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Abstract

Growing populations in combination with the effects of climate change make

the task of ensuring global food security in the future challenging. Water and

various nutrients contained in soils are essential for the growth and survival

of crop plants. Processes governing the dynamics of these substances are often

highly complex and occur at various spatial scales. Because of that, and also

due to limited possibilities for direct studies of soil processes in general, the

ability to model such processes across these scales will most likely be crucial to

address the food security challenge. Therefore, in this thesis, we model water

and nutrient uptake by plant roots at various spatial scales.

As all our models will be simulated numerically, we first test whether the soft-

ware used throughout this thesis (FEniCS) gives us reliable numerical results

(Chapter 2).

We then proceed with the central part of this thesis, where we study nutrient

uptake by root hairs using the method of homogenisation (introduced in Sec-

tion 1.4.4). In Chapter 3, we first rederive the homogenisation result from [80]

using a framework of periodic arrays of uptaking cylinders (hairs). Noticing

that this framework can also be used to model nutrient or water uptake by a

field of crops, we further study how well the homogenisation result compares

with full-geometry numerics using various continuity equations and boundary

conditions. In Chapter 4, we study the case where the radius of the root hair

is much smaller than the inter-hair distance, which eventually leads us to a

distinguished limit. In Chapter 5, we first establish that the framework from

Chapters 3 and 4 is a suitable geometry for modelling nutrient uptake by root

hairs, if the hair length is much smaller than the root radius. However, this

is rarely the case. Therefore, we then investigate the effects of root surface

curvature and hair length on the homogenised equation, and obtain a better

approximation for the case where the hair length is comparable to the root

radius.
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In the final two chapters, we introduce different complex problems relating

to uptake by plants, and show how even simple multiscale techniques can

provide us with useful insights into these problems. In Chapter 6, we show

how to upscale nitrate uptake kinetics from a single transporter level to a root

segment level, and then propose a model for nitrate uptake via low and high

affinity transporters (see Section 6.1.2). Model predictions for the time of de-

pletion, and a threshold nitrate concentration at which uptake ceases, are both

in accordance with empirical values (Section 6.3.6). Finally, we demonstrate

that under certain conditions, three-dimensional descriptions of the root sys-

tem architecture are not necessary to estimate overall water and nitrate uptake,

and that simple one-dimensional models can be used instead (Chapter 7).
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1
I N T R O D U C T I O N A N D L I T E R AT U R E R E V I E W

1.1 introduction

In the middle of the 20th century, food security problems arose as food pro-

duction could not keep pace with growing populations and also because of the

limited responsiveness of cereals to fertilisers (cereals would lodge i.e. bend/-

fall over at high fertility) [85]. Norman Borlaug and others solved this problem

by developing dwarf genotypes of rice and wheat which responded to fertilis-

ers without lodging. Even though this resulted in a large increase in grain

production (which became known as the Green Revolution), since chemical

fertilisers are getting more expensive (which mostly affects third-world farm-

ers) we still need a second Green Revolution which would increase yields at

lower fertility [85]. In other words, the most important goals of agriculture

nowadays are to increase nutrient use efficiency and simultaneously decrease

the usage of fertilizers [61].

The world’s population reached 7 billion in 2011 [149], and it is predicted to

reach 9 billion by 2050 [55]. In order to keep pace with this population change,

and correct for the current shortage of food supply, it has been suggested that

crop production must double by this time [115] (compared to 2013 production).

We face an immense food crisis - 854 million people are malnourished and 6

million children under the age of 5 die each year from hunger [85].

Progress in food security can be introduced in many ways, of which the most

direct would be increased food production in developing nations [85]. To ob-

tain this improvement, many processes involved in plant growth and develop-
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1.1 introduction

ment must be understood qualitatively and quantitatively. Acquisition of plant

nutrients (e.g. nitrate) from the soil is of particular importance. As nutrient in-

take takes place at the root surfaces below the ground, it is often not amenable

to direct measurements. Furthermore, due to the complexity of the root sys-

tems as well as of the soil, uptake processes are inherently multiscale. To give

just one example, the distance between two neighbouring root hairs - which

significantly contribute to nutrient uptake (see Section 1.2.1) - is often much

smaller than the length of the root that these hairs grow on. The former is

typically of order 10−2 cm, while the latter can be over 100 cm for many plant

species, including wheat (see [80] and [58]). For these reasons, mathematical

modelling offers a desirable alternative. This thesis presents various examples

of how to solve multiscale problems arising from plant nutrient uptake studies.

In Section 1.2, we introduce some basic knowledge about roots and soil, which

will be important for the purposes of this thesis, briefly mentioning some of

the factors influencing plant proliferation such as the presence of hormones,

fungi, and microbes. In Section 1.3, we discuss some aspects of mathematical

modelling. First, we introduce basic geometries often used for representing

roots in nutrient uptake modelling, after which we briefly discuss modelling

root growth and root system development. Then we present the basic ideas

behind conservation laws, which give us better understanding of important

concepts used in water and nutrient uptake modelling, such as the reaction-

convection-diffusion equations, Darcy’s law, and Richards’ equation. Next, we

focus on reviewing up to date modelling of water and nutrient uptake, and

we finish this section with a discussion of standard non-root boundary condi-

tions. In Section 1.4, we discuss how differential equations (such as those from

Section 1.3) can be solved using either numerical (finite difference or finite el-

ement) or asymptotic (homogenisation) methods. In Section 1.5, we review

some software tools that have been used to model water and nutrient uptake

by plants.
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1.2 roots and soil

1.2 roots and soil

1.2.1 Roots and root systems

The root systems of plants can be highly complex and irregular structures

(see Figure 1.1). Roots are cylindrically shaped below-ground organs of plants

(which taper towards their tips; for simplicity, we will neglect these effects in

this thesis) responsible primarily for the anchorage of the plant in the soil and

ensuring that the plant gets enough essential nutrients (nitrogen, phosphorus,

water etc.) from the soil, but also for many other functions [143]. When study-

ing root architecture, roots are often described by their order (as in [48]). This

simply means that roots emerging from the seed have order 0 (seminal roots),

roots emerging from zeroth-order roots have order 1 (first order lateral roots

or branches) and so on. Roots of cereal plants (wheat, barley, maize or rice are

among the most important representatives of this group for agricultural pur-

poses) usually have three or four orders of branches [122]. In general, water

and nutrient uptake can occur on the surface of roots of arbitrary order, and

the corresponding uptake rate is influenced by many factors (for readers inter-

ested in variation of nitrate uptake rates in maize root system, we recommend

[150]).

Root system architecture is crucial for a plant’s survival. For nitrogen acqui-

sition, it is advantageous for a plant to have deeper roots, as nitrate leaches

deep into the soil [50]. On the other hand, phosphate accumulates in the top

soil (approximately top 30 centimetres), and thus more shallow-angled roots

may be needed to satisfy plant’s phosphate demand [54]. Therefore, different

root traits imply different resource accessibility.

Root hairs (shown in Figure 1.2) are cylindrically-shaped lateral extensions

of epidermal (i.e. outer layer) cells that increase the surface area of the root

system, and therefore play a significant role in nutrient acquisition [30]. Evi-

dence of this role is nicely summarized in [152] - studies of soil depletion zones

(zones of low nutrient concentration) using autoradiography and studies with

hair mutants (plants without the root hairs) serve as proof.
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1.2 roots and soil

Figure 1.1.: Branching structure of a wheat root system (in centimetres), ob-

tained using X-ray imaging (see Section 1.2.1). Grown in a soil

column in Hounsfield facility at the University of Nottingham (for

a more-detailed description of how this image was obtained, see

Section 7.1).
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1.2 roots and soil

Figure 1.2.: Root hairs of four different plant species, taken from [87]. The scale

bars on the bottom right of all images represent 200 micrometres.

Average hair length is indicated above the images. Note that in

a different experiment, the average length of root hairs for certain

wheat and barley cultivars exceeded 1 millimetre (see [51]); we will

model uptake by such root hairs in Chapters 2 and 5.
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1.2 roots and soil

Imaging methods

The most heavily used tools for visualisation of root systems in soils up to

date include X-ray computed tomography (X-ray CT; see [132], [4], and Figure

1.1) and magnetic resonance imaging (MRI, see [141] or [105]). In [92], these

two tools were directly compared using pots of different sizes. While finer

details of roots were better captured using X-ray CT due to its higher spatial

resolution, in the largest pot, more roots were detected using MRI, which was

attributed to its stronger root-to-soil contrast [92]. The presence of magnetic

materials in soils often limits the applicability of MRI [94].

Recently, X-ray CT has been used for three-dimensional visualisation of soil

structure and quantification of hydraulic properties of such structure [139], as

well as for three-dimensional visualisation of root systems and quantification

of water uptake by these systems [27].

The final tools worth mentioning when discussing the imaging of root-soil in-

teractions at the root-system scale (due to their increased popularity in recent

years) are neutron radiography (two-dimensional) and neutron tomography

(three-dimensional), which were used for visualisation of root system architec-

ture and water content distribution in soil (see [18], [94] and [100]). The main

advantage of these tools (in comparison with X-ray CT) is their ability to cap-

ture small changes in water content [94].

For plants grown outside of the soil, the geometry of root hairs is often ob-

tained using microscopy imaging techniques (see [74], [87], and Figure 1.2). As

this geometry can be different for plants grown in soils and also because one

may wish to study interactions between root hairs and soil particles, it is often

desirable to visualise root hairs embedded in a soil environment. Substantial

progress in this direction was made by an imaging group led by Professor Ti-

ina Roose at The University of Southampton using synchrotron radiation X-ray

computed tomography (SRXCT), which yields images of high resolution with

significant reduction in exposure times compared to microfocus X-ray scan-

ning systems (for more details, see [71]). In recent years, this tool has also

been used to visualise water content distributions in the root-hair zone (see

[26] and [72]).
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1.2 roots and soil

Quantitative descriptions of root system architecture

Due to the mentioned complexity of some root systems, statistical methods are

often employed to give better description of a root system.

Certain root system characteristics have been extensively measured in experi-

ments and subjected to statistical analysis. Among these, the important charac-

teristics which have been found to have a significant effect on (various) uptake

processes are root length density (total root length per unit volume of soil),

root:shoot ratio (root mass per unit shoot mass), specific root length (length

of the root divided by its dry mass), rooting depth, and elongation rate of dif-

ferent root classes (seminal root, first order lateral roots, and so on). A good

overview of how these features affect water uptake can be found in [145].

fractal analysis

Fractals are self-similar objects, which means that they contain the same shapes

on various (all) scales. A plant root system with its branches exhibits self-

similarity and therefore, fractal analysis has often been used in root system

research. While one is often familiar with the notion of a spatial dimension as

being a natural number (a line has a dimension of 1, a plane has a dimension

of 2, etc.), fractal dimension is often non-integer [143].

subcellular scales - hormonal dynamics

As in any living system, many different hormones interact in often a highly

complex manner to create root anatomy as well as to influence root architecture

by affecting root growth and branching (e.g. gravitropic response - bending

of roots in the direction of gravity). Amongst hormones that have a major

impact on root system development are auxin, gibberellin and cytokinin. [62]

presents a thorough review of both genetic and environmental determinants of

root system growth, and discusses recent developments in modelling as well.

For an interested reader, we also recommend an article [9], which reviews

mathematical models of growth at the organ (root) scale using information

upscaled from subcellular scales. We will not discuss these topics anymore in

this thesis, as our modelling will mostly be on larger scales.
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1.2 roots and soil

1.2.2 Soil

Soil affects plant proliferation in different ways. For instance, it introduces a

mechanical impedance to the growth of a plant’s root (see e.g. [70]). Most of

the definitions in this section are taken from [14].

Soil texture is defined by the proportions of particles of different sizes that a

given soil contain. The most common practice is to divide soil particles with

respect to their size into particles larger than 2 mm (referred to as gravel), sand

(diameter d is smaller than 2 mm but larger than 0.05 mm), silt (0.002 mm <

d < 0.05 mm) and clay (d < 0.002 mm). A soil containing a mixture of fine and

coarse particles is commonly referred to as loam [59].

A particular arrangement of these particles into soil aggregates is called soil

structure. Typical examples include plate-like, block-like or spheroidal soil

structure (for more details, see [14]).

Mass of a unit volume of dry soil is commonly referred to as bulk density. Pore

space is the part of the soil which is occupied by fluids (note that this is distinct

from void, which is vacant space), and porosity is defined as a quotient of the

pore space volume divided by the overall soil volume.

From soil hydrology perspective, two zones are usually present in a soil. An

unsaturated zone (in which the pores are not fully occupied by water mostly

due to plant uptake and gravity; also referred to as the zone of aeration or

the vadose zone) stretches down to a certain depth, whereas below this depth,

the soil is fully-saturated (the zone of saturation) [59]. The upper boundary of

the saturation zone is often called the water table [138]. Capillarity generally

refers to the upward motion of a fluid placed inside a thin (glass) tube due

to adhesion (attraction between the fluid and the tube material) and cohesion

(attraction between the water molecules themselves) [14]. As the zone of satu-

ration is located below the unsaturated zone, capillary rise often takes place in

soils (with the soil pores playing the role of the thin tube).

Water retention refers to the strength with which water is held within soil

pores, and it depends on the amount of water present, the size and the shape

of the pore. As a result, soil water-holding capacity is a function of porosity

8



1.2 roots and soil

and the pore size distribution [143]. In this way, soil texture strongly affects

water mobility (as well as mobility of various nutrients dissolved in the water),

and thus influences plant nutrient availability. We will discuss soil water dy-

namics in more detail in Section 1.3.3.

Let us note that for experimental purposes, plants are often grown in solution

culture, i.e. in nutrient solutions with no soil (often referred to as hydroponics;

see [14]).

1.2.3 Plant uptake

Plants need water and many nutrients in order to grow and reproduce [119].

Transpiration and water uptake

Plants need carbon dioxide from the atmosphere for photosynthesis in their

leaves. To obtain the carbon dioxide, leaf stomata (pores used to control ex-

change of gases) must be open which means that the leaf loses its water vapour.

The evaporation creates negative water pressure, which is transmitted through

the above-ground plant organs down to its roots, and this drives water flux

from the surrounding soil [143]. This process is called transpiration.

Maximum transpiration rate depends on atmospheric moisture [136]. Water

lost due to transpiration needs to be replaced via root uptake, and the overall

plant water demand is thus dependent on both the size (as well as arrange-

ment) of the leaf surfaces and the weather conditions [136].

In [7], the relationship between the evaporation, leaf water potential (see Sec-

tion 1.3.3) and root system water uptake was studied experimentally. Leaf wa-

ter potential responded very slightly to large changes in weather conditions,

which suggests an equality between the evaporation and the root uptake. This

balance is established via stomatal changes, which seem to happen in response

to root water status [7]. Therefore, the quotient of actual to potential (maxi-

mum) transpiration rate (when stomata are fully open) often plays a crucial

role in transpiration models [140]. If water content decreases significantly in

the root’s neighbourhood, plants can close their stomata completely, so that
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1.2 roots and soil

they preserve water.

There are multiple timescales involved in soil water extraction by plant roots -

while extraction by a single root can be in the order of minutes, changes in root

system architecture in response to localised resource patches can take months

[34].

For a more-detailed explanation of transpiration-related processes, see also

[97].

Note, that the movement of water from moist to dry soil through plant roots

is commonly referred to as hydraulic redistribution. It affects transpiration,

photosynthetic rates and the life span of roots [96]. If hydraulic redistribution

happens in an upward direction, it is often called hydraulic lift [36].

For a more-detailed treatment of various water-related processes occurring in

the soil-plant-atmosphere continuum including flow within the root system as

well as in the soil, we recommend classical articles [107] and [103].

Nutrient dynamics influencing uptake

Elements crucial for plant growth are usually divided into two groups - those

used in large amounts (> 0.1% of dry plant tissue) and those used in small

amounts (< 0.1% of dry plant tissue). Elements from the former group can be

subdivided into those obtained from air and water (carbon, hydrogen and oxy-

gen), and those obtained from soil (nitrogen, phosphorus, potassium, calcium,

magnesium and sulphur; these are often called macronutrients). Elements

from the latter group (usually referred to as micronutrients) are obtained from

soil, and include iron, zinc, and many others [14].

For nutrient uptake to occur, plant roots must encounter soil nutrients, which

can happen either via the root growing into previously unexplored soil vol-

umes (i.e. by root interception), or via movement of nutrient towards root

surfaces [14]. Influential soil scientist Stanley Arthur Barber proposed to dis-

tinguish between two main concepts by which nutrients are driven towards

root surfaces - mass flow and diffusion [10]. Mass flow is a convective trans-

port of soil solution caused by transpiration or drainage [136], while diffusion

is movement of a nutrient from areas of higher concentration to those of lower

10



1.2 roots and soil

concetration, which occurs as a consequence of random motion of nutrient

ions or molecules (often described by Brownian motion) [14].

Mass flow is often dominant in providing plant roots with some of the essen-

tial nutrients, which are easily dissolved in soil solution (nitrogen, calcium)

[11]. Diffusion is usually the primary factor for movement of poorly soluble

nutrients [11]. In the aforementioned paper, Barber also introduced a method

of determining which of these processes is likely to be dominant [10]. Briefly, if

one observes an accumulation of a nutrient close to a root surface (compared to

the surrounding medium), then the mass flow contribution is sufficient to sat-

isfy plant’s demand for the nutrient (represented here by the nutrient uptake

rate), and diffusion actually drives the nutrient away from the root surface.

However, if the nutrient is depleted close to the root surface, then diffusion

can play an important role as well. To quantify the respective contributions of

these processes, one usually estimates the mass flow contribution by measur-

ing plant transpiration and an average nutrient concentration in the medium,

and then estimates the contribution of diffusion by measuring the total nutri-

ent content of the plant (see [11]).

Some nutrients are strongly adsorbed to soil particles, which makes them

poorly mobile with the mass flow. The adsorbed nutrients can become des-

orbed and vice-versa. In most of the modelling literature (e.g. [122], [80])

however, it is assumed that these reactions reach equilibrium much faster com-

pared to the time scales of nutrient transport through soil. In such cases, con-

centration of the nutrient bound to solid soil surfaces is simply assumed to be

proportional to that of nutrient dissolved in the soil solution, and the constant

of proportionality is called soil buffer power (see [122]). In other words, highly

buffered nutrients are those strongly bound to soil particles, and the soil’s abil-

ity to resupply these nutrients from the solid fraction is high [61]. For a more

general definition as well as more detailed treatment of the soil buffer power,

see [136]. We will come back to the soil buffer power, when we discuss soil

nutrient dynamics modelling in Section 1.3.3.

A nutrient is often called limiting if its availability affects the growth of plants

in the given ecosystem (in other words, if a small change in its concentration re-
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1.2 roots and soil

sults in a non-negligible change in the growth). Naturally, nutrients that limit

the growth of crops in most agricultural ecosystems are most heavily applied

as fertilisers. It is generally agreed that the two most-often-limiting nutrients

are nitrogen and phosphorus (see [12], [134] or [135]).

nitrogen

Nitrogen is an important building block of many molecules essential for plant

development. Most notably, it is contained in all amino acids (the building

blocks of proteins, and therefore enzymes), as well as in nucleic acids (encod-

ing genetic information) and in chlorophyll (which is essential for photosyn-

thesis) [14].

Soil nitrogen exists in various forms: soil nitrate, soil ammonium, and as part

of live or dead roots, organic matter and litter. Transitions between these com-

partments were modelled in [117].

We will model nitrate uptake in Chapters 6 and 7. The most important param-

eter values for nitrate uptake (derived from experiments) are summarised in

Table 6.2.

phosphorus

Plants cannot grow without phosphorus either, as it is an important building

block of adenosine triphosphate (ATP; which is used in many biochemical re-

actions that require energy), phospholipids (which are crucial component of

cell membranes), and nucleic acids (see above). Roots uptake phosphorus dis-

solved in the soil solution, mainly in the form of phosphate ions (HPO2−
4 and

H2PO−4 ) [14].

In Chapter 5, we will model uptake of a nutrient by root hairs, and the ap-

proach there is applicable (amongst other nutrients) to phosphate (for a more-

detailed discussion on the applicability, see Section 1.4.4). Due to its impor-

tance (from the discussed perspective of growth limitation), we will use pa-

rameter values for phosphate. These values (obtained from experiments for

different plant species) are summarised in Table 1.1.

12



1.2 roots and soil

1.2.4 Root-soil interactions. Rhizosphere

Having discussed the ways soil properties affect growth and proliferation of

roots, it is important to mention that roots impact on the soil in which they

grow. According to [29], a rhizosphere is an immediate vicinity of a root that

is affected by root processes.

Studying legumes (plants in the family Fabaceae, e.g. peas, beans, lupins,

etc.)in 1904, Lorenz Hiltner deduced the existence of interacting processes oc-

curring at the root–soil interface [57]. A volume of soil existed that was shared

by roots and soil bacteria.

Release of organic and inorganic compounds from roots into the rhizosphere is

called rhizodeposition [148] (other definitions of rhizodeposition can be found

in [136]). These compounds include (among others) sloughed root cells, root

exudates (substances released from intact cells, such as citrate and protons [61])

and root mucilage (gelatinous material containing polysaccharide exuded from

the outer layers of the root cap [146]) [32]. Phospholipid surfactants (lecithin) in

the root mucilage affect the properties of rhizosphere. Lecithin can be exuded

into the rhizosphere, lowering the adsorption of phosphate to soil particles

which makes phosphate more available to the root [39]. Moreover, experimen-

tal studies have shown that the hydraulic properties of the rhizosphere are

different from those of the bulk soil [18], and the main reason for that seems

to be the excretion of mucilage by plant roots [94].

Root development and growth, respiration (production of carbon dioxide), rhi-

zodeposition, water and nutrient uptake result in biochemical and physical

changes in soils over different distances from the root surface. Thus the rhizo-

sphere has various dimensions depending on which process is being consid-

ered [57].

Many authors emphasise the huge importance of mycorrhizas (fungi that live

in symbiosis with roots [143]) on the uptake of nutrients. For readers inter-

ested in modelling of these mutualistic associations as well as associations with

other rhizosphere microorganisms (bacteria), we recommend articles, such as
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1.3 modelling

[62], [124], [137], [61] and [78]. We will not model these interactions in this

thesis.

1.3 modelling

Mathematical models can be used to describe a huge variety of physical, chem-

ical, engineering or biological processes. One can model root system growth

and development with a specified set of (stochastic or deterministic) rules de-

scribing these. More importantly, we can use differential equations to describe

many different processes in the root-soil environment. Differential equations

can be ordinary, partial, delayed, stochastic etc. Often, one needs to couple

differential equations together in different ways. In this thesis, we will mostly

make use of partial differential equations describing nutrient flows and plant

uptake.

Due to recent advances in numerical computations, it has now become possi-

ble to model some root-soil processes using an explicit root system geometry

embedded in a soil dynamics simulation (see Section 1.5). However, these sim-

ulations become much more challenging as we add additional processes, or

as we make a numerical mesh finer (in an attempt to decrease the simulation

errors). Moreover, as the number of simulated processes or the complexity

of the root system increases, it may become more difficult to interpret results

clearly. In many cases, simulations using simpler geometries are computation-

ally cheaper, and understanding of the underlying mechanisms is much easier

to gain. Therefore, whenever possible, we will choose this modelling approach.

In general, the choice of the modelling framework should always be motivated

by specific biological questions one wishes to answer.

1.3.1 Simple root-like geometries

Early papers by Philip [106] and Gardner [52] describe a root as a cylindrical,

isolated structure, which appears to be the simplest model [103]. This ap-

proach, although seemingly simplistic, allows modifications (e.g. adding root
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branches), and thus it gives rise to many of the models in use.

Often, one wishes to model branching structures. Many software tools have

now been developed to model the growth and development of such structures

(as well as the interactions with their environment) (see Section 1.5).

A very important framework (for the purposes of this thesis) for modelling nu-

trient uptake by root hairs was first introduced in [112] and [80]. Root hairs are

distributed periodically and orthogonal to the root surface which is flattened

out [112]. Figure 1.3 presents the arrangement of root hairs as modelled in [80].

This geometry will be our starting point in Chapters 3 and 4.

1.3.2 Modelling growth and development of root systems

Roots grow axially as well as radially [62]. Apart from the growth of individual

roots, a root system develops via branching - the emergence of lateral roots as

described in Section 1.2.1. In order to model this process, one at least needs

to have (plant-specific) information on number of seminal roots, maximum

root order, branching density (number of lateral roots per unit root length

of the root they emerge from; this would usually depend on the root order),

branching angles, and growth rates of roots of different orders (this is, again,

dependent on the root order). This information can either be given as a set of

deterministic [119], or stochastic rules [69]. Moreover, one can either take into

account the geometry of each individual root explicitly, or model the growth

and development of the root system using a continuum approach, in which

the root system is represented using certain distributions (e.g. root density

distribution; see [41]).

Explicit root architecture modelling

In an attempt to model root architecture explicitly, many software tools have

been developed in recent decades. We will discuss these in Section 1.5.
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1.3 modelling

Figure 1.3.: Root hair geometry, taken from [80]. In (a) we see various scales

used in the method of homogenisation (see Section 1.4.4) - the

microscopic scale given by the inter-hair distance and the macro-

scopic scale given by the length of the root segment under consid-

eration. Figure (b) shows a rolled-out root surface and root hairs

orthogonal to it.
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Density-based models

In [41], the authors studied how the dynamics of root system growth depend

on individual root developmental parameters (e.g. rates of lateral root elonga-

tion) using root density distributions, namely root length density, root branch-

ing density and root meristem (tissue of undifferentiated cells, where root

growth occurs) density. The simulations suggested that the root system growth

occurs in travelling wave patterns of meristems [41].

root-shoot interactions

As discussed in Section 1.2.3, apart from root uptake, a plant also acquires nu-

trients essential for its survival from the air (carbon, hydrogen, oxygen). Both

types of nutrients (i.e. those acquired from the soil as well as those acquired

from the air) are then redistributed throughout the whole plant according to

the plant’s needs. Absence of any of these nutrients often has severe conse-

quences for one or more plant functions. Therefore, in recent years, many

authors tried to couple the below-ground and the above-ground models. For

a recent review of the most relevant models, we recommend [40].

neglecting growth

When modelling nutrient uptake by a young (small, fast-growing) root system

over longer time scales (weeks or months), the root system growth is significant

and needs to be taken into account. However, for the later stages of plant

development when the root growth has nearly ceased and the root system is

well-established (for instance, according to [3], the root growth slows down

significantly in the last two months of a wheat life cycle), the growth can often

be disregarded. The same applies when modelling over short timescales (e.g.

a few hours), simply because the root growth over these timescales can be

considered negligible (even for non-mature plants).

All modelling in this thesis will be concerned with static (non-growing) roots

and root systems.
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1.3.3 Soil water and nutrient dynamics

Conservation laws and continuity equations

Conservation laws are used for modelling many situations where some quan-

tity is conserved. Suppose we have a certain amount of some substance (water,

nutrient, or anything else) which moves in space. We denote c(t, x, y, z) to be

the distribution of the substance, and J (t, x, y, z) to be the flux of this sub-

stance at time t and at a spatial point with coordinates (x, y, z). Assuming

no substance is created or destroyed, i.e. the total amount (more generally it

can be any quantity we are interested in - e.g. mass) of the substance remains

constant, we can express the conservation law mathematically as:

∂c
∂t

+∇ ·J = 0, (1)

which is often referred to as the equation of continuity. In this thesis, we will

mostly be interested in diffusive and advective fluxes.

diffusive flux Diffusion is the net movement of a substance from places

of higher to places of lower concentration. Fick’s first law of diffusion states

that the net flux of a substance (J d) is proportional to the gradient of the sub-

stance concentration (∇c), and the constant of proportionality (D) is called a

diffusion coefficient (or diffusivity) [24]. This can be mathematically expressed

as:

J d = −D∇c, (2)

where the minus suggests that the net flux is from regions of higher concentra-

tion to those of lower concentration (we always take D to be positive). Substi-

tuting Fick’s first law (2) into the continuity equation (1), we get the diffusion

equation:
∂c
∂t

= ∇ · {D∇c}. (3)

Note that this equation can also be derived using a random walk model de-

scribing Brownian motion (see [42]).

In the simplest case, D is a constant, and this gives:

∂c
∂t

= D∇2c,
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which is sometimes referred to as the heat equation [45]. However, if the

medium is inhomogeneous, then D can be taken to be a (scalar) function of

spatial variables D(x, y, z). Moreover, if D depends on concentration c, we

get a nonlinear diffusion equation (e.g. soil water dynamics, where diffusivity

is dependent on local water content; see 1.3.3). Finally, when modelling an

anisotropic medium (i.e. diffusion is different in different directions), D is

taken to be a symmetric, positive-definite, n× n matrix (in n dimensions).

advective flux Sometimes, a substance is carried along with a bulk mo-

tion. This is called advection. For instance, a nutrient dissolved in the soil solu-

tion is advected by the mass flow. Advective flux is often written as J c = cV ,

where J c is the advective flux, c is the concentration of (movable) nutrient and

V is the velocity field of the carrying substance. Substituting in the continuity

equation (1) gives:
∂c
∂t

= −∇ · {cV}. (4)

Advection-diffusion equation: soil water dynamics

In this section, we will be guided by soil water theory, as introduced in [136]

and [114].

The continuity equation for volumetric water content θ states:

∂θ

∂t
= −∇ ·J (5)

In most cases, water potential in the soil (porous medium) is defined as a sum

of matric potential (which occurs due to adhesive forces between water and

solid soil surfaces; sometimes also called a capillary pressure head potential)

and gravitational potential. The central idea in the theory of soil water flow

is that for water to flow, a difference in water potential must exist. Darcy’s

law states that the rate of water flow is proportional to the gradient in water

potential (here denoted by Φ and having the units of cm (head of water); for

a discussion on other units used in water potential theory and conversions

19



1.3 modelling

between these, see [136]), and this proportionality factor is called hydraulic

conductivity. Mathematically, this can be expressed as:

J = −k∇Φ = −k
(
∇h−∇x3

)
,

where J is called the volumetric Darcy flux (cm s−1), k is the hydraulic con-

ductivity (cm s−1), h is the capillary pressure head (cm head of water) and x3

is the vertical coordinate (positive downward) [114]. Note, that in its structure,

Darcy’s law is very similar to Fick’s law of diffusion as well as to Fourier’s law

of thermal conduction [136]. In all these, the spatial flux of some substance (or

heat) is proportional to the concentration (or temperature) gradient1.

The velocity of water V is obtained using the formula V = Jθ .

In saturated flow, the prevailing potential is the gravitational potential. A

problem with Darcy’s law is that the saturated state is rarely achieved. As the

soil drains (water content decreases), hydraulic conductivity decreases, and we

write:

J = k(θ)
(
−∇h +∇x3

)
.

Amongst the k(θ) relationships most frequently used in the modelling litera-

ture are the so-called van Genuchten [142] and Brooks-Corey functions [15].

We will discuss these in more detail in Chapter 2 (see Section 2.6), and we also

refer interested readers to a good overview contained in [114].

In the theory of unsaturated water flow, it is further assumed that as the soil

drains, the water remaining in pores is more tightly held in these pores. There-

fore, the matric potential of water in the soil h can be considered to be an

increasing function of the remaining water content θ 2. As a consequence, we

get:

J = k(θ)
(
−∇h(θ) +∇x3

)
,

which gives:

J D = k(θ)
(
− dh

dθ
∇θ +∇x3

)
= −D̂(h(θ))∇θ + k(θ)∇x3, (6)

1 For a broader discussion on the experiments leading to the formulation of Darcy’s law, see

[59]

2 Note, that this is only true if we neglect hysteresis (the fact that one empirically gets slightly

different h(θ) functions for drying and for wetting soils).
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where we denoted D̂(h(θ)) = k(θ) ∂h(θ)
∂θ to be soil water diffusivity and the

subscript D indicates that we are dealing with the Darcy flux [136].

Finally, we define D(θ) = D̂(h(θ)) and substitute the flux from Equation (6)

into the continuity equation (5) to get:

∂θ

∂t
= ∇ ·

(
D(θ)∇θ − k(θ)∇x3

)
. (7)

This equation is called Richards’ equation [118]. As D(θ) and k(θ) are often

nonlinear functions of θ (see [142], [15]), this is a nonlinear advection-diffusion

equation (water is being advected with gravity in this case), which we wish to

solve analytically or (more often) numerically for θ.

Advection-diffusion equation: nutrient dynamics

When dealing with the movement of dissolved nutrient in soil, we need to

consider two processes taking place - the whole solution is moving with a ve-

locity (which usually has to be calculated in advance using Richards’ equation

(7)) and the nutrient is diffusing within the solution. This again leads to the

advection-diffusion equation (coupled to Richards’ equation for water dynam-

ics).

If the equilibration between the adsorption and desorption of a nutrient to

soil particles is much faster than the diffusion and uptake processes, one can

obtain a quasi-steady-state (QSS) approximation for the governing equations.

We now repeat the derivation of this approximation as presented in [122]. Fur-

thermore, we closely follow [99] and [11].

Let us now denote the concentration of nutrient dissolved in water as c and the

concentration in solid form as cs (mass per unit volume of solid phase). The

continuity equation from the Nye-Tinker-Barber model [99] goes as follows:

∂cs

∂t
= ds

∂

∂t
(θc) +∇ ·

(
cJ D − θD∇c

)
= −ds. (8)

The concentration of nutrient in the solid form can change only via the ad-

sorption of some pore water nutrients or via the reverse process (desorption),

which explains the ds term in the first equation. The second equation de-

scribes (except for the previously explained −ds term, which simply ensures
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the overall nutrient conservation) an advection-diffusion process for the mov-

able nutrient. D is the diffusion coefficient of nutrient in pore water. As c

denotes the concentration of nutrient dissolved in the soil solution, we need to

multiply it by the water content θ, so that we get concentration relative to unit

soil volume. J D is the Darcy flux from Equation (6).

Technically speaking, this is a system of reaction-convection-diffusion equa-

tions because of the adsorption and desorption term ds. However, in this

section, we will show how to obtain the QSS approximation. Having done

that, these terms will no longer be present, and thereafter we only study the

resulting advection-diffusion equation.

To obtain the QSS approximation, one assumes:

ds = kac− kdcs, (9)

where ka is the constant of adsorption and kd is the constant of desorption.

Substituting (9) into Nye-Tinker-Barber model (8) gives:

∂cs

∂t
= kac− kdcs

∂

∂t
(θc) +∇ ·

(
cJ D − θD∇c

)
= −kac + kdcs. (10)

Assuming kd is large (more precisely, that 1
kd

is small relative to the timescale

of diffusion), the QSS assumption for (10) reads kac− kdcs = 0, which implies:

cs = bc, (11)

where b = ka
kd

is the previously mentioned soil buffer power [11].

Adding the two equations from (10), the adsorption-desorption terms cancel

out, and using Equation (11), we get:

(θ + b)
∂c
∂t

+ c
∂θ

∂t
= −∇c ·J D − c∇ ·J D +∇ ·

(
θD∇c

)
,

which using the continuity equation for water (5) yields:

(θ + b)
∂c
∂t

= −∇c ·J D +∇ ·
(
θD∇c

)
. (12)

If we assume that θ is independent of the spatial variables (which serves as a

good approximation when modelling uptake close to full water saturation, see
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[11]) and that the same is true for D (we do not wish to model the effects of

heterogeneity in the porous structure of soil in this thesis), we get:

(θ + b)
∂c
∂t

+∇c ·J D = θD∇2c. (13)

Thus, we have obtained the promised advection-diffusion equation.

Now, following [122], we study convection and diffusion of a nutrient close

to a single cylindrical root of radius r0, and introduce the important notion of

a Péclet number. Assuming a steady-state condition for water dynamics (i.e.
∂θ
∂t = 0), we get from the continuity equation (5):

∇ ·J D = 0,

which (using cylindrical coordinates) assuming independence of the azimuthal

angle ϕ and well as of the longitudinal position z gives:

1
r

∂
(
rJD,r

)
∂r

= 0,

where r denotes the radial distance. This gives:

JD,r =
C
r

(14)

for a constant C, which is determined from the boundary condition at the root

surface. Here, imposition of JD,r(r = r0) = −V (where V is the root influx)

yields:

C = −r0V ,

which after substituting back to Equation (14) gives:

JD,r = −
r0V

r
. (15)

Thus, we can rewrite the continuity equation (13) in cylindrical coordinates as:

(θ + b)
∂c
∂t
− r0V

r
∂c
∂r

=
θD
r

∂

∂r
(r

∂c
∂r
), (16)

which is equivalent to Equation (2.7) from [122].

Nondimensionalising space with respect to the root radius r0 (taken as the

typical length scale for this geometry; for more details see [119]), time with

respect to the diffusional time scale for this length scale, and concentration
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with respect to any nutrient concentration (e.g. initial nutrient concentration

cin), i.e.:

r = r0R t =
(θ + b)r2

0
θD

T c = cinC

we get:
∂C
∂T
− Pe

1
R

∂C
∂R

=
1
R

∂

∂R

(
R

∂C
∂R

)
,

where:

Pe =
r0V
θD

(17)

is a Péclet number [122]. It is a dimensionless quantity which gives an indica-

tion of the relative importance of advection and diffusion.

In [123], the Péclet number is defined as Pe = r0V
D . Typical values of V , D

and r0 for soil nutrient modelling give Pe < 10−2 [123], [136]. This means that

in most of these cases, the Péclet number can be neglected and the advection-

diffusion equation reduces to a diffusion equation. The impact of advection is

small compared to that of diffusion.

Reaction terms

If the substance is created or destroyed by some mechanism (chemical reaction,

adsorption/desorption of nutrient to/from solid surfaces, and many others),

we get a general continuity equation:

∂c
∂t

+∇ ·J = s (18)

where s(t, x, y, z, c) is referred to as a reaction term (also called a sink or a

source term, depending on its sign). By changing the form of the sink/source

function s, one can model a large variety of processes.

One example of a reaction term is the adsorption-desorption term, which we

have introduced in the previous section. Other soil processes that can be mod-

elled using reaction terms include release or fixation of solutes by the organic

matter transformation as well as degradation of organic solutes by chemical or

microbial action [136].

Most importantly for the purposes of this thesis, sink terms can be used

to model water or nutrient uptake (usually when considering larger spatial

scales). We will discuss these sink terms in more detail in the next section.
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1.3.4 Modelling water and nutrient uptake

A slightly older review of models of water transport in plant tissue at cellular

and subcellular scales can be found in [93].

However, in this thesis, we will only be interested in modelling uptake pro-

cesses at scales larger than subcellular. The uptake can be represented in two

ways - either by a boundary condition applied at an explicitly-modelled root

(or hair) surface (via this boundary condition, soil water model can be coupled

with a model of water dynamics inside the root system, which often needs to

be solved independently) or by adding a sink term to the equation of conti-

nuity. Whether we use the former or the latter depends on the scale of the

processes under consideration. The first method is generally preferred when

dealing with smaller scales (prescribed flux at the root-soil interface), while

the second is preferable at larger scales (a single plant scale or a field scale)

[114].

Water uptake

root surface boundary condition According to [114], water uptake

is supposed to switch (at some critical time) from demand-driven to supply-

dependent. As the simplest model neglecting root architecture as well as soil

water status, for a sufficiently wetted soil, one usually considers a constant

water influx condition:

−{D(θ)∇θ − k(θ)∇x3} · n̂ = C1 (19)

applied at the root surfaces [114], where n̂ is the unit outward pointing vector

normal to the root surface. However, for soils under drought conditions, one

would normally impose:

θ = θr, (20)

where θr is an irreducible (residual) water content (water content below which

no uptake occurs; see [15]). For simplicity, it is often assumed that θr = 0, and
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we will make use of this simplification too.

Furthermore, we introduce a Robin-type boundary condition:

−{D(θ)∇θ − k(θ)∇x3} · n̂ = C2θ (21)

at the root surfaces, which states that the water flux into the root is propor-

tional to local water content. This condition can be thought of as an interpo-

lation between the constant influx condition (for fully-saturated soils) and the

condition of residual water content at the root surface (for very dry soils).

More sophisticated models (such as those introduced in [121], [36] and [67])

model water dynamics within the root system alongside the dynamics in the

soil, and they assume that the water flux at the root surface is proportional to

the difference between the water potential in the soil and that inside the root.

As we will not model water dynamics inside the root system explicitly in this

thesis (for the sake of simplicity), in the next paragraph, we will only briefly

discuss how these small-scale boundary conditions have been scaled up to the

root system level.

upscaling the root surface boundary condition - sink terms

When modelling at the root system or a field scale, one does not have to be

concerned with an explicit root system geometry. Instead, one often introduces

some averaging considerations. Thus, it is customary to model water uptake

with a sink (extraction) function in the Richard’s equation (7). The main ques-

tion is, what kind of extraction function to use.

In [121], the Richards’ equation (7) as a soil water model was first combined

with a model for water pressure inside a single cylindrical root via a root sur-

face boundary condition. A sink term, representing the water uptake by a root

system consisting of seminal and first order lateral roots, was subsequently

derived by upscaling this root surface boundary condition, and the resulting

equation was solved numerically.

A mathematical model combining locally measured root hydraulic conduc-

tance with root system architecture is presented in [35] to give a more-detailed

description of water uptake and intra-plant water flow. This framework is
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further extended in [36], where this hydraulic architecture model is coupled

with the Richards’ equation modelling soil water transfer (Equation (7)). Sub-

sequent simulations confirm the occurrence of hydraulic lift (see Section 1.2.3).

The previously mentioned article [93] lists several such functions developed up

to the beginning of 1980s. For a more recent review of models at both smaller

and larger scales, we recommend [114].

one-dimensional models

Fully three-dimensional models can be computationally demanding even if

we use sink terms to represent water uptake. Therefore, it is often more con-

venient to model water uptake using (spatially) one-dimensional models. The

most obvious choice is to study models dependent on depth x3 only, as this is

the direction of gravity (which strongly affects water dynamics) as well as the

direction of gravitropic response (gravitropism denotes the tendency of roots

to grow in the direction of gravity; see [54]). Uptake is then modelled using

sink terms dependent on some root characteristic, which is a function of x3

only (most often root length distribution with depth [28]).

Therefore, as discussed in [53], water uptake models are often written as some

variation of equation:

∂θ

∂t
=

∂

∂x3

(
D(θ)∂θ

∂x3

)
− ∂k(θ)

∂x3
− s(t, x3, θ, R), (22)

which is a one-dimensional Richards’ equation (7), enriched with the sink

term −s(t, x3, θ, R), which models water uptake, and R(t, x3) represents root

length distribution with depth at time t. These sink terms are often unrealistic

because they neglect the importance of depth in the uptake process [53]. In

accordance with experimental data, it was assumed in [53], that the uptake

takes place in a relatively narrow zone, which moves down through the soil at

a specified speed (corresponding to the root system growth rate).

A model using sink terms dependent on root length density taking into ac-

count energy expenditure on water uptake was examined in [2]. While for

wet soils, the patterns of water extraction followed root length densities very

closely, these similarities were not present under drought conditions.

27



1.3 modelling

In [82], the authors studied two models. In the first model, the root length den-

sity decreased linearly with depth while in the second model, this relationship

was exponential (which usually yields a better match with experiments). The

exponential model was shown to perform better when compared to empirical

data.

In [66] a three-dimensional characterisation of a tree root system was added to

a three-dimensional architectural representation of a tree crown. To simplify

the computations, a model consisting of a one-dimensional soil water flow

model and a one-dimensional plant xylem (transport tissue) water flow model

(both being porous medium equations) was introduced.

For further information on the one-dimensional water uptake models and their

relation to climate models, we recommend reading [46].

Nutrient uptake

michaelis-menten boundary condition

This model was first proposed by Michaelis and Menten when they studied

enzymatic reactions [95]. Enzymes catalyse (i.e. speed up) many chemical

reactions. In brief, if a substrate needs to be bound to an enzyme in order

to be changed into a product later on, then the maximum overall rate of this

chemical reaction is limited by the number of available enzyme molecules. In

the case of nutrient uptake, the role of enzymes is played by certain molecules

transporting the nutrients from the soil into the roots, called transporters (or

porters). Therefore, the Michaelis-Menten condition has been used heavily in

nutrient uptake models [21] [116] [5].

Michaelis-Menten formalism models a situation in which uptake is (approxi-

mately) a linear function of concentration for low nutrient concentrations and

saturates at a finite value as nutrient concentration goes to infinity. Hence the

Michaelis-Menten function usually has a form ([98]):

Imaxc
Km + c

. (23)

One can readily see the meaning of constants Imax and Km: Km is the nutrient

concentration at which the uptake rate is half of its saturation value and Imax
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is the saturation value itself.

In [122], which we discussed in Section 1.3.3, this led to the root surface bound-

ary condition:

θD
∂c
∂r

+ Vc =
Imaxc

Km + c
at r = r0.

In reality, there exists a nonzero level of nutrient concentration below which

no uptake occurs [122]. To model this, some authors (e.g. [39]) modify the

Michaelis-Menten function as follows:

Imax(c− cmin)

Km + (c− cmin)
, (24)

where cmin is the minimum nutrient concentration below which no uptake

occurs. However, for concentrations below cmin this model predicts a small

efflux from the root. If we want to ensure that below this concentration the

flux is zero (and not negative), impose

H(c− cmin)Imax(c− cmin)

Km + (c− cmin)
,

where H(c) is Heaviside function defined as:

H(c) = {1 c≥0
0 c<0.

However, the expression (24) is phenomenological, and a more mechanistic

model is often preferable. Therefore, one often finds root influx modelled as:

Imax(c)
Km + c

− E,

where E models efflux from the root, which is often empirically observed [80].

It is then not difficult to model any mechanism (potentially) underlying the

observed efflux, by choosing the appropriate E term.

The one-dimensional equation (16) (modelling nutrient diffusion and advec-

tion with the mass flow) together with the Michaelis-Menten boundary condi-

tion at the root surface r = r0, form the so-called Barber-Cushman model for

nutrient uptake developed in the early 1980s [11].

hairs uptake modelling Chapters 3, 4 and 5 of this thesis will be con-

cerned with the modelling of nutrient uptake by root hairs using the method
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of homogenisation. Before we introduce this method and show how it can be

used in the uptake modelling (see Section 1.4.4), we briefly mention two pa-

pers which approach the problem of hair uptake in different ways.

In [65], the authors modified the Barber-Cushman model from the previous

section by including a sink term representing the uptake by the hairs. How-

ever, this sink term was derived using the assumption of steady-state diffusion

towards the root surface, and thus it is not always applicable. Furthermore,

this model is not capable of capturing the effects of inter-hair competition on

the overall uptake.

In [88], the impact of the root hair length, density and other traits on phos-

phorus uptake was studied. Here, the effects of the inter-hair competition

were included via estimating the radius of the phosphorus depletion zones,

and calculating the overlapping volume between the neighbouring root hairs.

However, using this approach, we do not gain any information on how the

presence of the hairs affects the effective diffusion coefficient of phosphorus

(as we do with the method of homogenisation). Furthermore, it is impossible

to model the case of heterogeneous phosphorus supply (i.e. gradients of phos-

phorus concentration along the root axis) using this approach. We will show

how the method of homogenisation solves these problems in Chapter 3.

Modelling simultaneous water and nutrient uptake

As discussed in Section 1.2.3 and 1.3.3, when modelling nutrient uptake, one

often has to model water dynamics at the same time, because plant takes up

nutrient dissolved in the soil solution.

One of the best reviews of mathematical models of water and nutrient uptake

(and plant-soil interactions in general) was given in [124]. First, modelling at

a single root scale is described. Later on, the way this information should be

transferred to the whole-plant and field levels is discussed.

In [38], the interaction between root system growth (carried out using a three-

dimensional root architecture growth model called ROOTMAP, see Section

1.5) and water as well as nitrate capture was studied. A regulation mechanism

linking the root system growth with plant demand as well as the external
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supply of resources was introduced. Experimental data for lupins agreed with

the computer simulation very well.

In [120], simultaneous uptake of water and a highly buffered nutrient (e.g.

phosphate) by branching structures from partially saturated soil was modelled.

1.3.5 Non-root boundary conditions

Boundary conditions vary substantially from one problem to another.

When modelling nutrient uptake at the scale of a single cylindrical root, one

often assumes a fixed far-field concentration (i.e. c(r)→ c∞ as r → ∞) [123]. It

is even more customary to impose a zero-flux boundary condition at r = r∞,

which models either soil stored in a pot, or competition for a nutrient with a

neighbouring root.

Standard boundary conditions for water dynamics (in the field or laboratory

experiments) are discussed in Section 2.2.2.

1.4 solution methods

Equations discussed in the previous section need to be solved using numerical

or analytical methods.

1.4.1 Numerical analysis

Commonly used numerical methods for solving differential equations include

finite difference methods and finite element methods. These methods will

also be used in this thesis. While in the finite difference method one approxi-

mates all derivatives in the studied equation with the so-called finite difference

schemes, in the finite element methods, one completely changes the definition

of the solution to the differential equation under consideration. We will intro-

duce both methods in Chapter 2.
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1.4.2 Asymptotic analysis and nondimensionalisation

When obtaining the exact solution to some equation is non-trivial or even im-

possible, one can sometimes derive approximate solutions which are only valid

for a certain time or spatial range. If a small parameter is present in the prob-

lem being studied, one is often interested in finding the limiting behaviour of

the solutions of such problems as the small parameter decreases to 0. If this

limit is found and the relevant parameter is small enough, one hopes that the

limit solution is (in some sense) close to the solution of the problem with this

parameter. Asymptotic analysis allows us to determine such approximate so-

lutions for small (or large) time or for certain ranges of the spatial coordinates

(e.g. boundary layers). Furthermore, one can often obtain a composite solu-

tion, which holds everywhere [60].

The small parameter is usually uncovered in the process of nondimensional-

isation, i.e. scaling all the dimensional variables in the equation with some

dimensional values. Nondimensionalisation helps us reduce the number of

parameters in the equation (which in turn means reduction in computing time

when scanning a parameter space or estimating a parameter). It can also lead

to a (desirable) change from a differential to an algebraic equation.

As one example, we used nondimensionalisation in Section 1.3.3 when study-

ing models of nutrient dynamics. In this case, as mentioned in [122], the

Péclet number is small in most cases, which leads to the reduction from the

advection-diffusion equation to the diffusion equation (i.e. mass flow is negli-

gible compared to the diffusion).

As another example, in the same paper, an explicit formula for a single cylin-

drical root uptake is derived by solving the diffusion equation equipped with

the Michaelis-Menten boundary condition asymptotically in a large time limit.

Finally, in [120], nondimensionalisation uncovered two distinct time scales - for

a highly-buffered nutrient (see Section 1.3.3), water dynamics settle to a steady

state very quickly compared to the slow mobility of the nutrient.
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1.4.3 Multiscale methods

In order to study processes such as water or nutrient uptake, one must work

at different scales, ranging from the microscopic scale of root hairs (or even

cellular and subcellular scales), through the mesoscopic scale of a single cylin-

drical root, to the macroscopic scale of a single plant (or even a field of plants).

To derive a reliable model, one must be able to determine how processes at

smaller scales affect macroscopic properties. It is often crucial to choose an

appropriate representative elementary volume (i.e. the smallest volume of soil

one needs to take into account in order to fully capture all the important mi-

croscopic root-soil interactions).

This transition between the scales causes much trouble. In [120], it was shown

that different mathematical techniques for upscaling nutrient uptake can theo-

retically lead to 30 per cent differences between the computed uptakes [124]. It

is therefore necessary to use and further develop suitable upscaling techniques

to make models mathematically rigorous and scientifically useful. Otherwise,

wrong conclusions about the overall behaviour could be drawn [124].

In [39], water and nutrient uptake by wheat roots was studied using a two-

dimensional (finite element) rhizosphere model, information from which was

then upscaled to ROOTMAP (see Section 1.5). Comparison between the wheat

and lupin root systems showed that the highly-branched wheat root structure

acquired relatively more P in the presence of lecithin (see Section 1.2.4) than

the sparsely-branched lupin root system.

Upscaling from the rhizosphere scale to the root system scale was reviewed

in [29], taking into account the impact of inter-root competition as well as of

heterogeneity at both the rhizosphere and the root system scale.
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1.4.4 Homogenisation

Brief introduction to homogenisation

Homogenisation is one of the most important upscaling methods used in root-

soil modelling. This theory was first introduced in the 1960s, and it was mostly

concerned with estimating averaged properties of composite materials, i.e. ma-

terials which seem homogeneous at the macroscale but have heterogeneities at

smaller scales. These heterogeneities can have periodic, random or some other

nature. However, in this thesis we will only consider periodic media.

In homogenisation, the task is to derive effective macroscopic material proper-

ties (heat/electrical conductivity, Young’s modulus, etc.) taking into account

microscale information. Usually, tensors involved in partial differential equa-

tions are rapidly oscillating functions which causes numerical problems. Our

goal is then to obtain a sensible approximation to the solution by sending ε to

0, where ε is a small parameter representing the quotient between characteris-

tic microscopic and macroscopic length scales. Homogenisation is concerned

with this limit process, and the resulting equations are usually much easier to

solve than the full-detail equations [68].

As discussed in [20], a lot of effort has been put into rigorous mathematical jus-

tifications for the method of homogenisation. However, in this thesis we will

only use the formal method of multiscale asymptotic expansions. This method

is discussed in [19]. We will introduce it using our own simple examples in

the following section.

Simple examples of homogenisation

In this section, we introduce the method of two-scale asymptotic expansions

using a toy problem in the form of a one-dimensional advection-diffusion equa-

tion with a highly-oscillatory sink term. This may serve as a (largely simplified)

model for nutrient uptake of a hairy root where rapid oscillations are caused

by the root hairs.
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linear model without convection

Let t, x3 ∈ R+
0 and consider a linear equation:

∂S
∂t

=


∂2S
∂x2

3
− f (x3, x3

ε )S for 0 < x3 < 1

∂2S
∂x2

3
for 1 < x3 < ∞,

(25)

where f (x3, y3) is 1−periodic in y3
3 with a boundary condition:

S(x3 = 0) = 1, (26)

and continuity conditions at the interface between the two parts of the domain

(x3 = 1):

[S]+− = [
∂S
∂x3

]+− = 0, (27)

where [A]+− = lim
x3→1+

A(z) − lim
x3→1−

A(z) (in other words, S should be a C1

function on (0, ∞))4.

Assuming ε � 1, y3 = x3
ε is considered to be an independent (microscale)

variable, and we search for a solution in the form:

S(t, x3; ε) =


S0(t, x3, x3

ε ) + εS1(t, x3, x3
ε )+

ε2S2(t, x3, x3
ε ) + O(ε3) for 0 < x3 < 1

S(t, x3) for 1 < x3 < ∞,

(28)

where we require all Si(t, x3, y3) to be 1−periodic in y3. We apply two-scale

differential operators:

∂

∂x3
(Si) = (

∂

∂x3
+

1
ε

∂

∂y3
)Si, (29)

and
∂2

∂x2
3
(Si) = (

∂2

∂x2
3
+

2
ε

∂2

∂y3∂x3
+

1
ε2

∂2

∂y2
3
)(Si). (30)

3 This can serve as a simple model of uptake by a structure that is periodic with the period

equal to ε.
4 This setting can be used as a very simplified model of nutrient uptake by a single cylindrical

root (with x3 = 0 corresponding to the base of the root and x3 = 1 corresponding to the tip of

the root) covered with root hairs. Microscopic variation in the sink term (i.e. the dependence

of f on y3) then reflects the presence of root hairs.
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Therefore, Equation (25) becomes:

∂(S0+O(ε))
∂t = [ ∂2

∂x2
3
+ 2

ε
∂2

∂x3∂y3
+ 1

ε2
∂2

∂y2
3
][S0 + εS1+

ε2S2 + O(ε3)]− f (x3, y3)[S0 + O(ε)] for 0 < x3 < 1

∂S
∂t = ∂2S

∂x2
3

for 1 < x3 < ∞

(31)

The boundary condition (26) becomes:

S0(t, 0, y3) + O(ε) = 1, (32)

and the interface condition (27) reads:

S(t, 1+)− S0(t, 1−, y3)−O(ε) = 0 =

∂S(t, 1+)

∂x3
−[ ∂

∂x3
+

1
ε

∂

∂y3
][S0(t, 1−, y3) + εS1(t, 1−, y3) + O(ε2)].

(33)

The leading order inside the two-scale region in Equation (31) gives (using the

periodicity of S0 in y3) S0 = S0(t, x3)
5.

Solving (31) at order O(ε−1) gives (using periodicity of S1 in y3) S1 = S1(t, x3).

At order O(1) in Equation (31), we get:
∂S0
∂t = ∂2S0

∂x2
3
+ ∂2S2

∂y2
3
− f (x3, y3)S0 for 0 < x3 < 1

∂S
∂t = ∂2S

∂x2
3

for 1 < x3 < ∞.
(34)

Integrating Equation (34) with respect to y3, and using the periodicity condi-

tion yields: 
∂S0
∂t = ∂2S0

∂x2
3
− S0

1∫
0

f (x3, y3)dy3 for 0 < x3 < 1

∂S
∂t = ∂2S

∂x2
3

for 1 < x3 < ∞,
(35)

which is the effective macroscale equation that we searched for. This ho-

mogenised equation is equipped with the following macroscopic boundary

condition (derived from O(1) in Equation (32)):

S0(t, 0) = 1, (36)

and the following interface conditions (derived from O(1) in Equation (33)):

S(t, 1+)− S0(t, 1−) = 0 =
∂S(t, 1+)

∂x3
− ∂S0(t, 1−)

∂x3
. (37)

5 This is because we get ∂2S0
∂y2

3
= 0, which yields S0(t, x3, y3) = S0(t, x3) + B(t, x3)y3, and the

periodicity condition gives B(t, x3) = 0.
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nonlinear advection-diffusion in one dimension

Let us consider a general nonlinear model with advection now:

∂S
∂t

=


∂

∂x3

[
λ2(S) ∂S

∂x3
− λ1(S)

]
− f (x3, x3

ε )S for 0 < x3 < 1

∂
∂x3

[
λ2(S) ∂S

∂x3
− λ1(S)

]
for 1 < x3 < ∞,

(38)

where λ1(S) and λ2(S) are nonlinear functions of S. We need to write the

asymptotic expansions of λ1(S(t, x3, ε)) and λ2(S(t, x3, ε)) in ε. Using Taylor

expansions gives:

λ1(S(ε)) = (λ1 ◦ S)(0) + ε(λ1 ◦ S)′(0) + ε2 (λ1 ◦ S)′′(0)
2

+ O(ε3),

where the prime denotes differentiation with respect to ε. Searching for S in

the form of ansatz (28), we have:

(λ1 ◦ S)′(0) = [λ′1(S(ε))S
′(ε)]|ε=0 = λ′1(S0)S1

(λ1 ◦ S)′′(0) = [λ′′1 (S(ε))(S
′(ε))2 + λ′1(S(ε))S

′′(ε)]|ε=0 =

λ′′1 (S0)S2
1 + λ′1(S0)2S2.

Therefore:

λ1(S) = λ1(S0) + ελ′1(S0)S1 +
ε2

2
(λ′′1 (S0)S2

1 + λ′1(S0)2S2) + O(ε3),

and an analogous formula applies to λ2. Substituting these expansions into

the continuity equation (38) yields:

∂(S0+O(ε))
∂t = ( ∂

∂x3
+ 1

ε
∂

∂y3
)

{[
λ2(S0) + ελ′2(S0)S1+

ε2

2

(
λ′′2 (S0)S2

1 + λ′2(S0)2S2
)
+ O(ε3)

][
∂

∂x3
+

1
ε

∂
∂y3

][
S0 + εS1 + ε2S2 + O(ε3)

]
−
[
λ1(S0)+

ελ′1(S0)S1 + O(ε2)
]}
− f (x3, y3)

[
S0 + O(ε)

]
for 0 < x3 < 1

∂S
∂t = ∂

∂x3

[
λ2(S) ∂S

∂x3
− λ1(S)

]
for 1 < x3 < ∞.

(39)

At O(ε−2), we get 0 = ∂
∂y3

(λ2(S0)
∂S0
∂y3

), which for everywhere positive λ2 gives

(using the periodicity conditions) S0 = S0(t, x3)
6.

6 This can be shown using Kirchhoff transform method, see Section 3.5
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At O(ε−1), we get 0 = ∂
∂y3

(λ2(S0)
∂S1
∂y3

), which again gives S1 = S1(t, x3). At

O(1), we get:
∂S0
∂t = ∂

∂x3
[λ2(S0)

∂S0
∂x3
− λ1(S0)]+

∂
∂y3

[λ2(S0)
∂S2
∂y3

]− f (x3, y3)S0 for 0 < x3 < 1

∂S
∂t = ∂

∂x3
[λ2(S) ∂S

∂x3
− λ1(S)] for 1 < x3 < ∞,

(40)

which after integration with respect to y3 yields an effective equation:
∂S0
∂t = ∂

∂x3
[λ2(S0)

∂S0
∂x3
− λ1(S0)]− S0

1∫
0

f (x3, y3)dy3 for 0 < x3 < 1

∂S
∂t = ∂

∂x3
[λ2(S) ∂S

∂x3
− λ1(S)] for 1 < x3 < ∞.

(41)

Homogenisation and nutrient uptake by root hairs

To our knowledge, homogenisation was first used for modelling nutrient up-

take by a single cylindrical root periodically covered with root hairs in [80].

The root surface with hairs was rolled out to give a structure periodic in two

dimensions (see Figure 1.3 in Section 1.3.1)7. Denoting l to be the inter-hair

distance and L to be the root length, we set ε = l
L as the small parameter. The

Michaelis-Menten boundary condition with an efflux term (see Section 1.3.4)

was used at all the root surfaces (including the root hairs). Two-scale analysis

is performed and three different models depending on the relative importance

of the uptake and the diffusion processes are obtained. In the first case, the

uptake is negligibly small compared to the diffusion and thus, no change is

observed at the leading order in the effective equation. In the critical case, in

which the uptake and the diffusion are comparable in strength, one can replace

an explicit root hair geometry with a sink term in the continuity equation via

homogenisation. In the last case, the uptake is much faster than the diffusion,

and one can replace the root hairs with an enlarged root radius.

justification of homogenisation approach in hair uptake mod-

els

7 Note that a similar problem was rigorously studied in [112].
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In chapters 3, 4 and 5 of this thesis, we will model uptake of a diffusing nu-

trient by root hairs using the method of homogenisation. It therefore seems

worthwhile to look at nondimensional groupings of parameters that are as-

sumed to be O(1) in the homogenisation approach, and see how close to (or

far from) O(1) these really are.

Following [80], we consider diffusion of a nutrient described in dimensional

variables as:
∂c
∂t

= ∇ ·
{

D∇c
}

,

and uptake of this nutrient at the (cylindrical) hair surfaces described by a

Michaelis-Menten boundary condition with efflux:

−D∇c · n̂ =
Fhc

Kh + c
− Eh.

Following Supporting Information to [80], we nondimensionalise space with

respect to the length of the root on which the hairs grow (L), time with re-

spect to the corresponding timescale of diffusion ( L2

D ), and concentration with

respect to the Michaelis constant (Kh), i.e.:

x = LX t =
L2

D
T c = KhC.

This yields a dimensionless continuity equation:

∂C
∂T

= ∇2C

and a dimensionless hair boundary condition:

−∇C · n̂ =
FhL
KhD

C
1 + C

− EhL
KhD

= α
C

1 + C
− β, (42)

where we have defined α = FhL
KhD and β = EhL

KhD . In Chapters 3 and 5, we will

assume that α = O(ε) and β = O(ε), so that the leading order equation will

contain contributions from all processes involved (the diffusion as well as the

uptake; see Equation (132) for instance). Using Table 1.1 and the following

values from [80]: D = 10−5 cm2 s−1 (standard value for diffusion of small

molecules in water; see [97]), L = 1 cm and l = 0.01 cm (this value seems to

be a good approximation for most of the species included in [80]), we see that

α tends to be O(101) or O(102), with arabidopsis, ryegrass, russian thistle and

wheat being close to O(101).
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Plant Fh(µmol cm−2 s−1) Kh(mM) Eh(µmol cm−2 s−1)

Arabidopsis 5.03× 10−7 3.92× 10−3 2.08× 10−8

Barley 15− 29.7× 10−7 2.9− 4.7× 10−3 0.58− 0.71× 10−8

Bean 2.76× 10−7 0.4× 10−3 6.9× 10−8

Carrot 12.7× 10−7 3.1× 10−3 5.8× 10−8

Lettuce 10.6× 10−7 2× 10−3 11.35× 10−8

Onion 2.68× 10−7 0.4× 10−3 6.7× 10−8

Rape 4.26× 10−7 0.4× 10−3 10.65× 10−8

Ryegrass 1.54× 10−7 1.3× 10−3 1.18× 10−8

Russian Thistle 3.9× 10−7 2.7× 10−3 3.42× 10−8

Spinach 4.10× 10−7 0.4× 10−3 10.25× 10−8

Tomato 9× 10−7 0.4× 10−3 22.5× 10−8

Wheat 2.21× 10−7 2.3× 10−3 0.96× 10−8

Table 1.1.: The Michaelis-Menten and efflux parameters for phosphate uptake

by mildly phosphate starved plants; reproduced from [80].
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This is rather far from O(ε) = O(10−2) assumed in Chapters 3 and 5. How-

ever, considering other nutrients, we see that for a maize plant, the quotient Fh
Kh

is of order 10−5 cm s−1 for sulphur and magnesium, and of order 10−7 cm s−1

for calcium (see [119]). This yields α = O(1) for sulphur and magnesium, and

α = O(10−2) for calcium, which is already of the order assumed in Chapters 3

and 5. Finally, by choosing c(t = 0) = cin to be significantly smaller than Kh

(e.g. cin = 0.1× Kh), we get that C(T = 0) = 0.1 and (assuming Fhcin
Kh+cin

> Eh)

that C < 0.1 for any T > 0. This then gives C
1+C < 0.1 for any T > 0, which

reduces the strength of the Michaelis-Menten (uptake) term by another order.

Using the values from Table 1.1, we further see that β tends to be O(10−1),

O(100) or O(101), with arabidopsis, barley and wheat being the closest to

O(10−1). This is reasonably close to the O(10−2) value used in Chapters 3 and

5. These values suggest that our analysis should give a reasonable approxima-

tion for some plants and nutrients, and may be more widely applicable.

modifications of the model from [80 ]

If one wants to model nutrient sorption to soil particles, the assumption of ho-

mogeneous soil may not be valid at such small scales [152]. For these reasons,

in [113], homogenisation was used to derive a dual porosity (soil is composed

of micro-aggregates which are porous collections of soil particles) model of

solute sorption and diffusion. Comparison was made with a single porosity

model, which was shown to exhibit significant errors [113].

A typical inter-hair distance is roughly the same size as a typical soil micro-

aggregates. Therefore, in [152], the dual porosity approach for nutrient diffu-

sion and sorption from [113] was combined with the root hair uptake model

from [80] to produce a more realistic model (especially for highly-sorbed nu-

trients - see Section 1.2.3).

However, in both [80] and [152], the root surface was considered to be flattened

out from the very beginning and cartesian geometry was used instead of the

cylindrical one. This, as the authors themselves mention, is justified as long as

the average distance between the root hairs along the root surface (2πr0
n where

r0 is the root radius, and n is the number of root hairs in a root cross-section) is
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comparable to the distance between the root hair tips (2π(r0+Lh)
n where Lh is the

root hair length). Dividing these two expression we get r0+Lh
r0

. We found the

following values for winter Kraka wheat: r0 ≈ 0.085 mm and Lh ≈ 1.27 mm

[51], which suggests that the quotient can be as large as 16. In other words, the

root hair length can play a very important role and therefore we conclude that

it is not always justifiable to flatten the root surface out. We will study this

problem in Chapter 5.

other approaches

It is important to note that the geometry of a root covered with root hairs is

not exactly periodic (see Figure 1.2). As a consequence, one might want to ap-

proach the problem of hair uptake modelling using different methods (such as

volume averaging or stochastic homogenisation), and study how the resulting

effective equation deviates from the periodic homogenisation result.

In the method of volume averaging, one directly integrates the given partial

differential equation over the so-called representative volume element (RVE),

which is a small part of the domain that captures the material properties of the

entire domain sufficiently [147]. Writing the solution as a sum of a value av-

eraged over a RVE and a local perturbation, one then uses theorems allowing

the averaging and differential operators to be interchanged, and uses addi-

tional assumptions to obtain a relationship between the perturbation and the

averaged term, which finally yields a closed form macroscopic problem (for

more details, see [31] or [84]). However (as also discussed in [31]), the volume

averaging yields the same effective equation as periodic homogenisation for a

linear diffusion equation, and this generally extends to other settings.

Alternatively, stochastic homogenisation assumes prescribed random fields for

the domain, and determines effective equations as a function of these (see [126]

or [125]). However, it is not clear what spatial probability distribution of root

hairs one might expect in our case. Furthermore, as shown in [16], stochas-

tic homogenisation results are often in good agreement with the periodic ho-

mogenisation approaches when studying diffusion in porous media with small

volume fraction of obstacles.
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1.5 available software tools

Let us also note that as discussed in [30] (see Fig. 2), the geometric arrange-

ments of root hairs on root surfaces fall into three categories. While for plants

belonging to the first category, any outer layer cell can become either a hair

or a non-hair cell, for plants belonging to the remaining two categories, the

arrangement of root hairs is much more regular, and exhibits varying levels of

periodicity along the root length (type 1 pattern) or around the circumference

of the root (type 2 pattern) [30]. This observation further supports the periodic

homogenisation approach (even though the actual path that a particular root

hair takes when growing into the surrounding soil depends on its interactions

with soil particles and other soil constituents [72]).

To summarise, even though periodic homogenisation presents the greatest sim-

plification of the geometry from all these methods, it offers us a more sys-

tematic framework than the volume averaging [31], it is more intuitive than

stochastic homogenisation, and normally gives the same effective equations as

these two methods. Therefore, and also for the sake of brevity, we will only

use periodic homogenisation in this thesis.

1.5 available software tools

Due to the high complexity of root systems as well as that of root-soil inter-

actions, many software tools have been developed in recent decades to model

root system growth and its interactions with the environment explicitly.

ROOTMAP - a computer model simulating the growth of fibrous root systems

and incorporating features such as growing time, growth rates and branching

properties of the root system - was introduced in [33]. Locations of branches

and root tips are recorded and the root system develops in discrete time.

Other commonly used software tools include RootTyp [101], RootBox [81] and

SimRoot [86]. We focus on the one we will use in the last chapter of this thesis,

i.e. SimRoot.
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1.5.1 SimRoot

In [86], the SimRoot model is introduced. The root system is represented in

the form of a graph - a set of nodes connected by edges. SimRoot was novel

in introducing spatial heterogeneity of processes such as water and nutrient

uptake or respiration into the model, which can vary along the roots as well

as among different roots [86]. SimRoot was used to estimate fractal properties

(see Section 1.2.1) of simulated root systems in [86], and to study soil explo-

ration by roots using fractal analysis methods in [144].

Apart from simulating root system growth and development, SimRoot has

been coupled with an SWMS− 3D code, which models water (Richards’ equa-

tion with a sink term) and nutrient (reaction-advection-diffusion equation) dy-

namics in soil [129] (for a model coupling the soil model SWMS− 3D with a

computer model of flows within the root network, see R− SWMS [67]). There-

fore, SimRoot is now capable of simulating water and nutrient (nitrate, phos-

phate and other) uptake by a growing root system.

1.6 thesis plan

In Chapter 2, we provide various accuracy checks for numerical solutions of

water uptake by simple root-like structures. These checks are desirable, be-

cause simulations using similar geometries will be used in Chapters 3, 4 and

5. Soil water dynamics is modelled using Richards’ equation (7), and we use

various boundary conditions at the root surfaces (including the Robin-type

boundary condition; see Section 1.3.4). Later on in this chapter, we show that

even though these models are simplistic and the main purpose of this chapter

is validation of the numerics, they still can be used to address real agricultural

problems.

In Chapter 3, we introduce a key framework - a periodic array of uptaking

cylinders (as in Figure 1.3) - and show how homogenisation can give us an

effective equation here. The same geometry was used in [80]. However, we

present this framework in a rather general setting, noting that apart from mod-
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elling root hairs, it can also be used to model uptake by a field of crops. More-

over, we show how to homogenise this problem using various continuity equa-

tions and boundary conditions often found in root-soil modelling (discussed

in Sections 1.3.3 and 1.3.4), we compare the full-geometry numerics with the

homogenisation results for all these cases, and thus we directly see how ho-

mogenisation averages out microscopic heterogeneities.

As can be seen from this literature review, many authors modelled water and

nutrient uptake at a single root as well as a single plant scale (see Section

1.3.4). However, less attention was paid to modelling root hairs’ contribution

to overall nutrient uptake (those few exceptions are summarised in Section

1.4.4). Therefore, in Chapter 4, we study the limit of very sparse root hairs,

in which the root hair thickness is much smaller than the distance between

the neighbouring hairs. This introduces another small parameter to the model,

and therefore, a separate asymptotic analysis is needed. To our knowledge, no

one has studied this problem in the context of root hairs before us.

As mentioned in Section 1.4.4, the authors of [80] neglected the role of the root

hair length, and the way it affects the root surface unrolling (also see Figure

1.3). As we have not seen any attempt to study these effects in the available

literature, we will study this problem in Chapter 5.

Even though the central chapters of this thesis (i.e. chapters 3, 4 and 5) are

concerned with homogenisation and its role in modelling nutrient uptake by

root hairs, we believe that multiscale (and averaging) methods will be crucial

in many other areas of plant uptake research. Therefore, in the remaining two

chapters of this thesis we will introduce other challenging problems related to

the uptake processes, and show how even simple upscaling (and averaging)

techniques can give us useful insight into such problems. In Chapter 6, we up-

scale nitrate intake from a single transporter scale to a root segment scale sim-

ply by multiplying the single transporter uptake with the transporters density.

Finally, in Chapter 7, we study how depth-dependent (horizontally averaged)

models of water and nitrate uptake (similar to those discussed in Section 1.3.4)

compare with a fully three-dimensional architectural model (SimRoot; see Sec-

tion 1.5.1) using realistic root system geometries.
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2
WAT E R U P TA K E B Y S I M P L E R O O T S T R U C T U R E S

2.1 introduction

In this chapter, we study the models of water uptake by structures similar to

those found in root systems. These models are often nonlinear, hence we of-

ten have to solve the corresponding equations numerically. After introducing

standard partial differential equations that govern water dynamics in the soil

and a few simple root geometries that will be used throughout this chapter,

we present the basics of the finite difference and the finite element methods.

As we will use numerical simulations in FEniCS (a computing platform that

uses finite element methods - see Section 2.4 - for solving partial differential

equations) throughout chapters 3, 4 and 5 of this thesis, accuracy checks for

these are highly desirable. Therefore, in this chapter, we compare the FEn-

iCS results with numerics in MATLAB, and provide further numerical checks

using various geometries and governing equations. This gives us numerical

evidence that the results of our simulations are valid.

Up to this point, we need not be concerned too much with the specific values

of physiological or physical parameters used, as we are mostly interested in

making sure that our understanding of FEniCS is correct, and thus the mod-

elling outcomes are trustworthy. In later sections of this chapter, we show how

the mentioned simulations can be used for studying real agricultural problems.

This includes the estimation of a minimal watering rate needed for keeping the

soil from drying out (see Section 2.6.2). Moreover, we will also study a geom-

etry with a branch (see Figure 2.2), which provides us with a very general
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framework - one can use it to model an uptake by a seminal root with period-

ically spaced branches as well as an uptake by a root covered with root hairs.

Thus, we conclude this chapter with an attempt to optimise a water uptake

by a single root with respect to the root hair density, for which we will use

biologically realistic parameters.

2.2 equations , geometries and software

2.2.1 Continuity equation

To model water dynamics in the soil, let us start with the equation of continuity

(see Section 1.3.3) for the volumetric water content θ(t, x) without any sink

terms:
∂θ

∂t
+∇ ·J = 0, (43)

where t is time, θ is the volumetric water content, and J is the water flux, i.e.∫
S
J · n̂dS is the volume of water passing through any surface S (n̂ is a unit

vector normal to that surface).

Moreover, it is easy to see that J = θV , where V is the velocity of water.

Following [114], for processes not involving hysteresis 1, Darcy’s law can be

expressed as:

J = θV = −D(θ)∇θ + k(θ)∇x3, (44)

where the −D(θ)∇θ term models flux caused by a difference in matric po-

tential, and the +k(θ)∇x3 term models flux caused by a difference in gravita-

tional potential (with D(θ) being the soil water diffusivity, k(θ) being the hy-

draulic conductivity and x3 the vertical coordinate taken positive downwards;

see Equation (6) and Section 1.3.3). Note that both D(θ) and k(θ) can be highly

nonlinear functions of the local water content θ [114], which models reduction

1 In standard Darcy’s law, the water flux is proportional to the pressure head gradient (see Sec-

tion 1.3.3). Hysteresis means that the relationship between the water content and the pressure

head is different for a wetting and a drying soil. Therefore, we can only express the pressure

head gradient in terms of the water content gradient, provided we neglect hysteresis. For

more details, see Section 1.3.3
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in water mobility due to a decreased water content known from experiments

[121]. We postpone the discussion regarding the exact forms of D(θ) and k(θ)

to Section 2.6. Substituting Equation (44) into the continuity equation (43), we

get:
∂θ

∂t
= ∇ · {D(θ)∇θ − k(θ)∇x3}, (45)

which is exactly the same as Equation (7) from the previous chapter.

2.2.2 Boundary conditions

When using partial differential equations to model biological systems, one

normally deals with finite spatial domains, and therefore a boundary condition

is imposed at some finite distance from the process of interest (water uptake at

the root surface in this case). Here, we will often impose a zero-flux condition:

−{D(θ)∇θ − k(θ)∇x3} · n̂ = 0, (46)

which can either be used to model an impermeable layer (e.g. plants stored in a

pot), or to model competition with a neighbouring plant/root (the imposition

of this boundary condition can also be thought of as a symmetry argument).

Alternatively, we will sometimes impose a fixed water content:

θ = θ f f (47)

at the far-field distance.

We do not model water transport within the root system in this thesis. In-

stead, we wish to model water intake, and to do that, we either need to add a

sink term to the continuity equation, or we model the uptake explicitly via a

boundary condition specified on the root surface (this choice usually depends

on the spatial scale under consideration - see Section 1.3.4). In this chapter, we

choose the latter option, and we consider two distinct root system geometries.

In attempt to keep the geometry as simple as possible, we first assume a single

cylindrical root surrounded by a cylindrical column of soil, and then add one

lateral root branching off perpendicularly from this root.
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(a) View from above (b) Side view (c) Vertical slice

Figure 2.1.: Coarsely meshed geometry without a side branch.

A single cylinder geometry

In the first case, our geometry consists of a thick cylinder of finite height (rep-

resenting the soil) with a thinner cylinder of the same height (representing the

root) cut out of it. Different views of the (meshed) geometry are presented in

Figure 2.1. Note that in this chapter, the main axis of the cylindrical root is

always oriented in the direction of gravity.

On the length scale of the rooting depth, the gravity term cannot be neglected.

Therefore, if the length of the modelled root is of this order, the imposed

boundary conditions at the top and the bottom parts of the boundary become

decisive for the model outcomes. Normally, water content increases as we

move into the deeper soil layers (see Section 1.2.2). Therefore, as a default case,

we impose a full-saturation Dirichlet boundary condition:

θ = φ (48)

at the bottom part of the boundary (defined as x3 = h0), where φ is the soil

porosity from Section 1.2.2. This way, we can model a water table located at

x3 = h0 (see [121] and Section 1.2.2).

Furthermore, one may sometimes wish to impose a zero-flux boundary condi-

tion:

−{D(θ)∇θ − k(θ)∇x3} · n̂ = 0 (49)

at the top (x3 = 0) or the bottom (x3 = h0) part of the boundary. This can repre-

sent an impermeable layer at the bottom boundary (modelling a soil overlying
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Figure 2.2.: Slice through a (coarsely) meshed geometry with a side branch.

an aquitard - a zone of low hydraulic conductivity - see [121], or simply a soil

stored in a sealed pot). When applied at the top boundary, this condition can

model the absence of precipitation (as well as evaporation).

In this chapter, we also implement a free-drainage boundary condition:

−{D(θ)∇θ − k(θ)∇x3} · n̂ = k(θ) (50)

at the bottom boundary, which is often found to be a good approximation in

field studies with the water table lying far below the rooting depth [129].

Another possible modification could be in the form of a prescribed influx at the

top boundary (modelling rainfall or watering). However, we will not impose

this boundary condition in this chapter.

Branching structure

The single cylindrical root geometry is not an ideal description of sometimes

highly complex structures that are found in root systems. As the simplest mod-

ification towards simulating more realistic root geometries, we consider the

case with another (thinner) cylinder cut out from the domain (which can rep-

resent a root hair or a lateral root branching off the main root). A vertical slice

through such domain is shown in Figure 2.2. This allows us to model water

uptake on smaller scales. However, if the difference in water content between

the two ends of the main root is negligible, we can upscale the outcomes of this

setting, and model water uptake by a root with periodically-spaced branches
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(or root hairs). To do this, we imagine that the geometry from Figure 2.2 is

repeated in the x3 direction, and we impose periodic boundary conditions, i.e.

a periodic value condition:

θ(t, x1, x2, 0) = θ(t, x1, x2, h0) ∀t, x1, x2, (51)

and a periodic flux condition:(
D
(
θ(t, x1, x2, 0)

)
∇θ(t, x1, x2, 0)−

(
0, 0, k

(
θ(t, x1, x2, 0)

)))
·
(

0, 0, 1

)
=(

D
(
θ(t, x1, x2, h0)

)
∇θ(t, x1, x2, h0)−

(
0, 0, k

(
θ(t, x1, x2, h0)

)))
·
(

0, 0, 1

)
∀t, x1, x2 (52)

which in this case reduces to the periodic value of the derivative with respect

to x3:
∂θ(t, x1, x2, 0)

∂x3
=

∂θ(t, x1, x2, h0)

∂x3
∀t, x1, x2. (53)

Similar conditions are frequently imposed in the method of homogenisation,

which will be the key concept in the next three chapters of this thesis. There-

fore, even though we will not use homogenisation in this chapter, confidence

in the numerical simulations using the periodic boundary condition will be

essential in the next three chapters.

2.2.3 Software

If we assume the root to be an infinitely long cylinder located in an infinite soil,

neglect the gravity (advection) term in Equation (45), and impose initial and

boundary conditions dependent only on the polar radius (r =
√

x2
1 + x2

2), then

our model is effectively one-dimensional, i.e. its solution is only dependent on

r. If we add the advection to the model, it becomes two-dimensional. These

situations can be easily solved in MATLAB using the finite difference method

(as introduced in Section 2.3), and we will use this approach in Section 2.5.

However, adding a branch to the main root, the problem becomes essentially

three-dimensional. The finite difference methods (that one can easily imple-

ment in MATLAB) are not well-suited for more complex geometries like this
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anymore. We used finite element solvers (implemented in FEniCS [83]) to solve

these geometrically more challenging problems in Section 2.6.

However, we need to provide FEniCS with meshed geometries in the form of

.xml files. First, we write a .geo file (describing the geometry of our domain

using simple primitives - e.g. cylinders - and Boolean operations - comple-

ment, union and intersection [127]). We then use NetGen [127] to generate the

meshed domain with a specified maximal mesh size, in the form of an .msh

file. Finally, we use DOLFIN-CONVERT (a python script [83]) to convert the

.msh file into an .xml file, which can be used as an input for FEniCS.

We first sketch the basic principles of the finite difference method, and then do

the same with the finite element method. Later on, we compare MATLAB and

FEniCS results for linear models with and without the advection.

2.3 brief introduction to the finite difference method

In this chapter, we will deal with advection-diffusion equations (see Equation

(45)). Therefore, we introduce finite difference schemes for this type of equa-

tion.

Suppose we have a nonlinear, inhomogeneous diffusion equation:

∂u
∂t

= ∇ · [D(x1, x2, x3, u)∇u] , (54)

which we wish to solve in a cubic domain:

Ω =
{
(x1, x2, x3) ∈ R3, 0 ≤ x1, x2, x3 ≤ L

}
for t ∈ [0, T]. We discretise the spatial as well as the temporal domain. Let

M, N ∈N be fixed, reasonably large (this will affect the accuracy of the numer-

ical solution) numbers. Denote δt = T
M , h = L

N , tn = nδt for n ∈ {0, 1, ..., M},

and xi
1 = ih, xj

2 = jh, xk
3 = kh for i, j, k ∈ {0, 1, ..., N}. We want to find a

numerical approximation for the values of the exact solution u at specified

points in space and time - u(tn, xi
1, xj

2, xk
3), and we denote these values as un

ijk.

Furthermore, we denote ∇un
ijk to be our numerical approximation for the gra-

dient and similar notation is used for other derivatives. Finally, we denote

52



2.3 brief introduction to the finite difference method

Dn
ijk = D(xi

1, xj
2, xk

3, un
ijk). Any first-order spatial derivative (e.g. derivative with

respect to x1) can be approximated either by a forward Euler method:

∂un
ijk

∂x1
≈

un
(i+1)jk − un

ijk

h
,

or by a backward Euler method:

∂un
ijk

∂x1
≈

un
(i)jk − un

(i−1)jk

h
.

Let us focus on the expression:

∇ · [D(x1, x2, x3, u)∇u(t, x1, x2, x3)] . (55)

First, we approximate the first component of ∂[D(x1,x2,x3,u)∇u(t,x1,x2,x3)]
∂x1

as:

∂

[
D(xi

1, xj
2, xk

3, un
ijk)

∂un
ijk

∂x1

]
∂x1

≈ 1
h

{
Dn

(i+ 1
2 )jk

∂un
(i+ 1

2 )jk

∂x1
− Dn

(i− 1
2 )jk

∂un
(i− 1

2 )jk

∂x1

}
≈

1
h

{
Dn

(i+1)jk + Dn
ijk

2

un
(i+1)jk − un

ijk

h
−

Dn
(i−1)jk + Dn

ijk

2

un
ijk − un

(i−1)jk

h

}
.

Similarly, the approximation of the second term in the divergence Expression

(55) gives:

1
h

{
Dn

i(j+1)k + Dn
ijk

2

un
i(j+1)k − un

ijk

h
−

Dn
i(j−1)k + Dn

ijk

2

un
ijk − un

i(j−1)k

h

}
,

and the final term is approximated by:

1
h

{
Dn

ij(k+1) + Dn
ijk

2

un
ij(k+1) − un

ijk

h
−

Dn
ij(k−1) + Dn

ijk

2

un
ijk − un

ij(k−1)

h

}
.

Adding these term, we obtain an approximation for Expression (55), and Equa-

tion (54) becomes:
dun

ijk

dt
=

1
2h2

{
(

Dn
(i+1)jk + Dn

ijk

) (
un
(i+1)jk − un

ijk

)
−
(

Dn
(i−1)jk + Dn

ijk

) (
un

ijk − un
(i−1)jk

)
+(

Dn
i(j+1)k + Dn

ijk

) (
un

i(j+1)k − un
ijk

)
−
(

Dn
i(j−1)k + Dn

ijk

) (
un

ijk − un
i(j−1)k

)
+(

Dn
ij(k+1) + Dn

ijk

) (
un

ij(k+1) − un
ijk

)
−
(

Dn
ij(k−1) + Dn

ijk

) (
un

ijk − un
ij(k−1)

)}
.
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If we impose a Dirichlet condition everywhere on the boundary, this can be

treated as the system of (N − 1) × (N − 1) × (N − 1) ordinary differential

equations in time. This is called a semi-discretisation (so far we only discre-

tised in space), and it is often useful when performing the stability analysis.

We discretise in time using the forward Euler method (for simplicity 2), and

get:

un+1
ijk = un

ijk + δt
1

2h2

{(
Dn

(i+1)jk + Dn
ijk

) (
un
(i+1)jk − un

ijk

)
−(

Dn
(i−1)jk + Dn

ijk

) (
un

ijk − un
(i−1)jk

)
+
(

Dn
i(j+1)k + Dn

ijk

) (
un

i(j+1)k − un
ijk

)
−(

Dn
i(j−1)k + Dn

ijk

) (
un

ijk − un
i(j−1)k

)
+
(

Dn
ij(k+1) + Dn

ijk

) (
un

ij(k+1) − un
ijk

)
−(

Dn
ij(k−1) + Dn

ijk

) (
un

ijk − un
ij(k−1)

)}
.

Thus, we can calculate the solution at time tn+1 if we know its values at time

tn. As we know the values at time t0 = 0 from the initial condition, we can in

principle calculate the numerical solution at any time in future.

Having introduced the finite difference method for the diffusion equation, let

us briefly discuss the advection-diffusion equation. Recall Equation (45). We

approximate the diffusion term ∇ · {D(θ)∇θ}, using the centered difference

method as above. The advection term becomes:

−∇ · {k(θ)∇x3} = −
∂(k(θ))

∂x3
= −k′(θ)

∂θ

∂x3
.

The key question here is whether one should approximate the advection term

using the forward or the backward Euler method. The standard procedure

in numerical studies is to use the so-called upwinding: one should choose

the side from which ’the wind is blowing’ (which in this case means to go

against gravity). As mentioned in Section 1.3.3, the hydraulic conductivity

k(θ) is always assumed to be an increasing function of the local water content

θ, which means that k′(θ) > 0. Therefore, if we approximate ∂θ
∂t ≈

θn+1
ijk −θn

ijk
δt ,

then the upwinding gives −k′(θ) ∂θ
∂x3
≈ −k′(θn

ijk)
θn

ijk−θn
ij(k−1)

h .

2 Without going into much detail, we mention that this method is often unstable. Therefore,

the backward Euler method is often used for time discretisation, and it yields a system of

algebraic equations to be solved.
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2.4 brief introduction to the finite element method

2.4 brief introduction to the finite element method

To solve a differential equation using the finite element method, we first need

to change our equation into a so-called weak form. Following [83], we first

discretise in time. Then, we multiply the equation with a test function, inte-

grate over the whole domain, and use integration by parts. We explain this

procedure in more detail with a few simple examples.

First, consider the geometry from Figure 2.1 and assume that gravity can be ne-

glected so that the solution depends only on one spatial coordinate (the polar

radius r). Denoting Φ(t, r) = θ(t, x), we get:

∂Φ
∂t

=
1
r

∂

∂r

[
rD(Φ)

∂Φ
∂r

]
.

Approximating the time derivative using the backward Euler scheme (see Sec-

tion 2.3), we get:
Φn −Φn−1

δt
=

1
r

d
dr

[
rD(Φn)

dΦn

dr

]
.

Rearranging this, we obtain:

Φn − δt
1
r

d
dr

[
rD(Φn)

dΦn

dr

]
= Φn−1, (56)

for n = 1, 2, 3, ..., N, where N ∈N, and:

Φ0 = Φ(0, r),

Our strategy is to calculate the solution at time tn (Φn) from the known solution

at time tn−1 (Φn−1). In order to do that, we write our equation in the previously

mentioned weak form. We multiply Equation (56) by a test function v, and we

integrate over the truncated domain Ω = (r0, r∞) where r∞ is some (reasonably

large) positive real number. Using integration by parts, we arrive at:

r∞∫
r0

Φnvdr− δt
{[

D(Φn)v
dΦn

dr

]r∞

r0
−

r∞∫
r0

rD(Φn)
dΦn

dr
d
dr

(v
r

)
dr
}

=

r∞∫
r0

Φn−1vdr

(57)

Suppose the boundary is divided into two parts - at one of them (ΓD), we

assume a Dirichlet boundary condition (θ(t, x) = f (t, x)), while at the other

(ΓN), we assume a Neumann boundary condition ([D(θ)∇θ − k(θ)∇x3] · n̂ =
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2.4 brief introduction to the finite element method

g(t, x), where n̂ is the outward pointing unit normal vector). For instance, we

may want to impose a fixed root influx at r = r0 (i.e. D(Φn) dΦn

dr = I; Equation

(19)), and a fixed water content at the outer boundary (i.e. Φ(t, r∞) = Φ f f ;

Equation (47)). We only admit test functions v which are zero at ΓD (see [83]).

Therefore, Equation (57) can be written as:

a(Φn, v) = L(v),

where:

a(Φn, v) =
r∞∫

r0

Φnvdr + δt
r∞∫

r0

rD(Φn)
dΦn

dr
d
dr

(v
r

)
dr

is linear in v (and is a bilinear form, if D(Φn) is constant), and:

L(v) =
r∞∫

r0

Φn−1vdr− δtIv(r0)

is a linear functional.

Denote H = {h ∈ H1(Ω) : h = Φ f f at r = r∞} and J = {j ∈ H1(Ω) : j =

0 at r = r∞}, where H1(Ω) = W1,2(Ω) is a well-known Sobolev space [45].

Using these spaces, we can finally state the weak formulation in its fullness -

we look for Φn ∈ H such that a(Φn, v) = L(v) for all v ∈ J.

However, the spaces H and J are infinite-dimensional. Therefore, in the finite

element method, one constructs finite-dimensional subspaces of these spaces

Hm and Jm, and searches for Φ ∈ Hm such that a(Φ, v) = L(v) for all v ∈ Jm.

The domain is divided into a finite number of subdomains, and the finite-

dimensional subspaces are chosen to be the spaces of piecewise (with respect

to the chosen domain division) polynomial functions (with their degree con-

strained from above) [83]. We do not need to go into the details of how exactly

the solutions are found in the finite element method, because FEniCS does that

for us automatically; we only need to provide FEniCS with the mesh, the weak

formulation, and the maximal polynomial degree.

In this chapter, we will also study problems in two and three spatial dimen-

sions. Therefore, let us go back to Equation (45) in cartesian coordinates

(x1, x2, x3). In the case of D(θ) and k(θ) being nonlinear functions of θ [114],
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2.4 brief introduction to the finite element method

this can rarely be solved analytically, and we need to use numerical methods.

Time discretisation using the backwards Euler method yields:

θn − θn−1

δt
= ∇ ·

[
D(θn)∇θn − k(θn)∇x3

]
,

or:

θn − δt∇ ·
[
D(θn)∇θn − k(θn)∇x3

]
= θn−1

for n = 1, 2, 3, ..., N, where N ∈N. Impose an initial condition:

θ0 = θ0.

Multiplying by the test function v, integrating over

Ω = {(x1, x2, x3) ∈ R3 : r2
1 ≥ x2

1 + x2
2 ≥ r2

0, 0 ≤ x3 ≤ h1},

and integrating by parts, we get:∫
Ω

θnvdx− δt
∫

∂Ω

v
[
D(θn)∇θn − k(θn)∇x3

]
· n̂dS+

δt
∫
Ω

[
D(θn)∇θn − k(θn)∇x3

]
· ∇vdx =

∫
Ω

θn−1vdx,
(58)

where n̂ is an outward pointing unit normal vector.

The boundary is again divided according to the type of a boundary condition

used. We consider the two distinct geometries from Figures 2.1 and 2.2 in this

section.

We first consider a long vertical root stretching from the ground down to

deeper soil layers (see Figure 2.1). Assume that we keep the water content at

the bottom boundary fixed, i.e. θ(t, x1, x2, h0) = θb (generalised Equation (48)).

At r = r∞, we impose Equation (46), i.e. the zero-flux boundary condition. We

further assume imposed fluxes [D(θ)∇θ − k(θ)∇x3] · n̂ = g1(t, x) at the root-

soil interface (r = r0) modelling the water uptake (generalised Equation (19)),

and [D(θ)∇θ− k(θ)∇x3] · n̂ = g2(t, x) at the soil-atmosphere interface (x3 = 0)

modelling precipitation or evaporation (generalised Equation (49)). As the test

functions vanish at ΓD (the standard step in the finite element method), we get:∫
Ω

θnvdx + δt
∫
Ω

[
D(θn)∇θn − k(θn)∇x3

]
· ∇vdx =
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2.4 brief introduction to the finite element method

∫
Ω

θn−1vdx + δt{
∫

r=r0

vg1dS +
∫

x3=0

vg2dS}.

Denote:

H = {h ∈ H1(Ω) : h = θb at x3 = h0},

and:

J = {j ∈ H1(Ω) : j = 0 at x3 = h0}.

We wish to find Φn ∈ H such that a(Φn, v) = L(v) for all v ∈ J where a and L

are linear in v, and a may be nonlinear in Φn.

Because of their importance in the method of homogenisation, in the last ex-

ample, we show how the periodic boundary conditions are imposed.

We study the model with a branch (see Figure 2.2), and we impose the periodic

boundary conditions in the x3 direction, namely the periodic value condition

(51) (which leads to v(t, x1, x2, 0) = v(t, x1, x2, h0) ∀t, x1, x2 for all test func-

tions v), and the periodic flux condition (52). The only remaining type of

boundary condition important for this thesis that was not discussed yet (in

relation to its finite element implementation) is the Robin boundary condi-

tion, and thus we impose Equation (21) at the root-soil interface (which now

includes the surface of the branch/hair; let us denote it by RS). To get a non-

trivial steady state, we assume θ = θ f f at r = r∞, and the weak formulation

(58) becomes:∫
Ω

θnvdx + δtC2

∫
RS

vθndS− δt
∫

∂ΓP

v
[
D(θn)∇θn − k(θn)∇x3

]
· n̂dS+

δt
∫
Ω

[
D(θn)∇θn − k(θn)∇x3

]
· ∇vdx =

∫
Ω

θn−1vdx,
(59)

where ΓP denotes the part of the boundary, at which the periodic boundary

conditions are imposed. The periodic boundary conditions cause the inte-

grals over the upper and the lower part of the periodic boundary to cancel

out. Therefore, the weak formulation goes as follows: find θn ∈ H = {h ∈

H1(Ω) : h(r = r∞) = θ f f , h(x1, x2, 0) = h(x1, x2, h0) ∀x1, x2} such that for all

v ∈ J = {j ∈ H1(Ω) : j(r = r∞) = 0, j(x1, x2, 0) = j(x1, x2, h0) ∀x1, x2}, we

have a(θn, v) = L(v), where

a(θ, v) =
∫
Ω

θvdx + δt
∫
Ω

[
D(θ)∇θ − k(θ)∇x3

]
· ∇vdx + δtC2

∫
RS

vθdS,
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L(v) =
∫
Ω

θn−1vdx,

and θn−1 is known from the previous time step.

2.5 numerical checking and simulations - toy problems

Before we draw any conclusions from our models, we need to make sure that

we can control the errors which are inevitably created in the process of solving

any equation numerically (by the finite element method in this case). There-

fore, we now study these errors.

Note that no biological conclusions will be drawn in this section, and there-

fore, exact parameter values and their units are not important here. We will

introduce biologically relevant parameters in Section 2.6.

We start with the geometry without a branch (see Figure 2.1). Because of the

cylindrical nature of the geometry, we will use cylindrical coordinates.

2.5.1 Linear diffusion equation

Assume first, that the advection can be neglected, and thus we omit the second

term on the right-hand side of Equation (45). Assuming a constant initial

condition and zero-flux boundary conditions at the top and the bottom part of

the boundary, we get that the solution is independent of the azimuthal angle

ϕ as well as of the depth x3, i.e. Φ(t, r) = θ(t, x1, x2, x3) (where r =
√

x2
1 + x2

2

is the polar radius). Equation (45) (without the advection term) becomes:

∂Φ
∂t

=
1
r

∂

∂r

(
rD

∂Φ
∂r

)
, (60)

and we assume that the diffusivity D is independent of the local water content

Φ.

Analytical solutions

steady state

As we are dealing with a linear equation, it is easy to analytically find the
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steady state (denoted as Φ∞), to which the solution converges as time goes to

infinity. To obtain this steady state, we simply set:

1
r

d
dr

(
rD

dΦ∞

dr

)
= 0. (61)

This means that r dΦ∞

dr = C1, where C1 is a constant. This leads to Φ∞(r) =

C1 ln r + C2 for some constants C1 and C2. Using the following boundary con-

dition:

Φ∞(r∞) = Φ f f (62)

as well as the assumption of a constant influx:

D
dΦ∞

dr
= I (63)

at the root surface r = r0
3, we arrive at:

Φ∞
A (r) = Φ f f +

Ir0

D
ln

r
r∞

, (64)

where the subscript A is used to denote the analytical steady state from now

onwards.

time-dependent problem

Here, we will attempt to find an analytical solution for Equation (60) equipped

with the Dirichlet boundary condition (62) at r = r∞, the constant-flux bound-

ary condition (63) at r = r0, and a constant initial condition:

Φ(0, r) = Φ f f . (65)

We write Φ in the form:

Φ(t, r) = ξ(t, r) + Φ∞
A (r), (66)

where Φ∞
A is the steady-state solution from Equation (64) (which satisfies both

boundary conditions). Using separation of variables, we then write:

ξ(t, r) = T(t)R(r), (67)

3 Note that this is a good approximation for highly wetted soils so that the transpirational

demand is easily met by the available water content. Other uptake regimes - see [114] - will

be considered as well.
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and impose boundary conditions:

R′(r0) = 0 R(r∞) = 0. (68)

Substituting the ansatz (66) (with ξ defined by (67)) into Equation (60), we

get:
T′

DT
=

R′′ + 1
r R′

R
= −λ, (69)

and it follows that:

R′′ +
1
r

R′ + λR = 0. (70)

By defining P(r, ϕ) = R(r) for all ϕ ∈
[
0, 2π

]
, we therefore have:

−∇2P = λP. (71)

We will now show that this problem equipped with a zero-flux boundary con-

dition at r = r0 and a Dirichlet boundary condition P = 0 at r = r∞ (see the

boundary conditions for R, i.e. equations (68)) only admits positive eigenval-

ues (i.e. λ > 0).

Multiplying Equation (71) by P, and integrating over an annulus ΩA with the

inner radius of r0 and the outer radius of r∞, we get:∫
ΩA

λP2dS = −
∫

ΩA

P∇2PdS =

−
{ ∫

∂ΩA

P∇P · n̂dl −
∫

ΩA

‖∇P‖2 dS
}

=
∫

ΩA

‖∇P‖2 dS,

where we used Green’s first identity (see [130]), and the imposed boundary

conditions caused the boundary integral to vanish. This yields λ ≥ 0. The

λ = 0 case leads to ∇P = 0 everywhere, which gives P constant everywhere,

and using the boundary condition at r = r∞, we conclude P = 0 everywhere.

Therefore, from now onwards, we only assume λ > 0, and we write λ = µ2

for some positive µ.

Equation (70) can therefore be written as:

r2R′′ + rR′ + µ2r2R = 0.

Defining ρ = µr and S(ρ) = R(r), this becomes:

ρ2S′′ + ρS′ + ρ2S = 0,
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which is known as Bessel’s differential equation of order 0 (see [130]). We can

choose two linearly independent solutions of this linear second-order differ-

ential equation to be the Bessel function of the first kind J0(ρ) and the Bessel

function of the second kind Y0(ρ) (for more details, see [1]), which gives a

general solution to the R equation in the form:

R = AJ0(µr) + BY0(µr).

For this solution to satisfy our boundary conditions (68), we need to impose:

AJ0(µr∞) + BY0(µr∞) = 0, (72)

and

AJ′0(µr0) + BY′0(µr0) = 0, (73)

which can be regarded as a system of 2 linear equations in A and B. For this

system to give a nontrivial solution (A, B), the determinant of its matrix needs

to be 0, i.e.:

J0(µr∞)Y′0(µr0)− J′0(µr0)Y0(µr∞) = 0,

and this introduces a constraint on possible values of µ (and therefore on λ =

µ2).

Upon rewriting Equation (70) in a form:

1
r

(
rR′
)′

= −λR,

this becomes an eigenvalue problem, and we can apply Sturm-Liouville the-

ory (for details and proofs, see [75]). This tells us that the eigenvalues form a

sequence
{

λk
}∞

k=1 with lim
k→∞
|λk| = ∞, and that eigenfunctions associated with

distinct eigenvalues are orthogonal (with weight r) [75]. As we have already

shown that λk > 0, it follows that lim
k→∞

λk = ∞. Finally, looking back into Equa-

tion (69), these eigenvalues give the corresponding time-dependent functions

of the form Tk(t) = Tk(0)e−λkDt.

To summarise, we can write the solution Φ(t, r) as an infinite series:

Φ(t, r) = Φ∞
A (r) +

∞

∑
k=1

e−λkDt
{

Ak J0(
√

λkr) + BkY0(
√

λkr)
}

,
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and using Equation (72), this can be written as:

Φ(t, r) = Φ∞
A (r) +

∞

∑
k=1

Ake−λkDt
{

J0(
√

λkr)− J0(
√

λkr∞)

Y0(
√

λkr∞)
Y0(
√

λkr)
}

,

It remains to determine constants Ak, which is achieved using the initial con-

dition. For t = 0, we get:

Φ f f −Φ∞
A (r) =

∞

∑
k=1

Ak

{
J0(
√

λkr)− J0(
√

λkr∞)

Y0(
√

λkr∞)
Y0(
√

λkr)
}

.

Multiplying both sides by r
{

J0(
√

λir) − J0(
√

λir∞)
Y0(
√

λir∞)
Y0(
√

λir)
}

, and integrating

over (r0, r∞) gives:

r∞∫
r0

r
{

J0(
√

λir)−
J0(
√

λir∞)

Y0(
√

λir∞)
Y0(
√

λir)
}{

Φ f f −Φ∞
A (r)

}
dr =

r∞∫
r0

r
{

J0(
√

λir)−

J0(
√

λir∞)

Y0(
√

λir∞)
Y0(
√

λir)
}{ ∞

∑
k=1

Ak
{

J0(
√

λkr)− J0(
√

λkr∞)

Y0(
√

λkr∞)
Y0(
√

λkr)
}}

dr =

Ai

r∞∫
r0

r
{

J0(
√

λir)−
J0(
√

λir∞)

Y0(
√

λir∞)
Y0(
√

λir)
}2dr,

where we used the mentioned fact, that eigenfunctions corresponding to dis-

tinct eigenvalues are orthogonal with weight r. This yields:

Ai =

r∞∫
r0

r
{

J0(
√

λir)− J0(
√

λir∞)
Y0(
√

λir∞)
Y0(
√

λir)
}{

Φ f f −Φ∞
A (r)

}
dr

r∞∫
r0

r
{

J0(
√

λir)− J0(
√

λir∞)
Y0(
√

λir∞)
Y0(
√

λir)
}2dr

.

Convergence to steady state in MATLAB

In order to avoid calculating such integrals and working with infinite sums,

we only solve our problem numerically in MATLAB (the code is presented in

Appendix B) using the finite difference method (as introduced in Section 2.3)

and see if the solution converges to the analytically-obtained steady state. We

impose the initial condition (65). Figure 2.3 shows discrete time steps as well

as the steady-state solution. We see that the time evolution truly approaches

the analytic steady state, which is our first numerical check.
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2.5 numerical checking and simulations - toy problems

Figure 2.3.: MATLAB simulation (the linear diffusion equation (60) equipped

with the boundary conditions (63), (62), and the initial condition

(65)). The parameters are chosen as follows: D = 2.5, Φ f f = 0.5,

I = 0.17, r0 = 2.0, r∞ = 20.0 and dt = 10.0. The root surface

(r = 2.0) takes up water from its neighbourhood, and thus the

water content is decreasing here. Comparison with the analytic

result (Equation (64); in red) is also shown. The arrow represents

the time evolution.
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Convergence to steady state in FEniCS

Impose zero-flux boundary conditions at x3 = 0 and x3 = h0 (such boundary

conditions result in a solution independent of x3, as nothing forces variations

in this direction). To demonstrate our ability to model various soil water condi-

tions, we change the root surface boundary condition to a Dirichlet condition:

Φ(r = r0) = 0, (74)

and thus we end up with an analytic steady-state solution:

Φ∞
A (r) = Φ f f

ln r
r0

ln r∞
r0

. (75)

We run the numerical simulation in FEniCS (in the three-dimensional geome-

try), and check if this time evolution converges to the steady state as calculated

by FEniCS. We also compare this steady state with the analytic solution, and

the results are shown in Figure 2.4. We used Lagrange polynomials of degree

one (for details, see [83]). Even though the numerically calculated steady state

seems close to the analytic result, we wish to compare these results quantita-

tively and see how they depend on the prescribed maximal mesh size. Thus,

we vary the maximal mesh size h (as imposed in NetGen), and compare the

numerically obtained steady state with the analytic steady state to check that

the numerical steady-state solution is accurate. Figure 2.5 shows the log-log

plot of the (numerically computed) L2 norm of a function Φ∞
A −Φ∞

N where Φ∞
N

is the numerical approximation of the steady-state solution in FEniCS. Overall,

the errors appear to be O(h). However, we observe that the error occasionally

increases (jumps) with the decreased mesh size. In order to understand these

jumps, we also perform simulations using a two-dimensional geometry (where

we do not use the x3 coordinate) in FEniCS as illustrated in Figure 2.6. In the

two-dimensional case, we do not generate the mesh using NetGen. Instead,

we use generate_mesh function, which is a part of a mesh-generation compo-

nent in FEniCS called mshr [79]. This function requires an input parameter

called "resolution", which can be interpreted as the quotient of the domain

size divided by the size of a single cell from the mesh.
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Figure 2.4.: Evolution to the steady state (FEniCS simulation, the linear diffu-

sion equation (60), equipped with the boundary conditions (74),

(62), and the initial condition (65)). The parameters are chosen as

follows: D ≈ 0.2, r0 = 0.1, r∞ = 2.0, Φ f f = 0.36 and dt = 2.0.

Comparison with the analytic steady-state solution (in red) is also

shown.
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2.5 numerical checking and simulations - toy problems

Figure 2.5.: The log-log plot of the L2 norm of Φ∞
A − Φ∞

N as a function of the

maximal mesh size. FEniCS simulation, Equation (61), equipped

with the same boundary conditions and parameters as in Figure

2.4.

Figure 2.6.: Steady state on the two-dimensional geometry (same problem as

in Figure 2.5).
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2.5 numerical checking and simulations - toy problems

resolution error

5 0.0316631149109

10 0.0191333066483

20 0.00973923196781

40 0.00422586931327

80 0.00241039446918

160 0.00301086267964

320 0.00333357765744

640 0.0034313164863

Table 2.1.: Numerical error for increasing resolution (same problem as in Fig-

ure 2.5).

Doubling this parameter thus (roughly) halves the mesh size [79], and the

resulting error (measured as L2 norm) in the numerical steady-state approxi-

mation as function of the resolution parameter is presented in Table 2.1. Even

though we observe a decreasing numerical error initially, starting around res-

olution equal to 100, the error begins to approach a non-zero value (close

to 0.003). To confirm this from a different perspective, we fix the resolution

parameter (e.g. 50), and increase the degree of Lagrange polynomials. The

results summarised in Table 2.2 confirm our conclusions. We see that some-

thing is still wrong with our numerics. The reason is that the resolution of

the boundary mesh is not sufficient. In our numerical simulations, the outer

and inner boundary will always be a polygon (rather than a perfect circle).

Interpolating the analytic solution onto such meshes does not result in a ho-

mogeneous Dirichlet boundary condition, as illustrated in Figure 2.7 (where

we zoom-in on the outer boundary, and adjust the color scales so that we can

notice the small changes in the local water content). To improve the accuracy

of our method, we impose a separate resolution parameter on the outer and

on the root boundary. Having tried different sets of values, we finally let the

resolution of the outer and the root boundary be 10−times higher than that

for the domain itself. The results are shown in Table 2.3.

68



2.5 numerical checking and simulations - toy problems

order error

1 0.00323603774225

2 0.00341211591267

3 0.00345552072241

4 0.00346323948502

5 0.00346602628248

6 0.00346719918931

7 0.00346774874067

8 0.00346803997911

Table 2.2.: Numerical error for the increasing polynomial degree (same prob-

lem as in Figure 2.5).

Figure 2.7.: Analytic solution (75) does not satisfy the outer boundary con-

dition (62) on the meshed domain exactly. The parameters are:

r0 = 0.1, r∞ = 2.0, D ≈ 0.2 and Φ f f = 0.36.
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resolution error

5 0.0324269777621

10 0.0211199863018

20 0.0110826434076

40 0.0046261632921

80 0.0016982457868

160 0.0005344314533

320 0.0001549112265

640 0.0000411403528

Table 2.3.: Numerical error for an increasing resolution with a refined bound-

ary mesh (same problem as in Figure 2.5).

We see that the error is decreasing with the increasing resolution. Another

way of checking the accuracy of our method is based on the divergence theo-

rem [130]. In our case, this gives:∫
Ω

∂θ

∂t
dx =

∫
Ω

∇ · (D∇θ)dx =
∫

∂Ω

D∇θ · n̂dS =

∫
x3=0

D∇θ · n̂dS +
∫

x3=h0

D∇θ · n̂dS +
∫

r=r0

D∇θ · n̂dS +
∫

r=r∞

D∇θ · n̂dS =

∫
r=r0

D∇θ · n̂dS +
∫

r=r∞

D∇θ · n̂dS,

due to the zero-flux boundary condition applied at the top and bottom part of

the boundary (n̂ is the outward pointing unit normal vector as usual). As time

goes to infinity, the system settles towards the steady state, which means that∫
Ω

∂θ
∂t dx = 0. Therefore:

∫
r=r0

D∇θ · n̂dS = −
∫

r=r∞

D∇θ · n̂dS.

In other words, at the steady state, the total flux into the root equals the total

flux into the domain coming from the far-field. Assuming constant D, this

yields:

−
∫

r=r0

∇θ · n̂dS =
∫

r=r∞

∇θ · n̂dS. (76)
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resolution −
∫

r=r0

∇θ · n̂dS
∫

r=r∞

∇θ · n̂dS

5 0.710411615882 0.921894446094

10 0.736475128648 0.833853802836

20 0.743890065365 0.791861248044

40 0.747775504761 0.772364015175

80 0.750742342397 0.763025266518

160 0.752596353888 0.758659771464

320 0.753670590672 0.756725008428

640 0.754329464734 0.755859509199

Table 2.4.: Comparison of the two integrals from Equation (76) for an increas-

ing resolution (same problem as in Figure 2.5).

We now check if this condition holds. Using the refined mesh at the root

and the outer part of the boundary in the two-dimensional simulation, we in-

creased the overall domain resolution, and obtained the results summarised in

Table 2.4. Having done that, we fixed the resolution (50), and increasing the

polynomial degree we obtained results shown in Table 2.5. We see that both

approaches (increasing the mesh resolution as well as increasing the polyno-

mial degree) lead to the same result:

−
∫

r=r0

∇θ · n̂dS ≈ 0.755.

It seems that refining the mesh on the boundary helps the accuracy of our

numerics. Keeping this in mind, we go back to the three-dimensional simula-

tions, and impose a (5 times) smaller maximal mesh size on the root and the

outer boundary surfaces. The log-log plot of the error is shown in Figure 2.8.

The jumps, that we observed in Figure 2.5, are smoothed out, and the overall

behaviour resembles the O(h) line more closely.

Keeping the polynomial degree 1, we now compare the fluxes from Equation

(76) for a decreasing maximal mesh size. The results are found in Figure 2.9

and they suggest that the two integrals converge to the same value for h → 0

as expected.
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degree −
∫

r=r0

∇θ · n̂dS
∫

r=r∞

∇θ · n̂dS

1 0.74915178333 0.768723608931

2 0.75472495996 0.755288745268

3 0.754728135741 0.755369810449

4 0.754745764992 0.755352038755

5 0.754802906976 0.755297216986

6 0.754869410283 0.755234096992

7 0.754920029591 0.755185979386

8 0.754951670126 0.755155634977

9 0.754971969202 0.75513612266

10 0.754986760251 0.755122043719

Table 2.5.: Comparison of the two integrals from Equation (76) for an increas-

ing polynomial degree (same problem as in Figure 2.5).

Figure 2.8.: Log-log plot of the L2 norm of Φ∞
A − Φ∞

N as a function of the

maximal mesh size. Mesh refined on the boundaries. Three-

dimensional simulations (same problem as in Figure 2.5).
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Figure 2.9.: Comparison of the integrals from Equation (76) at the steady state

for a decreasing maximal mesh size (same problem as in Figure

2.5). Three-dimensional simulations.

As the final check, we fix the maximal mesh size (h = 0.4), and vary the

polynomial degree d. Table 2.6 shows the results, and we see that the difference

between the integrals decreases with the increased order of polynomials.

2.5.2 Linear advection-diffusion equation

We now study Equation (45). We impose the zero-flux boundary conditions

at the top and the bottom part of the boundary (Equation (49)), the Dirichlet

condition (47) at the outer boundary, and the Dirichlet condition (20) at the

root surface. We choose a constant initial condition:

θ(t = 0, x) = θ f f = 0.25. (77)

This way, the initial and the boundary conditions are independent of the az-

imuthal angle ϕ, and this yields effectively a two-dimensional model (the solu-

tion only depends on the polar radius r and the depth x3). To keep the model

linear in this section, we assume a constant diffusivity D (i.e. independent of

the water content θ), and the conductivity function k(θ) is assumed to be a

linear function of the local water content, i.e. k(θ) = Kθ.
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degree −
∫

r=r0

∇θ · n̂dS
∫

r=r∞

∇θ · n̂dS
∫

r=r∞

∇θ · n̂dS +
∫

r=r0

∇θ · n̂dS

1 0.687289349 0.784050304 0.096760955

2 0.746815162 0.754760325 0.007945163

3 0.750249953 0.754959199 0.004709246

4 0.751066678 0.754934729 0.003868051

5 0.752019434 0.754735436 0.002716002

6 0.752689788 0.754617198 0.001927410

Table 2.6.: Comparison of the two integrals from Equation (76) for an increas-

ing polynomial degree (same problem as in Figure 2.5). Three-

dimensional simulations.

Analytical solution of the steady-state problem

We first study the steady-state problem

0 = ∇ ·
{

D∇θ∞ − Kθ∞∇x3

}
=

D
r

∂

∂r

(
r

∂θ∞

∂t

)
+ D

∂2θ∞

∂x2
3
− K

∂θ∞

∂x3

using analytical approach. We search for the solution in a form:

θ∞ = θ1(r) + θ2(r, x3),

where we define θ1(r) = θr + (θ f f − θr)
ln r

r0
ln r∞

r0
, so that it satisfies an equation:

0 = ∇ ·
{

D∇θ1 − Kθ1∇x3

}
and boundary conditions:

θ1(r = r0) = θr θ1(r = r∞) = θ f f .

Using separation of variables θ2(r, x3) = R(r)Z(x3), we get:

K
D Z′ − Z′′

Z
=

R′′ + 1
r R′

R
= −λ. (78)

For R(r), this gives Equation (70), now equipped with boundary conditions:

R(r0) = R(r∞) = 0. (79)
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Following similar reasoning as in Section 2.5.1, we get that only λ > 0 are

admissible, and writing λ = µ2, we can write a general solution as:

R(r) = AJ0(µr) + BY0(µr).

The boundary conditions (79) imply:

0 = AJ0(µr0) + BY0(µr0) and 0 = AJ0(µr0) + BY0(µr0),

and this system allows a nontrivial solution only if:

J0(µr0)Y0(µr∞)− J0(µr∞)Y0(µr0) = 0.

The Sturm-Liouville theory then again gives a sequence
{

λk
}∞

k=1, with λk → ∞

as k → ∞. Finally, using the boundary condition at r = r0, we get a sequence

of eigenfunctions (mutually orthogonal with weight r) corresponding to these

eigenvalues:

Rk(r) = Ak

{
J0(
√

λkr)− γkY0(
√

λkr)
}

,

where γk = J0(
√

λkr0)
Y0(
√

λkr0)
. Looking back at the separation of variables (78), we

wish to find a sequence
{

Zk
}∞

k=1 satisfying:

Z′′k −
K
D

Z′k − λkZk = 0.

The general solution reads:

Zk(x3) = Ckeν1
k x3 + Dkeν2

k x3 ,

where ν1,2
k = 1

2

{
K
D ±

√
( K

D )2 + 4λk

}
. Recalling that K, D, λk > 0, we see that

the two solutions ν1,2
k are always real, one of them being positive and another

negative. To summarise, we can write our analytical solution as the following

series:

θ∞ = θ1(r) +
∞

∑
k=1

{
J0(
√

λkr)− γkY0(
√

λkr)
}{

Ekeν1
k x3 + Fkeν2

k x3

}
, (80)

and it remains to determine constants Ek and Fk. To do this, we use the zero-

flux boundary conditions at the top and bottom parts of the boundary, which

now read:

∂θ∞(x3 = 0)
∂x3

=
K
D

θ∞(x3 = 0)
∂θ∞(x3 = h0)

∂x3
=

K
D

θ∞(x3 = h0),
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which using h0 = 1 and Equation (80) give:

∞

∑
k=1

{
J0(
√

λkr)− γkY0(
√

λkr)
}{

Ekν1
k + Fkν2

k

}
=

K
D

(
θ1(r) +

∞

∑
k=1

{
J0(
√

λkr)− γkY0(
√

λkr)
}{

Ek + Fk

})
,

and
∞

∑
k=1

{
J0(
√

λkr)− γkY0(
√

λkr)
}{

Ekν1
k eν1

k + Fkν2
k eν2

k

}
=

K
D

(
θ1(r) +

∞

∑
k=1

{
J0(
√

λkr)− γkY0(
√

λkr)
}{

Ekeν1
k + Fkeν2

k

})
.

These equations can be rewritten as follows:

∞

∑
k=1

{
J0(
√

λkr)− γkY0(
√

λkr)
}{

Ek
(
ν1

k −
K
D
)
+ Fk

(
ν2

k −
K
D
)}

=
K
D

θ1(r), (81)

∞

∑
k=1

{
J0(
√

λkr)− γkY0(
√

λkr)
}{

Ek
(
ν1

k −
K
D
)
eν1

k + Fk
(
ν2

k −
K
D
)
eν2

k

}
=

K
D

θ1(r).

(82)

Multiplying both equations by r
{

J0(
√

λir) − γiY0(
√

λir)
}

, integrating over

(r0, r∞), and using the orthogonality of eigenfunctions, we get:

{
Ei
(
ν1

i −
K
D
)
+ Fi

(
ν2

i −
K
D
)} r∞∫

r0

r
(

J0(
√

λir)− γiY0(
√

λir)
)2dr =

K
D

r∞∫
r0

rθ1(r)
(

J0(
√

λir)− γiY0(
√

λir)
)
dr,

{
Eieν1

i
(
ν1

i −
K
D
)
+ Fieν2

i
(
ν2

i −
K
D
)} r∞∫

r0

r
(

J0(
√

λir)− γiY0(
√

λir)
)2dr =

K
D

r∞∫
r0

rθ1(r)
(

J0(
√

λir)− γiY0(
√

λir)
)
dr.

Denoting:

δi =

K
D

r∞∫
r0

rθ1(r)
(

J0(
√

λir)− γiY0(
√

λir)
)
dr

r∞∫
r0

r
(

J0(
√

λir)− γiY0(
√

λir)
)2dr

,
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we can write this system of equations as:

Ei
(
ν1

i −
K
D
)
+ Fi

(
ν2

i −
K
D
)
= δi (83)

Eieν1
i
(
ν1

i −
K
D
)
+ Fieν2

i
(
ν2

i −
K
D
)
= δi. (84)

Multiplying Equation (83) by eν1
i , and subtracting Equation (84) from the re-

sult leads to:

Fi =
δi
(
eν1

i − 1
)(

ν2
i −

K
D
)(

eν1
i − eν2

i
) .

Similarly, multiplying Equation (83) by eν2
i , and subtracting Equation (84)

from the result leads to:

Ei =
δi
(
eν2

i − 1
)(

ν1
i −

K
D
)(

eν2
i − eν1

i
) ,

which completes our task of determining the constants.

Numerical solution - convergence to steady state

We see that finding the steady state analytically is rather cumbersome in this

case, and that the solution is not very insightful. Furthermore, adding time de-

pendency only adds to the complexity of the problem. As in Section 2.5.1, we

therefore solve this problem numerically. We start with its weak formulation

(58). Equation (58) becomes:∫
Ω

θnvdx− δt
∫

∂Ω

v(D∇θn − Kθn∇x3) · n̂dS+

δt
∫
Ω

{D∇θn − Kθn∇x3} · ∇vdx =
∫
Ω

θn−1vdx

Using the boundary conditions as described in Section 2.5.2, we get:∫
Ω

θnvdx + δt
∫
Ω

{D∇θn − Kθn∇x3} · ∇vdx =
∫
Ω

θn−1vdx.

The time evolution (using θ(t = 0, x) = θ f f = 0.25) and the steady state (all

obtained in FEniCS) are shown in Figure 2.10.
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(a) Time=0.3 (b) Time=0.6

(c) Time=0.9 (d) Steady state.

Figure 2.10.: Time evolution to the steady state in FEniCS: Equation (45),

equipped with the initial condition (77), and the boundary condi-

tions (49), (47) and (20). The parameters are chosen as follows:

θr = 0.0, D = 1.0, K = 1.0 and h0 = 1.0. The maximal mesh size

is 0.4. The polynomial degree is 1.
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Figure 2.11.: Comparison of the integrals from Equation (76) at the steady

state for a decreasing maximal mesh size (same problem as sum-

marised in the caption for Figure 2.10).

The advection term pulls water down the soil profile, and thus the soil re-

gions close to x3 = h0 = 1.0 are wetter compared to those close to x3 = 0.0.

As before, we compare the boundary integrals resulting from the divergence

theorem (applied at the steady state). In the case of the linear model with

advection, we get: ∫
Ω

∂θ

∂t
dx =

∫
Ω

∇ · {D∇θ − Kθ∇x3}dx =

∫
∂Ω

{D∇θ − Kθ∇x3} · n̂dS =
∫

x3=0

{D∇θ − Kθ∇x3} · n̂dS+

∫
x3=h0

{D∇θ − Kθ∇x3} · n̂dS +
∫

r=r0

{D∇θ − Kθ∇x3} · n̂dS+

∫
r=r∞

{D∇θ − Kθ∇x3} · n̂dS =
∫

r=r0

D∇θ · n̂dS +
∫

r=r∞

D∇θ · n̂dS

due to the zero-flux boundary conditions applied at the upper and the lower

parts of the boundary, and the fact that the vectors n̂ and ∇x3 are perpendic-

ular at the root surface as well as at the outer boundary. Thus, at steady state,

we again recover Equation (76), and the results for a decreasing maximal mesh

size are presented in Figure 2.11. The small jumps from the previous section

are slightly more pronounced here. Keeping the maximal mesh size fixed (0.4)
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degree −
∫

r=r0

∇θ · n̂dS
∫

r=r∞

∇θ · n̂dS
∫

r=r∞

∇θ · n̂dS +
∫

r=r0

∇θ · n̂dS

1 0.41145 0.53698 0.12553

2 0.49898 0.51768 0.01870

3 0.51104 0.52173 0.01069

4 0.51375 0.52222 0.00847

5 0.51589 0.52201 0.00612

6 0.51747 0.52194 0.00447

Table 2.7.: Comparison of the two integrals from Equation (76) for the same

problem as summarised in the caption for Figure 2.10. Increasing

the polynomial degree in the three-dimensional simulations.

and increasing the polynomial degree, we obtain the results summarised in

Table 2.7. We see that both procedures (decreasing the maximal mesh size as

well as increasing the polynomial degree) lead to approximately the same in-

tegral value (≈ 0.52). Therefore, we consider our numerics to be trustworthy.

Comparison of MATLAB and FEniCS results: linear advection-diffusion equation

We implemented the same model in MATLAB (see Appendix B). The results

are shown in Figure 2.12. To quantify the difference between these solutions,

we extract the values of the FEniCS solution at certain points located within a

half-plane defined by x2 = 0 and x1 > 0. Then, we interpolate the MATLAB so-

lution onto these points using interp2 function (as implemented in MATLAB).

The absolute value of the difference between these two-dimensional functions

at different time points is shown in Figure 2.13. As expected, there is no differ-

ence between the results of the two implementations on the Dirichlet part of

the boundary. The biggest errors seem to occur close to the bottom part of the

boundary, which is probably linked to the direction of convection in this case.
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2.5 numerical checking and simulations - toy problems

Figure 2.12.: MATLAB simulation: same problem as in Figure 2.10. Colours

indicate local water content.
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2.5 numerical checking and simulations - toy problems

Figure 2.13.: Absolute value of the error between the two implementations

(same problem as in Figure 2.10).
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These errors are usually below 10−2 (with the exception of T = 0.3), and

might be caused by the different numerical methods used for the computa-

tions (FEniCS uses finite element methods whereas in MATLAB, we used a

finite difference method), or different mesh sizes. We consider these errors to

be small enough for us to proceed towards more realistic problems. From now

onwards, we only perform simulations in FEniCS.

Note further, that the comparisons obtained in this section serve only as vali-

dations of the FEniCS simulations, and we do not discuss specific parameter

values here. The only important thing here was that the parameters were the

same for both implementations.

2.6 more realistic models

The linear model is usually not an adequate description of water dynamics

due to the porous nature of the soil (see Section 1.3.3). According to [114],

expressions describing the diffusivity (D(θ)) and the conductivity functions

(k(θ)) fall into two categories, both of which have been used frequently in the

soil water modelling.

Models belonging to the first category can be solved analytically; this includes

the linear models with D(θ) constant and k(θ) = Kθ (leading to the linear

advection-diffusion equation) as well as Brooks–Corey power function soils

(for more details, see [15]), where D and k are power functions of θ (these re-

sult from fractal models of the porous structure [114]).

Expressions from the second category are based on more mechanistic assump-

tions about water dynamics within porous networks. Typically, these models

are less amenable to mathematical analysis [114]. The most important mem-

ber of this class (for the purposes of this thesis) is the van Genuchten (or van

Genuchten-Mualem) model. This model was first derived by a soil hydrologist

Martinus Th. van Genuchten in [142]. Introducing the dimensionless water

content:

Θ =
θ − θr

φ− θr
,
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2.6 more realistic models

Figure 2.14.: The shape of (van Genuchten) D(Θ) and k(Θ) for m = 0.5

where φ is the soil porosity and θr is the residual water content (as introduced

in Section 1.3.4), the derived diffusivity function is of a form:

D(Θ) = Θ
1
2−

1
m [(1−Θ

1
m )−m + (1−Θ

1
m )m − 2] (85)

and the conductivity function is of a form:

k(Θ) = Θ
1
2 [1− (1−Θ

1
m )m]2, (86)

where 0 < m < 1 is an experimentally determined parameter, which varies

for different soils (we will mostly use m = 0.5, which is a good estimate for

a Silt Loam soil [121]; for details and derivation of these formulas, see [142]).

In Section 2.6.1, we will briefly study the effect of the parameter m on the

mobility of water in the soil. Figure 2.14 shows D(Θ) and k(Θ) for m = 0.5.

Substituting Θ = 0 into D(Θ) yields the expression of the 0×∞ type, and as

lim
Θ→0

D(Θ) = 0, we define D(0) = 0. Note further, that lim
Θ→1

D(Θ) = ∞.

As discussed in [76], the van Genuchten model is usually found to be in better

agreement with experimental data compared to the Brooks-Corey model, even

though it is more difficult to approach with mathematical analysis, which is

caused by its complicated functional form. Therefore, we will use the van

Genuchten expressions from now onwards.

The exact form of the continuity equation in the remainder of this chapter
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2.6 more realistic models

is taken from [121], where water uptake by a growing branching structure is

modelled using a sink term (derived from an explicit root surface boundary

condition). The resulting equation states:

φ
∂S
∂t

= ∇ ·
[
D0D(S)∇S− Ksk(S)k̂

]
− Fw (87)

where S is the relative water saturation (S = φl
φ where φl is the volumetric

water fraction, i.e. water content θ; S is identical to the dimensionless water

content Θ from [142] provided θr = 0), D and k are the functions from the

equations (85) and (86), k̂ is the downwards pointing unit vector ((0, 0, 1) in

our coordinate system; same as ∇x3), and Fw is the water sink term [121]. D0

and Ks are constants dependent on soil parameters in a way detailed in [121]

(or [142]). Omitting the sink term, we get:

φ
∂S
∂t

= ∇ ·
[
D0D(S)∇S− Ksk(S)∇x3

]
, (88)

which will be our starting point here, and which we will equip with suitable

boundary conditions (including the root surface boundary condition).

2.6.1 Single root: no uptake

Assume the geometry from Figure 2.1. First, we focus our attention to the

water mobility solely, imposing the zero-flux boundary condition:

−
[
D0D(S)∇S− Ksk(S)∇x3

]
· n̂ = 0

at all the boundary parts (even at the root-soil interface; i.e. we impose no wa-

ter uptake). We now introduce the new values of geometric parameters, which

will be more closely related to the physical and biological reality.

The cylinder from Figure 2.1 can either represent a single root (here, r∞ rep-

resents a half-distance to the nearest root within the same root system), or it

can be thought of as an overall representation of the entire root system under

consideration (in which case r∞ represents a half-distance to the neighbouring

plant). We choose the former case here, and impose the zero-flux boundary
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Parameter value units

φ 0.4 -

D0 432.0 cm2 d−1

Ks 4.96 cm d−1

m 0.5 -

r0 0.01 cm

r∞ 1.0 cm

h0 50.0 cm

Table 2.8.: The default parameter values for the single root water uptake model.

The soil parameters are taken from [142], and the root parameters

are approximated from [70] (as discussed in the main text).

condition (46) at r = r∞ (modelling an intra-plant competition). In dimen-

sional variables, we define the domain as:

Ω =
{
(x1, x2, x3) ∈ R3, r2

0 < x2
1 + x2

2 < r2
∞, 0 < x3 < h0

}
. (89)

Parameter values that will be used as default throughout this section for the

single root geometry are summarised in Table 2.8. Most of these represent

typical biological or physical values for a Silt Loam soil as presented in [142]

or [121] (the porosity φ = 0.396 is rounded up to 0.4, m = 0.51 is rounded

down to 0.5, D0 = 0.5× 10−6 m2 s−1 = 432 cm2 d−1, Ks = 4.96 cm d−1). We

assume r0 = 0.01 cm (which is a good approximation for wheat or barley; see

[70] or [51]), and we set the outer boundary to be at r∞ = 1 cm. The length of

the root is chosen to be h0 = 50 cm.

Clearly, some of these parameters vary greatly from one soil type to another

(or from one plant species to another). Noting that our modelling can easily

be applied to any parameter set, we will from now onwards (for the sake of

brevity) mostly use parameters from Table 2.8.
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2.6 more realistic models

Figure 2.15.: Diffusivity and conductivity functions for different values of m.

Studying the effect of m

As our first numerical check, we study the effect of m on the water mobility

in the soil. From [142] and [121], we see that m varies considerably (between

0.15 and 0.90) among different soil types. The D(S) and k(S) functions for

two distinct values of m (m = 0.35 and m = 0.85) are plotted in Figure 2.15.

Both D(S) and k(S) are greater for m = 0.85 than for m = 0.35. This suggests

that an overall water mobility in the soil with m = 0.35 will be much lower

than that in the soil with m = 0.85. Imposing a constant initial condition, we

numerically simulate these two scenarios to see if the steady state for m = 0.85

is reached faster than the one for m = 0.35, as predicted from Figure 2.15.
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nondimensionalisation

We proceed with the nondimensionalisation of this model. Multiplying Equa-

tion (88) by h2
0

D0
, we get:

h2
0φ

D0

∂S
∂t

= h2
0∇ ·

[
D(S)∇S− Ks

D0
k(S)∇x3

]
. (90)

Both sides of the equation are now dimensionless. Therefore, we nondimen-

sionalise time as t = h2
0φ

D0
τ (where τ is dimensionless). Furthermore, we nondi-

mensionalise the space variables as x1,2,3 = h0x̃1,2,3, and get:

∂S
∂τ

= h2
0

1
h0
∇̃ ·
[

D(S)
1
h0
∇̃S− Ks

D0
k(S)∇x3

]
= ∇̃ ·

[
D(S)∇̃S− αk(S)∇x3

]
, (91)

where α = h0Ks
D0

> 0 is a dimensionless parameter4. From [121], we get ranges

D0 ∼ (10−7 − 10−5) m2 s−1, Ks ∼ (10−8 − 10−4) m s−1, and h0 = 0.5 m gives

α ∼ (0.05− 5). Thus, the gravity term can be as important as the diffusion

term at this length scale.

The zero-flux boundary conditions become n̂ ·
[
− D(S)∇̃S + αk(S)∇x3

]
= 0

in the new coordinates. To summarise, after dropping tildes and returning to

t as the time variable, equation

∂S
∂t

= ∇ ·
[
D(S)∇S− αk(S)∇x3

]
(92)

with α = h0Ks
D0

, is to be satisfied inside the domain:

Ω =
{
(x1, x2, x3) ∈ R3, (

r0

h0
)2 < x2

1 + x2
2 < (

r∞

h0
)2, 0 < x3 < 1

}
,

and the zero-flux boundary condition:

n̂ ·
[
− D(S)∇S− αk(S)∇x3

]
= 0 (93)

is applied at every boundary part.

A slice through the (dimensionless) meshed domain is shown in Figure 2.16.

Even such (rather coarsely meshed) domain contains more than two million

elements. This is due to the fact that the root radius is much smaller than the

half-distance between the roots.

4 Thus, we nondimensionalised space with respect to the length of the root, and we nondimen-

sionalised time with respect to the corresponding timescale of diffusion.
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Figure 2.16.: The (three-dimensional) single-root-geometry mesh.
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Therefore, the three-dimensional simulations (especially for time-dependent

problems with nonlinear diffusion and advection terms) are challenging. How-

ever, in this section we will only impose boundary and initial conditions,

which do not introduce any variation in the azimuthal angle (ϕ) direction.

Thus, the model becomes (effectively) two-dimensional (in space), with possi-

ble dependencies on r and x3 only. The dimensionless domain becomes:

Ω2D =
{
(r, x3) ∈ R2,

r0

h0
< r <

r∞

h0
, 0 < x3 < 1

}
(94)

two-dimensional simulations

We simulate time evolution for both m = 0.35 and m = 0.85, until the difference

between the solution at time t and t + 1 (measured as the L∞ norm) is smaller

than 10−8. When this happens, we conclude that the steady state has been

reached. As an initial condition, we impose:

S(t = 0, r, x3) = 0.5 (95)

to avoid the singularities of the van Genuchten model at both S = 0.0 and

S = 1.0. Having performed the computation, we always go back to the water

content variable θ = φ × S (using the constant porosity φ). The steady-state

solution for m = 0.35 is shown in Figure 2.17. With our parameter choice, the

aspect ratio is very small. Therefore, from now on in this section, when plot-

ting results of the simulations, we stretch the r direction so that the resulting

aspect ratio is close to 1.0 (in this case we stretch it 50 times). Thus, we have

to keep in mind that the size of the domain in the r direction is actually much

smaller than suggested by the figures. Another consequence of the small as-

pect ratio is that we need to be careful about the accuracy of our numerical

approximations. Therefore, further accuracy checks will be provided in this

section.

Time evolution for the two values of m can be found in Figures 2.18 and 2.19.

As predicted, the steady state is approached much faster (t ≈ 6.5) for the

m = 0.85 case compared to the m = 0.35 case (t ≈ 120).

From now onwards, we fix m = 0.5.
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Figure 2.17.: Steady-state water distribution using Equation (92) with van

Genuchten nonlinearities D(S) and k(S) (defined in equations

(85) and (86)), equipped with the zero-flux boundary condition

(93) everywhere. Parameters are summarised in Table 2.8, the

only change being m = 0.35 here.
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(a) t = 5 (b) t = 10

(c) t = 15 (d) t = 120 (steady state)

Figure 2.18.: Evolution to the steady state for the same problem as in Figure

2.17, using the initial condition (95). The geometry is stretched in

the r direction for visualisation purposes.
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(a) t = 0.5 (b) t = 1.0

(c) t = 1.5 (d) t = 6.5 (steady state)

Figure 2.19.: Evolution to the steady state for the same problem as in Figure

2.18, except for m = 0.85. The geometry is stretched in the r

direction for visualisation purposes.
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(a) t = 1 (b) t = 5 (c) t = 25

Figure 2.20.: Evolution to the steady state for the same problem as in Figure

2.19, except for m = 0.5.

Nonhomogeneous initial conditions

Keeping the zero-flux boundary conditions at all boundary parts, we now

solve the same problem with a nonhomogeneous initial condition, so that

the total water content in the domain is the same as in the constant-initial-

condition case (S(t, r, x3) = 0.5). We impose:

S(t = 0, r, x3) = 0.3 + 0.4 ∗ x3, (96)

and the solutions are compared in Figures 2.20 and 2.21. The colorbar range

was changed to θ ∈ (0.12, 0.28) (which corresponds to S ∈ (0.3, 0.7)) to accom-

modate for the changed initial conditions, and we also adjusted the colormap

to be able to capture the differences in water content close to θ = 0.2 (corre-

sponding to S = 0.5). It seems that both solutions approach the same steady

state. To test this hypothesis, we find the two steady states (using the same

procedure as described in Section 2.6.1), and their difference is shown in Fig-

ure 2.22. The maximal difference seems to be of order 10−8, which is the same

as our tolerance for finding the steady states. We conclude that the two steady

states obtained using different initial conditions are identical.
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(a) t = 1 (b) t = 5 (c) t = 25

Figure 2.21.: Evolution to the steady state for the same problem as in Figure

2.20 using the nonhomogeneous initial condition 96.

Figure 2.22.: Difference between the two steady states (same problem as in

Figure 2.20).
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2.6.2 Water uptake by a single cylindrical root

Even though the primary purpose of this chapter consists in validating numer-

ical simulations in FEniCS, we now explore the possible implications of the

outcomes of such modelling.

Assume the geometry from Figure 2.1, the parameter values from Table 2.8, the

dimensionless continuity equation (92), the constant initial condition S(t =

0, x) = 0.5, and the zero-flux boundary condition applied at r = r∞
h0

. Imposing

a constant root influx condition (see also Equation (19)):

−
[
D0D(S)∇S− Ksk(S)∇x3

]
· n̂ = C1,

we get a dimensionless boundary condition:

−
[
D(S)∇S− αk(S)∇x3

]
· n̂ =

C1h0

D0
= β (97)

applied at r = r0
h0

. As discussed in Section 1.3.4, this condition is valid provided

we avoid drought conditions. From [7], we get a possible range for the water

uptake rate:

C1 ∈ (0.1, 2.0) µg s−1 cm−2

for barley. We set C1 = 1 µg s−1 cm−2, which is equivalent to:

C1 = 0.0864 cm d−1. (98)

We further imposed a free-drainage boundary condition (see Equation (50)):

−
[
D0D(S)∇S− Ksk(S)∇x3

]
· n̂ = Ksk(S),

which is often observed in field studies (see [90] or Section 2.2.2). The dimen-

sionless form of this equation:

−
[
D(S)∇S− αk(S)∇x3

]
· n̂ = αk(S) (99)

is applied at x3 = 1. Finally, we impose a constant watering rate:

−
[
D0D(S)∇S− Ksk(S)∇x3

]
· n̂ = −Cw,

at the top surface, the dimensionless form of which:

−
[
D(S)∇S− αk(S)∇x3

]
· n̂ = −Cwh0

D0
= −γ (100)

is applied at x3 = 0. We study the impact of the watering rate Cw on the water

dynamics in the soil.
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Cylindrical coordinates

With such continuity equation, initial and boundary conditions, our problem

becomes effectively two-dimensional - the relative water saturation S is inde-

pendent of the azimuthal angle ϕ. Writing Equation (92) in cylindrical coordi-

nates, and realising no dependence on ϕ, we get:

∂S
∂t

=
1
r

∂

∂r
(
rD(S)

∂S
∂r
)
+

1
r2

∂

∂ϕ

(
D(S)

∂S
∂ϕ

)
+

∂

∂x3

(
D(S)

∂S
∂x3

)
− ∂

∂x3

(
αk(S)

)
=

( ∂

∂r
,

∂

∂x3

)
·
[

D(S)
(∂S

∂r
,

∂S
∂x3

)
− αk(S)

(
0, 1
)]

+
1
r

D(S)
∂S
∂r

.

(101)

The root surface boundary condition (97) in cylindrical coordinates becomes:

D(S)
∂S
∂r

= β (102)

applied at r = r0
h0

, and analogously, we get a zero-flux boundary condition:

D(S)
∂S
∂r

= 0 (103)

at r = r∞
h0

. The free-drainage condition (99) states:

−D(S)
∂S
∂x3

+ αk(S) = αk(S) (104)

at x3 = 1, and similarly, the watering condition (100) (at x3 = 0) can be written

as:

D(S)
∂S
∂x3
− αk(S) = −γ. (105)

Dimensional values of boundary fluxes

For any physically realistic simulation, the relative water saturation must be

between 0 and 1. This yields a minimal drainage efflux rate of Ksk(S =

0) = 0 cm d−1, and a maximal drainage efflux rate of Ksk(S = 1) = Ks =

4.96 cm d−1. Integrating over the bottom boundary gives a minimal (overall)

drainage efflux of 0 cm d−1 and a maximal (overall) drainage efflux of:

4.96× π × (r2
∞ − r2

0) cm3 d−1 ≈ 15.58 cm3 d−1.

Integrating the root boundary condition gives an overall water influx of:

C1 × 2π × r0 × h0 cm3 d−1 = 0.0864π cm3 d−1 ≈ 0.27 cm3 d−1. (106)
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If we choose the watering rate so that the overall influx from the watering is

higher than a threshold value:

15.85 cm3 d−1, (107)

which is the sum of the upper bound for the drainage efflux (15.58 cm3 d−1)

and the root influx (0.27 cm3 d−1), then we expect the overall water content

to increase without bounds. Thus, the simulated values of relative water sat-

uration are expected to approach full saturation S = 1 in finite time, and the

simulation will eventually crash due to the singularity of the diffusivity func-

tion D(S) at S = 1. The choice of Cw = 6 cm d−1 leads to an overall watering

influx of:

Cw × π × (1− 0.0001) cm3 d−1 ≈ 18.85 cm3 d−1,

which is higher than the threshold value (107). With Cw = 6 cm d−1, the

simulation crashes at t ≈ 0.73, and the situation preceding this moment is

shown in Figure 2.23. In reality, we would observe surface ponding [121]. On

the other hand, Cw = 4 cm d−1 yields an overall watering influx of approx-

imately 12.57 cm3 d−1 which is below the threshold value (107). As shown

in Figure 2.24, the time evolution is similar, and we again approach the full-

saturation conditions. However, the simulation does not crash, and eventually

(at t ≈ 2.39), we reach a steady state, which is shown in Figure 2.25.

Dimensionless flux balance

Once we have reached the steady state, we can check whether the integrals

resulting from the divergence theorem balance each other out. To be precise,

we integrate the steady state version of Equation (101):

0 =
( ∂

∂r
,

∂

∂x3

)
·
[

D(S)
(∂S

∂r
,

∂S
∂x3

)
− αk(S)

(
0, 1
)]

+
1
r

D(S)
∂S
∂r

over the two-dimensional domain Ω2D (as defined in Equation (94)), and use

the divergence theorem.
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(a) t = 0.2 (b) t = 0.4 (c) t = 0.6

Figure 2.23.: Results using Equation (92) with van Genuchten nonlinearities

D(S) and k(S) (defined in equations (85) and (86)), equipped

with the boundary conditions (102) − (105), and the initial con-

dition (95). Parameters are summarised in Table 2.8. For the

chosen uptake rate (see Equation (98)), the watering rate of

Cw = 6 cm d−1 is too high, and the simulation crashes at t ≈ 0.73

(note that the solution seems nearly uniform in r, which is caused

by the diffusion acting very fast on such short length scales).

(a) t = 0.2 (b) t = 0.4 (c) t = 0.6

Figure 2.24.: The watering rate of Cw = 4 cm d−1 yields a steady state close to

full saturation (keeping everything else unchanged compared to

Figure 2.23).
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Figure 2.25.: The steady state for Cw = 4 cm d−1 (same problem as in Figure

2.24). Note the changed colorbar limits.

We get:

0 =
∫

Ω2D

{( ∂

∂r
,

∂

∂x3

)
·
[

D(S)
(∂S

∂r
,

∂S
∂x3

)
− αk(S)

(
0, 1
)]

+
1
r

D(S)
∂S
∂r

}
dS =

∫
∂Ω2D

[
D(S)

(∂S
∂r

,
∂S
∂x3

)
− αk(S)

(
0, 1
)]
· n̂dl+

∫
Ω2D

1
r

D(S)
∂S
∂r

dS =
∫

Ω2D

1
r

D(S)
∂S
∂r

dS +
∫

r= r0
h0

−D(S)
∂S
∂r

dl+

∫
x3=1

[
D(S)

∂S
∂x3
− αk(S)

]
dl +

∫
x3=0

[
− D(S)

∂S
∂x3

+ αk(S)
]

dl,
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where we have already used the fact that the zero-flux boundary condition is

applied at r = r∞
h0

. Putting all the boundary fluxes on the left-hand side of this

equation, we get:∫
r= r0

h0

D(S)
∂S
∂r

dl −
∫

x3=1

[
D(S)

∂S
∂x3
−αk(S)

]
dl +

∫
x3=0

[
D(S)

∂S
∂x3
− αk(S)

]
dl =

∫
Ω2D

1
r

D(S)
∂S
∂r

dS.

(108)

Furthermore, using the boundary conditions (102), (104) and (105), we get:

I1 =
∫

r= r0
h0

D(S)
∂S
∂r

dl = β× 1 = β, (109)

∫
x3=1

[
D(S)

∂S
∂x3
− αk(S)

]
dl = −α

∫
x3=1

k(S)dl, (110)

and:

I2 =
∫

x3=0

[
D(S)

∂S
∂x3
− αk(S)

]
dl = −γ(

r∞

h0
− r0

h0
). (111)

Substituting these results into Equation (108), we get:

I3 =
∫

Ω2D

1
r

D(S)
∂S
∂r

dS− α
∫

x3=1

k(S)dl = β− γ(
r∞

h0
− r0

h0
). (112)

We now check the conditions (109) − (112) for the steady state obtained in

FEniCS using an increasing mesh resolution and an increasing polynomial

degree. We ran this simulation with the domain meshed so that the number

of elements in the r direction is the same (10) as the number of elements in

the x3 direction. It seemed that the largest errors occured in the evaluation of

the root surface integral (
∫

r= r0
h0

D(S) ∂S
∂r dl ≈ 0.0035 whereas β = 0.01 - compare

with Equation (109)). Therefore, we changed the meshing so that the number

of elements in the r direction is larger (5 times) than the number of elements

in the x3 direction. Numerical results for these integrals using an increasing

number of elements in the r direction (Nr), as well as the values that these

integrals should approximate, are summarised in Table 2.9. Table 2.10 shows

results for an increasing polynomial degree and a fixed resolution (Nr = 25).
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Nr I1 I2 I3

25 0.005035 −0.009142 0.000833

50 0.006142 −0.009159 0.000833

100 0.007263 −0.009164 0.000833

200 0.008249 −0.009166 0.000833

400 0.008977 −0.009166 0.000833

Exact 0.01 −0.009167 0.000833

Table 2.9.: Numerically computed integrals at the steady state for an increasing

mesh resolution (same problem as in Figure 2.25). The polynomial

degree is 1.

degree I1 I2 I3

1 0.005035 −0.009142 0.000833

2 0.007599 −0.009173 0.000833

3 0.008942 −0.009166 0.000833

4 0.009588 −0.009177 0.000833

5 0.009825 −0.009167 0.000833

Exact 0.01 −0.009167 0.000833

Table 2.10.: Numerically computed integrals at the steady state for an increas-

ing polynomial degree (same problem as in Figure 2.25). Nr = 25.
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(a) t = 10.0 (b) t = 20.0 (c) t = 30.0

Figure 2.26.: No watering (same problem as in Figure 2.24, except for Cw =

0 cm d−1) leads to the drying out of the soil and the subsequent

crash of the simulation.

The error decreases with both the increased mesh resolution and the increased

polynomial degree. Therefore, we can be confident about the accuracy of our

numerical method.

No watering

If Cw = 0 cm d−1 (i.e. there is no watering from x3 = 0.0), no water is flowing

into the domain, and the water is flowing out of the domain at the rate of at

least 0.27 cm3 d−1 (this is the overall water uptake rate - see Equation (106);

drainage only adds to this water loss). Therefore, in finite time, all the water

is depleted from the domain. We reach negative water content, which is non-

physical and the simulation crashes5. Keeping all the parameters same as in

the previous section (except for Cw), the simulation crash occurs close to t =

35. The simulation results are presented in Figure 2.26. We used polynomial

degree 2 and Nr = 50, because these choices lead to significant increases in the

accuracy in the previous section, while keeping the simulation time short.

5 Note that in reality, when the local water content reaches the residual water content θr (equiv-

alent to S = 0), the plant closes its stomata and the uptake rate starts declining. We do not

model these processes in this thesis.
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Minimal watering rate preventing soil from drying

We have shown that without the watering, soil water content reaches 0 in

finite time and the simulation crashes, while for Cw = 4 cm d−1, we approach

a steady state close to the full saturation. This suggests that there should exist

a minimal rate of watering that still leads to a steady state, and we now try to

find it.

In this extremal case, the soil would dry down to 0 but not below. The overall

drainage for S ≈ 0 is very close to 0, and therefore we simply impose that the

overall uptake is equal to the overall watering, i.e.:

Cw × π × (1− 0.0001) cm3 d−1 = 0.0864× 2× π × 0.01× 50 cm3 d−1,

or:

Cw =
0.0864
0.9999

cm d−1 ≈ 0.0864 cm d−1.

Thus, we run 2 simulations, with Cw either side of this critical value. In

the case of Cw = 0.09 cm d−1, the time evolution reaches a steady state with

(relatively) low water content (as shown in Figure 2.28), while in the case of

Cw = 0.08 cm d−1, the soil dries down to 0 in finite time and the simulation

crashes (at t ≈ 200). We used a polynomial degree 2 and Nr = 25. Time

evolution for both values can be seen in Figure 2.27.

Single root simulations - conclusions

Thus we have shown that even using a geometry as simple as that of a single

cylindrical root, one can study problems of agricultural importance. In this

setting, we managed to estimate the minimal watering rate which keeps the

soil from drying, as well as the minimal watering rate, which results in surface

ponding. There are many other ways this setting can be used. Imagine for

instance, that we have information on the minimal water content at which the

plant transpiration still equals the potential (maximal) transpiration, and thus

the plant is not stressed and proliferates as desired (e.g. for agricultural use).

Then, we can estimate the overall drainage efflux, and thus adjust the watering

strategy so that the water content does not fall below that value.
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(a) 0.09 cm d−1, t = 65.0 (b) 0.09 cm d−1, t = 130.0 (c) 0.09 cm d−1, t = 195.0

(d) 0.08 cm d−1, t = 65.0 (e) 0.08 cm d−1, t = 130.0 (f) 0.08 cm d−1, t = 195.0

Figure 2.27.: Comparison of simulations for two values close to the critical wa-

tering rate (same problem as in Figure 2.24; the only changed

parameter is the watering rate Cw).
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Figure 2.28.: Steady state for the same problem as in Figure 2.25, except for

Cw = 0.09 cm d−1. Note the changed colorbar limits.

Alternatively, we can impose the Dirichlet boundary condition S = 1 at the

bottom boundary (x3 = h0) which represents a water table at a fixed depth

and is often used in agricultural modelling (see Section 1.2.2 or [121]). This

would allow us to study the effects of the capillary rise on plant water uptake

(see Section 1.2.2).

2.6.3 Water uptake by branching structures

In this section, we model water uptake by a structure consisting of a thicker

cylinder (the main root) and a thinner cylinder (the hair/branch) that branched

off this cylinder as shown in Figure 2.2.

Note that for any nontrivial governing equations, this problem cannot be re-

duced to a two-dimensional geometry as it was often done in the previous

section. Therefore, three-dimensional simulations are necessary.

As mentioned in Section 2.6, this geometry can be successfully upscaled to a

larger scale using the periodic boundary conditions, provided that the gradi-
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ent in water content at the larger scale is negligible. However, as we observed

in previous sections, these gradients can be significant for a root of length 50

cm.

Assuming a root segment of length 1 cm, the dimensionless parameter α from

Equation (92) is equal to h0Ks
D0
≈ 0.0115, and thus, the gravity effects are likely

to be negligible in most cases. From [151], we deduce that a typical branching

density for maize is between 5 and 10 branches per cm of root length, which

can still be directly simulated. On the other hand, [51] gives a typical value of

about 300 root hairs per cm of root length for wheat and barley (for data on

other species, see [80] and references therein). Therefore, imposing the peri-

odic boundary conditions to the geometry from Figure 2.2 seems to be a very

useful approach for modelling uptake by root hairs, and from now onwards,

we focus on this case.

Root with a hair

Let the cylinder from previous sections represent a segment of the main root

so that the height of this cylinder corresponds to an inter-hair distance (h0). We

assume that the hair is perpendicular to the main root and is defined as Ad \ Bd,

where Ad is a cylinder (with radius r1 and height r0 + h1; positioned so that the

centres of its end faces are at points (0, 0, h0/2) and (h1 + r0, 0, h0/2)), Bd is the

main root, and \ is the set difference (superscript d indicates that the dimen-

sional variables are used). We assume that r1 < r0 (see Figure 2.2). As before,

we do not model the water flows within the root system. The surrounding soil

is defined as Ωd
H = Cd \ Dd (the subscript H it used to represent the geometry

with the hair), where Cd = {(x1, x2, x3) ∈ R3, x2
1 + x2

2 < r2
∞, 0 < x3 < h0}, and

Dd = Bd ⋃ Ad. Therefore, the boundary of Ωd
H (denoted by ∂Ωd

H) consists of

five parts, which we denote as Ed, Fd, Gd, Hd and Id. Let Ed be the part of the

boundary for which x3 = 0, and Fd the one satisfying x3 = h0. Furthermore,

suppose that the points belonging to Gd satisfy x2
1 + x2

2 = r2
∞, points belong-

ing to Hd satisfy x2
1 + x2

2 = r2
0, and let Id = ∂ΩH\(Ed ⋃ Fd ⋃Gd ⋃Hd). The

dimensionless geometry is shown in Figure 2.29.
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parameter meaning value units

r0 root radius 80 µm

r∞ far-field distance 10000 µm

r1 root hair radius 6 µm

h0 inter-hair distance 130 µm

h1 hair length 920 µm

Table 2.11.: Geometry parameters for the model with the hair.

parameter survey

We need to adjust the parameters so that they correspond to the physical reality

of a root hair geometry. Table 2 from [51] gives us the following estimates for

wheat: r0 = 0.008 cm, r1 = 0.0006 cm, h1 = 0.092 cm6. The mentioned estimate

of 300 hairs per cm of the root length leads to 300 hairs per 0.05 cm2 of the

root surface (using r0 = 0.008 cm), and assuming the root hairs are spaced

periodically on the root surface with the same period along the main axis of

the root and around the circumference of the root (this assumption will be

used throughout Chapters 3, 4 and 5), we conclude that the average inter-hair

distance (measured along the root surface) is approximately 0.013 cm. Finally,

we choose the far-field distance r∞ to be 1 cm.

These parameter values and their units are summarised in Table 2.11. The

height of the unit cell (i.e. the inter-hair distance) will be varied in future.

Governing equations

To model the soil water dynamics, we start with the continuity equation (88).

At the length scale of h0 = 0.013 cm, the dimensionless parameter α = h0Ks
D0
≈

1.5× 10−4 is very small, and thus we neglect the gravity term. We get:

φ
∂S
∂t

= ∇ ·
[
D0D(S)∇S

]
. (113)

6 These values can serve as good estimates for barley as well (see [51])
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We impose the periodic boundary conditions in the x3 direction (see Equations

(51) and (53)), i.e. the periodic value condition:

S(t, x1, x2, 0) = S(t, x1, x2, h0) ∀t, x1, x2, (114)

and the periodic derivative condition:

∂S(t, x1, x2, 0)
∂x3

=
∂S(t, x1, x2, h0)

∂x3
∀t, x1, x2. (115)

At the root surfaces (this now includes the hair surface as well), we impose the

Robin boundary condition (see Equation (21)):

n̂ ·
[
− D0D(S)∇S

]
= C2S. (116)

We choose the value of C2 so that the uptake rate per unit root surface at full

saturation (S = 1) is equal to the value C1 = 0.0864 cm d−1 found in Section

2.6.2, i.e.:

C2 = 0.0864 cm d−1. (117)

As we could not find any data on the water uptake rate of the root hairs, we

simply consider C2 to be the same constant for both the root and the hair sur-

faces.

Soon, we will study water uptake for a changing inter-hair distance. For the

nonlinear model under consideration (Equation (113)) in combination with the

nontrivial geometry from Figure 2.2, solving the time-dependent problem can

be computationally expensive. Therefore, we will simplify our task by restrict-

ing our attention to the steady-state conditions. If we (as before) assumed the

zero-flux boundary condition:

n̂ ·
[
D0D(S)∇S

]
= 0 (118)

at r = r∞, the water would be extracted from the soil by the root surfaces,

and we would not have any water source balancing this water loss. As a

consequence, for large times, the water content in the domain would approach

a trivial steady state S = 0 (plus we would have to deal with the singularity

of the diffusivity function D(S) as S → 0). Therefore, we impose the Dirichlet

boundary condition (see Equation (47)):

S = 1
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at r = r∞ instead, and this represents the full-saturation condition far from the

root surfaces, and introduces a water source to balance out the water uptake

at the (nontrivial) steady state.

As an initial condition, we impose full saturation (S = 1) everywhere.

Nondimensionalisation

We nondimensionalise the problem in the same way as in the single-cylinder

case, and obtain the dimensionless continuity equation (92) without the grav-

ity term:
∂S
∂t

= ∇ ·
[
D(S)∇S

]
. (119)

This equation is to be satisfied in the dimensionless domain ΩH = X \ Y,

where X = {(x1, x2, x3) ∈ R3, ( r0
h0
)2 < x2

1 + x2
2 < ( r∞

h0
)2, 0 < x3 < 1} and

Y = {(x1, x2, x3) ∈ R3, 0 < x1 < h1+r0
h0

, x2
2 + (x3− 1

2)
2 < ( r1

h0
)2} (see Figure 2.29).

The dimensionless periodic boundary conditions state:

S(t, x1, x2, 0) = S(t, x1, x2, 1) ∀t, x1, x2, (120)

and:
∂S(t, x1, x2, 0)

∂x3
=

∂S(t, x1, x2, 1)
∂x3

∀t, x1, x2. (121)

Analogous to the dimensional case, we denote by E the part of the boundary

satisfying x3 = 0, and by F the one satisfying x3 = 1.

The Robin condition (116) in the dimensionless variables attains a form:

n̂ ·
[
− D(S)∇S

]
=

C2h0

D0
S, (122)

and it is imposed at all the root surfaces. The main root boundary is given

by x2
1 + x2

2 = ( r0
h0
)2, and we denote it by H. We denote the hair part of the

boundary by I.

Time evolution (zero flux at r = r∞
h0

)

First, we simulate this problem with a zero-flux boundary condition at r = r∞
h0

to clearly see the water being extracted from the domain (no water source).

110



2.6 more realistic models

Figure 2.29.: Boundary parts for the geometry with the hair. The main root is

coloured green and the hair is coloured red. As the domain is

very thin in the x3 direction, we stretched it 10 times.
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To avoid the singularity of the diffusivity function D(S) at S = 1, we start

with the initial water content distribution:

S = 0.99 (123)

everywhere. The time evolution is shown in Figure 2.30. Note that the dimen-

sionless time τ = 108 corresponds dimensionally to t = h2
0φ

D0
τ ≈ 15.65 d.

Steady state

If we impose the Dirichlet boundary condition S = 0.99 at r = r∞
h0

, we obtain

a (non-trivial) steady state, which is shown in Figure 2.31. We observe the

expected water depletion close to the root surfaces. However, the gradients

in water content are almost negligible. This is due to the water content being

very close to the full saturation. Therefore, we now impose a much lower

water content (S = 0.04) at r = r∞
h0

, and the (zoomed-in) steady state is shown

in Figure 2.32.

Checking

The steady-state version of Equation (119) reads:

0 = ∇ ·
[
D(S)∇S

]
.

Integrating over the entire domain and using the divergence theorem yields:

0 =
∫

ΩH

∇ ·
[
D(S)∇S

]
dx =

∫
∂ΩH

[
D(S)∇S

]
· n̂dS,

which using the periodic boundary conditions at the top and the bottom part

of the boundary reduces to:∫
∂ΩH

[
D(S)∇S

]
· n̂dS =

∫
H∪I

[
D(S)∇S

]
· n̂dS +

∫
G

[
D(S)∇S

]
· n̂dS.

Therefore, by calculating these integrals, we can check if the influx from the

far-field balances the flux into the root surfaces at the steady state.
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(a) τ = 3× 108

(b) τ = 6× 108

(c) τ = 9× 108

Figure 2.30.: Time evolution for the geometry with the hair. Equation (119)

using the van Genuchten nonlinearity D(S) (see Equation (85)),

equipped with the initial condition (123), boundary conditions

(120), (121), (122) (using C2 from Equation (117)), and the zero-

flux boundary condition applied at r = r∞
h0

. Geometric parameters

are summarised in Table 2.11.
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Figure 2.31.: Steady state for the same problem as in Figure 2.30, except that

we use a Dirichlet condition S(r = r∞
h0
) = 0.99.

Figure 2.32.: Steady state for the same problem as in Figure 2.30, except that

we use a Dirichlet condition S(r = r∞
h0
) = 0.04.
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maximal mesh size flux into root surfaces flux from far-field

8.0 4.231× 10−7 5.458× 10−7

4.0 4.386× 10−7 5.415× 10−7

2.0 4.454× 10−7 5.392× 10−7

1.0 4.886× 10−7 5.397× 10−7

0.5 5.133× 10−7 5.394× 10−7

Table 2.12.: Comparison between the total flux entering the root surfaces and

the influx from the far-field at the steady state for varying maximal

mesh size (same problem as in Figure 2.32). Polynomial degree is

1.

Guided by our experience from previous sections, we are led to generate

meshes for which the maximal mesh size at various parts of the boundary is

distinct from the maximal mesh size imposed for the whole domain. NetGen

[127] allows us to do that for a three-dimensional domain like this. After try-

ing different scenarios, we imposed the maximal mesh size at the outer (root

surface, hair surface) boundary to be 4 (20, 100) times smaller than the maxi-

mal mesh size of the entire domain.

We varied the overall maximal mesh size, and the results are shown in Table

2.12. Fixing the maximal mesh size at 4.0 and increasing the polynomial de-

gree to 2 leads to the root surfaces influx of 5.253× 10−7 and the far-field flux

of 5.367× 10−7.

We see that the error in the divergence theorem decreases both with the de-

creasing maximal mesh size and with the increasing polynomial degree. More-

over, using both procedure, we seem to approach the same value. Therefore,

we conclude that the numerical simulations perform well enough to continue

with our water uptake studies.

Note that setting the polynomial degree to 3 results in computer memory prob-

lems. Furthermore, notice from Table 2.11, that the root radius of 80 µm im-

plies the circumference of 2π × 80 µm ≈ 502.655 µm. Assuming the inter-hair
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distance of 130 µm gives roughly 4 hairs in each layer (i.e. 4 hairs within the

region defined by 0 < x3 < 1).

Pipeline

In this section, our aim is to study how changes in the inter-hair distance along

the root length h0 affect the overall water uptake. The main idea is that using

a fix volume of root material, one can create a greater absorbing surface area

with root hairs compared to the roots due to their smaller radius. On the other

hand, it seems possible that if we produce too many hairs, less material is avail-

able for the growth of the main root, and the overall uptake may be smaller

than in the lower-hair-density case, due to the larger volume of soil explored

by the (longer) main root (and potentially also due to a decreased inter-hair

competition for water in the lower-hair-density case).

We wish to vary h0, which corresponds to changing the number of root hairs

per unit root length (keeping 4 hairs in each layer from now on in this chapter).

Therefore, we need to change the nondimensionalisation; we nondimension-

alise with respect to r0, i.e. (x1, x2, x3) = r0(x̃1, x̃2, x̃3), and t = φr2
0

D0
τ. We arrive

at a dimensionless continuity equation:

∂S
∂τ

= ∇̃ · [D(S)∇̃S− αrk(S)∇x3], (124)

where the dimensionless parameter is αr =
r0Ks
D0

> 0. The boundary conditions

are nondimensionalised accordingly. To simplify the numerics, we decreased

the far-field distance to r∞ = 0.2 cm, and we imposed a Dirichlet boundary

condition S = 0.02 here.

To study the effect of the new dimensionless inter-hair distance h0
r0

on the over-

all uptake, we need to be able to perform a series of steps for each value of this

parameter. These steps include writing a separate .geo file, meshing the geom-

etry in NetGen, converting .msh file to .xml file so that it can be uploaded into

FEniCS, and then solve the problem using FEniCS. In order to automate this

process, we created a pipeline using bash scripts. Results shown in Figure 2.33

were obtained using the described procedure (using polynomial degree 2).

116



2.6 more realistic models

(a) h0
r0

= 0.5

(b) h0
r0

= 0.4

(c) h0
r0

= 0.3

Figure 2.33.: Comparison of steady states for varying inter-hair distance h0

(and fixed r0). x3 direction is stretched 10 times to capture the

changing inter-hair distance better. Same problem as in Figure

2.32, except that we have 4 root hairs in the unit cell, and at

r∞ = 0.2 cm, we assume S = 0.02.

117



2.6 more realistic models

We observe that for very small inter-hair distance h0, the steady-state water

content at the root surfaces is very close to zero and therefore, the influx per

unit root surface area becomes small.

Optimisation

So far, a very important fact that a plant has only a limited supply of nutrients

(e.g. carbon) was little discussed. Therefore, we may assume that although it

is possible to change the average inter-hair distance (h0), this will have impli-

cations for carbon allocation to different parts of the plant. Here, we simply

assume, that a change in h0 leads to the corresponding change in the length of

the root (Lr) from which the hairs grow, so that the total volume of this system

is fixed (Vt). In other words, if the hair density is very high, then the length of

the main root must be small given only a fixed amount of carbon is available

and vice versa. This means that:

C = Vt = πr2
0Lr(h0) + 4πr2

1h1
Lr(h0)

h0

(keeping 4 hairs in every layer), or:

Lr(h0) =
C

π(r2
0 + 4r2

1
h1
h0
)

.

If we denote F(h0) to be the overall (dimensionless) flux into the unit cell root

surfaces, and this unit cell is periodically repeated in the x3 direction, then
F(h0)

h0
is the total (dimensionless) influx per unit length of the main root (at the

steady state). Therefore, F(h0)
h0

Lr(h0) is the total (dimensionless) flux into this

system, and we wish to maximise:

F(h0)

h0

C

π(r2
0 + 4r2

1
h1
h0
)
= D

F(h0)

r2
0h0 + 4r2

1h1

with respect to h0, where D = C
π . We aim to find the optimal inter-hair distance

h0, and our task can thus be reduced to maximising the expression:

E(h0) =
F(h0)

r2
0h0 + 4r2

1h1
. (125)

The results of the numerical simulations are shown in Table 2.13. Here, we

denote F∗(h0) to be the numerical approximation of the total influx from the
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h0
r0

F(h0) E(h0) (cm−3) F∗(h0) E∗(h0) (cm−3)

2.00 2.829× 10−7 0.245 2.907× 10−7 0.251

1.50 2.502× 10−7 0.278 2.569× 10−7 0.285

1.00 2.112× 10−7 0.328 2.174× 10−7 0.337

0.80 1.917× 10−7 0.354 1.976× 10−7 0.365

0.60 1.677× 10−7 0.382 1.729× 10−7 0.393

0.50 1.518× 10−7 0.391 1.571× 10−7 0.405

0.45 1.430× 10−7 0.394 1.480× 10−7 0.408

0.40 1.332× 10−7 0.395 1.379× 10−7 0.409

0.35 1.214× 10−7 0.390 1.265× 10−7 0.406

0.30 1.093× 10−7 0.382 1.139× 10−7 0.398

Table 2.13.: Searching for the optimal inter-hair distance h0 (r0 is fixed). The

optimisation is based on the same problem as described in Figure

2.33. F(h0) is the (numerically computed) total flux into the (unit

cell) root surfaces, whereas F∗(h0) denotes the (numerically com-

puted) influx from the far field. E(h0) is defined in Equation (125)

and E∗(h0) is defined in Equation (126). Polynomial degree is 2.

far-field boundary at the steady state (which we have shown to be equal to

the overall root surfaces influx using the divergence theorem in this section).

Analogously:

E∗(h0) =
F∗(h0)

r2
0h0 + 4r2

1h1
. (126)

From Table 2.13 we see that both methods of the overall root influx calculation

give approximately the same value of the optimal dimensionless inter-hair dis-

tance - 0.4 (which in dimensional terms corresponds to the inter-hair distance

of 32 µm).

Unfortunately, the numerical error in our calculations (the difference between

F(h0) and F∗(h0) for a fixed value of h0) is still too large to draw any definitive

conclusions. At the same time, with the fully three-dimensional numerics for

a nonlinear problem close to drought, we are reaching the limits of a simple
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desktop computer computations. If we wanted more precise numerical results,

we would probably need to use a supercomputer.

Summary

In this chapter, we introduced and studied the standard equations and geome-

tries involved in root water (and nutrient) uptake modelling. We checked the

accuracy of numerical simulations in FEniCS for such equations and geome-

tries, as these will be used repeatedly in this thesis. We further sketched how

these simulations, although rather simplistic, may still be used to address im-

portant problems in agriculture.

It is important to note, that we did not find experimental evidence on how

much root hairs really contribute to the overall water uptake7. Therefore, the

boundary conditions we used may be of little biological relevance. It is now

widely accepted within the scientific community, that the root hairs are partic-

ularly important for the uptake of poorly-mobile nutrients such as phosphate

(see [26] or [61]). It would not be difficult to change the continuity equation

and the boundary conditions to model the uptake of such nutrients using the

existing geometry 2.2.

However, if a gradient in water content (or nutrient concentration) along the

main root axis exists, then the usage of the periodic boundary conditions can-

not be justified anymore. Non-negligible gradients in (e.g.) water content are

expectable especially in very dry soils [11]. Numerical simulations using the

full geometry are rather expensive, and a different upscaling method is desir-

able. In the next chapter, we show how the method of homogenisation can be

used to upscale uptake from the single hair scale to the root segment scale.

7 Note that the imaging and quantification of water content distribution in the rhizosphere has

only become possible in recent years, and to our knowledge, quantitative data on water uptake

rates at this scale are not available yet (see Section 1.2.1).
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3
N U T R I E N T U P TA K E B Y P E R I O D I C A R R AY S O F

C Y L I N D E R S .

3.1 introduction

In this chapter, we study uptake of a substance (which we will refer to as a nu-

trient from now onwards) by an array of periodically spaced cylinders of finite

length (see Figure 3.1). A similar framework was rigorously studied in [20],

was used to model nutrient uptake by growing root systems in [17], and was

analysed as a model for nutrient uptake by hairy roots (dense root structures

caused by a bacterium) in [112]. Furthermore, this approach has also been

used to model uptake by cluster roots (short and dense lateral roots occuring

in some plants) in [153].

Most importantly for the purposes of this thesis, the same arrangement can

be used to model nutrient uptake by root hairs after one flattens out the root

surface on which they grow. To our knowledge, this was first studied us-

ing the asymptotic expansions method (as introduced in Section 1.4.4) in [80].

Here, a linear diffusion equation (modelling a nutrient diffusing in a soil) was

equipped with a Michaelis-Menten boundary condition at the root surfaces

(including root hairs; for more details, see Figure 1.3).

In this chapter, we extend the approach from [80] to the case where a nontriv-

ial macroscopic gradient in the nutrient concentration exists in the direction

of periodicity (Section 3.2.3), to the case where the dynamics of the nutrient is

governed by a convection-diffusion equation (Section 3.3), and also to the case

where the dynamics of water in the soil is modelled using the (nonlinear) van
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3.1 introduction

Genuchten model (Section 3.5). Furthermore, in all these cases, we directly

compare the full-geometry results with the homogenisation results.

We keep the setting as general as possible and our main goal is to demonstrate

how homogenisation can be used with this framework to derive macroscopic

equations using information from the microscale. Therefore, exact parameter

values are not important in this chapter. In the following chapters, we will use

this framework with biologically realistic parameters to model nutrient uptake

by root hairs. In all cases, we use the method of asymptotic expansions.

The domain of interest is a cuboid (usually representing a soil) minus the cylin-

ders (representing the roots or the root hairs depending on context). We do

not model water or nutrient flows within the root system in this thesis. We as-

sume that the distance between the cylinders is much smaller than the size of

the cuboid in the direction in which the structure is periodic, which introduces

two characteristic length scales - a microscopic length scale determined by the

distance between the cylinders l and a macroscopic length scale determined

by the size of the cuboid L (in the direction of periodicity). This way, we stay

consistent with the notation introduced in [80]. Moreover, we define a to be a

quotient of the cylinder radius divided by the distance between the cylinders.

Note that in this chapter, we assume a = O(1) (in the following chapter, we

will extend this analysis to the cases where a� 1). Two different views of the

domain are presented in Figure 3.1.

In Section 3.2, we will show how the method of homogenisation is used in

the case of a linear diffusion equation equipped with a Robin boundary con-

dition at the cylindrical surfaces. A homogenised equation for this problem

will be derived (see Equation (155)), and the analytical as well as numerical

solutions of this equation will be obtained using different sets of boundary

conditions. These solutions will subsequently be compared with numerical

simulations on the full-geometry, and we will observe that homogenisation

gives us a behaviour averaged over the microscale. The same approach will

then be extended to the case of a convection-diffusion equation (Section 3.3),

the case of the Michaelis-Menten boundary condition (Section 3.4), and the

case of a nonlinear continuity equation (Section 3.5).
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3.1 introduction

Figure 3.1.: The domain with periodically-spaced cylinders and the two char-

acteristic length scales. In the case of root hairs, one has l ≈ 0.01

cm, L ≈ 1 cm [80].
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3.2 linear diffusion equation

3.2 linear diffusion equation

To make things simpler at the beginning, we start with a nutrient diffusing

within the domain not assuming any advection with the mass flow (this is

a good approximation for most nutrients anyway, as shown in Section 1.3.3)

and being taken up by the cylinders using a Robin boundary condition (which

has already been introduced for water uptake modelling in previous chapter

- see Equation (21)). Therefore, we start with a dimensional linear (isotropic)

diffusion equation:
∂ū
∂t̄

= ∇̄ ·
(

D∇̄ū
)

(127)

inside the domain from Figure 3.1, and a Robin boundary condition:

D∇̄ū · n̂ = −Bū (128)

at the cylindrical surfaces (note again that the domain is external to the cylin-

ders)1. Here, D is a diffusion coefficient of the nutrient in the given environ-

ment, ū(t̄, x̄1, x̄2, x̄3) is a nutrient concentration at time t̄ at point (x̄1, x̄2, x̄3) in

space, and B is an uptake constant. Note that the bars indicate the use of di-

mensional variables. For simplicity, we assume a zero-flux boundary condition

at the end planes of the cylinders. The boundary conditions at the remaining

boundary parts will vary depending on the problem we want to study.

We nondimensionalise the spatial variables according to the macroscale, and

the time variable according to the corresponding diffusion timescale:

ū = uinu (x̄1, x̄2, x̄3) = L(x1, x2, x3) t̄ =
L2

D
t,

where uin denotes an initial nutrient concentration and L the size of the do-

main in the direction in which the structure is periodic. Thus, we arrive at a

dimensionless (macroscale) diffusion equation:

∂u
∂t

= ∇2u, (129)

a dimensionless initial condition:

u(t = 0) = 1, (130)

1 In the context of root hairs, this can be thought of as a linearised Michaelis-Menten boundary

condition without an efflux term.
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3.2 linear diffusion equation

and a dimensionless boundary condition:

∇u · n̂ = −BL
D

u (131)

at the cylindrical surfaces. In order to proceed with the two-scale analy-

sis, we introduce a small parameter ε = l
L � 1, and from now onwards,

u(t, x1, x2, x3, ε) is parameterised by ε. We rewrite Equation (131) as:

∇u · n̂ = −BL
D

u = −BL2

lD
l
L

u = −Kεu, (132)

where we have introduced K = BL2

lD and we assume it to be O(1) as ε → 0 (in

the context of root hairs, the justification for this assumption is discussed in

Section 1.4.4).

Notice further, that we have introduced the factor ε in Equation (132) so that

the multiscale procedure leads to a homogenisation limit, and a nontrivial sink

term appears in the effective equation (a more detailed reasoning can be found

in Appendix A; the same scaling was used in [80]).

3.2.1 Homogenisation

Let H denote the dimensional length of the cylinders, so that their dimension-

less (macroscopic) length is h = H
L , and we assume this to be O(1). Further-

more, assume that we truncate the domain at x3 = d > h, and that d is O(1)

too. Now, we present a derivation of the effective equation using homogenisa-

tion theory. It is important to note that the two-scale analysis which follows

applies only to region x3 < h. Outside this region (x3 > h), the situation is

much simpler - diffusion is the only process taking place here. On the interface

between these two regions (x3 = h), we want the concentration as well as its

flux to be continuous.

We use microscopic variables (y1, y2, y3) =
(x1,x2,x3)

ε to describe local behaviour.

To better understand the microscopic variables, imagine we have blown up the

geometry close to a point on the surface of one of the cylinders. Sending ε to

0, we get the microscale geometry - Y = Y1 \ Y2, where Y1 = {(y1, y2, y3) ∈

R3,−0.5 ≤ y1, y2 ≤ 0.5} and Y2 = {(y1, y2, y3) ∈ R3, y2
1 + y2

2 ≤ a2}.
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3.2 linear diffusion equation

Figure 3.2.: The (meshed) microscale geometry.

As it is impossible to mesh an infinitely large domain, Figure 3.2 shows

(meshed) Y∗ = Y ∩ Y3, where Y3 = {(y1, y2, y3) ∈ R3,−5 ≤ y3 ≤ 5}. As the

analysis in this section will confirm, u0, u1 and u2 (introduced in Ansatz (136))

are independent of y3, which means that the microscale geometry is effectively

two-dimensional. Therefore, the two-dimensional micro-geometry (shown in

Figure 3.3) is defined as

C = S \ {(y1, y2) ∈ R2, y2
1 + y2

2 ≤ a2}, (133)

where

S = (−0.5, 0.5)× (−0.5, 0.5). (134)

The meshed domain is shown in Figure 3.3. Assuming the independence of

the microscopic and the macroscopic scales (which is the central assumption

in the method of multiple scales), and using standard multiscale asymptotics

rules (as introduced in Section 1.4.4), we get from Equation (129):

∂u
∂t

= ∇2
xu +

2
ε
∇x · ∇yu +

1
ε2∇

2
yu, (135)
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3.2 linear diffusion equation

Figure 3.3.: Two-dimensional micro-geometry C as defined in Equation (133).

where we have introduced an operator ∇y = ( ∂
∂y1

, ∂
∂y2

, ∂
∂y3

). We search for a

solution in the form of a two-scale ansatz:

u(t, x; ε) = u0(t,
x
ε

, x) + εu1(t,
x
ε

, x) + ε2u2(t,
x
ε

, x) + o(ε2), (136)

where we require ui(t, y1, y2, y3, x) to be 1−periodic in y1 and y2 (in this and

the following two chapters, we will refer to these conditions as the periodic

boundary conditions, or the periodicity conditions). Furthermore, in order to

eliminate any possibility of unbounded (also called secular) growth in y3, at

each order in ε, we will impose certain conditions as y3 → ±∞. Note that

for the simplicity of notation, from now onwards, we do not always explicitly

write out the dependencies of functions on the macroscopic variables x and

the time variable t.

Multiplying Equation (135) by ε2, we get:

ε2 ∂
[
u0 + o(1)

]
∂t

=ε2∇2
x
[
u0 + o(1)

]
+ 2ε∇x · ∇y

[
u0 + εu1 + o(ε)

]
+

∇2
y
[
u0 + εu1 + ε2u2 + o(ε2)

]
,

(137)
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3.2 linear diffusion equation

and from (132), we obtain the cylindrical surface boundary condition:

ε∇x
[
u0 + εu1 + o(ε2)

]
· n̂ +∇y

[
u0 + εu1 + ε2u2 + o(ε2)

]
· n̂ =

− Kε2[u0 + o(1)
]
.

(138)

Note again, that this boundary condition applies only in the region occupied

by the cylinders (x3 < h).

Next, we study the continuity equation (137) and the boundary condition

(138) at different orders of ε.

Leading order

At O(1) in Equation (137), we find:

0 = ∇2
yu0 =

∂2u0

∂y2
1
+

∂2u0

∂y2
2
+

∂2u0

∂y2
3

,

equipped with the periodic boundary conditions in y1 and y2, and the same

order in boundary condition (138) gives ∇yu0 · n̂ = 0 at y2
1 + y2

2 = a2. We see,

that a linear growth in y3 is a possible far-field (y3 → ±∞) behaviour. This

would mean that the solution becomes unbounded, and thus the secularity

conditions at this order must state:

lim
y3→∞

∂u0(t, y, x)
∂y3

= 0 = lim
y3→−∞

∂u0(t, y, x)
∂y3

. (139)

Clearly, this problem admits a solution independent of the microscopic vari-

ables:

u0 = u0(t, x). (140)

Note that later on in the homogenisation procedure, we will uncover an effec-

tive (homogenised) equation, which u0 solves. Next, we show the uniqueness

of solution (140).

Assume for the sake of contradiction that there exists a function g(y) satisfying

the Laplace’s equation and all the (microscopic) boundary conditions, which

is nontrivially dependent on y. Multiplying the Laplace’s equation for g by g,

we get g∇2
yg = 0. Defining

YN = [−0.5, 0.5]× [−0.5, 0.5]× [−N, N], (141)
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3.2 linear diffusion equation

integrating over YN, and using Green’s first identity (see [130]), we get:

0 =
∫

YN

g∇2
ygdΩ =

∫
∂YN

g∇yg · n̂dS−
∫

YN

∇yg · ∇ygdΩ =

∫
C

g(y3 = N)
∂g(y3 = N)

∂y3
dS−

∫
C

g(y3 = −N)
∂g(y3 = −N)

∂y3
dS+

∫
∂YN

per

g∇yg · n̂dS−
∫

YN

∥∥∇yg
∥∥2 dΩ,

where ∂YN
per is the part of the boundary of YN at which we impose the periodic

boundary conditions. Thus, the integral over this boundary part is zero and

we are left with:∫
YN

∥∥∇yg
∥∥2 dΩ =

∫
C

g(y3 = N)
∂g(y3 = N)

∂y3
dS−

∫
C

g(y3 = −N)
∂g(y3 = −N)

∂y3
dS

Using the secularity conditions (139), the N → ∞ limit yields:∫
Y

∥∥∇yg
∥∥2 dΩ = 0.

As
∥∥∇yg

∥∥2 is always non-negative, we conclude that∇yg = 0 everywhere, and

thus g is independent of the microscopic variables. We arrived at a contradic-

tion, and thus we know that there exists no microscopically-nontrivial solution

to the cell problem at this order.

O(ε)

At O(ε), we obtain a continuity equation ∇2
yu1 = 0, a cylindrical surface

boundary condition ∇yu1 · n̂ = −∇xu0 · n̂, and the usual periodic boundary

conditions in y1 and y2. The cylindrical surface boundary condition at this

order impels us to search for solution in the form:

u1(t, y1, y2, y3, x) = f (t, x) +∇xu0(t, x) · λ(y1, y2, y3), (142)

where the microscopically-nontrivial term comes from the cylindrical surface

boundary condition, λ(y1, y2, y3) =
(
λ1(y1, y2, y3), λ2(y1, y2, y3), λ3(y1, y2, y3)

)
,
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3.2 linear diffusion equation

and f is an as yet undetermined function of t, x1, x2, x3. In order to satisfy the

continuity equation, we impose:

∇2
yλ1 = ∇2

yλ2 = ∇2
yλ3 = 0, (143)

and to avoid the secular growth in y3 (compare with the previous section), we

impose the secularity conditions:

lim
y3→∞

∂λi

∂y3
= 0 = lim

y3→−∞

∂λi

∂y3

for i ∈ {1, 2, 3}. Using Ansatz (142) in the cylindrical surface boundary condi-

tion, we get:

(−∂u0

∂x1
,−∂u0

∂x2
) · (n1, n2) = (−∂u0

∂x1
,−∂u0

∂x2
,−∂u0

∂x3
) · (n1, n2, 0) = −∇xu0 · n̂ =

∇yu1 · n̂ = (
∂u0

∂x1

∂λ1

∂y1
+

∂u0

∂x2

∂λ2

∂y1
+

∂u0

∂x3

∂λ3

∂y1
,

∂u0

∂x1

∂λ1

∂y2
+

∂u0

∂x2

∂λ2

∂y2
+

∂u0

∂x3

∂λ3

∂y2
, ...) · (n1, n2, 0) =

(
∂u0

∂x1

∂λ1

∂y1
+

∂u0

∂x2

∂λ2

∂y1
+

∂u0

∂x3

∂λ3

∂y1
,

∂u0

∂x1

∂λ1

∂y2
+

∂u0

∂x2

∂λ2

∂y2
+

∂u0

∂x3

∂λ3

∂y2
) · (n1, n2),

which is satisfied, provided we impose:

∇yλ1 · n̂ =
y1

a
= −n1 ∇yλ2 · n̂ =

y2

a
= −n2 ∇yλ3 · n̂ = 0 (144)

for (y1, y2, y3) belonging to the cylindrical surface. The conditions for λ3 are

the same as those for g from the previous order. Therefore, we know that

constant λ3 (i.e. independent of the microscopic variables) is the only possible

solution. We now show that the solution to the λ1 problem exists, it does not

depend on y3, and it is unique up to a constant.

First, we show that a certain problem defined in the two-dimensional unit cell

C (see Figure 3.3) has a solution. Assume Laplace’s equation ∇2
yζ = 0 in C

equipped with the cylindrical surface condition ∇yζ · n̂ = −n1 and with the

periodic boundary conditions in y1 and y2. If we add a normalisation condi-

tion
∫
C

ζdS = 0, the Lax-Milgram theorem2 ensures the existence of a unique

2 This is a theorem from functional analysis, and the explanation of how it can be used to prove

the existence of a unique solution of our problem is beyond the scope of this thesis; for more

information, we refer interested readers to [19].
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3.2 linear diffusion equation

solution to this problem. It is therefore clear that ζ satisfying the required con-

ditions exists.

This implies, that the solution to the λ1 problem exists as well, as we can simply

write it as λ1(y1, y2, y3) = ζ(y1, y2), and clearly, this solution is independent

of y3. Let λ1
1 and λ2

1 be two distinct solutions, and define λ∗1 = λ1
1 − λ2

1. Then

λ∗1 satisfies the same conditions as g from the previous order, which implies

that λ∗1 is constant, and thus the solution to the λ1 problem is unique up to a

constant.

By the same reasoning, λ2(y1, y2, y3) = λ2(y1, y2), and the solution to this prob-

lem is unique up to a constant. We conclude that u1 is independent of y3.

Note that solving the cell problems for λ1 and λ2 analytically is a difficult

task, because the domain is multiply-connected. If we assumed that instead of

cylinders, the root hairs were rectangular cuboids, and that the resulting root

hair boundary in the unit cell setting satisfied either y1 = ±a or y2 = ±a, then

we could analyse the problems fully in cartesian coordinates. The hair surface

boundary conditions for the cell problems would become:

∇yλ1 · n̂ =


1 at y1 = a

−1 at y1 = −a

0 elsewhere.

(145)

∇yλ2 · n̂ =


1 at y2 = a

−1 at y2 = −a

0 elsewhere.

(146)

However, in this case, one still cannot write the resulting unit-cell domain as

a product of two intervals (and therefore, the x and y dependencies of these

solutions are not separable). The only analytical approach known to us is to

map the domain conformally to a domain which consists of two concentric cir-

cles having different radii, with the smaller circle being cut out from the larger

one. We then would wish to obtain the analytical solution using separation of

variables (namely the polar radius r and the azimuthal angle ϕ), analogously

to what we did in Section 2.5.1 (separated variables being r and t) as well as in
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Section 2.5.2 (separated variables being r and x3). However, the boundary con-

ditions (145) and (146) would introduce inhomogeneity onto the inner (now

circular) boundary, which would yield dependency of the boundary condi-

tions for R(r) on ϕ, and the transformed periodic boundary conditions would

further complicate the solution process. Therefore, these problems are much

more difficult to solve analytically than those discussed in the previous chapter,

and we will only solve them numerically in this chapter.

O(ε2)

Moving to O(ε2), we get:

∇2
yu2 =

∂u0

∂t
−∇2

xu0 − 2∇x · ∇yu1, (147)

a cylindrical surface boundary condition:

∇yu2 · n̂ = −Ku0 −∇xu1 · n̂, (148)

and the periodic boundary conditions in y1 and y2. Integrating the continuity

equation over YN (as defined in Equation (141)) gives:

2N(1− πa2)
∂u0

∂t
= 2N(1− πa2)∇2

xu0+∫
YN

∇y · ∇yu2dΩ + 4N
∫
C

∇x · ∇yu1dS,

where C is the two-dimensional unit cell (see Figure 3.3), and dividing by

2N(1− πa2) yields:

∂u0

∂t
= ∇2

xu0 +
1

2N(1− πa2)

∫
YN

∇y · ∇yu2dΩ +
2

1− πa2

∫
C

∇x · ∇yu1dS. (149)

The divergence theorem gives:∫
YN

∇y · ∇yu2dΩ =
∫

∂YN

∇yu2 · n̂dS =
∫

PN

∇yu2 · n̂dS+

∫
UN

∇yu2 · n̂dS +
∫
C

∂u2(y3 = N)

∂y3
dS−

∫
C

∂u2(y3 = −N)

∂y3
dS,

(150)

where we split the boundary into a part PN at which the periodic boundary

conditions are imposed (i.e. y1 = ±0.5, y2 = ±0.5), an uptaking part UN (y2
1 +
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y2
2 = a2), and the remaining parts are located at y3 = N and y3 = −N. Due

to the periodic boundary conditions, the integral over PN vanishes. Applying

(148) to the second integral, we get:

1
2N(1− πa2)

∫
YN

∇y · ∇yu2dΩ =
1

2N(1− πa2)

∫
UN

{−Ku0 −∇xu1 · n̂}dS+

1
2N(1− πa2)

∫
C

∂u2(y3 = N)

∂y3
dS− 1

2N(1− πa2)

∫
C

∂u2(y3 = −N)

∂y3
dS =

− 2πKa
1− πa2 u0 −

1
1− πa2

∫
U

∇xu1 · n̂dl+

1
2N(1− πa2)

∫
C

∂u2(y3 = N)

∂y3
dS− 1

2N(1− πa2)

∫
C

∂u2(y3 = −N)

∂y3
dS,

where:

U = {(y1, y2) ∈ R2, y2
1 + y2

2 = a2}. (151)

Substituting this result into Equation (149) leads to:

∂u0

∂t
= ∇2

xu0 −
2πKa

1− πa2 u0 −
1

1− πa2

∫
U

∇xu1 · n̂dl+

2
1− πa2

∫
C

∇x · ∇yu1dS +
1

2N(1− πa2)

∫
C

∂u2(y3 = N)

∂y3
dS−

1
2N(1− πa2)

∫
C

∂u2(y3 = −N)

∂y3
dS.

In order to obtain the homogenised equation, we send N to ∞, and we use

secularity conditions:

lim
y3→∞

∂u2

∂y3
= 0 = lim

y3→−∞

∂u2

∂y3

(ensuring the bounded growth of u2) to get:

∂u0

∂t
= ∇2

xu0 −
2πKa

1− πa2 u0 +
2

1− πa2

∫
C

∇x · ∇yu1dS− 1
1− πa2

∫
U

∇xu1 · n̂dl.

(152)

Now, we show that the two integrals in this equation are actually equal. First,

using symmetries of the unit cell geometry, we get:∫
P

∇x f (t, x) · n̂dl = 0 =
∫
U

∇x f (t, x) · n̂dl,
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where P = ∂S is the boundary of the unit square S given by Equation (134).

Using symmetry of second derivatives and Ansatz (142) for u1, we have:∫
C

∇x · ∇yu1dS =
∫
C

∇y · ∇xu1dS =
∫
C

∇y · ∇x
[
∇xu0(t, x) · λ(y1, y2)

]
dS,

which, taking into account the divergence theorem, becomes:∫
P

∇x
[
∇xu0(t, x) · λ(y1, y2)

]
· n̂dl +

∫
U

∇x
[
∇xu0(t, x) · λ(y1, y2)

]
· n̂dl.

Thanks to the periodicity conditions on λ1, λ2 and λ3), it can be easily shown

that: ∫
P

∇x
[
∇xu0(t, x) · λ(y1, y2)

]
· n̂dl = 0,

and thus we conclude: ∫
U

∇xu1 · n̂dl =
∫
C

∇x · ∇yu1dS.

Applying this result to Equation (152) gives:

∂u0

∂t
= ∇2

xu0 −
2πKa

1− πa2 u0 +
1

1− πa2

∫
C

∇x · ∇yu1dS.

Finally, we use our knowledge of u1 (Ansatz (142) as well as the fact that λ3 is

constant) to get: ∫
C

∇x · ∇yu1dS = ∇x∇xu0 : B,

where

∇x∇xu0 =


∂2u0
∂x2

1

∂2u0
∂x1∂x2

∂2u0
∂x1∂x3

∂2u0
∂x2∂x1

∂2u0
∂x2

2

∂2u0
∂x2∂x3

∂2u0
∂x3∂x1

∂2u0
∂x3∂x2

∂2u0
∂x2

3


is a Hessian matrix,

B =


∫
C

∂λ1
∂y1

dS
∫
C

∂λ2
∂y1

dS 0∫
C

∂λ1
∂y2

dS
∫
C

∂λ2
∂y2

dS 0

0 0 0

 (153)
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is a constant matrix, and : is an inner product between two matrices defined

as M : N = ∑
ij

MijNij (see [104]).

Thus, we have arrived at the effective macroscale equation:

∂u0

∂t
= ∇x∇xu0 : De f f −

2πKa
1− πa2 u0,

where

De f f =
1

1− πa2 B + I (154)

is an effective (anisotropic) diffusion tensor and

I =


1 0 0

0 1 0

0 0 1


is the identity matrix. This can also be rewritten as:

∂u0

∂t
= ∇x ·

(
De f f∇xu0

)
− 2πKa

1− πa2 u0. (155)

We now briefly summarise the homogenisation procedure. From O(1), we

concluded that the leading order solution u0 is independent of the microscale.

From O(ε), u1(t, y1, y2, x) = f1(t, x) +
( ∂u0(t,x)

∂x1
, ∂u0(t,x)

∂x2

)
·
(
λ1(y1, y2), λ2(y1, y2)

)
was concluded, with λ1 and λ2 satisfying Laplace’s equation in C (from Figure

3.3), the boundary conditions (144) at the circular boundary, and the periodic-

ity conditions. Using this information, integration of the continuity equation

at O(ε2) yielded the homogenised equation (155). The − 2πKa
1−πa2 u0 term from

this equation is a sink term representing uptake by the cylinders. The diffu-

sion tensor De f f captures the effects of impedance to the diffusion due to the

presence of the cylinders, and is dependent on λ1 and λ2 via matrix B (153).

Using symmetry arguments, we now show that:∫
C

∂λ1

∂y1
dS =

∫
C

∂λ2

∂y2
dS. (156)

First, recall the λ1 problem, i.e. the continuity equation ∂2λ1
∂y2

1
+ ∂2λ1

∂y2
2
= 0 in C,

the boundary condition ∂λ1
∂y1

n1 +
∂λ1
∂y2

n2 = −n1 at U, and the periodic boundary

conditions at y1, y2 = ±0.5. Upon swapping the coordinate axes y1 and y2, we

get a continuity equation ∂2 f
∂y2

2
+ ∂2 f

∂y2
1
= ∂2 f

∂y2
1
+ ∂2 f

∂y2
2
= 0 in C, the same periodic
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boundary conditions at y1, y2 = ±0.5, and the boundary condition ∂ f
∂y2

n2 +
∂ f
∂y1

n1 = ∂ f
∂y1

n1 +
∂ f
∂y2

n2 = −n2 at U. These are exactly the conditions that define

the λ2 problem. In other words, defining:

f (s, t) = λ1(t, s) ∀(s, t) ∈ C,

we see that f satisfies all conditions on λ2, and due to our uniqueness result,

we get:

λ2(s, t) = λ1(t, s) ∀(s, t) ∈ C (157)

up to a constant. As a consequence, we get:

∂λ1

∂y1

∣∣∣
(y1,y2)=(s,t)

=
∂λ2

∂y2

∣∣∣
(y1,y2)=(t,s)

∀(s, t) ∈ C

which upon integration proves Equation (156) to be true. Note that from the

(macroscopic) point of view of Equation (155), there is also no reason for the

diagonal elements corresponding to x1 and x2 to be different.

It may further seem that we have obtained nonzero off-diagonal elements in

the diffusion tensor, which often gives rise to a nontrivial behaviour. However,

due to symmetry, off-diagonal elements are actually zero. First, notice that

Equation (157) also implies:

∂λ1

∂y2

∣∣∣
(y1,y2)=(s,t)

=
∂λ2

∂y1

∣∣∣
(y1,y2)=(t,s)

∀(s, t) ∈ C,

and this yields: ∫
C

∂λ1

∂y2
dS =

∫
C

∂λ2

∂y1
dS.

We now show that
∫
C

∂λ1
∂y2

dS = 0. Using the divergence theorem, we get:

∫
C

∂λ1

∂y2
dS =

∫
C

∇y · (0, λ1)dS =
∫

∂C

(0, λ1) · n̂dl =
∫

∂C

λ1n2dl,

and using the periodicity of λ1, we conclude:∫
C

∂λ1

∂y2
dS =

∫
U

λ1n2dl.

For (y1, y2) ∈ U, we have n2(y1, y2) = −n2(y1,−y2), and provided we can

show:

λ1(y1, y2) = λ1(y1,−y2), (158)
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maximal mesh size
∫
C

∂λ1
∂y1

dS
∫
C

∂λ2
∂y2

dS
∫
C

∂λ1
∂y2

dS
∫
C

∂λ2
∂y1

dS

0.4 −0.11 −0.11 −2.4× 10−4 −2.2× 10−4

0.2 −0.11 −0.11 4.5× 10−4 4.2× 10−4

0.1 −0.12 −0.12 −2.0× 10−4 −2.0× 10−4

0.05 −0.13 −0.13 −3.4× 10−6 −3.7× 10−6

0.03 −0.13 −0.13 −3.0× 10−7 5.6× 10−6

0.02 −0.13 −0.13 9.8× 10−7 1.0× 10−6

Table 3.1.: Numerical confirmation that
∫
C

∂λ1
∂y2

dS =
∫
C

∂λ2
∂y1

dS = 0 and
∫
C

∂λ1
∂y1

dS =∫
C

∂λ2
∂y2

dS ≈ −0.13

we prove that
∫
C

∂λ1
∂y2

dS = 0. To show this, we introduce a coordinate transfor-

mation (y1, y2)→ (y1,−y2). In other words, define:

g(s, t) = λ1(s,−t).

This function satisfies the same continuity equation ∂2g
∂y2

1
+ ∂2g

∂(−y2)2 = ∂2g
∂y2

1
+ ∂2g

∂y2
2
=

0, the same periodicity conditions and the same boundary condition n1
∂g
∂y1
−

n2
∂g

∂(−y2)
= n1

∂g
∂y1

+ n1
∂g

∂(y2)
= −n1 as λ1. Because of our uniqueness results for

λ1, we conclude that λ1(s,−t) = λ1(s, t), i.e. we have just proven Equation

(158). This property can clearly be seen in Figure 3.18.

To support our symmetry arguments, we also compute these integrals numer-

ically for a decreasing value of a maximal mesh size. The results are shown in

Table 3.1.

Thus, we only need to solve the λ1 problem (from now on called the unit cell

problem) to obtain the homogenised equation (155).

Recall, that this analysis is valid only in the part of the domain occupied by

the cylinders (x3 < h). Outside this domain (x3 > h), we are left with a simple

diffusion equation:
∂u0

∂t
= ∇x · ∇xu0.

Note that we did not need to analyse the situation at x3 = 0 separately, as u0,

u1 and u2 are all independent of y3 for 0 < x3 < h, and thus nothing drives y3-
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3.2 linear diffusion equation

variation at x3 = 0. Moreover, the interface at x3 = h does not require special

attention either (even though there exists a switch in the cylindrical surface

boundary condition) - we simply impose that the homogenised solution and

its flux are continuous.

3.2.2 One-dimensional modelling

If we assume that the initial and the macroscopic boundary conditions are

independent of x1 and x2, then the same is true for the homogenised solution

u0. Thus, we have ∂u0
∂x1

= ∂u0
∂x2

= 0 everywhere in the domain, and this effectively

yields a one-dimensional homogenised equation:

∂u0

∂t
=

∂2u0

∂x2
3
− 2πKa

1− πa2 u0 (159)

for x3 < h, and:
∂u0

∂t
=

∂2u0

∂x2
3

(160)

for x3 > h. This way, the homogenised solution is only dependent on one

spatial variable, i.e. distance from the root surface (x3). Note that the same ap-

proach was chosen when modelling uptake by root hairs in [80], and that this

way, the homogenised solution can (at least in principle) be compared with

nutrient distributions extracted from experiments, as in [18] and [94] (water

being the nutrient here).

In this section, we will study how well the solutions of this one-dimensional

equation (equipped with various boundary conditions) approximate the corre-

sponding full-geometry numerical simulations. Let us first consider a steady-

state scenario, for which the numerical results will also be compared with

exact solutions.

Steady state

We have:

0 =
∂2u0

∂x2
3
− 2πKa

1− πa2 u0 (161)

for x3 < h, and:

0 =
∂2u0

∂x2
3

(162)
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3.2 linear diffusion equation

for x3 > h. Assuming a Dirichlet boundary condition u(x3 = 0) = umax > 0

(which can be used to model nutrient uptake by a field of crops where a

fertiliser is applied to the top soil) leads to u0(x3 = 0) = umax for the ho-

mogenised solution. If we assumed lim
x3→∞

u0(x3) = 0 (modelling nutrients re-

siding mostly in the top soil, e.g. phosphate), we would only be able to obtain

a (unique) solution to this problem in the space of continuous functions (not

continuously differentiable though). Truncating the domain at x3 = d, and as-

suming u0(d) = 0, we can find a unique solution to this problem in the space

of continuously differentiable functions (so that not only the solution itself is

continuous, but also its flux is), and the solution is:

u0(x3) =

Aeλx3 + (umax − A)e−λx3 if 0 < x3 < h

C(x3 − d) if h < x3 < d,
(163)

where λ =
√

2πKa
1−πa2 > 0. Matching solutions at x3 = h, we get that A = Q

P ,

where:

Q = umaxe−λh[λ(d− h)− 1
]
,

P = eλh − e−λh − λeλh(h− d)− λe−λh(h− d),

and finally:

C = Aλeλh − (umax − A)λe−λh.

For the full-geometry problem, we consider the steady-state version of Equa-

tion (129):

0 = ∇2u, (164)

and find the solution numerically in FEniCS [83] (we use FEniCS for all sim-

ulations in this chapter). Notice, that as we have assumed the initial and the

boundary conditions to be independent of x1 and x2, it is sufficient to simulate

Equation (164) in a three-dimensional unit cell (which only contains one cylin-

der and is shown in Figure 3.4), equipped with the cylindrical surface bound-

ary condition (132). We used the following parameters: ε = 0.1, umax = 1.0,

K = 1.0, h = 0.5, d = 1.0, and a = 0.25 (this can still be considered O(1), as

we know that a must by definition be less than 0.5). The resulting solution is

shown in Figure 3.4, where we also introduce a clipped domain view, revealing
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3.2 linear diffusion equation

(a) Unit cell (b) Clipped domain

Figure 3.4.: The steady state solution using the Dirichlet boundary conditions

at x3 = 0 and x3 = d.

the behaviour at the cylindrical surface. From now onwards, we will mostly

present results using the clipped domain.

Moreover, as the distance between the cylinders is assumed to be much smaller

than the length of the cylinders, aspect ratio of this geometry makes it hard

for us to clearly see certain features of these figures. Therefore, from now

onwards, we will stretch the x1 and x2 axes, so that the aspect ratio is closer

to 1 (see Figure 3.5). We compare this result to the numerical simulation of

the homogenised equation with the same boundary conditions. The results

are shown in Figure 3.6. Note that we do not use the equations (161) and

(162) exactly - instead, we choose to artificially add diffusion in x1 and x2,

which has no effect on the resulting solution, provided we do not introduce

any x1 or x2 variation via initial or boundary conditions (we choose the con-

stant initial condition everywhere, and zero-flux boundary conditions on all

the boundaries of the cuboid that are not perpendicular to the direction of

x3). This way, the geometry for the homogenised problem can be chosen to be

almost identical to the full-geometry (apart from the extracted cylinder), and

the full-geometry and the homogenisation results are much easier to (visually)

compare in FEniCS. We will use this approach throughout this and the next

two chapters. Figure 3.6 demonstrates the main idea behind homogenisation -

the solution to the homogenised equation is an average (in microscopic y1 and

y2) of the solution to the full-geometry problem.
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3.2 linear diffusion equation

(a) Unit cell (b) Clipped domain

Figure 3.5.: The steady state solution using the Dirichlet boundary conditions

at x3 = 0 and x3 = d. In order to obtain the aspect ratio of (approx-

imately) 1, the x1 and x2 axes are stretched.

(a) Full-geometry numerics (FEniCS) (b) Homogenisation result (FEniCS)

Figure 3.6.: Comparison between the full-geometry numerics and the ho-

mogenisation solution for the steady-state scenario.

141
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(a) Analytic solution (b) Numerics (FEniCS)

Figure 3.7.: Comparison between the analytic and the numerical solutions of

the homogenised equation (steady states).

(a) With uptake (b) Without uptake

Figure 3.8.: The unit-cell simulations with and without the uptake.

We also compare the numerically obtained solution to the homogenised

equation with the analytic solution as found above (Equation (163)). Figure

3.7 shows a strong agreement between the results. Figure 3.8 shows a com-

parison with a model without uptake (we achieved this by setting K = 0.0).

This way, we can see what impact the nutrient uptake has on the overall so-

lution. In order to see the difference more clearly, we plot the solution along

a line with a start point at (x1, x2, x3) = (−0.05,−0.05, 0) and an end point at

(x1, x2, x3) = (−0.05,−0.05, 1) - see Figure 3.9. From Figures 3.9 and 3.8 we

see that even though the nutrient uptake has a nontrivial effect on the overall

behaviour, this is mostly determined by the macroscopic gradient that we have

imposed using the boundary conditions at x3 = 1.0 and x3 = 0.0. To soften
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3.2 linear diffusion equation

Figure 3.9.: Comparison with K = 0; solutions plotted along the edge of the

unit cell.

this impact of boundary conditions (i.e. to enlarge the impact of the nutrient

uptake), we next assume a zero-flux boundary condition at x3 = d (which may

represent an impermeable layer at the bottom of the domain). This way, the

analytic solution to the steady-state problem with K = 0.0 is constant every-

where - u = 1.0 (as we keep the boundary condition at x3 = 0 the same), and

the difference with the K = 1.0 case will be obvious.

Changed boundary condition at x3 = d

We again assume Equation (161) for x3 < h, Equation (162) for x3 > h, and

the boundary condition u0(x3 = 0) = umax > 0. However, in this section, we

impose:
∂u0

∂x3
= 0

at x3 = d. For x3 > h, this boundary condition together with Equation (162)

leads to u0(x3) = C1 for some constant C1. For x3 < h, Equation (161) gives:

u0(x3) = D1eλx3 + D2e−λx3 ,

where:

λ =

√
2πKa

1− πa2 > 0. (165)
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(a) Full-geometry numerics (FEniCS) (b) Homogenisation result (FEniCS)

Figure 3.10.: Comparison between the full-geometry numerics and the ho-

mogenisation solution (steady states). The zero-flux boundary

condition is applied at x3 = d.

Using the boundary condition at x3 = 0, we get D1 + D2 = umax. To ensure

that the solution is continuous at x3 = h, we get D1eλh + D2e−λh = C1, and to

ensure the continuity of fluxes, we must have D1eλh = D2e−λh. This yields:

D1 = umax
1

1 + e2λh ,

D2 = umax
e2λh

1 + e2λh ,

and:

C1 = umax
2eλh

1 + e2λh . (166)

We compared the analytic and the numerical solution of the homogenised

equation using the same parameters as before. The results are shown in Figure

3.11 and a comparison with the full-geometry simulation is shown in Figure

3.10. Overall, the agreement is satisfactory.

The advantage of having an analytic solution is clearly visible here - for x3 > h,

the solution is given by a constant and we have an explicit formula - Equation

(166) with λ defined by Equation (165) - describing how this constant depends

on the parameters of our model. Fixing h = 0.5 and umax = 1.0, we now inves-

tigate how C1 depends on K and a.

First, we fix a = 0.25. Choosing K = 0 leads to C1 = umax, which is consistent

with the no-uptake case. For K → ∞, we get λ → ∞, and thus C1 → 0 - the

144



3.2 linear diffusion equation

(a) Analytic solution (b) Numerics (FEniCS)

Figure 3.11.: Comparison between the analytic and the numerical solution of

the homogenised equation (steady states). The zero-flux bound-

ary condition is applied at x3 = d.

uptake is so large, that no nutrient reaches x3 = h. The dependence of C1 on

K is shown in Figure 3.12.

Now, we fix K = 1 and vary a. The results are shown in Figure 3.13. As

expected, for a → 0, C1 → 1 (the uptaking surface area approaches 0). For

larger a, the uptake is larger too, and this C1 is smaller. Let us note that the

homogenised equation was derived using the assumption a = O(1), and thus

we cannot be certain about its validity for small a until we either do further

analysis, or compare the full-geometry and the homogenised solutions. We

will investigate the a� 1 limit in the next chapter.

From now onwards in this chapter, we will use a = 0.25, K = 1, and the

zero-flux boundary condition at x3 = d (unless stated otherwise).

Time evolution

Let us go back to the time-dependent case (Equation (159) − (160)). Param-

eters remain the same - ε = 0.1, a = 0.25, K = 1, h = 0.5, d = 1.0, and

umax = 1.0. We start with the initial condition (130), and we keep the nutrient

concentration at x3 = 0 fixed. From now on, we will mostly show solutions in

a plane defined by x1 = x2, as introduced in Figure 3.14 (using the stretched

coordinates as before). Moreover, we change the camera view as shown in

Figure 3.15, and use this view (without axes labels) as default from now on.
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Figure 3.12.: Investigating how C1 depends on K for a = 0.25 (fixed).

Figure 3.13.: Investigating how C1 depends on a for K = 1 (fixed).

146



3.2 linear diffusion equation

(a) Clipped domain (b) Solution in plane x1 = x2

Figure 3.14.: Introducing the plane view. Solution at t = 0.1.

(a) Old view (b) New view

Figure 3.15.: Introducing the new camera view.

Figure 3.16 shows the solution to the full-geometry problem as well as to

the homogenised equation at times t = 0.5, 1.0, 2.0, and what we observe is

a gradual depletion of the nutrient from the domain until the steady state

from previous section is reached. Again, notice the averaging property of

homogenisation.

3.2.3 Three-dimensional modelling

We now model a situation where a gradient in the (macroscopic) x1 or x2 is

present, e.g. a nutrient is nonuniformly supplied to a field due to some special

fertilisation treatment, or root hairs experience variable nutrient availability

with changing distance along the root length.
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(a) Full geometry - t = 0.5 (b) Homogenisation - t = 0.5

(c) Full geometry - t = 1.0 (d) Homogenisation - t = 1.0

(e) Full geometry - t = 2.0 (f) Homogenisation - t = 2.0

Figure 3.16.: Comparison between the full-geometry solution and the ho-

mogenisation solution (time evolution).
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(a) Whole domain (b) Clipped domain

Figure 3.17.: Model with a macroscopic gradient in x1 (steady state).

This can be modelled by imposing nonhomogeneous boundary conditions.

We impose u = ul at x1 = −0.5 and u = ur at x1 = 0.5 with ul 6= ur. Supposing

the domain is truncated as in the previous section, we impose zero-flux bound-

ary conditions at x3 = 0 and x3 = d. At the remaining (macroscopic) boundary

parts (x2 = −0.5 and x2 = 0.5), we impose zero-flux boundary conditions as

well.

Steady state

We solved the steady-state case in FEniCS (using our default parameters). Note

that as we have to perform the simulation on the whole domain here (in con-

trast with the case of no x1 or x2 variation, where it was sufficient to use the

unit cell - see Section 3.2.2), we first show the full domain using standard

(unstretched) variables. Figure 3.17 also shows the domain clipped along the

plane x1 = x2. We want to compare this full-geometry result with the ho-

mogenisation result. In this case, we need to take into account the nonzero

elements of matrix B (153), as these change the effective diffusion tensor De f f

(154) in Equation (155). Therefore, we simulate the unit cell problem for λ1

(as discussed before, we do not need to do this for λ2 separately; see Equations

(143) and boundary conditions (144)). The results (normalised so that λ1 at-

tains a minimum equal to 0) are shown in Figure 3.18. From this simulation,

we also calculated
∫
C

∂λ1
∂y1

dS ≈ −0.13. Using this value in the homogenised equa-

tion, we can compare this to the full-geometry numerics, and the results are
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Figure 3.18.: Normalised solution to the unit cell problem for λ1. The solution

is independent of y3, as shown before.

shown in Figure 3.19. Furthermore, we looked at x3 = const slices. The results

are presented in Figure 3.20. Overall, homogenisation gives us the averaged

behaviour we expect. To get a clearer comparison between the two models, we

take one of the x3 = const slices as above (namely x3 = 0.0), and we plot the

solution along the line segment bounded by the end points (−0.5,−0.5, 0.0)

and (0.5, 0.5, 0.0) (i.e. along the diagonal in the x3 = 0.0 plane). This way,

it is even easier to see, that the homogenisation solution is an average of the

full-geometry solution (see Figure 3.21).

3.3 model with convection

Apart from diffusing, a nutrient can often be convected, be it with the mass

flow or with gravity (see Section 1.3.3). To study one example, we add con-

vection (of varying strength) in the x3 direction (this can be thought of as a
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(a) Full-geometry numerics (FEniCS) (b) Homogenisation result (FEniCS)

Figure 3.19.: Comparison between the full-geometry numerics and the ho-

mogenisation solution: model with a macroscopic variation in x1

(steady state).

simple gravity term when modelling uptake by a field of crops) to Equation

(129), and get a convection-diffusion equation:

∂u
∂t

= ∇2u− gεn ∂u
∂x3

,

where g = O(1), and we investigate which n ∈ Z yields a nontrivial convec-

tion term in the homogenised equation. The cylindrical surfaces boundary

condition remains the same (because the direction of convection is perpendic-

ular to the normal vector to the cylindrical surfaces; see Equation (132)). For

n ≥ 1, we get exactly the same equations at the first three orders as in the

case without convection, and therefore the homogenised equation is the same

too (convection is too weak to have any impact on the effective equation). For

n = 0, we notice the first change at O(1), where we obtain an additional term:

∂u0

∂t
= ∇2

xu0 + 2∇x · ∇yu1 +∇2
yu2 − g

∂u0

∂x3
,

which after integration gives an effective equation:

∂u0

∂t
= ∇x ·

(
De f f∇xu0

)
− 2πKa

1− πa2 u0 − g
∂u0

∂x3
.

This holds in the x3 < h region, while for x3 > h, we simply have:

∂u0

∂t
= ∇x · ∇xu0 − g

∂u0

∂x3
.

151



3.3 model with convection

(a) Full geometry - slice at x3 = 0.00 (b) Homogenisation - slice at x3 = 0.00

(c) Full geometry - slice at x3 = 0.45. (d) Homogenisation - slice at x3 = 0.45.

(e) Full geometry - slice at x3 = 0.90. (f) Homogenisation - slice at x3 = 0.90.

Figure 3.20.: Comparison between the full-geometry numerics and the ho-

mogenisation solution: model with a macroscopic variation in x1

(steady state). Slices at x3 = const. Note that x3 = 0.90 is located

outside of the root-hair zone.
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3.3 model with convection

Figure 3.21.: Comparison between the full-geometry numerics and the ho-

mogenisation solution plotted along the diagonal within the x3 =

0.0 slice. The x−axis represents the distance (measured on the

macroscale) from one corner of this slice (-0.5,-0.5) to the opposite

corner (0.5,0.5).
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3.4 michaelis-menten boundary condition

In the case of no macroscopic gradient in x1 and x2 introduced by initial or

boundary conditions, we effectively get:

∂u0

∂t
=

∂2u0

∂x2
3
− 2πKa

1− πa2 u0 − g
∂u0

∂x3

for x3 < h and:
∂u0

∂t
=

∂2u0

∂x2
3
− g

∂u0

∂x3

for x3 > h. Figure 3.22 shows a simulation using g = 1. Figure 3.23 compares

steady-state solutions for models with and without convection (see also Figure

3.16 for time evolution without convection). The convection term pulls more

nutrient from the x3 = 0 part of the boundary into the regions of uptake, which

means that greater amounts of nutrient become available to the cylinders, and

the total nutrient uptake by the cylinders is greater due to convection. Also,

adding the convection term allows more nutrient to reach x3 = d. This is

a consequence of an interplay between the top boundary condition and the

direction in which we have chosen the convection to be.

3.4 michaelis-menten boundary condition

Uptake of most nutrients obeys Michaelis-Menten kinetics with an efflux term

(see Section 1.3.4). Thus, we want to make sure that homogenisation gives us

the averaged behaviour of the full problem for this boundary condition as well.

We assume the same continuity equation (129), and the boundary condition

(132) becomes:

∇u · n̂ = −ε
imaxu

km + u
+ εe,

where imax is the maximum influx rate (dimensionless), km is the Michaelis

constant (dimensionless), and e is the efflux term (dimensionless; see Section

1.3.4)3. Using the multiscale ansatz (136), we get:

imaxu
km + u

=
imaxu0

km + u0
+ O(ε).

3 In the context of root hairs, the introduction of ε in the Michaelis-Menten as well as efflux

term is justified in Section 1.4.4.
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3.4 michaelis-menten boundary condition

(a) Full-geometry solution - t = 0.5 (b) Homogenisation solution - t = 0.5

(c) Full-geometry solution - t = 1.0 (d) Homogenisation solution - t = 1.0

(e) Full-geometry solution - t = 2.0 (f) Homogenisation solution - t = 2.0

Figure 3.22.: Comparison between the full-geometry numerics and the ho-

mogenisation solution for the model with convection.
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3.4 michaelis-menten boundary condition

(a) Without convection (b) With convection

Figure 3.23.: Comparison between the models with and without convection.

The first two orders are unchanged compared to the linear case, and we get

u0 = u0(t, x) as well as the ansatz (142) for u1 (with the cell problems defined

by the equations (143) and (144)). At the next order, we get the continuity

equation (147), but the boundary condition (148) becomes:

∇yu2 · n̂ = − imaxu0

km + u0
+ e−∇xu1 · n̂.

Repeating the same steps as before, we arrive at a nonlinear effective equation:

∂u0

∂t
= ∇x ·

(
De f f∇xu0

)
− 2πa

1− πa2

(
imaxu0

km + u0
− e
)

for x3 < h and:
∂u0

∂t
= ∇x · ∇xu0

for x3 > h.

3.4.1 One-dimensional results

Assuming no gradient in x1 or x2 is introduced by initial or boundary condi-

tions, we effectively end up with:

∂u0

∂t
=

∂2u0

∂x2
3
− 2πa

1− πa2

(
imaxu0

km + u0
− e
)

for x3 < h and:
∂u0

∂t
=

∂2u0

∂x2
3
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3.5 nonlinear model for water dynamics

for x3 > h. We choose imax = 1 and km = 1 so that imax
km

= 1, which then

equals K from the Robin-condition case (see Figure 3.16). This way, imaxu
km+u <

Ku for any u > 0. Moreover, the efflux term decreases the overall uptake

too, and thus we expect the uptake to be smaller in the Michaelis-Menten

case. We choose e = 0.1 so that the (Michaelis-Menten) influx dominates the

efflux. FEniCS simulations are compared in Figure 3.24. Comparison with the

steady-state solution using Robin boundary condition is given in Figure 3.25.

It seems that at steady state, the concentration is higher in the whole slice for

Michaelis-Menten boundary condition. Thus, we demonstrated our ability to

apply homogenisation to problems that contain Michaelis-Menten boundary

condition too.

3.5 nonlinear model for water dynamics

Water transport in the soil, which is often an important component of nutri-

ent transport, obeys highly nonlinear differential equations due to the porous

nature of the soil (see Section 1.3.3). The advantage of using the method of

asymptotic expansions is that it can be easily applied to a nonlinear problem.

Our starting point here will be Equation (87) from Section 2.6. We disregard

the sink term as we plan to model uptake explicitly (using boundary condi-

tions), and we nondimensionalise time and space as:

t̃ =
D0

L2 t x̃ =
1
L

x.

This leads to:

φ
∂S
∂t̃

= ∇̃ ·
[

D(S)∇S− KsL
D0

K(S)k̂
]

.

We drop tildes for convenience, and to unify notation with this chapter, we

switch from S to u. We assume that KsL
D0

= α = εβ for some β. This yields:

φ
∂u
∂t

= ∇ ·
[
D(u)∇u− εβK(u)k̂]

where k̂ is the downwards pointing unit vector, and D(u) and K(u) are nonlin-

ear functions of the nutrient concentration u. We choose D(u) and K(u) to be

the van Genuchten nonlinearities (as introduced in equations (85) and (86)).
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3.5 nonlinear model for water dynamics

(a) Full geometry - t = 0.5 (b) Homogenisation - t = 0.5

(c) Full geometry - t = 1.0 (d) Homogenisation - t = 1.0

(e) Full geometry - t = 2.0 (f) Homogenisation - t = 2.0

Figure 3.24.: Comparison between the full-geometry numerics and the ho-

mogenisation solution: model with the Michaelis-Menten bound-

ary condition.
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3.5 nonlinear model for water dynamics

(a) Robin (b) Michaelis-Menten

Figure 3.25.: Comparison between the models with different cylindrical sur-

face boundary conditions.

Guided by the linear model with convection, we focus on the case β = 0, which

should lead to a nontrivial gravity term in the effective equation. We model

uptake by a field of crops (so that the direction of gravity is perpendicular to

the normal to the cylindrical root surfaces), and to make the root boundary

condition simple yet realistic, we assume the flux at the root surfaces to be

directly proportional to the available water content, i.e. −D(u)∇u · n̂ = Kεu.

Applying the same procedure as before, and writing D(u) and K(u) in the

form of asymptotic expansions, we arrive at a continuity equation:(
∇x +

1
ε
∇y

)
·
{{

D(u0) + εD′(u0)u1 +
ε2

2

[
D′′(u0)u2

1 + D′(u0)2u1

]}
(
∇x +

1
ε
∇y

)[
u0 + εu1 + ε2u2 + o(ε2)

]
−
[
K(u0) + εK′(u0)u1 + o(ε)

]
k̂

}
=

φ
∂
[
u0 + o(1)

]
∂t

,

and a root surface boundary condition:{
D(u0) + εD′(u0)u1 +

ε2

2
[
D′′(u0)u2

1 + D′(u0)2u2
]}(
∇x +

1
ε
∇y

)
[
u0 + εu1 + ε2u2 + o(ε2)

]
· n̂ = −Kε

[
u0 + o(1)

]
.

As usual, we impose the periodic boundary conditions in y1 and y2 for u0, u1,

and u2. At each order, we then impose certain secularity conditions, so that
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3.5 nonlinear model for water dynamics

the solutions remain bounded.

At the leading order, we obtain a continuity equation ∇y ·
[
D(u0)∇yu0

]
= 0,

a root surface boundary condition D(u0)∇yu0 · n̂ = 0, and the periodicity

conditions in y1 and y2. Imposing secularity conditions:

lim
y3→∞

∂u0

∂y3
= 0 = lim

y3→−∞

∂u0

∂y3

we see, that u0 = u0(t, x) (independent of the microscale) is a solution to this

problem. To show uniqueness, define Kirchhoff transform to be:

W(u0)(t, y, x) =

u0(t,y,x)∫
0

D(τ)dτ,

so that:

∇2
yW = ∇y ·

[
D(u0)∇yu0

]
= 0,

and:

∇yW · n̂ = D(u0)∇yu0 · n̂ = 0.

Furthermore, note that both W and ∂W
∂y1

= D(u0)
∂u0
∂y1

are 1−periodic with re-

spect to y1 due to the periodicity conditions imposed on u0, and that the same

reasoning applies to W, ∂W
∂y2

= D(u0)
∂u0
∂y2

, and 1−periodicity with respect to y2.

Finally, ∂W
∂y3

= D(u0)
∂u0
∂y3

. Imposing secularity conditions:

lim
y3→∞

∂W
∂y3

= 0 = lim
y3→−∞

∂W
∂y3

we see, that W satisfies the same conditions as g from Section 3.2.1, and there-

fore it must be independent of y.

If we assume that there exists umax such that:

u0 ≤ umax < 1 (167)

everywhere in the domain and for all times, then D(u0) is bounded (for van

Genuchten nonlinearity). Looking back at the definition of W and recalling

that (van Genuchten) D(u0) is positive everywhere except for u0 = 0 leads to

a conclusion, that u0 independent of the microscale are truly the only possible

solutions to this problem.

At O(ε), we arrive at a continuity equation:

D(u0)∇2
yu1 = ∇y ·

[
D(u0)∇yu1

]
= 0
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3.5 nonlinear model for water dynamics

and a root boundary condition:

D(u0)
(
∇yu1 · n̂

)
= −D(u0)

(
∇xu0 · n̂

)
.

Provided D(u0) 6= 0, this becomes identical to the linear case, and thus we can

use Ansatz (142) (together with the cell problems (143) and (144)). Note that

to ensure D(u0) 6= 0, we need to assume:

0 < umin ≤ u0 (168)

everywhere in the domain and for all times, which is an acceptable assumption

provided the soil is not too dry.

At O(ε2), we get a continuity equation:

φ
∂u0

∂t
= ∇x ·

[
D(u0)∇xu0 − K(u0)k̂

]
+∇x ·

[
D(u0)∇yu1

]
+

∇y ·
[

D(u0)
(
∇yu2 +∇xu1

)
+ D′(u0)u1

(
∇yu1 +∇xu0

)]
.

As in the linear case, we integrate over YN, use our knowledge from the previ-

ous orders to get:

2N(1− πa2)φ
∂u0

∂t
= 2N(1− πa2)∇x ·

[
D(u0)∇xu0 − K(u0)k̂

]
+

2N
∫
C

∇x ·
[
D(u0)∇yu1

]
dS+

∫
YN

∇y ·
[
D(u0)

(
∇yu2 +∇xu1

)
+ D′(u0)u1

(
∇yu1 +∇xu0

)]
dΩ,

and dividing by 2N(1− πa2) we obtain:

φ
∂u0

∂t
= ∇x ·

[
D(u0)∇xu0 − K(u0)k̂

]
+

1
1− πa2

∫
C

∇x ·
[
D(u0)∇yu1

]
dS+

1
2N(1− πa2)

∫
YN

∇y ·
[
D(u0)

(
∇yu2 +∇xu1

)
+ D′(u0)u1

(
∇yu1 +∇xu0

)]
dΩ.

(169)

Denoting:

F = D(u0)
(
∇yu2 +∇xu1

)
+ D′(u0)u1

(
∇yu1 +∇xu0

)
,

the divergence theorem gives:

1
2N(1− πa2)

∫
YN

∇y ·FdΩ =
1

2N(1− πa2)

∫
∂YN

F · n̂dS =
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3.5 nonlinear model for water dynamics

1
2N(1− πa2)

∫
y3=±N

F · n̂dS +
1

2N(1− πa2)

∫
PN∪UN

F · n̂dS,

where we split the boundary as in the linear case. The integral over PN is zero

due to the periodic boundary conditions. Using the root surface boundary

condition:[
D(u0)

(
∇yu2 +∇xu1

)
+ D′(u0)u1

(
∇yu1 +∇xu0

)]
· n̂ = −Ku0,

we get:
1

2N(1− πa2)

∫
UN

F · n̂dS = − 2πa
1− πa2 Ku0.

Finally, looking at the remaining integral (y3 = ±N) Note that all the expres-

sions from F containing u0 and u1 only (i.e. not containing u2) are indepen-

dent of y3, and therefore when evaluated at any (y1, y2, y3 = N), they give the

same result as when evaluated at the corresponding (y1, y2, y3 = −N). Con-

sidering that the outward pointing unit normal vector at y3 = N is (0, 0, 1),

and the outward pointing unit normal vector at y3 = −N is (0, 0,−1), inte-

grals containing solely u0 and u1 cancel each other out, and multiplying by

2(1− πa2) yields:

1
N

∫
y3=±N

F · n̂dS =
1
N
{
∫

y3=N

D(u0)
∂u2

∂y3
dS−

∫
y3=−N

D(u0)
∂u2

∂y3
dS}.

By imposing secularity conditions:

lim
y3→∞

∂u2

∂y3
= 0 = lim

y3→−∞

∂u2

∂y3
,

we get rid of these terms in the N → ∞ limit, and Equation (169) becomes:

φ
∂u0

∂t
= ∇x ·

[
D(u0)∇xu0 − K(u0)k̂

]
+

1
1− πa2

∫
C

∇x ·
[
D(u0)∇yu1

]
dS− 2πKa

1− πa2 u0

Finally we notice, that from (142), one can derive:

∇yu1 = M∇xu0,

where

M =


∂λ1
∂y1

∂λ2
∂y1

0
∂λ1
∂y2

∂λ2
∂y2

0

0 0 0

 .
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3.6 summary

This gives an effective equation valid for x3 < h:

φ
∂u0

∂t
= ∇x ·

[
D(u0)De f f∇xu0 − K(u0)k̂

]
− 2πaK

1− πa2 u0

(where De f f is the matrix from the linear model section; see Equation (155)),

and for x3 > h, we get:

φ
∂u0

∂t
= ∇x ·

[
D(u0)∇xu0 − K(u0)k̂

]
.

Thus, we obtained the same sink term, and the nonlinear diffusion term is

modified by the same matrix as in the linear case.

3.5.1 One-dimensional results

If no x1 and x2 variation is introduced via initial or boundary conditions, we

end up with a one-dimensional homogenised equation:

φ
∂u0

∂t
=

∂

∂x3

[
D(u0)

∂u0

∂x3

]
− K′(u0)

∂u0

∂x3
− 2πKa

1− πa2 u0

for x3 < h and:

φ
∂u0

∂t
=

∂

∂x3

[
D(u0)

∂u0

∂x3

]
− K′(u0)

∂u0

∂x3

for x3 > h. To avoid full-saturation condition u = 1.0 (recall the assumption

(167)), we impose an initial condition u(t = 0, x) = uin = 0.8, and for consis-

tency, we impose u(t, x1, x2, 0) = 0.8. Other parameter values remain the same.

The results are presented in Figure 3.26. While regions in close proximity to

x3 = 0.5 are drying out fast due to the uptake, for regions in close proximity

to x3 = 0.0, this effect is weakened by the imposed Dirichlet boundary condi-

tion. Thus, we have shown that the method of homogenisation can be applied

to certain nonlinear models as well, and we have confirmed that its averaging

property extends to these models easily.

3.6 summary

We showed how the theory of homogenisation can be applied to simplify mod-

elling of nutrient uptake by periodic arrays of cylinders.
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3.6 summary

(a) Full geometry - t = 0.1. (b) Homogenisation - t = 0.1.

(c) Full geometry - t = 0.5 (d) Homogenisation - t = 0.5

(e) Full geometry - t = 1.0. (f) Homogenisation - t = 1.0.

Figure 3.26.: Comparison between the full-geometry numerical solution and

the homogenisation result for the model with van Genuchten

nonlinearities.
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3.6 summary

We extended the framework from [80] to convection-diffusion equations,

dealt with the Michaelis-Menten boundary condition as well as with the van

Genuchten model describing water dynamics in the soil.

Let us also recall that many of the parameters used in this chapter were rather

arbitrary - we were not interested in realistic, biologically or physically relevant

parameters. Instead, we tried to emphasise the usefulness of homogenisation

as a general concept, and our main intention was to introduce and develop

the general framework of uptaking cylindrical surfaces. This framework will

be used in the following two chapters of this thesis, in which we first study

the limit of very sparse root hairs, and then investigate the effect of root hair

length on nutrient uptake.

We are aware that some progress has been made on this topic by other authors

before. Most notably, in [80], homogenisation was applied to a linear diffusion

equation equipped with Michaelis-Menten boundary condition at the cylindri-

cal surfaces to study nutrient uptake by root hairs. However, we still believe

that our contributions introduced in this chapter are not negligible. To our

knowledge, there has been no substantial research done so far to justify the

use of homogenisation in this framework via direct comparison between the

full-geometry simulations and the homogenisation results. Neither we have

knowledge of researchers applying homogenisation study uptake by the cylin-

drical surfaces in the case of nontrivial macroscopic boundary conditions (as

discussed in Section 3.2.3), nor we have encountered attempts to apply it to

nonlinear water dynamics models (as studied in Section 3.5). Finally, in all

the literature on this topic that we found, the scaling in the cylindrical sur-

face boundary condition is stated without any effort to justify it, and thus we

hope that our attempt on this justification (as found in Appendix A) can be

considered valuable too.
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4
N U T R I E N T U P TA K E A N D H O M O G E N I S AT I O N : S PA R S E

H A I R S L I M I T

4.1 introduction - three spatial scales

When studying nutrient uptake by root hairs, an average distance between

two neighbouring hairs (l) is not only much smaller than the length of the

root which they grow on (L) - which introduces the homogenisation small

parameter ε = l
L � 1 - but it can also be much larger than the root hair

radius (A) - this is especially true for very sparse root hairs. When two small

parameters are present in a model, asymptotic expansions may disorder, which

can result in distinct effective equations for different parameter regimes. Thus,

it is important to investigate the case 0 < a = A
l � 1 separately. First, we

will briefly go back to the equations obtained in the previous chapter for the

case where a was considered to be O(1), and informally perform the a → 0

limit in the effective equation (Section 4.2). Assuming a = O(1), we will

then study the ε → 0 limit using a simplified unit cell geometry (Section 4.3),

which will allow us to obtain exact solutions for the O(1), O(ε), and O(ε2)

cell problems. Later, we will introduce asymptotic expansions in a, and study

the a � 1 limit behaviour of the solutions to the cell problems at different

orders (in ε), first with the simplified geometry (Section 4.3), and then with

the original geometry (Section 4.4). The analysis performed here will lead

us to study two distinguished limits, which is done in Sections 4.6 and 4.7,

and eventually we will arrive at a distinguished homogenised equation (239).

Finally, in Section 4.8, we will numerically simulate the newly obtained limit,
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4.2 informal approach

and we will confirm that it gives a good approximation to the full-geometry

problem for small a.

4.2 informal approach

Assuming ε → 0 and a = O(1), we arrived at Equation (155), with the effec-

tive diffusion tensor De f f = 1
1−πa2 B + I, and using symmetry arguments, we

concluded:

B =


∫

C
∂λ1
∂y1

dS 0 0

0
∫

C
∂λ1
∂y1

dS 0

0 0 0

 .

As numerically demonstrated in Supporting information to [80],
∫

C
∂λ1
∂y1

dS →

0 as a → 0, and therefore B → 0 where 0 stands for a zero 3 × 3 matrix.

Note, that this is true independent of the way K scales with a, because the cell

problems are independent of K.

Assume K = O(1) as a � 1. Then we have − 2πKa
1−πa2 → 0, and this results in a

simple linear diffusion equation at the macroscale:

∂u0

∂t
= ∇2

xu0.

The sink term disappeared from the leading order, because (for fixed ε > 0)

we keep the uptake rate per unit surface area (K) fixed, and send the uptaking

surface area to 0 via a� 1. This result is in accordance with the analysis from

the previous chapter (see Figure 3.13).

However, using K = O(1
a ) as a � 1, we arrive at a nontrivial sink term in the

effective equation, i.e. K = C
a with C = O(1) yields:

∂u0

∂t
= ∇2

xu0 − 2πCu0. (170)

Moreover, an assumption K = C
a for C = O(1) corresponds to writing the hair

surface boundary condition (132) as:

∇u · n̂ = −C
ε

a
u. (171)

Looking at biologically-realistic parameter values from [80], we see that a is

usually O(10−2), and using ε = 10−2, we get that ε
a = O(1). In order to
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4.2 informal approach

Figure 4.1.: The schematic representation of the depletion gradients close to

the hair surfaces (a� 1).

justify the scaling in Equation (171), we therefore need to show that α = FhL
KhD

is O(1) or close to it (as this gives C = O(1); compare with Equation (42)). As

discussed in Section 1.4.4, when modelling phosphate uptake, α is O(101) for

wheat and at least three other plant species. Moreover, for maize, α = O(1)

when modelling sulphur and magnesium uptake [119]. This suggests that the

scalings used in this chapter are relevant in plant uptake modelling.

Assuming K = C
a for a � 1, we enlarge the depletion gradients at the root

hair surface. Furthermore, in the a � 1 limit, the microscale geometry sees

the root hair as a point. Thus, we need to perform a separate analysis for a

region in the vicinity of the origin (ry = 0). We will refer to this region as a

boundary layer (note that this is not a boundary layer in the standard sense

of the word, but we will use this terminology, because the depletion gradients

that we are interested in come from the boundary condition applied at the

surface of the shrinking hair). Using the method of asymptotic expansions,

we will later show (see Equations (186), (197) and (213)) that for K(a) = C
a ,

the microscopic variation in the nutrient concentration is O(ε2 ln 1
a ), as shown

schematically in Figure 4.1. Guided by the analysis from the previous chapter,

we know that u0, u1, and u2 are independent of y3, and thus we assume the

two-dimensional microscale geometry C as defined in Equation (133).
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4.3 simpler problem - full circular symmetry

4.3 simpler problem - full circular symmetry

Before we start analysing the model above, we start with a simpler problem.

We assume our microscopic unit cell to be Cc
a = {(y1, y2) ∈ R2, a2 ≤ y2

1 + y2
2 ≤

1}, and impose a zero-flux boundary condition at ry(=
√

y2
1 + y2

2) = 1 instead

of the periodic boundary conditions (important here is that both conditions

yield zero net flux into the unit cell from the outer boundary). We also in-

troduce Cc
0 = {(y1, y2) ∈ R2, y2

1 + y2
2 ≤ 1}, which is the a → 0 limit of the

fully-circular unit cell geometry. This approach is not completely consistent

with the periodic microstructure assumption, that we need for homogenisa-

tion, but it yields similar behaviour of cell problem solutions as in the original

setting. Thus, using this simplification, we can obtain a valuable insight into

the a−dependencies of terms at different orders (in ε) in an asymptotic expan-

sion.

We start with the continuity equation (129) and the root hair boundary condi-

tion (132). As in the previous chapter, let x denote macroscopic (root length

scale) variables, (y1, y2) = (x1,x2)
ε denote microscopic variables, and later on,

we will introduce (z1, z2) =
(y1,y2)

a to be boundary layer microscopic variables

(z2
1 + z2

2 = 1 corresponds to the root hair surface). Let ry =
√

y2
1 + y2

2 represent

the distance from the axis of the cylindrical root hair, a = A
l be the quotient of

the root hair radius (A) divided by the inter-hair distance (l). We first study

the ε� 1 limit, assuming a = O(1) and K = O(1). Later, we will proceed with

the a� 1 case, and to obtain a nontrivial limit, we will assume that K → ∞ as

a� 1. As before, we search for a solution in the form of a multiscale ansatz:

u(t, x; ε, a) = u0(t,
x
ε

, x; a) + εu1(t,
x
ε

, x; a) + ε2u2(t,
x
ε

, x; a) + o(ε2). (172)

4.3.1 Leading order

At O(1), we get:

0 = ∇2
yu0
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4.3 simpler problem - full circular symmetry

together with an outer1 boundary condition ∇yu0 · n̂ = 0 at y2
1 + y2

2 = 1, and

a hair boundary condition ∇yu0 · n̂ = 0 at y2
1 + y2

2 = a2. This problem only

admits a solution independent of y1 and y2 (with possible dependency on a):

u0(t, x; a). (173)

4.3.2 O(ε)

At O(ε), we have:

∇2
yu1 = 0,

a hair surface boundary condition:

∇yu1 · n̂ = −∇xu0 · n̂

at y2
1 + y2

2 = a2, and an outer boundary condition:

∇yu1 · n̂ = −∇xu0 · n̂

at y2
1 + y2

2 = 1. We separate the microscale and the macroscale variables as:

u1(t, y1, y2, x; a) = f1(t, x; a) +∇xu0(t, x; a) · λ(y1, y2; a),

and use polar coordinates ry and ϕ at the microscale. The continuity equation

yields:
1
ry

∂

∂ry
{ry

∂λi

∂ry
}+ 1

r2
y

∂2λi

∂ϕ2 = 0

for i ∈ {1, 2, 3}. The hair surface boundary conditions give:

−∇xu0 ·
∂λ

∂ry
= −∂u1

∂ry
= ∇xu0 · (cos ϕ, sin ϕ, 0)

at ry = a, which simplifies to:

∂λ1

∂ry
= − cos ϕ

∂λ2

∂ry
= − sin ϕ

∂λ3

∂ry
= 0.

Similarly, the outer boundary conditions give:

∇xu0 ·
∂λ

∂ry
=

∂u1

∂ry
= −∇xu0 · (cos ϕ, sin ϕ, 0)

1 Note that we will investigate microscale boundary conditions here; these should not be mis-

taken with the macroscopic boundary conditions.
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4.3 simpler problem - full circular symmetry

at ry = 1, and this simplifies to:

∂λ1

∂ry
= − cos ϕ

∂λ2

∂ry
= − sin ϕ

∂λ3

∂ry
= 0.

This suggests searching for the solutions in the following way:

λ1(ry, ϕ; a) = − cos ϕR1(ry; a) λ2(ry, ϕ; a) = − sin ϕR2(ry; a),

and clearly, λ3(ry, ϕ; a) = 0. This leads to:

r2
yR′′1 + ryR′1 − R1 = 0,

and the same equation holds for R2. Furthermore, we get a hair surface bound-

ary condition R′1(ry = a) = 1 and an outer boundary condition R′1(ry = 1) = 1.

The same conditions hold for R2, and thus: R1 = R2 = R. Using an ansatz

R(ry; a) = A(a)rn
y , we get:

A(a)rn
y(n

2 − 1) = 0,

which yields n = ±1. Thus, the solution is R(ry; a) = C1(a)ry +
C2(a)

ry
. This

means that R′(ry; a) = C1(a) − C2(a)
r2

y
, and applying the boundary conditions

leads to:

C1(a)− C2(a)
a2 = 1 = C1(a)− C2(a),

which yields C2(a) = 0 and C1(a) = 1. Therefore, the solution is R(ry; a) =

R(ry) = ry. We conclude:

u1(t, y1, y2, x; a) = f1(t, x; a) +∇xu0(t, x; a) · (−ry cos ϕ,−ry sin ϕ, 0). (174)

4.3.3 O(ε2)

At O(ε2), we get:

∇2
yu2 =

∂u0

∂t
−∇2

xu0 − 2∇x · ∇yu1,

and using:

∇x · ∇yu1 = { ∂2

∂y1∂x1
+

∂2

∂y2∂x2
}{−ry cos ϕ

∂u0

∂x1
− ry sin ϕ

∂u0

∂x2
} =

− ∂

∂y1
(ry cos ϕ)

∂2u0

∂x2
1
− ∂

∂y2
(ry sin ϕ)

∂2u0

∂x2
2
= −∂2u0

∂x2
1
− ∂2u0

∂x2
2

,
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4.3 simpler problem - full circular symmetry

we get:

∇2
yu2 = { ∂

∂t
+

∂2

∂x2
1
+

∂2

∂x2
2
− ∂2

∂x2
3
}u0

or:
∂2u2

∂r2
y
+

1
ry

∂u2

∂ry
+

1
r2

y

∂2u2

∂ϕ2 = { ∂

∂t
+

∂2

∂x2
1
+

∂2

∂x2
2
− ∂2

∂x2
3
}u0. (175)

As a boundary condition at ry = a for u2, we get:

∇yu2 · n̂ = −Ku0 −∇xu1 · n̂,

and as we know that:

∇xu1 · n̂ = − cos ϕ
∂ f1

∂x1
− sin ϕ

∂ f1

∂x2
+

ry cos2 ϕ
∂2u0

∂x2
1
+ ry sin2 ϕ

∂2u0

∂x2
2
+ ry sin 2ϕ

∂2u0

∂x1∂x2
,

this becomes:

∇yu2 · n̂ = −Ku0 + cos ϕ
∂ f1

∂x1
+ sin ϕ

∂ f1

∂x2
−

a cos2 ϕ
∂2u0

∂x2
1
− a sin2 ϕ

∂2u0

∂x2
2
− a sin 2ϕ

∂2u0

∂x1∂x2
.

Assuming K(a) = C
a for C = O(1) (this way, we will be consistent with the

analysis for the a� 1 case), this simplifies to:

−
∂u2(ry = a)

∂ry
= −C

a
u0 + cos ϕ

∂ f1

∂x1
+ sin ϕ

∂ f1

∂x2
−

a cos2 ϕ
∂2u0

∂x2
1
− a sin2 ϕ

∂2u0

∂x2
2
− a sin 2ϕ

∂2u0

∂x1∂x2

or:

∂u2(ry = a)
∂ry

=
C
a

u0 − cos ϕ
∂ f1

∂x1
− sin ϕ

∂ f1

∂x2
+

a cos2 ϕ
∂2u0

∂x2
1
+ a sin2 ϕ

∂2u0

∂x2
2
+ a sin 2ϕ

∂2u0

∂x1∂x2
. (176)

As an outer boundary condition at ry = 1 for u2, we get:

∇yu2 · n̂ = −∇xu1 · n̂,

and as we know that:

∇xu1 · n̂ = + cos ϕ
∂ f1

∂x1
+ sin ϕ

∂ f1

∂x2
−
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4.3 simpler problem - full circular symmetry

ry cos2 ϕ
∂2u0

∂x2
1
− ry sin2 ϕ

∂2u0

∂x2
2
− ry sin 2ϕ

∂2u0

∂x1∂x2
,

this becomes:

∂u2(ry = 1)
∂ry

= − cos ϕ
∂ f1

∂x1
− sin ϕ

∂ f1

∂x2
+

cos2 ϕ
∂2u0

∂x2
1
+ sin2 ϕ

∂2u0

∂x2
2
+ sin 2ϕ

∂2u0

∂x1∂x2
. (177)

In attempt to solve Equation (175) equipped with the boundary conditions

(176) and (177), we define:

v∗(t, y1, y2, x; a) = −y1
∂ f1(t, x; a)

∂x1
− y2

∂ f1(t, x; a)
∂x2

=

− ry cos ϕ
∂ f1

∂x1
− ry sin ϕ

∂ f1

∂x2
, (178)

so that we have:

∇2
yv∗ = 0

as well as:
∂v∗

∂ry
= − cos ϕ

∂ f1

∂x1
− sin ϕ

∂ f1

∂x2

for any ry. Therefore, by writing u2 = v∗ + w, our task reduces to finding a

function w satisfying a continuity equation:

∂2w
∂r2

y
+

1
ry

∂w
∂ry

+
1
r2

y

∂2w
∂ϕ2 = { ∂

∂t
+

∂2

∂x2
1
+

∂2

∂x2
2
− ∂2

∂x2
3
}u0, (179)

a hair surface boundary condition:

∂w
∂ry

=
C
a

u0 + a cos2 ϕ
∂2u0

∂x2
1
+ a sin2 ϕ

∂2u0

∂x2
2
+ a sin 2ϕ

∂2u0

∂x1∂x2
(180)

at ry = a, and an outer boundary condition:

∂w
∂ry

= {cos2 ϕ
∂2

∂x2
1
+ sin2 ϕ

∂2

∂x2
2
+ sin 2ϕ

∂2

∂x1∂x2
}u0 (181)

at ry = 1. Notice further, that a function:

v∗∗ =
r2

y

2
cos2 ϕ

∂2u0

∂x2
1
+

r2
y

2
sin2 ϕ

∂2u0

∂x2
2
+

r2
y

2
sin 2ϕ

∂2u0

∂x1∂x2
=

y2
1

2
∂2u0

∂x2
1
+

y2
2

2
∂2u0

∂x2
2
+ y1y2

∂2u0

∂x1∂x2
(182)
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satisfies a continuity equation:

∇2
yv∗∗ =

∂2u0

∂x2
1
+

∂2u0

∂x2
2

,

a hair surface boundary condition:

∂v∗∗(ry = a)
∂ry

= a cos2 ϕ
∂2u0

∂x2
1
+ a sin2 ϕ

∂2u0

∂x2
2
+ a sin 2ϕ

∂2u0

∂x1∂x2
,

and an outer boundary condition:

∂v∗∗(ry = 1)
∂ry

= cos2 ϕ
∂2u0

∂x2
1
+ sin2 ϕ

∂2u0

∂x2
2
+ sin 2ϕ

∂2u0

∂x1∂x2
.

This means that we can search for w in a form:

w = v + v∗∗,

where we want v to satisfy a continuity equation:

∇2
yv =

∂u0

∂t
− ∂2u0

∂x2
3

, (183)

a hair surface boundary condition:

∂v(ry = a)
∂ry

=
C
a

u0, (184)

and an outer boundary condition:

∂v(ry = 1)
∂ry

= 0. (185)

To ensure the existence of a solution to this problem, we integrate over the unit

cell Cc
a, use the divergence theorem and the boundary conditions, and thus

get a consistency condition (this is equivalent to the effective/homogenised

equation from the previous chapter):

π(1− a2){∂u0

∂t
− ∂2u0

∂x2
3
} =

∫
Cc

a

∇2
yvdS =

∫
∂Cc

a

∇yv · n̂dl = −
∫

ry=a

C
a

u0dl = −2πCu0

or:
∂u0

∂t
=

∂2u0

∂x2
3
− 2C

1− a2 u0.
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It follows from the symmetry of Problem (183) + (184) + (185), that v is inde-

pendent of ϕ, and we get:

∂2v
∂r2

y
+

1
ry

∂v
∂ry

= − 2C
1− a2 u0,

which can also be written as:

∂

∂ry
{ry

∂v
∂ry
} = {− 2C

1− a2 u0}ry,

and this leads to:
∂v
∂ry

= − C
1− a2 u0ry +

C0

ry
.

Applying the boundary condition at ry = 1 yields:

C0 =
C

1− a2 u0,

which leads to:

v = − C
1− a2 u0{

r2
y

2
− ln ry}+ f2.

Thus, we conclude:

u2(t, ry, ϕ, x; a) = −ry cos ϕ
∂ f1(t, x; a)

∂x1
− ry sin ϕ

∂ f1(t, x; a)
∂x2

+

r2
y

2
cos2 ϕ

∂2u0(t, x; a)
∂x2

1
+

r2
y

2
sin2 ϕ

∂2u0(t, x; a)
∂x2

2
+

r2
y

2
sin 2ϕ

∂2u0(t, x; a)
∂x1∂x2

− C
1− a2 u0{

r2
y

2
− ln ry}+ f2(t, x; a). (186)

Note, that the right-hand side of Equation (186) contains a term C
1−a2 u0 ln ry.

In the a � 1 limit, this would mean that u2 attains arbitrarily large negative

values for ry = O(a) (i.e. close to the hair surfaces).

We have demonstrated our ability to obtain the exact solutions for u0, u1 and

u2 in the fully-circular case under the assumption a = O(1)2. We now study

the a � 1 limit in the u0, u1 and u2 problems for this case. This way, we

will introduce the method of matched asymptotic expansions (see [60]) on the

simpler geometry, and we will gain more insight into the matching procedure,

which we will make use of later on, when analysing the periodic boundary

2 It is much more difficult to obtain such solutions in the case of the periodic boundary condi-

tions, and thus the analysis from this section will help us in Section 4.4.
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conditions case.

Note first, that writing the mentioned term from Equation (186) in a boundary

layer variable rz =
ry
a , we get:

C
1− a2 u0 ln (rza) =

C
1− a2 u0 ln rz −

C
1− a2 u0 ln

1
a

.

As a consequence, we need to use asymptotic expansions in the powers of ln 1
a

(rather than a). The more detailed explanation of the importance of choosing

this type of asymptotic expansion can be found in Section 4.3.4, where we will

match boundary and outer layer solutions at O(ε2).

Therefore, we assume an ansatz:

u0(t, y, x; a) = u0,0(t, y, x) +
1

ln 1
a

u0,1(t, y, x) +
1

ln2 1
a

u0,2(t, y, x) + o(
1

ln2 1
a

)

for u0 from the two-scale ansatz (172), and using the continuity equation and

the boundary conditions from Section 4.3.1, we get the cell problems:

∇2
yu0,0 = ∇2

yu0,1 = ∇2
yu0,2 = 0

in Cc
0, equipped with the outer boundary conditions:

∇yu0,0 · n̂ = ∇yu0,1 · n̂ = ∇yu0,2 · n̂ = 0

at ry = 1. This yields:

u0(t, y, x; a) = u0,0(t, x) +
1

ln 1
a

u0,1(t, x) +
1

ln2 1
a

u0,2(t, x) + o(
1

ln2 1
a

).

Equation (174) becomes:

u1(t, y1, y2, x; a) = f1(t, x; a)+

∇x{u0,0(t, x) +
1

ln 1
a

u0,1(t, x) + o(
1

ln 1
a
)} · (−ry cos ϕ,−ry sin ϕ, 0).

As before, we write:

u2 = v∗ + v∗∗ + v,

where v∗ is defined by Equation (178), v∗∗ is defined by Equation (182), and

as a consequence, we want v to satisfy the continuity equation (183), the hair
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surface boundary condition (184), and the outer boundary condition (185).

Equation (183) becomes:

∂2v
∂r2

y
+

1
ry

∂v
∂ry

+
1
r2

y

∂2v
∂ϕ2 = { ∂

∂t
− ∂2

∂x2
3
}{u0,0 +

1
ln 1

a
u0,1 + o(

1
ln 1

a
)}. (187)

Writing this in the stretched variable rz =
ry
a (ϕz = ϕ) gives:

∂2v
∂r2

z
+

1
rz

∂v
∂rz

+
1
r2

z

∂2v
∂ϕ2 = a2{ ∂

∂t
− ∂2

∂x2
3
}{u0,0 +

1
ln 1

a
u0,1 + o(

1
ln 1

a
)}. (188)

Equation (184) becomes:

∂v
∂ry

=
C
a
{u0,0 +

1
ln 1

a
u0,1 + o(

1
ln 1

a
)},

and using the stretched variable rz =
ry
a , we get:

1
a

∂v
∂rz

=
C
a
{u0,0 +

1
ln 1

a
u0,1 + o(

1
ln 1

a
)},

which is applied at rz = 1. This gives:

1
a

∂v(rz = 1)
∂rz

=
C
a

u0,0 +
C

a ln 1
a

u0,1 + o(
1

a ln 1
a
). (189)

Equation (185) gives:
∂v(ry = 1)

∂ry
= 0. (190)

Next, we introduce outer3 (ry = O(1)) and boundary (rz =
ry
a = O(1)) layer

expansions for v.

4.3.4 Boundary and outer layer solutions for v

If we tried to find a solution using a boundary layer ansatz v(rz, ϕ; a) =

v0(rz, ϕ) + O(a), we would get ∇2
zv0 = 0 and a hair surface boundary con-

dition ∂v0
∂rz

= Cu0,0, which has a solution v0 = Cu0,0 ln rz + D. Writing this

in the outer variable gives Cu0,0 ln ry + Cu0,0 ln 1
a + D. This way, we see more

clearly why we need to use asymptotic expansions in the powers of ln 1
a rather

than a.

However, trying to find a solution using a boundary layer ansatz:

v(rz, ϕ, a) = v0(rz, ϕ) +
1

ln 1
a

v1(rz, ϕ) + o(
1

ln 1
a
),

3 Again, note that the "outer" here refers to an outer layer within the microscale geometry.
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we again get v0 = Cu0,0 ln rz = Cu0,0 ln ry + Cu0,0 ln 1
a + D, and we do not

have any ln 1
a term in the outer expansion yet. This means that in order to

match the boundary and the outer layer solutions, we have to include a ln 1
a

term in the outer ansatz. Note, that this term also appears once we write our

expression for the exact u2 in rz variable (see Equation (186)). It is often called

a switchback term in the theory of matched asymptotic expansions [60].

Thus, we assume a boundary layer ansatz:

vB(rz, ϕ, a) = ln
1
a

vB
0 (rz, ϕ) + vB

1 (rz, ϕ) + o(1), (191)

where from now onwards, the superscript B will represent the boundary layer

approximation. From Equation (188) at O(ln 1
a ), we get:

∂2vB
0

∂r2
z

+
1
rz

∂vB
0

∂rz
+

1
r2

z

∂2vB
0

∂ϕ2 = 0,

and at O(
ln 1

a
a ) in the boundary condition (189):

−
∂vB

0
∂rz

= 0

at rz = 1. This leads to a solution vB
0 (rz, ϕ) = BB

0 .

Using an ansatz:

vO(ry, ϕ, a) = ln
1
a

vO
0 (ry, ϕ) + vO

1 (ry, ϕ) + o(1) (192)

for the outer solution (therefore the superscript O), we get at O(ln 1
a ) from

Equation (187):
∂2vO

0
∂r2

y
+

1
ry

∂vO
0

∂ry
+

1
r2

y

∂2vO
0

∂ϕ2 = 0,

and from the outer (ry = 1) boundary condition (Equation (190)):

∂vO
0

∂ry
= 0.

This again leads to vO
0 (ry, ϕ) = BO

0 .

At the next order we get:

∂2vB
1

∂r2
z

+
1
rz

∂vB
1

∂rz
+

1
r2

z

∂2vB
1

∂ϕ2 = 0,

and a hair boundary condition (rz = 1):

−
∂vB

1
∂rz

= −Cu0,0.
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This leads to vB
1 (rz, ϕ) = Cu0,0 ln rz + DB

0 .

For the outer solution, we get:

∂2vO
1

∂r2
y

+
1
ry

∂vO
1

∂ry
+

1
r2

y

∂2vO
1

∂ϕ2 =
∂u0,0

∂t
− ∂2u0,0

∂x2
3

,

and at ry = 1:
∂vO

1
∂ry

= 0.

Using symmetry, we see that vO
1 is independent of ϕ, and thus:

∂2vO
1

∂r2
y

+
1
ry

∂vO
1

∂ry
=

∂u0,0

∂t
− ∂2u0,0

∂x2
3

,

which can also be written as:

∂

∂ry
{ry

∂vO
1

∂ry
} = {∂u0,0

∂t
− ∂2u0,0

∂x2
3
}ry,

and this leads to:

∂vO
1

∂ry
=

∂u0,0
∂t −

∂2u0,0
∂x2

3

2
ry +

CO
0

ry
.

Applying the boundary condition at ry = 1 yields:

CO
0 = −

∂u0,0
∂t −

∂2u0,0
∂x2

3

2
,

which leads to:

vO
1 =

∂u0,0
∂t −

∂2u0,0
∂x2

3

2
{

r2
y

2
− ln ry}+ DO

0 .

Thus, we have arrived at an outer layer approximation:

vO = BO
0 ln

1
a
+

∂u0,0
∂t −

∂2u0,0
∂x2

3

2
{

r2
y

2
− ln ry}+ DO

0 + o(1),

and a boundary layer approximation:

vB = BB
0 ln

1
a
+ Cu0,0 ln rz + DB

0 + o(1).

4.3.5 Matching for v

We match these solutions using the intermediate variable method [60]. Using

this method, one can determine the unknowns in the expansions by imposing
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that the inner and outer expansions are of a similar form in an intermediate

region where a � ry = arz � 1 (for more details, see [60]). We define an

intermediate variable η = rzaα = ryaα−1 with 0 < α < 1, and we rewrite both

expansions in terms of η. For the outer solution, we get:

vO = BO
0 ln

1
a
+

1
2
{∂u0,0

∂t
− ∂2u0,0

∂x2
3
}{1

2
η2a2(1−α) − ln η + (1− α) ln

1
a
}+

DO
0 + o(1) = ln

1
a
{BO

0 + (1− α)

∂u0,0
∂t −

∂2u0,0
∂x2

3

2
}+ DO

0 −

∂u0,0
∂t −

∂2u0,0
∂x2

3

2
ln η + o(1),

and for the boundary layer solution, we get:

vB = BB
0 ln

1
a
+ Cu0,0(ln η + α ln

1
a
) + DB

0 + o(1) =

(BB
0 + αCu0,0) ln

1
a
+ (Cu0,0 ln η + DB

0 ) + o(1).

We see that in order to match these expansions, we must have:

BO
0 − (α− 1)

1
2
(

∂u0,0

∂t
− ∂2u0,0

∂x2
3

) = BB
0 + αCu0,0, (193)

and

−1
2
(

∂u0,0

∂t
− ∂2u0,0

∂x2
3

) = Cu0,0. (194)

If we were in a periodic homogenisation framework (which we are not due to

the fully-circular microscale geometry Cc), Equation (194) would give us the

leading order macroscopic behaviour for u. Note that we lost the ∂2u0,0
∂x2

1
and

the ∂2u0,0
∂x2

2
terms from the diffusion tensor here, because of the zero-flux bound-

ary condition at ry = 1 and two-scale asymptotic analysis rules. Substituting

Equation (194) into Equation (193), we get:

BO
0 − Cu0,0 = BB

0 .

To fully determine the leading order solution, we still need to find BO
0 and DO

0 ,

but in order to do that, we would need to proceed to higher orders, and obtain

effective equations there, which we will not do at this stage.

We have arrived at a boundary layer expansion:

vB = (BO
0 − Cu0,0) ln

1
a
+ Cu0,0 ln rz + DB

0 + ...
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4.3 simpler problem - full circular symmetry

and an outer layer expansion:

vO = BO
0 ln

1
a
− Cu0,0{

r2
y

2
− ln ry}+ DO

0 + ...

We see that the outer expansion contains all the terms from the boundary

layer expansion (as well as one additional term - −Cu0,0
r2

y
2 ). Therefore, for the

composite approximation (denoted by superscript C from now onwards), we

get:

vC = BC
0 ln

1
a
− Cu0,0{

r2
y

2
− ln ry}+ DC

0 , (195)

where BC
0 = BO

0 . Recalling that u2 = v + v∗ + v∗∗, reintroducing the time and

the macroscale dependencies, and dropping the superscript C we conclude:

u2 = B0(t, x) ln
1
a
− Cu0,0(t, x){

r2
y

2
− ln ry}+

r2
y

2
cos2 ϕ

∂2u0(t, x; a)
∂x2

1
+

r2
y

2
sin2 ϕ

∂2u0(t, x; a)
∂x2

2
+

r2
y

2
sin 2ϕ

∂2u0(t, x; a)
∂x1∂x2

−

ry cos ϕ
∂ f1(t, x; a)

∂x1
− ry sin ϕ

∂ f1(t, x; a)
∂x2

+ D0(t, x) + o(1),

which can also be written as:

u2 = B0(t, x) ln
1
a
− Cu0,0(t, x){

r2
y

2
− ln ry}+

r2
y

2
cos2 ϕ

∂2u0,0(t, x; a)
∂x2

1
+

r2
y

2
sin2 ϕ

∂2u0,0(t, x; a)
∂x2

2
+

r2
y

2
sin 2ϕ

∂2u0,0(t, x; a)
∂x1∂x2

−

ry cos ϕ
∂ f1(t, x; a)

∂x1
− ry sin ϕ

∂ f1(t, x; a)
∂x2

+ D0(t, x) + o(1). (196)

As a check, note that using:

1
1− a2 = 1 + a2 + a4 + ...

for a� 1, our exact solution from Equation (186) can be written as:

u2(t, ry, ϕ, x; a) = −ry cos ϕ
∂ f1(t, x; a)

∂x1
− ry sin ϕ

∂ f1(t, x; a)
∂x2

+

r2
y

2
cos2 ϕ

∂2u0,0(t, x; a)
∂x2

1
+

r2
y

2
sin2 ϕ

∂2u0,0(t, x; a)
∂x2

2
+

r2
y

2
sin 2ϕ

∂2u0,0(t, x; a)
∂x1∂x2

− Cu0,0{
r2

y

2
− ln ry}+ f2(t, x; a) + o(1),
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4.3 simpler problem - full circular symmetry

and writing:

f2(t, x; a) = B0(t, x) ln
1
a
+ D0(t, x) + o(1)

we see, that this approximation is identical to Equation (196).

In conclusion, our approximation (172) becomes:

u ∼ {u0,0(t, x) +
1

ln 1
a

u0,1(t, x) + ...}+ ε f1(t, x; a)+

ε(−ry cos ϕ,−ry sin ϕ, 0) · ∇x{u0,0(t, x) +
1

ln 1
a

u0,1(t, x) + ...}+

ε2{B0(t, x) ln
1
a
− Cu0,0(t, x){

r2
y

2
− ln ry}+ D0(t, x)+

r2
y

2
cos2 ϕ

∂2u0,0(t, x)
∂x2

1
+

r2
y

2
sin2 ϕ

∂2u0,0(t, x)
∂x2

2
+

r2
y

2
sin 2ϕ

∂2u0,0(t, x)
∂x1∂x2

−

ry cos ϕ
∂ f1(t, x; a)

∂x1
− ry sin ϕ

∂ f1(t, x; a)
∂x2

+ ...}. (197)

Note the ln ry term; for ry = O(a) (i.e. close to the hair surface), this becomes

O(ln a), which goes to −∞ as a → 0. Therefore, our expansion ceases to be

uniform close to ry = a for a → 0. Using the asymptotic analysis terminology,

the expansion may disorder (depending on how fast ε and a approach 0).

To gain more insight into microscopic contributions at O(ε2), we would wish to

plot microscopically nontrivial terms in u2 for decreasing a. Because of the ln ry

term, we would need to plot functions with the hair surface value decreasing

to −∞ as a → 0. Therefore, before we go back to the periodic boundary

conditions, we study K(a) scalings which do not lead to these complications.

4.3.6 Different scalings for K(a)

If we had assumed K(a) = C, we would have ended up with the need of

introducing powers of a in our asymptotic expansions (not just logarithms).

Consistency conditions would have been different too (uptake is negligible at

the leading order now), but apart from that, the procedure would have been

similar. Let us study an interesting case K(a) = C
a ln 1

a
. Repeating the same

procedure as before, we arrive at an outer layer expansion:

vO = ln(
1
a
)BO

0 +

∂u0,0
∂t −

∂2u0,0
∂x2

3

2
{

r2
y

2
− ln ry}+ DO

0 +
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4.3 simpler problem - full circular symmetry

1
ln(1

a )
{

∂u0,1
∂t −

∂2u0,1
∂x2

3

2
{

r2
y

2
− ln ry}+ FO

0 }+

1
ln2(1

a )
{

∂u0,2
∂t −

∂2u0,2
∂x2

3

2
{

r2
y

2
− ln ry}+ HO

0 }+ o(
1

ln2(1
a )
),

and a boundary layer expansion:

vB = ln
1
a

BB
0 + DB

0 +
1

ln 1
a
{Cu0,0 ln rz + FB

0 }+

1
ln2 1

a

{Cu0,1 ln rz + HB
0 }+ o(

1
ln2(1

a )
).

Using the intermediate variable η = rzaα = ryaα−1, the outer expansion be-

comes:

vO = ln(
1
a
)BO

0 +
1
2
(

∂u0,0

∂t
− ∂2u0,0

∂x2
3

)(− ln η − (α− 1) ln
1
a
) + DO

0 +

1
ln(1

a )
{1

2
(

∂u0,1

∂t
− ∂2u0,1

∂x2
3

)(− ln η − (α− 1) ln
1
a
) + FO

0 }+

1
ln2(1

a )
{1

2
(

∂u0,2

∂t
− ∂2u0,2

∂x2
3

)(− ln η − (α− 1) ln
1
a
) + HO

0 }+ o(
1

ln2 1
a

),

and the boundary layer expansion becomes:

vB = ln
1
a

BB
0 + DB

0 +
1

ln 1
a
{Cu0,0(ln η + α ln

1
a
) + FB

0 }+

1
ln2 1

a

{Cu0,1(ln η + α ln
1
a
) + HB

0 }+ o(
1

ln2 1
a

).

To match these two expansions, we must impose:

BB
0 = BO

0 −
1
2
(α− 1)(

∂u0,0

∂t
− ∂2u0,0

∂x2
3

), (198)

DB
0 + αCu0,0 = DO

0 −
1
2
(α− 1)(

∂u0,1

∂t
− ∂2u0,1

∂x2
3

), (199)

1
2
(

∂u0,0

∂t
− ∂2u0,0

∂x2
3

) = 0, (200)

FB
0 + αCu0,1 = FO

0 −
1
2
(α− 1)(

∂u0,2

∂t
− ∂2u0,2

∂x2
3

), (201)
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4.3 simpler problem - full circular symmetry

and:

−1
2
(

∂u0,1

∂t
− ∂2u0,1

∂x2
3

) = Cu0,0. (202)

Combining Equation (200) (which tells us the leading order macroscopic be-

haviour) with Equation (198), we get BB
0 = BO

0 . Combining Equation (202)

(which tells us the macroscopic behaviour at the next order) with Equation

(199), we conclude DO
0 = Cu0,0 + DB

0 . If we proceeded to the next order, we

would uncover:

−1
2
(

∂u0,2

∂t
− ∂2u0,2

∂x2
3

) = Cu0,1,

which altogether with Equation (201) (analogously to the previous orders)

yields FO
0 = FB

0 + Cu0,1. This way, we arrive at an outer expansion:

vO(ry; a) = BO
0 ln

1
a
+ DO

0 +
1

ln 1
a

(
−Cu0,0(

r2
y

2
− ln ry) + FO

0

)
+ o(

1
ln 1

a
), (203)

which is also a composite approximation to the solution (for similar reasons

as in Section 4.3.5). Assume that no x1 or x2 variation is introduced via initial

or boundary conditions. Then u0 and f1 are independent of x1 and x2, which

means that v∗ = 0 and v∗∗ = 0. This leads to u2 = v, and therefore the

microscopically-varying part of u2 (from now on denoted as u2) equals the

microscopically-varying part of v (from now on denoted as v):

u2(ry; a) = v(ry; a) =
1

ln 1
a
{−Cu0,0(

r2
y

2
− ln ry)}+ o(

1
ln 1

a
). (204)

The behaviour of u0,0 will be determined by the corresponding effective equa-

tions in combination with the imposed initial and boundary conditions. To

shed some light on the microscopic behaviour of u2 (u2), imagine we are at

a point (t, x) in time and (macroscopic) space, so that Cu0,0 = 1.0. Denote

ṽ(ry; a) = 1
ln 1

a
{ln ry −

r2
y
2 } to be the leading order approximation to v(ry; a)

(evaluated at the mentioned point (t, x)). The dependence of ṽ(ry; a) on a is

shown in Figure 4.2. We observe sharp gradients as we approach the root

hair surface (ry → a). These correspond to depletion zones due to the nutri-

ent uptake by the root hairs. At the end of this chapter, we will show that

using these higher order corrections we can approximate the behaviour of the

full-geometry solution to a remarkable detail.
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4.4 periodic boundary conditions

Figure 4.2.: Behaviour of ṽ(ry; a) as a� 1

4.4 periodic boundary conditions

We now go back to the periodic boundary conditions imposed at y1, y2 = ±1
2 .

Again, x denotes the macroscopic variables, (y1, y2) = (x1,x2)
ε the microscopic

variables (the inter-hair distance is equal to 1 in these variables), and we use

(z1, z2) =
(y1,y2)

a for the boundary layer variables.

We start with the same continuity equation (129) equipped with the same

Robin-type boundary condition (132) at the hair surfaces, and we search for

a solution in the form of Ansatz (172). Similar to the fully-circular geometry

case, we first make the ε � 1 limit, after which we proceed with the a � 1

limit.

4.4.1 u0

At O(1), we get (assuming a = O(1)):

0 = ∇2
yu0 =

∂2u0

∂y2
1
+

∂2u0

∂y2
2

together with the periodic boundary conditions in y1 and y2, and:

∇yu0 · n̂ = 0
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4.4 periodic boundary conditions

at y2
1 + y2

2 = a2. By the same reasoning as before, the subsequent a → 0 limit

analysis yields an expansion:

u0(t, y, x; a) = u0,0(t, x) +
1

ln 1
a

u0,1(t, x) + o(
1

ln 1
a
). (205)

4.4.2 u1

At O(ε), we get (assuming a = O(1)):

∇2
yu1 = 0,

and as the hair surface boundary condition, we obtain:

∇yu1 · n̂ = −∇xu0 · n̂

applied at ry = a. Proceeding with the a → 0 limit, we examine the boundary

layer (i.e. we rescale (z1, z2) =
(y1,y2)

a ), and get:

∇zu1 · n̂ = −a∇xu0,0 · n̂−
a

ln 1
a
∇xu0,1 · n̂ + o(

a
ln 1

a
).

This leads to a boundary layer ansatz:

uB
1 = f B

1 (t, x, a) + a{∇xu0,0(t, x) +
1

ln 1
a
∇xu0,1(t, x) + o(

1
ln 1

a
)} · λB(z1, z2).

From O(a), we have:

∇2
zλB = 0,

and a boundary condition:

∇zλB · n̂ = −n̂

applied at rz = 1, which can also be written as:

∂λB

∂rz
= (− cos ϕ,− sin ϕ).

The solutions are:

λB
1 (rz, ϕ) = − cos ϕ(B(rz +

1
rz
) + rz),

λB
2 (rz, ϕ) = − sin ϕ(B(rz +

1
rz
) + rz),
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4.4 periodic boundary conditions

and:

λB
3 (rz, ϕ) = 0.

This leads to a boundary layer approximation:

uB
1 ∼ f B

1 (t, x, a)+

a
(
− cos ϕ

(
rz
(

B + 1
)
+

B
rz

)
,− sin ϕ

(
rz
(

B + 1
)
+

B
rz

)
, 0) · ∇xu0,0(t, x).

We now show that B must be −1, and the terms that increase (in absolute

value) with increasing rz thus disappear. Imagine B 6= −1. Then, we get an

arz cos ϕ contribution in the boundary layer expansion. For the outer layer so-

lution to match the boundary layer solution, we need to have an ry cos ϕ = y1

contribution in the ry → 0 limit of the outer expansion. As the outer approx-

imation needs to satisfy the periodic boundary conditions, it is impossible to

have contributions of this form. Thus, we arrived at a contradiction.

This means that we must have B = −1, and we arrive at a boundary layer

approximation:

uB
1 = f B

1 (t, x, a) + a(cos ϕ
1
rz

, sin ϕ
1
rz

, 0) · ∇xu0,0(t, x)+

a
ln 1

a
(cos ϕ

1
rz

, sin ϕ
1
rz

, 0) · ∇xu0,1(t, x) + ...

In the outer scaling, we have:

∇2
yuO

1 = 0,

and the periodic boundary conditions are imposed at y1, y2 = ±1
2 . To be able

to match the boundary and the outer layer solutions (to find a matching for

the 1
rz

term in particular), we need to use a similar ansatz for the composite

solution, i.e.:

uC
1 = f C

1 (t, x, a) + a2{∇xu0,0(t, x) +
1

ln 1
a
∇xu0,1(t, x) + o(

1
ln 1

a
)} · λC(y1, y2),

where λC(y1, y2) is defined on [−1
2 , 1

2 ] × [−1
2 , 1

2 ], and satisfies the periodicity

conditions in y1 and y2. One might be tempted to impose a cell problem

∇2
yλC = 0. However, this is incorrect - there exist no non-constant solutions

to this problem. The problem is that in the outer scaling, the hair boundary

degenerates (in the a � 1 limit) to a single point. Moreover, with the periodic
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4.4 periodic boundary conditions

boundary conditions, obtaining analytic solutions is much more troublesome

(because circular symmetry is broken here). Therefore, the matching is per-

formed in a slightly non-standard way. To be able to match with the boundary

layer solution, we need to recover terms behaving as:

a{(cos ϕ
1
rz

, sin ϕ
1
rz

, 0) · ∇xu0,0(t, x)} = a2

ry
(cos ϕ, sin ϕ, 0) · ∇xu0,0(t, x)

for ry → 0 in the outer solution. To achieve this, we notice that:

∂

∂y1
{ln ry} =

cos ϕ

ry
,

∂

∂y2
{ln ry} =

sin ϕ

ry
,

and we know that (assuming an unbounded geometry) ln ry is a solution of:

∇2
yu = 2πδ(0,0)(y1, y2),

where δ(0,0) denotes the Dirac delta function in two dimensions concentrated

at the origin, which is zero everywhere except for (0, 0), and whose integral

over any domain containing (0, 0) is 1. In other words, 1
2π ln ry is Green’s

function for Laplace’s operator in two dimensions (see [45]). This means that

the solution of:

∇2
yu = 2π∇y1,y2δ(0,0)

with the periodic boundary conditions behaves as:

u ∼ 1
ry
(cos ϕ, sin ϕ)

for ry → 0. Using this result we get the following cell problem (equipped with

the periodic boundary conditions):

∇2
yλC = 2π∇yδ(0,0).

Now that our cell problem at O(ε) is well defined, we obtained a composite

approximation:

uC
1 = f C

1 (t, x, a) + a2∇xu0,0(t, x) · λC(y1, y2)+

a2

ln 1
a
∇xu0,1(t, x) · λC(y1, y2) + o(

a2

ln 1
a
). (206)
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4.4.3 u2

At O(ε2), we get (assuming a = O(1)):

∇2
yu2 =

∂u0

∂t
−∇2

xu0 − 2∇x · ∇yu1,

which (using our knowledge of u0 and u1) becomes:

∇2
yu2 =

∂u0,0

∂t
−∇2

xu0,0 +
1

ln 1
a
{∂u0,1

∂t
−∇2

xu0,1}+ o(
1

ln 1
a
).

Writing this in the stretched coordinate rz =
ry
a (ϕ̃ = ϕ) gives:

1
a2∇

2
zu2 =

∂u0

∂t
−∇2

xu0 −
2
a
∇x · ∇zu1

or (using the acquired knowledge of u0 and u1):

∂2u2

∂r2
z
+

1
rz

∂u2

∂rz
+

1
r2

z

∂2u2

∂ϕ2 = o(
a

ln 1
a
).

At ry = a, we get a boundary condition:

∇yu2 · n̂ = −Ku0 −∇xu1 · n̂,

which in the stretched coordinate becomes:

1
a
∇zu2 · n̂ = −Ku0 −∇xu1 · n̂

or (using our knowledge of the boundary layer u0 and u1):

∂u2

∂rz
= a{Ku0,0 +

K
ln 1

a
u0,1 + o(

K
ln 1

a
)+

∇x f0(t, x) · n̂ +
1

ln 1
a
∇x f1(t, x) · n̂ + o(

1
ln 1

a
)}.

Scaling assumption

Using the scaling assumption K(a) = C
a , our boundary condition becomes:

∂u2

∂rz
= Cu0,0 +

C
ln 1

a
u0,1 + o(

1
ln 1

a
)

applied at rz = 1.

Assuming a boundary layer ansatz:

uB
2 (t, rz, ϕ, x; a) = ln

1
a

vB
0 (t, rz, ϕ, x) + vB

1 (t, rz, ϕ, x)+
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4.4 periodic boundary conditions

1
ln 1

a
vB

2 (t, rz, ϕ, x) + o(
1

ln 1
a
)

(recall the switchback term from Section 4.3.4), we get at O(ln 1
a ):

∂2vB
0

∂r2
z

+
1
rz

∂vB
0

∂rz
+

1
r2

z

∂2vB
0

∂ϕ2 = 0,

and at O(ln 1
a ) in the hair surface boundary condition, we obtain:

∂vB
0

∂rz
= 0

applied at rz = 1. This yields a solution vB
0 (t, rz, ϕ, x) = BB

0 (t, x).

At the next order, we get:

∂2vB
1

∂r2
z

+
1
rz

∂vB
1

∂rz
+

1
r2

z

∂2vB
1

∂ϕ2 = 0,

which together with a hair surface boundary condition:

∂vB
1

∂rz
= Cu0,0

at rz = 1 leads to:

vB
1 (rz, ϕ) = Cu0,0 ln rz + DB

0 = Cu0,0 ln ry + Cu0,0 ln
1
a
+ DB

0 .

Similarly, at the following order, we get:

∂2vB
2

∂r2
z

+
1
rz

∂vB
2

∂rz
+

1
r2

z

∂2vB
2

∂ϕ2 = 0,

which together with a hair surface boundary condition:

∂vB
2

∂rz
= Cu0,1

at rz = 1 leads to:

vB
2 (rz, ϕ) = Cu0,1 ln rz + FB

0 = Cu0,1 ln ry + Cu0,1 ln
1
a
+ FB

0 .

Thus, we obtain a boundary layer approximation:

uB
2 (t, rz, ϕ, x; a) = ln

1
a

BB
0 (t, x) + Cu0,0 ln rz + DB

0 +

1
ln 1

a

(
Cu0,1 ln rz + FB

0

)
+ o(

1
ln 1

a
). (207)
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Using an outer layer ansatz:

uO
2 (t, ry, ϕ, x; a) = ln

1
a

vO
0 (t, ry, ϕ, x) + vO

1 (t, ry, ϕ, x) +
1

ln 1
a

vO
2 (t, ry, ϕ, x) + ...,

we get at O(ln 1
a ):

∇2
yvO

0 = 0,

which together with the periodic boundary conditions at y1, y2 = ±1
2 leads to:

vO
0 (t, ry, ϕ, x) = BO

0 (t, x).

At the next order in the outer layer approximation, we get:

∇2
yvO

1 =
∂u0,0

∂t
−∇2

xu0,0 (208)

together with the periodic boundary conditions at y1, y2 = ±1
2 . Writing the

lowest-order, microscopically-nontrivial term from Ansatz (207) in the outer

layer coordinate ry yields:

Cu0,0(t, x) ln rz = Cu0,0(t, x) ln
ry

a
= Cu0,0(t, x) ln ry + Cu0,0(t, x) ln

1
a

. (209)

The emergence of the term Cu0,0(t, x) ln 1
a in Expression (209) suggests that

the composite approximation for u will contain an O(ε2 ln 1
a ) term. Thus, we

are in danger that the two limits under consideration (a � 1, ε � 1) might

not commute, and in order to obtain the homogenised equation, we have to

specify a scale-dependence between ε and ln 1
a . However, before we do that, let

us proceed with our analysis and recover a homogenised equation (although

it will not be valid for all the parameter regimes under consideration).

Expression (209) also suggests, that in order to ensure an appropriate match-

ing between the solutions of the inner and the outer layer problems, we need

to recover some terms for the outer solution behaving as:

Cu0,0(t, x) ln ry

for ry =
√

y2
1 + y2

2 → 0. Combining the fact that 1
2π ln ry is Green’s function for

Laplace’s operator in two dimensions with the outer layer equation (208), we

obtain a modified problem for composite vC
1 :

∇2
yvC

1 =
∂u0,0

∂t
−∇2

xu0,0 + 2πCu0,0δ(0,0) (210)
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equipped with the periodic boundary conditions. Recalling the Fredholm al-

ternative (see [45]; alternatively integrate over the microscopic domain C =

(−1
2 , 1

2) × (−1
2 , 1

2) and apply the divergence theorem), we conclude that this

problem admits a solution if and only if:∫
C
{∂u0,0

∂t
−∇2

xu0,0 + 2πCu0,0δ(0,0)}dS = 0.

In other words, the solvability condition is:

∂u0,0

∂t
= ∇2

xu0,0 − 2πCu0,0. (211)

By solving this equation, we obtain a leading order (in a) approximation to the

homogenised solution. Substituting this result back to Equation (210) gives:

∇2
yvC

1 = 2πCu0,0(δ(0,0) − 1). (212)

Thus, we found a composite approximation (dropping the superscripts for

convenience):

u(t, x; ε, a) ∼ {u0,0(t, x) +
1

ln 1
a

u0,1(t, x) + ...}+

ε{ f1(t, x, a) + a2∇xu0,0(t, x) · λ(y1, y2) +
a2

ln 1
a
∇xu0,1(t, x) · λ(y1, y2) + ...}+

ε2{ln 1
a

B0(t, x) + v1(t, y1, y2, x) + ...}+ ..., (213)

where v1 satisfies Equation (212). We see that the same problem as in the fully-

circular case is present here - ε2 � 1 is multiplied by ln 1
a � 1. Therefore, if

we choose a and ε to approach 0 so that ε2 ln 1
a = O(1), the ε2u2 term becomes

as big as the u0 term, and the homogenised equation will be changed (as will

be shown in Section 4.7).

At the next order, we find a similar solvability condition:

∂u0,1

∂t
= ∇2

xu0,1 − 2πCu0,1. (214)

4.4.4 Different scalings for K(a)

Before we deal with the case of non-commuting limits for K(a) = C
a , we study

a different scaling for the uptake constant K(a). Using our experience from
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4.4 periodic boundary conditions

the fully-circular case, we assume K(a) = C
a ln 1

a
. The hair boundary condition

becomes:
∂u2

∂rz
=

C
ln 1

a
u0,0 +

C
ln2 1

a

u0,1 + o(
1

ln 1
a
)

applied at rz = 1. Assuming a boundary layer ansatz:

uB
2 (t, rz, ϕ, x; a) = ln

1
a

vB
0 (t, rz, ϕ, x) + vB

1 (t, rz, ϕ, x) +
vB

2 (t, rz, ϕ, x)
ln 1

a
+ o(

1
ln 1

a
)

(recall the switchback term again), we get at O(ln 1
a ):

∂2vB
0

∂r2
z

+
1
rz

∂vB
0

∂rz
+

1
r2

z

∂2vB
0

∂ϕ2 = 0,

and at O(ln 1
a ) in the hair boundary condition:

∂vB
0

∂rz
= 0

at rz = 1. This leads to vB
0 (t, rz, ϕ, x) = BB

0 (t, x).

Using an outer layer ansatz:

uO
2 (t, ry, ϕ, x; a) = ln

1
a

vO
0 (t, ry, ϕ, x) + vO

1 (t, ry, ϕ, x) +
vO

2 (t, ry, ϕ, x)

ln 1
a

+ ...,

we get at O(ln 1
a ):

∂2vO
0

∂r2
y

+
1
ry

∂vO
0

∂ry
+

1
r2

y

∂2vO
0

∂ϕ2 = 0,

which together with the periodic boundary conditions at y1, y2 = ±1
2 yields:

vO
0 (t, ry, ϕ, x) = BO

0 (t, x).

Moving to the next order, we get:

∂2vB
1

∂r2
z

+
1
rz

∂vB
1

∂rz
+

1
r2

z

∂2vB
1

∂ϕ2 = 0,

which together with the hair surface boundary condition:

∂vB
1

∂rz
= 0

at rz = 1 leads to vB
1 (t, rz, ϕ, x) = DB

0 (t, x). For the outer solution at this order,

we get:

∇2
yvO

1 =
∂u0,0

∂t
−∇2

xu0,0
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4.4 periodic boundary conditions

equipped with the periodic boundary conditions. Recalling the Fredholm al-

ternative, we arrive at a solvability condition:

∂u0,0

∂t
= ∇2

xu0,0.

Notice that now the uptake term does not impact on the leading order be-

haviour anymore - dividing the existing K(a) by ln 1
a we made the uptake term

too weak. We conclude that vO
1 (t, ry, ϕ, x) = DO

0 (t, x).

At the next order, we find:

∂2vB
2

∂r2
z

+
1
rz

∂vB
2

∂rz
+

1
r2

z

∂2vB
2

∂ϕ2 = 0

together with the hair surface boundary condition (rz = 1):

∂vB
2

∂rz
= Cu0,0.

This leads to:

vB
2 = Cu0,0 ln rz + FB

0 = Cu0,0 ln ry + Cu0,0 ln
1
a
+ FB

0 .

Now, the Cu0,0 ln 1
a term will have impact on DO

0 (or DB
0 ); it will not interfere

with BB
0 and BO

0 anymore. As we have seen before, the Cu0,0 ln ry term causes

changes in the formulation of the composite solution problem. We get:

∇2
yvC

2 =
∂u0,1

∂t
−∇2

xu0,1 + 2Cπu0,0δ(0,0) (215)

equipped with the periodic boundary conditions. Integration over the unit cell

C gives a solvability condition:

∂u0,1

∂t
= ∇2

xu0,1 − 2Cπu0,0. (216)

As we already know the governing equation for u0,0, this becomes an effective

(macroscopic) equation for u0,1. Thus, we obtain a two-term approximation (in

a) to the homogenised solution:

u0 ∼ u0,0 +
1

ln 1
a

u0,1.
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4.5 checking

In this section, we first go back to the fully-circular case with the zero-flux

boundary conditions at ry = 1, and check whether the matching procedure

introduced in the periodic boundary conditions case gives the same results

here. Then, we check the accuracy of numerical solutions of Poisson’s equation

with a Dirac sink term in FEniCS, as such solutions will be needed in future.

4.5.1 Consistency between matching procedures

Recall that under the scaling assumption K = C
a ln 1

a
(and assuming that no gra-

dient in x1 and x2 is introduced via initial or boundary conditions), we arrived

(in the fully-circular case) at the first nontrivial microscopic contribution (204)

for v = u2.

We want to show that the new matching rule is consistent with the standard

one (i.e. that the resulting behaviour is the same), and this can be shown only

in the case of the fully-circular microgeometry Cc
a. Thus, we apply the new

matching rule to this case.

We go back to the boundary and outer layer continuity equations (188), (187),

and the outer boundary condition (190). The hair surface boundary condition

(189) was derived using K = C
a , and thus we replace it with:

−1
a

∂v
∂rz

= − C
a ln 1

a
u0,0 −

C
a ln2 1

a

u0,1 + o(
1

a ln2 1
a

).

Assuming a boundary layer ansatz:

vB(t, rz, ϕ, x; a) = ln
1
a

vB
0 (t, rz, ϕ, x) + vB

1 (t, rz, ϕ, x)+

1
ln 1

a
vB

2 (t, rz, ϕ, x) + o(
1

ln 1
a
),

and an outer layer ansatz:

vO(t, ry, ϕ, x; a) = ln
1
a

vO
0 (t, ry, ϕ, x) + vO

1 (t, ry, ϕ, x)+

1
ln 1

a
vO

2 (t, ry, ϕ, x) + o(
1

ln 1
a
),
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we get at the leading order:

∇2
yvO

0 = 0,

which together with the outer boundary condition ∂vO
0

∂ry
= 0 at ry = 1 yields

vO
0 = BO

0 (t, x). In the boundary layer, we obtain:

∇2
zvB

0 = 0,

and a hair surface boundary condition ∂vB
0

∂rz
= 0 at rz = 1, which implies vB

0 =

BB
0 (t, x).

At the next order, the boundary layer gives ∇2
zvB

1 = 0 together with ∂vB
1

∂rz
= 0,

which implies vB
1 = DB

0 (t, x), i.e. we do not observe the logarithmic behaviour

in the boundary layer solution at this order. Therefore, an equation for the

outer layer:

∇2
yvO

1 =
∂u0,0

∂t
− ∂2u0,0

∂x2
3

is also a composite solution equation, and it is equipped with a boundary

condition:

∇yvO
1 · n̂ = 0

at ry = 1. To derive a consistency condition, we integrate the composite solu-

tion equation over Cc
0 (the area of which equals π× 12 = π), use the divergence

theorem, and get:

π{∂u0,0

∂t
− ∂2u0,0

∂x2
3
} =

∫
Cc

0

∇2
yvO

1 dS =
∫

∂Cc
0

∇yvO
1 · n̂dl =

2π∫
0

0dϕ = 0.

This implies:
∂u0,0

∂t
=

∂2u0,0

∂x2
3

,

which agrees with our result (200).

At the following order, the boundary layer gives a continuity equation:

∇2
zvB

2 = 0

and a hair surface boundary condition:

∂vB
2

∂rz
= Cu0,0.
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This gives vB
2 (t, rz, ϕ, x) = Cu0,0(t, x) ln rz + FB

0 (t, x). Writing this in ry leads to

a delta function term in a composite equation:

∇2
yvC

2 =
∂u0,1

∂t
− ∂2u0,1

∂x2
3

+ 2πCu0,0δ(0,0), (217)

which is equipped with a boundary condition:

∇yvC
2 · n̂ = 0 (218)

applied at ry = 1. Integrating the continuity equation over Cc
0, and following

steps similar to the previous order, we get:

π
∂u0,1

∂t
= π

∂2u0,1

∂x2
3
− π2Cu0,0,

and dividing by π yields:

∂u0,1

∂t
=

∂2u0,1

∂x2
3
− 2Cu0,0.

This solvability condition is the same as the one from Equation (202), and it

is similar to the periodic boundary condition case (216). The sink term from

the fully-circular case (202) is not multiplied by π (whereas it is multiplied by

π in the unit square case (216)), because the area of a circle with a radius of

1 is π12 = π (in contrast with the area of a square with a unit side - 12 = 1).

Therefore, the π factors in the fully-circular case cancel out as we have seen.

Moreover, as already mentioned in the fully-circular analysis section, we lose

the ∂2u0,1
∂x2

1
and the ∂2u0,1

∂x2
2

terms in the diffusion tensor.

We now substitute the consistency equation at this order into Equation (217),

and get:

∇2
yvC

2 = 2(πδ(0,0) − 1)Cu0,0 (219)

equipped with the boundary condition (218) applied at ry = 1. It is easy to

see that a solution to such problem is Cu0,0{ln ry −
r2

y
2 }+ g(t, x). Comparing

with Equation (204) we see that the new matching method gives microscopic

behaviour consistent with the standard matching rule. Having done this check,

we trust the new matching method also for the case of the square unit cell, for

which it is much more difficult to obtain analytical results.
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4.5.2 Checking numerics for Dirac delta function

Later on in this chapter, we will derive a distinguished limit, and compare it

with the effective equation (211) including higher order approximations (see

Section 4.8.1). To make this comparison, we need to solve Poisson’s equation

with a Dirac sink term, similar to the one from Equation (219). For the peri-

odic boundary conditions, obtaining analytical results is nontrivial, and thus

we will need to solve the equation numerically. Therefore, we check if the ana-

lytical result (which is easily obtained for the fully-circular domain Cc
0) agrees

well with the numerical result (obtained using FEniCS).

For simplicity’s sake, assume we want to find a function ψ(ry, ϕ), defined on

Cc
0, satisfying:

∇2
yψ = 2(πδ(0,0) − 1)

in Cc
0, and a zero-flux boundary condition:

∂ψ

∂ry
= 0

at ry = 1. We now check that:

ψ = ln ry −
r2

y

2
+ Cψ (220)

is the analytic solution of this problem (for yet undetermined constant Cψ).

For any ry > 0, differentiation with respect to ry and multiplication by ry

gives ry
dψ
ry

= 1 − r2
y. By evaluating at ry = 1, we confirm that ∂ψ

∂ry
= 0 at

the outer boundary. The subsequent differentiation and division by ry yields

∇2
yψ = 1

ry
d

dry

(
ry

dψ
dry

)
= −2, and the 2πδ(0,0) term causes the logarithmic be-

haviour (ln ry).

Due to circular symmetry of this problem and freedom in choosing the con-

stant Cψ, we can replace the zero-flux boundary condition with a Dirichlet

boundary condition ψ = 0 at ry = 1. Solving this problem numerically in FEn-

iCS yields a solution shown in Figure 4.3. To check the consistency with the

numerical solution, we must choose Cψ = 1
2 for the analytic solution (220). We

now check whether the FEniCS solution is a good approximation for the ana-

lytic result. Because of the circular symmetry and the resulting fact that the so-

lution is independent of ϕ, we only plot the solutions (at selected points) along
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Figure 4.3.: Numerical solution for ψ (FEniCS).

the line segment starting at a point (0.0, 0.0) and ending at a point (1.0, 0.0).

In general, the agreement is satisfactory. However, we observe errors towards

ry = 0. This is expected because lim
ry→0

ψ(ry) = −∞, and numerically, we always

deal with a finite mesh size, which cannot fully capture the point sink effect.

Figure 4.5 shows a situation zoomed-in close to ry = 0 (we also selected more

points at which the solution is plotted in order to capture these deviations

more clearly). In Section 4.8.1, we will need to know the solution behaviour

close to ry = a in particular. From the analysis so far, we see that as long as we

remain in the parameter regime where a ≥ 0.001, we can (despite the small er-

rors) be fairly confident about our numerics. If one wishes to study a < 0.001,

the numerics needs to be made more precise by making the mesh size much

smaller close to the origin (i.e. where Dirac delta function is operating).

199



4.5 checking

Figure 4.4.: Comparison between the FEniCS solution and the analytic solution

for ψ.

Figure 4.5.: Comparison between the FEniCS solution and the analytic solution

for ψ (zoom).
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4.6 first nonuniformity : ε = λ
ln 1

a

As mentioned in Section 4.4.3, our asymptotic expansion loses validity, if we

have:

ε =
λ

ln 1
a

(221)

as a � 1 for λ = O(1). This is equivalent to a = e−
λ
ε as ε � 1. In this setting,

a and ε are no longer independent small parameters but approach zero with a

prescribed behaviour. Thus, we need to do the whole analysis once again. We

start with Equation (129), and (assuming K(a) = C
a ) the root surface boundary

condition becomes:

∇yu · n̂ = −C
a

ε2u = −Ce
λ
ε ε2u

applied at ry = a = e−
λ
ε . Introducing a two-scale ansatz:

u(t, x, ε) = u0(t,
x1

ε
,

x2

ε
, x) + εu1(t,

x1

ε
,

x2

ε
, x)+

ε2u2(t,
x1

ε
,

x2

ε
, x) + ε3u3(t,

x1

ε
,

x2

ε
, x) + o(ε3), (222)

where u0, u1, u2 and u3 satisfy the periodicity conditions in y1 and y2, this

changes to a continuity equation:

ε2{∂u0

∂t
+ ε

∂u1

∂t
+ o(ε)} =

{∇2
y + 2ε∇y · ∇x + ε2∇2

x}{u0 + εu1 + ε2u2 + ε3u3 + o(ε3)}

and a hair surface boundary condition:

{∇y + ε∇x}{u0 + εu1 + ε2u2 + ε3u3 + o(ε3)} · n̂ = −Ce
λ
ε ε2{u0 + εu1 + o(ε)}.

Studying the boundary layer (i.e. using rz =
ry
a = rye

λ
ε ), we get:

ε2{
∂uB

0
∂t

+ ε
∂uB

1
∂t

+ o(ε)} =

{e 2λ
ε ∇2

z + 2εe
λ
ε∇z · ∇x + ε2∇2

x}{uB
0 + εuB

1 + ε2uB
2 + ε3uB

3 + o(ε3)}

and a hair surface boundary condition:

{e λ
ε∇z + ε∇x}{uB

0 + εuB
1 + ε2uB

2 + ε3uB
3 + o(ε3)} · n̂ =
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−Cε2e
λ
ε {uB

0 + εuB
1 + o(ε)}

applied at rz = 1. All this leads to boundary layer equations:

∇2
zuB

0 = ∇2
zuB

1 = ∇2
zuB

2 = ∇2
zuB

3 = 0,

and to hair surface boundary conditions:

∇zuB
0 · n̂ = ∇zuB

1 · n̂ = 0 ∇zuB
2 · n̂ = −CuB

0 ∇zuB
3 · n̂ = −CuB

1 .

This means that uB
0 = uB

0 (t, x), uB
1 = uB

1 (t, x), uB
2 = CuB

0 ln rz + DB
2 , and

uB
3 = CuB

1 ln rz + DB
3 .

For the outer layer approximation, we always impose the periodic boundary

conditions at y1, y2 = ±1
2 , and at the leading order, we get a continuity equa-

tion:

∇2
yuO

0 = 0,

which yields uO
0 = uO

0 (t, x). Using this information, the continuity equation at

the next order reads:

∇2
yuO

1 = 0,

which means uO
1 = uO

1 (t, x). Using information from previous orders, we get

at the next order:

∇2
yuO

2 =
∂uO

0
∂t
−∇2

xuO
0 . (223)

Finally, proceeding to the following order, we get:

∇2
yuO

3 + 2∇y · ∇xuO
2 =

∂uO
1

∂t
−∇2

xuO
1 . (224)

To match terms at O(ε2), we write the boundary layer solution at this order in

the outer variable:

uB
2 = CuB

0 ln rz + DB
2 = CuB

0 ln ry + CuB
0

λ

ε
+ DB

2 .

This suggests that the CuB
0 λ term will be promoted to O(ε). Moreover, in order

to account for the contribution of CuB
0 ln ry as ry → 0 in the composite solution,

we need to correct Equation (223) in the following way:

∇2
yuC

2 =
∂uO

0
∂t
−∇2

xuO
0 + 2πCuB

0 δ(0,0), (225)

202



4.6 first nonuniformity : ε = λ
ln 1

a

where the Dirac term ensures the required logarithmic behaviour. A solvability

condition for Equation (225) reads:

∂uO
0

∂t
= ∇2

xuO
0 − 2πCuB

0 , (226)

and substituting this result back into Equation (225) gives:

∇2
yuC

2 = 2πCuB
0

(
δ(0,0) − 1

)
. (227)

The solution of Equation (227) can be written as:

uO
2 = DO

2 (t, x) + 2πCuB
0 (t, x)ψ(y), (228)

where ψ(y) satisfies:

∇2
yψ = δ(0,0) − 1. (229)

Substituting information from previous orders into Equation (224) yields:

∇2
yuO

3 + 4πC∇yψ · ∇xuB
0 =

∂uO
1

∂t
−∇2

xuO
1 . (230)

Thus, we have derived an outer layer approximation:

uO
0 (t, x) + εuO

1 (t, x) + ε2
(

DO
2 (t, x) + 2πCuB

0 (t, x)ψ(y)
)
+ ε3uO

3 (t, x, y) + · · · ,

(231)

where ψ(y) satisfies Equation (229), and a boundary layer approximation:

uB
0 (t, x) + εuB

1 (t, x) + ε2DB
2 (t, x) + ε2CuB

0 (t, x) ln rz+

ε3DB
3 (t, x) + ε3CuB

1 (t, x) ln rz + · · ·
(232)

Writing the boundary layer approximation in the outer variable gives:

uB
0 (t, x) + εuB

1 (t, x) + ε2DB
2 (t, x) + ε2CuB

0 (t, x) ln ry + ε2CuB
0 (t, x)

λ

ε
+

ε3DB
3 (t, x) + ε3CuB

1 (t, x) ln ry + ε3CuB
1 (t, x)

λ

ε
+ · · · =

uB
0 (t, x) + ε

(
uB

1 (t, x) + λCuB
0 (t, x)

)
+

ε2
(

DB
2 (t, x) + λCuB

1 (t, x) + CuB
0 (t, x) ln ry

)
+ · · ·

(233)

Comparing the outer expansion (231) with Expansion (233) at the leading or-

der gives a matching condition uO
0 (t, x) = uB

0 (t, x) = uC
0 (t, x), and substituting

this result into Equation (226) gives:

∂uC
0

∂t
= ∇2

xuC
0 − 2πCuC

0 . (234)
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Notice that we obtained the same macroscopic equation as we did for u0,0 in

Section 4.4.3 (see Equation (211)). Substituting this result back to Equation

(225), we get:

∇2
yuC

2 = 2πCuC
0 {δ(0,0) − 1}. (235)

Comparing the outer expansion (231) with Expansion (233) at the next order

yields:

uC
1 = uO

1 = uB
1 + CλuB

0 = uB
1 + CλuC

0 .

Following a similar procedure as before, we get from Equation (230):

∇2
yuC

3 =
∂uO

1
∂t
−∇2

xuO
1 − 4πC∇yψ · ∇xuB

0 + 2πCuB
1 δ(0,0) =

∂uC
1

∂t
−∇2

xuC
1 − 4πC∇yψ · ∇xuC

0 + 2πC
(

uC
1 − CλuC

0

)
δ(0,0),

and integration gives an equation different from the previously obtained equa-

tion for u0,1 (214); we observe additional contributions coming from the uO
2

term and the fact that uB
1 6= uC

1 . This fictitious discrepancy can be easily

explained. This time, ε and 1
ln 1

a
are of the same order. Thus, recalling our

expansion:

u ∼
{

u0,0 +
1

ln 1
a

u0,1 + ...
}
+ ε

{
u1,0 + ...

}
+ ε2

{
ln

1
a

u2,0 + ...
}

we see that the equation for what is now uO
1 will contain contributions from

what used to be u0,1, u1,0 and u2,0. Thus, the new term −4πC∇yψ · ∇xuC
0

comes from the fact that ε and 1
ln 1

a
are now of the same order. The −CλuC

0

term emerges, because the ε2 ln 1
a u2,0 term is promoted to O(ε). Thus, if we

want to know the macroscale behaviour of uC
1 , we need to know the microscale

behaviour of uC
2 , i.e. we need to solve Equation (235). It is possible to do this

(e.g. numerically), but we will not attempt it here.

4.7 next nonuniformity : ε2 = λ
ln 1

a

We now study the next nonuniformity; we assume:

ε2 =
λ

ln 1
a

(236)
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as a � 1 for λ = O(1). This is equivalent to a = e−
λ
ε2 as ε � 1. We start with

Equation (129), and assuming K(a) = C
a , the root surface boundary condition

becomes:

∇yu · n̂ = −C
a

ε2u = −Ce
λ
ε2 ε2u

applied at ry = a = e−
λ
ε2 . Using Ansatz (222), we get a boundary layer (rz =

ry
a = rye

λ
ε2 ) continuity equation:

ε2{
∂uB

0
∂t

+ ε
∂uB

1
∂t

+ o(ε)} =

{e
2λ
ε2∇2

z + 2εe
λ
ε2∇z · ∇x + ε2∇2

x}{uB
0 + εuB

1 + ε2uB
2 + ε3uB

3 + o(ε3)},

and a hair surface boundary condition:

{e
λ
ε2∇z + ε∇x}{uB

0 + εuB
1 + ε2uB

2 + ε3uB
3 + o(ε3)} · n̂ =

−Cε2e
λ
ε2 {uB

0 + εuB
1 + o(ε)}

is applied at rz = 1. Notice, that at the first four orders, we obtain the same

continuity equations and the same hair surface boundary conditions as in the

previous section, and thus we conclude the same boundary layer approxima-

tion (232). As nothing changes in the outer layer continuity equation com-

pared to the previous section (and the periodic boundary conditions remain

the same too), following the same steps we arrive at the same outer layer ap-

proximation (231). However, writing the boundary layer approximation (232)

in the outer variable yields:

uB
0 (t, x) + εuB

1 (t, x) + ε2DB
2 (t, x) + ε2CuB

0 (t, x) ln ry + ε2CuB
0 (t, x)

λ

ε2+

+ ε3DB
3 (t, x) + ε3CuB

1 (t, x) ln ry + ε3CuB
1 (t, x)

λ

ε2 + · · · =

=
(

uB
0 (t, x) + λCuB

0 (t, x)
)
+ ε
(

uB
1 (t, x) + λCuB

1 (t, x)
)
+ · · ·

(237)

Comparing (231) with (237) at the leading order gives:

uC
0 (t, x) = uO

0 (t, x) = uB
0 (t, x) + λCuB

0 (t, x),

and substituting this result into Equation (225) (which remains unchanged

compared to the previous section) gives:

∇2
yuC

2 =
∂uC

0
∂t
−∇2

xuC
0 +

2πC
1 + Cλ

uC
0 δ(0,0). (238)
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4.8 testing the new limit

Integrating over the unit cell gives:

∂uC
0

∂t
= ∇2

xuC
0 −

2πC
1 + Cλ

uC
0 , (239)

which is distinct from the homogenised equation we derived previously (see

Equation (211)) - the sink term is divided by 1 + Cλ. Substituting this result

back to Equation (238), we get:

∇2
yuC

2 =
2πC

1 + Cλ
uC

0 (δ(0,0) − 1). (240)

Notice as a check, that sending λ to 0 in Equation (239), we recover the

homogenised equation from the previous section as expected (because this

should be equivalent to the ε = O(1)
ln 1

a
case; if ε ln 1

a = O(1), then λ = ε2 ln 1
a �

1).

4.8 testing the new limit

We now test whether the new limit (239) approximates the full-geometry simu-

lations better than the previously found effective equation (211) in the parame-

ter regimes identified by our asymptotic analysis. As the ε2 ln 1
a = O(1) scaling

predicts very small values of a, which cause the problem to be numerically chal-

lenging, we choose ε = 0.5 so that a = 0.01 gives λ = ε2 ln 1
a = 0.25 ∗ ln 100 ≈

1.15, and this can be considered of order 1. The domain geometry for a = 0.01

is shown in Figure 4.6. We further assume K(a) = C
a with C = 1.0, a di-

mensionless root hair length h = 0.5, and a dimensionless far-field distance

d = 1.0. As for the macroscopic boundary conditions, we impose a constant

nutrient supply at a fixed distance from the root surface (u(x3 = d) = 1.0)

and zero-flux boundary conditions at all the remaining macroscopic boundary

parts. Using these boundary conditions, we get the same solution behaviour

in each unit cell (as introduced in Figure 3.4). Therefore, from now onwards,

we only simulate and show solution behaviour within a single cell.

Guided by our analysis, we fix ε = 0.5 and make a smaller, until the full-

geometry solution starts to deviate from the homogenised solution given by

Equation (211). We then show the solutions in the clipped domain (as intro-

duced in Figure 3.4).
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4.8 testing the new limit

Figure 4.6.: The domain geometry for a = 0.01 and ε = 0.5.
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4.8 testing the new limit

(a) Homogenisation: a� e−
1

ε2 (b) Full-geometry: a = 0.1, ε2 ln 1
a ≈ 0.58

(c) Full-geometry: a = 0.01, ε2 ln 1
a ≈ 1.15 (d) Full-geometry: a = 0.001, ε2 ln 1

a ≈ 1.73

Figure 4.7.: The steady-state solutions of the full-geometry model for decreas-

ing a deviate from the solution of Equation (211) (clipped domain).

208



4.8 testing the new limit

While for a = 0.1, Equation (211) still gives a reasonably good average of

the full-geometry numerics, for a = 0.01 we clearly observe deviations, and

these deviations are even more significant for a = 0.001. The change thus truly

seems to occur close to ε2 ln 1
a = 1.

The analysis from this chapter implies, that for any scaling satisfying a� e−
1

ε2

as ε→ 0, the homogenised equation is the same as found in Section 4.6 (which

is the same as Equation (211)).

We now compare these solutions at a fixed distance from the root surface. First,

we fix x3 = 0.0 and plot the solutions along a diagonal in this plane (similar to

what we did in Figure 3.21 but this time only within a single cell). This way, we

study behaviour at the root surface, and the results for decreasing a are shown

in Figure 4.8. Recall that homogenisation should yield a solution where any

microscopic variations are averaged out. Keeping this in mind, it seems that

the behaviour for a = 0.1 is best described by Equation (211). For a = 0.01 and

a = 0.001, the newly obtained limit might be giving us a better approximation

of the averaged full-geometry solution. However, this is not clear from Figure

4.8, because a root-hair-zone behaviour is presented here, and the hair surfaces

gradient is too large (especially for a � 1) for us to assess the validity of the

two homogenisation limits. Therefore, we also study the situation outside of

the root hair zone (at x3 = 0.75). From the results shown in Figure 4.9 it

seems that the new limit performs slightly better for a = 0.01. For a = 0.001,

the superiority of the new model can be stated with confidence.

4.8.1 Approximation using higher orders

We have shown how one can use the two-scale asymptotic expansions to obtain

homogenised equations, which give a behaviour averaged over the microscale.

However, one can also use the formal asymptotic analysis to uncover micro-

scopic variations, which tell us more about nutrient depletion close to the hair

surface, as can be seen in Figure 4.8. We now study the microscopic behaviour

of the two distinct a→ 0 limits obtained in Sections 4.6 and 4.7.

209



4.8 testing the new limit

Figure 4.8.: Comparison of the steady-state solutions at the root surface.
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4.8 testing the new limit

Figure 4.9.: Comparison of the steady-state solutions out of the hair zone.
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4.8 testing the new limit

From the analysis in these sections, we know that assuming no x1 or x2

variation is introduced via initial or macroscopic boundary conditions, we get

an approximation:

u(t, x1, x2, x3; ε) ∼ u0(t, x3) + ε f1(t, x3) + ε2u2(t,
x1

ε
,

x2

ε
, x3),

i.e. the first microscopically-nontrivial contribution comes at O(ε2) (for both

a = e−
1
ε and a = e−

1
ε2 ). For the a = e−

1
ε case (which we from now on denote

by a superscript A), uA
2 must satisfy:

∇2
yuA

2 = 2πCuA
0 (δ(0,0) − 1),

whereas for a = e−
λ
ε2 (which we denote by a superscript B), we have:

∇2
yuB

2 =
2πC

1 + Cλ
uB

0 (δ(0,0) − 1),

with λ = ε2 ln 1
a = O(1) (see the equations (235) and (240)). Thus, in the

former case, we can write:

uA
2 (t, y1, y2, x3) = f A

2 (t, x3) + 2πCuA
0 (t, x3)µ

A(y1, y2),

in the latter case, we can write:

uB
2 (t, y1, y2, x3) = f B

2 (t, x3) +
2πC

1 + Cλ
uB

0 (t, x3)µ
B(y1, y2),

and we want µA and µB to satisfy:

∇2
yµA = δ(0,0) − 1 = ∇2

yµB

in C0, together with the periodicity conditions at y1, y2 = ±1
2 . Note that the

equation and the boundary conditions for µA and µB are exactly the same, and

the solution is unique up to a constant.

Thus, we obtain two three-term approximations:

ũA(t, x1, x2, x3; ε) = uA
0 (t, x3) + ε f A

1 (t, x3)+

ε2
(

f A
2 (t, x3) + 2πCuA

0 (t, x3)µ
A(

x1

ε
,

x2

ε
)

)
(241)

and:

ũB(t, x1, x2, x3; ε) = uB
0 (t, x3) + ε f B

1 (t, x3)+

ε2
(

f B
2 (t, x3) +

2πC
1 + Cλ

uB
0 (t, x3)µ

B(
x1

ε
,

x2

ε
)

)
. (242)
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4.8 testing the new limit

For a thorough comparison, we would need to know the macroscopic be-

haviour of the f1 and f2 terms, which is tedious to obtain. However, we are

mostly interested in seeing how well the microscopic terms describe variations

observed in the full-geometry numerics. Thus, denoting u f ull to be the solu-

tion of the full-geometry problem, we make simplifying assumptions that for

all t and x3:

u f ull(t, 0.5× ε, 0.5× ε, x3) = uA
0 (t, x3) + ε f A

1 (t, x3) + ε2 f A
2 (t, x3) =

uB
0 (t, x3) + ε f B

1 (t, x3) + ε2 f B
2 (t, x3)

(where (x1, x2) = (0.5× ε, 0.5× ε) corresponds to a value in the corner of the

unit cell domain), and we impose:

µA(0.5, 0.5) = µB(0.5, 0.5) = 0

(so that the full-geometry numerics value is equal to the values of both two-

scale approximations at the corner of the domain). We now compare ũA and

ũB with the full-geometry numerics u f ull.

Assuming no dependence on the macroscopic x1, x2, the approximation (213)

reveals that the leading order microscopic contribution comes at O(ε2), and it

obeys the cell equation (212) for any a� e−
1

ε2 . Thus, our approximation (241)

is equally valid for any a� e−
1

ε2 .

Steady-state results at the root surface (x3 = 0) for decreasing a are shown

in Figure 4.10. We plot the solutions along a line segment starting at a point

(0.0, 0.0, 0.0) and ending at a point (0.25, 0.25, 0.0). Even though the situation

is a bit unclear for a = 0.1, we can easily see that the new model gives a better

approximation for a = 0.01, and the difference between the approximations is

even more magnified for a = 0.001.

Now we fix a = 0.001 (for which the new limit seems to perform well at the

root surface) and study whether the new approximation is applicable for a non-

zero distance from the root surface. Figure 4.11 shows the situation for two

distinct distances from the root surface (x3 = 0.2, 0.4 - the situation for x3 = 0.0

can be seen in Figure 4.10). The new limit gives a better approximation again.
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4.8 testing the new limit

Figure 4.10.: Comparison of the steady-state solutions at the root surface using

the higher-order microscopic behaviour (decreasing a).

214



4.8 testing the new limit

Figure 4.11.: Comparison of the steady-state solutions at varying distance from

the root surface using the higher-order microscopic behaviour

(a = 0.001).
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4.9 summary

4.8.2 Time evolution

So far, we have only compared the steady-state solutions. However, using the

two-scale analysis, we can model time evolution to these steady states as well,

and the results are shown in Figure 4.12. The new model performs better for

all chosen times.

4.9 summary

To summarise this chapter, we have shown that the presence of another small

parameter (a) may lead to erroneous results when solving models of nutrient

uptake by root hairs using the method of homogenisation. We described how

this new parameter influences behaviour at different orders of ε. Then, we

found the new limit (239), which is achieved for λ = ε2 ln 1
a = O(1). Subse-

quent comparisons between the full-geometry simulations and the numerical

solutions to the homogenised equations confirmed the results obtained using

formal asymptotics. However, for modelling real root hairs, taking ε as large

as 0.1 (i.e. modelling a small piece of root with 10 root hairs only), this scaling

leads to a = e−
λ
ε2 = e−100 ≈ 3.72× 10−44 (using λ = 1). This value seems too

small for any practical applications at the moment.

Let us note that after we had obtained most of our results from this chapter,

we discovered that similar homogenisation limits were rigorously found in

[56]. Here, the authors studied the Poisson equation in domains perforated

by thin tubes (with a slightly more general cross-section geometry) equipped

with a general nonlinear Robin-type boundary condition. However, we still

consider our results from this chapter to be of importance. Firstly, we used the

formal method of asymptotic expansions, which provides us with a desirable

validation of the rigorous results from [56], sheds light on the orders at which

different processes act, and makes the results available to broader audience. In

addition, we considered a time-dependent problem, and studied higher order

approximations as well. Finally, the asymptotic analysis was supported with

numerical results, which confirmed its validity.
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4.9 summary

Figure 4.12.: Comparison between the models at different times (x3 = 0.0). We

used a = 0.001, C = 1.0, and assumed a zero-flux boundary con-

dition at x3 = 1.0 (instead of the Dirichlet boundary condition;

this can be used to model inter-root competition).
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5
E F F E C T S O F R O O T C U RVAT U R E O N H A I R U P TA K E

M O D E L S

5.1 introduction

In preceding chapters, we always started with the assumption, that the root

surface is flattened (rolled) out. However, it is not clear how the flattening-out

process changes the equations involved.

If the length of a root hair is of the same order of magnitude as (or much

greater than) the radius of the root (which is usually the case; see [80] or

Section 1.4.4), then the distance between the tips of two neighbouring hairs is

of the same order of magnitude as (or much greater than) an inter-hair distance

measured along the root surface. This suggests that changes in governing

equations caused by the rolling-out process may result in a changed effective

(homogenised) equation.

First, we investigate the case in which the root hair length is much smaller than

the root radius and study changes in resulting homogenised equations. Then,

we move on to the case where the hair length is comparable to the root radius.

In the final section of this chapter, we compare derived effective models with

full-geometry simulations.

We assume for simplicity that the distance between the hairs neighbouring

along the root’s circumference h equals the distance along the root’s main

axis h0 (to our knowledge, the same assumption was used in all studies of hair

uptake via homogenisation so far). We start with a domain shown in Figure 5.1.

Note that notation used in this chapter is analogous to the one used in Section
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5.2 short root hairs

Figure 5.1.: The curved root surface and the most important parameters in this

chapter. The four hairs per each layer are chosen rather arbitrarily,

and this parameter will be changed in future.

2.6.3. We start with the dimensional continuity equation (127), the hair surface

boundary condition (128), and a constant initial condition ū(t̄ = 0) = ūin.

5.2 short root hairs

We nondimensionalise using the length of the root hair (h1). Thus, we get a

dimensionless root radius r0
h1

=: 1
δ , and we assume δ � 1. We further get a

dimensionless inter-hair distance (in an azimuthal angle direction, which we

denote by θ here) h
h1

and a dimensionless root length H
h1

.
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5.2 short root hairs

We first make a limit δ → 0 (in dimensional variables, this corresponds to

r0 → ∞; keeping h1 fixed), which describes the rolling-out process. At this

stage, we keep ε = h
h1

(or h in dimensional variables) fixed, which means that

as δ→ 0, we get more and more root hairs along the circumference of the root,

so that the distance between them is held constant. After that, we let ε → 0

(h→ 0 keeping h1 fixed), which is a homogenisation condition.

Starting with dimensional cartesian coordinates (w̄1, w̄2, w̄3), we nondimen-

sionalise as:

(w̄1, w̄2, w̄3) = h1(w1, w2, w3) t̄ =
h2

1
D

t ū = ūinu

and get a continuity equation:

∂u
∂t

= ∇2
wu, (243)

where ∇w = ( ∂
∂w1

, ∂
∂w2

, ∂
∂w3

), a hair boundary condition:

∇wu · n̂ = −Bh1

D
u = −

Bh2
1

hD
h
h1

u = −Aεu (244)

with A =
Bh2

1
hD , and:

u(t = 0) = 1.

Writing the continuity equation in cylindrical coordinates:

rw =
√

w2
1 + w2

2 θw = arctan
w2

w1
w3 = w3,

we get:
∂u
∂t

=
1

rw

∂

∂rw
{rw

∂u
∂rw
}+ 1

r2
w

∂2u
∂θ2

w
+

∂2u
∂w2

3
.

Now, we transform the coordinates in the following fashion (which corre-

sponds to the rolling-out process):

rw =
1
δ
+ x3

θw

δ
= x1 x2 = w3, (245)

and we get:

∂u
∂t

=
∂2u
∂x2

3
+

δ

1 + δx3

∂u
∂x3

+
δ2

(1 + δx3)2
∂2u
∂x2

1
(

1
δ
)2 +

∂2u
∂x2

2

or:
∂u
∂t

=
∂2u
∂x2

3
+

δ

1 + δx3

∂u
∂x3

+
1

(1 + δx3)2
∂2u
∂x2

1
+

∂2u
∂x2

2
. (246)
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5.2 short root hairs

For δ� 1, we have:

δ

1 + δx3
= δ(1− x3δ + (x3δ)2 − (x3δ)3 + ...) = δ− x3δ2 + x2

3δ3 − x3
3δ4 + ...,

1
(1 + δx3)2 = 1− 2x3δ + 3(x3δ)2 − 4(x3δ)3 + ...,

and thus we get:

∂u
∂t

=
∂2u
∂x2

3
+ (δ− x3δ2 + O(δ3))

∂u
∂x3

+

(1− 2x3δ + 3(x3δ)2 − 4(x3δ)3 + O(δ4))
∂2u
∂x2

1
+

∂2u
∂x2

2
.

(247)

Finally, we introduce ε = h
h1

as the homogenisation small parameter, y1 =

1
ε x1 = h1

h x1 and y2 = 1
ε x2 as the microscale variables in the two-scale ansatz

(136) (from previous analysis, we know that the microscale geometry is effec-

tively two-dimensional), and using the two-scale differential operators, we get:

∂(u0 + o(1))
∂t

=
∂2(u0 + o(1))

∂x2
3

+(δ + O(δ2))
∂(u0 + o(1))

∂x3
+

(1− 2x3δ + 3(x3δ)2−4(x3δ)3 + O(δ4))×

{ 1
ε2

∂2(u0 + εu1 + ε2u2 + o(ε2))

∂y2
1

+
2
ε

∂2(u0 + εu1 + o(ε))
∂y1∂x1

+
∂2(u0 + o(1))

∂x2
1

}+

{ 1
ε2

∂2(u0 + εu1 + ε2u2 + o(ε2))

∂y2
2

+
2
ε

∂2(u0 + εu1 + o(ε))
∂y2∂x2

+
∂2(u0 + o(1))

∂x2
2

}.

(248)

5.2.1 Transforming the hair boundary condition

We now transform the hair boundary condition. Using the dimensionless carte-

sian coordinates (w1, w2, w3), the surface of a root hair pointing in the ŵ1 di-

rection is given as:

F(w1, w2, w3) = w2
3 + w2

2 = (
r1

h1
)2, (249)

which means:

∇wF = (0, 2w2, 2w3),
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5.2 short root hairs

and this implies that a vector:

(0, w2, w3)

(w2
2 + w2

3)
1
2
=

(0, w2, w3)
r1
h1

is normal to this surface, and its norm is 1. For w3 > 0, we want the w3

component of the outward pointing unit vector normal to the hair surface to

be negative. Therefore, the outward pointing unit normal vector is:

n̂ = −h1

r1
(0, w2, w3),

which can be written in the cylindrical coordinates as:

n̂ = −h1

r1
(0, rw sin θw, w3). (250)

The nabla operator in the cartesian coordinates reads:

∇wu = (
∂u

∂w1
,

∂u
∂w2

,
∂u

∂w3
) = (

∂u
∂rw

∂rw

∂w1
+

∂u
∂θw

∂θw

∂w1
,

∂u
∂rw

∂rw

∂w2
+

∂u
∂θw

∂θw

∂w2
,

∂u
∂w3

),

which can be substituted (together with Equation (250)) into the boundary

condition (244) to give:

− Aεu = −h1

r1
(0, rw sin θw, w3)·

(
∂u
∂rw

∂rw

∂w1
+

∂u
∂θw

∂θw

∂w1
,

∂u
∂rw

∂rw

∂w2
+

∂u
∂θw

∂θw

∂w2
,

∂u
∂w3

).
(251)

Using:

rw =
√

w2
1 + w2

2 θw = arctan
w2

w1
,

we get:

∂rw

∂w2
=

w2√
w2

1 + w2
2

= sin θw
∂θw

∂w2
=

1
1 + (w2

w1
)2

1
w1

=
w1

w2
1 + w2

2
=

cos θw

rw
,

which after substituting into Equation (251) yields:

Aεu =
h1

r1
(

∂u
∂rw

rw sin2 θw +
∂u
∂θw

sin θw cos θw +
∂u

∂w3
w3).

Now, we change to the cartesian coordinates according to Transformation (245)

and get:

Aεr1u
h1

=
∂u
∂x3

(
1
δ
+ x3) sin2 δx1 +

∂u
∂x1

1
δ

sin δx1 cos δx1 +
∂u
∂x2

x2.
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5.2 short root hairs

Downscaling to the microscale variables (y1, y2) =
(x1,x2)

ε , we get:

Aεr1u
h

h
h1

=
∂u
∂x3

(
1
δ
+ x3) sin2 δεy1 +

1
ε

∂u
∂y1

1
δ

sin δy1ε cos δεy1 +
1
ε

∂u
∂y2

εy2. (252)

Denoting U = r1 A
h , recalling that sin δεy1 cos δεy1 = 1

2 sin 2δεy1, and using

Taylor expansions (as both δ and ε are small):

sin δεy1 = δεy1 −
(δεy1)

3

6
+ O((εδ)5)

sin 2δεy1 = 2δεy1 −
4
3
(δεy1)

3 + O((εδ)5),

we get:

Uε2u =
∂u
∂x3

(
1
δ
+ x3)((δεy1)

2 − (δεy1)
4

3
+ O((εδ)6))+

1
ε

∂u
∂y1

1
δ
(δεy1 −

2
3
(δεy1)

3 + O((εδ)5)) +
∂u
∂y2

y2.

Simplifying, we conclude:

Uε2u =
∂u
∂x3

(δε2y2
1 + O((εδ)2)) +

∂u
∂y1

(y1 −
2
3

ε2δ2y3
1 + O((εδ)4)) +

∂u
∂y2

y2.

(253)

Multiscale expansions and operators (ε = h
h1
� 1) give:

Uε2(u0 + o(1)) =
∂

∂x3
(u0 + o(1))(δε2y2

1 + O((εδ)2))+

(y1 −
2
3

ε2δ2y3
1 + O((εδ)4))(

∂

∂y1
+ ε

∂

∂x1
)(u0 + εu1 + ε2u2 + o(ε2))+

y2(
∂

∂y2
+ ε

∂

∂x2
)(u0 + εu1 + ε2u2 + o(ε2)). (254)

5.2.2 Homogenisation

To uncover the microscale geometry, we rewrite Equation (249) in the cylindri-

cal coordinates as:

w2
3 + r2

w sin2 θw = (
r1

h1
)2

and use the rolling-out Transformation (245) to get:

x2
2 + (

1
δ
+ x3)

2 sin2 δx1 = (
r1

h1
)2.
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For δ� 1 we know:

sin δx1 = δx1 −
(δx1)

3

6
+ O(δ5),

which gives:

x2
2 + (

1
δ2 +

2
δ

x3 + x2
3)(δ

2x2
1 + O(δ4)) = (

r1

h1
)2

or:

x2
2 + (x2

1 + O(δ)) = (
r1

h1
)2.

Sending δ to 0 yields:

x2
2 + x2

1 = (
r1

h1
)2,

and downscaling gives:

(εy2)
2 + ε2y2

1 = (
r1

h
)2(

h
h1
)2 = ε2(

r1

h
)2

or:

y2
2 + y2

1 = (
r1

h
)2.

This defines a circle in the (y1, y2)-plane centered at (0, 0) with a radius of
r1
h = a, which is identical to the microscale geometry from Figure 3.3. Note that

for the δ = O(1) case which we will study in the next section, the microscopic

hair boundary changes into an ellipse (see derivations in Section 5.3 or Figure

5.11).

In the δ→ 0 limit, the boundary condition (254) becomes:

Uε2(u0 + o(1)) = y1(
∂

∂y1
+ ε

∂

∂x1
)(u0 + εu1 + ε2u2 + o(ε2))+

y2(
∂

∂y2
+ ε

∂

∂x2
)(u0 + εu1 + ε2u2 + o(ε2)),

and Equation (248) reduces to:

∂(u0 + o(1))
∂t

=
1
ε2

∂2(u0 + εu1 + ε2u2 + o(ε2))

∂y2
1

+
2
ε

∂2(u0 + εu1 + o(ε))
∂y1∂x1

+

∂2(u0 + o(1))
∂x2

1
+

1
ε2

∂2(u0 + εu1 + ε2u2 + o(ε2))

∂y2
2

+

2
ε

∂2(u0 + εu1 + o(ε))
∂y2∂x2

+
∂2(u0 + o(1))

∂x2
2

+
∂2(u0 + o(1))

∂x2
3

.
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Thus, we have recovered the same microscale geometry and governing equa-

tions as those we started with in the previous chapters (compare with the

continuity equation (137) and the hair boundary condition (138)).

However, the expansion u ≈ u0 + εu1 + ε2u2 + o(ε2) is not always appropri-

ate as the following example demonstrates. Assume δ = ε
1
2 . At O(ε−2), we

get u0 = u0(t, x), which is consistent with the continuity equation at O(ε−
3
2 ):

−2x3
∂2u0
∂y2

1
= 0. At O(ε−1), we get (using the fact that u0 is independent of the

microscale) ∇2
yu1 = 0, which together with the usual hair surface boundary

condition implies that u1 has a nontrivial microscopic behaviour (see Equa-

tion (142)). However, this is in contradiction with the continuity equation at

O(ε−
1
2 ): −2x3

∂2u1
∂y2

1
= 0. Thus, we need to consider more general asymptotic

expansions, containing exponents that are not natural numbers.

Therefore, we go back to Equation (247) and the hair boundary condition (253).

Assume δ = µεγ with µ = O(1) and γ > 0. Using the two-scale operators, we

get a continuity equation:

∂u
∂t

=
∂2u
∂x2

3
+ o(1) + { 1

ε2
∂2u
∂y2

2
+

2
ε

∂2u
∂y2∂x2

+
∂2u
∂x2

2
}+

(1− 2x3µεγ + 3(x3µεγ)2 − 4(x3µεγ)3 + O(ε4γ))×

{ 1
ε2

∂2u
∂y2

1
+

2
ε

∂2u
∂y1∂x1

+
∂2u
∂x2

1
}

(255)

and a hair surface boundary condition:

Uε2u = o(ε2) + (y1 + o(ε2))(
∂u
∂y1

+ ε
∂u
∂x1

) + y2(
∂u
∂y2

+ ε
∂u
∂x2

). (256)

Furthermore, we can rewrite the continuity equation as:

∂u
∂t

=
∂2u
∂x2

3
+

{ 1
ε2

∂2u
∂y2

1
+

2
ε

∂2u
∂y1∂x1

+
∂2u
∂x2

1
}+ { 1

ε2
∂2u
∂y2

2
+

2
ε

∂2u
∂y2∂x2

+
∂2u
∂x2

2
}+ o(1)+

(−2x3µεγ + 3(x3µεγ)2 − 4(x3µεγ)3 + O(ε4γ)){ 1
ε2

∂2u
∂y2

1
+

2
ε

∂2u
∂y1∂x1

+
∂2u
∂x2

1
}.

Apart from the last line, this equation is identical to the one studied in previ-

ous chapters. Thus, any (potential) new terms can only originate from the last

line of this equation.
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We already know that a homogenised equation is obtained using O(ε2) terms

from the boundary condition. However, we see that all terms up to this order

are unchanged (independent of the choice of γ). Therefore, it is sufficient to

focus on the continuity equation. Here, in order to obtain the homogenised

equation, one needs to expand up to O(1). Notice that for any γ > 0, assum-

ing ansatz u = u0 + o(1), we always conclude that u0 is independent of the

microscopic variables. This also means that we can rewrite Equation (255) as:

∂u
∂t

=
∂2u
∂x2

3
+ { 1

ε2
∂2u
∂y2

1
+

2
ε

∂2u
∂y1∂x1

+
∂2u
∂x2

1
}+ { 1

ε2
∂2u
∂y2

2
+

2
ε

∂2u
∂y2∂x2

+
∂2u
∂x2

2
}+

o(1) + (−2x3µεγ + 3(x3µεγ)2 − 4(x3µεγ)3 + O(ε4γ)){ 1
ε2

∂2u
∂y2

1
+

2
ε

∂2u
∂y1∂x1

},

(257)

and we can focus solely on new terms coming from the last line of this equa-

tion.

Now, we get rid of one more term. We prove that there can be no uαεα term in

the asymptotic expansion with a nontrivial microscopic behaviour for α < 1.

Suppose such a term exists. Assume further that α is the smallest number

with this property. From O(εα) in the boundary condition (256), we get

∇yuα · n̂ = 0. From O(ε−2+α) in Equation (257), we get ∇2
yuα = 0. These

conditions together with the periodic boundary conditions in y1 and y2 im-

ply that uα is independent of the microscale, which is in contradiction with
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our assumption, that uα has a nontrivial microscopic behaviour. Thus, we can

rewrite Equation (257) as:

∂u
∂t

=
∂2u
∂x2

3
+ { 1

ε2
∂2u
∂y2

1
+

2
ε

∂2u
∂y1∂x1

+
∂2u
∂x2

1
}+ { 1

ε2
∂2u
∂y2

2
+

2
ε

∂2u
∂y2∂x2

+
∂2u
∂x2

2
}+

(−2x3µεγ + 3(x3µεγ)2 − 4(x3µεγ)3 + O(ε4γ))
1
ε2

∂2u
∂y2

1
+ o(1) =

∂2u
∂x2

3
+ { 1

ε2
∂2u
∂y2

1
+

2
ε

∂2u
∂y1∂x1

+
∂2u
∂x2

1
}+ { 1

ε2
∂2u
∂y2

2
+

2
ε

∂2u
∂y2∂x2

+
∂2u
∂x2

2
}+

(−2x3µε−2+γ + 3ε−2+2γ(x3µ)2 − 4ε−2+3γ(x3µ)3 + O(ε−2+4γ))×
∂2(u1ε + ... + uαεα + ...)

∂y2
1

+ o(1) =

∂2u
∂x2

3
+ { 1

ε2
∂2u
∂y2

1
+

2
ε

∂2u
∂y1∂x1

+
∂2u
∂x2

1
}+ { 1

ε2
∂2u
∂y2

2
+

2
ε

∂2u
∂y2∂x2

+
∂2u
∂x2

2
}+

(−2x3µε−1+γ + 3ε−1+2γ(x3µ)2 − 4ε−1+3γ(x3µ)3 + O(ε−1+4γ))×
∂2(u1 + ... + uαεα−1 + ...)

∂y2
1

+ o(1),

(258)

and all new terms will come from the last two lines of this equation. Hav-

ing expressed the continuity equation this way, it is easy to keep track of

any new terms arising at various orders as we make γ smaller and smaller.

The new terms can only be nontrivial in case some uα from Equation (258)

is nontrivially dependent on y1. As we have seen before, O(ε−1) in the con-

tinuity equation gives ∇2
yu1 = 0, and O(ε) in the boundary condition gives

∇yu1 · n̂ = −∇xu0 · n̂, which results in:

u1 = ∇xu0 · λ0(y1, y2) + f1(t, x), (259)

where λ0 = (λ0
1, λ0

2, 0), λ0
1 and λ0

2 satisfy Laplace’s equation, the usual peri-

odicity conditions and the hair surface boundary conditions ∇yλ0
1 · n̂ = −n1,

∇yλ0
2 · n̂ = −n2. These cell problems are identical to those described in Section

3.2.1; here we used the superscript 0, because we will soon derive many other

cell problems, the solutions of which will be denoted by superscripts 1, 2, 3 etc.

This means that u1 is the lowest order term in the asymptotic expansion for u

with a nontrivial microscopic behaviour.
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Using our knowledge of uβ for β < 1, we can rewrite the continuity equation

one last time, putting all terms not needed for homogenisation in o(1):

∂u0

∂t
=

∂2u0

∂x2
3
+ { 1

ε2
∂2(εu1 + o(ε))

∂y2
1

+ 2
∂2u1

∂y1∂x1
+

∂2u0

∂x2
1
}+

{ 1
ε2

∂2(εu1 + o(ε))
∂y2

2
+ 2

∂2u1

∂y2∂x2
+

∂2u0

∂x2
2
}+ o(1)+

(−2x3µε−1+γ + 3ε−1+2γ(x3µ)2 − 4ε−1+3γ(x3µ)3 + O(ε−1+4γ))×
∂2(u1 + ... + uαεα−1 + ...)

∂y2
1

.

(260)

From this expression containing all possible O(1) terms in the continuity equa-

tion (integrating which we obtain the homogenised equation), it is easy to

identify the values of γ which yield the new terms. The condition states:

−1 + mγ = 0 ∀m ∈N

or:

γ =
1
m

.

This gives a sequence γ = 1, 1
2 , 1

3 , 1
4 , ... We now analyse the situation for γ

decreasing from arbitrarily large values down to zero.

Case γ > 1

If γ > 1, no new terms arise up to O(1), and we arrive at the same ho-

mogenised equation (155).

Case γ = 1

At O(ε−1), we observe no changes (this is true for any γ > 0). At O(1), we

find a new term −2x3µ ∂2u1
∂y2

1
, and using the separation of scales from Equation

(259), this becomes:

−2x3µ
{∂u0

∂x1

∂2λ0
1

∂y2
1
+

∂u0

∂x2

∂2λ0
2

∂y2
1

}
.

We now show that integrating both terms from the previous equation over the

unit cell we get zero. Using the divergence theorem, we get:∫
C

∂2λ0
1

∂y2
1

dS =
∫
C

∇ · (
∂λ0

1
∂y1

, 0)dS =
∫

∂C

(
∂λ0

1
∂y1

, 0) · n̂dl =
∫
U

∂λ0
1

∂y1
n1dl,
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Figure 5.2.: The solution of the first unit cell problem and its derivative with

respect to y1.

where in the last step, we used the periodic flux condition for λ0
1 (recall that U

is the uptaking part of the two-dimensional unit cell boundary as defined in

Equation (151)). Similarly:

∫
C

∂2λ0
2

∂y2
1

dS =
∫
C

∇ · (
∂λ0

2
∂y1

, 0)dS =
∫

∂C

(
∂λ0

2
∂y1

, 0) · n̂dl =
∫
U

∂λ0
2

∂y1
n1dl.

Thus, the question of whether the new terms integrate out to zero or not can be

answered by calculating certain integrals over the root hair part of the bound-

ary. It remains to show, that:

∫
U

∂λ0
1

∂y1
n1dl = 0 =

∫
U

∂λ0
2

∂y1
n1dl.

Figure 5.2 shows λ0
1 and ∂λ0

1
∂y1

numerically computed in FEniCS. This figure

suggests us to think that ∂λ0
1

∂y1
is even in y1, i.e. that for any (s, t) belonging to

the unit cell, we have:
∂λ0

1(s, t)
∂y1

=
∂λ0

1(−s, t)
∂y1

. (261)

As it is easy to see that the first component of the outward pointing unit normal

vector at the hair surface n1 is odd in y1 (n1(s, t) = −n1(−s, t)), we conclude:

∫
U

∂λ0
1

∂y1
n1dl = 0.
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Figure 5.3.: The solution of the second unit cell problem and its derivative with

respect to y1.

Let us briefly note that the relationship (261) stems from a fact that λ0
1 can be

written as the sum of a function odd in y1 and a constant (which originates

from the symmetries of our geometry, continuity equation and boundary con-

ditions, and can be shown using techniques similar to those presented in Sec-

tion 3.2.1), and from a well-known rule stating that the derivative of an odd

function is even.

Similar to the previous analysis, Figure 5.3 suggests that ∂λ0
2

∂y1
is odd in y2, i.e.

for any (s, t) belonging to the unit cell, we have:

−
∂λ0

2(s, t)
∂y1

=
∂λ0

2(s,−t)
∂y1

. (262)

The first component of the outward pointing unit normal vector at the hair

surface n1 is even in y2 (n1(s, t) = n1(s,−t)), and therefore:

∫
U

∂λ0
2

∂y1
n1dl = 0.

The relationship (262) stems from a fact that λ0
2 can be written as the sum of a

function odd in y2 and a constant (which again originates from the symmetries

of our geometry, continuity equation and boundary conditions).

We have shown that the new terms in the γ = 1 case yield 0 when integrated

over the microscale, and thus do not affect the effective equation.
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Case γ ∈ (1
2 , 1)

At O(1) in the continuity equation (260), we get a new term: −2x3µ
∂2u2−γ

∂y2
1

. At

O(ε−γ) in the continuity equation (260), we get:

∇2
yu2−γ = 0

(as −1 + γ > −γ in this case), and from the boundary condition (256) at

O(ε2−γ), we know:

∇yu2−γ · n̂ = −∇xu1−γ · n̂.

Knowing that u1−γ is independent of the microscale, we conclude:

u2−γ = ∇xu1−γ(t, x) · λ0(y1, y2) + f2−γ(t, x),

where f2−γ(t, x) is a yet unknown function, and λ0 obeys the same unit cell

problems as those considered in the γ = 1 case. Substituting γ = 1, we recover

the same term as in the previous section. As shown therein, the new term

integrates to 0.

Case γ = 1
2

We already briefly mentioned the problem with the γ = 1
2 case. To solve this

problem, we now use an expansion:

u ≈ u0 + ε
1
2 u 1

2
+ εu1 + ε

3
2 u 3

2
+ ε2u2 + o(ε2).

At O(1) in Equation (260), we get two new terms:

−2µx3

∂2u 3
2

∂y2
1

and

+3µ2x2
3

∂2u1

∂y2
1

.

From previous sections we know that the second term integrates out to 0.

At O(ε−
1
2 ) in Equation (260), we find:

∇2
yu 3

2
= 2µx3

∂2u1

∂y2
1

= 2µx3∇xu0 · (
∂2λ0

1
∂y2

1
,

∂2λ0
2

∂y2
1

, 0),
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and at O(ε
3
2 ) in the boundary condition (256), we get:

∇yu 3
2
· n̂ = −∇xu 1

2
· n̂.

This yields:

u 3
2
= (λ0

1(y1, y2), λ0
2(y1, y2)) · (

∂u 1
2

∂x1
,

∂u 1
2

∂x2
) + 2µx3∇xu0 · λ1 + f 3

2
(t, x),

where λ1 = (λ1
1, λ1

2) satisfies continuity equations:

∇2
yλ1

1 =
∂2λ0

1
∂y2

1
∇2

yλ1
2 =

∂2λ0
2

∂y2
1

, (263)

and hair surface boundary conditions:

∇yλ1
1 · n̂ = 0 = ∇yλ1

2 · n̂. (264)

Thus, the first term becomes:

−2µx3

∂2u 3
2

∂y2
1

= −2µx3{(
∂2λ0

1
∂y2

1
,

∂2λ0
2

∂y2
1
) · (

∂u 1
2

∂x1
,

∂u 1
2

∂x2
)+

2µx3(
∂u0

∂x1
,

∂u0

∂x2
) · (

∂2λ1
1

∂y2
1

,
∂2λ1

2
∂y2

1
)}

From previous sections we know that the first term on the right-hand side of

this equation integrates out to 0. We now show that the same applies to the

second term on the right-hand side. As before, it suffices to show that:

∫
U

∂λ1
1

∂y1
n1dl = 0 =

∫
U

∂λ1
2

∂y1
n1dl.

Figure 5.4 shows λ1
1 and ∂λ1

1
∂y1

numerically computed in FEniCS. This figure

suggests that ∂λ1
1

∂y1
is even in y1, and using n1(s, t) = −n1(−s, t) for any (s, t)

belonging to the hair surface, we conclude:

∫
U

∂λ1
1

∂y1
n1dl = 0.

The reason for ∂λ1
1

∂y1
being even in y1 is that λ1

1 is odd in y1 (up to a constant).

This can be shown using symmetry arguments similar to those introduced in

Section 3.2.1 and requires the forcing term on the right-hand side of Poisson’s
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Figure 5.4.: The solution of the λ1
1 (unit cell) problem and its derivative with

respect to y1.

equation for λ1
1 (i.e. ∂2λ0

1
∂y2

1
) to be odd in y1

1. This is caused by the already

shown fact that ∂λ0
1

∂y1
is even in y1 (see Equation (261) and the reasoning in the

γ = 1 case).

Figure 5.5 shows λ1
2 and ∂λ1

2
∂y1

numerically computed in FEniCS. This figure

suggests that ∂λ1
2

∂y1
is odd in y2, and using n1(s, t) = n1(s,−t) for any (s, t)

belonging to the hair surface, we conclude:

∫
U

∂λ1
2

∂y1
n1dl = 0.

The reason for ∂λ1
2

∂y1
being odd in y2 is that λ1

2 is odd in y2 (up to a constant).

This can be shown using symmetry arguments similar to those presented in

Section 3.2.1 and requires the forcing term on the right-hand side of Poisson’s

1 Denoting f (y1, y2) = −λ1
1(−y1, y2) we have:

∇2
y f (y1, y2) = −(

∂2λ1
1

∂y2
1
(−y1, y2) +

∂2λ1
1

∂y2
2
(−y1, y2)) =

−
∂2λ0

1
∂y2

1
(−y1, y2) =

∂2λ0
1

∂y2
1
(y1, y2),

provided ∂2λ0
1

∂y2
1

is odd in y1. f satisfies the same conditions as λ1
1, and uniqueness yields that

λ1
1 is odd in y1 (up to a constant).

233



5.2 short root hairs

Figure 5.5.: The solution of the λ1
2 (unit cell) problem and its derivative with

respect to y1.

equation for λ1
2 (i.e. ∂2λ0

2
∂y2

1
) to be odd in y2

2. This is caused by the already

shown fact that ∂λ0
2

∂y1
is odd in y2.

Therefore, none of the new terms changes the homogenised equation.

Case γ ∈ (1
3 , 1

2)

At O(1), we get two new terms:

−2x3µ
∂2u2−γ

∂y2
1

and:

+3x2
3µ2 ∂2u2−2γ

∂y2
1

.

From O(ε−2γ) in the continuity equation (260), we get:

∇2
yu2−2γ = 0,

2 Denoting g(y1, y2) = −λ1
2(y1,−y2) we have:

∇2
yg(y1, y2) = −(

∂2λ1
2

∂y2
1
(y1,−y2) +

∂2λ1
2

∂y2
2
(y1,−y2)) =

−
∂2λ0

2
∂y2

1
(y1,−y2) =

∂2λ0
2

∂y2
1
(y1, y2),

provided ∂2λ0
2

∂y2
1

is odd in y2. g satisfies the same conditions as λ1
2, and uniqueness yields that

λ1
2 is odd in y2 (up to a constant).
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and at O(ε2−2γ) in the boundary condition (256), we find:

∇yu2−2γ · n̂ = ∇xu1−2γ · n̂,

which suggests that:

u2−2γ = ∇xu1−2γ · λ0 + f2−2γ(t, x).

From O(ε−γ) in the continuity equation (260), we get:

∇2
yu2−γ = 2x3µ

∂2u2−2γ

∂y2
1

= 2x3µ∇xu1−2γ · (
∂2λ0

1
∂y2

1
,

∂2λ0
2

∂y2
1
),

and at O(2− γ) in the boundary condition (256), we find:

∇yu2−γ · n̂ = ∇xu1−γ · n̂,

which implies:

u2−γ = λ0 · ∇xu1−γ + 2µx3λ1 · ∇xu1−2γ + f2−γ(t, x).

Therefore, the new terms become:

−2x3µ
∂2u2−γ

∂y2
1

= −2x3µ{∂2λ0

∂y2
1
· ∇xu1−γ + 2µx3

∂2λ1

∂y2
1
· ∇xu1−2γ}

and

+3x2
3µ2 ∂2u2−2γ

∂y2
1

= +3x2
3µ2∇xu1−2γ ·

∂2λ0

∂y2
1

.

As shown in the previous section, all these terms integrate out to 0. Moreover,

note that after substituting γ = 1
2 , we recover the results from the previous

section. Because of these analogies, there is no need to do the γ = 1
N cases

separately, and from now onwards, we study γ belonging to intervals that

include their greater endpoint.

Case γ ∈ (1
4 , 1

3 ]

At O(1), we get three new terms, namely −2x3µ
∂2u2−γ

∂y2
1

, +3x2
3µ2 ∂2u2−2γ

∂y2
1

and

−4x3
3µ3 ∂2u2−3γ

∂y2
1

.

At O(ε−3γ) in the continuity equation (260), we get:

∇2
yu2−3γ = 0,
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5.2 short root hairs

and at O(ε2−3γ) in the boundary condition (260), we find:

∇yu2−3γ · n̂ = −∇xu1−3γ · n̂,

which means:

u2−3γ = λ0 · ∇xu1−3γ + f2−3γ.

At O(ε−2γ) in the continuity equation (260), we get:

∇2
yu2−2γ = 2x3µ

∂2u2−3γ

∂y2
1

= 2x3µ∇xu1−3γ ·
∂2λ0

∂y2
1

,

and at O(ε2−2γ) in the boundary condition (256), we find:

∇yu2−2γ · n̂ = −∇xu1−2γ · n̂,

which implies:

u2−2γ = λ0 · ∇xu1−2γ + 2x3µ∇xu1−3γ · λ1 + f2−2γ.

At O(ε−γ) in the continuity equation (260), we find:

∇2
yu2−γ = 2x3µ

∂2u2−2γ

∂y2
1
− 3x2

3µ2 ∂2u2−3γ

∂y2
1

=

2x3µ{∂2λ0

∂y2
1
· ∇xu1−2γ + 2x3µ∇xu1−3γ ·

∂2λ1

∂y2
1
} − 3x2

3µ2 ∂2λ0

∂y2
1
· ∇xu1−3γ,

and from O(ε2−γ) in the boundary condition (256), we get:

∇yu2−γ · n̂ = −∇xu1−γ · n̂,

which leads to:

u2−γ = λ0 · ∇xu1−γ + {2x3µ∇xu1−2γ − 3x2
3µ2∇xu1−3γ} · λ1+

(2x3µ)2∇xu1−3γλ2 + f2−γ,

where λ2 = (λ2
1, λ2

2) satisfies continuity equations:

∇2
yλ2

1 =
∂2λ1

1
∂y2

1
∇2

yλ2
2 =

∂2λ1
2

∂y2
1

(265)

and hair surface boundary conditions:

∇yλ2
1 · n̂ = 0 = ∇yλ2

2 · n̂. (266)
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5.2 short root hairs

Therefore, the three new terms become:

−2x3µ
∂2u2−γ

∂y2
1

= −2x3µ{∂2λ0

∂y2
1
· ∇xu1−γ+

{2x3µ∇xu1−2γ − 3x2
3µ2∇xu1−3γ} ·

∂2λ1

∂y2
1
+ (2x3µ)2∇xu1−3γ

∂2λ2

∂y2
1
}

3x2
3µ2 ∂2u2−2γ

∂y2
1

= 3x2
3µ2{∂2λ0

∂y2
1
· ∇xu1−2γ + 2x3µ∇xu1−3γ ·

∂2λ1

∂y2
1
}

and

−4x3
3µ3 ∂2u2−3γ

∂y2
1

= −4x3
3µ3 ∂2λ0

∂y2
1
· ∇xu1−3γ

We know that the terms containing ∂2λ0

∂y2
1

or ∂2λ1

∂y2
1

integrate out to 0. Therefore,

the only possible change in the homogenised equation might come from the
∂2λ2

∂y2
1

term. However, the situation here is analogous to the previous section. To

see that, we compare the continuity equations (263) with the continuity equa-

tions (265).

To show that the ∂2λ1
1

∂y2
1

term integrates out to 0, it was sufficient to show that
∂2λ0

1
∂y2

1
is odd in y1. We further showed that ∂λ1

1
∂y1

is even in y1, which implies

that ∂2λ1
1

∂y2
1

is odd in y1, and this is the right-hand-side forcing term in the conti-

nuity equation for λ2
1 (265). As the hair boundary conditions are unchanged

(compare Equation (264) with Equation (266)), and the periodicity conditions

remain the same, we conclude that the ∂2λ2
1

∂y2
1

term integrates out to 0.

To show that the ∂2λ1
2

∂y2
1

term yields 0 after integration, it was sufficient to show

that ∂2λ0
2

∂y2
1

is odd in y2. In the same section we also showed that ∂λ1
2

∂y1
is odd in y2,

which implies that ∂2λ1
2

∂y2
1

is odd in y2 as well, and this is the right-hand side of

the continuity equation for λ2
2 (265). By the same reasoning, we get that the

∂2λ2
2

∂y2
1

term integrates out to 0.

Having gained some insight into the problem, we now proceed with the gen-

eral case.

Case γ ∈ ( 1
N+1 , 1

N ]

At O(1) in the continuity equation (260), we get N new terms: −2x3µ
∂2u2−γ

∂y2
1

,

+3x2
3µ2 ∂2u2−2γ

∂y2
1

,..., (−1)N(N + 1)xN
3 µN ∂2u2−Nγ

∂y2
1

. This is caused by a fact that for
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5.2 short root hairs

γ ∈ ( 1
N+1 , 1

N ], we have 2− Nγ ∈ [1, N+2
N+1), which is an acceptable range for α

(recall that we need α ≥ 1 - see Equation (260)). However, 2− (N + 1)γ ∈

[N−1
N , 1), and we have already shown that the terms uα for α < 1 are indepen-

dent of the microscale.

From O(ε−Nγ) in the continuity equation (260), we get:

∇2
yu2−Nγ = 0,

and at O(ε2−Nγ) in the boundary condition (256), we find:

∇yu2−Nγ · n̂ = −∇xu1−Nγ · n̂,

which means:

u2−Nγ = λ0 · ∇xu1−Nγ + f2−Nγ.

From O(ε−(N−1)γ) in the continuity equation (260), we get:

∇2
yu2−(N−1)γ = 2x3µ

∂2u2−Nγ

∂y2
1

= 2x3µ∇xu1−Nγ ·
∂2λ0

∂y2
1

,

and at O(ε2−(N−1)γ) in the boundary condition (256), we find:

∇yu2−(N−1)γ · n̂ = −∇xu1−(N−1)γ · n̂,

which implies:

u2−(N−1)γ = λ0 · ∇xu1−(N−1)γ + 2x3µ∇xu1−Nγ · λ1 + f2−(N−1)γ.

From O(ε−(N−2)γ) in the continuity equation (260), we know:

∇2
yu2−(N−2)γ = 2x3µ

∂2u2−(N−1)γ

∂y2
1

− 3x2
3µ2 ∂2u2−Nγ

∂y2
1

=

2x3µ{∂2λ0

∂y2
1
· ∇xu1−(N−1)γ + 2x3µ∇xu1−Nγ ·

∂2λ1

∂y2
1
}−

3x2
3µ2 ∂2λ0

∂y2
1
· ∇xu1−Nγ,

and at O(ε2−(N−2)γ) in the boundary condition (256), we uncover:

∇yu2−(N−2)γ · n̂ = −∇xu1−(N−2)γ · n̂,
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5.2 short root hairs

which leads to:

u2−(N−2)γ = λ0 · ∇xu1−(N−2)γ + {2x3µ∇xu1−(N−1)γ − 3x2
3µ2∇xu1−Nγ} · λ1+

(2x3µ)2∇xu1−Nγλ2 + f2−(N−2)γ.

At O(ε−(N−3)γ) in the continuity equation (260), we find:

∇2
yu2−(N−3)γ = 2x3µ

∂2u2−(N−2)γ

∂y2
1

− 3x2
3µ2 ∂2u2−(N−1)γ

∂y2
1

+ 4x3
3µ3 ∂2u2−Nγ

∂y2
1

=

2x3µ{∂2λ0

∂y2
1
· ∇xu1−(N−2)γ + {2x3µ∇xu1−(N−1)γ−

3x2
3µ2∇xu1−Nγ} ·

∂2λ1

∂y2
1
+ (2x3µ)2∇xu1−Nγ

∂2λ2

∂y2
1
}−

3x2
3µ2{∂2λ0

∂y2
1
· ∇xu1−(N−1)γ + 2x3µ∇xu1−Nγ ·

∂2λ1

∂y2
1
}+

4x3
3µ3 ∂2λ0

∂y2
1
· ∇xu1−Nγ,

and from O(ε2−(N−3)γ) in the boundary condition (256), we get:

∇yu2−(N−3)γ · n̂ = −∇xu1−(N−3)γ · n̂.

We can write the form of u2−(N−3)γ in the usual way, introducing λ3 with

zero-flux boundary conditions at the hair surface, the periodicity conditions at

y1, y2 = ±1
2 , and continuity equations:

∇2
yλ3

1 =
∂2λ2

1
∂y2

1
∇2

yλ3
2 =

∂2λ2
2

∂y2
1

in the unit cell C.

Uncovering the behaviour of every next term is becoming more and more

tedious. We could attempt to write a general u2−iγ term. However, this is not

necessary. Let us, instead, write down the new terms discussed so far:

(−1)N(N + 1)xN
3 µN ∂2u2−Nγ

∂y2
1

= (−1)N(N + 1)xN
3 µN ∂2λ0

∂y2
1
· ∇xu1−Nγ

(−1)N−1NxN−1
3 µN−1 ∂2u2−(N−1)γ

∂y2
1

=

(−1)N−1NxN−1
3 µN−1{∂2λ0

∂y2
1
· ∇xu1−(N−1)γ+
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5.2 short root hairs

2x3µ∇xu1−Nγ ·
∂2λ1

∂y2
1
}

(−1)N−2(N − 1)xN−2
3 µN−2 ∂2u2−(N−2)γ

∂y2
1

=

(−1)N−2(N − 1)xN−2
3 µN−2{∂2λ0

∂y2
1
· ∇xu1−(N−2)γ+

{2x3µ∇xu1−(N−1)γ − 3x2
3µ2∇xu1−Nγ} ·

∂2λ1

∂y2
1
+ (2x3µ)2∇xu1−Nγ

∂2λ2

∂y2
1
}

(−1)N−3(N − 2)xN−3
3 µN−3 ∂2u2−(N−3)γ

∂y2
1

=

(−1)N−3(N − 2)xN−3
3 µN−3{∂2λ0

∂y2
1
· ∇xu1−(N−3)γ+

{2x3µ∇xu1−(N−2)γ − 3x2
3µ2∇xu1−(N−1)γ + 4x3

3µ3∇xu1−Nγ} ·
∂2λ1

∂y2
1
+

∂2λ2

∂y2
1
· {−2(2µx33µ2x2

3∇xu1−Nγ) + (2µx3)
2∇xu1−(N−1)γ}+

∂2λ3

∂y2
1
· ∇xu1−Nγ(2x3µ)3}

...

It is not crucial to write all the new terms explicitly. The key idea is that all

microscale contributions contained in these new terms are of a form ∂2λi

∂y2
1

for

i ∈ {0, 1, 2, ..., N − 1}. We now show that all these terms integrate out to 0.

changes to the homogenised equation We have already shown

that the ∂2λ0

∂y2
1

and ∂2λ1

∂y2
1

terms integrate out to 0. For m ≥ 2, we have:

∇2
yλm =

∂2λm−1

∂y2
1

equipped with the periodic boundary conditions and:

∇yλm
1 · n̂ = 0 = ∇λm

2 · n̂

as the hair boundary conditions.

As we saw in previous sections, if ∂2λm−1
1

∂y2
1

is odd in y1, then ∂2λm
1

∂y2
1

is odd in y1 as

well. As we have shown that ∂λ0
1

∂y1
is even in y1, it follows that ∂2λ0

1
∂y2

1
is odd in y1,
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5.3 δ = O(1)

and thus ∂2λm
1

∂y2
1

for any m ∈ N0 is odd in y1 too. As a consequence, all the ∂2λm
1

∂y2
1

terms give 0 after the integration.

Similarly, we saw that if ∂2λm−1
2

∂y2
1

is odd in y2, then ∂2λm
2

∂y2
1

is odd in y2 as well. As

we have shown that ∂λ0
2

∂y1
is odd in y2, it follows that ∂2λ0

2
∂y2

1
is odd in y2, and thus

∂2λm
2

∂y2
1

for any m ∈ N0 is odd in y2 too. As a consequence, all the ∂2λm
2

∂y2
1

terms

integrate out to 0.

To summarise, we uncovered infinitely many new terms impacting O(1) in the

continuity equation as γ → 0 (i.e. as δ becomes larger and larger compared

with ε). This condition can be interpreted as increasing the length of the root

hairs (while still keeping it much smaller than the root radius and much larger

than the distance between the hairs). We have also shown that all these new

terms yield 0 after integration in the microscopic variables, and therefore, the

homogenised equation remains the same.

5.3 δ = O(1)

Here, we study the case where the root hair length is comparable to the root

radius. We will not be able to use all the Taylor series from previous sections,

as we now have δ = h1
r0

= O(1). Having unrolled the root surface, we arrived

at Equation (246), and as we cannot expand the δ
1+δx3

as well as 1
(1+δx3)2 terms

now, we only downscale to the microscopic variables, and get:

∂u
∂t

=
∂2u
∂x2

3
+

δ

1 + δx3

∂u
∂x3

+
1

(1 + δx3)2
∂2u
∂y2

1

1
ε2 +

∂2u
∂y2

2

1
ε2 . (267)

Moreover, we arrived at the hair surface boundary condition (252). Even

though we do not assume δ� 1 here, we are still interested in the ε� 1 limit.

Therefore (and because δ = O(1)), we can still use the Taylor expansions, and

we end up with:

Uε2u =
∂u
∂x3

(δε2y2
1 + x3δ2ε2y2

1 + O(ε4))+

∂u
∂y1

(y1 −
2
3

ε2δ2y3
1 + O(ε4)) +

∂u
∂y2

y2.
(268)
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5.3 δ = O(1)

We wish to uncover, what a microscale geometry looks like in this case. From

previous discussions, we know:

w2
3 + w2

2 = (
r1

h1
)2,

which is equivalent to:

w2
3 + r2

w sin2 θw = (
r1

h1
)2.

Transforming this to the rolled-out coordinates gives:

x2
2 + (

1
δ
+ x3)

2 sin2 δx1 = (
r1

h1
)2,

and downscaling leads to:

ε2y2
2 + (

1
δ
+ x3)

2 sin2 δεy1 = (
r1

h
)2ε2.

This can (using a Taylor expansion as we assume ε� 1) be written as:

ε2y2
2 + (

1
δ
+ x3)

2{(δεy1)
2 + O(ε4)} = (

r1

h
)2ε2,

and dividing by ε2, we conclude:

y2
2 + (

1
δ
+ x3)

2{(δy1)
2 + O(ε2)} = (

r1

h
)2.

In the ε→ 0 limit, we get:

y2
2 + (1 + δx3)

2y2
1 = (

r1

h
)2,

which can be rewritten as:

y2
2

( r1
h )

2 +
y2

1

( r1
h

1
1+δx3

)2
= 1, (269)

and we know that this is an equation for an ellipse with a semi-major axis of

length r1
h oriented in the y2−direction and a semi-minor axis of length r1

h
1

1+δx3

oriented in the y1−direction (see Figure 5.11). Note that we again denote the

uptaking part of the microscale boundary described by Equation (269) by U.

As we know that our ellipse is given by the equation:

G(y1, y2) =
y2

2
( r1

h )
2 +

y2
1

( r1
h

1
1+δx3

)2
− 1 = 0,
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5.3 δ = O(1)

we can easily compute:

∇yG = (
2y1

( r1
h

1
1+δx3

)2
,

2y2

( r1
h )

2 )

and conclude that a unit vector normal to this ellipse at a point (y1, y2) is

proportional to a vector ((1 + δx3)
2y1, y2); in other words:

n̂ = β(y1, y2, x3)((1 + δx3)
2y1, y2), (270)

where:

β(y1, y2, x3) = −((1 + δx3)
4y2

1 + y2
2)
− 1

2 (271)

(for an outward pointing unit normal vector, β must be taken negative). Now,

everything is in place for us to start with the homogenisation procedure.

Using the two-scale operators in the continuity equation (267) (multiplied by

ε2), we get:

ε2 ∂u
∂t

= ε2 ∂2u
∂x2

3
+ ε2 δ

1 + δx3

∂u
∂x3

+
1

(1 + δx3)2{
∂2u
∂y2

1
+ 2ε

∂2u
∂y1∂x1

+ ε2 ∂2u
∂x2

1
}+

{∂2u
∂y2

2
+ 2ε

∂2u
∂y2∂x2

+ ε2 ∂2u
∂x2

2
},

and using these operators in the boundary condition (268), we conclude:

Uε2u =
∂u
∂x3

(δε2y2
1 + x3δ2ε2y2

1 + O(ε4))+

{ ∂u
∂y1

+ ε
∂u
∂x1
}(y1 −

2
3

ε2δ2y3
1 + O(ε4)) + { ∂u

∂y2
+ ε

∂u
∂x2
}y2.

Assuming the usual two-scale ansatz:

u = u0 + εu1 + ε2u2 + o(ε2),

we get a continuity equation:

ε2 ∂(u0 + o(1))
∂t

= ε2 ∂2(u0 + o(1))
∂x2

3
+ ε2 δ

1 + δx3

∂(u0 + o(1))
∂x3

+

1
(1 + δx3)2{

∂2(u0 + εu1 + ε2u2 + o(ε2))

∂y2
1

+ 2ε
∂2(u0 + εu1 + o(ε))

∂y1∂x1
+

ε2 ∂2(u0 + o(1))
∂x2

1
}+

{∂2(u0 + εu1 + ε2u2 + o(ε2))

∂y2
2

+ 2ε
∂2u0 + εu1 + o(ε)

∂y2∂x2
+ ε2 ∂2(u0 + o(1))

∂x2
2

}

(272)
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5.3 δ = O(1)

and a hair boundary condition:

Uε2(u0 + o(1)) = (δy2
1 + x3δ2y2

1 + O(ε2))ε2 ∂(u0 + o(1))
∂x3

+

(y1 −
2
3

ε2δ2y3
1 + O(ε4)){∂(u0 + εu1 + ε2u2 + o(ε2))

∂y1
+

ε
∂(u0 + εu1 + o(ε))

∂x1
}+

y2{
∂(u0 + εu1 + ε2u2 + o(ε2))

∂y2
+ ε

∂(u0 + εu1 + o(ε))
∂x2

}.

(273)

5.3.1 Leading order

At O(1) in the continuity equation (272), we get:

0 =
1

(1 + δx3)2
∂2u0

∂y2
1
+

∂2u0

∂y2
2

,

and integration over the unit cell gives:

0 =
∫
C

∇y · (
1

(1 + δx3)2
∂u0

∂y1
,

∂u0

∂y2
)dS =

∫
∂C

(
1

(1 + δx3)2
∂u0

∂y1
,

∂u0

∂y2
) · n̂dl =

∫
U

(
1

(1 + δx3)2
∂u0

∂y1
,

∂u0

∂y2
) · ((1 + δx3)

2y1, y2)β(y1, y2, x3)dl =

∫
U

(y1
∂u0

∂y1
+ y2

∂u0

∂y2
)β(y1, y2, x3)dl,

where we first used the divergence theorem, then the imposed periodic bound-

ary conditions, and finally Equation (270). O(1) in the boundary condition

reads:

y1
∂u0

∂y1
+ y2

∂u0

∂y2
= 0,

which proves consistency between the continuity equation and the hair bound-

ary condition at this order. As before, u0 independent of the microscale satis-

fies the continuity equation as well as all the boundary conditions at this order.

Analogous to what we did in Section 3.2.1, one could show that this solution

is unique (up to a constant). We omit this proof for the sake of brevity, and the

same applies to the next orders.
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5.3.2 O(ε)

At O(ε) in the continuity equation (using the information from O(1)), we get:

0 =
1

(1 + δx3)2
∂2u1

∂y2
1
+

∂2u1

∂y2
2

,

and at O(ε) in the hair boundary condition, we find:

y1
∂u1

∂y1
+ y2

∂u1

∂y2
= −y1

∂u0

∂x1
− y2

∂u0

∂x2
.

Therefore, we use an ansatz:

u1(t, y1, y2, x) = ∇xu0 · χ(y1, y2; x3) + f1(t, x),

where χ = (χ1, χ2, 0). Note that the unit cell geometry is parameterised by x3

here, because the length of the semi-minor axis of the ellipse is dependent on

x3. Substituting this ansatz into the continuity equation at this order gives:

(
1

(1 + δx3)2
∂2χ

∂y2
1
+

∂2χ

∂y2
2
) · ∇xu0 = 0,

which is satisfied by imposing:

1
(1 + δx3)2

∂2χ

∂y2
1
+

∂2χ

∂y2
2
= 0. (274)

Substituting the ansatz into the boundary condition at this order yields:

(y1
∂χ

∂y1
+ y2

∂χ

∂y2
) · ∇xu0 = (−y1,−y2) · ∇xu0,

from which we get:

β(y1, y2; x3)((1 + δx3)
2y1

1
(1 + δx3)2

∂χ

∂y1
+ y2

∂χ

∂y2
) · ∇xu0 =

β(y1, y2; x3)(−y1, y2) · ∇xu0.

This yields:

n̂ · ( 1
(1 + δx3)2

∂χ

∂y1
,

∂χ

∂y2
) = β(y1, y2, x3)(−y1,−y2). (275)

Integrating Equation (274) gives:

0 =
∫
C

∇ · ( 1
(1 + δx3)2

∂χ

∂y1
,

∂χ

∂y2
)dS =

∫
∂C

n̂ · ( 1
(1 + δx3)2

∂χ

∂y1
,

∂χ

∂y2
)dl =
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∫
U

n̂ · ( 1
(1 + δx3)2

∂χ

∂y1
,

∂χ

∂y2
)dl =

∫
U

β(y1, y2, x3)(−y1,−y2)dl,

where we first used the divergence theorem, then the imposed periodic bound-

ary conditions on χ, and finally the hair boundary condition (275). Using sym-

metry arguments, it is straight-forward to show that the integral yields a zero

vector. This stems from simple observations that β(y1, y2, x3) is even in both y1

and y2, whereas −y1 is odd in y1 and −y2 is odd in y2. Thus, we have shown

consistency between the continuity equation and the hair boundary condition

at O(ε). The uniqueness argument is analogous to the one from Section 3.2.1.

5.3.3 O(ε2)

From O(ε2) in the continuity equation (272), we get:

1
(1 + δx3)2

∂2u2

∂y2
1
+

∂2u2

∂y2
2

=
∂u0

∂t
− ∂2u0

∂x2
3
− 1

(1 + δx3)2
∂2u0

∂x2
1
− ∂2u0

∂x2
2
−

δ

1 + δx3

∂u0

∂x3
− 2

(1 + δx3)2
∂2u1

∂y1∂x1
− 2

∂2u1

∂y2∂x2
,

which upon integration over the microscale gives:

∫
C

1
(1 + δx3)2

∂2u2

∂y2
1
+

∂2u2

∂y2
2

dS = A(x3){
∂u0

∂t
− ∂2u0

∂x2
3
− 1

(1 + δx3)2
∂2u0

∂x2
1
−

∂2u0

∂x2
2
− δ

1 + δx3

∂u0

∂x3
} − 2{ 1

(1 + δx3)2 (
∂2u0

∂x2
1

∫
C

∂χx

∂y1
dS+

∂2u0

∂x1∂x2

∫
C

∂χy

∂y1
dS) + (

∂2u0

∂x1∂x2

∫
C

∂χx

∂y2
dS +

∂2u0

∂x2
2

∫
C

∂χy

∂y2
dS)}, (276)

where A(x3) is the surface area of a unit cell at a distance x3 from the root

surface. Using the divergence theorem, the periodicity conditions and the

form of the outward pointing unit normal vector, we calculate the left-hand

side to be:∫
C

∇y · (
1

(1 + δx3)2
∂u2

∂y1
,

∂u2

∂y2
)dS =

∫
∂C

n̂ · ( 1
(1 + δx3)2

∂u2

∂y1
,

∂u2

∂y2
)dl =

∫
U

β(y1, y2, x3){y1
∂u2

∂y1
+ y2

∂u2

∂y2
}dl.
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Looking at O(ε2) in the boundary condition (273), we see:

y1
∂u2

∂y1
+ y2

∂u2

∂y2
= Uu0 − δ(1 + δx3)y2

1
∂u0

∂x3
− y1

∂u1

∂x1
− y2

∂u1

∂x2
,

and substituting this into the previous equation gives:∫
C

∇y · (
1

(1 + δx3)2
∂u2

∂y1
,

∂u2

∂y2
)dS =

∫
U

β(y1, y2, x3){Uu0 − δ(1 + δx3)y2
1

∂u0

∂x3
−

y1
∂u1

∂x1
− y2

∂u1

∂x2
}dl = Uu0

∫
U

β(y1, y2, x3)dl−

δ(1 + δx3)
∂u0

∂x3

∫
U

β(y1, y2, x3)y2
1dl−

∫
U

β(y1, y2, x3){y1
∂ f1

∂x1
+ y2

∂ f1

∂x2
}dl −

∫
U

β(y1, y2, x3)((1 + δx3)
2y1, y2)·

(
1

(1 + δx3)2 (
∂2u0

∂x2
1

χ1 +
∂2u0

∂x1∂x2
χ2),

∂2u0

∂x1∂x2
χ1 +

∂2u0

∂x2
2

χ2)dl.

Using symmetry arguments similar to the previous section and the fact that f1

is independent of the microscale variables, we get:∫
U

β(y1, y2, x3){y1
∂ f1

∂x1
− y2

∂ f1

∂x2
}dl = 0,

and using the divergence theorem (and the periodic boundary conditions for

χ1 and χ2), we conclude:∫
C

∇y · (
1

(1 + δx3)2
∂u2

∂y1
,

∂u2

∂y2
)dS = Uu0

∫
U

β(y1, y2, x3)dl−

δ(1 + δx3)
∂u0

∂x3

∫
U

β(y1, y2, x3)y2
1dl−

∫
C

∇y · (
1

(1 + δx3)2 (
∂2u0

∂x2
1

χ1 +
∂2u0

∂x1∂x2
χ2),

∂2u0

∂x1∂x2
χ1 +

∂2u0

∂x2
2

χ2)dS =

Uu0

∫
U

β(y1, y2, x3)dl − δ(1 + δx3)
∂u0

∂x3

∫
U

β(y1, y2, x3)y2
1dl−

∫
C

{ 1
(1 + δx3)2 (

∂2u0

∂x2
1

∂χ1

∂y1
+

∂2u0

∂x1∂x2

∂χ2

∂y1
) +

∂2u0

∂x1∂x2

∂χ1

∂y2
+

∂2u0

∂x2
2

∂χ2

∂y2
}dS. (277)

Finally, we compare Equation (276) with Equation (277), and get:

A(x3){
∂u0

∂t
− ∂2u0

∂x2
3
− 1

(1 + δx3)2
∂2u0

∂x2
1
− ∂2u0

∂x2
2
− δ

1 + δx3

∂u0

∂x3
}−
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2{ 1
(1 + δx3)2 (

∂2u0

∂x2
1

∫
C

∂χ1

∂y1
dS +

∂2u0

∂x1∂x2

∫
C

∂χ2

∂y1
dS) + (

∂2u0

∂x1∂x2

∫
C

∂χ1

∂y2
dS+

∂2u0

∂x2
2

∫
C

∂χ2

∂y2
dS)} = Uu0

∫
U

β(y1, y2, x3)dl−

δ(1 + δx3)
∂u0

∂x3

∫
U

β(y1, y2, x3)y2
1dl−

∫
C

{ 1
(1 + δx3)2 (

∂2u0

∂x2
1

∂χ1

∂y1
+

∂2u0

∂x1∂x2

∂χ2

∂y1
) +

∂2u0

∂x1∂x2

∂χ1

∂y2
+

∂2u0

∂x2
2

∂χ2

∂y2
}dS,

which can also be written as:

∂u0

∂t
=

∂2u0

∂x2
3
+

1
(1 + δx3)2

∂2u0

∂x2
1
+

∂2u0

∂x2
2
+

δ

1 + δx3

∂u0

∂x3
+

1
A(x3)

∫
C

{ 1
(1 + δx3)2 (

∂2u0

∂x2
1

∂χ1

∂y1
+

∂2u0

∂x1∂x2

∂χ2

∂y1
)+

∂2u0

∂x1∂x2

∂χ1

∂y2
+

∂2u0

∂x2
2

∂χ2

∂y2
}dS+

1
A(x3)

{Uu0

∫
U

β(y1, y2, x3)dl − δ(1 + δx3)
∂u0

∂x3

∫
U

β(y1, y2, x3)y2
1dl}. (278)

This is our new homogenised equation. We are already familiar with most of

these terms as they are analogous to the terms in Equation (155); they are just

slightly modified due to the changed geometry. The only really new term is:

− 1
A(x3)

δ(1 + δx3)
∂u0

∂x3

∫
U

β(y1, y2, x3)y2
1dl. (279)

In the next section, we compare full-geometry simulations with the standard

homogenisation result as well as with the new result obtained for δ = O(1).

5.4 simulations

Starting with a full-geometry model, we set the parameters for modelling phos-

phate uptake by a wheat root in solution culture (see Section 1.2.2). Note that

the new homogenised equation is valid in the case of other nutrients, plants

and environments as well.
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5.4.1 Robin boundary condition

Dimensional model

We start with a (dimensional) linear diffusion equation:

∂ū
∂t̄

= ∇̄ · {D∇̄ū},

equipped with a Robin-type hair surface boundary condition:

D∇̄ū · n̂ = −µhū,

a Robin-type root surface boundary condition:

D∇̄ū · n̂ = −µrū,

and an initial condition:

ū(t̄ = 0) = ūin. (280)

We take D = 10−5 cm2 s−1 = 10−3 mm2 s−1 to be the diffusion coefficient

of phosphate in the solution culture (as in [80]). As discussed before (see

Section 1.3.4), the uptake of a nutrient is usually modelled using a Michaelis-

Menten boundary condition with an efflux term. In order for the efflux from

the root to be negligible, we need the initial phosphate concentration to be

reasonably large. At the same time, we need the initial concentration to be

small enough (preferably smaller than Km), so that we can approximate the

Michaelis-Menten term with the linear (Robin) one. We do not investigate the

exact conditions under which these assumptions are satisfied, as we will study

Michaelis-Menten model with efflux at the end of this chapter.

Provided the mentioned assumptions are satisfied, we get that the parame-

ter µr is equal to Imax
Km

from the Michaelis-Menten model (see Equation (23)).

For a wheat plant, this can be estimated (using rounded values Imax ≈ 2×

10−7 µmol cm−2 s−1 and Km = 2× 10−3 µmol cm−3 from [80]) as:

µr = 10−4 cm s−1 = 10−3 mm s−1.

Due to the general agreement within the scientific community that one of the

main functions of root hairs is the acquisition of nutrients (see Section 1.2.1),
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it seems natural to assume that the density of (e.g. phosphate) transporters

(see Section 1.3.4) will be higher in these cells. As a typical root hair is twenty

times thinner than a typical wheat root [80], and we did not find any data

estimating µh, we assume that the hair uptake constant is twenty times higher

than that of the non-hair root surface, i.e. µh = 2× 10−2 mm s−1. Later on,

when studying the Michaelis-Menten boundary condition, we use the same

uptake parameters for the hairs as we do for the root surface to confirm that

the new model gives better results in this case too.

We will mostly be interested in how δ (the hair length divided by the root

radius) affects the validity of the homogenisation result (155) when compared

with the new model. Thus, we will vary δ from 0.1 to 10, which is still realistic

especially for phosphate-starved plants (see [51]). Keeping this variation in

mind, it seems reasonable to impose a zero-flux boundary condition at r∞ =

20r0 = 2 mm, where r0 denotes the radius of the root as before. We assume

the inter-hair distance of h0 = 0.1 mm, the hair radius of r1 = 0.005 mm, and

the root segment of length H = 1 mm (we are mostly interested in studying

the effects of the root surface curvature, and thus we do not need to study

longer segments) - these are all standard values as found in (e.g.) [80]. The

parameter values are summarised in Table 5.1. Assuming the constant initial

condition (280), we introduce no macroscopic variation in the θ (azimuthal

angle) direction, and it is thus possible to restrict our attention from the full

geometry (as in Figure 5.1) to a single wedge containing only 1 root hair in

each layer (see Figure 5.6), which makes simulations computationally cheaper.

Defining θ∗ to be an angle between two planes forming the vertical boundaries

of this wedge, we choose θ∗ so that the distance between the root hairs along

the circumference of the root is equal to the inter-hair distance along the main

axis of the root, i.e. θ∗r0 = h = h0, which yields:

θ∗ =
h0

r0
= 1,

where r0 and h0 are taken from Table 5.1.

At the top and the bottom part of the boundary (i.e the two ends of the root

segment) as well as at the two side planes of the wedge (representing mid-

distance to the neighbouring hairs), we impose zero-flux boundary conditions.
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Parameter value unit

D 0.001 mm2 s−1

Imax 2× 10−7 µmol cm−2 s−1

Km 2× 10−3 µmol cm−3

E 1× 10−8 µmol cm−2 s−1

µr 0.001 mm s−1

µh 0.02 mm s−1

r∞ 2 mm

r0 0.1 mm

h0 0.1 mm

r1 0.005 mm

H 1 mm

Table 5.1.: The parameter values for phosphate uptake by wheat. Most values

are estimated from [80]. The values for µr, µh, r∞ and H are justified

in the main text.
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(a) Wedge. (b) Clipped wedge.

Figure 5.6.: Restricting attention to the single wedge. Using the clipped do-

main, we see the (finely-meshed) hair surfaces.

Finally, we assume no macroscopic gradient in phosphate concentration along

the root axis.

Nondimensionalisation

We wish to compare the new effective model with the full-geometry simula-

tions using the curved geometry (not the flattened one). Therefore, we nondi-

mensionalise as:

(w̄1, w̄2, w̄3) = h1(w1, w2, w3), t̄ =
h2

1
D

t, ū = ūinu,

and get a continuity equation:

∂u
∂th1

= ∇2
h1

u,

an initial condition:

u(t = 0) = 1,

a hair surface boundary condition:

∇h1u · n̂ = −µhh1

D
u = −ε

h2
1µh

hD
u = −εKh1u,

a root surface boundary condition:

∇h1u · n̂ = −µrh1

D
u
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and a zero-flux boundary condition:

∇h1u · n̂ = 0

everywhere else. Note that we use the subscript h1 in Kh1 =
h2

1µh
hD (the uptake

constant), ∇h1 and th1 to emphasise that the macroscale variables and the time

were nondimensionalised with respect to the hair length h1 to distinguish this

case from what we did in Chapter 3 (see Equation (132)). In that chapter,

neglecting the root surface curvature (i.e. assuming the geometry from Figure

3.1) and assuming no macroscopic variation along the root axis (i.e. in what

now is the w3 direction) as well as in the angular direction θ, we derived the

homogenisation result (see Equation (159)):

∂u0

∂tL
=

∂2u0

∂x2
3,L
− 2πKLa

1− πa2 u0,

where a = r1
h0

= 0.005 mm
0.1 mm = 0.05, and the subscript L in x3,L, tL and KL(=

L2B
lD )

suggests nondimensionalisation with respect to the root segment length L (in

this chapter denoted by H). As we nondimensionalise with respect to h1 in

this case, we conclude the effective equation:

∂u0

∂th1

=
∂2u0

∂x2
3,h1

−
2πKh1 a
1− πa2 u0. (281)

However, we also want to vary the hair length in our simulations, and thus it

is practically simpler to nondimensionalise (both space and time) with respect

to the (fixed) r∞ = 2 mm. The full-geometry model in this setting consists of a

continuity equation:
∂u

∂tr∞

= ∇2
r∞

u,

an initial condition:

u(tr∞ = 0) = 1,

a hair surface boundary condition:

∇r∞ u · n̂ = −µhr∞

D
u,

a root surface boundary condition:

∇r∞ u · n̂ = −µrr∞

D
u,
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and a zero-flux boundary condition:

∇r∞ u · n̂ = 0

applied everywhere else. Transforming to the new dimensionless variables

and coming back to the curved geometry from Figure 5.6, the effective equa-

tion (281) becomes:
∂u0

∂tr∞

= ∇2
r∞

u0 −
2πKr∞ a
1− πa2 u0, (282)

where Kr∞ = r2
∞µh
hD , and the sink term is acting in the region of the wedge

(see Figure 5.6), for which the dimensionless (with respect to r∞) cylindrical

radius rr∞ is smaller than r0+h1
r∞

. We compare the full-geometry simulations

with the standard homogenisation result (282) (from now on referred to as a

short-hairs limit) at (dimensionless) time tr∞ = 1 for δ = 0.5, 1.0, 2.0, 5.0. From

now onwards, we drop the subscript r∞ , bearing in mind that the model is

nondimensionalised with respect to r∞. From Figure 5.7, we see that for

small δ (= 0.5, 1.0), the short-hairs homogenisation limit gives us a good ap-

proximation for the full-geometry simulation. However, starting from δ ≈ 2,

the approximation gets worse, and for δ = 5.0 the standard homogenisation

limit gives results very far from an averaged behaviour (see Figure 5.8). The

reason is that the root hairs are assumed to explore the surrounding soil to

the same extent independent of the distance from the root, which is clearly

wrong. In other words, for any fixed distance from the root surface, we have

the same hair surface area taking up the nutrient, but the amount of available

nutrient increases with this distance (linearly in the case of a constant nutrient

concentration everywhere) simply because of the increase in the surrounding

soil volume.

Note further that if δ is O(1) or larger, the distance between the hair tips is

significantly greater than the inter-hair distance at the root surface, and the

space between the hairs is not sufficiently explored. One can study depletion

gradients at the hair surfaces using cylindrical slices at a specified distance

from the root surface (e.g. at the tips of the hairs), as shown in Figure 5.9 for

δ = 1 and δ = 10 (t = 1). We now check whether the newly derived effective

equation gives a better approximation in the δ = 5.0 case.
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(a) Full-geometry numerics, δ = 0.5 (b) Short-hairs homogenisation limit, δ = 0.5

(c) Full-geometry numerics, δ = 1.0 (d) Short-hairs homogenisation limit, δ = 1.0

Figure 5.7.: Comparison between the full-geometry numerics and the short-

hairs homogenisation result at t = 1 (δ = 0.5, 1.0).
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(a) Full-geometry numerics, δ = 2.0 (b) Short-hairs homogenisation limit, δ = 2.0

(c) Full-geometry numerics, δ = 5.0 (d) Short-hairs homogenisation limit, δ = 5.0

Figure 5.8.: Comparison between the full-geometry numerics and the short-

hairs homogenisation result at t = 1 (δ = 2.0, 5.0).
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(a) δ = 1.0 (b) δ = 10.0

Figure 5.9.: The depletion gradients at the tips of the hairs for varying δ (t = 1).

new model

Assuming that u0 is independent of the macroscopic x1 and x2, Equation (278)

becomes:

∂u0

∂th1

=
∂2u0

∂x2
3,h1

+
δ

1 + δx3,h1

∂u0

∂x3,h1

+
1

A(x3,h1)
{Uu0

∫
U

β(y1, y2, x3,h1)dl−

δ(1 + δx3,h1)
∂u0

∂x3,h1

∫
U

β(y1, y2, x3,h1)y
2
1dl}

The
1

A(x3,h1)
{Uu0(t, x3,h1)

∫
U

β(y1, y2, x3,h1)dl−

δ(1 + δx3,h1)
∂u0(t, x3,h1)

∂x3,h1

∫
U

β(y1, y2, x3,h1)y
2
1dl}

term depends on th1 , x3,h1 and δ. Fixing δ = 5, δx3,h1 ranges from 0 to 5 (see

Transformation (245), where the nondimensionalisation was performed with

respect to h1). As we cannot compute these integrals for uncountably many

x3,h1 , we split the domain into 6 subdomains as demonstrated in Figure 5.10.

Nondimensionalising with respect to r f f , we have r0
r∞

< r < r0+0.2∗h1
r∞

for the

first, r0+0.2∗h1
r∞

< r < r0+0.4∗h1
r∞

for the second, r0+0.4∗h1
r∞

< r < r0+0.6∗h1
r∞

for the
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Figure 5.10.: The domain is divided into 6 subdomains. Colour indicates the

subdomain number.

third, r0+0.6∗h1
r∞

< r < r0+0.8∗h1
r∞

for the fourth, and r0+0.8∗h1
r∞

< r < r0+h1
r∞

for

the fifth subdomain. The last (sixth) subdomain (zone without hairs) satis-

fies r0+h1
r∞

< r < 1. In our simulations, the newly derived terms are chosen

to be constant in each subdomain. To calculate the new terms for the first

subdomain, we use the unit cell geometry corresponding to x3 = 0, for the

second subdomain, we use the unit cell geometry corresponding to x3,h1 = 0.2,

and so on. Finally, for the sixth subdomain, there is no sink term as it does

not contain root hairs at all. Some of these unit cell geometries are shown

in Figure 5.11. Table 5.2 summarises the numerically computed values of the

studied integrals for different subdomains. We now briefly discuss the relative

importance of the two terms Uu0
∫
U

βdl and δ(1 + δx3,h1)
∂u0

∂x3,h1

∫
U

y2
1βdl. As we

do not have any prior knowledge of u0 and ∂u0
∂x3,h1

, and as we are mostly in-

terested in the respective magnitudes of the two terms, we compare U|
∫
U

βdl|

with δ(1 + δx3)|
∫
U

y2
1βdl|.
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(a) x3,h1 = 0.0 (b) x3,h1 = 0.4 (c) x3,h1 = 0.8

Figure 5.11.: Different unit cell geometries for varying x3,h1 (δ = 5).

Subdomain i
∫
Ui

βdl
∫
Ui

y2
1βdl

1 -6.34 -0.00764

2 -3.14 -0.00098

3 -2.14 -0.00029

4 -1.61 -0.00012

5 -1.29 -0.00006

Table 5.2.: Numerically-computed integral values.
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Looking back into the analysis from this chapter, we see that U = r1 A
h = r1

h
Bh2

1
hD ,

and noting that the parameter B is now denoted as µh, we conclude:

U =
r1µhh2

1
Dh2 ≈ 2.5.

As δ = 5, the δ(1 + δx3) term ranges from 5 to 30. All these calculations

together with Table 5.2 yield an estimate U|
∫
U

βdl| > 2 for the first term, and

an estimate δ(1 + δx3)|
∫
U

y2
1βdl| < 0.05 for the second term. This suggests that

the (truly new) δ(1 + δx3)
∂u0
∂x3

∫
U

y2
1βdl term has smaller impact on the effective

equation than the Uu0
∫
U

βdl term, which is only the modified version of a term

known from the flattened-root-surface case.

Now, we compare the full-geometry, the short-hairs-limit homogenisation, and

the new model for δ = 5.0. The new model performs much better - see Figure

5.12.

5.4.2 More realistic models

From now onwards, we assume that the root surface uptake can be described

by the same Michaelis-Menten parameters (Km,h = Km,r, Imax,h = Imax,r) as the

root hair surface uptake. The linear hair boundary condition from previous

section only serves as a good approximation of the Michaelis-Menten kinetics

assuming low nutrient concentrations. Moreover, under this assumption, the

efflux from the root becomes non-negligible. Therefore, we now impose a low

initial nutrient concentration everywhere, and we add a constant efflux term

to our model, which yields a nonzero steady state. Finally, we assume that

the root and the hair efflux rates are the same, and we use a rounded value

Eh = Er = 10−8 µmol cm−2 s−1 from [80].

260



5.4 simulations

(a) Full-geometry numerics

(b) Short-hairs limit

(c) New model

Figure 5.12.: Comparison with the new model in which the sink term is depen-

dent on the distance from the root surface. Errors in the short-

hairs limit simulation are obvious for δ = 5.0 (t = 1.0).
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5.4 simulations

Linear model with efflux

We assume (compare with [80] as well as with the dimensional equations from

the previous section) a continuity equation:

∂ū
∂t̄

= ∇̄ · {D∇̄ū},

a hair surface boundary condition:

D∇̄ū · n̂ = −µhū + Eh,

where µh = Fh
Kh

, a root surface boundary condition:

D∇̄ū · n̂ = −µhū + Eh,

and an initial condition:

ū(t̄ = 0) = ūin = 0.1× Kh.

Using this initial condition (and the fact that there exists no nutrient source

in the model, which suggests that the concentration will never exceed ūin), we

restrict ourselves to the case where the linear model approximates the physical

reality well, as demonstrated in Figure 5.13, where we compare the Michaelis-

Menten function with its linear approximation (including the constant efflux

term). We nondimensionalise as before:

(w̄1, w̄2, w̄3) = h1(w1, w2, w3), t̄ =
h2

1
D

t, ū = ūinu,

and get a continuity equation:

∂u
∂th1

= ∇2
h1

u,

an initial condition:

u(t = 0) = 1,

a hair surface boundary condition:

∇h1u · n̂ = −µhh1

D
u +

Ehh1

ūinD
= −ε

h2
1µh

hD
u + ε

Ehh2
1

hūinD
= −εKu + εeh

and a root surface boundary condition:

∇h1u · n̂ = −µhh1

D
u +

Ehh1

ūinD
.
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Figure 5.13.: Assessing the validity of the linear approximation.

The short-hairs homogenisation limit gives:

∂u0

∂th1

= ∇2
h1

u0 −
2πKa

1− πa2 u0 +
2πaeh

1− πa2 ,

which (scaling the space and the time with respect to r∞) leads to:

∂u0

∂tr∞

= ∇2
r∞

u0 − (
r∞

h1
)2 2πKa

1− πa2 u0 + (
r∞

h1
)2 2πaeh

1− πa2 .

Assuming that u0 is independent of the macroscopic x1 and x2, the new model

yields:
∂u0

∂th1

=
∂2u0

∂x2
3,h1

+
δ

1 + δx3,h1

∂u0

∂x3,h1

+
1

A(x3,h1)
×

{
(Uu0 −

r1

h
eh)

∫
U

β(y1, y2, x3,h1)dl − δ(1 + δx3,h1)
∂u0

∂x3,h1

∫
U

β(y1, y2, x3,h1)y
2
1dl
}

,

where U = r1
h K. We compare all three models and conclude that the new

model again approximates the full-geometry simulation better (see Figure

5.14). Compared to the model without efflux (see Figure 5.12), we see higher

nutrient concentrations everywhere, which is simply a consequence of the ef-

flux term.
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5.4 simulations

(a) Full-geometry numerics

(b) Short-hairs limit

(c) New model

Figure 5.14.: Comparison with the new effective equation for δ = 5.0 (the

model with efflux; t = 1.0).
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Michaelis-Menten uptake

Finally, we impose Michaelis-Menten boundary condition:

D∇̄ū · n̂ = − Imax,hū
Km,h + ū

+ Eh,

and assume that the same parameters apply to both the root and the hair

surfaces. Nondimensionalising as before yields a hair boundary condition:

∇h1u · n̂ = − Imax,hh1u
D(Km,h + ūinu)

+
Ehh1

ūinD
= −ε

h2
1 Imax,hu

hD(Km,h + ūinu)
+ ε

Ehh2
1

hūinD
=

−ε
Ĩu

1 + ūin
Km,h

u
+ εeh,

where Ĩ =
h2

1 Imax,h
hDKm,h

3 (compare with the previous section), and a root boundary

condition:

∇h1u · n̂ = − Imax,hh1u
D(Km,h + ūinu)

+
Ehh1

ūinD
.

The short-hairs homogenisation limit gives:

∂u0

∂tr∞

= ∇2
r∞

u0 − (
r∞

h1
)2 2π Ĩa

1− πa2
u0

1 + ūin
Km,h

u0
+ (

r∞

h1
)2 2πaeh

1− πa2 ,

and the new model reads:

∂u0

∂th1

=
∂2u0

∂x2
3,h1

+
δ

1 + δx3,h1

∂u0

∂x3,h1

+
1

A(x3,h1)

{
(U

u0

1 + ūin
Km,h

u0
− r1

h
eh)×

∫
U

β(y1, y2, x3,h1)dl − δ(1 + δx3,h1)
∂u0

∂x3,h1

∫
U

β(y1, y2, x3,h1)y
2
1dl
}

where U = r1
h Ĩ. As before, we simulate the short-hairs limit result as well as

the new model and see how these compare with the full-geometry simulation.

The results are shown in Figure 5.15. As a consistency check, we compare

the Michaelis-Menten model with the linear one. Figure 5.13 suggests that

the uptake term for the linear model is greater compared with the Michaelis-

Menten model for any nutrient concentration.

3 Using values from [80] (see also Section 1.4.4), we get that Imax,h
hDKm,h

is usually O(103 cm−2) or

O(104 cm−2). Given that in this chapter we mostly use 0.01 cm ≤ h1 ≤ 0.1 cm, we conclude

that Ĩ can range from O(10−1) to O(102), which covers the O(1) range.
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5.4 simulations

(a) Full-geometry numerics

(b) Short-hairs limit

(c) New model

Figure 5.15.: Comparison with the new effective equation for δ = 5.0 (the

Michaelis-Menten model; t = 1.0).
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5.5 summary

Figure 5.16.: The linear model takes up more nutrient.

Therefore, we expect the overall uptake for the linear model to be greater

than for the Michaelis-Menten model, and as a consequence, we expect the

remaining nutrient concentration at (e.g.) t(r∞) = 1 for the linear model to

be lower. We compare the new limit for the two models, and the nutrient

concentrations plotted against the increasing distance from the root axis can

be found in Figure 5.16. Using the Michaelis-Menten term, we can model

higher initial nutrient concentration as well. We chose ūin = 3Km, and the

results are shown in Figure 5.17.

5.5 summary

Studying the effects of the root hair length on uptake processes, we first anal-

ysed the limit of very short hairs, and we confirmed that the resulting effective

equation is the same as the one we derived in Chapter 3 (see Equation (155)).

Then, we studied the case δ = O(1) and derived the new effective equation

(278). In the final section of this chapter, this equation was shown to give a

better approximation to the full-geometry numerical simulations when com-

pared with Equation (155) for various hair surface boundary conditions.
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5.5 summary

(a) Full-geometry numerics

(b) Short-hairs limit

(c) New model

Figure 5.17.: Comparison with the new effective equation for δ = 5.0 using

ūin = 3Km (the Michaelis-Menten model; t = 1.0).
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6
N I T R AT E T R A N S P O RT E R S A N D U P TA K E

6.1 introduction

In the remaining chapters of this thesis, we will move from the root hairs up-

take to different topics and show how even very simple upscaling methods

can prove useful in plant uptake modelling.

Nitrate is the dominant form of nitrogen in many agricultural soils [25], and

readily leaches down into groundwater as pollution [134]. Therefore, opti-

mising the uptake of nitrate by crops could have large effects on the global

nitrogen cycle. While genes encoding nitrate transporters (see Section 1.3.4)

have been discovered [49], and the structures mostly determined [131], rela-

tively little is known about how the properties of the transporters influence

root uptake at larger scales. Understanding how the numbers and ratio of low

and high affinity transporters (as introduced in Section 6.1.2) influence total

root uptake would be an important goal to optimise nitrate uptake kinetics.

Therefore, this chapter is dedicated to models of nitrate uptake via low and

high affinity transporters.

6.1.1 Michaelis-Menten

Nutrient uptake by plants is often modelled using the Michaelis-Menten frame-

work (as introduced in Section 1.3.4). In its simplest form, it states:

I =
Imaxc

Km + c
, (283)
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6.1 introduction

where I denotes plant nutrient influx, Imax is the maximal value of this influx,

c is the external nutrient concentration, and Km is the Michaelis constant (con-

centration at which the plant influx is one half of the maximal influx). Note

that instead of Imax, one often finds in the literature, Vmax (e.g. [25]) or Fm (e.g.

[122]) denoting the maximal influx rate. As discussed in [136], even though

the original justification for this formalism was an enzymatic nature of nutri-

ent transport, it has now become clear that the complexity of plant architecture

and (perhaps more importantly) the variety of transporters (see Section 1.3.4)

involved makes this reasoning questionable. Values of Imax and Km are usually

estimated from experiments in which the depletion of nitrate in solution cul-

ture caused by plant uptake is measured at different time points. The units of

Imax are thus given on the basis of root length [21], surface area [150], or mass

[89]. It is often not clear how these root segment level parameters (Imax, Km)

arise from the transporter level parameters and what their biological interpre-

tation is. From now on, we refer to the root segment level as macroscale, and

the transporter level as microscale.

In the literature for phytoplankton nutrient uptake, Imax and Km have repeat-

edly been derived using concepts of ion-transporter encounter rate and han-

dling time (see Section 6.2.1), and we shall use this approach to derive a model

for nitrate uptake at a single transporter level in Section 6.2.2. This model will

then be upscaled in the simplest way possible (multiplying by the transporter

density) to the root segment scale.

6.1.2 Low and high affinity transporters

The existence of (at least) two distinct nitrate transport mechanisms in plants

has long been suspected, based on experimental observations of uptake at

low and high external nutrient concentration [44]. High affinity transporters

(HATs) have small values of Km and dominate uptake at low nutrient concen-

trations, whereas low affinity transporters (LATs) have large values of Km and

dominate at high nutrient concentrations [25]. Most empirical studies suggest

that LAT uptake is a linear function of external concentration for all its bio-
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6.1 introduction

logically relevant values [25]. Despite that, in this chapter, we propose that

the apparent linearity results from a Michaelis-Menten behaviour with a very

large Km, and we shall use the Michaelis-Menten form for LAT uptake too.

Both LATs and HATs can either be constitutively expressed or are inducible by

the external nitrate concentration [49].

We know of no research relating the Michaelis-Menten parameters observed in

experiments and their microscopic counterparts derived using handling time

and encounter rate concepts. This problem is studied in Section 6.2.

6.1.3 Efflux

As often observed in experiments, there exists a concentration cmin below

which a plant cannot uptake nitrate [11] (the same applies to many other nu-

trients; see [8] for instance). As a consequence, Equation (283) is modified as

follows:

I =
Imax(c− cmin)

Km + (c− cmin)
(284)

(see [39] or Section 1.3.4). Many authors have neglected cmin in their modelling

(e.g. [43]) - substituting cmin = 0 mM in Equation (284), we recover Equation

(283). While Imax and Km have been derived before (see Section 6.2.1), we

could not find a mechanistic justification for cmin in the available literature.

The most obvious explanation seems be to be that this is the concentration

at which the influx via transporters is exactly balanced by the nutrient efflux

from the root, which is usually observed at very low external concentrations.

Therefore, introducing E as the efflux, we consider the model:

I =
Imaxc

Km + c
− E (285)

from [21] to be more physiologically insightful (in comparison with Equation

(284)). However, the reason for the observed efflux is rarely mentioned. More-

over, to our knowledge, there has been no attempt to predict the observed

values of cmin from the underlying mechanistic assumptions about the efflux

term E. Furthermore, it is not clear what the effects of a particular distribution

between the low and the high affinity transporters on the macroscopic parame-
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6.2 derivation of Īmax and K̄m

ter cmin are. Therefore, in Section 6.3, we will search for an optimal transporter

production strategy for a plant, i.e. how many low and high affinity trans-

porters a plant should produce to maximise the overall uptake.

From now on, we distinguish between the microscopic and the macroscopic

parameters by using bars for the latter ( Īmax, K̄m, c̄min for macroscopic parame-

ters and Imax, Km, E for microscopic parameters).

6.2 derivation of Īmax and K̄m

We start with a brief literature review of nitrate uptake by phytoplankton (see

[102]) and its modelling.

6.2.1 Nutrient uptake by phytoplankton - literature review

In [5], a model for nutrient uptake by a single uptake site in phytoplankton

is derived using concepts of handling time and encounter rate. Upscaling to

an organism scale (a single phytoplankton cell in this case) is simply done via

multiplying the resulting uptake by the number of uptake sites per cell. The

resulting Īmax and K̄m are of the following form: Īmax = n
h , where n is a num-

ber of uptake sites and h is a handling time (defined as the time required to

transport one ion across the plasma membrane); K̄m = 1
AVh , where A is sur-

face area of a single uptake site and V is a mass transfer coefficient. This way,

we directly see how the physiological and physical parameters A, n, h and V

affect the Michaelis-Menten parameters.

In [102], Michaelis-Menten uptake into a spherical cell surface was combined

with a model for diffusion of a nutrient towards this cell. A steady-state as-

sumption was made and the nutrient flux through the cell membrane was

calculated assuming balance between the diffusive flux from far-field and the

influx via transport sites. This enabled the authors to model diffusion-limited

situations as well 1. The steady-state influx is found to be a root of a quadratic

1 sometimes a boundary layer exists close to the cell surface in which nutrient concentration is

smaller than the bulk concentration, which may limit the uptake
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equation in this case.

In [6], this approach was combined with an approach using the handling

times and the encounter rates (similar to [5]), so that a better understanding of

Michaelis-Menten parameters (in terms of physiological and physical param-

eters) is achieved. Even though the influx is again the root of the quadratic

equation (discussed in the previous paragraph), for both very small and very

large cells (compared to the characteristic length scale of this reaction-diffusion

process), the authors derived an approximation in which the influx depends

on the far-field concentration in the Michaelis-Menten form.

In [13], the Michaelis-Menten functional form for uptake at the root segment

scale is obtained using an analogy with enzyme kinetics, where the role of

enzymes is played by the transporters. Furthermore, the dependence of the

number of uptake sites on the local nutrient concentration is taken into ac-

count here.

The latest development in this field is summarised in [47] and [128]. A similar

approach in modelling plant nutrient foraging behaviour can also be found in

[91].

In the next section, we proceed in the direction similar to the aforementioned

papers, in attempting to model nitrate uptake by plants.

6.2.2 Application to root uptake modelling

In this chapter, superscripts L and H correspond, respectively, to the low and

high affinity transporters. In addition, h denotes the handling time required

to process one nitrate ion and c the external nitrate concentration.

Following [6], we assume that f H(t) denotes a fraction of high affinity trans-

porters which are occupied in transporting nitrate at time t. Assuming that aH

is an acquisition rate (a rate at which a single unoccupied transporter acquires

ions [6]), we get the following equation for the time evolution of f H(t):

NH d f H

dt
= NHaHc(1− f H)− NH f H

hH ,
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where NH is the number of high affinity transporters (per unit root surface

area), and similarly, an analogous equation for high affinity transporters can

be obtained. Dividing by NH, we have:

d f H

dt
= aHc(1− f H)− f H

hH .

Assuming we start with f H(0) = 1 (all HATs are occupied in transport), this

implies that d f H

dt (t = 0) = − 1
hH . As mentioned in [5], the transport rates do not

exceed 100 s−1, therefore, we can estimate the handling time per one ion per

transporter to be hH = 0.01 s. Thus, we assume that the equilibration of the

dynamics between the occupied and the unoccupied transporters is achieved

very quickly compared with other time scales involved (both nitrate depletion

and changing of the molecular apparatus are assumed to take hours; the same

assumption was made in [13]) and because of that, we may neglect this process

in our modelling. Using quasi-steady-state assumption d f H

dt = 0, we obtain:

f H =
aHchH

aHchH + 1
,

and the total uptake by high affinity transporters contained in a unit root sur-

face area is therefore:

ĪH =
NH f H

hH = NH aHc
aHchH + 1

=
NH

hH
c

c + 1
aHhH

= ĪH
max

c
K̄H

m + c
. (286)

The same reasoning applies to the low affinity transporters and therefore, the

total influx is:

Ī = ĪL + ĪH.

From the previous analysis, it is not clear what the acquisition rate a is. To

answer this question, we look at a single transporter scale in the same fashion

as introduced in [5]. Let A denote the area occupied by a single transporter

unit within the plasma membrane, and let VH denote a mass transfer coeffi-

cient, representing the velocity at which nitrate ions arrive at the root surface

(say by diffusion). During a time interval of length T1, a single high affinity

transporter encounters mH ions:

mH = T1AHVHc,
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and processing these ions requires an amount of time given by:

TH
2 = mHhH.

Therefore, an uptake rate for a single high affinity transporter is given by:

IH =
mH

T1 + TH
2

=
AHVHc

1 + hH AHVHc
=

1
hH c

1
hH AHVH + c

=
IH
maxc

KH
m + c

. (287)

This way, we have derived a Michaelis-Menten model for a nitrate uptake by a

single high affinity transporter using concepts of handling time and encounter

rate. We see that the microscopic maximum uptake rate (per single transporter)

is:

IH
max =

1
hH , (288)

and the microscopic half-saturation constant is:

KH
m =

1
hH AHVH . (289)

As both IH
max and KH

m are proportional to 1
hH , we get a linear relationship be-

tween IH
max and KH

m :

IH
max = AHVHKH

m . (290)

Upscaling the influx rate

The simplest way to upscale Equation (287) to the root segment scale is mul-

tiplying by the number of high affinity transporters per unit root surface area

NH to get:

ĪH =
NH

hH c
1

hH AHVH + c
.

Comparing this with (286), we see that AV corresponds to a. Without looking

into molecular details, it seems natural to assume AH ≈ AL.

Macroscopic maximum uptake rate (per unit root surface area) is:

ĪH
max =

NH

hH (291)

and the macroscopic half-saturation constant is:

K̄H
m =

1
hH AHVH . (292)

Again, we get a linear relationship at the macroscopic scale:

ĪH
max = NH AHVHK̄H

m . (293)
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comparison with experimental data

We now check, whether the simple upscaling of microscopic Imax via multipli-

cation by the transporters density (Equation (291)) gives the macroscopic Īmax

comparable to the empirically obtained values using h = 0.01 s from [5].

From [63], we know that the density of glutamate transporters in the neuronal

cells of rats range from 2000 to 8000 transporters per µm2. Even though this

is a completely different biological system, in this section, we would only like

to check if the Īmax value upscaled from the transporter scale is roughly of the

same order of magnitude as empirical values Iemp
max from the literature. As we

could not find any data on the density of nitrate transporters in a biological

system more closely related to plant root cells, we decided to use this range

and estimate nitrate transporters density on the plant root surface to be 5000

transporters per µm2 which is equal to 5× 1013 transporters per dm2.

Therefore, Equation (291) predicts the maximum influx rate to be:

Īmax =
N
h

= 5× 1015 dm−2 s−1 = 1.8× 1019 dm−2 h−1 ≈

0.2989× 10−4 mol dm−1 h−1 ≈ 30 µmol dm−2 h−1,

which is of the same order of magnitude as the empirical value from [39]:

Iemp
max = 1 µmol m−2 s−1 = 36 µmol dm−2 h−1,

and this suggests that the simple upscaling we used may be sufficient (keeping

in mind the inadequacy of the biological tissue we guessed the density param-

eter from).

In [13], the Michaelis-Menten kinetics was derived using the quasi-steady-state

assumption for enzyme kinetics problem (transporters playing the role of en-

zymes). In our notation, results from [13] read:

ĪH
max = kH

2 NH, (294)

where kH
2 denotes the transporter-ion complex dissociation (unbinding) rate,

and:

K̄H
m =

kH
2

kH
1

, (295)
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where kH
1 denotes the transporter-ion encounter (binding) rate. The ĪH

max pa-

rameter is only dependent on (proportional to) the dissociation rate, which is

expected, as in the case where nutrient availability is non-limiting, the uptake

rate is only dependent on the processing time for single ion (and not on the

encounter rate). More interestingly perhaps, Km is not only proportional to the

dissociation rate, but also inversely proportional to the encounter rate - if the

encounter rate is large, then Km is small.

The meaning of expressions (291) and (294) is identical, provided kH
2 = 1

hH ,

which implies that the meaning of expressions (292) and (295) is identical,

provided kH
1 = AHVH. The linear relation (293) in this framework states:

ĪH
max = NHkH

1 K̄H
m , (296)

All formulae in this section hold for LATS analogously.

6.3 derivation of c̄min

We derived Īmax and K̄m using the concepts of encounter rate and handling

time. However, we have not yet been able to derive the c̄min parameter. As

mentioned in [25], certain studies suggest that internal (cytoplasmic) concen-

tration (ci) is held constant (3 − 5 mM) by homeostatic effects, and we use

this assumption in our analysis. We now try to validate a hypothesis that the

observed c̄min is a result of steady state balance between the influx via trans-

porters on one hand and the root efflux on the other. For simplicity, we assume

that the efflux is mostly due to lower external concentration compared to the

internal concentration.

6.3.1 General Michaelis-Menten boundary condition

Most of the experiments aiming to determine the Michaelis-Menten uptake

parameters were performed in hydroponics (see [43], [150], or Section 1.2.2).

Thus, we normally do not expect sharp depletion gradients to be created in

the proximity of the root surfaces, as nutrient diffusion is usually fast com-
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pared to the uptake. To model this situation, we can average out the small

variations in the spatial domain, which yields an ordinary differential equa-

tion in which the nitrate concentration is solely dependent on time (not space)

and we will use this approach throughout this chapter. Nevertheless, in this

section, we present a derivation of the Michaelis-Menten boundary condition

in the most general way because we think that it provides us with an impor-

tant insight into the root uptake modelling.

In the standard derivation of the diffusion equation from a random walk, we

assume that in each time step, we either move one step to the left with proba-

bility 1
2 or one step to the right with probability 1

2 . Let x = 0 represent the root

surface, h the spatial step, τ the time step, and suppose all these quantities are

already dimensionless. Assume that a nitrate ion at the root surface at time

t moves one step to the right (away from the root) with probability 1
2 , or is

taken in by a transporter with probability φ1(u(0, t), h) (where u(0, t) is nitrate

concentration at the root surface at time t and φ1 is yet unspecified function),

or enters root through the plasma membrane with probability φ2(u(0, t), h)

(where φ2 is yet unspecified function), or remains at the root surface with

probability 1
2 − φ1(u(0, t), h)− φ2(u(0, t), h). Assume further, that a single ion

from inside the root can also diffuse out of the root through plasma membrane

with probability φ2(uin(t), h) (where uin(t) is internal nitrate concentration at

time t). Then we can write:

u(0, t + τ) =
1
2

u(h, t)+

(
1
2
− φ1(u(0, t), h)−φ2(u(0, t), h))u(0, t) + φ2(uin(t), h)uin.

(297)

It is natural to assume that the probability of an uptake event or of an ion

crossing the plasma membrane in a very short time is very small; the longer

the time interval is, the more of these events are expected. Therefore, we

assume lim
h→0

φ1(u, h) = lim
h→0

φ2(u, h) = 0, and we write:

φ1(u, h) = hα f1(u) φ2(u, h) = hβ f2(u), (298)
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with α, β > 0. Assuming τ � 1, h � 1, a parabolic scaling τ = γh2 (γ =

O(1)2), and using Taylor expansions, we obtain from Equation (297):

u(0, t) + γh2 ∂u(0, t)
∂t

+ O(h4) =
1
2
{u(0, t) + h

∂u(0, t)
∂x

+ O(h2)}+

(
1
2
− φ1(u(0, t), h)− φ2(u(0, t), h))u(0, t) + φ2(uin(t), h)uin(t),

or:

o(h) =
1
2

h
∂u(0, t)

∂x
−

φ1(u(0, t), h)u(0, t)−φ2(u(0, t), h)u(0, t) + φ2(uin(t), h)uin(t).
(299)

Assume first, that:

φ1,2(u, h) = h f1,2(u). (300)

which corresponds to α = β = 1 in (298). From O(h) we get:

1
2

∂u(0, t)
∂x

= f1(u(0, t))u(0, t) + f2(u(0, t))u(0, t)− f2(uin(t))uin(t).

Recalling that f2(u) relates to the probability of an ion crossing plasma mem-

brane via diffusion, the simplest assumption to make is that f2 is constant.

This leads to:

∂u(0, t)
∂x

= 2 f1(u(0, t))u(0, t) + κ{u(0, t)− uin(t)},

where we have chosen:

κ = 2 f2. (301)

Similarly, if we choose f1(u) (which relates to the transporter uptake probabil-

ity) to be constant ( f1(u) = 1
2C), the transporter-uptake part of the boundary

condition becomes of Robin type (as first introduced in Equation (21)):

∂u
∂x

= Cu + κ{u− uin}.

Note that by choosing 3:

f1(u) =
imax

2(km + u)
, (302)

2 γ corresponds to 1
D where D is the resulting dimensionless diffusion constant for the external

medium. The parabolic scaling is standard when deriving the diffusion equation, and this is

related to the fact that the diffusion equation is first-order in time and second-order in space.
3 We chose imax and km instead of Imax and Km here, because the units in which these quantities

are measured differ.
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we can incorporate the effects of competition of nitrate ions for uptake sites

into our modelling - due to the limited number of sites available for the up-

take, the higher the nitrate concentration is, the smaller the probability of a spe-

cific nitrate ion to be transported. Therefore, this choice leads to a Michaelis-

Menten boundary condition:

∂u
∂x

=
imaxu

km + u
+ κ{u− uin}

at the root surface. Having derived the boundary condition under the assump-

tion (300), we now proceed with all the remaining limits (298). We are not yet

interested in a specific biologically-relevant regime; we would rather like to

explore how weakening (or strengthening) of the processes in our modelling

affects the resulting root surface boundary condition. In the remainder of this

section, we assume that Equation (302) models the transporters uptake and

Equation (301) describes the plasma membrane crossing.

Assume 1 < α, β. From the leading order in Equation (299), we get a zero-

flux boundary condition ∂u
∂x = 0 which is expected, because we made both the

transporters uptake rate and the membrane crossing rate too small - at the

leading order, all nitrate ions are reflected back into the external medium.

Assume α < 1, β. This means that the transporters uptake dominates, and the

leading order in Equation (299) gives 0 = u f1(u) = imaxu
2(km+u) , which gives a

Dirichlet boundary condition u = 0 - all nitrate ions are immediately trans-

ported into the root.

Assume β < 1, α. The leading order gives 0 = f2(u)u− f2(uin)uin = κ
2(u− uin).

This leads to a Dirichlet boundary condition u = uin. With passive crossing of

the plasma membrane being the dominant process, balance is established by

equating the external and the internal concentrations.

Assume α = 1 < β. From the leading order, we get ∂u
∂x = imaxu

km+u - gradient at

the root surface is governed by the Michaelis-Menten kinetics and the efflux is

negligible.

Assume β = 1 < α. The leading order gives ∂u
∂x = κ(u − uin). As the trans-

porters uptake is negligible now, gradient at the root surface is determined by

the concentration gradient between the internal and the external concentration.
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Assume α = β < 1. The leading order gives imaxu
km+u = κ(uin − u) and the bal-

ance is established between the transporters uptake and the cross-membrane

diffusion. This leads to a quadratic equation for u which has solutions:

u± =
−(km − uin +

imax
κ )±

√
(km − uin +

imax
κ )2 + 4kmuin

2
.

It is easy to see that
∣∣∣km − uin +

imax
κ

∣∣∣ <
√
(km − uin +

imax
κ )2 + 4kmuin, and

therefore u− < 0 (which is nonphysical) and u+ > 0. Therefore, the only

physiologically relevant boundary condition is:

u =
−(km − uin +

imax
κ ) +

√
(km − uin +

imax
κ )2 + 4kmuin

2
.

Thus we have shown how to derive all relevant root surface boundary condi-

tions using the random walk approach. In the remaining part of this thesis, we

will be mostly interested in the α = β < 1 case.

6.3.2 High and low affinity transport modelling

The modelling from the previous section is not sufficient to describe the nitrate

uptake fully, because we know of at least two distinct nitrate uptake kinetics

in plants. Thus, we model nitrate uptake by low and high affinity transporters

with a possible diffusion across the plasma membrane with permeability P

[97]. Transporters of both types follow the Michaelis-Menten kinetics. We

do not assume the linear relationship between Imax and Km (290) from the

beginning, as this has not been fully validated by experiments yet. Instead, we

assume that HATS have low values for both Km and Imax, and LATS have high

values for both Km and Imax, i.e.:

KH
m < KL

m (303)

and

IH
max < IL

max. (304)
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We further assume that a plant can produce a limited number of low (NL)

and high (NH) affinity transporters per unit root surface area so that the total

number of transporters per unit root surface area is fixed:

N = NL + NH. (305)

We study how different distributions of low and high affinity transporters af-

fect nitrate uptake. Note that in this thesis, we assume the densities of low and

high affinity transporters to be constant in time. However, plants do change

these densities with their developmental stage and in response to external ni-

trate concentration [89]. We plan to incorporate these effects in future research.

First, we focus on the steady-state scenario where we try to shed more light

on the effect that the parameters Imax and Km have on the Michaelis-Menten

functional form, so that we can understand more clearly why low affinity trans-

porters dominate at high nitrate concentrations and vice versa. Parameter val-

ues and their units are not important at this stage - we will use realistic values

after we introduce and explain the basic concepts.

6.3.3 Steady state scenario

We start with a steady-state assumption:

NL IL
maxcss

KL
m + css

+ NH IH
maxcss

KH
m + css

= P(ci − css) (306)

where css is an external nitrate concentration, so that the total intake by the low

(NL IL
maxcss

KL
m+css

) and the high (NH IH
maxcss

KH
m+css

) affinity transporters together is balanced

with an efflux due to nitrate diffusion across the plasma membrane (P(ci− css)

- where P is the membrane permeability). Our task here is to find an optimal

NL so that css (which we solve for) is minimal, assuming the constraint (305).

In other words, we want the plant to use as much of the external nitrate as

possible. This is similar to the concept of R∗ - a concentration at which a

nutrient ceases to be extractable from [133] - which was shown to be crucial

for the survival of a species.
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Figure 6.1.: Comparison of the Michaelis-Menten functions for LATs and HATs

assuming KL
m

KH
m
= 20 and IL

max
IH
max

= 5.

First of all, we notice that c∗∗ = 0 always satisfies a condition that the uptake

by a single high and low affinity transporter at this external concentration is

the same (namely zero)4. Next, assuming (304), any other value satisfying this

condition obeys:
IL
max

KL
m + c∗

=
IH
max

KH
m + c∗

.

This leads to the following dependence of c∗ on the Michaelis-Menten param-

eters:

c∗ =
KL

m IH
max − KH

m IL
max

IL
max − IH

max
, (307)

which is positive if and only if KL
m IH

max − KH
m IL

max is positive, or equivalently:

KL
m

KH
m

>
IL
max

IH
max

. (308)

Using (arbitrary) parameters IL
max = 5, IH

max = 1, KL
m = 2 and varying KH

m ,

we uncovered two distinct cases, which are depicted in Figures 6.1 and 6.2.

If KL
m

KH
m
≤ IL

max
IH
max

, then it is advantageous for the root to produce low affinity

transporters only - these uptake more nitrate for the entire range of external

concentrations, and thus the resulting external concentration at the steady state

is minimalised by taking all the transporters to be of low affinity type.

4 Note that c∗∗ = 0 is clearly not a solution of the steady-state equation (306)

283



6.3 derivation of c̄min

Figure 6.2.: Comparison of the Michaelis-Menten functions for LATs and HATs

assuming KL
m

KH
m
= 2 and IL

max
IH
max

= 5.

For KL
m

KH
m
> IL

max
IH
max

, we have c∗ = KL
m IH

max−KH
m IL

max
IL
max−IH

max
> 0. Rewriting Equation (306), we

get:

NL IL
maxcss

KL
m + css

+ NH IH
maxcss

KH
m + css

+ Pcss = Pci, (309)

which represents the steady state scenario. Left-hand side can be interpreted

as the total influx into the root, and the right-hand side as the efflux from the

root. Substituting c∗ (for css) into the left-hand (influx) side of Equation (309),

we can get three different outcomes:

1. The steady state condition (309) is satisfied

2. Influx dominates

3. Efflux dominates

In the steady-state situation (case 1.), it does not matter whether the plant

produces HATs or LATs, because css = c∗ = KL
m IH

max−KH
m IL

max
IL
max−IH

max
here.

If the influx is larger than the efflux (case 2.), then css at the steady state will be

lower than c∗. This suggests that the optimal strategy for a plant is to produce

HATs only.

If the efflux is larger than the influx (case 3.), then css at the steady state will be

higher than c∗. This suggests that the optimal strategy for a plant is to produce
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Figure 6.3.: For IH
max = 0.01085 (blue), the steady-state concentration (for any

value of NL; solid line) is greater than c∗ (dashed line), and there-

fore it is advantageous for the plant to produce LATs only. How-

ever, a slight increase in IH
max gives the opposite outcome (red), and

HATs-only becomes the optimal strategy for minimising css.

LATs only.

We solved the cubic equation (306) and plotted the only positive root css as a

function of NL. Using parameters N = 1000, KH
m = 1, KL

m = 1000, IL
max = 10,

ci = 1.0, P = 1.0 and varying IH
max, we managed to obtain the cases 2 and

3. Parameter values are chosen rather arbitrarily at the moment - the only

assumptions made are stated in the equations (303), (304), and (308). Note,

that the condition (308) implies IH
max > IL

max
KH

m
KL

m
= 0.01, which together with

(304) means:

0.01 < IH
max < 10. (310)

We found that IH
max = 0.01085 and IH

max = 0.01095 give the two different scenar-

ios (cases 2. and 3.), and the results are shown in Figure 6.3 (the corresponding

MATLAB code can be found in Appendix C)). Using this steady-state ap-

proach, one can tell whether it is advantageous for a plant to produce LATs

only or HATs only. However, this dichotomy is not observed in real plants. To

obtain non-trivial quotient between NL and NH, we need to incorporate time

evolution into our modelling. Imagine, we start with very high external nitrate
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concentration. At this stage, roots mostly need LATs (which usually have large

Imax) to uptake the surrounding nitrate as quickly as possible. However, as we

approach low nitrate concentrations, HATs become more efficient. To capture

these effects, we need to minimise depletion time alongside minimising the

external concentration at the steady state. Minimisation of the depletion time

requires LATs whereas minimisation of the steady-state external concentration

may require HATs (provided css < c∗).

6.3.4 Time evolution to the steady state

Imagine a unit volume of the solution in which roots are located with a typ-

ical root surface area as found in hydroponic experiments and nitrate being

actively taken up via HATs and LATs. Again, we do not consider the spatial

nitrate flows and we do not model competition for nitrate between plants or

between different roots of the same plant. Thus, our model does not involve

spatial variables, and we may think of it as being averaged across the men-

tioned unit solution volume. The resulting equation states:

dc
dt

= −NLρ
IL
maxc

KL
m + c

− NHρ
IH
maxc

KH
m + c

− Pρ(c− ci), (311)

and for the initial condition, we assume:

c(t = 0) = cin.

Here, c(t) is the external nitrate concentration (we dropped the subscript ss as

we model the time evolution now; mM), NL is the number of LATs per unit

root surface area (dm−2), ρ is a typical root surface area density as found in

hydroponic experiments (dm2 of root surface per dm3 of the solution volume),

IL
max is the maximum influx rate in the Michaelis-Menten kinetics (mmol of

nitrate per h per transporter), KL
m is the Michaelis half-saturation constant in

mM, ci is the internal nitrate concentration in mM (which is held constant as

in the steady-state case), and P is the membrane permeability (mmol of nitrate

per dm2 of root surface per h per unit difference in nitrate concentration -

this is consistent with the standard units for membrane permeability, i.e. dm
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Parameter Value

KH
m 1.0

IH
max 0.03

cin 10.0

ci 1.0

IL
max 10.0

KL
m 1000.0

ρ 1.0

P 1.0

N 1000

Table 6.1.: Toy model parameter values.

h−1). This way Pρ(c− ci) is the amount of nitrate (in mmol) taken up in the

unit solution volume (dm3) per h. The constants with superscript H have

analogous meaning to those with superscript L, and they refer to the HATs.

We assume NL + NH = N, where N is fixed as before.

6.3.5 Toy model

In order to show the variety of behaviour our model can capture, we first sim-

ulate a toy model using the same arbitrary parameters as before, and then use

realistic parameters for the specific case of nitrate uptake in the next section.

The parameter values for the toy problem are summarised in Table 6.1. As pa-

rameters are chosen arbitrarily, their units are also irrelevant at this stage. We

have chosen cin = 10.0 so that we start with a concentration higher than the

internal concentration ci = 1.0. IH
max = 0.03 is chosen to satisfy condition (310),

and also to satisfy IH
max ≥ 0.01095 (otherwise we may never reach external con-

centration at which HATs are more efficient than LATS). Figure 6.4 shows time

evolution of external nitrate concentration for some of the possible values of

NL. We see that the external nitrate concentration is always decreasing with

time which is due to the uptake via transporters. The higher the value of NL is,
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Figure 6.4.: Time evolution to the steady state for the toy model of nitrate up-

take by HATs and LATs.

the faster we approach the steady state. However, increase in NL also causes

the steady state to be slightly higher (as it corresponds to a decrease in NH).

This is clearly visible when we zoom in on the behaviour close to the steady

states as shown in Figure 6.5. We also plot the external nitrate concentration

as a function of both time and NL.

Depletion time

For this chapter, we define depletion time to be the time needed for an external

concentration to drop from a given high initial concentration down to a fixed

percentage (referred to as tolerance from now onwards) above the steady state

value. The depletion time is plotted in the Figure 6.7 (choosing 1% as the tol-

erance value). We see that the depletion time is below 0.44 for every choice of

NL. Thus, we can fix T = 0.44 (and call it a reference time from now onwards),

and study the remaining external nitrate concentration at this time point. The

results for varying NL are shown in the Figure 6.8 and comparison with the

steady state concentration is also made. Minimum in remaining nitrate con-

centration at t = 0.44 is obtained for NL ≈ 270 dm−2. Naturally, this value

will depend on the choice of the reference time, which in turn depends on the

time scale of the biological process under consideration.
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Figure 6.5.: Time evolution to the steady state for the toy model of nitrate up-

take by HATs and LATs (zoom).

Figure 6.6.: The external nitrate concentration as a function of time and NL for

the toy model of nitrate uptake by HATs and LATs.
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Figure 6.7.: Global minimum in depletion time for the toy model is achieved

for a nontrivial low/high affinity transporters distribution - at

NL ≈ 505 (which corresponds to NH = 495).

Figure 6.8.: Remaining nitrate concentration at the reference time and the cor-

responding steady states for the toy model.
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Figure 6.9.: Depletion times for IH
max = 0.02 and IH

max = 0.05 (toy model).

Note that we had to pick IH
max = 0.03 very carefully in order to show that a non-

trivial low-high affinity transporters distribution can give a global minimum

in depletion time. Figure 6.9 shows that a small change in IH
max can result in

HATs/LATs-only being the optimal strategy. If we choose slightly smaller IH
max,

the depletion time is minimised by taking LATs only, and if we choose slightly

higher IH
max, the HATs-only strategy becomes optimal.

Now that we have explained all the basic ideas, we introduce biologically and

physically relevant parameters.
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6.3.6 Model with realistic parameters

Let us look back into the equations (294) and (295). The simplest of all possible

interpretations of the differences in Imax and Km between HATs and LATs is

that LATs possess high dissociation rate k2 (i.e. short handling time) and the

opposite is true for HATs. This yields both Michaelis-Menten parameters (Imax

and Km) higher for LATs. From now onwards, we assume that this is true,

and that the encounter rate is the same for HATS and LATS, even though the

alternative explanation (that HATs attract/bind nitrate ions better than LATs,

i.e. HATS have higher encounter rate k1) is also worth keeping in mind.

Problem with the linear relationship assumption

The assumption of linear relationship between Imax and Km at the microscale

(Equation (290)) together with the assumption of the same area occupied by a

HAT and a LAT unit (AH = AL), leads to an unexpected conclusion, namely

that a single low affinity transporter unit is more efficient compared to a single

high affinity unit at any external nitrate concentration. To see this, assume

Km = βImax and denote g(Imax) = Imaxc
βImax+c . Then g′(Imax) = c2

(βImax+c)2 which

is positive for any (fixed) c > 0. This (altogether with a simple fact that the

uptake rate is 0 for c = 0 independent of Imax) leads to the dominance of LAT

uptake at any nitrate concentration. Another way to see this is by looking at

Equation (307) - assuming Km = βImax holds for HATs and LATs with the

same β gives c∗ = c∗∗ = 0, and as there is no positive concentration for which

the uptake rate by a single HAT unit equals that by a LAT unit, LATs uptake

more for any positive concentration. This seems to be in contradiction with

the standard understanding of LATS and HAT uptake behaviour.

One explanation for this may be, that HATs are somehow cheaper for a plant

to produce, and thus they can be produced in greater amounts compared to

LATs. From [23] and [22], we see that the atNRT2.1 transporter (high affinity)

has a molecular weight of 57709.4 daltons (1 dalton is approximately equal

to 1.66× 10−27 kg), which is less than 63981.1 daltons (molecular weight of

the atNRT1.2 transporter; low affinity). This way, including carbon cost in
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our calculations may help resolve these apparent contradictions. Furthermore,

maintenance and functioning of a single LAT unit may be more expensive than

that of a HAT unit (e.g. energy expenditure per one transported ion). This all

would mean that even though a single HAT uptakes less than a single LAT at

any nitrate concentrations, at low nitrate concentrations, it is advantageous for

a plant to produce HATs (in greater amounts) because the difference between

the (per transporter) uptake rates is very small in this range.

Independent of what the true reason for LATs being "more expensive" is, this

means:

CLNL + CH NH = B = const, (312)

where (vaguely speaking) CL presents a cost of a single LAT unit, CH a cost of

a single HAT unit, and B total cost a plant can pay, which represents a limited

plant budget, determined by (e.g.) available carbon. Thus, the constraint (305)

is modified to be:

NL + αNH = N, (313)

where α = CH

CL and N = B
CL . Applying this constraint, the time evolution

equation (311) becomes:

dc
dt

= −NLρ
IL
maxc

KL
m + c

− N − NL

α
ρ

IH
maxc

KH
m + c

− Pρ(c− ci). (314)

It still remains to determine the constants α and N.

Parameter estimation

First, we estimate α. For concentrations much higher than KH
m , HATs operate

practically at the maximum influx rate. At the same time, as discussed in

Section 6.1.2, LAT uptake in the millimolar range exhibits linear increase with

the external nitrate concentration, and the influx is thus modelled as:

I = aicc + bic,

where the constant term bic corresponds to HATs operating at the maximum in-

flux rate, and the aicc term presents the linear approximation to the Michaelis-

Menten kinetics of LATs with very high KL
m (which holds for concentrations

much smaller than KL
m). The subscript ic indicates that we are dealing with the
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intermediate concentrations (high enough so that HATs operate at the maxi-

mum rate but low enough so that LATs kinetics is close to linear). The linear

approximation for small concentrations gives:

aic ≈
ĪL
max
K̄L

m
=

NL
ic IL

max

KL
m

=
NL

ic IH
max

KH
m

=
αNL

ic ĪH
max

NK̄H
m

, (315)

where we first used the linear relationship between Imax and Km, then the stan-

dard transitions between the microscopic and macroscopic Michaelis-Menten

parameters, and finally the assumption that almost all transporters are of the

high affinity type for c = O(KH
m ). Using this assumption, we substituted

NL = 0 in the constraint (313), which yields the upper bound for HATs density

NH
max = N

α . Rearranging Equation (315) gives:

α ≈ aicNK̄H
m

NL
ic ĪH

max
. (316)

Moreover, assuming that the constant term bic is caused by HATs operating

at the maximum influx rate, and that almost all transporters are of the high

affinity type for c = O(KH
m ), we get:

bic

ĪH
max

=
NH

ic
NH

max
=

(N − NL
ic)/α

N/α
=

N − NL
ic

N
,

which yields:
N

NL
ic
=

ĪH
max

ĪH
max − bic

. (317)

Substituting (317) into Equation (316), we conclude:

α =
aicK̄H

m
ĪH
max

ĪH
max

ĪH
max − bic

=
aicK̄H

m
ĪH
max − bic

.

From [89] (in which nitrogen uptake by oilseed rape is modelled), we get

ag
ic ≈ 0.007 dm3 h−1 g−1, bg

ic ≈ 20 µmol h−1 g−1 and (for inducible HATS)

ĪH,g
max = 135 µmol h−1 g−1, K̄H

m = 85 µM (these parameters are often given per

gram of root dry weight - we denote such parameters with a superscript g).

These values yield α ≈ 0.005.

For LATs, we choose K̄L
m high enough (K̄L

m = 100 mM), so that for concentra-

tions of order 1 mM, the linear approximation is very close to the Michaelis-

Menten kinetics. Corresponding ĪL
max is calculated as follows:

ĪL,g
max = K̄L

mag
ic = 0.7 mmol h−1 g−1.
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It remains to estimate N from Equation (313). For very low concentrations, we

assume that no LATs are produced, and that HATs are produced in the greatest

amounts, i.e. N = αNH
max. As mentioned in Section 6.2.2, [63] gives the density

of glutamate transporters in the neuronal cells of rats ranging from 2000 to

8000 transporters per µm2. We pick NH
max = 8000 transporters per µm2, which

equals NH
max = 8× 1013 dm−2, and conclude N = 4× 1011 dm−2. Note that the

resulting behaviour will actually be independent of NH
max, because having no

information on the density of transporters, we will define IH
max and IL

max simply

by downscaling (i.e. dividing by the corresponding density) empirical values

from the literature (see equations (318) and (319))5.

To transform the influx units given per gram of root dry weight to those given

per root surface area, we introduce specific root surface area Ag, which is

defined as the root surface area divided by its dry weight. From [37], we get

an estimate of 400 m g−1 for the specific root length of the oilseed rape, which

combined with the mean root radius of 0.03 cm estimated from [73], yields

the specific root surface area Ag ≈ 400× 2× π × 0.0003 m2 g−1 ≈ 75 dm2 g−1.

Furthermore, taking 19 cm−2 from [37] as a value for the root length density

for the oilseed rape plant, we estimate:

ρ = 2× π × 0.03× 19 cm−1 ≈ 3.6 cm−1 = 36 dm−1.

To get the maximum influx rates on the surface area basis, we simply divide

by the specific root surface area, and get:

ĪL
max =

ĪL,g
max

Ag
≈ 9.3 µmol h−1 dm−2 ĪH

max =
ĪH,g
max

Ag
= 1.8 µmol h−1 dm−2.

To find the microscopic (i.e. per transporter) maximum influx rate of HATs,

we simply divide the maximum macroscopic HAT influx rate ĪH
max by the cor-

responding HAT density NH
max, and obtain:

IH
max =

ĪH
max

NH
max

= 2.25× 10−14
µmol h−1, (318)

5 In other words, imagine that the real value of NH
max is actually γ times greater than the chosen

value. Then the same is true for N, NH
min, and NL

max (NH
min and NL

max will be defined later in

this section). Moreover, IH
max and IL

max are γ times smaller than the values calculated using the

original NH
max. The important thing from the perspective of Equation (311) is that irrespective

of the choice of NH
max, both NH

max IH
max = ĪH

max and NL
max IL

max = ĪL
max remain unchanged.
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which roughly corresponds to 4 nitrate ions transported per second.

As we have already noted, even at very high nitrate concentrations, a non-

zero HAT density is present - let us denote this density NH
min. We can obtain

an approximation for NH
min by comparing the maximal HAT uptake rate ĪH,g

max

(achieved at the maximal transporter density NH
max) with the HAT contribution

at high nitrate concentrations bg
ic, i.e.:

NH
min =

bg
ic

ĪH,g
max

NH
max ≈ 1.2× 1013 dm−2.

The corresponding LAT density is NL
max = N − αNH

min = 3.4 × 1011 dm−2.

Therefore, to obtain a microscopic maximum influx rate of LATs, we need to

divide the maximum macroscopic LAT influx rate ĪL
max by the corresponding

LAT density NL
max, and get:

IL
max =

ĪL
max

NL
max
≈ 2.7× 10−11

µmol h−1, (319)

which is approximately 4500 nitrate ions transported per second.

As before, we assume KH
m = K̄H

m and KL
m = K̄L

m.

From [109] and [110], we know that the estimates of the nitrate permeability co-

efficient of the plasma membrane range from 1.8× 10−11 m s−1 to 10−9 m s−1,

or equivalently from 6.48 × 10−7 dm h−1 to 3.6 × 10−5 dm h−1. We choose

P = 1× 10−5 dm h−1.

The parameter values are summarised in Table 6.2.

Simulations

As the main check, we want the steady state concentration c̄min measured and

used in previous nitrate studies to be the same (or at least of the same order)

as the one extracted from the model as a steady-state concentration. The c̄min

values measured in [150] range approximately from 1 to 5 µM. On the other

hand, the authors of [39] used a value c̄min = 0.1 µM in their modelling. As

the information on c̄min from the existing literature seems a bit ambiguous, we

accept any c̄min values higher than 0.1 µM and lower than 5 µM, but hope to

get c̄min in the experimentally-measured range from [150].

Moreover, we need to check that our modelling predicts the depletion time
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6.3 derivation of c̄min

Parameter Value Units

KH
m 0.085 mM

IH
max 2.25× 10−17 mmol h−1

ci 3 mM

IL
max 2.7× 10−14 mmol h−1

KL
m 100 mM

ρ 36.0 dm−1

P 1.0× 10−5 dm h−1

α 0.005 -

N 4× 1011 dm−2

Table 6.2.: Realistic parameter values for nitrate uptake by oilseed rape plant.

Various sources (see the main text).

(time required to reach c̄min) in the same order as that observed in hydroponic

experiments, which typically means up to 10 hours, provided we start with a

relatively low initial concentration (e.g. 0.25 mM in [77]).

Simulation results using the parameters from Table 6.2 and cin = 0.25 mM are

shown in Figures 6.10− 6.12. The corresponding MATLAB code can be found

in Appendix C. The time of depletion is close to the experimental value of 10

hours from [77].

The steady-state concentrations (which we expect to correspond to the c̄min

value) range up to approximately 125 µM (Figure 6.11). However, for real

plants at such low concentration, we assume that no LATs are present anymore.

Zooming into the region NL ≈ 0, we get an estimate of c̄min ≈ 1.5 µM (see

Figure 6.13), which is within the range measured in [150]. All these figures

suggest that HATs are more efficient in the uptake from the very beginning

(i.e. for any external nitrate concentration ≤ 0.25 mM).
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6.3 derivation of c̄min

Figure 6.10.: Time evolution to the steady state for the model of nitrate uptake

by LATs and HATs.

Figure 6.11.: Steady state concentration as a function of NL for the model of

nitrate uptake by LATs and HATs.
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6.3 derivation of c̄min

Figure 6.12.: Depletion time as a function of NL for the model of nitrate uptake

by LATs and HATs.

Figure 6.13.: Steady state concentration as a function of NL (zoomed-in to the

relevant region).
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6.3 derivation of c̄min

(a) cin = 30 mM (b) cin = 300 mM

Figure 6.14.: Depletion time as a function of NL for cin = 30 mM and cin = 300

mM.

To see this more clearly, we now calculate the non-zero concentration c∗, at

which the overall uptake rate is independent of whether the plant produces

LATs or HATs only (under the constraint (313)). At this concentration, we

have:

N
IL
maxc∗

KL
m + c∗

=
N
α

IH
max

KH
m + c∗

,

which yields:

c∗ =
IH
maxKL

m − αIL
maxKH

m
αIL

max − IH
max

≈ 20 mM. (320)

Below this concentration, HATs are more efficient, which explains the results

from Figures 6.10− 6.12. Therefore, a nontrivial optimal HAT/LAT distribu-

tion can only be obtained using cin > 20 mM. Figure 6.14 shows the depletion

time as a function of the LATs density for cin = 30 mM and cin = 300 mM.

We see that the HATs-only strategy is optimal for cin = 30 mM and the LATs-

only strategy is optimal for cin = 300 mM. Choosing cin = 100 mM leads to

a nontrivial optimal LAT/HAT distribution (≈ 2.3× 1011 dm−2) minimising

the depletion time as shown in Figures 6.15− 6.17. The depletion times from

Figures 6.17 and 6.14 are very high, because of the imposed initial nitrate con-

centrations. Such (high) concentrations are very rarely found in both the soil

and the hydroponic experiments.
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6.3 derivation of c̄min

Figure 6.15.: Time evolution to the steady state for cin = 100 mM.

Figure 6.16.: Steady state concentrations as a function of NL for cin = 100 mM.
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6.4 summary

Figure 6.17.: Depletion time as a function of NL for cin = 100 mM.

6.4 summary

Using an approach analogous to the one found in phytoplankton uptake mod-

elling literature ([5], [6]), we derived the Michaelis-Menten uptake condition

for a single transporter and showed that using a very simple upscaling, we

can get values of the macroscopic maximum influx rate with the same order of

magnitude as those measured empirically at the plant or the root scale. Then,

we studied how the irreducible nitrate concentration c̄min observed in experi-

ments can be derived as a steady-state value balancing the uptake via trans-

porters with the root efflux using a simple toy model. Later, we introduced

realistic parameters and concluded that such model yields the depletion time

and the c̄min values close to the experimental values. As already mentioned, we

have not seen a similar calculation of the c̄min value from basic principles (and

subsequent comparison with experimental values) anywhere in the literature.
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7
H O R I Z O N TA L LY AV E R A G E D M O D E L S O F R O O T S Y S T E M

U P TA K E

7.1 introduction

Multiple root architecture models have been developed in recent decades (as

discussed in Section 1.5). Using these models, it is possible to fully capture

the root system growth as well as its interactions with the environment in

three dimensions. However, a more detailed description of the underlying

processes usually comes with an increased computational demands. There-

fore, researchers often (implying some way of averaging in horizontal plane)

use water uptake models which are only dependent on depth x3, and thus are

one-dimensional in space, which reduces the computation time and memory

usage (see Section 1.3.4). As the fate of nitrate in soil is most often deter-

mined by the water dynamics (due to its high solubility; see Section 1.2.3), in

this chapter, we will assess the suitability of horizontally averaged root system

models for simulating water and nitrate uptake by real root systems.

We use real root systems, which were all grown and scanned in Hounsfield

facility at the University of Nottingham using X-ray computed tomography.

Note that these root systems are all of the same wheat genotype. Using Root-

Nav (software allowing reconstruction of root system architecture from raw

data input images [111]), Marcus Griffiths (then a PhD student at the Uni-

versity of Nottingham) segmented the root images, and then used RooTh -

software developed by James Johnson (then a PhD student at the University

of Nottingham) - for skeletonising (generating a structured description of the
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7.1 introduction

root system without losing any important information; sometimes referred to

as thinning) these root systems. The resulting data is thus smaller, easier to

store and amenable to further analysis. This geometry was then imported into

SimRoot (introduced in Section 1.5.1) using a module developed by Nathan

Mellor (then a postdoctoral fellow at the University of Nottingham) which

generates static root systems. After this the equations modelling water and ni-

trate dynamics were numerically solved using SWMS-3D code as implemented

in SimRoot (discussed in Section 1.5.1). In the original version of SimRoot, the

amount of nutrient taken up feeds into a simple canopy growth model, which

then feeds back into the water uptake model in the form of a growing tran-

spirational demand (as explained in Section 1.2.3). With the static-root-system

version of SimRoot, we naturally assume that the canopy size is fixed as well,

which yields a constant transpiration rate. This assumption may be a good ap-

proximation when modelling short-term water/nutrient uptake or the case of

mature root systems (where growth slowed down and can thus be neglected).

From these simulations, we extract average water content and average nitrate

concentration with depth. Moreover, from the obtained root images we ex-

tract root length distributions with depth for various root classes (primary,

seminal, lateral and fine lateral roots) and we use this information when form-

ing sink (uptake) terms in one-dimensional water and nitrate dynamics mod-

els in MATLAB. Results from these models are then compared with those

from SimRoot. If average water/nitrate distribution in the one-dimensional

model follows that of the three-dimensional model closely, then the (faster)

one-dimensional model can be used (e.g.) to calculate overall uptake by a

given root system. Note that we could not find any class-specific nitrate up-

take parameters estimates for a wheat plant in the available literature, and

thus we used default (maize) SimRoot parameters (and therefore also default

class-specific root radii).

Due to technological progress as well as an increase in root-scanning facil-

ities throughout the world, we expect to see a rise in available fully three-

dimensional root system architecture data.
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7.2 extraction of data from root images

Figure 7.1.: A wheat root system numbered as 600 (in centimetres).

Using one-dimensional models such as those introduced in this chapter, we

hope to address questions of the architecture impact on water and nitrate up-

take in much faster way. Subsequently, this may help in certain optimisation

problems, e.g. finding an optimal root length distribution for nitrate capture.

7.2 extraction of data from root images

To fully capture nitrate uptake, we need to incorporate depth-dependent root

system characteristics (such as root length with depth or root surface area with

depth) into our averaged model. We extracted these data from .xml represen-

tations of these root systems using python scripts. We started with a typical

scanned root system numbered as 600 (shown Figure 7.1), for which the ex-

tracted root length distribution with depth is shown in Figure 7.2. Note that
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7.2 extraction of data from root images

Figure 7.2.: The root length distribution with depth for the root system 600.

the small kinks in Figure 7.2 are purely a consequence of the chosen (vertical)

width of the regions in which we count the overall root length1, and have no bi-

ological meaning. Note also that even though mathematicians and statisticians

may be more used to plots with swapped x and y axes (compared to Figure

7.2), we stick to the choice of axes from Figure 7.2 throughout this chapter, as

by doing this we follow the convention that depth is plotted on the (negative)

y axis, which seems to be standard in most agricultural studies (to give just a

few examples, see [82], [2], [46] or [28]).

Different root classes may have different uptake properties (radii, transporter

densities and others). Therefore, one may also need to extract separate root

length distributions for primary, seminal, lateral or fine lateral roots. These

are shown in Figure 7.12.

1 By choosing this width to be smaller, we should in general obtain more accurate descriptions

of the given root system, and therefore more accurate one-dimensional models. However, later

on in this chapter, we will confirm that the chosen width of 1 cm already gives a reasonably

good approximation to the three-dimensional model.
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7.3 water uptake by static root systems

7.3 water uptake by static root systems

To model water dynamics, SimRoot solves an equation:

∂θ

∂t
= ∇ ·

(
K∇h + K∇x3

)
− S, (321)

where K is the hydraulic conductivity function (of van Genuchten type, in-

troduced in Section 2.6), h is the capillary pressure head and S is the sink

term modelling water uptake [129] (see also Section 1.3.4). This is the same

as the Richards’ equation introduced in Section 1.3.3, noting that SWMS-3D

(and therefore SimRoot) has the x3 coordinate oriented opposite the direction

of gravity [129]. We solve this equation in rectangular cuboid denoted ΩS and

defined as:{
(x1, x2, x3) ∈ R3, xmin

1 ≤ x1 ≤ xmax
1 , xmin

2 ≤ x2 ≤ xmax
2 , xmin

3 ≤ x3 ≤ xmax
3

}
.

The fixed total transpiration (as explained in Section 7.1) means that a fixed

amount of water is taken in per day. Denote ρ(x1, x2, x3) to be a root length dis-

tribution (cm of root length per cm3 of soil volume) and T to be a transpiration

rate constant (cm3 of water per day). Defining:

ρ̂(x3) =

xmax
1∫

xmin
1

xmax
2∫

xmin
2

ρdx2dx1

one gets:
xmax

3∫
xmin

3

ρ̂(x3)dx3 = LT,

where LT is the total root length of a given root system. In our static SimRoot

version, we assume that the amount of in-taken water is equally distributed

over the entire root system so that the uptake rate per unit root length is the

same everywhere (not taking into account local water content). This can be

expressed as:

S(x1, x2, x3) =
ρ(x1, x2, x3)T

LT . (322)

Figure 7.3 shows water depletion zones. We now wish to obtain an averaged,

one-dimensional (depth-dependent) model.
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7.3 water uptake by static root systems

Figure 7.3.: Water depletion zones close to root surfaces in the modified Sim-

Root; a slice through the soil domain. Colours represent the vary-

ing water content - blue indicates the driest soil.
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7.3 water uptake by static root systems

In order to do that, we will from now onwards assume that horizontal vari-

ations in water content are small enough so that they can be neglected in sub-

sequent calculations (and therefore, the one-dimensional model thus obtained

should give results close to the averaged results from the three-dimensional

model). This assumption is justified as long as the soil water content is main-

tained sufficiently close to the full saturation (in other words, as long as we do

not model very dry soils) [11].

First, we integrate Equation (321) in horizontal coordinates, divide by the sur-

face area of a horizontal cross-section (A =
(
xmax

1 − xmin
1
)
×
(
xmax

2 − xmin
2
)

;

recall that we want to obtain an averaged behaviour), and get:

∂θ

∂t
=

1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

∂θ

∂t
dx2dx1 =

1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

(
∇ ·

(
K∇h + K∇x3

)
−

S
)

dx2dx1 =
1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

(
∂

∂x1
,

∂

∂x2

)
·
(

K
( ∂h

∂x1
,

∂h
∂x2

))
dx2dx1+

1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

(
∂

∂x3

(
K

∂h
∂x3

+ K
)
− S

)
dx2dx1,

(323)

where we have defined θ(t, x3) = 1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

θ(t, x1, x2, x3)dx2dx1 to be the av-

eraged water content distribution with depth and then we simply used the

definition of the divergence operator. Using divergence theorem (in two di-

mensions), we get:

1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

(
∂

∂x1
,

∂

∂x2

)
·
(

K
( ∂h

∂x1
,

∂h
∂x2

))
dx2dx1 =

1
A

∫
∂A(x3)

K
(

∂h
∂x1

,
∂h
∂x2

)
· n̂2ddl,

(324)

where we defined:

A(y) =
{
(x1, x2, x3) ∈ R3, xmin

1 ≤ x1 ≤ xmax
1 , xmin

2 ≤ x2 ≤ xmax
2 , x3 = y

}
,

∂A(x3) denotes boundary of this set, and n̂2d denotes a two-dimensional, out-

ward pointing unit normal vector. The boundary integral from Equation (324)
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7.3 water uptake by static root systems

can be neglected due to the assumption of small water content variations in the

horizontal direction (which is equivalent to the assumption of small capillary

pressure head variations in the horizontal direction). Using this approxima-

tion, Equation (323) becomes:

∂θ

∂t
=

1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

(
∂

∂x3

(
K

∂h
∂x3

+ K
)
− S

)
dx2dx1 =

1
A

∂

∂x3

xmax
1∫

xmin
1

xmax
2∫

xmin
2

(
K

∂h
∂x3

+ K
)

dx2dx1 − S =
∂

∂x3

(
K(h)

∂h
∂x3

+ K(h)
)
− S, (325)

where we again assumed that the horizontal variation in the water content can

be neglected. The bars (again) denote averaging in horizontal variables, i.e.:

S(x3) =
1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

S(x1, x2, x3)dx2dx1

and:

h(t, x3) =
1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

h(t, x1, x2, x3)dx2dx1.

Using the sink term (322), Equation (325) gives:

∂θ

∂t
=

∂

∂x3

(
K(h)

∂h
∂x3

+ K(h)
)
− T

ALT

xmax
1∫

xmin
1

xmax
2∫

xmin
2

ρ(x1, x2, x3)dx2dx1 =

∂

∂x3

(
K(h)

∂h
∂x3

+ K(h)
)
− T

ALT ρ̂ =
∂

∂x3

(
K(h)

∂h
∂x3

+ K(h)
)
− T

LT ρ. (326)

This way, we clearly see how the overall (or the averaged) root length distri-

bution with depth enters the sink term. We used a code solving Richards’

equation in one dimension (depth) without a sink term (i.e. water uptake) us-

ing MATLAB solver titled pdepe as found in [64]. We further wrote a python

script calculating averages of water content in horizontal slices from SimRoot

output files. This way, we can compare the two models.

As default, we assumed that the soil domain ΩS is given by xmin
1 = −8 cm,

xmax
1 = 8 cm, xmin

2 = −8 cm, xmax
2 = 8 cm, xmin

3 = −20 cm and xmax
3 = 0 cm.

Default soil water parameter values used are θr = 0.067 as the residual water
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7.3 water uptake by static root systems

Parameter xmin
1 xmax

1 xmin
2 xmax

2 xmin
3 xmax

3

Value −8 8 −8 8 −20 0

Unit cm cm cm cm cm cm

Table 7.1.: Default geometric parameters for water uptake.

Parameter θr φ α n Ks θin

Value 0.067 0.46 0.02 1.41 10.8 0.232

Unit − − cm−1 − cm d−1 −

Table 7.2.: Default soil water parameters.

content, φ = 0.46 as porosity, Ks = 10.8 cm d−1 as the saturated hydraulic

conductivity, and θin = 0.232 as the (constant) initial water content. We use

van Genuchten parameters n = 1.41 (this is equal to 1
1−m for m introduced

in Section 2.6) and α = 0.02 cm−1 (this determines the water retention curve,

i.e. the relationship between the soil water content and the capillary pressure

head; for more details, see [142]). These are all typical values for Silt Loam soil

- compare with Section 2.6.

Default geometry parameters are summarised in Table 7.1 and soil water pa-

rameters in Table 7.2. Before modelling water uptake using depth-dependent

sink terms, we would like to check whether the Richards equation as imple-

mented in SimRoot is consistent with the implementation from [64]. To do

this, we set the transpiration rate to zero in SimRoot. We show the results

after 5, 10, and 15 days, starting with constant water content with depth. We

assume zero-flux boundary conditions at both the top and the bottom part of

the boundary (x3 = −20 cm as well as x3 = 0 cm). We observe that the water

content is slowly reaching the steady state in which the balance between the

gravity and the diffusion term is achieved (see Figure 7.4). The small devia-

tions from smoothness in the SimRoot case can be explained by a rather coarse

mesh used and therefore, we do not consider these to be important.
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7.3 water uptake by static root systems

(a) Time = 5 days

(b) Time = 10 days

(c) Time = 15 days

Figure 7.4.: Comparison between the models without transpiration for an in-

creasing time.
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Now we wish to include the sink term from Equation (322) in our modelling

and compare the resulting behaviour with the one obtained from SimRoot.

In order to justify the need for inclusion of root length distribution into our

model, we first compare both models with another (MATLAB) model, in which

we implement what we will call a Boolean sink term from now onwards. This

term is depth-dependent, but attains two values only - a zero and a non-zero

value. The non-zero value is chosen so that the total water uptake is the same

for all models and is applied at depths, where at least one root is present.

Denoting LR to be the maximal depth at which roots are present (sometimes

referred to as the rooting depth [28]), this means:

Ssw(x3) =


T

LR for − LR < x3 < 0 cm

0 for − 20 cm < x3 < −LR.
(327)

Assuming a constant transpiration rate T = 5 cm3 d−1 (which makes the per-

unit-surface uptake rate approximately of the same order as the value used in

Section 2.6.2), we impose a free-drainage condition at the bottom of the soil do-

main (introduced in Equation (50)). Comparison between these three models

for Root System 600 clearly shows that inclusion of the root length information

is necessary to realistically describe water dynamics (see Figure 7.5). To make

sure that the agreement between the models is not just a coincidence, we used

3 other root systems from our collection (numbered 555, 593 and 615 and dis-

played in Figure 7.6). Comparison between the models for these root systems

is shown in Figure 7.7.

7.4 nitrate uptake

Dynamics of soil nitrate is even more complex than that of water. As explained

in Section 1.2.3, nitrate is mostly (dissolved in and thus) advected with water

in the mass flow so the continuity equation for nitrate is coupled with that for

water. Nitrate further diffuses within the solution to places of lower concentra-

tion and can be adsorbed to or desorbed from the soil surfaces. Moreover, it

can undergo various transformations (e.g. biodegradation).
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Figure 7.5.: Comparison with the Boolean model. The root length distribution

is clearly relevant.

(a) 555 (b) 593 (c) 615

Figure 7.6.: Other root systems used in simulations.
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Figure 7.7.: Comparison between the models with water uptake.
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7.4 nitrate uptake

Finally, nitrate is uptaken by plant roots and this process usually follows the

Michaelis-Menten kinetics (see Section 1.3.4).

In SWMS-3D, assuming instantaneous equilibration between the nitrate dis-

solved in the water solution and that adsorbed to the soil particles (as outlined

in Section 1.3.3), this leads to:

−θR
∂c
∂t
− qi

∂c
∂xi

+
∂

∂xi
{θDij

∂c
∂xj
}+ Fc + G = 0, (328)

where c denotes the nitrate concentration (in SWMS-3D, this is defined as mass

per unit solution volume), q the water flux, Dij the diffusion tensor, R = 1+ ρk
θ

with ρ being the soil bulk density and k being the soil buffer power2. Note

that we used the so-called Einstein summation convention, which means that

repeated indices are summed over implicitly. Furthermore, we have:

F = µwθ + µsρk + S

G = γwθ + γsρ− Scs,

where µw, µs, γw and γs are four constants describing the production and

degradation processes, S is the water sink term as in Equation (321) and cs is

the Michaelis-Menten term simulating nitrate uptake (for detailed derivation,

see [129]). Note that, forgetting the Fc and G terms, and assuming an isotropic

diffusion tensor (i.e. the diagonal terms are all equal and the off-diagonal

terms are zero), Equation (328) is equivalent to Equation (12) derived in Sec-

tion 1.3.3.

Under further assumptions that µw = µs = 0, γw = γs = 0, and k = 0 (this

serves as a good approximation because nitrate is not a highly sorbed nutrient;

see Section 1.2.3), we get:

−θ
∂c
∂t
− qi

∂c
∂xi

+
∂

∂xi
{θDij

∂c
∂xj
}+ Sc− Scs = 0,

and from [129], we know that:

θDij = DT|q|δij + (DL − DT)
qjqi

|q| + θDdτδij,

2 Note that the adsorbed concentration s in the model from [129] is dimensionless and the

corresponding dimensional variable is achieved via multiplying this quantity by the soil bulk

density ρ. As the soil buffer power is still defined as k = s
c (cf. Equation (11)), the soil buffer

power is given in units of volume per unit mass here.
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7.4 nitrate uptake

where DT and DL are so-called transverse and longitudinal dispersivities, Dd

is the diffusion coefficient and τ is so-called tortuosity factor defined as:

τ =
θ

7
3

θ2
s

(for more details, see [129] and references therein). Assuming that horizontal

variation in the water content θ is negligible (and therefore, the same applies

to the water flux q), we get:

θDij ≈ 0 for i 6= j

and:

θD11 = DT|q|+ θDdτ θD22 = DT|q|+ θDdτ θD33 = DL|q|+ θDdτ.

The SimRoot version we used differs from the described model in an important

aspect, namely that the Michaelis-Menten term is not multiplied by the water

sink term, i.e.:

−θ
∂c
∂t
− qi

∂c
∂xi

+
∂

∂xi
{θDij

∂c
∂xj
}+ Sc− Ns = 0, (329)

where the sink term Ns is defined as:

Ns = 2π
Imaxc(x1, x2, x3)

Km + c(x1, x2, x3)
×(

rsρs(x1, x2, x3) + rpρp(x1, x2, x3) + rlρl(x1, x2, x3) + r f ρ f (x1, x2, x3)
)

,
(330)

where Imax and Km are the Michaelis-Menten parameters (see Section 1.3.4).

Note, that Imax is given on the per root surface area basis here, and thus needs

to be multiplied by the corresponding root surface area distributions. This

way, the radii (r) and the root length distributions (ρ) of the four different

root classes - seminal, primary, lateral and fine lateral roots - are separately

introduced.

Furthermore, Equation (329) can be rewritten as:

θ
∂c
∂t

= ∇ · {θD∇c} − q · ∇c + Sc− Ns,

where the tensor θD is defined as:

θD =


DT|q|+ θDdτ 0 0

0 DT|q|+ θDdτ 0

0 0 DL|q|+ θDdτ

 .
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Thus, we obtained a reaction-advection-diffusion equation, which can (using

Equation (321)) be written as:

∂(θc)
∂t

= ∇ · {θD∇c} − q · ∇c + Sc− Ns +
∂θ

∂t
c =

∇ · {θD∇c} − q · ∇c + Sc− Ns − (∇ · q)c− Sc = ∇ · {θD∇c− cq} − Ns.

(331)

As θc represents nitrate content per unit soil volume, −{θD∇c − cq} repre-

sents the nitrate flux and −Ns the nitrate uptake. For boundary conditions, we

impose zero nitrate flux at all non-root parts of the boundary:

−{θD∇c− cq} · n̂ = 0.

Finally, we assume constant initial nitrate concentration c(t = 0) = cin every-

where.

7.4.1 Averaged model for nitrate

Denote c(t, z), q(t, z) to be the averaged nitrate concentration with depth and

the averaged water flux with depth. Analogous to the averaging in the water

section, we assume that the horizontal variations of θ and c are negligible, we

integrate Equation (331) in the horizontal variables x1, x2, and we divide by

the horizontal cross-sectional area to get:

1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

∂(θc)
∂t

dx2x1 =
1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

(
∇ · {θD∇c− cq} − Ns

)
dx2x1. (332)

First, we have:

1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

∂(θc)
∂t

dx2x1 =
∂

∂t

( 1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

(θc)dx2x1

)
=

∂(θc)
∂t

,

and assuming that the horizontal variation of θ and c is negligible, we get

θc ≈ θc.

Next, for the right-hand side of Equation (332), we get:

1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

(
∇ · {θD∇c− cq} − Ns

)
dx2x1 =
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1
A

{ xmax
1∫

xmin
1

xmax
2∫

xmin
2

(
∂

∂x1
,

∂

∂x2

)
·
((

DT|q|+ θDdτ
)( ∂c

∂x1
,

∂c
∂x2

)
−

c
(

q1, q2

))
+

(
∂

∂x3

((
DL|q|+ θDdτ

) ∂c
∂x3
− cq3

)
− Ns

)
dx2x1

}
,

and divergence theorem gives:

1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

(
∂

∂x1
,

∂

∂x2

)
·
((

DT|q|+ θDdτ
)( ∂c

∂x1
,

∂c
∂x2

)
− c
(

q1, q2

))
dx2dx1 =

1
A

∫
∂A(x3)

((
DT|q|+ θDdτ

)( ∂c
∂x1

,
∂c

∂x2

)
− c
(

q1, q2

))
· n̂2ddl ≈ 0,

because we assume ∂c
∂x1

, ∂c
∂x2

, q1 and q2 to be negligible. Thus, the averaged

equation (332) becomes:

∂(θc)
∂t

=
1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

(
∂

∂x3

((
DL|q|+ θDdτ

) ∂c
∂x3
− cq3

)
− Ns

)
dx2x1 =

∂

∂x3

(
1
A

xmax
1∫

xmin
1

xmax
2∫

xmin
2

((
DL|q|+ θDdτ

) ∂c
∂x3
− cq3

)
dx2x1

)
− Ns =

∂

∂x3

((
DL|q|+ θDdτ(θ)

) ∂c
∂x3
− cq3

)
− Ns,

where in the final step we used the assumptions that θ and c vary negligibly

in the horizontal directions. The assumption on θ yields q1, q2 ≈ 0, which in

turn leads to |q| ≈ |q3|. The same assumption leads to the conclusion that the

horizontal variation of q3 is small, which yields |q3| ≈ |q3|. Finally, assuming

negligibility of the horizontal variation of c, we get from Equation (330):

Ns(t, x3) = 2π
Imaxc(t, x3)

Km + c(t, x3)

(
rsρs(x3) + rpρp(x3) + rlρl(x3) + r f ρ f (x3)

)
. (333)

All this yields an averaged equation:

∂(θc)
∂t

=
∂

∂x3
{(DL|q|+ θDdτ(θ))

∂c
∂x3
− cq}−

2π
Imaxc

Km + c

(
rsρs + rpρp + rlρl + r f ρ f

)
,
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where we dropped the subscript 3 in q3, as this model is one-dimensional in

space. The zero-flux boundary conditions at the top and the bottom boundary

parts become:

{DL|q|+ θDdτ(θ)} ∂c
∂x3
− cq = 0,

and the initial condition is c(t = 0) = cin. Now, we need to extract the

root length distributions with depth for different root classes and compare the

(horizontally-averaged) SimRoot and the MATLAB results. Before we do that,

we wish to improve our understanding of SimRoot functioning, and achieve

control over errors that SimRoot produces. Therefore, we start with simula-

tions of nitrate uptake for simpler root systems.

7.4.2 Single cylindrical root

We study water and nitrate uptake by a single cylindrical root of length 10 cm

(this value is arbitrary) and radius 0.0325 cm (a value that SimRoot uses for the

primary root radius of the maize plant) positioned in the centre of soil domain,

stretching from top to bottom. For soil domain, we assume xmin
1 = −4 cm,

xmax
1 = 4 cm, xmin

2 = −4 cm, xmax
2 = 4 cm, xmin

3 = −10 cm and xmax
3 = 0 cm, as

shown in Figure 7.11. For modelling the nitrate dynamics in soil, we chose the

default SimRoot parameters - DL = 1 cm, DT = 0.5 cm, Dd = 1.6416 cm2 d−1,

and we assumed a constant initial nitrate concentration cin = 4 mM. To model

the primary root nitrate uptake, we used default SimRoot Michaelis-Menten

parameters Imax = 1.92 µmol cm−2 d−1, Km = 16.1× 10−3 µmol ml−1 = 16.1×

10−3 mM, cmin = 1.0 × 10−3 µmol ml−1 = 1.0 × 10−3 mM, and we assumed

a fixed total transpiration of 0.1 cm3 d−1 (to account for a much smaller root

system). Nitrate dynamics values are summarised in Table 7.3. The results of

the SimRoot model averaged across the horizontal cross-sections 3 and 6 days

from the beginning of the simulation are shown in Figure 7.8. As expected, the

average nitrate concentration is decreasing with time due to the uptake. How-

ever, we want the curves to be smoother. In attempt to solve this issue, we

change the mesh size in SimRoot from 1 cm to 0.2 cm and obtain a smoother

solution. Figure 7.9 presents a comparison with the one-dimensional model.
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7.4 nitrate uptake

Parameter DL DT Dd Imax Km cmin

Value 1.0 0.5 1.6416 1.92 16.1× 10−3 10−3

Unit cm cm cm2 d−1 µmol cm−2 d−1 mM mM

Table 7.3.: Default nitrate dynamics parameters in SimRoot.

Figure 7.8.: The results of nitrate uptake simulation in SimRoot using the sim-

ple root system.
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Figure 7.9.: Comparison of nitrate models for the simple root system using a

finer mesh in SimRoot.

Even though the curves are smoother now, the observed differences cannot be

neglected. To address this problem, we add more points in the root geometry

definition (using root segments of length 0.1 cm rather than 1 cm), and the

results are shown in Figure 7.10. The differences can now be considered small

(in the sense that we can regard our understanding of the functioning of Sim-

Root as sufficient). The errors towards x3 = 0 cm and x3 = −10 cm are most

likely caused by the presence of the boundary, and we expect these errors to

decrease with further refinements of the root or of the soil meshes.
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Figure 7.10.: Comparison of nitrate models for the simple root system using a

finer mesh in SimRoot, and a finer root geometry definition.
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Figure 7.11.: Remaining soil nitrate concentration after 6 days of uptake (the

simple root system).

Note that the minimum concentration after 6 days is still much greater than

Km = 16.1× 10−3 mM (see Figure 7.11). Therefore, the uptake rate at the root

surface is very close to Imax, and so is the uptake rate in the one-dimensional

model (using the averaged nitrate concentration). If we considered more sig-

nificant depletion gradients (by considering larger time scales or larger root

surface area densities), we would need to adjust the one-dimensional equation

by (e.g.) changing the Michaelis-Menten term.

7.4.3 Real root systems

We now show how the two models compare for the real root systems in-

troduced in previous sections. We assume constant initial nitrate concentra-

tion cin = 4 mM, total transpiration rate T = 5 cm3 d−1 and soil domain

defined by the values from Table 7.1. Furthermore, we use the water pa-

rameters from Table 7.2 and the nitrate parameters from Table 7.3. Follow-
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ing the maize model from SimRoot, we impose the nitrate uptake param-

eters from Table 7.3 on seminal roots, and for all lateral roots we impose

I2
max = 1.27 µmol cm−2 d−1, K2

m = 2.7 × 10−3 µmol ml−1 = 2.7 × 10−3 mM,

c2
min = 1.7× 10−3 µmol ml−1 = 1.7× 10−3 mM. We calculate nitrate concentra-

tion distribution (with depth) 6 hours from the start of the simulation for both

models, and the results are shown in Figure 7.12). The agreement between the

two models is generally good, and we assume the observed differences (espe-

cially for Root System 555) to be most likely caused by numerical inaccuracies.

We can also calculate the total root length for the four root systems, and we

approximately get: 388 cm (555), 282 cm (593), 170 cm (600) and 241 cm (615).

Even without doing further analysis, Figure 7.12 suggests that the longest root

system (555) takes up the largest amount of nitrate and that the shortest root

system (600) takes up the smallest amount of nitrate.

Note that SimRoot uses local (i.e. root surface) nitrate concentrations to eval-

uate the Michaelis-Menten term representing the nitrate uptake. On the other

hand, the one-dimensional model uses averaged nitrate concentration, which

can be substantially different from (greater than) the root surface concentra-

tions, which makes the uptake larger. As we started with a fairly high ni-

trate concentration (4 mM), after 6 hours from the start of the simulation, the

minimum nitrate concentration (for Root System 555, this is approximately

1.04 mM - see Figure 7.13) is still much higher than Km = 0.0161 mM or

K2
m = 0.0027 mM. Therefore, the difference between the nitrate uptake rate

calculated using the root surface concentration and the uptake rate calculated

using the averaged concentration is almost negligible (they are both very close

to the maximum uptake rate Imax), and thus we get similar outcomes from

both models.
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Figure 7.12.: The nitrate concentration distributions with depth after 6 hours

of uptake (real root system geometries). Root length distributions

with depth (separately for different root classes) of these root sys-

tems are shown for comparison.
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Figure 7.13.: Using cin = 4 mM, after 6 hours, the depletion can still be ne-

glected in the nitrate uptake calculations (root system 555).

7.5 summary

We have shown that under certain assumptions (static root systems, fixed tran-

spiration rate, reasonably high water content and nitrate concentration), three-

dimensional models of water and nutrient uptake are not necessary, and one

can obtain reasonably good estimates of the overall uptake using horizontally-

averaged (and therefore one-dimensional) models. In order to do that, it

is sufficient to extract root length distributions with depth from the three-

dimensional descriptions of the root systems, and use these distributions to

form sink terms (representing the uptake) in the one-dimensional continu-

ity equations for water and nitrate dynamics. As these equations are one-

dimensional, they are computationally much less challenging than the fully

three-dimensional models.
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8
S U M M A RY A N D F U T U R E W O R K

8.1 summary

In this thesis, we studied water and nutrient uptake by plants at different spa-

tial scales.

In Chapter 1, we introduced basic mathematical, physical and biological back-

ground in relation to plant-soil processes. The accuracy of uptake simulations

in FEniCS and MATLAB was then tested in the first half of Chapter 2. In the

second half of this chapter, we showed how one can address some important

agricultural questions using very simple root geometries. First, we estimated

the minimal rate of watering needed to keep the soil surrounding a single

cylindrical root from drying. Then, assuming that the overall root volume (i.e.

including the root hairs) is fixed, we found the inter-hair distance which max-

imises the water uptake.

In Chapter 3, we rederived the homogenisation result from [80] for the model

of nutrient uptake by a periodic array of cylinders, and obtained other effective

equations using different continuity equations and cylindrical surface bound-

ary conditions. This way, we extended the modelling of nutrient uptake by

root hairs from [80] to the modelling of uptake by a field of crops, and to the

modelling of soil water dynamics using the van Genuchten model. The effec-

tive equations were later tested against full-geometry numerical simulations,

and the averaging property of homogenisation was thus confirmed for all the

continuity equations and boundary conditions under consideration (including

the case of macroscopic variation in the direction of periodicity).
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The framework from Chapter 3 was further modified in Chapter 4, where we

assumed that the radius of the hair is very small compared to the inter-hair

distance. The method of multiple scales in the ε2 ln 1
a = O(1) case uncov-

ered the new homogenisation limit (see Equation (239)). This new limit was

then numerically compared with full-geometry numerics as well as with the

previously obtained homogenisation limit. We further obtained asymptotic

approximations with higher-order terms included, and compared these ap-

proximations with the full-geometry numerics. The numerical results were in

accordance with the asymptotic analysis. Unfortunately, the ε2 ln 1
a = O(1)

scaling implies extremely small values of the a parameter (representing the

quotient of the hair radius divided by the inter-hair distance), and such values

are most likely not to be found in realistic root hair geometries.

In Chapter 5, we first justified (using asymptotic analysis) the usage of the

unrolling assumption (i.e. the geometry from [80]) for the case where the hair

length is much smaller than the root radius. Then we studied the case where

the hair length is comparable to the root radius, and we derived a new ho-

mogenised equation in the unrolled variables (Equation (278)). In the curved

geometry, this equation contains a sink term (representing the uptake) which is

dependent on the distance from the root surface. As confirmed by numerical

simulations, this new equation approximates the full-geometry model much

better than the previously obtained limit.

In Chapter 6, we studied nitrate uptake via low and high affinity transporters

(LATs and HATs), we showed how the (per-transporter) Michaelis-Menten up-

take condition can be derived in different ways, and we investigated the im-

plications for the functioning of LATs and HATs. Assuming that LATs have

shorter per-ion handling times compared to HATs, the derivations yield higher

values of both Imax and Km for LATs, as usually observed in experiments. Mul-

tiplying by the density of the transporters, we upscaled the uptake rate from

the transporter to the root segment scale, and obtained macroscopic values of

Imax close to the experimental values. Finally, we introduced a simple ODE

model for nitrate uptake and proposed that the experimentally-observed min-

imal nitrate concentration cmin is the result of a steady-state balance between
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the uptake via transporters and the root efflux due to the presence of a nitrate

concentration gradient. We concluded that the experimentally-obtained values

of cmin and of the depletion time are of the same order as the values predicted

by this model.

Finally, in Chapter 7, we showed that three-dimensional models of water and

nutrient uptake can sometimes be replaced by horizontally-averaged models,

which seem to predict the overall uptake satisfactorily.

8.2 future work

There are a number of ways in which our modelling could be improved in

future. Even though the geometries used in Chapter 2 were rather simplis-

tic, we still believe that they can provide us with an improved mechanistic

understanding of uptake processes. In particular, provided a more-detailed

understanding of carbon (and other) constraints for the growth of a root sys-

tem is achieved in future, we still consider the geometry from Figure 2.2 to be

a good starting point in studying the optimal inter-hair distance for the uptake

of nutrients.

In future studies of uptake by root hairs via homogenisation, it may be useful

to model the growth of the hairs. More importantly, we plan to implement

the new model derived in Chapter 5 (which takes into account the curvature

of the root surface; Equation (278)) into OpenSimRoot, and we hope that this

model will from now on be used in other architectural models as well (such as

those introduced in Section 1.5).

Due to the high complexity of nitrate uptake, there are many ways in which

the modelling from Chapter 6 can be advanced. We made a few simplifying as-

sumptions without having much detailed information on transporter densities,

function or the energy constraints. To our knowledge, a lot of this information

is still unknown and further experiments need to be performed.

As mentioned in Section 6.2.2, plant cells can change their molecular machin-

ery within hours in response to changes in the external concentration [13],

and this should be incorporated in future modelling. Furthermore, using di-
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rect comparison with depletion experiments, various hypotheses about these

changes can be tested (e.g. one can try to determine the external nitrate con-

centration which triggers the change from LATs to HATs using depletion times

from experiments).

According to the solute dynamics theory as described in [97], chemical species

(e.g. nitrate) move in response to a difference in the so-called chemical poten-

tial, which is a sum of several - activity, pressure, electrical and gravitational

- components. The −Pρ(c− ci) term from Equation (311) corresponds to the

activity component. While the gravitational and the pressure terms are usu-

ally negligible when modelling cross-membrane transport processes (see [97]),

the electrical component may play a crucial role. Therefore, to obtain a more

mechanistic description of the nitrate uptake, we plan to add the electrical

component to our modelling in future.

If the diffusion of nitrate in a given medium is not sufficiently fast, depletion

zones may be created close to the root surfaces, and we need to use spatial

modelling. Finally, when modelling nitrate dynamics in soil, one needs to

model the nonlinear mass flow with which the nitrate is advected, which adds

extra complexity and further research is needed in this direction.

Similar to the uptake via the transporters, we consider our averaged models

from Chapter 7 to be just the beginning of the story. These approximations

have only been shown to be valid in very specific situations (see Section 7.5).

This opens many possibilities for future research and many model modifica-

tions can be introduced.

To make the water uptake modelling from Section 7.3 more realistic, we need

to make the water uptake dependent on the local water content in the soil,

which can (in theory) be implemented in the averaged models. Furthermore,

the latest version of SimRoot (similar to some other architectural models) con-

tains the model of the root hydraulic architecture from [35] (see [108]), and

thus the morphology of the root system is fully taken into account. It is not

clear at the moment whether the averaged models will be capable of capturing

these processes or the fully three-dimensional models are necessary.

If we observe sharp depletion gradients in nitrate concentration in SimRoot (so
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that the root surface concentration is of the same order as Km or lower), then it

is very likely that the averaged model will give erroneous results, because the

averaged concentration is probably much higher than the root surface concen-

tration, and therefore, the uptake rate calculated using the averaged concen-

tration is higher than the rate calculated using the root surface concentration.

Therefore, it seems useful to investigate in which ways the sink term for the

one-dimensional model needs to be modified to take into account these effects.

All models in Chapter 7 assumed a static root system, which can only be

justified when modelling mature plants, or when using short time scales, i.e.

situations in which the root system growth and development can be neglected.

In order to model younger root systems and longer time scales, one needs to

take the growth into account, and to obtain a good one-dimensional approxi-

mation for the three-dimensional model, one needs a dynamic model for the

one-dimensional representation of the root system, and time-dependent data

to parameterise such a model.

The main advantage of the averaged models is that they are computationally

faster. Therefore, we believe these models present a desirable approximation

to the three-dimensional models, if one wishes to simulate uptake by many

different root systems (e.g. in order to find an optimal root architecture for

nitrate capture).

To conclude, we believe that there is a lot of potential for further applications

of multiscale modelling to plant water and nutrient uptake.
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a.1 justification of scalings

Imagine a fixed box B = {(x1, x2, x3) ∈ R3, 0 ≤ x1, x2, x3 ≤ 1}. Now we sub-

tract a periodic array of cylinders of radii ε × a where a is a fixed number

(radius of the cylinder divided by the distance between neighbouring cylin-

ders) and ε � 1 is a quotient of the inter-cylinder distance divided by the

macroscopic length scale (which equals 1 in this case). This way, the number

of cylinders in B is 1
ε2 , the total volume of cylinders in B is 1

ε2 πa2ε2 = πa2 (i.e.

constant), and the total surface area SA(ε) = 1
ε2 2πaε = 2πa

ε → ∞ as ε → 0.

Therefore, the overall surface area of these cylinders increases (to infinity) as

we space them more and more densely, but their overall volume remains the

same.

Denote A(ε) to be the box B minus the union of all the cylinders. Consider a

diffusion process happening in A(ε) modelled using equation (129) in A(ε),

and an uptake process happening at the cylindrical surfaces, described by a

Robin-type boundary condition:

∇u · n̂ = −ψ(ε)Ku, (334)

where ψ is yet to be determined. The key idea here is that we do not want the

cylinders to uptake the nutrient instantaneously (as we add infinitely many of

them). We integrate over A(ε) and use the divergence theorem to get:

dU
dt

=
∫

A(ε)

∇2udΩ =
∫

∂A(ε)

∇u · n̂dS =
∫

R(ε)

∇u · n̂dS +
∫

∂A(ε)\R(ε)

∇u · n̂dS
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where we defined U(t; ε) =
∫

A(ε)

u(t, x1, x2, x3; ε)dΩ to represent the overall

nutrient content left in A(ε) at time t, and R(ε) is the part of the boundary,

where the nutrient uptake takes place. Assuming the zero-flux condition at all

the remaining parts of the boundary and imposing a constant initial condition,

we end up with a symmetric case and get:

1
ψ(ε)

dU
dt

= − 1
ε2 K

∫
SC(ε)

udS = − 1
ε2 K2πaεūcyl = −

2πKa
ε

ūroot

where SC(ε) stands for a single cylinder and ūcyl(t; ε) denotes a nutrient con-

centration averaged across a single cylindrical surface (which is identical for

all the cylinders due to the symmetry of our problem). In other words, we

have:
dU
dt

= −2πKaψ(ε)

ε
ūcyl(t; ε)(= −ψ(ε)SA(ε)Kūcyl(t; ε)) (335)

Let us start with the initial condition u(0, x1, x2, x3) = uin = 1.0 everywhere

in A(ε) (parameter units as well as parameter values are not important here;

we simply wish to introduce basic ideas rather than draw any biological con-

clusions). This means that U(0) = ‖A(ε)‖ = 1− πa2 > 0 (clearly, a < 1√
π

).

Thus we see, that in order to achieve a nontrivial limit (to avoid instantaneous

uptake of the nutrient), we must have
ψ(ε)ūcyl(t∗,ε)

ε = O(1) as ε � 1 where

t∗ > 0 is any fixed positive number (say t∗ = 1). Therefore, in order to de-

termine possible choices for ψ(ε) we proceed as follows: we pick any m ∈ Z

so that ψ(ε) = εm. Then, we study the behaviour of ūcyl(1, ε) as ε � 1 using

what we will call the unit box problem, consisting of continuity equation (129),

boundary condition (334) at a single cylindrical surface, and zero-flux bound-

ary conditions on the sides of the unit box (because of the zero-flux boundary

condition at all the non-uptaking parts of the boundary, we expect the solu-

tion to be identical in all these unit boxes). Finally, we determine
ψ(ε)ūcyl(1,ε)

ε

as ε � 1, and if this appears to be O(1), we conclude that our choice of ψ(ε)

should lead to a nontrivial limit. This yields a condition:

ūcyl(1, ε) = O(
ε

ψ(ε)
). (336)

Let us first study the case ψ(ε) = ε0. Simulation results (using FEniCS [83]) for

ε = 1.0 and K = 1 at time t = 1.0 is shown in Figure A.1. From the symmetry
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Figure A.1.: Nutrient concentration distribution at time t = 1.0 for ε = 1.0 and

K = 1.

of this problem we also get, that the solution is independent of x3, which can

also be seen using isosurfaces (surfaces of constant nutrient concentration) - see

Figure A.2. Thus, from now on (in this appendix), we will only be interested

in the solution behaviour within a slice x3 = c (for some constant c). Such

slices for decreasing values of ε are shown in Figure A.3. From these figures

we see, that the nutrient concentration does not vary significantly along the

circular part of the boundary. This suggests that we can approximate ūcyl(1, ε)

by any value ucyl(1, ε) at the cylindrical surface without making large errors.

To obtain a nontrivial scaling in the m = 0 case, we need ucyl(1, ε) to be O(ε)

as ε → 0 (see condition (336)). Results are shown in Table A.1 . It seems that

ucyl(1) decreases to zero with ε → 0 much faster than O(ε). Therefore, the

proposed scaling is unacceptable.

The m = 0 scaling was inappropriate because the surface area of the cylinders

was increasing to infinity (which is always true in our setting) and at the same

time, the uptake rate by any unit cylindrical surface area was kept the same.

Therefore, in order to get a nontrivial limit, we choose m = 1, i.e. ψ(ε) = ε1.
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Figure A.2.: The isosurfaces for nutrient concentration at time t = 1.0 for ε =

1.0 and K = 1.

ε ucyl(1) for m = 0 ucyl(1) for m = 1 ucyl(1) for m = 2

1 5.1× 10−1 0.51 0.51

0.5 2.8× 10−1 0.52 0.72

0.25 8.2× 10−2 0.53 0.85

0.125 7.0× 10−3 0.53 0.92

0.0625 6.0× 10−5 0.53 0.96

0.03125 8.1× 10−9 0.53 0.98

Table A.1.: ucyl(1, ε) for different uptake scalings ψ(ε) = εm
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(a) ε = 1.0

(b) ε = 0.5

(c) ε = 0.25

Figure A.3.: Slice through the domain at x3 = 0.0 for a decreasing value of ε.

Notice the varying concentration range as well as the varying size

of the unit cell.
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Figure A.4.: The nutrient concentration at the cylindrical surface at time t = 1.0

as a function of ε for varying m.

From condition (336), this scaling yields a nontrivial limit, if ucyl(1, ε) = O(1)

as ε � 1. We calculate ucyl(1, ε) numerically and the results are shown in

Table A.1. Clearly, ucyl(1, ε) is O(1) and therefore, this is a scaling of interest.

Furthermore, this is exactly the same scaling as the one used in Chapters 3, 4

and 5.

To finish this appendix, assume m = 2, i.e. ψ(ε) = ε2. Equation (336) yields a

condition ucyl(1, ε) = O(ε−1) as ε � 1. Starting with uin = 1.0 and having no

nutrient source in A(ε), it is obvious that this can never happen. We calculate

ucyl(1, ε) numerically anyway and the results are shown in Table A.1. ucyl(1, ε)

appears to approach 1 as ε→ 0 which is expected, as we have made the uptake

rate very small and thus negligible in the first approximation. Clearly, ucyl(1, ε)

is O(1) and therefore, this scaling is not interesting to us.

The behaviour of ucyl(t = 1, ε) for different m is shown in Figure A.4. We

conclude that if we picked any (real) m < 1 in ψ(ε) = εm, we would end up

with instantaneous uptake as we made the uptake rate too large. Similarly,

choosing m > 1 always leads to negligible uptake in the first approximation.
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Listing B.1: Model without gravity: MATLAB code

1 func t ion d i f f u s i o n _ c y l i n d e r _ d i r i c h l e t

2

3 h . r0 = 2 ;

4 h . r1 = 2 0 ;

5 h . length = h . r1−h . r0 ;

6 h . npts = 2 0 1 ;

7 h . dx = h . length /(h . npts−1) ;

8 h . dx2 = h . dx ^2 ;

9 h .D = 2 . 5 ;

10 h . C1 = 0 . 5 ;

11 h . lambda = 0 . 0 0 1 7 ;

12 xx = h . r0 + [ 0 : h . dx : ( h . npts−1) *h . dx ] ;

13 h . xx = xx ' ;

14 i c s = 0 . 5 * ones ( h . npts , 1 ) ;

15

16 s o l = 0 .5+h . r1 ^2*h . lambda * log ( xx/h . r1 ) /(2*h .D) ;

17

18 f i n = 1 0 0 ;

19 nplots = 1 0 ;

20 t = 0 ;

21 t t = 0 : ( f i n /nplots ) : f i n ;

22

23 f i g u r e ( 1 )

24 c l f

25 hold on

26 p l o t ( xx , i c s , ' l inewidth ' , 1 . 5 )
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27 ylim ( [ 0 0 . 7 ] )

28 t i t l e ( ' Time evolut ion showing convergence to steady s t a t e ' , ' f o n t s i z e '

, 4 0 )

29 x l a b e l ( ' r , polar radius ' , ' f o n t s i z e ' , 3 5 )

30 y l a b e l ( ' \Phi , water content ' , ' f o n t s i z e ' , 3 5 )

31 s e t ( gca , ' FontSize ' , 3 0 )

32 pause ( 0 . 1 )

33

34 ys tore = i c s ;

35

36 f o r i =1 : nplots

37 tspan = [ ( i −1) * f i n /nplots ( 2 * i −1) * f i n /(2* nplots ) i * f i n /nplots

] ;

38 options = [ ] ;

39 [ t , y ] = ode23 (@molode , tspan , i c s , opt ions ) ;

40 i c s = y ( end , : ) ' ;

41 p l o t ( xx , i c s , ' l inewidth ' , 1 . 5 )

42 ylim ( [ 0 0 . 7 ] )

43

44

45 t i t l e ( ' Convergence to steady s t a t e ' , ' f o n t s i z e ' , 4 0 )

46 x l a b e l ( ' r , polar radius ' , ' f o n t s i z e ' , 3 5 )

47 y l a b e l ( ' \Phi , water content ' , ' f o n t s i z e ' , 3 5 )

48 ys tore = [ ystore , i c s ] ;

49 pause ( 0 . 0 1 )

50

51 end

52

53 p l o t ( xx , i c s , ' l inewidth ' , 1 . 5 )

54 p l o t ( xx , sol , ' r ' , ' l inewidth ' , 2 . 5 )

55 100* abs ( i c s ( 1 )−s o l ( 1 ) ) / s o l ( 1 )

56

57 func t ion out1 = molode ( t , y , f l a g )

58

59 yxpdx = y ( [ 2 : h . npts , h . npts −1]) ;

60 yxmdx = y ( [ 2 , 1 : h . npts −1]) ;

61 % c o r r e c t i o n due to the f l u x condi t ion a t the l e f t boundary

62 yxmdx ( 1 ) = yxmdx ( 1 ) − h . r1 ^2*h . lambda *h . dx/(h .D*h . r0 ) ;

63 xxpdx = ( h . xx ( [ 2 : h . npts , h . npts −1])+h . xx ) /2 ;
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64 xxmdx = ( h . xx ( [ 2 , 1 : h . npts −1]) + h . xx ) /2 ;

65 d i f f = ( ( xxpdx . * ( yxpdx−y ) − xxmdx . * ( y−yxmdx) ) ./h . xx ) /h . dx2 ;

66 d i f f ( end ) = 0 ;

67 out1 = h .D* d i f f ;

68 end

69 end

Listing B.2: Model with gravity: MATLAB code

1 func t ion w a t e r _ u p t a k e _ c y l i n d r i c a l _ r o o t _ g r a v i t y

2 %% function to simulate (C=theta )

3 % C_t = D ( C_x3x3 + (1/ r ) ( r C_r ) _r ) − K C_x3 ( 1 )

4 % s u b j e c t to

5 % % % D C_x3 ( t , r , 0 ) = K C( t , r , 0 ) , D C_x3 ( t , r , h0 ) = K C( t , r , h0 )

( 2 )

6 % C( t , r _ i n f , z ) = 0 . 2 5 ( 3 )

7 % C( t , r_0 , z ) = 0 . 0 ( 4 )

8 %

9 % simulat ion uses f i n i t e d i f f e r e n c e s to approximate s p a t i a l

d e r i v a t i v e s

10 % and turn ( 1 ) i n t o a system of ODEs, and then uses MATLABs ODE

s o l v e r s to

11 % simulate those ODEs .

12

13 %% s e t up the model and numerical parameters

14 nr = 1 9 1 ; % r e s o l u t i o n

15

16 r0 = 0 . 1 ;

17

18 r1 = 2 . 0 ;

19

20 dr = ( r1−r0 ) /( nr−1) ; % mesh s i z e

21

22 h0 = 1 . 0 ;

23

24 nz = 1+h0/dr ;

25

26 dr2 = dr ^2 ;

27

28 D = 1 . 0 ;
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29

30 K = 1 . 0 ;

31

32 f i n = 5 ; % f i n a l time

33

34 nplots = 5 0 ; % number of p l o t s

35

36 lambda = K/D* dr ; % a u x i l i a r y v a r i a b l e f o r approximating the boundary

condi t ions in x3 d i r e c t i o n

37

38 %% s e t up vectors mapping to neighbouring mesh points

39 [ i , j ] = meshgrid ( 1 : nz , 1 : nr )

40 im1 = i ( : , [ 2 1 : nz−1]) ;

41 ip1 = i ( : , [ 2 : nz nz−1]) ;

42 jm1 = j ( [ 2 1 : nr −1 ] , : ) ;

43 jp1 = j ( [ 2 : nr nr −1 ] , : ) ;

44 i j = reshape ( sub2ind ( [ nz nr ] , i , j ) ' , nz * nr , 1 ) ;

45 im1 j = reshape ( sub2ind ( [ nz nr ] , im1 , j ) ' , nz * nr , 1 ) ;

46 i p 1 j = reshape ( sub2ind ( [ nz nr ] , ip1 , j ) ' , nz * nr , 1 ) ;

47 i jm1 = reshape ( sub2ind ( [ nz nr ] , i , jm1 ) ' , nz * nr , 1 ) ;

48 i j p 1 = reshape ( sub2ind ( [ nz nr ] , i , jp1 ) ' , nz * nr , 1 ) ;

49

50 %% s e t up vectors mapping to boundary mesh points

51 [ i top , j t o p ] = meshgrid ( 1 , 1 : nr ) ;

52 topbc = sub2ind ( [ nz nr ] , i top , j t o p ) ;

53 [ ibottom , jbottom ] = meshgrid ( nz , 1 : nr ) ;

54 bottombc = sub2ind ( [ nz nr ] , ibottom , jbottom ) ;

55 [ i r i g h t , j r i g h t ] = meshgrid ( 1 : nz , nr ) ;

56 r i g h t b c = sub2ind ( [ nz nr ] , i r i g h t , j r i g h t ) ;

57 [ i l e f t , j l e f t ] = meshgrid ( 1 : nz , 1 ) ;

58 l e f t b c = sub2ind ( [ nz nr ] , i l e f t , j l e f t ) ;

59

60 %% s e t up the s p a t i a l mesh

61 zz = 0 : dr : h0 ;

62 r r = r0 : dr : r1 ;

63 [ zzz , r r r ] = meshgrid ( zz , r r ) ;

64

65 r r = reshape ( r r r ' , nz * nr , 1 ) ;

66
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67

68

69 %% s e t up the i n i t i a l conditions

70

71 f a r _ f i e l d _ w a t e r = 0 . 2 5 ;

72 i c s = f a r _ f i e l d _ w a t e r * ones ( 1 , nz * nr ) ;

73 i c s ( 1 : nz ) = 0 . 0 ;

74

75 t = 0 ;

76

77 %% c r e a t e a f igure and plot i n i t i a l conditions

78 f = f i g u r e ( 1 )

79 c l f

80 c l a

81

82 cc = reshape ( i c s , nz , nr ) ;

83 hh = imagesc ( rr , zz , cc ) ;

84 a x i s ( [ 0 2 . 1 −0.1 1 . 1 ] ) ;

85

86 y l a b e l ( ' $x_3 $ , depth ' , ' f o n t s i z e ' , 3 0 , ' I n t e r p r e t e r ' , ' l a t e x ' )

87 x l a b e l ( ' $ r $ , polar radius ' , ' f o n t s i z e ' , 3 0 , ' I n t e r p r e t e r ' , ' l a t e x ' )

88 t i t l e ( ' Water content ' , ' f o n t s i z e ' , 3 0 , ' I n t e r p r e t e r ' , ' l a t e x ' )

89 s e t ( gca , ' f o n t s i z e ' , 3 0 )

90

91 colormap ( j e t )

92 c a x i s ( [ 0 0 . 3 5 3 3 ] )

93 hold on

94 hhh=c o l or ba r ;

95 s e t ( hhh , ' ylim ' , [0 0 . 3 5 3 3 ] )

96 s e t ( hhh , ' f o n t s i z e ' , 3 0 )

97 mkdir ( 'FRAMES ' )

98

99

100 %% loop to simulate a time subinterval and plot output

101 f o r i =1 : nplots

102 tspan = [ ( i −1) * f i n /nplots ( 2 * i −1) * f i n /(2* nplots ) i * f i n /nplots

] ;

103 options = [ ] ;

104 [ t , y ] = ode23 (@molode , tspan , i c s , opt ions ) ;
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105 i c s = y ( end , : ) '

106 cc = reshape ( i c s , nz , nr )

107

108 imagesc ( rr , zz , cc ) ;

109 t i t l e ( [ ' Water content a t time = ' , num2str ( t ( end ) ) ] , ' f o n t s i z e ' , 3 0 )

110 p r i n t ( [ 'FRAMES/frame ' num2str ( i ) ] , '−dpng ' )

111

112 end

113

114 %% nested function defining the ODEs

115 func t ion out1 = molode ( t , y , f l a g )

116

117 % approximate r + dr/2 and r − dr/2

118 rrpdro2 = ( r r ( i j p 1 ) + r r ) /2 ;

119 rrmdro2 = ( r r ( i jm1 ) + r r ) /2 ;

120

121 % def ine y ( r + dr ) and y ( r − dr )

122 yrpdr = y ( i j p 1 ) ;

123 yrmdr = y ( i jm1 ) ;

124 yzpdz = y ( i p 1 j ) ;

125 yzmdz = y ( im1 j ) ;

126

127 %approximate (1/ r ) ( r C_r ) _r by

128 % ( ( r + dr /2) C_r ( r + dr /2) − ( r − dr /2) C_r ( r − dr /2) ) /( r dr

)

129 d i f f r = ( ( rrpdro2 . * ( yrpdr−y ) − rrmdro2 . * ( y−yrmdr ) ) ./ r r ) /dr2 ;

130

131 % boundary condi t ion at x3=0

132 % D* c_x3 = K* c ( dz = dr in our

case )

133 % D ( c ( dr ) − c(−dr ) ) = 2* dr *K* c ( 0 )

134 % c ( dr ) − c(−dr ) = 2* dr *K/D* c ( 0 ) lambda := dr *K/D

135 % c(−dr ) = c ( dr ) − 2* lambda * c ( 0 )

136 % yzmdz ( topbc ) = yzmdz ( topbc ) − 2* lambda * y ( topbc ) ;

137 % s i m i l a r with boundary condi t ion a t x3=h0

138

139 yzmdz( topbc ) = yzmdz( topbc )−2*lambda * y ( topbc ) ;

140 yzpdz ( bottombc ) = yzpdz ( bottombc ) +2* lambda * y ( bottombc ) ;

141
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142

143 % d i f f u s i o n with ' no−f lux ' bcs

144 d i f f z = (yzmdz + yzpdz − 2* y ) /dr2 ;

145 % upwinding f o r advect ion term

146 dcdzdown = ( y − y ( im1 j ) ) /dr ;

147

148 out1 = D* ( d i f f z + d i f f r ) − K*dcdzdown ;

149

150 % d i r i c h l e t a t the root and the outer boundary

151 out1 ( l e f t b c ) =0 ;

152 out1 ( r i g h t b c ) =0 ;

153

154 end

155 end
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Listing C.1: LATs and HATs uptake (steady state): two scenarios

1 NTotal = 1000 ; % parameter values

2 ImH = 0 . 0 1 0 8 5 ;

3 ImL = 1 0 ;

4 KmH = 1 ;

5 KmL = 1000 ;

6 c0 = 1 ;

7 I = ImH/ImL ; % nondimensional q u a n t i t i e s

8 K = KmH/KmL;

9 A = 1/ImL ;

10 roots1 = zeros ( NTotal +1 ,1 ) ; % cubic equation has max three r o o t s

11 roots2 = zeros ( NTotal +1 ,1 ) ;

12 roots3 = zeros ( NTotal +1 ,1 ) ;

13 % f o r each NL we c a l c u l a t e r o o t s of the corresponding cubic equation

using

14 % standard formulas , ImH = 0 . 0 1 0 8 5 ;

15 f o r NL = 0 : NTotal

16 a = A*KmL;

17 b = NL+ I * ( NTotal−NL) +A*KmL+A*KmL*K−A* c0 ;

18 c = K*NL+ I * ( NTotal−NL) +A*KmL*K−A* c0−A* c0 *K;

19 d = −A* c0 *K;

20 d e l t a 0 = b * b − 3* a * c ;

21 d e l t a 1 = 2* b * b * b − 9* a * b . * c +27* a * a *d ;

22 angle1 = atan ( s q r t ( 4 * d e l t a 0 * d e l t a 0 * del ta0−d e l t a 1 * d e l t a 1 ) /d e l t a 1 ) /3 ;

23 cosofangle1 = cos ( angle1 ) ;

24 ReC1 = s q r t ( d e l t a 0 ) * cosofangle1 ;

25 root1 = −(b+2*ReC1 ) /(3* a ) ;
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26 angle2 = atan ( s q r t ( 4 * d e l t a 0 * d e l t a 0 * del ta0−d e l t a 1 * d e l t a 1 ) /d e l t a 1 )

/3+2* pi /3 ;

27 cosofangle2 = cos ( angle2 ) ;

28 ReC2 = s q r t ( d e l t a 0 ) * cosofangle2 ;

29 root2 = −(b+2*ReC2 ) /(3* a ) ;

30 angle3 = atan ( s q r t ( 4 * d e l t a 0 * d e l t a 0 * del ta0−d e l t a 1 * d e l t a 1 ) /d e l t a 1 )

/3+4* pi /3 ;

31 cosofangle3 = cos ( angle3 ) ;

32 ReC3 = s q r t ( d e l t a 0 ) * cosofangle3 ;

33 root3 = −(b+2*ReC3 ) /(3* a ) ;

34 t r = 18* a * b * c *d − 4* b * b * b *d + b * b * c * c − 4* a * c * c * c−27*a * a *d*d ;

35 y1 = a * root1 * root1 * root1+b * root1 * root1+c * root1+d ;

36 y2 = a * root2 * root2 * root2+b * root2 * root2+c * root2+d ;

37 y3 = a * root3 * root3 * root3+b * root3 * root3+c * root3+d ;

38 roots1 (NL+1)=root1 ;

39 roots2 (NL+1)=root2 ;

40 roots3 (NL+1)=root3 ;

41 end

42 ImH2 = 0 . 0 1 0 9 5 ; % we only change ImH

43 I2 = ImH2/ImL ;

44 roots12 = zeros ( NTotal +1 ,1 ) ;

45 roots22 = zeros ( NTotal +1 ,1 ) ;

46 roots32 = zeros ( NTotal +1 ,1 ) ;

47 f o r NL = 0 : NTotal % c a l c u l a t i n g r o o t s f o r ImH = 0 . 0 1 0 9 5 ;

48 a = A*KmL;

49 b2 = NL+I2 * ( NTotal−NL) +A*KmL+A*KmL*K−A* c0 ;

50 c2 = K*NL+I2 * ( NTotal−NL) +A*KmL*K−A* c0−A* c0 *K;

51 d = −A* c0 *K;

52 del ta02 = b2 * b2 − 3* a * c2 ;

53 del ta12 = 2* b2 * b2 * b2 − 9* a * b2 . * c2 +27* a * a *d ;

54 angle12 = atan ( s q r t ( 4 * de l ta02 * de l ta02 * del ta02−del ta12 * de l ta12 ) /

de l ta12 ) /3 ;

55 cosofangle12 = cos ( angle12 ) ;

56 ReC12 = s q r t ( de l ta02 ) * cosofangle12 ;

57 root12 = −(b2 +2*ReC12 ) /(3* a ) ;

58 angle22 = atan ( s q r t ( 4 * de l ta02 * de l ta02 * del ta02−del ta12 * de l ta12 ) /

de l ta12 ) /3+2* pi /3 ;

59 cosofangle22 = cos ( angle22 ) ;

60 ReC22 = s q r t ( de l ta02 ) * cosofangle22 ;
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61 root22 = −(b2 +2*ReC22 ) /(3* a ) ;

62 angle32 = atan ( s q r t ( 4 * de l ta02 * de l ta02 * del ta02−del ta12 * de l ta12 ) /

de l ta12 ) /3+4* pi /3 ;

63 cosofangle32 = cos ( angle32 ) ;

64 ReC32 = s q r t ( de l ta02 ) * cosofangle32 ;

65 root32 = −(b2 +2*ReC32 ) /(3* a ) ;

66 t r 2 = 18* a * b2 * c2 *d − 4* b2 * b2 * b2 *d + b2 * b2 * c2 * c2 − 4* a * c2 * c2 * c2−27*a

* a *d*d ;

67 y1 = a * root12 * root12 * root12+b2 * root12 * root12+c2 * root12+d ;

68 y2 = a * root22 * root22 * root22+b2 * root22 * root22+c2 * root22+d ;

69 y3 = a * root32 * root32 * root32+b2 * root32 * root32+c2 * root32+d ;

70 roots12 (NL+1)=root12 ;

71 roots22 (NL+1)=root22 ;

72 roots32 (NL+1)=root32 ;

73 end

74 x = l i n s p a c e ( 0 , NTotal , NTotal +1) ;

75 h1 = p l o t ( x , roots2 *KmL, ' Color ' , ' b ' , ' LineWidth ' , 3 ) ; % p l o t the

p o s i t i v e dimensional roots , ImH = 0 .01085

76 hold on

77 c s t a r = (KmL*ImH−KmH*ImL) /(ImL−ImH) % c a l c u l a t e c * , ImH = 0 .01085

78 h2 = p l o t ( x , c s t a r * ones ( NTotal +1 ,1 ) , '−− ' , ' Color ' , ' b ' , ' LineWidth ' , 3 ) %

p l o t c * , ImH = 0 .01085

79 h3 = p l o t ( x , roots22 *KmL, ' Color ' , ' r ' , ' LineWidth ' , 3 ) ; % p l o t the

p o s i t i v e dimensional roots , ImH = 0 .01095

80 c s t a r 2 = (KmL*ImH2−KmH*ImL ) /(ImL−ImH2 ) % c a l c u l a t e c * , ImH = 0 .01095

81 h4 = p l o t ( x , c s t a r 2 * ones ( NTotal +1 ,1 ) , '−− ' , ' Color ' , ' r ' , ' LineWidth ' , 3 ) %

p l o t c * , ImH = 0 .01095

82 h_legend=legend ( [ h1 ' , h2 ' , h3 ' , h4 ' ] , ' c_ { ss } ( I_ {max} ^ {H} = 0 . 0 1 0 8 5 ) ' , ' c

^ { * } ( I_ {max} ^ {H} = 0 . 0 1 0 8 5 ) ' , ' c_ { ss } ( I_ {max} ^ {H} = 0 . 0 1 0 9 5 ) ' , ' c ^ { * }

( I_ {max} ^ {H} = 0 . 0 1 0 9 5 ) ' )

83 s e t ( h_legend , ' FontSize ' , 2 7 ) ;

84 r e c t = [ 0 . 7 0 , 0 . 2 5 , . 2 5 , . 0 7 ] ;

85 s e t ( legend , ' P o s i t i o n ' , r e c t ) ;

86 s e t ( gca , ' FontSize ' , 3 5 ) ;

87 x l a b e l ( 'Number of low a f f i n i t y t r a n s p o r t e r s ' , ' FontSize ' , 40 ) ;

88 y l a b e l ( ' Ex terna l n i t r a t e co nc en t r a t io n ' , ' FontSize ' , 40 ) ;

89 t i t l e ( 'Two d i f f e r e n t s c e n a r i o s − 1000 t r a n s p o r t e r s in t o t a l ' , '

FontSize ' , 40 ) ;
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Listing C.2: LATs and HATs uptake: time evolution

1 KmL = 1 0 0 ; %mi l l imolar

2 IL = 0 . 7 ; %mil l imole per hour per gram

3 KmH = 0 . 0 8 5 ; % 0 . 016 f o r c o n s t i t u t i v e l y expressed HATs ; mi l l imolar

4 IH = 0 . 1 3 5 ; % 0 . 027 f o r c o n s t i t u t i v e l y expressed HATs ; mi l l imole per

hour per gram

5 a _ i c = IL/KmL; %dm^3 ( hg )^−1

6 b_ ic = 0 . 0 2 0 ; % mil l imole ( hg )^−1

7 surfacepergram = 7 5 . 0 ; %t o t a l root s u r f a c e per gram of root

8 IHH = IH/surfacepergram ; %mil l imole per hour per dm^2 of root s u r f a c e

9 ILL = IL/surfacepergram ; %mil l imole per hour per dm^2 of root s u r f a c e

10 alpha = 0 . 0 0 5 ; % 0 . 016 f o r c o n s t i t u t i v e l y expressed HATS; alpha =

a _ i c *KmH/(IH − b_ ic ) , dimensionless

11

12 NH_max = 80000000000000 ; % maximum number of HATs per dm^2 of root

s u r f a c e

13 NTotal = NH_max* alpha

14 %NH_min = b_ic/IH*NH_max

15 NH_min =12000000000000

16 NL_max = NTotal − alpha *NH_min

17 dN = NTotal /200 ;

18

19 ImH = IHH/NH_max; % mil l imole per hour per t r a n s p o r t e r

20 ImL = ILL/NL_max ;

21 I = ImH/ImL ;

22 K = KmH/KmL;

23 newcstar = (KmL*ImH−alpha *KmH*ImL) /( alpha *ImL−ImH)

24

25 c in = 0 . 2 5 ; %mi l l imolar

26 t h e t a = 1 . 0 ; % hydroponics

27 rho = 3 6 . 0 ; % dm^2 of root s u r f a c e per dm^3 of s o i l

28 c0 = 3 ; % mi l l imolar

29 P = 0 . 0 0 0 0 1 ; % dm^3 of s o l u t e per dm^2 of root s u r f a c e per hour

30 C = P* rho/ t h e t a ; % dm^3 of s o l u t e per dm^3 of s o i l per hour

31 A = P/ImL ;

32

33 t r i a l c = c in ; % we f i r s t es t imate deple t ion time roughly using NL =

0 ;

34 t r i a l t = 0 ;
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35 NL = 0 ;

36

37 while t r i a l c > c in /10

38 dt = abs ( t r i a l c /(−(NL* rho ) * ( ImL* t r i a l c ) /(KmL+ t r i a l c ) − ( ( NTotal−

NL) /alpha * rho ) * (ImH* t r i a l c ) /(KmH+ t r i a l c ) + C* ( c0−t r i a l c ) ) )

/500 ;

39 t r i a l t = t r i a l t +dt ;

40 t r i a l c = t r i a l c +dt *(−(NL* rho ) * ( ImL* t r i a l c ) /(KmL+ t r i a l c ) − ( (

NTotal−NL) /alpha * rho ) * (ImH* t r i a l c ) /(KmH+ t r i a l c ) + C* ( c0−t r i a l c

) ) ;

41 end

42

43 f i n a l t i m e = 3* t r i a l t ; % we allow the s imulat ion to run f o r three

times longer than the est imated deple t ion time

44 hal f t ime = zeros ( [ NL_max/dN+1 , 1 ] , ' double ' ) ; % deple t ion time

45 c o n c a t f i n a l t i m e = zeros ( [ NL_max/dN+ 1 , 1 ] , ' double ' ) ; % steady s t a t e s

46 f i g u r e ( 1 ) ;

47 p l o t S t y l e = { ' b ' , ' k ' , ' r ' , ' g ' , ' y ' , ' b ' , ' k ' , ' r ' , ' g ' , ' y ' , ' b ' , ' k ' , ' r ' , ' g ' ,

' y ' , ' b ' , ' k ' , ' r ' , ' g ' , ' y ' , ' g ' } ;

48 s e t ( gca , ' f o n t s i z e ' , 3 0 ) ;

49 hold on ;

50

51 f o r NL = 0 :dN: NTotal

52

53 i f NL > NL_max

54 break

55 end

56

57 t = [ ] ;

58 y = [ ] ;

59 t ( 1 ) =0 ;

60 y ( 1 ) =c in ;

61

62 while t ( end ) < f i n a l t i m e % we simulate f o r each NL u n t i l the f i n a l

time i s reached

63 dt = abs ( y ( end ) /(−(NL* rho ) * ( ImL* y ( end ) ) /(KmL+y ( end ) ) − ( ( NTotal−

NL) /alpha * rho ) * (ImH* y ( end ) ) /(KmH+y ( end ) ) + C* ( c0−y ( end ) ) ) )

/5000 ;

64 t ( end+1)= t ( end ) +dt ;
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65 y ( end+1) = y ( end ) +dt *(−(NL* rho ) * ( ImL* y ( end ) ) /(KmL+y ( end ) ) − ( (

NTotal−NL) /alpha * rho ) * (ImH* y ( end ) ) /(KmH+y ( end ) ) + C* ( c0−y ( end )

) ) ;

66 end

67

68 i f mod(NL, NTotal /4)==0 % For s p e c i f i e d NL, we p l o t the s o l u t i o n s

69 p l o t ( t , y , p l o t S t y l e {NL*4/ NTotal +1 } , ' Linewidth ' , 3 ) ;

70 t i t l e ( ' Ex terna l c on ce nt ra t i on as a funct ion of time f o r varying $

N^L$ ' , ' FontSize ' , 4 0 , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;

71 x l a b e l ( ' Time ($ h $) ' , ' FontSize ' , 3 5 , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;

72 y l a b e l ( ' Ex terna l co nc en t r a t io n ($mM$) ' , ' FontSize ' , 3 5 , '

I n t e r p r e t e r ' , ' l a t e x ' ) ;

73 end

74

75 d i f f e r e n c e = c in − y ( end ) ;

76 threshold = y ( end ) +0 .01 * d i f f e r e n c e ; % threshold value f o r the steady

s t a t e , 99% deple t ion

77 t99 = f i n a l t i m e ;

78

79 f o r x = 1 : length ( t ) % c a l c u l a t e deple t ion time

80 i f y ( x ) < threshold

81 t99 = t ( x ) ;

82 break

83 end

84 end

85

86 c o n c a t f i n a l t i m e (NL/dN+1) = y ( end ) ;

87 hal f t ime (NL/dN+1) = t99 ;

88 end

89

90 xlim ( [ 0 , f i n a l t i m e ] ) ;

91 hal f t ime ;

92 legend ( [ 'N^{L}= ' num2str ( 0 *NL_max/4 , ' %10.1 e\n ' ) ] , [ 'N^{L}= ' num2str ( 1 *

NL_max/4 , ' %10.1 e\n ' ) ] , [ 'N^{L}= ' num2str ( 2 *NL_max/4 , ' %10.1 e\n ' ) ] , [ '

N^{L}= ' num2str ( 3 *NL_max/4 , ' %10.1 e\n ' ) ] , [ 'N^{L}= ' num2str ( 4 *NL_max

/4 , ' %10.1 e\n ' ) ] ) ;

93 f i g u r e ( 2 ) ; % p l o t everything

94 hold on ;

95 p l o t ( 0 :dN: NL_max, hal f t ime , p l o t S t y l e { 1 } , ' Linewidth ' , 3 ) ;
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96 t i t l e ( ' Time to $99\%$ deple t ion as a funct ion of LATs densi ty ' , '

FontSize ' , 4 0 , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;

97 x l a b e l ( ' $N^{L}$ ($dm^{−2}$) ' , ' FontSize ' , 3 5 , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;

98 y l a b e l ( ' Deplet ion time ($ h $) ' , ' FontSize ' , 3 5 , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;

99 s e t ( gca , ' f o n t s i z e ' , 3 0 ) ;

100 f i g u r e ( 3 ) ;

101 hold on ;

102 p l o t ( 0 :dN: NL_max, c o n c a t f i n a l t i m e , p l o t S t y l e { 1 } , ' Linewidth ' , 3 ) ;

103 t i t l e ( ' Steady−s t a t e n i t r a t e c o n c e n t r a t i o n s ' , ' FontSize ' , 4 0 , '

I n t e r p r e t e r ' , ' l a t e x ' ) ;

104 x l a b e l ( ' $N^{L}$ ($dm^{−2}$) ' , ' FontSize ' , 3 5 , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;

105 y l a b e l ( ' Steady−s t a t e c on ce nt ra t i on ($mM$) ' , ' FontSize ' , 3 5 , '

I n t e r p r e t e r ' , ' l a t e x ' ) ;

106 s e t ( gca , ' f o n t s i z e ' , 3 0 ) ;
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