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Abstract

Exponential asymptotics, which deals with the interpretation of divergent series, is a
highly topical field in mathematics. Exponentially small quantities frequently arise
in applications, and Poincaré’s definition of an asymptotic expansion, unfortunately,
fails to emphasise the importance of such small exponentials, as they are hidden be-

hind the algebraic order terms.

In this thesis, we introduce a new method of hyperasymptotic expansion by inspect-
ing resultant remainders of series. We study the method from two different con-
cepts. First, deriving the singularities and the late order terms, where we truncate
expansions at the least value and observe if the remainder is exponentially small.
Substitution of the truncated remainder into original differential equation generates
an inhomogeneous differential equation for the remainders. We expand the remain-
der as an asymptotic power series, and then the truncation leads to a new remainder
which is exponentially smaller whence the related error estimate gets smaller, so
that the numerical precision increases. Systematically repeating this process of re-
expansions of the truncated remainders derives the exponential improvement in the
approximate solution of the expansions and minimises the ignored terms, i.e., error
estimate. Second, in establishing the level one error, which is a function of level
zero and level one truncation points, we study asymptotic behaviour in terms of the
truncation points and allow them to vary. Writing the estimate as a function of the
preceding level truncation point and varying the number of the terms decreases the
error dramatically. We also discuss the Stokes lines originating from the singulari-
ties of the expansion(s) and the switching on and off behaviour of the subdominant

exponentials across these lines.

A key result of this thesis is that when the higher levels of the expansions are con-
sidered in terms of the truncation points of preceding stages, the error estimate is
minimised. This is demonstrated via several differential equations provided in the

thesis.
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Chapter 1

Introduction

Exponential asymptotics is a subject of asymptotic expansion wherein, as the name
suggests, the exponential terms which are hidden behind algebraic order terms in the
singular expansion are taken into consideration. Particularly, the subject concerns
the importance of exponentially small terms. It mostly is associated with divergent
asymptotic series, since the singular perturbation series are usually divergent. By
using techniques in exponential asymptotics, mathematicians aim to deal with diver-
gent series. Almost two centuries have passed since Niels H. Abel, in 1828, argued
that “Divergent series are the invention of the devil, and it is shameful to base on
them any demonstration whatsoever.” [1]. Since then, especially in the last two
decades, mathematicians have extracted increasing information from divergent se-
ries leading to a new subject called Exponential Asymptotics which has wide range
of applications and provides the exponential accuracy for asymptotic solutions of the

equations.

Computation of exponentially small terms is utilised in a plethora applications in-
cluding to but not limited to applications in mathematics, mathematical physics [2],
plasma physics, engineering, meteorology [1], atmospheric and oceanic science [3],
flow in a porous pipe [4], viscous fluid flow [5, 6](p.131), electromagnetic wave

theory [2, 5], water waves problems [7], gravity-capillary wave problems [8—12],
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analysis and quantum chemistry [13, 14], heteroclinic solutions of differential equa-
tions [15], and boundary-value problems [16]. From this wide range of applications
a fundamental question arises: Why are these exponentially small terms significant.
To express the importance of such small terms, Boyd in [1] inserts that “a mother can
regard her baby as insignificant because it is only sixty centimeters long”, and he also
discusses many applications of these small terms. In fact, exponential asymptotics
is important due to the changing behaviour of the subdominant exponential terms-
while on one side of some certain rays they become exponentially small, on the other
side of these rays they become dominant. Exponential asymptotics is indispensable
for shedding light on this changing behaviour as well as localizing exponentially
subdominant and dominant terms. For example, upon interpreting these terms, the
presence of the gravity and capillary waves and their switching on and off behaviour

across Stokes rays (Stokes lines) were discovered [8, 10].

Many important cases exist where exponentially small terms play key roles. De-
riving these small order terms of the divergent series by ordinary asymptotics is im-
practical. Francis Ogilvie was the first person asking about the missing ship waves
of his calculations [17-19]. The waves were not able to be observed through regular
asymptotics as they were exponentially small. In [13], on the other hand, quan-
tum chemistry with the method of exponential asymptotics is consistent, and the
method is used when describing exponential smallness of the molecules in reac-
tions, which govern the reactions. Otherwise, Poincaré’s asymptotic method ignores
these molecules, and existence of the reaction may be destabilised. The technique
of exponential asymptotics (optimal truncation) is applied to determine the radia-
tion coefficient of nonlocal solitary waves. Since such a coefficient is exponentially
smaller than the resultant error of the expansion, exponential asymptotics is needed
to be applied twice (i.e. hyperasymptotics) in order to determine the radiation coeffi-
cient [3, 20]. This newly introduced method is also used to analyse the formation of

shocks in waves that appear in partial differential equations [21]. After this subject
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was introduced, exponentially small terms are no more negligible in physical sci-
ences as they may affect the existence of problems involving these small terms [2],
in which the divergent series has invaluable importance. Because the subject had
been used by many different fields in the last few decades, in 1991 NATO and NSF
sponsored a workshop on “Asymptotics Beyond All Orders” with the attendance of

50 academics [5].

1.1 Exponential asymptotics

In order to obtain useful information from divergent asymptotics series, the series
must be truncated after a finite number of terms. In 1886, the French mathematician
Henri Poincaré [22] published the formal definition of an asymptotic expansion;
which became widely known as Poincaré’s expansion. Assume Y, a,(x)x~" is an
asymptotic power series which could be either convergent or divergent and for each

positive integer N

an(x)

+0(x V), as x— oo, (1.1

in an unbounded set S [23](p.42). Then Y~ ja,(x)x™", a Poincaré’s asymptotic

expansion of f(x), may be written as

Fx) ~ i “”(nx), as x — oo, (1.2)
n=0 *

An equivalent condition of (1.1) is to write

N

. an(x)

lim xN{f(x)—n;) o }%o, (1.3)
where N is a non-negative integer. Truncation of this series at the (N — 1) term
generates an approximation with fixed accuracy at O (x~) [1, 24, 25] . However,

even though the names look similar, there is a pivotal difference between asymptotic
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expansion and exponential asymptotics: in exponential asymptotics exponentially
small terms (e.g. exp(—1/¢€) for sufficiently small €) that are not calculable by
Poincaré expansion [26] come into play. Truncation by this method enables one to
find out where and when to truncate expansions. In particular, truncation of diver-
gent series arbitrarily in the sense of Poincaré may generate a good approximation.
However if the truncation point is picked any earlier or later, the truncation error may
increase due to the additional terms, and therefore his definition unfortunately is not
unique. Nevertheless, Poincaré’s expansion was not completely useless. Especially
in physical sciences, a few terms of the expansion may give the satisfactory results.
Because it gives more accurate approximations, it may be regarded that this expan-

sion is extended by exponential asymptotics.

It is difficult to find an exact solution for each singularly perturbed differential equa-
tions or sometimes even impossible to find their approximate solution. Therefore,
asymptotical interpretation of the differential equations plays a pivotal role. The
form of the corresponding series solutions of these differential equations is first de-
creasing and then diverging to infinity, for instance exponential integral, error func-
tion and Airy function. These well-known functions are studied, for instance, by
Olde Daalhuis et al. [27] and Dean [28] in detail; in fact, they will also be discussed
via hyperasymptotic approximation of this thesis. However, it is possible to have
convergent series in exponential asymptotics, but divergent series are comparatively
useful as they have to decrease faster [29]. The accuracy of convergent series de-
pends upon the number of the terms: as the number of the terms is increased, the
accuracy also increases. However, the accuracy of the divergent series in exponen-
tial asymptotics is limited by the optimal truncation point; whereby, increasing the
number of the terms after the truncation point is counterproductive, i.e., increases

the truncation error.

In summary, exponential asymptotics consists of optimally truncating the divergent
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series, whereupon, the resultant remainder turns out to be exponentially small, and
then analysing the remainder terms which cannot be extracted by the conventional

asymptotics.

1.2 Optimal truncation

The optimal truncation point is the place where the series start growing, or in other
words, where the series take their absolute minimum values [1, 3, 15, 20, 28, 30-32].
To be able to find this point, the general representation of the expansion must first be
established [12]. At first sight, this may appear easy. However, obtaining the form
of the late-order terms is not always straightforward, and may even be impossible at
times. That is why, the most crucial part of the interpretation for these divergent se-
ries in exponential asymptotics is the determination of the general term and the point
of optimal truncation. Optimally truncated series usually occur in the same stan-
dard form, which is described by Dingle [24] as factorial-over-a-power, and these
series are divergent [24, 33]. This diverging nature of the series in the form of a
factorial-over-a-power occurs due to Darboux’s theorem, which is discussed in great
detail by Dingle in [24, pp. 140], also see [1]. The theorem specifically explains that
based on the late-order terms, the asymptotic behaviour of the leading order terms
is determined by the closest relevant singularity or singularities in the expansion as
the singular points control the whole expression. In fact, we will see throughout the
thesis that the tails of the expansions are consistent with the theorem. Hence, the
series in exponential asymptotics are divergent whenever the general terms of the
series have a singularity or singularities [5, 11, 34, 35]. In 1998, Chapman et al. [30]
extended the factorial-over-a-power method, and applied it to the nonlinear ordinary
differential equations. It is very important to determine the late-order terms of the ex-
pansion; not only in order to obtain the point of optimal truncation but also to receive
a more accurate approximation. It is also important to ensure that the expansion is

in the expected factorial-over-a-power form. Once the general representation of the
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late-order terms is derived, the optimal truncation of the series can be established
by equating the ratio of the successive late terms to 1. Alternatively, this point of
the divergent series where they take their minimum values can be found by minimis-
ing the remainder terms with respect to N [6]. The idea and the technique of optimal

truncation point are discussed by Chapman et al. [30] and Adams [31] in more detail.

Exponentially small terms arise because the optimal truncation point has a depen-
dence on x, its presence indeed could be seen after employing the Stirling’s formula
on the late order terms of the expansion. This process is named superasymptotics
(asymptotics beyond all orders) by Berry who was the first person truncating the
divergent series optimally (near the least term) in [36]. Upon truncation of the di-
vergent series optimally and ignoring the rest of the terms, he achieved the smallest
error with an exponential accuracy. According to Berry and Howls [37] this tech-
nique was first studied while analysing the Airy function asymptotically by Stokes
[38-40] whose work was ignored or not thoroughly understood by mathematicians
for over a century. The method of exponential asymptotics, after it is established,

was applied to the error function by Berry [36].

1.3 Hyperasymptotics

In 1991, Berry and Howls published the formal definition of hyperasymptotics to
reduce the error of the expansion in which the remainders, which are smaller than
the first neglected terms of the expansion, are exponentially small [25, 33, 41, 42].
They defined hyperasymptotics as systematically studying exponentially small re-
mainder leftover of the optimally truncated expansion by repeated reexpansion [43],
employing Borel summation of a ‘resurgence relation’ for the resultant remainder.
In [33], they used hyperasymptomatics by employing the exact resurgence relation
for integrals with saddles and expressed higher exponential accuracies than that of

superasymptotics. Though superasymptotics and hyperasymptotics were introduced
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by Berry and Howls, the subject is pioneered by Stokes [38] and Dingle [24] who
observed that the Poincaré’s definition was not unique. Chapman et al. then ap-
plied this method via truncation of the series after the optimum numbers into gravity
waves problems to determine exponentially small waves [6, 10, 11], and later on this

was developed by Olde Daalhuis et al. in [27].

Hyperasymptotics analyses a remainder equation of the expansion by re-expanding
the previous remainder equation. The main consideration behind hyperasymptotics
is that each remainder contains a remainder, and upon examination of the remain-
ders, exponentially small terms are added to the expansion, where the precision of
the expansion improves exponentially. Superasymptotics can be thought as the ze-
roth level of the hyperasymptotic expansion, but in both superasymptotics and hy-
perasymptotics, the remainders are dependent on the truncation point. Because more
terms are added in hyperasymptotics, it generates a relatively more accurate approx-
imation than superasymptotics [44]. The hyperasymptotic approach is also known
as “beyond asymptotics beyond all orders” since it requires further analysis than su-

perasymptotics [25, 35, 45].

Earlier in the discussions of hyperasymptotics, it was expected that the associated
optimal truncation point of the each further level was shorter than the previous level.
Berry and Howls also found that the number of the terms of each hyperseries is half
the number of the terms of the preceding level [33, 43]. Therefore it was concluded
that the hyperasymptotic process has an end, which occurs when the last expan-
sion has only one single term [33]. On the other hand, Olde Daalhuis later on in
[45] introduced a new method leading to hyperasymptotic expansion for the con-
fluent hypergeometric functions by using its integral representation. Basically, he
found a similar picture to that of Berry and Howls’ [33]; at each level of the hy-
perasymptotics, the remainder is exponentially smaller, and the optimal truncation

point increases instead of decreasing [45—47]. Since in each level the approximation
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gets better and better, Olde Daalhuis highlighted that there is no limit for the hyper-
asymptotic expansion [48, 49]. He extended this method of Olde Daalhuis [45] and

confirmed this improvement in [47].

In 1937, Airey [50] published the method of ‘converging factor’, the factor by which
the first neglected term must be multiplied to terminate the series to obtain higher ac-
curacy. His interpretation involves truncating the series and discussing the truncated
remainder by expressing as a multiplication of the first term neglected. Although
this discussion resembles the method of this thesis, it is not identical. In this the-
sis, the remainder (the divergent part of the series) is rescaled as the product of the
first neglected term and a new function, which is similar Airey’s converging factor,
but this strategy differs from that of Airey since we expand the product function as
an asymptotic power series. The form of the series, however, are the same in na-
ture; first deceasing, and then diverging to infinity. However, Airey’s technique of
discussion applies to alternating series where the general representation is known.
He addresses his method, for example for the exponential integral, for the negative
values of the argument. Our approach is not restricted to the negative values of the
arguments, and, hence does not require to the series to be alternating. We also inter-
pret the remainder and its behaviour in terms of the previous stages truncation points
and allow the truncation points to vary as detailed in the thesis. Moreover, in our
approach we may go beyond the first level and discuss in detail the higher levels of

the hyperasymptotics by doing the successive reexpansion of the remainders.

1.4 Stokes phenomenon

Recent years saw an increasing focus on the method of exponential asymptotics,
since it is now widely known that exponentially small terms of the asymptotic series
may carry important information which cannot be determined through traditional

asymptotic methods. Stokes was the first person who found that the series contains
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discontinuous constants which change abruptly as certain lines, known as Stokes
lines (rays) [38], are crossed in the complex plane. Berry [51], motivated by the
technique of exponential asymptotics through studying the behaviour of the remain-
der terms, discovered that this abrupt change appears near the Stokes lines. On a
Stokes line, exponentially small terms of the expansion are maximally dominated
by another term [28, 32, 36, 52]. Berry further demonstrated that this change occurs
smoothly via the error function [51] across the Stokes lines. However, Chapman [53]
uncovered that this is not a generic property of hyperasymptotics, but it is usually
true. The technique of Stokes and Berry was expanded by Olde Daalhuis et al. and
Chapman et al. [27, 30]. Stokes phenomenon (i.e. the process of finding the Stokes
and anti-Stokes lines [9]) concerns the behaviour of the exponentially small terms
when they are switched on and off. As has already been noted, these lines arise
when the series are divergent. For example, across Stokes lines, exponential small
gravity waves switch on and off [10, 54], and the remainder terms stop oscillating,
and its imaginary parts may vanish. This means that the asymptotic solution might

miss crucial information about such problems if Poincaré’s method is employed.

In order to derive the location of the Stokes and anti-Stokes lines, truncated remain-
ders of the divergent series must be analysed with care. The behaviour of the remain-
der, specifically the behaviour of the denominator function of the remainder, plays
a crucial role for a complete understanding of the behaviour of the expansion, i.e.,
the Stokes phenomenon. The phenomenon is based on exponential asymptotics that
makes the Stokes and anti-Stokes lines visible [55]. In fact, Stokes lines originate
from the singularities of the remainder equations [56, 57] at which expansion breaks
down. Once these singularities are located, it is possible to determine the Stokes and
anti-Stokes lines using each one. Hence, these lines can be located by analysing the
denominator function which is called the singulant by Dingle [24, pp. 6-8]. Partic-
ularly, Stokes lines occur when the singulant is purely real and positive; whereas,

anti-Stokes lines occur when the singulant is purely imaginary, where exponentials
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have equal magnitude [34, 43, 56, 58]. Both Stokes and anti-Stokes lines are only
meaningful near the singularities of the remainder. According to the other definition
given by Dingle [24], the Stokes lines equivalently may occur when the late-order
terms have the same phase since the remainder functions stop oscillating when their
phases are at Stokes lines [27, 59]. Singularities of the remainder functions dom-
inate the late-order terms which means as the series passes through Stokes lines it
goes from subdominant to dominant or dominant to subdominant. This means that
the series changes its character, that is the switching on and off, as the Stokes lines
are crossed. Hence, based on the sector in the complex plane, exponential terms
come into play. Due to the smooth varying of terms, Stokes phenomenon plays a
key role, in the subject, and the whole picture in the complex plane should be self-
consistent; in other words, one needs to come back to the original solution upon

carrying out a complete circuit in the plane.

Subdominant exponential terms obtained by asymptotic expansion are turned on
across the Stokes lines emerging from the turning points. Although all singulari-
ties and branch cut(s) involved in expansions are taken into account, in some cases
an inconsistency, which is the key motivation lying behind the higher-order Stokes
lines (HOSL), emerges. Intersection points of the Stokes lines at a regular point may
give rise to a new Stokes line, HOSL, for some equations, and for the presence of
this phenomenon, two or more asymptotic expansions should be present [39, 56, 57]
so that the crossing of the Stokes lines may occur. Whenever Stokes lines cross
each other rather than at turning points this phenomenon may be present. Hence, it
is termed a Stokes crossing point (SCP) by Howls et al. [39], at which the HOSL
may terminate the active Stokes lines [56]. This in turn may influence the presence
of the Stokes line itself to switch on or off, for more discussion see [39]. As dis-
cussed above, it is anticipated that the usual Stokes lines emerge solely from the
singularities, however Howls et al. in [39] and Olde Daalhuis in [60] demonstrated

that a new Stokes line might arise by the regular points. Initially, this new line aris-
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ing from the crossing point in which two or more Stokes lines cross each other was
termed as ‘new-Stokes lines’ by Berk et al. in [61] who first discussed this issue,
which is termed identically by Chapman and Mortimer [62]. However, according
to Olde Daalhuis [60], this naming is not appropriate, since these types of crossing
points have some similar effects to the turning points, hence he endorsed the term
SCP. Even if the divergent series is present in the relevant region, Stokes lines may
be inactivated or activated across the HOSL: in one side while they are active, on
the other side they may get inactivated. Therefore, it helps to distinguish where the
subdominant exponentials are present in the different sectors of the complex plane,
which is the main purpose of the Stokes phenomenon as it deals with the appearance
and disappearance of the exponential terms. An inability to detect HOSL may lead
to erroneous conclusions. For a complete understanding of the Stokes phenomenon,
HOSL analysis is required. New Stokes line does not occur from HOSL, as this only
may change the activity of the present Stokes lines. As noted previously, one expects
to come back to the solution one started with after making a complete circuit around

the complex plane.

1.5 Overview of the methodology and results

Figure 1.1 briefly summarises one of the main conclusions of the thesis. Truncating
the asymptotic series solution of the exponential integral given in §4 at the optimum
number of terms provides the exponentially accurate approximation in superasymp-
totics shown in red in the figure. Carrying out the process repeatedly in this thesis
enables one to have the hyperasymptotic approach results illustrated in the figure,
where the red, blue and green dotted lines correspond respectively to the zeroth, first
and second levels of hyperasymptotics established by successive optimal truncations.
Moreover, by considering the zeroth level truncation point as a free parameter and
increasing it, we decreased the error estimate at the first level to a lower value than

the optimally truncated error obtained even at the second level; to see this effect,
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compare the black and green dots. To be more precise, for example, truncation of
the first level expansion only 39 terms after the predicted optimal value of the trunca-
tion point provides the equivalent error that can be obtainable in the second level of
hyperasymptotics for the chosen values given in the figure; see first black and green
dotted lines. Hence, in light of the evidence gathered in this thesis, the hyperasymp-
totic expansion of this thesis, which we also term as the multi-level asymptotics, is
introduced and the error is minimised. Further details of the results of the exponen-
tial asymptotics along with the analysis will be provided later on; however, for a

detailed explanation of the specific figure, see §4.9.

1.6 Structure of the thesis

In this thesis, we will be using the asymptotic methods as follows. Derivation of an

asymptotic series solution of the singular differential equations is the first step:

flx;€) ~ i an(x)o,(e) as € — 0.
n=0

Substitution of the summation into the original differential equation(s) generates the
differential recurrence relation for a,(x) from which the general term can be gener-
ated via either repeated usage of the previous terms or via the factorial-over-a-power
method. The latter is employed if it is not directly obtained from the first, since
sometimes the formulation of the late order terms could be challenging. When the
late-order term is established, the next stage will be truncating the perturbed series
whereupon we receive a good approximation. Truncation of such series after N terms

yields
N—-1
flx;€) ~ Z an(x)8,(€)+Rn(x) as € =0,
n=0

in which the resultant remainder is in O(8,(€)), which is the order of the accuracy

emerging by Poincaré’s method. However, to improve accuracy the technique of
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Comparison of the Errors

1040+ g : | ® Zeroth Level
i’ : ® First Level
® First Level
30l ® First Level
10 ® Second Level

0 25 50 100 150 200 250
Number of terms in the expansion

Figure 1.1 Magnitude of the errors, given by (4.12), (4.34) and (4.84), in 3 levels of
the expansion where the series are truncated optimally at each level and arbitrarily at
the first level for chosen & = 0.1 with z = 1/2 +i+/3/2. The figure clearly shows the
improvement obtained by the hyperasymptotics, that is, the error decreases at each
level. Black dots correspond to the various truncation points of the first level rather
than the optimal one.

optimal truncation is required for the divergent series; particularly, if N is the point
of optimal truncation, the series takes its least value and the remainder Ry(x) turns
out to be exponentially small. Thence, the remainder occurs in the order of op-
timal truncation whereupon the exponential accuracy arise. In practice, although
Poincaré’s method is easy to obtain as it may be finalised with a few terms of the
expansion, truncation of the series after the least term generates more meaningful
results for the divergent series. Inserting the truncated ansatz into the original dif-

ferential equation(s) produces the inhomogeneous differential equation for Ry(x),
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whereby similar analysis can be carried out for the remainder.

We begin this thesis in §2 by addressing an instructive differential equation which
demonstrates the features of exponential asymptotics along with the Stokes phe-
nomenon along with the necessary background information which will be needed
for this thesis. In fact, the results become transparent upon first observing the be-
haviour of the leading order term, specifically the singularities, as their location gives
birth to the new exponentials. We next truncate the asymptotic series solution of the
differential equation after the point it takes its absolute minimum value. Generally,
truncation of the series provides the algebraically small error estimate in a small
parameter; however, to derive the exponentially small error estimate hidden in a di-
vergent series, we need to perform optimal truncation. The Stokes lines discussion
then continues in the chapter as that is expected to have one from each singularity. In
doing these, we will observe that the subdominant exponentials are going to switch
on and off across the Stokes lines and equal dominance on the anti-Stokes lines. §3
discusses a general first order differential equation which appears in the first level of
hyperasymptotics. Therein, we derive the connection formula between the singulant
of the expansion and the leading prefactor of the equation, whereby we discuss the
differential equation for various prefactors. We also establish the remainder equation
of the higher level hyperasymptotics for general singulants for the first order differ-

ential equations.

Then, in §4 we employ the method of exponential asymptotics to the exponential
integral. First, we find the leading order term from which the singularity of the ex-
pansion is identifiable and the recurrence relation by which the full hyperasymptotic
expansion is generated. We observe that no new singularities are introduced by this
relation. However, having such a recurrence does not always give the possibility
of deriving the general term of the expansion in complete form explicitly, so we

make use of the factorial-over-a-power method in those cases. In this chapter, hyper-
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asymptotic analysis as well as the corresponding Stokes phenomenon for each level
will be conducted in 4 levels. Whether or not the error estimate can be improved
will be scrutinised in this chapter. At the end of the chapter we address general
findings of the hyperasymptotics obtained. In order to demonstrate and support the
findings of §4, we study further examples in §§5-7 and apply the general results of
hyperasymptotics to them; specifically, the error function arising from both first and
second order equations, the Airy function and confluent hypergeometric function.
Due to the complexity of studying functions such as the confluent hypergeometric
function in §7, we use the WKB theory for differential equations so that we can ob-

tain the explicit approximate solution by exponential terms.

§7 1s devoted to investigating the confluent hypergeometric function (CHF) through
exponential asymptotics. In comparison with Olver’s [63] and Olde Daalhuis’s [45]
works, we first re-scale the CHF and then employ hyperasymptotics in the sense of
§4. As we have already discussed most of the key details in the preceding chap-
ters, like the leading order term analysis, matching asymptotics, recurrence relation,
Stokes phenomenon and so on for a singular differential equation, this chapter will

repeat the same investigations to verify the outcomes found in the thesis.

In §8, we study the importance of the higher-order Stokes phenomenon via an ex-
ample addressed in Olde Daalhuis [60]. As well as using the hyperasymptotic ex-
pansion techniques used throughout the preceding chapters, we particularly focus on
the HOSL and provide a detailed explanation and discussion on the HOSL, where
we illustrate the overall results along with the description of the main features in the
Stokes phenomenon in a figure. Finally in §9, a summary of the thesis is provided

along with the main conclusions obtained in the work.
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1.7 Statement of Originality

I hereby declare that, except where specific reference is made to the work of others,
the contents of this thesis are original and have not been submitted in whole or in part
for consideration for any other degree or qualification in this, or any other university.
This thesis is my own work and contains nothing which is the outcome of work done

in collaboration with others, except when specified in the text.



Chapter 2

Introductory example of exponential

asymptotics

2.1 Introduction

In this chapter, we analyse a singular differential equation by focusing on the method
of exponential asymptotics. We will illustrate how the methodology could be used
in a differential equation in which it appears. By doing so, some key features of
the method and Stokes phenomenon mentioned in the introduction are presented;
particularly, these features concern the type of the series, optimal truncation, Stokes
and anti-Stokes lines, exponentially small terms and their switching on and off be-
haviours. In this way, the reader will be familiar with the nature of the exponential
asymptotics and its features for the forthcoming chapters. The methods presented in
this chapter are discussed in great detail, for example, by Olde Daalhuis et al [27]
and Chapman et al [30].

As was mentioned in §1, in exponential asymptotics one is interested in studying
the behaviour of series which are in the form of ‘first decreasing till reaching its
minimum and then diverging to infinity’. In such series, subdominant exponentially

small terms, which are invisible by using the method of usual algebraic expansion
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alone, will be visible with the application of exponential asymptotics. Berry terms
the exponential terms having the biggest magnitude “dominant” and the other ex-
ponentials “subdominant” [64]. Although the general term of the expansion could
be computed via the usual asymptotics method, it is not possible to observe the
exponentially small terms through this method. Therefore, in order to distinguish
these small terms, the algebraic series needs to be truncated optimally, which means
these terms can only be included in the solution by employing the optimal trunca-
tion method, which will be outlined in this chapter. Truncating the series optimally,
moreover, enables the error of the expansion to be exponentially small [25]. This
whole process and analysing the truncated remainder is termed as superasymptotics,

also known as asymptotics beyond all orders, by Berry [25].

Additionally, analysing exponentially small terms will enable us to observe the Stokes
and anti-Stokes lines of the equation emerging from the singularities of the asymp-
totic expansion where it breaks down. Hence, the singularities of the leading term
must be derived prior to analysing the expansion near the singularities. As one moves
across the Stokes lines, the birth of the subdominant exponential terms will be ob-
served. Upon crossing these lines, exponentially small terms switch on and off,
which usually occurs via an error function [36], by the dominant exponential terms.
In fact, this switching of the subdominant term affects the behaviour of an asymptotic
expansion. By doing this we show, therefore, which exponential terms of the expan-
sion are present in which sectors of the complex plane. This changing behaviour of

the expansion is known as the Stokes Phenomenon [51].

In the following model problem we intend to derive an exponentially accurate ap-
proximate solution of the differential equation by employing the beyond all orders
approach. The equation studied in the present chapter is

d?y(z) 1
2 _

£ 2.1
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in which 0 < € < 1. The highest derivative of the equation is a multiple of the small
term € and it contains the singularities +i on its right hand side, henceforth denoted
by RHS. This singular equation is addressed in this chapter. We hope to minimise
the error of its asymptotic expansion by explicitly analysing the turning points of the

differential equation.

The outline of the chapter is as follows: We begin in §2.2 analysing the ordinary
differential equation (2.1) by conventional asymptotic technique. The first step of
the analysis is to expand the series into powers of € and precisely determine the
general term of the expansion from which the singularities of the leading order term
will be found. After deriving the tail, the series will be truncated at an optimal order
at which the series starts to grow in §2.3. We minimise the remainder function of
the truncated expansion by regarding the remainder as a function of the truncation
point. By doing this, the exponentially small remainder of the asymptotic expansion
will be observed in €. This stage will provide an illustration of how the remainder
depends on the optimal truncation point. The next step is to examine the remainder
of the truncated series explicitly by which we will derive the connection between
the Stokes lines and the general term of the expansion, i.e., the singularities of the
general term from which Stokes lines emerge at the leading order. In §2.6, we will
perform a residual calculation of the model problem and address its branch cuts.
In §2.7, we first present Stokes as well as anti-Stokes lines, then demonstrate the
switching on and off behaviour of the subdominant terms across the Stokes lines by
careful consideration of the expansion near the singularities. Finally, we will finalise

this chapter with a conclusion.

2.2 Asymptotic expansion

The first step of the technique outlined above is to expand the illustrative differential

equation asymptotically by a formal series solution. In this section, let us therefore
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begin to study the equation (2.1) with Poincaré’s perturbation method expanding y(z)

in powers of €2 as a regular asymptotic series

y(z) ~ Z €2y,(2). (2.2)
n=0

Because this series expression (2.2) must satisfy the differential equation (2.1), it
will be formally plugged into the equation (2.1), and we will equate the coefficients
of like powers of € on both sides of the equation. By doing so, the leading-order
term and the differential recurrence relation of the expansion in the asymptotic limit

will be determined as follows

1

dy,_
ydTl(Z) +y.(z) =0 atO(e™).

at O(1),
(2.3)

It should be pointed out here that the leading-order term yo(z) of (2.2) contains com-
plex symmetrical singularities at z = +i. Having derived the leading-order term,
we are now in a position to obtain all the terms of the expansion in (2.2) by using
the system of the recurrence relation given in (2.3). Taking the second derivative of
yo(z) and plugging into the recurrence relation allow us to determine the first term
y1(z). Carrying out this process repeatedly between (n — 1) term and n'* term of

the expansion derives the form of the general term of the expansion such that

yo(z) = = 5 (— - —) at O(e"),

] 1 1
yn(z) = 2 (2n)! ((Z_H-)znﬂ - (Z—i)z’l“) at O(e™").

The n'" term in the expansion preserves both singularities, and there is no additional
singularity created by the recurrence relation. It is worth remarking that, although
it is not true in general, for this particular problem, we were able to find the gen-

eral term y,(z) exactly for each term in the expansion. Moreover, the term y,(z)
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is obtained in the nature of a factorial-over-a-power without the need for using the
factorial-over-a-power method. By having established the late-order term of the ex-

pansion, an asymptotic solution of y(z) is fully attained, which means the first step

Ynr1(z)

yn(2)

Furthermore, as the series is in the form of a factorial divided by a power, it must

of calculation is completed. The expansion is divergent as > 1 for large n.
be diverging. In order to obtain more information on the behaviour of the expansion
and to observe the importance of the exponentially small terms, the next step is to
determine the point at which the series starts changing its direction from decreas-
ing to growing. The expansion (2.2) will be truncated after N terms and then the

behaviour of the resultant remainder will be examined in the next section.

2.3 Optimal truncation and remainder equation

The second step is to truncate the expansion (2.2) optimally which will enable us to
distinguish exponentially small terms. We begin truncating the series with Berry’s

technique [65] by writing

i Nl 1 1
20 =5 5 1@ (e~ )+ @9

where Ry(z) = O(&?") is the remainder of the expansion. The error of the expansion
after truncation is Ry(z) = y(z) — truncated sum. We approximate it by considering
the first neglected term as

En(z) = égzN(_l)N(ZN)! ((z+i1)2N+1 — (Z_;)w“) : (2.5)

Substituting the truncated expression (2.4) with the remainder into the differential
equation (2.1) will provide us a differential equation for the remainder. That is, after

taking the first and second derivative of (2.4) and multiplying the second derivative
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by €2, we find that the remainder, given in (2.4), is a solution of

g(RN(Z);s):@eZN(( P, 1 ) 2.6)

1+ iZ)ZN—H (1 _ iZ)2N+]

where .Z corresponds to the left hand side (LHS) of the equation such that
Z (Rn(2):€) = €Ry(2) + Ry (2),

in which . is the same linear operator as in the original equation (2.1). If Stir-
ling’s formula is employed for the factorial term of (2.6), the remainder differential

equation (2.6) can then be represented in the approximate form for large N

Z (Ry(z);€) ~ VN (2N£)2N {( ! + 1 2.7)

e 1+iZ)2N+] (1 _iZ)ZN—H :

Due to having identical singularities in the expansion, it is worth commenting briefly
that the dominant term of the expansion, in addition to the error, changes depending
on a region in the limit N — oo, Particularly, as there are two singularities in the
expansion, as apparent in the summation (2.4), the dominant term changes based on
which sector of the complex z-plane we are in. If we are in the the upper-half plane
in which z is in the sector 0 < ph(z) < 7, (1+iz) term of (2.4) in the square bracket
satisfies |1 4 iz| < |1 —iz| if and only if 3(z) > 0; as a consequence, the associated
singularity dominates the summation for sufficiently large values of N. Likewise, in
the lower-half plane where z in the sector @ < ph(z) < 27, the fraction containing
the term (1 —iz) leads the series given in (2.2) when N is large enough, so does the

RHS of (2.7). These mean that the RHS according to the sector z in is asymptotic to

2Ne\ N 1 ,
\/ﬂN( 66) (e ifze3(z) >0,

174

2Ne N1
\/nN( 8) e 23 <0

e —iz)

Z (Rn(z2);€) ~ (2.8)

The next and crucial step of exponential asymptotics is to determine where the point
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of optimal truncation occurs. It could be identified by three different ways: either
(1) evaluating successive terms of the expansion [31, 62, 66] or (ii) evaluating the
residual remainder differential equation [28] by the ratio test for large n ~ N, near

unity, or (iii) minimising the n'" term of the expansion [28], i.e

82n

82}’1—2

Yn(2)
Yn—1 (Z)

n(2);€)
€

d 2n o
‘f R,—_1(2);€) ~1 or —[e"yu(z)]=0. (2.9)

dn

These imply particularly that the optimal truncation point is a function of z and &€.
When deriving the truncation point according to the sector of the complex z-plane we
are in, in order to not repeat the same calculations twice for both regions separately,
we use one of the above methods without referencing (2.8). By employing the third
method of (2.9), we directly verify that the derivative of the general term of the

expansion with respect to N is

d%g Nyw(z) = \/é(ZNTS)ZN (W) (;+2N1n (2];] >+2N 2N1n(1+lz))
+\/§(2$>2N (W) <; +2NIn (2]:; ) +2N —2N1n(1 —lz))

which becomes the following when N is sufficiently large

d_ N o)~ 2\/—<2N8) 1“(12-]:]2) 1“(5&1)

dN (1—|—iZ)2N+] (1—iz)2N+1

It is worth mentioning that the first method of (2.9) derives this point easier in com-
parison with differentiation. The optimal truncation point occurs differently due to
the presence of the singularities at £=i by the same token as explained earlier regard-
ing the general term of the expansion. To make this point more precise, if we are in
the upper half plane, the first term in square brackets provides the optimal truncation

point; if in lower half plane, second term provides this point. This explains why the
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optimal selection of the truncation point takes place at

ifze 3(z) >0,
(2.10)

if z€3(z) <0.

The optimal truncation point, in which the error Ey(z, €) takes its least value, de-
pends upon the expansion parameter z and € as discussed in [45, 47]. In order to

localise this point N as a function of €, we could choose z = 0 such that

d oy o2Ne\
e yn(0) ~ 4V TN (—) In(2Ne) for large N, (2.11)
e

which becomes equal to 0 only if In(2Ne) = 0. Thence, the optimal truncation of

the expansion for z = 0 occurs at

N=_— 2.12
o (2.12)

which in fact agrees with setting z = 0 in (2.10). To visualise the behaviour of the
expansion, which is in the factorial-over-a-power form, and to understand the idea
of the point of optimal truncation, the error of the expansion is plotted over N for
several values of z in different regions of the complex plane. If the series is optimally
truncated at N, it is further to be anticipated that the remainder Ry(z) should be ex-
ponentially small. Figure 2.1 represents the curve of the relative error Ey(z) and its
typical behaviour which occurs in exponential asymptotics; that is, it first decreases
until reaching its minimum value where it begins to grow to infinity. It is straight-
forward to see from Figure 2.1 that the optimal truncation points are consistent with

the results of (2.10) and (2.12).

In the next stage, the remainder of an optimally truncated series will be discussed in
more detail. Particularly, employing the optimal truncation points derived in (2.10)

will enable us to establish the typical error function occurring in exponential asymp-
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totics in the vicinity of the turning points.

Optimal Truncation Point
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Figure 2.1 Illustrating the truncation error Ey(z) in (2.5) as a function of N. It first
decreases, and then diverges to infinity. It takes its minimum value at 5, 10 and 25
for selected values of z =0, z= —/3 — 2i and z = 3 + 5i while € = 0.1 in blue, green
and red respectively.

2.4 Remainder near 7 =0

Before initiating the error analysis near the singularities for sufficiently large N and
small € at the optimal truncation point, we perform a calculation near O in which the
Stokes lines cross the real axis, since we are most interested in the solution with the
real values. This will be addressed in §2.7. Hence, we first re-scale z close to zero

which lies on the Stokes line such that

z=8(¢e)Z, (2.13)
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where |6(€)| < 1, which will be determined shortly, is an unknown function of &,

and Z is O(1). The transformation (2.13) changes (2.7) into

Z (Ry(Z);€) ~ VAN (QNTS)W (ﬁ + ﬁ) , (2.14)

where
f(Z2)=(1+i62)"M*! and g(Z) = (1-isz)*N T,

Based on logarithmic function properties and Taylor series expansion for & small,

these f(Z) and g(Z) can be approximated as
f(Z) ~exp (2NiSZ+N&°Z*) and g(Z) ~exp (—2NiSZ+N§*Z?),

where N > 1. Substituting these approximate values of f(Z) and g(Z) into the RHS

of the remainder differential equation (2.14), we find

2 (Ralye) = van ()T S —
NAERES™ ¢ ) exp(N62Z2) \exp(2NSZi)  exp(—2NoZi))’

(2.15)

which suggests that the right balance in (2.15) should be occurring when N§2 ~ 1.

Hence, the 0 scaling in terms of € using (2.12) is determined by means of
§ ~V2e.
Substitution of this value of é leads to
2 (Rn(2);€) ~ \/2718%_(212/)8) [exp (—@Zi) Texp (@a)] . (2.16)

Because 8 is determined as a function of €, which defines Z, we can now return to

the differential equation (2.16) by back substitution

Ry (z) + ?RN(Z) = 2 oXp (—;—8) (exp (—%Z) +exp (%)) , (2.17)
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in which we set A := \/m/2¢€exp(—1/€) for simplicity. In order to interpret the
remainder, we first need to solve this differential equation. We use the method of

variation of parameters [67] to attain the particular solution of (2.17) as
A iz 2z 2 i A iz 2 2 i
(Rn)p(2) = ?es/ e <1 —I—e_%) dt — 2—8,e_E / e % (1 —I—e%> dt
i

A iz [? 12 J A iz [*? 12 d
~ € —_— t——e € - t
2ei /eXp( 28) 2ei /eXp( 2e) ’

where the integrals containing exp (—2/¢€) are neglected due to exp (—2/€) < exp (—1/¢€)

(2.18)

from the dominant balance. The particular solution is expressed in terms of the error

function

(R)p(2) ~ % exp (—%) sin (g) erf (\/iz_g) , (2.19)

in which erf(z) is an error function with the definition of

erf(z) = % /OZ exp (—tz) dt. (2.20)

Herein, it is apparent from exp (—1/€) term of (2.19) that (2.19) is exponentially
small in € as expected. Combining the solution with the homogeneous solution, the

general solution of Ry(z) can be written down as

1
Ry(z) ~ Cjcos (g) + <C2 + 2—7;exp (_E) erf (\/%_g)) sin <§) . (2.21)
If we choose in (2.21) C; = C; =0 and € = 0.1, then (2.21) becomes

Ry (z) ~5mexp(—10)sin(10z)erf (\/%)

=0.00071314sin(10z)erf(2.23607z),

(2.22)

which is plotted over z in Figure 2.2, whereby the plot contains an error function

smoothing as an envelope function.
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Putting (2.21) in (2.6), the truncated series after N terms is

l'N—l

1 1
y(z) NE ;)SZn(_])”(Zn)! <(Z—|—i>2"+l - (Z_l')Zn—l—l) ( )

() + (o fon(-L)en( )2

in which the remainder of superasymptotics is exponentially small for small €. It has

been shown by truncating the series (2.2) that the series is asymptotic to the function
¥(z) as € goes to 0 which makes N large. The remainder has been obtained in terms

of an error function and sin(z) function.

©10% Remainder
8 T T T T T T T

Figure 2.2 A plot of Ry(z) in (2.22) in which C; and C, are chosen to be 0 and
€ = 0.1. Showing the oscillatory behaviour of the remainder.

2.5 Remainder analysis and erf function smoothing

This section is devoted to examining the remainder introduced in (2.4) for a general

value of z. To recap from §2.3, suppose that we are in the upper half plane without
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loss of generality, then we conduct the error analysis according to 3(z) > 0 through-
out this section. Consequently, we focus on the relevant singularity of this region in
what follows. This means that the RHS of (2.7) for sufficiently large N is asymptotic

to

2N
2N8> : 1 (2.24)

1 +iz)VHT

% (Ry(2):€) ~ m(

e

Note that the similar calculation of this section can be done for 3(z) < 0 by taking
into account the singularity of this plane which is symmetrical to the singularity of
3(z) > 0. The homogeneous version of this remainder differential equation (2.24),
then, has two solutions

iz

Ry(z) ~ exp (:I:—) : (2.25)

€
Motivated by the homogeneous solution, let us introduce function K(z) such that the

remainder Ry(z) is

Ru(2) = exp (f) K(2), (2.26)

where K(z) will be determined shortly. Substitution of (2.26) into (2.24) produces a
differential equation involving only the derivatives of K(z):
) iz\ d*K(z) iz\ dK(z) oNe\ N 1
£“exp (E) + 2igexp (E) ——= ~ V1N ( ) (

dz2 dz e 1+ iz)2N+1 ’
(2.27)

as € — 0 and N — oo. Solving (2.27) will allow us to determine the remainder
function by means of an error function. In accordance with the denominator of
the RHS of above (2.27), it is convenient to introduce polar coordinates near the
singularity in the form of

z—i=rexp(if), (2.28)

in which » = 1 corresponds to the previous subsection. Making use of polar coordi-
nates (2.28) considering the chain rule as below
d ie—ie d dZ ie—2i9 d e—2i9 d2

= = _ _ I - - = 2.29
dz r do’ dz? r2 de r2 doe?’ (229)
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transforms the differential equation (2.27) into

,e~20 2K (1,0) e je—2i0 e e 9\ dK(r,0) o 1—ire’®\ /aN (2Ne/e)*N
2 462 2 p do P (irei®)2N+1 -~
(2.30)

Before carrying out the next step of the procedure, we must express the optimal trun-
cation point which soon will be furnished in terms of the polar coordinates explicitly

using (2.10) for 3(z) > 0, that is

N(r,€) ~ é (2.31)

in which the remainder takes its minimum value. To ensure that N is an integer, we
take N =r/e+ a where 0 < o < 1, and round N to the closest integer. The behaviour
of the remainder in the limit as € goes to zero and N goes to infinity is important.

Therefore, putting this value of N in the remainder equation (2.30) gives

ire'® " 1—r ol
,e 20 d’K(1,0) (e ie=%0 e e 9\ dK(r,0) V2m P € €
2 do? r2 r do 2/re exp ((i6 + ig)((zg;zr)za +1))

The RHS is exponentially small and so it is negligible except on the relevant values
of 6, i.e., m/2 in which the RHS takes its maximal value. In fact, Stokes line lies
along /2. Detailed derivation of this line as well as what happens on it will be
discussed in §2.7 with more details. The behaviour of the remainder, however, will
be examined in the vicinity of this line in this section. In order to do so, let us rescale

0 near 7 /2 such that
v/

5 +86, (2.33)

9:

where the small parameter 6 < 1 which is a function of € to be derived shortly.
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Plugging (2.33) immediately into (2.32) yields

e2exp(—2i80) d’K(r,8) ie*exp(—2i56) dK(1,0) N exp(—i80) dK(r,0)
r252 402 r2é d0 rd do

reisg 1—r
exp| —+ —-2a
‘/Zn € £
2VrE exp ((i6§+iir> (£+2a+ 1))

. (2.34)

as € and 9 approach zero. After expanding for sufficiently small o, the RHS of (2.34)

becomes

ND) 272
RHS of (2.34) ~ — Y ¢ (—"3 0

1 ~ ~
——20—2i —1i . (2.
N X P )exp(8 o —2icto0 169) (2.35)

Seeking the exact scaling of § in terms of €, the exponential term of (2.35) suggests

that it should be

5 =/2e, (2.36)

which is the same as that in the previous section. Upon using (2.36) in (2.34), it is
seen that the dominant term of the LHS of (2.34) is the third term. Therefore, after

completing the required simplifications, we obtain in leading order that

dK(r,0) iy . 1
;;; ) 1 2;” exp (—r62> exp (E - Za) : (2.37)

Direct integration of (2.37), hence, gives

K (r, (3) - i—zexp e _ 2oc) (k— erf (ﬁ@)) , (2.38)

where k is a constant and erf(z) is the error function. We observe the jump in K

emerging when we cross the Stokes line, 7r/2, which is obtained as

T Tt in 1



32 Introductory example of exponential asymptotics

Thus, determination of K(r, 0) as well as the jump in the multiplier K(r, 0) of the re-
mainder R(r, 8) occurring beyond the Stokes lines is completed via an error function
which is typical in exponential asymptotics. In the following sections we undertake
the residue calculation of the differential equation and observe the branch points,

prior to conducting the Stokes lines analysis.

2.6 Analysing the model problem by residues

In this section, we apply the method of variation of parameters to study (2.1). Once
we find the general solution of (2.1), we adopt the residue technique and then evalu-

ate the integrals. Suppose that we return to (2.1) whose homogeneous solution is

i I
yi(z) = Crexp (EZ) +Crexp (—EZ) :

The particular solution of (2.1) calculated by employing the variation of parameters

method [67] is

t.

yp(z) = —

cos(é) /Zsin<£> Si“(%) /Zcos(é) ;

dt
€ 1412 + € 1412

Then, the general solution becomes

s = reo () s (£) -0 [ 50 Ea)

€ e 1412
+ﬁmam<fem%ug,
£ —eo 1+t

The integrand could be written in terms of the special function exponential integral,

(2.40)

which we discuss in §4, as

/z explitfe) iexp(—l/s)Ei(—l—iz) _iexpél/e)Ei(ljz), (2.41)

e 1412 2 €
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where the exponential integral Ei (z) = / ) exp(t)/tdrt as described in [68] is a multi-
valued function and has a branch point a{;;le origin. Hence, (2.41) has branch points
at z = +i; whereby, one of the corresponding branch cuts lies above the imaginary
axis from z = i, while the other lies on the imaginary axis below z = —i. We compute

(2.40) employing the residue theorem [69], which states that

ﬁf(z)dz =27i i Resf(z),

S

where 71, ...,7,, are the poles contained inside a closed contour ¥, and the contour
y encloses the multiple poles. Herein, Resf(z) symbolises the residue of f(z) at z;
=z

with the definition of
Resf(z) = lim (z—z;) f(2).

=z =z

Consider the contour integral:

7{ eXP(iZ/S)dz.
c 1+22
Herein C is the contour which goes along the real line —R to R and then counter-
clockwise on a semicircle of radius R centred on the origin in the upper-half plane
returning to —R. As the function exp (iz/€) is exponentially small for R — oo and
the coefficient of iz is 1/€ > 0, the contour C is taken in the upper-half plane, see
Jordan’s Lemma in [70]. Assuming R > 1, then, assures that the imaginary part i will
be in the curve. Since exp (iz/€) does not have a singularity, we are only going to
look at 1+ z> which has singularities at both z = +i. As we work on the upper-half
plane, only the singularity "i" lies in the region enclosed by C. That is, the function
has a pole of order 1 at z = i. Therefore, the residue at zop = i under the light of
residue formula [69] is

Resf(z) = M

2.42
Z0=1 21 ’ ( )
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which using the residue theorem yields

exp (iz/€) o EXp (iz/€)
—————>dz=2niRes———5—= =7 —1/¢). 243

7§ 42 = RmiRes T = mexp(=1/e) 4
Separating the contour integral into a line and an arc, then plugging into the left hand

side of (2.43) gives

/R exp(iz/ze)dz+/exp(iz/zs)dzz7{exp(iz/zs)
R 1+z y l+z c l+z

dz = mwexp (—é) ,  (2.44)

where 7 is a semicircle whose radius is R on the upper-half plane. Here the second

part of the separated integral (2.44) meets zero as R approaches infinity. That is,

. (R exp(iz/e) 1
1 ———dz = —— . 2.4
Rgl:o S dz = mexp - (2.45)

Using Euler’s formula then shows that

> cos(z/€) 1 / sin (z/¢€)
———dz == d d =0. 2.46
/o 1+2 7 ZEeXp( ) - 1+22 (246)

Back substitution of these values of (2.46) into (2.40) for large z enables us to derive

the general solution of (2.1) by means of

v6(z) = Clcos< >—|—C sm(i)#—wﬂexp (—é) (2.47)

Since error function |erf(z)| ~ 1 for large z, the rightmost term of (2.47) is consistent

with the rightmost term of (2.23).

In the next section, the investigation of the Stokes and anti-Stokes lines will be dis-
cussed in detail. Crossing the Stokes lines causes subdominant exponentially small
terms to appear and disappear smoothly. Therefore, having them located in the com-

plex plane will enable us to demonstrate where these exponential terms are present
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in different sectors of the z-plane.

2.7 Stokes phenomenon

Once the singularities of the expansion are located, we expect to find the Stokes
lines arising from them. Hence, our goals in this section are firstly to obtain the
Stokes and anti-Stokes lines, secondly to demonstrate the existence of the Stokes
lines with the aid of an illustration on a figure, and thirdly to show which exponen-
tials are present in which region of the complex plane. To show the existence of
the Stokes phenomenon, it is sufficient to identify the exponential terms of the equa-
tion (2.1), which are to be determined by the consideration of the singularities. We
note although this thesis does not use the Borel plane technique, the key criterion
for a Stokes phenomenon to occur is that two singularities in the Borel plane should
be lying on the same Riemann sheet, and equivalently they must be adjacent to each
other. If these singular points are not adjacent, then they are on the different Riemann
sheets; that is, a new asymptotic contribution across the lines this change happens
does not occur. Therefore, the Stokes line is inactive. For further discussions, see
[39, 71]. On the other hand, more details of determining the Stokes lines can be
found in §3.3. Stokes lines appear when the exponential prefactors of the expansion,

exp(—ui(z)) , fulfil the following condition [30]
S(ui(z) —uj(z)) =0 while R(ui(z) —u;(z)) >0, fori,je{1,2,3}, (2.48)
which may equivalently be written as
ui(z) —uj(z) >0  forzeC, and fori,je {1,2,3}, (2.49)

where i # j. In this problem, u;3(z) correspond to the powers in the exponential
terms of complementary functions, and u (z) corresponds to the power in the expo-

nential term of the particular integral. These will be introduced shortly. When the
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real part of (2.48) is less than zero it is called an irrelevant Stokes line, since the sub-
dominant exponential can not switch the dominant exponential on. In the terminol-
ogy of [39], irrelevant Stokes lines are the lines taking a place between the saddles;
whence, Stokes lines are active, but irrelevant. Generally, a differential equation of

the remainder appears as in (3.12). Likewise, the anti-Stokes lines appear when
R(ui(z) —uj(z)) =0, fori,je {1,2,3}, (2.50)

where i # j. Carrying on, the homogeneous solution of (2.1) is

7 1 7 1
¥(z) ~ Cexp (’—Z - —) +Crexp (—%Z . —) , (2.51)

E & £

where C and C; are constants. It is important to note that we have exp (—1/¢€) terms
in the solution because the leading order term of the expansion is singular at —i and
i. In addition, it is worth mentioning that the solution of (2.1) could be derived by
the WKB method [67]. Using the RHS of the differential equation (2.1), all three
associated distinct exponential terms are identified by

exp(0), exp (_m) and exp(—i(zg_i)), (2.52)

€

where the related u; > 3(z) terms are

ui(z) =0, ux(z)= ) and u3(z) = ( . (2.53)

It should be emphasised once again that it is crucial to determine which of these
exponentials are present in which sectors of the complex plane as they appear and
disappear when the active Stokes lines are crossed. Having been able to derive the
three exponentials, presence of the Stokes and anti-Stokes lines may now be found
by making use of the above definitions. Employing (2.48) first for u;(z) and us(z)

terms
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o (i(—i— i) —0) 0 whie % (@_O) S0, (2.54)

€

tells us that the Stokes line occurs when
x=0 while y>—1, (2.55)

where z = x+ iy. In particular, this means that subdominant exp (—u>(z)) term may
be turned on by exp (0) when the Stokes line is crossed, and become dominant at the
anti-Stokes lines. This changing happens smoothly by the error function as obtained

and discussed previously. Similarly, taking (2.50) into account
R (@ — O) =0, (2.56)
requires that the anti-Stokes line occurs when
y=—L. (2.57)

Moreover, employing (2.48) for u;(z) and u3(z) terms

3 (i(zgi) —0) —0  while R (i(zgi) —0) >0, (2.58)

tells us that the relevant Stokes line takes place when
x=0 while y<l, (2.59)

where z = x +iy. That is, exp(0) turns the exp (—u3(z)) term on, as the Stokes
line is crossed on the complex plane. Likewise, performing (2.50) requires that the

anti-Stokes line occurs when
y=1. (2.60)

Locating the anti-Stokes line shows which exponentials are dominant in which sec-

tors of the complex plane. Subdominant exponential terms grow exponentially up to
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anti-Stokes lines then begin decreasing after crossing the lines.

Having verified the conditions of (2.48) and (2.50), the presence of the Stokes and
anti-Stokes lines is fully completed. An illustration of these Stokes lines with the
contributed exponentials being present or absent are shown in Figure 2.3 which il-
lustrates the overall picture of what happens across these lines. Because there is an
overlap between two Stokes lines if both are illustrated together, they are plotted

with an offset from JR(z) = 0 to elucidate in one figure.

In Figure 2.3, when we move around the complex z-plane from Sector III toward
Sector IV and cross the Stokes line corresponding to red line switch on the expo-
nentially small term exp (—u3(z)) represented by (=), where (5 is singular at z = i.
Hence, in Sector IV (0) and (5) are present. Moving through Sector I from Sector IV,
nothing happens as we have not crossed a Stokes line. While travelling from Sector
I to II, there is no inconsistency with having different representations on each side of
the branch cut, as the function is discontinuous across the cut. We, therefore, remove
the exponential (=), and so (0) is present in Sector II. Similarly, travelling from Sector
IT to III, nothing gets turned on and off because a Stokes line does not exist. As the
travel along the complex plane is completed, we conclude that we return to where
we started with (0) being present, and end up with the same term. Likewise, similar
travel can be done for exp (—u;(z)) represented by @), which is singular at z = —i. In
that case, regardless of the region we begin, we will come back to where we started
due to crossing one Stokes line and one branch cut. To sum up, we observe from
Figure 2.3 that the solution has two turning points from which Stokes lines emanate
across where a subdominant exponential gets switched on. By these travels, the be-
haviour of the exponential terms and where they contributed in the complex plane
are illustrated in Figure 2.3. We note that in this figure and throughout the thesis,
present exponentials of the associated regions are illustrated in the box. In conclu-

sion, having travelled through different sectors, we observe that the exponentially
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Stokes and anti-Stokes lines

> 3(f2) = ()
Sector I 7 Sector |

4+

3| — 90

2| 0-$l»0 00

e T B -
——Stokes lines

S@)or - - -anti-Stokes lines
— Branch cut
R(f2—fi)=0

I [ ARt o A i

2t «— 0+0

3f ©—$»0 ©:0

41 sector Il — Sector IV

S(fs) = S(f1)

Figure 2.3 Stokes and anti-Stokes lines originating from the singularities +i are il-
lustrated, and they are represented by red lines and dashed black lines, respectively.
Each exponential terms are allocated (0), @), (-) to denote switching on and off, and
present exponentials of the associated sectors are shown in the boxes. The exponen-
tial on the right hand side of the equation, (0), is present everywhere. Across the
Stokes lines, subdominant exponentials are switched on by (0). As the function is
discontinuous across the branch cuts represented by the oscillatory lines, one returns
to where he started when the travel is completed.

small terms appear and disappear when the Stokes lines are crossed in the complex
plane. This switching on and off occurs via error function in the subdominant terms.

In fact, this is what Stokes meant by “as it were into a mist” in [72].

2.8 Conclusion

In this chapter, we have studied the asymptotic behaviour of the proposed model
problem (2.1) using the method of exponential asymptotics. We summarise the con-

clusions of this chapter as follows: After deriving the late order term of the expan-
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sion, which contained two singularities at +i, we observed that it is in the form
of a factorial-over-a-power, which is a key feature of such systems in exponential
asymptotics. In order to study its asymptotic behaviour near the singularities, its se-
ries solution has been optimally truncated where the series took its minimum value.
We observed that the leading order term of the expansion as well as its asymptotic
behaviour changes due to the existence of the singularities in different sectors of the

z-plane.

Substituting the truncated series into the differential equation (2.1) has produced
a differential equation of the remainder which we have focused on. Since the re-
mainder depends on the optimal truncation point, we have established the exponen-
tially small terms by furnishing this point in the remainder. This result showed that
these exponentially small terms cannot be distinguished with Poincaré’s asymptotic
method. Furthermore, by employing this point, we have minimised the truncation
error of the expansion. In other words, the accuracy of the expansion has been im-
proved exponentially by exponential asymptotics. Upon carrying out the process of
examination, it has been further deduced that this remainder is exponentially small

everywhere except at the Stokes lines.

Investigating the singular points of the differential equation, we have expressed the
occurrence of the Stokes and anti-Stokes lines. Having located them, we have con-
sidered what happens across these lines. As we travelled along the z-plane, we have
observed the switching on and off of the subdominant exponential terms directly
each time we crossed the Stokes lines. In fact, the present work has demonstrated
that this occurs smoothly via a typical error function. Analysing the remainder dif-
ferential equation of the expansion in the vicinity of the these singular points has
enabled us to obtain this error function. Moreover, we have been able to uncover
which exponentials are present in different sectors of the complex plane by keeping

track of the contributions from Figure 2.3. Hence, the analysis of present work has



2.8 Conclusion 11

revealed that crossing the active Stokes lines changes the form of the expansion as

the subdominant terms appear and disappear in the different regions of the plane.

It is worthwhile to emphasise once more that by investigating the singularities of
the presented differential equation, we observed that exponentially small terms are
no longer negligible with the technique of exponential asymptotics due to the pres-
ence of the singularities. This chapter with the aforementioned results concludes the
background information on the exponential asymptotics. This technique of asymp-
totics beyond all orders with all the arguments taken into account in this chapter will

be used throughout the thesis.






Chapter 3

Stokes phenomenon for first order

differential equations

The method of exponential asymptotics in this chapter will be considered by analysing
a general singularly perturbed differential equation of the first order. Due to its ap-
pearance in each level of the hyperasymptotic expansion after the zeroth level for the
first order equations, this equation is a special differential equation. Similar to the
previous sections, we are interested in its asymptotic behaviour for small €, and aim

to locate the Stokes and anti-Stokes lines of the following equation

gdil—(;) LAY = £(2), 3.1)

where 0 < € < 1. Through studying this equation, some key features of the hyper-

asymptotics of this thesis arising from each level will be demonstrated.

The present chapter is organised as follows: The investigation begins with the same
structured format as the previous chapter; in detail, we first expand the problem in
powers of € as explained by Hinch in [73] and find the leading order term. Because it
is a singular perturbation problem, the series will be divergent and has to be truncated

to obtain the minimum error. In order to do so, we first need to find out the general
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representation of the late-order terms; hence, the derivation of the general term is
our second step in §3.1. We will provide a connection formula between the singu-
lant of the expansion and the pre-factor A(z) function. The optimal truncation point
is the point at which the series changes its form from decreasing to increasing. Thus,
§3.2 is devoted to truncate the expansion optimally. Substitution of this truncated
expansion into the original equation will provide an inhomogeneous equation for the
remainder term, which is expected to be exponentially small as indicated by Berry
[65]; this will be specifically demonstrated here. In §3.3, we will introduce various
choices of A(z) functions. The third step is to inspect the behaviour of the remainder
near its singularities, which means that the singulant of the asymptotic expansion in
this section will be derived and so the relevant Stokes and anti-Stokes lines based on
the pre-factor will be located. Therein, detailed prescriptions which are required for
the Stokes phenomenon will be given. In §3.4, we will derive the general first level
differential equation of the hyperasymptotics generated by the remainder for general

A(z). Finally, the findings of the chapter will be briefly summarised in §3.5.

3.1 Asymptotic power series

In this section, our aim is to express the relationship between the late-order term
of the expansion and the pre-factor A(z), by which Stokes and anti-Stokes lines of
the equation can be identified. Particularly, deriving this relationship will play a key
role in understanding the Stokes structure of the higher levels of hyperasymptotics.
Hence, the first step of the investigation of obtaining an accurate approximation is
to expand y(z) in powers of €. Let us suppose the corresponding asymptotic series

solution of y(z) in (3.1) is
y(2) ~ Y €al2). (3.2)
n=0

Substitution of this solution back into the original differential equation (3.1) and

equating like powers of € generate the leading order equation for yy(z) at O(1) and
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a recurrence relation for y,(z) at O(g") in the following sense

A(2)yo(z) = f(2),

+A(2)yn(z) =0 for n>1.

dyn_1(2) (3.3)

dz
This recurrence relation in (3.3) enables us to compute the general term y,(z) in
terms of yp(z). Thus, it is important to point out here that zeros of A(z) are the
singularities of the leading order term yo(z), which means they are the singularities
of the expansion for all n. Hence, the strength of the singularity or singularities
of the expansion increases as n increases. As discussed in the previous chapter, if
an asymptotic series solution has a singularity, then the solution is divergent, and
this has to be in the factorial-over-a-power nature, which is a generic feature of
exponential asymptotics. Therefore, let us assume the late order term takes the form

as

['(n+7y)

yn(Z) ~ WC as n — oo, (34)

in which I' is the gamma function described in [68, 74], and C is a constant which
could be a function of € and it could be derived by going to the next order of the
matching. When we employ this method for example in §4, we will observe that
it is indeed a constant. In order to further study the behaviour of the expansion
and the Stokes phenomenon, the late order terms has to be generated for large n.
Hence, substituting this ansatz into the recurrence relation (3.3) provides us with the
following equation after some computations

C(n+y+1)

s (W@ +A@)C=0. (35)

which requires

u'(z) = A(z), (3.6)
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where prime ' represents the derivative d/dz. Due to the relation between A(z) and
yo(z), the integration constant can be derived from the singularities of yg(z), whilst
completing the determination of u(z). Nevertheless, the constant y in the denomina-
tor could be obtained by the repeated use of the recurrence relation from which the
degree of the singulant arise, which will be more thoroughly demonstrated later. The
link mentioned earlier between the denominator of the expansion and the pre-factor
A(z) of (3.1) is finally established; as a consequence, this will be used while locating

the Stokes phenomenon of the equation.

3.1.1 Complex ¢

This subsection addresses what happens if € is complex for the equation (3.1). Let

us first re-scale

e=¢Y%, (3.7)

where g; is real, and 0 < € < 1. Substitution of (3.7) into the original differential

equation (3.1) gives
Pery' (2) +AR)y(2) = f(2). (3.8)

Doing the expansion as y(z) ~ Y. €/'vx(z), we match the like powers of €;, which

yields

yo(z) =22, and €y, (2) +A(2)ya(z) =0 for n>1.  (3.9)

In order to find the late order terms of the expansion, we employ the ‘factorial/power’
as in (3.4). In doing this, after some computations, we establish the link between the

singulant and the prefactor A(z) as

W' (z) = e PA(z). (3.10)
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In comparison with (3.6), we express the derivative of the singulant as a multiplica-

tion of the prefactor A(z) and e, as a result of rescaling . Hence, the method can
be extended to complex €. We discuss the Stokes phenomenon for complex € in the

Example 3.3.1 of §3.3.

We are interested in determining the general form of the optimal truncation point
for this particular equation and then demonstrating whether the remainder is expo-
nentially small. We also study the Stokes and anti-Stokes lines for various A(z)

functions in the forthcoming sections.

3.2 Optimal truncation

The next step in the calculation is analysing the equation (3.1) asymptotically by

truncating the asymptotic series (3.2) after N terms, that is
N—1
¥(2) = Y &"a(z) + Rn(2), (3.11)
n=0

where the resultant remainder Ry(z) is of O(g"). To proceed, substituting the trun-
cated series back into the differential equation (3.1) produces the inhomogeneous

remainder differential equation such that

eRN(2) +A(2)Rn(z) = —€"yy 1 (2)

= eVA(2)yn(2). (3.12)

It is worth commenting that the remainder equation (3.12) has the same form as
the original equation (3.1), besides their RHS. The optimal truncation point of the
expansion, in its simplest definition, can be found by equating the successive ratio

of the RHS of the remainder equation (3.12) in magnitude to one,

eV A()yn11(2) N
eNA(z)yn(z) 7
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whereupon it is furnished in the form of “function divided by €” by

ju(z)|

&

(3.13)

This means that the minimum number of the terms, N, needed in the expansion
depends on € and z. For any given z, as € goes to zero, the optimal truncation point

increases clearly. Note that o needs to be added to ensure N is an integer,

+a, (3.14)

where 0 < o0 < 1. Determination of the optimal truncation point means that the
series solution (3.2) does not start to grow until this point. After having derived the
truncation point, we find out that the remainder changes its nature from algebraically

small as such

0 (eV),

to exponentially small. More precisely, employing the truncation point in (3.14)

deduces the remainder by means of

NI(N+7)
u(z)NTY

|u(z)] “ !
o <_ <\/T:(—Z;ya+ LI) ) (u@) (;)'m”mc. (3.15)

Upon performing Stirling’s approximation of gamma function [74], we verify above

Ry(z) ~ € C

(3.15) by prefactor exp (—u(z)/€) that the remainder turns out to be exponentially
small as expected. Therefore, examining the truncated remainder equation in its
least value enables us to investigate the behaviour of the exponentially small terms.
Meanwhile, we further observe that the optimal truncation point obtained in (3.14)

occurred exactly the same as in the exponential prefactor of (3.15).
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3.3 Stokes structure

In exponential asymptotics, critical points (singularities or turning points) play a key
role where Stokes (and anti-Stokes) lines sprout from. Turning point(s) of an asymp-
totic expansion is a point where the pre-factor A(z) vanishes in which the expansion
breaks down since its zeros appear to be the singularities of such an expansion. It
could also occur when the RHS of the differential equation has a singularity. For
this inhomogeneous equation, the particular integral is the solution which contains
an asymptotic expansion. This expansion may generate a Stokes line, and switch
on and off the exact homogeneous solution. However, complementary function does
not know anything about a particular integral, since there is not a divergent tail from
the exact homogeneous solution; therefore, it can not turn the particular integral on.

There are several prescriptions for locating these lines:

(i) Stokes lines may be present when u(z) is real and positive, i.e

S(u(z))=0, and R(u(z)) >0,

and irrelevant Stokes lines present when R (u(z)) < 0 [30, 36, 58, 62],

(i1) Stokes lines occur where the dominant factor of the RHS of the residual equa-

tion (3.15) is maximal at ph(z) = 0 [24, 27], [38, pp. 105],

(ii1) Stokes lines can be determined by minimising the magnitude of the RHS of

(3.15) [6],

(iv) Stokes lines may sometimes be located when the RHS of (3.15) does not de-
pend on « in Olde Daalhuis et al. [27],

(v) Stokes lines arise when the phases of the higher order terms in an expansion

are the same [24, 59],
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(vi) Anti-Stokes lines arises where u(z) is purely imaginary [36, 57-59], i.e

R(u(z)) =0.

In this thesis inactive Stokes lines correspond to the irrelevant Stokes lines in which
the subdominant exponential can not turn the dominant exponential on. Generally,
a differential equation of the remainder appears as in (3.12). In order to examine
this type of equation after the zeroth level, we need to rescale the remainder based
on its RHS whereupon the RHS becomes 1 in the new equation, which will become
apparent in §3.4 and in the later chapters. Therefore, for the following instructive
examples, the RHS of (3.1) is set out as f(z) = 1. The rest of the chapter discusses
the Stokes and anti-Stokes lines of equation (3.1) according to various pre-factor

A(z) taking into account of the link derived in (3.6).

Example 3.3.1 Assume in (3.1) that A(z) is given as A(z) = z.

As indicated earlier, since the Stokes phenomenon of (3.1) is associated with the pre-
factor A(z), we begin the determination of the Stokes line of (3.1) for this particular
A(z) by first deriving its turning point. The turning point of the expansion (3.2) lies
at the origin whereby A(z) = z vanishes for z = 0. In order to obtain the singulant
u(z) of the late order terms given in (3.4), we perform the formula (3.6). In doing
this, after integration, we find

2

m@:%+q,

in which Cj is a constant of integration. As explicated above, because u(z) has to
vanish at the singular point, it requires C; to be zero, whence, the singulant of the

late order term is completely derived as

u(z) = =. (3.16)
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We now have sufficient information to locate the Stokes and anti-Stokes lines. Upon
introducing the polar coordinates z = re’® and applying them directly into the singu-

lant enable us to write down u(z) in terms of variable 8 and r, yielding

_ rlexp(2i0) 12

u(z) 3 %(cos (20) +isin(26)). (3.17)

Adopting one of the definitions given earlier such as (i) for (3.17) gives that Stokes

lines occur whenever 6 fulfils the condition
sin(260) =0 while cos(26) > 0. (3.18)

Therefore, Stokes lines of the example based upon A(z) present along 6 = 0 and
m. Inactive Stokes lines lie along /2 and 37/2 in which the RHS of (3.18) is
cos(20) < 0. Likewise, the set of points satisfying the condition (vi) is an anti-
Stokes line. Considering (3.17) under this condition reads that anti-Stokes lines
appear whenever 0 satisfies cos(20) = 0. This means they occur along 6 = 7 /4,
3m/4, Snt/4 and 7 /4. Both Stokes and anti-Stokes lines are illustrated in Figure
3.1.

Employing the link (3.10) when & complex, we find the associated singulant for
A(z) =zis

_exp(—i0)z?

u(z) > (3.19)

After doing the Stokes lines calculation as above, we do not repeat here for brevity,
we find that the associated Stokes lines are rotated as illustrated in the Figure 3.1b,
for 6 = m/2. Hence, the method can be used when € is complex in this conjecture.
On the other hand, it is worth commenting that the solution of the equation (3.1)
based on Example 3.3.1, which could be derived by the integration factor method, is

from the same family of the error function which is discussed in §5 with more detail.
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Figure 3.1 The red line represents the Stokes lines, and blue lines represent anti-
Stokes lines of the equation (3.1) for chosen A(z) = z in Example 3.3.1. When €
complex, Stokes lines picture rotates from Figure 3.1a to Figure 3.1b.

Example 3.3.2 Suppose in (3.1) that A(z) is given as A(z) = z°.

In order to give the location of the Stokes and anti-Stokes lines of Example 3.3.2,
we can now directly start the investigation by looking at the turning points of the
expansion (3.2) for this given A(z). The turning point explicitly occurs at the origin,
that is, A(z) = z? vanishes for z = 0. Equation (3.6) implies that the relevant singulant

u(z) of the example turns out to be

Z3

M(Z) = ? + (3,

where C; is a constant. Since u(z) has to vanish at the singular point, C; needs to be
zero. Similar to the previous example, applying the polar coordinates into the above

singulant produces

3 ; 3
u(z) = %(319) = % (cos(30)+isin(30)), (3.20)
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where z = rexp(i0). As already discussed, singulant of the expansion presents all the
putative Stokes and anti-Stokes lines. Hence, applying the conditions of (1) among

the definitions of Stokes lines for (3.20) demonstrates that they appear when

sin(30) =0 while cos(36) > 0.

In particular, Stokes lines follow the curve along 0, 27/3 and 47/3 whilst the in-
active Stokes lines lie along 7/3, m and 57/3. Likewise, anti-Stokes lines by the
condition (vi) may present when 6 satisfies cos (36) = 0, which implies they occur
along /6, /2, 5m/6, 7Tm /6,37 /2 and 117 /6. Stokes and anti-Stokes lines of this

A(z) are shown in Figure 3.2.

Stokes and anti-Stokes Lines

R(2)

anti-Stokes Lines = = = Inactive Stokes Lines

Stokes Lines

Figure 3.2 Active and inactive Stokes lines of the equation (3.1) are illustrated by

the lines in red, while anti-Stokes lines are demonstrated in blue for chosen prefactor
A(z) = 7% in Example 3.3.2.
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Example 3.3.3 Assume in (3.1) that A(z) is given as A(z) = 1 — 2.

We find that the turning points of the expansion (3.2) arise at =1 based on the fact
that A(z) = 1— z% vanishes when 71,2 = %1. Upon performing the relation (3.6), the
relevant singulant for given A(z) is computed as

3

u(z)zz—%-l-Cg,

in which Cj is an integration constant. Since u(z) solves the singular points of the ex-
pansion, the constant C3 is obtained as +2/3 depending on these points. Substitution

completes the derivation by means of

W

1L =1,

(3.21)

if =1

W NWI[ N

3
2
3

As before, we may write out the singulant in terms of the polar coordinates

3 .
r’exp(3i0) n

3
2

_ <COS(9) - %005(39)) + % +ir <sin(6) = ’;—zsm(%)) :

u(z) = rexp(i@) — %

where z = rexp(if). According to the conditions in (i) and in (vi), Stokes and anti-
Stokes lines for particular A(z) appear as presented in Figure 3.3a and Figure 3.3b.
Their closer view near the relevant singularities occur as in Figure 3.3c and Figure

3.3d. Each singularity of the expansion £1 delivers Stokes and anti-Stokes lines.
Example 3.3.4 Suppose in (3.1) that A(z) is given as A(z) = 1+ 2%

Turning points of the expansion (3.2) for this A(z) are located at +i in which A(z) =
1 4 7% vanishes. Using the relationship found in (3.6), we achieve the singulant of
this example as

3

u(z2) :z+%+C4,
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Figure 3.3 Red lines show Stokes lines of the equation (3.1), blue and green lines
show the anti-Stokes lines for the case turning point z = —1 and z = 1 for A(z) =
1 — 2% in Example 3.3.3, respectively. Figure 3.3c and Figure 3.3d demonstrate the
behaviour of the Stokes lines near the turning points. Stokes and anti-Stokes lines of
(3.1) behave similar to those in Example 3.3.1.

where Cy is a constant. Similarly, solving the singulant u(z) subject to singularities
+i determines the constant C4 as £2i/3. Back substituting these values, we derive

the singulant fully as
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3 .
2
z+%+§l if 7 =i,
u(z) = 3 5 (3.22)
Z—|— g — ? lf 2 = l

The next natural step is to apply the polar coordinates; in doing this, we see that

B rexp(3i0) n 2i
3 3

=r (cos(e) - %2005(39)) +ir (sin(e) - %2 sin(39)> + %7

u(z) = rexp(if)

where z = rexp(if). Based on (i) and (vi), Stokes and anti-Stokes lines are plotted in
Figure 3.4. Figure 3.4c and Figure 3.4d delineate a closer view of the lines near the
relevant singularities of the example. Moreover, they are plotted together in Figure
3.5 to visually present that they are symmetrical about the x-axis. As the zeroth level
of hyperasymptotics is completed, we are now in a position to discuss the first level

for general A(z).

3.4 First level of hyperasymptotics for general A(z)

This section aims to establish the inhomogeneous differential equation of the hyper-
asymptotics in the first level, which we will discuss throughout the thesis, based on
the relation obtained in (3.6) for general A(z) generated by the remainder. To do
so, our strategy herein, and in every levels of the hyperasymptotics discussed in the
thesis, is first to rescale the resultant remainder Ry(z) of level zero according to the

RHS of the differential equation (3.12) such that

Ry(z) = e¥A(2)yn(2)Q(2), (3.23)

in which Q(z) will be addressed shortly. Let us first assume Vv is in the form of
v = €N which is influenced by the truncation point (3.13). The straightforward

substitution of (3.23) into (3.12), under the consideration of v, leads to a singular
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Figure 3.4 Red lines show Stokes lines of the equation (3.1), blue and green lines
show the anti-Stokes lines originating at z = i and z = —i in Example 3.3.4 for chosen
A(z) = 1 — 22, respectively. Figure 3.4c and Figure 3.4d demonstrate the behaviour of
the Stokes lines near the turning points. They behave similar to the lines in Example
3.3.1.

differential equation as

u'(z) | u'(2)
u(x) TFw)

eQ' (z) + <u'(z) —v > 0(z) ~ 1. (3.24)

For € small, the leading parts of pre-factor of Q(z) in (3.24) is
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Stokes and anti-Stokes Lines

—Stokes Lines
—Stokes Lines
—anti-Stokes Lines

- - -Inactive Stokes Lines
---Inactive Stokes Lines

Figure 3.5 For the case turning points z = i and z = —i, the figure shows the Stokes
and anti-Stokes lines of Example 3.3.4 which are symmetric about x axis.

eQ' (z) +u/'(2) (1 - é) 0(z) ~ 1. (3.25)

Hence, the first level differential equation which is in the form of (3.1) is established.
Therefore, for given A(z) and so its relation with the singulant, we can execute the
systematic analysis of hyperasymptotics in the first level upon expansion of Q(z), or
directly begin the examination from the first level for either the optimal or arbitrary
selection of the truncation point in the zeroth level for the first level differential
equations. Although we do not conduct first level analysis in this chapter, we could
determine the generic form of the first level singulant for the first order singular
differential equations with the formula derived in (3.6). Let us assume the first level
singulant of Q(z) is uj(z). Applying the formula (3.6) in the pre-factor of (3.25)

gives the first level singulant as a function of level zero singulant as



3.5 Summary 59

ui(z) =u(z) —vin(u(z)) +ci, (3.26)

where ¢ is an integration constant and can be derived by the singularity of the expan-
sion. It is crucial to note we observe a logarithmic branch cut at the singular points
of level zero for the first level of hyperasymptotics. Hence, the preceding level sin-
gularity disappears in the succeeding level. For instance, in the case of u(z) = z,
(3.25) and the singulant (3.26) are equivalent to (4.16) and (4.23) of §4.5, respec-
tively. Therefore, this (3.25) and the associated singulant will indeed be observed
and investigated for the every level of the exponential integral in §§4.5, 4.9, 4.10 and

for the error function in §5.2.

3.5 Summary

To summarise, through scrutinising the equation in (3.1), we have found the general
representation of the optimal truncation point and expressed the relationship ob-
tained in (3.6) between the singulant of the expansion and A(z) function for the first
order singular perturbation problem. Throughout the thesis, this relationship will be
employed in the higher levels of the hyperasymptotics and clarify the understanding
of the Stokes phenomenon. We have determined the Stokes and anti-Stokes lines of
the equation emerging from the singular points of the expansion, by examining of
the turning points of the expansion in light of various values of pre-factor A(z). In
§3.4, the general representation of the inhomogeneous singular differential equation
of the resultant reminder (3.25) was determined so that the first level investigation
of any differential equation in the form of (3.1) can be done straightaway. Although
this will be clearer in the further sections of the thesis, it is important to highlight
that a singular differential equation generated by the remainder function in higher

levels is a generic feature of the hyperasymptotics studied in this thesis.






Chapter 4

Exponential integral

4.1 Introduction

In this chapter, by applying the methods in exponential asymptotics, we will study
another singularly perturbed differential equation depending on a small parameter,
€, in which Stokes and anti-Stokes lines emerge. While inspecting the equation,
we will introduce multi-level asymptotics (or hyperasymptotics in the sense of this
thesis). Application of this method will enable us to derive an exponentially more
accurate approximated solution than that of the superasymptotics [25]. For more
details on how to obtain such accuracy or usual hyperasymptotics, see [25, 43] and

[47]. The equation to be addressed in the present chapter is
1
——+y(z) = 2 y(z) = 0 as z — —oo, 4.1)

in which 0 < € < 1. In addition to illustrating how a multi-level asymptotics can be
performed in a differential equation, we aim to derive the main features which arise

in this example.

First, we will describe in detail the technique of hyperasymptotics: as argued in

§2, exponential asymptotics deals with the divergent asymptotic expansion which
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must be truncated in order to obtain a meaningful approximation. After optimally
truncating such divergent series, the truncated remainder of the expansion appears to
be exponentially small, and is governed by an inhomogeneous differential equation.
In addition to the superasymptotic expansion addressed in §2, the hyperasymptotic
approach analyses the differential equation by explicitly considering the remainder
of the each level expansion explicitly. This method is based on the re-expansion of
the truncated remainder [25]. This process of re-expansion of the remainder can be
repeated, and each time it will give a better approximation than the previous level.
The objective of the hyperasymptotics, therefore, is to obtain the most accurate re-

sult using the optimum number of terms at each level.

Exponential integral can be studied via the differential equation and the integral
representation (given in §4.2). Byatt-Smith in [75] studied the exponential integral
through the formulation of the hyperasymptotics through the integral representa-
tions. Although both methods aim to have an exponentially accurate approximation
for the asymptotic expansions, Byatt-Smith uses the integrals by implementing the
Laplace’s method in each stage. This method is applicable to functions expressible
as Stieltjes transforms. It is this point where the method used in this thesis differ
from those used by Byatt-Smith. Byatt-Smith uses the change of variables by which
the singularity of the integrand transforms moves away from its corresponding point
for the integrands. No integral representation is involved in our method. On the
other hand, we use the asymptotic expansion technique for approximating the ex-
ponential integral, and receive inhomogeneous remainder differential equations for
each level. In our case, when we go to the higher levels, singularity of the previous
levels approaches to infinity and leading to logarithmic branch cut. Although both
the methods inspect the hyperasymptotics by arbitrary truncation points, in our ap-
proach we go beyond the first level and study the higher levels and their remainders
in terms of truncation points in the preceding stages. We use the ‘Factorial/Power’

method after the first level to interpret the late order terms. As used widely in the
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literature, both methods study the divergence of the asymptotic series, and both ex-
press the error estimate exponentially decreases like in Olde Daalhuis [45] when the
optimal number of the terms needed for each series increases. Thus, hyperasymp-
totic expansion is not finite. Moreover, the methods obtain the exponentially smaller
error than that given by the successive optimal truncations, however, they do not
guarantee that the approximate value converges to the exact values of the exponen-
tial integral. Nevertheless, the size of the argument (the width) near the Stokes line

doing the smoothing of the error function is same in both techniques.

Stokes and anti-Stokes lines as well as the switching on (and off) behaviour of the
subdominant exponentials by the dominant ones can be determined by optimally
truncating the divergent series solution of a differential equation near the singulari-
ties. These lines play a critical role in exponential asymptotics due to their capacity
to impact the switching on (and off) behaviour of the exponentials across the Stokes
lines, and their growing by the anti-Stokes lines and ability to become dominant. By
locating them, we can uncover the locations where the subdominant contributions
are present in the z-plane. These features of the exponentials have already discussed

in previous sections of this thesis.

The present chapter is organised as follows: §4.2 is devoted to discussing the equa-
tion in (4.1) by direct integration and representing it via an exponential integral func-
tion. The essence of the Stokes phenomenon will be addressed through this example
by focusing on the method of exponential asymptotics in the remainder of the chap-
ter. The procedure of investigation is similar to previous chapters; for the calcula-
tions of this chapter, the same steps of §2 will be repeated from the beginning step
by step, which is superasymptotics or equivalently the zeroth level of expansion in
hyperasymptotics in §4.3. In §4.4 the Stokes and anti-Stokes lines will be located
which will allow us to determine which exponentials are present in different sectors

of the complex plane. In §4.5, in addition to the analysis of §2, the minimal remain-
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der of the zeroth level will be re-scaled and re-expanded in powers of €. Therein, the
asymptotic series solution of the remainder equation will be truncated optimally and
arbitrarily, and its asymptotic behaviour will be analysed near the singularities. We
will keep the zeroth level truncation as a free parameter and increase it arbitrarily,
and we will investigate how this influences the next level. In §4.6, we will explore
the first level error estimate based on zeroth and first level truncation points. We will
continue this repeating process of expansion, which for our own purposes we term
as hyperasymptotics (multi-level asymptotics), in four levels. Finally in §4.11, we

will present relevant conclusions along with discussion.

4.2 Asymptotic behaviour of a differential equation

and Stokes phenomenon

Our purpose is to find the approximate solution of this model problem by obtaining
the best possible minimum error, and to analyse its asymptotic behaviour by exam-
ining the late-order terms, and to locate the Stokes and anti-Stokes lines. Prior to
initiating this procedure, let us first solve the equation directly. Using the integra-
tion factor method [67] enables us to obtain the exact integral representation of (4.1)
which can be represented in terms of the well known special function exponential

integral [28, 76] as,

4.2)

where C equals zero by the boundary condition at —eo. Because there is a logarith-
mic singularity at O in the above integrand of (4.2), exponential integral has a branch
point at the origin [74, 76]. Given the integral representation, repeatedly perform-
ing integration by parts method produces the corresponding series solution of the

problem such that
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NoZ 1
y(z) = Z s”ZnH + Ry, (2), 4.3)
n=0

where a singularity exists at z = 0 which should be considered in exponential asymp-
totics. In order to observe subdominant exponential(s) of such an expansion and
determine its switching behaviour in the vicinity of the Stokes lines, we need to
consider the truncated remainder equation after the series solution is optimally trun-
cated. Hence, in the following section we will attain this investigation procedure
for the exponential integral in the zeroth level. In fact, we will repeat expansion
and truncation of the remainders process at four levels naively, and therefore our use
of hyperasymptotics differs from that found in literature. By successively repeating
this process we aim to reduce the error and obtain an exponentially more accurate
approximation compared to that attained in the previous stages. At each level of hy-
perasymptotics, we focus on the singular points of the expansions, as they are going
to play central roles for determining the structure of Stokes and anti-Stokes lines and
their relevant switching behaviour. However, in the literature, the hyperasymptotic
expansion method is mostly employed by using repeated Borel’ resummation tech-
nique, the integral representation of the factorial terms, to obtain the new expansions
in [43]. Another way this method is adopted is demonstrated by Berry and Howls in
[71] where they approximate the integrals with saddles based on the steepest descent
method in order to study the exponentially small terms or Olde Daalhuis’ method
in [44] with the similar results obtained in [71] was based on the properties of the

Borel-Laplace transform.

4.3 Zeroth level of hyperasymptotics

In this example (4.1), although the late-order terms of the equation were obtained
by conducting repeated differentiation, we use the regular perturbation expansion
method and then truncate the series solution. We begin solving (4.1) in the usual

asymptotical way by expanding it in powers of €. Let us assume the asymptotic
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series solution of (4.1) is

¥(z)~ Y €"y(2). (4.4)
n=0

Since the series solution has to satisfy the differential equation (4.1), we take the first
derivative of (4.4) and substitute it back into (4.1). Equating like powers of € yields

the leading-order equation at O(1)

yo(z) = —, (4.5)

1
b4
which typically contains a singularity at z = 0, and the two term differential recursion

equation at O(e" 1)

Ynt1(2) +yp(2) =0 ¥ n>0. (4.6)

It is worth remarking that the leading order term in (4.5) corresponds to the RHS of
the differential equation. In order to solve this recursive relationship, the previous
term requires to be differentiated once to derive its successor term. This means that
the strength of the singularity increases in each successive term. After recursively
performing (4.6), the general term of the expansion is obtained as

n!  T(n+1)

yn(2) = = oy V n>0, 4.7)

where the singulant ug(z) = z, and it has a singularity at z = 0. This result with
the singularity, in fact, is consistent with the general term of (4.3) as determined by
successive integration. Deriving this general term, given in (4.7), shows further that
the expansion is in the expected factorial divided by function form without the need
for performing the factorial-over-a-power method. Before carrying out the procedure
of truncation on (4.4), it is important to notice that the series diverges. Upon carrying

out the ratio test, we observe that

Sn—H 1! n+1
llm yn+1 (Z) — llm 8n+1 (n + ) <
n—eo| €My, (2) n—yeo 12 gnp! 4.8)
. le(n+1) .
=lim|———=>| —> o asn— oo.
n—oo z
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The series (4.4) is unbounded; hence, it diverges for all fixed values of z and € as
anticipated. Interpretation of this series with the usual perturbation method is not
useful, because it is divergent. Indeed, in exponential asymptotics, asymptotic series
are frequently divergent, since the factorial term in the series increases faster than
the whole series in the expansion. Therefore rather than at a fixed point, these series
must be truncated where it takes its minimum value to obtain a good approximation.
In order to achieve this, let us first introduce a truncated sum of the zeroth level
expansion which occurs after Ny > 1 terms as

No—l n!
@)=Y ¢ il + Ry, (2). (4.9)
n=0

The remainder Ry, (z) must be exponentially small when the optimal truncation point
is determined; hence, analysing the remainder term allows us to work on exponen-
tially small terms. Firstly, taking the first derivative of (4.9) and plugging it back into
(4.1), we confirm that the remainder is a solution of the inhomogeneous differential

equation
No!

ZN()-l-l ’

€RN, (2) + Ry, (2) = €™ (4.10)

This shows the truncated reminder is in O(&"0) and will be algebraically small in
€ if it is not truncated after optimum numbers of terms when N is large and € —
0. In order to derive the required optimum number, the RHS of (4.10) must be
minimised. In particular, taking the derivative of the RHS of (4.10) with respect to
Ny and equating it to zero for sufficiently large Ny for small €, we deduce the value

of zeroth level optimal truncation as

Ny ~ 2 (4.11)

which is in the form of “function divided by €”, and the remainder term of the ex-

pansion is supposed to be in order exp (—|z|/€). Upon minimising the remainder,

(0)

we have identified the optimal truncation point N, *, the minimum value of the re-
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mainder can be obtained by using the known values of z and €. We alternatively can
derive N(go) by comparing the successive terms of the series, see (2.9) of §2.3 for
details. As it is clear, the optimal truncation point depends on €, which means as €
approaches to zero the truncation point increases, which is illustrated in Figure 4.1
for three different values of €. For this level, the error occurring due to truncation
is called the “superasymptotic error” [1] which is the magnitude of the first term
neglected in the expansion. Hence, the truncation error of the zeroth level is

No!
En,(z) := €M e (4.12)

In Figure 4.1, the error estimate of the expansion decreases at first, and once it
reaches its minimum value, it diverges to infinity for both fixed z and €. Because
the truncation point is an integer, it should be added that Ny = |z|/€ + a where o
is bounded when € approaches to zero as discussed in (3.14) of §3.2. Utilising the

truncation point derived in (4.11) yields

27|z

Epy(2) ~ ZT exp {— (lgjtoc) (1 +1n (é) —%a)} 7 (4.13)

in which we use the log function properties for small values of € and ¢. Since op-

timal truncation point N(()O) varies with |z|, this minimum error of the zeroth level
is obtained with an exponential accuracy, which follows Stirling’s approximation of
factorial. Since the optimal truncation point is defined by a magnitude, it is con-
venient to use polar coordinates and set z = |z|e’®, where 6 denotes the phase of z.
Setting |z| = r and varying 0 for r fixed change the derivative as described in (2.27)
of §2.5. Substitution of this transformation by applying (2.27) into (4.10) allows us

to write the remainder differential equation in terms of polar coordinates

 eexp(i(n/2— 0)) dRy (")
r do

8N0N()!
(rexp(i@))NOJrl '

+ Ry, (re'®) ~ (4.14)
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We anticipate that the RHS of (4.14) is exponentially small if (4.9) is truncated op-
timally; hence, employing the optimal truncation point N(go) with Stirling’s formula

for the factorial term makes the RHS small in exponential

SNO\/27'CN() (N()>N0

(rexp(i0))M 1 \ e
2ﬂex (—r—oc>ex (—'9(r—|—oc+l))
re p € P! € ’

as seen from the factor exp (—r/€).
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Figure 4.1 Magnitude of the error in (4.12) plotted for |z| = 1 while ph(z) = 60. The
figure denotes the € dependency of the error and how the optimal truncation point
varies as € varies for a fixed |z|. For a selected z and € = 0.1, the optimal truncation
point is Ng = 10, which is consistent with the result in (4.11).
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4.4 Stokes and anti-Stokes lines

From (v) of §3, we easily observe that the Stokes line of the level zero expansion lies
along 8 = 0, where exponentials behave without oscillating. Furthermore, it is also
known from §3 that if the late-order terms of the expansion is determined fully, we
are able to identify the Stokes and anti-Stokes lines via its singulant uy(z) [67, 77].

Thus, Stokes lines of the zeroth level can be found when the singulant satisfies

S(up(z)) =0 and R(up(z)) >0,

where z = x+iy. This implies that the zeroth level Stokes line lies along

y=0 and x>0.

This means that Stokes switching occurs along this line. Similarly, an anti-Stokes
line can be obtained when the singulant fulfils the condition in (vi) of §3. This

implies that the anti-Stokes lines occurs at

x=0.

To expand on this, it is important to note the anti-Stokes line is pivotal, as sub-
dominant exponentials increase by this line, become dominant as the limit € — 0.
However, it has no impact on the switching on and off. These effects are presented
in Figure 4.2 where the positive real axis is the Stokes lines and the imaginary axis is
the anti-Stokes lines. Similar to the steps introduced in §2, we can initiate circuting
around the complex plane as the Stokes and anti-Stokes lines are located. This is
necessary to pinpoint the appearance and disappearance of the exponentials across
the Stokes line. In this figure, the contribution exp (—z/¢€) and the term exp(0) on
the RHS of the equation are labelled by @ and (0), respectively. Let us begin to move
from Sector III through Sector IV in a counterclockwise direction with an assump-

tion that (0) is present in Sector III. The blue line represents an anti-Stokes line, and
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hence no change is observed when we reach Sector IV. Moving upward to Sector I,
@ is switched on by (0) across the Stokes line; hence, ® and (0) are both present in
Sector 1. From Sector I to Sector II, no switching on or off is observed across the
anti-Stokes lines, therefore @ and (0) are present in Sector II. Since the exponential
integral is discontinuous across the branch cut, there is no inconsistency with hav-
ing different representations on each side of the cut. Hence, we can say it leads to
the removal of the exponential @ while moving downward to Sector III from Sector
II. This means that () is the only exponential present in Sector III which was the
assumption made prior to the travel. We reach the initiation sector with the same
solution as the travel is complete. Through this travel, we have presented which ex-

ponentials are present in which sectors of the z-plane. See Figure 4.2 for details.

The sudden appearance and disappearance (switching on/off) of the subdominant
exponentials often happens smoothly via error function. In order to observe this ef-
fect, we need to conduct local analysis around the Stokes lines. This calculation is
similar to that illustrated in §2.5. Therefore, it is not shown here. Having minimised
the error estimate and determined the Stokes lines of the exponential integral in ze-
roth level, we will now examine the first level of the hyperasymptotics to obtain a

better approximation.

4.5 First level of hyperasymptotics

In this section, we present the first level hyperasymptotic expansion for the approx-
imation of the truncated remainder of the zeroth level presented in (4.10). As dis-
cussed earlier, the procedure for level one is very similar to that of the zeroth level.
The construction of level one starts with re-expansion of the remainder Ry, (z) into
a new asymptotic power series. We then truncate the new series, and then analyse
it, and finally determine the exponentially small remainder. Although we investigate

the equation in a similar fashion, we will keep the zeroth level truncation point as a
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Stokes and anti-Stokes lines
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Figure 4.2 The Stokes and the anti-Stokes lines of the zeroth level expansion (4.9)
are shown in red and blue, respectively. The Stokes lines across which the subdom-
inant exponential switches on and off are demonstrated. Since exponential integral
is discontinuous across the branch cut, @ is not present in Sector III for this travel.
The present exponentials of sectors are illustrated in boxes.

free parameter in our hyperasymptotic approach. In the rest of the thesis, we use this
approach in our work and discuss how this influences the error estimate. In order
to analyse the remainder, the first step in the investigation is to re-scale the original
remainder expression according to the RHS of the remainder differential equation
(4.10) such that

No!
Ryy(z) = ™0 ZNOOH 0(2), (4.15)

where Q(z) is an unknown function of z. Once this equation (4.15) is substituted
into the inhomogeneous remainder equation (4.10), we are left with a new singular

differential equation for Q(z):
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edQ—(Z)+(1—?> 0(z)=1, (4.16)

dz

where vy ~ Nyé€. It is apparent from the pre-factor of Q(z) that singularity of (4.16)
appears at z = Vp. This will be imposed during the derivation of the asymptotic
solution for the differential equation. The singular point of the differential equation
is illustrated using the contour plot in Figure 4.3. On the other hand, we observe
here that (4.16) is in the same fashion with equation (3.1) addressed in §3; thus, it
should have similar outcomes. After employing the truncation point Ny, we continue
to analyse the equation (4.16) in an asymptotic sense with the same steps carried
out for the zeroth level. We begin with the standard form of the perturbation theory

where the corresponding asymptotic series solution of (4.16) in powers of € is
Q(z) ~ Y €"0nl(2). (4.17)
n=0

In a similar manner to the previous level, we need to derive Q,(z) to inspect the
asymptotic behaviour of Q(z) in the limit n — oo. Substituting the series expansion
of Q(z) back into the differential equation (4.16) and then equating like powers of &,

we obtain at the leading order O(1) and at O(€"), respectively,

00(z) = — (4.18)

= Z_v()’

d0n1(2) (1 _ &) 0.()=0, forn>1. (4.19)
dz <

In zeroth level, the leading order term (4.5) corresponds to the RHS of the original
differential equation. However, in this level the leading order is obtained by the
prefactor of Q(z) and its zeros. Upon using the above recurrence relationship, Q,(z)
may be determined by using the first derivative of the previous term Q,_;(z) at each
further order of the expansion in (4.17). Therefore, all the Q,(z)’s must have a
singularity at z = Vy, since they are generated by Qy(z) which has a singularity at

this point. This indeed means, at each order, the strength of the singularity is going
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S(2)

R(2)
(b)

Figure 4.3 Magnitude of the pre-factor of Q(z) in (4.16) in the complex plane and its
contour plot for arbitraily chosen z = 1/2+iv/3/2 giving vo = 1. The figures clearly
show Q(z) is not ubiquitously small in the complex plane. The singular point plays
a key role and cannot be ignored, and in this case the singular point is 1. The spike
at z = 0 represents the singularity of the pre-factor at this point.
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to increase by adding 1 to the power of the singularity of the previous term, which
ensures the protection of singularity at each level. To establish the optimal truncation
point and the Stokes lines, we first need to determine the general representation of
the 7' term of the expansion for large n. As there is no simple representation for
the late order term Q,(z) by performing the recursive relation successively, the late
term can be expressed in the factorial-over-a-power form unlike that shown in §4.3.

Hence, it is reasonable to seek a solution of (4.19) in this nature

r 1 1
On(z) ~ % (Ao(z) + ;Al (z) + ﬁAz(z) +.. ) asn — oo, (4.20)

where 71 = O(1) is an arbitrary constant; and u;(z),71, and A;(z)’s are independent
of n. Functions u(z) and A;(z) are to be determined. To attain an easy cancellation
in (4.20) upon its substitution into (4.19), y; is added as a power of u;(z) in the
denominator to ensure consistency with I'(n+ ;). After taking the first derivative of

this ansatz and substituting back into the equation (4.19), we arrive at

C(n+7) . Vo = 1\ , Vo .
— 2| = 1——]A - — 1—— A+ A =0.
ul(z)n+7/1 MI(Z)—l— z 0+; n MI(Z)+ z iTA i (Z)
(4.21)
If, here, we use the method of dominant balance for large n, we have
Vi
—)(2)+1— ?0 —0. (4.22)

It is worth remarking that Ag(z) cannot be zero; indeed, if Ag(z) was zero, the rest
of A;(z) would be zero for every i unless (4.22) is satisfied. Solving the derivative

(4.22) gives

u1(z) =z—voln(z) +c, (4.23)

where ¢ is an integration constant. Since the singularity of Q,(z) must be the same

as the singularity of Qo(z), u1(z) has to zero at z = vy, that is
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ui(vo) =0 = ¢; = vpln(vp) — vo,
which implies the singulant u (z) is established as
ui(z) =z—voln(z) — vo+ voln(vp), (4.24)
which could equivalently be written in terms of uy(z) in (4.7) as
u1(z) = up(z) — vo— voln (up(z)) + volIn (vp). (4.25)

The log function must have a branch cut when its argument lies along the negative

real axis due to its multivaluedness. Thus, u;(z) has a branch cut when
S(z)=0 and R(z) <O0. (4.26)

In fact, logarithmic branch cut appears for preserving the zeroth level singularity
in the first level equation (4.19); particularly, integration of the pre-factor of Q(z)
in (4.19) turns out to be the singulant of the first level expansion. Since the terms
in summation in (4.21) is supposed to be zero applying the method of dominant

balance, we deduce that

A;(Z) =0 = Ai(z)=C; Vi,

where C;s are constants of direct integration. Hence, the determination of the form
of the late-order terms in (4.20) is completed by using the factorial-over-a-power
nature. Using this information, the ansatz (4.20) can be written as follows at the
leading order

I(n+n)
ui (Z)nJFVI

On(z) ~ Co asn — oo, 4.27)

in which 71, Cy are arbitrary constants and they are independent of n. An asymptotic

representation of Q(z) is obtained in powers of €. As the asymptotic expansion given
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by (4.17) is divergent, we need to truncate and calculate the required optimum num-
bers of the terms in order to attain a meaningful approximation prior to investigating
the remainder. Thus, our strategy is to substitute (4.27) back into the summation
(4.17) and truncate the algebraic expansion after Ny > 1 terms,

Ny—1

0(z) ~ ), €"0u(2) + %N, (2), (4.28)

n=0
where Zy, is a remainder and Zy, = O(sN 1). Here, N; will be derived at the point
where it minimises the remainder of the asymptotic expansion. Taking the first
derivative of (4.28) and substituting it into the equation (4.19), we obtain that the

remainder is a solution of the inhomogeneous differential equation of

eé@ﬂﬁ+<r—ﬁ)ﬁh&ﬁu%QM@(T—E)~ (4.29)
dz b4 Z

Suppose N is the optimal truncation point of (4.28) in the first level such that the
remainder %y, (z) takes its minimum value. In order to determine such Nj, we min-

imise the general term of (4.28) for large n, yielding

_i JLm+n) > (8(1’1—}—’}’1)) _ 1
0= I (8 —ul(z)”+7‘C = In e —— ~ 0. (4.30)

Then the optimal truncation point, for a large n ~ N, occurs when

Ny @1

€
431
- lz—vo— voln(z) + voln (vp)| ( )

€ Y

whereby the optimal truncation point of level zero is

%N%- (4.32)

We use the optimal truncation point only when finding the first level optimal error,
which corresponds to the blue lines in Figure 4.4. We will keep the truncation point
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arbitrary throughout this chapter. Here, for z = vy, N; is not large; this means,
if z 1s real and if the zeroth level optimal truncation is taken into consideration as
No ~ vp/¢€, the optimal value of Ny will not approach to infinity when € tends to
zero. Furthermore, as evident through the rightmost term of the equation (4.29); if
Z = Vg, we cannot proceed any further as z = Vg stops the analysis. Until now, we
have treated z as a real parameter. From now on, z will be treated as a complex
parameter. By back-substitution of (4.28) and (4.15) into (4.9), we determine the
optimally truncated series of the first level after Ny 4+ N; terms is

N1 o 0! N1 N
. n!
= Zb et ’ Mo+l Z €"0n(z) + €™ N0+1'%Nl( 2). (4.33)
n—=

In comparison to the superasymptotics expansion (4.9), N; more terms are added
into the expansion; allowing us obtain a higher precision with hyperasymptotics than
with superasymptotics. Herein, we define the first level truncation error using (4.33)

by

No!
Exy(2) : = €% 0%, (2)

Np!
~ e e O (2). (4.34)

Whilst calculating the order of error, the factorial terms are replaced by Stirling’s

approximation formula, which leads to

No+1 4y —1
NOO 2NiV1 N—3

C
o+ (N7 eNo N +71 -1 L

Ep,(z) ~ Mot (4.35)

where C; = 27nC. Rewriting the expression above in terms of v and vy, the next step
is then to minimise the magnitude of the error estimate by the conventional method
as it is currently in a complex form; specifically, we take its first derivative with

respect to v; and V. Since the series is divergent, there is no need to check the sign
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of the second derivatives. Hence, after some computations, the derivations yield

Vo 1 Vi 1 -
d|Ey, (2)| v v In !
dv, zv?o“ev?()*%”l‘le%“(z—v0+voln(§))v?l+7’l - \z—vo+voln(2)
d|En, (z)| Vo vt T P Gin(2) 1 Vi
dvy Z%Mlev?o%wﬁlgml(z_VO+VO1H(Vo))%+% z—Vo+Vvoln (2)

(4.36)

where v = Nj€. The minimum value of |Ey, (z)| over v; and v, can be obtained by

equating each derivative to zero. These imply that the minimum value occurs when

V] ~

V
z—Vop+Vvoln (—0)’,
Z

(4.37)

which corresponds to the optimal truncation point of the first level without € in the

denominator computed in (4.31). Minimising the error estimate (4.35) with respect

to vy, vy is derived as a function of vy, whence the error can be written in terms of vy

and z. This means, if we set z real and Ny free parameter, Ey, (z) does not depend on

Ny as seen in Figure 4.4f. Plots in Figure 4.4 and Figure 4.5 show that the first level

error decreases as the truncation point of the zeroth level is increased; particularly,

this is to say that the error estimate with arbitrary truncation point is less than the

first level of hyperasymptotics obtained by the optimal truncation. These figures also

illustrate that if the truncation points of the zeroth level are increased arbitrarily, and

the phase of z is decreased, the error increases, which is also shown in Table 4.1. In

Figure 4.4, the green lines are plotted by substituting the value of v; given in (4.37)

into the error estimate. Green lines illustrate the agreement between the plots. Note

that as the value of Vg increases, it touches the minimum points of the first level fig-

ures in black for both optimally and arbitrarily selected truncation points.

Additionally, the figures demonstrate the behaviour of the error depends on the ar-

gument of z. Particularly, while it stops at 6 = 0 corresponding the Stokes lines,
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it increases as we move away from the Stokes lines by the argument of z. See, for
example, Figure 4.4f and Figure 4.4a. Equivalently, Figure 4.5 enables us to identify
which direction the error declines and to understand the difference of the behaviour

of the error in relation to the Stokes lines.

In summary, by considering the first level error (4.35) as a function of truncation
points and allowing them to vary, we discovered that the error declines as we in-
crease the zeroth level truncation point. Moreover, expressing the first level trunca-
tion point in terms of the zeroth level truncation point upon minimisation as well as
increasing it causes the error estimate to converge in theory; see Figure 4.4. How-
ever, in practice vy cannot be arbitrarily large. Hence, in the next section, we will
inspect the behaviour of the error estimate and discuss this convergence in greater
detail. We note that the detailed discussion of the relationship between this method
and that of Byatt-Smith [75] on the exponential integral made in the introduction

§4.1.

4.6 Error analysis

In this section, the error estimate of the first level, given in (4.34), will be examined
for different cases in order to test whether there is a complete agreement between the

analytical analysis and the Figure 4.4. To recap, the estimate is

No+1/2,\Ni+1/2

N o+ / N 1+ /

No+N; 0 1 (438)
ZN0+1u] (Z)NH—leNQ-HVl )

EN] (Z) ~ &

in which u;(z) = z— vo+ voln(vp/z). Without loss of generality, the constants of

(4.34), i.e. v and Cy, are taken to be 1 in (4.38). Moreover, to investigate the error,
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Figure 4.4 Magnitude of the errors (4.12) and (4.34) in 2 levels where the series
are truncated optimally, which are represented by red and blue lines, respectiely,

the series is truncated arbitrarily at Né = 20,40,60,100, 150 and 200, respectiely,

which are represented by black lines, at the first level for € = 0.1 with fixed value of
|z| = 1 and various values of arg(z) = 180,120,90,30,0.1 and 0, respectively. The
figure further shows the improvement obtained by hyperasymptotics. Green lines
demonstrate the behaviour of the first level error (4.34) when it is expressed as a

function of vj.
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Figure 4.5 The contour plots of (4.34) for fixed value of |z| = 1 with values of
arg(z) = 180,120,90,30,0.1 and 0, respectively. Green dots illustrate the relation

between vy and v; found in (4.37) in the contour plot and it is equivalent to lines in
green in Figure 4.4. They show the behaviour and the direction of the estimate near

and away from the Stokes lines.



Truncation points and magnitude of the error estimate

6 (N.N)  In(Ew)  (No.N{)  I(EwD)  (Ng.NP)  In(Ew)  (N,N) W(Ew[)  (NGNY) (B )

0 (0,10) 3.63x107*  (5,1)  5.098x10~* (10,—) - (20,3)  6.55x107*  (60,57) 2.916x10~*
001  (0,10) 3.63x107*  (5,1)  5.098x10~*  (10,0) 2383 (20,3)  6.55x107*  (60,57) 2.916x10~*
0.1 (0,10)  3.63x10™*  (5,1)  5.098x107*  (10,0) 23.83 (20,3)  6.55x107*  (60,57) 2.916x10~*
15 (0,10)  3.63x107*  (5,1) 3.921x107* (10,0) 1.061x1073  (20,4) 3.51x107* (60,58) 9.185x 107
30 (0,10)  3.63x107*  (5,2)  1.758x107™*  (10,1) 1.961x107*  (20,6) 6.07x1075  (60,62) 2.934x 107°
45 (0,10)  3.63x107™*  (5,3) 5.144x107°  (10,3) 2.577x107>  (20,8) 3.48x107% (60,67) 1.008x 1073
60 (0,10)  3.63x107*  (5,4) 1.049x107>  (10,5) 1.925x10°% (20,12) 7.60x107% (60,75) 4.14x 102
75 (0,10) 3.63x10°*  (5,6) 1.5x107°  (10,8)  9.049x10°%  (20,16) 6.82x 1070 (60,85) 2.32x10°'0
90 (0,10)  3.63x107*  (5,8)  1.637x1077  (10,11) 2.667x107°  (20,22) 2.73x107'2  (60,96) 2.1 x 102!

Table 4.1 The table shows that for a fixed truncation point in the zeroth level, as arg(z) = 6 where z = exp(i0) is increased, the
required number of the terms increases for the first level optimal truncation where In(|Ey, (z)|) in (4.34) takes its minimum value.
The table further illustrates that for fixed 60, as the truncation point in the zeroth level is arbitrarily increased, the error estimate
decreases except near the Stokes line 6 = 0.
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€8
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we substitute z = ¢'® into the error (4.38). Analysing the estimate for large v;, we

find that

Vo' Texp(—) exp (— %) vi°

which, as expected, is divergent for sufficiently large v; with fixed 6 and vy. Indeed,
this happens as the first level error is in the nature of a factorial-over-a-power, and,

therefore, its numerator overpowers the whole expression when v is large.

The next step is to examine the error estimate (4.39) analytically for large vy and
large v;. In order to find the best relation between vy and vy, we first minimise the

estimate (4.39) with respect to v;, whereupon we found that this occurs when
V) = |exp(i6) —V()—f—Voln(V()) —iV()9|. (4.40)

Substitution of this relationship into the error estimate yields an estimate in terms of

the variables vy and 6, such that

eie,v0+voln(;%> ‘)

Yoyl —vyg €Xp | — 0 Vo
V£+2€T0 ( € é' —V()-'-V()ll’l(eTg

0
i0(20 41 . i0 Vo
ge'®(F+1) \/‘eZO—VO—I-Voln (Z—%)‘ e —vo+voln ( 7

€

EN, (Z)

(4.41)

Now this estimate (4.41) can be investigated for a large enough vy when 6 = 0 and
when 0 # 0. For when 6 = 0, we have to be careful whether or not v is obtained
by the optimal truncation. In particular, we derive from (4.37) that if the series is
truncated optimally and continued to the next level for z real,; N; is not large, so
that the corresponding v; is zero. We, therefore, consider that 6 equals zero and vy

is different from 1 in this case; whereby, applying these to the error estimate (4.41)

i0 Vi
el —VO"‘VOI“(eT%)
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implies

€
£ \/1 — Vo + voln(vp)

1 —vy+ voln(vp)
+ Vi 0 0 0
‘,(;"0/8 1/2e < 80> exp (— >

1 Vo
gexp(1/€)\ 1 —vo+ voln(vp)

Nexp(—l/e) 1 Nexp(—l/e) 1
€ In(vp) — 1 € 1n(v0)’

which depends on vy slightly and decreases very slowly as demonstrated in Figure

4.4f.

Next, the error estimate will be examined for fixed 68 and large vy. Calculation

of the magnitude in (4.40) gives,

vi =/ (f(v0) +cos(6)) + (sin(6) — vo)?, (4.42)

where f(vy) = voIn(vp) — vo. Since we are interested in the behaviour of the error in
magnitude, the numerator and the denominator of the rightmost term in (4.41) cancel
each other out. Upon back substitution of (4.42) into the estimate (4.41) and taking

its magnitude, the expression becomes

Voln(vo) — Vo — 1/ (f(vo) +cos(8))* + (sin(6) — vo6)?
&

VVo exp

Ny (2)] ~

12
gexp (i0(14+vp/¢€)) (\/(f(vo) +cos(6))* + (sin(6) — v09)2>

(4.43)

After taking out the term (f (Vo) -+cos(8))? from the square-root in exponential and

performing the square-root function expansion for the large vy, we arrive at
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ool mi)eel )|

|En, (2)] ~ — (4.44)
e/In(vo) 1+1 ( sin(6) — vy0 )2 /
2 \ f(vo)+cos(0)

Pulling out the forcing term of (4.44) yields

LI L (4.45)
exp| —=— .
P\ 2 f(vo)+cos(0) )’
which, for large enough vy, approximates to
1 v0°

~ - . 4.46
exP ( 2¢ ln(vo)> (4.46)

We observe that this term reduces exponentially as v is increased; furthermore, it
decreases more rapidly if 0 is large. We may, hence, conclude that (4.44) reduces
for the large vy, but the conclusion is not valid for small 8; in particular, when it is in

6=0 <\ /2en(vp)/ \/v_()) This situation will be considered in the following case.

Motivated by the above discussion, our next step is to analyse the error estimate
(4.41) when 0 is small and vy is sufficiently large. Therefore, first having the ex-

pansion of exp(i@) for small 6, and then substituting it into the estimate leads to

N vvoexp[(Voln(vg) — vo — [1+i0 — vo+ vpIn (vo/ exp(i0))|) /€]
gexpi6 (vo/e +1)] /[T +i6 — vo+ voIn (vo/exp(i6))]
|1 + i0— Vo + Vo ln(vo/exp(le))| |1+i97v0+v01n(v0/exp(i6))|/8+1
( 1+i6 — vo+ volIn (vo/ exp(i)) ) |

E, (z)

(4.47)

Since we are interested in studying the magnitude of the error estimate, using the

magnitude of (4.47) and employing the properties of log function gives
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|EN1 (2)] ~

exp [(voln(vo) — vo — f(vo)) /€] exp (—62(1 —vo)?/2ef (o)) ‘
e/ f(Vo)v/1+602(1—vy)2/2f(vp)?
exp(—1/g)  ©XP (—92 (1-vo)*/2¢f (vO))

~ € \/ln(vo) — 1\/1 + 92(1 — V0)2/2f(V0)2 ) (4.48)

in which f(vp) = voIn(vy) — vp + 1. This decreases slowly as seen Figure 4.4f. This
can be seen if the leading term is pulled out like in the previous case when vy is

sufficiently large, whereupon the term approximates to

1 62(1—vp)? 1 6%y

Note that this approximation is the same as (4.46). Carrying out the procedure, (4.49)

is exponentially small for large v except when 6 depends on Vg, such that

ZSIH(V())
6=0 ———=|. 4.50
= 450

If this is the case, for large vy, the remainder will slightly depend on vy as in the
case 6 = 0, and it will not be exponentially convergent. This agreement can also be
observed in the last two plots of Figure 4.4. Since the error (4.41) decreases for all

cases, we minimise it with respect to vy to attain a consistency with the above cases

dEn,(0) :\/v_oexp [(voln(vo) —Vy— ‘eie —Vo+VWln (vo/eie) ‘) /8]
dvo 8\/‘ei9 —Vvo+ voln (vo/ei®)]|
ln(V()) 1

(4.51)
(V()ln(V()) -V +COS(9)) ln(V()) - (Sin(e) - V()Q)Q)

e/ (VoIn(vy) — vo +cos(8))2 + (sin(0) — vy0)?2

+

(VoIn(Vo) — Vo + cos(8)) In(vo) — (sin(8) — vo8)8)
2((voIn(vg) — Vo +cos(8))2 + (sin(0) — vy0)?)
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For the large enough value of vy, the derivative approximates to

voln(vg) — vo — |exp(iB) — vo + Vo In (Vo /exp (i0))|

~

VVoexp c ] [ln(vo) _In(vo)
e+/|exp(iB) — vo+ volIn (vo/exp(i0))| € €
—0. (4.52)

Hence, the derivative is equal to zero for large vy, which implies that the error esti-

mate reduces when Vj is sufficiently large.

We will repeat the same process over vy by fixing v; in order to test the agreement
with all the plots and expressions. Minimising the first level of the error estimate

given in (4.38) with respect to vy for fixed v; yields

dEy,(8)  exp(—if)y/eT/2 yniett/2 (In(vo) — i6)
dvy eZexp((1+i0)vy/¢€) exp(vi/€) (eie_v0_|_v01n(v0/ei6))vl/8+l

Vi
1—— . } 4.53
X( i —vo+v01n(v0/e’9)) (4.53)

We then have two cases;
(i) If In(vp) = i@ which implies e’® — vy + voIn(vy) —ivo0 =0,
(ii) If In(v) # i@ which implies v; = |e?® — v+ voIn(vp) —ivp8)|.

The first case takes us to the zeroth level of hyperasymptotics. Had we assumed that
In(vp) = i6, then we would have gone back to the zeroth level and stopped after
the superasymptotics, as it corresponds with the optimal truncation point of zeroth
level. However, in the latter case, by fixing v{, and varying 6 and vy, we observe
that the error first decreases and then increases except around the Stokes line 6 = 0.
To visualise this, as seen in Figure 4.6, if the fixed value of v is increased, the error
estimate reduces depending on its location in relation near or away from the Stokes
lines. The above results are obtained for various combination of truncation points

Ny, Ny and 0 as well as considerations of the exponentially small terms, which are

|
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hidden behind divergent series. Thus, as can be observed from Figures 4.4- 4.7, a
satisfactory agreement between all the figures have been established; particularly,
Figure 4.6 and Figure 4.7 clearly show the consistency with Figure 4.4. From these
figures we observe that the error estimate decreases as the fixed values of v increase.
It is further true that as 6 increases the error reduces. It is worth remarking that the
error estimate in this level also diverges as it is in the factorial-over-a-power nature
and the ‘factorial-over-a-power’ series are necessarily divergent as discussed in (4.8)
and as the late order terms in the expansions are governed by the nearest singularity

or singularities (see Darboux’s theorem [24]).

In summary, having derived the error estimate as a function of the level zero trunca-
tion point and increased it arbitrarily, we deduced that the error gets exponentially
smaller away from its phase at 6 = 0, which corresponds to the Stokes line. We will

discuss Stokes and anti-Stokes lines in the forthcoming section.

4.7 Stokes and anti-Stokes lines in first level

Having completely determined the late-order terms of Q(z) and analysed the error
estimates in sections §4.5 and §4.6, we can proceed to the investigation of Stokes
lines at the first level of hyperasymptotics. Henceforth, we use the shorthand for the
Stokes lines calculations at this and higher levels and write, for instance, "first level
Stoke lines". These Stokes lines indeed carry the same smoothing at every level and
always has to turn on the same quantity. In §3, the nature of the Stokes (and anti-
Stokes) lines were discussed by considering the differential equation appearing in the
form of (3.1). Additionally, determining the singulant was argued to be the central
step for finding these lines. These lines are associated with the pre-factor of y(z)
in the equation (3.1), and the relation between the pre-factor and the singulant was
determined as in (3.6). Since the first level differential equation (4.16) is similar to

that in (3.1), the same technique of §3 will be used in this section. The distinguishing
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Figure 4.6 Behaviours of the zeroth level of error estimate in (4.12) shown by red
lines and the first level estimate in (4.34) shown by blue coloured lines. They
are plotted for Ny = 120,90,60,20,10 and 6 = 180,120,90,45,0.1,0 in which
z = exp(if). They demonstrate that the error decreases as they are increased, ex-
cept near the Stokes line, Figure 4.6f.
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Figure 4.7 Red and blue lines represent the estimates given in (4.12) and (4.34).
Plotted for fixed Ny = 20, and 6 = 180, 120,90,60, 30 and 0 where z = exp(if). As
0 is increased the error estimate decreases, and the expansion breaks down at 6 =0
as it corresponds to the singular point.

feature of these types of differential equations, if they are in the form of (3.1), lies
at the turning points that possess Stokes lines where new exponential terms arise.
Hence, the first step is to derive the turning point of (4.16). Before doing so, however,
it is useful to refer to the equation (4.16)

dQ(z)

Vo o

The turning point, which occurs when the pre-factor of (4.54) is equal to zero, lies at
Z = Vg in which the singulant is required to vanish. In light of the relationship given
in (3.6) between the singulant of (4.54) and the pre-factor (1 —vy/z), integrating
the pre-factor once determines the singulant directly. Imposing the turning point

completes the process which yields
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M1(Z> :Z—Voln(z) —V()—{-V()III(V()). (4.55)

See §3.1 for further details. Notice that the singulant is the same with the one ob-
tained by the factorial-over-a-power method in (4.24), and has the branch point at
z = 0 as discussed in §4.5. The birth of the Stokes and anti-Stokes lines occur at
singularities of expansions, and Stokes lines occur when u(z) is purely real and
positive, anti-Stokes lines occur when u(z) is purely imaginary [17] as addressed
in §4.4. Having determined the form of u;(z), the Stokes and anti-Stokes lines of
(4.16) may now be represented in Figure 4.8 for randomly chosen z =1/2+ i3 /2.
To demonstrate what happens while crossing the Stokes lines as well as which ex-
ponentials are present in which regions of the complex plane, we travel along the
complex plane starting from any sector. Assume we are in Sector IV and exp (0)
denoted by (0) is present there and let us see whether or not we return to our as-
sumption (0) when the travel is complete. Moving in a counterclockwise direction
upward to Sector I, the subdominant exponential term exp (—u;(z)) represented by
() gets switched on by (0) across the Stokes line. Hence, (0) and (-) are both present
in Sector I. They are also present in Sector II, since there is no active Stokes lines
crossed while proceeding from Sector I to Sector II. Moving downward to Sector
III, the branch cut leads to the removal of (-) by discontinuity. Hence, (0) is the
only exponential present in Sector III. Likewise, nothing gets turned on or off since
the relevant Stokes line is not active whilst travelling from Sector III to Sector IV;
hence, (0) is present in Sector IV. The travel is complete with (0) which was the as-
sumption before beginning the travel. This is to say that we arrive where we started.
In doing so, we have pinpointed which exponentials are contributed in the different
sectors of the plane. See Figure 4.8a. Furthermore, since the first level expansion is
the multiplication of the zeroth level, whenever () is switched on, the subdominant
exponential of level zero switches on; hence, (=) also represents both subdominant

exponentials of two levels.
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Stokes and anti-Stokes lines
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Figure 4.8 Red lines represent the first level active Stokes lines of the expansion
(4.54) for vy =1 given by 3(ui(z)) = 3(0) while R(u;(z)) > R(0). Inactive
Stokes lines are represented with dashed red lines given by 3(u(z)) = 3(0) while
R(ui(z)) < R(0). Dotted black lines represent the second level anti-Stokes lines of
(4.54), given by R(u;(z)) = R(0). Second Figure 4.8b is a closer view of the first
Figure 4.8a near the singularity. It shows that the first level Stokes and anti-Stokes
lines behave similar to those in Example 3.3.1. While crossing the Stokes line, (-)
gets turned on, and across the brach cut, the logarithmic discontinuity leads to the
removal of ().
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In order to see the closer picture of the Stokes lines given in Figure 4.8b, we need to
study the behaviour of the Stokes lines close to the root of u (z), i.e. near vy. We set

Z = Vp+ 0, and this implies the singulant for small |6| < 1 becomes

5 &
MI(V0+6) :6—\/0 (V_O_Z_Vg)
52

The Stokes and anti Stokes lines close to vy should be the same as those in Fig-
ure 3.1, since the singulant in terms of § is in the same form as that in Example
3.3.1 of §3. To demonstrate this without loss of generality, we transform & into the
polar coordinates such that we set § = exp(i@) and analyse the singulant in terms of
6. Relevant computations reveal that the active and inactive Stokes lines lie along
6 =0, wand /2, 37/2, respectively, and anti-Stokes lines lie along 6 = 7t/4, 37 /4,
5m/4 and 771 /4, respectively. These yield Figure 4.8b, which is indeed identical to
Figure 3.1.

Additionally, the analysis of Stokes lines in the first level expansion (4.17) can also

be performed by investigating the RHS of (4.29), i.e.,

s—d%gzl(z) + (1 - ?) %n, (2) ~ V10, (2) (1 - ?) .

In §3.3 (ii), we infer that Stokes lines emanate when the dominant factor of RHS of
(4.29) is maximal at 6. In order to demonstrate this, we first need to write the RHS
in terms of 6. After convenient substitutions, i.e., polar coordinates z = rexp(if)

and Stirling’s formula, we obtain that

|re® fvo+voln —09 | |ret® —vj+vg In( 09)\+1
RHS ~ 2P\~ [re'” —vo +voln( s )| ‘
ve \/|re’9 vo+voln( )|\ 7 = Vot voln(iy)
Vi
x (1 _ re%) . (4.56)
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Taking the controlling factor of (4.56) out and analysing it for 0 leads to

xp (_ (rsizf;(?()v;\éo)@)z) ew (—28%&)) | (45
wp (F00) 7 (D)

where f(vp,0) = rcos(0) + voln(vg) — volIn(r) — vo. If 6 = 0, then the RHS takes
its maximum value, although it is still exponentially small for the large vy. Thus,
0 = 0 1s the Stokes lines of the first level differential equation whereby at 8 = 0 the

behaviour of the remainder switches. Furthermore, if the size of 0 is in the order of

v2¢€ln(vp)/vo, (4.58)

we then have the distinguished limit which is consistent with the previous one cal-

culated in (4.50). Note that this limit takes us back to the zeroth level expansion.

4.8 Stokes line smoothing

In this section, we will turn our attention to the thickness of the first level Stokes lines
by investigating the first level remainder equation (4.29) in detail. Thickness, in this
thesis, refers to the scaling of the error function smoothing. We keep vy arbitrary
and v optimally truncated as given in (4.37) as a function of vy. Let us begin the

analysis by looking at the homogeneous solution of (4.29) which takes form as

By, = exp (%m) M), 4.59)

where M(z) will be discussed shortly. Straightforward substitution of this into the

remainder equation (4.29) leads to
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dz £ Z
vi/et1)2 z—Voln(z) (4.60)
e e (R (o
~ vV - )
£VE exp (ﬁ) wy (2)V/e+1 z

in which (4.27) is performed using Stirling’s formula. As before, the polar coordi-
nates are introduced under the consideration that there is a singularity at vy. Partic-

ularly, for the case where vy > 1,

i0
Z=WVy+tvre”,

in which r = vp — 1 is the radial distance to the singularity . By using polar coordi-
nates, we allow Stokes lines to vary as 0 varies; in fact, the width of the Stokes line
in the exponential asymptotics is defined near the singularity. In order to determine

the width, we transform 0 in the vicinity of Stokes line and perturbate about it, i.e.,
6 =1+ 36, (4.61)

where § < 1 and 6 = O(1). Here, 0 of the above transformation (4.61) will be
determined using the same method employed in the previous level. Employing the

polar coordinates by considering the transformation of 6 changes (4.60) into

o S Ye) _1)\2 n\2 _1\4
d6  &Ve f(vo)
(a§<vO—1>2)2 e (4.62)
Ti(: (vo—1)’
1+i8§(vo—1)2 14i(1—v)86

f(vo)

where f(vp) = 1 + vpIn(vy) — vp. Here, the terms of lower order for small € were

omitted. Using the properties of logarithmic function and expanding the relevant
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parts for small §, we obtain

exp

M SV2rm
46 &ve f(vo)

2ef(vo)

fv) =1 (86)*(w—1)*
€ ( (4.63)

vo—1 2.

This suggests that the critical scaling in the vicinity of the Stokes line should be

§= % (4.64)

We easily verify that (4.64) is small when vy is large for fixed €. Accordingly, after

substitution of this scaling into (4.62), the RHS of the expression becomes

M 2yw f(vo) —1 32
ﬁ ~ exp < - ) exp (—6 ) , (4.65)

where the rightmost exponential term with 8 recovers the classic error function. In
particular, integrating (4.65) directly with respect to 0 allows us to establish the error

function

M(8) ~ Zexp (%) erf(§) . (4.66)

&€

By this transformed 6 in (4.64), we determine the width of the Stokes line about

0 = &, which is

(vo—1)°

For the large values of vy in above f(vp), the width becomes

- vo—1

(Vo—1) ( V2e] (V‘))) 2ef W) 4.67)

281n(V0)

4.68
D) (4-65)

In comparison, the thickness of the Stokes line calculated above is identical to the
distinguishing limit derived in (4.58), which defines the width of the Stokes line

using different angles. Substituting the scaling into z enables us to define z in terms
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of the thickness of the Stokes lines such that

z=Vvp+(vo—1)exp (in+i5§)

2ef(Vo) 5
vo—1

\/2€1 ~

1V 2ERO0)G
N

~1—i

for large vy

To sum up, it is possible that seemingly simple differential equations may sometimes
lack an exact solution or have a relatively complicated solution. In order to attain
more information about these types of differential equations, studying the turning
points and singular points of the equations essentially play key roles using exponen-
tial asymptotics. In fact, these points are the distinguishing features of the equations.
Particularly, by analysing the first level remainder equation using its distinguishing
features, we obtain more information about the Stokes lines and the first level re-
mainder equation, even though we cannot obtain the exact solution of the remainder
equation yet. In the zeroth level, we calculate the width of the Stokes line as \/?/r
However, in the first level it appears that the width of the Stokes line depends on v

and &; hence, the width reduces as vy gets bigger.

Next, we will perform the second level analysis of the hyperasymptotic approach.
The technique consists of expanding the remainder differential equation, truncating
the expansion and inspecting the second level error estimate based on arbitrary trun-

cation points.

4.9 Second level of hyperasymptotics and Stokes lines

As in the first level, we continue to analyse the remainder from (4.29) for the second
level of the hyperasymptotic expansion. We follow similar steps of the first level in-
vestigation. However, since we approximate the RHS of the equation by its factorial-

over-a-power representation (which is not exact) from the previous level, some of the
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results which follow maybe questionable, thus the analysis requires greater care. Let

us first re-scale the remainder %y, (z) according to the RHS of (4.29)

o, (2) = €410, (2) (1—@) S(2). (4.69)

<

where S(z) is an unknown function of z, and will be determined shortly. After finding
the first derivative of (4.69) and applying it to the differential equation (4.29), we

compute that the function S(z) satisfies the differential equation

g(dS(z)+ S@ve S<z><N1+m)(Z;V0)>+(Z‘V0)s<z>~1.

dz z2(z—wo) Z—Vo—i—Voln(? z

(4.70)

For sufficiently large N1 when € is small, it becomes

dS(z) B 4! 2=V
e +(1 z—vo+v01n(?)>( - )S(z) 1, @.71)

which preserves the pre-factor of previous levels. It is worth remarking that (4.71) is

the same in nature as (3.25) established in §3.4 for the general first level equations,
since it corresponds to the first level equation according to the preceding level. In
light of the discussions in previous steps, singularities of S(z) occur where the pre-

factors of S(z) equal to zero, that is

z—Vo+Wvoln(2) —v (@—W)__O
z—Vo+voln (%) z o

In particular, they occur when z = v and when z is a solution of

Vi
Z—Vo+ Voln (—O) =V.
Z

Since z = Vg is the solution of the previous level singulant u1, it is not a turning

point of the expansion; in fact, it turns out to be a branch point of the present level.
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Figure 4.9 shows the singular points of the leftmost pre-factor of S(z) in (4.71).

Expanding S(z) into powers of € in the usual way of asymptotics
S@) ~ Y €"'S(2), 4.72)
n=0

and substituting the ansatz back into (4.71) derives the leading order term at O(1) as
well as the two terms differential recursive relation for the general term at O(g") for

the expansion of S(z)
z Z—Vo—l—V()lI’l(m)
S()(Z) - ( _ > Vo - )
Z—Vo Z—V()—i-\/()ln(?) -V
dS,—1(z) Vi (Z — VO)
e 1 — Sn(z) =0,
dz z—Vo+voln(2) z )

where n > 1. The key point to note is that as S,(z) is produced by Sp(z), all the

4.73)

singular points of S, (z) will be the same for Sy(z). Since it is impossible to obtain
the general representation by repeated integration using the recurrence relation, we

seek a solution of S,(z) in the familiar ‘factorial/power’ form, that is,

Sn(Z) ~ F(l’l-i—’}’z) < 1

1
@) Bo(z) + ZBI (z) + ;Bz(z) +.. ) as n — oo, (4.74)
where 95 = O(1) is an arbitrary constant and u;(z), 7, and B;(z)’s are independent
of n. After substitution of the first derivative of (4.74) and (4.74) itself into (4.73), it

1s not difficult to show that

Z—V()—l—\/()lnm -V —V
u’2(2)+< (Z)V (Z 0) B+

C(n+7p) 2= Vo + voIn(
(n+1) ; —Vo+vIn(2)—v —
ur(z - i Z 0 0 1 Z—V
(2) Yo, (%) (ué(z)—k ( VAT ) ( 0)) Bi+B.
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Figure 4.9 Magnitude of the pre-factor of (1 —Vvy/z)S(z) in (4.71) in the complex
plane and its contour plot for randomly picked z=1/2+i V3 /2 which yields vop = 1
and v; = 0.53. The spike shows that S(z) is not universally small across the plane.
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For large n, the dominant balanced term should be zero:

p Z—V()—f-V()ln(%)—Vl 77—V _
(uz(z)+< Z—V0—|-Voln(%) )( . ))BO—O. (4.76)

As thoroughly explained in previous sections such as (4.21) of §4.5, By must not be

zero. Moreover, substitution of (4.76) into the summation of (4.75) deduces that all
B, terms are indeed constants upon integration. Having solved the derivation of u(z)

in (4.76), the singulant of the second level is obtained as
\
uz(z) =z—V ln(z) —VviIn (Z —Vp+ voln (—0)) +C, and B; =(;, “4.77)
Z

where 0 < i < n and C;s are arbitrary constants and C| is a constant to be determined
soon based on the singulant subject to the singularity. Because u5(z) is located in the

denominator of S,(z), it needs to be zero at the singularities of S,(z) which yields

Vi
uz(z) =v;ln (Z—V()—f—\/()ln (?0>> —Z—l—V()ln(Z) -V h’l(Vl) — V()ln(V())—f—Vl +V

=viIn(u1(z)) —viin(vi(2)) +vi —u1(2)- (4.78)

Hence, the determination of the unknown function S(z) for late order terms is com-
pleted with recovering the singulant u;(z) by the factorial-over-a-power method.
Moreover, the singulant has branch points at z = 0 and z = vo. Now we need to
find Stokes and anti-Stokes lines of the equation (4.71), which are to be the second
level Stokes and anti-Stokes lines of (4.1). As already discussed, Stokes lines appear

whenever u;(z) satisfies the following conditions
S(uza(z)) =0 while R(uz(z)) > 0.

Anti-Stokes lines appear whenever R(u(z)) = 0. However, since the singular points
of the second level expansion cannot approach separately unlike in the other levels

and chapters, Stokes lines may overlap with each other; hence, further analysis is
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necessary. Therefore, we only plot the putative active Stokes lines in Figure 4.10

according to the above description.

Stokes and anti-Stokes Lines

3(2)

R(2)

‘ — Stokes lines —anti-Stokes lines —Branch cut——Branch cut‘

Figure 4.10 Red lines and blue lines are the Stokes and anti-Stokes lines of the equa-
tion (4.71) plotted via the singulant in (4.78), respectively, while branch cuts are
represented by the zigzag lines in black and grey for arbitrarily chosen vy = |1 + |
whereby v = 0.428 in accordance with (4.31).

Having established the general term of the series S(z) in the factorial-over-a-power
nature in the limit n — oo, the series can now be truncated directly after N; > 1 terms

which is the second level truncation point

Ny—1

Lt 1)
S(2) Zb e e + R, (2), (4.79)

where Ry, (z) = O(e™?). Substituting the truncated series (4.79) into the equation

(4.71), we find that the second level remainder term Ry, (z) is a solution of
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Vo Vi
R’ I——)(1- R ~
y NZ(Z)+( z) ( z—vo+v01n(§)> #(2)

N, Vo Vi
€ 1—— 1— S .
( z) ( z—v0+v01n(v7?)> v.()

In order to derive the point of optimal truncation, the RHS of (4.80) needs to be

(4.80)

minimised with respect to N, in the same way whereby N is determined in (4.30).
Such truncation point can be obtained as usual, in the form of “function divided by

2

€,

Ny ~ ‘”Zﬂ (4.81)

As in the previous stages, we will also consider the truncation point of zeroth, first
and second levels arbitrarily. Once (4.79) and (4.69) are back-substituted into (4.33),
we find that such a truncated series of the second level expansion consists of Ny +

N1 + N, terms plus the remainder such that

No— L gnp) Nopg1 Mzt No+N1 AT _ Ny—1
En! e"ONy! € No! (72— Vo
n=0 % < n=0 4 Z n=0
No+N;
NN 12—V
Mo+ ( 2 )QNl (2)Rn, (2). (4.82)

We obtained a more accurate approximation than the zeroth and the first level expan-
sions, since N, more terms have been added into the solution of the preceding level.
Herein, we define the second level truncation error by the first neglected term, which

is the rightmost term in (4.82),

8N0+N1N0! Z—Vo
8N0+N1+N2N0! 7=V (483)
- ZNo+1 z On, (2)SN, (2)-

The order of the second level error, after employing Stirling’s approximation for

factorial terms, becomes
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1 1 1
£N0+N1+N2NN0+§NN1+YI_§NN2+72_§ Vo
- Cla
Z

E
%) T oxp N+ M+ Vs 1+ = 2 @

(4.84)

in which C; = 27xv/2nC. After rearranging the error (4.84) in terms of v, ~ €N,
Vi ~ €Np and vy ~ €Ny, the magnitude of (4.84) may be minimised with respect to
V2, vi and vy. To do this directly, the first derivative of Ey, (z) are taken over vy, Vi

and vy, respectively, such that

dEn,(z) Vovo+2"1 e 2"2 B 2(1_%) G ln( 5 )
dvy O gn it R 2 (4 () E N (uy(g)) e \2(2))

dEy, (z) VOV?OJFEVFHI_Z‘&?HTE (1-3 G Vi |2
v, ZRH Rt LB HNTB2 (4 () F Y (uy(2)) TP nlul(z)] [ ")

Wl Vil Vi Vo

dEw (2 Vo' 2V 2y, 2(1-2) C21n< z) y

d]\iio( ) PNt g R R N2, (Z)Vs—lﬂluz(z)%wz { _ul(lz)} { uz(zz)]
(4.85)

The minimum value of |En,(z)| over vp,v; and v, occurs when each derivative is

equal to zero. Thus it happens when

Ny ~ 2@ (4.86)
€
ui\z
or Ny ~ 'lgﬂ (4.87)
Z
or No ~ ';’ (4.88)

respectively, and z should be complex as explicated earlier. Herein, (4.86), (4.87)
and (4.88) correspond to the optimal truncation points of each stage. Upon per-
forming these minimisations and using the above results, the error estimate may be
expressed in terms of only Vo and v;. Hence, increasing either the values of vy or

v, arbitrarily, irrespective of the relevant optimal truncation points, will minimise
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the error. Figure 4.11 shows the improvement obtained by hyperasymptotics in three
levels. Increasing the first level truncation point N; arbitrarily decreases the error,
which is illustrated by the green dots in this figure. Furthermore, as demonstrated
by the black dots in the figure, if the truncation point of the zeroth level is increased
freely, we obtain even a greater accuracy than that in the accuracy obtained in three
levels by repeated optimal truncation. Grey and light blue lines illustrate the reduc-
ing behaviour of the error estimates for the zeroth and first levels, respectively. Level
one decreases faster than level zero as can be seen from the same figure. Figure 4.11

also shows that the truncated series grow like factorial-over-a-power form.

Comparison of the Errors
10%° e w -

® Zeroth Level
. : ® First Level

- N ® First Level

g : —First Level
C . B ® Second Level
lOlO L 3 .

. N Second Level

: ] —Second Level

.
T,

|Error|

0 25 50 75 100 125 150 175
Number of the terms in the expansion

Figure 4.11 Magnitude of the errors, respectively given by (4.12), (4.34) and (4.84)
in 3 levels of the expansion where the series are truncated optimally at each level
and arbitrarily at the zeroth and the first levels for chosen € = 0.1 with z =1/2+
iv/3/2. The figure clearly shows the improvement obtained by hyperasymptotics;
the error decreases at each level. Black and light green dots respectively correspond
to the various truncation points of the zeroth and the first levels rather than optimal
truncation. Blue and grey lines show the behaviour of level one and two errors when
they are written as a function of vy and vy, respectively. They touch the minimum
points of the green and black dots, respectively, whilst decreasing; indeed, the speed
observed in the second level is faster than that in the first level.
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Having selected the zeroth level and the first level truncation points arbitrarily and

increased them, the second level error is diminished as it did in the preceding level.

4.10 Third level of hyperasymptotics and Stokes lines

Finally, the corresponding calculation of this level will be done briefly without going
into much detail. In order to continue to the third level of expansion, we first re-scale

the remainder equation of (4.80) such that

Ry, (z) == €™ (1 - E) (1 - 4 (?)> Sw, (2)T(2), (4.89)

Z Z—Vo+ Voln

where 7'(z) is an unknown function of z and will be discussed shortly. Similar to
that in the previous level, it is worth pointing out that since we approximate the RHS
of the equation by its factorial-over-a-power representation, which we applied twice
so far, first and second levels are not exact. Thus, the third level expansion does not
have an exact representation. Therefore, some of the results may be questionable.
Since (4.89) has to satisfy (4.80), back substitution of this last equation into the
second level remainder differential equation given in (4.80) yields a new differential

equation involving only derivatives for 7'(z) when N is large for small &,

dT (z) Vo Vi V2
e (1—?) (l_z—vo+v01n(§)) (1—m) T(z)~1. (4.90)

Note that the third level equation preserves all the pre-factors of the previous levels

which will cause branch cuts. As in the second level, (4.90) satisfies the equation
(3.25) given in §3.4. To proceed, let us expand T'(z) as a usual perturbation series

into powers of €
T(z)~ Y €'T(z). 4.91)
n=0

Back substitution of this expansion into (4.90) generates the leading order term at
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O(1) and the differential recurrence relation of 7,(z) at O(€")

B z Z—Vo+ Voln (?) up(2)
Tolz) = (Z—Vo) (Z—Vo-i—\/oln (%) —V1> <”2(Z) _VZ) 7
dT,—1(z) Vo Vi V2 _
Ty (1-2) <l‘z-vO+vO1n<§)> (1) B0 =0

where n > 1. It is crucial to emphasise that the leading order term Tp(z) has singu-

(4.92)

larities at z = v and where z is the solution of
Vo
Z—Vo+ Voln (—> =V, and Mz(z) =V, (4.93)
Z

but, as explicated earlier, z = Vo and the solution of the leftmost equation of (4.93)
are actually not singular points, since each preceding level solves its succeeding
level singulant; in fact, they will appear as the branch points of the current level
soon. All 7,,(z) terms must have singularities at the same points with 7y(z); hence,
T,,(z) is more singular than Tp(z). As in the previous steps, because it is impossible
to generalise the late-order terms by successively integrating the recursion relation
in (4.92), a general solution of the terms T;,(z) is sought to be in the factorial-over-a-

power form, that is,

L(n+7v)

1 1
~ @) (DO(Z) + ;DI(Z) - ;Dz(z) +. ) asn—oo,  (4.94)

where 73 = O(1) is an arbitrary constant; and u3(z), 7, and D;(z)’s are independent
of n. Note that u3(z) is required to vanish at the singularities of the leading order
term. Hence, performing the first derivative of (4.94) as well as (4.94) itself into the

recursive relation of (4.92), we deduce the singulant after some computations as

—Vo+ Voln(v,
uz(z) =v21In [Vl In (Z ot VO n( O/Z)> +Vpln (Vi> —z+ VO+V1}
1 0

V
+z—wln(z) — viIn [z—vo—kvoln (f)} +Cy, (4.95)
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where Cy is a constant of direct integration which may be calculated similarly to
(4.76). Because singularities of Ty(z) given in (4.93) are the zeros of u3(z), and
since we know the following equation from the zeros of previous singulant u,(z) of
the second level, we can substitute the equation
Vi
viIn {Z— Vo+ Vpln (;0)1 —|—v01n(z) —7=WV+V] ln(vl) —|—v01n(v0) —Vo— Vi,

(4.96)

into (4.95), whereupon the constant C4 can be derived accordingly as below

Ci=—w ln(Vz) —+ Vv 1Il(V1) + WV 1Il(V0) + V)=V — V. (4.97)

Hence, the third level singulant, u3(z), of the exponential integral (4.1) is completely

determined by means of

viIn (Z— V()—l-V()ln(V()/Z)

" >+voln(z/v0)—z+vo+v1
I

=Wl
M3(Z> pRitt vy

+z4+V—V v+vln<v0)+vln[ Vi
Z — — R
2 ! 0 0 Z ! z—Vo+Vvoln(vy/z)

, (4.98)

which equivalently can be rewritten in terms of u;(z) and u»(z) as

viIn <”1(Z>) —u(2)+ v

Vi

u3 (Z) =W In + V=V +u1(z) + Vv ln(vl) -V ln(ul(z))

V2

=vIn(u(z)) —In(v2) + va —uz(2). (4.99)

It is worth expressing here that, besides the main branch cut of level zero at z =0,
the above singulant has branch cuts at z = vy, and when z is a solution of z — vo +
Voln(vp/z) = v; due to the logarithmic singularities at these points. This will be

shown in Figure 4.12 by grey and green zigzag lines. Although we will not investi-



110 Exponential integral

gate the third level remainder in detail, having determined the third level singulant
allows us to truncate the series in addition to examining the truncated remainder; in
particular, that is

N;—1
T(z)~ Y, €'Ty(z)+ %y (2). (4.100)
n=0

For the sake of brevity, we only note that D;(z) in (4.94) are constants which could be
calculated as in (4.21). Since the general term of the expansion has been determined,
the third level error arising due to truncation can be defined by back substitution of

(4.89) into (4.82) as

En(2) == No+1 z Z—Vo+ Voln

8N0+N1 +N2+N3NO! 72— Vo 2 | Vi
Z

<%) ) On, Sn, (2)Tivs (2),

(4.101)

which will be used while comparing the errors of each level with each other in Figure
4.13. However, at each level, since we obtain more accurate approximations than in
the previous levels and more importantly due to the diminishing behaviour of the first
level error estimate, this particular problem is analysed only in four levels without
remainder analysis for the third level. Furthermore, as the singulant is derived pre-
cisely, the third level putative Stokes and anti-Stokes lines of the expansion can be
plotted as in §4.4. Third level Stokes lines emerge when u3(z) satisfies 3 (u3(z)) =0
while R(u3(z)) > 0, and third level anti-Stokes lines emerge when R(u3(z)) = 0.
As similar calculations have been conducted in the previous sections and chapters in
detail, in this section the illustration of the Stokes and anti-Stokes lines and the as-
sociated branch cuts are only provided in Figure 4.12. As discussed earlier, because
the singularities of the expansion cannot be approached by the singulant individually,
we plot the putative Stokes lines. The figure demonstrates that across the anti-Stokes
lines active Stokes lines become inactive; particularly, beyond these lines real part

of the singulant changes its sign which happens by the turning points.
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On the other hand, the successive optimal truncation points for selected € = 0.1

and z = 1/2 +iv/3/2 to the nearest integer values are

N() = 10, N :5, Ny, = 16, and N3 :35, (4-102)

respectively, which may also be seen in Figure 4.13. It is interesting that the relative
lengths of the optimally truncated series first decrease in the first level and then in-
crease in the further levels. Hence, for this particular problem the hyperasymptotics
do not terminate. Moreover, how this behaviour of the length of truncated series

relates to the size of the singulants is unclear in this conjecture.

Stokes and anti-Stokes Lines

3 (2)

R(2)

‘*Stokes lines —anti-Stokes lines =——Branch cut =——Branch cut=——Branch cut‘

Figure 4.12 Red and blue lines demonstrate the Stokes and anti-Stokes lines of the
equation (4.90) plotted by its singulant (4.98), respectively, with the branch cuts
of the equation shown in black, grey and green. In this figure, vo = |1 +i| derives
v = 0.4288 and v, = 1.405 in accordance with their definitions in (4.31) and (4.81),
respectively.

We conclude the present section with expository figures. Because all four level sin-
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gulants and the remainders of the expansions are determined, they can be plotted
together. Figure 4.13 demonstrates the exponential accuracy we obtain via hyper-
asymptotics at four levels when the relevant series are truncated optimally. More-
over, the figure also shows that if we increase the truncation point of the first level
arbitrarily, we decrease the associated error estimate better than the estimate obtained
by successive optimal truncations by the third level; specifically, see and compare the
dots representing the second level error in green with the dots representing the third
level error in black. In fact, increasing the zeroth level truncation point arbitrarily in
level one even decreases the level one error Ey, (z) faster than the third level error
of successive optimal truncation. To visualise this, compare the dotted line in light
blue with the black dots of the third level in Figure 4.14. Nonetheless, as discussed
in the previous section, increasing Ny in Ey, (z) decreases the error, but not as fast
as increasing Ni; particularly, compare the green dashed lines with the green dots in
Figure 4.14, in which Ny and N; are increased respectively. Note that to avoid con-
fusion with colours in the figure, some of the error plots are represented with dashes

rather than dots.

4.11 Comparison and conclusions

In conclusion, we have derived the asymptotic series solution of the exponential inte-
gral and investigated its approximate solution by successfully applying the methods
of hyperasymptotics. We conducted the investigations by expressing the truncated
remainders as an asymptotic power series containing its own remainder and went
beyond the superasymptotic expansion. Compared to the previous chapters, three
more levels of analysis in hyperasymptotics were performed subsequently to ensure
agreement with the results of each level. In fact, the resultant remainder differential
equations, as well as their relevant singulants, were much more complicated with in-
creasing levels. Investigations of the remainders showed that information extracted

by hyperasymptotics cannot be attained by the Poincaré’s asymptotic techniques.
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Comparison of the Errors
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Figure 4.13 Magnitudes of the errors, given in (4.12), (4.34), (4.84) and (4.101), in
4 levels of the expansion where the series are truncated optimally at each level for
randomly chosen € = 0.1 with z = 1/2+i/3/2. The figure shows the improvement
obtained by the hyperasymptotics at four levels. The error decreases at every further
level, and the corresponding optimal truncation points are 10,5, 16, and 35, respec-
tively. Comparing the green dots shows that increasing the truncation point of the
first level arbitrarily in the second level error increases the accuracy exponentially.

In addressing the hyperasymptotics, some common features arising by exponential

asymptotics have been demonstrated.

To perform the methods in exponential asymptotics after the zeroth level, the ex-
amination process consists of to re-scaling the remainders according to the RHS of
the remainder differential equations. The system, hence, produced new singular per-
turbation equations, which were expanded as a power series of small parameter, €.
Their associated divergent series have been obtained by performing ‘factorial/power’

method. Because the general terms were found by this method, we have not obtained
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Comparison of the Errors
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Figure 4.14 Red, blue, green and black lines indicate magnitudes of the errors in
(4.12), (4.34), (4.84) and (4.101), respectively for arbitrarily chosen € = 0.1 and
z=1/2+i\/3/2. Figure represents the comparisons of the errors with each other in
four levels truncated optimally and arbitrarily. It shows that the first and the second
level errors decrease as the number of the terms is increased.

the close expressions for them contrary to the general term in the zeroth level. There-
fore, these levels of calculations and their relevant figures needed to be treated with
caution. Analysing the leading order behaviour, we derived the singularities of the
expansions, from which the relevant singulants were completely determined. Hav-
ing located the Stokes lines, we were able to demonstrate the switching on and off
behaviour of the subdominant exponential terms across the Stokes lines. However,
second and third level singulants need further analysis since they are not separately

factored out by their singular points.

Analysis of the truncation errors was conducted in sections §4.5 and §4.9 more gen-
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erally, instead of analysing only one truncation point. Specifically, in the first level
it was represented as a function of vy and 6, and the reducing behaviour of error as
the number of the terms in the first level is increased was established. In fact, having
written out the level one truncation point vy as a function of the level zero truncation
point Vo by minimising the error, we have further confirmed that the error decreases
as we increase V. In the latter cases, the error has been expressed in terms of vy, Vg
and 0. Likewise, increasing the zeroth or the first level truncation points decreased
the error; however, the first level truncation point reduced the error faster than the
zeroth level. Examining the errors in terms of 6 showed that the accuracy of the
error further depends on 0; importantly, at the Stokes lines, the improvement of the
hyperasymptotics is stopped. However, as we moved away from the Stokes lines, the
improvement is increased dramatically. The analytical analysis and figures for both
the first and second levels of errors showed an agreement. Furthermore, as seen in
figures such as Figure 4.13, optimal truncation points increased after the first level;

hence, hyperasymptotics by optimal truncation is not finite.

Throughout the current chapter, it is interesting to point out that, although the singu-
larities of previous levels are not turning points in each subsequent level, the singular
points of all preceding levels appeared in the logarithmic function of the singulants
at the next levels. Therefore, they generated logarithmic branch cuts. To conclude,
each level of investigation produced an exponential improvement through each level.
Through a simple differential equation we described how the method of hyperasymp-
totics can be studied and focused on presenting the details of the hyperasymptotics.
The concept of multi-level asymptotics was introduced by investigating the inhomo-
geneous remainder differential equation of the resultant remainders. Figure 4.13 and
Figure 4.14 briefly illustrate the present outcomes. We aim to apply this method
to more complex problems throughout the rest of the thesis. Particularly, in §§5,
6 and 7, the main idea of this chapter will be performed while investigating the

behaviour of the error, Airy and confluent hypergeometric functions using the multi-
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level asymptotics.

In comparison with the hyperasymptotic expansion method of Berry and Howls [33],
their implementation of method is discussed for integrals with saddles and they ap-
plied the steepest descent method to expand the integrands, and no Borel’s summa-
tion was employed. Berry and Howls discovered that the number of the terms in
each hyperseries is half the number of the terms at the preceding stage, and con-
cluded that the hyperasymptotics is finite. In that paper, the error of the final remain-
der roughly approximated to exp(—2.39A|k|). However, our approach differs from
that of [33], as we develop a scheme of reexpansion of the remainders by obtaining
and interpreting the inhomogeneous remainder differential equation. Each truncated
remainder is expressed as a new asymptotic series and we do not use integral rep-
resentations. In our method optimal number of the terms needed in the each series
increases; whence, hyperasymptomatic expansion does not halt and the process can
be repeated any number of times. We also interpreted the errors as a function of the
preceding stages truncation points and allowed all the values of truncation points to
vary (to reduce the error), not only the last truncation point. The singularity of the
expansion moves to infinity and causes a logarithmic discontinuity at the succeed-
ing and higher levels. Moreover, our expansion is valid at locations both near and
far from the Stokes lines. The error almost stops at the Stokes lines, and decreases

dramatically faster as we move away from the Stokes lines.



Chapter 5

Error function

5.1 Introduction

In §4, the methodology of hyperasymptotics was illustrated considering the expo-
nential integral. In this chapter, we will discuss this technique applied to differential
equations and express the asymptotic behaviours of the equations. The illustrative
examples of the present chapter are differential equations of the error function which
are a simple form of the hyperasymptotics. We will consider the following first and

second order differential equations for g(z)

dg(z) _ 1 Z
dz :—?exp<—? s (51)
and for y(z)
d’y(z) |, dy(2)
2
2 =0 5.2
€ 422 +2z iz ; (5.2)

in which 0 < € < 1, and from both the error function occurs [78]. These equations
can be analysed with the method of exponential asymptotics since the highest deriva-
tives are multiples of the small parameter €. In fact, because we often address the
exponential asymptotics in the limit of some small parameter, (5.2) is obtained after

rescaling the large parameter z; = z/€ where z = O(1) to ensure a similar form to
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the first one. Note that similar rescaling will be done in §§6-8. In a similar man-
ner to chapters §§2-4, the analysis of these equations will enable us to demonstrate
the hyperasymptotics. Particularly, this chapter presents the hyperasymptotic solu-
tions of the error function in two levels with two different equations. In addition
to hyperasymptotic investigation, while discussing their asymptotic behaviours and
presenting the Stokes switching near their singularities along with other features, we
will demonstrate how the new method developed throughout §4 may be applied to

the examination of these differential equations.

The present chapter is organised as follows: In §5.2 the differential equation (5.1)
will be solved exactly by direct integration so that the error function can be observed.
In this section we will analyse the differential equation asymptotically by expanding
it in powers of €. The crucial point of the expansion is to derive its leading order
term which contains a singularity that must be preserved in the general term. It will,
then, be truncated optimally to examine the truncated remainder which is to be ex-
ponentially small at this stage. Hence, the next step is to analyse the remainder and
to present the exponential terms of the expansion. In §5.2.2, Stokes and anti-Stokes
lines will be located, and the switching behaviour of the subdominant exponentials
will be illustrated; in particular, we will discover which exponentials are present in
which sectors of the z plane, which will be the last step of the zeroth level. In §5.2.3,
we will begin the analysis of the first level; specifically, we will re-expand the zeroth
level remainder and then repeat the process of truncation optimally and arbitrarily,
then examine the new remainder and consider its behaviour near the singularities to
obtain the location of the first level Stokes (and anti-Stokes) lines. Furthermore, to
observe the accuracy of the hyperasymptotic expansion, the error of the zeroth and
the first levels expansions will be compared. By the end of this subsection, we min-
imise the first level error with respect to the arbitrary truncation points with the same
manner as explained in §4. Finally in §5.2.5, first level Stokes (and anti-Stokes)

lines, as well as the presence and absence of the exponential contributions will be
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illustrated. In §5.3, the same investigation described above will be performed for the
second order differential equation (5.2) in two levels. §5.4 contains the comparison

and conclusion of both equations with a discussion of the present chapter.

5.2 First order differential equation for the error func-
tion

We begin this section by constructing an asymptotic expansion of the error function
using power series. Before illustrating the hyperasymptotic technique, however, we
first solve the differential equation in (5.1) with direct integration, which yields the
error function erf

NG

g(z) = —Eerf<§> +c, (5.3)

where C is an unknown constant of integration. More information on the behaviour
of the solutions of the differential equation, given in (5.1), can be obtained by trans-
formation of the equation. Particularly, motivated by the form of the RHS of (5.1),

let us re-scale g(z) such that

8(z) =exp (—2—22) f(2). (5.4)

Straightforward substitution of (5.4) into the original differential equation enables us

to obtain a differential equation for f(z)

82%(;)—%]‘(2) =1, (5.5)

where we seek to determine the asymptotic behaviour of the solution of (5.5) for
sufficiently small €. We observe that the pre-factor of f(z) is equal to zero at z =0,
which is the turning point. In fact, this point must be present in a denominator of the

late order terms, when it is expanded, like the examples investigated earlier in §§3
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and 4. Additionally, notice particularly that it is similar to the example 3.3.1 con-
sidered in §3 so that they should have similar outcomes, such as optimal truncation
points, singulants and Stokes (and anti-Stokes) lines which will be addressed shortly.
Before embarking on the asymptotic analysis of (5.5), solving this differential equa-

tion directly by integration factor method generates

fz) = (—\;—ferf(g) +C) exp (z—i) , (5.6)

which is exactly the same as (5.3) when multiplied with exp(—z>/€?). The differen-
tial equation of f(z) is in the form of the highest derivative multiplied by the small
term £2; therefore, we can employ exponential asymptotics in this differential equa-

tion.

5.2.1 Zeroth level of hyperasymptotics: superasymptotics

We next focus on solving the transformed differential equation using hyperasymp-
totic techniques; in particular, we will discuss the superasymptotics in this subsec-
tion. In order to do so, let us begin to expand f(z) in (5.5) in powers of &2 with the

conventional method such that

F@)~ Y (). 5.7)
n=0

in which we are interested in determining the asymptotic behaviour of the solution
and investigating the remainder in the truncation point. To achieve this, we must
first identify the general terms of the series as n — oo. Substituting the perturbation

expansion (5.7) into the differential equation (5.5) yields

i g2n+2 (dfan(Z) —2zfn+1(Z)) —2zfo(z) = —1. (5.8)
n=0
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Balancing like powers of ¢ at the leading order O(£”) gives the first term explicitly

fo(z) = —. (5.9)

We note that this uniquely determined leading order term of (5.9) contains a sin-
gularity lying at z = 0, which agrees with the statement made earlier regarding the
prefactor of the equation (5.5). The two-term recursion relation of the perturbation

expansion at O(£2"*2) can be obtained from (5.8) as

dfn(z)
dz

—2z2fn+1(z) = 0. (5.10)

This shows that the (n+ 1) term of the expansion can be derived from the first
derivative of the n'" term. Moreover, since each term of the expansion is derived
by differentiation of its predecessor, the strength of the singularity will grow in each
level. To proceed, making use of the recursion relation repeatedly between the (n+
1)”’ term and the previous n'" term gives the general term of the expansion in the

complete form, that is,

(—1)"(2n)!

e (.11)
n! (22)2n+1

fu(z) =

which is consistent with the well known approximation of the usual error function
[73, 74]. In this case, we have been able to establish the complete derivation of
the asymptotic expansion f;(z) easily. Although it could be explicitly determined
by repeated differentiation via recursion relation, in general it is not straightforward
to directly derive the exact representation of the n'* term f,(z) in the expansion.
For such cases, we employ the factorial-over-a-power method to obtain the late-
order term and make sure that the singularity of the leading order term is consistent
with f,(z) [62] at every order; we use this method in §5.2.3. It is worth remarking
here that substitution of f;,(z) into (5.4) via (5.7) produces an asymptotic expansion

of erf(z), which could also be shown by repeated differentiation of (5.1). As the
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asymptotic behaviour of such a solution is already obtained for small &, it is now
natural to ask in which point we can obtain the greatest accuracy if this divergent
asymptotic series is truncated. The next step is hence to truncate this expansion (5.7)

after Ny terms
N L (=) (2n)!

fl)=Y ¢

———5 +Rpn,(2), (5.12)
= ! (2Z)2n+1 N (2)

where Ry, (z) is the remainder of the truncated expansion, whereby the zeroth level

truncation error may be defined as

ang (= 1) (2Np)!

En (z) =70 ————5.

(5.13)

The remainder must be exponentially small rather than algebraically small in € as
€ — 0 when the expansion truncated optimally, since the optimal truncation cancels
out the €M terms in the expansion. Therefore, we need to pay attention to investi-
gating the remainder terms after truncation. Substitution of the truncated expansion
(5.12) into the original differential equation gives an inhomogeneous remainder dif-

ferential equation for Ry, (z)

R dfn,—
gzd Z(;(Z) _2ZRN0 (Z) _ —SZNO fN(;lzl (Z)
(1) (2! (5.14)
— 82N0 0):
No! (22)*M0

The RHS of (5.14) can be obtained easily by the recursive relation (5.10) or can
be deduced by differentiating (5.11) once. To derive the optimal number of terms
needed in (5.7), the optimisation methods provided in (2.9) of §2 deduce that the

optimal truncation point occurs approximately for sufficiently large n as € — 0 at

Ny~ —. (5.15)

To make sure that the point of optimal truncation takes an integer value, & is added

into (5.15), giving
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ksl
NOZF‘FOC, (5.16)
where o is bounded as in (3.14) of §3.2 while € — 0. The magnitude of the diver-
gent expansion takes its minimum value at this point; which in turn means that the
error of the zeroth level of the expansion has been minimised. Note that the optimal

truncation point is the same as the magnitude of the power of the exponential term

obtained in the homogeneous solution (5.3).

Once the singularities and the general term of the expansion are obtained, we expect
to find the Stokes and anti-Stokes lines which stem from the singularities as well as
what happens on and across these lines. Therefore, in the next subsection, the Stokes
lines and their switching behaviour in the neighbourhood of the singularities will be

discussed in detail.

5.2.2 Stokes and anti-Stokes lines

Having established the asymptotic series solution and the optimal truncation point,
we are now ready to present more information regarding the Stokes (and anti-Stokes)
lines of the differential equation in (5.5) from its singulant and observe the switching
on and off behaviour of the exponentials across them. Specifically, we anticipate to

have a Stokes line when the singulant satisfies the condition (i) in §3.3, i.e.,
3(—z2)=0 while R(-z%) >0, (5.17)
where z = x +iy. This implies they occur when
x=0 while y*>0, (5.18)

in which Stokes switching occurs and forcing of the remainder becomes maximal.
We remark that the real part of the singulant being negative in above (5.17) corre-

sponds to inactive Stokes lines. Likewise, the position of the anti-Stokes lines can
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be obtained via

R(—2%) =0, (5.19)

which transpires when

x = *+y. (5.20)

Across the anti-Stokes lines exponentials change their behaviour from being domi-
nant to subdominant or vice-versa which means anti-Stokes lines indicate the region
of the complex plane where the exponential is dominant. Stokes and anti-Stokes lines
can be determined through the exponential terms of (5.3): one can be obtained from
the homogeneous solution as exp(z>/&?) while the other is derived from the RHS of
the differential equation as exp(0), which will yield the same result as above. These
are all shown in Figure 5.1, in which exp(z?/€2) and exp(0) are labelled by @ and
(0), respectively. This figure further illustrates the sectors in the z-plane where these
exponential terms are present. In order to see it, we need to make a full circuit around
the complex plane. Suppose we are in Sector I of Figure 5.1 and (0) is present there.
We travel through Sector I, IV and III in the clockwise direction. As we cross the
Stokes line from Sector II to Sector I, @ gets turned on by (0) and it must be added
to the solution. Thus, (0) and @ are both present in Sector I. As the Stokes line from
Sector I to Sector IV is inactive, no change is observed as we move downward, i.e.,
(© and @ are also present in Sector IV. However, crossing through Sector III, @ is
switched off by (0) across the Stokes line. Therefore, @ is not present in Sector III.
Since the Stokes line is inactive while travelling upward from Sector III toward to
Sector II, again nothing gets turned on and off; hence, (0) stays present in Sector II.
As we arrive at the point of initiation, we conclude that we return to where we started
in which we began with an assumption that (0) was present. In other words, through
this circuit around the plane, we have observed that the resultant asymptotic contri-
bution is identical to the initial contribution. Note that Figure 5.1 is in the same form
as Figure 3.1 since their corresponding differential equations come from the same

family.
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Stokes and anti-Stokes Lines

°[ (@ - 0)=0
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‘—Stokes lines - - -Inactive Stokes lines - anti-Stokes Iines‘

Figure 5.1 Red lines indicate the Stokes lines while dotted blue lines represent the
anti-Stokes lines. Across the Stokes lines, @ is switching on and off by (0). Present
exponentials of the relevant sectors are shown in boxes.

The main observation is that the Stokes switching on and off of the subdominant
exponentials across the Stokes lines mostly happens smoothly by the error function.
We can investigate this smoothing through the local analysis near the singularity. In
order to avoid repetition, we will not present the error function smoothing of the er-

ror function. Refer to §2.5 for details. This process is also detailed by Berry in [51].

The idea of hyperasymptotics lies under a simple question: "can we do better?".
As the level zero in hyperasymptotics is fully completed, we ask ourselves whether
we can do better and improve the precision of the expansion. Therefore, in the subse-

quent subsections we will answer this question. We begin in §5.2.3 by re-expanding
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the level zero remainder. This method involves deriving the form of the later or-
der terms, truncating the series in the sense of §4 and keeping the truncation points
arbitrary to minimise the first level error. While considering the behaviour of the

remainder, we will observe the Stokes (and anti-Stokes) lines.

5.2.3 First level of hyperasymptotics

This section goes beyond superasymptotics since it seeks further improvement of the
exponentially small remainder. As the procedure of investigation in the first level of
hyperasymptotics is similar with the one we performed in §4, we will therefore begin
straightaway to re-scale and re-expand the remainder function Ry, (z) asymptotically

in order to analyse (5.14), yielding

oy (DN (20!
No! (22)*0

RN() (Z) =é& Q(Z)7 (521)
where Q(z) is to be determined. Substituting (5.21) in (5.14) yields a differential

equation involving only Q(z)

Vo -
5 X (1 - Z—z) 0(z) =1, (5.22)

where vy is set to be vy ~ £2N, which is motivated by the form of Ny given in (5.15),
but corresponds to the arbitrary selection of Ny. As elucidated in §3, the first level
differential equation of hyperasymptotics is in the form of equation (3.1) which was
analysed for various pre-factors of Q(z). The differential equation has turning points
at z = %i,/Vp each of which will be a term of the singulants [79]. For a detailed
discussion of this type of differential equation that is faced on the first level, refer
to §3. As in §5.2.1, the second step in the procedure is expansion; thus, expanding

Q(z) with respect to the small parameter € as in (5.7) yields:

0(z) ~ Y €"0u(2), (5.23)
n=0
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and substituting the expansion (5.23) back into equation (5.22), we find

Z g2+ (dQn( 2) (2 +%> Qn+1(Z)) <2z+ %) 00(2)=1. (524

Equating like powers of € produces the leading-order term of the perturbation ex-

pansion explicitly
Z

Qo(z) = T2 2w (5.25)

from which it is easily observed that the leading order term contains two symmetrical
singularities at z = +i,/Vp, and they are in fact to be the singularities of each term of
the expansion. Therefore, we expect to have two series solutions, each of which must
involve the relevant singularity in its singulants. Later we will establish that these are
the singularities from which the switching on and off behaviour of the exponentially
small terms sprout. After matching the asymptotic expansion at O(e2("+1)), 0, (z)
and its successor satisfy the differential recurrence relation such that

dQ;Z( J (2 +%) Ont1(2) =0, (5.26)

for n > 0. Having Q(z) term and applying it directly in this recurrence formula to

derive the next term, we obtain

z(-22+w)

5.27
4(Z2—|— V0)3 ( :

01(z) = -
Although, in practice it is possible to derive next Q,(z) term via employing the re-
currence relation repeatedly, since the numerators of the terms in each further level
become more complicated than the previous one, these cannot be formulated in a
certain form for large values of n. Meanwhile, note that the power of the singulari-
ties increases as odd numbers; in particular, their degree for any Q,(z) term becomes
2n+ 1. This will be used later while establishing the general term of the expansion.

Additionally, it is important to note that the expansion will be dominated by the
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singularity based on the region when n gets larger. Thus, each singularity must be
discussed separately in the neighbourhood of the Stokes lines. To locate Stokes lines
of level one hyperasymptotics, it suffices to know the form of the late-order terms
with its exact singulant. Hence, since it is not possible to write down the general
term of the expansion via repeated differentiation and impose the recursion relation
as in level zero. Therefore, let us assume it is in the form of a factorial-over-a-power,

that is,

0u(c) = D) y A @) (5.28)

= ul(z)n—i-y =0 nk

as n — oo, where 7 is a constant, the singulant u (z) and Az (z)’s are independent from
n; but they could be a function of z and are to be determined shortly. The next step

is to apply this ansatz into the recursive relationship (5.26), which yields

n (dﬂ+2z+ %) AO—(Z)+§,1 [(dul +27+ %) Aini(e) dAi(Z)H =0.
<

['(n+7)
dz z up Sl |\ dz u dz

n+y
uy

(5.29)

Balancing the coefficients of the same powers of n, we find that the singulant u; (z)
satisfies
duy 2V

— 4274+ —=0, (5.30)
dz Z

in which Ag(z) # 0. It is worth remarking that assuming A (z) = 0 makes the general
term of the expansion to be zero, therefore, it should not be zero. Nevertheless,
notice that the derivative of u;(z) in (5.30) is exactly the same as the pre-factor of
Q(z) in (5.22). After applying (5.30) in (5.29), it is easy to evaluate that the part in

summation gives
dA;(z)
dz

=0, (5.31)

from which, upon direct integration, it is apparent that
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A,‘(Z) = Cj for V i, (532)

where ¢;s are arbitrary constants, and we take the leading order solution c( for large
n in (5.28). Next we need to determine the singulant; therefore, integrating the

equation (5.30) straightaway yields

ui(z) = =22 —2vyIn(z) +C, (5.33)

in which C is a constant of integration which can be determined from the singularities
of the leading order term. Imposing the singular points into the singulant u(z)

derives the unknown constant in (5.33) exactly as

C = 2v01n(i\/70) —Vo for z1 =i Vo,

Cy =2voIn(—iy/Vo) — Vo for zo = —iy/Vo.

(5.34)

Combining these constants of the singularities with (5.33) fully determines the sin-

gulants of the n’" term in the expansion such that

ui (z) = —22 —2voln(z) + 2vo In(Fiy/Vo) — Vo, (5.35)

in which the subscripts of the singulant u;(z) refer to the level of the hyperasymp-
totic expansion and the superscripts + denote the the singulants of the level. Particu-
larly, in the above equation, uf (z) corresponds to the singulant with the constant Cy,
uy (z) is the singulant obtained with the constant C,. The singulants u; (z) and u; (z)
have logarithmic branch cuts when z = 0 due to the underlying factors discussed in
§4.5. Substitution of both singulants including with the above constant A; into the
factorial-over-a-power method introduced in (5.28), we formally obtain two distinct

expressions of the asymptotic expansion with respect to the turning points obtained

in (5.25)
I'(n+7y)

On(2) ~ (—z2 —=2vpIn(z) 4+ 2voIn(£iy/ Vo) — Vo)

7 €0- (5.36)
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The asymptotic series solution of differential equation (5.22) is a linear combination
of these two. Both contributions have the same strength for large n; particularly,
based on the region we are in, the general term involving the relevant singularity
becomes the dominant solution in the limit n — oo. This can be observed from Figure
5.3. As the sector is changed, such as from 3(z) > 0 to 3(z) < 0, the colours of the
plots representing the relevant errors shift from green to blue or vice-versa. Another
observation that can be made from Figure 5.3d is that if the values of z are to be
chosen purely real, the errors occurring by u (z) and u; (z) overlap each other since
both have the same strength and cannot overpower each other as shown in Figure
5.3a, Figure 5.3b and Figure 5.3c. In light of the discussion made earlier in this
subsection, we have sufficient information to derive the constant ¥ introduced in
(5.26). The degree of the poles for the general term Q,, should have odd numbers;

therefore, it is in fact y = 1/2 due to
1
2(n+y)=2n+1 = y= X

which ensures that the late-order terms of the expansion are consistent with each
other. The only undetermined parameter of (5.36) is the constant ¢ as yet. Unlike
the subsection §5.2.1, because the factorial-over-a-power method is performed in
order to determine the late order terms of the expansion in a certain form, there is a

constant in (5.36). Indeed, this constant may be found via

(5.37)

n—oo

. (=22 — 2w In(z) +2voIn(+iy/ Vo) — vo)" 7
¢~ lim <Qn(Z) Tt 7) :

where Q) (z) represents the general term to be determined by employing the recursive
relation given in (5.36) successively; in detail, starting from the leading order term
Qo(z) in (5.25) through the n'" term, its predecessor must be differentiated n — 1
times. As discussed earlier in the present subsection, in practice, deriving the late
order terms of the expansion becomes harder as the number of the terms is increased.

We have compared the two ways of obtaining the late order terms via only iterating
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Figure 5.2 The solid circles in red represent the magnitude of the general term found
by using the factorial-over-a-power method in (5.36) for uT (z) for y = 0.5, while
the black-dots represent the first 40 exact terms of the expansion derived through
repeated use of the recurrence relation in (5.26) in Figure 5.2a and Figure 5.2b,
respectively. They show a very good agreement between the two ways if the constant
c of (5.36) is 0.2i.

the terms of the expansion up to the first 40 terms using the recurrence relation with
the one deduced in (5.36) in Figure 5.2. In fact, the constant ¢ converges to 0.2, and
if we pick 0.2i in (5.36), the figures show how good the agreement is between the

two ways for selected values of z.

5.2.4 Truncation

Next we will truncate the expansion and examine the asymptotic behaviour of its
truncated remainder in the same manner as in the zeroth level. Therefore, truncation
of (5.23) after N| > 1 terms yields

Ni—1

0(x) =Y €"0u(z) +%n,(2), (5.38)
n=0

where %, (z) is the new remainder term of the expansion which will be investigated
via the method of exponential asymptotics and will be exponentially small in € if the
truncation point Nj is selected optimally. Substitution of this truncated expansion

into the differential equation produces the first level remainder differential equation,
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dZ%Zn, (z) 2vy dOn,-1(2)
2 dZ%N, 2N, 1
€ 4 <2z—|— —> PN, (z) = —€ —d

(5.39)
= —gM (2z+ %) 0w, (2),

in which the successive relationship between terms Qy,—; and Qp, derived from
(5.26) is performed on the RHS. Minimising the general term of the expansion as a
function of n in the limit when 7 is sufficiently large in order to derive the optimal
number of the terms, we obtain that the magnitude of the RHS of (5.39) takes its

minimum value at

i 2n F(n—i_,}/) ) .
- (e Eapt) =° (5.40)

from which its evaluation at N; deduces

+
Ni(2) ~ |”182Z)|. (5.41)

Notice that if —z> = vy, the first level optimal truncation point N; becomes zero due
to the boundary condition of the singulants given in (5.35); in fact if this is the case,
it stops the calculation of the first level. In particular, this can be further observed
from the RHS of (5.39) or from Figure 5.3c, for randomly selected values of z = 0.4i
if the truncation value is chosen as 16, the corresponding blue curve of the error
estimate for uf(z) does not occur. However, it starts to occur if —z? is not equal to
Vo, for instance in the nearest neighbourhood of the optimal truncation point when
Vo = 17, which corresponds to the first blue dotted figure in Figure 5.3c. In order to

2

carry out the procedure, —z“ must not be equal to V.

Using exponential asymptotics, we have obtained first Ny + N; terms of f(z) with

the resultant remainder,
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o ="F CUCUL o UM g ) o (1 )

- 2n
& E70n(z N (2),
n—o n! (2z)2"+1 No! ( 2No Z n No! (2z)2N° 1(2)

(5.42)

with an exponential accuracy. We compare this result with the zeroth level outcome
of the expansion: as N1 more terms are added, the accuracy of the first level becomes

greater than the zeroth level. Next, let us introduce the first level truncation error of

the hyperasymptotics
—1)No+1(2Np)!
En(2):= ZNO( ) (ZN ) 2N, (2)
N()! (22) 0
Not1 | (5.43)
— 82N0+2N] (_1) (ZNO) On (Z)
Exponentiation of (5.43) via employing the Stirling’s formula gives
( I)N()—HNNONNI"_Y 2
EN (Z) ~ C] 82N0+2N1
: ZZNOul (2)M+Yexp(Ng+ Ny +7—1) s
C Vo 2 vi \etrrooq G4
"\ e euy (2) ek ( )’
1 (2
in which C; = —2+/7eC, and vy and v; are defined as vy ~ Nye? and v| ~ N, €2.

Before minimisation of the relative error estimate, let us compare the level one error

given in (5.43) with its level zero error estimate obtained in (5.13).

Magnitude of the error estimate
Level 3(z) >0 3(z) <0

Oth 1.964 x 10711 1.964 x 10~
Istforuj (z) 9.489x 10720 8.062x 1034
Istforu; (z) 9.62x10777  9.489 x 1020

Table 5.1 Comparison of the hyperasmptotic errors given in (5.13) and (5.43) accord-
ing to relevant optimal truncation points for C = 0.2, Y = 0.5 and arbitrarily chosen
€ =0.1 while z = 0.3+ 0.4 for 3(z) > 0 and while z = —0.3 —0.4i for 3(z) < 0

The table clearly shows that the magnitude of the relative error reduces exponen-

tially which can further be deduced from Figure 5.3a. Due to the error diminution,
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we can comment that the accuracy of the hyperasymptotic expansion has increased

exponentially, which is the exponential improvement of the first level.

Figure 5.3 shows that if the hyperasymptotic expansion is truncated optimally at
level one, the error gets exponentially smaller. Furthermore, the figures also show
that when the level zero truncation point is increased arbitrarily in the first level, the
error of the expansion decreases faster than the optimally truncated values. In order

to see this, the next step is to minimise this error with respect to v; and vy, that are,
Yo
dEN1 (Z) C ( Vo ) €2 ( Vi ) Vi )
0y, T =2\ T2 TEN £ )
dv, € ez euy (z) + uy (2)

v Yyl
dEy, (2) 9 (_ﬁ) 2 ( Vi )£2 2 1 n (_m) (1 v )
dvy €2\ ez? eu (z) uE(2) 22 ui ()

(5.45)
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B —
<
— p—
—~
N
N—
—_
7N

Equating each derivative to zero, we find that the error takes its minimum value at

V| ~ ‘uli(z)|7 (5.46)

when vy # —z%. Notice from (5.46) that this is the same as the first level optimal
truncation point without £2 in the denominator. Upon minimising the first level error
over Vg and vy, v is expressed in both as a function of vy. By establishing this result,
the first level of error is derived in terms of vy and z, and it is reduced by increasing
Vo and v; in the correct way. The absolute values of the terms of the expansion to-
gether in the first level are plotted in the following figures with various values of z

and various values of truncation points.

Figure 5.3, Figure 5.4, Figure 5.5 and Figure 5.6 all illustrate the behaviour of the
first level error estimate with respect to various values of z and phz = 6. The green

lines in Figure 5.4 and Figure 5.5 show the diminishing of the error. In fact, while
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Figure 5.3 Comparisons of the error of the expansion at two levels given in (5.44).
Red dotted line illustrates the level zero error in (5.13). The figures are plotted ac-
cording to u (z) and uj (z) for C = 0.2i and y = 1/2 while € = 0.1 for randomly
selected values of zin 3(z) > 0 and 3(z) < 0. Blue dots correspond to the error esti-
mate in (5.44) occurring via u; (z) while green dots correspond to the error estimate
in (5.44) occurring via u; (z) for an optimal truncation point and various truncation
points. In Figure 5.3d, corresponding error estimates occurring via u; (z) and u; (z)

overlap on each other for purely real values of z.
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it decreases, it crosses the optimally minimum values of the first level error in each
case. Depending on the values of 6, another observation which could be made from
the figures is that as we move away from singularities of the relevant late order terms
by 0, the error reduces faster. Notice that Figure 5.4d and Figure 5.5b; and Figure
5.4f and Figure 5.5d are identical to each other; the former happens because they
are in the singularities, and the latter happens due to them moving away from the
singularities with the same distance, i.e., /2. It is worth mentioning here again that
these show that both singularities have the same strength as argued earlier. Thence,
the error of the expansion is dependent on also the values of 0. Figure 5.6a and
Figure 5.6b of Figure 5.6 are plotted in light of this idea. Increasing the number
of the terms in the expansion for fixed values of 0 exponentially reduces the error.
Moreover, using the same truncation values of the error in both figures, we observe

that increasing solely the values of 0 reduces the error exponentially.

To conclude the present subsection, it is shown that the error of the expansion in
the first level decreases as the number of the terms, vy, is increased in theory. Fur-
thermore, the speed of the decreasing behaviour of the error depends upon the phase
of z, whether it is close to the Stokes lines; at the Stokes lines it stops (see Figure

5.4d and Figure 5.5b), and away from the Stokes lines the speed increases.

In general, obtaining which exponential contributions of the expansion are present
or absent in different sectors of the z-plane is possible through determining the sin-
gulants without having the full series solution. As we have completely derived the
form of the late order terms and located its singularities explicitly, we can next dis-
cuss the Stokes phenomenon in the first level of hyperasymptotics in the following

subsection.
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Figure 5.4 Error comparison at two levels given in (5.13) and (5.44) plotted accord-
ing to uj (z), for |z| = 0.3 when 6 = arg(z) = 7, 31/4, 27/3, /2, /4 and 6 =0,
respectively, for y=1/2, C = 0.2i while € = 0.1. They demonstrate that the decreas-
ing behaviour of the error depends on both the truncation points and 6.
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Figure 5.5 Comparison of the errors (5.13) and (5.44) plotted according to u; (z), for
|z = 0.3 when 6 = arg(z) = 77 /6, 37/2, 57/3 and 6 = 0, respectively, for y = 1/2,
C = 0.2i while € = 0.1. They show that the behaviour of the error depends on both
truncation points and 6.
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Figure 5.6 Behaviour of the error (5.44) according to u] (z), for |z = 0.3 when 6 =
arg(z) = m/2 and 6 = arg(z) = 37m/2, respectively, for y = 1/2, C = 0.2i while
€ =0.1. Black, green, red and blue dots correspond to the error estimate while Ny
and N; both increase at the same time. Here N; is selected as 0,50, 100, 180,250,
respectively, in order to see the agreement. While both Ny and N; are increased, the
error decreases faster, especially at 180 away from the singularity.

5.2.5 Stokes and anti-Stokes lines

Similar to §5.2.2 where we determined the zeroth level Stokes phenomenon, in this
subsection we are interested in finding the first level Stokes and anti-Stokes lines; in
fact, the details of Stokes lines analysis are similar. Stokes (and anti-Stokes) lines
of the first level are associated with the prefactor of Q(z) in (5.22) which emanate
from its zeros or singularities as they complete the derivation of the singulants. From
§5.2.2, it is already known that Stokes lines occur along the line in which they fulfil

the following conditions,

S(ui(z)) =0 and R(ui(z)) >0, (5.47)
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where u| (z) and u; (z) are the singulants of the level one obtained upon the in-
spection of the late order terms associated with the two different singularities in
(5.25). Because uf(z) and u (z) are defined by the complex conjugate singularities,
Stokes and anti-Stokes analysis will be addressed only according to u| (z) rather
than considering both contributions of the late order terms separately; the analyses
are also symmetrical and give the complex conjugate contribution with each other.
Hence, analysis of the Stokes and anti-Stokes lines occurring via u; (z) defined by
the singularity at z = —i,/Vp from which relevant exponentially small behaviour be-
ing switched on will be just illustrated in Figure 5.7 in which the logarithmic branch
cut is represented by hatched lines. Without loss of generality, we introduce the polar
coordinate, z = rexp(if). Evaluating the singulant u| (z) based on (5.47) in terms of

the polar coordinates yields the expression

—r?sin(20) —2vp(0) +vor =0 and —r*cos(20) —2vyIn(r) 4 voIn(vy) — vo > 0.
(5.48)

This implies that the Stokes line lies along 7 /2. Similarly, anti-Stokes lines take

place when 0 satisfies

—r?¢0s(28) — 2voIn(r) + v In(v) — v = 0. (5.49)
Across these Stokes lines, subdominant exponentially small terms switch on and off,
as discussed in detail in the §2.5. Hence, with this information, we aim to iden-
tify which of these subdominant contributions are present in different sectors of the
z-plane. Stokes and anti-Stokes lines, as well as the sudden appearance and disap-
pearance of the exponentials, across the Stokes lines in the relevant sectors, are to be
illustrated in Figure 5.7 with an offset at 0. In this figure, ® and @ represent the con-
tributions induced by singulants qu (z) and u; (z), respectively, while (0 represents
the exponential exp(0) in the RHS of the first level equation (5.22). To proceed, we
start travelling from Sector II through Sector I in a clockwise direction. Crossing the

active Stokes line in red switches the contribution @ on by (0) as it is present in Sec-
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tor I; hence, (0) and @ are present in Sector I. Since the Stokes line is inactive while
travelling from Sector I to Sector IV, nothing turns off, so that (0) and ® are present
in Sector IV. Carrying on the travel through Sector III as the relevant Stokes line is
irrelevant for @, (0) and @ stay present in Sector III. Moving upward through Sector
I1, crossing the branch cut leads to the removal of the exponential @ due to the dis-
continuity. Hence, we return to where we started. For the sake of brevity, the same
travel along the complex plane for the contribution @ is demonstrated in Figure 5.7.
We conclude this subsection by commenting that the asymptotic series has different
asymptotics in different sectors of the z—plane. In fact, this can be observed through

Figure 5.7.

To sum up this section, the first order differential equation has been inspected by
the techniques in hyperasymptotics. As the truncation point of the zeroth level is
increased arbitrarily, we observed that the optimal truncation point of the first level
increases and the truncation error of the expansion in this stage reduces exponen-
tially. Moreover, the decreasing behaviour of the error estimate further depends on
the phase of the expansion whether it is near or away from the Stokes lines. In order
to have a consistency and an agreement in our results, the second order differential
equation of the error function will be investigated using the same steps in the next
section. Therefore, the detailed conclusion of the present section are left to the last

section, §5.4.
5.3 Second order differential equation for the error
function

In this section, we will investigate the second level differential equation of the error

function given in (5.2), which is

d?y(z) |, dy(z)
2a7Y\Z y
2 =0 5.50
€ 422 +zdz ; (5.50)
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Figure 5.7 Red and green lines represent the active Stokes lines for u; (z) and u; (z),
while dashed lines represent the inactive Stokes lines for randomly chosen vy = 4
and € = 0.1. Blue lines show the anti-Stokes lines for both u] (z) and u; (z). Turning
points are demonstrated with the black circle. Zigzag in black along the negative real
axis below zero indicates the branch cut in which the discontinuity appears. Arrows
indicate the direction of the travel.

in which the turning point appears when z equals to 0. We may easily verify that
the constant function is a solution of this differential equation in addition to the error
function. Before inspecting the equation via exponential asymptotics, let us first

derive the second solution, i.e., erf function. Equation (5.50) is equal to

27
= —?dz. (5.51)

Integrating this (5.51) once gives
2
<
Y'(z) =exp (—;) , (5.52)
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which is the same as the ‘first order’ equation in (5.1). Hence, we can compare the
results of both equations coming from the same family if they are consistent or have

any meaningful differences. Next, integration of (5.52) gives the desired solution

y(z) = C/exp (—z—i) dz

= C@erf (£> )

€

(5.53)

where C is a constant. Since the error function is represented by an application of

the direct integration, it is verified that erf function is the solution of (5.50).

On the other hand, employing the WKB approximation, we find two solutions of
the differential equation; one is a constant, whereas the other is y(z) ~ exp(—z%/€?).
Note that the detailed explanation of the WKB approach with its application will
be given in the confluent hypergeometric function chapter in §7 in order to avoid

redundancy. We rescale y(z) based on its WKB solution as in the following form

2

¥(z) = exp (—%) £2). (5.54)

which also agrees with the rescaling of the function (5.4) in the previous section.

Substitution of (5.54) leads to a differential equation for the newly introduced f(z)

2
24 dJ; (ZZ) - 2zd];(;) —2f(z) = 0. (5.55)

Indeed, it is in the same nature with y(z), as its highest derivative is multiplied by €.
By the same token, in order to analyse this differential equation with the techniques
of hyperasymptotics, we next need to expand the solution by the conventional per-
turbation. As we already discussed the related issues of the hyperasymptotics in the

previous section §5.2 in greater detail, this section will be kept brief.
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5.3.1 Zeroth level of hyperasymptotics: superasymptotics

We begin this subsection by seeking the asymptotic expansion of f(z) expanding in

powers of €2 such that

z) ~ i ¥ f(2). (5.56)
n=0

Substitution of this series solution into the differential equation (5.54) yields

- d*fu(z)  dfari(2) dfo(z)
2n+2 o .
n;) € ( 42 2z iz 2fn+1(z)) 2z iz —2fo(z) =0. (5.57)

As already apparent in (5.57), like powers of € gives at the leading order 0(80)

fo( )
dz

+2fo(z) = (5.58)

Upon solving this, we establish the leading order term of the expansion as

fo(z) = —, (5.59)

where cq is a constant of integration. It is worth remarking herein that the lead-
ing term has a singularity at z = 0 which must be present in the late order terms.
Furthermore, from expression (5.57), matched asymptotic expansion produces the

differential recursion relationship at O (82"+2)

dzfn (Z) . zzdfn—H (Z)

e 29 =0. (5.60)

Applying the leading term (5.59) into the recurrence relation, and similarly perform-
ing this relation for n = 1,2 recursively determines the next three successive terms

of the expansion by means of

150()
877

3 co
475’

€0

fl(z> = _2_Z37

fa(z) = f3(z) =— (5.61)
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Thence, using the recursive equation repeatedly, we compute the late order term of
the expansion as

2n)!
) = -y Bl 5.6

which completes the determination of the asymptotic series solution. To point out,
the general term of (5.56) agrees with the general term of the first order differential
equation derived in (5.11). Establishing the general term of the expansion has further
enabled us to have the form of the asymptotic expansion of the error function; par-

ticularly, this could be seen with back substitution of the expansion (5.56) in (5.54).

5.3.2 Truncation

We may truncate the asymptotic series solution as the general term of the expansion
is already derived. Thus, writing down the expansion after Ny terms yields

No—1

f@)="Y e"fu(2) +Ru,(2), (5.63)
n=0

where Ry, (z) is asymptotic to the first neglected term of the expansion. While inves-
tigating the truncated error of the expansion in the first order error function in §5.2,
we examined the corresponding f(z) rather than g(z) in (5.4). To have a different
perspective, in this second order error function, we will inspect y(z) given in (5.54)
with its exponential pre-factor. Thence, the error estimate of the error function in

(5.54) occurring due to the truncation becomes

2N\ [ 1\Noe2No
Z )( 1) E (2N0)! (5.64)

Ey, (2) :==exp <_? (Np)122Noz2No+1

Once the truncated expansion is substituted into (5.55), it yields a differential equa-

tion of the remainder, that is

£2No(2Np)!
(NO _ 1) !22N072Z2N0+1 ’

2
&2 d"Ru, (2) 2z dRy, (2)

— 2Ry, (z) = (—1)N0
dZ2 dZ N()(Z) ( )

(5.65)
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It is worth commenting that (5.65) is in the same form as (5.55), but it is not homo-
geneous. Using one of the methods given in (2.9) of §2, we obtain that the optimal

truncation point occurs at

No~ 21 (5.66)

As the singulant of the expansion is the same as the singulant of the previous section
and since we already analysed it in §5.2.2, the same Stokes lines analysis will not be
repeated in this level. Therefore, the zeroth level Stokes lines and its structure may
be seen in the Figure 5.1 and §5.2.2 in detail. We next begin the level one analysis
of the hyperasymptotics in which we discuss the first level error in terms of arbitrary

truncation points.

5.3.3 First level of hyperasymptotics

In order to obtain a more accurate approximation than the superasymptotics, we need
to analyse the truncated remainder of the previous level in hyperasymptotics. Hence,
the next natural step is to rescale the remainder according to the RHS of (5.65) such
that

82N0+2(2N0) !

_ N
RN()(Z) - (_1) 0 (NO _ 1)!22N0—2Z2N0+1

0(2), (5.67)

in which Q(z) will be discussed shortly. Substituting this expression in the equation

(5.65), we establish that Q(z) satisfies for large N

) 2
84—d 0(z) —¢? (2z+ 4&) d0(z) + (4V0+ %) 0(z) ~ 1. (5.68)

dz? z dz

where vy = Nype? which is influenced by the truncation point in (5.66). It is worth re-
marking that had we assumed the remainder differential equation of the zeroth level
as stated by Olde Daalhuis et al. in [27] and carried out the first level of hyperasymp-
totics directly based on their analysis, we would have arrived at the same differential

equation for above Q(z), which reinforces the consistency between the two pieces of
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analysis. We next come to the usual step: expansion. To have the asymptotic series
solution of (5.68), we need to expand Q(z) as a power series in €2: hence, we attempt

the asymptotic series solution of the form
0(z) ~ Y €70u(2). (5.69)
n=0

Substituting and matching like powers of € straightaway help to determine the first
two terms and the differential recurrence equation, from which we may derive each

term of the asymptotic expansion

2 2(,2
z 2 (2 +2w)
Q(2) = - 01(z1) = ———7, (5.70)
4vo (22 + Vo) 4vy (22 +w)°
d*Qn(2) 4vo\ dQn+1(2) 4vg
-\ 224+ — )| ———= 4vo+ —- =0 5.71
42 et T4t On+2(2) =0, (5.71)
in which the leading order term has singularities while z> = —v; from which the

expansion breaks down. Since the general term does not occur at a certain form by
repeatedly using the recursive relation in (5.71), we may use the factorial-over-a-
power method as usual. Thence, let us suppose the late order term is in this nature

I'(n = B
oir-Lens s

n—=

, (5.72)

where u;(z) and By (z) will be derived shortly. To proceed, employing this ansatz in
the differential recursive relation in (5.71) and matching the same powers of n, we

find at order 1/n?

Bo(2) (”/1 () + %) (u’l (0)+ % n 2z) —0, (5.73)

and at order 1/n

4v,
u{(z)Bo + (2u’1 (z) +2z+ 70) By(z) =0, (5.74)
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which is obtained after performing (5.73) at this order. As explicated in previous

chapters, By in (5.73) cannot be zero. Therefore, we are left with two options:

2V, 2V,
" (z)+70 =0 and o (z)+70+2120. (5.75)

Upon direct integration, singulants are found as
ul(z) = —2voIn(z)+C;  and  u3(z) = —2vyIn(z) — 2>+ Co. (5.76)

By the definition of the late order terms, the constants C; and C; are to be determined
subject to the singularities of the leading order term derived in (5.70). We have then

two cases: first, based on the singular point in 3(z) > 0, the constants are

C) =2vyIn(iy/vo) for z; =iy/vo,
(5.77)
G, =2vw ln(i\/v_o) —Vo for zp=1i Vo,
and second, based on the singularity in 3(z) < 0, the constants become
Ci=2w ln(—i\/v_()) for z; = —i\/V_(),
(5.78)
Cy =2vyIn(—iy/Vy) — Vo for zp = —iv/Wo.

As discussed in §4.5, both singulants have the logarithmic branch cuts which we
place along the negative real axis. Combining these constants of the singulants with

(5.76) fully determines the singulants of the 7/ term in the expansion as

uj (z) = —2voIn(z) +2vp In(Zi/Vo), (5.79)
ui(z) = —z* — 2vpIn(z) + 2vp In(Liy/Vg) — v, (5.80)

where the signs &+ correspond to the choice of having the singularities z; ». In addi-
tion, we observe that the singulant (5.80) is exactly the same as the corresponding
singulant in (5.35) of the preceding section. Having used these singulants in (5.74)

enables us to produce the leading order terms in the summation of the factorial-over-
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a-power ansatz in (5.71), giving

Bou1 (z) =exp (&> and By ,(z) = —exp <—2—Z2) . (5.81)

272

Notice that in the same level of the previous section, these functions are determined
as constants. However, in this level, they are attained as a function of vy which
may effect the speed of the diminishing in the error once it is increased. Deter-
mining these functions concludes the derivation of the leading order solution of the
expansion for large n. Thence, the asymptotic solution of the first level differential
equation of the hyperasymptotic expansion is the linear combination of the late order

terms depending on the singulants

0s(0) ~ €y - D p(vo)le P< v

—(u%(z))nﬂ/ ex 22 4 (u%(z));wygex ——> ) (5.82)

in which Cs 4 represent the combinations of the constants which are obtained after
the integration of the singulants and BouL2 (z). Before discussing truncation, it is
important to highlight that since singulant]s have the same strength in the expansion,
and they are defined according to the singularities; as we approach either singularity
in 3(z) > 0 and 3(z) < 0, the denominator of the expansion becomes smaller so that
the relevant late order term overpowers the another one. If, however, z is purely real,
because the singularities are a complex conjugate of each other, the above situation
does not happen and so the late order terms overlap each other. A more detailed

explanation supported by the figures of Figure 5.3 were addressed in §5.2.3.

5.3.4 Truncation

Having established the general representation of the expansion, we now have suffi-

cient information to truncate the expansion after Ny terms, which is

N—1

0(z) ~ Y €"0u(z) + %, (2), (5.83)
n=0
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where Zy;, is a remainder of the series and Zy, = O(e?™). By performing the back
substitution of this truncated series into (5.54) via (5.63), we obtain the power series
solution of the error function in the first level; in other words, first Ny plus N; terms

of the expansion with the remainder can be written out as

g2

2 No o2No+2
22\ (—1)Nog2NoF2(2Np)!
exp (_?) (NO — 1)!22N0—222N0+1<@N1 (Z), (5.84)

2\ No—1 2 No ¢2Np+2 N -1
Z 2 Z (—1) 0g="0 (ZNO)‘ 2
t~on(-5) Lo ren (-5 ) i e 5 €100

which is established with an application of (5.67). In comparison with the zeroth
level, since N1 more terms are added into the asymptotic solution, the accuracy of
the expansion has increased. Furthermore, the first level truncation error of the error

function in (5.54) emerges as the first neglected term of the above summation

ZZ ) (_ 1)N082N0+2N1 +2(2N0) '

EN] (Z> = eXp (_g (N() — 1)!22N0_2Z2N0+1 . QN] (Z) (585)

Following the methods in (2.9) by making use of the ansatz forms for Qy, (z), we

confirm that the first level optimal truncation occurs at

12
;" (2)]

Ny ~
e2

) (5.86)

for both singulants u} (z) and u?(z). However, we keep the truncation points arbitrary
and investigate the behaviour of the error in the sense of §4. Next, we plot it. Thence,
Figure 5.8 and Figure 5.9 demonstrate the behaviour of the errors depending on both
the argument of z and the number of the terms. Particularly, increasing the zeroth
level truncation point arbitrarily reduces the errors exponentially as shown by the
green lines. Since the first level truncation point is a function of the zeroth level
truncation point, we write the error in terms of the zeroth level truncation point.
While decreasing, the green lines in both figures cross the minimum points of the

first level errors shown in blue and black. Furthermore, we observe that its speed
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depends upon the argument. In particular, moving away from the singularity by the
argument, increases the speed of diminishing exponentially, whereas at the Stokes

lines the speed takes its slowest value.

5.3.5 Stokes phenomenon

Having established the singulants, we can next locate the Stokes and anti-Stokes
lines using both singulants. However, as the singulant found in (5.80) is identical
to the singulant in (5.35) of the previous section, the Stokes calculation of this level
will be presented for the singulant (5.79) to avoid redundancy. For more information
regarding the Stokes phenomenon of the singulant u%(z) in (5.80), refer to §5.2.5.
The first level differential equation of the ‘first order’ error function contains two
exponentials: one particular integral and one complementary function as found in
the previous section. However, in this section, (5.68) contains two complementary
functions, each of which could be turned on, with a particular integral in practice. In
addition to addressing this, we will also discuss the higher order Stokes lines (HOSL)
briefly, since we have the three exponentials. In order to proceed, we set the polar

coordinates z = rexp(i0) and express both singulant in terms of it, giving

ul (reie) = —2vpIn(rexp(if)) +2voIn (£i/vo)

(5.87)
—2vyln (—V"O) 2V (if _ 9) i
r 2

We know that the active Stokes lines occur whenever the imaginary part of the sin-
gulant (5.87) equals zero, while its real part is positive. Therefore, they lie along
0 = +x/2 by the condition of /v, greater than r. Hence, the symmetrical lines
emerge when 6 = /2 and 6 = —x/2 for the singularities z = iy/Vy and z = —i /Vo,
respectively. In a similar manner, anti-Stokes lines occur whenever the real part of

(5.87) equals to zero, that is

2ol (@) = T (5.88)
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Figure 5.8 The behaviour of the zeroth and first level error estimates in (5.64) and
(5.85) plotted according to u{(z) in (5.79) for the singularity in 3(z) > 0 while |z] = 1
for 0 = arg(z) =0, n/4, m/2 and 6 = 57t /6, respectively, for randomly chosen y =1,
Cz = 1 while € = 0.25. They show that the behaviour depends on both truncation

points and 6.
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Figure 5.9 Demonstrating the error estimate found in (5.85) plotted according to
u3(z) in (5.80) corresponding the singularity (5.77) in 3(z) > 0 while |z| = 1 for § =
arg(z) =0, w/4, ®/2 and O = 57 /6, respectively, for randomly picked y=1,Cy = 1
while € = 0.25. Red lines show the level zero estimate in (5.64). The plots reveal
that the error decreases exponentially when both truncation points are increased. The
error further depends on 6.
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This means that anti-Stokes lines lie along the circle whose radius is /Vg, and as vy
is increased, the circle gets larger. Since we have provided both the Stokes and anti-
Stokes lines, we can now illustrate them. Particularly, these lines with the branch cut
are illustrated in Figure 5.10 with an offset at zero. Stokes plot of u3(z) in (5.80) is

also given in Figure 5.11.

Stokes and anti-Stokes Lines

R(2)

‘—Stokes Lines Stokes Lines —anti-Stokes Lines—Branch Cut‘

Figure 5.10 Red and green lines show the active Stokes lines for u% (z) given in (5.79)
based on the turning points when 3(z) > 0 and 3(z) < 0, respectively, for vo = 4 and
€ = 0.1. Blue circle is the anti-Stokes lines for u](z). Turning points in which the
both Stokes and anti-Stokes lines cross are represented by the black circles. Black
zigzag on the negative real axis below 0 illustrates the branch cut.

However, we notice that circulating around the turning points in Figure 5.10 does not
bring us back to where we started. Hence, we will conduct the local analysis near
one of the turning points in order to see the behaviour of the first level differential
equation. Let us assume

z=iyVo+ 8¢, (5.89)
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in which 0 < 0 < 1. Substitution of this under the consideration of the chain rule

into (5.68) gives

4 12 je?
oo BN s msto) ~1 690)

for small §. Balancing 0 scaling in terms of € will provide the behaviour. Suppose

€ = 0, and then (5.90) turns out to be

2si¢v—o%(f) —8eiy/ VoL O(0) ~ 1, (5.91)

in which only the leading order terms are considered. It is in the form of error
function, and therefore it should behave like an error function near the turning point

as plotted in Figure 5.11 for u% (z). Next, assume €2 = §. In this case, (5.90) becomes

2
ddQC(f) £2i/Vo0(8) ~ 1. (5.92)

Since it does not involve any multiplication of ¢ in it unlike to (5.91), it does not
generate a divergent series. In this situation, the associated Stokes lines are inactive.
Therefore, in Figure 5.10, red and green lines illustrate the inactive Stokes lines and

switching does not occur.

Although the detailed explanation will be given later on in §8, since the second order
inhomogeneous differential equation for the remainder in (5.65), which is simplified
as (5.68), has two exponentials with the RHS, there is a possibility for emerging
of HOSL. Hence, we will briefly discuss this here. The condition for the HOSL to
occur is to have at least three or more exponential terms. Particularly, HOSL stems
from the crossing point (regular point) of Stokes lines in which the Stokes lines may
terminate. However, usual Stokes lines begins from the turning points in which the
expansion(s) diverges. HOSL can be located when the exponentials fulfil the condi-

tion [56, 60],
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uo — i (2)

Uy — u%(z)

cR, (5.93)
where ug represents the power in exponential, exp(—ug) = 1, from the RHS of (5.68).
Hence, it equivalently is the locus of the points when the following is purely real and
positive — 2~ 2vpIn(z) + 2vo In(in/¥9) — o
—ZVOIH(Z) +2Vvy ln(l\/VO) '

The only crossing point is the singular point of the singulants from which Stokes

(5.94)

lines emerge so that the associated HOSL is inactive. Hence, it is only plotted in
Figure 5.11. Furthermore, this could also be seen by the Stokes lines; in particu-
lar, since both the Stokes lines lie along +7/2, they do not cross each other, and

therefore Stokes crossing point does not exist.

5.4 Conclusion and discussion

Using the techniques in multi-level asymptotics, we have presented the asymptotic
series solution of the error function in addition to the general features of the exponen-
tial asymptotics. To achieve the most accurate approximate solution of erf(z/€) with
minimum error for sufficiently small €, we first expressed the behaviour of the func-
tion as an asymptotic power series. Once the late order term of the expansion was
identified, we used this information to examine the exponentially small variations of
the asymptotic series solution. Secondly, and more importantly, in the investigations,
we have truncated the series solutions at the point where they take their absolute least
value in order to obtain a meaningful approximation. In fact, determining the late
order term for large values of n, was the critical point of the exponential asymptotics
to be able to investigate asymptotic behaviours of the remainders. We established
that if the divergent series of such expansions are truncated after the optimal num-
ber, the remainders turned out to be exponentially small and their behaviour was

demonstrated in the error figures of this chapter.

In §§5.2.2, 5.2.5 and 5.3.5, we have addressed the complete Stokes analysis by
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Stokes and anti-Stokes Lines

Sector Il Sector |

O—F—> 0

Cx

R(2)

‘—Stokes lines — Stokes lines —anti-Stokes lines —Branch cut — HOSL‘

Figure 5.11 Red and green lines represent the Stokes lines for u% (z) in (5.80), whilst
blue lines represent the anti-Stokes lines for arbitrarily chosen vo =4 and € = 0.1.
Thin black lines show inactive HOSL whilst the zigzag shows the branch cut which
leads to removal of the relevant exponential across. Turning points where the Stokes,
HOSL and anti-Stokes lines cross each other are represented by the black dots. @
and @ indicate the exponential occurred by the singulants in 3(z) > 0 and 3(z) <0
respectively, and (0) shows the exponential in the RHS. Present exponentials of the
sectors are shown in boxes.

considering the late-order terms of the asymptotic expansions, and hence observed
that the singularities of the leading order terms are associated with the Stokes phe-
nomenon. Having determined the complete form of the general term or the power
of the exponentials investigated after optimal truncation, we were able to determine
the Stokes and anti-Stokes lines. We demonstrated that upon crossing the Stokes
lines, the subdominant exponentials switched on and off, whereas upon crossing the
anti-Stokes lines they changed their characteristics; in particular, the subdominant
exponentials grew exponentially as € — 0 by the anti-Stokes lines. As a result of the

investigation, the way the switching behaviour occurs across the Stokes lines was
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illustrated in Figure 5.1 and Figure 5.7. Travelling along the complex-z plane, we
established that subdominant exponentially small terms cannot be neglected as they

become dominant near the anti-Stokes lines.

With the re-expansion of level zero remainders and having repeated the same steps of
level zero, we established the hyperasymptotic solutions of the error function in two
levels. However, in the level one analysis of §§5.2.3 and 5.3.3, the late order terms
have been constructed by the application of the factorial-over-a-power method, and
so that the close form of these terms was not found. Hence, the analysis required
more care. On the other hand, the turning points of both equations in level zero were
not a turning point in the first level. Further analysis showed that there were loga-
rithmic singularities which caused a branch cut in this conjecture for the first level

expansions generated by these turning points.

In this chapter we have employed a new approach of hyperasymptotic expansion
by focusing on the truncated remainder functions of the erf(z) function. By repeated
optimal truncations we illustrated that the error of the expansions gets exponentially
smaller compared to the previous level for sufficiently small €, a similar observation
as those addressed in the Table 5.1. Moreover, in our technique, by minimising the
first level of the error estimates in terms of the truncation points and increasing the
zeroth level truncation points arbitrarily in the first level, we have reduced the first
level error. We obtained this behaviour of the error estimate by considering the level
one error as a function of the level zero truncation point. These exponential im-
provements of the hyperasymptotic expansion and comparisons of the error plots are
illustrated in figures, such as Figure 5.3, Figure 5.4, Figure 5.5, Figure 5.6, Figure
5.8, Figure 5.9. Nevertheless, the accuracy also depends on the parameter 0; indeed,
as we moved away from the Stokes lines with the argument, we observed that the
error decreases faster, see for example Figure 5.6. In light of the results gathered in

this chapter, the present findings agree with the findings of the previous chapter.



Chapter 6

Airy function

6.1 Introduction

This chapter addresses the well-known Airy function [78] within the context of hy-
perasymptotics. While analysing the Airy function, we aim to illustrate the new
approach of hyperasymptotics explained in previous chapters throughout. Using ex-
ponential asymptotic techniques, exponentially small terms will be identified and the
subdominant changing behaviour of these terms across the Stokes lines will be inves-
tigated in two levels. Airy function occurs in solutions of the Schrédinger equation
in some particular cases and has applications in areas such as in physics, quantum
mechanics, radiative transfer [80, pp. 137]. A more detailed explanation of the Airy
function may be found in [77], [81, pp. 195-212], and its Stokes picture can be seen
such as in [51] by Berry. Additionally, Airy function was the function Stokes himself
studied in [38], and where he first observed the discontinuous changing behaviours

of the exponential terms.

The outline of the chapter is as follows: first, we will find the WKB solution of
the Airy differential equation in §6.2. Upon doing this, we will rescale the function
according to its WKB solution and obtain a new differential equation. The rest of the

steps are similar to the steps of previous chapters. In particular, we expand and derive
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the approximate series solution in terms of a small parameter. To truncate the series
after an optimal number of terms, we need to derive the general representation of the
expansion. Hence, after deriving it, we will truncate the asymptotic series solution
where it takes its minimum value in §6.3. Once this is done, Stokes phenomenon of
the Airy function will be presented in §6.4, which completes the zeroth level of the
hyperasymptotics. In §6.5 and afterwards, we will repeat the similar analyses of the
zeroth level in the sense of hyperasymptomatics. In particular, we will truncate the
first level expansion and discuss its behaviour in terms of arbitrary truncation points.
Moreover, in §6.7, the error occurring after the first level truncation will be investi-
gated near and away from the singularities based on the singulants of the first level
expansion in detail. Finally, we will conclude the present chapter by addressing the

conclusion in §6.9.

6.2 Airy function expansion

Let us first introduce the differential equation also known as the Airy equation [82]
that will be examined in this chapter,

dZ

d—Zzy(m) —z1y(z1) =0, (6.1)
1

which has a turning point at z; = 0. One of two solutions of this differential equation
is called the Airy function [27]. Performing the WKB approximation method for
large z; enables us to determine two solutions as
exp (j:%z?/ 2)
V@)~ Co——7— (6.2)
|

where C is an unknown constant and = is associated with the sign of the powers in
exponential term. The two linearly independent solutions y(z; )+ and y(z;)_ are also

denoted by Ai(z) and Bi(z), respectively, [68, 78]. These two WKB solutions of the
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Airy functions have a branch point at z = 0 as they are multivalued for the complex
z. It is worth remarking that the detailed discussion of the WKB approach will
be presented when studying the confluent hypergeometric function in §7, since the
WKB analysis of the Airy function is already done in [81, pp. 195-212] and in [67,
pp- 484-496] in more detail. In what follows, since there are two solutions, without
loss of generality we are going to proceed with one; however, a similar calculation
may also be done with the other solution. To obtain the asymptotic expansion, we

rescale y(z1) according to (6.2) as they solve Airy equation (6.1), yielding

W(z1). (6.3)

Substitution of this rescaled equation into the original equation (6.1) leaves a differ-

ential equation solely involving W (z;) as

W' (z1)
274

-2/ W (zl)+iw(zl) =0. (6.4)

w’" B
(21) 161%

The exponential asymptotics is often discussed with a small parameter, €; hence, we

rescale large z;

<

= (6.5)

<1

when € — 0, without loss of generality. Making the substitution of newly introduced
(6.5) under the consideration of the chain rule produces the differential equation for
W (z), giving

174 ! ! 5
eW” (2) — %W (2) = 2/2W' (2) + F;W (2) =0, 6.6)

whose highest derivative is a multiple of €. As usual, we expand W (z) into small

powers of €
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W (z) ~ i e"wy(2)- (6.7)
n=0

First we perform back substitution and then equating like powers of € yield

T et (h(0) -~ 300~ 2wt 0+ o)) - 2VEG(E) 0. (69

n=0 2z

As it is already clear from the above expression, using the matched asymptotic ex-

pansion, we find the leading order term at O(1) as
wh(z) =0, (6.9)

and the differential recursive equation for the coefficients of the expansion at O(&"*+1)

satisfying
/! / / 5
Wy (2) = 5wy (2) = 2vzw, 1 (2) + @Wn(z) =0, (6.10)

in which n > 0. From (6.9), it is apparent that w is a constant, so rather than intro-
ducing a new constant term, we use wq as an integration constant. Performing the
recurrence relation (6.10) for n = 0 and 1 and recursively, we compute the first two
successive terms of the expansion in terms of wq as follows

(2) = 5 wy n (2) = 5.7.11 wy 5 ciwp
M =T3m T W T a5 T 342 3

+cr (6.11)

We must ensure the singularity of (6.11) at z =0 is stored in all the later order terms.
We notice that the second and third terms of w;(z) have the same form as wi(z).
Moreover, we can always absorb these terms into the previous term, which is why
the constants ¢y, c; can be setted to 0. By repeatedly using the recursive relationship,

we find out that the general term of the asymptotic series can be expressed as

Wn(Z)N( 3)"F(n+5/6)F(n+1/6)W 6.12)

g 2232 (n+1)
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and the late order term secures the singularity. Since in the recurrence relation each
further term of the expansion are defined by differentiation of the preceding term
twice, the power of the singularity increases in each subsequent term calculated.
Therefore, the general term diverges in the nature of a factorial-over-a-power. To be
more precise, using Stirling’s formula for the factorial terms in (6.12), we see that it
approximates indeed in this nature as

wa(2) ~ (—é)nM (6.13)

Since a general term of an expansion in exponential asymptotics must diverge in
this form; in order to ensure consistency, let us assume its late order term takes the

following expression in the limit 7 — oo

wn(z) = Linty) i (%Ak(z)) : (6.14)

uo(2)"7 (=

where v, ug(z) and A (z)’s are independent of n, and Y= O(1) is an arbitrary constant
like in the earlier chapters. Here, the key point to be noted for the ansatz is that the

singulant is subject to
up(z) =0 when z; =0. (6.15)

After straightforward substitution of (6.14) into the differential recursive relation

(6.10), and solving the singulant subject to the singularity, we establish that

4
=27 and  Ay=cp Yk, (6.16)

up(z) = 3

where ¢;s are constants of integrations. Ideally, by inserting these values into the

ansatz (6.14), we arrive at

3 n+y
wp(z) ~ (—m) ['(n+7)co, (6.17)
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in which ¢ is the leading order term of the summation in (6.14) for large n. Matching
both late order terms found by repeated use of the recursion equation in (6.13) and
by the factorial-over-a-power method in (6.17) leads to

3n 3
7—§(n+7) — v=0,

and the constant ¢ is wy/27. Hence, we show both late order terms agree with each
other. As the determination of the general term of the expansion is complete, the

expansion can be truncated next.

6.3 Optimal truncation

We now truncate the asymptotic series solution in (6.7) after Ny terms, yielding

No—1
W(z)= Y &"walz)+Rn,(2), (6.18)
n=0

in which Ry, is the remainder, and this resultant term shares some general features
of the exponential asymptotics which will be considered soon. Here we introduce

the zeroth level truncation error by the first neglected term of the expression, that is,

No
3 ) F(N())wo. (6.19)

—oNo [ _
En,(2) =€ ( TR >

After substituting the truncated sum with the remainder into the original differential

equation, we find the inhomogeneous remainder differential equation

€ 5¢e
eRy, (z) — Z—ZRfvo (z) —2/zRly, (2) + 162 RN (z) = —2&™/zwiy, (2)
3N T (No+1)  wo
= _—2eM (= .
(e
(6.20)

Herein, the RHS of (6.20) is written by using the general term of the expansion in

(6.12). Using one of the methods of optimal truncation introduced in (2.9) of §2, we
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obtain that the truncation point of the expansion in which the series takes its least

value in magnitude occurs at

4
Y ~—’ 3/2‘, 6.21
0~ 35 |7 (6.21)

which approaches to infinity in the limit € — 0. We observe that the optimal trunca-
tion is the magnitude of the singulant divided by €. Moreover, once this point is ap-
plied to the remainder term, they appear in the exponential power; in fact, this makes
the remainder exponentially small. We now have enough information to obtain the
existence of the Stokes phenomenon employing the singulants from the previous

sections.

6.4 Stokes and anti-Stokes lines

In this section, we will discuss the Stokes and anti-Stokes lines of the Airy func-
tion. Based on the analysis in §6.2, we have the exponential terms as in the form of

exp (—up/€) from the WKB solution obtained in (6.2), given by

2 2
u(l)(z):—§Z3/2 and  ud(z) =227 (6.22)

where the subscript of u(z) refers to the level of the hyperasymptotic expansion and
the superscripts denote the singulants of the associated levels. Hence, Stokes lines

emerge whenever they fulfil the conditions
3 (”6(1) - Mé(Z)) =0 and R (ub(z) - ué(z)) >0, (6.23)

where i, j = 1,2 such that i # j. According to (6.23), we have

ud(z) turns on u3(z) when : 3 <z3/2> =0 and R <—z3/2> >0, (6.24)

u?(z) turns on u}(z) when : R <z3/2> =0 and R <z3/2) > 0. (6.25)
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For convenience, let us suppose z = rexp(i6) as usual. In light of the polar coordi-
nates, active Stokes lines for (6.24) occur along ph(z) = £2m/3. Likewise, the active
Stokes line for (6.25) lies at ph(z) = 0. For Ai(z), only the subdominant exponential
is present on this line as shown in Figure 6.1a; whence, Stokes phenomenon does not
occur. However, as both exponentials are present for Bi(z), as illustrated in Figure
6.1b, Stokes switching on and off occurs. Hence, ph(z) = 0 is an active Stokes line

for Bi(z), but it is irrelevant for Ai(z). Likewise, anti-Stokes lines appears when
R (uh(z) —ug(z)) =0, (6.26)

whence they occur along ph(z) = £n/3, 7. Thus, the Stokes structure of the Airy
function in level zero can now be pictured. Although the Airy equation does not
have a branch cut, its WKB solutions in (6.2) have a square root branch cut where
we chose it to lie along the negative real axis. Therefore, in the WKB approxima-
tion the exponentials swap identities, so that the Airy function itself does not see the
branch cut. In Figure 6.1, we have illustrated these lines. Associated exponentials
exp (—u((z)/€) and exp (—u}(z) /€) are labelled by @ and @, respectively. Through
circuiting along the complex plane, we return to where we started in both figures.

Present exponentials of the relevant sectors are shown in boxes in Figure 6.1.

As level zero is completed, we can begin the first level hyperasymptotic analysis
of the Airy function in the following section to obtain a better approximation than
the zeroth level expansion. Upon deriving the late order term, we truncate the series

and discuss the error by the arbitrary truncation points of both zeroth and first levels.

6.5 First level of hyperasymptotics

In this section, to attain the asymptotic expansion of the remainder, we first rescale

the zeroth level remainder according to the RHS of (6.20) such that
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Stokes and anti-Stokes lines Stokes and anti-Stokes lines
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Figure 6.1 Stokes structure of the zeroth level expansion, relevant exponentials
are represented by @ and @. While red lines correspond to (6.24), where
R (uf(z) —u(z)) > 0, green lines correspond to (6.25), where R (u(z) — uf(z)) >
0. Zigzag in black shows the branch cut across which the exponentials switch iden-
tities. In Figure 6.1a, only @ is present in the relevant sectors, hence no switching
occurs across the green line and the Stokes line is irrelevant. In Figure 6.1b, green
line is active and the switching on and off occurs.

NI (N +1) W
R =2 ()7 HREL e 62
7z T2

where Q (z) is to be discussed, and without loss off generality the constant wy can be
taken as 1. As in the zeroth level, substitution of this re-scaled remainder into (6.20)

provides a differential equation for Q(z)

3vy

W 3w
z

+
472 2

15vp 1 31e?
+€ <4—Z2 +E) 0(z) +FZ2Q(Z) =1,

e2Q"(z) — ¢ ( +2\/E) 0'(z) — 32—85Q’(Z) + ( ) 0(z)

(6.28)

in which we set Vo = €Ny for convenience. Next, in order to derive the asymptotic

series solution, we expand Q(z) into powers of €
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Q(z) ~ ) €"0n. (6.29)
n=0

Substituting (6.29) into (6.28), we derive the leading order term at O(1), and the
recursive relationship at O (8’”2) respectively

N 3vy (3\/0 —{—42\/2) ’

oo~ (2

4

Qo(z)

9 Vg 3vy

F20E) Ghal0) - 200+ (4 8

15v 1 31
+ ( 0 %> 0ri1(2)+ 13 0n(2) =0,

472

> Onin(z)  (630)

in which the leading order term Qp(z) has singularities at z = (—3vp/ 4)2/ 3. As the
singularities cause the asymptotic series solution to diverge in the form of a factorial-

over-a-power, let us define the general term of the expansion as

On(z) = Lnty) i (%Bk(z)) : (6.31)

uy (2)" (=

where 7 is a constant, and u(z) and B;(z)s are to be determined; in particular, the
singulant satisfies u((—3vy/ 4)2/ 3) = 0. Direct substitution of this ansatz, after fol-

lowing the method of matched asymptotic expansions, at order n” reveals

BO / 3V() , 3V() B
(1(2)) <u1(z) + 2—Z) (m (@+5,+ 2\/2) = 0. (6.32)

As explained in the previous chapters, By cannot be zero for the same reason; whence,

we have two options as

3vp
2z

3vp .

5. =0  and u (2) + =—+2yz=0. (6.33)
4

uy (z) +

After integration, solving them subject to singular points of the leading order term

completes the determination of the singulants of the first level expansion
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3 3 4 ;
ul(z) = voln (—L;)) and u(z) = voln (—lg) Sl Vo, (6.34)
4z2 4z2 3

in which the subscript refers to the level of the hyperasymptotic expansion, and the
superscripts denote the singulants of the first level. It is important to note that both
singulants have the logarithmic branch cut, lying along the negative axis when in-
specting the Stokes structure of the first level Airy function. To proceed, in a similar

manner to (6.32), application of (6.31) enables us to obtain the expression at order n

” 3u, (Z) 15vy 1 Bo(Z) / 3vy B/ (Z) .
+ <—l/t1 (Z) + 212 + E + %) " (Z) - (21/!1(2) + 7 + 2\/2) u(l)(z) =0.

(6.35)

Solving this expression according to relevant singulants ui’z(z) derived in (6.34)

establishes the leading order term By(z) of the ansatz by means of

By () = V% (6.36)

Thence, the series solution of the first level equation turns out to be a linear combi-

nation of these two,

I'(n+7y) ,
(ul ()"

I'(n+7)

On(z) ~ G (@) 0z

(2) + G5 (2), (6.37)

in which both C; and Cj are constants. Since the late order terms are derived, the next
step is to truncate the divergent series. The error estimate of the Airy function will be
also investigated in the following section by keeping the truncation points arbitrary
and writing the first level truncation point as a function of level zero truncation point

and how it influences behaviour of the error estimate.



170 Airy function

6.6 Truncation

Motivated by the discussion in §6.3, truncating the series after N1 > 1 terms yields

Ni—1

Z €"0n(z) +%n, (2), (6.38)

where Zy, is a remainder of the series and Zy, = O(e™). Applying this truncated
expression in (6.18), we find the first Ny + N; terms of the hyperasymptotic expan-
sion with the first level resultant

No—1 3 N0+1F(N ‘I’l) Ni—1
No+1 0 wo
~ ¥ e -2 (-3 w7 L €0

om0 (6.39)
NN T (Ng+1) wo '
—2eMot! (_Z) p 3Ny 1‘%N1 (2)-
z2 "2

The first level error which occurs due to both Ny and N; truncations can be defined

as

3 N0+lr N 1
En, (z) :=2(—1)MoghotNi+l <_) (No+1) wy

0 r o 0w, (2). (6.40)

Substitution of the truncated expansion plus the remainder term in (6.38) into (6.28)

generates the first level inhomogeneous differential equation of the remainder,

9vZ 3V, 3le
L (%N, (2):€) ~— M | =3+ 22 ) on, + M Oy, -1 — QN1 1+ 50N -1
42 Tz 16z
N 3Vo (3vo +424/7)
472

O, (2), (6.41)

for € small and N, large, whereby the parameter . is defined as

3le
1672

15vy 1 9V0 3vy
+8<TZZ+E)%N1(Z)+(42 \/‘)‘%Nl() (6.42)

2
2 (o @1ie) = ()~ ot ()~ (24 202) 4 () + Ryt (0
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which is the same operator as in the (6.28). In light of the technique of optimal
truncation given in (2.9), the minimum required number of terms based on both

. 1.2 )
singulants u,"*(z) arises at

Ni(z) ~ ’—, (6.43)

in which the asymptotic series solution is minimal in magnitude. It is worth to
emphasise herein that, if 4z,/z = —3Vp, these above truncation points vanish by
the definition of u%’z(z), and hence the first level expansion stops. Moreover, this

could also be seen from the RHS of (6.41). Thus, we must subsequently ensure that

42\/27é —3vp.

The next stage of the analysis is to minimise the first level error estimate (6.40)
according to the free truncation points. Firstly, upon rewriting the estimate in terms
of vp and v; for brevity, and performing Stirling’s approximation; the error is trans-

formed into

vi/e+y
Vo 3y, O\ /¢ Vi
E ~A— | ————= _— 6.44
Ni (Z) Vi ( 4623/2> eu%,z (Z) s ( )

in which we set v; = eNj and A = 3¢Zwy / €1, Since the estimate is in the factorial-
over-a-power form, taking the derivative with respect to v; yields that the derivative
equals to zero at the optimal truncation point; in other words, it occurs when v| =

|u}’2 (z)|. Let us now differentiate the estimate over vy, which gives

Wl g [ (2N n /ety
dvy \Z 4ez3/2 eui 2 @

3vp N . (6.45)
n(-im) v ()
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For sufficiently small € and sufficiently large v, the derivative becomes equal to

zero either when

vi(z) ~ ‘u}’z(z) : (6.46)

or

Vo(z) = g )Z” 2’ , (6.47)

which are respectively the first and the zeroth levels optimal truncation points with-
out € in their denominators. Thence, the estimates take their absolute least value at
these points. Particularly, minimising the errors with respect to v; allows us to de-
rive v; in terms of Vg as done previously. Achieving this enables us to have the error
estimate (6.40) as a function of vy, and see its behaviour for a large v, as explained

in the earlier chapters.

Next, we plot the first level error estimate in (6.40). Particularly, Figure 6.2 and
Figure 6.3 illustrate the behaviour of the estimate both near and away from the sin-
gular point. In all figures, increasing both truncation points together decreases the
estimate. Additionally, the figures show that speed of the diminishing error reduces
as we approach to the singularity by the phase of z, whereas moving away from the
singularity increases the speed. Furthermore, green lines in figures demonstrate the
behaviour of the error written by Vy; in addition to this, while decreasing, they touch
the minimum points of the each plots due to the first level optimal truncation point.
Moreover, note that Figure 6.2b and Figure 6.2d of Figure 6.2 are similar to each
other when they are the same distance away from the Stokes lines by the argument.
The same is true for Figure 6.3b and Figure 6.3d. As we carry out the linear problem,
it has a rotational symmetry away from the Stokes lines. Figure 6.3d and Figure 6.3c
show that the hyperasymptotic method improves again, once the Stokes line at 277/3
is crossed corresponding to Figure 6.3c. Hence, Figure 6.3d and Figure 6.3c have

the same behaviour.
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Figure 6.2 Magnitude of the error at two levels (6.40) plotted according to u% (z) in
(6.34), for |z| = 1 when 6 = arg(z) =0, /3, 2n/3 and 6 = =, respectively, for
y=1/2, wy =1 while € = 1/9. As the level zero truncation point is increased, the
error reduces. Moreover, if the second level error (6.40) is written in terms of Vg via
(6.43) and as the number of the terms are increased, the error decreases as illustrated
by the green lines. Optimaly truncated error in blue line disappears in Figure 6.2¢
since it is on the Stokes line.
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Figure 6.3 Magnitude of the second level error estimate (6.40) plotted according to
u% (z) in (6.34), for |z| = 1 when 6 = arg(z) =0, w/3, 2/3 and 6 = T, respectively,
for y=1/2, wo = 1 while € = 1/9. As the number of the terms are increased, the
error reduces, and the improvement of the hyperasymptotics increases away from
the Stokes line. Blue line disappears in Figure 6.3c as it corresponds to the Stokes

line at the optimal truncation for given z.
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The forthcoming section is devoted to analytical analysis of the error estimate; in or-

der to ensure the figures of the present section are consistent with analytical results.

6.7 Error analysis

This section demonstrates the behaviour of the error estimate mentioned in the pre-
ceding section based on its argument. Since we are interested in the behaviour of the
estimate in magnitude, it is easy to verify that v; and u%’z(z) cancel each other out
by their relation given in (6.46). Thence, we find that the controlling factor of the

estimate for sufficiently large vy and vy is

Vo/€
En, (z) ~ (—ﬂ) exp (—ﬂ> , (6.48)

with no loss of generality. Before beginning the analysis based on the two singulants,
we first suppose that z = re®, and then a direct substitution yields

Vo/€

3v, \%
En (2)~ | — 0 30 exp (—i) ) (6.49)
47’3/26Xp (1 —+ T)

6.7.1 Analysis for u!(z)

Let us first examine the error estimate at 27t/3 in which the estimate is in its slowest

speed. Substitution of 8 = 27/3 into the estimate leads to
3\/() vo/ Vo 3\/0
E ~ | =75 —— | 1+In| -—7%
ule <4r3/2> TP UM (6.50)

which is exponentially small as in Figure 6.2c when vy is large. Similarly, moving
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away from the singularity while 8 = 0, for instance, yields

Vo V()77:2
En, (Z) ~ eXp <_? - 2¢ln (3\/0/(4}”3/2))) ) (6.51)

which gets exponentially smaller for sufficiently small € as vy gets bigger like in the

Figure 6.2a.

6.7.2 Analysis for u?(z)

In a similar manner, we first inspect the error estimate at 27/3 where it is in the
slowest speed and almost comes to a halt. In order to observe this, performing 27/3

in the estimate of u?(z) for large v, gives
3vy vo/€ Vo 3vy 41’3/2
Ew (Z) ~ (4er3/2> xp ? I=In 4r3/2 B RY
4p3/2
TP\ T3 )

which is independent from vy and in O(1) for vy as in Figure 6.3c. Likewise, when

(6.52)

0 = 0, the estimate becomes

T3 473/2
En,(z) ~exp <_2e (In (3vo/(4r3/2)) —4r3/2 /3 — vy) + e | (6.53)

which gets exponentially smaller while v gets larger.

To compare both singulants u{(z) and u?(z), the exponential term exp(—Vo/€) of
(6.48) which comes from the zeroth level error is not cancelled out in u} (z), whereas
it took place in u%(z) by the definition of both singulants in (6.34). Particularly, the
rightmost term Vo of u3(z) cancels the exponential term coming from the zeroth level
which makes the first level error estimate in order one at the argument 27r/3 accord-

ing to Vg. Therefore, the error almost stops at this phase. However, since the zeroth
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level exponential term is not cancelled out at the same phase, we obtain the estimate

based on u}(z) at the slowest speed.

6.8 Stokes and anti-Stokes lines

Having calculated the singulants u}(z) and u?(z) which will appear in the exponen-
tials as in the form of exp (—u;(z)/€), we now discuss the Stokes structure of the
first level expansion. Therefore, in light of the conditions given in (6.23) for u}’z(z)
with the RHS of (6.28), i.e. exp(0), we determine the Stokes and anti-Stokes lines of
the first level. On the other hand, the singulant u% (z) is calculated in a similar fashion
to the singulant (5.79) in the previous chapter. We can easily observe that after the
local analysis near the turning point a divergent series from this singulant does not
occur, and therefore the associated Stokes lines are inactive. See (5.90) of §5.3.5 for
a detailed analysis. Let us locate the Stokes lines emerging via u% (z), which suggests

the condition that

We next set the polar coordinates z = re’®, then the singulant in (6.54) may be

written down as

V01H(4r3/2>—§r cos > +ivy iﬂ—ie —zgr sin 5 ) (6.55)

Thence, Stokes lines lie along when 6 = +27/3. Anti-Stokes lines of the singulant

u% (z) occurs whenever the real part of (6.55) is equal to zero, that is

Voln (4r3/2> — 3r cos > =0. (6.56)

Stokes structure of this stage is demonstrated in Figure 6.4 along with the branch

cut. As itis seen from the figure, since the only crossing point of the Stokes lines are
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the actual turning points, HOSL is inactive.

Stokes and anti-Stokes lines

R(2)

‘*Stokes lines — Stokes lines —anti-Stokes lines —Branch cut—HOSL‘

Figure 6.4 The figure is plotted according to u%(z) in (6.34) and O for randomly
chosen v = 32/3. Corresponding turning points for vy occur at z = 2 +2+/3i from
each emerging Stokes lines demonstrated in red and green. Dashed lines represent
the inactive-Stokes lines while the lines in black represent the inactive HOSL, and
zigzags are the branch cuts.

6.9 Conclusion

In this chapter, we inspected the Airy function within the framework of hyperasymp-
totics at two levels. In both levels, we represented the asymptotic series solutions of
Airy function and its first level differential equation and truncated the expansions
and located the Stokes and anti-Stokes lines of each level. Focusing on the truncated
remainder of the expansion in the first level, we observed and demonstrated that in-
creasing the zeroth level truncation point arbitrarily increases the first level optimal

truncation point whence the first level error estimate is reduced exponentially. Af-
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ter having found out the first level truncation point as a function of the zeroth level
truncation point and increasing the level zero truncation point, we observed that the
first level estimate is decreasing. Nevertheless, we observed that this decreasing be-
haviour of the error depends on the argument; in particular, moving away from the
Stokes line exponentially increases the speed and on the Stokes lines the speed takes
its slowest value. Moreover, the singular points of the level zero expansion turned
out to be the branch points of the first level expansion, and so such turning points
were not involved in the first level. To sum up, present outcomes of this chapter

agree with the results of the previous chapters §§4 and 5.






Chapter 7

The confluent hypergeometric

function

7.1 Introduction

Confluent hypergeometric functions play an important role in quantum mechanics,
optics, statistics and engineering, where they are widely used [83]. Many special
functions of mathematical physics can be expressed by the confluent hypergeomet-
ric functions (abbreviated as CHF), such as, the exponential integral, the error func-
tion, the Airy function, the two-body Coulomb scattering wave function of quan-
tum mechanics, incomplete gamma function, Hermite polynomials, modified Bessel
function and parabolic cylinder functions [78, 84—87]. For instance in quantum me-
chanics, the two-body Coulomb of Schrédinger equation is reduced to the CHF and

can be written in terms of it [87, 88]. The second order differential equation

dw (z1)
dzy

————+{c—(a+b+ 1)z} —abW(z1) =0, (7.1)

in which a, b and c are real or complex parameters, is called the hypergeometric
equation [74, 84]. Although it is considered as a function of z;, in some physical

problems a and b are considered as a variable. Series solution of this equation is
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valid in the neighbourhoods of its singularities z; = 0, 1 or e and can be constructed

using the techniques in exponential asymptotics. The series solution

(7.2)

I'(c) i I'a+n)'(b+n) 7

F(a’b;C;Zl):F(a)F(b)nzo T(ctn) nl

is called the hypergeometric function [89-91]. The CHF emerges if two singular
points of (7.1) merge into one singular point [92]. Particularly, in the equation (7.1),
if z; is replaced by z; /b, and then if we take the limit for b large and set ¢ = b, the

confluent hypergeometric differential equation [24, 45] is obtained as

d*W (z;) dw (z1)
i (b—z)—L —aW(z) =0 7.3
71 e +(b—21) i aW(z1) =0, (7.3)

which has regular and irregular singularities at z; = 0 and z; = oo, respectively. It is
also known as Kummer’s equation [24]. Hence, the relation between the hypergeo-
metric function and the confluent hypergeometric function can be briefly expressed
as

M(a,biz1) = lim F (a,b;b; %1) . (7.4)

There are two well known series solutions of the confluent equation [63, 93]. One of

them is

NN - (a)nﬁ
M(aab’zl)_r;)<b)nn!7 (75)

where (a),,, which is known as the Pochhammer’s symbol, is defined by

I'(a+n)

@o=1. (@ =alat D(a+2)...lat+n—1) =

, n=1,2,3..., (1.6)

which will be used, for brevity, in the rest of the chapter. The series (7.5) converges

for all complex z;. An explicit integral representation of M(a,b;z;) is

I'(b 1
M(a,b,z;) = ( )—a)/ exp(z12)t" gy (r)dt, (7.7)

[(a)T(b 0
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in which g;(¢) = (1 —1)>=9"1, and R(b) > R(a) > 0. The other solution of the

confluent differential equation (7.3) is

- n(a)n(a_b+1)n

Ua,b,z1) =Y (1) T 7 (7.8)
=0 n'z
and its integral representation is
Ula,b,z;) ! /w (—z1t)t" g (r)dr (7.9)
a =—— [ exp(— .

in which g5(t) = (1+¢)7%**~1 and R(a) > 0. CHFs are more complicated than
the other special functions as they have additional parameters a and b. By taking
appropriate values of a and b in (7.3), many special functions may be expressed in
terms of CHFs, including the exponential integral, the error function and the Airy
function, which we discussed in our earlier chapters, and many more in [68, 78].

Particularly, they can be obtained by means of

U(1,1,-21) = —exp(—z1)Ei(z1), (7.10)
13 NG 11
M (575,—Z%> = 2_Z16rf<Z1> and U (E’E’Z%) = /mexp (z1) erfe(zr), (7.11)
3/2 5/6 3/2
55 4z 6y (277
Ul -,z,—— | = A . 7.12
<6’3’ 3 ) 22737, exP( 3 Al (7.12)

The purpose of this chapter is to investigate and compute the CHF in the asymptotic
sense of this thesis so that the subdominant exponentials and their behaviour on the
complex plane can be addressed; to do so, the theory of exponential asymptotics
will be needed. In this chapter, the hyperasymptotic method which we employed

throughout the previous chapters, such as in §4, will be applied to the CHF.

The procedure of the present chapter is as follows: we will first transform (7.3)
by rescaling the large z; with a small parameter since we often study expansions

with small € in the limit. In comparison with Olde Daalhuis [45], rather than ex-
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panding g»(t) of (7.9) around ¢ = 0 and truncating the relevant expansion optimally
for large z;, we will obtain the hypergeometric function in terms of a small variable
by re-scaling. In a similar manner, Olver [63] investigated the CHF for large z; us-
ing the integral representation of the remainder function and expanded it by Taylor
expansion, which is not convenient to apply for the higher levels [45]; hence, our ap-
proach to the CHF is different from both Olde Daalhuis’s and Olver’s works. Upon
re-scaling, we will have the singularly perturbed differential equation, then we will
follow the usual perturbation technique. After determining the late-order terms of the
asymptotic expansion, in §7.3 we will optimally truncate it. Therein, we will per-
form the WKB method to find the quadratic solution of CHF whereupon the Stokes
and anti-Stokes lines will be located in §7.4. In order to inspect the truncated remain-
der, we will substitute the truncated series into the CHF equation which produces an
inhomogeneous resultant differential equation. Next, in §7.5 we will observe the
error function smoothing by investigating the remainder near the Stokes line where
the remainder is maximal. This process of expansion, truncation and investigation
of the behaviour of the remainder, will be performed at two levels. We will discuss
the behaviour of the first level error in terms of arbitrary truncation points in the
subsequent sections. Finally in §7.7, the conclusion and relevant comparisons will

be addressed.

7.2 Rescaled confluent hypergeometric function

Motivated by the discussion above, before we begin the process of examination of
the CHF by expansion, let us first transform the CHF (7.3) by letting
Z
71 =—, (7.13)
E
where 0 < € < 1 and z = O(1). Considering this transformation, employing the

chain rule [69] into the derivatives of the CHF (7.3) enables us to compute the first

and second derivatives of W(z;) in terms of a new variable z, using
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dW(Zl) SdW(Z)

d*w d*w
and (Zl) —¢g? (Z) .

7.14
dz dz dz2 dz? (719

Hence, it follows that the CHF with the fast scale z/€ takes the form of a singular
perturbation with € in

d’W(2)
dz?

dwW (z)

£z
dz

+(eb—7z)

—aW(z) =0, (7.15)

The approximate solution of the new re-scaled CHF (7.15) can be obtained using
the exponential asymptotics; thus, we can carry out the hyperasymptotic technique
by expanding W (z) of the new CHF in powers of € in the usual way. To obtain the
zeroth level hyperasymptotic expansion, the calculation begins with the assumption

that the series solution of W (z) is

W(z) ~ i e"wn(z). (7.16)
n=0

Because this solution (7.16) has to satisfy the CHF given by (7.15), substituting it

into the differential equation yields

> d*wa(z)  dwp(z)  dwayi1(2) dwy(z)
+1 n n n+ _
n;) e (Z g +b P e (2))— |z iz +awy(z) | =0.

(7.17)

Comparing like powers of € in the above summation (7.17) provides us a leading
order relation at O(1) and a differential recursion relation between terms of the ex-

pansion at higher order O(g") such that

ZM +awy(z) =0,
d®w,(z)  dwn(z) dw 1(65 (7.18)
z dznz +b c;z -z '2; —awy41(z) =0 for n>0.
By exact integration, the solution at the leading order is
ZM +awp(z) =0 = wo(z) =coz ¢, (7.19)

dz
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where ¢ is a constant of integration, and the leading order term is associated with the
singularity at z = 0. As earlier, we need the general term of the expansion for further
analysis; hence, our analysis relies on the recurrence relation, which corresponds to

the CHF. For instance at O(€), we have

d*wy () dwy(z) dw(z)
_ _ =0. 2
iz +b e e awi(z) =0 (7.20)

Z
Imposing the first and second derivatives of wy(z) into (7.20) enables us to establish
wi(z) upon integration

dW1 (Z)
4 dz

+awi(z) =ala—b+1)coz ' = wi(z) = —ala—b+1)coz “ 1 +c127,

(7.21)

for constants cg and ¢;. We can set ¢; = 0, since we can always absorb ¢z~ ¢ into
the leading order solution (7.19). Similarly, by successively repeating this process
between the n'" term and the (n+ 1) term of the recurrence relation, we find that

the general term of the expansion (7.15) corresponds to

Jla+n)Tla—b+n+1) ¢

wn(z) ~ (=1) ['(a) T(a—b+1) z¢tnp!’

(7.22)

where cg can be taken as 1 with no loss of generality. We know that the general terms
of such expansions have to be in the factorial-over-a-power nature in exponential
asymptotics, whence we can easily see performing Stirling’s formula to approximate

the factorial terms in the above equation (7.22) for large n yields

a—b—

Dl

exp(a)n
21(a—1)""2(a—b)a—b-

(a+n)!

nr(a_kn_kl) a—b—1
Za+n n

W”(Z) ~ (_1)" = (_1) MO(Z)a+n 2C7

o=

(7.23)

in which C is a constant depending on a and b, and general term is indeed in this

nature, which confirms that the late order ansatz must diverge as n goes to infinity.



7.2 Rescaled confluent hypergeometric function 187

—up(z) is the singulant. The crucial step of analysing the remainder in exponential
asymptotics is to determine the late terms of an expansion. Although we have ex-
actly obtained it in this particular differential equation by successively employing the
recurrence relation, establishing the general term is not always straigtforward, and
be impossible at times. Hence, in order to have a complete agreement, the nature of
late-order terms will be proven assuming that it is in the ‘factorial/power’ form. In
this way, the singulant must be represented as in the same fashion that we obtained

in (7.22). Therefore, let us assume the general term of the expansion when n — oo is

2L (n+7)
uo(z)””

wa(2) = (1) <Bo(z) £ LB+ o)+ ) , (7.24)

where 7, ug(z) and B;(z)s are defined as before and do not depend on the large
parameter n. Firstly, we take the first and second derivative of the ansatz (7.24)
with respect to z and substitute them into the recurrence equation (7.18). Equating
like powers of n, we obtain at the leading-order in which we aim to determine the

singulant —u(z) as

(uo(zz))zBO(Z) duc(l)z(Z) <duc(l)z(Z) B 1) =0 (7.25)

Here, we have three possibilities which may satisfy the equation (7.25): first, if By(z)
is assumed to equal zero, it makes all B;(z)s zero, which is indeed the trivial solution.
Hence, By(z) is not zero. The singularities of the expansion has to be consistent with
singularities of the leading order term since each successive term is determined by
the derivative of the previous term, which can be verified by the recurrence relation
(7.18). We know from (7.19) that the expansion has a singular point at z; = 0. Hence,
assuming dug(z)/dz = 0 makes the singulant function equal to a constant which has
to be zero due to the singularity at zero; indeed, this cannot happen. We, therefore,
assume that

duy(z)
dz

—1=0, (7.26)
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which can be evaluated by direct integration, yielding

up(z) = z+-c, (7.27)

where c is a constant of integration. Solving (7.27) subject to the singular point, 0,

completes the determination of u(z)

uop(z) =z (7.28)

After taking the first and second derivative of the ansatz (7.24) and substituting them

into the recurrence relation of (7.18) with ug(z), we establish that

By(z) =z (7.29)

Obtaining By(z) completes the derivation of the form of the factorial-over-a-power
ansatz at the leading-order. Therefore, the substitution of uy(z) and By(z) in (7.24)

leads to

wn(z) ~ (—1)”%za"’(1+o(n—l)), as 1 — oo, (7.30)

Finally, the constant 7y is defined such that Yy = 2a — b; particularly, we can see that the
ansatz (7.30) is the same as the ansatz (7.23) which was determined using repeated
differentiation of the differential difference equation (7.18) for large n. Hence, the
agreement between the two ways has been deduced. The corresponding series solu-
tion of the CHF (7.3) is fully determined by direct application of the hyperasymptotic

method by means of

- b1
W(z)~Z(—1)’18"(“)"(Z‘;nn!Jr b (7.31)

which diverges for any fixed € and z. As explicated in [23, 94], U(a,b,z;) cor-
responding to W(z) has a branch point at z = 0 with a branch cut in the complex

z-plane since z is a multivalued function at z = 0. As we explicitly expressed the
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asymptotic series solution of the CHF in light of the differential difference equation,
our next step is to truncate the divergent expansion (7.31) to investigate the behaviour

of its remainder which will be introduced in the upcoming section.

7.3 Optimal truncation and the WKB approach

Derivation of the truncation point in which the divergent series takes its minimum
value in magnitude, is one of the key features of exponential asymptotics. In this
section, we first truncate the series and obtain its optimal value, whereupon we use
the WKB method [67] in order to establish the late order approximate solution of
the quadratic CHF and locate the Stokes and anti-Stokes lines. Let us truncate the
expansion after Ny > 1 terms and introduce the remainder term. This yields

N (a),(a—b+1)

W(z)~ ), (—1)"e" == o Ry (2), (7.32)
n=0 :

where the remainder, Ry, (z), is of the order

N(] (a)NQ (a - b + I)NO
Za+N0N0! '

Rn,(z) =0 (8

As before, the zeroth level truncation error can be defined based on the first neglected

term or equivalently the general term at Ny such that

NO (a)NO (a - b+ 1)N0
ZCH—N()NO!

En(z):=¢ (7.33)

The optimal truncation point can be found by comparing the magnitude of succes-
sive terms of the expansion and equating their ratio to one, i.e.,

No+1 (a)N0+1 (Cl —b+ 1)N0+l
Za+N0+1 (NO + 1)1
(@)y, (a—b+ 1)y
@0

8No—i—l (_1)
~ 1. (7.34)

eNo(—1)No
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After carrying out the simplifications, we deduce that such a point appears where
No ~ —. (7.35)

If in case a and b are real, the truncation point then approximates to Ny ~ |z|/€ —
2a + b; however, a and b are negligible for small € — 0. Because Ny is an integer,

we add o

Ny = ‘i—’ +a, (7.36)
where « is bounded in the limit € — 0 as discussed previously in (3.14) of §3.2.
Figure 7.1 illustrates the behaviour of the zeroth level error estimate (7.33); it first
decreases, then starts to grow infinity after the least value for fixed z and €, which
is the typical behaviour of the divergent series in exponential asymptotics. It shows
the point of optimal truncation appears at 15, which is consistent with the result of

(7.35) if we have the same values of z, €, a and b that we use for plotting Figure 7.1.

7.3.1 WKB analysis

In §7.2 one general solution of the quadratic CHF (7.15) is derived; however, in
order to find the second approximate solution of (7.15), we perform the WKB ap-
proximation method from which the exponential terms appear explicitly. To do so,

let us assume the series solution of the CHF, that we seek a solution of the form, is
l & o
W (z) ~ exp 5 Y 8"Su(z)|, 8—0, (7.37)
n=0

where 0 is a function of € to be determined soon. Differentiating (7.37) twice by

employing the chain rule, we have
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. Optimal Truncation Point
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Figure 7.1 The magnitude of the error given in (7.33) for chosen z = 1.5i while
a=1/2,b=1/3. The error is at minimum when the optimal term is Ny = 15.

dW(Z) 1 - ngol
e 3%5 Sn(z)> exp

1 - n
3;)5 Sn(z)], §—0,

2
A*W 1 Ly !
VD S (o] + s L osi@|en| s Y5, 80
dz 0 6 n=0 0

n=0

(7.38)

Upon employing the WKB series (7.37) in (7.15), we derive the exponential terms in
€; whence, we can derive the Stokes lines. In particular, carrying out the substitution
of these derivatives given in (7.38) into the CHF (7.15) and dividing off the common

exponential factors, we are left with derivatives of S,(z)
1 [ & ’ I & I &
£ | = (Z 5”5;(Z)> +s Y 6"S,(z)| +(eb—2) (5 ) S”S;l(z)) =a.
0 n=0 n=0

(7.39)
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Expanding the series in the equation (7.39) and considering the leading terms of the
left hand side (LHS) of the equation, we obtain
(S5)> 28,8 Sy
0 0~'1

2 2
5t 5 +2855 + (S]) " +285185 + 82 (S5) +--~+§°+ T+ 885 +0(8°)

¥4
/

+ (eb—2) (% + 8]+ 88, + 8785+ 0(53)) —a. (7.40)

By using the method of dominant balance, the largest term of the equation (7.40) on
the LHS is

€z 7\ 2 < !

g(so) —5(50)’ (7.41)
for small 8. The terms on the LHS of (7.40) must equal to the terms on the RHS;
particularly, they must have the same order. This suggests that 6 must be determined
in terms of &, that is, 8 = €. Substituting this distinguishing value of § in (7.40)
will enable us to derive Sy, S; and S, for n > 2 from the following sequence of

differential equations

at O™ z(8p)* — 28y =0,
at  0O(eY) 22848 +28 + bSy — 28] =a,
at  O(e" ) 2z8)S, 428y +z i S, +bS,_ —2S, =0, n>2.

(7.42)
We will only calculate the first three terms of the WKB series as they are sufficient
at this point. The first equation in the system of (7.42), O(¢~!), can be integrated

directly; hence, it yields two solutions for Sj,(z) such that

Sp(z) =0 and Spy(z) =1, (7.43)

in which the solution occurring by Sj,(z) = 0 leads to the algebraic order solution that
was derived without using the WKB approach. However, in order to be consistent

with the results, we carry on the calculation. Determining Sy(z), therefore, requires
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an integration with respect to the above equations, yielding
So(z) =co and So(z) =z+cy, (7.44)

where cg and c; are constants. In fact, these cg and ¢; must be zero since the leading
order exponents have to satisfy the singularities of the leading order term introduced
in (7.19). Let us next consider the second equation of the system (7.42) at O(1)

according to Sp(z)s. Imposing the first solution of (7.43) where S{,(z) = 0, we have
284S, +2S)+bSy— 28| =a => S} =2,
b4
which upon a single direct integration gives
S1(z) = —aln(z) + 3. (7.45)
Accordingly, imposing the second solution of (7.43) where Sj,(z) = 1, we have
/o /" / / , _a—b

2ZSQS1 +ZSO +bSO —ZS1 =a — Sl = T,

which by a single direct integration becomes

S1(z) = (a—Db)In(z) +c3. (7.46)

By the same token, we are able to determine S,(z) from the third of (7.42) at O(¢)

as
S2(z) = —M +c4 when Si(z) = —aln(z) +c2, (7.47)
S2(z) = —W +cs when S1(z) = (b—a)In(z) +c3, (7.48)

where ¢3, ¢3, ¢4 and c5 are constants all of which can be determined by the boundary

values or initial values. We also need to know the values of a and b to derive them.
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As it is sufficient, according to these values of So(z), S1(z), and S»(z), corresponding
exponential solutions of the CHF (7.15), which are well approximated via WKB

approach, are derived as follows in the limit € — 0

W(z) ~ Coexp (—aln(z) - ew +0 (82)> , atO(z™"), (7.49)

(b—a)(a—1)

W(z) ~ Cexp (§+(a—b)1n(z) —¢ +O(82)), (7.50)

where Cjy and C] are constants, and the constants of the WKB solutions are absorbed
into them if they are in O(1) and O(¢), and the higher orders are included in O(&?).
Meanwhile, because the accuracy of the approximation depends on the number of
terms in the WKB ansatz, for a more accurate approximation to W (z) higher order
terms can be determined from the recurrence relation of (7.42) by performing re-
peated differentiations. We have the leading-order WKB approximate solution of
the CHF as a linear combination of (7.49) and (7.50) for small € such that

e

) _8(b—a)(a— 1)

~|—Clexp<§+(a—b)ln .

)+o(ez). (7.51)

To point out here, (7.49) is the solution we already found by factorial-over-a-power
method. Employing the WKB approach enabled us to derive the second exponential

solution of a quadratic CHF (7.15) in the limit € — O.

Having established the late-order terms of the expansion and the general solutions

through WKB analysis, we can now embark on the Stokes lines analysis of the CHF.

7.4 Stokes and anti-Stokes lines

Our purpose in this section is to furnish the Stokes and anti-Stokes lines of the CHF;

in order to find these lines, we introduce the polar coordinates using z = rexp (i),
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where —7 < 0 < . To be more precise, let us begin this section by formally substi-

tuting these coordinates into the WKB approximate solutions, which holds

W (z) ~ Coexp (—aln(r) —iea—e%), (7.52)
W(z) ~ C|exp <%<ie)+i9(a—b)1n(r) —s%). (7.53)

The controlling factors of the above WKB solutions are respectively

exp(—aln(r) —iBa) and exp (@) (7.54)

We find the Stokes lines via (7.54)) using (6.23) of Airy §6.4
S (—rexp(i0)) =3 (0) and R(—rexp(i6)) > R(0). (7.55)

This confirms that the Stokes lines of the CHF lie along +7. Similarly, the anti-
Stokes lines of the CHF occur when the real parts of the exponential powers of the

WKB solutions are purely imaginary, i.e.,
R(0) =R (—rexp(if)) = 0=cos(0). (7.56)

The anti-Stokes lines, therefore, lie along 6 = 7 /2. In Figure 7.2, the Stokes and
anti-Stokes lines of the zeroth level expansion are illustrated as discussed above. As
before, the next step is to travel around the complex plane. However, since we have
done it in previous chapters in detail, such as in Figure 4.2 of §4, the Figure 7.2 will
be explained briefly. Let us start the travel from Sector II through Sector III in a
counter clockwise direction. In doing this, exp (—z/¢€) represented by @ is switched
on by exp (0) represented by (0) across the Stokes line. As we continue the process
and reach to Sector II by the end of the travel, it turns out we end up with the same
term (O) we began with; hence, we return to where we started. By doing this travel,

we demonstrated where subdominant exponential is present in the complex plane.
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Stokes and anti-Stokes lines

RO -0)=0
Sector Il 7 Sector |

3f

0
3@ o l
@

Sector I Sector IV
_5 1 1 1 1 1 1 1 1 |

5 -4 -3 -2 -1 0 1 2 3 4 5
R(2)

—Stokes lines —anti-Stokes lines — Branch cut‘

Figure 7.2 Demonstrating Stokes lines and the sudden appearance and disappearance
of the exponential terms exp (—z/¢€) and exp (0) shown by @ and (0), respectively,
on the complex plane.There is no inconsistency with having different asymptotic
representations on each side of the branch cut. Present exponentials of the associated
sectors are illustrated in boxes.

Next, we analyse the remainder differential equation near the turning point and ex-
tract the error function smoothing by which the switching on and off occurs across

the Stokes lines.

7.5 Error function near the Stokes line

In this section, we will consider the zeroth level remainder of the hyperasymptotics
on the vicinity of the Stokes line in detail. In principle, we proceed with the same
procedure as that in the previous chapters. Hence, substituting the truncated series

(7.32) with the remainder into the CHF equation (7.15) verifies that the zeroth level
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remainder is a solution of

€z dzRNo (Z)
dz?

+ (8b—z)dRN0<Z)

d*wyy-1(z)  dwny-1(2)
N No—1 No—1
~ RN (e) ~ —e ™ <Z iz T

DN @y @b+ Dy,
(N() — 1) 1za+No '

=&

(7.57)

In order to analyse this differential equation in (7.57), we first re-scale the remain-
der Ry, (z) according to the homogeneous solution of (7.57). From WKB analysis

already know that its homogeneous solution is

Wwkg(z) = exp (g) ) (7.58)

Through the method of reduction of orders by considering the solution (7.58), let us

first suppose that the remainder is in the below form

Ry, (z) = K(2)Wwks(2)- (7.59)

Taking the first and second derivatives of (7.59) and substituting them back into the

remainder differential equation (7.57), we find

d? d d dK
e Wik () cigz) N S(bWWKB(z) Lo WVZZB(Z)> Icfiiz) — Wiks(2) diz)
_ (—g)™ (@), (a_b"f—l)No. (7.60)

(NO _ 1) !Za-l-N()

Solving this will enable us to furnish a differential equation which only involves

derivatives of K(z) function leading to

d’K(2)
dz?

+(eb+2) dK(z) _ 8N0(_1)N0 (@), (@=b+1)y,

dz (No—1)!exp (g) z4+tNo ‘

£z (7.61)
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To extract the error smoothing near the Stokes line, it is appropriate to use the polar

coordinates, whence we set |z| = p and vary 6 for p fixed by means of

2= pe®. (7.62)

Using the chain rule employed in (2.27) of §2.5 and upon applying (7.62) to (7.61)
and then performing Stirling’s formula for approximation of the gamma functions,

(7.61) transforms into

_ee P d?K(p,6) (eieie _ bie ™ —i) dK(p,9)

P de? P P de
a—b+1/2
P ; ; i0) P
NCmexp(—alG)exp [(l(?t—@)—l—e ) E] R (763)

in which the constants a,b and & are absorbed into C. The RHS of (7.63) is expo-
nentially small everywhere but it is maximal at 7, as € — 0, which is the Stokes line.
In order to see the subtle effects of the remainder in the vicinity of the Stokes line,

we re-scale 0 by setting
0= 7r+§(s)§, (7.64)

where |{(€)| < 1; the actual scaling will be determined shortly. Rewriting the equa-

tion (7.63) in terms of ) by considering the chain rule allows us to have

e 60 2K(0) [ —eie 6 ebie 0 i\ dK(8) £20%p
3 ~—+ + i ~—~cexp| ————1,
p&* 462 pé pg ¢ 2e

(7.65)

in which ¢, corresponds to constant terms. This suggests that the exact scaling
should be { = /€, whereby its substitution into (7.65) yields at the leading order
{—0

dK(6) £26%p
—1i % ~ Cpexp (— e . (7.66)
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It remains for us to recover the error function. Hence, upon direct integration we

obtain

~ 2 20 ~
K(8) ~ czig/\/_gerf (\/z_pe) . (7.67)

The typical error function is expressed as a consequence of the re-scaling in (7.64).
In particular, this means the error estimate is approximated in terms of an error func-
tion whereby the switching on and off occurs for the subdominant terms. Back-

-~

substitution of K(0) into (7.59) gives

6
~ czi\/ﬁexp (—g) erf <@§> . (7.68)

Because the point of truncation has been selected optimally, we see that the remain-
der is exponentially small everywhere by exp (—p/€) but maximal at the Stokes line,
i.e. 8 = 0. Next, we aim to perform the level one hyperasymptotic investigation for
the CHF and minimise the relevant error estimate considering the truncation points

as variables and discuss its behaviour throughout the upcoming sections.

7.6 First level of hyperasymptotics

We first re-scale the zeroth level truncated remainder according to the RHS of (7.57)
and expand the re-scaled new function of the differential equation. Suppose the

remainder expression, whose solution is sought, takes the following form

nos1 (CDM (@), (a—b+1)y O(z)
(No—1)! el

Ry, (z) = € (7.69)

Here, Q(z), which will be determined shortly, is an unknown function of z. Taking

the first and second derivatives of (7.69) and applying them to (7.57) provide a new
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differential equation in which Q(z) is a solution of

d*Q(z)

2
€77
dz?

2
—e(v+9 29 (V?O T V0> o) ~1,  (170)

where Vv is defined by vy ~ Np€ with a large parameter Ny. We proceed with the
usual approach of the perturbation theory in order to obtain the asymptotic series
solution. Let us assume that the series solution of (7.70), in powers of €, is in the

form of

0(z) ~ Y, €"0u(2). (7.71)
n=0

Since the series expression of Q(z) satisfies the differential equation (7.70), we sub-
stitute it directly into (7.70) which governs the terms of the expansion given in (7.71).

After substitution, we obtain the following at O(1) and O(&""2), respectively

Qo(z) = ———— (7.72)

vo(Vo+2)’
2

200(2)" — (2V0 +2) Q1 (2)' + (VZ—O - Vo) Oni2(z) ~0  forn>1. (7.73)

The crucial observation drawn from (7.72 ) is that there is a singularity at the lead-
ing order term, Qy(z), at z = —Vy. Meanwhile, the recurrence relation tells us that
the late-order term Q,,(z) of the expansion can be determined based on the first
and second derivatives of the previous terms Q,1(z) and Q,(z), respectively. This
means that the power of the singularity increases at each level by adding 1 to the
power of the singularity of the previous term. Let us assume that the solution for

terms in the recurrence relationship given by (7.73) is

(=1)'T(n+7)
u (Z>n+7/

On(z) ~ (Ao(z) + %Al(z) + %Az(z) +. ) , as n—oo, (7.74)

in which 7 is a constant and u;(z) and A;(z) are to be discussed. Determination of
the singulant, —u;(z), plays a crucial role; therefore, upon substituting this ansatz

expression (7.74) into (7.73), we obtain that the singulant satisfies the following in
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the limit as n — oo

dul(z) Vo dul(z) B
< i 1) (z iz —vo) =0. (7.75)

Solving (7.75) through direct integration gives

M}(Z) =wln(z)+z+C; and u%(z) = wln(z) + G, (7.76)

where C; and C; are constants of the integration to be derived by the singularity.
Although the late order solution of (7.73) is not complete yet, as we already know
that the general term must contain the singularity of the leading order term, u} (z) and
u?(z) have to vanish at —vy. Therefore, solving the singulants subject to u% ’2(—v0) =

0 produces

Ci=—w ln(—V()) +v and G = —V()ln(—V()). (7.77)
Thus, u}(z) and u3(z) of the singulants are fully determined as

u% (Z) =WV ln(z) +z2—WV ln(—V()) + vy and u%(z) =W ln(z) -V ln(—V()),

(7.78)

whereby they have a logarithmic singularity at z = 0; whence, there is a branch cut.
With these u}(z) and u3(z), substituting the ansatz (7.74) into (7.73) evaluates at
O(n)
Vi Vi
Ao, (z) =exp (—?0) and Ao, (z) =exp <?0> ) (7.79)
ul Lll

according to u}(z) and u3(z), respectively. Hence, determination of the ansatz is

completed with calculations of Ags, which are independent of n, giving

(=D)"T(n+7)
(V() ln(z) +zZ2—WV ln(—V()

Vo -
On(2) ~ )+v0)"+7’eXp (—;) (1+0(n7")) as n— oo,

(7.80)
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and

(—=1)'T'(n+7)
(voln(z) — voIn(—wp))

Qn(Z) ~

nﬂ,exp<?) (1+0(n")) as n—o0, (7.81)

in which they are derived in order with respect to u(z) and u7(z). Having success-
fully obtained the asymptotic representation of Q(z) in powers of € with two different
singulants, we can now truncate the series (7.71). Truncating the series after Ny > 1
terms leads to

Ni—1

0z)~ Y €"0u(z) +%n,(2), (7.82)
n=0

where %, is a remainder of the series and Zy, = O(e™). Since (7.82) must satisfy
(7.70), substitution of the expansion plus the remainder term provides that the first

level remainder is a solution of following differential equation

2

2
L (%, (2):€) ~ e (V?O + v0> O, (2) — eM 1,420 -1(2)

d 2
¢ (7.83)

v (Vo
~ gl (;‘FV()) QN1 (Z),
for € small and N; large, where .Z is defined by

ZZdZ%M (Z)

2 (A (2):6) = £

A7 V2
—&(2vo+2) szl@ + <?0 + V()) ZN, (2).

7.6.1 Truncation

Before evaluating the remainder of (7.82) by arbitrary truncation points, we first es-
tablish the optimal value of the truncation point for the series solutions that appears
when the successive late-order terms have the same magnitude. By this way, we can
compare the results of the arbitrary and optimal truncations. We begin the optimi-

sation process by comparing the ratio of the late-order terms in light of (2.9) of §2,
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which leads that the series start to grow eventually when

Ny~ . ‘ (7.84)

with respect to u}(z) and u}(z) as given in (7.78). We observe that the first level
truncation points are small at the point of singularity z = —Vvy. Hence, in order to
proceed further, we assume hereafter that z # —vy. By back-substitution of (7.82)
and (7.69) into (7.32), a truncated series of the first level after Ny plus N; terms is

found

Ny—1

- _ (@, a—b+ 1)y,
W(Z)N Z (_1) e anza+nn! n+( 1)N08No+1 (NO ’Za_,_NON Z Qn

No gNo+1 (@)y, (a=b+1)
(NO _ 1) !Za-i-No

N gtn, (z). (71.85)

In comparison with the zeroth level expansion (7.32), since V| more terms are added
into the expansion, we obtain a higher accuracy with the first level expansion than
with the zeroth level expansion of hyperasymptotics. Herein, we define the first level

of the truncation error in (7.85) by

Ey,(z) : = (—1)Noghothi+1 (a()lz\\; ( )'ZﬁNz N (2)

(= 1)NogNothi+] (@), (a=b+1)y v (2)
(NO— 1)yza+No 1

(7.86)

Whilst calculating the order of error, we utilise the Stirling’s approximation for fac-

torial terms, that gives

ENy
\/ﬁ(—l)NoJer 8N0+N1+1 N(I)Vo+2afb+%Ni\’|+yf% exp (IFT>

. (7.87)
(a— l)a—% (a— b)a—b—i—% 74t Noexp (Ng + N1 + %) (u}’z(z))Nl—H/

Ey, (2) ~

In order to observe the anticipated improvement obtained by the hyperasymptotics,

we plot the magnitude of the error (7.87). In Figure 7.3, we compare the error of
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the expansion with various truncation points, not only with the optimal one. From
the plots we notice that, as expected, the relative error of hyperasymptotics reduces
at each level. However, increasing Ny decreases the error far better than the value
of the error obtained by the successive optimal truncations. For instance, truncating
the zeroth level of the expansion just 20 terms later than the optimal truncation point
reduces the magnitude of the error approximately by 10~2% compared to the error of

the optimal truncations, which is apparent from the plots.

Error comparison
LA (LN L B L LI B AL B

1024*““““““‘ K ‘ ;
° ENo(Z)
E, . (z) for u?
1071 N, 1
1
o E  (2)foru
. - ; : N, !
107 o E (@) foruy
|Error| : ; ~ 1
o E, (2) for ui
1012 ¢ 1 ,
“1 o ENl(Z) for uj
241 2
10 ° ENl(Z) for uj
w® i
108¢.. ST

0O 20 40 60 80 100 120 140 160 180 200
Number of the terms in the expansion

Figure 7.3 Comparison of the error estimates in (7.33) and (7.86) at two levels. It
is plotted according to u](z) and u?3(z), respectively, for z = 1.5i, and for arbitrarily
chosen a = 1/2, b =1/3 while € = 0.1. Green dots correspond to the error estimate
occurring according to u}(z) while blue dots correspond to the error estimate occur-
ring according to u% (z) for optimal truncation point and various truncation points.
Increasing the level zero truncation point decreases the error.

The next step is, therefore, to minimise the first level error (7.87) with respect to v
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and v; by differentiation. In doing this, we find that

‘%O+V?1 m+2a_b+l vil_._»}/_l _v _ —
dEn, (2) N _&(—1) V' 2y, 2 exp (TO) In <V—OZ> . i

' 2% exp (L + % +y) (voln(;_§>+z+vo> i V01H<VOZ>+Z—|—V()

oy Wioq-ptd gyl

dEy, (z) N g (_1)?+? Vo v Zexp (fo/0) In -V
dV £ Vi %-H/ —rd ’
T bep( ey (o () rerw) T Lo (E) e
(7.88)

where v is defined by v; ~ Nj€ and C is the constant of the derivatives defined as

V21

£20-b+7 (g — 1)972 (q — b)0T1

C =

If we equate each derivative in (7.88) to zero, we find that the first level of error takes
its minimum value at

Vi~ s (7.89)

Vo

Z
Voln (——) +z+ Vo

when z is not equal to —Vp, which is the singular point of the expansion. By min-
imising this error estimate, we have obtained v; in terms of V. This means that the
error (7.87) is determined as a function of vy and z. Thence, we plot the magnitude
of the error taking into account (7.89) as well as increasing both truncation points
Ny and N together in order to capture the convergence. Before doing so, we first

recognise the actual truncations Ny and Nj as

(7.90)

<
Voln (——) +z+V
Vo

€

2|

N()N— and N ~
E

In Figure 7.4, the improvement of hyperasymptotics is shown clearly by black curves
if the number of the terms is varied. The green lines of Figure 7.4, which pass

through the least points of black curves, represent the relative error when (7.89)
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comes to play. The figures of Figure 7.4 show the agreement between the plots. An-
other observation that can be made from the figures is that as 0 decreases, the relative
error reduces faster. Getting close to the singularity at —Vvy, we recognise that the
speed of the error gets slower and almost stops. The blue curves show the optimally
truncated error in the first level; if z equals to —Vvg, we see that the blue curve dis-
appears at Figure 7.4a, as discussed earlier the first level truncation point N; is not
large at that point. Equivalently, this behaviour of the estimate and its direction are
demonstrated near and away from the singularities by its contour plot in Figure 7.5
and Figure 7.6. In order to monitor the 6-dependence, in Figure 7.7a and in Figure
7.7b, we plot the magnitude of the first level error (7.87) according to different val-
ues of 6. The plots show that increasing both Ny and N; together reduces the relative
error. In considering these figures, we observe that if Ny and N are fixed, and 0 is
reduced, the error estimate decreases faster. With this idea, Figure 7.8 is plotted, in
which we fix Nj and decrease 0, and observe that this reduces the magnitude of the

error as well.

Thus, we conclude that hyperasymptotic error gets exponentially smaller when the
truncation point is varied, and its speed further depends upon the phase of z. By
having all these figures and comparing them with each other, a very good agreement

between each is obtained.

7.6.2 Error analysis and 0 dependence

In order to attain a complete agreement between the error estimate and the figures in
Figure 7.4 and Figure 7.5, we will inspect the error analytically. Having established
the late-order terms in two levels and studied asymptotic behaviours of the first level
error (7.87) of the expansion (7.85), we found out that the relative error depends on
the phase of the asymptotic expansion. In Figure 7.4, Figure 7.5, Figure 7.7, and
more clearly in Figure 7.8, we observe that if the phase of the expansion reduces, the

error gets exponentially smaller. However, in Figure 7.4a and Figure 7.5a, as we in-
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Figure 7.4 Behaviour of the error estimates in (7.33) and in (7.86) according to u% (2),
for |z| = 1.5 when 6 = arg(z) = &, 3n/4, 2n/3, n/2, /4,0, respectively, for arbi-
trarily chosen a = 1/2, b = 1/3 while € = 0.1. Increasing the level zero truncation
point reduces the error, and this bevaiour also depends on 6. Away from the Stokes
line the error reduces faster. First level optimal error shown in blue does not occur
in Figure 7.4a at the Stokes line. Green lines are plotted if the error is written as a
function of vy by employing (7.89).
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Figure 7.5 Contour plot of the error estimate (7.86) in the vy, v| plane according to
ui(z), for |z = 1.5 when 6 = arg(z) = &, 31/4, 21/3, /2, w /4,0, respectively, for
arbitrarily chosen a = 1/2, b = 1/3 while € = 0.1. This plot illustrates the behaviour
of the decreasing error near and away from the singularity. Green dots are equivelent
to the green lines of previous Figure 7.4, and it is a contour plot of (7.89).
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Figure 7.6 3-D contour plot of the error in (7.86) plotted according to u%(z), for
|z| = 1.5 when 0 = arg(z) = m, 37 /4,2n/3, /2, m/4,0, respectively, for arbitrarily
chosen a = 1/2, b =1/3 while € = 0.1. It is the 3-D version of Figure 7.5 showing
the behaviour of the estimate near and away the Stokes lines. Behaviour of the
estimate depends on both truncation points and 6.
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Figure 7.7 Error estimate in (7.86) plotted according to u}(z), for |z| = 1.5 when
0 = arg(z) = 2m/3 and 6 = 7/4, respectively, for arbitrarily chosen a = 1/2, b =
1/3 while € = 0.1. Red, black, green, navy blue and blue dots correspond to the
error estimate while Ny and N; increase at the same time where N; is chosen to be
1,60,120,180,250 in order to see the agreement. While both Ny and N; increase,
the error decreases.

crease 6 = arg(z) and approach the singularity of the expansion, the error increases
rather than stopping near its singularity; which is contrary to what happened in Fig-
ure 4.4f, Figure 4.5f and Figure 4.6f of §4. Thence, we will investigate the error
estimate (7.87) according to u% (z), especially to identify the behaviour in vicinity of
the singularity. First, let us re-arrange and write down the estimate in terms of vy

and v;
Vo+V v v _pal
Vam(~1)" % (vo)e“( Vi )é” vy ( vo)
- T &Xp{—— |,
( 1)6! %(a b)g b+2 ze M%(Z)e vl%zagza_b_ﬂ/ Z

(7.91)

EN] (Z) ~

where u}(z) and its relationship with the truncation point Ny of the first level is

derived in (7.84) and (7.89). As we are interested in studying the magnitude of the

error, we observe that employing the relation given by (7.89) cancels u%(z) and v;
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Figure 7.8 First and second level error estimates in (7.33) and in (7.86) according to
ul(z), for |z] = 1.5 and fora = 1/2, b= 1/3 while € = 0.1 with fixed Nj = 50. Black,
green,red and blue dots correspond to the error estimate while Ny and 0 both increase
at the same time. Here 0 = arg(z) is picked to be 0,60, 120, and 180, respectively.
While 6 decreases, the error reduces. 8 = 180 at 30 corresponds the singularity of
the first level in which the expansion breaks down.

terms of the expansion out when its magnitude at the same order. In doing this, we

observe that the controlling factor of the error estimate is of the following form

VO vO
Vo 2 exXp (—?)
En,(z) ~ (—) — (7.92)

Vl) ’
ze —
exp(s

for both vy and v; are sufficiently large. As before, we assume that z = rexp (i) in
order to investigate the error estimate in terms of ph(z). Substitution of this with v,
given in (7.89) into (7.92) shows that the forcing factor of the estimate in terms of 0

and v turns out to be
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Vo
+ i)
EM(z)~< Yo ) rexp(i6) . (7.93)

rexp(if +1) Voln (——’“‘5("9)) + Vo + rexp(i6)

0

ex
P £

We first evaluate it for & = 7 so that the observed increment of Figure 7.4a can be

computed. Hence, it is

(Ge)
Yo exp | —
Vo\ &
En (2) ~ (—) re . 7.94
M@~ (5 (]voln(r)—voln(vo)+v0—r|> (7.94)
exp
£
When vy is sufficiently large, it takes the form of
Vo r
En (2) ~ (---). 7.95
N (2) ~exp (7 — = (7.95)

As we can easily see for large vy, this increases near the singularity for 6 = x, al-
though we used the same method, i.e. the factorial-over-a-power method, in both
exponential integral and CHF in order to derive the late order terms of the expan-
sions. As the corresponding Ao terms of this method are determined uniquely, we
find out in both problems that while one for exponential integral is obtained as a
constant, the one corresponding to the CHF is obtained as an exponential function
of vy given in (7.79). Therefore, compared to §4 or other chapters, the exponential

term of CHEF, i.e. (7.79), increases the error estimate for 7.

Likewise, when the phase of the expansion is O, the controlling factor (7.92) be-

comes

: exp (-2)
En, (2) ~ (E)? P
: re (|v01n(—r) —voln(vp) +v0+r|) '
exp

(7.96)

£
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For large enough vy, it is

Vi r
Ep, (z) ~exp (—70 + 5) : (7.97)

which gets exponentially smaller. Hence, we conclude that the speed of the cor-
responding error estimate depends on the phase of the expansion as well as the v
term, while decreasing. As we approach the singularities by its argument, the speed
almost stops or increases. In fact, this corresponds to the Stokes lines, in particular
when we move away from the Stokes lines the speed of the decreasing behaviour
increases, and on the Stokes lines it stops or increases slowly. Hence, in the next

section, we will address the first level Stokes lines.

In summary, increasing the level zero truncation point arbitrarily decreases the first
level error estimate. Having written out the estimate as a function of Vo by minimi-

sation, we found that the error is reduced faster as vy is increased in theory.

7.6.3 Stokes lines and their form near singularity

In this subsection, we will determine the first level Stokes and anti-Stokes lines orig-
inating from the singularities, as well as studying their asymptotic behaviour near
the singularities. Hence, we will first consider the singulant that we already derived
via the leading order term in (7.78). After having the Stokes lines, in order to see
its behaviour, we will inspect the singulant in the neighbourhood of the singularity
at —vp. To observe these lines, we begin via introducing the polar coordinates by

defining

z=re'". (7.98)

Before beginning this procedure of investigation note that, since the analysis is same
for both singulants u] (z) and u?}(z) and we already shown the procedure several times

in previous chapters, we will only inspect the Stokes (and anti-Stokes) lines for the
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singulant u} (z). Moreover, through the local analysis near the turning point, we see
that the associated Stokes lines of u% (z) are indeed inactive. For brevity, we do not
repeat the similar calculation; refer to §5.3.5 for details. Performing this convenient

substitution (7.98) in (7.78) of the singulant gives

—ui(z) = — <rcos(9) +Vvo+vln <VL0)> —i(rsin(0)+vo(0+m)). (7.99)

Relevant Stokes lines, then, emerge when

rsin(0)+vo(0+m)=0 and — (rcos(9)+vo+voln (VL)) >0. (7.100)
0

Hence 6 = —m is the solution satisfying the equation (7.100), which is where Stokes
lines and the switching of the subdominant exponentials occur. Similarly, inspecting
the real part of (7.99) shows us where the anti-Stokes lines lie at when 0 satisfies

rcos(8) 4 vo+ voln (VL) = 0. (7.101)
0

The Stokes and anti-Stokes lines are determined via the singulant; in order to visu-
alise them and their behaviour, it is appropriate to plot them. In Figure 7.9a, red
lines show the Stokes lines, whereas dotted lines show the anti-Stokes lines of the
first level of hyperasymptotics as discussed in §7.4. Since the only crossing point of
the Stokes lines is the turning point, we illustrate the inactive HOSL straightaway us-
ing the HOSL recipe given in (5.93). However, HOSL will be addressed in the next
chapter in detail. As a similar travel is already done in Figure 4.8 of §4, this part will
be kept brief. Travelling in a clockwise direction demonstrates the appearance and
disappearance of the exponential terms across the Stokes lines in the figure, and how
it gets back to where it started. We remark that, because the level one expansion is
produced by the multiplication of the level zero expansion, whenever the level one
exponential is turned on, the level zero exponential turns on; hence, (=) also demon-

strates both the zeroth and first level subdominant exponentials.
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To identify the behaviour of the Stokes lines near the singularity, we transform z by

setting

1= —vo+p, (7.102)

in which the small parameter p is —1 < p < 1. Substituting this into the singulant
and employing the log function properties for small p, we see that the singulant in

vicinity of the singularity turns out to be

ul(z) = 2. (7.103)

This corresponds to the error function discussed earlier, so that it behaves like an er-
ror function near the turning point, the shape of the Stokes and the anti-Stokes lines
is known if the singulants are in the form of (7.103). Without loss of generality, we
proceed via the assumption that p = exp (i 5) in which 0 is the phase of p. Putting
this scaling back into (7.103), we find that the Stokes lines near the singularity lie
along 0 and 7, and anti-Stokes lines lie along 7 /4, 37 /4, 57t /4, 77 /4 under consid-
eration of the Stokes lines definitions. Hence, the Stokes and anti-Stokes lines near
the singularity are shown in Figure 7.9b, which is exactly the same as the previous

plots of the singulants obtained in previous chapters, such as in §3 and §4.

7.7 Conclusions and comparisons

We have calculated the asymptotic solution of the confluent hypergeometric function
(7.3) by the transforming z; = z/€ via hyperasymptotics, rather than performing the
Taylor series expansion method of Olde Daalhuis [45]. By doing this fast scaling,
we examined the CHF for small €. In order to study the behaviour of the remainders
of the expansions and their exponential smallness, the series of the re-scaled CHF
were truncated, and therefore obtained recurrence relations. Based on the investiga-
tions of the recurrence relationships at each level, we determined the corresponding

late-order terms of the CHF.
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Figure 7.9 Demonstration of the Stokes lines plotted according to singulant u%(z)
for arbitrarily chosen vy = 5. Active Stokes lines are plotted by 3(ul(z)) = 3(0)
while R(u](z)) > R(0). Inactive Stokes lines are plotted by (ui(z)) = 3(0) while
R(ul(z)) < R(0). Anti-Stokes lines are represented by black doted lines, given by
R(ul(z)) = R(0). Inactive HOSL is shown in blue. Figure 7.9b is a closer view of
the Stokes lines in red and anti-Stokes lines in grey plotted near the singularity.
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Combining the zeroth (7.32) and the first level (7.82) remainders of hyperasymp-
totics in (7.86) we examined the relevant error estimate, rather than only one trunca-
tion point at each level, as a function of vy, vy and 6, which had not been considered
prior to this study in our knowledge. Through this, we have observed that as the
number of the terms is increased in the expansion just with two levels of hyper-
asymptotics, the error estimate decreases. We demonstrated this improvement in
Figure 7.3. This is a distinct conclusion of our study compared to previous studies,
which is summarised in Figure 7.3, Figure 7.7a, Figure 7.7b. We have also obtained
a very good agreement between all plots and asymptotic results. As it was sufficient
to achieve this result with just two levels of hyperasymptotics, we did not carry out

the process of re-expansion in hyperasymptotics.

Having the late order terms and remainder differential equations, we have located
the Stokes and anti-Stokes lines of the CHF (7.15) by examining the behaviour of
the singulants near the singularities. In this way we described the remainder in terms
of the error function in the vicinity of the Stokes lines, and showed the smoothing
of the error function. Switching behaviours of the subdominat exponentials occurs
across the Stokes lines were illustrated and demonstrated in Figure 7.2 and in Fig-
ure 7.9a. We have verified the method of constructing an approximate solution of a
CHF, which contains a small €, with exponential accuracy through the WKB method,
which is in order €. Upon finding the solutions of the CHF using leading-order-term
analysis and the WKB approach, we derived that the remainders are exponentially
small everywhere except near the Stokes lines. Moreover, we found out that the
level zero turning point is not a turning point in level one, and they occurred in the
log function of the singulants in the succeeding level. Hence, they generated the

logarithmic branch cuts in the succeeding level.

We have successfully completed the asymptotic analysis of the CHF and observed

that the present findings support the findings of §§4, 5 and 6 from which we con-
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cluded the diminishing of the error of the hyperasymptotic expansion via consider-
ing truncation points as variables. Furthermore, by analysing the remainder solely at
two levels, we established that the decreasing behaviour depends on 6. For instance,
comparing the 6-dependence both §§4 and 7, we observed that in this chapter, as
we reduce the value of 0, the speed of the relative error increases; however, in §4,
0-dependence of the relative error is the opposite. This difference happens only due
to the opposite sign of the singularities. Therefore, we comment that as we approach
the Stokes lines the speed decreases, and at the Stokes line it takes its slowest speed.
Comparing the results of exponential integral, error function and Airy function with

the CHF, we showed a satisfactory agreement.



Chapter 8

Higher-order Stokes phenomenon

8.1 Introduction

In the preceding chapters, the methodology of exponential asymptotics was demon-
strated and interpreted through various differential equations from which the Stokes
phenomenon emerged. The purpose of this chapter is to describe the features of a
higher-order Stokes phenomenon using the exponential asymptotics by addressing a
second order differential equation in which it occurs. As we analyse the equation,
we will address the properties of HOSL and the Stokes lines. The actual process of
exploring the higher-order Stokes phenomenon will be similar to that in the previous
chapters. Besides, in this chapter, we will inspect the existing intersection points of

the Stokes lines.

HOSL may appear when there are more than two asymptotic expansions of the
equations. As elucidated earlier, the usual Stokes lines emerge from turning points.
However, HOSL emerges from regular points. In particular, according to Olde Daal-
huis [60] three or more Stokes lines cross each other, the intersection point of these
lines termed as a Stokes crossing point (SCP) by Howls et al. [39]. The difference
between these two phenomenon is that, Stokes lines themselves may switch on or

off across the HOSL, however the usual Stokes phenomena impacts the switching
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on and off of the exponentially small terms across the Stokes lines. Hence, while
there is a SCP, ignoring the HOSL may draw an incorrect conclusion in terms of
the asymptotic representation, which is the key motivation behind HOSL analysis.
Higher-order Stokes phenomenon has the same application areas as the Stokes phe-

nomenon.

Since detailed explanation of the process is already described throughout the the-
sis, we will now provide a brief layout of the chapter. This chapter will proceed
by first introducing the equation to be considered. We will derive the leading or-
der term and a recurrence relation of the equation. By performing the relation, we
will obtain the general term of the expansion and truncate it after the optimal num-
ber of terms, whereupon we will identify the Stokes and anti-Stokes lines and their
crossing points. Thereafter, higher order stokes phenomenon will be demonstrated
in §8.4. Then, as before, we will go to the next stage of the multi-level asymptotics:
we will firstly rescale the truncated remainder, then expand the scale of the remain-
der, obtain its asymptotic series solution, and finally truncate it. In order to ensure
consistency with the asymptotic solution, we will solve the inhomogeneous remain-
der differential equation by the WKB approach in §8.5.2. In §8.5.3, we will discuss
the associated first level ordinary Stokes and HOSL lines. Lastly, we will end the

chapter with discussion in §8.6.

8.2 Model differential equation

In this section, we will consider the asymptotic behaviour of a differential equation
in which the nature of the higher-order Stokes phenomenon, with its importance in
exponential asymptotics, will be exposed. The existence of a HOSL will be inter-
preted with the second order differential equation addressed by Olde Daalhuis in
[60] satisfying w(z;u) such that

2 2
dw(z) +u’Zw(z) = exp (iu (% - 42)) : (8.1)

dz?
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in which u is a large positive parameter and the equation has a double turning point
at z = 0. In order to discuss this equation in the context of a small parameter € rather
than the large parameter u, we first rescale u by u = 1 /€ with no loss of generality,
which produces the new differential equation equivalent to (8.1) as below:

2 2 2
d7w(z) + %w(z) = exp (é (% —4z)) : (8.2)

dz?

in which 0 < € < 1. Structurally, this is in the same nature as the second order differ-
ential equations of earlier examples obtained in level one, such as (5.65), whence we
have two complementary functions and one particular integral. As it will be clearer
later in the analysis, associated Stokes lines of this equation intersect each other at
regular points which give birth to the HOSL. However, the only crossing points of
the earlier examples so far in the thesis were the turning points of the expansions
from which solely Stokes lines occur. Moreover, in order to complete the HOSL
analysis in the early examples, we needed to go to the first level at least, but in the
present example, level zero provides the HOSL inspection with its exponential RHS.
To continue, in order to present and provide an explanation regarding the HOSL, we
need to analyse the particular solution of the inhomogeneous second order differen-
tial equation by exponential asymptotics. Motivated by the RHS of the differential

equation (8.2), we first re-scale w(z) by means of

w(z) = €2 exp (é <§ —4z)> v(2), (8.3)

where v(z) will be discussed. Substitution of (8.3) into (8.2) provides us a singular

differential equation involving v(z) such that

d2
2 v(z)

a2 4)edV(Z) +(8(z—2)+ig)v(z) = 1, (8.4)

dz

which is in the desired nature; therefore, we can use the methods in hyperasymp-

totics. Particularly, in the next two subsections, firstly asymptotic series solution of
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(8.4) will be derived, and then it will be truncated optimally.

8.2.1 Asymptotic expansion

As in the usual perturbation method, let us assume that the naive expansion of the

differential equation (8.4) in powers of € is
v(z) ~ Y €M(2). (8.5)
n=0

Because the expansion (8.5) must solve the differential equation (8.4), a direct sub-

stitution of it into (8.4) provides

i <d Vn( )_’_21(2_4)M+8(Z—2)Vn+2+an+l(Z))

dvo(z)
dz

(8.6)

+& (21’(2—4) +8(z—2)vy +ivo(z)) +8(z—2)vo(z) = 1.

Balancing terms at like powers of € brings the leading order relation along with a

differential recursion expression such that

atO (1),  w(z) = SE-2)" .7
atO(e), 2i(z—4) dv;’( ) +8(z—2)v1(2) +ivo(z) =0, (8.8)
ato(e""?), dz;’z“( i 4)‘”%;@ +8(z— 2y (2) + s (2) = 0. (89)

The leading order term (8.7) comes immediately from (8.6). Performing it in (8.8)

generates the next term

i(z—6)
64(z—2)3

64(z—2)2  16(z—2)3

Vl(Z) =
(8.10)

We find that the leading-order term vo(z) and the succeeding term v;(z) are associ-

ated with the singularity at z = 2; in fact, this will be considered while studying the
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asymptotic behaviour of the late-order terms v,(z) in (8.5) and determining its rep-
resentation. Additionally, by successively performing the recurrence relation given
in (8.9), we observe that each v,(z) term of the expansion has a singularity at 2 with
an order of 2n+- 1 so that the strength of the singularity grows at each order as more
terms are added into the expansion. These can also be seen easily from the first two
terms determined above, i.e., vo 1(z) in (8.7), (8.10). In order to establish the Stokes
lines and study the asymptotic structure of the expansion exponentially, the crucial
step is to obtain v,(z) of the expansion. Because its exact representation cannot be
established directly for all n by an application of the recurrence relation in a certain
form, we will derive the late order terms through the factorial-over-a-power diver-
gence technique. Hence, let the late order term of the asymptotic expansion in (8.5)

be in the nature of

I'h+y) (&1
va(2) ~ FT (I;ﬁAk(zO : (8.11)

where 7 is a constant, A; and f are independent of n but could be functions of z and
¢ for large n; they are unknown, but will be determined soon. After inserting (8.11)
into the recursive relationship in (8.9), the leading-order relation at O(n?) can be

written down as n — oo

2
((df(z)> —2i(z—4)%(zz)+8(z—2)> Ao2) _ 0, (8.12)

dz 12

where Ay (z) # 0 as discussed earlier in the thesis, whence this (8.12) is equivalent to

(%(ZZ) —2i(z—2)> (%(ZZ) +4i) =0, (8.13)

which implies

i) =i(z=2)%+k  and  fo(z) = —diz+ky, (8.14)

where k; » will be derived shortly. At O(n), we have
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((F'@)* —2iz-4)f'0) +8(z—2))

N (2i(z—4) —2f'(2)) Ay(2) + (i — f"(2)) Ao(2)
f(2)

(8.15)

=0.

As it is known from (8.12), the first part of (8.15) is equal to zero; hence, the second

part must satisfy
2i(z—4)Ap(2) — 2f'(2)Ap(2) +iAo(2) — f"(2)Ao(z) = 0. (8.16)

Solving this differential equation by furnishing f > (8.14) produces the leading order

term of the summation in (8.11) as

(8.17)

wherein C| is an integration constant. Next, to establish the representation of the late-
order terms, we must furnish the singularities and turning points of the differential
equations in the denominators of the late order terms. From the leading-order terms
(8.7) and (8.10), we know that at z = 2 there exists a singularity for an odd power of
the singulant f(z) with the order of 2n+ 1. Evaluation of the singulant at this point

enables us to derive the unknown constant k; and ¥ such that
) 1
f1(2)=0 = k; =0 while yzi. (8.18)

On the other hand, due to having a double turning point at z = 0 and its appearance in
the later order term of the particular solutions, which also could be seen by the rela-
tion of 1/,/z whose power increases in each further term evaluated, both singulants

are equal to each other at the double turning point, yielding
1
f1 (0) = fz(O) = ko =4i while Y= 5, (8.19)

so that the related exponentials cancel each other out; for a full discussion see [60],
in which the homogeneous solutions of the expansion is discussed by the Hankel
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function. Hence, the “power” functions f}(z) and f(z) of the factorial-over-a-power

method has been completely determined as
filk)=i(z=2)> and  fa(z) = —4i(z—1). (8.20)

Combining these f1(z), f2(z) and Ag(z) with (8.11) completes the derivation of the
late term; in fact, the late term is equivalent to the asymptotic solution of (8.4),
which is introduced in (8.5). Via back substitution of v(z), we can see that w(z) in

(8.3) produces the asymptotic solution of (8.1) which will be of the form

exp(i (z2 4Z>) (8.21)
LE L . .
o ——EA2 y e L0F2)

vz =0 fia(z)" 2

Thus, we have been able to establish the late order term of the expansion by factorial-
over-a-power technique. It is pertinent to point out that at z = 2, although the expan-
sion is divergent for the relevant singulant f(z), it is not for f,(z). Next, we can

truncate the expansion.

8.2.2 Truncating optimally and the remainder

Having known that the form of the particular solution of (8.1) takes the approxima-
tion in (8.21), we can now truncate the asymptotic series solution of w(z). In doing
this, we can study the asymptotic behaviour of its tail and identify the location of the
Stokes lines and higher-order Stokes structure. For this purpose, an algebraic series
solution of w(z) primarily will be truncated in the place where it takes its least value.
It is worth briefly commenting that due to the relation introduced in (8.3), truncating
v(z) is equivalent to truncating w(z). In particular, truncation of (8.21) after Ny terms

yields
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w(z) = exp <é (—2—4z)> [Z g2 L) +3) G + R, (2) (8.22)

n=0 f12( yrts \/_

= exp <; <—— z)) ngos"“flz( )n+)2 \Cfl + %N,y (2), (8.23)

where Ry, (z) and %Zn,(z) are the remainders of v(z) and w(z), respectively. More-

over, we can introduce the truncation error of the zeroth level as

P
éN, (2) :=exp (é <% —4z)> En,(2), (8.24)

where &y, (z) is the first neglected term of the asymptotic expression of w(z), while
ENn,(z) of (8.24) is equivalently the first neglected term of v(z), which is observable
from the squarebracket in (8.22) after the truncation. Considering the general terms
of the expansion in (8.23) for f}(z) and f>(z) separately, and minimising with respect

to n, the optimal truncation points appear at

Ny ~ |f1,2(Z)|’

€

(8.25)

by which we extract the exponential dependence. Motivated by the form of the
expansion, the relative error estimates, with respect to fi(z) and f»(z) separately,
after employing the truncation points (8.25) with Stirling’s formula in the truncated

expansion (8.23), at the leading order reveal

2Te i Zz
éo(Nmfl (2)) ™~ C1£262 \/— \/ﬁ ( (__ - 4)) , (8.26)
2Te l Z2
Eo.fr(e) ~ C1€% = —4)). (8.27)
’ \/_ v —4i(z—1)

Here, all distinct associated exponential asymptotic behaviours of the expansion

(8.21) including the RHS of the original equation (8.2) are identified by

2 2 2
/11:i<%—4z) Azzi(—%—4) 7L3:i<%—4>, (8.28)



8.3 Stokes phenomenon 227

in which A; are the powers of the exponential terms, i.e. exp (4;/¢€) fori = 1,2,3.

Having completely derived the exponential terms of the expansion in (8.28), we
are now ready to locate the Stokes and HOSL lines of (8.1) from these expressions.

These will be considered in the next two following sections.

8.3 Stokes phenomenon

Let us first begin considering the presence of the Stokes and anti-Stokes lines of
w(z) in (8.1) via these three exponential terms. As already discussed in earlier, all

the Stokes lines can be presented via calculating
3(A)—3(A;) =0 while R(L)—-R(4;) >0, (8.29)
and all the anti-Stokes lines present via calculating
R(A)—R (lj) =0, (8.30)

where i, j = 1,2 and 3 such that i # j. Therefore, we will first evaluate the relevant

subtractions of A; — A;

M=l =i(z—2)%, (8.31)
A=Az =4i(1-2), (8.32)
Ao —N3=—i(2)?, (8.33)

which correspond to combinations of the singulants derived in (8.20); thence, deriv-
ing the Stokes phenomenon of w(z) is equivalent to locating the Stokes phenomenon
of v(z). Assuming z = x+ iy and performing this transformation in (8.29), we obtain

the Stokes lines according to (8.31) such that

(x—2)2—y*=0 while 2(x—2)y>0. (8.34)
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Likewise, the Stokes lines arise based on (8.32) and (8.33), respectively, when they

fulfil the conditions

4(1—x)=0 while y>0, (8.35)

v —x>*=0 while xy>0. (8.36)

By the definition of the singulants, we know that at the turning points z = 0 and
z = 2, Stokes lines cross each other, in particular for (8.33) and (8.31), respectively.
However, in this case, as we have the third exponential in comparison with the pre-
vious chapters, we see that the Stokes lines cross at z=1+1i and z =1 — i, which are
the SCPs [39] and can be for instance evaluated by equating (8.33) and (8.31). They
will be demonstrated in Figure 8.2. Similarly, all the anti-Stokes lines of w(z) with

respect to (8.31), (8.32) and (8.33) in order occur when
y=0, xy=0 and (x—2)y=0. (8.37)

After the Stokes and anti-Stokes lines of the zeroth level is located, we have sufficient
information to plot them. Although we find SCPs from which the HOSL emerges,
in order to see the inconsistency with the outcomes upon making a complete circuit
in the complex plane if the HOSL is ignored; we plot these in Figure 8.1. The
figure demonstrates that if we start to travel on the LHS of the thunderbolt, with the
assumption of @ being present, we complete the travel with @+@ when we return
the same sector; this is the inconsistency occurring due to the existence of the HOSL.
We kept this part brief as the detailed explanation of the travel will be made in the
upcoming section. In §8.4, as well as addressing the HOSL, its behaviour will be

illustrated with care.
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Figure 8.1 Red, blue and green lines show the Stokes lines while the dashed lines
show the inactive-Stokes lines. White dots at z = 0 and z = 2 are the turning points
(TP), and blue dots at z = 1+ are the Stokes crossing points (SCP) of w(z). @,
@ and @ correspond to the exponential terms with powers A, A, and A3 in (8.28)
respectively. Completing a circuit around the SCP leads to a contradiction next to
green line indicating that @ and @+® are both present in the same region. Thunder-
bolt represents the inconsistency if the HOSL is not taken into consideration.

8.4 Higher-order Stokes phenomenon

Knowing the exponential terms of (8.1), we can now focus on the higher-order
Stokes phenomenon in this section. As mentioned earlier, the condition of the HOSL
is to have at least three exponentials which we already derived in §8.2.2. With the
presence of these exponentials, we can observe that an active Stokes line will change

its behaviour across the HOSL. According to [39, 56, 60], a HOSL takes place when
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S (ln (l] —lz)) = 5 (ln (l] —13)) while 9{(111 (/h —12)) > %(ln (l] —13)),

(8.38)
which can equivalently be written as
l] (Z) — 12 (Z)
— = €R. 8.39
ERAE 5
This implies it occurs when
(=2 _p (8.40)
4(1—z) ' '

which corresponds to a circle [z— 1| = 1 in the complex z-plane shown in Figure 8.2.
Let us reveal the circle by the definition of HOSL. Influenced by the figure and the

SCPs, suppose z = 1 + re'® and insert it into the function of (8.40) such that

(reie —1)?
-—— —R 8.41
—4rei® ’ @41

in which R > 0 corresponds to a real value since we are interested in purely real

values of (8.40). The equation can then be rewritten as

rei@ 1 —i6
Tty =R (8.42)

by Euler’s formula, the imaginary part of the above turns out to satisfy
=1

: (8.43)

whence, by the definition of z given earlier, this reads that it is a circle centring at
1 whose radius is 1 as in Figure 8.2. The higher-order anti-Stokes line (anti-HOSL)

[62] is similarly present when they fulfil the condition

R(In (A1 —22)) = R(In (4 — A3)), (8.44)

which implies
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R (m (ff(l__z); )) = 0. (8.45)

This creates the black teardrop-like shape in the Figure 8.3, in which anti-Stokes and

anti-HOSL lines are illustrated without any consideration of the Stokes lines. As
already explained, anti-Stokes lines help us identify which exponentials are domi-
nant in which region of the complex plane. By the same token, the tear-drop shaped
figure shows the dominance of the associated exponentials |A; — A;| and |4 — A3]
across the black shape, [57]. As we did earlier, we have sufficient information to
see the behaviour of the Stokes and HOSL lines when we travel in the z-plane and
are able to test whether we come back to where we start. In Figure 8.2, these lines
are plotted and SCPs are shown by blue dots appearing at z = 1 &= i, and related ex-
ponential terms of A;, A, and A3 are represented by @, @ and ®, respectively. The
sign > means that the left side switches the right side on; for instance in A; > A,,
A1 switches A, on as we cross the corresponding Stokes line, i.e., red line. We may
assume any combination of A;, A, and A3 are present in any region of the complex

plane and travel through the plane in a counter-clockwise or clockwise direction.

To start, suppose @ is present in the second quadrant below the blue line on the
LHS of the dashed green line in Figure 8.2a. Moving upward and crossing the blue
line in a clockwise direction has no effect for @ since it is irrelevant for @. Likewise
the HOSL circle also has no effect on the switching on and off. Next, we cross the
red line in which @ turns @ on; thence, ® and @ are present. Moving through the
first quadrant by crossing the light green line ® is switched on, and therefore @, @,
@ are present. Likewise, as we cross the blue line, since the Stokes line is active
there, @ is switched off, so that ® and @ are present. Across the HOSL circle, as
before, nothing happens, and so in the region between the HOSL and red line ® and
@ are present. Crossing the red line, because it is active, @ is turned off so that @
becomes the only term present on the RHS of the green dashed line in the circle. Al-

though the light green line is active on the positive imaginary axes, due to the effect
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of the HOSL, active Stokes line between both SCPs become inactive. Therefore, as
the dashed green line is crossed, nothing happens. We finish the travel with the same
assumption we started with; particularly, we return to where we started with the same
solution. Moreover, if the travel is continued around the complex plane, we see that
the picture is self consistent. In order to have a contradictory example, we illustrate
Figure 8.2b in which we assumed @ and @ are present next to the green line in the
first quadrant and then travelled in a counter-clockwise direction. Upon having done
a similar travel around the plane, we observed contradictions in the third and fourth
quadrants that as represented by thunderbolts. Hence, this plot does not provide a
consistent solution of the expansion as it does not come back to the original assump-
tion we began with. Note that Olde Daalhuis in [60] has the same plot (Fig. 2) as

Figure 8.2a.

Having discussed the zeroth level Stokes and HOSL lines, we can move to the next
natural step: evaluation of the truncated remainder. In the forthcoming section, we

will rescale the remainder prior to expansion and truncation.

8.5 First level of hyperasymptotics

In this section, we will inspect the resultant remainder of level zero in hyperasymp-
totics. As before, after generating the remainder differential equation, the first step
is to rescale the remainder based on its RHS. The second step is to expand and de-
rive the leading order term by which we find the singular points of the expansion.
Application of the factorial-over-a-power method under the consideration of the sin-
gularities enables us to determine the late order terms. Then the natural step is to
truncate the series so that subdominant exponentials can be established. In order to
be consistent with the exponentials, we also employ the WKB approach from which
the exponential terms of the expansion arise explicitly. In §8.5.3, we will conduct

the Stokes and HOSL analysis of the first level.
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Stokes and higher-order Stokes lines
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Figure 8.2 Red, blue and green lines show the regular Stokes lines while the black
circle demonstrates the HOSL. Dashed lines correspond to the inactive Stokes lines.
Blue points where the HOSL and Stokes lines are crossed at z = 1 £ i are the SCPs,
and TPs are marked with the white dots at z =0 and z = 2. ©, @ and @ represent the
exponentials whose powers are Ay, A4, and A3 respectively. Due to the SCP, active
Stokes line in green is terminated and so it leads to consistency after the complete
travel unlike Figure 8.1. Figure (a) illustrates the consistency whereas Figure (b)
shows the inconsistency. Figure (a) is similar to the ‘Fig. 2’ of Olde Daalhuis in
[60].
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Anti-Stokes and higher-order anti-Stokes lines
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Figure 8.3 Red, blue and green lines show the anti-Stokes lines while the black lines
show the higher order anti-Stokes lines of w(z) whose shape like a "teardrop", plotted
when |A; — A;| = |A; — A3|. Across the anti-Stokes lines, exponentials only change
their form (subdominant to dominant), but they do not impact the switching on and
off.

8.5.1 Evaluating the remainder

Substituting the truncated expansion in (8.5) into its original differential equation

(8.4) leaves a differential equation containing Ry,

L (Ryy(2):€) = 8(z — 2)eMom, (2) — €M7l () (8.46)
~ 8(Z — 2)8N0VN0 (Z)v

for Ny large and in the limit as € goes to zero. Herein, the operator .Z is defined by

Z (Rny(2);€) = €7Ry (2) +2i(z — 4)€Ry, (2) + (8(z— 2) +i€) Ry, (2).  (8.47)
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We rescale Ry, (z) according to the RHS of (8.46) such that
Ry (2) = 8(z—2)e™vp, (2)0(2), (8.48)

in which Q(z) will be addressed as follows. Since the general term of the expansion
is determined in terms of the singulants fi(z) and f>(z) derived in (8.20), without
loss of generality we continue the analysis of the expansion in the first level with the
singulant f(z). Next, substitution of (8.48) into the remainder differential equation

(8.46) generates the singular differential equation for Q(z) as

4v, €
£Q"(e) +e (24~ — -~ )0
=2 z
, ; ) _ (8.49)
4i(z—4)vy 4vy 3e 2evy | 4die

+(8<z—2>— - +(Z_2)2+4—Z2+Z<Z_2)+Z)Q<z>~1,

where vy represents €Ny for convenience. As usual, expanding Q(z) formally into

powers of € yields

0(z) ~ Y £"0u(2), (8.50)
n=0

and substituting the series solution straightforwardly in the differential equation, af-

ter some computation, gives

. 4vo
di(z—4)vy  4V3

3 2vp 4i
+(8(Z_2)_ 7—2 + (Z—z)z)Qn+2+4-_Zan+ (Z(Z—Z) +z) Qn-i—l_

o )
N (8(1—2) B 41(2_‘;)\/0 N (Zél_vg)z) oo 1.

1
0o ) Q:Hl o _Q;z
Z 8n—0—2 <
n=0

(8.51)

As it is already clear by the expression above, like powers of € gives at the leading

order O(1) ooy
—
8(z—2)3 —4i(z—4)(z—2)vo+4V2’

Qo(z) = (8.52)



236 Higher-order Stokes phenomenon

whereby the leading order term contains 3 singularities at

AY
2 :2+’7°, =2—i/ivo and z3=2+i\/ivo, (8.53)

which must be present at the late order terms. Likewise, the differential recursive

relation is derived from (8.51) at O(&"*?) as

2 Vo

z2(z—2)
) Oni2(z) =0. (8.54)

1 . 4 , | 3 4i
0@+ (20 =4) = 5 ) Gha)~ 1046+ 20,0+ (05 + 2 ) Grn2)
4i(z—4)vy  4V3

+
z—2 (z—2)?

+(s6-2)-

Since the repeated use of the recursive relation from the leading order term does
not provide the general term in a formula, we assume that the late order term is in
the nature of a factorial-over-a-power and its denominator secures the singularities

obtained in (8.53), that is,

0u(c) = "t 1)y~ Bulz) (8.55)

M(Z)I’H-Y] = nk

in which u(z),Bi(z) and y; are defined as before, and will be discussed. Employing

this ansatz in the recurrence relation yields at order n?

’ 2 . 4V0 ’ 4i(Z — 4) Vo 4\/2 B() (Z)
{(u (z))" — (21(Z—4) - Z_—2> u(z)+8(z—2)— ) + (Z_g)z} u(z)? ~0,
(8.56)
and at order n
, 0\ 4i(z—4)vo 4V} 1Bz
{(u (z))" — (21(Z—4) - Z_—2> u(z)+8(z—2)— ) (Z_g)z} u(z)?2
1, P AV 4i / . 4vp /
(2@ @+ 205+ ) Bule) - (2000 - 2ie—4)+ 2 ) Bye) 0
(8.57)

As explained earlier, By(z) cannot equal to 0 in (8.56). Thus, this leaves us with the

function in the squarebracket
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i(r— 2
(W(2)*~ (2i(z—4) - ioz) W (@) +8(z—2)— 2 (ZZ_?VO - (Z‘L_vg)z ~0,

7—
(8.58)

which, equivalently, may be reorganised as follows

(u’(z) —: E 5 (i(z—2)* - vo)) (u’(z) + z—iz (2i(z—2)+ vo)) ~0. (8.59)

Solving each of the above parentheses separately by direct integration, we obtain the

level one singulants

ui(z) = iz? — 4iz —2vpIn(z —2) + ¢y, (8.60)

up(z) = —4iz—2vpIn(z—2) 4¢3, (8.61)

wherein ¢ and ¢; are the constants of the integration and they are to be derived from
the singularities. Upon substitution of these singularities into u;(z) and uy(z), the

singulants with the relevant constants are completely determined as

;

. ) .
. 1A% v, IA%))
—2)2 42wl 9% wh =24 —
i(z—2)"+ On<2(z—2))+ 7 When z=2+—5,
S
u (z) = i(z—2)2+2v01n<—l;_’20>—v0 when 7 =2—i\/ivp, (8.62)
¥
i(z—2)2+2\/oln<l 120)—\/0 when 73 =2+i/ivy,
\ l—
and
(. A% A
4i(2 —7) +2vpl —2v h =242
i(2—2)+ 0n<2(z_2)> 0 when z; =2+ -7,
e
1 (2) = 4i(2—z)+2v01n<—’ ’2°)+4\/_iv0 when 2 =2 —iy/ivg,
Z_
>
4i(2—z)+2v01n<’ ’20)—4\/_iv0 when z3 =2+ iy/ivg.
\ i

(8.63)

All singulants obtained above have a logarithmic branch cut at z = 2, which in fact
happens due to the presence of a singularity at this point in the zeroth level. In

light of these singulants, we can now obtain the leading order term, By(z), of the
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summation in the ansatz (8.55). Particularly, the first part of (8.57) is already equal

to zero by the definition of the singulants from (8.56), and therefore we have

(o 2+ 220 2 Y o) = (200 - 2G4+ 2% ) i)

Solving (8.64) separately with respect to u;(z) and u(z) in (8.60) and (8.61) gives

iV

By(z) =G5 (Z_%) exp (2(;‘3 2)) , for u(z), (8.65)
By(z) =Cy4 (%) N exp (2(;‘3 2)) , for up(z). (8.66)

wherein C3 and Cy are the integration constants. Thence, the general terms of the

expansion for large n has been obtained via the ansatz (8.55), by means of

Ln+y) ([ z & iVo
Qn(Z) ~ C3 urlH_yl (Z—Z) exXp (m) , (867)
and
T+ (z—z)'ﬁ" ( o )
On(z) ~ Cy LT . *P|55-2) ) (8.68)

As we have fully determined the general terms, we next truncate the series solution

(8.55) after N; terms,

Ni—1

0z) =Y €"0u(z) +%n,(2), (8.69)
n=0

where %y, is the remainder of the first level of the expansion whereupon we may

define the error estimate of Q(z) as

Ey,(z) == €V10p, (2). (8.70)
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By back substitution of this truncated summation in (8.22) via (8.48), the first level

truncation error estimate of w(z) can be further introduced,
2 i (7
En, (z) = eNotNiH2exp (E (— — 4z)) 8(z—2)vn,(2)On, (2), (8.71)

where &y, (z) corresponds to the first neglected term of w(z) in (8.21) for the first
level. Since we are interested in truncating the expansion in a point where its mag-
nitude takes its minimum value, using one of the optimisation techniques as detailed
throughout the thesis, for instance in (2.9) of §2, enables us to have the optimal
truncation points at

) |u12(2)]

N
1(z -

3 (8.72)

where v| ~ €N; and v, is a function of vy ~ €N;. Next, we can employ the tech-
nique we developed. Having derived the asymptotic series solution of the expansion
and its error estimate in the first level, we can now plot the level one estimate (8.71).
We first keep the level zero truncation point as a free parameter and increase it ar-
bitrarily and inspect the behaviour of the error. Although both blue and black lines
are derived from the first level error, blue shows the error by optimal truncation,
whereas black shows the error by arbitrary truncation in Figure 8.4. It is clear from
the figure that increasing the level zero truncation point arbitrarily decreases the er-
ror estimate. On the other hand, having derived the truncation point of the first level
in (8.72), which is a function of v, enables us to write the first level estimate in
terms of Vg as addressed earlier in the thesis. From what we have just discussed, we
infer that increasing Vg in the sense of (8.72) should reduce the error. Thence, in
light of this idea, we have plotted the error whereupon the green line demonstrates
the diminution of the level one estimate. Moreover, as it is written out by the first
level optimal truncation point v;(Vvp), while diminishing, it crosses the minimum
values of the first level errors, namely blue and black lines. These findings support

the findings of previous chapters.
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Error comparison
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Figure 8.4 First level error estimate of w(z) in (8.71) based on f}(z) in (8.20) and the
last u;(z) of (8.62) for randomly selected z = 0.21/2 — i0.21/2 and € = 0.1. While
red and blue lines illustrate the zeroth in (8.24) and optimally truncated first level
estimates, black lines show that increasing the level zero truncation point arbitrarily
decreases the error exponentially. The green line demonstrates the behaviour of the
first level estimate as a function of vy.

In the upcoming section, before doing the investigation of the Stokes structure, we
will perform the WKB analysis so that the exponential terms of the expansion will
arise directly without the need of employing Stirling’s approximation, and at the

same time we will illustrate the strength of the agreement between both methods.

8.5.2 WKB approach

Let us suppose the WKB approximate solution of Q(z) is

0(z) = exp [% i 5”Sn(z)] . 80, (8.73)
n=0
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wherein 6 is a function of €. Having already used the WKB method in §7, we know
the derivative of the exponential in (8.73). Therefore, a straightforward substitution

of the derivative by making use of (7.38) into (8.49) gives for the homogeneous part

such that
82 /\2 ! of 2al o 2/l \2 3¢/ 82// 2l 2l
5 [(S0)” 4288081 +28°5,85 + 87(81)* +28°S185 + ... ] s SoreSite 0S5 +...
. 4v, £, , } e, e, €%,
+(2i(z—a) = 2 (—S teS —|—85S>——S P E9%
( ( ) Z_2> 5°0 1 2 52207 01 7 2
4i(z—4)vo  4v:  3er  2evy  4ie
+8(z—2)— +-—+—-—-+—~0. 8.74
(z=2) [ ) (z—2)2 422 z(z-2) z (8.74)

Leading order analysis suggests that = €; then after back substitution of this into

the above, we are left with the following at order O(1)

' 4v 4i(z — 4) Vo 4v3
Iy 2 2i(7—4) — Sh 4 8(7—2)— 0 __p 8.75
s+ (2= )= 2 ) spse-2) - EED0 M o w79
and at order O(¢€)
4vy Sy 2vg 4
0°1 T 90 i(z—4) 2/t 2(z-2) ' z (8.76)

Observe that (8.75) 1s exactly the same as the equation of the singulant in (8.58).
Hence, it will produce the same outcomes. After some computations, solving (8.75)

we evaluate that

So(z) = —i(z—2)* +2vyIn(z —2) +Cs, (8.77)

So(z) = diz+2vpln(z —2) + Ce, (8.78)

where Cs and Cg are constants to be determined based on the singular points of the
leading order term in (8.53). However, as the leading order term has already been
determined in (8.52), Sp(z)s must satisfy its singularities; henceforth, the constants

Cs and Cg must be derived. To avoid redundancy we are leaving these calculations
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out. However, refer to the previous section for details. Note here that these above
So(z)s and the singulants u; >(z)s in (8.60) and (8.61) have the opposite signs. To
proceed, employing these Sp(z) of (8.77) and (8.78) respectively in (8.76) enabled

us to have
A Z A
S =—1 — C 8.79
@)= (55) - g o (8.79)
A Z ivo
S =——1 C 8.80
== (55 )4 50 4G (8.80)

where C7 and Cg are unknown constants. As they suffice to attain the leading WKB

solution in the limit as € — 0, the homogeneous solution of (8.49) occurs as

i Vo

z \ % —iz24+4iz+2vyIn(z—2)+C ivo
Qhom(z) ~ C9 (2_2) exp ( ( ) Lo )

— € 2(z—2)
ivg
z—2\ % 4iz4+2vyIn(z—2)+C Y
TCo (=2 exp olnz=2)+C W\ g4
€ 2(z—2)

in which Cy and C( represent the combinations of all the constants in the relevant
late order terms but So(z)s; particularly, C; and C, are the constants as they were

derived in the singulants (8.60) and (8.61).

Thence, we have obtained the WKB solutions of the first level differential equa-
tion from which we obtained the exponential terms of the expansion explicitly. We
have observed that the negative powers of the exponentials are same as the singu-
lants found via the application of the factorial-over-a-power. Now, we will discuss

the Stokes and HOSL of the first level of hyperasymptotics.

8.5.3 Stokes and higher-order Stokes phenomenon

As remarked earlier, knowing the singulants u;(z) or equivalently the exponential
terms exp(—u;(z)/€) of the expansion, enables use to locate the Stokes and anti-

Stokes lines. Across the Stokes lines, if the relevant Stokes line is active, the sub-



8.5 First level of hyperasymptotics 243

dominant exponential term switches on by the dominant one. In what follows, we

will first discuss the Stokes and then the HOSL analysis based on the singulants.

Stokes and anti-Stokes lines

As there are six singulants from the three existing singular points, we will begin
our investigation using only two without the loss of generality. We first select u(z)
and u;(z) determined by the singularity z;. Before locating the Stokes lines, let us
analyse the first level differential equation locally near the turning point to unpick
its behaviour. Hence, we rescale z as z =2 —iVvy/2+ 6 where |§| < 1 is the small
new parameter. Employing this into (8.49) enables us to have

EVo

2
50"(0)—52Q/(§)+85L0(0) ~ 1. (8.82)

for small delta. Once ¢ is balanced by ¢, (8.82) turns out to be

—80/(£)+88L0(8) ~ 1, where € = §2, (8.83)
Q" (&) —vQ' () ~ 1, where € =36. (8.84)

Since (8.83) is in the form of an error function differential equation, it behaves like
an error function near the singularity. However, because (8.84) does not involve §
unlike to (8.83), it does not generate a divergent series, and therefore the associ-
ated Stokes line is inactive. This has been detailed in previous chapters such as in
§4.7. By the same token, when we conduct the local analysis for the corresponding

singulants, we find
u (2—ivo/2+88) ~ 8L(2i—vy),  w(2—ivg/2+88) ~—48°%/4, (8.85)

in which u, corresponds to an erf function. When the same analysis is performed
for u; > subject to z5 3, it turns out that u; for z> 3 and u, for z; behave as the error

function and the active Stokes lines appear from them. Figure 8.5 demonstrates the
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Stokes lines of the first level. As it can be seen from the figures, due to the presence
of the preceding level turning point at z = 2, there is a logarithmic branch cut in the
present level singulants. Once we travel in Figure 8.5a and Figure 8.5b, we return
where we started, since the only active Stokes lines are red and blue lines, respec-

tively, in the figures.

We next select ) (z) determined by the singularity z; in (8.62) and u,(z) determined
by z; in (8.63). We set the polar coordinates z = 2+ re'® for simplicity. Substitution

of the coordinates into the singulants yields

ui(8;r) = —r*sin(26) 4+ 2vyIn <—V VO) —Vo+i (rzcos(ZO) +2vp (—T +7r— 9)> :
r
(8.86)

1 (6;7) = 4rsin(6) +2vpIn (g) Vo ti (2v0 (g - 9) —4rcos(9)> . (8.87)

We can now evaluate the Stokes and anti-Stokes lines of (8.49) via u;(z), u(z) and
its RHS (e.g. up). As discussed in the beginning of this chapter, for u;(z) and the
RHS, the Stokes line lies along 6 = —x/4 by (8.86) whose real part is positive for
any r and Vo, unless r and Vv are infinitesimally close to each other and r = /Vp;
in fact, this corresponds to the singular point of u;(z) at this phase where the ex-
pansion breaks down. Likewise from (8.30), after computation, we observe that the
anti-Stokes lines arise when (8.86) is purely imaginary. By the same token, we may
carry out the same analysis for u;(z) and its RHS, whereupon the relevant Stokes
line occurs when 6 = 7 /2 and anti-Stokes lines appear whenever the real part of
(8.87) vanishes. Similar analyses between u;(z) and u;(z) may be done. These will

be illustrated in Figure 8.6.

Performing z = 2 — iy/iVo + 8¢ in the singulant fro analysing the local behaviour,

we are left with
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Figure 8.5 An illustration of Stokes lines of uj, and up, the RHS of (8.49), for

Vo = 8 subject to the turning points z; and z;, respectively. While dashed lines are
the inactive Stokes lines, the zigzags are the branch cuts of the associated colours.
Black lines are the inactive HOSL crossing in the turning points.
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ur(2—i/ivo+88) ~2i8%¢%,  as 8§ =0, (8.88)

whereupon setting the polar coordinates to observe the Stokes (and anti-Stokes) lines
of the singulant establishes that active Stokes lines occur at 377/4 and 77/4 while
the inactive ones occur at /4 and 57 /4. Likewise, the associated anti-Stokes lines
near the singular point lie along 0, /2, 7 and 37t /2. Hence, these behaviours can be
seen from Figure 8.6 near the singularity marked by the white-dot on the blue line.
Similar analysis for u;(z) is already done in (8.85), and u;(z) has identical behaviour

near the turning point on the red line.

As it is discussed in §8.4, a HOSL [39] lies when

uyp—uq (Z)

ER, (8.89)
uo — uz(2)

whereby ug := 0 is the exponential power of RHS of (8.49), i.e. ¢” = 1. In Figure
8.6, black curves represent the HOSL, which cross the turning points of both sin-
gulants. By the existence of the branch cut at z = 2 for u;(z) and u;(z), the HOSL
has the branch cut emerging from the same point as they are located in its numerator
and denominator. However, although the SCPs of the Stokes lines were supposed
to be the white dots on green lines in the figure, they cross each other at different
points, when we consider the two singulants in the first level obtained by two differ-
ent turning points. Hence, the behaviour of the HOSL in the first level is not clear.
We further plot Figure 8.7 for the singulants subject to z; for two different values
of vop = 6 and vy = 30. Increasing the values of vy effects the place of the crossing
points of the Stokes lines. Even though the only SCPs were supposed to be z = 2, for
the former we received four crossing points. When we increase vy, we demonstrated
that the three of the crossing points were not actual crossing points as the HOSL
does not cross them. Therefore, based on these findings, what happens to the HOSL

when we go to the higher levels of hyperasymptotics is yet to be elucidated.
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Stokes and higher order Stokes lines

14 10 -6 2 0 2 6 10 14
R(2)

— > >| — >| > — —
‘ HOSL Up>U, u,>u, u,>u, u>u, branch cut branch cut‘

Figure 8.6 Stokes and HOSL of u; for z, in (8.62) and u; for z; in (8.63) arbitrarily
selected vo = 8. 2+ 4i and 4 — 2i correspond the singular point of u; and u; while
6.46 £0.19i are the singular point of u; —u,. z = 2 represents the zeroth level turning
point from which there appear logarithmic branch cuts in the first level.

8.6 Discussion

In this chapter, we have investigated the inhomogeneous differential equation given
in (8.1) by means of a higher order Stokes phenomenon in two levels. Upon ex-
pansion and truncation, we explicitly derived the singulants by the turning points.
The usual Stokes analysis enabled us to locate the active, inactive and anti-Stokes
lines. However, unlike the previous chapters, since we have three exponentials in
the present case and they crossed each other at the SCPs, we observed a HOSL.

We found that a HOSL corresponds to a circle passing from turning points and the
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Figure 8.7 Stokes and HOSL lines of (8.49) based on u;(z) and u;(z) defined subject
to z; with its RHS in which vy is selected 6 and 30, respectively. Red, green, blue
show the putative Stokes lines emerging by u(z) and RHS, uy(z) and RHS, and
u1(z) and uy(z) while black shows the HOSL. Dashed line illustrates the branch cut

at z = 2. Increasing vy changes the place of the crossing points besides the turning
point.
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SCPs, and we noticed that the active Stokes line (green in Figure 8.2) is inactivated
in a regular point (SCP) although it was not a turning point; particularly, when the

Stokes line crosses a turning point, it changes its behaviour.

In the first level of hyperasymptotics, the resultant remainder differential equation
is expanded and the singulants are derived subject to singular points by both the
factorial-over-a-power method and the WKB approach. Based on these singulants,
first level Stokes and HOSL lines are discussed. Depending on the values of the trun-
cation points, some Stokes lines cross each other at regular points rather than at the
turning points and SCPs. Increasing the values of the truncation point changes both
the behaviour of the figures and the place of the crossing points. Hence, the HOSL
analysis needs more investigation. What happens to the HOSL when the higher level
of hyperasymptotics taken into consideration is still an unanswered question. On the
other hand, upon truncation of the first level expansion and writing out the level one
error estimate in terms of the level zero truncation point, we obtained that the error
decreases as the zeroth level truncation point in the first level is increased. More-
over, the level zero turning point is not a turning point of level one, and it generates a
branch cut in the first level as those in the preceding chapters. Therefore, the present

chapter supports the findings of the earlier chapters.






Chapter 9

Conclusion

In this study, we have introduced the multi-level asymptotics or hyperasymptotics in
the sense of this thesis by using the techniques in exponential asymptotics and ap-
plied it to several singular equations from §§2-8. In each of these equations, the form
of the late order terms as well as their behaviours have been derived and investigated
carefully in the vicinity of the singularities, since they cause their asymptotic series
solution to diverge. In these equations after the expansions, if it is not explicit, we
first demonstrated that the form of the late order terms were obtained by applying
the factorial over-a-power method. Each asymptotic series solutions in the thesis are
truncated and shown that if the truncation points are selected at a point where the
series take their absolute minimum value, the truncated remainders appeared to be
exponentially small as discussed by Berry et al [43] and Chapman et al [30]. Exam-
ination of the remainders enabled us to derive exponential accuracy so that studying
the behaviours of the remainders exponentially increased the accuracy in consecutive
levels in hyperasymptotics. In previous studies, to obtain the most accurate solution
in hyperasymptotics, one needed to use the Borel summation of the factorial terms
by their integral representation and analyse the sum by truncating the series opti-
mally [43] or use the integral representation [75] or integrals with saddles [33]. A
detailed comparison with that of Berry and Howls [33] was conducted in §4.11. In

our approach, we keep truncating the resultant remainder of the series optimally in
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each level without using the terminants and analyse them straightaway. Moreover,
our contribution to the subject suggests that just two levels of hyperasymptotics de-
crease the error estimate. This is established by writing the first level error estimate
in terms of a function of level zero truncation point. Although, in practice, it is not
easy to increase the number of the terms as much as we want, in theory, we have
shown the reduction in the error estimates. As we move away from the Stokes lines
by the phase, the speed of the error increases, and it takes its slowest speed at the
Stokes lines in each level for each differential equation. Furthermore, the original
singularities of the differential equations are not singular points in the higher levels.

In fact, they generated logarithmic branch cuts in the succeeding levels.

9.1 Review

In §2, we first addressed the methodology of the exponential asymptotics via the
introductory example from which the required features of the technique emerged.
Then, in §3, we discussed the usual form of the differential equation arising from the
first order differential equations in the first and higher levels of the hyperasymptotics
and derived the connection formula between the pre-factor of the equations and their
singulant when expanded. The general form of the first and higher levels resultant
differential equations and the associated singulants were generated for the first level

ordinary differential equations.

In §4, we have obtained the asymptotic solution of the problem (4.1) with an expo-
nential accuracy by employing the hyperasymptotics in four levels. By this method,
the accuracy of the asymptotic solution was increased exponentially at each level.
Having systematically investigated each level of the remainder of the hyperasymp-
totics, we obtained information about the expansion which cannot be extracted using
the regular asymptotic techniques. We have observed that the resultant remainders

are much more complicated at each successive stage of hyperasymptotics. Partic-
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ularly, in comparison with the usual hyperasymptotics, we examined the truncated
remainder estimate (4.34), instead of examining only one truncation point, as a func-
tion of the truncation points vy, vy and the argument 6. In doing this, we have found
that as we increase the level zero truncation point arbitrarily in the first level, the er-
ror estimate of the expansion decreases. If the first level estimate is minimised with
respect to vy and written out as a function of vy, the estimate reduces faster when vy
and v are increased. Moreover, the speed of the error depends on 6, whether it is
near or further from the Stokes lines; in fact, it took the slowest speed on the Stokes
lines and fastest speed away from the lines. To introduce the concept of multi-level
asymptotics, we have done two more levels of analysis subsequently. In each of
these levels the system produced a new singular differential equation for the remain-
ders. Moreover, we found out that the singular equation of each levels protected the
prefactor of the preceding levels in its leading term; for example, see the prefactor
of T'(z) in (4.90). So, due to the existence of the prefactor of the previous levels, the
singularity(ies) of the preceding levels are stored and these prefactors have occurred
in the log function of the singulants which generated a logarithmic branch cut in each

further stage.

With this information ascertained, we performed level two in hyperasymptotics.
Having revealed the second level error estimate, we conducted the error analysis
based on vy, v; and v,. Specifically, increasing the first level truncation point arbi-
trarily decreases the second level error estimate. However, we further obtained that
increasing only the level zero truncation point in the second level even reduces the
estimate better than the estimate of the first level obtained by ‘optimal’ truncation
point as demonstrated in Figure 4.11. In fact this is also true for the third level error
estimate, see Figure 4.13 and Figure 4.14. As illustrated in Figure 4.14, although the
zeroth and first level arbitrary truncation points derive a better error estimate than the
error estimate of the third level ‘optimal’ truncation, the speed of the first level was

faster than the zeroth level as it requires less term to achieve an equivalent result.



254 Conclusion

On the other hand, as seen in Figure 4.11 and Figure 4.13, optimal truncation points
increase after the zeroth level. This means that hyperasymptotics method for this

particular problem is not finite.

Moreover, in each level we demonstrated the Stokes phenomenon and illustrated
the behaviour of the exponentials near and away from the Stokes lines including the
Stokes switching. We showed that the switching happens across the Stokes lines
smoothly by an error function. We also obtained that the remainders are exponen-
tially small except near the Stokes lines and they grow by the anti-Stokes lines as we

examined the remainders with the singularities of the expansion in each level.

We have conducted the analysis of the hyperasymptotics by following the above
methods for the error function, Airy function and confluent hypergeometric function
in §§5, 6, 7, and each of which supported the general findings of §4. §5 was divided
into two sections for the presence of the error function for two different types of
differential equations, and indeed both equations further generated similar results to
each other. On the other hand, since it was sufficient to achieve the desired result just
with two levels of hyperasymptotics, we did not examine the second and third levels
in these chapters like we did in §4. For example, in §7, we investigated the confluent
hypergeometric function (7.3) via exponential asymptotics, instead of Taylor series
expansion utilised in [45], and studied the behaviour of the remainders of the expan-
sions and their exponential smallness. Employing the hyperasymptotic techniques
at two levels provided an exponentially minimum error estimate, which was attained
by the re-expansion of the remainder functions with truncation. Particularly, upon
inspection of the remainders at the leading-order, more information on the expan-
sion was extracted, and by consideration of the error estimate in (7.86) in terms of
V1, Vo and 0, as for the first time in the literature to our knowledge, we decreased the
error estimate just with two levels of analysis by increasing the zeroth level trunca-

tion freely. Thence, as well as introducing the concept of multi-level asymptotics we
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minimised the error estimate, as demonstrated in Figure 7.3.

Examining the later order terms and the singulants in vicinity of the turning points,
Stokes analysis of the CHF (7.15) was performed in both levels. We showed the
method of constructing approximate solution of a CHF through the WKB method
from which the exponential terms emerge explicitly. We also illustrated that the re-
mainders are exponentially small everywhere but the Stokes lines, and observed the
switching behaviour of the subdominant series across these lines so that the contri-
bution of the exponential terms are established. These calculations were conducted
in each chapter for each level of the expansion such as Figure 4.8a. After inspecting
the truncated remainders by rescaling z near the Stokes lines, we showed the jump
occurring across these lines, whereby these were described in terms of an usual error

function.

Finally, in §8, as well as doing the hyperasymptotic analysis, we addressed the ex-
istence of the HOSL. Compared with the previous chapters, here we had the three
exponentials in the zeroth level. Doing similar analysis to the prior chapter, we ex-
tracted the Stokes lines of the equation. However, due to the crossing of the Stokes
lines at the regular point, an active Stokes line was terminated across HOSL. The
effect of this line is illustrated by the instructive figures. In level one, as we received
extra crossing points besides the turning points and SCPs and their dependency on
the level zero truncation point, there were some unresolved issues in the level one
HOSL. Hence, the behaviour of the HOSL in level one is still unclear and therefore
requires further analysis. On the other hand, truncation of the level one error esti-
mate based on the arbitrary point decreased the error estimate. Moreover, if this is
written out as a function of level zero truncation point, by increasing it, the error is
reduced exponentially. Similarly, the original singular point of the expansion gener-

ated a branch cut in level one, like the early chapters.
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Thus, we were able to express the error estimates in terms of the previous level
truncation points. Upon consideration of the truncation point(s) as a free variable,
instead of an optimal one, and increasing it arbitrarily in the succeeding levels, we
have demonstrated that the estimates decrease; in fact, they theoretically converge.
This is a unique conclusion of our study compared to previous studies. It may be
summarised by Figure 4.13, Figure 4.14 , Figure 7.3, 7.7a, 7.7b. We have also ob-

tained a very good agreement between all the plots and asymptotic results.

9.2 Discussion

A general picture of hyperasymptotics after repeated reexpansions of the remainders
appears like a ‘staircase’, as drawn in four levels such as in Figure 4.13 and Figure
4.14 in §4. Increasing the number of the terms in level zero for the first level error es-
timate theoretically produces the equivalent result obtained by the repeated optimal
truncation in four levels. In practice, a higher number of terms cannot be included,
since it causes computational difficulties. However, derivation of the higher level of
hyperasymptotics, as is discussed more thoroughly in the thesis, also has computa-
tional difficulties. Indeed, especially after level two, the form of the late order terms
derived by the factorial-over-a-power method and their associated singulants become
increasingly complicated. Although repeated reexpansion requires more work and
increasing the number of the terms decreases the error estimates in theory, it is yet
to be practical. Furthermore, we note that it is challenging to estimate the general
terms of the hyperseries obtained at each level, whence it might not ‘converge’ to the

exact values of the special functions.

We may now address some possible avenues for future work.
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9.3 Further work

Although we were able to derive the complete form of the singulant without spec-
ifying individual turning points in the second and higher levels of the Stokes lines
analysis, there are some loose ends. In particular, the position of the each singu-
larities was not determined separately in §4. Hence, further analysis can be made
by inspecting expansion of the higher levels by individual singulants. Further work
is required to single out each turning point and to carry out detailed Stokes phe-

nomenon investigation.

We have analytically and theoretically provided the concept of the hyperasymptotics.

A numerical analysis of this new method would be great interest for the future work.

Moreover, further analysis could be done regarding the behaviour of the higher or-
der Stokes phenomenon for the higher levels of the hyperasymptotics for second
and higher order singular differential equations. Possible research questions include
whether the HOSL can make the active Stokes lines itself inactive when there are
more than two asymptotic behaviours arising from the same turning points in the
higher levels. When there is a HOSL, what happens to that HOSL when we go to the
higher level analysis of the hyperasymptotics; does it terminate and is it not active
any more or does it generate a different HOSL? A possible project would be to seek

the answers to these questions.
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