity. 

Moreover, due to the existing ability of the proposed model in generating 

graphical representation of the soil stress response during installation, 

further improvement of the existing model will certainly aid for enhancing 

the understanding of the physics involved in the phenomenon.   
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