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ABSTRACT

This thesis examined the potential sound insulation benefit by using damping

material to absorb vibrational energy along its transmission path.

Statistical Energy Analysis (SEA) was used to evaluate the effect on system
performance of adding damping globally, as well as its influence on individual
transmission paths. Nine different theoretical models were studied using both
bending only and three-wave SEA models to predict the system behaviour in
different frequency regions. The results suggest that global damping treatment
generally increases the sound insulation in buildings. Initial increases in the internal
loss factor (a term used in SEA to describe material damping properties) were found
to provide significant initial improvements in sound insulation and flanking paths as
opposed to direct paths were found to benefit more from damping treatment. A
simple approximation was proposed to predict the damping benefit of paths of

specific order without the need to run a full SEA model.

In the presence of heavily damped structural element, where SEA is less likely to
provide accurate prediction, a forward ray tracing algorithm was proposed as a
supplement. It enables one to predict the energy transmission through a heavily
damped component coupling two or more lightly damped components (or SEA
subsystems). The energy distribution along the edges of the damped component
was studied. The contribution from the direct field was found to dominate the
incident energy and resulting transmission, especially in areas close to the source

when damping is high.

Different passive damping treatment techniques were reviewed as well as the
theoretical damping level that is achievable as a guidance for theoretical and
experimental validation. Several damping measurement techniques were studied

and experimental validation of the ray tracing code was undertaken.
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CHAPTER 1 INTRODUCTION

1.1 Sound transmission path

The indoor acoustic environment has been long recognized as having an
important influence on people’s lives. Concerns over noise control have been
reflected in the Building Regulations, which specify the minimum performance
criteria that need to be met by separating and adjoining walls and floors between
new build and rehabilitated dwellings (The Building Regulations, 2010). Traditional
sound insulation strategies focused on reducing transmission through the primary
separating element, where the direct transmission was assumed to be dominant.
However, as recognised in requirements such as those described in the Building
Regulations, sound can also be transmitted through other structural elements
giving rise to flanking transmission (Figure 1-1). Although the contribution of any
individual flanking path is typically much less than direct path, the overall
contribution of flanking transmission is believed to be more important than direct
transmission (Craik, 2001). There exists a potential way to increase the indoor
acoustic insulation by reducing the flanking transmission, which can potentially be

achieved by applying passive damping treatments to the flanking elements.

Ceiling 4 Ceiling 5

Source Room 1 Receiving Room 3

v

Separpting wall 2

q A

——  Direct path ———>»  Flanking path

Figure 1-1 Illustration of direct path and flanking paths (Only some of the flanking
paths have been shown)



1.2 General acoustic noise control techniques
There are four common techniques that can be used to increase sound

insulation in buildings, namely mass, isolation, absorption and damping.

When the airborne noise transmission occurs across a solid wall, the wall acts
like a sound barrier. The mass of the wall plays an important role in determining the
effectiveness of blocking the noise. This is also known as the mass law, which
suggests that each time the mass of the wall doubles the sound insulation will
increase by approximately 6dB (Craik, 1996). The mass law implies that better
sound insulation can be achieved by using materials with higher density. However,
it is not very effective in minimizing the transmission of impact (structure-borne)

noise such as footsteps.

Another noise control technique, i.e. isolation, is to trap the noise in the room
and to prevent it from transmitting into sound sensitive spaces. This can be
achieved by introducing sound deadening material (sound barriers) on the walls,
floors and ceilings. Materials such as fibreglass serve this purpose. Another form of
isolation is known as ‘decoupling’, which introduces flexible materials (rubber,
spring, cork etc.) or physical breaks in the structures to decrease structure-borne

transmission along its original path.

One may also use porous materials to absorb vibrational energy and to convert
it as heat. The vibrational energy causes the air in the small cavities to vibrate.
Energy conversion occurs due to friction and viscous force (Hopkins, 2012). This
mechanism absorbs vibrational energy rather than noise being transmitted or
reflected. Common absorption materials are melamine sponges and open cell

rubber foams (Cox and D'antonio, 2009).

Noise can also be minimised by the use of damping treatment. Damping
describes the ability of a system to dissipate vibrational energy into other forms of
energy (normally heat). Passive damping treatments, such as free-layer damping,
constrained-layer damping, tuned-mass dampers etc., have been used in areas of

engineering and building practice to increase the damping of structure and in so



doing, reduce unwanted vibration. As vibration in structures is the primary means
by which energy is transmitted from one location to another, any measures that
serve to dissipate vibration along the transmission path is likely to increase sound
insulation. As flanking paths are generally longer than the direct path between any
two points in a structure, these are likely to be influenced most strongly by any

global addition of damping.

1.3 Statistical Energy Analysis

Statistical Energy Analysis (SEA) was first developed in the 60’s to allow complex
structures to be modelled with relative ease. It divides a complex system into a
number of subsystems, which can be loosely defined as components that exhibit
their own modal response to excitation. Energy is assumed to be stored in each
resonant mode of each subsystem and flows from subsystems with higher modal
energy to subsystems with lower modal energy (these subsystems are normally
physically connected). It is an analog of thermal conduction where the modal
energy is an analog of temperature. SEA provides a framework to solve complex
vibrational problems and has been proven effective when applied in building
acoustics (Craik, 1996). In SEA simulation, damping is reflected through the internal
loss factor (ILF), which is defined as the ratio of energy loss due to internal damping
to the total energy in one radian cycle. The framework of SEA simulation provides
the benefit of allowing damping treatment to be represented and investigated
simply by changing the ILFs of individual or groups of subsystems or the entire

system as a whole.

While it is possible to investigate the effect of damping by varying ILFs, there
are limits to which this is feasible when using SEA. As the damping of a structural
element is increased, the energy within it tends to become less and less evenly
distributed. This then tends to violate one of the underlying assumptions behind
the representation of this structural element as an SEA subsystem, i.e. that it
exhibits modal behaviour and by implication energy is distributed uniformly within
it. In light of this problem, an alternative prediction model needs to be developed

as a supplement to normal SEA. Ray tracing techniques offer one approach to



explore the energy distribution and transmission within heavily damped subsystems
by tracing the travel history of sound waves. In this approach, it is assumed that the
sound field can be represented by a large number of discrete acoustic rays and its
distribution within the structure that supports it may be described by their

cumulative effect.

1.4 Research aim and objectives
This thesis aims to explore the potential benefit that applied damping can offer
in improving sound insulation in complex/large building structures. The objectives

were:

e To explore the influence of damping using conventional SEA modelling;

e To develop a new way (ray tracing code) to analyse heavily damped
subsystems and compare the result with pure SEA modelling;

e To identify an effective method to measure the damping in heavily damped
structure;

e To examine different damping treatment techniques and the corresponding
achievable damping level;

e To undertake experimental work to validate a hybrid SEA/ray tracing

approach to model systems with heavily damped element.

1.5 Thesis outline
The following chapters are constructed in such way that each aforementioned

objective was achieved.

Chapter 2 describes three general damping mechanisms and some common
damping models. In addition, different damping measurement techniques are

introduced.

Chapter 3 reviews the origin, assumptions, advantages and limitations of
Statistical Energy Analysis. A general procedure of conducting SEA modelling is also

introduced.



Chapter 4 examines the effect of global damping treatment (damping
applications on all structural elements) on nine different building designs for both
bending only and three wave models. The damping effect on different orders of

transmission path is also explored.

Chapter 5 proposes a ray tracing model to examine energy transmission through
a heavily damped subsystem. It gives a detailed explanation of how the code is
constructed. This ray tracing approach is then used to investigate the energy

distribution at the edges of a damped plate.

Chapter 6 reviews four common passive damping treatments and their
governing mechanisms. General rules of thumb for achieving high damping level are

given and the values of achievable loss factor are briefly discussed.

Chapter 7 describes the experimental facilities and experimental techniques for
loss factor measurement. Validation of ray tracing code is given to support the

findings in Chapter 5.

Chapter 8 examines a one-room system to illustrate how one may use the ray
tracing code to modify SEA modelling for damped systems. Comparison between

the pure SEA and hybrid SEA/ray tracing modelling is given.

Chapter 9 contains a summary of the conclusions and offers some suggestions

for future work.



CHAPTER 2 VIBRATION DAMPING

2.1 Introduction

This chapter explores the definition of damping, explaining what kind of
damping mechanisms one may encounter in building acoustics, how to
mathematically model them and measurement techniques commonly used to

quantify damping.

2.2 Whatis damping?

Damping is normally accepted as the phenomenon where mechanical energy is
dissipated in other forms of energy (usually internal thermal energy) in a dynamic
system (Clarence and Silva, 2007). Knowledge of the level of damping is very
important in analysing and testing a system. For most mechanical engineering cases,
damping has a direct relation to the amplitude of vibration, which limits the
maximum excitation the dynamic system can tolerate. In the acoustic point of view,
damping defines the proportion of acoustic energy that can be converted to the
form of heat. Ungar and Zapfe (2006) gave a good summary of the effect of

increasing damping:

‘(1) more rapid decay of unforced vibrations(2) faster decay of freely
propagating structure-borne waves, (3) reduced amplitudes at resonances of
structures subject to steady periodic or random excitation with attendant
reductions in stresses and increases in fatigue life, (4) reduced response to sound
and increased sound transmission loss (reduced sound transmission) above the
coincidence frequency (at which the spatial distribution of the disturbing
pressure matches that of the structural displacement), (5) reduced rate of
buildup of vibrations at resonances, (6) reduced amplitudes of ‘self-excited’
vibrations, in which the vibrating structure accepts energy from an external

source (e.g., wind) as the result of its vibratory motion.’

2.3 Damping mechanisms
Three types of damping are normally inherent with vibrational systems, namely

internal (material) damping, structural damping and acoustic damping.



2.3.1 Internal (material damping)

Internal (material) damping results from the energy dissipation associated with
various microscopic and macroscopic processes. Quoting from Clarence and Silva
(2007), microstructure defects, such as ‘grain boundaries and impurities;
thermoelastic effects caused by local temperature gradients resulting from
nonuniform stresses, as in vibrating beams; eddy current effects in ferromagnetic
materials; dislocation motion in metals; and chain motion in polymers’, can all
contribute to internal damping. There exist a variety of models to represent the
internal damping of different materials, however, no single model can satisfactorily
characterise the properties of all materials (Clarence and Silva, 2007). Two
commonly adopted models are viscoelastic damping and hysteretic damping. These

will be explored in Section 2.4.

2.3.2 Structural damping

Structural damping is caused by the friction due to relative motion at joints,
boundaries, supports and interfaces, etc. A generalized analytical model that
describes structural damping is extremely difficult to develop due to the fact that
the energy dissipation depends on the details of the particular system (Clarence
and Silva, 2007). Nevertheless, one may use a Coulomb friction model to model
energy dissipation caused by rubbing. For cases of impacting, the coefficient of
restitution (the ratio of the relative speed after and before collision) of the two
objects that are in contact is used to determine the energy dissipation as Clarence

and Silva (2007) suggested.

2.3.3 Acoustic damping

Acoustic (radiation) damping relies on the presence of air (or other fluids) to
dissipate energy in the structure. The local displacements of structural elements
disturb the surrounding medium (in this thesis it is assumed to be air) and cause
acoustic waves to radiate away from them. Part of the mechanical energy in the
system is thus converted into acoustic energy. The main goal of indoor sound
insulation is to minimise the acoustic waves radiated from the structural elements

into noise sensitive areas. One way to reduce acoustic radiation is by minimising the



vibrational energy transmitted to the plate, which can be achieved by applying
passive damping treatment. With less energy in a structure, even if the radiation

efficiency stays the same, less noise will be generated.

2.4 Damping models

There are no generalised damping models that can satisfactorily describe all
types of damping mechanisms. Instead, several different damping models have
been developed to analyse specific damping mechanisms. In this section, viscous
damping, viscoelastic damping, hysteretic damping, and interface damping models

will be introduced.

2.4.1 Linear Viscous damping

Linear viscous damping model is one of the rudimentary models that has been
introduced to understand the basic behaviour of a damped vibrational system. A
single-degree-of-freedom (SDOF) linear spring-mass-damper system, with mass, m,
spring constant, k, and a viscous damping coefficient, c, is taken as an example

(Figure 2-1). The viscous damping force is assumed to be linear with velocity.

NN

AONONNNNNNN

Figure 2-1 SDOF linear spring-mass-damper system

If this linear SDOF model is subjected to an external driving force f(t), one

obtains (Kinsler et al., 1999):

d*x dx
m—+c—+ kx = f(t)

dt? dt (2-1)



where the sum of inertia force md?x/dt?, the damping force cdx/dt and the

stiffness force kx balance the external force f(t).

If one introduces the following coefficients:

k
“n= Im (2-2)
( _ C

- 2vmk (2-3)

where w,, is the (undamped) natural frequency of the system and { (zeta) is the

damping ratio, Equation 2-1 becomes:

d?x dx f(t)
prs) +2(wnd—+wn X =— (2-4)
2.4.1.1 Free vibration

Consider the case where there is no external force (i.e. f(t) = 0), Equation 2-4

becomes (Kinsler et al., 1999):

Lx 2w, Et wx =0
dt2 Ewn dt wn x (2_5)
One may solve this equation by assuming:
x = CeSt
(2-6)

where C and s are both constants.

Substituting Equation 2-6 back into Equation 2-5, one obtains the characteristic

equation to be:
2+ 2lwns + 0,2 =0
S { n n (2_7)

Therefore, one gets:

(2-8)



2.4.1.1.1 Overdamped

When { > 1, s has two different real solutions. The displacement has the form:
— p—fwnt —wnt/7%-1 wnty72%-1

x(t)=e (Cie + C,e ) 2-9)

This case is referred as overdamped. The mass is decaying exponentially without

oscillation (see the case in Figure 2-2 when { = 1.5).

2.4.1.1.2 Critically damped

When { = 1, s has two identical real solutions. The displacement is in the form

of:

— —wnt
x(t) = (€1 + Ce 210

This case occurs when the system is critically damped and the critical damping
coefficient is given by ¢, = 2vVmk. This is desirable in most engineering cases since
it is the fastest way of damping the system to zero displacement without

overshooting (see the case in Figure 2-2 when = 1).

2.4.1.1.3 Underdamped

When { < 1, s has two complex solutions. The displacement has the form:

— i 72 —i _72
x(t) =e (wnt(Alelwn 1-¢ t+A2e iwny1-¢ t) (2_11)
This case is called underdamped. The system will decay exponentially with

oscillation (see the case in Figure 2-2 when = 0.5 ).

2.4.1.1.4 Undamped
When ¢ = 0, the system is simply undamped, the mass undergoes sinusoidal

oscillation (see the case in Figure 2-2when = 0 ).

2.1.4.1.5 System behaviour

The constants C;, C, (A4, A,) in previous discussions can be found by applying

initial condition such as:

*(0) = xo (2-12)

and

10



dx(0) 0
dt (2-13)

An example of the system behaviour of a linear SDOF system with these

different damping coefficients is illustrated in Figure 2-2.

Response x(t)

i
0.1
Time, s

0 0.05

Figure 2-2 Response of a linear SDOF system with different damping coefficients
(impulse excitation)

2.4.1.2 Harmonic excitation

When the system is subject to a harmonic excitation (i.e. f(t) = F sin wt),

Equation 2-1 becomes (Kinsler et al., 1999):

x| W = Fsinowt
m-— C— X = Sin w
dt? dt (2-14)

One may assume the solution has the form:

x(t) = Acoswt + B sin wt
(t) (2-15)

Therefore, one has:

dx
— = —Awsi t+B t
it wSsin wt + Bw cos w (2-16)

11



dzx— Aw? t — Bw? sin wt
W__ w” CoOS w w” SIn w (2_17)

Substituting Equation 2-16 and 2-17 into Equation 2-14 and rearranging, one

obtains:

(—mAw? + cBw + kA) cos wt + (—mBw? — cAw + kB — F) sinwt = 0

(2-18)
This equation should be valid all points in time, thus one has:
—mAw? + cBw + kA =0
(2-19)
and
—mBw? —cAw+kB—F =0
(2-20)
Solving Equation 2-19 and 2-20 for 4 and B, one obtains:
A = —Fcw
" (cw)? + (mw? — k)2 (2-21)
_ —F(mw®-k)
" (cw)? + (mw? — k)? (2-22)

Therefore, the steady state (where the excitation is assumed to be applied for an
extremely long time and the transients are assumed to have died out) the solution
is:

F[—cw cos wt + (k — mw?) sin wt]
(cw)? + (mw? — k)? (2-23)

x(t) =

One may also express this result in the form of (Jones, 2001):

F sin(wt — @)
x(t) =
J(cw)? + (mw? — k)? (2-24)
. . w
A A, (2-25)

where @ is the phase (or time) lag between the applied force and the resulting

steady state response. One may immediately find that the maximum response

12



occurs when the excitation frequency w equals /k/m, which is the resonant

frequency for the undamped system.
2.4.1.3 Non-harmonic excitation

2.4.1.3.1 Impulsive excitation

Consider the case of impulsive excitation where f(t) = F§(t). §(t) is the Delta
Function, which is usually used to simulate an impulse excitation (i.e. a discrete
event which occurs in a very short time). A good approximation of this function is a
rectangle of height F /8t and width 8t starting att = 0 and ending at t = 6t. The

response of a SDOF system with impulsive excitation is (Jones, 2001):

x(t) = sin (wnt\/ 1-— {2) e S@ntf(t)

F
mwy/1 — ¢?

where H(t) is the Heaviside Step Function, equals to 1 whent > 0 and O when t <
0.

(2-26)

Some typical predicted impulse responses for several values of damping ratio {
are shown in Figure 2-3. The effect of increasing the damping ratio is a reduction in
the number of oscillations observed before the response approaches an infinitely
small value, as well as decreasing the maximum amplitude of the same order
oscillation. One may also observe that when the system is critically damped (i.e.

¢ = 1), the response takes the shortest time to vanish.

13
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Figure 2-3 Typical responses to impulse excitation for F = 1,m = 0.01,k = 3948, w,, =
100 rad/sec

2.4.1.3.2 Step excitation
When the SDOF system illustrated in Figure 2-1 is subjected to a step excitation,

where a steady force F is applied to the mass fromt = 0, the displacement

response can be given as (Jones, 2001):

F

F
x(t) = - —e~Swnt I

k

%sin (a)nt\/ 1-— ZZ) + cos (a)nt\/ 1-— (Z)l

1-¢ (2-27)

Typical step excitation responses for a SDOF system with different values of
damping coefficients have been shown in Figure 2-4. Here F /k is normalized to be

unity for a better illustration.
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Figure 2-4 Typical responses to step excitation for F/k = 1,m = 0.01,k = 3948, w,, =
100 rad/sec;

2.4.1.3.3 General time-dependent excitation

One may divide any time-dependent excitation into a succession of
infinitesimally small impulsive excitations. Each such impulsive excitation is of
magnitude f(7)At. The total response at any time can thus be obtained by

summing all of the impulsive responses (Jones, 2001):

t
x(t) = %L f(7)sin [a)n(t —17)J1— {2] e[—fwn(t—f)]H(t —D)dr

mwy,

(2-28)
where H(t — 7) is the Heaviside Step Function, equals to 1 when t > 7 and 0 when

t<T.
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2.4.2 Viscoelastic damping

2.4.2.1 What is viscoelasticity?

Ideal elastic materials exhibit deformation (strain) instantaneously when
subjected to a dynamic load (stress). For an ideal viscous material, under the same
condition, there exists a time lag (/2) between the stress and strain. In reality,
there do not exist pure elastic or pure viscous materials, instead, materials exhibit
both viscous and elastic characteristics (Hosford, 2005). Most homogeneous
isotropic polymeric materials exhibit significant viscoelastic behaviour when
undergoing deformation (Jones, 2001). The viscoelastic behaviour of these
materials is referred as viscoelasticity. The damping property of viscoelastic
materials depends strongly upon the operation temperature, and to a lesser degree,
on the excitation frequency, and is observed to be linear with respect to the
vibration amplitude with the exception of extreme cases (Jones, 2001). Common
viscoelastic materials are polymers, which are composed of long cross-linked and
intertwined molecular chains, each containing thousands or even millions of atoms

(examples of such kinds of material can be seen in Table 2-1).

2.4.2.2 Analytical models

The generation of internal force in viscoelastic materials results from the
process of achieving new equilibrium positions when the molecules are subjected
to an external force. Although the time to fully reach this new equilibrium state is
theoretically infinite, the time needed to approach a close approximation is finite
(Jones, 2001). This, in principle, gives one possible way to predict the behaviour of a
specific viscoelastic material under external excitations if the molecular structure is
fully understood. Analysis using such methods has been reported for applications of
small molecules with enormous computational costs (Jones, 2001). However, it
would be far too expensive and complex to apply such technique for large
molecular structures such as polymers. For most engineering purposes, the

analytical models are more commonly based upon experimental observations.

16



Table 2-1 List of some polymer types (Jones, 2001)

1.  Acrylic rubber

2. Butadiene rubber (BR)

3. Butyl rubber

4. Chloroprene

5. Chlorinated Polyethylenes
6. Ethylene-Propylene-Diene
7.  Fluorocarbon rubber

8.  Fluorocarbon rubber

9. Nitrile rubber

10. Natural rubber

11. Polyethylene

12. Polystyrene

13. Polyvinyl Chloride (PVC)
14. Polymethyl Methacrylate (PMMA)
15. Polybutadiene

16. Polypropylene

17. Polyisobutylene (PIB)
18. Polyurethane

19. Polyvinyl Acetate (PVA)
20. Plolyisoprene

21. Styrene-Butadiene (SBR)
22. Silicone rubber

23. Urethane rubber

2.4.2.3 Hysteresis loops

For a viscoelastic material, one important observation is that the resulting strain
under harmonically varying stress is also harmonic (Jones, 2001). They share the
same frequency but the strain has a time lag (phase difference) relative to the
stress (see Figure 2-5 b). One may generate the hysteresis loop by plotting the
stress (o) and strain (&) of the same point in a vibrating system. The ideal hysteresis

17



loop for viscoelastic materials is elliptical in shape and will retain its shape when the
amplitude increases (see Figure 2-6). One typical hysteresis loop for mechanical
damping is shown in Figure 2-7, which is not elliptical but is more preventive of the
actual behaviour of a viscoelastic material. The area of a hysteresis loop gives the
energy dissipation due to damping for a unit volume of material for each stress
cycle. This is also defined as the unit-volume damping capacity, denoted by d, and

can be given by

d= fads
(2-29)
o(t) o all) . -
) (a) Elastic solid e(t) (b) Viscoelastic solid
t a(t) 1 o(t)
(t) s(t) >
€ ,/'-.\ ”a \{ l,r \\ ~
~— ‘\ ; 4 ) ;\\ IT \ 't
l
ly i
e

Figure 2-5 Harmonic excitation and response for (a) elastic solid, (b) viscoelastic solid
(Jones, 2001)
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Figure 2-6 Ideal elliptical hysteresis loop (Jones, 2001)
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Figure 2-7 A typical hysteresis loop for mechanical damping (Clarence and Silva, 2007)

2.4.2.4 Viscoelastic models

2.4.2.4.1 Classic viscoelastic models

For an ideal elastic solid model, the stress and strain have a simple linear

relationship:

o =EFEs
(2-30)

T=G60 (2-31)

where E is the Young’s modulus, G is the shear modulus, o and T represent the
direct stress and the shear stress, and € and @ represent the extensional strain and
shear strain respectively. For cases, where the shear and extensional modulus do
not vary much with temperature and frequency, if the system is under harmonic

excitation and the strain is within the limit (not very large), one has the relationship:
E=2G(1+v
( ) (2-32)

where v is Poisson's ratio.
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For linear viscoelastic solid, there is no such simple relationship between stress
and strain. Recalling the viscoelastic behaviour shown in Figure 2-5 b, one may

represent the stress and strain in the form:

0(t) = Omax sin(wt) (2-33)

€(t) = &max sin(wt — @) (2-34)

If one takes the form:

0(t) = Omax SIN(WL) = Tppgy SiN[(wWt — @) + @] = Gpax SIN(wWt — @) cos @

o o de(t
+ gy cOS(wt — @) sinp = ——=cos ¢ &(t) + ———sin @ ©
max Emax W dt
(2-35)
and write E = (0imax/Emax) COS @ and n = tan ¢, one has:
e+ Ende
o T RET At (2-36)
Similarly, one has:
Gn do
=GP+ ——
TEE0E T (2-37)

One needs to make sure w is positive, otherwise the dissipative term (second term)
in Equation 2-36 and 2-37 would not be subtracting energy during each cycle. This is
commonly known as the Kelvin-Voigt model which is illustrated in Figure 2-8. It
describes the relationship between the stress and stain under harmonic excitation
for viscoelastic materials. More advanced analysis is needed to present non-

harmonic behaviour.

If one defines the viscoelastic parameter E* to be:

gr = 21
T w (2-38)

and recalls Equation 2-29, the damping capacity for Kelvin-Voigt model per unit

volume can be expressed as:
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., [de
dv =F fﬁdé‘ﬂ'

(2-39)
One may express steady state strain under harmonic excitation to be:
e=c¢ cos wt
max (2-40)
Substituting Equation 2-40 back into Equation 2-39, one gets:
d, = nwE*e?
v max (2_41)

If one applies the initial condition, € = €4, Wwhent = 0 or when de/dt = 0, the
stress from Equation 2-36 becomes 0,4, = E &nax- Therefore, one may get:

nwE*
v EZ O-max (2_42)

where the damping capacity per volume is dependent on frequency of vibration.

There are another two classic viscoelastic models, namely the Maxwell model

given by:

ik do Ende
T T W dt (2-43)

and the standard linear model given by:

+kda—E +Ende
AT RAT: (2-44)

These models are combinations of springs and viscous dampers (Figure 2-8) and
one may find the standard model is a combination of Kelvin-Voigt and Maxwell
model, which is hence the most accurate of the three. Clarence and Silva (2007)
claimed that for most practical cases the Kelvin-Voigt model is sufficient. For
modelling real viscoelastic behaviour, the accuracy can be greatly improved if one
uses the multiple standard element model (Figure 2-8 d). Jones (2001) suggested
that typically from four to ten elements is sufficient to give a reasonably accurate

representation of viscoelastic behaviour.

21



(a) Maxwell
Ky c

S
4 . .
2 — (b) Kelvin-Voigt

it

(c) Standard

i

AR RRR

(d) Multiple standard element model

RN

i

Figure 2-8 Classic models of viscoelastic material; (a) Maxwell, (b) Kelvin-Voigt, (c)
Standard, (d) Multiple standard element model (Jones, 2001)

2.4.2.4.2 The complex modulus model
The Kelvin-Voigt model describes the relationship between the stress and strain
under harmonic excitations with real number. There is another way of expressing
the same relationship if one uses complex numbers to represent the sinusoid terms
in the previous deviation. Recalling the Euler's formula:
e'®t = cos(wt) + i sin(wt) (2-45)
One may represent the strain by &(t) = gpexp(iwt) , therefore de/dt =

iwegexp(iwt) = iwe, and Equation 2-36 becomes:
ge v EN E(1 4
o= e+zlwe— (1+in)e (2-46)
which is the complex modulus relationship for extensional deformation (one may

derive a similar relationship for shear deformation).

One may obtain the effective stiffness by introducing the concept of a complex

modulus model and substitute the effective stiffness back into the equation of

motion (Equation 2-1) to get:
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2

d°x
m—+k*x = f(t)

dt? (2-47)

where k™ is the effective stiffness and is a complex number.

The effective stiffness of the Maxwell model, where the spring and dashpot are
connected in series (Figure 2-8 a), is obtained by:

iwk,cy

= k 1 [ e ——
A+im == (2-48)

where k; and c; are the spring constant and damping coefficient for the spring and

the dashpot.

The effective stiffness of the Kevin-Voigt model, where the two elements are

connected in parallel (Figure 2-8 b), is obtained by:

The effective stiffness of the standard model (Zener model), which is a
combination of the Maxwell and Kevin-Voigt model (Figure 2-8 c), is given by:

wkicy .
+k, +iwc,

k= k(1 +in) = ———L
A+ = e (2-50)

in which the term iwc, is normally made zero to avoid infinite stiffness at infinite

frequency.

Similarly, the complex stiffness of the multiple standard element model (Figure

2-8 d) can be expressed as:

-
Il
S

i iwk;c;
— k;j + iwc; (2-51)

The iwc; terms are eliminated for the same reason. One may separate Equation 2-

IIM

51 into real and imaginary components as:

j=n j=n

k* = Zk--l— il b/ N +1i — 2-52
- J ka + (,L)ZCjZ ka + (J)ZCjZ ( )



Although the multiple standard element model gives better approximation of real
viscoelastic behaviour, the mathematical complexity and the number of parameters
that need to be determined is increased. One needs to take this into consideration

when adopting such a model.

2.4.2.4.3 The fractional derivative model

There is an alternative model that has been recognised to be a great
simplification in modelling viscoelastic behaviour (Jones, 2001), namely the
fractional derivative model. This model is also known for its ability to model real
dynamic behaviour (Pritz, 1996) and being causal (Bagley and Torvik, 1986; Torvik
and Bagley, 1987; Gaul, Klein and Kemple, 1989).

Bagley and Torvik (1983) mentioned two important observations that form the

basis of this model:
1). the fractional powers of time could be used to model stress relaxation

2). the stiffness and damping properties of viscoelastic materials were observed

to be proportional to fractional powers of frequency.

Later, the fractional calculus were found to be attractive in modelling
viscoelastic behaviour and proven to have advantages over linear viscoelastic
models (where the derivatives are of integer order) (Bagley and Torvik, 1983).
Reviews of the history and development of fractional derivative models have been
presented by Bagley and Torvik (1983), Torvik and Bagley (1984), and Gaul et al.
(1991).

The general form of the constitutive equation for the conventional viscoelastic
models in the time domain can be given as (Bagley and Torvik, 1983):

d d2 n
o(t) + b1EU(t) + szU(t) + .+ bnEU(t)

d d? dm
= aye(t) + alas(t) +a, Ee(t) + .4+ amae(t)

(2-53)
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where b4, b,,..., b, and ay, a4, ay,..., a,,, are material constants. These constants
can be determined using curve fitting method based on measured data. Due to the
thermo-dynamic requirements, this equation is only physically meaningful if m =n

orm =n + 1 (Pritz, 1996).

The fractional derivative model replaced the integer order derivatives with

fractional order and hence has the form:

db dPBz dBn
o(t) + blma(t) + bzma(t) + -+ bnﬁa(t)
aq a; d%m
= aye(t) + a4 Jra e(t) +a, Tro )+ + amdt—ame(t)

(2-54)

where 0 < ;< B < PBm<land0<a; <a, <:--a, <1are also material
constants. The fractional derivative of ath order can be defined by the gamma

function (I' ) as (Bagley and Torvik, 1983):

a

e =
dra &\ T

1 d ¢ e()
ra-a %fo (t —7)% de (2-55)

2.4.2.4.3.1 Four-parameter fractional derivative model

The typical behaviour of polymeric materials is that the loss factor exhibits a
wide peak over a wide frequency range and the dynamic modulus grows with
increasing frequency (Nashif, Jones and Henderson, 1985; Corsaro and Corsaro,
1990). Pritz (1996) proposed a four-parameter fractional model to simulate such
material when only one peak of loss factor is observed. This model can be derived
by assuming all the parameters in Equation 2-54 to be zero except a,, a;, b1, a4

and f;, and making @; = B; = «, then one has:

a

d d®
o(t) + by 72 0(6) = ape(t) + ay 7 () (2-56)

Analysis has been done by Prittz (1996) to show the physical meaning of those

parameters:
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a; = G T°

where T is the relaxation time, G, is the static modulus of elasticity (the dynamic
modulus at zero frequency) and G, is the high frequency limit value of the dynamic

modulus. Substituting these back into Equation 2-56, one gets:

a

d d*
a_____ = @ —
o(t) + 7% 22 0(t) = Go&(t) + Goor — (8 (2-57)

This equation is equivalent to the conventional Zener model (the standard model)
when o = 1. Therefore, it is also referred as fractional Zener model, or more

specifically as the four-parameter fractional derivative Zener model (Pritz, 1996).

Recalling the definition of the complex modulus, one has:

G(iw) = 222 = Go(w) +jGi(w) = Ga(@)[1 + i(w)] (2-58)

where ¢(iw) and &(iw) represent the Fourier transforms of the o(t) and &(t)
functions respectively, G; is the dynamic modulus of elasticity, G; is the loss

modulus and n(w) = G;(w)/G4(w) is the loss factor.

By applying Fourier transform, the complex modulus of this model can be given

as:

= Go+ Go(iwD)”
Gli0) = = Gwne (2-59)

The components of the complex modulus are (Pritz, 1996):

1+ (d+ 1) cos(an/2)ws + dw2®

G =G
a(®) = Go 1+ 2cos(am/2)w® + w2® (2-60)

(d — D) sin(an/2)wg

G =G
(@) = Go 1+ 2 cos(am/2)wd + wi® (2-61)
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(d — Dsin(an/2)wg
1+ (d + 1) cos(an/2)w? + dw?* (2-62)

n(w) =

where d = G, /Gy and w,, = wt denotes the normalized frequency.

Further simplification can be given for cases whered = G, /Gy > lorw, <1

(Pritz, 2003).

A comparison of the dynamic modulus, loss modulus and loss factor predicted
by this model is given in comparison to the conventional Zener model in Figure 2-9
where @ = 0.7 and d = 1000. It can be found that the dynamic modulus has a
monotonic increase with increasing frequency and will reach its maximum at high
frequency. Both the loss factor and the loss modulus have one peak which is

symmetrical with respect to logarithmic frequency.

Experimental work has been undertaken and shows good agreement for a
variety of materials especially for polymeric materials (Rogers, 1983; Bagley and
Torvik, 1986; Pritz, 1996). However, the experimental data published from other
authors show that the peak of the loss factor is not symmetric with respect to
logarithmic frequency. It appears to be asymmetric and the loss factor tends to
approach a limit value at very high frequency while the dynamic modulus has a
weaker monotonic increase at these frequencies (Capps, 1983; Madigosky and Lee,

1993).
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Figure 2-9 Frequency variations of the dynamic modulus, loss modulus and loss factor
predicted by the four-parameter fractional Zener (—) model and the Conventional
Zener model (- - - -), respectively. (Pritz, 2003)

2.4.2.4.3.2 Five-parameter fractional derivative model

In light of the observation of asymmetric behaviour of the loss peak, Pritz (2003)

proposed a five-parameter fractional derivative model:

B1 45} Az

d
0(t) + by 70 (1) = age(t) + ar o e(t) + ap oo e(t) (2-63)

where a, > a;. By assuming a; = [; = 8, the parameters can be represented as:

b, = 7B
ay = Gy
a, = G,7#
a, = G,t%

where G, and G, have modulus dimension and @ = a,. The Equation 2-63 can be
further simplified considering the fact that it must yield the four-parameter

fractional Zener model if @ = [ (Pritz, 2003). This can be done by choosing:
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and
GZ = GOO - GO
The final five-parameter model can then be given as (Pritz, 2003):

dP db ac
a(t) +1# Fa(t) = Goe(t) + Go1P We(t) + (Go — Gp)T® W‘s(t)

(2-64)
where it requires @ > [ for this model to be physical meaningful (to satisfy the
thermodynamic requirements — the dissipated energy and the internal work must

be positive)(Bagley and Torvik, 1986).

This model can be referred as the five-parameter fractional derivative Zener
model. One may also derive the same expression by replacing the a terms in the

denominator of Egation 2-63 with S (Friedrish and Braun, 1992).

The complex modulus is given by (Pritz, 2003):

(lwt)“

G(iw) = Go + Go(d — D Gwn? (2-65)

The components of the complex modulus are (Pritz, 2003):

cos(am/2)wy + cos[(a — ﬁ)n/Z)]a)fer'B

G =Gy +Gy(d—1
alw) = Go + Go ) 1+2 cos(ﬁn/Z)wﬁ + w,zlﬁ (2-66)

sin(an/2)wy + sin[(a — ﬁ)n/Z)]a)fer'B
1+ 2cos(B/2)w’ + w2f (2-67)

Gi(w) = Go(d — 1)

n(w)
~ (d — 1) {sin(ar/2)w? + sin[(a« — B)n/2]w+F}
142 cos(ﬁn/Z)a)f + a),zlﬁ + (d — 1){cos(ar/2)w; + cos[(a — ﬁ)n/Z)]a);erﬁ}

(2-68)
Further simplification was given for cases where d = G, /Gy, > 1 or w,, < 1 (Pritz,

2003).
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A comparison between the behaviour of the five-parameter model and the
four-parameter model has been given in Figure 2-10 with typical parameters of a =
0.7; B = 0.69,0.65,0.60, and d = 103 (in the four-parameter case a = § = 0.7).
By analysing this result, Pritz (2003) had shown the physical meaning of the

parameters in the five-parameter model as:

‘It is clear that a governs the low frequency increase of the loss modulus and the
loss factor. The value of 5, or more precisely the deviation of  from a, governs
the asymmetry of the loss peak and the high-frequency behaviour of dynamic
properties. Finally, the parameter G, is related to the high-frequency value of
the dynamic modulus, but here, in contrast to the four-parameter model, G, is

not the limit value of G4 (w).

‘...Gy is a value of the dynamic modulus which occurs above the loss modulus

peak at a frequency determined by the solution of equation as follows:

Ga(w) 1= cos(amn/2)wy + cos[(a — ﬁ)n/Z)]wf{w
G 1+ 2cos(Br/2)w’ + w?f (2-69)

Moreover, it has been found that the relaxation time 7 in those two models has

two different values (Friedrich and Braun, 1992).

Experimental results showed good agreement with the five-parameter model
(Pritz, 2003). Arikoglu (2014) further developed the fractional derivative model by
using genetic algorithms for parameter identification without shifting experiment

data, which eliminated the possible error caused.
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Figure 2-10 Frequency variations of dynamic modulus, loss modulus and loss factor
predicted by the five-parameter fractional Zener model (- - - -, — - —, - - -) and the four-
parameter fractional Zener model (—), respectively (Pritz, 2003).

2.4.2.44 Effects of temperature, frequency and cyclic strain amplitude

The complex modulus properties, as well as loss factor of viscoelastic materials,
are highly dependent on operation temperature and to a lesser degree on
frequency. The non-linear behaviour depends on the amplitude of strain and varies

for different materials from temperature to temperature (Jones, 2001).

The effects of temperature and frequency are shown in Figure 2-11 and Figure
2-12. When the temperature changes from low to high (or the frequency changes
from high to low), the materials have three distinct states: i.e. the glassy state, the
transition state and the rubbery state. It may be seen that the modulus G decreases
as the temperature goes up (or frequency goes down). The loss factor has one peak
at T, (or at f,). Another observation is that those two figures seem to be identical if

either of them is shifted horizontally. This leads to the temperature-frequency
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equivalence, i.e. the complex modulus values at any chosen temperature T; and

frequency f; are the same to those with different temperature T, at different

frequency f5.(Jones, 2001).
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Figure 2-11 Effect of temperature on complex modulus behaviour; (a) typical plastic,
(b) typical elastomer; where Ty is the transition temperature is and T,, is the peak loss
factor temperature (Jones, 2001 P64)
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Figure 2-12 Effect of frequency on complex modulus behaviour; (a) typical plastic, (b)
typical elastomer, where f, is the peak loss factor frequency (Jones, 2001 P65)

The complex modulus properties are linear with respect to strain amplitude
when the cyclic strain amplitudes are small (Jones, 2001). When the strain
amplitude exceeds certain threshold, non-linear behaviour occurs. It is very difficult
to apply non-linear model for general engineering purposes because the
underlining theories are complicated and the number of tests required to quantify
the non-linear behaviour are much larger than for linear models. It is thus generally
suggested that linear complex modulus are used to simulate viscoelastic material

properties in the manner that they are conservative to the nonlinear behaviour
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2.4.3 Hysteretic damping

In the damping models associated with viscous damping, the damping force
depends on the frequency of vibration (Clarence and Silva, 2007) and hence the
energy dissipation per cycle also depends on the frequency of oscillation (Nashif,
Jones and Henderson, 1985). However, Theadorsen and Garrick (1940) have shown
that there are cases where the damping capacity is frequency-independent (or
varies rather slowly with frequency). Bishop and Johnson (1960) first addressed this
type of damping as hysteretic damping. A more descriptive term of such damping

model is given by Lazan (1968) as ‘rate-independent linear damping’.

The general concept of hysteretic damping assumes that the damping force is
proportional to the displacement and in phase with the velocity. Hence, the one

dimensional differential equation can be written as:

2

d°x |
mﬁ + ihx + kx = f(t) (2-70)

where h is the hysteretic damping coefficient.

2.4.3.1 Linear Hysteretic damping

Reid (1956) attempted a time-domain representation for linear hysteretic

damping as:

o {1 +sgn lx(t) d);(tt)l %} x(6)

(2-71)

where k is a parameter with stiffness units, sgn(x) is the Signum Function,
sgn(x) = 1forx > 0,sgn(x) = —1forx <0, and sgn(x) =0forx =0, andn is
the frequency-independent loss factor. This model gives a triangular hysteretic loop
for harmonic excitation and the corresponding energy dissipation per cycle is linear
with the square root of displacement and independent of the excitation frequency.
However, Caughey and Vijayaraghavan (1970) have noted that this model is a non-
linear model since it does not satisfy the superposition principle (Inaudi and Kelly,

1995).

Biot (1958) proposed another time-domain model as:
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t
dx (1) dr} -

e = e x© -2 [ it - 01

-y
where £ is a small positive constant and Ei(x) = f_ojcery is the exponential

integral. This model yields the energy loss per cycle under harmonic excitation to be
(Caughey, 1962):

w
Weycle = 2knx? tan™? (?) 273)

which is frequency independent when w/e > 10. Although this model is causal (the
effect does not precede cause), the storage modulus of Boit’s model is dependent

of frequency (Inaudi and Kelly, 1995).

Inaudi and Kelly (1995) believed that, for linear-hysteretic damping model, the
storage and loss modulus should be independent of frequency and hence has the

form:

F(iw) = k[1 + insgn(w)]x(iw) (2-74)

The energy dissipation per cycle under cyclic excitation is thus:

w, = wknx?
cycle n (2_75)

which is independent of the frequency of oscillation. However, this model also
violates the principle of causality. In fact, in Inaudi and Kelly’s (1995) paper, they
mentioned that Kramers (1927) suggested, if the loss modulus is independent of
frequency, the storage modulus must vary with frequency for the causal linear
model. This violates the assumption that both the storage and loss modulus are

frequency independent.

Inaudi and Kelly (1995) also claimed that two very commonly used expressions

for linear hysteretic model need to be modified. The expression:

f@) = k(1 +in)x(t) (2-76)
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is not correct since it implies that the real-valued deformation history determines a
complex-valued force. They suggested rewriting it in the form of Equation 2-74.
Another expression:

kn dx(t)
w dt (2-77)

f(®) = kx(t) +

is suggested to be written as

L . kn dx(iw)
F(iw) = kx(iw) + ol dt (2-78)

which is equivalent to Equation 2-74.

In order to get the correct time-domain linear hysteretic damping model, the

Hilbert transform is introduced by Inaudi and Kelly (1995). The expression is as:

f(t) = kx(t) + knx(t)

(2-79)
where X(t) is the Hilbert transform of x(t) and is defined as
1% x(t
x() = ——j @ dt
M) ot—7T (2-80)

One may convert Equation 2-79 back into frequency domain as Equation 2-74.

To summarise the application of linear hysteretic damping model, the general
limitation is the causality problem. This model has been mostly used in context of
harmonic excitation (Inaudi and Kelly, 1995). For transient vibrations, the force may
anticipate the deformation history which violates the physical principle that the
effect cannot precede cause. For this reason, the applicability of hysteretic damping
in general excitation has been questioned (Argyris and Mlejnek, 1991). Labonnote,
Rgnnquist and Malo (2013) derived a modified hysteretic damping model by
defining complex elastic modulus and complex stiffness and experimentally
validated this model to provide an efficient approach for material damping
prediction to Timoshenko timber beams. Montalvdo et al. (2013) presented
detailed experimental setup for the measurement of the complex Young’s modulus

and the loss modulus of plates using a constant hysteretic damping model.
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2.4.3.2 Non-linear Hysteretic damping

Structural systems may show non-linear behaviour under severe excitations, i.e.
seismic excitation. A function of velocity and displacement is not sufficient to
describe the restoring force in these cases. Since the restoring force depends on
both the instantaneous deformation and the history of deformation, one may
introduce a set of differential equations to represent the time dependent nature
(Ismail, lkhouane and Rodellar, 2009). The detailed modelling of this kind of
damping based on physical laws is difficult. Instead, some so-called ‘semi-physical’
models are introduced combining the understanding of hysteresis and parameter

identification.

One of the most popular models is the Bouc-Wen model, which was originally
suggested by Bouc (1967) and further generalized by Wen (1976). This model
requires only one auxiliary non-linear differential equation to model hysteretic

behaviour and hence is computationally efficient (Song and Kiureghian, 2006).

The equations of Bouc-Wen model for a SDOF system is given by (Dobson, Noori,

Hou, Dimentberg and Taber, 1997):

d*x dx 5 .

F+25wna+awn x+ (1 —-—a)w,*z = f(t) (2-81)
dZ_Adx dx|| 1 xl n
dt  dt del '’ Ve (2-82)

where z(t) is the hysteretic restoring force, { is the damping parameter, w,, is the
natural frequency parameter; a is the ratio between post-yield and pre-yield
stiffness; A, B, ¥y and n are parameters that related to the shape of the hysteresis
loop. This formulation enables the model to be extended to many other hysteretic
characterisation problems. One may find relevant reviews from papers written by

Song and Kiureghian (2006) and Dobson et al. (1997)

2.4.4 Interface damping
In many practical applications, energy dissipation occurs at the interface of two

sliding surfaces. Friction plays a major role in these situations. A simple illustration
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of how the damping force changes as the relative velocity changes has been shown
in Figure 2-13, where Region 1 describes Coulomb friction, Region 2 describes the

‘Stribeck effect’ and Region 3 describes Viscous friction.

Damping
Force f

Unstable «—— Stable

Region
1

Region
2

Region
3

Relative Velocity v

Figure 2-13 Illustration of interface damping (Clarence and Silva, 2007)

2.4.4.1 Coulomb friction

The coulomb friction model was derived by Coulomb in the 1700s and is widely
used to describe the slipping-induced energy dissipation at structural joints. It is
one of the major forms of structural damping and the degree of damping level
depends on various factors including loading conditions, geometry of the moving
parts, surface properties, material properties, type of connections, workmanship,
level of determination, lubrication, magnitude of relative velocity, etc. (Clarence

and Silva, 2007).

The damping force of Coulomb friction can be described in the form:

f = uFysgn(v) .83

where u is the coefficient of sliding friction, F, is the normal reaction force between
the sliding surfaces, vis the relative velocity between the sliding surfaces. The
Signum Function sgn(v) is introduced here to represent that the friction force has

an opposite direction of the relative velocity v (Figure 2-13, Region 1). One may
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observe that the damping force of Coulomb friction does not have strong

dependence on velocity.

2.4.4.2 Viscous friction

When there is lubricant between the surfaces, the friction force is mainly
induced by the viscosity of the lubricant. This kind of friction is called viscous

friction and the friction force has the relation (Reynolds, 1886):

f=Fkv (2-84)

where the parameter F, = uA/y, puis the viscosity, A is the area of each surface
and y is the length of separation. In viscous friction, the friction force is
proportional to the relative velocity (Figure 2-13, Region 3). This only happens when
the relative velocity exceeds certain level, i.e. the two surfaces are not in direct
contact. When the relative velocity is low, the two surfaces have some kind of solid-
to-solid contact and will exhibit Coulomb-type of friction. The proportion of solid-
to-solid contact decreases as the velocity increases, meanwhile, the friction force
also decreases. This phenomenon is termed as the Stribeck effect (Figure 2-13,

Region 2).

2.4.4.3 Static friction

There are cases in which the connecting surfaces do not have relative motion,
i.e. small value of driving force. Static friction is used to term this kind of

phenomenon (Morin, 1833).
The friction force can be expressed as:

f={fe ifv=0and|f,| < f;

fs ifv=0and|f,| = f; (2-85)
The friction force equals the external (driving) force f, until it exceeds the static
friction force f; (the minimum force required for the motion to begin). It then drops
instantaneously to the value of dynamic friction force f; (the minimum force

needed to sustain the motion). This characteristic is usually known as ‘stiction’.
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There may occur a so-called ‘stick-slip” phenomena when the driving force drops
below the dynamic friction force and then jumps above the static friction force,

which is normally undesirable in practical cases (Clarence and Silva, 2007).

2.4.4.4 Other friction models

The three types of friction mentioned above are the most commonly used ones,
there are however other types of models which are proposed for modelling more
specific tasks. Since the main concern of this study is about internal damping, no
further discussion will be given in the content. Good reviews of other friction
models have been given by De Wit, Olsson, Astréom and Lischinsky (1995), and
Olsson, Astrom, De Wit, Gafvert and Lischinsky (1998).

2.4.5 General representation of damping in vibration analysis

2.4.5.1 General damping

It is difficult to incorporate microscopic details of damping in general vibration
analysis. Simplified models are usually used to present various types of energy
dissipation. Consider a system with n degrees of freedom. Vector x with n
generalized coordinates, where x; represents the independent motion of the object
in direction i. For motions with small amplitude, spring elements can be assumed

and hence the equation of motion can be given as (Clarence and Silva, 2007):

Mi +d + Kx = f(t) 2-86)

where M is the mass matrix, K is the stiffness matrix. The vector f(t) represents
the force in different directions. The damping force vector d(x, X) is normally a
non-linear function of x and X. Different types of damping can be represented in
the equation of motion. Their properties are determined by the nature of d(x, X)

employed in the equation.

2.4.5.2 Hysteretic damping

For hysteretic damping, the damping force vector is usually represented in the
form of iHx, where H is the hysteretic damping matrix. Therefore, the equation of
motion becomes:

M + (iH + K)x = f(b) (2-87)
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The damping force described in this equation is proportional to the displacement
and is 90° out of phase of the displacement. This model is mainly based on
experimental observations and is suggested only to be used in the frequency

domain with harmonic excitation (Liu and Gorman, 1995).

2.4.5.3 Equivalent Viscous damping
For the viscous damping model, the damping force vector can be written as Cx,
where C is the viscous damping matrix. The resulting equation of motion is :

MXx + Cx + Kx = f(¢t) (2-88)
As discussed before, the linear viscous damping model can be handled with
relatively simple mathematical analysis. It is therefore common to use equivalent
viscous damping term to represent damping terms of other types. The equivalent
viscous damping term is determined in such way that the resulting energy
dissipation per cycle is equivalent to the original one. Hence, the motion of
equation using equivalent viscous damping term can be expressed as:

Mx + Cx + Kx = f(¢t) (2-89)
where C is the equivalent viscous damping matrix. Clarence and Silva (2007) have
listed a few equivalent viscous damping terms of some common damping models in
Table 2-2.

Table 2-2 Equivalent viscous damping term for common damping models used in
dynamic analysis.

Damping type Equivalent viscous damping term
Viscous .
j
Hysteretic 1
) —_ Cij X]
jw
Structural . .
Zj cij |%|sgn (%)
Structural Coulomb .
Z Cij Sgn(xj)
j
Fluid ar
Zj cij |% 1%
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2.4.5.4 Rayleigh damping

In modal analysis of a dynamic system, the most commonly used model is the
Rayleigh damping model, which can be seen as a special case of viscous damping. It
was first introduced by Lord Rayleigh (1877) for the purpose of analysing linear
dynamics of undamped systems (Adhikari and Phani, No date). The simplest
damping matrix in the Rayleigh model consists of only two terms and can be

expressed as:

C=cy,M+cK
Cm™ T Ck (2-90)

where c,, and ¢, are pre-defined constants. It assumes the damping matrix is a
linear combination of the mass and stiffness matrices and hence is also known as
‘proportional damping model’. Clarence and Silva (2007) explained that the first
term on the right of Equation 2-90 describes the inertial damping force, which is
proportional to its momentum on each concentrated mass; the second term on the
right describes the stiffness damping force which is ‘proportional to the rate of
change of the local deformation force at joints near the concentrated mass

elements’.

A more general approximation of the Rayleigh model for small levels of

damping has been given by Caughey (1960):

p—1

€=M ) o (0" 2ot
=0

This is equivalent to Equation 2-89 for special cases where p = 1.

The major benefit of Rayleigh damping is that the damping matrix of a structure
with n degrees of freedom can be reduced to n of uncoupled equations (Chowdhury
and Dasgupta, 2003). Additionally, since the mode shapes have not been altered,
great simplification can be obtained in the process of finding the eigensolution or

the calculated response (Liu and Gorman, 1995).

Extensions to this have been proposed by Liu and Gorman (1995), who

introduced negative series and fractional indexed series to Caughey’s formulation in
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order to give more choices in selecting Rayleigh damping terms for practical use.
Chowdhury and Dasgupta (2003) proposed a technique to compute Rayleigh
damping coefficients (i.e. ¢,, and c) for large systems. The solutions are obtained
by finding the best-fit values of ¢, and ¢ iteratively. Theoretical validation has
been given to show that this technique can produce a more realistic representation
of the structural behaviour under dynamic loading than using the presumptive
damping ratio constant for all modes. Hall (2006) discussed the potential problems
one may encounter under certain conditions, i.e. a non-linear analysis with
softening non-linearity. A remedy to those problems has been proposed to avoid

using unrealistically large damping forces calculated from Equation 2-90.

2.5 Damping measurement

There are various parameters (i.e. damping ratio, damping capacity, loss factor
etc.) and damping models (viscous, viscoelastic, hysteretic, interface etc.) that can
be used to describe damping. Before measuring the damping of a system, one
needs to decide which parameter or model should be used to adequately describe
the system characters. Knowledge of the theoretical basis and the application range
of different damping measurement methods are thus important. Those methods
can generally be divided into time-domain methods and frequency-domain

methods.

2.5.1 Logarithmic Decrement Method

One of the most popular time-domain methods is the logarithmic decrement
method. It comes from Load Rayleigh’s observation that for the free vibration of a
linear damped oscillator, ‘the difference in the logarithms of successive extreme
excursions is nearly constant, and is called the logarithmic decrement’ (Rayleigh,
1877). For a single-degree-of-freedom system with viscous damping, the time

response of the displacement under impulse excitation is (Clarence and Silva, 2007):

x(t) = xoexp(—fwyt) sinwgt (2-92)

where w,, and w, are the natural frequencies of the undamped and damped

system respectively and they are related by the formula:
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wg =+1—-Pw,

The general impulsive response of a simple oscillator, described by Equation 2-92, is

(2-93)

shown in Figure 2-14. The maximum displacement in ith cycle is defined as x;.The

logarithmic decrement (per cycle) is defined as:

6=ln( X; ): 2n¢
Xiv1/ 1 -2 (2-94)

The damping ratio can therefore be given as:

1

J1+ (21/6)? (2-95)

\/__4-__\_; Time ¢

Figure 2-14 Impulsive response of a simple oscillator (Clarence and Silva, 2007)

For small damping, where w; = w,, holds (i.e. { < 0.1), Equation 2-94 becomes:

21 (2-96)

The loss factor for low damping can be expressed as (Ungar and Zapfe, 2006):
(2-97)

This method can be extended into multi-degree-of-freedom systems if the

decay mainly occurs in one mode of vibration (Clarence and Silva, 2007). The
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limitations associated with the implementation of the logarithmic decrement

method are:

a) It normally requires at least two complete cycles for one to work out the
logarithmic decrement. For heavily damped system (critically or overdamped), this

method is not appropriate.

b) This method works well at low frequency when the system only possesses
one mode. For higher frequency ranges, the decay takes place in multiple modes

and therefore it is hard to distinguish the maximum placement in each cycle.

2.5.2 Reverberation Time Method

The most common method used to measure damping in building acoustics uses
the reverberation time of the system (Craik, 1996), which is normally defined as the
time it takes for the vibrational energy to decay by 60 dB when a steady excitation
has been turned off. The reverberation time, T, has the relationship to the loss

factor, 17, as (Craik, 1996):

_In(10%) 2.2
T 2nfT  fT (2-98)

This equation is valid for both structures and rooms. The reverberation time for
some typical structures might be relatively short. This requires some specialised
instrumentation with high precision (Craik, 1996). The excitation of a building
structure with steady noise source is normally difficult; instead, one usually uses a

transient excitation such as a hammer as the source.

2.5.3 Step - Response Method
When a single-degree-of-freedom viscously-damped system is subjected to a
unit-step excitation, the time domain response can be expressed as (Clarence and

Silva, 2007):

x,=1-— exp(—Jwyt) sin(wgyt + 0)

1
Nere (2-99)
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where @ = cos {. A typical step-response plot has been shown in Figure 2-15 (the

response curve has to be normalized to unit steady-state value).

x(t)
A

x
S

Unit Step Response

0 >

ty Time ¢

Figure 2-15 A typical unit-step response of a simple oscillator (Clarence and Silva,
2007)
The time when the first peak response x,, occurs can be given by:

T T

t, =— =

P wg J1-Cw, (2-100)

The corresponding first peak response is thus:

xp = 1+ exp(={wnty) = 1+ exp( 1_ iz) (2-101)

The damping ratio can therefore be obtained through:

(2-102)

or
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1

1+ W (2-103)

The loss factor can be calculated through Equation 2-97 for small damping cases.
This method can also be extended to multi-degree-of-freedom systems under

modal excitations (Clarence and Silva, 2007).

2.5.4 Peak Amplitude Method

Another time-domain method is introduced here. Instead of using a unit-step
excitation, harmonic excitation is applied (the response can be described by
Equation 2-23, which is harmonic). The peak amplitude occurs at the frequency w,.,

which can be expressed as:

Wy = Wpy1 = (2-104)

The peak response can be given as:

F
» = 2k 1 — (2 (2-105)

The measureable amplification factor A is defined as the ratio of the peak response

to the static response (F /k):

1

201 =2 (2-106)

Therefore, the damping coefficient can be obtained by (Jones, 2001):

A=

(= 2\/[1 — m] (2-107)

2.5.5 Magnification Factor Method
One frequency-domain method is introduced here. For a single-degree-of-
freedom system with viscous damping, the magnitude of the frequency response

function can be expressed as (Clarence and Silva, 2007):
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wp?

[(w,2 — w2)2 + 42w, 2w?]1/2 (2-108)

lx(w)]| =

An illustration of the magnitude of frequency response function for simple
oscillator has been shown in Figure 2-16. The frequency-response curve must be
normalized so that the magnitude is unity at zero frequency. When the
denominator reaches its minima, |x(w)| has its maximum value. This happens at

the resonant frequency w,., where:

wr = V1= 20w, (2-109)

Magnitude

|x ()]

-]

o
,—

(,U”

i

Frequency
o= 1-20% o, equency

Figure 2-16 The magnitude of frequency response function for a simple oscillator
(Clarence and Silva, 2007)

The magnitude of |x(w)| at resonant frequency is defined as the amplification

factor Q and has the form:

1

201 =2 (2-110)

For low damping cases (i.e. { < 0.1), one has:

Q:

1
Q %2 (2-111)

IR
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Recall Equation 2-97, the loss factor can be expressed as:

1
n=2=5 (2-112)

This method can also be extended to multi-degree-of-freedom-system if the modal
overlap is not to high (the intervals between the modal frequencies are not too

small) and the system is lightly damped (Clarence and Silva, 2007).

2.5.6 Half-power Bandwidth Method

Another popular frequency-domain method is called the half-power bandwidth
method. Considering the case where the frequency-response can be expressed as
Equation 2-108, the peak value is given by Equation 2-111 for low damping. One
may define the half-power bandwidth Aw as the frequency range where the
frequency-response magnitude is 1/\/5 times of the peak Q. Refer to Figure 2-17,

the half-power bandwidth Aw = w, — w. By definition, w; and w, must satisfy the

equation:
wp? 1 0= 1 1
[(wn? — 2)? + 42w, 2w?]Y2 27 V2 2¢/1-¢2 (2-113)
Magnitude
|x ()|
/]2

0

.e -

1
|
|
|
|
|
[

S

Frequency ®

Figure 2-17 Illustration of the bandwidth method for a simple oscillator (Clarence and
Silva, 2007)
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For the case of low damping (i.e. { < 0.1), one has Q = 1/2(. Therefore,

Equation 2-113 can be rearranged to:

w*—2(1-20w?w? + (1 -8Hwy,* =0

(2-114)
Since w; and w, are the solutions, there must have:
(w? — w;?)(W? — wy%) = w*—2(1 — 2{H)w,?w? + (1 -8 w,* =0
(2-115)
Therefore, one obtains:
wi? + wy? =2(1 - 2{H)w,? (2-116)
and
wi?w? = (1 -8 w,* (2-117)
So, the half-power bandwidth has the form:
Aw = |w; — wq| = /(W — w)?
(2-118)

= \/2(1 — 203 wp? — 24/(1 — 80?)w,,?
When { < 0.1, one has:

J(1 =872 = 1—4¢2 (2-119)

Hence,
~ 2 2 — ~
Aw = /4% w, 2{w, = 2{w, (2-120)
The damping ratio and loss factor can be estimated using the relation:

Aw

n=2= (2-121)

For multi-degree-of-freedom systems, the modal loss factor can be obtained

using:
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A(Ui
Wy (2-122)

N =2 =

where Aw; is the half-power bandwidth of ith mode and w,; is the resonant
frequency of ith mode. One may notice that if the magnitude is plotted in dB, a
factor of 1//2 means a 3dB drop. The definition of half-power bandwidth can also
be expressed as the requency range where the magnitude of frequency-response

function is 3dB lower than the peak.

The classsic form of half-power bandwidth method has been revisted by Wang
(2010) and it is found to be sufficiently accurate for many practical cases where the
damping ratio is less than 0.1. For cases where the damping ratio is higher, higher
order corrections are suggested. Wang, Jin and Zhang (2012) examined the
accuracy of the half-power bandwidth method in a two-degree-of-freedom linear
system. It is found that this method might significantly overestimate the damping
ratios of the two-degree-of-freedom system in some cases. Even for cases where
the natural frequencies are spaced widely, the estimation error is still larger than
that from a single-degree-of-freedom system. Therefore, this method should be

used with caution when extended to multi-degree-of-freedom systems.

Papagiannopoulos and Hatzigeorgiou (2011) studied the half-power bandwidth
method for both sigle and multi-degree-of-freedom systems that do not possess
classical normal modes. A third order correction to the classical form is proposed to
reduce the error. Similar research has been undertaken by Olmos and Roesset
(2010), whose work includes a comparison of the half-power bandwidth method

with approximate formulae and procedures used in practice.

2.6 Discussion and conclusion
This chapter sought to introduce the concept of damping, explaining how
damping works, how it may be represented mathematically, and how it may be

measured.

The linear viscous damping model is a very good starting model for one to

understand the general behaviour of damping under different excitations. Based on
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this model, different damping situations, i.e. overdamped, critically damped,
underdamped and undamped, have been introduced. It is very helpful for

understanding other damping models.

The viscoelastic damping model is probably the most relevant damping model
that is related to the majority of passive damping treatments. Both free-layer and
constrained-layer damping use viscoelastic materials to dissipate vibrational energy.
The classic viscoelastic models are fundamental to understanding and representing
viscoelastic behaviour. The idea of complex modulus provides a relatively simple
way to describe damping mathematically and introduces loss factor into the
equations. The concepts of both complex modulus and loss factor have been used
throughout this thesis. The fractional derivative model is a good alternative in
analysing viscoelastic damping. The four-parameter and five-parameter fractional
derivative models are further implication of the classic viscoelastic damping model,
i.e. the Zener model, and give the impression of how the value of loss factor may
change with frequency. The effects of temperature and strain amplitude have also

been discussed.

Hysteretic damping models describes some special cases where the loss factor
is independent of frequency. The use of this model has been questioned due to the
causality problem. This model is of less importance in this research and is only

included here for completeness.

Coulomb friction damping is generally used to solve the problem of interface
damping where two contact layers have relative motion. It is also of importance in
analysing structural damping. As it may quantify losses that occur at the joints
between components. The fundamental mechanism it seeks to quantify are also

observed when granular materials are used to provide damping.

In analysing a damped system, an equivalent viscous damping model can be
used to represent different kinds of common damping mechanisms. The equivalent

viscous damping matrix is used so that the total energy loss per cycle does not
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change. In addition, the Rayleigh damping model can be used to analysis the modal

behaviour of a dynamic system.

Several common damping measurements have been reviewed. The main
purpose is to understand the theory behind and to find a parameter that can be
used to present damping level. Loss factor is chosen since it has a direct relation to
these damping measurements and loss factor is also used in SEA to represent
damping mechanisms. SEA is adopted as the main research framework in this study.
The concept of SEA and its application will be introduced in the next chapter to

show its applicability in solving acoustic transmission problems.
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CHAPTER 3 DAMPING EFFECT MODELLING - STATISTICAL
ENERGY ANALYSIS

3.1 Introduction of SEA modelling

3.1.1 Origin

Statistical Energy Analysis (referred as SEA) was first developed in the early
1960s to solve vibrational response problems of aerospace structures. Conventional
deterministic methods were first adopted to resolve this kind of problem, but due
to the constraint of computational speed, the size of the system and the analysable
frequency range were limited (Fahy, 1994). The structural response of only a few
lower modes could be computed while computation of those modal responses with
higher natural frequencies were challenging. To quantify the scale of the challenge,
it is was estimated that the number of natural frequencies of the Saturn launch
vehicle in the frequency range 0 to 2000 Hz was in the order of 5,000,000 (Fahy,
1994). The desire to estimate the vibroacoustic response of such complex systems
in the high frequency range motivated Lyon and his collaborators to develop SEA as
an alternative to deterministic approaches (Lyon and Maidanik, 1962; Lyon and
Eichler, 1964; Scharton and Lyon, 1968). Later on, SEA has been developed and
extended to applications such as building acoustics and been proved to work well in

this field (Craik, 1996).

As Fahy (1994) suggested, early studies of sound fields in rooms showed that it
would neither by effective nor appropriate to apply deterministic methods to solve
broad band vibrational response problems. Instead of estimating a complex system
as a concomitant, SEA subdivides a system into several subsystems and expresses
the subsystem parameters probabilistically. The time and space averaged
vibrational energy of subsystems and vibratory input are used as alternatives to
displacements and forces in classic acoustics. Research exploring power flow
between oscillators (both single and multiple) and other idealized systems showed
that the power flow between two subsystems is proportional to the difference in

their modal energy (known as ‘coupling power proportionality’) (Fahy, 1994), which
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serves as the firm theoretical foundation of SEA. Thus, the net power flow between

two subsystems 1 and 2, W, ,, can be given as

W= [ﬂ 'é] wpf

m o (3-1)

where E is the (time-averaged vibrational) energy of subsystem, nis the modal
density (the number of modes that lie within 1 Hz or 1 radian band) and Sis a
measure of the coupling. In SEA, the coupling is reflected by a parameter called the
coupling loss factor, CLF, which is defined as the fraction of energy transmitted in
one radian cycle. There is a famous consistency relationship describing the
relationship between the coupling in the two opposite directions, which can be

expressed as

B=mn1,; = MmNy (3-2)

where 7;; is the CLF from subsystem i to subsystem j.

3.1.2 Limitations of deterministic methods

Although deterministic methods have been demonstrated to work well with
simple systems, there exist difficulties to extend their use for analysing more
complex models. With the increase in material and geometric model complexity
and interested frequency range of interest, the computational cost of deterministic
analysis will also increase. Fahy (1994) stated that it is generally impracticable to
predict the comprehensive vibrational response of such complex structures at
frequencies higher than a few hundred Hertz and gave a study of analysing the
vibrational behaviour of a 2m length of aircraft fuselage at frequencies up to 225 Hz
using 550,000 degrees of freedom in a finite element model as an example (Roozen,

1992).

With the rapidly development of computational technology, in principle, it is
possible to extend deterministic analysis to higher and higher frequency ranges at
the expense of higher computational cost. There is, however, a fundamental
physical reason that limits their application. The physical and material properties of
structures (in this paper, the main concern is buildings) are never known in great
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detail. As frequencies increase, the prediction results from deterministic methods
become more dependent on small changes in structural details. The results tend to
be unreliable as relative modal phase response and the modal resonance
frequencies are highly sensitive to the details of damping distribution and boundary
conditions, especially for high order modes (Fahy, 1994). Moreover, there is
increasing uncertainty as the distributions of the higher order modes begin to
overlap (Fahy, 1994). One solution to solve this is to average the modal response

over bands, where a statistical approach becomes an appropriate alternative.

3.1.3 Advantages of SEA

SEA uses energy as the primary variable instead of velocity, acceleration, force
and pressure, and employs loss factor to represent the concepts of transmission
and damping in classic acoustics. It can be seen as an analogy to thermal
conduction, where the modal energy of different subsystems are like the
temperatures of different bodies and the CLFs are like the conduction coefficients.
Use of energy makes the transmission process much clearer and the calculation
much simpler. Energy, as the key variable, describes the time-and-space averaged
dynamic response of a subsystem, which can be easily converted back to common
measures such as pressure and velocity. It enables SEA to incorporate simple classic
theories, which are typically analytic and describe transmission between pairs of

elements, to simplify the analysis of complex systems (Craik, 1996)

Another benefit of SEA is the concept of statistics. One cannot determine
everything about a (building) structure and even structures built to the same design
differ from each other. The structural details and material properties are influenced
by the workmanship and fabrication processes as well as environmental variances
and operational tolerances, such as temperature and static load. This means that
even for identical structures, the frequency response of individual specimens will
differ from each other. Figure 3-1 shows the standard deviation of ten
measurements of airborne sound transmission through ten notionally identical
concrete floors and ten measurements of structural transmission between ten

notionally identical wall-to-floor systems. In each case, the standard deviation is
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about 2 dB and is a bit higher at low frequencies. By introducing the concept of
statistics, SEA can give the average response characteristics of a population of
grossly similar systems, within which the individual members differ in an
unpredictable manner. Therefore, the uncertainty in details can be represented by
an assemble-average behaviour. However, this also means that SEA can never give
an exact answer to a specific system as the deterministic methods purport to do.
Instead, it provides a ‘feel’ of the averaged response of a population of similar
systems and yields an estimated response expressed within a certain confidence

interval.

Figure 3-1 Standard deviation of ten measurements of airborne transmission through a
concrete floor and ten measurements of structural transmission between a wall and a
floor (Craik and Steel, 1989; Craik and Evans, 1989).

Moreover, SEA provides a framework rather than a specific method to solve
vibroacoustic problems. Simple classical theory, as well as deterministic methods,
can be utilized to determine CLFs. SEA has been shown to function well at high
frequencies, where response is dictated by the collective behaviour of many modes.
But certain considerations need to be given when applying it to low frequency
regions, where individual modes may dominate response. Deterministic methods,
such as the finite element method (FEM), can be applied to determine SEA coupling

parameters to avoid the low frequency limitation of classic SEA. FEM has been

57



proved to give a good estimation of CLFs through physical (Simmons, 1991; Fredo,
1997) and numerical (Steel and Craik, 1994; Mace and Shorter, 2000) experiments.
Experimental statistical energy analysis (ESEA) can also be conducted as an
alternative to determine the CLFs, especially for irregular couplings. A review of
such analysis has been done by Cimerman, Bharj and Borello (1997). Research
studies that use different analysis methods to predict loss factors have been
reported, such as the use of FEM, ESEA and Monte Carlo methods to predict the
CLFs for coupled plates with low modal density and low modal overlap (Hopkins,
2002), the use of a hybrid method combining FEM and SEA to model mid-frequency

system behaviour (Cotoni, Shorter and Langley, 2007).

SEA requires relatively few gross parameters compared with deterministic
methods to predict performance. For any subsystem, apart from the dimensions,
three key material properties are needed, namely, the density, elastic modulus (or
Young’s modulus) and Poisson’s ratio. This also makes the computational overhead

less costly.

3.1.4 SEA modelling

The basic idea behind SEA is to divide the building into subsystems (usually but
not always to represent the physical elements such as walls, floors, ceilings etc. and
the rooms they enclose) and assumes the energy only flows from one subsystem to
neighbouring subsystems (there are exceptions, such as non-resonant transmission,
which will be discussed later). To be more specific, a subsystem is an acoustic space
or a structure that consists a group of similar resonant modes (Burroughs, Fischer
and Kern, 1997). The proportion of energy transmitted from subsystem i to
subsystem j in one radian cycle is called the coupling loss factor (CLF), denoted as
nij- The proportion of energy that is dissipated as heat per radian cycle within
subsystem i is called the internal loss factor (ILF), denoted as ;4. The sum of the
CLFs and the ILF of subsystem i is called the total loss factor (TLF), denoted as 1;,
which represents the proportion of the total energy leaving the subsystem per

radian cycle
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An illustration of a two room system is shown in Figure 3-2. A simple SEA model
of part of this system comprising the two rooms, separating wall and two flanking

walls is shown in Figure 3-3.

Flanking wall 4 Flanking wall 5

Source Room 1 Receiving Room 3

=

- Separating wall 2

Figure 3-2 Illustration of a two room system

4 5
Wi \l, Was W5 \l, \\ Wss
W,
W1 Wag Wi 52 Wsq W3
1 W 2 Was 3
\l/ W21 \l/ W3, \l/
Wg Woq4 W3qg

Figure 3-3 SEA model of the system shown in Figure 3-2

Here W; denotes energy input of the source room, Wj; denotes the energy flow
from subsystem i to subsystem j and W;; denotes internal energy loss within

subsystem i.
These parameters are related through:

Wij = Eiwn;; (3-3)

Wiq = E;wniq (3-4)
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where E; denotes the energy of subsystem i and w is the angular frequency related

to frequency, f, through w = 2rf.

If the whole system is assumed to have attained a state of equilibrium, the

energy balance equation for each subsystem, can be combined in matrix form to

yield:
M M1 Ms o Mva ([En] [~Wh/@)
[ Nz —M2 732 ] E| |-Wy/w|
|; M3 723 _773.‘. | E3J = —W:3/a) (3-5)
l Min —Nn 1LEy —Wy/w

All the TLFs and CLFs in the above matrix can be determined either theoretically
or experimentally (Craik, 1996). If the external power inputs, W;, are known, the

energy distribution through the system can be determined.

3.2 Assumptions of SEA
In order to understand how to accommodate damping within SEA, it is

reasonable to review the core assumptions and limitations of SEA first.

3.2.1 Diffuse fields

The heart of SEA prediction is to evaluate the CLFs between subsystems at their
equilibrium states. There are two main approaches that can be used to predict the
couplings, namely, the modal approach and (propagating) wave approach. The
modal approach is an extension of the examination of energy exchange between
two viscously damped, conservatively coupled oscillators under white noise
excitation. It assumes that the response of a subsystem, its amplitude of vibration
or pressure, is determined by the overall contribution of the different modes
(resonances) it sustains. Put more simply, the vibrational energy is stored in modes
and these modes dominate the response. In the wave approach, the vibrational
fields of subsystems are represented by the superpositions of travelling waves. The
CLFs are calculated from the consideration of reflection and transmission at

subsystem boundaries.
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In both cases, a diffuse field is assumed. From the modal approach point of view,
the conditions that need to be satisfied are: (i) modes share the same amount of
energy within the frequency band (energy equipartition), (ii)j momenta and
displacement of each mode are statistically independent and (iii) the displacements
of different modes are statistically independent within the frequency band (Lyon,
1974). Weaver (2001) supplemented that energy equipartition is only valid for a
time-averaged response, not for the response at any fixed time. This assumption
also implies that the response of a system is directly proportional to the damping
(Craik, 1996). Faller (see Lafont, Totaro and LeBot, 2014 p5) explained the definition
of diffuseness from the geometrical acoustics point of view as comprising
independent sound waves with the same strength arriving at a receiver from all
directions. In other words, a sound field that is homogeneous and isotropic. There
are definitions given by other authors in regards to their own perspectives (see

Lafont et al., 2014; Fahy, 1985).

Generally speaking, a diffuse field can be achieved if homogenous and weakly
coupled subsystems are excited by white noise. The ‘rain-on-the-roof excitation’ is
commonly used as the excitation as it excites all modes of the structure at same
level. It can simply be achieved by randomly hitting the structural subsystem with

same level (keeping a safe distance away the boundaries).

3.2.2 Weak coupling
Weak coupling is generally assumed in SEA models. Using the simple two-
subsystem system in Figure 3-4 as an example, the energy balance equation of

subsystem 2 is given by:

Eioniz=E,wn3, + E; w124

(3-6)
Wi
\l/ W1,
1 2
W1
v v
Wig Waqg

Figure 3-4 a two-subsystem SEA model
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The energy ratio can thus be expressed as:

E _ M12
Ey 7121+ 124 (3-7)
As the coupling becomes large compared to the internal loss (material damping),

the term 11,4 can be ignored and the energy ratio becomes:

Ea _Ma
Ei 12 (3-8)

Recalling Equation 3-1 and 3-2, this gives the net power flow to be:
Wi, =E —E =0
12 =E1M12 21121 (3-9)
There is thus no net power flow between two subsystems, indicating equipartition
of modal energy between two subsystems (both subsystems share the same modal
energy). This also means one may combine those two subsystems into one

subsystem.

Mace (1994) gave a definition of weak coupling as occurring when the power
flow via any individual coupling is small compared with the input power. It might be
easier to understand if one expresses the definition in terms of loss factors.
According to Smith’s (1979) definition of strong coupling, the reverse gives one

possible definition of weak coupling as:

<
N21 < MN2a (3-10)

Instances where this relation is obeyed are not likely to be rare. Exceptions
occur for simple structures such as the case where two undamped metal plates are
coupled at a corner joint. In real buildings, each subsystem is connected to several
other subsystems. These couplings need to be added with the subsystem’s ILF as
they also represent energy that leaves to the subsystem. This is the notion of the
Total Loss Factor (TLF). As Craik (1996) suggested, a wall (or a floor) will

approximately connected to ten other structural elements. Thus the effective
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subsystem loss factor, its TLF, is at least ten times larger than the CLF between any
single pair of subsystems, assuming all structural CLFs have roughly same value.
Therefore, weak coupling is a reasonable assumption in practice for all but the

simplest of systems.
3.3 Limitations of SEA

3.3.1 Mode count and modal overlap

Modes (resonances) occur when a wave travels around the subsystem and
arrives back at its starting point with same direction and is in phase with itself so
that cumulative interference happens. SEA presumes the response of a subsystem
is only controlled by these modes. Since the frequency response of individual mode
is controlled by damping, they are also referred as ‘damping-controlled’. Knowledge
of how many modes is present in a frequency band and to what extent the
subsystem is damping-controlled is of interest if one wishes to understand the

energy in a subsystem or its distribution within a system.

The number of modes in a band is known as the mode count and can be

expressed as:

N = n(f)Af )

where n(f) is the modal density in a band with the centre frequency of f and Af is
0.23 times the centre frequency f for a 1/3 octave band and 0.707 times the centre
frequency f for an octave band. Fahy and Mohammed (1992) suggested that, for
plates, at least 5 modes need to be guaranteed to lie in the frequency band for the

SEA modelling to work appropriately.

The extent to which a subsystem is damping controlled is referred as the modal
overlap, M. A more specific definition can be given as the ratio of the modal
bandwidth (either the half-power bandwidth or the effective bandwidth which is
/2 times higher) to the average frequency spacing between modes (Craik, 1996).

This gives the modal overlap (using the half-power bandwidth) to be:

M = fnn (3-12)
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Both computational (Fahy and Mohammed, 1992; Davies and Wahab, 1981) and
physical (Clarkson and Ranky, 1984) experiments on plates and beams indicated
that the modal overlap factors (M) have to be equal or larger than 1 for the CLFs in

SEA to be approximated using wave theory (Hopkins, 2002).

Hopkins (2002) suggested, the general conditions for SEA wave theory to be
‘appropriate’ for plates are M > 1 and N > 5. However, Craik (1996) argued that
for building structures, typically masonry walls, two modes are sufficient to give a
modal overlap of 1 (see the predicted mode count and modal overlap for a 4m X
2.5m X 100mm wall in Figure 3-5). Therefore, one may propose that there should

be a mode count of at least 2 for masonry type structures to work properly under

an SEA framework.
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& 5 Mode count (for a 1/3 octave 4
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Figure 3-5 The predicted mode count and modal overlap of a 4 X 2.5m X 100mm wall
with a longitudinal wavespeed of 2000 m/s and a total loss factor of f ~/2 + 0.015
(Craik, 1996)

3.3.2 Non-resonant transmission

Standard SEA modelling only concerns resonant transmission in which the
system is damping-controlled. However, there are cases where the energy in

subsystems is not proportional to the damping (see Figure 3-6).

When a source excites a subsystem (either a room or a wall), there exists a

direct field which exists prior to the travelling wave undergoing any reflections.
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Each time the distance is doubled, a direct sound field will decrease 6dB in room
subsystems or 3dB in plate subsystems. The result of direct fields is to introduce a
localized excitation in the subsystems (Craik, 1996), i.e. if a noise source is placed

on the floor, the floor will be excited more than the walls or ceiling.

Nearfeild

. e .
Point source —— |—»bending waves
radiate sound

at 6dB/doubling of distance decreases at

3dB/doubling of

T /}' distance

Airborne sound
{:} Airborne source / causes forced motion
of the wall and
forced transmission

Direct sound decreases l Direct field

Direct sound can
increase excitation of
nearby surfaces

Figure 3-6 A room with an airborne source and a point source exciting a wall
showing examples of non-resonant response and non-resonant transmission
(after Craik, 1996)

If a plate (or a beam) is excited by a source, two types of bending waves are
excited, namely travelling waves, which transfer the energy away from the source
and lead to a direct and reverberant fields, and nearfield bending waves, which are
controlled by the discontinuities and local disturbances. The nearfeild bending
waves radiate sound below critical frequency (the frequency where the wavespeed
of the plate and the air are the same) and are of importance when the damping is

high as the plate will be poor radiator under these conditions (Craik, 1996).

When airborne source excites a plate subsystem, if the incident waves are
below critical frequency, forced response occurs. This response is largely
independent of the damping (an example is shown by Fahy, 1985) and is relatively
important since the resonant modes of the plate are poor radiators below critical
frequency. The non-resonant transmission coefficient of such motion is given by
Leppington, Heron, Broadbent and Mead (1987) as:
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PoCo Zﬂf‘/_>
0.160 + U(L,, 1
Lffps(l fZ/fCZ)H ( +0.160+U(L L))

[(ZH - D@+ 1)?*In(?-1) (3-13)
+ 2p? + D(? = D?In(u® + 1) — 4u® — 8u? ln(u)]}

where U(lx, ly) is a function of shape and can be ignored for normal shaped
structures (where 0.1 < I,,/l,, < 10) and u = (f/f)*/?. This can be used to derive
a non-resonant CLF. Approximations to this equation are widely used when
modelling building structures. For forced waves at normal incidence on an infinite
plate, Beranek and Ver (1992) gave an approximation of the sound reduction index,

Ry, as

2mf ps\* 2nf pg
R, =10log|1 ( ) ~ 201 = 201 — 42
° ogl " 2p0Co o8 2poCo o8/p: (3-14)

These approximations need to be used with caution since they are widely

misused as argued by Craik (1996).

Non-resonant transmission can usually be modelled by introducing either ‘direct
coupling between two resonant subsystems bypassing the physical element through
which the sound is passing non-resonantly’ or ‘additional noise sources’ as Craik
(1996) suggested. It is particularly important to predict non-resonant transmission
through systems that consist of light structural panels (Renji and Nair, 2001) or
double walls (Craik, 2003). Recent study used a Statistical modal Energy distribution
Analysis (SmEdA) as an alternative to model non-resonant transmission by the use

of the dual modal formulation (Maxit, Ege and Totaro, 2014).

3.3.3 Non-conservative coupling

Classical SEA assumes that couplings between subsystems are conservative,
which means there is no energy dissipation at the structural joints. This is, however,
not always the case in real structures. Early study done by Gaul (1983) showed that
on occasion there is an unavoidable energy dissipation at joints, which dissipate

more energy than internal damping (material damping or structural damping). Fahy
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and Yao (1987) analysed the power flow between two non-conservatively coupled
oscillators and stated that the energy flows depend on both the time-averaged
energy difference and the absolute time-averaged energy value of individual
oscillator, and that the coupling damping plays an important part in controlling the
energy of the directly driven subsystem if it is in the same order of structural
damping. Sun, Lalor and Richards (1987) showed that the coupling damping
increases the effective internal loss factors of subsystems and suggested a method
to modify the SEA energy balance matrix to accommodate this effect. They also
extended this analysis to two coupled continuous structures and argued that the
effect of the coupling damping on the power flow in such systems is negligible.
Chen and Soong (1991) showed that for non-conservatively coupled oscillators, the
energy flow from the driven to the undriven oscillators may be increased by the
coupling damping, especially when those two oscillators have different resonant
frequencies. Beshara and Keane (1996) proposed to modify the main SEA energy
balance equation by introducing the ‘coupling damping loss factor’, which
represents the relation between the energy dissipated at the joints and the
subsystem energy levels. Sheng, Wang and Sun, (1998) also recommended to
include the coupling loss, however, they argued that the coupling damping is not
only an additional item which increases the ILFs of subsystems, it also effects the
CLFs. Baldanzini et al. (2003) proposed a hybrid numerical-experimental method to
characterise non-conservative coupling and included the energy transmission loss

within the couplings in SEA models.

3.3.4 Large subsystems

In standard SEA modelling, the energy in any given subsystem is assumed to be
uniformly distributed. However, as the damping of subsystems get higher or as the
wavelength of waves propagating within a structure goes shorter (the latter
situation can be alternatively viewed as the structure growing large relative to the
wavelength of the waves propagating across it), this hypothesis is increasingly
violated. The attenuation with distance from a source can be so large that there

comes a point where one building element cannot be modelled as a single
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subsystem. It would be worthwhile to have an insight of the problems in large

subsystems before discussing heavily damped subsystems.

Craik (1996) discussed the nonuniformity of a large brick wall and the space in
long corridor. A 8.8m X 4.7m X 110mm external brick leaf of a cavity wall was
subdivided into four parts. There were couplings at the wall ties that connected the
external and internal partition and at the connection between the wall and the
foundation. Attenuation between four parts was measured and the results are
shown in Figure 3-7. These suggest the attenuation between different parts of the
wall is between 1 and 3dB and suggest that modelling the wall as a single
subsystem may not be appropriate. This runs counter to the conventional way of
defining subsystems, i.e. there are no obvious boundaries or discontinuities. Similar
situations happen in long corridors. One may treat the corridor as a one-

dimensional system and subdivide it into n parts where n can be determined by

controlling the attenuation between subsystems to be less than 5 dB as suggested

by Craik (1996).

Figure 3-7 A 8.8mx4.7mx110mm brick wall was artificially subdivided into four parts
and attenuation between the parts measured, a structural source excited part 1
(Courtesy of the Building Research Establishment)
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3.3.5 Heavy damping

In terms of heavily damped subsystem, similar problems occur. There is little in
the literature that deals directly with this kind of problem. One may utilize the
technique used in analysing long corridor to subdivide one element into several
subsystems. However, one may question what the general standard is. Can the

attenuation go higher or lower than 5 dB?

Cremer, Heckl and Ungar (1988) gave an expression of the energy level

attenuation per metre for a highly (but not extremely) damped beam as:

., 13.67m
D =
s (3-15)

where D'is the energy level difference per meter and A is the bending wavelength
at frequency f. Increasing the internal loss and decreasing the bending wavelength
both result in more significant energy attenuation with distance. There comes a
point (for line and point sources of excitation) where there will be significant
attenuation across the structural element and it would be necessary to question
whether it is truly a modal component anymore. A more sophisticated method is
proposed in Chapter 5, which uses the technique of Ray Tracing to analyse the

energy transmission across a subsystem even when it is not modal.

3.4 Discussion and conclusion
This chapter sought to introduce the concept of SEA modelling and the

assumptions and limitations of it.

SEA is found to have advantages in modelling acoustic transmission within
complex building structures. SEA framework can be used to explore the potential
benefit of applying damping treatments to structural elements by simply change

the ILFs of subsystems. This will be explored in Chapter 4.

Knowledge of the assumptions and limitations of SEA enables one to determine
whether it is appropriate to use SEA modelling. One interesting finding is that the
growth of internal loss and decrease of the wavelength (increase of the frequency)
result in a more significant energy attenuation with distance. This is likely to happen
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in subsystems with high internal damping or relatively large dimensions. There
exists a penitential point where the attenuation becomes so significant that the
energy is no longer evenly distributed within such subsystems (i.e. subsystems are
no longer modal). SEA tends to fail in modelling such subsystems. An alternative
approach using ray tracing technique is proposed to model these subsystems in

Chapter 5.
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CHAPTER 4 GLOBAL DAMPING

4.1 Introduction

This chapter aims to examine how acoustic transmission will be influenced by
adding damping to structural elements in building. Different kinds of sound
transmission paths will be introduced first. The concepts of path counts and path
attenuation will be introduced to help understand sound transmission. Both
bending-only and three-wave models will be presented to show the systematic

damping effects on sound insulation.

4.2 Sound transmission path

In order to analyse the global damping effect, one needs to understand the
various sound transmission paths it can support on a complete structure such as a
building. Sound transmission in buildings occurs via two kinds of paths, namely the
direct path and flanking paths as indicated in Figure 1-1. The direct path is usually
the shortest path between the source and receiver while the flanking paths are
longer and more numerous. The presence of flanking transmission has long been
known. Craik (2001) used Statistical Energy Analysis (SEA) to explore the
contribution of flanking transmission and indicated that the sound pressure level
difference between the direct path and all paths (including direct path and flanking
paths) of two neighbouring rooms could be over 10 dB in some theoretical cases.
EN 12354 (ISO 15712-1) is commonly adopted to predict the airborne sound
transmission between two adjacent rooms. This uses theoretical or measured
flanking sound reduction indices to predict the contribution of flanking transmission.
However, it has been shown that EN 12354 (ISO 15712-1) is equivalent to an SEA
model that considers only first order flanking paths. As it does not include longer
flanking transmission paths, it results in an overestimation of sound insulation
(Galbrun, 2008). The term ‘long flanking path’ here does not necessarily mean that
the source room and the receiving room are physically far apart or separated by
numerous building elements. These paths can also be present between
neighbouring rooms where transmission takes place back and forth on multiple

occasions between flanking elements before emerging into the receiving room.
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Several attempts have been made to analysis the transmission paths. Magrans
(1993) systematized the concept of transmission paths, its classification and its
numerical treatment under the framework of SEA modelling. Guasch and Aragones
(2011) treated the problem of ranking dominant transmission paths as a variation
of the so-called K shortest path problem in graph theory and proposed a modified
method to find the dominant paths in an SEA model. Bussow and Peterson (2007)
proposed a sensitivity factor to present the sensitivity of the energy transmission to
a certain coupling loss factor in a specific path. Craik (1996) also conducted
theoretical analysis on paths of different order and examines the possible effect of
increasing the path order. However, these studies did not examine the potential

benefit of reducing the transmission contribution along these dominant paths.

Conventional sound insulation strategies tend to focus on separating walls and
floors protecting noise sensitive spaces and seek to manipulate material properties
and configurations to control the sound transmission via the direct path. There is,
however, the potential to achieve improvements in sound insulation by applying
damping to building elements as each time vibration is transmitted through a
structural element, a proportion of the energy will be converted into heat. As a
path gets longer, i.e. the number of transitions between elements increases, the
effect grows larger. In other words, the benefit of applying internal damping is
more effective in controlling individual long flanking paths than the direct path. The
extent to which this strategy is effective, therefore, is dependent on the

contribution the ensemble of flanking paths make relative to the direct path.

4.3 Proximal systems
This section seeks to present several practical-meaningful SEA models to

simulate the effects of damping application in real buildings.

Nine different building designs were studied as shown in Figure 4-1. These
designs are similar to those explored by Craik (2001) and the dimensions and
material properties of the elements comprising the systems are given in Table 4-1.
Damping benefit was studied by changing the value of all structural ILFs. Influence
about the damping effect on paths with different length was also studied. These
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models are representative of typical masonry constructions. Simple building fabric
is used here for simplicity because its property is well examined. The hatched
rooms are the source room and the receiving rooms. The relative positions of these
two rooms have been kept constant and more structure has been added to each

successive model to provide more routes for flanking paths.

The SEA models were built and analysed in the Parallel Programmable
Calculator (PPC) written by Craik (2011). It is a general purpose software for
acoustic and statistical energy analysis. A script was developed to create the models
(see Appendix 1). By simply defining the numbers of rooms in three perpendicular
directions and specifying the properties of the rooms and the structural elements,
the script can easily create an SEA model within a few minutes. This saves a lot of

time when creating new models with different properties.
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Figure 4-1 Nine different building designs ranging from a simple 2-room system to a
24-room system

Table 4-1 Dimensions and material properties used in numerical models

Element Rooms Common wall  Other walls Floors
Dimensions (m) 3x4x2.5 3x25 30or4x25 3x4
Thickness (m) 0.2 0.1 0.15
Density (kg/m3) 2000 2000 2300
Longitudinal wavespeed (m/s) 2000 2000 3400
Critical frequency (Hz) 162 324 127
Poisson's ratio 0.2 0.2 0.2
Initial internal loss factor 0.015 0.015 0.015
Reverberation time (s) 0.5
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4.4 Wave types

The focus of the analysis is on structural behaviour rather than transmission
through air. It is important therefore to understand the different wave types
structural elements can support. There are three types of vibrational waves, namely
bending waves, transverse waves and longitudinal waves. The first type exhibits
significant out of plane displacement. It can thus excite wave motion in any fluids
that surround it and the resulting airborne noise is of great importance in building
acoustics. The latter two are both in-plane waves (i.e. the particle motion occurs
perpendicular to or in the same direction as wave propagation). As such they do not
generally result in significant excitation of any surrounding fluids and so do not
directly relate to noise generation (one might argue that transverse wave may also
contribute to noise generation if the particle moves perpendicular to the plate
surface). However, in-plane waves can excite bending waves at the junctions
between structural elements and vice versa. In SEA, if in-plane waves are
introduced in the transmission, normally two additional subsystems are generated
for each structural element to represent the energy stored in each wave type and
the transmission that takes place between each. This greatly increases the

complexity of the system (Craik, 1996).

For normal size buildings with common material properties, the floors and walls
can barely support many (in some cases any) in-plane modes at low frequency
region (Craik, 2001). The mode count in each frequency band provides a means of

guantifying this effect and can be calculated through:

N = n(fAf e
where the modal density is:
n(f) = 27255 (inplane wave) (4-2)
V3S ,
n(f) = h_CL (bending wave) (4-3)
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Here, c is the longitudinal or transverse wave speed depending on which type of

waves is of interest.

If one considers a typical masonry type of construction (the dimension and
material properties is the same as the floor in Table 4-1). The calculation shows that
the mode count in each 1/3 octave band is larger than unity for bending wave
above 125Hz (630Hz for transverse waves and 1000Hz for longitudinal waves).
When the frequency band exceeds 2000Hz, all of the wave types have at least 5
modes in each frequency band, which satisfies the requirement for SEA to work
properly as suggested by Fahy and Mohammed (1992), and Hopkins (2002).
Therefore, it is reasonable to model a typical masonry building with bending-only
model at low and mid frequencies (i.e. frequency below 1000Hz) and to use a three-
wave model to give a good estimation at high frequencies (i.e. frequency above
2000Hz). A bending-only model will be examined first and followed by three-wave

model to understand behaviour at high frequency.

4.5 Bending only model

A bending-only model will be used to examine the global damping effect in this
section. Before discussing the damping effect on path attenuation, it is worth
looking at how the number of paths may be quantified, how the attenuation of
paths may be predicted and how this information in combination may be used to

predict transmission.

4.5.1 Path counting

The number of paths of any given length involved in sound transmission
between two subsystems is related to the complexity of the system. Knowing the
number of paths of a given order can aid understanding of the contribution they, as
an ensemble, make to flanking. There is an accumulative graphical method to count
the number of paths of given order. Referring to Figure 1-1, the energy transmitted
from subsystem 1 to subsystem 3 can follow Path 1-2-3, Path 1-4-2-3, Path 1-4-2-5-
3, Path 1-4-2-4-2-3, etc. The number of paths that end in subsystem 3 having
undergone 5 transmission steps between subsystems must equal the number of
paths that end in subsystem 2 having undergone 4 transmission steps plus the
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number of paths that end in subsystem 5 having undergone 4 transmission steps.
Generally speaking, the number of paths that end in subsystem i must equal the
sum of paths for all subsystems that are connected to it. This can be presented

mathematically as (Craik, 1996):

N(m); = Z N(m — 1),6;

7 (4-4)
where N(m); is the number of paths that pass through m subsystems and end in
subsystem i and &j; is 1 if subsystem i and subsystem j are connected, otherwise it
is 0. Using this method, it is possible to calculate the number of paths as a function
of path length for each system with associated bounding structural elements as
shown in Table 4-2 or graphically in Figure 4-2. Paths that involve the receiving
room more than once, e.g. Path 1-2-3-2-3, are included in the results. It may be
seen that the number of paths tends to grow in a logarithmic-like manner with
increasing path order and a more complex system tends to have relatively larger

number of paths than a simpler system as the path order grows.

Expressing the growth in number of paths in decibels for paths with maximum 8
subsystems (Table 4-3), those of low order may be seen to initially grow at around
10dB and then at 8dB thereafter for Design 1. For Design 9, the most complex
design, the number of paths grows at an average rate of 9.6dB. Path growth has
been expressed in dB (assuming a reference value of 1) here to assist in the
discussion presented in Section 4.5.3, which explores its influence on power

transmission.
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Table 4-2 Number of paths between the source room and the receiving room (bending

only)
Subsystems in a path
Design 3 4 5 6 7 8
1 1 12 86 560 3476 21088
2 1 12 86 592 4037 27476
3 1 12 86 592 4037 27508
4 1 12 90 672 4894 36032
5 1 12 90 704 5479 43852
6 1 12 90 704 5479 43884
7 1 12 94 784 6464 54968
8 1 12 94 816 7073 64220
9 1 12 94 816 7013 64252

Table 4-3 Growth in number of paths of nine different designs (dB)

Subsystems in a path

Design 3 4 5 6 7 8
1 10.8 8.6 8.1 7.9 7.8
2 10.8 8.6 8.4 8.3 8.3
3 10.8 8.6 8.4 8.3 8.3
4 10.8 8.8 8.7 8.6 8.7
5 10.8 8.8 8.9 8.9 9.0
6 10.8 8.8 8.9 8.9 9.0
7 10.8 8.9 9.2 9.2 9.3
8 10.8 8.9 9.4 9.4 9.6
9 10.8 8.9 9.4 9.3 9.6
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Figure 4-2 The number of paths against length of a path for nine different designs

4.5.2 Path attenuation
As sound energy progresses along a typical path, energy attenuation occurs. The

energy attenuation for a typical path 1-2-3...m can be presented as (Craik, 1996):

M2N3MNa - Mm
M12M23M34 - N(m-1)m (4-5)

E,
Dy 3-3-4.m =10 IOgE_ =10log
m

Each time an added subsystem is involved in the path, the level difference will

increase by:

A=10 logﬂ
Nij (4-6)

Since the TLF of a subsystem is always larger than any single CLF, as path length
grows, path strength diminishes. The TLF of a structural subsystem may be

approximated by (Craik, 1996):

nj=f""+n (4-7)
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where f is frequency and 7;4 represents the ILF. This expression assumes that
structural subsystems are connected to around 10 similar structures, in which case
the sum of the CLFs can be approximated by f~%°. For masonry structures, the ILF
is relatively small and often taken to be 0.015, as Craik (1996) suggested. The sound
insulation provided by a structure may thus be seen to be related directly to the
structural damping and inversely to the strength of the structural coupling. If it is
assumed that the internal damping of structural components may be increased
without significantly affecting structural coupling (i.e. the ILF increases from n;, to
n}d, while leaving the coupling unaltered), in response, the TLF of the structural
subsystem changes from n; to n7. This description of path attenuation makes it
possible to estimate the effects of adding damping without the need to build

complex SEA model.

If one assumes that all structural CLFs in the system are the same, all structural
subsystems have the same TLF and all the rooms have the same TLF, Equation 4-5

can be simplified to:

D =101lo (”—T)m_a ("ﬂ>a_1
1-2-3..m g e e (4-8)

Here 7. is the CLF between two neighbouring structural subsystems and 1y, is the
TLF of a room, which is assumed to be the receiving subsystem in this path. In this

expression, a is the number of times that rooms appear as subsystems in this path.

If one is looking at the path attenuation between two rooms, one may notice
that in most cases the structural paths appear m — 2 times and a room always
appears at the end of the path. There are exceptions such as the initial transmission
from source room to structure and where transmission occurs on multiple
occasions between the structure and the other room in the system. It is assumed,
however, that these are few in number compared with the total (15% of total paths
for Design 1 and 13% of total paths for Design 9 for paths up to 6 subsystems). The

TLF of room will stay unchanged when we increase the structural ILFs. Equation 4-7
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and Equation 4-8 may be used to estimate the change in the attenuation of any

given structural path as a result of increasing ILF from 74 to r]}d, through:

n nm-a n a-1
AD, , 5 .. =101lo i) (ﬂ> )
1-2-3..m g((’lc e

—10log <(77_T)m_a (nﬂ)a_1> —101og <1 + 7]m’x/7>m_a (4-9)

Uk Nc 1+ nia/f

This equation, coupled with knowledge of the number of paths of any given
length, offers a simple prediction of the improvement in performance for a specific
path order without running a full SEA model. This will be explored in Section 4.5.4

and 4.6.

4.5.3 Damping effect on path attenuation

There are two mechanisms by which damping can influence the attenuation of
transmission paths. The first is that predicted by Equation 4-6 and describes the
effect observed when incrementing the order of a path. The second is that
predicted by Equation 4-9 and describes the influence damping has on the chain of
steps that make up a transmission path of given order. To help understand the
likely change in path strength in response to changes in damping, behaviour will be
explored for estimates of TLF made using Equation 4-7 with ILF equal to 0.015 and
0.120. The value of 0.015 is the common ILF for concrete structures (Craik, 1996)
while the value of 0.120 is believed to be achievable since sand used as a granular
damping layer can yield a loss factor of around 0.1 and the maximum loss factor for
constrained-layer damping is of the order of 0.4 as suggested by Cremer, Heckl and
Ungar (1988). The discussion about the theoretical ILF achievable using passive
damping treatment is discussed in Chapter 6 and the practical value one can get in
the lab is shown in Chapter 8. The predicted TLFs associated with these two values
of ILF are shown in Figure 4-3. The data are extended down to low frequency and
up to high frequency in order to illustrate behaviour at the extremes rather than to

suggest the applicability of SEA in these regions.
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Figure 4-3 The predicted TLFs associated with ILF equal to 0.015 and 0.120

It may be seen that in structures where typical levels of internal damping are
present, i.e. where the ILF = 0.015, the CLFs are responsible for the majority of
subsystem losses at low and mid frequencies. Given that Equation 4-7 assumes a
subsystem is connected to around 10 neighbours, i.e. 1);; is approximately 0.1f795,
the increase in attenuation it predicts should be around 10dB for every increase in
the order of a path in these frequency regions. In terms of the relative balance
between growth in path numbers as path order increases, which initially grow at
around 10dB as discussed in Section 5.1, and the reduction in path strength with
increasing path length, this would suggest that for families of lower order paths at
least, the contributions made by each would be similar, i.e. as path order increases,
path numbers increase by around 10dB but path strength decreases by around 10
dB so there is little net change in transmission. For higher order paths, path
numbers increase by less than 10 dB (as indicated in Figure 4-2) while path strength
still decreases by around 10 dB so the overall contribution for higher order paths

becomes increasingly insignificant as path order grows.
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If the ILF is increased to the point where it dominates the TLF, Equation 4-6
predicts attenuation increases in excess of 10 dB and for the case where the ILF =
0.120, this can be seen in Figure 4-3 to occur across the entire frequency range.
Given the sensitivity of longer paths to TLF and the fact that path numbers will be
unaffected by changes to damping, it might be expected that as ILF increases,
flanking paths become increasingly attenuated and transmission would increasingly

be dominated by the direct path.

For the case where the behaviour of a family of paths of a given order is of
interest, Equation 4-9 suggests that at frequencies where internal losses dominate,
there will be an increase of 3 dB in level difference each time ILF is doubled. At
lower frequencies, where coupling losses dominate, increases in level difference

will be observed but by less than 3dB.

4.5.4 Results and discussion

This section uses nine different systems (Figure 4-1) to explore the influence of
damping on flanking transmission. The source room is assumed to have constant
noise input. Prediction of the energy level distribution within each system has been
made by solving the energy balance equations for several values of structural
internal loss factor. The TLF of each subsystem is determined by adding its CLFs and

ILF.

The effect of increasing ILF on airborne level difference is first explored for the
two room system (Figure 4-1 Design 1). Figure 4-4 indicates that adding damping to

building elements can lead to reasonable improvements in sound insulation
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An increase in sound insulation of around 15dB can be achieved by increasing
the ILFs from 0.015 to 0.120. As the transmission of the flanking paths starts to
grow weaker than the direct path with continued addition of damping, the strategy
would begin to exhibit diminishing returns, i.e. transmission would be controlled by
the direct path. It can be seen that initial applications of damping yield greater
improvements in performance than subsequent ones. As the damping level gets
higher, although the transmission through direct path decreases, its relative
significance increases because other flanking paths are more sensitive to changes in

damping.

Figure 4-5 illustrates the benefit of increasing ILF from 0.015 to 0.120 for all
nine designs. It can be seen that a more complex design has slightly better sound
insulation than a simpler one and the benefit of applying damping is slightly more
significant for simpler designs. This is because for the large model there is more
structure for sound to travel into and be attenuated before arriving in the receiving

room. The attenuation of longer paths increases, leaving transmission via shorter
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paths to assume increasing dominance. These in effect are the paths that occur via
subsystems close to the source and receiving rooms and as a consequence the

behaviour of the large model begins to mirror that of the smaller ones.
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Figure 4-5 Airborne level difference between the source and receiving room with
different structural ILFs - Nine different designs (Bending only)

The behaviour illustrated in Figure 4-4 can be better understood by exploring
the sensitivity of paths of different length to damping as presented in Figure 4-6
and Figure 4-7. In these figures the direct path occurs via the separating wall and is
of 3 (resonant) subsystems in length; 1st order paths are taken as the shortest
flanking paths between the two rooms (and involve 4 subsystems in this case), 2nd
order flanking paths involve 5 subsystems, etc. The non-resonant path between the
two rooms has been included so that its contribution relative to the resonant
transmission may be seen. For the case of low internal damping when all ILFs equal
0.015, as shown in Figure 4-6, it can be seen that the contribution of the direct path
is comparable to the combined transmission from each family of low order flanking

paths.
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This suggests that for a system with low internal damping, the direct and low
order flanking paths, exhibit a combination of path attenuation and growth in path
numbers that yields very similar level differences. There is therefore no single path
or path order that dictates transmission. When the internal damping is increased,
as illustrated in Figure 4-7, the increased attenuation of progressively higher order
flanking paths combined with the fact that the number of paths remains unaltered
yields the situation where flanking paths are heavily attenuated and the direct path
increasingly dictates overall transmission. As shown in Figure 4-6 and Figure 4-7,
non-resonant transmission does not have a significant influence on the findings for

the structure assumed in this example.

The differences in the contribution made to transmission by paths of different
order as a result of increasing structural ILFs from 0.015 to 0.12 are shown in Figure
4-8. This gives a clearer picture of the effect that increasing damping has and the
extent to which higher order paths are affected. This statement depends on all
materials having similar material properties as varying ‘contributions’ will occur if
the pathway subsystems’ material properties are different. The predicted curves
are obtained from a combination of Equation 4-5 and Equation 4-9 and suggest this
approach offers a reasonable approximation of the benefit that may be gained by
applying damping. In arriving at these flanking path results, Equation 4-9 has been
modified to reflect the fact that in Design 1, structural subsystems are connected to
6 rather than the 10 structures assumed in its derivation. Furthermore, due to the
fact that in the majority of paths rooms occur only as the start and end subsystem,

2 is chosen as the value of a.
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Similar analyses are done for the other eight designs and the general
conclusions are the same. As the complexity of the model increases, each structural
subsystem is more likely to be connected to 10 structures. Generally speaking, a
building that is more complex than Design 7 can be treated as such a model and

Equation 4-9 remains unaltered for them.

In understanding the global behaviour illustrated in Figure 4-4, it may be
inferred that two mechanisms are at play. The first involves the rapid growth in
attenuation of flanking paths resulting from their increased sensitivity to the TLFs of
subsystems involved in the chain of transmission as suggested by Equation 4-6 and
illustrated in Figure 4-8. The result, illustrated in Figure 4-7, is that the direct path
begins to assume an increasingly dominant role in dictating performance. These
initial rapid rates of growth in flanking attenuation yield significant improvements

in level difference being observed.

The second mechanism reflects improved attenuation observed in the direct
path as a result of increases to its internal damping. This becomes visible once the
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direct path begins to dominate performance, at which point successive doublings of
internal loss factor yield approximately 3dB improvements in insulation. These are
observed initially at high frequency but the effect spreads to lower frequencies as

internal losses begin to dominate across more of the spectrum.

One thing to be noticed here is that the above discussions are based on bending
only models, which represents the system behaviour at low frequency region where
there are few or no in-plane modes. The results illustrated at high frequency
(frequency above 2000Hz) are for illustrative purpose only and do not account for
the influence that the in-plane modes that would be supported by the structure

would have.

4.6 Three wave model

Three wave models have also been examined here to represent the real system
behaviour at high frequency region where all three wave types coexist. The general
findings are the same as those for bending only models. By increasing the ILF from
0.015 to 0.120, a global sound insulation increases about 12dB for Design 1 and
about 9dB for Design 9 (see Figure 4-9). As the bending waves that are excited by
in-plane waves have been included in three wave models, more energy has been
dissipated as heat. Therefore, the results predicted by three wave models generally
have larger energy level difference, i.e. better sound insulation. The differences
between the results from three wave models and bending only models become
more significant as the ILF gets higher or the system gets more complicated (see
Figure 4-9). EN 12354 is highly restricted in its use where there are complicated
transmission paths. This is because some CLFs used in EN12354 are from a menu of
existing in-situ measurements which can also be highly influenced by the boundary

conditions of the test construction.
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Figure 4-9 Airborne level difference between the source and receiving room with
different structural ILFs - Three wave models & Bending only models

For bending only model, adding more subsystems results in increased insolation
between rooms because energy is dissipated elsewhere in the system rather than
completing its journey to the receiving room. Using a three wave model also has
the effect of adding more subsystems (two in-plane subsystems are generated for
each subsystem), but for each same design, the prediction from three wave model
generally has lower airborne level difference (worse sound insulation). This is
because in bending only model, adding subsystems results in longer transmission
paths with subsystems in a series-like arrangement and more energy dissipation
occurring along the path. In three-wave model, the additional subsystems assume a
parallel-like arrangement with the result that the number of paths for any given
order increase, which is likely to increase the energy transmission. For Design 9
with ILF=0.120, however, three wave model has a better sound insulation then
bending only model. As the ILF grows higher, attenuation along flanking paths
becomes dominant, which overrules the effect of more transmission paths.
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The damping effects on different order paths have also been analysed. The
general behaviours are the same as that modelled with bending only model (Figure
4-10, Figure 4-11, Figure 4-12 and Figure 4-13). In systems with low damping,
flanking paths play an important role as the direct path. When the internal damping
has been increased, energy attenuation along longer paths increases, which results

in a growing dominance of the direct path in transmission.
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Figure 4-10 Contribution of path orders with all ILFs equal 0.015 - Design 1
(Three wave)
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The proposed Equation 4-9 can still be used to give a simple prediction of the
improvement in performance for a specific path order. However, modifications
have to be made to reflect the average number of couplings each structural
subsystem is increased (Figure 4-14 and Figure 4-15). There exist significant
difference between the prediction and the result from simulation at frequencies
below 2000Hz where the system examined is less likely to support in-plane waves.
The prediction is more likely to agree with the result from simulation at high
frequencies because the models examined have all three types of waves at the

higher frequency bands.

The discussions from the three wave model are more representative of
behaviour at the high frequency range. The results from the low frequency region
are for illustrative purposes only. More realistic results can be obtained by using
bending only model in low frequency region (frequency below 1000Hz) and three

wave model in high frequency region (above 2000Hz) in this case.
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4.7 Conclusion

This section presents simulations of the effect of global damping on reducing
the contribution of paths, especially flanking paths, to sound transmission for nine
different building designs for both bending only model and three wave model. The
results suggest that internal damping can effectively improve sound insulation in
buildings if it is applied widely throughout the system. At levels of internal damping
typical of masonry materials, in the order of 0.015, the contribution of low order
flanking paths is comparable to that of the direct path. If the internal damping of all
the structural subsystems in each design is increased from 0.015 to 0.120, the
improvement in airborne sound insulation can reach about 14dB for bending only
model and around 12dB three-wave model. Initial improvements in performance
result from the rapid attenuation of longer flanking paths are more sensitive than
shorter paths to changes in damping. Remaining improvements are derived largely
from attenuation of the direct transmission path as a result of increasing its
damping. As increases in attenuation derived from increasing damping are
proportional to the length of a path, the direct path, being the shortest, is the least
sensitive. Once flanking paths have been effectively attenuated, the direct paths
exhibits improvements of around 3dB each time internal losses are doubled. As
there are limits on the extent to which internal damping may be increased, so too
are there limits on the degree to which attenuation via the direct path may be
effected. The extent to which this strategy may be adopted therefore depends on

guantifying the extent to which internal losses may be increased.

The results in this section are purely theoretical and need further experimental
evidence to support the findings. Non-resonant transmission from room to room is
not included in the treatment presented in this section; however, for the system
under study it did not have a significant influence on the findings. A Bending only
model is proposed to model the system behaviour in low frequency region and
three-wave model is proposed to be used in high frequency region. For most
systems, the reduced insulation predicted by the three wave model would be

observed in practice at high frequencies where the insulation is typically high and
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so may not represent any significant depression in practiced level of sound

insulation.

The transmission between proximal subsystems is studied. It is dominant by
local damping, i.e. structural subsystems that surrounds the rooms. The energy
level difference increases as the system become more complex. There is, however,
a threshold when further increasing of the complexity does not have any significant
influence on the energy level difference. For transmission between distant
subsystems, the number of dominant transmission paths is higher and is less likely
to be controlled by local damping. This suggests that a global damping is generally

required to have a better insulation between distant subsystems.

Another issue that should to be noticed here is that, as the ILFs get larger, the
energy distribution in the structural subsystems becomes less evenly distributed
(Craik, 1996). This means successive increases in damping would increasingly
violates one of the fundamental assumptions in SEA modelling. This raises a new
question: how can one model a heavily damped subsystem within the framework of
SEA when it cannot be treated as a normal subsystem? One possible answer is to

use the idea of ray tracing, which will be explained in the following chapter.
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CHAPTER 5 A REFINED DAMPING MODEL - RAY TRACING

5.1 Introduction

In light of the limitation of modelling heavily damped systems in SEA, an
alternative ray tracing modelling method has been proposed in this chapter. In this
case, the heavily damped subsystem is treated as an element that couples
subsystems. Ray tracing is used to determine the strength of this coupling and use
an effective coupling loss factor to quantify this. The basic concept of ray tracing
will be introduced first, followed by the details of constructing the ray tracing codes

and some numerical studies.

5.2 Optical ray tracing

Ray tracing is a technique first developed to create a 2-D images from a 3-D
world in computer graphics (image synthesis) (Glassner, 1989). The basic idea of ray
tracing is to trace the path of photons through pixels in an image plane and
simulate the visual effect. One may think of a photon as a small light particle that
carries energy and can be seen when it lands on our eyes. A light ray is simply the
straight travel path of a photon. The term ‘pixel’ here can be seen as a small,
independent window on the image plane (usually the smallest) (Glassner, 1989).
The biggest question of 3-D computer graphics is to decide what colour each pixel
should be if only one colour can be chosen. The colour of each pixel dependents on
photon travel history (what objects the photon hits and what happens when it hits
them) and the light source. Figure 5-1 illustrates the basic procedure of how one
optical line may arrive at one human eye from the source. In this case, the optical
line undergoes three specular reflections and an imaginary image plane is placed
between the eye and the third object. The photon goes through a pixel of the image
plane and finally lands on the human eye. In reality, a photon may encounter
reflection, refraction and diffusion. Certain mathematical expressions may be used
to describe each such physical phenomenon. Additional calculation needs to be
undertaken when ray combination (different lights go through the same pixel)

happens. When the colour of each pixel on the image plane is determined, a vivid
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image can be created. This technique is also referred as ‘forward ray tracing’ and it

approximates what happens in real world.

There is also a ‘backward ray tracing’ where one assumes the eye shoots out
light rays. This technique is more commonly adopted although it may seem
counterintuitive at first glance. As one conducts a ‘forward ray tracing’, not all
photons land on people’s eyes. In other words, not all photons contribute to create
the image. It is not computationally beneficial to do a forward ray tracing, although

the underlying theory is correet. Reversing the procedure is more computationally

Eye W

efficient.

Pixel Light source

3

Imaging plane

Figure 5-1 Illustration of how one optical line arrives at one human eye from the source

Appel (1968) first proposed the ray tracing algorithm for shadow rendering,
which has since been termed ‘the ray casting algorithm’. The idea of ray casting is
to fire rays from the eye, one ray per pixel, and to find the first surface that blocks
that ray. Any surface that faces the ray is defined as ‘being illuminated’ and the
other is in shade. With the knowledge of the material properties and the effect of

light source, one may determine the shading of any object.

Whitted (1979) further developed the algorithm by introducing the ‘recursive
ray tracing algorithm’. The previous algorithm only traces the rays from the eye to
the object they first hit. This algorithm keeps tracing the reflected, refracted and
shadow rays. The idea of shadow ray is to determine whether the surface is in
shadow by testing whether there exists an opaque object between the light and the

surface. This algorithm offers a more realistic image.
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5.3 Acousticray tracing

When many researchers were trying to create algorithms that can produce
more realistic images, some acousticians found the extendibility of ray tracing to
predict the acoustic response in rooms. Krokstad, Strem and Sgrsdal (1968) first
published the paper to use ray tracing algorithm to predict the acoustic impulse
response of any given three dimensional model of a room. Later, various ray tracing
algorithms have been developed for the research of room acoustics, most of which
have been validated to a certain degree (Zeng, Chen and Sun, 2003). The
application of ray tracing algorithms later extend to auralization (an analogy with
visualization to describe rendering audible sound fields) (Kleiner, Dalenback and
Svensson, 1993; Pompei, Sumbatyan and Todorov, 2009; Taylor et al., 2012) and
sound visualization (Funkhouser et al., 1998; Bertram et al.,, 2005). Those
algorithms can mainly be classified into two categories, namely path tracing and

beam tracing (Funkhouser et al., 1998).

5.3.1 Path tracing

Path tracing methods generally generate rays from the source and emit them
into the environment. An appropriate set of rays that finally reach the receiver are
chosen to be the reverberation rays. Figure 5-2 shows the reverberation ray that
undergoes one reflection. The dashed lines represent rays of the same order that

do not reach the receiver.

— — — & Normal ray —— > Reverberation ray

Figure 5-2 Reverberation ray in path tracing (one reflection)
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One common way of generating the rays from the source to the receiver is
Monte Carlo path tracing method, which was first proposed by Kajiya (1986)
building on previous work by Cook, Porter & Carpenter (1984). A typical algorithm is
called ‘Metropolis Light Transport algorithm’ (Veach and Guibas, 1997). It generates
the rays by randomly mutating a single current path by adding, deleting or replacing
a new vertex to the path. Once the contributing paths are found, the nearby paths
can be explored relatively easily. By proper selection of mutation strategies and
acceptance probabilities, this algorithm can provide satisfactory results
(Funkhouser et al., 1998). Antani et al. (2012) used an energy-based path tracing
method for real time auralization considering high order specular and diffuse

reflections as well as edge diffractions with moving sound source and receiver.

The primary strength of path tracing is its simplicity and generality. It only
requires calculations when the rays interact with surfaces. When each intersection
is found, the sampling of specular reflected, diffuse reflected, diffracted and
refracted paths can be realized (Cook, Porter and Carpenter, 1984). Another
advantage of path tracing is that the growth of computational complexity is
sublinear with the number of surfaces included in the model, unlike the image
source methods with exponential computational complexity growth (Funkhouser et

al., 1998).

The primary disadvantage of path tracing comes from the fact that the number
of traceable rays is limited and rays cannot be detected by point-shaped receivers
(Lehner, 1993). Errors and aliasing are introduced because the rays are sampled by
a set of discrete paths. Moreover, the receiver position and the intersection surface
are usually approximated by a small volume rather than an ideal point (in order to
find the intersections with infinitely thin rays) (Funkhouser et al., 1998). This may
result in paths being counted multiple times and false hits (Lehner, 1993). In order
to avoid large errors, path tracing often generates a large number of rays which

carries additional computational cost.
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5.3.2 Beam tracing

Beam tracing methods define the propagation paths by recursively tracing
pyramidal beams (i.e. sets of rays) from a source through the environment
(Funkhouser et al., 1998). Normally, a pyramidal beam is designed to cover the
whole 2D space from the source direction. The transmission beam will be
generated to cover the shadow region and the reflection beam can be obtained by
simply mirroring the transmission beam over the intersection plane (see Figure 5-3).
Antonacci et al. (2008) proposed a fast beam tracing algorithms for 2D real time
auralization taking accounts for diffusion and diffraction. Antonacci, Sarti and
Tubaro (2010) further extended this algorithms for propagation phenomena more
complex than the specular reflections. Markovic et al. (2010) also presented a beam
tracing method for sound field rendering making use of a projective geometry

representation.

‘Original
Beam

Reflection
Beam

Transmission
Beam

Figure 5-3 Beam tracing method (Funkhouser et al., 1998)

The primary advantage of beam tracing is that it does not suffer from the
sampling artifacts of ray tracing by taking advantage of its spacial coherence, i.e.
each beam represents an infinate number of rays, and the ‘illuminated’ 2D space
from the source has beem completely covered by the original and reflected beam

(Funkhouser et al., 1998).

The primary disadvantage is that it requires a relatively complex model to
perform its geometric operation (i.e. intersection and mirroring). Another limitation
is that it cannot model the reflection from a curved surface (Funkhouser et al.,

1998).
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5.4 Difference between acoustic and optical ray tracing
Although acoustic and optical ray tracing share many similarities due to the fact
that sound and light can both been described as wave phenomena, there exist two

significant differences.

First of all, the magnitude of wave lengths of audible sound are more than five
orders longer than visible light (Funkhouser et al., 1998). Acoustic waves may
encounter more singificant difractions around the joints of different structural
elements than an optical ray does, although the dominant phenomena at the
boundaries for both are still specular reflections. One bright side of this is that, for
3D space acoustic field modelling, small objects (Funkhouser et al. uses the example
of coffee mugs) can normally be ignored for frequencies below 4,000Hz, expecially
when there exist significant reflections and diffractions from other sources

(Funkhouser et al., 1998).

Secondly, sound travels around 107° times slower than light through air,
resulting in perceivably different arrival times for different propagation paths
(Funkhouser et al., 1998). The human perception of sound depends on both the
direct and reverberant sound field, which take time to build up. However, human’s
eyes can immediately detect light when the source turns on. This leads to
considerations for modelling the sound field in its early stage (before its steady
state). However, in most cases, it is the steady state response that people are

interested in.
5.5 Theray tracing code

5.5.1 Rationale
One primary concern of this research is to determine the energy distribution of
heavily damped building elements (i.e. walls, floors, ceilings etc.). Several

considerations were made before the development of the ray tracing code.

One may notice that those building elements are usually rectangular plates and
the dimensions of their thicknesses in most cases are relatively small compared
with the dimensions of their lengths and widths. Moreover, the acoustic bending
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wave lengths for audio frequencies are normally more than twice of the magnitude
of thickness, i.e. the bending wave length of a 0.2 m thick concrete wall at 4000 Hz
is around 0.5 m. Therefore, these subsystems can be treated as 2D systems rather
than 3D systems. Path tracing is more suitable than beam tracing for our purpose

since the geometry of subsystems is relatively simple, i.e. rectangular.

The ray tracing algorithm proposed in this section only predicts the steady state
response in order to model the energy distribution and how the energy is
transmitted through a heavily damped ‘subsystem’ coupling two or more normal
subsystems. A forward tracing is used for two reasons. One is for simplicity. It is
more intuitively convenient to trace the ray from the source to the receiver. The
other reason is due to the fact that the incident energies of rays at the boundaries
play significant role in computing the energy transmission coefficients. In other
words, there exist a large number of receivers (depending on how we discretize the
boundaries). In this case, the backward tracing does not have computational

benefit but may induce difficulties when constructing the ray tracing code.

A simpler but more controllable way of ray generation is adopted instead of
using Monte Carlo path tracing method. Since the energy distribution of a normal
SEA subsystem is assumed to be evenly distributed, it is reasonable to use a large
number of evenly distributed point sources at the boundary to simulate the source.
Each point source is assumed to contain same amount of energy and radiates
several acoustic rays that is also evenly distributed (Figure 5-4). It is very easy to
control the number of rays by modifying the number of point sources (i.e. n) and

the number of rays each point source radiates (i.e. ang).
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Figure 5-4 Use of several point sources to simulate a linear noise source

Some other assumptions are made for simplicity:

a. The point sources at edges are excluded from the model (see Figure 5-4).

b. Only the rays that enter the heavily damped subsystem are traced.

c. The rays that hit the corners are ignored (Figure 5-4 A).

d. The rays that go along the boundary are ignored (Figure 5-4 B).

e. The number of reflections is used to control how far the code traces the rays
rather than travelling time (it is easier to use the number of reflections since

all the calculations are carried out based on the position of each reflection).

The influence of these assumptions tends to become neglectable when the total

number of rays and the number of reflections become large.

5.5.2 Flow chart

Figure 5-5 shows how the main part of ray tracing code is constructed. Other
function codes, which are useful to solve specific tasks, are not listed here. The key
part of this code is the generation of three important matrixes, namely the matrix
of intersection, the matrix of travel distance and the matrix of incident energy.

Knowing the intersections of one specific ray on each boundary helps one to
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calculate the distance that ray travels, which is useful in computing the incident
energy (see Section 5.5.5). The transmitted energy can then be calculated by

rearranging Equation 5-22.

4 N/ N\ N\ Y4 N\

Create the Creatfe the Creatc_e the Calculate
. ) matrix of matrix of
Define a ray matrix of L the energy
. . travel the incident )
intersection . transmitted
distance energy
\ J\_ J\L J\L J\_ _J

Figure 5-5 Flow chart of the ray tracing procedure

5.5.3 Creation of the matrix of intersection
In the ray tracing code, the length and the width of the plate are denoted by a
and b and it is placed in a 2D Cartesian coordinate system as shown in Figure 5-6 (in

thiscasea = b = 2).

For a given point source (x,,Y,), the equation describing a ray generated with
start angle 8 is given by:

tanf - x —y =tanf - x, — y, 5-1)

where 0 < x5 < a, yo = 0. The start angle 6 is always defined in this equation as

the angle between the x-axis and the ray measured in an anti-clockwise direction.

The number of traceable rays each point source radiates, i.e. ang, determines the

angle difference, i.e. A8 between two neighbouring rays through:

180
0 =——
ang +1
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AB is also the smallest starting angle. Rays with starting angles of 0° and 180° are

ignored.

The first intersection is calculated by solving four sets of equations:

{tan@ x—y=tanf - xq — Yy
xX=a (5-3)

{tan@ x—y=tanf -xy — Yy
x=0 (5-4)

{tan@ x—y=tanf - xy — Yy
=0 (5-5)

{tan@ x—y=tanf -xy — Yy
y=b>b (5-6)

0 <a X1 F Xo
If the solution (x4, y;) satisfies that{ 1 d{ ! then solution

0<y1<b Y1# Yo'

(x1,y1) is accepted as the first intersection.

The second intersection is found by conducting the same procedure, where
(x1,y1) is used as the new start point and the new start angle is (180 — ). The
intersections at the four corners of the plate are excluded in this code for simplicity

and only specular reflection is considered.

Figure 5-6 illustrates an example of an arbitrary ray that undergoes four
reflections (i.e. N = 4) where the coordinate of the source is (1,0) with a start
angle of 60° on a 2m X 2m plate. The information of the start angle and
coordinates of each intersection as well as the starting point is stored in the matrix

of intersection, i.e. mat_int (see Figure 5-7).
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Figure 5-6 An illustration of an arbitrary ray undergoes four reflections where the
coordinate of the source is (1,0) with a start angle of 60° on a 2m X 2m plate.
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For different sources,
new coordinates will be
given accordingly.

N: number of

reflection

mat_int: Intersections

Xo X1 X2 XN
Source 1 Yo V1 V2 YN
Sta. Ang. 1 Theta 1 Theta 2 Theta N
Xo
Source 1 Yo
Sta. Ang. 2
mat_int =
Xo 0.5000 1.6547 2.0000 1.1906 0.0359
Source 1 Yo o 2.0000 1.40189 0 2.0000
£0.0000 120.0000 &0.0000 120.0000 6&0.0000
Sta. Ang. ang 0.5000 0 0.6547 1.8094 2.0000
x2 o 0.8660 2.0000 0 0.3301
g 120.0000 60.0000 120.0000 60.0000 120.0000
Source 2 Yo 1.0000 2.0000 1.8453 0.6906 0
o 1.7321 2.0000 0 1.1362
Sta. Ang. 1 60.0000 120.0000 60.0000 120.0000 6&0.0000
xg 1.0000 o 0.1547 1.3094 2.0000
> o 1.7321 2.0000 0 1.1962
Source 2 Yo 120.0000 60,0000 120.0000 60.0000 120.0000
Sta. Ang. 2 1.5000 2.0000 1.3453 0.1906 0
o D.8660 2.0000 0 0.3301
§0.0000 120.0000 60.0000 120.0000  &0.0000
P 1.5000 D.3453 o 0.8094 1.9641
X0 o 2.0000 1.4018 0 2.0000
Source 2 yg 120.0000 60.0000 120.0000 &0.0000 120.0000
Sta. Ang. ang /\\
xy -
0 Example of a ray tracing
Source n Vo result where n=3,
Sta. Ang. 1 ang=2 and N=4.
n
Xo
n
Source n Yo
Sta. Ang. 2
Source n Xy
n
Yo

n: number of
source

Sta. Ang. ang
7N

ang: number of
rays of each source

Figure 5-7 Matrix of intersection
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5.5.4 Creation of the matrix of travel distance
The distance the ray travelled from the origin (xg, y,) to the first intersection

(x1,y1) can be found through:

D1 = \/(xl - XO)Z + ()/1 - yO)Z (5-7)

The distance travelled by the ray from the first intersection (x4, y;) to the

second intersection (x5, y,) is found by:

Dy = /(s — x1)% + (V2 — ¥1)? (5-8)

The general expression for the distance a ray travels from the (N — 1)%",

intersection to the Nt intersection is:

Dy =+ (xy — xy-1)? + Yy — Yn-1)? (5-9)

By adding these distances together, one can find the distance the ray travelled

from the origin to the Nt intersection by:

N
Doy = z D;
ON . i (5_10)
=1
It is useful to defined a so called the imaginary reflection angle of the origin as:
|90 — 6|

The term ‘imaginary’ is addressed here to show that the origin source does not
undergo a reflection. It is defined for the coding simplicity and does not have

significant importance in this content.
The reflection angle of the N** intersecion 6,4y equals:

Ora(n—1), the (N — 1) and the N**intersection are on two parallel lines
90 — 6,q(n-1), the (N — 1" and the Nt intersection are on two perpendicular lines

which is useful when computing the incident energy, i.e. it helps to work out the
enery loss due to structural coupling from previous reflection. The incident angle of

the the N®" intersecion 8,4y is (180 — the start angle) of the Nt" intersecion.
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The information relating to distances, reflection angles and incident angles is

stored in the distance matrix, i.e. mat_dis (see Figure 5-8).
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D, is the distance between

IRA: Imaginary Reflection Angle the 1*" intersection and the
. . d: B
Reflection Angle Incident Angle 2"% intersection.
/ 7~
/N T mat_dis: Distances V
Source 1 X D, D, Dy
IRA 1 0ra1 01z Oran
Sta. Ang. 1 Inc. Ang. 1 Inc. Ang. 2 Inc. Ang. N
Source 1 X0
IRA 2
mat_dis =
Sta. Ang. 2
0.5000 2.3094 0.6306 1.6188 2.3094
Source 1 X 30.0000 30.0000 6€0.0000 30.0000  30.0000
0 £0.0000 &0.0000 120.0000  60.0000 120.0000
IRA ang 0.5000 1.0000 1.3094 2.3094 0.3812
Sta. Ang. ang 30.0000 €0.0000 30.0000 30.0000  6&0.0000
Source 2 xg 120.0000 120.0000 §0.0000 120.0000 60.0000
1.0000 2.0000 0.3094 2.3094 1.3812
IRA1 30.0000 60.0000 30.0000 30.0000 &0.0000
Sta. Ang. 1 60.0000 6£0.0000 120.0000 60.0000 120.0000
Source 2 xg 1.0000 2.0000 0.3094 2.3094 1.3812
30.0000 60.0000 30.0000 30.0000  &0.0000
IRA 2 120.0000 120.0000 &0.0000 120.0000 &0.0000
Sta. Ang_ 2 1.5000 1.0000 1.3094 2.3094 0.3812
30.0000 €0.0000  30.0000 30.0000  60.0000
7 60.0000 &0.0000 120.0000 &0.0000 120.0000
Source 2 X0 1.5000 2.3094 0.6906 1.6188 2.3094
IRA ang 30.0000 30.0000 6€0.0000 30.0000  30.0000
Sta. Ang. ang 120.0000 120.0000 60.0000 120.0000 60.0000
Source n Xy —/
IRA 1 Example of a ray tracing
Sta. Ang. 1 result where n=3,
= ang=2 and N=4.
Source n Xo
IRA 2
Sta. Ang. 2
Source n 5o
IRA ang
Sta. Ang. ang

Figure 5-8 Matrix of distance
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5.5.5 Creation of the matrix of the incident energy

The complex wavenumber for pure bending waves in a homogeneous isotropic

plate is:

kg —Jkg (5-11)

where EBL represents the real bending wavenumber and the imaginary bending

wavenumber EBH = O.ZSUKBL.

For plane waves propagating in the positive x-direction, the velocity can be

expressed as (Cremer, Heckl and Ungar, 1988):

u(x, t) = Re{fie/** 7k} = ficos(wt — kx) (5-12)

Making use of the complex wave number results in:
_ ~ jwt—jkptx—kglx| — #,-kg'x 1
u(x,t) = Re {ue KB~ X~Xp } = lle B ¥ cos(wt — kg~ x)
(5-13)
This implies exponential decay of propagating plane waves. The amplitude of

particle velocity decays by a factor of k5" For bending waves,EBJl ~ mm/2Ag,

ﬂ
thus the amplitude decays by a factor of e2*8. The bending wave energy can be

expressed as Ez = mu?(x, t). Hence the amplitude of energy decays by a factor of

—m™
e 8 . Within a distance Ax there occurs an energy reduction in level by:

ﬂ“) - 23VMEY B = 87Ky Ax dB
- — 8.7ks

Energy reduction = 10 log (elB i, (5-14)

When the bending wave starts with u(x,, ty) and travels with a distance L, the

. ... kgt
travelling time is L—%.

Thus the ratio of the initial bending wave energy, i.e. E,, to the energy when the

wave arrives x = xo + L, i.e. E}, is:
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Eo mu?(xo, to)

E,
mu-|xo+ L, ty+L

&

l)
fle ke %0 cos(wty — kytxo) (5-15)

k 1
kﬁe“EBll(xo+L) cos lw <t0 + L%) — kg (xo + L)b

2kg'L
This gives:

= _ZEBHL
Eu=rEoxe (5-16)

1

where the real part of bending wave number kz™ = Cﬂ, the bending wave speed in

B
1/4

3
and the bending stiffness for plates B = En

12(1-p?)

4m? fZB)

Ps

plates cg = ( (Craik,

1996).

Each time a ray is incident with the boundary, a certain amount of energy is
transmitted if the boundary is connected to another plate. The proportion of the
transmitted energy to the incident energy is called the transmission coefficient, i.e.
7. It depends on the incident angle of the ray, the nature of the joint and the

material properties of both subsystems.

The transmission coefficient (transmission efficiency) for two perpendicular

plates (commonly referred to as a corner joint) is (Cremer, Heckl and Ungar, 1988):

B 2¢\/ x% — sin? 6,4y €OS By qy
(pz + (p[\/()(z + Sinz HraN)(]- + sin2 HraN) + \/(Xz - Sinz eraN) Cos graN] + XZ

_ kz _ Al . 4 mZIBl
B kq B Az B m,'B,

X

_ kzsz _ |m2'B;

B k1231 B mq'Bq

%

(5-17)
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where y and ¢ are introduced to simplify the expression and m;" and m,’ are the

surface densities for each plate respectively.
When the two plates share the same properties, y = ¢ = 1, thus:

7= 0.5c05% 0,4y (5-18)

The incident energy of the N intersecion is then calculated by:

— . »—2kg"Don . (1 _ \N-1
IE,y = Ey-e 1-1) (5-19)

where E; is the original total energy contained in each ray. Here, it is assumed that
the damped subsystem is connected to four similar subsystems and they share

similar properties except the internal loss factor.

The information of the incident energy, the reflection angles and the incident

angles is stored in the matrix of incident energy, i.e. mat_E (see Figure 5-9).
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IE , is the incident energy from the

origin to the 2" intersection.

mat_E: Incident En%\\‘
Source 1 X IEy, IEy, IEyN
IRA 1 Qral araz QraN
Sta. Ang. 1 Inc. Ang. 1 Inc. Ang. 2 Inc. Ang. N
Source 1 Xo
IRA 2
Sta. Ang.2 |[[™=F T
0.5000 0.6565 0.3618 0.2357 0.0367
Source 1 % 30.0000  30.0000 &0.0000  30.0000  30.0000
IRA an £0.0000  60.0000 120.0000 60.0000 120.0000
g 0.5000 0.8334 0.5744 0.2357 0.1374
Sta. Ang. ang 30.0000 60.0000 30.0000  30.0000  €0.0000
Source 2 xg 120.0000 120.0000  &0.0000 120.?000 £0.0000
1.0000 0.6945 0.5744 0.2357 0.1145
IRA 1 30.0000 60.0000 30.0000 30.0000 &0.000p
Sta. Ang. 1 60.0000  €0.0000 120.0000  &0.0000 120.0000
2 1.0000 0.6945 0.5744 0.2357 0.1145
S 2 *o 30.0000 60.0000 30.0000 30.0000  60.0000
IRA 2 120.0000 120.0000  &0.0000 120.0000  60.0000
Sta. Ang. 2 1.5000 0.8334 0.5744 0.2357 0.1374
30.0000 60.0000 30.0000 30.0000  60.0000
> §0.0000  60.0000 120.0000 60.0000 120.0000
Source 2 X0 1.5000 0.6565 0.3618 0.2357 0.0987
|RA ang 30.0000 30.0000 60.0000 30.0000 30.0000
120.0000 120.0000 60.0000 120.0000 60.0000
Sta. Ang. ang /.\\
n
Source n X0 Example of a ray tracing
IRA 1 result where n=3,
Sta. Ang. 1 ang=2 and N=4.
Source n x5
IRA 2
Sta. Ang. 2
Source n Sta. Ang. 1
IRA 3
Sta. Ang. ang

Figure 5-9 Matrix of incident energy
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With these three matrixes, one can easily find the intersection information on
certain boundary, i.e. the coordinates of each intersection, the travel distance of
each ray and its incident angle. The incident energy and corresponding reflection
angle of each ray can be used to compute the energy transmitted through each
boundary for that specific ray. This enables one to further study the energy

distribution along each edge.
5.6 Study on theoretical model

5.6.1 Introduction to the model

This section seeks to examine the energy transmission across a heavily damped
plate. A five-plate system is examined to understand the quantity and distribution
of the incident and transmitted energy along different edges of the damped plate.
Further numerical study also shows a possible way to quantify the strength of the
coupling between subsystems across the damped element using effective coupling

loss factors.

The model is assumed to be connected as shown in Figure 5-10. Five identical
plates, sharing same geometry and material properties (Table 5-1), are connected
perpendicular to each other as shown in the figure. A damping treatment is
assumed to be applied on plate 2, which can alter the ILF of the damped plate

without changing its other properties.
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Figure 5-10 Ray tracing model

Table 5-1 Properties of the tray trace model

Density Young’s Longitudinal Dimensions
Material modulus wave speed

Kg/m? N/m? m/s m
Concrete 2300 30 x 10° 3686 2 X 2% 0.005

5.6.2 Energy distribution along the boundary

The ray tracing algorithm makes it possible to explore both incident and
transmitted power at the plate boundaries. Figure 5-11 illustrates the phenomena
for the 5 plate model shown in Figure 5-10. It assumes a frequency of 500Hz, an
internal loss factor of 0.015 and 100 point sources distributed along edge AD, each
radiating 180 rays into plate 2 (this creates sufficient number of rays to simulate the
line source at the boundary). The rays are traced through 50 reflections and are
assumed to lose energy due to propagation losses in the plate itself and due to
transmission to plates coupled to the boundaries. The ratio of incident (or
transmitted) power to the total power injected by the point sources is used to
describe the angular dependence for each boundary. A sensitivity analysis is done

to show that further increasing the number of rays or reflection number does not
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have significant influence on the results. The number of sources/rays and reflection

used in the rest of the thesis has been informed by this.

It may be seen that the boundaries perpendicular to the source edge (AB and
CD) are dominated by energy incident at angles close to the boundary normal.
Boundaries parallel to the source edge (AD and BC) are dominated by rays with
incident angles close to 90°. A global reference direction is used for coding
simplicity, i.e. 45° on AB is the same as 135° on CD. In both cases, the rays with
these incident directions will tend to have the shortest transmission paths for any

given order of reflection.

I I
=—=Energy transmitted through AB
===|ncident energy at AB
Plate 2 =—Energy transmitted through CD
B ===|ncident energy at CD
===Energy transmitted through BC

B Ll L T T ~ ===|ncident energy at BC gemmmamEE—— NERsemma
D A25, "\‘ = Energy transmitted through AD ',—" H
b ===|ncident energy at AD K4

Energy ratio

0 20 0 60 80 00 120 140 160 780
Incident angle

Figure 5-11 Energy ratio at four edges of plate 2 (average across each whole edge) at
500Hz

5.6.3 Effective length ratio

Energy transmitted across different edges of the damped plate from the model
shown in Figure 5-10 is examined. It is found that the transmitted energy is not
evenly distributed along the length of each boundary. A parameter called ‘effective

length ratio’ is proposed to describe this phenomenon.
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5.6.3.1 Edge AB

If one discretises boundary AB into a number of small segments, say 20 in this
case (i.e. each segment has a length of 0.1m, which gives sufficient resolution for
further analysis without adding too much computational cost), and looks at the
incident energy on each segment, one may find that, for edge AB, the incident
energy tends to concentrate on the region that is close to the source arriving with
very small and very large incident angles (Figure 5-12). This is believed to be a result
of direct transmission, i.e. the rays that directly land on edge AB (which have the
biggest contribution), and lower order reflection, i.e. the rays that land on edge AB
after only a few reflections. The energy losses due to attenuation with distance and
at the losses that occur at the boundaries (i.e. transmitted to other subsystems)
make the rays with longer travelling distance less important in energy transmission
from plate 2 to plate 3. This effect is clearer if one increases the ILF to a value of

0.060 and replots the results (Figure 5-13).

x 10

Energy Ratio
(e8] =

hS]

Length, m

0 0
Edge AB Incident Angle ,°

Figure 5-12 3D plot of the energy ratio (incident energy/total initial energy) against
length and incident angle with ILF=0.015 at 500Hz (Edge AB)
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Figure 5-13 3D plot of the energy ratio (incident energy/total initial energy) against
length and incident angle with ILF=0.060 at 500Hz (Edge AB)

5.6.3.2 Concept of effective length ratio

If one plots the energy ratio of the energy transmitted through each joint
segment to the total energy transmitted, one may find the energy transmitted
through each boundary segment appears to have a power decay (Figure 5-14).
Majority of the energy transmitted through the segments that are closer to the
source and this effect becomes more significant as the ILF increases. This finding
effectively suggests that there exists an effective length where the majority of the
energy can be transmitted through that joint. It might be more sensible to define an
effective length to be the length where certain percent (for example 90%, or
greater) of the total energy transmission occurs. If one uses 90% as the threshold to
define the effective length, the corresponding effective length for plate 2 with ILF of
a value of 0.015 is calculated to be 1.68m and the value calculated for the damped

system (ILF=0.060) is 1.34m (Figure 5-15).
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Figure 5-14 Energy ratio at 500Hz (energy transmitted through each segment/total
energy transmitted through edge AB) against length with ILF=0.015 and ILF=0.060 at

500Hz (AB=2m)
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Figure 5-15 Cumulative plot of Figure 5-14
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If one doubles the length of AB and does the same analysis, the majority of
energy transmission still concentrated on the segments that are close to the source
(Figure 5-16). The effective lengths in this case are 3.1m for the undamped plate
and 1.8m for the damped plate. Only in this case, the energy concentration is more

significant. One may define the ‘effective length ratio’, denoted as 7, as:

_ effective length
e = "total length (5-20)

This parameter gives a description of the phenomenon of energy transmission
concentration at edge AB. A smaller value indicates more significant concentration
and it would suggest that it is less likely to be appropriate to consider this damped

element as an SEA subsystem.
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Figure 5-16 Energy ratio at 500Hz (energy transmitted through each segment/total
energy transmitted through edge AB) against length with ILF=0.015 and ILF=0.060 at
500Hz (AB=4m)
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The effective length ratios for the cases shown in Figure 5-14 and Figure 5-16
are shown in Table 5-2. It suggests that as the ILF or the length of edge AB increases,

the energy transmitted tends to concentrate more at edge AB.

Table 5-2 Effective length ratio at 500Hz for different AB lengths and ILFs

Effective length/Total length ILF=0.015 ILF=0.060
AB=2m 0.85 0.7
AB=4m 0.775 0.45

These predictions relate to 500Hz. It is clear from the definition of complex
wavenumber that the excitation frequency plays an important role. A plot of the
excitation frequency against the effective length ratio is shown in Figure 5-17. As
one increases the excitation frequency, the effective length ratio becomes smaller
which indicates that energy concentration near to the source boundary (plate)
becomes more obvious. Changing the excitation frequency does not alter the
distribution of rays, it however increases the number of cycles the wave will have

before it lands on edge AB. This effectively increases the energy loss along the path.
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Figure 5-17 Excitation frequency against effective length ratio for ILF=0.015 and
ILF=0.060 (AB=2m)
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The previous discussion suggests that there are two mechanisms that have a
direct relation to the energy concentration phenomenon. One is related to the
geometry of the plate. As the size of the plate gets larger, each ray has a longer
travel path which results in more energy dissipation. The other is related to the ILF
and the excitation frequency. Although the travel distance has not been changed
for each ray, either increasing the ILF or the excitation frequency results in more

energy loss along the distance.

5.6.3.3 Edge BC and AD

A similar analysis was undertaken for edge BC and AD. As one increases the ILF,
the incident energy will decrease as expected (Figure 5-18 and Figure 5-19; Figure
5-20 and Figure 5-21 ). Edge AD generally receives less energy than edge BC
because the rays landing on edge AD generally travel further and undergo more
reflections than those landing on edge BC (Figure 5-18 and Figure 5-20; Figure 5-19
and Figure 5-21).

Energy Ratio
w u

N

Length, m
Edge BC Incident Angle ,°

Figure 5-18 3D plot of the energy ratio (incident energy/total initial energy) against
length and incident angle with [LF=0.015 at 500Hz (Edge BC)

123



=
Y
=

N W = O]

Energy Ratio

' 1560
Length, m 1

Edge BC Incident Angle ,°

Figure 5-19 3D plot of the energy ratio (incident energy/total initial energy) against
length and incident angle with ILF=0.060 at 500Hz (Edge BC)
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Figure 5-20 3D plot of the energy ratio (incident energy/total initial energy) against
length and incident angle with ILF=0.015 at 500Hz (Edge AD)
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Figure 5-21 3D plot of the energy ratio (incident energy/total initial energy) against
length and incident angle with ILF=0.060 at 500Hz (Edge AD)

For edges BC and AD, there is an even energy distribution (Figure 5-22 and

Figure 5-23). Therefore no effective length can be obtained for those two edges.
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Figure 5-22 Energy ratio at 500Hz (energy transmitted through each segment/total
energy transmitted through edge BC) against length with ILF=0.015 and ILF=0.060
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Figure 5-23 Energy ratio at 500Hz (energy transmitted through each segment/total
energy transmitted through edge AD) against length with ILF=0.015 and ILF=0.060

5.6.3.4 Generalization

To further understand the contribution from direct field and first order
reflection field, an illustration is shown in Figure 5-24. It shows the contribution
from direct field and first order reflection field to the total energy transmitted
through each segment of edge AB. For both undamped and damped cases, the
contribution from direct field tends to be dominant if the segments are closer to
the source. When the ILF gets higher, the contribution from direct field becomes
even more significant. The first order reflection field tends to play an important role
when the segments are far away from the source and becomes as important as the

direct field at the far end of edge AB.
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Figure 5-24 Energy ratio (contribution from direct field or first order reflection field to
the total energy transmitted through each segment) against length with ILF=0.015 and
ILF=0.060 (edge AB)

A simpler way to understand the energy distribution in plate 2 is shown in
Figure 5-25. Assuming there is only one point source, the biggest contribution
comes from direct field, i.e. triangle SAE, SFD and SBC. Rays with longer travelling
distance, i.e. direct transmission in triangle SEB and SCF, or reflected transmission,

make less of a contribution to energy transmission at the boundary.
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Figure 5-25 Illustration of the ray trace model with single point source

5.6.4 Comparison with SEA modelling

Having developed a model that describes transmission in damped structures,
the next step is to explore how this can assist in their inclusion within the SEA
framework. The starting point will be modelling the system in Figure 5-10 using

standard SEA method.

5.6.4.1SEA modelling
A pure SEA model (Figure 5-26) can be built for the system shown in Figure 5-10.

In this, subsystem 2 represents the element that couples all of the receiving

subsystems.
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Figure 5-26 SEA model of the 5 plate ray tracing model

The power balance equations can then be written as:
Eyw(Miq + N12) — E;wmzy = Wiy,
E1wnz — E;w (M1 + N2z + M2a + 25 + M2a) + EswNzy + E4@iy, + Eswns; =0
Eywnzs — E3w(Nzq +1M32) =0
Eywnzs — E4w(Nag +1M42) =0
Eywhys — Esw(sq +1s2) =0
(5-21)

This can be solved to give the subsystem energy and hence the energy level

difference between the different systems.

5.4.6.2 Hybrid SEA & Ray tracing modelling

One may alternatively use the ray tracing code to work out the averaged

transmission coefficients 7;; at four boundaries using its original definition through:

total transmitted energy YIE; * T
total incident energy Y IE; (5-22)

T=

where IE; is the incident energy at that specific boundary and 7; is the angle
dependent transmission coefficient of that specific ray at the boundary. This can be

used to compute the CLFs between each pair of subsystems through (Craik, 1996):
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[h CLI l] —

Nij = Tij

n(\/_n)os (5-23)

The obtained CLFs can then be readily used in SEA to find the energy level

differences.

If one assumes there is no internal loss in plate 2, the CLFs obtained by using

this method for the theoretical model at 500Hz are:
N3 = Mo = 96.2dB re 10712
N5 = 96.7 dB re 1012
7,1 = 96.8dBre 10712

The corresponding CLFs calculated by SEA are:
21 = N23 = Np4 = 25 = 96.4 dBre 10712

Those two approaches yield very similar answers. Similar comparisons have been
undertaken for 1/3 octave bands with centre frequencies from 20Hz to 20,000Hz
and have shown same findings, i.e. the difference between those two approaches is
not frequency dependent. This comparison also serves as an initial theoretical

validation of the proposed ray tracing code.

5.4.6.3 Ray tracing modelling

When subsystem 2 is heavily damped, there is assumed to be weak modal
behaviour of subsystem 2. As a result, the transmission from subsystem 1 to other
subsystems via subsystem 2 cannot be calculated effectively using normal SEA
equations. Under these circumstances, the ray tracing method described in Section
5.6 offers a means of predicting transmission by representing heavily damped

components within the SEA framework of analysis.

If it is assumed each ray contains energy E,, the initial total energy from the
rays, i.e. nxang * E,, equals the energy transmitted from Subsystem 1 to

Subsystem 2:
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n*ang * Ey = Eywny, (5-24)

One can use ray tracing to get the actual energy transmitted from Subsystem 2 to

Subsystem i, denoted as W,;.

For Subsystem 3, one obtains the energy balance equation:

Wys = Ezw(M3q + 132)

(5-25)

For Subsystem 4, one obtains
Wia = E40(Nag + N42) (5-26)

For Subsystem 5, one obtains
W35 = Esw(Msq + 1s2) (5-27)

Hence one can get the energy of each subsystem except Subsystem 2 and

eventually get the energy level difference.

In this scenario, subsystem 2 can be removed from the SEA modelling. Instead,
the CLFs between the source subsystem to other subsystems occurring via the

heavily damped plate can be calculated through:

_w

M =F (5-28)
_Wa

Me =F o (5-29)
_Wss

s =% W (5-30)

where E; = n * ang * Ey/wn,, is obtained by rearranging Equation 5-24.

5.4.6.4 Comparison

The energy level differences estimated from a pure SEA model (bending only
and three wave) and the proposed inclusion of ray tracing within SEA are shown in
Figure 5-27 and Figure 5-28. Predictions from bending only and three wave model

do not have significant difference in the examined frequency range as expected.
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When adding damping to subsystem 2, larger energy level differences are predicted
using both approaches. The discussion in Section 5.6 indicates that for heavily
damped subsystem, more energy is transmitted through edges that are
perpendicular to the source edge. The prediction from the pure SEA model
indicates that the energy transmission along these edges are the same, i.e.
ELD13=ELD15. The results in Figure 5-27 and Figure 5-28 show that the energy level
difference between subsystem 1 and 3 predicted from ray trace has a smaller value
and the energy level difference between subsystem 1 and 5 predicted from ray
trace has a larger value. The difference between the prediction from the pure and
hybrid SEA predictions tends to increase at higher frequencies in both cases. This is
because the energy attenuation with distance becomes more significant at higher
frequencies even the ILF stays the same. One may notice that ELD15 predicted from
using the hybrid approach is much larger than that from SEA, especially in the high
frequency region. For energy transmission from subsystem 1 and 3, even at high
frequencies with large ILF, short paths in the direct field are dominant. The direct
field transmission from subsystem 1 and 5 generally involves the wave travelling a
longer distance, i.e. all rays need to travel at least 2m before they hit edge BC. As a
result, more energy has been converted to heat before it enters subsystem 5, which
gives very large ELD15. In practice, one may hardly obtain a damping level with
ILF=0.3. Thus the difference between the result from SEA and the hybrid method

tends to be smaller than the ones showed in Figure 5-27 and Figure 5-28.
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Figure 5-27 Energy level difference between subsystem 1 and 3
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5.7 Conclusion

This chapter sought to develop a ray tracing code that can be used to predict
the energy transmission through a heavily damped building component.
Representing such components as damped subsystems in normal SEA is likely to
prove unreliable since the assumption of energy equipartition within that

subsystem tends to fail as internal damping grows.

A theoretical model has been presented that seeks to overcome this restriction
and the results have shown that representing heavily damped component as a
subsystem shows different behaviour compared with normal well-behaved SEA

subsystem. The main observations are:

For a simple plate, increasing ILF always results in a reduction in energy
available for transmission through its four edges. The energy transmission via
different edges differs from each other. There are two important mechanisms that
influence the energy transmission. One is the energy attenuation with distance,
which is controlled by ILF and frequency. The other is the number of reflections, i.e.
a certain amount of energy is transmitted to coupled subsystems each time the ray

hits an edge.

There exists an effective length where the majority of the energy is transmitted
via edges that are perpendicular to an edge receiving energy (represented in the
modal as a line source). As the loss factor or the length of a perpendicular edge
grows larger, one observes that the energy concentration becomes more significant
in the region most immediate to the source. This may be explained if it is noted that
the direct field is normally dominant and it will play an important contribution in
segments of any receiving boundary that are close to the source. The first order
reflection field generally makes much less of a contribution and tends to contribute

more in segments of any receiving boundary that are far from the source.

Boundaries that are parallel to a source boundary (edge) tend to exhibit an even

transmitted energy distribution along their lengths.
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The definition of effective length has been proposed as the length where 90% of
the energy transmission occurs within that length. More importantly, a parameter
called effective length ratio has been defined as the ratio of the effective length to
the total length of that edge. It gives a direct description of the phenomenon of
energy concentration along boundaries perpendicular to the source edge. Low
values of the effective length ratio suggest a more significant energy concentration
close to the source boundary and higher value implies that the transmitted energy
is distributed more evenly. This parameter is used in Chapter 8 to describe whether
a plate can be seen as heavily damped and should no longer be treated as a normal

SEA subsystem.

The discussion so far describes the potential benefit of increasing the damping
level and does not explore various ways of passive damping treatments. This will be

examined in the next chapter.
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CHAPTER 6 DAMPING TREATMENT

6.1 Introduction

Having explored how to represent heavily damped components within the SEA
framework, this chapter seeks to explore how high levels of damping may be
achieved in practice. The primary focus of this knowledge will be to inform the
design of test structures to yield experimental data for comparison with the hybrid
SEA model. Different passive damping treatment techniques, i.e. the physical
mechanisms behind them, the mathematic models that can be used to predict the
damping effects are explored along with rule of thumb techniques to obtain higher

damping levels and the theoretical max value of loss factor achievable.

6.2 Categories of damping treatments

An effective damping treatment is to apply damping material in such location
where the greatest possible cyclic deformation of the viscoelastic material will
occur as the structure vibrates in the modes of interest. This often requires one to
have an understanding of the material properties of both the base structure and
the damping component (i.e. the complex modulus properties) and the dynamic
behaviour of the base structure under excitation. Additionally, in real engineering
practice, one may also consider the applicable temperature and frequency range
(since the viscoelastic damping properties are temperature-dependent and to a less
degree frequency-dependent), bonding techniques and environmental factors (i.e.

whether the components are exposed to liquids).

Noise in a dynamic system can be reduced in a number of ways. These can be
briefly classified into three categories, namely passive control, active control and

semi-active control (Rao, 2003).

Conventional passive control methods use isolators, absorbers, barriers,
silencers, mufflers etc. to either isolate or absorb unwanted vibrational energy.
Several damping treatments are available for passive damping control, namely free-
layer damping, constrained-layer damping, tuned mass damping, granular damping

etc. These treatment methods will be reviewed in this chapter.
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Active control methods usually generate an out-of-phase signal to the
disturbance and use certain active elements (i.e. speakers for air-borne noise and
actuators for structural-borne noise) to cancel the unwanted response. Semi-active
control (also known as hybrid active-passive) methods normally use both the active
(piezoelectric) and passive (viscoelastic) damping treatments to minimize vibration.
In building acoustic noise control, one is seeking an easy-to-apply and long-lasting
damping treatment. Although the active and semi-active control methods may
provide significant damping, the complexity of generating control algorithms, the
relatively high initial investment and maintenance cost etc. all limit their application.
Therefore, these two methods will not be discussed further in this study. Extensive
studies of both methods can been found in the literature, especially in the field of
engineering industry. One may refer to the reviews from Stanway, Rongong and
Sims (2003) for active control methods and Trindade and Benjeddou (2002) for

semi-active control methods.
6.3 Freelayer damping

6.3.1 Basic configuration

Free layer damping is the simplest way of introducing lightweight damping into
structures (Figure 6-1). It simply applies a viscoelastic layer on top of the base
structure (a beam or plate). Because the damping layer has a larger modulus, when
the system undergoes deformation, the damping layer generates extra restoring
force and resists the deformation. To further understand the property of free layer
damping, one may derive the expression of loss factor in the case of longitudinal

wave and bending wave.
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Figure 6-1 Free layer damping (Cremer, Heckl and Ungar, 1988)

6.3.2 One layer treatment

6.3.2.1 Longitudinal load

Recalling the definition of loss factor, it can be expressed as:

 2mE,, (6-1)

n

where Ej is the energy loss during one cycle of vibration and E,, is the (reversible)

mechanical energy.

For cases involving longitudinal waves, the particle moves in the same direction
as the wave propagation. The total mechanical energy can be given by (Cremer,

Heckl and Ungar, 1988):

dé|?

EA

1 1
En = E(E1d1 + E,dy)|e|*A = E(E1d1 + E,d5)

(6-2)

where £ represents the maximum displacement in one cycle, E; and d; are the real
part of the complex modulus and the thickness of the base structure, E, and d, are

the corresponding properties of the damping layer, and A is the surface area.
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If one neglects the energy loss of the base structure, the energy lost per cycle of
the system only comes from the damping layer and can be expressed as (Cremer,

Heckl and Ungar, 1988):

_ dg|*
E; = ntn3E>d, dx A (6-3)
Therefore, the loss factor for longitudinal waves can be given by:
_ E,d,
=2 4+ Eyd, (6-4)

One may note that the longitudinal loss factor is proportional to the loss

modulus 1, E, of the damping layer.

A simpler analysis can be given if one introduces the concept of complex
stiffness. Since the deformation for longitudinal excitation is primarily extensional,

the stiffnesses of the combined system are directly added:

ko,
)

k*=k k(141 = (k ko))(1+i
1+ k(1 +iny) = (kg + ky)( +lk1+k2 (6-5)

where k* = k(1 + 1) is the stiffness of the combined system, k; and k, are the
stiffness of the base structure and the damping layer. Therefore, the effective

stiffness k and loss factor 1, can be given as:

k == kl + kz (6-6)
_ kan,
T e + &y (6-7)

The expression for loss factor is identical to Equation 6-4. However, it is only
accurate to predict the loss factor for beam-like members with simple boundary

conditions (pinned-pinned or clamped-clamped) (Ross, Kerwin and Ungar, 1959).

6.3.2.2 Bending load
For cases of bending waves, which are more important for noise radiation, the

deformation is primarily in extension. If one defines &, as the displacement at the
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centre-line of the damping layer, the energy loss can be given by (Cremer, Heckl

and Ungar, 1988):

d §u|”

A
dx

E, = nn,E,d,

(6-8)

and the bending mechanical energy can be expressed as (Cremer, Heckl and Ungar,

1988):

d’n)’

A—EBF%ZA
dx? 2 ldx

(6-9)

where B is the bending stiffness of the whole system and S is the angle of flexure. If
one defines a as the distance between the centre-line of the damping layer and the
neutral axis (the line of zero stress in the cross section), then &, = afs. Therefore,
the loss factor for bending waves is:

_ Eydya?
N =12 B (6-10)

Here a can be approximated as the distance between the middle of the base layer
and damping layer, ie. a = (d; +d;)/2 (Kurtze, 1959), and B can be

approximated as (Cremer, Heckl and Ungar, 1988):

Eyd,®

B =
12

2
+ E,d,a (6-11)

where the second term is only of importance when the damping layer is thicker
than the base layer(i.e. d, > d,). The analysis above assumes that the force in the
damping layer is proportional to the modulus and to the strain and therefore the
loss factor is independent of frequency. This assumption becomes vague when the
bending wavelength in the base layer is of the same order as longitudinal
wavelength in the damping layer. When this matching occurs, the damping layer
may be deformed very easily and thus results in smaller losses. Fortunately, this
matching only occurs at very high frequencies (around 10 kHz for metal plate with

1 cm thickness) for all good damping materials (Cremer, Heckl and Ungar, 1988).
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An alternative analysis can be done by using the legendary Oberst’s equation
(1952). It assumes the cross-section always remains plane and the amplitude of

vibration is relatively small, and has the complex form:

Bl (1+in) =1+ed*(1+in,) + 3(1 + d)? ed( + 112)
g, (A =1+ed’ (L+ing) +3(1+d)" o= 7m— (6-12)

This can be written in real and imaginary part to give:

EI Wy \2 1+ 2ed(2 + 3d + 2d?) + e?d*

— = (—) (1+dp) =

Ei L W1n 1+ed (6-13)
n ed(3 + 6d + 4d? + 2ed® + e%d*)
n, (14 ed)(1+ 4ed + 6ed? + 4ed3 + e2d*) (6-14)

where e = E,/E;, d =d,/d, and p = p,/p,. The properties of the combined
system, i.e. the ratio of the effective flexural rigidity (EI) to the base beam (or plate)
flexural rigidity (E;/;) and the ratio of the effective loss (1) factor to the damping

layer loss factor (n,), are shown to be affected by three major parameters:

e the ratio of the damping modulus to the base beam (or plate) modulus (e);
e the ratio of the damping thickness to the base thickness (d);

e theloss factor of the damping layer ().

Although Oberst’s equation only works as an accurate approximation for flexural
deformation of unstiffened beams or plates with full coverage, it is very useful for
making a quick estimation of the effect of free layer treatments due to its relative

simplicity (Jones, 1996).

6.3.2.3  Discussion

Cremer, Heckl and Ungar (1988) have shown the value of ;, and g for the
damping material with loss modulus (10°N/m?). Considering the case where the
base layer is steel sheet (E; = 2 X 101*N/m?) and assuming d; = d,, one gets
N, ~5x%x1073 and ng = 5.5%X 1072. The loss factor for bending waves is
approximately 10 times larger than the longitudinal case, which indicates that

bending waves can be more easily damped than longitudinal waves. The
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dependence of the loss factor rationg/n, on the thickness ratio d,/d; has also
been studied based on the exact analysis of Oberst (1952) and Equation 6-10 has
also been validated in Figure 6-2. Clearly, the total damping increases as the loss
modulus n,E, grows. The system loss factor increases uniformly with respect to h
up to 2. It also indicates that when the loss factor and thickness of the damping
layer are determined, it is always better to choose the material with higher

modulus of elasticity.

Figure 6-2 Loss factor of beams or plates with single viscoelastic layer for bending

waves, after Oberst. Points show values calculated from the approximate relations,

Equation 6-10 and Equation 6-11, for E,/E; = 3 x 10~3(Cremer, Heckl and Ungar,
1988).

In reviewing Equation 6-10, one may also find the distance between the neutral
axis and the centre-line of the damping layer a is of importance. The action of
doubling the value of a results in an increase of loss factor by the factor of 4
(according to Equation 6-10). This is often achieved by adding spacer between the
base and damping layer and the spacer is ideally with high shear stiffness (a typical

spacer can be a metal honeycomb-like structure).

142



Therefore, the general rule of thumb of obtaining high loss factor is to apply
damping material with high loss factor, high modulus and high thickness, and if
necessary to add spacer between those two layers. Although this treatment may
sacrifice the useful space and seems inefficient from a weight point of view, it has
the lowest costs of materials and application processes compared with other

damping treatments (Jones, 2001).

6.3.3 Multiple layer treatment

Since the damping property of viscoelastic materials is temperature-dependent,
in order to ensure the damping treatment works properly in a broader temperature
range, one may simply add a third layer upon the first damping layer. The third
layer has to be softer than the inner layer so that it deforms with it and the plane
sections remain plane. Otherwise, it will act like a constrained layer which will be
discussed in Section 6.4. lllustration of a two free layer treatment in its undeformed

and deformed state is shown in Figure 6-3.

() UNDEFORMED (b) DEFORMED

Figure 6-3 Multiple free layer treatments, (a) undeformed, and (b) deformed (Jones,
2001)

It is assumed that the strain distribution across the section of the composite
beam or plate is linear with respect to the distance from the neutral axis. The
position of the neutral axis is found by applying the condition that the net stress
across the combined section is zero. If one defines the distance between the
neutral axis to the upper surface of the base beam as md;, one has the parameter

(Jones, 2001):
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_1—e3hy” — e3h3(2h; + h)
B 2[1 + esh, + e3hs] (6-15)

m

where e; = E;/E;, e3 = E5/E,, h, = d,/d; and h; = d3/d;. The superscript ‘*’
here means the parameter is complex. The ratio of the effective flexural rigidity to
the base flexural rigidity is given by (Jones, 2001):

Eq, €xb1 T e3lq (6-16)

where the complex parameter A7, By and C; are given by (Jones, 2001):

Ay = 4[m3 + (1 —m)3]

(6-17)
* 2 _ 3
B} = 4[(m + hy)* — m®] (6-18)
Ci = 4[(m+ hy + h3)® — (m + hy)?] (6-19)

The imaginary part of the complex ratio (EI)*/E;I; can be readily calculated to give
the loss factor of the combined system. One may also verify that these equations
reduce to Oberst’ equation when e; or d3 are zero, or when the third layer uses the
same material as the inner layer so that e; = e3 and h, = h, + h3. Going to the
effort of expressing the complex form in algebraic form is hardly necessary since

the results can be easily calculated with commercial software (Jones, 2001).

A numerical study exploring the influence of the ratio d; /d;and E5/E; has been
represented by Jones (2001) for given value of d,/d4, E; and E3. The result has
been shown in Figure 6-4. The loss factor ratio increases as the ratio of d;/d, and
E;/E; gets higher. This indicates that, for multiple layer treatment, a thicker third
layer with higher modulus is always favourable. However, compromise needs to

make if the strategy is to be practical from a weight point of view.

144



LOSS FACTOR RATIO, ng/n,

0 04 08 1.2 16 20
Thickness ratio d3/d4

Figure 6-4 Variation of loss factor ratio with given thickness ratio d,/d; for various
values of E5/E; and d5/d; (E,/E; = 0.01,d,/d; = 0.5)(Jones, 2001)

The effect of adding a third layer also broadens the applicable temperature
range. Jones (2001) shows a numerical study of the modal damping of clamped-
clamped beam with two free layers at 200 Hz. The inner layer uses a commercially
available damping tile (LD-400), which is has larger lass factor around room
temperature. The third layer uses a nitrile rubber (Paracril-BJ with 50 parts per
hundred carbon black), which is more effective at lower temperature. A fractional
derivative model was used to calculate the complex modulus and the result is
shown in Figure 6-5. The use of third layer clearly widens the applicable
temperature range of the combined system. However, there exists a ‘trough’ of loss
factor between the two peaks. This drawback might be minimized by choosing the

material for the third layer with higher temperature transition region.
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Figure 6-5 Loss factor versus temperature, (a) two free layer materials [LD-400 (layer
2) and Paracril-BJ(layer 3)]; (b) clamped-clamped beam with two free layers added
(Jones, 2001).

6.4 Constrained layer damping

6.4.1 Basic configuration

Constrained layer damping is generally more efficient and widely used than free
layer damping. However, it adds extra weight and manufacturing complexity in
terms of its application as well as presenting greater analytic difficulty. The general
configuration of a single constrained layer treatment is shown in Figure 6-6 (a).
Unlike free layer damping, where the cross section of the composite remains plane
and the deformation mainly occurs in extension, the cross section of the composite
of constrained layer treatment no longer remains plan and the damping layer
mainly deforms in shear (and to a much lesser degree in extension) as shown in
Figure 6-6 (b). This is mainly due to the fact that the deformation of the constrained

layer is less than that of the upper surface of the base layer.
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Figure 6-6 Constrained layer damping, (a) undeformed, (b) deformed (Jones, 1996).

6.4.2 RKU equations for a pinned-pined beam

Ross et al. (1959) were the first to publish a study analysing constrained layer
damping on a beam or plate. Their contribution is mainly accumulated in the
famous ‘RKU’ equations. The major assumption of these equations is that the

flexural deformation of the base layer is spatially sinusoidal in shape and having a

Deformed

semi-wavelength denoted by the symbol A (Jones, 2001).

The effective flexural rigidity of a single constrained layer damping treatment in

RKU equations can be expressed as (Ross et al., 1959):

(ED" =

E1d13+E§d23 Exds®  Eid,?

12+12

~[0.5E5d, (Hay — D) + Exds (H, — D))

where the various parameters are:
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D= E;d;(Hyy — 0.5H31) + g*(E3d,Hyy + E3H3Hs,y)

Eid; + 0.5E,d, + g*(E1dy + Eody + Esds) (6-21)
H,;, =05(d, +d
21 ( 1 + 2) (6'22)
H31 = dz + 05(d1 + d3) (6-23)
. G, 2?
9 = E3d2d37‘[2 (6-24)

The three terms in Equation 6-20 represent the flexural rigidities of the three
layers about their own neutral axis. The parameter D defines the neutral axis of the
composite system. The most important parameter is the ‘shear parameter’ g*,
which is a function of the complex shear modulus of the damping layer G5, the
Young’s modulus of the constrained layer E5 and the thickness of those two layers.
Note the modulus E5 can also be complex if a damping material is used as the
constrained layer. The influence of the shear parameter g* on the damping
performance of the combined system may not appear obvious immediately. By
rearranging these RKU equations into a real and imaginary part, one may again
derive the flexural rigidity ratio (EI)*/E;1;, and more importantly, the loss factor
ration/n,. Figure 6-7 and Figure 6-8 illustrates the effect of the real part of the
shear parameter g of those two ratios for given thickness ratio d,/d; (or d3/d;)
with various value of d3/d; (or d3/d;). The best damping performance (peak loss
factor ratio n7/n,) occurs when the value of g is near 1. The position of optimum
point depends on both the thickness ratios d,/d; and d3/d;. Additionally, when
other parameters are fixed, greater thickness ratio d,/d; (or d;/d;) always results
in better performance. Therefore, when designing the constrained layer damping
treatment, the rule of thumb is to choose the material properties and layer
thicknesses in such a way that the real part of the shear parameter g is near its
optimum value. Consideration of the choice of thickness of each layer is also
needed to achieve best damping performance in the weight and cost point of view.
Note the analysis above is based on a pinned-pinned boundary condition. The semi-

wavelength A equals L/n, where L is the length and n is the mode number.
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Figure 6-7 Variation of (EI)*/E 1, and n/n, with shear parameter g for fixed value
ofd,/d; = 0.1 (Jones, 2001)
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Figure 6-8 Variation of (EI)*/E;I; and n/n, with shear parameter g for fixed value
ofd;/d; = 0.1 (Jones, 2001)

Cremer, Heckl and Ungar (1988) also derived the expression of loss factor for

constrained layer damping. Furthermore, they discussed the optimum loss factor
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obtainable and its corresponding optimum frequency at which maximum damping
effect occurs. They concluded that, for stiff base plate with thin constrained layer,
the greatest loss factor achievable with n, = 2 (values larger than this are
extremely rare) is around 0.9E;d5/E;d4; for two equal plates with thin interlayer,
the optimum loss factor can never exceed 0.75 and the highest value that is

practically available is about 0.4.

6.4.3 Modification for other classic boundary conditions

The original RKU equations dealt with a pinned-pinned boundary condition. For
other boundary conditions, Rao (1978) has shown calculations to allow one to
correct the value of the shear parameter g* to correctly predict the damping in the
low order mode cases. The results showed that for classic boundary conditions
(especially for clamped-clamped and clamped-free cases) only the lowest order
modes need correction. No significant errors occur for modes beyond the first

mode.

6.4.4 Multiple constrained layer treatment

When multiple constrained layer treatment is applied, the prediction of the
composite loss factor is much more tedious. Extensions of the RKU equations for
this case are discussed by Ross et al. (1959). Considering the case of multiple
constrained layer treatment in Figure 6-9 with 5 layers, two relatively simple

analysis can be done.

The first idea is to use the RKU equations to calculate the equivalent modulus
and loss factor step-by-step from the outer layer to the base layer. In the case of a
5-layer system in Figure 6-9, one may first calculate the equivalent flexural rigidity
(ED), of System A (i.e. 5-4-3) and hence the relevant equivalent loss factor and
modulus. And then one is able to apply the RKU equations to System B (i.e. A-2-1,
where System A is treated as an equivalent outer layer) and find the loss factor for

the whole system.

Another simpler method combines all the constrained layers as one and only
considers the innermost damping layer (ignores all other damping layers). Thus the

system is equivalent to a simple three-layer system to which the RKU equations can
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readily be applied. The approximation is rather rough and the result becomes less
reliable as the number of layers increases and the material property of each layer

varies. However, it gives a quick estimation of a multiple constrained layer system.

Verification of both methods has been undertaken by Jones (2001) for clamped-
clamped aluminium beam under various conditions. The results have shown that
both methods show agreement with the experiment, where the prediction of the
first method agrees with the measured data more quantitatively and that from the
second method agrees with the measured data more qualitatively. Imperfections,
such as non-uniformity, de-bond and bubbles, between different layers are
considered as one important factor that influences the fit of measured data and the

predictions.
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Figure 6-9 Multiple constrained layer damping

6.5 Other passive damping treatments

6.5.1 Tuned mass damping

The passive damping treatments discussed above are effective over a relatively
wide range of frequencies, which is desirable for practical noise reduction problems.
There is another damping treatment that has a narrowband effect, namely the
tuned mass damper. It is specifically designed to achieve a high damping effect by
sacrificing the bandwidth. An ideal tuned mass damper consists a simple mass-
viscoelastic-spring element that is attached to the surface of the structure where
the undesirable vibration occurs (see Figure 6-10). It is best known for reducing the
amplitude of the vibration at resonance and in some cases it can also be used to

alter the resonant frequency of the combined system. Due to the nature of tuned
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mass damping, it is of greater significance in mechanical vibration control rather
than a broad band acoustic noise control. Hence no further discussion will be given
here. The behaviour of tuned mass damper can be found in standard text books
(Cremer, Heckl and Ungar, 1988; Jones, 2001). For practical tuned mass damper
design, one may referred to Thompson et al. (2007) for railway track noise
reduction and Webster and Vaicaitis (1992) for vibration reduction in composite

floor systems.

Base layer
k*
;@ "

Figure 6-10 Tuned mass damper

6.5.2 Granular damping

Granular materials, such as sands are also used in building constructions to
reduce structural vibration mainly for economic reasons (Cremer, Heckl and Ungar,
1988). One simple example of granular damping is to apply ground sand on top of
the base structure (beams or plates) to form a sand layer. The energy dissipation is
believed to mainly occur within the sand layer after conduction from the base
structure to the damping layer (Cremer, Heckl and Ungar, 1988). The effect of
granular damping appears to be hard to predict intuitively due to its non-
uniformities. However, Cremer, Heckl and Ungar (1988) mentioned that
reproducible measurement techniques have been developed by Schimidt (1954) to
measure the material properties on ‘sand beams’, in which sand is contained in a
long trough of plastic film. Those measurements gave some average material

properties of sand:
Longitudinal wave velocity c; = 150 m/s
Transverse wave velocity c; = 100 m/s

Loss factorn = 0.1.
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Cremer, Heckl and Ungar (1988) suggested that the damping by layers of
granular material is not introduced by the friction between sand and the base
structure but by conduction of energy into the sand and the subsequent dissipation
within it. The mechanism of energy dissipation within sand is related to Coulomb

friction discussed in Section 2.4.4.1.

The loss factor of granular material is found to be frequency dependent and the
best damping performance occurs at the resonances when the thickness of the
sand layer is an odd multiple of a quarter wavelength (Cremer, Heckl and Ungar,
1988). Another interesting finding is that granular materials with the small loss
factor appears to have greater performance at resonance but poorer performance
in other frequency bands (Cremer, Heckl and Ungar, 1988). Therefore, in order to
obtain a broad band damping effect, one should make the sand layers non-uniform

(i.e. the thickness should vary across the surface of the damped component).

6.6 Discussion and conclusion

This chapter explains the physical mechanisms behind several common passive
damping treatments, especially free-layer damping and constrained-layer damping.
These two damping treatments are found to be very applicable in building noise
control for several reasons: low cost, ease of application, minimal/no maintenance
(compared with active or semi-active dampers), broad frequency effect (compared
with tuned mass dampers) and relative ease in predicting behaviour (compared

with granular damping).

The general guideline to achieve a better damping effect for free-layer damper
is to use thicker damping layers with higher loss factor and higher modulus. For

constrained-layer dampers, which generally have much higher loss factors, the

G3A?

——— . Best
E3 dz d3 2

damping properties depend on the shear parameter g* =

performance occurs when the value of g* approaches unity. The highest value of
loss factor that can be achieved (theoretically) is 0.4 for two equal plates with thin
damping layer. For a stiff base structure and thin constraining layer, which is more

likely to happen in real building structures, the maximum loss factor is 0.9E5d3/
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E,d, for the best damping material (n, = 2). It is found that when the value of
shear parameter does not change, thicker damping layer or constraining layer
generally result in a better damping performance. One of the most obvious way of
manifesting constrained layer damping in building structures would be in the use of
viscoelastic materials such as Green Glue as an adhesive for plasterboard (a

constraining layer) on masonry (damped layer).

It is clear that bending waves may more readily be damped using applied
materials than longitudinal. In terms of its practical application to buildings, this
suggests that at high frequency, where longitudinal waves will start to play an
increasingly important role in dictating transmission, achieving high levels of
damping may not be possible (using constrained layers). However, levels of sound
insulation are typically high in the frequency regions where longitudinal waves
exhibit modal behaviour in building structures and the need for strategies that

improve sound insulation through increasing damping may be unnecessary.

Tuned-mass dampers and granular dampers are also briefly introduced. They
are of less importance than the layer damping treatments in indoor noise control

but can be useful for some typical cases.

Knowledge of different damping treatment techniques suggest that the
proposed value of ILF used in the modelling work in Chapter 4 and Chapter 5 is
theoretically achievable. It is also a good preparation for measuring loss factors in
the laboratory and validating the findings in theoretical simulation, described in

Chapter 7.
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CHAPTER 7 EXPERIMENTAL WORK

7.1 Introduction

In this chapter several carefully-selected damping measurement techniques will
be introduced to measure the actual loss factor of given systems. The theoretical
background and experiment setup of each measurement technique will be given.
Analysis and discussion of the data will then follow. Experimental validation of ray

tracing code is also included.

7.2 Loss factor measurement

In this study, the damping property is mainly reflected in the theoretical
investigation by using the definition of loss factor. Therefore, it is very important to
implement a relatively simple and accurate measurement technique that can be
applied to a damped system over a wide applicable frequency range. Several
approaches were trailed as described in this section and the power injection is

argued to be the most appropriate one.

7.2.1 Distance attenuation method

7.2.1.1 Theoretical background

Cremer, Heckl and Ungar (1988) suggested a way to measure the loss factor
from a damped beam by measuring the attenuation with distance along the beam.
For a very long and highly damped beam, wave propagation is identical to that on
an infinitely long beam. For cases where the damping is not extremely high, the loss
factor may be expressed as (Cremer, Heckl and Ungar, 1988):

D2
T= 136 (7-1)

This expression can be achieved by rearranging Equation 5-14. The energy level
difference per meter between two points x; and x, can be quantified by:
101 (ﬁ)z 101 (ﬂ)z
08 v, 08 a,

D = or R
Xy —Xq Xy —Xq (7-2)
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where v4, v, and a; and a, are the corresponding velocities and accelerations at x;
and x,. The bending wavelength Az can either be measured or be estimated by

(Craik, 1996):

_ Cp _ 4‘7TZB

o= p =0

.25
)O 2 (7-3)

given the bending stiffness B = Eh3b/12 and the surface density p;.

For a beam that is not heavily damped, one may design an anechoic system to
simulate an infinitely long beam where the wave only propagates in one direction
when excited at one end. One such system has been built using sponges and
ground sand to absorb vibration energy (Figure 7-1). The curvature of the sponges
provides non-uniform thickness of the sand layer to achieve a broadband damping
effect (Cremer, Heckl and Ungar, 1988). The beam was suspended and the opening
was made wide enough to avoid a direct contact with the wooden box. One may

also add an acoustic mastic sealant to serve the same purpose.

Filled with sand
- S

Wooden frame 300mm

Figure 7-1 Anechoic system design for measuring attenuation along a beam with
distance
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7.2.1.2 Experiment setup

7.2.1.2.1 Apparatus

The apparatus used in this experiment is described in Table 7-1 and the manner

in which the components are connected is shown in Figure 7-2.

Table 7-1 Apparatus for the distance attenuation measurement

Name Type Description
Wood frame 400mm*300mm*100mm To hold sand and sponge to
wood frame form an anechoic system
Sand Ground sand To absorb vibrational energy
Sponge To absorb vibrational energy
Aluminium beam | 2000mm*50mm*5mm The base structure
aluminium beam
Shaker LDS V201 M4-CE To excite the system
Shaker holder To hold the shaker horizontally
Accelerometer 1 | Briel & Kjaer 4508 B To measure the acceleration a;
Accelerometer 2 | Briel & Kjaer 4508 B 002 To measure the acceleration a,
Amplifier Briel & Kjeer 2706 To amplify the digital excitation
signal
B&K frontend Briel & Kjeer To provide output signal and to
analyser Input/output module: 3109 acquire input signal
Power-supply module: 2826
Controller module: 7536
Computer PULSE LabShop 16.1.0 Signal processing
Cables To connect different
components
Suspended Anechoic box

Accelerometer 1 Accelerometer 2

! =%
I'_E_'I T Beam [
Shaker
y Y

Amplifier Pulse [ PClr— 1 Plan View

Figure 7-2 Experimental setup for the distance attenuation method
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7.2.1.2.2 Procedure

The attenuation of acceleration level difference along distance was measured
under three conditions, i.e. the aluminium beam was undamped, lightly damped (5%
of the beam is covered with sand) and medium damped (10% of the beam is

covered with sand).

a. The beam was excited by the shaker with white noise input (the excitation
frequency band was from 100 Hz to 4000 Hz).

b. In each test, the acceleration attenuation was measured with two
accelerometers placed 0.25m, 0.5m and 0.75m apart. For each distance,
three measurements were taken.

c. Constant Percentage Bandwidth (CPB) analysis was carried out with Briel &
Kjaer PULSE LabShop 16.1.0. The average level difference of the each 1/3
Octave band from 100 Hz to 4000 Hz was determined.

d. The wavelength at each 1/3 octave centre frequency in each test was
measured and recorded.

e. Recalling Equation 7-2, the attenuation of energy level difference as a
function of distance was obtained by dividing the acceleration level
difference by the distance between the accelerometers.

f. Recalling Equation 7-1, the loss factor of the beam system was calculated for
each measurement. The results were averaged to give the loss factor for

each condition (i.e. undamped, lightly damped and medium damped)

All tests were taken under a room temperature ranging from 19.2 to 20.3 °C
(the room temperature is unlikely to have a significant influence on the test results

due to the nature of aluminium and sand).

7.2.1.3 Result and discussion

In developing the experiment, the anechoic system was found to work well for
frequency bands ranging from 500Hz to 4000Hz. For frequency bands below 500Hz,
the measured data exhibited significant scatter and some data points had negative
values suggesting the present of reflected energy and standing waves. Therefore,

only the results from 500Hz to 4000Hz were deemed reliable. The loss factor of the
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beam system under three different conditions is shown in Figure 7-3. If one
excludes the data points below 500Hz, the loss factors for three conditions with
different levels of damping do not show significant frequency dependency. The
average loss factors for each 1/3 octave centre frequency are 0.0016, 0.11 and 0.24
for three conditions respectively. The published loss factor for aluminium is around
0.0001 (Cremer, Heckl and Ungar, 1988). This method therefore over determines
the loss factor for pure aluminium beam, or is not effective at measuring very low

loss factors..
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Figure 7-3 Loss factor using distance attenuation method

The advantage of this method is that the measurements and calculations are
simple and straight forward. However, the applicable frequency range depends on
the design of the anechoic system and the data points in low frequency bands (i.e.
below 500Hz in this example) are scattered, which do not provide any useful
information. If one wants to use such a method, the general prerequisite is to
design an effective anechoic system, which may not always be readily achievable.
This method is also limited to one-dimensional system, although it is not
unreasonable to assume the loss factor measured from a one-dimensional system

would be similar for rays travelling on a similar two-dimensional system.
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7.2.2 End-point acceleration method

There are two similar measurement techniques developed to measure the
complex modulus of an impacted rod using one-dimensional wave theory, which
then gives the loss factor. For predefined boundary conditions, i.e. free-free, only
two or three measurements are required to give the results. The formulations of
those techniques were proposed by Lundberg and Blanc (1988). They require one
to measure the end-point accelerations (or velocities) (Odeen and Lundberg, 1993)
(see Figure 7-4) or the strains along the rod (Lundberg and Odeen, 1993) and the
formulation changes slightly accordingly. Since the technique that measures strains
involves inserting strain gauges into the specimen, which in turn causes damage,

the end-point acceleration method was chosen for this study.

7.2.2.1 Theoretical background

The basic theory is as follows. For a straight, cylindrical slender rod, made from
linearly viscoelastic material with density p and complex modulus E(w) = E'(w) +
E"(w), by applying the one-dimensional theory, one may express the complex

modulus E (w) as (Odeen and Lundberg, 1993):

cosh(yL) + uyL sinh(yL) =¥ (7-4)

where L is the length of the specimen, u is the mass ratio of the accelerometer to
the specimen, and ¥ = @,/d, = re® is the complex acceleration ratio. The
expression @ represents the Fourier Transform of a , ie. | f(a, w) =
ffooof(a, t)e~'“tdt]. The square of the wave propagation coefficient is (Odeen and

Lundberg, 1993):

Y(@)? = —pw?/E(w) 05)

One may also express the wave propagation coefficient as y(w) = a(w) + ik(w),
where a(w) is the damping coefficient (positive even function) and k(w) is the
wavenumber (odd function, positive for w > 0) (Odeen and Lundberg, 1993).

Therefore, one has:

y(@)? = [a(w) + ik(w)]* = —pw?/[E' (@) + E" (0)] (7-6)
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and, hence:

E'(w) = pw?(k? — a?®)/(k* + a?)?

(7-7)
E"(w) = pw?(2ka)/(k? + a?)? (7-8)
The loss factor can thus be obtained through:
B Ell(a))
- E'(w) (7-9)

Lundberg and Blanc (1988) gave the derivation to solve fory, = ay + ik,

where:

o = (1/L) sinh™[(Co — Ap)/?], ko = (1/L)(sBo + nm) (7-10)

and where:
Co = (Ao® + BH)V2, Ay = %[1 —12], By = rsin(®), By = sin"*[(C, + 4)*?],

The integerss = +1andn = 0,1, 2, ... can be chosen in such a way that k(w) is a
continuous and monotonically increasing function with k(0) = 0. The dependence
of A, @ and 8 on w and the corresponding values to be given to s and n are shown
in Table 7-2.

Table 7-2 Wavelength A, phase @, parameter § and integers s and n vs. radian frequency
w (Lundberg and Blanc, 1988)

cot 1At ]1

Maos | a Lafzta/:a;a/qa/sj,a{s;
1

sin(¢) 0 0 ¢ 0

cosi¢) 0 0 0

B o 4xi2) 0 4=2) 0 4wz} 0 4

s 1 -1 1 -1 1 -1 1




7.2.2.2 Experiment setup

7.2.2.2.1

The apparatus used in this experiment are described in Table 7-3 and they are

Apparatus

connected in the manner indicated in Figure 7-4.

Table 7-3 Apparatus of end-acceleration method

Name

Type

Description

Polypropylene rod

1.125m long, density
945kg/m3, first resonance
917Hz, longitudinal wave
speed 2063.25 m/s

The test specimen

Modal hammer

Endevco 2302-10

To excite the system

Accelerometer 1

Briiel & Kjaer 4508 B

To measure the acceleration

251
Accelerometer 2 Briiel & Kjaer 4508 B 002 To measure the acceleration
a,
B&K frontend Briiel & Kjaer To acquire input signal
analyser Input/output module: 3109
Power-supply module: 2826
Controller module: 7536
Computer PULSE LabShop 16.1.0 To analyse the data
Cables To connect different
components
Hammer Specimen
a;(t) a,(t)
y v
PC
Pulse
> [ ]

Figure 7-4 Experimental setup for the end-acceleration method

162




7.2.2.2.2 Procedure

A cylindrical polypropylene rod with circular cross-section and known material
properties was used in the first test to gauge its accuracy. The room temperature
ranged from 10.1to 11.4°C (recall that the damping property of a viscoelastic

material is highly temperature-dependent) when taking the test.

By hitting one end of the specimen with a modal hammer, the accelerometers
created two signals, i.e. a;(t) and a,(t), which were collected by the Pulse front-
end analyser. The Briiel & Kjeer PULSE LabShop software installed on a PC then took
the Fast Fourier Transform (FFT) of those two time-domain signals to give the

frequency-domain signals, i.e. @, (w) and d, (w).

The calculation of E'(w) and E"'(w) can be undertaken readily using Equation
7-7, 7-8 and 7-10. One difficulty encountered was the determination of integer s
and n. This could be done by tracing the variation of parameter 8, and then
manually choosing the corresponding values according to Table 7-2. The loss factor

was determined using Equation 7-9.

7.2.2.3 Results and discussion

The resulting real and imaginary part of the complex modulus E (w) is shown in
Figure 7-5. The results from Odeen and Lundberg’s (1993) measurements on
polypropylene are shown in Figure 7-6 for comparison. Both the real and imaginary
part of the complex modulus in Figure 7-5 have similar order of magnitude as that
in Figure 7-6. However, E' is around 2 times larger and E"’ around 5 times larger
than that indicated in Figure 7-6. This is believed to be influenced by the room
temperature at the time when the measurements were taken. The complex
modulus measured for polypropylene rod under different temperatures is shown in
Figure 7-7. The values of complex modulus are highly temperature-dependent. The
general observation is that as the temperature increases, the value of complex

modulus drops (this is also reflected in Figure 2-11a).

One may also notice the discontinuities in Figure 7-5, which resulted from
changing values of the parameters n and s. The reason for the presence of spikes of

E'"" in both Figure 7-5 and Figure 7-6 is not clear. One reason may be the influence
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introduced by the local disturbance around Accelerometer 1 when the hammer

provided an impulse excitation.

10" : : : :
/ .
S e EL
10° L/ L ES
o j/" i / ki
W v
(. : i
10° b e \o\ 3
| ' B
‘/. Discontinuities -
| '
107 i | i 1 i
600 800 1000 1200 1400 1600 1800 2000

Frequency, Hz

Figure 7-5 Complex modulus measured using End-acceleration method, 1125mm
polypropylene rod with room temperature around 10°C
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Figure 7-6 Complex modulus measured using End-acceleration method, ...... , 200mm;

—————— , 400mm; —, 800mm polypropylene rod with room temperature around 20°C
(Odeen and Lundberg, 1993)
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Figure 7-7 Complex modulus for polypropylene at different temperatures:
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ing loss factor is shown in Figure 7-8, where the average is 0.1469. As
erve in Figure 7-6 and Figure 7-7, the value of E' does not change
s the frequency changes while the change of the value of E” may play

role in calculating the loss factor.
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Figure 7-8 Loss factor measured using End-acceleration method

The End-

acceleration method requires relatively simple test setup and

measurement procedure. However, the mathematics and post-data handling are
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tedious, especially for determining the appropriate values of n and s, as one needs
to adjust the values by hand every time a new measurement is taken. Theoretically,
this technique can be applied for a very wide range of frequency band from 20Hz to
20,000 Hz (Lundberg and Blanc, 1988). However, it is not practical since the data
handling is more tedious as the frequency goes higher and the impedance

introduced by the accelerometers may affect the results.

Additionally, this method only applies to specimen with homogenous material
and the deformation has to be longitudinal. For specimens with certain damping
treatments or other excitement types, i.e. transverse or bending, there is no

guarantee that it can provide accurate results.

7.2.3 Modified reverberation time method

Reverberation time is very commonly used in building acoustics to determine
the damping level of subsystems. Its definition is simple, i.e. the time it takes for the
energy of a system to decrease by 60 dB once a steady excitation has been
removed (this also holds for impulse excitation). It is a very important parameter in
room acoustics and some classic expressions have been given in the literature to
predict it, among which the Sabine Equation for rooms is perhaps the most widely
used. For complex structures, the reverberation can be related to the total loss
factor through Equation 2-98, where the TLF is a sum of all the CLFs and the ILF. The

issue in many circumstances is to know what the ILF is or know all CLFs.

The reverberation time method is explored here based on the technique
introduced by Schroeder (1965). A band pass digital filter is used to calculate the

reverberation at each corresponding 1/3 octave band.

7.2.3.1 Theoretical background

An illustration of how to filter a wide frequency band signal to give the
reverberation time of certain frequency band will be given here to illustrate the
development of the technique described here. Imagine one has a signal x(t) which

is a combination of three different signals, i.e. x, (t), x,(t) and x5(t), where

x(t) = x1(t) + x,(t) + x3(8) (7-11)
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If one uses Equation 2-26 to represent those three different signals (impulse

response for damped mass/spring oscilator), thus one has:

F
x,(t) =——=—sin (wlt /1 - (12) e S1wat
ma)L’l - (12

(7-12)

xZ(t) :LSH’I <a)2t ’1 —(22> e‘(zwzt
mawg |1 - & (7-13)

x3(t) = Lsin <w3t ’1 — (32> e~ Sswst
mwa./l ~{5° (7-14)

An illustration of the three individual signals is shown in Figure 7-9. One may
find that it is easy to find the reverberation time for each single signal (because
they are expressed in an ideal way in which the decay is exponential). However, it is

relatively difficult to find the reverberation for the combined signal x(t).
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Figure 7-9 Illustration of different signals
(F; = 2.2N,F, = 2N, F; = 3N,m = 0.01kg, w; = 2r X 500Hz, w, = 2m X 300Hz, w; =
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For a given signal x(t), one may use a digital filter to allow certain frequency
band to be included in the analysis and to exclude unwanted frequency responses.
In this case, a Butterworth band pass filter, which is known for providing a flat
frequency response in the pass band, is used to allow signal x;(t) to pass and to
exclude signal x,(t) and x3(t). This can be done by using the Filter Design &
Analysis toolbox in MATLAB R2013a. The settings used are shown in Figure 7-10,

where:
Fsis the sampling frequency;
Fstop1 is the end of the first stopband;
Fpass1 is the beginning of the passband;
Fpass2 is the end of the passband;
Fstop2 is the beginning of the second stopband;
Astop1 is the attenuation in the first stopband;
Apass is the passband ripple;

Asiop2 is the attenuation in the second stopband
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Figure 7-10 Setting for a Butterworth band pass filter in MATLAB R2013a

The resulting magnitude response is shown in Figure 7-11. It retains the
response within the frequency band 445-561Hz and attenuates the response

outside this frequency band.
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Figure 7-11 Magnitude response of Butterworth band pass filter

A comparison between the wanted signal x,(t) and the filtered signal
Xfitterea(t) is shown in Figure 7-12. It generally gives good agreement for later part
of the decay (i.e.t > 0.1s). This might cause problem measuring very heavily

damped system where the dominant decay is likely to occur within the earlier part

of the time signal.
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Figure 7-12 Comparison between the wanted signal x; (t) and the filtered signal
Xrirterea(t) (low damping)

Once the signal has been filtered, one may express the response in dB:

x(t)%;
Response(dB) = 10log;, Ml

10-12 (7-15)

where 10712 is the reference value. A trend line can then be found using a least
square fit to determine the response (Figure 7-13). The gradient of the trend line

can be used to find the reverberation time:

T — 60
0™ gradient (7-16)
In this case, Tgg = 0.1461s. The loss factor can then be determined using:

_ 2.2
 Teof (7-17)

n

One can easily examine whether it agrees with the initial assumption. The loss
factorn = 2.2/Teo/f = 2.2/0.1461/500 = 0.0301 which equals twice the original

damping coefficient {; = 0.015. This satisfies the relation between loss factor and
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damping coefficient when { < 0.1(see Equation 2-110). In practice, one usually
uses a reverse integration (backward integration) to smooth the curve of response
as suggested by Schroeder (1965). The reverse integrated response has the same

slope as the original response and is easier to identify (Figure 7-13).
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Figure 7-13 Trend line of the filtered signal

7.2.3.2 Experimental setup

7.2.3.2.1 Apparatus
The apparatus used to explore structural reverberation time is shown in Table

7-4 and connected in the manner shown in Figure 7-14.
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Table 7-4 Apparatus of modified reverberation time method

Name Type Description

Specimen 1 5mm thick aluminium beam No damping

Specimen 2 Additional 3mm thick Free layer damping
damping layer

Specimen 2 Sandwich beams with 4mm Constrained layer damping
thick damping layer

Green glue Green glue noise control Damping material
compound

Hammer Endevco 2302-10 To excite the system

Accelerometer 1 | Bruel & Kjzer 4508 B To measure the acceleration a,

B&K frontend Briel & Kjeer To acquire input signal

analyser Input/output module: 3109

Power-supply module: 2826
Controller module: 7536

Computer PULSE Labshop 16.1.0 To analyse the data
Cables To connect different
components

S

g Ham]mer

Specimen
[ |
uJ
lAcceIerometer
PC
Pulse
> I I
No damping Specimen 1 / S5mm
[ |
Free layer damping Specimen 2 / 3mm
= ]
| 5mm
Constrained layer damping Specimen 3 / 5mm
I I\— 3mm
5mm

Figure 7-14 Experimental setup for the modified reverberation time method
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7.2.3.2.2 Procedure

Three specimens were tested separately (Figure 7-14), namely an aluminium
beam with no damping, with free layer damping and with constrained layer
damping. In each test, ten measurements were conducted with different pairs of
measurement position and impact position. Those positions were chosen randomly.
In each measurement, the hammer produced an impulse excitation of the beam

and the accelerometer was used to capture the response.

Thirty one Butterworth band path digital filters were generated in MATLAB
R2013a to filter the response. They allow one to find the corresponding response of
1/3 octave band with centre frequencies between 20Hz and 20,000Hz. The Fpass1
and Fpass2 were chosen to correspond to the upper and lower frequency limits of
standard 1/3 octave bands. Fsiop1 and Fsiop2 Were chosen to be the previous and next
centre frequency of that 1/3 octave band. For example, for a 1/3 octave band with
centre frequency 500Hz, one has Fstop1=400, Fpass1=447, Fpass2=562 and Fsiop2=630.
The lower band limits, centre frequencies and upper band limits of 1/3 octave
bands are shown in Table 7-5. The centre frequency is determined through f,,,1 =
21/3fn and the lower and upper frequency limit of each band is determined through
flower = £ /21/6 and f,,"PP¢" = f,, x 21/6. All the frequencies are calculated by

defining f;9 = 1000Hz.
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Table 7-5 One-Third-Octave bands

1/3 Octave Bands

Lower Band Centre Upper Band
Limit (Hz) Frequency (Hz) Limit (Hz)
14.1 16 17.8
17.8 20 22.4
224 25 28.2
28.2 315 35.5
355 40 44.7
44.7 50 56.2
56.2 63 70.8
70.8 80 89.1
89.1 100 112
112 125 141
141 160 178
178 200 224
224 250 282
282 315 355
355 400 447
447 500 562
562 630 708
708 800 891
891 1000 1122
1122 1250 1413
1413 1600 1778
1778 2000 2239
2239 2500 2818
2818 3150 3548
3548 4000 4467
4467 5000 5623
5623 6300 7079
7079 8000 8913
8913 10000 11220
11220 12500 14130
14130 16000 17780
17780 20000 22390

The reverberation and hence the loss factor can then be calculated by finding

the trend line of the filtered response (dB).
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7.2.3.3 Results and discussion

The averaged loss factors for each specimen at the 1/3 octave centre frequency
from 50Hz to 5000Hz are shown in Figure 7-15. Reverse integration has been
adopted to calculate the loss factor. Specimen 3 with constrained layer damping
appears to have the best damping effect. Free layer damping (Specimen 2) appears
to be effective at frequencies higher than 500Hz, while constrained layer damping
has a broader applicable frequency band and does not work as well at high
frequency bands (frequencies above 2000Hz). One may observe that with the
increasing of the excitation frequency the damping effect of free layer damper has
a transition from no damping to constrained layer damping. One possible
explanation is that, as the frequency increases, the constrained layer acts less
effectively in constraining the deformation, i.e. the damping layer is more likely to

deform in extension rather than in shear which is similar to the case of free layer

damping.
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Figure 7-15 Measured loss factor using the modified reverberation time method
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The reverberation time for structural elements is usually much lower than
rooms (Craik, 1996). For plates with high loss factor, say 0.3 for example, there
presents sufficient cycles to get a measure of the decay (around 7 full cycles in this
case, refer to the discussion in Section 2.5.1). However, the reverberation time at
high frequency is in the order of a few milliseconds, which is relatively hard to
measure. Moreover, because energy decays so quickly, it is difficult to find the
corresponding decay. Errors in identifying the correct slope may lead to over
prediction of the reverberation and hence underestimates in the loss factor. Similar
statements have been mentioned by Bloss and Rao (2005). Additionally, the initial
part of the filter response is not an accurate representation of the true signal,
which introduces another possible error. These may be the reasons why the
measured loss factors for both free layer and constrained layer damping have
almost the same value as that from the undamped specimen at high frequencies

(Figure 7-15).

In order to further understand the errors in measuring heavily damped systems,
one may check the synthesised signal x; (t) with high damping ({; = 0.15) (Figure
7-16). In this case, the filtered signal differs greatly with the original signal and
hence the obtained loss factor is not accurate. Tests on synthesised signal suggest

that it only gives accurate result for loss factors smaller than 0.1 (i.e. { < 0.05).
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Figure 7-16 Comparison between the wanted signal x; (t) and the filtered signal
Xfiiterea (t) (heavily damped)
Therefore, the application of the modified reverberation time method is limited

to structures with relatively low damping such as concrete walls.

7.2.4 Power injection method

Carfagni and Pierini (1999a) introduced the numerical investigation of power
injection method to determine structural damping. The idea was to use kinetic
energy as an approximation of the strain energy and to evaluate the kinetic energy
with a limited number of measurements. Experimental tests have been carried out
using impact hammer excitation (Carfagni and Pierini, 1999b) and shaker excitation
(Carfagni and Pierini, 1988; Bloss and Rao, 2002) both of which serve as a good

guideline for developing loss factor measurements in this study.

7.2.4.1 Theoretical background

Loss factor can be expressed as:

Energy dissipated

n(w) = Total strain energy (7-18)
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One may compute the loss factor directly if one knows the energy dissipated and
the total strain energy in the system. With a stationary force excitation, the energy
dissipated equals the energy input and the total strain energy can be approximated
by double value of the kinetic energy as suggested by Carfagni and Pierini (1999a).
Although it is generally difficult to measure energy directly, the point mobility

(velocity/force) can be measured relatively easily.

Carfagni and Pierini (1999a) gave the expression of loss factor as:

Re[hFF (0))]
Y mjwlhip(w)?] (7-19)

n(w) =

where hgp(w) is the point mobility spectrum at the excitation point and h;r(w) is
the transfer mobility spectrum between the excitation point and point i. The idea is
to divide a plate into i portions and to sum the kinetic energy of each portion to
give the total kinetic energy of the plate. If one substitutes the velocity spectrum

and force spectrum into Equation 7-19, one has:

Re[vy(w)/Fo(w)] _ Re[vy(w)Fy(w)]
Limol[vi(w)/Fo(w)]?| T mjw|v;(w)?| (7-20)

n(w) =

where vy(w) and v;(w) are the velocity spectra near excitation point and the
measurement point respectively, and Fy(w) is the input force spectrum.
Re[vy(w)Fy(w)] is the energy input (it equals the energy dissipated due to
damping) and YN, mja)lvi(w)zl is the total strain energy, which is identical to
Craik’s (1996) expression for subsystem energy mv? (v is root mean squared

velocity averaged over time and space).

7.2.4.2 Experimental setup

7.2.4.2.1 Apparatus

The apparatus for the power injection method is described in Table 7-6 and

connected in the manner shown in Figure 7-17.
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Table 7-6 Apparatus of power injection method

Name Type Description
Test subject Three coupled aluminium Each plate with a dimension of
plates 900mm*500mm™*2mm

Modal hammer

Endevco 2320-10

To excite the system

Accelerometer 1

Briiel & Kjaer 4508 B

To measure the acceleration a;

Accelerometer 2

Briel & Kjeer 4508 B 002

To measure the acceleration a,

B&K frontend Briel & Kjeer To acquire input signal
analyser Input/output module: 3109
Power-supply module: 2826
Controller module: 7536
Computer PULSE Labshop 16.1.0 To analyse the data
Cables To connect different components

Excitation point

Hammer

Plate supported through
corner joint (bended)

Simply supported
(point-point)

Plate supported through

Accelerometer 1

/ corner joint with nuts

and bolts
o Adcelerometer 2
VYV
PC
Pulse

Figure 7-17 Experiment setup for the power injection method

7.2.4.2.2 Procedure

The test plate has dimensions of 900mm*500mm*2mm and a mass of 2.88kg,

and is coupled to another two identical aluminium plate (one corner joint is formed

with 88 3mm nuts and bolts at 10mm centres and the other is normal corner joint).

Impact hammer excitation was selected to excite the system in the absence of

an impedance head that is required by shaker excitation method.
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When using a hammer, there are several important tips for the operator to

obtain satisfactory results (Carfagni and Pierini, 1999b):

e Hammer taps requires certain amount of force, neither too light nor to
heavy.

e One should avoid multiple hammer taps.

e Each hammer tap should be perpendicular to the plate and at the same

point on the plate.

Accelerometer 1 was placed near the excitation point. The plate was discretized
into 18 portions and accelerometer 2 was placed at the centre of each portion for
each tap. The point mobility and transfer mobility spectrum were calculated for
each tap. Two excitation points were randomly selected following the suggestion of
Carfagni and Pierini (1998), i.e. avoiding positions along the edges and the

symmetry axes. The loss factor was then calculated using Equation 7-19.

7.2.4.3 Result and discussion

The measured loss factors as well as the prediction from SEA are shown in
Figure 7-18. The loss factor from SEA is calculated by adding the radiation loss,
coupling loss to the attached plate and the internal loss. The coupling between the
two plates is assumed to be a corner joint with random incidence. One influence of
the bolts and nuts is that the coupling is likely to change from a line corner joint to
lots of discrete point contacts when half bending wave length is approaching the
same magnitude as the dimension of the bolt separation (Craik and Smith, 2000).
This does not happen over the frequency band (100Hz to 6300Hz) shown in Figure
7-18. The other influence that the overlap between the two plates and the bolts
might make the joint behave as if it contains a beam. These influences are likely at
low frequency and are assumed to be negligible. There is also the possibility that
mechanisms such as ‘gas pumping’ within this joint may give rise to additional

damping effects that are not included in the predicted results.

181



There is no significant difference when changing the excitation point position.
The results have generally agreement with the prediction from SEA especially for

frequency band from 250Hz to 1000Hz.
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Figure 7-18 Loss factors measured from power injection method

Power injection method has a relatively simple measurement procedure,
straight forward calculation, reliable results and the applicability for heavily
damped structures (Carfagni and Pierini, 1998). It is thus selected as the loss factor

measurement method in the experiment described in Section 7.7.
7.3 Three-plate system

7.3.1 Introduction

A three-plate system (see Figure 7-19) was built to validate the ray tracing
algorithm. Energy level differences between plate 1 and 3 were measured when
plate 2 is undamped and damped. The findings in Section 5.6 suggest that SEA
tends to over predict the energy level difference between plate 1 and 3 when
subsystem 2 is heavily damped. Comparison between the measured data and

prediction from SEA and the hybrid SEA/ray trace method.

The test subject contains three identical aluminium plates each with a

dimension of 900mm*500mm*2mm and a mass of 2.88kg. They are connected in
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the manner shown in Figure 7-19. A large plate with a dimensions of
1800mm*500mm*2mm was bent through 90° along the centre line to form plate 1
and plate 2 coupled through a corner joint. Plate 2 and plate 3 were connected with
88 3mm nuts and bolts s as shown in Figure 7-19. It was connected in this way
because the equipment available for fabrication the experimental rig cannot bend
irregular shaped plates. Partial free layer damping was applied to plate 1 and plate
3 to add damping to the system in an attempt to avoid energy equipartition within
the whole system as described in Section 3.2.2. If such treatments are not included,
when subsystem 2 is undamped, the energy tends to travel back and forth within
the system and attenuates rather slowly. Under such circumstances, it is unlikely
that a level difference would be measured between subsystem 1 and 3 (referring to

the discussion about weak coupling in Section 3.2.2).

Bolt
Plate 1
Washer
Plate 2
Plate 3
Nut

Figure 7-19 Illustration of three-plate system (photograph taken before nots tightened)

7.3.2 Energy level difference

7.3.2.1 Experimental setup

The energy level difference measurement between plate 1 and plate 3 under

shaker excitation of plate 1 was conducted for two conditions:
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Test 1 no damping on plate 2 (Figure 7-20 a).

Test 2 damping on plate 2 (Figure 7-20 b).

In Test 2, in order to achieve high damping effect, plate 2 was damped with a
combination of constrained layer damping and granular damping. A 3mm thick
green glue layer was applied on top of the base plate and 0.2mm thick aluminium
foil was used as the constrained layer. Additional 3mm thick sand layer was applied
on the constrained layer to give an extra damping effect. The mass of plate 2 when
damped is 3.93kg. The additional damping adds 36% extra weight on plate 2. It is
assumed that this only influences the internal loss within the plate and does not

have significant effect on the transmission at the joints.

The test setup is as shown in Figure 7-20. In each test, a white noise excitation
(frequency from 40Hz to 6300Hz) was applied with unchanged power input. Two
excitation positions were selected (using the same rule described in Section 0).
Acceleration levels of plate 1 and plate 3 were measured using the same
accelerometer. This avoided the potential error introduced by using two
accelerometers with different sensitivities. In each excitation, 20 randomly selected
measurement points were used to give the spatial averaged acceleration level for
each plate. The rule applied in the selection of the measurement points was to
avoid positions near the edges and the excitation point (at least 10cm away). In
each test, 40 separate measurements were conducted to give the acceleration level
of each plate, i.e. 20 measurements for each excitation position. In order to
determine how accurate the mean of a set of measurements is, the standard
deviation and 95% confidence intervals were calculated for each test. The standard

deviation is given by:

sd = (7-21)
and the 95% confidence interval is calculated using:
) ) sd
95%confidence interval = \/—_ X ty0975 (7-22)
n
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where n is the number of measurements and t;, o975 is the value taken from the

students t-distribution for a 95% confidence interval with v degree of freedom (v =

n—1).

Plate 1
I  Accelerometer 1
Shaker
Plate 2
Amplifier
Plate 3
PC
»| Pulse

(a) No damping on plate 2 (b) Plate2 with damping

Figure 7-20 Experiment setup for energy level difference measurement

The energy level difference between plate 1 and plate 3 can thus be obtained by:
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my 7y (f)? _ a(f)?
ms3(f)?*  az(f)? (7-23)

ELD13(f) =

where 7, (f) and 75(f) are the space averaged velocity spectrum for plate 1 and
plate 3, and @, (f) and a;(f) are the space averaged velocity spectrum for plate 1

and plate 3.

7.3.2.2 Results and discussion

The measured energy level differences between plate 1 and plate 3 for the
undamped and damped cases are shown in Figure 7-21. The combination of
constrained layer damping and granular damping appears to have a very good
damping effect. For frequencies above 500Hz, an increase of approximately 15dB in

energy level difference can be observed when plate 2 is damped.
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Figure 7-21 Energy level difference between plate 1 and plate 3

The 95% confidence intervals for the third octave energy level measurements
for both tests are shown in Figure 7-22. Over most of the frequency range, this was

smaller than 1.2dB. Some exceptions occurred at low frequencies but they never
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exceeded 2dB. This suggests sufficient accuracy of the measured data to conclude

that above 500Hz the damping has had a significant effect.
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Figure 7-22 95% confidence intervals for energy level (EL) measurements

7.3.3 Validation of ray tracing
Comparison between the measured energy level difference and predictions
from SEA and a hybrid SEA/ray tracing model are made to test which modelling

method is more accurate in both undamped and damped cases.

7.3.3.1 Loss factor measurement

The power injection method was applied to measure the total loss factor for
plate 1, plate 3 and plate 2 (damped and undamped) in the system shown in Figure

7-20. Same technique was used as described in Section 2.4.

7.3.3.2 SEA and hybrid modelling

An SEA model was been built to estimate the energy level difference for the test
structure (the analysis was similar to the one shown in Section 5.6.4.1). For the
subject studied in this case, a bending only model was used since the mode count

for in-plane waves at the highest 1/3 octave frequency centre frequency (6300Hz)
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are 2.66 for transverse waves and 0.93 for longitudinal waves. According to Hopkins
(2002), SEA works effectively when the mode count exceeds 5. Therefore, in-plane

waves are not considered in this SEA modelling.

The second prediction was made using the hybrid SEA/ray tracing method

described in Chapter 5.

Plate 2 is connected to two other plates rather than four as discussed in Chapter
5. Therefore, a modified ray trace code was written to reflect the fact that there are
only two structural couplings for the damped plate (the analysis was similar to the

one shown in Section 5.4.6.3).
In both cases, the total loss factors measured in Section 7.3.3.1 were used.

7.3.3.3 Result and discussion

The measured loss factors of plate 1, plate 2 (damped and undamped) and plate
3 are shown in Figure 7-23. The combination of constrained layer damping and
granular damping results in a significant increase in loss factor. In the literature, one
usually describes a system is lightly damped when the damping coefficient { < 0.1
(Clarence and Silva, 2007). The corresponding loss factor is 0.2 (see Equation 2-97).
The measured loss factor of plate 2 when it is damped is greater than 0.2 over the
majority of the frequency range. It cannot therefore be described as lightly damped

and may be described as underdamped (see Section 2.4.1).
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Figure 7-23 Measured loss factors for the components in the three-plate test rig

A comparison between the measured level difference between subsystem 1 and
3 and the results from the SEA and hybrid SEA/ray tracing modelling making use of

the measured damping data is shown in Figure 7-24 and Figure 7-25.

Both the SEA and hybrid approaches give satisfactory predictions when
subsystem 2 is undamped (see Figure 7-24), which is expected. SEA gives
approximately 2dB higher prediction values than the hybrid method. From the
results, one may find the hybrid method generally gives better estimation at
frequencies above 1600Hz, while SEA works better over frequency range below
1600Hz. At frequencies below 125Hz, neither method shows good agreement with
the measured data. The frequency at which the bending mode count exceeds 5 is
around 315Hz and as suggested by Hopkins (2002) below this frequencies the mode
count is too low for SEA to work effectively. Over the mid and high frequency range,
the hybrid method is expected to give better estimation because as the frequency
increases the attenuation with distance becomes more significant and the SEA
assumption of a diffuse field is less valid. The attenuation with distance is not that

significant until the frequency exceeds 1600Hz.
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Figure 7-24 Comparison between the measured energy level difference between
subsystem 1 and 3 with SEA and hybrid modelling (No added damping)

When subsystem 2 is damped, SEA generally gives approximately 5dB higher
estimation than the hybrid SEA/ray tracing method. The hybrid method gives better
prediction at frequencies above 1250Hz which is as expected. The unexpected
finding is that it gives worse estimation over frequency range between 250Hz and
1250Hz (see Figure 7-25). When subsystem 2 is heavily damped, it becomes less
modal and SEA tends to be less reliable. Meanwhile, the energy attenuation with
distance tends to be so significant that SEA over predicts the energy level difference
between plate 1 and 3. The hybrid method is thus expected to work better over the
whole frequency range especially at high frequencies where energy attenuation
with distance is more significant. The reason why it is not working properly over
frequency range from 250Hz to 1250Hz is unknown. One possible explanation is
that the measured loss factor of plate 2 when it is damped is lower than the actual
one in mid frequency region (315Hz to 1250Hz). Further modifications of the power
injection method, i.e. using a shaker excitation, increasing the number of
measurements, using a light weight damping treatment etc., can be performed in

the future work.
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Figure 7-25 Comparison between the measured energy level difference between
subsystem 1 and 3 with SEA and hybrid modelling (Damped)

7.4 Conclusion

Several loss factor measurement techniques have been examined in this
chapter. The power injection method was suggested as the most appropriate
technique for measuring structural loss factor in situations where high level of

damping are present.

Experimental validation of the hybrid SEA/ray tracing modelling has been
undertaken for a three-plate system. The power injection method was used to
measure the loss factors, which were utilised in SEA and hybrid modelling. Both the
SEA and hybrid approaches gave satisfactory prediction for an undamped system.
For a damped system, the hybrid method was found work well at frequencies
above 1250Hz. The experimental results suggest that they hybrid method works
well for undamped subsystems and for damped subsystem it gives good

approximation in the high frequency range (above 1250Hz).
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The next question is how one may use ray tracing in conventional SEA modelling
to deal with the transmission problem for systems with heavily damped subsystems,

and how it differs from pure SEA modelling. This will be examined in Chapter 8.
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CHAPTER 8 APPLICATION OF RAY TRACING IN SEA MODELLING

8.1 Introduction

For lightly damped systems (i.e. common masonry buildings), one may use
normal SEA to predict acoustic transmission. For buildings with heavily damped
structural elements, one may still use SEA prediction by modifying the ILFs of these
elements accordingly. One of the fundamental assumptions in SEA is a diffuse field
(Section 3.2.1). As the structural element becomes increasingly heavily damped, the
wave fields it supports are less likely to be diffuse and the energy within the
subsystem is less likely to be evenly distributed. Thus the reliability of the

predictions obtained using SEA are likely to become increasingly doubtful.

An alternative is to use ray trace to account for the behaviour of heavily
damped components within the framework of SEA. The energy transmission along
these damped elements can be determined using ray trace code. This information
can then be substituted back into SEA modelling to work out the energy level
difference between the source and receiver. This approach is called the hybrid

SEA/ray tracing method.

Comparisons between these two approaches are given for a simple one-room
system to understand the implication on performance. This also gives an idea of
reliability of the analysis undertaken in Chapter 4. A bending only model for SEA
modelling is used for a direct comparison with the hybrid approach because the ray
trace code only considers bending transmission. In addition, in-plane waves do not
have significant contributions in the transmission in the frequency range considered

in this case.

8.2 Definition of heavily damped subsystem

Before starting a discussion about the application of ray tracing in SEA
modelling, one needs to understand when a subsystem can be treated as a heavily
damped subsystem. There are three important factors that influence the energy
transmission through a damped subsystem, i.e. subsystem dimension, internal loss

and frequency. One important finding in Chapter 5 (Section 5.6) is the phenomenon
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of energy concentration along the edge. One may use the proposed effective length
ratio as a parameter to determine whether a subsystem is heavily damped since it
is also governed by dimension, internal loss and frequency. The author proposed to
define a heavily damped subsystem as the subsystem that has an effective length
ratio that is less than 0.5, i.e. 90% of the energy transmission across the edge occurs
within the first half of the edge length. By this definition, the transmission through
the first half length is about 9.5dB more important than the last half. This criterion
is suggested as the resulting error equates to the level of uncertainty present in

measured results at high frequencies, e.g. see Figure 7-22.

Recalling the result in Section 7.3.3, the effective length ratio for damped case is
0.525 at 100Hz and 0.125 at 1250Hz. As the frequency increases, the effective
length ratio gets smaller. By using the proposed definition, one may say that
subsystem 2 is a heavily damped subsystem at frequencies above 100Hz. The ray
trace works typically well at frequencies above 1250Hz where the effective length

ratio is below 0.125.

For a common concrete wall with dimension of 4m*2.5m*0.15m with ILF=0.3,
the effective length ratio drops below 0.5 at frequencies above 100Hz (i.e. if one
assumes the shorter edge is the source). Therefore, this concrete wall is treated as
a heavily damped subsystem. In light of this, common masonry structures with
ILF=0.3 can generally be treated as heavily damped subsystems over the majority of
the frequency range (40Hz to 6300Hz). The analysis about the selected one-room

system in this chapter used this definition.

8.3 Simple one room system

Assuming there is a room with a dimension of 3m*4m*2.5m as shown in Figure
8-1, it and its enclosing structure may be described using 7 subsystems (6 structural
subsystems and 1 room). All structural subsystems are assumed to be made from
concrete and share the same thickness and material properties, i.e. h = 0.15m,
p = 2300kg/m3, c, = 3686m/s and ILF = 0.015. The reverberation time for the

room is assumed to be 0.5s. The energy level difference between subsystem 1 and
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subsystem 6 can be predicted using SEA if one assumes only subsystem 1 has a

power input.

End wall 6 2.5m

CejJifig 5
Side wall4 , 7
/7 Side wall 2

“ 4m
, Floor 3

Vi
» Endwall 1
/

4 V\ Room 7

3m \

Power input

Figure 8-1 Illustration of the one room system

8.3.1 Inherent (Case 1)
The system shown in Figure 8-1 may be described using the SEA model and the

classic SEA matrix can be written for the system as:

M1 M21 M1 Mar Ms1 Mer N7aq[Ei] =W/
M2 ~—MNz2 MN32 MNMaz Ns2 Me2  N72 ||E2 0
M3 M2z —M3 M43 Ms3 MNez  MN73 ||E3
Mia  M2a M3a —MNa MNsa Mea N7a ||Ex| =
Ms M2s M3 MNas  —MNs  Nes  MN7s || Es
Me M26e MN3e MNae MNse —MNe MN7e ||Eg

LN17  MN27 M3z MNa7  MNsz7 MNe7  —MN7ILE,1 L

(8-1)

OO O OO

where g1 = 142 = Ns3 = Naq = N35 = N1 = 0. All the loss factors can be readily

calculated using formulas suggested by Craik (1996).

For given power input W;, one may predict the energy level difference between

subsystem 1 and subsystem 6 as:

Ey
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8.3.2 Damping on subsystem 2 (Case 2)

If one applies damping treatment on subsystem 2, i.e. ILF=0.3, subsystem 2 is no
longer modal and needs to be taken out of the SEA model (here it will be referred
to as a ‘coupling element 2’ to distinguish it from a subsystem capable of
supporting modes). However, energy transmissions through path 1-2-3, 1-2-5, 1-2-6
still exist (Figure 8-2). One may use ray tracing code to determine the equivalent
CLFs (between subsystem 1 and 3 via 2, 1 and 5 via 2, and 1 and 6 via 2), and

substitute them into SEA matrix to work out the energy distribution.

Figure 8-2 SEA model when component 2 is heavily damped (only part of the system is
presented)

In the diagram of the systems under investigation, normal SEA subsystems are
represented using solid rectangles with numbers. When a subsystem is heavily
damped, it is treated as a coupling element, represented by circle with a number.
The coupling loss factor between normal SEA subsystems for path 1-2-3 are n,, and
113, represented with solid arrow (Figure 8-3 a). When component 2 is heavily
damped, it can no longer be represented using a subsystem, and the coupling
between subsystem 1 and 3 is denoted as 11,3, which means the equivalent CLF
from subsystem 1 to 3 via coupling element 2. This equivalent CLF is represented
with dashed arrow (Figure 8-3 b). If there are two coupling elements in the path,
the equivalent CLF is denoted as 171234, Which means the transmission occurs from

subsystem 1 to 4 via coupling element 2 and 3(Figure 8-3 c). These notations are
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intended for use in this chapter only and seek to aid the explanation of how heavily

damped elements are accumulated within the SEA framework.

(a) 1 N12 ) MN13 3

(b) 1 |[----- --->1 3

N1243
0 DD

Figure 8-3 Illustration of coupling elements and equivalent CLFs in SEA modelling

In the model presented in Figure 8-1, for path 1-2-i, the energy transmitted

from coupling element 2 to subsystem i has the relationship:

W, = E{wnq3;
2i 1WMN12i (8-3)
where 14,; is the equivalent CLF from subsystem 1 to subsystem i via coupling

element 2.

The energy transmitted from subsystem 1 to coupling element 2 can be written

as:

Wi, = Eyony, (8-4)
Equation 8-3 and 8-4 gives:
g = —T2__
T Whp /Wy (8-5)

The ratio in the denominator can be readily determined from ray tracing code. One

may note that W;,/W,; is always greater than unity, which means the equivalent
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CLF is always smaller than the CLF between the source subsystem and the heavily

damped subsystem.

Therefore, the new CLF from subsystem 1 to subsystem i can be expressed as:

N12

s P— . + [ —
Thi = T Wi2/Wsi (8-6)

This means the CLF from the source subsystem to the other subsystem contains
two parts: one is the direct coupling from the source to the receiver, and the other

considers the transmission via the coupling element.

The general form of the new structural CLF from subsystem i to subsystem j,

where it is assumed that the coupling element is 2, is thus:

Y Y Wiz /Waj (8-7)
The SEA matrix when subsystem 2 is heavily damped is now:

—N1 fis1 Mar fsi fler M7 [E1] [—Wi/ 0]
iz —M3 Maz sz Tlez  M73 ||E3 0
Ma M3a  —Na MNsa MNea N7a||Ea
s Tfizss  Mas  —Ns  fles  N7s |LEs
e Tz Mae Tlse —Me MN76 ||Es

LM17  N37  Maz  Msyz Mer  —N7ILE;L L

(8-8)

S O OO

8.3.3 Damping on subsystem 2 and 4 (Case 3)
When both component 2 and component 4 are damped, i.e. ILF=0.3, they are
both considered as coupling elements. Similar analysis can be completed to give the

new CLFs.

The new structural coupling between subsystem i to subsystem j, where it is
assumed that the coupling elements are 2 and 4, is:
Mi2 Mi4

My =M Wi /Wy Wia/Wy; (8-9)

Therefore, the SEA matrix when both component 2 and 4 are heavily damped is:
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[T 31 51 e N71] E; -W,/w

| 713 —M3 Tlsza Tl M73 || E3 [ 0 ]

|15 flss  —ns fles N7s ||Es|=1 0 | 8-10
Iﬁ16 36 flse M6 MN76 | E¢ [ 0 J (8-10)
l7717 N37  MNs7  Ne7 —777J lE7J 0

8.3.4 Damping on subsystem 2, 3, 4 and 5 (Case 4)

When components 2, 3, 4 and 5 are all damped, i.e. ILF=0.3, they are all
considered as coupling elements. In this case, the SEA model only has three
subsystems, i.e. subsystem 1, 6 and 7. The couplings between the structural
subsystems and the room remain unaltered. The determination of new CLF from
subsystem 1 to subsystem 6 is complicated. The equivalent CLFs for paths such as
path 1-2-6 can be calculated easily. However, for paths such as path 1-2-5-6, the
equivalent CLFs are hard to determine. The ray trace code can predict the
transmission and equivalent CLF for path 1-2-5, but the estimation of the equivalent
CLF for path 2-5-6 is not that reliable. This is because, when component 2 is no
longer modal, the energy transmission from component 2 to 5 is less likely to be a
line source and hence the approximation using discrete acoustic rays with same
initial energy tends to fail. This happens every time two coupling elements are

physically connected.

If one assumes that ray trace still works properly under this circumstance (i.e.
the energy along the source edge is evenly distributed), the new CLF from
subsystem 1 to subsystem 6 is thus:

Firg = Ny + N12 n N14 n N13 n N1s
1o T W Wae  Wig/Wae  Wis/Was  Wis/Wie

n N12s n N123 n N132 n N134 n N143 n N145
Wos/Wse  Was/Wag  Way/Wae = Was/Wye  Waz/Wag  Wys/Wse  (8-11)

N1s2 N154

+ +
WSZ/W56 W54-/W4-6

N12 + N14 113 N15
Wia2/Wae  Wi4/Wae  Wi3/Wze  Wi5/Wse

where 7,4 is the airborne CLF, = MN126 T

N1ae + N136 + N1s6 is the sum of the equivalent direct CLFs (path 1-2-6, 1-4-6, 1-3-6

and 1-5-6), and the rest is the sum of the equivalent first order flanking CLFs (path
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1-2-5-6, 1-2-3-6, 1-3-2-6, 1-3-4-6, 1-4-3-6, 1-4-5-6, 1-5-2-6 and 1-5-4-6). When the
ILFs are high, longer paths do not have significant contribution to the transmission
(referring to Section 4.5 and 4.6). Therefore, longer paths such as path 1-2-3-5-6 are

not included (i.e. only direct paths and 1% order flanking paths are considered).

Similarly, one has:

Fet = Ne1 + Ne2 n Nea n Ne3 n Nes
OO T Wy /Woy T Wea/Way  Wes/Wsy  Wes/Ws,
Ne2s Ne23 Ne32 Ne34 Nea3 Ne4as
+ + + + + +
Was/Ws1  Woa/Way ~ Wap/Woy ~ Wag/Way — Wiz /Way  W,s/Ws,  (8-12)
n Nes2 n Ne54

W52/W51 W54/W41

The SEA matrix for damped subsystem 2, 3, 4 and 5 is thus:

[_771 o1 M71][E1 [—Wl/cu]
ie —MNe MN7el||Es| = 0
N7  Me7 —N7lLE; 0 (8-13)

8.4 Results and discussion

Predictions for the energy level difference between subsystem 1 and 6 for
different damping arrangements are shown in Figure 8-4. Higher energy level
difference can generally be observed when adding damping treatment to the
system. The results from SEA and hybrid SEA/ray tracing predictions have similar
results for Case 2 where only component 2 is damped and Case 3 where both
components 2 and 4 are damped. When components 2, 3, 4 and 5 are all damped
(Case 4), the hybrid method tends to give higher level difference, especially at high
frequencies. One may also find first order flanking transmission in Case 4 makes a
big contribution in the transmission. Considering direct paths only results in over

prediction of the energy level difference.

200



~
o

60
[=2]
°
o 50
o
c
g
@ 40
=
°
230
Q
&
S
520
c
wi
10
0 r— r 1+ T T+ T+ T T+T T 1T 1T 1T T 1T 1T 1T 1T 1T 1T 71T T T
O O m O O N O O O 1N O O O O O O OO © © © o o o
<t 10D W0 O N OO N 4 OO0 MmO o n o o O n o o o
- = 4 N N O < 1D O 0 O N O O 1N 4 O O m
I " H N NN N

Frequency, Hz

No added damping (SEA)

=g Damped subsystem 2 (SEA)

=== Damped subsystem 2 (Ray Trace)

==@=— Damped subsystem 2 and 4 (SEA)

==@=—Damped subsystem 2 and 4 (Ray Trace)

e=fl== Damped subsystem 2, 3, 4 and 5 (SEA)

=== Damped subsystem 2, 3, 4 and 5 (Ray Trace) Direct+1st order
== B= Damped subsystem 2, 3, 4 and 5 (Ray Trace) Direct

Figure 8-4 Energy level difference between subsystem 1 and 6 for one-room system

In order to further understand the reason why SEA and the hybrid approach
give similar results in Case 2 and Case 3, the contribution of specific paths have
been analysed. The discussion in Section 5.6.4 indicates that SEA under predicts the
transmission across the perpendicular edges and over predicts the transmission

across the parallel edge. These errors may cancel with each other in a one-room

system.

If one assumes subsystem 1 is the source, the energy in subsystem n due to

transmission along path 1-2-3-4...n can be given as (Craik, 1996):

N12M23M34 - N(n-1)n
M2M3N4 - NMn (8-14)

En:El
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In Case 2, the same analysis can be performed for path 1-2-3, 1-2-4, 1-2-6 and

path 1-2-1. In pure SEA modelling, one has:

B —E N12M23

T mams (8-15)
E —E N12M24

! ! M2M4 (8-16)
E—E N12M26

T myme (8-17)
B =F N12M21

P (8-18)

The total energy contribution from subsystem 1 via subsystem 2 to other structural

subsystems is thus:

N12723 +E, N12M24 +E, N12M26 +E, N12M21
M213 N214 M2Me N2 (8-19)

Espq = E;

If one excludes subsystem 2 from the SEA model and uses equivalent CLF, one has:

E.—E N123
T, (8-20)
B —E N124
T g, (8-21)
E —F N126
T e (8-22)
B —F N121
Ty (8-23)

Similarly, the total energy contribution is:

N123 N124 N126 N121
ERay Trace = E1 + E; + E; + E;

M3 M4 M6 M (8-24)

The difference between Eggy, rrqce and Eggy is thus:

202



N123 | N124 | N126 ;| N121
L2ty 126 4
—101o M3 N4 Ne 1
810 71,753 4 Mi2N24 | Mizl2e | Mizll21 (8-25)
N2M3 N2N4 N2Me N2M1

ERay Trace

101logqg

SEA

The same analysis can be performed for path 3-2-1, 3-2-6, 3-2-5 and 3-2-3. The
result is shown in Figure 8-5. If the energy enters subsystem 2 through the coupling
between subsystem 1 and 2, SEA under predicts the overall energy that leaves
subsystem 2. If the energy enters subsystem 2 through the coupling between
subsystem 3 and 2, SEA over predicts the total energy that leaves subsystem 2.
Those two errors have similar values and tend to cancel with each other. As a result,
SEA gives similar prediction result as ray trace. Same curve can be obtained for Case

3 because of geometry similarity.
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Figure 8-5 Difference between the total energy contribution from subsystem 1
(subsystem 3) via subsystem 2 predicted by Ray trace and SEA (Case 2 and 3)

Recalling the analysis in Section 5.6.4, SEA under predicts the transmission
through the edges that are perpendicular to the source edge and over predicts the
transmission through the edges that are parallel to the source edge. One can
conclude that if the energy enters through the shorter edge, SEA over predicts the
energy loss within that component, and if the energy enters through the longer

edge, SEA under predicts the energy loss within that component.

203



For Case 4, since none of components 2, 3, 4 and 5 is modal, Equation 8-14 can

only be used to describe the transmission between subsystem 1 and 6. Hence, one

has:
16
ERay Trace = E1 E (8-26)
Esps = E, (77127726 n N13M36 n N14M46 n N15Ms6 n N12M23M36 n N12M25Ms6
N2Me N3Me N4Ne NsNe N2M3Me N2MsMe

n N13M327M26 n N13M34MN46 n N14M43M36 " N14M4sMs6

N3MN2Me N3NaNe NaN3Ne NaMsTe (8-27)
n N1sNs2M26 + 771577547746)

NsN2Me NsNaNe

where direct paths (i.e. path 1-2-6, 1-3-6, 1-4-6 and1-5-6) and first order flanking
paths (i.e. path 1-2-3-6, 1-2-5-6, 1-3-2-6, 1-3-4-6, 1-4-3-6, 1-4-5-6, 1-5-2-6 and 1-5-

4-6) are considered.

The result for Case 4 is shown in Figure 8-6. SEA tends to predict higher
transmission from subsystem 1 to subsystem 6. In this case, over prediction of the
transmission via the parallel edge dominates the influence of underestimating the
transmission via the perpendicular edges and results in an over prediction of the
total transmission. This is the reason why SEA shows a smaller energy level
difference to the hybrid method in Figure 8-4 and the divergence between two

modelling methods tends to increase at higher frequencies.
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Figure 8-6 Difference between the total energy contribution from subsystem 1 to
subsystem 6 predicted by Ray trace and SEA (Case 4)

To further understand the prediction difference when the coupling elements
are physically connected, the same analysis is done assuming the case where
components 2 and 3 are damped, and another case where components 2, 3 and 4
are damped. Again, only direct paths and first order flanking paths are considered.
The result is shown in Figure 8-7. One may find the difference between SEA and the
hybrid prediction is small when only some of the flanking structures are heavily
damped. The difference becomes more significant if one increases the frequency or
the number of damped components. Significant difference occurs when all of the
flanking structures (i.e. subsystem 2, 3, 4 and 5) are heavily damped, i.e. all the
paths except the air-borne path 1-7-6 have been damped. This finding suggests that
when all of the structural paths are damped, SEA tends to over predict the
transmission. Referring back to the discussion in Chapter 4, a greater benefit of

applying damping treatment can be expected.
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Figure 8-7 Difference between the total energy contribution from subsystem 1 to
subsystem 6 predicted by Ray trace and SEA for different numbers of coupling elements

A plot of the energy level difference between subsystem 1 and 3 when
subsystem 5 is damped and undamped due to specific path 1-5-6 is shown in Figure
8-8 to help explain the result in Figure 8-7. There exists significant difference
between SEA and ray trace prediction for specific path when subsystem 5 is
damped. When not all of the structural paths are damped, the transmission
between subsystem 1 and 6 is dominant by the undamped paths so the difference
between SEA and ray trace prediction is not obvious. This is another reason why
SEA and ray trace show no significant difference in case 1 and 2 as shown in Figure
8-4. When all of the structural paths are damped, the estimation difference

becomes much more obvious.
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Figure 8-8 Energy level difference between subsystem 1 and 6 when subsystem 5 is
damped and undamped due to specific path 1-5-6

8.5 Conclusion
A definition of heavily damped subsystem is proposed as the subsystem with

effective length ratio smaller than 0.5.

Implication of ray trace in SEA frame work has been done for a one-room
system. The result shows that the prediction from pure SEA for damped system is
relatively reliable when a small number of the structural components are heavily
damped because the prediction errors tends to cancel with each other and the
transmission is dominated by paths that are not damped. When all of the structural
paths are damped, SEA tends to underestimate the energy level difference, which
implies a greater benefit may be observed when applying damping treatments

globally such as in he case studied in Chapter 4.

The above findings are valid for simple one-room system and are believed to
reflect the system behaviour for more complicated systems since the underlying
principle does not change. Further validation of these findings for more
complicated systems is far more complicated and would require further

investigation.
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CHAPTER 9 SUMMARY AND RECOMMENDATIONS FOR FUTURE
WORK

9.1 Summary

This study aims to examine the potential benefit of applying passive damping
technique to increase sound insulation in complex large buildings. Different
mathematical models have been reviewed in order to understand the underlying
principle of damping mechanisms. Statistical Energy Analysis has been chosen as
the theoretical modelling framework due to its reliability and relatively simplicity in
modelling complex vibrational problems. Both the advantages and limitations of
SEA have been studied, which allows one to determine the applicability of SEA

modelling.

Nine different theoretical models have been examined using both bending only
and three wave SEA models. These models are constructed from simple two-room
system to complex 24-room system. Common masonry material properties are
used to represent real buildings. The general findings suggest that the effect of
global damping application result in a better acoustic insulation and the initial
application has better benefit. Damping treatment is found to be more effective for
longer paths and as internal damping is increased, short paths, i.e. the direct path,

tends to dominate transmission.

A forward path tracing algorithm has been developed to simulate the energy
transmission through a heavily damped subsystem where SEA modelling tends to
fail. A theoretical study of a 5-subsystem system is given and the direct field is
found to dominate the transmission when the plate is heavily damped. Energy
attenuation with distance (which is influenced by the internal damping and
frequency), and transmission through edges (which occurs each time the rays are
reflected from a boundary connected to other structural elements) are the two
governing mechanisms. The phenomenon of energy concentration is observed
along edges that are perpendicular to the source edge. A parameter named
‘effective length ratio’ is proposed to quantify this phenomena. Comparison

between pure SEA and hybrid SEA/ray tracing modelling suggests that SEA tends to
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over predict the transmission through an edge that is parallel to the source edge
and under predict the transmission through edges that are perpendicular to the

source edge.

Different passive damping treatment techniques including free layer damping,
constrained layer damping, tuned mass damping and granular damping were
reviewed. Constrained layer damping was found to be able to give a better loss

factor and is suitable for building noise control.

Several loss factor measurement techniques were examined. A power injection
method was selected for further validation of the ray trace code (hybrid method)
due to its simplicity and reliability. Ray trace modelling has been validated by
measuring the energy level difference within a three-plate system. It has been
proven to work properly over all frequency bands above 1,600Hz for undamped
case and gave good prediction for heavily damped case at frequencies above
1250Hz. It is proposed that a structural element with an effective length ratio below

0.5 can be defined as heavily damped.

Comparison between pure SEA and hybrid SEA/ray tracing modelling is given for
one-room system. SEA generally gives similar result when part of flanking
subsystems are damped as the prediction errors tend to cancel with each other and
the undamped paths tend to dominate the transmission. When all of the structural
paths are damped, SEA tends to over predict the transmission and results in
underestimation of the energy level difference. The predictions of the energy level
difference in Chapter 4 should have larger values and it suggests better sound
insulation. The application of damping treatments can offer improvement in sound

insulation in complex/large building structures

9.2 Recommendations for future work
The analyses in Chapter 4 and Chapter 8 are purely theoretical. Further
experimental work is needed to validate predictions. One may study the damping

effect in either real buildings or scale models to see the accuracy of the estimations.
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The effect of global application of damping treatments on sound insulation
improvement has been examined. Further study can be undertaken to explore the

effect of damping application on parts of the system.

The current ray trace code only deals with transmission across a corner. Further
development can be carried out to explore transmission across other types of joint.

Wave conversion at the boundary could also be taken into consideration.

Using a combination of constrained layer damping and granular damping results
in a very good damping effect on aluminium plate. The effectiveness of applying
such technique on concrete walls or floors needs further validation. The effect of
additional weight (introduced by damping treatment) on the wave propagation

within the plate also needs to be studied.

Modifications can be done in using power injection method to measure the loss
factor. Shaker excitation can provide constant power input and hence will provide
more stable results. Using laser vibrometer instead of accelerometers may reduce

the errors introduced by accelerometer mass.

Further comparison between pure SEA and hybrid SEA/ray tracing methods is

needed for more complex systems.
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APPENDICES

Appendix 1: Script for generating SEA models
This script is based on the program language used in Parallel Programmable
Calculator. Specific numbering systems are applied to create rooms, end walls, front

walls, floors and joints. The script to create a 2*2*2 system is:

zap * * *
isystem 3 9 4 2

4 2 2

0 10 1 0 10000

Sa=2 $b=2 S$Sc=2 $1=4 S$w=3 $h=2.5 $i=0.015 $r=0.5 for $x 1 1 S$a for Sy
1 1 $b for $z 1 1 Sc isubsystem [100 Sx * 10 Sy * + Sz +] 1
$1 Sw Sh Sr /* room */

for $x 1 1 $a for Sy 1 1 $b for $z 1 1 $c isubsystem [1000 100 Sy

* 4+ 10 $z * + 1 +] 2 Sw Sh 0.1 2 2000 0.2
2 324 $i  /* Plate */

for $x 2 1 $a for $y 1 1 $b for $z 1 1 $c isubsystem [1000 sx *
100 Sy * + 10 Sz * + 1 +] 2 Sw $h 0.2 2 2000
0.2 2 162 $i  /* Plate */

for $x 1 1 $a for $y 1 1 $b for $z 1 1 $c isubsystem [$a 1 + 1000
* 100 $y * + 10 $z * + 1 +] 2 Sw Sh 0.1 2 2000
0.2 2 324 $i  /* Plate */

for $x 1 1 $a for Sy 1 1 Sb for $z 1 1 $c isubsystem [1000 $x *
100 + 10 $z * + 2 +] 2 $1 Sh 0.1 2 2000
0.2 2 324 $i  /* Plate */

for $x 1 1 $a for Sy 2 1 $b for $z 1 1 $c isubsystem [1000 s$x *
100 Sy * + 10 $z * + 2 +] 2 $1 Sh 0.1 2 2000
0.2 2 324 $i /* Plate */

for $x 1 1 $a for Sy 1 1 $b for $z 1 1 $c isubsystem [$b 1 + 100
* 1000 $x * + 10 Sz * 4+ 2 +] 2 $1 Sh 0.1 2
2000 0.2 2 324 $i  /* Plate */

for $x 1 1 $a for Sy 1 1 Sb for $z 1 1 $c isubsystem [1000 s$x *
100 Sy * + 10 + 3 +] 2 S$1 Sw 0.15 2 2300
0.2 2 127 $i  /* Plate */

for $x 1 1 $a for Sy 1 1 $b for $z 2 1 $c isubsystem [1000 $x *
100 Sy * + 10 $z * + 3 +] 2 $1 Sw 0.15 2
2300 0.2 2 127 $i  /* Plate */

for $x 1 1 $Sa for $y 1 1 $b for $z 1 1 $c isubsystem [$Sc 1 + 10 *
1000 $x * + 100 Sy * + 3 +] 2 $1 Sw 0.15 2
2300 0.2 2 127 $i  /* Plate */

/* Input joint details */
for $x 1 1 $a for $y 1 1 $b for $z 1 1 $c SR=(1000 $x *) ijoint [SR

10110 +] [SR 112 +] [SR 113 +] 0 © S1 1 /* Normal joint
*/

for $x 1 1 $a for Sy 1 1 Sb for $z 2 1 $c SR=(1000 S$x * 10 Sz * +)
ijoint [SR 10100 +] [SR 102 +] [SR 103 +] [SR 92 +] O S1 1

/* Normal joint */

for $x 1 1 $a for Sy 1 1 $b for $z 1 1 S$c SR=(1000 $x * 10 S$Sc * +)
ijoint [$R 10110 +] [SR 113 +] [SR 102 +] 0 O S1 1 /*
Normal joint */
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for $x 1 1 $a for Sy 2 1 $b for $z 1 1 Sc $R=(1000 $x * 100 Sy * +)
ijoint [$R 10010 +] [SR 87 -] [SR 12 +] [SR 13 +] O S1 1
/* Normal joint */

for $x 1 1 $a for Sy 2 1 Sb for $z 2 1 $c SR=(1000 S$x * 100 Sy * +
10 $z * +) ijoint [$R 10000 +] [SR 2 +] [SR 3 +] [SR 8 -] [SR 97 -]
S1 1 /* Normal joint */

for $x 1 1 $a for Sy 2 1 $b for $z 1 1 S$Sc $R=(1000 $x * 100 Sy * +
10 $c * +) ijoint [SR 10010 +] [SR 13 +] [SR 2 +] [SR 87 -] O S1
1 /* Normal joint */

for $x 1 1 $a for Sy 1 1 $b for $z 1 1 Sc $SR=(1000 $x * 100 Sb * +)
ijoint [$R 10110 +] [SR 13 +] [SR 112 +] 0 O sl 1 /*
Normal joint */

for $x 1 1 $a for Sy 1 1 Sb for $z 2 1 $c SR=(1000 $x * 100 S$b * +

10 Sz * +) ijoint [SR 10100 +] [SR 92 +] [SR 3 +] [$R 102 +] O S1
1 /* Normal joint */

for $x 1 1 $a for Sy 1 1 S$b for $z 1 1 S$c $SR=(1000 $x * 100 S$b * +
10 $c * +) ijoint [SR 10110 +] [SR 102 +] [$R 13 +] 0 O s1 1

/* Normal joint */

for $x 1 1 $a for $y 1 1 $b for $z 1 1 $c SR=(10 $z *) ijoint [SR

21110 +] [$R 1101 +] [SR 1102 +] 0 0 $h 1 /* Normal joint
*/

for $x 2 1 $a for Sy 1 1 $b for $z 1 1 $c $SR=(1000 $x * 10 $z * +)
ijoint [$R 20110 +] [SR 898 -] [SR 101 +] [S$R 102 +] O Sh 1

/* Normal joint */

for $x 1 1 $a for Sy 1 1 Sb for $z 1 1 $c S$R=(1000 Sa * 10 Sz * +)
ijoint [$R 21100 +] [S$R 102 +] [SR 1101 +] 0 O Sh 1 /*
Normal joint */

for $x 1 1 $a for Sy 2 1 $b for $z 1 1 $c S$SR=(100 $y * 10 $z * +)
ijoint [$R 21000 +] [SR 1001 +] [SR 1002 +] [SR 901 +] O $h 1
/* Normal joint */

for $x 2 1 $a for Sy 2 1 $b for $z 1 1 S$c $R=(1000 $x * 100 Sy *
10 $z * +) ijoint [SR 20000 +] [SR 1 +] [$R 2 +] [$R 99 -1 [SR 998
Sh 1 /* Normal joint */

for $x 1 1 $a for Sy 2 1 Sb for $z 1 1 $c SR=(1000 S$a * 100 Sy *
10 $z * +) ijoint [SR 21000 +] [SR 901 +] [SR 2 +] [SR 1001 +]
Sh 1 /* Normal joint */

1+

o +

for $x 1 1 $a for Sy 1 1 $b for $z 1 1 $c S$SR=(100 $b * 10 $z * +)
ijoint [SR 21100 +] [$R 1102 +] [SR 1001 +] 0 O Sh 1 /*
Normal joint */

for $x 2 1 $a for Sy 1 1 $b for $z 1 1 S$Sc $R=(1000 $x * 100 S$b * +
10 $z * +) ijoint [SR 20100 +] [SR 102 +] [$R 1 +] [SR 898 -1 0

Sh 1 /* Normal joint */

for $x 1 1 $a for Sy 1 1 Sb for $z 1 1 $c SR=(1000 S$a * 100 S$b * +
10 $z * +) ijoint [SR 21100 +] [$R 1001 +] [SR 102 +] 0 O $Sh
1 /* Normal joint */

for $x 1 1 $a for $y 1 1 $b for $z 1 1 $c SR=(100 Sy *) ijoint [SR

31010 4] [SR 1011 4] [SR 1013 +] 0 O Sw 1 /* Normal joint
*/

for $x 1 1 $a for Sy 1 1 $b for $z 2 1 $c SR=(100 Sy * 10 S$z * +)
ijoint [$R 31000 +] [$SR 1001 +] [$SR 1003 +] [SR 991 +] O Sw 1

/* Normal joint */

for $x 1 1 $a for $y 1 1 $b for $z 1 1 $c S$R=
ijoint [SR 31010 +] [$R 1013 +] [SR 1001 +]1 O
Normal joint */

(100 Sy * 10 Sc * +)
0 Sw 1 /*
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for $x 2 1 $a for Sy 1 1 S$b for $z 1 1 Sc $R=(1000 $x * 100 Sy * +)

ijoint [SR 30010 +] [SR 987 -] [SR 11 +] [SR 13 +] O
/* Normal joint */
for $x 2 1 $a for Sy 1 1 Sb for $z 2 1 $c SR=(1000 $x

Sw 1

* 100 Sy * +

10 $z * +) ijoint [S$R 30000 +] [SR 1 +] [SR 3 +] [SR 9 -] [SR 997 -]

Sw 1 /* Normal joint */

for $x 2 1 $a for Sy 1 1 $b for $z 1 1 $c SR=(1000 $x * 100 $y * +
10 $c * +) ijoint [$R 30010 +] [SR 13 +] [SR 1 +] [SR 987 -1 O Sw
1 /* Normal joint */

for $x 1 1 $a for Sy 1 1 $b for $z 1 1 Sc $SR=(1000 $a * 100 Sy * +)

ijoint [$R 31010 +] [$SR 13 +] [SR 1011 +] 0 O Sw
Normal joint */
for $x 1 1 $a for Sy 1 1 Sb for $z 2 1 $c SR=(1000 $Sa

1 /*

* 100 Sy * +

10 Sz * +) ijoint [SR 31000 +] [S$R 991 +] [SR 3 +] [SR 1001 +] O

Sw 1 /* Normal joint */
for $x 1 1 $a for Sy 1 1 $b for $z 1 1 $c $R=(1000 Sa

* 100 $y * +

10 $Sc * +) ijoint [SR 31010 +] [SR 1001 +] [SR 13 +] 0 O Sw 1

/* Normal joint */

/* Calculate CLFs */
for $x 1 1 $a for Sy 1 1 $b for $z 1 1 $c clf [1000 100

Sy * + 10 Sz

* 4+ 1 +] [100 10 Sy * + $z +] [$w $h *] [$w $h + 2 *] /* CLF room to

wall */

for $x 2 1 $a for Sy 1 1 $b for $z 1 1 $c clf [1000 $x
10 $z * + 1 +] [100 $x * 10 Sy * + $z +] [Sw Sh *] [Sw
CLF room to wall */

for $x 2 1 $a for Sy 1 1 $b for $z 1 1 $c clf [1000 sx

* 100 Sy * +
$h + 2 *] /*

* 100 Sy * +

10 $z * + 1 +] [100 $x * 10 Sy * + Sz + 100 -] [Sw Sh *] [$Sw S$Sh + 2

*] /* CLF room to wall */

for $x 1 1 $a for Sy 1 1 $b for $z 1 1 $c clf [1000 Sa
10 $z * + 1001 +] [100 $a * 10 Sy * + Sz +] [Sw $Sh *]
/* CLF room to wall */

for $x 1 1 $a for Sy 1 1 Sb for $z 1 1 $c clf [1000 $x

* 100 Sy * +
[Sw Sh + 2 *]

* 100 + 10 sz

* 4+ 2 4] [100 $x * 10 + $z +] [$1 $h *] [$1 $h + 2 *] /* CLF room to

wall */

for $x 1 1 $a for Sy 2 1 $b for $z 1 1 $c clf [1000 sx
10 $z * + 2 +] [100 $x * 10 Sy * + $z +] [$S1 Sh *] [S$1
CLF room to wall */

for $x 1 1 $a for Sy 2 1 $b for $z 1 1 $c clf [1000 S$x
10 $z * + 2 +] [100 $x * 10 Sy * + Sz + 10 -] [$1 $h *]
/* CLF room to wall */

for $x 1 1 $a for Sy 1 1 $b for $z 1 1 $c clf [1000 S$x
10 $z * 4+ 102 +] [100 $x * 10 Sb * + Sz +] [$1 $h *]
/* CLF room to wall */

for $x 1 1 $a for Sy 1 1 Sb for $z 1 1 $c clf [1000 $x

* 100 Sy * +
Sh + 2 *] /*

* 100 Sy * +
[$1 $h + 2 *]

* 100 $b * +

[$1 Sh + 2 *]

* 100 Sy * +

10 + 3 +] [100 $x * 10 Sy * + 1 +]1 [$1 Sw *] [S$1 Sw + 2 *] /* CLF

room to wall */

for $x 1 1 $a for Sy 1 1 $b for $z 2 1 $c clf [1000 $x
10 $z * + 3 +] [100 S$x * 10 Sy * + Sz +] [S1 Sw *] [$1
CLF room to wall */

for $x 1 1 $a for Sy 1 1 $b for $z 2 1 $c clf [1000 S$x
10 $z * + 3 +] [100 $x * 10 Sy * + Sz + 1 -1 [$1 Sw *]
/* CLF room to wall */

for $x 1 1 $a for Sy 1 1 $b for $z 1 1 $c clf [1000 sx
10 $Sc * + 13 +] [100 $x * 10 Sy * + Sc +] [S1 sSw *] [S1
CLF room to wall */
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* 100 Sy * +
Sw + 2 *] /*

* 100 Sy * +
[S1 Sw + 2 *]

* 100 Sy * +
Sw + 2 *] /*



joint *

dwin 211 100
ftlf

HEALTH

solve
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Appendix 2: Ray tracing code

%% Ray trac

clc

er for 5 connected concrete plates

£f=[40 50 63 80 100 125 160 200 250 315 400 500 630 800 1000 1250

1600 2000 2
mat EL xa=z
N=50;%the t
a=2;%the le
b=2;%the wi
n=100; $numb
m=20; $discr
ang=180; $nu
and 180)

500 3150 4000 5000 6300];
eros (length(£f),1);

imes of reflection

ngth of the plate

dth of the plate

er of point sources (excluding (0,0) and (a,0))

itize the boundary into m part
mber of rays for each point source (ang rays,

excluding O

mat int=zeros(3*ang* (n-1)+3*ang,N+1);%the matrix that store all the

intersectio

n data

mat xa=zeros (3*ang* (n-1)+3*ang,N+1);%the matrix that store

information

ET all x0=0;
ET all xa=0;
ET all yb=0;

ET all=[0];

%% Create a
for num f=1
for num n=1
for num

for

of intersectins on x=a
4
4

’

ray
:length (£f)
:n
_ang=1l:ang
num=1:N
numl=3*ang* (num n-1)+3*num ang-2;
num2=3*ang* (num n-1)+3*num ang-1;
num3=3*ang* (num n-1)+3*num_ang;
mat int (numl,1l)=a/(n+l)*num n;
mat int (num3,1)=180/(ang+l) *num_ang;

%$initilization
x0=mat_ int (numl, num) ;
yO=mat int (num2, num) ;
theta=mat int (num3, num)/180*pi;
%create matrix

A x0O=[tan(theta),-1;1,0];

B x0=[tan (theta) *x0-y0;0];

A xa=[tan(theta),-1;1,0];
B xa=[tan (theta) *x0-y0;a]l;

A yO=[tan(theta),-1;0,1];
B _yO=[tan(theta) *x0-y0;0];

A yb=[tan(theta),-1;0,1];
B _yb=[tan (theta) *x0-y0;b];
if mat int (num3,1)==90

mat int (numl,num+l)=mat int (numl,1);
mat int (num2,num+l)=(l-rem(num+l,2)) *b;
mat int (num3, num+1)=90;

else
%solve the matrix
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C_x0=A x0\B_ x0;
C_xa=A xa\B_xa;
C_y0=A yO\B yO;
C_yb=A yb\B yb;

%$Reflections=(num)% show reflection times

$check wheather the ray hits the line x=0
if C x0(1,1)~=x0 && C x0(2,1)~=y0 && C x0(2,1)>0 &&
C x0(2,1)<b;
mat int (numl,num+1)=C x0(1,1);
mat int (num2,num+1)=C x0(2,1);
mat int (num3, num+1l)=180-mat int (num3,num);%store
new data in vec int
%'The ray hits x=0"'
%C_x0
else
$check wheather the ray hits the line x=a
if C xa(l,1)~=x0 && C xa(2,1)~=y0 && C xa(2,1)>0
&& C xa(2,1)<b;
mat_int (numl, num+1)
mat _int (num2, num+1l)=C x
mat int (num3, num+1)=180-
mat int (num3, num); $store new data in vec int
%'The ray hits x=a'
%C_xa
else
%check wheather the ray hits the line y=0
if C y0(1,1)~=x0 && C _y0(2,1)~=y0 &&
C y0(1,1)>0 && C yO0(1,1)<a;

(1,1);

=C_x ,
C (2,1);

a
a

mat _int (numl,num+1)=C y0(1,1);
mat int (num2,num+1)=C y0(2,1);
mat int (num3, num+1)=180-
mat int (num3, num); $store new data in vec int
%'The ray hits y=0"'
%C_vyO0
else
%check wheather the ray hits the line
y=b
if C yb(1,1)~=x0 && C _yb(2,1)~=y0 &&
C yb(1,1)>0 && C yb(1l,1)<a;
mat int (numl,num+1)=C yb(1,1);
mat int (num2,num+1)=C yb(2,1);
mat int (num3, num+1)=180-
mat int (num3, num); $store new data in vec int
%'The ray hits y=b'

%C_yb
else
%'The ray hits nothing’
end
end
end
end
$mat all (numl:num3, :)=mat int; %show all the data of
intersection
% mat all
end
end
end
end
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mat int

%% Creat the distance matrix
$The first column is the initial condition [x0;Imaginary reflection
angle;start angle]
%$0ther columns follow [Distance between the intersection to the
previous intersection; Reflection angle; Incident angle]
mat dis=zeros(3*ang* (n-1)+3*ang,N+1);
for num n=1:n
for num ang=1l:ang
for num=1:N
numl=3*ang* (num n-1)+3*num ang-2;
num2=3*ang* (num n-1)+3*num ang-1;
num3=3*ang* (num n-1)+3*num_ang;
mat dis(numl,l)=mat int (numl,1);
mat dis(num2,1)=abs (90-mat_int (num3, 1)) ;
mat dis(num3,1l)=mat int (num3,1);
mat dis (num3, num+l)=mat int (num3,num);
mat dis(numl,num+l)=((mat_int (numl,num+1) -
mat_int (numl,num)) "2+ (mat_int (num2,num+l)-mat int (num2,num))"2)"~0.5;
= |

if (mat_int (num2,num)==b && mat int (num2, num+1l)==0) |
(mat_int (num2,num+l)==b && mat int (num2, num)==0) ||
(mat_int (numl,num)==0 && mat int (numl, num+l)==a) ||
(mat int (numl,num)==a && mat_ int (numl, num+1)==0)
mat dis (num2,num+l)=mat dis (num2,num);
else
mat dis (num2,num+1)=90-mat dis (num2, num) ;
end
end
end
end
mat dis

%% Create incident energy matrix

% [Incident energy, Reflection angle, Incident angle]
mat E=zeros (3*ang* (n-1)+3*ang,N+1);

PR=0.2;

h=0.15;

E=30*10"9;

m_surface=2300*h;

B real=E*h"3/12/(1-PR"2);

LF=0.3;
cB=(4*pi”2*B real.*f (num f)”"2/m surface).”0.25;
kB rea=2*pi*f (num f)/cB;

kB ima=kB rea*LF/4;

wavelength=cB./f;

for num n=1:n
for num ang=1l:ang
for num=1:N+1

numl=3*ang* (num n-1)+3*num ang-2;
num2=3*ang* (num n-1)+3*num_ang-1;
num3=3*ang* (num_n-1)+3*num_ang;
mat E (num2,num)=mat dis (num2,num) ;
mat E (num3,num)=mat dis (num3,num) ;
mat E(numl,1l)=mat dis(numl,1);
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mat E(numl,2)=exp(-2*kB_ima*mat dis (numl,2));
if num>2
mat E (numl, num)=mat E (numl,num-1)*exp (-

2*kB_ima*mat dis (numl,num))*(1-0.5* (cos(mat dis (num2, num-
1)*pi/180))"2);

else

end

end
end

end

mat E;

% Discretization
Discretize each boundary into m parts.

o
o

) ;
IE xa=zeros (m+l,ang+l);%Incident energy on
IE x0O=zeros (m+l,ang+l);%Incident energy on
IE yb=zeros (m+l,ang+l);%Incident energy on
IE yO=zeros (m+l,ang+l);%Incident energy on

dis=zeros (3*ang*n,N+1

*<‘~<”I.'><><
o0 oW

for num m=1:m
for num ang=1l:ang
for num n=1:n
for num=1:N+1
for num ang2=1:ang

numl=3*ang* (num n-1)+3*num_ang-2;
num2=3*ang* (num n-1)+3*num ang-1;
num3=3*ang* (num n-1)+3*num_ang;
IE xa(l,num _ang2+1)=180/(ang+l) *num_ang2;

IE xa(num m+l,1)=b/m*num m;
IE_xO(l,num_ang2+l)=l80/(ang+l)*num_ang2;
IE x0 (num m+1l,1)=b/m*num m;

IE yb(1,num_ang2+1)=180/ (ang+l) *num ang2;
IE yb(num m+l,1)=a/m*num m;
IE_yO(l,num_ang2+l)=l80/(ang+l)*num_ang2;
IE yO(num m+l,1)=a/m*num m;

if num>1 && mat int (numl,num)==a &&

mat E (num3,num)== IE xa(l,num ang2+l) &&

mat int (num2,num)>b/m* (num m-1) && mat int (num2,num)<= b/m*num m

IE xa(num m+l,num ang+l)=IE xa(num m+l,num_ang+l)+mat E (numl,num);

else

end

if num>1 && mat int (numl,num)==0 &&
mat E (num3,num)== IE x0(l,num ang2+l) &&

mat int (num2,num)>b/m* (num m-1) && mat int (num2,num)<= b/m*num m

IE x0 (num m+1,num ang+l)=IE x0 (num m+l,num ang+l)+mat E (numl, num);

else

end

if num>1 && mat int (num2, num)==b &&
mat E(num3,num)== IE yb(l,num ang2+l) &&

matiint(numl,num)>a/m*(numfm—l) && mat int (numl, num) <= a/m*numﬁm
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IE yb (num m+1l,num ang+l)=IE yb (num m+l,num_ang+l)+mat E (numl, num);

else

end

if num>1 && mat int (num2,num)==0 &&
mat E (num3,num)== IE yO0(l,num ang2+l) &&

mat int (numl,num)>a/m* (num m-1) && mat int (numl,num)<= a/m*num m

IE yO(num m+1l,num ang+l)=IE yO (num m+l,num_ang+l)+mat E (numl, num);

else
end
end
end
end
end
end

%% Energy transmitted
ET xa=zeros (m+l,ang+l);%energy transmited through xa

ET xa(:,1)=IE xa(:,1);
ET xa(l,:)=IE xa(l,:);
for num m=2:m+1
for num ang=2:ang+l
if IE xa(l,num _ang)<90

ET_xa(num_m,num_ang)=IE_xa(num_m,num_ang)*(cos(IE_xa(l,num_ang)*pi/l
80))"2;

else

ET xa(num m,num_ang)=IE xa(num m,num_ang)* (cos (pi-

IE xa(l,num_ang)*pi/180))"2;

end

end

end
ET all xa(num f)=sum(ET xa(2,2:end));

ET xO=zeros(m+l,ang+l);%energy transmited through x0

ET x0(:,1)=IE xa(:,1);
ET x0(1,:)=IE xa(l,:);
for num m=2:m+1
for num ang=2:ang+l
if IE x0(1,num_ang)<90

ET x0(num m,num ang)=IE x0 (num m,num_ang) * (cos (IE x0(1,num ang)*pi/1
80))"2;

else

ET x0(num m,num ang)=IE x0 (num m,num_ang) * (cos (pi-

IE x0(1,num ang) *pi/180))"2;

end

end

end
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ET all x0(num_ f)=sum(ET x0(2,2:end));
ET yb=zeros(m+l,ang+l);%energy transmited through yb

ET yb(:,1)=IE yb(:,1);
ET yb(l,:)=IE yb(1l,:);
for num m=2:m+1
for num ang=2:ang+l
if IE yb(l,num ang)<90

ET_yb(num_m,num_ang)=IE_yb(num_m,num_ang)*(cos(IE_yb(l,num_ang)*pi/l
80))"2;

else

ET yb(num m,num ang)=IE yb (num m,num ang)* (cos (pi-

IE yb(l,num _ang)*pi/180))"2;

end

end

end
ET all yb(num f)=sum(ET yb(2,2:end));

ET yO=zeros(m+l,ang+l);%energy transmited through yO0

ET yO(:,1)=IE yO0(:,1);
ET y0(1,:)=IE yO(1,:);
for num m=2:m+1
for num ang=2:ang+l
if IE yO0(1l,num _ang)<90

ET yO(num m,num ang)=IE y0 (num m,num_ang) * (cos (IE yO(1,num ang)*pi/1
80))"2;

else

ET yO0(num m,num _ang)=IE yO0(num m,num _ang)* (cos (pi-

IE yO0(l1,num ang) *pi/180))"2;

end

end

end
ET all yO(num f)=sum(ET yO0(2,2:end));

end

ET all xa=ET all xa'
ET all yb=ET all yb'
ET all x0=ET all x0'
ET all yO0O=ET all yO'
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