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Abstract

This thesis presents a detailed study of the interpretability of hierarchical fuzzy systems
(HFSs). It focuses on the development of a design guidelines framework for interpretable
HFSs. This thesis aims to fill some of the gaps in the body of knowledge. Several research
questions are raised, including: “How can the interpretability of HFSs be measured with
indices?”, “How can complexity be comprehensively measured in HFSs?”, “How can user
perception on the interpretability and complexity of HFSs be captured?” and “How can
interpretable HFSs be designed?” Thus, to study the interpretability of HFSs, this thesis
includes the following methodology discussed in different chapters.

First, measures of interpretability are investigated, and an index measuring interpretability
specifically in HFSs is introduced. The best way to know about interpretability is by
learning how to measure it. Although many researchers have suggested indices to measure
interpretability, none of them try to measure the interpretability of HFSs. Indeed, all of them
only focus on measuring the interpretability of fuzzy logic systems (FLSs). This is due to
the HFSs’ architecture, i.e., multiple subsystems, layers, and topologies, and this presents a
significant challenge to measure the interpretability of HFSs. Based on this investigation, this
study successfully introduces an initial index for measuring the interpretability of HFSs. The
initial index is built based on the challenges arising from the structure of HFSs mentioned.

Due to the subjective nature of the interpretability, the best way to validate the proposed
measurements of interpretability of HFSs is by asking the users. However, it is not an easy
task to get the user perception, particularly on the interpretability, and there is a lack of
research on this issue. Therefore, the second focus of this thesis presents research on a new
method of capturing user perceptions of the interpretability and also complexity of HFSs.
This is the first time that user study has been used to obtain and assess both qualities in HFSs.
Based on this, a new analysis of the relationship between interpretability and complexity
of HFSs is presented, and this provides insights into the process of developing measures of
interpretability of HFSs.

However, rather than just using the user study to evaluate the measurements directly, this
study also uses input from the user study to ‘guide’ the measurement of interpretability of
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HFSs in what is known as a participatory design approach. The participatory design approach
enables the subjective views of a range of users to be taken into account in shaping the
measurement of interpretability of HFSs. Thus, the use of the participatory design approach
to configure the resulting measurement of interpretability of HFSs is also evaluated.

Complexity is seen as an essential component in determining interpretability. In FLSs,
complexity is expressed by the number of rules, variables, and fuzzy terms, called rule-based
complexity. Several studies have used indicators (for example, the number of rules) to
measure the complexity of FLSs. However, none of the studies considered the structure of
HFSs, i.e., multiple subsystems, layers and varied topologies, which may also affect the
complexity of HFSs. In addition, the user study revealed different perceptions of complexity
in HFSs. Therefore, research is then presented on improving the complexity measurement in
HFSs. The measurement is based on combining rule-based complexity with the structural
complexity.

Designing an interpretable HFS is a challenging task because of the need to define the
interpretability of the architecture of the HFS (the subsystems, the input variables of each
subsystem, and the interactions between subsystem), as well as the rules of each subsystem.
To assist with this, a design guidelines framework for interpretable HFSs is produced. The
framework is based on the measurement index of interpretability and complexity that is
presented earlier. The framework consists of five guidelines for building interpretable HFSs.

Finally, to demonstrate a design guidelines framework for interpretable HFSs on the real-
world example, a design for an interpretable HFS for a neonatal intensive care unit (NICU)
is produced. It is aimed to provide understandable decision support model to clinicians. In
the medical context, it is essential for people to understand the importance of the system
features. The HFSs is then practically illustrated by using real physiological data at NICU
and compared with a flat FLS system. The results show that the design guidelines framework
can offer the ability to design an interpretable HFS in practice efficiently.
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Chapter 1

Introduction

1.1 Background and Motivation

Interpretability is often known as a synonym for comprehensibility, intelligibility, or trans-
parency [1], which is a desirable property for all kinds of applications such as knowledge
extraction and decision support [2, 3]. As reported in [4], a model can be defined as inter-
pretable if its behaviour is intelligible, i.e. it can be easily perceived and understood by a
user. Interpretability has a more cognitive aspect, and its study penetrates several disciplines,
including machine learning [5]. In mathematical logic, interpretability is a relation between
formal theories that expresses the possibility of interpreting or translating one into the other
[6]. Thus, interpretability is closely connected with the ability of users to understand the
model. The concept of interpretability is considered in various fields such as education,
medicine, computer science, engineering, physics and social sciences, which show a universal
interest in interpretability. For instance, the concept of interpretability in medical domains is
essential, that is, allowing physicians to understand why predictions or decisions are made,
giving reasons behind the decision to further accept or overcome model output [7].

Fuzzy logic systems (FLSs) are one of the currently used techniques for modelling non-
linear, uncertain and complex systems. An essential characteristic of FLSs is the partitioning
of the space of system variables into fuzzy regions using fuzzy sets [8]. In each region,
the characteristics of the system can be described merely using a rule. Generally, an FLS
consists of a rule base with rules associated to particular regions, where the information
available is transparent and easily readable. This characteristic of fuzzy systems has been
employed in many fields including medical [9], engineering [10], decision support [11],
pattern recognition [12], and others.
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One of the strengths of FLSs is their interpretability [13]. In contrast, neural networks
are viewed as black boxes because mathematical formulae set the mapping between inputs
and outputs. Black-box modelling can simulate a real-world system reliably and precisely,
but the model structure and parameters usually give no explicit explanation about the system
behaviour [14]. Conversely, FLSs can be seen as grey boxes in the sense that every element of
the whole system can be checked for plausibility [15], in which relationships between input
and output variables are established in terms of a fuzzy logic-based descriptive language. In
addition, FLSs consist of linguistic variables [16] and linguistic rules [17] which are easy to
interpret by the user [18, 19] because they are quite close to expert natural language. Also,
interpretable FLSs produce a model that not only performs good global prediction, but also
generates a parsimonious and understandable rule base, and as according to the principle of
Occam’s razor: “The simplest hypothesis or theory agreeing with the facts is the best one”
[20]. Hence, the “unique selling point” of FLSs is usually related to a capability in producing
simple rule-based solutions using simple terms [21].

Interpretability indicates how easily an FLS can be understood by human beings [22].
In recent years, the interest of researchers in obtaining more interpretable fuzzy models has
increased. It is usually assumed that the interpretability of FLSs is automatically related
directly to the number of linguistic rules [14]. However, other factors should also be
considered to measure the interpretability of FLSs, such as the number of conditions, number
of membership functions (MFs), number of features, consistency of rules, transparency of
rule structure, completeness or coverage of MFs and so on [23]. Due to the large number of
factors involved and subjective nature of interpretability (e.g. it depends on the background
of the person who makes the assessment), the choice of an appropriate interpretability
measure is still an open discussion. Thus, substantial research on interpretability measures
[14, 23, 21, 15, 24–28] proposes interpretability indices for FLSs. Additionally, complexity
is an essential component to determine the interpretability of FLSs. Thus far, complexity
has often been used as an indirect measurement of the interpretability of FLSs. Several
researchers claim that reduction of complexity in a system will lead to better interpretability
of the fuzzy systems [22, 29, 30].

At present, a fundamental issue in FLSs is the curse of dimensionality; that is, the number
of fuzzy rules required increases exponentially with the dimensionality of the input space
[31]. Suppose there are n input variables and m membership function for each input variables,
then mn rules are needed to construct a complete fuzzy system. This problem of rules
explosion increases complexity and reduces transparency and interpretability, which is then
a major disadvantage [32]. To address this problem, several methods have been proposed
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for optimizing the size of the rule-base such as rule selection [33–37], feature selection [38],
rule interpolation [39, 40], singular-value decomposition-QR [41], evolutionary algorithm
[42], fuzzy similarity measure [22] and rule learning [14]. Most of these techniques involve
the modification of the original input variables of fuzzy systems, which can cause the loss of
the original meaning of variables [2] and also reduce the model interpretability. Nevertheless,
one effective way to deal with this problem is through the use of a special type of FLS,
namely hierarchical fuzzy systems (HFSs), which reduce the number of rules while retaining
the original meaning of variables [43–45].

Raju et al. [43] first introduced HFSs as a valuable approach to overcome the curse
of dimensionality. The idea of HFSs is to put the input variables into a collection of
low-dimensional fuzzy logic systems connected hierarchically, instead of creating a single
high-dimensional rule base for a fuzzy logic system. Implementing this approach provides a
way to deal with this problem of rule explosion, thus minimising complexity, and improving
model interpretability. HFSs have an essential property that the total number of rules increase
linearly rather than exponentially as in conventional fuzzy systems [46, 43, 44, 47]. In HFSs,
if we consider two input variables per low-dimensional fuzzy system and define m fuzzy sets
for each variable, then each low-dimensional fuzzy system consists of m2 rules; therefore, the
total number of rules is (n−1)m2, which is a linear function of the number of input variables
n [47]. Thus, the total number of rules in HFSs will always be equal to or lower than that of
the ‘equivalent’ FLS. However, the main challenge with HFSs is to address a problem of loss
of physical meaning at the intermediate output variable which may make them difficult to
design. This problem can also present a drawback concerning their interpretability. Therefore,
several researchers [48, 46, 49–53] have proposed a new approach in designing HFSs in an
attempt to tackle the issue of lack of physical meaning of intermediate output in HFSs.

According to Benítez and Casillas [54], an HFS may improve the interpretability as
“(i) the hierarchical structure generates a lower number of variables, (ii) the algorithm does

not generate artificial linking variables, and so, all of the variables are interpretable because

they belong to the system, and (iii) the rules are simpler because the number of variables

per module is lower. At the same time, the accuracy is maintained or improved”. Despite
the fact that several researchers have claimed that HFSs can reduce complexity and thus
improve the interpretability in FLSs, the remaining issue is: “How can the interpretability of
HFSs be measured?” To date, there has been no attempt to extend interpretability indices
created for ordinary (non-hierarchical) FLSs, such that there is no formal measurement for
the interpretability of HFSs which includes issues such as their topological structure, the
number of layers, or the meaning of intermediate variables.
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Intuitively, the fewer the number of rules in HFSs the more complexity is reduced. This
can give an advantage to the interpretability of HFSs, as stated in [55], “interpretability

maximisation is often handled as complexity minimisation”. Also, Alcala et al. [56], stated
that reducing the model complexity is a way to improve the system readability, i.e., a system
with a minor number of rules requires a minor effort to be interpreted. Thus, complexity is
often used as an indirect measurement of interpretability in FLSs. However, questions arise
such as: “Does the reduction of the complexity in HFSs improve their interpretability?” and
“How can the complexity of HFSs be measured, taking into account its structure?” These
issues are still unclear since there is no formal measurement for complexity in HFSs that
considers the structure of multiple subsystems, layers and different topologies.

Torra in [57] has claimed that building an HFS is a challenging task because of the
need to define the architecture of the HFS (the subsystems, the input variables of each
subsystem, and the interactions between each subsystem), as well as the rules of each
subsystem. Also, the fundamental issue with HFSs is how to handle the loss of physical
meaning of the intermediate output variables and consequently they are difficult to design.
Several researchers [48, 46, 49–53] have proposed a new approach in designing HFSs as
they tried to tackle the issue of the lack of physical meaning of intermediate output in HFS.
However, it still not clear whether these design approaches can really improve the model
interpretability and minimise the model complexity. This is due to the fact that to fully
understand the concept of interpretability and complexity in HFSs is a challenge and remains
uncertain.

This thesis aims to fill these research gaps.

1.2 Aims and Objectives

The main aim of this thesis is to develop a design guidelines framework for building inter-
pretable hierarchical fuzzy systems.

Several research questions and hypotheses underlying the overall work were identified at
the beginning of this thesis. This knowledge gap has led to the formulation of the following
research questions:

• Is there a way to measure the interpretability of HFSs?

• What is the best way to obtain users’ perception of the interpretability?

• How can a measure of interpretability be validated?
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• How can the complexity of an HFSs’ structure be measured?

• How can interpretable HFSs be designed?

In order to achieve the aims stated above and to answer the research questions, the
following objectives were identified:

1. To investigate the assessment of interpretability of HFSs.

2. To establish standard methodologies for capturing perceptions of the interpretability
and complexity of HFSs from users.

3. To guide the measurement of interpretability of HFSs.

4. To explore the measurement of complexity in HFSs.

5. To build a design guidelines framework for interpretable HFSs.

6. To demonstrate the design guidelines framework for interpretable HFSs in a real-world
example.

The first objective is discussed in Chapter 3; the second is presented in Chapter 4; the third
is given in Chapter 5; the fourth is addressed in Chapter 6. Finally, the last two objectives are
described in Chapter 7.

1.3 Contributions to Knowledge

This thesis makes a number of contributions to the field of interpretability of fuzzy systems,
particularly for HFSs, as detailed below:

1. An interpretability assessment of HFSs is introduced. This is the first work that
undertakes a formal assessment to measure the interpretability of HFSs, which has
been built based on the challenges arising from the structure of HFSs, including their
multiple subsystems, layers and varied topologies. Therefore, this thesis makes a major
contribution to the knowledge of interpretability assessment.

2. A novel study to capture users’ perception on the interpretability and complexity of
HFSs is presented. Due to the subjective nature of interpretability, it is not an easy
task to obtain users’ perceptions, particularly of interpretability, and there exists a lack
of research addressing this issue in fuzzy systems. Thus, this method of designing
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the user study is a significant contribution to the knowledge of interpretability in this
context.

3. Novel analysis of interpretability and complexity of HFSs based on the user study
is undertaken. This is the first time that such a user study has been used to assess
the relationship between interpretability and complexity in HFSs. This analysis adds
insight and new knowledge into this relationship, particularly in HFSs from the user’s
perspective.

4. The development of an interpretability measurement of HFSs using a participatory
design approach is proposed. The participatory design approach is utilised to guide
the measurement of interpretability. This approach enables the subjective views of a
range of users to be taken into account in shaping the measurement of interpretability
of HFSs.

5. This thesis contributes to the current debate of complexity measurement with the
introduction of a combined rule-based and structural complexity index, in order to
establish a comprehensive measurement of complexity in HFSs.

6. A novel design guidelines framework for interpretable HFSs is proposed. The frame-
work is based on the measurement index of interpretability and complexity of HFSs
consisting of five key design guidelines for building interpretable HFS.

7. The design of an interpretable HFS for supporting decision-making in oxygenation
levels to be administered with a neonatal intensive care unit (NICU) is detailed, consti-
tuting a demonstration of the proposed design framework in creating an interpretable
HFS for a real-world application.

This research work has led to several refereed papers —- one journal paper (under review)
and three conference papers. A complete list of publications is reported in Section 8.5.

1.4 Thesis Outline

The thesis is presented in eight chapters, as follows:

Chapter 1. Introduction: This chapter presents an introduction to the scope of research in
this thesis. This chapter outlines a discussion on the background, motivation, research
questions, research objectives and also contributions of this research.
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Chapter 2. Literature Review: In this chapter, some of the related studies conducted by
previous researchers are reviewed. The key research areas include the state of the art
of the fuzzy logic systems, hierarchical fuzzy systems, interpretability, complexity and
the case study of neonatal monitoring.

Chapter 3. An Initial Approach to Measuring Interpretability of Hierarchical Fuzzy Systems:
This chapter describes the interpretability measurement for fuzzy systems and consider
two essential aspects, namely complexity-based interpretability and semantic-based
interpretability. However, both aspects of measurement do not take into account the
structure of fuzzy systems, i.e., when it is hierarchical (HFS). Therefore, this chapter
investigates the measurement of interpretability of HFSs that have multiple subsystems,
layers and varied topologies. At the end of this chapter, an initial index for measuring
the interpretability of HFSs is presented.

Chapter 4. An Exploratory User Study on Perception of Interpretability in Hierarchical

Fuzzy Systems: This chapter presents an exploration user study on perception of
interpretability in HFSs. The use of user study as a means to obtain and assess the
interpretability and also complexity in HFSs is the highlight of this chapter. This is
due to the fact such study has never been researched previously. Later, this chapter
elaborates on the analysis of the relationship between interpretability and complexity
of HFSs, including the descriptive analysis of the survey data, analysis of individual
differences in perceived interpretability and complexity, and statistical analysis of the
interpretability and complexity.

Chapter 5. Participatory Design Approach to Guide the Measurement of Interpretability in

Hierarchical Fuzzy Systems: In this chapter, a participatory design approach is utilised
to guide the measurement of interpretability that presented in Chapter 3. This approach
enables the subjective views of a range of users to be taken into account in shaping the
measurement of interpretability of HFSs. At the end of the chapter, a demonstration
and evaluation using the participatory design approach to configure the measurement
interpretability for HFSs is presented.

Chapter 6. An Improved Complexity Measure in Hierarchical Fuzzy Systems: Complexity
is an essential component in interpretability. Therefore, this thesis looks in detail at
the complexity of fuzzy systems, particularly HFSs. In FLSs, complexity is expressed
by the number of rules, variables, and fuzzy terms – rule-based complexity. Several
studies have used indices, e.g., the number of rules, to measure the complexity of
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FLSs. However, none of the studies consider the structure of HFSs, i.e., multiple
subsystems, layers and varied topologies which may also affect the complexity of
HFSs. Therefore, this chapter introduces an approach to obtain a comprehensive
measurement of complexity in HFSs by combining the rule-base complexity with the
structural complexity.

Chapter 7. A Framework for Guiding the Design of Interpretable Hierarchical Fuzzy Sys-

tems: This chapter presented a design guidelines framework for interpretable HFSs.
The framework is built based on the measurement index of interpretability and com-
plexity that presented in Chapter 5 and 6 respectively. The framework consists of
five key design guidelines for building interpretable HFS. Finally, a demonstration
of the framework to guide the designing of an interpretable HFS on real-world is
presented. Specifically, the demonstration focuses on the design an interpretable HFS
for a neonatal intensive care unit (NICU).

Chapter 8. Conclusions: This chapter discusses the contributions and the limitations of the
thesis. The recommendations for future research are also discussed in this chapter. A
list of publications and oral presentations derived from this work is also reported.



Chapter 2

Literature Review

2.1 Introduction

This chapter presents relevant background information on the research subjects in order to
identify gaps in the body of knowledge. The key research areas include the state of the art
of FLSs, HFSs, interpretability, complexity, and a case study of neonatal monitoring. As
stated in Chapter 1, the aim of this thesis is to develop a design guidelines framework for
interpretable hierarchical fuzzy systems. The literature review begins with Section 2.2 which
provides a brief overview of the components in FLSs including fuzzy sets, membership func-
tions, linguistic variables, rule bases and an overview of designing FLSs. The introduction
of HFSs is discussed in Section 2.3. This section includes an overview of the definition
and structure of HFSs, related work on current HFSs, and the advantages and disadvantages
of HFSs. Section 2.4 presents the state of the art research on the interpretability of FLSs
including definition, assessment and current issues. Section 2.5 presents a summary of the
complexity of FLSs as a subcomponent of interpretability. This also includes complexity mea-
surement in other fields such as psychology, science and circuit design. Section 2.6 presents
a case study on neonatal monitoring including the existing work on neonatal monitoring in
the literature using FLSs. Finally, a summary of this chapter is presented Section 2.7.

2.2 Fuzzy Logic Systems

FLSs were first introduced by Lotfi Zadeh [8] in 1965 who was a Professor at the University
of California, Berkeley. He introduced the notion of fuzzy sets to handle such uncertain
environments and vagueness in information, and which now forms the basis for modern
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control theory. For more than fifty years, FLSs provided the basis for a successful method
of modelling uncertainty, vagueness and imprecision particularly in consumer products and
control applications [58].

The field of FLSs has been making rapid progress in recent years. There has been an
increasing number of works in many areas such as science, manufacturing, business and
also in the medical domain for decision making. Many researchers [9–11, 59–61] have
used fuzzy systems as a tool for controlling and modeling in many fields, proving it to be a
useful technology. This is mainly due to the flexibility and ease of which knowledge can be
expressed by means of fuzzy rules as well as some theoretical results in these fields [8].

Additionally, FLSs are becoming an acceptable methodology for designing robust con-
trollers that can overcome uncertainty and imprecision [42],[62]. FLSs have been used
in many problems and have proven capable in generating more robust and cost-effective
solutions in the face of uncertainties. Moreover, it is often said that fuzzy solutions are more
humanistic, because they offer modelling and processing of linguistic variables and rules that
are easy to understand [63]. This is why one of the strengths of FLSs is their interpretability
[13], particularly in applications such as knowledge extraction and decision support [2, 3].
This thesis is concerned with the concept of interpretability of FLSs and will further discuss
this topic in Chapters 3, 4 and 5.

The remainder of this section presents the background and properties of FLSs including
fuzzy sets, membership functions, linguistic variables, rules and an overview of designing
FLSs.

2.2.1 Fuzzy Sets and Membership Functions

Fuzzy sets can be considered as an extension of classical or ‘crisp’ set theory. In classical
set theory, an element x is either a member or non-member of set A. Thus, the membership
µA(x) of x into A is given by [64]:

µA(x) =

{
1, if x ∈ A

0, if x /∈ A
(2.1)

Consider tall men, as an example. One might say that “a height more than 190 cm is a tall

man”. This statement can be represented in the form of a classical set as tall = {x|x ≥ 190}
and the membership function characterising this set is shown in Fig. 2.1.



2.2 Fuzzy Logic Systems 11

Fig. 2.1 The membership function for the crisp sets of tall men. Adapted from [65].

In contrast to classical set theory, the fuzzy set methodology introduced the concept of
degree to the notion of membership. More formally, a fuzzy set A of a universe of discourse
X (the range over which the variable spans) is characterised by a membership function

µA(x) : X → [0,1] which associates with each element x of X a number µA(x) in the interval
[0,1], with µA(x) representing the grade of membership of x in A. The precise meaning of
the membership grade is not rigidly defined, but is supposed to capture the ‘compatibility’ of
an element to the notion of the set.

By using the above example again, the statement “a height more than 190 cm is a tall

man” can be represented in the form of the fuzzy set shown in Fig. 2.2. In comparison with a
classical set in which only sharp boundaries are permitted, the concept of membership degree
in fuzzy sets allows fuzzy or blurred boundaries to be defined. In Fig. 2.2, it can be seen that
a height of 188 cm can also be considered as tall but with a lesser degree of membership than
for 190 cm (i.e., µtall(x = 188) = 0.90 ); whereas in a classical set the degree of membership
is zero (i.e., a height of 188 cm does not belong to the set of tall at all). Fuzzy sets provide
the tools to represent problems in everyday language, and it is this property that provides a
problem solving technique that mimics the characteristics of human reasoning and decision
making.
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Fig. 2.2 The membership function for the fuzzy sets of tall men. Adapted from [65].

The membership function, usually given the designation of µ , is the principle of fuzzy
sets. A membership function defines how each point in the universe of discourse is mapped
to a degree of membership usually taken as a real number in the interval [0,1]. For example,
Figs. 2.3, 2.4, 2.5 and 2.6 show some of the membership functions that are commonly be
used for the fuzzy sets. Note that, in this example, the membership functions were generated
using the Fuzzy Toolbox found in the R programming language [66].
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Fig. 2.3 Triangular MF Fig. 2.4 Trapezoidal MF

Fig. 2.5 Gaussian MF Fig. 2.6 Generalized Bell MF

2.2.2 Linguistic Variables, Values and Rules

The term ‘linguistic variable’ was introduced by Zadeh [16] to refer to a variable whose
values are in the form of “linguistic expressions” rather than numerical values. In the example
shown in Fig. 2.2, ‘height’ is a linguistic variable with a linguistic value ‘tall’.

Other possible linguistic values for the linguistic variable ‘height’ could include terms
such as ‘short’ and ‘medium’. Each linguistic value is represented by a fuzzy set (membership
function) in which the characteristic of each fuzzy set is dependent on the context of the
particular problem. Although these linguistic terms are very subjective, they might be
interpreted as for example in Fig. 2.7.
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Fig. 2.7 Membership functions for the linguistic variable ‘height’

As shown in Fig. 2.7, the ‘height’ is partitioned into three fuzzy sets – short, medium and
tall. These fuzzy sets are partially overlapping. Hence, it can be seen that the height of 155
cm has partial membership in both the fuzzy set short and the fuzzy set medium, where

µshort(x = 155) = 0.35,

µmedium(x = 155) = 0.65

Fuzzy sets in the form of linguistic expressions can then be connected using IF-THEN
statement(s), to form a series of fuzzy rules. Fuzzy rules are represented in the form:

IF antecedent(s) THEN consequent(s)

Interpreting an if-then rule involves two distinct parts: first evaluating the antecedent,
which involves fuzzifying the input, and second applying that result to the consequent known
as implication. This is known as fuzzy reasoning [67]. Moreover, as discussed in Mendel
et al. [68], a fuzzy rule has p inputs x1 ∈ X1, . . . ,xp ∈ Xp, and one output y ∈ Y , and is
characterized by M rules, where the lth rule has the form

Rl : IF x1 is F l
1 and . . .and xp is F l

p,

THEN y is Gl, l = 1, . . .M.
(2.2)

The rule represents a fuzzy relation between the input space X1 ×·· ·×Xp and the output
space, Y , of an FLS. On the subject of rule structure, Mamdani rules [69] (whose conclusion
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is a fuzzy set) are universally acknowledged as the more interpretable kind of rules. As
discussed in [15], from the interpretability point of view, Mamdani rules are preferred because
they are linguistic rules of the form:

Rule premises are made up of tuples (input variable, fuzzy sets). For instance, xp is
the name of the input variable and F l

p represents the fuzzy sets (or linguistic term) for that
variable. Notice that the absence of an input in a rule means that variable is not considered
when firing that rule. Besides Mamdani rules, there are many other rule formats. One of the
commonly used rules is the well-known Takagi–Sugeno rules [70], where the conclusion is a
linear combination of the input values. However, only the Mamdani rules structure is used in
this thesis because of its increased interpretability, which is a goal of the design guidelines
this thesis will produce.

2.2.3 Overview of Designing Fuzzy Logic Systems

Fig. 2.8 shows the five interconnected components of a fuzzy system. The fuzzification
component computes the membership grade for each crisp input variable based on the
membership functions defined. The inference engine then conducts the fuzzy reasoning
process as defined by a set of fuzzy rules, by applying the appropriate fuzzy operators in order
to obtain the fuzzy sets to be accumulated in the output variable. The defuzzifier transforms
the output fuzzy set to a crisp output by applying a specific defuzzification method.
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Fig. 2.8 Components of Fuzzy Logic Systems.

In general, the main steps as shown in Fig. 2.8 performed in the FLS are as follows:

• Analyse and understand the problem in consideration.

• Determine the linguistic variables (the inputs and outputs). For each linguistic variable,
identify the linguistic values and define the fuzzy sets (membership functions).

• Identify and define the fuzzy rule set.

• Choose the appropriate methods for fuzzification, fuzzy inference and defuzzification.

• Evaluate the system.

Recently, as discussed earlier, the field of FLS research has been making rapid progress
in many areas such as science, manufacturing, business and also the medical domain for
decision making. This thesis is concerned with FLSs particularly in the medical domain, and
therefore, this is reviewed in the following section.

2.2.4 Fuzzy Logic in Medical Domains

Real world knowledge is characterised by incompleteness, inaccuracy and inconsistency.
Fuzzy set theory introduced by Zadeh [8] makes it possible to define inexact medical
entities. It provides an excellent approach in approximating medical concepts. Furthermore,
fuzzy logic also provides reasoning methods to approximate inference [71], easiness of
understanding, low computational costs, and the ability to be incorporated into systems that
the human experts use. These attributes make this approach an extremely interesting option
to represent medical models [72].



2.2 Fuzzy Logic Systems 17

Fuzzy logic has been successfully applied in many medical domains such as Breast
Cancer [73–75], Heart Disease [76–78], Lung cancer [79–81], Liver [82–84], Diabetes [85–
87], and Newborn infants [72, 88, 89]. From the published literature , it may be concluded
that fuzzy logic has proven reliable and effective in many medical domains since it can
address the specific problem of disease classification in the presence of uncertain or vague
knowledge of a linguistic nature [90]. However, as discussed in [43, 47, 57], the conventional
FLS is rather limited, suffering from so-called “rule explosion” (discussed below) which can
lead to a long execution time in computing the output for a complex system. In addition, as
reported in Gacto et al. [23], researchers have usually focused on the improvement of the
accuracy of the FLS models obtained without paying special attention to the interpretability.

Therefore, it is worth emphasising that, a hierarchical fuzzy system for neonatal care
is essential in order to overcome the limitation of conventional FLS whilst improving the
interpretability of the model. One of the outputs of this thesis is such an FLS, specifically a
novel HFS that addresses these issues.

2.2.5 The Curse of Dimensionality

As mentioned earlier, FLSs have been successfully applied in many areas, especially those
that require the handling of uncertainty and imprecise information. However, a fundamental
issue of FLSs is that as the number of variables increases, the number of rules increases
exponentially [45]. Thus, the complexity of an FLS also increases exponentially with the
number of variables involved. This phenomenon was referred to by Bellman [91] as the ‘curse

of dimensionality’. Zeng and Keane in their study [92] viewed the curse of dimensionality
from three perspectives.

• Rule dimensionality

The total number of rules in the fuzzy rule base increases exponentially with the
number of input variables.

• Parameter dimensionality

The total number of parameters in the mathematical formulas of fuzzy systems in-
creases exponentially with the number of input variables.

• Data or information dimensionality

The number of data or knowledge sets required to identify fuzzy systems increases
exponentially with the number of input variables.
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To address this problem, several methods have been proposed for optimizing the size
of the rule base such as rule selection [33–37], feature selection [38], rule interpolation [39,
40], singular-value decomposition-QR [41], evolutionary algorithms [42], fuzzy similarity
measures [22] and rule learning [14]. Most of these techniques involve the modification of
the original input variables of fuzzy systems that can cause the loss of the original meaning
of variables [2] and also reduce the model interpretability. Nevertheless, one effective way to
deal with this problem is through the use of a special type of FLS, namely hierarchical fuzzy
systems (HFSs), that will reduce the number of rules while retaining the original meaning of
variables [43–45].

2.3 Hierarchical Fuzzy Systems

2.3.1 Introduction

As introduced earlier, FLSs have successfully been used in various fields of study involving
handling uncertainties and imprecise information. However, as problems have rapidly become
more complex, requiring larger sets of input variables, the conventional FLS has encountered
limitations with the increased number of rules concerning leading to increased times taken
for fuzzy inference [43],[44].

At present, the important issues in the conventional FLS are reducing the number of rules
involved and their corresponding computation requirement [48, 46, 93]. One effective way
to deal with this problem is through the use of a special type of FLS, namely hierarchical
fuzzy systems (HFSs) [43–45, 47, 94, 95].

HFSs were first introduced by Raju et al. [43],[44] and are an important approach to
overcome this problem. The Iris dataset [96] is used as an example to provide a formal
definition of HFSs. The Iris Dataset consists of four input parameters, which are sepal length

(SL), sepal width (SW), petal length (PL), petal width (PW) and one output variable which is
Flower; Setosa, Versicolor, and Virginica.

HFSs are characterized by composing the input variables into a collection of low-
dimensional FLSs—fuzzy logic subsystems [43],[44]. HFSs can be illustrated as a cascade
structure where the output of each layer, called intermediate output, is considered as an input
to the following layer. For example, Figs. 2.9 and 2.10 show the topology of FLS and HFS
for iris classification respectively. The HFS for iris classification is obtained by decomposing
the input variables of the FLS as shown in Fig. 2.9 into a collection of subsystems, namely



2.3 Hierarchical Fuzzy Systems 19

FLS1, FLS2 and FLS3 as shown in Fig. 2.10. In addition, the intermediate outputs Sepal (S)

and Sepal_Petal (S_P) are produced in this HFS.

Fig. 2.9 FLS: Iris classification

Fig. 2.10 Serial HFS: Iris classification

HFSs can be viewed as a functional decomposition of FLSs [97]. For instance, the
FLS and HFS for iris classification as shown in Fig. 2.9 and Fig. 2.10 respectively can be
presented, from a functional point of view as

Flower = F(SL,SW,PL,PW ) =⇒ Flower = f3( f1(SL,SW ), f2(PL,PW )).
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An FLS that goes from one layer as shown in Fig. 2.9 to two layers as in Fig. 2.10 has
a smaller number of rules when considering a fully specified rule base. The most extreme
reduction of rules will be if the structure of the HFS has two input variables for each low
dimensional FLS and has (n−1) layers [43], where n is the total number of input variables
as can be seen in Fig. 2.10. If we consider two input variables per low-dimensional FLS
and define m fuzzy sets for each input variable, including the intermediate output variables
y1, ...,yn−2, the total number of rules (RHFS) is a linear function [45] of the number of input
variables n and can be expressed as:

RHFS = (n−1)m2. (2.3)

Note that equation (2.3) only valid for HFS structures that consists of two input variable
per FLS subsystem in a serial structural form, for example as in Fig. 2.10. Conversely, in
conventional FLSs, the number of rules increases exponentially with the number of input
variables [46, 43]. Suppose there are n input variables and m fuzzy sets for each input
variable, then the number of rules (RFLS) needed to construct a complete fuzzy system with
fully specified rule base (using the “AND" logical connective) can be expressed as:

RFLS = mn (2.4)

From these equations (2.3) and (2.4), it is clear that the total number of rules in the
FLSs (RFLS) is always greater than or equal to the equivalent HFSs (RHFS). For example,
Fig. 2.9 and Fig. 2.10 show an FLS and HFS with 4 input variables (n = 4) and, assuming
that 3 fuzzy sets (m = 3) are defined for each input variable, the total number of rules
for this FLS is RFLS = mn = 34 = 81 whereas for the HFS, the total number of rules is
RHFS = (n−1)m2 = (4−1)32 = 27.
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Fig. 2.11 Example of rules in FLS and HFS

Fig. 2.11 shows an example of the rule structure in FLS and HFS for iris classification.
Rules in HFSs are decomposed from FLSs into small rules in multiple subsystems, namely
FLS1, FLS2 and FLS3. By doing this, the rules structure in HFSs are reducing the rule length
since it creates a smaller rule for each subsystem. Thus, rules in HFSs are simpler than those
in FLSs because the number of variables per subsystem is lower [54]. Consequently, this
may improve the human readability of rule base in HFSs [4].

2.3.2 Structure of Hierarchical Fuzzy Systems

As presented earlier, an HFS is a special type of FLSs, which has the structure of multiple
subsystems, layers and different topologies. In the following subsection, the structure of
HFSs is reviewed.

2.3.2.1 Multiple Subsystems

HFSs are characterized by having several subsystems that contribute to the computation of
the final solution. Each subsystem will have a small number of inputs and outputs, a smaller
rulebase, and serve a single purpose [98]. Then, these subsystems are linked in such a way
that the output of a subsystem is the input of subsequent ones. For example, in Fig. 2.12,
subsystem FLS1 has input variables sepal length and sepal width, and Sepal output. This
system has its own task which is to determine the Sepal classification. Also, it contains a
small rule base which can be illustrated as follows:

• IF sepal length is small AND sepal width is small THEN Sepal is small
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• IF sepal length is small AND sepal width is medium THEN Sepal is small

• IF sepal length is small AND sepal width is large THEN Sepal is medium

• IF sepal length is medium AND sepal width is small THEN Sepal is small

• IF sepal length is medium AND sepal width is medium THEN Sepal is medium

• IF sepal length is medium AND sepal width is large THEN Sepal is large

• IF sepal length is large AND sepal width is small THEN Sepal is medium

• IF sepal length is large AND sepal width is medium THEN Sepal is large

• IF sepal length is large AND sepal width is large THEN Sepal is large

2.3.2.2 Layers and Topologies

Also, as mentioned earlier, HFSs are produced by decomposing the input variables in FLSs
into multiple low-dimensional FLSs. By doing this, several layers are produced in HFSs.
Based on the same input variables, HFSs may be produced using different topologies, e.g.,
serial and parallel [54]. The parallel HFS can have more than one low-dimensional FLS per
layer, while serial HFSs use strictly one FLS per layer as shown in Fig. 2.12 and Fig. 2.10
respectively. Thus, these topologies commonly have a different number of layers. For
example, Fig. 2.12 and Fig. 2.10 show two different HFS topologies using the same four
input variables. Both HFS topologies use the same number of subsystems, but with different
numbers of layers in their structure.

Fig. 2.12 Parallel HFS: : Iris classification
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Note that, Campello and Caradori do Amaral have claimed that, for a topology with two
input variables, when they are put into a fuzzy system of which the output is combined with
another input variable into the second fuzzy system, and this procedure continues until all
input variables are used, this topology will lead to the most parsimonious models [95]. Raju
et al. [43, 44] have further claimed that the most influential input variables should be chosen
as the system variables in the first layer, the next most important variables should be chosen
in the second level, and so forth. However, there is an argument on this issue. Wang et al.
[47] show in their study that there is no general conclusion about which inputs are more
influential to the system output.

2.3.3 Approaches to Building Hierarchical Fuzzy Systems

Torra [57] has claimed that building an HFS is a challenging task because of the need to
define the architecture of the HFS (the subsystems, the input variables of each subsystem, and
the interactions between subsystems), as well as the rules of each subsystem. Also the funda-
mental issue with HFSs is that they must handle more abstract values in linguistic variables
produced as intermediate outputs, and are consequently more difficult to design. Additionally,
a study conducted by Cross and Sudkamp [53] concluded that decomposition of an HFS
cannot reproduce the same result to the original FLS but rather generate approximations with
fewer fuzzy rules.

Despite these issues, several researchers [48, 46, 49–53] have proposed a new approach
in designing HFSs. Therefore, the approaches to building HFSs will be discussed in detail in
the following subsections.

2.3.3.1 Structured-Hierarchical Fuzzy System (S-HFS)

In the conventional HFS, the outputs of FLSs in the first layer which are called intermediate
outputs are used as input variables of the next layer. However, these intermediate outputs are
more abstract and possess less meaning in the real-world model they are trying to represent.
Thus, when the outputs act as input variables for the next layer, the next fuzzy rule will be
even more abstract and consequently be more difficult to design. This problem becomes
more crucial when the HFS grows larger.
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Fig. 2.13 Structured Hierarchical Fuzzy System. Adapted from [48].

Joo and Lee [48] proposed the structured-HFS (S-HFS) to overcome this problem as
shown in Fig. 2.13. In the first layer of a S-HFS, all input variables (x1,x2,x3,x4) can be
used as antecedent linguistic variables whereas in the second layer of a S-HFS, the outputs
of previous layers are not used as antecedent linguistic variables because they have a more
abstract meaning. However, they are used in the THEN-parts of fuzzy rules in this layer. The
antecedent linguistic variables of the next layer may be chosen from the input variables of
previous layers that have physical meaning. Therefore, only input variables with concrete
meaning are used in IF-parts of fuzzy rule and consequently the fuzzy rules are easier to
design.

2.3.3.2 Limpid-Hierarchical Fuzzy System (L-HFS)

Lee et al. [46] have also proposed a new method to overcome the issue of intermediate
outputs which do not possess physical meaning in the middle layer. From the study of S-HFSs
in Joo and Lee [48], they introduced a new mapping rule base called a Limpid-Heirarchical
Fuzzy System (L-HFS) in order to obtain the HFS rule base. To illustrate this method, an
HFS as in Fig. 2.14, is used that consists of three input variables: x1, x2 and x3. F1 and F2 are
subsystems for this HFS at layer 1 and layer 2, respectively.
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Fig. 2.14 Conventional HFS. x1,x2,x3 are the input while y1 and y are the intermediate output
and output respectively.

By defining each variable using three linguistic terms, where N is negative, Z is zero and
P is positive, the complete rules for a flat FLS consists of 27 (3×3×3 = 27) rules, as shown
in Table 2.1. From these complete rules, Algorithm 1 is then applied to the mapping rule for
subsystems F1 and F2 of the HFS.

Algorithm 1 L-HFS
Step 1: Determine the form of HFS and label the subsystem namely; F1 and F2 as shown in
Fig. 2.14.

Step 2: From Fig. 2.14, fix the input variables x1,x2 and use the sorting process to
the subsystem F1, in order to obtain the new output mapping variables.

Step 3: Repeat Step 2 up to and including the penultimate layer.

Step 4: In the final layer (in this example is layer 2), tabulate the final subsystem
(F2) rules from the involved linguistic outputs (y1) of the previous layer’s mapping variables.
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Table 2.1 The rule by random access. P, Z, N are linguistic terms for each input variable.

x3

x1

P Z N

x2 x2 x2

P Z N P Z N P Z N

P P N Z N P N N Z N
Z Z N P N P N N P N
N P P Z P Z N N Z N

↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
A B C B D E E C E

By implementing Algorithm 1 (as in Step 2), five new mapping variables (A, B, C, D
and E) are obtained for intermediate output y1; the process of sorting is shown in Fig. 2.15.
Tables 2.2 and 2.3 show the rules obtained using Algorithm 1 and the total number of rules
for this HFS is 24 rules (9 in F1 and 15 in F2). The detailed process of Algorithm 1 can be
seen in [46].

Fig. 2.15 The sorting process in L-HFS. Adapted from [46].
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Table 2.2 The rules for F1

x2 x1

P Z N

P A B E
Z B D C
N C E E

Table 2.3 The rules for F2

y1 x3

P Z N

A P Z P
B N N P
C Z P Z
D P P Z
E N N N

Lee et al. [46] claimed that, by implementing a L-HFS, a smaller rule base is achievable
with the same input-output model as in the original FLS. Furthermore, the design of the
fuzzy rules involved in this approach is easier than in a conventional HFS. The method was
further investigated by Masmoudi et al. [51]. In their study, an HFS was applied to compute
the optimal control strategies of discrete large-scale nonlinear systems. They implemented
an L-HFS algorithm to obtain the rule base of their system and proved that this approach is
easy for designing the fuzzy rules involved .

2.3.3.3 Two-Layer Hierarchical Fuzzy Systems

Joo and Sudkamp [49] proposed a method for converting a multidimensional FLS to a
two-layer hierarchical FLS that reduces the number of rules and also improves the run-time
efficiency. For the first layer, they used linearly dependent rule (m2) and for the second layer
the applied the Takagi-Sugeno-Kang method to produce the rules (m(n−2)) as shown in Fig.
2.16. In their research, they also proposed a solution such that optimal number of input
variables should be selected for the first layer.
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Fig. 2.16 Two-layer Hierarchical Fuzzy System. Adapted from [49].

For their experiment, the ball and beam example in [99] was applied. It was concluded
that their method does not only give fewer fuzzy rules, but also gives equivalent results to the
original system. However, the similarities between the result obtained from their proposed
HFS and conventional FLS were not justified in their work.

2.3.3.4 Hierarchical Fuzzy Associative Memory (HIFAM)

Fuzzy Associative Memories (FAM) form a lattice partition of the input space which yields a
very intuitive set of if-then-rules. Yet, this approach cannot be used for problems with many
input dimensions because the number of possible rules grows exponentially with the number
of inputs.

A new method of rule generation for hierarchical fuzzy systems (Hierarchical Fuzzy
Associative Memory, (HIFAM)) was introduced by Holve [50] to overcome the problem
with many input dimensions. A HIFAM is structured as a binary tree and overcomes the
exponential growth of the rulebases when the number of inputs increases and is suited for
approximation and classification problems as shown in Fig. 2.17.
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Fig. 2.17 HIFAM with n inputs xn, one output y and n-1 rule base RBn−1 (adapted from [50]).

The presented approach is an efficient method for automatic generation of fuzzy rules
for hierarchical fuzzy systems. It is well suited for classification problems as well as for
regression tasks and competes well with existing classification and regression techniques like
neural networks or decision trees.

However, among the proposed approaches, none of them has explained whether their
approach can also improve the interpretability of HFSs. Several aspects should be considered
in capturing interpretability of HFSs such as semantic interpretability, meaningful fuzzy sets,
and intermediate variables of HFSs. For example, if the layers in HFSs have meaning, they
can be useful for interpretability.

2.3.4 Advantages of Hierarchical Fuzzy Systems

In the most of the cases, the underlying idea behind the construction of HFSs is to cope with
the complexity of problems. Here are some other advantages of the implementation of the
HFS.
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2.3.4.1 Rule reduction

A very undesirable problem may arise when the number of system inputs is large, causing
the total number of rules to grow exponentially [50], [47]. This also enormously increases
the computational complexity of the rule base as well as the difficulty in building a fuzzy
system. This phenomenon is known as the curse of dimensionality, which may be overcome
by hierarchically restructuring the fuzzy subsystems, thus resulting in the number of rules to
linearly increase and this will reduce the computational complexity [100],[95]. Also, Brown
and Harris suggest in [101] to use a hierarchical structure of fuzzy rule bases to cause the
number of rules to grow linearly.

It can be concluded that one of the main purposes of using HFSs is to minimize the
computational complexity and the size of rule base, which in turn may reduce the need of
large system memory and speed up the processing time [100].

2.3.4.2 Improving the Interpretability

Recently, the interpretability of HFSs has been the subject of numerous researchers. As
mentioned earlier, the main objective of HFSs is to minimize the computational complexity
and the size of rule base. Thus, reducing the model complexity is also a way to improve
the system interpretability, i.e., a system with only a few rules requires a minor effort to
be interpreted [56]. Also, Salgado and Cunha in [102] claimed that the small number of
rules of each fuzzy sub-system can help to avoid this problem, without degrading global
model accuracy. In some cases, it is assumed that the linguistic terms and their membership
functions of such input variables are the same in each fuzzy sub-system. The purpose of this
assumption is to keep interpretation consistency and for simplification [92].

According to Benítez and Casillas [54], the interpretability of HFSs is good due to several
reasons: “(1) the hierarchical structure generates a lower number of variables in each

subsystem, (2) the algorithm does not generate artificial linking variables, and so, all of

the variables are interpretable because they belong to the system, (3) the rules are simpler

because the number of variables per subsystem is lower. At the same time, the accuracy is

maintained or improved”. However, it should be noted that this statement is only valid in the
context of their application, and it cannot be generalised.

2.3.4.3 Trade-off between Accuracy and Interpretability

Shukla and Tripathi in their survey [103] claimed that HFSs are one of the methods to
maintain a good trade-off in the design of complex fuzzy systems related to rules, rule bases,
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membership functions, and fuzzy partitions. Also, Delgado et al. in [104] have shown that
HFSs can be adjusted not only to improve the model’s performance (accuracy), but also to
guarantee the interpretability of the resulting fuzzy models. In addition, linguistic modeling
using a hierarchical knowledge base can be regarded as a search for a decomposition of a
non-linear system that gives a desired balance between the interpretability and the accuracy
of the model [105].

However, the choice between how interpretable and how accurate the model must be
usually depends on the user’s needs for a specific problem and will condition the kind of
FLSs selected to model it [106].

2.3.4.4 Universal approximation

Zeng and Keane [92] investigated the approximation capabilities of hierarchical fuzzy sys-
tems. This analysis shows that, compared to standard fuzzy approximation, hierarchical fuzzy
approximation can significantly reduce both the number of rules and parameters required to
achieve a desired degree of accuracy. Wang proved that a certain class of HFS can serve as a
universal approximator to any real continuous function on a compact set [45],[47], and this
was again proven by Joon and Lee [93].

2.3.5 Issues of the interpretability in Hierarchical Fuzzy Systems

Despite its success in handling the explosion of the number of rule bases, there are some
issues in relation to HFSs that must be addressed in order to investigate the interpretability of
HFSs.

2.3.5.1 Interpretability assessment

As mentioned earlier, none of the researchers have investigated how interpretability can simi-
larly be measured using indices in HFSs. Up to now, no specific interpretability assessment
has been introduced to measure interpretability of HFSs. The measurement of interpretability
is important for HFSs in order to:

(i) understand the concept of interpretability in HFSs, i.e., the effect of HFS architecture
on interpretability.

(ii) measure interpretability of HFSs, i.e., to select the most interpretable HFS topologies,
e.g. parallel or serial.
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(iii) compare the interpretability between FLSs and HFSs, i.e., to show that HFSs are more
interpretable than FLSs.

In this thesis, the issue of measuring the interpretability of HFSs is explored. Thus, a
measure of assessing interpretability of HFSs is proposed as presented in Chapter 3 and
further developed in Chapter 5.

2.3.5.2 Intermediate Outputs do not Possess Physical Meaning

In the conventional HFS, the outputs of FLSs in the first layer, which are called intermediate
outputs, are used as the input linguistic variables of the next layer. However, these intermedi-
ate outputs do not possess physical meaning, i.e. are abstract and bear little meaning to the
real world. Thus, when the outputs act as input variables for the next layer, the subsequent
fuzzy rule will have less physical meaning and consequently is difficult to design. Further-
more, this problem will become more crucial when the HFS grows larger [46],[93],[95].
Thus, the problem of intermediate outputs with little to no physical meaning will reduce the
interpretability of HFSs [93].

Many researchers have proposed different types of HFS [48], [46],[51], [52] to tackle
these issues. However, none of these methods has acknowledged or described the advantages
of interpretability.

Note that this issue is very important to HFSs. However, at the moment, this thesis is
not focussing on solving this issue as it is a challenging concept and this will be a suitable
recommendation for future work. Consequently, only the HFS examples that already have a
clear semantic meaning for all input, intermediate output and output variables are used in this
thesis. For instance, the meaningful intermediate output in HFSs are obtained by involving
human experts such as doctors and nurses, as discussed in Chapter 7.

2.3.5.3 The Structure of HFSs

As discussed earlier, in Section 2.3.2, the questions arise on the following issues:

(i) Which topology of HFSs can offer better interpretability?

(ii) What is the optimum number of layers when designing an interpretable HFS?

(iii) Which aggregation function should be used to aggregate multiple interpretability values
of subsystems in HFSs?

(iv) How can the rule bases for each subsystem be designed?
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The primary challenge to build interpretable HFSs is due to their structures. To tackle this
issue, in this thesis, a design guidelines framework to build interpretable HFSs is proposed
and discussed in Chapter 7.

2.3.5.4 Input Variables Selection in Each Subsystem

As discussed in [43, 44], it is claimed that in a hierarchical structure, typically, the most
influential input variables are chosen as the system variables in the first layer, the next most
important variables are chosen in the second layer, and so forth. However, a question arose:

How are the most influential variables selected?

There is no general conclusion as to which inputs to the hierarchical fuzzy system are more
influential to the output, although rough observations were drawn for some particular fuzzy
systems [47].

In summary, HFSs has been claimed as a useful method to overcome the problem of the
curse of dimensionality in FLSs, thus reducing the model complexity and improving model
interpretability. However, the interpretability is very problematic to understand since it is
of a subjective nature. This thesis intends to understand the concept of interpretability of
HFSs. In doing so, in the next section, the state of the art of research into the interpretability
of FLSs is presented.

2.4 Interpretability

2.4.1 State of The Art

In the literature, interpretability is often known as a synonymous to comprehensibility,
intelligibility, transparency, understandability, readability, etc. But it is still difficult for
us to answer the questions “What does interpretability actually mean?” and “What are
the definitions of intelligibility, transparency, understandability, readability?" Indeed, it is
difficult to find a formal definition in the literature about interpretability and others synonyms
due to inherent subjectivity of the topics [14],[107].

For an informal approach to obtain the definition of interpretability and synonyms, the
definitions were retrieved from online dictionaries, namely Dictionary.com1 and Merriam-

Webster2, that can be seen in Table 2.4.
1http://www.dictionary.com/
2https://www.merriam-webster.com/



2.4 Interpretability 34

Table 2.4 Definitions of various terms related to interpretability from online dictionaries

Term Dictionary.com Merriam-Webster

Interpretability to give or provide the meaning of;
explain; explicate; elucidate.

to explain or tell the meaning of:
present in understandable terms.

Comprehensibility capable of being comprehended or
understood; intelligible.

capable of being comprehended:
intelligible.

Understandability capable of being understood;
comprehensible.

to have understanding: have the
power of comprehension.

Intelligibility the quality or condition of being
intelligible; capability of being
understood.

capable of being understood or
comprehended.

Transparency easily seen through, recognized, or
detected.

readily understood.

Readability capable of being read; legible. able to be read easily.

Table 2.4 shows the relationship of the meaning between various terms related to inter-
pretability obtained from Dictionary.com and Meriam-Webster. From these, it is apparent
that interpretabilty is closely related to the ability to understanding something, e.g. a system.
This view is confirmed by a study by [108] that also defined interpretability as referring to
the capability to express the behaviour of the real system understandably.

The concept of interpretability is considered in various fields such as education, medicine,
computer science, engineering, physics, social sciences, etc which shows a universal interest
for interpretability. In Mathematical Logic, interpretability is defined as a relation between
formal theories that expresses the possibility of interpreting or translating one into the other
[109]. For example, in [110], they applied the concept of interpretability to examine a
statistical result returned by root-mean-square error (RMSE), the R-square, average absolute
error (AAE) and relative average absolute error (RAAE). Two classifiers were introduced for
interpretability of statistical results in terms of prediction accuracy. The results were either:
(i) interpretable; or (ii) not interpretable without context.

In Psychology, it has been shown that there are many factors influencing people’s inter-
pretation due to their subjective views of the world around them. Cultural values, needs,
beliefs, experiences, expectations, involvement, self-concept, and other personal influences
all have tremendous bearing on how we interpret stimuli in our environment [111]. A study
in [112] attempted to assess the effect of limited experience with the road signs used in
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United States on their interpretability. They measured the interpretability score by evaluating
the percentage of correct matching. That is, an interpretation was scored as correct if the
three experts independently assessed five responses and conveyed the same meaning as
the European sign meanings. The results showed that signs which are difficult to interpret
generally use abstract, unfamiliar symbols or include ambiguous cues.

In Machine Learning, interpretability is also taken as meaning there is some degree of
capability to be understood. This implies that a model constructed to map the feature space
(predictors) into the output space (dependent variables) has more chance to be understandable
if it contains some human-accessible explicit representation of the mapping, as in decision
trees [113]. Also, James et al. [114] claimed that decision trees are easier to explain to people
than linear regression since they mirror more closely the human decision-making process
than other predictive models. Nevertheless, they may suffer from fundamental issues, such
as overfitting and variance.

Interpretability is acknowledged as one of the most appreciated advantages of fuzzy
systems [115] in many applications, particularly in those with high human interaction where
it actually becomes a strong requirement [107]. Fuzzy systems use fuzzy sets to describe
domains of values of certain variables. Similarly to human thinking, linguistic terms can be
used for this purpose. This property makes fuzzy systems rather unique among modeling
systems because while maintaining some intuitive conditions about the collection of fuzzy
sets, they possess the ability to be easily interpreted, i.e. easily understandable even for
laymen users [116]. However, the interpretability of FLSs is a subjective property that
depends on several factors, mainly the model structure, the number of input variables, the
number of fuzzy rules, the number of linguistic terms, the shape of the fuzzy sets and so
on [108]. Also, it depends on the person who makes the assessment [15]. To date, the study
of interpretability in FLS is still an open discussion.

This thesis is concerned with how interpretability is affected in FLSs when it is hierarchi-
cal, featuring various subsystems, layers and topologies. As far as the literature is concerned,
no attempt has been made in this area. The next section provides the discussion on the
interpretability assessment of FLSs.

2.4.2 Taxonomy to Analyse Interpretability of Fuzzy Systems

In recent years, the enthusiasm of researchers in obtaining more interpretable fuzzy models
has increased. Assessing the interpretability of fuzzy systems still remains an open and
challenging problem. Defining a good index is extremely difficult mainly due to the inherently
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subjective nature of interpretability [117]. It strongly depends on the background of the
person who makes the assessment according to their own knowledge, but also takes into
account their previous experience and preferences [117]. Furthermore, interpretability is
difficult to quantify because it is very subjective [118],[119]. Due to the subjectivity of the
concept the choice of appropriate interpretability measures is still an open problem [23].

Some researchers [14, 23] have suggested taxonomy as a way of exploring the inter-
pretability of FLSs. That is, it could help give a better understanding of which aspects that
should be considered and be taken into account when measuring the interpretability of FLSs.

Zhou and Gan [14] proposed a taxonomy of fuzzy model interpretability and categorise it
into low-level interpretability and high-level interpretability as can be seen in Fig. 2.18. The
low-level interpretability of fuzzy models is achieved on the fuzzy set level by optimising
specific criteria, such as optimising MFs, and the high-level interpretability is obtained on
the fuzzy rule level by conducting overall complexity reduction in relation to other criteria,
such as a moderate number of variables and rules and consistency of rules.

Fig. 2.18 A taxonomy of interpretability of fuzzy systems (adapted from [14]).

The criteria of low-level interpretability and high-level interpretability are then explained
as follow:

1. Criteria for low-level interpretability

• Distinguishability

Distinguishability is an important criterion, because, in the input partition space
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to achieve an interpretable FLS, the fuzzy sets should clearly define the unique
ranges in the universe of discourse of a variable, and each MF must be different
from each other. Representing a linguistic term with a clear semantic meaning is
essential. Fig. 2.19 shows that certain distinguishability of fuzzy sets may be lost,
and will result in difficulties in assigning different linguistic labels and semantic
meaning to these fuzzy sets.

Fig. 2.19 Fuzzy sets without distinguishability. Adapted from [14].

• Moderate number of MFs

Based on a study in cognitive psychology [120], the number of different entities
efficiently stored in the short-term memory should not exceed the limit of 7±2.
Therefore, the number of variable MFs should not be arbitrary but must be
compatible with the number of human conceptual entities that can be efficiently
handled and occur during inferential activities.

• Coverage or completeness of partition of input variable

The entire universe of discourse of a variable must be covered by MFs generated,
and each data point should belong to at least one of the fuzzy sets and have a
linguistic representation as shown in Fig. 2.20.
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Fig. 2.20 Example of membership function of service that shows complete coverage.

• Normalisation

Each MF of a variable is expected to represent a linguistic label with clear
semantic meaning. Thus, at least one data point in the universe of discourse
should have a membership value equal to one, that is, MFs of a variable should
be normal. An example of this normalization can be seen in Fig. 2.21.

Fig. 2.21 Example of normal fuzzy set (a) and subnormal fuzzy set (b).

• Complementarity

The sum of all its membership values should be equal to one for each element of
the universe of discourse. This ensures a uniform distribution of meaning among
the elements.

2. Criteria for high-level interpretability

• Rule base parsimony and simplicity

According to the principle of Occam’s razor,
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“The best model is the simplest one fitting the system behaviours well”.

Hence, in order to preserve the model performance at a satisfied level, the set of
fuzzy rules must be as small as possible. This is because a large rule base would
lead to a lack of global understanding of the system.

• Readability of single rule

As discussed earlier, the number of conceptual entities a human being can effi-
ciently handle should not exceed the limit of 7±2. Hence, to improve readability,
the number of conditions in the premise part of the rule should not exceed the
limit of 7±2 distinct conditions.

• Consistency of rules

This criterion indicates uniformity in the rule base in the sense that rules with
similar premise parts should have similar consequent parts.

• Completeness of rules

To prevent the fuzzy system from breaking inference, at least one rule should be
fired for any possible input vector.

• Transparency of rule structure

A fuzzy rule should characterise human knowledge or system behaviours in a
clear way.

Another taxonomy by Gacto et al. [23], introduced the combination of; (i) complexity
versus semantic interpretability; and (ii) rule base (RB) versus fuzzy partition; as the guideline
that should be taken into account to measure the interpretability of FLSs. Complexity-based
interpretability is devoted to decreasing the complexity of the obtained model (usually
measured as the number of rules, variables, labels per rule, and other factors as shown
in Table 2.5). Meanwhile, semantics-based interpretability is dedicated to preserving the
semantics associated with the MFs. Approaches trying to ensure semantic integrity may
impose constraints on the MFs or consider factors such as distinguishability, or coverage.
Table 2.5 presents a matrix between complexity versus semantic interpretability and rule
base versus fuzzy partition.
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Table 2.5 A taxonomy to analyze the interpretability of FLSs. Adapted from [23].

Rule base level Fuzzy partition level

Complexity-based interpretability
G1 G2
number of rules number of membership functions
number of conditions number of features

Semantic-based interpretability

G3 G4
consistency of rules completeness or coverage
rules fired at the same time normalisation
transparency of rules structure distinguishability
cointension complementarity

relative measure

As shown in Table 2.5, the taxonomy has four groups which focus on specific criteria
to measure the interpretability of FLSs. The description of each group can be explained as
follow:

G1 Complexity at the rule base level
This group is concerned with the criteria to reduce or to control the complexity of the
rule base. The first criterion is the number of rules. To improve the model interpretability,
the set of fuzzy rules must be as small as possible under conditions in which the model
performance is preserved. The second criterion is the number of conditions. The
number of conditions in the antecedent of a rule must not exceed the limit of 7± 2
distinct conditions. This is due to the number of conceptual entities a human being can
handle [120]. Therefore, the number of conditions should be as small as possible in
order to ease the readability of the rules.

G2 Complexity at the level of fuzzy partitions
The criteria for this group emphasise controlling the complexity at the level of fuzzy
partitions. The first criterion is the number of features or variables, which need to
be reduced to improve the readability of the knowledge base. This can reduce the
dimensionality in high dimensional problems. The second criterion is the number of

MFs. Similarly with the number of conditions in G1, the number of MFs should not
exceed the limit of 7±2 distinct MFs [120].

G3 Semantics at the rule base level
This group contains criteria for controlling the semantic interpretability at the rule base
(RB) level. The first criterion is the consistency of the RB which indicates that the rules
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with similar premise parts should have similar consequent parts. The second criterion
is the number of rules fired at the same time. This criterion favours of minimising the
number of rules firing that are activated for a given input.

G4 Semantics at the fuzzy partition level
According to Gacto et al. [23], a complex fuzzy partition that has high overlap among
MFs reduces the global semantic interpretability as shown in Fig. 2.22. Thus, the criteria
for this group (G4) involve maintaining semantic interpretability at the fuzzy partition
level. The first criterion is completeness or coverage, indicates that the universe of
discourse of a variable should be covered by the MFs, and every data point should belong
to at least one of the fuzzy sets and have a linguistic representation. The second criterion
is normalisation, which indicates that each MF of a variable is supposed to describe a
linguistic label with clear semantic meaning; consequently, at least one data point in the
universe of discourse should have a membership value equivalent to one, that is, MFs of
a variable should be normal, although this principle has been contested by Garibaldi et
al. [121]. The third criterion, distinguishability, indicates that the MFs should represent a
linguistic term with clear semantic meaning and should be easily distinguished from the
rest of the MFs of the same variable. The final criterion is the complementarity, which
indicates for each element of the universe of discourse, the sum of all membership values
should approach one. This is to ensure a uniform distribution of the meaning among the
elements.

Fig. 2.22 Fuzzy partition with a poor semantic interpretability. Adapted from [23].
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2.4.3 Measuring Interpretability using Interpretability Indices

The introduction of these taxonomies provides pathways for researchers to understand the
criteria that should be considered for measuring the interpretability of FLSs. Consequently,
substantial research on interpretability measures has proposed a range of alternative inter-
pretability indices for FLSs.

2.4.3.1 Summary of the Current Interpretability Indices

Table 2.6 shows a summary of the current works that propose indices for measuring the
interpretability of FLSs, grouped by authors, year, Gacto’s taxonomy group and description
indices.
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Table 2.6 Summary of the current interpretability indices

Authors Year Indices
Gacto’s
taxonomy

Description Indices

Nauck [21] 2003 Nauck Index G1, G2
An index is proposed to measure the interpretability of fuzzy
linguistic models, particularly for classification problems.

Guillaume &
Charnomordic [28]

2003 Guillaume Index G1, G2
A method is proposed for generating interpretable fuzzy rules
from data.

Alonso et al. [24] 2006 Fuzzy Index G1, G3

A Fuzzy index is proposed to measure the interpretability of
FLSs, particularly for fuzzy rule-based classification systems. Six
variables are taken as the input of an HFS and combined into
a single index.

Ishibuchi & Nojima [27] 2017 Simple indices G1
An index is proposed to measure the interpretability of
multi-objective fuzzy genetics-based machine learning,
concerning the rule base readability.

Alonso et al. [1] 2008 HILK G1, G3
A methodology for designing Highly Interpretable Linguistic KBs
(HILK) is proposed for classification problems, considering
both expert knowledge and knowledge extracted from data.

Alonso et al. [15] 2009
An experimental approach
and Web Poll

G1, G3

A methodology is proposed to analyse the different indices
measures by using a web poll aimed at determining how
different people assess interpretability by giving priority to
different criteria.

Botta et al. [118] 2009 Novel index G2
An index is proposed using the mean square error which focus
on the readability of fuzzy partitions.

Marquez et al. [122] 2010 Adaptive defuzzification G1

An index is proposed for regression problems with a
mechanism to improve the interpretability in the sense of
complexity for linguistic fuzzy rule-based systems with adaptive
defuzzification.

Alonso & Magdalena [117] 2010
Flexible Index :
Combine user’s preference

G1, G3
Several indices are combined to get a measurement that
incorporates the preferences of the user flexibly and
efficiently.

Mencar et al. [25] 2011 A cointension based approach G4
An approach for automatically evaluating interpretability of
rule-based fuzzy classifiers is proposed that exploits the
propositional view of rules as a means to define cointension.

Pancho et al. [123] 2016 Fingrams G3
Interaction between rules is demonstrated at the
inference level graphically regarding co-fired rules, i.e., rules
fired at the same time by a given input.

Pota et al. [124] 2016 Pota Index G1, G3
An index is proposed for quantitatively assessing either
readability or semantic interpretability particularly for fuzzy
classification problem.

Among the indices suggested in Table 2.6, none of the indices propose to measure the
interpretability of FLSs when it is a hierarchical system, featuring multiple subsystems,
layers and different topologies. To date, no one has investigated how interpretability can
similarly be measured using indices when the FLS concerned is hierarchical.

Additionally, the fourth column in Table 2.6 represents Gacto’s taxonomy indicating
which group (G1, G2, G3, G4) each proposed index is included in. In this thesis, two
interpretability indices in Table 2.6, namely the Nauck and Fuzzy indices, are used to
investigate how interpretability can similarly be measured in Heirarchical FLSs, as further
discussed in Chapter 3. The Nauck and Fuzzy indices are chosen due to the fact that both are
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common indices which cover several interpretability criteria in the aforementioned Gacto’s
taxonomy, namely (G1 and G2) and (G1 and G3), respectively, as shown in Table 2.6. Also,
both indices produce a numerical value in [0,1] for measuring the interpretability of FLSs.
These indices are discussed in the next subsections.

2.4.3.2 Nauck Index

The Nauck index is a numerical index introduced by Nauck [21] in order to measure fuzzy
rule-based classification systems. Hence, it will be used in this thesis as a useful index for
assessing the interpretability of FLSs. It is computed as the product of three terms:

Nauck index = comp× cov× part. (2.5)

• comp represents the complexity of FLSs measured as the number membership func-
tions (MFs) of output variables divided by the number of input variables in the FLS’s
rules. It is computed as

comp = m/
r

∑
i=1

ni, (2.6)

where m is the number MFs of output variables, r is the number of rules and ni is the
number of input variables used in the ith rule.

• cov is the coverage degree of the fuzzy partition. If Xi is the domain of ith input
variable partitioned by pi MFs {µ

(1)
i ,. . . ,µ(pi)

i }, then cov is computed as

covi =

∫
Xi

ĥi(x) dx
Ni

ĥi(x) =

hi(x) if 0 < hi(x)< 1
pi−hi(x)

pi−1 , otherwise

hi(x) =
pi

∑
k=1

µ
(k)
i (x),

(2.7)

where hi(x) is the total MFs of ith input variable with Ni =
∫

Xi
for continuous domains.

The integral in (2.7) is replaced by a sum for discrete finite domains with Ni = |X |. Then,
cov = ∑

r
i=1 covi/ni, denotes the average normalized coverage for all input variables.
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• part stands for the partition index which is computed as the inverse of the number of
MFs minus one for each input variable;

parti =
1

pi −1
, (2.8)

where pi is the number of MFs in the ith input variable. Then, part = ∑
r
i=1 parti/ni,

denotes the average normalized partition index for all input variables.

An FLS model is said to be less interpretable when its Nauck index is closer to 0 and
more interpretable when Nauck index is closer to 1. To illustrate how the interpretability
index is generated by Nauck index, the Waiter-Tipping example [125] which is frequently
used as a benchmark is considered. The rule base of the example is as follows:

IF service is poor THEN tip is cheap,
IF service is good THEN tip is average,
IF service is excellent THEN tip is generous.
The Nauck index can be generated as:

comp =
3

1+1+1
= 1

cov = 1(i.e., as shown in Fig. 2.20)

part =
1

3−1
(only one input variable is used)

Nauck index = comp× cov× part = 0.5.

Hence, the Nauck index of 0.5, indicates the interpretability value for the Waiter-Tipping
example.

2.4.3.3 Fuzzy Index

As discussed in [24], the Fuzzy index, which is inspired by Nauck’s index, is a proposed
interpretability assessment. Six variables are taken as the input of a hierarchical fuzzy system
to combine these into a single index. The six variables are: (i) total number of rules (NR);
(ii) total number of premises in all the rules (NP) — in a complete rule-set, this equals the
number of rules multiplied by the number of input variables; (iii) number of rules which
use one input variable (NRi=1); (iv) number of rules which use two input variables (NRi=2);
(v) number of rules which use three or more input variables (NRi≥3); and (vi) average number
of linguistic terms defined for each input variable (terms). The index also depends on the
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number of classes (NC), also referred to as number of output terms. It should be noted
that although the Fuzzy Index is generated using an HFS, it only focuses on measuring the
interpretability of standard FLSs, and has not previously been applied to HFSs.

The Fuzzy index itself is computed as the result of an aforementioned hierarchical FLS
as shown in Fig. 2.23 which consists of four linked knowledge bases, namely: RB1, RB2,
RB3 and RB4. RB1 gives an estimation of the rule base dimension based on the total number
of rules and input variables. At the same time, the rule base complexity is evaluated at RB2
according to the number of input variables used by the rules. Then, RB3 combines rule base
dimension and complexity, and as a result it yields a rule base interpretability index. Lastly,
RB4 integrates the rule base interpretability index and the average number of linguistic terms
defined by then input variables.

Fig. 2.23 Hierarchical fuzzy system for assessing interpretability via Fuzzy index. Adapted
from [24].

Similarly to the Nauck index, a Fuzzy index closer to 0 implies that the FLS model is
less interpretable. Meanwhile, a Fuzzy index closer to 1 implies higher interpretability. To
show how this index is generated, we use the same Waiter-Tipping example rule base:

IF service is poor THEN tip is cheap,
IF service is good THEN tip is average,
IF service is excellent THEN tip is generous.

The Fuzzy index calculation for Waiter-Tipping example is summarized in Table 2.7.
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Table 2.7 Fuzzy index of Waiter-Tipping Example

NR : 3
NP : 3
NRi=1 : 3
NRi=2 : 0
NRi≥3 : 0
terms : 3

Fuzzy index : 0.647

Thus, the Fuzzy index of 0.647, indicates the interpretability value for the Waiter-Tipping
example.

2.4.4 Measuring Interpretability of Fuzzy Systems Using a User Study

Since interpretability is of a subjective nature, it is essential to assess how people perceive
interpretability in fuzzy systems. This is because assessment of interpretability is strongly
dependent on the background of the person who assesses according to their knowledge, but
also taking into account their previous experience and preferences [117]. A user study is an
excellent way to assess this.

A user study is one of the methods that can be used to convey design research. A user
study allows researchers to identify specific variables that are interesting and observe the
impact on the result of varying those factors [126]. Examples of user studies include that
of Balazs and Koczy [116] in which they conducted interviews to ask users to define fuzzy
sets, i.e., to get to know what a user meant by ‘hot’. Based on the user-defined linguistic
terms, fuzzy rules and rule bases can be constructed easily. This was claimed to lead to a
complexity reduction and improvement of interpretability.

Mencar and Fanelli [4] conducted a survey which attempted to provide a complete
presentation of interpretability constraints in the literature. The survey aimed to: (i) give a
homogeneous description of all interpretability constraints; (ii) to provide for a critical review
of such constraints; and (iii) to identify potentially different meanings of interpretability.
Alonso et al. in [15] evaluated the most used interpretability indices with a user study (in the
form of a web poll) to extract useful information regarding interpretability assessment. The
results showed that a fuzzy index was more easily adapted to the context of each problem as
well as the quality criteria of the users.
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A user study is proposed in this thesis to assess how users perceive the interpretability
and complexity of FLSs. The user study is implemented at Fuzz-IEEE 2017 conference
which was held in Naples, Italy. The sample of participants was selected from a range of
academics (from doctoral students to full Professors), with expertise in FLSs. This user study
will be discussed in detail in Chapter 4. As explained earlier, interpretability is a problematic
concept to understand as it is of a subjective nature. In the next section, some of the issues
regarding interpretability that are still open for discussion are presented.

2.4.5 Interpretability Issues in Fuzzy Systems

Interpretability is an ill-posed property, and there are several issues that have been addressed
by researchers over the past 20 years. In other words, those researchers came up with a
number of questions discussing interpretability which have led to the development of a new
flourishing research direction. In general, the issues and challenges of interpretability can be
grouped into four categories.

2.4.5.1 Interpretability Definition

Although interpretability issues in fuzzy system and statistical system modelling have re-
ceived much attention in recent years, there is no well-established definition about model
interpretability [14],[25],[115],[119],[127]. For that reason, there are still open questions on
this issue; “What does interpretability actually mean?" and “Why is interpretability worth
considering?"

This thesis will not intend to propose a new definition to interpretability but will utilise
some of the definitions that have already been proposed in the literature [108].

2.4.5.2 Interpretability Assessment

The choice of an appropriate interpretability measure is still an open discussion due to its
subjective nature and the large number of factors involved. Also, according to Alonso et
al. in [15], interpretability is of a subjective nature because it depends on the talent and
background of the end-user. Substantial research on interpretability measures [14, 23, 1,
15, 21, 24, 25, 27, 28, 117, 118, 122, 128–130] proposed interpretability indices for FLSs.
However, questions arise including; “What is the best index to represent interpretability?",
“Do we need to evaluate all criteria when measuring interpretability?" and “ What is the
universal interpretability index that can represent a different types of FLSs i.e., including
HFSs? ". This thesis is concerned with taking interpretability indicies for FLSs and applying
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them to HFSs, which consist of multiple layers, subsystems and varied topologies. To date,
no one has investigated how interpretability in HFSs be measured using indices.

2.4.5.3 Design Interpretable Fuzzy Systems

Model accuracy and interpretability are two conflicting objectives, so preserving interpreta-
tion during adaptation in data-driven fuzzy system modelling is a challenging task, which
has received much attention in the fuzzy system modelling community [14]. Questions
that the literature raises include; “How can interpretable fuzzy systems be designed?” and “
How can interpretability and accuracy be balanced in fuzzy systems?". As reported in [103],
several methods have been introduced to maintain a good trade-off in the design of complex
fuzzy systems. They include Evolutionary Multiobjective Optimization [104],[131], Context
Adaptation (CA) [118], Hierarchical Fuzzy Modeling [93],[106] and many other algorithms
and approaches related to rule bases, membership functions, and fuzzy partitions. Although
HFSs are claimed to be a good design for interpretable fuzzy models, it not an easy task to
design HFSs that having multiple subsystems, layers and meaning of intermediate outputs.
This issue is explored and further discussed in Chapter 7.

2.4.5.4 Representation of Fuzzy Systems

As discussed in [119], it is claimed that for very complex problems the use of novel forms of
representation (different from the classical rule-based form) may help in representing complex
relationships in comprehensible ways, thus yielding a valid aid in designing interpretable
fuzzy systems. However, the literature has not yet provided a complete answer as to how
interpretable fuzzy systems should be represented.

In the following subsection, in order to have more understanding of the interpretability of
HFSs, the complexity will be discussed, which is a key component of interpretability.

2.5 Complexity

2.5.1 State of the Art

The complexity of a system is a rather universal concept. The concept of complexity
has recently become a serious challenge for scientific research within a multi-disciplinary
context. For example, it is quite common to find complex systems in biology, cosmology,
engineering, computing, finance and other areas [132]. Apparently, there is no consensus
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about just what “complexity” means, but there is a cluster of associated ideas which has
established some common intellectual ground amongst researchers: “system”, “interactions”,
“emergence”, “self-organisation”, “learning and adaptation”, “evolution and coevolution”,
“positive feedbacks”, “networks” and “distributed control” [133].

Johnson in [134] described complexity as characterising the behaviour of a system or
model whose components interact in multiple ways and follow local rules, meaning that
there is no reasonable higher instruction to define the various possible interactions. Also,
complexity has been defined by Gegov [132] to be associated with some attributes such
as nonlinearity, uncertainty, dimensionality and structure, leading to a more challenging
management of systems with these attributes.

In the following subsections, the concept of complexity in relation to FLSs and also other
fields will be discussed.

2.5.2 Complexity in Fuzzy Systems

As discussed earlier in Table 2.5, complexity is an essential component to determine the
interpretability of FLSs. Thus far, complexity has often been used as an indirect measurement
of the interpretability of FLSs. Several researchers claim that the reduction of complexity
in a fuzzy system can lead to better interpretability [22, 29, 30]. This relationship between
complexity and interpretability can be illustrated, as in Fig. 2.24.

Fig. 2.24 A typical relationship between complexity and interpretability of a model. Taken
from [135].

In FLSs, complexity could be related to the specific problem described by the fuzzy model.
In other words, from the structural analysis of a knowledge base, we should expect to gain
information concerning the complexity of the underlying problem [25]. The complexity in
FLSs grows exponentially with their input variables [22], which is also known as complexity

explosion. Model complexity can have a significant impact on the accuracy, efficiency and
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interpretability of FLSs [136]. Complexity is usually evaluated by a simple measure, mainly
looking at the rule-based complexity.

2.5.2.1 Rule-based Complexity

Rule-based complexity is primarily related to the readability of the knowledge base [137];
that is, the complexity of the rule base can be minimised to improve its readability [25].
Standards which are used to measure rule-based complexity include the number of rules,
variables, and labels per rule, amongst others [55],[138]. Furthermore, a study by [139] has
shown the relationship between the number of inputs, the number of rules and the complexity
in FLSs to be as follows:

↑ Number of inputs (FLSs),↑ Number of rules (FLSs) (2.9)

↑ Number of rules (FLSs),↑ Complexity (FLSs) (2.10)

where ↑ denotes increasing. The relationships of (2.9) and (2.10), indicate that increasing the
number of inputs in FLSs will increase the number of rules in FLSs and consequently, this
will also increase the complexity of FLSs.

In the related literature, there are several ways to measure the rule-based complexity in
FLSs. For example, Nauck in [21] has defined the complexity of an FLS as measurable by
the number of classes (NC) divided by the total number of premises (NP). This complexity
measurement is a part of his proposed interpretability index – Nauck’s index. It is computed
as:

Comp =
NC
NP

(2.11)

Another study, by Alonso et al. [15], measured the complexity by one minus the Comp

value in (2.11), which can be expressed as follows:

C = 1−Comp

= 1−
(

NC
NP

) (2.12)

According to Alonso et al. [15], an FLS model is more complex when the rule-based
complexity C is close to 1 and less complex when the rule-based complexity C is close to 0.
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2.5.3 Complexity in Other Fields

As mentioned earlier, the complexity of systems is a universal concept. Thus, it is relevant
to consider how complexity in other fields is measured or assessed, specifically, on how
structural complexity is measured. The measure of structural complexity from the other
fields will be utilised to the HFS design, as further examined and discussed in Chapter 6.
Therefore, some literature related to the complexity is presented in order to give some
necessary background.

Simon in [140] claimed that complexity takes the form of hierarchy — a complex system
is composed of subsystems that, in turn, have their subsystems, and so on. He said that
the term “hierarchy” has usually been used to refer to a complex system in which each of
the subsystems is subordinated by an authority relating to the system it belongs to. More
exactly, in a formal heirarchical organisation, each system consists of a “boss” and a set
of subordinate subsystems. Each of the subsystems has a “boss” who is the immediate
subordinate of the “boss” and this implies that the heirarchy is exactly three layers deep in
the system. He also claimed that the relations among subsystems are more complex than in
the formal organisational hierarchy.

Commons et al. [141] introduced the notion of the order of hierarchical complexity of
tasks. Hierarchical complexity represents a form of information that is orthogonal to the
traditional information theory form, in which information is coded as bits that rise quantita-
tively with more information. Information in tasks and their subtasks can be characterized by
both hierarchical (vertical) and non-hierarchical (horizontal) complexity. This is due to the
fact that every task has an order of complexity associated with it.

Furthey study by Commons et al. [142] presented the model of hierarchical complexity
which included a framework for scoring reasoning stages in any domain as well as in
any cross cultural setting. The scoring is based not upon the content or the participant
material, but instead on the mathematical complexity of the hierarchical organization of
information. Specifically, Commons et al. [142] claimed that hierarchical complexity refers
to the mathematical complexity of the task presented to the participant, but not directly to the
complexity of the participant’s performance that will successfully complete the given task.

Most complex systems have an inherently hierarchical organisation and, correspondingly,
the networks behind them also exhibit hierarchical features. Mones et al. [143] developed an
approach and proposed a quantity (measure) which is simple enough to be widely applicable,
reveals a number of universal features of the organization of real-world networks and is
capable of capturing the essential features of the structure and the degree of hierarchy in a
complex network. Complexity arises from either the structure of the interactions between
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Fig. 2.25 One main program M, two subroutines A and B. Adapted from McCabe [145].

very similar units or other specific characteristics of those interactions. In both cases, the
abstract representation of a complex system can be achieved by a collection of nodes (units)
and edges (representing interactions between the units) forming a network (or graph).

Overall, from the published literature, one common view of complexity measure is that
it is dependent on the number of structural features contained within an organisation rather
than simply on the number of its basic elements [144]; this idea is also known as structural
complexity, and is examined further in the next section.

2.5.3.1 Structural Complexity

Structural complexity is an attribute of any general type of system. This attribute can be
assessed by different measures, and it is often linked to interaction among systems’ properties
such as nodes, edges and networks [132, 143].

McCabe in [145] proposed a graph-theoretic structural complexity measure that measures
and controls the number of paths through a computer program. The complexity measure
developed here is defined in terms of basic paths that when taken in combination will generate
every possible path. The cyclomatic number v(G) of graph G with n vertices, e edges, and p

connected components is
v(G) = e−n+ p (2.13)

The overall strategy involves measuring the complexity of a programme by computing
the number of linearly independent paths v(G). However, calculating the complexity of a
collection of programmes (p ̸= 1 ), particularly a hierarchical nest of subroutines, (2.13)
becomes as follows:

v(G) = e−n+2p (2.14)
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For instance, assume a main program M calls two subroutines A and B and has a control
structure as shown in Fig. 2.25. Let us denote the total graph above with 3 connected
components as M∪A∪B. Now, since p = 3, the complexity can be computed using (2.14)
as follow

v(M∪A∪B) = e−n+2p

= 13−13+2×3

= 6

A graph is more complex when the structural complexity v(G) value is large and less complex
when the v(G) value is small.

In this thesis, the structural complexity in HFSs relating to the interaction amongst the
structure of HFSs, namely multiple subsystems, layers and different topologies will be
assessed. That is examined in detail in Chapter 6.

2.6 Case Study: Neonatal Monitoring

A complex medical problem was selected as a case study to explore the use of HFSs in the
real world, and so the medical background to this case study will now be presented. The
Neonatal Intensive Care Unit (NICU) is where the sickest newborn babies in hospitals are
managed and treated. The NICU has one of the most information sensitive environments
where efforts are made to continuously deliver the optimal healthcare for fragile, critically
ill patients. “These babies that were born prematurely need special medical attention in the
NICU. They need hospital supervision until their systems and organs can function with no
external assistance” [146]. As a result of evolution in clinical practice and equipment in the
NICU, “the gestational age at which 50% of neonates survive decreased from 29 weeks to 24
weeks over the last few decades” [147].

Prematurity is defined as babies born before completion of 37 weeks of pregnancy.
“Premature delivery is divided into 3 subcategories based on gestational age: extremely
preterm (less than 28 weeks), very preterm (28-32 weeks), and moderate to late preterm (32
to 37 weeks)” [148]. Infants who are ≥ 37 weeks gestation are classified as term. According
to the World Health Organization, approximately 15 million premature babies are born each
year globally and this number continues to increase. Prematurity accounted for one million
deaths per year and is the leading cause of mortality in children under age of five [149]. Data
from the UK Office for National Statistics highlights there are around 60,000 premature
deliveries every year in the UK. In Western Europe, the UK has the second worst neonatal
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mortality rate of 2.1 per 1000 live-births at the early neonatal phase of 0-6 days, 0.7 deaths per
1000 live-births at the late neonatal phase of 7-28 days, and 4.9 deaths per 1000 live-births at
the age of less than five years [150].

In the neonatal setting, “the current practice for oxygenation management aims to target
oxygen saturations (SpO2) between 91% and 95%. Increased time outside of this SpO2

range is associated with increased morbidity including retinopathy of prematurity (ROP)
and chronic lung disease (CLD)” [151]. Two clinical trials, BOOST II and SUPPORT, have
provided evidence that SpO2 should be targeted in the 91-95% for preterm infants. “Both
trials conducted their studies in infants born before 28 weeks of gestational age and found
that targeting SpO2 of more than 95% is associated with more ROP and CLD, while targeting
SpO2 less than 91% is associated with increased in mortality rate. In conclusion, keeping the
SpO2 range in 91-95% minimized the risks of significant morbidity and mortality” [152],
[153].The need for prolonged oxygen administration is associated with poor pulmonary
outcomes in childhood life [154].

Better management of SpO2 can be beneficial in decreasing the mortality and disability
rates among preterm babies. This can be improved with better respiratory practice, avoiding
inappropriate oxygenation and timely intervention before respiratory deterioration. Therefore,
there are opportunities to further improve the neonatal care we deliver that can improve
the overall respiratory outcome of premature infants and potentially reduce the long-term
complications.

Blood pressure, heart rate, respiratory rate, and temperature are also routinely collected
vital signs on the NICU. They are valuable in order to determine a patient’s progress during
hospitalization [155]. The pulse oximeter is used as the fifth vital sign to determine oxygen
saturation in paediatrics [156]. Healthcare professionals use vital signs as an important
component of their clinical evaluation when trying to predict deterioration and a number
of studies have identified the vital signs trend is beneficial as an early warning indicator
of clinical status [157]. In the preterm population, additional events such as the pattern of
desaturations and bradycardias can also help guide the impending clinical deterioration.

2.6.1 Summary of Existing Neonatal Monitoring Systems using Fuzzy
Logic Systems

The literature concerning the use of fuzzy systems in neonatal monitoring is summarised in
Table 2.8.
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Table 2.8 Summary of existing neonatal monitoring systems using Fuzzy Logic Systems

Neonatal Monitoring system Author Results

A knowledge-based system using
fuzzy logic for classifying plethys-
mogram pulses into two categories
either valid or artefact.

Belal et al.
[158]

Able to classify 679 (82%) valid
segments and 543 (93%) dis-
torted segments correctly. The
calculations of the system’s per-
formance showed 82% sensi-
tivity, 86% accuracy and 93%
specificity.

An intelligent system that provides
a tool enabling the user to make the
final decision to accept or reject the
advice given for neonatal intensive
care management.

Belal et. al
[159]

The overall percentage of the
agreement between the system
and the clinician was 93%.

A fuzzy expert system to predict the
need for advanced neonatal resuscita-
tion efforts in the delivery room.

Reis et al.
[160]

Result shows sensitivity of
76.5% and specificity of 94.8%
in the identification of the need
for advanced neonatal resuscita-
tion measures, considering a cut-
off value of 5 on a scale ranging
from 0 to 10. The area under the
receiver operating characteristic
curve was 93%.

Theoretical fuzzy linguistic model to
estimate the risk of neonatal death
based on birth weight and gestational
age.

Nascimento
and Ortega
[72]

The results were compared with
experts’ opinions and the fuzzy
model was able to capture the
expert knowledge with a strong
correlation (r = 0.96).
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A fuzzy controller for the adjustment
of inspired oxygen (FIO2) concentra-
tion in ventilated newborns.

Sun et al.
[161]

This system was able to main-
tain a target oxygen saturation
(SpO2) better than routine man-
ual control and demonstrated the
ability to produce a safe and clin-
ically efficacious control system.

An Automated Fuzzy logic based
Skull Stripping (AFSS) in Neonatal
and Infantile Magnetic Resonance
(MR) Images.

Yamaguchi et
al. [162]

The results showed that the pro-
posed method stripped skull well
from any neonatal and infantile
MR images.

A physiology-based fuzzy logic algo-
rithm to assign a confidence level to
heart rate and respiratory rate time-
series data as they are collected, with
the assumption that neither electro-
cardiogram (ECG) nor respiratory
waveforms are available.

Liu et al.
[163]

Performance in detecting four
types of faults that result in low-
confidence data points (receiver
operating characteristic areas un-
der the curve ranged from 0.67
(SD 0.04) to 0.83 (SD 0.03),
where mean and SD are mea-
sured over all faults).

Investigation into whether fuzzy
logic could offer an improvement
in cardiotocography (CTG) analysis
over the crisp expert system; and
to investigate whether retrospective
analysis of complete CTG traces
could be automated.

Skinner et al.
[89]

The fuzzy score produced by the
system has good correlation with
both the assessment of clinical
experts and existing crisp sys-
tem.

Theory of fuzzy sets in determining
the severity of acute respiratory dis-
tress of a patient in an intensive care
unit by implementing fuzzy multicri-
teria decision-making.

Velasevic et
al. [164]

The preliminary evaluation of
the approach regarding clinical
practice, on the small sample of
data, has produced encouraging
results: more than 90% of the
diagnoses obtained through the
system confirmed a physician’s
diagnosis.
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From the literature review in Table 2.8, it can be concluded that FLSs have been proven
reliable when implemented in neonatal care with high accuracies of the prediction models.
FLSs may also be concluded as an effective method since they can reason with imprecise
information and also uncertainties [58]. Moreover, interpretability is acknowledged as the
main advantage of the FLSs which is an essential for applications that require high interaction
with humans [15] which is true of neonatal monitoring.

2.6.2 Problems

At the NICU, babies develop their own normal individual behavioural patterns, which
clinicians and parents can identify. When a baby deviates from this pattern, it is often a
sign that the baby is unwell, typically from infection. Identification and prompt treatment of
deterioration are the keys to effective monitoring of babies at the NICU. However, the time
taken to identify deviations from the usual pattern is often experience dependent. That is, a
senior clinician or consultant is likely to determine this before more junior doctors do.

As mentioned earlier, FLSs have been proven reliable when implemented in neonatal
care with high accuracies of the prediction models. However, key challenges remain in
the design of FLSs, such as the fact that the number of rules required commonly increases
exponentially with the number of input variables [31], which is usually high in this field.
Therefore, it is worth emphasising that, the introduction of advanced fuzzy systems, namely
heirarchical fuzzy systems (HFSs), for neonatal care is essential to overcome the limitation
of conventional FLSs and improve model interpretability. A design of interpretable HFSs for
NICU which can be easily understood by clinicians is proposed and discussed in Chapter 7.

2.7 Summary

In this chapter, the necessary background of fundamental concepts in the literature for the
presentation and definitions of the methodology used in this thesis was provided. The
chapter briefly discussed a brief overview of the components in FLSs including fuzzy sets,
membership functions, linguistic variables, rule bases and an overview of designing FLSs. In
the next section, the concept of HFSs was introduced. This section included an overview of
the definition and structure of HFSs, related work on current HFSs, the advantages of HFSs
and issues in HFSs. This chapter then described the state of the art on the interpretability,
particularly in FLSs, including definition, assessment and the current issues. A summary
was then presented of the complexity of FLSs as a subcomponent in the interpretability.
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This also included complexity measurement in other fields such as psychology, science and
circuit design. In the final section, this chapter presented a case study on neonatal monitoring
including the existing works on neonatal monitoring in the literature using FLSs.

In the next chapter, the first objective of this thesis, which is to investigate the assessment
of interpretability of HFSs, will be addressed.



Chapter 3

An Initial Approach to Measuring
Interpretability of Hierarchical Fuzzy
Systems

HFSs have been shown to have the potential to improve the interpretability of FLSs. In recent
years, a variety of indices have been proposed to measure the interpretability of FLSs such
as the Nauck index [21] and Fuzzy index [24]. However, interpretability indices associated
with HFSs have not so far been discussed. The structure of HFSs, with multiple layers,
subsystems, and varied topologies, is the main challenge in constructing interpretability
indices for HFSs. As discussed in Chapter 1, the first objective of this thesis is to investigate
the assessment of interpretability of HFSs. In doing so, this chapter begins to address these
challenges by introducing extensions to the Nauck and Fuzzy indices to create an initial index
for measuring the interpretability of HFSs. Using the proposed initial index, this chapter
explores the concept of interpretability in relation to the different structures in FLSs and
HFSs. Initial experiments on benchmark datasets show that based on the proposed initial
index, HFSs with equivalent function to FLSs produce higher interpretability values, i.e. are
more interpretable than their corresponding FLSs.

3.1 Introduction

One of the strengths of FLSs is their interpretability [13], particularly in applications such as
knowledge extraction and decision support [2, 3]. However, key challenges remain around
FLS interpretability, including the curse of dimensionality: the number of required rules
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commonly increases exponentially with the number of input variables [31]. This challenge
is also known as rule explosion and may reduce the transparency and interpretability of
FLSs [32]. One effective way to deal with this problem is through the use of a special type
of FLS, namely HFSs [43–45, 47, 94, 95].

HFSs were introduced by Raju et al. [43] as an approach to overcome the curse of dimen-

sionality which arises in conventional FLSs. In HFSs, the original FLSs are decomposed into
a series of low-dimensional FLSs — fuzzy logic subsystems (see Chapter 2.3). Moreover,
the rules in HFSs commonly have antecedents with fewer variables than the rules in FLSs
with equivalent function, since the number of input variables of each subsystem is lower
[54, 165]. Thus, HFSs tend to reduce rule explosion, thus minimizing complexity, and im-
proving model interpretability. So far, the potential of HFSs to support good interpretability
in FLSs has not been explored in detail, with only a small number of works considering
it [48, 50, 32, 106, 166].

In this chapter, an extension of the two most common FLS interpretability indices, namely
the Nauck index and Fuzzy index is proposed, to create an initial index for measuring the
interpretability of HFSs, with a specific focus on the complex structure of HFSs such as
having multiple layers, subsystems and varied topologies.

The rest of this chapter is organised as follows; Section 3.2 presents a motivation of
this chapter. Section 3.3 introduces an initial index to measuring interpretability of HFSs.
The step-by-step calculation of this initial index to measuring interpretability of HFSs is
presented in Section 3.4. Section 3.5 performs an experiment to this initial index using a
real-world application, namely Seesaw Control Application. Then, the result and discussion
is presented in Section 3.6. Finally, a summary of this chapter is discussed in Section 3.7.

3.2 Motivation

HFSs have been shown to have the potential to improve interpretability of FLSs. However,
interpretability indices associated with HFSs have so far not been discussed. The architecture
of HFSs, with multiple layers, subsystems, and varied topologies, is the main challenge in
constructing interpretability indices for HFSs. This raises questions, such as: “What is the
best aggregation technique across and within layers?", and “How should new interpretability
indices deal with different topologies?". Taking these questions into consideration, an initial
index for measuring the interpretability of HFSs has been proposed.
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3.3 The Proposed Initial Index for HFSs

This chapter begins to extend the Nauck and Fuzzy indices by proposing an initial index
for such indices from FLSs to HFSs and referred as HI . However, a question may arise;
"Why do we need a new aggregation strategy for this initial index, HI?" This is due to the
fact that subsystems in HFSs are commonly located across and within layers. Therefore,
by considering these challenges that arise from HFSs’ architecture, an aggregation strategy
capturing the HFS topology with layer-weight has been proposed.

In this context, the HI is computed as follows:

HI =
q

∑
j=1

(
l j

s j

∑
k=1

E jk/s j

)
(3.1)

where,

• E jk is the Nauck (N) or Fuzzy (F) index of a subsystem k at layer j,

• l j is the associated weight to the layer j of the HFSs,

• s j is the number of subsystems located at the layer j,

• q is the number of layers.

Note that (3.1) returns the original FLS index when applied to a standard FLS because it has
only one subsystem. Also, it should be noted that only one output variable and no cyclic
connections between internal FLSs is focused on HFSs.

Layer-weights, l j are associated with each subsystem according to their layer. A layer-

weighting is introduced which has the following properties:

(i)
q

∑
j=1

l j = 1, l j ∈ [0,1]

The summation value of all layer-weights l j should be equal to 1 regardless of the
number of layers q.

(ii)
l1 > l2 > ... > lq, j = 1, ...,q.

The layer-weights, l j are arranged in descending order. This is because, as discussed in
[43, 44], most HFSs’ structure is formed by having the most influential input variables
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in the first layer of the hierarchy, the next most important inputs in the second layer,
and so on.

In order to achieve the above properties, l j is proposed as:

l j =
2
(

q− j+1
)

q
(

q+1
) , j = 1, ...,q. (3.2)

An HFS model is less interpretable when the HI is close to 0 and more interpretable when HI

is close to 1.

3.4 Detail of Process for Measuring Interpretability of HFSs

There are three key steps in order to calculate the interpretability of HFSs using the HI .

Step 1: Calculate Interpretability for each Subsystem

First, the interpretability of each subsystem is calculated using both the Nauck and the
Fuzzy indices. For example, assume the values of the Nauck index calculated for the three
subsystems in a Parallel HFS are N1 = 0.3, N2 = 0.2 and N3 = 0.5.

Step 2: Identify Layer-weights

Next, the values of the layer-weights are computed using layer-weight as in (3.2). For
example, our hypothetical Parallel HFS could have two layers, and the layer weights computer
at each layer could be l1 = 0.667 and l2 = 0.333.

Step 3: Calculate the Overall Interpretability

Finally, the overall interpretability can be calculated using the HI index as given in (3.1). For
instance, the interpretability of our hypothetical Parallel HFS is computed as follows:

HI =
q

∑
j=1

(l j

s j

∑
k=1

E jk/s j)

= l1(N1 +N2)/2+ l2(N3/1)

= 0.667(0.3+0.2)/2+0.333(0.5)

= 0.333



3.5 Seesaw Control Application Experiment 64

3.5 Seesaw Control Application Experiment

As a demonstration, a seesaw control application to solve the problem of balancing a seesaw
has used as an example. Note that the source of this example was initially taken from [46].
They used the example to stimulate and compare the result of balancing a seesaw system
using both conventional single layer FLS and an HFS. Moreover, this example of seesaw
control application was also adopted in other studies such as [167–170], particularly in the
context of control systems.

In this section, to balance the seesaw, the involved parameters are the distance of the cart
from the origin (x = x1), the angle that the wedge makes with the vertical line (θ = x2), the
height of the wedge (r1 = x3) and center of mass of the wedge (r2 = x4) as shown in Fig. 3.1.

Fig. 3.1 The Seesaw System. Adapted from [46].

As reported in [46], the the conventional FLS consist of 4 input variables (n = 4) namely
x1, x2, x3 and x4 are modelled with 3 fuzzy sets (m = 3): pb, ze and nb. Figs. 3.2 and 3.3
show the MFs of all input, intermediate output and output variable for seesaw control. A
summary of FLS and both HFSs is presented in Table 3.1. The total number of rules for this
standard FLS of a seesaw control is obtained by mn = 34 = 81 rules and can be illustrated as
follows:

• IF x1 is nb AND x2 is nb AND x3 is nb AND x4 is nb THEN y is nb,

• IF x1 is nb AND x2 is nb AND x3 is nb AND x4 is ze THEN y is nb,

• IF x1 is nb AND x2 is nb AND x3 is nb AND x4 is pb THEN y is nm,

• IF x1 is nb AND x2 is nb AND x3 is ze AND x4 is nb THEN y is nb,

• IF x1 is nb AND x2 is nb AND x3 is ze AND x4 is ze THEN y is nm,



3.5 Seesaw Control Application Experiment 65

• IF x1 is nb AND x2 is nb AND x3 is ze AND x4 is ze THEN y is ns,
...

• IF x1 is pb AND x2 is pb AND x3 is pb AND x4 is pb THEN y is pb.

Fig. 3.2 MFs for all inputs x1, x2, x3, x4 and also intermediate output in HFSs namely y1 and
y2

Fig. 3.3 MFs for output variable, y for Seesaw control
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Table 3.1 Description of the FLS, Parallel HFS and Serial HFS for Seesaw Control Applica-
tions

Descriptions FLS Parallel HFS Serial HFS

Number of inputs 4 4 4
Number of layers 1 2 3
Number of subsystems 1 3 3
Number of rules in FLS1 81 9 9
Number of rules in FLS2 - 9 9
Number of rules in FLS3 - 9 9
Total number of rules 81 27 27

In this experiment, two types of HFS topologies (parallel and serial) were chosen and
developed using the Fuzzy Toolbox in the R programming language [66]. The HIFAM [50]
approach is implemented to building these HFSs for Seesaw control.

Table 3.2 shows the interpretability measurements of the standard FLS and all subsystems
of the HFSs for the seesaw example for both the Nauck and Fuzzy indices. The aim of this
experiment is to explore how the proposed initial index of interpretability behaves for several
HFS toplogies. Then, the overall results of the interpretability index are compared with those
of the conventional FLS.
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Table 3.2 Interpretability of the Seesaw Control Application using the Nauck and Fuzzy
Indices

Seesaw systems
Nauck Index Fuzzy Index

comp cov part Index NR NP NRi=1 NRi=2 NRi≥3 terms NC Index

FLS 0.222 1 0.5 0.011 81 324 0 0 81 3 7 0.241

Parallel HFS:
FLS1 0.167 1 0.5 0.083 9 18 0 9 0 3 3 0.493
FLS2 0.167 1 0.5 0.083 9 18 0 9 0 3 3 0.493
FLS3 0.389 1 0.5 0.194 9 18 0 9 0 3 7 0.605
HI 0.120 0.530

Serial HFS:
FLS1 0.167 1 0.5 0.083 9 18 0 9 0 3 3 0.493
FLS2 0.167 1 0.5 0.083 9 18 0 9 0 3 3 0.493
FLS3 0.389 1 0.5 0.194 9 18 0 9 0 3 7 0.605
HI 0.102 0.512

3.5.1 Parallel Implementation of the Seesaw control

Fig. 3.4 Interpretability of a Parallel HFS using Nauck index (N) and Fuzzy index (F).
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Figure 3.4 shows the interpretability indices measured for each subsystem in the parallel HFS
implementation of the seesaw control by using the Nauck and Fuzzy indices respectively.
The rules for subsystems FLS1, FLS2, and FLS3 can be illustrated as follows:

(i). Rules for FLS1 :

x2

nb ze pb

x1

nb nb nb ze

ze nb ze pb

pb ze pb pb

(1). IF x1 is nb AND x2 is nb THEN y1 is nb,
(2). IF x1 is nb AND x2 is ze THEN y1 is nb,
(3). IF x1 is nb AND x2 is pb THEN y1 is ze,
(4). IF x1 is ze AND x2 is nb THEN y1 is nb,
(5). IF x1 is ze AND x2 is ze THEN y1 is ze,
(6). IF x1 is ze AND x2 is pb THEN y1 is pb,
(7). IF x1 is pb AND x2 is nb THEN y1 is ze

(8). IF x1 is pb AND x2 is ze THEN y1 is pb,
(9). IF x1 is pb AND x2 is pb THEN y1 is pb.

(ii). Rules for FLS2 :

x4

nb ze pb

x3

nb nb nb ze

ze nb ze pb

pb ze pb pb

(1). IF x3 is nb AND x4 is nb THEN y2 is nb,
(2). IF x3 is nb AND x4 is ze THEN y2 is nb,
(3). IF x3 is nb AND x4 is pb THEN y2 is ze,
(4). IF x3 is ze AND x4 is nb THEN y2 is nb,
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(5). IF x3 is ze AND x4 is ze THEN y2 is ze,
(6). IF x3 is ze AND x4 is pb THEN y2 is pb,
(7). IF x3 is pb AND x4 is nb THEN y2 is ze
(8). IF x3 is pb AND x4 is ze THEN y2 is pb,
(9). IF x3 is pb AND x4 is pb THEN y2 is pb.

(iii). Rules for FLS3 :

y2

nb ze pb

y1

nb nb nm ns

ze ns ze ps

pb ps pm pb

(1). IF y1 is nb AND y2 is nb THEN y is nb,
(2). IF y1 is nb AND y2 is ze THEN y is nm,
(3). IF y1 is nb AND y2 is pb THEN y is ns,
(4). IF y1 is ze AND y2 is nb THEN y is ns,
(5). IF y1 is ze AND y2 is ze THEN y is ze,
(6). IF y1 is ze AND y2 is pb THEN y is ps,
(7). IF y1 is pb AND y2 is nb THEN y is ps
(8). IF y1 is pb AND y2 is ze THEN y is pm,
(9). IF y1 is pb AND y2 is pb THEN y is pb.

The values of Nauck and Fuzzy indices for the three subsystems are N1 = 0.083, N2 =

0.083, N3 = 0.194, F1 = 0.493, F2 = 0.493 and F3 = 0.605 (the details are shown in Table
3.2). There are two layers in this HFS (q = 2). The values of the layer-weights using
equation (3.2) are l1 = 0.667 and l2 = 0.333. According to equation (3.1), the suggested
interpretability index HI of this HFS are:

HI =
q

∑
j=1

(l j

s j

∑
k=1

E jk/s j)

= l1(N1 +N2)/2+ l2(N3/1)

= 0.667(0.083+0.083)/2+0.333(0.194)

= 0.120
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HI =
q

∑
j=1

(l j

s j

∑
k=1

E jk/s j)

= l1(F1 +F2)/2+ l2(F3/1)

= 0.667(0.493+0.493)/2+0.333(0.605)

= 0.530

3.5.2 Serial Implementation of the Seesaw control

Fig. 3.5 Interpretability of a Serial HFS using Nauck index (N) and Fuzzy index (F).

Figure 3.5 shows the interpretability indices measured for each subsystem in the serial HFS
implementation of the seesaw control by using the Nauck and Fuzzy indices respectively.
The rules for subsystems FLS1, FLS2, and FLS3 can be illustrated as follows:

(i). Rules for FLS1 :

x2

nb ze pb

x1

nb nb nb ze

ze nb ze pb

pb ze pb pb
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(1). IF x1 is nb AND x2 is nb THEN y1 is nb,
(2). IF x1 is nb AND x2 is ze THEN y1 is nb,
(3). IF x1 is nb AND x2 is pb THEN y1 is ze,
(4). IF x1 is ze AND x2 is nb THEN y1 is nb,
(5). IF x1 is ze AND x2 is ze THEN y1 is ze,
(6). IF x1 is ze AND x2 is pb THEN y1 is pb,
(7). IF x1 is pb AND x2 is nb THEN y1 is ze
(8). IF x1 is pb AND x2 is ze THEN y1 is pb,
(9). IF x1 is pb AND x2 is pb THEN y1 is pb.

(ii). Rules for FLS2 :

x3

nb ze pb

y1

nb nb nb ze

ze nb ze pb

pb ze pb pb

(1). IF y1 is nb AND x3 is nb THEN y2 is nb,
(2). IF y1 is nb AND x3 is ze THEN y2 is nb,
(3). IF y1 is nb AND x3 is pb THEN y2 is ze,
(4). IF y1 is ze AND x3 is nb THEN y2 is nb,
(5). IF y1 is ze AND x3 is ze THEN y2 is ze,
(6). IF y1 is ze AND x3 is pb THEN y2 is pb,
(7). IF y1 is pb AND x3 is nb THEN y2 is ze
(8). IF y1 is pb AND x3 is ze THEN y2 is pb,
(9). IF y1 is pb AND x3 is pb THEN y2 is pb.

(iii). Rules for FLS3 :

x4

nb ze pb

y2

nb nb nm ns

ze ns ze ps

pb ps pm pb
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(1). IF y2 is nb AND x4 is nb THEN y is nb,
(2). IF y2 is nb AND x4 is ze THEN y is nm,
(3). IF y2 is nb AND x4 is pb THEN y is ns,
(4). IF y2 is ze AND x4 is nb THEN y is ns,
(5). IF y2 is ze AND x4 is ze THEN y is ze,
(6). IF y2 is ze AND x4 is pb THEN y is ps,
(7). IF y2 is pb AND x4 is nb THEN y is ps

(8). IF y2 is pb AND x4 is ze THEN y is pm,
(9). IF y2 is pb AND x4 is pb THEN y is pb.

Similar to the parallel case, the index values obtained for subsystems 1, 2 and 3 are
N1 = 0.083, N2 = 0.083, N3 = 0.194, F1 = 0.493, F2 = 0.493 and F3 = 0.605 (the details
are shown in Table 3.2). There are three layers in this HFS (q = 3). The layer-weights using
equation (3.2) are l1 = 0.5, l2 = 0.333 and l3 = 0.167. According to equation (3.1), the
suggested interpretability index HI of this HFS are:

HI =
q

∑
j=1

(l j

s j

∑
k=1

E jk/s j)

= l1((N1/1)+ l2(N2/1)+ l3(N3/1)

= 0.5(0.083)+0.333(0.083)+0.167(0.194)

= 0.102

HI =
q

∑
j=1

(l j

s j

∑
k=1

E jk/s j)

= l1((F1/1)+ l2(F2/1)+ l3(F3/1)

= 0.5(0.493)+0.333(0.493)+0.167(0.605)

= 0.512

3.6 Result and Discussion

The proposed initial index, HI was applied to the example of a seesaw control application for
both the Nauck and Fuzzy indices. The overall interpretability measurements of the FLS and
HFSs were summarised and are shown in Fig. 3.6.
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Fig. 3.6 Interpretability measurement between the FLS and HFSs of the seesaw control
application using an initial index, HI .

For the discussed examples that have similar performance (see Section 6.4.1.2), the
computed values of interpretability index HI in the HFSs are larger compared to the FLS
regardless of its type (i.e. parallel or serial HFS). As captured in Fig. 3.6, the initial index
using Nauck indices for both parallel and serial HFSs are larger than those of the FLS i.e.
0.120 and 0.102 respectively. Figure 3.6 also shows the same pattern with the initial index
using Fuzzy indices with values of 0.530 and 0.512 respectively. Overall, in this example of
HFSs , the values of the interpretability indices of parallel HFSs are larger than for serial
HFSs as shown in both the Nauck and Fuzzy indices of HI .

The results generated for the initial index HI follow intuition in the sense that one expects
better interpretability for HFSs than for their FLS counterparts. Clearly, the aggregation
strategy adopted in this chapter is not unique and a number of different aggregation strategies
may be appropriate. In the same context, based on the initial results, it is clear that further
work is required to establish ground truth on what the appropriate interpretability index
should be, so that it reflects or approximates the interpretability of a system as perceived by
an actual human user.

3.7 Summary

Intuitively, HFSs have the potential to improve interpretability in FLSs. However, inter-
pretability indices associated with HFSs have not so far been discussed. In this chapter, as a
first step to study the interpretability of HFSs, an initial index has been proposed and applied
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to the popular FLS interpretability indices, namely the Nauck and Fuzzy indices. Note that
this initial index is not perfect as this was the initial proposal to measure interpretability of
HFSs. Thus, further exploration of the index will be discussed in Chapter 5.

In initial experiments, the initial index using both Nauck and Fuzzy indices produced
higher results for HFSs than for their functionally equivalent FLS counterparts. This follows
intuition as HFSs have been credited with better interpretability compared to FLSs. In
the future, a key part of work in this thesis will be to conduct experiments with real users
to establish the perceived interpretability and to use it to validate and inform appropriate
interpretability indices (e.g. : “When is an index based on the Nauck and Fuzzy index most
appropriate?"). At the moment, beyond the initial motivation of HFSs, it for example is
not clear whether a larger number of layers is necessarily easier to interpret than a larger
number of single-layer rules. It should be noted that the seesaw control application used in
this Chapter does not have clear semantic meaning on the labels, and hence does not have an
‘intuitive’ interpretation. This example was also missing the essential semantic properties of
the partition. Therefore, the Iris classification problem which has a clear semantic meaning
of input, intermediate and output variables was introduced as an example, and used in
Chapters 4, 5 and 7.

Chapter 4 focuses on leveraging the information gained from studying interpretability
in its human context to inform index aggregation in HFSs. Further, other aspects of inter-
pretability will be explored, including the linguistic meaning of fuzzy sets, the relationship
between interpretability and complexity, and the logical complexity of the rules, i.e. the
impact on interpretability of for example using AND, rather than OR.



Chapter 4

An Exploratory User Study on
Perception of Interpretability in
Hierarchical Fuzzy Systems

As discussed in Chapter 2, one of the fundamental issues in FLSs is rule explosion, which
may reduce interpretability of FLSs. As is known, HFSs can address rule explosion and thus
provide a potentially valuable pathway to improve interpretability and minimise complexity
in FLSs. However, nothing is known regarding how interpretability can be measured when a
system is hierarchical, that is, with multiple subsystems, layers and topologies. Also, basic
interpretability indices that have been proposed to measure the interpretability only focus on
FLSs. Therefore, in Chapter 3, an initial index to measure the interpretability of HFSs was
proposed. However, since interpretability is of a subjective nature, it is essential to see how
people perceive interpretability in FLSs and also HFSs.

In this chapter, a user study for capturing the interpretability of FLSs and HFSs is pre-
sented. The user study attempts to provide a complete presentation of the interpretability from
users’ point of view in the Iris flower classification example with the following objectives:
(i) to examine how people perceive interpretability in FLSs and HFSs; (ii) to investigate
the influence of HFSs’ architecture, namely the impact of multiple subsystems, layers and
topologies towards interpretability; and (iii) to explore the relationship between interpretabil-
ity and complexity of FLSs and HFSs. Hence, this chapter addresses the second objective of
this thesis; that is to establish standard methodologies for capturing the users’ perceptions on
the interpretability and complexity of HFSs.
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4.1 Introduction

Interpretability is acknowledged as one of the most appreciated advantages of FLSs [115],
particularly in relation to applications such as knowledge extraction and decision support
[2, 3]. Specifically, one of the most important motivations for using FLSs for system
modelling is that a fuzzy system uses linguistic variables and rules [63] that are easy to
understand. However, this rule based structure also poses significant challenges, including the
curse of dimensionality, where the number of required rules and model complexity commonly
increase exponentially with the number of input variables [22, 31], thus potentially reducing
the transparency and interpretability of FLSs. From these challenges, we can summarise the
relationship between the number of rules, complexity and interpretability in FLSs as follows:

↑ Number of rules (FLSs),↑ Complexity (FLSs) (4.1)

↑ Complexity (FLSs),↓ Interpretability (FLSs) (4.2)

where ↑ denotes increasing and ↓ indicates decreasing.
Many of the approaches [14, 22, 33, 38, 40–43] as mentioned earlier (See Section 2.2.5)

are designed to overcome the curse of dimensionality by reducing the model complexity of
FLSs [92]. Moreover, by reducing model complexity, a way may be found to improve model
interpretability, i.e., a system with a smaller number of rules requires a smaller effort to be
interpreted [56]. However, the following questions arise: (i) “Is it always true that reducing
the complexity of FLSs improves the interpretability of FLSs?”; and (ii) “Does an FLS with
fewer rules always have better interpretability compared to an FLS with more rules?”.

In [55] Ishibuchi et al. demonstrated, using simple test problems, that the minimisation
of complexity does not always lead to maximisation of interpretability, particularly in the
design of fuzzy rule-based systems. However, the problem is that interpretability of FLSs
or HFSs is a very difficult concept, because of its subjective nature. In Chapter 3, an initial
index to measure interpretability of HFSs has been introduced. Still, evaluating how different
people perceive interpretability is not a trivial matter. Therefore, it is important to analyse
how people perceive interpretability and also the complexity of design when it comes to the
creation of FLSs. In other words, from a human perspective, “does the minimisation of FLS
complexity of design lead to the maximisation of FLS interpretability?”. From the literature,
this intriguing question has never been addressed through the use of a user study.

This chapter introduces a user study to assess users’ perception on interpretability and
also complexity of FLSs. While the number of participants in the study is still limited, the
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chapter puts forward a valuable first step both in terms of using user studies in respect to
exploring the properties of FLSs, and in addressing the key question of complexity verses
interpretability.

The rest of this chapter is organised as follows: Section 4.2 introduces a novel method for
capturing users’ perception of interpretability and complexity. The experiments to showcase
the features of the proposed method using a real-world example are shown in Section 4.3.
Section 4.4 presents a general discussion on the produced result. Finally, a summary of this
chapter is presented in Section 4.5.

4.2 Capturing Users’ Perception on Interpretability and
Complexity

4.2.1 Motivation

Due to the subjective nature of the interpretability, conducting a user study on the inter-
pretability is not an easy task. The challenges include “How can users be asked about the
interpretability and complexity of FLSs?”, “What are the questions?” and “How can this user
study be conducted?”. Thus, a new approach in conducting the user study on assessing how
users perceive the interpretability and complexity of FLSs and HFSs has been proposed.

4.2.2 Application Background – Iris Classification Systems

This chapter uses the well known Iris flower classification as an example in this user study.
Note that this Iris flower classification example has been introduced earlier in Chapter 2.3.
The Iris classification problem consists of four attributes as input features: sepal length, sepal

width, petal length and petal width. Three classes of Iris flowers are output features: Setosa,
Versicolor and Virginica.

In this chapter, three Iris classification systems are introduced (flat FLS, Parallel HFS
and Serial HFS) as can be seen in topologies Fig. 2.9, Fig. 2.12 and Fig. 2.10 (see Chapter 2),
respectively. They are classified into two configurations: three systems with two membership
functions (MFs), referred to as Set MF-2, termed F-2, P-2 and S-2; and three systems with
three MFs, referred to as Set MF-3, termed F-3, P-3 and S-3. The examples of MFs for
Set MF-2 and MF-3 are shown in Figs. 4.1 and 4.2, and the complete rules for these Iris
classification systems can be seen in Appendix A. The description of these Iris classification
systems can be seen in Table 4.1.
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Table 4.1 Iris classification systems

Sets Systems Number of inputs Number of MFs Number of rules

Set MF-2
F-2 4 2 16
P-2 4 2 12
S-2 4 2 12

Set MF-3
F-3 4 3 81
P-3 4 3 27
S-3 4 3 27

Fig. 4.1 Membership functions of input Sepal Length with two MFs.

Fig. 4.2 Membership functions of input Sepal Length with three MFs.

4.2.3 The User Study Approach

Setting it apart from the existing research on interpretability, this chapter looks at the
interpretability and complexity of FLSs and HFSs using a user study. Specifically, a user
study to assess the interpretability and complexity of the designs in relation to creating FLSs
and HFSs is proposed. Fig. 4.3 shows the steps involved in developing this user study:
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Fig. 4.3 Four steps towards developing a user study

4.2.3.1 Step 1 - Reviewing the Literature

This chapter begins by carefully reviewing the literature that focuses on the problems and
issues in relation to interpretability and complexity.

4.2.3.2 Step 2 - What are the questions? How to ask people?

It is not a straightforward task to represent a system in a paper-based (survey), together with
a set of questions of interpretability, to involve users in a study. For example, how can we
transform these systems into a paper-based format that can illustrate all of the descriptions as
in Table 4.1, while achieving the aim of assessing how interpretability and complexity are
perceived by users when evaluating these systems on paper?

4.2.3.3 Step 3 - Paper-based Surveys and Card Systems

As it is challenging to present Set MF-2 and Set MF-3 in a paper-based survey, it was decided
that each of the Iris classification systems in Set MF-2 and Set MF-3 should be printed on an
A4 card – called a card system. Within this context of survey research, the card system is a
visual aid used predominantly during in-person surveys [171]. The topology, membership
functions and rule set of each system in Set MF-2 and Set MF-3 were printed on the card

system (as can be seen in Fig. 4.4).
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Fig. 4.4 Card system: P-2

In their study, Alonso et al. [15] found that, when it comes to interpretability, participants
felt much more confident in giving rankings rather than giving numerical values. By following
their method in the design of questions, it was decided to ask the participants to provide a
rank for the interpretability and complexity of the design of each system in Set MF-2 and Set
MF-3. The questionnaire consists of nine main questions and can be illustrated as follows:

i. Please rank the following topologies; FLS, Parallel HFS and Serial HFS from simpler
(1) to the least (3). You may provide an equal rank if you feel there is no difference
between options.

ii. Please rank the following systems; F-2, P-2 and S-2 in order of interpretability from
1 to 3, where 1 is more interpretable, and 3 is less interpretable. You may provide an
equal rank if you feel there is no difference between options.

iii. Please rank the following systems; F-2, P-2 and S-2 in term of design complexity from 1
to 3, where 1 is less complex, and 3 is more complex. You may provide an equal rank if
you feel there is no difference between options.

iv. Please rank the following systems; F-3, P-3 and S-3 in order of interpretability from
1 to 3, where 1 is more interpretable, and 3 is less interpretable. You may provide an
equal rank if you feel there is no difference between options.
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v. Please rank the following systems; F-3, P-3 and S-3 in term of design complexity from 1
to 3, where 1 is less complex, and 3 is more complex. You may provide an equal rank if
you feel there is no difference between options.

vi. Consider P-3 and S-3. Which of these HFS systems would you prefer to design?

vii. Consider F-2 and P-2. Does the reduction of 16 to 12 rules in system F-2 to P-2 make it
worth to choose HFS?

viii. Consider F-3 and P-3. Does the reduction of 81 to 27 rules in system F-3 to P-3 make it
worth to choose HFS?

ix. Consider P-3 and S-3. Which of HFS system is more interpretable to you?

To view all the questions in this questionnaire completed with all card systems, participa-
tion information sheet and consent form, please refer to the Appendix A.

4.2.3.4 Step 4 - Implementation

The paper-based survey has been approved by the School of Computer Science Ethics
committee, University of Nottingham. The survey was carried out at the IEEE International
Conference on Fuzzy Systems 2017, Naples, Italy. For example, as shown in Fig. 4.5, the
participants were asked to rank the three Iris systems on the card systems (namely F-2, P-2
and S-2 cards) based on their view of the interpretability and complexity of the designs. In
terms of the ranking of interpretability, the participants may provide rank 1 to indicate the
most interpretable of the Iris systems, and rank 3 to indicate the least interpretable of the Iris
systems. In contrast, in terms of ranking complexity of design, the participants may provide
rank 1 to indicate the least complex to design, and rank 3 for the most complex.
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Fig. 4.5 Participants rank F-2, P-2 and S-2 based on the interpretability and complexity of
design in relation to creating the Iris classification systems

4.3 Experiment and Results

This section presents the experiment and results of participant perceptions on the inter-
pretability and complexity of the implemented paper-based survey. The aim of this section
is to explore the relationship between interpretability and complexity of different FLS de-
signs when creating various Iris classification systems. The analysis process consists of
three main steps: (i) descriptive analysis of the survey data; (ii) participants’ feedback; and
(iii) interpretability vs complexity.

4.3.1 Descriptive Analysis of the Survey Data

This paper-based survey received responses from 25 participants at Fuzz-IEEE 2017. From
this data, the survey data are summarised and described in a meaningful way using basic
frequency tables.

i. Question 1 – Which topology is simpler?
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In this survey, Question 1 aims to examine how participants perceived topologies of the
FLS, Parallel HFS and Serial HFS based on Iris classification systems.

Table 4.2 Frequency of topology rankings in Question 1 extracted from survey (from simpler
(1) to the least (3)).

Topologies
Rank

Total
Average Rank1 2 3

Count (%) Count (%) Count (%) Count (%)

FLS 17 68 1 4 7 28 25 100 1.60
Parallel HFS 7 28 11 44 7 28 25 100 2.00
Serial HFS 4 16 5 20 16 64 25 100 2.48

Table 4.2 shows participants’ perception by providing the topology rankings of the FLS,
Parallel HFS and Serial HFS of Iris classification systems. The last column summarises
the entire table, providing the average rank. In general, the result showed that participants
feel that the topology FLS is simpler by looking at it rather than the Parallel HFS and
Serial HFS with the average rank value is close to 1. Also, the result of which topology
is simpler that chosen by participants is illustrated in Fig 4.6. Consequently, Fig 4.6
provides a clear picture of the topology rankings from participants’ point of view.
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Fig. 4.6 Participants ranked the topologies of the Iris systems based on simplicity.
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ii. Question 2 – Which systems in Set MF-2 is more interpretable?

In this survey, Question 2 intends to analyse how participants perceived interpretability
of F-2, P-2 and S-2 in Set MF-2 of Iris classification systems.

Table 4.3 Frequency of interpretability rankings in Question 2 extracted from survey (from
most interpretable (1) to the least (3)).

Iris systems
Rank

Total
Average Rank1 2 3

Count (%) Count (%) Count (%) Count (%)

F-2 5 20 8 32 12 48 25 100 2.28
P-2 19 76 4 16 2 8 25 100 1.32
S-2 2 8 9 36 14 56 25 100 2.48

Table 4.3 shows the result of interpretability rankings for F-2, P-2 and S-2 in Set MF-2 of
the Iris classification systems. The last column summarises the entire table, providing the
average rank. In general, most of the participants found P-2 to be more interpretable than
F-2 and S-2 in Set MF-2, as seen from the average rank that is close to 1. Additionally,
the average rank reveals that the participants also ranked F-2 as more interpretable than
S-2, with the average rank of 2.28 being less than 2.48, as shown in Table 4.3. To
summarise this result, Fig. 4.7 gives a clear overview of which systems in Set MF-2 that
are more interpretable from the participants’ point of view.
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Fig. 4.7 Participants ranked the Iris systems in Set MF-2 based on interpretability.

iii. Question 3 – Which systems in Set MF-2 is less complex to design?

In contrast to Question 2, Question 3 aims to investigate how participants perceived the
complexity of the previous systems, namely F-2, P-2 and S-2 in Set MF-2.

Table 4.4 Frequency of complexity rankings in Question 3 extracted from survey (from less
complex (1) to more complex (3)).

Iris systems
Rank

Total
Average Rank1 2 3

Count (%) Count (%) Count (%) Count (%)

F-2 12 48 1 4 12 48 25 100 2.00
P-2 10 40 10 40 5 20 25 100 1.80
S-2 6 24 7 28 12 48 25 100 2.24

Table 4.4 shows the result of complexity rankings for F-2, P-2 and S-2 in Set MF-2 of
the Iris classification systems. The last column summarises the entire table, providing
the average rank. From the observation, most of the participants found P-2 to be less
complex to design than F-2 and S-2 in Set MF-2, with the average rank being close to
1. Additionally, the result shows that the participants also rated F-2 as less complex to
design than S-2, with the average rank of 2.00 being less than 2.24, as shown in Table 4.3.
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To summarise this result, Fig. 4.8 presents a clear picture of which Iris classification
systems in Set MF-2 are less complex to design from the participants’ point of view.
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Fig. 4.8 Participants ranked the Iris classification systems in Set MF-2 based on the complexity
of design.

iv. Question 4 – Which systems in Set MF-3 is more interpretable?

Similar to Question 2, Question 4 also aims to analyse how participants perceived
interpretability but now in Set MF-3, namely F-3, P-3 and S-3.

Table 4.5 Frequency of interpretability rankings in Question 4 extracted from survey (from
more interpretable (1) to the least (3)).

Iris systems
Rank

Total
Average Rank1 2 3

Count (%) Count (%) Count (%) Count (%)

F-3 5 20 5 20 15 60 25 100 2.40
P-3 18 72 4 16 3 12 25 100 1.40
S-3 4 16 11 44 10 40 25 100 2.24

In Set MF-3, by increasing the number of membership functions from two to three, all
rule sets in these Iris classification systems also increase as can be seen in Table 4.1.
The last column summarises the entire table, providing the average rank. Participants
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still perceived similar interpretability for these Iris classification systems as shown in
Table 4.5. The participants still found P-3 to be more interpretable than F-3 and S-3 in
Set MF-3, with the average rank being close to 1. However, for the case of Set MF-3,
the result shows that the participants rated S-3 as more interpretable than F-3, with
the average rank of 2.24 is less than 2.4, as shown in Table 4.5. To review this result,
Fig 4.9 provides a clear overview of Iris classification systems in Set MF-3 that are more
interpretable from the participants’ point of view.
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Fig. 4.9 Participants ranked the Iris systems in Set MF-3 based on interpretability.

v. Question 5 – Which systems in Set MF-3 is less complex to design?

Similar to Question 3, Question 5 also aims to examine how participants perceived the
complexity of these systems, but now in Set MF-3 namely F-3, P-3 and S-3.

Table 4.6 Frequency of complexity rankings in Question 5 extracted from survey (from less
complex (1) to the more complex (3))

Iris systems
Rank

Total
Average Rank1 2 3

Count (%) Count (%) Count (%) Count (%)

F-3 10 40 2 8 13 52 25 100 2.12
P-3 10 40 10 40 5 20 25 100 1.20
S-3 10 40 6 24 9 36 25 100 1.96
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Table 4.6 shows the result of complexity rankings for F-3, P-3 and S-3 in Set MF-3 of
the Iris classification systems. The last column summarises the entire table, providing
the average rank. Likewise, for the case of Set MF-3, most of the participants also chose
P-3 to be less complex to design than S-3 and F-3, with the average rank being close to 1.
The results also show that the participants chose S-3 is less complex to design than F-3,
with the average rank of 1.96 being less than 2.12, as shown in Table 4.6. To summarise
this result, Fig 4.10 presents a clear overview of Iris classification systems in Set MF-3
that are less complex to design from the participants’ point of view.
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Fig. 4.10 Participants ranked the Iris systems in Set MF-3 based on the complexity of design.

vi. Question 6 – Which HFS systems in Set MF-3 would you prefer to design?

In this survey, Question 6 aims to examine the participants’ perception of specific HFS
Iris classification systems in Set MF-3 that they would prefer to design.

Table 4.7 Frequency of participants’ answers in Question 6 extracted from survey

Iris systems
Frequency

Count (%)

P-3 18 72
S-3 7 28
Total 25 100
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Table 4.7 shows the result of participants’ answers on the HFS Iris classification systems
that they would prefer to design. As can be seen in Table 4.7, most of the participants
favoured designing for P-3 rather than S-3. The result reveals that 72% of the participants
chose P-3 and only 28% of the participants chose S-3 as also shown in Fig 4.11. Note
that this result is associated with the result in Table 4.6 and Fig. 4.10 that showed the
participants also perceived P-3 as less complex than S-3 to be designed.

72 %

28 %

P−3
S−3

Fig. 4.11 Participants chose HFS Iris systems in Set MF-3 as preferred to design.

vii. Question 7 – Does the reduction from 16 to 12 rules (F-2 to P-2) in Set MF-2 make the
HFS worth choosing?

In this survey, Question 7 aims to assess whether the participants prefer the HFS (P-2)
rather than the FLS (F-2) when designing Iris classification systems in Set MF-2 with
the rule reduction from 16 to 12 rules.

Table 4.8 Frequency of participants’ answers in Question 7 extracted from survey

Participants’ answer
Frequency

Count (%)

YES 12 48
NO 13 52
Total 25 100
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Table 4.8 shows the results received from participants on whether it is worth choosing
the HFS (P-2) over the FLS (F-2) in Set MF-2 for the rule reduction from 16 to 12
rules. The results show that a near-equal number of participants agree and disagree to
chose P-2 over F-2. That is, 52% of the participants did not agree to chose P-2 over F-2,
whereas 48% of the participants agreed as shown in Fig 4.12.

48 %

52 %

Yes
No

Fig. 4.12 Participants agree to choose the HFS rather than the FLS in Set MF-2

viii. Question 8 – Does the reduction of 81 to 27 rules (F-3 to P-3) in Set MF-3 make the
HFS worth choosing?

Similar to Question 7, Question 8 aims to assess whether the participants agree to prefer
the HFS (P-3) rather than the FLS (F-3) when designing Iris classification systems in
Set MF-3 with the rule reduction from 81 to 27 rules.

Table 4.9 Frequency of participants’ answers in Question 8 extracted from survey

Participants’ answer
Frequency

Count (%)

YES 19 76
NO 6 24
Total 25 100
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Table 4.9 shows the results received from participants on whether that is worths to chose
the HFS (P-3) over the FLS (F-3) in Set MF-3 for the rule reduction from 81 to 27 rules.
In contrast to Set MF-2, considering the substantial rule reduction (54 rules), most of
the participants agreed to choose P-3 over F-3 for Iris classification systems as can be
seen in Table 4.9. The results reveal that 76% of the participants agreed to choose P-3
over F-3, whereas 24% of the participants did not agree as shown in Fig 4.13.

76 %

24 %

Yes
No

Fig. 4.13 Participants agree to choose the HFS rather than the FLS in Set MF-3

ix. Question 9 – Which HFS systems in Set MF-3 is more interpretable to you?

In this survey, Question 9 aims to observe participants’ perception of interpretability of
the HFS Iris classification systems in Set MF-3.

Table 4.10 Frequency of participants’ answers in Question 9 extracted from survey

Iris systems
Frequency

Count (%)

P-3 20 80
S-3 4 16
Equal 1 4
Total 25 100
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Table 4.10 indicates the result of participants’ answers on which HFS Iris classification
systems are more interpretable from their point of view. As can be seen in Table 4.10,
most of the participants chose P-3 rather than S-3 as more interpretable. The result
reveals that 80% of the participants chose P-3 and only 28% of the participants chose
S-3 as more interpretable as shown in Fig 4.14. However, there was a participant who
claimed that both of these HFSs (P-3 and S-3) had equal interpretability.

80 %

16 %

4 %

P−3
S−3
Equal

Fig. 4.14 Participants ranked HFS Iris systems in Set MF-3 based on interpretability

4.3.2 Participants’ Feedback

In this section, the most important participants’ feedback is summarised from the survey data.
Whilst, for the illustrative example, there is an absence of a clear relationship between the
numerical results obtained for Parallel and Serial HFS systems, the comments of participants
(which can be seen in Appendix B) indicate that the Parallel form is the most suited to the
example of the Iris system. According to the participants, it is more intuitive when sepal

and petal are classified separately with the resulting outputs driving the classification of
the Iris flowers. Similarly, the participants expressed that fewer rules in each subsystem
improved their readability. This preference is not intrinsic to the Parallel or Serial form of
decomposition but is related to the natural structure (petals and sepals of flowers) inherent in
this particular example. The details of comments can be seen in the Appendix B.
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4.3.3 Interpretability vs Complexity

In this section, the relationship between interpretability and complexity is investigated
from the survey data. Note that, for this investigation, only the survey data extracted from
Questions 2 - 5 is covered.

4.3.3.1 Individual Differences in Interpretability and Complexity of Design

First, in this section, the following questions, “Are the FLSs that participants ranked as more

interpretable those that they ranked as the less complex to design?” or indeed “Are the FLSs
that participants ranked as more interpretable those that they ranked as the more complex

to design?” are explored. To explore this, Figs. 4.15 - 4.20 present the distribution of the
participants’ answers in relation to the interpretability and complexity of the design of each
Iris classification system as extracted from Tables 4.3 - 4.6.

Figs. 4.15, 4.16 and 4.17 present the distribution of participants’ answers in relation to
the interpretability and complexity of the designs for creating F-2, P-2 and S-2 respectively
in Set MF-2. It is apparent from these figures that there is substantial diversity in terms of the
answers with respect to the interpretability and complexity of the design/creation of F-2, P-2
and S-2. Overall, in the case of F-2, the most salient relationship from Fig. 4.15 shows that
nine participants (36%) ranked F-2 as less interpretable and more complex to design. Similar
to F-2, the most salient relationship from Fig. 4.17 shows that nine participants (36%) ranked
S-2 as less interpretable and more complex to design. However, for the case of P-2, the most
salient relationship from Fig. 4.16 shows that eight participants (32%) ranked P-2 as more

interpretable and less complex to design.

Fig. 4.15 Interpretability vs complexity for F-2 in Set MF-2
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Fig. 4.16 Interpretability vs complexity for P-2 in Set MF-2

Fig. 4.17 Interpretability vs complexity for S-2 in Set MF-2

Meanwhile, for the case of Set MF-3, Figs. 4.18, 4.19 and 4.20 present a distribution of
participant answers ranking the interpretability and complexity of the designs for creating
F-3, P-3 and S-3 respectively. As shown in these figures, there is also substantial difference in
the answers in relation to the interpretability and complexity of design for creating F-3, P-3
and S-3. Likewise, the relationship in Set MF-3 shows the same pattern as in Set MF-2. The
pattern indicates that the most meaningful relationship from Fig. 4.18 identified is that eleven
participants (44%) ranked F-3 as less interpretable and more complex to design. Similar to
F-3, the most important relationship from Fig. 4.20 shows that six participants (24%) ranked
S-3 as less interpretable and more complex to design. However, in the case of P-3, the most
important relationship from Fig. 4.19 shows that eight participants (32%) ranked P-3 as more

interpretable and less complex to design.
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Fig. 4.18 Interpretability vs complexity for F-3 in Set MF-3

Fig. 4.19 Interpretability vs complexity for P-3 in Set MF-3

Fig. 4.20 Interpretability vs complexity for S-3 in Set MF-3

Although only the most important relationships (based on the highest number of partici-
pant answers) were discussed for each system, there were also other relationships between
interpretability and complexity of design in relation to the creation of F-2, P-2 and S-2 for
Set MF-2, and F-3, P-3 and S-3 for Set MF-3. For instance, some participants ranked a
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less interpretable system as less complex to design. Also, some participants ranked a less

interpretable system as more complex to design as can be seen in Figs. 4.15 - 4.20. Thus,
while weaker, these relationships also should be taken into account in order to investigate
the significance of the relationship between interpretability and complexity of designs when
creating FLSs.

4.3.3.2 Pearson Correlation Coefficient between Interpretability and Complexity

Next, the significance of the relationships between interpretability and complexity of design
for creating Iris classification systems that have been captured in Subsection 4.3.3.1 are
investigated, using Pearson’s correlation coefficient (r) [172]. This statistically establishes
how influential a relationship is between two variables where +1 indicates a strong positive
relationship and −1 indicates a strong negative relationship [173]. Then, to conclude this
correlation, the p-value is used to measure the significant level. In this experiment, a
significant level of alpha (α) = 0.05 is used an indicator as to whether the correlation is
statistically significant (p-value < 0.05) or not (p-value > 0.05).

Table 4.11 Pearson correlation coefficient (r) between Interpretability and Complexity of
design for Iris classification systems in Set MF-2 and Set MF-3

Iris systems r p-value

Set MF-2:
F-2 0.421 0.036
P-2 0.052 0.804
S-2 0.316 0.123

Set MF-3:
F-3 0.410 0.042
P-3 0.231 0.266
S-3 0.275 0.184

Table 4.11 provides the summary of the statistics for interpretability and complexity of
design for Iris classification systems in Set MF-2 and Set MF-3 that were computed using
Pearson’s correlation coefficient. First, results indicate that a positive correlation was found
between interpretability and complexity of design in relation to creating F-2, P-2 and S-2 for
Set MF-2, and F-3, P-3 and S-3 for Set MF-3.

However, as shown in Table 4.11, although all Iris classification systems in Set MF-2 and
Set MF-3 gave positive correlations (r) between interpretability and complexity of design,
only F-2 and F-3 show statistical significance of this positive correlation (r) in Set MF-2
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and Set MF-3 respectively. The computed p-value for F-2 and F-3 are less than 0.05 in both
Set MF-2 and Set MF-3. The positive correlations (r) in P-2 and P-3 (r = 0.052, r = 0.231),
and also S-2 and S-3 (r = 0.316, r = 0.275) in Set MF-2 and Set MF-3 respectively, are not
statistically significant.

4.4 Discussion

This chapter has presented an initial exploration of the relationship between FLS inter-
pretability and complexity. It was focused specifically on FLSs designed to implement the
Iris classification system and consisted of three main steps.

For the first step, the survey data particularly in Questions 2 to 9 were presented, which
consists of the interpretability and complexity of designs ranked by participants, as shown
in Tables 4.3 to 4.6. It has been found that the majority of the participants chose Parallel
HFSs (P-2 and P-3) as more interpretable than the FLS and Serial HFSs (S-2 and S-3) for
both Set MF-2 and Set MF-3. Likewise, a similar pattern was also found for the case of
complexity of design. It has been found that Parallel HFSs (P-2 and P-3) was chosen by
most of the participants as less complex to design when compared to Serial HFSs (S-2 and
S-3) and FLSs, in both Set MF-2 and Set MF-3. These findings also correspond with the
results presented in Tables 4.7 to 4.10, in that participants perceived that the Parallel HFS
was more interpretable and less complex to design than the Serial HFS for both Set MF-2 and
Set MF-3. It seems possible that these results are due to different topologies, the number of
membership functions, and also the number of rules in each system for both Set MF-2 and Set
MF-3, which influences the participants in their ranking of the interpretability and complexity
of the designs. From participants’ feedback (as described in Section 4.3.2), they found it is
more intuitive when sepal and petal are classified separately (as in Parallel HFS) with the
resulting outputs driving the classification of the Iris flowers. Clearly, this is probably related
to the natural structure (petals and sepals of flowers) inherent in this particular example.

For the second step, an analysis of the individual differences in the interpretability and
design complexity rankings for each system was performed as captured in Figs. 4.15 -
4.20. It has been found considerable diversity of relationships between interpretability and
complexity of design as given by the participants. For example, some participants stated
that the less interpretable a system was, the more complex it was to design. However, some
participants also stated that the less interpretable a system was, the less complex it was to
design. Some possible explanations of this finding include: (i) participants ranked the system
as more interpretable because they perceived it as being more intuitive and easy to understand
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for both Set MF-2 and Set MF-3; (ii) the difference in the number of rules between FLS
and HFS in Set MF-3 is larger than Set MF-2– therefore, participants feel that it will be
challenging to design an FLS model; and (iii) some participants find it challenging to design
parallel and serial HFS as they are composed of multiple subsystems and layers.

In order to examine the significance of the relationship between interpretability and
complexity of design, the Pearson correlation coefficient was calculated for the third step. A
key outcome from the evaluation is that a positive correlation (r) between interpretability and
complexity of design was found for F-2, P-2 and S-2 in Set MF-2 and F-3, P-3 and S-3 in Set
MF-3, as shown in Table 4.11. That is, it indicates that the more interpretable a system is, the
less complex it is to design the system, and, also, the less interpretable a system is, the more

complex it is to design the system – at least in the context of the Iris classification systems
considered. However, this positive relationship is statistically significant only for FLSs (F-2
and F-3) and not for Parallel HFSs (P-2 and P-3) and Serial HFSs (S-2 and S-3) for both
Set MF-2, and Set MF-3. It is hard to interpret the cases for Parallel HFSs and Serial HFSs
because the statistical power is low due to the small sample size. Nevertheless, it suggests
that the effect is weak for the positive correlation for Parallel HFSs and Serial HFSs.

4.5 Summary

In this chapter, an initial user study has been used to explore the relationship between
interpretability and complexity of design when creating FLSs. This has never been addressed
by researchers in this field. Although the current study is based on a small sample of
participants and focuses on the particular case of FLSs designed for Iris classification, the
findings suggest that, in creating fuzzy systems, it does not always hold true that the less

complex the design of a system is, the more interpretable the system is. This seems especially
true when an FLS is hierarchical. It has also been found that the topologies of the FLSs (e.g.
flat, parallel and serial) have a significant influence on the interpretability and complexity of
the design of FLSs.

In Chapter 5, the information gained from this user study will be leveraged to guide the
measurement of interpretability that was presented in Chapter 3. This approach, called a
participatory design approach, enables the subjective views of a range of users to be taken
into account in shaping the measurement of interpretability of HFSs.

Importantly, this chapter found that complexity is an essential component in interpretabil-
ity. It shows that from the users’ perspective, reducing complexity can improve the inter-
pretability. However, it also shows that from the users’ perspective, there is diversity in the
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complexity, particularly for HFSs. They perceived that it is not only the rules that affect
complexity, but also the structure of HFSs. Therefore, in Chapter 6, the complexity of HFSs
will be investigated, with the aims of improving the complexity measurement in HFSs.



Chapter 5

Participatory Design Approach to Guide
the Measurement of Interpretability in
Hierarchical Fuzzy Systems

As discussed in Chapter 3, the challenges of measuring the interpretability of HFSs include
issues such as their topological structure, the number of layers, and the meaning of interme-
diate variables. Thus, a question arises: “How can we make an informed assessment of how
HFSs should be designed to enhance interpretability?". In this chapter, a general index to
measure the interpretability of HFSs is proposed, combined with a participatory user design
process to create a specific instance of the index for an application context; thus addressing
the third objective of this thesis such that to guide the interpretability measurement of HFSs.
The participatory design approach is built based on the study presented in Chapter 3, that pro-
duced an initial index. This approach enables the subjective views of a range of practitioners
and experts in the design and creation of FLSs (see Chapter 4) to be taken into account in
shaping the design of a general index for measuring interpretability in HFSs. This design
process and general index is demonstrated through a classification application, showing the
ability of the resulting index to appropriately capture interpretability as perceived by system
design experts.

5.1 Introduction

Participatory design is an approach that involves the participation of users in the design
development process to help ensure that the result meets their needs and is usable in practice
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[174]. Participatory design has been used to develop solutions to complex problems, espe-
cially when dealing with people, such as in educational [175] and medical [176] fields. It
provides a methodology towards making the design process co-operative and efficient. As
discussed earlier, interpretability is subjective in nature in that it depends on people who
judge it. Hence, this approach may be a useful method to assist the development of a measure
for the interpretability of HFSs.

This chapter introduces a general index to measure the interpretability of HFSs. A partici-
patory design approach is then used to guide the development of a general index for capturing
the interpretability of HFSs, building on the initial index introduced in Chapter 3. The index
addresses key challenges arising from the structure of HFSs, incorporates an elementary index
for assessing the interpretability of each subsystem, an aggregation strategy for combining
the indices of the various subsystems within a single layer, and a layer-weighting strategy
that combines layers while capturing the topology of the HFS. Initial demonstration and
evaluation using the participatory design approach is presented to configure the general index
so as to allow its implementation in practice.

The rest of this chapter is organised as follows: Section 5.2 presents the motivation of
this chapter on the introduction of the general index of interpretability for HFSs. The general
index for interpretability of HFSs is discussed in Section 5.3, followed by an outline of
how the framework is demonstrated in principle in Section 5.4. Section 5.5 introduces the
participatory design approach process, consisting of: (i) a participatory user study on peoples’
perception of interpretability in which users are provided with various configurations of
HFSs; (ii) an experimental study on alternative aggregation and layer-weighting strategies on
the same systems; and (iii) a statistical comparison to explore the level of agreement between
users’ perceptions and the experimental data. The results are discussed in Section 5.6, and
finally a summary is presented in Section 5.7.

5.2 Motivation

This chapter will introduce a more general index to capturing interpretability of HFSs, in
order to address the following three challenges.

5.2.1 Multiple Individual Subsystems

HFSs are produced by structuring the input variables in FLSs into multiple subsystems (see
Chapter 2.3). Each subsystem commonly has a small number of inputs and outputs and a
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small rule base, and serves commonly a single purpose [98]. The first challenge may be
expressed as “How can the interpretability of each subsystem in an HFS be measured using
an index?". This challenge is akin to the principal challenge of capturing standard FLS
interpretability using an index.

5.2.2 Aggregation

The second challenge is the choice of aggregation strategy to combine the indices of the
various subsystems in an HFS. Several aggregation strategies may be suitable, such as mean,
min, max and Order Weighted Average (OWA) [177, 178]. An OWA is calculated by reordered
the associated indices of subsystems in descending order before multiplying them by the
weights. In [179], Yager introduces the linguistic quantifier to calculate weights (w) in which
he defines certain values of alpha (α) to capture labels such as “At least one" (α = 0.0), “At
least a few" (α = 0.1), “A few" (α = 0.5), “Half" (α = 1.0), “Most" (α = 2.0), “Almost all"
(α = 10.0) and “All" (α = ∞). This is done by assigning weights according to:

wi =
( i

s

)α

−
( i−1

s

)α

, i = 1, ...,s, (5.1)

where s is the total number of subsystems.
The specific attractiveness of the general operator is that it enables dynamic weighting

of the individual interpretability of subsystems (based on the individual interpretability of
subsystems such as established by the traditional FLS indices). For example, choosing
α = 0.1 results in a weighting strategy closely resembling the max, in which the most
interpretable subsystem in the layer is given the highest weight, the second-most interpretable
a substantially lower weight, and so on.

5.2.3 Topology and Layering

Based on the same input variables, HFSs with different topologies may be produced, such as
the serial and parallel HFSs shown in [54]. A Parallel HFS can have more than one subsystem
per layer (e.g. Fig. 2.12 – see Chapter 2), while Serial HFSs use strictly one subsystem per
layer (e.g. Fig. 2.10 – see Chapter 2). Thus, these topologies commonly have a different
number of layers. For example, Fig. 2.12 and Fig. 2.10 show two different topologies of HFSs
using the same four input variables. Both topologies use the same number of subsystems,
but with different numbers of layers in their structure. This leads us to the question: “How
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can the interpretability of HFSs with different topologies and number of layers be measured
systematically?".

5.3 A General Index for Interpretability of Hierarchical
Fuzzy Systems

A general index for interpretability of HFSs needs to assess the interpretability of each
subsystem, which occur in layers (as illustrated in Figs. 2.12 and 2.10), and then aggregate
these together into a single overall measure of interpretability of the whole system.

5.3.1 HFS Interpretability

This chapter proposes a generic index, referred to as H (for HFS interpretability), that allows
for alternative aggregation strategies as follows:

H =
q

∑
j=1

(
l j

s j⊕
k=1

E jk

)
, (5.2)

where:

• E jk is the underlying (standard) FLS index associated with the subsystem k at layer j,
for example the Nauck (N) or the Fuzzy (F) index;

•
⊕

represents a general aggregation operator;

• l j is the weight associated with layer j of the HFS (see below);

• s j is the number of subsystems located in layer j;

• q is the number of layers of the HFS.

Note that (5.2) returns the original FLS index when applied to a standard FLS because it has
only one subsystem and one layer. Further, in this chapter, (5.2) is purposely designed as a
linear aggregation across layers, i.e. the OWA is only applied within each layer, but not for
the aggregation across layers.
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Layer-weights, l j, are associated with each subsystem according to their layer, such that
the sum of all layer-weights l j is equal to one regardless of the number of layers q, i.e.:

q

∑
j=1

l j = 1, l j ∈ [0,1]. (5.3)

Based on the above, an HFS model is less interpretable when the H is close to 0 and more
interpretable when the H is close to 1.

5.3.2 Layer-weighting Strategy

A variety of weighting strategies for the individual layers within HFSs is possible. Here, a
key set of alternatives is introduced.

5.3.2.1 Layer Weights Decreasing with Layer

The l j are arranged in descending order. This is intended to reflect the fact that the structure
of most HFSs is formed by having the most influential input variables in the first layer of
the hierarchy, the next most important inputs in the second layer, as for example in [43, 44].
Hence:

l1 > l2 > ... > lq, j = 1, ...,q.

In order to achieve this and satisfy (5.3), l j can be given by:

l j =
2
(

q− j+1
)

q
(

q+1
) , j = 1, ...,q. (5.4)

5.3.2.2 Increasing with Layer

The same principle as above, but with the layer-weights increasing with layer depth. This
is indicated that the input variables in the last layer of the hierarchy are most important, as
given by:

l j =
2 j

q(q+1)
, j = 1, ..,q (5.5)
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5.3.2.3 Equal Weighting

Assigning an equal weight for all layers, as given by:

l j =
1
q

(5.6)

5.4 A General Index Demonstration in Principle

It is intuitive to initially explore the mean as an aggregation operator, to both demonstrate the
functionality of the H index generally and to explore the behavior of the resulting ‘mean-
based’ H in principle. This approach has initially been explored in Chapter 3 (as in (3.1))
and is summarised here.

Considering the mean as aggregation operator, thus it is reffered to as Hmean. Now, (5.2)
becomes:

Hmean =
q

∑
j=1

(
l j

s j

∑
k=1

E jk/s j

)
(5.7)

To demonstrate the behaviour of the resulting Hmean, both the Nauck and the Fuzzy
indices (as the underlying indices applied to each subsystem) using the well-known Iris
flower classification problem [96] have been considered. Again, note that this Iris example
is the same as used in Section 2.3 and Subsection 4.2.2. The Iris dataset has four attributes
as input features, namely: sepal length, sepal width, petal length and petal width; and three
classes of iris flowers as output, namely: Setosa, Versicolor and Virginica.

Three individual systems are defined to capture the variety of HFSs’ architectures, namely
a (standard) FLS (F), a Parallel HFS (P) and a Serial HFS (S). The three systems were each
designed in two configurations, where all variables have either two or three membership
functions. The various systems are characterised by seven attributes as follows:

1. Model Type: Type of fuzzy model, namely F, P and S as shown in Figs. 2.9, 2.12 and
2.10 (see Chapter 2), respectively.

2. NI: Number of input variables.

3. NMF: Number of membership functions used for all the variables of each model, as
shown in Figs. 4.1 and 4.2 (see Chapter 4).

4. NR: Total number of rules.

5. NS: Number of subsystems in the model.
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6. NL: Number of layers in the model.

7. NRSk: Number of rules in subsystem k.

The attributes for the six systems are summarised in Table 5.1. The complete rule set for
each of the six variations of the systems are given in Appendix A.

Table 5.1 Description of the six Iris classification systems

Iris systems Model Type NI NMF NR NS NL NRS1 NRS2 NRS3

F-2 FLS 4 2 16 1 1 16 - -
P-2 Parallel HFS 4 2 12 3 2 4 4 4
S-2 Serial HFS 4 2 12 3 3 4 4 4

F-3 FLS 4 3 81 1 1 81 - -
P-3 Parallel HFS 4 3 27 3 2 9 9 9
S-3 Serial HFS 4 3 27 3 3 9 9 9

5.4.1 Method

In this section, the application of the Hmean index to the six variations of the classification
systems described above is shown in detail. Both the Nauck and Fuzzy indices are used
within the Hmean index to enable their comparison. The six systems are then also used in
the participatory design experiments described later.

The application of the Hmean index to measure the interpretability of each of the six
systems is carried out in the following steps:

5.4.1.1 Calculate interpretability for each subsystem

First, the interpretability of each subsystem is calculated using both the Nauck and the Fuzzy
indices. For example, the values of the Nauck index for the three subsystems in P-2 (Parallel
HFS with 2 MFs) are N1 = 0.250, N2 = 0.250 and N3 = 0.375 (the details of the calculations
are shown in Table 5.2).

5.4.1.2 Identify the layer-weights

Next, the values of the layer-weights are computed using (5.4). For instance, for P-2 and P-3
which consist of two layers, the values of the layer weights at each layer are l1 = 0.667 and
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l2 = 0.333; where for S-2 and S-3 which consist of three layers, the values of layer weights
at each layer are l1 = 0.500, l2 = 0.333 and l3 = 0.167.

5.4.1.3 Calculate the overall interpretability

Then, the overall interpretability can be calculated using the Hmean as given in (5.7). For
example, the interpretability of model P-2 is computed as follows:

Hmean =
q

∑
j=1

(l j

s j

∑
k=1

E jk/s j)

= l1(N1 +N2)/2+ l2(N3/1)

= 0.667(0.250+0.250)/2+0.333(0.375)

= 0.292

5.4.2 Results

The overall interpretability measurements of the six Iris classification systems calculated
using the Hmean are shown in Tables 5.2 and 5.3 and summarised in Fig. 5.1. In general,
it can be seen that the computed Hmean interpretability indices in the various hierarchical
models are always larger (i.e. more interpretable) as compared to the interpretability of
the standard FLSs, regardless of whether the hierarchical topology is parallel or serial, and
regardless of the number of membership functions.
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Table 5.2 Interpretability of the Iris systems; F-2, P-2 and S-2 using the Hmean

Iris models
Nauck Index Fuzzy Index

comp cov part Index NR NP NRi=1 NRi=2 NRi≥3 terms NC Index

F-2 0.047 1 1 0.047 16 64 0 0 16 2 3 0.500

P-2:
FLS1 0.250 1 1 0.250 4 8 0 4 0 2 2 0.611
FLS2 0.250 1 1 0.250 4 8 0 4 0 2 2 0.611
FLS3 0.375 1 1 0.375 4 8 0 4 0 2 3 0.663
Hmean 0.292 0.628

S-2:
FLS1 0.250 1 1 0.250 4 8 0 4 0 2 2 0.611
FLS2 0.250 1 1 0.250 4 8 0 4 0 2 2 0.611
FLS3 0.375 1 1 0.375 4 8 0 4 0 2 3 0.663
Hmean 0.271 0.620

Table 5.3 Interpretability of the Iris systems; F-3, P-3 and S-3 using the Hmean

Iris models
Nauck Index Fuzzy Index

comp cov part Index NR NP NRi=1 NRi=2 NRi≥3 terms NC Index

F-3 0.009 1 0.5 0.005 81 324 0 0 81 3 3 0.194

P-3:
FLS1 0.167 1 0.5 0.083 9 18 0 9 0 3 3 0.493
FLS2 0.167 1 0.5 0.083 9 18 0 9 0 3 3 0.493
FLS3 0.167 1 0.5 0.083 9 18 0 9 0 3 3 0.493
Hmean 0.083 0.493

S-3:
FLS1 0.167 1 0.5 0.083 9 18 0 9 0 3 3 0.493
FLS2 0.167 1 0.5 0.083 9 18 0 9 0 3 3 0.493
FLS3 0.167 1 0.5 0.083 9 18 0 9 0 3 3 0.493
Hmean 0.083 0.493
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As shown in Fig. 5.1, considering the Nauck index for the two membership function
case, the resultant Hmean value (i.e. the calculated overall interpretability) is greatest for
the parallel HFS model (P-2 = 0.292), followed by the serial HFS model (S-2 = 0.271),
and finally the plain FLS (F-2 = 0.047). The same pattern is observed for the Fuzzy index,
although the absolute values of interpretability obtained are higher.

Further, as seen in Fig. 5.1, considering the Nauck index for the three membership
function case, the computed interpretabilities are higher for both the hierarchical models
(P-3 = S-3 = 0.083) compared to the plain FLS (F-3 = 0.005). However, in this case, the
interpretability of both the hierachical models are the same — i.e. the interpretability of the
parallel and serial models featuring three membership functions are the same. The same
pattern is obtained with the Fuzzy index, albeit with higher absolute values of interpretability.
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Fig. 5.1 Summary of the overall Hmean index

The results generated for the Hmean follow intuition in the sense that the HFSs do have
better interpretability than the FLSs for all systems. Further, the parallel topology, P-2, is seen
to have a better interpretability than the serial topology, S-2. This feature is actually due to a
combination of three factors: (i) both the Nauck and the Fuzzy indices rate the interpretability
of a (sub-)system consisting of two inputs each with two MFs and an output with three MFs
(2×2 → 3) higher than that of a (sub-)system consisting of two inputs each with 2 MFs and
an output with two MFs (2×2 → 2); (ii) the proposed Hmean gives higher interpretability
to sub-systems in earlier layers; and (iii) P-2 features the (2×2 → 3) sub-system in layer 2,
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whereas S-2 features it in layer 3. This is not repeated in the case of P-3 and S-3, as in these
cases all sub-systems are of form (3×3 → 3) and so all have equal interpretability; hence,
the parallel and serial HFS topologies result in the same interpretability.

The Fuzzy index is designed to provide a measurement of interpretability which is closer
to the user’s point of view than the Nauck or other indices [15]. Given this and this finding
that both produce similar results in this Hmean experiments, only the Fuzzy index will be
used for the remainder of this chapter in refining the H index. It is clear that the identical
values of interpretability of subsystems in Parallel and Serial HFSs in this context will
produce the same overall interpretability result regardless of any aggregation operator, as
shown in Table 5.3. Therefore, due to this issue, in the next section, another case study will
be introduced as an example.

5.5 Beyond the Mean – A Participatory Design Approach

While aggregating the subsystems using the mean can be used as an ad-hoc strategy, in order
to capture the interpretability of HFSs as perceived by actual users, a participatory design
approach to derive H parameters within the general index is proposed. As mentioned earlier,
participatory design is an approach that involves users in the design development process to
ensure the result satisfies their needs [174].

Following the problem mentioned above (identical interpretability values of subsystems
in the Iris classification system), a new case study is introduced. In this experiment, a more
complex set of FLS and alternative HFSs is presented, based on the rotary crane system as
described in [51]. The rotary crane system is commonly used to resolve the problem of load
rotation and hoisting systems such as in the construction, factories, and harbours. A summary
of the rotary crane for various HFS designs is presented in Table 5.4.
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Table 5.4 A summary of the rotary crane for various HFS designs

Rotary Crane Systems Number of inputs Number of MFs Number of subsystems Number of layers Total number of rules

Rotary crane system - A 6 3 1 1 729
Rotary crane system - B 6 3 2 2 252
Rotary crane system - C 6 3 2 2 252
Rotary crane system - D 6 3 2 2 108
Rotary crane system - E 6 3 2 2 108
Rotary crane system - F 6 3 3 2 99
Rotary crane system - G 6 3 3 2 63
Rotary crane system - H 6 3 3 2 63
Rotary crane system - I 6 3 4 3 54
Rotary crane system - J 6 3 4 3 54
Rotary crane system - K 6 3 4 4 54
Rotary crane system - L 6 3 5 5 45

The experiment aims to guide the refinement of the H index using the participatory design
approach, in particular around: (i) the aggregation strategy for combining the sub-system
indices within a single layer; and (ii) the strategy for assigning weights to the layers.

The H design process consists of three main steps:

1. a participatory user study on peoples’ perception of interpretability in which users
are provided with various configurations of HFSs, in this case variations of the rotary
crane systems as in Table 5.4;

2. an experimental study of alternative aggregation and layer-weighting strategies on the
same systems; and

3. the level of agreement between users’ perceptions and the experimental data obtained to
find the aggregation strategy and layer-weighting strategy to best fit with the perceptions
of users.

These processes are now described in detail for the Rotary crane systems.

5.5.1 Participatory User Study

Twelve Rotary crane systems were constructed, termed A . . . L. Each system has a different
configuration such as the number of rules, number of subsystems and number of layers, as
shown in Table 5.4. Illustrations of the topology of each can be seen in Figs. 5.2 to 5.13.
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Fig. 5.2 Rotary crane sys-
tem: A

Fig. 5.3 Rotary crane sys-
tem: B

Fig. 5.4 Rotary crane sys-
tem: C

Fig. 5.5 Rotary crane sys-
tem: D

Fig. 5.6 Rotary crane sys-
tem: E

Fig. 5.7 Rotary crane sys-
tem: F

Fig. 5.8 Rotary crane sys-
tem: G

Fig. 5.9 Rotary crane sys-
tem: H

Fig. 5.10 Rotary crane sys-
tem: I

Fig. 5.11 Rotary crane sys-
tem: J

Fig. 5.12 Rotary crane sys-
tem: K

Fig. 5.13 Rotary crane sys-
tem: L

Similar to the user study in Chapter 4 (see Section 4.2.3), each system was represented
on an A4 card – card systems. However, this time, only the topology and rule structures
were presented. Participants were asked to choose which system they favoured in terms of
interpretability in a set of pairwise comparisons drawn from the total set of possible pairs.
The combination of the pairwise comparisons (labelled PW-1 to PW-20) are as follows:
(PW-1: A, B), (PW-2: A,C), (PW-3: B,C), (PW-4: B,D), (PW-5: B,E), (PW-6: C,D), (PW-7:
C,E), (PW-8: D,E), (PW-9: D,F), (PW-10: E,F), (PW-11: F,G), (PW-12: F,H), (PW-13: G,H),
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(PW-14: H,I), (PW-15: I,J), (PW-16: I,J), (PW-17: I,L), (PW-18: J,K), (PW-19: J,L) and
(PW-20: K,L).

Fig. 5.14 The figure shows a pairwise comparison of Rotary systems (System A and B)
shown to participants. The participants select a system that is more interpretable for them. If
both systems seem equally interpretable, they may select the ‘Equal’ option as their answer.

For instance, for PW-1, the participants were asked to choose between system A and B,
based on their perceived interpretability preference (see in Fig. 5.14 for a mock-up of PW-1).
If both systems seem equally interpretable, they could indicate ‘Equal’ (EQ) as their answer.
This experiment was carried out through an online-survey with 40 participants (termed as U1
to U40) from a wide range of expertise. The complete pairwise comparison questions on
these Rotary crane system can be seen in Appendix C.
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Table 5.5 Frequency of the users interpretability rating for pairwise comparisons of rotary
crane, as extracted from user study

Pairwise
comparisons

Users Interpretability Rating

A B C D E F G H I J K L EQ

PW-1 21 11 - - - - - - - - - - 8
PW-2 20 - 12 - - - - - - - - - 8
PW-3 - 17 8 - - - - - - - - - 15
PW-4 - 16 - 14 - - - - - - - - 10
PW-5 - 16 - - 13 - - - - - - - 11
PW-6 - - 8 21 - - - - - - - - 11
PW-7 - - 10 - 19 - - - - - - - 11
PW-8 - - - 9 13 - - - - - - - 18
PW-9 - - - 13 - 25 - - - - - - 2
PW-10 - - - - 13 22 - - - - - - 5
PW-11 - - - - - 26 11 - - - - - 3
PW-12 - - - - - 3 - 17 - - - - 20
PW-13 - - - - - - 6 26 - - - - 8
PW-14 - - - - - - - 25 11 - - - 4
PW-15 - - - - - - - - 18 5 - - 17
PW-16 - - - - - - - - 17 - 16 - 7
PW-17 - - - - - - - - 20 - - 14 6
PW-18 - - - - - - - - - 16 14 - 10
PW-19 - - - - - - - - - 15 - 19 6
PW-20 - - - - - - - - - - 7 17 16

Table 5.5 presents the frequency of the participants interpretability ratings for 20 pairwise
comparisons. The detail of answers given by each participant to each of the pairwise
comparisons are shown in Table 5.6.
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Table 5.6 The interpretability ratings for the pairwise comparisons of the Rotary crane system
extracted from participatory user study

Users
Pairwise comparisons (PW) of the Rotary crane system

PW-1 PW-2 PW-3 PW-4 PW-5 PW-6 PW-7 PW-8 PW-9 PW-10 PW-11 PW-12 PW-13 PW-14 PW-15 PW-16 PW-17 PW-18 PW-19 PW-20

U-1 A A EQ EQ EQ EQ EQ EQ F F F H H H EQ K L EQ L L
U-2 B C C D E D EQ D D E G H G H EQ K L K L L
U-3 B C EQ EQ EQ EQ EQ EQ F F G H H I J I I J J EQ
U-4 A A EQ B B C C EQ F F F F H I I I I J J EQ
U-5 B C B B E D E EQ F EQ G EQ EQ H EQ K I K L L
U-6 EQ EQ EQ EQ EQ EQ EQ EQ F E F EQ H H I K I K J K
U-7 A C EQ D E D E EQ D E G H H H I K L K L L
U-8 B C EQ D E D E EQ F F G EQ G I EQ K L K L L
U-9 A A EQ EQ EQ EQ EQ EQ F F G EQ H H EQ I I J J EQ
U-10 EQ EQ EQ D E EQ E EQ F F EQ EQ EQ H EQ I I J J EQ
U-11 B C C D E D E D F E F H EQ H EQ EQ L EQ L L
U-12 B C EQ D E D E EQ D E G H EQ H EQ EQ L EQ L L
U-13 A A B B B C C D D E F EQ H H EQ EQ EQ EQ EQ EQ
U-14 B C B D E D E E F F G H G I I I L J L L
U-15 A A EQ EQ EQ C E EQ D E F EQ H H EQ I I J J K
U-16 A A B B B EQ EQ EQ D EQ F EQ H H I I I EQ J EQ
U-17 A A EQ D E D E E F F F H H H J I I K L L
U-18 A A B B E D E E D E F H H I J K I J J L
U-19 B C B B B D E D D F F F H H I K L K L L
U-20 EQ EQ EQ EQ EQ EQ EQ EQ EQ EQ EQ EQ EQ EQ EQ EQ EQ EQ EQ EQ
U-21 A A C B B C C D F F F EQ H H I I I J J K
U-22 EQ EQ C D E D E E F F G EQ H I I I I J J EQ
U-23 A EQ C D E C C D D E F EQ G I I I I J J K
U-24 A A C D B D C E F F F F G I I I L K L L
U-25 EQ EQ B B EQ C C D D E G EQ EQ EQ EQ I I J J EQ
U-26 A A C D B D C D F F F H H H I K I J L K
U-27 EQ A B B EQ D C EQ D E EQ EQ EQ H J EQ I K L EQ
U-28 A A B EQ B D E E F F F H H H I K I EQ L K
U-29 EQ EQ EQ B EQ EQ E EQ EQ EQ F EQ G EQ EQ EQ EQ EQ EQ EQ
U-30 A A B B B EQ E E F F F EQ H H I K L K L EQ
U-31 A A EQ B B C C E F F F H H I I K L K L L
U-32 A A B EQ B C EQ EQ F F F H H H I I I J J EQ
U-33 A A EQ EQ B EQ EQ EQ F EQ F EQ H H EQ K EQ EQ EQ L
U-34 A A B EQ EQ D EQ EQ D E F H H H I K L K L K
U-35 B C B B B D E E F F F H H H EQ EQ EQ EQ EQ EQ
U-36 EQ EQ C D EQ EQ EQ E F F G H H I J K L K L L
U-37 A A B D B D E E F F F EQ H H I I I J J EQ
U-38 B C B B B D E E F F F EQ H EQ EQ I EQ J EQ L
U-39 A A B B E D C D D E F H H H I K L K L L
U-40 B C B B B D E E F F F EQ EQ I EQ I I J J EQ

From initial observation of Table 5.6, there is appreciable diversity of opinion in the
40 participants as to the interpretability of the various systems. This also shows that in-
terpretability is very subjective because each participant may perceive the interpretability
differently.

5.5.2 Exploration of Alternatives Configurations of H

The next step was conducted to explore various alternative aggregations and layer-weighting
strategies as described in Section 5.3. Firstly, the Fuzzy index for each of the subsystems
present in the twelve different Rotary crane system configurations was calculated, as shown
in Table 5.7.
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Table 5.7 Base interpretability of each of the Rotary Crane Systems measured using the
Fuzzy interpretability index

Rotary Crane Systems
Fuzzy Index for each HFS subsystem

FLS1 FLS2 FLS3 FLS4 FLS5

System A 0.0216 - - - -
System B 0.0647 0.4932 - - -
System C 0.4932 0.0647 - - -
System D 0.2408 0.1941 - - -
System E 0.1941 0.2408 - - -
System F 0.4932 0.1941 0.4932 - -
System G 0.2408 0.4932 0.2408 - -
System H 0.2408 0.2408 0.4932 - -
System I 0.2408 0.4932 0.4932 0.4932 -
System J 0.4932 0.4932 0.2408 0.4932 -
System K 0.4932 0.4932 0.4932 0.2408 -
System L 0.4932 0.4932 0.4932 0.4932 0.4932

Five different aggregation strategies, mean, min, max, and two linguistic OWAs (using
alpha (α) of 0.1 and 2) were explored. Each was used as a general aggregation operator

⊕
in

the H framework presented in (5.2) — note that only the decreasing weight layer-weighting
strategy was used in conjunction with the various aggregation strategies. For example, for the
case of Linguistic OWAα=0.1, the values of α = 0.1 will be used in (5.1) to obtain its weights
(w) before multiplying them by the reordered subsystems in descending order. Assuming
that three Fuzzy index values for each sub-system in System F are F1 = 0.4932, F2 = 0.1941
and F3 = 0.4932, the overall interpretability of Rotary crane system F was computed using
H with OWAα=0.1 and a decreasing weight layer-weighting, as follows:

Howaα=0.1 =
q

∑
j=1

(
l j

s j

∑
k=1

E jkwk

)
= l1(F1w1 +F2w2)+ l2(F3)

= 0.667(0.4932)(0.933)+(0.1941)(0.067))+0.333(0.4931)

= 0.4798
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Meanwhile, in the layer-weighting experiment, the aforementioned three layer-weighting
strategies, decreasing weight, increasing weight and equal weight as described in Sec-
tion 5.3.2 were investigated. All these strategies were used as the layer-weight l j in the H

framework presented in (5.2) — note that only the mean aggregation strategy was used in
conjunction with these layer-weighting strategies. For instance, for the case of increasing

weight, the values of layer-weight can be computed using (5.5). For the Parallel models
which consists of two layers, the values of layer weights at each layer are l1 = 0.333 and
l2 = 0.667. Meanwhile, for the Serial models which consists of three layers, the values
of layer weights at each layer are l1 = 0.167, l2 = 0.333 and l3 = 0.500. Assuming that
three Fuzzy index values for each sub-system in System F are F1 = 0.4932, F2 = 0.1941
and F3 = 0.4932, the overall interpretability of system F computed using H with increasing

weight layer-weighting and mean aggregation strategy can be expressed as follows:

Hmean =
q

∑
j=1

(
l j

s j

∑
k=1

E jk/s j

)
= l1(F1 +F2)/2+ l2(F3/1)

= 0.333((0.4932+0.0.1941)/2)+0.667(0.4932/1)

= 0.4434

Table 5.8 Interpretability of the Rotary Crane Systems using H with different aggregation
strategies and layer weighting strategies

Rotary Crane Systems
H (using decreasing weight layer strategy) H (using Hmean aggregation)

Hmean \Hmin Hmax Howaα=0.1 \HowaD decreasing weight increasing weight equal weight

System A 0.0216 0.0216 0.0216 0.0216 0.0216 0.0216 0.0216 0.0216
System B 0.2075 0.2075 0.2075 0.2075 0.2075 0.2075 0.3504 0.2789
System C 0.3504 0.3504 0.3504 0.3504 0.3504 0.3504 0.2075 0.2789
System D 0.2253 0.2253 0.2253 0.2253 0.2253 0.2252 0.2097 0.2175
System E 0.2097 0.2097 0.2097 0.2097 0.2097 0.2097 0.2252 0.2175
System F 0.3935 0.2938 0.4932 0.4798 0.3437 0.3935 0.4434 0.4184
System G 0.3249 0.2408 0.4091 0.2521 0.3670 0.3249 0.2829 0.3039
System H 0.3249 0.3249 0.3249 0.3249 0.3249 0.3249 0.4091 0.3670
System I 0.4301 0.3670 0.4932 0.3755 0.4617 0.4301 0.4722 0.4511
System J 0.4301 0.3670 0.4932 0.4847 0.3986 0.4301 0.4722 0.4511
System K 0.4679 0.4679 0.4679 0.4679 0.4679 0.4680 0.3922 0.4301
System L 0.4932 0.4932 0.4932 0.4932 0.4932 0.4932 0.4932 0.4932

The results obtained are shown in Table 5.8. From these results, the H index produced a
diversity of answers for various systems, aggregations and layer-weighting strategies. These
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results were then transformed to obtain the H scores for the 20 pairwise comparisons. For the
case of the Hmean example in aggregation strategies, the first pairwise comparison is between
System A and B. In this example, System B was chosen as it scores higher than System
A based on the overall interpretability, indicating that the H index suggests that System B
is more interpretable than System A. The complete results of pairwise comparison for the
interpretability of the Rotary crane systems obtained from the H with different aggregation
and layer weighted strategies can be seen in Tables 5.9 and 5.10 respectively.

Table 5.9 Pairwise comparison for the interpretability of the Rotary crane systems obtained
from the H with different aggregation strategies at each HFS layer

Pairwise
comparisons

Hmean Hmin Hmax Howaα=0.1 Howaα=2

PW-1 B B B B B
PW-2 C C C C C
PW-3 C C C C C
PW-4 D D D D D
PW-5 E E E E E
PW-6 C C C C C
PW-7 C C C C C
PW-8 D D D D D
PW-9 F F F F F
PW-10 F F F F F
PW-11 F F F F G
PW-12 F H F F F
PW-13 EQ H G H G
PW-14 I I I I I
PW-15 EQ EQ EQ J I
PW-16 K K I K K
PW-17 L L L L L
PW-18 K K J J K
PW-19 L L L L L
PW-20 L L L L L
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Table 5.10 Pairwise comparison for the interpretability of the Rotary Crane systems obtained
from the H with different layer-weighting strategies

Pairwise
comparisons

decreasing weight increasing weight equal weight

PW-1 B B B
PW-2 C C C
PW-3 C B EQ
PW-4 D B B
PW-5 E B B
PW-6 C D C
PW-7 C E C
PW-8 D E EQ
PW-9 F F F
PW-10 F F F
PW-11 F F F
PW-12 F F F
PW-13 EQ H H
PW-14 I I I
PW-15 EQ EQ EQ
PW-16 K I I
PW-17 L L L
PW-18 K J J
PW-19 L L L
PW-20 L L L

5.5.3 Matching H to the Participatory Study

This section was conducted to determine the level of agreement between the interpretability
ratings provided by the participatory user study (as in Subsection 5.5.1) and various alternative
configurations of the H framework (as shown in Subsection 5.5.2).

Specifically, the agreement scores between the results in Tables 5.9 and 5.10 with those
in Table 5.5 were computed. For example, for pairwise comparison PW-1, the participants
preferences are A= 20, B= 11 and EQ= 8, as shown in Table 5.5. Accordingly, from the
preference indicated by H index in Table 5.9, the Hmean prefers B, and consequently the
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level agreement score obtained is 11 agreements (B was preferred by 11 users). Full details
of the agreement score are provided in Table 5.11.

Table 5.11 The Agreement Score between the preferences given by each of the users (in
Table 5.5) and the preference indicated by H framework (using different aggregation and
layer-weighted strategies as shown in Tables 5.9 and 5.10)

H aggregation strategies H layer-weighted strategies

Hmean Hmin Hmax Howaα=0.1 Howaα=2 decreasing weight increasing weight equal weight

PW-1 11 11 11 11 11 11 11 11
PW-2 12 12 12 12 12 12 12 12
PW-3 8 8 8 8 8 8 17 15
PW-4 14 14 14 14 14 14 16 16
PW-5 13 13 13 13 13 13 16 16
PW-6 8 8 8 8 8 8 21 8
PW-7 10 10 10 10 10 10 19 10
PW-8 9 9 9 9 9 9 13 18
PW-9 25 25 25 25 25 25 25 25
PW-10 22 22 22 22 22 22 22 22
PW-11 26 26 26 26 11 26 26 26
PW-12 3 17 3 3 3 3 3 3
PW-13 8 26 6 26 6 8 26 26
PW-14 11 11 11 11 11 11 11 11
PW-15 17 17 17 5 18 17 17 17
PW-16 16 16 17 16 16 16 17 17
PW-17 14 14 14 14 14 14 14 14
PW-18 14 14 16 16 14 14 16 16
PW-19 19 19 19 19 19 19 19 19
PW-20 17 17 17 17 17 17 17 17

Mean 14 15 14 14 13 14 17 16
SD 6 6 6 7 5 6 6 6

Table 5.11 presents the level of agreement score between the pairwise comparisons of
interpretability from a participatory user study and the alternative configurations of the
H, respectively. The last two rows summarise the entire table, providing the mean and
standard deviation (SD) for each column. From Table 5.11, the Hmin aggregation strategy
and increasing weight layer weight strategy achieve the higher agreement score with means
of 15 and 17, respectively. Thus, it can be concluded that most of the answers given by users
are closer to the ratings obtained using H with the Hmin aggregation strategy and increasing

weight layer weight strategy.
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5.6 Discussion

This chapter studied the newly proposed generic H index through a participatory design
process consisting of three steps to explore the effects of utilising alternative strategies in
two key components, namely the aggregation and layer-weighting strategies. The experiment
was carried out to derive the configuration of H using a more complex system, the Rotary
crane example.

In the first step, another user study was carried out to assess how people perceive
the interpretability of twelve different configurations of the system through 20 pairwise
comparisons. Based on the opinions of 40 participants with a range of expertise, a diversity of
perception regarding interpretability was found. The results imply that interpretability is very
subjective and challenging to understand, as views may vary greatly as to the interpretability
of different system topologies. In the second step, alternative configurations of the H with
various aggregation and layer-weighting strategies were used to measure interpretability. It
can be seen from Table 5.8 that this more complex system produces different interpretability
scores for almost all the different configurations of the system.

The final step was to examine the level of agreement in terms of interpretability between
the pairwise comparison produced from aggregation and layer-weighting strategies as in
Step 2, with the pairwise comparison obtained from participatory user study as in Step
1. The number of agreements between the users’ views in Step 1 and H results in Step
2 show that the Hmin aggregation strategy and increasing weight layer-weighted strategy
produced the highest agreement score when compared with the others. While the differences
are relatively small, these results suggest that the H with configuration Hmin aggregation
strategy and increasing weight layer-weighted strategy is to be preferred, as it produced the
highest agreement with the users.
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5.7 Summary

In summary, this chapter has contributed a new generic index for the measurement of the
interpretability of hierarchical fuzzy systems, namely the H index. This index allows the use
of any index for measuring the interpretability of a plain fuzzy system to be combined in
any configuration of hierarchical systems with different numbers of subsystems, organised
in differing topologies. This chapter has then presented a participatory design process,
consisting of three main steps, to determine the selection of the best strategies for combining
subsystems into an overall index of interpretability. Based on the current evidence, the use of
the min operator to aggregate subsystems within a layer, together with the weighted mean
operator using a increasing weight strategy to combine layers, are suggested within the
generic H index for capturing the interpretability of HFSs.

Finally, the H index can also contribute to addressing the interpretability of HFSs, and
thus can help to build a design guidelines framework for interpretable HFSs. This will be
discussed further in Chapter 7.



Chapter 6

An Improved Complexity Measure in
Hierarchical Fuzzy Systems

Interpretability is an important and necessary topic that needs to be discussed in relation
to the fields of Artificial Intelligence and Machine Learning. Within FLSs, HFSs have
been suggested as a key component to help improve the interpretability of FLSs. Indeed,
as discussed in Chapter 2, one of the advantages in HFSs is to cope with the complexity
which arises in real-world FLSs. In FLSs, the complexity is commonly measured using in a
rule-based complexity, considering the number of rules, variables, and fuzzy terms. Several
studies have used indicators (for example, the number of rules) to measure the complexity
of FLSs. However, this is not a perfect way of assessing complexity in HFSs that have
the structure of multiple subsystems, layers and different topologies. Thus far, complexity
assessment associated with the structure of HFSs has not been discussed. This chapter aims
to put forward a new approach in assessing the complexity of HFSs which will combine
rule-based complexity and structural complexity. A detailed measurement of complexity
for different HFSs’ topologies, namely parallel and serial, will be presented to showcase
the features of the new approach. This chapter contributes to the current debate with the
introduction of a combined rule-based and structural complexities-based approach in order
to establish a comprehensive measurement of complexity in HFSs.

6.1 Introduction

HFSs have been shown to be an effective way to reduce the number of rules in FLSs,
which in turn reduces the model complexity and improves its interpretability. Indeed, in
literature, it has been claimed that reducing the complexity is a way of improving the model
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interpretability in FLSs [22, 29, 30]. Thus, complexity appears to be a key component in the
interpretability of FLSs. However, to fully understand the concept of interpretability and
complexity in HFSs is a challenge and still remains uncertain.

In Chapter 3, as an introductory step to understanding the interpretability of HFSs, an
initial index has been proposed as a way to measure their interpretability; this considered
the structure of multiple subsystems, layers and different topologies. However, since inter-
pretability is of a subjective nature, it is not clear as to how different people may perceive
interpretability in HFSs. Hence, in Chapter 4, the user perception of interpretability and
complexity in HFSs has been investigated with the aid of a user study. It has been found
that users had different perceptions regarding interpretability and complexity. For instance,
the study found that the rules and structure affected the users’ perceptions of interpretability
and complexity. Although the parallel and serial HFS in the Iris classification example have
the same number of rules (see Section 4.2.2), users felt the structure of the serial system
(which has more layers) is more complex to design than the parallel system. Therefore, this
chapter will focus on understanding the complexity of HFSs, and to identify the requirement
of measuring the complexity in HFSs.

Despite the fact that people have usually measured complexity in FLSs by looking
principally at the rule-based complexity level [22, 27, 104, 180], but this is only one quality
that can be examined especially for HFSs that have a structure of multiple subsystems, layers
and different topologies. This chapter proposes a more comprehensive way of assessing the
complexity in HFSs. Here, a new approach to complexity measurement in HFSs is set out,
with a specific focus on the combination of rule-based complexity and structural complexity.

The rest of this chapter is organised as follows. Section 6.3 introduces a new approach to
complexity measurement in HFSs that considers both rule-based complexity and structural
complexity. Section 6.4 demonstrates the new approach of complexity measurement with a
real-world example, specifically seesaw control systems. Section 6.5 presents results and
discussion. Finally, a summary of this chapter is presented in Section 6.6.

6.2 Motivation

In Chapter 4, the complexity has been found as a key component in determining interpretabil-
ity of both FLSs and specifically HFSs. The users perceived that the complexity of HFSs
is not only dependent on the number of rules, but is also affected by its structure that has
multiple subsystems, layers and different topologies. For example, the study found that the
number of layers in HFSs affects users’ perception of the complexity of HFSs. However, in
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FLSs, complexity is usually evaluated by a simple measure, often looking at the rule-based
complexity such as the number of input variables, number of rules and fuzzy terms. It is still
unclear on how can we measure the complexity of an HFS in a way that takes into account
its structure. Thus, the motivation of this chapter is to address these issues by introducing an
approach to improve the complexity measurement of HFSs.

6.3 A Comprehensive Measurement of Complexity in Hi-
erarchical Fuzzy Systems

A comprehensive measurement of complexity is needed to evaluate complexity in HFSs that
have multiple subsystems, layers and different topologies. A new approach to complexity
measurement referred to as CHFS (for HFS complexity) is proposed that combines rule-based
complexity and structural complexity. The CHFS process for measuring complexity in HFSs
is illustrated in Fig. 6.1 and explained in the following steps.

Fig. 6.1 Complexity measurement in HFSs, as explained in detail in Section 6.3.3.2.

6.3.1 Step 1: Calculating the Rule-based Complexity of HFSs

Although there are several ways of measuring rule-based complexity in FLSs, it is challenging
to measure the complexity of HFSs that have multiple subsystems. It should be noted that
each subsystem will have a small number of inputs and outputs, and a small rule base that
will serve a single purpose [98].
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For an initial solution, in this step, equation (2.12) as introduced in Chapter 2 is used to
calculate the rule-based complexity of each subsystem in a given HFS. However, another
challenge is to aggregate all the rule-based complexity values at each subsystem across and
within layers, in order to obtain the overall rule-based complexity of HFSs. For this challenge,
an aggregation strategy namely a layer-weighted average strategy has been proposed in
Chapter 3 which considers all subsystems across and within layers. Therefore, in this step,
the layer-weighted average strategy is used to obtain the final rule-based complexity of a
given HFS. This strategy now becomes as follows;

CRB =
q

∑
j=1

(
l j

s j

∑
k=1

C jk/s j

)
, (6.1)

where:

• C jk is the complexity value associated with the subsystem k at layer j, for example as
shown in (2.12);

• l j is the weight associated with layer j of the HFS;

• s j is the number of subsystems located in layer j;

• s is the total number of subsystems;

• q is the number of layers of the HFS;

• CRB is the rule-based complexity of the HFS.

An HFS model is less complex when the CRB is close to 0 and more complex when CRB

is close to 1.

6.3.2 Step 2: Calculating the Structural Complexity of HFSs

As discussed in Chapter 2, structural complexity in the case of HFSs is related to the
interaction amongst its elements; that is, the multiple subsystems, layers and different
topologies. However, to evaluate structural complexity in HFSs is a challenging task,
particularly when quantifying the interaction between the HFSs’ elements. So far, however,
assessment on the structural complexity in HFSs has not been investigated.

Therefore, in this step, as an initial solution, a well-established measure, namely the
McCabe measure [145] (as discussed in Chapter 2) is used to measure the complexity in
the structure of HFSs. The McCabe measure is chosen based on the following reasons.
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Firstly, the control graph theory used in McCabe has a similar structure to fuzzy cognitive
maps (FCMs). FCMs are fuzzy-graph structures in FLSs that were used for representing
causal reasoning [181]. However, none of the indices or measures have been proposed
in measuring FCMs’ structure of complexity. Secondly, the McCabe measure takes into
account the structural complexity in their measures. Thirdly, the McCabe measure can also
be applied to assess the complexity of a collection of control graphs known as a hierarchical
nest (see Section 2.5.3.1). Finally, the decomposition in the McCabe measure is very similar
to the concept with the structure of HFSs that may feature an arbitrary number of multiple
subsystems.

In order to transfer McCabe’s approach into the setting of HFSs, an approach of mapping
the McCabe measure to the HFSs’ design is introduced and explained in the following
subsections.

(i) Identify elements in HFSs’ Design

First, all the elements which are contained in HFSs’ design are denoted as follows: (i) x

indicates the number of input variables in HFSs, (ii) l indicates the number of layers in
HFSs, (iii) a indicates the number of input-output (IO) connections in HFSs, and (iv) s

indicates the number of subsystems in HFSs.

(ii) Mapping Edges (e) to the HFSs’ Design

The first element of the McCabe measure is e, that is the number of edges in the control
graph that need to be mapped to the HFSs’ design. The mapping possibilities may be
viewed as follows:

e → (x or l or a or s).

One may say that the element of a (number of the IO connections in an HFS) could
be the best option for mapping to the element e (number of edges). However, one
might also argue that the element l (number of layers in HFSs’ design) could be a better
mapping to e. Thus, delaying the best choice, two alternative mappings are presented
which can now be viewed as follows:

e → a OR e → l.

(iii) Mapping Nodes (n) to the HFSs’ Design

The next element of the McCabe measure is n, that is the number of nodes in the control
graph that will be mapped. Taking into account the mapping in (ii), there are two
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alternative mapping possibilities:

EITHER n → (x or l or s) OR n → (x or a or s).

For the first alternative, it seems most reasonable to choose s (number of subsystems)
in HFSs’ design to map to n (number of nodes) in the McCabe measure. For the second
alternative, x (number of inputs) is chosen to map to n. Consequently, both alternative
mappings can now be represented as follows:

n → s OR n → x.

(iv) Mapping Components (p) to the HFSs’ Structure

The final element of the McCabe measure is p, that is the number of connected
components in the control graph. Now, given the assignments in (ii) and (iii), the
remaining possibilities are:

EITHER p → (x or l) OR p → (a or s).

The number of connected components in the control graph (p) is a very similar concept
as the number of layers (l) in HFSs. In HFSs, all subsystems are placed and attached
through the HFS layers. However, one may argue that the number of connected
components in the control graph can also be related to the number of subsystems (s)
in HFSs. Therefore, for the first alternative, l is mapped to p; whilst in the second
alternative, s is mapped to p. Hence, both alternative mappings now are presented as
follows:

p → l OR p → s.

(v) Construct complexity measure of HFSs – (CS)

Following the mapping selection in (ii), (iii), and (iv), two alternative mappings are
obtained, namely the first alternative (from now on referred to as A), which constitutes
the mapping e → a, n → s and p → l, whereas the second alternative (termed B) which
constitutes e → l, n → x and p → s. Finally, a structural complexity measure for HFSs
is assembled using both alternative mappings, and now (2.14) appears as follows:

CSA
( s⋃

i=1

)
= a− s+2l (6.2)
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CSB
( s⋃

i=1

)
= l − x+2s (6.3)

where CSA and CSB indicate the non-normalised structural complexity in HFSs using
alternative mappings A and B respectively.

6.3.3 Step 3: Overall Measurement of the Complexity of HFSs

The final challenge is to combine the rule-based complexity and structural complexity
calculation from Step 1 and Step 2 respectively in order to obtain the overall complexity of
the HFS. However, to combine both rule-based complexity and structural complexity is not a
straightforward task. In this case, two important questions (i) “What is a way to make both
rule-based complexity and structural complexity comparable in that both should have the
same scale of output?” (ii) “What is the best operator to combine rule-based complexity and
structural complexity?” are examined. Therefore, as a result of this step, a method to address
the challenges has been proposed and explained in the following subsection.

6.3.3.1 Normalise the structural complexity values to be in the same range as rule-
based complexity values

McCabe’s measure ranges from [1,∞] whereas CSA and CSB range from [1,∞] and [−∞,∞]

respectively. Whilst there is no inherent problem with this, other measures of interpretability
for FLSs (such a Nauck’s index [21] or Alonso et al. [24]) have traditionally been defined over
[0,1]. Given this, it will be easier to subsequently combine a HFS complexity measure with
other components of interpretability if it lies over the same range. Thus, in this chapter, the
complexity values of CSA and CSB will be normalised to the range [0,1]. There are several
alternative functions that can be used but for this chapter, one of the principal functions in
mathematics, which is an inverse trigonometric function is chosen. This function can be
expressed as follows:

C̃S =
4arctan(CS)−π

2π
(6.4)

For the case of the CSB that has a different range to CSA, the function is slightly modified
as follows:

C̃S =
2arctan(CS)+π

2π
(6.5)

where arctan() is the inverse of the tangent function, CS represents the values of CSA or
CSB, and C̃S indicates the normalised structural complexity in HFSs. An HFS model is less
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complex when the C̃S is close to 0 and more complex when C̃S is close to 1, in terms of
structural complexity.

6.3.3.2 Combining the structural and rule-based complexity using a generic operator

In order to combine structural complexity and rule-based complexity, it may be sufficient
to use an aggregation operator that selects something between min and max values. Al-
ternatively, it also could be something else such as a t-conorm operator. Hence, in the
second challenge, several options to combine the aforementioned rule-based complexity and
structural complexity are employed, which is shown below.

CHFS = CRB ∑ C̃S (6.6)

where ∑ indicates the generic operator. In this case, the generic operator will represent basic
aggregation operators namely min, max and mean, and also another operator strategy that is
a t-conorm operator, specifically one of probabilistic sum, bounded sum and einstein sum.
These aggregation and t-conorm operators can be demonstrated as follows:

(i). Aggregation operator: min

CHFS = MIN(CRB, C̃S)

(ii). Aggregation operator: max

CHFS = MAX(CRB, C̃S)

(iii). Aggregation operator: mean

CHFS = MEAN(CRB, C̃S)

(iv). T-conorm operator: probabilistic sum

CHFS = CRB + C̃S −CRB · C̃S

(v). T-conorm operator: bounded sum

CHFS = MIN(CRB + C̃S,1)
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(vi). T-conorm operator: einstein sum

CHFS =
CRB + C̃S

1+CRB · C̃S

An HFS model is expected to be less complex when the CHFS is close to 0 and expected
to be more complex when the CHFS is close to 1.

6.4 Experimental Results

In this experiment, the examples of the seesaw control application (as used in Chapter 3) and
the iris classification problem (as used in Chapters 4 and 5) were used to demonstrate the
features of proposed complexity measure.

6.4.1 Seesaw Control Problem

As defined earlier (see Section 3.5), the involved parameters of the seesaw are the distance of
the cart (x = x1), the angle that the wedge makes with the vertical line (θ = x2), the height of
the wedge (r1 = x3), and the centre of mass of the wedge (r2 = x4), as shown in Fig. 3.1. The
topology and complete rules set for this FLS (81 rules) can be seen in Fig. 6.2 and Table 6.1,
respectively.

Fig. 6.2 Seesaw control Application: FLS
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Table 6.1 The rules of flat FLS

x3 x4
x1

nb ze pb

x2 x2 x2

nb ze pb nb ze pb nb ze pb

nb nb nb nm nb nm ns nm ns ze
nb ze nb nm ns nm ns ze ns ze ps

pb nm ns ze ns ze ps ze ps pm

nb nb nm ns nm ns ze ns ze ps
ze ze nm ns ze ns ze ps ze ps pm

pb ns ze ps ze ps pm ps pm pb

nb nm ns ze ns ze ps ze ps pm
pb ze ns ze ps ze ps pm ps pm pb

pb ze ps pm ps pm pb pm pb pb

This experiment aims to explore the features of the proposed complexity measurement
by using a seesaw control as an example. The experiment process consists of three main
steps: (i) produce a Parallel L-HFS and a Serial L-HFS for the Seesaw Control; (ii) examine
the equivalence between the Parallel L-HFS and the Serial L-HFS; and (iii) measure the
complexity of the Parallel L-HFS and the Serial L-HFS by using the proposed measure.

6.4.1.1 Produce a Parallel L-HFS and a Serial L-HFS for the Seesaw Control

First, this experiment begins by producing two types of HFSs, namely parallel and serial.
In contrast to Chapter 3, in this chapter, the L-HFS algorithm is used to decompose the
FLS from the seesaw system to reproduce two types of HFS models, also known as Parallel
L-HFS and Serial L-HFS. However, they utilise similar topologies for parallel and serial
L-HFSs, as in Chapter 3 (as in Figs. 3.4 and 3.5 respectively). The complete rules for these
HFSs are shown in Tables 6.3–6.8. A summary of both HFSs is presented in Table 6.2.
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Table 6.2 Description of the FLS, Parallel L-HFS and Serial L-HFS for Seesaw Control
Applications

Descriptions FLS Parallel L-HFS Serial L-HFS

Number of inputs 4 4 4
Number of layers 1 2 3
Number of subsystems 1 3 3
Number of rules in FLS1 81 9 9
Number of rules in FLS2 - 9 15
Number of rules in FLS3 - 25 21
Total number of rules 81 43 45

As can be seen in Table 6.2, the decomposition process from FLS to HFSs (Parallel
L-HFS and Serial L-HFS) has effectively reduced the number of rules by almost 50% from
the original FLS rules. Intuitively, one may say that both the Parallel L-HFS and Serial
L-HFS have reduced approximately 50% of the complexity from the original FLS if only
considering the total number of rules as an indicator to measure HFS complexity. However,
the uncertainty of the structure of HFSs, namely due to multiple subsystems, layers, and
different topologies, may also affect the complexity of HFSs. Therefore, in the following
step, the proposed measure, CHFS, is used to measure complexity for both the Parallel L-HFS
and Serial L-HFS.

Table 6.3 The rules of Parallel L-HFS: FLS1

x2
x1

nb ze pb

nb A B C
ze B C D
pb C D E



6.4 Experimental Results 134

Table 6.4 The rules of Parallel L-HFS: FLS2

x4
x3

nb ze pb

nb F G H
ze G H I
pb H I J

Table 6.5 The rules of Parallel L-HFS: FLS3. y1 and y2 are the intermediate outputs generated
from subsystem FLS1 and FLS2, respectively.

y2
y1

A B C D E

F nb nb nm ns ze
G nb nm ns ze ps
H nm ns ze ps pm
I ns ze ps pm pb
J ze ps pm pb pb

Table 6.6 The rules of Serial L-HFS: FLS1

x2
x1

nb ze pb

nb A B C
ze B C D
pb C D E
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Table 6.7 The rules of Serial L-HFS: FLS2

x3
y1

A B C D E

nb F G H I J
ze G H I J K
pb H I J K L

Table 6.8 The rules of Serial L-HFS: FLS3

x4
y2

F G H I J K L

nb nb nb nm ns ze ps pm
ze nb nm ns ze ps pm pb
pb nm ns ze ps pm pb pb

6.4.1.2 Examine the Equivalence between the Parallel L-HFS and the Serial L-HFS

Before the complexity of Parallel L-HFS and Serial L-HFS are measured, the systems must
be shown to be equivalent. For example, if the result showed that they were not equivalent,
there would be no reason for conducting a detailed measurement and comparison regarding
their complexity because it would be measuring two different systems.

Therefore, in this step, a statistical test was conducted using the Kolmogorov-Smirnov
(K-S) test [182] to compare the equivalence of the Parallel L-HFS and the Serial L-HFS.
The K-S test statistic measures the maximum distance (D) between the empirical cumulative
distribution function (ECDF) of the Parallel L-HFS and the Serial L-HFS, measured in a
vertical direction. It is computed as:

D = sup
x

∣∣FP−LHFS(x)−FS−LHFS(x)
∣∣ (6.7)

where, FP−LHFS(x) indicates cumulative distribution of output mapping of Parallel L-HFS,
FS−LHFS(x) indicates cumulative distribution of output mapping of Serial L-HFS.

The D statistic is then compared with the critical value (Dα ) to find the equivalence
between the two HFSs namely Parallel L-HFS and Serial L-HFS. If the D is greater than
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(Dα ), then both output mappings are distributed differently. However, if the D is less than
(Dα ), then both distributions are equal. The critical values can be computed as follows [182]:

Dα =
c(α)√

n
(6.8)

where, n is sample size, α is level of significance that will indicate value of c(α) and both
values can be referred at K-S Test Critical values in [182]. In this case, the value of α = 0.05
and c(α) = 1.36 are applied.

Table 6.9 The Kolmogorov-Smirnov Test between FLS, Parallel L-HFS and Serial L-HFS of
Seesaw Control Application

Input
samples (n)

FLS vs Parallel L-HFS FLS vs Serial L-HFS Parallel L-HFS vs Serial L-HFS Critical Value

D p-value D p-value D p-value Dα = c(α)√
n

500 0.042 0.7699 0.040 0.8186 0.048 0.6121 0.061

Fig. 6.3 K-S Test: FLS vs Parallel L-HFS
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Fig. 6.4 K-S Test: FLS vs Serial L-HFS

Fig. 6.5 K-S Test: Parallel L-HFS vs Serial L-HFS
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Table 6.9 presents the result of the K-S test that examined the equivalence between the
FLS, Parallel L-HFS and Serial L-HFS of the seesaw system. The result can also be viewed
graphically in Figs. 6.3, 6.4 and 6.5. From Table 6.9 and Fig. 6.5, the K-S test showed that
both HFS seesaw systems – namely, Parallel L-HFS and Serial L-HFS were equivalent when
tested with the 500 input samples. The K-S test statistic, which measured the maximum
distance (D) between two HFS seesaw systems, is less than (Dα ), indicating they have the
same distribution. Additionally, the results revealed that both HFSs were also equivalent to
FLS when tested with 500 samples, as shown in Figs. 6.3 and 6.4.

6.4.1.3 Measuring Complexity of the Parallel and Serial L-HFS

Finally, in this step, the proposed measure, CHFS is utilised to measure the complexity in
the Parallel L-HFS and the Serial L-HFS. The measurement is described in detail in the
following subsections.

Step 1 Calculating the rule-based complexity of the Parallel and Serial L-HFS:

To calculate the rule-based complexity, equation (6.1) is applied to measure the com-
plexity in Parallel L-HFS and Serial L-HFS. Table 6.10 shows a summary of the two
systems’ rule-based complexity.

Table 6.10 The Rule-based Complexity between the FLS, Parallel L-HFS and the Serial
L-HFS of Seesaw Control Application

Seesaw Systems Rule-based Complexity

NC NP Comp C (1- Comp)

FLS 7 324 0.022 0.978

Parallel L-HFS
- FLS1 5 18 0.278 0.722
- FLS2 5 18 0.278 0.722
- FLS3 7 50 0.140 0.860
CRB 0.768

Serial L-HFS
- FLS1 5 18 0.278 0.722
- FLS2 7 30 0.233 0.767
- FLS3 7 42 0.167 0.833
CRB 0.756

As seen in Table 6.10, the computed rule-based complexity, CRB, produces a higher
complexity value of 0.768 for the Parallel L-HFS, compared to 0.756 for the Serial
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L-HFS. From this it may be concluded that the Parallel L-HFS is more complex than
the Serial L-HFS in terms of rule-based complexity.

Step 2 Calculating the structural complexity of the Parallel and Serial L-HFS:

For the structural complexity, only alternative mapping B as in (6.3) is used to measure
the structural complexity, CSB, in the two HFSs. This is due to the fact that CSB
incorporates inputs in the range [−∞,∞]. Table 6.11 presents an overview of the
summary of this structural complexity, CSB, measured for the Parallel L-HFS and
Serial L-HFS. The equation in (6.5) is then used to normalise the computed structural
complexity of Parallel L-HFS and Serial L-HFS to be within the range [0,1], as shown
in the last column of Table 6.11.

Table 6.11 The Structural Complexity between the FLS, Parallel L-HFS and the Serial L-HFS
of Seesaw Control Application

Seesaw Systems
Structural Complexity

l n s CSB C̃S

FLS 1 4 1 -2 0.250
Parallel L-HFS 2 4 3 4 0.844
Serial L-HFS 3 4 3 5 0.874

Table 6.11 shows the pattern of computed structural complexity that produces a higher
value for the Serial L-HFS (CSB = 5) in comparison to the Parallel L-HFS (CSB = 4).
From this it may be concluded that the Serial L-HFS is more complex than the Parallel
L-HFS in terms of structural complexity.

Step 3 Overall measurement of the complexity of the Parallel and Serial L-HFS:

The structural complexity has been normalised to be the same scale as the rule-based
complexity in the previous step as shown in Table 6.11. Therefore, both rule-based
complexity and structural complexity for Parallel L-HFS and Serial L-HFS are compa-
rable. Next, to obtain the overall complexity of Parallel L-HFS and Serial L-HFS, the
proposed CHFS as shown in (6.6) is used to combine the rule-based complexity and
structural complexity by using several combination options, namely aggregation and
t-conorm operators. Table 6.12 provides a summary of the overall measurement com-
plexity in FLS, Parallel L-HFS and Serial L-HFS using various combination strategies.
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In addition, the results of the overall measurement complexity in FLS, Parallel L-HFS
and Serial L-HFS can also be viewed graphically in Fig. 6.6.

Table 6.12 Summary of overall measurement complexity for FLS, Parallel L-HFS and Serial
L-HFS with various alternatives combination strategies

Alternative combination
strategies

FLS Parallel L-HFS Serial L-HFS

CRB C̃S CHFS CRB C̃S CHFS CRB C̃S CHFS

Aggregation - min 0.978 0.250 0.250 0.768 0.844 0.768 0.756 0.874 0.756
Aggregation - max 0.978 0.250 0.978 0.768 0.844 0.844 0.756 0.874 0.874
Aggregation - mean 0.978 0.250 0.614 0.768 0.844 0.806 0.756 0.874 0.815
T-conorm - probabilistic sum 0.978 0.250 0.984 0.768 0.844 0.964 0.756 0.874 0.969
T-conorm - bounded sum 0.978 0.250 1.000 0.768 0.844 1.000 0.756 0.874 1.000
T-conorm - einstein sum 0.978 0.250 0.987 0.768 0.844 0.978 0.756 0.874 0.981

Fig. 6.6 Summary of the overall complexity (CHFS) for FLS, Parallel L-HFS and Serial
L-HFS, using different aggregation functions

6.4.2 Iris classification Problem

The Iris flower classification example that has been introduced earlier in Chapters 2, 4 and 5,
was used again in this section. Specifically, three Iris classification systems with the 3-MFs
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configuration, namely FLS, Parallel HFS and Serial HFS as shown in Figs. 2.9, 2.12 and
2.10 (see Chapter 2), respectively. In contrast to the previous section, this experiment aims
to only examine the equivalence between the FLS, Parallel HFS and Serial HFS. This is
important because previously the iris classification problem has only been used to focus on
interpretability without being concerned at the performance of the various configurations.
A similar method as in Section 6.4.1.2, was used to reveal their equivalent agreement, as
described in the following subsection.

6.4.2.1 Equivalence Between Systems for Iris Classification

The Kolmogorov-Smirnov statistical test, as in (6.7), was again used to find the level of
equivalence between the various system configurations.

Table 6.13 The Kolmogorov-Smirnov Test between FLS, Parallel HFS and Serial HFS of Iris
classification

Input
samples (n)

FLS vs Parallel HFS FLS vs Serial HFS Parallel HFS vs Serial HFS Critical Value

D p-value D p-value D p-value Dα = c(α)√
n

150 0.1233 0.0209 0.2833 6.947e−11 0.3133 3.233e−13 0.1333

Table 6.13 presents the results of the K-S test on the various Iris classification systems.
The results show that the FLS and Parallel HFS are equivalent, due to the fact that (D) between
them is less than (Dα ), which indicates that they have the same distribution. However, the
results between FLS and Serial, and between Parallel and Serial systems, indicated that these
were not equivalent, as shown in Table 6.13.
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Fig. 6.7 K-S Test: FLS vs Parallel HFS

Fig. 6.8 K-S Test: FLS vs Serial HFS
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Fig. 6.9 K-S Test: Parallel HFS vs Serial HFS

The result can also be viewed graphically in Figs. 6.7, 6.8 and 6.9. From Fig. 6.7, the K-S
test showed that the FLS and Parallel HFS were equivalent. Despite the K-S test revealing
that the results between the FLS and the Serial HFS, and the Parallel and Serial HFS, were not
equivalent, nevertheless Figs. 6.8 and 6.9 illustrate that they only produce slightly different
results in terms of the observed sdistribution.

6.5 Results and Discussion

This chapter has presented a new approach to measuring complexity in HFSs, namely
the CHFS approach, which focused on combining rule-based complexity and structural
complexity. An experiment was conducted and observed the proposed measure using a
real-world example; in this case, the Seesaw systems and Iris classification problem.

First, for the case of the Seesaw system, an FLS was decomposed into two HFS models,
namely Parallel L-HFS and Serial L-HFS. By doing so, both Parallel L-HFS and Serial
L-HFS produced approximately 50% fewer rules than the original FLS of the Seesaw System.
Also, the rule-based complexity reveals that the FLS is more complex than the Parallel L-HFS
and Serial L-HFS, as shown in Table 6.10. Intuitively, this may assume that the reduction of
the number of rules reduces the complexity of both models. However, it is not appropriate
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to consider only the number of rules as an indicator when measuring complexity in HFSs,
without taking into account its structure, namely the existence of multiple subsystems, layers
and different topologies.

Next, both the Parallel L-HFS and the Serial L-HFS together with FLS, were examined
to make sure that they were equivalent systems. This was achieved by using a statistical
analysis method, namely a Kolmogorov-Smirnov (K-S) test. Although both the Parallel
L-HFS and the Serial L-HFS had differed slightly on the total number of rules, the K-S test
result proved that they were equivalent systems. The K-S test also reveals that both HFSs
were equivalent to FLS.

Finally, measuring the complexity of both the Parallel L-HFS and the Serial L-HFS was
implemented using CHFS, consisting of three main steps. For the first step, the rule-based
complexity for the FLS, Parallel L-HFS and Serial L-HFS was measured using the proposed
CRB as shown in (6.1). In summary, the results show that FLS is more complex than both
HFSs in term or rule-based complexity, i.e. the number of rules in FLS is higher than both
HFSs. Moreover, the findings also reveal that the Parallel L-HFS produced a higher value of
CRB than the Serial L-HFS. This would indicate that the Parallel L-HFS was more complex
than the Serial L-HFS in terms of rule-based complexity. Interestingly, the total number of
rules in the Parallel L-HFS was slightly less than in the Serial L-HFS. This result of CRB

gives insight into the complexity of HFSs, nevertheless, it is not appropriate to consider only
the number of rules when measuring complexity in HFSs. Next, for the second step, the
structural complexity for the FLS, Parallel L-HFS and Serial L-HFS was measured using the
proposed CSB as shown in (6.3). In contrast, for this case, the results showed that the Serial
L-HFS produce a higher value of CSB than the Parallel L-HFS, which would indicate that
the Serial L-HFS is more complex than the Parallel L-HFS. This finding was expected and
suggests that in HFSs the complexity increases exponentially with the number of HFS layers
in terms of the structural complexity. Further, the results confirm the expectation that the
structural complexity of FLS is less complex than both HFSs as its structure is simpler than
the HFSs, possessing just a single layer and subsystem.

For the third step, the overall complexity of the FLS, Parallel L-HFS and Serial L-HFS
was calculated using the proposed CHFS as shown in (6.6). This aimed to combine the result
of the rule-based complexity and structural complexity calculations from Steps 1 and 2
respectively, using several combination alternatives. The results from this step indicate that
the combination from operators max, mean, probabilistic sum and einstein sum presented
a similar pattern, namely that the overall complexity value of CHFS for the Serial L-HFS
was higher than the Parallel L-HFS, indicating that the Serial L-HFS is more complex than
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the Parallel L-HFS. However, the operator min showed a different pattern, namely that the
overall complexity value of CHFS for the Parallel L-HFS is higher than that of the Serial
L-HFS, indicating that the Parallel L-HFS is more complex than the Serial L-HFS. However,
the operator bounded sum produced an equal complexity value for both Parallel L-HFS
and Serial L-HFS, which could indicate that they are equally complex. Overall, the results
generated for the proposed measure using most operators follow intuition in the sense that
one expects the Serial L-HFS to be more complex than the Parallel L-HFS. For the case of
FLS, both aggregation and t-conorm operators produced a variety of complexity results. For
instance, the max, probabilistic sum and Einstein sum operators all show the FLS is more
complex than both HFSs. In contrast, the min and mean operators indicated that the FLS is
less complex than both HFSs.

There are several possible explanations for this result, of which the most likely are as
follows: (i) the overall complexity of HFSs is more affected by the structural complexity than
rule-based complexity; (ii) complexity in HFSs intuitively increases exponentially with the
number of layers; and (iii) rule-based complexity in HFSs does not entirely depend on the
total number of rules, but it also depends on the aggregation process of individual rule-based
complexities in each HFS subsystem.

Second, for the case of Iris classification problem, the three Iris systems were evaluated
and examined to determine the equivalence between them. Likewise to the previous experi-
ment, a statistical K-S test was used to reveal their equality. The results showed that there
was an equivalent between the FLS and Parallel HFS. This indicates that, despite the Parallel
HFS having fewer (27) rules, it still offers the same performance as the FLS having 81 rules.
However, the results also suggested that the FLS was not equivalent to the Serial HFS; and
that the HFSs (Parallel and Serial) were not equivalent. Nevertheless, Figs. 6.8 and 6.9 show
that the K-S test showed only slight difference in distribution between these systems.

6.6 Summary

In summary, this chapter has contributed to the field a new approach to measuring complexity
in HFSs, known as CHFS. The new approach allows the combination of rule-based complexity
and structural complexity to be a way to obtain a more comprehensive measurement of
complexity, particularly in HFSs.

Although the combination strategies explored in this chapter are not exhaustive and
some different approaches may be appropriate, based on the current evidence, the proposed
measure (CHFS) shows promise for measuring the complexity in HFSs and it behaves in
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an intuitive manner. Also, the proposed measure (CHFS) appears to be a better approach
for measuring complexity in HFSs because it considers both rule-based complexity and
structural complexity.

Finally, a comprehensive way to measure the complexity in HFSs was obtained. The
introduction of this measure is hoped to give insight into a deeper understanding of the
complexity in HFSs, and thus also contribute to improving the interpretability of HFSs.
Therefore, in Chapter 7, a design guidelines framework towards an interpretable HFSs will
be discussed.



Chapter 7

A Framework for Guiding the Design of
Interpretable Hierarchical Fuzzy
Systems

HFSs are claimed to be an excellent approach to reduce the number of rules in FLSs, as
discussed in Chapter 2. Moreover, HFSs have also been shown to have the potential to reduce
complexity and improve interpretability for FLSs. However, to design an interpretable HFS is
a challenging task. This is due to the HFSs’ structures, that have multiple subsystems, layers
and different topologies, as explained in Chapters 3, 5, and 6. This chapter uses the proposed
measures of interpretability and complexity in Chapters 5 and 6 respectively, to present a
design guidelines framework to build interpretable HFSs. Then, the proposed framework
is demonstrated using a real-world example, specifically interpretable HFS design for the
neonatal intensive care unit (NICU) at the QMC hospital in Nottingham.

7.1 Introduction

As discussed in Chapter 2, Torra [57] claimed that building an HFS is a challenging task
because of the need to define the architecture of the HFS (the subsystems, the input variables
of each subsystem, and the interactions between subsystem), as well as the rules of each
subsystem. Furthermore, a fundamental issue with HFSs is how to handle the abstract
meaning of intermediate output variables, which consequently makes HFSs difficult to
design [53]. Although several researchers have proposed approaches to handle these issues
[48, 46, 49–53], their proposed approaches do not consider the interpretability of HFSs,
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particularly semantic interpretability of intermediate variables. Several aspects should be
considered when measuring the interpretability of HFSs, such as semantic interpretability,
meaningful fuzzy sets and intermediate variables. For example, if a layer in an HFS has a
meaning, it can be useful for interpretability. This shows that the interpretability of HFSs is
very problematic to understand since it is of a subjective nature. Consequently, it is not easy
to design or build an interpretable HFS.

In Chapters 5 and 6 of interpretability and complexity for HFSs has been proposed. This
chapter uses that measure to introduce a design guidelines framework to build an interpretable
HFS.

7.2 A Design Guidelines Framework for Interpretable HFSs

In this section, a design guidelines framework for building interpretable HFS is proposed. The
proposed design guidelines framework consists of five key guidelines that are explained in
the following subsections. Note that, the Iris classification example as discussed in previous
Chapters 2, 4 and 5 is used in order to illustrate the proposed design guidelines framework.

7.2.1 Guideline 1 – Selection of Topology

The first design guideline to build an interpretable HFS is the selection of HFSs’ topologies
such as parallel, serial and hybrid. This chapter only discusses parallel and serial topologies,
and HFSs using each topology to solve the Iris classification problem can be seen in Figs. 7.1
and 7.2 respectively.
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Fig. 7.1 Topology: Parallel HFS

Fig. 7.2 Topology: Serial HFS

According to the measure of interpretability and complexity in Chapters 5 and 6, based
on current evidence in their experiments, the parallel topology is more interpretable than the
serial topology. Also, the measure found that parallel topology is less complex to design than
serial. Moreover, this finding is also equivalent with user perceptions obtained in Chapter 4.
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However, this finding cannot be generalised for the other HFS examples, which implies
that it is essential to choose the correct HFS topology in order to design an interpretable HFS.

7.2.2 Guideline 2 – Simplicity and Readability of Subsystems

The second guideline is on simplicity and readability in relation to subsystems in HFSs.
Several considerations are provided when designing simple and readable subsystems and are
defined in the following subsections.

(i) Two inputs and a single output – “2-ISO”

The use of two inputs and a single output for all the subsystems in HFSs is suggested,
referred to as 2-ISO. Figs. 7.3 and 7.4 illustrate the examples of 2-ISO and three inputs
and a single output (3-ISO) respectively. For the case of the Iris classification examples
as in Figs. 7.1 and 7.2, all the subsystems in both topologies are designed using the
2-ISO architecture. In doing this, the subsystems will have fewer rules. As a result, the
readability of rules in the subsystems of HFS is improved and will lead to increasing
the interpretability of the HFS.

Fig. 7.3 Two inputs and a single out-
put (2-ISO)

Fig. 7.4 Three inputs and a single out-
put (3-ISO)

(ii) Pair all input variables in each subsystem

Following the design guideline of 2-ISO for each subsystem, all input variables are then
paired for each subsystem according to their roles in the system. That indicates that
each subsystem will get two input variables which have the same role or character. For
instance, for the case of Parallel HFS as shown Fig. 7.1, input variables of sepal length

and sepal width are paired together in subsystem FLS1 because they both concern the
sepal. Likewise, petal length and petal width are paired together in FLS2 because they
both represent the petal.

(iii) Small number of linguistic terms (7 ± 2).
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As discussed in Chapter 2, according to a study in cognitive psychology [120], the
number of different entities efficiently stored in the short-term memory should not
exceed the limit of 7±2. Therefore, in this case, the number of linguistic terms should
not be arbitrary but must be compatible with the number conceptual entities that humans
can efficiently handle and reason about during inferential activities.

Fig. 7.5 Membership functions of inputs: Sepal length, Sepal width, Petal length and Petal
width

The number of linguistic terms for HFSs should not be greater than 7 is advised in
order to improve readability and simplicity. In Iris classification as in Figs. 7.1 and 7.2,
the number of linguistic terms is three for each input variables: small (S), medium (M)
and large (L), as shown in Fig. 7.5.

(iv) Set the constant linguistic terms

For simplicity and readability, all input variables including the intermediate output
variables are suggested should be set with constant linguistic terms. This suggestion
will also help to ease the process of designing HFSs. For example of Iris classification
in Fig. 7.1, all input variables (sepal length, sepal width, petal length and petal width),
including the intermediate outputs (sepal and petal), will have the same linguistic terms
as shown in Fig. 7.5. However, it should be noted that this suggestion may be utilised
in some instances, depending on the specific problem under consideration.

7.2.3 Guideline 3 – The Meaning of Intermediate Variables

The next design guideline focuses on the meaning of intermediate variables in HFSs. This is
a fundamental issue, particularly in designing an interpretable HFS [183]. As discussed in
Chapter 2, having more concrete meaning of intermediate variables will ease the process of
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designing an HFS. Whereas, if the meaning of intermediate variables is more abstract, this
will result in challenges in designing an HFS.

Two key points to overcome this issue are recommended in order to facilitate the design
development of an interpretable HFS. The two key points are explained in the following
subsection.

(i). Extract the meaningful intermediate variable from the paired input variables

The first point is to extract the meaningful intermediate variable from the paired input
variables of a particular subsystem. Following on from the design guideline suggested
earlier, the input variables are paired based on the same characteristic. Hence, the
particular subsystem should now have a clear semantic interpretability of input and
intermediate variables.

For example, in the parallel HFS in Fig. 7.1, the intermediate variable of sepal is ex-
tracted from the paired input variables sepal length and sepal width in subsystem FLS1.
Likewise, in the case of subsystem FLS2, the intermediate variable of petal is also
extracted from the paired input variables petal length and petal width. Consequently,
the produced intermediate variables sepal and petal have proper meaning and thus
increased semantic interpretability.

However, it is not always as easy to extract meaningful intermediate variables from
the paired input variables. This is because it depends on the context of the HFSs’
examples and topologies. For example, as can be seen in the serial HFS in Fig. 7.2,
the intermediate variable of sepal_petal is extracted from the paired intermediate and
input variables sepal and petal length in subsystem FLS2. The meaning of this variable
is more abstract and may reduce its semantic interpretability.

(ii). Identify from the experts

The second option is to obtain meaningful intermediate variables from human experts –
human interpretability. Several researchers claim that an FLS would have the advantage
regarding interpretability when involving human experts in its design [117], [184],
[185].

Therefore, it is suggested to engage with experts in order to acquire meaningful inter-
mediate variables in order to ease designing an interpretable HFS. Additionally, this
especially helps for designing interpretable HFS in fields requiring human interaction
such as Medicine.
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7.2.4 Guideline 4 – Link-up Subsystems using Meaningful Intermedi-
ate Variables

Another design guideline is to link up all subsystems in HFSs. In this case, using an
intermediate variable to connect all the subsystems is proposed. As stated in Chapter 2, an
intermediate variable from the subsystem in the previous layer will serve as an input variable
to another subsystem in the next layer. Therefore, the intermediate variable should have a
well-defined meaning because it will be an input variable to another subsystem and thus
increase the overall interpretability of HFSs in term of semantic interpretability.

For example, in the parallel HFS as in Fig. 7.1, all subsystems are connected using the
intermediate variables, namely sepal and petal. Likewise, in the serial HFS as in Fig. 7.2, all
subsystems are also connected using the intermediate variables, namely sepal and sepal_petal.
Intuitively, parallel HFS appears to have better interpretability than serial HFS in terms of
clear semantic interpretability from input, intermediate and output variables for the Iris
classification.

7.2.5 Guideline 5 – Constructing the Subsystems’ Rules in HFSs

The final design guideline is constructing the rules for each subsystem in HFSs. Even though
all the subsystems developed using the 2-ISO model will have a smaller number of rules, it is
challenging to construct the rules for subsystems, especially when intermediate variables are
involved.

Two key approaches in constructing the rules for each subsystem in HFSs are recom-
mended:

(i) Generating rules from human experts

The most interpretable rules for FLSs are rules that are acquired from human experts
[127]. However, one of the crucial challenges in FLSs is to construct their rule base
[186], especially when it comes to acquiring input from human experts. This is because
there is no general methodology for constructing fuzzy rules from human experts.
Moreover, converting the experts’ know-how into IF-THEN rules is difficult, and often
results are incomplete, unnecessary and involve different knowledge since experts are
not capable of specific details or cannot express all their knowledge including intuition
and inspiration [187].

There are several methods available to acquire the knowledge from human experts in
order to generate rules. However, in this case, the use of a conventional method to
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obtain the knowledge from human experts is proposed, that is to use a mixed-mode
method; which combines interviews and surveys. The mixed-mode method is used to
obtain knowledge which can be transformed into the rules for particular subsystems of
HFSs as defined below, and illustrated in Fig. 7.6.

Fig. 7.6 Mixed-mode method: step-wise procedure

Step 1. Interviewing human experts

In the first step, an interview is conducted with human experts. At this stage,
the interviewer aims to get an overview of the problem in order to extract
knowledge from human experts [188–191]. Questions may include “What is
the problem to be solved for the system?”, “What are the input variables that
should be fed into the system?” and “What possible solutions may be produced
by combining inputs into the system?”.

Step 2. Creating a survey

In this step, a survey is constructed based on the information obtained in the
previous step. However, it is not a straightforward task to create this survey
for capturing rules from human experts. Wagner et al. [186] introduced a
novel survey-centric methodology which enables the capture of individual,
subjective input from domain (not fuzzy logic) experts with minimal prior
training and provides mechanisms to aggregate the resulting data into a working
and interpretable fuzzy system. Given the capability of capturing the subjective
views of human experts using survey in Wagner’s method, this method is
used to help create the survey and capture rules from experts. The survey is
structured as a survey-questionnaire where each of N experts is presented with
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a set of M matrices, determining the relationship between two variables which
will respectively form the antecedent and the consequent of a rule.

Fig. 7.7 Example of a survey completed by an expert for determining Sepal classification.

Following the suggestion of 2-ISO for subsystems of HFSs, a survey-questionnaire
form is designed based on the paired inputs of each particular subsystem.
For example, for Iris classification, Fig. 7.7 shows a sample of a survey-
questionnaire forms that have been filled out by an expert to identify the Sepal

classification based on the paired inputs sepal length and sepal width. An
expert in particular is instructed to put one tick (✓) per column in the row
which best captures the relationship between the sepal length and sepal width

in order to determine the Sepal class.

Step 3. Transform the data into the table (matrix) form

Next, multiple answers of survey-questionnaires from several experts are com-
bined and transformed into the meaningful table. For example, for Sepal

class, two experts, namely Expert 1 and Expert 2 have answered this survey-
questionnaire as shown in Fig. 7.8.

Fig. 7.8 Transform the expert surveys into the table for Sepal classification.
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Then, both survey-questionnaire forms are aggregated into one summary table.
In order to generate both survey-questionnaires, the ticks in each field across are
all counted, providing an overall view of the meaning of the given relationships.
For the Sepal class example as in Fig. 7.8, the meaning of all the ticks has
represented the particular meaning of each of the linguistic terms of Sepal

namely small (S), medium (M) and large (L).

Step 4. Generating rules from the table

In this step, all data in the matrix from the previous step, are translated into
IF-THEN rules. For Sepal class, the information in the table taken from experts
as in Fig. 7.8, is translated into IF-THEN rules format. All these rules are
summarised in Table 7.1.

Table 7.1 Rules of Sepal classificaion

Rules
IF THEN

sepal length is sepal width is Sepal is

1 small small small
2 small medium medium
3 small large large
4 medium small small
5 medium medium large
6 medium large medium
7 large small medium
8 large medium large
9 large large medium

(ii) Decomposition from standard FLSs

The second approach to constructing the rules for each subsystem in HFSs is by using
the method of decomposition from standard FLSs rules. The proposed approaches
that have been presented in Chapter 2 are presented in order to decompose FLS rules
into the HFS subsystems. Specifically, the approaches are S-HFS, L-HFS, two-layer
HFS, and HIFAM. Note that, the proposed approaches also consider the issue of the
less concrete meaning of intermediate variables for HFSs. Note that the proposed
approaches can only be implemented if the FLS rules are already predefined.
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For example, in the case of Iris classification as in Figs. 7.1 and 7.2, the HIFAM
approach was used to construct rules for all subsystems for both the parallel and serial
HFSs. The complete rules are presented in the following subsections.

• Iris classification: Parallel HFS

Fig. 7.9 Parallel HFS rules – FLS1
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Fig. 7.10 Parallel HFS rules – FLS2

Fig. 7.11 Parallel HFS rules – FLS3
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Figs. 7.9, 7.10 and 7.11 reveal the rules created using the HIFAM approach for
subsystems FLS1, FLS2 and FLS3 respectively, for parallel HFS. Each subsystem
contains 9 rules (3×3), and thus the total number of rules for this parallel HFS is
equal to 27 rules.

• Iris classification: Serial HFS

Fig. 7.12 Serial HFS rules – FLS1
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Fig. 7.13 Serial HFS rules – FLS2

Fig. 7.14 Serial HFS rules – FLS3
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In addition, for the serial HFS, Figs. 7.12, 7.13 and 7.14 show the rules generated
using the HIFAM approach for subsystems FLS1, FLS2 and FLS3 respectively.
Again, each subsystem contains 9 rules (3×3), and thus the total number of rules
for this serial HFS is equal to 27 rules.

Although both parallel HFS and serial HFS have the same number of rules, according
to the measure of interpretability and complexity in Chapters 5 and 6, the differing
topologies result in different levels of both complexity and interpretability.

In the next section, the proposed design guidelines framework is demonstrated within the
context of a real-world medical application.

7.3 Case Study: Neonatal Intensive Care Unit

7.3.1 Medical Background

The Neonatal Intensive Care Unit (NICU) is where the sickest newborn babies in hospitals
are managed and treated. These babies are born prematurely (less than 32 weeks) and need
special medical attention. They need hospital supervision until their systems and organs can
function with no external assistance [146].

According to Larcher and Hird [192], they describe intensive care as
“the use of invasive treatment intended to save or extend the life of a neonate who

might otherwise die from organ failure. It includes artificial ventilation, other forms of

organ support and artificial nutrition delivered by invasive means”.

Fig. 7.15 Levels of care available at NICU. The movement of babies is depended on health
progression.
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Fig. 7.15 shows different levels of care available to neonatal unit [193] namely; Neonatal

intensive care for the most seriously ill babies, High-dependency care, for babies who do
not need to be in the NICU but still require complex care, and Special Care for babies who
catching up on growth and development after premature birth.

7.3.2 Data Collection

This thesis collaborated with Dr Sharkey at NICU, Queen’s Medical Centre (QMC) Hospital,
Nottingham. He is a neonatologist and acts as the domain expert for this study. All the
collected information is used to design an interpretable HFS for oxygenation decisions of
premature babies, particularly to lead the process of creating rules and validating components
of the resulting HFS.

7.3.2.1 Physiological Data Acquisition

Currently, in NICU, the patient monitor is programmed to set off an alarm sound to alert
nurses and doctors when bradycardia and desaturation events occur. However, according to
Dr Sharkey, the limitation of the patient monitor is that the baby’s physiological data cannot
be recorded and stored during such events. Thus, the events cannot be further evaluated by the
NICU team members for analysis since they do not have sufficient or required information.

To tackle this issue, a system called OxyGUI was developed which would allow the data
associated to the two above-mentioned events to be recorded. This will help the NICU team
members to establish standard methodologies for the acquisition, storage, and extraction of
physiological data from a cot-side monitor.
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Fig. 7.16 Data flow in the data acquisition process

Fig. 7.16 shows the whole process involved in obtaining physiological data of premature
babies at NICU. This OxyGUI system will record data for every one second starting when the
baby is admitted into the NICU including the baby ID, admission date, date of birth, gestation
age, HR, SpO2, signal quality and inspired oxygen (FiO2). Note that ‘signal quality’ intends
to assess whether reliable HR can be obtained from the three-lead Electrocardiogram (ECG),
as shown in Fig. 7.16. The descriptions and sample of these data are presented in Table
7.2 and Fig. 7.17 respectively. Also, the user manual on the OxyGUI system is provided in
Appendix D. The OxyGUI provides the convenience of viewing the statistical analysis of
these recorded data such as the frequency of these events, i.e., bradycardia, tachycardia and
desaturation that arise during the day or night. This data is very important in establishing the
validity of the proposed interpretable HFS.



7.3 Case Study: Neonatal Intensive Care Unit 164

Table 7.2 Physiological data

Attributes Description

Baby_ID The ID is assigned for each baby at NICU
Admission_Date Date of start admission to NICU
Gestation_age Gestation age (in week) of baby when admission to NICU
Date_Time A timestamp is the time at which an event is recorded
HR Heart rate, beat per minutes (bpm)
SpO2 Oxygen Saturation (%)

FiO2
Inspired oxygen (%)- Percentage of oxygen in the space
being measured

signal_quality Signal quality

Fig. 7.17 Sample of physiological data
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7.3.2.2 An Initial Data Analysis on Physiological Data

For the initial data analysis, the physiological data from one premature baby (referred to here
as Baby001) over the six days of period at NICU is analysed. It is a large dataset consisting
of 448208 rows, since it was recorded for every single second. Therefore, the data was first
pre-processed for each day as shown in Table 7.3a. The data was then processed second
time and 106 records of outliers were removed (heart rate = 1/bpm) from the original data as
shown in Table 7.3b. This data was then used for the analysis phase.

Table 7.3 The pre-process data

(a) Data with outlier

Day Hours Minutes Seconds
Day 1 24 1440 86400
Day 2 24 1440 86400
Day 3 24 1440 86400
Day 4 24 1440 86400
Day 5 24 1440 86400
Day 6 4.5 270.13 16208

(b) Clean data

Day Hours Minutes Seconds
Day 1 24 1439.93 86396
Day 2 24 1439.65 86379
Day 3 24 1439.52 86371
Day 4 24 1439.48 86369
Day 5 24 1439.65 86379
Day 6 4.5 270.13 16208

Mean (µ) and standard deviation (σ ) are used to show the distribution of this physiological
of Baby001 data, as shown in Table 7.4 over the six days duration. Fig. 7.18 shows the
histogram of each parameter which are oxygen saturation, heart rate, signal quality and
inspired oxygen illustrating the distribution of data collected over six days.

Table 7.4 Mean (µ) and standard deviation (σ ) of Baby001 data

Physiological parameter
SpO2 (%) HR (bpm) Signal Quality FiO2 (%)

µ 90.1 155.5 144.6 41.2
σ 5.1 9.4 78.0 5.9
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Fig. 7.18 Histogram of each of physiological parameter for Baby001.

Scatter plots can be used to examine the relationship between parameters in this data. Six
scatter plots (in Fig. 7.19) show the correlation between four parameters namely; heart rate
(HR), oxygen saturation (SpO2), signal quality and inspired oxygen (FiO2).
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Fig. 7.19 Scatter plot of the parameter correlation

Fig. 7.19 shows that the plots do not seem to produce a significant relationship between
the parameters’ combination. In fact, some of the correlations such as heart rate and
oxygen saturation, heart rate and signal quality, inspired oxygen and signal quality, show
negative relationships. However, it is worth emphasising that, the correlation between
oxygen saturation and inspired oxygen, and heart rate and inspired oxygen, are considered
as significant since the computed Pearson’s correlation coefficient for the aforementioned
relationship is 24% and 9% respectively. Therefore, these type of relationships will be further
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investigated and will be as the main focus in the process of designing an interpretable HFS
for NICU, illustrated in the following subsection.

7.3.3 Designing an Interpretable Hierarchical Fuzzy System: Oxygena-
tion Decision

In this section, the proposed design guidelines framework is demonstrated in building an
interpretable HFS for the Oxygenation decision and is described in the following subsection.
Note that the oxygenation decision at NICU is essential to ensure adequate oxygenation for
the premature baby based on their vital signs such as heart rate and oxygen saturation.

7.3.3.1 Interviewing Human Experts

Following the findings in the initial analysis in Subsection 7.3.2.2, first, the interview process
to obtain the physiological parameters, symptoms and vital signs with the domain experts
at NICU is discussed. The information from this interview is essential as it will ease the
process of constructing HFS topology and the survey-questionnaires.

Dr Sharkey was interviewed to obtain information for each of the parameters, i.e., HR
and SpO2 and capture the primary rule base taken into account when any decision is made at
the NICU. The results from the interview for HR and SpO2 are illustrated below.

Fig. 7.20 Physiological parameter : Heart Rate (bpm)

Preterm babies are very sensitive and need special care. Their hearts are usually not fully
developed and require continuous monitoring [194]. Fig. 7.20 shows the HR classification of
a baby’s heartrate at NICU indicating bradycardia, normal heart rate and tachycardia. The
HR is measured in a beat per minutes (bpm) which is shown on the bedside monitor. Fig. 7.20
indicates that the HR for a normal baby is in the range of 130 to 180 bpm. If the baby’s
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heart rate drops below 130 bpm, that implies the baby is suffering from bradycardia and
needs attention. Meanwhile, if the baby’s heart rate rises above 180 bpm that means the baby
has tachycardia and also needs attention. However, these are all dependent on the baby’s
condition, i.e., weight, crying or sleeping. For example, if the baby is crying or touched
then the heart rate will rise. Note that the nurse on duty will record the baby’s condition
information into the nursing chart for every hour.

Fig. 7.21 Physiological parameter : Oxygen Saturation (%)

Pulse oximetry measures oxygen saturation (SpO2) and is a well-established method of
monitoring patient oxygenation status [161]. The SpO2 is the amount of oxygen bound to
hemoglobin in the blood expressed as a percentage of the maximal binding capacity which
is also shown on the bedside monitor. Fig. 7.21 shows the SpO2 classification of a baby at
NICU and includes normal and desaturation. A normal baby will have a SpO2 reading in
between 91% to 95% whereas if the SpO2 reading decreases to below 91% then this indicates
that the baby is experiencing desaturation. Usually, when desaturation occurs, the nurse will
try to increase the oxygen in the atmosphere (FiO2) to correct this.

7.3.3.2 Guideline 1: Selection of Topology

Following the information obtained during the interview session discussed in Subsec-
tion 7.3.3.1, an HFS topology for Oxygenation decision at NICU is constructed as shown in
Fig. 7.22.
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Fig. 7.22 HFS topology: Oxygenation Decision

The HFS topology as shown in Fig. 7.22 consists of three subsystems namely FLS1,
FLS2 and FLS3. These subsystems have paired inputs such as (HR, Baby’s condition) →
Heart Rate class, (SpO2, Baby’s condition) → Oxygen saturation class, and (Heart Rate class,
Oxygen saturation class) → Oxygenation decision.

Note that the input called baby’s condition that appears in subsystems FLS1 and FLS2

is the same. From the interview session with experts, it was found that both inputs HR
and SpO2 are very sensitive to the baby’s condition input and influence the decision in the
heart rate class and oxygen saturation class respectively. Thus, the topology of HFS for
Oxygenation decision is designed as shown in Fig. 7.22. It should also be noted that the
baby’s condition input comprises several conditions, namely crying, sleeping and stress.

7.3.3.3 Guideline 2: Simplicity and Readability of Subsystems

For simplicity and readability of the subsystem, it is suggested that the number of linguistic
terms for HFS oxygenation decision must not be greater than seven. Figs. 7.23 to 7.30 show
the membership functions for the inputs, intermediate and output variables that are formed
for an HFS of the oxygenation decision respectively.
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Fig. 7.23 MFs of input variable: Heart Rate (bpm)

Fig. 7.24 MFs of input variable: Oxygen Saturation (%)

Fig. 7.25 MFs of input variable: Baby’s condition (Crying)
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Fig. 7.26 MFs of input variable: Baby’s condition (Sleeping)

Fig. 7.27 MFs of input variable: Baby’s condition (Stress)

Fig. 7.28 MFs of intermediate variable: Heart Rate class
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Fig. 7.29 MFs of intermediate variable: Oxygen Saturation class

Fig. 7.30 MFs of output variable: Oxygenation Decision

7.3.3.4 Guideline 3 & 4: Meaning of Intermediate Variables and Linked Subsystems

In this subsection, the meaningful intermediate variables of the proposed HFS oxygenation

decision are identified from a human expert, in interview session with Dr Sharkey as described
in Subsection 7.3.3.1. Therefore, in Fig. 7.22, the intermediate variables heart rate class and
oxygen saturation class are labelled as the output of subsystems FLS1 and FLS2, respectively.
Note that these meaningful intermediate variables play an important role in increasing the
semantic interpretability of HFSs. Consequently, these intermediate variables are used as a
connection between subsystems FLS1 and FLS3, and subsystems FLS2 and FLS3, as shown
in Fig. 7.22.
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7.3.3.5 Guideline 5: Constructing the Rules of Subsystems

(i) Creating a Survey

In order to obtain HFS rules from domain experts, a survey-questionnaire is constructed.
Following the proposed design guidelines framework, several survey-questionnaires
based on the information collected earlier in the interview session and the HFS topology
have been designed. These survey-questionnaires are intended to simplify the process
of extracting the rules used by experts when making oxygenation decisions. Note that
the same domain expert, Dr Sharkey, was asked to answer these survey-questionnaires.
The samples of these survey-questionnaires that has been filled out by domain experts
can be viewed in Tables 7.6 to 7.11. Also, for clarity, the abbreviations and symbols
used in the survey-questionnaires can be seen in Table 7.5.

Table 7.5 Abbreviations and symbols used in the survey

Abbreviations / Symbols Descriptions

Y Yes
N No
L Low
N Normal
H High
B Bradycardia
SB Slight Bradycardia
N Normal
T Tachycardia
D Desaturation
SD Slight Desaturation
N Normal
↑ Increase
O2 Oxygen
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Table 7.6 Results extracted from the survey (Heart Rate vs Crying)

Heart Rate (bpm)

HR <130 130 <HR <180 HR >180

B SB N T B SB N T B SB N T

Crying
Y ✓ ✓ ✓

N ✓ ✓ ✓

Table 7.7 Results extracted from the survey (Heart Rate vs Sleeping)

Heart Rate (bpm)

HR <130 130 <HR <180 HR >180

B SB N T B SB N T B SB N T

Sleeping
Y ✓ ✓ ✓

N ✓ ✓ ✓

Table 7.8 Results extracted from the survey (Heart Rate vs Stress)

Heart Rate (bpm)

HR <130 130 <HR <180 HR >180

B SB N T B SB N T B SB N T

Stress
Y ✓ ✓ ✓

N ✓ ✓ ✓
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Table 7.9 Results extracted from the survey (Oxygen Saturation vs Crying)

Oxygen Saturation (%)

SpO2 <91 91 <SpO2 <95 SpO2 >95

D SD N D SD N D SD N

Crying
Y ✓ ✓ ✓

N ✓ ✓ ✓

Table 7.10 Results extracted from the survey (Oxygen Saturation vs Sleeping)

Oxygen Saturation (%)

SpO2 <91 91 <SpO2 <95 SpO2 >95

D SD N D SD N D SD N

Sleeping
Y ✓ ✓ ✓

N ✓ ✓ ✓

Table 7.11 Results extracted from the survey (Oxygen Saturation vs Stress)

Oxygen Saturation (%)

SpO2 <91 91 <SpO2 <95 SpO2 >95

D SD N D SD N D SD N

Stress
Y ✓ ✓ ✓

N ✓ ✓ ✓

(ii) Transforming Survey Data into Rule Matrices

Following the results of the survey-questionnaires obtained earlier, in this subsection,
the information is transformed into a meaningful table of rules based on the proposed
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design guidelines framework. That is, the ticks (✓) in the survey-questionnaires are
then defined as the specific linguistic terms as shown in Tables 7.12, 7.13 and 7.14.

Table 7.12 Fuzzy Rule Base (FLS1): Heart rate classification

Heart Rate (bpm)

Low Normal High

Crying
Y B N T

N SB N T

Sleeping
Y B N T

N SB N T

Stress
Y B N T

N SB N T

Table 7.13 Fuzzy Rule Base (FLS2): Oxygen saturation class

Oxygen Saturation (%)

Low Normal High

Crying
Y D N N

N SD N N

Sleeping
Y D N N

N SD N N

Stress
Y D N N

N SD N N
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Table 7.14 Fuzzy Rule Base (FLS3): Oxygenation decision

HR Class

B SB N T

SpO2 Class

N ↑ O2 - 20% - - -

SD ↑ O2 - 30% ↑ O2 - 10% - -

D ↑ O2 - 30% ↑ O2 - 20% ↑ O2 - 10% ↑ O2 - 20%

(iii) Generating HFS Rules from Tables

In this subsection, all the rules for the subsystems of the HFS are generated. Fig. 7.31
shows the process involved from the beginning in order to acquire the rules from the
domain experts.

Fig. 7.31 The process involved in producing interpretable HFS rules from human experts

Following the process involved in Fig. 7.31, the final IF-THEN rules in the subsys-
tems FLS1, FLS2, and FLS3 are produced as shown in Tables 7.15, 7.16, and 7.17
respectively.



7.3 Case Study: Neonatal Intensive Care Unit 179

Table 7.15 HFS rules in subsystem FLS1 using ‘AND’ logical connective

Rules No. IF THEN

HR is Crying is Sleeping is Stress is HR Class is

1 L Y N Y B
2 L Y N N B
3 L N Y Y B
4 L N Y N SB
5 L N N Y SB
6 L N N N SB
7 N Y N Y B
8 N Y N N N
9 N N Y Y N
10 N N Y N N
11 N N N Y N
12 N N N N N
13 H Y N Y T
14 H Y N N T
15 H N Y Y T
16 H N Y N T
17 H N N Y T
18 H N N N T
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Table 7.16 HFS rules in subsystem FLS2 using ‘AND’ logical connective

Rules No. IF THEN

SpO2 is Crying is Sleeping is Stress is SpO2 Class is

1 L Y N Y D
2 L Y N N D
3 L N Y Y D
4 L N Y N SD
5 L N N Y SD
6 L N N N SD
7 N Y N Y D
8 N Y N N N
9 N N Y Y N
10 N N Y N N
11 N N N Y N
12 N N N N N
13 H Y N Y SD
14 H Y N N N
15 H N Y Y N
16 H N Y N N
17 H N N Y N
18 H N N N N

Table 7.17 HFS rules in subsystem FLS3

Rules No.
IF THEN

SpO2 Class is HR Class is
Oxygenation
Decision is

1 D B ↑ O2 - 30%
2 D SB ↑ O2 - 20%
3 D N ↑ O2 - 10%
4 D T ↑ O2 - 20%
5 SD B ↑ O2 - 30%
6 SD SB ↑ O2 - 10%
7 N B ↑ O2 - 20%

Finally, an interpretable HFS for making oxygenation decision at the NICU is designed
using the proposed design guidelines framework. In the next subsection, the oxygenation
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decision system is developed using the proposed interpretable HFS design and is illustrated
with the physiological data from one premature baby at the NICU.

7.3.4 A Practical Illustration of an Interpretable HFS

In this section, both a flat and heirarchical FLS is created for the oxygenation decision making
system. In the case of the flat system, its topology is shown in Fig. 7.32, which consists of
54 rules. Table 7.18 shows a sample of the rules used in the system.

Fig. 7.32 FLS topology: Oxygenation Decision
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Table 7.18 A flat FLS rules using ‘AND’ logical connective

Rules No.
IF THEN

HR is SpO2 is Crying is Sleeping is Stress is Oxygenation Decision

1 L L Y N Y ↑ O2 - 30%
2 L L Y N N ↑ O2 - 30%
3 L L N Y Y ↑ O2 - 30%
4 L L N N Y ↑ O2 - 30%
...
16 L H N N Y ↑ O2 - 20%
17 L H N Y N ↑ O2 - 20%
18 L H N N N ↑ O2 - 10%
19 N L Y N Y ↑ O2 - 30%
...
52 H H N N Y ↑ O2 - 10%
53 H H N Y N ↑ O2 - 20%
54 H H N N N ↑ O2 - 20%

This section illustrates how the oxygenation decision systems (HFS and FLS) behave in
practice using a real-world dataset based on data from one of the premature babies (Baby
001). This is done in three main steps, which are defined in the following subsection.

7.3.4.1 Generating Fuzzy Systems using the FuzzyToolkitUoN

R programming is becoming popular among researchers across disciplines. Wagner et al.
[66] had developed a fuzzy logic package (FuzzyToolkitUoN) in R programming for Type-1
and Type-2 fuzzy logic systems. In the first step, both FLS and HFS designs are used
as a guideline in developing both fuzzy systems using the FuzzyToolkitUoN. That is, all
the information about membership functions and rules that was previously discussed in
Sections 7.3.3.3, 7.3.3.5 and 7.3.4 are used to develop both fuzzy systems. The key features
of both the FLS and HFS for this oxygenation decision system are described in Table 7.19.
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Table 7.19 Features of both FLS and HFS implementations of the oxygenation decision
system

Features
Oxygenation decision system

FLS HFS

Number of input variables 5 5
Number of intermediate variables 0 2
Number of output variable 1 1
Average of number of membership functions 2.5 2.75
Number of rules 54 43
Number of subsystems 1 3
Number of layers 1 2

(a) FLS (b) HFS

Fig. 7.33 The graphical user interface (GUI) for the Oxygenation Decision system: Main
interface

This step also provides a graphical user interface (GUI) in the R programming for
both the FLS and HFS as shown in Fig. 7.33. The GUI of these systems consists of the
number of membership functions for input, intermediate and output variables, topology, rules,
defuzzification view and the evalfis() function. The evalfis() function used in this chapter to
evaluate the fuzzy inference system is described below.
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7.3.4.2 Evaluating Fuzzy Inference Systems (FIS) of the FLS and HFS

Then, both fuzzy systems are used to simulate the oxygenation decision-making problem by
using real data of one premature baby (Baby001) over a six days period. It should be noted
that the data of Baby 001 is same as discussed earlier in Section 7.3.2.2. In order to that,
in this step, the function evalfis() in FuzzyToolkitUoN is adopted to evaluate the output of
the fuzzy system for each given input in the dataset. Finally, the results obtained from the
evaluation were then compared, as shown in Table 7.20. The comparison of the results is
discussed in the next step.
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Table 7.20 The Sample Evaluation of FIS output for FLS and HFS of Oxygenation Decision

HR SpO2 Crying Sleeping Stress
FLS output: HFS output:

Oxygenation decision HR Class SpO2 Class Oxygenation decision

150 93 N Y N 0.4589 146.9188 94.8293 1.5000
149 92 N N Y 0.4589 94.4470 85.4288 0.9672
149 92 N Y Y 0.5102 147.6064 94.3597 1.5000
149 91 N N Y 0.5141 82.9117 58.9035 2.0890
149 91 N N N 0.4589 146.9188 94.8293 1.5000
149 90 Y N N 0.5768 94.4470 77.7779 1.6730
149 90 Y N N 0.5768 94.4470 77.7779 1.6730
149 90 Y N N 0.5892 94.5198 77.4740 1.6671
149 90 N Y Y 0.5788 146.7159 87.2695 1.5000
149 90 N N N 0.6940 133.6602 79.9252 0.5094
149 90 Y N N 0.6222 94.7543 76.6634 1.6546
149 89 N Y N 0.9669 147.6541 92.9283 1.5000
149 89 N Y Y 0.8685 142.0905 76.4446 0.4589
148 90 N Y Y 0.5768 146.9188 87.3354 1.5000
148 90 Y N Y 0.5768 75.0950 55.1613 2.5411
148 90 N Y Y 0.6665 132.1867 71.0655 0.4589
147 90 N N N 0.5942 145.1435 94.1103 1.5000
147 91 Y Y N 1.5000 150.0000 65.0000 0.4589
147 91 Y N Y 0.4589 75.0950 55.1613 2.5411
147 91 N N N 0.4589 146.9188 94.8293 1.5000
147 91 N N Y 0.4709 111.3399 86.7614 0.5780
147 91 N N Y 0.4589 94.4470 85.4288 0.9672
147 91 Y Y Y 1.5000 150.0000 65.0000 0.4589
147 91 N N N 0.4780 147.1717 94.6512 1.5000
147 91 Y Y Y 0.5642 78.6337 56.6428 2.5411
147 90 N N N 0.6195 142.5988 85.8297 1.5000
147 90 Y Y N 1.5000 150.0000 65.0000 0.4589
147 90 N Y N 0.5768 146.9188 94.4967 1.5000
147 90 Y N Y 0.6582 76.5334 55.8016 2.5411
148 90 Y Y Y 0.7784 100.5482 58.5183 1.5000
148 90 Y N Y 0.6768 76.7829 55.9090 2.5411
148 90 Y N Y 0.6223 78.8592 56.5957 2.5411
148 91 N Y Y 0.4589 146.9188 94.8293 1.5000

7.3.4.3 Examining equivalence between FLS and HFS for oxygenation decision

In this step, a statistical test was conducted using the K-S test [182] (as used in Chapter 6) to
compare the equivalence of the output produced from the FLS and HFS as in Section 7.3.4.2.
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The K-S test statistic measures the maximum distance (D) between the empirical cumulative
distribution function (ECDF) of an FLS and HFS, measured in the vertical direction.

Table 7.21 The Kolmogorov-Smirnov Test between FLS and HFS of Oxygenation Decision

Input samples (n)
FLS vs HFS Critical Value

D p-values Dα = 1.36√
n

Day 1 (n = 84600) 0.29954 2.2e−16 0.00468
Day 2 (n = 84600) 0.23806 2.2e−16 0.00468
Day 3 (n = 84600) 0.16498 2.2e−16 0.00468
Day 4 (n = 84600) 0.23157 2.2e−16 0.00468
Day 5 (n = 84600) 0.22406 2.2e−16 0.00468
Day 6 (n = 16208) 0.28059 2.2e−16 0.01072

Table 7.21 presents the result of the K-S test that examined the equivalence between the
FLS and the HFS of the oxygenation decision system. Additionally, Fig. 7.34 provides a
graphical view with the K-S tests for both systems over the six day period. From Table 7.21
and Fig. 7.34, the K-S test results showed that the FLS and HFS were not equivalent when
tested with the Baby 001 dataset. That is, the K-S test statistic, which measured the maximum
distance (D) between the FLS and HFS, is greater than (Dα ), indicating the outputs produced
from FLS and HFS have different distributions.
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Fig. 7.34 The Kolmogorov–Smirnov test comparing the FLS and HFS Oxygenation Decision
systems over six days
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7.3.5 Measuring the Interpretability of Oxygenation Decision Systems

In this section, the general index as proposed in (5.2) (see Chapter 5) was used to measure and
compare the interpretability of the FLS and HFS for NICU Oxygenation Decision. Following
the results obtained in Chapter 5, the min aggregation operator together with the increasing

weight layer-weighted strategy, were used in the general index. Now, (5.2) becomes:

Hmin =
q

∑
j=1

(
l j

s j

∑
k=1

min(E jk)

)
(7.1)

Table 7.22 A summary of interpretability of Oxygenation decision systems using Hmin

Oxygenation
decision systems

Fuzzy Index

NR NP a a a term NC Index

FLS 54 270 0 0 54 2.4 3 0.1941
Hmin 0.1941

HFS:
FLS1 18 72 0 0 18 2.25 4 0.4962
FLS2 18 72 0 0 18 2.25 3 0.4472
FLS3 7 14 0 7 0 3.5 3 0.5129

Hmin 0.4910

Table 7.22 shows the interpretability values for the FLS and HFS systems, which was
calculated using the Hmin as in (7.1). As can be seen in Table 7.22, the computed inter-
pretability value (Hmin) produce a higher value for the HFS than the FLS. This indicates that,
as hoped, the HFS is more interpretable than the FLS for the NICU Oxygenation Decision
system.

7.4 Discussion

In this chapter, an interpretable HFS for an oxygenation decision-making system to be used
within a NICU is designed using the proposed design guidelines framework. Then the systems
for the HFS together with a flat system (FLS) were created using the FuzzyToolkitUoN
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which utilises the R Programming language. Next, both systems were practically illustrated
using a real premature baby dataset, and the results were observed.

The findings do not show that an HFS is better than an FLS. Conversely, it cannot be
concluded that the FLS is better than the HFS, as both systems produce different results
when applied to a real dataset of a premature baby. A possible explanation for this finding
is that the HFS and FLS have a different topologies, including a different number of layers,
subsystems and rules. This case study has also shown that it is challenging to develop a
system for this complex medical application. Based on these observations, it also cannot be
decided whether the FLS or HFS system is the best to represent this system.

However, the HFS design is a promising choice to represent this complex medical
application, providing a clear and understandable model. This is because the HFS was
designed with the involvement of human experts. To further explore this, the interpretability
of FLS and HFS for oxygenation decision system were measured and compared using
the H index (Hmin). The interpretability index showed that the HFS produced higher

interpretability value than FLS, indicating the HFS is more interpretable than the FLS for
this application. Also, the HFS can be claimed to be a more interpretable model for the
oxygenation decision due to: (i) the HFS has a more intuitive structure when HR Class
and SpO2 class were classified and then fed to the final subsystem, producing meaningful
intermediate variables that offer additional information to the clinician; (ii) the HFS has
a clear meaning and high semantic interpretability for all inputs, intermediate and output
variables, aided by including the domain expert in the design process; (iii) the HFS has fewer
total rules (43) in the subsystems (FLS1 = 18 rules, FLS2 = 18, FLS3 = 7) compared to
the number of rules (54) in the flat FLS; and (iv) the use of the proposed design guidelines
framework made it easy to build.

There are some limitations in the interpretable HFS design for oxygenation decision
using the proposed design guidelines framework that need to be addressed in the future. The
limitations include: (i) the study should involve a larger number of domain experts in order to
get better information for the complex medical problem; (ii) the proposed design guidelines
framework does not capture all aspects of interpretability and complexity, e.g. the semantic
meaning of fuzzy sets and intermediate variables in HFSs; and (iii) although the interpretable
HFS involved human experts in the process of designing it, the model still should be validated
by the other human experts who are not associated with the design process.
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7.5 Summary

This chapter presented a design guidelines framework for interpretable HFSs. The first
section of this chapter provided a brief discussion as to the motivations and background of
related work and theories. Then, a design guidelines framework that has five key guidelines
to build an interpretable HFS was introduced. These key design guidelines were composed
based on the measure of interpretability and complexity in Chapters 5 and 6. Further, a real
case study was used to demonstrate the proposed design guidelines framework, specifically
to design an interpretable HFS to determine oxygenation decisions for the NICU at QMC
Hospital. Later, a practical illustration of this interpretable HFSs was then applied with a
real premature baby dataset, and the results were observed. A practical illustration of a flat
system (FLS) was also made with the same dataset.

Although it was found that the NICU Oxygenation Decision FLS and HFS produced
different results, no clear indication is given as whether the FLS or HFS is better for the oxy-
genation decision system; however, it can be said that the HFS shows promise in representing
this complex medical problem. Indeed, as reported in Section 7.3.5, the computed Hmin gave
a higher interpretability value for the HFS than FLS, indicating that the HFS is indeed more

interpretable than the FLS. Furthermore, informally, the HFS design was found to be more
interpretable to the clinicians, due to providing meaningful information within the system
itself (including its topology structure, fewer rules and meaningful intermediate variables),
thereby intuitively offering a more understandable decision support model. Hence, this also
indicates that the design guidelines framework provides the ability to efficiently design an
interpretable HFS. Thus, the fifth and sixth objectives of this thesis are accomplished.



Chapter 8

Conclusions

8.1 Introduction

The research begins with the investigation of interpretability assessment in HFSs. Since
interpretability is very subjective because it depends on how humans view it, then the research
focuses on capturing the subjective view of interpretability from the human perspective. Next,
the research incorporates the subjective view from humans to shape the development of a
interpretability measurement of HFSs using a participatory design approach. Later, since
it is found that complexity is a key component of interpretability of HFSs, the research
next focused on obtaining a comprehensive assessment to measure complexity in HFSs.
Finally, a design guidelines framework for interpretable HFSs is developed. The framework
is built based on the proposed measurement of interpretability and complexity of HFSs,
demonstrated using a real-world case study in the medical domain.

8.2 Thesis summary

As discussed in Chapter 1, the main aim of this thesis is to develop a design guidelines
framework for interpretable hierarchical fuzzy systems. To reach this aim, the following
objectives were identified:

(i). To investigate the assessment of interpretability of HFSs.

(ii). To establish standard methodologies for capturing perceptions of the interpretability
and complexity of HFSs from users.

(iii). To guide the measurement of interpretability of HFSs.
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(iv). To explore the measurement of complexity in HFSs.

(v). To build a design guidelines framework for interpretable HFSs.

(vi). To demonstrate the design guidelines framework for interpretable HFSs in a real-world
example.

This thesis began with the introduction chapter (Chapter 1) which provided the back-
ground and motivations of the work in this study. The aim and objectives of this thesis were
highlighted clearly. Next, the contribution of the thesis were outlined. The first chapter ended
with the organisation of the thesis.

In Chapter 2, some of the related studies conducted by previous researchers are reviewed.
The key research areas include the state of the art of the fuzzy logic systems, hierarchical
fuzzy systems, interpretability, complexity and the case study of neonatal monitoring.

In Chapter 3, the research in this thesis began with an exploratory study into the mea-
surement of interpretabilty of fuzzy systems and considered two essential aspects, namely
complexity-based interpretability and semantic-based interpretability. However, both aspects
of measurement do not take into account the structure of fuzzy systems, i.e., when it is
hierarchical (HFS). Therefore, this study investigated the measurement of interpretability
of HFSs that have multiple subsystems, layers and varied topologies. In the end, an initial
index for measuring the interpretability of HFSs was presented and thus addressed the first
objective of this thesis.

Chapter 4 presented an exploratory user study on the perception of interpretability in
HFSs. The use of a user study as a means to obtain and assess the interpretability and also
complexity in HFSs is the highlight of this chapter. This is due to the fact that such a study
has never been used in this field previously. Later, this chapter elaborated on the analysis of
the relationship between interpretability and complexity of HFSs, including the descriptive
analysis of the survey data, analysis of individual differences in perceived interpretability and
complexity, and statistical analysis of the interpretability and complexity. Thus, the second
objective of this thesis was achieved.

In order to address the third objective of this thesis, Chapter 5 presented a participatory
design approach to guide the initial index of interpretability of HFSs (from Chapter 3). This
approach enabled the subjective views of a range of users, to be taken into account in shaping
the measurement of interpretability of HFSs. At the end of this study, a demonstration
and evaluation using the participatory design approach to configure the measurement of
interpretability for HFSs was presented. The finding suggested the use of the min aggregation
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strategy and increasing weight layer-weighting strategy, within the general H index for
capturing the interpretability of HFSs.

Chapter 6 studied in detail the complexity of fuzzy systems, particularly HFSs. In FLSs,
complexity is expressed by the number of rules, variables, and fuzzy terms – rule-based
complexity. Several studies have used indices, e.g., the number of rules, to measure the
complexity of FLSs. However, none of the studies considered the structure of HFSs, i.e.,
multiple subsystems, layers and varied topologies which may also affect the complexity of
HFSs. Therefore, this chapter presented an approach to obtain a comprehensive measurement
of complexity in HFSs by combining the rule-base complexity with the structural complexity.
Therefore, the fourth objective of this thesis was achieved.

Chapter 7 addressed both the fifth and sixth objectives of this thesis. It presented a
design guidelines framework for interpretable HFSs. The framework was built based on
the measurement index of interpretability and complexity that was presented in Chapters 5
and 6 respectively. The framework consists of five key design guidelines for building
interpretable HFS. Subsequently, a demonstration of the framework to guide the designing
of an interpretable HFS in the real-world was presented. Specifically, the demonstration
focuses on the design an interpretable HFS for supporting decision-making for oxygenation
administration in a neonatal intensive care unit (NICU).

In the next section, the main contributions of this thesis are reported.

8.3 Contributions

The study of interpretability, particularly in the context of hierarchical fuzzy systems is an
important area, which is likely to gain interest as it has clear relevance to explainable AI
(XAI). This thesis has resulted in the following contributions:

1. An interpretability assessment of HFSs.
This is the first work that undertake a formal assessment to measure the interpretability
of HFSs which has been built based on the challenges arising from the structure of
HFSs, i.e., multiple subsystems, layers and varied topologies. Therefore, this thesis
makes a major contribution to the knowledge of interpretability assessment.

2. A novel method in capturing users’ perception on the interpretability and com-
plexity of HFSs.
Due to the subjective nature of the interpretability, it is not an easy task to get the
users’ perception, particularly of interpretability, and there exists a lack of research
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addressing the issue. Thus, this method of designing the user study is a significant
contribution to the knowledge of interpretability in fuzzy systems.

3. A novel analysis of interpretability and complexity of HFSs using a user study.
This is the first time that the user study has been used to assess the relation between
interpretability and complexity in HFSs. This analysis adds insight into the new
knowledge of the relation between interpretability and complexity particularly in HFSs
from the user’s perspective.

4. The development of an interpretability measurement of HFSs using a participa-
tory design approach.
A participatory design approach is utilised to guide the measurement of interpretability.
This approach enables the subjective views of a range of users to be taken into account
in shaping the measurement of interpretability of HFSs.

5. A complexity assessment of HFSs.
This thesis contributes to the current debate of complexity measurement with the
introduction of a combined rule-based and structural complexity index in order to
establish a comprehensive measurement of complexity in HFSs.

6. A novel design guidelines framework for interpretable HFSs.
The framework is based on the measurement index of interpretability and complexity
of HFSs consisting of five key design guidelines for building interpretable HFS.

7. A design for an interpretable HFS to Oxygenation decision at NICU.
A demonstration of the framework to guide the designing of an interpretable HFS
on real-world is presented. Specifically, the demonstration focuses on the design of
interpretable HFS for a neonatal intensive care unit (NICU).

In the next section, the future works of this thesis are explained.

8.4 Future work

Several areas can be further developed in future, including as follows:

1. While the proposed interpretability assessment is promising, it does not capture all
aspects of the interpretability of HFSs. Thus, future work should explore other aspects
of the interpretability of HFSs such as the semantic interpretability of fuzzy sets and
intermediate variables of HFSs.
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2. While the user study provides intriguing insight into the relationship between inter-
pretability and complexity as perceived by people (users, participants, etc.), more
research on this topic needs to be undertaken, with a larger sample size, in order to
develop a fine-grained understanding of the relationship between interpretability and
complexity of design when creating HFSs.

3. Future work should focus on conducting more experiments involving different case
studies with more complex and varied hierarchical systems, and a wider set of people
from both within the fuzzy community and from other communities in the participatory
design approach. In doing so, it may be possible to gain further insight into different
configurations of the proposed index, in order to ultimately gain a deeper understanding
of the interpretability of HFSs.

4. Future work could focus on exploring other aspects of complexity, including the
semantic complexity of fuzzy sets, intermediate output and the logical complexity of
the rules. This may gain further insight into the complexity of HFSs.

8.5 Dissemination

The research work reported in this thesis has been used in various conference and journal
papers as well as several internal and international talks. What follows is a list of publications
and presentations derived from this work, together with a reference to the chapter in which
the topic is covered.

8.5.1 Journal Papers

• Razak, T. R., Garibaldi, J. M., Wagner, C., Pourabdollah, A., & Soria, D., Towards a

Framework for Capturing Interpretability of Hierarchical Fuzzy Systems — A Partici-

patory Design Approach, submitted to IEEE Transactions on Fuzzy Systems (Under
Review). (Chapter 5)

8.5.2 Conference Papers

• Razak, T. R., Garibaldi, J. M., & Wagner, C.(2019). A Measure of Structural Complex-

ity of Hierarchical Fuzzy Systems Adapted from Sofware Engineering, In 2019 IEEE
International Conference on Fuzzy Systems (FUZZ-IEEE). IEEE. (Chapter 6)
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• Razak, T. R., Garibaldi, J. M., Wagner, C., Pourabdollah, A., & Soria, D. (2018).
Interpretability and Complexity of Design in the Creation of Fuzzy Logic Systems —

A User Study In 2018 IEEE Symposium Series on Computational Intelligence (IEEE
SSCI) (pp. 420–426). IEEE. (Chapter 4)

• Razak, T. R., Garibaldi, J. M., Wagner, C., Pourabdollah, A., & Soria, D. (2017).
Interpretability indices for hierarchical fuzzy systems. In 2017 IEEE International
Conference on Fuzzy Systems (FUZZ-IEEE) (pp. 1–6). IEEE. (Chapter 3)

8.5.3 Presentations

• Razak, T. R., Garibaldi, J. M., & Soria, D., Analysis on Preliminary Neonatal Data,

(oral presentation) at a meeting with Medical Expert; Dr Don Sharkey, C32, School of
Computer Science, University of Nottingham, UK, 25th May 2016.

• Razak, T. R., Garibaldi, J. M., Wagner, C., Pourabdollah, A., & Soria, D., Interpretabil-

ity indices for hierarchical fuzzy systems, (oral presentation) at Intelligent Modelling
and Analysis Seminar – Fuzz-IEEE Practice, School of Computer Science, University
of Nottingham, UK, 27th June 2017.

• Razak, T. R., Garibaldi, J. M., Wagner, C., Pourabdollah, A., & Soria, D., Interpretabil-

ity indices for hierarchical fuzzy systems, (oral presentation) at 2017 IEEE International
Conference on Fuzzy Systems (FUZZ-IEEE), Naples, Italy, 12th July 2017.

• Razak, T. R., Garibaldi, J. M., Wagner, C., Pourabdollah, A., & Soria, D., Interpretabil-

ity of Fuzzy Logic System Survey, (oral presentation) at Weekly Research Catchups, Lab
for Uncertainty in Data and Decision Making Research Group, School of Computer
Science, University of Nottingham, UK, 11th August 2017.

• Razak, T. R., Garibaldi, J. M., Wagner, C., Pourabdollah, A., & Soria, D., OxyGUI

System: Data Acquisition, (oral presentation) at Weekly Research Catchups, Lab
for Uncertainty in Data and Decision Making Research Group, School of Computer
Science, University of Nottingham, UK, 20th October 2017.

• Razak, T. R., Garibaldi, J. M., Wagner, C., Pourabdollah, A., & Soria, D., Interpretabil-

ity and Complexity of Design in the Creation of Fuzzy Logic Systems – A User Study,

(oral presentation) at 2018 IEEE Symposium Series on Computational Intelligence
(IEEE-SSCI), Bengaluru, India, 18th November 2018.



8.5 Dissemination 197

• Razak, T. R., Garibaldi, J. M., & Wagner, C., A Measure of Structural Complexity of

Hierarchical Fuzzy Systems Adapted from Software Engineering,(oral presentation) at
2019 IEEE International Conference on Fuzzy Systems (FUZZ-IEEE), New Orleans,
Louisiana, USA, 23rd June 2019.
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Interpretability of Fuzzy Logic Systems Survey 
 

Participant Information Sheet 

 

Introduction 

Interpretability is related to the capability to express something in an understandable way i.e. 

people may say that something is interpretable if they can understand it easily. One of the 

strengths of fuzzy logic systems (FLSs) is their interpretability which indicates how easily an 

FLS can be understood by a user. 

This survey is designed to assess your opinion about the concept of interpretability of FLSs 

and hierarchical fuzzy systems (HFSs). The data collected will be anonymously used examine 

how people perceive interpretability in FLSs and HFSs using Iris flower classification 

application as an example. 

All students, researchers, and academicians are very welcome to participate. The survey 

should take no longer than 15 minutes to complete. 

 

Data collection consent and storage 

Consent will be sought before research takes place. You will be guaranteed complete 

anonymity, with all recorded data from your participation identified by a number only. You are 

free to withdraw from the research at any time and have any data related to you destroyed – 

to withdraw, please contact researcher (either in person or via researcher’s contact details 

below). All of the data collected will be stored in accordance with the Data Protection Act 1998 

(DPA) and remains confidential. Only academic researcher directly related to the study will be 

able to access it.  

Please do not hesitate to ask any questions. You may contact the researcher at any time about 

the research or in relation to your consent, including withdrawal from the study: 

 

 

Researcher Tajul Razak 

Email tajul.razak@nottingham.ac.uk 

Address 
B38, School of Computer Science, Jubilee Campus, The University of 

Nottingham, UK. 



Interpretability of Fuzzy Logic Systems Survey 
 

Participant Consent Form 

 

Participant name: __________________________________________________________ 

 

Title of study: Interpretability Indices of Hierarchical Fuzzy Systems (Interpretability of 

Fuzzy Logic Systems Survey) 

Name of researcher: Tajul Razak (PhD Student)  

Address: B38, School of Computer Science, Jubilee Campus, University of Nottingham, UK. 

Email: tajul.razak@nottingham.ac.uk 

Name of supervisors:  

Prof. Jon Garibaldi (jon.garibaldi@nottingham.ac.uk),  

Dr Christian Wagner (christian.wagner@nottingham.ac.uk),  

Dr Amir Pourabdollah (amir.pourabdollah@nottingham.ac.uk) 

 

Please read and tick (/) each statement below: 

 By completing this form, I confirm that I agree to take part in this research and I have 
read and understood the information sheet provided 

 I understand that the survey will gather my opinion and I agree for this data to be 
used in anonymised form for research purposes. 

 I understand that I can withdraw at any time, by contacting the researcher (either in 
person or via the researcher’s contact details) and the data I have provided will be 
erased. 

 I understand that any information that has already been anonymised and/or used in 
publications cannot be withdrawn. 

 I confirm that I am over the age of 18. 

  
 
If you have read the information sheet and agree to participate in the study, please complete 

this consent form.  

 

 

 

 

Please complete the details below to consent to this study: 

 

 

Signature: ___________________________                       Date: _____________________ 

 

I give permission for the data collected to be used in subsequent associated research. 

                                    Yes / No                    Initial: 

 



Interpretability of Fuzzy Logic Systems Survey  
 

 

Introduction 

This survey is designed to assess your opinion about the concept of interpretability of FLSs 

and hierarchical fuzzy systems (HFSs). The purpose of the survey is to examine how people 

perceive interpretability in FLSs and HFSs using Iris flower classification application as an 

example. 

For this example, the four input variables (𝑛 = 4), i.e., sepal length, sepal width, petal length 

and petal width are modeled with two fuzzy sets (𝑚 = 2) and three fuzzy sets (𝑚 = 3). The 

output is a Flower; sentosa, versicolor and virginica. 

 

 

Instructions 

This survey consists of 9 questions: question 1 to 5 are the ranking-type questions, and 

question 6 to 9 are multiple choice questions. A set of cards that include an Iris flower 

classification application will be referred in answering the questions. 

For the ranking-type questions, please rank the options from the most (1) to the least 

preferable (3). You may provide an equal rank if you feel there is no difference between 

options. 

For example, 

Please rank the ice cream from the most (1) to the least preferable (3). You may provide an equal rank 

if you feel there is no difference between options. 

Strawberry    Strawberry  

Chocolate  OR Chocolate  

Vanilla    Vanilla  

 

 

 

 

 

 

 

 

 

  

1 

2 

3 1 

1 

3 



Interpretability of Fuzzy Logic Systems Survey  
 

Please provide your opinion by answering the following questions. 

 

1. Please rank the topologies from simpler (1) to the least (3). You may provide an equal 

rank if you feel there is no difference between options. 

FLS  

Parallel HFS  

Serial HFS  

 

Please explain your answer.  

 

 

 

 

 
 
2. Please rank the following systems in order of interpretability from 1 to 3, where 1 is 

more interpretable, and 3 is less interpretable. You may provide an equal rank if you feel 

there is no difference between options. 

F-2  

P-2  

S-2  

 

Please explain your answer.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3. Please rank the following systems in term of design complexity from 1 to 3, where 1 is 

less complex, and 3 is more complex. You may provide an equal rank if you feel there is 

no difference between options. 

F-2  

P-2  

S-2  

 

Please explain your answer.  

 

 

 

 
 
4. Please rank the following systems in order of interpretability from 1 to 3, where 1 is 

more interpretable, and 3 is less interpretable. You may provide an equal rank if you feel 

there is no difference between options. 

F-3  

P-3  

S-3  

 

Please explain your answer.  

 

 

 

 
 
5. Please rank the following systems in term of design complexity from 1 to 3, where 1 is 

less complex, and 3 is more complex. You may provide an equal rank if you feel there is 

no difference between options. 

F-3  

P-3  

S-3  

 

Please explain your answer.  

 

 

 

 

 

 

 

 

 

 

 



 

6. Consider P-3 and S-3. Which of these HFS systems would you prefer to design? 

 
 P-3  S-3 

 
Please explain your answer.  

 

 

 
 

7. Consider F-2 and P-2. Does the reduction of 16 to 12 rules in system F-2 to P-2 make it 

worth to choose HFS? 

 
 Yes  No 

 
Please explain your answer.  

 

 

 
 

8. Consider F-3 and P-3. Does the reduction of 81 to 27 rules in system F-3 to P-3 make it 

worth to choose HFS? 

 
 Yes  No 

 
Please explain your answer.  

 

 

 
 

9. Consider P-3 and S-3. Which of HFS system is more interpretable to you? 

 
 P-3  S-3 

 
Please explain your answer.  

 

 

 

 
Thank you for your participation, it is very much appreciated. 

  

  

  

  



FLS 

Fig. 1-A shows the fuzzy logic system (FLS) topology for Iris classification. 

 

 

 

 

 

 

 

 

 

 

Figure 1-A: Fuzzy Logic System 
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F-2 

Fig. 1 shows the fuzzy logic system (FLS) topology of Iris classification. 

 

 

 

 

 

 

Figure 1: Fuzzy Logic System 

The input variables are modeled with two fuzzy sets (𝑚 = 2); small and large as shown in Fig. 

2 ~ 5 respectively.  

 

 

 

 

 

The total number of rules (𝑅) for this complete FLS with fully specified rule base (using the 

“AND” logical connective), is 𝑅 = 𝑚𝑛 =  24 = 16 and can be illustrated as follows; 

 

 

 

 

 

 

petal length 

sepal width 

petal width 

Flower 

sepal length  

FLS 

R1: IF sepal length is small AND sepal width is small AND petal length is small AND petal width is small THEN Flower is Sentosa 

R2: IF sepal length is small AND sepal width is small AND petal length is small AND petal width is large THEN Flower is Versicolor 

R3: IF sepal length is small AND sepal width is small AND petal length is large AND petal width is small THEN Flower is Versicolor 

R4: IF sepal length is small AND sepal width is small AND petal length is large AND petal width is large THEN Flower is Virginica 

R5: IF sepal length is small AND sepal width is large AND petal length is small AND petal width is small THEN Flower is Sentosa 

R6: IF sepal length is small AND sepal width is large AND petal length is small AND petal width is large THEN Flower is Versicolor 

R7: IF sepal length is small AND sepal width is large AND petal length is large AND petal width is small THEN Flower is Virginica 

R8: IF sepal length is small AND sepal width is large AND petal length is large AND petal width is large THEN Flower is Virginica 

R9: IF sepal length is large AND sepal width is small AND petal length is small AND petal width is small THEN Flower is Sentosa 

R10: IF sepal length is large l AND sepal width is small AND petal length is small AND petal width is large THEN Flower is Versicolor 

R11: IF sepal length is large AND sepal width is small AND petal length is large AND petal width is small THEN Flower is Versicolor 

R12: IF sepal length is large AND sepal width is small AND petal length is large AND petal width is large THEN Flower is Virginica 

R13: IF sepal length is large AND sepal width is large AND petal length is small AND petal width is small THEN Flower is Versicolor 

R14: IF sepal length is large AND sepal width is large AND petal length is small AND petal width is large THEN Flower is Versicolor 

R15: IF sepal length is large AND sepal width is large AND petal length is large AND petal width is small THEN Flower is Virginica 

R16: IF sepal length is large AND sepal width is large AND petal length is large AND petal width is large THEN Flower is Virginica 

 
 
 
 

Figure 2: sepal length Figure 3: sepal width Figure 4: petal length Figure 5: petal width 



F-3 

Fig. 1 shows the fuzzy logic system (FLS) topology of Iris classification. 

 

 

 

 

 

 

Figure 1: Fuzzy Logic System 

The input variables are modeled with three fuzzy sets (𝑚 = 3); small, medium and 

large as shown in Fig. 2 ~ 5 respectively.  

 

 

 

 

 

The total number of rules (𝑅) for this complete FLS with fully specified rule base (using the 

“AND” logical connective), is 𝑅 = 𝑚𝑛 =  34 = 81 and can be illustrated as follows; 

 

 

 

 

 

 

petal length 

sepal width 

petal width 

Flower 

sepal length  

FLS 

R1: IF sepal length is small AND sepal width is small AND petal length is small AND petal width is small THEN Flower is Sentosa 

: 
: 
R15: IF sepal length is medium AND sepal width is small AND petal length is small AND petal width is large THEN Flower is Sentosa 

R16: IF sepal length is large AND sepal width is medium AND petal length is small AND petal width is small THEN Flower is Versicolor 

: 

: 

R30: IF sepal length is small AND sepal width is small AND petal length is medium AND petal width is medium THEN Flower is Virginica 

R31: IF sepal length is small AND sepal width is small AND petal length is medium AND petal width is large THEN Flower is Virginica 

R32: IF sepal length is small AND sepal width is small AND petal length is large AND petal width is large THEN Flower is Virginica 

: 
: 
R77: IF sepal length is large AND sepal width is large AND petal length is medium AND petal width is large THEN Flower is Sentosa 

R78: IF sepal length is medium AND sepal width is medium AND petal length is large AND petal width is small THEN Flower is Versicolor 

R79: IF sepal length is medium AND sepal width is large AND petal length is large AND petal width is small THEN Flower is Virginica 

R80: IF sepal length is medium AND sepal width is large AND petal length is large AND petal width is medium THEN Flower is Sentosa 

R81: IF sepal length is medium AND sepal width is large AND petal length is large AND petal width is large THEN Flower is Virginica 

 

 

 

 

Figure 5: petal width Figure 4: petal length Figure 2: sepal length Figure 3: sepal width 



Parallel HFS 

Fig. 2-A shows the hierarchical fuzzy system (HFS) – parallel topology for Iris 

classification. 

 

 

 

 

 

 

 

 

 

 

 

Figure 2-A: Hierarchical Fuzzy System - Parallel 
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P-2 

Fig. 1 shows the hierarchical fuzzy system (HFS) – parallel topology of Iris classification. 

 

 

 

 

 

 

 

Figure 1: Hierarchical Fuzzy System - Parallel 

The input variables including intermediate variables are modeled with two fuzzy sets (𝑚 = 2); 

small and large as shown in Fig. 2 ~ 7 respectively.  

 

 

 

 

 

 

 

The total number of rules (𝑅) for this HFS is 𝑅 = ∑ 𝑚2 =  22 + 22 +  22 = 12 and can be 

illustrated as follows; 
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FLS3 

Figure 2: sepal length Figure 3: sepal width Figure 4: petal length Figure 5: petal width 

Figure 6: Sepal Figure 7: Petal 

FLS1: 
 

R1: IF sepal length is small AND sepal width 
is small THEN Sepal is small 
R2: IF sepal length is small AND sepal width 
is large THEN Sepal is large 
R3: IF sepal length is large AND sepal width 
is small THEN Sepal is small 
R4: IF sepal length is large AND sepal width 
is large THEN Sepal is large 
 

 

FLS2: 
 

R1: IF petal length is small AND petal width 
is small THEN Petal is small 
R2: IF petal length is small AND petal width 
is large THEN Petal is large 
R3: IF petal length is large AND petal width 
is small THEN Petal is small 
R4: IF petal length is large AND petal width 
is large THEN Petal is large 

 

FLS3: 
 

R1: IF Sepal is small AND Petal is small 
THEN Flower is Sentosa 
R2: IF Sepal is small AND Petal is large 
THEN Flower is Versicolor 
R3: IF Sepal is large AND Petal is small 
THEN Flower is Versicolor 
R4: IF Sepal is large AND Petal is large 
THEN Flower is Virginica 
 
 

 



P-3 

Fig. 1 shows the hierarchical fuzzy system (HFS) – parallel topology of Iris classification. 

 

 

 

 

 

 

Figure 1: Hierarchical Fuzzy System - Parallel 

The input variables including intermediate variables are modeled with three fuzzy sets (𝑚 =

2); small, medium and large as shown in Fig. 2 ~ 7 respectively.  

 

 

 

 

 

 

The total number of rules (𝑅) for this HFS is 𝑅 = ∑ 𝑚2 =  32 + 32 +  32 = 27 and can be 

illustrated as follows; 

 

 

 

 

 

 

Figure 6: Sepal Figure 7: Petal 

Figure 2: sepal length Figure 3: sepal width Figure 4: petal length Figure 5: petal width 

petal width 

petal length 

sepal width 

sepal length 

Flower 

Petal 

Sepal 

 

FLS1 

 

FLS2 

 

FLS3 

FLS1: 
 

R1: IF sepal length is small AND sepal width 
is small THEN Sepal is small 
R2: IF sepal length is small AND sepal width 
is medium THEN Sepal is small 
R3: IF sepal length is small AND sepal width 
is large THEN Sepal is medium 
R4: IF sepal length is medium AND sepal 
width is small THEN Sepal is small 
R5: IF sepal length is medium AND sepal 
width is medium THEN Sepal is medium 
R6: IF sepal length is medium AND sepal 
width is large THEN Sepal is medium 
R7: IF sepal length is large AND sepal width 
is small THEN Sepal is medium 
R8: IF sepal length is large AND sepal width 
is medium THEN Sepal is large 
R9: IF sepal length is large AND sepal width 
is large THEN Sepal is large 

 

FLS2: 
 

R1: IF petal length is small AND petal width 
is small THEN Petal is small 
R2: IF petal length is small AND petal width 
is medium THEN Petal is small 
R3: IF petal length is small AND petal width 
is large THEN Petal is medium 
R4: IF petal length is medium AND petal 
width is small THEN Petal is small 
R5: IF petal length is medium AND petal 
width is medium THEN Petal is medium 
R6: IF petal length is medium AND petal 
width is large THEN Petal is medium 
R7: IF petal length is large AND petal width 
is small THEN Petal is medium 
R8: IF petal length is large AND petal width 
is medium THEN Petal is large 
R9: IF petal length is large AND petal width 
is large THEN Petal is large 

 

FLS3: 
 

R1: IF Sepal is small AND Petal is small 
THEN Flower is Sentosa 
R2: IF Sepal is small AND Petal is medium 
THEN Flower is Sentosa 
R3: IF Sepal is small AND Petal is large 
THEN Flower is Versicolor 
R4: IF Sepal is medium AND Petal is small 
THEN Flower is Sentosa 
R5: IF Sepal is medium AND Petal is 
medium THEN Flower is Versicolor 
R6: IF Sepal is medium AND Petal is large 
THEN Flower is Versicolor 
R7: IF Sepal is large AND Petal is small 
THEN Flower is Versicolor 
R8: IF Sepal is large AND Petal is medium 
THEN Flower is Virginica 
R9: IF Sepal is large AND Petal is large 
THEN Flower is Virginica 
 
 



Serial HFS 

Fig. 3-A shows the hierarchical fuzzy system (HFS) – serial topology for Iris 

classification. 

 

 

 

 

 

 

 

 

 

 

 

Figure 3-A: Hierarchical Fuzzy System - Serial 
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S-2 

Fig. 1 shows the hierarchical fuzzy system (HFS) – serial topology of Iris classification. 

 

 

 

 

 

 

Figure 1: Hierarchical Fuzzy System - Serial 

The input variables including intermediate variables are modeled with two fuzzy sets (𝑚 = 2); 

small and large as shown in Fig. 2 ~ 7 respectively.  

 

 

 

 

 

 

 

The total number of rules (𝑅) for this HFS is 𝑅 = (𝑛 − 1)𝑚2 = (4 − 1)22 = 12 and can be 

illustrated as follows; 
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Figure 2: sepal length Figure 3: sepal width Figure 4: petal length Figure 5: petal width 

Figure 6: Sepal Figure 7: Sepal_Petal 

FLS1: 
 

R1: IF sepal length is small AND sepal width 
is small THEN Sepal is small 
R2: IF sepal length is small AND sepal width 
is large THEN Sepal is large 
R3: IF sepal length is large AND sepal width 
is small THEN Sepal is small 
R4: IF sepal length is large AND sepal width 
is large THEN Sepal is large 
 

 

FLS2: 
 

R1: IF Sepal is small AND petal length is 
small THEN Sepal_Petal is small 
R2: IF Sepal is small AND petal length is 
large THEN Sepal_Petal is large 
R3: IF Sepal is large AND petal length is 
small THEN Sepal_Petal is small 
R4: IF Sepal is large AND petal length is 
large THEN Sepal_Petal is large 

 

FLS3: 
 

R1: IF Sepal_Petal is small AND petal width 
is small THEN Flower is Sentosa 
R2: IF Sepal_Petal is small AND petal width 
is largel THEN Flower is Versicolor 
R3: IF Sepal_Petal is large AND petal width 
is small THEN Flower is Versicolor 
R4: IF Sepal_Petal is large AND petal width 
is largel THEN Flower is Virginica 
 

 



S-3 

Fig. 1 shows the hierarchical fuzzy system (HFS) – serial topology of Iris classification. 

 

 

 

 

 

 

Figure 1: Hierarchical Fuzzy System - Serial 

The input variables including intermediate variables are modeled with three fuzzy sets (𝑚 =

3); small, medium and large as shown in Fig. 2 ~ 7 respectively.  

 

 

 

 

 

 

The total number of rules (𝑅) for this HFS is 𝑅 = (𝑛 − 1)𝑚2 = (4 − 1)32 = 27 and can be 

illustrated as follows; 

 

 

 

 

 

 

Figure 6: Sepal Figure 7: Sepal_Petal 

Figure 2: sepal length Figure 3: sepal width Figure 4: petal length Figure 5: petal width 

FLS1: 
 

R1: IF sepal length is small AND sepal width 
is small THEN Sepal is small 
R2: IF sepal length is small AND sepal width 
is medium THEN Sepal is small 
R3: IF sepal length is small AND sepal width 
is large THEN Sepal is medium 
R4: IF sepal length is medium AND sepal 
width is small THEN Sepal is small 
R5: IF sepal length is medium AND sepal 
width is medium THEN Sepal is medium 
R6: IF sepal length is medium AND sepal 
width is large THEN Sepal is medium 
R7: IF sepal length is large AND sepal width 
is small THEN Sepal is medium 
R8: IF sepal length is large AND sepal width 
is medium THEN Sepal is large 
R9: IF sepal length is large AND sepal width 
is large THEN Sepal is large 

 

FLS2: 
 

R1: IF Sepal is small AND petal length is 
small THEN Petal_Sepal is small 
R2: IF Sepal is small AND petal length is 
medium THEN Petal_Sepal is small 
R3: IF Sepal is small AND petal length is 
large THEN Petal_Sepal is medium 
R4: IF Sepal is medium AND petal length is 
small THEN Petal_Sepal is small 
R5: IF Sepal is medium AND petal length is 
medium THEN Petal_Sepal is medium 
R6: IF Sepal is medium AND petal length is 
large THEN Petal_Sepal is medium 
R7: IF Sepal is large AND petal length is 
small THEN Petal_Sepal is medium 
R8: IF Sepal is large AND petal length is 
medium THEN Petal_Sepal is large 
R9: IF Sepal is large AND petal length is 
large THEN Petal_Sepal is large 

FLS3: 
 

R1: IF Sepal_Petal is small AND petal width 
is small THEN Flower is Sentosa 
R2: IF Sepal_Petal  is small AND petal width 
is medium THEN Flower is Sentosa 
R3: IF Sepal_Petal  is small AND petal width 
is large THEN Flower is Versicolor 
R4: IF Sepal_Petal is medium AND petal 
width is small THEN Flower is Sentosa 
R5: IF Sepal_Petal is medium AND petal 
width is medium THEN Flower is Versicolor 
R6: IF Sepal_Petal is medium AND petal 
width is large THEN Flower is Versicolor 
R7: IF Sepal_Petal is large AND petal width 
is small THEN Flower is Versicolor 
R8: IF Sepal_Petal is large AND petal width 
is medium THEN Flower is Virginica 
R9: IF Sepal_Petal is large AND petal width 
is large THEN Flower is Virginica 
 
 

Flower 
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sepal length 
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Appendix B

Participants’ Feedback

Table B.1 Question 1 – Participants’ feedback on the simplest topologies for Iris Systems

• FLS is easy to see the input and output.
• FLS simple and direct. Parallel HFS and Serial HFS both ensemble not too much

difference.
• Serialization is always simple as compared to parallelization.
• Considering all the variables equal (FLS) in one system where we only need 1 step looks the

simpler for me. Although Parallel HFS and Serial HFS have both 3 steps, Serial
HFS makes an unlogical association of variables that is why I consider it worse.

• From the implementation point of view, it is easier to implement one FLS in FLS than
three FLSs in Parallel HFS or Serial HFS.

• The larger the number of FLS the harder to understand the architecture. Serial is
harder than parallel because at least in this example it is somehow natural to
group inputs two each side. However, this is problem dependent, it cannot be
generalized.

• Flat FLSs are obviously the most interpretable; for Parallel HFS and Serial HFS,
they both have to create additional hidden variables that are hard to interpret
(or collect in real life) to human users.

• FLS requires fewest calculations. Parallel HFS requires more calculations, but
clearly classifies sepal and petal separately before aggregation. Serial HFS
aggregation of sepal and petal results is likely separate, but it’s not clear.

• FLS is computationally efficient.
• FLS is has one rule base whereas Serial HFS has three rule bases within

an asymmetric structure.
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Table B.2 Question 2 – Participants’ feedback on the more interpretable of Iris Systems in
Set MF-2

• For P-2, the rule based system consists of simpler rules.
• F-2 although more rules, but more naturally and intuitionally. P-2 and S-2 less

rules but difficult to connect the groups of rules.
• S-2 is less interpretable because of the way the rules feed forward.
• I think it is a good idea to have two sub-FLSs in terms of Sepal and Petal before

classify the flower. But as I mentioned in question1, I think FLS2
and FLS3 are less interpretable in S-2.

• It is more intuitive to classify firstly sepals and petals separately and then the
flowers.

• In this case, due to the nature of the problem, architecture P-2 fits very well
the problem and accordingly P-2 is for me the most interpretable. S-2 has less
rules than F-2 but the rules are not natural. For me, it is easier
understanding the larger number of rules in F-2 than in S-2.

• It makes more sense to group the features of the same type together.
• P-2 has clear separate classification of sepal and petal. Easy to follow and

understand because the rules are grouped. In F-2, the rules are simple to follow
but because they are not grouped like P-2 it’s slightly harder to read. In
S-2, its unclear why sepal length and width are processed together, but petal
length and width are separate. It’s hard to follow the rules as a result.

• P-2 organises inputs in a semantically significant way. S-2 generates
incomprehensible features

• More layers make rise to the complexity (time)
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Table B.3 Question 3 – Participants’ feedback on the less complex of Iris Systems in Set
MF-2

• F-2 is less complex to design.
• P-2 and S-2 would allow me to decompose a complex problem into smaller one (divide

and conquer)
• We assume F-2 as the base component. P-2 and S-2 are just combination.
• Less complex at every layer in term of combining the output rather than combining

all layers output together at a time. Design is simple as compared to parallel
approach.

• For me they are equal complex. With the rules, you have one system with 16 rules or
3 steps of 4 rules, but there is no difference in my opinion. (Neither of them
are complex).

• I think F-2 has lower design complexity, since it is composed by only one FLS.
• F-2 has less fuzzy parameters and more rules to be optimised. P-2 and S-2 have more

fuzzy parameters and less rules to be optimised.
• In F-2 and P-2, the rules are simply and equally easy to design. In S-2, the rules are

intuitive.
• P-2 requires a semantically sound selection of inputs for the first layer.
• This is according to the number of FLSs – subsystems.

Table B.4 Question 4 – Participants’ feedback on the more interpretable of Iris Systems in
Set MF-3

• P-3 is more interpretable due to the simple rules.
• Less rules and organized in group make the system more interpretable.
• P-3 is easy because it has two layers and less number of rules.
• F-3 although more rules, but more naturally and intuitionally. P-3 and S-3 less

rules but difficult to connect the groups of rules.
• Properties of same category (sepal, petal) are combined together make

the system simple. This can be modelled using parallel approach.
• P-3 just seems more ’logical’.
• It is more intuitive to classify firstly sepals and petals separately and then the

flowers.
• F-3 has many rules whereas P-3 has fewer rules within a symmetric structure.
• Neither is interpretable for obvious flaws. F-3 comes with too many rules; P-3/S-3

include hidden variables that are hard to interpret to human users plus a
fairly large amount of rules.

• It makes more sense to group the features of the same type together.
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Table B.5 Question 5 – Participants’ feedback on the less complex interpretable of Iris
Systems in Set MF-3

• F-3 is less complex to design.
• As in Question 3, decomposing the problem helps and I would also have a system

with less rules.
• 1 layer is easier to design but too many rules.
• Less complex at every layer in term of combining the output rather than combining

all layers output together at a time. Design is simple as compared to parallel
approach.

• The same as F-2, P-2 and S-2. There is no difference with three linguistic terms.
• I think F-3 has lower design complexity, since it is composed by only one FLS.
• F-3 has many rules whereas P-3 has fewer rules within a symmetric structure.
• Less rules in P-3 and S-3 to be optimised.
• The rule base cardinality for P-3 is log(n) m^2 smaller than others.
• P-3 requires a semantically sound selection of inputs for the first layer

(same reason as in Question 3)

Table B.6 Question 6 – Participants’ feedback on HFS Iris systems (P-3 or S-3) that favoured
to design in Set MF-3

• There is in P-3, we can do a parallel processing (time computation).
• For this case, I prefer P-3 because the same type of input are together with same

subsystems.
• Properties of same category (sepal, petal) are combined together make the system

simple. This can be modelled using parallel approach.
• I have no idea what does this mean in S-3 by integrating the Sepal and petal

length in FLS2 and further integrating the Sepal_Petal and petal width in FLS3.
• It may hold that S-3 is more complicated to implement but having 3 linguistics

terms instead of 2 is better from a psychological point of view, due to it has
an odd number of linguistic terms. If not, between small and large it is no
middle point.

• P-3 is more intuitive for me.
• P-3 fits much naturally better the problem setting.
• Easier to understand. Each layer’s purpose is clear in P-3, less so in S-3.
• P-3 organises inputs in a semantically significant way. S-3 generates

incomprehensible features.
• P-3 is less complicated.
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Table B.7 Question 7 – Participants’ feedback on agreeing to choose HFS (P-2) than FLS
(F-2) with rule reduction from 16 to 12 rules in Set MF-2

• Rules are simple and interpretable.
• The reduction is pretty small.
• Less number of rules - less mistake and less complexity.
• Assuming the results are just as accurate, it is worth it. P-2 is easier

to interpret.
• I do not know. I believe that it depends on the specific problem. If the value of

the second variable depends on the first one, then is better HFS. If not, the
system with all the rules is more accurate. In this case, I will say no!

• I prefer F-2. It has four rules more but two subsystems (FLSs) less.
• The time to select the trigger rule is minimized.
• It is not the rule reduction the design criteria. HFS with less rules is

less flexible than a flat FLS.
• It doesn’t affect much. Difference small (number of rules).
• Depends on application based on computational time.

Table B.8 Question 8 – Participants’ feedback on agreeing to choose HFS (P-3) than FLS
(F-3) with rule reduction from 81 to 27 rules in Set MF-3

• The reduction is significant, P-3 looks much easier to design and understand.
• Scale of problem is reduced.
• Large reduction.
• Again, it depends on the problem and how the variables depend in each other. However,

in this case the difference is so big that it may worth.
• In this case, I prefer P-3, because it has 54 rules less.
• Same answer as given in Question 7. Also, because of the huge reduction in the

number of rules
• I would go for HFS given finer portioning and/or more features. However, I would

still go for flat FLS if interpretability is of a big concern.
• Assuming the results are just as accurate, it is worth it. P-3 is easier to interpret.
• Smaller rule bases.
• Rules are simple and interpretable.
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Table B.9 Question 9 – Participants’ feedback on HFS Iris systems (P-3 or S-3) that is more
interpretable in Set MF-3

• Is more interpretable because user can visualize the effect of each feature.
• The treatment of sepal and petal is separated.
• Topology is less complex.
• For this case, I prefer P-3 because the same type of input are together with same

subsystems.
• P-3 can be constructed with parallel system, taking just constant time in the 1st

layer of the FLS.
• Again, I have no idea what does this mean in S-3 by integrating the Sepal and petal

length in FLS2 and further integrating the Sepal_Petal and petal
width in FLS3.

• As explained better, for me is more logical to make independent systems
of petal and sepal and later on joining them than adding a variable at each
step.

• It is more intuitive to classify firstly sepals and petals separately and then the
flowers.

• S-3 seems more straightforward, as you probably can merge one more attribute as per
some significance measure. For P-3, it seems you have to separate all features
into a number of pair-wise combinations.

• Both are the same.
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Interpretability on the various design of Fuzzy Logic 

System Survey 

 
Introduction 

‘Interpretability’ is related to the capability to express something in an understandable 
way i.e. people may say that something is interpretable if they can understand it easily. 
One of the strengths of fuzzy logic systems (FLSs) is their interpretability which 
indicates how easily an FLS can be understood by a user. 

This survey is designed to assess your opinion about the concept of interpretability of 
FLSs and hierarchical fuzzy systems (HFSs). The data collected will be anonymously 
used in order to examine how people perceive interpretability in FLSs and HFSs using 
a Rotary crane system designs as an example. 

All students, researchers, and academics are very welcome to participate.  

Data Protection  

Consent will be sought before research takes place. You will be guaranteed complete 
anonymity, with all recorded data from your participation identified by a number only. 
You are free to withdraw from the research at any time and have any data related to 
you destroyed – to withdraw, please contact the researcher (either in person or via the 
researcher’s contact details below). All of the data collected will be stored in 
accordance with the General Data Protection Regulation (GDPR) and the Data 
Protection Act 2018 (DPA) and remains confidential.  

Please do not hesitate to ask any questions. You may contact the researcher at any 
time about the research or in relation to your consent, including withdrawal from the 
study: 

Researcher:  Tajul Razak 

Email: tajul.razak@nottingham.ac.uk 

Address: 
B38, School of Computer Science, Jubilee Campus, The 
University of Nottingham, UK. 

 

 

 

 



Participant Consent Form 

 

Taking part in the study (Please read and tick (/) each statement below):  Required 

 I have read and understood the project information sheet dated or it has been 
read to me. I have been able to ask questions about the study and my questions have 
been answered satisfactorily. 

 I consent voluntarily to be a participant in this study and understand that I can 
refuse to answer questions and I can withdraw from the study at any time, without 
having to give a reason. 

 

 

Use of my data in the study (Please read and tick (/) each statement below):  Required 

 I understand that data which can identify me will not be shared beyond the project 
team. 

 I understand that the survey will gather my opinion and I agree for these data to 
be used in an anonymised form for research purposes e.g. discussions, presentations, 
conferences, publications. 

 

 

Reuse of my data (Please read and tick (/) each statement below):  Required 

 I give permission for the data that I provide to be reused for the sole purposes of 
future research and learning. 

 I understand and agree that this may involve depositing my data in a data 
repository, which may be accessed by other researchers. 

 

 

Copyright (Please read and tick (/) statement below):  Required 

 I give permission for data gathered during this project to be used, copied, 
excerpted, annotated, displayed and distributed for the purposes to which I have 
consented. 

 

 



Instructions 

This survey is designed to assess your opinion about the concept of interpretability 
of FLSs and hierarchical fuzzy systems (HFSs). The purpose of the study is to 
examine how people perceive interpretability in FLSs and HFSs using a rotary crane 
system1 as an example. 
 
For this example, the six input variables (𝑛=6), i.e., x1,x2,x3,x4,x5 and x6, and the 
output, y are modelled with three fuzzy sets (𝑚=3) as shown in the figure below. 

 

The survey consists of 20 questions for pairwise comparison. Please select ONE of 
the options which are more interpretable to you. If both systems seem equally 
interpretable, you may select ‘Equal’ as your responds. 

 

The survey should take no longer than 15 minutes to complete. Please click 'Next' to 
begin. 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 1 

 

Which of these two FLS designs would you prefer?  Required 

 System A 

 System B 

 Equal 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 2 

 

Which of these two FLS designs would you prefer?  Required 

 System A 

 System C 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 3 

 

Which of these two FLS designs would you prefer?  Required 

 System B 

 System C 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 4 

 

Which of these two FLS designs would you prefer?  Required 

 System B 

 System D 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 5 

 

 Which of these two FLS designs would you prefer?  Required 

 System B 

 System E 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 6 

 

 Which of these two FLS designs would you prefer?  Required 

 System C 

 System D 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 7 

 

Which of these two FLS designs would you prefer?  Required 

 System C 

 System E 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 8 

 

 Which of these two FLS designs would you prefer?  Required 

 System D 

 System E 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 9 

  

Which of these two FLS designs would you prefer?  Required 

 System D 

 System F 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 10 

 

Which of these two FLS designs would you prefer?  Required 

 System E 

 System F 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 11 

  

Which of these two FLS designs would you prefer?  Required 

 System F 

 System G 

 Equal 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 12 

 

 Which of these two FLS designs would you prefer?  Required 

 System F 

 System H 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 13 

 

 Which of these two FLS designs would you prefer?  Required 

 System G 

 System H 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 14 

  

Which of these two FLS designs would you prefer?  Required 

 System H 

 System I 

 Equal 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 15 

 

Which of these two FLS designs would you prefer?  Required 

 System I 

 System J 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 16 

 

 Which of these two FLS designs would you prefer?  Required 

 System I 

 System K 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 17 

 

Which of these two FLS designs would you prefer?  Required 

 System I 

 System L 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 18 

 

Which of these two FLS designs would you prefer?  Required 

 System J 

 System K 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 19 

 

Which of these two FLS designs would you prefer?  Required 

 System J 

 System L 

 Equal 

 

 

 

 

 

 

 

 

 

 

 

 



Pairwise comparison - 20 

 

Which of these two FLS designs would you prefer?  Required 

 System K 

 System L 

 Equal 

 

 

 

 

 

 

 

 

 



Thank You 

Thank you for your participation, it is very much appreciated. 

Please do not hesitate to ask any question. You may contact us at any time about 
this survey. 

Email: tajul.razak@nottingham.ac.uk 
Intelligent Modelling & Analysis (IMA) and Lab for Uncertainty in Data and Decision Making (LUCID) 
Research Groups, 
School of Computer Science, The University of Nottingham, 
United Kingdom 
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OxyGUI System 

 

OxyGUI System – A flow process 

  

 

 

 

 

 

 

 

 

 

Setting up the OxyGUI System 

The OxyGUI system is designed to monitor and record data in the background with minimal 

input or observation required.  The system has been assessed, tested and passed for clinical 

use by the Clinical Medical Engineering team.  The equipment should only be used by those 

who have are competent to use it and have received training and observation in this respect.  

If in doubt, do speak with one of the project team – Dr Don Sharkey. 

Below you will find step-by-step setup instructions.  For individual items, see the appendix 

for more information. 

1. 1. Calibrate the O2 analyser.   

 

 

 

 

 

 

 

O2 analyser with sensor and cable 



 

 

 

 

 

 

 

 

 

2. Locate sufficient clear space close to the baby’s monitor and respiratory support. Place the 

laptop in the chosen space. Plug the laptop in and place the power pack nearby. 

 

 

 

 

 

 

 

 

3. Plug the blackbox, which holds the datalogger, into the oxygen analyser and laptop. 

 

 

 

 

 

 

 

 

Blackbox datalogger 

O2 analyser cable  

 

USB Laptop cable 

 

Switch the analyser on (bottom centre button). If the keys are locked press the lock button 

(key on right).  The Cal button (on left) is pressed so the analyser then calibrates the sensor 

which must be in air at the calibration stage.  The analyser is then ready to use. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4. Next connect the laptop to the patient monitor.  This is done using the long data cable with 

USB connectors at each end. 

 

O2 analyser 

Blackbox datalogger 

O2 analyser cable 

connector inserts 

left side of analyser 

 

O2 analyser cable 

connected 

 

Blackbox datalogger 

USB cable is 

connected to the 

laptop USB port as 

shown 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

5. The O2 analyser sensor is then connected to the patient circuit.  This is done at the level of 

the humidifier.  Identify the inspiratory arm from the ventilator/CPAP to the humidifier.  This 

is where the T-piece that holds the sensor is placed.  The O2 analyser sensor can then be 

placed in the T-piece. 

 

 

USB cable for patient monitor 

found at back on right hand side 

as you look at screen 

USB port (actually 2 

so use any) on back 

of patient monitor 

and with USB cable 

in place 

USB cable from patient monitor 

connected to USB on laptop 



 

 

 

 

 

 

 

 

 

 

 

6. Secure the laptop with the coded cable to avoid it being removed.  The cable is looped 

around a static fixture and then locked into the rear of the laptop using the security hole. 

  

 

 

 

 

 

T-piece for O2 analyser 

sensor (single patient use 

only) 

T-piece with O2 analyser sensor in 

place 

Inspiratory limb on 

humidifier where T-

piece is connected 

 

T-piece and sensor in 

place, here on a 

ventilator circuit 

Rear of laptop showing security cable hole.  Combination cable lock in place and 

secured around nearby fixture.  



 

 

 

 

 

 

 

 

 

 

 

 

The final setup (without security lock).   

 

Cleaning 

All equipment should be kept clean and periodically wiped using standard clinical wipes.  

Between patients this must be repeated including leads and surfaces.  The T-piece O2 

analyser sensor holder should be disposed of as these single patient use.  

 

 

 

 

 

 

 

 

 

 



The Software 

The software on the laptop is written using the MatLab program which is installed on the 

computer.  It uses a Graphical User Interface (GUI) to choose which equipment you want to 

use and the recording details. The password for the laptop is Br@inSc@n52 precisely as 

written including the correct case.   

i. Installation – OxyGUI System 

To install this OxyGUI System software, please open the OxyGUISystem folder on the 

main desktop and click on ‘ for_distribution’ folder. Then, please click 

MyAppInstaller_web as shown in the picture below. 

 
 

Then, a screen box will appear to indicate that it is preparing to be installed as shown 

below. 

 



Please click ‘Next’ to proceed with the installation.

 
 

Please click ‘Next’ to proceed with the installation. 

 
 

Please click 'Yes' to accept the license agreement for this software. Then, please click 

‘Next’ to proceed with the installation. 

 
 

 

 

 

 

 

 

 

 

 



Please click ‘Install’ to proceed with the installation. 

 
 

The ‘OxyGUI System’ is now being installed on this laptop.

 
 

ii. Start OxyGUI System 

On the main desktop, there is a shortcut link to the OxyGUISystem software.  Please 

click on this shortcut as in a picture below.  

 

The ‘OxyGUISystem’ 

shortcut 

 



The main interface of the OxyGUI System appears as below. 

 
 

Please key in all the information in this interface. Once it complete, please click 'Start' to 

proceed with recording data. 

 
  

 

 

 

 

 

 

Click Start 

 



iii. OxyGUI System – Record data 

Please click 'Start' to begin with the data recording process. 

 
 

 

The interface of OxyGUI System below shows the physiological data; ECG-Heart Rate, 

Pulse, Oxygen Saturation and FiO2 are being recorded. The data will automatically be 

saved into a text file and named 'baby.txt'. This file can be seen on the main desktop of 

this laptop. 

 
 

 

 



iv. OxyGUI System – Analysis 

To see the analysis of current data, please click on 'Stop' and then click on 'Analysis' as 

shown in the picture below. This is because the analysis cannot be seen when the data is 

being recorded. 

 
 

The interface of ‘Statistical Analysis’ appears as below. In this interface, you can view 

a simple statistical analysis such as Histogram, Scatterplot and Plot of current data.

 
 

 

 

 

 

 

 

2. Click Stop 

 

1. Click Analysis 

 



For example, if you choose to view a Histogram analysis, the interface will appear 

below. Then, you also can select to see the specific Histogram of Heart rate, SpO2 or 

FiO2 of current data. 

 
 

v. OxyGUI System – Save data 

To save the current data, please click on 'Stop' and then click on 'Open Data' as shown 

in the picture below. 

 
 

 

 

 

 

 

 

1. Click Stop 

 

2. Click Open 

Data 



 

The text file 'baby.txt' appears as below. Then, you can save this file to any folder and 

rename it as you wish. 

 
 

vi. OxyGUI System – Reset system 

To reset the OxyGui system, please click on 'Stop' and then click on 'Reset' as shown in 

the picture below. 

 
 

It should be noted, if you click 'Yes' as in the interface below, all the current data will be 

deleted from this laptop. Therefore, it is recommended that you save the data first before 

you want to ‘Reset’ this system. 

 
 

1. Click Stop 

 

2. Click Reset 



vii. OxyGUI System – Reading errors 

If the USB connector between GE monitor and Laptop is not connected, the OxyGUI 

system will display a warning message as shown in the interface below. Also, all the 

values of ECG, Pulse, SpO2 and Signal quality will change to be 0. However, the 

OxyGUI system still records these values together with FiO2. The warning message will 

disappear when the connection has been fixed again. 

 
 

If the USB connector between O2 Analyser and Laptop is not connected, the OxyGUI 

system will display a warning message as shown in the interface below. Also, the value 

of FiO2 will change to be 0. However, the OxyGUI system still records this value 

together with ECG, Pulse, SpO2 and Signal quality. The warning message will disappear 

when the connection has been fixed again. 

 


	Table of contents
	List of Figures
	List of Tables
	1 Introduction 
	1.1 Background and Motivation
	1.2 Aims and Objectives
	1.3 Contributions to Knowledge
	1.4 Thesis Outline

	2 Literature Review
	2.1 Introduction
	2.2 Fuzzy Logic Systems
	2.2.1 Fuzzy Sets and Membership Functions
	2.2.2 Linguistic Variables, Values and Rules
	2.2.3 Overview of Designing Fuzzy Logic Systems
	2.2.4 Fuzzy Logic in Medical Domains
	2.2.5 The Curse of Dimensionality

	2.3 Hierarchical Fuzzy Systems
	2.3.1 Introduction
	2.3.2 Structure of Hierarchical Fuzzy Systems
	2.3.3 Approaches to Building Hierarchical Fuzzy Systems
	2.3.4 Advantages of Hierarchical Fuzzy Systems
	2.3.5 Issues of the interpretability in Hierarchical Fuzzy Systems

	2.4 Interpretability
	2.4.1 State of The Art
	2.4.2 Taxonomy to Analyse Interpretability of Fuzzy Systems
	2.4.3 Measuring Interpretability using Interpretability Indices
	2.4.4 Measuring Interpretability of Fuzzy Systems Using a User Study
	2.4.5 Interpretability Issues in Fuzzy Systems

	2.5 Complexity
	2.5.1 State of the Art
	2.5.2 Complexity in Fuzzy Systems
	2.5.3 Complexity in Other Fields

	2.6 Case Study: Neonatal Monitoring
	2.6.1 Summary of Existing Neonatal Monitoring Systems using Fuzzy Logic Systems
	2.6.2 Problems

	2.7 Summary

	3 An Initial Approach to Measuring Interpretability of Hierarchical Fuzzy Systems
	3.1 Introduction
	3.2 Motivation
	3.3 The Proposed Initial Index for HFSs
	3.4 Detail of Process for Measuring Interpretability of HFSs
	3.5 Seesaw Control Application Experiment
	3.5.1 Parallel Implementation of the Seesaw control
	3.5.2 Serial Implementation of the Seesaw control

	3.6 Result and Discussion
	3.7 Summary

	4 An Exploratory User Study on Perception of Interpretability in Hierarchical Fuzzy Systems 
	4.1 Introduction
	4.2 Capturing Users' Perception on Interpretability and Complexity
	4.2.1 Motivation
	4.2.2 Application Background – Iris Classification Systems
	4.2.3 The User Study Approach

	4.3 Experiment and Results
	4.3.1 Descriptive Analysis of the Survey Data
	4.3.2 Participants' Feedback
	4.3.3 Interpretability vs Complexity

	4.4 Discussion
	4.5 Summary

	5 Participatory Design Approach to Guide the Measurement of Interpretability in Hierarchical Fuzzy Systems 
	5.1 Introduction
	5.2 Motivation
	5.2.1 Multiple Individual Subsystems
	5.2.2 Aggregation
	5.2.3 Topology and Layering

	5.3 A General Index for Interpretability of Hierarchical Fuzzy Systems
	5.3.1 HFS Interpretability
	5.3.2 Layer-weighting Strategy

	5.4 A General Index Demonstration in Principle
	5.4.1 Method
	5.4.2 Results

	5.5 Beyond the Mean – A Participatory Design Approach
	5.5.1 Participatory User Study
	5.5.2 Exploration of Alternatives Configurations of H
	5.5.3 Matching H to the Participatory Study

	5.6 Discussion
	5.7 Summary

	6 An Improved Complexity Measure in Hierarchical Fuzzy Systems
	6.1 Introduction
	6.2 Motivation
	6.3 A Comprehensive Measurement of Complexity in Hierarchical Fuzzy Systems
	6.3.1 Step 1: Calculating the Rule-based Complexity of HFSs
	6.3.2 Step 2: Calculating the Structural Complexity of HFSs
	6.3.3 Step 3: Overall Measurement of the Complexity of HFSs

	6.4 Experimental Results
	6.4.1 Seesaw Control Problem
	6.4.2 Iris classification Problem

	6.5 Results and Discussion
	6.6 Summary

	7 A Framework for Guiding the Design of Interpretable Hierarchical Fuzzy Systems
	7.1 Introduction
	7.2 A Design Guidelines Framework for Interpretable HFSs
	7.2.1 Guideline 1 – Selection of Topology
	7.2.2 Guideline 2 – Simplicity and Readability of Subsystems
	7.2.3 Guideline 3 – The Meaning of Intermediate Variables
	7.2.4 Guideline 4 – Link-up Subsystems using Meaningful Intermediate Variables
	7.2.5 Guideline 5 – Constructing the Subsystems' Rules in HFSs

	7.3 Case Study: Neonatal Intensive Care Unit
	7.3.1 Medical Background
	7.3.2 Data Collection
	7.3.3 Designing an Interpretable Hierarchical Fuzzy System: Oxygenation Decision
	7.3.4 A Practical Illustration of an Interpretable HFS
	7.3.5 Measuring the Interpretability of Oxygenation Decision Systems

	7.4 Discussion
	7.5 Summary

	8 Conclusions
	8.1 Introduction
	8.2 Thesis summary
	8.3 Contributions
	8.4 Future work
	8.5 Dissemination
	8.5.1 Journal Papers
	8.5.2 Conference Papers
	8.5.3 Presentations


	References
	Appendix A Interpretability of Fuzzy Logic Systems Survey
	Appendix B Participants' Feedback
	Appendix C Interpretability on the various design of Fuzzy Logic Systems Survey
	Appendix D Data Acquisition: OxyGUI System

