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Memento mori

“Whether you are man or woman, rich or poor, dependent or free, happy or
unhappy; whether you bore in your elevation the splendour of the crown or in
humble obscurity only the toil and heat of the day; whether your name will be

remembered for as long as the world lasts, and so will have been remembered as
long as it lasted, or you are without a name and run namelessly with the
numberless multitude; whether the glory that surrounded you surpassed all
human description, or the severest and most ignominious human judgment was
passed on you - eternity asks you and every one of these millions of millions,
Just one thing: whether you have lived in despair or not, whether so in despair
that you did not know that you were in despair, or in such a way that you bore
this sickness concealed deep inside you as your gnawing secret, under your heart
like the fruit of a sinful love, or in such a way that, a terror to others, you raged
in despair. If then, if you have lived in despair, then whatever else you won or
lost, for you everything is lost, eternity does not acknowledge you, it never knew
you, or, still more dreadful, it knows you as you are known, it manacles you to
yourself in despair!”

— Sgren Aabye Kierkegaard, The Sickness Unto Death.
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Abstract

This thesis presents a novel path to the explicit construction of models of ‘higher quantum groups’
by studying positively-shifted Poisson structures on a generic semi-free commutative differential
graded algebra and investigating exactly how they induce infinitesimal deformations of the sym-
metric monoidal structure on the dg-category of semi-free dg-modules over such a commutative
differential graded algebra.

First we develop a graphical calculus to characterise the shifted Poisson structures on finitely
generated semi-free commutative differential graded algebras in terms of families of homotopy-
coherent data adjoined to the corresponding finite-dimensional higher Lie algebra. Such a char-
acterisation allows us to show that we recover the notion of higher Lie quasibialgebra due to Bai,
Sheng and Zhu. When applied to an ordinary Lie algebra, we recover Safronov’s result that the 1
and 2-shifted Poisson structure in this case are given by quasi-Lie bialgebra structures and invari-
ant symmetric 2-tensors, respectively. We generalise these results to the case of a Lie 2-algebra
and obtain 1, 2, 3 and 4-shifted Poisson structures which we interpret as semiclassical data of
higher quantum groups. In particular, if we assume a 2-term differential graded Lie algebra and
trivialise part of the data of a 2-shifted Poisson structure then we recover a special case of the
notion of a symmetric quasi-invariant tensor in a differential crossed module due to Cirio and
Faria Martins.

It is then shown that every 2-shifted Poisson structure on a finitely generated semi-free commu-
tative differential graded algebra A defines a concrete infinitesimal 2-braiding on the homotopy
2-category of the symmetric monoidal dg-category of finitely generated semi-free dg-modules over
A. This provides a concrete realisation, to first order in the deformation parameter, of the ab-
stract deformation quantisation results in derived algebraic geometry due to Calaque, Pantev,
Toén, Vaquié and Vezzosi. Of particular interest is the case when A is the Chevalley-Eilenberg
algebra of a higher Lie algebra, where the braided monoidal deformations developed in this thesis
may be interpreted as candidates for representation categories of higher quantum groups.

Upon choosing the usual ansatz of the braiding and associator as, respectively, the exponential
and Drinfeld’s Knizhnik-Zamolodchikov series of the infinitesimal 2-braiding, it is demonstrated
that the hexagon axioms are obstructed at second order by modifications. These modifications
are shown to satisfy the requisite axioms of a braided monoidal 2-category (i.e., the modifications
are shown to be ‘infinitesimal hexagonators’) provided that the infinitesimal 2-braiding is totally
~v-equivariant and coherent in Cirio and Faria Martins’ sense. We show that those infinitesi-
mal 2-braidings induced by 2-shifted Poisson structures are indeed totally y-equivariant and we
conjecture that coherency also holds by relating the condition to the third-weight component
of the Maurer-Cartan equation that a 2-shifted Poisson structure definitively satisfies. We then
demonstrate that the pentagonator is nontrivial by determining its third-order term.

Finally, we study the problem of sylleptic deformations and show that a 3-shifted Poisson structure
induces “infinitesimal syllepses” which can be trivially integrated to all orders. We also show that
a “coboundary” 2-shifted Poisson structure induces “infinitesimal coboundary syllepses” and these
admit of a Cartier integration alongside that of infinitesimal 2-braidings and we carry this out to
second and third order.



Conventions and notations

e All vector spaces, algebras, etc., in this thesis will be over a generic ground field K of
characteristic 0. In Section 5.3 and Subsection 6.2.3, we specialise this to K = C.

e Every non-Lie algebra will be assumed to be unital associative though we may still state
this every now and then merely for sake of clarity.

e Terms such as ‘commutative’, ‘Jacobi identity’ or ‘Leibniz law’, etc., will always refer to
their graded analogues hence we suppress this adjective.

e For a mapping/equation, input elements will be assumed to be of homogeneous degree.

e A diagram in a category will be assumed to commute unless stated otherwise, e.g., if there
is a filler 2-morphism.

e We use juxtaposition to denote: the composition of morphisms in a category, the composi-
tion of functors, the monoidal product of objects and the vertical composition of pseudo-
natural transformations and modifications.

e From Chapter 4 onwards, our base algebra R is a generic commutative associative unital
K-algebra. Think of this as R = K[A]/(R") for n € N where A is the deformation parameter.

e Boldface is used to denote a category or highlight the term being defined whereas italics
are used for emphasis. For example, a cochain 2-category is a Chg{l’o}—ca‘cegory and
infinitesimal 2-braidings are defined to be pseudonatural rather than 2-natural.

e The Einstein summation convention is assumed unless the context dictates otherwise.

o fg = finitely generated, fd = finite-dimensional, sf = semi-free, (n)SPS = (n-)shifted Poisson
structure, CDGA = commutative differential graded algebra, DGLA = differential graded
Lie algebra.

e CM = Cirio and Faria Martins, KZ = Knizhnik-Zamolodchikov.

e Every monoidal category of structured sets is assumed to be strict under Schauenburg’s re-
fined strictification theorem [Sch01, Theorem 4.3]. The only exception to this is second (and
higher) order Cartier integration of infinitesimal braidings, i.e., Chapter 5 and Subsection
6.2.2 onwards.



Chapter 1

Introduction

Symmetry permeates the foundation of mathematical physics through the formalism of groups
G and their representation theory p : G — Aut(V), of particular interest is the notion of a
smooth symmetry and this is encoded by the theory of Lie groups. It was Emmy Noether who
rigorously proved the one-to-one correspondence between smooth symmetries and conservation
laws thus providing a powerful method for integrating the governing equations of motion by way of
reference to the associated invariants. Another way that Lie groups have entered our description
of Nature’s laws is through the idea of gauge field theory; indeed The Standard Model of Particle
Physics has the gauge group G =SU(3)xSU(2)xU(1) and this controls the way in which the
strong, weak and electromagnetic, respectively, forces couple to matter.

Associated to every Lie group G is its Lie algebra g which can be thought of as the ‘infinitesimal’
symmetries. The representation theory of a Lie algebra p : g — End(V') linearises that of the
Lie group and is much easier to study. Actually, one can construct a unital associative algebra
known as the universal enveloping algebra Ug and a representation of g is simply a module over
Ug. In quantum field theory, multiparticle states are modelled via the tensor product of vector
spaces V @ W. If each of V and W are modules over Ug then the tensor product also is with the
following action,

r.(v@w):=(zv)Qw+v® (rw) | (1.0.1)

where x € g. The action (1.0.1) is rooted in the canonical coproduct A : Ug — Ug ® Uy,
Alz) =2z1+1®z . (1.0.2)
Likewise, the ground field K (which models the vacuum state) admits the trivial action
x1=0 (1.0.3)
and this corresponds to the trivial counit € : Ug — K,
ez)=0 . (1.0.4)

The fact that (1.0.1)/(1.0.3) is well-defined is reflected in the fact that (1.0.2)/(1.0.4) extends to
an algebra homomorphism. Furthermore, the associativity /unitality /commutativity of the tensor
product is reflected in the coassociativity /counitality /cocommutativity of the coproduct. This
example echoes the philosophy of Tannaka-Krein duality; that the symmetric monoidal linear
structure on the category ygMod corresponds to the fact that Ug is a cocommutative bialgebra.
On top of this, ygMod admits a closed structure and this is reflected in the fact that Ug is a
Hopf algebra, i.e., there is an antipode S : Ug — Ug simply given by S(z) = —z.

A broad class of Lie algebras whose representation theory admit a nice decomposition property



are the semisimple Lie algebras (which includes the Standard Model gauge); their classification
was initiated by Wilhelm Killing and rigorously finished by Elie Cartan. The subsequent repre-
sentation theory was then worked out by Elie Cartan and Hermann Weyl. Another nice property
of semisimple Lie algebras g is their well-known ‘rigidity’, i.e., they admit only trivial deforma-
tions and thus can be thought of as already maximally general. In contrast to this, Ug does
admit nontrivial Hopf algebra deformations meaning that the hitherto representation theory of
semisimple Lie algebras on multiparticle/vacuum states (1.0.1)/(1.0.3) has been a special case.

1.1 A brief historical overview of Drinfeld-Jimbo quan-
tum groups

The Yang-Baxter equation (YBE) first arose in the context of the (1+1)-dimensional many-body
problem [Yan(7] and exactly solvable lattice models [Bax72]. Specifically, given a vector space
V, an automorphism R € Aut(V ® V) is said to be an R-matrix if it solves the equation

RisRosRis i= (R®id)(id ® R)(R®id) = (id ® R)(R®id)(id ® R) =: RagRisRos  (1.1.1)

in Aut(VeV®V). The equation (1.1.1) expresses a coherency condition for the scattering matrix
R to factorise to that of the two-body problem, see [Jim&9]. The YBE played a central role in
the Leningrad school’s development of the quantum inverse scattering method [FST79, KS79],
a technique for reconstructing the potential from given scattering data of a (1+1)-dimensional
quantum integrable system. The fact that the algebraic machinery of the quantum inverse scatter-
ing method looked like a deformed symmetry algebra motivated Kulish and Reshetikhin [KR&1]
to construct an explicit R-matrix acting on higher spin representations of sl(2, C).

In parallel, the Knizhnik-Zamolodchikov (KZ) system of complex linear first-order partial dif-
ferential equations were derived in [KZ84] from the SU(2) Wess—Zumino—Witten model in two-
dimensional conformal field theory. In particular, the equations govern the correlation functions
of the theory and it was demonstrated that the equations of the system are compatible with one
another, i.e., the system is consistent.

Around this time, Drinfeld [Dri85] and Jimbo [Jim85] independently generalised the Kulish-
Reshetikhin result and discovered the existence of nontrivial R-matrices on non-cocommutative
Hopf algebra deformations U,g of the universal enveloping algebra of a semisimple/simple, re-
spectively, complex Lie algebra g. In [Dri&6, Section 10], Drinfeld abstracted the notion of a
quasitriangular Hopf algebra (H, u,n, A, e, 5, R) as one equipped with an invertible element
R € H ® H which controls the potential lack of cocommutativity,

A®(z) = RA(z)R™' | (1.1.2)
and satisfies the hexagon conditions:

He then notes that the quasitriangular structure R satisfies the YBE (1.1.1) and provides, for
H-modules VW € yMod, an H-linear isomorphism from V®@yzW to W&y V. For these reasons,
it is sometimes called a universal R-matrix.

Motivated by the form of the KZ equations (and the consistency of the system), Kohno [[Koh&7,
Subsection 1.1] defined, from the canonical symmetric invariant 2-tensor ¢ € (Sym?®g)® of a simple
complex Lie algebra g and a generic finite-dimensional representation p : g — End(V'), a flat con-
nection on a trivial principal G-bundle over the configuration space of n € N* distinguishable



particles on the complex line Y, := {(z1,...,2,) € C"| if i # j then z; # 2;}. Such a flat
connection is manifestly invariant under pullback by the natural action of S,, on Y,, thus descends
to a flat connection over the configuration space of n indistinguishable particles on the complex
line X,, := Y, /S,. This, in turn, provides a monodromy representation pX% : 7 (X,,) — Aut(V®")
which is important because the fundamental group 7 (X, ) was already well-known [['NG2] to be
Artin’s braid group on n strands [Art25], i.e., {0;}1<i<n—1 such that o,0; = o0, if |i — j| > 2
and 0,0;,10; = 0;410;0;+1. Kohno then showed in [[Koh87, Subsection 1.2] that this monodromy
representation is equivalent to the one induced by the R-matrices of the aforementioned Drinfeld-
Jimbo quantum groups U,g which allows for a concrete description [Koh87, Theorem 1.2.8] via
the explicit form in, say, [Jim&6].

Given a bialgebra (A, i, n, A €), the category of modules 4Mod is equipped with a canonical
monoidal structure where the monoidal product comes from the coproduct A and its coasso-
ciativity allows one to use the usual associativity constraint from the category of vector spaces.
With a view to generalising the associativity constraint, Drinfeld introduced [Dri89, (1.1)-(1.4)]
the notion of a quasibialgebra (A, i, n, A, e, ®) where: (A, u,n) is a unital associative algebra,
A:A— A® A is an algebra homomorphism, € : A — K is an algebra homomorphism which acts
as a counit for the coproduct A and the Drinfeld associator ® € A ® A ® A is an invertible
element such that:

id ® A](A(a)) =P[A ®id](Aa)) ™ : (1.1.4a)
[id ®1id @ Al(P)[A ®id @ id](P) = Po34[id ® A ® id](P) P10z (1.1.4b)
[id®e®id](P) =1 : (1.1.4c)

Even though the notion of a braided monoidal category had not been defined yet, he anticipated
the need to define a quasitriangular structure R on a quasibialgebra by weakening the hexagon
conditions (1.1.3) as in [Dri89, (3.9)]:

[A ®idy](R) = @319 R13P 55 Ro3® , idy ® Al(R) = @33, Ris®o13R1o®@ 1 . (1.1.5)

Actually, the relaxed hexagon conditions (1.1.5) allow for the following simple concrete ansatz
for a nontrivial R-matrix. Suppose we are given a generic complex Lie algebra g and a symmet-
ric invariant 2-tensor ¢ € (Sym?g)?, extend the cocommutative Hopf algebra structure of Ug to
(Ug)[[h]] in the trivial way; the ansatz R = e2! is clearly invertible in (Ug)[[h]] ® (Ug)[[h]] and
satisfies (1.1.2). Furthermore, in general, e2(t15+123) o£ c5tis5t2s apd 3 (hatha) £ eytiseztiz Ip-
spired by Kohno’s results, Drinfeld [Dri90, Section 2] constructed an invertible formal power series
$kz(a, b) via analysis of the KZ differential equations. He then showed that ® := ®ky (12, tag) is
indeed a Drinfeld associator, i.e., satisfies (1.1.4) and (1.1.5).

Part of the motivation for Joyal and Street to introduce the concept of braided (strict) monoidal
category ([JS91, Section 1 of Chapter 3])[JS93, Definition 2.1] was to formalise the intuition that
the modules over a quasitriangular Hopf algebra should form such a category with the braiding
being given by o := flipo R.

1.2 Derived Algebraic Geometry and shifted Poisson struc-

tures

Given the historical context in which quantum groups arose, it is justified and natural to search for
a generalization of such structures to higher category theory. Such “higher quantum groups” are
then expected to have applications in higher-dimensional: quantum integrable systems, conformal
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field theory and topological phases of matter. There have been various attempts to develop a
theory of higher quantum groups based on higher Lie algebras such as Lie 2-algebras, reaching
from algebraic approaches [Maj12, BSZ13, BV 15, CG23, LST23] to more categorical ones [CFM12,
CEMI15, CEM17]. These attempts are distinct from the approach to higher quantum groups via
“categorification” in the sense of [CF'94, CRO8, Rou08, KL09] where higher quantum groups are
constructed based on ordinary Lie algebras.

In this thesis, we initiate a new approach to higher quantum groups which is rooted in recent
developments in Derived Algebraic Geometry, in particular the theory of shifted symplectic and
shifted Poisson structures (SPS) on derived stacks [PTVV13, CPTVV17, Pril7]. Let us first
quickly recall the most popular context for which ordinary Poisson structures (on manifolds or
algebraic varieties) arise. Classical physical systems, when described within the Hamiltonian
formalism, come equipped with a canonical Poisson bracket {-, -} : A® A — A on the algebra
A := C°(M) of functions on their phase space! M. This Poisson structure plays multiple
important roles: From the point of view of dynamics, the derivation { -, H} : C®°(M) — C*(M)
defined by inserting the Hamiltonian H € C°°(M) of the system into the Poisson bracket generates
the time evolution of observables O € C*(M) through Hamilton’s equations £0(t) = {O(t), H}.
From the point of view of quantization, the Poisson structure provides an ‘initial datum’ for the
deformation quantization problem which consists of deforming the commutative algebra C'*°(M)
of classical observables into a noncommutative algebra Cp°(M) of quantum observables. We refer
the reader to [LGPV13] for a thorough introduction to Poisson structures and to [Bor(08] and
[Espl5] for introductions to the field of deformation quantization in broad.

The theory of Poisson structures becomes even richer in (differential) graded geometric contexts
in which the algebra A = @, ., A" is graded. This is due to the fact that in this case the Pois-
son bracket {-, -} : A® A — A can carry a non-trivial degree, which alters both its geometric
and deformation theoretic aspects. Adopting the shifting conventions from the derived algebraic
geometry literature [PTVV13, CPTVVI17] and [Pril7, Pril8], an nSPS has by definition an un-
derlying Poisson bracket {-, -} of the opposite degree —n, where n € 7Z is any integer. One
of the prime examples is given by the antibracket from the Batalin-Vilkovisky (BV) formalism
[BV&1, Sch93], which according to these conventions is a (—1)SPS. While the quantization of
ordinary (i.e. 0-shifted) Poisson structures yields noncommutative algebras, the BV quantiza-
tion of (—1)SPS yields cochain complexes without any multiplication operation but a deformed
differential.

The works [CPTVV17, Pril7] develop a precise definition for the concept of an nSPS on a large
class of spaces, called derived Artin stacks. Furthermore, there are general existence theorems for
deformation quantizations in the case of positive shifts n > 1 [CPTVV17] and also in some specific
cases of non-positive shifts n € {—2,—1,0} [Pril8a, Pril8c, Pril9]. Using a simplified language,
the general picture which emerges from these works is as follows: An nSPS on a commutative
differential graded algebra (CDGA) A is the initial datum for the quantization of A into an E,, ;-
algebra, or alternatively for the quantization of the symmetric monoidal dg-category sdgMod of
A-dg-modules into an E,-monoidal dg-category. Here E,, denotes the little n-disks operad, which
encodes the behavior of moving around n-dimensional disks in R™ without colliding them. Since
E,-operads become increasingly more commutative when increasing n, which loosely speaking
results from the additional flexibility in higher-dimensional R™ to avoid collisions of disks by
moving through the new dimensions, this implies that quantizations of nSPS become increasingly
more commutative objects for larger n.

The first characterisation results came from Safronov [Saf21] who showed that the semiclassical
data associated with ordinary quantum groups, namely quasi-Lie bialgebra structures and invari-
ant symmetric 2-tensors, arise naturally as the 1- and 2SPS on the classifying stack BG = [pt/G] of

'Recall that M := T*Q where Q is the configuration space of the physical system.
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an algebraic group G, or its infinitesimal analogue given by the formal classifying stack Bg = [pt/g]
of the Lie algebra g of G. Our concrete proposal is to start from an L..-algebra g, which is a higher-
categorical generalization of an ordinary Lie algebra, and to interpret the positively (n > 1)SPS
on its formal classifying stack Bg = [pt/g] as the semi-classical data of higher quantum groups.
The corresponding higher quantum groups can then be defined by the deformation quantization
results from [CPTVV17] and they take the form of E,-monoidal deformations of the symmetric
monoidal dg-category wRep(g) of weak representations of g on cochain complexes.

It is worthwhile to emphasize that, even though such quantizations always exist, they are not easy
to work out explicitly since the results in [CPTVV17] are based on formality theorems of the E,, |-
operads (for n > 1), see also ['W20]. Hence, it is a priori not evident how these abstract methods
relate to the more explicit deformation techniques for ordinary Lie algebras which are based on the
simple but powerful concept of an infinitesimal braiding, controlling the first-order deformation in
h, and its lift to a full deformation via a choice of Drinfeld associator series ®(a, b). In this vein,
it was Cartier [Car93] who abstracted from Drinfeld’s algebraic deformation quantisation results
[Dri90, Section 2] the problem of integrating a symmetric infinitesimal braiding on a symmetric
strict monoidal K-linear category to construct a braided monoidal K[[h]]-category with braiding
o:=flipo e5t and associator a := D (112, t93), see [Kas95, Theorem XX.6.1]. Briefly, naturality of
the infinitesimal braiding ¢ : ® = ® guarantees the four-term relations:

[tijs tir + tik) = 0 = [tjk, tij + tix] 7 i, j, kY =3 (1.2.1)

see [Kas95, Lemma XX.4.3]. Such relations (1.2.1) imply flatness of the KZ connection,

Viz=h Y (dz% )tij , (1.2.2)

— Zj
1<i<j<n Zi J

over the configuration space of n distinguishable particles on the complex line Y, see [Kas95,
Proposition XIX.2.1]. The Drinfeld KZ series ®kyz(t12, ta3) is then constructed as the non-singular
factor of a parallel transport with respect to Vi along a straightforward path in Y3, see [BRW23,
Theorem 20], and flatness is essential to proving that the pentagon and hexagon axioms are indeed
satisfied.

The main goal of this thesis is to display an explicit relationship between the abstract deformation
results of [CPTVV17] and (higher) infinitesimal braidings. This is done by adopting a more
concrete and computational approach to derived algebraic geometry which is rooted in Pridham’s
works [Pril7, Pril8]. In particular, we aim to show how 2SPS on semi-free (sf) CDGAs induce
such higher infinitesimal braidings.

1.3 Cirio-Martins’ infinitesimal 2-braidings as our path to
higher quantum groups

The axiomatisation of braided monoidal 2-categories began with the work of Kapranov and Vo-
evodsky [KV94a, KV94b]; the history of the development is an incredibly involved topic and we
refer the interested reader to [CSP14, Section 2.1]. For our purposes, we briefly mention that
the braiding/associator are pseudonatural and the pentagon/hexagon axioms are replaced by
pentagonator /hexagonator modifications which satisfy higher coherence conditions.

With the goal of finding the appropriate 2-categorical analogue of the KZ connection, Cirio and
Faria Martins (CM) [CFM12, CEM15, CEM17] considered the higher gauge theoretic concept of a
2-connection, see [BH11] for a lucid introduction. Specifically, [CFM12, Theorem 10] finds neces-
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sary and sufficient conditions for their, by construction, fake flat KZ 2-connection to be 2-flat and
[CEFM12, Theorem 13] gives sufficient conditions for the 2-connection to descend to X,, :=Y,,/S,..
They then abstracted from these conditions the notion of a “Free infinitesimal 2-Yang-Baxter op-
erator in a differential crossed module” [CEFM17, Definition 26]. They reversed the order of this
investigation in their latter work [CFM15], i.e., they began with the definition of an “infinitesimal
2-braiding” on a symmetric monoidal linear 2-category [CFMN15, Definition 14]. Importantly,
defining infinitesimal 2-braidings as pseudonatural endomorphisms of the monoidal product gave
rise to obstructions to the four-term relations and these obstructions were determined in [CFM15,
(21)]. They then provided the notions of a “coherent” infinitesimal 2-braiding [CF'M 15, Definition
17] and “totally symmetric” infinitesimal 2-braiding [CFM 15, Definition 18]. The KZ 2-connection
they describe in [CFMI5, (58)] is, by construction, fake flat. Moreover, [CEM15, Theorem 23]
proves that it is 2-flat if the infinitesimal 2-braiding is coherent and [CFM15, Theorem 24] proves
that it descends to X, :=Y,,/S,, if the infinitesimal 2-braiding is totally symmetric.

A few points of comparison are in order:

1. CM centred their study on differential crossed modules (equivalently, 2-term DGLAs) rather
than the more general notion of L.-algebras.

2. They consider the 2-category of “categorical representations” naturally assigned to every
differential crossed module rather than the more extensive dg-category of weak representa-
tions.

3. Their “quasi-invariant symmetric tensors” [CFM15, Definition 30] are adapted to such con-
ditions, i.e., they abstract such a definition so that they can say that quasi-invariant symmet-
ric tensors on differential crossed modules induce coherent totally symmetric infinitesimal
2-braidings on the 2-category of categorical representations. In our case, 2SPSs are not
defined with such pressing desideratum in mind.

Let us focus on the last point. It is already well-known exactly how a symmetric invariant 2-
tensor (again, a 2SPS on the Chevalley-Eilenberg algebra of an ordinary Lie algebra) equips the
symmetric monoidal linear category of representations Repgg with an infinitesimal braiding. It is
not known that a 2SPS on the Chevalley-Eilenberg algebra of an L..-algebra equips the symmetric
monoidal dg-category of weak representations wRepyg with an infinitesimal dg-braiding?, and
it is certainly not known how. Actually, we can truncate such dg-categories to 2-categories and
the latter point still applies. Furthermore, there is no a priori guarantee that such infinitesimal
2-braidings would possess the same properties as outlined by CM, i.e., there is nothing prohibiting
the possibility that they would: fail to satisfy the infinitesimal hexagon relations on the nose,
fail to be coherent/totally symmetric, only be 2-natural, etc. Fortune would have it that such
abstract threats remain merely that, i.e., our infinitesimal 2-braidings will indeed turn out to be
pseudonatural transformations which satisfy the infinitesimal hexagon relations, are coherent and
totally symmetric.

As mentioned above, pseudonaturality of the infinitesimal 2-braiding leads to obstructions to the
four-term relations and such four-term relations are essential for the pentagon and hexagon axioms
to be upheld if we take as ansatz braiding o := ’ye%t and ansatz associator a := Pky(t12, tag).
Thus we expect nontrivial hexagonator and pentagonator modifications to appear as we attempt
to Cartier integrate the infinitesimal 2-braiding.

2Let alone how such infinitesimal dg-braidings would be explicitly defined in terms of data and relations.
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1.4 Summary of contents of this thesis

This thesis is based on the joint publication [K1.S25], the joint preprint [[KX.524] and the solo
preprint [Kemp25].

Chapter 2 provides the necessary foundation and basic motivation for the latter chapters which
can be summarised as follows: “2SPSs m on the Chevalley-Eilenberg algebra CE; of a finite-
dimensional (fd) Lie algebra g are characterised as symmetric invariant 2-tensors (Sym?g)? and
it can be concretely shown exactly how they induce infinitesimal braidings ¢" on the symmetric
monoidal linear category of representations Repgg”. Subsection 2.1.1 recalls the essential notions
of braided monoidal categories, braided monoidal functors and monoidal natural transformations.
A symmetric braiding is one which is involutive and a symmetric monoidal category can be used
as the base for enrichment, Subsection 2.1.2 studies such notions and leads up to the concept of an
infinitesimal braiding on a symmetric monoidal linear category, i.e., a Cartier category. Subsection
2.1.3 discusses the fundamental example of (Reng, 7 € (Sym? g)g). Subsection 2.2.1 provides all
the details surrounding the closed symmetric monoidal category of cochain complexes Ch. These
details are then made use of to define commutative algebra objects in Ch and modules over
such commutative algebra objects, i.e., CDGAs and dg-modules, respectively. Subsection 2.2.3
recalls the closed symmetric monoidal structure on the category Adgl\/IodggSf of sf dg-modules
fg in degree 0 over a CDGA A. Our first example of a CDGA is provided by CE; in Example
2.2.6 whereas our first example of a dg-module is provided by the Chevalley-Eilenberg module
CE;/ of a representation (V, py) in Example 2.2.10. Subsection 2.2.4 constructs the equivalence
Repyg ~ Adgl\/Iodf’]f between symmetric monoidal linear categories. Section 2.3 provides the
requisite concepts from Derived Algebraic Geometry. In particular, Subsection 2.3.1 defines the
essential dg-modules of derivations and Kahler differential forms of a CDGA. The latter are used in
Subsection 2.3.2 to define shifted symplectic structures and we arrive at our first characterisation
result in Theorem 2.3.24 where it is shown that the only shifted symplectic structures on CE,
are the 2-shifted symplectic structures and these are characterised as non-degenerate invariant
pairings on g. The former are used in Subsection 2.3.3 to define SPSs and we reproduce, in
Theorem 2.3.40, Safronov’s result [Saf21] that the 1 and 2SPSs on CE, are given by quasi-Lie
bialgebra structures and invariant symmetric 2-tensors, respectively.

Chapter 3 follows the joint preprint [[X1.524] in developing a graphical calculus to characterise,
in Corollary 3.1.6, the nSPSs on a generic fgsf CDGA (augmented over K) in terms of fami-
lies of homotopy-coherent data adjoined to the underlying fd L..-algebra g. Such a graphical
calculus also allows us to reproduce the well-known result that fgsf CDGAs are in one-to-one cor-
respondence with fd curved L.-algebras g and we even provide the explicit Chevalley-Eilenberg
differential in Construction 3.2.4. Subsection 3.2.1 applies this graphical calculus to an ordi-
nary Lie algebra g and we recover the above mentioned characterisation of Safronov [Saf21]. We
then generalise these results in Subsection 3.2.2 to case of a Lie 2-algebra and characterise, for
n € {1,2,3,4}, the nSPSs. The chapter finishes by making a further specification in Section
3.3 and considering concrete classes of examples of Lie 2-algebras (e.g., shifted cotangent Lie
2-algebras and string Lie 2-algebras) so as to classify the 2, 3 and 4SPSs.

Chapter 4 follows the joint publication [[K1.525] and demonstrates in Theorem 4.2.12 that ev-
ery 2SPS 7w on a fgsfCDGA A induces a ~y-equivariant hexagonal infinitesimal 2-braiding ¢™ on
the homotopy 2-category of the symmetric monoidal dg-category of fgsf A-dg-modules 4C :=
(Hoz ( AdgModfgSf), ® A,A,v). To contextualise this result, Subsection 4.1.1 recalls our closed
symmetric monoidal tricategory of cochain 2-categories, cochain 2-functors, pseudonatural trans-
formations and modifications. Subsection 4.2.1 recalls the fact that we may form such a cochain
2-category of any dg-category via the homotopy 2-truncation 3-functor Hos, i.e., truncating the
hom complexes to degrees {—1,0} by taking homotopies modulo 2-homotopies. Subsection 4.2.2
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starts from taking such a truncation of ,dgMod™®. The concrete infinitesimal 2-braiding that
we construct, t7, is composed of two natural transformations and a pseudonatural transformation.
To get a more explicit handle, we evaluate the components of ™ on module generators in Remark
4.2.13. Section 4.3 makes use of the characterisations of Propositions 3.2.11 and Remark 3.3.10,
i.e., the 2SPS on the Chevalley-Eilenberg algebra of an ordinary Lie algebra and a string Lie
2-algebra, respectively. We then investigate the conditions under which we can Cartier integrate
(to all orders) as usual by choosing the braiding as o := ve%tﬁ and the associator as Drinfeld’s
KZ series a = Pgy(t7,,15;). To be clear, because infinitesimal 2-braidings ¢ : ® = ® are defined
as pseudonatural transformations, the 4-term relations [ti2, t(12)3] = 0 = [ta3, t1(23)] are not neces-
sarily satisfied but are obstructed by the homotopies #;,, x1,, of Example 4.2.14 so we look for a
full sub monoidal 2-category of 4C upon which such homotopies vanish.

The material in the solo preprint [KKemp25] has been split into Chapters 5 and 6. The former
shows in Proposition 5.2.33 that a hexagonal infinitesimal 2-braiding ¢ can be Cartier integrated
to second-order if it is coherent and totally y-equivariant in Cirio and Martins’ sense [CFM 15, Def-
initions 17 and 18, respectively|. The relevant notion we require is that of braided strictly-unital
monoidal cochain 2-category as in Definition 5.1.3. Construction 5.2.11 builds infinitesimal hexag-
onators from the 4-term relationator modifications, t;, : [ti2, t(12)3] = 0 and ty,, : [ta3, ti(23)] = 0.
We note in Example 5.2.21 that t™ is indeed totally y-equivariant and Remark 5.2.32 relates
coherency to the third-weight component of the Maurer-Cartan equation that m must satisfy.
The chapter ends in Section 5.3 by determining the third-order terms of the pentagonator and
hexagonators.

Chapter 6 shows in Theorem 6.1.5 that 3SPSs induce y-equivariant syllepses on 4C whereas Theo-
rem 6.2.3 shows “coboundary” 2SPSs 7 induce “o-equivariant infinitesimal coboundary syllepses”
T on the first-order deformation of 4C with respect to t™. Definition 6.1.1 states what we mean by
a o-equivariant syllepsis on a braided strictly-unital monoidal cochain 2-category and Definition
6.1.3 introduces our notion of an infinitesimal syllepsis on a symmetric strict monoidal cochain
2-category. Remark 6.1.4 discusses the curious fact that infinitesimal syllepses can be trivially
integrated to a full syllepsis on the same symmetric strict monoidal cochain 2-category. Example
6.1.6 provides specific cases of such syllepses for the shifted cotangent Lie 2-algebra and centrally
extended /Heisenberg/Abelian string Lie 2-algebra. Remark 6.2.1 and Definition 6.2.2 introduces
our notion of an infinitesimal coboundary syllepsis and coboundary 2SPS, respectively. Example
6.2.4 demonstrates that the 2SPS on the Chevalley-Eilenberg algebra of the string Lie 2-algebra
of a simple Lie algebra from Example 3.3.13 is a coboundary 2SPS. Infinitesimal coboundary
syllepses admit of a Cartier integration alongside that of infinitesimal 2-braidings and we carry
this out to second and third order in Subsections 6.2.2 and 6.2.3, respectively.

Appendix A supplies the necessary well-definition checks for the compositions of pseudonatural
transformations and modifications between cochain 2-functors, i.e., that the composites indeed
satisfy the requisite relations. The horizontal composition (4.1.30) is purported to be a pseudo-
functor hence Subsection A.2.5 demonstrates that a generic component of the pseudo composition
constraint, the exchanger, is indeed a modification between the relevant composite pseudonat-
ural transformations and Subsection A.2.1 proves that the family of such components is natu-
ral. Subsection A.2.6 shows that the vertical/horizontal composition is indeed functorial/locally
functorial, i.e., that the lateral and vertical /horizontal composition of modifications satisfies the
exchange law.
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1.4.1 Roadmap of results

This subsection presents an explanation of the results of the thesis, the order they will be obtained
and the relations between them.

e Subsection 2.1.3 recalls how a quadratic Casimir ¢ € (Sym®g)? induces an infinitesimal
braiding on the category Repgg.

e Subsection 2.2.2 shows Lie algebras g correspond to semi-free CDGAs generated in degree
1, i.e. Chevalley-Eilenberg algebras CE, = (Sym(g*[—1]),d). Subsection 2.2.4 goes further
and constructs the equivalence Repygg ~ cg, dgModf‘]f between symmetric monoidal linear
categories.

e Subsection 2.3.3 offers a computational approach to Safronov’s result [Saf21] that 1- and
2-shifted Poisson structures on CE, are in one-to-one correspondence with, respectively,
quasi-Lie bialgebra structures and quadratic Casimirs whereas n-shifted Poisson structures
are trivial for n > 3.

e Section 3.1 begins from the premise that if g is a finite-dimensional cochain complex then
Sym(g*[—1]) is a finitely generated free CDGA. We recall from Remark 2.3.35 that a Maurer-
Cartan polyvector whose terms all have weight 1 is the exact same thing as a Maurer-Cartan
derivation, the latter deforms the differential of a free CDGA A so that it becomes semi-
free. 'We specify this remark to the case of Sym(g*[—1]) and demonstrate that finitely
generated semi-free CDGAs are in bijective correspondence with finite-dimensional curved
L..-algebras. Note that this result allows us to write down our results on semiclassical
limits of higher quantum groups in terms of semi-free CDGAs, where all complexity is in
the differential and not on the infinite family of maps constituting the L.-algebra structure.

e An n-shifted Poisson structure is simply a Maurer-Cartan polyvector whose terms have
weight at least 2 hence Corollary 3.1.6 says that a Maurer-Cartan polyvector whose terms
have weight at least 1 is nothing more than an n-shifted Poisson structure on a generic
finitely generated semi-free CDGA A = CE; and we spell out exactly what the n-shifted
Poisson structure looks like in terms of adjoined data and relations on the underlying curved
L.-algebra g. This generalises Safronov’s result because it characterises the shifted Poisson
structures on a generic (finitely generated) semi-free CDGA in terms of adjoined structure
to the underlying (finite-dimensional) curved L..-algebra thus providing semiclassical data
of higher quantum groups, with such data arising naturally from geometric considerations.

e From Chapter 4 onward, we model the representations of a curved L.-algebra via the
symmetric monoidal dg-category sdgMod®, where A is a generic semi-free CDGA. The
prospect of braided monoidal dg-categories is well beyond the scope of this thesis (in fact,
braided monoidal 3-categories would be as well) thus we restrict to a 2-category of repre-
sentations Hog( AdgMode) by truncating the hom complexes so they are concentrated in
degrees {—1,0}, i.e. considering semi-free dg-modules over A, A-linear cochain maps and
A-linear homotopies up to 2-homotopies.

e Working with 2-categories means that one can consider braidings which are pseudonatural
(rather than just 2-natural) thus we allow for the possibility that our infinitesimal 2-braiding
will be such as well. The two different compositions of pseudonatural transformations
does not satisfy the interchange law thus we are forced to consider, in Subsection 4.1.1, a
tricategorical universe dgCat[_l’O]’pS of Ch[_l’ol-categories, Ch™"_functors, pseudonatural
transformations and modifications.
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e The objective of Subsection 4.2.2 is to generalise the result of Subsection 2.1.3 and show how
a 2-shifted Poisson structure on a semi-free CDGA A induces an infinitesimal 2-braiding on
Ho,(4dgMod®™).

e As in Theorem 4.2.12, more specifically (4.2.31b), such a concrete infinitesimal 2-braiding
is nontrivially pseudonatural and this complicates the usual integration story which Cartier
formalised. To be specific, naturality of an infinitesimal braiding implies that the four-term
relations are satisfied whereas pseudonaturality of an infinitesimal 2-braiding implies they
are not satisfied on the nose but only up to ‘four-term relationator’ modifications as in
Example 4.2.14. For instance, let us flesh out Remark 4.3.7: given a finite-dimensional
simple Lie algebra h with chosen basis {z, € b}, we denote the structure constants as
[z, 2] = f5xe. The Chevalley-Eilenberg algebra of the string Lie 2-algebra admits gener-
ators {s6} and sv of degree 1 and 2, respectively. Every 2-shifted Poisson structure takes

the form 7 = 7s6 s 38(5(99“)33 a(fy) where 7 € K and f& 74— f&, 7+ f& 7l = 0. Considering

semi-free dg-modules which model strict representations on finite-dimensional graded vector

spaces, the differential on the module generators takes the form dy (v;) = Vj s0%v;+ V” SV V;

where V7, € K is only nonzero for |v;| = |v;| whereas V' € K is only nonzero for |v;| = |vz|—

The cochain components of the infinitesimal 2-braiding on module generators looks like

th(Ua®Ui) Nﬁ?SQb(Uﬁ VJ +UBV])U5®U]' (141)

o " ar

and the ‘four-term relationator’ modifications look like

troy Bidy (Ua @ Vi @ Wyy) ~ TEFCsOS(UE VI + UPVIYW! ug @ v; @ w,, (1.4.2)

e Anticipating that such ‘four-term relationator’ modifications will obstruct the hexagon and

pentagon axioms from holding at higher orders in the deformation parameter A, Section 5.1
specifies the definition of a braided monoidal bicategory to our context of dgCat[_l’O]’ps.

e Section 5.2 shows the pentagon axiom is satisfied at second order in the deformation pa-
rameter h whereas the hexagon axioms are obstructed by combinations of the ‘four-term
relationator’ modifications and such obstructions satisfy the requisite axioms if the infinites-
imal 2-braiding is totally symmetric and coherent [CFM15].

e Chapter 6 is all about syllepses and how to construct them from 2- and 3-shifted Poisson
structures. First we specify the definition of a sylleptic monoidal category to our context of
dgCatl1%?* ie. we introduce the notion of a sylleptic braided monoidal Chl="%-category
at the start of Section 6.1.

e We then analyse the details of this definition in the special case where the syllepsis is on
a symmetric strict monoidal Ch[*l’o]—category and introduce the idea of an infinitesimal
syllepsis (on a symmetric strict monoidal Ch=*%-category).

e Whereas the integration of infinitesimal braidings is nontrivial, that of infinitesimal syllepses
is trivial and Subsection 6.1.1 shows how a 3-shifted Poisson structure on a semi-free CDGA
A induces a syllepsis on the symmetric strict monoidal Ch[_l’ol—category Hoo( AdgMode).

e Section 6.2 explores syllepses on the first- and second-order braided monoidal deforma-
tions with respect to an infinitesimal 2-braiding (i.e. Sections 4.2 and 5.2). Subsection
6.2.1 starts by introducing the definition of an infinitesimal coboundary syllepsis and shows
how coboundary 2-shifted Poisson structures induce them on Ho,(4dgMod®). Subsection
6.2.2 shows that integrating the infinitesimal coboundary syllepsis to second-order requires
making use of the fact that the underlying infinitesimal 2-braiding is coherent and totally
symmetric.
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Chapter 2

Preliminaries

2.1 Cartier categories

2.1.1 Braided monoidal categories

In this subsection we recall some important definitions and lemmas appearing in [[Kas95, Chapter
XI] and [Kas95, Chapter XIII] regarding braided monoidal' categories and their properties. In
particular, the definition below is the same as that of [[<as95, Definition XI.2.1].

Definition 2.1.1. A monoidal category C = (C,®, I, a, A, p) consists of six pieces of data:

(i) A category C.

(i) Monoidal product functor ® : C x C — C. Functoriality means that: for U Lviw
and U L5 v & W , the interchange law is upheld, i.e.,

god)(fef)=whHe @) : U0 - WW (2.1.1a)
and, for every pair of objects and their identities, U Y and U Y U , we have

1y ® 1U’ =lyy . (211b)

(iii) A functor u : 1 — C which maps the single object of 1 to the monoidal unit I € C.

(iv) A natural isomorphism a : ® (® xid¢) = ® (ide x®) : CxC xC — C called the associator.
Explicitly, for every triple U, V,W € C, we have an isomorphism (UV )W SUAALN (VW) in
C such that, for every triple of arrows U ENYo1 VSV and W Iy ,

(VW —22Y L U(VIWV)
(f®g)®hl lf@(g@h) (2.1.2)

(U/V/)W, W U’(V/W/)

a

(v) A natural isomorphism A : ® (u X id¢) = ide : C — C called the left unitor. Explicitly,

INote that Kassel uses the adjective “tensor” where we use the adjective “monoidal”.
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for every U € C, we have an isomorphism /U 2 17 such that, for every arrow U ENYIZ ,

w—2su
11®fl lf (2.1.3)

v’ — U
Ul

(vi) A natural isomorphism p : @ (ide X u) = id¢ : C — C called the right unitor. Explicitly,
for every U € C we have an isomorphism UI 2% U such that, for every arrow U ENY L ,

vr —2 U
four | |s (2.1.4)

Ul P—U’> U’
This data is required to satisfy the following two axioms:

1. Pentagon, i.e., for every quadruple of objects U,V, W, X € C,

(ov)yw)x
covwelx awvywx
(U(VW)X (UV)(WX) (2.1.5)
awvwyx avvawx)
U((VIW)X) e v— » U(V(WX))

2. Triangle, i.e., for every pair of objects U,V € C,

(Unv i s U(IV)

\ / (2.1.6)
pURLy luy®@Ay

uv

If the associator and unitors are identities then we say (C,®, I) is a strict monoidal category.

As always in Category Theory, objects are best understood by appreciating the structure-preserving
maps between them hence, in order to understand monoidal categories, we recall the definition
of lax monoidal functors between them as in [[Kas95, Definition XI.4.1].

Definition 2.1.2. Let C = (C,®¢, I¢,a¢, \¢, o) and D = (D, @p, Ip,aP, AP, pP) be monoidal
categories, a lax monoidal functor F' = (F, F?, F?) : C — D consists of three pieces of data:

(i) A functor F': C — D
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(ii) A natural transformation called the lax product constraint,

CxC—=2 ¢
Fxpk F2/ F (2.1.7a)
/

DxD———1D
®D
Explicitly, for every pair of objects U,V € C, we have a morphism in D,
FZ : FO)F(V) — FUV) (2.1.7b)

such that, for every pair of arrows U LU and v & v ,

2

FFWV) — 1 puv)
F(f)®pF(g)k BF(f@Cg) (2.1.7¢)

F(UNF(V') ——— F(U'V")

u'v’

(iii) A natural transformation F°: up — Fuc : 1 — D, called the lax unity constraint, i.c.,

C £ s D
ﬁ:o \/' (218)
uc up
1

Explicitly, a morphism F°: Ip — F(I¢) in D.

This data is required to satisfy the following two axioms:
1. Lax associativity, i.e., for every triple of objects U, V. W € C,

a?(mF(\/)F(m
R

(F(U)F(V)F(W) F(U)(F(V)F(W))
F5v®D1F(W)l llF(U)@’DF@w
FUV)FE(W) FU)F(VW) (2.1.9)
Fvyw lFlzJ(VW)
F((UV)W) e Fom)

2. Lax left and right unitality, i.e., for every object U € C,

I FU) 22 p(u) FU)Ip 2% F(U)
FOQp1pw) F(wv) Lpw)®pF° Flpy) (2110)
F(Ie)F(U) —— F(IcU) F(U)F(Ie) —— F(UIc)
iU Ule
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An oplax monoidal functor instead has natural transformations F? : F ®c — ®p (F x F),
called oplax product constraint, and F° : F'u¢ — up, called oplax unity constraint, which
satisfy the above diagrams but with the direction of the arrow components of F'? and F° reversed
(whence we call such diagrams the oplax associativity and oplax unitality, respectively).
A lax monoidal functor, (F, F?, F°), is simply called a monoidal functor if the lax product
constraint, F2, and the lax unity constraint, F°, are both natural isomorphisms in which case we
call them the strong product constraint and the strong unity constraint, respectively. A
strict monoidal functor F' is a lax monoidal functor such that the lax product constraint is an
identity (i.e., > = Idpg,) and the lax unity constraint is an identity (i.e., F° = Id,,).

The process of understanding monoidal categories by appreciating monoidal functors can only
take place by prescribing a well-defined composition to such structure-preserving maps.

Lemma 2.1.3. Given the monoidal functors C Lp 5 &, we define the composite lax product
constraint via the following pasting diagram

cxC—% ¢
FxF FQ/lF
/
DxD —ep— D (2.1.11a)
GxG /G lG
5 Xg T 5

Explicitly, the natural transformation
(GF)? = (Idg * F?) o (G* % ldpxp) : @ (GF) x (GF)) = (GF)®c:CxC— & (2.1.11b)
is defined on every pair of objects U,V € C by the following morphism in &,
(G Pty == G(Fiy)Grunry : G(FU)) ®e G(F(V)) = G(F(UV)) . (2.1.11c)

The composite lax unity constraint is defined via the following pasting diagram

C {\F > D SAEEENY
N & \JD R\GO\\ - (2.1.12a)
l
Explicitly, the natural transformation
(GF) :=(Idg* F°) oG :ug = (GF)uc: 1 — & (2.1.12b)
is defined by the following morphism in &,
(GF)?:=G(F)«G": I » G(F(le)) . (2.1.12c)

The composite lax monoidal functor GF := (GF,(GF)? (GF)°) :C — £ is indeed a lax
monoidal functor from C to €. Furthermore, if G and F are both (strict) monoidal functors then
so too is G F. Likewise, two oplax monoidal functors can be composed.

Proof. See [JY21, Lemma 4.1.29]. O
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Clearly, the triple id¢ := (ide, Idg,,Id,,) is a strict monoidal functor and serves as the identity
on C for the above composition law. Furthermore, the composition law is also associative as
demonstrated in [JY21, Theorem 4.1.30]. In sum, there exists a category MonCat of monoidal
categories and lax monoidal functors between them with composition as above. Actually, there
exists a 2-categorical structure on MonCat and the relevant 2-morphisms are described below.

Definition 2.1.4. Let F = (F,F? F°) : C — D and G = (G,G* G°) : C — D be lax monoidal
functors. A monoidal natural transformation n : /' — G : C — D is a natural transformation
which further satisfies the following two properties:

1. For every pair of objects U,V € C,

2

FOF(V) — . puv)

U @pNv nuv (2'1'13)
GU)G(V) — GUV)
uv
2. The following diagram in D commutes,
F(le)
e
Ip e (2.1.14)
N
G(le)

If either F' or G (or both) were oplax then the notion of a monoidal natural transformation
n : FF — G would be the same as above but with appropriate reversal of arrows. A monoidal
natural isomorphism 7 : ' = G : C — D is a monoidal natural transformation which is a

natural isomorphism.

The fact that a monoidal natural transformation requires no further data and only requires that
the natural transformation satisfies the above two properties means that the horizontal x and
vertical o composition of these 2-morphisms is the same as in the 2-category Cat of categories,
functors and natural transformations. The vertical composition is clearly well-defined as can be
seen by stacking the above commutative diagrams whereas the well-definition of the horizontal
composition requires a bit more work.

Definition 2.1.5. A monoidal functor (F, F?, F°) : C — D is said to be a monoidal equivalence
if there exists another monoidal functor (G,G? G°) : D — C together with monoidal natural
isomorphisms 7 : ide = G F and ¢ : F G = idp.

We denote such a monoidal equivalence as (F, F?, F°): C = D.

Remark 2.1.6. It is clear that a monoidal equivalence (F, F? F°) : C = D provides an equiv-
alence between the underlying categories F' : C = D but what is surprising is that the converse
holds. In other words, equipping an equivalence of categories F' : C = D with a monoidal struc-
ture (F%, F°) induces a monoidal structure on the weak inverse G’ : D — C and the unit 7 and
counit € of the equivalence happen to respect this induced monoidal structure on the composites
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F G and G F,i.e., nand ¢ are accidentally monoidal natural isomorphisms. Specifically, for every
pair of objects X,Y € D, the components of the strong? product constraint is defined by the
following commutative diagram of isomorphisms in C

G(FIGOOIFIGWY)]) o) G pla(x)G(v))
G(E}d@pé‘y)l TWG(X)G(Y) (2'1'15)

€100 9 R G(X)G(Y)

I - e > G(F(Ie))
2.1.16
Gy %0)—1 ( )
G(Ip)

A straightforward though tedious exercise in diagram chasing shows this data to satisfy the
associativity /unitality axioms and that the unit 5 : ide = G F and counit € : F G = idp are

monoidal natural isomorphisms. A

In addition, recall the well-known fact that a functor is an equivalence of categories if and only if
it is an essentially surjective fully faithful functor, see [Kas95, Proposition XI.1.5]. Putting both
these remarks together, we get the following characterisation of a monoidal equivalence.

Proposition 2.1.7. Given the monoidal categories C and D, a monoidal equivalence is the same
thing as an essentially surjective fully faithful monoidal functor (F, F?, F°):C = D.

Remark 2.1.8. The pentagon axiom and triangle axiom of Definition 2.1.1 are sometimes referred
to as coherence conditions and the reason is as follows. Ab extra those axioms, there are
clearly multiple inequivalent paths® between objects and the pentagon/triangle diagrams are the
two simplest examples. However, Mac Lane’s coherence theorem [Mac98, Chapter VII.2] shows
that if the pentagon and triangle axioms hold then, if two objects can be joined by a variety of
paths of the type previously mentioned then they are all equal. An alternative way to understand
this result is through Mac Lane’s strictification theorem, see [Mac98, Chapter XI.3] and [[Kas95,
Chapter XIL.5]; this tells us that given a monoidal category C we can define from it a strict
monoidal category C*" and construct a monoidal equivalence between them. The strict monoidal
category C*' has different objects from that of C, Schauenburg’s refined strictification theorem
regarding monoidal categories of structured sets [SchO1, Theorem 4.3] avoids this problem. As
in [SchO1, Definition 4.1], we say C is a category of structured sets if there exists a faithful
functor U : C — Set such that:

(i) Given V € C, S € Set and f : U(V) = S, there exists W € C with U(W) = S and
g: V=W withU(g) = f.

(ii) Given g:V =W then U(g) = idy(v) implies g = idy.

2Note that if F' was equipped with a merely laz product/unity constraint then we would only be able to put
an oplaz product/unity constraint on G but this would not necessarily satisfy the oplax associativity/unitality
axioms. It is this subtle fact that motivates restricting the definition of a monoidal equivalence (as in Definition
2.1.5) to the scope of monoidal functors. Furthermore, the composition of a lax monoidal functor with an oplax
monoidal functor, or vice versa, is not well-definable.

3Those paths being made of the associator a, unitors A\/p and monoidal product ® of the components of those
natural isomorphisms with themselves and/or identity arrows.
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Schauenburg’s result [Sch01, Theorem 4.3] tells us that any monoidal structure on such a category

of structured sets C is monoidally equivalent to a strict monoidal structure with the same monoidal
unit. All the specific categories (e.g., Vec, Repgg, adgMod and dgCatB{l’O]’ps) that we will be

interested in this thesis will be categories of structured sets hence we assume their monoidal
structure is strict though we relax this assumption in Chapter 5 and Subsection 6.2.2 onward. A

Definition 2.1.9. A braided monoidal category C = (C,®,1,a, \, p,0) consists of the fol-
lowing two pieces of data:

(i) A monoidal category (C,®, I, a, A, p).
(ii) A natural isomorphism ¢ : ® = ®7 : C x C — C called the braiding. Explicitly, for

U,V € C, we have an isomorphism UV %% VU such that, for U LU and v 5 V'

v — 2% s vU

f®g 9o f (2.1.17)
uv’ T V'u’
These two pieces of data are required to satisfy the following two axioms:

1. Left hexagon, i.e., for every triple of objects U,V, W € C,

U(VWw) —Y0, (vwU
oV)w V(WU) (2.1.18a)

(VU)W ——— V(UW)

avuw

2. Right hexagon, i.e., for every triple of objects U, V,W € C,

o(UV)W

U)W W(UV)
U(VW) (WU)V (2.1.18b)

1u®;:;>\\$ ///<;il®1v

UWV) —— (UW)V

Braided monoidal categories satisfy what is called the categorical Yang-Baxter equation as
exemplified by the following Lemma.
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Lemma 2.1.10. Given a triple of objects of a braided monoidal category U,V.W € C,

(V)W
UUV®1V \QUVW
(Vo)w U(VW)
avUWl llU®UVW
V(W) U(wv)
1V®UUWl l"‘a‘ld/v
Vwu) (UW)V (2.1.19)
iy lUUW®1V
(VW)U (WU)V
UVW®1Ul laWUV
(WV)u W(UV)
aWVU\J /1W®0'UV
W)

Proof. Let us give both methods of proving this diagram to commute, the first method exploits
the left hexagon axiom whereas the second method makes use of the right hexagon axiom. Each
method divides the above dodecagon into two (left/right) hexagons and a naturality square,
respectively, as follows

UV )W UV W
ouv®@lw auvw ouv®lw auvw
(VU)W U(VW) (VU)W U(VW)
OKVUWl l1U®UVW OCVUWl \L1U®UVW
V(UW) UWV) V(UW) UWV)
1V®0UWl Tu(vw) lo‘aévv 1v®UUWl owvyw laaévv
V(WU) (UW)V V(WU) (UW)V
vy TUWwV) lUUW®1V Ay srow lUUW®1V
(VWU WUV (VWU (WUV
UVW@lUJ/ J/CXWUV UVW@lUJ/ J/O‘WUV
(WV)U W(UV) (WV)U W(UV)
QWVN I/IW(X)UUV aWVU\J ‘/1W®UUV
W (VU) W (VU)

It should be obvious that the naturality squares are instances of (2.1.17); the left naturality square
has f = 1y and g = oyw whereas the right naturality square has f = oyy and g = 1. O]

Corollary 2.1.11. Every object V € C of a braided strict monoidal category C = (C,®,1,0) is
such that the automorphism ovy € Aut(V'V) satisfies the Yang-Baxter equation,

(O'VV ® 1v>(1v ® O'V\/)<O'VV ® 1\/) = (1V ® O'V\/)(O'VV ® 1v)(1v ® 0vv) (2120)

Remark 2.1.12. The reason why we have illustrated both methods of proof for Lemma 2.1.10 is
because it will be relevant when discussing braided monoidal 2-categories as in Definition 5.1.3.
In short, the braiding and associator of a braided monoidal 2-category are pseudonatural transfor-
mations and are no longer required to satisfy the pentagon/hexagon axioms but rather a braided
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monoidal structure also incorporates the data of pentagonator/hexagonator modifications which
fill such pentagon/hexagon diagrams. The fact that the braiding is a pseudonatural transfor-
mation means that the naturality squares (2.1.17) get similarly replaced by filler data. Taken
together, one must then fill the above commutative subdiagrams of the above two methods of
proof with the relevant 2-morphism data, it is then an aziom of a braided monoidal 2-category
that the above two fillings are the same. Such an axiom is called the Breen polytope as in [CSP 14,
(SMb.a)=(SM5.b), Appendix C.2] or (5.1.13). A

Definition 2.1.13. Let C = (C,®¢, I¢,a, \°, p¢, 0%) and D = (D, ®p, Ip,aP, AP pP oP) be
braided monoidal categories, a braided lax monoidal functor F' = (F,F? F°) :C — D is a
lax monoidal functor F' which respects the braiding, i.e., for every pair of objects U,V € C,

FUOF(V) —2 . puv)

JI?(U)F(V) F(ogy)

(2.1.21)

F(V)F(U) ———— F(VU)

vu

Because a braided lax monoidal functor is merely a lax monoidal functor which satisfies fur-
ther properties, and requires no additional data, their composition is the same as that of lax
monoidal functors and it is easy to check that such composition is still well-defined. Furthermore,
the strict monoidal functor ide := (ide, Idg,,Id,,.) clearly respects the braiding. Better yet, a
braided monoidal natural transformation is merely a monoidal natural transformation between
braided monoidal categories hence we have another 2-category BraMonCat of braided monoidal
categories, braided lax monoidal functors and monoidal natural transformations.

Definition 2.1.14. For n € N*, the braid group on n strands B, is the group with the n — 1
generators {0; € B, }1<i<n—1 subject to the following relations:

0;0i4+10; = 04410;054+1 1 S 1 é n—1 y (2122)
0,05 = 0,05 y ’Z —]| 7£ 1. (2123)

We set B; = {e}. The braid category B has objects given by the natural numbers n,m € N
with the hom-sets given by:

id, n=m=0
B(n,m):=<B,, n=meN* (2.1.24)
g, n#*m

and the composition given by the group product of B,,. This category admits a monoidal structure
given by juxtaposition of braids, i.e., nOm =n+m and, eg.,if 1 <i<mand1<j7<m
then 0;00; = 0;0;4,. This assignment extends to a well-defined functor and it is clear that this
monoidal product is strictly associative and strictly unital with respect to the monoidal unit 0.
Furthermore, there exists a well-defined braiding ¢ on the strict monoidal category B given by
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the crossing of strands ¢, ,, : n +m — m +n as in [[Kas95, Chapter XIII.2], e.g.,

In sum, (B,0,0,¢) € BraMonCat.

Remark 2.1.15. Contrary to Remark 2.1.8, if two objects in a braided monoidal category admit
a morphism made of the basic ingredients ®, a;, A, p, o then there is no guarantee that there is only
one such path. For example: lyw, owvovw, owvovwowyvoyw , etc. are all clearly inequivalent
paths. Nevertheless these paths are all elements of the braid group on 2 strands By = Z. In
other words, there exists a weaker notion of “braided coherence” as in [Mac98, Chapter XI.5] or
[Kas95, Theorem XIII1.3.7]. Specifically, for every braided monoidal category (C,®,I,a, A, p,0),
the functor

evy : BraMonCat [(B,0,0,¢), (C,®,I,a, A\, p,0)] = C , F— F(1), (2.1.25)
is an equivalence of categories. A

Definition 2.1.16. A symmetric monoidal category C = (C,®,I,a,\, p,7) is a braided
monoidal category such that the braiding ~ is involutive, i.e., for every pair of objects V. W € C,

WwW =Ty - (2.1.26)

Note that if the natural transformation v : ® = ®7 : C x C — C satisfies (2.1.26) then the
left hexagon axiom (2.1.18a) is equivalent to the right hexagon axiom (2.1.18b) hence we could
instead define a symmetric braiding on a monoidal category as a natural involution which satisfies
the left hexagon axiom (2.1.18a).

Remark 2.1.17. In contrast to Remark 2.1.15 and in conformity with Remark 2.1.8, a symmetric
monoidal category is such that there is only one morphism between objects if it can be made
with the basic ingredients. A

Definition 2.1.18. A closed symmetric monoidal category is a symmetric monoidal cat-
egory C = (C,®,1,a, A\, p,7) such that, for every object V' € C, the monoidal product functor
()V : C — C admits a right adjoint internal hom functor (-)V : C — C. In other words, the
following isomorphism

CUV,w)=cUu,w") (2.1.27)

is natural in U, W € C.
Example 2.1.19. The category of vector spaces and linear maps between them Vec is closed
symmetric monoidal with: the monoidal product given by the tensor product ®x, the monoidal

unit given by the ground field K, the symmetric braiding given by the swap and the inner homs
given by the standard vector space structure on the set of linear maps. v
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2.1.2 Elements of Enriched Category Theory

In this subsection, we recall the basic notions of enriched categories/functors/natural transfor-
mations as found in, say, [Riel4, Chapter 3]. To this effect, we fix a base for enrichment given by
the symmetric monoidal category V = (V,X. 1,a,l,r,¢).

Definition 2.1.20. A category enriched over V or, in short, a V-category C = (C, o,id) is given
by the following four pieces of data:

(i) A class of objects U, V,W € C.
(ii) For each pair of objects U,V € C, a V-hom, i.e., C[U,V] € V.

(iii) For each triple of objects U, V,W € C, a composition V-morphism

o: CIV,W]|C[U,V] = ClU,W] . (2.1.28)

(iv) For each object U € C, an identity V-morphism

idy 11— C[U,U] . (2.1.29)

These four pieces of data are subject to the following two axioms:

1. Associativity of o, i.e., for every quadruple of objects U,V,W, X € C,

ac[w, xJe[v,wie[v, ]
—_—

(cIw, X]ClV, W]) C[U, V] cw, X](C[V,W]ClU, V])

O&IQ[UVV]J/ llg[w)xl X o

C[V, X]|C[U, V] C[w, X C[U, W] (2.1.30)

\}\\ K/(/
ClU, X]

2. Unitality of identities, i.e., for every pair of objects U,V € C,

cic(u,v]

1C[U, V] » ClU. V)1

idy Bleu,v)

(2.1.31)

where the central triangle already commutes as in [[Kas95, Proposition XIII.1.2], i.e., for
every object z € V we already have r,cy, = [,.

Example 2.1.21. A linear category is a Vec-category. In a linear category, we can linearly
add morphisms and the composition is bilinear. v

Construction 2.1.22. Borrowing the notation of Definition 2.1.18, every closed symmetric
monoidal category is canonically enriched over itself. For every object U € C, let us denote

the unit and counit of the adjunction (-)U = (-)V by v : ide — (()U)U and ¥ : ()YU — ide,
respectively, then the structure of enrichment is provided as follows:
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(i) The objects are those of C itself.
(ii) The C-homs are simply given by the internal homs C[V, W] := WV € C.

(iii) The composition C-morphisms are given by the adjunct under (-)U - (-)V to the composite

EU EV
IV, W|(ClU, V] U) - YEY oy wy W (2.1.32)
Specifically, the composition is given by
U
o:= (ay(leyvwm @ €)) nEvwicoy : CIV, WICIU, V] = C[U W] (2.1.33)

and it can be checked that this composition is associative (2.1.30).

(iv) The identity C-morphisms are given by the adjunct under (-)U = (-)V to the left unitor
component

A IU2U | (2.1.34)

or, specifically,
idy = Agn? I = C[U,U] (2.1.35)

and, again, it can be checked that this satisfies the unitality axiom (2.1.31).

>

Definition 2.1.23. Let C and D be two V-categories, a V-functor F' : C — D is given by the
following two pieces of data:

(i) A map on objects; for every object U € C, an object F(U) € D.

(ii) For every pair of objects U,V € C, a V-morphism between V-homs,
Fyy : CIU,V] = DIF(U), F(V)] . (2.1.36)
These two pieces of data are subject to the following two axioms:

1. Preservation of o, i.e., for every triple of objects U, V., W € C,

clv, wiciv, v W]
FV,le’FU,Vl lFU,W (2'1'37)
DIF(V), F(W)]DIF(U), F(V)] —— DI[F(U), F(W)]

2. Preservation of identities, i.e., for every object U € C,

1 —% . U, Ul
im lFU’U (2.1.38)

We say F'is an V-equivalence if it is essentially surjective and, for every pair of objects U,V € C,
(2.1.36) is a V-isomorphism.

Example 2.1.24. A linear functor is a Vec-functor, i.e., it is linear between hom spaces. V
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Remark 2.1.25. The composition of V-functors is the same as that of ordinary functors; the local
V-morphism between homs is simply given by (G F)yy := Gpw),rv)Fu,y. This is well-defined
as can be seen by making use of the interchange law that X satisfies, i.e.,

(Groy,rovy B Grwyroy) Fvw B Fyy) = (Groy,ronFvw) B (Grw),ronFoy)
= (GF)vw B (G Fyy

Composition of V-functors is thus associative. The identity V-functors ide are simply given by
identity on objects and identity V-morphisms between homs which is also well-defined by virtue
of the fact that lepyw) X lewv) = levwicw,v)- These identity V-functors are obviously unital
with respect to the aforementioned composition. A

Definition 2.1.26. Given a pair of V-functors F,G : C — D , a V-natural transformation
£:F = G :C— D is given by the following datum:

(i) For every object U € C, a V-morphism

& 1 — DF(U),G(U)] . (2.1.40)

This datum is subject to the single axiom of V-naturality, i.e., for every pair of objects U,V € C,

F G

DIF(U),F(V)] +———— C[U,V] ——=—— D[G(V),G(V)]
léfF(UxF(vnl l””élc(u) a(v))
1D[F(U), F(V)] DIG(U),G(V)] 1 (2.1.41)
gvglg[F(U),F(V)]l ll pla),c(v)] Béu

D[F(V),G(V)]DIF(U), F(V)] = DIF(U),G(V)] < DIGU),G(V)] DF(U), G(U)]

Given a V-functor F' : C — D, the family of particular identity V-morphisms {id () }vec obviously
satisfy the V-naturality condition (2.1.41) simply by using the unitality of identities (2.1.31) thus
we denote such a V-natural transformation as Idp : F'= F : C — D.

Example 2.1.27. A Vec-natural transformation is simply a natural transformation between
linear functors. \Y

Remark 2.1.28. The vertical composition of V-natural transformations F LR Ny C—D,
ie., n€ : F'= H is defined as follows

zllzrlll T (2.1.42)
11 ———— D[G(U), H{U)| D[F(U),G(U)]

nuXéy

where the equality I;' = r;* follows from Mac Lane’s coherence theorem but is specifically shown,
for example, in [Kas95, Lemma XI1.2.3]. Likewise, the horizontal composition of F’ L a C—D

with F/ = G : D — &, ie., F'F QG C — & is defined as in (2.1.42) but now with
Ve X FIQ(U),G(U) (&v) replacing the bottom arrow. An exercise in diagram chasing shows that

such vertical /horizontal composition is: well-defined, associative, unital with respect to Idr /Id;q,,
satisfies the exchange law and preserves identities. A
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Definition 2.1.29. We say ¢ : F' = G is a V-natural isomorphism if there exists a V-natural
transformation 7 : G = F such that n§ = Idp and &n = Idg.

Putting Remarks 2.1.25 and 2.1.28 together, we obtain that VCat is a 2-category. In fact, it has
a symmetric monoidal structure as exemplified by the following construction.

Construction 2.1.30. For V-categories C and D, the product C X D is the V-category whose:

(i) Objects are denoted by juxtapositions UV where U € C and V € D.
(ii) V-homs are given by the obvious ones, i.e., (C K D)[UV,U'V'] := C[U,U'] D[V, V'].

(iii) Composition V-morphisms are defined by the following commutative diagram in V,

CRD)U'V,U"V"(CRD)UV, UV -2 C[U,U"| D[V, V"]

H [
(ClU", UMDV, V) (CIU.URIV. V') 2 (CIU",U"ICIU, U (RIV', VDIV, V)

(2.1.43)
where the bottom isomorphism is a combination of the associator a and braiding ¢ of V.

I LL

(iv) Identity V-morphisms defined by the following commutative diagram in V),

1 - (CRD)[UV,UV]
zﬂlzrﬂll H (2.1.44)

For V-functors F : C — C' and G : D — D', we define F X G as:

(i) Object map simply given by UV +— F(U)G(V).

(ii) Local V-morphism between V-homs given by

(CRD)UV, UV LI (0 ) D [FU)G(V), F(U)G(VY)]
H H (2.1.45)

clu,up[v, V'] CFU), FUZIGV), G(V')]

FU,U’IZGV,V’
For V-natural transformations £ : F' = F’ and ¢ : G = G’, we define £ X ¢) simply as

1 ---=--22--- y (CRDH[FU)G(V), F'(U)G' (V)]
lf=r11l H (2.1.46)
1l ———— C'[F(U), F(U)]D[G(V),G' (V)]
We define the monoidal unit 1 as the V-category with a single object and 1 as its enriched hom,
the composition is simply given by l; = r; and the identity is the equality 1 = 1. The associator,

unitors and symmetric braiding are simply borrowed from the symmetric monoidal structure of
V), using the latter the above data can be shown to be well-defined. >
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This symmetric monoidal structure on VCat allows us to define a braided monoidal V-
category C = (C,®,I,a, A\, p,0) to consist of the same data and axioms of a braided monoidal
category as in Definition 2.1.9 but now in the context of Enriched Category Theory, e.g., the
monoidal product ® : C X C — C and monoidal unit* u : 1 — C are V-functors, the associator
is a V-natural isomorphism a : ®(® Nide) = ®(de K ®)acce : (CKC) XK C — C and the
composition in the pentagon axiom (2.1.5) makes use of the workaround (2.1.42). We say the
braiding 0 : ® = ®c¢¢ is symmetric if it satisfies (o * Id., . )o = Idg.

Example 2.1.31. Example 2.1.27 told us that a linear natural transformation is nothing more
nor less than a natural transformation between linear functors hence their horizontal and vertical
composition does not require the workaround (2.1.42). Because of this, a symmetric monoidal
linear category is simply a symmetric monoidal category as in Definition 2.1.16 where the
composition and monoidal product are linear with respect to the vector space structure on the
homs. \Y

Construction 2.1.32. A symmetric lax monoidal functor F : ¥V — W induces a change of
base 2-functor F, : VCat — WCat as follows:

(i) Given C € VCat, define F,(C) as having the same objects but with the W-homs given
by F.(C)[U,V] = F(C[U,V]) € W and the composition W-morphisms defined via the lax
product constraint F? as follows

F(C[V,W]) &Y F(C[U,V]) --*-= F.(C)[U, W]
}—E[V,W]Q[U,V]l ii . (2.1.47)

F(CIV,WIRY C[U,V]) — 5 F(CIU, W)

It can be shown, using the naturality (2.1.7) and associativity (2.1.9) of the lax product
constraint F? together with the associativity of the composition V-morphisms (2.1.30), that
the above defined composition VW-morphisms are also associative.

The identity W-morphisms are defined via the lax unity constraint F° as follows

fol ! . (2.1.48)

Again it can be shown, using the unitality (2.1.10) of the lax unity constraint F° together
with the unitality of the identity V-morphisms (2.1.31), that the above defined identity
W-morphisms are also unital.

(ii) Given the V-functor F': C — D, we define the W-functor F.(F) : F.(C) — F.(D) as having

the same object map and the WW-morphism between W-homs simply as

Fu(F)
FOU, V] -g-----)-UiV—> F.(D)FU), F(V)]
g . (2.1.49)
F(clu,v]) “Fr F(DIF(U), F(V)])

4Which maps the single object of 1 to I € C.
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This can be shown to preserve the newly defined o by using its definition (2.1.47) together
with the fact that the lax product constraint F? is natural (2.1.7) and the assumption that
F already satisfies (2.1.37). Likewise, showing that the newly defined identity YV-morphisms
(2.1.48) are preserved only requires that we make use of the fact that F' already satisfies
(2.1.38).

(iii) Given a V-natural transformation £ : F' = G : C — D, we define the W-natural transfor-
mation F.(§) : Fu(F) = Fu(GQ) : Fu(C) = F.(D) as follows

;ol i . (2.1.50)

That this satisfies W-naturality requires making use of the fact that £ is already V-natural
together with the fact that F is lax unital (2.1.10).

These assignments can be shown to be 2-functorial thus they preserve commutative/pasting dia-
grams in VCat, e.g., such a change of base 2-functor takes a braided monoidal V-category C to
a braided monoidal W-category F.(C). >

Remark 2.1.33. Following on from Construction 2.1.22; every closed symmetric monoidal C is
canonically a symmetric monoidal C-category. If we have a symmetric lax monoidal ‘forgetful’
functor U : C — Vec then Construction 2.1.32 allows us to consider C as a symmetric monoidal
linear category. A

Definition 2.1.34. Given a symmetric strict monoidal linear category C = (C,®,1,7), an in-
finitesimal braiding is a natural endomorphism of the monoidal product ¢t : ® = ® : CXC — C
which satisfies the infinitesimal hexagon relations: for all U, V,W € C,

tvvwy =toy @ lw + (wo @ Iw)(1y @ tuw) (Yov @ 1w) ; (2.1.51a)
tovyw =lv @ tyw + (ly @ ywv) (tow @ 1v) (v @ yww) : (2.1.51b)

We say it is y-equivariant if it intertwines with the symmetric braiding, i.e.,
tvv = ywutvuyuv (2.1.52)

in which case we say (C,®,I,,t) is a Cartier category.

2.1.3 Infinitesimal braidings from symmetric invariant 2-tensors

Given a Lie algebra g = (g,[,]), a representation U = (U, py) is a vector space U together
with a left g-action given by the Lie algebra homomorphism py : g — End(U). We denote the
left g-action by

[pv(2)](u) = z.u (2.1.53)

in which case the fact that this left g-action is a Lie algebra homomorphism reads as
[z, y]lu=z.(yu) —y.(zu) . (2.1.54)

Given another representation V' = (V| py), an equivariant map f : U — V is a linear map
which preserves the g-action,

z.f(u) = f(zau) . (2.1.55)
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Equivariant maps can clearly be added and scaled and the composition (which is that of the
underlying linear maps) is obviously bilinear, associative and unital with respect to the iden-
tity linear map hence Repgg is a linear category. It admits a compatible symmetric monoidal
structure with monoidal product UV := (U ® V, pyv) where

r(u®v)=(ru)®v+u® (rv) . (2.1.56)

The linear monoidal product of equivariant maps f : U — U’ and ¢g : V — V' is simply their
tensor product. The monoidal unit is K equipped with the trivial action,

x1=0 . (2.1.57)
The symmetric braiding vy : UV — VU is simply
Ywv(u®v) =veu . (2.1.58)

The Lie algebra g forms a representation of itself known as the adjoint representation using
which we have the following lemmas.

Lemma 2.1.35. Given a representation U = (U, py), the action:

pvgU = U , yRQu—yu (2.1.59)
15 an equivartant map such that

pov = pu @ 1y + (ly @ pv) (v @ 1v) (2.1.60)

and the family of such equivariant maps is natural, i.e., given an equivariant map f : U — V we
have

foo=pv(ly@f):gU =V . (2.1.61)
Proof. To prove (2.1.59) is equivariant we have to show that
z.(yu) = [z,y]lu+y.(r.u) (2.1.62)

but this obviously follows from (2.1.54). The relation (2.1.60) is simply the functional form of
(2.1.56). Naturality (2.1.61) is immediate;

flyu) =y.flu) . (2.1.63)
O

Lemma 2.1.36. Given a symmetric invariant 2-tensor = € (Sym?g)¢ the following is an equiv-
ariant map,
7: K — Sym?g . (2.1.64)

By Ly : Repgg — Repgg we mean the linear endofunctor:
VUV , g—1ly®g (2.1.65)

thus Lemma 2.1.35 can be rewritten as p : Ly = id and Lemma 2.1.36 gives a natural transfor-
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mation 7 : id = Lgy,,2,. Putting this together, we construct an infinitesimal braiding as

t

W*Id®ﬂ/ /Wld@)*(p&p) (2166)
Lagmzy® ——=—— (L, @ L)

whose components are thus defined as:
tov = [pr @ pv][lg @Y @ Wy][r @ 1py] : UV = UV | u®@v = ma)u®@mg.v . (2.1.67)

That (2.1.67) is a natural endomorphism of the monoidal product ® follows from the fact that
we are horizontally/vertically composing natural transformations from Lemmas 2.1.35 and 2.1.36.
The infinitesimal hexagon relations (2.1.51) being satisfied follows from the “primitivity” of the
action maps (2.1.60) whereas the vy-equivariance (2.1.52) follows from 7 being a symmetric 2-
tensor. Altogether, we have that (Repgg, ®,K, v, ) is a Cartier category.

2.2 Basic notions of homological algebra

We recall some elementary concepts appearing in [CW94, Chapter 1], i.e., the definitions of
cochain complex/map, tensor product/internal hom of complexes, cochain homotopies and the
shift of a complex.

2.2.1 Cochain complexes

Definition 2.2.1. A cochain complex V = (V* d) consists of a Z-graded vector space, i.e.,
a family .
VEi={Vis (2.2.1a)

of vector spaces labelled by integers i € Z (called degrees) and a family
d={d: V' -V, (2.2.1b)

of degree-increasing linear maps (called differential) which square to zero, i.e., d* = 0. We say

V is finite-dimensional (fd) if 3, dim(V") < oc.
We denote the subspace of i-cocycles by

Z'(V) :=ker{d: V! - V*ty CcV' | (2.2.2a)
and we denote the subspace of i-coboundaries as

B (V) :=Im{d: V"' - V}CV' | (2.2.2b)
From these two subspaces we construct the i*"-cohomology as the subquotient

H (V) :=Z(V)/B'(V) . (2.2.2¢)

A cochain map f:V — W is a family f = {f : V! — W'},cz of degree-preserving linear maps

which commutes with the differentials, i.e., fdy = dw f. A cochain map sends coboundaries to
coboundaries and cocycles to cocycles thus induces a map H (V) — H (V).
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Definition 2.2.2. A quasi-isomorphism is a cochain map f : V' — W such that, for all degrees
i € Z, the induced map between i*"-cohomologies f : H/(V) — H!(W) is an isomorphism.

We denote by Ch the category of cochain complexes and cochain maps. The category Ch carries
the following standard closed symmetric monoidal structure. The tensor product V@ W € Ch
of two cochain complexes V, W € Ch is given by

Vew) =V ew) | (2.2.3a)
jJEL
for all © € Z, and the differential

dv@w) = (dv)@w+ (-1)"'v® (dw) (2.2.3b)

where |- | indicates the degree. The monoidal unit is given by the ground field K € Ch, regarded
as a cochain complex concentrated in degree 0 with trivial differential. The symmetric braiding
is defined component-wise by the Koszul sign rule

ww VOW = WV |, 1w — wwveow) = (-)"Myeuv. (2.2.4)
The internal hom hom(V, W) € Ch between two cochain complexes V, W € Ch is given by

hom(V, W) = []Hom(V/, W7+ (2.2.5a)

jEL

for all + € Z, where Hom denotes the vector space of linear maps, and the differential
OL == dw L — (-1)"'Ldy (2.2.5b)
This is indeed a closed monoidal structure given that we have the following natural isomorphism,

Ch (U, hom(V,W)) 2 Ch (U @ V,W) . (2.2.6)

Note that cochain maps f : V — W are precisely the 0O-cocycles in the inner hom complex
hom(V, W), i.e., f € Z°(hom(V,W)) such that df = 0. A cochain homotopy between two
cochain maps

h:f—=g: VW (2.2.7)

is a degree —1 element h € hom(V, W)~! such that Oh = f — g. The degree i < —1 elements of
hom(V, W) admit an interpretation in terms of higher cochain homotopies.

Definition 2.2.3. A dg-category is a Ch-category, i.e., a category with hom complexes and
cochain composition/units.

Associated to any integer n € Z is the n-shift endofunctor [n] : Ch — Ch. To a cochain
complex V' € Ch it assigns the n-shifted cochain complex V[n] € Ch given by V[n]* := V",
for all 7 € Z, and dyy,) := dy. To a cochain map f : V — W it assigns the n-shifted cochain
map f[n]: V[n] — W(n| given by {f[n]" := fi™ : V™" — W}, .. Note that [0] = idcy, is the
identity and

[n] [m] = [n+ m)] (2.2.8)

under composition. Recalling the tensor product (2.2.3), one obtains a natural isomorphism

[n] = K[n]® (-): Ch — Ch. To keep track of shifts in element-wise expressions, we will denote
elements in V[n] by s™™ v € V[n], where s™" € K[n] is the degree —n element.
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The interplay between shifts and the closed symmetric monoidal structure on Ch is as follows.
For any n,m € Z and V, W € Ch, we have a natural cochain isomorphism

o)

Vinl@Wim] = (VeW)n+m] , s"v®s ™wr (—=1)PMms™ ™o w) , (2.2.9)

which moves the shifts to the left. Note that this cochain isomorphism does not preserve the
symmetric braiding on Ch, but rather one has that

Vn] @ W[m] i Wim| ® V[n]
%l l% . (2.2.10)
(Vo W)n+m] e —— (W V)[n+ m]

For the internal hom between V, W € Ch, we have a natural cochain isomorphism

hom(V, W) = hom (Vn],W[n]) , L +~ L[n] = idgm®L . (2.2.11)

The tensor product in this expression denotes the one of internal homs, which when evaluated on
elements s v € V[n] yields the Koszul sign L[n](s™v) := (=1)I" s7 L(v). Furthermore, we
have a natural cochain isomorphism

hom(V, W)[n] = hom(V, W/n)) (22.12)

Ehat comes without Koszul signs and is given by regarging s~ L € hom(V, W)[n] as the element
L € hom(V, W([n]) which is defined by the evaluation L(v) := s™"L(v) € Wn], for all v € V.

2.2.2 Commutative differential graded algebras (CDGAs)

A differential graded algebra (in short, DGA) is a monoid object in the symmetric monoidal
category Ch. More explicitly, a DGA is a triple A = (A, u,n) consisting of a cochain complex
A = (A% §) € Ch and two cochain maps:

prARA—-A a®brr ab (2.2.13a)

(called multiplication) and
KA, 1e1 (2.2.13D)

(called unit) which satisfy the usual axioms of associativity,
a(bc) = (ab)e (2.2.13c)

and unitality,
la=a=al . (2.2.13d)

The multiplication and unit being cochain maps means that we have:

d(ab) = (a)b+ (—1)"as(d) (2.2.14)
s(1)=0 (2.2.15)

respectively. A commutative differential graded algebra (in short, CDGA) is a DGA whose
multiplication is commutative with respect to the symmetric braiding (2.2.4) on Ch, i.e.,

= [10YaA — ab = (—1)lPlpg (2.2.16)
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We denote by CDGA := CAlg(Ch) the category of CDGAs whose morphisms are cochain maps
f A — B which preserve the multiplication and unit:

flab) = fl@)f®) . fL)=1 . (2.2.17)

One class of CDGAs which is relevant for this thesis is that of free CDGAs, which are also
known as symmetric algebras. Recall that the symmetric algebra associated with a cochain
complex V' € Ch is given by the cochain complex

SymV = @Sym”V = @ (V‘Xm)sn € Ch , (2.2.18a)

n>0 n>0

where V" .=V @V ®---®V € Ch denotes the n-fold tensor power and (V®”)S € Ch are the

coinvariants (i.e., quotient) of the permutation group action defined by the symmetric braiding
(2.2.4). The multiplication is defined by

p(v @ @u) @@ @u])=® Qv & - Qu,] (2.2.18b)

and the unit is given by (1) =1 € K = SymV C SymV. To ease notation, we shall denote
elements of the symmetric algebra simply by vy vs - - - v, € Sym V. We denote the full subcategory
of such objects as CDGA'.

Relaxing the constraint on the differential structure but maintaining the underlying graded com-
mutative algebra structure results in the following more general concept.

Definition 2.2.4. A CDGA A = (A% 5, u,n) is called semi-free (sf) if its underlying Z-graded
commutative algebra A* = (A% u,n) is free, i.e.,

A = Sym(VH) (2.2.19)

in the category of graded-commutative algebras, for some Z-graded vector space V*. An sfCDGA
is called finitely generated (fg) if V* is fd as in Definition 2.2.1. An sfCDGA is called positively
generated if V' = 0 for i < 0.

Remark 2.2.5. The Leibniz law (2.2.14) means the differential § on a sfCDGA A* = Sym(V*¥)

is completely determined by its restriction d(v) to the generators. Hence, one can prescribe such
differential by its values d(v) on generators such that [6(v)| = |v| + 1 and §2(v) = 0. A

Example 2.2.6. Suppose we are given a fd Lie algebra g = (g, [, -]). We denote the basis elements
by {z; € g}1<i<dimg and the structure constants by g}k € K where

[, 2] = ghpws (2.2.20a)
The skew-commutative property of the Lie bracket [, -] : /\]?< g — g translates into the following
anti-symmetry of the lower indices,
o =0k - (2.2.20b)
The Jacobi identity
[[:Ei,xj],xk} + [[xj,xk],mi} + [[xk,xi],a:j} =0 (2.2.20¢)

translates into the following relation between the structure constants,

900 + 08l + Grol =0 . (2.2.20d)

Because g is fd, the dual vector space g* := Hom(g, K) exists and is also fd. We denote the
dual basis by {6 € g*}1<i<dimg hence the generators of the free graded-commutative algebra
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Sym(g*[—1]) are denoted by {¢" € g*[—1]}1<i<dimg Where

P = —9F9l (2.2.21a)
thus
dimg
Sym(g*[—1]) = P Sym'(g*[-1]) (2.2.21D)
=0

As mentioned in Remark 2.2.5, if we wish to construct a sSfCDGA structure on Sym(g*[—1]) then
we must first prescribe the differential on generators such that it increases the degree by 1. We
define the differential by the dualised Lie bracket (e.g., [BPS22, Formula (2.11) of Example 2.7]),

5(0") = —%ggkﬁjﬁ’f : (2.2.21c)

Now we force the Leibniz law to hold as in (2.2.14) and we must check that this differential indeed
squares to zero,

(') = =305, 0(00") = 195,07, 000" — {glol, PO = Saiiel, 00O, (2.2.22a)

where the second equality uses the derivation property and the last equality uses the reindexing
(j ¢ k) and the anti-symmetry of the lower indices (2.2.20b) on the second term. Setting this to
zero and then stripping away the 9 terms means that we require the following relation between
the structure constants, . A .

9500 + 000 + 8jm0 =0 (2.2.22b)
This is simply the relation between the structure constants (2.3.59b) which follows from the
Jacobi identity. This example has proven the one-to-one correspondence between fd Lie algebras
(g,[,-]) and sfCDGAs (Sym(g*[—1]),0) finitely generated in degree 1. We call the latter the
Chevalley-Eilenberg algebra,

CEqg := (Sym(g*[-1]),d) (2.2.23)

of the fd Lie algebra g. In fact, CE is actually contravariantly functorial in the sense that there
exists a well-defined contravariant equivalence,

CE: (LieAlg™)” ~ CDGA®' . (2.2.24)
Given a Lie algebra homomorphism f : g — b, we must define a CDGA morphism
CE; : CEy — CE; . (2.2.25)

Semi-freeness means that it suffices to only prescribe a well-defined result on the generators of CEj.
To that end, choose the basis {y, € h}1<u<dimp and the shifted dual basis {p* € h*[—1]}1<a<dimp
so that if f(z;) = f{'y, then

CEf(¢%) := fi9" . (2.2.26)

The fact that f is a Lie algebra homomorphism translates to the index relation
figh, = bifrfx (2.2.27)
but this obviously implies that (2.2.26) lifts to a cochain map. \Y
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2.2.3 dg-Modules over a CDGA

Associated with any CDGA A is its dg-category sdgMod of left A-dg-modules. More explicitly,
an object M = (M?*, d,>) in this category is a cochain complex M = (M* d) € Ch endowed with
a cochain map

p:AQM — M, a®@mi—a>m=am (2.2.284a)

(called left action) which satisfies the usual left module axioms of associativity
(aa"ym = a(a’'m) (2.2.28b)

and unitality
Im=m . (2.2.28c¢)

The left action being a cochain map means that we have
d(am) = (6a)m + (=1)1%a(dm) . (2.2.28d)

The cochain complex of morphisms between two objects M, N € ,dgMod is defined as the
subcomplex

hom (M, N) C hom(M, N) (2.2.29a)
of the internal hom in Ch containing the A-linear maps f € hom(M, N), i.e.,
f(am) = (=1)elg f(m) . (2.2.29b)

The property of A-linearity is clearly preserved under addition and taking the inner hom differ-
ential. The dg-category sdgMod has a compatible closed symmetric monoidal structure with:

(i) Monoidal product given by the relative tensor product,

(>®idn) (vpr,4 ®@idN)

M®aN := Colim<M®N M®A®N) € asdgMod . (2.2.30)

idy @

(ii) Monoidal unit given by the base CDGA A = (A%, §, u) € ,dgMod.
(iii) Symmetric braiding given by the Koszul sign rule,

N M@sN >N M, meane— (=)™Mpe,m . (2.2.31)

(iv) Internal hom hom , (M, N) € sdgMod given by the cochain complex (2.2.29) with the left
action

(af)(m) = af(m) (2.2.32)

and, as before, we have natural isomorphisms
4dgMod (L, hom (M, N)) = sdgMod (L ®4 M,N) . (2.2.33)

Definition 2.2.7. An A-dg-module M = (M* d,>) is semi-free if its underlying A*-module
M* = (M?*,p) is free, i.e.,

M = Ao V? (2.2.34)
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in 4,;gMod for a Z-graded vector space V* where the left action is simply given by
ald ®@v) = (ad)®@v=:adv . (2.2.35)
An sf A-dg-module is finitely generated if the total dimension

dim(V¥) := > " dim(V*) < o0 (2.2.36)

1€ZL

of the Z-graded vector space V* is finite. Furthermore, we say that an sf A-dg-module is gener-
ated in degree 0 if V¥ = V. We denote by

adgMod™ C ,dgMod (2.2.37)
the full dg-subcategory whose objects are all fgsf A-dg-modules. We further denote by
adgMod® C ,dgMod ™! (2.2.38)
the full dg-subcategory whose objects are all sf A-dg-modules finitely generated in degree 0.

Remark 2.2.8. The closed symmetric monoidal structure on sdgMod restricts to a closed
symmetric monoidal structure on the full dg-subcategory 4dgMod™' C ,dgMod. Indeed, the
monoidal unit A € 4dgMod is singly generated in degree 0 and free (for the simple reason that
A=~ A®,K in 4dgMod) and, given any two fgsf A-dg-modules M, N € ,dgMod™®*" with
M*! = A* @ V! and Nf =2 A* @ W, we have isomorphisms between graded A*-modules,

(M®4N) = A (Vig W) (2.2.392)
and
hom, (M, N)* = A'@ (W (V) (2.2.39b)

which imply that M ®4 N € 4dgMod™®" and hom ,(M, N) € 4dgMod™®*" are fgsf. Here (V#)*
denotes the dual of the Z-graded vector space V¥, which exists since V* is, by hypothesis, of finite
total dimension. Analogous arguments show that the closed symmetric monoidal structure on
4dgMod® restricts to a closed symmetric monoidal structure on AdgModggSf. A

Remark 2.2.9. The Leibniz law (2.2.28d) implies that the differential d on a sf A-dg-module
M* =~ A* ® V¥ is determined by its restriction d(w) to the generators. Hence, one can prescribe
such differential by its values d(w) on generators such that |d(w)| = |w|+ 1 and d*w = 0. A

2.2.4 Lie algebra representations as Chevalley-Eilenberg modules

Example 2.2.10. Given a fd Lie algebra g and a representation (V, py), we follow Remark 2.2.9
and define d on the generators of the free CEg—graded module (CEg ® V, 1) by shifted resolution
of the identity as follows,

dv := 9" (z;0) . (2.2.40)
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Now we force the Leibniz law as in (2.2.28d) and we check that d squares to zero on the generators,
d*v =6 (") (z;.v) — ¥'d(z;.v)
1. . o
= — — gl W (@0) — 9 (2;.(2.0))

2
S %ﬁjﬁk([xj, zi).v) — W0 (2. (z.0))
__ %wk (2 (20) — T (27.0)) — PO (04 (;.0)) (2.2.41)

where the third equality uses (2.2.20a) on the first term and the last equality uses (2.1.54). This
last equality is obviously zero by using (2.2.21a) and a reindexing on the first term. We call

CEy = (CE{®V,d,>) (2.2.42)

the Chevalley-Eilenberg module of the Lie algebra representation (V, py). In fact, given an
equivariant map f : U — V we define a CEg-linear cochain map:

. U %
CE/ : CE] — CE; Coues f(u) . (2.2.43)
The cochain property follows from the equivariance property,
CE/(du) = CE}(V'z;u) = 0" f(z;.u) = Pz, f(u) = df (u) = dCE](u) . (2.2.44)
\%

Proposition 2.2.11. Ezample 2.2.10 defines a linear equivalence CE; : Repgg ~ CEgdgModzf.

Proof. Noting that
CE} :=1cg, ® f , (2.2.45)

linear functoriality simply follows from that of the tensor product:
/ ’ 1
CE; ™ =CE; +CE; ., CEY=1lcy , CEY=CECE] . (2.2.46)

To show essential surjectivity, consider a generic object M € CEgdgModzf. By Definition 2.2.7,
there exists some vector space V' such that

M=~ CEf @V (2.2.47)

as graded modules over CEE. The differential on M transfers under this isomorphism to define

a differential d on CEg ® V' thence promoting the isomorphism as one between CEj-dg-modules.
Evaluating the differential d on a generator in V', we have

dv = ¥ p;(v) (2.2.48)

where p; € End(V'). The square-zero condition now implies relations on the p;,

d®v =Y 0P ([pi, pj] — abpw) () =0 . (2.2.49)

1>7

Explicitly, (2.2.49) states that the p; satisfy the Lie algebra relations of g and can be identified
as p; := p(x;) with p : g — End(V) a Lie algebra homomorphism.
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Faithfulness is obvious,
CE] =CE! = leg,®f=1lcg,®f = [=/. (2.2.50)

To prove fullness, note that a CEg-linear cochain map ¢ : CE;J — CE;/ is determined by its
restriction to module generators, ¢(u) € V', and the cochain condition ¢(du) = d¢(u) reads

d(WV'wiu) = Vaip(u) = V[p(ziu) —1.01m)] =0 (2.2.51)
hence ¢(x;.u) = z;.¢(u) and ¢ : U — V is an equivariant map. O

Proposition 2.2.12. CE; : Repgg ~ CEgdgl\/Iodaf 15 a symmetric monoidal equivalence with
strict unity constraint and strong product constraint

(CEq)pv : CEJ ®cg, CEy =2 CEYY | u®cp,v—u®uv . (2.2.52)
Proof. Clearly the monoidal unit is strictly preserved,
CEy = CE; . (2.2.53)
Let us show that (2.2.52) is cochain; we have
d(u ®cg, v) = Pox;u ®cE, ¥ + u QcE, Vw;v =V (x50 ®CE, V + U QcE, 7;.V) (2.2.54)
and this gets mapped to
P (ziu@v+u®r.v) =0r.(uev)=duxv) . (2.2.55)

It is obvious that (2.2.52) is a natural isomorphism which satisfies the lax associativity axiom
(2.1.9) and preserves the symmetric braiding (2.1.21). O

2.3 Derived algebraic geometry of CDGAs

In order to describe the geometric concept of n-shifted Poisson structures on a CDGA, we first
need to define what we mean by polyvectors in the context where the “function” algebra is a
CDGA. For this reason, we first define derivations and then construct the complex of n-shifted
polyvectors from such derivations. An n-shifted Poisson structure will later be defined as an n-
shifted polyvector of a specific cohomological degree which satisfies the Maurer-Cartan equation
in this context.

2.3.1 Derivations and Kahler differential forms
The cochain complex of derivations of a CDGA A is defined as the subcomplex
T4 C hom(A,A) € Ch (2.3.1a)
whose homogeneous elements D € T 4 satisfy the Leibniz rule, i.e.
D(ad) = (Da)d + (=1)/Plelq (Dd") (2.3.1b)

for all homogeneous a,a’ € A. The cochain complex T4 is canonically an A-dg-module with the
same left action as that of the internal homs of 4,dgMod, i.e., given by post-multiplication as in
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(2.2.32). It further carries the structure of a Lie algebra object in Ch, i.e., it is a dg-Lie algebra
(or DGLA), with cochain Lie bracket given by the commutator of composition

[-,-]:Ta®Ta = Tua, DD — [D,D]:=DoD —(-)PI”ID'oD | (232)

for all homogeneous D, D" € T 4. For later reference let us spell out, in the following Lemma,
the relevant properties which the commutator bracket satisfies. The graded-bilinearity is obvious
hence we state only the remaining nontrivial properties that we have to check.

Lemma 2.3.1. The commutator bracket (2.3.2) equips T4 with a DGLA structure which is a
derivation of the A-dg-module structure:

(i) Well-definedness: For all homogeneous D, D" € T 4,
(D, D'|(ab) = [D, D')(a)b+ (=1)PHP D[ D, D')(b) (2.3.3a)
(i) Cochain property: For all homogeneous D, D" € T 4,
dD,D'| = [oD, D] + (-D)PI[D,oD] . (2.3.3b)
(111) Antisymmetry: For all homogeneous D, D" € T 4,
D, D] = —(-1)P"P1 D' D] . (2.3.3¢)
(iv) Jacobi identity: For all homogeneous D, D', D" € T 4,
[D,[D',D"]] = [[D,D)],D"] + (-1)PI”"'[D,[D,D"]] . (2.3.3d)
(v) Derivation property: For all homogeneous a € A and D, D’ € T 4,
[D,aD'] = D(a) D'+ (=1)Plelq[D, D] . (2.3.3¢)

Proof. These are all elementary checks which we will spell out for concreteness below:

[D, D'}(ab) =D(D'(ab)) — (=1)"P1”|D'(D(ab))
=D(D'(a)b+ (=1)1"71aD' (b)) — (=1)PI”ID"(D(a)b + (=1)"laD (b))
=D(D'(a))b + (=1)!PIPHD D (a) D(b) + (=1)IP|D(a) D' (b) + (=1)MIPHIPDaD(D' (1))
— (=1)PIPID"(D(a))b — (=1)“IP' D (a) D' (b) — (=1)P!IPHD D' (a) D(b)
— (- 1)IDHD IHlal[DI+all D], DY (D(b))
=[D, D'}(a)b + (=1)N1PHPDa[ D, D'|(b)

oD, D' =9(D o D' — (—1)PIIP'ID" o D)
=JoDoD — (=1)PHPIDo D 0§ — (=1)PIPl§ 0 D' o D + (=1)IPIPHIPHIPI Y 6 D o §
=5oDoD — (—)PIPHIID 650D — (~1)PID oo D' + (—1)PIPHPIHID o Do §
+(=D)PIDodoD — (=1)PWIso D' o D — (—1)PHIDo D' 0§+ (—1)PIP'HYID o 50 D
=[6oD,D'] - (-1)PID o6, D]+ (—1)PI[D,5 0 D') — (=1)PHP'I[D, D' o 4]
0D, D' + (-1)PI[D, 0D’
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D, D] = DoD’—(—l)‘D”D"D’oD - _(_1)\DIID’| (D' oD — (_1)|D’|ID\D o D’) - _(_1)|DHD’\[D/’D]

[D, [D/7DIIH :D o {DI,D/I] o (_1)|D|(‘D/|+‘D”‘)[D/7 D//] o D
—DoD' oD" — (~1)PI?"ID o D" o D/ — (—1)/PIP' "D/ 6 D" 6 D
(1) PID DD D DI D 6 6
—DoD oD — (~1)PIPp o Do D" — (—1)P"NWPHPI D" 6 Do DY

+ (=

1) PP HDID" D DL pyr o 1y o

+ (=)IPPID" 0 Do D" — (—=1)PIPHIPYIPID o D" o D — (~1)/P1IP"ID 0 D" o DY
)
D',

+ (=1)/PIAPHIP'D D" 6 D o D
=([D, D'], D"] + (=1)!PPI[D’ D, D"]

[D,aD'] =D o (aD") — (=) l(aD") o D
—D(a)D' + (=1)Pllalg (D o D) — (=1)Pllalg ((—1)‘D||D’|D' 0 D)
=D(a) D' + (-1)Plelq [D, D]
0

Remark 2.3.2. Note that we can use the canonical DGLA structure on T4 to write the (adjoint)
differential of T4, given by (2.2.5), as 9 = [4, -]. A

Remark 2.3.3. In the case of a free CDGA A = Sym V| each derivation is completely determined
by its restriction to the generators of V. C Sym V, i.e., we have a cochain isomorphism

TSymV E) M(Vy Sym V) . (234&)

The inverse is given explicitly by extending each homogeneous L € hom(V, Sym V') to a derivation
Dy on SymV via the Leibniz rule

n

DL<U1 s Un) = Z<_1)|L|Z;;% [v;1 V1V L(UZ> Vit1 " Un (234b)
i=1
for all homogeneous vy, ..., v, € V. Furthermore, the action of A on T 4 is by post-multiplication

hence we have the following isomorphism
Ta = A®hom(V,K) (2.3.4c)

as A-dg-modules. In other words, if the ground CDGA A is free (i.e., A = SymV) then the

derivations T 4 form a free A-dg-module.

Actually, we can generalise this to the case of a sSfCDGA A. A derivation is still completely
determined by its restriction to the generators and all we are to do to lift the derivation to the
whole complex is to force the Leibniz law as in (2.3.1b) and then semi-freeness of A guarantees
consistency of this lift, i.e., there is no enforced relation between the generators of the underlying
graded commutative algebra A* which we could possibly spoil. Likewise, the action is still by
post-multiplication hence we have the following isomorphism

TY, =~ A* @ hom(V, K)* (2.3.4d)
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as Af-graded-modules. In other words, the derivations T 4 form a sf A-dg-module® with differential
0 = [0,-]. Furthermore, if we denote the generators of V' by {v; € V},c; then the generators of

the derivations (as a sf A-dg-module) are given by {% eT A} and they are such that
i i€l

o] () = (g 0 3 = ()11 0 ) (o) = o (6]1) = (~1) Mg (31) = 0

(2.3.4e)
where 52 is the Kronecker delta and we have used the well-known fact that the derivation of an
algebra unit is always zero®. Again, a derivation of a sfCDGA is completely determined by its
specified value on the generators of the CDGA hence we have

[aiai] —0 . (2.3.4g)
A

Example 2.3.4. Given a fd Lie algebra g, construct the corresponding sfCDGA fg in degree 1
as the Chevalley-Eilenberg algebra CE, := (Sym(g*[—1]), ) of Example 2.2.6. Remark 2.3.3 tells
us that the derivations are given by the following sf CEg-dg-module fg in degree —1,

Teg, 2 (CEE ® (g°[-1))%,0,5) . (2.3.5a)

We can be more explicit and specifically determine the result of the differential 0 on the generators
% € (g*[—1))* in terms of something familiar from Example 2.2.10,

(2atam3) = ]

- (5 o 5 * 5 ° 5) )

s/ 1, 0 kgl

—5(53‘1) QQkZW(ﬁ 19)
1 1 .

= 59215f191+§92ﬂ9k5§

_g;gjﬂk

where the last equality comes from a reindexing on the first term. In other words,

a% = g, 0" 5 é’;i) (2.3.5b)
Comparing (2.3.5b) with (2.2.40) gives us that, as graded vector spaces,
. * o 0 -1
(g"[—1)" = g[1] , D) s, (2.3.5¢)
we rewrite (2.3.5b) as
(s 'zj) = gijﬁks_lxi = s ag, 2] = 0" (2. (s7'2y)) (2.3.5d)
®Generated in the dual degrees of those of the generators of A.
6Simply because the unit 1 : K — A is a cochain map hence |1| = 0,
D(1) = D(11) = D(1)1 + 1D(1) = D(1) + D(1) = 2D(1) = D(1)=0 . (2.3.4f)
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In sum, the derivations of the Chevalley-Eilenberg algebra of a fd Lie algebra are isomorphic (as
CEy-dg-modules) to the Chevalley-Eilenberg module of the 1-shifted adjoint representation of the
Lie algebra,

TCEB = CEg(gad[l]) . (2358)

The semi-freeness of CE; means that (2.3.4g) still holds hence
[s7 oy, sty =0 . (2.3.5f)
\Y

Let us recall a standard deformation construction for CDGAs which will be relevant in the next
section.

Definition 2.3.5. A degree 1 derivation o € T} on a CDGA A = (A, u,n) is called a Maurer-
Cartan derivation (in the DGLA T,) if it satisfies the Maurer-Cartan equation

o+ 1l,al =0 . (2.3.6)

Given any Maurer-Cartan derivation o € T, one may deform the differential § € T on A to a
new differential

6o = 0+a € TY (2.3.7)

which, as a consequence of the Maurer-Cartan equation, squares to zero 62 = 0. One checks that
endowing the resulting cochain complex A, := (A,J,) € Ch with the given multiplication and
unit defines a new CDGA A, = (A,, 1,m). Note that in the case of a free CDGA A = Sym V', the
result (Sym V'), of such a deformation along a Maurer-Cartan derivation a provides a stCDGA
as in Definition 2.2.4.

Remark 2.3.6. We conclude this subsection by providing some comments about the Kahler
differentials under the hypothesis that A is a fgsfCDGA, in which case the dg-module of derivations
T4 € adgMod®' is dualizable. We define the A-dg-module of Kihler differentials by the

internal hom
Q4 = hom (T4, A) € 4dgMod™! | (2.3.8a)
which is fgsf as a consequence of Remark 2.2.8 and
Q) =2 AP (VO™ =2 AP VP . (2.3.8b)
We denote the duality pairings between (24 and T4 by
(«,) :QA®aTa = A, w®aD — (w,D) = w(D) (2.3.9a)
and
() Ta®aQ = A, DRsw — (D,w) = (-D)PI (D) | (2.3.9Db)

for all homogeneous w € 24 and D € T4. The de Rham differential dgg : A — Q4 is defined
by

(D,dar(a)) := D(a) , (2.3.10)

for all a € A and D € T,4. From this definition one directly checks that dgr(aa’) = dgr(a) - @’ +
a-dqr(d’), for all a,a’ € A, and that dg, dgr = dqr da. A
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2.3.2 The de Rham algebra and shifted symplectic forms

Remark 2.3.6 has introduced the Kéahler differential forms via the dualisation (using the closed
monoidal structure of 4dgMod) of the derivations T 4. This subsection will construct the Kéhler
differential forms as objects in their own right (without referring to duals) by first constructing
the de Rham algebra from a stated theorem. Recall that a symplectic form on a smooth manifold
M is a 2-cocycle in the de Rham algebra (i.e., a 2-form w € Q?(M) which is closed under the
exterior derivative dqrw = 0) whose pointwise restriction w,(-,-) : T,M Ax T,M — K is non-
degenerate. The above mentioned stated theorem constructs the de Rham algebra as a double
complex hence, in order to have only one notion of closedness, we take the product totalisation
of this double complex. Assuming a non-negatively graded CDGA (A=, §), defining the notion
of a shifted symplectic structure on A requires further introducing a quasi-isomorphism condition
which generalises the non-degeneracy condition of a symplectic form. We finish this subsection
by then showing that the only shifted symplectic structures on CE4 (for g a fd Lie algebra) are
simply the 2-shifted symplectic structures and these can be characterised as quadratic Lie algebra
structures on g, i.e., non-degenerate symmetric ad-invariant pairings on g.

The de Rham algebra of a CDGA A

As mentioned above, the de Rham algebra of a CDGA A is a double complex hence let us recall
the definition of such double complexes as in [MuRo19, Section 2].

Definition 2.3.7. A double cochain complex V** = (V% d,§) consists of a Z x Z-graded
vector space, i.e., a family

Vit — {Vm‘}( (2.3.11a)

4,§)ELXZL

of vector spaces labelled by two integers, ¢ € Z (called vertical degree) and j € Z (called
horizontal degree), and two families

i i+1,j _ 5. i ij+1

d:{d.VJ—>V+J}( 6—{6.VJ—>VJ+}( (2.3.11b)

1,J)ELXZ ) 1,J)ELXL

of degree-increasing linear maps (called vertical differential and horizontal differential, re-
spectively) which square to zero and commute with one another?,

d?=6>=dod—dod=0 . (2.3.11c)

Remark 2.3.8. The fact that the differentials commute with one another means that: for fixed
vertical degree i € Z, the vertical differential d; := {d : V" — (V[1,0])"/},_, is a cochain map
and, for fixed horizontal degree j € Z, the horizontal differential ; := {6 : V" — (V[0,1])"/},_,
is a cochain map. A

A double cochain map [ : V** — W** is a family {f : V" — W™}, jezxz of linear
maps which preserve both the vertical and horizontal degrees which are compatible with both
differentials,

dof=fod , Jdof=Ffos . (2.3.12)

We denote by Ch** the category of double cochain complexes and double cochain maps. The cat-
egory Ch®*® carries the following standard symmetric monoidal structure. The tensor product

7As opposed to bicomplexes where the only difference is that the differentials anti-commute.
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Ver @ We** € Ch** of two double cochain complexes V** W** € Ch** is given by

Ve @ vHewe, 2313

(k,1)EZXTZ

for all (i, j) € Z x Z, and with differentials on homogeneous elements

dv@w) = () @w+ (-1)"Mv@dw

(2.3.13D)
S(v@w) = () @w+ (—1)"hy @ dw

where the subscript v refers to the vertical degree and the subscript h refers to the horizontal
degree of the element. The unit for the monoidal product is once again the ground field K
concentrated in degree (0,0) with both differentials annihilating every element.

The symmetric braiding is defined component-wise by the following Koszul sign rule,
YWeswes V.,o ® W.’. N W.’. ® V.’. ’ VW (_1)|v|h|w|h+|vlv‘w‘vw X v ’ (2314)

for all homogeneous v € V** and w € W**.

A commutative differential doubly-graded algebra (in short, a CDdGA) is a commutative
algebra object in the symmetric monoidal category (Ch®** ®, K, ~), ie., a triple (B** u,n),
analogous to Subsection 2.2.2, whose double cochain multiplication p : B** ® B** — B®*® is
associative/commutative, analogous to (2.2.13¢)/(2.2.16), and whose double cochain unit map
n : K — B** is unital, analogous to (2.2.13d). We denote by CDdGA := CAlg(Ch*®) the
category of CDdGAs whose morphisms are double cochain algebra morphisms, i.e., double cochain
maps which preserve the multiplication and unit analogous to (2.2.17).

We say that a double cochain complex is vertically positive if V%9 = (0 for i < 0 and we denote
the symmetric monoidal full subcategory of such objects as Ch=%*. Furthermore, we denote by
CAlg(Ch=""*) the category of vertically positive CDdGAs and their double cochain algebra
morphisms. We are now ready to make sense of the statement from [CPTVVI17, Proposition
1.3.8] which we state without proving.

Theorem 2.3.9. Define the forgetful functor

U : CAlg(Ch="*) — CAlg(Ch"®) (2.3.15a)
to act on objects as
U (B"*) =U(B>""d,8) = (B™,§) = B (2.3.15b)
and on morphisms® as
Z/[{f : Bi’j — Oi’j}(i7j)eN><Z = {f : Bo’j — Oo’j}jez . (2315C)

This functor admits a left adjoint
Q : CAlg(Ch*) — CAlg(Ch="*) (2.3.16)

which we call the de Rham functor.

Definition 2.3.10. Given a CDGA (A, 6, u,n), we define the de Rham algebra of A as the
vertically positive CDdGA

QA = Q(A) = (Q§O7ﬁ7dde 57 /\A’ 77) . (2317)

8Notice that this then tells us that the CDAGA structure on B2%* is mapped to a CDGA structure on B%*.
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Remark 2.3.11. Note that we have (Q%%,8, A4,7) = (A, 6, 1, 1) as CDGAs. Restricting to Q%
the graded K-linear map 9 : Qzﬂ — Ql 64O 1] stlll squares to zero hence provides a well- deﬁned
differential, we denote this cochain Complex as QY = (Qzﬁ, 9). The associative unital double
cochain multiplication A4 restricts to a well-defined left A-action

Aa: AR QY — QY (2.3.18)

which is associative and unital. We thus define the Kahler differential forms of A as the
A-dg-module (QY, A4). A
We could invert the order of this construction by following, for example, [Fis95, Chapter 16].

Definition 2.3.12. A module of Kéhler differential forms of A over K is a 2-tuple (2, /x> ddr)
where Q1 /i is an A-dg-module and dgr : A — QL A/ 18 a cochain derivation (called the de Rham

differential) whose image generates Jk @S an A-dg-module. Let us expand the meaning of
these terms, the cochain property means that:

(i) A homogeneous element a € A has degree |dgr(a)| = |al.

(ii) The de Rham differential is K-linear,

ddR(OéCZ + ﬁb) = OéddR(&) + ﬁddRa)) , (2319&)
where a,b € A and «, 8 € K.

(iii) The de Rham differential commutes with the CDGA differential (which is actually the
differential of Q) K)»

O(dar) = [0,dar] =d 0 dar —dar0d =0 . (2.3.19b)

The derivation property means that the Leibniz law holds:
ddR(CLb) = (ddRa)b + CdeRb s (2320)

where a,b € A.

Proposition 2.3.13. The cochain derivation dgr : A — Qh/K has the following universal prop-

erty’: given any A-dg-module M and cochain derivation D : A — M, there exists a unique
A-linear cochain map D : Q}L‘/K — M such that D = D o dgg.

Proof. Any given A-linear cochain map is determined by its restriction to the generators hence
D : QY x — M, if it exists, is determined by its values D(dgra) and these values must be equal
to D(a). If there were another such A-linear cochain map D" : Q) sk — M then we would have
D'(dgra) = D(a) = D(dgqra) ergo D' = D. Now we must prove existence, define D(dqra) := D(a)
and lift to the whole A-dg-module QY sk by forcing A-linearity, ie., D(adarb) := aD(b). It is
clear that this provides a graded K-linear map hence the only well-definition check is merely to
verify the cochain property,

dar (D(adarb)) = day (@D(b)) = (50)D(8) + (—1)aD(3b) = D ((8a)dard) + (=)' D(ader(60)) .
(2.3.21)

where we have used the Leibniz law (2.2.28d) and the fact that D is cochain for the second
equality. It is clear that this last equality is the same as D (5 (a ddR(b))). ]

9Which, as always, determines the map and the codomain uniquely up to canonical isomorphism.
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Remark 2.3.14. This universal property justifies referring to Q} , = (Q} i, dar) as the Kihler
differential forms. We could rephrase the universal property as the following isomorphism

Z°(T(A,M)) = Z°(hom , (Q} x, M)) (2.3.22)
natural in M € 4dgMod. This sometimes goes by the slogan: the module of Kéhler differential
forms “A-linearises” the cochain derivations from A. A
We define the higher forms by QQ/K = /\;(Q}q/K) for ¢ € N where we set Q%/K = /\?4<Q}4/K) = A,

Lemma 2.3.15. For p € N*, there exists a unique cochain map dggr : QZ/K — Qﬁ;;% given on

elements by
ddR(aOddR(al) /\A /\A ddR(ap)) = ddR(CLO) /\A ddR(al) /\A /\A ddR(ap) . (2323)

Proof. Uniqueness is obvious hence let us show existence. It is degree-preserving and K-linear
because both the de Rham differential dqg and the A-relative wedge product are. It commutes
with 0 because dqr does and because A4 (and the action of A) satisfy the Leibniz law. O

We define the following N x Z-graded vector space Qa/x = A 4(Q x)-

Corollary 2.3.16. The following is called the de Rham algebra of A over K,
Ay ot odiy g2 dan g o dany 2.3.24
ALYV S d VY S ALY V) S . (2.3.24)

It is a vertically positive CDdGA in the sense that (QA/K,ddR,é, /\A,n) € CAlg(Ch="*). The
vertical differential is the de Rham differential dar, the horizontal differential is the CDGA differ-
ential §, the double cochain unit map is the same as that of A and the double cochain multiplication
map is the wedge product relative to A.

Proof. We already know that [d,dqr] = 6% = 0 so we first check that dgqr squares to zero,

diR(aoddR(al) /\A /\A ddR(ap)) = ddR<ddR(a0) /\A ddR(al) /\A /\A ddR(CLp))
= ddR(]l> /\A ddR(CL(]) /\A ddR(al) /\A /\A ddR(CLp)
=0

where we have used (2.3.23) for the first and second equalities whereas we have used the well-
known fact that derivations annihilate algebra units, as in (2.3.4f), for the last equality. By
construction 7 : K — A = QY /K 18 double cochain and provides a unit for the commutative
associative multiplication A4. The multiplication A4 is also, by construction, degree-preserving
and K-linear as well as compatible with ¢ hence let us check it is compatible with dqr. Given

w = aoddR<CL1) /\A /\A ddR(CLp) (2.3.25&)

and
’LU/ = agddR(a'l) /\A /\A ddR(a;) s (2.3.25b)

we have

w N4 w = (—1)|“6H“1"'“P‘a0a6dd3(a1) Na ... \a ddR(ap) A4 ddR(a’l) AV ERRAW ddR(a;) (2.3.256)
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hence

dar(w Ay w') =(=1)l0lleralq g (ag)al Ay dar(ar) Aa ... Aa dar(ay) Aa dar(a)) Aa ... Aa dar(a,)
+ (=1)laollar=arlgodp (ap) Aa dar(ar) Aa ... Aa dar(ay) Aa dar(a)) Aa ... Aa dar(a,)
=dar(ao) Aa dar(a1) Aa ... Aa dar(a,) Aa 0’
+ (=1)Pw Aa dar(ag) Aa dar(ay) Aa ... Aa dar(ay,)
=(dgrw) Aq ' + (—=1)Pw A g dgrw’

]

Example 2.3.17. Following on from Example 2.2.6, we take the base CDGA as A = CE; for g a fd
Lie algebra. As mentioned in Remark 2.3.3, a derivation of a sfCDGA is completely determined by
its restriction to the generators hence the CE;-dg-module of Kahler differential forms QéEg /K (from
Definition 2.3.12) is a semi-free CE,-dg-module generated by {dar (%) }1<i<dimg Where |dagr(9)] =
1. Dual to Example 2.3.4, we wish to relate the result of taking the differential § of a generator
dqr(9) to some familiar representation of g. We use the fact that the de Rham differential
commutes with the CDGA differential (2.3.19b) in the following,

§ (dar(¥")) = dar (6(v"))
= dar (—%gékﬂjﬂk)
= — 305 dar (9)0" — Lg% dar (V")
= g Wdar(0") . (2.3.26)

Recall the definition of the coadjoint representation ad” : g — gl(g*) where
(25.0") (zx) := =0 ([, xx]) = —giy = (2;.0") = —gip6* . (2.3.27)
and notice that, as graded vector spaces
derg*[-1] =2 g*[-1] dar(V") — 9", (2.3.28)
hence we rewrite (2.3.26) as
dge (") = O (2;.(0")) = =gl (9*) . (2.3.29)
In sum, we have the following isomorphism between sf CEg-dg-modules fg in degree 1,
QlCEg/lK = CEq(gaa- (1) - (2.3.30)
Now we can see that the de Rham algebra of CE4 over K from Corollary 2.3.16 is a sf CDdGA,

Ok x 2K, 0% dgg(@Y), -, dar (999)] (2.3.31)

where 9" € QOC’EE jx and dar (V') € Qlcég Jx thus

P = 99t (2.3.32a)
P'dgr (V) = —dgr(¥)9" | (2.3.32b)
ddR(’ﬁi) /\CEG ddR<19j) = ddR(ﬁj) /\CEU ddR(ﬁz) . (2332C)
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The two differentials are determined!® by:

dar[0] :=dgr (V) (2.3.33a)

dar (dar(9")) =0 (2.3.33b)
§(0") = — 1gt 070" (2.3.33¢)

6 (dar(9)) = = 305 dar(0/)0" — @507 dar (V%) . (2.3.33d)

The fact that the generator 1-forms commute, (2.3.32¢), means that there is no upper bound on
the vertical form degree of the underlying double complex. Furthermore, the fact that the CDGA
generators anti-commute, (2.3.32a), together with the fact that the bidegree of the generators
is given by || = (0,1) and |dqr(9")| = (1,1) means that the underlying double complex has a
staircase shape, i.e., QéEg K= (QzCJEg /K)USiSjSi-i-dimg' A visual depiction of part of this staircase

shape is given below as a commutative diagram where dgqg(g*[—1]) := K(dgr(91), . . ., dgr (99™2)).
dar dar dar dar

{0} : {0} : {0} : A (dar(g°[-1])) ———
dar dar dar dar

{0} ———{0} — Nz (dan(0°[- 1) ——— g’ [-1] @ A (dan(e"[-1])) ——
dar dar dar dar

{0} —— dar(g"[~1]) —— ¢"[-1] ® dar(g"[~1]) — Symi(¢"[~1]) ® dar(g"[~ 1)) —
dar dar dar dar

K——"—g'[~1] ———— Symi(g"[1]) : Symi (g*[~1])
A generic pure element of QE{EJ;];K, for 0 < k < dimg, has the following form

Wayag...apbiba.. b0 0 - 9% dgr (07) Ack, dar(9%) Ack, * -+ Ack, dar (9") (2.3.34)

with tensor of coefficients taking value in the ground field wy,ay. ayb1bs..6; € K with the relevant
symmetries, e.g.,
Watas...apbibs..b; = ~Wagay...apbibe...b; — Waiag...apbaby...b; - (2335)

\Y,

Shifted Symplectic Structures

As mentioned at the start of this subsection, the de Rham algebra {14,k is a double complex yet
we wish to capture a single notion of closedness in order to unambiguously talk about cocycles.
Following the construction laid out in [Pril8; Definition 1.6], we apply a product totalisation to
the underlying double complex (Q%K,ddR,é) as in [CW94, Total Complexes 1.2.6]. We call
this product totalisation the de Rham complex and denote it as

DR := Tot"(Qa/x) . (2.3.36a)

0The first equality is actually not tautological but rather tells us that the result of applying the vertical
differential on a CDGA generator is a generator for the forms.
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Explicitly, the m!-degree of the resulting cochain complex is given by
DR™ =[] (2.3.36Db)
ieN
and a generic element w € DR™ is simply written as

i,m—i

w = (w(,) c QA/K )iEN . (23366)

As with any product totalisation, the total differential is given by d™' := d4g & § where the
sign flips along the indexing of the tuple and our convention is given by

d™'w = (d™"w )ien (2.3.37a)
where
5 =0
ATty = 4 01O . / (2.3.37D)
darw(j—1) + (1) 0wy, =1
thus

dToty = (521)(0) 7dde(0) + 5w(1) ,dde(l) — 5w(2) e 7dde(]~_1) + (—1)j_15w(j) S ) . (2.3.37C)

A generic element w € DR™ is a cocycle (i.e., d™%w = 0) if and only if the following infinite
tower of conditions holds:

dde(o) + ow

dde(l) — ow

—~ o~ o~ =
N
D = =

ddR'LU(Q) + ow

2

Such an infinite tower of conditions fails to highlight the 2-forms w) € Qi’%{ as the forms of

interest, instead singling out 0-forms w € Q%%. The simplest solution is to apply a filtration
on the de Rham complex as in [Pril8, Definition 1.6].

Definition 2.3.18. For p € N* the p-Filtered de Rham complex Fil’DR is the product
totalisation of the following double complex,

0 1< p
0 =1 , (2.3.38)
/K {Q%/K ) ? Z p

Simply put, the m'™-degree,
(FiPDR)™ = T[4 (2.3.39)

i>p

is given just as before but now by nullifying all the forms lower than the p-forms.

Definition 2.3.19. An n-shifted pre-symplectic structure w is an (n+2)-cocycle in Fil?DR,

ie.,
w= (W) € Xy’ iz2 € FIPDR (2.3.40)
such that
d™'w = (d™'w())ise = 0 (2.3.41a)
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where

) =2
ATty = 0@ . J . (2.3.41D)
darw(j-1) + (=1) " owyy , >3

Remark 2.3.20. Expanding the requirement d™%w = 0 into a tuple of conditions:

dwiy =0 (2.3.42a)
ddRW(g) + 50)(3) =0 , (2.3.42b)
dde(g) - 5&)(4) =0 s (2.3.42C)

reveals that the tower of conditions now singles out 2-forms as the special grading; they are closed
under the CDGA differential as well as being closed under the form differential up to a CDGA
coboundary 3-form which itself is closed under the form differential up to a CDGA coboundary
4-form and so on. A

We say ‘pre-symplectic structure’ because we are still missing the notion of invertibility. As
mentioned before, working in the context of CDGAs requires that we work with something more
relaxed than an isomorphism and this is fulfilled by a quasi-isomorphism as in Definition 2.2.2.
For the rest of this subsection, we restrict to positively graded CDGAs A = (A2°,§) in which
case we have a canonical map called the co-augmentation map,

e:(A=°,6) — (A°,0) : a— 5(‘)‘1'@ . (2.3.43)

It is obvious that the co-augmentation map (2.3.43) is a CDGA morphism and hence makes A°
into an A-dg-module and we think of AY with this A-action from now on.

Definition 2.3.21. Given a positively graded CDGA A = (A4=°§), an n-shifted pre-symplectic
structure w € Z"+2 (FilQDR) is an n-shifted symplectic structure if the contraction with

the 2-form component w(s) € QZ’;LK,
W) @aido 1 Ta®@a A” = QY gln] @4 A° (2.3.44)

induces a quasi-isomorphism.

The following example demonstrates that we do indeed have a genuine generalisation of the
familiar notion of a symplectic form.

Example 2.3.22. If we were working with an ordinary affine algebraic variety and its K-algebra of
regular functions then we would have (A, §) = (A% 0). In this case, Definition 2.3.12 of the Kihler
differential forms of A° over K reduces simply to the familiar one, i.e., 9}48 K is an A%-module

generated by the image of the derivation dgg : A° — 9114’8 K The de Rham algebra of Corollary
2.3.16 simplifies to the usual one, i.e., Q4 0/x = (/\AO(QZ’S/K), dgr, 0, A g0, IL) and the underlying

double complex is given by <@ ieN /\20<Q}48 /x)> dar, 0) thus the product totalisation of the double

complex, as in (2.3.36b), acts by identity and the total differential, as in (2.3.37b), remains as
merely the form differential dgr. An n-shifted pre-symplectic structure w € Zn*2 (F112DR) is

then simply given by w = w42) € QZJ/FHZ’O such that d™'w = darwmi2) = 0, Le, it is closed
in the traditional sense of algebraic geometry. For n-shifted symplectic structures, we see that
the component wy) is only nonzero (and thus capable of inducing a quasi-isomorphism) for n =

0. Furthermore, the derivations T 40 reduce to the usual one and we have the following unitor
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isomorphisms T 40 ® 40 A° = T 40 and 9114’8 /K B0 A° =~ 9}48 Jx in the category of A%-modules, these

modules obviously have trivial cohomology hence a quasi-isomorphism between them is simply an
isomorphism. Of course, we also have w2y ® 40 id 40 = w2y hence the quasi-isomorphism condition
(2.3.44) boils down to the requirement that

wio) s Tao = Qo (2.3.45)

is an isomorphism. In sum for an ordinary affine algebraic variety, the only n-shifted symplectic
structures are the O-shifted symplectic structures and these are simply the non-degenerate 2-
cocycles in the ordinary de Rham algebra. v

Example 2.3.23. This example starts from where Example 2.3.17 left off. Noting that CES =K,
the CDGA base change in the contraction map (2.3.44) has the following effect on the module of
Kahler differentials. QéEg Jk @cr, K is spanned by {dar(¥") ®cE, 1}1<i<dimg and the differential

0 ®cE, 1dk + idQICEg/K ®cE, 0 = 0 ®cE, 1dx (2.3.46)
annihilates every generator as follows,
6 (dar (")) @ck, 1 =dar (6(9")) ®cg, 1
=dar (—505%"9") ®cg, 1
= — %g;k [ddR(ﬁ])ﬁk + ﬁ]ddR(ﬁkﬂ XCE, 1
= — 205 [dar () ®cg, €(9*) — dar (V") ®cg, (V)]
=0

Thus the cochain complex QlcEg x OCE, K indeed has trivial differential and is concentrated in
degree 1 hence it is identical with its cohomology. Likewise, Tcg, ®cg, K is concentrated in degree
—1 with basis given by {% ®cg, 1}. Recall the isomorphism (2.3.5a) from Example 2.3.4 which
now gives us the following isomorphism between graded vector spaces,

g [-1] = Qg x @c, K, 9= dar(V') @cp, 1 (2.3.47)

Recall as well the isomorphism (2.3.30) from Example 2.3.17 which gives us the isomorphism,

o[1] = Tep, ®cr, K, 57w 1. (2.3.48)

o)

Now we can translate the quasi-isomorphism condition of Definition 2.3.44 to the requirement
that the following graded K-linear map

we) : g[1] = g"[~1][n] = g"[n — 1] (2.3.49)
is simply an isomorphism. Further still, through the composition

w(2)®kid

g[1] ®x g[1] g'ln— @k gll] = Kln] (2.3.50)

we can rephrase the quasi-isomorphism condition to the requirement that the following K-linear
map ev o (w() ®k id) = w) : g[1] @k g[1] — K[n] be non-degenerate. v

Theorem 2.3.24. The set of n-shifted symplectic structures on CEqy is:

(i) For n # 2, empty.
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(n <1) Recalling the staircase shape of the double complex, i.e., O

—~

(ii) For n = 2, bijective to the set Repyg(Symig,K)*?® of non-degenerate symmetric ad-
mvaritant pairings on the Lie algebra g.

Proof. Throughout this proof we will refer to the following general tuple

2n 3,n—1 n+2—
w = (W(g) S QCEQ/K W3y € QCEQ/H@ W) € Q%EQ/KP’ .. ) (2.3.51)

which is simply the expansion of (2.3.40). Let us first verify item (i) of Theorem 2.3.24 by dividing
the claim into two separate cases (n < 1) and (n > 3):

iy = (g, jx)osij<itdimg
from Example 2.3.17, we can see that (2.3.51) is simply a trivial tuple and, in particular,
w(z) = 0 certainly fails to satisfy the non-degeneracy condition as rephrased through (2.3.50)
above. In sum, the set of n-shifted symplectic structures is empty for n < 1.

n > 3) Looking at the above general tuple (2.3.51) and recalling the expression (2.3.34) for the

generic element of QZCZEE /x> We can see that

W) = wfllazmanfzhbzﬁalﬁaz o '19an72ddR<79b1) /\CEU ddR(ﬁb2) S QQC%H/K . (2352)
Consider the result of contracting (2.3.52) on a basis element % ®Qcg, 1 € Tcg, ®cg, K,

0 0
8(79@) ®CEE 1 '_N’U(Q) a(lle) ®CE9 1
= —2Wayay...an_sby 90?9 2dgr (V™) Rcp, 1
= 2(_1)nilwmag...an_gbﬂddR(ﬁbl) ®CE9 G(ﬁal'ﬁtm s 19a"_2>

=0

where the first equality arises because of the symmetry in the latter two indices in the
coefficient tensor (2.3.35) together with the CEg-linear pairing map (2.3.10), the second
equality comes from the action of CEy on CEg = K through the coaugmentation map
(2.3.43) and the third equality comes from the fact that n > 3 and thus

949 g = — 2> 1 (2.3.53)

Again, both Tcg, ®cg, K and QlcEg /K [n] ®cg, K have cohomologies identical to themselves,
thus the contraction map w(z) ®cg, idg = 0 fails to satisfy the quasi-isomorphism condition
(2.3.44). In sum, the set of n-shifted symplectic structures is empty for n > 3.

Now we verify item (ii) of Theorem 2.3.24. For n = 2, the general tuple (2.3.51) becomes

2,2 3,1 A—

w = (we) € QCEU/K,w(g) € QCEB/K, W) € Q%ngK, o) (2.3.54a)
but, again, the staircase shape of the double complex tells us that there are no nontrivial forms
whose vertical degree is greater than that of their horizontal degree hence we use (2.3.34) to write

the tuple as
W = ((JJ(Q) = WblbgddR<79b1) /\CEg ddR(ﬁbQ), 0, O, .. ) . (2354b)

As mentioned in (2.3.35), the matrix with components wy,;, € K is a symmetric matrix.

The tower of conditions (2.3.42a) for a 2-shifted pre-symplectic structure reduces to the following
two conditions
(5&)(2) = dde(g) =0 . (2.3.55&)
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The condition dqrw(e) = 0 is automatically satisfied by the coexactness of the 2-form; in fact the
2-form is actually a 2-coboundary, i.e., we) = dar (wbleﬁblddR(ﬁbQ)).

The condition dw(oy = 0 implies

W0 (dar (V") Ack, dar(9%)) =wpp,dar (6(0™)) Ack, dar(9%) — Wy, dar (9™) Ack, dar (6(9))
=2wpyp,dar (6(9™)) Ack, dar (V%)
=2wWp, b, ddr (—%gﬁ}ﬁjﬁ’“) Acg, dar (9%)
= — 2wb1b29?}gﬁjddR (%) Ack, dar(9™)
0 (2.3.55b)

where the first equality uses the fact that each differential is a derivation of the algebra multi-
plication Acg, and, in this case, the signs come from the horizontal CDGA degree. The second
equality uses the symmetry wpyp, = Wy, together with the double Koszul sign rule (2.3.14) of
a CDAGA. The fourth equality uses the skew-symmetry of the structure constants g;’}€ = —gzlj
together with the anti-commutativity (2.3.32b). Stripping (2.3.55b) down to an index equation
leaves us with

Wapge, + wWaag, =0 . (2.3.56a)

The symmetry of the tensor wy,, = wi,p, relates to the pairings on the Lie algebra through
(2.3.50) which now becomes
We) g ®g— K , Ty Ty, > wblele (xl-l)ebg (.1'12) = Wiyis - (2356b)

In other words, we have a linear map wy) : Sym%g — K. Reinterpreting (2.3.56a) as a further
property of this map gives us

—> W) (T4 © 1) 85, + Wi2)(Ta ® T4)8% =0

= W(2) (00, ® ) + w(2)(Ta ® ghra) =0

= w(2)([Te; Ta] @ Tp + X0 @ [c, 13]) = 0
Explicitly, we now see that such pairings on the Lie algebra are not merely symmetric but also
ad-invariant hence we actually have a linear map wo) : (Symgg)® — K.

The quasi-isomorphism condition (2.3.44) translates to the requirement that (2.3.56b) be non-
degenerate.

In sum, a 2-shifted symplectic structure on CEj is characterised as a non-degenerate linear map
W) - (Sym]%g)g — K. O

2.3.3 Shifted polyvectors and shifted Poisson structures

We now define n-shifted polyvectors. In order to compatibly extend the DGLA (and A-dg-
module) structure on T4 together with the CDGA structure of A to the complex of n-shifted
polyvectors in the most straightforward way possible, we construct the n-shifted polyvectors as
the symmetric algebra over A. By this way of construction, the n-shifted polyvectors naturally
inherit a CDGA structure over A (given simply by symmetrised tensor product relative to A).

Definition 2.3.25. The CDGA of n-shifted polyvectors is defined as the symmetric algebra
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of the shifted (by —n — 1) derivations where the symmetric powers are relative to A, i.e.,
Pol(A,n) := Sym,(Ta[-—n—1]) = ESym} (Ta[-n—1]) . (2.3.57)
m2>0

Pol(A,n) is a free CDGA over A. The differential structure is the unique extension of 0 to the
whole complex as a derivation of Pol(A,n) of degree 1 such that d(a) = é(a) for a € A.

Remark 2.3.26. The shifted derivations T 4[—n — 1] inherit from the commutator bracket |-, -]
on T4 a degree —n — 1 bracket [+, -] : Ta[-n — 1] ® Ta[—n — 1] — Ta[—n — 1] which is defined
by the following commutative diagram of cochain maps

['7']/

Tal-n—1] @ T4[—n —1] Tal—n —1][-n —1]

IR
1R

(2.3.58a)

(TA®TA)[—27’L—2] TA[—QTL—Z]

[ -][-2n—2]
or, as defined on elements,
[s"TLX, s = (—1) XDl Xy (2.3.58b)

With such a definition, it can easily be checked that the properties inherited by this bracket are
as follows:

(i) Antisymmetry: For all homogeneous s"™1 X, s"*Y € T[—n — 1],

[SnJrlX, Sn+1Y]/ _ _(_1)n+1(_1)(\X|+n+1)(|Y|+n+1)[Sn+1}/7 8n+1X]/ ) (2359&)

(ii) Jacobi identity: For all homogeneous s"™ X, s"*1Y, s"t1 € T [—n — 1],
[Sn+1X, [SnJrlY, SnJrlZH/ :(_1>|X|(n+1)[[8n+1X’ 8n+1Y]/, Sn+1Z]/
+ (=)W [gn+ly [smH1 X s 7)) (2.3.59b)
(iii) Derivation property: For all homogeneous a € A and s"™' X, s" ™Y € Ty[—n — 1],
[s"T X, as"MY) = X(a)s" Y + (—1)Xlelg[sm T X s Y ) (2.3.59¢)
A
Definition 2.3.27. The Schouten-Nijenhuis bracket
[+, ]s: Pol(A,n) ® Pol(A,n) — Pol(A,n) (2.3.60)

is defined as the unique extension of the shifted bracket |-, -]" on T4[—n — 1] to a P,,;o-algebra
structure on Pol(A,n), i.e., a degree —n — 1 cochain bracket that satisfies the following properties:

(i) Antisymmetry: For all homogeneous P, @ € Pol(A,n),

P,Qls = — (~1)"(~1)"19l[Q, Pls . (2.3.61a)
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(ii) Jacobi identity: For all homogeneous P, Q, R € Pol(A,n),

[P,[Q, Rls]s =(—1)IP==00+DP Qlg, R]s + (—1)1P==DUQ==D[Q [P Rlg]s .
(2.3.61Db)

(iii) Derivation property: For all homogeneous a € A and P, (@ € Pol(A,n),

[P, QR]s =[P, QIsR + (—1)PI="=DIClQ[P, R]g (2.3.61c)

with the following values on shifted derivations s"™ X, s"™Y € T4[—n — 1] and CDGA elements
a,b e A:

[s"TLX, s Y g o= [s"TLX, s = (=)D gt Xy (2.3.62a)
[s"* X, als == X(a), (2.3.62b)
[a,b]s := 0. (2.3.62¢)

The following left derivation property will be useful in computations later,
[PQ, R]s = (1)U P[Q, R]s + (—1) I[P, R]sQ (2.3.63)

it can be proved using (2.3.61a) and (2.3.61c). Note that the Schouten—Nijenhuis bracket |-, -]s
decreases the weight by 1, i.e. for P € Pol(A,n) of weight mp and @) € Pol(A,n) of weight mq,
the weight of [P, Q]s is mp +mg — 1.

Proposition 2.3.28. The Schouten-Nijenhuis bracket |-, -]s : Pol(A,n) @ Pol(A,n) — Pol(A,n)
15 well-defined.

Proof. Though (2.3.61c) and (2.3.61a) are used to extend the bracket to higher weights, it needs
to be checked that such an extension is well-defined. By induction on the sum of the weights
of the inputs, assuming that (2.3.61a) and (2.3.61c) holds for (P = P;,Q, R), we prove the
corresponding claim for (P = P P, Q, R).
(PP, Qls =(—1)"1 VP [Py, Qls + (—1)PI9I[Py, Qls Py
_ (_1)|P1|(n+1)(_1)n+1(_1)|P2||Q\pl[@p2]s _ (_1)n+1(_1)\P1IIQ\(_1)\P2HQ|[Q, Pi)sP;
= — (1) (=)InEIRIQ, PPy (2.3.64)

the first line follows from the induction hypothesis that [, - |s is a biderivation on lower weights,
the second line follows from the induction hypothesis that |-, -]s is skew-commutative on lower
weights. The third line once again follows from the induction hypothesis but now in the right
slot of the bracket.

[P1P5, QRls =(=1)"1" Y P[Py, QR]s + (—1) 19" [Py, QR]s P,
=(— 1)\P1 I(n+1) p Pi([Py, Q]sR + (—1 )IQ\(le\—n—l)Q[pQ’R]S)
+ ()RR, Qls R+ (—1)QAI==D Q[P R]s) Py
:(_1)\P1|(n+1)p1 [Py, Q]sR + (_1)|P1\(n+1)(_1)IQ|(\P2I*n*1)plQ[p% R)s
+ (_1)\PzIIQRI [P, Q]sRP, + (_1)IP2HQRI(_1)|QI(|P1I—n—1)Q[p17 R]sP,
:(_1)\P1|(n+1)p1 [P, QlsR + (_1)|1’2\|Q|[p17 QlsPR
+ (_1)\131|(n+1+\Q|)(_1)\QI(IP2|—n—1)Qp1[pg7 R]s + (_1)|P2HQR\(_1)\Q|(\P1|—n—1)Q[ph RlsP,
=[PP, Q)sR + (—1)QRRl=n=DOIp P, R]s | (2.3.65)
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Finally, (2.3.61b) follows from the fact that Pol(A,n) is generated, as a CDGA, by Ta[—n — 1]
and A hence the Jacobi identity on A® T 4[—n — 1] is guaranteed by (2.3.62a), (2.3.62b), (2.3.62¢)
and (2.3.59b). O

Lemma 2.3.29. We can use the Schouten-Nijenhuis bracket to write the differential on Pol(A,n)
as 0 = [s"T14, - |s.

Proof. As mentioned in the proof of Proposition 2.3.28, (2.3.61c) allows us to reduce this claim
to T4[—n — 1] and A. On A, (2.3.62b) shows this to be true whereas on T4[—n — 1], (2.3.62a)
shows this to be true in light of the comment in Remark 2.3.2. O]

This Lemma, together with the Jacobi identity (2.3.61b), shows the Schouten-Nijenhuis bracket
[, ]s to indeed be a cochain.

The definition of nSPSs on a CDGA A uses a completion of the P, o-algebra of n-shifted polyvec-
tors Pol(A,n) in order to avoid bounds on the weights, see e.g. [Pril7, Pril8]. This completion!!
is obtained by replacing the direct sum of cochain complexes in Definition 2.3.25 by a product.

Definition 2.3.30. The completed n-shifted polyvectors on a CDGA A are defined as

ISSI(A,n) = H Sym’y (Ta[-n—1]) . (2.3.66)

m>0

A completed n-shifted polyvector is thus a formal sum P =} ., PM ¢ 1%1(,4, n) of homoge-
neous weight components P € Sym'} (TA[—n — 1]) The P, o-algebra structure on Pol(A,n)
extends to the completion Pol(A,n) by setting

PQ = Z( > pW Q(l)) , (2.3.67a)

m>0 “k+l=m

[P,Qls = Z( > [P(k),Q(l)]s) : (2.3.67D)

m>0 Nk+l—-1=m

for all P,Q € ISSI(A, n). Note that these are well-defined because the weight is bounded from
below by 0 and hence the sums in the parentheses are finite.

Proposition 2.3.31. The P, 5-algebra structure |-, -|s on F/’SI(A,n) induces a DGLA structure
{,-} on the shifted complex Pol(A,n)[n + 1] which is a derivation of the algebra structure of
Pol(A,n). The bracket

{-.-} : A°Pol(A, n)[n + 1] — Pol(A, n)[n + 1] (2.3.68)
operates on inputs as
(s 1P s "7 1Q} = (—1)IPIFDHD ==l p O (2.3.69)

Proof. We first check the skew-symmetry property
{anflp’ anle} - _ (_1)n+1(_1)\P|\Q|(_1)(|P|71)(n+1)87n71[Q’ P]S

- _ (_1)|PIIQ\(_1)\P\(n+1)87n71[Q7 Pls
= — (=1)UPIn=D(Q=n=) fg=n—1() —n=1p1 (2.3.70)

'We need this completion so that we may talk of n-shifted polyvectors with an infinitude of nontrivial terms
as, for instance, in the case of the 1SPS on the Chevalley-Eilenberg algebra of a Lie 2-algebra.
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then the Jacobi property

(s 1P, {s771Q, s IR} =(—1)"HL(— 1)@+ D g1 p =11 Rl
=(— 1)Q| n+1< 1)|P| (n+1) g—n— 1[ [0, Rlss

(~1)/ QU ()P0 g1 () (PI=n-DE [P QL. R
(~1)(Fmm i (Q, [P Rlss)
(=)@ D[P, Qls, Rls

+ (=)l Rl TRl PRI ) g1 TP R
:(_1)n+1(_1)\P\(n+1){8—n—1[P’ Q]s, s_n_lR}

+ (_1)|s*"*1PH87"71Q|(_1)n+1(_1)|P\(n+l){8—n—1Q7 S_n_l[P, Rls}
({7 P R)

+ (=~ TR L {5 s RY ) (2.3.71)

+

and, finally, the Leibniz property,

[P T QR)) =(— 1) (~ )P0 P QR
=(—1)" (=P ([P QJs R + (—1)1P=DIRIQ[P, R]s)
—{s " 'P s " IQ}R 4 (—1)PIQIQ{s 1P, s IR}, (2.3.72)

[]

The DGLA structure {-,-} on ﬁgl(A, n)[n + 1] takes the following values for low weights:

{S—n—lsn—i-l)('7 s—n—lsn-i-ly} — [X’ Y] , (2373&)
{s—n—lsn-HX’ s g} = (_1)|X‘(”+1)3_"_1X(a) ’ (2.3.73b)
{s_n_la, S—n—lb} —0. (2.3.73¢)

We call this complex P/’SI(A, n)[n + 1] the complex of unshifted completed n-shifted polyvectors
or, simply, the complex of polyvectors.

Example 2.3.32. Following on from Example 2.3.4, we wish to describe the complex of polyvec-
tors when A = CEy hence Tcg, = CE4(gaa[l]). We describe the (—n — 1)-shifted derivations
simply as

Tog,[—n — 1] = CEq(gaal—7]) (2.3.74)
and write the generators as
0
o = s 2.3.75
ooy (2:3.75)

Definition 2.3.25 constructs the n-shifted polyvectors as a free CDGA over CEy, i.e.,
Pol(CEq, n) := Symcg, (CEq(gaa[—n])) = CEy @ Sym(gaa[—n]) - (2.3.76)
The polyvectors are thus given by
Pol(CE,, n)[n + 1] (CEg ® S/y?n(gad[—n])) n+1 | (2.3.77)
and the cohomological degree of a weight m term of arity [ is given by
|sT Y sy sy, sy, | = (m =+ 1 -1 (2.3.78)

62



For low weights, by (2.3.73) and (2.3.5f), the DGLA structure has the following simple form:

(sl s g, s gy = [l sy = 0 (2.3.79a)
{S—n—lsn—l-ls— T, —n— lﬁk} ( 1)71-1—1 —n—1 —1 (,ﬁk) _ (_1)n+18—n—15;? ’ (2379b)
{sT W s =0 (2.3.79¢)

For the concrete computations in this chapter, instead of using the DGLA structure {-,-}, we
prefer to use the Schouten-Nijenhuis bracket [-,-]s on the n-shifted polyvectors as in Definition
2.3.27. Recall the low weight values of this Schouten-Nijenhuis bracket (2.3.62) which now simplify
further:

0 0
n+1 n+1 .
[s ICok s 8(193’)} . =0 , (2.3.80a)
0 ) )
ntl 7 93| —=§
[s 507 9 L o) (2.3.80b)
[, 97]s =0 . (2.3.80c)
We will also need the relations:
0 0 0 0
n+1 n+1 — (_1\nentl n+l
s 8(1908 a7 (—1)"s 8(19j)5 a0 (2.3.81a)
) 0 0 )
i n+1 — (_1\" n+1 7
Vs 307 (=1)"s —a(w)ﬂ : (2.3.81b)

\Y

The DGLA structure of Proposition 2.3.31 on polyvectors allows us to generalise the notion of
Maurer-Cartan derivation (as in Definition 2.3.5) to the notion of Maurer-Cartan polyvector.

Definition 2.3.33. A Maurer-Cartan polyvector is a polyvector s " 'r € ISEI(A, n)n + 1)
of cohomological degree 1 that satisfies the Maurer-Cartan equation:

1
O m) + {5 s =0 (2.3.822)

Equivalently, it is a completed n-shifted polyvector = € ﬁal(A,n)"Jr2 of cohomological degree
n + 2 that satisfies
or + 3[m,mls =0 . (2.3.82b)

We now extend the comment mentioned below Definition 2.3.5 and show that, given a Maurer-
Cartan polyvector, we can deform the differential of POI(A n) as the following lemma shows.

Lemma 2.3.34. If s 1 € P/’(;I(A, n)[n +1]' is a Maurer-Cartan polyvector then
D (P) := (—1)"s" s I s 1P} =[x, Pls (2.3.83)

defines a degree 1 derivation of the CDGA ﬁ(;l(A,n) such that 02 = 0 where O := 0 + D;.
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Proof. First we prove the degree 1 derivation property,

DA(PQ) =(=1)"™!s" s™" w57 PQ)

=(=1) s s s PR + (1) (=) "“P{s 'm s Q)
=Dx(P)Q + (=1)"!(=1) 2 (1) Al prtifs ™l 5710}
=D+(P)Q + (-1)"'PD-(Q) .

The second line follows from (2.3.72), the third line follows from the fact that |7| = n + 2. Now
we prove the square-zero condition,

(0 + Dx)*(P) =0(0(P) + Dx(P)) + Dx(9(P) + Da(P))
=0(Dx(P)) + Dr(9(P)) + Dx(Dx(P))
:(_1)n+18(5n+1{87n71ﬂ.’ anflp}) 4 (_1)n+18n+1{57n71ﬂ,, anflap}
+ 5" s g {sT i, s PY)

:Sn—i-l{a(s—n—l?T)’ S—n—lp} _ Sn+1{8_n_171', a(s—n—lp)} 4 (_1)n+18n+1{8—n—1ﬂ_7 S—n—lap}

1
+ gt {5{5"17, s’"’lﬁ}, s"lP}

1
—gntl {8(8‘"‘%) + 5{5‘”‘%, s_"_lﬂ}, s_”_lP} =0

The second line follows from the fact that 0 is a differential on ﬁal(A, n) hence 8% = 0. The fourth
line follows from the Jacobi identity (2.3.71) and the last line follows from the Maurer-Cartan
equation. O

Remark 2.3.35. It is trivial to check that a weight 1 Maurer-Cartan polyvector s~ 1s"+1z(1) ¢
Pol'(A,n)[n + 1] is indeed a Maurer-Cartan derivation 7 € T, i.e.,

8(5*n715n+17r(1)) + %{Sn15n+1ﬂ.(1)’snlsn+1ﬂ.(1)} -0 = a(ﬂ_(l)) + 1[71'(1),71'(1)] —0
(2.3.84)
And it is also clear that we recover the deformed differential 6, ) := & + 7™ of (2.3.7) when
evaluating O,n+1,1) := 0 + D1,y on the base CDGA A,
8(a) + Dyuir v (@) =6(a) + (—1)"HLgml{gn—lgn+lp() gn-l41
:5(&) + (_1)n+1(_1)|ﬂ<1)|(n+1)8n+15_n_17r(1)(a>
=b(a)+ 7V (a) (2.3.85)

where the second equality comes from (2.3.73b) and the third equality comes from the facts that
|7 =n +2 and s"Tls™n ! = (=1L A

We now define the concept of an n-shifted Poisson structure following [Pril7, Definition 1.5], see
also [Pril8, Definition 2.5].

Definition 2.3.36. An n-shifted Poisson structure (nSPS) on a CDGA A is a Maurer-Cartan
polyvector (as in Definition 2.3.33) whose weight terms are all at least 2.

Remark 2.3.37. Decomposing 7 = -, ™y € P/’EI(A, n)"*2 into its weight components T, €
ﬁglm(A,n)”Jr2 and using (2.3.67), one observes that the Maurer-Cartan equation (2.3.82a) is
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equivalent to the following tower of conditions

Omy =0 (2.3.86a)
87T3 + %[71’2,7@]3 =0 y (2386b)
Omm+3 > [memls =0 (2.3.86¢)

k+l=m—+1

for all m > 3. The first condition states that the shifted bivector my is closed with respect
to the differential 0 which is induced by the one of the CDGA A. Note that this condition
is automatically satisfied in the case of an ordinary (i.e. non-dg) commutative algebra, so one
usually does not encounter it when studying Poisson structures on algebraic varieties. The second
condition is a shifted generalization and homotopical relaxation of the usual condition that the
Schouten—Nijenhuis bracket of the bivector my with itself vanishes. It implies in particular that
the binary shifted Poisson bracket on A associated with 7y satisfies the Jacobi identity only up
to a homotopy determined by the shifted trivector 3. The higher weight components ,,, for
m > 4, provide a coherent tower of higher homotopies for the Jacobi identity. A

Example 2.3.38. Analogous to Example 2.3.22, we wish to show that the only nSPSs on an
ordinary commutative K-algebra A = (A% 0) are simply the 0SPSs and these are precisely the
ordinary Poisson structures, i.e., biderivations 7 : /\]?<§ A — A which satisfy the Jacobi identity.

First note that, in this case, the degree of an n-shifted polyvector P € [],,-, Sym’y (Ta[—n — 1])
is simply determined by its weight m, i.e., |P| = m(n+1). The degree equation n+2 = m(n—+1)
admits no solutions for n = —1 hence we rearrange as m = 1 + %H but m € N hence this only
makes sense if n = 0 and m = 2, i.e., for a skew-symmetric biderivation P € Sym? (T A[—l]). The
tower of Remark 2.3.37 then boils down to [P, P]s = 0 which, for n = 0 and an ordinary algebra,
is the Jacobi identity. v

Example 2.3.39. We are now in a position to give a simple characterisation theorem of the
nSPSs, for n € N*, on a generic sfCDGA fg in degree 1, A = CEj, in terms of data compatibly
adjoined to the underlying fd Lie algebra g. This example will extend and generalise the result
of Theorem 2.3.24. First let us figure out the admissible values for the shift n by setting (2.3.78)
equal to 1,

(m—1n+i=2 . (2.3.87)

Given that the weight requirement is m > 2 and the arity must always be [ > 0, we can see that
this equation admits no solutions for n > 3. For n = 2, the only solution is (m = 2,1 = 0). For
n = 1, there are two solutions given by (m = 2,1 =1) and (m = 3,1 =0).

Theorem 2.3.40. The 2SPSs on CEg can be characterised as symmetric ad-invariant 2-tensors,
i.e., Ty € (Sym®g)®.
Proof. We write the (m = 2,1 = 0) 2-shifted polyvector as

1 1if 63

. 0 5 0
TR o)

(2.3.88)

where the symmetry condition 7% = 77* € K comes from (2.3.81a). Noting the (bi)derivation
property (2.3.61c) of the Schouten bracket [-,-]s together with the triviality of the result be-
tween the s"*! a(?w) terms (2.3.80a), the third weight component (2.3.86b) of the Maurer-Cartan
equation,

lm,mls =0 (2.3.89)
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in the tower of Remark 2.3.37 is automatically upheld and imposes no nontrivial conditions on the
2-tensor . To handle the second weight component (2.3.86a) of the Maurer-Cartan equation,

A(m) =0 | (2.3.90)

we must make use of (2.3.5b) and (2.3.81b),

g 0 0 g 0 0 0 0
1_ij .3 3 1 I ok .3 3 I qk.3 3
2 (174 s agany) = 1 (6" g g+ 97" 5 34 )
0 4 0
o 900

= nigl 9F s (2.3.91)
where the last equality comes from a reindexing on the second term together with the symmetry
condition 7% = 77 and using (2.3.81a). Setting (2.3.91) to zero then stripping away the algebra
terms gives us '
g +7rlgl. =0 . (2.3.92)
Setting
Moo = T 1; ® T; € Sym?g (2.3.93)

and taking the Lie bracket of this symmetric 2-tensor with some basis element x; gives us,
[z, T2 @ 1] = T [, 2] @ 1) + 72 @ [wh, 7] = Tk 1 @ 35 + Wijgfcjxi ®x . (2.3.94)

Reindexing the second term (i <> j) and setting the above expression to zero means that we
can strip away the x terms to leave us with (2.3.92) again hence that relation is indeed the
ad-invariance condition. v

Before we characterise the 1SPS, which we know to consist of the terms (m = 2,/ = 1) and
(m = 3,1 =0), we must first recall the definition of a quasi-Lie bialgebra.

Remark 2.3.41. Following the convention in [EnHa08, Subsection 2.3], the notation Alt,, means
to sum over the cyclic permutations of n letters, ¢ € C,,, weighted by sgno. Note that this
notation allows us to compactly say that a Lie algebra structure on g € Veck is given by the
datum of a linear map [-,-] : A% g — g (called the Lie bracket) subject to a single condition

[ o (] ®@idg) o Altg = 0: g*° — g (2.3.95a)

(called the Jacobi identity). We arrive at the notion of a Lie coalgebra (g, A) by dualising!? the
datum and condition, i.e., a linear map A : g — /\ig (called the Lie cobracket) subject to the
coJacobi identity,

Altz0 (A®idg)oA=0:g— g% . (2.3.95b)

The notion of a Lie bialgebra (g, [-,-],A) is a compatibilisation of these two notions; the Lie
cobracket must be a derivation of the Lie bracket,

Aol ]=[A]+[,A]: ¢ — g% . (2.3.95¢)

We can rephrase (2.3.95¢) in the language of Lie algebra cohomology as in [Kas95, Section
XVIIL1], [CW94, Section 7.7] or [LGPV13, Subsection 4.1.1]. Given a Lie algebra represen-
tation (V,p) as in Example 2.2.10, we define the space of V-valued I-cochains as C'(g; V) :=

12Note that in the case of a fd Lie algebra g, this dualisation should be read as literal in the sense that g* is
then a Lie coalgebra with Lie cobracket [-,-]* : g* — (/\]?( g9)*.
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Hom(AL g,V) and, given ©® : AL g — V', we define an (I 4 1)-linear map by

(5@(1))(%17---»%1“) = Z (_1)j+k@(l)(ﬂ$iﬁxik]]al.il)-"7£ija--'7iik7~-->$il+1)

1<j<k<i+1

+ ) ()M 00 () (2.3.96)

1<5<I+1

where the hat ~ indicates that the input is omitted. The proof that the above is indeed skew-
symmetric and that § : Hom(\L g, V) — Hom(AL " g, V) satisfies 62 = 0 is a standard exercise
in making use of the Jacobi identity and the fact that p : g — End(V) is a Lie algebra homo-
morphism. In fact, if g is fd and (K, pqy;, = 0) is the trivial representation then we recover the
Chevalley-FEilenberg algebra from Example 2.2.6 whereas for a generic representation (V, p) we
recover the Chevalley-Eilenberg module from Example 2.2.10. Now we can see that (2.3.95¢) is
equivalent to the condition that A € Z'(g; A% gad)- A

Definition 2.3.42. A quas1—L1e bialgebra is a triple (g, A, ¢) where g is a Lie algebra the Lie
cobracket A € Z 1(g /\]K 0.q) satisfies the coJacobi identity up to coboundary in the /\]K gaq-valued
0-cochain ¢ € /\]K ad,

Altzo (A®idg) o A =T[,¢] (2.3.97a)

and this 0-cochain is coherent with the Lie cobracket,
Altyo (A®id*)op =0 . (2.3.97b)
Remark 2.3.43. We can write ¢ € /\]13< g in terms of the generators as
0 =" Fr, ANz AT (2.3.98a)
where ™% € K is totally anti-symmetric. Likewise
Az)) = Az, Ay, (2.3.98D)

is such that A" = —AFm™ € K. Upon application to ;, the quasi-coJacobi identity (2.3.97a)
now reads B
ATANTR i Ny N ag = gl @R w Ay A g (2.3.98¢)

which yields
ATA + AN+ ABATY = g 0™+ gl 0™+ gh 0™ (2.3.98d)
The coherency condition (2.3.97b) reads
AY gpmklxz Nzj Nz Ay =0 (2.3.98¢)
which yields
A%g@mkl — Affgpmli + Af,ﬁgpmij — Afjlgomjk - Afﬁgpmﬂ + A%g@mik =0 . (2.3.98f)

The 1-cocycle condition (2.3.95¢) on generators z; @ x,,, reads

Azjgfm% Nxj = Q(QimA;k + 9?kA%)Iz N Tj (2.3.98g)

which yields - o o ,
A8l = G A + G A — 6 Al — g Al (2.3.98h)
A
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Proposition 2.3.44. The 1SPSs on CEg can be characterised as quasi-Lie bialgebra structures
on g.

Proof. We write the candidate 1-shifted polyvector as

0 o , 0 , 0

g P
:l l]ﬁkZ . 2 . 1 _Imn 2 2
= o S o AT g o) agon) (2:5.99)
where 7rk = ﬂii € K and 7™ € K is totally anti-symmetric. The tower of conditions in Remark
2.3.37 now boils down to the first four weight components:
Omy =0 (2.3.100a)
1
871'3 + 5[71'2, 7T2]S =0 y (23100b)
[, m3)s =0 (2.3.100c¢)
[73, m3]s =0 . (2.3.100d)
The first equation yields
0 0 0 0
o __1 z]kﬁﬂmQ : 2 _ ﬁkﬁmQ 2 :
Up) 7Tk 9im s 8(192)8 8(193) 7Tk gmz a(ﬁp) 8(19)
0 0
_(_ 14 k _ _DPj.i lgm 2 2 Y
= (—5m’ o, — 7 gl,,) 0'9™s (9(191')8 07
= <—17r”gl — gl k) P9 s? 6' s2i (2.3.101a)
¢ B T G o) " o)

where the second equality comes from a reindexing on the second term as k <> [ and p <> 4. Setting
(2.3.101a) to zero and then stripping away all algebra terms yields (2.3.98h) with A7 = 7/, The
second equation (2.3.100b) yields, upon using (2.3.80b),

i = g 4 g™ gl (2.3.101b)

TL

which is clearly equivalent to (2.3.98d) upon setting ¢!™" := /™" The third equation (2.3.100c)
yields the equation
7Tlmnﬂ_ljk . 7_‘_lknﬂ_ljm . 7_(_lmkﬂ_ljn . 7_{_lmj,ﬂ_lnk o lenﬂ_lmk + lek,n_lmn — 07 (231010)

which is equivalent to (2.3.98f). The fourth equation (2.3.100d) is true by construction given that
the Schouten bracket is a biderivation and has trivial result between the shifted derivations as in
(2.3.80a). v

\Y
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Chapter 3

Shifted Poisson structures on
Chevalley-Eilenberg algebras

The aim of this chapter is to specialize the concepts of shifted polyvectors and SPSs to the case
where A is a fgsfCDGA and develop a graphical calculus which is practically useful to analyse
the algebraic properties of nSPSs. The main results about our graphical calculus are stated in
Corollaries 3.1.5 and 3.1.6. We observe in Remark 3.1.7 that the derived geometric concept of an
nSPS in this fgsf context is equivalent to the L..[0, n — 1]-quasi-bialgebra structures from [BSZ13,
Definition 2.5] and we thus provide a geometric interpretation for such objects.

In Section 3.2, we specialize our description of nSPSs further to the case where A = CEjy is
the Chevalley-Eilenberg algebra of a Lie N-algebra g. We show in Lemma 3.2.6 that nSPSs on
A = CE, are necessarily trivial for n > 2N, which provides us with a useful guiding principle
for our exploration. For ordinary Lie algebras (i.e. N = 1), we recover in Subsection 3.2.1 from
our graphical calculus the characterisation in [Saf21] of (n = 1)- and (n = 2)- SPSs in terms of
quasi-Lie bialgebras and, respectively, invariant symmetric tensors, see Propositions 3.2.11 and
3.2.13. The focus of Subsection 3.2.2 is on the case of Lie 2-algebras, which by Lemma 3.2.6
admit a priori non-trivial positively nSPSs for all n € {1,2,3,4}. In the case of n € {2,3,4}, we
characterize these shifted Poisson structures explicitly by using our graphical calculus and find
that they consist of finitely many data, see Propositions 3.2.15, 3.2.17 and 3.2.18. The case of
n = 1 is exceptional and more difficult because 1SPSs consist of a priori infinitely many data, see
Remark 3.2.20. In the final Section 3.3 we provide a collection of explicit examples for SPSs on
the Chevalley-Eilenberg algebras associated with Abelian Lie 2-algebras, shifted cotangent Lie 2-
algebras, string Lie 2-algebras and derivation strict Lie 2-algebras. Our reason for this particular
choice of examples it that these Lie 2-algebras appear naturally in mathematical physics, e.g.,
in Abelian gerbes [Bry0g], in higher-dimensional Chern-Simons theory [Zuc21, SV24], in string
theory [B724].

3.1 Shifted polyvectors of free CDGAs as multilinear maps

To match our present notation and conventions with the ones we use when studying higher Lie
algebras in Section 3.2 below, we consider a free CDGA of the form

A = Sym(g*[-1]) (3.1.1)
where g* := hom(g, K) € Ch is the dual of a fd cochain complex g € Ch. We denote the duality
pairing by (-, -):g*® g — K, 0 ® x — (0,z). Later in Section 3.2, the cochain complex g will
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be equipped with the structure of an L.,-algebra.
Recalling (2.3.4a), we obtain that the dg-module of derivations on the CDGA (3.1.1) is given by

Tsym(gr[-1) = M<9*[—1],Sym(g*[—1])) ~ Sym(g*[-1]) @ g1] . (3.1.2)

The evaluation of derivations on the CDGA Sym (g*[—1]) is determined by shifting and permuting
the duality pairing according to

* = * * * <7>
gll@g[-1] — (g@g)l-1]=g0g — g'0g —— K | (3.1.3a)

where the first cochain isomorphism is given in (2.2.9) and it moves the shifts to the left. With a
slight abuse of notation, we denote the resulting pairing by the same symbol (-, -) as the duality
pairing. For homogeneous s~!z € g[1] and s6 € g*[—1], this pairing reads explicitly as

(s7'x,50) = (=)l (=Dl 5715 (9 2) = (B,2) (3.1.3b)
where in the last step we used that |z| = —|6| whenever (0, z) # 0.

Using (3.1.2), it follows that the n-shifted polyvectors from Definition 2.3.25 on the free CDGA
Sym(g*[—1]) are given by

Pol(Sym(g*[—1]),n) = Sym(g[—n]) ® Sym(g*[-1]) = Sym(g[—n] @g*[—1]> . (3.14a)

Observe that, in addition to the cohomological degree of the underlying cochain complexes, there
are two additional gradings

Pol(Sym(g'[~1]),n) = @D Pol™! (Sym(g'[~1]).n) = @ (Sym™(sl-n]) @ Sym'(a'[~1]) )

(3.1.4b)

given by the weight m of shifted polyvectors and the symmetric power [ in the underlying
free algebra Sym (g*[—l]). The completion from Definition 2.3.30 is then given by

lgal(Sym(g*[—l]),n) = H@Polm’l(Sym(g*[—l]),n) : (3.1.5)

m>0 >0

i.e., only the weight gets completed. As a side remark, let us note that completing also the sym-
metric power [ in (3.1.5) defines the CDGA of completed n-shifted polyvectors on the completed

symmetric algebra S/y?n(g*[—l]) = 1150 Sym' (g*[—1]).

In the present case of a free CDGA, the Schouten—Nijenhuis bracket (2.3.68) admits a simplified
description in terms of the commutator of a bullet composition operation,

e : Pol(Sym(g*[—1]),n)[n + 1] ® Pol(Sym(g*[—1]),n)[n + 1] = Pol(Sym(g*[—1]),n)[n —E 1], |
3.1.6

which we shall now describe. We define the cochain map e on the homogeneous generators
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s0,s0 € g*|—1] and s"x, s"z’ € g[—n] of (3.1.4) by

(5" 'sh)e (s tsl) =0 (3.1.7a)
(s 's"z) e (s 1sf) =0 (3.1.7b)
(s 1s0) e (s Lsmz) = (=) s (0, 1) | (3.1.7¢)
(s ls"x) @ (s ls")) = 0, (3.1.7d)

and extend to Pol(Sym(g*[—1]),n) as a biderivation, i.e. by demanding the properties:
(s"'P)e(s"'QR) = ((s"'P)e(sT"'Q)) R+ (~1)!PICIQ ((s7" "' P)e(s"'R)) (3.1.82)
and
(s 'PQ)e (s R) = (=) P ((s7'Q) o (s 'R))
+ (—DQlIR==D (sm=1P) o (s 'R)) Q (3.1.8b)
for all homogeneous P, @, R € Pol(Sym(g*[—1]),n).

Proposition 3.1.1. The Schouten—Nijenhuis bracket (2.3.68) on the n-shifted polyvectors of a
free CDGA Sym(g*[—1]) agrees with the commutator of the composition operation (3.1.6), i.e.

{5 P IQ) = (57 P) o (s71Q) — (~1)(P Rl (i) o ()
(3.1.9)

for all homogeneous P,Q € Pol(Sym(g*[—1]),n).

Proof. The commutator of e is manifestly antisymmetric, as is the Schouten—Nijenhuis bracket
(2.3.70), and it also satisfies the derivation property (2.3.72). The latter statement follows from
(3.1.8a) and the following identity

(s IQR)e (s IP) = (—1)IFIQ (s IRQ) e (s P)
= (_1)\R|(\Q|—"—1) R ((S—n—lQ) o (s—n—lp))
+ (—1)IQIIRPI=n=1) (s 'R)e (s 'P))Q
= (_1)\R|(\P\—n—1) ((S_"_IQ) o (S—n—lp)) R
+ (=)l g ((S—n—1R> o (S—n—lp)) ’ (3.1.10)
where in the first and third step we used commutativity of the CDGA Pol(Sym (g*[—1]),n) and in
the second step we used (3.1.8b). As a consequence of antisymmetry and the derivation property,

it suffices to verify the identity (3.1.9) on the generators of (3.1.4). For the left-hand side given
by the Schouten—Nijenhuis bracket, one computes using (2.3.73) and (3.1.3) that

{S—n—lse’ S—n—lsgl} -0 = {s_n_lsnl‘,s_n_lsnl'/} , (3111&)
{S_n_ISnI, S_n_ls 9} _ {S_n_18n+18_11’, S—n—ls Q} _ (_1)(|m\—1) (n+1) S—n—l <S_11], 80>
= (—1)ED o) gt g gy (3.1.11b)

for all homogeneous s6,s60" € g*[—1] and s"x, s"z’ € g[—n]. Comparing with (3.1.7) one imme-
diately observes that this coincides with the commutator of e, which implies that (3.1.9) holds
true for generators and hence for all shifted polyvectors. n
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n+2

Corollary 3.1.2. A completed n-shifted polyvector m = 3 -, 7™ e f’gl(Sym(g*[—l])) of
degree n + 2 and weight > 2 is an nSPS in the sense of Definition 2.3.36 if and only if
(s 'm)+ (s 'm)e (s ) =0 . (3.1.12)
Proof. From Proposition 3.1.1, it follows that
{anflﬂ,’ anflﬂ_} _ (anflﬂ) ° (877%171') _ (_1)(n+27n71)2 (anflﬂ.) ° (anflﬂ_)
=2(s " In)e (s ) . (3.1.13)
This implies that (3.1.12) is equivalent to the Maurer-Cartan equation (2.3.82a). O]

In Section 3.2 below, it will be convenient to identify n-shifted polyvectors and Poisson structures
on the free CDGA Sym(g*[—1]) in terms of maps hom(g®, g®™) between tensor powers of the
unshifted cochain complex g. This identification involves Koszul signs, e.g., those arising from
the shifting isomorphisms (2.2.9), which contribute to the explicit form of the transferred com-
position operation (3.1.6) and hence the transferred Schouten—Nijenhuis bracket. The aim of this
subsection is to work out these identifications in detail.

First, let us observe that, as a consequence of (2.2.9) and (2.2.10), we have cochain isomorphisms

Sym(g'[-1]) — P (A'e*)[-1] | (3.1.14a)

>0
801 [ Sel — <_1)Zé:1 |9j‘ (l_j) 8191 [ Ql

and
Sym(g[—n]) = @(Sym;”g)[—mn] , (3.1.14b)
m>0
STy e Sy > (—1) ke Bkl Mk gmng, e
where
e {igg”v e 31140)

denotes the symmetric/exterior powers of a cochain complex V' € Ch. Using (2.2.9) once more
for the n-shifted polyvectors (3.1.4), we obtain the cochain isomorphism

Pol(Sym(g*[-1]), n) =, @ (Sym’l‘ g® /\lg*) [—mn —1] (3.1.15)
m,[>0
Snxl . e Snxm 801 . e 80[ — (_1)2?:1 ‘mk‘ ((m_k)n+l) (_1) é’:l |0j‘ (l_j) Smn+lx1 T 91 . e 91

Since this isomorphism is defined weight-wise, it extends to the completed n-shifted polyvectors
(3.1.5) replacing €,,~o by [],,5¢ on both sides.

Next, we define a cochain map
SymPg® A'g" — hom(g®,g®") | (3.1.164)

for all m,l > 0, by making use of the duality pairing (-, ) : g ® g — K. To an element
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B=ux1 - xy0, -0, € SymT g A'g*, with all 2, and §; homogeneous, this cochain map assigns
the element Ly € hom(g®', g®™) which is defined by the evaluation formula

m l
Le(ys,....y) Z Z |z1---xm|ft (_1)|01---91\‘7 |y1 uleY ®xp H(Go(j),yj> ;

oES] pESm Jj=1
(3.1.16D)

for all homogeneous v, ...,y; € g, where the Koszul signs are determined from permutations
p €Sy, inSyml'V ie vy v, = (—1)'”1"'”*”‘1 Up(1) - * - Up(m) for all homogeneous vy, ... v, € V in
a cochain complex V' € Ch. The superscript ™" refers to the reversal permutation (1,2,...,1) —
(I,...,2,1). The sum over all permutations o € S;, p € S,,, together with the associated Koszul
signs, encodes the (anti-)symmetry properties of Sym’ goAlg* at the level of maps ho_m(g®l, g®m).
Indeed, the cochain map (3.1.16) defines an isomorphism when corestricting

Symf g® A'g" — homj (¢°,g%™) C hom(g®', g°™) (3.1.16¢)

to the subcomplex of all L € ho_m(g®l, g®m) whose input is totally antisymmetric and whose
output is totally symmetric for n even or antisymmetric for n odd. The additional Koszul sign
(—1)‘741"'yl|r+ev is a convenient convention which simplifies some of the signs appearing below. Com-
bining the above identifications, we obtain a cochain isomorphism

Pol(Sym (g*| EB homy (g%, g®™)[-mn —1] , (3.1.17)

m,1>0

which extends to the completed n-shifted polyvectors (3.1.5) replacing €, by [],,>, on both
sides. N -

It will be convenient to represent elements L € hom} (g®l , g®m) graphically by diagrams of the
form

[ inputs
/'/\

[ L ] € hom; (g®,g®™) (3.1.18)

m outputs

which should be read from top to bottom. Total (anti-)symmetry of the inputs and outputs under
the symmetric braiding v on Ch is graphically visualized by e.g.

11 [ 8
[ L ]l=]11=(D (3.1.19a)
X1 1111
More generally, given any permutations o € S; and p € S,,, we have that
L
(e TIT = L L , (3.1.19D)
. ’Yp .

where the dotted boxes represent the action of permutations via the symmetric braiding v and
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lo|, |p| € Zs denotes the signatures of the permutations.

Proposition 3.1.3. The transfer ® of the composition operation e from (3.1.6) along the cochain
isomorphism (3.1.17) reads as follows: For all homogeneous L € hom7 (g, g®™) and L' €
hom (g, g*™),

(S(m—l)n+l—1L>;(S(m/,1)n+l/,1L/) _ (_1>|L\ ((m'—=1)n+l'-1) (_1)n(m/,1)(l—1)

X S(m+m’72)n+l+l’72 Z ’ (3120)
oeSh(I—1,l")
p€Sh(m,m’—1)
where the sums are over all shuffle permutations.
Remark 3.1.4. When evaluated on homogeneous elements 4y, ...,y .r_1 € g, the composed map
(3.1.20) reads as follows: Using a Sweedler-like notation
L'yt oyr) = Ligyn, - yr) @ Ligy(y1, - ,yw) € g@g™ ", (3.1.21)

with summations understood, in order to split off the first tensor factor g, we have that

(s ALY ML) (g agy) = (<D DD (g0

X slmem =Dt S Cpleeal” (Cqylle (1) ool 1]

oeSh(I—1,0)
peSh(m,m’—1)

X Y (L (yau), e Yo-1)s Loy Yoy, - - - ,ya(z+lu1))> ® Ly Yoy, - - - ,ya(z+lu1))> - (3.1.22)
The last Koszul sign in the second line arises from permuting L’ with y,1) ® -+ ® Yoq—1).- A

Proof. The proof is a straightforward but lengthy calculation using the explicit descriptions of
the cochain isomorphisms (3.1.15) and (3.1.16). We will not spell out this calculation in full
detail, but only give some hints. Using these isomorphisms, homogeneous elements s™" L &
hom} (g%, g¥™)[—mn — [] and s™ "L’ € hom (g, g®™)[—m/n — '] can be equivalently pre-
sented as n-shifted polyvectors, which we expand in a choice of basis {z, € g} and its dual basis
{0" € g*} as

P = P sty 8", s0™ - 50" € Pol™ (Sym(g*[-1]),n) , (3.1.23a)
P\ = Py sty st 0% - s0% € Pol™ ! (Sym(g*[~1]),n) . (3.1.23D)
where we use Einstein’s sum convention to suppress summation symbols. Using the derivation

properties (3.1.8) and definition on generators (3.1.7) of the composition operation e, one finds

(anflp) ° (5”*1P’) = lm' (_1)‘917” (_1)2?:2(|550k|+n) 22;11(|9bj|+1) Plilb(llm P(;?di/m/ <6bl,$cl>

X S_n_lsnxal e Snxam Snxcg T Snxcm/ Sebl e Sebl_l Sedl T Sedl, ° (3124>
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Transferring this result through the cochain isomorphisms (3.1.15) and (3.1.16) yields the element-

wise formula (3.1.22), expressed in the chosen of basis, which is equivalent to the graphical
expression (3.1.20). O

Combining this result with Corollary 3.1.2, we obtain a graphical characterisation of nSPSs on a
free CDGA.

Corollary 3.1.5. The datum of an nSPS on the free CDGA Sym(g*[—l]) s equivalent to a
family of maps

(1—-m)n+2—1

xmb | € homy (g, g®™) >2, 1>0, (3.1.25)
which, for every fired m > 2, is bounded in | and satisfies the following identities
(_1)(m71)n+171 o + Z Z (_1)((1777’11)714’2*[1)((mzfl)n+l271)
mi+mo—1=m [1+Ilo—1=I
% (_1)n(m271)(lrl) Z (_1)\0\ (_1)|p|n = 0 ., (3.1.26)

o€eSh(l1—1,l2)
pESh(ml,mQ—l)

forallm > 2 and 1 > 0.

Recall that Remark 2.3.35 expresses the identification between Maurer-Cartan derivations o € T}
and weight 1 Maurer-Cartan polyvectors s "~ 1s"*17() € Pol'(A,n)[n + 1]'. Using the deformed
differential Ogni1,0) = 0 + (—1)" LT {sT lsntig(M) =)} = 9 + [s"Fia() . ]g of Lemma
2.3.34, the Maurer-Cartan equation for nSPSs m = Zm22 7 € Pol(A, ), n)"*? on A_a) from
Definition 2.3.36 can then be rewritten as

Oz + Lm,wls = (s + 1) + L[s" x4 1 s o p]g =0, (3.1.27)

where the last step used the Maurer-Cartan equation for s"t'7(). In sum, an nSPS 7 on the
deformed CDGA A_q) is equivalent to a Maurer-Cartan polyvector s"*'7() +7 in the undeformed

n-shifted polyvectors ﬁ(;l(A, n). Specializing to sfCDGAs, we obtain the following generalization
of Corollary 3.1.5.

Corollary 3.1.6. The combined datum of a sf deformation of the free CDGA Sym(g*[—l]) and
an nSPS on the associated sfCDGA is equivalent to a family of maps (including weight m = 1
components)

e hom; (g®l’g®m)(1*m)n+27l C m>1, >0
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which, for every fired m > 1, is bounded in | and satisfies the following identities

(_1)(m71)n+171 o + Z Z (_1)((17m1)n+2711)((mzfl)nHzfl)

mi+mo—1=m [1+Ilo—1=I

x (—1)nme=Dhi-) Z (=1)lol (=1)lelm

O’ESh(hfl,lg)
peSh(mi,mao—1)

= 0 , (3129

for allm>1 andl > 0.

Remark 3.1.7. We would like to observe that, in the case where g € Ch is a non-positively
graded N-term cochain complex as in (3.2.2) below, our combined datum from Corollary 3.1.6
of a sf deformation of the free CDGA Sym(g*[—1]) and an nSPS on the associated sfCDGA is
equivalent to that of an L. [0, n— 1]-quasi-bialgebra structure in the sense of [BSZ13, Definition
2.5]. In our notation, these authors introduce, for any non-positively graded vector space g and
any integers ¢, d € Z, the completed symmetric algebra

H Sym™ (g[—1 — d]) ® Sym'(g*[-1 — ¢]) (3.1.30)

I,m>0

and endow it with the so-called ‘big bracket’ ((-, -)) which is given by extending the duality
pairing (-, -) : g* ® g — K to a biderivation. They then define an L [c, d|]-quasi-bialgebra
structure on g in terms of a degree 3+ ¢ +d element t = > _ >~ ¢V satisfying! (¢, ) = 0.
Comparing (3.1.30) with (3.1.4) and (3.1.5), we observe that, up to a completion in [ which is
inessential for N-term cochain complexes as in (3.2.2), the derived geometric concept of n-shifted
polyvectors is given by choosing the integers (¢,d) = (0,n — 1) in (3.1.30). Furthermore, from
(3.1.11) we see that the Schouten—Nijenhuis bracket { -, - } agrees with the ‘big bracket” (-, -))
because both are given on the generators by the duality pairing. To relate the identity ((t,¢)) =0
with the Maurer-Cartan equation in Definition 2.3.36, note that [BSZ13, Definition 2.5] encodes
the differential d on g in terms of the t(bD-component. Splitting off the differential, one can write
t = d 4+ t' and one observes that ((t,t)) = 0 is equivalent to the Maurer-Cartan equation for the
remainder t'. A

3.2 Application to higher Chevalley-Eilenberg algebras

Let us first recall the definition of an L.,-algebra in the sign conventions of, for instance, [[XS522,
Remark 3.6].

Definition 3.2.1. Given a graded vector space g and a family of graded-linear maps

{6,- Ng = gl2 - i]} , (3.2.1a)

1EN*

we say g is an L..-algebra if the generalised Jacobi identity is satisfied: given x,...,2; € g,

Let us also mention that if ¢("9 = 0 then Bai, Sheng and Zhu call this an Lo [c, d)-bialgebra structure on g.
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we have

> > (DI (1T (ks - To(k)s Talhr)s - To@) =0 . (3.2.1D)

j+k—1=i ceSh(k,j—1)

where Y, is the Koszul sign coming from the permutation of graded vector space elements
T1,...,2; € 9.

Notice that (3.2.1b) tells us that ¢ : g — g[1] is a differential structure on g and thus we usually
denote d := ¢; and refer to g as an underling cochain complex. This section focuses on the case
where

g = <ng+1 d | g N2 d ... _d g ! d go> € Ch (3.2.2)

is an N-term cochain complex of fd vector spaces which is concentrated in non-positive degrees,
where N € N* is a positive integer. Let us recall that a Lie N-algebra is a pair (g, ¢) consisting
of an N-term cochain complex as in (3.2.2) and a family ¢ = {/; € hom™(g®,g)>"'} ., of totally
antisymmetric linear maps of degree 2 — [ which satisfy the generalised Jacobi identities (3.2.1b).
In other words, a Lie N-algebra is precisely an L.-algebra whose underlying cochain complex is
of the N-term form (3.2.2). By a simple degree counting argument, one observes that ¢, = 0 must
necessarily vanish for all [ > 1 + N, hence the family of L.,-brackets ¢ = {{,},;>2 is bounded for
every Lie N-algebra.

It is well-known that L..-algebra structures on g correspond to (a subclass of) the sf deformations
of the free CDGA Sym (g*[—l]), see, e.g., [[KS522]. We recover this result as a special case of our
graphical calculus from Corollary 3.1.6.

Corollary 3.2.2. Let g € Ch be an N-term cochain complex as in (3.2.2) and consider a family
of maps {m™V},51150 as in Corollary 5.1.6 with 79 = 0.2 7Y = 0 and 7™ = 0, for all
m > 2 and | > 0. Then the identities (3.1.29) are equivalent to the generalised Jacobi identities
(3.2.1b).

Proof. Let us first observe that the non-vanishing maps 7Y € hom7 (g®', g)**, for [ > 2, have
the correct degrees and antisymmetry properties required for an L..-algebra structure. Using
that 7™ = 0, for all m > 2 and [ > 0, the identities in (3.1.29) simplify to

Do+ Y (-pewen 3

I+l —1=I o€Sh(ly—1,12)

for all [ > 2. Using the antisymmetry properties (3.1.19), we can permute the inputs of 7(11)

2 Actually, this is automatic given that 7(10) : K — g2.
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and find

(3.2.4)

Inserting this back into (3.2.3) and using also that the sum over shuffles yields an antisymmetric
map, we obtain

R E ED DENC A

l1+1l—1=1 U’ESh(lQ,llfl)

= 0 , (3.25)

for all [ > 2, where the sum in this expression is over (ly,l;—1)-shuffles, in contrast to the
(I,—1,1y)-shuffles in (3.2.3). Under the identification ¢, := (—1)""' 70 for all [ > 2, this gives
the L..-algebra structure identities in Definition 3.2.1. O

Remark 3.2.3. Considering cochain complexes with g? # 0 and dropping in Corollary 3.2.2 the
requirement that 700 = 0 and 7#(bY = 0 leads to more general sf deformations of the CDGA
Sym(g*[—1]). The component 7LD induces a deformation of the given differential d of g € Ch
and the component 7(1% introduces a violation of the square-zero condition of the differential,
which is called curvature and leads to the concept of curved L. .-algebras. We do not consider
nSPSs on these more general deformations in this chapter and restrict our attention to L..-
algebras. That being said, we will briefly talk about the Chevalley-Eilenberg differential coming
from a curved L.-algebra in Construction 3.2.4. A

Given any (bounded) L..-algebra structure ¢ = {{;};>2 on the cochain complex g € Ch, the
associated sf deformation

CEq == (Sym(g*[-1])), (3.2.6)

of the free CDGA Sym(g*[—l]) yields the Chevalley-Eilenberg algebra of the L.-algebra
g=1(g,0)

Construction 3.2.4. We can explicate the one-to-one correspondence between fd curved L..-
algebras (g, /) and fgsfCDGAs
CEq := (Sym(g*[-1]),0)
by constructing the differential § on generators sf® induced by ¢. Explicitly, with chosen basis
{zi € glier, if
g .= (—1)1_1 I /\lg — g[2 -]

for [ € N, then we denote

_ E J
gl(xh? s 7xil> - Eil ,,,,, ilmj

‘lez‘xil 27 |+27l

Recall that the Maurer-Cartan derivation 7 e T}

Sym(g-[—1)) deforms the zero differential of
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Sym(g*[—1]) as in (2.3.83). Explicitly, this works out to

1 4 .
o =-Y Y e ySa et @27

IEN |s01...50% |=|sO™ |+1 '

and it can be shown straightforwardly that the square-zero condition of the above differential
follows from the generalised Jacobi identities that ¢ satisfies (equivalently, the Maurer-Cartan
equation that 1) satisfies). >

Remark 3.2.5. The previous construction can be specialised to the case of demonstrating the
one-to-one correspondence between fd L.-algebras (simply restrict to | € N*) and fgsfCDGAs
which are augmented over K, i.e. for which the canonical projection A — K is a homomorphism
of CDGAs. Finally, it can be restricted even further to the case of the one-to-one correspondence
between Z=-graded fd L.-algebras and positively fgsfCDGAs. A

One can interpret the sSfCDGA CE, as an algebraic model for the classifying stack Bg = [*/g] of
the Ly.-algebra, see, e.g., [Pril7, Example 3.6] and [Pril8, Examples 1.10]. Corollary 3.1.6 then
provides a characterisation of the nSPSs on CEy by fixing the weight m = 1 components of the
family of maps {7(™V},,>1 50 in terms of the L.,-algebra structure according to 74 = 0, 741 =
0 and 7% = (—1)!=1 ¢, for all [ > 2. The three following Lemmas allow us to systematically
eliminate those 7("™!’s which are necessarily trivial based purely on degree counting arguments.
The aim of the following two subsections is then to work out these characterisations explicitly in
the simplest two cases where g is an ordinary Lie algebra and where g is a Lie 2-algebra.

Lemma 3.2.6. Let g = (g,¢) be any Lie N-algebra. Then every n-shifted Poisson structure on
CEq is necessarily trivial for n > 2N.

Proof. We argue by degree counting that every component 7™ € hom7 (g®l,g®m)(17m)n+24,

for m > 2 and [ > 0, of an nSPS 7 on CE; is necessarily trivial in the case where n > 2N. Since
g is, by hypothesis (3.2.2), concentrated in degrees {—N + 1,...,0}, it follows that the internal
hom complex hom (g®', g®™) = g®™ @ g*®' is concentrated in degrees {m(—N+1),...,I[(N —1)}.
Hence, for the existence of a non-trivial element 7™ of degree (1 — m)n + 2 — I, the bounds

m(—N+1) < (1-mn+2-1<IN-1) (3.2.8)

must be satisfied. Since m > 2, we have that 1 —m < 0 and hence the hypothesis n > 2N of this
lemma yields the inequality

(I—mn+2—1< (1—=m2N+2—1< (1—m)2N+2 (3.2.9)

where in the last step we also used that [ > 0. Combining this inequality with the first inequality
in (3.2.8) we find

m(=N+1) < (1-m)2N+2 <<= m(N+1) <2(N+1) <= m<2 . (3.210)

This is inconsistent with the fact that every SPS has only components with m > 2, which
completes our proof. O

Now that we have specified an upper bound on the shift n in terms of the height N as in Lemma
3.2.6, let us specify two bounds® on the weight m in terms of both the shift n and the height N.

3A lower bound and then an upper bound for the cases of n < N —1 and N < n < 2N, respectively.
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Lemma 3.2.7. In the context of Lemma 3.2.6: for n < N — 1, an nSPS is such that none of
its weights m > 2 are necessarily trivial. If N < n < 2N, an nSPS is such that its weights are

necessarily trivial for
n+2

_ 2.11
“n—N-+1 (3 )

Proof. A nontrivial nSPS on CE4 must have a nontrivial weight m > 2 component. Such a weight
component can have an input component of at most

(I—=m)n+m(N—1)+2

Schematically, we spend the cohomological degree n + 2 on the lowest degree generators of both
CEq and Tcg,[—n — 1] as follows,

) (s0g) -t =142 (g —Nym (3.2.12)
thus
1—mn+mN-1)+2>0 . (3.2.13)
For n < N — 1, we can rearrange the inequality (3.2.13) to get the lower bound
—-n—2
> 3.2.14
= N—-1—n ( )

In other words, for n < N — 1, only those weight components m satisfying (3.2.14) will be not
necessarily trivial. For n < N — 1, we already have N__"I__Qn < 1 hence, for n < N — 1, (3.2.14)
tells us that all weights m > 2 will be not necessarily trivial. If n = N — 1 then (3.2.13) reads as
(I=m)n+m(N —1)+2= N+1> 0 hence the case n = N — 1 is also such that all weights

m > 2 will be not necessarily trivial.

For N < n < 2N, we can rearrange the inequality (3.2.13) to get the upper bound (3.2.11). In
fact, we can limit this upper bound in terms of the height /N alone; notice that

N<n<2N = N+2<n+2<2N+2 , 1<n-N+1<N+1 ,
which in turn gives us
n+2
2< —— < N+2
“n—N+17 +

]

Finally, we wish to specify a constraint on the triviality of a O-input component as a lower bound
on the shift n in terms of the weight m.

Lemma 3.2.8. In the context of Lemma 3.2.7, a 0-input component of a weight m component of

an nSPS is not necessarily trivial if
2

n >
“m-—1

(3.2.15)

Proof. Looking back to (3.2.12), we can reach the 0-input component if we can exchange all s6y’s

in promoting the s"2~N*1’s up to, at most, an s"z" and for this we clearly need
(I—mn+m(N—-1)+2<m(N-1) . (3.2.16)
We rearrange (3.2.16) to get the desired lower bound (3.2.15). O

Remark 3.2.9. Putting Lemmas 3.2.6, 3.2.7 and 3.2.8 together:
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1. The 1SPS has the not necessarily vanishing components

2N—1 co 3+m(N—2)
o1 = P ( @D Alg — AZg] 1—l> ® H EB (W(m’l):/\lg—>/\mg[3—m—l}>.

I=1

(3.2.17)
The upper limit of the second sum over inputs in (3.2.17) must be 3 +m(N —2) > 0 hence,
if N =1, then (3.2.17) actually reads

Mp—1 = (71'(2’1) g — /\29) @ (7T(3’0) K — /\39)

2. For 2 <n < N — 1, we have

oo (1—-m)n+m(N—-1)+2

=] D ( (mD) . Alg — Sym™g[(1 — m)n +2 — l]> . (3.2.18)

Note that these nSPSs are all necessarily trivial for N < 2.

3. For N <n < 2N, we have

| 282 | a—m)ntm(N—=1)+2
T = @ (W(m’l) Alg — SymTg[(1 —m)n +2 — l}) . (3.2.19)
m=2 =0

If N =1 then item 1 already spells out the 1SPS and (3.2.15) tells us to ignore the lower
bound of 1 < n < 2 hence (3.2.19) only spells out the 2SPS. In this case, the 2SPS has its
not necessarily trivial components given by

Ty = (20

: K — Sym?g

A

Convention 3.2.10. For better readability of the graphical identities in the following subsections,
we will adopt the compact notation

k1 ko

AN A L

L) = Y Pyt (3.2.20a)
P (kLk2)T reShlki k) |11

1T

L2 I

O T = N €5 B L T P S (3.2.20b)
(klka)_ TESh(kl,kz) llll

which suppresses the summation over (ki, k2)-shuffle permutations and their signs. Note that in
the identities for nSPSs in Corollary 3.1.6, the shuffles attached to the inputs of maps hom (g®l, g®m)
always carry odd signs as in (3.2.20b) while the shuffles attached to the outputs carry either odd
signs (3.2.20b) or even signs (3.2.20a) depending on the parity of n. >

3.2.1 Ordinary Lie algebras

Suppose that the cochain complex g is concentrated in degree 0, which necessarily forces the
differential d = 0 to be trivial. It follows that the internal homs hom(g®™, g®') are concentrated
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in degree 0 too and carry the trivial differential 0 = 0. This implies that the weight 1 components
70 € hom; (g%, g)>~! of the family of maps in Corollary 3.1.6 are necessarily trivial for [ # 2.
We shall visualize the only non-trivial component by

712 =Y € hom; (g% g)" . (3.2.21)

As a consequence of the identities (3.1.29) for m = 1 (see also Corollary 3.2.2), it follows that
this defines a Lie algebra structure on g, i.e. the Jacobi identity

AL
(1,2)~:
o=y - VRV, (3292)

holds true. (The usual form of the Jacobi identity with cyclic permutations, in contrast to shuffle
permutations, is obtained by using antisymmetry (3.1.19) at the top vertex of the second term.)

Our aim is to characterize the nSPSs on the associated Chevalley-Eilenberg algebra CE, of this
Lie algebra, for n € {1,2} by using Remark 3.2.9. In particular, we recover from Corollary 3.1.6
the results of Safronov [Saf21, Proposition 2.6 and Theorem 2.8], which we shall restate in our
graphical calculus in the following two propositions.

Proposition 3.2.11. A 25PS on the Chevalley-Filenberg algebra CEgy of an ordinary Lie algebra
g with bracket (3.2.21) is given by the datum of a degree 0 map

7?0 = A € hom; (K,g%%)° | (3.2.23)

0 = \(1{1\)+ = \(\ + \Q =0 . (3.2.24)
:..I.’...l...i

This datum is equivalent to an adjoint action invariant symmetric tensor in g2, i.e., an element
in (Sym? g)®.

which satisfies the identity

Proof. This result follows directly from (3.2.19) and Corollary 3.1.6. The adjoint action invariance
condition follows then from the (m,[) = (2,1) component of (3.1.29). O

Example 3.2.12. Given a semisimple Lie algebra g, the space of invariant bilinear forms on g has
the same dimension as the number of simple components. In particular, a simple Lie algebra g has
a line of invariant bilinear forms and this is given by scalar multiples of the Killing form. Dually,
a simple Lie algebra has a unique (up to scaling prefactor) symmetric ad-invariant 2-tensor and
this is given by the quadratic Casimir. The classification of 2SPSs on the Chevalley-FEilenberg
algebra of a semisimple Lie algebra is thus given by the space of quadratic Casimirs and such a
space has the same dimension as the number of simple components. v

Proposition 3.2.13. A 1SPS on the Chevalley-FEilenberg algebra CEy of an ordinary Lie algebra
g with bracket (3.2.21) is given by the datum of two degree 0 maps

@0 = L€ hom (g.0%)" , %Y = N € hom” (K g%)" | (3.2.25)
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which satisfy the identities

0 = X — V\ , (3.2.26a)

0 = /{\ + \m , (3.2.26b)
0 = /(\ . (3.2.26¢)

These data are equivalent to a quasi-Lie bialgebra structure on the Lie algebra g, see e.g. [FS02,
Section 16.2).

Proof. The proof is a direct consequence of (3.2.17) and Corollary 3.1.6. O

3.2.2 Lie 2-algebras

Consider a 2-term cochain complex
g = (gfl -4, go> € Ch . (3.2.27)

Applying Corollary 3.2.2 and a simple degree counting argument, one observes that an L..-algebra
structure on g consists of two maps

702 = Y € hom;(g%%9)" , 709 = Y € hom:(s®%g) " (3.2.28)

of degree 0 and, respectively, degree —1. The L.-algebra structure identities in (3.1.29) (see also
Corollary 3.2.2) specialize in the present case to the identities

oY =0 , (3.2.29a)

Y = Ny, (3.2.29b)

0= — \P/ + \?V . (3.2.29¢)

The first identity expresses that the binary bracket is a cochain map and the second identity
states that the ternary bracket is a homotopy witnessing the Jacobi identity. The third identity
is an algebraic relation between the binary and ternary brackets. We would like to note that the
quadratic identity for the ternary bracket

0 = 7 <3230)



which arises from setting (m,l) = (1,5) in (3.1.29), holds true automatically. This is due to the
fact that the only non-trivial component of a degree —1 map 7(!*) on a 2-term complex (3.2.27)
is given by 7% : g° ® g° ® g° — g~ ', hence this map composes trivially with itself.

Definition 3.2.14. A Lie 2-algebra is a quadruple g = (g,d,[-,-],[-,-,]) that consists of: a
graded vector space g = g~ ' ®g° concentrated in degrees {—1,0}, a graded-linear map d : g — g[1]
(which automatically squares to zero because of the length of the complex), a cochain map
[-,]: \®g — g which satisfies (3.2.29b), i.e. the Jacobi identity up to adjoint differential of the
Jacobiator [-,-,-] : A*g — g[—1], and (3.2.29¢).

Our aim is to characterize the nSPSs on the associated Chevalley-Eilenberg algebra CE, of this
Lie 2-algebra for n € {1,2, 3,4} using Remark 3.2.9 and Corollary 3.1.6.

Proposition 3.2.15. A 4SPS on the Chevalley-FEilenberg algebra CE4 of a Lie 2-algebra g with
brackets (3.2.28) is given by the datum of a degree —2 map

7?0 = A € hom; (K,g%%) " | (3.2.31)
which satisfies the identities
oA =0 0 = \(\ : (3.2.32)
;(171)4—:

Proof. Simply substitute N = 2 and n = 4 into (3.2.19). The identities (3.2.32) follow directly

from the (m,l) = (2,0) and (m,!) = (2,1) components of (3.1.29). O
Remark 3.2.16. Note that the first condition of (3.2.32) tells us that the 4SPS is trivial if the
differential d : g~ — g° is injective. A

Proposition 3.2.17. A 3SPS on the Chevalley-FEilenberg algebra CE, of a Lie 2-algebra g with
brackets (3.2.28) is given by the datum of two maps

720 = A€ hom™(K,g®)' ,  «®) = L€ hom™(g,6°%) (3.2.33)

of degree —1 and, respectively, degree —2, which satisfy the identities

ON = (3.2.34a)
0 = (3.2.34b)
0 = (3.2.34¢)

Proof. Observing that 753 : g ® g° ® g — g~" and 7>V : g° = g7 ' ® g, one already has:

L)

(3.2.35)
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The identities (3.2.34) follow directly from the (m,1) = (2,0), (2,1), (2,2) and (3,0) components
of (3.1.29). O

Proposition 3.2.18. A 25PS on the Chevalley-FEilenberg algebra CE4 of a Lie 2-algebra g with
brackets (3.2.28) is given by the datum of one degree 0 map

7?0 = A € hom; (K, ¢g®%)° | (3.2.36a)
one degree —1 map
70 = L € hom (g,0%%) " | (3.2.36b)
two degree —2 maps
722 = ¥ € hom; (¢°%,¢%%) " . 700 = A € hom; (K, g®)" ,  (3.2.36c)
one degree —3 map
730 = L € hom?(g.g%) " | (3.2.36d)
and one degree —4 map
749 = A€ hom? (K, g®) ™" . (3.2.36¢)
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These data have to satisfy the following nine identities:

o) = (3.2.37a)
_ax — (3.2.37b)
0 = (3.2.37¢)
—ON = (3.2.37d)
—0 A = (3.2.37¢)
0 = (3.2.37f)
—OMN = (3.2.37g)
0 = (3.2.37h)
0 = (Q<§ + /{N . (3.2.37i)

(3:2)
Proof. In order to reduce the family of identities (3.1.29) to (3.2.37), one uses that various terms
vanish as a consequence of the specific form of the maps 7% : g ® g° ® g — g, 730 .
K— g 722 . '9¢" = g'log?, 76 g 5> gl g ' ®@g" and 749 : K —
gy @y @y O

Example 3.2.19. Consider a 2-term DGLA g = (g™* 4 g0, [-,-]) and a 2SPS on the Chevalley-
Eilenberg algebra CEy, as in Proposition 3.2.18, such that only 720 and 73 are nontrivial
(and 7>V annihilates g='). Such a 2SPS is a special case of CM’s notion of a “symmetric quasi-
invariant tensor in a differential crossed module” from [CFM 15, Definition 30] whereby we assume
a trivial gl-invariant cocycle ¢ € ker(d) C g~! and we append the further two conditions:

/z\ -0 = /(\ (3.2.38)

RS (2,1)F
DR 11l
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\Y,

Remark 3.2.20. In contrast to the finite characterisations of n = 2, 3, 4-shifted Poisson structures
given above, a 1SPS on the Chevalley-Eilenberg algebra CEj of a Lie 2-algebra g with brackets
(3.2.28) involves in general an infinite number of data, i.e. (3.2.17) with NV =2 and n = 1. We
consider the maps

[ inputs
A

7@ = y( € hom™(¢%,¢%%)""" | forallle{1,2,3} , (3.2.39a)

~~
2 outputs

and

[ inputs
A~

aml) = X € hom~ (g®l,g®m)3_m_l , forallm>3andle€{0,1,2,3} . (3.2.39b)

~
m outputs

These data must satisfy the infinite tower of identities which is obtained by specializing (3.1.29)
to the present case. A

Remark 3.2.21. Given an ordinary Lie algebra g; Proposition 3.2.13 showed that a 1SPS on
CEy is equivalent to a quasi-Lie bialgebra structure on g. Continuing on from Remark 3.1.7, a
Lie 2-(quasi-)bialgebra is defined by Bai, Sheng and Zhu [BSZ13, Definition 2.5] as a L]0, 1]-
(quasi-)bialgebra structure on g = g~ '@ g°. In other words, it is actually the 2SPS of Proposition
3.2.18 that is the Lie 2-quasi-bialgebra structure and not the 1SPS of Remark 3.2.20 (which,
instead, is a 2-term L [0, 0]-quasi-bialgebra). A

3.3 Explicit examples for Lie 2-algebras

In this section we apply the general characterisation results for SPSs from Subsection 3.2.2 to
specific classes of examples of Lie 2-algebras.

3.3.1 Abelian Lie 2-algebras

Let us recall that, for the ordinary Abelian Lie algebra K, there exists a 1-parameter family of
2SPSs on CEg which is given by 7?0 € (Sym? K)O =~ K, see also Proposition 3.2.11. In stark
contrast to this, the Abelian Lie 2-algebra K[1] = (K N 0), which arises for example in the
theory of Abelian gerbes [Bry08], does not admit any non-trivial nSPSs for all n > 1. This claim
can be verified from our characterisation results in Propositions 3.2.15, 3.2.17, 3.2.18 and Remark
3.2.20, together with the observation that, for every m > 2, we have hom’ (K[1]®!, K[1]®™) = 0
as a consequence of Sym” (K[1]) = ( A" K)[m] = 0 for m > 2.

A Lie 2-algebraic analogue of the 1-parameter family 7#(>? € (Sym? K)O =~ K of 2SPSs on CEx

can be found by considering the 2-dimensional Abelian Lie 2-algebra K?[1] = (K2 N 0). Then,
by Proposition 3.2.15, there exists a 1-parameter family of 4SPSs on CEgz(;) which is given by

720 € Sym? (K2[1])72 =~ (A? K2)0 >~ K. The required doubling of dimensions is thus a feature
which arises from the odd parity of the non-trivial elements of K?[1], which turns symmetric
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powers into antisymmetric ones. Let us further emphasize that the shift of such SPSs gets
doubled from n = 2 to n = 4 when passing from ordinary Lie algebras to Lie 2-algebras.

3.3.2 Shifted cotangent Lie 2-algebras

Let b be a Lie algebra with Lie bracket |-, -] : h®bh — bh. Let us endow its dual h* := hom(h, K)
with the coadjoint action ad” : h ® hb* — bh*. The shifted cotangent Lie 2-algebra is defined
by the 2-term cochain complex

T[1h == b oh = (b —> h) € Ch (3.3.1a)

together with the Lie 2-algebra structure (see (3.2.28) and (3.2.29)) which is defined by the trivial
higher bracket 703 = 0 and

<02 Ty o Ty — T[]y (33.1b)
(2,y) — [z.y]
(x,0) — ad;(0) |,
(w,0) — 0

for all z,y € h and O,w € Hh*[1]. Such Lie 2-algebras are used for example in the context of
higher-dimensional Chern-Simons theories which are based on 2-connections, see e.g. [Zuc21]
and [SV24]. Applying our results from Propositions 3.2.15 and 3.2.17, we obtain the following
characterisations of the (n = 3)- and (n = 4)SPSs on CE(T™[1]h):

Example 3.3.1. A 4SPS on CE(T*[1]h) is given by an element
729 € hom; (K, (T*[1]9)%2) ™ = A’p* (3.3.2)

which is invariant under the tensor product coadjoint action. v
Example 3.3.2. A 3SPS on CE(T*[1]h) is given by two elements

70 € hom” (K, (T*[1]n)*) " = p' @b (3.3.3a)
7D € hom™ (T*[1)b, (T*[1]n)**) " = hom(b, Sym?h*) . (3.3.3b)

Using that the differential 0 = 0 is trivial in this example, one checks that the identities in the
first line of (3.2.34) are equivalent to the invariance condition

(adi ®id +id ® ad,)7*? =0 | (3.3.4a)

for all x € b, where ad := [+, -] : h®bh — b denotes the adjoint action. The identity in the second
line of (3.2.34) is equivalent to the condition

@D ([z,9]) = (ad} ®id+id ® ad}) 7 @D (y) — (ad; @ id +id ® adZ)W(271)(x) : (3.3.4b)

for all z,y € . Note that this is similar to the properties of a Lie bialgebra structure, with the
difference that 7Y : h — Sym? h* takes values in the second symmetric power of the dual h*, in
contrast to the second exterior power of h in the case of Lie bialgebras. The identity in the third
line of (3.2.34) yields the condition

Z ,Y;/ec<(ﬂ(2,1)®id)7r(270)) =0 |, (3.3.4¢)

pESh(2,1)
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where 7V denotes the symmetric braiding on the category of vector spaces, i.e. it does not
involve Koszul signs. (Note that the odd signs (—1)"”/ in the sum over shuffles in (3.2.34) get
compensated by the Koszul signs in the symmetric braiding (2.2.4) for h*[1] ® h*[1] @ b*[1].) V¥

Remark 3.3.3. In higher-dimensional Chern-Simons theory [Zuc21, SV24] the relevant 3-shifted
Poisson structures are given by the coevaluation map 7% = coev(1) € b* ® h and 7>V = 0.
Such 3SPSs are non-degenerate, hence they have a corresponding 3-shifted symplectic structure
which enters the construction of the action functional. Our characterisation in (3.3.3) and (3.3.4)
shows that this is only a subclass of the 3SPSs on CE(T*[1]h) and in particular there exists more
flexibility which is given by the datum of the linear map 7Y : h — Sym? h*. A

3.3.3 String Lie 2-algebras

String Lie 2-algebras are simple examples of L..-algebras, they appeared first in [BC04, Example

6.10] as shifted central extensions. Explicitly, let h be a Lie algebra with Lie bracket [-, -] :

h ® b — b and choose any 3-cocycle k : h ® h ® h — K. Consider the 2-term cochain complex
h. = K[l]@h = (K 0, r,) € Ch (3.3.5a)

and endow it with the Lie 2-algebra structure (see (3.2.28) and (3.2.29)) which is defined by:

12 p. @b, — b 83 h. @b b, — b (3.3.5b)
(z,y) — [z,y] (x,y,2) — K(z,9,2)
(a,y) — 0 (a,y,2) — 0,
(a,b) — 0 (a,b,z) — 0
(a,b,c) — 0

where z,y,z € b and a,b, ¢ € K[1].

4SPSs

These are trivial by the same argument (Sym2 hn) = (/\2 K)O = ( as in Subsection 3.3.1.

3SPSs
Proposition 3.2.17 shows that a 3SPS on CEy, is given by two elements:
7?0 ¢ hom™ (K,b2%) ' = , 7Y € hom™(b,,5%%) 7 = p* | (3.3.6)
Denoting these elements by
1eb |, () :p — K | (3.3.7a)
the identities (3.2.34) for 3SPSs reduce to the properties
[2,1] =0 (1) =0 ([z,y]) = —k(z,y,1) , (3.3.7b)

for all x,y € h. The first property demands that the distinguished element 1 € b is central
in the Lie algebra b and the second property demands that it is annihilated by the linear form
(-) : b — K. The third property demands that the linear form (-) annihilates the Lie bracket
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[+, -] on b, up to a violation which is determined by the restricted the 3-cocycle k(-, -, 1) on the
distinguished element.

Remark 3.3.4. If the 3-cocycle comes from a symmetric invariant bilinear form on b, i.e.
k(z,y,z) = (x,[y,z]) then k(z,y,1) = (z,[y,1]) = 0. In this case, the form (-) : h — K is
a genuine Lie algebra morphism. A

Example 3.3.5. Assuming that the underlying Lie algebra b is semisimple, it follows that the
central element 1 € h must necessarily be zero 1 = 0. The properties in (3.3.7b) then simplify to
the requirement that <[x, y]> =0, for all z,y € . Since [h, h] = b for semisimple Lie algebras, it
follows that the linear form (-) = 0 must necessarily vanish. Hence, any 3SPS on CEy, is trivial
in the case where the underlying Lie algebra b is semisimple. v

For a non-semisimple Lie algebra b, there can exist non-trivial 3SPSs. Let us consider the following
two extremal cases:

Example 3.3.6. Suppose that 1 = 0 is trivial. Then the properties in (3.3.7b) reduce to the 1-
cocycle condition (|-, -|) = 0. Hence, every non-trivial 1-cocycle on b defines a 3SPS with 1 = 0.
As a concrete example, consider a matrix Lie algebra b C gl (K) and observe that choosing 1 = 0
and the matrix trace (-) = Tr defines a 3SPS.

Subexample 3.3.7. For the three-dimensional Abelian Lie algebra h = K3, every element is
central hence choose 1 = aX + bY + ¢Z in which case the last relation of (3.3.7b) boils down
to k(z,y,aX 4+ bY + c¢Z) = 0. Consecutively plugging in the pairs (r = X,y =Y),(x = X,y =
Z),(x =Y,y = Z) forces ¢ = b = a = 0, respectively, thus 1 = 0 and (3.3.7b) is automatically
satisfied. In sum, the space of 3SPSs on CEgs is isomorphic to the space of forms (K3)*. v

Subexample 3.3.8. Let h = § be the 3-dimensional Heisenberg algebra with basis { X, Y, Z}
and Lie bracket defined by:
X.Y]=2z ., [X.Z]=[V.Z]=0 . (3.3.8)

1 = aZ is the only solution to [-, 1] = 0 hence the second relation of (3.3.7b) reads as a(Z) = 0.
Feed (r = X,y =Y) into the third relation of (3.3.7b),

(Z) = —|X,Y,aZ] = —a . (3.3.9)
Hence, a = (Z) = 0 and a 3SPS is given by a form which annihilates Z. v
Vv

Example 3.3.9. Suppose that (-) = 0 is trivial. For a non-trivial central element 0 # 1 € b to
exist, the Lie algebra h must be a central extension 0 — K — h — € — 0. The third property in
(3.3.7b) then requires that the 3-cocycle k entering the string Lie 2-algebra b, is induced by the
map h — € from a 3-cocycle on ¢. If k is chosen of this form, then there exists a 3SPS defined by
the central element 1 € h picked out by the map K — b and the trivial linear form (-) =0. v

2SPSs

Remark 3.3.10. Proposition 3.2.18 tells us that the set of 2SPSs on CEy, is bijective to the set
of symmetric pairs 7(>? € Sym?h and linear endomorphisms 7>V : h — b such that:

(i) The symmetric pair is ad-invariant, 7% € (Sym?h)".
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(ii) The linear endomorphism is a derivation up to Jacobiator of the symmetric pair,
[' 77T(271)<')] + [71—(271)<') ) ] - 7T(271)([' ) ]) = KV(‘? "y 7T(270)) : (3310)
(iii) The symmetric pair is in the kernel of the linear endomorphism,

(7D @ idy + idy @k 7)) (7@ =0 . (3.3.11)

A

Remark 3.3.11. Whereas Example 3.2.19 showed that certain 2SPSs (in the case of a 2-term
DGLA) coincided with a special case of CM’s notion of a “symmetric quasi-invariant tensor in a
differential crossed module” [CFM15, Definition 30], the present case of a 2SPS and its data clearly
diverges from this notion. Even if we strictified our string Lie 2-algebra b, to a 2-term DGLA,
the “quasi-derivation” 71 : h — b is a datum piece without an obvious analogue on the side
of “symmetric quasi-invariant tensors”. In fact, an honest comparison between the above 2SPS
and CM’s “symmetric quasi-invariant tensor in the String differential crossed module” [CFM15,
Subsubsection 4.4.3] is difficult because our preferred model for the string Lie 2-algebra b, is
given by a fd L..-algebra with a Jacobiator 73 (3.3.5), while [CFM15] use a different model
which is given by an infinite-dimensional differential crossed module that encodes the cocycle k
less directly. Our suspicion that these two concepts are slightly different will be strengthened by
the following example. A

Example 3.3.12. Take h = sl,, i.e. the special linear Lie algebra of order 2. We work with the
usual basis {x,,z_, x5 € sly} whose Lie bracket relations are

[z, 2] = x5 [x3,24] = £224 . (3.3.12)

Using the (rescaled) Killing form (-, -) : sly ® sl — K given by (z3,23) = 1 and (z4,2_) =
(x_,x.) = %, we define the 3-cocycle k(z,y, z) := (x, [y, z]). In terms of our basis, this 3-cocycle

is given by
k(rp,o_,x3) =1 (3.3.13)
and total antisymmetry in its arguments. This defines the string Lie 2-algebra (sls),.

Since sl is a simple Lie algebra, there exists a unique (up to scale) invariant symmetric tensor,
which is concretely given by

720 = X 2oz + 1a3) € (Symis)® (3.3.14)

where A € K is any parameter. Assuming A # 0 for the moment, the general solution for the
linear map 7Y : sly — sly to the equation (3.3.11) is given by

7(ry) = axy +bxg , 7(x.) = —ax_+cxz , 7(r3) = —2cxy —2bx_ | (3.3.15)

where a, b, ¢ € K are arbitrary parameters. Evaluating (3.3.10) on (z = x,y = x_), one finds that
it does not admit any solutions for A # 0. In other words, every 2SPS on CEq,), is characterised
by a derivation 7 : sly — sly. This behaviour is drastically different to both: the case of ordinary
Lie algebras g from Proposition 3.2.11 and the “symmetric quasi-invariant tensors in the String
differential crossed module” from [CFM15, Theorem 36] and [RW15, Section 5.2]. Furthermore,
taking into account the natural concept of homotopies between SPSs (see, e.g., [Saf21]), it follows
that every 2SPS on CEy,), is homotopic to the trivial one because every derivation of sly is
inner. \Y
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Example 3.3.13. The ‘homotopically null’ result of Example 3.3.12 holds for any generic simple
Lie algebra h. For a simple Lie algebra: every symmetric invariant bilinear form is a multiple of the
Killing form* B : Sym?h — K, every 3-cocyle k € H3(h; K) is a multiple of B(-,[-,-]) : A*h = K
and there is a unique (up to scaling prefactor) symmetric invariant pair given by the quadratic
Casimir, i.e. 739 = AB~!. Choosing k = B(-, [-,"]), we see that 7> = Xid; produces a solution
to (3.3.10). The general solution to such an equation would be 721 = Aidy + D where D : h — b
is a derivation. However, h being a simple Lie algebra means that every derivation is an inner
derivation, i.e. D = [z,] for some x € h. Plugging 7>V = \idy + [z, -] into (3.3.11) then forces
A = 0. In sum, for a simple Lie algebra b, every 2SPS on CEy, is characterised by an inner
derivation of h and hence every 2SPS is homotopic to the trivial one. v

This vanishing of the symmetric invariant pair 7(>% holds for some non-simple Lie algebras as
well.

Example 3.3.14. For the three-dimensional Abelian Lie algebra h = K3 = K(zy, 29, z3) of
Subexample 3.3.7, the 3-cocycle is k (7, 2, ;) = ;1 and we denote 72 = 77,2, hence (3.3.10)
reads as Wijéjkl = 0. Choosing k = 2 and [ = 3 forces 7" = 0 and the rest of the choices for k
and m then forces 739 = 0 and a 2SPS is merely a linear endomorphism 702 : K3 — K3, v

Of course, there are examples of Lie algebras for which the associated 2SPS can have nonzero
(2,0)
&0,

Example 3.3.15. Let h = $ be the 3-dimensional Heisenberg Lie algebra from Subexample
3.3.8. It can be easily checked that there are only two distinct classes of 25PSs on CEg, given
by:

X Y Z X Y _Z 6.
L (mx,7x, 7%, 7y, Ty, Ty) € K°

X Y 2 X Y _Z 6 .
2. (mx, T, T, Ty, Ty, Ty ) € K :

3.3.4 Derivation strict Lie 2-algebras

Given a Lie algebra b, we denote the Lie algebra of Lie derivations by Ty.
Definition 3.3.16. The derivation Lie 2-algebra is defined by

Tz = (h g Th? ['7 ])

4Which is non-degenerate for a simple Lie algebra.
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where the bracket is defined for X,Y € Ty and z,y € b as:

(X, Y]:=X0oY —-YoX
(X, y] =X (y)

Y

Example 3.3.17. For a semisimple Lie algebra b, the adjoint representation b 2d, Ty is faithful

hence Remark 3.2.16 tells us that every 4SPS on CEy is trivial. v
b

Remark 3.3.18. A few comparisons (with string Lie 2-algebras) are in order:

1. The construction of the string Lie 2-algebra (3.3.5) required a 3-cocycle k : A*h — K
whereas the construction of the derivation Lie 2-algebra has no requirement.

2. The derivation Lie 2-algebra is strict whereas the string Lie 2-algebra is a Lie 2-algebra with
trivial differential, i.e. a “minimal model”. In other words, they are on opposite poles of
simplicity.

3. The ‘homotopical part’ g=* of the string Lie 2-algebra is always the ground field K whereas
that of the derivation Lie 2-algebra is simply whatever Lie algebra f we initially start with.

This last point plays a pivotal role; as we have already seen, the dimensionality of g=! controls,
e.g., which terms of the 2SPS automatically vanish. In particular, only the weight 2 terms of the
2SPS may be nontrivial. We will find a very different story with the below example. A

Example 3.3.19. The two-dimensional non-Abelian Lie algebra 2 has basis {z, y} and Lie
bracket given by

[37 ) y]z =T
It is then simple to check that® ad : 2 = T, .
following relations:

Denoting {X = ad,, Y = ad,}, we have the

[XvY]:X ) [X,JJ]ZOZ[Y,@/] ) [X,y]:l’:[l‘,Y]

The 2SPS

Proposition 3.2.18, together with the above dimension constraints and triviality of the Jacobiator,
tells us that a 25PS on CEq: is characterised as:

720 = A € hom; (K, g%, #®) = L € hom;(g,8%%) " , 7®? = ¥ € hom; (g°%¢%%) ",
739 — AN € hom; (K, g®) 7 |

% Again, Remark 3.2.16 then tells us that every 4SPSs on CEr: is trivial.
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subject to the following four relations:

—OA = I\, (3.3.16a)

-0X = (3.3.16b)
—ON = (3.3.16¢)
0 = (3.3.16d)

Let us denote:

20 _ XX X2 4 9 XYy 4 pYY 2
V(X)) =X + 72y + s XyX + s Yyy , 7@V (2) = may
r@O(Y) = 782X + 782y + Yy XyX + Yy Yyy , 7@ (y) = T,y
2D(XANY) = a%ay .
760 = 7 X Xy + ¥ Yay ,

and take 7(?) = —[.,.] then the first relation
[, 7?9] = ad o 7Y 4 72D o ad

imposes the following conditions on the following inputs:

X = oY = %% ,oorYY =% ¥ 7rX =0

Y = 2% =3 ;=2 = a4 1 =0

r = oYY =% —m, , m+ 7ryX =0

y = 208 = —n, | w47 =0

which then reshapes the structures as
1 1
7T(2’0):—§7T§E/XX2—< + 7y )XY+§< Y+7T§’(X> Y?
7T(2’1)(X):—< + 7y, >ZEX+7T Y 4+ 7y X | DY) = 71852 X + 72y + o8y X
7®V(z) = —a¥zy | 2V (y) = —a¥ay

The second relation

7@Vo [ ] = [x®V ][, 7V =ad o n®? — 722 5 ad
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imposes the following condition on the following input
XY — ™ =0 s

and all other inputs and conditions are redundant given the previous impositions thus 7(*2 = 0
is the only takeaway from the second relation. The third relation

S50 (2 @ idg) (+09) = —ad(x40)

only imposes the following two conditions:

3
7 =3 [w@Xw_@;(X + 8 (nf + W%;X)}

3
¥ =3 |:7T§C/Y7T§(X - w@xwﬁy}
The fourth relation
[, 70 = SF o (7Y ®id) o 7Y

imposes no new conditions.
In sum, a 2SPS is given by:

1 1
720 — —EﬁffXXz — (szy + W%”/X)XY + = (71'?/ + Wé’(X) Yy?

2
220 (X) = — (W)x/y n W€X> e X + 7%z + 7%y X, 7YY = 2 X 4 a2y + 7y X
(

70 (z) = —n¥¥ay . 7PV (y) =~y

3 3
730 — 3 [ﬂ@X 7T§(X + W%I/X (Wf/y + W%J;X)] Xzy + 5 [W%}Yﬁ(X — W%wafy] Yoy

where &% 78 7r§’/X, e 7T_:'§<X € K are free parameters. In sum, the space of 25PSs on CEyz is
given by K° where a point in that space specifies m as above. v
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Chapter 4

Infinitesimal 2-braidings from 2-shifted
Poisson structures

This chapter studies infinitesimal braidings in the 2-categorical context with the main result be-
ing that 2SPSs induce infinitesimal 2-braidings as in [K.525, Theorem 3.10]. The presentation
and ordering of ideas differs from that work in some significant ways: the preliminaries surround-
ing Derived Algebraic Geometry appearing in [KLS25, Section 2] have already been covered in
Sections 2.2 and 2.3. We consider the tricategorical! universe dgCatE{l’O]’ps in more detail and
do not defer its structure to an appendix as in [KLS25, Appendix A]; we do this because the
rest of this thesis will frequently refer to subtle details surrounding this tricategory in order to
introduce definitions and constructions. The exploration of higher-order deformations in [[X1.525,
Subsection 3.3] has been promoted to a chapter in its own right, i.e., Chapter 5.

Section 4.1 introduces the relevant tricategorical framework in which the deformation construc-
tions of Section 4.2 will take place; the basic objects of our interest are as follows.

Definition 4.0.1. A cochain 2-category is a Ch[lgl’o]—category, i.e. a category enriched over

the symmetric monoidal category Ch[lgl’o] of 2-term cochain complexes (concentrated in degrees
—1 and 0) of modules over a commutative K-algebra R.

Remark 4.0.2. Note that a Chg;l’o]—category is indeed a 2-category; the 1-morphisms are the
degree 0 morphisms f : U — V whereas the 2-morphisms ¢ : f = f': U — V are the degree

—1 morphisms such that d¢ = f — f’. The vertical composition of f 2, 1 2z f"U =V
is given by ¢ o ¢ = ¢ + ¢ whereas the horizontal composition of ¢ : f = f': U — V and
V:g=¢qg :V — Wisgiven by ¢ x ¢ =9 f + g¢p. These compositions are evidently associative
and admit units, furthermore the interchange law holds because of the truncation. A

[—1,0],ps

Because Chgl’o]—categories are 2-categories, they assemble into a tricategory dgCat}, where:

1-morphisms are Chg{l’o]—functors, 2-morphisms are pseudonatural transformations and the 3-

morphisms are modifications, see [JY21, Chapters 4, 11 and 12] for the more general context of a

tricategory of bicategories, lax functors, lax natural transformations and modifications. We will

not provide well-definition checks for said compositions in this chapter but, instead, we provide

such checks in the technical Appendix A. We finish Subsection 4.1.1 by describing the symmetric
: : [_110}71)3

monoidal structure on the tricategory dgCat :

Section 4.2 begins by making use of said symmetric monoidal structure to introduce the concept of
a pseudonaturally-braided (strict) monoidal Ch[}gl’o}—category, see Definition 4.2.1. We then follow
[CFM15, Definition 15] in fixing the notion of a hexagonal infinitesimal 2-braiding in Definition

1See [GPS95] or [JY21, Section 11.2] for the relevant definition of a tricategory.
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4.2.3. Theorem 4.2.7 shows that an infinitesimal 2-braiding provides a first-order deformation
of a symmetric monoidal Ch][K_ 1’()]—(:ategory to a pseudonaturally-braided monoidal Ch][K_[ij(/)](h2)_
category if and only if the infinitesimal 2-braiding is hexagonal. This increased flexibility arising
from pseudonaturality is essential for our construction of infinitesimal 2-braidings in Subsection
4.2.2 but it also comes at the cost of deforming the four-term relations as mentioned in Remark

4.2.9.

Subsection 4.2.1 introduces the notion of the homotopy 2-category of a dg-category and this is
used in Subsection 4.2.2 to study the first-order deformation of the symmetric monoidal cochain
2-category

4C = Hoy(4dgMod®")

The homotopy 2-category 4C has the same underlying objects, i.e. fgsf A-dg-modules, and its
morphisms are given by the good truncations to cohomological degrees {—1,0} of the morphism
complexes in 4dgMod™®". Our main result is presented in Theorem 4.2.12 where we show that
every 2SPS on a fgsfCDGA A defines, by a very explicit construction, a y-equivariant? hexagonal
infinitesimal 2-braiding on 4C. This means that every 2SPS on A defines an explicit first-order
braided monoidal deformation of the homotopy 2-category of the symmetric monoidal dg-category
4dgMod™ | which realizes concretely the abstract deformation results from [CPTVV17] to first
order in h.

Section 4.3 studies our deformation construction from Subsection 4.2.2 using explicit examples
associated with L.-algebras. Recall from Construction 3.2.4 that, for a fd L..-algebra g, the
Chevalley-Eilenberg algebra CE, is a fgsfCDGA hence Theorem 4.2.12 applies. Subsection 4.3.1
specialises this result to the case where g = h is an ordinary Lie algebra, which leads to a
homotopical generalization of the traditional constructions in [Car93] and [Kas95, Chapter XX].
Subsection 4.3.2 studies the case where g = b, is a string Lie 2-algebra as in Subsection 3.3.3.

4.1 Tricategories with pseudofunctorial composition

We assume that the reader has some familiarity with enriched category theory as in Subsection
2.1.2; see, e.g. [Kel82] for a comprehensive treatment, or [JY21, Chapter 1.3] and [Riel4, Chapter
3] for more concise introductions.

Let us recall the following definition a 3-category.

Definition 4.1.1. A 3-category is a category enriched over the category 2Cat of 2-categories
and 2-functors. A 3-functor is a 2Cat-functor.

We require a slightly weakened variant of this concept where the enrichment category is generalized
to the category 2Cat™ of 2-categories and pseudofunctors. See, e.g., [JY21, Theorem 4.1.30] for
a detailed description of this category and, in particular, of its associative and unital composition.
The category 2Cat? admits finite products and a terminal object, given by the 2-category T &€
2Cat" consisting of a single 0-cell and its identity 1-cell and 2-cell, hence it is symmetric monoidal
with respect to the Cartesian structure.

Definition 4.1.2. We denote by
3Cat := 2Cat™Cat (4.1.1)

the 2-category whose:

2See Definition 4.2.5.
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e objects are 2Cat"*-categories,
e l-morphisms are 2Cat™-functors,

e 2-morphisms are 2Cat-natural transformations.

To illustrate how an object C € 3Cat admits an interpretation in terms of a weakened kind of 3-
category, let us spell out, in some detail, the data defining C. By definition of an enriched category,
C has a class of objects and, for each pair of objects C,D € C, a 2-category C[C,D] € 2Cat"
of morphisms. Since the 2-category C[C, D] consists of 0-cells, 1-cells and 2-cells, there are three
layers of morphisms in C € 3Cat, as required for a 3-category. The enriched category C comes
further with identity morphisms id¢ : T — C[C, C], or equivalently a 0-cell idg, 1-cell Idig. and
2-cell IDygq, g and composition morphisms

x : C[D,E] x C[C,D] — C|[C,E] (4.1.2)

in 2Cat®, which in our case are pseudofunctors between 2-categories. The compositions * must
be associative and unital with respect to the identities idg. Note that the relaxation to pseud-
ofunctors makes our variant of weak 3-categories from Definition 4.1.2 more general than strict
3-categories, for which the analogous composition morphisms * must be 2-functors®.

The 2-category 3Cat carries a symmetric monoidal structure which is determined by the Cartesian
structure of the enrichment category 2Cat", see, e.g., [Kel82, Section 1.4] for the details. The
monoidal product C x C' € 3Cat of C,C’ € 3Cat is the 2Cat"*-category whose objects are pairs
(C,C’) € C x (' of objects C € C and C' € C" and whose morphisms

(€ x C)[(C,C), (D,D)] :=C[C,D] x C'[C’,D'] € 2Cat™

are given by the Cartesian structure on 2Cat”. The monoidal unit 7 € 3Cat is the 2Cat™-
category with a single object, say * € T, and morphisms T [x, x| := T € 2Cat" the terminal
object. The symmetric braiding

flipeer : CxC" — C'xC (4.1.3a)

is the 2Cat™-functor which acts on objects by flipping (C,C’) — (C’,C) and on morphisms
through the symmetric braiding on 2Cat®®,

(€ x C[(C,C"), (D, D) = C[C,D] x C'[C',D'] 5 ¢'[C', D] x C[C,D] = (C' x C)[(C', C), (D', D)].
(4.1.3b)

Making use of this symmetric monoidal structure on 3Cat, one can define a concept of a symmetric
monoidal category object in 3Cat.

Definition 4.1.3. A symmetric monoidal category object in 3Cat is a tuple (C, X, u, a,l,r,T)
consisting of the following data:

(i) an object C € 3Cat,
(ii) a l-morphism X :C x C — C in 3Cat (called monoidal composition),

(iii) a l-morphism u : 7 — C in 3Cat (called monoidal identity),

3Note that our identity morphisms idc : T — C[C, C] are already 2-functors.
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(iv) invertible 2-morphisms

CxCxC—2 seoxe

lcx& / X
CxC s C

7

X CxC

1%
X—— O
IR

(4.1.4)

in 3Cat (called associator, left unitor and right unitor),

(v) an invertible 2-morphism

x C 2 > C
ﬂim I % (4.1.5)

CxC
in 3Cat (called symmetric braiding).

These data have to satisfy the usual coherence conditions for symmetric monoidal categories
internal to the 2-category 3Cat. When the associator a and left /right unitors [ /r are all identities
then we say (C,X, u,7) is a symmetric strict monoidal category object in 3Cat.

4.1.1 A closed symmetric monoidal tricategory of cochain 2-categories

Let R be a commutative K-algebra and consider the symmetric monoidal category Chpg of cochain
complexes of R-modules from Subsection 2.2.1. We denote by

chl;"” C Chg (4.1.6)

the full subcategory whose objects are all cochain complexes V' € Chpg concentrated in degrees
{=1,0}, ie, Vi=0foralli e Z\ {—1,0}. We shall often denote such objects by

V= (v—l LVO) e Chl;W (4.1.7)
Note that the tensor product ®r on Chpg does not directly restrict to the full subcategory
Ch[ 1O C ChR because V ®@r W € Chp is, in general, concentrated in degrees {—2,—1,0},

for VW € Ch 19 This issue can be resolved by composing ®r with the good truncation
functor 7019 : Chy — Chgl’o] to define the truncated tensor product

®r : ChL x Chl™ — S Chp x Chy —2% Chy % ChL™ | (4.1.8a)
Explicitly, given two objects V. W & Chg%_l’o], the truncated tensor product reads as

(V*1®RWO) ® (V0®RW*1) dverw
dverw (V71®RW71)

VRrW = ( VO®p WO) . (4.1.8b)
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One directly checks that Chg%_l’o] forms a symmetric monoidal category with respect to the trun-

cated tensor product @, the monoidal unit R € Chg{l’o] and the symmetric braiding

v o VW — WaRV ; VRRW > WRRV (4.1.9)

where all Koszul signs are trivial because there are no odd-odd degree combinations in the trun-
cated tensor product (4.1.8). For later use, we observe that the symmetric monoidal categories

(Chg, ®g, R,~) and (Ch[b{l’o}, ®r, R,7) are related by a lax symmetric monoidal functor.

Lemma 4.1.4. The truncation functor 71=% : Chp — Chgl’ol 18 canonically lax symmetric
monotdal.

Proof. The functor 7I=1% preserves the monoidal units strictly, i.e., 7I7%%(R) = R, and the lax
structure 7L0(V) @ 7EH (W) — 7LV @ W) for the tensor product of V,W € Chp is
given by the obvious cochain map (drawn vertically)

(dVV—‘;l—Q@)RZO(W)) ® (zo(v)®R dv‘f%) dve,w
dvezw (V‘1®RW—1)

l (4.1.10)

(V) @p Z°(W)

-1
— i:f(%j% T o 2°(VerW)
O
The goal of the remaining part of this subsection is to provide details for the following result.
Proposition 4.1.5. There exists a tricategory
dgCatl, "™ ¢ 3Cat (4.1.11)

in the sense of Definition 4.1.2 whose

e objects are Chgl’o}-categories,
e 1-morphisms are Chgl’o] -functors,
e 2-morphisms are pseudonatural transformations, and

e 3-morphisms are modifications.

This tricategory admits a symmetric strict monoidal structure in the sense of Definition 4.1.3
which agrees on Chg;l’o]-categories, Ch[}gl’o} -functors and Chg;l’o]—natuml transformations with
the usual one from enriched category theory, see, e.g., [Kel82, Section 1.4].

The objects and 1-morphisms in dgCatELOLpS are defined according to the standard definitions
of enriched category theory. The precise definitions of the 2-morphisms and 3-morphisms are as
follows.

Definition 4.1.6. Given Chg{l’o}—functors F,G : C — D, a pseudonatural transformation
¢ : F'= G consists of the following two pieces of data:
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(i) For each O-cell U € C, a 1-cell & € D[F(U),G(U)]° in the hom-object D[F(U),G(U)] €
[7170} 1 3
Chj, " which we call a cochain component.

(ii) For each pair of 0-cells U, U’ € C, a homotopy {_y : C[U,V] = D[F(U),G(V)][—1] whose
output we call a homotopy component.

These two pieces of data have to satisfy the following two axioms:

(1) For all f € C[U, V],

G(f)&v — & F(f) = 0 + oy - (4.1.12a)
(2) For all f € C[U,V] and g € C[V, W],
S = &GF()+Gl9)& (4.1.12b)

A pseudonatural endomorphism is one of the form v : F' = F.

Remark 4.1.7. The present definition is noticeably more compact than [KLS25, Definition A.5].
Both F' and G are Chg;l’o]—functors hence they preserve units; plugging g = f = 1y into (4.1.12b)

immediately yields
§1y = 261, = £, =0 . (4.1.13)

In other words, the lax unity axiom [K1.525, (A.14)] is redundant given the lax associativity
axiom [[K1.525, (A.15)]. Furthermore, a homotopy &y : C{U, V] — D [F(U),G(V)] [—1] between
truncated homs automatically gives &, = 0 for & € C[U, V]! hence plugging f = k into (4.1.12a)
yields

G(k)&v — & F(k) = &on (4.1.14a)

whereas plugging f € C[U,V]? into (4.1.12a) yields
G(f) v =& F(f) =0¢ . (4.1.14D)
A

Remark 4.1.8. Let us note that a pseudonatural transformation with trivial homotopy compo-
nents, 5 = 0, is simply a Chg{l’o}—natural transformation. The zero pseudonatural transfor-
mation 0 : F' = G is such an example. A

Example 4.1.9. The identity pseudonatural transformation Idg : ' = F : C — D, defined
by (Idp)y = 1pw) and (Idg)y = 0, is both a pseudonatural endomorphism and Chgl’o]—natural

transformation, i.e., it is a Ch[R_l’O}—natural endomorphism. We sometimes denote such identities
as 1 := Idr when the context makes it clear what the Chg,%_l’o]—functor Fis. v

Definition 4.1.10. Given two pseudonatural transformations &, &' € dgCatEl’O]’pS[C, D|(F,G),
a modification =Z: { = ¢ : F = G : C — D consists of the following datum:

(i) For each O-cell U € C, a 2-cell =y € D[F(U), G(U)]~* such that
&y — &y =02y . (4.1.15)
This datum is subject to the single axiom:

1. For every f € C[U, V],
=SV F(f)+ & = €+ G(f)Z0 . (4.1.16)
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An endomodification is one of the form Z: { = ¢ : ' = F, i.e., it is a modification between
pseudonatural endomorphisms and not an endomorphic modification © : § = 0 : F = G. We
denote by ID¢ := 0 : £ = ¢ the zero modification which is an instance of the latter.

In the following subsubsections we describe explicitly the symmetric strict monoidal 2Cat?*-
category structure of dgCat[ LOPS i the sense of Definitions 4.1.2 and 4.1.3.

The hom cochain 2-categories

Given two Ch —categorles C and D we denote by dgCat% LOL pS[C D] € 2Cat" the cochain

2-category whose objects are Ch[R -functors, 1-morphisms are pseudonatural transformations
and 2-morphisms are modifications.

Construction 4.1.11. The vertical composite pseudonatural transformation

/sU\ RN
¢c— D +— C & D (4.1.17a)
W \/‘
H
in the 2-category dgCatEl’O}’ps[C, D] is defined by:
(08)v = Ouéu ; (4.1.17b)
(085 == Oplu + OvEs (4.1.17c)

see Subsection A.1.1 for the well-definition check. This composition is associative and unital with
respect to the identity 1. >

Definition 4.1.12. A pseudonatural transformation £ : F' = G : C — D is a pseudonatural
isomorphism if there exists another pseudonatural transformation ¢! : G = F : C — D
such that £71¢ = Idp and ££7! = Idg. A pseudonatural automorphism ¢ € PsNat} is a
pseudonatural endomorphism & € PsNaty which is also a pseudonatural isomorphism.

It is obvious that pseudonatural isomorphisms are closed under vertical composition.

Remark 4.1.13. The formulae for the vertical composition/unit in Construction 4.1.11 tells us
that a pseudonatural transformation ¢ : F' = G : C — D is a pseudonatural isomorphism if and
only if the cochain components &y € D[F(U), G(U)]® are isomorphisms &y : F(U) 2 G(U). In
other words, it can be easily checked that setting:

&= (&) GU) 2 FU) : (4.1.18a)
&= -G48 eDIGU),FV)T (4.1.18b)
produces a well-defined inverse pseudonatural transformation ¢ !': G = F : C — D. A

Construction 4.1.14. The lateral composite modification

D — C ¢==)¢ D (4.1.19a)
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in the category dg(?a‘cg,%_l’o]’ps[C7 D](F,G) is defined by

see Subsection A.2.2 for the well-definition check. This composition is associative, unital with

respect to 0 and invertible* with respect to the reverse modifications E =26 F=G:C—
D defined by

Sy =5y . (4.1.20)
>
Construction 4.1.15. The vertical composite modification
F F
B -
C—c¢%5D = C o % e'e' (4.1.21a)
NG
in the 2-category dgCat[Igl’O]’ps[C, D] is defined by
(@E)U = @Ué-{] + QUEU y (4121b)

see Subsection A.2.3 for the well-definition check. This composition is associative, unital with
respect to the particular identities IDyg, : Idp = Idp and functorial, i.e., the exchange law
between vertical and lateral composition of modifications is upheld®,

(@Z)-(ez)=(0-0)(Z -5 , (4.1.22)
and the vertical composition of two lateral unit modifications is again a lateral unit,
IDgID¢ = IDge . (4.1.23)

Using that 0=y = &y — &, and 00y = 0y — 0}, together with the truncation of the hom-complexes
allows us to equally write the vertical composition of modifications (4.1.21b) as

(©2)y =Ou (§v — 0=y) + (0 + 00y) =y = Ovéy + 0, Ey . (4.1.24)

We denote the pre/post-whiskering, respectively, by

0¢ =0IDy , 0=:=IDy= (4.1.25)

Using this notation, we can rewrite (4.1.21b) and (4.1.24), respectively, as
O= = O¢ = =0=.0¢ . (4.1.26)
>

Remark 4.1.16. If £,£ : ' = G are pseudonatural isomorphisms then a modification between
them Z: ¢ = ¢ . F = G is called an isomodification, in which case

B R N ey (4.1.27)

4Every modification is thus an isomorphic modification and * is pseudofunctorial. Furthermore, dgCatj,
is actually a weak (3, 2)-category.
5See Subsection A.2.6 for such proof.

[10]
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clearly defines the inverse modification. An automodification = € Modj is a modification
between pseudonatural automorphisms. It is obvious from the definition that isomodifications
are closed under vertical composition and whiskering by a pseudonatural isomorphism. A

To state various definitions we will need the notion of R-linear addition + of pseudonatural
transformations and modifications. Note that in the latter case R-linear addition of modifications
is actually distinct from lateral composition -, e.g., scaling a modification by® % has no correlate
as a lateral composite.

Construction 4.1.17. Suppose we have modifications = : £ = ¢ : F = Gand T : v = V' :
F = G then, for r,7" € R, we define r= + 'Y : € +17'v = 2§ +wv' : F = G by

(ré+r'v)y = réu+rvy , (ré+r'v) = r&+r'vy : (rZ2+r' 1)y = rEp+r"Ty. (4.1.28)

These addition/scaling operations are evidently abelian and vertical composition o of pseudonat-
ural transformations (4.1.17)/modifications (4.1.21b) is R-bilinear. We define the coboundary
of Z:&6= ¢ as

=.=¢-¢ : (4.1.29)

>

Finally, for every Chg{l’o]-functor F, the map
Idp : 1 — dgCatl, """[C, D|(F.F) , *w—1Idp , 1, 1Dy,

is evidently functorial.

The horizontal composition/identity pseudofunctors
Given three Chg;l’o]—categories C, D and E, we denote by
. [_110}71)8 [—1,0],ps [—1,0],ps
* : dgCatp D, E] x dgCat}, [C,D] — dgCat}, [C,E] (4.1.30)
the horizontal composition pseudofunctor between the hom 2-categories from the previous sub-

subsection. On objects in the hom 2-categories, this pseudofunctor acts in terms of the usual
(associative and unital) composition of enriched functors which we will denote by

c-‘2H5p-t2E & c-EZLE (4.1.31)
On 1-morphisms in the hom 2-categories, the pseudofunctor * acts as follows.

Construction 4.1.18. The horizontal composite pseudonatural transformation

E (4.1.32a)

6That is, % of the unit of R.
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in the tricategory dgCatE}-i_l’O]’pS is defined by

(v*&v = vow) F'(§v) , (4.1.32b)
(v &)y = vap F'(&v) +veo) F' (&) (4.1.32c)

see Subsection A.1.2 for the well-definition check. This composition is associative and unital with
respect to the particular identity pseudonatural transformations Idjq : id¢ = id¢ : C = C.

Remark 4.1.19. The horizontal composition of two identity pseudonatural transformations is
another identity pseudonatural transformation, i.e.,

This fact that * is strictly unitary will be implicit in many constructions throughout. A

Remark 4.1.20. Whiskering pseudonatural transformations by Chgl’o]—functors works as usual:

(U*Idg)U = Ug(U) s (U*Idg)f = Ug(f) s (IdF/ *g)U = F’(fU) s (IdF/ *g)f = F/(ff), (4134)

hence pseudonatural isomorphisms are closed under whiskering. We will denote (4.1.34) by
vg = v * ldg , F'(&) :=1dm x & . (4.1.35)

Associativity of horizontal composition gives us H(vp) = H(v)F. A

On 2-morphisms in the hom 2-categories, the pseudofunctor * acts as

C ¢ EE> g' <E>> E 5 C U*S/ (4.1.36a)

(T * E)U = TG(U) Fl(gU) -+ U/G(U) F/(EU) s (4136b)

with

see Subsection A.2.4 for the well-definition check. This composition is associative and unital with
respect to the particular identity modifications IDyq, i Idige, = Idigg @ idg = id¢ : C — C.

Local functoriality means that, given

F F’

/\/\

C ¢ Egé ¢ D v év’é’ v E , (4137

~Al/ - ~A1/ ~

G G/

we have (-, x)-exchange’,

(T -T)x(Z-2)="" =) - (T*2)

"See Subsection A.2.6 for such proof.

105



and that
ID, * ID¢ = ID,e

As is well known, the vertical and horizontal composition of pseudonatural transformations does
not satisfy the middle-four exchange law but rather this is relaxed by the exchanger. Many
modifications appearing throughout will be instances of the exchanger.

Construction 4.1.21. Given any composable diagram of the form

m/\

’ ) (4138&)
W W
the exchanger is the modification®
Ko - Ax0)(VE) = AuxbE (4.1.38b)
whose components are defined by
(0.0 o = Ay vo, (&) (4.1.38¢)
>

Remark 4.1.22. Notice that the exchanger (4.1.38) is trivial if v is a Chg;l’o]—natural transfor-
mation or # = 1 hence whiskering is functorial, i.e.:

MW)r = Apvp . F'(08) = F'(O)F'(€) | (4.1.39)
1p=1 : F'(1)=1 . (4.1.39b)
A

Naturality of the pseudo composition constraint means that, for modifications

S Ay
=

8See Subsection A.2.1 for the well-definition check.
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the following diagram commutes (composition of modifications is lateral in this diagram)

(A*0)(v*¢)

—_ 2
(Ax©)(T*E) *(0,0),(v,&)

(N %0 (v x&) v * O

TN 00). (07 7) AT+O=

)\/,U/ * 0/5/

see Subsection A.2.5 for the proof. The associativity axiom of the pseudo composition constraint
demands that, for pseudonatural transformations

TN TN

/G\ /G’\
C 9 A E
[/ \H//r
A
K/

the following diagram commutes

(Y *xw)(A*x0)(v &)

2
), % IDyw*(,0),(0.0)

(X % wh) (v * ) (Y * w) (v * 0¢)
WWX * ), (,06)
YAV * wOE

For each C € dgCat[ LOLPS the map idg : T — dgCatgl’o]’ps[C, C] mentioned in the discussion
right after Definition 4.1.2 is already known to be a 2-functor.

Associativity /unitality of horizontal composition
As already mentioned, the horizontal composition of Chg{l’o]—functors, pseudonatural transforma-

tions and modifications is associative. The associativity of horizontal composition also means that
the two a priori distinct ways to extract an exchanger modification from the following ambiguous
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pasting diagram
SN N N
C G > D G’ > B G" > F

Hl

are, in fact, the same modification, i.e., the following diagram commutes

(0% Ax0)(p*vxE)

2
(e, W/ *(640,0),(650,6)

dopx (Ax0)(v ) (0% A) (¢ *v) * 0
IDsg * N “o.0).(0.0) * TDog

0P * v * O

The identity: Chgq_l’o]—functors id¢, pseudonatural transformations Id;q, and modifications IDyq, dc
are unital with respect to the horizontal composition. The unitality of horizontal composition
also requires left and right triviality of the exchanger, i.e., for

el pm.copD

we need
2 2 .
*(Idideg)v(IdidD 75) - ID@& = *(evIdidc)z(gvldidc) ! 05 9 Hé-

Recalling the comment at the end of Construction 4.1.21, we can see that the above requirement
indeed holds.

The symmetric strict monoidal structure

The monoidal composition

X : dgCatl " x dgCatl; """ —; dgCatl " (4.1.40)

is the 2CatP*-functor which assigns to a pair of objects C, C’ € dgCatB;l’o]’pS the usual Chg{l’o}—

category CX C' € dgCatEL2 LOLPs and to a pair of 1-morphisms F : C — D and J : €/ — D' in

dgCath, """ the usual Chl"functor FR.J: CRC' — DK D’ from [Kel82, Section 1.4].

Construction 4.1.23. The Ch Category C X C' is defined by:

(i) Objects are simply 2-tuples which we denote by juxtaposition, i.e., U U’ € C K C’ where
UeCand U € C.
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(ii)) The hom 2-term complexes are given by the truncated tensor product, i.e.,

FRf = fRpf = {0’ A= ==Ly Ly (4.1.41)

f®grf', otherwise

(iii) The cochain composition is given by the middle-four exchange (which law is upheld because
of the truncation), i.e.,

(RGN Rf)=(gf)R(g'f) (4.1.42)

has no sign for passing f through ¢ because if they both were of degree —1 then the
truncation would kill this composite.

(iv) The cochain units are simply given by mapping 1 € K C Rto 1yX 1y = lp®g 1y =: 1y .

7[)]

This data clearly satisfies the axioms of associativity and unitality required of a Chg;l -category.

>
The Chgl’ol—functor FXJ:CXC — DKXD' acts simply as:

UU' — FU)JU)
fRf = F(H)RJI(f)

The latter assignments are clearly functorial because of the above defined composition/units of the

monoidal composite Chg{l’o}—category. The latter assignments are also clearly R-linear cochain
because both of F' and J are.

Construction 4.1.24. The monoidal composite pseudonatural transformation

F J FRJ
ST TN
CC“\D C' w“ D L CRC mzp“ DXD'  (4.1.43a)
\_/
\E/ \\K/ GRK
in the tricategory dgCatggl’O]’ps is defined by:

EXY)yy = v Wy , (4.1.43b)
EXY) g = §RE(f )Y + 0 F(f) Ry (4.1.43¢)

Note that for two Chgl’ol—natural transformations, £ and 1, the monoidal composite, & X 1,
agrees with the usual one from enriched category theory. >

Construction 4.1.25. The monoidal composite modification
F J FRJ

ANINZAW N

C ¢(=)e D C ofZ)D 2 CRC yE2)eny DRD (4.1.44a)

in the tricategory dgCal’cB;’O]’pS is defined by

(E& \II)UU/ = EU X ’QDU/ —|—€£] X \IJU/ . (4144b)
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>

Local bifunctoriality requires that lateral identity/composition of modifications is preserved by
monoidal composition, i.e., given

4

/3 ¢

Q
J
[
w)
Q
<
lﬂe
2
%
g

we have (-, X)-exchange,

Y

(E’~E)&(\D’~\IJ):(E’XI\II’)~(E&\IJ)
and
ID¢ XIDy, = D¢y

As with the horizontal composition %, the monoidal composition X is strictly unitary, i.e., we
have Idp X 1d; = Idpg . In fact, given pseudonatural transformations

F J
/N Y
C—¢c—D ¢ —rk—D |
\0_/ \w_/
H L

we have
(06 K (wyp) = (I K w)(E W)

In other words, the pseudo composition constraint is trivial’ and the naturality condition trans-
lates into yet again another exchange law, namely, given

we have

0= QU = (0K Q)(ZX V)
In summary, the (o, X)-exchange law is upheld.

The preservation of horizontal composition means that the (x,X)-exchange law is upheld (for all
three different levels of morphisms) as well as there being equality between the relevant pseudo

9Meaning that we need not prove that the associativity axiom of the pseudo composition constraint is upheld.
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composition constraints, i.e., given pseudonatural transformations

r w J J
C ¢— D ¢— E C K— D’ K— E
H H' L L

the following diagram commutes
[(A*G)lﬁ(é*w)} [(U*ﬁ)@(qﬁ*w)] = [()\Xlé)* (9&@))} [(UEI(b)*(f&zp)}

2
*ARS,0Rw), (vRp,ERy)

(Ax0)(vx &) K (6 xw)(¢p 1) (AR (vE @) * (0 Ww)( W)
00, (0.6 B (5.0),(6,)
(A 08) X (d¢p * wip) (A X ) x (€ XK w)

Preservation of horizontal identity 2-functor morphisms id¢ : T — dgCatEl’O]’pS[C, C] means:

idc X idcl :idcgcl y (4145&)
[dige B Idiag, =Idiague (4.1.45D)
Dy, ®Drg,, , =g, (4.1.45¢)

but the second relation follows from the first together with the fact of strict unitarity of X whereas
the third relation follows from the second together with local bifunctoriality of X.

The monoidal identity u : 7 — dgCatEl’O}’pS is the Chg%_l’o]-category
R € dgCatl, " (4.1.46)

consisting of a single object, say *, with morphisms R(x,x) := R € Chg;l’o} given by the monoidal
unit of the enrichment category and the cochain composition given by multiplication of scalars
(which is associative and unital with respect to 1 € R). The pseudofunctor

u, : T — dgCatl, "™ (R, R)

is actually a specific instance of the 2-functors idg : T — dgCathl’o}’ps[C, C] for the particular
case C =R, i.e., idg = u,. Likewise, preservation of horizontal composition

kO (Uy X Uy) = Uy (4.1.47)

is just a special case of * ¢ (id¢ X idg) = ide which we already know to hold from the unitality
of horizontal composition * in the previous subsubsection. The preservation of horizontal units
reduces to the tautology u, = u,.

Remark 4.1.26. We have seen that the monoidal composition X is a 3-functor meaning that
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the exchange law and preservation of identities is upheld for all three different levels of mor-
phisms (thus pseudonatural isomorphisms and isomodifications are preserved) in the tricategory

dgCatB{l’O}’pS, this fact will become relevant, e.g., when discussing the pentagon axiom holding at

order h? in Lemma 5.2.13. Note also that this monoidal composition is strictly associative (and

unital with respect to u) in large part because of the truncation but also because we regard Chgl’o]

as a strict monoidal category. The symmetric braiding 7 has components 7¢ v : CRC' = C'KC

as the obvious Chg;l’o]—involution. This family of components is clearly natural and satisfies the
hexagon axiom
TC7(CI|XCII) = (idC/ X TC,C”)<TC,C’ X idc//) . (4148)

A

4.2 Infinitesimal 2-braidings

This section presents material in the opposite direction to that of [KLS25, Subsection 3.1]. That
is, rather than starting with a first-order deformation of the symmetric braiding [K1.525, (3.4)] and
then proceeding to derive the imposed relations on the pseudonatural endomorphism ¢ : ® = ®,
we start with the definition of a hexagonal infinitesimal 2-braiding and then proceed to show, in
the proof to Theorem 4.2.7, that such a condition is necessary and sufficient for the deformed
braiding to satisfy the strict hexagon axioms (4.2.4).

Definition 4.2.1. A pseudonaturally-braided strict monoidal Chg%_l’o]—category (C,®,1,0)
consists of the following four pieces of data:

. —1,0],ps
(i) C e dgCatl ",

(ii)) A Chgl’o]—functor ® : CX C — C called the monoidal product whose object map is
denoted by bracketing the juxtaposition, i.e.,

Ux Vs UV ES (V) . (4.2.1a)

Again, the truncation of the homs (and the fact that ® preserves degrees) means that the
exchange never incurs a sign, i.e.,

(feod)(feg=UHeldg) - (4.2.1b)

(iii) A Chg;l’o]-functor n: R — C called the monoidal unit given by n(x) =1 € C.

(iv) A pseudonatural isomorphism o : ® = ® 7¢,¢ called the braiding.
This data must satisfy the following three axioms:
1. Associativity ® (® Kid¢) = ® (ide W ®). In terms of objects and morphisms, this reads:

(UVYW) = (UVW) := (U(VW)) : (fRg)®k = fRgRk = fR(g2k). (4.2.2)

2. Unitality, i.e., the monoidal product ® is a retraction of both the left unit nXid¢ and the
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right unit ide X 7,

CXC

n&i%( @L >idcxn , ®(nNide) =idc =@ (idc X n) . (4.2.3a)

RXC=C=CKR
In terms of objects and morphisms, this demands:
(IU)=U = (UI) , Lef=f=fel; . (4.2.3b)
3. Strict left hexagon axiom,

OidcRe = & ([1 X o6 o mide [0 X 1]) . (4.2.4a)

4. Strict right hexagon axiom,

oonide = @ ([0 ¥ 1iigmrcl®a]) . (4.2.4D)

Remark 4.2.2. Ify: ® = ®1ccisa Chgl’o]—natural involution'®, then the involutive property

of v together with the functoriality of ® means that ~ satisfies the strict left hexagon axiom
(4.2.4a),

Yovwy = (Iv @ vow) (v @ lw) (4.2.6a)
if and only if it satisfies the strict right hexagon axiom (4.2.4b),

Yovyw = (ow @ Iv)(ly @ ww) (4.2.6b)

in which case we call (C,®, I,7) a symmetric strict monoidal Chg{_l’m-category. A
Definition 4.2.3. An infinitesimal 2-braiding on a symmetric monoidal Chgl’o]—category

(C,®,1,7) is a pseudonatural endomorphism ¢ : ® = ® : C K C — C. We say it is hexagonal
if it satisfies both the left infinitesimal hexagon relation,

tidome = QX1 +@ ([T RU1K ), omidely ¥ 1]) (4.2.7a)
and the right infinitesimal hexagon relation,

tomide = ®(1X ) + @ (1KY (ER Diggmrecl ®9]) - (4.2.7b)

As in [CFM15, Remark 16], we say a hezagonal infinitesimal 2-braiding to contrast with the more
general scenario of (4.2.7a) and (4.2.7b) being replaced with modifications which satisfy higher
coherence conditions't. We wish to keep the adjective “hexagonal” rather than absorb it into the
name of “infinitesimal 2-braiding” because it will be interesting throughout to note which lemmas
and propositions depend on this property and which do not.

10T hat is, a Ch[R_l’O]—natural isomorphism which further satisfies

YreeV = ldg = wuyov = lwv) - (4.2.5)

HWe will see discussion of hexagonators become relevant at second order in the deformation parameter h.
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Remark 4.2.4. Reading (4.2.7a) as an equality between the cochain components we reproduce
the familiar left infinitesimal hexagon relation, namely for U, V, W € C,

tvovw) = tov @ Ly + (wo @ 1w)(1y & tyw) (yov @ 1w) (4.2.8a)

and as an equality between the homotopy components, for f € C[U,U’]°, g € C[V,V']° and
ke CIW,W’'° we find'? something analogous

trmgok) = trrg @ k+ (Yo @ Ly ) (9 @ trme) (uv @ 1w) . (4.2.8b)

Likewise, reading (4.2.7b) as an equality between the cochain components we reproduce the
familiar right infinitesimal hexagon relation,

tovyw = luv @ tvw + (lv @ ywv) (tow @ 1v) (1 @ yvw) (4.2.9a)

and as an equality between the homotopy components, we find
tregrk = f @ tyre + (1o @ ywrv ) (tree @ 9) (v @ www) (4.2.9b)
A

Definition 4.2.5. An infinitesimal 2-braiding ® L. ® is said to be v-equivariant if it intertwines

with the symmetric braiding -, i.e.,

V= tooy - (4.2.10)

Plainly:
ywvtvy =tvuyov (4.2.11a)
Yovitirg =tgm fYov - (4.2.11Db)

Lemma 4.2.6. If an infinitesimal 2-braiding @ = & is y-equivariant then (4.2.7a) <= (4.2.7b).

Proof. We simply show that (4.2.8a) = (4.2.9a),

tovyw =Ywuwnitwuv)Yuvyw
=1y @ ywv)(ywr @ 1) two @ Iy + (vow @ 1v) (v @ twv) (ywe @ 1v)] (yow @ 1v) (1ly @ ww)
=1y @ tyw + (lu @ ywv)(tow ® Iv)(lv @ ww)

where: the first equality comes from the involutivity of v and the vy-equivariance (4.2.11a), the
second equality comes from the hexagon axiom that 7 satisfies (as in Remark 4.2.2) together with
the cochain components of the left infinitesimal hexagon relation (4.2.8a) and the last equality uses
the functoriality of ® together with, again, the involutivity of v and the y-equivariance (4.2.11a).
Analogous arguments show (4.2.8b) = (4.2.9b) upon using the homotopy components of the
y-equivariance (4.2.11b). Showing (4.2.9) = (4.2.8) works the same way. O

Theorem 4.2.7. An infinitesimal 2-braiding t on a symmetric monoidal Ch][K_l’O]—category (C,®,1,7)
integrates to a pseudonaturally-braided strict monoidal Ch]gg[}llﬁ](m)-category as in Definition 4.2.1,

(Cxmynzy, @, Lo =1+ 51]) (4.2.12)

if and only if t is a hexagonal infinitesimal 2-braiding as in Definition 4.2.3.

12Recall that v is a Ch[gl’o}—natural transformation hence its homotopy components are trivial, i.e., Yy 4 = 0.
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Proof. Let us show that the order h relation of the strict left hexagon axiom (4.2.4a) is equivalent
to the left infinitesimal hexagon relation (4.2.7a). The order h relation of the strict left hexagon
axiom (4.2.4a) reads as

(Mideme = @ (1 89]rgomiac(VER1)) + @ (1 RV g omiac(YH1)) (4.2.13a)

We use Remark 4.1.22 and the fact that X is a 3-functor (as in Remark 4.1.26) to rewrite this as

Yidc B tidc@@) =Q® ([1 X V]Tc,c Nidc (’7 X 1)(t 0 1)) +& ([1 X V]Tc,cgidc[l X t]Tc,c Nidc (7 X 1)) :
(4.2.13b)
Using Remark 4.1.22 again, we rewrite the RHS as

® (1 X9 cmiae(YR1) @ (K1) + S[1 B 9]rg cmide ® (1M trg omiae(YR1)) . (4.2.13¢)

Finally, we use the fact that ~ satisfies the strict left hexagon axiom

YideR® = ® ([1 X PY]TC,C Nidc (7 X 1)) = ®[1 X 'Y]Tc,c Nidc ® (7 X 1) (4~2'13d)

together with functoriality of whiskering (Remark 4.1.22). Analogously, one shows that the strict
right hexagon axiom (4.2.4b) is equivalent to the right infinitesimal hexagon relation (4.2.7b). [

Remark 4.2.8. The braiding o := v[1 + 2] is not necessarily involutive because, modulo h?,

ovvouy — Lwvy = (wo + 2wotve) ov + 2yovtov) — Lov) = oy + wotveyoy) (4.2.14a)

is, in general, non-zero unless ¢ is y-antivariant, i.e.,
t+ (Ve =0 . (4.2.14b)

In particular, if ¢ is a nontrivial y-equivariant hexagonal infinitesimal 2-braiding then the deformed
braiding is necessarily not involutive. A

Remark 4.2.9. Pseudonaturality of ¢, specifically (4.1.14b), deforms the left 4-term relations as

(tUV ® 1W)t(UV)W — t(UV)W(tUV & 1w) = attUV‘Z:lW . (4215)

The 4-term relations, [tyy ® 1w, tovyw] = 0 = [ly @ tvw, tu(vw))], are essential for a deformation
quantisation to all orders in the ordinary problem of 1-categorical Cartier integration, see [Car93],
[Kas95, Theorem XX.6.1] and [BRW23, Section 2]. A

4.2.1 Homotopy 2-categories of symmetric monoidal dg-categories

Let R be a commutative K-algebra and denote by dgCaty the 2-category of Chpg-categories,
Chpg-functors and Chg-natural transformations. We shall regard dgCat as a 3-category (with
trivial 3-morphisms) in the sense of Definition 4.1.2. The lax symmetric monoidal truncation

~1,0

functor 7! : Chy — Ch[gl’o] from Lemma 4.1.4 induces a change of base 3-functor

Ho, : dgCat, — dgCatEgl’o] C d,(;,Catggl’O]’pS , (4.2.16)

which sends Chg-natural transformations to Chg{l’o]—natural transformations. Observe that, at
the level of objects, this 3-functor assigns to a Chg-category C € dgCatp, with objects Cy and

morphism cochain complexes C[U,U’] € Chyg, its homotopy 2-category Hoy(C) € dgCaﬁcE;i_l’o]’ps7
i.e., the Chg;m]—category with the same objects Cy and morphisms given by the truncated cochain
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complexes T (C[U,U)) € Chg%_l’o],

Since the enrichment category Chpg of cochain complexes of R-modules is symmetric monoidal
with respect to the relative tensor product ®g, there exists an induced symmetric monoidal
structure on dgCatp, see, e.g., [[Kel82, Section 1.4]. The 3-functor (4.2.16) assigning homotopy
2-categories is lax symmetric monoidal with the lax structure Hoy(C) X Hoy(D) — Hoo(C X D)
induced from the lax structure of the good truncation functor in Lemma 4.1.4, for all C,D €
dgCaty. For later use, we record the following direct consequence of this result.

Corollary 4.2.10. Let (C,®,1,v) be a symmetric monoidal Chg-category. Then the homotopy

2-category Hoy(C) € dgCatB{l’O]’pS 1s canonically a symmetric monoidal Chgl’o]

-category.
Recall the symmetric monoidal Chg-category 4dgMod®* of fgsf dg-modules over a fg sSFtCDGA
A over the field K. Our starting point is thus given by the homotopy 2-category

4C = Hoy(4dgMod™®) € dgCatj " (4.2.17)

which we endow with the symmetric monoidal structure that is induced from the standard one
on 4dgMod™® given in (2.2.30) and (2.2.31). We then simply strictify this symmetric monoidal

1,0]

structure so as to work with a symmetric strict monoidal Ch][K_ -category.

The effect of forming the homotopy 2-category is that the cochain complex hom 4(U, V) € Chg
of morphisms between any two dg-modules U,V € 4dgMod™" from (2.2.29) gets replaced by its
good truncation 4C(U,V) := 7l~10 (hom,(U,V)) € Ch][lgl’o] to degrees —1 and 0. Concretely,
this means that the homotopy 2-category 4C = Hoy ( AdgModfgSf) describes only degree 0 mor-
phisms between A-dg-modules which commute with the differentials and 1-homotopies (modulo
2-homotopies) between such morphisms, but it does not include information about higher ho-
motopies. Our motivation behind this truncation of the dg-category 4dgMod™" is that the
homotopy 2-category 4C = Ho, ( AdgModfgSf) is a 2-categorical object whose deformations can

be described very explicitly in the context of the tricategory dgCatB{l’O]’pS from Proposition 4.1.5.
Most importantly, every tower of homotopy coherence data will automatically truncate beyond
the level of 1-homotopies.

4.2.2 Construction from 2-shifted Poisson structures

Suppose that 7 = > _, 7™ € ﬁ(;l(A, 2)* is a 2SPS (recall Definition 2.3.36) on the fgsfCDGA
A. 1In this subsection, we will present an explicit construction which assigns to this datum a
~v-equivariant hexagonal infinitesimal 2-braiding ¢ : ® 4 = ®4 on the homotopy 2-category 4C =
Ho, ( AdgModfgSf) € dgCat]Eg LOLPS e will illustrate later in Section 4.3 that our construction is
a non-trivial homotopical generalisation of the standard construction of an infinitesimal braiding
on the representation category Repgg of a Lie algebra g from an invariant symmetric tensor in
(Sym?g)?, see, e.g., [Car93] and [Kas95, Chapter XX].

Our infinitesimal 2-braiding ¢ is built as a (vertical) composite of more primitive pseudonatural
transformations which we are going to define now. Let us denote by

Loyp =[] @4 () : 4C — 4C (4.2.18)

the Ch][lg YO functor of taking the relative tensor product with the 1-shift Q4[1] € 4C of the
dg-module of Kéhler differentials from (2.3.8). We define a pseudonatural transformation

f : idAC - LQA[l] :2C — 4C (4219&)
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by specifying its components as in Definition 4.1.6: For each object U € 4C, the component
(tv: U = Q1] @4 U) € AC[U, Q1] @4 U]° (4.2.19b)
is the A-linear cochain map which is defined on generators 1 ®x u € U* = Af @ Ug of U by

fU(]l XK U) = 57! (dgr ®x 1Uo)(dU(]l Kk U)) , (4.2.19¢)

where we recall our notation from Subsection 2.2.1 that s~! € K[1] denotes the degree —1 element
represented by the unit of K. For each A-linear map f € 4C[U, U’], the component

(& U = Qall]@a U') € AC[U, Q1] @4 U]V (4.2.19d)
is defined on the generators by

§r(1®xu) == —s (dar @k 1) (f(L @k u)) . (4.2.19¢)
Lemma 4.2.11. The components (4.2.19) define a pseudonatural transformation

fiidAC = LQAD]

Proof. Before verifying properties (4.1.12a) and (4.1.12b) of Definition 4.1.6, let us first comment
on the well-definedness of the components of £. Concerning (i) from Definition 4.1.6, we have to
show that 0§y 1= da,nje.v v —&§v dv = 0, i.e., that {y commutes with the differentials, which can

be verified by picking a basis {u; € Ug } and evaluating on the associated generators 1 ®x u; € U.
This allows us to write dy (1 ®g u;) =: U;” ®k u; and hence §y(1 @k u;) = s~ dar(U;”) @k u;,
with U,” € A and summations over repeated indices understood. We then compute

(06) (1 @k u;) = —s 7 [dar (8(U)) @ uj + (~1)% N dan (U UF) @] =0, (4.2.20)

where the last equality follows from expressing the square-zero condition dydy (1 ®x u;) = 0 in
our index notation. Concerning (ii) from Definition 4.1.6, we note that £; as defined in (4.2.19)
is clearly K-linear in the argument f.

To verify (4.1.12a), we use also the index notations f(1 ®x u;) =: Lj ®x uj and dyr (1 @k u;) =
U I QK uf;, where {u; € Uéﬁ} is a choice of basis for the generators of U’, and compute
(1QA[1] ®a f) (€U<1 ®x ul)) _fU'( ]1®1K Uy ) 5 ]1®K uz)
= s*1<ddR(5(f ) @k uf + (—1)7 'ddR(f NULF @k uf, — (—1)MIPL 1y, dar(f, ) @k uk>
= (0¢) (L @k u;) (4.2.21)

It remains to verify (4.1.12b). Given f € AC[U,U’]° and f" € 4C[U’,U"]°, we introduce one more
index notation f'(1 ®k uj) =: f'7 @x uj, where {u] € U} is a choice of basis for the generators
of U”, and compute

(L @xui) = —s " dar(f, f1) @x uf
= =57 (dan(F) £, @ + £ dan( ") @xc )
= & (T @k w) + (Lo, @a ) (& (1T @k u)) (4.2.22)
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In addition to the pseudonatural transformation £ from (4.2.19), we require two Ch][K_ L hatural
transformations to build our infinitesimal 2-braiding. First, using the original symmetric braiding
v, we obtain a family of isomorphisms

Lo, ®a Yu,0.1) @4 Lyt Qa[1] @A U @4 Q1] @4V — Qu[1] @4 Qa[1] @4 U @4V (4.2.23a)
in 4C, for all U,V € 4C, which defines a Chl"-natural isomorphism
®a(Loyn B Lo,n) = Li,p®a - (4.2.23D)

Second, consider the extension (-, -) : Sym? (Ta[—1]) ®4 Qa[l] ®4 Qa[1] — A of the duality
pairing (2.3.9) defined by

(sDsD',s7'w @4 s ') = (—=1)*FPI((D (D, w)w') — (—D)IPIPHD" (D, w)w')), (4.2.24)

for all homogeneous D, D’ € T4 and w,w’ € Q4. Considering, in particular, the weight 2 com-
ponent 72 € Sym?% (TA[—B])4 >~ Sym? (TA[—l])O of the 2SPS (recall that this is a cocycle, see
Remark 2.3.37), we obtain a family of morphisms

<7T(2), > Xa 1U®AV : QA[l] XA QA[l] XA U Xa V—A Xa U XA V = U®A Vv (4225&)
in ,C, for all U,V € 4C, which defines a Ch][lg Y hatural transformation
b ¢ L), ®a = ©a (4.2.25b)

Using the o-composition of pseudonatural transformations from Construction 4.1.11, we define
the pseudonatural endomorphism

H ﬂmz) (4.2.26)

®a(id,c Xid,c) NG ®@a(Loan B Lo, ) === L§,1®a

as our infinitesimal 2-braiding on 4C. Note that this pseudonatural endomorphism of ® 4 depends
only on the bivector component 72 of the 2SPS 7 = Y o2 7™M € Pol(4,2)*.

Theorem 4.2.12. Given any 2SPS 7 € ISEI(A,2)4 on a fg sfCDGA A over the field K, the
pseudonatural endomorphism t : ®4 = ®4 from (4.2.26) defines a ~y-equivariant hexagonal in-

finitesimal 2-braiding in the sense of Definitions 4.2.5 and 4.2.3 on the homotopy 2-category
4C = Hoy (AdgModfgSf) € dgCat%LoLpS of the dg-category of fgsf dg-modules over A.

Proof. The most straightforward proof of this result is to compute the components of the pseudo-
natural transformation ¢ from (4.2.26), and then to verify directly that these components are
v-equivariant (4.2.10) and satisfy the infinitesimal hexagons from Remark 4.2.4. Using the com-
position operations from Subsection 4.1.1, one finds by a straightforward computation that

UaV oy UV

§U®Afvl )IA<7T(2)7'>®A1U®AV (4.2.27&)

Q1] @4 U @4 Qu[l] @4V Qa[l] @4 Q1] @4 U @4V

1o, m®avu,0,411®alv

118



for all U,V € 4,C, and

trmg

UV U @4 V!

§f®A(1QA[1]®A9)EV+§U/f®A§g <7T(2)7 . >®A1U’®AV’

Qa[l] @A U @4 Qa[l] @4 V' Q1] @4 Q1] @A U @4 V'

(4.2.27b)

lo,1®avyr a,n®alys

for all f € AC[U,U’']° and g € 4C[V, V']°.

The y-equivariance (4.2.11a) for the cochain components ¢y follows immediately by using sym-
metry of the extended pairing (4.2.24), i.e., (7, -}y = (7® .}, and the hexagon identity for
the original symmetric braiding . To prove the y-equivariance (4.2.11b) for the homotopy com-
ponents t¢x4, one has to use additionally that

Yoatearaatoav (& ©a (laun ®a 9)év + o f ®a &) wu (4.2.28)
= (Lo, ®a 9)&v ®a &y + & ®a o f
= &g @a s+ & ®a (Lo, ®a f)év +0(& @a&y)
=&vg@a &+ & ®a (Lo ®a fév,

where in the second step we used (4.1.14b) of Definition 4.1.6 of pseudonatural transformations
and in the last step we used that the morphism complexes of 4C are, by definition, truncated to
degrees {—1,0}, hence the 2-homotopy in the last term gets identified with 0.

It remains to verify the left infinitesimal hexagon relation (4.2.7a) since the right infinitesimal
hexagon relation (4.2.7b) then follows from Lemma 4.2.6 and ~-equivariance of ¢. For this we
recall the definition of the components of £ from (4.2.19) and observe that

vaaw = & ®a lw + (Wwaun ®a lw) (v @4 éw) (4.2.29a)

for all VW € 4C, and

Egaak = Eg@ak+ (Yo ®aluw) (g®@a&) (4.2.29b)

for all ¢ € AC[V,V']® and k € oC[W,W']°. Using also the hexagon axiom for the original
symmetric braiding -y, one verifies the cochain/homotopy components of the left infinitesimal
hexagon relation (4.2.8a)/(4.2.8b). O

Remark 4.2.13. For later use in our discussion of examples in Section 4.3, let us expand the
components tyy and trx, of the infinitesimal 2-braiding (4.2.26) in terms of a choice of bases
for the fg sf A-dg-modules U, V,U’, V' € 4C. Using similar notations as in the proof of Lemma
4.2.11, we denote by {u; € Ut} a basis for Ut =2 A* @k UZ, by {v, € V{} a basis for VI = At @y VY,
by {u} € U*} a basis for U = At @ Uf, and by {v, € Vi a basis for V" =2 A* @k V", Making
use of these bases, we write

dy (1 ®k u;) = Qij Ok uj dy(1®gvy) =V, @k v,
do (L ®@g up) = Uj7 @g uf dy/(I®gv) =V,"®kv, ,

for the differentials, and for the A-linear cochain maps f € 4C[U,U']° and g € 4C[V,V']° we
write

f(ﬂ Rk 'LLZ) = iij Rk 'LL; and g(ﬂ XK ’Uq) = gqr XK U; s (4230)

where again all summations over repeated indices are suppressed. FEvaluating the diagram
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(4.2.27a), we then find the explicit basis expression

tov (1 ®x u; Ok vg) = (tuv)y,” ®x t; O vy (4.2.31a)
= (=Ml =D (72 sl dgg (U,7) @4 s~ dar (V")) ®k u; @k v,

Furthermore, evaluating the diagram (4.2.27b), we find

tf|z|g<ﬂ Rk U; QK Uq) = (tfgg)iqu X u; XK ’U; (4231b)
— (LT (20 () 4 5 dan (V) ) @) Do

1 —q

- (—1)@““%' (lg,1=1 <7T(2)a Sfliik ddR(Q;fj) ®a silddR(ﬂqT» ® u; QK v,

Given a concrete example for the bivector 72 € Sym? (TA[—S])4 >~ Sym? (TA[—l])O, one can
evaluate these expressions further by using the definition (4.2.24) of the duality pairing. A

Example 4.2.14. We can use the formulae from Remark 4.2.13 in order to provide a more
explicit basis expression for the obstruction t,, m1, to the left 4-term relations in (4.2.15),

tryy R1w (1 Ok U; Ok Vg Ok Ws) (4.2.32)
= — (1)l (=D <7T(2), SilddR((tUV)iqu) ®a s 'dar(W,)) Ok uj Ok v, @k wy
= _(_1)|uj\|zqrwst\<7r(2)7 571ddR<7T(2)7 SilddRQij @4 Silddqu” X4 Silddest> Rk Uj QK Ur Ok Wy

\Y

4.3 Examples

This section studies concrete examples of our infinitesimal 2-braidings from Theorem 4.2.12. The
examples we consider are the L..-algebras from Sections 3.2 and 3.3. More specifically, recall
that Corollary 3.2.2 shows that to every such L..-algebra g is associated its Chevalley-FEilenberg
sfCDGA CE, and the underlying CGA (3.2.6) makes it obvious that CE, is fg if g is fd hence it
satisfies our hypotheses from Subsection 4.2.2.

The symmetric monoidal dg-category cg E,dgl\/IodfgSf of fgsf CEy-dg-modules describes weak repre-
sentations of the L.-algebra g (see [All14, Definition 2.2]) and their equivariant maps (see [All14,
Definition 3.3]). Our result in Theorem 4.2.12 then implies that, given any 2SPS on the CDGA
CEq, one obtains a first-order deformation of the symmetric strict monoidal cochain 2-category
Ho, (CEgdgModfgSf) of the representation category of g into a pseudonaturally-braided strict
monoidal cochain 2-category. Drawing analogies with the standard deformation theory of the
representation category Rep(g) of an ordinary Lie algebra g and its relationship to the quantum
group U,g (see, e.g., [Car93] and [Kas95, Theorem XX.6.1]), one may interpret our deformation
constructions as a first step towards an L..-algebraic generalisation of quantum groups.

4.3.1 Ordinary Lie algebras
Let us start with the simplest example which is given by the case where the L..-algebra g is

an ordinary fd Lie algebra g = (g,[-,-]). Recall from Example 2.2.6, if we choose a basis
{z, € g:a=1,...,dim(g)} and denote the structure constants by [r,,zs] = f5, x. then the
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Chevalley-Eilenberg CDGA CE;y is given by the Z-graded commutative algebra
g _ a
CE; = K[{s0"}] (4.3.1a)

which is freely generated by dim(g)-many generators s of degree 1, for a = 1,..., dim(g),
together with the differential

§(s0%) = —3 fr s0°s6° (4.3.1b)

which is determined by the structure constants.

Consider now the homotopy 2-category cg,C = Hoy (CEgdgModfgSf) of the symmetric monoidal
dg-category of fgsf CEy-dg-modules, which is the object of focus in our deformation construction
from Theorem 4.2.12. Let us first illustrate the sense in which this category describes weak
representations of the Lie algebra g. By definition, given any object U € ¢g,C, one has a Z-
graded vector space of generators Ug such that U =2 CEg ® Ug . Choosing any basis {u; € Ug} for
the generators, the differential on U is completely characterized by specifying dy (1 ®w;) € U, for
all 7, which when expanded in terms of the chosen bases reads as

dvl®w) =U'@u; => LU, , 70" - s0™ @u; | (4.3.2)
n=0
where U, 1...anz’j € K are coefficients. The square-zero condition dydy (1 ® u;) = 0 gives a tower of

compatibility conditions between the coefficients U, , ;7 and the structure constants fi of the

Lie algebra g, which express a concept of Lie algebra representation up to coherent homotopies.
Strict representations of g on a cochain complex U, are recovered in the special case where
dy(1 @ u;) = U, @ u; + U,,” s6* @ u; is of polynomial degree < 1 in s%. The first term in this
expression defines a differential dg, on Ug and the second term defines a strict Lie algebra action
map g ® Uy — Uy which is a cochain map for the differential of Uy = (Ug, du, )-

In addition to weak representations of the Lie algebra g, the homotopy 2-category cg,C =
Ho, (CEgdgModfgSf) also describes weakly g-equivariant maps. (The 2-morphisms in ¢g,C are
homotopies between such weakly g-equivariant maps.) Indeed, a 1-morphism A : U — U’ in ¢g,C
is by definition a cochain map which commutes with the left CE4-actions. Hence, by choosing a
basis {u; € UL} for Ut = CEE ® U} and a basis {u] € U} for U" = CEg ® U, we can expand

hl®w) =hl@u, = Lh, .70 s0™" @u) | (4.3.3)
n=0
where J e are coefficients. e cochain map condition dg- Q@ u;)) = v(l®
here h, .,/ € K fh Th h d dy (h(1 h(dy (1

uz)) gives a tower of compatibility conditions between the coefficients h, , 7/ and the structure

constants f;. of the Lie algebra g, which express a concept of g-equivariance up to coherent
homotopies. Strict morphisms h : U — U’ between strict g-representations on cochain complexes
Up and Uy are recovered in the special case where h(1 ® u;) = h;’ ® )} is constant in s0°.

The input datum for Theorem 4.2.12 is a 25PS on CE,4 and Theorem 2.3.40 already characterises
such 2SPSs in terms of invariant symmetric tensors hence we have the following immediate corol-
lary.

Corollary 4.3.1. Fvery invariant symmetric tensor, i.e., ™1 = %W“bs:}%s?’% such that % =

7 and for® + fomed =0, defines via Theorem 4.2.12 a ~y-equivariant hexagonal infinitesimal
2-braiding t on the homotopy 2-category cg,C of the symmetric monoidal dg-category of fgsf
CEg4-dg-modules.
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Remark 4.3.2. Let us recall that explicit formulae for the components of the vy-equivariant
hexagonal infinitesimal 2-braiding ¢ are given in (4.2.31). Note that the morphism components
tyy in (4.2.31a) involve the de Rham differential

o0

(dgr ® id) (dU (I® Uz

sO% - - - 501 dgr (s0"") ® u; (4.3.4)

a1 .an, z
n:l

of (4.3.2), as well as (dar ®id) (dv (1®wvy)). Hence, the components ¢y in (4.2.31a) are in general
non-constant polynomials in s6, unless both U and V are strict g-representations. Similarly, the
homotopy components ¢x, in (4.2.31b) involve the de Rham differential

(dar @1d) (f(1 ® u;)) Z(nl i’ 807 509 dgp (s6°) @ (4.3.5)

of (4.3.3), as well as (dgr ®id) (g(1®v,)). Hence, the homotopies ¢y, in (4.2.31b) are in general
non-trivial, unless both f and g are strict morphisms. A

As a direct consequence of Remark 4.2.9, we obtain the following result.

Corollary 4.3.3. Every invariant symmetric tensor © € (Sym?>g)® defines via Corollary 4.3.1 a
pseudonaturally-braided monoidal deformation to all orders in h of the full subcategory of cg,C €

dgCat][K[[lhm’ps which consists of all CEg-dg-modules corresponding to strict g-representations.

Proof. Combining Example 4.2.14 and Remark 4.3.2, we obtain that the obstructions s, g1, in
Remark 4.2.9 are all trivial for strict g-representations because in this case (tyv);,”" are constant

polynomials in s6%, hence ddR((tUV)iqu) = 0. This implies that the obstructions in Remark 4.2.9
are void thus yielding the desired braided monoidal deformation to all orders in A. ]

Remark 4.3.4. Our result in Corollary 4.3.3 is a homotopical generalisation of the deformation
constructions in [Car93] and [Kas95, Chapter XX]. We would like to stress that our generalisation
is non-trivial because, even though we restrict ourselves to strict g-representations, the morphisms
in the full subcategory from Corollary 4.3.3 are weakly g-equivariant maps (and their homotopies)
between strict g-representations. Recalling our observations from Remark 4.3.2, this implies in
particular that the infinitesimal 2-braiding ¢ is a genuine pseudo-natural transformation, i.e.; it
has non-trivial homotopy components ¢ x4, and so are the associator and braiding of the deformed
category from Corollary 4.3.3. A

4.3.2 String Lie 2-algebras

Recall from Subsection 3.3.3 that a string Lie 2-algebra b, is constructed from an ordinary Lie
algebra h = (b, [-,-]) and a 3-cocycle k : /\3h — K. The resulting Lie 2-algebra b, is given by
the [—1,0]-concentrated graded vector space defined by h? := b and h_! := K together with the
non-trivial brackets:

ly(x,y) =[xyl , l3(x,y,2) = k(zx,y,2) (4.3.6)

for all z,y,z € b and zero otherwise. Let us choose again a basis {z, € b} and denote the
structure constants by [z,, ] = [ x. and K(Tq, Tp, Te) = Kape-

The Chevalley-Eilenberg CDGA CEy, of the string Lie 2-algebra b, is then given by the Z-graded
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commutative algebra
CE} = K[{s0"},sv] (4.3.7a)

which is freely generated by dim(h)-many generators s0® of degree 1, for a = 1,...,dim(h), and
a single generator sv of degree 2, together with the differential

5(s0%) = —1 firs6"s0° : 8(sv) = — 3 Kapest®s0°s0° (4.3.7b)

Note that the square-zero condition §?(s60*) = 0 follows from the Jacobi identity of the Lie bracket
and 6%(sv) = 0 follows from the 3-cocycle condition of k.

The following proposition is an immediate corollary of Remark 3.3.10.

Proposition 4.3.5. Any 25PS 7 = Zm22 7™ e P/’SI(CE;)K, 2)4 on CEy, is of the form

0 0 0 0
— 72 _ 1l ab3 3 725t 53 3 4.3.8
T = AT ) o) T T 560 aer) (438a)
where ™ € K and 78 € K are coefficients which must satisfy the properties
a4 fhrtt =0 (4.3.8b)
fre®q — fra Tl + fea Ty — Kpeam™ = 0, (4.3.8¢)
7 et =0 . (4.3.8d)

The following result is a direct consequence of Theorem 4.2.12 and Proposition 4.3.5.

Corollary 4.3.6. Every pair (m,7) consisting of an invariant symmetric tensor © € (Sym?h)"
and a quasi-derivation 7 : b — b defines via Proposition 4.5.5 and Theorem 4.2.12 a y-equivariant
hexagonal infinitesimal 2-braiding t on the homotopy 2-category cg, C of the symmetric monoidal
dg-category of fgsf CEy, -dg-modules.

Remark 4.3.7. Recalling the explicit formulae for the components of the y-equivariant hexagonal
infinitesimal 2-braiding ¢ from (4.2.31), we immediately observe by using also (4.3.8a) that the
morphism components tyy are in general non-constant polynomials in s6® in the case where
7 # 0 is non-trivial. (As illustrated in Examples 3.3.13, 3.3.14 and 3.3.15, this seems to be the
most relevant case.) Hence, the obstructions ¢, x1,, from Example 4.2.14 are non-trivial if the
quasi-derivation 7 is nontrivial. This even holds true for strict representations of the string Lie
2-algebra b, i.e., the expansions (4.3.2) of the differential dy; are polynomials in s8* and sv of
degree < 1. As a consequence, for these trivial invariant tensor 2SPSs, we currently do not have
a meaningful generalisation of the all-order deformation result from Corollary 4.3.3 to the case of
CEjp,. However, if we use the nontrivial invariant tensor 2SPS of Item 1 of Example 3.3.15 then
we do have a meaningful generalisation of the all-order deformation result from Corollary 4.3.3 to
the case of CEg, if the expansions (4.3.2) of the differential dyy are polynomials in s6* of degree
< 1 and constant in sv. A
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Chapter 5

Second-order integration of infinitesimal
2-braidings

This chapter is based on the solo preprint [[Kemp25]. Specifically, we are now going to explore the
problem of second-order integration of infinitesimal 2-braidings. Recall from Remark 4.2.9 that
an infinitesimal 2-braiding does not necessarily satisfy the 4-term relations thus we are obstructed
from integrating to all orders via the usual methods in 1-category theory. The central aim of this
chapter is to show that such obstructions are actually part of the structure of a braided monoidal
cochain 2-category as in Definition 5.1.3.

Subsection 5.2.1 recalls the subscript index notation ¢;; : ®" = ®" from [KLS525, (3.32)] and
then uses this notation to introduce our notions of “left/right pre-hexagonators”, upon choosing
Drinfeld’s Knizhnik-Zamolodchikov series (see [BRW23, Theorem 20]) @z (t12,t23) as our ansatz

. hy .
associator and ye2" as our ansatz braiding.

Section 5.2 is about showing that the (pre-)hexagonators admit nontrivial second-order terms and
satisfy the requisite axioms of a braided strictly-unital monoidal Chgij(/)](h?,)—category. Subsection
5.2.3 recalls CM’s [CEFM15] important notions of coherency (see Definition 5.2.30) and total -
equivariance (see Definition 5.2.20) of an infinitesimal 2-braiding. We demonstrate in Propositions
5.2.18, 5.2.29 and 5.2.33 that a coherent totally y-equivariant hexagonal infinitesimal 2-braiding

provides a second-order deformation quantisation of a symmetric strict monoidal Ch][K_ 170]—category
to a braided strictly-unital monoidal Ch][lgvllﬁ](hg)—category.

We include Section 5.3 for two reasons: the first is that we want to show that the pentagonator
IT is nontrivial and this nontriviality begins at order h®. The second reason is that we wish
to determine the order h® term of the right pre-hexagonator (5.2.4c) for later computations in
Subsection 6.2.3.

5.1 Braided strictly-unital monoidal cochain 2-categories

This section specifies the definition of a braided monoidal bicategory in [CSP 14, Appendix C] to
our context where: we work with Chgm}—categories instead of bicategories, the monoidal product
®isa Chg;l’o]-functor rather than a pseudofunctor, the associator and braiding are pseudonatural
isomorphisms (as in Definition 4.1.12) instead of “pseudonatural equivalences”, the unitors and
2-unitors are all identities. We already know that pseudonatural isomorphisms are closed under
vertical and monoidal composition (see Remark 4.1.26) as well as whiskering (see Remark 4.1.20)
hence the pentagonator (5.1.1a) and left/right hexagonators (5.1.8a)/(5.1.9a) will automatically
be isomodifications and admit inverses as in Remark 4.1.16.
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The following definition is our specification of the definition of a monoidal bicategory as found in
[CSP14, Definition C.1].

Definition 5.1.1. A strictly-unital monoidal Chg%_l’o]—category (C,®, 1, a,II) consists of a
quintuple of data:

(i) C e dgCatl "
(i) A Chg;l’o]-functor ®:CXC — C.
(iii) A Chg;l’o]—functor n:R— C.

(iv) A pseudonatural isomorphism a : ® (® K idg) = ® (ide ¥ ®) : CRCX C — C called
the associator.

(v) An isomodification’,

®(®@KXide) (® Kidexc)

® (® Kide) (ide ¥ ® Ride) ® (ide M ®) (@ Ridogc)

1T
(XidC@@&idcﬂ / ﬂaidcmm

® (ide B ®) (ide B ® Ridc) ® (ide B ®) (ideac B ®)

®(1X¥a)
called the pentagonator,
II: [®(1X )] dgdronide [@(@XN1)] S tidgpeRo Y@ Ridoge - (5.1.1a)
For every UVIWWX € C¥* we must have
(v ® avwx)avww)x(avvw @ 1x) — avvwxywvywx = Mpvwx (5.1.1b)

For every f K gXkXz € CEHUVIW X, U'V'W'X']°, we must have

My [((f ®9) @ k) @ 2] + (f @ agrrms)owww)x (@ovw © 1x)

+ (1 @ aywrx)arrgernrz(Covw @ 1x) + (1o @ ayw x)ayvwyx (Qrrgrr ® )

xR (hen VWX + v xn Qe gmixs + [f © (9@ (k® )] Huvwy (5.1.1c)

This data is required to satisfy the following four axioms:

!Note that we implicitly use the fact that X is a 3-functor to write things such as

®(idc ¥ ®) (@ Nidcgc) =R (@K R) = (@ Kidc) (ldecrgc X ®)
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1. Associahedron, i.e., the following two pasting diagrams in C are equivalent:

(UV)W)X)Y)

(apvw®lx)®1ly

2

(U(VW)X)Y)

aywvw)x®ly

~

(ly®@aywx)®1y

v

(U((VW)X))Y)

2

(U(V(WX))Y)

and

(TV)W)X)Y)

(crvw®lx)®ly

~

(U(VW)X)Y)

TQayyw Hilxy

X(UVIYW)XY

XUVIW(XY)

> ((OV)W)(XY))

ayyw®l(xy)

XYU(VW))XY

 (UVW)(XY))

AU(VW)(XY)

Oyvw)xy

> (UV)(W(XY))

~

Myvw(xy) QUV(W(XY))

ly®ayw (xv)

(VW) (XY))

» (U((VIV)X)Y))

=

Ay Raywx By

AU(VW)X)Y

\

2

ly®(aywx®1y)

iy ®llvwxy
ly®(lv®awxy)

» (U((V(WX)))Y))

Ay (V(WX))Y

X(UVIYW)XY

> ((UV)W)(XY))

» (U(V(WX)Y)))

ly®ay(wx)y

XUVIYW(XY)

/

Hovywxy

yd ((UV

auvywx®ly

/

F (UV)W(XY))
/

luv)®awxy

MNyy Bayxy

AUV(W(XY))

avwmxEIy e a(vawxw (U(V(W(XY))))
l UVWX 1\ aUV((WX)Y)
(T((VW)X))Y) (UV)(WX))Y)

(ly®ayvwx )1y

~

(U(VIWX)))Y) >

-

/

ayy(wx)®ly

7

HUV(WX)Y

ly®(ly®awxy)

(U((V(WX))Y))

Ay(V(WX))Y

As an equality between homotopies, this reads,

(1y ® avwxy) Hupw)xy (loovw @ 1x] ® 1y) —

> (U(V(WX)Y)))

lu®aywx)y

(1U ® OfVW(XY>) QUVW)(XY)Yayyvw Rlxy

+ (v @ Mywxy)avwyxy (aovpw)xlavvw @ 1x] @ 1y) + Hpvw on aqovyw) xy

— (Iy ® [Iv ® awxylovwwx)y) Gy Bavwx 21y (Covpw)xlovvw @ 1x] ® 1y)

(5.1.2)

(1U ® [ly @ awxylavawxy) cvpwxy ovwx @ 1y) + apvareeryDovywxy

+ (1y @ [Iv @ awxy]) Hovarxy (@uviwx @ 1y) + @iy maw xy Aoy v x)y (oviwx @ Ly)

2. Unitality as in (4.2.3a).
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3. Triangle; the associator a is a retraction of the middle insertion of the unit Idigsmymide,
Qidc KpRide IId@ : ®(®®ldc) (1dc&?7®1dc) =:CXC—-C . (513&)
In terms of objects and morphisms, this demands:

ayry = 1(UV) s AfR1;Kg — 0 . (513b)

4. Prism; the pentagonator II is a retraction of both middle insertions of the unit,

Hymwx =0=1Ipvix . (5.1.4)

If the pentagon axiom is upheld and the pentagonator II is trivial then we say (C,®, [, «) is a

1,0

pentagonal strictly-unital monoidal Chg% -category.

Remark 5.1.2. In the familiar context of an ordinary monoidal 1-category (C,®, I, a, A, p), the
triangle axiom

U)W SR ® (I @ W)

\ / (5.1.5a)
pU ® 1w 1y ® Aw
U®

implies both the “left” triangle identity

IV)oW W ®(VeWw)

\ / (5.1.5b)
Av ® 1w Avew
Ve

and the “right” triangle identity

UeV)eI v @ (VeI
\ / (5.1.5¢)
PURV lu ® pv
UeV

The proof of this usually relies on the naturality of the associator; for example, see the diagram-
matic proof of [Kas95, Lemma XI.2.2]. In the case of Definition 5.1.1, the triangle axiom (5.1.3b)
still provides these left and right triangle identities despite the fact that the associator « is a
pseudonatural isomorphism. This is in large part because of strict unitality (4.2.3b) and the fact
that the pentagon axiom holds if one of the middle tensorands is the monoidal unit (5.1.4). Let
us show this for the left triangle identity by plugging in U = V' = [ into (5.1.1b),

anpwx)yaeanwx = (11 ® apwx)arawyx(anpw @ 1x) = amwx = Lwx) (5.1.6a)
and f =g = 1; into (5.1.1c),
Q1 91)RERe = 11 @01, REkRz T 0RO 0 Re  — O RER: =0 . (5.1.6b)

By plugging W = X = I into (5.1.1b) and k = 2 = 1; into (5.1.1c) one shows the right triangle
identity also holds hence the three 2-unitors in [CSP 14, Definition C.1] are all trivial.

Furthermore, we can plug U =V = [ into (5.1.2). We use the fact that all three aforementioned
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triangle identities hold together with (5.1.4) to get
2L wxy = Wwxy == Hwxy =0 . (5.1.7)

Plugging X =Y = [ into (5.1.2) would likewise give use that Iyyw; = 0.

In summary, the prismatic axioms [CSP14, Axiom SM2 of Definition C.1] indeed hold because:
both the left and right unitor are identities, all three 2-unitors are trivial, the pentagonator is
trivial if one of its subscripts is I, the associator homotopy components of the unitors (which are
unit 1-cells) vanishes as in (4.1.13). A

The following definition is our specification of the definition of a braiding on a monoidal bicategory
as found in [CSP 14, Definition C.2].

Definition 5.1.3. A braided strictly-unital monoidal Ch[fl’o]—category consists of a strictly-
unital monoidal Ch ]—category (C,®, I, a,II) together with a triple (o, HY, H®) of data:

(i) A pseudonatural isomorphism 0 : ® = @ 7¢c : CXC — C.

(ii) The left hexagonator?,

®(ide B @) === @(® Kide) TC,(CRC)

o YT (CcR )
HL
ocX1

?(® Kidc) ®(idec X ®)7c,(cme)

[ X id
\ Tc,c Wide %cc‘gldc

®(®Op X idc) ®(idc X ® TC c¥ ldc
is an isomodification,
HY 2 g oo Tidone @ = ([®@ (1K a)]a)mcgidc [®@(cX1)] . (5.1.8a)

The following diagrams in C will appear throughout the enumeration of the axioms:

SU(VW)

/(U (VW) (VIW)U)
(UV)W) Hhvw (V(WU)) (5.1.8b)

UUv@m AUUW

(VOW) —a— (VIUW))

ayuUw

2Note that we implicitly use the fact that 7 is a natural transformation to write things such as
7c,c (ide M ®) = (® Kide) e, (crc)

and we also use the fact that 7 is a symmetric braiding hence satisfies the hexagon axiom (4.1.48).
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-1
Tuvw)

o wvwy <<vw>v>\_1
(UV)W) HOYGY (V(WU)) (5.1.8¢)

05‘1, Q;lw\ Aoa‘lﬁ,

(VOW) 4———— (V(UW))

Yyuw

(iii) The right hexagonator,

®(® Nide) % ®(idec ¥ ®@)7cro),

-1

®(ide X ®) ®(®@Nide)Tcre)c

-1
®(1XK o) YdgBro,c (R DidgBre o
Q

®(1dc |E®TC,C) ®(®®ldc)(ldc xTCC
is an isomodification,

HE ot oomide @ = ([®@ (0K 1)}04’1)1(10&70’0 (@(1Xo)] . (5.1.9a)

T(CRC),C
The following diagrams in C will also appear throughout the enumeration of the axioms:

oS(UvV)W

/((Uvm wwvy
(U(VW)) My (WU)V) (5.1.9b)

1U®m %®1v
(
(

(UV)W) (W(UV))\
(U(Vvw)) HD) g (WU)V) (5.1.9¢)

1U®valzv\ /U‘I/V@)lv

(UWV)) g (UW)V)

Xywv

This data is required to satisfy the following four axioms:
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1. Left tetrahedron, i.e., the following two pasting diagrams in C are equivalent:

(U(VW))X)
auva ww)x
(UVWX) (U((vW)X))
(mw@hv)% P— L@y TU((VW)X)
(VOW)X)  (UV)WX)) ——oe—— (U(V(WX))) (VW) X)U)
\OZUU‘;WWWX ( (V(WX)) JlU&aVWX/ (vw)
ayyw®1x UVU)WX ouv®Lwx) SU(V(WX aywx®ly UVW)XU
(VIOW)X)  (VU)WX))  Hovawx ((V(WX))U% (VW)(XU))
ﬁVUWX VWXU
Ay (UW) X AV U(WX) Ay (W X)U Ay W (XU)
$ o W®wwx | y o Wawxo |
(V(ow)X))  (V(UWX))) R — » (V(WX)U))  (V(W(XD)))
and
(U(VW))X)
auva ‘ ww)x
(((UV)W)X) ocuvw)®lx (U((VW)X))

(UUV®1W)V XU((;/W)X)
(((VU)W)X) HE o ®ly (((VW)U)X) Hivw)x (((VW)X)U)
aVWU®1§ E(vwwx
»/ ~
avow®lx (V(WU))X) (VW) (UX)) Avw)xXU
1 (1V/®UUW)§1X ‘ ‘ IF/W)‘@UU\T 1
(VEW)X) I Loy v1 (V) (x0)
avEw)x (V((WU)X)) 1V®°|“|WUX s (V(W(UX))) avw(xv)
1 1V§(UUW®T{X) 11V®7-?UWX 1Vg(1W®U\U’LX) 1
(V((UW)X)) (V(U(WX))) 1V®0%(WX) B (V((WX)U)) (V(W(XU)))
1V®T,UVVX 1V®TVV),{U
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which reads explicitly as,

(1y ® awxv)ovw )01y Bayw x v x (covw @ 1x) — Ilvwxvouvvw)x)yavww)x (covw @ 1x)

+(ly ® aWXU)Hgv(Wx)Oé(UV)WX + (1v ® awxuouwx)) VU (wx)Qoyy By B1x
+ (v @ awxv)avawxywovwwxydovwy — (Iy @ awxvovwx)) Hvowx ((ouv ® 1w) ® 1x)

_ (5.1.10)
avwxoyHiwwix(@ovw @ 1x) = (Iv @ (lw @ oux)awux) a1, 8oy w15 (Qvow(ovy © 1y) @ 1x)

— (Iv @ (lw ®@ oux)) Hywux (cupwyovvw @ 1x) — a1y m1y Bowx Qvwivx (Cupwyouvw @ 1x)

+ (v ® (lw ® oux)awvx) avaroyx(Hivw @ 1x) — (Iv @ Hiwx) avewx (avow (ouv ® 1y) @ 1x)

2. Right tetrahedron, i.e., the following two pasting diagrams in C are equivalent:

(U((VvW)X))
1U®a‘_,bv/ \az;(lvw)x
(VX)) (U(VIV))X)
ly®(ly®@ow x) 1 1 TUVW)X
/ VO‘UV(WX) aUVW®1XV \
(UvExw)) (OV)(WX)) » ((Uvm)x) - (XU VW)
\a;;vgawx (v UD‘E%/W‘ZlX/
ly®@ay kw Gy (xw) Luv)®owx T(UVIW)X Ix®ag by XU vw)
4+ \,4 4+ <4 / 4+
Ovx)W)  ((UV)(XW))  Hivwx (X(@vyw))  ((xU)(vw))
» H*lUVXW B » ﬁjXUVW B
v X)W Cuvyxw Yx(Uuv)w Y xU)vw
agy x®lw O‘)_(}Jv‘glw
+ + <+ \ +
((U(VX))W) (((UV)X)W) P ; ((X(UV))W) (((XU)V)W)
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and

(U((vw)x
1U®a‘V (VW)X
(U(V( lu®oww)x ))X)
1U®(1V®0‘V / wwpx
(U(V(XW))) 11U®H VWX H U(VW)X (X<U(VW)))
/ ly@ayyy o Ux% ﬂ
ly®ay yw (U((XV VW)) a)_(}J(VW)
1 ~
ly®(ovx®1w) oux®Lvw)
~ - F ~ ~
(U((vx)W)) au(xviw = AW (xXU)(vW))
_afggavxglw _a;l1JX®1VW
at ®1
it | (@I —EE @) [ ot
P - ~
(ly®oy x)@1w HR Gy x @11y, (UUX®1V)‘§}LW
NA - NA
((U(VX))W) (((UV)X)W) U(UV)l)J;®1W b ((X(UV))W) (((XU)V)W)
al_J\l/X®1W O‘)_(}Jv‘glw

which reads explicitly as,

(axuy ® 1W)CVX1( VyW aU‘l/lexar;gVW) (1 ® ayyyx) —

- -1
+(axpy @ 1W)H(UV)WXQU%/(WX) +(axpyouv)x ® lw)a (UV)XWO@UV&(;WX
+(axpy ® 1W)04)_(1(UV)WU((UV)W)XHE%/WX -

a(_)%U)VW,Hg(VW)X(lU ® oy x) —
— ((ovx @ 1y) @ 1w ) xpw (v @ oww)xapiyx) —
- ((UUX ® 1V)O‘l;§(\/ ® 1W> OZI;%XV)W(lU ® ,HX};WX) -
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XUVWOU W)X )aU(VW)X(lU ® Ay x)

(axrvowvyx @ lw)gyxw (1o @ (1y ® owx))

(5.1.11)

((oux ® Iv)ayxy © 1w) O‘f;&avxmw (v ® ayyy (v ® owx))
a;;X X lvwal;_l)((VW) (1U ® O-(VW)Xa\_/%/VX)

(HgVX ® L) OZ(;%VX)W (lv ® apxw(lv ® owx))



3. Hexahedron, i.e., the following two pasting diagrams in C are equivalent:

(U(VW)X) O, (U((VIV)X))
al?\l/w‘g)l/ \Uéiavwx
—1 ﬁ (a ®1
(((UV)W Yuvwx) HUVWX (Cyyw x) V(WX)))
U(UV)W®1X N / 1U®0’V(WX)
N ( Ay wx) N
(W(UVv)x Uv)(wW (U(wWx)V))
??(UV)WX Hgv(wx) 1
AW (UV)X IUVIWX) Cuwx)v
(W(Uv)x UWX)V)
lw®owvyx y m} ocuywx)®ly
(W<X\(KU 1W®Dlev)ﬁWXUVOz(WX)UV W};)U)V)

thm% AU@HV

(W((xXU)V)) (W(xU)V)

AW (XU)V
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and

alz%,w®lx ly®avw x
QUWVw)
(vyw)x) - (UVI)X) S (U(VW)X)) (U(V(WX))
owvyw®lx lu®oyv(wx)
(WUV)X) || (uomwiely =———U=WEX o aoyyely) || (U(WX)V))
/ Hifyw @iy l l 11U®7‘?VWX \\\‘
- (UWV))X) avwvx —— (U((WV)X))
| oy ®1x | | ly®awxv \
// agwy®lx aEéV(VX)HUWVX(aa‘l}VV@lX) ly®awvx ‘\‘\
,'I 1 (ouw®ly)®lx l YUw)vVX al}‘lfV(VX) l lye(lw®avx) \‘.
(WU)V)X) (((UW)V)X) (UM (VX))  (UW(VX)) (UW(XV))
AN “Yoyw Rlyx e N Myw Boy x ., 7 \
WUV ocuw®Ll(vx) Low)®ovx AW xv) ‘l‘
\ / Q \ UWX®1V)FUWXV(1U%QWXV)
(W)X V) i

)Hwovx( aWUV®]-X
I
|

-
S
&
Q
<>~

e Tl

lwu)®ovx

]
\ ) !
/1 Yvwx)v

AW (UV)X
\ O‘WU(VX) My Boy x ourw®lixv) ~“opw Rixy (UW)XV i

\ ~ K ~ !
‘.\(W(UWX))) Woxv))  (WoHxv)  (woxyv)  (Gw)x)v),

\ lwR(ly®oyx) a;; U(XV) O‘(V%/U)XV (cow®1lx)®1y !

\ 1w ®agt a ®1 i

\ w UXV WUX v i

\ l (1W®°‘5§(V)ﬁWUXVa(_Ml/U)XV l '

\ Ly ®agy, aywx®Ly |

(W((UX)V)) +——oewwxv (W(UX))V)

\i\v 1 Ly @My x 7?UWX®11V 1 V///
(W((UV)X)) Ly ®(oux®ly) W ETux Ty (lwBoux)®ly (U(WX))V)
lw®owvyx l l oywx)®ly

awxu®ly

-1
lw®axyy
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which reads explicitly as,

awxvyv(awxu @ 1y) [Hgv(WX)(lU ® avwx)ayvw)x — a(v[l/x)UVU(UV)(WX)a[}\l/(WX)HUVWX(a(;%/w ®1x)

— (lw ® axby) [Mwxuvagh oy owvioxawviwx + Hiovywx] @z © 1x)

_ (5.1.12)
[(lw ® axpyvowvixagyx) Mwovx + (lw @ Hifyx)awvwxyewuyvx] (@wpyoovwagyw @ 1x)

+ 1w ® (oux ® Iv)ag v (lv @ ovx)lawowx) [ewryvx Hivw © 1x) — Qopwriyy (g (lu @ ovw) ® 1x)]
+ (Iw ® [oux ® Lv]agxyv) a1y eBeyx (Cow @ Lvx))owwyvx (egiy v ® ovw] @ 1x)

+ 1y Rop xR1y (W x @ 1y)a (WU)XV[UUW ® ovxlagwyvx [egyyly ® ovw] ® 1x]

— [lw ® [oux ® Llv]agxv] HWUXVG(WU)XV[UUW ® ovxlawwyvx [egy [l @ ovw] ® 1x]

—awxvyv [(lw @ oux)awux @ 1v] a(v‘l/U)XV(UUW ® UVX>046;1/V(VX)HUWVX[CY(}11/V\/(1U ®oyw) ® 1x]
—awxvy [(lw ® oux)awvrx @ 1y] a(_ul/U)XV(UUW ® UVX)Oé[_ﬂl;V(VX)(lU ® AWV X )01y Koy wRix
—awxuvy [(lw ® oux)awux @ 1y] inglxv(l(UW) ® UVX)Ot{”l,V(VX)[lU ® awvx(ovw @ 1x)]avww)x
+awxvyy [(lw @ ovx)awvx (cow ® 1x) @ Iy a (UW)XV 1U1Wg(,vx v ® awvx(ovw @ 1x)]ayww)x
—awxuy (Hiwx ® 1V)Oé(_UW)XVOé{]W(XV)[1U ® (Iw ® ovx)awvx(ovw @ 1x)]avww)x

— OWw(XU)V (OéWXUUU(WX)OlUWX ® 1\/) (UW)XV Eév(xv)(lU ® ’HX[;'WX)O‘U(VW)X

—awxuyv (awxvouvwx)avwx @ 1y) My v (ly ® AWXVOV (W X) VWX ) QU (VW)X
4. Breen polytope, i.e., the following two pasting diagrams in C are equivalent:

V)W) W)

ouv ®y ww UUV®1W XUV)W

(vow) (U VIV)) (vow VW))

aVUWV Vi ’1U®UVW OZVUW\ —Toyy By QWUVHUVWQUVW > lu®oyvw

(V(UW)) (UWV)) (V(UW) U(UV) Uwyv))
1V®UUW\ AN O‘l}‘l/vv 1V®UUW\ aUWV

(V(WU)) sy W)V) (V(WU)) UW)V)

vy UW ) ouw®ly (/WU UUW®1V

1 NE (VU)W

(vw)U) (WO)V) ((vw wu)
UVW®1U\ awuv  ovw®ly < aWVUH VUWavUw (OCWUV

((WV U) UWV UWV (W ( UV))

Wm A@auv aWVU 1w®crUv
(W (v (WD)

which reads explicitly as,

— awvu(ovw @ o) oo Hivw + owvooiy govw vvi + HiwvQpwy (lr @ ovw)aovw
uw)
_ (5.1.13)

R R
— awvuHyowovow (ouy @ lw) — 06pv w1y + (Iw @ ouv)awov Hiyvwavvw

A hexagonally-braided strict monoidal Ch category (C,®,1,0) is a pseudonaturally-
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braided strict monoidal Chg;l’o}—category whose braiding further satisfies the strict hexagonal
Breen polytope,
O1y Koyw +UUUV®1W =0 . (5114)

Definition 5.1.4. An infinitesimal 2-braiding ® L. © is Breen if it satisfies

YWty Byw T YV Wy m1y =0 (5.1.15)

Example 5.1.5. It is clear from (4.2.30) and (4.2.31b) that those y-equivariant hexagonal in-
finitesimal 2-braidings induced by 2SPSs are Breen. v

Theorem 4.2.7 showed that an infinitesimal 2-braiding ¢ provides a first-order deformation of
a symmetric strict monoidal cochain 2-category to a pseudonaturally-braided strict monoidal
cochain 2-category if and only if ¢ is hexagonal.

Theorem 5.1.6. An infinitesimal 2-braiding t provides a first-order deformation quantisation
of the symmetric strict monoidal Ch][K_l’O}—category (C,®,1,v) to a hexagonally-braided strict

monoidal Chl }14/] p2)-category

(Crmyonay ®, 1,0 := (1 + §t)) (5.1.16)

if and only if t is a hexagonal Breen infinitesimal 2-braiding.

Proof. The Breen property (5.1.15) of the infinitesimal 2-braiding is obviously equivalent to the
order h relation coming from the strict hexagonal Breen axiom (5.1.14). O

5.2 Second-order deformation quantisation

This section recalls CM’s important notions of coherency (see Definition 5.2.30) and total -
equivariance (see Definition 5.2.20) of an infinitesimal 2-braiding. We demonstrate in Propositions
5.2.18, 5.2.29 and 5.2.33 that a coherent totally vy-equivariant hexagonal 1nﬁn1te51mal 2-braiding
provides a second-order deformation quantisation of a symmetrlc strict monoidal Ch L0 -category

to a braided pentagonal strictly-unital monoidal Ch[ K([h] /(hg) -category. We then show, in Remark
6.2.5, that the coboundary o-equivariant syllepsis of Remark 6.2.1 is also a o-equivariant syllepsis
on the aforementioned braided pentagonal strictly-unital monoidal ChK[h] /](hg) -category.

5.2.1 Associativity of the monoidal product and subscript index no-
tation

The following index notation follows that of [KL525, (3.32)].

Remark 5.2.1. The following point can not be stressed enough, the monoidal product ® will
always be associative ®(® Kideg) = ®(idc K ®); we are deforming the associator to a nontrivial
pseudonatural automorphism. Thus, ®" : C¥™+) — C will always be well-defined Vn € N and
this permits the following index notation:

1. We write things such as:

tlg = ®<t X Ididc) 3 041(23)4 = Qide R @ Ride s J13 ‘= ®(Ididc X O->TC,C|zidC . (521&)
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2. The fact that v is natural, involutive and satisfies the hexagon axiom means that we have,
for example,

tis =@ (7 R 11 R0 omacly B1]) = @ (1B (¢ Diemreoll ®4]) . (5.2.1D)

3. If the infinitesimal 2-braiding is hexagonal then this means, for example,
ti(23) ' = tidgme = tiz +tis . (5.2.1¢)
In general, for |{7, j, k}| = 3, we would have:
iy =t +ty o tage =tk + bk (5.2.1d)
4. If t is y-equivariant then this means, for example,
tiy =t = fy_lt70707 =ity . (5.2.1e)
In general, for k # i # j # k, we would have:

tij = tji ; tajk = thij) - (5.2.1f)

This subscript index notation allows us to rewrite: the pentagonator (5.1.1a) as
I : apzacri(23)a123 = Qio3a)Q(12)34 (5.2.2a)
the left hexagonator (5.1.8a) as
HE (23101(23) = 01300213012 (5.2.2b)
and the right hexagonator (5.1.9a) as
H a5 h000307" 2 0130035003 (5.2.2¢)

Construction 5.2.2. Choosing Drinfeld’s Knizhnik-Zamolodchikov series as our ansatz associ-
h

ator o = Pky(t12,103), the braiding as o = ye2?, the left hexagonator as HE = Y23yl and the

right hexagonator as H® = ~(12)3R, we rewrite: the pentagonator (5.2.2a) as

IT: ®(tag, t34) P(t1(23), Li23)a) P (L2, ta3) = P(tia, taza)) P(t(12)3, t3a) (5.2.3a)
the left hexagonator (5.2.2b) as the left pre-hexagonator,
L : B(tos, t31)e 2@ B(t1y, tas) = 23D (o, ty3)e?™? (5.2.3b)
and the right hexagonator (5.2.2c) as® the right pre-hexagonator,
R: ®(tyy,t51)e2003B (tyy  t19) = e213D (5, t15)e2 (5.2.3¢)
>

Remark 5.2.3. For a y-equivariant hexagonal ¢, we use (5.2.1d) and (5.2.1f) to rewrite (5.2.3)

3Note that ®kz(A, B) = ®xz(B, A)~1, see [BRW23, (2.24)].
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as:

IT: ®(tag, t34)P(t1o + tig, toa + t3a) P(t1a, tas) = P(tio, taz + toa) P(t1s + tog, taa) (5.2.4a)

L: (I)<t23,tlg)eg(thrtlS)(I)(tlg,tgg) = egtlsq)(tlz, tlg)e%t” R (524b)

R . (I)(tlg ,tlg)eg(t13+t23)®(t23 7t12) 3 egtlsq)(tgg ,tlg)egt% . (5240)

A

Remark 5.2.4. For a 7y-equivariant hexagonal ¢, it might look as if we can define L := Rgy;
however we will show in Remark 5.2.12 that this fails already at order h?. We show in Lemma
5.2.25 that this succeeds if ¢ is totally y-equivariant stict. A

5.2.2 Four-term relationators and infinitesimal hexagonators

Definition 5.2.5. A left 4-term relationator is an endomodification of the following form,
L: [tlg ,t(lg)g] = 0: ®2 = ®2 : Cx3 —-C . (525)

Remark 5.2.6. Given some modification = : § = &', we refer to Construction 4.1.17 to define a
new modification = := = — IDg : £ — £’ = 0 which obviously has the same components. A

Proposition 5.2.7. The specific instance of the exchanger

®idc [

CXCXC —oRidec— CXC ®— C (5.2.6a)

®Ridg

1.€.,

i 4B g ) (o) * O E Dlomise = 1+ (tH1): @’ =& : C** = C | (5.2.6b)
encodes a left 4-term relationator (5.2.5).
Proof. Observe that

(ti2,ta2)s] = QX 1) tgmide — tomide ® (X 1) =@ N 1) tegmiae —t* (tX 1), (5.2.7)

where the last equality comes from the condition for triviality of the exchanger in Remark 4.1.22.
We now use the overhat notation from Remark 5.2.6 to define

2
L= *(1dg t¥Idiag) (tldgmiag) (5.2.8)
O

Remark 5.2.8. We can express the components of (5.2.8) by using the formula (4.1.38),

22
ﬁUVW = <*(1d®,t&Ididc),(t,ld®®idc)>UVW = ttyvﬁlw . (5.2.9)

Notice that the benefit of regarding the left 4-term relationator as a specific instance of the
exchanger is that, in order to show that the components (5.2.9) constitute a modification, we do
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not need to show that the condition (4.1.16) holds (cf. [KL.525, Proposition 3.13]) given that we
already know the exchanger to be a modification in general. A

Because of (5.2.9), we can compactly write
L=1t,: [, tans] =0 . (5.2.10)
Of course, we also have a right 4-term relationator,
R =1y, = >T‘%1<;1®,1011d,3®t),(t,IdidCm)) Htas s taey] = 0 (5.2.11)
Lemma 5.2.9. If the infinitesimal 2-braiding t is ~v-equivariant then:
L=TRszz2 , Laz=TRan , R=2Ly1 , Rizsa=L321 , Liz2=Raz , L312=Roz. (52.12)
Proof. Let us demonstrate the fifth relation L1320 = Ra13, i.e.,
(v @ ywv)Lowv (o @ ww) = (wo @ lw)Rvow (v @ 1w) (5.2.13a)
Using the fact that ~ is involutive and satisfies the hexagon axiom, we rewrite this as

Luwyv = ywww)Rvowyww)v = tow B1y, = YWEw)lhy Reew Yow)y  ,  (5.2.13b)
but the latter equality is a special case of (4.2.11b). The other relations are proved similarly. [

Lemma 5.2.10. For a hexagonal infinitesimal 2-braiding, a third j4-term relationator is given by
L4+ TR =ty,1ty : [t12 +t23,t13] =0 . (5.2.14a)

Proof. Applying Construction 4.1.17 and Item 3 of Remark 5.2.1 tells us that
LATR : [t tazs] + [tas, ties)] = [tz tiz +tas] + [tz tia +113] = [tia+1a3,t13]) = 0 . (5.2.14b)

]

Infinitesimal hexagonators

Construction 5.2.11. We expand the pre-braiding v~'o := e2' to order h? and consult [[Xas95,
Corollary XIX.6.5] for the order h? expansion of the Drinfeld associator series ® (12, t23) :

h2
D(tia,te3) =1+ ﬂ[tu Jtas] (5.2.15a)
h h?
st =1+ Sttt (5.2.15b)

Assuming a vy-equivariant hexagonal infinitesimal 2-braiding, substituting the above ansatz into
(5.2.4b) and taking into account only order h? terms, we have

1[t t]+1(t +t )2+1[t t}31t2+1tt +1t2+1[t t1s] (5.2.16a)
— = — = - = — . .2.16a
24 23,013 ] 12 13 24 12, 023 ] 13 4 13412 ] 12 24 12, 013

Balancing terms as in Remark 5.2.6, we have the following constraint
1 1
57 2L+ R) s (fhie +tas hag) + [z, a2)s]) = 0 2’ =" C¥ -5 C . (5.2.16b)
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In other words, we have a candidate left hexagonator
h2
HY = ﬂfmg)(% +R) + O(h?) (5.2.17a)
and, of course, we also have a candidate right hexagonator given by
2

%R.

= ﬂmz)g(ﬁ +2R) + O(R?) . (5.2.17b)

We denote the left /right infinitesimal hexagonator, respectively, by:
hW:=20+R , hWi=L+2R . (5.2.18)
>

Remark 5.2.12. Following on from Remark 5.2.4, Lemma 5.2.9 gives, for a y-equivariant hexag-
onal ¢,
hih, = Lso1 + 2R3y = Rasz + 2Lms A 0" . (5.2.19)

A

5.2.3 Verifying the braided monoidal 2-category axioms are satisfied

Lemma 5.2.13. If the infinitesimal 2-braiding t is hexagonal then the associator (5.2.15a) sat-
isfies the pentagon aziom modulo h?.

Proof. Referring to (5.2.4a),
[t12 , tog + toa] + [t13 + tos, taa] — [tz , t3a] — [t12 + t1s, toa + taa] — [t12,t23] = 0 (5.2.20a)

simply boils down to
—[ti2,taa] — [t1z,t2a] = 0 (5.2.20b)

but the LHS is 0 for the usual reason. More explicitly,

[t12,t34] = @t K 1dg ) @ (Idg Kt) — @(Idg K t) @ (t K 1dg)
([t X 1dg][Idg X ] — [Idg K]t K 1dg])

&
@ (R — [tR1)
0

(5.2.20¢)

where the second equality comes from the functoriality of whiskering (as in Remark 4.1.22) and the
third equality comes from the fact that the monoidal composition X is a 3-functor (as mentioned
in Remark 4.1.26). Also, we have the expression for toyt13,

® ([@1 Ry ) R1] [([Idg K t][t K 1dg))iae mre.cmide] [©(1 K y) K1]) (5.2.20d)

but, as before, we have (Idg X¢)(t K 1dg) = (t X 1dg)(Idg X ¢) hence togtiz = tistas. O

Lemma 5.2.13 allows us to choose IT = 0 thus the associahedron axiom (5.1.2) simplifies as follows.

Lemma 5.2.14. Given a hexagonal infinitesimal 2-braiding t,

h2
(CK[h}/(hB) ) ®a -[7 a:=1+ ﬂ[tIQ 7t23]) (5221)
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satisfies

Uy Bawxy oV WXy (@ovywx @ 1y) + (lu @ avw(xy)) Quw)xy)Qapyw B1xy  (5.2.22)

+ (Iy @ [Iv ® awxylovuwx)y) Qi mavwx 21y (Qvpw)xlovvw @ 1x] ® 1y) = 0.

Proof. 1dentity pseudonatural transformations 1 have trivial homotopy components (see Example
4.1.9) and the homotopy components annihilate units (4.1.13). O

Definition 5.2.15. An infinitesimal 2-braiding ¢ is unital if: for every object U € C, we have
trr=0=tn (5.2.23a)
and, for every l-cell f € C[U,U’]", we have
trmy, =0=t,m; . (5.2.23b)
Lemma 5.2.16. If the infinitesimal 2-braiding is unital then so too are the 4-term relationators,
Lyvi = Lymw = Livw = Ruvi = Ruiw =Rivw =0 . (5.2.24)
Proof. Obvious from the components (5.2.9). O

Lemma 5.2.17. A hexagonal infinitesimal 2-braiding is unital.

Proof. The monoidal product ® is strictly unital (4.2.3b) thus V = (VI) and ¢ = g ® 1;. We
first use the cochain components of the left infinitesimal hexagon relation (4.2.8a),

tvy = tuwrn = tov @ 11 + (wo @ 1) (ly @ tyr)(yov @ 11) = tyy +wo(ly @ tur)ywy, (5.2.25)

thus 1y ® tyr = 0 hence setting V' = I forces ty;r = 0. Now let us use the homotopy components
of the left infinitesimal hexagon relation (4.2.8b),

trng = trmgel) = trrg® i+ (v @ 11)(g @ trw1,) (uv @ 1r) = trrg + Yo (9 @ trmi, )y -

(5.2.26)
This gives us g ® tyx1, = 0 hence setting g = 1; forces tyx;, = 0. Analogous arguments using
the right infinitesimal hexagon relations (4.2.9) gives us t;y = 0 and ¢;, g, = 0. O

Proposition 5.2.18. Given a hexagonal infinitesimal 2-braiding t, the second-order deformation

(5.2.21) is a pentagonal strictly-unital monoidal Chﬁg[ij(}](hg)—category.

Proof. The only remaining axiom to check is the triangle axiom (5.1.3b). We have

ayry = (I)(tUI,tjv) = @(0,0) = 1((UI)V) = 1(UV) (5.2.27&)
and
h2
R Rg = lim, g + ﬂ[tl2t23 — tastio) w1, g
h2
=91 [(tra1, @ 9) Iy @ trgy) + (trrer © 1v)(f @ tyry) — (f @ t,e,) (tuer © 1v)
— (ly @ trmv)(trm1, ® g)]
_0 . (5.2.27b)

]
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Remark 5.2.19. The above proof makes it clear that the triangle axiom (5.1.3b) is held to all
orders (beyond h?) because of: the unitality of ¢, the definition of the homotopy components
of the vertical composition (4.1.17¢) and the fact that the associator is chosen to be Drinfeld’s
KZ series a := ®gy(t12, ta3). Furthermore, Lemma 5.2.16 makes it obvious that the prism axiom
(5.1.4) will also hold to all orders because the pentagonator series will be constructed out of the
infinitesimal 2-braiding and the 4-term relationators (see (5.3.10) for the third order term). A

Totally symmetric infinitesimal 2-braidings

Before we tackle the tetrahedra, hexahedron and Breen polytope axioms in Definition 5.1.3, we
recall the important notion of total y-equivariance as in CM* [CFM15, Definition 18].

Definition 5.2.20. A totally y-equivariant ¢ is a y-equivariant ¢ which satisfies

2 _

ldg,yRIdiag),(t.ldg midg

=0 (5.2.28a)

V12t(12)3

or, in short,

t =0 . (5.2.28b)

yuv R lw

Example 5.2.21. As in Example 5.1.5, it is clear from (4.2.30) and (4.2.31b) that those infinites-
imal 2-braidings induced by 2SPSs are totally vy-equivariant. v

Remark 5.2.22. Under the condition of vy-equivariance, (5.2.28b) is equivalent to
Ly Rypw =0 . (5.2.29)

Furthermore, in [CEFM15, Definition 18] conditions (27) and (29) are also redundant given that
we can categorify these conditions as:

Yastiaz) =t* (1 X y) (5.2.30a)
Tatagys =t* (YX1) (5.2.30b)

respectively, yet these are clear instances of the exchanger which Definition 5.2.20 already tells
us are identity modifications. A

Lemma 5.2.23. A totally v-equivariant infinitesimal 2-braiding is a Breen infinitesimal 2-braiding.

Proof. Obvious from (5.2.28b) and (5.2.29). O
Remark 5.2.24. Rearranging (5.2.30b), we have
tazs =@V TR D[Ex (YR 1)) = @(y " K[t * Idgr omide] ® (YR 1) =t ,  (5.2.31a)

where the second equality comes from the condition for triviality of the exchanger in Remark
4.1.22. In general, for k # 1 # j # k,

Lk = ik ) Ligk) = Likj) - (5.2.31b)
A

Lemma 5.2.25. Following Lemma 5.2.9, if t is totally v-equivariant then:

L= 7?/312 = £213 = R321 ’ R = £231 = 72/132 = £321 ) £132 - 73/213 = £312 = 73/231 . (5232>

4Note that, throughout their joint publications, compositions of morphisms are written from left to right.
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Proof. Let us show that £ = L3, i.e.,

Lovw = (wou @ lw)Lyvow (v @ lw) = tyuriyw = (o @ lw)tyymiy, (ov @ 1w) .
(5.2.33)
We use total vy-equivariance (5.2.28b) and the fact that the homotopy components of a pseudo-
natural transformation splits products (4.1.12b) to write the latter expression as t,,,t, vy 21w
which equals ¢, x1,, because of (4.2.11a). The proofs for the other relations work in the same
way. O

Remark 5.2.26. Following Remark 5.2.12, Lemma 5.2.25 gives us, for a totally y-equivariant ¢,
hih, = Riza + 2L013 = 2L + R =h* . (5.2.34a)

In fact, under this condition of total y-equivariance,
Rior 1 D(tsn, tr3)e2 @Dty tsg) = 231 B (tys, t5)e 2™ (5.2.34b)

but the (co)domain pseudonatural automorphism is equal to that of (5.2.3b) upon using (5.2.1f)
and Remark 5.2.24. In sum, a totally vy-equivariant ¢ means that we can choose L := Rg3;. A

Lemma 5.2.27. Given a totally v-equivariant hexagonal t, the left 4-term relationator is prim-
itive:

Liaia) = Lroz + Li2a , Lisa =L+ Lz, Lazza = Loz + Loz (5.2.35)
Proof.

Luvwx) =ty 8(1welx)
=ty 1y @ 1x + (wev) @ 1x)(Lw @ty i) (Yovyw © 1x)
=Lovw ® 1x + (ywwv) ® 1x)(Iw @ Luvx) vovyw ® 1x) (5.2.36a)

where the 2" step used the homotopy components of the left infinitesimal hexagon (4.2.8b).

Luww)x =ty 8ix (5.2.36b)
=teyy @lw+(rvu®lw)(lyOtuw) (Yov ©lw)8 1x
=tuy @ty mix + Lov) @ vxw) by rix @ Iw)(Lov) ® ywx)
+ (o @ Lwx) tayetww)miy (ov @ Lavx))
=Lwv) @ vxw)(Lovx @ lw)(Lwv) @ ywx) + (v @ Lawx)) (v @ Lowx)(yov @ Lwx)),
where: the 2°¢ step used the left infinitesimal hexagon’s cochain components (4.2.8a), the first two
terms of the 3'¢ step used the right infinitesimal hexagon’s homotopy components (4.2.9b) and the

third term used total y-equivariance (5.2.28b) and the fact that the homotopy components split
products (4.1.12b), the 4% step used the fact that the homotopy components kill units (4.1.13).

Lwovywx =ttgywmiy

:t[1U®tVW+(1U®'YWV)(tUW®1V)(1U®'YVW)]Xl 1x
=1y @ Lywx + (lv @ ywx)yv)(Lowx @ Iv)(lv @ ywwx)) (5.2.36¢)

where the last step used the right infinitesimal hexagon multiple times together with the total ~-
equivariance and the facts that the homotopy components split products and annihilate units. [

Corollary 5.2.28. R is also primitive and so too are the infinitesimal hexagonators (5.2.18).
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This corollary is quite powerful as exemplified by the following proposition.
Proposition 5.2.29. Given a totally v-equivariant hexagonal infinitesimal 2-braiding t,

h? h? h?

(CK[h (h3)» ® [ a:=1 + — o4 [tlg,tgg],d = ’762 HL 2471(23)hL’7-[R 247(12 3h ) (5237)

satisfies the left/right tetrahedron aziom (5.1.10)/(5.1.11) and the hexahedron aziom (5.1.12).

Proof. With trivial pentagonator, the left tetrahedron axiom (5.1.10) reads as

(1y ® awxv)ovwx)yuo1y Raywx Qo vw)x (Qovw & 1x)

+(ly ® OCWXU)Hév(WX)Oé(UV)WX + (1v ® awxuouwx)) v U (W x)Qoyy Ry ®1x

= (5.2.38a)
QvWw(XU 7'[5 vwx(@ovw @ 1x) — a1y g1y Royx Avwyvx (Cuyw)cvvw @ 1x)

+ (Iv @ (lw ®@ oux)awvx) avaveyx(Hivw ® 1x) — (Iy © Hiwx) aveowx (avow ooy © 1) @ 1x)

— (Iy @ (lw @ oux)owux) My Boyw B1x (vow (Ouy ® 1) @ 1x)

The order h? relation is given by

(71(23)hL)UV(WX) + (ly @ yowx)) [tz taslyy 1w 1y

(5.2.38D)

—

Y1(23 )hL) Uvw)x [tlz 7t23]1v®1W Xyux <7U(VW) ® 1X)
(Lvw) ® wx) ((71(23)hL)UVW ®1x) = (lv® (71(23)hL)UWX) (ov ® Lawx)

— (Lvwy @ Yux) [tz s tas)1y maow w15 (T0v @ Larx))

+

Terms such as

[t12, t23)y @1 81y = (v @1y @ 1x) (Lov) @ twx) — (Lo ® twx) (tyyy w1y @ 1x) (5.2.38¢)
are trivial by the condition of total vy-equivariance (5.2.28b) thus (5.2.38b) simplifies to
(nesh®) pyarx = (MEh") pawx + (Low) @ wx) (esh™) gy © 1x)
—(lv® (71(23)hL)UWX) (v @ lwyx)) - (5.2.38d)
This is simply
PYU(VWX)hILJV(WX) = 'VU(VWX)hg(VW)X + (1(VW) ® ’YUX) (’YU(VW)hUVW ® 1X)
— (Iv @ wvohiwx) (ov © lwx)) - (5.2.38¢)

The symmetric braiding ~ satisfies the hexagon axiom hence we can simplify even further,

h[LJV(WX) = hg(VW)X +hiyw ®1x — (wo @ Lvx) (Iv @ hiyx) (vov @ L) - (5.2.38f)

We finally rewrite this as
h12(34 h1(23 + h123 hf34 (5.2.38g)
and apply Corollay 5.2.28.

Comparing (5.1.10) with (5.1.11) reveals that the right tetrahedron axiom would eventually reduce
down to a similar equation as the above but now with h” replaced with h%.
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With trivial pentagonator, the hexahedron axiom (5.1.12) reads as

awxuvy (@wxv @ W) Hiyawx) (lv @ avwx)avwvwx — w @ axpy ) Hipvywx (@oyw © 1x)

— (5.2.38h)
(Iw ® Hivx)awv v awnvx @y omvywagyw @ 1x)

+ [lw ® (oux ® Iv)agky (lu ® ovx)lawuvx) [a(WU)VX(’H(I}VW ®1x) = Qoppmiyx (apwy(lu ® ovw) ® 1x)]
+ (lw ® [oux @ lv]agxy )y ugeyx (Cuw ® Lvx))ewwyvx (agipy [l ® oyw] @ 1x)

+ 1y Roy xR1y (WU x @ 1V)Oé(_V[1/U)XV[UUW ® ovxlowwyvx [ogyylv ® ovw] ® 1x]

—awxuvy [(lw ® oux)awux @ 1y] a(v‘l/U)XV(UUW ® UVX)O@‘I;V(VX)(lU ® AWV X )0y Koy 1 K1 x

(low) ® UVX)Oé(_”l/V(VX)[lU ® awvx(ovw @ 1x)|aywvw)x

+awxuy [(lw ®@ ovx)awvx (cow ® 1x) ® 1y] a([}W)XVa;l}WgUVX 1y ® awvx(ovw @ 1x)]aywvw)x

—awxvy [(lw ® oux)awvrx @ 1y] a;iwglxv

- O‘W(XU)V(/HEWX ® 1V)a(Jw)XVaE‘1/V(Xv)[1U ® (Iw ® ovx)awvx(ovw ® 1x)]ayww)x

—awxuyv (awxvorwx)avwx @ 1y) a([}W)XVaI;IIA/(XV)(lU ® Hirw x)ow (vw) x

We use the comment from above that total y-equivariance annihilates the associator homotopy
components of the symmetric braiding (e.g., @, w1, = 0) to derive the order h? relation,

vazsh ovarx — e b ovrywx
_ (5.2.381)

(1w @ Yazshovx) (vovw @ 1x) + [Iw @ (wx @ 1v) (1r @ wx)l([azshlovw ® 1x)
— (Imeshowx @ 1v)1r @ (Iw @ yvx)(vvw @ 1x)] — (roarx) @ 1v) (v @ [Yies)h vwx) -

This is simply

’Y(UV)(WX)h(]}V(WX) - V(UV)(WX)h%UV)WX

= (5.2.38j)
(1w @ vovyxhilvx] rovw ® 1x] + [Iw @ vov)x] [Yovywhivw ® 1x]
- [VU(WX)héwx ® 1V] [1U & 'YV(WX)} - ['YU(WX) ® lv} [1U & WV(WX)h‘L/WX}
Again, the hexagon axiom that - satisfies as a symmetric braiding means we can write
YUV wX) = [1W ® 'V(UV)X] [’V(UV)W ® 1X} = ['YU(WX) ® 1v} [1U & W(WX)] (5.2.38k)

which finally leaves us with

hl}}zv(WX) - h(LUV)WX = (wawv) ® 1x) (Iw @ hilyx) (vovyw @ 1x) + hifyy ® 1x
— (lv @ ywxyw) (Wwy ® 1v) (lv ® wavx)) — lv @ hizyy  (5.2.38])

but, once again, we know the infinitesimal hexagonators to be primitive as in Corollay 5.2.28. [

Coherent infinitesimal 2-braidings and the Breen polytope

Before we discuss the Breen polytope axiom (5.1.13), we quickly recall another important notion
in CM; this time the notion of coherency [CFM15, Defintion 17].

Definition 5.2.30. An infinitesimal 2-braiding is coherent if it satisfies

—R213 == E + R = —£132, (5239&)
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that is,

_(’}/VU ® 1W)tlv Xituw (VUV ® 1W) - tth|X|1W + tlU Mtyvw — _<1U ® fYWV)ttUngv(lU ® nyW) .
(5.2.39D)

Remark 5.2.31. As in Lemma 5.2.9, a v-equivariant ¢ gives Ro13 = L132 thus, in contrast to the
remarks after [CFM15, Defintion 17|, including y-equivariance as a condition makes the definition
natural from the categorical perspective; the Breen polytope can only enforce one equality at order
h?. Given a y-equivariant ¢, coherency demands

L+ Log1+ L132=0 . (5.2.40)

A

Remark 5.2.32. Using the basis expression for £ = t;,, in (4.2.32), (5.2.40) becomes

(7, s dap(7?, s darU,” ®4 s darV,") @4 s dar W,
+ (_1)‘Uq”é’ﬂst|+‘wt‘|szqr|SflddR<7T(2)7 SilddRQij R4 Sflddest> R4 SflddRqu

+ (— )P L el D =1y (1) 57140 V" @57 dapWV ) @ 57 dgrUy Yy @4 v @4 w; = 0

To understand this requirement let us recall the following operations (3.29) and (3.25) of [LGP V13,
Chapter 3], remembering that in our case A is a CDGA. In fact, looking at Cartan’s formula as in
[LGPV13, Proposition 3.6] suggests that the above LHS relates to the interior product L[x@ x 2]

’ S

but the third weight component of the Maurer-Cartan equation or® + %[77(2),#(2)]3 = 0 then
implies that this is proportional to ¢y, ). But this then means that the above LHS is the output
of the inner hom differential 0 of the degree —2 morphism which is constructed analogously to
(4.2.27a) but with three ¢’s and the dual pairing (7(3),.). The truncation would then guarantee
that the above requirement is satisfied. Now we can see that coherency is also natural from the
perspective of Derived Algebraic Geometry. A

Proposition 5.2.33. Given a totally v-equivariant hexagonal infinitesimal 2-braiding t, the
second-order deformation (5.2.37) satisfies the Breen polytope axiom (5.1.13) if and only if t
15 coherent.

Proof. The order h? relation of (5.1.13) is given as

1
(P 1y & Lypwivw T (ﬂ%(QS)hL) (v ® vww)
Uwv

DN —

1
— (ww ® 1y) (ﬂ%@s)hL) +
UvVw

. (5.2.41a)

1 1 1
_ (ﬂV(l?)ShR) (Yvov ® 1w) — §<7t)%vuvtw®1w + (1w ® vov) (ﬁ7(12)3hR)
VUW i

which we rewrite,

(ww @ 1u)vwowhivw — 6om vty gwwivw — Yooy (lv © yww)
_ (5.2.41b)

Yvoywhow (v @ 1w) + 6vvuywity vy 1w — (lw @ Yov ) voviwhiivw

Now we simultaneously use: the fact that the homotopy components of a pseudonatural trans-
formation splits products (4.1.12b), the total y-equivariance of ¢ and the hexagon axiom that -y
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satisfies,

hiw — 6Ruvw — (1o @ Ywv )by (1o @ yww) = (o @ Lw)hiipw (ov @ 1w) +6 Loy — hng)-
(5.2.41c

We use the definitions of the infinitesimal hexagonators (5.2.18) and the subscript index notation,
2L+ R —6R —2L130 — Ri3o = Lo13 + 2R3+ 6L — L — 2R . (5.2.41(1)

As in Lemma 5.2.25, total y-equivariance of ¢ gives us: Rao13 = L1320, Ri32 = R and Lo13 = L.
We thus rewrite the above as

and this is equivalent to the condition of coherency for a y-equivariant t. O]

5.3 Third-order deformation data

We take K = C because the coefficient of the third-order term of Drinfeld’s KZ series [[<as95,
Corollary XIX.6.5],

h2 h3 3
a = Pz(lia, lo3) =1+ ﬂ[tm’t%’} * (2§5)2

[[t12, tas], tra + o] + ..., (5.3.1)

is imaginary and irrational. We substitute h := 27ih hence (5.3.1) becomes

R

(I)(tlg,tgg) =1—- 6

[t12, tas] + B*C(3)[[t12, tas)], taa + tas] + . .. (5.3.2)

5.3.1 The pentagonator

We substitute (5.3.2) into (5.2.2a) and read off the third-order terms,

1
@(H):s : [[t23> t3a], tos + t34} + [[t1(23), t(23)4)s t1(23) + 75(23)4} + [[t12, tos), tia + Z523} (5.3.3)

= [[tm, taia], tiz + t2(34)} + Ht(12)37 taa], t12)3 + t34] .

Let us assume hexagonality of ¢ and write®:

[[t12, taa), trz + taaay] = [[tiz, tas], tio + tos] + [[t12, tas], taa] + [[tr2, t2a], 1o + tog + taa]
[[t(12)3, t3a], taz)s + taa] = [[tos, taal, tos + tsa] + [[tas, taa], trs] + [[trs, taa], tas + tos + taa]
[[t1(23), t(23)a)s ti(23) + 75(23)4] = [[tm toa] + [t13, tsa], tio + t1g + o + t34} . (5.3.4)

Now we balance terms as usual,

A~

(s : [ts, [tas, taal] — [toa, [tas, tial] + [[tas, t3a), tra-ttaa—tos|+[[t12, to], tisttsa—tas] = 0. (5.3.5)

(3)

SThroughout this subsection, we will make use of the fact that

[tij, t] =0

for {i,7,k,1} = {1,2,3,4}. These “disjoint-commuting” relations were demonstrated in the proof of Lemma 5.2.13.
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With a view to 4-term relationators, we use the disjoint-commuting relations to rewrite (5.3.5) as
[t13, [tas, taa]] — [t2a, [ta3, tia]] + [t23, [t1(2s), tasyal] + [[trs, taa), a2 + toa] + [[tr2, toa], tas + tsa] = 0.
(i) The first two terms give us

[t13, [ta3, taa]] — [toa, [tos, tr2]] = [t13, [t23, tiasya — taa]] — [tod, [t23, t1(2s) — tas]]
= [t13,0Los4] — [tas, OR123] — [tus, [ts, taa]] + [tod, [t23, t15]]
=0 ([tis, Laga] — [t21, Ru23]) (5.3.6)

where we used the Jacobi identity to eliminate the last two terms of the second equality.

(ii) The third term straightforwardly gives us
[[t23, t(23)], t(23)4} + [t1(23), [ta3, Z5(23)4” = 0 ([t12 + t13, Loza] — [tas + ta4, R123]) (5.3.7)
(iii) The last two terms Htlg, t3a], t1a + t24] + [[tlg, toal, t13 + t34} can be rewritten as

[t3a, [t12, trs]] + [tas, [taa, toa]] — [f2a, [f12, tas]] — [taas [Esa, t2d]] (5.3.8)
= [ta4, [t12, ta2)s — tas)] + [t13, [taa, taa) — tas]] — [tod, [t12, taz)s — tas]] — [ta2, [aa, tagza) — tas]]
= 0 ([tss — tog, L123] + [t13 — t12, Rosa]) + [t2a — tau, [tia, tas]] + [t12 — tus, [taa, t2s]]

and the term [toy, [t12, tos]] — [t1s, [fa4. tos]] — [faa, [f12, 23] ] + [t1z, [tsa, t2s]] gives

[t13, [ta3, taa]] — [toa, [tos, tr2]] = O ([t1s, Lasa) — [tas, Razs]) — [t1s, [t2s, taa]] + [toa, [tas, 1]
=0 ([t13, 5234] — [t24, ngg]) . (539)

Putting it all together, the pentagonator series (modulo /%) is given by

IT = A*¢(3) ([tas — tos, L123) — [3toa + tas, Rigs] + [tia + 3t13, Loza] + [tz — ti2, Roza])  (5.3.10)

5.3.2 The right pre-hexagonator

We compute the third-order term of the right pre-hexagonator (5.2.4c),

w34

(R)s3 :¢(3) ([[t12,t13],t1(23)} + Ht237t12],t12 + t23]) - ([t12, ti3]ta2)s + taz)sltes, tia) + t?12)3)
734
= ((3)[[tas, tas] tazys] — e ([ta3, tasltas + tis[tas, tis] 4 35 + 35 + 3tT5tas + 3tislss) .
(5.3.11)

Balancing terms, we get

¢(3) ([[t12,t13],t1(23)] — [[t23,t13]7t(12)3} + [[7523,1512],7512 +t23D

3
i
— 5 ([tas, t15] + [t35: trs] + [ti2, trs]tiz)s + tazs[tas, tiz]) =0 . (5.3.12)
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We rewrite this as

C3) ([tazs, [t2s t1s]] — [ties)s (a2, trs]] + [t2s, [tr2, tas]] — [t12, [tas, tr2]])

71_3

~ 5 ([tu + ta3, tislt(12)s + ta2)s[tas, ticas ]) =0 . (5.3.13)

The terms with coefficient —%Si can be simply written as,

([t12, tazys] + [tas: tres)]) taz)s + tazysltas, ties)] = (OL 4+ OR) tazs + ta)s0R . (5.3.14)
The coefficient of ((3) takes a bit more work,

[ta12)3, [tos, tries) — taa]] — [tres), [f12: tazys — tos]] + [tas, [tra, tas]] — [taa, [tos, t1a]]
= [ta2)3, OR] — [ta2)s, [tes, tr2]] — [trs), OL] + [t1(23), [tr2, tas]] + [tos, [tr2, tas]] — [t12, [f23, tro]]

= [ta2)3, OR] — [ti(23), OL] — [[t(12)3,t23]7t12} — [t23, [t(12)3,t12u + Ht1(23),t12],t23} + [t127 [751(23),7523]}
+ [t23, [t12,t23H — [tu, [t23,t12”

= [t(2)3, OR] — [t1(23), OL] — [2t12, [tas, t1(2s)]] + [2t23, [t12, ta2)s]]

= [t(lg)g — 2t19, OR| + [2t93 — t1(23)5 L] (5.3.15)

In sum, the third-order term of the the right pre-hexagonator series R is given by

3 .
(R)g — C(3> ([t(lg)g - 2t12, R] + [2t23 — t1(23), ﬁ]) - %( (E + R) t(12)3 —|— t(u)gR) . (5316)
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Chapter 6

Sylleptic deformations

This chapter is also based on the solo preprint [Kemp25]. Definition 6.1.1 specifies the general
notion of a o-equivariant syllepsis on a braided monoidal bicategory [CSP 14, Definition C.5] to our

context of braided strictly-unital monoidal Chgl’o]—categories. In Subsection 6.1.1, Remark 6.1.2

analyses the scenario of y-equivariant syllepses on symmetric strict monoidal Chg{l’o]—ca‘cegories
and Definition 6.1.3 introduces our notion of an “infinitesimal syllepsis”. Theorem 6.1.5 shows
that 3SPSs induce infinitesimal syllepses in much the same way that 2SPSs induce infinitesimal
2-braidings and Example 6.1.6 studies these infinitesimal syllepses in the concrete cases of the
shifted cotangent Lie 2-algebras (as in Remark 3.3.3) and matrix string Lie 2-algebras (as in
Example 3.3.6).

We introduce in Subsection 6.2.1, our notion of a “coboundary infinitesimal syllepsis” and show
that these are induced by 2SPSs whose weight 2 term is coboundary and Example 6.2.4 shows
that the homotopically null 2SPSs (for the case of a simple string Lie 2-algebra) of Example 3.3.13
induce nontrivial coboundary syllepses. Remark 6.2.5 shows that the coboundary o-equivariant
syllepsis of Remark 6.2.1 is also a o-equivariant syllepsis on the braided pentagonal strictly-unital
monoidal Chﬁg[,ll}’(/)](m)—category (5.2.37).

Even though we did not go through the exercise of showing that the third-order expansions of the
pentagonator and hexagonators (see Section 5.3) satisfy their requisite axioms, Subsection 6.2.3
shows that the third-order expansion of the coboundary syllepsis satisfies its requisite axioms.

6.1 Syllepses on braided strictly-unital monoidal cochain
2-categories

Following on from Definition 5.1.3, we specify the general notion of a o-equivariant syllepsis on a
braided monoidal bicategory as in [CSP 14, Definition C.5] to our context of braided strictly-unital

monoidal Chg%_l’o]—categories.

Definition 6.1.1. If (C,®,I,a,II,0,HY, H®) is a braided strictly-unital monoidal Chggl’o}-
category then a syllepsis X consists of the following datum:

(i) A modification ¥: 0 = 0] : ® = ®7¢,c : CRC — C. Specifying Definition 4.1.10, this
requires:

e VU,V € C, we have the following homotopy Sy : opyv = oy (UV) = (VU), ie.,

aEUV =0yv — O";ll] . (611&)
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e For all f € C[U,U']° and g € C[V, V"]°,

Sy (f @ 9) + 0rmg = 0gms + (99 [)Zuv (6.1.1b)

This datum is required to satisfy the following two axioms:

1. Left factorisation, i.c., for all UVW € C¥3, the component of the left hexagonator (5.1.8b)
is equal to the following pasting diagram in C,

oU(VW)

— T T
(U(VW)) EU(JW) (VW)U)
A
avw Sy avwu
(UV)w) ool et By (V(WU)) (6.1.2a)
7 HP) by N
Syvelw 1v@Suw
Z Ny
oyv®lw ((VU)W) avuw > (V(UW)) 1y ®@ouw

In other words,
Hiw = OéVWUZU(VW)OéUVW—l-(HR)f/%yU—(1V®U17V1U)04VUW(EUV®1W)—(1V®EUW)04VUW(UUV®1W) :
(6.1.2b)

2. Right factorisation, i.e., for all UVIWW € C¥3, the component of the right hexagonator
(5.1.9b) is equal to the following pasting diagram in C,

oS(Uv)w
— [ T
(UV)w) EWJWV (W(UV))
D R
aa%/w U;VI(UV) a;VIUV
(U(VW)) - ol oy (WU)V) (6.1.3a)
4 HE) by AN

1U®§vw (EUW®1V

Z AN
UKoV wW ouw Ly
e V) ————— (UW)V) ?

In other words,
Hiivw = awoy Eoviwagvw +H ) woy —(0np@1v)agyy (Lo@Svw )~ (Sow@Lv)agyy (lu@ovi) -

(6.1.3b)
A syllepsis is said to be og-equivariant if, for all UV € C KX C, we have the following equality
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between pasting diagrams in C,

(UV) Y » (VU) (UV) uv s (VU)
\ \ AN // A
IdUUV IdUUV
ouv Ly ouvy =  ouv Loy ouv
p ™
ovuSoy \ / covSvu
(VU) v > (UV) (VU) p— > (UV)

In other words,
~1
Yuv = opulvuouy

6.1.1 Syllepses from 3-shifted Poisson structures

(6.1.4a)

(6.1.4b)

We now introduce “infinitesimal syllepses” on symmetric strict monoidal Chg{l’o]—categories and
show that 3SPSs give rise to them analogously to (4.2.27a). Remark 6.1.4 discusses the curious
fact that infinitesimal syllepses can be ‘integrated’ to all orders simply by post-whiskering with

the symmetric braiding ~.

[_170]

Remark 6.1.2. Given a symmetric strict monoidal Chj, " -category (C, ®, I,~), a y-equivariant
syllepsis ¥ : v = ~ is strictly factorisable and intertwines with the symmetric braiding ~. For

clarity’s sake, let us specialise Definition 6.1.1 to the present context:

1. We have a family of endomorphic homotopies X € C[(UV), (VU)] 7!, ie.,

8ZUV =0

(6.1.5a)

2. The endomorphic homotopies are natural, i.e., for all f € C[U,U']° and g € C[V,V’]°,

Suvi(f®g) = (9® f)Xuv

(6.1.5b)

3. The endomorphic homotopies are strictly left factorisable, i.e., for all UVW € C¥3,

Svovw) = (v @ yow)(Evy @ L) + (1y @ Zuw)(yov @ 1w)

(6.1.5¢)

4. The endomorphic homotopies are strictly right factorisable, i.e., for all UVIV € C%3,

Sovyw = (vow @ 1y) (1 @ Lvw) + (Zow @ 1v) (1v @ yww)
5. The endomorphic homotopies are y-equivariant, i.e., for all UV € CX C,

Yuv = Ywvivuyov

(6.1.5d)

(6.1.5¢)

A

[_170}

Definition 6.1.3. An infinitesimal syllepsis 7" on a symmetric strict monoidal Chj -

category (C,®, I, ) consists of the following datum:
(i) An endomodification T": Idg = Idg : ® = ® : CX C — C. Again, this requires:
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e A family of endomorphic homotopies Ty € C[(UV), (UV)] 7!, i.e.,

olyy =0 . (6.1.6a)
e The family of endomorphic homotopies is natural, i.e.,
Ty (f®g)=(f®9Tuv . (6.1.6b)
This datum is required to satisfy the following two axioms:
1. Left infinitesimal factorisation, i.c., for all UVW € C¥3,
Tovwy = Tov @ 1w + (o @ lw) (v @ Tyw) (yov @ 1w) . (6.1.7a)
2. Right infinitesimal factorisation, i.c., for all UVW € C¥3,

Tovyw = 1lv @ Tvw + (1 @ ywv)(Tow @ 1v) (v @ yww) - (6.1.7b)
An infinitesimal syllepsis is said to be y-equivariant if, for all UV € CK C,

Tyy =wulvoeywv - (6.1.8)

Remark 6.1.4. Recall that an infinitesimal braiding ¢ : ® = ® on a symmetric strict monoidal
Vecg-category (C,®, I,7) does not admit the simple integration as the braided strict monoidal

Veck y-category (C[[h]],®,1,0 = ~ e3') because, in general,

e%(15134-1523) £ e%tme%tzs ’ e%(t13+t12) £ e%tlzse%tlz

On the other hand, an infinitesimal syllepsis 7" : Idg = Idg on a symmetric strict monoidal
Ch[}gl’o}—category (C,®,1,v) admits the even simpler integration as the sylleptic symmetric
strict monoidal Chgl’o]—category (C,®,1,v,% := ~T). This is because the strict factorisabil-
ity relations (6.1.5¢)/(6.1.5d) are already “linear” whereas the strict hexagon axioms (4.2.4) are
“grouplike” and the infinitesimal hexagon relations (4.2.7) are linearisations thereof. A

Theorem 6.1.5. Given any 3SPS m,—3 € ﬁ(;l(A, 3)5 on a fg sf CDGA A over the field K, the
family

URaV oy (U @4 V)[-1]

EU®A§V1 Lﬂf_@w)@AIU@AV (6.1.9)

Q1] @4 U @4 Q1] 04 V

Q1] ®4 Qa[l] AU @4V

1o, 1®avu,0,11®alv

defines a y-equivariant infinitesimal syllepsis in the sense of Definition 6.1.3 on the homotopy
2-category 4C = Hoy (AdgModfgSf) € dgC:ctt][Kfl’m’pS of the dg-category of fgsf dg-modules over A.

Proof. Remark 2.3.37 tells us that the weight 2 term of a 3SPS 7r7(12:)3 € Sym? (T4[-3 —1])*"* =
Sym? (Ta[—1])~" satisfies 87@(12:)3 = 0 thus the A-linear cochain map (-,-) : Sym?% (Ta[—1]) ®a
Qa[1]@aQ4[1] — A, explicitly given by (4.2.24), induces the coexact A-linear homotopy <7r7(12:)3, )€
AC [Q4[1] ®4 Qa[1], A", Though Lemma 4.2.11 told us that the family of maps (& € 4C[U, Qu[1]®4

U}O)UEAC is not natural but pseudonatural, the family (6.1.9) is actually natural because of the
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coexactness of ( n2)3, -) and the truncation on the homs. It can also be shown to satisfy the

infinitesimal factorisation relations (6.1.7a)/(6.1.7b) and the y-equivariance relation (6.1.8) by
analogy with the proof of Theorem 4.2.12. O]

Example 6.1.6. Looking back to Proposition 3.2.17, if we are considering the 3SPS on the
Chevalley-Eilenberg algebra of a Lie 2-algebra g = (g_l 4 % L e ]) then the only possible

nontrivial terms are 739 : K — (A?g) [~1] and 73V : g — (A2 g) [-2]. Using the explicit basis
expression (4.2.31a), these bivectors enter as

Tyv (ui @ vg) = (TUV)iquuj ® vy (6.1.10)
= (—1)ll(71=D) <7r““56a3(9u + 7} $6°50,50,, s dar (U, N®us 1ddR ) >uj ® vy

where {0%}1<4<dim(g0) denotes the basis for (g°)* and 9, = 5067 9(1)7 likewise {C* }1<,<dim(g-1) denotes

the basis for (g~1)* and o, sC“)
Subexample 6.1.7. If (729 £ 0,732 = 0) then, in order for the syllepsis to be nontrivial,
we need to study those CEg-dg-modules which nontrivially represent both parts of the Lie 2-
algebra g = g~! @ g". An example of this case is provided by the 3-shifted symplectic structure
on the Chevalley-Eilenberg algebra of the shifted cotangent Lie 2-algebra T*[1]h from Remark
3.3.3. Given that the shifted cotangent Lie 2-algebra T*[1]h of an ordinary Lie algebra b is
constructed by placing the dual h* in degree —1 as in (3.3.1), nontrivially representing (7*[1]h)° :=
b automatically provides nontrivial action of (7*[1]h)~" := bh* by simply dualising. As said Remark
mentions, such 3-shifted symplectic structures enter the construction of the action functional for
higher-dimensional Chern-Simons theory hence (6.1.10) can be roughly thought of as a ‘sylleptic
deformation quantisation’ of the action functional. Another example of this case is provided by
those string Lie 2-algebras b, where the underlying Lie algebra b is a central extension as in
Example 3.3.9. A nontrivial action of h_! := K is simply given by scalar multiplication. v

Subexample 6.1.8. If (720 = 0,71 £ 0) then we only need study those CE4-dg-modules
which nontrivially represent g=!. Examples of this case are provided by: the Heisenberg string
Lie 2-algebra from Subexample 3.3.8, the Abelian string Lie 2-algebra from Subexample 3.3.7 and
the matrix trace of Example 3.3.6. v

Finally, recall that Example 3.3.5 told us that all 3SPSs on the Chevalley-Eilenberg algebra of a
string Lie 2-algebra of a semisimple Lie algebra are trivial hence we can say “semisimple string
Lie 2-groups only admit trivial sylleptic deformations”. v

6.2 Coboundary syllepses

6.2.1 Construction from coboundary 2-shifted Poisson structures

The following remark is a specification of Definition 6.1.1 and makes use of the formulae for the
cochain /homotopy components of an inverse pseudonatural isomorphism (4.1.18).

Remark 6.2.1. Given a ~y-equivariant hexagonal Breen ¢, consider the first-order deformation
(5.1.16). A o-equivariant syllepsis ¥ := h+T is such that 7" must satisfy the five relations:

1. Forall UV € CX C,
8TUV = tUV . (621&)
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2. Quasinaturality, i.e., for all f € C[U,U']° and g € C[V,V']°,

(feg)Tyy —Towv (f®g) =ty . (6.2.1b)

3. For all UVW € C¥3
Toowy = Tov @ Ly + (o @ lw) (v @ Tow) (ov @ 1w) . (6.2.1¢)

4. For all UVW € C¥3,
Tovyw = 1o @ Tvw + (1v @ ywv) Tvw @ 1Iv)(lu @ ww) - (6.2.1d)

5. For all UV € CX C,
Tov =wulveywy - (6.2.1e)
Because of (6.2.1a), we refer to T': t = 0 as a coboundary infinitesimal syllepsis. A

Definition 6.2.2. A coboundary 2SPS 7rn 2 € ISSI(A 2)* is one whose weight 2 term =

n=2

Sym? (Ta[—1])" is itself coboundary, i.e., 372, € Sym? (Ta[—1]) " such that d(7?y) = 72,

n=2

Theorem 6.2.3. Given any coboundary 2SPS 7,—o on a fg sf CDGA A over the field K, the
famaly

URaV oy (U @4 V)[-1]

£U®A§V1 )‘&<7~TL2_>27‘>®A1U®AV (6.2.2)

Qa[l] @4 U @4 Q4[] @4V

QA @4 Qa1 @4 U @4V

1o, m®avu,0,11®alv

defines a vy-equivariant coboundary infinitesimal syllepsis in the sense of Remark 6.2.1 on the
homotopy 2-category 4C = Hoo (AdgModfgSf) e dgCat][Igl’o]’pS,

Proof. Example 5.1.5 told us m,—, induces a ~vy-equivariant hexagonal Breen infinitesimal 2-
braiding ¢ and it is obvious that, by construction, the first condition (6.2.1a) of Remark 6.2.1 is
satisfied. The only relation in Remark 6.2.1 which remains to be checked is the quasinaturality
(6.2.1b),

Torv (f ®a9) =tz(1 @47 @4 1) (& f ®a&vig)
=1:(1@47®a 1) ([(1 @4 f)é — 0&f] @4 [(1 @4 9)&v — 0&y])
=(f®49)Tov —tx(1R047R41) (§ Ra[1®agléy + (1 ®a f)éu — 0&f] ®a &)
=(f®a9)Tuv —trmg , (6.2.3)

where the second equality uses the pseudonaturality (4.2.21) of &, the third equality uses the
hom-truncation and the last equality uses the pseudonaturality (4.2.21) of £, again, on the last
term together with the definition (4.2.27b) of the homotopy components of t. O

Example 6.2.4. Consider the case of a 2SPS on the Chevalley-Eilenberg algebra of a string
Lie 2-algebra b, as in Proposition 4.3.5. The string Lie 2-algebra has a trivial differential and
h-! := K acts trivially on hY := b thus §(s6%) and 6(sv) have no sv term as in (4.3.7b) hence

0 (%) = 0 thus 729 = smibs? 8(59%33% can only be coboundary if 7% = 0. On the other
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hand,

0 0 0
G, ~ ) ~ fist’ b5t 50— 6.2.4
(a(sez)) A TP I A To (6:2.4)
) d 2,1) _ _a.pb ) d :
yet 83@83@ = 0 in Pol(CE,, 2)* therefore Toey = Ty s8° 8° 504078 55y @dmits the cobound-
ary 720 = 7?2538(%01-)33% if m¢ = 7f%. Now recall that Example 3.3.13 told us that every

2SPS is merely given by an inner derivation 7T£LQ:’12) = ly,] : b — b if the underlying Lie algebra b

is simple. In this case, we expand the Lie algebra element y in terms of a basis {xi}lgigdim(h) as
y = f'z; so that the inner derivation acts on basis elements as [y, z;] = ' f3x,. In other words,

s, 3 0
d(s6%)  O(sv)

7T7(1:’12) =y,"] = I ;;,seb s> — 7t=p" . (6.2.5)

In sum, though the 2SPSs on the Chevalley-Eilenberg algebra of a string Lie 2-algebra b, for
a simple Lie algebra § are merely given by inner derivations of h thus homotopically null and
inducing homotopically trivial deformations of the symmetric braiding, these 2SPSs are nontrivial
in the coboundary sense hence they induce nontrivial deformations of the identity syllepsis. Vv

6.2.2 Second-order coboundary syllepses

For a coherent totally y-equivariant hexagonal ¢, consider the o-equivariant syllepsis ¥ := hyT
from Remark 6.2.1 and the braided pentagonal strictly-unital monoidal Ch][lg[,{bj(/ﬂ(h;g)—category (5.2.37).

Remark 6.2.5. First we mention that (6.1.1a) and (6.1.1b) hold to order h? because of the
y-equivariance of ¢ and because ¥ has no order h? term. The order h? relation of (6.1.2b) reads
as

2L + R = —<£231 —+ 2R231) -+ 12t13T12 — 12T13t12 s (626&)

where we used Remark 4.1.16 for the inverse (H25,)™!. The order h? relation of (6.1.3b) reads
£ + 2R = —(2£312 + R312) + 12t13T23 - 12T13t23 . (626b)

Lemma 5.2.25 gives us: L9317 = R, R312 = L and Roz; = L3192 = L4132, and coherency gives us
L1320 = —(L+ R) hence (6.2.6a) and (6.2.6b) become, respectively:

t13T12 = Tistio ; t13T23 = Tigtas - (6.2.6¢)
Likewise, the order h? relation of (6.1.4b) reads as
t,T]=0 . (6.2.6d)
Truncation of the homs together with 0T =t gives us
t13T1s = (0T13)Tho = T130Ths = Tistrs . (6.2.6¢)

The other relation in (6.2.6¢) and the relation (6.2.6d) are proved similarly. A

6.2.3 Third and higher-order coboundary syllepses

Definition 6.2.6. Given a coherent totally y-equivariant hexagonal ¢ and the relevant monoidal
data,

(C[[h]] s ®, o= q)(tlg,tgg) , 0 1= ”ye”ht, HL = ”)/1(23)11, %R = ’}/(12)3R) s (627)
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if we have a syllepsis ¥ := I : ve™"* = ~e™™ then we call I' : e™ = ¢~ 3 pre-syllepsis.

Consider the right factorisation axiom (6.1.3b),

H = agpSaoa + (H)5n — 03l 0Dy — Siaaigon (6.2.8)
We use the formula in Remark 4.1.16 to write the inverse of the left hexagonator (5.2.2b) as
(H') ™! = o gz Hia™ 01(33)04231 = (H")a = —03' ooy /71'[3120‘3112‘73(12)0471

Hence, we arrive at the following index equation

R = O(ti2, t13)(12)3P(t23, t12) — e TS D (tys, t13)e B Ry 3D (9, tiz)e TN D (tag, ty)
— €_mht13q)<t23, t13>F23 — Flgq)(tgg, tlg)emng . (629)

Analogous arguments show the left factorisation axiom (6.1.2b) to yield

Rio1 = ®(tas, t13) 1023y P(t12, to) — € ™3 ®(t1o, tr3)e” ™12 Rag1 Ptag, trz)e ™1 B (15, ta)
— e T MBD(tyy, t13) 12 — T13P(t12, tyg)e™ "2 - (6.2.10)

The o-equivariance property (6.1.4b) simply translates as
F = G_Wihtrgleﬂiht = B_Wmadt (Fgl) . (6211)

Remark 6.2.7. Recalling the coboundary infinitesimal syllepsis 7" : t = 0 of Remark 6.2.1, we
consider the candidate pre-syllepsis

(miht) 2m
= 2mih . 6.2.12
™ Z 2m + 1) ( )
Remark 6.2.1 tells us that 7T satisfies:
Ti23) = Th2 + T3 : Tii2yz = To3 + 113 ; Tio =Ty . (6.2.13)

In particular, T} = Ty and t15 = to; implies I'15 = I'9; thus simplifying (6.2.11) to
[ = e mikade(y (6.2.14)

Now (6.2.6d) reduces the all-orders o-equivariance relation (6.2.14) to the tautology I' = I' hence
the only relevant relations going forward are the factorisation relations (6.2.9)/(6.2.10). A

We now wish to show that
) m3ik?
I' =2mihT —

t*T (6.2.15)

satisfies the factorisation relations (6.2.9)/(6.2.10) required of a o-equivariant pre-syllepsis on the
braided strictly-unital monoidal Chg;]’?2h4)—category (Cc[h]/(h4),®,[, o, I, o, HL,’HR). At order
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3, the right factorisation relation (6.2.9) reads as

3
™
5(3)([15(12)3 — 2t12, R] + [2ta3 — t1(23), ﬁ]) — ?( (L+R)tays +taz 3R> (6.2.16)
71.3@' 7'['37/' 7T3/i
= _?t(QIQBT(lZ)?) - ?[tm, ta] T2y — ?T(12)3[t237 t1o]

3 .

w34
— ((3)([ta2)s — 2t12, Rars] + [2t13 — taqaz), Lans]) + ?( (Lo13 + Roa1z) taz)s + t12)3R213)
34
- ?( (Lo13 + 2Ra13) taz)s + tazs (Lais + 2Ra1s3) )
3 3 3 3
+ 5 t23T23 +— 5 [t237t13]T23 + mPitTs Tos + 5 t%ng + ?TIB[t%;tlS] + m2iT13t5
Coherency of t gives us Ra13 = —(L+R) and total y-equivariance gives us L9135 = £ which leaves
34 734
3 —((L+R)tazs +tazsR) = 3 ([t12 + tos, t13]Ta2)s + Tazysltes, ties)) (6.2.17)

on the RHS. Using the hexagonality of t and T' together with the 2°4-order relations (6.2.6¢)/(6.2.6d)
guarantees the above 3™-order relation. The left factorisation relation (6.2.10) is proved likewise.

158



Chapter 7

Conclusion and Outlook

Let us quickly summarise what has been achieved in this thesis and then follow up such a conclu-
sion with a motivated outlook. Chapter 3 showed that a shifted Poisson structure (semiclassical
data) on a CDGA A with nice properties is given by a specific family of multilinear maps on
the underlying higher Lie algebra g where A = CE,. Section 3.3 classified the 2, 3 and 4-shifted
Poisson structures for explicit examples of Lie 2-algebras. For instance, Example 3.3.13 demon-
strated that, for the case of the string Lie 2-algebra of a simple Lie algebra b, a 2-shifted Poisson
structure is given by a derivation of h. Chapter 4 showed exactly how 2-shifted Poisson struc-
tures induce an infinitesimal 2-braiding ¢ on the cochain 2-category Hos ( AdgMode) of semi-free
A-dg-modules, A-linear cochain maps and A-linear homotopies modulo 2-homotopies, i.e., we ex-
plicitly described how the semiclassical data infinitesimally deforms the symmetric braiding of the
2-category of representations of g. Chapter 5 explored the 2°%-order integration of such infinites-
imal 2-braidings upon choosing the usual ansatz of the braiding as the exponential o := 7 e"™"*
and the associator as Drinfeld’s KZ series o := ®xy(t12,t03). It was demonstrated in Subsec-
tion 5.2.2 that the left /right hexagon axioms do not hold but are obstructed by combinations of
four-term relationators £ :=t;,, and R := t,,,. Subsection 5.2.3 verified that such obstructions
are indeed left /right hexagonators H%/# (as in Definition 5.1.3) provided that t satisfies some
niceness properties that Cirio and Faria Martins introduced [CFM15]. Finally, Chapter 6 proved
that 3-shifted Poisson structures induces syllepses on Hoy ( AdgMode) and coboundary 2-shifted
Poisson structures induce infinitesimal coboundary syllepses 1" : t = 0, the latter were integrated
alongside that of the infinitesimal 2-braiding.

7.1 Cartier integration of infinitesimal 2-braidings

As mentioned towards the end of Section 1.2, the Cartier integration of an infinitesimal braiding ¢
is carried out by studying parallel transport over Y,, := {(z1, ..., 2,) € C"| if ¢ # j then z; # z;}
with respect to the (flat) KZ connection,

Vikz :=h E wijti;
1<i<j<n

dz;—dz; .
where w;; = —?7:]' The braiding o := ve
1%

it and associator a := ®gy(t12,te3) are shown to

satisfy the hexagon/pentagon axioms by constructing contractible 1-loops in Y3 [BRW23, Section
2.3]/Y, [BRW23, Section 2.4]. Given an infinitesimal 2-braiding ¢ and defining

ACM = 2h Z Wij AN wkiﬁijk + Wik VAN wkiRijk s (711)

1<i<j<k<n
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CM proved [CEMI5, Section 3] that (Vkz, Acm) is 2-flat if ¢ is hexagonal and coherent.

Hexagonators and the Breen polytope [Kemp25'] showed that one can construct hexago-
nator series Hé{\f’ as a 2-holonomy with respect to (Vkz, Acum) over Y3. The 2"d_order term of
%éﬁf was computed and found to agree with the infinitesimal hexagonator h*/# from Construc-
tion 5.2.11. Assuming a coherent totally y-equivariant hexagonal ¢, it was demonstrated that the

Breen polytope axiom (5.1.13) is satisfied by translating it into a 2-loop in Yj.

Integrating infinitesimal coboundary syllepses to all orders Looking back to Subsection

; 2m
6.2.3, the right pre-hexagonator R := 7(_15)37-[1% and pre-syllepsis I := v 71X = 2mih Y ((2:221)1 T
must together satisfy, for example,

_rint —rilita: _rint it
R = @130 (12)3Ps01 — € ™13 D3 [e TRy 3Porze T 123301 — Tog] — iz Poge™ ) (7.1.2)

where @, := Pgy(ti2,t23). One would like to prove (7.1.2) by constructing a suitable 2-loop
in Y3 but there is an obvious problem; in order to construct, e.g., Ty : €2 = =i a9 g
2-holonomy of a 2-path, such a 2-path would have to have its edges either side of the singularity
29 = z3. This suggests that the only way to prove (7.1.2) would be by substituting the explicit
series formulae for all the terms involved as in Remarks 6.2.5 and 6.2.7.

The pentagonator and the rest of the axioms To complete the Cartier integration of an
infinitesimal 2-braiding (initiated in [[emp25']), we still need to construct a pentagonator series
[Ty and show that it satisfies the associahedron (5.1.2), left/right tetrahedron (5.1.10)/(5.1.11)
and hexahedron (5.1.12) axioms. We expect that II¢y would be constructed as a 2-holonomy
with respect to (Vkz, Acm) over Yy. A sanity check would be to compare the 3™-order expansion
of Ilcm and compare it with the known one (5.3.10). The associahedron axiom would be proved
by constructing a 2-loop in Y; whereas the left /right tetrahedron and hexahedron axioms would
require a 2-loop in Yj.

Tannaka-Krein reconstruction of Drinfeld-Jimbo quantum 2-groups Given a Lie al-
gebra g and a symmetric invariant 2-tensor ¢ € (Sym?g)?, the infinitesimal braiding induced on
Repgg = yyMod can be integrated as above and the reconstructed Drinfeld-Jimbo quantum
group is the cocommutative quasitriangular Hopf algebra

((Ug)[[h]],A,€,R = eiﬂ-ﬁt,q) = @Kz(tlg,t23)> . (713)

Given an L..-algebra g, there exists the notion of a weak representation [All14, Definition 2.2] and
an equivariant map between them [All14, Definition 3.3]. To the best of our knowledge though,
the notion of higher homotopies is not known nor is the composition of maps. In other words, the
dg-category wRepgg has not been explicitly described in the literature nor has its compatible
symmetric monoidal structure. Such an investigation has been undertaken by the author and it
was recently discovered exactly how to induce an infinitesimal 2-braiding on Ho, (WReng) from
the weight 2 term of a 2SPS 7y as characterised in Corollary 3.1.6. It was also recently found
that such an infinitesimal 2-braiding is indeed coherent (because of the third weight component
of the Maurer-Cartan equation) whereas the dg-module perspective only allowed us to speculate
this connection in Remark 5.2.32.
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7.2 Towards infinitesimal 3-braidings and beyond

We can ask what would happen if we lifted the truncation in the slightest manner and considered
Ch[_2’0]—categories, Ch!>%_functors, pseudonatural transformations, pseudomodifications and
“mutations”. In this context, a pseudonatural transformation ¢ : ' = G : C — D additionally
has 2-homotoper components &..) : C[V,W] ® C[U,V] — D[FU,GW][-2| and these must
satisfy, for all f € C[U,V]°, g € C[V,W]° and h € C[W, X]°:

G(g)ff + ggF(f) = Sor T a(fmf) )
G(h)&gr = EngF (f) = Sngp — Shogr

Looking back to the proof of Lemma 4.2.11, we can see that the de Rham pseudonatural transfor-

mation ¢ : id,c = Lq,q1) has trivial 2-homotoper components! However, the monoidal composite
EXY: FRG= FXG :CXD — C'X D' has 2-homotoper components

(€ W) prmg pmg = Eprp WG (g 9)0v + Ep F(f) R G (9N + & F(f ) Kby (7.2.38)
where U L U7 25 U” and V % V' 25 V" hence ¢ X € has the 2-homotoper components

(EXRE) g g = Epr f B (lo,n ®ag)Ey (7.2.4)

and the infinitesimal 3-braiding (4.2.26) has nontrivial 2-homotoper components. That being
said, it now becomes clear that completely lifting the truncation and considering the dg-category
adgMod® would mean that the infinitesimal dg-braiding ¢™ would only have cochain, homotoper
and 2-homotoper components because the n-homotoper components of the monoidal composite
are defined “affinely” as in (7.2.3). Furthermore, the infinitesimal dg-braiding ¢™ would still
satisfy the infinitesimal hexagonal relations as in Definition 4.2.3 simply because £ does. What
is surprising though is that the v-equivariance does not hold for (2-)homotoper components; for
example, the infinitesimal 3-braiding t™ satisfies:

YWt ryov = trmg + Oty 1089) — to(n@i,, 108g — LiR1, 108>
’YV”U"tg’&f/,ggf’yUV = _tflgg’,f@g + tf’ﬁlvu,f&g’g — tf’f@lv//,lUgg’(lU ®A g) . (726)
Using (7.2.4) and setting g = 1y, we can simplify (7.2.5) to tx1, = Ywoti,xpyov hence, for

example, ¢, 1, = Yw V)R, Yovyw- Lemma 5.2.9 made use of such relations to reduce the
independence between the four-term relationators but now they are pseudomodifications.

Four-term relationators A pseudomodification = : £ = ¢ : F = G : C — D also has
2-homotoper components = : C[U,V] = D[FU, GV][— ] 2] and these satisfy, for all f € C[U,V]°
and g € C[V, W]":

G(f)Ev —Ev F(f) = & =& —0(Ey)
G(g Ef"‘EgF(f) = fg,f_ég,f‘i‘agf

~—

In this context, given the diagram

/gﬂ\/\
WW

, (7.2.9)
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we have:

(08)g,r = 09580 + 0485 +O0wCor , (Vx&)gs=vagarF v +vagF'Es +vawF'éyy  (7.2.10)

hence the exchanger pseudomodification *?\,ew,g c(Ax0)(v*x€&) = M6 F'F = H'H has
2-homotoper components given by

<*§\,9|U,§)f = )\H\/Unglgf + )\H\/(Ugf -+ Vo, Gf — UnygU)FlfU — )\HfUQUF,fU s (7211)

and the left four-term relationator £ := %3 o tK1d has 2-homotoper components

idg |tvId® X idg
L mgmn = g, h + tiy Ry, (fog)Rh — U(fog)Rhtry 8y (7.2.12)

where f € C[U,U']°, g € C[V,V']® and h € C[W,W’']°. For our concrete £, the last term of
(7.2.12) vanishes. Recall as well from Definition 5.2.20 that total ~-equivariance of t required
52 ‘ = 0; this now imposes the additional constraint

Id®7'7|Z|Id1dC|taId®®1dc

2
(*Id@’ﬁgldidc\tvld@&idc)f&ggh = by By (fogRh — tgo nRhypy Ry = 0 (7.2.13)

and such constraint is indeed satisfied by the infinitesimal 3-braiding ¢™.

Higher weight components of SPSs This 3-categorical context also reveals how the weight
3 term of the 2SPS 73 contributes to the deformation data; again, Remark 5.2.32 conjectured
that the coherency of the infinitesimal 2-braiding is secured through the third weight component
of the Maurer-Cartan equation together with the truncation to Ch™"%-homs. Recall as well that
Proposition 5.2.33 stated how coherency is related to the satisfaction of the Breen polytope axiom.
Our infinitesimal 3-braiding ¢™ will not be coherent but, rather, quasi-coherent with 73 inducing
an “infinitesimal Breen polytoper”. A mutation M :Z~~Z: (=3¢ F=G:C > Disa
family of 2-homotopies My € D[FU, GU] ™2, i.e., O0(My) = Zy — =y such that, for f € ClU, V1,

G(f)My —MyF(f) = 2, - Z; . (7.2.14)

The infinitesimal Breen polytoper B™ : £ + Lo31 + L1320~ 0: 0= 0: ®? = ® : C* — C would
satisfy analogous infinitesimal hexagon and ~-equivariance relations.

Braided monoidal cochain 3-categories There is no consensus in the literature on a defini-
tion of a “Braided monoidal tricategory” in the same way as there is for that of braided monoidal
bicategories [CSP 14, Appendix C]. Nevertheless one can build a sensible definition as follows: first
define a (strictly-unital) monoidal cochain 3-category as additionally having a “associahedrona-
tor” mutation and use the Stasheff polytopes [StaG3] to derive its higher coherence condition.
Then define a braiding as now having “tetrahedronator/hexahedronator/Breen poltyoper” muta-
tions and use Kapranov and Voevodsky’s shuffle polytopes [KV94b] together with permutohedra
[GR63] to derive all the higher coherence conditions. The ‘niceness’ properties of an infinitesimal
2-braiding became relevant at 2"d-order hence we would expect that of an infinitesimal 3-braiding
to be revealed at 3"-order. Such properties would motivate exactly how one would define a KZ
3-connection and its 3-holonomy [FMP11] would provide the means to Cartier integrate.
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Appendix A

Tricategorical checks

This appendix provides the well-definition checks needed in Subsection 4.1.1 for the compositions
of the tricategorical universe dgCatE{l’O]’ps. Note that this appendix will not provide checks for
associativity, unitality or preservation of units because these properties are relatively immediate
and, importantly, do not require making use of the truncation.

A.1 Pseudonatural transformations

A.1.1 Vertical composition

GivenFéGgH:C—)D,WedeﬁneF0:£>H:C—)Dbysetting:

(96)(] = HUSU , (9€)f = foU + evff . (All)
Checking (4.1.12a) is straightforward,
(08 + (0§)oy = (005 + 0oy ) + Oy (0&s + Eo) = H f Ouly — OvEv F f (A.1.2)

where the second equality used the fact that 6 and £ satisfy (4.1.12a). Checking (4.1.12b) is less
straightforward,

(08) gy = (Hg0r + 0,G )& + 0w (Gg &y + EF f)
= Hg08u + 0,(§&vFf+08f) + (HgOv — 00y)§ 5 + OwSF f
= Hg (08 + 0vE;s) + (0,8v + 0wy F f (A.1.3)

where the first equality used the fact that 6 and & satisfy (4.1.12b), the second equality used the
truncation to omit terms like 0,65 whereas the last equality used the truncation to annihilate

the term 6,0&; — (00,)¢5.

A.1.2 Horizontal composition
Given F 2 G:C > D and F' % G': D — E, we define F'F 25 G'G : C — E by setting:

(v &)y = vauF'&y : (v* &)y = varF'éy + vav F'éy
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This time, checking (4.1.12a) requires using the fact that Chg;l’o}—functors are locally cochain,

6(v * §)f + (U * 5)3f = (avgf + Ua(Gf))FlfU + UGVF/(aff + faf) = G/Gf UGUF/fU — UGVFISV F/Ff.
(A.1.4)

Again, checking (4.1.12b) requires using the truncation,

(V*&)gr = (G'Gguay + vy F'Gf)F &y +vaw F'(Gg &y + &, F f)
= G'GguaF'éy + va F' (EvF f + 0&5) + (G'Gguay — Ovgy) F'é +vaw F'¢y F'F f
= G/Gg (UnglfU —|— UG\/Flff) + (Unglfg —|— UGgFlgv)F,Ff . (A15)

A.2 Modifications

A.2.1 The exchanger

Given

m/\

; : (A.2.1a)
\9“/ W
the modification *2 Ax0)(vx&) = M0 F'F = H'H has components
(M0),(v:6)
(*%A,G),(v,f))U = Aguvg, F'éy . (A.2.1b)

Checking (4.1.15) is straightforward,

A(xr0),(e))u = v G O] [vau F'éu] — M) pu F' (08)y = [(A % 0) (v + )]o — v+ ¢y,

where the first equality used the fact that 06y = 0 hence Ovg, = G'0y vey — vy F'0y. Checking
(4.1.16) is more involved,

H/Hf AHUVay F/fU - )\HVUOVF/(fVFf)

= AgvG Hf + 0Xgyslve, F'éy — Auvve, F' (G f&y — 0&5)

= Aavvmre, — vnF'0u + G'Ovugy — veyar| F'éu
+ OAm Ve, F'Su — Arvve, F'Es] + Ag[0vo, JF Sy + Anv[0ve, [F'E;

= Auv|[0vg, + vag, — v F'0u + G'Ovugs| F'éy + Au¢|G'0u vau — vau F'Ou) F'éu
+ Auv [G'Ov vay — vy F Oy F'Ey

= AavG' 0 + AusG'Oulvau F'éy + Aav G Oy [var F'&y + vav F'Es] — Aupvnu + Aavons) F' (Ouéo)
— Amvonv F'(OvEs +0580)

where the second equality uses (4.1.12b) on the first and third term whereas the last two equalities
use the linearity of the homotopy components together with (4.1.12a).
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A.2.2 Lateral composition

=/

Given ¢ 3 ¢ =2¢":F=G:C—D,wedefine= - Z:£=¢": F = G:C — D by setting

[1

Checking well-definedness is incredibly easy:

OEy +Ev) =& -+ - =8 — & ) (A.2.3a)
GfEy —SyFf+GfEy —EvFf=¢ — &+ & — €& =€ —¢ : (A.2.3b)

A.2.3 Vertical composition
Givenz : ({=¢: F=Gand ©:0=0:G = H, we define O= : 0§ = 0'¢' : F = H as
(0Z)y = Ouéy +0;Zu . (A.2.4)
Checking (4.1.15) is straightforward,
I(OF)y = (00v)su + 0,0y = (Ou — 0p)&v + 0y (§v — &) = Ovsu — 0y - (A.2.5)
Checking (4.1.16) requires that we use the properties of a pseudonatural transformation,

Hf [Ouév + 05| — [Ovéy + Oy EV]F f

=[OvGf +0; — 0w + [0,Gf + 0042y — Oy [Gf &y — 0] — 0 [Gf Eu — &5 + &

= 018y — 05 (0Zy + &) + (00))Zp + Ov 0Ly + (B — 00v)&y — 01,€)

=0s8u + O0vEr — 058y — 0y &y (A.2.6)

where the first equality used (4.1.15) on the first and fourth term together with (4.1.12a) on the
second and third term.

A.2.4 Horizontal composition

Given modifications Z: { = ¢ F=G: C—o>Dand T:v=v': F' = G : D — E, we define
TxZ:vxf=20*F'F=GG:C—Eas

(T * E)U = TGUFISU + U/GUF/EU . (AQ?)

Comparing the well-definition check of the vertical composition of pseudonatural transformations
in Subsection A.1.1 with that of their horizontal composition in Subsection A.1.2, we can see
that the well-definition check of the horizontal composition of modifications (A.2.7) will use the
same steps as was used in the well-definition check of the vertical composition of modifications
in Subsection A.2.3 but now with mention that the Chg{l’o]—functors are locally cochain.
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A.2.5 Naturality of pseudo composition constraint

The pseudo composition constraint *? is a natural isomorphism hence the following diagram must
commute

(A*0)(v*¢)

_ 2
(A%O)(T*E) *0n0),(v,6)

(N x0) (v x&) AU * O

()\/ 07),(v’,€")

N 9/5:/
We can determine the components of the mutation via the following computation,
[(A * @)(T * E)]U - [AT * @E]U + [*%}J,G’),(U’,ﬁ’)][] - [*?A,G),(U,E)]U
= AHU[GIQUUGU - UHUF/HU]FlfU + A}{ [G,@UUGU - UIHUF,@U]F,SU - )\HUUGUF/fU
= Apu(0vg, ) F'éy + Ny (0T yu ) F'Ou + ng,%]F §u — Auvve, F'éy
+ Ngulve, — vy, — Taud(F'Ou)|[F'&y + Ny (Ovg, ) F'Eu + Ny, F'&
=0

where the second equality used, for example, G'Oy vay = vyy F'Ou+vase,, together with 0Ty =

vy — Uy and 00y = Oy — 6y,.

A.2.6 Exchange for lateral and vertical /horizontal composition

In this tricategorical framework, the vertical composition o is a functor hence we must have
O=z)-(02)=(0"-0)=2):0=20"¢" . F=H:C—>D |, (A.2.8a)

which is easy to check,

(©'F )y + (02)y = Oy + 052y + Ouéy + 0y Ey
= Oy(&u — 0Zv) + 04y + Ouéu + (07 + 00y)=y
= (@/ . @)U&] + QZ(E/ . E)U . (A.2.9a)

The horizontal composition is locally functorial hence we must have lateral and horizontal ex-
change but, as in Subsection A.2.4, this check will follow the same steps as above.
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