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Abstract

Image quality is degraded by involuntary movement of the subject in an MRI scanner. It is

fairly challenging in MRI of the brain to monitor the involuntary head movement accurately.

Though there are a few techniques to monitor head movement of the subject for prospective

motion correction, it is still an unsolved problem in MRI. In this study, head movement

inside an MR scanner is monitored via measurement of changes in the voltage induced in

head-mounted coils by switched magnetic field gradients. The motion of a rigid body such

as the human head is decomposed into two components: namely translation and rotation.

There are three degrees of freedom (DOFs) for translational motion i.e. translation along the

x, y and z axes and three rotational degrees of freedom for rotational motion i.e. rotation

about the x, y and z axes. Head movement is monitored in a gradient field by measuring

the change in induced voltage in head mounted coils. To calculate the change in induced

voltage I follow two approaches: circular loops simulation, analytical as well as numerical

calculations. I show that by using a standard method one can form a linear model to identify

the position and orientation of the coils.

An experimental arrangement is set up to check the validity of the analytical and numer-

ical calculations. Experiments carried out with a rig of five coils verified that the changes

in induced voltage in the coils is linear with respect to the changes in position of the coils.

The linear model is also verified by comparing estimated positions obtained by using the

coils to those found by image realignment of fast field echo (FFE) images using Statistical

Parametric Mapping (SPM).
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We experimentally evaluate the new approach for monitoring head movement inside an

MR scanner, which exploits the linear variation of the voltages induced in a set of coils by

time-varying magnetic field gradients with respect to small changes in position/orientation.

This approach was tested by attaching five coils to a structured agar phantom and a healthy

volunteer’s head. The results suggest that it is possible to estimate the position and orien-

tation with 0.22 mm and 0.24◦ root-mean-square error using this set-up. The new approach

could be used for prospective or retrospective motion correction.

An experiment is also carried out by using free running EPI (Echo Planar Imaging) to

track the head movement inside an MR scanner. There is a strong relation between head

movement and EPI waveforms, the central point of the experiment is to track the head

displacements via measuring induced voltage in the coils by using EPI waveforms during

execution of free running EPI. The results obtained from the experiment reveal that the

method is promising.
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Chapter 1

Introduction

1.1 Motivation

In spite of continuous improvements in Magnetic Resonance Imaging (MRI) through ad-

vances in image quality and acquisition speed, MR examinations are easily compromised by

patient movements during a scan. Nearly one MRI scan out of five has to be repeated due

to the poor quality of images caused by patient movement [1]. Consequently, the costs to

the healthcare industry increase to almost $1 billion per year [2]. Problems with patient

motion are most often encountered when working with non-compliant patient populations,

such as children or infants [3,4], trauma cases or stroke patients [5], people agitated by anx-

iety or pain or people affected by movement disorders such as Parkinson’s disease [6], and

people affected by other diseases such as Alzheimer’s disease [7], Huntington’s disease [8],

and multiple sclerosis [9]. Thus development of efficient motion correction would have huge

beneficial impact for clinical MRI. By robust motion correction, MRI scans may eventually

become less expensive and therefore more affordable, which means more people can benefit

from MRI.

Motion artefacts are a serious problem in many MRI applications. Small head movements

during image acquisition produce artefacts in magnetic resonance images. In functional MRI

1



(fMRI) time series, movement between consecutive acquisitions of the same slice leads to

image mis-registration which can produce spurious activation in fMRI data. In anatomical

MRI, movement between acquisitions of different data segments in k-space (the Fourier

domain) generates image artefacts [10]. With additional information about the movement,

it is possible to improve the re-alignment of images in fMRI time series and potentially

to eliminate the artefacts in anatomical images by re-aligning the k-space data (known as

“retrospective” correction). If movement information is recorded and processed during the

image acquisition it is possible to adjust the image acquisition geometry [10] in “real time”

so that the artefacts are eliminated. This is known as “prospective” motion correction.

Various methods [11–15] have been proposed for prospective motion correction, and a

lot of research has been carried out on this topic in the last two decades. Motion sensitivity

is still however an unsolved problem in MRI, as well as in fMRI. Researchers are hopeful

regarding prospective motion correction. This technique has benefits such as less medical

treatment costs and shows far improved diagnostic results. However, there can be some

problems with implementing this method which still need to be solved. For instance, it

becomes problematic when any shifting of the object creates changes in the magnetic field

leading to changes in image distortion [10].

The challenge is to track involuntary movements of the patient’s head in an MR scanner.

In this study I aim to track involuntary head movement by measuring the voltages induced

by gradient switching in a set of coils attached to the head. By considering the human head

as a rigid body this will allow us to apply prospective motion correction in MRI.

A variety of approaches [16–20] to monitoring motion of the head inside the MR scanner

have been developed. These include using line of sight optical detection and small NMR

coils. Moreover, some other researchers have carried out prospective motion correction due

to head motions. For instance, real time intra-volume motion correction in EPI using active

markers [21], head position prediction in EPI during rapid subject motion [22], real-time

slice-by-slice motion correction for fMRI in freely moving subjects [23], combining prospective
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motion and distortion correction for EPI [24].

This study proposes using a set of inductive coils woven into a cap placed on the scalp

to measure motion. This will be accomplished by monitoring the voltages induced in the

coils by the time-varying magnetic field gradients applied in the MRI sequence and relating

the changes in the induced voltages to changes in head position and orientation. In the

experimental works, the voltages can be recorded by connecting an MR compatible bipolar

EEG amplifier( Brain Products GmbH) to the coils.

One approach in fMRI would be to measure the voltages induced in the coils on the

scalp with the head held still at a number of different positions or orientations. By char-

acterizing the positional changes through analysis of the MRI data and comparing with

the pattern of voltage changes across coils, it should be possible to associate the pattern

of voltage changes with particular movements. In subsequent free-running data acquisition

by fitting the measured voltages changes to these patterns it should be possible to provide

motion correction of the fMRI data on a slice-by-slice basis. It may also be possible to use

measurements from the coils to interpolate slice-to-slice changes in position across volume

acquisitions, where the movement between volumes are characterized by standard motion

correction-characterization, which is also used to calibrate the coils. For anatomical imaging,

a similar approach to measuring motion should be possible, though it will be necessary to

avoid or model the effect of any phase encoding gradients.

1.2 Outline

Overall the project involves: theoretical work in establishing the optimal configuration of

the coils, and deriving equations to calculate the change in induced voltage in the coils. The

project also involves computing work, in numerical simulations of the effect of the time-

varying gradients on the coils and calculation of motion parameters from measured data.

Experimental work involves validating the method in an MR system with a simple set-up

and performing measurements using the MR scanner and EEG system. Experiments also
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involve optimization and establishment of the precision of the estimated movements and their

multivariate analysis. A free running EPI model is established to estimate the movement

parameters by measuring induced voltage in the coils and by using image co-registration

with the help of SPM8.

A short introduction of this study is given in Chapter 1. In this chapter, Section 1.3

is devoted to a review of motion artefacts, prospective motion correction, real-time motion

correction and Echo Planar Imaging (EPI). Rigid body kinematics are also briefly discussed

in Section 1.4. For simulation it is necessary to understand the rigid body motion. A model

is developed for tracking rigid body motion via the EMF’s induced in a set of coils. For this

purpose software is developed for tracking head motion. Chapter 4 describes the simulations

in detail.

The motion tracking sequence and algorithms are discussed in detail in Chapters 3 and

4. I try to analyse and understand the systematic errors in the estimated position and

orientation via measurement of the changes in induced voltage during movement monitoring

in the MR system and develop models for capturing the systematic errors. Chapter 5 focuses

on experiments designed to measure the model parameters with high SNR. The validity of

the method and software are checked by using a simple experimental set-up. Chapter 6 is

also devoted to checking the validity of the linear model by using image co-registration as

well as measuring the changes in the induced voltage in the coils.

Optimization of EPI pre-pulses and the EPI pulse sequence, multivariate analysis, as

well as the precision of the estimated movement parameters are discussed in Chapter 7. In

Chapter 8 a free-running EPI model is established to estimate movement parameters.

Chapter 9 briefly discusses the findings from simulation, theory and experiment and also

mentions some challenges for real-life implementation. Finally, this Chapter draws some

conclusions from results and gives a direction for future work.
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1.3 An Overview of Subject Motion in MRI

Subject motion has long been recognized as a problem in MR imaging, in diagnosis as well

as in research. In MRI the data acquisition time varies depending on the particular sequence

used. The problem can be solved by gating the image acquisition for some types of motion

which are periodic, such as those due to blood flow, and due to cardiac and respiratory

movements. Rigid body motion such as head motion is, however, still a severe problem in

MRI.

There are some methods to avoid motion artefacts in MRI: namely motion prevention,

pre-processing and post-processing. In this section these methods are discussed in brief.

Motion correction applied during post-processing generally refers to an affine or sometimes

a non-linear registration algorithm that seeks to maintain a constant object position in a

stack of slices throughout a time series acquisition. In this study, attention is given to

pre-processing methods, and mainly to prospective motion correction.

1.3.1 Motion Prevention

Preventing motion of the subject is the most common approach to avoiding motion artefacts

in MRI. Physical restraints, sedation and training are effective techniques for motion pre-

vention. In clinical MRI a physical restraint, such as cushions, bean bags or foam packed

around the head and within the head coil is often used to prevent head motion. Though

these measures are not successful for all types of patient, they are easy to use and cause little

distress to the patient.

Several other types of physical restraint exist. Bite bars are sometime used; these involve

making a dental mould and then having the subject to hold it firmly in their mouth [25,26].

As the mould is custom-made, it fits the user well and can greatly reduce motion. The

inconvenience of constructing a personalized restraint is however a major disadvantage of

this approach. Furthermore, the presence of an object in the mouth of a patient can increase
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swallowing, leading to an increase in head motion; Edward et al. [27] report success using

a plaster cast head holder. This custom-made head holder exerted an even pressure on

the skull and fits comfortably, but it is expensive as well as time consuming to prepare a

cast. Although possibly useful for research, this approach is not suitable for clinical MRI. In

general, physical restraints can cause problems by adding to patient discomfort and feelings

of claustrophobia. Claustrophobia is a major problem in MRI and patients sometimes need

to have ‘breaks’ during their scan if they suffer from this. Any restraint must also be easy

to use: if a system can only be used on a well-behaved and fully conscious patient, then it is

of limited use clinically. Physical restraints are also often inappropriate for use in fMRI as

they may interfere with the study itself.

Sedation is also used in some cases to prevent motion of the patient, but it is not suitable

for healthy subjects in research. Besides this, there are several disadvantages associated

with sedation. Monitoring sedated patients adds an unwanted complication to the scan and

often requires the presence of an anesthetist. Sedation of children for MRI and computerized

tomography (CT) is associated with risks of hypoxemia (an abnormally low concentration

of oxygen in the blood) [28,29]. Moreover, sedation is not useful for functional MRI (fMRI)

due to the potential for interfering with experimental results usually requiring conciousness.

Training is another option to prevent motion, since it is possible to train subjects to

hold themselves still prior to a scan. Slifer et al. [30] trained subjects to lie still in a simu-

lator constructed from an inactive scanner. The situation was made as realistic as possible:

pre-recorded scanner noise was played at high volume and a standard head support and

restraining straps were used. Subjects (all children) watched a video which was halted

whenever their head motion exceeded a certain threshold. Over time, this threshold was

gradually reduced. While this approach has potential for studies of healthy subjects in re-

search, it could not be generalized to acutely ill patients in clinical MRI. Training is useful

to reduce the motion artefacts during scanning of the cooperative patient only.

Speeding up of the image acquisition using radial acquisition or echo planar imaging
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reduces sensitivity to motion effects. Echo planar imaging is a useful technique, but can

suffer from poor image quality in areas of low field homogeneity, whereas radial imaging has

robustness to motion, but is not completely effective and increases acquisition time. Echo

planar imaging is discussed in brief in this study because EPI pre-pulses and free running

EPI are used for our data acquisition.

1.3.2 Motion Correction

There are two main types of motion correction in MRI: prospective and retrospective motion

correction. Retrospective motion correction is a post-processing technique, while prospective

motion correction involves modifying scanning parameters in real-time to negate the effects of

motion. Real-time prospective motion correction was first proposed more than 20 years ago,

but is still a challenge to implement in clinical MRI, and also in fMRI. Prospective motion

correction generally refers to the same goal: conserving the anatomical image content over

time, but, there are concomitant changes in the imaging signal, and perhaps the noise, when

a head moves inside the magnet.

1.3.3 Position Monitoring

Over the last decade a number of motion monitoring techniques have been proposed. These

include: optical tracking [31–33], image-based tracking [34–40], navigator echoes [41–53], and

use of dedicated RF coils [54–56] etc. In this section, all these methods are discussed in brief.

For prospective motion correction in brain imaging, several systems have been developed for

tracking the head movement in an MRI scanner.

Optical methods include laser systems [57, 58], optical fibers [59], and camera systems.

These methods are completely independent from the MR pulse sequence. Optical tracking

work began with the use of out-of-bore camera systems by Zaitsev et al. [60], but it has now

moved to in-bore camera systems. Camera systems have recently become popular, due to

technology improvements in both the cameras and computing. Methods successfully used
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for motion correction include out-of-bore stereo camera systems [23, 60], out-of-bore single

camera systems [61], in-bore single camera systems [62,63], and in-bore systems with multiple

cameras [64,65]. Out of-bore camera systems were useful for proof-of-concept studies, due to

the lower requirements for MR compatibility, compared to in-bore cameras. However, they

require optical line-of-sight and extremely high mechanical stability when the tracking marker

is located several meters away from the camera. Although none of the systems are flawless,

from these practical considerations, one can say in-bore camera systems are promising as

a long-term solution. Schulz et al. [66] used a novel home-built optical embedded tracking

system for motion-corrected magnetic resonance imaging at 7T. On the other hand Formana

et al. [67] used a novel self-encoded marker to overcome the limited tracking range of the

head position inside the camera’s narrow field of view (FOV). Almost all optical systems

require a marker; which must be rigidly attached to the head. Researchers are now trying to

develop markerless optical tracking [68, 69] systems, since this will form an ideal technique

from a patient handling perspective.

Field detection methods have a long history in MRI. This principle can be used to

encode the position of a marker when different locations in the scanner bore experience

different magnetic fields. In particular the scanner’s gradient fields can be measured to

localize the object. The method requires the use of short sequences of pulses to obtain

position information from a small sample of MR visible material fixed inside a miniature

receiver coil. Although Dumoulin et al. [70] pioneered developments in this area, this method

was first introduced by Ackerman et al. [71] in 1986. A study of slice-by-slice prospective

motion correction using such a system was published by Derbyshire et al. in 1998 [72].

Recent implementations, such as that of Ooi et al. [73,74] characterise the RF coil/material

combination as “active markers.” Active markers have been used for prospective motion

correction in structural brain scans [73] and in EPI [74]. A similar technique was recently

applied to measure gradient waveforms for prospective motion correction by Barmet et al.

[75,76], who decouple tracking from MR imaging by using RF-shielded probes and separate

transmit or receive chains. Micro radio frequency coil “active markers” have also been used
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by Melvyn et al. [77] for real-time slice-by-slice prospective correction. Recently Melvyn et

al. [78] used inductively coupled wireless radio frequency (RF) coils (wireless markers) for

position tracking. Lei et al. [79] used an array of intra-cavity imaging coils for prospective

motion correction. Field detection methods require several probes or active markers to be

attached to the subject (a minimum of three markers are required, positioned non-colinearly

and connected in a rigid arrangement). In Refs. [73, 74], marker fixation was achieved by

attaching the coils to a headband worn by the subject. There is a slight disadvantage over

optical methods here, as the active markers (and hence the subject) are connected to the

scanner by wires, which makes patient handling more difficult and could perhaps increase

the patient’s anxiety levels. The presence of cables also enhances the difficulties with the

rigid marker fixation.

Navigator methods are a more traditional way of obtaining object position information

during MRI, where the scanner is used for location tracking, in one or more dimensions, and

the resulting data are compared over time. Recent examples include navigators operating in

k-space, such as cloverleaf navigators [80], orbital navigators [43,81], and spherical navigators

[50]. Cloverleaf navigators [82] can be used to measure and correct rigid body motion and

associated first-order shim changes in real time. An alternative approach employs FID

navigators [83] and high channel-count RF coil arrays. It applies ultra-short (<100 msec)

free induction decay signals, making use of the knowledge that motion induces variations in

these signals when compared to a reference free induction decay signal. On the other hand

spherical navigator echoes [84] use a 3D spherical navigator (SNAV) echo technique that

can measure rigid body motion in all six degrees of freedom simultaneously by sampling a

spherical shell in k-space.

Besides these methods, there are image-based tracking methods, such as PROMO [85]

or EPI navigators [86, 87], Sparsity and Kalman Filtering [88] and PROPELLER [89]. K-

space navigators repeatedly sample parts of k-space and quantify rotations and translations

of the object by measuring rotations and phase shifts in the k-space data [22]. Depending

on the trajectory used, this can allow motion quantification in all six degrees of freedom.
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Image-based navigators generally use low-resolution images or volumes. These require longer

acquisitions than k-space navigators, but allow the user to define the region of interest for

motion quantification, thus avoiding non-rigid regions (e.g. the neck). Alternatively, it is

possible to detect, but not quantify, motion by comparing the relative intensity of a free

induction decay signal between multiple receive coils [90].

Navigator methods with sufficient accuracy for prospective motion correction all require

unused time in the sequence to obtain accurate motion information, which makes them

incompatible with some imaging sequences. This spoils one of the main advantages of

prospective correction, namely that the technique can be applied to most MR sequences.

Nonetheless, if time in the sequence is available, as is often the case in spectroscopy, this

method is very practical. Navigator methods have an advantage over optical tracking and

field detection methods, in that they require no additional hardware and there is no need

for a marker to be attached to the subject. This is particularly important in terms of pa-

tient handling in clinical MRI. None of the existing methods is perfect, and the best choice

of method will depend on the relative importance of the three criteria: high accuracy and

precision, no patient interaction, and sequence independence [22].

Functional MR imaging (fMRI) is another application where motion detection, and in-

stantaneous adjustment of the acquisition according to this information, are crucial. In

fMRI, complete multi-slice EPI datasets of the head are acquired in rapid succession during

presentation of various stimuli. In order for the statistical analysis to be successful, the

datasets need to be aligned perfectly. For this purpose, each 3D dataset is compared with

the previous one and the translation as well as the rotation of the head is calculated (and

displayed) in real-time. The software is able to compensate for rotations and translations in

all 6 degrees of freedom. The technique can therefore account, in real time, for any so-called

“rigid-body motion”. For acquisition of the next dataset, slice position and orientation are

adjusted according to the altered position of the head.

Although different techniques have been developed for preventing motion artefacts, in

10



the case of clinical scanning none of the methods work adequately at present. A summary

of the relevant methods is shown in Table 1.1.

All these methods summarized in Table 1.1 have advantages and disadvantages. Optical

tracking is accurate and fast, but costly and requires line of sight access to the head, whereas

the navigator methods are fast, but require imaging sequence modification. On the other

hand, image-based tracking is accurate, but slow. Some of the methods require additional

hardware.

1.4 Rigid Body Kinematics

This study is devoted to tracking involuntary head movements in MRI. For this purpose the

human head is considered as a rigid body. At the very beginning one has to know the rigid

body kinematics. This section provides a review of rigid body kinematics.

1.4.1 Degrees of Freedom of a Rigid Body

The number of degrees of freedom (DOF) of a rigid body are defined as the number of

independent parameters needed to describe its movements. A rigid body in a plane is shown

in Fig. 1.1. To determine the DOF’s of this body one has to consider how many distinct

ways the bar can be moved in the plane. A rigid body in a two dimensional plane possesses

three DOFs. It can be translated along the x-axis, translated along the y-axis, and rotated

about its center of mass (when a physical object has uniform density).

A rigid body in three dimensional space has six degrees of freedom as shown in Fig. 1.2.

These are three translating motions along the three mutually perpendicular x-, y- and z-axes

and three rotary motions about the x, y and z-axes respectively. Two or more rigid bodies

in space are collectively called a rigid body system.

The human head is considered as a rigid body. Head movement is involuntary 3D move-

ment having six degrees of freedom, three for translations and three for rotations. To under-
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Method Type Benefit Shortcomings

Motion
prevention

Physical restraints Simple and fairly easy to use Patient feels discomfort. Not
completely effective.

Sedation Very effective in some cases Safety concerns.

Training Safe and effective Only suitable in very specific
cases.

Optical
tracking

External optical
motion tracking No special post-processing

required
An external tracking
mechanism is needed

Optical embedded
tracking MRI compatible and

comparatively low latency
Extra hardware needed, costly,

increase patient anxiety

Self-encoded marker Advantageous over
checker-board marker

Extra hardware such as
camera and marker needed,

expensive

Field detection

Wireless RF coils Good alternative to wired
markers, avoid safety risks

Limited applicability

Tracking coils Suitable for physiological
motion artefacts

Limited success for rigid body
motion artefacts

Active markers Improved image stability Extra hardware required,
limited to EPI

Navigators

Cloverleaf navigators Can improve image quality,
increased acquisition time

Limited success for rigid-body
head motion.

FID navigators Can predict all six rigid body
motion parameters

An optical tracking system is
needed, complex technique

Spherical navigators No extra hardware is required The accuracy and precision is
limited

Image-based
tracking

PROMO Advantageous over navigators
and Kalman filtering

Complicated, combination of
navigator and Kalman filter

Sparsity and
Kalman Filtering No external tracking

hardware, no navigator
Combined method, time

consuming

PROPELLER Effective in some situations. Increased acquisition time and
relatively poor SNR for high

spatial frequencies.

Table 1.1: Summary of the preprocessing techniques used to reduce motion artefacts in MRI.
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stand the rigid body movement spatial translational transformation and spatial rotational

transformation are discussed in the following sub-subsections.

A rigid body in space has six degrees of freedom which are shown in Fig. 1.3. Transla-

tional degrees of freedom’s are surge, heave and sway whereas rotational degrees of freedom

are roll, pitch and yaw, as shown in Fig. 1.3(a) and Fig. 1.3(b) respectively. Up-Down

Surge: Moving forward/backward
Heave: Moving up/down
Sway: Moving left/right

(a) Translational degrees of freedom.

Roll: Tilting side to side
Pitch: Tilting forward and backward
Yaw: Turning left and right

(b) Rotational degrees of freedom.

Figure 1.3: Degrees of freedom. (a) Three translational degrees of freedom. (b) Three
rotational degrees of freedom.

(Heave), Forward-Back (Surge) and Right-Left (Sway) are known as Anterior-Posterior (AP)

Foot-Head (FH) and Right-Left (RL) respectively in a MR scanner.
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Chapter 2

Magnetic Resonance Imaging

(MRI)

This chapter discusses the fundamentals of MRI which are relevant to my work, particularly

the simple methods for producing images with magnetic resonance. In addition, this chap-

ter focuses on measurement-related equipment and gradient-related terms that are mainly

relevant to the work described in this thesis.

2.1 Spatial Encoding

Encoding means recognising the location of the MR signal and positioning it at the cor-

rect place in the image. The magnetic field dependence of the Larmor frequency is used to

distinguish the signals coming from an object or subject. This task is performed by using

magnetic field gradients, which are spatially varying magnetic fields. Three orthogonal phys-

ical gradients are generated by passing current through three different coils of wire located

inside the bore of the magnet.
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2.1.1 Gradients in MRI

Mansfield et al. [91] and Lauterbur [92] first proposed the use of magnetic field gradients to

achieve spatial resolution in MRI. The gradient coils generate a magnetic field that varies

linearly in strength with distance over a predefined FOV. Magnetic field gradients can be

applied in any direction, but in MRI the gradients are applied along three mutually per-

pendicular directions. Three distinct gradient waveform (Gradient waveform refers to all

gradient lobes on a single axis within a pulse sequence) are applied in MRI to localize signal

from a three-dimensional volume: slice selection, frequency encoding and phase encoding

gradients.

Slice select Gradient

Magnetic field gradients are used to select the slice plane in most imaging sequences. To

excite a unique slice in 2D MR imaging two steps are required, namely, (A) a slice-select

gradient is executed along an axis perpendicular to the plane of the chosen slice, producing

a linear variation of resonance frequencies in that direction, and (B) an RF-pulse, whose

frequency components match the narrow range of frequencies confined in the required slice

is concurrently applied. The amalgamation of these two ensures that only protons within

the chosen slice are excited.

For 2D imaging of a 3D sample, we need to select a “slice” as shown in Fig. 2.1. Generally,

this is accomplished by selective excitation of NMR active molecules residing in the slice.

This is based on the fact that the RF magnetic field, also known as B1-field, only interacts

strongly with nuclei whose Larmor frequencies equal to those of the RF frequency pulse. An

RF pulse made up of a frequency spectrum, centred at ω = ωa and spanning a frequency

range, δω, is applied in the presence of a z-gradient, Gz, such that the z-component of the

field, Bz = Gzz. This will excite signal from a slice of width, δz = δω
γGz

, centred at position,

za = ωa
γGz

. γ is a constant for a specific nucleus, known as the gyromagnetic and depends on

the charge-to-mass ratio.
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Figure 2.1: Diagram shows the basic concepts of slice select gradient.

In common practice δω is held constant (about 1000 to 2000 radian per second) and slice

thickness δz is varied by regulating Gz. Stronger gradients produce thinner slices.

Slice-Rephasing Gradient

To make pulse sequence diagrams understandable, the gradients are drawn as flawless rect-

angles. Such a gradient shape indicates that a gradient may change from zero to a positive

value immediately, but this is impossible to achieve in practice. Therefore, all gradients

should be drawn as trapezoids having finite ramp-up and ramp-down times.

There is a small lobe of reverse polarity in the slice-select gradient which is applied

immediately after the RF-pulse, named the slice-rephasing lobe. This is shown in Fig. 2.2.

It is needed to correct for the phase dispersion of transverse magnetization which arises

concomitant with the application of the main slice-select gradient. Without this rephasing

lobe, intra-voxel phase dispersion would occur across the slice with resulting signal loss.
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Figure 2.2: RF and gradient waveform for slice selection and slice rephasing gradient.

Frequency Encoding Gradient

A magnetic field gradient produces a linear variation of field with position as shown in Fig.

2.3. Magnetic field gradients Gx = dBz
dx , Gy = dBz

dy , and Gz = dBz
dz are formed in any direction

to produce spatial variations in the main magnetic field B0 to make the larmor frequency

spatially dependent.The components of the magnetic field for the x-, y-, and z-gradients are

Bz = Gxx, Bz = Gyy, and Bz = Gzz respectively. With applied field, B0, and a gradient

applied along the x-direction, we get the resulting field:

B = B0 +Gx × x, (2.1)

so that ∆ω = γ(B − B0) = γGx × x and in the presence of a field gradient, ω varies

linearly with position. Fourier transformation of the signal acquired under a frequency

encoding gradient thus indicates the position along the gradient direction from which the

signal originated.
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Figure 2.3: Frequency encoding in MRI: (left) field variation due to an x-gradient; (right)
frequency variation in presence of x-gradient.

Phase Encoding Gradient

In imaging, all the signals of the same slice are recorded in a matrix then the detected

signals undergo Fourier transformation to produce the signal frequency spectrum. In a

single acquisition, frequency encoding indicates position in one dimension. Encoding in the

2nd and 3rd dimensions is usually accomplished via phase encoding (i.e. position is encoded

in the phase of the NMR signal).

We consider a simple 2D object and look at the signal acquired under an x-gradient after

application of a y-gradient pulse as shown in Fig. 2.4. The phase of the signal depends

on the y-position (φ = γGyyt, t stands for time), while the frequency depends on the x-

position (ω = γGxx), but one cannot unambiguously identify the y-position from a single

measurement of phase. To achieve this, one has to make multiple measurements with different

values of Gy or τ (length of the pulse).
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Figure 2.4: Phase encoding in MRI: (left) simple two-dimensional object; (right) signal
variation when phase encoding gradient (Gy) is followed by a frequency encoding gradient
(Gx).

Spoiler Gradient

In any acquisition, residual transverse magnetization can remain at the end of the pulse

sequence. A spoiler gradient dephases this unwanted residual transverse magnetization that

would otherwise produce artefacts in the image [93,94]. The area of the spoiler is large so it

can adequately dephase the residual magnetization.

2.2 Gradient Echo and Spin Echo

A gradient echo (GE) is produced by applying a single RF pulse in combination with a

gradient reversal. How a GE forms is demonstrated schematically in Fig. 2.5(a). Following

the RF pulse, the first negative-going lobe of the gradient causes phase dispersion of the

precessing spins. After the gradient reversal, the spins refocus and form a gradient echo.

One of the significant features of GE imaging is that the gradient reversal refocuses only
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those spins that have been dephased by application of the gradient itself. Explicitly, phase

shifts resulting from magnetic field inhomogeneities, static tissue susceptibility gradients, or

chemical shifts are not refocused at the centre of the GE; in contrast to what happens in

spin echo (SE) sequences. Image contrast is therefore dictated not by true T2-relaxation,

but by the magnetic field inhomogeneities and tissue susceptibility which produce T∗2 signal

decay.

GE and SE imaging are different in several aspects. Primarily, since only one RF-pulse is

applied, the echo can be recorded much more rapidly in a GE sequence. Consequently, echo

time (TE) is usually shorter for GE than for SE sequences. If GE sequences are used with

low-flip-angle excitations, short values of the repetition time (TR) may also be used. The

short TR and short TE combination allows for very rapid signal acquisition. As a result,

GE sequences form the base of many rapid imaging and MR angiographic techniques.

Spin echo imaging uses a 180 degree refocusing RF pulse to refocus spins producing a spin

echo which is shown in Fig. 2.5. This refocuses the effects of magnetic field inhomogeneity so

that SE images reflect true T2 decay and are relatively insensitive to magnetic susceptibility

effects.

2.3 k-space

The spatial frequencies in the MR images are represented by an array of numbers known as

k-space. Fig. 2.6 shows k-space trajectory for frequency and phase encoding gradient. To

produce an image, one needs to sample the spatial frequencies in the object. We represent

spatial frequencies using the vector k and the signal variation in the k-space represents

the spatial frequencies present in the object. High spatial frequencies represent fine detail,

whereas low spatial frequencies represent rough structure. Image contrast depends on the

weighting of low spatial frequencies. Applied gradients cause a translation in k-space. The

rows and columns of k-space are generally displayed on a rectangular grid with principal axes

kx and ky. The kx and ky axes of k-space correspond to the horizontal (x-) and vertical (y-)
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Figure 2.5: A frequency encoding gradient waveform. (a) Gradient echo pulse sequence. (b)
Spin echo pulse sequence.
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Figure 2.6: Digram showing the trajectory for filling k-space in the EPI sequence.
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axes of the image. However, the k-axes represent spatial frequencies in the x- and y-directions

rather than positions. Each (kx, ky) data point corresponds to the echo signal amplitude

influenced by the combination of frequency and phase encoding gradient area [96,97]. Each

k-space point comprises spatial frequency and phase information about every pixel in the

final image. Conversely, each pixel in the image maps to every point in k-space.

2.4 Echo Planar Imaging

Sir Peter Mansfield proposed echo planar imaging (EPI) in 1977 [98]. EPI is a fast imaging

technique, which involves imaging with multiple gradient echoes with different phase encod-

ing in the short period after a single excitation of the spin system by an RF pulse. In this

study, standard EPI pulse sequences were used for data acquisition.

In single-shot EPI, the (Ny) lines in k-space are filled by multiple gradient reversals,

producing multiple gradient echoes in a single acquisition after a single radio frequency (RF)

pulse, that is, in a single measurement or “shot”. In multi-shot EPI, the readout is divided

into multiple “shots” or segments (Ns), so that Ny = Ns × ETL, where echo train length

(ETL) is the number of lines in each segment. Since k-space is segmented into multiple

acquisitions, this technique is also called segmented EPI. The multi-shot EPI technique

places less stress on the gradients compared with single-shot EPI and phase errors have less

time to build up compared with single-shot EPI, therefore, reducing susceptibility artefacts.

However, multi-shot EPI takes longer to perform than does single-shot EPI. For this reason,

multi-shot EPI is more susceptible to motion artefacts [99].

Phase errors may result from the multiple positive and negative passes through k-space

(i.e., from the alternating polarity of the readout gradient). “Ghost” artefacts of the main

image may appear along the phase axis, not caused by motion as in conventional spin echo,

but by eddy currents, imperfect gradients, field non-uniformities, or a mismatch between

the timing of the odd and even echoes. Magnetic susceptibility effects in EPI may result

in variations in frequencies and phase errors. Chemical shift artefacts in EPI occur along
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Figure 2.7: Schematic diagram of gradient echo EPI sequence.

the phase-encode axis rather than along the frequency-encode axis. These artefacts are

much more pronounced in EPI than in other sequences, thus an effective fat suppression

technique is necessary. Though EPI has artefacts like the Nyquist ghost, signal drop out,

image distortion, it plays a crucial role in functional MRI, diffusion tensor weighted imaging,

and perfusion imaging.

Even though EPI is the fastest MRI technique, it has some advantages as well as disad-

vantages. These are as follows:

Advantages of EPI:

� Scan time is approximately 100 msec or less.

� Cardiac and respiratory motion do not pose problems.

� Proton density, T1, and T2-weighted images can be produced free of motion artefacts.

� It allows the study of organ function rather than the mere depiction of organ anatomy.

Disadvantages of EPI:
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� Since fat-water chemical shift artefacts (Dixon effect [100]) can be problematic, fat

suppression with pre-saturation techniques is often required for EPI.

� Intrinsic non-uniformities in B0 and susceptibility effects also result in variable res-

onance frequencies and increasing phase errors. However, this effect occurs less in

multi-shot EPI.

2.5 MR Instruments

All the data for this thesis were acquired in the Sir Peter Mansfield Imaging Centre (SPMIC)

at the University of Nottingham. The laboratory is equipped with a 3.0 T Philips Achieva

scanner (Philips Medical Systems, Best, the Netherlands) with two-channel, multi-transmit

and 32-channel receive capabilities. A detailed description of the system is avoided since it

is commercially available. I mainly focus on the main magnet, gradient coils, shim coils and

RF coils.

2.5.1 Main Magnet

The main magnet is the biggest and the most important component of an MR scanner which

produces the main polarizing magnetic field B0 with reasonable spatial homogeneity and high

temporal stability. A superconducting magnet consists of many coils or windings of wires,

usually composed of Niobium-titanium (Nb3Ti) alloy, through which an electric current is

passed to create a high magnetic field. Nb3Ti becomes superconducting at about 10 K. To

maintain the superconducting state, the wires are immersed in liquid helium at -269.1◦C.

Depending on the design of the main magnet and the scanner room, a moderately large

fringe field might spread for quite a few meters around, above, and below an MR scanner.

From the magnet isocenter, the strength of a magnetic fringe field is inversely proportional

to the third power of the distance ( 1
r3

). Hence, moving twice as far away from the magnet,

the fringe field would fall by a factor of approximately eight.
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2.5.2 Shim Coil

It is essential to have good homogeneity in the local magnetic field to localize the MR

signals precisely and reduce image artefacts. Nonetheless, placement of an object or a patient

within the main B0 field generates local susceptibility effects, reducing the field homogeneity.

Shimming refers to the process of removing small inhomogeneities which are present in the

magnetic field. There are two types of shimming, namely, passive or active.

Passive shimming refers to the use of magnetic material to improve the field homogeneity.

In a MR system, it is achieved during magnet installation by placing sheets or small pieces

of ferromagnetic material at certain locations within the magnet bore. The ferromagnetic

material concentrates magnetic field lines, and thus corrects the inhomogeneities in the static

field [101].

Active shimming provides additional field correction around an object of interest through

the use of shim coils. The magnetic field produced by each coil set is proportional to the

current passing through the coils. During the shim process, a 3D gradient echo sequence

acquires volumetric data of the region to be shimmed, controlled by the host computer;

under the guidance of the scanner application software and the operator program analyzes

the collected data to estimate the current needed in each shim coil to optimize the magnetic

field homogeneity. Homogeneity and variation in B0 is measured in parts per million (ppm),

that is, a fraction, of the static magnetic field over a specified spherical volume. For a 1 T

system with a homogeneity of 1 ppm over 40 cm, no two points within 20 cm of the magnet’s

isocenter differ by more than 1.0× 10−6 T [102].

2.5.3 Gradient Coil

Gradient coils are one of the major components of the MR system. Gradient coils producing

field variation along the three mutually perpendicular x-, y- and z-axes lie concentric to

each other within the main magnet. Moreover, they are not supercooled and can operate

relatively near to room temperature. A gradient coil has the abiltiy to produce a magnetic
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field in the same direction as B0, but with a strength that changes with position in the x-, y-

or z-direction, depending on which gradient coil is used. The magnetic field produced by the

gradient coils is added to B0 so that the main magnetic field strength varies in the direction

of the executed gradient field [104].

2.5.4 RF Coil

The RF coils generating the required RF pulses are arranged inside the gradient coils and

normally lie concentric to them and to each other. They are considered to be the ‘antenna’

of the MRI system. They have two main purposes: to transmit RF energy to the desired

tissue and to receive the induced RF signal back from the desired tissue [103].

Some RF coils perform the dual role of transmission and reception of RF energy. Some

of them transmit or receive only. However, a separate RF receiver coil, custom-made to

maximize the signal from the brain is usually applied around the patient’s head to detect

the emitted MR signals in neuroimaging [104].

A time-varying RF field is generally referred to as the B1 field. After it has been switched

on, the B1 field produces MR signals that are spatially localized and encoded by the gradient

magnetic fields to generate an image [105]. The output signal picked up by the receive coil is

digitized and then sent to a reconstruction computer processor to provide the image following

complex mathematical manipulation [106].

2.5.5 Control and Processing System

Magnetic resonance imaging (MRI) systems include an integrated processing and control

system, as shown in Fig. 2.9. Control and processing systems control the operation of an

MRI scanner from the control room. The MRI scanner is located within an RF shielded room.

Gradient coils are connected to the three gradient amplifiers and RF coils are connected to

RF amplifiers via the RF electronics. The waveform generator which is connected to the

amplifiers passes the information regarding the shape and size of the gradients and RF
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Figure 2.9: Schematic diagram of the control and processing system.

waveforms as well as timings to be used, and which signals to be amplified to send to the

coils. The NMR signal is converted to a digital signal by an analogue to digital converter

(ADC’s) as shown in Fig. 2.9. The image processor receives this digital data for Fourier

transformation and the image is displayed on a computer monitor. The data storage is

connected to the CPU of the computer to store the raw data ( i.e. the signal before Fourier

transformation ) to enable the application of corrections to the data in post-processing.

2.6 MR Compatible EEG System

An MR compatible EEG system was used as the recording apparatus in the work described

in this thesis. This consists of the BrainAmp ExG (Bipolar Amplifier) that can measure

voltage from few µV to 16 mV or GSR (Galvanic Skin Response), re-chargeable battery

(PowerPack), SyncBox, USB 2 Adapter, pulse stretcher, ribbon cable and optical fibres. An

Analyzer (USB dongle license) is used to analyze the recorded signal to get raw data from

signals.
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2.6.1 The BrainAmp ExG

The BrainAmp ExG is a bipolar amplifier which can be used to record EEG data, but here

used to record induced voltages in the coils. We used a 16-channel ExG system. This can

record bipolar signals with a sampling rate of up to 5000 Hz and a bandwidth ranging from

DC to 1000 Hz or in some cases 250 Hz. The ExG amplifier is powered by a rechargeable

battery and can be connected to a laptop allowing it to be used anywhere and for any type

of recording.

2.6.2 The SyncBox

The SyncBox is used to improve the quality of data for synchronous EEG and fMRI record-

ings. It is a device which significantly decreases timing related errors and enhances the quality

of MRI artefact correction by synchronizing the clock of the BrainAmp MR or BrainAmp

MR plus amplifier with the clock driving the MRI scanner’s gradient switching system.

Phase synchronization between the EEG recording equipment and the MRI scanner pro-

duces temporal stability of the EEG recordings in relation to the switching of the gradients

during the MR acquisition which is shown in Fig.2.10. This leads to significant improvement

of the recorded data quality. There is no time difference between the scanner’s decision to

start the next slice and the next data point acquired by the EEG amplifier (BrainAmp).

Therefore, the BrainAmp will always record every data point throughout each slice and

volume at the very exact same time as was used for that time point in the previous and

subsequent slice and volume acquisitions.

2.7 Safety

The number of MRI scans of patients and healthy volunteers, as well as phantom scanning

performed annually all over the world is consistently increasing. In accordance with the

imaging technology advances, more subjects require monitoring during study because of the
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type of study or their general condition. Phantom scanning and subject monitoring requires

the use of MRI-compatible equipment. To circumvent any sort of accident or subject-hostile

events during an MRI, one must follow these steps:

� Consult with the MRI staff technologist in the centre before phantom scanning as well

as the imaging study to confirm that cables and coils are available that have been

verified for use in the MRI environment. It is always necessary to make sure that coils

and cables used are in a good condition.

� Coils are made up of copper wires and the wires are covered with a thermal insulator

to avoid any possibility of burns due to heat produced by the wires.

� Remove any coils and cables that are no longer being actively used for monitoring.

This will prevent the possibility of burns from leftover coils and wires.

� Coils are connected to the EEG amplifier using star quad cable (Vandamme®) min-
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imizing the induced voltage contribution from the cables. Coils are connected to the

ExG reference (common ground) through 100 kΩ resistors. If the resistors are very low

the induced voltage will drop across the resistors, whereas very high resistance could

not serve the purpose of providing a common ground.

� If there is an air gap among the turns of the coils or the electrical pathway of the coils

are broken (not completely disconnected) then heat can build up in the coils which can

cause burns. Do not let the cables form a loop and keep them off the subject’s skin by

placing a cloth under them.

We discussed different methods of motion tracking in MRI briefly in Chapter 1. In recent

years, some work has been done on motion tracking inside MR scanner. Mads Anderson et

al. [108] used EEG-equipment to track head motion inside the MR scanner. This method

was based on induced signals from gradient switching in an EEG-cap the subject wore during

scanning. Rasmus et al. [109] used Tracoline system (currently scanning surfaces at up to

20 Hz) to track the head movement inside MR scanner during the application of the MR

sequences. The tracking, geometric alignment, and a time synchronization between TracSuite

and scanner allowed for synchronized motion correction of all the EPI 2D image slices.

The necessary theories has been discussed in the next chapter to calculate the change

in induced voltage in a coil (planar or non-planar) placed in a time-varying magnetic field

gradient.
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Chapter 3

Theory: Analytical Expression for

the Induced Voltage in a Coil

This chapter explores the theories needed to calculate the induced voltage in a general coil

when placed at different positions and orientations in a time varying magnetic field. This

theory can also be used to calculate the change in induced voltage as a result of changes in

coil position and orientation due to translation and rotation. To study the kinematics of a

rigid body, six parameters (three for translation and three for rotation) are required which

are discussed in detail in Section 1.4 of Chapter 1. The relevant theories are developed that

are needed to work out the six parameters characterizing movements from the measurement

of the induced voltage in the coils.

3.1 Specific Coils in a Plane

3.1.1 Analytical Calculations

When considering electromagnetic (EM) induction due to gradient-fields (g-field) or uniform-

fields, a planar coil can be represented as a magnetic dipole with a sensitivity vector S and

a location vector r. The location and sensitivity vectors of the coil are shown in Fig. 3.1.
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Figure 3.1: The location and the sensitivity vector of a coil.

Suppose the location vector r = xî+ yĵ+ zk̂ and the sensitivity vector S = Sxî+Sy ĵ+Szk̂.

For a set of time-varying gradients, with amplitudes Gx, Gy and Gz, the rate of change of

magnetic field is as follows:

Ḃ = Ḃx + Ḃy + Ḃz = gx(zî+ xk̂) + gy(zĵ + yk̂) + gz(−
x

2
î− y

2
ĵ + zk̂) (3.1)

where lower case letters are used to indicate time varying quantities thus: gx = dGx
dt , gy =

dGy
dt

and gz = dGz
dt , and î, ĵ and k̂ are Cartesian unit vectors. In the Eq. 3.1 the concomitant

fields for the x-gradient are Bx = Gxz, for the y-gradient By = Gyz, and for the z-gradient

Bx = −Gzx/2 and By = Gzy/2.

Voltage induces in a coil either in a time-varying or within in a time-invariant (static)

magnetic field gradient due to translation and rotation. The changes in induced voltage

in a coil within in a time-varying magnetic field gradient due to change in orientation and

position of the coil are calculated. The EMF induced in the coil is given by the equation,

−V = Ḃ.S = (gxz −
1

2
gzx)Sx + (gyz −

1

2
gzy)Sy + (gxx+ gyy + gzz)Sz. (3.2)

The change in induced voltage in a coil due to translation/rotation in a time-varying
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magnetic field gradient dominate over the time-invariant magnetic field gradient which is

shown in the equations,

φB = G× r ×A =⇒ −V =
dφB
dt

=
dG

dt
× r ×A+G× dr

dt
×A (3.3)

or

φB = G× θ ×A =⇒ −V =
dφB
dt

=
dG

dt
× θ ×A+G× dθ

dt
×A. (3.4)

Where φB stands for magnetic flux, G for gradient amplitude r for translation, θ for rotation

and A for the area of the coil. For small translation/rotation of a coil, one can neglect the

voltage induced by the movement of the head within a static field gradient.

3.1.2 Translation

For a general translation T=δxî + δyĵ + δzk̂, the change in induced voltage in a coil is

calculated by simple mathematical manipulation which gives

δV = −δVT = (gxSz −
1

2
gzSx)δx+ (gySz −

1

2
gzSy)δy + (gxSx + gySy + gzSz)δz. (3.5)

Where δVT stands for the change in induced voltage in the coil due to translational movement.

Let us consider a system of five coils in which the centres of the coils lie on the x-, y- or

z-axes. The positions and orientations of the coils, which are denoted as S1, S2, S3, S4 and

S5, are shown in Fig. 3.2. The coil S1 is perpendicular to the z-axis and lies in an xy-plane,

while the coils S2 and S3 are perpendicular to the x-axis and lie in a yz-plane. These two

coils are mirror reflections of one another. The coils S4 and S5 are oriented perpendicular to

the y-axis and lie in a zx-plane. Consequently Ŝ1 = k̂, Ŝ2 = Ŝ3 = î and Ŝ3 = Ŝ4 = ĵ, where

Ŝn is the unit vector along the director of Sn. The changes in induced voltage in the coils
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Figure 3.2: The position and the orientation of the five coils.

for a translation T=δxî+ δyĵ + δzk̂ are calculated by using the five equations:

δV1 = (gxδx+ gyδy + gzδz)Sz,

δV2 = (−1

2
gzδx+ gxδz)Sx, δV3 = (−1

2
gzδx+ gxδz)Sx,

δV4 = (−1

2
gzδy + gyδz)Sy, δV5 = (−1

2
gzδy + gyδz)Sy.

(3.6)

The magnitudes of the change in induced voltage in the two opposite coils are the same (the

sign depends on the definition of the direction of S). Table 3.1 summarizes the changes in

induced voltage in the five coils due to translations.

3.1.3 Rotation

I am interested to calculate the changes in the voltage induced in a coil by time-varying

gradient fields when its position and orientation change due to rotation. A rotational matrix

operator operates on the location vector as well as the sensitivity vector and gives us new

location and sensitivity vectors. For this purpose, the new location and sensitivity vectors

are found after rotation about a general axis. For a general rotation described by a rotation

matrix, R, the position and sensitivity vectors after rotation are given by rat = R.r and

Sat = R.S. To find the location vector r and the sensitivity vector S after rotations about
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Coil No. Sensitivity δx δy δz Voltage

C1 Sz gx gy gz δV1

C2 Sx -12gz 0 gx δV2

C3 S−x -12gz 0 gx δV3

C4 Sy 0 -12gz gy δV4

C5 S−y 0 -12gz gy δV5

Table 3.1: The changes in induced voltage in the coils due to translation.

the x, y or z-axis, three rotation matrices Rx, Ry and Rz, describing rotations through

angle φ about the x-, y- and z-axes, respectively are defined as follows:

Rx =



1 0 0

0 cosφ sinφ

0 − sinφ cosφ


,Ry =



cosφ 0 − sinφ

0 1 0

sinφ 0 cosφ


,Rz =



cosφ sinφ 0

− sinφ cosφ 0

0 0 1


To make mathematical manipulation easier by considering cosφ = c and sinφ = s, one can

write the matrices as follows:

Rx =



1 0 0

0 c s

0 −s c


,Ry =



c 0 s

0 1 0

−s 0 c


,Rz =



c s 0

−s c 0

0 0 1


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3.1.4 Rotation about the x-axis

After rotation about the x-axis by an angle, φx, the location vector r and the sensitivity

vector S become rxat and Sxat respectively. These can be written as follows:

rxat = Rx.r = xî+ [(y − y0)c+ (z − z0)s]ĵ + [(z − z0)c− (y − y0)s]k̂ + y0ĵ + z0k̂

Sxat = Rx.S = Sxî+ (Syc+ Szs)ĵ + (Szc− Sys)k̂,
(3.7)

where it is assumed that the axis of rotation is displaced in the y- and z-direction by y0 and

z0 with respect to the scanner’s frame of reference in which the gradients are defined. By

re-arranging and replacing x = x′, y − y0 = y′ and z − z0 = z′, one can obtain the location

vector as follows:

rxat = xî+ (y′c+ z′s+ y0)ĵ + (z′c− y′s+ z0)k̂. (3.8)

In terms of this location vector the rate of change of magnetic field can be calculated:

Ḃxat = gx[(z′c− y′s+ z0)̂i+ xk̂] + gy[(z
′c− y′s+ z0)ĵ + (y′c+ z′s+ y0)k̂]

+gz[−
x

2
î− 1

2
(y′c+ z′s+ y0)ĵ + (z′c− y′s+ x0)k̂],

(3.9)

where c = cosφx, s = sinφx and subscript ‘xat’ indicates rotation about the x-axis. Before

and after rotation the induced voltages are denoted by V and Vxat which are given in the

following equations respectively:

−V = [gx(z′ + z0) − 1

2
gzx]Sx + [gy(z′ + z0) − 1

2
gz(y

′ + y0)]Sy + [gxx+ gy(y′ + y0) + gz(z
′ + z0)]Sz,

−Vxat = Ḃxat.Sxat = [gx(z′c− y′s+ z0) − 1

2
gzx]Sx + [gy(z′c− y′s+ z0) − 1

2
gz(y

′c+ z′s+ y0)](Syc+ Szs)

+[gxx+ gy(y′c+ z′s+ y0) + gz(z
′c− y′s) + z0](Szc− Sys).

(3.10)
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Thus after rotational transformation the change in induced voltage due to the application of

the x-, y- and z-gradients can be obtained from the following equation:

δVx = gx[z′Sxc− y′Sxs+ xSzc− xSys− z′Sx − xSz]

+gy[(z
′c− y′s)(Syc+ Szs) + (y′c+ z′s)(Szc− Sys)− z′Sy − y′Sz]

+gy[(z0Sy + y0Sz)(c− 1) + (z0Sz − y0Sy)s]

−1

2
gz[xSx + (y′c+ z′s)(Syc+ Szs)− xSx − y′Sy − 2(z′c− y′s)(Szc− Sys) + z′Sz]

+gz[(z0Sz +
1

2
y0Sy)(c− 1)− (

1

2
y0Sz + z0Sy)s].

(3.11)

The derivation of these expressions is described in detail in the Appendix A. To make

mathematical manipulation easier, let us consider the contribution of the x-gradient as Ax

which is given as follows:

Ax = gx[(z′Sx + xSz)(c− 1)− (y′Sx + xSy)s]. (3.12)

By rearranging and substituting c = cosφx and s = sinφx, one obtains

Ax = −gx[2(z′Sx + xSz) sin2 φx
2

+ (xSy + y′Sx) sinφx]. (3.13)

Similarly, the contribution of the y-gradient can be denoted by Ay and is given by:

Ay = gy[z
′Sy(c

2 − 1) + y′Sz(c
2 − 1)− y′Szs2 − z′Sys2 + 2(z′Sz − y′Sy)sc]

+gy[(z0Sy + y0Sz)(c− 1) + (z0Sz − y0Sy)s].
(3.14)

By replacing c = cosφx and s = sinφx and rearranging, one obtains

Ay = −gy[2(z′Sy + y′Sz) sin2 φx + (y′Sy − z′Sz) sin(2φx)]

+gy[−2(z0Sy + y0Sz) sin2 φx
2

+ (z0Sz − y0Sy) sinφx].

(3.15)
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Similarly, the contribution of the z-gradient, Az, is

Az = −1

2
gz[y

′Sy(c
2 − 1) + z′Szs

2 + (y′Sz + z′Sy)sc− 2z′Sz(c
2 − 1)− 2y′Sys

2 + 2(y′Sz + z′Sy)sc]

+gz[(z0Sz +
1

2
y0Sy)(c− 1)− (

1

2
y0Sz + z0Sy)s]

(3.16)

and by replacing c = cosφx and s = sinφx, one obtains by simple mathematical manipula-

tion:

Az =
3

2
gz[(y

′Sy − z′Sz) sin2 φx −
1

2
(y′Sz + z′Sy) sin(2φx)]

+gz[−2(z0Sz +
1

2
y0Sy) sin2 φx

2
− (

1

2
y0Sz + z0Sy) sinφx].

(3.17)

For application of the x-, y- and z-gradients, the change in induced voltage, following a

rotation about the x-axis, is then given by

δVx = Ax +Ay +Az

δVx = −gx[2(z′Sx + xSz) sin2 φx
2

+ (xSy + y′Sx) sinφx]

−gy[2(z′Sy + y′Sz) sin2 φx + (y′Sy − z′Sz) sin(2φx)]

+gy[−2(z0Sy + y0Sz) sin2 φx
2

+ (z0Sz − y0Sy) sinφx]

+
3

2
gz[(y

′Sy − z′Sz) sin2 φx −
1

2
(z′Sy + y′Sz) sin(2φx)]

+gz[−2(z0Sz +
1

2
y0Sy) sin2 φx

2
− (

1

2
y0Sz + z0Sy) sinφx].

(3.18)

3.1.5 Rotation about the y-axis

After rotation about the y-axis by an angle, φy , the location vector, r, and the sensitivity

vector, S, become ryat and Syat respectively, which can be written as follows:

ryat = Ry.r = [(x− x0)c− (z − z0)s]̂i+ yĵ + [(x− x0)s+ (z − z0)c]k̂ + x0î+ z0k̂

Syat = Ry.S = (Sxc− Szs)̂i+ Sy ĵ + (Sxs+ Szc)k̂,

(3.19)

where I assume that the axis of rotation is displaced in the x- and z-directions by x0 and

z0 with respect to the scanner frame of reference in which the gradients are defined. By
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replacing x− x0 = x′, y = y′ and z− z0 = z′ one can obtain the coil position by rearranging

as follows:

ryat = (x′c− z′s+ x0)̂i+ yĵ + (x′s+ z′c+ z0)k̂. (3.20)

In terms of this location vector the rate of change of magnetic field becomes:

Ḃyat = gx[(x′s+ z′c+ z0)̂i+ (x′c− z′s+ x0)k̂] + gy[(x
′s+ z′c+ z0)ĵ + yk̂]

+gz[−
1

2
(x′c− z′s+ x0)̂i−

1

2
yĵ + (x′s+ z′c+ z0)k̂],

(3.21)

where subscript ‘yat’ indicates rotation about the y-axis. Before and after the rotation about

the y-axis the induced voltages are denoted by V and Vyat and can be obtained from the

following equations respectively:

−V = [gx(z′ + z0)−
1

2
gz(x

′ + x0]Sx + [gy(z
′ + z0)−

1

2
gzy]Sy

+[gx(x′ + x0) + gyy + gz(z
′ + z0)]Sz,

−Vyat = [gx(x′s+ z′c)(Sxc− Szs) + gx(x′c− z′s)(Sxs+ Szc)]

+gxz0(Sxc− Szs) + gxx0(Sxs− Szc)

+[gy(x
′s+ z′c)Sy + gyy(Sxs+ Szc)

−1

2
gz[(x

′c− z′s)(Sxc− Szs) + ySy + gz(x
′s+ z′c)(Sxs+ Szc)]

+gzz0(Sxs+ Szc)−
1

2
gzx0(Sxc− Szs).

(3.22)
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The change in induced voltage due to rotation about the y-axis is then given as follows:

δVy = −Vyat + V = Ḃyat.Syat − Ḃ.S

= gx(x′Sxsc+ z′Sxc
2 − x′Szs2 − z′Szsc

+x′Sxcs− z′Sxs2 + x′Szc
2 − z′Szcs− z′Sx − x′Sz)

+gx(z0Sxc− z0Szs+ x0Sxs− x0Szc− z0Sx − x0Sz)

+gy(x
′Sys+ z′Syc+ ySxs+ ySzc− z′Sy − ySz)

+
1

2
gz(−x′Sxc2 + z′Sxsc+ x′Szsc− z′Szs2

−ySy + 2x′Sxs
2 + 2z′Sxsc+ 2x′Szsc

+2z′Szc
2 + x′Sx + ySy − z′Sz)

+
1

2
gz(2z0Sxs+ 2z0Szc− x0Sxc+ x0Szs)− 2gzz0Sz − x0Sx).

(3.23)

Again by simple mathematical manipulation, the contribution of the x-gradient becomes:

Bx = gx[2(x′Sx − z′SzSz)sc+ (z′Sx + z′Sz)(c
2 − 1)

−(x′Sz + z′Sx)s2]

+gx[(z0Sx + x0Sz)(c− 1) + (x0Sx − z0Sz)s].

(3.24)

By rearranging and replacing c = cosφy and s = sinφy, one obtains

Bx = gx[(xSx − zSz) sin(2φy)− 2(zSx + xSz) sin2 φy]

−gx[−2(z0Sx + x0Sz) sin2 φy
2

+ (x0Sx − z0Sz) sinφy].

(3.25)

Similarly, the contribution of a y-gradient is

By = gy[(x
′Sy + ySx) sinφy − 2(z′Sy + ySz) sin2 φy

2
], (3.26)
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and the contribution of the z-gradient can be obtained as

Bz = +
1

2
gz(−x′Sxc2 + z′Sxsc+ x′Szsc− z′Szs2

−ySy + 2x′Sxs
2 + 2z′Sxsc+ 2x′Szsc

+2z′Szc
2 + x′Sx + ySy − z′Sz)

+gzz0(Sxs+ Szc)−
1

2
(Sxc− Szs)− gzz0Sz +

1

2
gzx0Sx.

(3.27)

By replacing c = cosφy and s = sinφy, one obtains

Bz =
3

2
gz[(x

′Sx − z′Sz) sin2 φy +
1

2
(z′Sx + x′Sz) sin(2φy)]

+gz[(z0Sx +
1

2
x0Sz) sinφy − 2(z0Sz −

1

2
x0Sx) sin2 φy

2
].

(3.28)

Now the change in induced voltage due to rotation about the y-axis because of the application

of the x-, y- and z-gradients becomes:

δVy = Bx +By +Bz

δVy = gx[(x′Sx − z′Sz) sin(2φy)− 2(z′Sx + x′Sz) sin2 φy]

−gx[−2(z0Sx + x0Sz) sin2 φy
2

+ (x0Sx − z0Sz) sinφy]

+gy[(x
′Sy + ySx) sinφy − 2(z′Sy + ySz) sin2 φy

2
]

+
3

2
gz[

1

2
(z′Sx + xSz) sin(2φy) + (xSx − z′Sz) sin2 φy]

+gz[(z0Sx +
1

2
x0Sz) sinφy − 2(z0Sz −

1

2
x0Sx) sin2 φy

2
].

(3.29)

3.1.6 Rotation about the z-axis

After rotation about the z-axis by an angle, φz, the location vector r and the sensitivity

vector S become rzat and Szat, respectively, given by the equations:

rzat = Rz.r = [c(x− x0) + s(y − y0)]̂i+ [−s(x− x0) + c(y − y0)]ĵ + zk̂ + x0î+ y0ĵ

Szat = Rz.S = (Sxc+ Sys)̂i+ (Syc− Sxs)ĵ + Szk̂.

(3.30)
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By replacing x−x0 = x′, y−y0 = y′ and z = z′ one can obtain the location vector as follows:

rzat = (x′c+ y′s+ x0)̂i+ (y′c− x′s+ y0)ĵ + zk̂. (3.31)

In terms of this location vector, the rate of change of magnetic field becomes:

Ḃzat = gx[zî+ (x′c+ y′s+ x0)k̂] + gy[zĵ + (y′c− x′s+ y0)k̂]

+gz[−
1

2
(x′c+ y′s+ x0)̂i−

1

2
(y′c− x′s+ y0)ĵ + zk̂].

(3.32)

The voltage induced in the coil before and after the rotation about the z-axis can be denoted

by V and Vzat which are given by the following equations:

−V = [gxz −
1

2
gz(x

′ + x0)]Sx + [gyz −
1

2
gz(y

′ + y0)]Sy

+[gx(x′x0) + gy(y
′ + y0) + gzz]Sz

−Vzat = gx[z(Sxc+ Sys) + Sz(x
′c+ y′s)] + gxx0Sz

+gy[z(Syc− Sxs) + Sz(−x′s+ y′c)] + gyy0Sz

+
1

2
gz[−(x′c+ y′s)(Sxc+ Sys)− (−x′s+ y′c)(Syc− Sxs) + 2zSz]

−1

2
gz[x0(Sxc+ Sys) + y0(Syc− Sxs)],

(3.33)

where φz is the rotational angle. The change in induced voltage in the coil due to rotation

about the z-axis can be represented by the equation:

δVz = −Vzat + V = Ḃzat.Szat − Ḃ.S

= gx[z(Sxc+ Sys) + Sz(x
′c+ y′s)− zSx − x′Sz]

+gy[z(Syc− Sxs) + Sz(−x′s+ y′c)− zSy − y′Sz]

+
1

2
gz[−(x′c+ y′s)(Sxc+ Sys)− (−x′s+ y′s)

(Syc− Sxs) + 2zSz + x′Sx + y′Sy − 2zSz]

−1

2
gz[x0(Sxc+ Sys)− x0Sx + y0(Syc− Sxs)− y0Sy].

(3.34)
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To make the calculation simpler, let us consider the contribution of the x-gradient:

Cx = gx[zSx(c− 1) + x′Sz(c− 1) + (zSy + y′Sz)s], (3.35)

and by replacing c = cosφ and s = sinφ, one obtains,

Cx = gx[−2(zSx + x′Sz) sin2 φz
2

+ (zSy + y′Sz) sinφz)]. (3.36)

Similarly, the contribution of the y-gradient is

Cy = gy[zSy(c− 1) + y′Sz(c− 1)− (zSx + x′Sz)s], (3.37)

and by replacing c = cosφz and s = sinφz, one obtains,

Cy = gy[−2(zSy + ySz) sin2 φz
2
− (zSx + xSz) sinφz]. (3.38)

The contribution of the z-gradient can be obtained by using the following equation:

Cz =
1

2
gz[−x′Sx(c2 + s2)− y′Sy(c2 + s2) + x′Sx + y′Sy]

−1

2
gz[(x0Sx + y0Sy)(c− 1) + (x0Sy − y0Sx)s],

(3.39)

and by replacing c = cosφz and s = sinφz, one obtains

Cz = +gz(x0Sx + y0Sy) sin2 φz
2
− 1

2
gz(x0Sy − y0Sx) sinφz). (3.40)
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The change in induced voltage due to rotation about the z-axis is consequently as follows:

δVz = Cx + Cy + Cz

δVz = −gx[−(z′Sy + y′Sz) sinφz + 2(z′Sx + xSz) sin2 φz
2

]

−gy[(z′Sx + x′Sz) sinφz + 2(z′Sy + y′Sz) sin2 φz
2

]

+gz(x0Sx + y0Sy) sin2 φz −
1

2
gz(x0Sy − y0Sx) sinφz.

(3.41)

3.1.7 The General Equation for Rotation

The general equation for the change in induced voltage when the x-, y-, and z-gradients are

applied, due to a rotation by an angle φx about the x-axis, φy about the y-axis and φz about

the z-axis is

δVR = δVx + δVy + δVz,

δVR = −gx[2(z′Sx + xSz) sin2 φx
2

+ (xSy + y′Sx) sinφx] − gy[2(z′Sy + y′Sz) sin2 φx + (y′Sy − z′Sz) sin(2φx)]

+gy[−2(z0Sy + y0Sz) sin2 φx
2

+ (z0Sz − y0Sy) sinφx] +
3

2
gz[(y

′Sy − z′Sz) sin2 φx −
1

2
(z′Sy + y′Sz) sin(2φx)]

+gz[−2(z0Sz +
1

2
y0Sy) sin2 φx

2
− (

1

2
y0Sz + z0Sy) sinφx] + gx[(x′Sx − z′Sz) sin(2φy) − 2(z′Sx + x′Sz) sin2 φy]

−gx[−2(z0Sx + x0Sz) sin2 φy
2

+ (x0Sx − z0Sz) sinφy] + gy[(x′Sy + ySx) sinφy − 2(z′Sy + ySz) sin2 φy
2

]

+
3

2
gz[

1

2
(z′Sx + xSz) sin(2φy) + (xSx − z′Sz) sin2 φy] + gz[(z0Sx +

1

2
x0Sz) sinφy − 2(z0Sz −

1

2
x0Sx) sin2 φy

2
]

−gx[−(z′Sy + y′Sz) sinφz + 2(z′Sx + xSz) sin2 φz
2

] − gy[(z′Sx + x′Sz) sinφz + 2(z′Sy + y′Sz) sin2 φz
2

]

+gz(x0Sx + y0Sy) sin2 φz −
1

2
gz(x0Sy − y0Sx) sinφz.

(3.42)

Now considering the arrangement of the five coils shown in Fig. 3.2, the change in induced

voltage in the individual coils due to a rotation by an angle, φx, φy, φz about the x-, y- and
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z-axes respectively, is found to be

δV1 = +gxSzδx+ gySzδy + gzSzδz

+gy(z′Sz) sin(2φx) − 3

2
gz(z

′Sz) sin2(φx) − gx(z′Sz) sin(2φy) − 3

2
gz(z

′Sz) sin2(φy)

+gx(z0Sz) sinφy − 2gz(z0Sz) sin2 φx
2

− gy(z0Sz) sinφx − 2gz(z0Sz) sin2 φy
2

δV2 = −1

2
gzSxδx+ gxSxδz + gx(x′Sx) sin(2φy) +

3

2
gz(x

′Sx) sin2 φy

−gx(x0Sx) sinφy + 2gz(z0Sz) sin2 φy
2

+ gz(x0Sx) sin2 φz

δV3 = −1

2
gzSxδx+ gxSxδz − gx(x′Sx) sin(2φy) − 3

2
gz(x

′Sx) sin2 φy;

−gx(x0Sx) sinφy + 2gz(z0Sz) sin2 φy
2

+ gz(x0Sx) sin2 φz

δV4 = −1

2
gzSyδy + gySyδz − gy(y′Sy) sin(2φx) +

3

2
gz(y

′Sy) sin2 φx;

+gy(y0Sy) sinφx + gz(
1

2
y0Sy) sin2 φx

2
+ gz(y0Sy) sin2 φz

δV5 = −1

2
gzSyδy + gySyδz + gy(y′Sy) sin(2φx) − 3

2
gz(y

′Sy) sin2 φx

+gy(y0Sy) sinφx + gz(
1

2
y0Sy) sin2 φx

2
+ gz(y0Sy) sin2 φz.

(3.43)

These equations are summarized in Table 3.2.

3.1.8 The General Expression for Translation and Rotation

Combining the voltage changes due to rotation and translation gives

δVRT = δVT + δVR

= (gxSz −
1

2
gzSx)δx+ (gySz −

1

2
gzSy)δy + (gxSx + gySy + gzSz)δz

−gx[2(z′Sx + xSz) sin2 φx
2

+ (xSy + y′Sx) sinφx] − gy[2(z′Sy + y′Sz) sin2 φx + (y′Sy − z′Sz) sin(2φx)]

+gy[−2(z0Sy + y0Sz) sin2 φx
2

+ (z0Sz − y0Sy) sinφx] +
3

2
gz[(y

′Sy − z′Sz) sin2 φx −
1

2
(z′Sy + y′Sz) sin(2φx)]

+gz[−2(z0Sz +
1

2
y0Sy) sin2 φx

2
− (

1

2
y0Sz + z0Sy) sinφx] + gx[(x′Sx − z′Sz) sin(2φy) − 2(z′Sx + x′Sz) sin2 φy]

−gx[−2(z0Sx + x0Sz) sin2 φy
2

+ (x0Sx − z0Sz) sinφy] + gy[(x′Sy + ySx) sinφy − 2(z′Sy + ySz) sin2 φy
2

]

+
3

2
gz[

1

2
(z′Sx + xSz) sin(2φy) + (xSx − z′Sz) sin2 φy] + gz[(z0Sx +

1

2
x0Sz) sinφy − 2(z0Sz −

1

2
x0Sx) sin2 φy

2
]

−gx[−(z′Sy + y′Sz) sinφz + 2(z′Sx + xSz) sin2 φz
2

] − gy[(z′Sx + x′Sz) sinφz + 2(z′Sy + y′Sz) sin2 φz
2

]

+gz(x0Sx + y0Sy) sin2 φz −
1

2
gz(x0Sy − y0Sx) sinφz.

(3.44)
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Coil No. Sensitivity φx φy φz Voltage

C1 Sz

+gy(z′Sz) sin(2φx)

− 3
2
gz(z

′Sz) sin2(φx)

−gy(z0Sz) sin(φx)

−2gz(z0Sz) sin2(φx
2

)

−gx(z′Sz) sin(2φy)

− 3
2
gz(z

′Sz) sin2(φy)

+ gx(z0Sz) sinφy

−2gz(z0Sz) sin2(
φy

2
)

0 δV1

C2 Sx 0

+gx(x′Sx) sin(2φy)

+ 3
2
gz(x

′Sx) sin2(
φy

2
)

+gx(x0Sx) sin(φy)

+2gz(x0Sx) sin2(
φy

2
)

gz(x0Sx) sin2(φz) δV2

C3 S−x 0

+gx(x′Sx) sin(2φy)

+ 3
2
gz(x

′Sx) sin2(
φy

2
)

−gx(x0Sx) sin(φy)

+2gz(x0Sx) sin2(
φy

2
)

gz(x0Sx) sin2(φz) δV3

C4 Sy

−gy(y′Sy) sin(2φx)

+ 3
2
gz(y

′Sy) sin2(φx)

+gy(y0Sy) sin(φx)

+2gz(y0Sy) sin2(φx
2

)

0 +gz(y0Sy) sin2(φz) δV4

C5 S−y

−gy(y′Sy) sin(2φx)

+ 3
2
gz(y

′Sy) sin2(φx)

+gy(y0Sy) sin(φx)

+2gz(y0Sy) sin2(φx
2

)

0 +gz(y0Sy) sin2(φz) δV5

Table 3.2: Summary of the changes in induced voltage in the coils due to a general rotation.
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For small rotation angles such that φx, φy, and φz ≤ 5◦, then sinφx = φx, sinφy = φy,

sinφz = φz, when φx, φy, and φz are in radian; as a result the general equation for the

change in induced voltage due to rotation about the x-, y- and z-axes by angle δφx, δφy and

δφz reduces to

δVRT = (gxSz −
1

2
gzSx)δx+ (gySz −

1

2
gzSy)δy + (gxSx + gySy + gzSz)δz

−1

2
gx(z′Sx)δφ2

x +
1

2
(xSz)δφ

2
x + gx(xSy)δφx + gx(y′Sx)δφx

−2gy(z′Sy)δφ2
x − 2gy(y′Sz)δφx − 2gy(y′Sy)δφx − 2gy(z′Sz)δφx

−1

2
gy(z0Sy)δφ2

x −
1

2
gy(y0Sz)δφ

2
x + gy(z0Sz)δφx − gy(y0Sy)δφx

+
3

2
gz(y

′Sy)δφ2
x −

3

2
gz(z

′Sz)δφ
2
x −

3

2
gz(z

′Sy)δφx +
3

2
gz(y

′Sz)δφx

−1

2
gz(z0Sz)δφ

2
x +

1

4
gz(y0Sy)δφ2

x −
1

2
gz(y0Sz)δφx − gz(z0Sy)δφx

+2gx(x′Sx) − 2gx(z′Sz)δφy − 2gx(z′Sx)δφ2
y − 2gx(x′Sz)δφ

2
y

+
1

2
gx(z0Sx)δφ2

y −
1

2
gx(x0Sz)δφ

2
y + gx(x0Sx)δφy − gx(z0Sz)δφy

+gy(x′Sy)δφy + gy(ySx)δφy −
1

2
gy(z′Sy)δφ2

y −
1

2
gy(ySz)δφ

2
y

+
3

2
gz(z

′Sx)δφy +
3

2
gz(xSz)δφy +

3

2
gz(xSx)δφ2

y −
3

2
gz(z

′Sz)δφ
2
y

+gz(z0Sx)δφy +
1

2
gz(x0Sz)δφy −

1

2
gz(z0Sz)δφ

2
y +

1

4
gz(x0Sx)δφ2

y

+gx(z′Sy)δφz − gx(y′Sz)δφz +
1

2
gx(z′Sx)δφ2

z +
1

2
gx(xSz)δφ

2
z

−gy(z′Sx)δφz − gy(x′Sz)δφz +
1

2
gy(z′Sy)δφ2

z +
1

2
gy(y′Sz)δφ

2
z

+gz(x0Sx)δφ2
z + gz(y0Sy)δφ2

z −
1

2
gz(x0Sy)δφz +

1

2
gz(y0Sx)δφz.

(3.45)

Let us again consider a coil in the different planes in which the centres lie on the x-, y- and

z-axes and the axes of the coils is the x-, y- and z-axes (see Fig. 3.2). The change in induced

voltage in each coil due to rotation about the x-, y- and z-axes can be calculated by taking

only the terms xSx, ySy, zSz, x0Sx0 , y0Sy0 and z0Sz0 . The changes in induced voltage in the

five coils are then given by a general equation:

δVRT = (gxSz −
1

2
gzSx)δx+ (gySz −

1

2
gzSy)δy + (gxSx + gySy + gzSz)δz

−2gy(y′Sy)δφx − 2gy(z′Sz)δφx + gy(z0Sz)δφx − gy(y0Sy)δφx +
3

2
gz(y

′Sy)δφ2
x −

3

2
gz(z

′Sz)δφ
2
x

−1

2
gz(z0Sz)δφ

2
x +

1

4
gz(y0Sy)δφ2

x + 2gx(x′Sx) − 2gx(z′Sz)δφy + gx(x0Sx)δφy − gx(z0Sz)δφy

+
3

2
gz(xSx)δφ2

y −
3

2
gz(z

′Sz)δφ
2
y −

1

2
gz(z0Sz)δφ

2
y +

1

4
gz(x0Sx)δφ2

y + gz(x0Sx)δφ2
z + gz(y0Sy)δφ2

z.

(3.46)

For small angles of rotation the linear terms dominate in the expression for the change
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Coil No. Sensitivity δx δy δz δφx δφy δφz Voltage

C1 Sz gx gy gz +2gyz
′Sz − gyz0Sz −2gxz

′Sz + gxz0Sz 0 δV1

C2 Sx − 1
2
gz 0 gx 0 +2gxx

′Sx − gxx0Sx 0 δV2

C3 S−x − 1
2
gz 0 gx 0 +2gxx

′Sx − gxx0Sx 0 δV3

C4 Sy 0 − 1
2
gz gy −2gyy

′Sy + gyy0Sy 0 0 δV4

C5 S−y 0 − 1
2
gz gy −2gyy

′Sy + gyy0Sy 0 0 δV5

Table 3.3: Summary of the change in induced voltage in the coils due to translation and
rotation.

in induced voltages in a coil, giving:

δVRT = (gxSz −
1

2
gzSx)δx+ (gySz −

1

2
gzSy)δy + (gxSx + gySy + gzSz)δz

−2gy(y′Sy)δφx − 2gy(z′Sz)δφx + gy(z0Sz)δφx − gy(y0Sy)δφx

+2gx(x′Sx) − 2gx(z′Sz)δφy + gx(x0Sx)δφy − gx(z0Sz)δφy.

(3.47)

The above general equation can be used to evaluate the change in induced voltage in

each of the coils in the system shown in Fig. 3.2. For this coil system we have Ŝ1 = k̂,

Ŝ2 = Ŝ3 = î and Ŝ4 = Ŝ5 = ĵ, and the centres of the five coils are at C1(0 0 z), C2(x 0 0),

C3(-x 0 0), C4(0 y 0), and C5(0 -y 0). The equation for the change in induced voltage in the

coils due to translation and rotations is then given by:

δV1 = +gxSzδx+ gySzδy + gzSzδz

−2gy(z′Sz)δφx − 2gx(z′Sz)δφy + gx(z0Sz)δφy − gy(z0Sz)δφx

δV2 = −1

2
gzSxδx+ gxSxδz + 2gxx

′Sxδφy − gx(x0Sx)δφy

δV3 = −1

2
gzSxδx+ gxSxδz −

1

2
gx(x′Sx)δφy − gx(x0Sx)δφy

δV4 = −1

2
gzSyδy + gySyδz − 2gy(y′Sy)δφx + gy(y0Sy)δφx

δV5 = −1

2
gzSyδy + gySyδz + 2gy(y′Sy)δφx + gy(y0Sy)δφx.

(3.48)

All these are summarized in Table 3.3.
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3.1.9 Special Cases

The change in induced voltage in the individual coil due to a rotation by an angle, φx, about

the x-axis can be obtained by the given equations:

δV1 = +gy(z′Sz) sin(2φx) − 3

2
gz(z

′Sz) sin2 φx + gy(z0Sz) sinφx − 2gz(z0Sz) sin2 φx
2

δV2 = 0 δV3 = 0

δV4 = −gy(y′Sy) sin(2φx) − gy(y0Sy) sinφx +
3

2
gz(y

′Sy) sin2 φx − 2gz(y0Sy) sin2 φx
2

δV5 = −gy(y′Sy) sin(2φx) − gy(y0Sy) sinφx +
3

2
gz(y

′Sy) sin2 φx − 2gz(y0Sy) sin2 φx
2
.

(3.49)

For a small rotation angle φx, i.e. φx ≤ 5◦ one can write sinφx = φx (in radian) and as

a result the general equation for the change of induced voltage in the coils due to rotation

about the x-axis by an angle, δφx reduces to

δV1 = +2gy(z′Sz)δφx −
3

2
gz(z

′Sz)δφ
2
x + gy(z0Sz)δφx −

1

2
gz(z0Sz)δφ

2
x

δV2 = 0, δV3 = 0

δV4 = −2gy(y′Sy)δφx − gy(y0Sy)δφx +
3

2
gz(y

′Sy)δφ2
x −

1

2
gz(y0Sy)δφ2

x

δV5 = −2gy(y′Sy)δφx − gy(y0Sy)δφx +
3

2
gz(y

′Sy)δφ2
x −

1

2
gz(y0Sy)δφ2

x.

(3.50)

The linear terms dominate in the expressions for the change in induced voltages in the coils,

so one can exclude the non-linear terms,

δV1 = 2gy(z′Sz)δφx + gy(z0Sz)δφx

δV2 = 0, δV3 = 0

δV4 = −2gy(y′Sy)δφx − gy(y0Sy)δφx

δV5 = −2gy(y′Sy)δφx − gy(y0Sy)δφx.

(3.51)

The change in induced voltage in the individual coil due to a rotation by an angle, φy,

about the y-axis can similarly be obtained by using the equations:

δV1 = −gx(z′Sz) sin(2φy) + gx(z0Sz) sinφy −
3

2
gz(z

′Sz) sin2 φy − 2gz(z0Sz) sin2 φy
2

δV2 = gx(x′Sx) sin(2φy) + gx(x0Sx) sinφy +
3

2
(xSx) sin2 φy + gz(x0Sx) sin2 φy

2

δV3 = gx(x′Sx) sin(2φy) + gx(x0Sx) sinφy +
3

2
(xSx) sin2 φy + gz(x0Sx) sin2 φy

2

δV4 = 0, δV5 = 0.

(3.52)
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For a small rotation angle φy, i.e. φy ≤ 5◦, sinφy = φy (in radian); as a result the general

equation for the change of induced voltage in the coils due to rotation about the y-axis by

angle δφy reduces to

δV1 = −2gx(z′Sz)δφy + gx(z0Sz)δφy −
3

2
gz(z

′Sz)δφ
2
y −

1

2
gz(z0Sz)δφ

2
y

δV2 = 2gx(x′Sx)δφy + gx(x0Sx)δφy +
3

2
(xSx)δφ2

y +
1

4
gz(x0Sx)δφ2

y

δV3 = 2gx(x′Sx)δφy + gx(x0Sx)δφy +
3

2
(xSx)δφ2

y +
1

4
gz(x0Sx)δφ2

y

δV4 = 0, δV5 = 0.

(3.53)

The linear terms dominate in the expressions for the change in induced voltages in the coils,

so one can exclude the non-linear terms,

δV1 = −2gx(z′Sz)δφy + gx(z0Sz)δφy

δV2 = 2gx(x′Sx)δφy + gx(x0Sx)δφy

δV3 = 2gx(x′Sx)δφy + gx(x0Sx)δφy

δV4 = 0, δV5 = 0.

(3.54)

The change in induced voltage in the individual coils due to rotation about the z-axis

can then be obtained by the given equations:

δV1 = 0

δV2 = +gz(x0Sx) sin2 φz δV3 = +gz(x0Sx) sin2 φz

δV4 = +gz(y0Sy) sin2 φz δV5 = +gz(y0Sy) sin2 φz.

For a small rotation angle φz, i.e. φz ≤ 5◦, sinφz = φz (in radian); as a result the general

equation for the change of induced voltage due to the rotation about z-axis by angle δφz

reduces to

δV1 = 0

δV2 = +gz(x0Sx)δφ2z δV3 = +gz(x0Sx)δφ2z

δV4 = +gz(y0Sy)δφ
2
z δV5 = +gz(y0Sy)δφ

2
z.

(3.55)

The linear terms dominate in the expressions for the change in induced voltages in the coils,
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and excluding non-linear terms gives:

δV1 = 0, δV2 = 0, δV3 = 0, δV4 = 0, δV5 = 0.

3.1.10 Absolute EMF in the Coils

Assuming that the positions of the coils are known relative to the origin of the system, the

translations x, y and z along the x-, y- and z-axes as well as the rotations φx, φy and φz

about the origin can be defined from the measured voltage changes in the five coils shown in

Fig. 3.3. Let us consider the translational vector R′ = (δx, δy, δz) and rotational matrices

Rx, Ry and Rz which characterise the movement of the rig.

Rx =



1 0 0

0 cosφx sinφx

0 − sinφx cosφx


,Ry =



cosφy 0 − sinφy

0 1 0

sinφy 0 cosφy


,Rz =



cosφz sinφz 0

− sinφz cosφz 0

0 0 1


.

Consider cosφx = Cx, sinφx = Sx, cosφy = Cy, sinφy = Sx, cosφz = Cz and sinφz = Sz.

The rotational matrices are reduced to

Rx =



1 0 0

0 Cx Sx

0 −Sx Cx


,Ry =



Cy 0 −Sy

0 1 0

Sy 0 Cy


,Rz =



Cz Sz 0

−Sz Cz 0

0 0 1


.

The structure of the five coils rig and the relative position of the coils with respect to the

origin are shown in Fig. 3.3. After movements (rotation/translation or both) of the rig, the
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Coil-3 

Coil-4 

Coil-2 Screw for x-shift Screw for z-shift 

Pin for y-rotation 
110mm to  

z-axis 

Coil-5 

Coil-1 

Figure 3.3: Structure of the five coils rig.

location and sensitivity vectors of coil C1 become

r1 = RzRyRx



0

0

L1


+ R′, S1 = RzRyRx



0

0

1


, (3.56)

and the sensitivity vector can be rewritten as

S1 =



SxSz − CxCzSy

CxSySz + SxCz

CxCy


=



S1x

S1y

S1z


, (3.57)

where L1 represents the distance of coil 1 from the axis of rotation. The new position of the

coil C1 is given by a vector r1 whose elements are x1, y1 and z1. On the other hand position
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before rotation/translation (or both) of the coil is denoted by a vector R whose elements are

x, y and z.

r1 =



x1

y1

z1


= L1



SxSz − CxCzSy

CxSySz + SxCz

CxCy


+



x

y

z


. (3.58)

The voltage induced in the coil C1 after movement is then denoted by the equation

−V1 = S1x(ġxz1 − ġz
x1
2

) + S1y(ġyz1 − ġz
y1
2

) + S1z(ġxx1 + ġyy1 + ġzz1). (3.59)

Similarly for the coils C2 and C3, the location and sensitivity vectors become

r2,3 = RzRyRx



L2,3

0

0


+ R′, S2,3 = RzRyRx



1

0

0


, (3.60)

which can be rewritten as

r2,3 = L2,3



CzCy

−SzCy

Sy


+



x

y

z


, S2,3 = RzRyRx



1

0

0


=



CzCy

−SzCy

Sy


, (3.61)

where L2 = L3 describe the distances of the coils C2 and C3 from the axis of rotation.

The induced voltage in the coils C2 and C3 is then given by the following equations:

−V2 = S2x(ġxz2 − ġz
x2
2

) + S2y(ġyz2 − ġz
y2
2

) + S2z(ġxz2 + ġyy2 + ġzz2)

−V3 = S3x(ġxz3 − ġz
x3
2

) + S3y(ġyz3 − ġz
y3
2

) + S3z(ġxz3 + ġyy3 + ġzz3),

(3.62)
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where x2, y2 and z2 indicate the position of coil C2 after a movement, whereas x3, y3 and z3

indicate the position of coil C3 after a movement.

The location and sensitivity vectors of the coils C4 and C5 can be written as

r4,5 = L4,5



CxSz + SxSyCz

−SxSySz + CxCz

−SxCy


+



x

y

z


, S4,5 = RzRyRx



0

1

0


=



CxSz − SxSyCz

SxSySz + CxCz

−SxCy


,

(3.63)

where L4 = L5 is the distance of the coils C4 and C5 from the axis of rotation.

The induced voltage in the coils C4 and C5 is given by the following equations-

−V4 = S4x(ġxz4 − ġz
x4
2

) + S4y(ġyz4 − ġz
y4
2

) + S4z(ġxz4 + ġyy4 + ġzz4)

−V5 = S5x(ġxz5 − ġz
x5
2

) + S5y(ġyz5 − ġz
y5
2

) + S5z(ġxz5 + ġyy5 + ġzz5),

(3.64)

where x4, y4 and z4 indicate the position of coil C4 after a movement, whereas x5, y5 and z5

indicate the position of coil C5 after a movement.

Whatever the position and orientation of the coils is, one can calculate the voltage induced

in the coils by using these non-linear equations. These equations can be solved using the

‘fsolve’ standard Matlab
TM

function.

3.2 Arbitrary Coils in Space

This section is devoted to explaining the dipole concept of a coil and its significance. In this

study, a coil is considered as a magnetic dipole having a location vector r and a sensitivity

vector S as shown in Fig. 3.4. A vector drawn from a reference point (origin) to a specific

point in space where the centre of the coil is located, is known as a location vector. The

magnitude and direction of the vector indicates the position of a coil placed in a space. On
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Figure 3.4: This Figure represents an irregularly shaped coil (blue) and it’s location vector
(black) and sensitivity vectors (red).

the other hand, the direction of a sensitivity vector is a unit vector normal to the surface of

the coil and the magnitude of the vector represents the effective area of the coil.

The size and the geometrical shape of a coil play an important role in the dipole concept.

As the size of a coil decreases, it tends to a perfect dipole, whereas as the size increases it

may no longer resemble a perfect dipole. On the contrary, a coil having a regular (circular)

shape behaves as a perfect dipole. The dipole concept of a coil is useful to calculate the

induced emf in a coil in space having irregular geometrical shape.

The pattern of the changes of location and sensitivity vectors depends on the geometrical

shape as well as the types of movements of a coil. According to the dipole concept, the

location vector changes its direction/magnitude or both, but the sensitivity vector may

changes only its direction.

Let us consider a general coil to investigate the practicability of the dipole concept. At

the very beginning, an equation has been derived to calculate the induced voltage in the coil
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vectors (blue) before rotation and the coil (red) and the corresponding vectors (red) after
rotation about the x-axis. The circles (◦) represent the location vectors and the arrows (→)
indicate the sensitivity vectors of the coils.

due to translation and rotation. We consider the irregular shaped coil shown in Fig. 3.5,

which is generated and then rotated about the x-axis. The location vectors are denoted by

circles (◦), whereas the sensitivity vectors are denoted by arrows (→).

MatLab programmes are written to calculate the change in induced voltage in the coils by

time varying gradient magnetic fields due to translations and rotations and also to evaluate

the changes of the location and sensitivity vectors during the movements of the coils. In

addition, the programs were also used to evaluate the changes of the vectors due to the

same movement. It has observed that the location vector r0 always transforms correctly

during translation and rotation irrespective of the size and shape of a coil. In contrast, the

sensitivity vector S always transforms correctly during translation, but does not necessarily

transform correctly during rotation when the shape of the coil is highly irregular.

However, first consider the effect of a time-varying uniform field Ḃ = Ḃxî+ Ḃy ĵ + Ḃzk̂,
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so one can write the change in voltage as

−V =

∫
dB

dt
· dS = Ḃx

∫
î · dS + Ḃy

∫
ĵ · dS + Ḃz

∫
k̂ · dS = ḂxSx + ḂySy + ḂzSz = Ḃ · S,

(3.65)

where Sx =
∫
î · dS, Sy =

∫
ĵ · dS, Sz =

∫
k̂ · dS. Since B = ∇ × A 6= 0, where A is a

suitable vector potential which gives us uniform field along the three mutually perpendicular

directions, one can use
∫

(∇×A) · dS =
∫
A · dl, which yields;

−V = Ḃ · S =

∫ (
(zî+ xk̂) + (zĵ + yk̂) + (−x

2
î− y

2
ĵ + zk̂)

)
· dl (3.66)

Now considering the effect of time-varying magnetic field gradients we can rewrite

dB

dt
= gx(zî+ xk̂) + gy(zĵ + yk̂) + gz(−

x

2
î− y

2
ĵ + zk̂). (3.67)

Let us consider the flux linked by a generally shaped coil and relate this to the flux

experienced by an equivalent dipole at position r0 = x0î+ y0ĵ + z0k̂; this gives

Fx =

∫
(zî+ xk̂) · dS = z0Sx + x0Sz

Fy =

∫
(zĵ + yk̂) · dS = z0Sy + y0Sz

Fz =

∫
(−x

2
î− y

2
ĵ + zk̂) · dS = −x0

2
Sx −

y0
2
Sy + z0Sz.

(3.68)

Applying Stokes theorem and using the known form of the vector potentials [115] gives

Fx = z0Sx + x0Sz =

∫
(−xy

2
î+

x2 − y2

4
ĵ + yzk̂) · dl

Fy = z0Sy + y0Sz =

∫
(
x2 + y2

4
î− xy

2
ĵ − xzk̂) · dl

Fz = −x0
2
Sx −

y0
2
Sy + z0Sz =

∫
(−x

2
yzî+

y

2
xzĵ) · dl.

(3.69)
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By using all these equations one can form a system of linear equations in matrix form

M



x0

y0

z0


=



Sz 0 Sx

0 Sz Sy

−Sx
2

−Sy

2
Sz


.



x0

y0

z0


=



Fx

Fy

Fz


(3.70)

By comparing the above matrix as Mr0 = F and taking the inverse of the matrix M one

can find r0 

x0

y0

z0


= M−1



Fx

Fy

Fz


. (3.71)

3.2.1 Geometrical Shape and the Dipole Concept of a Coil

To explain the dipole concept of a coil, three types of coils and their location and sensitivity

vectors are presented in Fig. 3.6. These are: regular shaped i.e. planar (circular), irregular

and highly irregular shaped coils. Again, the location and the sensitivity vectors are denoted

by a circle (◦) and an arrow (→) respectively.

At first, a movement is applied to the coil and the position and orientation of the coil is

investigated. The magnitude and the direction of the location and the sensitivity vectors of

the coils are also explored. It is observed that the vectors change position and orientation

simultaneously with the movement of the coils. After that, the same amount of movement is

applied individually to the original location and the sensitivity vectors. Then the magnitude

and direction of these two vectors are investigated. As a result, three sets of location and

sensitivity vectors are obtained, one set from the coil before movement, one set from the
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Figure 3.6: Drawing representing three types of coils and their location vectors denoted by a
circle (◦) and sensitivity vectors denoted by (→). (a) Regular geometrical shaped (circular)
coil. (b) Irregular geometrical shaped coil. (c) Highly irregular geometrical shaped coil.
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coils after movement and another from the individual movement of the vectors. Only the

coincidence of the latter two sets of the vectors is the direct proof of the validity of the dipole

concept.

In this subsection, in all figures a coil is denoted by C0, the location and the sensitivity

vectors are denoted by r0 and S0 respectively. After a translation along the x-, y- and

z-axes the coils are denoted by CTx, CTy and CTz, whereas rTx, rTy and rTz represent the

location vectors of the corresponding coils, on the other hand STx, STy and STz stand for

the sensitivity vectors of the coils respectively. In addition, Sfx, Sfy and Sfz represent the

sensitivity vectors after an individual translation along the x-, y- and z-axes. On the other

hand, rfx, rfy and rfz indicate the location vectors after an individual translation along the

x-, y- and z-axes. In this case the location vector is denoted by a black cross (×) and the

sensitivity vector denoted by a black arrow (→).

Figs. 3.7(a), 3.7(b) and 3.7(c) show regular (circular), irregular shaped and highly irreg-

ular shaped coils respectively. In this case highly irregular means coils that are not confined

to a single plane. The coils and their location and sensitivity vectors are shifted 10 mm

(inside a head coil a patient hardly can move head more than 10 mm) along the x-axis. It is

worth noting that after a 10 mm translation the two sets of the location vectors (red circle

and black cross) and the sensitivity vectors (red arrow and black arrow) coincide which is a

direct proof of the validity of the dipole concept.

Again, Figs. 3.8(a), 3.8(b) and 3.8(c) show regular shaped (circular), irregular shaped

and highly irregular shaped coils shifted 10 mm along the y-axis. The overlapping of the

location vectors and the sensitivity vectors indicate again that the dipole concept is valid for

the y-translation.

Similarly, Figs. 3.9(a), 3.9(b) and 3.9(c) show regular shaped (circular), irregular shaped

and highly irregular shaped coils shifted along the z-axis. In these case the two sets of the

location vectors and the sensitivity vectors also coincide which satisfies the dipole concept

during z-translation.
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Figure 3.7: Data shows the geometrical shape, the location vector denoted by a circle (◦) and
a cross (×) and the sensitivity vector denoted by an arrow (→) of a coil before (blue) and
after (red) translation along the x-axis. The black cross (×) and the black arrow (→) stand
for the location and the sensitivity vectors respectively, when they are shifted individually
(not along with the coils). (a) Regular shaped (circular) coil. (b) Irregular shaped coil. (c)
Highly irregular shaped coil.
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Figure 3.8: Data shows the geometrical shape, the location vector denoted by a circle (◦) and
a cross (×) and the sensitivity vector denoted by an arrow (→) of a coil before (blue) and
after (red) translation along the y-axis. The black cross (×) and the black arrow (→) stand
for the location and the sensitivity vectors respectively, when they are shifted individually
(not along with the coils). (a) Regular shaped (circular) coil. (b) Irregular shaped coil. (c)
Highly irregular shaped coil.
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Figure 3.9: Data shows the geometrical shape, the location vector denoted by a circle (◦) and
a cross (×) and the sensitivity vector denoted by an arrow (→) of a coil before (blue) and
after (red) translation along the z-axis. The black cross (×) and the black arrow (→) stand
for the location and the sensitivity vectors respectively, when they are shifted individually
(not along with the coils). (a) Regular shaped (circular) coil. (b) Irregular shaped coil. (c)
Highly irregular shaped coil.
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Fig. 3.10(a) shows a regular (circular) coil, whereas Fig. 3.10(b) and Fig. 3.10(c) show

irregular and highly irregular shaped coils rotation about the x-axis respectively. After a 10◦

rotation the coils are denoted by CRx, sensitivity vector SRx and location vector rRx which

are shown in Fig. 3.10. The location and the sensitivity vectors are denoted by a circle (◦)

and by an arrow (→) before and after rotation about the x-axis. The location vectors are

denoted by a black cross (×) and the sensitivity vector denoted by a black (→) when they

move individually.

Fig. 3.11(a) shows a regular (circular) coil, whereas Fig. 3.11(b) shows irregular and

Fig. 3.11(c) show and irregular highly irregular shaped coils rotating about the y-axis. After

a 10◦ rotation about the y-axis the coil CRy, sensitivity vector SRy and location vector rRy

are shown in Fig. 3.11. Again, the black cross (×) and the black arrow (→) indicates the

vectors individual rotation about the y-axis.

Fig. 3.12(a) shows regular (circular) shaped coils and Fig. 3.12(b) shows irregular shaped

coils, whereas Fig. 3.12(c) shows highly irregular shaped coils rotating about the z-axis.

After a 10◦ rotation about the z-axis coil CRz, sensitivity vector SRz and location vector rRz

are shown in Fig. 3.12. After an individual rotation about the z-axis the location and the

sensitivity vectors are denoted by a black cross (×) and by a black arrow (→) respectively

as shown in Fig. 3.12.

Whatever the shape of the coils the dipole concept is shown to be valid for all translations.

The dipole concept is also true for a regular (planar) and an irregular shaped coils undergoing

a rotation about the x-, y- and z-axes. But for a highly irregular shaped coil the dipole

concept is no more valid when considering a rotation about the x-, y- and z-axes. Data

presented in Figs. 3.10(c), 3.11(c) and 3.12(c) clearly shows that there is no coincidence

between the two sets of location and sensitivity vectors. For a highly irregular shaped coil

the rotation of the location and the sensitivity vectors and their individual rotation are

producing different outcomes. In the case of a rotation about the x-, y- and z-axes the

movements of the location and the sensitivity vectors break the dipole concept when the
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Figure 3.10: Data shows the geometrical shape, the location vector denoted by a circle (◦)
and a cross (×) and the sensitivity vector denoted by an arrow (→) of a coil before (blue)
and after (red) rotation about the x-axis. The black cross (×) and the black arrow (→) stand
for the location and the sensitivity vectors respectively, when they are rotated individually
(not along with the coils). (a) Regular shaped (circular) coil. (b) Irregular shaped coil. (c)
Highly irregular shaped coil.
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Figure 3.11: Data shows the geometrical shape, the location vector denoted by a circle (◦)
and a cross (×) and the sensitivity vector denoted by an arrow (→) of a coil before (blue)
and after (red) rotation about the y-axis. The black cross (×) and the black arrow (→) stand
for the location and the sensitivity vectors respectively, when they are rotated individually
(not along with the coils). (a) Regular shaped (circular) coil. (b) Irregular shaped coil. (c)
Highly irregular shaped coil.
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Figure 3.12: Data shows the geometrical shape, the location vector denoted by a circle (◦)
and a cross (×) and the sensitivity vector denoted by an arrow (→) of a coil before (blue)
and after (red) rotation about the z-axis. The black cross (×) and the black arrow (→) stand
for the location and the sensitivity vectors respectively, when they are rotated individually
(not along with the coils). (a) Regular shaped (circular) coil. (b) Irregular shaped coil. (c)
Highly irregular shaped coil.
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coils have a highly irregular geometrical shape. This is a drawback of the dipole concept.

This case is highly unlikely because nobody will be interested to make a highly irregular coil

to perform experiment.

3.3 Discussion

This chapter describes a general expression for the change in voltage induced in a coil due

to translational and rotational movement when the coil exposed to a time-varying magnetic-

field gradient. An expression is also derived for the change in induced voltage in a coil for a

five coil rig, where the coils are confined to the faces of a cube. Expressions for the voltage

changes in the coils when the axes of the rig are displaced from the axes of the magnetic

field gradient are derived. The simplified forms of equations for the special case of small

movements i.e. for small changes in position (≤ 10 mm) and orientation (≤ 10◦) are derived.

An equation is also derived to calculate the absolute induced voltage in a coil placed in a

plane.

An expression is derived to calculate the induced voltage when an arbitrarily shaped coil

is placed in space rather than in a plane. The dipole concept of a coil has been verified for

a wide range of geometrical shapes of a coil. Numerical calculations have been done on the

basis of analytical expressions.

One can conclude that the dipole concept is valid for a wide range of coil shapes and

movements with a few limitations. This concept is in particular valid for a small circular coil

placed in a plane. This is also valid for a non-planar irregular shaped coil. The more regular

the geometrical shape of the coil is, the more accurate the dipole concept of a coil. This

concept is not valid for rotation of a highly irregular coils (when the coils are not confined

to a single plane).
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3.4 Conclusion

This pilot project is devoted to a feasibility study of the head mounted coils to monitor

head movement inside an MR scanner. It confirms the potential of the approach to estimate

changes in position and orientation of the head inside a MR scanner by measuring the

changing induced voltage in the coils array. This method and array of the coils may provide

a real life solution to the long standing problem of head motion during MRI. The next step of

this pilot project will use the coil array to estimate motion parameters. This technique will

be combined with other MRI motion correction schemes as a method of estimating position

and orientation during head motion. The prospective and retrospective motion correction

could be both possible by using this technique.
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Chapter 4

Simulations: Calculation of the

Induced Voltage in a Coil

This chapter uses simulations to investigate the feasibility of tracking the position and orien-

tation of the human head (considered as a rigid body) inside an MRI scanner by measuring

the changes in the voltages induced in head-mounted coils by time varying magnetic field

gradients as a result of head movements. Firstly, the voltage induced in a circular loop of

wire that is exposed to time-varying x, y and z-magnetic field gradients, is calculated for

varying positions and orientations of the coils. The sensitivity to rotations and translations

of loops of varying sizes is also established. Similar steps are taken for a system of five coils

confined to the faces of a cube and it is established whether the voltage changes due to gradi-

ent pulses applied along three directions can be used to calculate the change in position and

orientation of the set of coils. Secondly, an arbitrary shaped coil (non-planar) is generated

in space and the induced voltage is calculated for a range of coil positions. This induced

voltage is then used to estimate the movement parameters.
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4.1 Introduction

Our starting point is Faraday’s law of electromagnetic induction. The electromotive force

(emf) induced in a coil by a change in its magnetic flux environment can be calculated using

Faraday’s law of induction [112]

∮
E · dl = − d

dt

∫
B · n̂da = − d

dt

(∫
s
B · ds

)
, (4.1)

where B represents the magnetic field and E is the electric field. Defining the magnetic flux

through a surface to be

φB =

∫
B · dS, (4.2)

and considering the case where the surface is bounded by a wire loop, the emf or voltage

induced across the ends of the wire is given by

V =

∮
E · dl. (4.3)

When Eq. 4.2 and Eq. 4.3 are substituted into Eq. 4.1, a more familiar form of Faraday’s

law is found:

V = −dφB
dt

. (4.4)

Faraday’s law states that a time-varying magnetic flux through a loop of wire, or any circuit,

generates a voltage whose amplitude is proportional to the rate-of change of the flux. The

flux can be thought of as proportional to the number of field lines penetrating the effective

area presented by the loops making up the coils.

The voltage induced in the circular coils and the change in the induced voltage in the

coils is calculated due to positional changes. By characterising the positional changes through

analysis of the data and comparison with the pattern of voltage changes across coils, it is

possible to associate the pattern of voltage changes with particular movements.
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4.2 Theory Underlying the Simulations

The simulations are based on using Faraday’s law of electromagnetic induction, but it is

troublesome to use Faraday’s law directly to calculate the change in induced voltages. In

the presence of a conductor it is not always straightforward to define the relevant area over

which the rate of change of flux occurs. By using the following equation the induced voltage

can be calculated directly from the rate-of-change of flux linked by the wire loop [113],

−V =
∂

∂t

(∫
S
B · dS

)
=

∮
∂A

∂t
· dl

=

∮ (
∂Ax

∂t
+
∂Ay

∂t
+
∂Az

∂t

)
· dl,

(4.5)

where, A is the vector potential, which is related to the magnetic field, B, by B = ∇×A,

and Stokes’ theorem has been applied to convert the surface integral to a closed-line integral.

The following vector potentials [114–117] for the different gradients are used in these

simulations.

Longitudinal (z) gradient:

Az = −1

2
Gzyzî+

1

2
Gzxzĵ. (4.6)

Transverse (x) gradient:

Ax = −1

2
Gxxyî+

1

4
Gx(x2 − y2)ĵ +Gxyzk̂. (4.7)

Transverse (y) gradient:

Ay =
1

4
Gy(x

2 − y2)̂i+
1

2
Gyxyĵ −Gyxzk̂, (4.8)

where G is the amplitude of a given gradient and the rest of the symbols are conventional.
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4.3 Method and Analysis

In this section two simulating methods are discussed, based on theory developed in Chapter 3.

In the theory, equations are derived for the circular coils confined to planes and for arbitrary

shaped coils in space. Method 1 and Method 2 focus on the planar coils and arbitrary coils

(non-planar) in space respectively.

4.3.1 Method 1: Planar Coil

A circular coil in the specific plane is generated to calculate the change in induced voltage

in the coils due to translations along the x-, y- and z-axes due to time varying x-, y- and

z-gradients. A system of five coils confined to five of the surfaces of a cube is generated

and the same calculations are done for the five coils. A linear model is used to estimate the

change in position and orientation of the coils from the calculated induced voltage changes.

Simulation Parameters

A few parameters are used for simulations of the voltage induced in a loop. These are:

the number of turns in each loop n; the radius of the loop R, the amplitudes of the x-

, y- and z-gradients Gx, Gy and Gz, the frequency (ν) at which the gradient changes in

time, the number of points around the loop N. The translations along the x-, y- and z-axes

are δx, δy and δz respectively, the rotations about the x-, y- and z-axes are δφx, δφy and

δφz respectively. In this study the number of turns are taken n=10, radius R = 20 mm;

the gradient amplitudes Gx = Gy = Gz = G = 0.636×10−3 T/m ( to get the measurable

optimized induced voltage in a coil), angular frequency ω = (2π×1000) Hz, gradient strength

dG
dt = 4 T/m-s, number points around the loop N = 200, maximum translation along the x-,

y- and z-axes δx = δy = δz = 10 mm and maximum rotation about the x-, y- and z-axes

δφx = δφy = δφz = 5◦.
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Figure 4.1: A circular loop in a plane

EMF in a Circular coil

A circular loop is formed from a small set of line elements at a given radius, as shown in

Fig. 4.1, where O is the centre of the loop. One can obtain the change in induced voltage

in the loop due to translation, rotation and change in size of the loop in a time-varying

magnetic-field gradient. To describe the rigid body movement completely one has to handle

six movement parameters as discussed in Chapter 1. Three of these parameters are for

translation and three are for rotational motion, as shown in Fig. 1.3.

The voltage is calculated by numerical integration of the vector potential, A, over a

closed circular loop shown in Eq. 4.5. Let us consider a closed circular loop of circumference

l and an infinitesimal length of the circumference to be dl , where dl = îdlx + ĵdly + k̂dlz,

as shown in Fig. 4.2. In Fig. 4.2, C is the centre of the loop, r is the location vector, S is

the sensitivity vector, i.e. a vector normal to the surface of the loop and M is the mid-point

of the infinitesimal length of the loop. For simulation purpose, N points are taken round

the circumference that gives us N infinitesimal elements. The vector potential is calculated

at the mid-point of each element. By summing up the contributions from all the elements

the total induced voltage in the loop is calculated due to the application of the time-varying

magnetic field gradients along the x-, y- and z-directions. The general equation for the
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Figure 4.2: A closed circular loop of perimeter, l, and an infinitesimal element of length, dl.

induced voltage in a coil due to the applications of the magnetic field gradients is given as

follows:

V =
∑

Vgx + Vgy + Vgz , (4.9)

where Vgx , Vgy , and Vgz are the contribution in the induced voltage in the coil due to x-, y-

and z-gradients and subscripts gx, gy and gz indicate the x, y and z-gradients respectively.

The Change in Induced EMF in a Circular Coil

A circular coil is generated in the xy-plane as shown in Fig. 4.3(a). The change in emfs

induced in the coil due to a time-varying x-gradient is calculated for sequential translations

along the x-axis. Fig. 4.3(b) shows the linear change in induced voltage in the coils. In Fig.

4.3, C◦ stands for centre, L◦ stands for the coil wire path before translation and R denotes

the radius of the coil. On the other hand, CTx stands for centre, LTx stands for the coil wire

path after 10 mm translation along the x-axis.
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Figure 4.3: Translation along the x-axis. (a) A circular coil in the xy-plane having 10 turns is
shifted 10 mm along the x-axis (b) Linear changes in induced voltage due to an x-translation
during application of an x-gradient
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Fig. 4.4(a) shows a circular coil in the yz-plane before and after it is shifted by 10 mm

along the y-axis. The gradient-induced emf in the coil changes linearly with sequential shifts

along the y-axis due to the application of a z-gradient as shown in Fig. 4.4(b). In Fig. 4.4,

C◦ stands for centre, L◦ stands for the coil wire path before translation and r denote the

radius of the coil. On the other hand, CTy stands for centre, LTy stands for the coil wire

path after 10 mm translation along the x-axis

Similarly, Fig. 4.5(a) shows a circular coil in the zx-plane and Fig. 4.5(b) shows the

gradient induced emf changes linearly with sequential shifts of a coil along the z-axis during

the application of z-gradients. In Fig. 4.4 CTz stands for centre, LTy stands for the coil after

wire path 10 mm translation along the z-axis .

These are the representative data. By analyzing all calculated data it is concluded that

whatever the translation is, the voltage induced in a circular coil varies linearly with position

during execution of x-, y- and z-gradients.

A circular coil in the xy-plane is generated and its rotation about the x-axis is shown in

Fig. 4.6(a). The corresponding change in induced voltage in a coil is linear with respect to

rotation about the x-axis during execution of a y-gradient for these small angles of rotation

as shown in Fig. 4.6(b). In Fig. 4.6(a) CRx stands for centre, LRx stands for the coil wire

path after 5◦ rotation about the x-axis.

Now, a circular coil is generated in the yz-plane and is rotated about the y-axis that is

shown in Fig. 4.7(a). The corresponding change in induced voltage is shown in Fig. 4.7(b)

during the execution of an x-gradient. The voltage changes again linearly with respect to

rotation angles for these small angles of rotation. In Fig. 4.7(a) CRy stands for centre, LRy

stands for the coil wire path after 5◦ rotation about the x-axis.

A circular coil in the zx-plane is considered and rotated by 5◦ about the z-axis as shown

in Fig. 4.8(a). In this case no voltage change is observed during execution of x-, y- and

z-gradients as shown in Fig. 4.8(b). In Fig. 4.8(a) CRz stands for centre, LRz stands for the

coil wire path after 5◦ rotation about the z-axis.
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Figure 4.4: Translation along the y-axis. (a) A circular coil in the yz-plane is shifted by
10 mm along the y-axis (b) Linear changes in induced voltage due to y-translation during
execution of a z-gradient.
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Figure 4.5: Translation along the z-axis. (a) A circular coil in the zx-plane is shifted by
10 mm along the z-axis. (b) Linear changes in induced voltage due to z-translation during
application of a z-gradient.
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Figure 4.6: Rotation about the x-axis. (a) A circular coil in the xy-plane and 5◦ rotation
about the x-axis. (b) The change in induced voltage in a coil placed in the xy-plane due to
rotation about the x-axis during execution of a y-gradient.
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Figure 4.7: Rotation about the y-axis. (a) A circular coil in the yz-plane and its rotation
(5◦) about the y-axis. (b) The change in induced voltage in a coil placed in the yz-plane
during execution of execution of an x-gradient.
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Figure 4.8: Rotation about the z-axis. (a) A circular coil in the zx plane and its rotation
(5◦) about the z-axis. (b) The change in induced voltage in a coil due to rotation about the
z-axis during execution of x-, y- and z-gradients.
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Figure 4.9: A system of five loops in their corresponding planes

All these are representative data. The change in induced voltage due to the three types

of rotation is thoroughly calculated during the execution of x-, y- and z-gradients when the

coils are in different planes. Due to x- and y-rotation during execution of a z-gradient the

voltage change is quadratic in a coil for some special orientation even for small angles of

rotation. This issue is addressed in detail in sub-subsection 4.3.1. It is worth noting that

linear changes when present dominate over quadratic changes. According to theory and

simulation there is no change in the voltage induced in the coils due to rotation about the

z-axis.

A System of Five Coils

Exactly the same simulation parameters and 10 turns are used here for a single coil, but the

corresponding MatLab code was generalized and restructured for a system of five coils. The

coils are located on the faces of a cubic box of side 2rc which is shown in Fig. 4.9, where

C1(0,0,rc), C2(rc,0,0), C3(0,-rc,0), C4(0,rc,0), and C5(0,-rc,0) are the centres of the respective

coils and O is the origin. The change in induced voltage in each coil is estimated due to

movement (rotation and translation) of the whole system. A random noise voltage of 1 to
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10 µV has been added to the calculated voltage in each case. For this, the six parameters

are also taken that are shown in Fig. 1.3. The five equations are obtained for the change in

induced voltage in the five specific coils by using basic curve fitting (linear and quadratic). In

this study, a special case of small rotations (rotation angle is not more than 5◦) is considered

because it is assumed that a patient cannot rotate his or her head by more than 5◦ easily

inside the head coil.

The whole system is translated 10 mm along the x- y- and z-axes, as shown in Fig.4.10.

Rotation of the whole system about the x-, y- and z-axes is shown in Fig. 4.11. In this case

the coils C1, C4 and C5 change their orientation due to x-rotation as shown in Fig. 4.11(a),

but the coils C2 and C3 remain unchanged. Similarly, due to rotation about the y-axis the

coils C1, C4 and C5 change their orientation but the coils C2 and C3 remain unchanged

which is shown in Fig. 4.11(b). On the other hand, due to rotation about the z-axis the coils

C2, C3, C4 and C5 all change their orientation but coil C1 remains unchanged as shown in

Fig. 4.11(c).

The Change in induced EMF due to Translation

The change in induced emfs are calculated for the application of a gradient strength of dGdt = 4

T/m-s. The change in induced voltage in the coils due to a 10 mm shift along the x-axis is

shown in Fig. 4.12. For translations along the x-axis, the change in induced voltage due to

the application of an x-gradient occurs in coil C1 only; for a y-gradient there are no changes;

but for a z-gradient, changes occur in coils C2 and C3. The change in induced voltage in

coil C1 due to the execution of an x-gradient is δVx = 502.65µV. According to the theory

in Chapter 3, the change in induced voltage in the coil C1 due to a shift along the x-axis is

given by the equation:

δV1 = −gx × Sz × δx. (4.10)

Where gx = dGx
dt and area of the circular coil having 10 turns is Sz. In our simulation gx = 4

T/m-s, area of the circular coil Sz = 10×πR2 = π(20)2 mm2 and δx = 10 mm, that gives us
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Figure 4.10: Translation of the system along the three mutually perpendicular axes. The centres of
the coils are denoted by a circle (◦) before and by a crosses (×) after translations. (a) Translation
along the x-axis. (b) Translation along the y-axis. (b) Translation along the z-axis.
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Figure 4.11: Rotation of the system along the three mutually perpendicular axes. The centres of
the coils are denoted by circles (◦) before and by crosses (×) after rotations. (a) Rotation about the
x-axis. (b) Rotation about the y-axis. (b) Rotation about the z-axis.
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Figure 4.12: The change in voltage induced (µV) in the coils by the execution of x-, y- and
z-gradients. Cngα denotes the change in induced voltage in coil n due to the gradient applied
along the α (a) due to x-translation, (b) due to y-translation, and (c) due to z-translation.
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δV1 = 502.65µV which is exactly what is obtained from the simulation shown in Fig. 4.12(a).

For the z-gradient, the change in induced voltage in the coils C2 and C3 are as follows:

δV2 =
1

2
gz × Sx × δx, δV3 =

1

2
gz × S−x × δx, (4.11)

which gives us δV2 = δV3 = 251.33µV. Calculation gives us the same result as shown in Fig.

4.12(a).

The change in induced voltage due a to 10 mm shift along the y-axis is shown in Fig.

4.12(b). In translation along the y-axis, the induced voltage due to the x-gradient changes in

coil C1 only, for the y-gradient there is no change, but for the z-gradient changes occur in coil

C4 and C5. A change in induced voltage is observed in coil C1 for execution of the x-gradient

and in the coils C4 and C5 for the z-gradient. There are no voltage changes observed in the

rest of the coils. In our simulation gy = 4T/m-s, Sz = 10 × πR2 = 10 × π(20)2mm2 and

δy = 10mm, that gives us δV1 = −502.65µV which is exactly what is obtained from the

simulation shown in Fig. 4.12(b).

δV4 = −1

2
gz × Sy × δy, δV5 = −1

2
gz × S−y × δy, (4.12)

which gives us δV4 = δV5 = 251.33µV. Calculation therefore gives us the same result as are

shown in Fig. 4.12(b).

The change in induced voltage due to a 10 mm shift along the z-axis is shown in Fig.

4.12(c). In translation along the z-axis, the induced voltage due to the z-gradient changes in

coil C1 only, for the x-gradient changes occur in the coils C2 and C3, but for the y-gradient

changes occurs in coil C4 and coil C5. Data shown in Fig. 4.12(c) also agree well with

numerical calculations based on theory described in Chapter 3.

The change in induced voltage due to sequential shifts along the x-axis during the ap-

plication of the x- and z-gradients is shown in Fig. 4.13(a). The changes occur in coil

C1 during execution of an x-gradient and in the coils C2 and C3 during execution of a z-

91



gradient, whereas no changes occur in the rest of the coils. In this case, there is no change

in the induced voltage in any of the coils during execution of a y-gradient.

Induced voltage changes in the coils due to sequential shifts along the y-axis for the

application of the y- and z-gradients are shown in Fig. 4.13(b). The voltage changes occur

in coil C1 for a y-gradient and in the coils C4 and C5 for a z-gradient. No change is observed

in other coils for both of the gradients. The change in induced voltage due to a sequential

shift in the z-axis during the application of the x- and y-gradients is shown in Fig. 4.14. The

voltage changes occur in the coils C2 and C3 for an x-gradient and in the coils C4 and C5

for a y-gradient. In this case there is no change in induced voltage in the rest of the coils

for the both of the gradients. The change in induced voltage due to a sequential shift in the

z-axis because of the application of z-gradient occurs in coil C1.

By shifting the whole system in the y-axis sequentially linear changes in induced voltages

in the coils are observed. According to the theory in Chapter 3, the change in induced

voltage in the coil C1 due to shift in the y-axis is given by the equation:

δV1 = −gy × Sz × δy. (4.13)

Linear changes in induced voltage are observed due to sequential shifts along the z-axis.

One can conclude that a change in induced voltage due to translation is always linear with

change in position along x-, y- and z-axes. According to the theory in Chapter 3, changes

in induced voltages in the coils due to a shift in the z-axis are given by the equations:

δV1 = −gz × Sz × δz, δV2 = −gx × Sx × δz

δV3 = −gx × S−x × δz, δV4 = +gy × Sy × δz

δV5 = +gy × S−y × δz.

(4.14)

In our simulation gx = gy = gz = 4T/m-s, Sz = Sx = S−x = Sy = S−y = Number of turns

×πR2 = 10× π(20)2mm2 and δz = 10mm, that gives us δV1 = δV2 = δV3 = −502.65µv and
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δV4 = δV5 = −502.65µV which is exactly what is obtained from the simulation shown in

Fig. 4.12(c).

The change in induced voltage observed in the coils C1, C2 and C3 due to the application

of the x-, y- and z-gradients is shown in Fig. 4.13(a) for the case where the whole system is

sequentially shifted along the x-axis. When the whole system is sequentially shifted along the

y-axis the change in induced voltage occurs in the coils C1, C4 and C5 due to the application

of the x-,y- and z-gradients as shown in Fig. 4.13(b). The changes in induced voltage are

linear and quantitatively agree with theoretical predictions.

The whole system is now sequentially shifted along the z-axis and the change in induced

voltage observed in the coils C1, C2, C3, C4 and C5 due to the application of the x-, y- and

z-gradients, are shown in Fig. 4.14.

The Change in Induced Voltage due to Rotation

The change in induced voltage in the coils due to rotations (of less than 5◦) about the x-

and y-axes is shown in Fig. 4.15. According to the theory in Chapter 3 in Eq. 3.51, changes

in the induced voltages occurring in the coils C1, C4 and C5 due to the application of the

y-gradient because of the rotation about the x-axis are as follows:

δV1 = +2gy × z × Sz × δφx, δV4 = −2gy × y × Sy × δφx,

δV5 = −2gy × y × Sy × δφx.
(4.15)

Where gy = 4 T/m-s, z = y = rc = 80 mm = coil offset, Sy = S−y = Sz = Number of

turns (N) ×πR2 = 10 × π(20)2 mm2 and δφx = 0.0873 radians, gives δV1 = −702.11µV,

δV4 = 702.11µV and δV5 = −702.11µV which is exactly what is obtained from simulation as

shown in Fig. 4.15(a).

In this case for the z-gradient changes occur in the same coils and are given by the
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Figure 4.13: The change in voltage induced (µV) in the coils by the execution of x-, y- and z-
gradients. Cngα denotes the change in induced voltage in coil n due to the gradient applied along the
α direction (a) sequential translation along the x-axis for coil C1 exposed to an x-gradient and coils
C2 & C3 when exposed to a z-gradient, (b) sequential translation along the y-axis for coil 1 exposed
to a y-gradient and coils C4 & C5 when exposed to a z-gradient.
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Figure 4.14: The change in induced voltage due to translation along the z-axis in the coils
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following equations:

δV1 = −3

2
gz × z × Sz × δφ2x, δV4 =

3

2
gz × y × Sy × δφ2x,

δV5 =
3

2
gz × y × Sy × δφ2x.

(4.16)

Since gz = 4 T/m-s, z = y = rc = 80mm = coil offset, Sy = Sz = Number of turns (N)

×πR2 = 10 × π(20)2mm and δφ2x = 7.61 × 103 radians2, this gives us δV1 = −45.90µV

δV4 = 45.90µV and δV5 = −45.90µv which is exactly what I get from simulation as shown

in Fig. 4.15(a). On the other hand, the change in induced voltages occurring in the coils

C1, C2 and C3 due to rotation about the y-axis because of the application of the x-gradient

is as follows:

δV1 = −2gx × z × Sz × δφy, δV2 = 2gx × x× Sx × δφy,

δV3 = 2gx × x× Sx × δφy,
(4.17)

where gx = 4 T/m-s, z = x = rc = 80 mm = coil offset, Sx = Sz = Number of turns

(N) ×πR2 = π(20)2 mm2 and δφy = 0.0873 radians all these gives us δV1 = −702.11 µV

δV2 = −702.11 µV and δV3 = 702.11 µV volts which is exactly what is obtained from the

simulations, as shown in Fig. 4.15(b).

In this case for the z-gradient changes occur in the same coils and are given by the

following equations:

δV1 = −3

2
gz × z × Sz × δφ2y, δV2 =

3

2
gz × x× Sx × δφ2y,

δV3 =
3

2
gz × x× Sx × δφ2y,

(4.18)

where gz = 4T/m-s, z = x = rc = 80 mm = coil offset, Sx = Sz =Number of turns

(N)×πR2 = 10×π(20)2 mm2 and δφ2y = 7.61× 10−3 radians−3. these gives us δV1 = −45.90

µV δV2 = −45.90 µV and δV5 = 45.90 µV which is exactly what is obtained from simulation

that is shown in Fig. 4.15(b).

The theory and simulation agree well in that there is no change in the voltage induced
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Figure 4.15: The change in voltage induced (µV) in the coils by the execution of x-, y- and z-
gradients. Cngα denotes the change in induced voltage in coil n due to the gradient applied along
the α (a) due to rotation about the x-axis, and (b) due to rotation about the y-axis.
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in the coils due to rotation about the z-axis. The changes in induced voltage in the coils

due to sequential rotation about the x- and z-axes are shown in Fig. 4.16 and Fig. 4.17

respectively.

For rotation, the change in induced voltage due to the x- and z-gradients is linear with

rotation angle whereas for the z-gradient the change in induced voltage with rotation angle

is quadratic in nature.

Although the change in induced voltage in the coils due to a rotation about the x and y-

axes because of the application of z-gradient is quadratic with rotation angle, the changes are

small for small rotation angles (φ ≤ 5◦). Analysing the induced voltage data obtained from

simulation and by using basic linear fittings one can obtain the corresponding equations. A

system of linear equations is developed by basic linear fittings. The change in positions and

orientations of the coils can then be found by solving this system of linear equations.

The Change in emf and their Linear Fit

The changes in induced voltage in the five coils due to translations and rotations are analyt-

ically investigated in Chapter 3. The analytical equations are summarized in Tables 3.1 and

3.2. The changes in induced voltage in the coils are also calculated by numerical simulation

in this Chapter. The aim of this study is to find the change in position and orientation of the

coils by using the change in induced voltage in the coils. The change in induced voltage in the

coils is calculated due to specific translations and rotations as well as sequential translation

in the x-, y- and z-axes and sequential rotation about the x-, y- and z-axes. The graphs are

plotted for the voltage change, δv versus δx, δy, δz, δφx, δφy of the resulting data. Linear

fitting of the change in induced voltage gives us the slopes of the graphs. These slopes are

compared with the slopes obtained from theoretical calculations.

Linear fitting for the change in induced voltage in the coils due to sequential translation

along the x-, y- and z-axes during the application of x-, y- and z-gradients are shown in Figs.

4.18(a), 4.18(b) and 4.18(c) respectively.
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Figure 4.16: The change in voltage induced (µV) in the coils by the execution of x-, y- and z-
gradients. Cngα denotes the change in induced voltage in coil n due to the gradient applied along
the α due to rotation about x-axis (a) in the coils C1, C4 and C5 during execution of y-gradient, and
(b) in the coils C1, C4 and C5 during execution of z-gradient.
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Figure 4.17: The change in voltage induced (µV) in the coils by the execution of x-, y- and z-
gradients. Cngα direction denotes the change in induced voltage in coil n due to the gradient applied
along the α due to rotation about the y-axis (a) in the coils C1, C2 and C3 during execution of
x-gradient, and (b) in the coils C1, C2 and C3 during execution of a z-gradient.
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(a) (b)

(c)

Figure 4.18: The changes in induced voltage in the coils and their linear fits. (a) The induced
voltage changes occur in coil C1 during execution of an x-gradient, whereas in C2 and C3

when exposed to a z-gradient due to translation along the x-axis. (b)The induced voltage
changes occur in coil C1 during execution of a y-gradient, whereas in coils C4 and C5 during
the application of a z-gradient due to translation along the y-axis. (c) The induced voltage
changes occur in coil C1 during execution of a z-gradient, whereas in coils C2 and C3 during
the application of an x-gradient, on the other hand in coils C4 and C5 during the application
of a z-gradient due to translation along the z-axis.
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If the whole system is shifted along the x-axis when an x-gradient is applied, there is

a change in induced voltage in the coil C1, no voltage change during the application of y-

gradient, and changes occur only in coils C2 and C3 during execution of a z-gradient. These

results are shown in Fig. 4.18(a).

On the other hand, due to translation of the whole system along the y-axis the change in

induced voltage occurs in coil C1 during execution of a y-gradient, in coils C4 and C5 during

execution of a z-gradient, but there is no voltage change during execution of an x-gradient.

In case of translation along the z-axis, the changes in induced voltage occur in coil C1,

when exposed to a z-gradient, in coils C2 and C3 during execution of an x-gradient and in

coils C4 and C5 during execution of a y-gradient. However, the change in induced voltages

in the coils is calculated by numerical integration of the vector potential over the digitized

coil.

The change in induced voltage versus the position change due to translation along the

x-, y- or z-axis are plotted, and 11-curves and corresponding equations are obtained by using

basic linear fittings. All these equations are given as follows, where the voltage are in µV

and shifts are in mm and

V1T gx = −50.26δx, V2T gx = −50.26δz, V3T gx = −50.26δz

V1T gy = −50.26δy, V4T gy = 50.26δz, V5T gy = 50.26δz

V1T gz = −50.26δz, V2T gz = 25.13δx, V3T gz = 25.13δx

V4T gz = −25.13δy, V5T gz = −25.13δy,

(4.19)

where the maximum translation is 10 mm along each axis. Subscript T -stands for translation

and 1, 2, 3, 4, and 5 relates to the coil numbers. The rate of change of the three gradients is

denote by gx, gy and gz, whereas δx, δy and δz denoted the amount as well as the direction

of the translation.

According to the theory in Chapter 3, the change in induced voltage in the coil C1 due
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to the shift along the x-axis is given as follows:

V1T gx = −dGx
dt
× S × δx, (4.20)

where dGx
dt = 4 T/m-s, S = πR2 = π(20)2 mm2 and δx = 10 mm and the number of turns

in each coil is 10, that gives us V1T gx = −502 µV. On the other hand, by fitting data from

simulation one obtains the equation as:

V1T gx =
dV1x
dx

δx, (4.21)

where the slope dV1x
dx = −50.1 µV/mm and δx = 10 mm which gives us exactly the change in

induced voltage that is obtained from the theory. Similarly, the change in induced voltages

is calculated for the rest of the coils due to x-, y- and z-translations during execution of x-, y-

and z-gradients and compares the results obtained from theory and simulation. It is worth

noting that in our study there is a good agreement between theory and simulation.

The change in induced voltage in the coils is estimated for sequential rotations about

the x-, y- and z-axes during the application of x-, y- and z-gradients. There is no change in

induced voltage due to rotation about the z-axis in any of the coil during the application of

the three gradients. However, changes in induced voltage occur due to rotations about the

x- and y-axes.

In the case of a rotation about the x-axis, during the application of a y-gradient the

change in induced voltage occurring in coils C1, C4 and C5 that varies linearly with rotation

angle is shown in Fig. 4.19(b). On the other hand, in the case of a rotation about the x-axis

during the application of a z-gradient, the change in induced voltage occurring in the same

coils varies non-linearly (quadratic) with rotation angle as shown in Fig. 4.20(b).

If the whole system is rotated about the y-axis during the application of an x-gradient

the change in induced voltage occurring in coils C1, C2 and C3 is linear with rotation angle

as shown in Fig. 4.20(a). In the case of rotation about the y-axis during the application of
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(a) (b)

Figure 4.19: The change in voltage in the coils and their linear and quadratic fit. (a) The
change in induced voltage in the coils C1, C4 and C5 during execution of a y-gradient due
to rotation about the x-axis. (b) The change in induced voltage in the coils C1, C4 and C5

during execution of a z-gradient due to rotation about the x-axis.

(a) (b)

Figure 4.20: The change in induced voltage in the coils and their fit. (a) The change in
induced voltage in the coils C1, C4 and C5 during execution of a y-gradient due to rotation
about the y-axis. (b) The change in induced voltage in the coils C1, C4 and C5 during
execution of a z-gradient due to rotation about the y-axis.
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the z-gradient the change in induced voltage occurring in coils C1, C2 and C3 is non-linear

(quadratic) with rotation angle as shown in Fig. 4.20(b).

The graphs of the change in induced voltage versus the change of rotation angle due to

rotation about the x- and y-axes are plotted. By fitting to the 12-curves the corresponding

equations are obtained:

V1Rgx = −140.78δφy, V2Rgx = 140.78δφy, V3Rgx = −140.78δφy

V1Rgy = 140.78δφx, V4Rgy = 140.78δφx, V5Rgy = −140.78δφx

V1Rgz = 1.82δφ2y, V2Rgz = −1.82δφ2y V3Rgz = 1.82δφ2y

V1Rgz = 1.82δφ2x V4Rgz = 1.82δφ2x, V5Rgz = −1.82δφ2x.

(4.22)

where R stands for rotation and 1, 2, 3, 4, and 5 refer to the coils number. The rate of

change of the three gradients is denoted by gx, gy and gz whereas δφx, δφy and δφz denote

the rotation angles about the x-, y- and z-axes respectively, the angles are measured in

degrees, and the voltages are quoted in µV.

According to the theory in Chapter 3, again the change in induced voltage in the coil C1

due to rotation about the y-axis due to the application of the x-gradient is given as follows:

V1Rgx = −2.
dGx
dt

(S × rc)× δφy, (4.23)

where dGx
dt = 4 T/m-s, S = Number of turns×πR2 = 10× π(20)2 mm2 and δφy = 5π/180 =

0.0873 radians, that gives us V1Rgx = −702.11µV. On the other hand, by fitting data from

simulation I obtain the equation as:

V1Rgx = 2gx × z × Sz × δφy, (4.24)

where the slope 2gxzSz = −140 µV/degree, due to 5◦ rotation about the y-axis, one can

obtain V1Rgx = −700 µV, this is exactly what is obtained from the theory. But in the theory,

due to the application of z-gradient the change in induced voltage in the coils is represented
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by the equation:

V1Rgz = −3

2

dGz
dt

(S × rc)× δφ2y, (4.25)

where δφ2y = 7.6× 10−3 radian2. Putting the values of the parameters, one obtain V1Rgz =

45.90 µV. On the other hand fitting the the change in induced voltage in coil C1 due to

rotation about the y-axis when exposed to a z-gradient, the equation is obtained as follows:

V1Rgz = 1.82δφ2y. (4.26)

Using the value of δφy, one obtains V1Rgz = 45.50 µV, which is equal to the theoretical

value. Similarly, it is possible to calculate for the rest of the coils and compare the results

from the theory and experiment.

System of Linear Equations

For our generalized system (a system of five coils), 15 equations relating the measured voltage

changes in 5 coils due to 3 gradients to the six parameters are obtained. Keeping only the

linear terms in the expression, a system of linear equations is formed v = Ar, where A is a

15× 6 matrix of the coefficients (slopes of the equations) and r is a vector of six degrees of

freedom and v is a vector of the induced voltage in the five coils due to 3-gradients by using

these equations. The system of linear equations is solved to find r, i.e. r = A−1v which
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gives us six movement parameters (degrees of freedom) δx, δy, δx, δφx, δφy, and δφz.



δV1x

δV2x

δV3x

δV4x

δV5x

δV1y

δV2y

δV3y

δV4y

δV5y

δV1z

δV2z

δV3z

δV4z

δV5z



=
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dV1x
dx

dV1x
dy

dV1x
dz

dV1x
dφx

dV1x
dφy

dV1x
dφz

dV2x
dx

dV2x
dy

dV2x
dz

dV2x
dφx

dV2x
dφy

dV2x
dφz

dV3x
dx

dV3x
dy

dV3x
dz

dV3x
dφx

dV3x
dφy

dV3x
dφz

dV4x
dx

dV4x
dy

dV4x
dz

dV4x
dφx

dV4x
dφy

dV4x
dφz

dV5x
dx

dV5x
dy

dV5x
dz

dV5x
dφx

dV5x
dφy

dV5x
dφz

dV1y

dx

dV1y

dy

dV1y

dz

dV1y

dφx

dV1y

dφy

dV1y

dφz

dV2y

dx

dV2y

dy

dV2y

dz

dV2y

dφx

dV2y

dφy

dV2y

dφz

dV3y

dx

dV3y

dy

dV3y

dz

dV3y

dφx

dV3y

dφy

dV3y

dφz

dV4y

dx

dV4y

dy

dV4y

dz

dV4y

dφx

dV4y

dφy

dV4y

dφz

dV5y

dx

dV5y

dy

dV5y

dz

dV5y

dφx

dV5y

dφy

dV5y

dφz

dV1z
dx

dV1z
dy

dV1z
dz

dV1z
dφx

dV1z
dφy

dV1z
dφz

dV2z
dx

dV2z
dy

dV2z
dz

dV2z
dφx

dV2z
dφy

dV2z
dφz

dV3z
dx

dV3z
dy

dV3z
dz

dV3z
dφx

dV3z
dφy

dV3z
dφz

dV4z
dx

dV4z
dy

dV4z
dz

dV4z
dφx

dV4z
dφy

dV4z
dφz

dV5z
dx

dV5z
dy

dV5z
dz

dV5z
dφx

dV5z
dφy

dV5z
dφz
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.



δx

δy

δz

δφx

δφy

δφz



(4.27)

By inserting only the non-zero coefficients of the augmented matrix A obtain from the linear

fitting of the change in induced voltages with respect to change in position and orientation
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one can write 

δV1x

δV2x

δV3x

δV4x

δV5x

δV1y

δV2y

δV3y

δV4y

δV5y

δV1z

δV2z

δV3z

δV4z

δV5z



=



dV1x
dx

0 0 0 dV1x
dφy

0

0 0 dV2x
dz

0 dV2x
dφy

0

0 0 dV3x
dz

0 dV3x
dφy

0

0 0 0 0 0 0

0 0 0 0 0 0

0
dV1y

dy
0

dV1y

dφx
0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0
dV4y

dz

dV4y

dφx
0 0

0 0
dV5y

dz

dV5y

dφx
0 0

0 0 dV1z
dz

dV1z
dφx

dV1z
dφy

0

dV2z
dx

0 0 0 dV2z
dφy

0

dV3z
dx

0 0 0 dV3z
dφy

0

0 dV4z
dy

0 dV4z
dφx

0 0

0 dV5z
dy

0 dV5z
dφx

0 0
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

δx

δy

δz

δφx

δφy

δφz



(4.28)

There is no change in induced voltage in the coils due to rotation about any axis during

execution of z-gradient. On the other hand the change in induced voltage in the coils due
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to a rotation about the x- and y-axes because of the application of the z-gradient is non-

linear (quadratic) with change in orientation. These smaller coefficients are therefore further

excluded for rotation about z-axis during application of z-gradient, yielding a new matrix as

follows: 

δV1x

δV2x

δV3x

δV1y

δV4y

δV5y

δV1z

δV2z

δV3z

δV4z

δV5z
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=
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dV1y
dy 0

dV1y
dφx

0
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dφx

0

0 0
dV5y
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dV5y
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0
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dx 0 0 0 dV2z
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dx 0 0 0 dV3z
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0 dV4z
dy 0 dV4z

dφx
0

0 dV5z
dy 0 dV5z
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0
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.
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δx

δy

δz

δφx

δφy



(4.29)

The slopes are obtained by processing inconsistent linear system for a meaningful least square

solution [118]. By manipulating the above system of linear equations one can obtain r i.e.
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the change in position of the coils as well as amount of rotation of the coils about the three

mutually perpendicular (x, y and z) axes. The results are discussed later on in Section 4.4.

4.3.2 Method 2: Arbitrary Coils in Space

In this method an arbitrary-shaped coil is generated in space. The change in induced voltage

has been calculated due to sequential translations and rotations during execution of x-, y-

and z-gradients. By manipulating the calculated voltage, a linear model is established and

movement parameters are estimated. The arbitrary coils considered here provide a better

representation of the head-mounted coils that would be used in real experiments.

Translation of the coils

A coil is generated on the surface of a sphere of radius 40 mm and the effect of incremental

translations is then calculated. Specially, I calculated the change in voltage for translation

along the the x-, y- and z-axes by 10 mm in 40 steps due to the application of three time-

varying gradients (gx, gy, and gz). The results in Figs. 4.21(a), 4.22(a) and 4.23(a) show

the outcome for translation of the spherical coils along the x-, y- and z-axis. respectively.

Figs. 4.21(b), 4.22(b) and 4.23(b) show the changes in induced voltage in the coils due to

translations during execution of x-, y- and z-gradients. The changes in voltage are linear

with respect to the changes in position.

Rotation of the Coils

In Eq. 3.68, F is a function that calculates the voltages V plus sensitivity vector S and

location vector r0 for a general coil. A coil is generated on the surface of a sphere of radius

40 mm to calculate incremental rotations- i.e. change in voltage for rotation about the x-,

y- and z-axes by 5◦ in 40 steps due to the application of three time-varying gradients (gx,

gy, and gz). Fig. 4.24(a) shows the rotation of the coils about the x-axis and the change of

the location and sensitivity vectors of the coils, whereas Fig. 4.24(b) shows the change in
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Figure 4.21: Figures representing translation along the x-axis. (a) A coil shifted 10 mm in
40 steps along the x-axis. (b) The change in induced voltage in a coil due to sequential
translations up to 10 mm along the x-axis during execution of the x-, y- and z-gradients.
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Figure 4.22: Data represents translation along the y-axis. (a) A coil shifted 10 mm in 40 steps
along the x-axis. (b) The change in induced voltage in a coil due to sequential translations
up to 10 mm along the y-axis during execution of the x-, y- and z-gradients.
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Figure 4.23: Data represents translation along the z-axis. (a) A coil shifted 10 mm in 40 steps
along the z-axis. (b) The change in induced voltage in a coil due to sequential translations
up to 10 mm along the z-axis during execution of the x-, y- and z-gradients.
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induced voltage with respect to the angle of x-rotation. Fig. 4.25(a) shows the rotation of

the coil about the y-axis and the change of the location and sensitivity vectors of the coil,

whereas Fig. 4.25(b) shows the change in induced voltage in the coil with respect to the

angle of y-rotation. Similarly, Fig. 4.26(a) shows the rotation of the coil about the z-axis

and also represents the change of the location and sensitivity vector. Fig. 4.26(b) indicates

the voltage change with respect to the angle of z-rotations.

Five Coils on the Surface of a Sphere

The five coils are defined on the surface of a standard sphere of radius 80 mm having one

turn each, 2 coils are arranged with their sensitivity vectors along the RL direction; 2 along

the AP and the one along the FH direction. Figs. 4.27(a), 4.28(a), 4.29(a),4.30(a), 4.31(a),

and 4.32(a), show the coils attached to a standard head size spherical head phantom having

a radius of 80 mm. The voltages in all five coils were calculated for the execution of the

gradients gx, gy and gz as the coils are translated through 10 mm in 40 steps along the x-, y-

and z-directions and rotated through 5◦ in 40 steps about the x-, y- and z-axes and. In each

case the variation of the voltage with angle or distance is fitted to a 2nd order polynomial

of the form V = a1δr for translation and V = a1δφx + a2δφ
2
x, V = a1δφy + a2δφ

2
y, and

V = a1δφz + a2δφ
2
z for rotation, where φx, φy, and φz are rotation angles.

The following figures show the effect of translation and rotation on the coils, and the

change in induced voltages in the coils for the different gradients due to translation along

the x-axis (Fig. 4.27), y-axis (Fig.4.28 ) & z-axis (Fig. 4.29) and rotation about the x-axis

(Fig. 4.30), y-axis (Fig. 4.31) and z-axis (Figs. 4.32).

The 2nd order polynomial fits of the changes in induced voltage of the coils are shown in

the corresponding figures and the fit parameters a1 and a2 are summarized in the Tables 4.1

& 4.2 respectively.
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Figure 4.24: Data represents rotation about the x-axis. (a) A coil rotates 10◦ in 40 steps
about the x-axis. (b) The change in induced voltage in a coil due to successive rotations up
to 10◦ during execution of the x-, y- and z-gradients.
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Figure 4.25: Data represents rotation about the y-axis. (a) A coil rotates 10◦ in 40 steps
about the y-axis. (b) The change in induced voltage in a coil due to successive rotations up
to 10◦ during execution of x-, y- and z-gradients.
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Figure 4.26: Data represents rotation about the z-axis. (a) A coil rotates 10◦ in 40 steps
about the z-axis. (b) The change in induced voltage in a coil due to successive rotations up
to 10◦ during the application of the x-, y- and z-gradients.
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Figure 4.27: Data represents sequential translation along the x-axis during execution of x-,
y- and z-gradients. The coils shifted 10 mm along the x-axis are shown in (a). The changes
in induced voltage in the five coils (1-5) and their 2nd order polynomial fits are shown in
(b), (c), (d), (e) and (f) respectively.
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Figure 4.28: Data represents sequential translation along the y-axis during execution of x-,
y- and z-gradients. The coils shifted 10 mm along the y-axis are shown in (a). The changes
in induced voltage in the five coils (1-5) and their 2nd order polynomial fits are shown in
(b), (c), (d), (e) and (f) respectively.
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Figure 4.29: Data represents sequential translation along the z-axis during execution of x-,
y- and z-gradients. The coils shifted 10 mm along the z-axis are shown in (a). The changes
in induced voltage in the five coils (1-5) and their 2nd order polynomial fits are shown in
(b), (c), (d), (e) and (f) respectively.
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Figure 4.30: Data represents sequential rotation of the coils about the x-axis during execution
of x-, y- and z-gradients. The coils rotated 10◦ in 40 steps about the x-axis are shown in (a).
The changes in induced voltage in the five coils (1-5) and their polynomial fits are shown in
(b), (c), (d), (e) and (f) respectively.
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Figure 4.31: Data represents sequential rotation of the coils about the y-axis during execution
of x-, y- and z-gradients. The coils rotated 10◦ in 40 steps about the y-axis are shown in (a).
The changes in induced voltage in the five coils (1-5) and their polynomial fits are shown in
(b), (c), (d), (e) and (f) respectively.
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Figure 4.32: Data represents sequential rotation of the coils about the z-axis during execution
of x-, y- and z-gradients. The coils rotated 10◦ in 40 steps about the z-axis are shown in (a).
The changes in induced voltage in the five coils (1-5) and their polynomial fits are shown in
(b), (c), (d), (e) and (f) respectively..
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Coil and

Gradient

dV
dφx

( µVdeg.)

dV
dφy

( µVdeg.)

dV
dφz

( µVdeg.)

dV
dx

( µVmm)

dV
dy

( µVmm)

dV
dz

( µVmm)

C1gx 0 -79.640 0 40.211 0 0

C2gx 0.001 -15.684 0.001 -17.901 0 -22.940

C3gx -0.001 -15.709 -0.001 -17.901 0 22.940

C4gx 0 26.085 -30.807 -17.901 0 0

C5gx 0 26.085 30.807 -17.901 0 0

C1gy 79.640 0 0 0 40.211 0

C2gy -26.085 0 30.807 0 -17.901 0

C3gy -26.085 0 -30.807 0 -17.901 0

C4gy 15.709 0.001 0.001 0 -17.901 -22.940

C5gy 15.684 -0.001 -0.001 0 -17.901 22.940

C1gz -0.012 -0.012 0 0 0 40.211

C2gz 0.004 -46.317 0 11.470 0 -17.901

C3gz -0.004 46.312 0 -11.470 0 -17.901

C4gz 46.312 0.004 0 0 11.470 -17.901

C5gz -46.317 0.004 0 0 -11.470 -17.901

Table 4.1: The fit parameters a1 obtained from 2nd order polynomial fitting due to transla-
tions and rotations of the coils during execution of the x-,y- and z-gradients.
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Coil and

Gradient

dV
dφx

( µVdeg.)

dV
dφy

( µVdeg.)

dV
dφz

( µVdeg.)

dV
dx

( µVmm)

dV
dy

( µVmm)

dV
dz

( µVmm)

C1gx 0 0.121 0 0 0 0

C2gx 0.268 1.094 0.268 0 0 0

C3gx -0.268 -1.046 -0.268 0 0 0

C4gx 0 -0.040 0.012 0 0 0

C5gx 0 -0.040 -0.012 0 0 0

C1gy -0.121 0 0 0 0 0

C2gy 0.040 0 -0.012 0 0 0

C3gy 0.040 0 0.012 0 0 0

C4gy 1.046 0.268 0.268 0 0 0

C5gy -1.094 -0.268 -0.268 0 0 0

C1gz -1.035 -1.035 0.000 0 0 0

C2gz 0.339 -0.134 0 0 0 0

C3gz 0.339 -0.274 0 0 0 0

C4gz -0.274 0.339 0 0 0 0

C5gz -0.134 0.339 0 0 0 0

Table 4.2: The fit parameters a2 obtained from 2nd order polynomial fitting due to transla-
tions and rotations of the coils during execution of the x-,y- and z-gradients.
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4.3.3 Method 3: Numerical Simulation Based on Theory

Algebraic equations are described in Chapter 3. But it is not always possible to solve all

algebraic equations analytically. For the five coils there are five equations (one for each) which

form a system of linear equations having six unknown (x, y, z, φx, φy, and φz). It is not

possible to solve these equations analytically in any exact way. Fortunately, such equations

can often be solved numerically with computation in an easy way. To do so MatLab has a

built in function called fsolve, which is a routine that solves equations of the form f(x) = 0

where one has to supply the function f(x). Because it employs an iterative method, one has

to give the routine a starting value, x0 (a smart initial guess may reduce iteration time and

also gives precise results, however, in our case initial guess was zero and a range of different

values for x0 also gives a good results), which is an initial guess at the value of the solution.

A program is written based on the derived equation 3.48 in Chapter 3 to calculate the

change in induced voltage in a coil due to change in position and orientation of the coil when

it is placed in a time-varying field gradient. By using this program the change in induced

voltage in each coil of a system of five coils is calculated due to translation as well as rotation.

It is quite interesting that there is no change in induced voltage in the coils (in a system

of five coils) due to rotation about z-axis. As a result the degrees of freedom (unknown

variables) reduce to five.

The change in position and orientation of the coils can be estimated from the calculated

voltage. For this purpose, a system of linear equation δV = Aδr is formed and an standard

MatLab command ’pinv’ (pseudo-inverse) is used to find the values of r (δx, δy, dδz, δφx, δφy).
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Figure 4.33: The actual movement parameters and the parameters calculated from numerical
simulation by calculating the change in induced voltage in the coils due to translation and
rotation of the coils during the application of x-, y- and z-gradients. (a) Data shows the actual
and estimated movement parameters where there is no zero terms in the actual movements.
(b) Data represents actual and estimated movement parameters where there are a few zero
terms in the actual movements.

4.4 Results

4.4.1 Results: Planar Coils

The changes in induced voltages in the 5-coils during execution of the 3-gradients due to

rotations and translations are calculated. By using the system of linear equations described

in Eq. 4.29 in Sub-section 4.3.1, the five movement parameters are estimated. Comparison

between the actual movements and the movements calculated from simulation by inverting

the matrix equation are shown in Fig. 4.33. Fig. 4.33(a) shows the 7 sets of estimated

parameters where there are no zero terms in the actual movements in any direction. On

the other hand, in Fig. 4.33(b) a few zero terms in the actual movements in translation

or rotation are included. In both cases, actual and estimated movement parameters have a

reasonably good agreement.

Without adding any noise voltage to the changes in induced voltage, the estimated
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Errors in estimated parameters without noise

 

 

Rx Ry Tx Ty Tz

Set 1

Set 2

Set 3

Set 4

Set 5

Set 6

Set 7

Set 8

Set 9

Set 10

Set 11

Degree or mm

-0.25

-0.2

-0.15

-0.1

-0.05

0

Figure 4.34: Errors in the estimated movement parameters from calculated induced voltages
in the coils due to translation and rotation without adding noise voltages.

movements parameters have maximum errors in translations (∼ 0.3 mm) and in rotations

(∼ 0.05◦), as shown in Fig. 4.34. In this case the actual translation is 10 mm and rotation

is 5◦.

For our specification of the coils and the gradient strength, the change in induced voltage

in the different coils and gradients was around 50-700 µV due to 10 mm translation or 5◦

rotation. To check the effect of noise voltage 1-20 µV random noise voltage is added to

the change in induced voltage in the coils. A random noise voltage, 0-20 µV is added to

the calculated voltage, and as a result errors are observed in the estimated parameters that

are shown in Fig. 4.35(a). A reduced random voltage, 0-10 µV is added and the errors in

estimated parameters are calculated and represented in Fig. 4.35(b). In spite of the addition

of a random noise voltage (0-10 µV), the voltage data gives us a good estimation of the

change in position and orientation of the coils. Even after addition of noise voltage (0-20

µV) estimated parameters remain remarkably meaningful.

For planar coils, there is no voltage induced in the coils 4 and 5 during execution of

an x-gradient and in the coils 1 and 3 during execution of an y-gradient due to translation
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Errors in estimated parameters with random noise voltage (0-10 µV)
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Figure 4.35: Estimated errors in position and orientation from calculated induced voltages
due to translation and rotation by high noise level (0-20 µV) in (a) and low noise level (0-10
µV) in (b).

along the x-, y- and z-axes and rotation about the x-, y- and z-axes. Moreover, no voltage

is induced in any coils due to z-rotation.

4.4.2 Results: Arbitrary Coils in space

Voltage variations are different for different types of movement. The question is how linear

is this variation? To evaluate this question I use a sub-routine that generates a general

movement. It passes the programme the translation vector and the rotation vectors (order

Rx Ry Rz) and then compares the sum of voltages for individual position changes to the

voltage change produced by a single composite position change.

The results of this comparison are shown in Fig. 4.36 indicating very good agreement for

small rotations (Fig. 4.36(a)), and reasonable agreement for a rotations up to 10◦ (4.36(b));

(somewhat independent of translation) e.g. 5◦ and 10 mm (green = single added; blue =

combined; red = difference) and the ratio which is shown in Fig. 4.36.

The data shows that the sum of the voltages induced in the coils due to individual rotation

and translation is almost equal to the voltage induced in the coils due to a single movement
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Figure 4.36: A comparison between the sum of the change in induced voltage due to trans-
lations and rotations and the change in induced voltage due to combined (in a single go)
movements (simultaneous translation and rotation). (a) Small rotations up to 5◦ and trans-
lation. (b) Large rotation up to 10◦ and translation.

(simultaneous rotation and translation) during execution of x-, y- and z-gradients. This is a

verification of the Eq. 3.48 described in Chapter 3.

The programme was changed to produce the coils on a standard head-sized sphere with

radius R = 80 mm. This is done by using another MatLab programme which is a function

of gradient amplitudes, noise and coordinates (x, y, z). The programme saves the matrix

of values linking the coil voltages to the linear terms in the fits to variation with rotation

angles and translations (fit over 5◦ ranges including quadratic term and 10 mm range of

translation).

When no added noise, and radius of the sphere R = 10 mm shown in Fig. 4.1: 6 columns

relate to movements Rx, Ry, Rz, Tx, Ty, Tz; 15 rows show the effect of gx for coils 1-5;

gy for coils 1-5; gz for coils 1-5. The biggest linear terms are obtained for the five coils for

x-translation in gx, y-translation in gy and z-translation in gz. Zero linear terms are found

for x-rotation and gx, y-rotation and gy, z-rotation and gz.

By using the fit parameters a1 summarized in Table 4.1 and the changes in induced

voltage in the 5 coils due to 3-gradients, we construct a system of linear equations δV = Aδr;

where the A is a 15× 6 matrix. Inversion of this matrix gives us the movement parameters
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Figure 4.37: Estimated position and orientation where the maximum rotation is 5◦ and
translation is 10 mm. (a) Estimated parameters from a random movement when there is no
zero movement along/about an axis. (b) Estimated parameters from a random movement
when there is at least one zero movement along/about an axis.

r(δx, δy, δz, δφx, δφy, δφz) which are shown in Fig. 4.37. In Fig. 4.37(a) and 4.37(b) there

are seven sets of data having six movement parameters (3-rotations and 3-translations) in

each. Data represents in Fig. 4.37(a) has non-zero parameters i.e. in the actual movements,

none of the six parameters were zero in any of the sets, whereas Fig. 4.37(b) has a few zero

parameters i.e. in the actual movement at least one of the parameters was zero in each set;

the results show that both can estimate the movement parameters very accurately.

The precision level of the estimated parameters without adding noise voltage in the

induced voltage is good though there is some uncertainty in rotation and translation which

comes from the non-linear terms due to the rotation about the z-axis and also rotation about

the x- and y-axis during the execution of z-gradients. The data shown in Fig. 4.38 indicates

that the maximum uncertainty in y-translation is 0.8 mm, whereas the actual movement is

10 mm.

The modified programme calculates the voltage change due to a pre-set movement and

then estimates the movement parameters using the inverse matrix by using the standard
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Figure 4.38: Estimated the movement parameters from calculated induced voltage in the
coils due to translation and rotation without adding noise to the induced voltages.

MatLab command ‘pinv’(pseudo inverse). At the moment the programme is set to do this

for a movement i.e. translations by 8 mm, 6 mm and 10 mm along the three mutually

perpendicular axes respectively and rotation of 4◦, 5◦, and −3◦ degrees about the x-, y-

and z-axes respectively; for noise levels varying from 0 to 20 µV in 11 steps of 2 µV. The

positional errors are plotted in Fig. 4.39(a) -column Rx, Ry, Rz and Tx, Ty, Tz -row 1 to

11 for increasing noise. Fig. 4.39(a) shows the behaviour of the six movement parameters

for increasing noise voltage levels. Now reducing both noise a factor of 2 and the size of

the movements by a factor of 2 it is observed that errors are reduced. Fig 4.39(b) shows

rotational and translational parameters calculated for a reduced noise voltage. There is a

non-zero error for zero noise as shown in Fig. 4.38 (particularly in z-rotation) presumably

because of non-linear terms.

4.4.3 Results: Numerical Simulation

The changes in induced voltage in the five coils are calculated using Eqs. 3.48 described

in Chapter 3. The five movements parameter are determined by using calculated induced
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Figure 4.39: Errors in estimated position and orientation due to addition of random noise
voltages. (a) Errors in estimated movement parameters from calculated induced voltages
due to translation and rotation by increasing noise level in the induced voltages (0-20 µV).
(b) Errors in estimated movement parameters from calculated induced voltage in the coils
due to translation and rotation by reducing noise level in the induced voltages (0-10 µV).

voltage in the five coils by applying the standard MatLab function fsolv for non-linear and

inconsistent linear equations.

Fig. 4.40 shows the affects of increasing the random noise voltage in translational move-

ment parameters as well as on the rotational parameters. If the random noise voltage is

less than 10 µV, it does not significantly effect movement parameters because the change in

induced voltage in the coils dominate over the small noise voltage.

By adding a random noise voltage in each coil one can measure the standard errors in

position and orientation of the coils by considering the standard deviation which is shown in

Fig. 4.41. Noise voltages are added to a constant voltage to check how the specific movement

parameter changes with increasing noise voltage.

A random noise voltage of 10 µV to 100 µV is introduced in each coil to test the sensitivity

of the movement parameters with noise voltage. In that case the position of the whole

system remains unchanged. As the noise voltage increases the error (standard deviation) in

the movement parameters (∆x, ∆y, ∆z, ∆φx and ∆φy) increases, as shown in Fig. 4.42.
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Figure 4.40: Estimated movement parameters from calculated induced voltage in the coils
due to translation and rotation without noise (red line) and with increasing added noise
(black circle) 1-10 µV in the induced voltages.
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Figure 4.41: Data represents the estimated movement parameters (line) and their standard
deviation (error bars) by using calculated voltage induced in the coils when an increasing
noise voltage of 10-100 µV is added to the change in induced voltage in the coils. (a)
Translations along the x-, y- and z-axes. (b) Rotations about the x- and y-axes.
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Figure 4.42: Errors in estimated movement parameters are increasing as the noise voltage
increases in the induced voltage of the coils.

However, the change in induced voltage in the coils is calculated due to 10 mm translation

along the x-, y- and z-axes and 5◦ rotation about the x- and y-axes. The maximum errors

in translation is ∼ 4mm for 10 mm actual translation and in rotation is ∼ 2◦ for 5◦ actual

rotation due to the addition of random noise voltage (100 µV) are shown in Fig. 4.42. Even

at the highest noise level (100 µV) the estimated parameters are meaningful.

4.5 Discussion

Firstly, a circular coil is generated in a specific plane shown in Fig. 4.1. Similarly, circular

loops are generated in the xy, yz and zx planes. The change in induced voltage has been

calculated in the coils due to translation and rotation due to the application of x-, y- and

z-gradients.
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x-translation y-translation z-translation x-rotation y-rotation z-rotation

x-gradient C1 0 C2, C3 C1, C4, C5 0 0

y-gradient C1 C4, C5 0 C1, C2, C3 0

z-gradient C2, C3 C4, C5 C1 C1, C4, C5 C1, C2, C3 0

Table 4.3: Sensitivity of the planar coils with respect to the movements and the applied
gradients.

A system of five coils is generated in the planes of a cubic box as shown in Fig. 4.9. The

coils C1, C2 and C3 are sensitive to x-translation; whereas coils C1, C4 and C5 are sensitive

to y-translation and all of the five coils are sensitive to z-translation during execution of x-,

y- and z-gradients. On the other hand, the coils C1, C4 and C5 are sensitive to x-rotations

during execution of y- and z-gradients; whereas the coils C1, C2 and C3 are sensitive to

y-rotation during execution of x- and z-gradients. None of the coils are sensitive to z-

rotations during execution of any gradient. The sensitivity of the coils to translation along

the three axes and rotation about the three axes during execution of x-, y- and z-gradients

are summarized in Table 4.3.

By linear fitting of the change in induced voltage in the coils with respect to the change in

position and orientation of the coils one can obtain the slopes of the graphs to form a system

of linear equations described in subsection 4.3.1. By taking the pseudo inverse (‘pinv’) of the

coefficient matrix formed from the slopes the changes in movement parameters are estimated.

Except for z-rotations, the other five movement parameters can be estimated with fairly good

accuracy. Although noise voltages effect the estimated parameters, a random noise voltage

of 0-20 µV produce acceptable errors in the measured voltages. If the thermal noise voltages

becomes more than 20 µV error in the estimated parameters ∼ 2%.

Secondly, an arbitrary shaped coil is generated on the surface of a sphere and the volt-

age changes are calculated due to successive translations and rotations of 10 mm and 10◦
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respectively.

The voltage changes in the coils are calculated and the change in the position and ori-

entation are estimated. A random noise voltage is added to the calculated voltage and the

parameters are estimated again to check the effect of the noise voltage in the movement

parameters.

The change in induced voltage in the coils is quadratic due to rotation about the x-

and y-axes for application of z-gradient. However, the induced voltage is small compared to

the change in induced voltage in the coils due to translation, so that linear voltage change

dominates over quadratic change.

Whatever the translation is, the change in induced voltage in the coils varies linearly.

Moreover, in the case of rotation about the x- and y-axes, the changes in induced voltage in

the coils during the application of x- and y-gradients is also linear with the angle of rotation.

However, the change during execution of z-gradient is quadratic. Linear variation of the

changes in induced voltage due to translation and rotation make may helps to calibrate the

translation and rotations by measuring the change in induced voltage in the coils.

It is clear that whatever the translation is, the changes in induced voltage in the coils

are linear in all of the methods. In the case of larger rotations (>5◦) though the linearity

breaks down, one still can estimate movement parameters quite accurately due to rotation

up to 10◦ by using any one of the methods. Within the limits of linearity, it is quite possible

to estimate the changes in position and orientation of the coils precisely.

4.6 Conclusion

In this chapter an approach is developed to track motion of a rigid body (head) inside an MR

scanner by measuring the change in induced voltage in head-mounted coils when the coils

are in a specific planes in a space or in a space. The approach is very fast (takes few seconds)

and is compatible with an MR system. The method mainly depends on the geometry of the
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coils and the time varying magnetic field gradients. The software is relatively simple and

straightforward. It is developed with the potential application of the EPI pulse sequence and

fMRI in mind, and in principle it can be adapted to any MRI application where rigid body

motion is likely to take place. Monitoring head movement inside an MR scanner it is possible

to estimate six motion parameters of a rigid body, and prospective motion correction could be

implemented by passing six parameters (degrees of freedom) to the MR pulse programmer.
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Chapter 5

EPI Pre-pulses: Rig and Planar

Coil

The aim of this project is to develop a robust method through further refinement and innova-

tion which forms the basis of a useful movement monitoring system, for tracking head motion

in an MRI scanner for prospective motion correction. This Chapter presents an experiment

based on theory and simulation when the coils are positioned in orthogonal planes in space.

This chapter focuses also on the results obtained from experiment and a comparison between

theory, simulation and experiment. To do so, an experimental arrangement is set up to check

the validity of the analytical and numerical models.

5.1 Introduction

A theory is described to calculate the change in induced voltage in the coils due to translation

and rotation during execution of the x-, y- and z-gradients in Chapter 3. Simulations were

carried out in Chapter 4 based on the theory that is developed in Chapter 3. An experiment

has designed to measure the changes in the voltages induced in the coils due to translation

and rotation during execution of the x-, y- and z-gradients.
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On the scanner the gradient directions are defined as RL, AP and FH rather than x, y

and z; and this terminology is used throughout the experimental Chapters.

5.2 Method and Materials

According to the simulations (in Chapter 4) for a planar coil the change in induced voltage

in a circular coil depends on the area i.e. radius and the number of turns in it. The more

the radius and the turns in a coil the more the change in induced voltage in the coil. The

maximum measuring limit of an ExG amplifier is 16 mV. On the other hand, small coils

having less turns induced a measurable and suitable voltages (hundreds of µV) in the coils,

but there is a limitation (difficult) to manufacture such a small coil. By considering all these

limitations we choose a suitable coil of specific radius and having sufficient number of turns

in it.

A rig containing five coils of 20 mm radius, each having 10 turns of copper wire, which

is MR scanner compatible was built as shown in Fig. 5.1. Each of the 5 coils is connected

to a bipolar MR-compatible EEG amplifier (Brain Products, Garching) by using star-quad

cables.

According to the description of the software developed in Chapter 4, the positions and

orientations of the five coils forming the system are shown in Fig: 5.2. The centres of the

coils are located C1(0, 0, 210), C2(80, 0, 0), C3(-80, 0, 0), C4(0, 105, 0) and C5(0, -55, 0)

where all co-ordinates are in mm.

The rig carrying the coils can be moved Head-Foot (HF) in the MR scanner by using

a screw (screw for z-shift) as shown in Fig. 5.1. Right-left (sway) i.e. Right-Left (RL)

movements of the rig in the MR scanner is controlled by turning another screw (screw for

x-shift) shown in Fig. 5.1. In both cases the rig shifts 1 mm for a complete revolution (one

turn) of the screw. Moreover, the rig can be moved in the Anterior-Posterior (AP) direction

in the MR scanner (1 mm in each step) by pulling or pushing a plate attached to the rig.

141



Coil-3 

Coil-4 

Coil-2 Screw for x-shift Screw for z-shift 

Pin for y-rotation 
110mm to  

z-axis 

Coil-5 

Coil-1 
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Figure 5.2: The position and orientations of an experimental system of five coils used to
measure position changes via recording of voltages induced by time-varying gradients.
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The rig can be rotated about the x-axis (Roll) by making an arc length 10 mm that makes

an angle of 5.21◦ with the pivot, where the distance between pivot and arc length is 110 mm.

Similarly, the rig can be rotated about the z-axis (pitch) by using a stair key. A y-rotation

uses two sliding plates that are attached to the rig and calibrated in degrees by making holes

in the plates. One can select a rotation in degrees by sliding the plates and then inserting a

screw into the appropriate hole to fix the plates in position.

In the presence of magnetic field gradients (time varying or uniform) the coils pick up

a noise voltage (∼ 2 µV) due to any kind of vibration, e.g. air flow (air cooling), or strong

audio signals. This results from rotations of the coil in the strong B0 field even in the

absence of field gradients. In homogeneous B0, there is no induced voltage in the coils due to

vibrations. A small noise voltage is also picked up by the coils due to the cold-head pump.

The sensitivity of the coils strongly depends on their geometry. A large portion of the noise

voltage comes from patient bed vibration. Therefore, the rig is put on to a beam which

passes through the MR scanner bore from one end to the other. The beam is consequently

decoupled from the MR scanner.

5.2.1 MR Scanning Parameters

Data was acquired in a Philips Achieva 3T MR scanner. An EPI pre-pulse [119] sequence was

used although no images were produced in this experiment. Three pre-pulses (i.e RL, AP

and FH) of gradient strength 4 T/m-s are included in this sequence. For the MR scanning

that I use, the Body RF coil was employed for excitation, other parameters were set as

follows: Field of View (FOV) = (RL × AP × FH) = (192 × 192 × 15) mm3, Voxel size =

(RL × AP) = (3×3) mm2, Slice thickness 3 mm, TE = 35 ms, TR = 2000 ms, Number of

slices = 5, and the standard parameters were: Dynamics = 5, Flip angle = 80◦, transverse

slice orientation, Fold-over direction-AP and the slice scan order is descending.
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5.2.2 The Gradient Pre-pulses

The rig carrying the five coils was first sequentially shifted 0-10 mm in the head to foot

(HF) direction. The change in induced voltage is recorded by using a ExG (Brain Product

GmbH) bipolar amplifiers. The recorded voltage signal were analyzed by using standard

MatLab software to find the EPI gradient pre-pulses (RL (Gx), AP (Gy) and FH (Gz))

and to measure the induced voltage in each coil. The signals obtained during translation

along the FH (Foot to Head) direction are shown in Fig. 5.3(a). Data clearly indicate that

induced voltage changes occur in coil C1 due to shift along the x-axis during execution of an

x-gradient.

The experimental data presented in Fig. 5.3(b) indicates that the voltage change occurs

in coil C1 during execution of the three gradient pre-pulses. The signals obtained from the

raw data due to translation along the z-axis are shown in Fig. 5.3(c). Data clearly indicate

that the induced voltage change occurs in coil C1 during the application of an x-gradient.

There are small changes in the induced voltages found in the other coils, but it is negligible

compared to the voltage induced in the other coils and it is also comparable to noise voltage

(∼ 10 µV). One can consider or ignore these changes in induced voltages that does not affect

linear model of the voltage change in the coils.

The induced voltage change is recorded by using an EEG apparatus during the executions

of gradient pre-pulses along RL, AP and FH due to rotation about the x-axis. The data

recorded because of the application of the x-, y- and z-gradient due to rotation about the

y-axis is shown in Fig. 5.4(a). The recorded voltage signal clearly indicates that the change

in induced voltage occur only along AP pre-pulse in coil C1. Experimental data were also

acquired for the rest of the four coils.

Data recorded during the application of the x-, y- and z-gradients due to rotation about

the y-axis is shown in Fig. 5.4(b). The recorded voltage clearly indicates that the change in

induced voltage occur only along RL pre-pulse.

The induced voltage in the coils is recorded by using an ExG bipolar amplifier during
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Figure 5.3: Data represents the change in induced voltage during execution of gradient pre-
pulses along RL, AP and FH axes. The change in induced voltage recorded on coil C1 due
to translation along the x-axis (a), y-axis (b) and z-axis (c).
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Figure 5.4: Data represents the change in induced voltage during execution of gradient pre-
pulses along RL, AP and FH axes. The change in induced voltage recorded on coil C1 due
to rotation about the x-axis (a), y-axis (b) and z-axis (c).
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execution of gradient pre-pulses along the RL, AP and FH due to rotation about the z-axis

that is shown in Fig. 5.4(c). Recorded voltage signal clearly indicates that there is no change

in the induced voltage in the coils.

5.2.3 The change in induced voltage in the coils

The change in induced voltage occurring in coil C1 due to sequential translation along the

x-axis, because of the application of the x-gradient is shown in Fig. 5.5(a). During execution

of y-gradient there is a little voltage change observed in the coils, shown in Fig. 5.5(b), but

for the application of the z-gradient the induced voltage changes occur in the coils C1 and

C2, as shown in Fig. 5.5(c).

The change in induced voltage due to successive translation (0-10 mm) along the y-axis

i.e. in the Posterior to Anterior (AP) direction are shown in Fig. 5.6. Due to sequential shift

along the y-axis i.e. AP shift the changes in induced voltage occurring in coil C1 because of

the application of y-gradient are shown in Fig. 5.6(b) and in the coils C4 and C5, and for

the z-gradient they are shown in Fig. 5.6(c), whereas very little changes occurs because of

the application of the x-gradient as shown in Fig. 5.6(a).

The change in induced voltage in the coils due to translation along the z-axis (FH) during

the application of x-, y- and z-gradients is shown in Fig. 5.7. The changes in induced voltage

recorded are the same in magnitude, but the sign is opposite.

Data obtained due to successive translation of the system along the x-, y-, and z-axes for

the application of x-, y- and z-gradients are summarized in Fig. 5.8. In the case of rotation

about the x-axis, a signal is obtained from raw data which is shown in Fig. 5.13. In this

case, significant changes in the induced voltage are measured in the coils C1, C2 and C3

because of the application of y- and z-gradients, as shown in Fig. 5.13. This agrees well

with theory. However, a small voltage is observed in the coils C4 and C5 during execution of

an x-gradient. This could happen due to inclination of the coils (coil offset) with respect to

any of the three axes. According to the theory and simulation the change in induced voltage
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Figure 5.5: Experimental data indicate the change in induced voltage in the coils due to translation
along the x-axis (a) during execution of x-gradient, (b) during execution of y-gradient, and (c) during
execution of z-gradient.
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Figure 5.6: Experimental data indicate the change in induced voltage in the coils due to translation
along the y-axis (a) during the application of an x-gradient, (b) during the execution of a y-gradient,
and (c) because of the application of a y-gradient.
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Figure 5.7: Experimental data indicate the change in induced voltage in the coils due to translation
along the z-axis (a) during the execution of the x-gradient, (b) during the execution of the y-gradient,
and (c) during execution of the z-gradient.
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Figure 5.8: Experimental data indicate the change in induced voltage in the coils because of the
application of the x-, y- and z-gradients (a) due to translation along the x-axis, (b) to translation
along the y-axis, and (c) due to translation along the z-axis.
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Figure 5.9: Experimental data represents the change in induced voltage in the coils due to rotation
about the x-axis (a) because of the application of the x-gradient, (b) because of the application of
the y-gradient, and (c) because of the application of the z-gradient.
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in the coil C1 due to rotation about the x-axis because of the application of y-gradient is

δV1 = 678 µV, whereas numerical simulation gives δV1 = 697 µV.

The change in induced voltage in the coils due to rotation about the y-axis because of

the application of the three pre-pulses is shown in Fig. 5.14. The changes occurring in the

coils C1, C2 and C3 during execution of x- and z-gradients, and occurring in the coils C2 and

C3 during execution of y-gradient, as shown in Fig. 5.10(b).

According to the theory and simulation there is no change in induced voltage due to

rotation about the z-axis, but from experimental data small voltages are observed in the

coils as shown in Fig. 5.15. It is perhaps due to the offset of the axes of the rig from the

gradient axes. Either the coils are not properly positioned with respect to the gradient axes

or inclined with respect to any of the three axes. However, the change in induced voltage

is very small compared to the voltage induced in other coils and also comparable to noise

voltage.

5.2.4 The change in induced voltage and their linear fit

In the case of head to foot (FH) sequential shifts during the applications of the x-gradient,

change in induced voltage occurs in the coils C2 and C3, it occurs in the coils C4 and C5

during execution of a y-gradient, whereas it occurs in the coil C1 due to the z-gradient.

The change in induced voltage is purely linear with sequential change in position along the

z-axis, as shown in Fig. 5.12. The change in induced voltage in the coils due to sequential

translation along the three mutually perpendicular axes because of execution of x-, y- and

z-gradients also varies linearly.

The experimental data in Fig. 5.13 indicate the change in induced voltage in the coils

due to rotation about the x-axis during execution of y- and z-gradients and also indicates

their linear fittings of the change in induced voltages. In Fig. 5.13 circles, triangles and

squares indicate data obtained from experiment and solid lines indicate fitting of the data.

The changes in induced voltages measured from different coils due to rotation about the
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Figure 5.10: Experimental data indicate the change in induced voltage in the coils due to rotation
about the y-axis. (a) Experimental data indicate the change in induced voltage during the application
of the x-gradient, (b) during the application of the y-gradient, and (c) during the application of the
z-gradient. 154
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Figure 5.11: Experimental data represents the change in induced voltage in the coils due to rotation
about the z-axis (a) during the application of the x-gradient, (b) during the application of the y-
gradient, and (c) during the application of the z-gradient.
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Figure 5.12: Plots showing the change in induced voltage in the coils during execution of x-,
y- and z-gradients. (a) due to translation along the x-axis, (b) due to translation along the
y-axis, and (c) due to translation along the z-axis.
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Figure 5.13: Experimental results showing induced voltage changes in the coils due to sequen-
tial rotation about the x-axis and their linear fit (a) during the application of the x-gradient,
(b) during the application of the y-gradient, and (c) during the application of the z-gradient.
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y-axis during execution of the x- and z-gradients are presented in Fig. 5.14. In Fig. 5.14

circles, triangles and squares represent measured data and the solid lines show the relevant

linear fits.

In Fig. 5.15, circles, triangles and squares indicate the change in induced voltage in the

coils obtain from experimental measurement due to rotation about the z-axis and solid lines

indicate the relevant linear fits.

5.3 Results

5.3.1 Comparison between Simulation and Experiment

Fig. 5.16 shows voltages generated in the 5 different coils by the 3 different time-varying

gradients as the rig is moved in 2 mm steps in the z-direction, for numerical simulations and

experimental measurements. Simulations are in good agreement with measurements and it

is clear that the largest changes in voltage with z-position occur in Coil 1 for the z-gradient,

Coils 2 & 3 for the x-gradient and Coils 4 & 5 for the y-gradient.

This pattern of variation and those due to translation in the x-, y- and z-directions and

for rotation about the x- and y-axes, are depicted in Fig. 5.17, which maps the coefficients of

the matrix A (described in Chapter 4) that translates co-ordinate changes into the voltages

induced by the 3 gradients in the 5 coils. Matrix A contains 90 coefficients obtained from

5 coils, 3 gradients and 6 parameters. These coefficients were found by linearly fitting the

simulated and measured voltages with respect to the positional change. According to the

theory and simulation only the 23 coefficients (11 for translation and 12 for rotation) are

non-zero, as described in Eqs. 4.19 and 4.22.

There is again reasonable agreement between measurement and simulation, particularly

for translations; the discrepancies for rotation may reflect the effect of non-linearity in the

voltage variation over the range of angles studied. The significant differences in the patterns

of voltages produced by the different types of movement are promising for the prospect of
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Figure 5.14: Experimental data indicate the change in induced voltage due to rotation about
the y-axis and their linear fit (a) during the application of the x-gradient, (b) during the
application of the y-gradient, and (c) during the application of the z-gradient.
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Figure 5.15: Experimental results represent the change in induced voltage in the coil due to
rotation about the z-axis and their linear fit (a) during execution of a x-gradient, (b) during
execution of a y-gradient, and (c) during execution of a z-gradient.
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Figure 5.16: The change in the voltage induced in the 5 coils due to sequential translation
along the z-direction for application of x, y, z gradients. (a) Experiment. (b) Simulation.

decomposing the voltages generated by a general small movement into a linear superposition

of these patterns and thus identifying the motion parameters. Experimental results have good

agreement with the results obtain from simulation both qualitatively and quantitatively.

5.3.2 Small Mixed Movements

This sub-section explores whether a matrix inversion can be used to find the positions and

orientations of the coils from measurement of the induced voltage changes in the 5 coils.

Here, small mixed movement means small random changes in position and orientation of

more than at least 1 mm or 1◦ along/about two (a translation and a rotation) directions.

For matrix inversion the standard MatLab command pinv (pseudo inverse) is used.

The change in induced voltage in the five coils is measured during execution of the three

pre-pulses, involving RL, AP and FH gradients for successive individual movements of the rig

along/about the x-, y- and z-axes. 15 voltages are measured at each position corresponding

to the effect of 3 gradients on 5 different coils. By measuring the voltages at 3 values of

each co-ordinate and employing basic linear fitting of the change in induced voltages (Fig.

5.12-Fig. 5.15), one can find the slopes and use these values to form a matrix A as described

161



RL RL RL RL RL AP AP AP AP AP FH FH FH FH FH 

Coil 1 

Coil 2 

Coil 3 

Coil 4 

Coil 5 

X Y Z X Y 

Translation Rotation 

 

 

2 4 6 8 10 12 14

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

5.5 0

50

100

150

200

(μ
V

/m
m

 o
r 

d
e

g
.)

 
(a)

Translation 

 

 

0

50

100

150

200

RL RL RL RL RL AP AP AP AP AP FH FH FH FH FH 

Coil 1 

Coil 2 

Coil 3 

Coil 4 

Coil 5 

X Y Z X Y 

Rotation 

(μ
V

/m
m

 o
r 

d
e

g.
) 

(b)

Figure 5.17: The coefficients of the matrix A for a system of linear equations Ax = δv.
Colour-bar shows µV/mm for translation and µV/degree for rotation. (a) Experiment. (b)
Simulation.

in Chapter 4. The equation relating the measured voltage δv to the position changes can be

written as

δV = AδrT , (5.1)

where δrT = (δx, δy, δz, δφx, δφy). The matrix A could have 90 coefficients corresponding

to the slopes of the linear equations obtained from basic linear fittings of the change in

induced voltage in the 5 coils due to sequential changes in the 3 positions and 3 orientations.

However, only 3 of these coefficients are non-zero.

A few general small movements, i.g. δx, δz, or δy, δφx of the coils are then generated by

using the rig. The change in induced voltage in the coils is measured and one obtains δrT

by using the equation-

δrT = A−1δV (5.2)

For small movements it is possible to work out δrT precisely for a wide range of translations

and small rotations. Figs. 5.18 and 5.18(b) show results for seven (1-7) sets of movement

parameters. Each set contains two rows (A and E) of six (δx, δy, δy, δφx, δφy, δφz) movement

parameters, where A stands for actual and E for estimated parameters. For the parameters,
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Figure 5.18: Comparison between actual (A) movements and movements estimated (E) from
experiment. (a) Movements are limited to 6 mm (translation) and 5◦ (rotation) for the six
parameters. (b) Movements are limited to 8 mm (translation) and 5◦ (rotation) for the six
parameters.

when the actual and estimated parameters coincide then the small rectangle gets a single

colour, there is a colour difference otherwise. One can compare the accuracy of the results

obtained by using the inverse matrix. Deviation in δz is greater in the case of translation

along the z-axis.

It is useful to check whether it is possible to estimate the movements parameters if I

omit one or two of the six parameters (rotational parameters) measured. In Fig. 5.19(a)

δφz and δφy are omitted because in planar coils there is no change in induced voltage due to

z-rotation and in real life it is hard to rotate the head about the y-axis inside MR scanner

head coil.

However, Fig. 5.19(a) shows seven sets of actual and estimated movement parameters.

Each set contains four movement parameters δx, δy, δz, δφx sequentially. The data shows

that a good estimation is possible, even when I omit two movement parameters. On the

other hand, Fig. 5.19(b) shows four sets of movement parameters having δx, δy, δz, δφx, δφz

in each set and also shows that the actual and estimated data have a good agreement even
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Figure 5.19: Comparison between actual movements and movements estimated from ex-
perimental measurement. (a) Movements are limited to translation along x, y and z, and
rotation about the x-axis only. (a) Movements are limited to translation along x, y and z,
and rotation about the x- and z-axes only.

when movements are limited to translation along x, y and z, and rotation about the x- and

z-axes only.

5.4 Discussion

The change in induced voltage in the coils due to x-, y- and z-gradients following translation

and rotation are measured. The changes in induced voltage mainly occur in the coils 1, 2

and 3 due to x-translation; in the coils 1, 4 and 5 due to y-translation and in the coils 1, 2,

3, 4 and 5 due to z-translation and also occurred in the coils 1, 4 and 5 due to x-rotation

during execution of y- or z-gradients and in the coils 1, 2 and 3 due to y-rotation during

execution of x- or z-gradient. Those results agree well with the theory described in Chapter

3 and the simulations described in Chapter 4. Changes in induced voltages are observed in

the coils 2 and 3 due to x-rotation for the x-gradient, due to y-rotation for the y-gradient,

due to z-rotation for y- or z-gradients and observed in the coils 4 and 5 due to z-rotation for

x-gradient.
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Voltages induced in a single coil mounted on a phantom by application of a sequence

of three trapezoidal gradient pulses (10 ms ramp-up/down and 10 ms plateau at 2 T/m-s)

successively applied along the RL, AP and FH directions. These pre-pulses produce bipolar

square pulses in the EEG recordings. Within the short duration of ramp-up, head movement

are very unlikely, but could occur. To reduce the effect of head movement during gradient

ramp up, average are taken at the middle of the plateau and the induced voltage are measured

by taking the difference between positive and negative pulses.

The measured induced voltage changes are plotted and found to be linear with the changes

in position and orientation. Basic linear fitting of the change in induced voltage gives a

system of linear equations. The change in position and orientation of the coils for a few

general movements can then be estimated by taking the pseudo inverse of the system of linear

equations. Estimated movement parameters are plotted. Actual movement parameters are

compared with the estimated movement parameters and found to be in reasonable agreement.

5.5 Conclusions

The change in induced voltages in the coils mounted on the rig as shown in Fig. 5.1 are

measured due to small movements (0-10 mm translation and 0-5◦ rotation) during execution

of x-, y- and z-gradients. In order to check the validity of the linear model that is developed

in Chapter 4, a system of linear equations is formed from the change in induced voltages

in the coils. By using the matrix form of the system of linear equations and inverting the

matrix, general changes in position and orientation of the coils in the MR scanner can also

be estimated.

By analyzing the experimental data one can conclude as follows:

� The voltages induced in a set of coils by switched gradients provide a sensitive measure

of translation and rotation (10 µV per mm shift per cm2 coil area per turn for dG
dt = 100

T/m-s.
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� There is a linear variation of the induced voltage for translation and small rotations.

� Measured voltages agree with simulations (and theory).

� We can measure translation and rotation from measured voltages.
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Chapter 6

Fast Field Echo: Gimbal, Spherical

Phantom and Non-planar Coils

The size and direction of movements made during MRI using a set of coils mounted onto

a spherical head phantom are measured. Statistical Parametric Mapping (SPM) is used to

estimate the movement parameters for head-nod, head-shake and foot-head movements of

the phantom. The parameters are also estimated by measuring the EMF induced in the

coils. A linear set of equations relating position change to induced voltage is again formed

and inverted to allow position changes to be found from voltage measurement.

6.1 Introduction

In this chapter data-led approaches are explored which can use arbitrary coil shapes e.g.

coils fixed in an EEG-type cap. The idea here is to precede an experiment by measurement of

the voltages induced in the coils by three gradient pre-pulses (RL, AP and FH) on the three

different gradient channels after each of a set of small, broadly defined movements (such as

head-nod, head-shake and axial translation) for which head position can also be characterized

from image data. Since the voltage changes will be linear with motion parameters for small
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movements, this will allow a system of equations relating the pattern of voltage change

to movement parameters to be established. In subsequent experiments the monitoring of

voltage changes during pre-pulse execution will allow head movement to be monitored on a

slice-by-slice basis in EPI or on a k-space line-by-line basis in Fourier imaging experiments.

In this study a gimbal [127] is used to hold a spherical head phantom onto which an

EEG-like cap is mounted. The cap carries five arbitrary shaped coils. The gimbal allows the

phantom to be translated along the z-axis and rotated about the x-axis (nod) and about the

z-axis (shake). Simultaneously by using MR the image contrast and image realignment tools

SPM8 (A major updated version of the SPM software, released April 2009 ), one can find

out the change in position and orientation of the spherical phantom. In this study a linear

model is formed from the change in induced voltage in the coils due to change in position and

orientation of the coils. This linear model allowed us to find the position and orientation of

the spherical head phantom from the measured voltage. The movement parameters obtained

via measurement of the change in induced voltage in the coils and parameters obtained from

SPM8 are then compared.

6.2 Method and Materials

A spherical agar phantom which has a diameter of 20 cm containing a 3D cross-shaped,

water-filled structure was constructed, as shown in Fig. 6.1. Since the relaxation times of

the water inside the cross and the agar are different, the MR images should show differences

in contrast. The presence of the 3D cross in the agar phantom make it easier to co-register

images of the phantom acquired at different positions. Initially the phantom was positioned

so that coil 4 and 5 were at the scanner’s isocentre [128]. This position will be considered as

the reference position. All other changes in position and orientation are measured from this

reference point. Positioning of the subject within the scanner can reduce the GA (Gradient

Amplitude), decreasing the chance of amplifier saturation [128]. The gimbal [127] is used to

hold a spherical agar phantom of diameter 20 cm which is shown in Fig. 6.2(A). The gimbal

168



Figure 6.1: An MR image of a spherical agar phantom having a 3D cross of water.

allows the phantom to be moved along the z-axis as well as facilitating rotation about the

x- and z-axes. A spherical head phantom was constructed and a cap carrying five coils of

arbitrary shape, having two turns each, was placed on the phantom. The whole system is

put into a 3T MR scanner by holding the phantom in the gimbal. The coils were connected

to a bipolar amplifier (Brain Product) by star quad cables. Fig. 6.2(B) shows an EEG-like

cap carrying five large coils each formed from two turns, connected to a bipolar amplifier by

star quad cable.

Data-led approaches are explored which can use arbitrary coil shapes e.g. arbitrary coils

fixed onto an EEG-type cap. The idea here is to precede an experiment by measurement of

the voltages induced in the coils by pre-pulses on the three different gradient channels after

each of a set of small, broadly defined movements (such as head-nod, head-shake and axial

translation) for which head position can also be characterized from image data. Since the

voltage changes are linear with motion parameters for small movements, this will allow a

system of equations relating the pattern of voltage change to movement parameters to be

established. In subsequent experiments the monitoring of the voltage changes during pre-

pulse execution would allow head movement to be monitored on a slice-by-slice basis in EPI
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Figure 6.2: The Gimbal allowing calibration of x- and z-rotation is shown in (A) and the
spherical head phantom covered with EEG like cap mounted by five coils is shown in (B).

or on a k-space line-by-line basis in Fourier imaging experiments.

A set of measurements are recorded that characterized the change in the voltages induced

within a set of coils by the application of MRI gradients for a basis-set of typical head

movements. Then this data is used to confirm whether the voltage change is linear with

respect to small changes in position. This comprises three sets of recordings:

6.2.1 Characterising the effect of z-displacement

Varying the position of the phantom along the z-axis (a range of approximately -10 mm, 10

mm) the induced voltage in the coils are measured. A ruler is attached to patient bed by

tape to calibrate the z-translation. The voltage changes are recorded using the bipolar square

pulses induced by the custom pre-pulses and a set of T∗2-weighted Gradient Echo (GE) images

were acquired to estimate positions by using image co-registration. The position change can

be varied by sliding the Gimbal up and down the scanner bed. The position changes are
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marked on the bed by using a ruler before attaching the Gimbal.

6.2.2 Characterizing the effect of a rotation about the x-axis

The phantom sits in the gimbal which allows orientation of the head about the x-axis (sim-

ulating a nod type motion) to be adjusted. It is better to fix a range of rotation spanning

approximately [-10◦, 10◦]. Both GE and custom EPI (pre-pulses) are acquired at each posi-

tion using the body coil excitation. Variation in orientation can be achieved either by leaning

into the bore or by moving the bed in and out taking care to return the bed to the same

position using the scan position button (no laser realignment).

6.2.3 Characterizing the effect of rotation about the z-axis

This is similar to the characterization of the effect of a rotation about the x-axis, except

now involving variation of the orientation about the z-axis (simulating a shake of the head).

Using the GE images, the size of the position changes are estimated by using SPM8. The

peak-peak voltage from the induced bipolar square pulses for each of the orthogonal gradients

at each position. The voltage changes are plotted against position measured using SPM8

and the rate of change was determined by using a basic linear fit. A linear fit explains the

relationship between the variation in position and the change in induced voltage.

6.2.4 Mixed Movements

Here the phantom position is varied using a mixture of rotations and translations. The aim

is to see if the position changes can be measured using the change in the voltage recordings.

Measurements will be acquired using the phantom mounted in the gimbal with the custom

EPI pre-pulse and the GE sequence being executed at each position. Actual position changes

relative to the initial position will be measured using the realignment parameters estimated

by SPM8.
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If the relationship between the voltage changes and the position are linear, then the

following relationship will be true for the set of movements considered here.



V 1
RL − V 0

RL

V 1
AP − V 0

AP

V 1
FH − V 0

FH


=



dVRL/dz dVRL/dθ dVRL/dψ

dVAP /dz dVAP /dθ dVAP /dψ

dVFH/dz dVFH/dθ dVFH/dψ


=



z1 − z0

θ1 − θ0

ψ1 − ψ0


(6.1)

This matrix can be written in the following form:

δV = Aδr, (6.2)

where V 1
i − V 0

i is the difference in the voltage measured for a gradient applied along the

i = RL,AP and FH directions at position 1 and the initial position (position 0) and z1−z0,

θ1−θ0 and ψ1−ψ0 are differences in position for a z-displacement, x-rotation and z-rotation

respectively.

The differentials (e.g. dVRL/dz) for the first analysis can be estimated from the linear fit

parameters determined from experiment. Position changes can then be estimated by using

a pseudo inverse (‘pinv’ in MatLab) of the design matrix and multiplying it by the voltage

change vector: δr ≈ A−1δV

For the second analysis, the differentials can be estimated using two position change

measurements along each direction from the data collected in each experiment: Explore

Linearity, described above; i.e. dVRL/dz ≈ (V 1
RL − V 0

RL)/(z1 − z0 ). Position changes can

again then be estimated using the pseudo inverse of the design matrix.
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6.2.5 Scanning Parameter

EPI gradient pre-pulses are used to measure the change in induced voltage in the coils

attached to an EEG cap and mounted onto a spherical head phantom. In the case of the

gradient pre-pulses, the gradient strength is 20 mT/m, slope 10 ms and it is applied for a

duration of 10 ms. For the scanning parameters I use FOV = (192 × 192 × 15) mm3, voxel

size = (3 × 3) mm2, slice thickness 3 mm, TE = 35 ms and TR=2000 ms. For the geometry

I took 5 slices, 5 dynamics, 80◦ flip angle, transverse slice orientation, fold over direction AP

and descend slice scan order.

On the other hand for image acquisition I use Fast Field Echo (FFE), Q-body coil, FOV

= (AP × RL × FH) = (200 × 200 × 179) mm3, voxel size = (AP × RL × FH) = (1.52 ×

1.52 × 1.52) mm3, number of slices 118, transverse slice orientation, fold over direction, RL.

6.2.6 MR Images and Realignment

Images were acquired on a Philips Achieva 3T MR scanner. A 3D, T∗2-weighted GE-sequence

(Fast Field Echo [FFE]) was used to acquire structural data at each position. These images

were used in the analysis to determine by how much the phantom had moved. Each pre-pulse

consisted of a 10 ms ramp up at a rate of 2 T/m-s followed by a 10 ms plateau and 10 ms

ramp down at the same rate. Simultaneously, induced voltage in each coils are recorded

by using a 16-channel MR-compatible BrainProducts system with clock synchronization.

The sampling rate was 5 kHz; high- and low-pass filter cut-off’s were 0.016 Hz and 1 kHz

respectively with a 30 dB/octave roll-off.

Accuracy of co-registration of scans was studied by Glyn [127] using the FFE sequence.

That gave a measure of the error in co-registration of images. By using SPM8 the FFE

images were co-registered which provide a precise ( ≈ 0.01 mm depending on pulse sequence)

measure of the movement of the phantom based on x-, y- and z-translations and rotations

respectively.
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6.3 Results and Discussions

This section presents the experimental findings and discusses them in details. Movement

parameters are estimated from image realignment by using Statistical Parametric Mapping

(SPM). The change in induced voltage in the coils is measured by using EEG system. The

change in induced voltage change vs movement parameters which varies linearly and the

slopes are determined by basic linear fittings. A linear model is formed to estimate the

movement parameters by analyzing the change in induced voltage in the coils. A matrix

equation is formed by using the corresponding slopes and the movement parameters by

taking matrix inversion and compare them with movement parameters obtained from image

realignment by using SPM8.

6.3.1 Movement Parameters via SPM

In co-registered images the recording data set 1 is considered as the reference image. The

rest of the FFE images are co-registered to this data set to sequential movement to quantify

the actual change in position and orientation of the phantom.

Fig. 6.3 shows the results of the co-registration of the FFE images from datasets (a)-(f)

of phantom data acquired during sequential movements. However, there are components of

measured movement that are significantly larger than the net co-registration errors. Rota-

tional motions could introduce translational errors in two possible ways. If the centre of

the circular phantom is not exactly aligned with the centre of rotation of the gimbal, then

rotations may also produce actual translations of the phantom. The other potential source

of error is that the estimated centre of mass of the phantom from the realignment algorithm

may not correspond to the physical centre of rotation of the phantom. Additionally, trans-

lational errors may be caused by heating of the passive shim elements in the magnet, which

can alter the average Larmor frequency and thus shift the image. However, the effect is

much smaller than that of the dominant movements. The phantom is adjusted to have a few

positions/orientations that are made up of mixed small z-translation and x- and z-rotations.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.3: The movement parameters from the co-registered FFE images. Where (a) & (b)
z-translation, (c) & (d) rotation about the x-axis and (e) & (f) rotation about the z-axis.
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Figure 6.4: Movement parameters via SPM from image realignment. (a) Translational pa-
rameters via SPM using image realignment. (b) Rotational parameters via SPM using image
realignment.

Images realignment by using SPM8, gives us three movement parameters. Fig. 6.4 shows

the results obtained from image co-registration due to mixed movement.

6.3.2 Movement Parameters via Voltage Change in the Coils

The voltage induced in the coils due to execution of three gradient pre-pulses (RL, AP

and FH) are measured by using the MR-compatible EEG apparatus. Gradient pre-pulse of

strength 20 mT/m and slope 10 ms is applied for 10 ms so that the induced voltage in the

coils does not exceed the upper cut-off of the bipolar amplifier. Arbitrary-shaped coils having

two turns (more turns induced too much voltage) are used to record voltages from pre-pulses

for different position and orientation of the phantom. The change in induced voltage in the

coils due to sequential shift along the z-axis is shown in Fig. 6.5 where x- ,y- and z-gradients

are applied respectively. It is interesting that the change in induced voltage occurred in all

of the coils due to translation along the z-axis because of execution of a particular gradient,

but for the x-gradient the major voltage is induced in coils 2 & 3, for the y-gradient in the
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Figure 6.5: The change in induced voltage in the coils due to sequential z-translations. (a)
Execution of x-gradient, (b) Execution of y-gradient, (c) Execution of z-gradient
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coils 4 & 5 and for the z-gradient there is a significant change observed in all of the coils.

The change in induced voltage in the coils due to sequential rotation about the x-axis

because of execution of three gradient pre-pulses is shown in Fig. 6.6. A significant voltage

change occurred in the coils 2, 3, 4 and 5 for execution of x-gradient, for y-gradient it is in

the coils 1, 2, 4 and 5, whereas for the z-gradient it occurred in all of the coils. The change

in induced voltage in the coils due to sequential rotation about the z-axis (Yaw) is shown

in Fig. 6.7. A significant voltage change is occurring in the coils 1, 2, 4 and 5 because of

execution of x-gradient which is shown in Fig. 6.7(a), for y-gradient it is observed in the coils

1, 2, 3 and 4, but for the z-gradient it is in the coils 2 and 3 only. The shape and location of

the coils are arbitrary so it is not possible to calibrate for x- and y-rotation. However, the

change in induced voltage is linear with sequential translation and rotation. Linearity does

not break for any of the three movements. As a result one can form a linear model.

The voltage changes in the coils and their linear fittings in case of translation along the

z-axis for three gradient pre-pulses are shown in Fig. 6.8. Slopes are obtained from linear

fits. Fig. 6.9 shows the voltage change in the coils and their linear fits. It is interesting that

linearity persists for a wide range of rotations ranging from -10 to +10 degrees. Again, the

change in induced voltage in the coils due to sequential rotation about the z-axis for a range

of -10 to +10 degrees is linear with respect to rotational angle. Linearity does not break for a

wide range of rotations about the x- and z-axis. On the other hand linearity persists for any

range of translation along the z-axis. From image realignment using SPM8, the movement

parameters are obtained for three movements (head-nod, head-shake and z-translation). The

change in induced voltage in the coils versus movement parameters obtained from image

realignment is plotted and the corresponding slopes are determined from linear fittings of

the voltage. By using these slopes a 9×3 matrix is formed which is known as A. A system

of linear equations is formed in the matrix form as δV = Aδr, where δr = [δz, δθ, δψ] and

δV = [δV z, δV θ, δV ψ].

It is possible to identify the position by inverting the matrix equation based on: (i)
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Figure 6.6: Induced voltage change in the coils due to sequential rotation about the x-axis.
(a) Execution of x-gradient. (b) Execution of y-gradient. (c) Execution of z-gradient.
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Figure 6.7: The change in induced voltage in the coils due to sequential rotation about the
z-axis. (a) Execution of x-gradient. (b) Execution of y-gradient. (c) Execution of z-gradient.
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(a) (b)

(c)

Figure 6.8: Experimental data indicate induced voltage change in the coils and their linear
fittings. (a) The change in induced voltage in the coils due to execution of x-gradient and
their linear fittings. (b) The change in induced voltage in the coils due to execution of
y-gradient and their linear fittings. (c) The change in induced voltage in the coils due to
execution of z-gradient and their linear fittings.
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(a) (b)

(c)

Figure 6.9: Experimental data indicate the change in induced voltage in the coils and their
linear fittings. (a) The change in induced voltage in the coils during execution of x-gradient
and their linear fittings. (b) The change in induced voltage in the coils during execution of
y-gradient and their linear fittings. (c) The change in induced voltage in the coils during
execution of z-gradient and their linear fittings.
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(a) (b)

(c)

Figure 6.10: Experimental data indicate induced voltage change in the coils due to sequential
rotation about the z-axis and their linear fittings. (a) The change in induced voltage in the
coils during execution of x-gradient and their linear fittings. (b) The change in induced
voltage in the coils during execution of y-gradient and their linear fittings. (c) The change
in induced voltage in the coils during execution of z-gradient and their linear fittings.
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Figure 6.11: A comparison between movement parameters obtained via SPM and obtained
via voltage measurement in the coils.

coefficients from linear variation; (ii) single measurements of voltage change due to single

known movements (from realignment parameters).

There are two groups of movement parameters: one from image realignment by using

SPM8 and another group obtained via measuring the change in induced voltage in the

coils. By processing acquired data and following our procedure, in particular taking matrix

inversion, one can estimate the movement parameters. The comparison between the two

sets of movement parameters is shown in the bar plot in Fig. 6.11. This shows five sets of

data each having z-translation, x-rotation and z-rotation. The black bars represents data

obtained from SPM8, whereas red bars indicate estimated data by using sensor coils. In

each set there are three movement parameters δz, δθ, δψ sequentially which is shown in Fig.

6.11. The parameters obtained from SPM8 and the parameters obtained via measurement

of induced voltage in the coils have a good agreement.
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6.4 Conclusion

Change in induced voltage is observed in all of the coils due to movement of the spherical

head-shape phantom during execution of the x-, y- and z-gradient pre-pulses. Whatever the

shape of the coil and wherever it is built in onto an EEG like cap the change in induced

voltage is always linear with the change in position and orientation into MR scanner.

When the coils built onto a spherical head phantom (small enough) mounted onto an

EEG like cap, the linearity continue for a wide range of translations and rotations. It is

quite interesting that linearity in the induced voltage change is observed in all of the coils

during execution of the x-, y- and z-gradients. It could happen due to the influence of more

than one gradient on a coil when it is placed in a space (real case) rather than in a plane

of a cube (simple case). Perhaps linear change in the induced voltage in a coil blow up the

quadratic changes. It agrees well with simulation done in the Chapter 4 for arbitrary coil.

It is very much possible to form a system of linear equations to estimate the positions

and orientations of the spherical head phantom as well as the coils via measurement of the

change in induced voltage in the coils.

On the other hand, if the coils are in a particular plane the change in induced voltage

during execution of a z-gradient is non-linear. In that case the change in induced voltage is

very small compared to the change in induced voltage in the coils exhibiting linearity. So,

linear change in induced voltage in the coils dominates over non-linear changes. As a result

the linear model does not fail in any case.
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Chapter 7

Optimization of Gradient

Pre-pulses and Multivariate

Analysis (MVA) for Prediction of

Parameters

7.1 Introduction

Previous work has suggested that head movement can be monitored by using measurements

of the change with respect to position of the voltages induced in a set of coils by time-varying

magnetic field gradients [108, 120, 121]. Particularly, in high field MRI the image resolution

can be a less than a millimeter and even such a very small movement can cause substantial

artefacts [122]. In recent years many motion correction techniques have been suggested, but

none of the devices or methods proposed so far produces a workable solution for clinical use.

The use of gradient-induced voltages in coils attached to the subject has potential advantages

over other motion monitoring techniques [41,109,123,124], as it does not require line-of-sight

access to the subject or significant modification of the imaging sequence.
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This chapter firstly focuses on optimization of gradient pre-pulses for position monitoring.

A drift is observed in the voltages recorded from the EPI pre-pulses using the coils. It is

found to depend mainly on the time delay between pulses. This study also checked the TR

dependency of the voltages due to EPI pre-pulses. This was done by measuring the voltage

induced in the coils by three gradient pre-pulses successively applied on the RL, AP and

FH axes with varying delays between the pulses. In this experiment an EEG system that is

described in Chapter 2 is used for recording the induced voltages.

Secondly, this chapter evaluates the use of principal component analysis (PCA) for simpli-

fying the process of fitting the measured voltages to the head movement. PCA is probably the

most popular multivariate statistical technique, which uses sophisticated underlying mathe-

matical principles and is used in almost all scientific disciplines. It analyses a data table in

which observations are described by several inter-correlated, dependent variables. Its goal is

to extract the important information from the data, to represent it using a new set of or-

thogonal variables, called the principal components. In general terms, principal component

analysis uses a vector space transform to reduce the dimensionality of large data sets. Using

mathematical projection, the original data set, which may have involved many variables, can

often be interpreted using just a few variables (the principal components) [125,126].

The approach described here, which could be used for prospective or retrospective mo-

tion correction, involves characterising the relationship between head pose and the induced

voltages in an initial set of imaging experiments, and subsequently using this relationship

to calculate changes in head position and orientation from the measured voltages. This ap-

proach was tested by attaching five coils to a structured, spherical agar phantom, which was

then placed in a gimbal system that allowed controlled rotation about the right-left (RL =

x) and foot-head (FH = z) directions, as well as translation in the z-direction. The approach

was then evaluated in experiments on a human subject, in which the coils were attached to

the head.
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Figure 7.1: Set of five coils attached to (A) a spherical agar phantom (all coils had ∼ 4 cm
diameter and 2 turns) and (B) a healthy human subject (Coils 1-3 coils had ∼ 4 cm diameter
and 2 turns, while Coils 4 and 5 had ∼ 3 cm diameter and 3 turns). Coils were connected
to the ExG bipolar amplifier (Brain Products GmbH) using star quad cable (Van Damme)
minimizing the induced voltage contribution from the cables. Coils are connected to the
ExG amplifier through 100 kΩ resistors.

7.2 Method and Materials

A spherical head phantom, a gimbal to hold the phantom and the coils mounted onto an

EEG-like cap were used to perform the experiments. The gimbal is clamped on to the patient

bed and the coils are mounted onto a cap fitted on the spherical head phantom, as shown in

Fig. 7.1 (A). For the experiments on the human subject the coils were mounted onto a thin

face mask, as shown in Fig. 7.1 (B). In both cases, the coils are made up of copper wire of

0.224 mm diameter coated with heat shrink to avoid deformation. The coils are connected

to 5-channels of a 16 channel bipolar amplifier using star quad cable (Van Damme). The use

of star quad cable reduces the magnitude of any voltages induced in the cables by gradient

switching or movement in the B0-field. There are four cores of wires very tightly twisted with

each other and rotate over a relatively short length. This arrangement ensures a magnetically

coaxial structure and offers significantly enhanced rejection of electromagnetic interference

related to standard two core mic cables. The body RF coil was used for experiments on the
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phantom, while a 32-channel head Rx coil was used for experiments on the human subject.

The coils were attached to the cap/mask by sewing using thread and needle.

For the initial experiments, we used an EPI sequence which included three additional

gradient pulses successively applied along the right-left (RL), anterior-posterior (AP) and

foot-head (FH) directions, applied in the quiet periods between slice acquisitions. Each pulse

ramped-up/down over 5 ms at 4 T/m-s inducing voltages of several hundreds of µV in the

coils, as shown in Fig. 7.2. This sequence was run with a long TR (48s) to allow large

temporal separation of pre-pulses thus limiting any effect of vibration. In later experiments

we changed the sequence so that a single gradient pre-pulse was applied with each EPI slice

acquisition with the gradient direction cycling RL→AP→FH across successive volume or

slice acquisitions. This allowed us to reduce the TR to a more realistic value of 2s.

In the case of EPI pre-pulses applied in conjunction with a long TR period (TR = 48s),

the position (x, y and z) and orientation (θ, φ and ψ) of the phantom was also measured

by using SPM8 to co-register gradient echo (GE) images [(1.5 × 1.5 × 1.5) mm3 resolution;

FOV = (240 × 240 × 96) mm3; 144 s acquisition time for 2 dynamics]. For the human

subject, the poses were also measured by using GE-EPI images of (3.0 × 3.0 × 3.0) mm3

resolution; FOV = (240 × 240 × 96) mm3; 624 s acquisition time for 12 dynamics.

For the repetition of pre-pulses in each dynamic and with a short TR period (TR = 2 s),

the positions (x, y and z) and orientations (θ, φ and ψ) of the phantom were also measured

by co-registering images acquired during the experiments using the Statistical Parametric

Mapping toolbox (SPM8). 3D gradient echo images with resolution (3.0 × 3.0 × 3.0) mm3

resolution; FOV = (240×240×60) mm3; scan duration is 366 s were used for the phantom,

whereas the EPI images of (3.0 × 3.0 × 3.0) mm3; FOV = (240×240×78) mm3; 26 slices in

each dynamic were used for the subject.

Before performing the experiment on phantom or on human subjects, the volunteers were

given instructions regarding the nature of the movements during the model formation period

(cued movement) and the experimental period (random movement).
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Figure 7.2: Voltages induced in a single coil mounted on a phantom by application of a
sequence of three trapezoidal gradient pulses (5 ms ramp-up/down at 4 T/m-s) successively
applied along the RL, AP and FH directions. Position of the phantom was shifted away
from iso-centre in the FH direction in steps of 2 mm causing the amplitude of the induced
voltages to change. The results are shown for 4 different positions of the phantom. Inset A
shows no appreciable change in the baseline recording with respect to successive movements,
whereas inset B shows a linear increase in the voltage induced by the FH trapezoidal pulse
as the FH shift increases.
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7.2.1 Multivariate Analysis

Multivariate analysis is used here to avoid the risk of over fitting and reduced the dimen-

sionality of the movement parameters obtained from image co-registration by using SPM8.

For this purpose, a training set of measurements was first made while the phantom/head

was translated along the z-axis and then rotated about the x- and z-axes. Principal Com-

ponent Analysis was applied to the position data estimated using SPM8 so as to identify

the combination of parameter changes that best characterised the movements, and three

(three movements are dominating: axial translation, head-shake and head-nod) principal

components were then collected together into a design matrix along with a baseline term.

A general linear model (GLM) is used to form the design matrix. The design matrix was

fitted to the measured voltages (voltages were measured from 5 coils for three gradient pre-

pulses, yielding 15 independent voltage measurements) using a pseudo-inverse to determine

the coefficients relating the co-ordinate changes and induced voltages. Experimental data

were then collected while the subject/phantom underwent random changes in position. The

coefficients derived from the training set were used to estimate the position changes and the

results compared to movement parameters found using image co-registration. The whole

process is summarized in the flow diagram shown in Fig. 7.3.

7.3 Results

7.3.1 Pre-pulse Optimization

The parameters characterising the sequence that was used for optimising the pre-pulses are

in Table 7.1.

In initial experiments we found that vibration produced by early pre-pulses affects the

recording of voltages from later pre-pulses because any coil rotation in the strong B0-field

produces additional induced voltages. By varying the time delay between pulses as well as

the TR one can optimize the pre-pulses. Time delays between the pre-pulses of 100 ms, 200
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Model period Experimental period 

Figure 7.3: Flow diagram for multivariate analysis.

No. of

Slice

Dynamics TR (s)
Gradient

Strength (mT/m)

Pre-pulse

ramp time (ms)

Pre-pulse

duration (ms)

Time between

pre-pulses (ms)

10 20 7.5, 10 20 5 5
100, 200

400, 500

Table 7.1: Summary of the scanning parameters to optimize pre-pulses.
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ms, 400 ms and 500 ms were tested. It is tested for TR values of 7.5 s and 10 s by taking 10

slices per TR period. In these two cases, the time between successive EPI slice acquisition

was 0.75 s (TR = 7.5 s) or 1 s (TR = 10 s) respectively.

The voltages due to the three gradients pre-pulses obtained from the five coils placed on

the phantom are shown in Figs. 7.4, 7.5 and 7.6. The sequence of gradients pre-pulses is

RL, AP and FH in all figures. Fig. 7.4(a) shows the results for delays between pre-pulses of

100 ms, whereas Fig. 7.4(b) shows results for time delays of 200 ms and TR=10 s for both

sets of data. Fig. 7.5(a) shows data for time delays of 400 ms, whereas Fig. 7.5(b) shows

results for time delays of 500 ms and TR is 10 s for both these sets of data. Fig. 7.6 shows

data when TR is 7.5 s and time delays of 400 ms are used.

From analysing the voltages induced by the pre-pulses one can conclude that the drift

observed in the voltages due to the pre-pulses mainly depends on the time delays between

pre-pulses rather than on the TR. One can reduce the drift in the expected recorded voltage

pulse shapes by tuning the time delays between pulses. In this work we found that an

inter-pulse delay of 400 ms gave acceptable results.

7.3.2 Model Formation

Here, twelve measurements were made with the phantom first rotated about the x-axis and

then about the z-axis, before being translated to different z-positions. Principal Component

Analysis was applied to these data to identify the combination of parameter changes that

best characterised the movements, and three principal components were then collected to-

gether into a general linear model that was fitted to the measured voltage changes. Three

measurements were subsequently left out of the model formation phase and the resulting

model used to identify the phantom position from the voltage measurements. The results

were then compared to parameters identified using the SPM8 registration.

Fig. 7.7(a) shows 12 data points, 4 from each of the 3 different types of movement pa-

rameters (head-nod, head-shake and axial-translation) for three PCA components, excluding
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Figure 7.4: Optimization of TR and time delay between pre-pulses, delays are 100 ms (a)
200 ms (b). A 50 ms period spanning each pre-pulse has been cut out and the all three
periods were concatenated. The delay between pulses is thus not completely shown. TR was
set to 10 s for these experiment. 194
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Figure 7.5: Optimization of TR and time delay between pre-pulses delays are 400 ms (a) 500
ms (b). A 50 ms period spanning each pre-pulse has been cut out and the all three periods
were concatenated. The delay between pulses is thus not completely shown. TR was set to
10 s for these experiment. 195
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three points (3rd, 7th and 11th). Fig. 7.7(b) shows the difference (errors) between parame-

ters estimated by using coils and by using SPM8. In Fig. 7.7, the first 4 data points show

the effects of x-rotation and the second 4 points show z-rotation effects; whereas the third

set shows z-translation of the spherical head phantom.

7.3.3 Recordings for long TR period

Phantom

The model is formed by including data acquired at 12 time-points during the model formation

period in which controlled movements are made. In the experimental period 14 points are

taken for 14 random movements of the phantom. Analysis of data from the model formation

period is used to predict the positions of 14 points in the experimental period. The results

are shown in Fig. 7.8 (A). Fig. 7.8 (B) shows the errors in the estimated parameters.

In the case of the model formation period, the model can predict the excluded points

precisely. Moreover, the difference between estimated parameters is not more than 0.4 mm

in translation and not more than 0.3◦ in rotation. This model is successfully exploited in

order to estimate the position and orientation of an object inside the MRI scanner to within

an accuracy of 0.7 mm and 0.7 degrees

Root mean square errors in the estimation of the parameters are shown in Fig. 7.9.

In summary, the estimated parameters from SPM8 and from the induced voltages were in

strong agreement. These results imply that the amplitudes of the (induced voltage) vary

linearly with respect to position and orientation.

Subject

In this case, the model is formed including 7 points, one for the initial position and 6 for the

controlled movement (axial-translation, head-shake and head-nod) 2 for each, in the model

formation period. In the experimental period 5 points are taken for 5 random movements
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Figure 7.7: Data represents the movements parameters estimated by measuring the changes
in induced voltage in the coils by time varying gradient magnetic field. Parameters estimated
by using the induced voltages (◦) and SPM8 (∗). 12 data points are estimated for 4 con-
secutive movement and excluding 3 data points, (3rd, 7th and 11th) one from each type of
movement, end up with 9 data points that are used to form the model, which is then applied
to find position for the 12 data points are shown in (A) for the phantom. The difference (×)
between the parameters estimated with the coils (◦) and using SPM8 (∗) is shown in (B) for
the phantom. 198
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The changes in voltages with position were characterised using data from the model-forming
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Figure 7.9: Root mean square error in the estimated parameters for spherical head phantom.

of the subject’s head. A similar approach to that used in the model formation period is

used to predict the 5 points in the experimental period only for the three PCA (Principal

Component Analysis) as shown in Fig. 7.10 (A). Fig. 7.10 (B) shows error in the estimated

parameters.

In the case of the model formation period, the model can predict the position at the

excluded time-points precisely. Moreover, the difference between estimated parameters is

not more than 0.4 mm in translation and not more than 0.3◦ in rotation. This model is

successfully exploited in order to estimate the position and orientation of an object inside

the MRI scanner during experimental period to within an accuracy of 0.7 mm and 0.7 degrees.

Root mean square errors in estimation of the parameters are shown in Fig. 7.11.

The standard errors in the estimated positions of the phantom and the subject are sum-

marised in the Table 7.2. Data shows that the range of the errors not more than 0.66 mm

in translation and not more than 0.67◦ for the phantom, whereas it is not more than 0.99 in

translation and 0.89◦ in rotation for the subject. The results from the phantom show that

this approach can provide estimates of position and orientation with less than 0.21mm and
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Figure 7.11: Root mean square error in the estimated parameters for the healthy volunteer.

Error
Phantom Subject

Range RMS Range RMS

x (mm) 0.66 0.15 0.99 0.20

y (mm) 0.54 0.15 0.53 0.14

z (mm) 0.52 0.22 0.78 0.22

Pitch (θ◦) 0.66 0.21 0.73 0.20

Roll (φ◦) 0.18 0.02 0.75 0.10

Yaw (ψ◦) 0.67 0.23 0.89 0.24

Table 7.2: Table showing the range and RMS amplitude of the differences between the
SPM8 and the induced-voltage estimates of position for the phantom (calculated from 14
measurements) and the subject (determined from 5 measurements) over the experimental
periods
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0.23◦ RMS error, whereas from the human subject it can provide estimates of position and

orientation with less than 0.22mm and 0.24◦ RMS error for head movements in the range of

±4 mm/degrees (Table 7.2).

7.3.4 Recordings for Short TR period

For these experiments, we used an EPI sequence which included one gradient pre-pulse which

was cycled across the image volume or slice acquisition along the right-left (RL), anterior-

posterior (AP) and foot-head (FH) directions. Each pulse ramped-up/down over 2 ms at 4

Tm−1s−1 inducing voltages of several 100 µV in the coils.

The positions (x, y and z) and orientations (θ, φ and ψ) of the head/phantom were

estimated by measuring the induced voltages in the coils and also measured by co-registering

images acquired during the experiments using the Statistical Parametric Mapping toolbox

(SPM8). The EPI data (3 × 3 × 3) mm3 resolution, FOV = (240×240×60) mm3 for the

phantom and FOV = (240×240×76) mm3 for the subject was used for image registration in

this case.

Voltage measurements were made due to cued axial-translation, head-shake and head-nod

and for a set of random movements. Data recorded at times when movements occurred were

removed as they were affected by artefacts (depend how many times phantom or subject

was moved), as a result voltages being induced in the coils by rotation in the strong B0

field. 2 axial-translations; 2 head-shake rotations and 2 head-nod rotations were used to

form a model and then 5 random movements were made, and the position changes due to

the random movements were predicted from the model.

Phantom: Single Pre-pulses per Slice Acquisition Cycled over Volume Acquisi-

tion

For these recordings, I took TR=2000 ms, 180 volumes and 20 slices in each dynamic. The

volumes at which movements occurred are taken out from the acquisition and averages are
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taken for three consecutive RL, AP and FH gradients. Finally, the data were reduced to 49

volumes rather than 60 volumes which are shown in Fig. 7.12. Data points are taken for axial

translation, head shake and head nod as well as for five random movements. In Fig. 7.12,

30 data points are used to form the model, which is then applied to find the positions for all

data points. The maximum translation is around 9 mm whereas the maximum rotation is

about 12◦. The maximum error in translation is < 0.4 mm, whereas in rotation it is < 1.3◦.

Subject: Single Pre-pulses per Slice Acquisition Cycled over Volume Acquisition

The gradients are cycled on a volume-by-volume basis, where TR=2000 ms and 26 slices are

taken in each of the 180 volumes. 11 volumes where movement occurred are taken out from

the acquired data and averages are taken for three consecutive RL, AP and FH gradients.

Finally, 49 data points are obtained, from these the first 30 data points are used to form

a model. The 30 data points are used for model formation to estimate the positions at all

time points. The results are shown in Fig. 7.13. In this case the error is more than the

error observed in case of the phantom. The maximum errors (1.2 mm) observed along the

y-translation. Apart from this, the errors were within ± 0.5 mm and ± 0.5◦ for the y- and

z-translations and the x-, y- and z-rotations, respectively.

Subject: Single Pre-pulses per Slice Acquisition Cycled over Slice Acquisition

To make the approach more practical, we modified the sequence so as to cycle the gradient

pre-pulse axis across slice acquisitions. EPI data are again co-registered by using SPM8. We

took 180 volumes and took out 15 volumes where movements occurred leaving 165 points.

The first 100 volumes are used to form a model which is then applied to estimate the position

during the remaining 165 volume acquisitions. The results are shown in Fig. 7.14.

The maximum errors in estimated positions were not more than 1.2 mm (1.2 mm for

y-translation, but for x- and z-translation it was less than 0.6 mm or 0.6◦) for the phantom,

when the maximum movements were 9 mm or 11◦ during single pre-pulse per slice acquisition

204



0 5 10 15 20 25 30 35 40 45 50 55
-12

-10

-8

-6

-4

-2

0

2

4

6
Including 3 PCA components but excluding 20 test points point

Image Number

Es
tim

at
ed

 p
ar

am
et

er
s 

(m
m

 o
r d

eg
.)

 

 

x
coil

y
coil

z
coil


coil


coil


coil

x
spm

y
spm

z
spm


spm


spm


spm

0 5 10 15 20 25 30 35 40 45 50 55
-1.5

-1

-0.5

0

0.5

1
Difference between the coils and SPM data excluding 20 test points

Image Number

Er
ro

r i
n 

es
tim

at
ed

 p
ar

am
et

er
s 

(m
m

 o
r d

eg
.)

 

 

x

y

z







0 5 10 15 20 25 30 35 40 45 50

-10 Model

Model

Experiment

Experiment

Image Number

Phantom

-8

-6

-4

-2

0

2

4

6

-0.5

-1.0

-1.5

0.5

0

1.0

A

B

Figure 7.12: Measurements were made with short TR (TR = 2s) during scanning of the
spherical agar phantom with a single pre-pulse applied per slice acquisition and the direction
of the pre-pulse gradient cycled across volume acquisition. Changes in position and orien-
tation for phantom (A). Data collection was split into a model-forming period during which
positions were successively adjusted along/about a particular axis and an experimental pe-
riod during which positions were randomly varied. The changes in voltages with position
were characterised using data from the model-forming period. This characterisation was
used to estimate the position change from the voltage recordings collected during the whole
experiment. The differences (×) between the position estimated with the coils (◦) and using
SPM8 (∗) is shown in (B) for the phantom.
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Figure 7.13: Measurements were made with short TR (TR = 2s) during scanning of the
healthy subjects with a single pre-pulse applied per slice acquisition and the direction of
the pre-pulse gradient cycled across volume acquisition. Change in position and orientation
for subject (A). Data collection was split into a model-forming period during which posi-
tions were successively adjusted along/about a particular axis and an experimental period
during which positions were randomly varied. The changes in voltages with position were
characterised using data from the model-forming period. This characterisation was used to
estimate the position change from the voltage recordings collected during the whole experi-
ment. The differences (×) between the position estimated with the coils (◦) and using SPM8
(∗) is shown in (B) for the subject.
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Figure 7.14: Change in position and orientation for subject (A). Measurements were made
with short TR (TR = 2s) during scanning of the healthy subjects with a single pre-pulse
applied per slice acquisition and the direction of the pre-pulse gradient cycled across slice ac-
quisition. Data collection was split into a model-forming period during which positions were
successively adjusted along/about a particular axis and an experimental period during which
positions were randomly varied. The changes in voltages with position were characterised
using data from the model-forming period. This characterisation was used to estimate the
position change from the voltage recordings collected during the whole experiment. The dif-
ferences (×) between the position estimated with the coils (◦) and using SPM8 (∗) is shown
in (B) for the subject.
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cycled over volume acquisition; as shown in Fig. 7.12. In this case, for the subject, the errors

were not more than 1.9 mm (1.9 mm for x-translation, but for y-translation it was ∼ 1.2

and for z-translation it was less than 0.7 mm or 0.6◦), when the maximum movements were

4 mm or 5◦; as shown in Fig. 7.13. On the other hand, the maximum errors in estimated

positions were not more than 1 mm or 1.8◦ (1.8◦ for x-rotation, but for x- and z-rotation it

was less than 1◦) for the subject, when the maximum movements were 10 mm or 10◦ during

single pre-pulse per slice acquisition cycled over slice acquisition; as shown in Fig. 7.14.

7.3.5 Discussion

The results of the experiments confirm that the amplitudes of the gradient-induced voltages

vary linearly with changes in the coils’ translational positions and with small changes in

their orientations (Fig. 7.8) and that the pattern of variation across coils is different for

different types of movement (Figs. 7.8 and 7.10). This allows movement information to be

derived from coil measurements (Fig. 7.10) by using a linear model incorporating coefficients

calculated from a training data set for which complementary information about movement

is available (e.g. from image co-registration, as used here, or from optical or navigator-based

position measurements). The results from the human subject show that this approach can

provide estimates of position and orientation with less than 0.22 mm and 0.24◦ RMS error

for head movements in the range of ±4 mm/degrees (Figs. 7.8, 7.10 and in the Table 7.2).

These results were obtained by applying three pre-pulses per slice acquisition with a 400

ms delay between pre-pulses, which necessitated the use of a long TR of 48 s. In initial

experiments, we also tested the feasibility of using short TR periods, with a single pre-pulse

per slice acquisition, producing promising results. The relatively larger errors for the subject

data compared to the phantom may be due to the use of a smaller training data set and/or

the greater variety of movements in this data set during experimental period. A practical

implementation of this approach would involve measuring the position-sensitive voltages

induced by the imaging gradients rather than additional gradient pulses. This would speed

up the model formation phase and increase the temporal resolution of position monitoring.
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Figure 7.15: Without dynamic stabilization image shift along the phase encoding direction.

The approach used here has a few limitations. These are: image shift along the AP

direction due to frequency changes, effects of vibration in the recorded voltages, effect of

movement in the field and proper fixation of coils. We can overcome these by optimizing the

pre-pulses, using dynamic stabilization, removing data where movement occurs and by using

a tight fitting EEG-like cap. We initially reduced the effects of vibrations due to one gradient

pre-pulses on the voltage measured due to later pre-pulses by using a large inter-pulse delay,

which required a long TR. A more practical approach which we also tested involved using a

single pre-pulse across successive acquisition.

Applying EPI with short TR produces more gradient heating which causes the passive

shims to heat up, leading to a change in the B0 field. The change in field leads to a change in

resonance frequency and as a result the image shifts in the EPI phase encoding (AP) direc-

tion. The resulting image shifts along the AP direction in the absence of any kind of motion

is shown in Fig. 7.15. Here the results are corrected by subtracting shift in image based on
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prior measurements in the case of short TR both for phantom and subject. Dynamic stabi-

lization measures the frequency in every volume acquisition and holds it constant. Dynamic

stabilization will therefore help to avoid image shifts along the AP direction, but we did not

used dynamic stabilization in this experiment.

7.4 Conclusion

In conclusion:

� Results show that the voltages induced in a set of coils fixed to a rigid body can be

related to the position and orientation of the body

� This characteristic was successfully exploited in order to estimate the position and

orientation of an object inside the MRI scanner to within an accuracy of 0.7 mm and

0.7 degrees

� While further work is required to fully optimise the approach, the principle of using a

set of coils fixed to a subjects head could be used for prospective motion correction.

Further work is now needed to evaluate the efficacy of this approach for a broader range

of movements of a phantom and human head. A realistic implementation of this approach

would be to measure the position sensitive voltages induced by the imaging gradients of an

echo planar sequence rather than a series of additional gradient pulses. This would speed up

the model formation phase, increase the temporal resolution of the position monitoring (10’s

of ms) and could be implemented using standard MRI sequences. An initial experimental

test of this approach is described below in Chapter 8.
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Chapter 8

Free Running EPI

8.1 Introduction

The aim behind this experiment is to see if position changes can be quantified, by looking at

how the voltages induced in a set of head-mounted coils by a standard EPI sequence change

as a result of small movements. To do this, I followed the same procedure as used for the

experiments described in Chapter 7 in which pre-pulses were applied, but used the voltage

due to the EPI gradients for the analysis.

As before a set of position changes were made during the experiment and held for long

enough to characterise the EPI-induced waveforms. These position changes were split into

two periods; a model-forming period and an experimental period. During the initial model-

forming period, position changes along the principal axes (z-translation, x- and z-rotations)

were made sequentially. During the experimental period a set of random, mixed axial move-

ments were made. Provided that the voltages induced by the standard EPI sequence scale
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Model Forming Period

Initial Z-translation Head-Shake Head-Nod Start

Experimental Period

Move (1) Move (2) Move (3) Move (4) Move (5)

Table 8.1: Model and experiment for free running EPI.

linearly with respect to position changes, the following relation holds:

V 1[1] − V 0[1]

V 1[2] − V 0[2]

............

V 1[N − 1] − V 0[N − 1]

V 1[N ] − V 0[N ]



=



dV [1]/dz dV [1]/dθ dV [1]/dψ

dV [2]/dz dV [2]/dθ dV [2]/dψ

...... ...... ......

dV [N − 1]/dz dV [N − 1]/dθ dV [N − 1]/dψ

dV [N ]/dz dV [N ]/dθ dV [N ]/dψ



.



z1 − z0

θ1 − θ0

ψ1 − ψ0


,

(8.1)

where V 1[n] is the EPI induced waveform at head position 1 and sample time point n, where

n = 1, 2, 3.....N . The length of the vector (N) spans a single slice acquisition period of

the EPI sequence. The differentials represent the change in the EPI-induced voltage with

respect to the various position changes z (z-translation), θ (rotation about the x-axis) and ψ

(rotation about the z-axis). By taking the difference in average waveform recorded between

initial and z-translation periods and dividing by the average position change estimated by

the SPM movement parameters, dV [n]/dz can be estimated. The other differentials can also

be estimated in a similar way using the rest of the data recorded during the model forming

period. By taking the pseudo-inverse of the design matrix (formed by the differentials) and

multiplying it by the difference in waveforms between the initial position and a new position,
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Figure 8.1: Experimental arrangement to recorded voltages on a spherical head phantom (a)
and on a healthy volunteer (b) on five coils during experiment of a multi-slice EPI sequence.

the change in position can then be estimated.

8.2 Method and Materials

Recordings were made on a spherical head phantom (Fig. 8.1(a)) and on a healthy human

volunteer (Fig. 8.1(b)). EEG data was acquired on a Philips Achieva 3T MR scanner for

the phantom and for the healthy human subject. This was done by using a 16-channel

bipolar amplifier, Brain Vision Recorder software (Brain Products GmbH), an EEG-like cap

(swimming cap) carrying five arbitrary-shaped coils having two turns in each. Data were

recorded with a 5 kHz sampling rate and a band-pass filter with a lower cut-off frequency

0.016 Hz and a higher cut off frequency of 250 Hz. Synchronisation of the MRI and EEG

clocks was achieved by using the SyncBox (Brain Product GmbH). Multi-slice EPI data were

recorded during the experiment. The whole Q-body coil was used for RF excitation with a

flip angle of 80◦. A standard EPI sequence was used to acquire 10 slices, 40 volumes of EPI

data having TE = 35 ms and TR = 4 s. A portion of sequence recorded from the coils is

shown in Fig. 8.2. In the experiments on the phantom, the matrix size was (192 × 192 ×
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Figure 8.2: Voltage recorded on five coils during execution of a multi-slice EPI sequence.
The R128 marker indicates the start of each slice acquisition.
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30) mm3 with a resolution of (3 × 3 × 3) mm3. Dynamic stabilization was switched off for

both cases (phantom and subject).

In the experiment on the human subject 150 volumes of EPI data with TE = 40 ms,

number of slices NSL=25 and TR = 2 s were recorded. In this case the matrix size was (240

× 240 × 75) with a resolution of (3 × 3 × 3) mm3 resolution.

Each recording had two stages, comprising a model-forming period and an experimental

period. During the model-forming period subjects were visually cued to make a small change

in position of the head for three different types of movement (z -rotation, x -rotation and z -

translation) before returning to the initial position. Each position was held for 10 TR-periods

(40 s), giving 400 slices of voltage data for each position. During the experimental period,

subjects were visually cued to make small, head movements to simulate the typical position

changes that might occur during an EEG-fMRI experiment. Subjects were instructed to

make small positional changes along a single axis for a recording, and subsequently in any

direction for another recording. During each experimental data recording, the 3 positional

changes were made 40 s apart so as not to be separated in time by a multiple of the TR-

period. The MR images were co-registered using SPM8 to estimate the size and direction of

the movements made by the subjects. To form templates of the change in induced voltage

with respect to the different types of change in position, each set of 150 volumes were averaged

together. These average waveforms were then subtracted from each other for each type of

movement to form a set of difference models for each coil.

A similar experimental protocol was used for the experiments on the phantom. In both

cases movements are estimated by inverting Eq. 8.1 having established the voltage changes

that were produced by particular movements.

8.2.1 Free Running EPI Model

The change in the induced voltage with respect to movements was modelled from data

acquired during the model-forming period. Models of the induced voltage changes with
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Figure 8.3: Voltage changes produced by z-translation, head-noding (pitch) and head-shaking
(yaw) when free running EPI is applied. Voltage changes are shown for a two slice acquisitions
corresponding to voltages shown in Fig. 8.2.

respect to three movement parameters were generated from data acquired in the model-

formation period of the free running EPI. For example, models for the 5 coils and three

specific movements are shown in Fig. 8.3. In the experimental period data are acquired for

three mixed movements head-nod (pitch), head-shake (yaw) and axial translation. Three

particular movement parameters are obtained from matrix inversion and by using these

movement parameters a fitted waveform is formed. Fits to the voltages recorded in the five

coils following head movements are shown in Fig. 8.4. Here, the voltage changes induced in

the individual coil are fitted rather than the absolute artefact voltages.
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Figure 8.4: A portion of the three EPI model waveforms (voltage waveforms) and the voltage
changes induced in the individual coil are fitted. Model waveform is formed from the changes
in induced voltage in the coils and fitted waveform are obtained by using model.
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8.3 Results

8.3.1 Phantom

Two sets movement parameters are obtained, one from image realignment carried out using

SPM8 and another from wave function fittings by using the change in induced voltage in the

coils. Each recording has two stages, a model-forming period and an experimental period. In

all experiments subjects were visually cued to make small changes in the position of the head

for each type of movement (x-rotation, z-rotation and z-translation) before returning to the

initial positions. In one experiment phantom cued movements made during the experimental

period (CMEP), whereas free movements were executed in the experimental period (FMEP)

in a second experiment.

Data shown in Fig. 8.5 are estimated by using SPM8 and by measuring induced voltages

in the coils due to the movement during execution of the x-, y- and z-gradients. In this case

cued movements are executed in the experimental period. A comparison between two sets of

movement parameters is also shown in Fig. 8.5. Fig. 8.5 also shows comparison between the

two sets of data only for the x-, y- and z-translations and also for the x-, y- and z-rotations.

But there is also x-, y-translations and y-rotation. In addition, there is a correlation among

the movement parameters. There is quite good agreement with the movement parameters

obtained from image realignment.

Data shown in Fig. 8.6 are estimated by using SPM8 and coils during free movement

in the experimental period. A comparison between two the sets of movement parameters is

also shown in Fig. 8.6

8.3.2 Subject

The coils are mounted on a swimming cap and the cap mounted onto the head of a healthy

subject. In one experiment the subject was asked to perform cued movement in the model-

forming period as well as in the experimental period, whereas in another experiment, the
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Figure 8.5: Data obtained from phantom scan. Estimated position and orientation change
by using SPM8 and by fitting to the coil voltages during cued movement in the experimental
period.
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Figure 8.6: Data obtained from the phantom scan. Estimated position and orientation
change by using SPM8 and by fitting the voltages induced in the coils during free movement
in the experimental period.
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Figure 8.7: Data obtained from the subject scan. Estimated position and orientation change
by using SPM8 and by fitting the voltages induced in the coils during cued movement in the
experimental period.

subject performed cued movement in the model-forming period and free movement in the

experimental period. The movement parameters were estimated for both of the models by

using SPM8 and by analysing the induced voltages in the coils.

Fig. 8.7 shows estimated parameters due to cued movement in the experimental period,

while Fig. 8.8 shows estimated parameters due to free movement in the experimental period.

The subjects movements were small during the cued movement in the experimental period

and also during the free movement in the experimental period. The net displacement from the

initial position was no larger than -15 mm and -15◦ across all their recordings. A comparison

of the data sets acquired during small, complex movements with those measured from SPM8

in Figs. 8.7 and 8.8 respectively. The performance for both methods is overall better for

smaller subject movements.
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Figure 8.8: Data obtained from subject scan. Estimated position and orientation change by
using SPM8 and the coils during free movement in the experimental period.
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8.4 Discussions

In this study, the EPI waveform was used to estimate movement parameters for a spherical

head phantom and a healthy subject moving inside an MR scanner, as shown in Figs. 8.5-8.8.

For simplification, it was assumed that the most likely head movements could be described

by a basis set comprising rotations about the x- and z-axes as well as translation along the

z-direction. This assumption appears to have worked well. Additional movements could

easily be added to the model-forming period to capture the effects of other types of head

movement.

The data was acquired using the Brain Products Sync Box to synchronize the MR scanner

and EEG clocks and the slice TR was selected to be an integer multiple of the sampling

period. This ensured that the artefact waveforms were sampled at the same times over all

slices. It is important for the proposed approach that the sampling of the induced voltages

is consistent across slice acquisations [129]. This means that the data for forming the models

needs to be acquired during the same run as the experimental data. This ensures that

the sampling points of the models align perfectly with the sampling points of the induced

voltages across all slice acquisitions.
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Chapter 9

Conclusion

9.1 Summary

The objectives of my research work are briefly discussed in Chapter 1 and Chapter 2 is

devoted to an overview of subject motion in MRI. Chapter 3 is dedicated to describing

theories needed to calculate the induced voltage in a coil or a system of coils during execution

of time-varying magnetic field gradients. A dipole concept is established to represent a coil

having a location vector and a sensitivity vector. The validity of the dipole concept is checked

for a wide range of geometrical shapes of a coil. It is worth noting that the dipole concept

is not valid when a coil has highly irregular geometrical shape.

In Chapter 4 we developed software to calculate the change in induced voltage in the

coils due to movement, whether the coils are in a plane or distributed in a space. Software

is developed to track motion of a rigid body inside an MR scanner. One can estimate the

position and orientation of the coils from the calculated voltage by using the developed

software. It offers very high spatial resolution and is compatible with the MR system. The

software is relatively simple and straightforward.

Chapter 5 is dedicated to developing a linear model by measuring the change in induced

voltage in the coils with respect to position change. Translation and rotation are calibrated
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by using the change in induced voltage in the coils due to sequential translations and rotations

of a coil or a system of coils.

In Chapter 6 induced voltages and images are simultaneously recorded. A linear model to

estimate the movement parameters from the induced voltages is established. Here analysing

MRI data by using SPM8 we estimate the movement parameters and compare these to the

movement estimated from the induced voltages.

Optimization of the EPI pre-pulse has been done in chapter 7. There are six movement

parameters in a rigid body motion. In Chapter 7 Multivariate Analysis (MVA) is introduced

to estimate the movement parameters by reducing the dimension of the parameters.

The movement parameters are estimated in Chapter 8 through investigation of the voltage

due to the standard EPI sequence. In this chapter data are acquired both for the spherical

head phantom and healthy subjects.

The challenges in movement monitoring via measurement of the changes in induced

voltage in the head mounted coils are as follows:

� Induced voltages are sensitive to air flow, patient bed vibration, the geometry of the

coils, and connecting wires.

� Head movement could happen without any movement of the coils or coils could move

without head movement, so mounting coils properly onto the head is a vital issue.

� Image movement along the phase encoding direction during EPI time series acquisition

as a result of the heating of the passive shims and consequent frequency shifts.

� Any unwanted distortion in the wave function may affect linearity.

� Signal clipping could happen in EPI pulse sequence during free running EPI.

There is no unique motion correction technique that can solve all sorts of motion problem

in MRI. Obviously, there are some powerful techniques for particular situations. All these

have some advantages and disadvantages. For example: optical tracking is accurate and
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fast but costly, and requires line of sight access. On the other hand, navigators are fast,

but requires image sequence modification; whereas image based tracking is accurate, but

slow. There are some other techniques for specific problems. Moreover, it is expected that

developing sophisticated techniques for specific problems will be what ultimately solves the

motion artefacts in MRI, rather than a single technique that solves all problems.

Measurement of EMF induced in head mounted coils by time-varying gradients is fast

and sequence modification is not necessarily required. This technique has now been tested

for head movements by using EPI pre-pulses and EPI sequence.

9.2 Future Work

The next steps would involve carrying out prospective and retrospective motion correction

using the proposed methods. Prospective motion correction will be implemented by passing

six rigid-body motion parameters(degrees of freedom) to the scanner. The rest of the plans

are itemized below:

� To compare and combine this method to other prospective motion correction specially

with optical tracking (KinetiCor).

� It would be interesting to check our model in a higher magnetic field i.e. in 7T.

� Used neural network to localize the position and orientation of the coils by taking

account of a wide range of movements (larger or shorter).
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Appendix A

Mathematical Calculations in

Details

A.1 Rotation about the x-axis

After rotational transformation the change in induced voltage due to the application of the

x-, y- and z-gradients can be calculated in the following way:

δVx = −Vxat + V = Ḃxat.Sxat − Ḃ.S = [gx(z′c− y′s+ z0) − 1

2
gzx]Sx

+[gy(z′c− y′s+ z0) − 1

2
gz(y

′c+ z′s+ y0)](Syc+ Szs)

+[gxx+ gy(y′c+ z′s+ y0) + gz(z
′c− y′sz0 + z0)](Szc− Sys)

−[gx(z′ + z0) − 1

2
gzx]Sx − [gy(z′ + z0) − 1

2
gz(y

′ + y0)]Sy

−[gxx+ gy(y′ + y0) + gz(z
′ + z0)]Sz

= gx[z′Sxc− y′Sxs+ xSzc− xSys− z′Sx − xSz]

+gy[(z′c− y′s)(Syc+ Szs) + (y′c+ z′s)(Szc− Sys) − z′Sy − y′Sz]

+gy[(z0Sy + y0Sz)(c− 1) + (z0Sz − y0Sy)s]

−1

2
gz[xSx + (y′c+ z′s)(Syc+ Szs) − xSx − y′Sy − 2(z′c− y′s)(Szc− Sys) + z′Sz]

+gz[(z0Sz +
1

2
y0Sy)(c− 1) − (

1

2
y0Sz + z0Sy)s].

(A.1)

241



To make mathematical manipulation easier, let us consider the contribution of x-gradient as

Ax which is given as follows:

Ax = gx[z′Sxc− y′Sxs+ xSzc− xSys− z′Sx − xSz]

= gx[(z′Sx + xSz)(c− 1)− (y′Sx + xSy)s].

(A.2)

By replacing c = cosφx and s = sinφx, one obtains

Ax = gx[(z′Sx + xSz)(cosφ− 1)− (y′Sx + xSy) sinφx]

= −gx[2(z′Sx + xSz) sin2 φx
2

+ (xSy + y′Sx) sinφx].

(A.3)

Similarly, the contribution of y-gradient can be denoted by Ay and be given as follows:

Ay = gy[(z
′c− y′s)(Syc+ Szs) + (y′c+ z′s)(Szc− Sys)− z′Sy − y′Sz]

+gy[(z0Sy + y0Sz)(c− 1) + (z0Sz − y0Sy)s]

= gy[z
′Syc

2 − y′Szs2 − y′Sysc+ z′Szsc+ y′Szc
2 − z′Sys2 + z′Szsc− y′Sysc− z′Sy − y′Sz]

+gy[(z0Sy + y0Sz)(c− 1) + (z0Sz − y0Sy)s]

= gy[z
′Sy(c

2 − 1) + y′Sz(c
2 − 1)− y′Szs2 − z′Sys2 + 2(z′Sz − y′Sy)sc]

+gy[(z0Sy + y0Sz)(c− 1) + (z0Sz − y0Sy)s].
(A.4)

By replacing c = cosφx and s = sinφx, one obtains

Ay = gy[−z′Sy sin2 φx − y′Sz sin2 φx − y′Sz sin2 φx − z′Sy sin2 φx + (z′Sz − y′Sy) sin(2φx)]

+gy[(z0Sy + y0Sz)(cosφx − 1) + (z0Sz − y0Sy) sinφx]

= −gy[2(z′Sy + y′Sz) sin2 φx + (y′Sy − z′Sz) sin(2φx)]

+gy[−2(z0Sy + y0Sz) sin2 φx
2

+ (z0Sz − y0Sy) sinφx].

(A.5)
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Now the contribution of z-gradient, Az are as follows:

Az = −1

2
gz[xSx + (y′c+ z′s)(Syc+ Szs)− xSx − y′Sy − 2(z′c− y′s)(Szc− Sys) + 2z′Sz]

+gz[(z0Sz +
1

2
y0Sy)(c− 1)− (

1

2
y0Sz + z0Sy)s]

= −1

2
gz[y

′Sy(c
2 − 1) + z′Szs

2 + (y′Sz + z′Sy)sc− 2z′Sz(c
2 − 1)− 2y′Sys

2 + 2(y′Sz + z′Sy)sc]

+gz[(z0Sz +
1

2
y0Sy)(c− 1)− (

1

2
y0Sz + z0Sy)s].

(A.6)

By replacing c = cosφx and s = sinφx, one obtains

Az = −1

2
gz[−y′Sy sin2 φx + z′Sz sin2 φ+

1

2
(y′Sz + z′Sy) sin(2φx)

+2z′Sz sin2 φx − 2y′Sy sin2 φx + (y′Sz + z′Sy) sin(2φx)]

+gz[(z0Sz +
1

2
y0Sy)(cosφx − 1)− (

1

2
y0Sz + z0Sy) sinφx]

=
3

2
gz[y

′Sy sin2 φx − z′Sz sin2 φx −
1

2
(y′Sz + z′Sy) sin(2φx)]

+gz[−2(z0Sz +
1

2
y0Sy) sin2 φx

2
− (

1

2
y0Sz + z0Sy) sinφx]

=
3

2
gz[(y

′Sy − z′Sz) sin2 φx −
1

2
(y′Sz + z′Sy) sin(2φx)]

+gz[−2(z0Sz +
1

2
y0Sy) sin2 φx

2
− (

1

2
y0Sz + z0Sy) sinφx].

(A.7)

By applying x-, y- and z-gradients, the change in induced voltage due to rotation about the

x-axis is-

δVx = Ax +Ay +Az

= −gx[2(z′Sx + xSz) sin2 φx
2

+ (xSy + y′Sx) sinφx]

−gy[2(z′Sy + y′Sz) sin2 φx + (y′Sy − z′Sz) sin(2φx)]

+gy[−2(z0Sy + y0Sz) sin2 φx
2

+ (z0Sz − y0Sy) sinφx]

+
3

2
gz[(y

′Sy − z′Sz) sin2 φx −
1

2
(z′Sy + y′Sz) sin(2φx)]

+gz[−2(z0Sz +
1

2
y0Sy) sin2 φx

2
− (

1

2
y0Sz + z0Sy) sinφx]

(A.8)
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The change in induced voltage in the individual coil due to a rotation by an angle, φx, about

the x-axis can be obtained by the given equations:

δV1 = −2gx(xSz) sin2 φx
2

− 2gy(y′Sz) sin2 φx + gy(z′Sz) sin(2φx) − 3

2
gz(z

′Sz) sin2 φx −
3

4
gz(y

′Sz) sin(2φx)

−2gy(y0Sz) sin2 φx
2

+ gy(z0Sz) sinφx − 2gz(z0Sz) sin2 φx
2

− 1

2
gz(y0Sz) sinφx

δV2 = −2gx(z′Sx) sin2 φx
2

+ gx(y′Sx) sinφx, δV3 = −2gx(z′Sx) sin2 φx
2

+ gx(y′Sx) sinφx

δV4 = −gx(xSy) sinφx − 2gy(z′Sy) sin2 φx + gy(y′Sy) sin(2φx) + 2gy(z0Sy) sin2 φx
2

− gy(y0Sy) sinφx

+
3

2
gz(y

′Sy) sin2 φx −
3

4
(z′Sy) sin(2φx) − 2gz(y0Sy) sin2 φx

2
− gz(z0Sy) sinφx

δV5 = −gx(xSy) sinφx − 2gy(z′Sy) sin2 φx + gy(y′Sy) sin(2φx) + 2gy(z0Sy) sin2 φx
2

− gy(y0Sy) sinφx

+
3

2
gz(y

′Sy) sin2 φx −
3

4
(z′Sy) sin(2φx) − 2gz(y0Sy) sin2 φx

2
− gz(z0Sy) sinφx.

(A.9)

For a very small rotation angle φx, i.e. φx ≤ 5◦ one can can write sinφx = φx (in radians) and

as a result the general equation for the change induced voltage in the coils due to rotation

about the x-axis by an angle, δφx reduces to

δV1 = −1

2
gx(xSz)δφ

2
x − 2gy(y′Sz)δφ

2
x + 2gy(z′Sz)δφx −

3

2
gz(z

′Sz)δφ
2
x −

3

2
gz(y

′Sz)δφx

−1

2
gy(y0Sz)δφ

2
x + gy(z0Sz)δφx −

1

2
gz(z0Sz)δφ

2
x −

1

2
gz(y0Sz)δφx

δV2 = −1

2
gx(z′Sx)δφ2

x + gx(y′Sx)δφx, δV3 = −1

2
gx(z′Sx)δφ2

x + gx(y′Sx)δφx

δV4 = −gx(xSy)δφx − 2gy(z′Sy)δφ2
x + 2gy(y′Sy)δφx +

1

2
gy(z0Sy)δφ2

x − gy(y0Sy)δφx

+
3

2
gz(y

′Sy)δφ2
x −

3

2
(z′Sy)δφx −

1

2
gz(y0Sy)δφ2

x − gz(z0Sy)δφx

δV5 = −gx(xSy)δφx − 2gy(z′Sy)δφ2
x + 2gy(y′Sy)δφx +

1

2
gy(z0Sy)δφ2

x − gy(y0Sy)δφx

+
3

2
gz(y

′Sy)δφ2
x −

3

2
(z′Sy)δφx −

1

2
gz(y0Sy)δφ2

x − gz(z0Sy)δφx.

(A.10)

The linear terms dominate in the expressions for the change in induced voltages in the coils.

So one can exclude the non-linear terms

δV1 = 2gy(z′Sz)δφx −
3

2
gz(y

′Sz)δφx + gy(z0Sz)δφx −
1

2
gz(y0Sz)δφx

δV2 = gx(y′Sx)δφx, δV3 = gx(y′Sx)δφx

δV4 = −gx(xSy)δφx + 2gy(y′Sy)δφx − gy(y0Sy)δφx −
3

2
(z′Sy)δφx − gz(z0Sy)δφx

δV5 = −gx(xSy)δφx + 2gy(y′Sy)δφx − gy(y0Sy)δφx −
3

2
(z′Sy)δφx − gz(z0Sy)δφx.

(A.11)

Let us again consider Fig. 3.2, a system of five coils in which the centres lie on the x, y

and z-axis and the axes of the coils are the x-, y- and z-axes, one can calculate the change
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in induced voltage in each coil due to the rotation about x-axis by taking only the terms

xSx, ySy, zSz. The change in induced voltage in the five coils are given by a general equation:

δVx = −gy(y′Sy − z′Sz) sin(2φx) +
3

2
gz(y

′Sy − z′Sz) sin2 φx

−gy(z0Sz − y0Sy) sinφx − 2gz(z0Sz +
1

2
y0Sy) sin2 φx

2
.

(A.12)

The change in induced voltage in the individual coil due to a rotation by an angle, φx, about

the x-axis can be obtained by the given equations:

δV1 = gy(z
′Sz) sin(2φx)− 3

2
gz(z

′Sz) sin2 φx − gyz0Sz sinφx − 2gzz0Sz sin2 φx
2

δV2 = 0 δV3 = 0

δV4 = −gy(y′Sy) sin(2φx)− 3

2
gz(y

′Sy) sin2 φx − gyy0Sy) sinφx − gzy0Sy) sin2 φx
2

δV5 = −gy(y′Sy) sin(2φx)− 3

2
gz(y

′Sy) sin2 φx − gyy0Sy) sinφx − gzy0Sy) sin2 φx
2
.

(A.13)

For a very small rotation angle φx, i.e. φx ≤ 5◦ one can write sinφx = φx and as a result the

general equation for the change induced voltage due to the rotation about the x-axis reduces

to

δVx = −2gy(y
′Sy − z′Sz)δφx +

3

2
gz(y

′Sy − z′Sz)δφ2x

−gy(z0Sz − y0Sy)δφx + gz[−2(z0Sz +
1

2
y0Sy)δφ

2
x.

(A.14)

In case of a very small rotation angle the change in induced voltage in the five coils are then

given as follows:

δV1 = 2gy(z
′Sz)δφx −

3

2
gz(z

′Sz)δφ
2
x − gy(z0Sz)δφx − 2gz(z0Sz)δφ

2
x

δV2 = 0 δV3 = 0

δV4 = −2gy(y
′Sy)δφx −

3

2
gz(y

′Sy)δφ
2
x − gy(y0Sy)δφx − gz(y0Sy)δφ2x

δV5 = −2gy(y
′Sy)δφx −

3

2
gz(y

′Sy)δφ
2
x − gy(y0Sy)δφx − gz(y0Sy)δφ2x.

(A.15)
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A.1.1 Rotation about the y-axis

After the rotation about the y-axis the induced voltages are denoted by Vyat can be obtain

by the following equation:

−Vyat = Byat.Syat = [gx(x′s+ z′c+ z0)−
1

2
gz(x

′c− z′s+ x0)](Sxc− Szs)

+[gy(x
′ + z′c+ z0)−

1

2
gzy]Sy

+[gx(x′c− z′s+ x0) + gyy + gz(x
′s+ z′c+ z0)](Sxs+ Szc)

= [gx(x′s+ z′c)(Sxc− Szs) + gx(x′c− z′s)(Sxs+ Szc)]

+gxz0(Sxc− Szs) + gxx0(Sxs− Szc)

+[gy(x
′s+ z′c)Sy + gyy(Sxs+ Szc)

−1

2
gz[(x

′c− z′s)(Sxc− Szs) + ySy + gz(x
′s+ z′c)(Sxs+ Szc)]

+gzz0(Sxs+ Szc)−
1

2
gzx0(Sxc− Szs).

(A.16)

The change in induced voltage due to rotation about the y-axis is then given as follows:

δVy = −Vyat + V = Ḃyat.Syat − Ḃ.S

= gx(x′Sxsc+ z′Sxc
2 − x′Szs2 − z′Szsc

+x′Sxcs− z′Sxs2 + x′Szc
2 − z′Szcs− z′Sx − x′Sz)

+gx(z0Sxc− z0Szs+ x0Sxs− x0Szc− z0Sx − x0Sz)

+gy(x
′Sys+ z′Syc+ ySxs+ ySzc− z′Sy − ySz)

+
1

2
gz(−x′Sxc2 + z′Sxsc+ x′Szsc− z′Szs2

−ySy + 2x′Sxs
2 + 2z′Sxsc+ 2x′Szsc

+2z′Szc
2 + x′Sx + ySy − z′Sz)

+
1

2
gz(2z0Sxs+ 2z0Szc− x0Sxc+ x0Szs)− 2gzz0Sz − x0Sx).

(A.17)
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Again for simple mathematical manipulation, let us consider the contribution of x-gradient:

Bx = gx(x′Sxsc+ z′Sxc
2 − x′Szs2 − z′Szsc

+x′Sxcs− z′Sxs2 + x′Szc
2 − z′Szcs− z′Sx − x′Sz)

+gxz0(Sxc− Szs) + gxx0(Sxs+ Szc)− gxz0Sx − gxx0Sz

= gx[2(x′Sx − z′SzSz)sc+ (z′Sx + z′Sz)(c
2 − 1)

−(x′Sz + z′Sx)s2]

+gx[(z0Sx + x0Sz)(c− 1) + (x0Sx − z0Sz)s].

(A.18)

By replacing c = cosφy and s = sinφy, one obtains

Bx = gx[2(x′Sx − z′SzSz) sinφy cosφy + (z′Sx + z′Sz)(cos2 φy − 1)

−(x′Sz + z′Sx) sin2 φy]

+gx[(z0Sx + x0Sz)(cosφy − 1) + (x0Sx − z0Sz) sinφy]

= gx[(xSx − zSz) sin(2φy)− 2(zSx + xSz) sin2 φy]

−gx[−2(z0Sx + x0Sz) sin2 φy
2

+ (x0Sx − z0Sz) sinφy].

(A.19)

Similarly, the contribution of y-gradient:

By = +gy(x
′Sys+ z′Syc+ ySxs+ ySzc− z′Sy − ySz)

= gy[x
′Sys+ ySxs+ z′Sy(c− 1) + ySz(c− 1)]

= gy[(x
′Sy + ySx) sinφy − 2(z′Sy + ySz) sin2 φy

2
].

(A.20)

Now, the contribution of z-gradient:

Bz = +
1

2
gz(−x′Sxc2 + z′Sxsc+ x′Szsc− z′Szs2

−ySy + 2x′Sxs
2 + 2z′Sxsc+ 2x′Szsc

+2z′Szc
2 + x′Sx + ySy − z′Sz)

+gzz0(Sxs+ Szc)−
1

2
(Sxc− Szs)− gzz0Sz +

1

2
gzx0Sx.

(A.21)
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By replacing c = cosφy and s = sinφy, one obtain

Bz =
1

2
gz[−x′Sx(c2 − 1) + 3z′Sxsc

+3x′Szsc+ 2z′Sz(c
2 − 1)− z′Szs2 + 2x′Sxs

2]

+gz[(z0Sz −
1

2
x0Sx)(c− 1) + (z0Sx +

1

2
x0Sx)s]

=
3

2
gz[x

′Sx sin2 φy +
1

2
(z′Sx + x′Sz) sin(2φy)− z′Sz sin2 φy]

+gz(z0Sx +
1

2
x0Sx) sinφy − 2(z0Sz −

1

2
x0Sx) sin2 φy

2

=
3

2
gz[(x

′Sx − z′Sz) sin2 φy +
1

2
(z′Sx + x′Sz) sin(2φy)]

+gz[(z0Sx +
1

2
x0Sz) sinφy − 2(z0Sz −

1

2
x0Sx) sin2 φy

2
].

(A.22)

Now the change in induced voltage due to rotation about the y-axis because of the application

of the x-, y- and z-gradients becomes:

δVy = Bx +By +Bz

= gx[(x′Sx − z′Sz) sin(2φy)− 2(z′Sx + x′Sz) sin2 φy]

−gx[−2(z0Sx + x0Sz) sin2 φy
2

+ (x0Sx − z0Sz) sinφy]

+gy[(x
′Sy + ySx) sinφy − 2(z′Sy + ySz) sin2 φy

2
]

+
3

2
gz[

1

2
(z′Sx + xSz) sin(2φy) + (xSx − z′Sz) sin2 φy]

+gz[(z0Sx +
1

2
x0Sz) sinφy − 2(z0Sz −

1

2
x0Sx) sin2 φy

2
].

(A.23)
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The change in induced voltage in the individual coil due to a rotation by an angle, φy, about

the y-axis can be obtained by the given equations:

δV1 = −gx(z′Sz) sin(2φy) − 2gx(x′Sz) sin2 φy + 2gx(x0Sz) sin2 φy
2

+ gx(z0Sz) sinφy − 2gy(ySz) sin2 φy
2

+
3

2
gz(xSz) sin(2φy) − 3

2
gz(z

′Sz) sin2 φy +
1

2
gz(x0Sz) sinφy − 2gz(z0Sz) sin2 φy

2

δV2 = gx(x′Sx) sin(2φy) − 2gx(z′Sx) sin2 φy − 2gx(z0Sx) sin2 φy
2

+ gx(x0Sx) sinφy + gy(ySx) sinφy

+
3

4
gz(z

′Sx) sin(2φy) +
3

2
(xSx) sin2 φy + gz(z0Sx) sinφy + gz(x0Sx) sin2 φy

2

δV3 = gx(x′Sx) sin(2φy) − 2gx(z′Sx) sin2 φy − 2gx(z0Sx) sin2 φy
2

+ gx(x0Sx) sinφy + gy(ySx) sinφy

+
3

4
gz(z

′Sx) sin(2φy) +
3

2
(xSx) sin2 φy + gz(z0Sx) sinφy + gz(x0Sx) sin2 φy

2

δV4 = gy(x′Sy) sinφy − 2gy(z′Sy) sin2 φy
2
, δV5 = gy(x′Sy) sinφy − 2gy(z′Sy) sin2 φy

2
.

(A.24)

For a very small rotation angle φy, i.e. φy ≤ 5◦ one can write sinφy = φy (in radians); as

a result the general equation for the change induced voltage in the coils due to the rotation

about y-axis by angle δφy reduces to

δV1 = −2gx(z′Sz)δφy − 2gx(x′Sz)δφ
2
y +

1

2
gx(x0Sz)δφ

2
y + gx(z0Sz)δφy −

1

2
gy(ySz)δφ

2
y

+
3

4
gz(xSz)δφy −

3

2
gz(z

′Sz)δφ
2
y +

1

2
gz(x0Sz)δφy −

1

2
gz(z0Sz)δφ

2
y

δV2 = 2gx(x′Sx)δφy − 2gx(z′Sx)δφ2
y −

1

2
gx(z0Sx)δφ2

y + gx(x0Sx)δφy + gy(ySx)δφy

+
3

2
gz(z

′Sx)δφy +
3

2
(xSx)δφ2

y + gz(z0Sx)δφy +
1

4
gz(x0Sx)δφ2

y

δV3 = 2gx(x′Sx)δφy − 2gx(z′Sx)δφ2
y −

1

2
gx(z0Sx)δφ2

y + gx(x0Sx)δφy + gy(ySx)δφy

+
3

2
gz(z

′Sx)δφy +
3

2
(xSx)δφ2

y + gz(z0Sx)δφy +
1

4
gz(x0Sx)δφ2

y

δV4 = gy(x′Sy)δφy −
1

2
gy(z′Sy)δφ2

y, δV5 = gy(x′Sy)δφy −
1

2
gy(z′Sy)δφ2

y.

(A.25)

The linear terms dominate in the expressions for the change in induced voltages in the coils.

So one can exclude the non-linear terms,

δV1 = −2gx(z′Sz)δφy + gx(z0Sz)δφy +
3

4
gz(xSz)δφy +

1

2
gz(x0Sz)δφy

δV2 = 2gx(x′Sx)δφy + gx(x0Sx)δφy + gy(ySx)δφy +
3

2
gz(z

′Sx)δφy + gz(z0Sx)δφy

δV3 = 2gx(x′Sx)δφy + gx(x0Sx)δφy + gy(ySx)δφy +
3

2
gz(z

′Sx)δφy + gz(z0Sx)δφy

δV4 = gy(x′Sy)δφy, δV5 = gy(x′Sy)δφy.

(A.26)

For the same position and orientation of the five coils shown in Fig. 3.2, one can calculate

the change in induced voltage in each coil due to the rotation about the y-axis by angle, φ,
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by taking only the terms xSx, ySy, and zSz. The change in induced voltage in the five coils

are given by the general equation:

δVy = gx(x′Sx − z′Sz) sin(2φy) +
3

2
gz(x

′Sx − z′Sz) sin2 φy

−gx(x0Sx − z0Sz) sinφy − 2gz(z0Sz −
1

2
x0Sx) sin2 φy

2
.

(A.27)

The change in induced voltage in the individual coil due to rotation about y-axis can then

be obtained by the given equations:

δV1 = gx(z′Sz) sin(2φy)−
3

2
gz(z

′Sz) sin2 φy + gx(z0Sz) sinφy − 2gz(z0Sz) sin2 φy
2

δV2 = gx(x′Sx) sin(2φy) +
3

2
gz(x

′Sx) sin2 φy − gx(x0Sx) sinφy + gz(x0Sx) sin2 φy
2

δV3 = gx(x′Sx) sin(2φy) +
3

2
gz(x

′Sx) sin2 φy − gx(x0Sx) sinφy + gz(x0Sx) sin2 φy
2

δV4 = 0 δV5 = 0.

For a very small rotation angle φy, i.e. φy ≤ 5◦ one can write sinφy = φy; as a result the

general equation for the change induced voltage due to the rotation about y-axis by angle

δφy reduces to

δVy = gx(x′Sx − z′Sz)δφy +
3

2
gz(x

′Sx − z′Sz)δφ2y

−gx(x0Sx − z0Sz)δφy − 2gz(z0Sz −
1

2
x0Sx)δφ2y.

(A.28)

In the case rotation about the y-axis and a very small rotation angle, the change in the

induced voltage in the five coils are consequently given as follows:

δV1 = 2gx(z′Sz)δφy −
3

2
gz(z

′Sz)δφ
2
y + gx(z0Sz)δφy − 2gz(z0Sz)δφ

2
y

δV2 = 2gx(x′Sx)δφy +
3

2
gz(x

′Sx)δφ2y − gx(x0Sx)δφy + gz(x0Sx)δφ2y

δV3 = 2gx(x′Sx)δφy +
3

2
gz(x

′Sx)δφ2y − gx(x0Sx)δφy + gz(x0Sx)δφ2y

δV4 = 0 δV5 = 0.

(A.29)
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A.1.2 Rotation about the z-axis

The voltage induced in the coil after the rotation about the z-axis can be denoted by Vzat

are given by the following equation:

−Vzat = Bzat.Szat = [gxz −
1

2
gz(x

′c+ y′s+ x0)](Sxc+ Sys)

+[gyz −
1

2
gz(−x′s+ y′c+ y0)](Syc− Sxs)

+[gx(x′c+ y′s+ x0) + gy(−x′s+ y′c+ y0) + gzz]Sz

= gx[z(Sxc+ Sys) + Sz(x
′c+ y′s)] + gxx0Sz

+gy[z(Syc− Sxs) + Sz(−x′s+ y′c)] + gyy0Sz

+
1

2
gz[−(x′c+ y′s)(Sxc+ Sys)− (−x′s+ y′c)(Syc− Sxs) + 2zSz]

−1

2
gz[x0(Sxc+ Sys) + y0(Syc− Sxs)],

(A.30)

where φ is the rotational angle. The change in induced voltage in the coil due to rotation

about the z-axis can be represented by the equation-

δVz = −Vzat + V = Ḃzat.Szat − Ḃ.S

= gx[z(Sxc+ Sys) + Sz(x
′c+ y′s)− zSx − x′Sz]

+gy[z(Syc− Sxs) + Sz(−x′s+ y′c)− zSy − y′Sz]

+
1

2
gz[−(x′c+ y′s)(Sxc+ Sys)− (−x′s+ y′s)

(Syc− Sxs) + 2zSz + x′Sx + y′Sy − 2zSz]

−1

2
gz[x0(Sxc+ Sys)− x0Sx + y0(Syc− Sxs)− y0Sy].

(A.31)

To make calculation as simple as possible, let us consider the contribution of x-gradient:

Cx = gx[z(Sxc+ Sys) + Sz(x
′c+ y′s)− zSx − x′Sz]

= gx(zSxc+ zSys+ x′Szc+ y′Szs− zSx − x′Sz)

= gx[zSx(c− 1) + x′Sz(c− 1) + (zSy + y′Sz)s].

(A.32)
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By replacing c = cosφ and s = sinφ, one obtain

Cx = gx[zSx(cosφz − 1) + x′Sz(cosφz − 1) + (zSy + y′Sz) sinφz]

= gx[−2zSx sin2 φz
2
− 2xSz sin2 φz

2
+ (zSy + ySz) sinφz]

= gx[−2(zSx + x′Sz) sin2 φz
2

+ (zSy + y′Sz) sinφz)].

(A.33)

Similarly, the contribution of y-gradient:

Cy = gy[z(Syc− Sxs) + Sz(−x′s+ y′c)− zSy − y′Sz]

= gy[zSyc− zSys− x′Szs+ y′Szc− zSy − y′Sz]

= gy[zSy(c− 1) + y′Sz(c− 1)− (zSx + x′Sz)s].

(A.34)

By replacing c = cosφz and s = sinφz, one obtain

Cy = gy[zSy(cosφz − 1)ySz(cosφz − 1)− (zSx + xSz) sinφz]

= gy[−2(zSy + ySz) sin2 φz
2
− (zSx + xSz) sinφz].

(A.35)

Now the contribution of z-gradient:

Cz =
1

2
gz[−(x′c+ y′s)(Sxc+ Sys)

−(−x′s+ y′c)(Syc− Sxs) + x′Sx + y′Sy]

−1

2
gz[x0(Sxc+ Sys)− x0Sx + y0(Syc− Sxs)− y0Sy]

=
1

2
gz[−x′Sxc2 − y′Sxcs− x′Sysc− y′Sys2 + x′Sysc− y′Syc2 − x′Sxs2

+y′Sxsc+ x′Sx + y′Sy]

−1

2
gz[(x0Sx + y0Sy)(c− 1) + (x0Sy − y0Sx)s]

=
1

2
gz[−x′Sx(c2 + s2)− y′Sy(c2 + s2) + x′Sx + y′Sy]

−1

2
gz[(x0Sx + y0Sy)(c− 1) + (x0Sy − y0Sx)s].

(A.36)
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By replacing c = cosφz and s = sinφz, one obtain

Cz =
1

2
gz[−x′Sx(cos2 φz + sin2 φz)− y′Sy(cos2 φz + sin2 φz) + x′Sx + y′Sy]

−1

2
gz[(x0Sx + y0Sy)(cosφz − 1) + (x0Sy − y0Sx) sinφz]

=
1

2
gz[−x′Sx(cos2 φz + sin2 φz)− y′Sy(cos2 φz + sin2 φz) + x′Sx + y′Sy]

+gz(x0Sx + y0Sy) sin2 φz −
1

2
gz(x0Sy − y0Sx) sinφz)

Cz = +gz(x0Sx + y0Sy) sin2 φz −
1

2
gz(x0Sy − y0Sx) sinφz).

(A.37)

The change in induced voltage due to the rotation about the z-axis is as follows:

δVz = Cx + Cy + Cz

= −gx[−(z′Sy + y′Sz) sinφz + 2(z′Sx + xSz) sin2 φz
2

]

−gy[(z′Sx + x′Sz) sinφz + 2(z′Sy + y′Sz) sin2 φz
2

]

+gz(x0Sx + y0Sy) sin2 φz −
1

2
gz(x0Sy − y0Sx) sinφz.

(A.38)

The change in induced voltage in the individual coil due to a rotation by an angle, φz, about

the z-axis can be obtained by the given equations:

δV1 = +gx(y′Sz) sinφz + 2gx(xSz) sin2 φz
2
− gy(x′Sz) sinφz + 2gy(y

′Sz) sin2 φz
2

δV2 = −2gx(z′Sx) sin2 φz
2
− gy(z′Sx) sinφz + gz(x0Sx) sin2 φz +

1

2
gz(y0Sx) sinφz

δV3 = −2gx(z′Sx) sin2 φz
2
− gy(z′Sx) sinφz + gz(x0Sx) sin2 φz +

1

2
gz(y0Sx) sinφz

δV4 = gx(z′Sy) sinφz − 2gy(z
′Sy) sin2 φz

2
+ gz(y0Sy) sin2 φz −

1

2
gz(x0Sy) sinφz

δV5 = gx(z′Sy) sinφz − 2gy(z
′Sy) sin2 φz

2
+ gz(y0Sy) sin2 φz −

1

2
gz(x0Sy) sinφz.

(A.39)

For a very small rotation angle φz, i.e. φz ≤ 5◦ one can write sinφz = φz; as a result the

general equation for the change induced voltage in the coils due to rotation about the z-axis
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by angle δφz reduces to

δV1 = +gx(y′Sz)δφz +
1

2
gx(xSz)δφ

2
z − gy(x′Sz)δφz +

1

2
gy(y

′Sz)δφ
2
z

δV2 = −1

2
gx(z′Sx)δφ2z − gy(z′Sx)δφz + gz(x0Sx)δφ2z +

1

2
gz(y0Sx)δφz

δV3 = −1

2
gx(z′Sx)δφ2z − gy(z′Sx)δφz + gz(x0Sx)δφ2z +

1

2
gz(y0Sx)δφz

δV4 = gx(z′Sy)δφz −
1

2
gy(z

′Sy)δφ
2
z + gz(y0Sy)δφ

2
z −

1

2
gz(x0Sy)δφz

δV5 = gx(z′Sy)δφz −
1

2
gy(z

′Sy)δφ
2
z + gz(y0Sy)δφ

2
z −

1

2
gz(x0Sy)δφz.

(A.40)

The linear terms dominate in the expressions for the change in induced voltages in the coils.

So one can exclude the non-linear terms,

δV1 = +gx(y′Sz)δφz − gy(x′Sz)δφz

δV2 = −gy(z′Sx)δφz +
1

2
gz(y0Sx)δφz, δV3 = −gy(z′Sx)δφz +

1

2
gz(y0Sx)δφz

δV4 = gx(z′Sy)δφz −
1

2
gz(x0Sy)δφz, δV5 = gx(z′Sy)δφz −

1

2
gz(x0Sy)δφz.

(A.41)

In this case, in Fig. 3.2, the system of five coils one take only zSz, xSx and ySy, but there

is no such term in the above expression. So there is no change in induced voltage in any the

coils of our system due to rotation about z-axis. However, the change in induced voltage in

the coils for our defined system (deviated from the axes) due to the rotation about z-axis

are as follows:

δVz = +gz(x0Sx + y0Sy) sin2 φz −
1

2
gz(x0Sy − y0Sx) sinφz (A.42)

The change in induced voltage in the individual coil due to rotation about the z-axis can

then be obtained by the given equations:

δV1 = 0

δV2 = +gz(x0Sx) sin2 φz δV3 = +gz(x0Sx) sin2 φz

δV4 = +gz(y0Sy) sin2 φz δV5 = +gz(y0Sy) sin2 φz.
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For a very small rotation angle φz, i.e. φz ≤ 5◦ one can write sinφz = φz (in radians); as a

result the general equation for the change induced voltage due to the rotation about z-axis

by angle δφz reduces to

δVz = +gz(x0Sx + y0Sy)δφ
2
z −

1

2
gz(x0Sy − y0Sx)δφz. (A.43)

In the case rotation about the z-axis and a very small rotation angle, the change in the

induced voltage in the five coils are consequently given as follows:

δV1 = 0

δV2 = +gz(x0Sx)δφ2z δV3 = +gz(x0Sx)δφ2z

δV4 = +gz(y0Sy)δφ
2
z δV5 = +gz(y0Sy)δφ

2
z.
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